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ABSTRACT

Given a semisimple reductive group G and a smooth projective curve X over an algebraically
closed field k of arbitrary characteristic, let Bung denote the moduli space of principal G-
bundles over X. For a bundle P € Bung without infinitesimal symmetries, we provide
a description of all divided-power infinitesimal jet spaces, JZ’PD(Bung), of Bung at P.
The description is in terms of differential forms on X" with logarithmic singularities along
the diagonals and with coefficients in (g}})&”. Furthermore, we show the pullback of these
differential forms to the Fulton-Macpherson compactification of the configuration space, xn
is an isomorphism. Thus, we relate the two constructions of (BD; BG), and as a consequence,

give a connection between divided-power infinitesimal jet spaces of Bung and the Lie operad.
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CHAPTER 1
INTRODUCTION

Let G be a semisimple algebraic group over an algebraically closed field k of arbitrary charac-
teristic and let X be a smooth projective curve over k of genus at least 2. Let Bung denote
the moduli stack of principal G-bundles over X, and let M C Bung denote the smooth
locus consisting of stable bundles. The main purpose of this thesis is to describe the local
geometry of M and to relate several existing descriptions of it.

Let us elaborate on the main goal. The algebro-geometric analogue of an nM_order Taylor
approximation of a regular function on M around a point P € M is given by taking the germ
about this point, modulo the relation that it vanishes of order n+ 1 there. This infinitesimal
nth-order jet space is denoted by Jp(M) = OM7p/m%+1 for the local ring (Opq p,mp).
For n = 1, this is the cotangent space T;;M.

In characteristic p, there is another notion of jet spaces involving divided powers attached
to any variety, due to Berthelot and Ogus (BO). For example, over the affine line, the symbols
#(n) heuristically represent the polynomials ¢" /n! (which do not exist when p divides n), and
they generate the free divided power algebra k:[t(i) D> 0]/(t(”)t(m) = (nj;m)t(”wn)). Also,
an n-order Taylor approximation about ¢ = 0 is then an element in this algebra modulo
the ideal defined by tm) = 0 for all m > n. More generally, the infinitesimal nth order
divided power jet space around P € M, J]@’PD (M), is a quotient of the free divided power
algebra of rank dim(M) by the ideal generated by symbols of degree at least n 4 1. If the
characteristic of k is zero, then J?,’PD(M) = Jp(M).

The main theorem, Theorem 1.2.1, provides an explicit description of the divided power

jet spaces JZ’PD(M) for arbitrary characteristic in a canonical, coordinate-free way.



1.1 First-order jet space

The first-order infinitesimal jet space is classically computed using the Kodaira-Spencer
isomorphism

JH(M) == THM) = HY(X,Qx @ g%), (1.1)

where Qx is the sheaf of differential 1-forms on X and g} = (g% x P)/G is the associated
vector bundle to P given by the adjoint action of G on the dual Lie algebra g*. It is
illuminating to sketch a proof of this result using the local geometry of Bun.

Fix a point x € X and consider the formal completion O, = @X,x and its field of
fractions Ky := Frac(Og). Let Oout = Ox|x\, denote the sheaf of regular functions
on the punctured curve. Since X is a curve, we may choose a uniformizer and identify

¢~ k[[tz]] and Ky ~ k((tz)). Also, we may embed Ogyt — K using the Taylor expansion
about x € X. Any principal G-bundle over the curve may be trivialized on the punctured
curve X \ z and the formal disk D, = Spec(O,). Together, {X \ z, D;} define an open
cover of X and consequently the bundle is determined by the transition map on the overlap
D3 = Spec(K;). This sketches a proof of the Beauville — Laszlo uniformization theorem,

which states there is an isomorphism of stacks
Bung = G(Oou)\G(K.)/G(Oy).

The uniformization theorem immediately provides an explicit description of the tangent
spaces. Let g, = 9 ® Kz,80, = 8 ® Oz, gout = 8 @ Oout, and let ¢ € G(K) be a lift of
P € M via the projection 7 : G(K;) — M. Thus

Tp(M) = gk, /(Ady(g0,) + Gout)-

The right-hand-side is precisely the result of computing H'(X, gp) using the Cech covering



{X \ z, D;}. Taking linear duals, and using Serre duality, we deduce Equation 1.1

1.2 Higher-order jet spaces

The above description of J}D(M) naturally generalizes to a similar description for higher-
order jet space. In Section 3.2, we explain how J3(M) pairs perfectly with Dgys(/\/l)n
the fiber at P of the sheaf of (crystalline) differential operators on M of order at most n.
Then, (BMR) shows the latter space is just given by the ntt filtered component of the PBW

filtration of the enveloping algebra U(Tp(M)). Thus we may identify (see Corollary 3.3.4)

Jp (M) = U(Tp(M))* (1.2)

The latter space is called the space of conformal blocks. In fact, conformal blocks arise
naturally as the output of a localization functor in the geometric Langlands program. Let
us explain the localization of D-modules construction in general, following the original ideas
of Beilinson and Bernstein (BB).

Let Y be a variety equipped with an action of a reductive group G, and let g = Lie(G)
be its Lie algebra. Let D(Y") be the ring of differential operators on Y. Differentiating the
action map yields an algebra map p : U(g) — D(Y') called the quantum moment map. Then,
given a g-module V/, the induced D(Y")-module is D(Y) ®¢7(5) V. More generally, if K C G is
a subgroup acting compatibly with the g-action on V', then the map V — (D(Y) Bu(g) V)K
into K-invariants becomes a D(Y/K)-module. This procedure may be applied to produce
D-modules on Bung by using the uniformization theorem. Thus the pair (g, K) is the loop
algebra g®k((t)) and the group G(k|[[t]]), respectively. Elements of the loop algebra define the
gluing data, and the group G(k[[t]]) acts simply transitively on the space Y parameterizing

G-bundles together with a trivialization over the formal disk. This is precisely the coset

space Y = G(Oput)\G(K,). Consequently, Bung = Y/K. The output of localization in



the case V = Indgg;”k is called the vector bundle of coinvariants, and linear functionals on
it are called the space of conformal blocks. Conformal blocks originated in two-dimensional
conformal field theory, where the g ® k((t))-representation is known as a vacuum module.
Its elements are termed observables, and linear functionals on the space of observables are
called correlators, which yield expected values.

It turns out jet spaces of M, and consequently conformal blocks, have a relation to the
compactification of the configuration space (FM94),(BG), (L0o099). This compactification
is a resolution p : X™ — X™ of the diagonal D := Uizj{zi = zj} € X" such that the
new diagonal divisor D= p_l(D) has irreducible components D 1, indexed by subsets I of
{1,...,n} of cardinality at least two, and such that the codimension of the intersection of
k many components is k (i.e normal-crossing). For I = {1,...,n}, let Lie(/) denote the
vector space spanned by all nested Lie bracket expressions where each x; (for i € I) appears
once. There is a natural linear map vy : g®1 ® Lie(I) — g given by insertion into the Lie
bracket expression. Dualizing this map and moving point by point induces an embedding
W7 of vector bundles whose fibers are the maps Id ® 7.

Let (@})xn be the pullback of (gj;)&” along p : X" — X". Define the BG sheaf Gp
consisting of sections w that are (g})gn—valued top-degree differential forms on X and: (1)
regular on X™\ D = X"\ D, (2) with simple poles on the diagonal divisor D, and (3) with

residue Res ~

b, (w) € Im(V¥7}). The symmetric group acts by permuting points of X" and this

induces an action on X" and G,,. Our main theorem reads:

Theorem 1.2.1. (Gra2j) Let k be an algebraically closed field of arbitrary characteristic.
Then for any smooth projective curve X of genus g > 2 and semisimple group G over k,

there is a canonical isomorphism
TRPP (M) = DX, Ga) 0", (1.3)

where “sgn” denotes the sign-invariants under the Sy-action.
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One advantage of this realization of jet spaces is it leads to an explicit formula for the
flat projective connection for the space of conformal blocks using only the local geometry
of Bung. The existence of such a connection has a long history: it was first conjectured
by Witten, then proven by Hitchin in (Hi), and later reaffirmed by various authors using a
range of diverse approaches, e.g (BK91), (Fa), (Gin95), (TUY).

1.3 Deformation theory perspective

In this section we specialize to characteristic 0 and recall some known descriptions of the
infinitesimal jet spaces. From the deformation-theoretic perspective, it has long been known
that the local geometry of moduli spaces in characteristic zero is governed by differential
graded Lie algebras (dglas). In the case of a principal G-bundle P, the relevant dgla is the
derived global sections RI'(X,gp) of the associated vector bundle gp. Thus, the infinite-

order jet spaces are given by the Lie algebra homology
Jp (M) ~ Hu(RI'(X, gp)). (1.4)

A “dual” description of the local geometry of Bung using deformation theory may be
found in (EV94). There, the authors construct a higher-order analogue of the Kodaira-
Spencer isomorphism Tp(M) — HY(X,gp) by finding a complex of sheaves A®(n) on X"
whose " term consists of sheaves supported on the various diagonal embeddings of X* —»
X" Let D}, be the sheaf of differential operators on M of order at most n, and let Dj\L/l, P

be its (geometric) fiber at P € M. Then the “higher Kodaira-Spencer” morphism is a map
D;L\/I’P — H"(X", A%(n))
from differential operators on M to the hypercohomology of the complex. Furthermore, it is

obtained by composing various coboundary maps on the (hyper)cohomology of the complex.

5



On the smooth locus M C Bung, the bundles P € M have no infinitesimal automorphisms,
i.e. H'(X,gp) = 0. Then, (EV94) show the higher Kodaira-Spencer morphism is injective
and that its image consists of the invariant sections under the symmetric group action.

Another philosophy in deformation theory is that the nt order deformations of objects
related to X should be controlled by some sheaf on the space parameterizing n-tuples of
points of X. Using this, Z. Ran initiated a series of papers studying the local geometry
of moduli spaces (Ran93; Ran00; Ran06) by working with the Ran space Ran(X) instead
of X. The Ran space Ran(X) is a prestack whose k-points parameterize finite subsets of
X. Although it is not a scheme (or even an ind-scheme), it still makes sense to consider
complexes of sheaves due to the foundational work of (BD04). For example, we declare a
sheaf F on Ran(X) to be a collection of sheaves F7 for each finite subset I C X which satisfy
various compatibility relations with respect to diagrams of arrows between finite subsets.

This allows one to define “dglas” on Ran(X) and consequently, one can consider the
Chevalley complex of the dgla. Z. Ran showed (in the topological setting) the Chevalley
complex associated to the tangent sheaf on X gives rise to the universal deformation ring,
i.e. the space of infinite-order jets on M. Furthermore, using the Chevalley complex, Ran
constructs both a higher Kodaira-Spencer morphism and a flat connection on moduli spaces
in general. This recovers Hitchin’s flat connection on the space of conformal blocks discussed
previously. For a nice exposition of Z. Ran’s work on this subject (re-written in the algebraic
setting of (BD04), we refer the reader to (Yanl6)

Finally, we may reformulate Ran’s results in terms of factorization and chiral algebras
following Rozenblyum’s work (Roz; Roz21). A factorization algebra A on Ran(X), in the
sense of Beilinson-Drinfeld, is a D-module on Ran(X) satisfying an additional factorization

condition that for disjoint subsets S = S U So, there are compatible isomorphisms

Ag = Ag, ® Asg,.



For a factorization algebra we may define the chiral homology using the Lie algebra homology

via the Chevalley-Eilenberg complex:

Hch(X7 .A) = HdR(RaIl<X), A)

A factorization algebra A on Ran(X) is equivalent to the data of a D-module B := A[1]
on X together with a chiral Lie bracket on B. This data defines a chiral algebra. Given
a chiral algebra L, the corresponding factorization algebra A(L) is called the chiral enve-
lope. Then, we may compute the chiral homology of A(L) using the Lie algebra homology
Hep (X, A(L)) = C(Hgpr(X, L))

For Bung, the chiral algebra on X associated to gp is

Lgp :=Dx ®py 9P

equipped with a chiral bracket coming from the pointwise Lie bracket on g. In (Roz, Theorem
17), the chiral envelope for Lg,, is explicitly constructed. Over the fiber at 2 € X, it matches
with the vacuum module My, := U(gg)/Adggo - U(gx ), where ¢ € G(K) is a representative
of P € M using the uniformization theorem.

Thus we obtain the (derived) isomorphisms

Hep (X, A(Lgp)) = Ci(Hgp(X, Lgp)) =~ C«(RI'(X, gp)) (1.5)

which at homological degree 0, recovers Equation 1.4. The equivalence between the Lie
homology description (1.4) and the chiral homology (1.5) is an instance of chiral Koszul
duality, which relates Lie algebras in the category of D-modules to their corresponding

factorization coalgebras — see (Rozll; FG11).



1.4 Organization

The paper is organized as follows. In Section 2, we recall some general properties on dif-
ferential forms with logarithmic singularities along a normal-crossing divisor. In Section
3, we recall the definition of a divided-power algebra and show divided-power infinitesi-
mal jet spaces pair perfectly with the “space of coinvariants” of Bung. In Section 4, we
prove the main result that divided-power infinitesimal nth_order jet space is isomorphic to a
space of logarithmic differential forms on X" with special residue along the diagonals. This
is summarized in diagram 4.8. Finally, in Section 5, we review the combinatorics of the
Fulton-Macpherson resolution of the diagonal and prove that the pull-back of global sections
of (BD) sheaf give global sections of (BG) sheaf. We conclude by discussing how the latter

is related to the Lie operad.



CHAPTER 2
RESIDUES ON X%

In this chapter, we recall some results on residues which will be used throughout this paper.

As before, X is a smooth projective curve over an arbitrary algebraically closed field k.

2.1 Local Residue

By a local residue, we mean a residue defined using formal neighborhoods around closed
points. Fix a closed point x € X on the curve and let ¢t be a uniformizer. There is an
identification k[[t] = Oy := O X,z the ring of regular functions on the completion of the stalk
at . And, on fraction fields we have k((t)) = K, := Frac(@Xw). Let D, = Spec(Oyz), D) =
Spec(K ;) be the formal disk, formal punctured disk, respectively.

The notion of a residue along a formal disk inside a smooth projective curve X was first

developed by (Tate). Given w € Q(X), express w = f(t)dt, for f € k((t)), and write
Resgw := Resy—o f(t)dt. (2.1)

Tate showed the residue is independent of choice of uniformizer. A fundamental result on
residues is that for projective curves X, the sum of residues is 0: >, .y Reszw = 0. The

following result, dubbed the “strong residue theorem”, provides a converse:

Theorem 2.1.1. (BZF, Sect. 9.2.9)(Strong Residue Theorem) Let £ be a locally free sheaf

over X. Then a section s € E(D}) extends to § € E(X \ x) if and only if

Resz({s,w)) =0 forallwe (£*®@0x)(X \ ).



As a corollary, there is a perfect pairing, given by the residue at x, between

E(DX)/E(X \ 7) x (€ ® Qx)(X \ z) 222, )
Proof. The following proof essentially follows the proof of (Ueo08, Theorem 1.22). If a section
s € E(D}) extends to § € (X \ z), then (s,w) € Qx (X \ z) is a 1-form which is regular
everywhere except possibly at . But the sum of residues equals zero, hence Res;(s,w) = 0.
Conversely, suppose Resz((s,w)) = 0 for all 1-forms w € (£* @ Qx)(X \ z). Let j :
X\z— X and i : {z} — X be the natural inclusions. Consider the short exact sequence of

sheaves on X

0— & — jui" = ix(D(DS,E)/T(Dy, E)) = 0

where the projection map sends a meromorphic section s € jxj*E to [s], its Taylor series
expansion at z modulo the regular part I'(Dy, £). Note, the quotient is the skyscraper sheaf
on x € X encoding the polar part (portion consisting of purely negative powers of ¢) of the

section. Taking global sections, we obtain a long exact sequence

0= T(X,6) > DX\ 2,8) = & @ (k((1))/k[[H]) & HY(X,E) =0

Since X \ z is affine, HY(X \ z,€) = 0. By Serre duality, we may identify H!(X, &)
with HY(X,£* ® Qx)*. Under this identification, the residue pairing Res,((s, —)) coincides
with the standard pairing (0([s]), —). The assumption on the residue vanishing for all test
weNX\z, & ®@Qx) implies in particular it vanishes on I'(X, £* ® Q x ), hence [s] € ker 0.

Namely, s comes from a section in I'(X \ z, ) as desired. O

Next, we introduce a notion of residues along formal disks of higher dimensions which

generalizes Tate’s definition in Equation 2.1 in the case of curves. Our notion is used im-

10



plicitly in (BD), but we make this computation explicit. Let

On=kllz1, - 2ll, An = Ellz1, o 2alllz; s (2= 2) i<icj<n:

There is a natural inclusion Oy, — A, _1((z2p—1 — 2zn)) given by z, — 2z, 1 — (zp—1 — 2n)-
By Taylor expanding in the z,_1 — 2z, direction, we see this inclusion extends uniquely to
produce an algebra embedding 7%, |-, : An = Ap_1((2p—1 — 2n)). Indeed, we only need

to check the Taylor expansions of z,, 1 and (z — zn)_l,i < n about z,_1 — 2z, lands in

Ap—1((zn—1 — 2n)):

1
— €A, 1=
Zp—1— %n n—1((zn-1 = 2n))
! 1 g (Zn—1— Zn)k
- = -1 ceAn_1((zp_1— =
“i T An zi — zp—1+ (Zn—1 — 2n) kz>0( ) (z; — Znil)k”rl n—1((2n n))
1 1 (zn—1— Zn)k
zZn Zp-1— (#n—1— 2n) l;) zfif% " " "

Similarly, the natural inclusion O, — A,,_1((2)) given by z, — 2z, extends to a unique
algebra embedding 7, : Ay, — Ap—1((2n)) by Taylor expansion about z,. These simple

observations allow us to define the generalized formal local residue:

Definition 2.1.2. Suppose f € A,. We say the expansion of f in the z,_1 — zn, direction is

Tznflfzn<f) = Z PZ ’ (anl - Zn)i € ATLfl((anl - Zn))
i>d

11



for some integer d. We define the formal local residue map by

Resy, 1=2,(f) == The (zp—1 — 2n) "1 coefficient of Ts =2 (f)-

Similarly, the expansion of f in the zy, direction is T», (f) and then we declare
Res, —o(f) := The zﬁl coefficient of T>, (f).
In both cases, the residue map is an Oy-linear map A, — A, _1. Finally, we recall a

fundamental result on residues:

Lemma 2.1.3. (Parshin (Par76)) Suppose f € As. Then

Res, :0R6322:O(f) - R€32220R6521:0(f) = —Res; = Resz =z (f)

Proof. This is readily checked by brute force on f = m for a,b,c € Z>g. O
1~2\<1 <2 -

2.2 Global Residue

Next, we recall the definition of logarithmic differential forms along a reduced, normal-
crossing divisor D of a smooth algebraic variety S over k. We also construct the residue map
and recall several of its basic properties. As k is allowed to be an arbitrary field, we work
over the algebraic (étale) topology. A nice survey of these classical facts and constructions
may be found in the original source, Deligne Hodge II, or e.g., (EV92; S79).

Since D is normal-crossing in .S, we may cover S via open affine U such that
e U is étale over Az, via coordinates x1,...,Zy,.

e D|; is defined by an equation z1...xs = 0 (i.e D is the inverse image of the union of
12



the first s < n coordinate hyperplanes of Aj).

Let j : S\ D <= S be the inclusion and suppose locally D|;y = (h = 0). Define
Q%(log D), the locally-free Og-module of logarithmic differential forms on S along D, as
the subsheaf of j*(Qg\ p) consisting of forms w such that hw and dh A w € QY(U). Equiv-
alently, we may specify that over each open affine U as above, leg(log D)(U) has basis
dm—xll, ce dx—x;, dTg41,...,dry. Then Qg(log D) = /\st(ﬂ}g(log D)).

Now, fix p € D and choose local coordinates x1,...,z, of D|y = (hy = 0) around
p. Since D is normal-crossing, we may assume hy, = w1 ---xy for s’ < s < n, and that
(D,p) = (D1,p) U---U(Dg,p) where (D;,p) = (z; = 0) are the irreducible components of
the divisor D locally around p. Write Og,, and Q}gvp(log D) for the stalks at p. Suppose

wp € Q}g’p(log D) and consider a local expansion

SI daj‘ n
wp = Zflx_; + Y gida;
i=1

1=s'+1

where f;,9; € Og . Define Resp ;, to be the Og -linear map

S,
Resp @y = (filpypr -+ frlD,p) € DO, p- (2.2)
=1

That the residue is independent of choice of presentation follows from the “generalized de
Rham lemma”, which, as formulated in (S76), is characteristic independent. Further details
may be found in e.g., (S79).

Let i; : D; <= S be the inclusion. There is an exact sequence of coherent Og-modules
Res i
€S .
0 — 2§ — Qg (log D) —= (P (i5)«Op, — 0 (2.3)
j=1

which on stalks recovers the residue map in Equation 2.2. Let us now explain how to upgrade

13



the residue construction to higher-order differential forms to give a map
Res Resp, 1
W (log D) —2» @ Qp (log(D — Dj)).

The map Resp is again defined as the sum of residues Resp, along each irreducible component
D; of D. Consider i = 1 and assume the component Dy is locally D1 = (z1 = 0). Thus,
we may write w € Qg(logD) as w = dgcl A& + n where £ € Qp 1(log(D D1)) and

RS Qg(log(D — Dy)). Then define

dxy ~1
ReSDl(x_l NE+m):=E|p, € Q%l (log(D — D1)|p,)-

This fits into an exact sequence

Resp ‘ 1
0 — Q(log(D — D1)) — Qg (log D) — (i1)+Q, " (log(D — D1)|p,) = 0. (2.4)

Finally, we cite a useful lemma whose proof may be found in (V82, Lemma 1.6).

Lemma 2.2.1. Let f : X — Y be a smooth map of algebraic varieties and suppose D is a

normal-crossing divisor in Y. Suppose D = (f YD) yeq is a normal-crossing divisor of X .

Then f*(Qy (log D)) € Qx (log D)

Proof. Let © € X and y = f(z). Since D and D are normal-crossing divisors, we may

work étale locally and assume Oy, = k[y1,...,yn], D = {y1...yr = 0} and Qy(log D)

dyyl1 e dyy’",dyr+1, -, dyn. Also, we may assume Oy , = k[r1,...,7n),

D= {z1...25 =0}, and Qx (log D) is generated by = dxl e drs drgi1,...,dxmy,.

7:1;87

is generated by

Since D is normal-crossing, we may write
S
*yi =u; | [ 7, for unit u and n;; >0
Yi = U; z;”,  for unit u and n;; >

14



Thus,

dyi\  df*yi  ~—~ drj  du :
(=) = = n;;—= + — € Qx(log D
( Yi ) ¥y Z Yrp oy x( )

15



CHAPTER 3
JETS ON BUNg

3.1 Divided power algebras

We recall the notion of divided power structure, following the exposition in (BO, Section 3).
Let A be a commutative ring and I an ideal. Then a divided power structure on I means a

collection of maps ~; : I — A, for all integers ¢ > 0, satisfying:

e Forall x € I, yo(z) = 1,v1(x) = z,v;(x) € [ 'if i > 1.

For z,y € I, vi(z +y) = ZiJrj:k ”Yi(x)’Vj(y)'

o For A€ A,z e I,vi.(\x) = Ny ().

For z € I,%(x)vj(x) = (") yips ().
o (1g(2)) = AP ().

We will also say (A,1,7) is a P.D ring. The motivation for divided power structure is to
emulate elements %, which do not make sense in characteristic p, with elements ~,(x).
The 5 axioms then capture all the properties we would like for 7, (z) to satisfy, were it to
be %nr It is a theorem ((BO, Theorem 3.9)) that given any commutative k-algebra A and
an A-module I, there exists a P.D. algebra, denoted (I'4(1), FZ(I), 7), satisfying a natural
universal property. We call I' (1) the divided power envelope of I in A. There is a grading
on I'4(I) with T'y(I) = A,T1(I) = I, and FX(I) = ®;>11';(). In particular, there is an
A-linear map I — T »4(I)T,

Let us describe the P.D polynomial algebra. Suppose {1, - ,zy} is an A-module basis

for I. Denote 2"l = ~,,(x) € T'y(I). Then

{x[‘ﬂ = x[lqﬂ . .ac?[g”] : Z ¢i =n,x; € I} forms an A-module basis for I'y,(])
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and we denote I'4 (1) := A(zq, ... x,) and call it the P.D polynomial A-algebra. For example,
let V= k™ be a vector space and consider A := Sym(V) := TV/(a ® b — b ® a), and
I = Sym(V)*. Then

T 4(1) = k{z1,...2) ~ Sym P (V) = EB (V®i)si,
1>0

where the isomorphism is given by 2ld Zwqu w and Oy is the orbit Sq1_|_...+qn.x?q1 ®

e ® x% 9 One readily checks the natural pairing of V, V* induces the perfect pairing

() : SymPP(V) x Sym(V*) — k.

3.2 Divided power jet spaces

In this section, we recall the definition of divided power jet spaces, as done in (BO). Suppose
M is a smooth scheme over k, and denote O := Oy, O° := Opy @ Opg. Let A2 M —
M x M be the diagonal embedding and I the ideal sheaf of A in M x M. Then [ is locally
generated by (¢ ® 1 — 1 ® a) — the kernel of the multiplication map O¢ — O. The usual

sheaf of n-jets of functions on M (without divided-powers) is defined as
JUM) = O¢/ 1" (3.1)

This is naturally a O%module. The fiber over P € M will be denoted J3(M) and is
called the vector space of nt_order infinitesimal jet-spaces of P € M. For example,
JIM) = Oy @ T3, and J}D(/\/l) ~ k @ Tp(M) is (scalars plus) the Zariski cotangent
space. Considering J"(M) as a left O-module, we define the sheaf of Grothendieck differen-

tial operators of order at most n on M as

DT (M), := Home(J (M), O). (3.2)
17



Next, we explain the divided-power analogues. The divided power envelope of I inside

O° is (étale) locally isomorphic to the P.D polynomial algebra:

Loe(l) = O, .- -, &n), (3.3)

where & =1 ® x; — x; ® 1 are the O-basis of I, and x; are the local coordinates of O. Let
(Toe(I), I,7) be the associated P.D. ring. Define the nt_order divided power neighborhood,

also called the sheaf of n-PD jets, by

JYED (M) =T e (1) /T, (3.4)
TP (M) = lim J=PP (M), (3.5)

The fiber over P € M is denoted J]@’PD(M) and called the n'"-order infinitesimal divided-
power jet-spaces of P € M. Viewing JZ’PD(M) as a left O-module, we define the sheaf of
P.D. differential operators of order at most n, also called the sheaf of crystalline differential

operators, by

DY (M), := Home(JVTP (M), 0).

By definition,
(,) : DR (M)p x Jg’PD(/\/l) — k is a perfect pairing.

We caution that the pairing is not given by evaluating a crystalline differential operator on
a function with divided powers!
Recall in Equation 3.3 the O- basis {¢l4 := 5?1] . .@Lq”} - |g] < m} of JWPP(M). Let

Dy, denote the corresponding dual basis of DYS(M). The composition in DY9(M) is
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defined as follows. Let
§:0° =500 0% £€—ER14+1¢€ HE=1r—201,1=1®1.
By universal property, this induces a map 9 : ['pe(I) = T'pe() ®p I'pe(I) which satisfies

1+j=¢q

Then define composition of f € D“Y5(M);,, g € DY5(M)yy, is defined by the formula
n,m 1
fog: JTH_m’PD(M) J Jn7PD(_/\/l) ®0 Jm’PD(M) ®f Jn7PD(_/\/l) i> O
It is immediate from this formula that we have the following relations inside D“"¥%(M):

|+ |
D[q]oD[q’] = D[q+q’] and fD[q} = Z <‘Z| ’Z‘ |j’)Dm(f)D[j] for f S JPD(M) (3.6)
[i[+151=1al

The universal enveloping algebra of the tangent Lie algebroid Tyy, denoted Uo (Tm)s
is defined as the O, algebra generated by O and Ty, subject to the relations f -0 =
f0,0-f—f-0=0(f),0-0 -9 -0=10,0], for fe Op,0d,d € Tr. By Equation 3.6,
it is clear

DTYI(M) = U, (Tam), Dy = D' - D3> --- Dy (3.7)

is an isomorphism of Oy -algebras (see also (BMR)).

3.3 Pairing fibers of jets with the coinvariants

As a starting point, we cite the uniformization theorem for Bung. Recall O, ~ k[[t,]], Ky ~

k((tz)), and denote Oput := Ox|x\ ;-
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Theorem 3.3.1. (Uniformization Theorem) Let G be a semisimple reductive group over k,
X a smooth projective curve over k, and x € X a closed point. Then there is an isomorphism
of stacks

Bung(X) = G(Oout)\G(Kz)/G(Oy)-

A proof of the uniformization theorem, as formulated, may be found in (Sor99, Theorem
5.1.1). We will use the uniformization theorem to produce an explicit description of the
infinitesimal jet spaces on the underlying smooth locus M of Bung. In particular, we only
consider P € Bung whose associated adjoint bundle gp has no global sections: H O(X ,0p) =
0.

Let

Kk = 9® K, gp:=g®O0.

Under the uniformization map, we may associate to P the triple (TX\I, D, ), Where
™, : Plp, = G x Dy, X\z * Plx\z 5 GE x (X \2)

are trivializations and ¢ € G(K) is the transition function on the overlap D;. This means

the composition of maps

-1

T o
Jout _X\% F<X \ xaﬂP) Reth'lCt>

TD;,;
I'(Dy,9p) — 9K (3.8)

has image landing in Adygo C gk

Definition 3.3.2. Let ¢ € G(K). The “vacuum module with central charge 07 is

My = Ul(gr)/Adggo - U(gk)-
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The “space of coinvariants” is

Mg := M/Mgout,
where My, is viewed as a gout-module under the embedding gout — 9x in Equation 3.8.

The PBW filtration on U(gg) induces a PBW filtration on Mg“t, where the nth order

filtration is denoted Mg;ut. Explicitly, we find

,n

span(&p---& | T <n, & € gk)

M¢7n =

span<§1~-£r r<mn, §i€gK,§1€Ad¢gO>
MUt . span<§1---§r ‘ TS?’L,&GQK>
¢7n T :
span<§1---§r r<n, & €9K,81 € Adygo or & € gout >

Lemma 3.3.3. There is an isomorphism of vector spaces between the fiber of crystalline

differential operators on M and the space of coinvariants:
crys t
DR (M) =~ Mg

Proof. By 3.7, DY¥(M) =~ Up,,(Tpq). Thus the fiber over P € M is just U(Tp(M)),
the enveloping algebra of the tangent space Tp(M). It is well known, e.g by using the
uniformization theorem for Bung, that TpM is isomorphic to gy / (Adggo + gout). The

claim U(Tp(M)) ~ M%“t follows by comparing the associated graded of both sides. O

Corollary 3.3.4. The natural pairing of crystalline differential operators with divided-power

jets induces a perfect pairing

¢ M9 5 JEP (M) = k.
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CHAPTER 4
THE “UNIVERSAL SHEAF” OF LOG-DIFFERENTIAL FORMS

Fix a closed point x € X. Following the notation of subsection 2.1, we consider the n-fold

formal, resp. punctured disk on X":
(Dy)" = Spec((Ox o)), (D)™ i= Spec(Frac(OF™)).
So, after choosing uniformizers, we may identify
L((Dz)",Oxn) = kl[z1,- .., zll, T((Dz)",Oxn) = Frac(k|[z1, . .., zn]])-
In higher dimension, the trivialization (3.8) reads
mp, : (DY, 68" = ¢ @ k1, . 20l = (90) 7"
Let Sj, denote the symmetric group of n letters. For o € 5y, let
n—1
Do = (J{tg() = Toi+1)} € X
1=1

Observe each Dy is a normal-crossing divisor, but the full diagonal divisor D := (J,¢cg Do is
not as soon as n > 2. Let Qxn(log(Ds)) denote the sheaf of top degree log-differential forms
on X" with simple poles along Dy, as defined in Section 2. From here on, Qg := chﬁms will

always mean top-degree forms on a smooth scheme S.
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Definition 4.0.1. Let j : X"\ D < X" be the inclusion. Define !

an(logD) = Z an(long) C j*(QX”\D)
oESy

Thus, restriction to (D;)" and then trivializing about 7p_ produces a map
X", (9})®n®QX"(10g D)) — (9*)®n®k’[[zl> cee an(zj_zk)_l]dzl dzp,  wp Wn|(D;)n-
By Equation 3.8, the image lands in

wnl(pxyn € (Adgo) ™ [(zi — 2j) Y4, j < mldzy - - dzn. (4.1)

Similarly, for w, € I'(DZ, (g};)&”@@){n (log D)), we denote by wn|(D;)n to be the restriction
to the formal punctured disk, followed by the 7p -trivialization. This still has image as in
Equation 4.1.

In what follows, we study properties of log-differential forms on X" by analyzing their

power-series expansion. We are now ready to define the main object:

4.1 The universal space controlling jets

Definition 4.1.1. Define the “universal space” 0y, over X as follows. Over an open U C X,

define the sections of Qp(U) to consist of (n+ 1)— tuples

(W -+, wn)

1. To avoid overcount, we can index the sum over S, /7, where 7 : i — n — i — 1 is the Type A,, Dynkin
automorphism.
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where wy € k and w; € T(U', (g}})gi ® QXi(log D))~%i i > 0 are such that, after restricting
to (Dz)",

, —5i
wil(p,)i € ((g*)@n ® k[[z1,. ., z]ll(zf — zk)_l]) dzy ...dz;

and wi‘(DI)i has the expansion in the z;_1 — z; direction, as defined in Definition 2.1.2:

®; @istlip,y1)

Ri—1 = %

T~z (Wi’(Dx)i) = dz; + reg. (4.2)

Here, (—)_Si denotes the S;-sign-invariants and ® is the map induced by the Lie bracket:
O g¥ 5 g¥ T R 0G- GO ®[G1,§].

And, “reg” stands for an expression whose expansion in the z; 1 — z; direction has no (z;_1 —

z)® terms when d < 0.

Remark 1. In defining the “universal space” 2y, we chose to work with sections w; €
QXi(log D) instead of sections in the larger space Qyi(log D) in order to avoid discussing
log differential forms on non-normal-crossing divisors and to better illuminate what sorts of
poles are allowed. It turns out the residue constraint in Equation 4.2 forces these two options
to be equivalent. We explain this below.

Suppose 2y, is instead defined as in Definition 4.1.1, except QXi(log D) is replaced with
Qxi(log D). We use (579) to define logarithmic differential forms and their residue along
the (non-normal-crossing) diagonal divisor D C X for each i. The key difference is the
residue in Equation 2.3 a priori now lands in rational sections of the (normalization of the)
divisor instead of reqular sections. However, the residue constraint in Equation 4.2 ensures
this does not happen:

Indeed, let w = (wi)o<i<n € Qm(U). Suppose for contradiction there was a term of

U.)n‘((Dx)X)n with a “loop” in the denominator: (z;, — 2, )(%iy — 2is) - - - (2, — 2iy). Then the
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iterated residue
Wn—m+2 = Resy; =z o Resy =z 0o 0 Resy =z (wn)

creates an order 2-pole for Wp_mio at z; — 2, . For example, if m = 3,

1 —1
Res,, — = .
ATz — 29) (29— 23) (23 — 21) (21 — 23)2

But the composition of Lie bracket maps, ®7 (see 5.11), is k((21, ..., zn))-linear. Hence
according to definition of Qp(U), (@*T)_l(cbn_m+2) = Wp—m+2 Should still have log poles
on the diagonals. Contradiction. Thus, there exist no “loops” in wy, and we conclude if
(23, — 2ip)(2iy — 2i3) - (2i,, | — Zi,,) 5 a denominator of Wn|(D§)n7 then m < n and i,
are all distinct. But this is precisely how Definition 4.0.1 is setup, and we conclude wy, €

Qxn(log D). So we could have equivalently worked with Qxn(log D) instead of Qxn (log D)

We will only consider sections of the “universal space” Q, on U = D} D,, and X.
In these cases, we prove ,(U) is naturally isomorphic to the infinitesimal jet spaces of
G(K),Grg and Bung, respectively. As defined, the sheaf €,,(X) depends on x € X since
we check the residue condition (Equation 4.2) locally around the formal disk about x. As a
consequence of Theorem 4.1.4 or Subsection 4.2, this definition is in fact independent of the
choice of point on the curve.

Let us now formulate the main results of (BD) as Proposition 4.1.2 and Proposition 4.1.3.

Proposition 4.1.2. (BD) Let k be an arbitrary field. Then there is a perfect pairing

D US™(gg) x (DY) = k
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induced by the pairing: given &1, ...,& € g and w := (wy, ..., wn),

Pre(81 - Epyw) i= Resy =g ... Resy —(€1(21) @ -+ @ & (21), wi) (4.3)

where £1(21) @+ - ®R&r(21) € (gK)®k and wy, is a differential form with values in (g*)®F. So,
(,) is a scalar-valued differential form. And, Res, — ... Res,, —o means we first compute the

residue zj, = 0 and treat z1,...,25_1 as scalars, etc, as explained in Definition 2.1.2.

Remark 2. A heuristic explanation for why to expect (BD) to hold in characteristic p is that
under the perfect pairing, Q(D.) plays the role of the algebra with divided powers and U(gg)
plays the role of the algebra without divided powers. A more convincing, general construction

of a “divided power module” will be considered in Subsection 5.J.

Proof. For the reader’s convenience, we present the proof found in (BD). First, we must check
the residue pairing on g%n x Qp(DX) — k defined by Equation 4.3 descends to US"(gx).

This amounts to checking

Res; —0 .- Res;, —0(&1(21) @ ... (&(21) ® &1(zig1) — Eir1(20) @ &izig1)) -+ - © Eg(21), wi)
(4.4)

= Res; =0 .- Res;, —0(§1(21) @ - .- [§i(20): &1 (20)] @ &ig2(2i41) - @ Egzp—1), wi)- (4.5)

Now, the S9 anti-invariance of wo, together with a relabelling of variables z; < 29,

implies:

Res,; —gRes,—0(§2(21) ® §1(22), w(21, 22)) = —Res;; —gRes;,—(§1(22) ® &2(21), w(22, 21))

= —Res.,—oRes., —(§1(21) ® &a(22), w(21, 22)).

And in general, S), anti-invariance of w;. implies Equation 4.4 equals
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Res, —q ... RGSZZ.H:()??(ZL .., %i+1) — Res; —q . .. ReSzH_l:OReSz,;:OU(ZL ey %)

where (21, ...,211) = —Res;,_ ,—0 ... Res;; —0(€1(21) ® - - @ i (2,), wg). But, n only has
poles along the hyperplanes z;,, = 0 and z;, = 2;. Thus we may apply Parshin’s residue

formula, Lemma 2.1.3, to deduce

Reszi:OResziH:On — ResziH:gResZi:O'r] = —Res;;—oResz;=z, 1.

We remark that the right-hand side of the above formula is again interpretted using Definition
2.1.2. But now, we are done because the expansion of 7 in the z; — z;4.1 direction has the
form as in Equation 4.2; consequently its residue at z; — z;+1 induces the [&;(%), &i11(%)]
expression in Equation 4.5. This proves the claim that the pairing is well-defined.

Now, we will show the pairing is perfect by constructing an isomorphism between (U Sng K)*
and Q,, (D). Let e; € g be a basis and ¢’ the dual basis of g*. Let el(-l) —e;Zl e g c Ulgg).

We claim there exists a map

Wy = Z Z )\(e(ll) o egiﬂ))eil ® .. ® eirzl_ll_l o Z;lrfldzl o err (46)

11,...,lnEZi1,...7ir
As written, we have

wr € (@) @k((21)) - ((2))d21 . .. dzp.

To check that (w,) lands in Q, (D), we must first show w; is the expansion of an element
@ € ((6%)%"®k[[21,. .. 7zr]][(zi—zj)_lzk_l]i’jkdzl . .dzr)_s’", where by expansion we mean
as introduced in Definition 2.1.2. We make the subtle remark that S, does not act on the

“expansion” because k((z1))((22)) # k((22))((21)). So once we show wy is the expansion of
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some (unique) @,, we must actually define the map g to be X\ — ().

The existence of such an expansion follows by the locality property of the affine Kac-
Moody vertex algebra (see (BZF, Theorem 4.5.2) for the general proof for vertex algebras).
Indeed, introduce the “fields” A;(z) := > g7 egl)z_l_l. These fields satisfy the locality

property (z — w)?[4;(2), Aj(w)] = 0 and the operator product expansion (OPE)
Cij Agy(w)
Ai(2)Aj(w) = m +) fszq_—er L Ai(2) A (w) :
q

Here, ¢;; are scalars corresponding to central charge ¢ (so ¢;; = 0 for us), ffj are structure
constants for g, and : A;(2)A;(w) : is the normally ordered product, which lives in 0?2 ®
kllz, w])[z w1

Now, rewrite Equation 4.6 as

wr= Y AAiy (1) Ay (3))e @ - @ €rdey . da.

$1yeeesbp

Consequently, this expression of wy, together with the locality property, implies

wr [J(zi = 2)*

i<j

is the expansion of an element of ((g*)*" ® k[[z1, ..., 2]][(z — zj)_lzk_l]i,j’kdzl . dzr)_s’”.

Thus the same holds for w,-. Next, the OPE directly implies the residue constraint 4.2. Thus,
(wr) € Qp(Dy). Finally, it is clear ¥ is injective: if w; vanish for all r and z;, then ¢ = 0.

Next, it is also clear the map ¢5- : Qu(Dy) — (US™(gg))* induced by the residue
pairing @z is the inverse to ¥ j. Indeed, this boils down to formula 4.6. Thus g being

injective and @Z)’K oY = 1 implies ¢ is isomorphism. O]

Proposition 4.1.3. (BD) Let k be an arbitrary field. Let ¢ € G(K) and let My, ,, denote

the nth-ﬁlter’ed component of the vacuum module (see Definition 3.53.2). There is a perfect
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pairing induced by restricting Equation 4.3 to Qp(Dyz) C Qn(D))

Proof. First, we check the restriction of @ to Qy,(Dy) C Q, (D)) factors through Y

This amounts to the claim

If w= (Wl pxyk) € Wn(Dz) and & € Adg(g0), &2, -+ &n € 9k, then Ppe(&y -+ &, w) = 0.

Recall ¢ € G(K) is the transition function associated to the G-bundle P, and that Equation
4.1 says CL)k.|(D><)k € (Ad¢g*o)®”[(zi - zj)_l,i,j < n]dzy---dzp. The standard pairing

(,) 18K X g" ® Kdz — 0 is clearly Adg-invariant, in the sense that
Res;—0(Ady(€), Adgw) = Res;—o (¢, w).

Let @1 := Res,y—( ... Res;, —0(£1(21)®- - '®§k(zk)>wk|(D;)k> € Ady(gp)dz1. Then (£, W) €
k[[#1]]dz1, which implies its residue at z; is zero. This proves existence of the pairing ® - /0
as claimed in the Proposition. Thus restricting w}{, from the proof of Proposition 4.1.2, to
Qn(Dyg) C Qp (DY) produces a map WK/O 0 (Dg) — My .

To show @y /¢ is perfect, it just remains to show restricting ¢ : (US"gg)* — Qn(D))

to My , has image landing in Qp(Dz). More precisely, define

where
Adg(wr(z1, .., 2r)) = (Adg) @ - @ Adg ) (wr(z1, - -, 2r)).-

. o . ¥k/0 VK0
Then as we saw before, Equation 4.6 implies the composite Qpn(Dz) —— My, ——
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Qn(D)) is the identity map.
Suppose A € M, . Then

€ iy i ir

(1)

for all I; > 0 because ¢, €80 in that case. Thus, no negative powers of z{ appear in

wr. Then Sp-invariance of w, implies no negative powers of z; appear for any i. Hence

¢K/O<)‘) € Qn(Dy). [
Finally, we prove the global analogue:

Theorem 4.1.4. Let k be an arbitrary field. Let Mg“t denote nth filtered component of the

,n

space of coinvariants (see Definition 3.53.2). Then there is a perfect pairing
Oy MY X Qp(X) — k
induced by the pairing: given &1, ...,&, € g and w := (wp, . .., wn) € Qp(X),
Ox (&1 &gy w) o= Reszy=0 - Resy=0(61(21) @ - - @ & (21) Wil pyr)
As a corollary of Corollary 3.3.4,
TP (M) =~ 0, (X).

Proof. Using Proposition 4.1.3, we just need to show restricting WK/O to ,,(X) has image
landing in (M%%)* and restricting ¥/ : M:;’n — Qp(Dy) to (M%g)* has image landing
in Q,(X).

Let us first discuss WK/O' Suppose w = (wi) € ,(X) and suppose &1,...,&p_1 €

05, &r € Gout- Then (§1...&,w) is regular on (D?)X(k_l) X (X \ ). So on the final
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component, it may only possibly have a residue at x. As X is projective, this forces

Reszk=0<£1 e £k7w|(D;)k> = 0.

Next, if we assume &1 € Ad¢(g()), €9,...,& € 9K, then we already saw in Proposition 4.1.3
that ®x (&1 ... &, w) = 0. Thus, ¢y = 1/}_/[{/O|Qn(X) (X)) — (M%lffl)*

Now, suppose \ € <M$,sz)*’ and define wK/O()\) := (w},) as in Proposition 4.1.3. There,
we showed wy, is regular on (Dx)Xk. Now, using A kills ¢go¢_1 on the left-most factor
and goyu¢ on the right-most factor, we conclude wj may be extended to (Dx)x(k_l) x X by
the Strong Residue Theorem 2.1.1. Since wy, is Sj-invariant, it is thus regular on (Dg)*? x
X x (Dx)x(k_i_2) for all i. We will conclude it is then automatically regular on X* by the
following remarkable fact from algebraic geometry, which is a generalization of the strong

residue theorem:

Lemma 4.1.5. 2 Suppose X is a smooth projective curve over a field k, and fiz a point
xg € X. Suppose & is a locally free sheaf on X", m > 2, and suppose s is a section of €

defined locally on

sET( | (Dag) ¥ x X x (Dgg)*m=172) g).
1<i<m

Then s extends uniquely to a global section of £.

Proof. (The following proof was communicated by Sasha Beilinson). The proof will proceed
by induction. Let us prove the m = 2 case first.
Since & is locally free over X2, we may find a very ample line bundle £ over X such that

E* ® (LK L) is generated by global sections. This means the map

VeOyyx > EXQLKRL), V=T(X?E LKL

2. This lemma for m = 2 appears as Theorem 10.3.3 of (BZF). Several misprints occur in the published
proof, so we provide a self-contained argument here.
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is surjective. Taking the dual, we find £ — V* ® (L K L) is injective. Thus, we see the
statement for £ X £ implies the statement for £. Furthermore, we may assume £ has large
enough degree so that H1(X, £) = 0.

Pick n sufficiently large so that HO(X, £L(—nzg)) = 0. Let Dy, := Spec((’)X/m%Fl) be
the n" infinitesimal neighborhood of xg. Consider the short exact sequence of sheaves on
X:

0 — L(—nxg) — L — L|p, — 0. (4.7)

Now, consider the external tensor product on the left with (X, £) and then with (Dy, £|p, ).

The restriction map Dy x X — X x X induces a map on cohomologies:

0 —— HOUX2 LR L) —— HYX x Dy, LR L|p ) —2= HY(X x X, LK L(—nzg)) — 0

! ! |

0 — H(Dy x X, L|p, K L) — HYD2,L|p R L|p )~ HYDy x X, L|p, B L(—nzg)) — 0
Thus, the obstruction of lifting s € HY(X x Dy, LK £) to HO(X?, £%?) is §(s) € H'(X x
X, LK L(—nzg)). By Kunneth, we compute this H! equals H)(X, £) ® H (X, L(—nzx)).
Next, we know s restricted to Dy, x Dy extends to D, X X, so the restriction of J(s) to
HY(D,, x X, L|p, W L(—nxg)) vanishes. By Kunneth, this H! equals HO(Dn,E\Dn) ®

HY(X, L] D,,)- Finally, the restriction map
HO(X, L) ® H'(X, L(=nxg)) = H(Dy, L|p,) ® H' (X, L(—nx))

is injective because HO(X, £(—nxg)) = 0. Thus, §(s) = 0 and s extends to a global section

of £. This concludes the m = 2 case.
Now suppose the lemma holds for X™ 1. We may again reduce to the case & = £LX™

(m—1)

for a very ample line bundle £. Suppose a section s of L8 s defined on X x Df; and

all m permutations. By the induction hypothesis, it may be extended to X™~! x D,,. Then
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consider the exact diagram

0 —— HO(X™, LBmy 5 gO(x™—1x D, LR L] ) —2 s HY(X™, LB R £(—nag)) — 0

I | |

0 — HOD ! x X, |5 R L) ———— HO(Dp, £|Fm) — 9 gYpmlx X, LIE R £(—nag)) — 0

where the top row is induced by the cohomology of the external tensor product of the exact
sequence 4.7 with (X m—1 Egm_l). The vertical arrows are restricting the first m —1 factors

to D?Ll_l. Repeating the m = 2 argument, we find the restriction of
3(s) € HY(X™, L9 R £(—nxg)) = H(X, £)*" 1 @ HY(X, L(—nap))

to HY(DM~1x X, E%T_I&E(—nxo)) = HY(D,,, C|Dn)®m71®Hl(X, L(—nxq)) is 0 because
of the assumption that the restriction of s to D™ extends to D™ ~1 x X. Moreover, we
know the restriction map on H1 is injective because £ is very ample. Thus, the section s

lifts to a global section s € ['(X™, LX), O

To complete Theorem 4.1.4, we may apply Lemma 4.1.5 to the locally free sheaf &£ :=

(g}})gk ® ka(log D) on X*_ and the section s = wy,. This shows

VX = Vr /ol nvagutys (M) = Qn(X)

as desired, and we are finished. O

We conclude with a concise summary of the main results proven in this section. There is

a commutative diagram where each horizontal line is a vector space isomorphism. Moreover,
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the top row is compatible with the algebra structures.

TP (GK)) = ((Uag)<n)* —— (DY)

A A

n,PD
TG0

I

n,PD
‘]P

)(GrG) — (Mgb,n)* — Qn<Das) (4'8>

N AN

(M) — s (MI)* —~— Qu(X)

4.2 Changing the point z € X

There is a classical fact that “1-point coinvariants are isomorphic to the 2-point coinvariants.”
In the case of the Heisenberg Lie algebra, and in characteristic 0, this is proved in Appendix
9.6 of (BZF). For Bung, this follows from the fact that 1-point uniformization is isomorphic
to the 2-point uniformization. Let us formulate this precisely. Let x,y € X and consider the

vacuum module

Mgy = (U(ng) ®U(90m) 130) Ok (U(gKy) ®U(90y) 1y).

Let O O(X \ {z,y}). Then we have injective (Lie algebra) morphism

out(x,y)
Yout(x,y) = 8 ® Oout(x y) T 9K, b 9K,

Then define
t(z,
Mg?y(x ) = Mﬂﬁ,y/gout(x,y) Mg y.

The PBW filtration on My, My naturally induces a tensor-product filtration on My 4, which

in turn induces a filtration on MOUt( ’y).
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Theorem 4.2.1. There is an isomorphism of graded vector spaces

Mgocut(x) o~ Mgfyt(w,y)

As a consequence, Mgwj(x) ~ Mzm(y) for all x,y € X. This justifies our notation M%“t =
(M;’;“t(x))n used in Chapter 4, and moreover shows the independence of choosing € X in
defining €,.
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CHAPTER 5
PULLBACK TO THE FULTON-MACPHERSON
COMPACTIFICATION

In this section we recall the geometry of the Fulton-Macpherson compactification of the
configuration space of n-points on a curve, X"™. The main result is Theorem 5.3.4, which
relates the global sections of the two sheaves considered by (BD; BG). Finally, in subsection

5.4, we provide a relationship between the (BG) sheaves and the Lie operad.

5.1 Resolution of the diagonal

Let us briefly recall the geometry of the Fulton-Macpherson compactification of the config-
uration space which will be used. Let X be a smooth projective curve and n > 1 a positive
integer. Let X™ C X™ be the open set of all n-tuples of pairwise distinct points of X, and
let D := X"\ X" denote the big diagonal divisor. It is not a normal-crossing divisor for
any n > 2. We will now construct a smooth projective variety X" and projective mor-
phism p : X — X™ which is an isomorphism over X™ and such that D := (p~1(D)), g is
a normal-crossing divisor. Our construction is taken from (BG) and is done through a se-
quence of blowups along diagonals. A similar construction, done through a different sequence
of blowups, may be found in (FM94).

For each subset I C [n] :={1,2,...,n}, define the diagonal divisor
Dr:={(z;) € X" :x; =xj foralli,jel}

For two or three-element subsets, we adopt the notation D;; := Dy iy and D = Dy jky-

Let m, : X} — X" be the blowup of X" along D[n] ~ X. Now, we will construct by
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downward induction a sequence of varieties

~

X=Xy - X ==X > X, > X"

Suppose 7, : X' — -+ — Xy — X" has been constructed and let Dy = 7Tk_1(DI). Then
define X}’ | to be the result of blowing up all subvarieties Dy C X with [I] =k — 1.
The order may be taken arbitrarily because the intersection of any number of subvarieties
Dy with |I| = k — 1 is either empty or transverse. Let X" = X3 be the final step of this
inductive construction, and let 7 := w9 : X™ — X™. Let D := 7 1(D). The irreducible
components of D are {Dj : |I| > 2}, and each of them is smooth.

By a tree, we mean a graph without loops such that there is exactly one ingoing edge
and at least 2 outgoing edges at each vertex of the graph. A connected component of a tree
has a unique ingoing external edge. Such a component may consist of a single line, in which
case it has no vertices and that line is viewed as both the outgoing and ingoing external edge.
A connected tree with a single vertex is called a star. An [n]-tree consists of a tree together
with a bijection between the set [n] and the set of outgoing external edges of the tree. The
symmetric group S, acts naturally on the set of outgoing edges; we consider two labelings
of an [n]-tree the same if they are in the same coset under the isotropy group S,(T) C Sy
action.

There is a natural ordering among [n]-trees, where we say T' < T" if T” is obtained from T’
via a sequence of operations consisting of either contraction of an internal edge, or deletion
of a star containing an ingoing external edge.

There is a natural stratification of X™ — we summarize its main properties in the following

proposition.

Proposition 5.1.1. There is a stratification X" = Up ST by smooth locally-closed algebraic

subvarieties S such that
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(E) contraction of an internal edge, e.g.,-

(V) deleting a star containing an ingoing external edge, e.g.,

1. the strata {St} are indexed by all [n]-trees,

2. The codimension of St equals the number of vertices of T,

8. SpCcSpeT<T

4. If T consists of n connected components, then Sp = )o(”, the unique open stratum,

5. If T consists of [n] \ I connected components, where one consists of an I-star and the

rest are just lines, then Sp = D 1, an irreducible divisor.

6. Given a vertex v € T, let Ey, C [n] denote the subset of all the labels attached to all

outgoing external edges of T that come out of vertex v. Then

Sp = N Dg, .
vertices v in T
We may interpret Proposition 5.1.1 heuristically as follows. There is a natural bijection
between the indexing set of strata of X™, namely [n]-trees, and the set of ways for n particles
in the curve X to collide, while recording the order in which collisions occur. Indeed, at each
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internal vertex, the set of outgoing edges specifies which particles collide and become a
cluster at that step. And the ordering of vertices determines the order in which collisions
occur. Thus, the number of internal vertices equals the number of collisions, and the number
of connected components equals the number of clusters that survive.

We may apply the construction of X™ to X = A, the affine line over k. The group
of affine transformations Aff of the line induces an action on X", which acts freely on

XM\ Dy = X"\ Dy We find P72 ~ (A7 Dy,)/Aff and define
P72 = (A} \ Dy,)/Aff,

More generally, given a finite set I and curve X, define X! to be the set of X-valued
functions on I. Then X! ~ X#/ and X! = X#I  Define Pi = (Aé \ Dy)/Aff and
lf’i = (Ai \ D;)/Aff. We caution that PT ~ PZH_Q. In what follows, we will omit the
index k unless we wish to specify a phenomenon specific to characteristic p.

The variety P! also has a stratification P/ = U7 P75, parameterized by connected I-trees

with at least one vertex, where each P7 is locally closed with smooth closure Pr.

Proposition 5.1.2. For each connected tree T, there are canonical isomorphisms

pr= [[ P Pp= J[ P

vertices veT vertices vel

where I(v) denotes the set of all outgoing edges at the vertex v.

If T consists of just a line, let Py = f’T = {pt}. For a tree T with connected components
T1,...,Ty, let f’T = f)Tl X -ee X f)Tr- For any stratum Sp C X”, there are canonical

isomorphisms

STZPTXXJ, STZ].BTX)%J (51)
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where J denotes the set of connected components of T. As a corollary, we find

5.2 Construction of the [BG] Sheaf

The main goal in this section is to define a space of log differential forms on the compacti-
fication of the configuration space whose global sections produce the infinitesimal jet spaces
of M C Bung. This is accomplished in Definition 5.2.2.

Let I C [n] be any subset of size at least 2. Let [n]/] := [n]\TU{I} be a set of cardinality

n — |I| + 1. Let Lie(]) denote the Lie operad on I. Let respectively Q(X™, X™),

Xn)%n?
denote sheaf, resp. global sections of the sheaf, of top degree logarithmic differential forms

on X" with log poles on D™.1. The following proposition is well-known — see e.g. (L0099,

Prop 3.5) for a proof. We sketch the proof for the reader’s convenience.

Proposition 5.2.1. (BG, Prop 4.3) Let k = Z. There exists a perfect pairing
Res : Lieg(I) x Q(PI,Pé) — k.

Furthermore, both above k-modules are free.

Proof. Let I = [d]. Let us first define the pairing. It is well known Lie(/) has dimension
(d — 1)! and a basis is given by x5 := [z5(1),[. .., [¥5(4_1), 4] - .]] for o € Sy such that

o(d) = d. To each x4, we associate the linear map

o Res Q(PI,P@—Hﬂ

Res, := Res~ ~
7 D a(rfl)ﬂDa(r) Da(r‘)

1. We slightly change notation here to match notation with (BG)
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Then the bilinear pairing is the linear extension of
(xg,w) — Resg(w).

To show that this pairing is well defined, namely that it satisfies the Jacobi relations, it
suffices to consider the I = [3] case. Then, we may identify PBI = P1, PBI = P1\ {[0 :

1],[1:0],[1: 1]}, and

d(zg — 23)+/\13 d(z1 — 23)+)\12 d(z1 — 22)

QPP PBl) = (A3
29 — 23 21— 23 Z1 — 29

1 Aij € b, Aag+A13+A12 = 0F.

The Jacobi identity on Lie(3) then corresponds to sum of residues/coefficients of w €
Q(PBl PBl) equalling 0.

Since D is normal-crossing, the pullback of the forms /\3:1d log(zl-p — ij) generate
the space of log differential forms (ESV). This shows surjectivity of the induced map
Q(li‘i, Pi) — Lie(I)*. Injectivity then follows by a dimension count: it is well known (Br73,
Lemma 5),(SV) Q(f’é, Pi) is isomorphic to the top degree cohomology of the hyperplane

complement H"(f’é, k), and the latter is free of rank (d — 1)!. 2 O

This pairing of Proposition 5.2.1 provides a canonical distinguished linear map
or: 9% = g P! P

characterized by the property that, for all I-binary trees T', Resp(®(§1 ® - - ® ) consists
of a Lie bracket expression involving insertion [;, fj] whenever edges i, share a vertex in
T. Here,

Rest := Res

++-oResp o Resbr (5.2)

Din--nD, © 10D,

where 151, e D, are the irreducible diagonal divisors corresponding to each of the r vertices

2. In fact, this algebra has a generators and relations presentation due to Orlik and Solomon (OS)
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of the binary tree 7. The order of the DZ taken does not affect Resp because of normal-

crossing. Denote the linear adjoint of ¢ by
670" = (6" o QP! P, (5.3)

We now explain ¢7 is Adg-invariant for any g € G. Using Proposition 5.2.1, we may
replace Q(PI , p! ) with Lie(/)* since the Residue is Adg-equivariant. For simplicity, write
I = [d]. Recall the basis x5 of Lie introduced in the proof of Proposition 5.2.1. Then
explicitly,

Qﬁ A= ($1 K- RQxTg— A(XU))UESd_l'

This expression is clearly Adg-invariant, as desired.

Thus, we can construct a relative version of ¢7, denoted by ®7. By relative, we mean
an O Dl—module morphism whose fibers are ¢7. Let P be a principal G-bundle over X.
Let gp := g ® Op/G be the associated adjoint bundle on X. Let p : X — X" be the
Fulton-Macpherson compactification, and denote @%n = p* (g%n) the associated bundle on
Xn, Similarly, denote (@p)g[”]/l = p*(gég;[n]/‘r) for p : X/ x /T

First, we tensor ¢7 on the left by Op and (external) on the right by Op to obtain the
following morphism of O v pr-modules

The Adq equivariance allows us to descend to a map of O YxP ;-modules
O gp R Op; — (gp) ! K Qpr pr- (5.4)

Now, we have D] ~ X[/T % Pl and Dy~ X[\ x X, Consider the following commu-

tative diagram
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bil Inl/I f2 (5.5)
< h 27 i
Then we have
Qp, p; =PI Qp1 p1) © P31 xpm/r) (5.6)
(89)" 5, = fi(ap) ™ ® f5((ap) V) (5.7)
p3((§p) ) = fi () © f5((gp) BN (5.8)

Next, if we take Equation 5.4 and pullback along the map (f1,p1) : ﬁ[ — X x PI,
and using pullback commutes with tensor product, and that pullback along a projection
corresponds to taking external tensor product with structure sheaf, we obtain the following

morphism of O bl—modules:

7 fi(gp) = figp)®! ®p1(Qp1 p1)- (5.9)

Next, we tensor the above map by — ® f;((g}})x[n]\l) ® p5(Q /1 g myr) and use the

three identifications in 5.6 to obtain the map of O Dl—modules 3

b, ®4

Uy ipﬁ((@f:)g[n}/l ® QX[n}/I’)E'[n]/]) — (g5)X" (5.10)

D[JO)I
Next, observe that since g is semi-simple, the Lie bracket map is surjective. From this

it directly follows ¢} is injective. Then at each step of the construction leading to W7, we

preserved left-exactness (since we first pulled-back, then took tensor product with a locally-

3. This corrects a few typos present in Equation 7.3 [BG]
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free module). Thus W7 is an embedding and its image Im(¥7) is a locally-free sheaf on D;
with fiber (g*)"/1.

We are ready to state the main definition:

Definition 5.2.2. Define the “BG sheaf” on Xxn of logarithmic differential forms with pre-

scribed residue along the diagonal
5 ~x \X
Gn i ={we (@) ® Qann : Resljl(w) e Im(¥7)}

Note, Sy, acts naturally on X", and this induces, by functoriality, an action on Xxn
making (@})xn, Qn Xnaén all into Sp-equivariant sheaves. Next, S;, acts on all [n]-trees
by permuting the labelings. Given an [n|-tree T" and o € Sy, we have o(S7) = So—(T)- Thus,

Sn(T), the isotropy group of T, acts on Sy, and we denote:

Definition 5.2.3. Let

~

o . For each strata St and o € St,
HOY(X"™, Gy) o = {s e HY (X" Gy) : }

we have o Resp(s) = sign(o) - Resp(s)

Now, we explain how to upgrade the construction of ¥} to W7, where T is a tree. Let
I, I C [n] and suppose i € I1. Let I := Iy 0; Is := (I1 \ 1) U Iy. Given a connected
I1-grove T7 and connected I9-grove Th, each with a single vertex (i.e “stars”), we may define
T := T1 o; T by inserting at the outgoing edge i of 77, the unique ingoing external edge
of T5. We caution that Ty o T} # T} o Ty in general. Let D I D I, be the corresponding
irreducible divisors. We know the corresponding stratum Sp = D 5N D 1- By Proposition

5.1.2 and Equation 5.1, we know

Qp b, = pn pn Wlpn pry, and Qg g =0p o WO gpyr g1

9
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Consider the following commutative diagrams involving Sp:

ST ST Z—T> ZA)I
lp ) lp 1
/)t f2 p1 P, P2
x / o pl Bl

Thus, taking Equation 5.9 for Iy, restricting to Sp — b[l, and then applying oZ'<I>i’;2 (i.e

apply @?2 at the ith copy of f{(gp) in f{ (g})@)h), we obtain a morphism of sheaves on Sp

I I
o7 : filgp) — fi(gp) o ®p1(Qpn pr) — fi(gp)® 071 Qp p,)  (5:11)

(Recall I = Ij o; I9) Finally, tensor both sides by f;((g})g["]\j) ® p*T,Z(QX[n]/Ij[n]/I) to

obtain the desired morphism of Sp-modules

~x \X[n]/T ~x X
Vi po (@) @ Qgpair gmsr) = @5)"15, © gy, (5.12)

Again, since g is semisimple, this morphism is a locally-split embedding, and its image
is a locally free sheaf on Sp with fibers (g*)®!. We make the remark that U7 may only be
defined on Sp, for the composition of @}1 and @?2 is only well-defined on the intersection of
their supports, i.e Sp.

Next, observe the key defining property of W7 is the commutative diagram of sheaves on
St for all I trees T (still keeping the I = I o; Iyo--- ,T = Ty o; T o --- notation, and

where Resy is as defined in Equation 5.2):
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P
2%\ X I I 2% \Xn| _ _
p}2((g}3) Inl/ ®QXA /1 X [n}/f) (glkD) n|ST X Qf)f,ﬁ1|ST

M lReST
(g};)W@T ERLERO

In summary, we have
Resp o (W}|g,) = ¥ for all I-trees T. (5.13)

Next, let I be a d element subset of [n], which for simplicity of notation we suppose
I = [d]. Let Ty denote that binary I-tree Ty = [1,[2,...,[d — 1,d]...]], and let S :=
b[d} N D{2,3,...,d} e N b{d—l,d} denote the corresponding strata in D[d]7 and denote by
po = P1y,1(ST,) be the corresponding point in P! so that S’TO ~ X[/ % {po}. Next, for o €
Sq—1 = Stabg,(d), denote the binary I-tree Ty := 0.1y = [0(1), [0(2), ..., [o(d — 1),d]...]].
Similarly, let py := o(pg) € P! be the corresponding point. Let iy : {pe} — P! denote the
inclusion. Finally, let adjp : F — (ir)«i7(F) be the unit map for F a sheaf on P and

denote the locally free X [71/1_modules by

M= Fi(ap)®! @ fal(@p) M) @ Qg gioys

Thus, we may rewrite the compatibility equation 5.13 as a commutative diagram of D 7=

~

XM/T o« PI_modules:
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Fln)/1 ¥ Opr )1 X 2pr pr
(adjTg)l l(ResTa> (514)
Does, | Finy/r ¥ (io)x ({pa}) GBaesd . X (i)« ({prs})

On global sections, the left vertical map is the diagonal embedding, the right vertical is an

isomorphism, by Proposition 5.2.1, and the horizontal maps are embeddings.

5.3 The pullback

Definition 5.3.1. Define the “BD sheaf” Gy, over X™ whose local sections are those forms

w such that
Gn = {w € (g5)5" @ Qxn(log(D)) : For alld <n and o € Sy_1, Rest, (w) € Im(¥7T )}
where for a binary d-tree Ty = [o(1),[...,[o(d —1),0(d)]...]], we denote

Resp = (ResD[d] o ResD{2 ..... @O RGSD{d_Ld}),

and \II*TU is the corresponding Lie cobracket expression as defined in Equation 5.12.

Note, we denote \II*T for both the map of sheaves on X" and on X™ because the latter
is induced by the former under pullback, and they are both induced by the same corre-
sponding cobracket expression on fibers. Also, analogous to Definition 5.2.3, we may define
H O(X n,gn)—Sn. Since p : X" — X" is a proper map, the global sections of G, coincide
with those of p*G,,. The sheaf G,, over X" is related to the universal sheaf €2, over X (recall

Definition 4.1.1) in the following way:

D(X, Q) = D(X",Gp) 5 < T(X", p*G) ™
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where first map is w = (w;)p<i<n — Wn.
Next, we wish to relate p*G,, with G,,, where p : X — X" is the Fulton-Macpherson

compactification. A simple yet important observation is that on the smooth locus of D,

b (5.15)

Resp(p'w)lp, = »" Respw)lp;)l p,

This follows because the singular locus of D is DS = Uijk Dijk and p is an isomorphism
on p~H(X™\ D) = X"\ Uycpnir23 D1

Following the same reasoning,4 we find in general that for any tree of the form Ty,

Rest, (p*w) = Agp™ (Rest, (w))|sy, - (5.16)

where Rest, is computed using Definition 5.2 on the left and Definition 5.3.1 on the right.

The scalar \y € Z~q appears because 15], for |I| > 3, appears with some multiplicity

inside the non-reduced locus p_l(D), and there is the remarkable property that % = a%.
Note that in our case, local sections w € G, may be written as w = desn agwy for

We € (g})gn ® Qxn(Dg). And, Rest (w) = asRest (ws). So, Equation 5.16 is really a
statement about forms with poles along a normal-crossing divisor, and consequently there is
no ambiguity in the order in which we take Rest, (w) downstairs. We suppress this integer

Ao from notation as it does not affect the results.
Lemma 5.3.2. Suppose w € T(X™,G,)~n. Then p*w € T(X™,Gy) °n.

Proof. First, Lemma 2.2.1 (and see Remark 1) shows

prw € DX, (§p)%" ® Q¢ (log(D)) ™~ n.

4. For instance, the regular locus D)5 inside D1s is D123 \ U;>4 D1234, and this equals the regular locus

(D12 N ﬁ123)reg = D1a3 \ U[31C17‘1‘24 Dy inside Ds.
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Thus, it remains to check Res b, (p*w) € Im(¥7) for all I C [n]. By symmetry, it suffices
to check for I = [d] for each 2 < d < n. A summary of the following proof is that there

are no global sections of 2 so logarithmic differential forms Q(f’I ,f’[ ) are completely

13]7
determined by all possible residues Resp(w), for T an I-binary tree, in the sense that there

exists a unique log form with those prescribed residues.

We know by 5.16 that for any binary d-tree of the form 7},
Resy (p*w) = p*Resy, (w).
This means for each binary d-tree of the form 7,0 € S;_1, we have
Rest, (p*w) € Tm (V7 ).

Because of transverse intersection, the order in which we compute the iterated residue in
Rest, (p*w) does not matter, up to sign. So if we start with ResDI (p*w) € &y X QPI,f’I’
then from diagram 5.14, we can conclude its image under right vertical arrow comes from

the image of the left horizontal arrow. Namely, there exist A, € .7:[”] /1 such that
Rest, (p*w) = U (Ao). (5.17)
Next, we show Sy-sign-invariance of p*w implies A, = sign(o)Ag for all 0. Indeed:
U7 (As) = Resy, (p*w) = sign(o).oResyy (p*w) = sign(o).o 07, (Ag). (5.18)

Next, recall \If;g was defined so that its fibers are the maps

U cet = (899, Ag = (1w = Ae([,1) s [To(ao1) Td) )
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So, \IlrfFU(AU) = JKI/;O(AU) and consequently equation 5.18 implies

Since g is semisimple, @Z)i}o, and consequently \II*O, are injective. Thus A, = sign(o)Ay for all
0. The left vertical arrow in 5.14 is just the diagonal inclusion (up to signs), thus we conclude
Ag € .F[n] /1 Op; 1s such that 49 — (As)ses, ,- Finally, commutativity of the diagram

and injectivity of both horizontal arrows forces Res Dy (p*w) = ¥3(Ap), as desired! O

Lemma 5.3.3. We have a morphism of OXn -modules

~

Ry = ( ?n—l,n})_l o Resﬁ{

N

) : Gn — (Anfl,n)*(gnfl)

n—1n

where Ay p Dn*Ln < X" s the inclusion.

A

Proof. The inverse of W7} is well-defined on Res G, since it is an isomorphism on it. Next,

Dy

observe
{Icn:DiNDy1p#, I >2y={loj{n—1,n}:i€landlC[n—1],|I| >2}.

Thus, we must check ReSgTResbI (w) € Im(¥7,) for all sections w € Gn. Here, I = I o; {n —
1,n},I C [n —1], and T is the I-tree obtained by inserting {n — 1,n} at vertex i of the
connected [-star.

Since w € Gy, there exists wy such that \Il}(wf) = Resp w and w1, such that

1

(wn—1,n) = Resp, ) (w). Transverse intersection and Equation 5.13, imply

\I]*

n—1,n

Resg (U}, _1 5 (wn—1n)) = Resg, Resp, (W) = ResSTResbI(w) = ResST\I/j:(wf) = U (wj) € Im(¥7),

—1n

as desired. ]

20



Theorem 5.3.4. Let p : X" — X" be the Fulton-Macpherson compactification over any
algebraically closed field. Then T'(X™,G,) % ~ D(X™, p*(Gp))~*

Proof. Consider the map Ry, := (\Il;;—l,n)_l oResp, 1, 1 Gn = (Ap—1,n)(Gn-1) of Oxn-
modules. On global sections, it maps sign-invariants to sign-invariants by definition 5.2.3.
The map

Ry T(X",Gp) % = T(X" 1, Gyq) ot

has kernel
Ker(Rn) = D(X", (g5)°" ® Qxn) %" o~ (D(X, gp ® Qx) ¥ 0 = S"(Jp(M))

where Sn(Jllg(M)) denotes the nth symmetric power of the 1st infinitesimal jet space of
Bung. Indeed, suppose w € D(X™, G,) " is such that Resp, ,,(w) = 0. Then Sp-anti-
invariance of w forces Res Djj (w) = 0 for all 4,7, and Consequently w is regular on X", thus
proving the claim.

Next, we consider O 4, -modules. Sections of p*(5"(Gy)) are regular on X™, hence auto-
matically meet the residue constraint. Thus, p*(S™(G1)) < Gn. We claim T(X"™, p*(5™(G1)))

is the kernel of

~

Ry, ;:( * )71 OReSbn (Xn gn) Sn — F(Xn 1 gn 1) Sn_l'

n—1n *Ln

Again, Sp-sign-invariance forces a section w € Ker(Ry) to vanish on all DZ] But then we
follow the argument used in Lemma 5.3.2 to deduce Res b, (w) =0 for all I C [n]. Indeed,
wr = Resﬁl (w) is a form on Dy ~ XM/T x P! which satisfies Rest (wr) = 0 for all binary
trees Ty, 0 € Sy, because of the commutativity of residue along normal-crossing divisor

property. Then Diagram 5.14, together with injectivity of \IJ*U, U7, forces wy = 0.
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We summarize the preceding discussions with the following commutative diagram:

0 — F(anp*(sn(gﬁ)) - F(Xn7gn)_s i) F(Xn_ljgn_l)_sn—l s 0

I l |

0 —— D(X",p*(S™(G1))) — DX, p*(Gn)) 5~ DX p*G, 1)1 —— 0

The theorem tautologically holds for n = 1,2. Thus we are finished by induction and the 5

lemma. Note, Theorem 4.1.4 implies both above exact sequences, on global sections, are

0 — S"(JIETP M) = TP (M) = TP ) = o, O

5.4 Jet spaces and the Lie cooperad

There is a close relationship between the sheaves Gn and the Lie operad Lie which we now
explain. We will only provide a brief exposition to the theory of operads — for a careful

treatment, we refer the reader to e.g (LV).

5.4.1 Operads

Let k be an algebraically closed field, and let P be a k-linear operad. Let V be a k-vector
space. The free P-algebra generated by V', resp. free P-algebra with divided powers generated
by V', defined by (Fre), is:

P(V) = P (Pn) @, V")sg,, resp. (5.19)
n>1

PER(WV) = @P(P(n) @ V)5 (5.20)
n>1

The difference between these algebras is the former involves Sy,-coinvariants while the latter

involves Sp-invariants.
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We in fact work with cooperads, so let us recall definitions in this setting: A comodule

over a P-coalgebra A is a k-vector space M together with a collection of linear maps
gn: M — M@ A2 @ P(n)

satisfying coassociativity, equivariance, and counit axioms. A comodule M over an cooperad

P ((KM)), is a collection of vector spaces M(n) with Sp-actions together with linear maps
Paq,.ap t Mlag 4+ +ag) = M(k) @ Plag) @ -+ @ Plag)

satisfying coassociativity, equivariance, and counit axioms.

5.4.2  Jet spaces and Lie operad

Let us recall the Lie operad. Let xq,...,z, be variables, with the natural S),-action. Con-

sider the (n — 1)!-dimensional vector space
Lie(n) := Span([zg(1), [ .-, [Ts(n—1), Tn] ... ]| 1 5 € Sp—1).
Insertion of the bracket compositions defines the operad structure. Next, define
n
Qp ={QP", P") @ \E"}p>1.

Under the perfect pairing in Proposition 5.2.1, this forms a cooperad, which we will call the
Lie cooperad. Tt is instructive to explain the composition maps explicitly.
Recall the stratification on P™: The codimension 1 strata are normal-crossing, labeled

by Dy, for I C [n] a proper subset of size at least 2. And the closure of the codimension r
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strata are

Stosdy = D1 0 Dpopy N N Dpjguop, =PI x PR PIr s pr/thesel) (591

This shows P := {f’"}n21 is a topological operad. Thus the composition maps of QP are

k

Resyy .t Qplar+ - +ag) = Qp(k) ® Q) Qp ().
i=1

The coassociativity axiom is satisfied because the divisors are normal-crossing, so the order
in which the residue is computed is the same (up to a sign, which is accounted for by the
determinant).

Next, for X a smooth projective curve over k, the collection of the resolution of the
diagonals, X = {X "}n>1, forms a module over the topological operad P because the strata

St of X" satisfy 5.1. Moreover,
n
QX = {Q(Xn, Xn) & /\ k?n}n21

forms a comodule over the cooperad QP via the composition maps
k
Respy . Qglan+---+ap) = Qg () @ ) Qp ().
=1
Next, we sheafify. Taking global sections of the P.-contribution in Equation 5.9 produces

a morphism of O y-modules:

®}:gp — (gp) @ QP! P,
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This gives g} the structure of a sheaf of coalgebras over the Lie-cooperad. Now, consider:

Sn
PD O ~x \X
() = €D (D" 05)5" & 2 g0 0 050
n>1

where w.,, is the determinant line bundle on X", and (@})&” is the pullback of (g})&”

XTL
under p : X™ — X", respectively. The comodule morphisms (Recall diagram 5.5 for the

notation):

Resp, - ((@?)Em@)%m,)%m)‘m - (@?)Mm]/ Q®QX[ml/a,X[ml/a®fl(973)@)(&1))&9}3&,}‘3@-
(5.22)

PD
endow () n

(gp) with the structure of a comodule over g}, over the Lie cooperad. If we take
global sections over the PY contribution and then take a fiber over X [/ @ this morphism

just says the free divided power space generated by g*,

PD . : Sn
OLP (%) = P (69" @ @l P,
n>1
is a comodule over g* over the Lie cooperad. These observations are what allow us to make

the final claim, and in particular suggest why F(X n gn)_S” has divided powers.

Corollary 5.4.1. The collection of BG-sheaves {gn}n21 form a sheaf over X := {Xn}nZL

in the sense of (GK, Section 1.5). Here, X is viewed as a topological module over the operad

~

P. Moreover,

@ F(Xnv gn & WXn)Sn
n>1

is a sub gp-comodule of Q§D<g}3> Here, g is viewed as a sheaf of coalgebras over the Lie

cooperad.
Proof. Both of the claims follow by observing that restricting the residue map in Equation
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5.22 to Gy, induces the map of Op -modules (recall diagram 5.5 for the notation):
ReS[)a : gAmllA)a — gA[m}/a X ff‘(g})®(a—1) X Qf)aj)ﬂé' (523)

Indeed, checking this boils down to a similar proof as given in Lemma 5.3.3. The main point

is there is a compatibility 5.13

Resp o (V|g,) = ¥ for all I-trees T. O
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