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The quantum chromodynamics (QCD) axion arises as the pseudo-Goldstone mode of a spontaneously
broken Abelian Peccei-Quinn (PQ) symmetry. If the scale of PQ symmetry breaking occurs below the
inflationary reheat temperature and the domain wall number is unity, then there is a unique axion mass that
gives the observed dark matter (DM) abundance. Computing this mass has been the subject of intensive
numerical simulations for decades since the mass prediction informs laboratory experiments. Axion strings
develop below the PQ symmetry-breaking temperature, and as the string network evolves, it emits axions
that go on to become the DM. A key ingredient in the axion mass prediction is the spectral index of axion
radiation emitted by the axion strings. We compute this index in this Letter using the most precise and
accurate large-scale simulations to date of the axion-string network leveraging adaptive mesh refinement to
achieve the precision that would, otherwise, require a static lattice with 262,1443 lattice sites. We find a
scale-invariant axion radiation spectrum to within 1% precision and find no evidence that the spectral index
of radiation evolves with time. Accounting for axion production from strings prior to the QCD phase
transition leads us to predict that the axion mass should be approximatelyma ∈ ð45; 65Þ μeV. However, we
provide preliminary evidence that axions are produced in greater quantities from the string-domain-wall
network collapse during the QCD phase transition, potentially increasing the mass prediction to as much as
300 μeV.
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The quantum chromodynamics (QCD) axion is currently
the subject of a rapidly growing worldwide experimental
program [1]. The axion is well motivated because it can
explain the dark matter (DM) of our Universe, resolve the
strong- CP problem of the neutron electric dipole moment
[2–8], and appear in string theory compactifications [9,10].
On the other hand, laboratory experiments for axion DM
are notoriously difficult because the mass of the QCD axion
particle is currently unknown to within roughly 10 orders of
magnitude; many axion laboratory experiments and astro-
physical probes, in contrast, need to know the axion mass to
roughly one part in a million. This work aims to accelerate
the search for axion DM by predicting the QCD axion DM
mass in the cosmological scenario where the axion is
generated as a pseudo-Goldstone boson from a sponta-
neously broken U(1) symmetry—the Peccei-Quinn (PQ)

symmetry—at temperatures below the inflationary reheat-
ing temperature (see [11,12] for reviews).
The axion field a would be massless but for its inter-

actions with QCD of the form L ⊃ ðg2=32π2faÞaGa
μνG̃

a μν,
with g the strong coupling constant and G the QCD field
strength. This operator generates an axion mass ma ≈
5.7ð1012 GeV=faÞμeV [13] at temperatures below the
QCD phase transition. The parameter fa is the axion decay
constant, which is related to the vacuum expectation value
(VEV) of the complex scalar that undergoes Uð1ÞPQ
symmetry breaking. Let us denote that complex scalar field
as Φ ¼ ½rþ ðva=

ffiffiffi
2

p Þ�eia=va , where r is a real scalar degree
of freedom referred to as the radial mode, and va is the VEV
ofΦ in the broken phase. The VEV va and fa are related by
fa ¼ va=Ndw, with Ndw the domain wall number (dw). In
this Letter, we restrict to Ndw ¼ 1 to avoid long-lived
domain walls. In the thermal universe, the PQ symmetry
is restored at high temperatures, such that for T ≫ fa the
VEV is hjΦj2i ¼ 0. The Universe undergoes a phase
transition at T ∼ fa, where jΦj2 acquires a VEV. By the
Kibble-Zurek mechanism [14,15], a defect network con-
sisting of axion strings develops for temperatures below that
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of the PQ phase transition. The string network evolves to a
scaling solution [16], with roughly a constant number of
strings per Hubble patch—up to logarithmic corrections
[17]—for temperatures T < fa. At low temperatures, the
radial mode is frozen everywhere at its VEV except in the
vicinity of the string cores. In Fig. 1, we illustrate the axion-
string network in a snapshot of one of our simulations.
The axion-string network persists in the scaling regime

until the QCD phase transition at T ∼ 200 MeV [19]. (Note
that the QCD transition is a crossover transition and not a
real phase transition [19], though we refer to it as a phase
transition in this Letter since the difference is not relevant
for our discussion, which is only sensitive to the temper-
ature dependence of the QCD axion mass.) The axion-
string network maintains the scaling solution by radiating
energy mostly in the form of axions (but see [20–26]). The
axions are relativistic until the QCD phase transition. At
this point, the rapidly rising axion mass renders them
nonrelativistic, and thereafter, they act as cold DM. Also, at
the QCD phase transition, domain walls develop between
the strings, but with Ndw ¼ 1 the string-wall network
collapses promptly. (See [27–33] for Ndw > 1.)
To date, significant effort has been dedicated to simulat-

ing the axion-string network in order to compute the axion
DM abundance and, in turn, the axion mass that leads to the
observed amount of relic DM [16,17,34–53]. On the other
hand, recent simulations by different groups dramatically
disagree on the predicted axion mass. In particular,
Refs. [48,51,53] claim that the spectrum of axion radiation
emitted by strings becomes infrared (IR) dominated at late
times, which leads to a large DM abundance. For example,
Ref. [48] finds that the correct DM abundance is achieved

for ma > 500 μeV. On the other hand, Ref. [50] found a
nearly conformal spectrum of axion radiation, leading to
the prediction ma ∈ ð40; 180ÞμeV. Reference [48] per-
formed a suite of static cosmological lattice simulations
of the classical equations of motion for the PQ field in
comoving coordinates with lattices up to 4; 5003 sites,
evolving to temperatures as low as logðmr=HÞ ∼ 8, where
mr is the radial-mode mass and H is the Hubble parameter.
(As explained precisely below, logðmr=HÞ is a proxy for
time in logarithmic units between the PQ and QCD phase
transitions.) More recently, Ref. [52] performed larger
static lattice simulations and considered a number of
possible models for the time-evolution of the axion
emission spectrum, finding them to be roughly equally
compatible with the data but only some of them predicting
IR-dominated emission at late times. In contrast, Ref. [50]
used adaptive mesh refinement (AMR) simulations, with a
dynamical lattice that tracks the string cores, to evolve out
to logðmr=HÞ ∼ 9.
In this Letter, we extend the methodology developed

in [50] by performing the largest AMR simulation of the
axion-string network to date, evolving the network to
logðmr=HÞ ∼ 10; a static lattice would need 262 1443 grid
sites to achieve the same resolution as our AMR configu-
ration. Evolving a larger simulation box to lower temper-
atures both shrinks the statistical uncertainties on the
measured quantities and, more importantly, allows us to
reach deeper into the scaling regime. This minimizes the
systematic uncertainties related to the finite IR and UV
cutoffs as well as transients from the PQ phase transition.
Additionally, we perform a suite of systematic simulations
to account for axion production during the network

FIG. 1. 3D → 2D projections of the axion energy density on a logarithmic color scale. Each top row panel covers the entire simulation
volume at different times, starting at the PQ phase transition (left) to the final state (right). The bottom row is a set of nested zoom-ins of
the final state at logðmr=HÞ ∼ 10 illustrating the large scale separation between the size and width of the strings that make the AMR
technique necessary. Overlaid in the three bottom left panels are the refinement boundaries along the line of sight. Animations are
available here [18].
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collapse and to study the dependence of our results on the
initial conditions. We conclude that the axion radiation
spectrum shows no sign of becoming IR-dominated at late
times and that the spectrum is nearly conformal, with a
spectral index consistent with unity to 1% precision. On the
other hand, our simulation of the string-wall network
collapse during the QCD phase transition suggests that
axion production from domain walls, even in the Ndw ¼ 1
scenario, could dominate over axion production by strings
by a factor of a few, which would have dramatic implica-
tions for axion direct detection.
PQ epoch simulations—We solve the equations of

motion of the complex scalar field Φ on a three-dimen-
sional grid with AMR. (See Appendix A and Supplemental
Material (SM) [54] for the equations of motion and
simulation details.) We use the publicly available code
SLEDGEHAMR [59] to perform one large, primary simulation
and, then, a suite of systematic simulations.
We start our primary simulation well before the PQ phase

transition with an initial state based on a thermal distribu-
tion. More precisely, we define a reference time t1 such that
Hðt1Þ ¼ fa, where H is the Hubble parameter. Our
simulations are evolved in terms of a rescaled conformal
time η ¼ RðtÞ=Rðt1Þ, with R the scale factor; in these units,
we start our simulation at η ¼ ηi ¼ 0.1. We design our
simulations such that the PQ phase transition occurs
at η ≈ 0.75.
We explicitly simulate the PQ symmetry breaking of Φ

such that axion strings emerge dynamically within our
simulation. Note that this approach differs from simulations
performed by some other groups (see, e.g., [17,48,52]),
where their simulations start after the PQ symmetry is
already broken and include a preevolution stage to
approach the attractor solution. In SM [54], we show
simulation results using this alternate initial condition
procedure. At late times, we find no difference between
the two approaches. To avoid biases from transient effects
at the PQ phase transition, we only analyze the emission
spectrum at scale separations larger than logðmr=HÞ ∼ 7.6,
with mr ¼

ffiffiffi
2

p
fa.

All simulations are performed in comoving coordinates.
The simulation volume of our fiducial simulation is chosen
large enough to avoid finite volume effects until
logðmr=HÞ ∼ 10. The coarse level resolution at the final
state is 8; 1923 cells with five levels of 2× refinement. At
ηi ¼ 0.1, the simulation box contains 2; 0003 Hubble
volumes of comoving lengthRðηiÞHðηiÞ, while this number
drops to 2003 at η ¼ 1. Our simulation ends at ηf ∼ 110with
approximately 6 Hubble volumes. Our AMR setup ensures
that all parts of the simulation volume are resolved, includ-
ing the string emission wherever required. In particular,
string cores at rest are resolved at all times by at least four
grid cells.
Our axion mass prediction requires the extraction of two

quantities from our primary simulation: (1) the string length

per Hubble volume ξ; and (2) the instantaneous
emission spectrum Fðk=HÞ. We define the total string
length per Hubble volume at time t as ξ ¼ lt2=V, where l
is the total string length within the simulation volume V.
We numerically extract l from our simulation through the
algorithm described in [60]. The result is shown in
Fig. 2, where data points are separated by a Hubble time
[Δ logðmr=HÞ ¼ log 2] to avoid correlations.
We overlay our result with that of previous simulations

[48,50,52], to illustrate that they all approach the same
attractor solution [17,48] where ξ linearly increases with
the scale separation logðmr=HÞ at late times. The
differences at small logðmr=HÞ are due to the differences
in the initial state, but this matters very little at large
logðmr=HÞ, as verified in SM [54] using alternate initial
states. We verify the linear increase of ξ by fitting a
model of the form ξ ¼ c−2=Log2 þ c−1=Logþ c0 þ
c1Log for Log ≥ 4, where Log≡ logðmr=HÞ. We find
c1 ¼ 0.21� 0.02, which is similar to the c1 ¼ 0.24� 0.02
of Gorghetto et al. [48], c1 ¼ 0.254� 0.002 of Buschmann
et al. [50], and c1 ¼ 0.23� 0.06 of Saikawa et al. [52].
Note that our linear growth with logðmr=HÞ may be in
some tension with the analytic velocity one-scale models
[22,61–63], which predict ξ saturating at approximately
1.2, whereas we observe ξ ¼ 1.29 by log ¼ 9.75 (but
see [64,65] for versions of these models with time-varying
tension).
We extrapolate our result to the beginning of the QCD

phase transition at Log� ∈ ð60; 70Þ and obtain ξ� ∈ ð11; 15Þ.
More precisely, we define quantities such as ξ� to be the
values at the time t� defined by 3Hðt�Þ ¼ maðt�Þ, with
maðtÞ the time-dependent QCD axion mass.
Now, we turn to the computation of the instantaneous

emission spectrum Fðk=HÞ. The function F is defined such
that F ∝ ð1=R3Þ∂tðR3

∂kρaÞ, with ρa the axion energy
density in momentum space (see, e.g., [17,50]). The

FIG. 2. String length per Hubble volume ξ as a function of the
scale separation logðmr=HÞ. We compare our result with that of
Buschmann et al. [50], Gorghetto et al. [48], and Saikawa et al.
[52]. While the simulations may differ at small values of
logðmr=HÞ due to differences in the initial state, they all approach
the same attractor solution at large logðmr=HÞ. We also show a
polynomial fit to our data (dotted black curve).
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function F is important because while ρa itself may be
determined simply by energy conservation arguments,
given the scaling solution for ξ, the spectrum F is needed
to compute the number density of axions na. In particular,
ignoring the effects of the axion mass for a moment, the
number density of axions created by the string network at
the time t� may be estimated by (see, e.g., [17,50])
n�a ≈ 8πf2aH�Log�ξ�hH=ki, with the expectation value
taken with respect to the instantaneous spectrum F at t�,
in the limit of large Log�. We numerically determine F
from our simulation following the procedure described in
Appendix D, similar to that of [50]. In particular, note that
the magnitude and k dependence of the uncertainties on the
data points are assigned hyperparameters that are profiled
over in the analysis. In Fig. 3 (top panel), we illustrate the
instantaneous spectrum at logðmr=HÞ ¼ 9.5, with the time
value referring to the earlier time used in the finite
difference.
For 1 ≪ k=H ≪ mr=H, we expect F ∝ ðk=HÞ−q for

some index q, since there is no other mass scale to influence
the spectrum. We fit this model to the data for
xIRH < k < xUVmr. In our fiducial analysis, we chose
xIR ¼ 50 and xUV ¼ 1=16, as in Ref. [50], to ensure that

our fit is performed sufficiently far from the UV and IR
cutoffs. In the bottom panel of Fig. 3, we show our best-fit
q values at each of the time steps.
We fit two models to the data for q as a function of

logðmr=HÞ: a linear model, where qðtÞ¼q1 logðmr=HÞþq0,
and a constant model where qðtÞ ¼ q0. In the linear fit, we
find q1 ¼ 0.015� 0.023, meaning that we find no evidence
for a log-varying spectral index even thoughour data allow for
q1 as high as∼0.04 at 1σ confidence. The constant fit returns
an index consistent with a conformal spectrum to 1%
precision: q0 ¼ 1.01� 0.01 and consistent with [50].
In contrast to our results, many works have found

evidence for a logarithmically increasing spectral index
q. For example, using a suite of static lattice simulations,
Ref. [52] finds q1 ¼ 0.093� 0.005 when fitting a model
that grows linear in the log; this disagrees with our result by
more than 3 standard deviations. Reference [48] also used a
suite of static lattice simulations to find logarithmic growth
in q, with q1 ¼ 0.053� 0.005. Both Refs. [48] and [52]
use a similar methodology, and we believe that there are
several possibilities for how their results could be biased to
mimic logarithmic growth in q (see, also, the discussion
in [50]). While [48,52] use an alternate procedure for
constructing the initial conditions, we show, in SM [54],
that this is unlikely to be the source of the discrepancy. On
the other hand, Refs. [48,52] are more susceptible to finite-
lattice-size effects, since the resolution to the string cores is
at the level of around one lattice site per core width toward
the end of the simulations, given the finite lattice. Perhaps
most importantly, we show, in SM [54], that we can recreate
the logarithmic growth seen in [48,52] by choosing less
conservative values for the UV cutoff xUV.
Axion mass prediction—Previous works such as

[48,50,52] have calculated the axion relic DM abundance
by accounting for axions produced prior to the QCD phase
transition at some reference time defined by, for example,
the conditionHðtÞ ¼ maðtÞ in [48,52], or 3Hðt�Þ ¼ maðt�Þ
in [50]. Here, we adopt the latter definition of t�, though we
stress that both choices are somewhat arbitrary since the
string network still exists for t larger than these character-
istic times. While it is true that the network begins to
collapse for t > t� and is fully gone within a few Hubble
times, as we argue below, the axions produced during
network collapse can still substantially affect the DM
abundance.
If the axion field is in the linear regime, then we can

simply estimate the DM abundance by computing the
number density in axions at t ¼ t� and redshifting this
number density down to today, leading to the prediction [50]

Ωstr
a ≈ 0.12h−2

�
fa

1.4× 1011 GeV

�
1.17 318

δ

ffiffiffiffiffi
ξ�
13

r
Log�
70

ð1Þ

Here, we assumem2
aðTÞ ∝ T−8.16 [66] alongwith the number

of entropy degrees of freedom g�ðTÞ ≈ g0�ðT=MeVÞγ for

FIG. 3. Top: example of the emission spectrum calculated at
logðmr=HÞ ¼ 9.5 with associated power-law fit. The best-fit
emission spectrum associated with our fiducial analysis choices
with xIR ¼ 50 and xUV ¼ 1=16 is shown in black with the
associated data points and inferred error bars shown in gray.
Extending the fitting range by taking xIR ¼ 30 (xUV ¼ 1=12)
results in the fit and error bars in red (blue). Bottom: the best-fit
emission spectrum index using our fiducial fitting region over an
interval between logðmr=HÞ ¼ 7.25 and logðmr=HÞ ¼ 9.5. The
red band illustrates the 1σ containment interval for the constant q
model from this Letter, and may be compared with the analogous
containment interval from [50] in gray. We also show the best
fit to the linear growth in the emission spectrum with logðmr=HÞ
in black, along with the best-fit linear growth models
of [48] and [52].
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800 < T < 1800 MeV and g0� ≈ 50.8, γ ≈ 0.053 [67]. The
quantity δ, which is a constant that must be determined from
simulations, is defined by [50] (for q > 1) hH=ki−1 ≡ δ

ffiffiffi
ξ

p
,

where the expectation value is taken with respect to the
instantaneous spectrum F. The reason this quantity is
expected to depend on

ffiffiffi
ξ

p
is because as ξ increases

logarithmically with time, the strings necessarily become
smaller, such that the IR cutoff of the spectrummoves toward
the UV like

ffiffiffi
ξ

p
. We follow [50] and compute hH=ki, at a

given time step, by numerically integrating over k with the
simulationoutput forF for0 ≤ k ≤ xIRH. For larger values of
k (assuming q ≥ 1), we integrate to the physical UV cutoff
assuming a fixed choice of q.
In the constant model for qðtÞ, our maximum allowed

choice of q at 1σ uncertainty is q ¼ 1.02, while our
minimal value is q ¼ 1.00; lower values of q lead to less
DM. For an exactly conformal spectrum, one can show that
we should, instead of having a static δ value, write
δ ¼ δ1Log� [50]. As we discuss in SM [54], for
q ¼ 1.02, we measure δ ≈ 318, while for q ¼ 1.00, we
measure δ1 ≈ 8.6. Varying the index q between 1.00 and
1.02 while also adding in the abundance frommisalignment
(e.g., [12]) gives us the predicted QCD axion mass range
ma ∈ ð45; 65ÞμeV to match the observed relic abundance
[68]. Crucially, however, this estimate only accounts for
axions produced before t�. [Note that, while we find no
evidence for a log-varying qðtÞ, if we consider our
best-fit values for q at 1σ significance at the QCD epoch
within the context of the log-varying model, we obtain
ma ∈ ð30; 400ÞμeV, with the upper limit corresponding to
q ∼ 2 and δ ∼ 23 and with the lower limit dominated by the
misalignment contribution. We note that the upper limit,
here, is rough because it neglects number-changing proc-
esses [48], which may be important in this case because
hða=faÞ2i ≳ 1 at the QCD epoch for q ∼ 2.]
For Ndw ¼ 1, domain walls form shortly after t� and

cause the string-domain-wall network to collapse by a time
tcoll ∼ 5t� (see SM [54]). For t > t�, it is important to
account for axions produced both by strings and by the
domain walls that stretch between them. To help compute
the number of axions produced after t�, we perform a
simulation of the network collapse during the QCD phase
transition with an AMR simulation based on an intermedi-
ate state of the PQ simulation performed in [50]. (See
Appendix C for details.) This simulation begins at η ¼ 0.1,
where the effects of the axion mass should be negligible. A
nonzero axion mass is turned on at η ≈ 27, with t�
occurring at η ≈ 36. The simulation ends at η ≈ 76 after
the string-wall network has disappeared. In this simulation,
we find that the DM abundance increases by a factor of ∼3
accounting for axions produced after t� relative to the
prediction only accounting for axions produced prior to t�.
However, extrapolating from these results to the physical
scenario requires us to analytically understand how the
string and domain-wall contributions should scale with

Log�. We estimate (see SM [54]) that accounting for string
production post t� should increase the DM abundance such
that ma ∈ ð56; 89ÞμeV gives the observed DM abundance,
while accounting for domain wall production could
increase the DM abundance by an additional factor of
∼5, leading to a mass prediction up to 280 μeV.
Discussion—Future experiments that could achieve sen-

sitivity to QCD axions in the mass range found in this
Lettter include MADMAX [69–72], ALPHA [73–75], and
DALI [76,77]. On the other hand, we note that our results
are still subject to a large systematic uncertainty due to our
only rough accounting of axions produced by domain
walls, which we find could dominate the DM abundance.
Additionally, we note that the axion string cosmology
could be more complicated than in the picture assumed in
this Letter if, for example, Ndw > 1 [28,32,78]), or if the
axions have a string theory UV completion [79–81]. In
particular, our results for the axion emission prior to the
QCD phase transition also apply to the Ndw > 1 scenario,
but dedicated simulations would be needed to evolve the
network collapse in the QCD epoch in the presence of
explicit PQ symmetry breaking in that case.
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End Matter

Appendix A: Model Lagrangian and equations of
motion—We model the dynamics of axions and
associated topological defects with a complex scalar Φ
in a radiation-dominated background subject to the
temperature-dependent potential

VðΦÞ ¼
�
jΦj2 − f2a

2

�
2

−
λT2

3
jΦj2

þmaðTÞ2f2a
�
1 −

ffiffiffi
2

p jΦj
fa

cosArgðΦÞ
�
: ðA1Þ

Here, fa is the axion decay constant and maðTÞ is the
temperature-dependent axion mass.
We work in conformal time η ¼ RðtÞ=Rðt1Þ where RðtÞ

is the scale factor at time t, and t1 is the time when the
Hubble expansion rate Hðt1Þ ¼ fa. We also work in
comoving spatial coordinates in units of 1=½Rðt1ÞHðt1Þ�.
Then after decomposingΦ ¼ faðψ1 þ iψ2Þ=

ffiffiffi
2

p
, we obtain

the dimensionless equations of motion

ψ 00
i þ

2

η
ψ 0
i −∇2ψ i þ ψ i

�
η2ðψ2

1 þ ψ2
2 − 1Þ þ T2

1

3f2a

�

−
η2maðηÞ2

f2a
δi1 ¼ 0; ðA2Þ

where primes indicate differentiation with respect to η, the
∇ is the Laplacian with respect to our dimensionless
comoving coordinates, and the δi1 indicates that this term
is only applied to the equations of motion of ψ1. We take
λ ¼ 1 while the ratio T2

1=3f
2
a represents a residual physical

scale, which we take to have a value of T2
1=3f

2
a ¼ 0.562 33.

Though this value is unphysical, its effect is only to modify
the hierarchy between the time that Φ begins to oscillate
and when the PQ symmetry is broken; its contribution to
subsequent dynamics is negligible.

Appendix B: Details of the PQ simulation—In our PQ
simulations, we may take the axion mass to be
negligible by sending ma → 0. Our PQ simulation
volume is a box with sidelength L̄ ¼ 200, where an
overbar indicates a quantity in units of the conformal
horizon at time t1. The simulation is resolved by 8; 1923

lattice sites at the base resolution and begins at an initial
conformal time of ηi ¼ 0.1, through the PQ symmetry
breaking at η ≈ 0.75, and until a final time of ηf ≈ 110

when the simulation contains approximately 6 Hubble
volumes. At this time, we reach a maximum scale
separation of logðmr=HÞ ≈ 9.75. Over the course of the
simulation, as many as five levels of additional
refinement are added. Performing an identically resolved

uniform lattice simulation would then require a lattice of
size 262 1443 and exabytes of memory.
All simulations were performed at the facilities of the

National Energy Research Scientific Computing Center
(NERSC). The first part of the primary simulation ran for
about 1.5 weeks on the now-retired Cori KNL cluster on up
to 2,048 nodes with a total of 139 264 CPU cores, 786 432
CPU threads, and 129 TB of aggregate memory. The
second part of the simulation ran for another 1.5 weeks
on the new Perlmutter cluster on 256 nodes with a total of
32 768 CPU cores, 65 536 CPU threads, and 131 TB of
aggregate memory. The simulation is memory bound, i.e.,
the number of required nodes is primarily set by the amount
of memory they can provide.

Appendix C: Details of the QCD simulation—In
simulations of the QCD epoch, which we describe at
greater length in SM [54], we can no longer neglect the
axion mass. We parametrize it by

maðηÞ ¼
fa
N

�
η

η⋆

�
n=2

; ðC1Þ

where η⋆ is the conformal time when the domain wall
network collapses (typically a factor of 2 in conformal
time after axion oscillation), and N is a ratio
parametrizing the hierarchy between the axion decay
constant and axion mass at this time. We adopt
n ¼ 6.68, as previously implemented in [82], from [83],
and we choose N ≈ 19. (See [84] for the effect of
varying n on the axion DM abundance.) We use an
intermediate state generated during the primary
simulation of [50] as the initial state of our QCD
simulation. In particular, this provides an initial state at
η ≈ 27 in a simulation volume with L̄ ¼ 120, which we
resolve on a 4; 0963 base resolution lattice. Even though
maðηÞ is small at the beginning, we multiply (C1) by
the logistic function 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ exp½−3ðη − 30Þ�p

to ensure
a smooth transition from the PQ epoch to the QCD
epoch. Domain walls form in these simulations at η ≈ 32
when the axion begins to oscillate, and the simulation
concludes after the network has fully collapsed at
η ≈ 76. We implement identical refinement criteria in
this simulation as in our primary string-only simulation,
leading to as many as 5 refinement levels.
The simulation ran on the NERSC Perlmutter cluster

using initially 256 nodes for 18 hours (32 768 CPU cores,
65 536 CPU threads, and 131 TB of aggregate memory).
Once the string-domain wall network started collapsing, we
could reduce the number of required nodes to 128 for
another ∼3 days of runtime.
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Appendix D: Fitting the emission spectrum—We
numerically extract the function Fðk=HÞ from the
simulation output following the procedure described in
detail in [50]. We compute the screened time-derivative
of the axion field

ȧscreenedðxÞ ¼ ȧðxÞ½1þ rðxÞ=fa�2; ðD1Þ

with rðxÞ being the radial mode. The screening is
necessary to remove string cores from ȧðxÞ as these are
singularities in the axion field that, otherwise, would
pollute the result. We perform a Fourier-transform of
ȧscreenedðxÞ to obtain j ˙̃ascreenedðkÞj2 using the data at the
lowest resolution. Those data are binned in k with a
resolution of Δk ¼ 2π=L̄. Then, we compute F by
taking the appropriate finite difference over a time
spacing of Δ logðmr=HÞ ¼ 0.25. We include all data
with logðmr=HÞ > 7.25; this choice requires that we
have at least 10k points in the fit for q.
We denote the binned instantaneous emission spectrum

at time Logi and physical wave number kj=Hi by Fij. At
each Logi, we assume the emission spectrum is modeled by
a power-law mean and standard deviation of the form

μijðμ; qÞ ¼ μ

�
kj
Hi

�
q
; σijðσ; pÞ ¼ σ

�
kj
Hi

�
p
; ðD2Þ

so that the likelihood of the data at Logi given the emission
spectrum index q is given by

logLiðqÞ ¼ max
fμ;σ;pg

X
j

Φ½Fij; μijðμ; qÞ; σijðσ; pÞ� ðD3Þ

after profiling over the nuisance parameters fμ; σ; pgwhere
Φðx; μ; σÞ is the log of the Gaussian probability density
function with mean μ and standard deviation σ. For an
individual spectrum, we can find the best-fit q̂ at Logi by
q̂ ¼ argmaxqLiðqÞ. Note that, in future work, it would be
interesting to test our approach to uncertainty estimation by
performing multiple, otherwise identical, simulations but
with different, random initial states and computing the
variance in the instantaneous spectra at fixed k=H between
the different simulation outputs.
Then, to test the constant q hypothesis, we compute the

likelihood of the data as a function of qconst0 . by

logLðqconst0 Þ ¼
X
i

logLiðqconst0 Þ: ðD4Þ

When we consider the case of a logarithmically growing
emission spectrum index, we take

q ¼ q1Logþ q0 ðD5Þ

and profile over the nuisance parameter q0 so that we have

logLðq1Þ ¼ max
q0

X
i

logLiðq1Logi þ q0Þ: ðD6Þ

Then, following standard frequentist treatments [11], we
estimate the best-fit constant index q̂const0 . by maximizing
logLðqconst0 Þ with 1σ confidence intervals on our estimate
of q̂const0 . given by qconst0 . such that logLðq̂const0 Þ−
logLðqconst0 Þ ¼ 1=2. Estimating a best-fit and containment
interval for q1 and/or q0 follows an identical procedure.

Appendix E: Axion mass prediction—To extract the
axion mass, we follow the procedure in Ref. [50].
The number density of axions emitted by the string
network at the time of the QCD phase transition,
specified by logðmr=HÞ ¼ Log�, is, for q > 1, nstringa ≈
ð8πf2aH=δÞ ffiffiffiffiffi

ξ�
p

Log�, where δ parametrizes hH=ki−1 ¼
δ

ffiffiffi
ξ

p
. Recall that, physically, δ encodes the dependence

of the effective IR cutoff on the typical interstring
separation: kIR=H ∝

ffiffiffi
ξ

p
. Redshifting nstringa down to the

present day, the abundance of QCD axion DM receives
a contribution from string emission Ωstr

a given by
(1) [50]. To obtain the total relic abundance, we
multiply Ωstr

a by a fudge factor F to account for the
axions produced during the QCD phase transition at
times t > t�, with t� defined such that 3Hðt�Þ ¼ maðt�Þ.
In Ref. [50], it was assumed that no axions are produced
after the time t� such that F ¼ 1. Following the
arguments in SM [54], we take F ¼ 1.7 to account for
axion production after t� from strings and F ¼ 8.2 to
account for production after t� from both strings and
domain walls. Note that, when matching the axion relic
abundance to the observed DM abundance, we also
account for the contribution from misalignment, which
we take as [66]

Ωa ¼ 0.12h−2
�
28 μeV
ma

�
1.17

: ðE1Þ

The inverse expectation value hH=ki−1 is shown for our
fiducial spectrum fit in Fig. S1 in SM [54]. Recall that for
our fiducial emission spectrum, we measure the spectral
index to be q ¼ 1.013� 0.0095. Assuming the spectral
index is at its 1σ upper limit q ¼ 1.02, we obtain
δ ¼ 318.2� 2.1. In the case of a conformal spectrum
q ¼ 1, we use (1) to compute the relic abundance from
string emission with the replacement δ → δ1Log�. We find
δ1 ¼ 8.6� 0.1. Note that Ref. [50] found δ ¼ 113� 7, for
the fiducial spectrum fit to the AMR simulation (for which
xIR ¼ 50 and q ¼ 1.06) and δ1 ¼ 6.2� 0.4 in the case of a
conformal spectrum.
We compute ξ� assuming that the functional form

ξ ¼ c−2=Log2 þ c−1=Logþ c0 þ c1Log, which is fit to
the data for Log ≥ 4 (see main text), remains valid
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until the QCD phase transition. We allow the fit coefficients
ci to vary within their 1σ ranges. Varying ðLog�; ξ�; qÞ
with Log� ∈ ð60; 70Þ, and q between 1 and its upper limit at
1σ, we obtain the range of axion masses 150 − 280 μeV.

Note that not including any emission from times
t > t� would result in the mass range 45 − 65 μeV,
consistent with Ref. [50], while ignoring the emission
from domain walls corresponds to the range 56, 89) μeV.
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