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ABSTRACT

In computability theory, the classical definition of a Turing machine M solving a problem
requires M to always halt and always give the right answer. If we relax the “always” to
“almost always”, we give rise to asymptotic notions of computability, where now M halts
and gives correct answers only asymptotically always. There are four asymptotic notions of
computability: generic, coarse, dense, and effective dense computability.

This dissertation studies these asymptotic notions of computability, specifically the de-
gree structures arising from the associated reducibilities. Two of the main results concerns
minimal pairs: pairs of sets which are both noncomputable, and which have no common
computational power. We prove that there are only measure-0 many minimal pairs for the
generic degrees (Theorem 2.1.4, which is in contrast with the classic Turing degrees, for
which there are measure-1 many minimal pairs) and construct a Ag minimal pair for the
coarse degrees (Corollary 2.3.6).

The third main result concerns attractive degrees. The formalization of the asymptotic
notions of computability can be generalized to provide a notion of distance between Turing
degrees, called the Hausdorff distance H. It turns out that for every set A, there are either
measure-1 many sets which are at a distance 1 from A, or there are measure-1 many such
sets which are at a distance 1/2 from A. The former are called dispersive, and the latter
are called attractive. We provide a Kolmogorov-complexity flavored sufficient condition for

a set to be attractive (Theorem 3.3.1).
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CHAPTER 1
INTRODUCTION

The classical setting of computability and complexity theory is of worst-case scenarios; for
example, the time complexity of an algorithm is the maximum number of steps, among all
inputs of length n, that it takes to return an answer, and in a Turing reduction from a set
A to a set B the algorithm must halt on every single input.

There is now general awareness that the strictness of worst-case scenarios may not capture
a full picture of a problem or algorithm [12, 13]. Perhaps the best-known example of this
phenomenon is the simplex algorithm for linear programming: there are families of instances
in which the simplex algorithm takes exponential time to halt; however, on average, the
algorithm converges in linear time.

Besides techniques like average-case complexity, we may analyze a problem by allowing
the computational device to make mistakes sometimes. Is the problem uniformly difficult,
or is the difficulty spread out in a sparse subset of its inputs? The concepts of dense
computability, generic computability, coarse computability, and effective dense computability
all generalize the notion of computability by requiring the algorithm to get the right answer
only for “most of the inputs”, rather than for all inputs.

These asymptotic notions of computability give rise to a degree structure analogous to
the Turing degrees, but with different properties. This dissertation will mostly be concerned
with these degree structures.

This is an expository chapter aggregating results from the literature.

Section 1.1 recapitulates the basic definitions of set density, defines the four asymptotic
notions of computability, and defines the corresponding notions of reducibility. Section 1.2
defines minimal pairs for Turing, coarse and dense degrees, and argues about the level of
randomness needed to construct those degrees. Section 1.3 shows Igusa’s result [11] that

there are no minimal pairs for relative generic computability, and Hirschfeldt’s result [6]
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that there are minimal pairs for generic reducibility.

1.1 Background

This section recapitulates the basic definitions and proves some useful theorems.

1.1.1 Notation

We follow the convention from Computability Theory of identifying every natural number
e € N with the source code of a Turing machine, and vice-versa; for example, we can interpret
the binary representation of e + 1 (except the leading digit 1) as a text file containing the
source code of a program in any fixed programming language. This allows us to speak of
the eth Turing machine, and gives us an ordering of all Turing machines, which is useful for
diagonalization arguments.

The function computed by the eth Turing machine is denoted by ®. : N — N. In the
interpretation above, if the text file corresponding to e does not represent a valid program,
we simply assume that ®. is the partial function which is nowhere defined. We assume that
all machines are oracle machines, letting ¢, = CIDQ.

Although the value of ®.(n) is not always defined, we can still run the eth Turing machine
on n for a finite number of steps, say s; we denote this by ®.(n)[s], so that if ®¢(n){ then
there exists some k for which ®.(n)[s]T if s < k and ®e(n)[s]| = Pe(n) for all s > k.

The indicator function of a set A is denoted by 14 (so that 14(z) = 1 if x € A and
1 4(z) = 0 otherwise).

We assume that the set N of natural numbers contains the number 0. However, in a few
cases (e.g. the sets Ry, and J; below), we will construct partitions of N\ {0} instead of of N,
to simplify some calculations. This means that function definitions which are based on these
partitions will leave the value of f(0) undefined. In all cases we can arbitrarily set f(0) = 0,

so we omit this step of the construction.



Given two sets A, B € N, we define their join A ® B by
AdB={2n|ne A} U{2n+1|n € B}.

We identify a subset A of N with an infinite string in 2*. Therefore, we say that a finite
string o is a prefix of A, denoted o < A, if the first |o| bits of A, interpreted as a string,

agrees with 0. The basic open set [o] is defined by
[e] ={X €e2¥]o < X}

For a subset A C N of the natural numbers, we define A[k = {n € A | n < k}, which
is the set A “truncated” to the first k natural numbers. We can naturally identify A [k
with a binary string of length £, so in many places where A [ k is used as an argument to a

computable function, the argument effectively is the corresponding string.

1.1.2  Tools from Measure Theory

The following two theorems from measure theory will be used in several places in this paper.

Theorem 1.1.1 (Lebesgue Density Theorem [5, Theorem 1.2.3]). Let A C 2 be a

measurable class, and define D(A) by
D(A) ={X €2¥| lim 2"u([X Tn] N A) = 1}.

Then D(A) is measurable and p(AA D(A)) = 0.

The sets X € D(A) are said to have density 1 at A.

Proof. Observe first that D(A) N D(A) =0, so D(A) \ A C A\ D(A); therefore, it suffices
showing that u(A\ D(A)) = 0.



For 0 < a < 1 define the set B, by
— : n
BO‘_{XGA|n15202 p([X Tn]NA) < al.

Then A\ D(A) = |, Ba, where the union is over rational a < 1. Therefore, it suffices to
show that u(By) =0 for all a < 1.

Suppose by contradiction that pu(By) > 0. Because p is a regular measure, there exists
an open set V' DO By such that u(V) < p(Ba)/a. Let U C V be the union of all [o] for
which z([o] N A) < 2719la, and let 6,01, ... be a sequence of strings where the intervals
lo;] are pairwise disjoint and U = J; [o;].

On one hand, if X € B, then u([X [n]NA) < a2™™ for some n, so [X [n] C U whence
X € U. This shows that B, C U.

On the other hand,

(U 0 Ba) = 3 (3] N Ba)
<2 nllodnA)
< ép—"i'a
= au(U)

< ap(V) < j(Ba).

Therefore, U cannot possibly contain B, a contradiction. O

A corollary of this theorem is that if pu(A) > 0, for any o < 1 there exists some o such
that u(AN[o]) > a2717. That is, the relative density of A in o can be made arbitrarily close
to 1. This is the core of the “majority vote” argument, which will be used in Section 1.2.

A tailset is a class A C 2% such that if 0X € A then 7X € A for all 7 with || = |o];
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that is, we may flip any finite number of bits of X and still stay inside A. We have the

following theorem.

Theorem 1.1.2 (Kolmogorov’s 0-1 law). If A is a tailset, then either u(A) = 0 or
u(A) = 1.

Proof. Suppose that p(A) > 0, and let @ < 1 be given. Then by the above corollary to the
Lebesgue Density Theorem, there exists some string o such that u(A N [o]) > a27191. But
because A is a tailset, we have u(A N [o]) = p(AnN[r]) for each 7 with |7| = |o|. This

means that p(A) > «. Since o was arbitrary, this means p(A) = 1. O

1.1.8 Notions of Randomness

In this paper we will deal with three notions of randomness. The most prominent one is

Martin-Lof randomness, which we define below.

Definition 1.1.3 ([5, Section 6.4]). Given a set B, a Martin-Ldf test relative to B is a
sequence {Up}pen of B-uniformly E?’B sets! such that pu(U,) < 27" for all n. We say
that a set A passes a Martin-Lof test {Up }pen if A € Uy, for some n, and we say that A is
1-random relative to B if A passes every Martin-Lof tests relative to B.

Sets which are I-random relative to () are simply called “l-random”, or “Martin-Lof

random”.

Intuitively, a Martin-Lof test {Uy, },,en corresponds to a procedure for picking out regu-
larities in sets. If B € U, it means that U, picked out some regularity in a prefix of B. If
B € (), Un, it means that the test can find regularities in arbitrarily long prefixes of B, so

B ought not to be called random.

1. That is, there is a single B-computable sequence of indices ej,es,... such that U, = {X |
kabfn (X 1k)=1}



The definition is fairly flexible. For example, we can replace Uy, with V;, = j<n Uk to get
another test with (,, Up = (),, Va, but with the additional hypothesis that V;, 2 Vj,;.1. We
could require only that (Uy) < f(n) for some computable function f with lim,—~o f(n) = 0;
indeed, for each n, let Vi, = (<, Uy where m is the least integer such that f(m) <27".
Then {V}, },,en is a Martin-Lof test and (V, = () Un.

Another possible modification is requiring the sequence {Uy, },en to be uniformly Z(l)’B,

instead of B-uniformly E?’B. That is, the definition above requires that there exists a

B-computable sequence eq, e9, ... of indices such that
Un = {X | 305 (X 1k) =1}

Because the Turing functional ®., has access to B as an oracle, we may assume that the
sequence €1, e9, ... is computable, rather than B-computable.

One specific class of regularities corresponds to the intuition that we should not be able
to predict whether a certain bit of a sequence will be 0 or 1. We can formalize this intuition

as follows.

Definition 1.1.4 ([5, Definition 7.4.1]). A selection function is a function F' : N — N
which is strictly increasing. A set A is Church-stochastic if, for every computable selection

function f, we have
A 1
i {k<n|f(k)eA} 1

n—00 n 2’

where |C| denotes the cardinality of the set C'.

That is, no matter how we pick the bits f(0), f(1),... to be analyzed, the probability
of A(f(7)) being 1 tends to % We have that 1-randomness is enough to guarantee Church-

stochasticity:.

Proposition 1.1.5 (see [5, Theorem 7.4.2]). Let A be l-random. Then A is Church-

stochastic.



Proof. Suppose that f is a selection function for which

o k<n B eA) 1
n—00 n 2

3

for some € > 0. (If the lim sup was larger than %Jrs, then the argument would be analogous.)

Define the set V;, by

b= {x[HeseliB e 1),

n

Note that A € V}, for infinitely many n.
By the Chernoff bound [1, Theorem A.1.1],

/L(Vn) < e—?EZn’

so if we set Up = {J,),>p, Vn We have

9.2
62571

A —

Since the V;, are uniformly 2(1) classes, so are the Uy,. By the above bound, the sequence
{Un}nen is a Martin-Lof test. By construction, we have A € Vj, for infinitely many n, which

means that A € U, for all n. This contradicts the hypothesis that A is 1-random. O]

The converse of the above proposition is false. One striking example is provided by
Ville’s Theorem, which implies that there is a Church-stochastic set A such that [{k < n |
k € A}| < n/2 for all n (see e.g. [5, Theorem 6.5.1] for a proof). On the other hand, for
several of our applications, Church-stochasticity will be enough.

We define the notion of n-randomness by replacing 2(1) classes with Z% classes.

Definition 1.1.6 ([5, Section 6.8]). A set A is n-random relative to B if, for every B-
7



uniformly sequence {Up },en of E%B classes such that pu(U,) < 27", we have A ¢ (), Un.

Sets which are n-random relative to () are simply called “n-random”.

Recall that the sequence {Up},cn is B-uniformly E?{B if there is a B-computable se-

quence of indices ej, es, ... such that
Up = {X | I1VkoTk3 ... Qkn®8 (X Tk, ..., X [ kn) = 1},

where () is the quantifier 3 if n is odd and V if n is even. Similar to the 1-random case,
we can require the sequence to be computable (as opposed to B-computable). Due to the
quantifiers, we may also allow the sequence to be B (”)—computable.

For a set A, it is true that A is E%fl if and only if A is E?’B(n), but this is not the case
for classes in 2%. Therefore, the Martin-Lof tests for n-randomness and the Martin-Lof tests
for 1-randomness relative to (") are not the same. Surprisingly, these tests still yield the

same notions of randomness. Following [5, Section 6.8], we will show this using two lemmas.

Lemma 1.1.7 ([5, Lemma 6.8.1]). Let n be fixed, and denote by je the measure of the

E%’B class indexed by e. Then the set

{(e;q) | g € QA pe > q}

is a B 1 _ce. set. Thus, from an index of a E?L’B class S, we can B(”)—compute the

measure (S).

Proof. Induction on n. For n = 1, given e and ¢, if V' is the E(l)’B class indexed by e, then
V' = Uy [ox] for some sequence g, o7, ... of strings which can be uniformly B-computed
from e. We may assume that the strings are mutually incomparable (no string is a prefix of
another string), so that
w(V) = ZQ*\%L
k
8



Then p(V') > ¢ if and only if some finite portion of the sum above is greater than ¢, which
is a B-c.e. property.

For n > 1, if V is the Z?L’B class indexed by e, we can decompose V' = | J;. Vj, where each
Vi is a H%’i class and Vj, C Vi 1. Then given k and ¢, we can B"=1)_compute whether

(n—1)_

wu(Vy) > q or not. Then p(V') > ¢ if and only if p(V}) > ¢ for some k, which is a B c.e.

property. O

Lemma 1.1.8 ([5, Theorem 6.8.3]). The following is true for every n > 1 and every set
B.2

(n—1)
1. From an index of a E%B class S and ¢ € Q, we can B-compute an index of a E?’B

class U such that U 2 S and u(U) < p(S) + ¢.

(n—1)
2. From an index of a H%B class P and ¢ € Q, we can B-compute an index of a H?’B

class V such that V' C S and pu(V') > u(P) —gq.

3. From an index of a Z%B class S and ¢ € Q, we can B(”)—compute an index of a H%f}l

class V such that V' C S and u(U) > u(S) —q.

4. From an index of a H%B class P and ¢ € Q, we can B (">—c0mpute an index of a E%ﬁl

class U such that U 2 S and pu(V) < u(P) +q.

Proof. Note that 2 follows from 1 and that 4 follows from 3 by taking complements. We will
prove 4 directly and 1 by induction.
Given a Z%’B class S, let Sp C S7 C --- be uniformly Hg’f?l classes such that S = |}, Sy

(n=1) can compute the values of u(S},), so B can

For 3, by the lemma above, the set B
compute some K for which u(Sg) > u(S;) — ¢ for all k > K. Then u(Sg) > u(S) — ¢ and

Sk is a H%i class contained in S.

2. Compared to [5, Theorem 6.8.3], we simplify the proof a bit by making the claims in parts 3 and 4 a
bit weaker.



For 1, if n =1 we may let U = S, and if n > 1, use part 4 and induction to Bn=1)_

’?2 classes Vjy, V1,... such that V}. O Sp. and p(Vy) <

(n—2)
w(Sy) + q2’k*2 for all k. Now, for each k, use part 1 to compute an index for a E?’B

compute a sequence of indices of 22

class Uy, such that Uy, D Vj, and u(Uy,) < u(Vi) +q27%72. Finally, let U = |J;, Up,. Then U

(n—1) (n—2)

is a E?’B class (because it is a union of a sequence E?’B classes, whose sequence of

indices were B(”*l)—computed from an index for S), U O S, and

ey
<p (U(Uk - 5k)>

k

<> uU — Sp)
k

<Y ulUy = Vi) + (Vi = S)
k

< Z (]2_kj_2 + qQ_kj_2 =q. O
k

We can now prove the main result.

Theorem 1.1.9 ([5, Corollary 6.8.5]). A set is n-random relative to B if and only if it

is 1-random relative to B,

Proof. Suppose that A is not n-random relative to B, and let Uy, Us, ... be a test for which
A fails. That is, Uy, Us, ... is a B-uniform sequence of E%’B classes for which u(Uj) < 2k
and A € (N, Ug.

By Lemma 1.1.8, we can B-compute indices for E(I)’B(n_l) classes V1, Vo, ... with Vi, D Uj
and p(V3,) < w(Uy) + 2% for all k. Then pu(Vjy1) < 27%, and A € N Vjy1, which shows
that A is not 1-random relative to B(?=1),

Conversely, suppose that A is not 1-random relative to B(”_l), and let Uy,Us, ... be a

(n—1)
B(=1)_yniformly Z?’B classes with p(Us) < 27% and A ¢ i Ux- Each Uy, is also a
10



E%’B class, and B can uniformly transform an index of U}, into an index of a E%’B class V.

with V3, = Uj,. Then because A ¢ [V}, we have that A is not n-random relative to B. [

There is a third notion of randomness which we will use in the paper, which arises by

replacing the decreasing sequence of E%’B classes with a single H%B class of measure zero.

Definition 1.1.10 ([5, p. 286]). A set A is weakly n-random (or Kurtz n-random) relative
to B if A is contained in every Z%B class of measure 1, or, equivalently, if A is not contained

in any H?{B class of measure 0.

If Uy,Us,... is a sequence of Z%’B classes, then (), Uy is a Hg’fl class, so every weakly
(n+1)-random set is n-random. Similarly, if V' is a Hg’B class with measure zero, by Lemma
1.1.8 item 4 there exists a sequence of B(n)—uniformly Eg’i classes Uy, Us, ... (and thus a
sequence of B(”)—uniformly E?L’B classes) with pu(Uy) < 27", so every n-random set is also
weakly n-random.

We note that being weakly n-random is not the same as being weakly 1-random relative
to (Z)(”*l); see [5, p. 286] for a proof. But we can get a similar result if we allow for an extra

quantifier.

Theorem 1.1.11 ([5, Corollary 7.2.5]). Let n > 2. Then A is weakly n-random relative

to B if and only if A is weakly 2-random relative to B(n=2),

(n—2)
(”*2), then A is contained in some Zg’B

Proof. If A is not weakly 2-random relative to B
class U of measure 1. Because U is also a Z%’B class, this means that A is not weakly n-
random relative to B.

Conversely, let A ¢ U where U is a E%’B class of measure 1. Write U = |J, Uy, where the

(n—2)
Uy, are uniformly H%’fi classes, and use Theorem 1.1.8 item 2 to B-uniformly get H(l)’B

. (n—2)
classes Vj, ; such that Vi ; C Uy and p(Vg ;) > p(Uy) —277. Then V. =J;, ; is a ES’B
class of measure 1, and A ¢ V, so A is not 2-random relative to B (n=2), O]

11



1.1.4 Density of Sets

Definition 1.1.12 (see [9, Definition 1.1]). For A C N, we define

Aln|

n

Pn(A) =

The upper density and lower density of A, denoted by p(A) and p(A), respectively, are the
limits

p(A) = limsup pp(A) and p(A) = liminf p,(A)

n—00 n—00

If these two limits coincide, this common number is the density of A, denoted by p(A). We
say that A is dense if p(A) = 1 and sparse if p(A) = 0.

For example, p(N) = 1, the density of the set of even numbers is %, the density of the set

of primes is 0, and, for the set
{n | there exists a Hadamard matrix of order n}

it is still an open problem whether it has positive density or not [3].

Of course, p(A) does not necessarily exist. If «, 5 are any two real numbers with 0 <
a < <1, we can construct a set A with p(A) = a and p(A) = B by stages. Start defining
A(0) = 0, so that at the beginning of stage s we already defined A[s. Then alternate
between defining A(s) = 1 until ps(A) > 3, and ps(A) = 0 until ps(A4) < a.

This notion of density is natural, and most of our theorems will be stated using this
definition. However, for proofs, it will be sometimes more convenient to use the following

variant.

Definition 1.1.13 ([9, proof of Theorem 5.9]). Let J, = [2¥ 28F¥1) N N3 If A C N, we

3. The definition of Jj in [9] is slightly different, namely, J;, = [2% — 1,2¥+1 — 1) N N.

12



define
|A N Jk|
ok 7

d(A) =

and, analogously to the definition of p, we define

d(A) = liminf dj.(A) and  d(A) = limsupdy(A)

B k—o0 k—o0
and define d(A) to be the common limit if it exists.

The values of p and d may differ, but not by much.

Lemma 1.1.14 ([9, Lemma 5.10]). For all sets A C N, we have

# <p(4)  and @ < p(A) < 2d(A).
Proof. For all k, we have
AN
() = A0
k+1
L A1)
= 2pqk+1(A).

Since the numbers pyr+1(A) are a subsequence of the numbers pj(A), we have

lim sup por+1(A) < p(A),

k—o0

so taking limsup on both sides of the previous inequality gives

d(4) < 25(A).

For the other direction, let € > 0 be given, and let N be large enough that d;(A) < d(A)+e
13



for all j > N. For j < N we can use the obvious bound d;(A) < d(A) + ¢+ 1, giving

HO} N A+ [JgNA|+ -+ |J, NA|
P2k+1_1(A) = ok+1

L+ |JoNAl+---+|Jp NA|
<
- ok+1

1+ 20do(A) + 28 dy (A) + - - - + 2Fd,.(A)

ok+1

_ 1+ 29 d(A) +e+ 1)+ +2V(d(A) + e+ 1)

- ok+1

. ONFLE(A) + &) + -+ 28(d(A) +¢)

ok+1
2N—‘r1 _
= W + d(A) + €.

As N is fixed and ¢ was arbitrary, this gives

lim sup pors1(A) < d(A).

k—o00

Now, if ok <n < 2k+1, then

|A[n|

A) =

pn(A) n
B 2k+1 . |A rn|

|Aln|

<2 9k+1

[A (M)

ok+1

<2

= 2p2k+1 (A)

Taking lim sup on both sides and combining with inequality 1.1, we get

14
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Let £ > 0 be given. Analogously to the argument that showed inequality 1.1, we can let

N be so that d;(A) > d(A) — ¢ for all j > N, giving

2N+1
pok+1(A) = o1 T d(A) —e.

If 2k <n< 2k+1, then

which, combining both inequalities and taking liminf, gives

2p(A) = 21}112101%; pn(A) > l}crgiolgf pok(A) > l}fm infd(A) =d(A). O

- — 00

It is false that p(A) < 2d(A). If there are infinitely many & such that Ji N A = (), then
d(A) = 0, but if the k are sufficiently spaced out and A(n) = 1 everywhere else, then we can
make p(A) = %

The most important application of this lemma is the following equivalence.

Corollary 1.1.15. Let A C N. The following are equivalent.

1. p(A) =0
2. p(A) =0
3. d(A) =0
4. d(A)=0

15
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6. p(A) =1
7. d(A) =1
8. d(A) =1

Proof. If d(A) = 0, then p(A) < 2d(A) = 0. Conversely, if p(A) = 0, then d(A) < 2p(A) = 0,
so 2 and 4 are equivalent.

The equivalence between 1 and 2, and between 3 and 4, is obvious.

Finally, the fact that di(A) = 1 — di(A) and pnp(A) = 1 — pp(A) directly shows that 1

and 5, 2 and 6, 3 and 7, and 4 and 8 are equivalent. O

It is possible to have d(B) defined, but have 5(B) undefined. For example, let B contain
all the numbers between 2™ and 2" 42"~ for even n, and all the numbers between 27 4271
and 2"t for odd n. Then d(B) = %, p(B) = %, and p(B) = %

Interestingly, the other direction does not occur.

Proposition 1.1.16. If p(B) is defined, then so is d(B), and the two values are the same.

Proof. Given € > 0, let N be large enough that

{keB:k<n}

n

p(B)| <e

16



for all n > N. If t > logy N, then the equation above is true for n = 2¢ and n = 2t+l 5o

{keB:2t <k <2itl}
‘ ot ‘ —p(B) =
{(keB: k<2t |{keB:k<2}
= | ot ‘ - } ot | —2p(B>+p(B)
{ke B: k<2t {keB:k<2%
< } t | _2P<B) + | t | —p(B)
2 2
<2 +e=3e
Computing lim sup; and lim inf; then gives
p(B) —3e < d(B) < d(B) < p(B) + 3¢,
whence d(B) = p(B). O

1.1.5 Distances Between Sets and Functions

Using symmetric differences, we can define a notion of distances between sets.

Definition 1.1.17. If A and B are sets, the numbers d(A, B), d(A, B), and d(A, B) are
defined by?*

d(A,B)=d(AAB), d(AB)=d(AAB), d(A B)=dAAB).

(Of course the first is only defined if the second and third are equal.) If n is a number, we

also define dy, (A, B) = dp(AA B).

It will be useful to extend this definition to partial functions as follows.

4. Our definition of d(A, B) matches the definition of D(A, B) from [9, Definition 1.8]. We use a slightly
different notation because we want to extend it to partial functions in Definition 1.1.18 below.

17



Definition 1.1.18. If f,g: {0.1}* — {0,1}* are partial functions, the numbers d(f, g) and
D(f,g) are defined by

d(f,g) = d({x € {0,1)" : f(2)b A gl@)L A [(2) # 9(2)}),
D(f.9) = d({z € {0,1}": f@)TV g(a)t V f(2) # gl2)}).

d(f? g)? d(f7 g); dn(fa g)? Q(fa g)? D(f7 g)? and Dn(fa g) are deﬁned analogously.

That is, for d(f, g) we ignore the points at which either function is undefined, and for
D(f,g) we pretend that f(o) # g(o) if either function is undefined. In a sense, the first is an
“optimistic” view of the distance, as d(f, g) is the smallest value of d( 1, g) across all possible
total extensions f of f and g of g; and the second is a “pessimistic” view of the distance, as
D(f,g) is the largest possible such value.

Note that d(A, B) = d(xa,xB) = D(x4, XB)-

1.1.6  Asymptotic Notions of Computability

In this section we will explore some relaxations of the notion of computability. Traditionally,
to consider that a Turing machine M solves a certain problem, we demand for M(n) to
be defined and the correct answer for all inputs n. We will relax this restriction to require
M (n) to be defined and correct only for densely many n. The various definitions will vary

on how M (n) is required to behave for the other n.

Generic Computability

In this paper we will mostly be concerned with the case where M (n) may not converge, but

must be correct where defined.

Definition 1.1.19 ([12, Definition 1.4]). A generic description of a function f is a par-

tial function g whose domain has density 1 and g(n) = f(n) wherever g is defined. If ¢
18



is partial computable, we say that f is generically computable. A set A C N is generically

computable if its characteristic function is generically computable.

We will frequently identify a set with its indicator function; for example, we will say
that “f is a generic description of A” when we mean that f is a generic description of the

indicator function of A.

Example 1.1.20. We claim that no 1-random set is generically computable. Let g be any
partial computable function with dense domain. In particular, the domain of ¢ is infinite.
Let (ag,bg), (a1,b1),... be a computable enumeration of the graph of g (so that g(a;) = b;
for all ), and define

Vi ={A| A(a;) = b; for all i < k}.

Each V}, is a Z(l) class of measure 27% and Mien Vi is the collection of all sets A whose
characteristic function agrees with g where ¢ is defined. Thus, every 1-random set disagrees

with g somewhere. Since g was arbitrary, no 1-random set is generically computable. 0

Example 1.1.21. For any set A C N, let B = {2" | n € A}. The set B is a “sparsification”
of the set A; they are Turing-equivalent. Nevertheless, the function f such that f(n) = 0 if
n is not a power of 2, and f(n)1 otherwise, is (partial) computable and a generic description
of B. Hence the set B will always be generically computable, regardless of A. This shows

that every Turing degree contains a generically computable set. 0

Example 1.1.22. Let A € N be a noncomputable set, and define B = (J;.c 4 Jg, where
Jj. is as in Definition 1.1.13. Suppose that B were generically computable, and let f be a
witness (a generic description of B which is partial computable). By Proposition 1.1.15, for
all sufficiently large k, the function f is defined for most n € J,.. So, to compute whether
k € A or not, just try to compute f(n) for all n € Ji., in an interleaved fashion; it must be

defined for at least one n € Jy, and as soon as f(n) is calculated for this n, we know that

this is the value of A(k).
19



That would make A computable, a contradiction. Hence every noncomputable set is

Turing-equivalent to a set which is not generically computable. 0

Coarse Computability

An alternative notion arises if we demand for M(n) to always be defined, but allow the

answer to be wrong sometimes.

Definition 1.1.23. A coarse description of a total function® f is a total function ¢ such
that the set {n | f(n) = g(n)} has density 1. If g is computable, we say that f is coarsely
computable. A set A C N is coarsely computable if its characteristic function is coarsely

computable.

Identifying sets with their characteristic functions, we will say that a set B is a coarse
description of a set A if 1 is a coarse description of 1 4, or equivalently, if the symmetric

difference A /A B has density 0.

Example 1.1.24. If A and B are as in Example 1.1.21, then the empty set is a coarse
description of B, so all sets are Turing-equivalent to a coarsely computable set.

If A and B are in Example 1.1.22 and B is coarsely computable, let C' be computable
such that B A C is sparse. Then for all sufficiently large k& we have dj,(B A C) < %, so either
dp(C) < 31)7 (in which case k ¢ A) or di(C) > % (in which case k € A). Hence C' computes

A. So every noncomputable set is Turing-equivalent to a non-coarsely computable set. [

Example 1.1.25. We can construct a set which is coarsely computable, but not generically

computable, through diagonalization, as follows. Let R be the set

Re={neN:2¢|nA2t 4 n}.

5. Coarse computability is usually defined only for sets (e.g. [8, Definition 1.1]). We extend the definition
for functions for consistency with Definition 1.1.19.
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So Ry is the set of odd numbers, Ry is the set of even numbers not divisible by four, R9 is the
set of multiples of four which are not multiples of eight, and so on. Note that p(R;) = 27¢~1.
We will construct a non-generically computable c.e. set A such that |[A N Re| < 1 for all e.
So, for each e, all but finitely many elements of A are contained in R, so p(A) = 0, whence
the computable set ) is a coarse description of A.

To achieve this, for each e, simulate the eth Turing machine on every number n € R,
and wait for it to halt in any of those inputs. If it halts on n, set n € A if the machine
rejected it, and leave n ¢ A otherwise, and stop simulating the eth Turing machine (we are
done with it). This finishes the construction.

Clearly A is c.e., and if the eth machine halts in some n € R, by construction the
function it is computing cannot be a generic description of A (as it is getting the value of
the nth input wrong). But if the machine never halts for any n € R, then the density of
its domain is at most 1 — 27¢71, so it is also not a generic description. Hence A is coarsely

computable but not generically computable. 0

Example 1.1.26. Conversely, we can construct a c.e. set A which is generically computable,
but not coarsely computable. Recall that the sets J,, = [2F,251) NN form a partition of
N\ {0}. We will have a countable collection of strategies Se, one for each Turing machine e.
Se will try to prevent the eth Turing machine from coarsely computing A.

We will construct a partial function f (which will be a generic description of 1 4) by
stages. Strategy Se starts acting on stage s, and “claims” the smallest unclaimed J;, for
itself. If n is one of the last 25 — 25=¢ elements of Ji, we define f(n) = 0. Otherwise, S
simulates the eth Turing machine on n for s steps. If the Turing machine does not halt on all
the remaining elements, Se does nothing, and will try again on the next stage. Otherwise,
define f(n) to be the opposite value of what the Turing machine answered, and claim the
next smallest unclaimed .J;, for the next stage. Finally, let A = f~1(1). This finishes the
construction.
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If strategy Se claims only finitely many intervals Jj., it means that the eth Turing machine
fails to halt in some element of the last claimed interval. Hence the eth Turing machine
cannot coarsely compute A.

If strategy Se claims infinitely many intervals Jy, let B be the set computed by the

2k—e

eth Turing machine. If n is one of the first elements of J, by construction we have

A(n) = f(n) # B(n), so di,(AA B) < 1—27° Since there are infinitely many such k, the
set B is not a coarse description of A.

This shows that A is not coarsely computable. To show that A is generically computable,
note that if Se claims infinitely many intervals Jy, then f(n)| = A(n) for all n in each of
these Jj; and if Se claims only finitely many intervals, it may leave f(n) undefined for up
to 28—€ elements in Jp. if it is the last claimed interval, but after that Se stops claiming
intervals at all. Hence if D is the domain of f, then dj(D) < 1 —27¢ for finitely many k.

So D is dense, which shows that f is a partial computable generic description of A. 0

The following proposition will be useful in Section 1.2.2.

Proposition 1.1.27. If the set X is Church-stochastic, then X is not coarsely computable.

Proof. Let A be any computable set. We will show that A is not a coarse description of X.
Because p(A U A) = 1, either p(A) > 0 or p(A) > 0; without loss of generality, assume

the former. Let f: N — N be the increasing function which satisfies

A={f(0),f(1), f(2),... }.

Then f is a computable selection function, and because X is Church-stochastic,

L HE<nlfR)exy 1

n—00 n 2°

Let £ > 0 be given, and take N large enough that if n > N then the limit above is within
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e of % Further, take some n > f(N) for which pj,(A) > p(A) —e, let m be the largest integer

for which f(m) < n, and note m > N. Then

(AN X) = |{k<n|k:€nA/\k:¢X}|

G <mfU) € ANSG) ¢ X)
i <m|fG) ¢ X

n

z(%—g)mn“
:(%_&.) {k <n|ke A}

> (5-¢) ot - )

Because € > 0 was arbitrary, this means that p(A\ X) > p(A)/2. So A and X disagree
on a set with positive upper density, which means that A cannot be a coarse description of

X. [l

Dense and Effectively Dense Computability

Generic computability arises when the Turing machine M is allowed to not halt sometimes,
and coarse computability arises when M is allowed to make a few mistakes. If both of these

relaxations are taken together, we get dense computability.

Definition 1.1.28 ([2, Definition 1.3]). A dense description of a function f is a function

g such that the set
{n]g(n)lAgn)=fn)}

has density 1. If g is partial computable, we say that f is densely computable. A set is

densely computable if its characteristic function is densely computable.

Clearly all generically computable sets and all coarsely computable sets are densely com-
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putable. It is interesting to note, however, that there are sets which are neither generic nor
coarsely computable, but which are densely computable. In a sense, this whole is larger than

the sum of its two parts.

Example 1.1.29. Let A be the set constructed in Example 1.1.26 and B be the set con-
structed in Example 1.1.25. Then the join A® B of A and B is neither generically nor

coarsely computable, but it is densely computable. 0]

If we disallow both relaxations (we still demand the Turing machine to always halt, and
we forbid it from giving the wrong answer), we can still construct an asymptotic notion of
computability which is weaker than just being computable. We allow the machine to return

the special symbol [J, which means that the machine does not know the answer.

Definition 1.1.30 ([2, Definition 1.4]). An effective dense description of a function f :
N — N is a total function g : N — N U {(J} such that, for all n, we have either f(n) = g(n)
or f(n) =0, and the set

{ng(n)# 0}

has density 1. If g is computable, then f is effectively densely computable. A set is effectively

densely computable if its characteristic function is effectively densely computable.

Of course, all effectively densely computable sets are also generically computable and
coarsely computable, and a modification of Example 1.1.21 shows that there are effectively

densely computable sets which are not computable.

Example 1.1.31. We will modify Example 1.1.26 to construct a set which both generically
and coarsely computable, but not effectively densely computable.

Strategy Se will again simulate the eth Turing machine on the beginning of its claimed
intervals. Suppose Se claimed interval Jy, and that the eth Turing machine computes the

function fe. First we again define A(n) = 0 for all of the last ok — 9k=¢ clements n of J..
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ok=¢ starting elements of Jp, if fe(n) # O for any of

Once the machine halts on all of the
those n, we can define A(n) = 1 — fe(n) for the smallest one, A(n) = 0 for the rest, and
Se can stop claiming intervals. Otherwise, we have f.(n) = O for all of the ok—e starting
elements of Jy; define A(n) = 0 for all n € J; and claim another interval. This finishes the
construction.

If strategy Se claims infinitely many intervals, it means that fe(n) = O in all the begin-
ning 28~€ clements of J. for infinitely many k, so fe is not an effective dense description of
A. If strategy Se claims only finitely many intervals, it means that f is undefined in some
of the claimed intervals, which thus mean that the eth Turing machine does not effectively
densely compute A. Therefore, A is not effectively densely computable.

Finally, the same reasoning as in Example 1.1.26 shows that A is indeed generically

computable; and A(n) = 1 for at most one n € Ji, so () is a coarse description of A, which

shows that A is also coarsely computable. 0

The following proposition will be useful in Section 1.2.3.

Proposition 1.1.32. If the set X is Church-stochastic, then X is not densely computable.

Proof. Let g : D C N — {0,1} be a partial computable function with dense domain. We
will show that ¢ is not a dense description of X.

Because p(D) = 1, at least one of the sets

{nlg(n)l =1} and {n|g(n)| =0}

has positive upper density. Assume it is the former without loss of generality.

Let ¢ € Q satisfy

[\ et

<p{n[gn)i=1}) <q

Define the computable set B as follows.
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Start with k£ = 0. On stage s, evaluate g(n) for n € Ji, Jp41,... and wait until, for some
1 > k, we have

{n € J; | gn)l =1} > ¢2'~2.

Because p({n | g(n)l = 1}) > ¢/2, by Lemma 1.1.14, we have d({n | g(n)| = 1}) > q/4,
so for each fixed k there is some ¢ > k for which the condition above is satisfied. Then
define B on J; to be the first ¢2/=2 elements of {n € J; | g(n)} = 1}, and B(n) = 0 if
neJyUJpyU---UJ;j_1. Set k =1 and go to the next stage.

Again by Lemma 1.1.14, this means that p(B) > ¢/8, so B has a positive upper density.
The argument now follows the proof of Theorem 1.1.27 to show that B and X disagree in a

set of positive upper density. Therefore ¢ is not a dense description of X. O

1.1.7  Enumeration Operators and Reducibilities

In order to talk about generic degrees, we have to define “generic reduction” between two
sets, but simply using Turing reductions will not work.

Generic descriptions are functions. To use functions as oracles, we will consider their
graphs; formally, we let (-,-) : N x N — N be any fixed pairing function (say, Cantor’s

pairing function), and define

graph(f) = {(z, f(x)) | # € Dom(f)}.

The problem of using graph(f) directly as an oracle for a Turing machine is that the
machine can query whether a certain number is in the domain of f or not. For example,
for any set A, we can define f(2%) = 0 if k € A, leave f(2F) undefined if k ¢ A, and set
f(n) =0 if n is not a power of 2. Then f is a generic description of the empty set, but it is
easy to see that graph(f) >1 A. Hence for every set A, there is a generic description of ()

which computes it.
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The issue is that the function directly queries whether a pair is in graph(f) or not. To

prevent this, we will use enumeration operators instead.

Definition 1.1.33 ([18, Section 9.7]). Let W C N* x N be a set of pairs (F, k), where
k € N and F' is a finite subset of N. Then W is an enumeration operator if the set of codes
for the elements in W is a c.e. set. (We will identify W with the set of codes.) For any set
A, we define W4 by

wA = {k| (F,k) CW for some F' C A},

and we say that W4 is enumeration reducible to A.

The name comes from the idea of a program that can transform any enumeration of A
into an enumeration of a set B. Since the elements of A may be presented out of order, all
the algorithm ever sees are finite subsets F' C A. If the algorithm decides to enumerate k
into B, we place the pair (F, k) into W. The result is that B = WA,

As a direct consequence of this definition, if A is a c.e. set, then any W4 is also c.e. for

any enumeration operator W.

Proposition 1.1.34. For infinite sets, the set W may be taken to be computable; that is,
for every enumeration operator W there exists a computable enumeration operator V' such

that W4 = VA4 for all infinite sets A.

Proof. To decide whether (F,k) € V or not, let M be a Turing machine which recognizes
W and simulate M on all pairs (F’, k) with F' C F for |F| steps. Place (F,k) € V if M
accepts any pair, and define (F, k) ¢ V otherwise. This makes V' computable.
For any k, if k € VA, it means that (F,k) € V for some FF C A, which means that
(F' k) € W for some I’ C F. Hence (F', k) € W for some F/ C A, so k € wA,
Conversely, if A is infinite and k& € WA, this means that (F,k) € W for some F C A.
Suppose it takes s steps for M to accept (F,k). Let S C A be any subset of A with s

elements. Then, by construction, (FU S, k) € V, and FUS C A. Therefore, k € VA O
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Proposition 1.1.35. The set W may be assumed to be monotonic; that is, for every enu-
meration operator W there exists an enumeration operator V such that w4 = vA4 for all

sets A, and if (F,k) € V then (F’,k) € V for all F/ D F.

Proof. Define
V = {(FK) | 3F' C FI(F', k) € W]}.

As V O W, we have WA CvA4 for all A Furthermore, if k£ € VA, then (F,k) € V for some
F C A so (F' k) € W for some F' C F, so (F',k) € W for some F' C A, which means
ke WA Hence VA = W4, O

An observation which will be important below is that we may compose enumeration

operators.

Proposition 1.1.36 ([18, Theorem XX]). For any enumeration operators V and W there

A
exists an enumeration operator U such that U A= yW7 for all sets A.

Proof. Replacing V' and W if needed, we may assume that they are monotonic. Define U
via

U:“R@‘ﬂﬂ@ﬂ@eVAWEFﬂRUGWﬂ}

U is an enumeration operator because all of the candidate F/ must be finite.

Let k € VW Then (F, k) € W for some set F' C WA, For each | € F we have | € W4,
so there exists some F} C A such that (F},1) € W. Define F' = (J;cp F]. Because W is
monotonic, we also have (F',l) € W for all | € F. Then (F,k) € U, by construction, so
ke UA

Conversely, let kK € U A, so (F k) € U for some F C A. By definition of U, this means
that (F’, k) € V for some F’ such that (F,1) € W for all | € F’. Because I C A, this means
that [ € WA for alll € F/, so F' C W4, Hencek:EVWA. O
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Dense and Generic Reducibility

Definition 1.1.37 (see [2, Definition 3.2]). A set A is nonuniformly generically reducible
to a set B, denoted by A <ug B, if for every generic description f of A, there exists a generic

description g of B such that f is enumeration reducible to g.

Definition 1.1.38 (see [2, Definition 3.2]). A is uniformly generically reducible to B,
denoted by A <yg B, if there is a single enumeration operator W such that W9 is a generic

description of A for all generic descriptions g of B.

A direct consequence of Proposition 1.1.36 is that both <,g and <yg are transitive, and

therefore the definitions below make sense.

Definition 1.1.39. The uniform (resp. nonuniform) generic degree of a set A is the col-

lection of sets B such that A <ug B and B <yg A (resp. A <pg B and B <;g A).

For example, the class of generically computable sets is the generic degree of (). In this
case, the uniform and the nonuniform generic degrees coincide, but this is not the case in

general.

Example 1.1.40. Let A be any set, and define the sets R(A) and R(A) by [2, Section 5]

R(A) = | J By,

keA

and

R(A) = | -

keA
Clearly, A >1 R(A) and A > R(A).
Because each Ry, has positive density, if f is any generic description of R(A), then f(n)
is defined for some n € Rj. Since generic descriptions must be correct wherever defined,

we can uniformly reconstruct A from any generic description of R(A) by simply waiting
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for some n € R}, to be in the domain of f. Because A > R(A), this means that we can

compute R(A) from any generic description of R(A), whence

R(A) <ug R(A)-

If f is any generic description of R(A), then for all sufficiently large k, we have that
f(n) is defined for at least one n € J.. Hence we can nonuniformly compute R(A) from f
by “memorizing” the values of A(k) for the finitely many non-sufficiently large k, and just

waiting for f(n) to be defined for some n € Jj. if k is sufficiently large. Thus

R(A) <ug R(A).

Finally, choose A to be a non-autoreducible set [19, Exercise 7.3.8] (that is, there is no

Turing reduction ® such that A(k) = ®A\*} (k) for all k). We claim that
R(A) Zug R(A)

in this case. Indeed, suppose that there exists an enumeration operator W which witnesses
R(A) <ug R(A). For any k, define f(n) = A(j) if n € Jj and j # k, and let f(n) undefined
otherwise. Because f is a generic description of R(A), we must have W/ (n)] = A(k) for
some n € Rj. As f can be uniformly computed from A\ {k}, this shows that A(k) can be
uniformly computed from A\ {k}, which shows that A is autoreducible, a contradiction.
Hence the sets R(A) and R(A) are nonuniformly generically equivalent, but not uniformly

generically equivalent. 0

We will use a similar definition for dense reducibility.

Definition 1.1.41 ([2, Definition 3.2]). A set A is nonuniformly densely reducible to a

set B, denoted by A <,q B, if for every dense description f of A, there exists a dense
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description g of B such that f is enumeration reducible to g. A is uniformly generically
reducible to B, denoted by A <,q B, if there is a single enumeration operator W such that

W9 is a dense description of A for all dense descriptions g of B.

Again, Proposition 1.1.36 guarantees that the definition below makes sense.

Definition 1.1.42. The uniform (resp. nonuniform) dense degree of a set A is the collection

of sets B such that A <,q B and B <,q A (resp. A <,q B and B <4 A).

The distinction between uniform and nonuniform is again necessary; see [2, Corollary 5.8]
for an example of a pair of sets which are nonuniformly densely equivalent, but not uniformly

densely equivalent.

Coarse and Effectively Dense Reducibilities

Coarse and effectively dense descriptions of sets must be defined everywhere, so there is no

need to use enumeration operators.

Definition 1.1.43 (see [2, Definition 3.1]). A set A is nonuniformly coarsely reducible
to aset B, denoted by A <y B, if every coarse description of B computes a coarse description
of A. The set A is uniformly coarsely reducible to B, denoted by A <y B, if there is a single
Turing functional ® such that ®C is a coarse description of A for all coarse descriptions C'

of B.

The definition of uniform and nonuniform coarse degrees is analogous to the previous
definitions. See [8, Theorem 2.6] for an example of two nonuniformly coarsely equivalent
sets which are not uniformly coarsely equivalent.

The definition for effectively dense degrees is analogous.

Definition 1.1.44 ([2, Definition 3.1]). A set A is nonuniformly effectively densely re-

ducible to a set B, denoted by A <,.q B, if every effectively dense description of B computes
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an effectively dense description of A. The set A is uniformly effectively densely reducible to
B, denoted by A <,,oq B, if there is a single Turing functional ® such that ®C is an effectively

dense description of A for all effectively dense descriptions C' of B.

The definition of uniform and nonuniform effectively degrees is analogous to the previous
definitions. See [2, Corollary 5.3] for a pair of sets which are nonuniformly effectively densely

equivalent, but which are not uniformly effectively densely equivalent.

1.1.8 Function Trees

This section defines function trees (using the same definition as in [16, Section V.5]), and
states a theorem from [9, Corollary 5.11] (Lemma 1.1.47) in terms of function trees.

As noted below, function trees correspond to “traditional” trees with no isolated paths.
We will use them when proving Theorem 2.3.5 essentially for notational convenience. If 7" is
a tree without isolated paths and we are working on a string 7 € T, we will frequently want
to take extensions 7, 7] > 7 immediately after the first “bifurcation” after 7. That is, we
first replace 7 with the shortest extension 7 of 7 in the tree such that both 70 and 71 are
also strings in the tree (i.e. we navigated until the first “bifurcation” after 7 in the tree, and
every extension of 7 is comparable with 7); then we let 7y be the extension of 7 % 0 until the
nearest bifurcation, and likewise for 7. If T were a function tree, then 7 = T'(u) for some

string u, and g, 7 are just called T'(u % 0) and T'(u * 1).

Definition 1.1.45 ([16, Definition V.5.1]). A partial function tree is a partial function

T:{0,1}* — {0, 1}* satisfying the following properties:
1. For all v 5 w, if T'(u) is defined then T'(v) is also defined.

2. For all u such that T'(u) is defined, either T'(u % 0) and T'(u * 1) are both undefined, or

both are defined to incomparable extensions of T'(u).
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A function tree T can be made into a “traditional” tree by taking prefixes of strings in

the image of T'; that is, the set

{7 [ 3T () = 7]}

is a tree. Condition 2 implies that this tree has no isolated paths, and conversely, every
tree without isolated paths can be converted into a partial function tree. We will sometimes

identify the two notions.

Definition 1.1.46. We say that a partial function tree T" refines a partial function tree T

if for all u, if T'(u) is defined, then it equals 7'(v) for some wv.

As functions, the definition above says that Im 7" C Im T: as trees, T is a subtree of 7.

As an example, a function tree 7' always refines itself, and if we define 7' by setting
T(®) = T(0) and T(0 % u) = T(1 % u),T(1 % u) = T(0 % u) for all o, then T and T refine
each other. Intuitively, these two function trees represent the same “traditional tree”, so
ultimately it does not really matter which of those is our representative.

The following lemma will be used in the proof of Claim 2.3.5.8.

Lemma 1.1.47 ([10, Theorem 7.13]). There exists a total computable function tree T}

such that if A, B are distinct paths on T then d(A, B) = 1/2.

Remark 1.1.48. The original theorem states the result for p instead of d. However, due to

Lemma 1.1.14, convergence under p and convergence under d are equivalent.

1.1.9 Effective Completeness Theorems

A metric space is complete if every converging Cauchy sequence has a limit. If we use d
the metric from Definition 1.1.17, we can talk about convergence in the coarse equivalence
classes. However it is fairly easy to construct a sequence of coarsely computable sets which
converge to a set which is not coarsely computable. In a sense, the completeness of (2¥,d)

is not effective.
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However, there are additional hypothesis that do ensure convergence to a coarsely com-

putable set. We mention two such theorems.

Lemma 1.1.49 ([9, Corollary 5.11]). Let B be any set and suppose there exists a -
computable function f such that, for each k, the number f(k) is an index for a computable

set @ 1y such that d(B, Priry) < 2% Then B is coarsely computable.

Each f(k) is, of course, a computable index for the computable set ® F(k)3 it is just the
sequence f(0), f(1),... which may be only @/-computable. We cannot replace (' with any
non—Ag set, though; see Proposition 2.4.1. In Section 2.4 we discuss this and versions of this

theorem for the other asymptotic notions of computability. See also Open Problem 5.4.

Lemma 1.1.50 ([9, Theorem 5.12]). Let G be a AJ l-generic set, let A <p G, and
suppose that there exists a sequence of computable sets By, By, . .. such that d(A, By) < 2~k

Then A is coarsely computable.

Note that the sequence does not need to be uniform (unlike Lemma 1.1.49), but the set

A itself must be computable by some Ag 1-generic set.

1.2 Minimal Pairs and Randomness

Informally speaking, if A and B are any two sets, we can ask whether they have some
common “computational power”. Clearly both A and B can compute any computable set,
but is there anything more? Perhaps surprisingly, there are many pairs without any common
computational power (besides the computable sets), which we call “minimal pairs”.

We start with the Turing degrees.
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1.2.1  Minimal Pairs in the Turing Degrees

Definition 1.2.1 ([19, p. 135]). The upper cone above a set A is the collection

{B|B>1 A},

and the lower cone below A is the collection

{B| B <t A}.

The intersection of these two cones is the Turing degree of A.

For any two sets A and B, it is easy to see that their upper cones intersect; in fact, the
intersection of the upper cones above A and B is exactly the upper cone above A& B.
Trivially, the lower cones also intersect, because all lower cones contain the computable

sets. And, in some cases, their intersection contain only the computable sets.

Definition 1.2.2 ([19, Definition 6.2.1]). A minimal pair for the Turing degrees is a pair
of sets (A, B) such that neither A nor B are computable, but if C' <p A and C' <7 B, then

C' is computable.

That is, the intersection of the lower cones below A and B is the class of computable
sets.
We will provide a proof of existence of minimal pairs based on the Lebesgue Density

Theorem, using a “majority vote” argument.

Lemma 1.2.3 ([5, Theorem 8.12.6]). If A is noncomputable, then the upper cone above

A has measure zero.

Proof. Let V' be the upper cone above A, and assume it has positive measure.
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For each e, define V, = {B | ®8 = A}; that is, the class V; contains all the oracles that
e can use to compute A. Note that V' is the union of all V¢, so if u(V') > 0 then u(Ve) > 0
for some e.

By the Lebesgue Density Theorem, there is some o € 2<% such that p(Ve N [o]) >
%u([[a]]), so we can do a majority vote inside [o]: given n, compute ®](n)[|7|] for each

T »= o, until either

e the measure of the 7 such that ®](n)[|7|]] = 0 surpasses %,u([[a]]), in which case we

know that A(n) = 0; or

e the measure of the 7 such that ®7(n)[|7]]{ = 1 surpasses %,u(ﬂo]]), in which case we

know that A(n) = 1.

One of these two must happen, and when it does the majority vote is the correct answer.

Therefore, if the measure of V' is nonzero, then A is computable. n

We have the following as an immediate consequence of this lemma.

Proposition 1.2.4. Each noncomputable set forms a minimal pair with measure-1 many

sets.

Proof. Let A be noncomputable. There are countably many noncomputable sets D <t A,
and for each of those sets, the upper cone Vp = {C' | C' >1 D} has measure zero. We claim
that if B is noncomputable and not in any of these cones, then (A, B) forms a minimal pair
for the Turing degrees.

Indeed, if C' <1 A, B, then clearly B € V; by construction, this is only possible if C' is
computable. So (A, B) is a minimal pair for the Turing degrees.

Since there are countably many D <1 A, the family of valid such B has measure 1. [

Hence, a simple application of Fubini’s Theorem shows that the collection of pairs (A, B)

which form a minimal pair for the Turing degrees has measure 1. Intuitively, this means
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that any two sets picked “at random” will be a minimal pair for the Turing degrees. In fact,

we can show that a fairly low degree of randomness suffices.

Proposition 1.2.5 ([5, Corollary 8.12.4]). If A and B are relatively weakly 2-random,

then A and B form a minimal pair for the Turing degrees.

Proof. Let C' be a noncomputable set such that C' <t B, and suppose for the sake of

contradiction that C' <1 A. Let e satisfy <I>é1 = (), and define
S = {X | Yn3s[®X (n)[s] = C(n)]}.

Then § is a Hg’B class which is contained in the upper cone above C'. By Lemma 1.2.3, the
class S has measure 0. Since A is weak 2-random relative to B, this means that A ¢ S, a

contradiction. O

1.2.2  Minimal Pairs in the Coarse Degrees

For coarse reducibility, we have a similar definition, though we have to pay attention to

uniformity.

Definition 1.2.6. Two sets A and B form a minimal pair for the uniform coarse degrees
if both are non-coarsely computable and if C' is any set such that C' <y A, B, then C is
coarsely computable.

Being a minimal pair for the nonuniform coarse degrees is defined similarly.

Because the relation <y has stricter requirements than <, if two sets form a minimal
pair for the nonuniform coarse degrees then they also form a minimal pair for the uniform

coarse degrees, so it suffices to show the former.

Lemma 1.2.7 ([8, Theorem 5.2]). If A is non-coarsely computable and X is weakly 3-

random relative to A, then X does not compute any coarse description of A.
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Proof. Suppose for the sake of contradiction that A <, X, and let ® be a Turing functional

such that ®¥ is a coarse description of A. Define the class P by

P ={Y | ®" is a coarse description of A}.

For Y to be in P, it must be the case that ®Y is total (which is a Hg property) and that

limy, pj, (®Y A A) = 0, which we can express as
VeaK Vs, k > K[(Vn < K@Y ()[s]))) = pp(@Y[s] A A) < 5],

which is a Hg’A property. Hence P is a Hg’A class.

Because X is weakly 3-random relative to A, it is not contained in any Hg’A class of
measure 0; since X € P, we must have u(P) > 0. Using the Lebesgue Density Theorem,
there exists some o such that u(P N o)) > %2_“’|. By replacing ®7Y with ®7Y for all
|7| = |o]| (except if 7 = X ||o]), we may assume that u(P) > %; that is, for more than % of
all Y, the set Y is a coarse description of A. (The exception of not replacing if 7 = X [ |o]|
exists solely to keep X € P, and it is not really needed in the rest of the argument.)

Define the set D as follows. Recall that J;, = [2F, 2"1)AN. For each k, find some integer
sj. and a finite set Sy, of sp-sized strings such that 7 (n){ for all n € J;, and all o € S}, and
|Sk| > %2”’6. We know such set exists because u(P) > % Then pick a set R C Sj such

that |Ry| > %Z”k which minimizes

max di(P7 ADT).
o0,TERy

Finally, let D(n) = ®7(n) for all n € Jj, where 7 is some fixed element of R; (say, the
lexicographically least element). We claim that D is a coarse description of A, which implies

that A is coarsely computable.
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Let € > 0 be given, and define B}, by
By, = {Y | ®¥ (n)] for all n € Jj, and dj(®¥ A A) < £}

Note that in the definition of Sy, all si-sized prefixes of elements in B} are “valid choices”.
Suppose that u(Bj) > % for some k. This means that at least % of all the strings o of
length sj, satisfy dp(®7 A A) < e, thus at least %2‘% strings in S}, satisfy dp(®7 A A) < ¢,

which means that there is a set R C S}, with |R| > %Q‘Sk for which

max d (P APT) < 2e.
o,TER

Since R minimizes the value above, we know that dj,(®? A ®7) < 2¢ for all 0,7 € Ry..
Since p(By) > %, at least one o € R}, is a prefix of an element in By, so if 7 € Ry, is the

string used to define D we have

A (DA A) = dp (D7 A A)
< dj (DT A D7) + djy (D7 A A)

< 2e + ¢ = 3e.

If Y € P, by Corollary 1.1.15 we have Y € B} for all sufficiently large k. Hence the
union of the sets C, = (5, By contains all elements in P. This means that u(Cy) > % for
all large enough k, which implies that u(By) > % for all large enough k.

Therefore, dj.(D A A) < 3¢ for all large enough k. Since e was arbitrary, this shows
that D is a coarse description of A, contradicting the hypothesis that A is not coarsely

computable. O

Corollary 1.2.8 ([8, Corollary 5.3]). If A and B are relatively weakly 3-random, then

they form a minimal pair for relative coarse computability.
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Proof. By Propositions 1.1.5 and 1.1.27, neither A nor B is coarsely computable, so we have
to show that if C' is coarsely computable relative to A and B, then C'is coarsely computable.

If not, let Y be a coarse description of C' which is computable in B. Then A is weakly
3-random relative to Y, so by the lemma above we have Y is not coarsely computable relative

to A, which means that X is not coarsely computable relative to A, a contradiction. O

1.2.3  Minimal Pairs in the Dense Degrees

For the dense degrees, the definitions are similar.

Definition 1.2.9. Two sets A and B form a minimal pair for the uniform dense degrees
if both are non-densely computable and if C' is any set such that C' <y. A, B, then C is
densely computable.

A minimal pair for the nonuniform dense degrees is defined similarly.

Because dense computability is more flexible than coarse computability, showing a result

similar to Theorem 1.2.8 will require more work. We start with a lemma.

Definition 1.2.10 ([2, p. 169]). If S = {S,, C 2¥},,cN is a sequence of measurable subsets

of 2¥ and A € 2¥, define S(A) ={n | A € Sp}.

Lemma 1.2.11 ([2, Lemma 6.1]). Let a,b,q € [0,1] and S = {Sp, },,eN- Suppose that

p{n | 1(Sn) <4} >a

and

p{A | p(S(A) = 1}) > b.

Then (1 —q)a+0b < 1.
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Proof. Fix r < 1 and define the class X}, by
Xy = {A| Yk > nlpp(S(A)) > 1]},

The union of all &}, contains the set {A | p(S(A)) = 1}, and &), C A}, 11. Therefore, there

exists some N such that p(X),) > b for all n > N. Now fix n > N to satisfy

pn({k | 1(Sg) < q}) > a

(such n exist by hypothesis), and consider the equality

1 1
5 / s, = / S g, du. (12)
j<n 2 j<n

This equality is true because integrals commute with finite sums. We will provide an
upper bound for the left side of the equality and a lower bound for the right side of the
equality which, together, will give us the result.

For the right side, we will compare it with p,({n | u(Sn) < ¢}); we have
1 1
o) KRR
<n <n

Due to the choice of n, at least an of the S; satisfy ;(S;) < ¢. For the remaining n — an of

them, we can simply bound x(S;) by 1. This gives

n 4 w J n
<n

=1-(1—-gq)a.
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For the left side, we can restrict the integration domain to get

1 1
S IDMEETET Y i) PR
I<n n

j<n

Because n > N, if A € &), we have p,(S(A)) > r, which expands to

Z ]lSj(A) > rn.

j<n

Substituting into the integral gives

1 1
—/ E 1s.dp > —/ rndu
n Jow “ J nJx

j<n n

= ru(Xy,) > rb.

Combining both inequalities gives b < 1 — (1 —q)a, which rearranges to (1—q)a+rb < 1.

Because r < 1 was arbitrary, we finish the proof. n

The lemma above will be used to prove the following theorem, which will enable us to

implement the “majority vote” argument for dense degrees.

Theorem 1.2.12 ([2, Proposition 6.2]). Let S = {S,, C 2“},,cn and q satisfy

p{A ] p(S(A)) =1}) > ¢.

Then
p({n | 1(Sn) = q}) = 1.

Proof. The result is trivial if ¢ = 0, so assume g > 0. Define p by

p=p{n|u(Sn) <dq}),
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and assume for the sake of contradiction that p > 0. Let € > 0 be such that p% € N and

A p(S(A) =1} > g +e.

We will construct a subsequence 7 of § such that setting a = 1—e and b = g+¢ then a, b, q, T
satisfy the hypothesis of the lemma above, which is a contradiction because a(1 — q) + b =
1 + ge in this case. Thus p = 0.
Define the set I = {ng < ny < ---} to be the collection of all n for which either n = 0
(mod p%) or u(Sp) < ¢, and define
Tj = Sn;-

1

e and by definition of p we

Observe that p(I) > pe, because I contains all multiples of
have p(I) < pe + p. Intuitively, 7 has a positive fraction of all entries of S.
Let § > 0 be given. There is some N such that p,(I) < p(l1+¢)+0 for alln > N. On

the other hand, by definition of p, there are infinitely many n such that

pn{i | 1(Si) < q}) >p—0.

If n > N satisfies this condition, then

pr({n | 1(Tn) < q}) = pe({7 | 1(Sn;) < a})
U0 {n | p(Sn) < q})
B pm;([)
> pnk({n | 1(Sn) < q})
B Pnk([)
p—90
~ p(l+e)+0

This means that
_ p—20
>
p({n | W(Tn) < q}) > pit9) 40
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Since § > 0 was arbitrary, this means that

pln | 1(To) <)) 2 7z > 1=

Therefore, a, b and 7 satisfy the first condition of Lemma 1.2.11.

Now, since T is a subsequence of S, if p(S(A)) = 1 then

p(T(A)) = lim py((G | 4 € S, )

= lim %pnk({i lae S n)

:hmpnk< ()0

k Pnk([)
mpnk(I) Pnk(l m)
k ,Onk(

because the numerator goes to zero whereas the denominator stays (asymptotically) between

pe and p(1 + ¢). This means that

p{Ap(T(A)) =1}) = n{A [ p(S(A)) =1}) > g +e.

Hence b and T satisfy the second condition of Lemma 1.2.11. As noticed before, this

means that 1 + ge < 1, a contradiction. ]

Now we can show the analogue to Proposition 1.2.7 for dense reducibility.
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Proposition 1.2.13 ([2, Theorem 6.4]). If A is non-densely computable and X is weakly
4-random relative to A, then there are no X-computable dense descriptions of A. (In par-

ticular, A £,q X.)

Proof. Suppose not, and let ® be a Turing functional for which ®X is a dense description of
A. Define the class
F ={Y | ®¥ is a dense description of A},

Note that F is a HZ’A class; indeed,
YeF & VkINVA> NEISD{:)@ <n | Y (@)[s)) = A@)}| > n(1—27F)

Since X € F and X is weakly 4-random relative to A, it follows that p(F) > 0. By
replacing ® if necessary, we may assume that u(F) > %; indeed, let o satisfy u(F N o)) >
%2"0 | (which exists by the Lebesgue Density Theorem) and if |7| = |o| replace ®7Z with
®7Z except if T = X ['|o| (this exception guarantees X € F).

As before, our goal is to show that A is densely computable, resulting in a contradiction.
We will use Theorem 1.2.12. For each n, define S, = {Y | ®¥'(n)| = A(n)}, and S =
{Sn}nen. Each S is a E?’A class, and thus measurable. Furthermore, S(Y) = {n |
®Y (n)] = A(n)}, so, by definition, p(S(Y)) = 1 if and only if &Y is a generic description of

A. Hence

Ol W~

p{Y [p(S(Y)) = 1}) >

Therefore, by Theorem 1.2.12,

p{n | i(Sn) > 4} =1

We define the partial function g as follows. For g(n), find an ¢, an s, and a set R of

s-sized strings for which ®(n)| =i and |R| > 25~ (that is, more than half of all possible
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s-sized strings o agree that ®7(n)| = i) and define g(n) = i. Since such set exists for at
most one 4, this partial function is computable. If u(Sy,) > % then the set R above exists and
g(n) = A(n). Since this happens for densely many n, it follows that g is a dense description

of A. Thus A is densely computable. m

Proposition 1.2.14 ([2, Corollary 6.7]). If X and Y are relatively weakly 4-random,

then they form a minimal pair for relative dense computability.

Proof. By Propositions 1.1.5 and 1.1.32, neither X nor Y are densely computable. Let C' be
a set which is densely computable relative to both X and Y, and let ® be a Turing functional
for which ®Y is a dense description of C.

By the Low Basis Theorem [19, Theorem 3.7.2], there exists a completion D of ®Y which
is low relative to Y. By Theorem 1.1.11, the set X is weakly 2-random relative to Y, so it is
weakly 2-random relative to D, so it is weakly 4-random relative to D. This means there are
no X-computable dense descriptions of D, which means there are no X-computable dense
descriptions of C', which contradicts the hypothesis that C' is densely computable relative to
C. O

1.3 Minimal Pairs for Generic Computability

As we’ve seen in the previous section, the Turing, coarse, and dense degrees have measure-1
many minimal pairs. The situation for generic computability is more complicated, and is

the object of study of this section and Section 2.1.

1.3.1 There are no minimal pairs for relative generic computability

A result from Igusa [11], which predates the results on coarse and dense degrees, states that,
for the more restricted notion of relative generic computability, there are actually no minimal

pairs.
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Theorem 1.3.1 ([11, Theorem 2.1]). If A and B are noncomputable sets, then there is a
set C' which is generically computable relative to both A and B, but which is not generically

computable.

To obtain the set C, we will construct two total Turing functionals & and ¥ such that,
for almost all sets X and Y, the sets ®X and UY are dense, but the union X U Y does
not contain any dense c.e. subset.

Under these conditions, we can let ¢ = ®X U Y. The set X can generically compute
C by letting f(n) = 1 if ®X(n) = 1 and leaving f(n) undefined otherwise. Then f is an
X-computable function with dense domain which agrees with 1 wherever it is defined. The
set Y similarly generically computes C. And C' is not generically computable, because if f
agrees with 1y wherever it is defined, then f~1(1) is a dense subset of X, which thus cannot

be c.e.

Definition 1.3.2 ([11, p. 514]). A set X has a gap of size 27¢ at J; if the last 2/7¢ ele-

ments of J; are not in X; algebraically, if X N [20T1 — 2i=¢ 2i+1l) — ¢,

Lemma 1.3.3 ([11, Lemma 2.3]). Let X be a set such that all elements missing from it
are due to entire gaps being missing. Then X is dense if and only if for each e it only has

finitely many gaps of size e.

Proof. Under these constraints, the set X has a gap of size 27¢ at J; if and only if d;(X) <

1 — 27¢ The lemma then follows from Corollary 1.1.15. O]

We first prove the following special case of 1.3.1.

Theorem 1.3.4 ([11, Proposition 2.5]). There ezist total Turing functionals ® and ¥
such that, if A and B are not Ag sets, then ®A U8 s dense but contains no dense c.e.

set.
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Proof. We will construct the total Turing functionals ® and ¥ in stages. At the beginning
of stage s, we will have ®% (n) and WY (n) defined for all n < 2%, using only the first s bits
of X and Y. (In other words, we will have defined ®?(n) for all n < 2% and all strings o
with |o| = s, and similarly for .) For definiteness, define ®X(0) = ¥Y (0) = 1 for all X, Y.

Strategy e starts acting on stage e. Its goal is to either diagonalize against W, being a
subset of any X U \I/Y, or, failing that, at least make sure W, is not a dense set. To do so,
on stage s, enumerate W, for s steps, and define T¢ s to be the 4-ary tree of all pairs (o, 7)

such that the first 2/7! bits of W,[s] are contained in ®X U Y. Formally,
Tos = {<a,7> | ko= o] = 7] < s AW,[s] [ 2F € &7 U qﬁ}

Note that, since the first 25 bits of ®X and ¥Y were already defined, the tree T¢ s is
finite and uniformly computable.

If T¢ s has no members (o, 7) with || = |7| = s, then Strategy e succeeded, as We[s] C We
and for any X, Y, the set X U Y is missing some element of W, [s].

Otherwise, let (o, 7) be the leftmost pair of T, s with |o| = |7| = s. Let ¢ and 7 be the
longest prefixes of o and 7 such that the pair (,7) is unmarked, mark it, and place a gap
of size 27¢ at Py in both ®° and 7. That is, Strategy e demands for both ®% and U7 to
have gaps of size 27¢ at Ps.

(Intuitively, if T¢ is the union of all T¢ 5, we will “sacrifice” the leftmost path of T, in
the sense that the diagonalization will fail here; but since we are placing gaps of size 27°,
for W to be contained in ®X U ¥Y it must not be dense.)

We essentially let the strategies act independently. On stage s, only the first s strategies
acted, placing gaps at Pgs for various values of X and Y. Define the remaining values of
dX (n) and Y (n) to be 1 (for n < 25T1).

This defines X (n) and WY (n) for all X and Y and all n < 2511, so the construction is

finished. We now prove correctness.
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For each e, let Te be the union of all T s for all s. If, for some s, the tree T¢ s has no
members of length s, then so will T,. Therefore, T¢ is finite, and Strategy e stopped acting
at stage s. This means that W, is not contained in ®X U ¥Y for any X,Y.

So suppose that T, is infinite. Note that, for a pair (o, 7) with |o| = |7| < s, if (0, 7T) ¢
Te,s, then (o,7) ¢ T, for any ¢t > s. This implies that the tree T¢ is computable. Let Xe, Ye
be the two sets corresponding to the leftmost path in T¢; note that these sets are Ag.

Since all prefixes (o, 7) of (X¢,Ye) of length s are contained in T¢ s, they were chosen
infinitely often by Strategy e (because infinitely often they were the leftmost pair of T¢ 5), so
all prefixes of X, and Y, are marked. Therefore, ®Xe U ¥¥e has infinitely many gaps of size
27¢. But because W, C dXe U \Ifye, by the definition of T¢ s, the set W itself has infinitely
many gaps of size 27¢ Hence W¢ is not dense. This means that, for all X and Y, the set
&% U WY contains no dense c.e. subset.

Finally, we will show that if, for all e, we have X # X, and Y # Y, then X U wY s
dense. Let (o, 7) be a prefix of (X, Ye) which is not a prefix of (X,Y’). At some stage, the
pair (o, 7) will be marked by Strategy e, and because the pair (X, Ye) is the leftmost path
of Te, at a further stage t, all marked pairs will be extensions of (o, 7). Then, for all s > ¢,
Strategy e will never place a gap of size 27¢ at Ps in X Uy,

Since A and B are not Ag and all X, and Y, are, the set X U Y is dense (as it has

only finitely many gaps of size 27°¢), but it contains no dense c.e. set. O

In the proof above, we constructed two total Turing functionals ® and ¥ which almost
always yield a dense set. The sets X, and Y, are the only exceptions. The theorem works
for any non—Ag set because X, and Y, themselves are Ag.

The sets X and Y, are the leftmost path of a certain computable tree. To prove the

theorem for noncomputable Ag sets, we will choose different paths.

Proof of 1.3.1. The case where the noncomputable sets A and B are not Ag is covered by

Theorem 1.3.4, so assume A is Ag but B is not.
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Modify the proof of the theorem above as follows. By the recursion theorem, we may
assume we have an index for the tree T,. Since T; is a computable 4-ary tree, by the cone-
avoidant basis theorem [5, Theorem 2.19.10], there is a Ag path Z, through T, which does
not compute A, and it is possible to uniformly compute a Ag index for Ze. Then, on stage
s, Strategy e computes Z.[s| (an approximation to Z.) and chooses (o, 7) to be the longest
prefix of Ze[s] which is contained in T, s, instead of taking the leftmost path. The rest of
the construction (marking prefixes of (o, 7) and placing gaps) is the same.

By the same arguments as before, if X # X, and Y # Ye, then ®X U ¥Y is dense, and
for all X and Y the set X U ¥Y contains no dense c.e. subset.

But here, if T, is infinite, we will have Z, = (X¢, Y¢), so neither X, nor Y, compute A.
Therefore, we have A # X, for all e. Since B # Y, for all e, because B is not Ag, the set
&4 U ¥Y will be dense.

Finally, if A and B are both A, we can let Z, #p A® B. The argument is the same.[]

1.3.2  There are minimal pairs for generic reducibility

We saw in the last section that the notion of relative generic computability is “broken
enough” that it has no minimal pairs. It turns out that, for generic reducibility, we do have

minimal pairs.

Theorem 1.3.5 ([6, Theorem 7|, see also [7]). There exists a minimal pair for nonuni-
form generic reducibility. More explicitly, there exists two sets Ag and Ay which are not
generically computable, but if B is nonuniformly generically reducible to both Ay and Aq,

then B is generically computable.

We fix a computable enumeration {We}.cn of the enumeration operators.

Proof. We will construct four Ag objects: the sets Ag and Aj, and the generic descriptions

fo and f1 of Ag and Ay, respectively. If We, and W, are two enumeration operators, the
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functions fp and f1 will try to diagonalize against We{? and Wef} being generic descriptions
of the same set; or, failing that, making sure that this common set is generically computable
in the first place.

For an enumeration operator We, we denote by W¢?[s] the set of all k such that (F, k) is
enumerated at the sth stage of computation of We, for some F' contained in the sth stage
of f;.

The functions f; will be 1 wherever defined; this will simplify the argument. First, we

define f;(7) =1 and leave f;(1 — ¢) undefined for i = 0, 1.

Claim 1.3.5.1. Under these conditions, if there are indices eg, e; such that Wé)g) and I/Vefl1

are generic descriptions of the same set B, then there exists an index e such that Wef 0 and

f1

¢+ are also generic descriptions of the set B.

This allows us to consider only one enumeration operator each time, simplifying the

notation.

Proof. Essentially, let W behave like Weo if f(0) = 1, behave like W, if f(1) = 1, and not
do anything otherwise.

Formally, let

W= {(FU{O.0},8) | (0,1) ¢ FA(Fk) € We }

O{(F UL DLR) [(1L1) ¢ FA(F ) € We ).
(Recall that, for enumeration reductions, the sets We{" must be graphs of characteristic
functions, so the elements z are pairs of numbers.) Then Wi = Wéfé] and W/ = Wéfll. [

Continuing the proof, let Re be as in Example 1.1.25. To make sure that Ay and A are

not generically computable, we will satisfy the following set of requirements:

P+ if Dom ®c N Re is infinite, then ®¢(n) # A;(n) for some n € R
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and

Ne :Vavs| if z € Wefo[s] N ng[s], then either z € I/Vef0 orzx € T/Vef1 ]

The requirements P, ; make sure that A; is not generically computable; if these re-
quirements are satisfied, then either ®;(n) # A;(n) for some n, so that ®, is not a generic
description of A;, or Dom ®. N R, is finite, so that ®. is not a generic description of anything
because Dom ®. is not dense.

The requirements N are the fallback if we fail to diagonalize against W¢*. If Wef Y and
I/Vef1 both describe the same set B, define h(z) =1 if z € Wefo [s] N I/Vef1 [s] for some s, and
leave h undefined otherwise. The function h is partial computable, and by requirement N,
if h(x) = 1 then either x € Wefo orz € Wefl. So h = I/Vef0 U Wéfl, which shows that h itself
is a generic description of B; hence, B is generically computable.

In isolation, satisfying the requirement P, ; is easy: we just have to compute successive
approximations ®¢[s] to ®¢, and if it converges for some n € R, we mark f;(n) as undefined
and define A;(n) =1 — ®¢(n). (Recall that f; is 1 where it is defined.) As long as at least
one such n is not restricted by higher priority requirements, the requirement P, ; will be
satisfied.

The difficult part is not conflicting with the requirements M. Intuitively, N says that,
if at some stage s we realize that Wef O(z)[s] and Wef 1(z)[s] agree for some x, then we must
commit to preserving this computation in at least one of the two sides.

The fact that the functions f; are 1 wherever defined makes things easier. In order to
preserve the computation W¢(z)[s], let u be the use of this computation; that is, z € W¢*[s]
if and only if (F,x) € We[s| for some F' C f;; let v = max F'. Then restrict the values of
fi(n) for n < u from changing. (Note that we only need to preserve the computation in one
of the sides.)

But this also allows us to “restore” computation states: if this computation is violated

at a further step ¢, we can restore the value W¢%(z)[s] by simply making F' a subset of f;]t]
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again. There will never be a conflict of values because f; is 1 wherever defined. The only
issue is that this might re-define the value of f;(n) for some n, injuring some P, ;.

So, in order to satisfy all requirements, we let the P, ; issue restraints, rather than the Ne.
Specifically, each P, ; will try to choose some n € Re to serve as a witness to A; # ®e, and it
will make f;(n) undefined in the process. If P, ; is allowed to make f;(n) undefined (that is, it
does not violate any restraints), it issues the restraint that no lower-priority requirement may
further undefine any f1_;(k) for & < s. This guarantees that all computations Wef R 8]
for k < s will be preserved, even if the corresponding computations W¢e*(k)[s] are not.

If P, ; is injured by a higher-priority requirement, then we define f;(n) = 1 again, which
restores the computations as outlined above.

Now, if P, ; is impeded to act, then we must try to satisfy it by marking f;(n) as undefined
for some larger n. But this eventually will be the case, as if u is the largest use ever preserved
by any higher-priority requirement, then P, ; just needs to undefine some n > u.

Finally, neither Ag nor A; is generically computable, and if B is nonuniformly generically
reducible to both Ag and Aq, then there are indices ep and ey such that Wefg and I/Vefl1 are
generic descriptions of B, so by the claim there is a single index e such that Wéf 0 and Wéf !
are generic descriptions of B, and thus by the requirement N, the set B is generically

computable. O
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CHAPTER 2
MINIMAL PAIRS

Theorem 1.2.8 shows that coarse reducibility admits minimal pairs, and Theorem 1.2.14
shows the same for dense reducibility. In both cases, “sufficiently random” pairs of sets
automatically form minimal pairs, and these two proofs have a somewhat measure-theoretical
flavor to it. As a result, there are measure-1 many minimal pairs for both coarse and dense
reducibilities.

In contrast, the proof of Theorem 1.3.5, which constructs minimal pairs for the generic
degrees, is significantly more delicate. In Section 2.1, we will show in fact that there are only
measure-0 many such minimal pairs. This means that this “measure-theoretic-flavored”
proof style cannot possibly work for generic degrees, so the more delicate construction of
Theorem 1.3.5 is in fact a necessity.

The existence of minimal pairs for effective dense reducibility is still an open question.

The minimal pair construction for generic degrees gives us two Ag sets. In contrast, the
proofs for coarse and dense reducibilities need that at least one half of the minimal pair to
be weakly 3-random and weakly 4-random, respectively. This motivates Question 8 from [6]:
are there any Ag minimal pairs for coarse degrees?

In Section 2.3 we give a positive answer to this question. We will do so by modifying
Yates’s proof that there exists minimal Turing degrees below any given nonzero c.e. degree
([20]; see also [17, Theorem XI.4.9]). Yates’s construction is one of the most elaborate
constructions of minimal Turing degrees; it is a “full approximation argument”. In full
approximation constructions, pretty much everything that we build is computable, and then
we typically define the object of interest as a limit of these computable things.

Our setting has the additional wrinkle that coarse objects are just approximations. When
proving that a certain set A has minimal degree, for any set B below A we have to either

use B to compute A, or compute B ourselves. In Theorem 2.3.5 we will achieve the first
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case, but in the second case (when B would be coarsely computable) we will have to settle
for constructing a sequence of computable of sets approximating B. This compromise is the
reason why we do not get a minimal degree from Theorem 2.3.5.

So we will need a bit more work to get Corollary 2.3.6 (that there exists a Ag minimal pair
for the coarse degrees); specifically we will use an approximation theorem, Lemma 1.1.50,
which states that, under certain circumstances, simply having a collection of sets approxi-
mating B is enough to guarantee that B is coarsely computable.

The proof of Lemma 1.1.50 [9, Theorem 5.12] uses Lemma 1.1.49. Hence if we were to
translate Corollary 2.3.6 to dense degrees, we would also need to translate Lemma 1.1.49,
but the proof does not quite work. In Section 2.4 we talk about this limitation, and analyze

the limits of variants for the other asymptotic notions of computability.

2.1 There are only a few minimal pairs for generic reducibility

In the proof of Theorem 1.3.4, we constructed two total Turing functionals & and ¥, and
two collection of Ag sets X¢ and Ye such that, if X # X, for all e and Y # Y, for all e, then
®X U WY is a dense set without dense c.e. subsets. In this section we will be plugging in
generic descriptions in ® and ¥, to provide a measure-theoretic quantification of Hirschfeldt’s
Theorem 1.3.5.

Given a partial function f : N — {0,1}, write X = f if f can be extended to the
characteristic function of X (that is, f(z) = 0 implies ¢ X and f(x) = 1 implies z € X).
For any Turing functional ® define Wg by W£ (n) = 1if X (n) = 1for all X »= f, and leave
W({)(n) undefined otherwise. For example, if f is the characteristic function of X, then W;I’Z
is just ®X but with the zeros replaced with “undefined”.

We want to use Wg and Wy, as enumeration operators, where & and ¥ are the Turing

functionals defined in the proofs of Theorems 1.3.1 and 1.3.4.

Proposition 2.1.1. If ® is a Turing functional, then Wg is an enumeration operator.
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Proof. This follows by compactness. Intuitively, to compute qu)(n), we verify all strings
o which agree with the partial function f (that is, if f(s)) and s < |o| then f(s) = o(s))
whether ®7(n) = 1. If ®X (n) = 1 for all X = f, then for some length ¢, all strings o agreeing
with f with length ¢t will satisfy ®(n)| = 1, so we enumerate Wé(n) = 1 at this moment.
(If no such ¢ exists, then for each ¢ there exists a string o of length ¢ agreeing with f for
which =(®7(n)] = 1). Hence by the Weak Konig’s Lemma [19, Theorem 8.3.1] there exists
some X 3 f for which =(®X (n)] = 1), so we are correct in not enumerating anything.)
Formally, to enumerate a pair (F, k) into Wg, we first must have k& = 1, and the finite
set F' be the graph of a partial {0, 1}-valued function h. (Note that h has finite domain.)
Then compute ®7(n)[|o|] for all strings o which agree with h. If for some length ¢, all such
o of length ¢ satisfy ®7(n)[|o|]{ = 1 then enumerate (F, k). This finishes the construction.
By construction, if Wé(n)i = 1, then (graphh,1) € W‘Jg for some finite graphh C
graph f, so we have ®X(n)] = 1 for all X = h, and hence ®X(n)| = 1 for all X = f.
Conversely, if ®X(n)] = 1 for all X 3=, by compactness [19, Theorem 8.3.1] there exists
a t for which these computations of ®X (n) use only the first ¢ bits of X, and thus the

construction above enumerates (F, 1) into Weg where F' is the graph of f [t. O]

In the proof of Theorem 1.3.4, in order to diagonalize against dense c.e. sets, the sets X,
and Y, were “sacrificed” in the sense that dXe is not dense, but X s if X # X, for all e.

We have a similar result here.

Proposition 2.1.2. If f # X, for all e (i.e. for all e there exists some n where f(n) |#

Xe(n)), then W(If, has density 1.

This implies that W£ is a generic description of all sets containing Wf .

Proof. Consider strategy e. If T¢ is finite, then this strategy places only finitely many gaps,

so assume that 7T, is infinite and let n satisfy f(n) # Xe(n).
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At some stage ¢, the first n 4 1 bits of X, will converge (thinking of (Xe¢ s, Ye 5) as being
the string pair marked by the eth strategy on stage s). Hence beyond stage t, strategy e
will only place gaps in @ for X % f. Therefore, assuming by induction on e that, on stage
t, all strategies ¢/ < e also stopped placing gaps on dX for X % f, this means that for any
s > t, the density of ®f in Py is at least 1 — 27€.

By induction, W£ has density 1. O

Call two sets A and X coarsely similar if the symmetric difference AAX has density
zero. If A and X are not coarsely similar, then no generic description of A is also a generic

description of X.

Proposition 2.1.3. Let A be a set which is not coarsely similar to any X, and B a set
which is not coarsely similar to any Y. Then (A, B) do not form a minimal pair for the

uniform generic degrees.

Proof. Let C' = &4 U WB. The set C has density 1, and by the proof of Theorem 1.3.4 it
contains no density-1 c.e. subset. Thus, C'is not generically computable.

However, for any partial f < A with dense domain, we have W;Ii C C, and since A is not
coarsely similar to any X, we know that f # X, for all e. By the previous proposition W£
is dense, being thus a generic description of C.

This means that C' is generically reducible to A, and analogously C'is generically reducible

to B. ]

Two sets which are not generically equivalent may still have a common generic descrip-
tion; for example, if C' is any density-1 non-generically computable set then C' and N can
both be generically described by the function which is 1 in C' and undefined otherwise.
Hence not being generically equivalent does not imply not being coarsely similar, and thus
the above result cannot be used to show that in any minimal pair for the generic degrees at

least one side contains a Ag set, for example.
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But using randomness we can get a measure-theoretic sense of how rare minimal pairs

are.

Theorem 2.1.4. If A and B are both 2-random, then (A, B) does not form a minimal pair

for the generic degrees.

This means that the collection of pairs (A, B) which form a minimal pair for the generic
degrees has measure zero. This contrasts with the situation for Turing degrees (Theo-

rem 1.2.4).

Proof. If A is 2-random, then it is 1-random relative to (', so it is 1-random relative to Xe.
By the relativized form of Proposition 1.1.5, the set A is Church-stochastic with respect to
Xe. This means that A A X, has positive upper density, otherwise A would be coarsely
computable relative to X, contradicting Proposition 1.1.27. Similarly, B is not coarsely
similar to any Y.

Therefore, by Proposition 2.1.3, the pair (A, B) is not a minimal pair for the generic

degrees. O]

2.2 Notation

For the remainder of this chapter we will generally think of sets as collections of strings.
As such, strings will play three different roles. For clarity, strings in different roles will be

represented by different variable names.

e 1,y: “General” strings (e.g. in the definition of d below) and arguments to the partial

functions ®Z;
e o, 7: Prefixes of infinite oracle tapes (e.g. ®7); and

e u,v,w: Arguments to function trees (defined in Section 1.1.8).
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We denote the empty string by (), and reserve ¢ for small positive real numbers.
Throughout this text, let (-,-) : N x N — N be a fixed computable bijection between
N x N and N.

2.3 A AY Minimal Pair for the Coarse Degrees

Definition 2.3.1. A pair of strings (o, 7) has an (e, )-split, or (e, e)-splits, if there exists
an n such that ®7(z) and ®7(x) are defined for all strings x of length n; and the proportion
of the disagreement for strings of length n is at least ¢, i.e.

[ € (0,13 < o] = n A B¢ () # BL(2)}]
2TL

> E.

In terms of Definition 1.1.18, this is equivalent to dp(®Z, P7) > ¢, with the added re-
striction that ®7 and ®] must be defined for all strings of length n.

Recall the definition of function trees from Section 1.1.8

Definition 2.3.2. A partial function tree T is (e, €)-splitting if for every o such that T'(o*0)
and T(o % 1) are both defined, this pair (e, e)-split. Conversely,! T is without (e, €)-splits if

no pair of strings in the image of the tree (e, )-split.

The intuition behind the notion of (e, €)-splitting is the following.

Proposition 2.3.3. Let T be a partial computable function tree, let A be a path on 7', and
assume that <I>é4 is total. If the tree is (e, )-splitting, then any coarse approximation of (13‘64
computes A. If the tree is without (e, €)-splits, then there exists a computable set B such

that d(®2, B) < ¢, and an index for B can be found uniformly given an index for 7.

1. Finite trees can be both (e, €)-splitting and without (e, €)-splits, but all our trees will be infinite.
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Proof. First suppose that T is (e, €)-splitting, and let B be a coarse approximation to @é.
By definition, limy, o0 dp (B, (I>é4) = 0. By changing only finitely many strings in B, we may
assume that dy, (B, ®3) < /2 for all n.

We compute A from B as follows. Start setting u = (); because A is a path on T we
know that T'(u) < A, and that either T'(u*0) < A or T(ux1) < A. Simulate <I>6T(u*i)($) for
1 = 0,1 and all values of x until we find a length n which witnesses the fact that the pair
T(ux0),T(ux1) has an (e, )-split. For this n, the proportion of the disagreement between

@Z(u*o) and @z(u*l) is at least 27 , so for exactly one of those the distance to B is at most

(u*O); then we know that T'(u x 0) < A, so we may

(ux1)

9—k—1 Suppose this happens with @Z
replace u with u * 0 and restart this procedure. The case CDeT is identical. This produces
progressively larger prefixes of A, which means that A is computable from B.

Now assume that 7" has no (e, €) splits. Define the set B as follows. For each n, compute

q)eT(u)(x) for all u and all strings x of length n until we find some u such that T'(u) is defined

and @g(u)(m) is defined for all = of length n. Set B(x) = @Z(u) (z) for all such z.

Because A is a path on 7', infinitely many prefixes of A have the form T'(v) for some
v, so once the search above finds v we know that (IDeT(U)(x) will be defined. This makes B
computable (the search may stop beforehand but this does not affect convergence). And
if B is defined according to CIDZ(U) for strings of length n, we know its distance to the

(v)

corresponding @Z is at most ¢ (otherwise the pair T(u) and T'(v) would (e,¢)-split).

Hence d(B, ®4) < ¢. O

We will construct a set A with the following property: every set B coarsely computable
by A is either in the same coarse degree as A, or can be “approximated well” by computable
sets. If we have a tree T which is (e, €)-splitting for some € > 0, the proposition above says
we are in the first case. Otherwise we get an approximation to (19164, which on its own is not
enough to conclude that @é is coarsely computable; we start by picking a Ag 1-generic G

as the other half of the minimal pair, then we construct a sequence of progressively better
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approximations, and feed it to Lemma 1.1.50.
Recall from Section 2.2 that (-, -) : NxN — N is some fixed computable bijection between

N x N and N.

Definition 2.3.4. The (e, k)-state of a pair of strings (o, 7) is the number
> {270 | (i, 5) < (e, k) A the pair (o, 7) has an (i,27/)-split}.

The (e, k)-state at stage s is defined similarly, but the witness n in the definition of (4, 977 )-
split must be smaller than s, and all computations ® (z) and ®](x) must finish within s

steps.

Observe that the (e, k)-state at stage s can be uniformly computed from e, k, and s.
Furthermore, if o is longer than s, extending it will not change the (e, k)-state at stage s
(as no computation can query o(z) for x > n), and similarly for 7. So when searching for
pairs with higher (e, k)-states we just have to analyze pairs (o,7) where both strings are
shorter than s. That is, given e, k, s, a pair with largest (e, k)-state at stage s can be found
computably.

The (e, k)-state is an integer multiple of 2_<€>k>, and it is always a number between 0 and
1.2 Furthermore, the ({e, k)4 1)-state of a pair (o, 7) is always equal to either its (e, k)-state,

{e.k)=1 " Hence if we replace (o, 7) with a pair (6,7) with higher

or its (e, k)-state plus 2~
(e, k)-state, we also increase its ({e, k) + 1)-state.

We can now proceed with the proof of the main technical result of this section.

Theorem 2.3.5. Let C' be a noncomputable c.e. set. Then there exists a non-coarsely com-
putable set A <p C such that, for every set B which is coarsely reducible to A, either B
has the same coarse degree of A, or there exists a sequence of computable sets By, such that

d(B,By,) < 27F.

2. This deviates slightly from the definition in Odifreddi, where the e-state is an integer between 0 and
2¢.
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Proof sketch. Our proof will be a “full approximation argument” for the most part. We will
construct a uniformly computable sequence of trees T<Se,l<;>’ then define another sequence of
trees T <*e, k) by taking the limit of these trees, and pick A to be a path in the intersection.
(We will guarantee that the intersection is non empty simply by making the trees nested.)

We have to ensure that, for each e, if <I)é4 is total, then either A <y @é or @? is coarsely
computable. The trees TZ; ) will attempt to do the former by trying to be (e, o~k )-splitting.

Intuitively, if T <*e’ k) succeeds and is an (e, Z_k)—splitting tree, then Proposition 2.3.3 says
any coarse approximation to (I)‘él coarsely computes A, i.e. A <p¢ @é. But if for all k£ the tree
T <*€7k> fails, again by Proposition 2.3.3 each tree gives us a set ¢ (k) which is at a distance
27 from 4.

The main wrinkle is that Proposition 2.3.3 demands the tree to be partial computable,

which T<*e k) is not, so we will have to find an appropriate substitute (this is Claim 2.3.5.5).0

Proof. Without loss of generality we may assume that C' is low. Let ¢g,cq,c9,... be a
computable injective enumeration of C'. We will construct sequences T<Se k) of uniformly
computable total function trees, and use them to construct the set A < C.

We simultaneously define T° <56 k) and oy as follows.

1. For all e, k, and s, set Tjj and T<0e iy+q t0 be the tree from Lemma 1.1.47.3

)+

2. For all e, k, and s, define T{Zrlel(@) = T<8€—3_ki‘l>(0)’ and set o5 = T5(0).

3. For all e, k, s, and u, once T<56 ) Jrl(u) is defined, look for pairs 7,71 of extensions

of T{Se’@ 4q(u) in T, fefk% such that 79,7 %= o [cs (these are called permitted pairs),
take the first found pair with largest (e, k)-state, and define Tfe+k1> Jr1(u x1) = 7;. If no
permitted pairs exist, set T<se+k1>+1(u * 1) = T<Se k>+1(u *1).

3. The choice of the tree from Lemma 1.1.47 will be used on the proof of Claim 2.3.5.8. The other claims
would work just fine if we had chosen any other total computable function tree.
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Finally, define A = limg o, and for each e, k, and u, define T< >+1( u) = limg T<S6 k) (u).

(We will prove in Claims 2.3.5.2 and 2.3.5.3 that these two limits indeed exist.) After
Claim 2.3.5.5 we will also construct the trees T<6’ k)- This finishes the construction. We will

show that A satisfies the theorem.

Claim 2.3.5.1. Every T<‘9+1> 1 is a total computable function tree refining T<5€+kl>.

Proof. That the functions are computable and total follows from the definition, we just have

to show that they are still trees refining the previous ones. If there were permitted pairs

when defining T<S+ >+1(

equals T <‘9€+1>( 7) for some 7, and that it extends T <S+k1> Jrl( u). Assume thus that there were no

u 1), then it follows directly from the construction that this string

permitted pairs when defining T<S+1 (u 1), in which case T<S+1 (ux1) = T<5 k>+1(u *1).

k)+1 k)+1
If w # (), this means that there were also no permitted pairs when defining T<5+1> Jrl( u)
itself, otherwise Ts5+1 (u) would have been set to one of the sides of that pair, and thus any

(e,k)+1

extension of T<S+k1> would also be permitted. Hence T<$+ B (W) = T<Se,k> 1 (u), which is

(W)

(uxi). This means that T<S+1>+1( ) is a prefix of T<‘9+1>+1(u*i), which is the

to be a function tree. Furthermore, if v satisfies T<S+1> )= T{?,_kl) (v)

a prefix of T< k)41

s+1
T m+

(which exists by induction on u, as we are showing that T<‘9Jr1> }yq refines T<‘9€+k1>), then no

condition for

permitted pairs existed when defining the tree 77 (e, s+l ) above T' <S+ >(v) either, so T<‘S€+k1> copies

T{Se,k> above T<S+ >( v). In particular, the string T< >+1(u * 1) = T<S"H>Jr1

in T(Se,k> (by induction on s) and extends T< k>+1( w) =T (u) = Tf;é (v), so it is also

(e,k)+1
copied over to T<S +1> which is the condition for T<s+k1> . to extend T<S+k1>.

(u*1) is contained

Otherwise, if u = () but (e, k) # 0, we want to show that T<S+1>+1(') T<Se+k1>+1(@) By

definition, T <8+1> Jr1(@) = Tf;rkl)(O), which must not be an extension of ug [ cg, otherwise we

TS—|—1

(e,k)+1
pairs when defining T° Fefkg (0), which means T’ <5€J’rk1>(0) = T<567 k><0)' Hence, we have

would have permitted pairs when defining (7). Hence there were also no permitted

T<Se+k1>+1(~) T{Se,k>+1(i) = T<Se,/<;>+1(@) = Tfe’@(o) T<Se+k1>(0) T<Se+k1>+1(®)
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Finally, if u = () and (e, k) = 0, we have Tf;k1> = T<Se,k> by definition, so the previous

calculation still applies. O

The following claim will allow us to conclude A = limog is well-defined, and that C

computes it.

Claim 2.3.5.2. 0411 = 05 | cs.

Proof. By definition, og41 = 757 (0) = T571(0). If T5+1(0) = T£(0), then 051 = T5(0) 3=

T3(0) = os. Otherwise, there was a change between T:¥(0) and T5+1(0), which may only
happen if T511(0), T571(1) are a permitted pair, in which case T51(0) = o5 | ¢s by con-

struction. 0

Claim 2.3.5.3. The limit limg 7

(e, (u) is defined for all e, k, and u.

s+1
T<€7k‘>+1

this would increase its (e, k)-state, which may happen at most 2(e:k) times.

Proof. Intuitively, once everything else settles, the value of (u) will only change if

Formally, we proceed by induction on (e, k) and on u. Let s be large enough that

T <S€J,Fk1> +1(u) has settled, let v satisfy Tfefkg Jrl(u) = T<S€’ k1> (v), and assume that it has settled

too*. Once this happens, we only change the value of T{i‘s'kl> 1
1

a permitted pair with strictly higher (e, k)-state, or if the corresponding strings in T<‘9€+k>

(u * 1) for larger s if we find

changed. But because T<Se k1> (v) has settled, by induction the latter only happens if their

({e, k) — 1)-state increased, which in turn also increases the (e, k)-state. Hence at this point

78+l (e.k)

(e.k)+1 times, so the limit exists. O

the pair (u % 1) may change at most 2

Claim 2.3.5.4. Let P be any infinite path on Ta_lel or on T<*6,k>+1. Then the (e, k)-states

of the prefixes of P are nonincreasing.

4. A priori it is possible that, for each s, we have Tfe—f_kl} () =T fe‘,% (vs) for a different vs. But because
Ty, k1> is a total function tree, we have |v;| < |T<s€+k1> (vs)], so there are only finitely many distinct values for
vs. Once Ty, y settles for all of them, by our assumption T<S;Fk1> (vs) all have the same value (i.e. T (8;15 _H(u)7
which has also settled), so there is only value of v.
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Formally, for each n, let v be a string with length n such that either T<8+1>+1(u x0) or

T<‘9+kl>+1(u x 1) is a prefix of P, and define ¢,, to be the (e, k)-state of the pair (T<‘9+1>+1(

0), T<3+1>+1(u x1)). (If P is a path on T< y+10 1S€ this tree instead.) Then the sequence ¢y,

is nonincreasing.

Proof. This follows from the fact that we use the same “search bound” s when defining

TS—|—1

(e, k:>+1< T

u % 1) as we did when defining (e.k) Jrl(u). This means that the search space

for permitted pairs to define it is strictly smaller than the search space we used to define

TS—|—1

(k) +1 O

(u) itself. The same applies to the limit trees T <*6J<7> 41

Claim 2.3.5.5. Let P be any infinite path on T< k)41

(uniformly in e, k) an index for a partial computable function tree 7' which is a subtree of

Then (P @T<e k)+1) can compute

T<*6 k)+17 contains P as a path, and is either (e, 27%)-splitting or is without (e, 2~ %)-splits.
In our case we will let P = A.

Proof. We will do this by ensuring that all pairs of strings in T have the same (e, k)-state.
Let £, be the sequence of (e, k)-states of the prefixes of P, as defined after the statement
of Claim 2.3.5.4. This sequence is computable by PEBT<*€J€>, and by Claim 2.3.5.4 it has a
limit ¢, which can be computed by (P &) T<*67 K+ 1)’ . Let N be the smallest number such that
ly, = { for all n > N. Define the tree T as follows.
Let v satisfy |v| > N and T<* >+1( v) =< P (this is the point beyond which all (e, k)-states

equal ¢), and set T(0) = T<*€ k>+1(v). For each u, find the smallest s such that the pair

(T<5+1>+1(v *ux0), T<s+1>+1(v*u* 1)) has (e, k)-state £, and set T(uxi) = T<‘S+k1>+1(v*u*i).

Leave T (u * 1) undefined if no such s exist. Clearly T is partial computable, is a subtree of

ES
Tie ky+1°

By the definition of T<sJr k1 Ve only change the value between T< k) () and T<$+1> )

if that would increase the (e, k)-state. Hence once the (e, k)-state reaches ¢, it will not change

and an index for it can be computed by (P@TZ‘ >+1)/

anymore. Thus in fact we have that 7'(u * i) is defined and equals T’ (e.k
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the (e, k)-state of the pair (T

<e’k>+1(v xux0),TF

‘e k>+1(v *u * 1)) equals . Therefore, T is

indeed a function tree.
And finally, if 2~{&F) is contained in the summation that forms ¢ (from Definition 2.3.4),

then 7' will be (e, 2_k)—splitting, the tree will have no (e, 2_k)—splits otherwise. ]

Because A | cs = 05 | ¢s and limg cs = 00, we have that A is an infinite path in T<*e k)41
We let T(e,k>+1 be the tree given by Claim 2.3.5.5 with P = A. For each e, we now distinguish
between two cases: either for some k the tree T<e’ k)+1 is (e, 2_k)—splitting, or this happens

for no k.

Claim 2.3.5.6. Suppose that, for some k, the tree TA<e7k>+1 is (e, Q_k)—splitting. Then A is

nonuniformly coarsely reducible to @é.

Proof. By Claim 2.3.5.5 the tree T(e,k>+1 is partial computable and A is a path on it, so by

Proposition 2.3.3 any coarse approximation of (I>g4 computes A; i.e. @é‘ >ne A. O]

Claim 2.3.5.7. In the second case (where no TA<e’k>+1 is (e, 27%)-splitting), there exists a

sequence By, of computable sets such that d(®2, By) < 27F.

Proof. By Proposition 2.3.3, from every tree T<€,k>+1 we can obtain a set B} such that

d(®4, By) < 27k, O

Note that so far we did not need the hypothesis that C' is not computable; we will use it

in the following claim, which finishes the proof.

Claim 2.3.5.8. The set A is not coarsely computable.

Proof. Let B be any computable set, and assume by contradiction that B is coarsely equiv-
alent to A. By changing finitely many bits of B we may assume that d,, (A, B) < 1/5 for all

n.
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Define the Turing functional ®. as follows. Given the string 7 as an oracle, we will
essentially copy 7 to the output if it is “far enough” from B, and leave ®] undefined otherwise.
More precisely, interpret 7 as a partial function from {0,1}* to {0,1} by identifying the
number n with the nth string in length-lexicographical order. If z has length m and 7(y){
for all y of length m, set ®] (z) = 7(x) if dyp, (7, B) > 1/4 and leave ®7 (x) undefined otherwise.
For example, this means that (I>é4 is undefined everywhere, and if ®L(z) is defined then it

equals P(z). Now we will use @, to do the “dirty work” of diagonalizing for us.

TS—‘rl

(e k)17 and hence

Let Ty be the tree from Lemma 1.1.47, which is a supertree of every
of every T <*e,k> 41 and T<e7k> 41- Call an incomparable pair 7,71 of strings in the image of
Ty a good pair if there exists a length N such that, if 75 = 79 and 71 = 71 are strings in
the image of Ty longer than N, then (7, 71) has an (e, 272)—Sp1it. Because T is total and
computable, given 7 and 71 we can compute a length N that witnesses the fact that (g, 1)
is a good pair.

We argue that if 7, 71 are both incomparable and not prefixes of A, then they form a good
pair. Indeed, because ®. copies the oracle to the output (unless the oracle is “too close” to B),
if there existed arbitrarily long pairs (7p,71) of non-(e, 272)-splitting extensions of (rp,71),
by Konig’s Lemma we can find two paths By, B1 extending 7, 71 respectively such that no
pair of prefixes from By and By has an (e, 2_2)—split. But because A, By, By are all paths in
To (which obeys Lemma 1.1.47), we know that d(A, By) = d(A, By) = d(By, B1) = 1/2. As
d(A, B) < 1/5, we have dp,(By, A) > 1/4 for all large enough n, so ®50 has cofinite domain,
and similarly for <I>6Bl. And because d,(Bg, B1) > 1/4 for all large enough n, there exists
some n such that dn((IDeBO, @eBl) > 1/4 and <I>€BO,CI>§1 are defined for all strings of length
n. This n witnesses the fact that some prefix of By, B; has an (6,2_2)—Split, which is a
contradiction. Hence 7g, 71 form a good pair.

Now we focus on & = 2 and work with T

(.2)+1 and T<e72>+1. Let ug,u; be any two

A

strings such that T<e,2>+1(u0), <e,2>+1(u1) are both defined and form a good pair, and let
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N be the witness. (The notion of good pair is still defined in terms of Tp, it is just that

these two strings are also strings on T<e,2> +1-) Let u be their longest common prefix (then

A

Tie2)+1(0) < Tie2)41 (ui), find v, vg, vy such that T gy 4y (u) = T}, 5

ug,v1 and uq, vy, and let sg be large enough that T<* >+1( w) = T<3+1>+1( w) for all s > s

(v) and likewise for

and w = v, vq, V1.

Because <I>é4 is undefined everywhere, if o( is a prefix of (I)él and o1 is any string, then
(09,01) do not (e,272)-split. As A is a path on T<e,k>+17 this means that there are several
non-splitting pairs in this tree, so by Claim 2.3.5.5 we actually know that T<e’ k)41 is without
(e,272)-splits.

When defining T<‘9+1> +1(v % 1), once s > N, the search space will include pairs of strings
(79, 71) which extend T<672>+1(u0), T<6 2)41(u1) in T<S"H> and which are longer than N. By
the previous paragraph, the pair (T<5+1>+1(v * 0), T<S+1>+1(v 1)) is not (e, 272)-splitting,
whence replacing them with any of the pairs of strings (7, 71) as above would make them
(e,272)-splitting and increase their (e, k)-state. The only thing that would prevent us from
doing this is if none of these pairs are permitted by C. Therefore, this must be the case; we
may thus conclude that cg > N for all s > N, sy.

Finally, we can compute infinitely many of those lower bounds as follows. Take any three
strings w1, ug, ug such that T<e,k>+1(ui) is defined for ¢ = 1,2, 3 and these three strings are
pairwise incomparable (infinitely many of those triplets must exist, because if T<e k) (w) <
A for w =wv,v*0,v 0% 0 for some v, thenT< k41(vx1) andT<ek,>+1(v*0*1) must also
be defined). Look for a witness N that T<e’k>+1(ui), T<€7k>+1(uj) form a good pair (at most
one of these three strings is a prefix of A, so this search will succeed for at least one of these
pairs). Then find sg as described above; this gives us our lower bound.

Because we can find infinitely many of these lower bounds, that means we can compute

C, which is a contradiction. Hence B cannot be a coarse description of A. n

Therefore, the coarse degree of A is nonzero, which finishes the proof. m
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We now use this theorem to show that there exists a Ag minimal pair for the coarse

degrees, giving a positive answer to Open Question 8 from [6].

Corollary 2.3.6. There exists a Ag minimal pair for the coarse degrees.

Proof. Let C,C9 be c.e. sets forming a minimal pair for the Turing degrees (see e.g. [17,
Theorem X.6.5]). Let A; <p C7 and Ag <1 C5 be sets obtained from Theorem 2.3.5. Let
G be a Ag 1-generic set. We have two cases.

If Ay is not coarsely reducible to G, then they form a minimal pair as follows. If B
is coarsely reducible to both A1 and G, by hypothesis we cannot have B having the same
coarse degree as A1, so there exists a sequence of sets By, Bo, ... such that d(A, B) < 2k,
Thus by Lemma 1.1.50, the set B is coarsely computable.

The same applies if Ag is not coarsely reducible to G. And if both are coarsely reducible
to GG, then each of A} and A9 has minimal degree, so A1 and A9 themselves form a minimal

pair. ]

2.4 Effective Completeness Theorems for Other Asymptotic No-

tions of Computability

In this section we will talk about variants and limitations of Lemma 1.1.49 for coarse, generic,
effective dense, and dense approximations, in this order.

The motivation is the observation that Theorem 2.3.5 can be translated to dense re-
ducibilities with minimal changes, but this is not the case for Corollary 2.3.6 because we
used Lemma 1.1.50. In turn, the proof of this lemma [9, Theorem 5.12] uses Lemma 1.1.49.
Theorem 2.4.6 is a (partial) version of Lemma 1.1.49 but for the sake of thoroughness we
also investigate what happens with the other asymptotic notions of computability.

For convenience, we restate the theorem here:
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Lemma 1.1.49 ([9, Corollary 5.11]). Let B be any set and suppose there exists a )’
computable function f such that, for each k, the number f(k) is an index for a computable

set @ 43 such that d(B, Priry)) < 27%_ Then B is coarsely computable.

We first argue that the (/' in the theorem cannot be improved, in the sense that if we
have f be A-computable for some non—Ag set A, then the limit set B could be non-coarsely

computable.

Proposition 2.4.1. Let Abea non—Ag set. Then there exists a set B and an A-computable

function f such that d(B,® f(k)) <27 but B is not coarsely computable.

Proof. Let Ry, C {0,1}* be the set
Ry = 0"1{0,1}* = {o € {0,1}* | 0"1 < o}

That is, Ry, is the collection of all strings beginning with n zeros followed by a one. These
sets form a partition of {0,1}F = {0,1}* \ {¢}, and d(R,,) = 27" L.

Identify A with a subset of N using the length-lexicographical ordering of {0,1}*, and
define the set B by

B = URn.

We claim that B is not coarsely computable.
If B is a coarse description of B, then B’ computes A as follows. For a fixed n, let ¢ be

the number A
‘{O’EBQRnZ lo| :t}‘

2TL

at

Because B is a coarse description of B, we have that n € A implies lim¢ ¢¢ = 27", and
n ¢ A implies lim; ¢ = 0. Hence B’ can compute this limit and figure out whether n € A

or not.
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This means that, if B were coarsely computable, then some such B would be computable,
whence A would be B’-computable (i.e. AY).

Finally, we construct the function f. For each fixed k, the set B} defined by

ncA
n<k

is computable and satisfies d(B, By,) < 27k and we can A-computably find a computable

index for each Bj. This sequence of indices is the function f. O

For the case of generic computability, because the approximations are not allowed to make

mistakes, the situation is significantly more tight: we have to settle for f being computable.

Proposition 2.4.2. Let B be any set and suppose there exists a computable function f
such that, for each k, the number f(k) is an index for a partial computable function ® £(k)
such that @ ¢y (0)l = @4,y (0) = B(o) and d(Dom @ ;) > 1—27%. Then B is generically

computable.

Proof. Define the partial computable function ¢ as follows. Fixed o, compute ® f(k)(a)[s]
for all pairs (k, s) until one converges, say to z; then define g(o0) = . Then g(0)) = g(o) =
B(o), and because Dom g O Dom qu(k) for all k, the domain of ¢ is dense. Thus g is a

generic description of B. O

Proposition 2.4.3. Let A be a noncomputable set. Then there exists a set B and an A-
computable function f such that d(Dom ® ;) > 1—27% and Py (0 = Pp(p)(0) = B(o),

but B is not generically computable.

Proof. Let B, Bj, and R} be as in the proof of Proposition 2.4.1. The same B works here,
but now if B is generically computable with generic description g, we can compute A by
noticing that Dom g N R, must have density 2_k, and in particular it is nonempty. Thus we

can simply locate some o € Dom g N Ry, and we will know A(n) = g(n).
71



To define f, let ® ;) (0) = Bg(o) if 0 € Ry for some ¢ < k and leave it undefined
otherwise. Then f is A-computable, we have @ ;)(0) = By(0) = B(o) if o € Ry for some
t < k (which is precisely when ®;y(0) is defined), and d(Dom®p(;)) = 1 — 2-k=1 py

construction. O

For effective dense, the situation is identical.

Proposition 2.4.4. Let B be any set and suppose there exists a computable function f such
that, for each k, the number f(k) is an index for a total computable function ¢ F(k) with image
contained in {0,1,03} such that ® ¢ (0)} = ®4y(0) = B(o) and E(@J;<1k)(m)) < 27k
Then B is effectively densely computable.

Proof. Define the total computable function g by

B Driy (o), if @py (o) # 0 for some k < |o];
g(o) =
0, otherwise.

For a fixed o, all the ® f(k)(a) which are not OJ must agree, so g is well-defined, and the
search bound k < |o| guarantees that g is computable. Furthermore, by construction, if
g(0) # O then g(o) = B(o).

Finally, for each k, the elements o € g~ !(¢) are all contained in (IDJ?(lk) (), except possibly
for the finitely many o shorter than k. Thus d(¢~'(0)) < 27", whence ¢g~(0) is a sparse

set. Therefore, ¢ is an effective dense description of B. n

Proposition 2.4.5. Let A be a noncomputable set. Then there exists a set B and an A-

computable function f such that gl(q);(lk)(D)) >1—2"F and Dpiy(o) #0 = Qppy(0) =

B(o), but B is not generically computable.

Proof. Analogous to the proof of Proposition 2.4.3 [
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Finally, for dense computability, the situation is still open (see Open Problem 5.4), but

we can provide the following partial result.

Theorem 2.4.6. Let B be any set and suppose there exists a ('-computable function f
such that, for each k, the number f(k) is an index for a partial function (I)f(k) such that
E(q)f(k),XB) <27k Suppose furthermore that there exists a dense set W such that W C
Dom (I)f(k;) for all k.

Then there exists a partial computable dense approrimation to B whose domain contains

W. In particular, B s densely computable.

Proof. First, we will show that we may assume that f is computable. Let g; be the partial
function defined as follows: given o, compute ® £(9) (0)[t] for all ¢ > |o| in succession until one
converges, and let g;(o) be that value. Then g; is a partial function uniformly computable
in ¢ and o, and if |o| is large enough then f(:)[{] = f(i) for all ¢ > |of, so g; and @
disagree at most finitely often. Furthermore, if ®¢(;)(c) is defined then so is f(o), whence
W C Dom g;.

We will now construct a partial computable function g which we will later prove to be a
dense description of B. Given i < j < m and s, say that g; trusts g; for strings of length m

at stage s if

i1
dm(Qi,s,gj,s) <27 )

where g; ¢ is the function g; computed for s steps. (dp, is the “optimistic” definition of
distance from 1.1.18.)

Because the g; 5 are computable, so is di(g; s, 95, s), SO we can compute whether g; trusts
gj or not. Let k(m,s) be the largest k < m such that, for all i < j < k, the function g;
trusts g; for strings of length m at stage s. Note that k(m,0) = m for all m, and that the

function s — k(m, s) is nonincreasing. If o has length m, let s be the first stage at which
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i s(o){ for all i < k(m,s), and define g(o) by

Leave g(0) undefined if no such s exists.

This finishes the construction of g, which is partial computable and whose domain con-
tains W. We will show that ¢ is a dense description of B.

Fix ¢ > 0; we will show d(g, gy) < 270+4 Let N be so large that dm(gi, xp) < 27" for
all 7 < £ and all m > N. Because xp is total and g; is an extension of g; 5, we also have

dm(9i.s,XB) < 27 for all s, all 4 < ¢, and all m > N. Now if i < j < ¢ we have

dm(9i,s:95.5) < dm(9i,5, XB) + dm(XB> 9j,s)

< dm(9i» xB) + dm(xB, 95)

<2714 970 < o7t

so g trusts g; for strings of length m on every stage s.
Fix m > N, and let D C W be the set of disagreements between g, and g on strings of
length m; i.e.

D={oceW:lo|=mAgyo)#g(n)}

We argue that |D| < 27435
Fori=/(+1,0+2,...,m,let D; be the elements of D whose first disagreement with g,

happens in g;; that is,

Dj={0ce€D:gin)=gp1(n)=---=gj_1(n) # gj(n)}.

If o € D then 0 € W, so g;(0)] for all i. Furthermore, because ¢ < k(m,s) < m, we

5. The set D may not be computable given £ but this is not relevant.
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have g(o) = g;(o) for some j between ¢ and m. Therefore, we have D =Dy, U -- U Dp,.

If o € Dj, let s be the stage at which g(o) is defined. Because g¢(0) = gpy1(0) = -+ =
gj—1(0) # gj(o) and we know that k(m, s) > £, it must actually be the case that k(m,s) > j
(otherwise we would have g(o) = g;(o) for some i satisfying ¢ < i < j, which would make
g(o) = g¢(0) and thus n ¢ D). In particular, g;_1 trusts g; on strings of length m at stage
s. But learning that g;_1 (o) # g s(0) raises din(g;j—1,5, 9gj,s), S0 this may happen at most
9m=(=1+1 {imes. This means that Dj| < gm—(j—1)+1,

Adding up the cardinalities of all D; thus shows that |D| < om—t+3  That is, dm(gi,9) <
2743 50 di(g, xg) < 271 for all m > N. Because i was arbitrary and the domain of

g is dense (because it contains W), this means that d(g, xp) < 2-¢t%. As ¢ was arbitrary,

this shows that g is a dense description of B. O

Proving the theorem without the hypothesis that W is dense is Open Problem 5.4.

The hypothesis that W is dense is needed to go from dp, (g, xB) < 9~ o d(g,xB) <
gt Philosophically, the function g was defined without any care about whether its do-
main would be dense or not, but rather we focused on minimizing the disagreements between
g and y g, We only define g(o) if we can find a long sequence of functions g, g1, . . ., g5 which
trust each other and which are defined on o. It is just that this will happen in all elements
of W, which we demanded to be dense.

The fact that the domain of all the functions ® £(k) is dense is not necessary. If we simply
had d(g;,, xB) < 27 for some partial computable function Jr, we can make the domain of
g5 to be dense by doubling the error of the approximation. Specifically, define ¢; for all
strings of length n by waiting for at least 2 — 2™~k of them to converge for g, defining
gr(0) = gi(0o) for the ones which converge, and gi(0) = 0 for the ones which did not
converge. Leave g;.(0) undefined if the number of convergences never surpasses 2" — gm—k,
Because d(gx, xg) < 2%, we will define §;,(o) for all sufficiently long o, so the domain of gy,

is cofinite and thus dense. And when we do define g;., we differ from g;, in a fraction of at
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most 2% of the strings, so d(gy, xg) < 27 ¥+,

As a side-note, the theorem above has Lemma 1.1.49 as a corollary, because the domain
of g contains W, and W = {0, 1}* in this case.

As in the coarse case, we can show that f being (//-computable is the furthest we can go.

Proposition 2.4.7. Let A be a non—Ag set. Then there exists a set B and an A-computable

function f such that d(® Flk) X B) < 27% but B is not densely computable.

Proof. Let B, By and R}, be as in the proof of Proposition 2.4.1. The same B and f work

here, and if g is a dense description of B, we just need to define z; = 1 if
‘{a ERy:lo|=tANglo)d = 1}’ > 272

and z¢ = 0 if

‘{a ERy:lo|=tANglo)d = O}‘ > 272,

The rest of the proof is identical. n
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CHAPTER 3
ATTRACTIVE AND DISPERSIVE DEGREES

This chapter proves a Kolmogorov-complexity-flavored sufficient condition for a set to be

attractive (Theorem 3.3.1), and discusses some consequences of this condition.

3.1 The Gamma Function

For a set A and a Turing degree b, we use d from Definition 1.1.17 to define vy, (A) as

M (A4) = sup 1 —d(A, B).
Beb

This is a measure of how difficult A is to compute, from the point of view of B. For
example, if A is coarsely computable relative to b, then vy, (A4) = 1 (“b can tell membership
in A asymptotically all the time”), and if b is 1-random relative to A then v,(A4) > 1/2 (“b
can guess at least half of the entries of A”). We can “lift” this definition to Turing degrees
by taking infimums:

I'p(a) = inf 7, (A).

(We also write I'g(A) for I'y(a) where A € a and B € b.)
Intuitively, this asks b what is the hardest challenge that a can pose to it, with respect
to coarse computations. In fact, we can show that I'p(a) = 1 if and only if b > a.

This fact can be used to define a metric on Turing degrees, called the Hausdorff distance

H(a,b) between a and b:

H(a,b) =1—min{I'y(a),l'a(b)}.

(The name “Hausdorff distance” is justified because we can show that H(a,b) equals the

classical Hausdorff distance between the closures of a and b in the pseudometric space (2N, d)
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[10, Proposition 4.15].)

The “1-" is here because I'p(a) is a “measure of closeness”, where I'p(a) = 0 if a is
“hard” for b, and I'y(a) = 1 if it is “easy”. In fact, H is a metric on the space of Turing
degrees. (Analogously we write H(A, B) for H(a,b) where A € a and B € b, but for sets
the function H is just a pseudometric.)

In [15], Monin showed that I'y(A) can only attain the values 0, 1/2, and 1, and [10,
Theorem 4.20] extended this result to all 'g(A). In fact, we get the following characterization

of when I'g(A) attains each value.

Definition 3.1.1 (see [15, Section 1.3]). A function f is 22" infinitely often equal (i.o.e.)

relative to A if, for every function g <7 A such that g(n) < 22" for all n, there exists infinitely

many n such that f(n) = g(n). !

Theorem 3.1.2 (see [15, 10]). The following are equivalent.
o Ip(A) > 1/2.
o Tp(A)=1.
o B>r A

Theorem 3.1.3 ([15, Theorem 3.11], [10, Theorem 4.20]). The following are equiva-

lent.
° FB(A) < 1/2.
e 'p(A)=0.

o A computes a function f which is 22" infinitely often equal relative to B.

1. We could replace the 22" with any function F to obtain the definition of F-infinitely often equal, but
the only bound we will use in this paper is F(n) = 22",
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(Note that A is the one computing the function, even though that B is being used as an
oracle to try to approach A. Intuitively, the set A can present f as the “challenge”, which
is “too difficult” for B to compute.)

This immediately implies that H(a,b) € {0,1/2,1}.

3.2 Attractive and Dispersive Degrees

We now define the main object of study of this chapter.

Definition 3.2.1 ([10, Definition 5.10]). A Turing degree d is called attractive if there
are measure-1 many degrees ¢ such that H(d,c) = 1/2, and is called dispersive if there are

measure-1 many degrees ¢ such that H(d,c) = 1.

Kolmogorov’s 0-1 law immediately shows that every degree is either attractive or disper-

sive.

Proposition 3.2.2 ([10, Proposition 5.11]). The class of attractive degrees is closed up-

wards, and the class of dispersive degrees is closed downwards.

Proof. A useful trick is to note that, for any noncomputable set A, there are measure-1 many
sets B which are 1-random relative to A, and which do not compute A. For any such set
B, being random implies that, for every A-computable set A, we have d(B, 121) = 1/2, thus
I'p(A) > 1/2; and B 27 A implies I'g(A) < 1, so for every set A there are measure-1 many
sets B for which T'g(A) = 1/2.

Hence, to show that A is attractive, it suffices to show that there are measure-1 many
sets B for which I'4(B) = 1/2; conversely, to show that A is dispersive, we must show that
there are measure-1 many sets B for which I' 4 (B) = 0.

So, let A be attractive, and C' > A. For any B such that I' 4(B) = 1/2 we then also have

I'c(B) > 1/2. There exists measure-1 many such B. Discarding the measure-0 many such
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B that might be computable by C, we get measure-1 many sets B for which T'¢:(B) = 1/2,
which (as the above observation shows) implies that C' is also attractive.
That dispersive sets are closed downwards follows by the fact that the two classes are

complementary. O]

3.3 High Kolmogorov Complexity Implies Attractiveness

We can use Theorem 3.1.3 to prove the following sufficient condition for a degree to be

attractive.

Theorem 3.3.1. Let A be a set such that, for some constant C' and all large enough n, we

have K(A[2") > 2K(n) — C. Then A is attractive.

That is, K(A[2") may dip below 2K (n), but not by much. Observe that this is implied
by the stronger condition “K (A [n) > 2K (n) — C for all large enough n”, because K (2") =
K(n)+ O(1).

Proof. As noted in the proof of Proposition 3.2.2, it suffices to show that there are measure-1
many sets B such that I'4(B) = 1/2. For B to fail to satisfy ['4(B) = 1/2, unless it is one
of the measure-0 many sets below A (in which case we’d have I'4(B) = 1), it must be the
case that I' 4 (B) = 0; i.e., the set B has 22n-inﬁnitely often equal degree relative to A. This
means that there exists a single function (135 such that, for every A-computable function f
bounded by 22", there exists infinitely many n with f(n) = ®5(n).

Fix a Turing functional ®., and let Z be the class of sets B such that ®F is an i.o.e.
function as above. We will show that the measure of Z is zero. For the sake of contradiction,
assume that this is not the case. Let f(n) be the first 2" bits of A, interpreted as the binary
expansion of a number. We will find concise descriptions of f(n) (hence of A | 2™)) as follows.

For each n and m, let zu(n,m) be the measure of all the B such that ®Z(n)| = m, and

let #(n,m) be the smallest k such that 2% < p(n,m). We will use the KC Theorem [5,
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Theorem 3.6.1] We would like to construct a sequence of KC requests of the form (K (n) +
k(n,m),m), but the numbers K (n)+ k(n, m) are not computable. So we approximate them
from above as follows.

For each n and each m < 22", simultaneously compute ®7(n) for all o, and search
for (Kolmogorov) descriptions 7 of n. Take note of the measure of all the ¢ for which
®Z(n)| = m. If this measure surpasses 2% for some integer k, issue the request (k+ ||, m),
where 7 is the shortest description of n found so far. Similarly, if a shorter description 7 is
found for n, issue the request (k + |7|,m) for the same k (i.e. k is the smallest integer such
that 2% is a lower bound to the measure of all o for which ®J(n) has been observed to
converge to m).

First, let us show that this is indeed a KC set. The process of searching for better
Kolmogorov descriptions of n means that, eventually, we will issue the request (k+ K (n), m).
All other similar requests (k + |7|,m) will have exponentially smaller weight; for a fixed
k,m,n, the sum of the weights 2= k=17l for all found descriptions 7 of n is thus bounded by
9—k—K(n)+1, (Note that this bound is true even if k changes before we find an optimal T,
as 7 is never shorter than K(n).) Similarly, for each n,m, as we observe progressively more
o with ®7(n) converging to m, we get a progressively better approximation to p(n,m), so

eventually the request (k(n,m) 4+ K(n), m) will be issued. By a similar analysis, the sum of

271€7K(ﬂ)4‘ (nvm)fK(n)+2_

the weights L of requests issued for a fixed m,n is bounded by 27%
For a fixed n, the numbers p(n, m) measure disjoint sets, so their sum is at most 1. Because
9—r(nm) wu(n,m), the sum of the 9—r(1m) g also at most 1. Finally, the fact that

Yon 2~K(n) <1 shows that the collection of requests above is indeed a KC set. Summarizing,
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we have

Z o—k—|7| < Z o—k—K(n)+1

m,n,k,m:request (k+ ||, m) m,n,k:request (k+ K(n), m)
< Z o—#k(n,m)—K(n)+2
m,n

— 4 Z o—K(n) Z o—r(n,m)
<4 Z 2~ K(n) Z w(n,m)

<4 oK

< 4.

As an immediate consequence, we have K(m) < k(n,m) + K(n) + O(1); in particular,
we have K(f(n)) < k(n, f(n)) + K(n) + O(1), so (because f(n) is A[2" interpreted as a
number) there exists a fixed constant C7 such that K (A [2") < k(n, f(n))+ K(n)+Cy. We
now argue that there are infinitely many n such that x(n, f(n)) < K(n) — C — Cf.

If this is not the case, then for large enough n, say n > N, we have k(n, f(n)) >

K(n) — C — (1. In particular,

3" uln, f(n)) <2 3 27K 00) < 9§ 9= KmCHCy,

n>N n>N n>N

Because ), 2~ K(n) < 1, by making N large enough we can make the rightmost term of
this inequality as small as we want; in particular, we can make it smaller than the measure
of Z (the class of sets B such that CI>§ is an i.o.e. function). However, the leftmost term
of this inequality, >, n p(n, f(n)), is (an upper bound on) the measure of the collection
of all B such that ®Z(n) = f(n) for some n > N. This contains all sets of Z, which is a

contradiction.
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Hence, there are infinitely many n such that x(n, f(n)) < K(n) — C' — C1, which means
K(A[2") < 2K(n) — C. Finally, this contradicts our initial hypothesis that K(A[2") >

2K (n) — C for all large enough n, which means that A is attractive. H

The bound 2K (n) — C' is pretty much optimal for this proof strategy. The KC requests
are (ultimately) of the form K (n) 4 #(n,m), and we need the facts that 3, 27K (") and
Yom 27(m) are both finite.

A priori, we could replace the K (n) with any other function F' such that >, 9~ F(n) - 00,
but, in order to actually construct the KC set, we need to be able to approximate F'(n) from
above. In other words, the set {(n,k) : F(n) < k} is a c.e. set, and we can show that any
such F' beats K by at most an additive constant (see e.g. [5, Theorem 3.7.8]).

We do have a bit of lee-way in the second term, x(n,m). We bound k(n, f(n)) by
F(n) = K(n) — C — Cq, and again we need the property that ), 2-F(") < 50, But this
part of the argument does not need to be computable, so there are no further restrictions
on F. That is, the bound 2K(n) — C could be replaced by K(n) + F(n) — C where F
is any function satisfying >, 2-F(n) We can still rephrase this in terms of Kolmogorov
complexity by using F' as an oracle: if we simply let X encode the set {(n, F'(n)) : n € N},
then KX(n) < F(n)+ O(1), so the bound on K (A [n) becomes K (n) + KX(n) — C. We

note this improvement in a corollary.

Corollary 3.3.2 (of the proof). For any sets X and A and any constant C, if K (A [2") >

K(n) + KX(n) — C for all large enough n, then A is attractive.

The rest of this section discusses some interesting consequences of this theorem.

3.3.1 Genericity and Randomness

It is known that every weakly 2-generic set is dispersive [10, Theorem 5.16], and that every

l-random set is attractive [10, theorem 5.5].
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l-random sets are characterized by having K (A [n) > n — O(1); i.e. all sets with high
Kolmogorov complexity are attractive. Theorem 3.3.1 significantly lowers what “high” means
in this case, thus narrowing the gap between genericity and randomness.

Interestingly, it is still open whether every 1-generic set is dispersive. 1-generic sets can
only compute infinitely often K-trivial sets (i.e. sets B such that K(B[n) = K(n)+ O(1)

for infinitely many n), which violate the 2K (n) bound from the theorem.

3.8.2  Hausdorff Dimension of the class of dispersive sets

It is known that the class of dispersive sets has measure 0 [10, Corollary 5.8]. Using the

point-to-set principle [14, Theorem 1], we can show the following stronger result.

Proposition 3.3.3. Let © be the class of dispersive sets. Then the (classical) Hausdorff

dimension of ® is zero.

Proof. The point-to-set principle states that

dimy (D) = min sup dim?(B).
() = pin sup dinn (B)
dim g is the classical Hausdorff dimension, and dim? is the (relativized) effective Haus-
dorff dimension.
By the contrapositive of Theorem 3.3.1, for every dispersive set B there are infinitely
many n such that K (B [n) < 2K(n). This means that

K(B[n)

n

dim(B) = limninf = 0.
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So picking A = ) in the point-to-set principle, we get

dimg(®) < sup dimA(B)
Be®

< sup dim(B)
Be®

=0.
Hence ® has Hausdorfl dimension 0. O

3.3.8  Minimal Degrees

Because the class of dispersive degrees is closed downwards, using the following lemma we

can show that there exists minimal dispersive degrees.

Lemma 3.3.4 ([10, Theorem 5.15]). Every low c.e. set is dispersive.
Proposition 3.3.5. There exists a dispersive set A which is minimal for Turing degrees.

Proof. Let C' be a low c.e. set. By the lemma, the set C' is dispersive. Now, by [17,
Theorem XI.4.9], the set C' computes a set D which has minimal Turing degree. And

because dispersive degrees are closed downwards, the set D is also dispersive. O

This argument does not work for attractive degrees, which are closed upwards.

It is known that there are sets A with minimal degree and with effective packing dimension
1 (i.e. limsup,, K(A[n)/n = 1) [4, Theorem 1.1]. However, we would need a lower bound
on K(A[n) which is always true, rather than just infinitely often. The problem of finding
a set with minimal degree and Hausdorff dimension 1 (i.e. liminf,, K(A[n)/n = 1) is still

open, but we can formulate the following easier question.

Open Problem 3.3.6. Are there any sets A with minimal Turing degree which also satisfy
K(Aln)>2K(n) for all n?
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CHAPTER 4
FUNCTIONS AND SETS

A common theme in both computability and complexity theory is to only talk about yes/no
questions, rather than “function questions”. For example, the Satisfiability Problem SAT
in complexity theory asks whether a Boolean formula has a satisfying assignment or not,
whereas in real-world application we would be more interested in finding such an assignment.
The reasoning is that this makes the theory more elegant and comes at no cost to generality.
For example, we can find a satisfying assignment to a formula with n variables in polynomial
time by performing O(n) queries to an oracle for SAT, so the set problem and the function
problem are in the same polynomial class of complexity.

Surprisingly, for the four asymptotic notions of computability studied in this paper, it
is still an open problem whether functions are equivalent to sets. In this section we take a
small step towards answering this question by showing two small results: first, that a certain
class of enumeration operators is unable to show that every uniform degree contains a set;
and second, that functions that grow “slowly enough” are equivalent to a set.

Formally, we define coarse, dense, generic, and effective generic reducibilities and degrees
for functions in the same way we define for sets, mutatis mutandis. The question can then

be stated as follows.

Open Problem 4.1. For each of the eight reducibilities (the uniform and nonuniform ver-
sions of dense reducibility, generic reducibility, coarse reducibility, and effective dense re-
ducibility), defined for functions, is it true that every degree contains the indicator function

of a set?

Every nonuniform degree is a union of uniform degrees, so if the answer to this question
is negative, it should be easier to prove so for uniform reducibility. We may simplify the

question further, and ask whether there is a single enumeration operator W such that, for
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all functions f, the set W is the indicator function of a set and f and W/ have the same
uniform generic degree. (In a sense, this is a stronger uniformity condition.)

We will show that the the answer is negative for the following restricted class of operators.

Definition 4.2. For the purposes of this chapter, define a simple encoding to be a function
E : N — 2N such that E(z) and E(y) are disjoint if z # y. For any partial function
[N =N, define Ey by

Er= |J E(n fn)).

neDom f

For example, if we let F(z) = {z}, then Ey is the graph of f. The functions R and R
can also be thought of simple encodings; for example, if we set E((n,1)) = Ry, and E(z) =0
otherwise, then Fy , = R(A) for all sets A.

We have the following.

Theorem 4.3. For each simple encoding E there exists a function f such that f and the
indicator function of E'y are not in the same nonuniform coarse, generic, dense, or effectively

dense degrees.

Therefore, simple encodings cannot transform a function into a set whilst preserving its

degree.

Proof. We will analyze 3 separate cases, according to how the densities of F(z) behaves
asymptotically.

Case 1: There are infinitely many n for which p(E({n, k))) > 0 for some k.

Let ng < n1 < --- be an infinite sequence of these numbers n, with corresponding
witnesses k;. We may assume that the set N' = {ng,n1,...} has density 0, as we can
replace N with a sparse subset. For each o : N — {0,1} define f, : N — N by setting
fa(n;) = k; + a(i) for each n; and fo(m) =0 if m ¢ N. We will show that f, and Ey are
not equivalent for some a.
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If a # B, say a(i) # B(i), then Ey, A Ey, contains the set E({n;, k;)), which has positive
upper density, and thus £y AE fa itself has positive upper density. This means that, for
each Turing machine e, the function (ID/ev can be a dense description of at most one of the
sets Ly, .

There are uncountably many such E . but only countably many N -computable dense
descriptions, so for at least some « the set Ey is not densely computable relative to N.
However, because N has density 0, the function f, itself is effectively densely computable
relative to N. This means that even relative to A/, the nonuniform coarse, dense, effectively
dense, and generic degrees of the function f, do not contain the indicator function of the
set Ly, .

Case 2: There exists some € > 0 such that, for infinitely many n, there exists some k
and j where p;(E((n, k))) > el

Again, let ng < ny < --- be an infinite sequence of such n, with k; and j; being the
corresponding witnesses, and assume that N' = {ng,nq,...} is sparse. For o : N — {0,1}
define f, as before. Now, suppose that a and ( differ at infinitely many places; we claim
that By AE fa has positive upper density.

Indeed, the set Ey, A Ey, contains infinitely many sets E({n;, k;)), with each set satis-
fying p;,(E((n;, k;))) > € for some integer k;. It is easy to see that if p;, (E({n;, k;))) > 0
then the set E((n;, k;)) must contain some element smaller than j;. Since all E({n;, k;))
are disjoint, this means that each j; may only be repeated finitely many times (that is,
for each j, the set {i | j; = j} is finite). Hence there are infinitely many distinct j; such
that p;, E£({n;,k;)) > ¢ in any infinite subcollection of the j;. In turn, this means that
pj;(Ef, AE fﬁ) > ¢ for infinitely many distinct j;, which shows that the set Ey AE f5 has
positive upper density.

Since there are uncountably many « which differ in infinitely many places, there are

1. There is overlap between Case 1 and Case 2, but this is neither harmful nor relevant.
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uncountably many Ey whose pairwise symmetric differences all have positive upper density.
Therefore, the same conclusion as in Case 1 applies.

Case 3: Neither Case 1 nor Case 2 applies.

Because we are not in Case 1, there exists some N such that p(E({n,k))) = 0 for all k
and all n > N.

If n > N, define ¢, by

en = sup pj(E((n,k))).
k,jeN

Because we are not in Case 2, we have limy,—soc e, = 0.
Construct the sequences ky ;, kny14, kn42,is- .- fori=0,1 as follows. First, let ky o #

kn 1 be arbitrary. Assume we defined ky ;, kn415-- -, kp—1,; for i = 0,1, and define

An=|J Bl k).
N<l<n
i=0,1

Because Ay, is a union of finitely many E((¢, k)) for £ > N, all of which have density 0, we
have that p(Ay) = 0. Therefore, there is some positive My, such that p;(Ay,) < &, for all j >
My, Choose ky, o and ky, 1 to be any two distinct integers such that neither E(<n, k’n70>) nor
E({n,kp 1)) contains elements smaller than My, or N; such kj, ; exist because the E((n, k))

are all disjoint. This implies that, if 7 > M,,, then

pi(Ans1) = pj(An) + pj(E((n, kno))) + pj(E((n, kn1))) < 3en.

Define A = {J,, An. We may assume that the numbers M, are increasing. If M, < j <

M, +1, then

pj(A) = pj(ATH—1> < 3en.

This shows that p(A) = 0.

Now, finally, given a : N — N, define f4(n) = 0 if n < N and fo(n) = kn@(n_N)
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otherwise. For any two «,, we have Ey, AFE fa C A, so all of the F 1, are effectively
densely computable relative to A. If o and S disagree on a set with positive upper density,
then fo and fg cannot be A-densely computed by the same Turing machine. Since there is
an uncountable family of functions a which pairwisely disagree on a set with positive upper
density, there are functions « such that f, is not A-densely computable, which in turn mean
that there are functions o whose the nonuniform coarse, dense, effectively dense, and generic

degrees do not contain the indicator function of the set Ey, . m

On the other direction, using error-correcting codes, we can show that functions that

grow “slowly enough” are indeed equivalent to sets.

Theorem 4.4. Let f be an exponentially-bounded function; i.e. there exists a polynomial
function p such that f(n) < 27(") for all n. Then there exists a set A which is equivalent
to f, under all eight asymptotic notions of computability (coarse, generic, dense, effective

dense; both uniform and nonuniform).

Another way of interpreting the f(n) < 2P(") hound is to think of f(n) as a binary string

of length logg f(n); then this just says that the length of f(n) is polynomially-bounded.

Proof. We may assume that p(n) = n¥ for some k without loss of generality.

For each n, let Ey : {0,1}P(") — {0,1}%7(") be a code capable of correcting up to p(n)
errors; i.e. if x # y then Ep(z) and Ey(y) differ in at least 2p(n) entries. The existence of
such code can be shown using standard tools from coding theory, or as a direct application of
the probabilistic method. (Note that an existence proof is enough, as there are only finitely
many functions {0, 1}7(") — {0,1}°P(") so we can just search for a suitable Ej,.)

For each n, let 7, be the f(n)-th binary string of length p(n), in lexicographical order,
and define A to be the concatenation of all Ey (7). We claim that A is coarsely equivalent

to f (the other notions have analogous proofs).
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k
Let b(n) = > ;on 5p(i). Since ) .., i% is asymptotically equal to 7};—:11, for all large

ket k+
enough n, we have 5% <b(n) < 52nk -

Let g be a coarse approximation to f, and construct B in the same way we constructed
A. Fix N so that dn(f,g) < € if n > N. This means that at most €2" of the numbers in
27, 27F 1) are incorrect, and each error makes at most 5p(2"T1) of the bits of B in the region
[b(n),b(n + 1)) to be incorrect. Hence at most 5 - €2+ of these bits are incorrect. Now
if m satisfies [2, 271 N [b(n),b(n 4 1)) # 0, these errors will contribute to dy, (A, B), so

that 2™d,, (A, B) < 10- £2"k+k  But by the observation above, if n is large enough, we must

have 2 > b(n — 1) > 5%, whence
10 - €2nk+n 2
dm(A, B) < = (k+2)2° 2.

5. 2nk+n—k—1/(k + 2)

Since, for all €, the inequality above is true for all large enough m, we conclude that d(A, B) =
0; i.e. B is a coarse description of A, whence A is coarsely reducible to f.

In the other direction, let B be a coarse approximation of A. Construct g by “undoing”
the construction of A: for each n, let ¢(n) = >, _,, 5p(i), let oy, be the string B(c(n))B(c(n)+
1)---B(c(n+ 1) — 1) (i.e. the bits of B between ¢(n) and ¢(n + 1)), and let g(n) be the
clement of {0, 1}?(™) which minimizes the distance between o, and Ej,(g(n)). We will prove
that g is a coarse approximation of f.

Indeed, if 2%d,(f,g) > j (ie. at least j bits between [27,27F1) differ), then at least
jp(2™) bits of B between ¢(2") and ¢(2" 1) differ from A. Let m be the largest number such
that 2™ < ¢(2"), so that the interval [2,2™F1) intersects [¢(2"), ¢(2" + 1)). Because ¢(x)
is asymptotically equal to zFT1/(k + 1), we can show that 27HF+2 > ¢(2n+1) 5o at least

one of the intervals

ey
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contains at least jp(n)/(k+2) of the differences between A and B. Hence if 7 is this interval
then

ip(2")/(k +2)
om—+k+2
j2nk
(k + 2)2m+k‘+2
j2nk
>
(k 4 2)2k+2¢(2n)
k j2nk
k4 2)2k+2 ) onk+n
k
L
(k +2)2k+2 7

dWH%(AWE” >

1

In terms of dp,(f, g), this means that if d,,(f, g) > ¢, then d,;, (A, B) > e- for some

k
(k+2)2k+2
1 < k4 2. Soif f and g are not coarsely equivalent, neither are A and B, a contradiction.

Hence f and ¢ are coarsely equivalent, whence f is coarsely reducible to A. O
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CHAPTER 5
OPEN PROBLEMS

This chapter summarizes the open problems derived from the theorems in the previous
chapters.
As mention in Section 4, it is not known whether sets are equivalent to functions. We

restate this question here, for completeness.

Open Problem 4.1. For each of the eight reducibilities (the uniform and nonuniform ver-
sions of dense reducibility, generic reducibility, coarse reducibility, and effective dense re-
ducibility), defined for functions, is it true that every degree contains the indicator function

of a set?

The statement of Theorem 2.1.4 raises the following question.

Open Problem 5.1. Theorem 2.1.4 requires the sets to be 2-random. Can this condition

be improved to 1-random?

In Igusa’s proof of Theorem 1.3.1, we could have replaced “undefined” with [J through-
out, resulting in the theorem that there are no minimal pairs for relative effectively dense
computability. Similarly, the same modifications applied to Theorem 2.1.4 yields the result
that if A and B are 2-random then A and B do not form a minimal pair for effectively dense

reducibility. However, the existence of minimal pairs is still open.

Open Problem 5.2. Do there exists minimal pairs for the effective dense degrees (both

uniform and nonuniform)?

In Section 1.1.6, we provided examples of sets which are densely computable but nei-
ther coarsely nor generically computable (Example 1.1.29), which are coarsely computable

but not densely computable (Example 1.1.25) and vice-versa (Example 1.1.26), and which
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are coarsely and generically computable but not effectively densely computable (Exam-
ple 1.1.31). These non-implications between these asymptotic notions of computability en-
tails non-implications in the associated reducibilities. For example, if A is the set from
Example 1.1.29 then A <4 0, but A £ne 0 and A Zye 0. However, the other directions are

still open.

Open Problem 5.3. Does A <, ,q B implies A <, B or A < B? Does A < B and

A <yg B implies A <,q B? What about uniform reducibilities?

We also ask about the limits of Theorem 2.4.6.

Open Problem 5.4. Is it possible to prove Theorem 2.4.6 without the hypothesis that the

intersection of the domains of the ® £(k) is dense?

We finish by restating this open problem from Chapter 3.

Open Problem 3.3.6. Are there any sets A with minimal Turing degree which also satisfy
K(ATn)>2K(n) for all n?
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