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Generalized charge pumps are topological obstructions to trivializing loops in the space of symmetric gapped
Hamiltonians. We show that given mild conditions on such pumps, the associated loop has high-symmetry
points that must be in distinct symmetry-protected topological (SPT) phases. To further elucidate the connection
between pumps and SPTs, we focus on closed paths, “pivot loops”, defined by two Hamiltonians, where the
first is unitarily evolved by the second “pivot” Hamiltonian. While such pivot loops have been studied as
entanglers for SPTs, here we explore their connection to pumps. We construct families of pivot loops that
pump charge for various symmetry groups, often leading to SPT phases—including dipole SPTs. Intriguingly,
we find examples where nontrivial pumps do not lead to genuine SPTs but still entangle representation-SPTs
(RSPTs). We use the anomaly associated with the nontrivial pump to explain the a priori “unnecessary” criticality
between these RSPTs. We also find that particularly nice pivot families form circles in Hamiltonian space, which
we show are equivalent to the Hamiltonians satisfying the Dolan-Grady relation—known from the study of
integrable models. This additional structure allows us to derive more powerful constraints on the phase diagram.
Natural examples of such circular loops arise from pivoting with the Onsager-integrable chiral clock models,
containing the aforementioned RSPT example. In fact, we show that these Onsager pivots underlie general group
cohomology-based pumps in one spatial dimension. Finally, we recast the above in the language of equivariant
families of Hamiltonians and relate the invariants of the pump to the candidate SPTs. We also highlight how
certain SPTs arise in cases where the equivariant family is labeled by spaces that are not manifolds.

DOI: 10.1103/rtq1-pplf

I. INTRODUCTION

Classification of phases of a given family of gapped Hamil-
tonians corresponds to dividing this family into connected
regions. These regions, each corresponding to a single phase
of matter, may themselves have a rich topological structure.
The simplest probe of this structure comes from loops in
the space, corresponding to closed paths of Hamiltonians—
noncontractible loops are generalized Thouless charge pumps
[1–6]. Obstructions to contractibility are gapless loci, which
are referred to as diabolical [2]. In one spatial dimension,
these loops act as pumps since, despite the bulk state being
periodic, there is a net flow of charge that may be observed
when the system has boundaries. In higher dimensions it is
conjectured that loops are classified by the appropriate gener-
alizations of such charge pumps [7–9].
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Noncontractible loops within a single phase arise also in
the context of pivot Hamiltonians [10–12] and symmetry-
protected topological (SPT) phases [13–21]. These loops are
unitary paths generated by a pivot Hamiltonian H̃ , taking the
form Hθ = e−iθH̃ H0eiθH̃ . Here, H0 is a trivial Hamiltonian and
H2π = H0. If H0 and H̃ share a symmetry group G̃, then this
loop remains in the space of G̃-symmetric gapped Hamiltoni-
ans. Of particular interest are cases where H0 and Hπ share a
larger symmetry group G, and where Hπ has nontrivial SPT
order for that enhanced symmetry. In such cases, U = e−iπH̃

is an SPT entangler [10,21–24]. In this work we explore the
interplay of pivot loops, pumps, and SPT entanglers, and are
led to some connections that apply more generally.

A. Motivating example and first result:
pumps and SPTs with the Ising pivot

A simplest example of such a pivot loop Hθ = e−iθH̃ H0eiθH̃

is constructed by taking the following two spin-1/2 Hamilto-
nians:

H0 = −1

4

∑
j

Xj H̃ = −1

4

∑
j

Z jZ j+1; (1)

the usual spin-1/2 Ising paramagnet and ferromagnet, respec-
tively. We show below that the pivot loop, Hθ , traces out a
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FIG. 1. Paths used in the argument for showing that a pump im-
plies an SPT in the Ising pivot. We consider paths in the space of G̃ =
Z2-symmetric Hamiltonians between the G = Z2 × Z2-symmetric
points H0 and Hπ . Assuming the existence of a G-symmetric path,
then consistency implies that the loop constructed by following first
HG̃(θ ) then the reverse of PevenHG̃(θ )Peven must be a trivial G̃-charge
pump. The pivot loop Hθ in Eq. (2) is of this form, which means
we can conclude from the nontrivial Z2 pump that H0 and Hπ are in
distinct G-SPT phases.

circle in the space of Hamiltonians, given by

Hθ = H0 + Hπ

2
+ H0 − Hπ

2
cos(θ ) + i[H0, H̃ ] sin(θ ), (2)

where

Hπ = 1

4

∑
j

Z j−1XjZ j+1. (3)

For all θ , the family Hθ has a G̃ = ZP
2 spin-flip symmetry

generated by P = ∏
j Xj . We also have that H2π = H0 and

that the cluster model [25] Hπ is an SPT for the enhanced
G = G̃ × ZPeven

2 symmetry that is shared by H0 and Hπ (the
second generator is Peven = ∏

j X2 j and is explicitly broken
by H̃ ) [26].

The unitary operator that generates a 2π pivot is given by

U2π = ei π
2

∑
j Z j Z j+1 =

∏
j

ei π
2 Z j Z j+1 =

∏
j

(iZjZ j+1). (4)

We see a nontrivial dependence on the boundary: If we take
H̃ to be periodic, then this product is, up to an unimportant
phase, the identity operator. If we instead remove the “peri-
odic boundary” term ZLZ1 in H̃ , we end up with U2π ∝ Z1ZL.
Since Zj is P-odd, we see that the pivot Hamiltonian, applied
to a state on an open chain, will pump a Z2-charged operator
to each boundary. This is one way to characterize the non-
trivial charge pump around the noncontractible pivot loop Hθ

[2,4,5].
In Ref. [10], the fact that Hπ is a G-SPT is argued to imply

the nontriviality of the pump around the pivot loop. A natural
question is whether this is an equivalence—does the pump
imply a nontrivial SPT at Hπ ? In fact, in this particular case
we can show the other direction as follows.

For the G = Z2 × Z2 symmetry group under considera-
tion, we can show that if Hθ pumps a charge while going
around a full cycle, then H0 and Hπ must be in distinct SPT
phases. Equivalently, if H0 and Hπ are in the same SPT phase,
the pump around Hθ must be trivial. Indeed, if there were to
exist a gapped G-symmetric path connecting them, we could
rewrite the loop Hθ as the sum of two loops (see Fig. 1). The
symmetry properties in turn imply that these loops must pump

equal and opposite charges, meaning that the original loop
had to be a trivial pump. We first flesh out this argument for
product groups, and then in greater generality, in Sec. IX. This
relatively simple analysis is a hint of the deep connections
between SPTs and pumps—laying these out is a goal of the
present paper.

One unifying feature is the appearance of anomalous sym-
metries in the study of SPT phases and charge pumps. The
Hamiltonian H� = 1

2 (H0 + Hπ ) is at the center of the loop
Hθ and is gapless, described by the compactified free boson
CFT [27]. The pump around the loop can be related to an
anomalous G̃ × U (1) symmetry at H�, while the SPT nature
of Hπ implies an anomalous G × Z2 symmetry [10,28]. We
will study relations between these anomalies in the context of
equivariant families below.

B. Onsager-integrable clock models and representation-SPTs

The argument stemming from Fig. 1 works essentially
without modification for cases where the larger symmetry
group G contains an element that commutes with G̃. However,
the general relationship between pivot loops that pump charge
and SPTs is more involved. The family of Onsager-integrable
clock models studied in Ref. [12] provides examples of
ZN -symmetric pivot loops that (as we will show) pump ZN -
charge, yet H0 and Hπ are not distinct SPTs for odd N (for any
symmetry group).

These models are N-state generalizations of the transverse
field Ising model considered above, with a ZN clock symme-
try and an anti-unitary ZCPT

2 symmetry [12]. Using the usual
ZN clock operators (see Sec. V for definitions), the Onsager
paramagnet and ferromagnet are given by

H0 = − 1

N

∑
j

N−1∑
m=1

αmX m
j ,

H̃ = − 1

N

∑
j

N−1∑
m=1

αmZ−m
j−1Zm

j , (5)

αm = 1

1 − e2π im/N
.

Taking commutators, these Hamiltonians generate a represen-
tation of the Onsager algebra [29]. Pivoting the paramagnet
H0 with the ferromagnet H̃ leads to a model Hπ that is an
analog of the cluster model in this context [30]. Although Hπ

is indeed a G = ZN � ZCPT
2 SPT for even values of N , it is a

G-representation-SPT (RSPT) [31,32] for odd values of N .
The RSPT is characterized by degenerate dominant

Schmidt values in the ground state—this degeneracy is
caused by symmetry fractionalization (a greater than one-
dimensional linear irreducible representation of G at the
boundary) and is parametrically stable despite being in the
trivial SPT phase (since nontrivial SPT phases require pro-
jective representations). Moreover, as we would expect for
distinct SPT phases, but not for two models in the trivial
phase, tuning between Hπ and H0 contains a gapless point
(or region) for N = 3 (this was observed numerically in Ref.
[12]). In this RSPT case, the gaplessness is “unnecessary”
from considerations of the SPT classification. Another curious
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feature is that the SPT is protected by an anti-unitary CPT
symmetry, which, because of the inversion symmetry, will not
have stable gapless boundary modes. Nevertheless for all N ,
taking a 2π -periodic and symmetric boundary condition, we
find that Hπ has edge modes.

The nontrivial charge pump explains the above features of
the phase diagram that are not explained by SPT considera-
tions alone. We also will see that an analogous argument to
Fig. 1, taking into account the nature of the ZCPT

2 symmetry,
allows for a nontrivial pump as well as a symmetric path
between H0 and Hπ for N odd.

C. Key notions and outline of paper

Motivated by the various connections between pivot loops,
charge pumps, anomalous symmetries, gapless diabolical
points, and SPT phases that we have seen so far, in this
work we seek to understand this interplay in greater detail.
Based on the examples above, we know that there cannot be
a general rule that a noncontractible loop must encounter an
SPT at a high-symmetry point (if such a point exists). Never-
theless, we aim to clarify what constraints the nontrivial (i.e.,
noncontractible) loops place on the SPT phase diagram. We
emphasize that we are interested in relating SPTs and pumps
in the same spatial dimension; and, in particular, contrast this
with the notion that a nontrivial d-dimensional loop pumps a
(d − 1)-dimensional SPT phase [6,33].

Although most of our concrete examples are one-
dimensional chains, our results are often applicable in any
spatial dimension. For example, we explore the consequences
of d-dimensional pivot Hamiltonians that generate strict cir-
cular loops in the space of gapped Hamiltonians. These have
the same form as Eq. (2), and mirror the particular simplicity
of the Ising pivot in any dimension (see Fig. 2). We moreover
expand on the argument of Sec. I A to analyze constraints
placed by noncontractible loops on SPTs in any dimension,
where the loop pumps a group cohomology SPT. We go
further and put this in a general context via analysis of G-
equivariant families (where G preserves the family rather than
individual Hamiltonians within the family) [9].

In this work, we make use of the notion of short-range
entangled (SRE) states [7,33,34]. For our purposes, a general-
ized Thouless pump is any noncontractible closed loop [35] in
the space of gapped Hamiltonians with SRE ground states that
respect some fixed symmetry [1,2,4,6,36]. Gapless diabolical
points, or more generally diabolical loci, are obstructions to
trivializing the loop [2]. There is a conjectural classification
[6,33] that tells us that a nontrivial d-dimensional pump cor-
responds to a 2π periodic family of symmetric SRE states,
where, on placing this family on a system with boundary,
going through a periodic cycle the final boundary state differs
from the initial one by a nontrivial SRE boundary state. More
loosely speaking, we will describe a nontrivial pump as a fam-
ily of d-dimensional Hamiltonians over the circle that pumps
a (d − 1)-dimensional SPT to the boundary. Lattice models
for pumps of group cohomology SPTs can be constructed
explicitly, this is reviewed in Appendix B.

Note that in the setting of one-dimensional chains, loops
of symmetric [37] SRE states have been classified [38]. These
loops are indeed classified by zero-dimensional SPTs, which

FIG. 2. Visualizing a strict circular loop (6) in the space of
Hamiltonians. Here, the path is generated by pivoting an initial
Hamiltonian H0 with a “pivot” Hamiltonian H̃ , giving rise to Hθ =
e−iθH̃ H0eiθH̃ . At the half-way point, we have Hπ = e−iπH̃ H0eiπH̃ ,
which is sometimes in a distinct SPT phase from H0. If this loop
is a nontrivial pump, then the center H� = H0+Hπ

2 axis cannot be SRE
and there will be a diabolical locus inside the loop. Hamiltonians
equidistant from the H� axis are isospectral (related by a unitary
pivot). In this work, we relate the structure of such pivot loops,
pumps, and SPTs at high-symmetry points.

are one-dimensional irreducible representations (irreps) of the
symmetry group respected by the family of Hamiltonians.
Note also that the nontriviality of the pump can manifest in
different ways, depending on the choice of boundary termi-
nation; see Ref. [5] for a detailed analysis of the Ising pivot
discussed above. One important point is that if we take a
2π -periodic boundary termination around the loop, then a
nontrivial pump excludes the possibility of having a unique
symmetric boundary state for every Hamiltonian on the loop.

The outline of the paper is as follows. In the next section,
we summarize our main results, and outline some of the key
connections between the concepts discussed above. We then
have a series of sections focused on nontrivial pumps, fol-
lowed by the proofs of our results on going from nontrivial
pumps to SPTs. These are mostly independent, so the reader
interested in the latter can skip ahead to Secs. IX and X.
Following our main results, in Secs. III and IV we discuss
strict circular loops and their pump properties in general
dimensions. We then focus on exactly solvable models for
one-dimensional charge pumps. This constitutes an analysis
of the Onsager-integrable clock models in Sec. V and group
cohomology pumps in Sec. VI. We discuss a family of ex-
actly solvable pumps in one-dimensional ZN × ZN SPTs in
Sec. VII that go beyond strict circular loops, and then in
Sec. VIII a family of strict circular loops that, unlike the
generators in Eq. (5), do not obey the Onsager algebra. After
this, we return to our analysis of when pumps can imply non-
trivial SPTs. In Sec. IX we give an argument based on Fig. 1
for group cohomology SPTs, giving results for when pumps
imply SPTs. In Sec. X we take a more abstract approach and
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show how these connections arise in the setting of equivariant
families of Hamiltonians.

II. SUMMARY OF KEY RESULTS

A. Strict circular loops and anomalies

The form of the Ising pivot Eq. (2) is particularly simple,
and we use it to define the notion of a strict circular loop
generated by a Hamiltonian H̃ . This is defined by the second
equality in

Hθ = e−iθH̃ H0eiθH̃

= H0 + Hπ

2
+ H0 − Hπ

2
cos(θ ) + H ′ sin(θ ), (6)

which, as we will see, is a strong constraint on H0 and H̃ . Such
a loop is illustrated in Fig. 2.

Typically, we take H0 to be a trivial paramagnet, and we
denote by G̃ the group of unitary operators commuting with
H0 and H̃ and thus with each of the Hθ . A number of examples
of such strict circular loops generated by pivot Hamiltonians
are known [10,12], and they often allow us to make a direct
connection between anomalies at the center of the circle and
topologically nontrivial families around the circle.

Result 1: (Strict circular loops). We have a strict circular
loop of the form (6) if and only if the Hamiltonians satisfy the
Dolan-Grady relation

[H0, H̃ ] = [[[H0, H̃ ], H̃ ], H̃ ]. (7)

This relation implies that we have a foliation of the plane into
circular loops of radius λ � 0,

e−iθH̃

(
H� + λ

H0 − Hπ

2

)
eiθH̃

= H� + λ cos(θ )
H0 − Hπ

2
+ λ sin(θ )H ′, (8)

where H ′ = i[H0, H̃ ], H� = 1
2 (H0 + Hπ ) and [H�, H̃ ] = 0.

The proof is given in Sec. IV, and follows simply from
expanding the action of the exponentials as nested commuta-
tors [39]. This formula also appears in the context of certain
generalized symmetries [40] of lattice Hamiltonians in Refs.
[41,42]. In these works, it is shown that the Dolan-Grady
relation implies that the spectrum of H̃ consists of sectors with
integer spacings. We say that H̃ generates a U (1) symmetry
if and only if e−2π iH̃ ∝ I. Hence, if the sectors of H̃ are
commensurate [43], then there is a constant R such that H̃/R
generates a U (1) symmetry of H�. Fixing the normalization of
the U (1) generator to R = 1 is important if we want to under-
stand U (1) anomalies, see further discussion in Appendix A.
Note that Result 1 applies in any spatial dimension, and Refs.
[41,42] include zero-dimensional examples along with the
Ising and Hubbard chains. Our key example comes from the
Onsager-integrable chiral clock chain [12,44], defined explic-
itly below.

For strict circular loops that act as pumps we can immedi-
ately draw the following conclusion.

Consequence 1: (Anomalies and the Hamiltonian at the
center of a strict circular pump). If we have a strict circular
loop of d-dimensional Hamiltonians that pumps a nontrivial
(d − 1)-dimensional G̃-SPT, then the ground state of H� and
the ground state of H̃ are not SRE. In the case that our pivot
Hamiltonian generates a U (1) symmetry, a nontrivial pump is
equivalent to a G̃ × U (1)pivot anomaly (in the lattice sense of
Refs. [45,46]). This gives us an anomalous symmetry of H�,
and so we again see that H� cannot have an SRE ground state.

To see the first statement: if H� were SRE, we would
have a noncontractible loop that is also a point, which is a
contradiction. An immediate corollary is that there is a phase
transition along the line (1 − λ)H0 + λHπ . We can similarly
show that H̃ cannot have an SRE ground state. See further
discussion in Sec. IV C.

The second statement is essentially the definition of the
lattice anomaly [45]; the fact that we have a nontrivial pump
means that the symmetry algebra on a system with boundary
is not the same as in the bulk. We make the connection to an
anomalous family around the circle in Sec. X. It is important
that H̃ (with no rescaling) generates a U (1) to make this
conclusion (see Appendix A). Note also that the strict circular
loop is important: taking a nontrivial unitary pump of the
form e−iθH̃ H0eiθH̃ will not necessarily allow us to make the
same conclusions. In particular, there is no guarantee that H̃
commutes with H� in such a case.

B. Group cohomology pumps and the Onsager-integrable
chiral clock models

In Sec. V, we show that taking H0, the N-state Onsager
paramagnet, and H̃ , the N-state Onsager ferromagnet [defined
in Eq. (5)], we have a strict circular loop that pumps a ZN

charge. A priori unrelated, for group cohomology SPTs there
is a standard construction to find representative ground states
in d dimensions [47,48], and this naturally generalises to
pumps [5,49]. Remarkably, applying the group cohomology
construction to one-dimensional pumps leads to the following
result that connects these two concepts.

Result 2: [1D group cohomology charge pumps are (lo-
cally) reducible to Onsager pivots]. Using group cohomology,
for any finite group G̃, we can construct models that pump
any G̃-charge to the boundary of a one-dimensional chain. We
then have the following connection to the Onsager-integrable
chiral clock model.

(1) If the group G̃ is Abelian, there exists a basis where the
noncontractible loop decomposes as a stack of strict circular
loops. Each chain in the stack has site-dimension Nj (where
the Nj depend on G̃). For each chain, the system begins in the
ground state of the appropriate Onsager paramagnet, and the
pump corresponds to pivoting with the corresponding Onsager
ferromagnet applied to each chain.

(2) For non-Abelian groups, the group cohomology pump
naturally decomposes into a spin ladder, where one chain
corresponds to an Abelian subgroup (the abelianization of
the group) and is itself decomposable as a stack. The corre-
sponding pump is generated by a pivot Hamiltonian formed
of products of two-site operators acting on each part of the
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FIG. 3. Generalization of Fig. 1. Paths in the space of G̃-
symmetric Hamiltonians between H0 and Hπ . If H0 and Hπ are
G-symmetric, where G̃ is a proper normal subgroup of G, we can take
a G̃-symmetric path HG̃(θ ) to g0HG̃(θ )g†

0. Assuming that H0 and Hπ

are in the same G-SPT phase implies the existence of a G-symmetric
path between them. Using this path we can find constraints on the
charge pumped by the loop constructed from HG̃(θ ) followed by the
reverse of g0HG̃(θ )g†

0. If this charge does not satisfy the constraint,
we can conclude that H0 and Hπ are in different G-SPT phases.

spin ladder. This operator is either trivial or acts as a local
Onsager-ferromagnetic pivot on the chain corresponding to
the Abelian subgroup. Globally this does not correspond to
the Onsager-ferromagnet generated loop.

(3) For a non-Abelian group, we take the same spin ladder
with initial Hamiltonian given by a sum of Onsager paramag-
nets on the chain corresponding to the Abelian subgroup, and
the Onsager ferromagnet on the second chain. Then, applying
the group cohomology pivot gives us a strict circular loop in a
spontaneous symmetry-breaking phase.

This is derived in Sec. VI. The first result means that for
Abelian groups, we can apply Result 1 and Consequence 1. It
also follows that Hπ , half-way around a 1D group cohomol-
ogy pump for an Abelian group, has an enhanced anti-unitary
ZCPT

2 symmetry. In fact, we show that this symmetry holds for
a general non-Abelian G̃.

C. SPT phases implied by pumps

We now turn to the question of when a pump implies an
SPT at high-symmetry points around the loop. First we state
the general form of the result outlined in Sec. I A.

Result 3: (Pumps can imply distinct SPTs). Consider d-
dimensional Hamiltonians H0 and Hπ that are G-symmetric,
where G is finite and represented by on-site unitaries. Suppose
we have a proper normal subgroup G̃ � G and a G̃-symmetric
path HG̃(θ ) from H0 to Hπ . Suppose there exists a g0 outside
G̃ and inside the centralizer CG(G̃), and consider the loop

H (θ ) =
{

HG̃(θ ) 0 � θ � π

g0HG̃(2π − θ )g†
0 π � θ � 2π

(9)

(see Fig. 3). Then, if H (θ ) pumps a nontrivial (d − 1)-
dimensional G̃-SPT, H0 and Hπ are distinct d-dimensional
G-SPTs. In fact, they are distinct d-dimensional G̃ × Zn

SPTs, where n is the order of g0. In this setting, the boundary
transition implied by the pump corresponds to at least one of
H0 and Hπ being a nontrivial SPT with boundary degeneracy.

The proof for group cohomology SPTs is given in Sec. IX,
and is summarized in Fig. 3. This is a direct analog of the
argument given for the pump implying an SPT for the Ising
pivot. One can also view this result as a different perspective
on the decorated domain wall construction for G̃ × Zn SPTs
[22]—we discuss this in Sec. IX A 4. Note also that while we
analyze pumps corresponding to group cohomology SPTs, we
expect that this can be generalized to any suitably defined
pump invariant [50]. Indeed, for the case where g0 is a Z2

generator, we prove a general analog using the Mayer-Vietoris
sequence, given by Result 7 below. Our methodology can,
moreover, be generalized to cases beyond g0 ∈ CG(G̃) \ G̃;
one such generalization is the next result.

Result 4: (Pumps can imply distinct SPTs—antiunitary or
charge conjugation case). Consider d-dimensional Hamilto-
nians H0 and Hπ that are G-symmetric, where G = G̃ × ZT

2 .
G̃ has a (pseudo)-real on-site unitary representation, and ZT

2
acts as complex conjugation K, in the basis where G̃ is real.
Suppose we have a G̃-symmetric path HG̃(θ ) from H0 to Hπ

and consider the loop

H (θ ) =
{

HG̃(θ ) 0 � θ � π

KHG̃(2π − θ )K π � θ � 2π.
(10)

Then, if H (θ ) pumps a (d − 1)-dimensional G̃-SPT that can-
not be decomposed into a stack of two identical such G̃-SPTs,
H0 and Hπ are distinct G-SPTs.

If H (θ ) pumps a (d − 1)-dimensional G̃-SPT then, irre-
spective of whether it is decomposable, a boundary transition
will occur [2]. If H0 is trivial and there is a unique boundary
transition around the loop, then it must occur at Hπ .

The same conclusions hold when we have a a one-
dimensional chain with unitary charge conjugation, or an
antiunitary ZCPT

2 symmetry.

For group cohomology SPTs, this result can be proved in
the same way as Result 3; this also falls into the more general
framework of Sec. X (in particular, see Result 7). The case of
a ZCPT

2 -symmetric chain is relevant to the Onsager-integrable
chiral clock chains. Moreover, we can apply this result to
the group cohomology pumps of Result 2. Depending on the
representation pumped (and flexibility in the choice of Hamil-
tonian H0), we can use this reasoning to identify a possible
G̃ � ZCPT

2 or G̃ × ZT
2 SPT at Hπ for such a pump.

D. Connections between concepts

These results allow us to understand many connections
between pumps and SPTs that were hinted at in the Intro-
duction. In Fig. 4 we illustrate some of the relationships
that this work solidifies, while Table I contains a list of the
lattice models studied in the paper. We also note the results
of Sec. VII, where we introduce pivot Hamiltonians and study
charge pumps for ZN × ZN (dipolar) cluster chains. These are
not strict circular loops, and in fact, the pump is over a space
of intersecting circles, which is not a manifold. Nevertheless,
there is still a natural Hamiltonian at the center of the pivot
loop, and this Hamiltonian has a large, continuous symmetry
group.
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FIG. 4. Relation between pumps and SPTs for loops generated by a pivot Hamiltonian Hθ = e−iθH̃ H0eiθH̃ . H0 and Hπ are G-symmetric,
while H̃ (and hence the family Hθ ) is G̃ � G-symmetric. The Hamiltonian H� = (H0 + Hπ )/2 is the midpoint of the interpolation between H0

and Hπ . Double arrows are immediate consequences of the appropriate definition.

Complementing our results we fill in several arrows that
appear elsewhere. Since H0 is trivial, if Hπ is a nontrivial SPT
then it “squares to the trivial phase” (since applying the entan-
gler twice takes us back to H2π = H0). In Ref. [28], Bultinck
argues that the Z2 pivot entangler has a mixed anomaly with
G (this becomes an anomalous symmetry at H�). For group
cohomology SPTs, the relevant cohomology group is made
explicit.

The Hamiltonian Hπ often has a gapless boundary, and,
in the case it is a nontrivial SPT, this follows from the usual
bulk-boundary correspondence [51,52]. An exception is the
case where the SPT is protected by inversion symmetry [14],
which is broken by the boundary. A nontrivial pump tells us
that we must have a nontrivial boundary somewhere around
the pivot circle (assuming a periodic boundary termination
[5]), and, under certain conditions (for example, demanding
that the boundary transition occurs at a unique value of θ ) it

must appear at Hπ . This is the case even when Hπ is not an
SPT, or is an SPT protected by inversion symmetry.

Note that if H0 and Hπ are distinct G-SPTs then the line
(1 − λ)H0 + λHπ is a G-symmetric path that connects them,
and hence must contain a phase transition. This also follows
from an anomalous G × Zpivot

2 symmetry at H�, since H� can-
not be SRE in that case. Indeed, H� is either a phase transition
point, or tuning from H0 to H� we encounter a phase transition
into a non-SRE phase. However, in the case of strictly circular
loops, these conclusions hold even if H0 and Hπ are in the
same SPT phase (per Consequence 1 above).

Finally, given an anomalous G × Zpivot
2 symmetry at H�,

it was argued in Ref. [10] that this anomaly often implies
a nontrivial charge pump around the pivot circle. See also
Ref. [53] for further examples. We give a precise character-
ization of this connection in terms of equivariant families and
the symmetry-breaking long exact sequence [9] in Sec. X.

TABLE I. Overview of the lattice models studied in this work. Paramagnets and ferromagnets are denoted PM and FM, respectively. For
pivot Hamiltonians we give an indicative local term, where for N-state models the complex coupling α = (1 − e2π i/N )−1. For the (dipolar)
cluster chains, there is a more intricate SPT and pump structure when pivoting through angles 2π/N—see Sec. VII.

Pivot loop Strict
H0 Pivot H̃ pump SPT at Hπ circular Sec.

Ising chain Ising PM Ising FM Unit Z2 charge Cluster model Yes I A

Onsager chiral Onsager PM Onsager FM Unit ZN charge SPT N even Yes V
clock model “H ∼ αZ†Z” RSPT N odd

Abelian group Trivial Stack of Any 1D irrep Sometimes Yes VI C
cohomology PM Onsager FM

Non-Abelian group See results See results Any 1D irrep Sometimes See VI D
cohomology results

Dipolar cluster Potts PM Dipolar pivot Unit Z2 charge SPT N even No VII B
chain “H ∼ |α|2Z†Z” N even

ZN × ZN cluster Potts PM Cluster pivot Unit Z2 charge SPT N even No VII E
chain “H ∼ (−1) j |α|2Z†Z” N even

Potts/Onsager Potts PM Onsager FM Unit Z2 charge SPT N even Yes VIII B
chain N even
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III. REVIEW: CHARACTERIZING PUMPS

Following our introductory discussion on characterizing
and classifying nontrivial loops in Hamiltonian space, we give
some further notions here that will be useful in our discussion
below. In particular, we review two ways of characterizing a
nontrivial pump.

A. Unitary loops

In this work, we often consider |ψ (θ )〉 = U (θ )|ψ (0)〉,
or the corresponding parent Hamiltonians H (θ ) =
U (θ )H (0)U (θ )†, where U (θ ) is generated by a G̃-symmetric
pivot Hamiltonian [54]. To close the loop we need that U (2π )
is a symmetry of H0 (in the simplest case U (2π ) = I). While
a nontrivial pump corresponds to a loop in the space of
Hamiltonians, restricting the unitary operator U (2π ) to an
open or semi-infinite chain can indicate when to expect a
pump.

Indeed, when U (2π ) = I (for periodic boundary condi-
tions) this links back to our discussion of lattice anomalies
[45,46] (we will absorb any overall phase by shifting the pivot
Hamiltonian by a constant). Focusing on one-dimensional
chains, U (2π ) acting on an SRE state on the half-infinite
chain will give a localized symmetry charge at the open end
of the chain [38]. Let us consider the case where U (2π ) is
a matrix-product unitary [52,55]. The condition U (2π ) = I
means that we can use the fixed-point equations given in [56]
to see that restricting to a finite region we have U (2π )[L,R] =
OLOR, where OL and OR are localised on a finite number
of sites at the left and right edge of the region. Since our
loop is G̃-symmetric, these operators have opposite G̃-charge.
By formally considering the half-infinite limit, and applying
U (2π )[L,∞] to an SRE state, the charge of OL can be identified
with the rigorously-defined charge acting on the left edge
identified in Ref. [38].

If we do not act on an SRE state, then we will not
necessarily find a pump by applying U (2π ); an example
would be a G̃-symmetry-breaking state that is an eigenstate
of OL. In the symmetry-breaking case one can instead find
nontrivial domain-wall pumps [4]—these pump a symmetry
operator that would act trivially on a symmetric state.
Examples of this arise in the Onsager-integrable chiral clock
models below, see Sec. V C.

In higher dimensions, we can similarly identify potential
G̃-SPT pumps by unitaries U (2π ) that act trivially in the bulk
and as an SPT entangler on boundary degrees of freedom.
Acting on an SRE state will then give a nontrivial pump, al-
though we are not aware of a similar mathematically rigorous
classification in this case.

B. MPS approach to one-dimensional pumps

Loops of symmetric SRE states in one dimension have
been classified by irreps pumped to the boundary [38]. Here,
we show how these irreps arise in the matrix-product state
(MPS) description of ground states of these spin chains [52].

1. Appearance of the invariant

Recall that MPS take the form

|ψ (θ )〉 =
∑
{ jk}

tr
(
A j1 (θ ) · · ·A jL (θ )

)| j1, . . . jL〉, (11)

where we assume translation invariance for convenience. For
fixed j in the on-site basis, Aα,β

j is a χ × χ matrix on the bond
Hilbert space. Ground states of gapped Hamiltonians in 1D
can be approximated by MPS [57], and analyzing symmetry
properties of these states can be used to understand the group
cohomology classification of 1D SPTs [15–18]. One can also
consider loops of MPS ground states corresponding to a
loop in the space of their corresponding parent Hamiltonians
[5,36]. We study the case where our loops are symmetric, but
even without symmetries, the space of MPS states can have
nontrivial topological features [58,59].

Note that there is a redundancy in the MPS description
A j ∼ eiξ MA jM−1 [52]. This means the tensor will, in gen-
eral, transform if we apply an on-site symmetry, or if we take
a continuous path of MPS returning to the same state

|ψ (θ )〉 = |ψ (θ + 2π )〉 ⇔ A j (θ ) ∼ A j (θ + 2π ). (12)

Given a continuous loop of G̃-symmetric and injective [60]
MPS, this redundancy means that a nontrivial G̃-pump can
manifest in different ways. In particular, we can always find
a gauge where A j (θ ) = A j (θ + 2π ), or a gauge where the
fractionalised G̃ symmetry [defined in Eq. (14)] is periodic;
however, a nontrivial pump excludes a gauge where both are
periodic [36].

If we fix a gauge where the symmetry action is periodic
(this will always hold if we generate our family by a symmet-
ric pivot Hamiltonian), then the invariant of the family appears
as the following one-dimensional representation of G̃. Since
A j (2π ) ∼ A j (0), we have

A j (2π ) = eiξW WA j (0)W −1. (13)

The on-site symmetry G̃ acts as U (g) ≡ ∏
j u j (g) and frac-

tionalises periodically as

u j, j′ (g)A j′ (θ ) = eiξgV (g)A j (θ )V (g)†. (14)

Then, following [36], we have

V (g)WV (g)† = eiχgW, (15)

where eiχg is a one-dimensional irrep of G̃ that classifies the
pump.

Note that we assume injectivity, so |ψ (0)〉 is SRE, but it
is not necessarily in the trivial phase. In particular, V (g) can
form a projective representation of G̃.

2. A group cohomology understanding

A nice interpretation of the above result can be obtained by
interpreting the 2π -shift invariance of the MPS tensor as a Z
symmetry for which W is the virtual representation, reminis-
cent of Floquet topological phases [61–63]. Together with the
on-site G̃ symmetry, the total symmetry is G ≡ G̃ × Z. Then
Eq. (15) tells us that G can be realized projectively on the
virtual Hilbert space. This is classified by H2(G,U (1)). From
the Künneth formula [61–63] we have

H2(G̃ × Z,U (1)) ∼= H2(G̃,U (1)) × H1(G̃,U (1)). (16)

The first piece in Eq. (16) classifies standard SPT phases
where V (g) are projective representations of G̃. This tells us
that nontrivial SPTs can also be considered as “nontrivial”
static loops (although these would be contractible, so would
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FIG. 5. Visualizing a generic loop in the space of Hamiltonians
(to be contrasted with Fig. 2). The hn indicate additional orthogonal
directions in the space.

be considered trivial in the language of this work). To get
something intrinsically loop-like, we consider the second
piece that classifies 1d irreps of G̃. This recovers the
classification of charge pumps, corresponding to charges
eiχg . By stacking nontrivial SPTs on charge pumps, we get
all nontrivial loops in the space of states with symmetry G̃
classified in Eq. (16).

IV. STRICT CIRCULAR LOOPS IN HAMILTONIAN SPACE

In this section, we consider particularly simple paths in
parameter space that we call strict circular loops. These are
to be contrasted with generic loops that are parameterized
by a circle but have an unconstrained image in the space of
Hamiltonians—see Figs. 2 and 5. Strict circular loops are
paths both parameterized by a circle, and with a circular image
in the space of Hamiltonians. These generalize the pivot loops
generated by the Ising ferromagnet, as well as the Onsager
ferromagnet [12], introduced in greater detail below.

A. Strict circular loops are equivalent
to the Dolan-Grady relation

To generalize Eq. (2), we consider which pivot Hamilto-
nians generate analogous strict circular loops. We show that
this is equivalent to the appearance of two Hamiltonians that
satisfy the Dolan-Grady relation from integrability [64]. Note
that this is “half an Onsager algebra” [65–67], and is equiv-
alent to the same algebra when there is a duality. While the
self-dual Onsager-integrable clock models naturally satisfy
this relation (see the next subsection), in Sec. VIII we will
give examples of strict circular loops that do not have an
underlying self-dual model.

Consider pivoting B by A and generating such a strict
circular loop, then

e−iθABeiθA =
∞∑

p=0

(iθ )p

p!
[[[B, A], A], . . . A]︸ ︷︷ ︸

p−fold

= X + Y cos(θ ) + Z sin(θ ). (17)

The coefficients of θ p on each side are immediate, and up to
p = 3 we find

X + Y = B

Z = i[B, A]

Y = [[B, A], A]

Z = i[[[B, A], A], A].

Thus, to generate a strict circular loop, A and B must satisfy
the Dolan-Grady relation [64–68]

[B, A] = [[[B, A], A], A]. (18)

(Note that we use a nonstandard normalization that is
convenient for our setting.) This single condition ensures
compatibility of all higher terms in θ . If A and B are hermitian,
then so are X ,Y , and Z .

Using the Dolan-Grady relation and [X , A] = 0, we have
that

e−iθAYeiθA = Y cos(θ ) + Z sin(θ ); (19)

this can be scaled linearly and we thus have a pivot circle for
every radius in the Y,Z plane, with origin that commutes with
A. We typically take X as the origin (since this corresponds to
pivoting B by A), but we could take, for example, A or 0 as
the origin. We know that A has sectors with integer-spaced
eigenvalues [41,42]; hence, the origin has a U (1) symmetry
(up to scale) if these sectors are commensurate.

As an aside, to justify identifying Eq. (17) as a circle in the
space of Hamiltonians, we might want that the different direc-
tions are orthogonal and of the same “size”. More precisely,
we might want that

〈Y,Z〉F = 0 and 〈Y,Y〉F = 〈Z,Z〉F (20)

for the Frobenius inner product 〈A, B〉F = tr(A†B). It is
straightforward to see that these relations indeed follow from
the above discussion. In particular, 〈Y,Y〉F = 〈Z,Z〉F fol-
lows directly from Eq. (19). Moreover, the orthogonality
follows from Eq. (17) if one uses that the left-hand side
implies that tr(B†B) is independent of θ . Indeed, this implies
that

tr([X + Y cos(θ ) + Z sin(θ )]2) (21)

is independent of θ (in this expression, we use that these
operators are Hermitian). This also shows that X is orthogonal
to Y and Z , consistent with Fig. 2.

B. Onsager-integrable chiral clock family

As an example of a strict circular loop beyond the Ising
pivot, let us consider chains with N-state sites, where the
jth site is acted on by the shift and clock operators Xj and
Zj that satisfy X N

j = ZN
j = 1 and XjZk = ωδ jk ZkXj for ω =

e2π i/N . In the Z-basis Zj acts on site j as
∑N−1

a=0 ωa j |a j〉〈a j |,
while Xj acts as

∑N−1
a=0 |a j − 1〉〈a j |. We use L to denote the

length of the chain. A simple model in the trivial phase is
H0 = −∑

j (Xj + X †
j ), with ground state

∏
j |v j,0〉, where X

is diagonal in the basis |v j,n〉 = N−1/2 ∑N−1
a j=0 ω−na j |a j〉.

Recall the definition of the Onsager paramagnet and ferro-
magnet given in the Introduction (now in the standard notation
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for these operators),

A0 = − 1

N

∑
j

N−1∑
m=1

αmX m
j ,

A1 = − 1

N

∑
j

N−1∑
m=1

αmZ−m
j−1Zm

j , (22)

αm = 1

1 − ωm
.

The Hamiltonians A0 and A1 are Kramers-Wannier dual,
and, through commutators, generate an Onsager algebra
{Am, Gn}m∈Z,n∈Z+ [29]. This algebra is

[Al , Am] = Gl−m,

[Gl , Am] = 1
2 (Am+l − Am−l ), (23)

[Gl , Gm] = 0,

and is equivalent, given the Kramers-Wannier duality, to the
Dolan-Grady relation [64,66,68]

[[[A1, A0], A0], A0] = [A1, A0]. (24)

For N = 2, A0 and A1 give the transverse-field Ising model;
the other Onsager generators are fermion bilinears. For gen-
eral N , the Hamiltonians A0 and A1 have a ZN symmetry
generated by Q = ∏

j Xj , and an anti-unitary CPT symmetry
CPK where K is complex conjugation in the Z-basis, P is a
spatial parity inversion sending site j to site L + 1 − j and
C = ∏

j Cj , where Cj = ∑N−1
a=0 |a j〉〈N − a j | acts as charge

conjugation. A0 has a product state ground state and is in the
trivial paramagnetic phase, while A1 has a ferromagnetic ZN

symmetry-breaking ground state.
The second Onsager generator A2 is of particular interest.

It has the following form:

A2 = − 1

N

∑
j

N−1∑
m=1

αmS(m)
j−1, jX

m
j S(m)

j, j+1,

S(m)
j−1, j = 1 − 2m

N
− 2

N

N−1∑
m′=1

αm′ (1 − ωmm′
)Z−m′

j−1 Zm′
j . (25)

This model is dual to the ferromagnetic A−1 [69,70], and
has SPT order protected by D2N = ZN � ZCPT

2 for even N
and D2N RSPT order for odd N [12]. Taking A1 as a pivot
Hamiltonian, we have

e−iθA1 A0eiθA1

=
(

A0 + A2

2
+ cos(θ )

A0 − A2

2
+ sin(θ )iG−1

)
. (26)

This gives us a pivot formula for the Hamiltonian A2 by fixing
θ = π , and follows from the Dolan-Grady relation and the
general results of the previous subsection.

C. Anomalies and strict circular loops

Returning to the general setting of Sec. IV A, let us put
A = H̃ and X = H� = (H0 + Hπ )/2. Then, for each fixed λ,

we have the pivot circle H (λ, θ ),

e−iθH̃

(
H� + λ

H0 − Hπ

2

)
eiθH̃

= H� + λ cos(θ )
H0 − Hπ

2
+ λ sin(θ )H ′. (27)

We will consider settings where H̃ is G̃-symmetric, and where
H0 and Hπ may have an enhanced G symmetry, such that H (θ )
is a G-equivariant family in the sense of Sec. X.

In the remainder of this section we consider some of
the physics of these strict circular loops, discussing some
of the connections in Fig. 4. In particular, we consider
criticality along the line (1 − λ)H0 + λHπ and expand on
Consequence 1.

Let us first suppose that we have nontrivial G̃-pump around
the unit circle H (1, θ ). A simple argument that there is a tran-
sition inside the circle and along the line (1 − λ)H0 + λHπ is
the following. If our strict circular loop is a nontrivial pump,
this means it is not contractible and thus contains at least
one gapless diabolical point. Since all concentric circles are
unitarily equivalent (and thus isospectral), in fact the gap-
less region (which in general could be quite complicated) is
circularly symmetric. This means the simplest cases are a
diabolical point at the origin or a single diabolical circle. This
circle intersects the horizontal axis, meaning there is always
a gapless point on this axis (where this axis often has an
enhanced symmetry). This can be a first order transition into
a nontrivial phase.

As discussed above, suppose that H� is SRE, then
U (θ )H�U (θ )† = H� would be a nontrivial G̃-pump, and hence
a noncontractible loop. However, this loop is a point, so this is
inconsistent. This means H� cannot be SRE. In the U (1) case,
since we can rescale our strict circular loop using Eq. (19),
we can connect the anomaly of the G̃ × U (1)pivot-equivariant
family to the anomalous symmetry at the origin—see Sec. X
for details.

The identical argument works for any operator that com-
mutes with the pivot Hamiltonian, including H̃ itself. Such an
operator cannot have an SRE ground state as this would be
inconsistent with the nontriviality of the pump.

Note that for one-dimensional chains with a nontrivial
pump, H� not being SRE means it is either gapless, or in
an SSB phase. In the case where the pivot generates a U (1)
symmetry, the ground state must break G̃ [71–73], and hence
the G̃-SSB phase must extend to some finite radius. This is
because we cannot have a level-crossing transition between
unique symmetric ground states that breaks the symmetry.
Making the same argument for the pivot Hamiltonian, this
is consistent with the Onsager ferromagnet A1 having a ZN

symmetry-breaking ground state.
Finally, in some cases Hπ will be a nontrivial SPT, and one

objective of this work is to clarify the relationship between
this SPT and any pump around the loop. The following dis-
cussion applies to pivot loops and therefore holds for strict
circular loops as a special case. First, if Hπ is a G-SPT then
Hπ squares to the trivial phase and the operator e−iπH̃ is a
Z2 SPT entangler. This SPT entangler necessarily commutes
with the group G, and so we have a G × Z2 symmetry of
H�. Following the argument in Ref. [28], this SPT entangler
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cannot act on-site, implying a nontrivial anomaly. See also
Sec. X, where, as we show in Result 8, this implies a nontrivial
family around the circle, which often manifests as a nontrivial
pump. Conversely, if we have a pump around the loop, a strict
circular loop with an enhanced symmetry on the horizontal
axis will often have an additional Z2 that reflects the circle.
This allows us to use Results 3 and 4, or the general Result 7,
to give constraints on possible SPTs at Hπ .

V. CHARGE PUMPS IN THE ONSAGER-INTEGRABLE
CHIRAL CLOCK MODELS

In this section we apply some of our general results to
the Onsager-integrable chiral clock models [12]. Since the
corresponding A0 and A1 satisfy the Dolan-Grady relation,
pivoting A0 with A1 gives us a strict circular loop. In particular,
for U1(θ ) = e−iθA1 , we have

Hclock (θ, λ)

= U1(θ )

(
A0 + A2

2
+ λ

A0 − A2

2

)
U1(θ )†

=
(

A0 + A2

2
+ λ cos(θ )

A0 − A2

2
+ λ sin(θ )iG−1

)
,

(28)

where the Hamiltonian perpendicular to the A0−A2 axis is
given by

iG−1 = i

N2

∑
j

∑
m,m′

αmαm′ (1 − ωmm′
)h j, j+1,

h j, j+1 = (
X m

j Z−m′
j Zm′

j+1 − Z−m′
j Zm′

j+1X m
j+1

)
. (29)

A. A1 pumps ZN charge

1. Unitary loop implies a charge pump

To show that the pivot acts as a charge pump, we can write
U1(θ ) = ∏

j Uj, j+1(θ ) where the individual gate is given by

Uj, j+1(θ ) = exp

(
iθ

N

∑
m

αmZ−m
j Zm

j+1

)
. (30)

Using the trigonometric identity

N−1∑
m=1

αmω−mk = (N − 1)

2
− k 0 � k � N − 1, (31)

we have the action

Uj, j+1(θ )|a, b〉 = e
iθ (N−1)

2N exp

(
− iθ

N
(a − b (mod N ))

)
|a, b〉.

(32)

Hence, Uj, j+1(2π ) = ω
N−1

2 Z−1
j Z j+1. From this we conclude

that U1(2π ) ∝ I where we pivot with the periodic Hamilto-
nian A1. As discussed in Sec. III A, whether this generates
a charge pump in the space of Hamiltonians depends on our
initial Hamiltonian. Suppose we have an SRE ground state of
a gapped symmetric Hamiltonian, and we apply the 2π -pivot
only to a finite region consisting of sites 1 up to L. Then, up
to a phase, the action is Z−1

1 ZL so we have a localised positive

(negative) ZN charge at the right (left) edge; alternatively, we
have pumped a ZN charge from left to right.

2. Identifying the charge pump from the ground state MPS

While the above operator-based approach already tells us
that this closed loop in Hamiltonian space is a nontrivial
pump, we can also observe this pump in the bulk wavefunction
as follows. Let us suppose that our starting Hamiltonian is A0,
and so we pivot as in (28) for λ = 1. Since we apply a matrix-
product operator to a product state, we have an MPS ground
state that can be found using the analysis from Ref. [12]. Let
|ψ (θ )〉 be the ground state of U1(θ )A0U1(θ )†, then the MPS
tensor (11) is given by

Aα,β
j (θ ) = N− 1

2 ω j(β−α)ωβ/2︸ ︷︷ ︸



α,β
j

× N−1 sin

(
θ

2

)(
sin

(
θ + 2πβ

2N

))−1

︸ ︷︷ ︸
�β

(33)

for θ �= 2nπ . Then, by continuity, Aα,β
j (2nπ ) is the limit of

this expression, giving the product ground state of A0. (The

 and � tensors are given for the usual MPS canonical form;
�2

β gives the entanglement spectrum for a bipartition along
the bond [19].)

For all θ , the ZN symmetry acts locally on the MPS as∑
j

Xj′, jA
α,β
j (θ ) = Z†Aα,β

j (θ )Z. (34)

(Strictly speaking, this action is not uniquely defined at t =
2nπ but we can view this as a “removable singularity”—see
below). We also have that

Aα,β
j (θ + 2π ) = −ω−1/2X †Aα,β

j (θ )X. (35)

The fractionalised symmetry Z† and the pump action X † do
not commute, meaning we have a nontrivial charge pump.
This is necessarily stable within equivalence classes of loops
of gapped symmetric Hamiltonians. To compare to the dis-
cussion of Sec. III B, let g generate the ZN . Comparing with
Eqs. (13) and (14), we see that W = X †, V (g) = Z† and eiχg =
ω−1. [This is the charge-one irrep of ZN , χ (1), discussed below
in Eq. (52).]

Note that strictly speaking, we cannot apply the classifi-
cation result of Ref. [36] since A(θ ) is continuous on the
fixed N-dimensional bond space, but fails to be injective for
t = 2nπ . This means that the symmetry fractionalization is
not uniquely defined for the state at these t values. However,
having chosen a gauge for all other t such that the symmetry
fractionalization is constant, it is natural to view this as a
removable singularity and fix a constant symmetry fraction-
alization. In other words, we can resolve the ambiguity in the
symmetry fractionalization at an isolated noninjective point
along a continuous path of injective MPS by taking it equal
to the limit from each side. For a deeper discussion of cases
where injective bond dimension varies with parameters, see
Ref. [59].
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B. Physical implications

Having established that A1 generates a charge pump, we
can revisit the physics of these clock models studied in Ref.
[12] and gain new understanding.

1. A2 is an SPT for N even and an RSPT for N odd

Since the pivot loop is of the form

e−iA1θA0eiA1θ

=
{

e−iA1θA0eiA1θ 0 � θ � π

CPKe−iA1(2π−θ )A0eiA1(2π−θ )CPK π � θ � 2π

(36)

and pumps a unit ZN charge, we can apply Result 4 for ZCPT
2

symmetric chains (see also the discussion in Sec. IX A 2).
For even N , a unit charge cannot be written as the sum of
two charges, so we conclude that A0 and A2 are in different
D2N = ZN � ZCPT

2 phases. This was explicitly demonstrated
using symmetry fractionalization in Ref. [12]. For odd values
of N , the unit charge can be decomposed as

1 = 2 ×
(

N + 1

2
(mod N )

)
, (37)

and so the pump does not exclude a symmetric path. This is
consistent, since a singlet in the entanglement spectrum of the
A2 ground state implies that this model is not in an SPT phase
for any symmetry group. Since the dominant entanglement
eigenvalues form a D2N doublet, and this has some stability
(although can change without a bulk phase transition), we say
A2 is an RSPT for this symmetry [12,31,32].

2. Bulk criticality inside the circle, and boundary
transitions on the circle

For even N , since A2 is an SPT, we know that A(λ) =
1
2 ((1 + λ)A0 + (1 − λ)A2) must go through a bulk phase tran-
sition for some λ. Numerics for N = 3, 4 indicate that A(λ) is
gapless for some region 1/2 − a < λ < 1/2 + a [correspond-
ing to a gapless disk of radius a in the space Hclock (θ, λ)] [12].
This gaplessness is “unnecessary” for N = 3 since both sides
of the transition are in the trivial phase. However, independent
of these SPT considerations, since we have a nontrivial pump
we can use the argument of Sec. IV C. The minimal gapless
region is either a diabolical point at λ = 0 or a diabolical
circle that intersects the A0−A2 line. This means that for all
N , we have at least a gapless point along A(λ) for 0 < λ < 1,
consistent with the numerics. We see that using our analysis
of pumps in the context of strict circular loops resolves an
outstanding puzzle, the presence of this critical point, of the
earlier study in Ref. [12].

Since A2 is either in the trivial phase, or is an SPT protected
by an inversion symmetry, it is not expected to have stable
gapless edge modes. However, the nontrivial pump tells us
that if we take the family H (θ, 1) and terminate it on the
boundary such that the Hamiltonian is 2π periodic and ZN

symmetric, then it cannot have a gapped boundary for all θ . If
the boundary crossing is unique, then it occurs at θ = π , i.e.,
for A2 with some symmetric boundary termination.

If we take H (θ, 1) and remove all terms that have support
outside sites 1 to L, this expected boundary transition is con-
sistent with the following observation: the Hamiltonian

H (π, 1) = AOBC
2 = − 1

N

L−1∑
j=2

N−1∑
m=1

αmS(m)
j−1, jX

m
j S(m)

j, j+1 (38)

is unitarily equivalent to − 1
N

∑L−1
j=2

∑N−1
m=1 αmX m

j and thus has
a ground-state degeneracy.

3. SPT physics of higher Onsager generators

Higher Onsager generators Ak can be defined from A0 and
A1 using Eq. (23), and can be studied as Hamiltonians in
their own right. For N = 2 these correspond to generalized
cluster models [74], which are known to have interesting SPT
properties [21]. Following Ref. [12], there are pivot formulas
for each of the Ak:

A2k = e−iπAk A0eiπAk

A2k+1 = e−iπAk A1eiπAk . (39)

Thus for periodic systems, A2k+1 has a symmetry-breaking
ground state, and A2k has a unique symmetric ground
state. A straightforward generalization is to write A2k =
e−iπAk+k′ A2k′eiπAk+k′ .

Let us consider the circular loop generated by H̃ =
A2k+1 and H0 = A4k′ . The pivot unitary satisfies e−2π iA2k+1 =
e−π iAk e−2π iA1 eπ iAk . Using the analysis of Sec. V A, for a finite
system this pumps a unit-charge local operator e−π iAk Z−1

1 eπ iAk

to the left boundary (where we truncate Ak appropriately
by removing terms outside the finite system—all remaining
terms are symmetric and thus conjugation cannot change the
charge). Hence, using Result 4, A4k′ and A4(k−k′ )+2 are in
distinct D2N SPT phases for N even. Since there are only
two such phases, we must have that, for all k, A4k is in the
trivial phase, while A4k+2 is in the nontrivial phase. While
we can write down a form of the ground-state MPS for each
of these Hamiltonians (using A0 and A1 pivots, for example),
computing the symmetry fractionalization requires a further
analysis, in comparison to the simplicity of applying Result 4.
For N odd, all A2k are in the trivial SPT phase.

4. Connections to other models

From a field theory perspective, we note the parallels to the
“global inconsistency” or the anomaly in the space of coupling
constants for SU (N ) gauge theory [3,75–77]. There is an ad-
ditional time-reversal symmetry when the θ parameter is 0 or
π . For even N there is a ’t Hooft anomaly between the SU (N )
and time reversal at θ = π , which means that the theory can be
thought of as living on the boundary of a higher-dimensional
SPT phase (this is the analog of the SPT in our case), while for
odd N there is no such anomaly. This means that for θ = 0 or
θ = π one may choose counterterms such that the symmetry
may be gauged, but the global inconsistency tells us that there
is no continuous choice of counterterm that trivialises both
θ = 0 and θ = π . This implies a bulk transition for some
value of θ (corresponding to a boundary transition in our
setting [6]). This is analogous to our analysis of the boundary
of the RSPT for odd N . We note that the anomaly in the space
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of coupling constants does not rely on the time-reversal sym-
metry at special points [3], just as we still pump a nontrivial
ZN charge if we break the ZCPT

2 symmetry of the clock model.

C. Domain wall pumps

Let us consider pivoting A1 by A0, this is the Kramers-
Wannier dual to the picture considered above, and write
U0(θ ) = e−iθA0 . Since A1 is ferromagnetic we are outside the
usual domain of applicability of charge pumps, indeed U0(θ )
is a product of single-site operators so cannot act as a pump.
Nevertheless, the loop is nontrivial. As discussed in Refs.
[4,78], for symmetry-breaking phases one can find domain-
wall pumps. We will show how they arise in this case.

First, in contrast to A1, which has an integer-spaced spec-
trum on periodic boundaries, A0 has integer-spaced spectrum
in each

∏
j Xj symmetry sector but the sectors are split by

steps of 1/N . This means that U0(2π ) �= I. Indeed, U0(2π ) is
a product of operators that act as

e2i π
N

∑N−1
m=1 αmX m |vk〉 = e2i π

N

∑N−1
m=1 αmω−mk |vk〉

= e2i π
N ((N−1)/2−k)|vk〉, (40)

where |vk〉 = ∑
a ω−ak|a〉 is the X -diagonal basis. Hence

U0(2π ) = (−1)Lω−L/2 ∏
j Xj . Going round a pivot loop ap-

plies this operator that takes us between ferromagnetic
(symmetry-broken) ground states of A1. If we apply it to a
half-infinite region, in analogy to the usual charge pump, this
operator shifts the spins in the region and creates a domain
wall at the boundary of the region.

VI. GROUP COHOMOLOGY PUMPS AND
THE ONSAGER FERROMAGNET

Work over the past years has shown that various (but not
all) symmetry-protected topological (SPT) phases can be un-
derstood using group cohomology [47,79]. This formulation
can be used to construct topological pumps in any spatial
dimension, and we review this in Appendix B. We apply this
to the one-dimensional case here, and derive Result 2. In
particular, we show that for any Abelian group, there exists a
choice of basis that reduces the group-cohomology pump con-
struction to a stack of Onsager-integrable chiral clock model
pumps, as discussed in the previous section. For non-Abelian
groups, the pivot Hamiltonian that generates the pump in
the trivial phase is related to the Onsager ferromagnet only
locally and is unrelated to the Onsager-integrable structure
globally. However, we show that the construction reduces to
that of a stack of Onsager pumps in a particular spontaneous
symmetry-breaking phase.

A. One-dimensional group cohomology pumps and SPT pivots

We consider a spin chain where each site has a |G̃|-
dimensional Hilbert space with basis labeled by group
elements. In this section, we specialise the group coho-
mology pump [49] (see Appendix B) to one dimension.
Nontrivial pumps in this case are classified by a choice of
one-dimensional irrep of G̃ [38]. Let us represent this as

χ (g) ≡ exp (iν(g)), (41)

where we fix the branch 0 � ν(g) < 2π . Since χ (g) is a
representation, we have

χ (g)χ (h) = χ (gh) ⇒ ν(g) + ν(h) = ν(gh) + 2πn(g, h),
(42)

where n(g, h) ∈ Z. For our purpose, we will need an interpo-
lation between the trivial and nontrivial irrep. The following
parametrization is sufficient:

μθ (g) = exp

(
i

θ

2π
ν(g)

)
. (43)

To write down the nontrivial family of models, WθH0W
†
θ ,

we consider the on-site Hilbert space to be the regular
representation of G̃ with basis states |g ∈ G̃〉 labeled by
the elements of G̃. We also choose, without loss of gen-
erality, the branching structure (see Appendix B 1) on the
one-dimensional lattice such that all edges have the same
orientation. This gives us the following form for the entangler
Wθ :∏

j

∑
g j ,g j+1

exp

(
i

θ

2π
ν
(
g−1

j g j+1
))|g j, g j+1〉〈g j, g j+1|, (44)

which can be written as e−iθH̃ for the pivot Hamiltonian

H̃ = − 1

2π

∑
j

∑
g j ,g j+1

ν
(
g−1

j g j+1
)|g j, g j+1〉〈g j, g j+1|. (45)

Note that for θ = 2π , each gate in Eq. (44) reduces to
χ (gj )∗χ (g j+1). Hence, with periodic boundary conditions, we
have W0 = W2π = I, whereas with open boundaries, we have
W0 = I but W2π equals⎛

⎝∑
g1

χ (g1)∗|g1〉〈g1|
⎞
⎠ ⊗ I⊗L−2

|G̃| ⊗
⎛
⎝∑

gL

χ (gL )|gL〉〈gL|
⎞
⎠.

(46)

This is consistent with the fact that the charge χ is pumped by
the family Wθ .

In group cohomology Hamiltonian constructions [47], it is
usual to start with

H0 = −
∑
v∈V

|�〉〈�|v, where |�〉v = 1√
|G̃|

∑
g∈G̃

|g〉v.

(47)

This Hamiltonian has a unique ground state that is a product
state invariant under the action of g ∈ G̃ (as |h〉 �→ |g−1h〉),
given by

|ψ0〉 =
∏
v∈V

|�〉v. (48)

The family produced by pivoting the Hamiltonian (47) by (45)
we will denote by Hθ and takes the form

−
∑

ei θ
2π

ϕ(h j−1,g j ,l j ,h j+1 )|h j−1, g j, h j+1〉〈h j−1, l j, h j+1|,
(49)

where we sum over sites and group elements hj−1, g j, l j, h j+1.
The phase ϕ(h j−1, g j, l j, h j+1) is equal to

ν
(
h−1

j−1g j
) + ν

(
g−1

j h j+1
) − ν

(
h−1

j−1l j
) − ν

(
l−1

j h j+1
)
. (50)
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The wave function for the corresponding ground state family
is

ψθ (g1, . . . , gL ) = exp

⎛
⎝i

θ

2π

∑
j

ν
(
g−1

j g j+1
)⎞⎠. (51)

Note that we can find several symmetries of the pivot
Hamiltonian (45). Define the unitary charge conjugation C =∏

j Cj , where Cj = ∑
g j

|g j〉〈g−1
j |, T as complex conjugation

in the |g j〉 basis, and P as a unitary inversion about some
fixed site or edge (effectively reversing the orientation of each
edge). Then, since for our choice of branch [80] ν(ab) =
ν(ba), H̃ has an anti-unitary ZT

2 time-reversal, a unitary ZCP
2

symmetry and the combined anti-unitary ZCPT
2 symmetry.

These different symmetries may be combined with Result 4
to identify SPTs at π , depending on the charge pumped and
the symmetries of the pivoted Hamiltonian. Taking H0 above,
this has all of the above symmetries, while if we take A0 this
is ZCPT

2 symmetric only.
Indeed, fixing H0, the Hamiltonian family Hθ is G̃ sym-

metric and remains in the trivial G̃-SPT phase throughout. It
is, however, not ZCPT

2 , nor ZT
2 symmetric, since we have an

antiunitary symmetry that reflects θ → −θ . However, the two
fixed points θ = 0, π do have these symmetries. This means,
if G̃ has a (pseudo)-real unitary representation, we can use
Result 4 to identify Hπ as a G̃ � ZCPT

2 and as a G̃ × ZT
2 SPT

in the case where we pump a charge χ (g) �= χ̃ (g)2 for some
irrep χ̃ , i.e., when this charge cannot be decomposed into two
identical smaller charges. The entire path is ZCP

2 symmetric,
so we will not see any distinct SPT phases for this group.

B. ZN charge pumps and the Onsager ferromagnet

Let us consider the particular case of G̃ ∼= ZN , where we
label the elements of the group m = 0, . . . , N − 1. The N
different 1d irreps of G̃ are labeled k = 0, 1, . . . , N − 1 and
have the representation

χ (k)(a) = exp

(
2π i

N
ka

)
⇒ μ

(k)
θ (a) = exp

(
iθ

N
ka

)
. (52)

The entangling operator, found by specializing (44), is

W (k)
θ =

∏
j

N−1∑
a j ,a j+1=0

e−iθwk (a j ,a j+1 )|a j, a j+1〉〈a j, a j+1|,

wk = 1

N
k(a j − a j+1 (mod N )). (53)

Comparing to Eq. (32) we see that, up to an unimportant
phase factor, W (k)

θ = e−ikθA1 . Hence, the pivot Hamiltonian
Eq. (45) that generates W (1)

θ for ZN , is given by

H̃ (1)
ZN

= A1 + const. (54)

This is a surprising way to arrive at a model that appears as
a limiting case of an integrable spin chain. Indeed, A1 was
originally described in Ref. [81] as a generalization of the
Ising model, and most often arises as a Hamiltonian limit
of the chiral Potts model in statistical mechanics [44,65]. A
priori there is no connection to pumps constructed via group

FIG. 6. Decomposition of the pivot Hamiltonian into discon-
nected stacks of Onsager ferromagnets when G̃ is an Abelian group.

cohomology. One way to understand its appearance is as fol-
lows. Up to normalization, the charge pump in Eq. (53) is
generated by a Hamiltonian with integer-spaced eigenvalues
on the bonds. The appropriate bond-site transformation is
Kramers-Wannier duality, or gauging the ZN symmetry. The
dual Hamiltonian, in this case A0, is on-site and each term
is equivalent (again, up to normalization) to Sz for a spin-
(N − 1)/2 in the appropriate basis. Sz is a canonical operator
with integer-spaced eigenvalues on a finite Hilbert space, and
so the appearance of A1 given this integer spacing is somewhat
natural, although the fact that the same basis is picked out by
the group cohomology pump is intriguing.

We have established a link between the Onsager-integrable
models A0 and A1 with ZN pumps. Since all one-dimensional
representations of non-Abelian groups correspond to rep-
resentations of an Abelian subgroup, and Abelian groups
decompose as cyclic groups, we now explore to what extent all
group-cohomology pumps can be connected to the Onsager-
integrable models.

C. Abelian charge pumps as stacks of Onsager ferromagnets

To begin with, let us take G̃ to be a finite Abelian group.
Then G̃ decomposes as a direct product of cyclic groups
G̃ ∼= ZM1 × ZM2 × · · · × ZMn . Using this, we can write the
elements of the group labeling the basis states in Eq. (45) as
well as the 1d irreps χ (g) as

|g〉 ≡ |m1, m2, . . . , mn〉 for g ∈ G̃, mk ∈ ZMk , (55)

χ (g) ≡ χ1(m1)χ2(m2) · · · χn(mn)

⇒ ν(g) ≡ ν1(m1) + ν2(m2) + · · · + νn(mn). (56)

Here, χ1, χ2, . . . , χn are irreps of ZM1 ,ZM2 , . . . ,ZMn . We can
hence rewrite the pivot Hamiltonian in Eq. (45) as a sum of
disconnected terms acting on disjoint Hilbert spaces,

H̃ = H̃1 + H̃2 + · · · + H̃n, (57)

where each term H̃k generates a ZMk charge pump of the
form shown in Eq. (54). Hence, H̃k can be identified with the
Mk-state Onsager ferromagnet, which we will denote A1[Mk]
[see Eq. (5)]. The overall pivot H̃ corresponds to a stack of
these ferromagnets, as schematically shown in Fig. 6. Note
that the initial state |ψ0〉 [given in (48)] is the ground state of
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∑
k A0[Mk], the Mk-state Onsager paramagnet acting on each

chain in the stack. This proves the first part of Result 2.

D. Charge pumps with non-Abelian symmetry

1. Pumps in the trivial phase

Let us now consider the general case where G̃ is an
arbitrary (finite) non-Abelian group. Let [G̃, G̃] denote the
commutator subgroup, i.e., the normal subgroup generated by
elements in G̃ of the form ghg−1h−1. Given any 1d irrep χ of
G̃, we thus have

χ (α) = 1, ν(α) = 0 ∀α ∈ [G̃, G̃]. (58)

Then, let Ã be the abelianization of G̃, i.e., the coset

Ã = G̃/[G̃, G̃]. (59)

Note that this quotient group Ã is Abelian.
Since G̃ is isomorphic as a set to the product of any normal

subgroup and the corresponding quotient group, we can label
group elements of G̃ in terms of elements in the commutator
subgroup and the abelianization,

|g〉 ≡ |α, a〉 where, g ∈ G̃, α ∈ [G̃, G̃], a ∈ Ã. (60)

Note that, although Ã is in general not isomorphic to a sub-
group of G̃, any 1d irrep χ of G̃ naturally induces a 1d irrep
of Ã, since χ (a) is independent of the choice of coset repre-
sentative. It is thus meaningful to write ν(a). In fact, using the
correspondence in Eqs. (58) and (60), we see that ν(g) = ν(a).
We can thus rewrite the Hamiltonian H̃ in Eq. (45) as follows:

−
∑
j;a∈Ã

ν
(
a−1

j a j+1
)

2π

∑
α∈[G̃,G̃]

|α, a j ; α, a j+1〉〈α, a j ; α, a j+1|.

(61)

To visualise Eq. (61), we change basis to decompose the
|G̃|-dimensional local Hilbert space into two pieces, one |Ã|
dimensional and the other |[G̃, G̃]| dimensional

|g〉 = |α, a〉 → |α〉|a〉. (62)

This views the spin chain as a spin ladder, shown in Fig. 7.
The pivot Hamiltonian in this representation can be written

as

H̃ = − 1

2π

∑
j;a∈Ã

ν
(
a−1

j a j+1
)|a j, a j+1〉〈a j, a j+1|Cj, j+1.

(63)

The local terms are identical to the Abelian Ã pump acting on
the a spins, tensored with the term Cj, j+1. The latter is a two-
body operator acting only on the |[G̃, G̃]|-dimensional Hilbert
space, and is defined as

Cj, j+1 =
∑

α∈[G̃,G̃]

|αα〉〈αα| j, j+1. (64)

In particular, this term projects onto aligned spins on the α

spin chain. If these spins are not aligned, the local pivot term
acts trivially on the a spins. At this stage, just as we did
for G̃ being an Abelian group, we can decompose Ã into
cyclic groups as indicated in Fig. 7. This reduces the pivot
Hamiltonian into stacks of Zm Onsager ferromagnets, all of

FIG. 7. Decomposition of the pivot Hamiltonian where G̃ is a
non-Abelian group.

which are coupled to the |[G̃, G̃]| leg via the C term defined in
Eq. (64).

A crucial detail distinguishing Abelian from non-Abelian
pumps obtained from exactly solvable group cohomology data
is seen in the way the pivot Hamiltonian acts on the trivial
ground-state for H0, defined in Eq. (47). As discussed above,
for the Abelian case, the decomposition of the pivot Hamil-
tonian H̃ into a stack of Onsager ferromagnets A1 is also
respected by the ground state, which is a product of ground-
states of Onsager paramagnets A0. Thus, the entire picture is
“Onsager reducible”. For non-Abelian pumps, we showed that
the pivot Hamiltonian can be decomposed to local Onsager
ferromagnet pieces coupled to the [G̃, G̃] chain via the Cj, j+1

term. However, to be totally reducible in terms of Onsager
pivots we would need Cj, j+1 to act trivially on the ground
state of H0. This ground state includes unaligned spins, so we
do not find this reduction. Nevertheless, the only nontrivial
action is generated by local terms of the Hamiltonian A1.

2. Onsager-reducible pump in a spontaneous
symmetry-breaking phase

The decomposition Eq. (63) does suggest an alternative
Onsager-reducible pump within a spontaneous symmetry-
broken phase. Let us consider the the ladder basis defined
in Eq. (62) and choose the cycle-decomposed basis for Ã ∼=
ZM1 × ZM2 × · · · × ZMn . We consider the pivot unitary Wθ

applied to the following Hamiltonian invariant under G̃,

H ′
0 =

n∑
k=1

A0[Mk] + A1[|[G̃, G̃]|]. (65)

The Hamiltonian H ′
0 represents a phase where G̃ is sponta-

neously broken to its Ã subgroup with the following |[G̃, G̃]|
ground states:

|GSα〉 = ∣∣�[Ã]
〉|αα . . . α〉, α ∈ [G̃, G̃]. (66)

The state |�[Ã]〉 is the symmetry-preserving product-state
invariant under Ã, the ground state of H0 for the Abelian
subgroup. Overall, given any G̃ charge χ , this set up gives
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us a G̃-symmetric path through a symmetry-breaking phase,
that pumps this charge using Onsager pivots. This completes
the proof of Result 2.

We expect our analysis will generalize to time-reversal and
crystal symmetries but we do not pursue this further here.

VII. PIVOT SPT ENTANGLERS FOR ZN × ZN MODELS
AND CHARGE PUMPS

In this section, we construct pivot Hamiltonians for ZN ×
ZN SPTs. Unlike previous examples, the entangler no longer
has a Z2 action, rather it takes N steps to return to the triv-
ial model. We also have multiple entanglers, related by the
second ZN symmetry. This means we find a more intricate
structure of charge pumps as we combine these entanglers.
In fact, unlike the Ising and Onsager examples in the previous
sections, these pivots will not give rise to a strict circular loop,
i.e., the Dolan-Grady relations will not hold. Nevertheless,
some of our more general results linking pumps and SPTs
will still apply. We first introduce the model, then discuss the
charge pumps and relationship to SPT order in these models.

A. ZN × ZN models: the cluster model and the dipolar SPT

There are N SPT phases, labeled by cohomology class [k],
for spin chains with ZN × ZN symmetry [47]. For each N ,
the canonical representative for the class [1] is the ZN × ZN

cluster model [82,83] with Hamiltonian HC . This is given by

−
∑

0� j<L/2

(
Z−1

2 j−1X2 jZ2 j+1 + Z2 jX2 j+1Z−1
2 j+2 + H.c.

)
, (67)

with symmetry generators Qeven = ∏
0� j<L/2 X2 j , Qodd =∏

0� j<L/2 X2 j+1. The class [k] is represented by the Hamil-

tonian H (k)
C , given by

−
∑

0� j<L/2

(
Z−k

2 j−1X2 jZ
k
2 j+1 + Zk

2 jX2 j+1Z−k
2 j+2 + H.c.

)
. (68)

We discuss pivot entanglers and pumps in the cluster model
in Sec. VII E below, but we first discuss a related model.
Note that the cluster model is not translation-invariant; in
Ref. [84] a translation-invariant cousin of the cluster model
was introduced, with a ZN × ZN symmetry generated by Q =∏

j Xj and D = ∏
j X j

j . The latter is a conventional modulated
(in this case dipolar) symmetry for a chain of length L = 0
mod N but is a bundle symmetry for any length of chain. The
SPT Hamiltonian for the class [k] is given by

H (k)
D = −

∑
j

(
Z−k

j−1

(
Zk

j XjZ
k
j

)
Z−k

j+1 + H.c.
)
. (69)

Next, we demonstrate SPT entanglers generated by Z(Q)
N -

symmetric pivot Hamiltonians for the ZN × ZN SPT Hamil-
tonians H (k)

D and H (k)
C given in Eqs. (68) and (69). These pivot

loops are not strict circular loops, and their structure is more
intricate. From the decorated domain wall picture, such a pivot
SPT entangler naturally visits the SPT Hamiltonians at regular
angles spaced by 2π/N . We show that for N odd the full loop
is not a Z(Q)

N charge pump, while for even values of N it pumps
charge N/2.

B. Dipolar SPT entangler

Our first result gives a family of pivot Hamiltonians for the
dipolar SPT (where the protecting symmetry group includes
the dipole symmetry D).

Result 5: (Dipolar SPT entangler). Define the N pivot
Hamiltonians and corresponding pivot unitaries by

H̃ (r)
D =

∑
j

N−1∑
m=1

ω−mrαmα−mZ−m
j Zm

j+1

≡ 1

4

∑
j

N−1∑
m=1

ω−mr

sin(mπ/N )2
Z−m

j Zm
j+1

≡ D−rH̃ (0)
D Dr (70)

and

U (r)
D (θ ) = e−iθH̃ (r)

D . (71)

Then, for all choices of 0 � r � N − 1,

U (r)
D (2πk/N )H (0)

D U (r)
D (−2πk/N ) = H (k)

D . (72)

Note that H̃ (r)
D and H̃ (−r)

D are related by charge conjuga-
tion, while each pivot Hamiltonian is time-reversal invariant.
Since

∑N−1
r=0 H̃ (r)

D = 0, we have N − 1 independent pivot gen-
erators. The proof of Result 5 is in Appendix C, and relies
on the trigonometric identity (31) that is key in the analy-
sis of the Onsager-integrable chiral clock model. Moreover,
this allows us to show that H̃ (r)

D has integer eigenvalues, and
thus generates a U (1), up to rescaling and a constant shift.
This follows from noting that for ϕk = −∑N−1

m=1 αmα−mω−mk ,
we have ϕk+1 − ϕk = ∑N−1

m=1 αmω−mk , leading to ϕk = k(N −
k)/2 − (N2 − 1)/12.

C. Dipolar pump

The pivot unitary U (r)
D can be written as a product of two-

site gates

U (r)
j, j+1(θ ) = exp

(
−iθ

∑
m

ω−mrαmα−mZ−m
j Zm

j+1

)
. (73)

For t = 2π , we have, using the formula for ϕk above, that

U (r)
j, j+1(2π ) =

{
e2π iϕ0I N odd
e2π iϕ0 (−1)rZN/2

j ZN/2
j+1 N even.

(74)

Using the discussion in Sec. III A, we then conclude that going
around the pivot loop gives a trivial charge pump for N odd,
and that we pump charge N/2 for N even.

Each of the pivot Hamiltonians H̃ (r)
D gives a U (1) sym-

metry of the Hamiltonian
∑N−1

k=0 H (k)
D (see Appendix C 1 b).

Since we have N − 1 independent pivots, the overall symme-
try group includes ZQ

N × (U (1)N−1 � ZD
N ), as well as C, P,

and T symmetries.
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D. Relation between pumps and SPTs for the dipolar entangler

1. Pump as we go round the full pivot loop gives
an SPT for N = 2(2k + 1)

The above analysis shows that we cannot expect a general
relationship between pivot SPT entanglers and charge pumps
as we go round a full loop. However, for N = 2(2k + 1) we
can use the nontrivial pump around the 2π pivot loop to derive
SPT order half-way around the loop at H (N/2)

D .
Indeed, since the pivot Hamiltonian H̃ (0)

D is real, we can
use Result 4 to establish that, for such N , H (N/2)

D is an SPT pro-
tected by the group ZN × ZT

2 . This is because for N = 2(2k +
1), N/2 cannot be decomposed as two identical charges. The
same argument applies for the Z2 × ZT

2 subgroup, since we
pump a unit Z2 charge for these values of N . Even without
knowledge of the ZN × ZN dipolar SPT, it is not surprising to
find SPT physics since we can see that

H (N/2)
D =

∑
j

ZN/2
j−1

(
Xj + X −1

j

)
ZN/2

j+1 (75)

has the same Z2 × ZT
2 SPT order as the usual spin-1/2 cluster

model. Indeed, since Xj |ψ0〉 = |ψ0〉 in the ground state of
H (0)

D , the ground state of H (N/2)
D has long-range string order

〈ZN/2
0 X N/2

1 ZN/2
1 (

∏M−1
j=2 X N/2

j )ZN/2
M X N/2

M ZN/2
M+1〉. This has Hermi-

tian end-point operator iZN/2
0 X N/2

1 ZN/2
1 , which is odd under ZT

2
[19,85].

Note that if N is divisible by four we cannot conclude using
Result 4 that H (0)

D and H (N/2)
D are in distinct SPT phases (im-

portantly this does not mean they are in the same SPT phase,
just that being in the same phase would not lead to an incon-
sistency). Indeed, the ground state of H (N/2)

D has long-range
order in 〈ZN/2

0 X1ZN/2
1 (

∏M−1
j=2 Xj )Z

N/2
M XMZN/2

M+1〉, which has ZT
2

charged end-points, and thus we have ZN × ZT
2 SPT order.

However, we no longer have a Z2 × ZT
2 SPT for N = 4k,

since we also have long-range order in 〈∏M
j=1 X N/2

j 〉.

2. Pump as we go round a loop that visits a single SPT

From the decorated domain wall picture [28], we cannot
have a pivot Hamiltonian that generates a Z2 entangler unless
the corresponding SPT is such that a double stack of the SPT
is trivial. Equivalently, in our setting, if U (θ ) entangles the
SPT H (1)

D then U (2θ ) necessarily entangles H (2)
D . Hence, if we

want a loop that takes us from H (0)
D to H (1)

D and back, it cannot
be generated by a pivot Hamiltonian.

We can, however, easily construct such loops from pairs of
pivot Hamiltonians defined above. In particular consider the
loop

U (r,s)(θ )

=
{

U (r)
D (2θ/N ) 0 � θ � π

U (s)
D (2(π − θ )/N )U (r)

D (2π/N ) π � θ � 2π
.

(76)

For r = s this is a trivial contractible loop. For r �= s we can
consider the gate U (r,s)

j, j+1(2π ), which is given by

e− 2π i
N

∑
m αmα−m (ω−mr Z−m

j Zm
j+1−ω−msZ−m

j Zm
j+1 ) = eiθ Z−(r−s)

j Zr−s
j+1 (77)

where

eiθ = (−1)r−sω
s2−r2

2 . (78)

Thus, each path U (s+1,s)(2π ) fixes H (k)
D and pumps a unit

charge.
Following Ref. [28], we note that the operator

U (0)
D (2π/N )K is a ZT

2 SPT entangler [as is U (r)
D (2π/N )K for

each r], exchanging H (0)
D and H (1)

D . For even N , since H (1)
D

is not the square of another SPT, there is a mixed anomaly
between ZN × ZN and this entangler. This gives rise to
an anomalous symmetry at the point H (r)

D + H (r+1)
D , which

therefore cannot have a unique gapped ground state. For odd
N , there is no anomaly since H (1)

D is in the same phase as two

copies of H
( N+1

2 )
D —moreover, U (0)

D (2π/N )K is a symmetry

of H
( N+1

2 )
D that has a unique gapped ground state. We know

on general SPT grounds that (1 − λ)H (r)
D + λH (r+1)

D has a
phase transition for some value of λ (and if there is a unique
transition it occurs at the self-dual λ = 1/2). In any case, and
for all N , there is some obstruction to gapped paths along this
line.

Since U (0,1)(θ ) is a nontrivial pump, this obstruction must
continue into the space of Hamiltonians with explicitly broken
ZD

N symmetry. In fact, it must split symmetrically into N
equivalent obstructions, related by the ZD

N symmetry. Indeed
U (s,s+1)(θ ) = D−sU (0,1)(θ )Ds, and so enclosing any single
one of these obstructions corresponds to pumping a unit
charge (this is essentially the argument we use to prove
Result 3). The loop U (r,s)(θ ) then encloses s − r of these
obstructions (the sign indicates orientation of the loop) and
therefore pumps charge s − r, just as we found by direct
calculation.

We can also use these pump results to argue that H (k)
D

are in N distinct SPT phases. Indeed, the loop H (θ ) =
V (θ )H (r)

D V (θ )†, for V (θ ) given by

U (0)
D (2sθ/N ) 0 � θ � π

U (1)
D (2s(π − θ )/N )U (0)

D (2sπ/N ) π � θ � 2π, (79)

is a nontrivial pump of the form in Result 3, where H0 = H (r)
D

and Hπ = H (r+s)
D . Hence, no pair of H (k)

D can be connected by
a D-symmetric path.

3. Connecting these two pumps

The individual obstructions found above can also show that
the 2π pivot U (s)

D (2π ) pumps charge 0 (N/2) for N odd (even).
The key is that since

∑
r H̃ (r)

D = 0 and all H̃ (r)
D commute, we

have

N−2∏
r=0

U (N−1)
D

(
−2π

N

)
= U (N−1)

D

(
−2π (N − 1)

N

)

=
N−2∏
r=0

U (r)
D

(
2π (N − 1)

N

)
, (80)
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which can be rewritten
N−2∏
r=0

(
U (r)

D

(
2π

N

)
U (N−1)

D

(
−2π

N

))
︸ ︷︷ ︸

each pumps charge (N−1−r)

=
N−2∏
r=0

U (r)
D (2π )

︸ ︷︷ ︸
N−1 2π pivots

. (81)

Since (using the D symmetry) each of the 2π pivots pumps
the same charge, q, we find that N (N − 1)/2 = (N − 1)q
mod N , and so q = 0 for N odd, and q = N/2 for N even.

We can partially invert this logic. Suppose that the small
loop U 0,1(2π ) pumps charge k, where k is not known. For
N even, the fact that U (r)

D (2π ) = N/2 tells us that k is an odd
integer, and, in particular, that it must be nontrivial. We cannot
make this conclusion for N odd.

E. Cluster SPT entanglers and pumps

Our results for the cluster models are entirely analogous to
the dipolar SPT, and identical discussion applies. The results
are collected in this subsection.

Result 6: (Cluster entangler). Define the N pivot Hamilto-
nians and corresponding pivot unitaries by

H̃ (r)
C =

∑
j

N−1∑
m=1

ω(−1) j mrαmα−m(−1) j+1Z−m
j Zm

j+1

≡ Q−r
evenH̃ (0)

C Qr
even (82)

and

U (r)
C (θ ) = e−iθH̃ (r)

C . (83)

Then, for all choices of r,

U (r)
C (2πk/N )H (0)

C U (r)
C (−2πk/N ) = H (k)

C . (84)

The proof uses the analysis of the dipolar SPT and is given
in Appendix C. Then, fixing r = 0 for simplicity and using
Eq. (74), we can write

U (0)
C (2π ) =

∏
j

U (0)
2 j−1,2 j (2π )U (0)

2 j,2 j+1(−2π )︸ ︷︷ ︸
V2 j−1,2 j,2 j+1

(85)

V2 j−1,2 j,2 j+1 =
{
I N odd

ZN/2
2 j−1ZN/2

2 j+1 N even,
(86)

that is, we have the analogous charge pump behavior around
a full pivot loop.

For the small loops, the analogues of Eq. (76), we have that
U (r,s)

j, j+1(2π ) = e(−1) j+1iθ Z−(r−s)
j Zr−s

j+1. The discussion is then

entirely analogous, and we can conclude that H (r)
C are distinct

SPTs using Result 3. On the line (1 − λ)H (r)
C + λH (r+1)

C , we
have a phase transition, and note that Ref. [86] shows that
the point λ = 1/2 is a continuous transition for N � 4, while
there is an extended gapless interval for N > 4.

VIII. DOLAN-GRADY AND THE ONSAGER ALGEBRA

As stated above, the Dolan-Grady relation (18) is “half-
way” to an Onsager algebra [65–67]. To generate a full On-

sager algebra, we would also need [A, B] = [[[A, B], B], B].

Having both is automatic in the case where A and B are
self-dual (in particular, if there is a linear operation that ex-
changes A and B). Here, we will give an example of a strict
circular pivot loop where the Dolan-Grady relation holds, but
the initial and pivot Hamiltonian do not generate an Onsager
algebra.

A. Dolan-Grady without the Onsager algebra

In the Onsager-integrable chiral clock models, where we
take A = A1, B = A0, we do have an underlying Onsager alge-
bra and recover the usual strict circular loop. A non-self-dual
spin chain giving rise to an Onsager algebra is found in Ref.
[68], but we are not aware of any other examples. Finding
non-self-dual A and B that satisfy one Dolan-Grady relation
is more straightforward. Indeed, several examples are given
in [41,42], but we will derive a new solution from the chiral
clock family below.

Consider complex conjugation in the Z-basis, denoted K.
Then KA1K = A1, while A0 = KA0K �= A0 for N > 2. Com-
plex conjugation preserves the Dolan-Grady relations satisfied
by A0 and A1, and so A0 and A1 themselves generate an On-
sager algebra. By linearity it follows that B = αA0 + βA0 and
A = A1 will satisfy the Dolan-Grady relation (18) for all α, β.
The dual relation is nonlinear in B and so we do not expect it
to satisfy the dual Dolan-Grady relation. Fixing B = A0 + A0,
and using that [A0, A0] = 0, we find that the dual Dolan-Grady
relation can be written

[[[A1, A0 + A0], A0 + A0], A0 + A0]

= [A1, A0 + A0] + 3[[[A1, A0], A0], A0]

+ 3[[[A1, A0], A0], A0]

=? γ 2[A1, A0 + A0], (87)

for some normalization γ . For N = 2, since A0 = A0, the
right-hand-side is 8[A1, A0], and this gives the usual dual
relation. For N > 2, A0 �= A0 and we do not expect this to hold
for any γ . We prove this in Appendix D.

B. A strict circular loop without the Onsager algebra—pivoting
the Potts model with the Onsager ferromagnet

Having established that this example satisfies the Dolan-
Grady relation and not the full Onsager algebra, we now
study in more detail the resulting pivot loop (which is
naturally a strictly circular loop per Sec. IV A). The Hamil-
tonian A0 + A0 is equal to the Potts Hamiltonian HPotts =
− 1

N

∑
j

∑N−1
m=1 X m

j . Diagonalization is straightforward and the
paramagnetic ground state coincides with the ground state of
A0. Pivoting with A1, we have a strict circular loop passing
H2 = A2 + A2 at the half-way point. This Hamiltonian has the
form

H2 = − 1

N

∑
j

N−1∑
m=1

S(m)
j−1, jX

m
j S(m)

j, j+1,

with S defined in Equation (25). Both Hamiltonians have a
ZN × ZT

2 symmetry, while the circular loop is ZN symmetric.
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1. H2 is an SPT for even N using the pump invariant

In fact, the circular loop is of the form

e−iA1θHPottse
iA1θ

=
⎧⎨
⎩

e−iA1θHPottseiA1θ 0 � θ � π

Ke−iA1(2π−θ )HPottseiA1(2π−θ )K π � θ � 2π
, (88)

where we use that e−i2πA1 ∝ I. Since the ZN symmetry is real,
this fits the statement of Result 4.

From Sec. V A, we know that this loop pumps a single ZN

charge. For N even, this cannot be written as the sum of two
identical charges. Hence, by Result 4 and that HPotts is trivial,
H2 is a nontrivial ZN × ZT

2 SPT. For N odd, 1 = 2 (N+1)
2

(mod N ), and so we cannot conclude H2 is a nontrivial SPT.
However, there will be a boundary transition around the loop,
and, if it is unique, then H2 will have a gapless boundary.

2. H2 is an SPT for even N using symmetry fractionalization

Since the ground state of HPotts coincides with that of A0,
the ground state of H2 coincides with the ground state of A2.

To study the symmetry fractionalization of ZN × ZT
2 , re-

call that |ψ2〉 is an MPS with tensor Aα,β
j given by

N− 1
2 ω j(β−α)ωβ/2︸ ︷︷ ︸



α,β
j

N−1

(
sin

(
π (2β + 1)

2N

))−1

︸ ︷︷ ︸
�β

. (89)

We know [12] that the ZN symmetry fractionalizes as

N−1∑
b=0

Xa,b 
b = Z†
aZ. (90)

For the time-reversal symmetry, we have



α,β

j = eiϕV 

α,β
j V † (91)

for some ϕ and V that commutes with �. Since 

α,β

j =
N− 1

2 ω j(α−β )ω−β/2, this holds for V = V † = ∑N−1
j=0 | j〉〈N −

1 − j| and eiϕ = ω− N−1
2 .

Analogous to the ZCPT
2 case, for N even we have a Z2 × ZT

2
subgroup that is realised projectively on the bond space. Note
that for this group there is more than one nontrivial SPT phase,
because of the time reversal symmetry. In addition to the sign
found above, we have that V 2 = ±1. For all N this is equal to
+1 in this model.

IX. SPT PHASES IMPLIED BY PUMPS

In the previous sections, we have encountered a myriad
of examples of pivots, where the presence of a pump often
(but not always) went hand-in-hand with a nontrivial SPT at
high-symmetry points. Here, we return to the general question
of when we can conclude that we have a nontrivial SPT
due to a nontrivial pump, deriving Results 3 and 4. We note
that our analysis can also be applied in cases beyond those
summarized in those results.

A. Symmetric paths between Hamiltonians forbid
certain pump invariants

Consider HG̃(θ ), a gapped G̃-symmetric path between
Hamiltonians H0 and Hπ (for θ = 0 and θ = π , respectively).
We suppose that these end-point Hamiltonians have a strictly
larger-symmetry group described by G, of which G̃ is a nor-
mal subgroup. Since G̃ � G then H0 and Hπ can be in distinct
G-SPT phases. [The strict subgroup condition implies the
path HG̃(θ ) is not accidentally G-symmetric, meaning distinct
G-SPT phases are possible.] Our aim is to establish a link to
pump invariants, enabling us in some cases to prove that two
Hamiltonians are in distinct SPT phases by analyzing only
pumps.

1. Unitary symmetries

Let us first assume that all group elements are represented
as on-site unitaries acting on our system, and that our G̃-
symmetric Hamiltonians are d-dimensional. To make a link
to pump invariants, we need to construct a closed loop from
our path. Let us fix some nontrivial element g0 ∈ G/G̃, then
we have a new gapped G̃-symmetric path g0HG̃(θ )g†

0 from H0

to Hπ . Then we can define a loop

HA(θ ) =
{

HG̃(θ ) 0 � θ � π

g0HG̃(2π − θ )g†
0 π � θ � 2π

, (92)

where this loop may pump a (d − 1)-dimensional G̃-SPT
corresponding to a cocycle eiνA(g̃1,...,g̃d ).

Now suppose that H0 and Hπ are in the same G-SPT phase.
This means there is a gapped G-symmetric path, HG(θ ), con-
necting them—illustrated in Fig. 3— and we can consider two
further loops

HB(θ ) =
{

HG̃(θ ) 0 � θ � π

HG(2π − θ ) π � θ � 2π

HC (θ ) =
{

g0HG̃(θ )g†
0 0 � θ � π

HG(2π − θ ) π � θ � 2π
. (93)

These loops pump eiνB (g̃1,...,g̃d ) and eiνC (g̃1,...,g̃d ), and, since
we have a normal subgroup, they satisfy eiνC (g̃1,...,g̃d ) ≡
eiνB (g−1

0 g̃1g0,...,g
−1
0 g̃d g0 ). Moreover, noting that the original loop

HA corresponds to

HA(θ ) =
{

HB(θ ) 0 � θ � π

HC (2π − θ ) π � θ � 2π,
(94)

which is homotopic to following HB (over its full range 0 �
θ � 2π ) and then the reversed HC (the G-symmetric part
cancels), we have that

eiνA(g̃1,...,g̃d ) = ei(νB (g̃1,...,g̃d )−νC (g̃1,...,g̃d )

= ei(νB (g̃1,...,g̃d )−νB (g−1
0 g̃1g0,...,g

−1
0 g̃d g0 ). (95)

This is a restriction on the allowed pumps νA given that
H0 and Hπ are the same SPT phase. A key case of interest is
when g0g̃g−1

0 = g̃ [i.e., g0 is in the centraliser CG(G̃)]. In this
case, we find νA = 0, i.e., HA(θ ) must be a trivial pump. This
gives Result 3; i.e., the contrapositive says that if the pump is
nontrivial (in this setting), then H0 and Hπ must be in distinct
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SPT phases. The case where g0 is a Z2 element is proved in
greater generality in the next section, leading to Result 7.

Another interesting case is charge conjugation in G̃, where
g0g̃g−1

0 = g̃−1. If we have a one-dimensional pump, then
νB(g̃−1) = −νB(g̃). Hence, we find νA(g̃) = 2νB(g̃), so we
must have that the 0-dimensional G̃-charge pumped around
HA(θ ) can be decomposed into a stack of two identical smaller
such charges—otherwise H0 and Hπ must be in distinct SPT
phases.

2. Anti-unitary symmetries

Let K be complex conjugation in a convenient basis. Just as
in the classification of SPTs [52], if this is a symmetry, then
this operation adds an additional twist relative to the on-site
unitary case. Let us consider the case where G = G̃ × ZT

2 and
where K acts in a basis such that g̃ is real (this is possible
if we have a real or pseudo-real representation of G̃). Tak-
ing g0 = K in Eq. (92), we have that νC = −νB; and thus
νA = 2νB. If H0 and Hπ are in the same SPT phase, then
the (d − 1)-dimensional G̃-SPT pumped around HA(θ ) can be
decomposed into a stack of two smaller such SPTs.

Restricting now to one-dimensional chains, for the
Onsager-integrable clock models, we have a ZCPT

2 action that
decomposes as a product of unitary charge conjugation, in-
version, and time reversal (see Sec. IV). Time reversal and
inversion each conjugate νB(g̃), while charge conjugation
takes g̃ → g̃−1. Overall we again find νC (g̃) = −νB(g̃) and so
νA(g̃) = 2νB(g̃). Thus, we conclude in both cases that if νA(g̃)
cannot be decomposed into two smaller identical charges, then
H0 and Hπ are distinct SPTs.

3. Example: Z3
2 SPT in 2D

Above, we have a number of applications of these results
to 1D bulk systems. Here, we apply this to a two-dimensional
bulk and consider the example of constructing the Z3

2 SPT
using a pivot Hamiltonian, as described in Refs. [10,87]. First,
take qubits on the vertices of the three-colorable Union-Jack
lattice, where each nearest-neighbor triangle �abc contains all
three colors A, B,C. We then define

H0 = −
∑

j

Xj

H̃ = −1

8

∑
�abc

ZaZbZc (96)

such that the path H (θ ) = e−iH̃θH0eiH̃θ is G̃ = Z2 × Z2

symmetric with generators PAB = ∏
j∈A∪B Xj and PBC =∏

j∈B∪C Xj .

In Ref. [87] it is shown that e−2π iH̃ acts as identity in the
bulk of the system, and as the 1 + 1D cluster model entangler
on the boundary spins (if present). Hence, using the reasoning
in Sec. III A, we conclude that the path H (θ ) is a nontrivial
G̃-pump. Let us now consider PA where PS = ∏

j∈S Xj ; this
anticommutes with H̃ and so we can write

H (θ ) =
{

e−iH̃θH0eiH̃θ 0 � θ � π

PAe−iH̃ (2π−θ )H0eiH̃ (2π−θ )PA π � θ � 2π.
(97)

Clearly Hπ is PA symmetric, and H0 and Hπ share a
Z3

2 symmetry generated by {PA, PAB, PBC} or, equivalently,
{PA, PB, PC}. It then follows from Result 3 that Hπ is a non-
trivial 2D SPT protected by Z3

2.
Interestingly, it is known that this SPT is protected by

G̃ × ZT
2 , and by the Z2 generated by

∏
j Xj (the Levin-Gu

phase) [27,87]. The nontriviality of Hπ for G̃ × ZT
2 can be

argued analogously using Result 4. However, proving that we
have a nontrivial Z2-SPT using only our pump results seems
very challenging. This is because there is only one symmetry
generator, and if this were used to relate two paths between H0

and Hπ , then G̃ would be trivial and there could not be a pump.
See also related comments in Ref. [22], and in Sec. X B 1.

4. Decorated domain walls

Focusing on the G-symmetric Hamiltonians H0 and Hπ ,
our analysis naturally picks out a subgroup of G formed by
G̃ and g0. In the simplest case this gives rise to G̃ × Zn where
n is the order of g0.

For such product groups, there is a natural connection to
the decorated domain wall construction of SPTs [22]. De-
composing the product group using the Künneth formula,
some G̃ × Zn SPTs in d dimensions come from G̃ SPTs in
(d − 1) dimensions that are attached to Zn domain walls in a
consistent way. Then, we can write HSPT = UH0U † where U
is an SPT entangler that decorates the Zn domain walls in the
ground state of H0. One way of writing this is

U

(∏
j∈A

g j

)
U † =

(∏
j∈A

g j

)
Ũ∂A, (98)

for some subregion A. Here, the global symmetry g0 = ∏
j g j ,

and Ũ∂A entangles the (d − 1)-dimensional SPT on the bound-
ary of A.

Our pump approach starts with a gapped path of Hamilto-
nians H (θ ) between H0 and Hπ . Let us consider the related
path in the space of ground states, then there is a local unitary
evolution between them [51]. If we denote this by UP, then Re-
sult 3 tells us that, on a finite system M, UP(g0UPg0)† = Ũ∂M .
This is a simple rearrangement of Eq. (98), so we conclude
that Result 3 presents a complementary perspective on the
decorated domain wall construction.

Note that the decorated domain wall construction allows us
to identify which SPT class Hπ is in relative to H0 (from the
corresponding term in the Künneth formula). Our approach
shows only whether we have a trivial or nontrivial difference
in the SPT phase of H0 and Hπ , more work is required to
identify the actual SPT phases in the nontrivial case. However,
see Sec. X where we more quantitatively match the invariants
of pumps with the invariants of (candidate) SPTs in the same
dimension.

B. Boundary transitions, SPTs, and pumps

The pump invariant manifests itself in different ways when
we write our system with open boundary conditions. If we
consider a set-up with a G̃-symmetric and 2π periodic Hamil-
tonian, then the ground state cannot be 2π periodic—there
must be (at least) a gapless boundary diabolical point along
our path [2,5]. In fact, the boundary phase diagram is such
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that boundary transition lines terminate at the bulk diabolical
point that is responsible for the pump [2,88].

The location of this boundary transition is a priori uncon-
strained. If we deduce that H0 and Hπ are in different G-SPT
phases, then, from general SPT considerations (assuming in-
ternal symmetries), there will be a gapless boundary for at
least one of these two Hamiltonians. If we take a path HG̃(θ )
with a symmetric boundary, and construct the loop (92), then,
by construction, the spectrum is symmetric about t = π . If
we pump a (d − 1)-dimensional G̃-SPT, and we assume the
minimal case of a single boundary diabolical point, then it
is located at either H0 or Hπ . This completes the proof of
Result 4. The same reasoning applies in the cases involving
a charge conjugation.

X. ON THE CLASSIFICATION OF EQUIVARIANT
FAMILIES

In this final section we place the ideas discussed so far in
a general setting, justifying the expectation that pumps can
be related to SPTs with minimal assumptions. We prove an
analog of Result 3 for an additional Z2 reflection symmetry in
the setting of equivariant families, and discuss anomalies of
the family as we go around a pivot loop.

A. Generalities

Definition 1. An anomaly free G-equivariant family over a
parameter space M is specified by

(1) a family of d-spatial-dimensional Hamiltonians H (θ )
that depend on a parameter θ ∈ M, such that each H (θ ) has
gap �(θ ) � �0 > 0 for some uniform lower bound �0 (the
family is uniformly gapped),

(2) a group G with a map σ : G → Z2 identifying the
time-reversing elements,

(3) a collection of tensor product unitary operators Ug,
such that UgKσ (g), where K is complex conjugation, is a rep-
resentation of G,

(4) an action of G on M, such that

UgKσ (g)H (θ )Kσ (g)U −1
g = H (g · θ ). (99)

(Points θ such that g · θ = θ have g as a symmetry, otherwise
g is duality-like.)

Deformations from one such family H0(θ ), to another
H1(θ ), are given by H (θ, s) for s ∈ [0, 1]. For each fixed s,
H (θ, s) is a G-equivariant family, and we have that H (θ, 0) =
H0(θ ), H (θ, 1) = H1(θ ), and that the gap �(θ, s) has a uni-
form nonzero lower bound.

Deformation classes of anomaly free G-equivariant fam-
ilies are thought to be classified by a certain equivariant
cobordism group of M (see Ref. [9] and references therein).
The type depends on whether we study Hilbert spaces of spins
or bosons (oriented cobordism) or Hilbert spaces of fermions
(spin cobordism). In the former case, which is our case of
interest, we study closed (d + 1)-dimensional manifolds X d+1

equipped with
(1) a principal G-bundle, which we can think of as a ho-

motopy class of maps A : X d+1 → BG;

(2) together with σ , A defines a real line bundle A∗σ ,
and our manifolds are also equipped with an orientation on
T X d+1 ⊕ A∗σ ;

(3) with the action of G on M it also defines an associated
M-bundle E , and our manifolds are equipped with a section,
φ, of this bundle, which can be thought of as a background
field of varying parameters.

Deformation classes of anomaly-free G-equivariant fam-
ilies of bosons are supposed to be classified by (Anderson-
dual) cobordism invariants of these manifolds, which form an
Abelian group that we denote

�d+1
SO,G,σ (M ). (100)

We can think of these cobordism invariants as the partition
functions of the infinite IR limit of our family, coupled to
background gauge field A and spatially and temporally vary-
ing parameters φ, which form a section of a bundle rather
than an ordinary function, because G acts on the parameter
space. The cobordism invariants above turn out to have a very
explicit form, namely

(X, A, φ) �→ ei
∫

X ω(X,A,φ), (101)

where ω(X, A, φ) is a combination of characteristic classes of
the tangent bundle of X , such as Stiefel-Whitney classes and
Pontryagin classes/gravitational Chern-Simons terms, as well
as classes in the twisted equivariant cohomology

Hd+1
G (M,U (1)σ ). (102)

The simplest cobordism invariants come from elements of this
group, which are U (1)-valued (d + 1)-cocycles ω(A, φ) de-
pending only on A and φ, with no explicit dependence on the
topology of X . These are analogous to the group cohomology
SPTs.

On a general M, we can define pump invariants around
any cycle i : S1 ↪→ M by restriction, which corresponds to the
pullback

i∗ : �d+1
SO,G,σ (M ) → �d+1

SO,G,σ (S1). (103)

If i(S1) is contractible in M, this pullback must be trivial.
Thus, a nontrivial pump is an extension of an S1 family to a
contractible one. In a phase diagram containing such a pump
circle, there must always be a diabolical locus where the gap
closes (in the sense of violating condition one of Definition 1)
somewhere inside the circle, preventing it from contracting.

1. The Thouless pump

As an example, we have that the bosonic 1 + 1D Thouless
pump with M = S1 corresponds to a generator of

�2
SO,U (1),triv(S1) = H2

U (1)(S
1,U (1))

= H2(BU (1) × S1,U (1))

= H1(BU (1),U (1)) = Z. (104)

In this case, U (1) acts trivially on S1, so each H (θ ) has U (1)
symmetry, and this is a symmetric family. We can express the
background field φ as just a 2π -periodic scalar, and the cobor-
dism invariant partition function on a surface X equipped with
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such a φ and a U (1) gauge field A is

Z (X, A, φ) = ei
∫

X A∧ dφ

2π . (105)

More generally, if we have a G-symmetric family, we can use

Hd+1
G (S1,U (1)σ ) = Hd+1(BG,U (1)σ ) ⊕ Hd (BG,U (1)σ ),

(106)

which corresponds to the partition function

Z (X, A, φ) = ei
∫

X ωd+1(A)+ωd (A) dφ

2π . (107)

The class ωd+1 is an SPT class that characterizes the G-
symmetric phase of each H (θ ). The class ωd is an SPT class
that characterizes a d-dimensional SPT that gets pumped to
the boundary when we complete a loop around the circle,
which can be derived from the above by considering varying
φ on a space X with boundary.

B. Equivariant circular families with reflection

Suppose now that we have an equivariant circular family
(i.e., X = S1), with some elements of G acting by a fixed
reflection, θ �→ 2π − θ , described by a map ρ : G → Z2 [we
fix the branch so θ ∈ [0, 2π )]. This action has two fixed points
at θ = 0, π that together describe a zero-sphere i : S0 ↪→ S1.
We can consider the restriction

i∗ : �d+1
SO,G,σ (S1) → �d+1

SO,G,σ (S0). (108)

Since over S0 we have a G-symmetric family, we can compute
the latter group separately over each point

�d+1
SO,G,σ (S0) = �d+1

SO,G,σ ({0}) ⊕ �d+1
SO,G,σ ({π}). (109)

The two terms on the right-hand side correspond to the G-SPT
class at the two fixed points 0 and π , respectively.

Let G̃ be the kernel of ρ, so that G̃ is the subgroup of G
that acts as a symmetry for all θ . Thus, the two G-SPTs we
obtained above must be the same as G̃-SPTs.

On the other hand, suppose both these two G-SPTs are
trivial. Let us choose a G-symmetric trivialization of each one.
Then, we may consider the upper path from 0 to π as defining
a loop of G̃-symmetric states, and associate to it a (d − 1)-
dimensional G̃-SPT that gets pumped to the boundary. The
pump along the lower path must be related to this one by the
ρ action so we get one G̃-SPT invariant out of this. However,
this invariant is ambiguous, because we could have chosen
different trivializations of the G-SPTs at 0 and π . These again
amount to (d − 1)-dimensional G-SPTs that we can choose
at either point. The G̃-SPT that gets pumped is ambiguous by
the difference between these two G-SPTs when considered as
G̃-SPTs.

To summarize, the data of the family is equivalent to the
data of the two G-SPTs at 0 and π , subject to the condition
that they agree as G̃-SPTs, plus the lower-dimensional G̃-SPT
“half-pump”, subject to the ambiguity above.

This argument is formalised and proved by the Mayer-
Vietoris sequence [89] given by

· · · → �d
SO,G,σ ({0}) ⊕ �d

SO,G,σ ({π}) → �d
SO,G̃,σ

→ �d+1
SO,G,σ (S1)

i∗−→ �d+1
SO,G,σ ({0}) ⊕ �d+1

SO,G,σ ({π})

→ �d+1
SO,G̃,σ

→ · · · . (110)

This sequence comes from considering the circle as the union
of two G-symmetric intervals, one around 0 and one around π

(each interval equivariantly contracts onto its associated fixed
point), with an intersection consisting of two disjoint intervals
on which G/G̃ = Z2 acts freely.

Given a G-equivariant family as above, we can consider the
restriction to the G̃-symmetric circle family

j∗ : �d+1
SO,G,σ (S1) → �d+1

SO,G̃,σ
(S1) = �d+1

SO,G̃,σ
⊕ �d

SO,G̃,σ
,

(111)

which is characterized by a d-dimensional G̃-SPT (first sum-
mand) and a (d − 1)-dimensional G̃-SPT that gets pumped
(second summand). We can relate this pump invariant to the
characterization above:

Result 7. If both G-SPT invariants are trivial, i.e., the class
of the family satisfies i∗α = 0, then the restricted family j∗β
is a G̃-SPT pump labeled by an element in �d

SO,G̃,d
of the form

ω − ωρ,

where ω ∈ �d
SO,G̃,d

and ωρ is the action on ω of the Z2 outer

automorphism coming from G̃ being a normal subgroup of
index 2 in G. Therefore, if the pump is not of this form, then
we must have i∗α �= 0. In fact, in that case the two G-SPT
invariants must be distinct, because tensoring with a G-SPT
does not change this pump.

Proof. Since the Mayer-Vietoris sequence is functorial, we
have the commutative diagram given in Fig. 8, where the ver-
tical maps come from restriction along the inclusion G̃ ↪→ G.
The outermost maps are

f (ω) = (ω,ωρ ) ,

where ωρ is obtained from ω by applying the automorphism
on G̃ associated with it being a normal subgroup of index 2.
We also have

g(ω,ω′) = (0, ω − ω′),

h(α, ω) = (α, α), (112)

k(α, β ) = (α − β, α − β ).

Now suppose i∗α = 0. Then, α = δω for some ω by exact-
ness. We have by commutativity and the formulas above

j∗δω = gf ω = (0, ω − ωρ ), (113)

which is what we wanted to prove. �

1. SPTs, pumps and equivariant contractible families

We cannot prove a converse to Result 7, as there may not,
in general, be a suitable subgroup G̃ that fixes the family and
can measure a pump. Indeed, suppose that G = Z2 and G̃ is
trivial. Then, the Mayer-Vietoris sequence reads

�d
SO → �d+1

SO,Z2,σ
(S1) → �d+1

SO,Z2,σ
({0}) ⊕ �d+1

SO,Z2,σ
({π})

→ �d+1
SO , (114)

where the terms at the ends are invertible states that require no
symmetry protection. Let us take d = 2, and σ to be trivial.
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FIG. 8. Commutative diagram used in the proof of Result 7.

We obtain

0 → �3
SO,Z2

(S1)

→ �3
SO,Z2

({0}) ⊕ �3
SO,Z2

({π}) = Z2 ⊕ Z2 → Z. (115)

Since all maps Z2 ⊕ Z2 → Z are zero, we find

�3
SO,Z2

(S1) = Z2 ⊕ Z2. (116)

The diagonal class in this group can be thought of as the
constant family coming from the 2 + 1dZ2 SPT (Levin-Gu
phase). However, the other class is a nontrivial family phase,
which is not obvious how to describe via pumps. It is a Z2

equivariant family on S1, where Z2 acts as reflection fixing 0
and π . If we restrict to these points, we find they differ by the
Levin-Gu phase.

One way to construct this family is to choose a (not-Z2-
symmetric) uniformly gapped path H (s) such that H (0) is
the trivial phase and H (π ) is the Levin-Gu phase. Then, we
consider, for π < s < 2π ,

H (s) = gH (2π − s)g−1 (117)

where g is the Z2 symmetry. Because H (π ) and H (0) are
symmetric, this is a 2π -periodic family. Furthermore, it is
Z2-equivariant, with the action g · s = 2π − s, which corre-
sponds to reflection across the axis connecting 0 and π . By
construction, H (0) and H (π ) differ by the Levin-Gu SPT.

Suppose this family was equivariantly contractible, so that
there was a uniformly gapped two-parameter family H (s, r)
such that H (s, 0) = H0 is a constant family, H (s, 1) = H (s),
and gH (s, r)g−1 = H (g · s, r). Then, H (0, r) for 0 � r < 1
and H (π, r) for 0 � r < 1 together form a gapped symmetric
path from the trivial to the Levin-Gu SPT, which is impossi-
ble. Therefore, we have a nontrivial family.

This does not contradict the fact that there is no pump,
and that the loop can be contracted if we do not demand
equivariance under the Z2 symmetry.

C. Anomalous families and pivots

It is possible for an anomalous symmetry to give rise to a
uniformly gapped equivariant family, relaxing the condition
that the operators Ug are tensor product operators (i.e., con-
dition three of Definition 1). We will call this more general
family simply a G-equivariant family. Such families are com-
mon when we consider pivot symmetries. For example, the
“axial symmetry” in the Thouless pump acts by rotation on the
S1 parameter, and has a mixed anomaly with the U (1) charge
symmetry.

In general, a d-dimensional such family has an anomaly
class ω ∈ �d+2

SO,G,σ as well as a parameter space M with a G
action, such that for each parameter value θ ∈ M, the stabi-

lizer group

Hθ = {g ∈ G | g · θ = θ}, (118)

which acts as symmetries of H (θ ), is an anomaly free sub-
group of G.

The full obstruction for an anomaly to have a uniformly
gapped family over M is the “residual family anomaly” [9],

ResM (ω) ∈ �d+2
SO,G,σ (M ). (119)

This class must vanish for the anomaly to be compatible
with being uniformly gapped over M. When G does not act
transitively on M, this obstruction may be more general than
the vanishing of the anomalies for each Hθ , and may even
be nontrivial when all Hθ = 1 [9]. When this obstruction
vanishes, families with a given anomaly form a torsor over
the anomaly free families �d+1

SO,G,σ (M ).
When M = Sn is a sphere and G acts via an orthogonal

representation ρ : G → O(n + 1), we can take further advan-
tage of the symmetry-breaking long exact sequence (SBLES,
a version of the Gysin sequence), see Fig. 9. This says that ω

is in the image of the “defect map”

Defρ : �d+1−n
SO,G,σ⊕ρ → �d+2

SO,G,σ . (120)

This means there is a class α ∈ �d+1−n
SO,G,σ⊕ρ with

Defρ (α) = ω. (121)

In fact, α is an invariant of the anomalous family. It is a type
of pump invariant, describing the anomaly of a codimension-n
defect around which the parameter winds symmetrically over
Sn. This defect may be given a twisted G symmetry, restoring
broken symmetry generated by combining them with rotations
and CPT transformations, which changes their type (from σ

to σ ⊕ ρ in our notation) [9,90]. The invariant α gives the
anomaly of this twisted symmetry [91]. In group cohomology,
the defect map is easily computed, given by taking the cup
product of α with the (twisted) Euler class of ρ [9].

For n = 0, M = S0 is two points, and �d+1
SO,G,σ⊕ρ represents

the G anomaly of the domain wall between the theories at the
two points. Here, the twisting is shifted by ρ, indicating that
elements of G that exchange the two points must be combined
with CRT symmetry to obtain a symmetry on the wall.

In the case that the anomaly is trivial, we can classify our
family by some ζ ∈ �d+1

SO,G,σ (Sn). In this case, we can also
consider the codimension-n defect above, whose anomaly is

FIG. 9. A piece of the symmetry-breaking long exact sequence,
used in the description of anomalous families.
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given in terms of ζ by the “index map” [9], and goes

Indρ : �d+1
G,SO,σ (Sn) → �d+1−n

G,SO,σ⊕ρ. (122)

We have in this case

α = Indρ (ζ ), (123)

and generally

Defρ ◦ Indρ = 0. (124)

For group cohomology classes, the index map is given by
integration (slant product) over the sphere Sn, mapping to
parameter space by the identity Sn → Sn.

In the case n = 0, M = S0, if G is an anomaly free
symmetry,

ζ = (ζ1, ζ2) ∈ �d+1
SO,G,σ (S0) = �d+1

SO,G,σ ⊕ �d+1
SO,G,σ

is classified by the SPT class of each point. The class

Indρ (ζ ) = ζ1 − ζ2

gives the relative SPT class, which is the anomaly on the
domain wall between the two points.

More generally, the anomaly of the codimension-n defect
must be consistent when we consider an anomaly-free sub-
group H � G, which yields the following:

Result 8. If H is any anomaly free subgroup, we can regard
our theory as an anomaly free H-equivariant family, classified
by some ζH ∈ �d+1

SO,H,σ (Sn). There is a pump invariant associ-
ated to this family, defined by the index map [9]

Indρ : �d+1
H,SO,σ (Sn) → �d+1−n

H,SO,σ⊕ρ. (125)

This must match the above according to

Indρ (ζH ) = i∗Hα, (126)

where i∗ : �d+1−n
G,SO,σ⊕ρ → �d+1−n

H,SO,σ⊕ρ is restriction from G to H .
In particular, if the right-hand side is nonzero, we find we must
have a nontrivial H-equivariant family.

Note that in particular, if H = G̃, the anomaly-free sub-
group of G acting as a symmetry at each point of M (i.e.,
G̃ = ⋂

θ∈M Hθ ), ζ is the class of this G̃-symmetric family, and
i : G̃ ↪→ G, then

Indρ (ζ ) = i∗α ∈ �d+1−n
G̃,SO,σ

is the G̃-SPT pumped over Sn, and must be nontrivial if i∗α �=
0. Applying this requires calculation, we give examples below.

1. Revisiting the Ising pivot (n = 0)

As an illustration, let us reconsider the Ising pivot of the
introduction.

First of all, let us fix n = 0 and consider an equivariant
S0 family. In particular, let G = Z3

2 be the symmetries of a
spin-1/2 chain generated by U1 = ∏

j X2 j+1, U2 = ∏
j X2 j ,

E = ∏
j e

iπ
4 Z j Z j+1 . We consider the two Hamiltonians [92]

Ĥ0 = −
∑

j

Xj,

Ĥπ =
∑

j

Z jXj+1Zj+2. (127)

These each enjoy the anomaly-free H = ZU1
2 × ZU2

2 symmetry
and are gapped. The symmetry E acts as an entangler, map-
ping Ĥ0 to Ĥπ and vice versa. We regard them together as a
G-equivariant S0 family.

There is a mutual anomaly

ω = πAE ∪ A1 ∪ A2, (128)

which is understood as E changing the SPT from trivial (Ĥ0)
to cluster πA1 ∪ A2 (Ĥπ ). In the above, the associated class of
the domain wall is

α = πA1 ∪ A2 ∈ �2
G,SO,σ⊕ρ. (129)

The defect map in these group cohomology classes is given by
cup product with the Euler class of ρ, which in this case is AE .
Hence, we find that Eq. (121) holds. Crucially, the above is a
nontrivial SPT when restricted to the anomaly-free subgroup
H . Thus, we find the anomaly of this form must act as an SPT
entangler, such that any gapped H-symmetric Hamiltonians
related by E have relative SPT class πA1 ∪ A2.

2. Revisiting the Ising pivot (n = 1)

For n = 1, M = S1, the anomaly class is in the image of
some α ∈ �d

G,SO,σ⊕ρ under the defect map. For an anomaly
free subgroup H acting as a symmetry, this restricts to the
H-charge pump around the family.

We extend the previous example to an S1 family by consid-
ering the pivot Hamiltonian H̃ = − 1

4

∑
j Z jZ j+1,

Ĥ (θ ) = e−iθH̃ Ĥ0eiθH̃ . (130)

This family is clearly uniformly gapped, and is G-equivariant,
with U1 and U2 both acting as reflections θ �→ −θ . The Euler
class is

e(ρ) = (A1 + A2 + AE ) ∪ AE ∈ H2
(
BZ3

2,Z
A1,A2

)
. (131)

The associated class of the domain wall must, by Eq. (121),
therefore be

α = πA1 ∈ H1
(
BZ3

2,U (1)A1,A2
)
, (132)

with both U1 and U2 acting now as anti-unitary symmetries
(note A1 = A2 in this twisted cohomology, so this class is
symmetric), since they reflect the S1 (E is still unitary in
this case, being a rotation). Furthermore, if we consider the
anomaly free symmetry group H = ZU1U2

2 given by the com-
bined symmetry U1U2, α restricts to the nontrivial charge class
πA12 ∈ H1(BZU1U2

2 ,U (1)). This must come from the class of
the Z2 charge pump

ζH = π
dθ

2π
∪ A12 ∈ H1

(
S1 × BZU1U2

2 ,U (1)
)
, (133)

which has

Indρ (ζH ) =
∫

S1
π

dθ

2π
∪ A12 = πA12. (134)

XI. OUTLOOK

In this work, we have studied the connections between
pivot loops in exactly solvable models, charge pumps, anoma-
lies, and SPT phases. We showed that the Dolan-Grady
relation is necessary and sufficient to have a strict circular
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loop in the space of Hamiltonians, and that these loops have
particularly nice properties. A key example of such a loop was
in the Onsager-integrable chiral clock family, where we under-
stood some unusual features of the phase diagram from Ref.
[12] as being direct consequences of a nontrivial charge pump,
particularly in the RSPT case. We also developed a range
of pivot examples beyond strict circular loops. Motivated by
these examples, we examined the relationship between pumps
and SPTs, showing that a nontrivial pump can put constraints
on the SPT phase diagram, and exclude the possibility of
symmetric gapped paths between Hamiltonians.

A natural question is to what extent one can recover
classification results for d-dimensional SPT phases using ar-
guments based on pumps, such as Result 3, and whether this
is useful perspective for classification purposes in some cases.
For example, in one dimension, arguments based on the area
law and MPS are typical [17,18,57]. There has been recent
work, see Ref. [93] and references therein, where the “split
property” is used [94] rather than MPS. This property can be
derived from the area law [95]. If we were to instead begin
with a classification of 1D charge pumps, as in Ref. [38],
it is not clear how the area law enters the classification. It
would be interesting to understand how an argument built
from classifying nontrivial pumps, which in turn imply no
symmetric path between Hamiltonians, may implicitly use the
area law. It would also be interesting to see if we can recover
the exact SPT class from this kind of argument, rather than
simply arguing that two Hamiltonians are in different phases.
In any case, as discussed above, it is difficult to see how one
could find the nontrivial Levin-Gu Z2-SPT using only a pump
argument, and thus we expect this perspective to be useful
only in a subclass of models.

In comparison to SPTs, the physics of RSPTs is relatively
unexplored. An interesting direction to pursue is the con-
nection between pumps and RSPTs in a general setting, and
whether we can sharpen the constraints on the boundary phase
diagram.

For N = 2, the Onsager-integrable clock models reduce
to Ising-cluster models, Jordan-Wigner dual to free-fermion
models. While the many-body analysis applies, in this case the
charge pump relates to a noncontractible loop in a particular
class of symmetric Fredholm operators. We can probe more
deeply by making connections to the Wiener-Hopf decompo-
sition of the matrix symbol corresponding to the Hamiltonian,
as well as related techniques that illuminate the boundary
phase diagram [96–99]. We will analyze this perspective in
a forthcoming work.

In Sec. X, we focused on equivariant families over a circle
(or sphere). The ZN × ZN examples we considered in Sec. VII
have a more interesting equivariant structure consisting of
many loops, with several nontrivial pumps (related by sym-
metry). It would be interesting to understand this case in
greater detail, along with an understanding of anomalies of
the large-symmetry group of the Hamiltonian HS at the center
of this structure.

It would be very interesting to explore how our interpre-
tation of the Dolan-Grady relation as the generator of a strict
circular loop could lead to new solutions of the Onsager alge-
bra. For models that satisfy Dolan-Grady, a natural candidate
for further exploration is to look at whether any interesting

(R)SPT physics arises when pivoting in the Hubbard model
[41,42].
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APPENDIX A: THE U (1) RADIUS AND ANOMALIES

In this Appendix, we clarify that a U (1) pivot symmetry
must be normalized to be 2π -periodic in order to use a non-
trivial pump to conclude that we have an anomalous symmetry
at H�.

To see this, consider the following pivot Hamiltonian:

H̃ = −1

4

∑
j

Z2 j−1X2 jZ2 j+1 (A1)

and the following family of states:

|ψ (θ )〉 = e−iθH̃ |+〉⊗N . (A2)

Alternatively, we can consider the loop of Hamiltonians gen-
erated by pivoting H0 = −∑

j Xj with H̃ .
The family is 2π -periodic, i.e., |ψ (θ + 2π )〉 = |ψ (θ )〉. In-

deed, we can see that

|ψ (θ )〉 = e
iθ
4

∑
j Z2 j−1Z2 j+1 |+〉⊗N (A3)

which is the Ising pivot from Sec. I A applied to only the odd
sites. We therefore pump a Z2 charge as θ goes from 0 to 2π .

However, as an operator U (θ ) = e−iθH̃ , we have

U (2π ) =
∏

j

X2 j . (A4)

This operator has period 4π , and so it is in fact 2Hp that
generates a U (1) symmetry with period 2π . This generator
does not have a mutual anomaly with the Z2 symmetry

∏
n Xn.

Indeed, to see it is nonanomalous, note that applied to a
finite region we have

U (2π ) = Z2m−1X2mX2m+2 · · · X2n−2X2nZ2n+1. (A5)

This means that the truncated operator also has period 4π—
the same as the bulk untruncated operator. There is thus no
anomaly. Relatedly, pivoting through the whole period, U (4π )
pumps two Z2 charges.

APPENDIX B: GROUP COHOMOLOGY PUMPS

In this Appendix, we review how the group-cohomology
formulation of SPTs can be used to construct topological
pumps in any spatial dimension. The corresponding expres-
sions have appeared in previous studies, originally in the con-
text of classifying Floquet unitaries [49], and also in the con-
text of topological pumps [5,100]. We apply this to the one-
dimensional case in Sec. VI.
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FIG. 10. Triangulation of a two-dimensional lattice with branch-
ing structure.

1. Review of exactly solvable SPT Hamiltonians

A straightforward way to understand group-cohomology
SPT phases is through exactly solvable models. We review
this here to fix notation. Recall that for bosonic systems with
on-site symmetry G̃, we can produce exactly solvable models
of nontrivial SPT phases in d spatial dimensions classified
by the group cohomology group Hd+1(G̃,U (1)) as shown in
Refs. [47,48]. The data required for this are as follows [101]:

(1) A set of representative cocycles, ω(g1, . . . , gd+1) ∈
Zd+1(G̃,U (1)) satisfying δω(g1, . . . , gd+2) = 1 where

δω(g1, . . . , gd+2)

= ω(g2, g3, . . . , gd+2)

ω(g1, g2, g3, . . . , gd+1)(−1)d+1

×
d+1∏
j=1

ω(g1, . . . , g j−1, g jg j+1, . . . , gd+2)(−1) j
. (B1)

Subject to the equivalence relation ω(g1, . . . , gd+1) ∼
ω(g1, . . . , gd+1)δμ(g1, . . . , gd+1), where μ(g1, . . . , gd ) is a
d-cochain and δμ is a coboundary, we get the class [ω] that
takes values in the Abelian group [ω] ∈ Hd+1(G̃,U (1)) and
classifies the SPT phase.

(2) An orientable d-dimensional spatial manifold M with
triangulation and a branching structure. See Fig. 10 for an
example for d = 2.

(3) A |G̃|-dimensional Hilbert space attached to the vertex
of the triangulation transforming as the regular representation
of G̃ whose bases can be chosen by the elements of the group
|g ∈ G̃〉 on which symmetry acts by left action as

U (g)|h〉 = |g−1h〉. (B2)

Using the above data, we can furnish an exactly solvable
SPT Hamiltonian H[{ω}] classified by [ω] ∈ Hd+1(G̃,U (1))
whose ground state can be written as [47,48]

|ψω〉 =
∑

g1,...,gV

ψω(g1, . . . , gV )|g1, . . . , gV 〉 (B3)

where

ψω(g1, . . . , gV ) =
∏
�d

ω
(
gv1

, g−1
v1

gv2
, . . . , g−1

vd
gvd+1

)σ (�d )
.

(B4)

Here, V is the total number of vertices, �d represents the set
of d simplices, {v1, . . . , vd+1} ∈ �d lists the d + 1 vertices in

this simplex ordered using the branching structure, and σ rep-
resents the orientation inherited from the branching structure
and the underlying orientable structure of the manifold.

The Hamiltonian whose unique ground state is Eq. (B3) is
constructed as follows. Recall that we begin with a Hamilto-
nian belonging to the trivial phase Eq. (47), with ground state
Eq. (48). To get the nontrivial SPT Hamiltonian, we use the
following entangler:

Wω =
∏
�d

∑
gv1 ,...,gvd+1

ω
(
gv1

, g−1
v1

gv2
, . . . , g−1

vd
gvd+1

)σ (�d )

× ∣∣gv1 , gv2 , . . . , gvd , gvd+1

〉〈
gv1 , gv2 , . . . , gvd , gvd+1

∣∣,
(B5)

which is a finite-depth circuit that can be expressed as a prod-
uct of commuting operators with support on the d-simplices.
It is easy to check that Hω = WωH0W †

ω is equal to

−
∑
v∈V

∏
�d ∈v

∑
hv1 ,...,

gv ,lv ,...,hvd+1

(
hhv1 ,...,gv ,lv ,...,hvd+1

)σ (�d )

× ∣∣hv1 , . . . , gv, . . . hvd+1

〉〈
hv1 , . . . , lv, . . . hvd+1

∣∣ (B6)

where

h = ω
(
hv1 , h−1

v1
hv2 , . . . , h−1

v−1gv, g−1
v hv+1, . . . , h−1

vd
hvd+1

)
ω
(
hv1 , h−1

v1
hv2 , . . . , h−1

v−1lv, l−1
v hv+1, . . . , h−1

vd
hvd+1

) .

(B7)

This has the ground state

|ψω〉 = Wω|ψ0〉 (B8)

defined in Eq. (B3). �d ∈ v refers to all simplices containing
the vertex v, while {v1, . . . , v, . . . , vd+1} refer to the vertices
of the simplex �d , which necessarily includes v.

2. Pumps within group cohomology SPTs

We now give a recipe to produce a nontrivial loop
within the fixed class. Recall that given a set of cocycles
ω(g1, . . . , gd+1), the class [ω] is preserved if we deform the
former by a coboundary

ω(g1, . . . , gd+1) ∼ ω(g1, . . . , gd+1) δμ(g1, . . . , gd+1).
(B9)

When μ(g1, . . . , gd ) is itself a nontrivial d cocycle, we have
δμ = 1 and we get the same d + 1 cocycle representative
ω. Thus, we can generate a one-parameter loop of cocycle
representatives ωθ within the same cohomology class using
a reference d = 1 cocycle ω as follows:

ωθ (g1, . . . , gd+1) = ω(g1, . . . , gd+1) δμθ (g1, . . . , gd+1),
(B10)

where μθ is an interpolation between μ0 and μ2π such that

μ0(g1, . . . , gd ) = 1, (B11)

and μ2π is a solution to

δμ2π (g1, . . . , gd+1) = 1. (B12)

Using this we can produce a loop of Hamiltonians and
ground states as in Eq. (B3). The loop is classified by the
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d-cocycle μ2π (g1, . . . , gd ) and thus by [μ2π ] ∈ Hd (G̃,U (1)).
This agrees with the expectation that d-dimensional invertible
loops are classified by (d − 1)-dimensional invertible phases
[49,61–63].

3. Specialization to the trivial phase

For the analysis in Sec. VI, we focus on pumps within the
trivial phase. In d-dimensions this looks as follows. In the
trivial phase, we have

ωθ (g1, . . . , gd+1) = δμθ (g1, . . . , gd+1). (B13)

We can produce exactly solvable families of models using
the above recipe for this restricted case. In the absence of open
boundaries, the entangler in Eq. (B5) takes on a simpler form

Wθ =
∏
�d

∑
gv1 ,...,gvd+1

μθ

(
g−1

v1
gv2 , . . . , g−1

vd
gvd+1

)σ (�d )

× ∣∣gv1 , gv2 , . . . , gvd , gvd+1

〉〈
gv1 , gv2 , . . . , gvd , gvd+1

∣∣.
(B14)

For this, the ground-state amplitudes correspond to

ψθ (g1, . . . , gV ) =
∏
�d

μθ

(
g−1

v1
gv2 , . . . , g−1

vd
gvd+1

)σ (�d )
. (B15)

Unlike Eq. (B3), phase factors assigned to the simplices
of Eq. (B15) transform trivially under symmetry action of
Eq. (B2) for both periodic and open boundary conditions
consistent with the fact that we are in the trivial phase.

APPENDIX C: CALCULATIONS WITH ZN × ZN PIVOTS

1. Dipolar SPT

a. Pivot Hamiltonians entangle the SPT

For the dipolar model, we analyze the pivot by writing

U (r)
D (θ ) = e−iθH̃ (r)

D =
∏

j

U (r)
j, j+1(θ ). (C1)

U (r)
D (θ ) commutes with Zj for all θ , and so the action of UD

on the Hamiltonian can be deduced from the action on the Xj .
We have

U (r)
j, j+1(−2π/N )XjU

(r)
j, j+1(2π/N )

=
∑

a j ,a j+1

ωa j+1−a j−r− N−1
2 |a j − 1, a j+1〉〈a j, a j+1|

= ω− N−1
2 ω−r−1Z−1

j Z j+1Xj . (C2)

To derive this, we use the identity∑
m

ωmrαmα−m(ω−m(a j+1−(a j−1)) − ω−m(a j+1−a j ) )

=
∑

m

αm(ω−m(a j+1−a j−r) ) (C3)

and then simplify using Eq. (31). Then, since inversion of the
chain exchanges H̃ (r)

D and H̃ (−r)
D , we deduce

U (r)
j, j+1(−2π/N )Xj+1U

(r)
j, j+1(2π/N ) = ω− N−1

2 ωr−1ZjZ
−1
j+1Xj+1.

(C4)

Hence,

U (r)(−2π/N )XjU
(r)(2π/N ) = Zj−1Z−1

j XjZ
−1
j Z j+1 (C5)

while

U (r)(2π/N )XjU
(r)(−2π/N ) = Z−1

j−1ZjXjZ jZ
−1
j+1. (C6)

This gives the result.

b. U (1) symmetries

First, let us write h2 j−1 = Xj and h2 j = Z−1
j Z j+1, such that

ωhkhk+1 = hk+1hk . Consider the commutator[
H̃ (0)

D , hk
2 j−2h2 j−1h−k

2 j

]
= hk

2 j−2

(∑
m

αmα−m
(
hm

2 jh2 j−1 − h2 j−1hm
2 j

+ hm
2 j−2h2 j−1 − h2 j−1hm

2 j−2

))
h−k

2 j

=
∑

m

αm
(
Z−k

j−1Zk−m
j XjZ

k
j Z−k+m

j+1 + Z−k+m
j−1 Zk−m

j XjZ
k
j Z−k

j+1

)
.

(C7)

We can then sum over k and change variables in the second
sum to find [H̃ (0)

D ,
∑N−1

k=0 Z−k
j−1Zk

j XjZ
k
j Z−k

j+1] is equal to
M−1∑
k=0

N−1∑
m=1

αmωk
(
Z−k

j−1Z2k−m
j XjZ

−k+m
j+1 + Z−k+m

j−1 Z2k−m
j XjZ

−k
j+1

)
.

(C8)

This in turn equals

M−1∑
k=0

N−1∑
m=1

ωk (αm + α−mω−m)Z−k
j−1Z2k−m

j XjZ
−k+m
j+1 , (C9)

which vanishes since αm + α−mω−m = 0. Hence, H̃ (0)
D com-

mutes with the Hamiltonian HS = ∑N−1
k=0 H (k)

D . Moreover,
since this Hamiltonian has ZN × ZN symmetry generated by
D and Q, and H̃ (r)

D = D−rH̃ (0)
D Dr , each of the H̃ (r)

D are also
symmetries of HS . Since

∑
r H̃ (r)

D = 0, we have that the group
ZQ

N × (U (1)N−1 � ZD
N ) commutes with HS . This Hamiltonian

also has discrete C, T , and P symmetries, where these act
nontrivially on other symmetry generators.

2. Cluster SPT

To understand the cluster entangler, we study

U (0)
C (θ ) = e−iθH̃ (0)

C =
∏

j

Vj, j+1(θ ). (C10)

Consider first even sites, j, then we have

Vj, j+1(2π/N )XjVj, j+1(−2π/N )

= U (0)
j, j+1(−2π/N )XjU

(0)
j, j+1(2π/N )

= ω− N−1
2 ω−1Z−1

j Z j+1Xj (C11)

Vj−1, j (2π/N )XjVj−1, j (−2π/N )

= U (0)
j−1, j (2π/N )XjU

(0)
j−1, j (−2π/N )

= ω
N−1

2 ωZ−1
j−1ZjXj, (C12)
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so that

U (0)
C (2π/N )X2 jU

(0)
C (−2π/N ) = Z−1

2 j−1X2 jZ2 j+1. (C13)

An analogous calculation gives

X2 j−1 → Z2 j−2X2 j−1Z−1
2 j , (C14)

and so U (0)
C is an entangler for the cluster model.

Since each of the Hamiltonians H (k)
C is invariant under Qeven, we have that

H (k)
C = Q−r

evenH (k)
C Qr

even

= Q−r
evenU (0)

C (2πk/N )H (0)
C U (0)

C (−2πk/N )Qr
even

= U (r)
C (2πk/N )H (0)

C U (r)
C (−2πk/N ), (C15)

and hence H̃ (r)
C are pivot Hamiltonians for the cluster SPT.

APPENDIX D: NO DUAL DOLAN-GRADY FOR THE POTTS MODEL

In this Appendix we show that the dual Dolan-Grady relation, Eq. (87), does not hold for the Potts model A0 + A0 and the
Onsager ferromagnet A1. Hence, there is no normalization of A0 + A0 that, together with A1, generates an Onsager algebra.

As well as hj defined above, we also write αa,â = αa(1 − ωaâ) as in Ref. [12], and use a number of results from Appendix A
of that paper. In particular, [A1, A0] is equal to

−N−2
L∑

j=1

N−1∑
a,â=1

αa,âαâ
(
ha

2 j−1hâ
2 j − hâ

2 jh
a
2 j+1

)
(D1)

and [[A1, A0], A0] is given by

−N−3
L∑

j=1

(
− 2

N−1∑
a,â,b=1

αa,âαâαb,â ha
2 j−1hâ

2 jh
b
2 j+1 +

N−1∑
a,â=1

αa,âαâ (N − 2â)
(
ha

2 j−1hâ
2 j + hâ

2 jh
a
2 j+1

) + 2
N−1∑
â=1

â(N − â)αâhâ
2 j

)
. (D2)

It is important to note that in [A1, A0] = [A1, A0], each term contains products of two hk operators. If Eq. (87) holds for some γ ,
then all products of three hk operators in

[[[A1, A0], A0], A0] + [[[A1, A0], A0], A0] = [[[A1, A0], A0], A0] + [[[A1, A0], A0], A0] (D3)

must cancel.
We will find the coefficient of the term h2 j−1h2 jh

N−1
2 j+1 in Eq. (D3). To do this, we can ignore the last term in Eq. (D2), which

will generate products of two hk . Then,

[[[A1, A0], A0], A0] = N−4
L∑

j=1

(
2

N−1∑
a,â,b,d=1

α−d (1 − ωâd )αa,âαâαb,â
(
ha+d

2 j−1hâ
2 jh

b
2 j+1 − ha

2 j−1hâ
2 jh

b+d
2 j+1

)

−
N−1∑

a,â,d=1

α−d (1 − ωâd )αa,âαâ (N − 2â)
(
hd

2 j−1hâ
2 jh

a
2 j+1 − ha

2 j−1hâ
2 jh

d
2 j+1

)) + · · · . (D4)

The coefficient, c1, of h2 j−1h2 jh
N−1
2 j+1 in Eq. (D5) is given by

N4c1 = 2

(
N−1∑
a=2

α−(N+1−a)(1 − ω(1−a) )αa,1α1αN−1,1 −
N−2∑
b=1

α−(N−1−b)(1 − ω−(1+b) )α1,1α1αb,1

)

− (N − 2)
(
α−1(1 − ω)αN−1,1α1 − α−(N−1)(1 − ω−1)α1,1α1

) = −N (1 + ω−1); (D5)

the coefficient cN−1 of h2 j−1hN−1
2 j hN−1

2 j+1 in Eq. (D4) is computed similarly and we find cN−1 = c1. From this, we deduce that

the coefficient of h2 j−1h2 jh
N−1
2 j+1 in Eq. (D3) is given by c1 + cN−1 = −2N−3(1 + ω−1). Equation (D5) holds for N > 2 and is

nonvanishing. Hence, Eq. (87) cannot be satisfied for N > 2.
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