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I Charge Partition Between Head and Tail of Tadpole

Consider an asymmetric diblock polyampholyte chain in a good/poor solvent. We denote
Ny the number of monomers in the positively charged block, and N_ is the number of
monomers in the negatively charged block (for definiteness, we assume Ny > N_). The
fraction of charged monomers f is the same in both blocks. The number of positively
charged monomers is N, f. The scaling theory and free energy analysis in the © solvent
have been constructed in ref. 1.

First, we consider a good solvent case. In tadpole conformations, the almost neutral head
is formed by oppositely charged blocks, and the tail is formed by an extended polycationic

block. To derive the equal electrostatic potential criterion used in the main text

Qhead ~ Qtail

— )
Dhead ltaﬂ

(S1)

we carry out the free energy analysis as in ref. 1. We assume that the head contains 2N_+ Ny
monomers (N_ monomers from the negatively charged block and N_ + N}, monomers from
the positively charged block), and the tail contains N, — N_— N, monomers. The free energy
of the head can be written as the sum of the energy of Coulomb correlation (fluctuation)
attractions between the oppositely charged monomers in the head, the surface free energy
of the head, and the Coulomb self-energy of the head due to its net nonzero charge
(uf?)2/2 N2

U5/21(2N_ + Nh)1/3
(S2)

Fhead =~ =0 YT (wf?)ST(2N_ + Np) + v~ 22 (uf?) 02 2N_ + N3 +

The free energy of the tail is the free energy of a stretched polyelectrolyte chain in a good

solvent:
Ftail

oy TN, - N = N (33)
B

The equilibrium condition for the charge partitioning can be found by minimizing the free
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energy of the tadpole, Fiadpole ™ Fhead 1+ Fail, With respect to the number of excess monomers

in the head Ny:

aFtadpole

ot ~ —v_1/7(uf2)5/7 +v_2/21(uf2)10/21(2N_ " Nh)_1/3
h
uf? 25/21 p\ uf? 25/21 \j2 B
+= 2(1 ) : 13~ .5 2(1 ) = 13 Y 1/7<Uf2)5/7 (S4)
V3L (2N_ + Ny)Y/3  03/2L(2N_ 4 N, )%/

By setting the derivative to 0, the free energy is minimized, and (in the limit of NV, < N_)

the NV}, value is approximately equal to
Ny, ~ U2/21(uf2)—10/21N1/3 ~ v2/21(uf2)_10/21]\71/3 (S5)

The above free energy analysis shows that the dominant contributions to the chemical po-
tential of the monomers in the head and tail come from the Coulomb self-energy of the
head and the tail, respectively. As a result, eq. S5 from free energy analysis aligns with the
requirement of the equal electrostatic potentials of the tail and head given by eq. S1 with
Ghead = Np f .

In a poor solvent, the PE tail becomes unstable with respect to the classical PE necklace
formation. Thus, the diblock PA forms one major head, and its tail represents the PE
necklace. We continue assuming that the head and the tail contain 2N_ + N, and N, —
N_ — N, monomers, respectively. The free energy of the head is analogous to that in a good

solvent:
o (uf?)NE
(2N_ + N)1/3

Fhead ~ —V2(2N_ 4+ N;,) + 03 (2N_ + N,)?/3 + (S6)

The free energy of the PE necklace tail consists of 5 parts:? the additional energy of corre-
lation attraction in the PE beads F¢d ~ —¢?(N, — N_ — N},), the Coulomb self-energy of

the beads and the surface energy of the beads F2 ~ FPead ~ |y|(uf2)/3(Ny — N_ — N,),

surf

and the surface energy of the strings and the Coulomb self-energy of the entire necklace tail

Bt o~ Frail o~ |o|Y2412 (N, — N_—Nj,). We note that the energy of correlation attractions

surf —
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is not explicitly expressed in ref 2 because the reference state is a melt of thermal blobs.
We include the energy of correlation attraction in our analysis to stay consistent with ref 1,
where the reference state is a linear array of (electrostatic/thermal) blobs. We are now in a
position to minimize the total free energy of the tadpole Fi,qpole With respect to the number
of excess monomers Nj,:

VPN o uf?)N

~ 4/3 IN_ N -1/3 _
v ( + h) + (2N_+Nh)1/3 (2N_+Nh)4/3

— [vl(uf?)® = [ Pul 2 f o (ST)

aF’tadpole
0Ny,

The free energy is minimized by setting the derivative to 0, and the resulting N} scales as

Ny, ~ 0?3 (uf?)2BNY3 (S8)

The above free energy also shows that the Coulomb self-energy of the major head and the
minor PE beads dominates the contribution to the chemical potential of the monomers in the
major head and the tail, respectively. Consequently, eq. S8 is consistent with the criterion

of equal electrostatic potentials of the major head and the minor beads:

D head D lr)nel;ld
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IT Free Energy Comparison for Charge-in-beads Necklace I1I—a

and Hierarchical Necklace II1I-b

l >

> str

> D
Mgtr < A/f
min ~, jmaj
Lnec — lstr ‘ Dmin
~ = bead i

III—b‘\N\I\'\?\I\I\'
H_/
maj
Megty™ = A/f

Figure S1: Schematic representation of necklaces of the type I[II—a and III—b. The necklace
[TI—a here represents the structure if the necklace of the type III— formed under condition
A* < A <A™, ie. in regime I11—b.

Here, by means of free energy comparison, we demonstrate that the charge migration
drives the formation of hierarchical necklace ITI—b. If the necklace of the type III—a also
forms above the boundary A > A* (or equivalently |v| > [v|ii_a/mi—b), the string would
become PE because the PE string condition is satisfied, as shown in Figure S1. Comparing
necklace IIT—a with III—b, the distances between the major beads in them are the same,

lIII—a ~ lmaj,

str str M=b "hecause the string length is controlled by the major beads carrying most

of the charge imbalance. The difference between necklace III—a and III—b is that necklace
[IT—b contains more monomers in the major strings due to the formation of the minor PE

necklace within the major necklace strings, see Figure S1:

; A
mmaJ,III—b ~ > mig—a ~ (|U|UfA)_1/2N1/2 ~ <

A\P2 A
str — f _)

i) 7 (S10)

For both types of necklaces, a marginal charge migration takes place: the net charge in
the major beads prefers to move to the strings of necklace III—a or the major strings of

necklace I1I—b. However, for necklace II1—b, the associated gain in the Coulomb energy is
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higher because the major strings contain more monomers. If calculated per one major bead,

the extra free energy gain in necklace III—b compared to III—a equals

ain ain, [TI—-b ain, [1I—a
A‘F(gloul = F(gjoul - Fgoul (Sll>
- wall QR — QUi — AV)  wol( @ — (@i —ml]
Dycaa Dicaa
. maj Nf
maj A UAQyeaq\/ wAtor
S LS (513)
Dbead Dbead
A* 3/2
~ |U|u1/3f_1/6A5/6N1/6 []1 _ <K> (S14)

Here we note that Qgﬁ;jd and D{gjd for necklace III—b are the same as QQpeaq and Dyeaq for

necklace IT1I—a. For one major bead, the cost of forming N minor PE beads is

) Dmin 2 A* 3/2
Pzt = o O s s - () (515
T
The ratio between the free energy gain AFE™S and cost FOF is
AFgain N 1/6
Bl (%) > 1 (S16)
surf

Thus, the free energy comparison confirms that, in regime III—b, it is more favorable to form

a hierarchical necklace III—b in comparison to III—a.
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IIT Boundary III-b/IV— between Different Hierarchical Neck-

laces Derived from the Free Energy Analysis

maj fN fA
Nbea.d - > 5

V- »N\-\:V\MM 4

min ~, ufA
Nbead - v

maj ., ufA
Nbead — v

M—b |

min ~, ufA
Nbead - v

Figure S2: Schematic representation of necklaces of the type III—b and IV—. The necklace
IV— here represents the structure if the necklace of the type IV— formed under condition
A* < A <A™, ie. in regime I11—b.

If the hierarchical necklace of the type IV— forms below the boundary A < A** (or
equivalently |v| > |v|i—p/1v—), it would contain a higher number of major beads compared
to the hierarchical necklace III—b, as shown in Figure S2. The dominant part of the free

energy of necklace IV— can be written as the sum of the surface energy of the major beads

and minor beads

v (D lr)najd v )2 V- V- (D Ibgﬁnd>2

~ maj, [V— ead, IV— mayj, min ea

FIV— - Nbead 52 Nbead Nbead 52 (Sl7)
T T

The Coulomb self-energy of the major beads is negligible for necklace IV—, and the Coulomb
self-energy of the minor beads is on the same order as the surface energy; therefore, it does
not change the scaling estimates. The dominant part of the free energy of the necklace I1I—b

can be written as the sum of the Coulomb self-energy of the major beads and the surface
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energy of the minor beads

maj, [II—b\2 min 2
maj, 1-b U Qpend ) maj, I1—b xymin, [11—b (Dbead)
FHI—b = Nbeail Dnlfaj7cllII—b + NbeaJd Nbead Z%d (818)
bead
The free energy gain due to forming necklace III—b instead of IV— is
A\ 12
AF ~ Fry_ — Fi-p v4/3f1/6A*1/6N5/6 [1 — <A**)
A\ 32
L o/ SN2 N2 [ (A) (819)

The free energy gain tends to zero when A approaches A**, which gives the crossover bound-

ary for regime IV— written as A ~ A**, or equivalently |v|yr_p/rv- =~ uf/2A3/2N-1/2,
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IV  Details of Molecular Dynamics Simulations

Simulations are performed using the OpenMM package,? following our earlier work 4. The
PAs are modeled as the Kremer-Grest chains® augmented with Coulomb interactions. Specif-

ically, the particles are connected by finitely extensible nonlinear elastic (FENE) springs
1 9 r?
UFENE(T> = ——KRO In{1-— Eey) <S20)
2 R3

and interact with each other through a truncated and shifted Lennard-Jones (LJ) potential

(without any bond exclusions):

dersy () {(g)w _ (2)6 _ c(RC)} <R

0, r > R,

ULJ(T) = (821)

with ¢(R.) = (¢/R.)'* — (0/R.)®. To provide O solvent quality, the values of the parameters
are set to e,y = 0.34kgT, R. = 2.bo, K = 7kBT/02, and Ry = 20. For the case of hierar-
chical necklaces IV—, poor solvent quality is provided by er; = 3.4kgT. Bare Coulombic

interactions between ionic monomers are described by

ZBZZ'Z]'

Ucou = kT (S522)

Tij
with z;, ; = £1 being the charge valencies.

Monomer sequences of PAs with f = 0.5 are generated using the Markov process with
different A values ranging from 0.01 to 400. For each A, multiple sequence realizations are
generated, and those carrying characteristic net charge values Qiot = v/ fINA are selected.
For different values of A, different numbers of sequence realizations are needed to provide
reliable averages, as shown in Table S1.

The time step is set to 0.0057,5, and the temperature T" = 1 is maintained by the Langevin
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Table S1: Summary of the number of sequence realizations used for different blockiness and
different Bjerrum lengths

u value charge blockiness A number of sequences
2 0.22,0.46 10
2 0.1,1 20
2 1.49,2.22,3.31 20
2 4.94,7.37,10.99 100
2 16.38,24.42,36.41,54.29,80.94, 120.68, 179.94, 268.28, 400 50
3 0.1 —400 10
4 0.1,0.22,0.46 10
4 1 —400 20
5 0.1 — 370 10

thermostat with damping factor damp = 1007,5.* For each PA realization, the first half of
the MD run represents equilibration, and only the second half is used to produce the data.
For system with ©v = 2, A = 36.41, 54.29, and 80.94, the simulation run lenght is equal
to 2 x 10? steps. For other systems, it is set to 2 x 10® steps. In total, the simulations’
cost is equal to 15,000 GPU hours (1.75 GPU years), which approaches the limit of our
computational resources.

The convergence of simulations is checked by comparing the radius of gyrations and the
number of beads between the runs with the different initial configurations (chain conforma-
tions): rod and globule. As shown in Figure S3-S10, most of the R, and Nyeaq values for
these two starting configurations coincide within the statistical error. For intermediate A
values ranging between 10 and 100, the PA necklace contains many beads, and its equilibra-
tion appears challenging. The reason is that the conformations of polyampholyte necklaces
are highly fluctuating, with the bead unwinding being the rate-limiting dynamical process.
At the intermediate A values, the number of beads reaches its maximum, thus creating a
free-energy landscape with numerous local minima corresponding to the necklaces with dif-
ferent numbers of beads. As a result, it is more challenging to equilibrate such a system, so
the Npeaq values for simulation runs starting with the rod or globule conformations can be
considered as the upper and lower bounds of the equilibrium value of the Npeaq. As shown

in Figures S11 and S12, the relative errors for estimating the R, value are always lower than
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5%, and those for Nyeaq are lower than 25%. Thus, we conclude that the sampling challenges
do not affect our primary conclusions regarding the transition between regimes I110© and IVO
due to charge migration. Specifically, the number of beads exhibits a non-monotonic behav-
ior, and simulations successfully reproduce the theoretical scaling slopes. Better sampling of
these challenging systems using enhanced sampling methods remains for the future work.
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Figure S3: Convergence of radius of gyration R, with respect to the number of sequence
realizations at u = 2.
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Figure S5: Convergence of radius of gyration R, at u = 4
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Figure S7: Convergence of number of beads Npeaq at u = 2
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Figure S12: Relative error of the estimation of Nye.q value
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