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We theoretically propose a tunable implementation of symmetry-protected topological phases of matter
in a synthetic superlattice, taking advantage of the long coherence time and exquisite spectral resolutions
offered by gravity-tilted optical lattice clocks. We describe a protocol similar to Rabi spectroscopy that can
be used to probe the distinct topological properties of our system. We then demonstrate how the sensitivity
of clocks and interferometers can be protected from unwanted experimental imperfections offered by the
underlying topological robustness. The proposed implementation opens a path to exploiting the unique
opportunities offered by symmetry-protected topological phases in state-of-the-art quantum sensors.
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I. INTRODUCTION

Recent years have witnessed rapid and exciting new
developments of optical lattice clocks (OLCs) with excel-
lent quantum coherence and exquisite spectral resolutions
[1–10]. Such platforms are ideal for quantum sensing,
and have recently reached clock-measurement precision
at 7.6 × 10−21 and near minute-long atomic coherence
[6,10], making it possible to precisely measure quanti-
ties of small magnitudes, such as the gravitational redshift
across a millimeter- to centimeter-length scale [6,7].

In parallel, over the past decades, the rapid develop-
ment of quantum simulation with cold atomic systems has
enabled experimental investigations of topological prop-
erties of quantum matter [11,12]. In particular, significant
progress has been made to experimentally realize a class
of topological states of matter, referred to as “symmetry-
protected topological (SPT) phases.” This type of quan-
tum matter has the property of being insulating in the
bulk (i.e., having a gapped dispersion) while conduct-
ing at the boundary (i.e., having a gapless dispersion) as
long as a certain global symmetry is preserved. Namely,
the SPT phases are robust to perturbations that respect
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said global symmetry and do not close the bulk gap. A
prototypical model of a SPT system is the celebrated Su-
Schrieffer-Heeger (SSH) model [13,14]. This model, and
its closely related models, such as the Rice-Mele (RM)
model [15], have been realized in a variety of settings
including superlattices [16–19], momentum-space lattices
[20–22], Rydberg atoms [23], and multilevel systems [24].
Many interesting properties and dynamics of the SSH
(RM) model have been observed in these experiments,
such as soliton or edge state dynamics [20,23,25,26],
Zak phase measurements [16,21,27], Thouless pumping
[17–19,28], edge-to-edge transport [22], and topological
quantum walks [21].

At the moment, however, quantum simulations of topo-
logical quantum matter appear to be independent from the
field of quantum sensing. While the realization of topo-
logical phases is exciting in its own right, what is even
more appealing is the potential use of topological robust-
ness to remove the vulnerability of state-of-the-art sensors
to unwanted noise while keeping their sensitivity to the
desired signal. In fact, state-of-the-art optical lattice clocks
are limited by the Dick (sampling) noise of an optical
local oscillator, and a protocol that extends the coherent
evolution time would be highly valuable. Moreover, even
in synchronous comparison between two clocks, which
are in principle immune to the Dick noise, at the cur-
rent 105 atoms the differential measurements are still not
yet limited by the standard quantum limit (SQL)—the
fundamental bound in sensitivity achievable with uncor-
related atoms. Therefore, an urgent current need is to
find noise-suppressing protocols to allow current clocks
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to operate at the SQL, before implementing strategies to
further improve OLCs via quantum entanglement.

Here we propose a possible path forward via topo-
logical states that are relatively easy to implement in
state-of-the-art noninteracting OLCs [10], which can pro-
vide metrological benefits from their underlying topolog-
ical robustness. More specifically, we discuss a proto-
col to create the simplest SPT model, the SSH model,
in a tilted one-dimensional (1D) OLC [see Fig. 1(a)].
The tilt can come from the gravitational acceleration
or other types of acceleration, parallel to the 1D OLC
axis [6–8,10].

In our proposed setting, atoms are allowed to tunnel
in a highly controlled manner without energy costs, lead-
ing to spatially delocalized atomic wave functions across
the lattice. In the topologically nontrivial phase, specific
observables of interest become insensitive to variations of
the Hamiltonian parameters that describe the atom dynam-
ics. Such robustness has already been observed in previous
experiments [21]. It originates from the Berry phase [29]
(or the geometric phase) that atoms accumulate when mov-
ing through the lattice. This is similar to the quantized and
nonzero Hall conductivity in certain solid-state systems,
where the Hall conductivity is robust against noise and
fluctuations in material parameters.

In our system, such topological robustness protects
coherences in highly mobile atoms, mitigating the so-far
detrimental decoherence from the spin-orbit coupling in
tunneling-dominated regimes [30]. It allows clock spec-
troscopy to be performed in a way that is not only robust
to local noise—which averages out as atoms delocalize,
but also more resilient to global noise sources compared
to standard frozen atoms. Figure 1(b) illustrates how the
topological robustness of our system can help suppress
the OLCs’ sensitivity to Rabi frequency amplitude noise.
The upper panel shows how standard Rabi spectroscopy
is impacted by the presence of experimentally relevant
amplitude noise that we discuss in more detail in Sec.
IV. The lower panel shows the robustness to such noise
enabled by the “SSH clock spectroscopy” protocol, also
discussed in Sec. IV.

Furthermore, we show that the capability of atoms to
quickly delocalize, even in the presence of a gravitational
tilt, enables our protocol to be useful not only for optical
phase estimations, but also as a lattice-based matter-wave
interferometer (MWI) [31]. Such capability is made pos-
sible by being able to achieve large spatial separation
of wave packets. Naively speaking, while a sequence of
π pulses [32,33] can be used to spatially separate the
wave packets, as illustrated in Fig. 1(c), pulse imper-
fections from Rabi frequency amplitude noise can both
generate a large uncertainty and reduce the value of the
achievable separation. These issues can be mitigated using
adiabatic topological pumping schemes (detailed in Sec.
V). As schematically illustrated in this panel, the spatial

separation generated via adiabatic topological pumping
methods can reach larger values with reduced uncertainty.

We emphasize that, given the noninteracting conditions
in consideration, our protocols do not generate entangle-
ment, and therefore do not reduce quantum noise. Instead,
our protocols help reduce the classical statistical noise
caused by relevant experimental imperfections, opening
a path for state-of-the-art clocks operating at the desired
SQL sensitivity.

More specifically, we study the performance of our
quantum sensing protocols in the presence of experimen-
tally relevant static noise, including laser amplitude noise
and noise arising from atomic motion and thermal effects
[34–36]. We use realistic parameters and approximations
in our analysis.

The rest of this paper is organized as follows. First,
we discuss a protocol capable of engineering the SSH
(RM) model with tunable model parameters in tilted OLCs.
Then, we discuss how to use clock spectroscopy to probe
and characterize the different topological phases of the
SSH model. Finally, we discuss how topology protects
the system’s sensitivity against unwanted noise in quan-
tum sensing protocols of (1) an optical frequency and (2) a
constant uniform acceleration.

Our work can be readily implemented in current experi-
mental platforms [8,10] and paves ways to study topologi-
cal phases of quantum matter in OLCs. More importantly,
our work opens up a path to use topological protection to
improve clock operations.

II. THE SU-SCHRIEFFER-HEEGER MODEL IN A
TILTED OLC

In this section, we discuss our proposal to simulate the
SSH (RM) model, a prototypical model featuring SPT
phases, in a 1D tilted OLC. We then briefly review the key
concepts of this model relevant for the rest of this paper.

We consider a tilted, 1D OLC with lattice spacing aL
and nearest-neighbor tunneling frequency J , loaded with a
dilute array of atoms in such a way the system can be con-
sidered as noninteracting, as shown in Fig. 1(a). The atoms
have mass Ma, and experience a uniform acceleration gacc
generated by a linear potential across the lattice. The eigen-
states of this system are the Wannier-Stark (WS) states,
|l〉 [8,37], centered at lattice site l and with eigenenergy
El = ��l, where �� ≡ MagaccaL is the energy difference
between atoms on adjacent lattice sites. We consider a
parameter regime where the lattice depth is shallow enough
that J is comparable to�, thus |l〉 is delocalized across sev-
eral lattice sites. We show the WS states as shaded areas in
the left panel of Fig. 1(a). The clock states correspond to
two electronic levels, e and g, with an optical transition fre-
quency ωa. The single-particle Hamiltonian of our system
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(a) (b) (c)

FIG. 1. A symmetry-protected topological OLC. (a) Simulating the SSH (RM) model in a tilted 1D OLC: by using two laser beams
to drive both carrier and sideband transitions, a 1D Wannier-Stark ladder can be transformed into the SSH (RM) model that we use
for quantum simulation and quantum sensing protocols discussed in the rest of the paper. Left panel: a schematic diagram of the
experimental realization of Ĥ t-RM in a tilted 1D OLC. We use a two-tone clock laser with wave vector kc in a tilted 1D OLC with
lattice constant aL. When the clock laser is incommensurate with the optical lattice, atoms on neighboring lattice sites feel a spin-orbit-
coupling phase φ = kcaL. We show the Wannier-Stark wave functions as shaded red and blue areas. Center panel: the energy diagram
relevant to generating the SSH (RM) model, as indicated in the right panel. (b),(c) Reducing undesirable noise via topologically robust
protocols. Both panels include experimentally relevant, shot-to-shot noise (see also Secs. IV and V). Here we examine 100 realizations
of global laser amplitude noise and 100 realizations local laser amplitude noise, assuming 0.1% global noise and 4% local noise,
respectively. (b) Clock spectroscopy via Rabi (upper panel) and SSH (lower panel) protocols. The main panels show histograms of the
signals at two opposite detunings as indicated in the legends and illustrated with the colored symbols in the insets. The insets in the
upper and lower panels show the lineshapes of the corresponding protocols. (c) Spatial separation of the e and g atomic states in an
OLC interferometer via a sequence of pulses (blue) and via an adiabatic, topological Thouless pumping scheme (orange). The main
panels show the histograms of the atomic state separation after ten drive cycles. The inset shows the averaged spatial separation of the
e and g states at a different number of cycles.

thus reads

Ĥ 1p
lab = ��

∑

l,α=g,e

l ˆ̃c†
lα

ˆ̃clα +
∑

l

�ωa ˆ̃c†
le
ˆ̃cle, (1)

where ˆ̃clα annihilates a fermionic particle in WS state |l〉
and electronic level α = g, e. It is worth noting that the
SSH (RM) model is a single-particle model, therefore inde-
pendent of quantum statistics. However, in reality, Fermi
statistics makes it easier to implement our protocol both by
reducing the role played by interactions and for the initial
state preparation.

We use a clock laser with wavelength λc, propagating
along the lattice direction, to drive the ultranarrow clock
transition g − e. When λc/aL is not an integer value, the
clock laser imprints a differential phase φ = kcaL across
adjacent lattice sites, which generates the spin-orbit cou-
pling (SOC) [30,38–40], allowing the clock laser to drive
g − e transitions between different sites. We propose to use
two different clock laser tones to implement the SSH (RM)
model. The first tone with angular frequency ω0, detuned
from the atomic transition by δ = ω0 − ωa, drives the on-
site (“carrier”, |l, g〉 → |l, e〉) transition [see Fig. 1(a) and
Appendix A for details]:

Ĥ 	̃0
lab = �	̃0

2
e−iω0t

∑

l

ˆ̃c†
le
ˆ̃clg + h.c., (2)

where 	̃0 = 	c〈l|eikcX̂ |l〉 � 	cI0J0(J̃ ) with 	c the bare
Rabi frequency of the carrier drive and I0 =∫dXeikcX w2

0(X)
the on-site overlapping integral of the localized ground-
band Wannier function w0(X ), and Jn(J̃ ) the nth Bessel
function of the first kind with J̃ = 4J |sin(φ/2)| /�. The
second tone with angular frequency ω1 is used to drive
a “red sideband” transition, |l, g〉 → |l − 1, e〉, with two-
photon detuning δt = ω1 − ω0 +�. The Hamiltonian thus
reads [see Fig. 1(a) and Appendix A for more details]:

Ĥ 	̃1
lab = �	̃1

2
e−iω1t

∑

l

ˆ̃c†
le
ˆ̃cl+1g + h.c., (3)

where 	̃1 = 	s〈l − 1|eikcX̂ |l〉 � i	sI0J−1(J̃ ) and	s is the
bare Rabi frequency of the sideband drive. In the above
equations, we removed the SOC phase via a gauge trans-
formation: ˆ̃c†

le → e−ilφ/2 ˆ̃c†
le, ˆ̃c†

lg → eilφ/2 ˆ̃c†
lg . When driving

close to resonance of both transitions, it is convenient to
go to a rotating-gauge frame (RGF) via

ˆ̃c†
le → il eit[(ω0−ω1)l+ω0]â†

le, ˆ̃c†
lg → il eit(ω0−ω1)lâ†

lg . (4)

Under this unitary transformation we can identify fast-
rotating terms, which can be removed since they average
out. To avoid exciting the atoms to undesired state during
laser interrogation, we assume |	̃0|, |	̃1| � �. This leads
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us to a tilted RM (t-RM) model:

Ĥt-RM/� = ĤRM/� + δt

∑

l,α=e/g

lâ†
lα âlα , (5)

where

ĤRM/� =
∑

l

(
	A

2
â†

leâlg + 	B

2
â†

leâl+1g + h.c.
)

+ δ

2

∑

l

(
â†

lg âlg − â†
leâle

)
, (6)

with 	A = 	̃0,	B = −i	̃1, both real valued. When both
drives are on resonance (δ = δt = 0), we obtain the SSH
model: ĤSSH/� = ∑

l

(
	Aâ†

leâlg +	Bâ†
leâl+1g + h.c.

)
/2.

At this leading order, we have ignored the ac Stark shifts
generated by both lasers, see Appendix B for details. These
terms contribute to undesired noise that we include in later
sections.

A schematic visualization of the above protocol is
shown in Fig. 1(a). All of the model parameters, namely,
	A,	B, δ, and δt can be tuned: δ and δt can be tuned via
tuning laser frequencies as long as they are smaller than
�; 	A and 	B can be tuned either by tuning the laser Rabi
frequencies	c and	s, the lattice depth (which modifies I0
and J ), the spin-orbit coupling phase φ [41], or the tilting
potential �� [7].

The SSH (RM) model has two dimerized phases deter-
mined by r ≡ |	B/	A|. The transition between them is
at r = 1, which sets the topological critical point for the
SSH model. When r < 1, the SSH model is in the topolog-
ically trivial (T) phase, while when r > 1, the topologically
nontrivial (NT) phase. One way to visualize these two
phases is by rewriting the model in the quasimomentum (k)
basis: âkα = (1/

√
L)
∑

l eilkaL âlα , which can then be used
to define spin operators acting in quasimomentum space,
Ŝ+

k = â†
keâkg and Ŝz

k = (â†
keâke − â†

kgâkg)/2. The spin oper-
ators satisfy standard commutation relations. In this way,
ĤSSH can be written as a spin model

ĤSSH =
∑

k

	B(k) · 	̂Sk, (7)

where 	̂Sk = (Ŝx
k , Ŝy

k , Ŝz
k), and the effective magnetic field

is defined as 	B(k) ≡ (	A +	B cos kaL,	B sin kaL, 0) ≡
(|B| cos(φk), |B| sin(φk), 0), where φk is the angle between
	B(k) and the x axis in the x − y plane of the Bloch
sphere. The topology of the SSH model can thus be seen
through a closed trajectory of 	B along the Brillouin zone
(BZ), kaL ∈ (−π ,π ]. As shown in Fig. 2, the T/NT phase
depends on whether or not this trajectory winds around
the origin, as defined by the “winding number” W or

FIG. 2. Schematic illustration of the winding number of the
SSH model. In all panels, the arrows display the effective mag-
netic field of the SSH model, 	B(k), as kaL varies over the BZ.
Different colors represent different values of k. When r < 1 (left),
the winding number is zero and the system is topologically triv-
ial. At r = 1 the system reaches a critical point (center), and for
r > 1 (right) there is a net finite winding number thus a none-
trivial topology. Black circles indicate the trajectories traced by
the tip of 	B(k) as k varies across the BZ.

the Zak phase φZak = −πW . Mathematically, for the SSH
model, WSSH = −(1/π) ∫BZ A(k) dk with the Berry phase
A(k) = − 1

2 dφk/dk, resulting in WSSH = 0 when r < 1
and WSSH = 1 when r > 1.

A nontrivial Berry phase can give rise to topological
Thouless pumping [42,43] when one varies the RM model
parameters (	A,	B, and δ) in a way that they adiabati-
cally return to their initial values after a pump cycle time
τ . We discussed this in the latter part of this paper, Sec. V
and in particular, in Fig. 6 and corresponding discussions.
The particle transport at the end of each cycle is restricted
to be an integer number set by W as the trajectory of
(δ,	A −	B) winds around the origin once, otherwise
there is no particle transport. The direction towards which
the particle moves is determined by its initial state and
the winding direction of (δ,	A −	B). The topological
Thouless pumping has been shown to be robust against
weak perturbations including certain interactions, time-
independent spatial disorder and time-dependent disorder
[12,19,43–45].

III. A SPECTROSCOPIC PROBE OF THE
TOPOLOGICAL PHASE TRANSITION

In the following section, we discuss how we can use
standard clock spectroscopy to probe WSSH, the topolog-
ical nature of the SPT phases in our system, either when
δ = δt = 0, or when δt = 0 with fixed δ.

We use the states {|↓〉l ≡ |l + 1, g〉 , |↑〉l ≡ |l, e〉} as an
effective two-level system to perform the read out, as
done in prior work [6,8]. In terms of these states, we
can define the corresponding sideband spin-1/2 oper-
ators: Îly ≡ (â†

leâl+1g − â†
l+1gâle)/(2i), Îlx ≡ (â†

leâl+1g +
â†

l+1gâle)/2 and Îlz ≡ (â†
leâle − â†

l+1gâl+1g)/2, which satisfy
the appropriate commutation relations. In a typical clock
measurement, one measures the global observables given
by the sum of all local observables, namely Ô = ∑

l Ôl. We
also simplify the expectation value of an operator as O =
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(a)

(b)

(c)

(d)

FIG. 3. Probing topological phases in the SSH model. (a),(c) Protocols in the rotating-gauge frame. (b),(d) Numerical simulations.
(a),(b) Winding number measurements with δ = δt = 0, compared to their expected values (0, 0.5, and 1, shown as black horizontal
dashed lines) in their corresponding topological phases. Line colors correspond to different r values indicated by the colorbar. (c),(d)
One-step winding number measurements with δ 
= 0 and δt = 0. (d) One-step measurement results as a function of δ at	Bt = π (main
panel) and 	Bt = 15π (inset). At long time, the slope at δ = 0 gives half of the winding number value. The main panel and the inset
share the same x and y axis, with parameters: δ/	B = −0.1 · · · 0.1, r = 0.3 · · · 3, and δt = 0.

〈Ô〉. Additionally, since Îz is the global particle number dif-
ference between e and g states, Îz = Ŝz ≡ ∑

l(n̂le − n̂lg)/2,
where n̂l,e/g = â†

l,e/gâl,e/g .
We sketch the schematics of the WSSH measurement

protocol in Fig. 3(a): first, we prepare the atoms in the g
internal level, each in a Wannier-Stark eigenstate. Sim-
ilar to Rabi spectroscopy, we illuminate the atoms for
time t. However, in our case, to implement the SSH
model, we turn both laser tones on, and drive the car-
rier and sideband transitions simultaneously on resonance,
namely, δ = δt = 0. At the end of the time evolution,
instead of measuring the excitation fraction directly, we
need to measure the total sideband coherence, Iy , along a
quadrature perpendicular to the already-applied sideband
tone. The latter can be measured by suddenly turning off
the carrier drive while keeping the sideband drive on,
for the specific time required to drive a sideband π/2
pulse, Um1

RGF = exp [−i(π/2)(
∑

l Îlx)], followed by mea-
suring total excited- and ground-state populations ne/g ≡
〈n̂e/g〉 = ∑

l 〈n̂l,e/g〉 to obtain Sz.
By measuring the sideband coherence Iy , we can in fact

measure the current in the SSH chain given by the rate of
change of the wave-function displacement:

˙̂X
aL

= 	BÎy , (8)

where the displacement is X̂ = aL
∑

l l(n̂le + n̂lg). A simi-
lar protocol was performed in quantum gas microscopes to
measure currents with single-site resolution [46].

To probe the topological phase transition, one has to
repeat this protocol and measure Iy(t) at different time t to
obtain its time integral. When weighted by 	B, we obtain
the displacement of the atomic wave function from its
initial location, X (T):

X (T)
aL

= 	B

∫ T

0
dt Iy(t). (9)

We show in Fig. 3(b) that X (T) can be used to probe
topological phases of the SSH model, i.e.,

X (T)
aL

= WSSH

2
+ oscillating terms. (10)

In fact, the quantity X (T) is equivalent to the “mean dis-
placement”(MD), a bulk observable that can be used as a
marker of topological phases [47–49]. The MD has been
used to measure winding numbers in twisted photons [48],
and can be used to study the topological properties of more
complicated models [49].

The simple limiting cases when the system is totally
dimerized, with	B 
= 0,	A = 0 and	A 
= 0,	B = 0, can
serve to illustrate the distinct behaviors in the two dif-
ferent topological phases. In the former case, the NT
phase, the atom performs standard Rabi oscillations in
the sideband transition Iy(t) = sin(	Bt)/2 and therefore
X (T)/aL = (1 − cos(	BT))/2; while in the latter case,
the T phase, only the carrier transition is driven, thus
atoms remain localized at their initial sites and thus Iy(t) =
X (T) = 0.
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In the presence of a small detuning, δ, from the carrier
transition, we can measure the MD in one step, with-
out integrating over time, by measuring the x component
of the sideband coherence Ix after time evolution. We
measure Ix by suddenly applying a phase jump of −π/2
to the Rabi sideband drive while simultaneously turning
off the carrier Rabi drive, for a time necessary to real-
ize a π/2 pulse, Um2

RGF = exp [i(π/2)(
∑

l Îly)], followed by
a measurement of the excited- and ground-state popula-
tions ne,g . We display the above protocol in Fig. 3(c). One
can show analytically using linear responses that when
δt, δ � 	A,	B,

Ix(t) � δ

	B

WSSH

2
+ δtS̃(	A,	B)+ osc. terms, (11)

where S̃(	A,	B) is a real-valued function not directly
related to WSSH (see Appendix D and Fig. 8 for details).
The above equation indicates that the kinetic term Ix
[46] responds linearly to the inversion-symmetry-breaking
terms δ and δt, with a slope related to WSSH for the car-
rier detuning δ. Again, in the simple limiting case when
the system is fully dimerized, we see that Ix(t) = 0 when
	A 
= 0, 	B = 0, while Ix(t) � (δ + δt)(1 − cos(	Bt))/2
when 	A = 0, 	B 
= 0.

We show the numerical simulations of Ix(t) with δt = 0,
at t = π/	B and t = 15π/	B in Fig. 3(d) and its inset.
This provides us a one-step measurement of WSSH: as long
as we know the values of 	B and δ, we can measure WSSH
via Ix. In fact, Ix is a band correlation function discussed in
prior work [45], and has been found to be robust to certain
types of disorder.

The same quantity can alternatively be measured by first
preparing an initial state (|0, g〉 + |−1, e〉)/√2, then turn-
ing on the RM dynamics for time t, followed by measuring
−Sz. We show this protocol in Appendix E. Mathemati-
cally, this protocol is equivalent to the protocol discussed
above.

It is worth noting that Eq. (11) assumes an infinite num-
ber of lattice sites with periodic boundary conditions. In
Appendix F, we discuss how finite-size effects and open
boundary conditions modify Ix(t = 15π/	B) and affect
the sharpness of the phase transition. We also discuss the
robustness of Ix(t = 15π/	B) to various levels of static,
shot-to-shot amplitude uncertainties of	A and	B in finite
chains.

IV. SSH CLOCK SPECTROSCOPY

We now discuss a clock spectroscopy protocol that is
robust against unwanted noise in laser parameters thanks to
the underlying topology of the system. We focus on time-
independent global and local amplitude laser noise. The
global amplitude noise is modeled as global variations of
the Rabi frequency. On the other hand, the local amplitude

noise is modeled as position-dependent Rabi frequency
variations felt by each atom as it spreads over the radial
direction of the OLC due to their finite radial tempera-
ture [35,36]. We do not include global laser phase noise
in our analysis, because clock spectroscopy is inherently
sensitive to it and thus such noise is always detrimental.
Additionally, The SSH model is not immune to such noise
as it breaks the symmetry of the model (i.e., the “Chiral
symmetry”).

In conventional Rabi spectroscopy, the atomic fre-
quency is inferred via the so-called Rabi lineshape [illus-
trated in the inset of the upper panel of Fig. 1(b)], obtained
by first driving a carrier laser with Rabi frequency 	R for
a time tR such that 	RtRπ = π , with the laser frequency
detuned from the clock transition frequency by a detuning
δ, followed by measuring populations ne, ng as a function
of δ. The resonance value ωa = ω0 is given by the solu-
tion of (n−1

e (δc)+ n−1
e (δ′

c))/2 = δresonance = 0, typically by
choosing δc and δ′

c at the positive and negative slopes of
the Rabi line shape at half maximum (FWHM), namely,
where the line shape achieves maximum positive and nega-
tive slopes. Uncertainties in	R lead to an uncertainty of tRπ
that in turn induces both a systematic error on the inferred
resonant detuning at the FWHM, as well as a reduction of
the signal at ±δc.

Our SSH clock spectroscopy adopts a similar idea as the
Rabi spectroscopy, but we determine ωa using the winding
number measurement protocol, Ix, as discussed in Sec. III
and Figs. 3(c) and 3(d). Specifically, we operate in the NT
phase by setting	B > 	A, let the system evolve for a fixed
time tBπ = 5π/	B when the value of Ix saturates around
W/2, then measure Ix.

In addition to the carrier detuning, however, in our
symmetry-protected SSH clock, there is also an additional
detuning δt. In Fig. 4(a) we show that Ix varies linearly
with respect to δ and δt, as discussed in Eq. (11). The rel-
evant bare parameters, ωa and �, are inferred by finding a
set of detunings that satisfy Ix(δ, δt)+ Ix(−δ, −δt) = 0. To
measure clock transition frequency, we set δt = 0, in which
case the frequency difference between the two laser tones
is �.

In the presence of the noise discussed above, the
SSH Hamiltonian becomes ĤSSH/� = ∑

il

(
	iAâ†

ileâilg

+	iBâ†
ileâil+1g + h.c.

)
/2, where the Rabi frequencies

applied to each atom i is

	i,A/B = 	̄A/B (1 + εa) (1 + εi) , (12)

with 	̄A/B the ideal value, εa the shot-to-shot global ampli-
tude noise, and εi the local amplitude noise. We take εa and
εi to be zero-mean Gaussian random variables with stan-
dard deviation σa and σi, respectively. We also include the
additional ac Stark shifts (see Appendix B). In our simula-
tion, we use current experimentally relevant values and set
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(a)

(b) (c)

FIG. 4. (a) The signal of the SSH spectroscopy, Ix, at different
δ and δt values without any experimental imperfections. (b),(c)
Comparisons between Rabi spectroscopy (in blue) and SSH spec-
troscopy (in orange) with 	A/(2.2π) = 	B/(2π) = 10 Hz, over
200 realizations of global noise and N atom-dependent noise
as detailed in the the main text. (b) How signal varies with
respect to δ, dO/dδ, at operation points δc’s of the two protocols.
For Rabi spectroscopy, O = Sz and δc ∼ 0.8	; for SSH spec-
troscopy, O = Ix and δc = 0, averaged over all noise realizations.
(c) N dependence of σ 2

s of the two protocols. The dashed line
shows the fundamental sensitivity achievable for uncorrelated
atoms, the SQL. The dashed-dotted line compares Rabi results
to Eq. (15). The dotted line is a fit to the SSH results, which is
y = γ 2σ 2

a N 2, where γ 2 = 0.00027.

σa = 0.001 and σa = 0.04 [34–36]. We also set the Rabi
frequencies to be 	B/(2π) = 10 Hz and 	A = 	B/1.1.

We compare the signals of the two protocols, i.e.,
dO/dδ with O = Sz for Rabi and O = Ix for SSH, at their
respective operation points δc, with 	R = 	B. We observe
minimal signal reductions in both protocols as shown in
Fig. 4(b).

To quantify the robustness of a measurement protocol
against imperfections, we calculate the clock sensitivity to
δ, for a system of N noninteracting atoms as

�2δ = �2O
t2L(dO/dϕ)2

∣∣∣∣∣
δ→δc

, �2O = N/4 + σ 2
s , (13)

where tL is the laser interrogation time, ϕ is the accu-
mulated phase due to δ, δc is the working point of the

noise-free protocol, O is the measured observable which
gives the signal, and associated variance �2O. The vari-
ance includes both the quantum noise, or SQL, of N/4 for
noninteracting atoms, and the statistical noise σ 2

s , coming
from the sensitivity of a protocol to technical noise. For
the collective observable measured in the described proto-
cols, O = Sz, the global noise increases quadratically in N
[50,51], namely,

σ 2
s,gl �

∑

β

σ 2
	β ,gl

∑

i
=j

(
∂Oi

∂	β

∣∣∣∣
	̄β

)(
∂Oj

∂	β

∣∣∣∣
	̄β

)

︸ ︷︷ ︸
∝N 2

, (14)

where gl stands for global, β is all the Rabi frequen-
cies involved in the protocol, i.e., β = R for the Rabi
spectroscopy and β = A, B for the SSH spectroscopy, and
Oi/j is the measured observable of atom i/j. For Rabi
spectroscopy, it can be analytically calculated that

σ 2
s,gl � 0.035N 2σ 2

	R,gl. (15)

The noise affecting individual atoms, on the other hand,
scales linearly in N , and is suppressed when N is large.

In the case of the SSH spectroscopy, σ 2
s is suppressed

since ∂Iix/∂	β is small, as Iix ∝ WSSHδ where WSSH is
topologically protected against static amplitude uncertain-
ties of	A,B [21,45]. We discuss this briefly in Appendix F.

We compare σ 2
s of our protocol with that of the Rabi

spectroscopy in Fig. 4(c) as a function of total particle
number N , assuming perfect Ix measurements. We observe
a reduction of σ 2

s in the SSH spectroscopy. By fitting
σ 2

s at different N values to y = γ 2σ 2N 2, we obtain γ 2 �
0.00027. We also compare our simulation with the SQL
shown by the black dashed line in Fig. 4(c) and compare
σ 2

s of the Rabi spectroscopy to Eq. (15). Given the small
Rabi frequency noise we consider, σ 2

s of the Rabi spec-
troscopy becomes comparable with the SQL only for N �
107. That means that while not so relevant under current
conditions, the discussed SSH protocol could be beneficial
to future generation OLCs capable of interrogating larger
atom arrays. Other types of local amplitude noise ignored
here could push the utility of our protocol even to lower N .

If it is not possible to measure Ix perfectly, the same
quantity can alternatively be measured using the protocol
mentioned in the end of the last section, or in Appendix E,
where the initial state can be prepared adiabatically, and Sz
can be measured fairly accurately.

V. TOPOLOGICALLY PUMPED MATTER-WAVE
INTERFEROMETER

Conventional interferometers detect force fields, such as
the ones proportional to the local gravitational acceleration
g [52] and the Newtonian gravitational constant G [53], via
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(a) (b)

FIG. 5. MWIs in OLCs. (a) The “many-pulse protocol” (MPP). (b) The “Thouless pumping protocol” (TPP). Upper panels: the
protocol sequence of each protocol as described in the main text. Lower left panels: the space-time diagram of each protocol. Lower
right panels: pictorial indication of one drive cycle of each protocol that creates deg = 2aL.

measuring the differential phase, ϕ, experienced by matter
waves traveling through different paths in the force field.
These MWIs typically operate using free-falling atoms
that enjoy a phase accumulation that scales quadratic in
time [52]. While trapping the atoms in optical lattices
[31,54–58] has the advantage of a much longer interroga-
tion time, currently approaching minutes, the achievable
phase-accumulation rate is limited to scaling linearly with
time. A way to further enhance the accumulated phase is
via the application of multiple pulses [32,59] that helps to
increase the spatial separation between the two parts of the
wave packet.

In a possible implementation of the protocol [32,33],
one first applies an initial carrier π/2 pulse on atoms
prepared in their ground state, generating a coherent super-
position on a single site l: |ψMWI

0 〉 = (|l, g〉 + |l, e〉)/√2.
Then, for a duration td, a sequence of N M

p composite π
pulses, consisting of a sideband drive followed by a carrier
drive, denoted as Ĥd, is applied to induce a spatial separa-
tion between |e〉 and |g〉 states: deg = 2N M

p aL. Afterwards,
within a dark time T � td, the two states accumulate a
differential phase since they are spatially separated at loca-
tions with different gravitational potential. Then, after a
pulse sequence that reverses the spatial separation, denoted
as −Ĥd, the atoms are recombined. Lastly, we measure the
accumulated phase difference by applying another local
carrier π/2 pulse that converts the y component of the
carrier coherence into population, which is the quantity
measured at the end of the sequence. Assuming fast and
perfect π/2 pulses for the state preparation and measure-
ment, the total time of this protocol is tf = 2td + T. This
MWI signal depends linearly on the accumulated phase.
We refer to this protocol as the “many-pulse” protocol
(MPP), and illustrate it in Fig. 5(a). Assuming perfect
drives with δ = 0, the ideal accumulated phase of the
MPP is

ϕM
ideal = δtTdeg/aL = 2δt(tf − 2td)N M

p . (16)

We now discuss an alternative MWI protocol that shows
reduced sensitivity of unwanted noise thanks to the use of
topologically protected adiabatic transfer instead of a mul-
tipulse sequence. The basic idea is to achieve the desired
spatial separation using the topological “Thouless pump-
ing” protocol (TPP), shown in Fig. 5(b). In this case, within
the same time duration tf , half of the time is spent to repeat
N T

p Thouless pumping cycles with a cycle time τ , in order
to spatially separate the |g〉 and |e〉 states by deg = 2N T

p aL.
Then, the same amount of time is used to bring the two
states back to the initial location, and measure the accu-
mulated phase in the same way as in the MPP. No dark
time is needed in this protocol as the two states contin-
uously accumulate differential phase during the adiabatic
Thouless pumping cycles. We sketch in Fig. 6(a) the time
variation of the RM parameters (left panel) used to perform
a pumping cycle with duration τ = 1/12 s and their corre-
sponding laser frequencies (right panel): in the protocol,
we vary ω1 together with ω0, so that the value of δt is kept
at a fixed value at all time. In the left panel of Fig. 6(b), we
show the spatial distribution of the states e and g in the lat-
tice, nl,e/g , during two Thouless pumping cycles. We also
show in the right panel of Fig. 6(b) the time dependence of
(δ, 	A −	B) within one Thouless pumping cycle.

Contrary to the MPP, the ideal accumulated phase scales
quadratically with tf , which is also the case for free-falling
atoms:

ϕT
ideal = 4δt

N T
p∑

n=0

(nτ) = 2δtτ
(

N T
p

)2
= δtt2f /(2τ). (17)

We compare the MPPs and TPP performance with fixed
tf = 4s and ϕM

ideal = ϕT
ideal. In particular, we consider

three different MPPs, i.e., protocols P0 to P2 with 	A =
	B = 	, where P0: 	/(2π) = 24 Hz, N M

p = 24, T =
2 s; P1: 	/(2π) = 37.5 Hz, N M

p = 15, T = 3.2 s; and P2:
	/(2π) = 39.86 Hz, N M

p = 65, T � 0.74 s, adjusting the
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(a)

(b)

FIG. 6. Thouless pumping in a tilted 1D OLC. (a) Time depen-
dence of the Hamiltonian parameters 	A,	B, and δ (left panel)
and laser frequencies (right panel) of one Thouless pumping
cycle of time τ = 1/12 s. (b) Left panel: the dynamics of the
probability density function of the e (red) and g (blue) states of
an atom within two Thouless pumping cycle, with initial state:
(|0, g〉 + |0, e〉)/√2. Right panel: time dependence of (δ,	A −
	B) of one Thouless pumping cycle, with time indicated by the
colormap. The radius, rE , which gives the band gap as L → ∞,
is constant in t. Open symbols on the left panel corresponds to
the time and Hamiltonian parameters shown on the right panel.
Note that the first symbol (open circle) and the last symbol (open
square) are on top of each other, indicating the time periodicity
of Thouless pumping cycles.

laser power to achieve the same Rabi frequency	 for both
the carrier and the sideband drives. These three chosen pro-
tocols aim to capture different ways to improve the MWI
sequence by maximizing phase accumulations, although
by no means they are the optimal ones: P1 has long dark
time T, and P2 has long td thus leads to large deg , while P0
balances td and T. We consider one TPP with τ = 1/12 s
and N T

p = 24 (protocol Pτ=1/12 s
TPP ). All of the protocols are

designed to achieve the same phase accumulation under
ideal conditions.

To investigate the robustness of these protocols, we
account for relevant sources of noise, described by the
function 	i,A/B = 	̄A/B(1 + εa)(1 + εi), the same as the
previous section. We also include ac Stark shifts as dis-
cussed in Appendix B. The time dependence of δ in
TPP thus becomes δ(t) = δp(t)+ δ̄ACS(t)+ δεACS(t), where
δp(t) is the actual detuning of the laser frequency ω0 from
the atomic transition frequency ωa, which we vary over

(a)

(b)

FIG. 7. Comparisons between the MPPs and TPP with 200
realizations of global imperfections and N noninteracting atoms
with atom-dependent imperfections, as discussed in the the main
text. (a) Pulse sequences of the MPP protocols P0...2. (b) Left
panel: how the signal Sy varies with respect to the detuning δt for
the various protocols (symbols) compared to the ideal value (the
black dashed line). Right panel: N dependence of σ 2

s (symbols),
compared with the SQL (black solid line). Black dashed, dashed-
dotted, and dotted lines: fitting the symbols to y = γ 2σ 2

a N 2,
where γ 2 � 0.25 (dashed), γ 2 � 0.09 (dashed-dotted) and γ 2 �
10−7 (dotted). The inset of the right panel shows the lines of the
main panel, extrapolated to larger N values. It shows that for
large N > 3 × 106, the MPPs reach noise levels comparable with
the SQL.

time during the protocol. The quantity δ̄ACS(t) is the ideal
ac Stark shifts that can be calculated based on the instan-
taneous Rabi frequencies and �. In the presence of noise
in Rabi frequency amplitudes, δ(t) has a time-dependent
noise given by δεACS = δACS(t)− δ̄ACS(t) 
= 0.

We investigate the signals obtained for all the protocols
and how they change with δt, i.e., dSy/dδt. Ideally, these
protocols should have the same dSy/dδt value. However,
in the left panel of Fig. 7(b), we observe a reduction in
all protocols due to experimental imperfections. Due to
the imposed time constraint we also see a possible lack
of full adiabaticity in the TPP protocol. Nevertheless, the
TPP still appears to have the largest signal. We would like
to note that the lack of full adiabaticity can be resolved by
increasing τ and/or the maximum values of |	A/B|, by opti-
mizing the pulse sequence, or via shortcuts-to-adiabaticity
protocols [60]. It is worth noting that for topological pump-
ing schemes, the particle transport is protected even in the
presence of small interactions, as long as the interaction
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strength is small compared to the energy gap of the SSH
model [19,44].

Lastly, we compare the statistical noise of these proto-
cols. As shown in the right panel of Fig. 7(b), the TPP
yields significantly less statistical noise than the MPPs. We
also compare all protocols with the SQL and find that the
statistical noise of the MPPs is comparable with the SQL
when N > 3 × 106, while that of the TPP still remains
much smaller than the SQL.

VI. CONCLUSION AND OUTLOOK

In this paper, we described a readily implementable
experimental setting to realize a symmetry-protected topo-
logical model in a tilted 1D OLC. We discussed how one
can measure the system’s topological property, namely the
winding number, by taking advantage of the pristine quan-
tum coherence and the exquisite spectral resolution offered
by OLCs. We finally discussed two sensing protocols,
which showed robust sensitivity compared to conventional
clock sequences, thanks to the topological robustness of
symmetry-protected states against unwanted global and
local noise present in real experiments. We discussed how
topology helps reducing statistical uncertainties, while
keeping or even increasing the acquired signal.

Our work can open up a new path for a generation
of OLCs with topologically enhanced sensitivity. While
we focused here on measuring the clock transition fre-
quency ωa and the local gravitational acceleration g, our
protocols can, in principle, be adapted to improve the mea-
surement resolution of gravitational red shifts [6]. More-
over, even though so far we have limited our analysis to
noninteracting atoms, an exciting extension is to study
how interactions affect the observed topological robust-
ness [19,61]. Additionally, even though we focused our
work on static imperfections, our protocols could, in prin-
ciple, be robust against certain types of time-dependent
noise [5,62]. Finally, generalizing the investigation to more
complex systems including higher-dimensional models or
systems with more than two internal levels, by incorpo-
rating the nuclear spins, will open up a plethora of rich
physics, where for the first time the cooperation or com-
petition between interactions and topology can give rise to
a new generation of quantum-enhanced and topologically
protected sensors.

ACKNOWLEDGMENTS

We thank Joanna Lis and Maya Miklos for feedback
on the paper. We also thank Thomas Bilitewski, Mikhail
Mamaev, Klaus Mølmer, Bhuvanesh Sundar, Yanqi Wang,
and Haoqing Zhang for useful discussions. We additionally
thank Jim McKown, Corey Keasling, and Daniel Packman
from JILA computing group for their support with relevant
hardware used for numerical simulations. This material is

based upon work supported by the AFOSR FA9550-24-
1-0179, the SLOAN, the Simons and the Heising-Simons
foundations, the NSF JILA-PFC PHY-2317149 and OMA-
2016244 (QLCI), the U.S. Department of Energy, Office of
Science, National Quantum Information Science Research
Centers, Quantum Systems Accelerator and NIST. T.E.
also acknowledges funding from Swiss National Science
Foundation under Advanced Grant No. TMAG-2 209376.

DATA AVAILABILITY

No data were created or analyzed in this study.

APPENDIX A: THE SSH MODEL IN A TILTED
OLC

The Hamiltonian that describes the dynamics of atoms
driven by a coherent laser, with Rabi frequency 	, laser
frequency ωl, and wave number kc, is given by

Ĥ	
lab/� = 	

2
e−iωlt

∫
dX eikcX �̂†

e (X )�̂g(X ). (A1)

Assuming the atoms are trapped in the lowest band of a
lattice, we can expand the field operator in term of lowest
band Wannier states localized at the different lattice sites,
the above equation can be rewritten as �̂α = ∑

n w0(X −
naL)ĉnα , where aL is the lattice constant. We thus get

Ĥlab = 	

2
e−iωlt

∑

mn

Inmĉ†
neĉmg , (A2)

where

Inm =
∫

dX eikcX w0(X − naL)w0(X − maL) = einφIm−n,

(A3)

with φ = kcaL. One can prove that Im−n = I∗
n−m. If two

laser drives with frequencies ω0 and ω1 are used to illu-
minate atoms trapped in a tilted system, and δ = m − n,
the full Hamiltonian describing the motion and internal
dynamics of the atoms is given by

Ĥlab/�

=
(
	c

2
e−iω0t

∑

lδ

Iδeilφ ĉ†
leĉl+δg + h.c.

)

+
(
	s

2
e−iω1t

∑

lδ

Iδeilφ ĉ†
leĉl+δg + h.c.

)

− J
∑

lα

ĉ†
l+1αclα + ωa

∑

l

ĉ†
leĉle +�

∑

lα

lĉ†
lα ĉlα ,

(A4)

where �� = MagaccaL is the the potential energy differ-
ence between atoms at adjacent lattice sites. Rewritting the
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Hamiltonian in terms of Wannier-Stark (WS) states, that
diagonalize the motional degrees of freedom:

Ĥ/� = −J
∑

lα

ĉ†
l+1α ĉlα +�

∑

lα

lĉ†
lα ĉlα + h.c.,

with ĉlα = ∑
m Jl−m(2J/�) ˆ̃cmα , we have [63]

∑

l

eilφ ĉ†
leĉl+δg =

∑

lk

eilφ e−i(δ−k)(π+φ)/2Jδ−k(J̃ ) ˆ̃c†
le
ˆ̃cl+kg ,

(A5)

where J̃ = 4J |sin(φ/2)| /�. As a result, Ĥlab/� becomes

Ĥlab/�

= 	c

2
e−iω0t

∑

lkδ

Iδ eilφe−i(δ−k)(π+φ)/2Jδ−k(J̃) ˆ̃c†
le
ˆ̃cl+kg +h.c.

+ 	s

2
e−iω1t

∑

lkδ

Iδ eilφ e−i(δ−k)(π+φ)/2Jδ−k(J̃ ) ˆ̃c†
le
ˆ̃cl+kg

+ h.c. + ωa

∑

l

ˆ̃c†
le
ˆ̃cle +�

∑

lα

ˆ̃c†
lα

ˆ̃clα . (A6)

Assuming that the lattice is deep enough that the Wannier
states are mostly localized at a single lattice site, and that
the carrier and sideband Rabi frequencies are weak and
thus cannot drive undesirable transitions, we can set δ = 0
and k = 0, and ignore other terms (see Appendix B when
the k = 0 approximation is not assumed). In this case we
obtain

Ĥ lab/�

� 	cI0

2
e−iω0t

∑

l

(
eilφJ0(J̃ ) ˆ̃c†

le
ˆ̃clg

+ eilφei(π+φ)/2J−1(J̃ ) ˆ̃c†
le
ˆ̃cl+1g

)

+ 	sI0

2
e−iω1t

∑

l

(
eilφJ0(J̃ ) ˆ̃c†

le
ˆ̃clg

+ eilφei(π+φ)/2J−1(J̃ ) ˆ̃c†
le
ˆ̃cl+1g

)

+ ωa

∑

l

ˆ̃c†
le
ˆ̃cle +�

∑

lα

l ˆ̃c†
lα

ˆ̃clα . (A7)

APPENDIX B: AC STARK SHIFT IN
WANNIER-STARK OLCS

The full Hamiltonian in the lab frame, when driving one
of the sideband transitions, reads

Ĥ s
lab/� = 	sI0

2
e−iω1t

∑

l

(
J0(J̃ ) ˆ̃c†

le
ˆ̃clg

+ei(π+φ)/2J−1(J̃ ) ˆ̃c†
le
ˆ̃cl+1g

)
+ h.c. (B1)

Go to the rotating frame as mentioned in the main text,
namely,

ˆ̃c†
le → eit[(ω0−ω1)l+ω0] ˆ̃c†

le, ˆ̃c†
lg → eit(ω0−ω1)l ˆ̃c†

lg , (B2)

when ω0 − ω1 = �, we get

Ĥ s
RF/� = 	sI0

2

∑

l

(
ei�tJ0(J̃ ) ˆ̃c†

le
ˆ̃clg

+eiπ/2J−1(J̃ ) ˆ̃c†
le
ˆ̃cl+1g

)
+ h.c. (B3)

Then we go to the rotating-gauge frame where all the
couplings are real:

Ĥ s
RGF/�

= 	sI0

2

∑

l

(
ei�tJ0(J̃ )â

†
leâlg + J−1(J̃ )â

†
leâl+1g

)
+ h.c.

� 	sI0J−1(J̃ )
2

∑

l

(
â†

leâl+1g + h.c.
)

−
(
	sI0J0(J̃ )

)2

4�

∑

l

(
â†

lg âlg − â†
leâle

)
. (B4)

The last line of the above equation accounts for the ac Stark
shift. Similarly, we can repeat the above analysis for the
carrier drive and obtain

Ĥ c
SSH/�

= 	cI0

2

∑

l

(
J0(J̃ )â

†
leâlg + e−i�tJ−1(J̃ )â

†
leâl+1g

)
+ h.c.

� 	cI0J0(J̃ )
2

∑

l

(
â†

leâlg + h.c.
)

−
(
	cI0J−1(J̃ )

)2

4�

∑

l

(
â†

leâle − â†
lg âlg

)
, (B5)

In the the main text, we consider a shallow lattice with
lattice depth 5Er, which gives us J0(J̃ )/J1(J̃ ) � 1.73.

The above equations show that the ac Stark shift effec-
tively adds to the system a detuning. When the laser
interrogation time is relatively short, we can ignore the AC
Stark shift terms if

	sI0J−1(J̃ )
2

�
(
	sI0J0(J̃ )

)2

4�

and
	cI0J0(J̃ )

2
�
(
	cI0J−1(J̃ )

)2

4�
,

or if 	c,	s � �. However, when the laser interrogation
time is long, the ac Stark shift, especially the one related to
the sideband drive, cannot be ignored.
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APPENDIX C: ANALYTICAL DERIVATION OF
X (T)/aL IN THE SSH MODEL

The SSH model in the quasimomentum space reads

ĤSSH/� =
∑

k

(
	A

2
â†

keâkg + 	B

2
e−ikaL â†

keâkg + h.c.
)

,

(C1)

with eigenenergies

E±
k = ±Ek = ±1

2

√
	2

A +	2
B + 2	A	B cos kaL

and eigenvectors

|k, ±〉 = 1√
2

(
±e−iφk â†

ke + â†
kg

)
|0〉 , (C2)

where

tanφk = 	B sin kaL

	A +	B cos kaL
.

The operator Îy and the initial state in k space are

Îy = −i
∑

k

e−ikaL â†
keâkg + h.c. (C3)

and

|ψ0〉 = â†
0g |0〉 = 1√

L

∑

k

â†
kg |0〉

= 1√
2L

∑

k

(|k, +〉 − |k, −〉) . (C4)

We thus obtain

Iy(t) = −i 〈0|âkgeiĤ t
∑

p

e−ipaL â†
peâpge−iĤ tâ†

kg|0〉 + c.c.

= 1
2L

∑

k

(
	A cos kaL +	B

E2
k

)
sin(2Ekt). (C5)

Thus

X (T)
	BaL

=
∫ T

0
dt Iy(t)

= 1
2L

∑

k

(
	A cos kaL +	B

E2
k

)
[1 − cos(2EkT)] (C6)

L→∞−−−→ aL

8π

∫ π

−π
dk
(
	A cos kaL +	B

E2
k

)

× [1 − cos(2EkT)] . (C7)

We identify the Berry phase from the above equation:

A(k) ≡ −1
2

dφk

dk
= −1

2
aL	B(	A cos kaL +	B)

4E2
k

, (C8)

and recall the relation between Berry phase and the wind-
ing number, W :

W = − 1
π

∫

BZ
A(k) dk. (C9)

Thus the winding number relates to x(T) via

X (T)
aL

= WSSH

2
− 1

2

∫

BZ

dk
2π

dφk

dk
cos(2EkT). (C10)

APPENDIX D: Ix IN THE PRESENCE OF SMALL
δ, δt

We can use linear response theory and perturbation
theory to understand the effect of nonzero but small detun-
nigs, δ and δt. Using Ô = Ô0 +�Ô, where Ô0 is the
unperturbed operator, and

�Ô � i
∫ t

0
ds
[
�Ĥ(s), Ô(t)

]
, (D1)

where both �Ĥ(s) and Ô(t) are in the Heisenberg picture
of HSSH. We thus obtain for the case when the unperturbed
Hamiltonian is the SSH model:

�Îx(t) = i
∫ t

0
ds
[
Û†(s)�Û(s), Îx(t)

]
, (D2)

where Û(s) = e−iĤSSHs. When �Ĥ = −δ∑l Ŝlz,

�Îx(t) = −iδ
∫ t

0
ds
[

Û†(s)
∑̂

l
ŜlzÛ(s), Û†(t)ÎxÛ†(t)

]

= δ

2L

∑

k

cos(2Ekt)− 1
2Ek

[
ei(−kaL+φk) + c.c.

]
2Skz.

(D3)

One can evaluate �Ix(t) with initial condition |0〉 = |0, g〉,
and obtain Ix(t) � δWSSH/	B. Similarly, when �Ĥ =
δt
∑

l,α=e/g ln̂lα , we also have Ix(t) ∝ δt. In this case,

∫ t

0
ds

⎡

⎣Û†(s)
∑

l,α=e/g

ln̂lαÛ(s), Û†(t)ÎxÛ†(t)

⎤

⎦

≡ S(	A,	B, t) ≡ S̃(	A,	B)+ osc. term, (D4)

where S(	A,	B, t), S̃(	A,	B) 
= 0 but does not have a
direct relation with WSSH. We plot the numerically eval-
uated result for S(	A,	B, t) in Fig. 8.
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FIG. 8. Numerical results for S(	A,	B, t). Here we fix
	B/(2π) = 10 Hz and vary r values.

APPENDIX E: ALTERNATIVE PROTOCOL FOR
THE SSH CLOCK SPECTROSCOPY

We show in Fig. 9 an alternative protocol for the SSH
clock spectroscopy. In this protocol, we first adiabatically
prepare an initial condition (|0, g〉 + |−1, e〉)/√2, then
turn on the RM dynamics for time tB = π/	B , followed
by measuring −Sz. In fact, with this protocol, we can ana-
lytically obtain Sz(t) = −Ix(t), where Ix is precisely given
by the results in Appendix D.

We would like to note that, a combination of adiabatic
state preparation, the initial state, and Sz measurement
at the end of the protocol could in principle reduce the
statistical noise caused by experimental imperfections.

APPENDIX F: TOPOLOGICAL PHASE
TRANSITION IN FINITE-SIZE CHAINS

In this section, we briefly study the finite-size effects
on the topological phase transition. As discussed in the
main text and prior appendices, the sideband coherence of

FIG. 9. Alternative SSH clock spectroscopy. Upper panel: the
protocol. Lower panel: numerical simulation.

(a) (b)

(c)

FIG. 10. Topological phase transition, as indicated by Ix	B/δ,
in a finite chain with length L. We vary 	A values, fix t	B =
15π , 	B/(2π) = 10 Hz, and δ = 0.01	B. (a),(b) Noise-free
results of Ix	B/δ with different 	A −	B and L values. (a)
Ix	B/δ vs L and 	A −	B. (b) Several cross sections of panel
(a), as indicated by colors. (c) Ix	B/δ in the presence of shot-
to-shot amplitude noise of 	A/B with standard deviation σa	A/B,
where σa = 0.001, 0.01, 0.1, 0.2, and 0.5. Upper panels: same as
(b), but over 500 realizations of noise, with solid curves showing
the average value while shaded areas indicate the standard devia-
tion. Lower panels: values of the standard deviation of the upper
panels for better visualization.

a RM chain relates to the winding number of its under-
lying SSH model via Ix	B/δ = WSSH. This conclusion,
however, assumes an infinite SSH (RM) chain with peri-
odic boundary condition. Here we discuss the breakdown
of this assumption when in reality we have the open bound-
ary condition and finite-size chains. We also discuss how
Ix	B/δ = WSSH behaves with and without shot-to-shot
uncertainty of 	A, 	B, via numerical calculations of Ix(t)
at t	B = 15π , with fixed 	B and δ = 0.01	B values.

We show in Figs. 10(a) and 10(b) how Ix	B/δ varies for
different total number of lattice sites L, with initial state
being a single atom at g internal state at the center site of
the chain. When L is small, the range of |	A −	B| val-
ues, within which Ix	B/δ changes from 1 to 0, is very
large. As L increases, this range reduces. In our simula-
tion, we observe that for L > 45, the transition of Ix	B/δ

becomes very sharp. The energy spectrum of the underly-
ing SSH model is always gapped when	A < 	B and when
	A > 	B. The energy gap only closes when 	A = 	B as
L → ∞. The distinct behavior of Ix	B/δ in the regimes
	A < 	B and 	A > 	B is not a consequence of the gap
but instead a result of a topological phase transition: such
transition happens only in the presence of gap closing
(when L → ∞), and the symmetry of the system remains
unchanged before and after the phase transition.
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In the presence of shot-to-shot amplitude variations of
the Rabi frequency. Ix	B/δ behaves qualitatively similar
to the noise-free case Fig. 10(b), but as shown in Fig. 10(c),
the standard deviation in σ [Ix	B/δ] increases as indicated
by the shaded areas in the upper panels and their corre-
sponding lower panels. While σ [Ix	B/δ] increases with
increasing noise variance σa, as expected, its fluctuation
reduces as L increases. Such behavior persists until σa is as
large as 0.5, when the noise is so large that it breaks such
protection.

In summary, we have shown in this Appendix that, (1)
as L increases, the window of |	A −	B| values within
which Ix	B/δ changes between 0 and 1 reduces, i.e.,
as L increases, the topological phase transition becomes
sharper; (2) at a fixed time, as L becomes large enough
(in the case here, L > 45), a topological phase transition
can be observed and when deep in the topological phase,
Ix	B/δ is less impacted by small uncertainties of 	A, 	B,
until such uncertainties become too large to be considered
as a perturbation.

APPENDIX G: FULL SENSITIVITY COMPARISON
BETWEEN TWO CLOCK SPECTROSCOPY

PROTOCOLS

In this section, we compare the sensitivity of our SSH
spectroscopy protocol to that of the Rabi spectroscopy pro-
tocol. Since the laser interrogation of our protocol is 5
times that of the Rabi protocol, we need to compare one
measurement in our protocol to five measurements of the
Rabi protocol.

In the presence of N noninteracting atoms and a global
noise with standard deviation σ , the sensitivity of measur-
ing an observable O = ∑

i Oi where Oi is a single particle
observable, for m times, is given by

�2δ1 = mN/4 + mγ 2
1 σ

2N 2

m2(dO/dδ)2
= 1

4mNα2
1

+ γ 2
1 σ

2

mα2
1

, (G1)

where dO/dδ = Nα1, and γ1 is how O varies in the pres-
ence of noise with standard deviation σ , or ∂O/∂	 in our
case.

When m = 1, the above expression becomes

�2δ2 = N/4 + γ 2
2 σ

2N 2

(dO′/dδ)2
= 1

4Nα2
2

+ γ 2
2 σ

2

α2
2

, (G2)

where dO′/dδ = Nα2. For Protocol 2 to have better sensi-
tivity than Protocol 1 when �2δ1 > �2δ2, we need

[(
γ1

γ2

)2
β2

m
− 1

]
N >

1
4σ 2γ 2

2

(
1 − β2

m

)
, (G3)

where β = α2/α1. When we have two protocols with com-
parable signal and when γ1 � γ2, the above equation

becomes

N >
m − β2

4σ 2(γ 2
1 β

2 − mγ 2
2 )

. (G4)

When Protocol 1 is the Rabi spectroscopy and Protocol
2 is the SSH spectroscopy, we have σ = 0.001, β � 0.6,
m = 5, γ 2

2 � 0.00027, γ 2
1 � 0.035, resulting in N > 108

atoms. Namely, in the presence of over 108 atoms, the SSH
protocol has better sensitivity.

We would like to additionally comment that, if both pro-
tocols have the same dO/dδ, i.e., β = 1, while all other
quantities remain unchanged, we have N > 3 × 107. If
m = 1, while all other quantities remain unchanged, we
have N > 1.5 × 107.
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