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ABSTRACT

Scientific machine learning offers methods of building approximate but efficient solutions

to challenging tasks in scientific computing, such as simulating a physical phenomenon or

inferring high-dimensional model parameters from data. Algorithms from numerical analysis

provide classical computational solutions, but these algorithms are not designed to learn

from large datasets, and they can be expensive to run for certain problems and levels of

error tolerance. Machine learning solutions offer approximations to these classical methods,

often using neural networks, which can learn from large datasets. While general-purpose

neural network architectures and training algorithms are frequently a natural first choice

for such problems, scientific computing tasks are often ill-conditioned and require a level of

accuracy unattainable by general-purpose methods. At the same time, numerical analysis

research provides a wealth of insights for principled methods of computing solutions to these

problems.

This thesis develops state-of-the-art machine learning methods for scientific computing

problems by applying insights from contemporary algorithms research in numerical analysis.

We consider three different problem settings in scientific computing. The first example uses

insights from applied harmonic analysis to derive rotation-invariant random feature models,

which provide an attractive alternative to deep neural networks or hand-designed kernels.

In another setting, insights from optimization theory and recursive linearization algorithms

allow us to design simple yet accurate neural networks for multi-frequency inverse scattering

problems in a highly nonlinear regime, when training data is available. In the final setting,

this thesis considers a broader class of partial differential equation (PDE)-based inverse

problems, in a setting where training data is scarce. In this setting, the thesis contributes

develops software and algorithms for accelerating highly-efficient and highly-accurate fast

direct solvers of elliptic PDEs on hardware acceleration devices. The final chapter of this

thesis develops optimization methods applying these novel algorithm and software tools to
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multiple PDE-based inverse problems in imaging.

iv



TABLE OF CONTENTS

ABSTRACT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii

LIST OF FIGURES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ix

LIST OF TABLES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xi

PREFACE . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xii

ACKNOWLEDGMENTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xiii

1 INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 Theme 1: Developing Machine Learning Methods with Insights from Numer-

ical Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Theme 2: Developing Numerical PDE Solvers for use in Deep Learning Settings 4
1.3 Theme 3: Building a Computational Toolbox for PDE-Based Inverse Problems

in Scientific Imaging . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2 ROTATION-INVARIANT RANDOM FEATURES PROVIDE A STRONG BASE-
LINE FOR MACHINE LEARNING ON POINT CLOUDS . . . . . . . . . . . . . 9
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.1.1 Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.2 Related Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.3 Rotational Invariance and Spherical Harmonics . . . . . . . . . . . . . . . . 18

2.3.1 Spherical Harmonics . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.4 Rotation-Invariant Random Features . . . . . . . . . . . . . . . . . . . . . . 20

2.4.1 Evaluating the Random Features . . . . . . . . . . . . . . . . . . . . 21
2.5 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.5.1 Small-Molecule Energy Regression . . . . . . . . . . . . . . . . . . . . 23
2.5.2 Shape Classification . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

2.6 Discussion and Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3 MULTI-FREQUENCY PROGRESSIVE REFINEMENT FOR LEARNED INVERSE
SCATTERING . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3.1.1 Contributions & chapter outline . . . . . . . . . . . . . . . . . . . . . 37
3.2 Problem Setup and Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
3.3 Background and Related Work . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3.3.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
3.3.2 Related Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3.4 Recursive Linearization and Our Method . . . . . . . . . . . . . . . . . . . 45
3.4.1 Recursive Linearization . . . . . . . . . . . . . . . . . . . . . . . . . . 45

v



3.4.2 Our Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
3.4.3 Implementation of FYNet . . . . . . . . . . . . . . . . . . . . . . . . 52

3.5 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
3.5.1 Dataset and Data Generation . . . . . . . . . . . . . . . . . . . . . . 52
3.5.2 Alternative Multi-Frequency Methods . . . . . . . . . . . . . . . . . . 55
3.5.3 Stabilizing Reconstruction by Adding Frequencies . . . . . . . . . . . 57
3.5.4 Measurement Noise . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
3.5.5 Investigating the Training Method . . . . . . . . . . . . . . . . . . . 61
3.5.6 Investigating the Speed of Training Convergence . . . . . . . . . . . . 64

3.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

4 HARDWARE ACCELERATION FOR HPS ALGORITHMS IN TWO AND THREE
DIMENSIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

4.1.1 Chapter outline and contributions . . . . . . . . . . . . . . . . . . . . 71
4.2 Related work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
4.3 Introduction to HPS methods . . . . . . . . . . . . . . . . . . . . . . . . . . 74

4.3.1 Discretization via composite high-order spectral collocation . . . . . . 75
4.3.2 Local solve stage . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
4.3.3 Merge stage . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
4.3.4 Downward pass . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

4.4 Hardware acceleration for HPS methods . . . . . . . . . . . . . . . . . . . . 81
4.4.1 Recomputation strategies to minimize communication costs . . . . . . 82
4.4.2 An adaptive discretization strategy to reduce memory complexity in 3D 84

4.5 Numerical examples in two dimensions . . . . . . . . . . . . . . . . . . . . . 90
4.5.1 High-order convergence on variable-coefficient problems with known

solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
4.5.2 High-frequency forward wave scattering problems . . . . . . . . . . . 91
4.5.3 Solving inverse scattering problems with automatic differentiation . . 94

4.6 Numerical examples in three dimensions . . . . . . . . . . . . . . . . . . . . 97
4.6.1 Adaptive refinement on a problem with known solution . . . . . . . . 98
4.6.2 Linearized Poisson–Boltzmann equation . . . . . . . . . . . . . . . . 100

4.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

5 JAXHPS: AN ELLIPTIC PDE SOLVER BUILT WITH MACHINE LEARNING IN
MIND . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104
5.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104
5.2 Statement of need . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105
5.3 Software overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

6 OPTIMIZATION AND REGULARIZATION FOR PDE-BASED INVERSE PROB-
LEMS WITH FAST DIRECT SOLVERS . . . . . . . . . . . . . . . . . . . . . . . 107
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107
6.2 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

vi



6.2.1 Inverse Problem and Optimization Formulation . . . . . . . . . . . . 110
6.2.2 Linear Elliptic Partial Differential Equations . . . . . . . . . . . . . . 111
6.2.3 GPU-Accelerated Direct PDE Solvers . . . . . . . . . . . . . . . . . . 111

6.3 Optimization for Nonlinear Inverse Problems . . . . . . . . . . . . . . . . . . 112
6.3.1 FISTA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114
6.3.2 Proximal Quasi-Newton Methods . . . . . . . . . . . . . . . . . . . . 115

6.4 Inverse Medium Scattering . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117
6.4.1 Related Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118
6.4.2 Single-Frequency Reconstruction . . . . . . . . . . . . . . . . . . . . 119
6.4.3 Multi-Frequency Reconstruction . . . . . . . . . . . . . . . . . . . . . 122

6.5 Diffuse Optical Tomography . . . . . . . . . . . . . . . . . . . . . . . . . . . 122
6.5.1 Forward Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . 125
6.5.2 Related Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

6.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126
6.6.1 Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

7 CONCLUSION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129
7.1 Future work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

7.1.1 Developing Machine Learning Methods with Insights from Numerical
Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

7.1.2 Developing Numerical PDE Solvers for use in Deep Learning Settings 131
7.1.3 Building a Computational Toolbox for PDE-Based Inverse Problems

in Scientific Imaging . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

A ROTATION-INVARIANT RANDOM FEATURES: OMITTED DETAILS AND EX-
PERIMENTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134
A.1 Full Integration Details . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

A.1.1 Basis Expansion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136
A.2 Connection Between Our Method and Randomized ACE Methods . . . . . . 138

A.2.1 Overview of the ACE basis . . . . . . . . . . . . . . . . . . . . . . . . 138
A.2.2 Connection to Our Method . . . . . . . . . . . . . . . . . . . . . . . 139
A.2.3 Benefit of Random Features . . . . . . . . . . . . . . . . . . . . . . . 140

A.3 Representation Theory of the 3D Rotation Group . . . . . . . . . . . . . . . 140
A.3.1 Conjugation of Wigner-D Matrices . . . . . . . . . . . . . . . . . . . 141
A.3.2 Orthogonality Relations . . . . . . . . . . . . . . . . . . . . . . . . . 142

A.4 Additional Latency Experiments . . . . . . . . . . . . . . . . . . . . . . . . . 142
A.5 Hyperparameter Sensitivity Analysis . . . . . . . . . . . . . . . . . . . . . . 145
A.6 Solving Ridge Regression Problems for Random Features . . . . . . . . . . . 148

A.6.1 Exact Solution via the Singular Value Decomposition . . . . . . . . . 148
A.6.2 Approximate Solution via Iterative Methods . . . . . . . . . . . . . . 149
A.6.3 Approximate Solution via Principal Components Regression . . . . . 150
A.6.4 Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150

vii



B MUTLI-FREQUENCY PROGRESSIVE REFINEMENT FOR LEARNED INVERSE
SCATTERING: ADDITIONAL RESULTS AND DETAILS . . . . . . . . . . . . 152
B.1 Distribution of Scattering Potentials . . . . . . . . . . . . . . . . . . . . . . 152
B.2 Hyperparameter Search . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

B.2.1 FYNet and MFISNet Models . . . . . . . . . . . . . . . . . . . . . . 153
B.2.2 Wide-Band Butterfly Network . . . . . . . . . . . . . . . . . . . . . . 155

B.3 Training Method with Warm-Start Initialization . . . . . . . . . . . . . . . . 156
B.4 Additional empirical results . . . . . . . . . . . . . . . . . . . . . . . . . . . 158

C HPS ALGORITHM DETAILS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161
C.1 Full algorithms for 2D problems using DtN matrices . . . . . . . . . . . . . . 161

C.1.1 Local solve stage . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161
C.1.2 Merge stage . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

C.2 Full algorithms for 2D problems using ItI matrices . . . . . . . . . . . . . . . 165
C.2.1 Local solve stage . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 166
C.2.2 Merge stage . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

C.3 Full algorithms for 3D problems using DtN matrices with a uniform discretiza-
tion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172
C.3.1 Local solve stage . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172
C.3.2 Merge stage . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 174

REFERENCES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179

viii



LIST OF FIGURES

1.1 Landscape of machine learning methods for inverse imaging problems. . . . . . . 7

2.1 Method overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.2 Radial functions used in our method . . . . . . . . . . . . . . . . . . . . . . . . 25
2.3 Comparison of test latency and test error on the QM7 dataset . . . . . . . . . . 28

3.1 Geometry of the inverse scattering problem. . . . . . . . . . . . . . . . . . . . . 39
3.2 Displaying the optimization landscape of the inverses scattering problem. . . . . 47
3.3 Proposed MFISNet-Refinement architecture. . . . . . . . . . . . . . . . . . . . . 50
3.4 Example measurements and targets. . . . . . . . . . . . . . . . . . . . . . . . . 53
3.5 Alternative multi-frequency network architectures. . . . . . . . . . . . . . . . . . 55
3.6 Predictions in the noiseless setting. . . . . . . . . . . . . . . . . . . . . . . . . . 59
3.7 Bar chart illustration of prediction errors in the noiseless setting. . . . . . . . . 60
3.8 Bar chart illustration of prediction errors in the noisy setting. . . . . . . . . . . 63

4.1 Diagram of the HPS discretization. . . . . . . . . . . . . . . . . . . . . . . . . . 76
4.2 Batching patterns of HPS methods using recomputation. . . . . . . . . . . . . . 85
4.3 HPS runtime scaling for 2D problems. . . . . . . . . . . . . . . . . . . . . . . . 87
4.4 hp-adaptivity study of the 2D HPS code. . . . . . . . . . . . . . . . . . . . . . . 92
4.5 Scattering potential and scattered field 1. . . . . . . . . . . . . . . . . . . . . . . 94
4.6 Wave scattering error-runtime study 1. . . . . . . . . . . . . . . . . . . . . . . . 95
4.7 Scattering potential and scattered field 2. . . . . . . . . . . . . . . . . . . . . . . 95
4.8 Wave scattering error-runtime study 2. . . . . . . . . . . . . . . . . . . . . . . . 96
4.9 Point scatterer localization inverse problem results. . . . . . . . . . . . . . . . . 98
4.10 Adaptive HPS convergence on problem with known solution. . . . . . . . . . . . 99
4.11 Linearized Poisson–Boltzmann equation coefficients. . . . . . . . . . . . . . . . . 101

6.1 Comparison of different algorithms for inverse scattering. . . . . . . . . . . . . . 120
6.2 Convergence of the continuation in frequency optimization . . . . . . . . . . . . 123
6.3 Reconstructions produced by the continuation in frequency method. . . . . . . . 124
6.4 Relating the diffuse wavenumber to optical parameters. . . . . . . . . . . . . . . 125
6.5 Diffuse optical tomography simulations for different diffuse wavenumbers. . . . . 128

7.1 Preliminary simulation of light propagation in rod-shaped cyanobacteria. . . . . 132

A.1 Prediction latency as a function of number of atoms. . . . . . . . . . . . . . . . 143
A.2 Prediction Latency on ModelNet40 . . . . . . . . . . . . . . . . . . . . . . . . . 144
A.3 MLP prediction latencies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145
A.4 Training Low-Latency MLPs. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145
A.5 Hyperparameters for QM7 experiments. . . . . . . . . . . . . . . . . . . . . . . 146
A.6 Radial Functions for the QM7 experiments . . . . . . . . . . . . . . . . . . . . . 146
A.7 Hyperparameters for ModelNet40 experiments. . . . . . . . . . . . . . . . . . . . 147
A.8 Radial Functions for the ModelNet40 experiments . . . . . . . . . . . . . . . . . 147

ix



B.1 Additional predictions from MFISNet-Refinement FYNet, and Wide-Band But-
terfly Network. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159

B.2 Additional predictions from MFISNet-Fused and MFISNet-Parallel. . . . . . . . 160

C.1 Visualization of HPS merge boundary elements in 2D. . . . . . . . . . . . . . . 163
C.2 Visualization of HPS merge boundary elements in 3D. . . . . . . . . . . . . . . 173

x



LIST OF TABLES

2.1 Comparison of atomization energy regression results on the QM7 dataset . . . . 27
2.2 Comparison of atomization energy regression results on the QM9 dataset . . . . 29
2.3 Comparison of shape classification results on the ModelNet40 dataset . . . . . . 32

3.1 Prediction errors in the noiseless setting. . . . . . . . . . . . . . . . . . . . . . . 58
3.2 Training times. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
3.3 Prediction errors in the noisy setting. . . . . . . . . . . . . . . . . . . . . . . . . 62
3.4 Comparison of different training methods. . . . . . . . . . . . . . . . . . . . . . 64
3.5 Investigating the use of warm-starting in Algorithm 2. . . . . . . . . . . . . . . 66

4.1 Merge sizes for 3D adaptive HPS solves. . . . . . . . . . . . . . . . . . . . . . . 88
4.2 Linearized Poisson–Boltzmann equation resource usage. . . . . . . . . . . . . . . 102

6.1 Fresnel dataset inversion results. . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

A.1 Quantifying the benefit of random features . . . . . . . . . . . . . . . . . . . . . 140

B.1 Optimal hyperparameters for FYNet. . . . . . . . . . . . . . . . . . . . . . . . . 154
B.2 Optimal hyperparameters for MFISNet-Refinement. . . . . . . . . . . . . . . . . 154
B.3 Optimal hyperparameters for MFISNet-Parallel. . . . . . . . . . . . . . . . . . . 154
B.4 Optimal hyperparameters for MFISNet-Fused. . . . . . . . . . . . . . . . . . . . 155
B.5 Optimal hyperparameters for the MFISNet-Refinement models with the “No Pro-

gressive Refinement” training condition . . . . . . . . . . . . . . . . . . . . . . . 155
B.6 Optimal hyperparameters for the MFISNet-Refinement models trained with the

“No Homotopy through Frequency” training condition. . . . . . . . . . . . . . . 155
B.7 Optimal hyperparameters for Wide-Band Butterfly Networks. . . . . . . . . . . 157

xi



PREFACE

The projects described in this thesis are the results of collaborations with many researchers.

Some chapters of this thesis appear as published works.

Chapter 2 appears as the publication “Rotation-Invariant Random Features Provide a

Strong Baseline for Machine Learning on 3D Point Clouds”, published in Transactions on

Machine Learning Research in 2023 [Melia et al., 2023]. This was the result of a collaboration

with Eric Jonas and Rebecca Willett (thesis advisor).

Chapter 3 was published as “Multi-Frequency Progressive Refinement for Learned In-

verse Scattering” in the Journal of Computational Physics in 2025 [Melia et al., 2025b].

This project was a collaboration with Olivia Tsang, Vasileios Charisopoulos, Yuehaw Khoo,

Jeremy Hoskins (thesis committee member), and Rebecca Willett (thesis advisor).

Chapter 4 is from the manuscript “Hardware Acceleration for HPS Algorithms in Two

and Three Dimensions”, which is available online [Melia et al., 2025a] and is under review

at the Journal of Computational Physics. This work was the result of a collaboration with

Daniel Fortunato, Jeremy Hoskins (thesis committee member), and Rebecca Willett (thesis

advisor). Chapter 5 is from the manuscript “jaxhps: An Elliptic PDE Solver Built with

Machine Learning in Mind”, which is authored by the same collaboration and is under review

at the Journal of Open Source Software.

Chapter 6 is an early version of a manuscript in preparation. This is a result of a

collaboration with Vasileios Charisopoulos and Rebecca Willett (thesis advisor).

xii



ACKNOWLEDGMENTS

First and foremost, I would like to thank my advisor, Rebecca Willett. Becca has been a

constant source of advice and support over the past five years, and I can’t imagine having a

better advisor. When I first started in grad school, Becca suggested that I work on scientific

machine learning, and a year later, when I wasn’t making much progress, Becca had the

patience and faith to switch directions. I have received incredible training from Becca, and

I have learned far too many things to list here. Becca’s example has taught me how to “do”,

and also how to “be”: hardworking, curious, respectful, rigorous, and optimistic. Becca sends

extremely well-prepared students out into the world, and I count myself lucky to be one of

them.

I am incredibly grateful to Jeremy Hoskins, one of my collaborators and committee

members. Jeremy has introduced me to research in applied math and PDEs. I am grateful

for Jeremy’s curiosity to work on deep learning experiments, and his patience when the

experiments weren’t conducted well. Over the past years, I have learned a wealth of technical

skills from Jeremy. I’ve also received invaluable advice on scientific communication, how to

choose research directions, and where to find hill training opportunities in Chicago. At

many points in my Ph.D., issues that seemed insurmountable were solved by simple texts

from Jeremy, saying “call me.”

I am also grateful for the instruction and advice of my committee member, Risi Kondor.

Risi has been a perennial source of advice about scientific machine learning and how to choose

research directions. I took two classes from Risi during my Ph.D., which have significantly

shaped how I think about Fourier analysis and machine learning on non-Euclidean data. I

hope to one day develop deep intuition like Risi’s.

I would also like to thank my collaborators: Vasilis Charisopoulos, Daniel Fortunato,

Jeremy Hoskins, Eric Jonas, Yuehaw Khoo, Olivia Tsang, and Rebecca Willett. I have

had the privilege to work with fantastic and generous collaborators who have shared their

xiii



expertise in all parts of the research process. As a member of Becca’s research group, I have

had the honor to see the ongoing research of a fantastic group of students and postdocs.

Everyone in Becca’s group has been supportive and encouraging to the maximum. I fondly

remember our countless research meetings, conferences, and lunches. I’ve also been lucky to

make friends across campus, especially the students at TTIC, who I met in Nati Srebro’s

reading group. I will be lucky if I can recreate a similar group of coworkers throughout my

career.

My family has been an unwavering source of support over the past five years; they’ve

listened when things were hard and celebrated when things went well. Growing up, my

grandfather always asked me the same two questions: “Do you have friends in school?” and

“Did you learn anything today?” Years later, the answer is still yes.

And last but not least, I want to thank Katie, the love of my life, whom I met while in grad

school. Without Katie, this dissertation would have been neither possible nor worthwhile.

Katie, I am so excited to start our life together.

xiv



CHAPTER 1

INTRODUCTION

Contemporary machine learning methods, especially those using deep neural networks, have

been successfully applied in a range of settings. For example, modern image recognition,

speech recognition, and automatic translation systems generally use deep neural network

models. These models are trained to automatically solve tasks using a large set of training

data, and they are designed to generalize to unseen problem examples. The systems replaced

by these data-driven models are often hand-designed for specific settings or are slow to com-

pute an appropriate output. It is therefore unsurprising that problems in scientific computing

have become targets for innovation via deep learning research. There are many problems in

scientific computing that require hand-designed, highly specific solution methods. In some

settings, even the best of these ‘classical’ solution methods from scientific computing require

days or weeks on a supercomputer to compute an output. In other settings, especially in

the field of numerical analysis, algorithms are well-developed but are often inflexible and do

not scale well to data-rich settings. This thesis contributes machine learning methods for

scientific computation problems guided by algorithms in numerical analysis.

The rest of this chapter gives a high-level overview of the thesis by organizing the con-

tributions into three themes:

• Developing Machine Learning Methods with Insights from Numerical Analysis (Sec-

tion 1.1)

• Developing Numerical PDE Solvers for use in Deep Learning Settings (Section 1.2)

• Building a Computational Toolbox for PDE-Based Inverse Problems in Scientific Imag-

ing (Section 1.3)

In the rest of the document, Chapters 2 to 6 describe the individual projects comprising the
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contributions of this thesis. Chapter 7 concludes with an outlook on the field and future

work.

1.1 Theme 1: Developing Machine Learning Methods with

Insights from Numerical Analysis

The approach of pairing deep neural networks with large datasets has proven successful

in multiple fields in scientific computation. Google Deepmind’s Alphafold2 model [Jumper

et al., 2021] was trained on a large dataset of known protein structures, and can now pre-

dict the structure of the protein formed by novel amino acid sequences, a groundbreaking

advancement in structural biology. In high-energy particle physics experiments, deep neu-

ral networks are able to distinguish between interesting particle collisions and uninteresting

‘background’ ones, which is critical as thousands of these collisions happen each second in

particle colliders [Kasieczka et al., 2019]. These neural networks were trained on millions

of simulated collision events. Finally, ‘neural operators’ have been designed to compute so-

lutions to parametric partial differential equations (PDEs), when training data is available

[Kovachki et al., 2023].

Typically, these deep neural networks are designed to solve a specific computational task,

and prior physical knowledge about the task is used to inform network design. For example,

Alphafold2 is designed to view the structure prediction task as a graph prediction task in

3D space, where individual amino acids in the sequence are labeled adjacent if they are

nearby in 3D space. This allows the network to find a representation of the structure that

is invariant to rigid transformations of 3D space. Neural networks for high-energy particle

physics experiments are designed to use similar symmetries, called Lorentz invariances, to

ensure that the prediction on any given collision event does not depend on the measurement

frame of reference. The Fourier neural operator [Li et al., 2021b], a popular network in

the class of neural operators, takes the insight that many PDEs exhibit a nonlocality of
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information, meaning that all parts of the input may affect all parts of the output. To

design a network that has similar properties, the Fourier neural operator uses convolutional

blocks in the Fourier domain. In all of these examples, knowledge of the system of interest

is critical to the network design.

In addition to designing methods that reflect our knowledge of the system of interest, we

look to numerical analysis to suggest designs. The overarching hypothesis is that because

numerical analysis offers insights about classical ways to efficiently and accurately compute

solutions to problems in the physical sciences, these methods can offer suggestions to improve

the state of the art in scientific machine learning. Two different chapters in this thesis

contribute evidence toward this hypothesis.

In Chapter 2, we consider the design of rotation-invariant machine learning methods. Ma-

chine learning methods for molecular property prediction often use a deep neural network

constrained to be invariant to rotations of the input molecule, similar to Alphafold2. Us-

ing insights from applied harmonic analysis, we design a general-purpose rotation-invariant

machine learning method based on random Fourier features [Rahimi and Recht, 2007]. Our

method was designed to have an extremely shallow computational graph, which allows it to

perform inference on new samples quickly. In the small molecule energy regression setting,

we find our method expands the accuracy-latency tradeoff frontier.

In Chapter 2, we also use rotation-invariant random features to introduce non-deep learn-

ing baselines to the field of machine learning with rotational invariance constraints. In par-

ticular, we investigate whether the success of rotationally-invariant deep learning methods

is due to their rotational invariance or to the deep neural network. By introducing a novel

rotation-invariant machine learning method, we are able to disentangle these two factors and

use our newly-designed method as a baseline against which we can quantify the benefit of

deep learning in rotation-invariant machine learning. We find that our rotation-invariant ran-

dom features are competitive with general-purpose rotation-invariant deep learning methods
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on two different tasks, small molecule energy regression and point cloud shape classification.

In Chapter 3, we design a deep neural network and training method for inverse scattering

problems in which we recover an inhomogeneous medium from scattered waves. While other

neural networks for inverse scattering problems are designed based on an analysis of the

physical problem, we take a different approach by designing a network to emulate a particular

inversion algorithm from the numerical analysis community. The recursive linearization

algorithm [Chen, 1995, Bao and Liu, 2003, Borges et al., 2017] is stable and accurate in

challenging problem settings. There is a clear flow of information through this algorithm,

which we use to design a series of network blocks and a training procedure. The resulting

network sets state-of-the-art results in a highly challenging nonlinear problem setting.

1.2 Theme 2: Developing Numerical PDE Solvers for use in Deep

Learning Settings

There are many settings in scientific machine learning in which researchers may wish to

build a PDE solver into a deep learning system. Examples include unrolled optimization

algorithms applied to PDE-based inverse problems [Li et al., 2024], in which a PDE solver

appears in-between trainable neural network blocks, or PDE-constrained design problems,

where the PDE solver is used to compute a loss value. This thesis proposes to make progress

in scientific machine learning by developing PDE solvers which can be leveraged in a deep

learning setting. We identify the class of fast direct solvers [Martinsson, 2019] as a class of

algorithms from numerical analysis which offer promise in this setting. Fast direct solvers are

designed for high accuracy and low computational burden making them good candidates for

high-throughput use when applied to large datasets. Because they directly compute solution

operators, as opposed to iteratively solve a system of equations, these solvers have simple

computational graphs, which allows automatic differentiation software to compute gradients

without backpropagating through the steps of an iterative algorithm. Furthermore, the
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precomputed solution operators built by the direct solvers may be used to compute gradients

via adjoint methods. However, these algorithms must be modified from their original form

to efficiently interface with machine learning algorithms.

We design GPU-accelerated versions of the Hierarchical Poincaré–Steklov (HPS) method

for solving linear elliptic PDEs. Chapter 4 details the required modifications of the original

HPS algorithms to scale efficiently on general-purpose GPUs. In addition to fast execution

on a GPU, we design these computational methods to be compatible with automatic differ-

entiation. This makes it possible, for instance, to rapidly compute and differentiate through

a loss function that depends on the solution of a PDE, or to train a neural network archi-

tecture that uses a PDE solver in between trainable neural network blocks. We provide an

open-source software package implementing these methods and describe the software package

in Chapter 5.

In Chapter 6, we develop regularized optimization algorithms that use the software from

Chapter 5 to solve PDE-based inverse problems. While we do not use learned regularization

components in our experiments, these optimization algorithms are designed to allow for the

use of learned components in a variety of problem settings. We expect these design choices

will allow for the rapid development of hybrid classical-learned methods for PDE-based

inverse problems.

1.3 Theme 3: Building a Computational Toolbox for PDE-Based

Inverse Problems in Scientific Imaging

Chapters 3 and 6 consider inverse imaging problems defined by a PDE forward model. Many

imaging systems can be modeled by linear elliptic PDEs. In this setting, the target of the

imaging method often appears as a coefficient field in the linear partial differential operator,

and the measurements are the solution of the PDE, evaluated at a set of receiver points.

In general, the mapping from target to measurement is nonlinear, even though the PDE is
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linear. This often leads to ill-posed, poorly-conditioned, and nonconvex inverse problems.

The field of inverse problems for imaging is well developed, particularly for linear forward

models. There are different methods appropriate for different problem settings. In Figure 1.1,

we provide a landscape of approaches for inverse problems along two axes of complexity. A

more complete description is available in Ongie et al. [2020]. The first axis measures how

much is known about the type of data one is trying to reconstruct. Possibly, nothing is known

about the reconstruction targets. In other settings, one may have some prior knowledge about

the distribution of targets, which motivates the use of a certain regularization function. In

some settings, ground-truth examples of targets from this distribution are available to train a

machine learning model. Similarly, one can imagine a range of knowledge about the forward

model generating the measurements, and a range difficulty computing the forward model.

Some forward models, such as explicit linear forward models, are easy to represent and

compute. Other forward models are difficult to compute, as they may be too large to fit into

a computer’s memory or only defined implicitly.

One theme of this thesis is the development of computational methods to address PDE-

based inverse problems in a variety of settings appearing in Figure 1.1. For instance, in

Chapter 3, we assume we have access to a set of training pairs of matched measurements

and targets, which puts us on the far right side of the horizontal axis. In Chapter 3, we

build a deep neural network with an architecture and training method with knowledge of

the inverse scattering problem; we use a fully-learned approach with a specially-designed

network, which corresponds to the grey box in Figure 1.1. In Chapter 6, we solve PDE-based

inverse problems with regularized optimization approaches, a setting which corresponds to

the orange “Optimization with regularization” box. In Chapter 7, we describe how future

work can build upon the contributions of this thesis in the pink “Unrolled optimization”

setting.

For PDE-based inverse problems, the vertical axis of Figure 1.1, our ability to compute
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Figure 1.1: Landscape of machine learning methods for inverse imaging problems. This
thesis makes contributions to problems in multiple parts of this landscape, focusing on cases
when the forward model is defined by an elliptic PDE.

the forward model, is particularly important. Even when the forward model is completely

known, one must account for the computational complexity of evaluating the forward model

during an iterative algorithm. Because analytical solutions of the coefficient-to-solution map

are in general unavailable, the PDE forward models considered in this theme only provide an

implicit description of the map and require a large amount of computational effort to resolve.

The contributions in Chapters 4 and 5 are designed to greatly reduce the complexity along

this axis for a broad class of problems, allowing researchers to focus on other parts of the

problem, such as modeling knowledge of the targets.

Figure 1.1 omits an important notion of complexity in inverse problems, the conditioning

of the forward model. Well-conditioned forward models satisfy stability estimates which

guarantee that two different imaging targets will generate two different sets measurements

that are well separated in the space of measurements. A strong stability estimate generally

means that the forward model provides enough information to stably and accurately re-
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construct the image. Forward models which lack such guarantees are called ill-conditioned;

these ill-conditioned forward models map distinct images to the very similar measurements,

meaning there is not enough information provided by the forward model to distinguish be-

tween these images. The PDE-based inverse problems considered in this thesis are often

ill-conditioned. The qualitative effects of poor conditioning are often problem-specific and

require problem-specific solutions which reflect knowledge of the forward model or knowl-

edge of the imaging targets. This thesis contributes computational methods for PDE-based

inverse problems which leverage existing problem-specific solutions in new settings, such

as homotopy through frequency for inverse scattering problems in a deep learning setting

(Chapter 3) and total variation regularization for piecewise-constant imaging targets in an

optimization setting using fast direct solvers (Chapter 6).

1.4 Summary

The themes presented in this chapter are all specific instances of hypothesis that algorithmic

insights from numerical analysis can improve the state of the art in applied machine learning

for problems in the physical sciences. Early parts of this thesis develop individual machine

learning methods with insights from algorithms in numerical analysis; these insights allow

the proposed machine learning methods greater accuracy or faster inference, depending on

the application. Later parts of this thesis advance the overarching hypothesis by identifying

promising algorithms in numerical analysis and developing them into tools applicable in deep

learning settings. With exceptions in Chapters 2 and 4, this thesis focuses on applications in

PDE-based inverse imaging problems. However, we believe the contributions of this thesis

will lead to improvements in other application domains, and we discuss these potential

applications in Chapter 7.
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CHAPTER 2

ROTATION-INVARIANT RANDOM FEATURES PROVIDE A

STRONG BASELINE FOR MACHINE LEARNING ON POINT

CLOUDS

2.1 Introduction

Many common prediction tasks where the inputs are three-dimensional physical objects are

known to be rotation-invariant; the ground-truth label does not change when the object is

rotated. Building rotation invariance into machine learning models is an important inductive

bias for such problems. The common intuition is that restricting the learning process to

rotation-invariant models will remove any possibility of poor generalization performance due

to rotations of test samples and may improve sample efficiency by reducing the effective

complexity of learned models. These ideas have inspired a line of research begun by Kondor

et al. [2018], Cohen et al. [2018a], Esteves et al. [2018] into building general-purpose deep

neural network architectures that are invariant to rotations of their input. However, in these

studies, it is not clear whether the reported high accuracies are due to the expressive power of

the neural networks or primarily attributable to rotation invariance. We introduce a rotation-

invariant random feature model which helps us explore the impact of rotation invariance

alone, outside of the neural network framework. Our method is general-purpose and does

not require expert knowledge for feature or architecture design. For certain prediction tasks,

our proposed method can be computed with very low prediction latency with only a small

reduction in accuracy compared to neural network methods, making it a viable method in a

range of applications.

In this chapter, we consider prediction problems that are rotation-invariant, that is, the

ground-truth response f∗(x) = y does not change when an arbitrary rotation is applied to

the input x. We represent the input data x as a 3D point cloud, an unordered set of points in
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R3 possibly with accompanying labels. Common examples of rotation-invariant prediction

problems on 3D point clouds include molecular property prediction, where the point cloud

consists of the positions of a molecule’s constituent atoms, and 3D shape classification, where

the points are sampled from the surface of an object. Section 4.2 provides a detailed overview

of methods used for rotation-invariant prediction, their underlying insights, and their various

advantages and disadvantages.

We propose a new method for learning rotation-invariant functions of point cloud data,

which we call rotation-invariant random features. We extend the random features method of

Rahimi and Recht [2007] by deriving a version that is invariant to three-dimensional rotations

and showing that it is fast to evaluate on point cloud data. The rotation invariance property

of our features is clear from their definition, and computing the features only requires two

simple results from the representation theory of SO(3). Despite its simplicity, our method

achieves performance near state-of-the-art on small-molecule energy regression and 3D shape

classification. The strong performance on both tasks gives evidence that our method is

general-purpose. An overview of our method can be found in Figure 2.1.

Our experiments in Section 2.5.1 show that our model is an order of magnitude faster

than state-of-the-art kernel methods when predicting on new samples for energy regression

tasks. Thus we conclude our model is a promising candidate for tasks which require real-time

rotation-invariant predictions. Minimizing prediction latency is a growing concern for many

machine learning methods; there are multiple applications requiring low-latency predictions

on point clouds. Using machine learning predictions for real-time system control places hard

requirements on prediction latencies. For example, trigger algorithms in the ATLAS exper-

iment at the CERN Large Hadron Collider require prediction latencies ranging from 2µs to

40ms at different stages of the event filtering hierarchy [Collaboration, 2008]. The input

to these trigger algorithms is a particle jet, which can be interpreted as a point cloud in

four-dimensional spacetime. The majority of data-driven trigger algorithms either impose
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Figure 2.1: An overview of the rotation-invariant random features method. First we con-
struct a feature matrix Φ, defined in Equation (2.7). The rows of Φ correspond to pi, different
samples in our training set, and the columns of Φ correspond to gj , different random sums
of spherical harmonic functions, which are defined in Equation (2.10). The entries of the
feature matrix are rotation-invariant random features. To compute the random features,
we analytically evaluate the integral over all possible rotations of the data sample pi. We
describe our method for evaluating the random features in Section 2.4.1. After constructing
the feature matrix, we fit a set of linear weights β and make predictions by evaluating the
linear model Φβ = ŷ.
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rotational invariance in phase space [Komiske et al., 2018, Thaler and Van Tilburg, 2011] or

enforce invariance to the Lorentz group, which includes three-dimensional rotations and rel-

ativistic boosts [Bogatskiy et al., 2022, Gong et al., 2022]. These definitions of invariance are

compatible with our framework, with slight adjustments. Another use-case for low-latency

models is as replacements for force fields in molecular dynamics simulations [Gilmer et al.,

2017]. These calculations make serial subroutine calls to force field models, meaning latency

improvements of these force field models are necessary to speed up the outer simulations.

Other rotation-invariant machine learning models either rely on deep computational graphs,

which provide a fundamental limit to speedup via parallelization, or they rely on kernel meth-

ods [Christensen et al., 2020] which have prediction-time complexity linear in the number of

training samples.

2.1.1 Contributions

• We derive a rotation-invariant version of the standard random features approach pre-

sented in Rahimi and Recht [2007]. By using simple ideas from the representation

theory of SO(3), our rotation-invariant random feature method is easy to describe and

implement, and requires minimal expert knowledge in its design (Section 3.4).

• We show with experiments that our rotation-invariant random feature method out-

performs or matches the performance of general-purpose equivariant architectures op-

timized for small-molecule energy regression tasks. In particular, we outperform or

match the performance of Spherical CNNs [Cohen et al., 2018a] on the QM7 dataset

and Cormorant [Anderson et al., 2019] on the QM9 dataset. We compare our test

errors with state-of-the-art methods on the QM9 dataset to quantify the benefit of

designing task-specific rotation invariant architectures (Section 2.5.1).

• We show that our method makes predictions an order of magnitude faster than kernel
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methods at test time (Section 2.5.1).

• We show the rotation-invariant random feature method is general-purpose by achieving

low test errors using the same method on a different task, shape classification on the

ModelNet40 benchmark dataset (Section 2.5.2).

• We make our code publicly available at

https://github.com/meliao/rotation-invariant-random-features.

2.2 Related Work

In this section, we describe two major types of rotation-invariant prediction methods. The

first class of methods extracts rotation-invariant features using expert chemistry knowledge.

The second class of methods uses deep neural networks to build general-purpose invariant

architectures. Finally, we briefly survey the random features work that inspire our method.

Descriptors of Atomic Environments In the computational chemistry community, sig-

nificant effort has been invested in using physical knowledge to generate “descriptors of atomic

environments,” or rotation-invariant feature embeddings of molecular configurations. One

such feature embedding is the Coulomb matrix, used by Montavon et al. [2012]. In Rupp

et al. [2012], the sorted eigenvalues of the Coulomb matrix are used as input features. The

sorted eigenvalues are invariant to rotations of the molecule and give a more compact rep-

resentation than the full Coulomb matrix. Noticing that the Coulomb matrix can relatively

faithfully represent a molecule with only pairwise atomic interactions has been an important

idea in this community. Many methods have been developed to generate descriptions of

atomic environments by decomposing the representation into contributions from all atomic

pairs, and other higher-order approximations consider triplets and quadruplets of atoms and
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beyond [Christensen et al., 2020, Bartók et al., 2013, Kovács et al., 2021, Drautz, 2019].1

The FCHL19 [Christensen et al., 2020] method creates a featurization that relies on chemical

knowledge and is optimized for learning the energy of small organic molecules. The FCHL19

feature embedding depends on 2-body and 3-body terms. There are multiple different ap-

proaches, such as Smooth Overlap of Atomic Potentials (SOAP) [Bartók et al., 2013] and

Atomic Cluster Expansion (ACE) [Drautz, 2019, Kovács et al., 2021] which first compute a

rotation-invariant basis expansion of a chemical system, and then learn models in this basis

expansion. In Appendix A.2, we show that our proposed method can be interpreted as using

a highly-simplified set of ACE basis functions to learn a randomized nonlinear model.

Deep learning is an effective tool in computational chemistry as well. Task-specific deep

neural network architectures for learning molecular properties of small organic molecules

outperform other approaches on common energy learning benchmarks. Multiple methods

[Schütt et al., 2018, Unke and Meuwly, 2019] design neural networks to take atomic charges

and interatomic distances as input. These methods use highly-optimized neural network

architectures, including specially-designed atomic interaction blocks and self-attention layers.

OrbNet [Qiao et al., 2020], another neural network method, takes the output of a low-cost

density functional theory calculation as rotation-invariant input features and uses a message-

passing graph neural network architecture.

General-Purpose Invariant Architectures While many general-purpose invariant ar-

chitectures operate directly on point clouds, the first examples of such architectures, Spheri-

cal CNNs [Cohen et al., 2018a, Esteves et al., 2018, Kondor et al., 2018] operate on “spherical

images”, or functions defined on the unit sphere. These networks define spherical convolu-

tions between a spherical image and a filter. These convolutions are performed in Fourier

1. Many general-purpose invariant methods follow this design as well. Cormorant [Anderson et al., 2019]
has internal nodes which correspond to all pairs of atoms in the molecule, and Spherical CNNs [Cohen
et al., 2018a] render spherical images from molecular point clouds using ideas from pairwise electrostatic
(Coulombic) repulsion.
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space, and the input spherical image is transformed using a fast Fourier transform on the

unit sphere. Much like a traditional convolutional neural network, these networks are com-

prised of multiple convolutional layers in series with nonlinearities and pooling layers in

between. To accommodate multiple different types of 3D data, including 3D point clouds,

these methods take a preprocessing step to render the information of a 3D object into a

spherical image.

Other methods operate on point clouds directly. SPHNet [Poulenard et al., 2019] com-

putes the spherical harmonic power spectrum of the input point cloud, which is a set of

rotation-invariant features, and passes this through a series of point convolutional layers.

Cormorant [Anderson et al., 2019] and Tensor Field Networks [Thomas et al., 2018] both

design neural networks that at the first layer have activations corresponding to each point

in the point cloud. All activations of these networks are so-called “spherical tensors,” which

means they are equivariant to rotations of the input point cloud. To combine the spherical

tensors at subsequent layers, Clebsch-Gordan products are used. Many other deep neural

network architectures have been designed to operate on point clouds, but the majority have

not been designed to respect rotational invariance. A survey of this literature can be found

in Guo et al. [2021].

There are many ways to categorize the broad field of group-invariant deep neural network

architectures, and we have chosen to form categories based on the input data type. Another

helpful categorization is the distinction between regular group-CNNs and steerable group-

CNNs introduced by Cohen et al. [2018b]. In this distinction, regular group-CNNs form

intermediate representations that are scalar functions of the sphere or the rotation group,

and examples of this category are Cohen et al. [2018a], Kondor et al. [2018], Poulenard

et al. [2019]. Steerable group-CNNs form intermediate representations that are comprised of

“spherical tensors”, and examples of this category are Anderson et al. [2019], Weiler et al.

[2018], Thomas et al. [2018].
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More recently, some works have investigated methods that endow non-invariant point

cloud neural network architectures with a group-invariance property, either through a mod-

ification of the architecture or a data preprocessing step. Xiao et al. [2020] suggests using

a preprocessing step that aligns all point clouds in a canonical rotation-invariant alignment;

Puny et al. [2022] expands this idea to general transformation groups. After the preprocess-

ing step, any point cloud neural network architecture can be used to make rotation-invariant

predictions of the input. Vector Neurons [Deng et al., 2021] endows neural network archi-

tectures with rotation equivariance by using three-dimensional vector activations for each

neuron in the network and cleverly modifying the equivariant nonlinearities and pooling.

These methods have been successfully applied to dense point clouds that arise in computer

vision problems such as shape classification and segmentation. Molecular point clouds are

qualitatively different; they are quite sparse, and the Euclidean nearest neighbor graph

does not always match the graph defined by molecular bond structure. Because of these

differences, the alignment methods and network architectures designed for solving shape

classification and segmentation tasks are not a priori good models for learning functions of

molecular point clouds. To the best of our knowledge, they have not been applied successfully

in molecular property prediction tasks. Finally, Villar et al. [2021] show that any rotation-

invariant function of a point cloud can be expressed as a function of the inner products

between individual points; this insight reduces the problem of designing rotation-invariant

models to one of designing permutation-invariant architectures.

Random Features Random Fourier features [Rahimi and Recht, 2007] are an efficient,

randomized method of approximating common kernels. For kernel methods, prediction time

scales linearly with the size of the dataset. Random Fourier feature methods require time

linear in d, an approximation parameter. The approximation works by drawing a random

vector ξ and defining a low-dimensional feature embedding ϕ(x; ξ), called a random Fourier

feature. The random Fourier features approximate a shift-invariant kernel k(x, x′) = k(x−x′)
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in the sense that the inner product of two random Fourier feature evaluations is an unbiased

estimate of the kernel:

Eξ
[
〈ϕ(x; ξ), ϕ(x′; ξ)〉

]
= k(x, x′)

This approximation holds when the random vectors ξ are drawn from the Fourier transform

of the kernel k and the random Fourier features have the following functional form:

ϕ(x; ξ) = [cos(〈x, ξ〉), sin(〈x, ξ〉)]>

To reduce the variance of this approximation, one can draw d such random vectors {ξ1, ..., ξd}

and concatenate the resulting random features. As a practical method, Rahimi and Recht

[2007] proposes building a feature matrix Φ ∈ Rn×d by drawing d different random Fourier

features ϕ( · ; ξj) and evaluating the random Fourier features at each of the n samples xi in

the training dataset:

Φi,j = ϕ(xi; ξj)

Once the feature matrix is formed, a linear model is trained to fit a response vector y using

regularized linear regression, such as ridge regression:

argmin
β

‖Φβ − y‖22 + λ‖β‖22 (2.1)

Experiments in Rahimi and Recht [2007] show this is an effective method for fitting data,

even when d � n. When d � n, the model can be evaluated much faster than the original

kernel.

Follow-up work, including Rahimi and Recht [2008], suggested that interpreting random

feature methods as kernel approximators is not necessary. This work uses random nonlinear

features with varying functional forms, including random decision stumps and randomly-

initialized sigmoid neurons σ(〈ξ, x〉). These random nonlinear features form effective models
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for diverse types of data. In Section 3.4, we introduce random features similar to those in

Rahimi and Recht [2007]. Our method does not approximate any explicit kernel, and it is

designed to be invariant to any rotation of the input data, so we call our method rotation-

invariant random features.

Finally, the notion of group-invariant random feature models also appears in Mei et al.

[2021] as a technical tool to understand the sample complexity benefit of enforcing group

invariances in overparameterized models. In this work, the invariances considered are trans-

formations on one-dimensional signals that arise from cyclic and translation groups.

2.3 Rotational Invariance and Spherical Harmonics

In this section, we will introduce rotational invariance and the spherical harmonics. In our

method, we use the definitions presented in this section and only two simple facts about the

spherical harmonics and rotations, which we list at the end of this section. We say a function

f mapping a point cloud p to an element of the vector space Y is rotation-equivariant if there

exists some group action on the vector space Y such that

f(Q ◦ p) = Q ◦ f(p) ∀Q ∈ SO(3)

Intuitively, this means that when an input to f is rotated, f preserves the group structure

and the output changes predictably. We say that a function f is rotation-invariant if the

group action on the output vector space Y is the identity:

f(p) = f(Q ◦ p) = f({Qx1, Qx2, . . . , QxN}) ∀Q ∈ SO(3) (2.2)

Finally, our goal is to learn a function over point clouds that does not change when any

rotation is applied to the point cloud. Formally, given some distribution D generating pairs
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of data (p, y) our learning goal is to find

f∗ = argmin
f

E(p,y)∼D [l(f(p), y)]

where l is a classification or regression loss depending on the task and the minimization is

over all functions that satisfy a rotational invariance constraint Equation (2.2).

2.3.1 Spherical Harmonics

When decomposing a periodic function f : [0, 2π]→ R, a natural choice of basis functions for

the decomposition is the complex exponentials eimx. In this basis, f(x) may be expressed

as f(x) =
∑
m ame

imx where am = 〈f(x), eimx〉. When decomposing a function on the

unit sphere S2, a similar set of basis functions emerges, and they are called the spherical

harmonics. The complex exponentials are indexed by a single parameter m, and because the

spherical harmonics span a more complicated space of functions, they require two indices,

` and m. By convention, the indices are restricted to ` ≥ 0 and −` ≤ m ≤ `. A single

spherical harmonic function Y (`)
m maps from the unit sphere S2 to the complex plane C. For

a function f(x) : S2 → R we can compute an expansion in the spherical harmonic basis:

f(x) =
∑

m,`

a
(`)
m Y

(`)
m (x)

a
(`)
m = 〈f(x), Y

(`)
m (x)〉

In designing our method, we use two simple facts about spherical harmonics:

• If one has evaluated the spherical harmonics of some original point x ∈ S2 and wants

to evaluate those spherical harmonics at a new rotated point Qx for some rotation

matrix Q, the rotated evaluation is a linear combination of the un-rotated spherical
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harmonics at the same index `:

Y
(`)
m (Qx) =

∑̀

m′=−`
Y

(`)
m′ (x)D(`)(Q)m,m′ (2.3)

Here D`(Q) is a Wigner-D matrix; it is a square matrix of size (2`+ 1× 2`+ 1).

• Evaluating the inner product between two elements of the Wigner D-matrices is simple.

In particular, when dQ is the uniform measure over SO(3), we have the following

expression:

∫

SO(3)
D(`1)(Q)m1,k1D

(`2)(Q)m2,k2dQ = (−1)m1−k1 8π2

2`+ 1
δ−m1,m2δ−k1,k2δ`1,`2

(2.4)

This is a corollary of Schur’s lemma from group representation theory, and we discuss

this fact in Appendix A.3.

2.4 Rotation-Invariant Random Features

In our setting, an individual data sample is a point cloud pi = {xi,1, . . . , xi,Ni} with points

xi,j ∈ R3. We model the data as a function: pi(x) =
∑Ni
j=1 δ(x − xi,j) where δ(·) is a

delta function centered at 0. We can then use a functional version of the random feature

method where our data pi is a function, g is a random function drawn from some pre-specified

distribution, and 〈·, ·〉 is the L2 inner product:

ϕ̃(pi; g) = sin (〈pi, g〉) (2.5)

We want the random feature to remain unchanged after rotating the point cloud, but Equa-

tion (2.5) does not satisfy this. For general functions g, 〈Q ◦ pi, g〉 6= 〈pi, g〉. We achieve
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rotational invariance by defining the following rotation-invariant random feature:

ϕ(pi; g) = sin

(∫

SO(3)
〈Q ◦ pi, g〉2dQ

)
(2.6)

We “symmetrize” the inner product by integrating over all possible orientations of the point

cloud pi, eliminating any dependence of ϕ(·; gj) on the data’s initial orientation. Because

ϕ(·; gj) does not depend on the initial orientation of the data, it will not change if this initial

orientation changes, i.e., if pi is rotated by Q. To build a regression model, we construct a

feature matrix

Φi,j = ϕ(pi; gj) (2.7)

and fit a linear model to this feature matrix using ridge regression, as in Equation (2.1).

2.4.1 Evaluating the Random Features

In this section, we describe how to efficiently evaluate the integral in Equation (2.6). SO(3)

is a three-dimensional manifold and the integral has a nonlinear dependence on the data,

so methods of evaluating this integral are not immediately clear. However, representation

theory of SO(3) renders this integral analytically tractable and efficiently computable. The

main ideas used to evaluate this integral are exploiting the linearity of inner products and

integration, and choosing a particular distribution of random functions g. First, we observe

that because the rotated data function Q ◦ pi is the sum of a few delta functions, we can

expand the inner product as a sum of evaluations of the random function g:

〈Q ◦ pi, g〉 =

Ni∑

j=1

g(Qxi,j) (2.8)
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Expanding the inner product and the quadratic that appear in Equation (2.6) and using the

linearity of the integral, we are left with a sum of simpler integrals:

∫

SO(3)
〈Q ◦ pi, g〉2dQ =

Ni∑

j1,j2=1

∫

SO(3)
g(Qxi,j1)g(Qxi,j2)dQ (2.9)

Next, we choose a particular distribution for g which allows for easy integration over SO(3).

We choose to decompose g as a sum of randomly-weighted spherical harmonics with maxi-

mum order L and K fixed radial functions:

g(x) =
K∑

k=1

L∑

`=0

∑̀

m=−`
w

(`)
m,kY

(`)
m (x̂)Rk(‖x‖) (2.10)

where w(`)
m,k are random weights drawn from a Gaussian distribution N (0, σ2), x̂ = x

‖x‖ ,

and Rk : R+ → R is a radial function. Two examples of such radial functions are shown

in Figure 2.2. This definition of random functions gives us a few hyperparameters; L, the

maximum frequency of the spherical harmonics; σ, the standard deviation of the randomly-

drawn weights; and the choice of radial functions. In Appendix A.5, we show that the

performance of our method is most sensitive to σ.

By repeated application of the linearity of the integral and the two facts about the spheri-

cal harmonics mentioned in Section 2.3.1, we are able to write down a closed-form expression

for the integral on the left-hand side of Equation (2.9). We include these algebraic details in

Appendix A.1. Computing this integral has relatively low complexity; it requires evaluating

a table of spherical harmonics for each point xi,j up to maximum order L, and then per-

forming a particular tensor contraction between the array of spherical harmonic evaluations

and the array of random weights. This tensor contraction has complexity O(N2L3K2).
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2.5 Experiments

We conduct multiple experiments comparing our method with other landmark rotation-

invariant machine learning methods. We find that for predicting the atomization energy

of small molecules, our method outperforms neural networks in the small dataset setting,

and we have competitive test errors in the large dataset setting. Our method is an order of

magnitude faster than competing kernel methods at test time. We also find that our method

performs competitively on a completely different task, 3D shape classification. We perform

these experiments to show that our method can be used as a fast, simple, and flexible baseline

for rotation-invariant prediction problems on 3D point cloud data.

2.5.1 Small-Molecule Energy Regression

A common target for machine learning in chemistry is the prediction of a potential energy

surface, which maps from 3D atomic configurations to the atomization energy of a molecule.

Large standardized datasets such as QM7 [Blum and Reymond, 2009, Rupp et al., 2012]

and QM9 [Ruddigkeit et al., 2012, Ramakrishnan et al., 2014] offer a convenient way to test

the performance of these machine learning models across a wide chemical space of small

organic molecules. Both datasets contain the 3D atomic coordinates at equilibrium and

corresponding internal energies. The 3D coordinates and molecular properties are obtained

by costly quantum mechanical calculations, so there may be settings which require high-

throughput screening where an approximate but fast machine learning model may provide

an advantageous alternative to classical methods. To adapt our method to this task, we

make two small changes.

Element-Type Encoding The rotation-invariant random feature method defined above

works for general, unlabeled point clouds. However, in the chemistry datasets mentioned

above, we are given more information than just the 3D coordinates of particles in the
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molecule: the particles are individual atoms, and we know their element type. Incorporating

the element type of individual atoms in a machine learning method is crucial for accurate

prediction. Different elements interact in quantitatively different ways, as predicted by the

laws of gravitation and electrostatic repulsion, and they interact in qualitatively different

ways due to their electron configurations.

We use an element-type encoding method inspired by FCHL19 [Christensen et al., 2020]

and ACE [Kovács et al., 2021]. To construct this element-type encoding, we look at the local

view of a molecule created by centering the atomic coordinates at a given atom, separate the

atoms into different point clouds for each element type, and compute one random feature

per element type. We then repeat this procedure for all elements of a given type and sum

their feature vectors.

Expressed mathematically, we are given a sample pi = {xi,1, . . . , xi,Ni} with charges

{ci,1, . . . , ci,Ni}. Let p(cj)
i be the collection of atoms with charge cj , and let p(cj)

i − xi,h

denote the point cloud of atoms in pi with charge cj centered at point xi,h. In this notation,

p
(cj)
i − xi,h specifies a point cloud, which we can treat as unlabeled because they all have

the same charge. As before, a random feature is denoted ϕ(·; gj). Then for all possible

element-type pairs (c1, c2), we compute individual entries in our feature matrix

Φi,j′ =
∑

h: cih=c1

ϕ
(
p

(c2)
i − xi,h; gj

)

The column index j′ depends on j, c1, and c2.

Radial Functions We choose to parameterize our set of random functions as randomly-

weighted spherical harmonics with fixed radial functions. The choice of radial functions

appears as a design decision in many rotation-invariant machine learning methods. For ex-

ample, radial functions appear as explicit design choices in Kovács et al. [2021], Christensen

et al. [2020], Poulenard et al. [2019] and implicitly in the design of Cohen et al. [2018a].
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(a) Radial functions for small-molecule energy re-
gression

0.0 0.2 0.4 0.6 0.8 1.0
Radius

0.0

0.2

0.4

0.6

0.8

1.0

Ra
di

al
 fu

nc
tio

n 
va

lu
e

Radial function 1
Radial function 2
Radial function 3

(b) Radial functions for 3D shape classification

Figure 2.2: Our rotation-invariant random feature method requires simple user-defined radial
functions. Figure 2.2a shows the radial functions used in our small-molecule energy regression
experiments. We include 1

r2
and the average Carbon-Hydrogen bond length to give context to

the horizontal axis. Figure 2.2b shows the radial functions used in our 3D shape classification
experiments. The 3D shapes in the benchmark dataset are normalized to fit inside the unit
sphere.

This design choice is often paramount to the empirical success of these methods. FCHL19

[Christensen et al., 2020] optimize their radial functions over multiple hyperparameters and

carefully balance multiplicative terms including log-normal radial functions, polynomial de-

cay, and soft cut-offs. The ACE models in Kovács et al. [2021] use a set of orthogonal

polynomials defined over a carefully-chosen subset of the real line, a physically-motivated

spatial transformation, and use extra ad-hoc radial functions that control the behavior of

extremely nearby points. For our radial functions, we use two Gaussians, both centered at 1,

with width parameters chosen so the full widths at half maximum are 2 and 4 respectively.

Our radial functions are shown in Figure 2.2.

QM7 Atomization Energy Regression

The QM7 dataset contains 7,165 small molecules with element types H, C, N, O, S and a

maximum of 7 heavy elements. We compare with two lightweight methods, FCHL19 and
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Spherical CNNs, that show learning results on the QM7 dataset. We reproduce their original

training methods and compare test errors in Table 2.1. Notably, our rotation-invariant

random feature method has average errors half of those of Spherical CNNs while being faster

to train. Our best-performing model uses 2,000 random features. With the element-type

encoding described above, this corresponds to 50,000 trainable parameters.

In this experiment, we use a training dataset of 5,732 samples and a test set of size

1,433. For our method and FCHL19, we use 90% of the training set to train the models

and the remaining 10% as a validation set for hyperparameter optimization. To train the

FCHL19 models, we use the validation set to optimize over Gaussian kernel widths and L2

regularization parameters. In our method, we search over the number of random features and

L2 regularization parameters. We solve our ridge regression problem by taking a singular

value decomposition of the random feature matrix, and then constructing a solution for each

regularization level.

In addition to our ridge regression models, we also experiment using our random fea-

tures as an input to deep neural networks. We are unable to find deep neural network

models with reasonable prediction latencies that outperformed our ridge regression model

(Appendix A.4). We also experimented with a model which combined a rotation-invariant

PCA alignment [Xiao et al., 2020, Puny et al., 2022] with three-dimensional random features,

but the alignments produced by this method were uninformative, and the model failed to

meet basic baselines.

The space of small organic drug-like molecules is extremely large. The GDB-13 dataset

[Blum and Reymond, 2009] contains nearly one billion reference molecules, even after fil-

tering for molecule size and synthesis prospects. Most of the machine learning methods

approximating potential energy surfaces are considered fast approximate replacements for

costly quantum mechanical calculations. To screen the extremely large space of small or-

ganic drug-like molecules, these methods require high prediction throughput, which can be
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Method General- Mean Absolute Train Time (s) Train Device
Purpose Error (eV)

Spherical CNNs
[Cohen et al., 2018a]

3 0.1565 546.7 single GPU

Random Features
(Ours)

3 0.0660 ± 0.00275 203.4 24 CPU cores

FCHL19
[Christensen et al., 2020]

7 0.0541 260.7 24 CPU cores

Table 2.1: Test error and training time on the QM7 dataset. We report the mean absolute
error on the test set for all methods and the standard error of the mean for our method. We
discuss this experiment in Section 2.5.1.

achieved by exploiting parallelism in the models’ computational graphs and readily-available

multicore CPU architectures. When parallelism inside the model is not available, the set of

candidate molecules can be divided and data parallelism can be used to increase screening

throughput. However, we consider another setting where experimental samples need to be

analyzed in real time to make decisions about ongoing dynamic experiments. In this setting,

prediction latency is paramount.

In the low-latency setting, our method can gracefully trade off prediction latency and

prediction error by tuning the number of random features used in a given model. Importantly,

all training samples are used to train the model. FCHL19 is a kernel method, so the time

required to predict a new data point scales linearly with the number of training samples used.

Thus, FCHL19 can only improve test latency at the cost of using fewer training samples and

incurring higher test errors.

To explore the tradeoff between prediction latency and prediction error, we train random

feature models and FCHL19 models of different sizes. We measure their prediction latencies

and plot the results in Figure 2.3. We note that at similar error levels, FCHL19 models

show prediction latencies that are an order of magnitude slower than ours. Spherical CNNs

exhibit low test latency because their method is implemented for a GPU architecture, but

their test errors are high, and the neural network approach does not admit obvious ways to
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FCHL19
Invariant Random Features
Spherical CNNs

Method Model
Size

Prediction
Latency
(s)

Train
time
(s)

Error (eV)

FCHL19 100 0.0151 0.4 0.2620
FCHL19 200 0.0256 0.8 0.2191
FCHL19 400 0.0604 2.3 0.2514
FCHL19 800 0.1188 9.1 0.1444
FCHL19 1600 0.3170 54.0 0.1157
FCHL19 3200 0.6635 258.5 0.0705
FCHL19 5000 1.0096 260.7 0.0541
FCHL19 5732 1.2191 326.1 0.0535
Random Features (Ours) 250 0.0177 61.6 0.0755
Random Features (Ours) 500 0.0178 107.1 0.0714
Random Features (Ours) 750 0.0189 157.8 0.0704
Random Features (Ours) 1000 0.0203 203.4 0.0660
Random Features (Ours) 2000 0.0242 431.4 0.0687
Spherical CNNs N/A 0.0054 546.7 0.1565

Figure 2.3: Invariant Random Features are faster at prediction time than FCHL19 and more
accurate than Spherical CNNs. In this experiment, we compare the prediction latency and
prediction error for models of different sizes evaluated on the QM7 dataset. For each method,
we measure the latency of predicting each molecule on a held-out test set 5 times. In the
figure, we plot the median prediction latencies with error bars spanning the 25th and 75th

percentile measurements. The vertical axis of the figure is mean absolute error measured in
eV on a held-out test set. The FCHL19 method is evaluated on 24 CPU cores using kernels
with sample sizes 100, 200, 400, 800, 1600, 3200, 5000, and 5732. The rotation-invariant
random features method is evaluated on 24 CPU cores with model sizes of 250, 500, 750,
1000, and 2000 random features. The Spherical CNNs method is evaluated on a single GPU.
We discuss this experiment in Section 2.5.1.

achieve a tradeoff between latency and test error. The prediction latencies of FCHL19 and

our random feature models depend on the number of atoms in the molecule, and we show

this dependence in Figure A.1.

QM9 Atomization Energy Regression

The QM9 dataset contains 133,885 molecules with up to 9 heavy atoms C, O, N, and F, as

well as Hydrogen atoms. This is a larger and more complex dataset than QM7, and because

there is more training data, neural network methods perform well on this benchmark. For

this dataset, we follow Anderson et al. [2019], Gilmer et al. [2017] by constructing atomization

energy as the difference between the internal energy at 0K and the thermochemical energy

of a molecule’s constituent atoms. We train a large-scale random feature model by taking
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Method General-
Purpose

Model Type Mean Abso-
lute Error
(eV)

Input Features

Cormorant
[Anderson et al.,
2019]

3 General-purpose
rotation-invariant
architecture

0.022 • Charges
• Atomic loca-

tions

Random Features
(Ours)

3 Ridge Regression 0.022 ± 4.45e-
04

• Charges
• Rotation-

invariant ran-
dom features

FCHL19
[Christensen et al.,
2020]

7 Kernel Ridge Re-
gression

0.011 • Charges
• Interatomic dis-

tances
• 3-body angles

SchNet
[Schütt et al., 2018]

7 Neural Network
with atomic inter-
action blocks

0.014 • Charges
• Interatomic dis-

tances

PhysNet
[Unke and Meuwly,
2019]

7 Neural Network
with attention
layers

0.008 • Charges
• Interatomic dis-

tances

OrbNet
[Qiao et al., 2020]

7 Message-Passing
GNN

0.005 • Mean-field DFT
calculations

Table 2.2: Comparing large-scale models trained on QM9. FCHL19 [Christensen et al., 2020]
was trained on 75,000 samples from QM9 and the other methods were trained on 100,000
samples. We report the mean absolute error on the test set for all methods and the standard
error of the mean for our method. We discuss this experiment in Section 2.5.1.
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100,000 training samples from QM9 and generating 10,000 random features. We select an

L2 regularization parameter a priori by observing optimal regularization parameters from

smaller scale experiments on a proper subset of the QM9 training data.

We compare the performance of our model with the reported errors of FCHL19 [Chris-

tensen et al., 2020] and other neural network methods. All methods considered in this

comparison enforce rotational invariance in their predictions. The results of this comparison

are shown in Table 2.2. Our rotation-invariant random feature method matches the perfor-

mance of Cormorant, and it provides a very strong baseline against which we can quantify

the effect of expert chemistry knowledge or neural network design. OrbNet [Qiao et al.,

2020] uses a graph neural network architecture, and their inputs are carefully chosen from

the results of density functional theory calculations in a rotation-invariant basis. PhysNet

[Unke and Meuwly, 2019] uses an architecture heavily inspired by that of SCHNet [Schütt

et al., 2018], and this iteration in model design resulted in almost a 50% reduction in test

error.

Training models on large subsets of the QM9 dataset is difficult. FCHL19 requires 27

hours to construct a complete kernel matrix of size (133,855 × 133,855) on a compute node

with 24 processors. The 27 hours does not include the time required to find the model’s

linear weights. The neural network methods require long training sequences on GPUs. Both

Cormorant and PhysNet report training for 48 hours on a GPU.

When using a large sample size, our method is similarly difficult to train. We are able

to construct a matrix of random features of size (100,000 × 250,000) in 27 minutes on a

machine with 24 processors, but the matrix is highly ill-conditioned, and using an iterative

method to approximately solve the ridge regression problem requires 76.5 hours. Using an

iterative method introduces approximation error which we did not encounter when perform-

ing experiments on the other datasets. We attribute some of the performance gap between

our method and FCHL19 to this approximation error. Fortunately, solving large, dense,
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overdetermined ridge regression problems is an active area of research, and it is quite likely

that applying methods from this area of research to our problem would result in a speed-up.

We outline some promising approaches in Appendix A.6. We believe the conditioning of

our problem is caused by the choice of element-type encoding, and we leave finding a new

element-type encoding that produces well-conditioned feature matrices for future work.

2.5.2 Shape Classification

To show that our method is general-purpose, we test our same method on a completely

different task, 3D shape classification. In particular, we consider multiclass classification

on the ModelNet40 benchmark dataset. The ModelNet40 benchmark dataset Zhirong Wu

et al. [2015] is a set of computer-generated 3D models of common shapes, such as mugs,

tables, and airplanes. We evaluate the performance of our model in three train/test settings,

where the train and test sets either contain rotations about the z axis, or arbitrary rotations

in SO(3). There are 9,843 training examples and 2,468 test examples spread across 40

different classes. The shape objects are specified by 3D triangular meshes, which define a

(possibly disconnected) object surface. To generate a point cloud from individual objects in

this dataset, one must choose a sampling strategy and sample points from the surface of the

object. We use the dataset generated by Qi et al. [2017a], which samples 1,024 points on

the mesh faces uniformly at random. The point clouds are then centered at the origin and

scaled to fit inside the unit sphere.

We solve the multiclass classification problem with multinomial logistic regression. More

specifically, we optimize the binary cross entropy loss with L2 regularization to learn a set

of linear weights for each of the 40 classes in the dataset. At test time, we evaluate the 40

different linear models and predict by choosing the class with the highest prediction score. We

also slightly change the definition of our data function; for a point cloud pi = {xi,1, ..., xi,Ni},

we use a normalized data function pi(x) = 1
Ni

∑Ni
j=1 δ(x−xi,j) to eliminate any dependence
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Method Rotation Invari-
ant

z/z SO(3)/SO(3) z/SO(3)

Spherical CNNs [Esteves et al.,
2018]

3 0.889 0.869 0.786

SPHNet [Poulenard et al., 2019] 3 0.789 0.786 0.779
Vector Neurons [Deng et al., 2021] 3 0.902 0.895 0.895
Random Features (Ours) 3 0.693 0.692 0.666
PointNet++ [Qi et al., 2017b] 7 0.918 0.850 0.284

Table 2.3: Test accuracy on the ModelNet40 shape classification benchmark task. Our
method sets a strong baseline to compare against neural network methods, especially in the
challenging z/SO(3) train/test regime. We discuss this experiment in Section 2.5.2.

on the number of points sampled from the surface of the shape objects. For this setting, we

use radial functions that are three Gaussian bumps with centers at 0, 0.5, and 1, with width

σ = 0.75.

We compare our method with another rotation-invariant method, SPHNet [Poulenard

et al., 2019]. SPHNet is a multilayer point-convolutional neural network that enforces rota-

tional invariance by computing the spherical harmonic power spectrum of the input point

cloud. SPHNet’s rotation-invariant method also requires a choice of radial functions, and

they use two Gaussians with different centers and vary the width of the Gaussians at dif-

ferent layers of their network. The results of our comparison are in Table 2.3. Our method

does not achieve near state-of-the-art results, but we conclude it provides a strong baseline

on this challenging multiclass problem. We discuss the prediction latency of our method on

the ModelNet40 dataset in Appendix A.4.

2.6 Discussion and Future Work

Our method is a simple, flexible, and competitive baseline for rotationally-invariant predic-

tion problems on 3D point clouds. Rotation-invariant random features are simple to explain

and implement, and using them in varied prediction tasks requires a minimal amount of
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design choices. Our method does not achieve state-of-the-art accuracy on any prediction

task, but it provides a competitive baseline that allows us to begin to quantify the effect of

neural network models and expert chemistry knowledge in methods that enforce rotational

invariance. In particular, we find that for molecular property prediction tasks, the inductive

bias of rotation invariance is enough to provide very strong performance with our general-

purpose random feature model. For 3D shape classification, we find that the inductive bias

of rotation invariance provides a non-trivial baseline, but the gap between our model and

neural networks is larger.

Our method shows promise in settings where low prediction latency is desired. In high-

throughput experiments, such as the ATLAS experiment at the CERN Large Hadron Collider

[Collaboration, 2008], data is generated at such a high velocity that real-time decisions must

be made whether to save or discard individual samples. For this type of initial screening task,

we imagine our low-latency and flexible prediction method will be an attractive candidate.

Another experimental use-case for low-latency models is as replacements for force fields in

molecular dynamics simulations [Gilmer et al., 2017]. In these simulations, the energy and

forces in a molecular system is repeatedly queried in a serial fashion. Any improvement in

the latency of energy or force prediction would translate to a speedup of the overall system.

Because our model has an extremely shallow computational graph, we expect it will have

much lower latency than deep neural networks once implemented on a GPU.

One can also interpret our work as an initial investigation into the use of random Fourier

feature methods for approximating common kernel methods in computational chemistry.

Kernel methods are well-studied and highly performant in machine learning for computa-

tional chemistry; examples of such methods include Rupp et al. [2012], Montavon et al.

[2012], Bartók et al. [2013], Christensen et al. [2020]. It is a natural question to ask whether

these methods can benefit from low prediction latency while maintaining high test accuracy

when approximated by random features. Our method does not implement an exact approx-
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imation to any of the kernel methods above, but our experiments show promise in this area.

Our test errors are near those of FCHL19 on the QM7 dataset, and versions of our model

using only 10% of the optimal number of parameters have reasonable test errors. However,

when training our model on the QM9 dataset, we have seen that the particular element-type

encoding we have used creates ill-conditioned feature matrices and makes optimization diffi-

cult. To fully realize the potential of random feature methods in accelerating kernel learning

for computational chemistry, a new element-type encoding is needed.
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CHAPTER 3

MULTI-FREQUENCY PROGRESSIVE REFINEMENT FOR

LEARNED INVERSE SCATTERING

3.1 Introduction

Wave scattering is an important imaging technology with applications in medical and seismic

imaging, sonar and radar detection, and nondestructive testing of materials. In this setting,

a known source transmits incident waves through a penetrable medium, and due to an inho-

mogeneity in the spatial region of interest, the incident waves are scattered. Several receivers

measure the scattered wave field at distant locations. We are interested in the inverse wave

scattering problem: given a set of scattered wave field measurements, we want to recover

the inhomogeneity in the spatial region of interest that produced the measurements. In this

chapter, we focus on the inverse wave scattering problem with unknown medium and full-

aperture measurements at multiple incident wave frequencies. This problem is characterized

by a highly nonlinear forward measurement operator, making the recovery of the scattering

potential challenging. We propose a machine learning solution to this problem: given a

training set of pairs of scattering potentials and scattered wavefield measurements, we seek

to approximate the inversion map with a deep neural network that predicts a scattering

potential from scattered wavefield measurements at multiple frequencies. We design a new

training method and a new neural network architecture to achieve this goal.

The aforementioned inverse wave scattering problem has been widely studied. While

the measurement operator is known to be injective when there are infinitely many sensors

positioned in a ring around the scattering potential [Colton and Kress, 2018], computational

approaches must always operate in the ill-posed case where finite receivers are present.

Thus, past research has focused on optimization approaches to solving the inverse problem.

Simple gradient-based optimization approaches to this problem face two major difficulties:
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computing a gradient requires solving a partial differential equation (PDE), which can be

computationally expensive; additionally, the nonlinearity of the forward model induces a non-

convex objective function. Therefore, convergence of local search methods such as gradient

descent is not guaranteed without careful initialization.

A classical strategy to alleviate the optimization challenges associated with a nonlinear

forward model is to use a linear approximation. This linear approximation allows one to

formulate the inverse problem as a linear least squares problem, which is relatively easy

to solve. A well-known method inverting this global linear approximation is the so-called

filtered back-projection (FBP) method [Natterer, 2001]. While this method is relatively easy

to implement, it suffers from modeling errors and produces inaccurate reconstructions. To

remedy this, many machine learning approaches are aimed at constructing data-driven ap-

proximations of the inverse map by designing architectures to imitate FBP [Fan and Ying,

2022, Khoo and Ying, 2019, Li et al., 2022]. At a high level, these works approximate the

two key components of FBP – namely, an application of the adjoint of a linearization of the

forward operator followed by a filtering step – by suitably chosen neural network blocks. As

a result, they suffer from similar drawbacks as the FBP method: in particular, they provide

low-quality reconstructions of high-contrast scattering potentials, especially in the presence

of unknown inhomogeneous backgrounds or measurement noise. A natural alternative is in-

tegrating machine-learning models into other iterative methods, which are computationally

demanding relative to FBP but can provide higher quality reconstructions.

A standard approach, which has been successful in the strongly nonlinear scattering

regime, is to use data collected at multiple incoming wave frequencies. Recursive lineariza-

tion methods [Chen, 1995, Bao and Liu, 2003, Borges et al., 2017] use multi-frequency mea-

surements to solve a sequence of sub-problems, starting at the lowest frequency to provide an

initial estimate of the scattering potential and refining that estimate at progressively higher

frequencies using warm-started local search methods. Algorithms in this family offer two
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benefits: first, they alleviate the need for careful initialization since the loss landscape of

the lowest frequency sub-problem is typically well-behaved; second, they greatly reduce the

number of PDE solves by relying on first-order approximations of the forward model that are

relatively inexpensive to invert. However, these methods require measurements at a large

number of incident wave frequencies and still involve solving large-scale PDEs and least-

squares problems for each frequency. This requires, for example, multiple CPU core-hours

to recover a single image, even with a state-of-the-art PDE solver [Borges et al., 2017].

In light of these advances, we propose a new architecture and training method inspired by

the recursive linearization algorithm. Our primary approach is based on a residual update

architecture and training method that ensures specific network blocks solve specific sub-

problems. In addition, we introduce two new methods of extending FBP-inspired neural

networks to the multi-frequency setting. We call our networks “Multi-Frequency Inverse

Scattering Networks”, or “MFISNets”. We note that our methods are based on a neural

network architecture from Fan and Ying [2022] but could, in principle, use any other neural

network architectures designed for the inverse scattering problem in the single-frequency

setting.

3.1.1 Contributions & chapter outline

In Section 3.2, we formally define the inverse scattering problem and the machine learn-

ing objective. We present standard results about inverse scattering and survey related

work in Section 3.3. In Section 3.4, we review the recursive linearization algorithm and

introduce our method, MFISNet-Refinement. Finally, we introduce our other two methods,

MFISNet-Fused and MFISNet-Parallel, and present a numerical evaluation of our methods

in Section 3.5. Our main contributions can be summarized as follows:

1. We introduce “MFISNet-Refinement”, short for “Multi-Frequency Inverse Scattering

Network with Refinement”, a neural network architecture and training method that is
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inspired by recursive linearization algorithms [Chen, 1995, Bao and Liu, 2003, Borges

et al., 2017]. (Section 3.4)

2. We show that our network achieves lower errors than single-frequency methods [Fan

and Ying, 2022] and multi-frequency methods [Li et al., 2022] in the literature as well

as the other newly-introduced MFISNets in a high-contrast, noiseless, full-aperture

setting. (Section 3.5.3)

3. We demonstrate numerically that our method is robust to moderate measurement

noise. (Section 3.5.4)

4. We consider alternative training strategies and find that MFISNet-Refinement is robust

to the choice of training method, suggesting the majority of improvement is due to the

architecture. (Section 3.5.5)

5. We publicly release our code https://github.com/meliao/mfisnets and dataset

https://doi.org/10.5281/zenodo.14514353.

3.2 Problem Setup and Notation

The forward model for our imaging setup is implicitly defined by a PDE problem involving

the Helmholtz equation. See Figure 3.1 for a diagram of the geometry of the problem. Let

x ∈ R2 be the spatial variable. Suppose uin(x; s) = eikx·s is an incoming plane wave with

direction s ∈ S1, wavelength λ, and angular wavenumber k = 2π/λ. We normalize the

problem’s units so this wave travels at speed c0 ≡ 1 in free space. The incoming wave

interacts with a real-valued scattering potential q(x) to produce an additive perturbation,

called the scattered wave field uscat[q](x; s). We define q(x) = c20/c
2(x)− 1 where c(x) is the

wave speed at x. The total wave field u[q](x; s) = uscat[q](x; s)+uin(x; s) solves the following

inhomogeneous Helmholtz equation, and the scattered wave field satisfies the Sommerfeld
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q(x)

Receiver rj

Source s`

uin(x; s`)

uscat[q](x; s`)

Figure 3.1: Geometry of the inverse scattering problem. An incident plane wave uin(x; s`)
coming from source direction s` interacts with the scattering potential q(x). The resulting
scattered wave field uscat[q](x; s`) is recorded by a receiver rj .

radiation boundary condition:





∆u[q](x; s) + k2(1 + q(x))u[q](x; s) = 0 x ∈ R2;

∂uscat[q](x; s)

∂‖x‖2
− ikuscat[q](x; s) = o(‖x‖−1/2

2 ), as ‖x‖2 →∞.
(3.1)

We assume q(x) is supported on a square domain Ω = [−0.5, 0.5]2, and we work with

q ∈ RNq×Nq , the discretization of q(x) onto a regular grid with (Nq, Nq) grid points. We

place the receivers equally spaced around a large ring of radius R � 1, centered at the

origin. We identify individual receivers by their unit-vector directions rj ∈ S1. We compute

the solution for the same set of Nr receiver points and Ns incoming source directions, where

Nr = Ns and the grid points are equally distributed about the unit circle. This results in

a set of (Nr, Ns) observations, {uscat[q](Rrj ; s`)}j,`∈[Nr]×[Ns], which we arrange in a data

array dk ∈ CNr×Ns . We call the mapping from q to dk the forward model with incoming
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wave frequency k:

(dk)j,` = Fk[q]j,` ≡ uscat[q](Rrj ; s`) (3.2)

Because we are interested in multi-frequency algorithms, we are interested in observations

of the forward model evaluated on the same q but with a set of incoming wave frequencies

[k1, . . . , kNk ]. In particular, our goal is to approximate the following mapping:

[
Fk1 [q], . . . ,FkNk [q]

]
7→ q. (3.3)

Our goal is to train a neural network gθ with parameters θ to approximate the mapping:

gθ(Fk1 [q], . . . ,FkNk [q]) ≈ q. Given a distribution D over scattering potentials q, we draw a

training set of n independent samples from D to generate data to train the neural network.

After evaluating the forward model nNk times, we have a training set

Dn :=
{

(q(j),Fk1 [q(j)], . . . ,FkNk [q(j)])
}n
j=1

(3.4)

We evaluate networks in this setting by measuring the relative `2 error:

RelativeL2Error(gθ) = Eq∼D



‖gθ

(
Fk1 [q], . . . ,FkNk [q]

)
− q‖2

‖q‖2


 (3.5)

In practice, we approximate the expected relative `2 error in (3.5) by an empirical mean over

a held-out test set of 1,000 samples drawn independently from D.
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3.3 Background and Related Work

3.3.1 Background

In this section, we review standard results about Fk relevant to our study. In particular, we

focus on a linear approximation of Fk that gives insights into the inverse scattering problem.

The first result is that Fk becomes more nonlinear as the magnitude of the scatterer ‖q‖2
or the wavenumber k increases. Indeed, the solution to (3.1) can be equivalently defined as

the solution to the Lippmann-Schwinger integral equation:

uscat[q](x; s) = k2
∫

Ω
Gk(‖x− x′‖2)q(x′)(uin(x′; s) + uscat[q](x

′; s))dx′ (3.6)

where Gk is the Green’s function for the homogeneous Helmholtz operator. This recursive

equation provides a nonlinear map from q(x) to uscat[q](·; s) and therefore Fk[q].

One way to view this nonlinearity is to interpret the Lippmann-Schwinger equation as a

power series in q(x) by iteratively substituting the value of uscat[q](x) into its appearance on

the right-hand side of (3.6). For example, performing this substitution once yields a linear

and a quadratic term in q(x) that are independent of uscat[q], as well as a “remainder” term

involving the unknown uscat[q] that accounts for higher-order terms:

uscat[q](x; s) = k2
∫

Ω
Gk(‖x− x′‖2)q(x′)uin(x′; s)dx′

+k4
∫

Ω
Gk(‖x− x′‖2)q(x′)

∫

Ω
Gk(‖x′ − x′′‖2)q(x′′)uin(x′′; s)dx′′dx′

+Higher-order terms in k and q(x). (3.7)

This power series does not converge for general q(x), but it helps illustrate which parts of

the problem drive the nonlinearity of the operator Fk: as ‖q‖2 or k grow, the size of these

nonlinear terms will also grow, and as a result Fk becomes increasingly nonlinear.
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The next result is that, under a linear approximation, the far-field measurements are

diffraction-limited and can only capture frequency components of q up to 2k. Equivalently,

the measurements depend on q to a spatial resolution of λ/2. We consider the first-order Born

approximation [Born et al., 1999], which approximates (3.6) by dropping the uscat[q](x
′; s)

term from the right-hand side. This is further simplified with an approximation of the

Green’s function in the far-field limit [Born et al., 1999], yielding

dk(r, s) ≈ k2
∫

Ω
e−ik(r−s)·x′q(x′)dx′. (3.8)

We will refer to this linear approximation of the map from q(x) to dk(r, s) as Fk. Note

that Fkq is proportional to the Fourier Transform of q evaluated at frequency vectors of the

form k(r − s). Since r, s ∈ S1 range over the unit circle, the frequency vectors k(r − s)

take on values throughout a disk with radius 2k centered at the origin. Thus, evaluations

of the linearized forward model, Fkq, only contain the low-frequency components of q, while

high-frequency components of q are in the kernel of the linearized forward model Fk [Chen,

1995].

Owing to its simplicity, (3.8) is often used as inspiration for the design of neural network

architectures approximating the inverse map dk 7→ q. The networks emulate the FBP

method [Natterer, 2001], which produces an estimate q̂ of the scattering potential q as

q̂ = (F ∗kFk + µI)−1F ∗k dk, (3.9)

where F ∗k is the adjoint of Fk and µ is a regularization parameter that stabilizes the inversion

of F ∗kFk. The operator (F ∗kFk + µI)−1 can be implemented as a two-dimensional spatial

convolution [Khoo and Ying, 2019, Fan and Ying, 2022, Li et al., 2022], while novel net-

work architectures have been proposed to emulate F ∗k ∈ CN
2
q×NrNs in a parameter-efficient

manner. In particular, Fan and Ying [2022] and Zhang et al. [2023] suggest leveraging the
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rotational equivariance of the forward model to emulate F ∗k with one-dimensional convolu-

tions, after applying a far-field scaling and an appropriate coordinate transformation in [Fan

and Ying, 2022, Equation 6]). We refer to the network described by Fan and Ying [2022] as

FYNet.

3.3.2 Related Work

Deep learning has revolutionized linear inverse problems in imaging, advancing methods

for superresolution, inpainting, deblurring, and medical imaging. Many of these advances

stem from methods combining deep neural networks with optimization algorithms. For

example, the deep unrolling paradigm [Monga et al., 2021] performs a fixed number of steps

of an iterative algorithm and replaces certain operations with learnable mappings, which are

parameterized by neural networks whose weights are learned from data. Components that

remain fixed throughout training may reflect prior knowledge of problem parameters, such as

explicit knowledge of the forward measurement model. In this setting, the network is usually

trained end-to-end by minimizing the Euclidean distance between the network outputs and

the true data. Another paradigm, called plug-and-play denoising [Venkatakrishnan et al.,

2013], suggests that general image denoisers can be used in place of proximal operators for

regularization functions, an important subroutine in many optimization routines for linear

inverse problems in imaging. In this setting, neural network blocks are often trained to

solve a different task, such as denoising corrupted signals, and then used inside the inversion

algorithm. Ongie et al. [2020] provides a review of deep learning for inverse problems in

imaging.

Several works in the wave scattering literature attempt to solve the inverse scattering

problem by augmenting an optimization algorithm with components learned from data. At

inference time, these methods require running an iterative optimization algorithm. Kamilov

et al. [2017] develops a plug-and-play algorithm for inverse scattering, and show that various
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off-the-shelf denoisers can be applied as proximal operators. Zhao et al. [2023] use an encoder

network paired with a network emulating the forward model and suggest optimizing a latent

representation of the scattering potential using stochastic gradient descent. When only

phaseless measurements of the scattered wave field uscat are available, Deshmukh et al.

[2022] propose a network unrolling proximal gradient descent, where the proximal operator

is a neural network learned from data. For the inverse obstacle scattering problem in two

dimensions, Zhou et al. [2023] propose using a fully-connected neural network to warm-start

a Gauss-Newton algorithm. Ding et al. [2022] train a neural network to approximately invert

a forward scattering process depending on temporal data, and use this approximate inverse as

a nonlinear preconditioner for a nonlinear least squares optimization routine. In concurrent

work, Zhang et al. [2024] use diffusion sampling to reconstruct scattering potentials and

quantify uncertainty of the reconstructions.

Other methods propose to learn the inverse map directly from data. Recently, neural

networks that are approximately invariant to discretization size have been proposed as meth-

ods of learning maps between general function spaces [Li et al., 2021b, Lu et al., 2021] and

these general-purpose networks have been applied to inverse scattering [Ong et al., 2022].

Other networks have been designed to invert the forward scattering model in particular;

see Chen et al. [2020] for a broad review of such approaches. In our work, we are particu-

larly interested in FBP-inspired methods. The work of Khoo and Ying [2019] leverages the

approximate low-rank structure of scattering operators to design their SwitchNet network.

Fan and Ying [2022] propose a data transformation that facilitates emulating the adjoint of

the linearized forward model via 1D convolutions. In our work, we consider how to combine

multiple such network blocks to invert the multi-frequency forward map in (3.3). One way

of combining these blocks is to learn each adjoint operator F ∗k as a separate neural network

block and combine data to jointly emulate the learned filtering operators (F ∗kFk + µI)−1.

This strategy is employed in Zhang et al. [2023], which is similar to our MFISNet-Parallel,
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but uses a different parameterization for the layers emulating F ∗k and (F ∗kFk + µI)−1. An-

other strategy is to use the Wide-Band Butterfly Network [Li et al., 2022, 2021a], which

hierarchically merges information from different frequencies in the network block emulating

F ∗k . We provide more detail and commentary about methods of combining network blocks

to form multi-frequency networks in Section 3.5.2.

Finally, we note in passing that the design of our method is inspired by homotopy meth-

ods [Watson and Haftka, 1989]. These methods solve a sequence of sub-problems of increasing

difficulty, gradually transforming a simple (but uninformative) optimization problem to the

optimization problem of interest and using solutions to a given sub-problem to warm-start

local search methods for subsequent sub-problems. Such a sequence can be constructed

explicitly (e.g., by varying regularization levels) or implicitly; for example, curriculum learn-

ing [Bengio et al., 2009] progressively adjusts the training data distribution from “easy” to

“hard” samples and has been used to train physics-informed neural networks in challenging

problem settings [Krishnapriyan et al., 2021, Huang et al., 2022].

3.4 Recursive Linearization and Our Method

We propose a neural network that learns to approximate the multi-frequency inversion map

from training data. To design the network and training algorithm, we draw inspiration from

the recursive linearization method for inverse scattering, which we briefly review below.

3.4.1 Recursive Linearization

Recursive linearization is a classical method for solving the inverse scattering problem, in-

troduced by Chen [1995]. In spite of the nonlinearity of the true forward scattering model

described in (3.6), recursive linearization breaks the inverse problem into a series of simpler

problems, each of which corresponds to a linear inverse problem. In this section we discuss

the intuition behind this strategy.
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Recall from our discussion in Section 3.3.1 that the forward map evaluated at low incident

wave frequencies k acts approximately like a low-pass filter with cutoff frequency 2k. At first

glance, this suggests that observing Fk[q] for a high value of k is sufficient for high-resolution

recovery of q. However, when viewed from an optimization perspective, it becomes clear that

this problem is increasingly challenging for large values of k. For example, one might consider

the nonlinear least-squares problem

argmin
q̂
‖dk −Fk[q̂]‖22. (3.10)

To illustrate the challenges for the optimization formulation with increasing values of k,

we consider a simple example where q is known to be a Gaussian bump with a given spread

parameter and unknown amplitude. Given observations dk = Fk[q] and a numerical PDE

solver to calculate Fk[·], one could estimate the amplitude of q by solving a minimization

problem similar to (3.10), but only searching over the unknown amplitude. In Figure 3.2,

we plot this objective as a function of the amplitude of q̂ for a range of values of k. For large

values of k, the objective function is highly oscillatory and contains many spurious local

minima. Typically this suggests that it can be challenging to locate the global minimum

unless there is a scheme to initialize estimates close enough to the global minimum to avoid

getting stuck elsewhere. However, Figure 3.2 also shows that the objective function oscillates

much more slowly at the smallest value of k while sharing the same global minimum. This

suggests that the low-frequency observations can be used to get close to the global minimum,

even though they are diffraction-limited and cannot resolve high-frequency components.

The recursive linearization algorithm leverages this insight by solving a sequence of inver-

sion problems at increasing wave frequencies k. Crucially, each sub-problem uses the output

of the previous sub-problem to initialize a new optimization problem. This method was

introduced in Chen [1995] and further developed in Bao and Liu [2003], Borges et al. [2017].

At iteration t, the algorithm uses the previous estimate q̂kt−1 along with a new set of obser-
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Figure 3.2: Even in a highly stylized setting, accurately and reliably inverting Fk is difficult
for high frequencies k. Suppose the ground-truth scattering potential is q(x) = β exp(−‖x‖

2

2σ2
),

a Gaussian bump with known spread parameter σ = 0.1 but unknown amplitude β. We
show the optimization landscape that arises from searching over different amplitudes. At
low incident wave frequencies, this optimization landscape is smooth and has a large basin
of attraction. However, as the incident wave frequency increases, the optimization landscape
becomes highly oscillatory, requiring a nearly exact initialization to guarantee convergence
to the ground truth. In experimental settings, the parameterization of q is often high-
dimensional, which requires higher frequency data to resolve high-frequency information in
q. This numerical example was inspired by Bao and Liu [2003].

vations dkt , and it calculates an update δq that minimizes the `2 distance in measurement

space:

argmin
δq

‖dkt −Fkt [q̂kt−1 + δq]‖22 (3.11)

The value of q̂kt−1 may make it possible to avoid spurious local minima, but this problem is

still difficult since an iterative optimizer would require solving a PDE at each of its iterations.

However, Fkt [q̂kt−1 + δq] is well-approximated by a first-order Taylor expansion about q̂kt−1

when δq is small or when it does not contain low-frequency information [Chen, 1995]. This
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motivates the following surrogate for the optimization problem in (3.11):

argmin
δq

‖dkt −
(
Fkt [q̂kt−1 ] +DFkt [q̂kt−1 ]δq

)
‖22, (3.12)

where DFkt [q̂kt−1 ] denotes the Fréchet derivative of the forward model at q̂kt−1 . The action

of DFkt [q̂kt−1 ] and its adjoint, DF∗kt [q̂kt−1 ], can be computed using the adjoint-state method

[Bao and Liu, 2003, Borges et al., 2017]. The resulting algorithm is akin to a Gauss-Newton

method; critically, each sub-problem of the form shown in (3.12) is a linear least-squares

problem. We outline a sketch of the recursive linearization algorithm in Algorithm 1.

The recursive linearization algorithm is very demanding computationally. Each iteration

requires solving Ns large-scale PDEs and a high-dimensional least-squares problem, which

quickly creates a large computational burden when producing high-resolution solutions. In

a classical setting without machine learning, the frequencies should be spaced close to each

other for best results. Chen [1997] uses k = 1, 2, . . . , 9 in their numerical experiments, while

Borges et al. [2017] uses k = 1, 1.25, . . . , 70, which they report takes around 40-50 hours per

sample to produce a single 241× 241 pixel image.

Algorithm 1: Recursive Linearization for Inverse Scattering based on Chen [1995,
1997], Bao and Liu [2003], Borges et al. [2017]
Input: Multi-frequency data {dk1 , dk2 , . . . , dkNk}

1 q̂k1 ←
(
F ∗k1Fk1 + µI

)−1
F ∗k1dk1

2 for t = 2, . . . , Nk do
3 Compute Fkt [q̂kt−1 ] and DFkt [q̂kt−1 ]

4 δqkt ← argmin
δq

‖dkt −
(
Fkt [q̂kt−1 ] +DFkt [q̂kt−1 ]δq

)
‖22

5 q̂kt ← q̂kt−1 + δqkt
Result: Final estimate q̂kNk

Although recursive linearization is computationally expensive as stated, we believe that

one of the key features of recursive linearization is the way that it breaks the recovery process
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into multiple steps, each of which refines the estimate from the previous step using data of a

higher frequency. We will refer to this step-wise recovery strategy as progressive refinement.

Progressive refinement facilitates the recovery process, since each step is only responsible

for a correction to the estimate of the scattering potential within a frequency band. Focusing

on this strategy also allows us to look for machine learning methods that do not explicitly

emulate Fk[·] or DFk[·], which are expensive to compute.

To this end, we consider a generalization of recursive linearization where we replace lines

3 and 4 in Algorithm 1 by describing the inner loop as a generic refinement step:

δqkt = RefinementStepkt(q̂kt−1 , dkt) for t = 2, . . . , Nk (3.13)

where RefinementStepkt(q̂kt−1 , dkt) refers to the update calculated for estimate q̂kt given

data dkt and can be implemented using a neural network. We will propose and discuss a

network architecture in the next section.

3.4.2 Our Method

We use Algorithm 1 as inspiration for the design of our neural network architecture and

training method. In particular, we focus on the following two crucial aspects of Algorithm 1:

Progressive refinement: The algorithm builds intermediate estimates of the scattering

potential which are progressively refined with the introduction of new data.

Homotopy through frequency: The iterative refinements from the first step form a ho-

motopy from low to high-frequency measurements. As a result, updates at step t

contain high-frequency information relative to kt−1.

To emulate the progressive refinement structure, we propose a network with a residual

structure and skip connections. The network comprises multiple blocks, one for each incident

wave frequency kt, t = 1, . . . , Nk. The input to each block is measurement data dkt collected
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Figure 3.3: Our MFISNet-Refinement architecture is designed to emulate the recursive lin-
earization algorithm. Figure 3.3a shows that our network proceeds by making an initial
low-frequency reconstruction and then making a series of updates given higher-frequency
data and an estimate of the scattering potential. The network is trained to match the inter-
mediate reconstructions to low-pass filtered versions of scattering potentials from the training
set. One example collection of such filtered scattering potentials is shown. Figure 3.3b shows
that our refinement block is a simple extension of the FYNet architecture from Fan and Ying
[2022]. By using a skip connection in this block, we ensure the network only needs to predict
an update to the estimated scattering potential.

at a particular incident wave frequency kt. The input passes through an FYNet block

[Fan and Ying, 2022], which approximately inverts the forward model. The output of the

FYNet block is then concatenated with the output of the previous block, q̂kt−1 , and the

concatenation is passed to 2D convolutional layers for a second filtering step. Finally, a skip

connection adds q̂kt−1 to the output of the last convolutional layer of the block, producing

the next estimate q̂kt . The network’s architecture is shown in Figure 3.3; we call the resulting

network “MFISNet-Refinement.” Note that, under this construction, the FYNet blocks could

be replaced by any other neural network architecture designed for the single-frequency inverse

scattering problem.

To emulate the homotopy through frequency, we design a training method to ensure

each successive block adds higher-frequency information to the estimate of the scattering

potential. Under the Born approximation (3.8), we know dk contains information about q

up to frequency limit 2k. This suggests that given data dkt , we should be able to reconstruct
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the frequency components of q up to 2kt. To reflect this, we train the output of block t with

the following loss function:

Lt(q̂kt ; q) = Eq∼Dn
[
‖q̂kt − LPF2ktq‖2

]
(3.14)

In (3.14), LPF2kt is a low-pass filter with approximate cutoff frequency 2kt, implemented

as a Gaussian filter to avoid ringing artifacts; its frequency response is given in the Fourier

domain by

L̃PFfcut(f) := exp

(
−1

2

(
f

fcut/
√

2 log 2

)2
)
, (3.15)

given a target cutoff frequency fcut. Note that we shrink the standard deviation by a factor

of
√

2 log 2 so that the filter’s half-width at half-maximum matches fcut.

To train the network, we first adjust the weights of each block in a sequential fashion

and then perform a final training step which fine-tunes all of the blocks jointly; the training

procedure is summarized in Algorithm 2.

Algorithm 2: Training Procedure
Input: Randomly-initialized neural network parameters {θ1, . . . , θNk};

Training data samples Dn :=

{
(q(j), d

(j)
k1
, . . . , d

(j)
kNk

)

}n

j=1
.

1 for t = 1, ..., Nk do
2 Set θt as trainable, and freeze all other weights
3 if t < Nk then
4 Train θt by optimizing Lt // Equation (3.14)
5 else
6 Train θt by optimizing ‖q̂kNk − q‖

2
2

7 Set all weights as trainable
8 Train all weights by optimizing ‖q̂kNk − q‖

2
2

Result: Trained neural network parameters {θ1, ..., θNk}.
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3.4.3 Implementation of FYNet

We implement the inversion network described in [Fan and Ying, 2022] and call it FYNet.

This method suggests applying the far-field scaling and a transformation from the receiver

and source direction coordinates (r, s) to a new set of variables as summarized in [Fan and

Ying, 2022, Equation (6)], which we perform using bicubic interpolation. We describe this

transformation in Equation (3.16). We split the complex-valued input into real and imaginary

parts along a channel dimension. To implement the action of the adjoint operator F ∗k , we use

a composition of three 1-dimensional convolutional layers. We implement the convolutional

layers as learnable in the Fourier domain because the expression for F ∗k derived in [Fan

and Ying, 2022] is local in frequency, but not space. To implement the filtering operator
(
F ∗kFk + µI

)−1, we use a composition of three 2-dimensional convolutional layers. All layers

but the last one use ReLU activations. This network outputs an estimate of the scattering

potential on a regular polar grid, in coordinates (ρ, φ). Following [Fan and Ying, 2022],

we train the network by minimizing the difference between predictions and targets on the

polar grid. We transform to Cartesian coordinates for visualization and computing final test

statistics.

3.5 Experiments

In this section, we describe the setting and results for our numerical investigation of the

efficacy of our proposed method.

3.5.1 Dataset and Data Generation

Distribution of Scattering Potentials We define a distribution of scattering potentials

D which has nonzero spatial support on the disk of radius 0.4, with a smoothly varying ran-

dom background occluded by three randomly placed and randomly sized piecewise-constant
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(a) Scattering potential q (b) Measured dk, k = 4π (c) Measured dk, k = 32π

Figure 3.4: Figure 4.7a shows a typical example from our distribution of scattering potentials,
drawn from the test set. Our distribution of scattering potentials has a random low-frequency
background field, occluded by piecewise constant geometric shapes. The bottom-left corner
shows the wavelength of two incident waves with frequencies k = 4π and k = 32π. Fig-
ures 3.4b and 3.4c show the output of the forward model applied to this scattering potential,
using these incident frequencies. The real part of uscat is shown.

shapes. We normalize the scattering potential so the background has minimum and maxi-

mum values 0 and 2 respectively, and we normalize the piecewise-constant shapes to have

value 2. Figure 4.7a shows one such scattering potential from our distribution.

Notably, the contrast of these scattering potentials ‖q‖∞ = 2, which is much larger

than the contrast used in distributions to evaluate other machine learning methods in the

shape reconstruction regime Fan and Ying [2022], Li et al. [2022]. The high-contrast regime

is an important experimental setting because it ensures the nonlinearity of the forward

model, which is the difficult and interesting problem setting, is captured. The non-constant

background also adds to the difficulty of the problem by increasing ‖q‖2, which adds to the

nonlinearity of the forward model. It also adds much more entropy to D. We use this model

to reflect experimental conditions in imaging tasks, wherein backgrounds are rarely known,

constant, or homogeneous.

Implementation of F To implement the forward model, we implement a numerical PDE

solver to compute solutions of (3.1). We implement this by discretizing the scattering do-

main Ω with a (Nq, Nq) regular grid, with Nq = 192. We transform (3.1) into the Lippmann-
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Schwinger integral equation and recast the latter as a sparse linear system, which we accel-

erate using fast Fourier transforms and hardware acceleration. We solve this linear system

with GMRES [Saad and Schultz, 1986] implemented by SciPy [Virtanen et al., 2020] to a rel-

ative tolerance of 10−2. This formulation allows us to compute the solution uscat on a large,

distant ring placed at radius R = 100. We compute the solution at Nr = 192 equally-spaced

positions on this ring, and we repeat this process for each of the Ns = 192 equally-spaced

source directions. The sources and receivers are located on the same grid. The runtime

for evaluating the full forward model for a given q at the lowest and highest incident wave

frequencies considered requires 5 and 220 seconds respectively, using one NVIDIA® A40

GPU. Figures 3.4b and 3.4c show the solution uscat produced by our implementation for low

and high incident wave frequencies, respectively.

Fan and Ying [2022] use a coordinate transformation of the far-field scattering data from

coordinates (r, s) to (m,h), where

m :=
r + s

2
and h :=

r − s
2

(3.16)

as described in [Fan and Ying, 2022, Equation (6)]. The variable m ranges from 0 to 2π,

while h ranges from −π/2 to π/2. As in Fan and Ying [2022], we choose Nm = 192 and

Nh = 96 to keep the angular sampling frequency fixed for all angular variables considered in

the problem. We perform this transformation using bicubic interpolation, and the resulting

grid has dimensions (Nm, Nh) = (192, 96).

The FYNet blocks reconstruct images on a regular polar grid with (Nρ, Nφ) = (96, 192)

pixels, and the radial dimension of our polar grid extends to ρmax = 0.5. Finally, we use

bicubic interpolation to transform the model’s outputs to the (Nq, Nq) Cartesian grid for

final visualization and error measurement.
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Figure 3.5: Alternative neural network architectures for learning the multi-frequency inverse
map. All blocks in dark green contain trainable parameters.

3.5.2 Alternative Multi-Frequency Methods

We wish to compare our method, MFISNet-Refinement, with other methods of learning an

inverse to the multi-frequency forward map. We design two new methods of extending FBP-

inspired single-frequency architectures to the multi-frequency setting. We use the FYNet

architecture [Fan and Ying, 2022] to instantiate all three of our MFISNet methods, which

allows us to focus on the effects caused by different methods of combining multi-frequency

data. We show the architectures in Figure 3.5. We also compare our method with the

Wide-Band Butterfly Network [Li et al., 2022, 2021a]. For broader context, we refer to Li

et al. [2022] for comparisons between the Wide-Band Butterfly Network and classical multi-

frequency methods that do not involve any machine learning such as Full Waveform Inversion

(FWI) and a Least-Squares (LS) scheme. The authors show that the Wide-Band Butterfly

Network achieves better accuracy than either FWI or LS with much faster inference times

with minimal frequency or hyperparameter tuning.
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MFISNet-Fused In MFISNet-Fused, we use an FYNet architecture that is constrained

to learn all of the adjoint operators F ∗k1 , . . . , F
∗
kNk

jointly. We concatenate the inputs

[dk1 , . . . , dkNk
] along a new channel dimension, so the input array has shape (Nm, Nh, Nk, 2).

The concatenated input is then passed into a standard FYNet architecture, with the first

layer having slightly wider convolutional channels. The shape of the weights in the 2D con-

volutional layers is constant in the problem dimensions, so the number of parameters in this

network is dominated by the 1D convolutional weights and scales as O(N2
kNh).

MFISNet-Parallel In MFISNet-Parallel, we use an extension of FYNet that allows each

adjoint operator F ∗k1 , . . . , F
∗
kNk

to be learned individually. Each input dkt is input to a unique

1D CNN which emulates F ∗kt . After the adjoint operators are learned separately, the results

are concatenated along a channel dimension, and the filtering operators
(
F ∗ktFkt + µI

)−1

are emulated jointly by 2D CNN layers. Again, the number of 2D CNN weights does not

scale with the problem dimensions, so the number of parameters in this network is dominated

by the Nk 1D CNN blocks and scales as O(NkNh).

Wide-Band Butterfly Network The Wide-Band Butterfly Network is introduced and

defined in Li et al. [2022, 2021a]. Similar to MFISNet-Fused, this architecture also jointly

parameterizes the adjoint operators F ∗k1 , . . . , F
∗
kNk

, but it leverages the complementary low-

rank property of F ∗kt [Khoo and Ying, 2019] to hierarchically merge the data using a butterfly

network. For this network, we use code provided by the authors.1 The reference implemen-

tation is limited to using data at three incident frequencies, so we only present results in this

setting.

1. https://github.com/borongzhang/ISP_baseline
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3.5.3 Stabilizing Reconstruction by Adding Frequencies

First, we test whether the intuition built in Section 3.4 is true in a machine learning context.

We test whether machine learning methods that operate on data with multiple incoming wave

frequencies are more accurate and stable than single-frequency machine learning methods.

To make this comparison fair, we create a sequence of training datasets with number of

incident wave frequencies Nk ∈ {1, . . . , 5} and keep the amount of training data, nNk,

constant for each dataset by suitably adjusting the number of training samples n.

For the Nk = 1 dataset, we train an FYNet model, and for the other datasets, we train

our three models: MFISNet-Fused, MFISNet-Parallel, and MFISNet-Refinement. For each

model, we train for a fixed number of epochs and choose the model weights at the epoch at

which a validation set of size n/10 is minimized. We also use the validation set to search over

various hyperparameters, such as the size of 1D and 2D convolutional kernels, the number

of channels in the convolutional layers, and optimization hyperparameters, such as step size

and weight decay. For the Wide-Band Butterfly Network, we search over the rank of the

butterfly factorization, as well as optimization hyperparameters, such as initial learning rate,

batch size, and learning rate decay (Appendix B.2).

We present the results of this experiment in Table 3.1 and Figures 3.6 and 3.7. See also

Appendix B.4 for additional empirical results, which include training and testing runtimes,

visualizations of predictions on more held-out test samples, and visualizations of predictions

of MFISNet-Parallel and MFISNet-Fused. The relatively poor performance of FYNet con-

firms our belief that we are in a challenging nonlinear problem regime. As more frequencies

are added, the multi-frequency methods improve. The performances of MFISNet-Fused and

MFISNet-Parallel are comparable, indicating that the distinction between learning adjoint

operators separately or jointly does not have a large effect in this setting. For Nk ≥ 3,

the tested methods are uniformly outperformed by our method, MFISNet-Refinement. As

we keep increasing Nk, the performance of MFISNet-Refinement plateaus. We hypothesize
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that our method could be improved by choosing a different set of incident wave frequencies,

possibly linearly-spaced in a smaller frequency band. The optimal choice of frequencies could

also be learned from data in a reinforcement learning setting Jiang et al. [2024].

In the case of Nk = 3, the Wide-Band Butterfly Network underperforms the other meth-

ods. We hypothesize that the weaker performance of the Wide-Band Butterfly Network may

be attributed to several factors: on the one hand, the butterfly factorization was inspired

by analysis in a weak (linear) scattering regime, but our experiments are in a strong (non-

linear) scattering regime. Also, the Wide-Band Butterfly Network was previously tested in

low-contrast settings with sub-wavelength scatterers and a known background, while we are

in an experimental setting with high contrast and an unknown, inhomogeneous background.

Performance Comparison (Noiseless)

Nk [k1, k2, ...] n Method Name Relative `2 Error

1 [32π] 10, 000 FYNet 0.159± 0.033

2 [16π, 32π] 5, 000 MFISNet-Fused 0.158± 0.030
MFISNet-Parallel 0.144± 0.029
MFISNet-Refinement (Ours) 0.152± 0.032

3 [8π, 16π, 32π] 3, 333 Wide-Band Butterfly Network 0.156± 0.037
MFISNet-Fused 0.121± 0.024
MFISNet-Parallel 0.107± 0.021
MFISNet-Refinement (Ours) 0.094± 0.018

4 [4π, 8π, 16π, 32π] 2, 500 MFISNet-Fused 0.103± 0.020
MFISNet-Parallel 0.106± 0.021
MFISNet-Refinement (Ours) 0.082± 0.019

5 [2π, 4π, 8π, 16π, 32π] 2, 000 MFISNet-Fused 0.115± 0.022
MFISNet-Parallel 0.109± 0.021
MFISNet-Refinement (Ours) 0.087± 0.018

Table 3.1: When holding the number of forward model evaluations = nNk constant, methods
trained on more frequencies outperform methods with fewer frequencies. The final column
reports the relative `2 error mean ± one standard deviation computed over 1, 000 held-out
test samples. The lowest mean for each incident frequency set is marked in boldface font.
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Figure 3.6: Sample predictions from models trained on different datasets. Predictions and
errors on two held-out test samples are shown. The first row shows the ground-truth scatter-
ing potential; in this plot we show the wavelength corresponding to the maximum frequency
k = 32π. The remaining rows show predictions and errors for FYNet, Wide-Band Butterfly
Network, MFISNet-Refinement (Nk = 3), and MFISNet-Refinement (Nk = 5). See Ap-
pendix B.4 for additional samples and outputs from MFISNet-Parallel and MFISNet-Fused.

3.5.4 Measurement Noise

We now turn to the question of robustness against measurement noise. We repeat the

experiment above but train and test the models using noisy inputs. We assume an additive

noise model similar to Borges et al. [2017]. Given a clean input dk ∈ CNm×Nh and a desired
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Figure 3.7: Illustration of the results of Table 3.1. The advantage of the MFISNet-Refinement
model grows as more low-frequency data is used, even as the total volume of training data
is held constant regardless of the number of frequencies.

noise-to-signal ratio δ, we define a noisy input d̃k as

d̃k = dk + σ(Z1 + iZ2),

where σ = δ
‖dk‖2√
2NmNh

;

and [Zj ]m,h
i.i.d.∼ N (0, 1) for j = 1, 2 and (m,h) ∈ [Nm]× [Nh].

(3.17)

Under this noise model, the expected noise-to-signal ratio is EZ∼N (0,I)[‖d̃k−dk‖/‖dk‖] ≈ δ.

We do not alter the scattering potentials qi in any way. We train and test all models using

noisy inputs, and report the results of this experiment in Table 3.3. For the Wide-Band
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Nk n Method Name Training Time Testing Time
(seconds) (seconds)

1 10, 000 FYNet 870.3 27.3

3 3, 333 Wide-Band Butterfly Network 6, 453.6 29.9
MFISNet-Fused 326.2 27.8
MFISNet-Parallel 256.1 27.8
MFISNet-Refinement (Ours) 2, 033.0 28.2

5 2, 000 MFISNet-Fused 306.3 27.6
MFISNet-Parallel 182.2 27.8
MFISNet-Refinement (Ours) 2, 095.5 28.8

Table 3.2: The time required to train and evaluate machine learning models. In different
settings of Nk, we report the training time for each method. We also report the time required
to make predictions on the entire set of 1, 000 held-out test samples, performed in ten batches
of size 100. As we increase Nk, the number of samples n decreases, so MFISNet-Fused and
MFISNet-Parallel see an increase in training speed. For MFISNet-Refinement, as we increase
the number of frequencies, we also increase the number of training epochs. The two effects,
smaller dataset and more epochs, approximately negate each other, so the training time for
MFISNet-Refinement remains approximately constant for different Nk. The testing times
for the FYNet and MFISNet models are all approximately equal because they are dominated
by a final polar-to-Cartesian coordinate transformation step, which is performed on a single
CPU core but can in principle be accelerated.

Butterfly Network, which takes dk inputs in the original (r, s) coordinates, we add noise

to the input in its original coordinates and divide by
√

2NrNs instead. This results in an

equivalent noise profile thanks to the normalization that is grid-invariant. We note that the

models lose between 1% - 2% accuracy on test set, suggesting the methods are relatively

robust to the presence of measurement noise. Again, our method, MFISNet-Refinement,

outperforms all other methods at most values Nk. We present the results of this experiment

in Table 3.3 and visualize the results in Figure 3.8.

3.5.5 Investigating the Training Method

Our method unfolds the reconstruction problem into a sequence of simpler frequency-

dependent refinement steps. This emulates the sequential, frequency-dependent structure

61



Performance Comparison (Noisy, δ = 0.1)

Nk [k1, k2, ...] n Method Name Relative L2 Error

1 [32π] 10, 000 FYNet 0.163± 0.031

2 [16π, 32π] 5, 000 MFISNet-Fused 0.164± 0.035
MFISNet-Parallel 0.148± 0.029
MFISNet-Refinement (Ours) 0.151± 0.031

3 [8π, 16π, 32π] 3, 333 Wide-Band Butterfly Network 0.156± 0.037
MFISNet-Fused 0.125± 0.025
MFISNet-Parallel 0.110± 0.023
MFISNet-Refinement (Ours) 0.097± 0.019

4 [4π, 8π, 16π, 32π] 2, 500 MFISNet-Fused 0.102± 0.021
MFISNet-Parallel 0.108± 0.019
MFISNet-Refinement (Ours) 0.086± 0.019

5 [2π, 4π, 8π, 16π, 32π] 2, 000 MFISNet-Fused 0.112± 0.022
MFISNet-Parallel 0.103± 0.020
MFISNet-Refinement (Ours) 0.090± 0.017

Table 3.3: Model evaluation on noisy train and test inputs with δ = 0.1 (see (3.17) for a
description of the noise model). The final column reports the relative `2 error mean ± one
standard deviation computed over 1, 000 held-out test samples. The lowest mean for each
incident frequency set is marked in boldface font.

of the recursive linearization method. Compared to existing methods, our method intro-

duces both a new residual architecture and a new sequential training procedure, so a natural

question would be how important each of these factors is to our method’s success. To test

this question, we investigate two different changes to our training method which remove

the progressive refinement structure. We describe each adjustment below. The results are

presented in Table 3.4. In this experiment, we find the accuracy of our method is relatively

robust to perturbations of the training method presented in Algorithm 2. This indicates the

advantage of our approach is primarily driven by the residual architecture.

No Homotopy through Frequency Rather than sequentially training each network

block after the previous blocks have been optimized, we jointly train all of the blocks by
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Figure 3.8: Illustration of results in the noisy measurement regime (Table 3.3). The relative
performance of the models remains the same as in the noiseless case.

optimizing the loss function

‖q̂kNk − q‖
2
2 +

Nk−1∑

t=1

γNk−t‖q̂kt − LPF2ktq‖22 (3.18)

Here γ is a hyperparameter which controls the relative importance of the different loss terms.

We tuned over a few choices of γ; see Table B.6 for details.

No Progressive Refinement Instead of using the intermediate loss terms ‖q̂kt−LPF2ktq‖22,

designed to promote specific network blocks learning different parts of the reconstruction,

we train the network by only optimizing the final loss term ‖q̂kNk −q‖
2
2. This is the standard

63



training loss used in most other works, including Khoo and Ying [2019], Fan and Ying [2022],

Li et al. [2022].

Training Method [k1, k2, ...] n Relative L2 Error

No Progressive Refinement [16π, 32π] 5, 000 0.152± 0.030
No Homotopy through Frequency 0.152± 0.030
Algorithm 2 0.152± 0.032

No Progressive Refinement [8π, 16π, 32π] 3, 333 0.094± 0.019
No Homotopy through Frequency 0.097± 0.018
Algorithm 2 0.094± 0.018

No Progressive Refinement [4π, 8π, 16π, 32π] 2, 500 0.091± 0.020
No Homotopy through Frequency 0.086± 0.018
Algorithm 2 0.082± 0.019

No Progressive Refinement [2π, 4π, 8π, 16π, 32π] 2, 000 0.082± 0.018
No Homotopy through Frequency 0.087± 0.016
Algorithm 2 0.087± 0.018

Table 3.4: Alternative training methods, designed to remove parts of the recursive lineariza-
tion structure, produce models of similar accuracy to the training procedure discussed in
Algorithm 2. This indicates the advantage of our MFISNet-Refinement method is driven
primarily by its residual architecture. We describe the alternate training methods in Sec-
tion 3.5.5. The optimal hyperparameters for these models are listed in Appendix B.2.

3.5.6 Investigating the Speed of Training Convergence

While Tables 3.1 and 3.3 show that MFISNet-Refinement is more accurate than other net-

works in most settings, Table 3.2 shows that training our network is slower than the base-

line MFISNet-Parallel and MFISNet-Fused architectures. This is because our MFISNet-

Refinement architecture is more complex than MFISNet-Parallel or MFISNet-Fused, and our

training procedure (Algorithm 2) takes a block-wise approach which requires many train-

ing epochs. In this section, we conduct experiments to investigate whether we can reduce

the time spent training MFISNet-Refinement. Because the results presented in Section 3.5.5

suggest that all three training methods considered, Algorithm 2, “No Homotopy through Fre-

quency”, and “No Progressive Refinement”, produce models which are approximately similar
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in accuracy, we consider training with all of these methods.

We introduce another training method, designed to mimic Algorithm 2 but converge in

fewer training epochs. This method, which we call “Algorithm 2 + Warm-Start Initializa-

tion”, uses the previous block’s parameters θt−1 to initialize the weights of the next block θt.

This “warm start” is inspired by the fact that neighboring blocks in our MFISNet-Refinement

architecture are designed to learn similar functions; each block is meant to increase the res-

olution of the estimated scattering potential by a small amount. Thus, the weights learned

by the previous block may be a good starting point for the optimization of the next block.

We give full pseudocode for this algorithm in Appendix B.3.

We set a early stopping criterion, which terminates training if the relative `2 error has not

decreased by at least 10−3 over the past 15 epochs. We use this early stopping condition to

terminate the “No Homotopy through Frequency” and “No Progressive Refinement” training

methods. Similarly, we use this early stopping criterion to terminate each block in Algo-

rithm 2. In Table 3.5, we measure the number of epochs used and runtime of each training

method. We observe that the warm-start initialization decreases the number of epochs and

training time of Algorithm 2. For Nk = 3 frequencies, this method converges faster than

the other three methods. In both cases, using the warm start initialization incurs a slight

decrease in accuracy while greatly increasing the speed of training convergence. Different

early stopping criteria could achieve different tradeoffs between training speed and accuracy,

and we leave the investigation of such criteria to future work.

The time required to complete an epoch of training for Algorithm 2 with and without

warm-starting is much shorter than that of the “No Progressive Refinement” and “No Homo-

topy through Frequency” methods. This is because for the majority of epochs in Algorithm 2,

only one block is updated at a time, making the backpropogation of gradients much faster.

In the “No Progressive Refinement” and “No Homotopy through Frequency” methods, all

trainable parameters are updated in each epoch.
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Training Method [k1, k2, ...] n Number of Training Time Relative `2
Epochs (seconds) Error

No Progressive Refinement [8π, 16π, 32π] 3, 333 90 1, 200.6 0.096± 0.020
No Homotopy through Frequency 55 920.3 0.105± 0.020
Algorithm 2 215 1, 226.4 0.094± 0.019
Algorithm 2 + Warm-Start Init. 195 802.8 0.098± 0.019

No Progressive Refinement [2π, 4π, 8π, 16π, 32π] 2, 000 45 811.6 0.095± 0.019
No Homotopy through Frequency 50 997.8 0.091± 0.017
Algorithm 2 260 1, 417.5 0.087± 0.017
Algorithm 2 + Warm-Start Init. 210 1041.9 0.105± 0.020

Table 3.5: Using warm-starting in Algorithm 2 reduces the training runtime between 20 and
35%. In this table, we report time and epochs required to train MFISNet-Refinement models
with different training methods, and the relative `2 errors of each fully-trained model. The
warm-start initialization method and the convergence criterion are described in Section 3.5.6.

3.6 Conclusion

This chapter investigates the use of multi-frequency data in deep learning approaches to

the inverse medium scattering problem in a highly nonlinear, full-aperture regime. We re-

view standard optimization results for this problem, identify recursive linearization as an

algorithm particularly well-suited for this problem, and use this insight to design a neu-

ral network architecture and training method. We experimentally evaluate our proposed

approach, comparing against novel and previously-published methods for combining multi-

frequency data. In these comparisons, we find our method outperforms the other methods

across a wide range of data settings, including with and without measurement noise.

This work also leaves open important questions about machine learning in different multi-

frequency data settings. We leave the investigation of these important problems to future

work. The first setting is seismic imaging, where sources and receivers are located on one

side of the scattering potential, resulting in limited-aperture measurements. Another setting

to consider is full-aperture measurements, with a small fixed or frequency-dependent number

of source and receiver directions, as Ns and Nr drive real-world costs when implementing

an imaging system. Real-world imaging systems often encounter noise that is not well-

approximated by an additive zero-mean Gaussian noise model; characterizing the robustness
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of deep learning methods in more realistic noise settings is important future work. Finally,

we suggest a distribution of scattering potentials with an unknown, smoothly varying back-

ground occluded by strongly scattering shapes. We note that an important open problem is

to learn to segment the reconstruction into disjoint regions, containing only background or

only the strong scatterers.
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CHAPTER 4

HARDWARE ACCELERATION FOR HPS ALGORITHMS IN

TWO AND THREE DIMENSIONS

4.1 Introduction

Many problems in scientific computing require solving systems of linear, elliptic partial dif-

ferential equations (PDEs). Such PDEs can accurately model a variety of physics, such as

wave propagation, electrostatics, and diffusion phenomena. Because analytical solutions of

these equations are often unknown, the task of computing numerical solutions has been an

area of active research for hundreds of years. Today, there are a myriad of numerical solution

methods available, and many are tailored to particular classes of equations or to specific use

cases. We are most interested in designing methods for settings such as inverse or control

problems, where the PDE implicitly defines some functional which, along with its gradient,

is evaluated sequentially hundreds or thousands of times in the inner loop of an iterative

algorithm.

In these settings, fast direct solvers [Martinsson, 2019] are a compelling choice. These

solvers are able to rapidly compute a high-accuracy solution operator and can rapidly eval-

uate the solution given new data by applying the solution operator, often at the cost of a

few matrix-vector multiplications. Fast direct solvers are also preferable for certain PDEs

with oscillatory solutions [Gillman et al., 2015], especially ones modeling wave propagation,

as they do not incur a data-dependent iteration complexity cost associated with iterative

solvers, which can be quite large [Ernst and Gander, 2012].

Recently, scientific computing has undergone a paradigm shift with the advent of general-

purpose hardware accelerators, such as GPUs. These hardware accelerators allow for mas-

sively parallel computation—they have thousands of processor cores on a single chip—but

have strict memory constraints, a resource profile very different from standard multicore
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CPU architectures. This chapter explores hardware acceleration of fast direct solvers and

introduces new methods to facilitate this acceleration.

In particular, we focus on the hierarchical Poincaré–Steklov family of algorithms [Mar-

tinsson, 2013, Gillman and Martinsson, 2014, Gillman et al., 2015], a class of direct solution

methods for variable-coefficient elliptic PDEs. These methods are characterized by a nested

dissection approach combined with a high-order composite spectral discretization. We iden-

tify the algorithmic structure of these algorithms which makes them amenable to GPU accel-

eration and introduce new techniques for reducing the memory footprint of these methods.

For two-dimensional problems, we introduce a novel recomputation strategy that minimizes

data transfer between the GPU and host memory. In three dimensions, we use an adaptive

discretization method, which greatly reduces the algorithm’s peak memory complexity. Our

numerical examples show these ideas are useful in challenging applied settings such as wave

propagation, inverse problems, and molecular biology simulations.

We focus on solving linear, elliptic partial differential equations of the form

Lu(x) = f(x), x ∈ Ω, (4.1)

u(x) = g(x), x ∈ ∂Ω. (4.2)

In Equation (4.1), L is a linear, elliptic, second-order partial differential operator with

spatially-varying coefficient functions, and Ω is a square ⊂ R2 or cube ⊂ R3. Equation (4.2)

specifies Dirichlet boundary data, but our methods can also solve problems with Robin or

Neumann boundary data. In these problems, we assume we can evaluate the differential

operator L, the source f , and the boundary data g at a set of discretization points of our

choosing. We represent the solution u by its restriction to the same set of discretization

points and rely on high-order polynomial interpolation to evaluate u away from the dis-

cretization points. In this chapter, we refer to vectors with bold lowercase symbols such as f

and matrices with bold uppercase symbols such as A. We use x for the spatial variable, and
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when we want to indicate Cartesian coordinates, we use (x1, x2) ∈ R2 and (x1, x2, x3) ∈ R3.

We use the subscript un to denote the outward-pointing boundary normal derivative of a

function, and we use ∆ to denote the Laplace operator, the sum of second derivatives in

each dimension.

4.1.1 Chapter outline and contributions

In Section 4.2, we discuss related work, including algorithmic development for fast direct

solvers and GPU-specific optimizations. In Section 4.3, we give an overview of the hierarchi-

cal Poincaré–Steklov method and discuss the potential for massively parallel implementations

of the algorithm. In the rest of the chapter, we make the following contributions:

• We optimize data transfer patterns to accelerate our method applied to two-dimensional

problems (Section 4.4.1).

• To alleviate peak memory requirements in three-dimensional problems, we extend the

two-dimensional adaptive method of Geldermans and Gillman [2019] to three dimen-

sions, develop the first adaptive 3D GPU-compatible HPS implementation, and provide

numerical examples to demonstrate memory and accuracy tradeoffs (Section 4.4.2).

• We provide a range of numerical examples illustrating the application of our method,

focusing on two settings: high-wavenumber scattering problems and the linearized

Poisson–Boltzmann equation (Sections 4.5 and 4.6).

• We show our proposed algorithm and implementation can be combined easily with

standard automatic differentiation software, which makes it particularly amenable to

application in optimization, inverse problems, and machine learning contexts (Sec-

tion 4.5).

• We make our JAX-based implementation publicly available at https://github.com

/meliao/ha-hps.
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4.2 Related work

HPS algorithms are built on two conceptual building blocks: composite high-order spectral

collocation methods [Kopriva, 1998, Pfeiffer et al., 2003, Yang and Hesthaven, 2000], and

nested dissection of the computational domain [George, 1973]. Composite spectral collo-

cation methods are those which separate the computational domain into a set of disjoint

elements, and use a high-order spectral collocation scheme to represent the problem and

solution separately on each element. Nested dissection methods break the original problem

into a series of subproblems defined on a hierarchy of subdomains. The careful ordering of

subproblems reduces the overall computational complexity by leveraging knowledge about

properties of the solution, i.e. continuity of the solution and its derivative. Composite

spectral collocation and hierarchical matrix decomposition ideas were combined in integral

equation methods [Ho and Greengard, 2012] for constant-coefficient PDEs.

Martinsson [2013] first proposed combining these elements in a fast direct solver for

variable-coefficient linear elliptic PDEs. The proposed scheme discretizes and merges Dirichlet-

to-Neumann (DtN) operators. Gillman and Martinsson [2014] proposed a compression

scheme that leverages the structure of these DtN operators to build a solver with O(n)

computational complexity for n elements. To alleviate the instabilities observed when merg-

ing DtN operators for Helmholtz problems, Gillman et al. [2015] proposed a scheme that

merges impedance-to-impedance (ItI) operators instead. Further analysis for this scheme

was provided in Beck et al. [2022]. Modifications for three dimensions have been proposed,

including Lucero Lorca et al. [2024], Hao and Martinsson [2016], Kump et al. [2025], which

all build solvers for three-dimensional Helmholtz problems. To alleviate memory and com-

putational complexity, Lucero Lorca et al. [2024] use an iterative method at the highest-level

subproblems. In concurrent work to our own, Kump et al. [2025] approach three-dimensional

problems with uniform discretizations using a hybrid GPU-CPU approach by combining the

composite spectral collocation method with a two-level sparse direct solver. Fortunato et al.
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[2021] use the ultraspherical spectral method to discretize triangular or quadrilateral mesh

elements and compute solutions over polygonal domains by merging DtN operators. Fortu-

nato [2024] develops a variant of the HPS method which merges DtN and ItI operators to

solve PDEs on unstructured meshes of smooth two-dimensional surfaces.

There has been significant interest in the GPU acceleration of (low-order) iterative PDE

solvers [Georgescu et al., 2013]. Accelerating these algorithms often requires the rapid appli-

cation of an extremely sparse system matrix. Applying GPU acceleration to direct solvers

[Abdelfattah et al., 2022, Ghysels and Synk, 2022, Li and Demmel, 2003] requires different

techniques; the literature has mostly focused on sparse direct solvers which do not employ a

nested dissection method. These sparse direct solvers often have much higher peak memory

requirements and heterogeneous computation profiles when compared with iterative PDE

solvers.

Other solvers have been designed directly for GPU acceleration. Yesypenko and Martins-

son [2024a,b] designed a composite high-order spectral collocation method and associated

sparse direct solver with highly heterogeneous computation patterns, which eases GPU ac-

celeration. This method can solve variable-coefficient 2D problems very quickly; our method

solves similar problems, but can also handle three-dimensional problems and interface with

automatic differentiation. Developing a GPU-compatible implementation of the solver in

Yesypenko and Martinsson [2024b], as well as the implementation of our method, has been

greatly eased by the advent of high-performance hardware-accelerated linear algebra frame-

works popularized by deep learning, such as PyTorch [Ansel et al., 2024] and JAX [Bradbury

et al., 2018]. These frameworks are highly efficient for batched linear algebra tasks and im-

plement automatic differentiation capabilities. Both are high-level packages that sit on top

of the XLA compiler [Leary and Wang, 2017], which compiles and launches optimized ker-

nels that execute on general-purpose GPUs. There has also been work creating automatic

differentiation compatible PDE solvers in JAX, tailored for problems such as synchrotron
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simulation [Diao et al., 2024], computational mechanics [Xue et al., 2023], and ordinary

differential equations [Kidger, 2021].

4.3 Introduction to HPS methods

In this section, we provide an overview of the HPS algorithms used in this chapter, with a

particular eye on their computational structure and the possibilities for GPU acceleration.

Full algorithms are available in Appendices C.1 to C.3. We use different variants of this

algorithm for merging different types of Poincaré–Steklov operators. A Poincaré–Steklov

operator T : g 7→ h maps from one type of boundary data to another. Take, for example, a

Dirichlet-to-Neumann (DtN) operator, which maps from Dirichlet data g on the boundary

of Ω to Neumann data h on the same boundary:

g = u|∂Ω,

h = un|∂Ω,

where u satisfies Equation (4.1). Another example commonly used is an impedance-to-

impedance (ItI) operator, which maps “incoming” to “outgoing” impedance data [Gillman

et al., 2015]:

g = un + iηu|∂Ω,

h = un − iηu|∂Ω,

where u satisfies Equation (4.1). These Poincaré–Steklov operators are linear operators, and

we work with their discretization T . Throughout the algorithm, we also work with g and h,

vectors of incoming and outgoing boundary data evaluated at a set of discretization points.
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It is important to remember that because we are solving a linear partial differential equa-

tion, we can decompose the solution u(x) into a particular solution v(x) and homogeneous

solution w(x) where u(x) = v(x) + w(x). The particular solution v(x) satisfies




Lv(x) = f(x), x ∈ Ω,

v(x) = 0, x ∈ ∂Ω,

and the homogeneous solution w(x) satisfies




Lw(x) = 0, x ∈ Ω,

w(x) = g(x), x ∈ ∂Ω.

4.3.1 Discretization via composite high-order spectral collocation

To numerically solve Equation (4.1), we need to discretize L, f , and g, and represent these

objects in some finite-dimensional basis. We do this in two steps: a recursive partition of

the domain Ω and a high-order spectral collocation scheme. The first step is to recursively

partition Ω using a quadtree or octree structure down to a user-specified maximum depth L.

We use nleaves to denote the number of patches at the finest level of the spatial partition.

In this section, we consider uniform discretization trees, so each tree with depth L will have

nleaves = 2dL elements at the lowest level in dimension d = 2, 3. In Section 4.4.2, we consider

more general discretization trees. At times, it will be useful to describe the progress of the

algorithm using language to describe the trees representing the spatial partition. To that

end, we will sometimes refer to the elements as nodes and elements at the lowest level of

the tree as leaves. The element at the highest level of the tree, which represents the entire

computational domain, is sometimes called the root.

We discretize each leaf using a tensor product of Chebyshev–Lobatto points, with user-

specified order p. This requires pd points per leaf in dimension d = 2, 3. To represent the
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(a) (b)

Figure 4.1: Visualizing the high-order composite spectral collocation scheme for a simple
two-dimensional problem. Figure 4.1a shows the Chebyshev points on a two-dimensional
problem with polynomial order p = 8 and L = 1 level of refinement. Figure 4.1b shows the
Gauss–Lobatto points discretizing the boundaries of the leaves using order q = 6. When
merging nodes together, we distinguish between the exterior boundary points, drawn with
blue dots, and the interior boundary points, drawn with red ×’s.

boundary of each leaf, we use order-q Gauss–Legendre points. For simplicity and stability,

we always use q = p − 2 [Gillman et al., 2015]. In two and three dimensions, there are

(2d)qd−1 boundary discretization points per leaf. We show the interior and boundary points

in Figure 4.1. The resulting discretization has N = nleavesp
d = (2Lp)d interior discretization

points.

4.3.2 Local solve stage

At each leaf, we discretize the differential operator restricted to that leaf on the pd Cheby-

shev discretization points. We call the resulting matrix L(i) for leaf i. This matrix is a

combination of Chebyshev spectral differentiation matrices [Trefethen, 2000] and evalua-

tions of the spatially varying coefficient functions. We discretize the source function f on

the same points and call the resulting vector f (i). At this point in the algorithm, we solve

a local boundary-value problem on each patch. We solve this problem using a “boundary

bordering” technique which enforces the differential operator on the Chebyshev nodes inte-

rior to the leaf, and enforces a Dirichlet or impedance boundary condition on the Chebyshev
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nodes on the leaf’s boundary. At this point in the algorithm, we do not know the correct

boundary values to enforce at each leaf, so we use L(i) and f (i) to precompute a solution

map for the local problem. To precompute this local solution map, we construct a matrix

Y (i) which maps from any boundary data g(i) to the corresponding homogeneous solution

on the Chebyshev nodes. We also solve for v(i), a vector evaluating the particular solution

on the Chebyshev nodes. For each leaf, we also construct a Poincaré–Steklov matrix T (i)

and a vector of outgoing data h(i). Computing T (i) and h(i) only requires multiplying Y (i)

and v(i) with a fixed, precomputed operator which composes interpolation matrices from

Chebyshev to Gauss–Legendre discretization points and spectral Chebyshev differentiation

matrices.

Algorithm 3 shows that this stage of the algorithm is a long loop over linear algebra

operations. The size of these operations is controlled by the polynomial order p, and we find

these operations are efficient for the orders p ≤ 16 considered in this work. The units of work

inside the loop are embarrassingly parallel, meaning that one iteration does not depend on

the output of any other iterations. Furthermore, because we hold p constant on all leaves,

all of the linear algebra operations are homogeneous, meaning they all operate on the same

sizes of matrices. This computational structure facilitates GPU acceleration by batching and

parallelizing local solves. We give full details describing the local solve stage in Algorithms 12

and 13 in the Appendix.

4.3.3 Merge stage

After computing T (i) and h(i) for each leaf in the local solve stage, we begin merging nodes

of the tree together. This process creates a hierarchy of solution operators which will later be

used to propagate the boundary data on ∂Ω to the boundary of each leaf. For 2D problems,

we merge nodes four at a time, and for 3D problems, we merge nodes eight at a time. Suppose

we are merging a set of nodes {a, b, . . .} which all share parent node j. We have access to
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Algorithm 3: Local solve stage. Full details are available in Algorithms 12 and 13.

Input: Discretized differential operators {L(i)}nleaves
i=1 ; discretized source functions

{f (i)}nleaves
i=1 ; precomputed interpolation and differentiation matrices

1 for Leaf i = 1, . . . , nleaves do
2 Perform boundary bordering to L(i)

3 Invert the resulting matrix // Main computational work
4 Construct Y (i), the interior solution matrix
5 Construct T (i), the Poincaré–Steklov matrix
6 Construct v(i), the leaf-level particular solution
7 Construct h(i), the outgoing boundary data
Result: Poincaré–Steklov matrices {T (i)}nleaves

i=1 ; outgoing boundary data
{h(i)}nleaves

i=1 ; interior solution matrices {Y (i)}nleaves
i=1 ; leaf-level particular

solutions {v(i)}nleaves
i=1

the following data:

• {T (a),T (b), . . .}, the Poincaré–Steklov matrices of the nodes being merged.

• {h(a),h(b), . . .}, the outgoing boundary data due to the particular solution of the nodes

being merged.

At this point, it is helpful to distinguish between vectors that are defined along the

exterior of the patches being merged and vectors that are defined along the interior of the

patches being merged. We indicate these vectors with subscripts ext and int, respectively.

See Figure 4.1b for a diagram of the interior and exterior points in a 2D merge operation.

During a merge operation, we wish to precompute a solution operator which propagates

the information from the exterior boundary points to the interior boundary points. This

solution operator takes the form g
(j)
ext 7→ S(j)g

(j)
ext+ g̃(j). In this equation, S(j)g

(j)
ext evaluates

the homogeneous solution on the interior boundary points, and g̃(j) evaluates the particular

solution on the interior boundary points. As in Section 4.3.2, the boundary data g
(j)
ext is

not available at this stage of the algorithm, but we can precompute the other parts of the

solution operator. To that end, we want to compute the following objects in each merge
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operation:

• S(j), the propagation operator for node j, which maps incoming homogeneous bound-

ary data from the exterior boundary points to the interior boundary points.

• g̃(j), the incoming boundary data due to the particular solution evaluated at the inte-

rior boundary points.

• T (j), the Poincaré–Steklov matrix for node j.

• h(j), the outgoing boundary data for node j.

The first two outputs will be used in the final stage of the HPS method when applying the

precomputed solution operator, and the final two outputs will be used in a future merge

operation.

To compute the merge outputs, we set up a system of equations for a given g
(j)
ext and

unknown g
(j)
int and solve using a Schur complement approach.1 The constraints in this system

come from our knowledge that the solution and its derivative will be continuous across merge

interfaces. The resulting system of constraints is a linear system and can be written in a

blockwise fashion:



A B

C D






g

(j)
ext

g
(j)
int


 =



u

(j)
ext − h

(child)
ext

−h(child)
int


 . (4.3)

We build the matrices A,B,C,D blockwise from the child Poincaré–Steklov matri-

ces {T (a),T (b), . . .}, build h
(child)
ext and h

(child)
int from the child outgoing boundary data

{h(a),h(b), . . .}, and use u
(j)
ext to represent the unknown solution evaluated on the exte-

rior boundary points. See Appendices C.1 to C.3 for the exact definitions of these objects.

1. To the best of our knowledge, the presentation of the merge stage as a block linear system involving
unknown outgoing boundary values first appeared in Chipman et al. [2024] for an algorithm merging 2D
DtN matrices four at a time. We generalize this presentation to encompass 3D problems and merging ItI
matrices as well.
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At this point in the algorithm, we do not know u
(j)
ext, which means we can not directly in-

vert the linear system to solve for g
(j)
ext or g

(j)
int . However, we can use a Schur complement

approach to partially solve the system:



A−BD−1C 0

D−1C I






g

(j)
ext

g
(j)
int


 =



u

(j)
ext − h

(child)
ext −BD−1h

(child)
int

−D−1h
(child)
int


 .

Interpreting the rows of this linear system gives us the desired outputs:

u
(j)
ext =

(
A−BD−1C

)

︸ ︷︷ ︸
T (j)

g
(j)
ext + h

(child)
ext −BD−1h

(child)
int︸ ︷︷ ︸

h(j)

, (4.4)

g
(j)
int = −D−1C︸ ︷︷ ︸

S(j)

g
(j)
ext +−D−1h

(child)
int .

︸ ︷︷ ︸
g̃(j)

(4.5)

Algorithm 4 gives pseudocode for the merge stage of the HPS algorithm. The majority of

the computational work for each merge is inverting D, which has size proportional to the

number of discretization points along the merge interfaces. This matrix is quite small at the

lowest levels of the discretization tree and grows as the algorithm proceeds to higher nodes

in the tree. Similar to the local solve stage, each merge operation is dominated by linear

algebra work, and the units of work inside the inner loop are embarrassingly parallel. This

means we can easily use GPU acceleration to parallelize the inner loop of Algorithm 4. The

outer loop is iterating over different levels, which means the computation during outer loop

iteration ` depends on the outputs of the previous iteration. Because we only use a moderate

number of refinement levels L < 10, we find Algorithm 4 executes very quickly on the GPU

despite this dependency structure. We note that our choice to merge nodes four-to-one and

eight-to-one (rather than the standard two-to-one) decreases the length of the outer loop by

factors of two and three, respectively.
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Algorithm 4: Merge stage. Full details are available in Appendices C.1.2, C.2.2
and C.3.2.
Input: Leaf-level Poincaré–Steklov matrices {T (i)}nleaves

i=1 ; Leaf-level outgoing
boundary data {h(i)}nleaves

i=1
1 for Merge level ` = L− 1, . . . , 0 do
2 for Node j in level ` do
3 Let a, b, . . . be the children of node j
4 Use {T (a),T (b), . . .} to build blocks A,B,C, and D

5 Use {h(a),h(b), . . .} to build h
(child)
ext and h

(child)
int

6 Invert D //Main computational work
7 Evaluate T (j), h(j), S(j), g̃(j) //Equations (4.4) and (4.5)
Result: Poincaré–Steklov matrices T (j) for each node; outgoing boundary data

h(j) for each node; propagation operators S(j) for each node; incoming
particular solution data g̃(j) for each node

4.3.4 Downward pass

In the final stage of the HPS method, all parts of the structured solution operators mapping

g 7→ u have been computed. Now, we evaluate this structured solution operator by propa-

gating information down the discretization tree from the boundary of the root to the interior

of the leaves. The S(j) matrices propagate the homogeneous boundary data to the merge

interfaces, and the g̃(j) vectors add back in the particular solution. This part of the HPS

method is extremely fast, as it only involves matrix-vector products. As with the structure

of the merge stage, the iterations of the inner loop are embarrassingly parallel and can be

batched on the GPU. We show the pseudocode for this stage in Algorithm 5.

4.4 Hardware acceleration for HPS methods

While the algorithms presented in Section 4.3 have attractive computational complexity

(O(p6nleaves+p
3n

3/2
leaves) in 2D and O(p9nleaves+p

6n2
leaves) in 3D) and possibilities for parallel

execution, they also incur large memory footprints. At each step of the algorithm, dense

solution matrices are precomputed and must be stored for future use. This poses a significant
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Algorithm 5: Downward pass.

Input: Boundary data g; propagation operators S(j) for each node; incoming
particular solution data g̃(j) for each node; leaf-level interior solution
matrices {Y (i)}nleaves

i=1 ; leaf-level particular solutions {v(i)}nleaves
i=1

1 for Merge level ` = 0, ..., L− 1 do
2 for Node j in level ` do
3 Look up S(j), g(j), and g̃(j)

4 gint = S(j)g(j) + g̃(j)

5 Let a, b, . . . be the children of node j
6 Concatenate gint and g(j) to form {g(a), g(b), . . .}
7 for Leaf i = 1, . . . , nleaves do
8 u(i) = Y (i)g(i) + v(i)

Result: Leaf-level solutions on the Chebyshev discretization points {u(i)}nleaves
i=1

challenge for GPU acceleration as general-purpose GPU architectures have significantly more

processor cores per unit of memory than standard multicore CPU nodes. While standard

multicore compute nodes may have 1TB of available random-access memory (host RAM),

high-end GPUs have only 80GB of on-device memory, with slow interconnects between the

GPU and host RAM. This means that batched linear algebra operations are extremely fast

on the GPU, but the overall algorithm is slowed by steps transferring data between the GPU

and the host. Thus, to efficiently accelerate HPS algorithms on the GPU, one must devote

significant thought to reducing the memory footprint of these algorithms. In this section, we

introduce two ideas to reduce this memory footprint in two and three-dimensional problems.

4.4.1 Recomputation strategies to minimize communication costs

CPU-bound implementations of HPS methods in 2D often spend an order of magnitude

longer in the local solve stage than in the merge or downward pass stages [Fortunato, 2024].

This suggests that HPS schemes can be greatly accelerated by placing the local solve stage

computation on the GPU alone. Indeed, such savings have been observed in Yesypenko and

Martinsson [2024a]. We observe that for the lowest levels of the merge stage, each unit of
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computational work is similarly small, suggesting that the GPU can efficiently accelerate

this part of the algorithm, too, provided the algorithm is correctly expressed to leverage

its inherent parallelism. In many GPUs, the interconnect between the host device and

the GPU’s on-device memory is very slow in relation to the speed at which the thousands

of processor cores can process data. This means that for large problem sizes, operations

transferring precomputed solution operators to and from the GPU are a major impediment

to fast execution as they incur a large latency and are often “blocking” operations, which

require all parallel threads to complete before executing.

For large problem sizes in 2D, it is advantageous to delete some data computed in the

early stages of the algorithm and recompute it later when necessary. This strategy increases

the number of floating point operations on the GPU but minimizes costly data transfers. A

leaf-level recomputation strategy for implementing HPS algorithms on a GPU is presented in

Algorithm 6; a similar method is presented in Yesypenko and Martinsson [2024a]. The leaf

recomputation strategy avoids transferring the {Y (i)}nleaves
i=1 and {v(i)}nleaves

i=1 by performing

the local solve stage again at the end of the algorithm. Under this recomputation strategy,

all of the leaf-level Poincaré–Steklov matrices must be transferred to RAM during the local

solve stage, and then back to the GPU during the merge stage.

We find that it is advantageous to push the idea of reducing data transfers at the cost

of more floating-point operations further. In our proposed recomputation strategy (Algo-

rithm 7), we delete and recompute the products of the local solve stage and multiple levels

of the merge stage. To implement this, we operate in batches defined by “complete subtrees”,

which are subtrees containing all of the descendants of a particular node j. We break the low-

est levels of the discretization tree into the largest complete subtrees where the computations

in Algorithms 3 and 4 can all fit into a GPU’s on-device memory. The size of these maximal

complete subtrees varies depending on GPU memory, polynomial order p, and floating-point

datatype; in our experiments, these maximal complete subtrees usually have depth 6 or 7.
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For each such complete subtree, we perform all of the local solve and merge operations, after

which we only save the top-level Poincaré–Steklov matrix and outgoing boundary data vec-

tor. Because this is a small amount of data, we can store it on the GPU, and do not need to

move the outputs to host RAM. After processing all of the subtrees, the final merge stages

are performed on the GPU. The downward pass is evaluated sequentially on the different

subtrees, at which point the local solve stage and low-level merges must be recomputed.

This recomputation method was inspired by optimizations for contemporary deep learning

architectures [Dao et al., 2022, Gu and Dao, 2024], which suggest kernel fusion, a technique

that performs multiple steps of a sequential computation at once to keep the necessary data

near the processor cores. We visualize the different recomputation methods in Figure 4.2.

In Figure 4.3, we compare the performance of our method across computer architectures

and recomputation strategies. We consider two different architectures, a multicore Intel

Xeon node with a 64-core processor, and a GPU architecture using a single Nvidia H100

GPU. Evaluating our method on the GPU gives us significant speedups over the multicore

CPU architecture, even when using an implementation with no recomputation strategy,

which transfers all precomputed matrices to host RAM after each algorithm step. The two

recomputation strategies begin to diverge for problem sizes over 107 discretization points,

at which point the precomputed matrices cannot all fit on the GPU. We also estimate the

percentage of peak double-precision floating point operations per second (FLOPS) achieved

by the different recomputation strategies. Our proposed recomputation strategy uses the

most floating-point operations and has the fastest runtime, which means it reaches a higher

percentage of peak FLOPS than the other implementations.

4.4.2 An adaptive discretization strategy to reduce memory complexity in 3D

When extending from two to three dimensions, we face different computational challenges.

A large part of the difficulty involves the size of the matrices arising in the merge stage
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Algorithm 6: Leaf recomputation strategy.

Input: Differential operators {L(i)}nleaves
i=1 ; source functions {f (i)}nleaves

i=1 ; boundary
data g

1 Let b be the maximum batch size that can fit on the GPU
2 Split the indices {1, 2, . . . , nleaves} into batches I1, I2, . . . , Idnleaves/be
3 for Batch j do
4 Move {L(i)}i∈Ij and {f (i)}i∈Ij to the GPU
5 Perform the local solve stage for this batch of leaves
6 Delete {Y (i)}i∈Ij and {v(i)}i∈Ij
7 Transfer {T (i)}i∈Ij and {h(i)}i∈Ij to host RAM

8 Concatenate {T (i)}nleaves
i=1 and {h(i)}nleaves

i=1 and transfer to GPU
9 Perform all merge operations on the GPU and transfer all S(i) and g̃(i) to host RAM

10 Propagate boundary data to the leaves
11 Transfer leaf-level boundary data {g(i)}nleaves

i=1 to host RAM
12 for Batch j do
13 Move {L(i)}i∈Ij , {f (i)}i∈Ij , and {g(i)}i∈Ij to the GPU

14 Compute local solutions u(i)
i∈Ij

15 Transfer {u(i)}i∈Ij to host RAM

Result: Solutions on the Chebyshev discretization points {u(i)}nleaves
i=1
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(b) Subtree recomputation strategy

Figure 4.2: Comparing the batching patterns of the two different recomputation strategies.
The leaf recomputation strategy in Figure 4.2a performs the local solve stage operations in
large batches and then performs all of the merge stages in a separate batch. Our proposed
subtree recomputation strategy (Figure 4.2b) performs local solves and multiple levels of the
merge stage for a complete subtree of the discretization tree structure.

discussed in Section 4.3.3. For each merge operation, the matrix D must be inverted. This

matrix has a number of rows and columns proportional to the number of discretization points

that lie along the interfaces being merged. In two dimensions, this quantity is 4q at the leaf

level and increases by a factor of 2 for each subsequent merge level. In three dimensions, the
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Algorithm 7: Subtree recomputation strategy.

Input: Differential operators {L(i)}nleaves
i=1 ; source functions {f (i)}nleaves

i=1 ; boundary
data g

1 Let M = m1,m2, ... be the roots of the maximal subtrees
2 for Subtree rooted at mj do
3 Let Ij be the set of leaves of the subtree
4 Move {L(i)}i∈Ij and {f (i)}i∈Ij to the GPU
5 Perform the local solve stage for this subtree
6 Delete {Y (i)}i∈Ij and {v(i)}i∈Ij
7 Merge the leaves to the top of subtree mj , deleting all outputs except T (mj) and

h(mj)

8 Keep T (mj) and h(mj) on GPU
9 Perform final merge operations on the GPU

10 Propagate boundary data to the roots of the maximal subtrees
11 Transfer boundary data to host RAM
12 for Subtree rooted at mj do
13 Let Ij be the set of leaves of the subtree
14 Move {L(i)}i∈Ij , {f (i)}i∈Ij and g(mj) to the GPU
15 Perform the local solve stage for this subtree
16 Merge the leaves to the top of subtree j
17 Propagate boundary information down the tree to the leaves
18 u(i) ← Y (i)g(i) + v(i)

19 Transfer {u(i)}i∈Ij to host RAM

Result: Solutions on the Chebyshev discretization points {u(i)}nleaves
i=1

size of this matrix is 12q2 at the leaf level and increases by a factor of 4 for each subsequent

merge level. Because this quantity grows very quickly as we increase the tree depth L,

we quickly run out of memory required to store and invert the matrices on the GPU at

the highest level of the merge stage. Performing the top-level merge operation is when the

instantaneous memory footprint peaks, as space for D, D−1, and various buffers must all

be allocated on the GPU simultaneously. In contrast with other parts of the algorithm, this

peak memory footprint is not reducible by strategies such as batching or data transfer.

To reduce the size of D at the final merge step, we propose to extend the adaptive HPS

method presented for 2D problems in Geldermans and Gillman [2019] to three dimensions.

86



Method N Runtime (s) % of Peak FLOPS

No recomputation 4,194,304 2.58 1.56%
No recomputation 16,777,216 12.99 2.30%
No recomputation 67,108,864 54.99 4.17%

Leaf recomputation 4,194,304 0.63 6.45%
Leaf recomputation 16,777,216 9.43 3.27%
Leaf recomputation 67,108,864 41.18 5.66%

Subtree recomputation (Ours) 4,194,304 0.63 6.45%
Subtree recomputation (Ours) 16,777,216 4.72 12.65%
Subtree recomputation (Ours) 67,108,864 20.16 17.29%

Figure 4.3: Even with a naïve implementation of the HPS algorithm which does not perform
any recomputation, using a single GPU achieves large speedups over a multicore CPU system.
When we use our proposed subtree recomputation strategy, the speedup increases by another
factor of two. (Left) We generate different problem sizes by holding p = 16 fixed and varying
L = 4, . . . , 9. We measure the total runtime of our 2D method merging DtN matrices.
Vertical error bars show ± 1 standard error computed over five trials. (Right) For each of
the GPU implementations, we compute the total number of FLOPS and report this as a
percentage of the GPU’s peak FLOPS, estimated by the manufacturer to be 34× 1012.

This method adaptively refines element sizes in a data-dependent manner, in an effort to

concentrate discretization points in the regions of the domain where the coefficient and source

functions have high local variation. In Table 4.1, we show that the size of D generated using

our adaptive refinement technique is much smaller than that of the uniform refinement with

no loss in accuracy.

Developing a version of the HPS methods presented in Section 4.3 that is compatible

with an adaptive discretization requires slight modification of the algorithms presented in

the previous section. The major changes are the introduction of a method for adaptively

refining our octree and a method for merging nodes with different levels of refinement.
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Method p Relative `∞ Error # Leaves Size of D

Uniform 8 1.48× 10−4 512 6,912

Adaptive 8 1.45× 10−4 190 2,700

Uniform 12 3.62× 10−7 512 19,200

Adaptive 12 2.04× 10−7 442 7,500

Uniform 16 4.20× 10−6 64 9,408

Adaptive 16 1.41× 10−6 57 4,116

Table 4.1: Adaptive discretization methods can greatly reduce the peak memory require-
ments of HPS methods in three dimensions. We present the size of the discretization tree
and final merge steps in our 3D “wavefront” example (Section 4.6.1). We compare adaptive
and uniform discretizations that have similar errors and observe the adaptive discretization
strategy can greatly reduce the size of the final D matrix, a proxy for peak memory usage.

Criterion for adaptive refinement

For a given leaf of the discretization tree, let x0 be the set of p3 Chebyshev points discretizing

the leaf. Let x1 be the set of 8p3 discretization points found by breaking the leaf into eight

children and creating a Chebyshev grid on each child. Let L8f1 be an interpolation matrix

mapping from x0 to x1. We evaluate whether a function is sufficiently refined on a leaf by

checking whether we can use polynomial interpolation to accurately map from evaluations

on x0 to evaluations on x1, relative to the global L∞ norm of the function. We specify a

tolerance parameter ε, and for each leaf in our tree, we check the following condition:

‖f(x1)−L8f1f(x0)‖∞
‖f‖∞

< ε. (4.6)

If this condition is met, we say the leaf is sufficiently refined. Otherwise, we split the leaf

into eight children and check each child. We form a final discretization tree by refining

each coefficient function in our differential operator, as well as the source term, and taking

the union of the resulting trees. Additionally, we refine a few extra leaves to enforce a

“level restriction” criterion, which specifies that no leaf can have a side length greater than

twice that of its neighbors. This method is an extension of the method for two-dimensional
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problems presented in Geldermans and Gillman [2019], which uses a similar relative L2

convergence criterion and level restriction criterion.

Local solve stage

The local solve stage for adaptively refined discretization trees is the same as in the uniform

refinement case. Although they are defined over leaves with different volumes, each local

boundary value problem has the same number of interior and boundary discretization points,

and the local problems are still embarrassingly parallel. Thus, we can use batched linear

algebra to accelerate this part of the algorithm.

Merging nodes with different discretization levels

The nonuniform merge stage is different from the uniform merge stage because neighboring

nodes may have different refinement levels, which means the discretization points along

either side of the merge interface may not exactly align. Recall the block linear system

(Equation (4.3)) arising during the merge stage:



A B

C D






g

(j)
ext

g
(j)
int


 =



u

(j)
ext − h

(child)
ext

−h(child)
int


 .

When neighboring volume elements have different refinement levels, there will be a mismatch

between the interior boundary discretization points on either side of the merge interface. We

need to decide how to represent g(j)
int , h

(child)
int , B, C, and D in Equation (4.3). We choose

to discretize these objects using the coarser of the two sets of discretization points along the

merge interface; the discretization points along the exterior boundary elements are inherited

from the child nodes. To assemble the blocks in Equation (4.3), this requires projecting

some rows and columns of the Poincaré–Steklov matrices using precomputed interpolation

operators which map between one and four 2D Gauss–Legendre panels. The “level restriction”
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constraint greatly simplifies this compression because the resulting projection operations are

guaranteed to be four-to-one.

Downward pass

To propagate the boundary information to the leaf nodes, we follow the general structure

of Algorithm 5. However, we must undo the projection along merge interfaces that occurs

during the nonuniform merge stage. This is accomplished by applying the precomputed

interpolation operators to the boundary data g(i).

4.5 Numerical examples in two dimensions

In this section, we present numerical results on problems with two spatial dimensions. All

experiments in this section were conducted using one Nvidia H100 GPU and a host memory

space with 100GB of RAM. In all of the experiments, we use the novel subtree recomputation

strategy introduced in Section 4.4.1.

4.5.1 High-order convergence on variable-coefficient problems with known

solutions

There are two main ways to increase the accuracy of our composite spectral colocation

scheme: refine each leaf patch into four children or increase the polynomial order of the

representation of the solution on each patch. Empirically, the error is controlled by the

polynomial order p and the side length of each leaf h. In our implementation, p is specified

by the user and h is controlled by L, the user-specified depth of the discretization tree. The

tradeoff between these two parameters is a widely-studied topic in numerical analysis and

goes by the name of “hp-adaptivity”. We study the hp-adaptivity properties of our solver

using two problems with variable-coefficient differential operators and known solutions. The
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first problem is a variant of Poisson’s equation with spatially-varying coefficients:





∆u(x)− cos(5x2)ux1(x) + sin(5x2)ux2(x) = f(x), x ∈ [−1, 1]2,

u(x) = g(x), x ∈ ∂[−1, 1]2,

(4.7)

where ux1 and ux2 are the partial derivatives of u in directions x1 and x2, respectively. We

manufacture the source f and the Dirichlet data g so the solution to this problem is

u(x) = u(x1, x2) = e5x1 sin(5x2) + sin(10πx1) sin(πx2).

We also study an inhomogeneous Helmholtz problem with a Robin boundary condition:





∆u(x) + (1 + e−50‖x‖2)u(x) = f(x), x ∈ [−1, 1]2,

un(x) + iu(x) = g(x), x ∈ ∂[−1, 1]2.

(4.8)

We manufacture the source f and the Robin data g so solution to this problem is

u(x) = u(x1, x2) = ei20x1 + ei30x2 .

Figure 4.4 shows the convergence of our method on these problems. We measure the relative

error of our computed solution u by computing ‖u−utrue‖∞/‖utrue‖∞. The `∞ norms are

estimated by taking the maximum over all interior discretization points. In Figure 4.4, we

see the errors of both the DtN and ItI versions of the method converging at rate O(hp−2),

even for high polynomial orders.

4.5.2 High-frequency forward wave scattering problems

In this example, we solve a variable-coefficient Helmholtz equation coupled with a Sommer-

feld radiation condition. The system is excited by a plane wave with direction ŝ = [1, 0]>
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(a) DtN (b) ItI

Figure 4.4: Using p Chebyshev points per dimension on each leaf, and leaves of size h, the
relative `∞ errors of our method converge at rateO(hp−2). Figure 4.4a shows the convergence
of the HPS method using DtN matrices applied to Equation (4.7) and Figure 4.4b shows the
convergence of the HPS method using ItI matrices applied to Equation (4.8).

and frequency k:





∆u(x) + k2(1 + q(x))u(x) = −k2q(x)eik〈ŝ,x〉, x ∈ [−1, 1]2,

√
r
(
∂u
∂r − iku

)
→ 0, r = ‖x‖2 →∞.

(4.9)

Equation (4.9) models time-harmonic wave scattering in many imaging modalities, such as

sonar or radar imaging, geophysical sensing, and nondestructive testing of materials [Borges

et al., 2017]. As such, forward wave scattering solvers are often used inside an inner loop

of optimization routines for solving these inverse problems. These forward solvers must be

highly optimized as they are evaluated hundreds or thousands of times over the course of an

algorithm.

To solve Equation (4.9), we use the ItI variant of our implementation, and at the top

level of the merge stage, we solve a boundary integral equation which enforces the Sommer-

feld radiation condition [Gillman et al., 2015]. Discretizing the boundary integral equation

requires a high-order Nyström method to generate single- and double-layer potential matri-
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ces, which we perform in MATLAB using the chunkIE package [Askham et al., 2024]. For

each discretization level and frequency, generating these matrices takes a few seconds on a

standard laptop. Because these matrices can be precomputed once for a given discretization

level and frequency, we do not include the time required to generate these matrices in our

runtime measurements. The solution of this boundary integral equation specifies incoming

impedance data, which is propagated down the tree to form the interior solution. While

we solve Equation (4.9) for one source direction ŝ, this scheme can compute solutions for

multiple different sources in parallel at the cost of a few extra matrix-vector multiplications.

In Figures 4.6 and 4.8, we measure the runtime and accuracy of our GPU-accelerated

solver. Because analytical solutions for Equation (4.9) are unavailable for general scattering

potentials q(x), we measure error relative to an overrefined reference solution uover with

approximately 2,800 discretization points in both dimensions. For each computed solution

u, we compute the relative `∞ error ‖u − uover‖∞/‖uover‖∞. The `∞ norm is estimated

by taking the maximum over a grid of 500 × 500 regularly-spaced grid points. We repeat

this experiment for two different choices of the scattering potential q(x). We first choose a

single Gaussian bump, which loosely focuses the incoming wave:

q(x) = 1.5e−160‖x‖2 .

We also consider a collection of randomly placed Gaussian bumps with centers {z(i)}10
i=1,

which causes multiple scattering effects at high wavenumbers:

q(x) =
10∑

i=1

e−50‖x−z(i)‖2 .

In Figures 4.5 and 4.7, we show these scattering potentials as well as the resulting total wave

field u(x) + eik〈ŝ,x〉 for different choices of k.

Our GPU-accelerated method with our proposed recomputation strategy is very fast. It
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is able to compute high-accuracy solutions to these challenging scattering problems in a few

seconds. We note that because this method does not rely on any iterative algorithms, the

runtime for a fixed discretization level does not depend on the frequency k or the scattering

potential q(x). However, finer discretizations are required to achieve a fixed error tolerance

as k increases. Figures 4.6 and 4.8 show that polynomial order is p = 16 dominates the

lower-order methods for all values of k and scattering potentials considered.

(a) Scattering potential q(x) (b) Total wave field; k = 100 (c) Total wave field; k = 200

Figure 4.5: Visualizing the solutions of forward scattering problems for the single Gaussian
bump scattering potential. Figures 4.5b and 4.5c show the real part of the total wave field.

4.5.3 Solving inverse scattering problems with automatic differentiation

Our solver is compatible with the JAX automatic differentiation framework, which allows us

to very easily implement gradient-based optimization algorithms using our accelerated HPS

solver as a forward model. We consider an inverse scattering task to recover the location of a

compactly supported scattering potential with a known shape and amplitude, parameterized

by θ = [θ(1), θ(2), θ(3), θ(4)]>, the centers of four Gaussian bumps:

qθ(x) = 0.5
4∑

j=1

e−‖x−θ
(j)‖2/(0.15)2 . (4.10)

The goal of this inverse scattering task is to estimate θ. Equation (4.9) describes how qθ(x)

affects the scattered wave field uθ(x). Our forward model F maps θ ∈ R8 to scattered wave
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(a) Runtime and errors when k = 100 (b) Runtime and errors when k = 200

Figure 4.6: Error-runtime study on the single Gaussian bump scattering potential. Using
GPU acceleration, our method can rapidly converge to high-accuracy solutions in high-
frequency wave scattering problems. The runtime measurements include the runtime of the
entire HPS algorithm and the setup and solution of the boundary integral equation enforcing
the radiation condition. Horizontal error bars show ±1 standard error computed over five
trials.

(a) Scattering potential q(x) (b) Total wave field; k = 100 (c) Total wave field; k = 200

Figure 4.7: Visualizing the solutions of forward scattering problems for the sum of randomly
placed Gaussian bumps scattering potential. Figures 4.7b and 4.7c show the real part of the
total wave field.

field data evaluated at points x(j) away from the support of the scattering potential.

F [θ]j = uθ
(
x(j)) (4.11)

We choose a ground-truth θ∗ = [θ(1)∗, θ(2)∗, θ(3)∗, θ(4)∗]> and generate data F [θ∗]. Fig-

ure 4.9a shows the real part of the ground-truth wave field and the sample points used by
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(a) Runtime and errors when k = 100 (b) Runtime and errors when k = 200

Figure 4.8: Error-runtime study on the sum of randomly placed Gaussian bumps scattering
potential.

our forward model. The sample points can be arbitrary; we choose a subset of the HPS

discretization points for convenience. Given this data and our knowledge of the forward

model, we wish to recover an estimate of θ∗. We can phrase this problem in an optimization

framework:

argmin
θ∈[−0.5,0.5]8

‖F [θ]−F [θ∗]‖22. (4.12)

We evaluate F using our GPU-accelerated fast direct solver. Because our solver is compatible

with automatic differentiation, we can solve this optimization problem using gradient-based

methods. In particular, we use Gauss–Newton iterations for nonlinear least squares problems.

This algorithm requires access to the matrix J [θ], which is the Jacobian matrix of F evaluated

at θ. Because the dense Jacobian is expensive to compute and represent, JAX instead exposes

subroutines to automatically compute vector-Jacobian products v>J [θ] and Jacobian-vector

products J [θ]v for arbitrary vectors v and estimates θ without requiring the user to compute

any partial derivatives by hand. We pair these subroutines with a sparse linear algebra least-

squares solver [Paige and Saunders, 1982a] from the SciPy library [Virtanen et al., 2020] to
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implement the Gauss–Newton algorithm presented in Algorithm 8.

Algorithm 8: Gauss–Newton iterations for nonlinear least squares problems
Input: Data F [θ∗]; Initial estimate θ0; v>J [θ] subroutine; J [θ]v subroutine

1 t← 0
2 while not converged do
3 Compose automatic differentiation and our fast direct solver to compile the

function v 7→ v>J [θt]
4 Compose automatic differentiation and our fast direct solver to compile the

function v 7→ J [θt]v
5 Define a linear operator J [θt] using subroutines v>J [θt] and J [θt]v

6 Use a least-squares solver to compute δ ← argmin
δ

‖F [θ∗]− (F [θt] + J [θt]δ) ‖22
7 θt+1 ← θt + δ
8 t← t+ 1
Result: Final estimate θt

We randomly initialize the optimization at θ0 ∈ [−0.5, 0.5]8 and run 20 iterations of the

Gauss–Newton algorithm. Figure 4.9 shows the optimization variables take some iterations

to approach θ∗ and then converge superlinearly to machine precision. Calculating each

Gauss–Newton update is fast because of the low-dimensional parameterization and GPU

acceleration of the forward model, J [θt]v, and v>J [θt]. The entire experiment runs in 75

seconds using one H100 GPU.

4.6 Numerical examples in three dimensions

In the three-dimensional examples, we focus on problems with localized regions of high

variation. Our adaptive discretization method described in Section 4.4 is designed for such

problems. In these experiments, we use a single Nvidia H100 GPU with 80GB of on-device

memory and 200GB of host RAM.
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(a) (b) (c)

Figure 4.9: Our GPU-accelerated PDE solver can interface with automatic differentiation
to rapidly solve inverse problems. In Figure 4.9a, we show the real part of the ground-
truth total wave field and the sample locations (in black) used by our forward model F . In
Figure 4.9b, we show the ground-truth scattering potential qθ∗(x) and the iterates (in green)
taken by the Gauss–Newton algorithm. The initial estimate θ0 is shown in white, and the
final estimate θ19 is shown in black. We also show the free-space wavelength of the incident
plane wave for scale. Figure 4.9c shows the objective value of the optimization problem,
which reaches machine precision in 15 iterations.

4.6.1 Adaptive refinement on a problem with known solution

In this example, we study the convergence of our method on a three-dimensional problem

with a known analytical solution. We build a problem that is solved by a “wavefront” located

along a three-dimensional curved surface. The problem is given by





∆u(x) = f(x), x ∈ [0, 1]3,

u(x) = g(x), x ∈ ∂[0, 1]3.

(4.13)

We manufacture a source term f(x) so the solution takes the form

u(x) = u(x1, x2, x3) = arctan

(
10
√

(x1 − 0.5)2 + (x2 − 0.5)2 + (x3 − 0.5)2 − 0.7

)
(4.14)

and use samples of this function along the boundary to create our boundary data g. Fig-

ure 4.10a shows that f has a localized region of high variation. A uniform discretization

strategy cannot adapt to the locality of this problem, but our adaptive discretization strat-
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(a) (b)

Figure 4.10: Adaptive refinement allows for more accuracy before encountering memory
bottlenecks. Figure 4.10a shows the source function restricted to the x3 = 0 plane and
the adaptive mesh formed with tolerance 1 × 10−7 and Chebyshev parameter p = 16. In
Figure 4.10b, we study the runtime and error of different refinement strategies applied to
Equation (4.13). For each step of the uniform refinement curve, we refined the uniform grid
by one more level. For the adaptive refinement curve, we decreased the adaptive refinement
tolerance by a factor of 10. For all methods, we refined until running out of memory on the
GPU during the build stage.

egy can adaptively refine the octree to place a higher density of discretization points in this

region. The adaptive discretization also uses larger leaves, where possible, on the parts of

the domain with a very smooth source function.

In Figure 4.10b, we show accuracy versus runtime for both a uniform and adaptive

discretization applied to this problem. For all methods, we increased the number of dis-

cretization points until saturating the GPU’s memory limit when inverting the highest-level

D matrix. While the uniform methods are fast on this problem, they are not highly accurate

because they cannot use more than L = 3 levels of uniform refinement. Our adaptive method

computes solutions with much higher accuracy before saturating the GPU’s memory limit

by adaptively placing the discretization points in regions where the source and solution have

high variation. Table 4.1 shows the size of the highest-level merge matrix D for selected

points on this graph.
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4.6.2 Linearized Poisson–Boltzmann equation

An example application where the data and solution have local regions of high variation

is the linearized Poisson–Boltzmann equation, a model of the electrostatic properties of a

molecule in a solution. This can, for example, be used to compute the stability of a given

molecular configuration in a solution. A standard model, developed in Grant et al. [2001],

starts with atoms represented by point charges {z(i)}Nzi=1, z
(i) ∈ R3. These atoms give rise

to a charge distribution ρ(x),

ρ(x) =

Nz∑

i=1

e−δ‖x−z
(i)‖2 , (4.15)

and a spatially-varying permittivity function ε(x),

ε(x) = ε0 + (ε∞ − ε0)e−Aρ(x). (4.16)

We use parameters Nz = 50, δ = 45, ε0 = 16, ε∞ = 100, and A = 10 [Grant et al.,

2001]. The atomic centers {z(i)}Nzi=1 are drawn uniformly from the box [−0.5, 0.5]3. We

can now model the electrostatic potential u(x) which is implicitly defined by the linearized

Poisson–Boltzmann equation:




∇ · (ε(x) · ∇u(x)) = −ρ(x), x ∈ [−1, 1]3,

u(x) = 0, x ∈ ∂[−1, 1]3.

(4.17)

Existing approaches, such as a fast integral equation method [Vico et al., 2016] and finite

difference schemes [Nicholls and Honig, 1991, Colmenares et al., 2014] solve a simplified

version of Equation (4.17), where the permittivity function is replaced by one derived from
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van der Waals surfaces:

εvdW(x) = q(x)ε0 + (1− q(x))(ε∞ − ε0), (4.18)

q(x) = 1−
Nz∏

i=1

[
1− e−δ‖x−z(i)‖2

]
. (4.19)

εvdW(x) is an easier function to resolve to high accuracy as it lacks the steep gradients

observed in ε(x). However, Grant et al. [2001] reports “experimentation with a number of

dielectric mapping functions using [εvdW] produced dielectric functions that increase toward

solvent values far too rapidly with distance from atomic centers,” and “[εvdW] also produced

undesired patches of high dielectric inside proteins.” We use our GPU-accelerated adaptive

HPS method to solve Equation (4.17) with both permittivity models.

To form an adaptive discretization for this problem, we refine a discretization tree given

the charge distribution ρ, the permittivity ε, and the components of ∇ε. Figure 4.11 shows

a 2D slice of the charge distribution and permittivity, along with the discretization found by

this refinement process. Table 4.2 gives statistics about the discretization and runtime for a

range of tolerances and Chebyshev parameters p.

(a) Source ρ(x) (b) Permittivity ε(x) (c) Permittivity εvdW(x)

Figure 4.11: Visualizing the variable coefficients and source term of our problem. These
plots show the source function ρ(x) and permittivity functions ε(x) and εvdW(x) restricted
to the plane x3 = 0. The adaptive discretizations formed using p = 8 and tolerance 1×10−4

are shown. This adaptive discretization is found by forming the union of meshes adaptively
refined on the source, the permittivity, and components of the gradient of the permittivity.
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p Tolerance nleaves N Max Depth Runtime (s)

8 10−1 358 183,296 3 48.4

8 10−2 1,436 735,232 4 177.8

8 10−3 1,884 964,608 5 218.9

8 10−4 7,659 3,921,408 5 1,523.0

10 10−1 253 253,000 3 52.5

10 10−2 449 449,000 4 76.3

10 10−3 1,625 1,625,000 4 243.4

10 10−4 1,982 1,982,000 5 319.1

12 10−1 99 171,072 3 41.5

12 10−2 386 667,008 3 91.0

12 10−3 715 1,235,520 4 190.6

12 10−4 1,695 2,928,960 4 OOM

16 10−1 64 262,144 2 53.9

16 10−2 204 835,584 3 136.2

16 10−3 365 1,495,040 3 OOM
16 10−4 470 1,925,120 4 OOM

p Tolerance nleaves N Max Depth Runtime (s)

8 1× 10−3 1,093 559,616 4 154.4

8 1× 10−4 1,737 889,344 5 227.2

8 1× 10−5 5,111 2,616,832 5 869.0

8 1× 10−6 9,423 4,824,576 5 OOM

10 1× 10−3 435 435,000 4 94.5

10 1× 10−4 1,016 1,016,000 4 193.3

10 1× 10−5 1,485 1,485,000 4 241.7

10 1× 10−6 2,605 2,605,000 5 483.0

12 1× 10−3 274 473,472 3 93.7

12 1× 10−4 477 824,256 4 145.8

12 1× 10−5 974 1,683,072 4 275.2

12 1× 10−6 1,366 2,360,448 4 OOM

16 1× 10−3 127 520,192 3 119.7

16 1× 10−4 239 978,944 3 172.2

16 1× 10−5 323 1,323,008 3 227.0

16 1× 10−6 456 1,867,776 4 OOM

Table 4.2: Resource usage statistics for using our 3D adaptive HPS method applied to the
linearized Poisson–Boltzmann equation (Equation (4.17)) using permittivity ε(x) (left) and
simplified permittivity εvdW(x) (right). We use “OOM” to indicate which discretizations
caused out of memory errors when invering the final D matrix.

4.7 Conclusion

This chapter presents methods for efficiently accelerating HPS algorithms using general-

purpose GPUs. Because there is a large amount of inherent parallelism in the structure

of the HPS algorithms, they are a natural target for GPU acceleration once adjustments

are made to reduce memory complexity. We introduce methods for reducing the memory

footprint of HPS algorithms for problems in two and three dimensions.

This work leaves open important questions and avenues for improvement. While our

method can efficiently interface with automatic differentiation, we could, in principle, gain

much more efficiency by implementing custom automatic differentiation rules to reuse the

precomputed solution operators, like those derived in Borges et al. [2017]. Our methods of

reducing memory complexity could be pushed further by using a hybrid approach, i.e., by

performing a few levels of merging via dense linear algebra and then relying on a sparse

direct solver such as Yesypenko and Martinsson [2024b] or Kump et al. [2025] for higher-

level merges. We hypothesize such a hybrid approach would greatly reduce runtimes for very

large problems by reducing the ranks needed to accurately resolve the sparse system matrix.

Finally, our methods could be extended to unstructured meshes and surfaces, a setting where
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nonuniform merge operations make parallel implementations challenging.
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CHAPTER 5

JAXHPS: AN ELLIPTIC PDE SOLVER BUILT WITH

MACHINE LEARNING IN MIND

This is a short manuscript under review at the Journal of Open Source Software, which

accepts short papers that accompany open-source research software repositories. The

manuscript is accompanied by our software repository and documentation.

5.1 Summary

Elliptic partial differential equations (PDEs) can model many physical phenomena, such

as electrostatics, acoustics, wave propagation, and diffusion. In scientific machine learning

settings, a high-throughput PDE solver may be required to generate a training dataset, run in

the inner loop of an iterative algorithm, or interface directly with a deep neural network. To

provide value to machine learning users, such a PDE solver must be compatible with standard

automatic differentiation frameworks, scale efficiently when run on graphics processing units

(GPUs), and maintain high accuracy for a large range of input parameters. We design the

jaxhps package with these use-cases in mind by implementing a highly efficient and accurate

solver for elliptic problems with native hardware acceleration and automatic differentiation

support. This is achieved by expressing a highly-efficient solution method for elliptic PDEs

in JAX [Bradbury et al., 2018]. This software implements algorithms specifically designed

for fast GPU execution of a family of elliptic PDE solvers, which are described in full in

Melia et al. [2025a].

Our Python package can numerically compute solutions u(x) to problems of the form:

Lu(x) = f(x), x ∈ Ω, (5.1)

u(x) = g(x), x ∈ ∂Ω. (5.2)
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In our setting, L is a linear, elliptic, second-order partial differential operator with spatially

varying coefficient functions. The spatial domain, Ω, can be a 2D square or 3D cube.

5.2 Statement of need

While there is a vast array of PDE solvers implemented in JAX, we make a distinct con-

tribution by implementing methods from the hierarchical Poincaré–Steklov (HPS) family of

algorithms [Martinsson, 2013, Gillman and Martinsson, 2014, Gillman et al., 2015]. These

methods use modern numerical analysis tools to resolve physical phenomena that are chal-

lenging for simpler tools, such as finite difference or finite element methods. One example

of such a physical phenomenon is the oscillatory behavior of time-harmonic wave propaga-

tion simulations, which HPS methods resolve accurately and finite element methods do not

[Babuška and Sauter, 1997, Yesypenko and Martinsson, 2024b].

While open-source implementations of HPS methods exist for users of MATLAB [For-

tunato, 2024] and C++ [Chipman, 2024], these packages do not offer native hardware ac-

celeration or automatic differentiation capabilities. In addition, these packages do not offer

support for three-dimensional problems. Yesypenko [2024] is a Python implementation of

the hardware-accelerated HPS-like method described in Yesypenko and Martinsson [2024b],

but it is designed for performance on extremely large 2D systems, which requires different

design choices than the machine learning-focused optimizations we include in jaxhps.

5.3 Software overview

The software is designed with two goals:

• Allow users to interact with a simple interface that abstracts the complex HPS algo-

rithms.

• Organize the flow of data to allow the user to reuse computations where possible.
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A typical user of jaxhps will wish compute a solution u(x) to Equations (5.1) and (5.2).

The user will first specify Ω by creating DiscretizationNode and Domain objects. These

objects automatically compute a high-order composite spectral discretization of Ω. The

Domain class exposes utilities for interpolating between the composite spectral discretization

and a regular discretization specified by the user. If f or L have local regions of high

curvature, the Domain object’s discretization can also be computed in an adaptive way that

assigns more discretization points to those parts of Ω. Additional utilities for interacting

with the composite spectral discretization can be found in the quadrature module.

After the Domain is initialized, a PDEProblem object is created by the user from data spec-

ifying L and (optionally) f . The PDEProblem object also stores pre-computed interpolation

and differentiation operators that can be reused during repeated calls to the solver.

The user can then execute the HPS algorithm by calling the build-solver method, spec-

ifying f and g, and finally calling the solve method. During the build-solver and solve

methods, pointers to various solution operators are stored in the PDEProblem object. If the

problem size is large, and these solution operators can not all be stored simultaneously on a

GPU, care must be taken to organize the computation and data transfer between the GPU

and CPU memory. To facilitate this, we provide solve-subtree, upward-pass-subtree,

and downward-pass-subtree, newly developed algorithms designed to minimize data trans-

fer costs. A full description of these algorithms can be found in [Melia et al., 2025a]. After

computing the solution, the user can use automatic differentiation to compute the gradient

of the solution with respect to input parameters by calling jax.jvp or jax.vjp. Multiple

examples showing these capabilities are included in the source repository and the documen-

tation.

Finally, some researchers may want to design new algorithms by operating on the outputs

of various subroutines underlying these HPS methods. To facilitate this, we expose a collec-

tion of these subroutines in the local-solve, merge, up-pass, and down-pass modules.
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CHAPTER 6

OPTIMIZATION AND REGULARIZATION FOR PDE-BASED

INVERSE PROBLEMS WITH FAST DIRECT SOLVERS

6.1 Introduction

Linear elliptic partial differential equations (PDEs) can model a broad range of physical phe-

nomena, including wave propagation, electrostatics, and diffusion. Many common imaging

modalities can be described by linear elliptic PDEs; examples include ultrasound imaging

with time-harmonic measurements, electrical impedance tomography, and optical tomogra-

phy. In these imaging modalities, the image is probed by some source wave, charge, or

magnetic field. The probe is modulated by a spatially varying medium, such as a spatially

varying wave speed or photon absorption rate. The goal of these imaging modalities are to

reconstruct an image of the spatially varying medium from data provided by a set of sensors.

Finally, the measured data is used to reconstruct the image. This chapter is concerned with

this final step in the case when the forward model is defined by a linear elliptic PDE.

Image reconstruction algorithms in this setting face multiple challenges. The most appar-

ent difficulty is the computational expense required to evaluate the forward model. Because

the PDE forward model does not define an explicit mapping, any reconstruction algorithm

must solve a new PDE for each estimated image. Another source of difficulty is the nonlin-

earity of the forward model; although the PDEs considered in this chapter are linear, the

mapping from image to measurements is, in general, nonlinear. The nonlinearity leads to non-

convex optimization formulations of the inverse problem, which can create many challenges

for reconstruction algorithms, including spurious local minima. In practice, these nonconvex

optimization formulations are often poorly conditioned, which limits the rate of progress

we can expect from iterates of the optimization algorithm and can render reconstructions

sensitive to measurement noise. In this chapter, we design reconstruction algorithms that
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alleviate these problems by combining efficient PDE solvers with optimization algorithms

designed for stable image recovery.

In particular, we focus on regularized image reconstruction algorithms which minimize

the sum of two terms, a data-fit functional and a regularization function g:

argmin
q

1

2
‖F [q]− y‖22 + λg(q). (6.1)

In Equation (6.1), F is the forward model implicitly defined by a PDE, y is the measured

data, and λ > 0 is a regularization parameter. The regularization term allows us to inject

prior information about the image being reconstructed, such as a small `2 norm, or a prefer-

ence toward low frequency content. The regularization term can also improve the quality of

image reconstruction by reducing sensitivity to noise in the measurements y. While there are

many potential benefits to including the regularization term, this new term can be difficult

to handle in commonly-used algorithms for PDE-based inverse problems, as we discuss in

Section 6.3.

We consider two model problems in this chapter, inverse medium scattering and

continuous-wave diffuse optical tomography. Both problems have broad applications in

imaging sciences; they have been used to model medical imaging [Boas et al., 2001], seis-

mic imaging [Fichtner, 2011], and nondestructive testing [Kumar and Arnold, 2022]. While

uniqueness and stability results are known for the inverse scattering problem [Colton and

Kress, 2013, Hähner and Hohage, 2001] and diffuse optical tomography inverse problems

[Meftahi, 2021], the quantitative recovery of images using these modalities is often chal-

lenging. The two forward models exhibit qualitatively different behavior. Inverse medium

scattering problems model wave-type behavior, which leads to highly oscillatory optimization

problems with many spurious local minima [Bao and Liu, 2003]. Continuous-wave diffuse op-

tical tomography exhibits diffusion and absorption phenomena, resulting in a forward model

with a nontrivial kernel containing high-frequency parts of the image. This often causes
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reconstruction algorithms to output over-smoothed image estimates [Konecky et al., 2008,

Okawa and Hoshi, 2023]. The inclusion of the regularization term in Equation (6.1) can

potentially mitigate these problems by changing the optimization landscape or injecting a

priori knowledge about the imaging targets.

In addition to stable recovery, we are particularly interested in decreasing the runtime of

the reconstruction algorithms considered, as many imaging applications require fast recon-

structions. We are able to accurately reconstruct images much faster than previous methods

through algorithmic innovation and the use of hardware acceleration using general-purpose

graphics processing units (GPUs). We leverage recent advances in direct solvers for elliptic

PDEs using GPU acceleration ([Melia et al., 2025a] and Chapter 5) to greatly reduce the

per-iteration time cost of reconstruction algorithms in this setting.

Section 6.2 introduces the necessary background and notation. Section 6.3 reviews op-

timization approaches with and without regularization for nonlinear inverse problems. Sec-

tion 6.4 introduces the inverse medium scattering problem, prior work on this problem, and

gives experimental results. Section 6.5 introduces the diffuse optical tomography problem

and discusses related work. Section 6.6 concludes.

6.2 Background

This section introduces the technical background necessary to discuss the inverse problems

and algorithms considered in this chapter. Throughout this chapter, we use x for the spatial

variable, and when we want to indicate Cartesian coordinates, we use (x1, x2) ∈ R2. We use

the subscript un to denote the outward-pointing boundary normal derivative of a function,

and we use ∆ to denote the Laplace operator, the sum of second derivatives in each dimension.

We use A∗ to denote the adjoint of a complex-valued matrix A: A∗i,j = Aj,i. In this section,

we sometimes consider functions q : Ω → R in an infinite-dimensional vector space. These

functions are often the spatially varying media that we hope to recover. In practice, we
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recover a finite-dimensional approximation of q, sampled on a d × d regular discretization

of some domain Ω. To distinguish between the two, we use bold symbols to denote finite

dimensional vectors; q ∈ Rd2 represents the discretization of q. We use mat(q) to denote

the rearrangement of this vector into a square image ∈ Rd×d.

6.2.1 Inverse Problem and Optimization Formulation

We specify a set of n measurement points {x(i)}i=1,...,n and define the forward model F :

F [q]i = u(x(i)), u solves Equations (6.6) and (6.7). (6.2)

The function u is the solution to a PDE parameterized by q; we discuss the class of PDEs

considered and the relationship between q and u in Section 6.2.2. The measured data is the

evaluation of F at the ground-truth image q∗, with additive zero-mean noise:

y = F [q∗] + ξ. (6.3)

The exact specification of the noise model will depend on the application. Given y and

knowledge of F , our goal is to form an estimate q̂ ≈ q∗. We formulate this as a regularized

optimization problem:

q̂ = argmin
q∈Rd2

1

2
‖F [q]− y‖22
︸ ︷︷ ︸

:=f(q)

+λg(q). (6.4)

We will refer to the first term as the “data term” and the second term as the “regularization

term”. Our regularization function is the anisotropic total variation norm:

‖q‖TV =
d∑

i,j=1

√(
mat(q)i+1,j −mat(q)i,j

)2
+
(
mat(q)i,j+1 −mat(q)i,j

)2
. (6.5)
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The total variation norm induces sparsity in the image gradient. This is a standard regu-

larization used in image processing, which avoids over-smoothed estimates obtained using

Tikhonov regularization.

6.2.2 Linear Elliptic Partial Differential Equations

We focus on solving linear, elliptic partial differential equations of the form

L(q)u(x) = f (q)(x), x ∈ Ω, (6.6)

B(q)u(x) = g(q)(x), x ∈ ∂Ω. (6.7)

In Equation (6.6), L(q) is a linear, elliptic, second-order partial differential operator with

spatially varying coefficient functions. B(q) is a linear boundary operator, f (q) is the source

data, and g(q) is the boundary data. The superscript notation is meant to indicate that all

of these objects may depend on the image q : Ω→ R. Ω is a square ⊂ R2. For the problems

considered in this chapter, the dependence of L(q) and f (q) on q is simple and known in

closed form. B(q) and g(q) often depend on q in a complicated way, but given q we can

numerically compute B(q) and g(q).

6.2.3 GPU-Accelerated Direct PDE Solvers

Optimization algorithms for Equation (6.4) typically require the ability to evaluate F [q̂] for

arbitrary estimates q̂, and access to ∇F [q̂], the Jacobian matrix of F centered at q̂. Each

of these primitives is evaluated in each iteration of a traditional optimization algorithm, so

they must be fast and accurate.

We use the GPU-accelerated Hierarchical Poincaré–Steklov (HPS) method from Chap-

ter 5 [Melia et al., 2025a]. This allows fast and accurate access to F [q̂] and ∇F [q̂]. At a high

level, the Hierarchical Poincaré–Steklov method computes a solution u to Equations (6.6)
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and (6.7) by:

• Forming a high-order composite spectral discretization by placing a quadtree on Ω with

a user-specified depth and representing each leaf of the tree with a high-order spectral

discretization.

• Solving a local problem on each leaf of the tree.

• Hierarchically merging patches to construct a global solution operator by enforcing

continuity conditions across patch interfaces.

• Applying the solution operator to data g(q) and f (q) to rapidly compute the solution

u.

The high-order spectral discretization and exact hierarchical merge steps afford this method

a high level of accuracy for a fixed computational effort, especially in challenging wavelike

equations. For the problems considered in this paper, all of these steps can be executed

completely on the GPU with a high amount of parallelization, so computing F is very fast.

Once u is computed on the high-order spectral discretization points, it can be interpolated

to the measurement points {x(i)}i=1,...,n. Jacobian-vector and vector-Jacobian products

involving ∇F [q̂] can be evaluated using standard automatic differentiation software; the

cost of evaluating ∇F [q̂]v or v∗∇F [q̂] for an arbitrary vector v is approximately equal to

the cost of computing F [q̂]. The application of the automatic differentiation software to

this direct PDE solver allows us to implement and experiment with optimization algorithms

without deriving adjoint equations by hand.

6.3 Optimization for Nonlinear Inverse Problems

We consider different iterative algorithms for optimizing Equation (6.4). Because we are

interested in minimizing the runtime of these algorithms, we must consider two quantities:
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the cost to compute each iterate, and the number of iterates required to reach convergence.

The first algorithm we consider has a low cost per iterate but can only be expected to

converge linearly to a fixed point [Beck and Teboulle, 2009]. The second algorithm has a

much higher cost per iteration but can be expected to converge superlinearly [Lee et al.,

2014].

The algorithms considered in this chapter are “proximal methods” which interact with

the regularization term through its proximal operator:

proxλg(q) = argmin
z∈Rd2

1

2
‖z − q‖22 + λg(z). (6.8)

In iterative algorithms, proximal operators are often used to apply regularization in an it-

erative algorithm. Suppose an estimate qt approximately minimizes the data term in Equa-

tion (6.4). Intuitively, we would want a reconstruction algorithm to find an estimate near qt

which also approximately minimizes the regularizer g(·). Applying proxλg to qt gives us a

new estimate zt = proxλg(qt) which satisfies these desiderata. The algorithms considered in

this section work similarly: they alternate between steps which make progress on the data

term in Equation (6.4), and steps which apply proximal operators to make progress on the

regularization term.

Computing Equation (6.8) for some choices of g requires an iterative approach to approx-

imately solve the minimization problem. To implement the proximal operator of the total

variation norm, we use the Douglas-Rachford splitting method developed in Charisopoulos

and Willett [2025]. The splitting method operates by viewing the total variation norm as the

composition of a sparse linear operator and a group norm. The iterations alternate between

projecting onto the graph of this sparse linear operator and projecting the groups onto the

unit norm ball; both operations can be implemented very efficiently. Because proxλ‖·‖TV
is

efficient, the major computational cost of the algorithms considered comes from the evalua-

tion of F [q] and ∇F [q].
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6.3.1 FISTA

The first algorithm we consider is a variant of the Fast Iterative Shrinking and Thresholding

Algorithm (FISTA), introduced by Beck and Teboulle [2009]. The original FISTA method

applied regularization using the proximal operator of the `1 norm; the variant we consider

applies regularization using the proximal operator of the total variation norm. FISTA has

been applied to many nonlinear inverse problems, such as inverse scattering problems [Liu

et al., 2018, Kamilov et al., 2017], electrical impedance tomography [Nguyen Diep et al.,

2025], and time-of-flight diffuse optical tomography [Zhao et al., 2021]. FISTA was initially

designed to minimize Equation (6.4) when g is the `1 norm, but can be extended to other

non-smooth regularization functions.

Our implementation of FISTA is outlined in Algorithm 9. The most computationally

intensive step is Line 6, which requires one forward model evaluation to compute F [qt−1] and

one vector-Jacobian product to compute the update direction. The forward model evaluation

uses the GPU-accelerated HPS method described in Section 6.2; the vector-Jacobian product

is computed using automatic differentiation software applied to the GPU-accelerated HPS

code.

Algorithm 9: FISTA with Total Variation Regularization. (HPS + FISTA)
Input: Initial estimate q0; data y; regularization strength λ; step size γ.

1 s0 ← 0
2 α0 ← 0
3 t← 0
4 while Not converged do
5 t← t+ 1

6 zt ← qt−1 − γ∇F [qt−1]∗
(
F [qt−1]− y

)
// Main computational work

7 st ← proxλ‖·‖TV
(zt)

8 αt ← 1
2

(
1 +

√
1 + 4α2

t−1

)

9 qt ← st +
(
αt−1−1
αt

)
(st − st−1)

Result: Final estimate q̂ = qt.
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6.3.2 Proximal Quasi-Newton Methods

Quasi-Newton methods are a popular algorithm for PDE-based inverse problems; they have

been successfully applied to inverse scattering problems [Borges et al., 2017, Borges and Biros,

2018] and diffuse optical tomography [Okawa and Hoshi, 2023]. These methods proceed by

minimizing an approximate second-order model of the data term at each iteration. At

iteration t, the second-order model function ft is

ft(q) = f(qt) +∇f(qt)
∗(q − qt) +

1

2
(q − qt)

∗Ht(q − qt). (6.9)

Ht is the Hessian approximation for iteration t. The Gauss-Newton method specifies a

particular Hessian approximation constructed from first-order function information:

Ht = ∇f(qt)
∗∇f(qt) = ∇F [qt]

∗∇F [qt]. (6.10)

The Gauss-Newton method computes an iterate qt+1 by minimizing Equation (6.9). When

combined with the definition of f from Equation (6.4), one can derive a closed-form expres-

sion for this update step:

qt+1 = (∇F [qt]
∗∇F [qt])

−1∇F [qt]
∗ (F [qt]− y)

Proximal quasi-Newton methods seek to add a regularization term to the second-order

model:

ht(q) = ft(q) + λg(q) = f(qt) +∇f(qt)
∗(q − qt) +

1

2
(q − qt)

∗Ht(q − qt) + λg(q). (6.11)

Because of the regularization term, there is no closed-form expression for the minimizer of

ht, so operator splitting methods [Ryu and Yin, 2022] are employed to compute a minimizer.
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Different splitting methods have been proposed, including a forward-backward envelope split-

ting [Tan et al., 2024] and a splitting which introduces a new “rescaled proximal operator”

[Lee et al., 2014]. To avoid the exact Hessian evaluation required by the forward-backward

envelope splitting and the poorly-conditioned rescaled proximal operator, we instead use

a simple method to compute a minimizer of Equation (6.11) based on Douglas-Rachford

splitting:

zn+1 = proxft(z̄n), (6.12)

z̄n+1 = z̄n + proxλg(2zn+1 − z̄n)− zn+1, (6.13)

which converges to the minimizer of Equation (6.9) as n→∞. Under this splitting, proxft

is the solution of a linear system with linear operator I + Ht. In particular, the solution

z∗ = proxft(z) solves

(Ht + I) z∗ = ∇F [qt]
∗(y −F [qt]) + z +Htqt (6.14)

In our implementation, we use the Gauss-Newton Hessian approximation (Equation (6.10)),

so the operator I + Ht can be applied using one Jacobian-vector product and one vector-

Jacobian product; we compute both using automatic differentiation. We are now ready to

present our proximal Gauss-Newton method in Algorithm 10. In our implementation, Line 7

is the most computationally expensive step. The conjugate gradient method requires one

vector-Jacobian and one Jacobian-vector product per iteration, and the number of iterations

is controlled by the condition number of Ht + I. The splitting method we use is designed so

that this condition number is relatively benign. However, this expensive iteration is inside

an inner iteration, meaning it is evaluated many times per outer iteration of the algorithm.
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Algorithm 10: Proximal Gauss-Newton with Total Variation Regularization.
(HPS + GN)
Input: Initial estimate q0; data y; regularization strength λ; step size γ.

1 t← 0
2 while Not converged do
3 t← t+ 1
4 z̄0 ← qt
5 while Not converged do
6 n← n+ 1
7 Use the conjugate gradient method to compute zn = proxft(z̄n−1)

8 z̄n ← z̄n−1 + proxλ‖·‖TV
(2zn − z̄n−1)− zn

9 qt ← zn
Result: Final estimate q̂ = qt.

6.4 Inverse Medium Scattering

In the inverse medium scattering problem, the image q is a compactly supported spatially

varying wave speed profile. This profile is probed by incoming plane waves uin(x) = eik〈x,s〉

with a known frequency k and direction s. The resulting scattered wave field is measured

at distant receiver points. The forward model is given by the inhomogeneous Helmholtz

equation with the Sommerfeld radiation condition:

∆u(x) + k2(1 + q(x))u(x) = 0, x ∈ Ω, (6.15)
√
r
(
∂uscat
∂r − ikuscat

)
→ 0, r = ‖x‖2 →∞. (6.16)

Where the total wave field u is the sum of the known incident wave uin and the unknown

scattered wave uscat. The forward model F [q] evaluates uscat at a set of receiver points. We

use the HPS method coupled with a boundary integral equation [Gillman et al., 2015] to

compute uscat. The resulting boundary operator has a complicated dependence on q.

Standard linearization analysis of the forward model suggests that F can only resolve q

up to frequency content ≤ 2k [Chen, 1995, 1997, Colton and Kress, 2013]. To reflect this,

when evaluating the forward model, we project q̂ onto a bandlimited basis from Borges et al.
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[2017] . For a square domain Ω centered at the origin with side length L, this basis is

Bk =

{
2

L
sin

(
m1

π

L

(
x1 −

L

2

))
sin

(
m2

π

L

(
x2 −

L

2

)) ∣∣∣∣
√
m2

1 +m2
2 ≤

⌊
2kL

π

⌋}
. (6.17)

Bk is an orthonormal basis that spans bandlimited functions vanishing on ∂Ω. We benchmark

reconstructions against q‖, the projection of the ground-truth q∗ onto Bk. We measure the

relative `2 reconstruction error:

Relative `2 Error(q) =
‖q − q∗‖2
‖q∗‖2

, (6.18)

and call the reconstruction error incurred by q‖ the “projection error”. The linearization

analysis suggests this amount of error is unavoidable given the frequency of the incident

wave.

6.4.1 Related Work

The FISTA algorithm with total variation regularization has previously been applied to

inverse scattering data [Liu et al., 2018]. This algorithm has also been used in the plug-

and-play setting to apply general denoisers as priors for inverse scattering data [Kamilov

et al., 2017]. The most recent version of this line of work is the CISOR algorithm [Ma

et al., 2018], which uses a relaxed FISTA method with total variation and nonnegativity

regularization. All of these approaches use a Born series as an approximation to F , which

is chosen because the Born approximation and its gradient can be quickly computed. The

Born approximation is accurate only in the case of low frequency k and small scattering

potential q∗; the approximation breaks down as these quantities increase.

Quasi-Newton methods are also popular for optimizing inverse scattering problems. Re-

cursive linearization algorithms [Chen, 1995, Bao and Liu, 2003, Borges et al., 2017, Borges

and Biros, 2018] use quasi-Newton methods to solve inverse scattering problems when data
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at a range of frequencies k is present. These algorithms take a continuation in frequency

approach by solving the inversion problem at the lowest frequency, and using the estimated

scattering potential to “warm-start” the optimization at the next frequency. Typically, one

iteration of Gauss-Newton is used to solve the sub-problem at each frequency.

Experimental data for scattering problems have been generated in Geffrin et al. [2005].

This work carefully designed an experimental condition so that the two-dimensional PDE

(Equations (6.15) and (6.16)) is an accurate model. This “Fresnel dataset” was generated

using electromagnetic microwaves with wavelengths on the order of centimeters. The in-

cident waves illuminated similarly-sized scattering objects with known dielectric constants.

Receivers recorded time-harmonic measurements of the resulting wave field. The experiment

was repeated for incident angular wave frequencies ω = 2GHz, ..., 10GHz, with wavenumbers

k ≈ 41, ..., 209. We use the FoamDielExt phantom from this dataset in our experiments.

6.4.2 Single-Frequency Reconstruction

We compare our HPS + FISTA (Algorithm 9) and HPS + GN (Algorithm 10) algorithms

with CISOR [Ma et al., 2018] by measuring the accuracy and runtime of reconstruction on

the FoamDielExt target from the Fresnel dataset [Geffrin et al., 2005]. We first investigate

the convergence of these algorithms using ω = 4GHz. Each algorithm was terminated when

the relative improvement in the objective function (Equation (6.4)) was less than 10−3 for

five consecutive iterations. At each iteration, we compute the relative `2 reconstruction

error and runtime of the iteration. For the CISOR algorithm, we search over step sizes

and regularization parameters, and we present the results of the setting that produced the

lowest relative `2 reconstruction error. For our algorithms, we search over the regularization

parameter and bandlimit, and we present the results of the setting that produced the lowest

relative `2 reconstruction error. For our method, we hold the step size γ = 1.0 fixed, but

this can also be treated as a hyperparameter. All algorithms are initialized at zero and
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reconstruct the images on a regular grid of size 128× 128.

Figure 6.1 shows the result of this experiment when ω = 4GHz. Figure 6.1a shows

the HPS + GN algorithm converges to an accurate solution near the diffraction limit in a

few iterations. HPS + FISTA also converges to an accurate reconstruction but requires an

order of magnitude more iterations to converge. CISOR converges after a larger number of

iterations, but converges to an inaccurate solution. Figure 6.1b shows the cumulative runtime

of these algorithms. When measuring runtime, the HPS + FISTA algorithm is two orders

of magnitude faster than the other algorithms; by using GPU acceleration and an efficient

implementation of F and proxλ‖·‖TV
, our implementation computes about 5 iterations per

second. In comparison, the HPS + GN algorithm requires about 500 seconds to compute

each of the first few iterations, and CISOR requires about 2 seconds per iteration.
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Figure 6.1: Quantitative reconstruction results on the inverse scattering problem when ω =
4GHz. Figure 6.1a show that because they have accurate gradient information, HPS + GN
and HPS + FISTA converge in fewer iterations than CISOR. Figure 6.1b shows that the
runtime of HPS + FISTA is much lower than the other methods.

We repeat this experiment for other values of ω and present the results in Table 6.1. As

ω increases, the optimization problem becomes more oscillatory, so we can not expect the
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algorithms to converge to a solution near the diffraction limit, even though the HPS algorithm

is an accurate forward model in this range. We see that the HPS + FISTA algorithm

is successful for ω ≤ 6.0 and diverges for higher frequencies. The HPS + GN algorithm

diverges for ω ≥ 5. This behavior may be improved if we assume a priori knowledge of

the low-frequency modes of q∗, as in Borges et al. [2017]. For some frequencies, the CISOR

algorithm does not make any progress, indicated with an ‘—’. In these cases, the first gradient

step estimates z1 with negative scattering potential, and a non-negativity projection step

projects back to s1 = 0, so no progress is made.

ω (GHz) Projection Error Method Relative L2 Error Runtime (s)

4.0 0.446
CISOR 0.639 2,420.27
HPS + GN (Ours) 0.475 1,938.86
HPS + FISTA (Ours) 0.484 20.79

5.0 0.370
CISOR — —
HPS + GN (Ours) 1.505 2,097.08
HPS + FISTA (Ours) 0.396 37.72

6.0 0.340
CISOR 0.712 6,446.95
HPS + GN (Ours) 1.356 2,172.77
HPS + FISTA (Ours) 0.388 68.68

7.0 0.335
CISOR 0.893 2,518.68
HPS + GN (Ours) 1.203 1,141.67
HPS + FISTA (Ours) 1.173 19.54

8.0 0.301
CISOR — —
HPS + GN (Ours) 1.108 986.72
HPS + FISTA (Ours) 1.103 17.60

9.0 0.264
CISOR 0.893 2,518.68
HPS + GN (Ours) 1.047 1,564.4
HPS + FISTA (Ours) 1.011 80.40

10.0 0.243
CISOR 1.000 4,294.21
HPS + GN (Ours) 0.987 1,640.41
HPS + FISTA (Ours) 1.000 9.48

Table 6.1: Quantitative reconstruction results for the inverse scattering problem for different
values of ω. At low frequencies, HPS + FISTA is accurate and two orders of magnitude faster
than the other methods. At high frequencies, all methods converge to bad local minima.
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6.4.3 Multi-Frequency Reconstruction

To produce more accurate estimates, we use a continuation in frequency method which

solves a sequence of optimization problems, one for each incident frequency value present

in the Fresnel dataset, ω = 2GHz, . . . , 10GHz. Because the HPS + FISTA algorithm is the

fastest and continuation in frequency is necessarily serial, we choose this algorithm for our

experiment. For each frequency ω, we run Algorithm 9 to compute an estimate q̂ω. For the

lowest frequency ω = 2, we initialize at zero, and for all other values of ω, we initialize the

optimization at q̂ω−1. We use the same convergence criterion as before, which terminates

the optimization when the relative improvement in the objective function (Equation (6.4)) is

less than 10−3 for five successive iterations. Again, we search over regularization parameters

and bandlimits, and report the results with the lowest relative `2 error.

Figure 6.2 shows the runtime and error convergence of this method. The vertical lines

show that the optimization spends the most time at the lowest frequency, and then approxi-

mately equal times for the other frequencies. Each frequency makes an improvement on the

relative `2 error metric. Figure 6.3 shows the reconstruction produced by the HPS + FISTA

continuation in frequency method.

6.5 Diffuse Optical Tomography

Diffuse optical tomography, also known as near-infrared spectroscopy, is a prospective medi-

cal imaging modality which uses near-infrared light to gain functional images of the interior of

biological samples [Boas et al., 2001, Gibson et al., 2005]. The imaging modality uses two key

optical properties of biomedical imaging targets. First, these targets are highly-scattering

media, meaning that photon density in the target can be modeled as a diffusion process.

Second, at near-infrared wavelengths, hemoglobin molecules absorb photons at much higher

rates than other biological media, meaning that blood flow can be localized to certain parts

of the sample if the spatially varying photon absorption rate can be estimated from surface
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Figure 6.2: The continuation in frequency method quickly converges to a solution near the
diffraction limit of the inverse scattering problem. Vertical lines show when the optimization
advances in frequency.

photon density measurements.

Consider the following model of continuous-wave diffuse optical tomography measure-

ments, in which the solution u(x) represents the steady-state photon density of an optical

system:

−∇ · (D(x)∇u(x)) + cµa(x)u(x) = 0, x ∈ Ω, (6.19)

The system is driven by an illumination source on the boundary. The photon density diffuses

throughout the medium with rate D(x) ≈ c
2µ′s(x)

where µ′s(x) is the reduced scattering

coefficient and c is the speed of light. The absorption coefficient µa(x) gives the rate at

which photons are absorbed throughout the domain. In a functional imaging setting, we

expect the regions of high µa values to correspond to regions with concentrated blood flow.

In this model, it is impossible to separately determine the diffusion coefficient D(x) and

the absorption coefficient µa(x), so we instead work in a setting where the diffusion coefficient
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Figure 6.3: The inverse scattering reconstructions produced by the HPS + FISTA continu-
ation in frequency method (Figure 6.3a) reconstruct the shape and contrast levels almost as
well as the projection of the ground-truth (Figure 6.3b). The first panel shows the ground-
truth q∗; the second panel shows the reconstruction; the third panel shows the absolute value
difference of the first two panels. The fourth panel shows the trace of the reconstruction
along x2 = 0.

is constant inside Ω [Konecky et al., 2008]. After setting D(x) = D, we can divide both sides

of Equation (6.19) by D, and represent the absorption as a background level of absorption

µ0 and a perturbation q(x):

µa(x) = µ0 (1 + q(x)) . (6.20)

we can then re-write Equation (6.19):

−∆u(x) + k2
0 (1 + q(x))u(x) = 0, x ∈ Ω, (6.21)

u(x) + `un(x) = J(x), x ∈ ∂Ω. (6.22)

The boundary condition (Equation (6.22)) specifies partial internal reflection, depending on
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Figure 6.4: Showing the relationship between the diffuse wavenumber k0 and optical param-
eters collected from the literature. The absorption coefficient of 750nm-wavelength light in
water is from Boas et al. [2001]. The reduced scattering coefficient of soft tissue at 750nm-
wavelength light is from Jacques [2013].

the parameter `, which is determined by µ′s(x) inside and outside Ω. A typical value for

this parameter is ` ≈ 1.0. The parameter k0, sometimes called a “diffuse wavenumber”, is

k0 =
√

2µ′sµ0. Figure 6.4 shows how k0 relates to biologically-relevant samples. The diffuse

optical tomography forward model maps the perturbation in the absorption coefficient q to

the solution on the boundary:

F [q] = u|∂Ω u solves Equations (6.21) and (6.22). (6.23)

6.5.1 Forward Simulations

We use the GPU-accelerated HPS method to compute solutions of Equations (6.21)

and (6.22). We use a scaled version of the FoamDielExt phantom described in Section 6.4

to qualitatively understand the effect of a large absorbing region with differing contrast
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levels. Figure 6.5 shows the result of this simulation for different values of k0. As k0 in-

creases, the sensitivity of the boundary data to the perturbation decreases, indicating that

the conditioning of the problem worsens.

6.5.2 Related Work

Methods similar to the ones described in Section 6.3 have been applied to reconstruct ab-

sorption coefficients in diffuse optical tomography. Proximal quasi-Newton methods with

total variation regularization have been applied to the diffuse optical tomography problem

[Douiri et al., 2005, Lu et al., 2019, Tang, 2021]. Chen et al. [2014] use FISTA and a group

norm regularization to promote clustered sparsity in diffuse optical tomography reconstruc-

tions. These methods all implement F with a simple finite element discretization or linear

approximation. Partial work toward a GPU-accelerated implementation of F appears in

Doulgerakis-Kontoudis et al. [2017], but they do not apply this method toward inverse prob-

lems, and the accuracy of their method is limited due to the small number of discretization

points able to fit into GPU memory at once. We believe the high-order spectral discretiza-

tion described in Section 6.2.3 will afford greater accuracy at a fixed number of discretization

points. Experimental datasets of continuous-wave optical tomography measurements have

been constructed and used to evaluate numerical inversion methods [Wang et al., 2005,

Konecky et al., 2008].

6.6 Conclusion

This chapter develops optimization methods that are fast and accurate when applied to PDE-

based imaging inverse problems. We are able to reconstruct scattering potentials from the

Fresnel dataset to an accuracy near the diffraction limit, two orders of magnitude faster than

past methods. An important and surprising contribution of this work is the experimental

evidence suggesting that first-order proximal methods, namely FISTA, are much faster than
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the Gauss-Newton methods commonly used to optimize inverse problems.

6.6.1 Future Work

This chapter leaves open future work needed to develop this research into a full publication.

First, experiments using the analytical formulation of Jacobian-vector and vector-

Jacobian products proposed in Borges et al. [2017] must be conducted. We plan to interpret

these analytical formulations as the Jacobian-vector and vector-Jacobian products corre-

sponding to an approximate scattering forward model. We plan to extend this method to

the diffuse optical tomography setting as well.

More inverse scattering experiments are necessary. We plan to evaluate our methods on

more complex imaging targets, such as the scattering potentials from Melia et al. [2025b],

which contain piecewise-constant shapes overlaid on a smoothly varying background.

Finally, experiments solving the diffuse optical tomography inverse problem are also

necessary. We plan to use an alternate numerical method [Burns et al., 2020] to generate

data and evaluate the algorithms proposed in Section 6.3 on this problem.
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Figure 6.5: We show simulations of the diffuse optical tomography model (Equations (6.21)
and (6.22)) for the same perturbation q and different diffuse wavenumbers k0. The first
panel in each row shows the perturbation q. The second panel shows log10(u(x)) on the
interior of Ω, when the illumination source is placed at (0.0,−0.03) on the boundary. The
third panel shows log10 of the trace of the solution along the boundary starting at the
bottom-left corner, proceeding counter-clockwise. The trace of the solution computed with
the perturbation (dark blue) and without the perturbation (light blue) are both shown to
describe the sensitivity of the measurements to perturbations q.
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CHAPTER 7

CONCLUSION

This thesis considers the hypothesis that algorithms from numerical analysis are a useful

design tool to improve the practice of scientific machine learning. The areas in which we

test this thesis are broad; we show that prediction tasks in computational chemistry, deep

neural network design, and image reconstruction problems all benefit from the application

of numerical analysis tools. In particular, we contribute the following:

• A rotation-invariant random feature method designed for fast inference on point clouds

(Chapter 2).

• A deep neural network and training method designed to emulate recursive linearization

algorithms for solving multi-frequency inverse scattering tasks (Chapter 3).

• Algorithm developments for the fast execution of fast direct solvers of elliptic PDEs

on GPUs (Chapter 4).

• An open-source software package implementing these algorithms (Chapter 5).

• Algorithms for using GPU-accelerated fast direct solvers for inverse problems in scien-

tific imaging (Chapter 6).

In the rest of this chapter, we describe how the contributions of this thesis can lead to further

improvements in the field of scientific machine learning.
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7.1 Future work

7.1.1 Developing Machine Learning Methods with Insights from Numerical

Analysis

This thesis makes contributions that show the benefit of designing machine learning methods

using insights from algorithms in numerical analysis. The field of scientific machine learning

is broad and still developing; this section discusses some of the many areas of scientific

machine learning that may benefit from this approach.

One potential avenue for improvement is the design of neural operators, deep neural

networks trained to approximate coefficient-to-solution maps or time advancement operators.

Chapter 4 shows that domain decomposition methods offer computational benefits when

exactly implementing the coefficient-to-solution map in a classical setting without machine

learning. Neural operators approximating coefficient-to-solution maps may see an analogous

statistical benefit by only requiring the network to learn a local coefficient-to-solution map

on a small patch of the domain. Such patch-based methods have been shown to be useful in

increasing the data efficiency of diffusion models trained to solve imaging inverse problems

[Hu et al., 2024]. How to efficiently and accurately merge patch-based information together

into a global solution without relying on dense matrix inversions is a major technical challenge

in this direction.

Other advances could come from neural operators approximating time advancement

operators in time-dependent PDEs. Most neural operators are designed to operate auto-

regressively, where the network takes as input the state at time t and predicts the state

at time t + ∆t. This is based off a forward Euler time integration scheme, but numerical

analysis offers a large variety of “time integrators”, or methods for advancing the solution

in time. It may be the case that emulating different time integrators provides benefits in

certain problem settings. For example, Jiang et al. [2025] show that emulating implicit time
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integration schemes can greatly increase the prediction stability when emulating chaotic fluid

dynamics. One interesting class of time integrators is “operator splitting” schemes, which

treat different parts of the PDE differently. Neural operators designed to emulate operator

splitting schemes could be implemented as a collection of networks; this may increase the

stability of long-rollout predictions.

In a different area of scientific machine learning, the random feature method from Chap-

ter 2 could be combined with fast multipole methods [Beatson and Greengard, 1997] to

efficiently compute group-invariant kernel interactions between all pairs in extremely large

point clouds. This could be particularly useful for particle jet tagging [Kasieczka et al.,

2019], which requires inference on large point clouds in extremely low-latency environments.

7.1.2 Developing Numerical PDE Solvers for use in Deep Learning Settings

Chapters 4 and 5 make contributions to the field of scientific machine learning by developing

computational methods for elliptic PDEs on simple geometries. Many problems in biology,

engineering, and computer graphics require fast, accurate solvers of PDEs defined on more

complicated geometries, such as smooth curved surfaces or surfaces with sharp edges and

corners. The field lacks high-quality GPU-accelerated solvers of surface PDEs. The surface

HPS method developed in Fortunato [2024] is a promising candidate for GPU acceleration

using methods developed in Chapter 4.

One planned application of the solver developed in Chapters 4 and 5 is to simulate

physical phenomena to augment an existing biological dataset. The augmented data can

then be used to fit a model. We are pursuing a study of phototactic behavior in rod-shaped

cyanobacteria [Burriesci and Bhaya, 2008], using experimental tracking data [Bunbury et al.,

2022] which measures phototactic responses of bacteria under varying light conditions. We

will augment this dataset with simulations of light propagation inside the cell cytoplasm; see

Figure 7.1. The simulations in Figure 7.1 show that when the cell is aligned with the axis
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of wave propagation, the cytoplasm focuses the light on the rear cell wall. This supports a

prevailing hypothesis in the field that phototaxis is modulated by cell cytoplasm focusing

light onto a portion of the rear cell wall [Schuergers et al., 2017]. We plan to use tools

from computer vision and sparse equation discovery to discover a mathematical model of

phototaxis in cyanobacteria. While this exposition discusses one particular application, the

idea of using a PDE solver to augment an existing dataset has broad applicability.

(a) (b) (c)

Figure 7.1: Figure 7.1a shows Synechococcus, a rod-shaped cyanobacteria; this image was
provided by Frederick Bunbury. Figures 7.1b and 7.1c show a simulation of 780nm light
propagating through the cell from the left and top, respectively.

7.1.3 Building a Computational Toolbox for PDE-Based Inverse Problems in

Scientific Imaging

One major theme of this thesis is building a computational toolbox for PDE-based inverse

problems. This section describes future advances in this direction.

One particular set of missing tools is efficient solvers for 3D problems. For many of the

PDE-based imaging problems discussed in this thesis, the physical interactions are nonlocal,

which means that 2D simulations are insufficient models of 3D experimental data. This

occurs because interactions propagate in and out of any 2D slice of the 3D domain. While

Chapter 4 describes algorithms and experiments for 3D PDEs, the forward models are limited

in the size of systems we can resolve. We have identified other computational tools, such as
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matrix compression or iterative solvers, which may be necessary for high-resolution forward

models in 3D.

For wave scattering simulations in particular, the method presented in Chapter 4 uses

a boundary integral equation method to enforce the infinite radiation condition in 2D. In

three dimensions, discretizing and inverting this boundary integral equation will become

prohibitively expensive, so other methods will become necessary. We are actively pursuing

the use of perfectly-matched layers [Berenger, 1994] to simulate the 3D radiation condition

while avoiding the boundary integral equation.

Finally, we believe that the contributions in Chapters 4 to 6 will enable more sophisticated

deep learning approaches to PDE-based inverse problems. One such approach is a plug-and-

play priors approach with a deep neural network denoiser. The algorithms developed in

Chapter 6 will directly apply in this setting by replacing the proximal regularization steps

with evaluations of the neural network.

We believe that our contributions will be useful in the development of unrolled optimiza-

tion approaches, where steps solving a PDE are interlaced with deep neural network blocks.

This will require managing the memory requirements on the GPU. During training, we need

to store mini-batches of data, the weights and activation of the deep neural network, and

the data used by the fast direct PDE solver.
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APPENDIX A

ROTATION-INVARIANT RANDOM FEATURES: OMITTED

DETAILS AND EXPERIMENTS

A.1 Full Integration Details

We wish to solve the following integral, which appears in the definition of rotation-invariant

random features Equation (2.6):

∫

SO(3)
〈Q ◦ pi, g〉2dQ (A.1)

From Section 2.4.1, we know this integral can decompose into

∫

SO(3)
〈Q ◦ pi, g〉2dQ =

Ni∑

j1,j2=1

∫

SO(3)
g(Qxi,j1)g(Qxi,j2)dQ (A.2)

And we also have chosen a particular functional form for our random function g:

g(x) =
K∑

k=1

L∑

`=0

∑̀

m=−`
w

(`)
m,kY

(`)
m (x̂)Rk(‖x‖) (A.3)

Repeated application of the linearity of integration gives us:

∫

SO(3)
〈Q ◦ pi, g〉2dQ = (A.4)

=
N∑

j1,j2=1

∫

SO(3)
g(Qxi,j1)g(Qxi,j2)dQ (A.5)
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=

Ni∑

j1,j2=1

K∑

k1,k2=1

L∑

`1,`2=0

`1∑

m1=−`1

`2∑

m2=−`2
w

(`1)
m1,k1

w
(`2)
m2,k2

Rk1(‖xi,j1‖)Rk2(‖xi,j2‖)
∫

SO(3)
Y

(`1)
m1 (Qx̂i,j1)Y

(`2)
m2 (Qx̂i,j2)dQ (A.6)

We can now focus on the integral in Equation (A.6), apply the rotation rule for spherical

harmonics introduced in Section 2.3.1, and again exploit the linearity of the integral.

∫

SO(3)
Y

(`1)
m1 (Qx̂i,j1)Y

(`2)
m2 (Qx̂i,j2)dQ (A.7)

=

∫

SO(3)




`1∑

m′1=−`1
Y

(`1)
m′1

(x̂i,j1)D(`1)(Q)m1,m
′
1







`2∑

m′2=−`2
Y

(`2)
m′2

(x̂i,j2)D(`2)(Q)m2,m
′
2


 dQ

(A.8)

=

`1∑

m′1=−`1

`2∑

m′2=−`2
Y

(`1)
m′1

(x̂i,j1)Y
(`2)
m′2

(x̂i,j2)

∫

SO(3)
D(`1)(Q)m1,m

′
1
D(`2)(Q)m2,m

′
2
dQ (A.9)

(A.10)

At this point, we are able to apply the integration rule for elements of Wigner-D matrices

introduced in Section 2.3.1.

∫

SO(3)
Y

(`1)
m1 (Qx̂i,j1)Y

(`2)
m2 (Qx̂i,j2)dQ (A.11)

=

`1∑

m′1=−`1

`2∑

m′2=−`2
Y

(`1)
m′1

(x̂i,j1)Y
(`2)
m′2

(x̂i,j2)(−1)m1−m′1 8π2

2`+ 1
δ−m1,m2δ−m′1,m′2δ`1,`2 (A.12)

= δ`1,`2δ−m1,m2

8π2

2`+ 1

`1∑

m′1=−`1
(−1)m1−m′1Y (`1)

m′1
(x̂i,j1)Y

(`1)
−m′1

(x̂i,j2) (A.13)
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To put it all together, we substitute Equation (A.13) into Equation (A.6), and we see many

terms drop out of the sums:

(A.6) =

Ni∑

j1,j2=1

K∑

k1,k2=0

L∑

`1,`2=0

`1∑

m1=−`1

`2∑

m2=−`2
w

(`1)
m1,k1

w
(`2)
m2,k2

Rk1(‖xi,j1‖)Rk2(‖xi,j2‖)

δ`1,`2δ−m1,m2

8π2

2`+ 1

`1∑

m′1=−`1
(−1)m1−m′1Y (`1)

m′1
(x̂i,j1)Y

(`1)
−m′1

(x̂i,j2) (A.14)

∫

SO(3)
〈Q◦pi, g〉2dQ =

Ni∑

j1,j2=1

K∑

k1,k2=0

L∑

`1=0

`1∑

m1=−`1
w

(`1)
m1,k1

w
(`1)
−m1,k2

Rk1(‖xi,j1‖)Rk2(‖xi,j2‖)

8π2

2`+ 1

`1∑

m′1=−`1
(−1)m1−m′1Y (`1)

m′1
(x̂i,j1)Y

(`1)
−m′1

(x̂i,j2) (A.15)

Once the spherical harmonics and radial functions are evaluated, this sum has O(N2K2L3)

terms.

A.1.1 Basis Expansion

When implementing Equation (A.15) to compute rotationally-invariant random features, one

can see that a large amount of computational effort can be re-used between different random

features evaluated on the same sample. A table of spherical harmonic evaluations for all

the points {x̂i,1, . . . x̂i,Ni} can be pre-computed once and re-used. Also, by re-arranging the
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order of summation in Equation (A.15), we arrive at this expression:

∫

SO(3)
〈Q ◦ pi, g〉2dQ =

K∑

k1,k2=1

L∑

`1=0

`1∑

m1=−`1
w

(`1)
m1,k1

w
(`1)
−m1,k2

Ni∑

j1,j2=1

Rk1(‖xi,j1‖)Rk2(‖xi,j2‖)
8π2

2`+ 1

`1∑

m′1=−`1
(−1)m1−m′1Y (`1)

m′1
(x̂i,j1)Y

(`1)
−m′1

(x̂i,j2) (A.16)

Pre-computing everything after the line break allows for the re-use of a large amount of

computational work between different random feature evaluations. We can interpret this

pre-computation as an expansion of our point cloud in a rotationally-invariant basis B,

which depends on the choice of radial function. Appendix A.2 relates this basis expansion

to the Atomic Cluster Expansion method.

B[`,m, k1, k2] =

Ni∑

j1,j2=1

Rk1(‖xi,j1‖)Rk2(‖xi,j2‖)
8π2

2`+ 1

∑̀

m′=−`
(−1)m−m

′
Y

(`)
m′ (x̂i,j1)Y

(`)
−m′(x̂i,j2)

(A.17)

=

Ni∑

j1,j2=1

Rk1(‖xi,j1‖)Rk2(‖xi,j2‖)
∫

SO(3)
Y

(`)
m (Qx̂i,j1)Y

(`)
−m(Qx̂i,j2)dQ

(A.18)

In our implementation we precompute this B tensor once for each sample, and then we

perform a tensor contraction with the random weights:

∫

SO(3)
〈Q ◦ pi, g〉2dQ =

K∑

k1,k2=1

L∑

`1=0

`1∑

m1=−`1
w

(`1)
m1,k1

w
(`1)
−m1,k2

B[`1,m1, k1, k2] (A.19)
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A.2 Connection Between Our Method and Randomized ACE

Methods

A.2.1 Overview of the ACE basis

The atomic cluster expansion (ACE) method builds a rotationally-invariant basis for

point clouds that are an extension of our pre-computed basis expansion described in Ap-

pendix A.1.1. In the ACE method, a preliminary basis Ak,`,m is formed by projecting a

point cloud function pi(x) =
∑
j δ(x− xij ) onto a single-particle basis function ϕk,`,m(x):

ϕk,`,m(x) = Rk(‖x‖)Y (`)
m (x) (A.20)

Ak,`,m(pi) = 〈ϕk,`,m, pi〉 (A.21)

=
∑

j

ϕk,`,m(xij ) (A.22)

where Rk is a set of radial functions. In Kovács et al. [2021], this set of radial functions is

defined by taking a nonlinear radial transformation, and then the radial functions are a set of

orthogonal polynomials defined on the transformed radii. This basis set is augmented with

auxiliary basis functions to ensure the potential energy of two atoms at extremely nearby

points diverges to infinity.

The Ak,`,m basis is a first step, but it only models single particles at a time. To model

pairwise particle interactions, or higher-order interactions, the A basis is extended by taking

tensor products. First, a “correlation order” N is chosen. Then, the A basis is extended via

tensor products:

Ak,`,m(pi) =
N∏

α=1

Akα,`α,mα
(pi) (A.23)

where k = (kα)Nα=1, ` = (`α)Nα=1, and m = (mα)Nα=1 are multi-indices.
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Finally, to ensure invariance with respect to permutations, reflections, and rotations of

the point cloud, the ACE method forms a Haar measure dg over O(3) and computes a

symmetrized version of the A basis:

Bk,`,m(pi) =

∫

O(3)
Ak,`,m(H ◦ pi)dH (A.24)

Drautz [2019] gives a detailed description of how this integral is performed. Applications

of representation theory give concise descriptions of which multi-indices k, `,m remain after

performing this integral; many are identically zero.

A.2.2 Connection to Our Method

If one chooses to compute an ACE basis with correlation order N = 2, the resulting basis is

very similar to our pre-computed basis expansion in Equation (A.18).

Bk,`,m(pi) =

∫

O(3)
Ak,`,m(H ◦ pi)dH (A.25)

=

∫

O(3)
Ak1,`1,m1

(H ◦ pi)Ak2,`2,m2
(H ◦ pi)dH (A.26)

=

∫

O(3)


∑

j1

ϕk1,`1,m1
(Hxij1

)




∑

j2

ϕk2,`2,m2
(Hxij2

)


 dH (A.27)

=

∫

O(3)


∑

j1

Rk1(‖xij1‖)Y
(`1)
m1 (Hx̂ij1

)




∑

j2

Rk2(‖xij2‖)Y
(`2)
m2 (Hx̂ij2

)


 dH

(A.28)

=
∑

j1,j2

Rk1(‖xij1‖)Rk2(‖xij2‖)
∫

O(3)
Y

(`1)
m1 (Hx̂ij1

)Y
(`2)
m2 (Hx̂ij2

)dH (A.29)

The remaining difference between our basis expansion in Equation (A.18) and the ACE basis

expansion with correlation order N = 2 is the ACE basis integrates over all of O(3), while

our method only enforces invariance with respect to SO(3) ⊂ O(3).

139



Method Test Error (eV)

Spherical CNNs 0.1565
FCHL19 0.0541
Random Features (Ours) 0.0660
Linear Model of B basis (Ours) 0.1542

Table A.1: Reported are test errors on the QM7 dataset for Spherical CNNs, FCHL19, and
two variants of our method. The first variant is the full rotation-invariant random features
model. The second variant is a linear model of our basis expansion. We note that while our
random feature model is the second-best performing model on this benchmark, our linear
model is the nearly the worst-performing model.

So one can describe our random features as random nonlinear projections of a simpli-

fied version of the ACE basis with correlation order N = 2 using extremely simple radial

functions.

A.2.3 Benefit of Random Features

We conduct the following experiment to quantify the benefit of using random nonlinear

features over fitting a linear model in our simplified version of the ACE basis. Using the same

hyperparameters as in our energy regression experiments, we compute our basis expansion for

all the samples in the QM7 dataset. Using the same train/validation/test split, we perform

ridge regression by fitting a linear model in our basis B with L2 regularization. We use

the validation set to identify the best-performing model and report errors on the test set in

Table A.1. We note that the best-performing linear model has more than twice the error of

the best performing random features model.

A.3 Representation Theory of the 3D Rotation Group
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A.3.1 Conjugation of Wigner-D Matrices

In the following, we derive a formula for conjugating an element of a Wigner-D matrix. First,

we use definition 6.44 in Thompson [1994] for the Wigner-D matrices:

D
(`)
m′,m(α, β, γ) = e−im

′αd
(`)
m′,m(β)e−imγ (A.30)

Here, (α, β, γ) are Euler angles parameterizing a rotation, and d
(`)
m′,m is an element of a

Wigner-d (small d) matrix. We omit the exact definition of d(`)
m′,m, but we note the following

symmetry properties:

d
(`)
−m′,−m(β) = d

(`)
m′,m(−β) (A.31)

d
(`)
m′,m(−β) = d

(`)
m,m′(β) (A.32)

d
(`)
m,m′(β) = (−1)m−m

′
d

(`)
m′,m(β) (A.33)

The relationship between the Wigner d matrix elements allows us to derive a formula for

conjugating an element of a Wigner D matrix:

D
(`)
m′,m(α, β, γ)∗ = eim

′αd
(`)
m′,m(β)∗eimγ (A.34)

= e−i(−m
′)αd

(`)
m′,m(β)e−i(−m)γ (A.35)

= e−i(−m
′)αd

(`)
−m′,−m(−β)e−i(−m)γ (A.36)

= e−i(−m
′)αd

(`)
−m,−m′(β)e−i(−m)γ (A.37)

= e−i(−m
′)α(−1)−m+m′d

(`)
−m′,−m(β)e−i(−m)γ (A.38)

= (−1)m
′−mD(`)

−m′,−m(α, β, γ) (A.39)
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A.3.2 Orthogonality Relations

We use the following orthogonality relationship between elements of Wigner D matrices:

∫

SO(3)
D(`1)(Q)∗m1,k1

D(`2)(Q)m2,k2dQ =
8π2

2`+ 1
δm1,m2δk1,k2δ`1,`2 (A.40)

This is a well-known fact about the Wigner-D matrices. For a proof, one can derive this

relationship from Schur orthogonality relations, which are a consequence of Schur’s lemma.

A direct calculation can be found in section 6.4.2 of Thompson [1994]. Combining the two

facts from above, we arrive at the following identity, which we use to compute our rotation-

invariant random features.

∫

SO(3)
D(`1)(Q)m1,k1D

(`2)(Q)m2,k2dQ = (−1)m1−k1 8π2

2`+ 1
δ−m1,m2δ−k1,k2δ`1,`2 (A.41)

A.4 Additional Latency Experiments

In this section we present extra experiments about the prediction latency of our method.

Figure A.1 compares the effect of molecule size on prediction latency for our method and

FCHL19. Importantly, both methods have a precomputation step that has complexityO(N2)

where N is the number of atoms. For our experiments on ModelNet40, the quadratic depen-

dence on the number of points causes slow prediction latency, but we are able to alleviate

this latency by reducing other hyperparameters (Figure A.2).

We also investigate whether using deep multilayer perceptrons (MLPs) provides an ad-

vantageous accuracy-latency tradeoff compared to our original ridge regression method. We

first investigate the prediction latency incurred by using MLPs with different widths and
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FCHL19
Invariant Random Features

(a) Latency for small models

FCHL19
Invariant Random Features

(b) Latency for large models

Figure A.1: The number of atoms in a molecule affects the prediction latency for both
FCHL19 and the invariant random features method. In Figure A.1a, we show the prediction
latencies for the smallest models tested, corresponding to 250 random features for our method
and 200 training samples for FCHL19. For this model size, a quadratic scaling in the number
of atoms largely determines the prediction latency. Figure A.1b shows that for larger models
(2,000 random features for our method and 5,000 training samples for FCHL19), the random
features method is still in a regime where prediction latency is determined by the number
of atoms, while FCHL19’s prediction latency is dominated by the number of inner products
required to evaluate the kernel.

depths. In Figure A.3, we observe that models with widths 512 and 1024 only moderately

increase prediction latency and are therefore good architecture candidates for the prediction

step. Models with higher widths incur up to four times the prediction latency of ridge regres-

sion. However, in Figure A.4, we find that after training these architectures to convergence,

their test error does not outperform ridge regression. The input to our MLPs were 2,000

random features from the QM7 dataset. We trained the MLPs to predict atomization energy

by minimizing the mean squared error using the Adam optimizer. We searched over learning

rate schedules and weight decay hyperparameters.
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Figure A.2: When training classification models on the ModelNet40 dataset, we are able
to trade off prediction accuracy for prediction latency by changing the maximum frequency
of spherical harmonics L. We represent samples from the ModelNet40 dataset using point
clouds of size N=1,024. Computing random features has computational complexity scal-
ing quadratically in N , which significantly slows down prediction latency. However, the
prediction error of our model is relatively insensitive to the maximum frequency L (see Fig-
ure A.7a), so we can greatly reduce the prediction latency by decreasing L. We evaluate
prediction latency on a machine with 24 physical CPU cores. In the figure, the centers show
the median latency sample, and the error bars span the 25th and 75th percentiles.
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Figure A.3: We measure the prediction latency of computing 2,000 random features and
predicting using different MLP architectures. We present increase in latency when compared
to ridge regression. A value of 2.0 indicates that predictions take twice as long as predictions
using ridge regression.
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(a) MLPs with width = 512
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(b) MLPs with width = 1024

Figure A.4: The ridge regression baseline outperforms MLP architectures with low prediction
latency.

A.5 Hyperparameter Sensitivity Analysis

We perform multiple experiments to evaluate the sensitivity of our random feature models’

performance. In Figures A.5 and A.6, we find that our models trained on the QM7 dataset

are most sensitive to σ, the standard deviation of the random weights. In Figures A.7
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and A.8, we find the same result for models trained on the ModelNet40 dataset.
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(a) Effect of maximum frequency L
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Figure A.5: In the QM7 experiments, the standard deviation of the weights is the most
important hyperparameter. For this sensitivity experiment, we use a standard hyperparam-
eter setting and vary one hyperparameter at a time. The standard setting is 2,000 random
features; standard deviation of the random weights σ = 2.0; and the maximum frequency
L = 5. In all experiments, we search over a pre-defined grid of L2 regularization parame-
ters, and select the best model using a held-out validation set. In Figure A.5a, we vary the
maximum frequency of the spherical harmonics, and we see this does not have a large effect
on the test error. In Figure A.5b, we vary σ, and we see this has a large effect on both the
train and test error.
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(b) Visualizing different radial function widths

Figure A.6: Our results on the QM7 dataset are slightly sensitive to the width of the chosen
radial functions. For the molecular energy regression experiments, our radial functions are
two Gaussians centered at 1, with different widths [σ1, σ2]. We train and test models with
different width scales: 0.75 × [σ1, σ2] and 1.25 × [σ1, σ2]. We show the resulting train and
test errors in Figure A.6a and visualize the resulting radial functions in Figure A.6b.
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Figure A.7: In the ModelNet40 experiments, the standard deviation of the weights is the
most important hyperparameter. For this sensitivity experiment, we use a standard hyper-
parameter setting and vary one hyperparameter at a time. The standard setting is 15,000
random features; standard deviation of the random weights σ = 2.0; and the maximum
frequency L = 10. In Figure A.7a, we vary the maximum frequency of spherical harmonics
L, and we see that increasing L slightly improves the performance. In Figure A.7b, we vary
σ, and we see the model’s performance is sensitive to this parameter.

0.75x 1x 1.25x
Radial Function Width

0.125

0.150

0.175

0.200

0.225

0.250

0.275

0.300

0.325

Tr
ai

n/
Te

st
 E

rro
r

Train Error
Test Error

(a) Effect of radial function width

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.5

1.0
Radial function width 0.75x

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.5

1.0
Radial function width 1x

0.0 0.2 0.4 0.6 0.8 1.0
Radius

0.0

0.5

1.0
Radial function width 1.25x

(b) Visualizing different radial function widths

Figure A.8: Our results on the ModelNet40 dataset are very slightly sensitive to the width
of the chosen radial functions. Our original radial functions are three Gaussians with centers
[0, 0.5, 1.0] and width σ. We train and test models with different radial function widths:
0.75 × σ, 1 × σ, and 1.25 × σ. Figure A.8a shows the resulting train and test errors, and
Figure A.8b shows the resulting radial functions.
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A.6 Solving Ridge Regression Problems for Random Features

This section outlines numerical methods for solving ridge regression problems arising in our

random features models. In general, we want to solve the following problem:

argmin
β

‖Φβ − y‖22 + λ‖β‖22 (A.42)

In our problem instances, Φ ∈ Rn×d is the matrix of random features. Φ is a dense matrix;

there is no structured sparsity. n is fixed; it is the number of samples in the dataset. The

number of random features d can be treated as a hyperparameter, but we find that d > n

is required for optimal test error, so the system of equations is underdetermined. λ is the

regularization parameter. Larger λ corresponds to more regularization. Generally, when

solving a large system, we approximately know a good value for λ and want to keep it

fixed.1 To recap, we have an instance of a dense, overdetermined ridge regression problem.

By taking the gradient of Equation (A.42) with respect to β we arrive at the normal

equation:

0 =
(

Φ>Φ + λI
)
β∗ − Φ>y (A.43)

A.6.1 Exact Solution via the Singular Value Decomposition

From Equation (A.43), we see that the solution to the ridge regression problem is

β∗ =
(

Φ>Φ + λI
)−1

Φ>y

= V
(

Σ2 + λI
)−1

Σ>U>y (A.44)

1. As opposed to other optimization problems, where increasing λ is an acceptable method of improving
the conditioning of the system.
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where Φ = UΣV > is the singular value decomposition (SVD). Because
(
Σ2 + λI

)
is a di-

agonal matrix, we can exactly and efficiently compute its inverse. This suggests a method

for solving Equation (A.42): compute the SVD of Φ, efficiently compute
(
Σ2 + λI

)−1, and

reconstruct β∗ via Equation (A.44). This solution method is stable and relatively performant

for small problem instances (n, d < 10, 000). We use this method in the QM7 experiments.

Evaluating the full SVD of the feature matrix generated in the QM9 experiment is pro-

hibitively costly, so we experimented with other solution methods.

A.6.2 Approximate Solution via Iterative Methods

Equation (A.42) can be treated as an optimization problem in the variables β ∈ Rd. The

objective is strongly convex, with smoothness σ2
max(Φ) and strong convexity parameter2 λ.

This motivates the application of standard iterative methods to find an approximate solution.

Gradient descent, for instance, is known to enjoy linear convergence (on a log-log plot) for

smooth and strongly-convex objectives. However, the rate of convergence is λ
σ2max(Φ)

, which

is very slow for typical problem instances.

A family of iterative algorithms known as Krylov subspace methods are designed for linear

least-squares problems like Equation (A.42). These methods include the conjugate gradient

method and variations. In the QM9 experiment, we use LSQR [Paige and Saunders, 1982a,b]

implemented in scipy [Virtanen et al., 2020].

While they are empirically faster than applying gradient descent to the objective and

are known to converge to the exact solution in a finite number of iterations, the conjugate

gradient method and LSQR both suffer from poor convergence dependence on the quantity
σ2max(Φ)

λ . We have found that on our problem instance, LSQR requires approximately 100,000

iterations to converge to a solution with low training error.

2. The strong convexity parameter is actually max{λ, σ2
min(Φ)}, but in practice, our random feature

matrices are approximately low rank, so σ2
min(Φ)� λ.
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A.6.3 Approximate Solution via Principal Components Regression

We also attempt to approximately solve the ridge regression problem with principal compo-

nents regression. We compute a truncated SVD with scipy’s sparse linear algebra package

[Virtanen et al., 2020]. The runtime of this operation depends on k, the number of sin-

gular vectors we choose to resolve. After computing the truncated SVD, we construct an

approximate solution:

β̂k = Vk

(
Σ2
k + λI

)−1
Σ>k U

>
k y

Empirically, we find that we need to choose a large k to find a solution with low training

error, which incurs a large runtime. We find LSQR arrives at an approximate solution faster

than principal components regression.

A.6.4 Future Work

We have identified two different classes of methods from numerical linear algebra as promising

candidates for improving our scaling to larger datasets.

Preconditioning Iterative Methods

The runtime of iterative methods like LSQR [Paige and Saunders, 1982a,b] depend adversely

on the problem’s conditioning σ2max(Φ)
λ . One way to improve the convergence of methods like

LSQR is to find a preconditioning matrix M ∈ Rn×n where σ2
max(MΦ) � σ2

max(Φ). Once

a preconditioner is formed, one solves the augmented problem

argmin
β

‖MΦβ −My‖22 + λ‖β‖22

using just a few iterations of an iterative solver. There are a number of classical precondi-

tioning techniques and review articles, including Wathen [2015], Benzi [2002].
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LSRN [Meng et al., 2014] offers a promising method of computing a preconditioner de-

signed for dense, overdetermined ridge regression problems. The algorithm constructs a

preconditioner by subsampling columns of the matrix Φ and computing a singular value

decomposition of the subsampled matrix. We believe that using a preconditioner like LSRN

is a promising future research direction.

Approximate Solution via Sketching

Matrix sketching methods from the field of randomized numerical linear algebra [Drineas

and Mahoney, 2016] aim to reduce the dimension of a linear system while approximately

preserving the solution. This can be performed by randomly selecting rows of the (possibly

preconditioned) matrix Φ and solving the smaller problem instance. Sketching algorithms

specifically for overdetermined ridge regression have been introduced in recent years Chowd-

hury et al. [2018], Kacham and Woodruff [2022].
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APPENDIX B

MUTLI-FREQUENCY PROGRESSIVE REFINEMENT FOR

LEARNED INVERSE SCATTERING: ADDITIONAL RESULTS

AND DETAILS

B.1 Distribution of Scattering Potentials

To generate samples from D, our distribution of scattering potentials, we draw a random

smoothly-varying background and three shapes with random sizes, positions, and rotations.

This section provides details about the generation of these scattering objects.

The random low-frequency backgrounds were generated by drawing random Fourier co-

efficients and filtering out the high frequencies using LPF7.1̄π. The resulting background was

transformed to Cartesian coordinates, and then shifted and scaled so the maximum value

was 2.0 and the minimum value was 0.0. The background was truncated to 0.0 outside of the

disk of radius 0.4. Three shapes were randomly chosen among equilaterial triangles, squares,

and ellipses. The three shapes had randomly-chosen centers and rotations, constrained to

be non-overlapping and fit inside the disk of radius 0.4. The side lengths of the squares and

triangles were uniformly sampled from [0.1, 0.15]. The major axis lengths of the ellipses were

uniformly sampled from [0.1, 0.15], and the minor axis lengths were uniformly sampled from

[0.05, 0.1]. Finally, LPF32π was applied to the scattering potential.

B.2 Hyperparameter Search

For our hyperparameter searches, we trained models on a grid of hyperparameters and eval-

uated them on a validation set every 5 epochs. We found the epoch and hyperparameter

setting which produced the lowest error on the validation set, and used those model weights

for final evaluation on a held-out test set.
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B.2.1 FYNet and MFISNet Models

We train all models using the Adam algorithm, with a batch size of 16 samples. All of the

FYNet, MFISNet-Parallel, MFISNet-Fused, and MFISNet-Refinement models tested have

3 1D convolutional layers followed by 3 2D convolutional layers; ReLU activations are used

between layers. In the FYNet, MFISNet-Parallel and MFISNet-Refinement models, we use

1D and 2D convolutional kernels with 24 channels following [Fan and Ying, 2022]; in the

MFISNet-Fused models, we use 1D and 2D convolutional kernels with 24Nk channels to ad-

just for the increased input size. To train MFISNet-Fused, MFISNet-Parallel and MFISNet-

Refinement, we search over a grid of architecture and optimization hyperparameters. We

report the optimal hyperparameters we found in Tables B.1 to B.4 and B.6.

The FYNet model and all MFISNet models use no input or output normalization. The

parameters for the 1D convolutional layers were initialized by drawing from a uniform distri-

bution U [0, 2/din], where din is the input dimension for a given layer. The parameters for the

2D convolutional layers were initialized by the standard initialiaztion scheme for 2D convolu-

tional layers in Pytorch, We performed preliminary investigation into different initialization

schemes and found that the initialization scheme had a smaller effect than architecture or

optimization hyperparameters. As a result, we decided to restrict our hyperparameter search

to the architecture and optimization hyperparameters.

1d kernel size This is the number of frequency components in the 1D convolutional filters

emulating F ∗k . We search over values {20, 40, 60}.

2d kernel size This is the size (in pixels) of the 2D convolutional kernel used in the layers

emulating
(
F ∗kFk + µI

)−1. We search over values {5, 7}.

Weight decay The weight decay parameter adds an `2 weight regularization term to the

loss function. This hyperparameter determines the coefficient of this regularization

term. We search over values {0.0, 1× 10−3}.
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Learning rate This is the step size for the Adam optimization algorithm. We search over

values {1× 10−4, 5× 10−4, 1× 10−3}.

LR decrease For MFISNet-Refinement models only, we decrease the learning rate each time

we begin training a new network block. This parameter determines the multiplicative

decrease that we apply to the learning rate. We search over values {1.0, 0.25}.

Hyperparameter Data Setting (FYNet)
δ = 0.0;Nk = 1 δ = 0.1;Nk = 1

1d kernel size 60 60
2d kernel size 5 5
Weight decay 0.0 0.0

Learning Rate 1× 10−3 1× 10−3

Table B.1: Optimal hyperparameters for FYNet.

Hyperparameter Data Setting (MFISNet-Refinement)
Nk = 2 Nk = 3 Nk = 4 Nk = 5 Nk = 2 Nk = 3 Nk = 4 Nk = 5

δ = 0.0 δ = 0.1

1d kernel size 40 20 40 40 40 20 40 20
2d kernel size 7 5 5 5 5 5 5 5

Weight decay 1× 10−3 0.0 1× 10−3 0.0 0.0 0.0 1× 10−3 1× 10−3

Learning rate 5× 10−4 5× 10−4 1× 10−3 5× 10−4 1× 10−3 5× 10−4 1× 10−4 1× 10−4

LR decrease 0.25 1.0 0.25 1.0 0.25 1.0 1.0 1.0

Table B.2: Optimal hyperparameters for MFISNet-Refinement.

Hyperparameter Data Setting (MFISNet-Parallel)
Nk = 2 Nk = 3 Nk = 4 Nk = 5 Nk = 2 Nk = 3 Nk = 4 Nk = 5

δ = 0.0 δ = 0.1

1d kernel size 40 20 20 20 40 40 20 20
2d kernel size 5 7 5 7 5 5 7 7

Weight decay 0.0 1× 10−3 0.0 1× 10−3 1× 10−3 1× 10−3 1× 10−3 0.0

Learning rate 5× 10−4 5× 10−4 1× 10−3 1× 10−3 1× 10−3 1× 10−3 1× 10−3 5× 10−4

Table B.3: Optimal hyperparameters for MFISNet-Parallel.
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Hyperparameter Data Setting (MFISNet-Fused)
Nk = 2 Nk = 3 Nk = 4 Nk = 5 Nk = 2 Nk = 3 Nk = 4 Nk = 5

δ = 0.0 δ = 0.1

1d kernel size 40 20 20 40 20 20 20 40
2d kernel size 5 5 5 5 7 5 5 5
Weight decay 0 1× 10−3 0 0 1× 10−3 1× 10−3 1× 10−3 1× 10−3

Learning Rate 5× 10−4 5× 10−4 1× 10−4 1× 10−3 1× 10−3 5× 10−4 1× 10−4 1× 10−3

Table B.4: Optimal hyperparameters for MFISNet-Fused.

Hyperparameter Data Setting (MFISNet-Refinement)
with No Progressive Refinement Training
Nk = 2 Nk = 3 Nk = 4 Nk = 5

1d kernel size 40 20 40 40
2d kernel size 5 5 5 7

Weight decay 0.0 1× 10−3 1× 10−3 0.0

Learning rate 5× 10−4 5× 10−4 1× 10−4 1× 10−4

Table B.5: Optimal hyperparameters for the MFISNet-Refinement models trained with the
“No Progressive Refinement” training condition (Section 3.5.5). All of the models were
trained on noiseless training samples.

Hyperparameter Data Setting (MFISNet-Refinement)
with No Homotopy through Frequency Training
Nk = 2 Nk = 3 Nk = 4 Nk = 5

1d kernel size 40 20 40 40
2d kernel size 5 7 7 7

Weight decay 1× 10−3 1× 10−3 1× 10−3 1× 10−3

Learning rate 5× 10−4 5× 10−4 5× 10−4 1× 10−4

γ 1.0 1.0 1.1 1.1

Table B.6: Optimal hyperparameters for the MFISNet-Refinement models trained with the
“No Homotopy through Frequency” training condition (Section 3.5.5). Here, γ is the factor
which weights different loss terms (cf. (3.18)). We searched over values γ = {0.9, 1.0, 1.1}.
All of the models were trained on noiseless training samples.

B.2.2 Wide-Band Butterfly Network

To find the optimal Wide-Band Butterfly Network, we optimized over the following hyper-

parameters. We defined the grid of hyperparameters by taking the original hyperparameter
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from Li et al. [2022] and adding both higher and lower values, where possible. See Table B.7

for the selected values.

Rank This parameter controls the rank of the compression of local patches in the butter-

fly factorization. Increasing this rank parameter increases the number of learnable

parameters in the part of the network emulating F ∗k . We found that increasing the

rank decreased the train and validation errors, and we increased the rank until we

were unable to fit the model and data onto a single GPU. We searched over values

{2, 3, 5, 10, 15, 20, 30, 50}.

Initial Learning Rate We decrease the learning rate by a multiplicative factor after 2, 000

minibatches, as suggested by Li et al. [2022]. This parameter is the initial learning rate

for the optimization algorithm. We searched over values {5×10−4, 1×10−3, 5×10−3}.

Learning Rate Decay This is the multiplicative decay parameter for the learning rate

schedule. We searched over values {0.85, 0.95}.

Sigma Li et al. [2022] suggest training the network to match slightly-filtered versions of the

ground-truth q. This is performed by applying a Gaussian filter to the targets q(i)

before training. Sigma is the standard deviation of this Gaussian filter. We do not

blur the targets in the test set. We searched over values {0.75, 1.125, 1.5}.

Batch Size This is the number of samples per minibatch. We searched over values {16, 32}.

B.3 Training Method with Warm-Start Initialization

In this section, we give details of the “Algorithm 2 + Warm-Start Initialization” training

procedure described in Section 3.5.6. This training procedure leverages the intuition that

sequential blocks in our MFISNet-Refinement architecture learn similar functions. In Algo-

rithm 11 we give full pseudocode for the warm-start training procedure. In this pseudocode,
156



Hyperparameter Data Setting
δ = 0.0;Nk = 3 δ = 0.1;Nk = 3

Rank 50 50

Initial Learning Rate 5× 10−4 5× 10−4

Learning Rate Decay 0.85 0.95
Sigma 1.5 1.5
Batch Size 16 32

Table B.7: Optimal hyperparameters for Wide-Band Butterfly Networks.

we refer to the trainable parameters in block t as θt. If t > 1, these parameters contain the

parameters for the FYNet block, which we call θt,1 and the parameters for the extra filtering

layers, which we call θt,2.

Algorithm 11: Training Procedure

Input: Training data samples Dn :=

{
(q(j), d

(j)
k1
, . . . , d

(j)
kNk

)

}n

j=1
.

1 for t = 1, ..., Nk do
2 if t = 1 then
3 Initialize t1,1 randomly
4 else if t = 2 then
5 Initialize θ2,1 with θ1,1
6 Initialize θ2,2 randomly
7 else
8 Initialize θt,1 with θt−1,1
9 Initialize θt,2 with θt−1,2

10 Set θt as trainable, and freeze all other weights
11 if t < Nk then
12 Train θt by optimizing Lt // Equation (3.14)
13 else
14 Train θt by optimizing ‖q̂kNk − q‖

2
2

15 Set all weights as trainable
16 Train all weights by optimizing ‖q̂kNk − q‖

2
2

Result: Trained neural network parameters {θ1, ..., θNk}.
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B.4 Additional empirical results

In this section, we illustrate the predictions generated by the different models used in our

experiments on randomly-selected test samples from our dataset. For each prediction, we

include the associated error plot. In Figure B.1, we provide more samples comparing FYNet,

Wide-Band Butterfly Network, and MFISNet-Refinement. In Figure B.2, we show sample

outputs from MFISNet-Fused and MFISNet-Parallel.
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Figure B.1: Sample predictions from four randomly-selected test samples. The first row shows the ground-truth scattering
potential; in this plot we show the wavelength corresponding to the maximum frequency k = 32π.
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Figure B.2: Sample predictions from four randomly-selected test samples. The first row shows the ground-truth scattering
potential; in this plot we show the wavelength corresponding to the maximum frequency k = 32π.
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APPENDIX C

HPS ALGORITHM DETAILS

C.1 Full algorithms for 2D problems using DtN matrices

In this section, we describe the details for the two-dimensional version of our method which

merges DtN matrices. In this version of the algorithm, the outgoing boundary data h

tabulates the outward-pointing normal derivative of the particular solution, and the incoming

boundary data g tabulates the homogenous solution values restricted to patch boundaries.

T is a Dirichlet-to-Neumann matrix.

In this section, we use Ia×a to denote the identity matrix of shape a×a and 0d to denote

a length-d vector filled with 0’s. When defining matrices blockwise, we use 0 to denote a

block filled with 0’s, and assume the shape of the block can be determined from the nonzero

blocks sharing the same rows and columns.

C.1.1 Local solve stage

Recall from Section 4.3.1 that we use a tensor product of order-p Chebyshev–Lobatto points

to discretize the interior of each leaf. This results in a grid with p2 discretization points,

and 4p− 4 of these points lie on the boundary of the leaf. We use order-q Gauss–Legendre

points to discretize each side of the leaf’s boundary, so there are 4q boundary points in

total. Thus, to translate the information between the interior and boundary of each leaf, we

need to compute spectral differentiation matrices and matrices interpolating between the p

Chebyshev and q Gauss points. In particular, we need to precompute the following matrices:

• P , with shape 4p−4×4q, is the operator mapping data sampled on the Gauss boundary

points to data sampled on the 4p − 4 Chebyshev points located on the boundary of

the leaf. This matrix is constructed using a barycentric Lagrange interpolation matrix

mapping from Gauss to Chebyshev points on one side of the leaf; this interpolation
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matrix is repeated for the other sides. Rows corresponding to the Chebyshev points

on the corners of the leaf average the contribution from the two adjoining panels.

• Q, with shape 4q × p2, performs spectral differentiation on the p2 Chebyshev points

followed by interpolation to the Gauss boundary points. This matrix is formed by

stacking the relevant rows of Chebyshev spectral differentiation matrices to form an

operator which evaluates normal derivatives on the 4p−4 boundary Chebyshev points,

and then composing this differentiation operator with a matrix formed from barycentric

Lagrange interpolation matrix blocks. These interpolation matrices each map from one

Chebyshev panel to one Gauss panel.

To work with L(i), the discretization of the differential operator on leaf i, it is useful to

identify Ii and Ie, the sets of discretization points corresponding to the (p− 2)2 interior and

4p − 4 exterior Chebyshev points, respectively. Now, we can fully describe the local solve

stage in Algorithm 12.

Algorithm 12: 2D DtN local solve stage.

Input: Discretized differential operators {L(i)}nleaves
i=1 ; discretized source vectors

{f (i)}nleaves
i=1 ; precomputed interpolation and differentiation matrices P and

Q
1 for i = 1, . . . , nleaves do
2 Invert L(i)(Ii, Ii)

3 Y (i) =

[
I4p−4×4p−4

−
(
L(i)(Ii, Ii)

)−1
L(i)(Ii, Ie)

]
P

4 v(i) =

[
04p−4

−
(
L(i)(Ii, Ii)

)−1
f (i) (Ii)

]

5 T (i) = QY (i)

6 h(i) = Qv(i)

Result: Poincaré–Steklov matrices {T (i)}nleaves
i=1 ; outgoing boundary data

{h(i)}nleaves
i=1 ; interior solution matrices {Y (i)}nleaves

i=1 , leaf-level particular
solutions {v(i)}nleaves

i=1
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Figure C.1: Visualizing boundary elements 1 through 8 for two-dimensional merges.

C.1.2 Merge stage

In the 2D merge stage, we are merging four nodes Ωa,Ωb,Ωc, and Ωd, which have exterior

and interior discretization points. We label the exterior boundary sections 1, 2, 3, and 4, and

we label the interior boundary sections 5, 6, 7, and 8. See Figure C.1 for a diagram of the

different boundary parts. Because the merge stage operates completely on data discretized

using Gauss–Legendre panels, there are no discretization points at the corners of nodes. This

means each discretization point belongs to exactly one part of the boundary. During this

stage of the algorithm, we will be indexing rows and columns of the Dirichlet-to-Neumann

matrices according to these boundary sections. For example, we use T
(a)
1,5 to indicate the

submatrix of node a’s DtN matrix which maps from boundary section 5 to boundary section

1. Suppose each side of Ωa,Ωb,Ωc, and Ωd is discretized with nside discretization points; in

this case T
(a)
1,5 will have shape 2nside × nside.

To implement the merge stage, we use sets of constraints to solve for a mapping from

given gext to unknown gint. These are vectors tabulating the homogeneous solution along

the exterior and interior boundary parts. First are constraints specifying that the solution

to the PDE is continuous:

uext = Agext + Bgint + h
(child)
ext . (C.1)
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In this equation uext is interpreted as the outward-pointing normal derivative of the solution

to the PDE restricted to boundary elements 1, 2, 3, and 4 with boundary data specified by

gext. In this set of constraints, we define:

h
(child)
ext =




h
(a)
1

h
(b)
2

h
(c)
3

h
(d)
4



, (C.2)

A =




T
(a)
1,1 0 0 0

0 T
(b)
2,2 0 0

0 0 T
(c)
3,3 0

0 0 0 T
(d)
4,4



, (C.3)

B =




T
(a)
1,5 0 0 T

(a)
1,8

T
(b)
2,5 T

(b)
2,6 0 0

0 T
(c)
3,6 T

(c)
3,7 0

0 0 T
(d)
4,7 T

(d)
4,8



. (C.4)

A second set of constraints enforces that the outward-pointing normal derivatives from neigh-

boring nodes should sum to zero, which is equivalent to enforcing the continuity of the first

derivative along the merge interfaces in their respective Cartesian directions. To that end,

we use constraints u
(a)
5 + u

(b)
5 = 0nside , u

(b)
6 + u

(c)
6 = 0nside , and so on. This gives us an

equation:

04nside = Cgext + Dgint + h
(child)
int . (C.5)
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In Equation (C.5), we define

h
(child)
int =




h
(a)
5 + h

(b)
5

h
(b)
6 + h

(c)
6

h
(c)
7 + h

(d)
7

h
(d)
8 + h

(a)
8



, (C.6)

C =




T
(a)
5,1 T

(b)
5,2 0 0

0 T
(b)
6,2 T

(c)
6,3 0

0 0 T
(c)
7,3 T

(d)
7,4

T
(a)
8,1 0 0 T

(d)
8,4



, (C.7)

D =




T
(a)
5,5 + T

(b)
5,5 T

(b)
5,6 0 T

(a)
5,8

T
(b)
6,5 T

(b)
6,6 + T

(c)
6,6 T

(c)
6,7 0

0 T
(c)
7,6 T

(c)
7,7 + T

(d)
7,7 T

(d)
7,8

T
(a)
8,5 0 T

(d)
8,7 T

(d)
8,8 + T

(a)
8,8



. (C.8)

Now that the matrices and vectors are defined, we can construct the linear system in Equa-

tion (4.3) and compute the merged data.

C.2 Full algorithms for 2D problems using ItI matrices

In this section, we describe the details for the two-dimensional version of our method which

merges ItI matrices. In this version of the algorithm, the outgoing boundary data h tabulates

the outgoing impedance data due to the particular solution, and the incoming boundary data

g tabulates incoming impedance data due to the homogeneous solution. T is an impedance-

to-impedance matrix. To define the impedance data, we need to choose a value η ∈ R+. In

the wave scattering context, we often choose η = k [Gillman et al., 2015].

As in the previous section, we use Ia×a to denote the identity matrix of shape a× a and
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0d to denote a length-d vector filled with 0’s. We also use 0 to denote a block filled with 0’s,

and assume the shape of this block can be inferred from the context.

C.2.1 Local solve stage

As before, there are 4p− 4 Chebyshev points on the boundary and 4q Gauss points on the

boundary, and we must map between these two sets of discretization points. In particular,

we need to precompute the following matrices:

• P , with shape 4p−4×4q, is the operator mapping data sampled on the Gauss boundary

points to data sampled on the 4p − 4 Chebyshev points located on the boundary of

the leaf. This matrix is constructed using a barycentric Lagrange interpolation matrix

mapping from Gauss to Chebyshev points on one side of the leaf with the final row

deleted; this interpolation matrix is repeated for the other sides.

• Q, with shape 4q×4p, is the operator mapping data sampled on the Chebyshev points

located on the boundary of the leaf to the Gauss points on the boundary of the leaf.

This matrix is block-diagonal with four copies of a barycentric Lagrange interpolation

matrix mapping from Chebyshev to Gauss points on one side of the leaf. Note this

matrix double-counts the Chebyshev points at the corners of the leaf.

• N , with shape 4p × p2, is an operator mapping from interior solutions to outward-

pointing normal derivative data evaluated on the boundary Chebyshev points. Note

this operator counts each corner point twice. This matrix is formed by stacking relevant

rows of Chebyshev spectral differentiation matrices.

• Ñ , with shape 4p− 4× p2, is an operator mapping from interior solutions to outward-

pointing normal data evaluated on the boundary Chebyshev points. Note this operator

counts each corner point only once. This matrix is formed by stacking relevant rows

of Chebyshev spectral differentiation matrices.
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• H , with shape 4p× p2, is an operator mapping from interior solutions to evaluations

of outgoing impedance data on the Chebyshev boundary discretization points. This

matrix is constructed by taking N and subtracting iηIp×p from the appropriate sub-

matrices. Again, this matrix double-counts the Chebyshev discretization points at the

corners of the leaf.

• G, with shape 4p − 4 × p2, is an operator mapping from interior solutions to evalu-

ations of incoming impedance data on the Chebyshev boundary discretization points.

This matrix is constructed by taking Ñ and adding iηIp−1×p−1 to the appropriate

submatrices.

To work with L(i), the discretization of the differential operator on leaf i, it is useful to

identify Ii and Ie, the sets of discretization points corresponding to the (p − 2)2 interior

and 4p− 4 exterior Chebyshev points, respectively. As in Appendix C.1, we solve the local

problem by using these precomputed operators to enforce the differential operator on the

interior discretization points and the boundary condition on the boundary discretization

points. In this case, the boundary condition is an incoming impedance condition, also

known as a Robin boundary condition. Now, we can fully describe the local solve stage in

Algorithm 13.

C.2.2 Merge stage

As in Appendix C.1, we are merging four nodes Ωa,Ωb,Ωc, and Ωd with boundary parts

labeled 1, 2, . . . , 8. See Figure C.1 for a diagram of the different boundary parts.

To implement the merge stage, we use sets of constraints to solve for a mapping from

given gext to unknown gint. These are vectors tabulating incoming impedance data due

to the homogeneous solution along the boundary parts. Because gint tabulates impedance

data, we must represent the incoming data with respect to neighboring nodes separately. For

example, we must represent g
(a)
5 , the data along boundary element 5 incoming to node a,
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Algorithm 13: 2D ItI local solve stage.

Input: Discretized differential operators {L(i)}nleaves
i=1 ; discretized source functions

{f (i)}nleaves
i=1 ; precomputed interpolation and differentiation matrices

P ,Q,H , and G.
1 for i = 1, . . . , nleaves do

2 B(i) =

[
G

L(i) (Ii, :)

]

3 Invert B(i)

4 Y (i) =
(
B(i)

)−1
(:, Ie)P

5 v(i) =
(
B(i)

)−1
(:, Ii)f

(i) (Ii)

6 T (i) = QHY (i)

7 h(i) = QHv(i)

Result: Poincaré–Steklov matrices {T (i)}nleaves
i=1 ; outgoing boundary data

{h(i)}nleaves
i=1 ; interior solution matrices {Y (i)}nleaves

i=1 , leaf-level particular
solutions {v(i)}nleaves

i=1

separately from g
(b)
5 . To that end, we use gint =

[
g

(a)
5 , g

(a)
8 , g

(c)
6 , g

(c)
7 , g

(b)
5 , g

(b)
6 , g

(d)
7 , g

(d)
8

]>
.

The ordering of these boundary elements is chosen specifically to reduce the computation

during the merge, which will become apparent later. Again, we use nside to denote the

number of discretization points along each side of the nodes being merged, so gint has length

8nside.

The first set of constraints specify that the solution to the PDE is continuous:

uext = Agext + Bgint + h
(child)
ext . (C.9)

In this equation uext is interpreted as the outgoing impedance data of the solution to the

PDE restricted to the merged nodes with boundary data specified by gext. In this set of

constraints, we define:
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h
(child)
ext =




h
(a)
1

h
(b)
2

h
(c)
3

h
(d)
4



, (C.10)

A =




T
(a)
1,1 0 0 0

0 T
(b)
2,2 0 0

0 0 T
(c)
3,3 0

0 0 0 T
(d)
4,4



, (C.11)

B =




T
(a)
1,5 T

(a)
1,8 0 0 0 0 0 0

0 0 0 0 T
(b)
2,5 T

(b)
2,6 0 0

0 0 T
(c)
3,6 T

(c)
3,7 0 0 0 0

0 0 0 0 0 0 T
(d)
4,7 T

(d)
4,8



. (C.12)

A second set of constraints specifies that the outgoing total solution’s impedance data from

one node must be opposite to the incoming homogeneous solution’s impedance data for the

neighboring node. For example, along merge interface 5, we enforce this constraint:

0nside = u
(b)
5 + g

(a)
5 . (C.13)

In this equation, u(b)
5 is the outgoing impedance data due to the total solution of the PDE

restricted to the merged nodes with boundary condition gext. The normal derivative is

oriented relative to node b. We can expand u
(b)
5 to find:

0nside = g
(a)
5 + T

(a)
5,5g

(a)
5 + T

(a)
5,8g

(a)
8 + T

(b)
5,5g

(b)
5 + T

(b)
5,6g

(b)
6 + T

(a)
5,5g

(a)
5 + T

(a)
5,1g

(a)
1 + h

(a)
5 .

(C.14)
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Similar equalities hold in each direction along each merge interface. We can expand to

form a second system of constraints:

−h(child)
int = Cgext + Dgint, (C.15)

where we define

h
(child)
int =




h
(b)
5

h
(d)
8

h
(b)
6

h
(d)
7

h
(a)
5

h
(c)
6

h
(c)
7

h
(a)
8




, (C.16)

C =




0 T
(b)
5,2 0 0

0 0 0 T
(d)
8,4

0 T
(b)
6,2 0 0

0 0 0 T
(d)
7,4

T
(a)
5,1 0 0 0

0 0 T
(c)
6,3 0

0 0 T
(c)
7,3 0

T
(a)
8,1 0 0 0




, (C.17)
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D = I8nside×8nside +




0 0 0 0 T
(b)
5,5 T

(b)
5,6 0 0

0 0 0 0 0 0 T
(d)
8,7 T

(d)
8,8

0 0 0 0 T
(b)
6,5 T

(b)
6,6 0 0

0 0 0 0 0 0 T
(d)
7,7 T

(d)
7,8

T
(a)
5,5 T

(a)
5,8 0 0 0 0 0 0

0 0 T
(c)
6,6 T

(c)
6,7 0 0 0 0

0 0 T
(c)
7,6 T

(c)
7,7 0 0 0 0

T
(a)
8,5 T

(a)
8,8 0 0 0 0 0 0




. (C.18)

D has a special structure which allows us to efficiently compute D−1 via Schur complement

methods. Note that we can re-write Equation (C.18) as a block matrix with 2× 2 blocks:

D =



I4nside×4nside D12

D21 I4nside×4nside


 . (C.19)

This structure allows us to construct W = I4nside×4nside −D12D21, the Schur complement

of the lower-right I4nside×4nside block in D; this is the only matrix we need to invert to

compute D−1:

D−1 =




W−1 −W−1D12

−D21W
−1 I4nside×4nside + D21W

−1D12


 . (C.20)

We use Equation (C.20) to compute D−1 and then construct the outputs of the merge stage

using Equations (4.4) and (4.5).

171



C.3 Full algorithms for 3D problems using DtN matrices with a

uniform discretization

In this section, we describe the details for the three-dimensional version of our method

which merges DtN matrices. In this version of the algorithm, the outgoing boundary data h

tabulates the outward-pointing normal derivative of the particular solution, and the incoming

boundary data g tabulates the homogenous solution values restricted to patch boundaries.

T is a Dirichlet-to-Neumann matrix.

As in the previous section, we use Ia×a to denote the identity matrix of shape a× a and

0d to denote a length-d vector filled with 0’s. We also use 0 to denote a matrix block filled

with 0’s, and assume the shape of this block can be inferred from its context.

C.3.1 Local solve stage

Recall from Section 4.3.1 that we use a tensor product of order-p Chebyshev–Lobatto points

to discretize the interior of each leaf. This results in a grid with p3 discretization points, and

p3− (p− 2)3 of these points lie on the boundary of the leaf. We use order-q Gauss–Legendre

points to discretize each side of the leaf’s boundary, so there are 6q2 boundary points in

total. Thus, to translate the information between the interior and boundary of each leaf, we

need to compute spectral differentiation matrices and matrices interpolating between the p2

Chebyshev and q2 Gauss points on each face of the leaf. In particular, we need to precompute

the following matrices:

• P , with shape p3− (p−2)3×6q2, is the operator mapping data sampled on the Gauss

boundary points to data sampled on the Chebyshev points located on the boundary of

the leaf. This matrix is constructed using a barycentric Lagrange interpolation matrix

mapping from Gauss to Chebyshev points on one face of the leaf; this interpolation

matrix is repeated for the other sides. Rows corresponding to the Chebyshev points on
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Figure C.2: Visualizing boundary elements 9 through 20 for three-dimensional merges.

the corners (edges) of the leaf average the contribution from the three (two) adjoining

panels.

• Q with shape 6q2 × p3, performs spectral differentiation on the p3 Chebyshev points

followed by interpolation to the Gauss boundary points. This matrix is formed by

stacking the relevant rows of Chebyshev spectral differentiation matrices to form an

operator which evaluates normal derivatives on the boundary Chebyshev points, and

then composing this differentiation operator with a matrix formed from barycentric

Lagrange interpolation matrix blocks. These interpolation matrices each map from

one Chebyshev face to one Gauss face.

To work with L(i), the discretization of the differential operator on leaf i, it is useful to

identify Ii and Ie, the sets of discretization points corresponding to the (p − 2)3 interior

and p3 − (p− 2)3 exterior Chebyshev points, respectively. Once the precomputed operators

and index sets are correctly specified, Algorithm 12 can be re-used for the three-dimensional

case.
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C.3.2 Merge stage

In the 3D merge stage, we are merging eight nodes Ωa,Ωb,Ωc,Ωd,Ωe,Ωf ,Ωg, and Ωh, which

have exterior and interior discretization points. We label the exterior boundary sections

1, 2, . . . , 8, and we label the interior boundary sections 9, 10, . . . , 20. See Figure C.2 for

a diagram of the different boundary parts. Because the merge stage operates completely

on data discretized using Gauss–Legendre panels, there are no discretization points at the

corners or edges of nodes. This means each discretization point belongs to exactly one part

of the boundary. During this stage of the algorithm, we will be indexing rows and columns of

the Dirichlet-to-Neumann matrices according to boundary sections 1, . . . , 20. For example,

we use T
(a)
1,9 to indicate the submatrix of node a’s DtN matrix which maps from boundary

section 9 to boundary section 1. Suppose that each node has nside discretization points on

each face. Then T
(a)
1,9 will have shape 3nside × nside.

Just as in the two-dimensional case, we use sets of constraints to solve for a mapping

from given gext to unknown gint, vectors tabulating the homogeneous solution along the

boundary parts. First are constraints specifying that the solution to the PDE is continuous:

uext = Agext + Bgint + h
(child)
ext . (C.21)

In this equation uext is interpreted as the outward-pointing normal derivative of the solution

to the PDE restricted to the merged nodes with boundary data specified by gext. In this set
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of constraints, we define:

h
(child)
ext =




h
(a)
1

h
(b)
2

h
(c)
3

h
(d)
4

h
(e)
5

h
(f)
6

h
(g)
7

h
(h)
8




, (C.22)

A =




T
(a)
1,1 0 0 0 0 0 0 0

0 T
(b)
2,2 0 0 0 0 0 0

0 0 T
(c)
3,3 0 0 0 0 0

0 0 0 T
(d)
4,4 0 0 0 0

0 0 0 0 T
(e)
5,5 0 0 0

0 0 0 0 0 T
(f)
6,6 0 0

0 0 0 0 0 0 T
(g)
7,7 0

0 0 0 0 0 0 0 T
(h)
8,8




, (C.23)

B =




T
(a)
1,9 0 0 T

(a)
1,12 0 0 0 0 T

(a)
1,17 0 0 0

T
(b)
2,9 T

(b)
2,10 0 0 0 0 0 0 0 T

(b)
2,18 0 0

0 T
(c)
3,10 T

(c)
3,11 0 0 0 0 0 0 0 T

(c)
3,19 0

0 0 T
(d)
4,11 T

(d)
4,12 0 0 0 0 0 0 0 T

(d)
4,20

0 0 0 0 T
(e)
5,13 0 0 T

(e)
5,16 T

(e)
5,17 0 0 0

0 0 0 0 T
(f)
6,13 T

(f)
6,14 0 0 0 T

(f)
6,18 0 0

0 0 0 0 0 T
(g)
7,14 T

(g)
7,15 0 0 0 T

(g)
7,19 0

0 0 0 0 0 0 T
(h)
8,15 T

(h)
8,16 0 0 0 T

(h)
8,20




. (C.24)

As in the two-dimensional case, we enforce constraints that ensure the normal derivatives
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from neighboring nodes sum to zero, which gives us a system of constraints:

012nside = Cgext + Dgint + h
(child)
int , (C.25)
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where we define

h
(child)
int =




h
(a)
9 + h

(b)
9

h
(b)
10 + h

(c)
10

h
(c)
11 + h

(d)
11

h
(d)
12 + h

(a)
12

h
(e)
13 + h

(f)
13

h
(f)
14 + h

(g)
14

h
(g)
15 + h

(h)
15

h
(h)
16 + h

(e)
16

h
(a)
17 + h

(e)
17

h
(b)
18 + h

(f)
18

h
(c)
19 + h

(g)
19

h
(d)
20 + h

(h)
20




, (C.26)

C =




T
(a)
9,1 T

(b)
9,2 0 0 0 0 0 0

0 T
(b)
10,2 T

(c)
10,3 0 0 0 0 0

0 0 T
(c)
11,3 T

(d)
11,4 0 0 0 0

T
(a)
12,1 0 0 T

(d)
12,4 0 0 0 0

0 0 0 0 T
(e)
13,5 T

(f)
13,6 0 0

0 0 0 0 0 T
(f)
14,6 T

(g)
14,7 0

0 0 0 0 0 0 T
(g)
15,7 T

(h)
15,8

0 0 0 0 T
(e)
16,5 0 0 T

(h)
16,8

T
(a)
17,1 0 0 0 T

(e)
17,5 0 0 0

0 T
(b)
18,2 0 0 0 T

(f)
18,6 0 0

0 0 T
(c)
19,3 0 0 0 T

(g)
19,7 0

0 0 0 T
(d)
20,4 0 0 0 T

(h)
20,8




, (C.27)
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D =




T
(a)
9,9 + T

(b)
9,9 T

(b)
9,10 0 T

(a)
9,12 0 0 0 0 T

(a)
9,17 T

(b)
9,18 0 0

T
(b)
10,9 T

(b)
10,10 + T

(c)
10,10 T

(c)
10,11 0 0 0 0 0 0 T

(b)
10,18 T

(c)
10,19 0

0 T
(c)
11,10 T

(c)
11,11 + T

(d)
11,11 T

(d)
11,12 0 0 0 0 0 0 T

(c)
11,19 T

(d)
11,20

T
(a)
12,9 0 T

(d)
12,11 T

(d)
12,12 + T

(a)
12,12 0 0 0 0 T

(a)
12,17 0 0 T

(d)
12,20

0 0 0 0 T
(e)
13,13 + T

(f)
13,13 T

(f)
13,14 0 T

(e)
13,16 T

(e)
13,17 T

(f)
13,18 0 0

0 0 0 0 T
(f)
14,13 T

(f)
14,14 + T

(g)
14,14 T

(g)
14,15 0 0 T

(f)
14,18 T

(g)
14,19 0

0 0 0 0 0 T
(g)
15,14 T

(g)
15,15 + T

(h)
15,15 T

(h)
15,16 0 0 T

(g)
15,19 T

(h)
15,20

0 0 0 0 T
(e)
16,13 0 T

(h)
16,15 T

(h)
16,16 + T

(e)
16,16 T

(e)
16,17 0 0 T

(h)
16,20

T
(a)
17,9 0 0 T

(a)
17,12 T

(e)
17,13 0 0 T

(e)
17,16 T

(a)
17,17 + T

(e)
17,17 0 0 0

T
(b)
18,9 T

(b)
18,10 0 0 T

(f)
18,13 T

(f)
18,14 0 0 0 T

(b)
18,18 + T

(f)
18,18 0 0

0 T
(c)
19,10 T

(c)
19,11 0 0 T

(g)
19,14 T

(g)
19,15 0 0 0 T

(c)
19,19 + T

(g)
19,19 0

0 0 T
(d)
20,11 T

(d)
20,12 0 0 T

(h)
20,15 T

(h)
20,16 0 0 0 T

(d)
20,20 + T

(h)
20,20




.

(C.28)

Now that the matrices and vectors are defined, we can construct the linear system in Equa-

tion (4.3) and compute the merged data.
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