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We show that a self-correcting Gottesman-Kitaev-Preskill (GKP) qubit can be realized with a high-
impedance LC circuit coupled to a resistor and a Josephson junction via a controllable switch. When
activating the switch in a particular stepwise pattern, the resonator relaxes into a subspace of GKP states
that encode a protected qubit. Under continued operation, the resistor dissipatively error corrects the qubit
against bit flips and decoherence by absorbing noise-induced entropy. We show that this leads to an expo-
nential enhancement of the coherence time (7' and 7,), even in the presence of extrinsic noise, imperfect
control, and device-parameter variations. We show that the qubit supports exponentially robust single-
qubit Clifford gates, implemented via appropriate control of the switch, and readout and/or initialization
via supercurrent measurement. The self-correcting properties of the qubit allow it to operate at approx-
imately 1-K temperatures and resonator Q factors down to approximately 1000 for realistic parameters,
and make it amenable to parallel control through global control signals. We discuss how the effects of
quasiparticle poisoning—potentially, though not necessarily, a limiting factor—might be mitigated. We

finally demonstrate that a related device supports a self-correcting magic 7 gate.
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I. INTRODUCTION

Quantum error correction is a crucial element in quan-
tum computing, due to the inevitability of noise from,
e.g., uncontrolled degrees of freedom, imperfect con-
trol, or fluctuations of device parameters [1-7]. Many
approaches—such as surface codes—rely on active cor-
rection, which eliminates noise-induced entropy via read-
out and feedback [6—8]. Requirements for rapid readout,
extensive control, and complex device architectures make
the scalability of these approaches a significant challenge
[7,9,10]. On the other hand, classical bits are often intrin-
sically stable due to dissipation [11,12]: in a magnetic
hard disk, for example, noise-induced magnetic fluctua-
tions are damped dissipatively before they accumulate to
generate bit flips, leading to extreme robustness. Similarly

*Contact author: frederik.nathan@nbi.ku.dk

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license. Fur-
ther distribution of this work must maintain attribution to the
author(s) and the published article’s title, journal citation, and
DOL

2691-3399/25/6(3)/030352(31)

030352-1

harnessing dissipation for quantum error correction is a
challenging, but desirable, goal [13-25].

Here, we propose an architecture for a dissipatively
error-corrected qubit. The device consists of an LC res-
onator with impedance close to #/2e* ~ 12.91 k2, con-
nected to a Josephson junction and a dissipative ele-
ment through a controllable switch, which is activated
via a stepwise protocol [Fig. 1(a)]. Quantum informa-
tion is encoded in a thermal ensemble of generalized
Gottesman-Kitaev-Preskill (GKP) states [26] (for details,
see Sec. II and Fig. 2), and can be accessed and initialized
via the Josephson-junction supercurrent. When the Joseph-
son energy is larger than temperature and LC frequency,
the qubit enters a regime of dissipative error correc-
tion (DEC), where noise-induced fluctuations are damped
dissipatively without affecting the encoded information.
Thereby, the resistor error corrects the qubit against bit flip
and dephasing.

Our simulations show that DEC can leads to exponential
increase of the coherence time that can extend beyond 10°
oscillator cycles, even with extrinsic charge or flux noise
present [Figs. 1(b) and 1(c)]. We confirm this exponential
scaling analytically [Eq. (9)]. Its self-correcting properties
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FIG. 1. The self-correcting GKP qubit. (a) The circuit diagram
and protocol, where z is an integer and 7, is the oscillation
period of the LC resonator. (b) The simulated qubit lifetime with
extrinsic charge noise (strength 107! ¢?/Hz; see Sec. VIIB),
versus the resistor-induced loss rate, I" [see Eq. (11)], for param-
eters L = 10 wH, C = 60 fF, z = 2, and E,;/h = 200 GHz and
resistor temperature 7 = 40 mK. The data points are obtained
via averaging over 50—100 universal Lindblad equation (ULE)
trajectories, with the error bars indicating the 95% confidence
interval from bootstrap resampling. Note that bit flip and dephas-
ing appear symmetrically in the protocol, implying that the
relaxation and coherence times are identical: Ty = T5. (c) Expec-
tations of GKP stabilizers S; and S, (purple and orange) and
logical operators oy, o,, and o (red, blue, and green) [see Egs.
(1), (3)] for individual randomly selected ULE trajectories at 3
values of T'.

give the qubit finite tolerance for manufacturing and con-
trol imperfections, making the qubit amenable to parallel
control through global control signals and, potentially,
calibration-free operation. Additionally, the self-correcting
properties allow the qubit to operate at relatively high tem-
peratures (approximately 1 K) with imperfect resonators
(Q ~ 1000) for realistic circuit parameters (see also Table [
below).

DEC protects the qubit against phase-space local noise,
generated by finite-order polynomials of mode quadra-
tures. This generic class of noise includes flux and charge
noise, along with uncontrolled deviations of device param-
eters and control signals. Notably, quasiparticle-poisoning
events may fall outside this category and hence poten-
tially—though not necessarily—provide a limiting fac-
tor for the stability of the qubit. We discuss possible
consequences of quasiparticle poisoning and mitigation
strategies in Sec. IX A below.

Interestingly, the qubit supports a native set of Clifford
gates, implemented via control of the switch. The gates
are topologically robust [27], and dissipatively corrected

by the resistor, making them exponentially insensitive to
control noise (see Fig. 8). We also find that a different
encoding results in a native self-correcting 7' gate by a
similar mechanism [28].

Achieving an efficient switched Josephson junction is a
key technological challenge for the qubit. We estimate the
required switch time proportional to the resonator induc-
tance L as &tpax ~ 8 ps x L[wH]. We thus expect the
device to be feasible for L in the 5-10 pH range and
switch rise times in the 4080 ps range. This is within
experimental access, with L = 6 pwH high-impedance res-
onators recently realized [29], and pulse-train generators
with < 10 ps rise times have been available for decades
[30]. In Sec. IX A, we discuss possible routes to inte-
grating such pulses with switchable Josephson junctions.
Importantly, even if insufficient for DEC, an imperfect
switch may still efficiently prepare and stabilize GKP
states. Realizing a rapidly switchable Josephson junction
may thus carry a significant reward, by enabling a self-
correcting qubit with an exponentially scaling lifetime,
a protected set of gates, a high operating temperature,
and an intrinsic tolerance for manufacturing and control
inconsistencies.

In recent years, multiple works have successfully real-
ized GKP states in trapped-ion or circuit-QED devices
through readout and feedback [19,31-33], including pro-
tocols emulating dissipation [24,34]. There have also
been proposals for deterministic protocols generating GKP
states through coherent driving protocols [35,36] or cir-
cuits featuring gyrators [37] and, more recently, related
proposals have been proposed for dissipatively stabiliz-
ing GKP states through bath engineering via frequency
combs [25] and qubit resets [34]. A key advantage of
our proposal is that it realizes dissipative error cor-
rection with generic thermodynamic baths and a step-
wise switch-activation protocol, offering a complemen-
tary approach with potentially simpler realizations. The
native self-correcting single-qubit Clifford gates may
also simplify the integration of the qubit in a quantum
processor.

The rest of the paper is organized as follows. In Sec. I,
we describe how we encode a GKP qubit in an LC res-
onator; in Sec. III, we introduce the self-correcting GKP
qubit, discuss its basic operating principles, and demon-
strate its support of topologically robust single-qubit Clif-
ford gates. In Sec. IV, we analytically demonstrate the
exponential protection of the encoded information. In
Sec. V, we discuss a scheme for generating dissipatively
corrected 7 gates in a related architecture. In Sec. VI,
we discuss implementations of readout and initialization.
In Sec. VII, we estimate the device criteria, operation
timescales, and noise tolerances, summarized in Table I.
In Sec. VIII, we provide data from numerical simula-
tions of the device. We conclude with a discussion in
Sec. IX.
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FIG. 2. GKP encoding. (a) The crenellation function E used
to encode the quantum information via Eq. (1). (b) Examples of
logical |0) (purple and orange) and |1) (green and blue) states.
The black curve indicates the flux potential from the inductor
and Josephson junction (when active).

I1. GKP ENCODING

The qubit is encoded in thermal ensembles of GKP
states in an LC resonator [26]. In terms of the resonator flux
¢ and charge ¢, the GKP states have their Wigner-function
support confined near integer multiples of ¢ /¢y and g/e,
where e denotes the electron charge and ¢y = //2e the flux
quantum. The parities of ¢ /¢y and ¢g/e define the o, and o,
logical operators, respectively, via

o, = E(p/po), ox = E(q/e), o, = —io0or, (1)
where E(x) = sgncos(rx) denotes the crenellation func-
tion (see Fig. 2), which takes value 1 when the closest
integer to x is even and value —1 if the closest integer to x
is odd [38,39]. Since E(x) = —E(x + 1), the above three
operators satisfy the Pauli anticommutation relations

{0i,0/} =26, ()

and hence form a valid qubit observable. We can encode
a v-dimensional qudit in an analogous fashion (for an
example, see Sec. V). The modular encoding in Eq. (1)
allows thermally mixed physical states to encode pure log-
ical states [see Fig. 2(b)]. This key feature underlies the
exponential stability of our qubit.

The GKP encoding protects encoded quantum informa-
tion against noise induced by finite-order polynomials of ¢
and ¢, such as charge or flux noise and photon loss—here
termed Jocal noise. The protection emerges because local
noise generates a continuous flow of the Wigner function
of the system. The logical operators {o;} are unaffected by
this flow as long as the Wigner-function support of the sys-
tem does not leak across the domain boundaries located at
¢ = (n; 4+ 1/2)p and g = (n, + 1/2)e for integers n; and
n,. Put another way, the encoded information is protected
as long as the phase-space support of the system remains
confined in the span of high-eigenvalue eigenstates of the
two GKP stabilizers,

Sy =cosCmre/py), S;=-cos(2mg/e). 3)

Henceforth, we refer to the mutual high-eigenvalue sub-
space of S| and S; as the code subspace and to states within
the code subspace as (generalized) GKP states.

The high degree of protection described above gives
GKP codes error-correction properties on par with or supe-
rior to other bosonic encodings, such as Fock space [40],
cat codes [41], and binomial codes [42]. In particular, the
GKP encoding protects quantum information against any
phase-space local noise and, moreover, treats phase and
amplitude errors symmetrically. Moreover, error correction
can be implemented straightforwardly through direct min-
imization of commuting stabilizers. Since they were first
proposed [26], realizations of GKP states remained elu-
sive for a long time. However, remarkably, recent years
have seen successful realizations emerging in multiple
platforms, including superconducting cavity-QED [31,34],
trapped ions [19,24], and photonic chips [43].

The superconducting circuit platform we focus on is
particularly suitable for GKP states, due to its intrinsic
support of a powerful nonlinear element with periodicity
compatible with GKP states: the Josephson junction. In
this setting, GKP states can be realized as phase-coherent
superpositions of states confined deep within the wells of
the Josephson potential. To ensure (S,) ~ 1, the restric-
tion of a GKP state to a single well must be approximately
identical for nearby wells, up to a well-parity-dependent
relative amplitude, which encodes the quantum informa-
tion. The logical states of the qubit, |0) and |1), correspond
to GKP states with full support in even and odd wells,
respectively.

III. SELF-CORRECTING QUBIT

We now show how GKP states can be dissipatively
stabilized and error corrected in the circuit device in
Fig. 1(a). We also demonstrate that the device supports
native protected single-qubit Clifford gates.

A. Device

The device consists of an LC resonator connected via a
switch to a Josephson junction and, capacitively, to a dissi-
pative element. Here, the dissipative element can, e.g., be
a resistor or a transmission line connected to an external
reservoir; for simplicity, we refer to it from here on as a
resistor. The resulting circuit is described by

2 2 2
“’— + j—c — wy() [EJ cos( Zf) +

q0r

H() = Ca

} + Hpg,
4)

where L and C denote the inductance and capacitance of
the LC circuit and E; is the Josephson energy of the junc-
tion, while wy(#) defines the time dependence of the switch.
Additionally, Hz denotes the resistor Hamiltonian, Cy the
coupler capacitance, and Oy denotes the fluctuating charge
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on the resistor side of the coupler. Due to its self-correcting
properties, the qubit may also operate with the resistor con-
nected permanently to the LC resonator (for details, see
Sec. VII).

B. Phase-revival trick

To see how GKP states emerge in the device, first note
that activating the switch (setting wy, = 1) causes the sys-
tem to dissipatively relax in the cosine wells from the
Josephson potential, confining it in the high-eigenvalue
subspace of §|. We can stabilize S, by subsequently deacti-
vating the switch for a quarter of the LC oscillation cycle,
Tc =27 V/LC. In this deactivated interval, the Hamilto-
nian generates a /2 rotation of phase space that inter-
changes ¢ and g up to a rescaling set by the resonator
impedance, «/L/C. Setting

VL/C = h/2e 5)

ensures that ¢/¢, is mapped to g/e and vice versa (up to
a sign), leading to an effective interchange of S; and S,
[see Eq. (3)]. Hence, at the end of the deactivated segment,
the distribution of charge g is confined in peaks near multi-
ples of e, resulting in (S,) ~ 1. Reactivating the switch will
again confine the system in the high-eigenvalue subspace
of S}, due to relaxation into the wells of the Josephson
potential. The system will be confined in the code sub-
space at this point if (S,) retains its near-unit value over the
second switch-activated interval. As a key discovery, we
uncover a revival mechanism that ensures that this is the
case if the reactivated-switch segment has duration given
by an integer multiple of the revival time,

trev = VLC. (6)

The revival mechanism arises because dephasing of wave-
function components in distinct Josephson potential wells
corresponds to diffusion of ¢ away from multiples of e. Due
to its capacitative coupling, the resistor can only generate
such charge diffusion continuously and indirectly, through
the inductor of the circuit. In particular, the diffusion can
be slow enough to allow the peaks of the charge distri-
bution to remain well defined and nonoverlapping on the
timescale it takes for flux to relax (for details, see Sec. IV).

While wave-function components in distinct wells
remain phase coherent in the presence of the resistor,
they do acquire deterministic relative phase factors, due
to their different inductance energies, corresponding to the
vertical offset of wells in Figs. 2(b) and 4(a). In the switch-
reactivated segment, these phase factors initially cause
the expectation of S,, which translates the wave function
by £2 wells, to decay to zero. However, the inductance
energy for well n is given by n’e;, where &; = goé /2L.

Since
(n* mod 4) = (nmod 2) for neZ, (7)

wells with the same parity have inductance energies con-
gruent modulo 4¢;. As a result, the phase factors from
wells of the same parity realign at integer multiples of a
revival time 2w h/4e; = t.,. At these instances, S, revives.
This revival mechanism is clearly demonstrated in our
numerical simulations—see Fig. 5(¢) and shaded regions
in Fig. 6(c).

The above considerations lead us to conclude that the
system is stabilized in the GKP code subspace by two
cycles of the switch protocol

1, 0 <t< 1{,,
1 Iy = Zrev trev,
0, ZS S < tS + ZTLCJ

®)

ws(f) ~ :

with z., € Z. From here on, we refer to the w, =1
and wy; = 0 segments as the stabilizer and free segments,
respectively.

We can also realize a v-dimensional GKP qudit with
the above scheme by setting /L/C = vh/4e* and fix-
ing the stabilizer-segment duration to an integer multiple
of 2w h/v?e;. This results in the free segment generat-
ing an exchange of the stabilizers of a v-dimensional
square-lattice GKP qudit S; and Sé”) = cos(vmrgq/e) [26]
and the stabilizer segment confining the system in the high-
eigenvalue subspace of S| while preserving the expectation
value of S;") via the phase-revival mechanism described
above.

C. Dissipative error correction

The switch cycle in Eq. (8) is a dissipative quantum
error-correction (DEC) protocol, in which noise-induced
entropy is absorbed by the resistor, leading to protection of
the encoded information (see Fig. 3): when repeated, the
protocol in Eq. (8) resets any state into the code subspace
every two cycles. Recall from Sec. II that local noise only
generates logical errors if causing the phase-space support
of the system to leak through the domain boundaries at
¢ = (n 4+ 1/2)po and g = (ny + 1/2)e for ny,n, € Z [see
Eq. (1)]. Logical errors can thus only occur if such leakage
occurs within two cycles when starting from a stabilized
state. For noise weaker than this threshold, logical error
rates are exponentially suppressed. We support this claim
with analytical and numerical discussions below [see Secs.
IV and VIII B].

The DEC-based operating principle of the qubit con-
trasts to conventional quantum error correction, which
utilizes a readout and feedback apparatus for removal
of noise-induced entropy. This offers several advantages:
first, the qubit can be stabilized without any need for
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FIG. 3. An illustration of dissipative quantum error correc-
tion. (a) Quantum information is encoded in the well parity
of the Josephson potential. (b) Noise excites fluctuations in
the potential that will cause a bit flip via spillover between
wells, if accumulating. (c) With active quantum error correction,
a detector monitors for fluctuations and counter-steers against
any with appropriate control signals, thereby absorbing noise-
induced entropy analogously to Maxwell’s demon. (d) With
dissipative quantum error correction, noise-induced entropy is
absorbed by thermodynamic reservoirs, via dissipative damping
of fluctuations.

readout or feedback control. Additionally, DEC makes
the qubit resilient to imperfections of the protocol and
device, such as parameter mistargeting and control noise,
since these imperfections can be viewed on par with other
extrinsic noise sources and be dissipatively corrected. We
estimate the finite tolerances for inconsistencies of device
and driving parameters in Sec. VII (see Table I).

We finally remark that the DEC protocol protects the
qubit against local noise but may fail to protect against
nonlocal noise, arising from infinite-order polynomials of
¢ and ¢, which act nonlocally in phase space. Particu-
larly relevant are quasiparticle poisoning, phase slips, and
uncontrolled Cooper-pair tunneling, which translate ¢ or ¢
by integer multiples of e or ¢y and hence act nonlocally in
phase space. As a result, the timescales for these processes
may provide upper limits on the qubit lifetime. Mitigating
these noise sources is thus crucial to achieving significant
lifetime enhancement.

D. Self-correcting gates

Interestingly, the qubit natively supports protected
single-qubit Clifford gates. In particular, we show how an

S and Hadamard (H) gate are naturally generated by the
stabilizer and free segments.

The S gate is generated through the phase-revival mech-
anism discussed in Sec. IIIB: at the zth phase revival,
states in even wells have acquired a phase factor (—i)*
relative to states in odd wells, since their inductance ener-
gies are congruent to 0 and &, modulo 4¢;, respectively
[see Eq. (7)]. This assignment of phase factors is equiva-
lent to z applications of the S gates, S = 5% AnH gate
is generated by the free segment, which interchanges ¢ /g
and ¢g/e (up to a sign), which swaps o, and o, equivalent
to the action of a H gate. Arbitrary single-qubit Clifford
control can thus be achieved via appropriate interspersing
of stabilizer and free segment, e.g., by varying z.,, and
not necessarily ordering stabilizer and free segments in an
alternating pattern.

The S and H gates are self-correcting and topolog-
ically robust [27] in the sense that the output logical
state is invariant under any smooth and phase-space
local perturbation of the protocol that keeps the final
state within the GKP code subspace. As a result, the
infidelity from control noise is exponentially suppressed
when the noise strength below a characteristic threshold
scale determined by the circuit parameters. We identify
the threshold scale and estimate the exponentially sup-
pressed error rate in Sec. VII A 2 below. In Sec. VIIIC,
we verify the exponential protection of the gates in
simulations.

A consequence of the above results is that odd zy
causes the switch protocol to cyclically permute o,, o,
and o,—possibly with an alternating sign. In this sense,
our device can be viewed as a dissipative phase-locked
oscillator, or Floquet time crystal [44-51], the emer-
gent periodicity of which is controlled by z., mod 4.
Choosing z., odd causes the three logical operators
of the qubit to appear on an equal footing, imply-
ing that phase and amplitude errors are treated sym-
metrically and that 7} = 7,. Moreover, the above sym-
metry means that any noise channel on the qubit is
depolarizing.

IV. EXPONENTIAL SCALING OF LIFETIME

We now demonstrate the exponential scaling of the
qubit lifetime in regimes in which E; > kgT, hf;c, where
T denotes the temperature of the resistor and f;c =
1/27+/LC the bare LC frequency. Below, we identify suf-
ficient conditions for the emergence of a stable fixed point
in the GKP code subspace, where the relaxation during the
stabilizer segment only causes exponentially weak deco-
herence between the wells of the cosine potential from the
Josephson junction. In this regime, we show that the log-
ical error rate per protocol cycle, peror, 1S €xponentially
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suppressed and satisfies

Derror S €Xp [—_1 ] A =< Hic >1/4
error ~J kBT/EJ+7TZ)\% ’ 0= 47T3EJ .
&)

Here, Ay denotes the vacuum fluctuation width in the
cosine potential in units of ¢q [see Fig. 4(a)] and defines
a bare GKP squeezing parameter of the protocol. Here and
below, a < b indicates that a is bounded by b up to a sub-
leading prefactor; in particular, a < b allows a to be much
smaller than . We thus emphasize that the above bound
is not necessarily tight and that the actual error rate may
be exponentially smaller than the right-hand side above.
When E; /kgT <« A, the first term in the above numerator
dominates and the error rate is of order e %//%87; je., the
error rate bound scales as an Arrhenius law. The E;/kgT
and A2 terms can thus be viewed as the contribution of the
error rate from thermal and quantum fluctuations, respec-
tively. Importantly, we expect the exponentially scaling
logical error rate to persist in the presence of device or
protocol imperfections and external noise; in Sec. VII, we
estimate noise tolerances based on these considerations.
The remainder of this section is devoted to establishing
Eq. (9) and identifying sufficient (not necessarily required)
conditions under which it holds. Technical details are
provided in Appendixes A—C. The discussion is of a tech-
nical nature and readers can move directly to the more
physically oriented Secs. V-IX without loss of continuity.

A. Fixed point in code subspace

We first demonstrate that the protocol has a stable fixed
point in the GKP code subspace. To this end, we consider
the case in which the system is initialized in the subspace
of mutual eigenstates of S| and S, with eigenvalues greater
than some sy > —1 and ¢ support confined in the range
lp| < poEy/er, where the wells of the Josephson potential
remain well defined. Below, we identify sufficient criteria
under which the protocol takes any such initial state to a
fixed point at which the S| and S, support of the system
remains exponentially confined near 1 [Eq. (22)].

1. Relaxation in stabilizer segment

We first consider how the state of the system p(7)
evolves in the first stabilizer segment. During this step, the
circuit including the resistor is described by

2
Ej cos <ﬂ) + @ + Hg. (10)
%o Cr

2 2
% q
H=—4+1 _
N 2L+2C

The wells of the cosine potential from the Josephson
junction are approximately described as harmonic LC
oscillators with capacitance C and effective inductance

\ N\
¥,

1 2
®/wo

b
(o) (alola)

Free
egment

FIG. 4. Characteristic scales of the qubit. (a) Approximate
low-energy eigenstates of the circuit Hamiltonian during the sta-
bilizer segment [i.e., ws(f) = 1]. To leading order in Af;¢/E;, the
eigenstates are harmonic oscillator eigenstates with vacuum fluc-
tuation width Ag@o, with Ao = (hfzc/4m3E;)"/*, centered near
mg, for each m € Z. The corresponding excitation energy is
given by g9 = \/4e2E;/C with an overall energy shift m?e; in
well m, where &, = (pg /2L. (b) Left: the probability density of ¢
for a typical GKP state generated by our protocol (red), corre-
sponding to a logical state %(IO) + |1)). The state is a thermal
ensemble of the low-lying eigenstates of each well in (a), with
thermal fluctuation width A = Ag+/coth(2ey/kgT), weighted by
an envelope function (dashed line). Right: the result of evolving
the state under the free segment. This mapping fixes the width of
the envelope to be x = +/coth(2e¢/ksT)/m A¢ (see Appendix F).

Loy = @} /47*E) [see Fig. 4(a)]. The characteristic exci-
tation energy in the wells is given by &y = h//CLeg =
4w hfcEy, while the vacuum fluctuation width of ¢ in
the wells, 8¢y = [A?Ler/4C]"/* is given by Aoy, with g
defined in Eq. (9).

During the stabilizer segment, the dissipation from the
resistor causes the ¢ support of p(#) to relax into the
wells of the cosine potential from the Josephson junc-
tion. The characteristic rate for this process, I', can
be found from the low-temperature power spectral den-
sity of the resistor Jy(w) = 1/27 [ dte’'(Qr(H)Or(0)) via
Fermi’s golden rule [52—54]: T = (hCr)22nJo([Ew —
E /M) (Y qla)|?; here, |1,) denotes the lowest-energy
eigenstate of the nondissipative part of H in a given well,
n, of the Josephson potential and |v,) denotes the eigen-
state corresponding to its first excitation [see Fig. 4(a)],
while £, and E,; denote the corresponding energies. Not-
ing that £, — E), & ¢y, and that |v,,) and |y, ) are adjacent
Hermite functions with characteristic width Ay, such that
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ql¥n) = B/~ 2hopol¥r), and using C = e/2nficp, the
relaxation rate during the stabilizer segment is thus given

by

2
_ 2e J(eoz/h). (11)
Cemrh? A

Since the system is already confined inside the wells of the
cosine potential (S > s¢) at the onset of the stabilizer seg-
ment, leakage of probability support between the wells is
exponentially suppressed during the relaxation [55]. As a
result, the flux probability distribution in well m—defined
as the interval (m — 1/2)py < ¢ < (m + 1/2)p;—relaxes
to a state approximately identical to the thermal steady
state of an LC resonator with excitation energy &, and
vacuum fluctuation width §¢g, up to a prefactor account-
ing for the near-conserved total probability support within
each well. The thermal flux distribution of an LC res-
onator is given by a Gaussian with characteristic width
8¢ = Ago//2, where

A= )»()\/ COth(280/kBT). (12)

This dimensionless number can be viewed as a thermally
renormalized GKP squeezing parameter and serves as the
small parameter in our analysis below.

The above results imply that after the characteristic
relaxation time 1/ T, the flux distribution of the system,
Po(x, 1) = Tr[p(1)8(¢ — x)], is given by

pult) -5
p (x9 t) ~ m—e * % ’ (13)
Y Xm: N 27T Mg

where p,, () = f[E:’_Jrll/zz]%O dxpy(x,t) denotes the near-

conserved steady-state probability support in well m [for
an illustration, see the left panel of Fig. 4(b)]. Specifically,
the leakage of probability support between the wells of the
cosine potential is of order (gq/h)e 2E//%8T [55], implying
that the p,,(f) are constants of motion in the steady state,
up to O(e=2£7/%8T) corrections.

2. Preservation of interwell coherence

We now demonstrate that phase coherence is maintained
between different wells of the cosine potential during
the stabilizer segment. To account for the deterministic
phase-revival mechanism described in Sec. III B, we first
transform to a comoving frame generated by the unitary
transformation

V(Z) = e*iround((p/(po)zsLt/h’ (14)

where round(x) gives the integer closest to x. Evidently,
Vi(f) assigns a phase factor e” /" to states in well

m, thus canceling the phase factor from the offset of
inductance energies described in Sec. III B. Reflecting the
revival mechanism described there, the density matrix of
the system in the rotating frame, V' (1) p (£)V(#), coincides
with that in the laboratory frame, p(¢), at multiples of the
revival time t., = 27 h/4¢;, up to applications of a num-
ber of S gates. To see this, note that for n € Z, V(nty,) =
e~iFmoundie/v0)’  Using Eq. (7) and round®(x) mod 4 =
L1 = B)), we find V(ntey) = "3 -E@/0)] Recog-
nizing E(p /@) as o, [Eq. (1)], we thus obtain

Vintey) = e 5 "17%)  for neZ. (15)
Since e '%% defines the logical S gate operator, we see
that V(t.,) generates an ST gate and a global phase.
Since [S,,0.] = 0, the probability distributions for S in
the laboratory [p(#)] and comoving [V (£) p (£) V(£)] frames
coincide at integer multiples of the revival time fy.

We now show that V'(#)p(f)V(f) remains in the high-
eigenvalue subspace of S, during the entire stabilizer
segment. To this end, we first consider the Hamiltonian
in the comoving frame Hy(f) = VI(#)[H, + ihd,]V(¢) [56].
We now introduce the quasiflux operator,

¢ = ¢ mod gy, (16)

with the branch cut chosen at +¢y/2 such that ¢ =
@ + goround(¢/@p). Using ¢ = ¢ + goround(p/¢o), a
straightforward calculation yields Hy(¥) = H + AH(f)
with

H = Hy + round (ﬁ) M, (17)
w/) L

AHy = —iV' [¢*/2C — qQp/Cg, V] and

+ —— + Hp. (18)

¢ 7 NI AW
Cr

%o

Importantly, [@, S>] = 0 [57], implying [Hy, S»] = 0.

We now show that AHs+ can be neglected: recall that
V(t) assigns a piecewise-constant phase factor to eigen-
states of ¢. Since g = —ihd,, the ¢ support of AH,s is thus
confined to infinitesimally small neighborhoods surround-
ing ¢ = (z+ 1/2)gp for each z € Z. Since the support
of the system in this region is of order e=2£//kT [55],
AH,¢ can thus be neglected at the cost of an exponen-
tially suppressed correction. Indeed, in Appendix A, we
show that the time evolution generated by H, 5(f) =
e ™M p(0)e" remains exponentially close to Vi pV at all
times, |V1(0p@V(®) = p(0)llx S O™ /MT), with |||
denoting the trace norm.

Having neglected AH(f), we consider the evolution
of S, in the comoving frame, (S,) = Tr[$S,]. Recalling
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that [S,, H] =0 and 0,0 = —i/ h[H, p], explicit calcula-
tion shows that 9,(S,) = —Tr[(2@@y/hL) sin(2rq/e)p].
Using that |Tr[pA]| < /Tr[AT4p] for any density matrix
p and that sin’ (x) <1, this implies that

2

19:(S)| <
Polrey

(@), (19)

where we have used tey = whL/@;. From this result, we
conclude two things. First, since (¢?) < ¢§/4, |8,(5’2)| <
7T /tey at all times. Second, after the relaxation, for the
quasithermal steady state in Eq. (13), where (¢%) = A¢y,
|8t(5’2)| < 27\ /trey. Thus (5’2) should remain near constant
on the revival timescale .y, provided that 1 < 1.

In Appendix B, we extend the above result to demon-
strate that not only the expectation value but the entire
probability support of S, can remain near stationary in the
comoving frame over a revival time when A < 1. Specifi-
cally, for any & > 0, the cumulative probability support for
S5, Pa(s, 1) = Tr[0(s — S,) 0 (8)] satisfies

732 (S, t) 5 e*k[S()*S*ASk(Z)]’ (20)

where Asi(f) = — fot drvi(t) and

~ - . —kS:; —kS’
TaO@sin 2L ez e T
s Pk=E L e~

Polrev/27 Tr [e—kSz /O(t)]

.21

v () =

For each k, v (f) defines a maximal velocity for the spread
of S, support, beyond which it must decrease exponen-
tially at rate k. Hence, it defines a speed limit for interwell
dephasing, akin to the Lieb-Robinson velocity. In the
regime k> 1, the S, support of p(f) must be confined
above s, — Asi(?). In this sense, interwell coherence is
maintained as long as As;(f) < 1 — s¢ for large k.

We now show that As;(¢) remains much smaller than 1
during the entire stabilizer segment when

A<kl and Tt K 1. (22)

To this end, we consider the ¢-support range of p (1), Ap(?)
[58]. The evolution is unaffected if, at time ¢, we restrict the
system to the subspace with |¢| < A@(#) [59]. Next, we
use that |Tr[X p]| < || X || for any density matrix p, where
||l X|| is the singular-value norm of X'. Using that the above
truncation leads to ||¢ sin(2wg/e)|| < A@(¢) at time ¢ and
noting that p(#) is a density matrix, we find from Eq. (21)
that

(23)

We now note that Ae(¢) is trivially bounded by ¢q/2.
Moreover, during the stabilizer segment, A¢(f) should

relax to approximately 2w Ag, on the characteristic relax-
ation timescale 1/ " [60]. Thus, vi(#) is bounded by a
number that relaxes from at most 77 /tey t0 27T A /tey ON the
timescale 1/ T, implying Asg(¢) < 7/Ttey + 277 A(0) /trey-
Evidently, Asi(#) remains much smaller than 1 on the
timescale ¢, if the conditions in Eq. (22) are satisfied. We
again emphasize that these are sufficient, but not necessar-
ily required, conditions for preservation of phase coher-
ence during the stabilizer segment. In particular, phase
coherence may remain preserved even when [ty < 1.

3. Fixed point

We now demonstrate that a stable fixed point emerges in
the code subspace under the conditions in Eq. (22).

We first consider the evolution of the cumulative proba-
bility distribution for Sy, P; (s, t) = Tr[0(s — S1) 0 (¢)]; note
that V() commutes with S7, implying that the distributions
for S are identical in the laboratory (o) and comoving (p)
frames. Due to the Gaussian confinement of ¢ near inte-
ger multiples of ¢y [Eq. (13)], the cumulative probability
distribution for S, Pi(s, 1) = Tr[0(s — S1)p(®)], is given
by approximately erfc(arccos(s)/2m ) at the end of each
stabilizer segment. Using erfc(x) ~ e and arccos(s) ~
/2 = 2s, we can rewrite this as

s—1
Pi(s, 1) S exp |:2n2A2:| . (24)
This result holds forz > 1/T.

We next note that the free segment interchanges S, and
S1. Hence, at the onset of the second and all subsequent
stabilizer segments, P, (s, ) equals the right-hand side of
Eq. (24), implying that the S, support of the system is ini-
tially exponentially confined near 1 in the regime A < 1.
Moreover, under the conditions in Eq. (22), the probabil-
ity support for S, is effectively constant during stabilizer
segment. As a result, we find that

~1
Pa(s, ) < exp [ﬁ} (25)

in the second, and all subsequent, stabilizer segments; this
result is obtained systematically in Appendix B.

Finally, we again recall that the free segment inter-
changes the probability distributions for S; and S,; we
conclude that at the onset of the third and all subse-
quent stabilizer segments, Py (s, 1) < exp [(s — 1)/27222].
Noting that this is consistent with the steady-state flux dis-
tribution in the stabilizer segment [Eq. (13)], we anticipate
little change of this distribution during the stabilizer seg-
ment and hence we expect that Eq. (24) remains satisfied
throughout the this and all subsequent stabilizer segments.
As a result, we conclude that two cycles of the driving pro-
tocol take the system to a fixed point satisfying Eqgs. (24)
and (25).
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B. Exponential scaling of lifetime

We finally demonstrate the exponential suppression of
the logical error rate quoted in Eq. (9).

First note that the density matrix in the comoving frame,
0, remains exponentially confined in the code subspace
during the stabilizer segment [Egs. (24) and (25)]. From
the considerations in Sec. II, this should imply that the
expectation values of the logical operators in the state p(f)
remain exponentially invariant during the stabilizer seg-
ment. In Appendix C, we confirm this intuition via explicit
computation, showing that, for i = 1,2, 3, and throughout
the stabilizer segment

1
InwﬁUH—TﬂmmmﬂSem[aﬁﬁgigzp]
" 26)

Here, we have suppressed power-law prefactors on the
right-hand side; for expressions involving these, see
Appendix C. We now recall that V' (¢) p (£) V(¢) differs from
p(f) by a O(e~E//%8T) correction and that V(%) is identical
to the z.,th power of the logical S gate operator. Hence,
the expectation values of the logical operators at the end
of the stabilizer segment (¢ = ) relate to those at the onset
(t = 0) through

(U (ts)> = &7 <0 (O)> + 80 crrors (27)
where S denotes the 3 x 3 Bloch-sphere rotation matrix
corresponding to an S gate [61] and

180 error| S exp |:— (28)

1
kgT/E; + 4nxg] '

Here, we have suppressed prefactors on the right-hand
side, which scale as a power law with A Uand E; /kgT
and thus are subdominant in the limit A VE, JkgT > 1.
Identifying peror = |80 error| leads to Eq. (9).

V. PROTECTED T GATE WITH ALTERNATIVE
ENCODING

Here, we show how a protected 7 gate can be real-
ized using an alternative configuration of the qubit, based
on an alternative encoding scheme and a resonator with
impedance +/L/C = h/e* [28]. The T gate can be realized
using the quasimodular logical operators ¢ = (o, 6y,0:),
where

5. = B(p/p0), G =e %y, & =—i5.G. (29)
Here, E(x) denotes the crenellation function, while / and
I, denote the phase space and modular inversion oper-
ators, respectively: letting |¢) denote the ¢ eigenstate
with eigenvalue ¢, these are defined by /|¢) = | — ¢) and

Inlzgo + 8¢) = Imlzey — 3¢) for [8¢| < ¢o/2 and z € Z.
The above logical operators satisfy {0;,0;} = §;; and hence
form a valid qubit observable [62].

With the above encoding, the code subspace is spanned
by 4 families of states, with support near ¢ mod 4¢y =
Cyo for ¢ =0,1,2, or 3, respectively. The computational
spaces split up into two sectors: logical operators do not
couple states with ¢ € {0, 1} to states with ¢ € {2,3}. We
use the first sector as the computational space for the sys-
tem, with ¢ = 0,1 resulting in eigenvalues 1 and —1 of
o0,. States with ¢ = 2,3 can be considered noncomputa-
tional. The logical operators {o;} have stabilizers S| and
S, = cos(4mq/e). The above quasimodular encoding can
thus be dissipatively stabilized by the device and proto-
col in Sec. III B by setting /L/C = h/e?. The revival of
S, in the stabilizer segment is again ensured by picking
the stabilizer-segment duration to be an integer multiple of
71/ 27 to see this, note that the inductance energy is given
by &, = whf;c/4, implying that states in well m acquire
a relative phase factor e~ v m’/4 after the stabilizer seg-
ment. Since (n + 4)> — n® € 8Z, revival of S, is ensured
for each integer choice of z,.

The T gate emerges because the |¢) logical state (for
¢ € {0, 1}) has support in wells where m mod 4 = ¢. Since
m mod 4 = ¢ implies m> mod 8 = ¢ for ¢ € {0, 1}, the
|¢) logical state of the qubit acquires a phase factor e =776/
during the stabilizer segment. A stabilizer segment with
Zrey € 87 4+ 1 hence generates a T gate [63].

Unlike the modular encoding in Eq. (1), the above quasi-
modular encoding does not appear to support a native
protected Hadamard gate and hence also not universal
gates. The T protocol could be used as a high-fidelity magic
factory that generates magic states on the physical-qubit
level with exponentially suppressed infidelity.

VI. READOUT AND INITIALIZATION

We now describe a possible way to measure o, via the
supercurrent in the Josephson junction. The protocol can
also be used for initialization in a logical |X) state (i.e., a
state with (o,) = 1). The protocol consists of the following
sequence:

(1) Activate the switch (wy, = 1) for a duration 7;¢/47.

(2) Deactivate the switch (wy; = 0) for a duration t;¢/4.

(3) Reactivate the switch and measure the squared
supercurrent in the Josephson junction, I% =
(2eE; /h)? sin® Q@ /¢po), e.g., from the frequency
shift of an adjacent transmon due to the induced
magnetic field [64,65]. In this interval, the relax-
ation time I'~! (controlled through Cz) must be
longer than the detection time of the device.

(4) If the average squared supercurrent is larger than
I?/4, the system was in a |l) logical state
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({oy) = —1) at the onset of the readout protocol. If
not, the system was in a |0) logical state at the onset.

(5) (For initialization): deactivate the switch again after
a duration zgeadout/ (27 fLc), Where Zieadout 1S an inte-
ger large enough to ensure successful measurement
of the supercurrent. If no supercurrent is detected,
the system is initialized in a logical state with (o,) =
1 at the end of the protocol. If a supercurrent is
detected, run the ordinary stabilization protocol for
a few cycles and repeat the above steps.

The readout protocol exploits a characteristic peak struc-
ture that emerges in the charge support of GKP states
during the stabilizer segment, p,(x) = Tr[§(g — x)p]. At
times ¢ = aty.c/(2nb) for a,b € Z, the charge support of
p is confined near multiples of ¢ = e/b. Furthermore, if b
is even, the parity of the multiple reveals o,: a logical |s)
state, with o, eigenvalue (—1)°, will have charge support
confined near (2n + s)e/b for n € Z. The peak structure is
evident in Figs. 5(a) and 5(d), where we plot the evolution
of p(q) during the stabilizer segment starting from two dif-
ferent logical states with o, eigenvalue —1 [Fig. 5(a)] and
1 [Fig. 5(d)] [66]. The structure emerges due to a shear
drift of the peaks of the Wigner function of the system,
W(p, q) during the stabilizer segment. At time ¢, all peaks
located at flux ¢ = n¢o have shifted in the ¢ direction by an
amount 2w nefct/2. This causes distinct Wigner-function
peaks to align in the ¢ direction for rational 27 f;¢t, leading
to emergence of peaks in the charge probability distribu-
tion, p(q) = [ dpW(p,q), as illustrated in Figs. 5(a)-5(c).
The mechanism is discussed in further detail in
Appendix G.

The readout protocol exploits the peak structure as fol-
lows. Step 1 of the protocol evolves the system until a time
t=r1c/4m (a =1,b =2), where a logical |s) state will
have its ¢ support confined near (n + s/2)e for integer n.
Step 2 maps ¢/e to —¢ /g, implying that the ¢ support of
the resulting state is confined near (n + s/2)¢ for n € Z.
If the system is in a |1) logical state, the physical state
will have its ¢ support confined near the maxima of the
Josephson potential. During step (3), the system will thus
decay to the ground state of the Josephson potential, lead-
ing to a detectable supercurrent signal. On the other hand,
for a |0) logical state, the system will be deep in the wells
of the Josephson potential at the onset of step (3) and no
supercurrent will be detected.

The above protocol can be used for initialization: by
starting from a random initial state, a few cycles of the
stabilization protocol first drives the system into the code
subspace. Subsequently, the readout protocol is applied.
If no supercurrent was detected, the system is known to
have even support in all wells after the readout proto-
col, i.e., to be in a logical |[X) = Lz(|0) + |1)) state. If
a nonzero supercurrent is detected, the system is in an
undetermined state (since the relaxation into the wells will

0 2¢o
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FIG. 5. The evolution of logical states during the stabi-
lizer segment. The data are obtained with parameters E;/h =
200 GHz and f;c = 0.82 GHz, in the absence of the resistor
and charge noise. (a) The evolution of the charge support p(q)
during the stabilizer segment for a logical |1) state. (b),(c) The
Wigner function of the system at (b) = 0 and (c) = 7.¢/(87).
The horizontal arrows indicate correspondence to peaks in (a)
and the purple arrows indicate shear drift of peaks in the Wigner
function. (d) The evolution of the charge probability distribution
for a logical |0) state. (¢) The evolution of stabilizers during the
stabilizer segment for the |0) (red) and |1) state (blue).

cause the measured |1) state to be destroyed and replaced
by a mixed logical state). In that case, the stabilization
and readout protocol is repeated until no supercurrent is
detected.

Importantly, noise from the readout apparatus does
not affect the stability of the qubit during its normal
operation. Specifically, the squared supercurrent /> =
(2eE;/h)? sin* (2w ¢/ o) commutes with the logical oper-
ators {o;}; noise coupled to it hence cannot decohere the
encoded information. Indeed, the supercurrent readout can
work as a syndrome detector, if switched on during the
normal operation of the qubit.

VII. NOISE TOLERANCE, DEVICE
REQUIREMENTS, AND TIMESCALES

Here, we characterize the performance of the qubit in
the presence of device and control imperfections or noise
and estimate the parameter requirements for the qubit.
We also estimate relevant operational timescales. We list
our estimated device requirements, noise tolerances, and
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TABLE I. The operating regime and operation timescales for
three parameter scenarios. Estimates are obtained in Sec. VII,
for an error tolerance of peror = 0.0003 per cycle (four stan-
dard deviations). Parameters L,C, E;, I', and z,, denote the
inductance, capacitance, Josephson energy, resistor-induced loss
rate, and stabilizer-segment duration in units of the revival time
tev = VLC, respectively. fic and Ao denote the derived LC
frequency and GKP squeezing parameters. The charge- and flux-
noise thresholds denote the estimate maximal tolerated power
spectral density for a white-noise charge or flux signal. For noise
tolerances and device requirements below the listed thresholds,
we expect the qubit lifetime to remain exponentially long. The
parameters in columns 1 and 2 are within experimental access,
with L = 6 pH, C =~ 23 fF resonators achieved in Ref. [29] and
pulse train generators available with rise times below 10 ps [30].

Parameters

L (nH) 2.5 6 10
C (fF) 15 40 60
E;/h (GHz) 200 65 200
I' (GHz) 2 1 0.5
Zrey 8 4 8
frc (GHz) 0.82 0.32 0.21
Ao 0.08 0.08 0.05
Device requirements

Switch rise time (ps) 16 43 45
LC quality factor 520 1400 2000
Maximum temperature (K) 0.58 0.16 0.9
Accuracy of L/C (%) 8 9 6
Noise thresholds

Charge noise (¢?/Hz) 4%10712 1x1071" 2x 107!
Flux noise ((pé/Hz) 3x 10712 5x 10712 5x 1072
Operation timescales

Protocol cycle (ns) 2 3 7
H gate (ns) 0.3 0.8 1.2
S gate (ns) 0.2 0.5 0.8
Readout (ns) 75 75 75
Initialization (ns) 310 310 320

operational timescales for three different parameter sce-
narios in Table I; each requirement and threshold is esti-
mated for a tolerated logical error probability per cycle
Perror = 0.0003 corresponding to four standard deviations
(see below for details). We estimate the error probabil-
ity based on the displacement or deformation of phase
space effectively induced by the error sources we con-
sider. In this analysis, we make use of a dimenionless
measure of phase-space displacement, defined as As =
V(A@/90)? + (Ag/e)? for a given displacement in phase
space (A, Aq).

A. Device requirements

We first estimate the device requirements, focusing on
the Josephson energy, impedance, temperature, control
resolution, and quality factor of the LC resonator.

1. Josephson energy and temperature

We estimate the minimal required Josephson energy
using the error-bound estimate in Eq. (9),

sor (5775 )
exp| ——— ),
Peror = P\ Tk T/E, + 202

3\ 1/4
where A9 = (hch/47r E J) . The error rate peror ~
0.0003 hence requires (kg T/E;) + w215 < 1/8, leading to
the following estimate for the minimal required Josephson
energy and maximal temperature:

ksT < E;/8 — JEshfic.  (30)

We emphasize that the above thresholds are obtained from
the error estimate in Eq. (9), which may be a relatively
loose upper bound. The qubit may thus operate at Joseph-
son energies smaller than, and temperatures larger than, the
thresholds that we identify above.

E; Z 60hfic,

2. Switch rise time

We next estimate the condition on the switch rise time.
A finite rise time Atr causes the free segment to effec-
tively mistarget the 77 /2 rotation of phase space by an angle
860, where §6 ~ 2 ficAt/2. We estimate the induced error
rate to be given by the total phase support experiencing
a phase-space displacement greater than 1/2 by this addi-
tional rotation (in terms of the dimensionless phase-space
displacement measure introduced in the beginning of this
section). In Appendix F, we show that the Wigner-function
envelope of the system is a Gaussian with standard devia-
tion K/ﬁ in these units, where k = /coth(2ey/kgT)/m Ao
and &y = /4w E hf ¢ (see also Fig. 4). This leads us to
estimate penor as the probability weight of this Gaus-
sian envelope beyond distance 1/286. Using 1/2866 ~
1/27f;c At and working in the limit of low temperatures,
where ¥ ~ 1/ ), leads to

)»02

Derror (AL) ~ 8_ 4&2CN2 . (3D

For comparison, we have plotted this estimate together
with numerically obtained error rates in Fig. 8. For a
logical error rate corresponding to peror = 0.0003, which
requires E; 2 60, such that 1o ~ 0.1, we hence estimate a
minimal rise time of order Aty.x ~ 0.02/fz¢c. We empha-
size that the switch must be completely turned off in the
bulk of the free segment to ensure preservation of logical
information. If this is not the case, spurious tunneling of
Cooper pairs may induce irrecoverable logical errors. We
thus expect the qubit to only be resilient to switch mist-
iming, with imperfect switch deactivation causing logical
errors (though still allowing generation of GKP states—see
Sec. IXA).
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3. Impedance

Next, we consider the tolerance for mistargeting the
impedance, Z = /L/C. A finite deviation of impedance
8Z = Z — h/2¢* leads to a squeezing of the Wigner func-
tion over a free segment by the factor 26Ze®/h. Analo-
gously to our condition for control resolution, we estimate
the error rate to be given by the phase-space support of
the system in the region in which the squeezing-induced
displacement exceeds 1/2. Recalling that the Wigner func-
tion of the system has a Gaussian envelope of width x ~
1/7 1, this leads to

ﬂzkoz
Perror(82) ~ e H2Ezh?

(32)

With peror = 0.0003 and Ay ~ 0.1 (as required to reach
this error rate), this leads to a window of approximately
7002 (i.e., approximately 5% tolerance for relative devi-
ations). Because of the square root, the tolerance for
relative deviations of L and C is twice that of Z, up to
approximately 10%.

4. Quality factor

We next consider the consequences of a finite Q fac-
tor of the LC resonator caused by uncontrolled capacita-
tive coupling to its surrounding environment—i.e., photon
loss. During the stabilizer segment, a capacitative cou-
pling to an external environment is beneficial; indeed,
such a coupling is leveraged by our dissipative stabi-
lization protocol. During the free segment, the capaci-
tive coupling, on the other hand, results in a uniform
loss rate of photons from the LC resonator, at the rate
y = 2nfrc/Q, where Q is the corresponding quality fac-
tor [53]. Working in units where ¢y = e = 1, photon loss
generates simultaneous uniform diffusion and shrinkage
of phase space, with diffusion constant y coth(hfyc/2ksT)
and shrinkage rate y [67]. At the end of the free segment,
after a duration 1/4f;¢, photon loss has thus shrunk phase
space by a factor of approximately (1 — y /4f;¢) and dif-
fused it with a diffusion kernel of standard deviation A =
\/ y coth(hfrc/2kpT)/4fc. We estimate the logical error
rate as the phase-space weight experiencing a displacement
greater than 1/2 by the diffusion kernel or the total phase-
space weight experiencing a displacement greater than 1/2
by the phase-space shrinkage, whichever is largest. Recall-
ing that the envelope of the Wigner function is a Gaussian
with standard deviation k/+/2, this leads to the estimate
Perror ~ max{exp(—1/8A2), exp(—4f,%/k*y?*)}. Using the
expression for A along with Q =27 /y 1;¢,

_9 el
PDerror(Q) ~ max { P tanh yzo7 , e—A%QZ } ] (33)

Working in the regime f;c ~ 1 GHz, T~ 100 mK and for
Perror ~ 0.0003 (requiring Ao = 0.1), this leads to the con-
dition Opin ~ 450. This relatively mild condition raises the

possibility that the dissipative element can permanently
connected to the resonator, possibly in combination with
appropriate filtering of bath modes.

B. Tolerance for noise

Here, we analyze the effects of flux and charge noise.

1. Charge noise

We model charge noise as a fluctuating charge &(r)
capacitively coupled to the circuit through H,(f) =
&(H)q/C. For simplicity, we assume that £(f) a white-
noise signal, with uniform power spectral density y, /2,
such that (£()&(7)) = y,6(t — ). On its own, H,(f) gen-
erates Brownian motion of the flux, ¢, with diffusion
constant D, = y,/ C? [53]. Within the stabilizer segment,
dissipation from the resistor counteracts the diffusion,
driving ¢ toward the minima of the flux potential, ¢ =
ngo. We expect the qubit to remain stable in the stabi-
lizer segment if the effective diffusion length within the
resistor-induced relaxation time I' ™! is much smaller than
®o/2, ie., if D, K Fgog. Within the free segment, H, ()
generates diffusion in phase space along the direction
(¢o cosrfict), esin(2mfrct)) with normalized diffusion
constant D =Dq/<p§ in units where e=¢p=1. As a
result, /,(t) generates correlated flux and charge displace-
ments with variances both given by crqz = D1;¢/8 in the
free segment. We estimate the error rate to be the phase
weight experiencing a phase-space displacement greater

than 1/2, perror ~ €/ 807 Using C = %/ hf;c, this leads
to [68]

2

perror()/q) ~ e_ whlle, (34)

For a tolerated error rate of pepor = 0.0003 and frc ~
1 GHz resonators, we thus require y, < 3 x 1072¢? /Hz.

2. Flux noise

Finally, we consider flux noise, which we model as a
white-noise fluctuating flux £,(#) coupled to the system
through H, = £,(t)¢/L, where (£,(1)&, (1)) = y,6(t — ).
On its own, this term generates random diffusion of the
charge and causes a phase-space displacement during the
free segment, (Ag, Ag). Since no mechanism counteracts
charge diffusion during the stabilizer segment, flux noise
also generates a charge displacement in the stabilizer seg-
ment with diffusion constant D, = y,,/L?. This displace-
ment is only corrected in the following cycle, where it has
been mapped to a flux displacement. Over this duration, the
flux-noise induced diffusion kernel has acquired a variance

aj = Dyt1c/8 4+ Dyt /2 along the charge quadrature and

a variance o2

o = Dy@ytc/8¢* along the flux quadrature.
Combining the diffusion during the stabilizer and free seg-

ments, an analysis similar to the one performed for charge
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noise results in the error rate estimate

%

perror()/(p) ~ e_ 772[4+Zrev/27T]waLC .

(35)

Using ziey ~ 1, Perror ~ 0.0003, and frc ~ 1GHz, we
obtain the requirement y,, < 3 x 107 '2¢Z/Hz.

C. Operation timescales

We estimate the readout and initialization times using
the native protocol described in Sec. VI, assuming that
the squared supercurrent of the Josephson junction can
be detected within approximately 75 ns with a Josephson-
device based magnetometer [64,65]. The detection time
is estimated assuming that the magnetometer is located
5 wm from the Josephson junction and has a sensitivity of
approximately 10 pT/+/Hz, as has been realized recently
[64,65]. The initialization time is estimated assuming
a 50% probability for successful initialization at each
attempt (see Sec. VI), implying that an average of four
attempts are required to initialize the qubit.

The gate times are estimated using the native gates of the
qubit, described in Sec. 11 D: the S gate e~":/* is gener-
ated by a stabilizer segment with duration 1/(27f;¢), while
the Hadamard gate is generated by a free segment, with
duration 1/(4f.c) (for further discussion of the gates, see
Sec. III D).

VIII. NUMERICAL RESULTS

We now verify our analytical results given above with
numerical simulations of the qubit.

To demonstrate the self-correcting properties of the
qubit, we include charge noise throughout the simulations,
modeling the system via the master equation

8t10 = (LS(Z) + Enoise(ﬂ)[p], (36)

where L£(f) and L5 (f) are the time-evolution genera-
tors (Liouvillians) of the stabilization protocol and charge
noise, respectively. We use the universal Lindblad equation
(ULE) to model the dissipative dynamics in the stabilizer
segment [54,69—73], via

] 1 .
Ls®[p] = —}%[Hs(t),,o] + wy(1) [ﬂpf - 5{5'5,/)}} ;
(37

where  Hs(t) = ¢*/2C + ¢* /2L — wy(£)E; cosRm ¢ /¢o)
denotes the nondissipative component of the system

Hamiltonian and

1
= e Em W) (Ul 20T (LB — En]/B) (¥l q¥ra)
(38)

denotes the ULE jump operator for the system with the
switch activated. Here, |v,) and E, denote the ener-
gies and eigenstates of the Hamiltonian for the circuit
formed by the inductor, capacitor and Josephson junction,
Hicy = ¢*/2C + ¢? /2L — Ejcos(2m /@) and J(w) the
power spectral density of the resistor. We model the resis-
tor as an Ohmic bath at temperature 7, such that J (w) =
g*w(1 — e /BTy~ for some constant g [52—54], which
fixes the loss rate at I' = 4(ge/Crh)?E,/h [see Eq. (11)
[74]]. The ULE is rigorously proven to be valid in the
regime of weak loss rate relative to the intrinsic correla-
tion timescales of the bath (the latter of order 4/kgT for
Ohmic baths) [54,73]. Capturing both relaxation and inter-
well decoherence, we thus expect this model to provide an
accurate representation of the dynamics.
We model charge noise through the Liouvillian

)

»Cnoise [/0] = hC

[9. p], (39

where £,(f) is a scalar white-noise field satisfying
(EME)) = y,6(t — 1), with y, defining the charge-noise
strength. We set y, = 107'% ¢*/Hz throughout the simu-
lations, unless otherwise noted. We expect the white-noise
model to accurately capture effects of generic charge noise.
In particular, we expect that low-frequency noise, such
as 1/f noise, is also phase-space local (and hence effi-
ciently correctible by our protocol) and will have similar
effects on the system: its high-frequency components are
qualitatively similar to the white-noise signal that we con-
sider, while low-frequency components can be viewed as
slow modulation of device parameters, against which the
protocol is also resilient.

We numerically solve Eq. (36) for various parame-
ter sets, using the stochastic Schrodinger equation (SSE)
[75,76], and with £ computed through exact diagonal-
ization. Being agnostic to the analysis in Secs. IIIHV,
our simulation thus serves as an independent check of its
conclusions.

A. Stabilization of GKP states

To verify that the protocol stabilizes GKP states, we
have initialized the system in a random high-energy state
far outside the code subspace [77] and computed the
resulting evolution under the protocol via the SSE, for
parameters E;/h =200 GHz, L =2.5 pH, C =15 fF,
Zrey = 2, and T = 200 mK. In Fig. 6(a), we show the evo-
lution of the flux probability density for a representative
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FIG. 6. Dissipation-driven convergence to the GKP code sub- 60 fF, Zrey =8, and 7'=40 mK. (a),(b) The simulated evolu-

space (for details, see Sec. VIIT A). (a) The simulated evolution
of the flux probability distribution over three cycles obtained
for a single stochastic-Schrodinger-equation (SSE) trajectory and
starting from a random initial state [77], using £, /h = 200 GHz,
L=25uH, C=151F, zey = 2, and 7 = 200 mK. (b),(c) The
(b) Wigner function of the final state and the (c) evolution of sta-
bilizers 1 (purple) and 2 (orange) for the trajectory depicted in
(a). The shaded regions indicate stabilizer segments. Note that
(S>) is only required to take a value near 1 at the end of each sta-
bilizer segment for the GKP states to be stabilized. (d) The mean
value of the stabilizers at the end of each stabilizer segment for
the first 12 cycles, averaged over 100 trajectories.

SSE trajectory from this simulation. The single trajec-
tory approaches the center of the wells of the Josephson
potential (integer multiples of ¢g) in each stabilizer seg-
ment, while retaining support in different wells—reflecting
the maintenance of interwell coherence, consistent with
our discussion in Sec. IV. After three cycles, the Wigner
function of the trajectory has the characteristic GKP grid
structure [Fig. 6(b)], indicating successful convergence to
the code subspace. Indeed, the expectations of the two
stabilizers have relaxed to near unity after two cycles
[Fig. 6(c)]. Sampling over 100 SSE trajectories, we con-
firm that stabilization of GKP states is achieved within
two or three cycles of the protocol (approximately 8 ns)

[Fig. 6(d)].

B. Dissipative error correction

To confirm that the logical information is dissipatively
error corrected by the protocol, we compute the evolution
of the system for many subsequent cycles, after initializ-
ing the system in a randomly selected computational state
[78]. In Fig. 7, we show the resulting evolution of logical
operators for I' = 0 and I' = 1 GHz, averaged over 200
trajectories and using parameters E;/h = 200 GHz, L =
10 wH, C = 60 {F, z,., = 8, and T = 40 mK. Whereas the

tion of logical operators in the (a) absence and (b) presence of
coupling to the resistor, averaged over 200 SSE trajectories, start-
ing from a randomly chosen logical state (see the text). (c),(d)
The logarithm of the logical Bloch-vector length, log|a||?, ver-
sus time, in the (c) absence and (d) presence of coupling to the
resistor—note the different x- and y-axis scales in the panels.
The dashed lines indicate fits used to estimate qubit lifetimes.
The data in (d) are obtained by time coarse-graining evolution of
llo[|? over 400 driving periods before taking the logarithm. The
shaded regions, where visible, indicate the standard error of the
mean in (a) and (b) and the standard deviation from bootstrap
resampling of SSE trajectories in (c) and (d).

logical-operator expectations quickly decay in the absence
of the resistor, for I' = 1 GHz, the logical operators remain
stationary over the entire window that we simulate.

To further illustrate the DEC of the qubit, in Fig. 1(d)
we show the stabilizers and logical-operator evolution for
representative SSE trajectories at 3 values of I'. Evidently,
increasing I" causes the fluctuations of the stabilizers away
from unity to decrease and the logical operator trajecto-
ries to become stationary, implying the stabilization of
the encoded information. Note that the logical operators
for I' = 1 GHz remain stationary in the presence of sig-
nificant thermal fluctuations of the stabilizers, and hence
also the state. This demonstrates that the encoded infor-
mation is successfully decoupled from the thermal noise
from the resistor. Interestingly, it is also possible to distin-
guish individual logical error events for I' = 0.25 GHz in
Fig. 1(d): here, the stabilizers only reach negative values in
a few instances, where rare (but significant) noise-induced
fluctuations take the system over the energy barrier that
protects the qubit. Indeed, the logical operator remains near
stationary between these instances but changes abruptly
at instances where the stabilizers obtain negative values.
We estimate the qubit lifetime via the decay of the logical
state Bloch-vector length, |(a')||>. In Fig. 7(c), we show
the stroboscopic evolution of log||(c)||*> for I' = 0. The
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Bloch-vector length remains near unity for a brief initial
period of little decay, which we expect is due to the finite
time required for the phase-space support of the system
to reach the domain boundaries of the logical operators.
Beyond this point, the data show a clear linear trend con-
sistent with exponential decay of the Bloch-vector length.
From a linear fit [dashed line in Fig. 7(c)], we estimate
a lifetime of 63J_r(1,9 ns, with errors indicating the 95%
confidence interval from bootstrap resampling of SSE tra-
jectories. In Fig. 7(d), we show the evolution of log| (o) ||?
for I' = 1GHz [note the different x and y scales com-
pared to Fig. 7(c)] [79]. The logarithm of the Bloch-vector
length exhibits a clear linear decrease after an initial period
of approximately 150 us where the information is near
stationary [80]. From a linear fit of the data after the
onset of exponential decay [dashed line in Fig. 7(d)] [81],
we estimate a lifetime of I.Sf?:? s (where the errors are
the 95% confidence interval from bootstrap resampling).
While there is significant uncertainty in our estimate of
the lifetime, it is clear that the presence of the resistor
enhances the timescales over which quantum information
is preserved up to macroscopic timescales.

To investigate the scaling of the qubit lifetime with the
dissipation strength, in Fig. 1(b) we show the evolution
of the obtained coherence times as a function of I', for
the device parameters from column three of Table 1. The
data reveal an exponential trend that continues beyond the
1-ms range for ' 2 0.6 GHz, indicating a potential for
significant qubit stability against phase-space local noise.

C. Robustness of gates against switch mistiming

We next investigate the resilience of the qubit to switch
mistiming, Af. Such mistiming qualitatively captures the
effects of both imperfect control as well as the finite rise
time of the switched Josephson junction. This analysis also
serves as a check of the gate infidelity for the native S and
H gates of the qubit (recall that these gates—or a power
thereof—are generated by each stabilizer and free segment,
respectively.

To analyze the effects of finite A¢, for each cycle of
the protocol we have randomly changed the duration of
each stabilizer and free segment by §¢ and —4¢ respec-
tively, preserving the total cycle duration; we have made
this choice to reflect that the period of the signal is pre-
cisely controllable by available electronics. For each cycle,
8t is drawn uniformly on the interval [—A¢/2, At/2], with
At as a parameter that we vary. We expect that this ran-
domly mistimed protocol also captures the dynamics of a
smooth ramp of a realistic switch at a qualitative level.

In Fig. 8, we plot the error rate per S gate (stabilizer
segment) and H gate (free segment), as a function of
At, using parameters E;/h = 200 GHz, L = 2.5 pH, C =
15 fF, I' = 2 GHz, and T = 40 mK. We also include an
analytical estimate based on Eq. (31), combined with the
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FIG. 8. The exponential suppression of the gate infidelity. We
use parameters £;/h =200 GHz, L=25pH, C=151F, T =
2 GHz, and T = 40 mK. The gate infidelity (red; left axis) and
steady-state values of the GKP stabilizers (purple and orange;
right axis) for the native (a) S and (b) H gates of the protocol, as
a function of switch mistiming. The blue dashed lines indicate the
analytically estimated error-rate bound from Eq. (31) (for more
details, see the text). All data points shown are averaged over 103
SSE trajectories.

baseline level from Eq. (9), p(Af) = e M AnfeAR | Do,
where py = e~1/47*0” is the estimated upper bound on the
error rate per cycle in the absence of any protocol imper-
fections. Note that py dominates for A < 12 ps. Evidently,
the error rate exhibits a clear exponential dependence on
At, which follows the analytical estimate reasonably well
down to pg, beyond which the exponential decrease contin-
ues down to a rate consistent with the exponential lifetime
enhancement observed in Fig. 1(b), significantly under-
shooting py. This possibly reflects that pg is a loose upper
bound on the error rate, as discussed in Sec. IV. We also
note that the error per gate remains around approximately
10~° for mistiming Az ~ 10 ps. Given the availability of
pulse train generators with rise times below 10 ps [30],
this suggests that our device may be within reach of current
experimental capabilities, provided that one can control the
Josephson Junction on these timescales (which we discuss
in the next section).

D. Readout

Finally, we have simulated the readout protocol from
Sec. VI, using parameters £;/h = 200 GHz, L = 10 wH,
C = 601fF, T = 40mK, and z,, = 8. We have first gener-
ated characteristic |0) and |1) logical states of the protocol
by evolving initial states with support in only even and
only odd wells of the cosine potential, respectively, for
18 cycles. We have then simulated the evolution of the
system during the readout protocol from Sec. VI. During
step (3) of the protocol, we have decreased the effec-
tive resistor conductance to ge/Cgh = 0.00016, in order
to extend the relaxation time of the supercurrent signal
to the approximately 100-ns range, where it can possi-
bly be detected (see Sec. VI). In the simulation, we have
used the charge-noise strength y, = 0.1 x 10713 ¢?/Hz,
because the smaller value of xe/Crh leads to a lower
tolerance for charge noise.
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FIG. 9. Numerical simulations of the readout protocol (see
Sec. VI). We use parameters E;/h =200 GHz, L = 10 pH,
C =60 fF, and 7 =40 mK. (a) The flux probability density,
(plple), at the onset of step (3) of the protocol, immediately
before the measurement of the squared supercurrent. Here, the
system is initially in a logical state produced by the protocol with
o, expectation 1 (red) and —1 (blue). (b) The evolution of the
squared supercurrent during step (3) of the protocol (supercurrent
measurement), for the two initializations.

In Fig. 9(a), we show the flux probability density,
(plpl@), at the onset of step (3) of the protocol, for the
two different initializations, averaged over 50 SSE trajec-
tories. As described in Sec. VI, the distributions resulting
from the two logical states are confined near integer and
half-integer multiples of ¢y, respectively. In Fig. 9(b), we
show the evolution of the squared supercurrent during step
(3), (I*) = (2eE; /h)?* sin* 2w /¢y), with ¢ = 0 denoting
the onset of the readout protocol. Evidently, the two dif-
ferent logical states result in very different supercurrent
signals, which could be detected by a readout device.

IX. DISCUSSION AND CONCLUSION

In this work, we have proposed a circuit-QED archi-
tecture for a dissipatively error-corrected GKP qubit. Our
analytical and numerical results indicate that the self-
correcting property of the qubit gives rise to an exponen-
tially scaling lifetime, even in the presence of extrinsic
noise or device and control imperfections. DEC leads to
exponential lifetime increase. We have moreover demon-
strated that the qubit supports a set of native, rapidly
operated, and self-correcting single-qubit Clifford gates,
the infidelity of which we expect will be exponentially
suppressed. Also enhancing its appeal, the qubit sup-
ports a native readout and initialization protocol via the
Josephson-junction supercurrent. If similar protocols can
be identified for multiqubit and magic gates, our results
raise the possibility of a self-correcting quantum informa-
tion processor.

A. Experimental considerations

The key technological challenges that we foresee for our
proposal are the realization of a resonator with impedance
12.91 k<2, along with a controllable Josephson junction
with a rapid rise time At. For a given tolerated error rate

per cycle, pemor, the maximal rise time Af is determined
from Eq. (40). For instance, with a tolerated error rate of
Perror = 0.0003 (four standard deviations), which requires
setting £, large enough that Ao < 0.1 [through Eq. (9), we
require At < 0.02/f;c. Using fic = h/4mwe*L, the condi-
tion on the rise time for a four-standard-deviation error
tolerance thus becomes

Atmax ~ 8ps x L[pwH]. (40)

We expect this to be a reasonable estimate for the practi-
cally required rise time of the qubit. Note that the estimate
is in agreement with our simulations (Fig. 8). Recently,
high-impedance resonators have been achieved with L =
6 wH and > 12.9 k€2 [29], leading to a required rise time of
order 50 ps; for other recent realizations of high-impedance
resonators, see also Refs. [8§2—84]. In such a configuration,
we estimate that the gate times of the qubit can be of order
0.5 — 1 ns, while the readout and initialization times can
be of order 75 ns and 300 ns, respectively (see Sec. VII).
This condition on the rise time can be relaxed further if the
current progress proceeds beyond 6 wH inductances.

An approximately 50-ps rise time is, in principle, com-
patible with existing technology: pulse-train generators
exist with rise times below 10 ps [30], while Josephson
junctions have been demonstrated to operate with control
frequencies in the 70-GHz range without succumbing to
losses from quasiparticles and other sources [85]. The main
experimental challenge that we anticipate for our proposal,
then, is to integrate the pulse to a fast-rise-time Joseph-
son coupler. Such an integration could, e.g., be realized
with high-mobility semiconductor-based Josephson junc-
tions controlled by gate electrodes [86,87]. An alternative
approach is superconducting quantum interference device
(SQUID) junctions controlled by flux lines [35,88], where
10-GHz high-fidelity flux control has been demonstrated
[89-91]. A third option is the voltage biasing of one or
more junction terminals [92]. It is also possible that a com-
bination of the above approaches can be used to achieve
the required switch time and high on-off ratio.

Our results show that the self-correcting GKP qubit
is exponentially robust against phase-space local noise.
At the same time, its lifetime may be limited by phase-
space-nonlocal noise, including residual effective Joseph-
son energy of the junction in the free segment due to
imperfect deactivation. Any spurious Cooper-pair tunnel-
ing during due to imperfect deactivation may directly
induce noncorrectable logical errors by generating nonlo-
cal displacements in phase space. We thus anticipate a hier-
archy of independent success criteria for the suppression
rate of the switch:

(a) Suppressing E; well below Af;c will likely lead
to dissipative generation of GKP states, since the
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oscillator evolution in this case will be dominated
by free phase-space rotation in the free segment.

(b) Suppressing £; by many orders of magnitude below
hfic may, moreover, lead to significant lifetime
enhancement from dissipative error correction, due
to spurious Cooper-pair tunneling being effectively
absent over a large number of cycles.

In addition to incomplete deactivation of the Josephson
junction, we expect quasiparticles to be an important
phase-space nonlocal noise source that could limit the
qubit lifetime. Quasiparticle-poisoning events may effec-
tively translate ¢ by up to e, constituting a phase-space
nonlocal process that can potentially cause noncorrectable
logical errors [93]. At the same time, we expect this noise
source to only matter when quasiparticles are accumu-
lated in the capacitor, i.e., when the charge fluctuation
created by the quasiparticle has significant and persis-
tent mutual capacitance with the resonator mode encoding
the qubit. Hence, quasiparticle trapping [94] and device
engineering may offer routes to preventing quasiparticle
poisoning from adversely affecting the qubit. Moreover,
experiments report that poisoning rates in the ms~! range
can be reached [95,96], suggesting that quasiparticle-
induced errors can be rare enough to be efficiently miti-
gated by active quantum error correction.

B. Outlook

Our results suggest that the architecture proposed here
will result in a qubit that is autonomously error corrected
on the physical-qubit level, with a lifetime that scales
exponentially, up to limits set by quasiparticle events and
the inverse residual Josephson energy of the junction in
the deactivated mode. The qubit can, moreover, operate at
temperatures approximately in the 0.1-1 K range and does
not require pristine resonators (we estimate the required
quality factor down to the 200—1000 range; see Table I) or
perfect control over the driving signal or the device param-
eters. Finally, the qubit supports rapid single-qubit Clifford
gates with exponentially suppressed gate infidelity. These
features could significantly simplify the integration of the
qubit into a quantum information processor and facilitate
active error-correction schemes based on the device.

DEC on the physical-qubit level also raises the impor-
tant possibility of parallel control of many qubits. Specif-
ically, the self-correcting properties of the qubit give it an
intrinsic tolerance for deviation of device parameters and
control signals. In particular, varying response to a global
control signal arising from device-to-device deviations
would be corrected by the native stabilization protocol,
provided that the device-parameter errors are within the
thresholds that we have identified in Sec. VII. The ability to
manufacture and control large numbers of qubits in parallel
is a key component to scalable quantum computation and

so far has proved a challenge in superconducting circuits.
Our device offers the exciting possibility of achieving this
lofty goal.

Due to the above advantages, we expect the qubit
proposed here to offer a promising alternative route to
scalable quantum computation, bypassing key scalability
challenges for approaches purely based on active error
correction.

An interesting future direction is to explore whether the
device supports a universal set of native self-correcting
gates, by exploring realizations of self-correcting multi-
qubit and non-Clifford gates, along with the integration
of the qubit into a quantum information processor that
supports efficient universal gate and readout protocols.
It is particularly interesting that our platform supports a
self-correcting native magic (7) gate with the quasimod-
ular encoding described in Sec. V. We speculate that this
mechanism can be leveraged as a resource for protected
magic gate generation—i.e., a magic factory—in a future
quantum information processing architecture [28].
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APPENDIX A: EFFECTIVE HAMILTONIAN IN
COMOVING FRAME

Here, we demonstrate that the Hamiltonian A describes
the evolution in the comoving frame introduced in Sec. IV,
up to an exponentially suppressed correction to the state of
the system. To recap, we consider the time evolution in the
comoving frame, reached through the transformation

V(1) = e 1M where M =round(¢/g). (Al)
We refer to M as the well index operator throughout this
and the following appendixes. Our goal is to show that,
throughout each stabilizer segment, the density matrix of
the system, pi() = VI () p(H)V(?), is exponentially close
to the time evolution generated by A [given in Eq. (17)],

5 = et pyeilt, Specifically, we will show that

_Ey
o — plle S e 7, (A2)
where ||| denotes the trace norm, ||4]| = Tr[vAtA4].

To establish the above results, we exploit that M is an
integral of motion of the dynamics of p(#) in the labo-
ratory and comoving frames, up to corrections of order

E
e_ZWJT [55]. More precisely, we show in Appendix D that
when the system is confined in a finite ¢ range at the
onset of the stabilizer segment, —wypy < ¢ < wygy with
wo < Ej/hfic, then, for any functions f* and g,

I[U.f MD]gMDpolle < %()Ze_HJTWollgIIIU‘ I, (A3)

where ||g|| = max|,<y, [g(w)| and U = e st denotes the

evolution operator of the full system in the laboratory
frame throughout the stabilizer segment. Here and below,
the notation x <y indicates that x is smaller than or
equal to y, up to an O(1) prefactor; in particular, x <
y allows x to be much smaller than y. The initial con-
finement |¢| < @owy is assumed for the initialization (see
the beginning of Sec. IV) and remains justified during
subsequent protocol cycles, where the flux probability dis-
tribution has a Gaussian envelope of width k¢, where x =
Jeoth(2ey/kgT) /7 L (see Appendix F), implying that we
can set wy ~ k after the first protocol cycle [97]. In par-
ticular, recall that A;' ~ (E;/hfic)'/*, while we require

E; > hf;c, such that (E;/hf;c)'/4, and hence also « is
much smaller than E; /hfc.

As a key intermedicate step in establishing Eq. (A2),
we introduce the ancillary density matrix p,, defined by
assigning the phase factor e~*L/ i’ 4o states in well m
before time evolving:

pa = UV poVU'. (A4)
Below, we will show that p, is close to both p.r and p,
thereby establishing Eq. (A2) via the triangle inequality.

To bound the distance between p.r and p,, we note that,
by definition,

o= ViU UV, (A5)
Since spillover of probability support between wells dur-
ing the time evolution with U is exponentially suppressed,
it makes little difference whether we assign the well-
dependent phase factor (through the unitary V) before
or after time evolving, implying that o &~ p,. Specifi-
cally, note that p;s — p, = [U, V1o VU + ViUpo[V, U'],
implying that || ot — palle < 21U, V1ol [98]. Note that
ILU, V1polle is of the form on the left-hand side of
Eq. (A3) with /' (x) = e~*¢L/" and g(x) = 1. Hence, we

find
eot _Er
l0a — orfller S, Wo,/ f@ kpT

To bound the distance from p, to p, we take the time
derivative in Eq. (A4). Using 0,U = —iH,U, we obtain

(A6)

i I
&m=—ﬂ%mﬁ+FHWFWmA (A7)

We next note that UM?U'p, = UM*V' poVU', implying
that
UM?U' p, — M?*p, = [U,M* 1V po VU, (A8)

We use Eq. (A3) to bound the trace norm of the second
term above, with /" (x) = x?, implying that ||f || = w%, and

g(x) = e™¢1/"_implying that ||g| = 1. Doing this, we
obtain
t _Er
LU oo Ul S why [ Foe 7. (A9)
Combining Egs. (A8) and (A9), we find that
ot _Es
IUMPU, pu] = (M. pllle S woy [ ¢ 57 (A1)

030352-18



SELF-CORRECTING GOTTESMAN-KITAEV-PRESKILL...

PRX QUANTUM 6, 030352 (2025)

Using this result in Eq. (A7), we arrive at

i .
atpa = _E[l{s - MzSL: pa] + 5/0&’

[3 E
. &L [K &gt _EL
18 0allte S % Te kgT

Comparing with Eq. (17), we recognize Hy — M?¢; =
H—this follows when using ¢ = ¢ + M ¢q. Thus,

(All)

where

i~ )
0iPa = —ﬁ[H, Pal + 38 pa. (A12)

Finally, we use the above result to bound the distance

between p, and p = et ,ooe’ﬁ !, Using p,(0) = py, inte-

grating Eq. (A12) results in
I T t .77 .77
Pa (t) — e—iHl‘IOOelHt 4 / dse—lH(l‘—S)Sp'a (S)elH(t—S)’
0
(A13)
where we have restored the explicit time dependence. Rec-

ognizing the first term on the right-hand side above as o (7),
we thus find that

t
10a(d) = 5D < f 18 pa(5) . (Al4)
0
Next, we use

. er ot — L1
180w 5 EWS,/ Ee kT,

along with &, ~ h/t.y. Thus, within the stabilizer segment

0 =<1=t,
00— e < 120 f200 =i
Pa— Pllr S —e .
treV h

Combining this result with Eq. (A6) and the trian-

gleinequality [|p — prtlle < 110 — palle + o — Palltr, and
using f; > tey, it follows that

) . _Er
o = Bl S —wiy | e,
treV h

This establishes Eq. (A2), which was our goal.

(A15)

(A16)

APPENDIX B: CONFINEMENT IN CODE
SUBSPACE

Here, we derive the bounds on the spread of S, support
quoted in Egs. (20) and (25).

To recap, our goal is to bound the probability support of
po(t) in the domain |S,| > s as a function of s and time ¢,

Pa(s, 1) = Tr[0(s — $2) ()], (B1)

where p(f) = e ' p(0)e" denotes the evolution gener-
ated by the effective Hamiltonian A and coincides with
state of the system in the comoving frame, up to an
exponentially small correction (bounded in the previous
appendix).

1. Derivation of Eq. (20)

We first derive the bound in Eq. (20). To this end, for a
given k > 0, we introduce the operator

= %2,

Wi (B2)

The positive semidefiniteness of wy and 6 (s — S,) implies
that wy, > e %6 (s — S,) for any s. Thus, for any k£ > 0 and
se[-1,1],

Pa(s, 1) < & (wi (1)), (B3)

where we have introduced the shorthand (wi(f)) =
Tr[wrp(£)]. We now bound (wi(f)) by considering its
equation of motion,

d(wi(®)) = ~Tr (F(OLH, wl) .

; (B4)

We recall from Eq. (17) that 4 = Hy + M@ /L, with H
defined in Eq. (18), ¢ = ¢ mod ¢y denoting the quasi-
flux operator, and M = round(¢/¢) denoting the integer-
valued well index operator. Using [Hy, S»] = [¢,S,] = 0
and [M, S,] = —2isin(2mq/e), we thus obtain

i 3 2
[, wi] = —2ikZ2 sin (ﬂ> Wi (B5)
e

— sl
L

Using that [@, e 279/¢] = 0, we thus find that

o (wi(®)) = — 22(20 Tr (g‘; sin [th]e_JCSzzﬁ(t)e—kSzz> .
(B6)

Note that e ®2/25(f)e~*52/2 is a positive semidefinite
matrix with trace (wy(¢)); we can thus view it as a rescaling
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of the density matrix p;(f), defined in Eq. (21), i.e.,:

(= ——F e F B7)
1) = e 2 He 2.
PEO= ey "
Combining Eqs. (B6) and (B7) we thus find that
(Wi (D)) = —kve (1) (wi(9)), (B8)
where
2 2
@) = 27| pegsin ( ZL) . (BY)
hL e
Formally integrating Eq. (B8) yields
(wi(0)) = e Fh O G0y (0)), (B10)
implying that
Pas, 1) < T4 0 (0)), (B11)

with Asi(f) = —k [, dt' vi(t').

We now recall from Sec. IV that we have assumed the
S, support of p(0) [and hence also p(0)] to be confined to
the region S, > s¢. In this case, (w;(0)) < e 0 implying
that, for any £ > 0,

Pa(s, 1) < e Hos=as®], (B12)
Combining Egs. (B7), (B9), and (B12), this establishes
Eq. (20), which is the goal of this subsection.

2. Derivation of Eq. (25)

Here, we derive Eq. (25). We establish Eq. (25) from
Eq. (B11) by fixing k = ko, where ko = 1/271% [99], and
computing (wy,(0)) for a state stabilized by the protocol.
To this end, we note that

o0

dx ps(xe)e
o0

g ) = [ owsemo - (B13)

where p,(x) = Tr[6(q — x)p(0)] is the charge probability
distribution of the system at the onset of the stabilizer seg-
ment. Since a free segment maps ¢/¢@y to g/e, p,(x) is
given by the flux probability distribution at the end of the
previous stabilizer segment with this rescaling. Using the
flux distribution from Eq. (13), we thus find that

e—xz/kze2
Pg(X) X ———.
1 V2meh

Using the above result, we compute Eq. (B13) via the
saddle-point approximation, which is valid when A <« 1

(B14)

(and hence also ky > 1). For k = ky, the exponent of the
integrand in Eq. (B13) attains its maximum around x = 0,
where it scales as —1/272A%(1 + %n“x“). In the regime
A < 1, this integral is dominated by the contribution near
x = 0 and thus

1 o0 1 2 4.4
(Wiy (0)) ~ / dre~ s (1+74) (B15)
—00

N2 A

Evaluating the integral, we find that

05 __t_
(wiy (0)) S —= e 2%

B16
7 (316
Inserting this in Eq. (B11), we conclude that
~ 0.5 =1+ 5+ Asy (D)
Pa(s,0) S 7P |: 5752 } . (B17)

In the limit As (1) < 1, and suppressing the sub-
dominant power-law prefactors, we recover Ps(s,?) <
exp [(—1 4 5)/(27?A%)]. This establishes Eq. (25), which
was the goal of this subsection.

APPENDIX C: BOUND ON LOGICAL ERROR
RATE

Here, we establish the bound for the logical error rate
quoted in Eq. (26). To recap, we are interested in bounding
the change of the logical expectation values in the evolu-
tion generated by H, after the system has converged to the
fixed point in the code subspace (see Sec. IV A); i.e., we
seek to bound |85;|, where

é0; = Tr[p(ts)0:] — Tr[p(0)oi] (CI)
and p(0) is the density matrix at the onset of the stabilizer
segment, after the system has converged to the fixed point
of the protocol, as described in Sec. IV A.

Below, we establish bounds on 86y, 85,, and 85, sepa-
rately. The derivation is quite independent for each logical
operator and, for 66, and d5,, involves multiple trian-
gle inequalities; we therefore devote a separate subsection
to each logical operator, in the order §a, (Sec. C1), oy
(Sec. C2), and 5, (Sec. C3). From these derivations, we
obtain the following inequalities:

. P
86| S ——e 7, (C2)
)"itrev
. soty K32 _E £ 1
166, < 22 L5 omr o S T, (C3)
A N VY A3t
rev Trev
5 sots i3t _ EL
186.1 < [ e T, (C4)
h trev

where x = +/coth(2e¢/kgT) /7 1o denotes the dimension-
less GKP envelope width and ey = /4w hf;cE; denotes
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the characteristic excitation energies in the wells of the
cosine potential from the Josephson junction. As in the
main text, x < y indicates that x is bounded from above
by y, up to multiplication by some O(1) constant. In par-
ticular, we emphasize that x < y allows x to be arbitrarily
smaller than y.

Using that we work in the regime A < 1, #; > ey, and
A% < 22+ kpT/m?E; (see Appendix E), the results above
thus imply that

21 [eoty 1
18611 S 3 °"x[—

2N h ksT/E; + m2A3

rev

} . (C5)

Suppressing the power-law prefactors, this establishes
Eq. (9).

1. Bound on éo;

We first establish the bound for 6o, in Eq. (C4). The
derivation is structured as follows. First, we show that 85,
is exponentially close to the change of the expectation of
o, in the laboratory frame over the stabilizer segment.
Second, we show that the latter—giving the net flux of
probability support between the wells of the Josephson
potential—is bounded via an Arrhenius law.

To relate 86, to the change of o, in the laboratory

E
frame, we recall that || or(£) — 5Dl S ’ieis,/ gots/ heiWIT
[Eq. (A16)], with p(£) = VI(£)p(£)V(?) and V(f) denoting
the transformation to the comoving frame introduced in
Eq. (14). Next, we note that /' commutes with o, implying
that Tr[p,(f)o,] = Tr[p(¥)o,]. We now have

ITt[AB]| < [|4]l«[IBII, (Co)

where, for any operator A4, ||4||y and ||4]| denote its
trace and singular-value norms, respectively, |4y =

Tr{vVATA] and |l4]| = supy , (Y |4I)]/ T T) (@11

Using ||o;|| = 1, we thus find that

3 J
Tilp (0] ~ Tl < 0[S (o)

rev

We next note that Tr[p(¢)o.] gives the net imbalance of
probability weight between the even and odd wells of the
cosine potential from the Josephson junction in the state p.
The flow of probability support between the wells is sup-
pressed via the Arrhenius law, i.e., is exponentially small
in2E; /kgT. For example, Ref. [55] has shown that the flow
rate of probability support between even and odd wells is

2L .
of order gg/he %87, leading to
ZEJ

3,Tr[po.] ~ %Oe Bl (C8)

Using the triangle inequality, |f (1) — f (0)| < [y dr|3/ ()],
it follows that

got _2E/

ITt[p(Ho.] — Tr{p(0)0.]| < 7 ¢ BT (C9)

By combining the above result with Eq. (C7) and using the
triangle inequality, we thus obtain

[ &0l e_ﬁ,
trev h

which was what we wanted to show.

165: < °

(C10)

2. Bound on é0,

We next establish the bound on |§6;| in Eq. (C2). The
derivation has two steps. First, introduce a regularized
logical operator:

o = frq/e), (C11)
where f,.(x) (plotted in Fig. 10) is given by
x| <1/2 —«
0= { 12— /e, l>12-a €12

where @ = 1/v/2 and f,.(x) = —f,.(x + 1) defines f,(x) for
all other values of x. The function f,.(x) can be viewed
as a continuous generalization of the crenellation function
E(x). In Sec. C2a, we show that, for state p(¢) stabi-
lized with the protocol, the expectation values of 7, and
o, coincide up to exponentially small deviations:

1
_e 7232 .

f\/ \/—
Second, in Sec. C2b, we show that Tr[p(f)t,] is near
constant throughout the stabilizer segment:

ITr{p (o] — Tr[p () 7] (C13)

THA(n] — TIAO)L] S —2—e 27, (Cl4)

A2 ey

Equation (C2) follows when combining these two results
along with A « 1, ¢, > t., and using the triangle inequal-
ity.

We now proceed to derive Egs. (C13) and (C14).
Throughout the remainder of this section, we will suppress
the time dependence of all quantities, unless otherwise
noted.

a. Derivation of Eq. (C13)

To establish Eq. (C13), we first note that f.(x) =
Ex) for |x|] <1/2 —a. As a result, o, — 7, only has
support in the region S, <s,, with s, = —cos(ra).
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nonnn.
RNV

FIG. 10. A plot of the function f;(x).

fa(@)

Hence, o, — 1, = P2(sy)(0y — Tx)P2(sy), Where Py (s) =

0(s — S,), implying that

ITr[pTe] — Tr{pox]| = ITt[P2(se) pP2(50) (0x — T)]I.

(C15)

Using |Tr[4B]| < ||4|l«||B]l, we find that
ITr[pTe] — Tr[pox]| < [1P2(5a) pP2(Se) e llow — Tell.
(Cl16)

Since oy — 1, = E(q/e) — f,(q/e), the eigenvalues of
oy — T, are bounded by 1, implying that ||o, — 7o < 1.
Moreover, since P,(sy)pP2(sy) is positive semidefinite,
[l 4]l = Tr[A] for positive semidefinite 4, and P3(s) =
Py(s), we find that [|Pa(sq)pP2(so)lle = Tr[pPa(sa)]-
Recognizing Tr[pP;(s¢)] = Pa(sy), with P,(s,) defined
above Eq. (20), we conclude that

ITr[pc] — Tr[pox]l < Pa(se). (C17)
Next, we recall from Eq. (B17) that for states stabilized by
the protocol, and with As, (1) < 1,

1 _ 1=sg
Pi(sq) S —=e 2082, C18
) 7 (C18)
where s, = —cos(2ra) and with O(1) prefactors sup-

pressed. Since o = A/+/2m and we work in the regime
A < 1, we find that s, &~ —1 4 A2, implying that

1
Pa(se) S e Cah2,
\/_
where we have again suppressed O(1) prefactors. Using

this in Eq. (C17), we recover Eq. (C13), which was our
goal.

(C19)

b. Derivation of Eq. (C14)

To establish Eq. (C14), we consider the equation of
motion for Tr[z, 0], which can be written

aTTpE) = 3 Tr(in, H17),  (C20)

where H is given in Eq. (17). To evaluate the commutator,
we recall H = Hy + Mgyp/L, where M = round(g/¢y),

@ = ¢ — Mg,, while H—defined in Eq. (18)—is exclu-
sively a function of ¢, ¢, Hg, and Qgr. Since 7, is a
2e-periodic function of ¢, it commutes with any -
periodic function of ¢, i.e., operators that can be writ-
ten as functions of ¢@. As a result, [7,,¢] = [te, Ho] =
0, implying that [z, H] = [y, M]po@/L. We next note
that [t,, M] = 1/@o[ts, ¢ — @], implying that [7,,M] =
1/@o[x, ¢]. Since [g, 9] = —ih, we thus conclude that

h
[te, M] = —l;f/(CI/E)- (C21)
Thus we find [100]
o PR,
[0, H] = i7—1o (q/e)- (C22)
e

We now use that

/ X z
K=", X =) 0—lg/e—z—1/2D(1 .
(C23)
Using this together with Eq. (C20), we find
~ 1 .
o/ Tr[pt] = ——Tr[ppX]. (C24)
eLo

Note that X only has support in the subspace with S, <
Sq. Thus X = Py (s4)XP>(s). We also recall [¢,S5,] =0
[57], implying that [@, P»(s)] = 0. As a result, Tr[ppX ] =
Tr[P2(sa) pP2 (o)X ]. Using |Tr[AB]| < [|4]|«||BIl along
with [|P2(sa) pP2(se) e = P2(so) and [loX || < [l IX ]| =
©o/2, we conclude that

19, Tr[pze]| <

2B (s5a). (C25)
Lo
To simplify the prefactor, we finally use that ¢y /e = h/2¢?,

which coincides with the resonator impedance /L/C. Also
using ~/LC = tyy, we find that L = ., /e. Thus,

T < 220

o ev

(C26)

Recalling that « = A/+/27 and using Eq. (C19), we thus
find that

1
19, Tr[pTe]l < e %2, (C27)

A2ty

where we have also used +/2m ~ 1. We obtain Eq. (C14)
by integrating over time, using the triangle inequality. This
concludes this subsection.
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3. Bound on 40,

We finally establish the bound on 66, (f) in Eq. (C3).
The derivation proceeds in two steps. First, we introduce
a scalar quantity )(¢), which we show is approximately
identical to Tr[p(f)o,] (Sec. C 3 a). Specifically,

Y@ = e U0V (0o p(O VU (0], (C28)
where U(f) = e~ is the evolution operator in the labo-

ratory frame and V(f) generates the transformation to the
comoving frame [Eq. (14)]. In Sec. C 3 a, we show that

1
67 2,2

|y<t>—Tr[ﬁ<z>oy]|s\/%°” he B T (©9)

trev

Second, in Sec. C 3 b, we show that ) (¢) is near constant
over the stabilizer segment:

_Er _
gols K3t§e BT te 72?2

h ﬁt%ev

V() —YO)| S

3
A2 brey

(C30)

Combining these two results via the triangle inequality and
using #; > fey,t and A < 1, we establish the bound on éo,
quoted in Eq. (C3).

The remainder of this subsection is devoted to deriving
Eq. (C29) (Sec. C3 a) and Eq. (C30) (C 3 b). In this discus-
sion, we suppress the time dependence of all quantities for
brevity.

a. Derivation of Eq. (C29)

To establish Eq. (C29), we first use the triangle inequal-
ity along with 0, = ioy0, to write

|y - TI‘[,(SO'y:” = |y - iTr[/STxaz]| + |iTI’[§(‘[xO'Z - Uxaz)|-
(C31)

We now bound the two terms on the right-hand side
separately.
To bound |) — iTr[pt.0.]|, we note that ¥ — iTr[pt,0.]
= iTr[t,(Z — 0,0)], where
Z=UVo.pVU". (C32)
This follows from Eq. (C28). Using |Tr[4B]| < [|4]|«||B]|
along with ||z;|| = 1, we find that
|V = Trlpoy]l < IZ = 0:p ]l (C33)
To bound the right-hand side, we introduce the ancillary

density matrix p, = UV’ poVU", which has also been con-
sidered in Appendix A [see Eq. (A4)]. Using the triangle

inequality, we find that

1Z — 0.0l < I1Z = 0zpallc + llozpa — 020 lir. (C34)
We bound the second term on the right-hand side above
using [|4Blle < [ 4[llIBll [101] and |[loz|| =1, implying

that ||0.0, — 020w < lpa — Pllwe. We now recall from
Eq. (A15) that

t _Ej
10a — Blle S i | e,
trey h

where wy denotes the ¢ support range of py in units of
@, such that py has ¢ support confined within the inter-
val [—wogo, Wwogo]. Since we consider the dynamics of
stabilized states, the flux distribution of py has a Gaus-
sian envelope of characteristic width « (see Sec. IV A),
implying that we may set wy ~ « [97]. Again using that
|4B|ler < IA||l|IBllir and [lo- || = 1, we find that

3 E
- tk oty — LI
o0 — 02 pallte ,S e T,
trev h

To bound the first term on the right-hand side of Eq. (C34),
we use the definition of Z in Eq. (C32) to write

(C35)

(C36)

I1Z — o palle = [0z, UV polls- (C37)

Here, we have used that ||L/X || = || X || for any unitary
operator U and [V'', 0.] = 0. We next use the inequality in
Eq. (A3), noting that the right-hand side above is of the
same form as the left-hand side in Eq. (A3), with g(x) =

e~eut/h and f(x) = (—1)*. Using that |[f || = [l = 1,

we find that
[eot —EL
IS — oz palle 5 K 73 kBT

Combining this with Eq. (C33) and (C36), we obtain

- tc® [eoty _Er
Y = iTt{pro.]| S —— e 7
tl'CV h

This bounds the first term on the right-hand side of
Eq. (C31).

We next bound the second term on the right-hand side
of Eq. (C31), |Tr[p(ty0. — 0y0.)|. We first recall that o, —
Ty = PZ(Sa)(Ux — T)P2(5q), where PZ(S) =0(s— SZ) [SCC
the text above Eq. (C15)]. Thus,

(C38)

(C39)

|Tr[('5x - O'x)o'zﬁ]l = |Tr[ﬁP2(Sa)(O'x - Tx)P2(Sa)Gz]|'
(C40)

Note that P, (s) is a function of S, and, hence, [P, (s),0,] =
0. Using this fact, along with |Tr(4B)| < ||4|l«|BIl,
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||az(ax - Tx)” = 1, and ”PZ(Sa)/;PZ(Sa)”tr = PZ(Sa), we
find that

|Tr[(fx - Gx)azﬁ]| = PZ(sa)- (C41)
1
Since @ = A/+/27 and Pi(sq) < \/Lxe_ =22 [Eq. (C19)],
we find that
1 1
|Tr[(fx - O'x)o'zﬁ]l 5 ﬁe Th2, (C42)

Combining Egs. (C42), (C39), and (C31), we obtain

K3ty [eot _ Er | S
|Y — Tr{po, ]| < —,/—e BT 4 —¢ 22, (C43)
Y e VR NG

This establishes Eq. (C29), which was the goal of this
subsection.

b. Derivation of Eq. (C30)

We next derive Eq. (C30), which bounds the change of
Y over the stabilizer segment. To this end, we note from
Eq. (C32) that

;Y = Tr[1,0:Z], (C44)

with Z = UV'o.poVU'. defined in Eq. (C32). Using V =
e~ieL™M/h [ — o=itts and H = H, — e, M?, where M =
round(¢/¢o), explicit computation yields

0Z = —%[I:I,Z] + 87, where
. (C45)
. l
87 = FL[(UMZUT—MZ),Z].

Thus,

8,y = %Tr[S[I:I, 7] + Tr[z8Z]. (C46)

We now bound the two terms on the right-hand side above
separately.

We first bound Tr[z,8Z]. We first note that, since
ITr[4B]| < [ 4]l 1B]l and |[z.ll = 1, [Tr[:8Z]| < [|8Z]|er-
To bound ||§Z], we note from the definition of Z in

Eq. (C32) that
82 = Z%L (IU, M* 1V 0. po VU + UV 0. po VU, M?]) .
(C47)

Using | Tr[z.8Z]| < ||8Z||« along with the triangle inequal-
ity, we thus find that

&L &L
+ v, M* Vo polle + - ILU", M1V 0l

(C48)

ITH{z.82]] <

We can use Eq. (A3) to bound the two terms on the
right, with £ (x) = x* and g(x) = e eLt? /h=itx apd gx) =
=15 /1 for the first and second terms, respectively. Using
If | = wj ~ k? (see Note [97]), this analysis yields

3 E
. Eol _ &L
ITi{2,67)] < — | Lo BT,
heyV I

We next bound the first term on the right-hand side of
Eq. (C46), (i/ h)Tr([Hs, t,]S). To this end, we first recall
[H,t.] = (¢h/Lea)X, where X = > . 0(a—lg/e—z—
1/2))(—1)? [see Egs. (C22) and (C23)]. Thus,

(C49)

Tr[Z[H, t]] = %Tr[Z@X]. (C50)

Next, we insert Z = 0,0 + (Z — 0,p), resulting in

Tr[o:ppX ] i I — 0:p)¢X]

Tr[Z[H, t.]] = &
M21H, wll Lex Lex

(C51)
We first bound the second term in the above numera-

tor. To this end, we use |Tr[4B]| < ||4|l«||B]l and ||oX || <
IX1Il@ll = ¢o/2, finding that

ITt[eX (Z — 0:p)]I S %II(Z —020) [l (C52)

Next, we use the triangle inequality,

IZ —0:p)lle = IZ = 0-pa) e + l0=2(P — pa) llr-

(C53)
Recalling from Egs. (C38) and (C36) that
feot L
1(Z — 0:0u) It S, K Ee kBT, (C54)
- 3 [eot _kLJT
lo=(p = p)lle S . fe 3%, (C55)
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we thus find that

i3 [eogt _Er
ITH(Z — 0. p)dX ]| S T [ e,
2trey h

(C56)

We now bound the first term on the right-hand side
of Eq. (C51). To this end, we exploit that X only has
support for S, <s,, implying that X = Py(s4)XP>(ss).
Also using |Tr[4B]| < ||A|l|Bll« along with [P2(sy), ¢] =
[P2(s¢),0:] = 0 and [|P2(s) pP2(s) le = P2(s), we find that

ITt[0.p@X ]| < Ps (sC,)%. (C57)

__1_
Recalling that P;(sq) < %e =222 [Eq. (C19)], we obtain

1
ITr[o.pGX 1| S %e‘ (C58)

Combining Egs. (C56) and (C58) with Eq. (C51), and
recalling o = A/+/2m, we conclude that

1

_Es .
1 ~ ©o sot k3te” BT e 22
T Z[He, Tl S — |/ &+ +
h ’ * Le h \/Xtrev )\,%

(C59)

Using ¢o/Le = 1/L(~/L/~/C) = 1/t,ey and combining the
above result with Egs. (C49) and (C46), we find that

|
[eot K3(1 + t/N Myey) _Er e 7222
10,Y] < %&e BT 4

trey A2ty

(C60)

Integrating the right-hand side from # =0 to ¢t = ¢, and
using k > 1, A < 1, and ¢, > t.,, we obtain Eq. (C30),
which was the goal of this subsection.

APPENDIX D: DERIVATION OF EQ. (A3)

Here, we derive Eq. (A3), which is used in Appendixes
A and C. Specifically, we consider an initial state py that
is confined inside the wells of the cosine potential from
the Josephson junctions (see Sec. IV) and has its ¢ sup-
port confined to a finite interval, || < wygy, where wy <K
E;/hfic. Below, we show that for this state, and for any
two functions f* and g of M = round(¢/¢y),

ot L
U@, fADIgM)polle S I g lwoy 7€ 7, (DI)

where we have suppressed O(1) prefactors, |g|| =
maXxiy|<w, |gx)|, and U(r) ="' is the evolution oper-
ator of the combined circuit-resistor system during the
stabilizer segment.

To establish Eq. (D1), we first introduce the shorthand
for the argument on the left-hand side above,

A4 =[U@),f(M)]g(M)po.

Our goal is thus to bound |4|y. To this end, we
firstinsert 1 = ) _P.,where P. = 6([z + 1/2] — ¢)0 (¢ —
[z — 1/2]), to obtain

A= Z ZPZ UOPypolf (2) — f (W)]g(w),

W z#EW

(D2)

(D3)

where __,, denotes the sum over all integers z between
—wo and wy distinct from w, while ) implicitly sums
between —wy and wy. Next, we use that for any operator

O, |10p|ly < /TI[OTOp] [102], leading to
Alle <2 18IV Aelf @) —f 0P

woozFEW

(D4)

where J,,, = Tr(UP,,poP,,U P,). Next, we use that
If @) —f W) < 2|f || and |g(w)| < llgl| to write

4lle < 207 1l DY Ve

woozFEW

(D5)

We recognize J,,, as the total probability flow from well
w to well z over the time interval from 0 to ¢z. Due to the

energy barrier of order 2E; between the wells, the rate of
E

o Er
probability support escaping well w is of order p,.e 27 %0,
with p,, = Tr[P,,po] denoting the initial probability weight
in well w [55]. As a result,

LB
Z |sz| ,S e kBT&Otpw/h-
ZF#W

(D6)

Using that the sum runs over 2w + 1 terms and that, for

any vector (vy,...vy), Zf;l Vol < «/ﬁ,/zi |v;| (a con-
sequence of the Cauchy-Schwartz inequality), we thus find
that

(D7)

E
S Ve s e 2 i

z#W

Using YN, ol < /N> vl again, along with
> .pw=1,wefindthat )" /b, S /Wo. Thus,

_Er t
Y Vs e 08)
woozF#EW
Combining this with Eq. (D5), we obtain
_Er feot
[Alle S I NlIglle %7/ = o (D9)

This establishes Eq. (D1), which was the goal of this
appendix.
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APPENDIX E: INEQUALITY FOR SQUEEZING
PARAMETER

Here, we show that the thermally renormalized GKP
squeezing parameter, A = +/coth(2¢&y/kgT) )y, satisfies

2 kT

+ A3,
o 7T2EJ

(ED)

where &9 = /4w hficE; denotes the characteristic exci-
tation energies in the wells of the Josephson potential
and Ao = (hfyc/47°E, J)l/ * denotes the zero-point fluctu-
ation of flux in these wells, in units of ¢y. This result
is used in Appendix C. To this end, we use coth(x) <
1 +x71, implying A2 < A2 + A3kpT/eo. Eq. (E1) follows
by inserting &y = 472A2E; and using 47% > 7. Note also
that a tighter bound can be established using coth(x) <

VT2, leading t0 22 < \ /3 + (4n2E; [kn )2,

APPENDIX F: ENVELOPE OF CHARGE AND
FLUX PROBABILITY DISTRIBUTIONS

In this appendix, we show that the envelope of the
charge and flux probability distributions for stabilized
states in the system are approximately given by Gaussians
of standard deviations ke and x ¢y, respectively, where

KE«/—coth(%o/kBT)’ = hfic 1/4. ED
Ao 4m3E;

To obtain this result, it is convenient to first consider the
charge probability density of a stabilized state, convolved
with a Gaussian smoothening kernel of some given width
o,

1 o0 a2 /262 o
N/EO'/ dgre” 028G — q1), (F2)
—0oQ

where g is the charge operator; here, we have intro-
duced the * accent to avoid confusion between operators
and scalars. The above definition implies that (W, (g¢)) =
1/¥270 [ dgie™ =102 b (q1), where p,(x) = (8(4 —
x)) is the charge probability distribution of the system. In
this sense, Tr[ 5 W, (¢o)] gives the charge probability distri-
bution in the state p, when smoothed by a Gaussian kernel
of width o.

We now compute (¥, (g)) for a state stabilized by the
protocol in the main text, p. Below, we will exploit that
stabilized states have all their ¢ support confined near inte-
ger multiples of ¢y. In order to do this, we first compute
the matrix elements of ¥, (¢) in the ¢ basis, {|¢)}, where
lp) is the eigenstate of ¢ with eigenvalue ¢ and normal-
ization (p|¢’) = 8(¢ — ¢"). Using that (¢|8(q — q1)l¢’) =
e~ w=¢)/ in Eq. (F2) and completing the square

W (q0) =

leads us to

- , 1 90 gy lg=e)?
(@IWy(qo)le") = Pl h 2890, (F3)

where Agp, = h/o. When o > e, Ag, is much smaller
than h/e = ¢y/m. As a result, <<p|I7V(p(q0)|<p’) is only
nonzero when | — @] K ¢o. Since (p|ple’) is only
nonzero if ¢ and ¢’ are within a distance of approximately
Ao from multiples of ¢y, we thus find that

1 —oH2 .
[z4+31%0 —%—l(]ﬁo(w—(p/)

Wolg)) = / Polplplg))e 5% :

— J-lz+11p0

(F4)

with the shorthand [”d? = ["dy ["d¢’. This result
holds for ¢ > e and A < 1. We recognize the above
integral as

% _ =0 190 oy
/ Polglplgre i 1

o0

where p, is the projection of p into well z, defined as the ¢
interval [z — 1/2]go < @ < [z + 1/2¢0]. Using Eq. (F3),
we can rewrite the integral as 1/2mh)__Tr[W,(q)p-],
leading us to

A 1
Wo(g0)) = > — gTr[WU (@)p:]- (F5)

We next recall that p, describes the thermal steady state
of a harmonic oscillator of vacuum fluctuation length A¢
and excitation energy g (weighted by the total probability
of finding the system in well z, p, = Tr[p.]). The charge
probability distribution for this state is given by

2
91
& T 22

e kte
Jek

Combining Egs. (F6) and (F2), and using the convolution
rule for Gaussian distributions, we find that

Tr[p-6(q — qD)] ~ (F6)

— 42
b )

V202 + k2e?]

Inserting this into Eq. (F5) and using ) __p. = 1, we finally
obtain

Te[ W, (9)p.] =

1 ¢

Wa’ ~ T k224202 . F8
@)~ e (F8)

Recalling the convolution rules for Gaussian distribution,
this result is consistent with the envelope function for the
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charge distribution being given by a Gaussian with width
Ke.

To infer the envelope of the flux probability distribution,
we note that this envelope is given by that of the charge
probability distribution, after the rescaling g/e — ¢/@o;
thus, the envelope of the flux probability distribution is a
Gaussian of width k¢y.

APPENDIX G: EMERGENCE OF PEAK
STRUCTURE IN THE CHARGE PROBABILITY
DISTRIBUTION

Here, we demonstrate how the characteristic fractal peak
structure of the charge probability distribution in Fig. 5
emerges—Ileveraged in the readout protocol discussed in
Sec. VL.

When dissipatively stabilized, the system will initially
be in a thermal mixture of coherent superpositions of low-
energy states of the wells of the cosine potential from the
Josephson junction. We consider one of such superposi-
tions, writing it as |y (0)) = Zm,u Cmplm, (), where |m, 1)
is the state with wave function (¢|m, u) = ¥, (¢ — mgy),
with

2

[
T 5,2 2 —1/2
Vu(p) = e 0% H, (9/hopo) Q4121002

where H,, (x) denotes the pth Hermite polynomial, i.e., the
puth excited state of the harmonic oscillator corresponding
to well m. For superpositions of low-energy-well states,
Cm,y 1s only nonzero for i < 4/1/A. Note also that ¢, is
nonzero only for even or odd m when the system is in an
+1 or —1 eigenstate of o,, respectively. Since the system
is dissipatively stabilized, (S,) ~ 1, and the superposition
is phase coherent: ¢;,, & Cipt2,p-

We now consider the evolution of [¢(0)) during
the stabilizer segment (neglecting the effects of dissi-
pation, which can be analyzed via the approach from
Sec. IV). After evolution with H; for a time ¢, the
state of the system is hence given by e 5|y (0)) ~
Zm Cn,Me_i[m28L+M80]l/h|m, l‘L)-

To obtain the charge probability distribution, we
consider the evolution of the Wigner function of
the system, W(p,q,0) =1/mh [*_d¢' (9 +¢'|p®)]e —
@')e*#/" from which we may obtain the charge prob-
ability distribution through p(q,?) = [deW(p,q,1). A
straightforward derivation shows that

pqm=n) . 22 B
Wip,q,1) = Z Coup €™ @ Filer (m®—n)+eo (u n)]t/hwlm

m,n, iL,1

% (%M,q), (G1)

where w,,(¢,q) is the cross-term Wigner function of
eigenstates u and n of the harmonic oscillator correspond-
ing to the central well:

1 *© / ’ igp’
W (0,9) = %/ do (@ + @ (@ — )N,
G2)

Introducing / = m + n, such that (m*> —n?) = [(l — 2n),
along with e, = wh2mf;c/2, we find that

W@, 0) =) ) e Wy (0 — Ipo /2, )"
leZ u.n

2
X (q—le%d)a 1)

= Z cﬁn,ucn,n e—niq(l—Zn)/e. (G3)
n

Since ¢, & cpi2., €ach £,/ (q) is sharply peaked around
q ~ ze for z € Z; i.e., each f,(q) is a nascent Dirac comb
with periodicity e. Since ¢; is only nonzero when /=
s mod 2, the sign of the peaks alternate based on the par-
ity of n. Since wy, (¢, q) is sharply peaked around ¢ = 0,
W(¢, q,0) has its support confined as peaks near (¢,q) =
(n1¢o/2,n2e/2) for integer n; and n,, with corresponding
sign (—1)¢t"0™2 This grid structure is clearly visible in
Fig. 5(b), where we plot the Wigner function numerically
obtained for the system in Fig. 5(a) at ¢t = 0. As ¢ increases
[see Eq. (G3)], the column of peaks where ¢ = @on; shifts
in the positive ¢ direction with velocity wn;efyc.

When ¢t = a/b(t;c/27) for integers a and b, peaks from
columns where an; ~ ¢ ( mod b) align at values g/e =
c/2b. Thus, the charge probability distribution, p(g,f) =
[ doW(p,q,1), has its support confined around values g =
ec/2b for each integer c. However, due to the alternating
sign of peaks in columns where n; and s have opposite par-
ities, the peaks of the Wigner function will only interfere
constructively at values of ¢ with parity s, provided that b is
even. This interference is indicated with the dashed arrows
in Fig. 5(a) at t = 7,¢/87. Consequently, p (g, t) consists of
peaks centered at values g/e = (2n + s)/b where n € Z.
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