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We consider an experimentalist, Alice, who creates a quantum superposition of a charged or massive
body outside of a black hole (or, more generally, in the presence of a Killing horizon). It was previously
shown that emission of soft photons/gravitons into the black hole will result in the decoherence of the
components of the superposition if it is held open for a sufficiently long span of time. However, at any finite
time, tc, during the process, it is not obvious how much decoherence has irrevocably occurred.
Equivalently, it is not obvious how much information an observer inside the black hole can extract
about Alice’s superposition prior to time tc. In this paper, we solve for the optimal experimental protocol to
be followed by Alice for t > tc so as to minimize the decoherence of the components of her superposition.
More precisely, given the entangling radiation that has passed through the horizon prior to the cross-section
C corresponding to the time t ¼ tc in Alice’s lab, we determine the “optimal purification” of this radiation
beyond C such that the global quantum state of the radiation through the horizon has maximal overlap
(quantum fidelity) with the Hartle-Hawking or Unruh vacuum. Due to the intricate low frequency
entanglement structure of the quantum field theory vacuum state, we find this optimal purification to be
nontrivial. In particular, even if Alice has already “closed” her superposition by bringing the components
back together, we find that she can decrease the net decoherence of the components of her superposition
somewhat by reopening it and performing further manipulations.
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I. INTRODUCTION

In any quantum mechanical experiment or computation,
some degree of quantum entanglement is inevitably gen-
erated between the initially isolated quantum mechanical
degrees of freedom and external degrees of freedom, result-
ing in some degree of decoherence of the body. An interest-
ing example of the decoherence of a quantum body arises
when the body is coupled to a long-range quantum field, such
as a charged body coupled to a quantum electromagnetic
field or a massive body coupled to a quantum gravitational
field (which we will treat as a linearized quantum field
in a background classical spacetime). The long-range field
may mediate interactions of the body under consideration

with external quantum systems, resulting in entanglement
with these systems and a corresponding “environmental
decoherence” of the body. However, even if no other systems
are present, decoherencemay result from the entanglement of
the bodywith radiation emitted by the body. In this paper, we
will be concerned with the decoherence resulting from
emission of radiation.
Hereinafter, we will refer to the quantum body under

consideration as a “particle,” but we primarily have in mind
a “nanoparticle” rather than an elementary particle. If one
puts the particle into a superposition of spatially separated
states—e.g., by putting the particle through a Stern-Gerlach
apparatus—the long-range quantum field will contain
“information” about the superposition that could, in prin-
ciple, be harvested by a distant observer if given sufficient
time.1 One might think that the distinguishability of the
quantum field associated with the different components of
the superposition would give rise to the decoherence of the
superposition. However, this is not necessarily the case. If
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1Quantum spatial superpositions of massive bodies have
been of recent interest in both theoretical as well as proposed
experimental probes of fundamental properties of quantum
gravity, e.g., [1–13].
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there is no external system present to harvest the informa-
tion, and if no radiation is emitted, then any apparent
decoherence associated with the distinguishable long-range
fields would, in fact, constitute “false decoherence” [14]. In
particular, in empty flat spacetime, if the superposition is
opened and closed in a sufficiently adiabatic manner so that
negligible radiation is emitted, then the quantum field states
associated with the components of the superposition will
return to their initial values, and no decoherence will result.
Although the decoherence of such a superposition can be

made negligible in Minkowski spacetime, it was recently
shown that the situation changes dramatically if the particle
is in the exterior of a black hole, or more generally in the
vicinity of a Killing horizon [15,16] (see also [17,18]). To
see this more concretely, consider an experimentalist,
Alice, who controls a quantum particle. Suppose that the
particle has spin initially in the x direction. Alice then puts
the particle through a z-Stern-Gerlach apparatus. She then
keeps the components of the particle spatially separated for
a time T, after which she recombines the components of the
particle’s wave function via a reversing Stern-Gerlach
apparatus. At the end of the process, the state of the joint
particle-and-field system will be given by [16]

1ffiffiffi
2

p ðj↑i ⊗ jψ1i þ j↓i ⊗ jψ2iÞ; ð1Þ

where jψ1i and jψ2i are the coherent radiation states of the
quantum field sourced, respectively, by the spin-up and
spin-down components of the particle. The density matrix
of Alice’s particle is

ρ ¼ 1

2

 
1 hψ2jψ1i

hψ1jψ2i 1

!
: ð2Þ

The decoherence, D, of the spin-up and spin-down com-
ponents is controlled by the size of the off-diagonal
elements, i.e., the overlap of states of the radiation emitted
by the spin-up and spin-down components:

D ≔ 1 − jhψ1jψ2ij: ð3Þ

In Minkowski spacetime, if the separation and recombi-
nation are performed sufficiently adiabatically, we will
have jψ1i ≈ jψ2i ≈ j0i, and we find D ≈ 0 [3,19]. In
particular, the length of time, T, over which the particle
components are kept separated, does not contribute to the
decoherence. However, in the presence of a black hole, the
radiation states jψ1i and jψ2i include the radiation that goes
into the black hole, and “soft radiation”2 will unavoidably

be emitted into the black hole. For large T, the number of
photons/gravitons in this soft radiation grows linearly with
T [15,16,19], resulting in a decoherence that growswithT as

D ≃ 1 − e−ΓBHT; ð4Þ

where ΓBH depends upon the field under consideration as
well as the various details of the process. This effect can also
be seen to equivalently arise from local interactions of
Alice’s particle with the vacuum in the black hole exterior
[19,29]. This formulation can be directly compared to the
decohering effects arising from entanglement of the particle
with any internal degrees of freedom of a material body
[19,30]. Of course, ΓBH will be very small unless the process
is done near the black hole, with large charges/masses
and large separations. Expressions for ΓBH can be found
in [15,17].
Although the analysis of [15,16] gives the decoherence

in the presence of a black hole that results from the
complete process of separation and recombination of the
components of the superposition, the question remains as to
exactly “when” the decoherence is occurring. Specifically,
consider a time t ¼ tc in Alice’s lab after the separation of
the components has taken place but before the recombi-
nation has been completed. How much decoherence has
irrevocably occurred by this time? Equivalently, in princi-
ple, how much “which path” information about Alice’s
superposition can an observer inside the black hole gather
prior to entering the future of Alice’s lab at time t ¼ tc?
The main purpose of this paper is to answer this

question. We will do so by supposing that Alice has
followed some fixed protocol for her experiment for times
t ≤ tc. Let C denote the cross-section of the black hole
horizon that corresponds to the time t ¼ tc in Alice’s
laboratory; i.e., C bounds the portion of the horizon that
lies outside of the future of Alice’s laboratory at time t ¼ tc.
The protocol that Alice follows up to time t ¼ tc in her
laboratory will result in some given state of entangling
radiation that crosses the event horizon prior to C. We shall
determine the “optimal purification” of this radiation state,
i.e., the state of radiation on the horizon to the future of C
that maximizes jhψ1jψ2ij. This quantity, for the optimal
purification, is sometimes referred to as the (Uhlmann)
fidelity [31]. The decoherence obtained by using this
optimal purification will be interpreted as the decoherence
that has irrevocably occurred for Alice’s particle by time tc.
We will find the optimal purification by first solving the

following mathematical problem for Rindler wedges in
Minkowski spacetime (see Fig. 1). Suppose we are given
a classical solution f with initial data with support in
Rindler wedge II; i.e., f vanishes in Rindler wedge I. The
corresponding quantum coherent state associated with f
will then coincide with the Minkowski vacuum in wedge I.
We wish to determine the classical solution, g, with initial
data with support in Rindler wedge I that has the property

2This soft radiation is due to a “horizon memory effect”
[15,16,20–22], which is an exact mathematical analog of the soft
radiation and associated memory effect at null infinity in
asymptotically flat spacetimes (see, e.g., [23–28]).

DAINE L. DANIELSON et al. PHYS. REV. D 112, 025012 (2025)

025012-2



that the coherent state associated with f þ g has maximal
overlap with the Minkowski vacuum. It is not difficult to
see that this will be the case if and only if g is such that the
Klein-Gordon norm of the positive frequency part (with
respect to inertial time) of f þ g is minimized.
In fact, it is convenient to reformulate this question as

follows: Let H denote one of the two null planes that
comprise the Rindler horizon, as illustrated in Fig. 1. As
argued in [32], H is an appropriate initial data surface for
solutions that fall off at infinity, so we can characterize f
and g by their restrictions to H. On H, f will have support
to the past of the bifurcation surface, B, of the horizon,
whereas any solution gwith support in Rindler wedge I will
have data on H with support to the future of B as shown in
Fig. 1. We wish to find the function g with support to the
future of B that minimizes the Klein-Gordon norm onH of
the positive frequency part of f þ g with respect to affine
time on H (corresponding to positive inertial frequency).
We will analyze this question in Sec. II. We will show

there that the optimal g is obtained by the following
sequence of steps: (i) Reflect f about the bifurcation
surface B to get a function f̃ with support to the future
of B. (ii) Decompose f̃ into modes of definite Rindler (i.e.,
boost Killing) frequency. (iii) Multiply each mode by an
appropriate thermal factor and resum to get g. We will show
that steps (ii) and (iii) are equivalent to obtaining g from f̃
via the formula

gðt; yÞ ¼ κ

Z
∞

−∞
f̃ðt0; yÞsech ðκ½t − t0�=2Þdt0; ð5Þ

where t denotes the boost Killing time on the portion of the
horizon to the future of the bifurcation surface, and κ is the
surface gravity of the horizon.
We will also need to solve the more general problem

where f is not required to vanish on the bifurcation surface,
B. We then seek the continuation, g, of f to the future of B
that minimizes the Klein-Gordon norm of the positive
frequency part of f þ gwith respect to affine parameter. We
will argue at the end of Sec. II that Eq. (5) remains the
optimal choice of g in this more general situation.
The relevance of the above mathematical problem to the

problem of determining the optimal protocol for Alice to
follow in her experiment outside of a black hole can be seen
as follows. The event horizon of a stationary black hole is a
Killing horizon, with properties very similar to that of H.
However, for a black hole formed by gravitational collapse
that settles down to a stationary3 final state, the stationary
portion of the horizon corresponds to a portion of H in
Fig. 1 that lies entirely to future of B (see Fig. 2). Thus,
when Alice performs her experiment, the entangling
radiation emitted for t ≤ tc crosses the horizon to the past
of some cross-section C, which lies to the future of B. The
analysis given in Sec. II of the optimal purification for the
Rindler case proceeds by the decomposing into modes of
definite boost Killing frequency. In order to be able to do
this, it was important that f have support to the past of B
and for g to have support to the future of B. Thus, it might
appear that the optimal purification found in the Rindler
case would be of little relevance for finding the optimal
purification for an experiment performed outside of a
stationary black hole formed by gravitational collapse.
However, the fact that t is a Killing parameter of a true

spacetime Killing field did not play an important role in the
analysis. For the task at hand—namely, to find the function
g that minimizes the Klein-Gordon norm of the positive
frequency part of f þ g with respect to affine parameter—
there is no essential geometrical difference between C and
B. We can proceed as follows. On a bifurcate Killing
horizon, the relation between affine time V and Killing time
t to the future of the bifurcation surface B is given by

V ¼ eκt; ð6Þ

where we have chosen the origin of V so that V ¼ 0
corresponds to B. Let C be an arbitrary cross-section lying
to the future of B. Without loss of generality, we may
rescale V so that C is the surface V ¼ Vc (independent of
y). To the future of C, define the “pseudo-Killing time” v by

V − Vc ¼ eκv: ð7Þ

Although a translation in v does not correspond to an actual
spacetime symmetry, the relevant mathematical properties

FIG. 1. A spacetime diagram illustrating a Rindler horizon in
Minkowski spacetime, which consists of two null hyperplanes
that intersect at the bifurcation surface B. The null hyperplane
labeled H can be treated as an initial data surface for solutions
that fall off at infinity. The red curve shows the graph of the
restriction to H of a solution f with initial data with support in
Rindler wedge II, whereas the blue curve shows the restriction to
H of a solution g with initial data with support in wedge I.

3We do not consider times comparable to the evaporation
timescale of the black hole.
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of a decomposition into modes of definite v frequency for
V > Vc are in exact correspondence with those of the
decomposition into modes of definite t frequency in the
Rindler case. It follows immediately that the optimal
purification in the black hole case is obtained by reflecting
the radiation for V < Vc about C and then applying Eq. (5)
with v replacing t. We may then rewrite g as a function of
true Killing time t using

v ¼ 1

κ
lnðV − VcÞ ¼

1

κ
lnðeκt − eκtcÞ: ð8Þ

In Sec. II, we obtain the optimal purification in
Minkowski spacetime of a coherent state in Rindler wedge
I. In Sec. III, we give a prescription that Alice must follow
to minimize the decoherence of her superposition outside of
a black hole or other Killing horizon. Some concluding
remarks are given in Sec. IV.

II. OPTIMAL PURIFICATION
IN RINDLER SPACETIME

For simplicity and definiteness, in this paper, we will
restrict consideration to a real, massless quantum scalar
field obeying the Klein-Gordon equation

∇a∇aΦ ¼ 0: ð9Þ
It is straightforward to generalize our results to a massive
scalar, Maxwell field, or a linearized gravitational field.
In this section, we will be concerned with the following

problem: Let f be a classical solution of Eq. (9) in
d-dimensional Minkowski spacetime with initial data
supported in Rindler wedge II (see Fig. 1). Consider
the quantum coherent state on Minkowski spacetime
associated with f. The restriction of this state to Rindler

wedge II is a mixed state in that wedge. We seek a state on
Minkowski spacetime that (i) is a “purification” of this state
(i.e., it is a pure state on all ofMinkowski spacetime such that
its restriction to Rindler wedge II agrees with the original
state) and (ii) is “optimal” in the sense that its overlap with
the Minkowski vacuum is maximized. We will restrict our
analysis of the optimal purification to coherent states, but we
believe that the optimal coherent state that we will find will
be optimal among all possible purifications. Since the
overlap of a coherent state with the vacuum is determined
by the norm of its one-particle component, the optimal
coherent statewill be obtained by finding a classical solution
g with initial data with support in Rindler wedge I such that
the norm of the one-particle state corresponding to f þ g is
minimized. Of course, one possible purification would be to
simply take g ¼ 0, so that the state corresponds to the
Minkowski vacuum in wedge I. However, we will see that
this is not the optimal purification.
As already argued in the introduction, this problem can

be reformulated as follows. Given a real valued function f
on the Rindler horizon H (see Fig. 1) with support to the
past of the bifurcation surface B, find the real valued
function g onHwith support to the future of B such that the
Klein-Gordon norm of the positive frequency part of f þ g
with respect to affine time onH is minimized. Note that the
requirement that f have support on the past of B requires
that f vanishes on B. This assumption will be used in our
analysis below to ensure that the positive frequency part of
f with respect to Rindler time will have finite Klein-
Gordon norm, so that our basis expansion formulas will be
well defined. However, we will remove this restriction at
the end of this section.
We take the boost Killing field to be future directed in

wedge I and, thus, past directed in wedge II. Let V denote
an affine parameter on H, with V ¼ 0 corresponding to B.
Let HI denote the portion of H with V > 0, and let HII
denote the portion of H with V < 0. We will use the same
letter t to denote “Rindler time” (i.e., Killing parameter of
the boost Killing field) on both HI and HII . For V > 0, t
increases to the future, and the relationship between t and V
is given by

V ¼ eκt V > 0; ð10Þ

where κ is the surface gravity of H. For V < 0, t increases
to the past, and the relationship between t and V is given by

V ¼ −eκt V < 0: ð11Þ

SinceH is effectively a Cauchy surface for solutions that
fall off at infinity [32], the Klein-Gordon inner product on
H of two such solutions ϕ1 and ϕ2 is given by

hϕ1;ϕ2iKG ¼ i
Z
H
ðϕ�

1∂Vϕ2 − ϕ2∂Vϕ
�
1ÞdVdd−2y; ð12Þ

FIG. 2. A spacetime diagram showing the exterior region of a
black hole (region I), where Alice performs her experiment. The
gray shaded region is shown only for comparison with an “eternal
black hole” spacetime; for a physical black hole formed by
gravitational collapse, the shaded region would be replaced by an
interior solution for the collapsing matter. The time tc in Alice’s
lab corresponds (via null propagation) to the cross-section C on
the event horizonH. By the time C, the entangling radiation f has
already passed through H. We wish to find the “optimal
purification” g for times later than C.
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where y denotes the transverse directions on H. This inner
product is positive definite when restricted to solutions that
are positive frequency with respect to affine time V. It is
also positive definite when restricted to solutions with
support in HI that are positive frequency with respect to
Rindler time. On the other hand, on account of the reversal
in the direction of Rindler time onHII, it is positive definite
when restricted to solutions with support in HII that are
negative frequency with respect to Rindler time.
A key idea in our analysis is to decompose f and g into

Fourier modes with respect to Rindler time t. However,
modes that oscillate exactly as e−iωt are not normalizable
and are singular at B. For these reasons, it is preferable to
decompose f and g into a basis of normalized wave packets
that are very sharply peaked in Rindler frequency but fall
off in Rindler time and, in particular, vanish at B. A suitable
orthonormal basis can be constructed as follows [33,34].
First, let fhmðyÞg denote an L2 orthonormal basis of
functions in the transverse directions, y, on H. Choose
ϵ > 0 and for all integers j ≥ 0 and n, define

ϕIjnm ¼ hmðyÞffiffiffi
ϵ

p
Z ðjþ1Þϵ

jϵ

e−2πinω=ϵffiffiffiffiffiffiffiffiffi
4πω

p e−iωtdω: ð13Þ

For notational simplicity, we will lump n and m into a
single discrete index k and denote ϕIjnm as ϕIjk. Then
fϕIjkg is an orthonormal basis in the Klein-Gordon norm of
positive Rindler frequency solutions with support in
HI. Furthermore, each ϕIjk is composed of frequencies
within an interval of size ϵ centered about the frequency
ωj ≡ ðjþ 1

2
Þϵ. Any real solution g with support on HI

whose positive frequency part has finite Klein-Gordon
norm can be expanded in this basis as

g ¼
X
j;k

gjkϕIjk þ c:c; ð14Þ

where “c.c.” denotes complex conjugation and gjk ¼
hϕIjk; giKG.
A corresponding orthonormal basis in the Klein-Gordon

inner product for solutions with support on HII can be
obtained from fϕIjkg as follows. Let R denote the
reflection map on H about B, i.e., the map defined by
V → −V. We define

ϕIIjk ¼ ðRϕIjkÞ�; ð15Þ
where the asterisk denotes complex conjugation. Then
fϕIIjkg is an orthonormal basis of negative Rindler fre-
quency solutions with support on HII. (As already noted,
these solutions have positive Klein-Gordon norm on
account of the reversal of Rindler time on HII.) The given
solution f can be expanded in this basis as

f ¼
X
j;k

fjkϕIIjk þ c:c:; ð16Þ

where fjk ¼ hϕIIjk; fiKG.

Our task is to find g so as to minimize the Klein-Gordon
norm of the positive frequency part of f þ g with respect to
affine parameter V. Equations (14) and (16) provide
decompositions of g and f into their positive and negative
parts with respect to Rindler time. To obtain their positive
and negative frequency parts with respect to affine time, we
use the fact that the quantities

F1jk ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − e−2πωj=κ
p ðϕIjk þ e−πωj=κϕ�

IIjkÞ

F2jk ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − e−2πωj=κ
p ðϕIIjk þ e−πωj=κϕ�

IjkÞ ð17Þ

are purely positive frequency4 with respect to affine time
[34,35]. It follows immediately from the orthonormality
and support properties of ϕIjk and ϕIIjk that fF1jk; F2jkg
are orthonormal in the Klein-Gordon norm. Furthermore,
since

ϕIjk ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − e−2πωj=κ
p ðF1jk − e−πωj=κF�

2jkÞ

ϕIIjk ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − e−2πωj=κ
p ðF2jk − e−πωj=κF�

1jkÞ; ð18Þ

we may rewrite the basis expansions Eqs. (14) and (16) as

g ¼
X
j;k

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e−2πωj=κ

p ðgjkF1jk − g�jke
−πωj=κF2jkÞ þ c:c:

f ¼
X
j;k

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e−2πωj=κ

p ðfjkF2jk − f�jke
−πωj=κF1jkÞ þ c:c:;

ð19Þ

which provides a positive and negative frequency decom-
position of g and f with respect to affine time.
Since fF1jk; F2jkg are orthonormal in the Klein-Gordon

norm, it follows immediately that the Klein-Gordon norm
of the positive frequency part of f þ gwith respect to affine
parameter is

jjðfþgÞþjj2KG ¼
X
j;k

1

1−e−2πωj=κ

× ðjgjk−e−πωj=κf�jkj2þjfjk−e−πωj=κg�jkj2Þ:
ð20Þ

It is clear from this expression that for a given f, jjðf þ
gÞþjj2KG will be minimized if g is chosen so that for each j,
k, the quantity

4Here we ignore any errors resulting from the fact that ϕIjk and
ϕ�
IIjk have a Rindler frequency spread of size ϵ about ωj, so that

Eq. (17) will actually have a small negative frequency part. We
will eventually take the limit as ϵ → 0.
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jgjk − e−πωj=κf�jkj2 þ jfjk − e−πωj=κg�jkj2
¼ ðjfjkj2 þ jgjkj2Þð1þ e−2πωj=κÞ − 4e−πωj=κℜðfjkgjkÞ

ð21Þ

is minimized, whereℜ denotes the real part. The solution to
this minimization problem for gjk is

gjk ¼ sechðπωj=κÞf�jk: ð22Þ
This solution can be expressed in a more useful form as

follows. Let f̃ be the reflection of f about V ¼ 0. Thus, f̃
has support on HI and is given by

f̃ðV; yÞ ¼ fð−V; yÞ; ð23Þ
where y denotes the transverse coordinates on H. In terms
of the boost Killing parameter t, we have

f̃ðt; yÞ ¼ fðt; yÞ; ð24Þ
where on the left side t denotes the Killing parameter on
HI, whereas on the right side it denotes the Killing
parameter on HII. We have

f̃jk ≡ hϕIjk; f̃iKG ¼ −hRϕIjk;Rf̃iKG
¼ −hϕ�

IIjk; fiKG ¼ hϕIIjk; fi�KG ¼ f�jk: ð25Þ
Here, the minus sign in the second equality arises from the
fact that R reverses the time direction. The sign change in
the fourth equality arises from the explicit “i” in the Klein-
Gordon product Eq. (12). Thus, we have

gjk ¼ sechðπωj=κÞ f̃jk: ð26Þ

Passing to the limit ϵ → 0 in our construction of ϕjk (so
that F1jk and F2jk become exactly positive frequency with
respect to affine time),5 we see that the optimal g is obtained
as follows: Given f with support onHII, reflect it about the
bifurcation surface V ¼ 0 to get a corresponding function f̃
on HI. Fourier transform f̃ with respect to Rindler time t
and define g via its Fourier transform by

ĝðω; yÞ ¼ sechðπω=κÞ ˆ̃fðω; yÞ: ð27Þ

Note that in the high frequency limit ω ≫ κ, we have
ĝðω; yÞ → 0, whereas in the low frequency limit ω ≪ κ, we

have ĝðω; yÞ → ˆ̃fðω; yÞ. Thus, one may view the optimal
purification as corresponding to sending in time-reversed
radiation modified by a cutoff for Rindler frequencies of
order κ and above.

The inverse Fourier transform of the factor appearing in
Eq. (27) isZ

∞

−∞

dω
2π

sechðπω=κÞe−iωt ¼ κ

2π
sech ½κt=2�: ð28Þ

Since a product in Fourier transform space corresponds to a
convolution in position space, we have

gðt; yÞ ¼ κ

2π

Z
∞

−∞
sech ½κðt − t0Þ=2� f̃ðt0; yÞdt0: ð29Þ

Let us now consider how much improvement is obtained
by using this optimal recovery protocol rather than doing
nothing. It can be seen from Eq. (20) that, for g ¼ 0, we
have

jjfþjj2KG ¼ 1

π

Z
Rd−2

dd−2y
Z

∞

0

dωω cothðπω=κÞjf̂ðω;yÞj2:

ð30Þ

On the other hand, for the optimal g given by Eq. (27),
we have

jjðf þ gÞþjj2KG
¼ 1

π

Z
Rd−2

dd−2y
Z

∞

0

dω ω tanhðπω=κÞjf̂ðω; yÞj2: ð31Þ

Thus, the improvement obtained by using the optimal g is
negligible at high frequencies, ω ≫ κ, but is very signifi-
cant at low frequencies, ω ≪ κ. The corresponding optimal
purification of the Maxwell and the linearized gravitational
field is given by a similar formula to Eq. (26) in terms of the
“free data” on H (see, e.g., [15,16] for further details).
Finally, we have assumed above that f has support in

region II of Fig. 1 and, in particular, vanishes at the
bifurcation surface, B. This assumption was needed for
the positive Rindler frequency part of f to have finite Klein-
Gordon norm. Indeed, if f did not go to zero as t → −∞ (i.e.,
at B), then, assuming that f → 0 as t → ∞ (i.e., V → −∞),
there would be infrared divergences in the Klein-Gordon
norm of the positive frequency part of f. A forthcoming
article by one of us [36] provides a general treatment of these
difficulties, but in the present analysis, the finite Klein-
Gordon norm of f was necessary to get the well-defined
basis expansionEq. (16) of f in themodesϕIjk. This, in turn,
was used to get a well defined basis expansion of f in the
positive affine frequency modes fF1jk; F2jkg.
Nevertheless, it is of interest to find the optimal con-

tinuation of f into region I in the case where f does not
vanish at B. The solution Eq. (29) for the continuation of f
into HI that we obtained in the case where f vanishes at B
continues to be well defined in the case where f does not

5More precisely, the relation Eq. (27) is obtained by, for each
ω, letting ϵ ¼ ω=n and j ¼ n where n is an integer and
considering the limit as n → ∞.
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vanish at B. We believe that this could be proven to be the
optimal continuation in the general case by the following
argument. Given fðV; yÞ for V ≤ 0, which does not
necessarily vanish at V ¼ 0, we wish to determine the
extension gðV; yÞ for V > 0 so as to minimize the Klein-
Gordon norm of the positive affine frequency part of f þ g.
We consider the inner product of f þ g with the ortho-
normal mode functions fF1jk; F2jkg. The minimization
problem for the magnitude of each of these inner products
is identical to the problem we have just solved. Thus,
the optimal solution for V > 0 is given by Eq. (22). If
fF1jk; F2jkg were a basis for the Hilbert space of the all
positive affine frequency solutions6 on H, then we have
solved the optimization problem and the solution would be
given by Eq. (29). However, if fF1jk; F2jkg is not a basis,
then we have only solved the optimization problem on a
proper subset of possible continuations of f. Thus, the key
issue is whether fF1jk; F2jkg is a basis. Equation (19)
essentially shows that it is a basis for the positive affine
frequency part arising from any smooth function of
compact support on H that vanishes at V. Thus, the key
issue reduces to the question of whether the subspace of
positive affine frequency solutions that arise from taking
the positive affine frequency part of smooth functions of
compact support that vanish at V ¼ 0 are dense (in the
Klein-Gordon norm) in the space of positive affine fre-
quency solutions that arise from taking the positive affine
frequency part of smooth functions of compact support
with no restriction at V ¼ 0. Lemma 5.1 of [37] indicates
that this is the case. The norm considered in that lemma for
the case s ¼ 1=2 and n ¼ 1 corresponds to the contribution
to the Klein-Gordon norm from a single generator of H.
The lemma shows that one can find smooth, real-valued
functions of compact support on R that are equal to 1 at
V ¼ 0 but have arbitrarily small Klein-Gordon norm of
their positive frequency part. It follows that any smooth
function of compact support on H can be written as a sum
of a smooth function of compact support that vanishes on B
plus a smooth function of compact support whose positive
affine frequency part has an arbitrarily small Klein-Gordon
norm. This implies that fF1jk; F2jkg is a basis of the entire
Klein-Gordon Hilbert space.
In the remainder of this paper, we will assume that, as we

have just argued, Eq. (29) remains the optimal solution in
the case where f does not necessarily vanish at V ¼ 0.

III. MINIMIZING THE DECOHERENCE
OUTSIDE A BLACK HOLE

We now return to the gedankenexperiment of [15,16], as
discussed in the introduction. Alice is in the midst of
performing her experiment when, at t ¼ tc, she receives a

phone call from central headquarters telling her to abort her
experiment and preserve as much coherence of her particle
as possible. Since some entangling radiation has already
entered the black hole as a consequence of her earlier
actions, it will not be possible for Alice to perfectly restore
the coherence of her particle. What is the maximal
coherence Alice can, in principle, achieve? And what
should Alice do for t > tc to try to achieve this maximal
coherence?
As we previously argued in [15,19], Alice can minimize

her decoherence due to radiating to infinity by performing
her separation and recombination sufficiently slowly. We
will therefore neglect any radiation to infinity and will
focus entirely on the radiation falling into the black hole.
Let C denote the cross-section of the event horizon H
corresponding to the intersection of the horizon with the
boundary of the future of the event in her laboratory when
she received the phone call, as illustrated in Fig. 2. Without
loss of generality, we may choose the Killing parameter, t,
on H so that C corresponds to the time t ¼ tc on H. The
corresponding affine time of C is then V ¼ Vc where

Vc ¼ eκtc : ð32Þ

Let f be the restriction to the event horizon, H, of the
classical solution corresponding to the difference between
the retarded solutions corresponding to the two paths of
Alice’s particle. The coherent state associated with f then
describes the entangling radiation that enters the black hole.
When Alice receives her phone call, she can do nothing
about f for t < tc. However, she can, to a large degree,
control the entangling radiation that enters the black hole
for t > tc. How should she continue her experiment so as to
minimize the decoherence? Specifically, if we imagine that
she can perfectly control the entangling radiation emitted
by her particle, given f on H for t ≤ tc, what continuation,
g, of this radiation for t > tc should she choose so as to
minimize the decoherence?
This question is very similar to the mathematical ques-

tion posed and answered in the previous section. The only
significant difference is that the bifurcation surface, B, in
Sec. II has now been replaced by a cross-section, C, that lies
to the future of B. It might seem that this is a very
significant difference because the decomposition of f
and g into positive and negative Killing frequencies played
a crucial role in the analysis. Such a decomposition made
sense in our Rindler problem because f and g were both
defined over the entire range −∞ < t < ∞. However, such
a decomposition would not make sense here since f is
defined only for t ≤ tc and g is defined only for t > tc.
Nevertheless, the fact that t is the Killing parameter of an

exact Killing field on spacetime was not actually needed for
the analysis of the optimal g given in the previous section.
All that was actually used is that the horizon geometry itself
is invariant under affine translations and the Killing

6This Hilbert space is obtained by starting with smooth
functions of compact support on H and taking their completion
in the Klein-Gordon norm of their positive frequency parts.
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parameter t is related to affine parameter V via Eqs. (10)
and (11). Therefore, we can proceed in the present case by
defining a “pseudo-Killing parameter” v on the black hole
event horizon by7

V − Vc ¼ eκv V > Vc

V − Vc ¼ −eκv V < Vc: ð33Þ

We view f for V < Vc as a function of v and decompose it
into its positive and negative frequency parts with respect to
v. This choice of positive frequency on the future horizon
corresponds to Alice performing her experiment in the
Hartle-Hawking vacuum. As we have previously argued in
[15,19], at low Killing frequencies ω ≪ κ, the Unruh state
is equivalent to the Hartle-Hawking state onHþ, and so our
results will also yield the optimal purification in that
vacuum if Alice performs her experiment sufficiently
adiabatically. The optimal choice of g for V > Vc to
minimize the Klein-Gordon norm of the positive affine
frequency part of f þ g then follows immediately from the
results of the previous section. Specifically, by Eq. (29), the
optimal choice of g is given by

gðv; yÞ ¼ κ

2π

Z
∞

−∞
sech ½κðv − v0Þ=2� f̃ðv0; yÞdv0; ð34Þ

where f̃ is the reflection of f about V ¼ Vc, and y now
denotes the angular coordinates on H. Although we have
taken the upper limit of this integral to be þ∞, f can be
nonzero only forV > 0 (since the entire range−∞ < t < ∞
of true Killing time t in Alice’s laboratory occurs forV > 0),
so the upper limit may be replaced by κ−1 lnVc. This result
can be rewritten in terms of affine time V > Vc as

gðV; yÞ ¼ 1

π

Z
2Vc

Vc

fð2Vc − V 0; yÞ
V − 2Vc þ V 0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V − Vc

V 0 − Vc

s
dV 0; ð35Þ

where in this formula, we view f and g as functions of V
(rather thanv), andwe have used the fact that forV > Vc, we
have f̃ðV; yÞ ¼ fð2Vc − V; yÞ. This can, in turn, be written
in terms of the true Killing time t for t > tc by substituting
V ¼ eκt. Viewing f and g now as functions of t, we have

gðt; yÞ ¼ κ

π

Z
tcþκ−1 ln 2

tc

2
4eκt0fðκ−1 ln½2eκtc − eκt

0 �; yÞ
eκt − 2eκtc þ eκt

0

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eκtc − eκt

eκtc − eκt
0

r 3
5dt0: ð36Þ

It should be noted that even if Alice has completed her
experiment at the time t ¼ tc—i.e., even if fðtcÞ ¼ 0—the
optimal strategy for Alice to minimize decoherence is for
her to reopen the superposition and perform further
manipulations so as to produce the radiation given by
Eq. (36). Nevertheless, it also can be seen from Eq. (36) that
for t − tc ≫ κ−1, we have

jgðt; yÞj ≤ 1

π
e−κðt−tcÞmax jfj: ð37Þ

Thus, the optimal radiation is very small except for a time
interval of size ∼κ−1 after time tc. In particular, if Alice
holds her superposition open for a time T ≫ κ−1 as
contemplated in the gedankenexperiments of [15,16], it
is clear that the improvement provided by Eq. (36) is much
too small to affect the estimates of decoherence given
in [15,16].
Our optimal solution Eq. (36) and the improvement it

gives is best illustrated by giving several explicit examples.
For the first example, suppose that Alice opens her super-
position between t ¼ 0 and t ¼ t1 and then holds the
superposition stationary until time tc, when she is
instructed to minimize the decoherence. For simplicity
and definiteness, we will suppose that f takes the following
simple form:

fðt; yÞ ¼

8><
>:

0; t < 0;

ct; 0 < t < t1
ct1; t1 < t ≤ tc

: ð38Þ

The optimal choice of “ramp down” for t > tc is shown in
Fig. 3 for a particular choice of the parameters. As
illustrated in the figure, the ramp down actually begins
with an infinite negative slope at t ¼ tc and then transitions
to an exponential decay with time scale set by κ−1

[see Eq. (37)].
As a second example, suppose Alice opens her super-

position as in the previous example, but she now leaves her
superposition open only for a time T and then closes the
superposition over a time interval t1. For simplicity and
definiteness, we will suppose that f takes the following
simple form:

7Note that exactly the same analysis could be applied to
determine how to minimize decoherence due to radiation to null
infinity, given radiation f up to a cross-section C at V ¼ Vc,
where V now denotes affine time at null infinity. At null infinity,
Killing time t and affine time V coincide, but one could
nevertheless define a “pseudo Killing parameter” v at null infinity
by Eq. (33) (where κ now is chosen arbitrarily). The optimal
choice of g would then be given by Eq. (34), which could be
reexpressed in terms of affine time (i.e., Killing time) by Eq. (35),
where the limits of the integral now extend from Vc to ∞.
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fðt;yÞ¼

8>>>>>><
>>>>>>:

0; t < 0;

ct; t0< t< t1
ct1; t1< t< t1þT

cð2t1þT− tÞ; t1þT < t< 2t1þT

0; 2t1þT < t≤ tc

: ð39Þ

The optimal choice of g is shown in Fig. 4 for a particular
choice of the parameters of f and two different choices of
tc. The orange curve shows the optimal g in the case where
tc ¼ 2t1 þ T; i.e., tc is taken to be the moment that the
original superposition was closed. The green curve shows
the optimal g for the case where tc ¼ 2t1 þ T þ κ−1; i.e., tc
is a time κ−1 after the original superposition was closed.
The key point to note is that, although in both cases the
superposition has already been closed by time tc, Alice can
improve the coherence of her particle by reopening the

superposition and emitting some additional entangling
radiation into the black hole. In the first case (orange
curve), where she acts immediately after the superposition
was closed, her further actions will decrease hNi by 1.3%.
In the second case (green curve), where she is unable to act
until a time κ−1 after the original superposition was closed,
then her further actions will decrease hNi by only 0.07%. It
is worth noting that if Alice were able to act optimally
beginning at time tc ¼ t1 þ T (i.e., just before the start of
the linear ramp down of f), then a decrease of hNi of 4.6%
would occur as compared with what occurs with the linear
ramp down in Eq. (39). All of these percentage improve-
ments in hNi decrease with T and go to zero as T → ∞.

IV. DISCUSSION

The optimal purification that we have found has an
interesting form. At low frequencies (ω ≪ 1=κ), it corre-
sponds to performing a reflection about the bifurcation
surface B (in the Rindler case) or the cross-section C (in the
black hole case), which we refer to as a “CRT purification.”
At high frequencies (ω ≫ 1=κ), it corresponds to leaving
the vacuum state unperturbed, which we refer to as a
“Minkowski purification.” At intermediate frequencies, it
smoothly interpolates between these. The CRT purification
is familiar from algebraic quantum field theory. When
performing the GNS construction of the Hilbert space over
an algebraic state, the CRT purification is the state that
corresponds to the identity operator. In the language of
Tomita-Takesaki theory, this is the vector representative of
the coherent state in the so-called “natural cone” of the
vacuum state. The absolute value of the inner product
between this state and the global vacuum is a well-behaved
“fidelity” first studied by Holevo [38]. In terms of modes,
with the CRT purification, the total number of particles in
the states is

hNiCRT¼
2

π

Z
Rd−2

dd−2y
Z

∞

0

dωω tanh

�
πω

2κ

�
jfωðyÞj2: ð40Þ

This regulates the IR divergence at small ω, just as the
optimal purification. However, at high energies, there are
twice the number of particles in the state as in the optimal
purification (or nonrecovered) state. This is because at high
energies, the CRT reflection is simply putting an extra copy
of particles in a different position. The Holevo fidelity may
be contrasted with the more commonly studied Uhlmann
fidelity [31], which corresponds to the overlap of the
optimal purification with the vacuum. Obviously, the
Uhlmann fidelity is lower bounded by Holevo’s fidelity,
and our calculations suggest that they converge for low
energy processes.
Finally, we note that there is a fundamental connection

between the fidelity of Alice’s experiment and the extent to
which an observer, living behind the horizon, can gain

FIG. 3. The optimal “ramp down” is shown in orange for the
example of Eq. (38) for the parameters t1 ¼ κ−1 and tc ¼ 11κ−1.

FIG. 4. The optimal radiation, g, for the choice of f given by
Eq. (39), with parameters t1 ¼ κ−1 and T ¼ 10κ−1. The orange
curve is for tc ¼ 2t1 þ T (“immediate recovery”), and the green
curve is for tc ¼ 2t1 þ T þ κ−1 (recovery after a delay time of κ−1).
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information about Alice’s experiment. This notion of
complementarity has been formalized in the quantum
information theory literature, going under the name of
the information-disturbance tradeoff (IDT). There are
several formulations of the IDT, the most relevant to the
present work being formulated in terms of fidelities [39]

max
R

FðR∘N ; IdÞ ¼ max
R0

FðN c;R0Þ: ð41Þ

Here, the fidelities are between quantum channels, which
are completely positive, trace-preserving maps on quantum
states. The quantum channel fidelity is equal to the
Uhlmann fidelity of states outputted by the channels,
minimized over input states. In the present setting, N
corresponds to the channel sending the state of Alice’s
particle prior to the experiment to the state of her particle
after recombination. The complementary channel, N c, is
the map from Alice’s particle’s initial state to the final state
of the radiation on the black hole horizon. The maximi-
zation is over recovery channels,R, of which we found the
optimal channel in the space of coherent states character-
ized by the function g. The maximization of R0 is over
channels that take all states to some fixed state, which in
our context is the vacuum on the horizon. The IDT
quantifies the relation between decoherence of Alice’s

particle and distinguishability of the quantum states of
the black hole. Alice’s experiment decoheres if and only if
it sends information to the black hole. This connection can
be used to teleport information into the black hole interior
using soft quanta [40] and will be explored in detail in a
forthcoming paper by one of us [36].

ACKNOWLEDGMENTS

We wish to thank Peter Hintz for bringing Ref. [37] to
our attention and for helpful discussions concerning that
result. J. K. F. is supported by the Marvin L. Goldberger
Member Fund at the Institute for Advanced Study and the
National Science Foundation under Grant No. PHY-
2207584. D. L. D. acknowledges support as a Fannie and
John Hertz Foundation Fellow holding the Barbara Ann
Canavan Fellowship and as an Eckhardt Graduate Scholar
at the University of Chicago. D. L. D. and R. M.W. were
supported, in part, by NSF Grant No. PHY-2403584 and
Templeton Foundation Grant No. 62845 to the University
of Chicago. G. S. is supported by the Princeton Gravity
Initiative at Princeton University.

DATA AVAILABILITY

No data were created or analyzed in this study.

[1] S. Bose, A. Mazumdar, G. W. Morley, H. Ulbricht, M.
Toroš, M. Paternostro, A. A. Geraci, P. Barker, M. S. Kim,
and G. Milburn, Spin entanglement witness for quantum
gravity, Phys. Rev. Lett. 119, 240401 (2017).

[2] C. Marletto and V. Vedral, Gravitationally-induced entan-
glement between two massive particles is sufficient evi-
dence of quantum effects in gravity, Phys. Rev. Lett. 119,
240402 (2017).

[3] A. Belenchia, R. M. Wald, F. Giacomini, E. Castro-Ruiz, v.
Brukner, and M. Aspelmeyer, Quantum superposition of
massive objects and the quantization of gravity, Phys. Rev.
D 98, 126009 (2018).

[4] M. Christodoulou and C. Rovelli, On the possibility of
laboratory evidence for quantum superposition of geom-
etries, Phys. Lett. B 792, 64 (2019).

[5] F. Giacomini, E. Castro-Ruiz, and v. Brukner, Quantum
mechanics and the covariance of physical laws in quantum
reference frames, Nat. Commun. 10, 494 (2019).

[6] C. Gonzalez-Ballestero, M. Aspelmeyer, L. Novotny, R.
Quidant, and O. Romero-Isart, Levitodynamics: Levitation
and control of microscopic objects in vacuum, Science 374,
3027 (2021).

[7] D. L. Danielson, G. Satishchandran, and R. M. Wald,
Gravitationally mediated entanglement: Newtonian field
versus gravitons, Phys. Rev. D 105, 086001 (2022).

[8] D. Carney, Newton, entanglement, and the graviton, Phys.
Rev. D 105, 024029 (2022).

[9] M. Christodoulou, A. Di Biagio, M. Aspelmeyer, v.
Brukner, C. Rovelli, and R. Howl, Locally mediated
entanglement in linearised quantum gravity, Phys. Rev.
Lett. 130, 100202 (2023).

[10] D. Carney, Y. Chen, A. Geraci, H. Müller, C. D. Panda,
P. C. E. Stamp, and J. M. Taylor, Snowmass 2021 white
paper: Tabletop experiments for infrared quantum grav-
ity, in 2022 Snowmass Summer Study (2022), arXiv:2203
.11846.

[11] T. Feng and V. Vedral, Amplification of gravitationally
induced entanglement, Phys. Rev. D 106, 066013
(2022).

[12] R. Zhou, R. J. Marshman, S. Bose, and A. Mazumdar,
Catapulting towards massive and large spatial quantum
superposition, Phys. Rev. Res. 4, 043157 (2022).

[13] C. Overstreet, J. Curti, M. Kim, P. Asenbaum, M. A.
Kasevich, and F. Giacomini, Inference of gravitational field
superposition from quantum measurements, Phys. Rev. D
108, 084038 (2023).

[14] W. G. Unruh, False loss of coherence, in Relativistic
Quantum Measurement and Decoherence, edited by H.-P.
Breuer and F. Petruccione (Springer, Berlin, Heidelberg,
2000), pp. 125–140.

DAINE L. DANIELSON et al. PHYS. REV. D 112, 025012 (2025)

025012-10

https://doi.org/10.1103/PhysRevLett.119.240401
https://doi.org/10.1103/PhysRevLett.119.240402
https://doi.org/10.1103/PhysRevLett.119.240402
https://doi.org/10.1103/PhysRevD.98.126009
https://doi.org/10.1103/PhysRevD.98.126009
https://doi.org/10.1016/j.physletb.2019.03.015
https://doi.org/10.1038/s41467-018-08155-0
https://doi.org/10.1126/science.abg3027
https://doi.org/10.1126/science.abg3027
https://doi.org/10.1103/PhysRevD.105.086001
https://doi.org/10.1103/PhysRevD.105.024029
https://doi.org/10.1103/PhysRevD.105.024029
https://doi.org/10.1103/PhysRevLett.130.100202
https://doi.org/10.1103/PhysRevLett.130.100202
https://arXiv.org/abs/2203.11846
https://arXiv.org/abs/2203.11846
https://doi.org/10.1103/PhysRevD.106.066013
https://doi.org/10.1103/PhysRevD.106.066013
https://doi.org/10.1103/PhysRevResearch.4.043157
https://doi.org/10.1103/PhysRevD.108.084038
https://doi.org/10.1103/PhysRevD.108.084038


[15] D. L. Danielson, G. Satishchandran, and R. M. Wald, Black
holes decohere quantum superpositions, Int. J. Mod. Phys.
D 31, 2241003 (2022).

[16] D. L. Danielson, G. Satishchandran, and R. M. Wald, Kill-
ing horizons decohere quantum superpositions, Phys. Rev.
D 108, 025007 (2023).

[17] S. E. Gralla and H. Wei, Decoherence from horizons:
General formulation and rotating black holes, Phys. Rev.
D 109, 065031 (2024).

[18] R. Li, Decoherence of quantum superpositions by Re-
issner-Nordström black holes, Phys. Rev. D 111, 024040
(2025).

[19] D. L. Danielson, G. Satishchandran, and R. M. Wald, Local
description of decoherence of quantum superpositions by
black holes and other bodies, Phys. Rev. D 111, 025014
(2025).

[20] S. W. Hawking, M. J. Perry, and A. Strominger, Soft hair on
black holes, Phys. Rev. Lett. 116, 231301 (2016).

[21] L. Donnay, G. Giribet, H. A. González, and A. Puhm,
Black hole memory effect, Phys. Rev. D 98, 124016
(2018).

[22] A. A. Rahman and R. M. Wald, Black hole memory, Phys.
Rev. D 101, 124010 (2020).

[23] A. Ashtekar, Asymptotic Quantization: Based On 1984
Naples Lectures, Monographs and Textbooks in Physical
Science (Bibliopolis, Naples, Italy, 1987).

[24] A. Strominger, Lectures on the Infrared Structure of Gravity
and Gauge Theory (2017), arXiv:1703.05448.

[25] G. Satishchandran and R. M. Wald, Asymptotic behavior of
massless fields and the memory effect, Phys. Rev. D 99,
084007 (2019).

[26] K. Prabhu, G. Satishchandran, and R. M. Wald, Infrared
finite scattering theory in quantum field theory and quantum
gravity, Phys. Rev. D 106, 066005 (2022).

[27] K. Prabhu and G. Satishchandran, Infrared finite scattering
theory: Scattering states and representations of the BMS
group, J. High Energy Phys. 08 (2024) 055.

[28] K. Prabhu and G. Satishchandran, Infrared finite scattering
theory: Amplitudes and soft theorems, Phys. Rev. D 110,
085022 (2024).

[29] J. Wilson-Gerow, A. Dugad, and Y. Chen, Decoherence by
warm horizons, Phys. Rev. D 110, 045002 (2024).

[30] A.Biggs and J.Maldacena,Comparing thedecoherence effects
due to black holes versus ordinary matter, arXiv:2405.02227.

[31] A. Uhlmann, The “transition probability” in the state space
of a *-algebra, Rep. Math. Phys. 9, 273 (1976).

[32] W. G. Unruh and R. M. Wald, What happens when an
accelerating observer detects a rindler particle, Phys. Rev. D
29, 1047 (1984).

[33] S. W. Hawking, Particle creation by black holes, Commun.
Math. Phys. 43, 199 (1975).

[34] R. M. Wald, On particle creation by black holes, Commun.
Math. Phys. 45, 9 (1975).

[35] R. M. Wald, Quantum Field Theory in Curved Space-Time
and Black Hole Thermodynamics, Chicago Lectures in
Physics (University of Chicago Press, Chicago, IL, 1995).

[36] D. L. Danielson, Horizon algebras and soft quantum in-
formation (to be published).

[37] L. Brasco, D. Gómez-Castro, and J. L. Vázquez, Character-
isation of homogeneous fractional Sobolev spaces,
arXiv:2007.08000.

[38] A. Kholevo, On quasiequivalence of locally normal states,
Theor. Math. Phys. 13, 1071 (1972).
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