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ABSTRACT

Foundation models, such as large language models (LLMs), operate within vector spaces,
whereas human perception of concepts does not naturally align with this framework. This
raises a fundamental question: how do these models internalize the structure of concepts
within a vector space and how do they use it? To address this, the thesis investigates
structural properties such as linearity and partial orthogonality and also studies how models
can leverage structures in representations to combine and extract information. The first
part analyzes linear representations. While the concept of linearity appears straightforward,
its underlying basis—especially in large language models trained solely on next-token pre-
diction—remains a mostly unresolved mystery. This thesis provides new insights into this
phenomenon by showing the connection between linear representations and the implicit bias
of gradient descent. The second part examines how models represent the intuitive notion of
“semantic independence." Rather than formally defining semantic independence, the focus is
on the algebraic axioms of independence and how they can be represented in the forms of par-
tial orthogonality in the representation space. Finally, the third part studies representations
in a practical setting—fact retrieval-—and explores how self-attention can effectively combine
stored information in representations to retrieve the most relevant outputs, functioning like

associative memory.
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CHAPTER 1
INTRODUCTION

Foundation models, such as large language models (LLMs), are on track to becoming a
transformative technology of this generation [Bommasani et al., 2021]. Over the past few
years, people have figured out how to grow them [Kaplan et al., 2020, OpenAl, 2023] but
not how to understand them. Interpreting artificial neural networks shares much in common
with neuroscience, but studying foundation models offers distinct advantages. These models
provide rich internal signals—such as embeddings and next-token probabilities—and allow
for controlled interventions, unlike the human brain. Arguably, developing a theory to
understand foundation models may even offer a path toward unlocking the mysteries of
neuroscience itself.

At the core of this mission is the quest to make sense of representations. The reason is
simple: Because they reflect how models internalize, compress, and reinterpret the world. In
other words, representations can be seen as an amalgamation of how the model interprets
information from its training data. This gives us a tangible way to infer model’s internals.
The main focus of this dissertation is on understanding word and token embeddings, though
it’s worth noting that models may also encode information internally in other ways |Geiger
et al., 2021, Geva et al., 2023|.

While foundation models operate in vector spaces, humans don’t naturally think in those
terms. In a sense, these models encode projections of reality within their representations.
Borrowing from Plato’s allegory of the cave—where prisoners perceive only shadows on a
wall—we might view foundation models as the prisoners and their training data as the
shadows they observe [Huh et al., 2024]. Why can a finite-dimensional representation capture
a reality that may be far more complex? Because it need only encode the relationships among
entities—and those relationships often follow simple patterns. For instance, a representation

of “cat" doesn’t have to store every fact about cats; it only needs to record how “cat" relates
1



to other concepts. This idea dates back to distributional semantics, which underlies modern
language models |Firth, 1957]. In this dissertation, we investigate how different structures
manifest within representations.

Toward this goal, we face three key challenges. First, intuitive concept structures lack
formal mathematical definitions; we must develop formalisms that are both rigorous and
intuitively meaningful. Second, foundation models aren’t trained to encode such struc-
tures—for example, LLMs are trained for next-token prediction—so we need to explain how
and why structural patterns emerge naturally. Third, claims about semantic structure are
difficult to validate, requiring experimental designs that qualitatively assess our intuitions.

This dissertation addresses each of these challenges in turn.

1.1  Outline
This dissertation is organized as follows:

e In Chapter 2, we examine linear representations of concepts defined by pairs of coun-
terfactual tokens. [Park et al., 2023|, a particular geometric structure in vector-space
embeddings. We then explore why such representations arise naturally by training
models on next-token prediction tasks and offer a new perspective by relating this phe-
nomenon to the implicit bias of gradient descent. This chapter builds on Jiang et al.

[2024b], published in ICML 2024.

e In Chapter 3, we study the notion of “semantic independence", defining it through
algebraic structures via the abstract independence model [Lauritzen, 1996]. To map
this structure into vector spaces, we employ partial orthogonality, which defines an
independence model on those spaces. Empirically, partial orthogonality has proven to
be a useful tool for analyzing embeddings. This chapter builds on Jiang et al. [2023],
published in NeurIPS 2023.



e In Chapter 4, we study how LLMs can combine and extract information from represen-
tations of different tokens (i.e., composite structure). We focus on fact retrieval, show-
ing that LLMs perform it much like a particular associative-memory model. Through
controlled experiments, we further demonstrate how a one-layer transformer—the ba-
sic building block of LLMs—can implement associative memory. This chapter builds

on Jiang et al. [2024a|, published in NeurIPS 2024.

Throughout my PhD, I have also worked on several other projects [Jiang and Veitch,
2022, Jiang and Aragam, 2023, Wang et al., 2023b, Park et al., 2024, Wang et al., 2025],
which are omitted from this dissertation due to their indirect relevance. Of these, Park et al.
[2024] is the most closely aligned, as it investigates hierarchical and categorical structures
in embeddings—paralleling the themes of Chapter 3. Meanwhile, Jiang and Veitch [2022]
and Jiang and Aragam [2023] focus on causal representation learning, studying the causal
structure of vector space representations, and laying foundation for most of the thesis, which

seeks to uncover the semantic structure of embeddings through the lens of latent graphs.



CHAPTER 2
GEOMETRIC STRUCTURE AND LINEAR
REPRESENTATIONS

2.1 Introduction

One of the central questions of interpretability research for language models [Mikolov et al.,
2013b, OpenAl, 2023, Touvron et al., 2023] is to understand how high-level semantic concepts
that are meaningful to humans are encoded in the representations of these models. In this
context, a surprising observation is that these concepts are often represented linearly |e.g.,
Mikolov et al., 2013b, Pennington et al., 2014, Arora et al., 2016, Elhage et al., 2022b, Burns
et al., 2022, Tigges et al., 2023, Nanda et al., 2023b, Moschella et al., 2022, Park et al., 2023,
Li et al., 2023a, Gurnee et al., 2023]. This observation is mainly empirical, leaving open
major questions; most importantly: could the apparent “linearity” be illusory?

In this chapter, we study the origins of linear representations in large language models.
We introduce a mathematical model for next token prediction in which context sentences
and next tokens both reflect latent binary concept variables. These latent variables give a
formalization of underlying human-interpretable concepts. Using this mathematical model,
we prove that these latent concepts are indeed linearly represented in the learned repre-
sentation space. This result comes in two parts. First, similar to earlier findings on word
embeddings [Pennington et al., 2014, Arora et al., 2016, Gittens et al., 2017b, Ethayarajh
et al., 2018|, we show log-odds matching leads to linear structure. Second, we show that the
implicit bias of gradient descent leads to the emergence of linear structure even when this
(strong) log-odds matching condition fails. Together, these results provide strong support
for the linear representation hypothesis.

There are some noteworthy implications of these results. First, linear representation

structure is not specific to the choice of model architecture, but a by-product of how the

4



model learns the conditional probabilities of different contexts and corresponding outputs.
Second, the simple latent variable model gives rise to representation behavior such as linearity
and orthogonality akin to those observed in LLMs. This suggests it may be a useful tool for
further theoretical study in interpretability research.

The development is as follows:

1. In Section 2.2, we present a latent variable model that abstracts the concept dynam-
ics of LLM inference, allowing us to mathematically analyze LLM representations of

concepts.

2. Using this model, we show in Section 2.3 that the next token prediction objective
(softmax with cross-entropy) and the implicit bias of gradient descent together promote

concepts to admit linear representations.

3. A surprising fact about LLMs is that Euclidean geometry on representations sometimes
reasonably encodes semantics, despite the Euclidean inner product being unidentified
by the standard LLM objective |[Park et al., 2023]. In Section 2.4, we show that the
implicit bias of gradient descent can result in Euclidean structure having a privileged

status such that independent concepts are represented almost orthogonally.

4. Finally, in Section 2.5, we conduct experiments on simulations from the latent variable
model confirming that this structure does indeed yield linear representations. Ad-
ditionally, we assess the theory’s predictions using LLaMA-2 Touvron et al. [2023],

showing that the simple model yields generalizable predictions.

2.2 Problem setting

In this section, we give a simple latent variable model to study next-token predictions.



Concept space C

©

A
| ?ﬁ Ceonte) iy maps y
.%,00 | core(x) to (c1,ca,c3)
&Q&iﬁ
Q

The ruler of a kingdom is a| |king |0r

Figure 2.1: Latent conditional model visualization. An example flow: Suppose X is “The ruler
of a kingdom is a”. It first maps to a set of core concepts C7 = ¢1,Cs = co. This leaves concept
C3 = o unknown, which indicates say “male” or “female”. The value of C5 = ¢3 € {0,1} is
determined by a conditional probability p(.|C1 = ¢1,Ca = ¢2) and once it’s determined, the entire
¢ = (c1,¢2,c3) can be mapped to the next token Y, e.g. “king” (if c3 = 0) or “queen” (if c3 = 1)
respectively.

2.2.1 Latent conditional model

We let context sentences and next tokens share the same latent space where the probabilistic
inference happens. This lets us transform the next token prediction problem into the problem
of learning various conditional probabilities among the latent variables. For a visualization

of the framework, see Figure 2.1.

Latent space of concepts We model the latent space with a set of binary random vari-
ables: Vo = {C1,...,Cy, }. Intuitively, one can view each latent binary random variable as
representing the existence of a concept, e.g. positive vs negative sentiment, and Vi con-
tains all relevant concepts of interest for language modeling. Notation-wise, we will use
C = (Cq,...,Cp) to represent the latent random vector and ¢ € {0,1}" to denote real-
izations of the latent random vector. For a index set I C [m], C (similarly, ¢;) denotes a
subset of random variables. Note that the latent sample space C is the collection of binary
vectors {0, 1}"™.

These binary random variables are not necessarily independent. To model their depen-
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dencies, we assume that the variables form a Markov random field. That is, there is an
undirected graph Go = (Ve, E¢) such that p(Cy[Cppp\i) = p(CilChepy) for all @ € [m]
(where ne(i) denotes the set of neighbors of i), i.e. a variable is conditionally independent
of all other variables given its neighbors. Markov random fields capture a wide variety of

probability distributions, which include independent random variables as a special case.

Remark 1. The theory readily handles directed acyclic graphical models (DAGs) [Koller and

Friedman, 2009, but we work with undirected graphs for notational simplicity.

Latent space to next token (y) Let Y € ) be the random variable denoting the next
token with sample space ). We assume there exists an injective measurable function from
concept space C to token space ). That is, the value of C' can always be read off from Y.
This map induces a distribution on the next token (via the pushforward measure) that the
LLM tries to learn. We denote the inverse of this map as hy (mapping tokens to concepts).
The injectivity assumption is made for simplicity—with the injectivity assumption, for any
given concept, one can identify pairs of tokens that only differ in that concept. This is useful

for the theoretical analysis.

Context sentence (z) to latent space Let X € X be the random variable denoting
context sentence where X is the sample space, e.g. “The ruler of a kingdom is a” is an
element of X. Intuitively, X contains partial information about the latent concepts that
determine the next token Y. This is similar to a hidden Markov model where one can
use previous observations to infer the current latent state. In other words, if one models
language generation as transitions/drifts in the latent space [Arora et al., 2016], then given
the context, one cannot fully determine but can make educated guesses on where the latent
space might be transitioned into. Note that there’s inherent ambiguity involving the next
token prediction, e.g., multiple tokens could follow the sentence "I am a ".

Now, we will describe precisely how contexts X and concepts C relate to each other.
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First, observe that not every concept combination can induce the context sentence of interest,
e.g., not every human-interpretable concept is associated with the sentence “The ruler of a

kingdom is a”. To capture the notion of concepts relevant to a specific prompt x we define:

C*={ceC={0,1}": P(z|C = ¢) # 0} (2.2.1)

core(x) ={i € [m] : (¢; = 1,Ve € C*) or (¢; = 0,Ve € C*)}. (2.2.2)

Here, C* is the set of all realizations of latent concept vectors in C = {0,1}"™ that can
induce z. In other words, C* contains all concept vectors ¢ that are related to x. Within
this subset, core(x) indicates the concepts that are always “on” or “off”. See Figure 2.1 for
an illustration. In other words, given x, the values of “core concepts” are fixed and the rest
of the non-core concepts are left to be determined. This represents the determinacy in the
relationship between X and C. To capture this determinancy relationship we define the map

hy : X — {0,0,1}™ (where ¢ stands for “unknown” and is to be read as “unknown”) as

¢; ifi € core(x) and c € C*
ha(x); =
o ifi ¢ core(x)

where ¢; is the known quantity for the core concept of index i. Let’s denote D = {©,0,1}"",

the set of all possible conditioning contexts.

Predictive distribution We make the modeling choice p(c|[z) = p(c|ceope(y))—the rela-

core
tionship between x to ¢ factorizes via the core concepts. This captures the idea that only
the core concepts present in a context sentence are relevant for the next token prediction.
So, e.g., the sentence “The ruler of a kingdom is a ” has an induced probability of the gender

concept. This induced probability is determined by the conditional prob of core concepts

(e.g. is_royalty = 1) of the sentence. In other words, given a context sentence x, the joint



posterior distribution of latent concepts outside of “core concepts™—which are fixed by x—is

determined by the latent space. Thus, we have

pylz) = p(clz) = p<c|ccore(x))
where ¢ = hy(y) and the first equality follows from injectivity.

Notation We summarize our notation here.
e X — Set of all context sentences

Y — Set of all tokens

C ={0,1}"™ — The set of binary concept vectors

D = {0,0,1}™ — The set of context vectors with some unknown concepts
e core(z) C [m] — The core concepts in x
e h, — Deterministic map from X to D

e hy — Deterministic map from Y to C

2.2.2  Neat token prediction

The goal of the next token prediction is to learn p(y|x). Such probabilities are outputs by au-
toregressive large language models. In particular, LLMs learn two functions, the embedding

f:x— R? and the unembedding g : Y — R? such that

ep(f() 9())
=, ex(7(2)Tg(v))

pylz) ~ pylr) =



Note that under our model, p(y|z) = p(c|c . Therefore, we can assume f, g depends

core(x))
on the latents ¢ as well through the functions f,¢. In particular, define f = f o h, and
G=gohy ie. f(z) = F(ha(x)) and g(y) = glhy(y)).

Recall that C = {0,1}"™ denotes the collection of all binary concept vectors, and D =
{¢,0,1}"™ is the set encompassing all conditions. Then, equivalently, under the latent con-
ditional model, f and g are trained such that their inner product can be used to estimate

various conditional probabilities of the following form,

p(eld) = p(cld) = softmax(f(d)" g(c))

for all ¢ € C and d € D where C C C and D Cc D. C and D represent the binary vectors
and contexts present in the training dataset. To prove the full slate of our results, unless
otherwise stated, we assume C =C and D = D. We will show in Section 2.5 what happens
when this does not hold.

In our analysis, without loss of generality, we represent elements of C and D as one-hot
encodings. We let f and ¢ assign unique vectors to each element (i.e., the functions are

embedding lookups).

2.3 Linearity

In this section, we study the phenomenon of linear representations, which we now formally
define. Adapting [Park et al., 2023|, we introduce the following definition within the latent
conditional model. Recall that the cone of a vector v is defined as Cone(v) = {av : a > 0}.
For a concept ¢ € C and t € {0,1}, let Climst) indicate the concept ¢ with the ith concept
set to t, i.e. the jth concept of Cli—st) is ¢j if j # ¢ and ¢ otherwise. A similar notation can
be defined for vectors in D as well. In addition, we refer to vectors that only differ in one

latent concept as counterfactual pairs (e.g. Clis1)> C(i _>0)) and the differences between their
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representations as steering vectors (e.g. 9(cim1)) — 9(cis0)))-

Definition 2 (Linearly encoded representation). A latent concept Cj is said to have linearly
encoded representation in the unembedding space if there exists a unit vector u such that
g(c(z-_ﬂ)) —g(c(z-_m)) € Cone(u) for all ¢ € C. Similarly, we say that C; has a linearly encoded
representation in the embedding space if there exists a unit vector v such that f(d(i_ﬂ)) —
f(d(;—0y) € Cone(v) for all d € D. In addition, we say C; has a matched-representation if

u="v.

We first prove that linearly encoded representations will arise in a subspace as a result
of log-odds matching (Section 2.3.1) which relies on assumptions on the training data dis-
tributions. However, empirical observations (Section 2.5) reveal that, within the latent con-
ditional model, linear representations in both the embedding and unembedding space can
emerge without depending on the underlying graphical structures or the true conditional
probabilities. This leads us to establish a connection between the linearity phenomenon and
the implicit bias of gradient descent on exponential loss in Section 2.3.2, which forms the

main technical contribution of our work.

2.3.1 Linearity from log-odds

In this section, we show that if the log odds of the learned probabilities is a constant that
depends only on the concept of interest, then we must have linearity of representations
for that concept in a subspace. This result is in line with many existing works on word
embeddings [Pennington et al., 2014, Arora et al., 2016, Gittens et al., 2017a, Ethayarajh
et al., 2018, Allen et al., 2019, Ri et al., 2023|. This shows that the latent conditional model
is a viable theoretical framework for studying LLMs. Going beyond prior works, our findings
additionally connect linearity with the graphical structure of the latent space. An illustrative

example is the case of independent concepts, discussed below.
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Concretely, the goal of this section is to argue that for any concept i € [m], the steering
vectors in the unembedding space A.; = g(c(i _>1)) — g(c(i _>0>) will all be parallel for all
¢ € C (up to an ambiguous subspace we cannot control).

Before we state the main theorem, we motivate the assumptions. Firstly, we can rea-
sonably assume the log-odds condition, which states that the model has been trained well
enough to have learned correct log-odds for any concept 7, under all contexts not conditioning
on i. Secondly, since we cannot take the logarithm of 0 conditional probabilities, it’s difficult
to predict how the steering vector behaves in the directions f(d) for d; # ©. Therefore, in
this section, we project out this ambiguous subspace for now. However, as we will show
in Section 2.3.2, learning these 0 conditional probabilities with gradient descent promotes
linear representations overall.

As motivated above, define A_C’z = II;A.; where II; is the projection operator onto the

space span{ f(d)|d; = ¢}, i.e., we project onto the space of contexts that does not condition

on Cj.

Theorem 3 (Log-odds implies linearity). Fix a concept i € [m|. Suppose for any concept

vector ¢ € C and context d € D such that d; = o, we have

Then, the vectors A ; over all c € C are parallel.

The proof is deferred to Appendix A.1. This theorem states that for a fixed con-
cept Cj;, all concept steering vectors are parallel to each other, regardless of the other
concepts (if we project out the ambiguous subspace). This can help to explain that in
the representation space, one can have g("king") — g("queen") (approximately) parallel to
g("man") — g("woman") [Mikolov et al., 2013b, Park et al., 2023|. In this case, the two pairs

non

("king", "queen") and ("man", "woman") only differ in the gender concept.
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The case of independent concepts We now justify that the assumption in Theorem 3
holds when the concepts are jointly independent in the training distributions, therefore the
theorem applies to such concepts as a special case. Indeed, in the jointly independent case,
the true distribution p is a product distribution, therefore the expression on the left-hand
side must match the right-hand side above and the assumption holds.

In summary, Theorem 3 applies to the case of jointly independent concepts (and also
more generally), implying that matching log-odds formally implies linearity of concept rep-
resentations in a subspace. In Appendix A.2, we further generalize this result to the case
when the concepts are not necessarily independent and instead come from an MRF (or a
DAG), where we show using log-odds that concept representations lie in a subspace of small
dimension. However, the assumption of matching log-odds may be restrictive. In order to
go beyond, we invoke ideas from the optimization literature on the implicit bias of gradient

descent, which we outline in the next section.

2.3.2  Linearity from implicit bias of gradient descent

The goal of this section is to argue that implicit bias of gradient descent also promotes
linearity in the entire space of representations. We have seen in the previous section that
log-odds matching can lead to linearity. However, in the context of language modeling, it
is stringent to require concepts to have matching log-odds under every possible condition-
ing. Furthermore, the peculiar case of linearity in the latent conditional model is that the
phenomenon can occur even for randomly generated graphs and parameters of the underly-
ing distributions (Section 2.5). This raises the question of whether there are other factors
influencing the representation of concepts.

We now study the role of gradient descent in this phenomenon. However, because the
next token prediction is a highly complex nonconvex optimization problem, rather than

delving into the entire optimization process, our focus is on identifying subproblems within
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this optimization that can result in linearly encoded representations. The goal here is to
highlight the underlying dynamics that prefer linear representations. It is worth noting that
we choose to study the role of gradient descent instead of the more computational tractable
stochastic gradient descent used in experiments for analytic simplicity. However, according
to classical stochastic approximation theory [Kushner and Yin, 2003], with a sufficiently
small learning rate, the additional stochasticity is negligible, and stochastic gradient descent
will behave highly similarly to gradient descent [Wu et al., 2020].

The key observation is that there is a hidden binary classification task. Let’s consider
the simple three-variable example. Suppose instead of predicting all possible conditional

distributions of latents, the model only learns p(:|c; = 1) and p(-|c; = 0). Denoting v =

g(lv L, 1) - g(ov L 1),’[1)0 = f(O’Ov 0)7w1 = f(17<>7<>)a

p(0,1,1cp =1) T\
P 1e = 1)~ Pt <0
ﬁ(17171|cl :0) T

— ~ O
0.1, 1je =0) ~ P )

Equivalent, the model is trying to optimize the following loss:

L(wy, wo,v) = Y {(—yaw] v)

where yg = 1,y1 = —1 and ¢(z) = exp(—=x). Intuitively, if wy and wq are fixed, then this is
a binary classification task with exponential loss. It is known that gradient descent under
this setting would converge to the max-margin solution [Soudry et al., 2018, which makes
the direction of v unique.

The following theorem makes this intuition precise. It states that by optimizing a specific
subproblem of the next token predictions using gradient descent with embeddings fized, latent

unembedding representations will be encoded linearly. For vectors u,v, denote cos(u,v) =
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Theorem 4 (Gradient descent with fixed embeddings). Fizi € [m]. Let D = {d?z. L1y d?z. —>0)}
where d° = [o,...,0] and A; = 9(c(i=1)) — 9(c(i=0)). Suppose the loss function is the fol-

lowing:

LA e F(@ 1), (5 0) =3 (exp(=AL 75 10)) + exp(AT £ o))
ceC
where for all c € C, ¢; = 1 and f(d<(>i_>1))) =+ f(d?z'—m))' Then fixing [ and training g using
gradient descent with the appropriate step size, we have
tlggo cos(Ailﬂ.,Aizﬂ.) =1

for any ', c® € C where the superscript t is meant to represent vectors after t number of

iterations.

All proofs are deferred to Appendix A.3. The theorem says that under gradient descent
with the exponential loss function and embeddings fixed, the unembedding vector differences
for a fixed concept are all aligned in the limit. It is worth mentioning that although the loss
function is a bit simplified, it does represent the significant subproblem of the optimization
in terms of linear geometry. The reasons are two-fold: (1) Because conditional probabilities
are learned with the softmax function, there is an extra degree of freedom. In other words,
one does not need to use all the logits to estimate distributions, just the differences between
them. (2) Due to the nature of the exponential function, the closer the ratios between
conditional distributions are to zero, the larger the distances between unembeddings need to
be. Therefore, learning to predict these zero conditional probabilities would dominate the
direction of concept representations.

The above theorem assumes that the embedding space is fixed. It turns out that gradient
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descent will also have the tendency to align embedding and unembedding space when they’re
not fixed and are trained jointly, as we will show next. First, one can observe that if the 0
conditional probabilities are learned to a reasonable approximation, then the inner product
of embedding and unembedding steering vectors of the same concept should be large (Propo-
sition 31) or in other words, the exponential of the inner product is approaching infinity. But
since there are different ways that this inner product can reach infinity, a natural question
to ask is what happens when one purely optimizes this exponential learning objective. The-
orem 32 shows that gradient descent, when trained to minimize the exponential of negative
inner product of two vectors, would align these two vectors.

Finally, using Theorem 4 and Theorem 32, we obtain the following statement, which is

one of our core contributions.

Theorem 5 (Gradient descent aligns representations). Under the conditions of Theorem 4,

if one further assumes that {A.;}e, f(cf(i_)l))),f(d<>

(z’—>0)) are nitialized to be mutually or-

thogonal with the same norm, then optimizing f and g using gradient descent, we have

lim cos(A? .,AEQJ.) =1

t—00 CI’Z
tlggo cos(Ail,i,ft(d?iélﬂ - ft(d<(>1—>0))) =1

for any ¢*,c® € C where the superscript t is meant to represent vectors after t number of

iterations.

While stated generally as a result of the properties of gradient descent, Theorem 5 says
that when the latent conditional models are trained on a subproblem of next token prediction
with reasonable initializations (see below remark), implicit bias of gradient descent will align
the embedding and unembedding vectors as well as aligning among the unembedding vec-
tors. This can manifest as linear representations in the final trained LLMs such as LLaMA-2

[Touvron et al., 2023]. Although the theorem addresses only a specific subproblem, it no-
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(@) D ={(0,9,9),(1,0,0)} (b) D ={(0,0,9),(0,1,9),(1,0,0), (1,1,9)} () D=1
Figure 2.2: Unembedding representations form different clusters after training on various con-
ditioning sets. This figure shows unembedding representations after learning different sets of
conditional distributions.

tably suggests, as discussed earlier, the underlying bias and dynamics that contribute to the

emergence of linear representations. That is, if one solely optimizes this subproblem, one

can get perfect linear representations. We verify this result empirically in Section 2.5.

Remark 6. The initial condition assumption in the theorem statement seems unnecessary as
evidenced by our experiments in Section 2.5. On the other hand, if one initializes vectors
with high dimensional multivariate Gaussians, then the assumption will be approximately

satisfied with high probability [Dasgupta, 1999].

The role of learning various conditional distributions So far, we have only discussed
learning conditional distributions for a single concept. In general, due to the presence of zero
probabilities in various conditioning contexts, learning these conditional probabilities is, in
some sense, learning different forces to push sets of representations far apart because one
needs relatively large inner products to get exponents to be close to zero.

Figure 2.2 gives an illustrative example with three concept variables that shows how learn-
ing different subsets of conditional probabilities would push various subsets of unembeddings
in different ways. For example, if the model exclusively learns conditional probabilities for
C1, the unembedding representations would form clusters based on the values of ;. Sim-
ilarly, if the model learns conditional probabilities for both C'; and Cs, the unembedding

representations would cluster based on the values of both C| and Cy. However, in the sec-
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ond case, the concept directions of C; and Cy are coupled. As shown in Figure 2.2(b),
g(110) — ¢(100) is parallel with ¢g(111) — g(101) but not with ¢g(010) — ¢g(000). To decouple
them, one needs a bigger Dasin F igure 2.2(c). That said, it seems that a complete set of
D is not always necessary (Section 2.5).

An analogy would be to view each binary vector as a combination of “electrons” where
the values represent positive or negative charges. Learning probabilities under different con-
ditioning contexts can be likened to applying various forces to manipulate the positions of
these electrons. This is similar to the Thomson Problem in chemistry and occurs in other

contexts of representation learning as well [Elhage et al., 2022b|.

2.4 Orthogonality

A surprising phenomenon observed in LLMs like LLaMA-2 [Touvron et al., 2023] is that
the Euclidean geometry can somewhat capture semantic structures, despite the fact that
the Euclidean inner product is not identified by the training objective |[Park et al., 2023|.
Consequently, one notable outcome is the tendency for semantically unrelated concepts to
be represented as almost orthogonal vectors in the unembedding space. In this section, we
study this phenomenon under our latent conditional model. Based on our underlying Markov

random field distribution, we define unrelated concepts to be those separated in G¢.

Theorem 7. Let C = C and D = D. Assuming p(c) > 0 for any ¢ € C and C; and Cj
are two latent variables separated in Go. Given any binary vector ¢ € C, there exists a
subset Do C D such that d; = o and p(c|d) > 0 for any d € De. If one further assume that
p(c|d) = p(c|d) for any d € D, then

9(cis1)) = 9(cim0)) L Fd(jep)) = Fd(j—0))

for any d € D.
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All proofs are deferred to Appendix A.4. As suggested in Section 2.3.2 and verified
empirically in Section 2.5, under the latent conditional model, representations are not only
linearly encoded but also frequently aligned between embedding and unembedding spaces,

which implies the following corollary on the orthogonal representation of unrelated concepts.

Corollary 8. Under the conditions of Theorem 7, if concept C; and Cj have matched-

representations, then

for any ¢ € C.

In simulation, given enough dimensions, the latent conditional model tends to learn near
orthogonal representations regardless of graphical dependencies. One plausible rationale
behind this phenomenon is the tendency for steering vectors in both unembedding and
embedding spaces to possess large norms because, by Proposition 31, the inner product of
embedding and unembedding steering vectors of the same concept is large. However, for
steering vectors representing distinct concepts, it’s often necessary for the inner product
to be small as dictated by what’s given in the training distributions. To accommodate
for this, their cosine similarities tend to be close to zero. As a consequence, unembedding

representations of different concepts often end up being near orthogonal as well.

Remark 9. Tt is worth noting that the conditions for orthogonal representations presented
here can break in practice for LLMs. For instance, the injectivity assumption might not
hold, and embedding and unembedding representations might not have perfectly matched

representations.
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2.5 Experiments

In this section, we present two slates of experiments to validate and augment our theoretical
contributions. Specifically, in Section 2.5.1, we run experiments on simulated data from
the latent conditional model to verify the existence of linear and orthogonal representations
in this theoretical framework and how training on smaller dimensions, incomplete sets of
contexts, and concept vectors can affect the representations. Then, we run experiments on
large language models in Section 2.5.2 to show nontrivial alignment between embedding and

unembedding representations of the same concept as predicted by our theory.

2.5.1 Simulated experiments

Simulation setup For simulation experiments, we first create simulated datasets by ini-
tially creating random DAGs (see Remark 1) with m variables/concepts. For a specific
random DAG, the conditional probabilities of one variable given its parents are modeled
by Bernoulli distributions where the parameters are sampled uniformly from [0.3,0.7]. For
example, suppose the DAG is C1 — C9. Then C7 ~ Bern(py), (Co|C7 = 0) ~ Bern(ps),
(C9|C = 1) ~ Bern(pg) where p1, p2, p3 ~ Unif ([0.3,0.7]). In other words, we generate ran-
dom graphical models wherein both the structures and distributions are created randomly.
From these random graphical models, we can sample values of variables which are binary
vectors as our datasets.

To let models learn conditional distributions, we train them to make predictions under
cross-entropy loss after randomly masking the sampled binary vectors. Unless otherwise
stated, the model is trained using stochastic gradient descent with a learning rate of 0.1 and

batch size 100. More details are deferred to Appendix A.5.

Complete set of conditionals (5 = CD = D) We first run experiments where the

model is trained to learn the complete set of conditional distributions. The representation
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Table 2.1: When the model is trained to learn the complete set of conditionals, the m latent vari-
ables are represented linearly, and the embedding and unembedding representations are matched.
The table shows average cosine similarities among and between steering vectors of unembeddings
and embeddings. Standard errors are over 100 runs for 3 variables and 4 variables, 50,20 and 10
runs for 5,6 and 7 variables respectively.

UNEMBEDDING
m UNEMBEDDING EMBEDDING
AND EMBEDDING

3 0.972+0.006 0.98240.005 0.9804+0.005
4 0.975+0.005 0.9714+0.005 0.973+0.005
5 0.988+0.004 0.9814+0.004 0.984+0.004
6 0.997+0.000 0.98540.002 0.990+0.001
7 0.995+0.001 0.97240.004 0.981+£0.003

dimension is set to be the same as the number of latent variables. Given a concept, to
measure linearity, we calculate the average cosine similarities among steering vectors in the
unembedding space and in the embedding space as well as between steering vectors in these
two spaces. The result is shown in Table 2.1 which suggests that under the latent conditional
model with the complete set of contexts, learned representations are indeed linearly encoded.
In addition, Figure A.1 in Appendix A.5 shows that as loss decreases, the cosine similarities
increase rapidly. Due to the exponential number of vectors that need to be trained, one

cannot directly simulate a large number of latent variables. However, as we will show later

(Appendix A.5), one can use incomplete sets C and D and simulate with more latent variables.

Orthogonality Section 2.4 argues that, under the latent conditional model, unembed-
ding representations of separated concepts will be orthogonal. In practice, Figure A.3(a)
(Appendix A.5) shows that this happens for simulated data even without latent variables
being separated in the latent graph. We test the orthogonalities of representations in the
latent conditional model by calculating the average cosine similarities between different sets
of steering vectors. To see how well the theoretical framework fits LLMs, we similarly cal-

culate the average cosine similarities between different sets of steering vectors in LLaMA-2
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[Touvron et al., 2023] using the counterfactual pairs in [Park et al., 2023| and they’re re-
ported in Figure 2.3. In particular, Figure A.3 (Appendix A.5) shows that both simulated
experiments and LLaMA-2 experiments exhibit similar behaviors where steering vectors of
the same concept are more aligned while steering vectors of different concepts are almost
orthogonal. This validates the claim that the latent conditional model is a suitable proxy to
study LLMs.

In real-life datasets, not every concept or context vector has a natural correspondence
to a token or sentence. On the other hand, the number of tokens and sentences grows
exponentially with the number of latent concepts. Therefore, it is not realistic to always
have D = D or C = C. In other words, one does not need the next token prediction to learn
all possible conditional probabilities perfectly. Because we are in a simulated setup, it’s easy
to probe the behavior in these situations. Therefore, we also perform additional experiments
to observe these aspects of our simulated setup, in particular (i) Training on an incomplete
set of contexts (D C D), (ii) Incomplete set of concept vectors (C C C). These are deferred
to Appendix A.5. The experiments show that linearity is robust to these changes.

Moreover, in practice, the representation dimension is typically much smaller than the
number of concepts represented. Thus, we run additional experiments in Appendix A.5 with
decreasing dimensions and observe one can still get reasonable linear representations.

Finally, we show in Appendix A.5 that gradient descent or stochastic gradient descent
is not the only algorithm that can induce linear representation, running other first-order

methods like Adam [Kingma and Ba, 2015] can lead to a similar pattern.

2.5.2  FExperiments with large language models

In this section, we will conduct experiments on pre-trained large language models. We
first emphasize that prior works [Elhage et al., 2022b, Burns et al., 2022, Tigges et al.,
2023, Nanda et al., 2023b, Moschella et al., 2022, Park et al., 2023, Gurnee et al., 2023]
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verb=3pSg

verb = Ving
verb=Ved

Ving = 3pSg

Ving = Ved
3pSg=Ved
verb=V + able
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verb=V + tion
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adj = un + adj
adj=adj+ly
small = big

thing = color

thing = part
country = capital
pronoun = possessive
male = female
lower = upper
noun = plural

adj = comparative
adj = superlative
frequent = infrequent
English = French
French = German
French = Spanish
German = Spanish

Figure 2.3: Unembedding steering vectors of the same concept in LLaMA-2 have nontrivial

alignment, but steering vectors of different concepts are represented almost orthogonally.
have already exhibited certain geometries of LLM representations related to linearity and
orthogonality, via experiments. Therefore, in this section, we probe the geometry of the LLM
representations, in particular that of the interplay between the embeddings and unmbeddings
of the contexts and the tokens, that have not been explored in prior works. As Park et al.
[2023| remark, for a given binary concept, it’s hard to generate pairs of contexts that differ in
precisely this context, partly because of nuances of natural language and mainly because such
counterfactual sentences are hard to construct even for human beings. In this section, we
try to recreate these sets of missing experiments in the literature using existing open-source

datasets.

Multilingual embedding geometry We first consider language translation concepts.
For the embedding vectors, we consider pairs of contexts (xo,xl) where 20, 2! are the
same sentences but in different languages. We consider four language pairs French—Spanish,

French-German, English-French, and German—Spanish from the OPUS Books dataset [Tiede

mann, 2012]. We take 150 random samples and filter out contexts with less than 20 or more
than 150 tokens. For the unembedding concept vectors, we use the 27 concepts as described

in Park et al. [2023|, which were built on top of the Big Analogy Test dataset [Gladkova et al.,
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2016]. Examples of both datasets and a list of the 27 concepts are shown in Appendix A.6.
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Figure 2.4: The French—Spanish concept is highly correlated with similar token concepts rela-

tive to others. Figure shows cosine similarities between the French—Spanish concept and token
concepts.

We consider embeddings and unembeddings from LLaMA-2-7B [Touvron et al., 2023|.
We compute the absolute cosine similarity between the average embedding steering vector
and the average unembedding steering vector. A barplot for French—Spanish with top 10
similarities is shown in Figure 2.4. The entire barplot with 27 concepts and the barplots
for the other language translation concepts are in Appendix A.6. As we can see, there is
alignment between the embedding and unembedding representations for matching concepts

relative to unmatched concepts, as Theorem 5 predicts.

Winograd Schema Next, we consider counterfactual context pairs arising from the Wino-
grad Schema dataset |Levesque et al., 2012|, which is a dataset of pairs of sentences that
differ in only one or two words and which further contain an ambiguity that can only be
resolved with world knowledge and reasoning. We run experiments similar to the multilin-
gual embedding geometry experiments and also run additional experiments on similarities
between Winograd context pairs and the 27 concepts from Park et al. [2023]. The experiment

details are in Appendix A.6.
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These LLM experiments show that matching contexts are better aligned with the corre-
sponding unembedding steering vectors than non-matching contexts, as predicted from our
theory. Note that although the final cosine similarities are lower than what was exhibited in
the simulated experiments, this is not surprising due to the complexity and nuances of natural
language and LLMs. Another reason is that abstract concepts do not necessarily lie in a one-
dimensional space, so standard cosine similarity metrics may not be an optimal choice here.

However, the partial alignment already serves to strongly validate our theoretical insights.

2.6 Related Work

Linear representations Linear representations have been observed empirically in word
embeddings [Mikolov et al., 2013b, Pennington et al., 2014, Arora et al., 2016] and large
language models [Elhage et al., 2022b, Burns et al., 2022, Tigges et al., 2023, Nanda et al.,
2023b, Moschella et al., 2022, Park et al., 2023, Gurnee et al., 2023|. Many works in the
pre-LLM era, also attempt to explain this phenomenon theoretically. For instance, Arora
et al. [2015] and their follow-up works [Arora et al., 2018, Frandsen and Ge, 2019] study the
RAND-WALK model in which latent vectors undergo continuous drift on the unit sphere.
A similar notion can be found also in dynamic topic modeling [Blei and Lafferty, 2006] and
its subsequent works [Rudolph et al., 2016, Rudolph and Blei, 2017|. In contrast, the latent
conditional model in this chapter studies discrete latent concept variables that can capture
semantic meanings.

Other works include the paraphrasing model |Gittens et al., 2017a, Allen and Hospedales,
2019, Allen et al., 2019], which proposes to study a subset of words that are semantically
equivalent to a single word, however the uniformity assumption is somewhat unrealistic.
Ethayarajh et al. [2018| explore how the linearity property can arise by decomposing point-
wise mutual information matrix and Ri et al. [2023] examine the phenomenon from the

perspective of contrastive loss which all rely on assumptions on the matching of probability
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ratios.

Wang et al. [2023d] also use a latent variable model between prompt and output to
establish the linear structure of representations. However, they study this phenomena in the
context of text-to-image diffusion models, and their construction relies heavily on the Stein
score representation. By contrast, the model here is closer to the standard decoder-only
LLM setup, and highlights the key role of softmax.

Linearity has also been observed in other domains such as computer vision [Radford et al.,
2015, Raghu et al., 2017, Bau et al., 2017, Engel et al., 2017, Kim et al., 2018, Trager et al.,
2023, Wang et al., 2023d] and other intelligent systems [McGrath et al., 2022, Schut et al.,
2023]. We expect our ideas to extend to other domains, however we restrict our attention to

language modeling in this work.

Geometry of representations There’s a body of work on studying the geometry of
word and sentence representations [Mimno and Thompson, 2017a, Reif et al., 2019, Volpi
and Malago, 2021, 2020, Li et al., 2020, Chen et al., 2021, Chang et al., 2022, Liang et al.,
2022, Jiang et al., 2023, Park et al., 2023]. In particular, Mimno and Thompson [2017a]
and Liang et al. [2022] discover representation gaps in the context of word embeddings and
vision-language models. Park et al. [2023] attempts to define a suitable inner product that
captures semantic meanings. Jiang et al. [2023] study the connection between independence
and orthogonal representation by adopting the abstract notion of independence models. One
can also view embeddings in the context of information geometry [Volpi and Malago, 2021,

2020).

Causal representation learning There is a subtle connection between our work and the
field of causal representation learning that we now briefly comment on. Causal representation
learning [Scholkopf et al., 2021, Schélkopf and von Kiigelgen, 2022] is an emerging field that

exploits ideas from the theory of latent variable modeling [Arora et al., 2013, Kivva et al.,
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2021, Hyvérinen et al., 2023| along with causality [Spirtes et al., 2000, Pearl, 2009, Rajendran
et al., 2021, Squires and Uhler, 2022| to build generative models for various domains. The
main goal is to build the true generative models that led to the creation of a dataset. This
field has made exciting advances in recent years [Khemakhem et al., 2020, Falck et al., 2021,
Zimmermann et al., 2021, Kivva et al., 2022, Lachapelle et al., 2022, Rajendran et al., 2023,
Varici et al., 2023, Rajendran et al., 2024a, Jiang and Aragam, 2023, Buchholz et al., 2023,
Hyvérinen et al., 2023|. However, to study large foundation models, a purely statistical
notion of building the true model may not reflect the entire story as one should also take
into account the implicit bias of optimization as well (Section 2.3.2). Moreover, identifying
the entire underlying latent distributions may also not be necessary for certain practical
purposes and it might be sufficient to represent only certain structure information in the
geometry of representations, such as linearly encoded representations. Another example
of this has been recently explored by [Jiang et al., 2023| namely independence preserving

embedding which studies how independence structure can be stored in representations.

2.7 Conclusion

In this chapter, we presented a simple latent variable model and showed that using a standard
LLM pipeline to learn the distribution results in concepts being linearly represented. We
observed that this linear structure is promoted in (at least) two ways—(i) matching log-odds,
similar to prior works on word embeddings, and (ii) implicit bias of gradient descent. Addi-
tionally, experimental results show that—as predicted—the linear structure emerges from the
simple latent variable model. We also saw that, as predicted in the simple model, LLaMA-2

representations exhibit alignment between embedding and unembedding representations.
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CHAPTER 3
ALGEBRAIC STRUCTURE AND PARTIAL ORTHOGONALITY

3.1 Introduction

This chapter concerns the question of how semantic meaning is encoded in neural embed-
dings, such as those produced by [Radford et al., 2021]. There is strong empirical evidence
that these embeddings—vectors of real numbers—capture the semantic meaning of the un-
derlying text. For example, classical results show that word embeddings can be used for
analogical reasoning |e.g., Mikolov et al., 2013a, Pennington et al., 2014|, and such embed-
dings are the backbone of modern generative Al systems [e.g., Ramesh et al., 2022, Bubeck
et al., 2023, Saharia et al., 2022, Devlin et al., 2018]. The high-level question we're interested
in is: How is the semantic structure of text encoded in the algebraic structure of embed-
dings? In this chapter, we provide evidence that the concept of partial orthogonality plays
a key role.

The first step is to identify the semantic structure of interest. Intuitively, words or phrases
possess a notion of semantic independence, which does not have to be statistical in nature.
For example, the word “eggplant” seems more similar to “tomato” than to “ennui”. Yet, if we
were to “condition" on the common property of “vegetable”, then “eggplant” and “tomato”
should be “independent". And, if we condition on both “vegetable” and “purple”’, then “egg-
plant" may be “independent” of all other words. However, it is difficult to formalize what is
meant by “independent" and “condition on" in these informal statements. Accordingly, it is
hard to establish a formal definition of semantic independence, and thus it is challenging to
explore how this structure might be encoded algebraically!

The key observation in this chapter is to recall that most reasonable concepts of “indepen-
dence” adhere to a common set of axioms similar to those defining probabilistic conditional

independence. Formally, this abstract idea is captured by the axioms of the so-called inde-
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Figure 3.1: For target embedding of “eggplant”’, the set of embeddings that include “purple”

and “vegetable” forms the subspace such that after projection, the residual of ‘eggplant” has the

lowest cosine similarity with residuals of other test embeddings. This matches our intuition for

the meaning of “eggplant”. Similarly, for target embedding of “zebra”, the set of embeddings that

include “striped” and “animal” forms the most suitable subspace.
pendence models |Lauritzen, 1996]. Thus, if semantic independence is encoded algebraically,
it should be encoded as an algebraic structure that respects these axioms. In this chapter, we
use a natural candidate independence model in vector spaces known as partial orthogonality
[Lauritzen, 1996, Amini et al., 2022|. Here, for two vectors v, and v, and a conditioning set
of vectors v, partial orthogonality takes v, independent vy given v if the residuals of v,
and vy are orthogonal after projecting onto the span of vo. We discover that this particular
tool is indeed valuable for understanding CLIP embeddings. For instance, Figure 3.1 shows
that after projecting onto the linear subspace spanned by CLIP embeddings of “purple” and
“vegetable”, the residual of embedding “eggplant” has on average low cosine similarity with
the residuals of random test embeddings, which also matches our intuitive understanding of
the word.

Since partial orthogonality is an independence model, we can go one step further to define

Markov boundaries for embeddings as well. Drawing inspiration from graphical models, it is
reasonable to expect that the Markov boundary of any target embedding should constitute

a minimal collection of embeddings that encompasses valuable information regarding the

target. Unlike classical applications of partial orthogonality in regression and Gaussian
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models, however, the geometry of embeddings presents several subtle technical challenges
to directly adopting the usual notion of Markov boundary. First, the intersection axiom
never holds for practical embeddings, which makes the standard Markov boundary non-
unique. More importantly, practical embeddings could potentially incorporate distortion,
noise and undergo phenomena resembling superposition [Elhage et al., 2022a]. Therefore, in
this chapter, we introduce generalized Markov boundaries for studying the structure of text

embeddings.

Contributions Specifically, we make the following contributions:

1. We adapt ideas from graphical independence models to specify the structure that
should be satisfied by semantic independence. We discover that partial orthogonality in
the embedding space offers a natural way of encoding semantic independence structure

(Section 3.2).

2. We study the semantic structure of partial orthogonality via Markov boundaries. Due
to the unique characteristics of embeddings and noise in learning, exact orthogonality
is unlikely to hold. So, we give a distributional relaxation of the Markov boundary and
use this to provide a practical algorithm for finding generalized Markov boundaries
and measuring the semantic independence induced by generalized Markov boundaries

(Section 3.3.2).

3. We introduce the concept of independence preserving embeddings, which studies how
embeddings can be used to maintain the independence structure of distributions. This

holds its own intrigue for further research (Section 3.4).

4. Finally, we design and conduct experimental evaluations on CLIP text embeddings,
finding that the partial orthogonality structure and generalized Markov boundary en-

code semantic structure (Section 4.5).
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Throughout, we use CLIP text embeddings as a running example, though the method

and theory presented can be applied more broadly.

3.2 Independence model and Markov boundary

Let E be a finite set of embeddings with |E| = n and each embedding is of size d. Every
embedding is a vector representation of a word. In other words, there exists a function f
that maps words to n vectors in R As explained above, we might expect embeddings to
encode “independence structures” between words. These independence structures are diffi-
cult to define formally, though the structure is similar to that of probabilistic conditional
independence. We will use independence models as an abstract formalization of this struc-

ture.

3.2.1 Independence model

Throughout this chapter, we use many standard definitions and facts about graphical models
and more generally, abstract independence models. A detailed overview of this material can
be found, for instance, in [Lauritzen, 1996, Studeny, 2005|.

Suppose V' is a finite set. In the case of embeddings, V' would be a set of vectors. An
independence model L, is a ternary relation on V. Let A, B, C, D be disjoint subsets of V.

Then a semi-graphoid is an independence model that satisfies the following axioms:
(A1) (Symmetry) If A L, B|C, then B 1L ;A|C;

(A2) (Decomposition) If A L,(BU D)|C, then A L, B|C and A L, D|C}

(A3) (Weak Union) If A L,(BUD)|C, then A L, B|(C U D);

(A4) (Contraction) If A L, B|C and A L, D|(BUC), then A L,(BU D)|C.

The independence model is a graphoid if it also satisfies
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(A5) (Intersection) If A L, B|(CUD) and A L, C|(BUD), then A L,(BUC)|D.
And, the graphoid is called a compositional graphoid if it also satisfies
(A6) (Composition) If A L, B|C and A L, D|C, then A 1L ,(B U D)|C.

We also use Z, (V') to be the set of conditional independent tuples under the independence
model L. In other words, if (A, B,C) € Z5(V'), then A L, B|C where A, B, C are disjoint

subsets of V.

Probabilistic Conditional Independence (Lp) Given a finite set of random variables
V', probabilistic conditional independence over V' defines an independence model that sat-
isfies (A1)-(A4) which means that probabilistic independence models are semi-graphoids.
In general, however, they are not compositional graphoids. If the distribution has strictly
positive density w.r.t. a product measure, then the intersection axiom is true. In this case,
probabilistic independence models are graphoids. Still, in general, the composition axiom is
not satisfied because pairwise independence does not imply joint independence. One notable
exception is when the distribution is regular multivariate Gaussian; then the probabilistic

independence model is a compositional graphoid.

Undirected Graph Separations (L) For a finite undirected graph G = (V, E). One
can easily show that ordinary graph separation in undirected graphs is a compositional
graphoid. The relations between probabilistic conditional independences and graph sepa-
rations are well-studied in the graphical modeling literature [Koller and Friedman, 2009,
Lauritzen, 1996]. We recall a few important definitions here for completeness. Consider a
natural bijection between graphical nodes and random variables. Then if Z (V) C Zp(V),
we say the distribution P over V satisfies the Markov property with respect to G and G is
called an I-map of P. An I-map G for P is minimal if no subgraph of G is also an I-map of

P. It is not difficult to show that there exists a minimal I-map G for any distribution P.
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Remark 10. Not every compositional graphoid can be represented by an undirected graph.

Sadeghi [2017| provides sufficient and necessary conditions for this.

Partial Orthogonality (LLp) Let V be a finite collection of vectors in RY. Ifa € V,b e V

and C' C V', then we say that a and b are partially orthogonal given C' if
<L sl _
alpb|C <= <pr0JC[a}, prOJC[b]> =0,

where projé[a] = a — projcal is the residual of a after projection onto the span of C. It
is not hard to verify that 1 is a semi-graphoid that also satisfies the composition axiom
(A6). When V is a set of linearly independent vectors, then 1 satisfies (A5) and thus is a
compositional graphoid. Partial orthogonality has been studied under different names in the
statistics literature for many decades. For example, if we replace Euclidean space with the
L? space of random variables, partial orthogonality is equivalent to the well-known concept
of partial correlation or second-order independence (Example 2.26 in Lauritzen [2020]). The
concept of geometric orthogonality (Example 2.27 in Lauritzen [2020]) is closely related but
does not always satisfy the intersection axiom. More recently, the concept of partial orthog-
onality in abstract Hilbert spaces was defined and studied extensively in Amini et al. [2022].
Finally, when V is a linearly independent collection of vectors, partial orthogonality yields a
stronger independence model known as a Gaussoid, which is well-studied [e.g. Lnénicka and
Matus, 2007, Boege and Kahle, 2019, and the references therein|. It is worth emphasizing
that in the present setting of text embedding, we typically have d < n, and hence V' cannot

be linearly independent.
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3.2.2 Markov boundaries

Suppose I, is an independence model over a finite set V. Let v; be an element in V', then

the Markov blanket M of v; is any subset of V' \ {v;} such that

vi Lo VA ({vi} U M) M

A Markov boundary is a minimal Markov blanket.

A Markov boundary, by definition, always exists and can be an empty set. However, it
might not be unique. It is well-known that the intersection property is a sufficient condition
to guarantee Markov boundaries are unique. Thus, the Markov boundary is unique in any

graphoid. The proof is presented here for completeness.

Theorem 11. If L, is a graphoid over V', then the Markov boundary is unique for any

element in V.

Proof. Let v; € V. Suppose v; has two distinct Markov boundaries My, Ms. Then they
must be non-empty and v; L5 My, v; Lo Mo, v; Lsg Mo | My, v; Ls My | Ms. By the
intersection axiom, v; Ly MjUM;. Then by the decomposition axiom, v; 1L, M7 and

v; Lo Mo which is a contradiction. m

Remark 12. For any semi-graphoid, the intersection property is not a necessary condition

for the uniqueness of Markov boundaries. See Remark 1 in Wang and Wang [2020].

The connection between orthogonal projection and graphoid axioms is well-known [Lau-
ritzen, 1996, Dawid, 2001, Whittaker, 2009]. But graphoid axioms find their primary applica-
tions in graphical models [Lauritzen, 1996]. In particular, there are many existing papers on
Markov boundary discovery for graphical models |[Tsamardinos et al., 2003b, Aliferis et al.,
2010, Strobl and Visweswaran, 2016, Gao and Aragam, 2021, Tsamardinos et al., 2003a,
Pena et al., 2007]. They typically assume faithfulness or the distributions are strictly pos-

itive, which are sufficient conditions for the intersection property and thus ensure unique
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Markov boundaries. As an important axiom for graphoids, the intersection property has
also been thoroughly investigated [San Martin et al., 2005, Peters, 2015, Fink, 2011]. But
the intersection property rarely holds for embeddings (See Section 3.3), which means there
could be multiple Markov boundaries. Statnikov et al. [2013], Wang and Wang [2020] study

this case for graphical models and causal inference.

3.3 Markov boundary of embeddings

As indicated in Section 3.2, partial orthogonality (1) can be used as an independence
model over vectors in Euclidean space and is a compositional semi-graphoid. Thus, one can
use partial orthogonality to study embeddings, which are real vectors. When n < d and the
vectors in E are linearly independent, every vector in E has a unique Markov boundary by
Theorem 11.

Unfortunately, when d < n, which happens in practice with embeddings as there are
usually more objects to embed than the embedding dimension, there is a possibility of having
multiple Markov boundaries. In fact, the main challenge with Markov boundary discovery for
embeddings is that the intersection property generally does not hold, as opposed to graphical
models where this property is commonly assumed |Tsamardinos et al., 2003b, Aliferis et al.,
2010, Strobl and Visweswaran, 2016].

While the Markov boundary might not be unique, the following theorem says that all

Markov boundaries of the target vector capture the same “information” about that vector.

Theorem 13. Let partial orthogonality Lo be the independence model over a finite set of
embedding vectors E. Suppose My, Mo C E are two distinct Markov boundaries of v; € E,

then,

Proja, [vi] = projag, [vil
When d < n, then it is likely that the target embedding v; lies in the linear span of other
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embeddings (i.e, v; € span(E\{v;})), Corollary 14 below shows that, in this case, the span

of any Markov boundary is precisely the subspace that contains v;:

Corollary 14. Let parital orthogonality 1o be the independence model over a finite set
of embedding vectors E. Suppose My C E is a Markov boundary of v; € E and v; €
span(E\{v;}), then,

projpm, lvil = v;.

In other words, to find a Markov boundary of v;, we need to find some vectors such
that their linear combination is exactly v;. This seems very strict but is necessary because
the formal definition of the Markov boundary requires residual orthogonalities between v;
and every other vector. In the sequel, we show how to relax the definition of the Markov

boundary.

3.3.1  From elementwise orthogonality to distributional orthogonality

Corollary 14 suggests that the span of the Markov boundary for any target vector should
contain that target vector. This is a consequence of the elementwise orthogonality constraint
because the definition of the Markov boundary requires the residual of a target vector to
be orthogonal to the residual of any test vector. The implicit assumption here is that
embeddings are distortion-free and every non-zero correlation is meaningful. However, due to
the inherent limitation of the embedding dimension—which often restricts the available space
for storing all the orthogonal vectors—and noises introduced from training, embeddings are
likely prone to distortion when compressed into a relatively small Euclidean space. In fact, we
empirically show in Section 3.5.2 that inner products in embedding space do not necessarily
respect semantic meanings faithfully. Therefore, the notion of elementwise orthogonality
loses practical significance.

Instead of enforcing elementwise orthogonality, we relax the definition of the Markov

boundary of embeddings such that intuitively, after projection, the residual of the target
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vector and the residuals of test vectors should be orthogonal in a distributional sense where
the distribution is the empirical distribution over test vectors. To capture distributional
orthogonalities, this chapter focuses on the average of cosine similarities.

In particular, we have the following definition of generalized Markov boundary for partial

orthogonality.

Definition 15 (Generalized Markov Boundary for Partial Orthogonality). Given a finite set
E of embedding vectors. Let v be an element in E, then a generalized Markov boundary M

of v is a minimal subset of E\{v} such that

Spu(0,F) = — Zsc )=0

U
Ev| u€EY,

where S v (v, u) is the cosine similarity of u and v after projection and EY ; = E\({v} UM).

.J_ ‘J_
Specifically, S¢ __(projy[vlprojylu])
pecincally, M(U,U) Hproj/LM[U]||.Hpr0jjl\/l[u]”

Intuitively, this suggests that, on average, there is no particular direction of residuals that

have nontrivial correlations with the residual of the target embedding.

Remark 16. Tt is evident that the conventional definition of Markov boundary implies Defi-

nition 15 (Lemma 35 in Appendix B.1).

3.3.2  Finding generalized Markov boundary

With a formal definition of the generalized Markov boundary established, our objective is
now to identify this boundary. One can always use brute force by enumerating all possible
subsets of E, but the algorithm would be infeasible when | E| is large.

Suppose v € E is a target vector and M is its generalized Markov boundary, then we
can write v = v} + v where v = proj/l\/l[v] and v = projrq[v]. Intuitively, Definition 15
suggests that the residual of test vectors can appear in any direction relative to v | . Therefore,

if one samples random test vectors {u;}, their span is likely to be close to v | . In other words,
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Algorithm 1 Approximate Algorithm to Find Generalized Markov Boundary

Input: v, E

/* E is the set of all embeddings and v € E is the target embedding */

Input: n,, d,, K

/* ny is the number of sampled random subspaces, d, is the number of sampled
vectors for each random subspace and K is the number of candidate

vectors to construct generalized Markov boundary */
Output: M CE
/* M 1is the estimated generalized Markov boundary for v */

for i < 1 to n, do
randomly sample a set of d, vectors M; = {U%C}Cklr:1 C (E\{v})
caculate S, (v, u) for all u € (E\{v})
end
Find the top K vectors {Uz}£1 with the highest » ;S vy, (v, u) .
Find the subset M of {Uz}fi1 that has the lowest Sy (v, E).
Result: M

the residual of v after projection onto span({u;}) should contain more information about
the generalized Markov boundary direction V|-

This motivates the approximate method Algorithm 1. For any target embedding v, one
first sample subspaces spanned by randomly selected embeddings. Embeddings that, on
average have high cosine similarities with the target embedding after projecting onto orthog-
onal complements of previously sampled random subspaces, are considered to be candidates
for the generalized Markov boundary. The final selection of generalized Markov boundary
searches over these top K candidates.

Empirically, for text embedding models like CLIP, random projections prove to be ad-
vantageous in revealing semantically related concepts. In Section 3.5.2, we provide several
examples where, for a given target embedding, the embeddings that exhibit high correlation
after random projections are more semantically meaningful compared to embeddings with

merely high cosine similarity with the target embedding before projections.
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3.4 Independence preserving embeddings (IPE)

In the previous sections, we discussed the Markov boundary of embeddings under the partial
orthogonality independence model. In Section 4.5, we will test its effectiveness at capturing
the “semantic independence structure” through experiments conducted on CLIP text embed-
dings. The belief is that the linear algebraic structure possesses the capacity to uphold the
independence structure of semantic meanings.

A natural question to ask is: Is it always possible to use vector space embeddings to pre-
serve independence structures of interest? In this section, we study the case for random
variables. Consider an embedding function f that maps a random variable X to f(X) € R%.
Ideally, it is desirable for the partial orthogonalities of embeddings to mirror the condi-
tional independences present in the joint distribution of X. We call such representations
independence preserving embeddings (IPE) (Definition 17). In this section, we delve into the
theoretical feasibility of these embeddings by initially demonstrating the construction of IPE
and then showing how one can use random projection to reduce the dimension of IPE. We
believe that studying IPE lays the theoretical foundation to understand embedding models

in general.

Definition 17 (Independence Preserving Embedding Map). Let V' be a finite set of random
variables with distribution P. A function f:V — R is called an independence preserving

embedding map (IPE map) if

Zo(f(V)) CZp(V).

An IPE map is called a faithful IPE map if
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3.4.1 Existence and universality of IPE maps

We first show that for any distribution P over random variables V| we can construct an IPE
map.

For any distribution P over V, there exists a minimal /-map G = (V, E) such that
Za(V) CZIp(V) (See Section 3.2). We will use Gp to be a minimal I-map of P and adj(Gp)
to be the adjacency matrix of Gp. We further define adj.(Gp) to be an adjusted adjacency

matriz with € € R where

adj-(Gp) = 1 +cadj(Gp)

and 1 is the identity matrix.

Ideally, this matrix is invertible, however, it turns out that not every e produces an
invertible adj.(Gp). We therefore define the following perfect perturbation factor. For any
matrix A € R"*", define Az 7 to be the submatrix of A with row and column indices from Z
and J, respectively. If Z = J, the submatrix is called a principal submatriz and we denote

it simply as A7.

Definition 18 (Perfect Perturbation Factor). For a given graph G = (V, E) where n = |V,
e is called a perfect perturbation factor if (1) adj.(Gp) is invertible and (2) for any Z C [n],

(adjg(gp)z);jl = 0 if and only if vz, L va\{vk : k ¢ T} where Z; is the ith element of Z.

Theorem 19. Let V' be a finite set of random variables with distribution P. G p is a minimal
I-map of P. Let A be equal to adjg(gp)*1 with eigen decomposition A = USUL. If ¢ is a

perfect perturbation factor, then the function f with
f(o) = UBY/?

is an IPE map of P where v; is a random variable in V and U; is the i-th row of U.
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Furthermore, if P s faithful to Gp, then f is a faithful IPE map for P.

Remark 20. One can always normalize these embeddings to have unit norms without chang-

ing the partial orthogonality structures.

Finding a perfect perturbation factor might seem daunting, but the following lemma,
which is a direct consequence of Theorem 1 in Lnénic¢ka and Matas [2007], shows that almost

every ¢ is a perfect perturbation factor.

Lemma 21. For any simple graph G, ¢ is perfect for all but finitely many ¢ € R.

3.4.2  Dimension reduction of IPE

Theorem 19 shows how to learn a perfect IPE but it requires the dimension of embeddings
to be the same as the number of variables in V. In the worst case, this is inevitable for a
faithful IPE map: If the random variables in V' are mutually independent, then we need at
least |V| dimensions in the embedding space to contain V' orthogonal vectors.

But this is not practical. Suppose we want to embed millions of random variables (e.g.
tokens) in a vector space, having the dimension of each embedding be in the magnitude of
millions is less than ideal. Therefore, one needs to do dimension reduction.

In this section, we show that by using random projection, the partial orthogonalities
induced by Markov boundaries are preserved approximately. Intuitively, this is guaranteed

by the Johnson-Lindenstrauss lemma Vempala [2005].

Theorem 22. Let U be a set of vectors in R"™ wheren = |U| and every vector is a unit vector.
Let ¥ be a matriz in R where ¥ = (uj,uj). Assume A = Apin(X) > 0. Then there
exists a mapping g : R" — R¥ where k = [201og(2n)/(e")?] with &’ = min{1/2,e/C, A1 /2r?}

and € € (0,1) such that for any u; € U with its unique Markov boundary M; C U and any
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u; € U\ ({u;} UM;), we have

‘ <pr0jj(Mi) lg(u;)], prong(Mi) [9(u;)] > ‘ <e

2
where r; = |M;|, r = max; |M;| and C = (r + 1)3(2Amax§2?4zé()r+1) .

Theorem 22 shows that as long as the partial orthogonality structure of embeddings is
sparse in the sense that the size of the Markov boundary for each embedding is small. Then
one can reduce the dimension of the embedding and the residuals of target and test vectors

after projection onto the Markov boundary are almost orthogonal.

Remark 23. The assumption in Theorem 22 is satisfied by the construction of IPE in Sec-

tion 3.4.1.

3.5 Experiments

One of the central hypotheses of the chapter is that the partial orthogonality of embeddings,
and its byproduct generalized Markov boundary, carry semantic information. To verify this
claim, we provide both quantitative and qualitative experiments. Throughout this section,
we consider the set of normalized embeddings E that represent the 49815 words in the
Brown corpus Francis and Kucera [1979]. For each target embedding of a word, under any
experiment setting, we automatically filter words, whose embeddings have 0.9 or above cosine
similarities with the target embedding, or words, whose Wu-Palmer similarity measure with
the target word is almost 1. The purpose of this filtering step is to prevent the inclusion of

synonyms.

3.5.1 Semantic structure of partial orthogonality

To examine the rule of partial orthogonality, nine categories are chosen, each with 10 words

in it (See Table B.1 in Appendix B.2). Specifically, each word within a given category is a
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hyponym for that category in WordNet Miller [1995]. We assess how much, on average, the
cosine similarities between words within each category decrease when conditioned on these
different nine categories. By conditioning, we use the clip embedding of the category word
of interest and project out the subspace of that clip embedding. The results are shown in
Figure 3.2. We normalize reduction values by sampling 10,000 embeddings and calculating
the mean and standard deviation of cosine reductions between these embeddings. It is
apparent that on average, cosine similarities of intra-category words decrease more than
inter-category words. One interesting finding is that when conditioned on the category word
“food”, the average similarities between word pairs in “beverage” also drop considerably. We
suspect this is because one synset of “food” is also a hypernom of “beverage”. Although words
in the “food” category are chosen to mean solid food, it could also mean nutrient which also

encompasses the meaning of “beverage”.
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Figure 3.2: Experiments show conditioning
on the category word, cosine similarities of
intra-category words decrease more than inter-
category words. Each row shows the (normal-
ized) average cosine similarities reduction be-
tween words within each category when condi-
tioned on the category word of that row.

Figure 3.3: Experiments show that learned
generalized Markov boundaries have on average
smaller principal angles with the description em-
bedding compared to subspaces spanned by ran-
domly selected embeddings. The standard errors
are over 50 examples.

3.5.2  Sampling random subspaces

The first step of Algorithm 1 is to find embeddings that have high similarities with the

target embeddings even after projecting onto orthogonal complements of subspaces spanned
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by randomly selected embeddings. It turns out that this step can reveal semantic meanings.
In this section, we design experiments to show both quantitatively and qualitatively that
embeddings of words that remain highly correlated with the target embedding after pro-
jection are semantically closer to the target word. In various experimental configurations,
we employ 10 sets of 50 randomly chosen embeddings to form random projection subspaces
for each target embedding. Qualitatively, Table B.2 in Appendix B.2 gives a few examples
showing that the words that on average remain highly correlated with the target word tend
to possess greater semantic significance. Quantitatively, we calculate the average Wu-Palmer
similarities between target words and the top 10 correlated words before and after random
projections. We conduct experiments on 1000 random words as well as 300 common nouns
provided by ChatGPT. The results are shown in Table B.2 verify our claims. This set of ex-
periments also indirectly shows that the embeddings are noisy and that generalized Markov

boundaries are indeed needed.

Table 3.1: Experiments show that the top 10 words that have, on average, high correlations
with target words after projecting onto the orthogonal complements of randomly selected lin-
ear subspaces have higher Wu-Palmer similarities with the target words than the top 10 highly
correlated words without projections. This table contains average Wu-Palmer similarities with
standard errors.

Target Before Projection After Projection
Random Words 0.223 + 0.006 0.245 4+ 0.007
Common Nouns 0.343 £ 0.008 0.422 £0.008

3.5.83 Generalized Markov boundaries

We first demonstrate that Algorithm 1 can find generalized Markov boundaries. The exper-
iments are run over 1000 randomly selected words. In particular, Table 3.2 shows that with
a relatively small candidate set, the algorithm can already approximate generalized Markov

boundaries well, suggesting that the size of generalized Markov boundaries for CLIP text
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embeddings should be small.

Semantic Meanings of Markov Boundaries The estimated generalized Markov bound-
aries returned by Algorithm 1 is a set of embeddings. It is reasonable to anticipate that the
linear spans of these embeddings hold semantic meanings. To evaluate this hypothesis, we
propose to calculate the smallest principal angles [Knyazev and Argentati, 2002| between
the span of generalized Markov boundaries and the span of selected embeddings that are
meaningful to the target word.

We again conducted both quantitative and qualitative experiments. Qualitatively, Fig-
ure B.1 in Appendix B.2 give a few examples comparing target words’ generalized Markov
boundaries with the span of selected embeddings. For instance, the generalized Markov
boundary of ‘car’ is more aligned with the subspace spanned by embeddings of ‘road’ and
‘vehicle’ than the span of ‘sea’ and ‘boat’ and randomly selected subspaces. This suggests
that the estimated generalized Markov boundaries hold semantic significance. To verify this
quantitatively, we ask ChatGPT to provide a list of common nouns with short descriptions
(selected examples are provided in Table B.3). We then use CLIP text embedding to con-
vert the description sentence into one vector and compare the smallest angle between the
description vector with generalized Markov boundaries and random linear spans. Figure 3.3
shows that the generalized Markov boundaries are more semantically meaningful than ran-
dom subspaces.

Table 3.2: With relatively small number of K, the average Syq(v,E) is small. The standard
errors are over 1000 experiments.

K 1 3 ) 8 10
AVERAGE Sp(v,E)  0.3454+0.03 0.128+0.03 0.054+0.002 0.015+0.002 0.0084+0.001
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3.6 Related work

There are many papers |e.g., Arora et al., 2016, Gittens et al., 2017b, Allen and Hospedales,
2019, Ethayarajh et al., 2019, Trager et al., 2023, Perera et al., 2023, Leemann et al., 2023,
Merullo et al., 2023, Wang et al., 2023d] connecting semantic meanings and algebraic struc-
tures of popular embeddings like CLIP [Radford et al., 2021], Glove [Pennington et al., 2014]
and word2vec Mikolov et al. [2013a]. Simple arithmetic on these embeddings reveals that
they carry semantic meanings. The most popular arithmetic operation is called linear anal-
ogy |Ethayarajh et al., 2019]. There are several papers trying to understand the reasoning
behind this phenomenon. Arora et al. [2016] explains this by proposing the latent variable
model but it requires the word vectors to be uniformly distributed in the embedding space
which generally is not true in practice [Mimno and Thompson, 2017b]. Alternatively, Git-
tens et al. [2017b], Allen and Hospedales [2019] adopts the paraphrase model that also does
not fit practice. Ethayarajh et al. [2019], on the other hand, studies the geometry of em-
beddings that decomposes the shifted pointwise mutual information (PMI) matrix. Trager
et al. [2023], Perera et al. [2023] decomposes embeddings into combinations of a smaller set of
vectors that are more interpretable. On the other hand, similar to using vector orthogonal-
ity to represent (conditional) independence, kernel mean embeddings [Muandet et al., 2017]
are Hilbert space embeddings of distributions that can also be used to represent conditional
independences [Song et al., 2009, 2013|. It is a popular method for machine learning, and
causal inference [Gretton et al., 2005, Mooij et al., 2009, Greenfeld and Shalit, 2020|. But
unlike independence preserving embeddings, kernel mean embeddings use the kernel and do

not explicitly construct finite-dimensional vector representations.
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3.7 Conclusion

This chapter studies the role of partial orthogonality in analyzing embeddings. Specifically,
we extend the idea of Markov boundaries to embedding space. Unlike Markov boundaries
in graphical models, the boundaries for embeddings are not guaranteed to be unique. We
propose alternative relaxed definitions of Markov boundaries for practical use. Empirically,
these tools prove to be useful in finding the semantic meanings of embeddings. We also
introduce the concept of independence preserving embeddings where embeddings use partial
orthogonalities to preserve the conditional independence structures of random variables. This
opens the door for substantial future work. In particular, one promising theoretical direction

is to study if CLIP text embeddings preserve the structures in the training distributions.
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CHAPTER 4
COMPOSITE STRUCTURE AND ASSOCIATIVE MEMORY

4.1 Introduction

What is the first thing that would come to mind if you were asked not to think of an ele-
phant? Chances are, you would be thinking about elephants. What if we ask the same thing
to Large Language Models (LLMs)? Obviously, one would expect the outputs of LLMs to
be heavily influenced by tokens in the context [Brown et al., 2020]. Could such influence
potentially prime LLMs into changing outputs in a nontrivial way? To gain a deeper under-
standing, we focus on one specific task called fact retrieval [Meng et al., 2022, 2023] where
expected output answers are given. LLMs, which are trained on vast amounts of data, are
known to have the capability to store and recall facts [Meng et al., 2022, 2023, De Cao et al.,
2021, Mitchell et al., 2021, 2022, Dai et al., 2021]. This ability raises natural questions:
How robust is fact retrieval, and to what extent does it depend on semantic meanings within
contexts? What does it reveal about memory in LLMs?

In this chapter, we first demonstrate that fact retrieval is not robust and LLMs can be
easily fooled by varying contexts. For example, when asked to complete “The Eiffel Tower is
in the city of”, GPT-2 [Radford et al., 2019] answers with “Paris”. However, when prompted
with “The Eiffel Tower is not in Chicago. The Eiffel Tower is in the city of”, GPT-2 re-
sponds with “Chicago”. See Figure 4.1 for more examples, including Gemma and LLaMA.
On the other hand, humans do not find the two sentences factually confusing and would
answer “Paris” in both cases. We call this phenomenon contezt hijacking. Importantly, these
findings suggest that LLMs might behave like an associative memory model. Specifically, we
refer to an associative memory model in which LLMs rely on certain tokens in contexts to
guide the retrieval of memories, even if such associations formed are not inherently seman-

tically meaningful. This contrasts with the ideal behavior, where LLMs would generalize by
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understanding new contexts, reasoning through them, and integrating prior knowledge.
This associative memory perspective raises further interpretability questions about how
LLMs form such associations. Answering these questions can facilitate the development of
more robust LLMs. Unlike classical models of associative memory in which distance between
memory patterns are measured directly and the associations between inputs and outputs are
well-specified, fact retrieval relies on a more nuanced notion of similarity measured by latent
(unobserved) semantic concepts. To model this, we propose a synthetic task called latent
concept association where the output token is closely related to sampled tokens in the context
but wherein similarity is measured via a latent space of semantic concepts. We then investi-
gate how a one-layer transformer [Vaswani et al., 2017], a fundamental component of LLMs,
can tackle this memory retrieval task in which various context distributions correspond to
distinct memory patterns. We demonstrate that the transformer accomplishes the task in
two stages: The self-attention layer gathers information, while the value matrix functions as
associative memory. Moreover, low-rank structure also emerges in the embedding space of
trained transformers. These findings provide additional theoretical validation for numerous

existing low-rank editing and fine-tuning techniques [Meng et al., 2022, Hu et al., 2021].

Contributions Specifically, we make the following contributions:

1. We systematically demonstrate context hijacking for various open source LLM models
including GPT-2 [Radford et al., 2019]|, LLaMA-2 [Touvron et al., 2023] and Gemma
[Team et al., 2024|, which show that fact retrieval can be misled by contexts (Sec-
tion 4.2), reaffirming that LLMs lack robustness to context changes [Shi et al., 2023,

Petroni et al., 2020, Creswell et al., 2022, Yoran et al., 2023, Pandia and Ettinger, 2021].

2. We propose a synthetic memory retrieval task termed latent concept association, al-
lowing us to analyze how transformers can accomplish memory recall (Section 4.3).

Unlike classical models of associative memory, our task creates associations in a latent,
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,—[ Context Hijacking

1

J

not in Chicago. The Eiffel Tower is not in Chicago. The
Eiffel Tower is not in Chicago. The Eiffel Tower is not
in Chicago. Therefore, the Eiffel Tower is in the city of

MODEL CONTEXT NEXT TOKEN
All models The Eiffel Tower is in the city of Paris
GPT-2 / Gemma-2B The Elffe} Tower. is not in Chicago. Therefore, the Eiffel Chicago
Tower is in the city of
The Eiffel Tower is not in Chicago. However, the
Gemma-2B-IT Chicago river is in Chicago. Therefore, the Eiffel Tower Chicago
is in the city of
The Eiffel Tower is not in Chicago. The Eiffel Tower
is not in Chicago. The Eiffel Tower is not in Chicago.
LLaMA-7B The Eiffel Tower is not in Chicago. The Eiffel Tower is Chicago

Figure 4.1: Examples of context hijacking for various LLMs, showcasing that fact retrieval is

not robust.

semantic concept space as opposed to directly between observed tokens. This perspec-

tive is crucial to understanding how transformers can solve fact retrieval problems by

implementing associative memory based on similarity in the latent space.

3. We theoretically (Section 4.4) and empirically (Section 4.5) study trained transform-
ers on this latent concept association problem, showing that self-attention is used to
aggregate information while the value matrix serves as associative memory. And more-
over, we discover that the embedding space can exhibit a low-rank structure, offering

additional support for existing editing and fine-tuning methods [Meng et al., 2022, Hu

et al., 2021].

4.2 Context hijacking in LLMs

In this section, we run experiments on LLMs including GPT-2 [Radford et al., 2019], Gemma
[Team et al., 2024] (both base and instruct models) and LLaMA-2-7B [Touvron et al., 2023]

to explore the effects of context hijacking on manipulating LLM outputs. As an example,
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Prepending 'Do not think of {target _false}.' Hijacking based on P190

Efficacy Score
o
=

Efficacy Score
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—— openai-community/gpt2 —— openai-community/gpt2
0.2 google/gemma-2b 0.4 google/gemma-2b

—— google/gemma-2b-it ’ —— google/gemma-2b-it

0.1 —— meta-llama/Llama-2-7b-hf —— meta-llama/Llama-2-7b-hf
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3 3 4 5
Number of prepends Number of prepends

(a) Hijacking generically (b) Hijacking based on Relation ID P190

Figure 4.2: Context hijacking can cause LLMs to output false target. The figure shows efficacy
score versus the number of prepends for various LLMs on the COUNTERFACT dataset under two
hijacking schemes.

consider Figure 4.1. When we prompt the LLMs with the context “The Eiffel Tower is in
the city of”, all 4 LLMs output the correct answer (“Paris”). However, as we see in the ex-
ample, we can actually manipulate the output of the LLMs simply by modifying the context
with additional factual information that would not confuse a human. We call this context-
hijacking. Due to the different capacities and capabilties of each model, the examples in
Figure 4.1 use different hijacking techniques. This is most notable on LLaMA-2-7B, which is
a much larger model than the others. Of course, as expected, the more sophisticated attack
on LLaMA also works on GPT-2 and Gemma. Additionally, the instruction-tuned version
of Gemma can understand special words like “not” to some extent. Nevertheless, it is still
possible to systematically hijack these LLMs, as demonstrated below.

We explore this phenomenon at scale with the COUNTERFACT dataset introduced in
Meng et al. [2022], a dataset of difficult counterfactual assertions containing a diverse set of
subjects, relations, and linguistic variations. COUNTERFACT has 21,919 samples, each of
which are given by a tuple (p,0x,0 ,s,7). From each sample, we have a context prompt p
with a true target answer oy (target_true) and a false target answer o (target_false), e.g.
the prompt p = “Eiffel Tower can be found in” has true target o, = “Paris” and false target

o = “Guam”. Additionally, the main entity in p is the subject s (s = “Eiffel Tower”) and
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the prompt is categorized into relations r (for instance, other samples with the same relation
ID as the example above could be of the form “The location of {subject} is”, “{subject} can
be found in”, “Where is {subject}? It is in”). For additional details on how the dataset was
collected, see Meng et al. [2022].

For a hijacking scheme, we report the Efficacy Score (ES) [Meng et al., 2022|, which is
the proportion of samples for which the token probabilities satisfy Prio | > Prlos] after
modifying the context, that is, the proportion of the dataset that has been successfully ma-
nipulated. We experiment with two hijacking schemes for this dataset. We first hijack by
prepending the text “Do not think of {target false}” to each context. For instance, the
prompt “The Eiffel Tower is in” gets changed to “Do not think of Guam. The Eiffel Tower
is in”. In Figure 4.2a, we see that the efficacy score rises significantly after hijacking. Here,
we prepend the hijacking sentence k times for k = 0,...,5 where k = 0 yields the original
prompt. We see that additional prepends increase the score further.

In the second scheme, we make use of the relation ID r to prepend factually correct
sentences. For instance, one can hijack the example above to “The Eiffel Tower is not
located in Guam. The Eiffel Tower is in”. We test this hijacking philosophy on different
relation IDs. In particular, Figure 4.2b reports hijacking based on relation ID P190 (“twin
city”). And we see similar patterns that with more prepends, the ES score gets higher. It
is also worth noting that one can even hijack by only including words that are semantically
close to the false target (e.g., “France” for false target “French”). This suggests that context
hijacking is more than simply the LLM copying tokens from contexts. Additional details
and experiments for both hijacking schemes and for other relation IDs are in Appendix C.2.

These experiments show that context hijacking changes the behavior of LLMs, leading
them to output incorrect tokens, without altering the factual meaning of the context. It is
worth noting that similar fragile behaviors of LLMs have been observed in the literature in

different contexts [Shi et al., 2023, Petroni et al., 2020, Creswell et al., 2022, Yoran et al.,
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2023, Pandia and Ettinger, 2021]. See Section 4.6 for more details.

Context hijacking indicates that fact retrieval in LLMs is not robust and that accurate
fact recall does not necessarily depend on the semantics of the context. As a result, one
hypothesis is to view LLMs as an associative memory model where special tokens in contexts,
associated with the fact, provide partial information or clues to facilitate memory retrieval
[Zhao, 2023]. To better understand this perspective, we design a synthetic memory retrieval

task to evaluate how the building blocks of LLMs, transformers, can solve it.

4.3 Problem setup

In the context of LLMs, fact or memory retrieval, can be modeled as a next token prediction
problem. Given a context (e.g., “The capital of France is”), the objective is to accurately
predict the next token (e.g., “Paris”) based on the factual relation between context and the
following token.

Previous papers [Ramsauer et al., 2020, Millidge et al., 2022, Bricken and Pehlevan,
2021, Zhao, 2023] have studied the connection between attention and autoassociative and
heteroassociative memory. For autoassociative memory, contexts are modeled as a set of
existing memories and the goal of self-attention is to select the closest one or approximations
to it. On top of this, heteroassociative memory [Millidge et al., 2022, Bricken and Pehlevan,
2021] has an additional projection to remap each output to a different one, whether within
the same space or otherwise. In both scenarios, the goal is to locate the closest pattern
within the context when provided with a query (up to a remapping if it’s heteroassociative).

Fact retrieval, on the other hand, does not strictly follow this framework. The crux of
the issue is that the output token is not necessarily close to any particular token in the
context but rather a combination of them and the “closeness” is intuitively measured by
latent semantic concepts. For example, consider context sentence “The capital of France is”

with the output “Paris”. Here, none of the tokens in the context directly corresponds to the
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word “Paris”. Yet some tokens contain partial information about “Paris”. Intuitively, “capital”
aligns with the “isCapital” concept of “Paris”, while “France” corresponds to the “isFrench”
concept linked to “Paris” where all the concepts are latent. To model such phenomenon, we
propose a synthetic task called latent concept association where the output token is closely

related to tokens in the context and similarity is measured via the latent space.

4.3.1 Latent concept association

We propose a synthetic prediction task where for each output token y, tokens in the context
(denoted by x) are sampled from a conditional distribution given y. Tokens that are similar
to y will be favored to appear more in the context, except for y itself. The task of latent
concept association is to successfully retrieve the token y given samples from p(z|y). The
synthetic setup simplifies by not accounting for the sequential nature of language, a choice
supported by previous experiments on context hijacking (Section 4.2). We formalize this
task below.

To measure similarity, we define a latent space. Here, the latent space is a collection
of m binary latent variables Z;. These could be viewed as semantic concept variables. Let
Z = (41, ..., Zm) be the corresponding random vector, z be its realization, and Z be the
collection of all latent binary vectors. For each latent vector z, there’s one associated token
t € [V] =1{0,...,V — 1} where V is the total number of tokens. Here we represent the
tokenizer as ¢ where +(z) = t. In this chapter, we assume that ¢ is the standard tokenizer
where each binary vector is mapped to its decimal number. In other words, there’s a one to
one map between latent vectors and tokens. Because the map is one to one, we sometimes
use latent vectors and tokens interchangeably. We also assume that every latent binary
vector has a unique corresponding token, therefore V' = 2.

Under the latent concept association model, the goal is to retrieve specific output to-

kens given partial information in the contexts. This is modeled by the latent conditional
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distribution:

p(z|2") = wr(2]2%) + (1 — w)Unif(2)

where

exp(=Dp(z,2%)/B) =€ N(z7),

m(z]z") o

Here Dy is the Hamming distance, N'(2*) is a subset of Z\{z*} and 8 > 0 is the temperature
parameter. The use of Hamming distance draws a parallel with the notion of distributional
semantics in natural language: “a word is characterized by the company it keeps” [Firth,
1957]. In words, p(z|z*) says that with probability 1 — w, the conditional distribution uni-
formly generate random latent vectors and with probability w, the latent vector is generated
from the informative conditional distribution 7(z|z*) where the support of the conditional
distribution is N'(z*). Here, 7 represents the informative conditional distribution that de-
pends on z* whereas the uniform distribution is uninformative and can be considered as
noise. The mixture model parameter w determines the signal to noise ratio of the contexts.

Therefore, for any latent vector z* and its associated token, one can generate L context

token words with the aforementioned latent conditional distribution:

e Uniformly sample a latent vector z*
e Fori=1,...,L —1, sample z; ~ p(z|z*) and t; = i(2;).
e For [ = L, sample z ~ m(z|z*) and t; = (2).

Consequently, we have = (t1,..,t7) and y = ¢(2*). The last token in the context is gener-
ated specifically to make sure that it is not from the uniform distribution. This ensures that
the last token can use attention to look for clues, relevant to the output, in the context. Let
DL be the sampling distribution to generate (z,%) pairs. The conditional probability of y

given z is given by p(y|x). With slight abuse of notation, given a token t € [V], we define
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N(t) = N((t)). we also define Dy (t,t') = Dy (=1 (), (t')) for any pair of tokens
and t.
For any function f that maps the context to estimated logits of output labels, the training

objective is to minimize this loss of the last position:

E(peptt(f(2),y)]

where £ is the cross entropy loss with softmax. The error rate of latent concept association

is defined by the following;:

Rpi(f) = P(z,y)NDL [argmax f(z) # y]

And the accuracy is 1 — Rpr(f).

4.3.2  Transformer network architecture

Given a context # = (t1,..,t7) which consists of L tokens, we define X € {0,1}V*L to be
its one-hot encoding where V' is the vocabulary size. Here we use x to represent the one-hot
encoding function (i.e., x(z) = X). Similar to [Li et al., 2023b, Tarzanagh et al., 2023a,
Li et al., 2024|, we also consider a simplified one-layer transformer model without residual

connections and normalization:

) = {WETWVattn(WEX(a:))} ; (4.3.1)

where

WKU>T<WQU>>

attn(U):Ua(( NP
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Wik € Ra*d ig the key matrix, and W € R4a*d ig the query matrix and d, is the attention
head size. o : REXL — (0,1)2%L is the column-wise softmax operation. Wy € R¥4 is the
value matrix and Wg € R4V is the embedding matrix. Here, we adopt the weight tie-in
implementation which is used for Gemma |[Team et al., 2024]. We focus solely on the pre-
diction of the last position, as it is the only one relevant for latent concept association. For
convenience, we also use h(z) to mean [attn(Wgx(z))] .1» which is the hidden representation

after attention for the last position, and ftL(l‘) to represent the logit for output token ¢.

4.4 Theoretical analysis

In this section, we theoretically investigate how a single-layer transformer can solve the
latent concept association problem. We first introduce a hypothetical associative memory
model that utilizes self-attention for information aggregation and employs the value matrix
for memory retrieval. This hypothetical model turns out to mirror trained transformers in
experiments. We also examine the role of each individual component of the network: the
value matrix, embeddings, and the attention mechanism. We validate our theoretical claims

in Section 4.5.

4.4.1 Hypothetical associative memory model

In this section, we show that a simple single-layer transformer network can solve the latent
concept association problem. The formal result is presented below in Theorem 24; first we
require a few more definitions. Let Wg(t) be the t-th column of the embedding matrix Wg.
In other words, this is the embedding for token ¢. Given a token ¢, define Nq(t) to be the
subset of tokens whose latent vectors are only 1 Hamming distance away from t’s latent
vector: N1(t) = {t' : Dy (¥',t)) = 1} NN (t). For any output token ¢, Ni(t) contains tokens
with the highest probabilities to appear in the context.

The following theorem formalizes the intuition that a one-layer transformer that uses self-
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attention to summarize statistics about the context distributions and whose value matrix uses
aggregated representations to retrieve output tokens can solve the latent concept association

problem defined in Section 4.3.1.

Theorem 24 (informal). Suppose the data generating process follows Section 4.3.1 where
m >3, w=1, and N(t) = V\ {t}. Then for any e > 0, there exists a transformer model
given by (4.3.1) that achieves error e, i.e. RDL(fL) < ¢ given sufficiently large context

length L.

More precisely, for the transformer in Theorem 24, we will have Wx = 0 and W = 0.

Each row of Wg is orthogonal to each other and normalized. And Wy, is given by

Wy =Y We®)( Y Wg(t)Th) (4.4.1)
te[V] t'eN(t)
A more formal statement of the theorem and its proof is given in Appendix C.1 (Theorem 37).

Intuitively, Theorem 24 suggests having more samples from p(z|y) can lead to a better
recall rate. On the other hand, if contexts are modified to contain more samples from p(z|7)
where § # y, then it is likely for transformer to output the wrong token. This is similar
to context hijacking (see Section 4.4.5). The construction of the value matrix is similar to
the associative memory model used in Bietti et al. [2024], Cabannes et al. [2024], but in our
case, there is no explicit one-to-one input and output pairs stored as memories. Rather, a
combination of inputs are mapped to a single output.

While the construction in Theorem 24 is just one way that a single-layer transformer
can tackle this task, it turns out empirically this construction of Wy, is close to the trained
Wy, even in the noisy case (w # 1). In Section 4.5.1, we will demonstrate that substituting
trained value matrices with constructed ones can retain accuracy, and the constructed and
trained value matrices even share close low-rank approximations. Moreover, in this hypo-

thetical model, a simple uniform attention mechanism is deployed to allow self-attention to
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count occurrences of each individual tokens. Since the embeddings are orthonormal vectors,
there is no interference. Hence, the self-attention layer can be viewed as aggregating informa-
tion of contexts. It is worth noting that, in different settings, more sophisticated embedding

structures and attention patterns are needed. This is discussed in the following sections.

4.4.2  On the role of the value matrix

The construction in Theorem 24 relies on the value matrix acting as associative memory.
But is it necessary? Could we integrate the functionality of the value matrix into the self-
attention module to solve the latent concept association problem? Empirically, the answer
seems to be negative as will be shown in Section 4.5.1. In particular, when the context
length is small, setting the value matrix to be the identity would lead to subpar memory
recall accuracy.

This is because if the value matrix is the identity, the transformer would be more suscep-
tible to the noise in the context. To see this, notice that given any pair of context and output
token (z,y), the latent representation after self-attention h(z) must live in the polyhedron

Sy to be classified correctly where Sy is defined as:

Sy =A{v: (Wg(y) = Wg(t))"v > 0 where ¢ & [V]\ {y}}

Note that, by definition, for any two tokens y and g, Sy NSy = (). On the other hand,
because of the self-attention mechanism, h(z) must also live in the convex hull of all the

embedding vectors:

CV = Conv(WE(0), ... WE(V| -1))

In other words, for any pair (z,y) to be classified correctly, h(x) must live in the intersection
of Sy and C'V. Due to the stochastic nature of z, it is likely for h(x) to be outside of this

intersection. The remapping effect of the value matrix can help with this problem. The
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following lemma explains this intuition.

Lemma 25. Suppose the data generating process follows Section 4.3.1 where m > 3, w =1
and N'(t) = {t' : Dg(t,t)) = 1}. For any single layer transformer given by (4.3.1) where
each row of Wg is orthogonal to each other and normalized, if Wy, is constructed as in
(4.4.1), then the error rate is 0. If Wy, is the identity matriz, then the error rate is strictly

larger than 0.

Another intriguing phenomenon occurs when the value matrix is the identity matrix. In
this case, the inner product between embeddings and their corresponding Hamming distance

varies linearly. This relationship can be formalized by the following theorem.

Theorem 26. Suppose the data generating process follows Section 4.3.1 where m > 3, w =1
and N'(t) = V \ {t}. For any single layer transformer given by (4.3.1) with Wy, being the

identity matriz, if the cross entropy loss is minimized so that for any sampled pair (x,y),

pyle) = plylz) = softmas(f; ()
there exists a > 0 and b such that for two tokens t # t/,

(WE(t), Wg(t')) = —aDg (t,t') +b

4.4.3  Embedding training and geometry

The hypothetical model in Section 4.4.1 requires embeddings to form an orthonormal basis.
In the overparameterization regime where the embedding dimension d is larger than the
number of tokens V', this can be approximately achieved by Gaussian initialization. How-
ever, in practice, the embedding dimension is typically smaller than the vocabulary size, in
which case it is impossible for the embeddings to constitute such a basis. Empirically, in Sec-

tion 4.5.2, we observe that with overparameterization (d > V'), embeddings can be frozen at
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their Gaussian initialization, whereas in the underparameterized regime, embedding training
is required to achieve better recall accuracy.

This raises the question: What kind of embedding geometry is learned in the underpa-
rameterized regime? Experiments reveal a close relationship between the inner product of
embeddings for two tokens and the Hamming distance of these tokens (see Figure 4.3b and

Figure C.3.5 in Appendix C.3.2). Approximately, we have the following relationship:

bo t=t
(Wg(t), Wg(t') = (4.4.2)

—aDg(t,ty+b t#£t

for any two tokens ¢ and ¢’ where by > b and a > 0. One can view this as a combination of the
embedding geometry under Gaussian initialization and the geometry when Wy, is the identity
matrix (Theorem 26). Importantly, this structure demonstrates that trained embeddings
inherently capture similarity within the latent space. Theoretically, this embedding structure
(4.4.2) can also lead to low error rate under specific conditions on bg,b and a, which is

articulated by the following theorem.

Theorem 27 (Informal). Following the same setup as in Theorem 24, but embeddings obey
(4.4.2), then under certain conditions on a,b and if by and context length L are sufficiently

large, the error rate can be arbitrarily small, i.e. RDL(fL) <e forany0<e<1.

The formal statement of the theorem and its proof is given in Appendix C.1 (Theorem 38).
Notably, this embedding geometry also implies a low-rank structure. Let’s first consider
the special case when by = b. In other words, the inner product between embeddings and

their corresponding Hamming distance varies linearly.

Lemma 28. If embeddings follow (4.4.2) and b =by and N'(t) =V \ {t}, then rank(Wg) <
m+ 2.
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When by > b, the embedding matrix will not be strictly low rank. However, it can
still exhibit approximate low-rank behavior, characterized by an eigengap between the top
and bottom singular values. This is verified empirically (see Figure C.3.9-C.3.12 in Ap-
pendix C.3.4).

4.4.4  The role of attention selection

As of now, attention does not play a significant role in the analysis. But perhaps unsurpris-
ingly, the attention mechanism is useful in selecting relevant information. To see this, let’s
consider a specific setting where for any latent vector z*, N'(2*) = {z : 2] = 21} \ {z*}.

Essentially, latent vectors are partitioned into two clusters based on the value of the first
latent variable, and the informative conditional distribution 7 only samples latent vectors
that are in the same cluster as the output latent vector. Empirically, when trained under this
setting, the attention mechanism will pay more attention to tokens within the same cluster
(Section 4.5.3). This implies that the self-attention layer can mitigate noise and concentrate
on the informative conditional distribution .

To understand this more intuitively, we will study the gradient of unnormalized attention

scores. In particular, the unnormalized attention score is defined as:

up = (W W) (WoWgt)/\/da-

Lemma 29. Suppose the data generating process follows Section 4.3.1 and N (z*) = {z :

21 =21} \ {"}. Given the last token in the sequence ty,, then
L
Vut,th(fL) = VU T W)WY (upWE(t) — pr > b We(t)
=1

where for token t, oy = Zlel 1[t; = t] and py is the normalized attention score for token t.
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Typically, ay is larger when token ¢ and t; belong to the same cluster because tokens
within the same cluster tend to co-occur frequently. As a result, the gradient contribution

to the unnormalized attention score is usually larger for tokens within the same cluster.

4.4.5  Context hijacking and the misclassification of memory recall

In light of the theoretical results on latent concept association, a natural question arises: How
do these results connect to context hijacking in LLMs? In essence, for the latent concept as-
sociation problem, the differentiation of output tokens is achieved by distinguishing between
the various conditional distributions p(x|y). Thus, adding or changing tokens in the context
x so that it resembles a different conditional distribution can result in misclassification. In
Appendix C.3.5, we present experiments showing that mixing different contexts can cause
transformers to misclassify. This partially explains context hijacking in LLMs (Section 4.2).
On the other hand, it is well-known that the error rate is related to the KL divergence be-
tween conditional distributions of contexts |Cover, 1999]. The closer the distributions are,
the easier it is for the model to misclassify. Here, longer contexts, primarily composed of
i.i.d samples, suggest larger divergences, thus higher memory recall rate. This is theoretically
implied by Theorem 24 and Theorem 27 and empirically verified in Appendix C.3.6. Such
result is also related to reverse context hijacking (Appendix C.2) where prepending sentences

including true target words can improve fact recall rate.

4.5 Experiments

The main implications of the theoretical results in the previous section are:
1. The value matrix is important and has associative memory structure as in (4.4.1).

2. Training embeddings is crucial in the underparameterized regime, where embeddings
exhibit certain geometric structures.
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Figure 4.3: Key components of the single-layer transformer working together on the latent
concept association problem. (a) Fixing the value matrix Wy as the identity matrix results in
lower accuracy compared to training Wy . The figure reports average accuracy for both fixed and
trained Wy with L = 64. (b) When training in the underparameterized regime, the embedding
structure is approximated by (4.4.2). The graph displays the average inner product between
embeddings of two tokens against the corresponding Hamming distance between these tokens
when m = 8. (c) The self-attention layer can select tokens within the same cluster. The figure
shows average attention score heat map with m = 8 and the cluster structure from Section 4.4.4.

3. Attention mechanism is used to select the most relevant tokens.

To evaluate these claims, we conduct several experiments on synthetic datasets. Additional

experimental details and results can be found in Appendix C.3.

4.5.1  On the value matriz Wy,

In this section, we study the necessity of the value matrix Wy, and its structure. First, we
conduct experiments to compare the effects of training versus freezing Wy, as the identity
matrix, with the context lengths L set to 64 and 128. Figure 4.3a and Figure C.3.1 show that
when the context length is small, freezing Wy, can lead to a significant decline in accuracy.
This is inline with Lemma 25 and validates it in a general setting, implying the significance
of the value matrix in maintaining a high memory recall rate.

Next, we investigate the degree of alignment between the trained value matrix Wy, and the
construction in (4.4.1). The first set of experiments examines the similarity in functionality
between the two matrices. We replace value matrices in trained transformers with the
constructed ones like in (4.4.1) and then report accuracy with the new value matrix. As a

baseline, we also consider randomly constructed value matrix, where the outer product pairs
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are chosen randomly (detailed construction can be found in Appendix C.3.1). Figure C.3.2
indicates that the accuracy does not significantly decrease when the value matrix is replaced
with the constructed ones. Furthermore, not only are the constructed value matrix and the
trained value matrix functionally alike, but they also share similar low-rank approximations.
We use singular value decomposition to get the best low rank approximations of various value
matrices where the rank is set to be the same as the number of latent variables (m). We
then compute smallest principal angles between low-rank approximations of trained value
matrices and those of constructed, randomly constructed, and Gaussian-initialized value
matrices. Figure C.3.3 shows that the constructed ones have, on average, smallest principal

angles with the trained ones.

4.5.2  On the embeddings

In this section, we explore the significance of embedding training in the underparamerized
regime and embedding structures. We conduct experiments to compare the effects of train-
ing versus freezing embeddings with different embedding dimensions. The learning rate is
selected as the best option from {0.01,0.001} depending on the dimensions. Figure C.3.4
clearly shows that when the dimension is smaller than the vocabulary size (d < V'), embed-
ding training is required. It is not necessary in the overparameterized regime (d > V'), par-
tially confirming Theorem 24 because if embeddings are initialized from a high-dimensional
multi-variate Gaussian, they are approximately orthogonal to each other and have the same
norms.

The next question is what kind of embedding structures are formed for trained trans-
formers in the underparamerized regime. From Figure 4.3b and Figure C.3.5, it is evident
that the relationship between the average inner product of embeddings for two tokens and
their corresponding Hamming distance roughly aligns with (4.4.2). Perhaps surprisingly,

if we plot the same graph for trained transformers with a fixed identity value matrix, the
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relationship is mostly linear as shown in Figure C.3.6, confirming our theory (Theorem 26).

As suggested in Section 4.4.3, such embedding geometry (4.4.2) can lead to low rank
structures. We verify this claim by studying the spectrum of the embedding matrix Wpg.
As illustrated in Appendix C.3.4, Figure C.3.9-C.3.12 demonstrate that there are eigengaps

between top and bottom singular values, suggesting low-rank structures.

4.5.8  On the attention selection mechanism

In this section, we examine the role of attention pattern by considering a special class of
latent concept association model as defined in Section 4.4.4. Figure 4.3c¢ and Figure C.3.7
clearly show that the self-attention select tokens in the same clusters. This suggests that
attention can filter out noise and focus on the informative conditional distribution 7. We
extend experiments to consider cluster structures that depend on the first two latent variables
(detailed construction can be found in Appendix C.3.3) and Figure C.3.8 shows attention

pattern as expected.

4.6 Related Work

Associative memory Associative memory has been explored within the field of neuro-
science |[Hopfield, 1982, Seung, 1996, Ben-Yishai et al., 1995, Skaggs et al., 1994, Steinberg
and Sompolinsky, 2022]. The most popular models among them is the Hopfield network
[Hopfield, 1982] and its modern successors |[Ramsauer et al., 2020, Millidge et al., 2022,
Zhao, 2023, Hu et al., 2024d, Wu et al., 2023, Hu et al., 2024b,c, Wu et al., 2024a, Hu et al.,
2024a] are closely related to the attention layer used in transformers [Vaswani et al., 2017].
In addition, the attention mechanism has also been shown to approximate another asso-
ciative memory model known as sparse distributed memory [Bricken and Pehlevan, 2021].
Beyond attention, Radhakrishnan et al. [2020], Jiang and Pehlevan [2020] show that overpa-

rameterzed autoencoders can implement associative memory as well. This work studies fact
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retrieval as a form of associative memory. Another closely related area of research focuses
on memorization in deep neural networks. Henighan et al. [2023] shows that a simple neural
network trained on toy model will store data points in the overfitting regime while storing
features in the underfitting regime. Feldman [2020], Feldman and Zhang [2020] study the
interplay between memorization and long tail distributions while Kim et al. [2022], Mahdavi

et al. [2023] study the memorization capacity of transformers.

Interpreting transformers and LLMs There’s a growing body of work on understand-
ing how transformers and LLMs work [Li et al., 2023b, Allen-Zhu and Li, 2023a,b, 2024,
Emrullah Ildiz et al., 2024, Tarzanagh et al., 2023b,a, Li et al., 2024|, including training
dynamics [Tian et al., 2023a,b, Sheen et al., 2024| and in-context learning [Xie et al., 2021,
Garg et al., 2022, Bai et al., 2024,7|. Recent papers have introduced synthetic tasks to better
understand the mechanisms of transformers [Charton, 2022, Liu et al., 2022, Nanda et al.,
2023a, Zhang et al., 2022, Zhong et al., 2024], such as those focused on Markov chains [Bietti
et al., 2024, Edelman et al., 2024, Nichani et al., 2024, Makkuva et al., 2024]. Most notably,
Bietti et al. [2024] and subsequent works [Cabannes et al., 2023, 2024] study weights in trans-
formers as associative memory but their focus is on understanding induction head [Olsson
et al., 2022b| and one-to-one map between input query and output memory. An increasing
amount of research is dedicated to understanding the internals of pre-trained LLMs, broadly
categorized under the term “mechanistic interpretability” [Elhage et al., 2021, Olsson et al.,
2022a, Geva et al., 2023, Meng et al., 2022, 2023, Jiang et al., 2024b, Rajendran et al., 2024b,
Hase et al., 2024, Wang et al., 2022, McGrath et al., 2023, Geiger et al., 2021, 2022, 2024,
Wu et al., 2024b].

Knowledge editing and adversarial attacks on LLMs Fact recall and knowledge
editing have been extensively studied [Meng et al., 2022, 2023, Hase et al., 2024, Sakarvadia

et al., 2023, De Cao et al., 2021, Mitchell et al., 2021, 2022, Dai et al., 2021, Zhang et al.,
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2023, Tian et al., 2024, Jin et al., 2023|, including the use of in-context learning to edit
facts [Zheng et al., 2023]. This work aims to explore a different aspect by examining the
robustness of fact recall to variation in prompts. A closely related line of work focuses
on adversarial attacks on LLMs [see Chowdhury et al., 2024, for a review|. Specifically,
prompt-based adversarial attacks [Xu et al., 2023, Zhu et al., 2023, Wang et al., 2023c|
focus on the manipulation of answers within specific classification tasks while other works
concentrate on safety issues |Liu et al., 2023a, Perez and Ribeiro, 2022, Zou et al., 2023,
Apruzzese et al., 2022, Wang et al., 2023a, Si et al., 2022, Rao et al., 2023, Shanahan et al.,
2023, Liu et al., 2023b|. Yu et al. [2024], Luo et al. [2024] also study jailbreak phenomena
within the context of modern Hopfield network. There are also works showing LLMs can
be distracted by irrelevant contexts in problem solving [Shi et al., 2023|, question answering
[Petroni et al., 2020, Creswell et al., 2022, Yoran et al., 2023| and factual reasoning [Pandia
and Ettinger, 2021]. Although phenomena akin to context hijacking have been reported in
different instances, the goals of this work are to give a systematic robustness study for fact
retrieval, offer a framework for interpreting it in the context of associative memory, and

deepen our understanding of LLMs.

4.7 Conclusions

In this work, we first presented the phenomenon of context hijacking in LLMs, which sug-
gested that fact retrieval is not robust against variations of contexts. This indicates that
LLMs might function like associative memory where tokens in contexts are clues to guide
memory retrieval. To investigate this perspective further, we devised a synthetic task called
latent concept association and examined theoretically and empirically how single-layer trans-
formers are trained to solve this task. These results provide further insights into the inner
workings of transformers and LLMs, and can hopefully stimulate further work into inter-

preting and understanding the mechanisms by which LLMs predict tokens and recall facts.
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Limitations The context hijacking experiments were only conducted on open-source mod-
els and not on commercial models like GPT-4. Nevertheless, even in the official GPT-4
technical report [Achiam et al., 2023], there is an example similar to context hijacking (the
Elvis Perkins example). In that example, the prompt is “Son of an actor, this American gui-
tarist and rock singer released many songs and albums and toured with his band. His name
is "Elvis" what?”. GPT-4 answers with Presley, even though the answer is Perkins (Elvis
Presley is not the son of an actor). GPT-4 can be viewed as distracted by all the information
related to music and answers Presley. In fact, it is known that LLMs can be easily distracted
by contexts in use cases other than fact retrieval such as problem-solving [Shi et al., 2023|.
So we reasonably suspect that similar behavior still exists in larger models but is harder to
exploit. On the other hand, the theoretical section only focuses on single-layer transformer
network. While single-layer networks already demonstrate some interesting phenomena in-
cluding low-rank structures, the functionality of multi-layer transformers is much different
compared to single-layer transformers with the notable emergence of induction head [Elhage

et al., 2021].
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CHAPTER 5
LOOKING FORWARD

This dissertation examines the representations learned by foundation models and demon-
strates that—even as mere “projections” of reality—they are capable of encoding the world’s
underlying structures and relationships. Specifically, we show that linear representations
capture the binary contrast between counterfactual tokens, partial orthogonality encodes
semantic independence, and self-attention can leverage the structure in representations to
retrieve information. It is worth noting the distinction between this line of research and
causal representation learning [Scholkopf et al., 2021]: whereas causal representation learn-
ing aims to recover the latent distribution, this thesis focuses exclusively on the relationships
among latent (concept) variables.

Several promising avenues remain unexplored: First, although interpreting foundation
models is interesting in its own right, the most valuable applications of these insights are
still unclear. It remains an open question whether interoperability-based methods truly
outperform more established techniques like prompting or fine-tuning [Wu et al., 2025|.
Turning interpretability results into practical tools is therefore an important, unresolved
challenge. Second, this dissertation focuses primarily on token representations as a window
into a model’s internals, but representations need not be limited to fixed vectors. A model’s
beliefs or knowledge of facts might be encoded in richer or more abstract forms. Discovering

and formalizing alternative abstractions offers another fruitful direction for future work.
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APPENDIX A
APPENDIX FOR CHAPTER 2

A.1 Linearity from log-odds: Proof of Theorem 3

In this section, we prove Theorem 3 restated below for convenience.

Theorem 3 (Log-odds implies linearity). Fiz a concept i € [m]. Suppose for any concept

vector ¢ € C and context d € D such that d; = o, we have

Then, the vectors A ; over all c € C are parallel.

Proof. Fix any i < m and consider the vector A.; = Hi(g(c(i_m)) — g(c(i_>1))) for any
c€C. Let D= {d € {0,0,1}"|d; = o} be the contexts that do not condition on C; and
let uq,...,u; be an orthonormal basis of the space span{ f(d)|d € ﬁ} Also, since f(d) over

deD span this space, let

uj = > a;qf(d)

deD

for all j =1,2,...,k and scalars a; 4. Note that the a; ;5 do not depend on c¢. Now, for any
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(Acirug) = (i(g(cis0)) — 9(cn))), w))
= (9(c(im0)) — 9(c(imy), iuyg)
= (9(cim0)) — 9(c(im)), uj)

= (g(c(i—0)) — 9(cin1)) D ajaf(d)

deD

= 3" ajalgleqiso) — 9lcin). £d)

deD

To this end, we will compute the inner product (g(c(;_,0)) —9(c(i1)), f(d)) for a fixed d € D.

First,

pleisgld) =
pleimsld) p(Ci=1)

In

But we have
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which only depends on 7. Call this expression a9 to get

Beiug) = Y ajalalcis) — 9(cisny), F(d))
deD
Y 0y gal)
deD

Therefore,

J<k
=> | D ajaal? |
J<k \geD
= al! > ajau;
j<k,deD

Note that regardless of ¢, the final expression is always parallel to the vector v; = Zj <k deD Y.dUj

which does not depend on ¢. This completes the proof. O

A.2 Linearity from log-odds for general MRFs

In this section, we generalize the ideas from Appendix A.1 to concepts from a general Markov
random field, which is more general than the independent case. Since most of the technical
ideas and motivations are in Appendix A.1, we will go over them lightly here. The goal is
to study the structure of the steering vector A.; = g(c(i_ﬂ)) — g(c(iﬁo)). As we will see,
instead of them all lying in a space of dimension 1 as in the independent case (that’s what
being parallel means), they will now live in a subspace of low dimension. For example, such a
phenomenon was experimentally observed by Li et al. [2023a] for the concept of truthfulness.

Here, concepts C1,...,C), come from a Markov random field with undirected graph

Go = (Vo, E¢) with neighborhood set given by ne(i). Therefore, they satisfy the property
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that p(C’i|C’[m]\i) = p(Ci|Cne(i)) for all © < m. Accordingly, we state the log-odds assumption

to capture this general conditional independence.

Assumption 1. For any concept i < m, any concept vector ¢ € C and context d € {¢,0,1}"™

such that d; = ¢ and d; # o for all j € ne(i), we have

3>

(¢(i—0)ld) P(Ci = 0[Che(i) = dues))
0
ple(isld) P(Ci = 1 Che(i) = due(s))

In

As before, we assume above that the log odds condition holds when ¢ is not conditioned
on, but we weaken this further to say that it only needs to hold specifically when every one
of its neighbors j has been conditioned on.

Analogously, we project out the space that could possibly contribute to a 0 conditional
probability. This is the space where either d; has been conditioned on or d; for some j € ne(i)
has been conditioned on. Therefore, define A_w = II;A.; where II; is the projection into the

space span{ f(d)|d; = ¢,d; # oVj € ne(i)} We now state our main theorem.

Theorem 30. Under Assumption 1, for any fized i < m, the vectors A ; for all ¢ € C live

in a subspace S of dimension at most olne(i)],

This theorem says that if we assume that the concepts come from a general Markov
random field, then the steering vectors live in a space of low dimension. Note that when the
concepts are independent, we have |ne(i)| = 0 = 22¢()] = 1 which means all the vectors

A ; are parallel. Therefore this theorem is more general than Theorem 3.

Proof. We will proceed similarly to the proof of Theorem 3. Fix any ¢« < m, ¢ € C and repeat

the computation until we get that for any j < k,

Beivug) =Y ajalaleise) = 9(cimny), F(d))
deD
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where D = {d € {0,0,1}™|d; = o,d; # o¥j € ne(i)}. Now, let’s recompute (9(c(im) —

9(¢(i-1)), f(d)). By Assumption 1, we have

which gives

a(i)ﬂ =1In p(Ci = 0[Cy (1) — o)
p(Ci = 1Cye(si) = 0)
Therefore,
Nd
Bei=>_ | 32 ajaa?ew | u;
J<k \deD
S VTl B
oe{0,1}ne(d)] J<k,d€D dye(y=0

which lives in the span of the vectors v(1):7 = > aj quj regardless of ¢. The

J<k,d€D dpe(y=0

number of such vectors is [{0, 1}2e(®l] = 2lne@)], O

A.3 Linearity from the implicit bias of gradient descent

In this section, we will prove Theorem 4 and Theorem 5 and additional auxiliary theorems.

Theorem 4 (Gradient descent with fixed embeddings). Fizi € [m]. LetD = {d?z. L1y d?z. _)0)}

where d° = o, ..., 0] and Ac; = g(ci1)) — 9(c(i—0))- Suppose the loss function is the fol-
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lowing:

L({AeiYer (A1) P 0)) = (exp(=AL 7 (@0 1)) + exp(AL (@00

ceC
where for all c € C, ¢; = 1 and f<d<(>i—>1))) + f(dfi—m))’ Then fizing [ and training g using
gradient descent with the appropriate step size, we have

: 4 4 _
tlg]go cos(ACl’Z., AC%) =1

for any 01,02 € C where the superscript t is meant to represent vectors after t number of

iterations.

Proof. First note that we can break the whole optimization problem into smaller subproblems
where each subproblem only depends on one counterfactual pair. By Theorem 3 of [Soudry

et al., 2018], all A.; converges to have the same direction as the hard margin SVM solution.

O

Proposition 31. Suppose p(c) > 0 for any c € C=C and |p(cld) — p(c|d)| < e for all c € C
and d € D such that 0 < ¢ < p(c|d) for all ¢,d where p(c|d) > 0. Then for any latent variable

C;, we have that

£2

exp(—(9(c(i1))=9(c(i0))" (F(d0)=f(dis1))) < (
for any c € C and any d € D.
Proof. For any ¢ € Cand d € 13, we have that

p(CCZ’ZI |dCl:O)
p(CCiZO ’dCiZO)

p<CCi:0‘dCi:1)

=0
p(%,:l‘dci:l)

=0,
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These ratios are well-defined because p(c) > 0 for any c¢. Therefore,

ﬁ(ccizlydci:O) € ﬁ(CCiZO‘dCiil) €
p<cci=0’d6i=0) p(CCZ‘ZO‘dCiZO) - 67 ﬁ(CCiZHdCi:l) p(cci=1 ’dCizl) -

Thus,

exp(—(9(c(ei=1)) = 9(c(e=0)) " (F(d(;=0)) = F(d(e,=1)))

Ce=1|de;=0) P(Ce;=0lde;=1) g2

B
ﬁ(cci=0|dci20) ﬁ(ccizl |d0¢=1) (p(cci:0|dci:0) - 5) (p(ccizl‘dci:ﬁ - 5)
]

Theorem 32. Given loss function L(u,v) = exp(—uTv), any starting point ug, vy where

ug # —awq for some o > 0, and any step size n < L(ué )’ the gradient descent iterates will

have the following properties:
(a) limy_yoo L(t) = lim—yoo L(ug, v¢) =0
(b) limy oo [|ue|] = 00 and limy— oo ||| = 00
(c) cos(ut,vt) increases monotonically with t
(d) limg_yoo cos(ug, vy) = 1

Proof. Before proving the theorem, let’s write out a few equations. By the gradient descent

algorithm, we have the following equations:

upr1 = ug + nL(t)vy

Vi1 = v + nL(t)uy
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Thus,

ueal| = | |2 + 20L () (ug, ve) + > L(1)?]|ve]|?
ves1]|? = [Jo][* + 20 L(t) (ug, o) + P L(E)[Jug |

(ups1, ve1) = (1+ 02 L)) (ug, o) + L) ([Jue] 2 + [Jo][)

Now let’s prove each claim one by one.

First of all, we know that

(up1, vp1) = (ug, or) = 17 L(t)* (g, o) + nL(E)([Jurl | + ||oel )

The difference is positive if (us,v¢) > 0. To deal with the case of a negative inner product,
we will use induction to prove that for any ¢, (uzy1, ver1) — (ug, ve) is positive and thus L(t)
decreases monotonically.

Base case (¢t = 0): The difference is positive if (ug,vg) > 0. Let’s consider the case

when (ug,vg) <0

(uy,v1) — (ug, vo) = 7>L(0)*(ug, vo) + nL(0)(|[ug||* + [lvo]|*)
= (1*L(0)* — 217L(0)){ug, vo) + nL(0)(ug + vo)?

= nL(0)(nL(0) — 2)(ug, vo) + nL(0)(up + vg)* > 0

. S 1
The last inequality is due to n < Tluow0)"
Inductive step : Again, the difference is positive if (u¢, v¢) > 0. Let’s consider the case

when (ug, v¢) <0

(g1, vp1) — (ur,vg) = L6 (ug, vr) + L) (Juel|* + |[vel|?)
= (*L(t)* = 20L (1)) (ut, vi) +nL(t) (ur + vp)?
= nL(t)(nL(t) — 2)(ug, v) + nL(t)(ug + vr)* > 0
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The last inequality is due to n < L(ué ™) and the inductive hypothesis that L(t) decreases

monotonically.

It is worth noting because (u¢, v¢) is monotonically increasing, there must exist a time
such that (utp, Utp> > (. If the opposite is true, then (uz, v¢) must converge to a nonpositive
number which is not possible because the difference between consecutive numbers in the
sequence is strictly positive unless both u; and v; converges to zero. In other words, if
(ug,v¢) does not diverge, it must be a Cauchy sequence which needs both u; and v; to reach

0. Suppose u¢ — 0 and vy — 0. We know that
Upp1 + ve41 = (L+nL(t)) (us + vt) (A.3.1)

which means the only possible scenario that uy — 0 and vy — 0 is when ug + vg = 0 which
is excluded by the assumption on initial ug and vy.

Because L(t) > 0, we know that limy_,oo L(¢) has a limit. Suppose the limit is some
constant ¢ # 0. Then, we have

-1

(up,vr) — (g, ve) = Y ((uegr, vegr) — (ug, vr))
=t

T-1 T-1
27 (12 2 2

= > L) (ueve) + ) nL()([furl | + ol [?)

t=tp t=tp

T-1
> nPei{ug,, vr,)

t=tp

T-1

t=t,
for some constant C'. This would imply (ur, vy) — oo which contradicts that limy_yoo L(t) >

0. Therefore, limy_,o, L(t) = 0.

For the second property, we already know at least one of ||u¢|| and ||v¢|| will converge
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to infinity for the loss to converge to zero. Suppose one of them converges to a constant.

Without loss of generality, let’s assume limy_,o ||ut|| = 00 and for all ¢, ||v¢|| < C) for some

constant C',. This implies that lim;_ o ‘|||Zi|||| — 0. On the other hand, let’s consider the

(AT

following equation of ¢+ =

loeeal® _ [loell® + 20 L() Cur, ve) + 17 L) e

 Mugll® el 2+ 20L(8) (ug, ve) + 02 L()? o] 2

2
441

If qt2 < 1, then

> 1

20 L (t) {ug, vg) + 0 L(t)?||u] |
2nL(t) ue, v) + 02 L(1)?|[ve |2

Therefore, if qt2 < 1, then qt2 > qt2 . Similarly, if qt2 > 1, then qt2 1 < qt2. As a result, ¢ will
not converge to zero, which is a contradiction.

For the third property, let’s consider this equation.

2 _ ((urs1,0641))
g4 1l ve1 ]2

((uts1,v141))>
([utl? + 20 L) Cug, ve) + > L2 ol 12) (o] |2 + 20 L) (ug, ve) + 92 L)% [ug] [2)

cos(Us41,Vi41)

where

(Cupr1sve01)? = (Gt o) + P L) + 5 L)) (ue, ve)? + 77 L (Juel* + el *)

+ 201+ 2 L(6)*) (0L (1)) (ug, ve) (uel [ + [Jvel|2) + 20> L8 Jug]?||vg ][>
Therefore,

((ur, o)) + AX
|ut]]? + AY)(|Joe > + AZ)

cos(up41,ve41)% = (
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where

AX = 2P L) + 7 L)Y (ug, ve))? + 02 L) (Jue|[* + | Jve] 1)
+2(1 4+ 02 L)) (nL(t)) (g, v (Jug] |2+ [Jo][2) + 207 L(8)? | Jug | *[Jor |2
AY = 20 L(t) (ug, ve) + n? L(t)?||vz]|?

AZ = 20L(t)(ur, ve) + 17 L() |||

then,

AX — (AY)[Jur] 2~ (AZ)|uel? — (AY)(AZ)
= (L) — 22L(0)) (g, v0)? — el o)

= (27L(t)* — n* L)) |Jue| *[Je] (1 — cos(ug, vr)?)

This is zero if and only if cos(us,v¢)2 = 1. Otherwise, it is strictly positive. Therefore, if
t > tp, by Lemma 33, cos(ug, v¢) increases monotonically.

Before studying the case of ¢ < 1y, let’s first consider this difference.

A = [l Plloe]* = (o, vr))?

App1 — A = (L) = 202 L)) Jug|P[oe] (1 — cos(ug, vr)?) < 0

Therefore, when ¢ < t,, because (uy,vs) increases but (uy,vy) < 0, ((up, v¢))? decreases.
Since A; decreases, ||ug||?||v¢||? need to decrease as well. Therefore, cos(uz,v;) increases
when ¢ < tp.

In fact, because Ay > 0, Ay must have a limit. In particular, this would also imply that
Ay has an upper bound.

Finally, we can prove the last property. Because cos(u¢, v¢) increases monotonically and
cos(ut,vy) < 1, it must have a limit. Note that the limit does not have to be 1 for the loss to

converge to 0. The key observation is that by (A.3.1), the direction of u; + v; is always the
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same. In fact, it is reasonable to guess that both u; and vy will converge in that direction.
Let’s project uy41 onto the orthogonal complement of span(u + v¢). And we want to show

that the projected vector is bounded. Therefore, we only need to consider ¢ > .

12 9 (w1, us +g) o
u = [|ut41]|” -
H t+1|| H + H || Hut‘i_th H

then,

(1 = L) (el Plloel > = (Cuw, v))?)

(1= nL(®) (el Pleell® = (v, v1))?) _ i
B I

|Jug + ve]|? ||ut, + v,

L2
lugiall” =

We already know that the numerator is bounded. Therefore, Hutﬁ_lH is also bounded. Simi-
larly, HUtJ:|—1|| is also bounded.
We know that both [|uz|| and ||v¢]| diverge to infinity, thus lim; o cos(ug, ve + ug) = 1

and limy_s~ cos(vg, ve + ug) = 1. Because of the following well-known inequality,

cos(ug, vy + ug) cos(ve, vg + up) — \/1 — cos(ug, vt + ut)Q\/l — cos(vt, vt + ug)?

< cos(ut, vt)

< cos(ug, v + ug) cos(ve, v + ug) + \/1 — cos(ut, vt + ut)Q\/l — cos(vg, vt + ug)?
we have limy_, o cos(ug, vy) = 1 O

Lemma 33. Let X,AX,Y,AY,Z,AZ >0 where YZ # 0 and (Y + AY )(Z + AZ) # 0, if
X
AX > (AY)Z+(AZ)Y +(AY)(AZ), <1

then,
X +AX - X
Y +AY)WZ+AZ) " YZ

Proof. The proof is straightforward. m
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Finally, we will prove our main Theorem 5, which is equivalent to the following theorem

with simplified notation.

Theorem 34. Given loss function
L(u®, ), {U(Z)}fiﬂ — Z (exp(_m(l)’v(l)» + eXp(<u(2),v(Z)>))

Suppose at starting time, (u(()l), u82)> =0, (ugl), v(()i)> =0, (uéQ), v(()i)> =0 and (v(()i), v(j)> =0,
Hu(()l)H = ||u(()2)]| = Cy, Hv(()Z)H = Oy for some positive constants Cy,, Cy, and all i,j € [K],

then the gradient descent iterates will have the following properties:

(a) limg_yo0 Cos(vgi),vﬁj)) =1 foralli,j € [K]

n (2 ()

(b) limy o0 cos(uy, * — ™" vy ") = 1 for all i € [K]
Proof. Before proving the theorem, let’s write out a few equations. For simplicity, let’s denote

E%’i = exp(—(ugl),vgi)ﬂ, E?’i = exp((ugl), v,@)), Ay = ugl) —u§2) and A% = Etl’iugl) —E?’iu?).

By the gradient descent algorithm with learning rate 7,

”zgi)l = Ut(i) + A

K .
TR St

=1
@D @ =2 0)
Up 'y = Uy _nzgtdvt]
=1
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Furthermore,

L _ @
At41 = Uy — Upyy = U _“t +772€t Ut +7lzét vt

K .
— A0 (0 4 2yl
j=1

i (1) 2,0 (2) 2,
t+1 =4 Z1ut+1 5#1 Uty _€t+1ut +n€t+124 ”t _g Z17“‘15 +77€t+1 Zﬁt “t
LD 20 (2)
€t+1 — Gy t+1 th “t +€t+1 Zét “t

With our initial condition, by symmetry, one can show that for any ¢ > 1.
R e R /,j € [K] and the loss d tonicall
(a) 4,7 =7 =14, =4, for any 4,7 € [K] and the loss decreases monotonically.
(b) A} = A‘g .

(c) (vy), Ele vt(j )> = C{} for some positive constant C} that does not depend on index i.

And C’tl increases monotonically with ¢.
(d) (vgz), A%} = 0152 for some positive constant CtQ that does not depend on index .

(e) (ugl) AL = —(u7(52), Al = C’? for some positive constant Ot?) that does not depend on

index 1.

(f) (ugl),v@ = —(ugz),v@ = ('} for some positive constant C{} that does not depend on

index 1.

We'll prove this by induction.
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Base step (t = 1) First of all, by the initial condition, éi’i = K%’j = Ef’i = E?’j =1

. K . . . .
éi’l = exp(—<ugl), UEZ)>) = exp ( — (uél) +n Zﬁé’zvé‘j), U(()z) + HA(Z)>)
7=1

'MN

= exp (- (@, oy — ), Ay - 9oy —n2ad, 3 by
j=1 j=1

1 ; 1.2 )
= exp (= n(ul?, A — neb ) 1ol0112) = exp (= neb i lulP]2 = ned el 2)
1.2 1.2
= exp ( — 7760’205 — 7760’103) = exp ( - 7705 - 1703)

_ L
=1

Similarly

E%i = exp(<u§2), UY))) = exp (< e Z & ZUO ’U(() e nAj )
j=1

2 i 1.2 ]
= exp (W, ABY = 0o ul)12) = exp (= nC2 — nC2)

_ 20 bt gl
=0 =4" =04

For simplicity, let use {1 = 5}’1. = €%’i. This also implies that Al = A{ =01 Aq.
On the other hand,

@S o) = ) + 0, S+ nah)
j=1 j=1

K
) 112 2 ) )
= Jol?)12 + 0 6,2A6>
= || ||2+n2K||A 1 = C2 + 2> KC2

vé”,zvé”> — |l§)1? = 2

J=1

Notice that the constant does not depend on .
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A1) = fufoy) + 18 A = 06y 80+ 367 + 57
j=1

— 0108”0k, Ao + 203 o) = 20l o§7 112 + en (1P + 11l 12)
j=1

= 201702 + 201 || Cy||*

Notice that the constant does not depend on i.

Wi, ah) = (i), Ay = 6w+ 03 g A0+ 0 ST + )
j=1 j=1

K K K
= tafug) +n 3o B0 +20 3 o) = alleg 1P 20007 3 g
j=1 J=1 j=1
= 0,C2 + 20° K ||Cy| |2

= (A

Again, the constant does not depend on .

Finally,

K L _
<ugl),vz1> = (u(()l) + ﬁzé(l)’zv(()z)ﬂ’(()l) +14)
i=1

= )+ 3ol o)+ k)

1=1
= nlluSV 12 + gl od?|2 = 5C2 + nC?
:_< (2) Z>

up ",
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Inductive step By the inductive hypothesis, let ¢; = éi ot E? 3

b = exp(— (i 0 ) = exp (- +nZ€“vtj ol Al
O 6 O S 1 ()
= exp (— (u ’Utz>_77<ut t ’th Ut _772< %:th%tl )
j=1

= exp (— Cf — 0P — nlC — P, KC?)

_ oL 20 52
€t+1 Et—kl €t+1

<U§217 Z Ug_)ﬂ = <U§Z) +nA;, Z(Ugj) +nAt))
j=1 j=1
K K K K
= @S0y £ ST AD + (Al 3 o) + XAl S Al
j=1 j=1 j=1 j=1

By same logic, one show the inductive step for (vgi), A%), (ugl), Ai}, (u?), A%}, (ugl), v%)
(2)

and (u,”, v}).

Therefore, we can simplify the notation. The gradient descent iterates can be rewritten
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as:

. . K .
0=l v ol =l 40 3
1=1

K K
2 2 ) ]
ung)l = ug ) _ nlt sz@ App1 = Ar + 20l Z vt(j)
i=1 j=1

Furthermore, let V; = Zf:l vgj )

Vigr = Vi + Knli Ay

A1 = Ap + 20l Vi

In essence, the rest of the proof follows from the proof of Theorem 32 and symmetry.

Loss converging to zero One first notice that by the induction argument above, the loss

must be monotonically decreasing. In fact, lim;_,~ ¢+ = 0. To see this, notice that

W ol ) = WM oy > e 6 S0y > ! }j )y = 4}

j=1

(1) () )

Suppose /; is not converging to zero. Then ¢4 has an lower bound, which means (ut Y10V
will increase to infinity. This is a contradiction. Therefore, lims oo £ = 0.

In fact, one can also show that, limy s~ ||V4|| — oo and limy_s o ||A¢]| — 00. To see this,
one first notice that,

lim exp(—(A, Vi) = lim 7 =0

t—00

Therefore, at least one of ||V¢|| or ||A¢|| needs to go to infinity. Suppose only ||A¢|| reaches

infinity, then lim;_oo N At |||‘ — 0. On the other hand,

[Vis |2 _ |IVi||2 + 2Kl (Vi, A) 4+ K202 2] Ay 2
A 112 A2 4+ Anle(Vi, Ap) + 40202 Vi |2
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[|Val|?
&

Suppose < K/2, then

2Kl (Vi, Ay + K2n202|| Ay |2
nle(Vi, Ap) + 2772 I ;|| > K/2
Anl(Vy, At) + dn=0=|| V4|

T Wit © Il qooitone < LIVl Vet 2
Therefore, if Vil i 2, it > . Similarly, if It > K/2, (-3 < :
187 < K/2 (AP > AP ¥ RdE > /2 a0 < AP

Therefore, limy_ oo % will not be zero. So both limy_,o |[V2]| = 00 and limy_soo ||A¢|| —

Q.

(@) ()

Cosine similarity between v, ’, v;"’ converges to one Note for any 7, lim; Hvt( )H —

oo. This is because by symmetry,
1 (4) > ] || s
o112 Jim To 00

Then,

) ) T-1
vg) = v(()z) + 17 Z A
t=0

Let’s denote Dp = nZtT:_Ol A}, Then ||v(()l)\| +||Dr|| > ||v§3)|| Thus, limy_, ||D7]| = cc.

Finally

COS(’Ut(i)’ U;Z)) — < (()Z) + DTyv(()J) ‘|‘ DT> > <U(()Z) + DT,'U(()j) + DT>

T () + 1D A1+ 1D
W+ Dy + D2 @ + ol DD 41

S+ 10D o1+ 1D:) (S + D 11D + 1)

Thus,
(1) (i)

tlg]go cos(vy vy 7) =1

(4)

Cosine similarity between v,”’,A; converges to one Finally, one can show that

lim¢_y00 cos(A¢, V4) — 1 follows the same proof of Theorem 32. For completeness, we will
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present the full proof here.

Let’s first do a simple variable change,

V2Vii1 = V2V + V2K nliVE Ay
\/EAH—I = \/EAt + vV 2K77€t\/§v15

Let V; = V2V;, Ay = VKA, and 1N = Vv 2Kn, then

Vitr = Vi +ile Ay

Apr1 = A + il Vi

One first notice that, V; + A always has the direction at any ¢. Therefore, let’s consider

the V 1 which is the residual after projecting onto the direction of Vi + Ay,

~ ~ Vie1, Vi + Ay
T 112 = 172 — 22 2

[V: + A
=) (IVAIPHAL P = (Ve Ag))?)
N 1V + A2
<0, VAP 1A 2 = ((V, Ar))?

IV + A2

Note that 7¢; converges to zero. Therefore, there’s an upper bound Cj on (1 — ﬁﬁt)z.

On the other hand, let O; = [|Vi||?[|A¢||> — ((V;, A))?. Then
Opy1 — Op = (76} = 22 [[VA || Ad|*(1 = cos(VE, Ap))

Once again, because /; is eventually converging to zero, Oy will decrease at some point. This
is because 77464 20202 < 0if 4 < \[ and ||V3|]2||A¢]|?(1—cos(Vy, Ay)) > 0. Because Oy > 0,

it will reach a limit. Therefore, O; must have an upper bound. Finally, the denominator is
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diverging and by our inductive statements, it must have a nonzero lower bound.

Therefore Hf/til” is bounded. And as limy_,o ||V4|| = o0 and limy_yo0 ||A¢]| — o0, we

have
lim cos(V;, Vi + Ay) =1
t—00
lim cos(Ay, Vi + Ay) =1
t—00
Thus,

lim COS(At, f/t) =1

t—00

(4)

This would also imply that lim¢ o, cos(A¢, v, ) — 1 for all 4.

A.4 Orthogonality

In this section, we will prove our main theorems on orthogonality.

Theorem 7. Let C = C and D = D. Assuming p(c) > 0 for any ¢ € C and C; and C;
are two latent variables separated in Go. Given any binary vector ¢ € C, there exists a
subset D C D such that d; = ¢ and p(c|d) > 0 for any d € D.. If one further assume that

p(c|d) = p(c|d) for any d € D, then

9(cii—1)) = 9(¢(is0)) L fd(jey)) = fld(iso)

for any d € De.

Proof. First of all, for any binary vector ¢, D, is non-empty by the positivity assumption
because d® € D, where d° = {0, ..., 0}.
Consider an arbitrary ¢ € C and an arbitrary d € D.. Without loss of generality, let

¢; = 1. Suppose d; = o, then it must be that d( € D, because d( agrees with ¢ on

j%Cj)
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the j-th entry. Similarly, if d; = ¢;, then d( € D..

j—)

By the positivity assumption and the fact that d; = o,

Plciimnldjoo)) >0, pleso)ld(j—e)) >0

pleiimnldoe)) >0, plemo)ldjse;)) >0

Thus,

Pleiimnld(joo)) = Pleonldij—e))  Pleimnyldi=e)) = Plciim0)ld(j=0))

~

P(im)ldj—e;)) = Pleosnldgae))  Plemo)ldi—e,)) = Pleiso)ldioe))

Then by the Hammersley—Clifford theorem, we can factorize the joint distribution over

cliques:

ple) o< [ [ Wler,)
K

where W (cy, ) is a function that only depends on the clique of random variables Cf, .

By this factorization, if p(c(;_)|d) > 0 and p(c(;_q)ld) > 0,

plegisld)
p(e(iso)ld)

In

= Bley;,dr,)

where 3 is some function that only depends on cliques that involve C;. In other words, ¢ € I;

and ¢’ € I; if Cy and C; are in the same clique in G¢.

Thus,
. Ple(isnld(oo)) . P(e(imsn)ld(j—e;))
p(cim0)ld(i—o)) P(C(i—0)ld(j ;)
and,
. Pleisn)ldj—o)) . P(e(isn)ld(je;))

pleim0)ldiioe)) P(¢(i—0)ld(j—se;))
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Therefore,

(Q(C(z—u)) - g<c(i—>0)))Tf(d(j—><>)) = (Q(C(Hl)) - Q(C(Ho)))Tf(d(j—mj))
(g((f(m)) - 9<0<H0>>> ' (f (d(jso)) = f <d<jacj'>) =0
[

Corollary 8. Under the conditions of Theorem 7, if concept C; and Cj have matched-

representations, then

9(cim1)) — 9(cimoy) L alegimny) — 9(ci=o))

for any c € C.

) 1 but they agree

Proof. Consider two binary vectors c(o), ¢1) € ¢ where C;-O) = 0 and cg-l

on other entries.

By Theorem 7,

9y, ) = 9l ) LI ) = 1)

(j—cj)

for any d) ¢ D (0)- Similar statements can be made for c(1) as well.

Note that D o) N D 1) # () by the positivity assumption. Let d € D ) N D). Then,

9<CE?_>1)) - Q(CE?LO)) 1L f(d(j—>0)) f(d(j—><>)>
gl 1) = 9lel) o) L F( (o) = Fdse)



for some oz(o), o) > 0. Therefore,

Thus,
<Uz'7 f(d(j—>0)) - f(d(j—>1))> =0

Because latent variable C; has linaer and matched representations,

Q(C(i—n)) - Q(C(i—m)) 1 Q(C(j_>1)) - Q(C(j_>o))

for any ¢ € C. n

A.5 Simulated experiments

In this section, we will provide additional details on our simulated experiments with the

latent conditional model.

Additional details To let models learn conditional distributions, we train them to make
predictions using cross-entropy loss. To turn the aforementioned generated binary vectors
into a prediction task, we randomly generate binary masks pu for each vector in the batch.
And if p; = 1, the i-th entry of the vector is left untouched, and if p; = 0, then it is set to
—1 which is a numerical representation of the token ¢. The model is trained to use masked
vectors to predict the original vectors.

These sampled binary vectors and ternary vectors are mapped into one-hot encodings
to avoid neural networks exploiting the inherent structures of these vectors. f and g are
modeled as a linear function, which are essentially lookup tables. This construction is made

without loss of generality.
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Adam optimizer Although the theory is presented with gradient descent, the empirical
result is actually robust to the choice of optimizers. We repeat the previous experiments
on the complete set of conditionals with Adam optimizer [Kingma and Ba, 2015| using a

learning rate 0.001 and observe similar linear representation patterns in Table A.1.
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Figure A.1: Loss and cosine similarities change as training progresses. The experiments are
tested with 7 hidden variables over 10 runs.

Table A.1: When the model is trained with Adam optimizer, the m latent variables are rep-
resented linearly, and the embedding and unembedding representations are matched. The table
shows average cosine similarities among and between steering vectors of unembeddings and em-
beddings. Standard errors are over 100 runs for 3 variables and 4 variables, 50 runs for 5 variables,
20 runs for 6 variables and 10 runs for 7 variables.

UNEMBEDDING
m UNEMBEDDING EMBEDDING
AND EMBEDDING

3 0.910£0.015 0.9234+0.013 0.926+0.012
4 0.97240.005 0.9594+0.005 0.965+0.005
5 0.985+0.004 0.9704+0.004 0.975+0.004
6 0.996+0.001 0.9774+0.002 0.983+0.001
7 0.966+0.012 0.9184+0.016 0.92940.015

Incomplete set of contexts (D C D) Both the size of C and D grow exponentially. To
model large language models, not every conditional probability is necessarily trained. In

fact, one does not need the complete set of contexts to get linearly encoded representations.
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To test this, we run experiments on incomplete subsets of contexts by randomly selecting a
few masks {u}. Table A.2 shows that even with subsets of contexts, one can still get linearly
encoded representations.

Table A.2: When the model is trained to learn subsets of conditionals for 10 latent variables,

the latent variables are still represented linearly and matched. The table shows average cosine
similarities. Standard errors are over 10 runs.

MAX NUMBER UNEMBEDDING
UNEMBEDDING EMBEDDING
OF MASKS AND EMBEDDING
50 0.974+0.009 0.946+0.014 0.959+0.011
100 0.957+0.009 0.915+0.013 0.934+0.011

Incomplete set of concept vectors or violation of positivity (CA C C) In real-world
language modeling, not every concept vector will be mapped to a token. We test this by
allowing some concept vectors ¢ to have zero probabilities (i.e., p(c) = 0). For the experi-
ments, we first randomly select a subset C of C and then use rejection sampling to collect
data points. Table A.3 shows that one can still get reasonable linearity for unembeddings.
The embedding alignments drop, however. One possible explanation is due to a lack of train-
ing because the size of the problem grows exponentially. On the other hand, Section 2.3.2
suggests the connection between linearity and zero conditional probabilities. Because the
positivity assumption is violated, the newly introduced zero conditional probabilities might

also cause misalignment.

Change of dimensions Previous experiments set the representation dimension to be the
same as the number of latent variables. In this set of experiments, we test how decreasing
dimensions affects representations by rerunning experiments on 7 variables with the complete
set of contexts and binary vectors as well as experiments with 10 variables with incomplete

set of contexts and binary vectors. Figure A.2 shows that although decreasing dimensions
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Table A.3: When training with an incomplete set of concept vectors and contexts, unembedding
representations are still encoded linearly. The table shows average cosine similarities. Standard
errors are over 10 runs.

NUMBER OF UNEMBEDDING
UNEMBEDDING EMBEDDING
HIDDEN VARIBLES AND EMBEDDING
10 0.951£0.011 0.7774+0.010 0.855+0.011
12 0.8964+0.011 0.551+0.008 0.696+0.009
10 1o
K 4
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Figure A.2: Average cosine similarities under different hidden dimensions show that reducing
dimension dose not hurt linearity significantly.

do make representations less aligned, the effect is not significant.

A.6 Experiments with large language models

In this section, we will provide additional details on our experiments with LLMs.

Examples of counterfactual context and token pairs FExample context pairs from
OPUS Books [Tiedemann, 2012| that were used to construct the embedding vectors are
shown in Table A.4. For the unembedding vectors, we reuse the 27 concepts considered
in Park et al. [2023] built atop the work of Gladkova et al. [2016], and they are listed in

Table A.5 along with example token pairs.
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verb = 3pSg

verb=Ving

verb=Ved

Ving = 3pSg

Ving = Ved

0.8 3pSg=Ved
verb=V + able

verb=V +er

verb=V +tion

verb=V + ment

0.6 adj=un + adj
adj=adj+ly

small = big

thing = color

0.4 thing = part
country = capital

pronoun = possessive

male = female

Variables

lower = upper

frequent = infrequent
En

0 1 2 3 4 5 6 7 8 9

Variables
(a) Simulated Experiments (b) LLaMA-2

Figure A.3: The pattern of linear and orthogonal representations matches between simulated

experiments and LLaMA-2. Specifically, unembedding steering vectors of the same concept in

LLaMA-2 have nontrivial alignment, while steering vectors of different concepts are represented

almost orthogonally. The heatmap shows the average cosine similarities between different sets of

steering vectors for both simulated experiments and LLaMA-2. For simulated experiments, the

cosine similarities are averaged over 10 runs.
Winograd Schema We now present full details about our experiments on the Winograd
Schema dataset |Levesque et al., 2012|. Recall that we consider context pairs arising from
the Winograd Schema, which is a dataset of pairs of sentences that differ in only one or
two words and which further contain an ambiguity that can only be resolved with world
knowledge and reasoning. Example context pairs from the Winograd Schema [Levesque
et al., 2012| are shown in Table A.6. Note the final 2 context pairs in the table, which
have ambiguous concepts, thus highlighting the nuances of this dataset as well as of natural
language. We filter the dataset to have the ambiguous word near the end of the sentence to
better align with our theory.

We again compute the unembedding vectors for these context pairs output by LLaMA-

2. For the embedding vectors, since there is no predefined set of concepts to consider (for
instance consider the ambiguous examples), we therefore take the difference of the embedding

vectors for the first token that differs in these corresponding pairs of sentences. We compute

all pairwise cosine similarities. We observe that for non-matching contexts, the average
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similarity is 0.011 with a maximum of 0.081, whereas for matching contexts, the average
similarity is 0.042 with a maximum of 0.161. This aligns with our predictions that the
embedding vectors align better with the unembedding vectors of the same concept.

As an additional experiment, we compute similarities between these Winograd context
pairs and the 27 concepts from Park et al. [2023] described above. In Table A.7, we display
the top 3 pairs of contexts and concepts that have the highest similarities. The alignment
seems reasonable as baby, woman, male, and female are different attributes of a person; and

wide vs narrow and short vs tall can be construed as different manifestations of small vs big.

Table A.4: Example language context pairs from OPUS Books

LANGUAGE PAIR CONTEXT 1 CONTEXT 2

Quince 6 diez y seis, replico el otro
Wie ist er mein Herr?
J’hésitai une seconde.

No me gusta salir en coche.

Quinze ou seize, répliqua ’autre
Comment est-il mon maitre?
I hesitated for a moment.
Ich hasse die Spazierfahrten

French—Spanish

French—German

English-French
German—Spanish

Table A.5: Concepts and example token pairs, taken from Park et al. [2023]

CONCEPT EXAMPLE TOKEN PAIR CONCEPT EXAMPLE TOKEN PAIR
verb = 3pSg (accept, accepts) verb = Ving (add, adding)
verb = Ved (accept, accepted) Ving = 3pSg (adding, adds)
Ving = Ved (adding, added) 3pSg = Ved (adds, added)

verb = V + able
verb = V + tion
adj = un + adj
small = big
thing = part
pronoun = possessive
lower = upper
adj = comparative
frequent = infrequent
French = German
German =- Spanish

(accept, acceptable)
(compile, compilation)
(able, unable)
(brief, long)
(bus, seats)
(he, his)
(always, Always)
(bad, worse)
(bad, terrible)
(ami, Freund)
(Arbeit, trabajo)

verb = V + er
verb = V + ment
adj = adj + ly
thing = color
country = capital
male = female
noun = plural
adj = superlative
English = French
French = Spanish

(begin, beginner)
(agree, agreement)
(according, accordingly)
(ant, black)
(Austria, Vienna)
(actor, actress)
(album, albums)
(bad, worst)
(April, avril)
(année, afo)

Additional barplots The entire set of similarity barplots for the concepts of French—

Spanish, French—German, English—French and German—Spanish are in Figures A.4, A.5,
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Table A.6: Example context pairs from Winograd Schema

CONTEXTS

The delivery truck zoomed by the school bus because it was going so fast.
The delivery truck zoomed by the school bus because it was going so slow.

The man couldn’t lift his son because he was so weak.
The man couldn’t lift his son because he was so heavy.

Joe’s uncle can still beat him at tennis, even though he is 30 years younger.
Joe’s uncle can still beat him at tennis, even though he is 30 years older.

Paul tried to call George on the phone, but he wasn’t successful.
Paul tried to call George on the phone, but he wasn’t available.

The large ball crashed right through the table because it was made of steel.
The large ball crashed right through the table because it was made of styrofoam.

A.6 and A.7 respectively. As we see, they satisfy the same behavior as described earlier in
Section 2.5.2, exhibiting relatively high similarity with the matching unembedding vector,
close to high similarity with related language concepts and low similarity with unrelated

concepts.

118



Table A.7: Top similarities between Winograd contexts and token concepts

CONTEXTS MOST SIMILAR CONCEPT  SIMILARITY

Anne gave birth to a daughter
last month. She is a very charm-
ing woman.

Anne gave birth to a daughter
last month. She is a very charm-
ing baby .

The table won’t fit through the
doorway because it is too wide.

The table won'’t fit through the
doorway because it is too narrow.

male=-female 0.311

small=-big 0.309

John couldn’t see the stage with
Billy in front of him because he
is so short.

John couldn’t see the stage with
Billy in front of him because he
is so tall.

small=big 0.303

French—Spanish
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Figure A.4: The French—Spanish concept is highly correlated with similar token concepts relative
to others. This figure shows all cosine similarities between the French—Spanish concept and token
concepts.

119



French—German
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Figure A.5: The French—German concept is highly correlated with similar token concepts relative
to others. This figure shows all cosine similarities between the French—German concept and token

concepts.
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English—French
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Figure A.6: The English-French concept is highly correlated with similar token concepts relative
to others. This figure shows all cosine similarities between the English-French concept and token
concepts.
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German—Spanish
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Figure A.7: The German—Spanish concept is highly correlated with similar token concepts
relative to others. This figure shows all cosine similarities between the German—Spanish concept

and token concepts.
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APPENDIX B
APPENDIX FOR CHAPTER 3

B.1 Additional proofs

Lemma 35. Let v be an element in E, and M a Markov boundary of v, then M is also a

generalized Markov boundary.

Proof. By definition, for any u € V' \ ({v} UM), S°p((v,u) = 0. Therefore, M is also a

generalized Markov boundary. O]

Theorem 13. Let partial orthogonality Lo be the independence model over a finite set of
embedding vectors E. Suppose My, Mo C E are two distinct Markov boundaries of v; € E,

then,

Proja, [vi] = projag, [vi

Proof. To slightly abuse notation, we also use M7 to be a matrix where each column is an
element in M{. We define My similarly.

Because M1 and My are two distinct Markov boundaries, they must not be empty.
Therefore, v; £ o M7 and v; £ o Ms. By the definition of Markov boundary, we also have
v; Lo M1 | Mg and v; Lo Mo | M. Note that Mo and M7 must have full rank, otherwise,
they are not minimal.

Thus,

= <projj\‘41[v,'], vj) =0, Yv; € Mo
= v} My(M] My) P ML vj = vl vy vy € My

= ol MyMT M)TEME My =] My
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With (compact) singular value decomposition, we have M = U3 X VlT and Mo = UQZQVzT.

Then,
vl MyMT M) T ME My =T UT My = ol My
= vl UL Uy = vl Uy
Similarly,
vl U Uy = o'y
Therefore,

I Ul vl = oI uoUd
In other words,
p’I"OjM2 [pTOle [UZ]] - pT‘OjM2 [UZ]

On the other hand, v; £ o Mj.

Projpm, [vi] = UlUlTvz- # 0

Similarly,
projag, [vi] = UsU3 v; # 0
Therefore, we must have,
projag, [v;] € span(Maz)
which means,
projp,[proja, [vill = proja, [vil = proja, [vi]

]

Corollary 14. Let parital orthogonality Lo be the independence model over a finite set

of embedding vectors E. Suppose M1 C E is a Markov boundary of v; € E and v; €
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span(E\{v;}), then,
projam, [vi] = vi.
Proof. Because v; € span(E\{v;}), then v; = >} ; agvp with E' = {vy,...,v;n} CE.

Since M is a Markov boundary of v;,

viTMl(MlTMl)_l /\/lr{ Vg = U;‘ka Vo, € E

m m

vl MyMmT M)t Tt Z ajup = vl Z QLU
k=1 k=1
(projag, [vil, vi) = (vi, vp)

Thus, projpg, [vi] = v;.

B.1.1 Construction of IPE map

Theorem 19. Let V' be a finite set of random variables with distribution P. Gp is a minimal
I-map of P. Let A be equal to adjg(gp)_l with eigen decomposition A = USUL. Ife is a

perfect perturbation factor, then the function f with
fv) = U;EY?
is an IPE map of P where v; is a random wvariable in V and U; is the i-th row of U.

Furthermore, if P s faithful to Gp, then f is a faithful IPE map for P.

Proof. Let |V| = n and, to slightly abuse notation, we use index i € [n] to mean the vertex

v; and the i-th embedding. And we use Ay, y, where V1,15 C 'V to mean the submatrix of
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Al en}, fivieva}-

Because G is a miminal /-map of P, we have Z5 (V') C Ip(V).

We just need to show Zg (V) = Zo(f(V)). And if P is faithful to Gy, then Zo(f(V)) =
Za(V) =Zp(V).

If v; Lg vV where V! C V., let V¢ =V \ V', then

Aye, Aye i

Ay ye, Ay
On the other hand, if f(v;) Lo f(v;)[f(V'), then
Fo) Fwg) = F) " FOVYEWV)T V)TV Fo) =0 (B.1.1)

Note that by our construction, (f(V)Tf(V'))™t = Ay is invertible. We can write

(B.1.1) as follows:

F)t fj) = F) FOVYFVYT V)TV f(v)) = Aij = Ay Ay Ay

By Schur’s complement, we have that

(adje(Gp)ve) ™t = (A7)t = Aye — Ape yr Ay Apr e

Becasue ¢ is a perfect perturbation factor, by definition, f(v;) Lo f(v;)|f(V') if and only

if v; Lgvj|V’. By the compositional property, we have that Zg(V) = Zo(f(V)). O
Lemma 21. For any simple graph G, ¢ is perfect for all but finitely many ¢ € R.

Proof. This is a direct consequence of Theorem 1 in Lnénicka and Matas [2007]. [
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B.1.2  Dimension reduction of IPE

Theorem 22. Let U be a set of vectors in R™ where n = |U| and every vector is a unit vector.
Let ¥ be a matriz in R""™ where ¥;; = (uj,u;). Assume A\ = Apin(X) > 0. Then there
exists a mapping g : R" — RF where k = [20 log(2n)/(s’)2-‘ with &' = min{1/2,¢/C, A1 /2r%}
and ¢ € (0,1) such that for any u; € U with its unique Markov boundary M; C U and any
uj € U\ ({u;} UM;), we have

‘ <p1"0ng(M,-) [9(u;)], prong(Mi) [9(uj)] > ‘ <e

2
where vy = [ M, v = maxg M| and € = (7 + 1)3(PmexEE20412 )

Proof. Let g be linear map of Lemma 36 with error parameter £’ € (0, %) For convenience,
let @; = g(u;), u; = g(uj;) and M; = g(M;). Let r; = |M;|. To slightly abuse notation, we use
M; and M; to also mean matrices where each column is an element in the set. Furthermore,
we also define ¥ to be iij = (@, uj). We use X4 p where A, B C U to be a submatrix
where the row indices are from A and the column indices are from B, and when A = B, we

Yije XM,

just use ¥ 4 for simplicity. In particular, let Z(i,Mi),(j,Mi) = . And we can

EMiJ? ZMi

define a similar thing for .
We first want to find ¢’ such that X M; is non-singular for all 4 € [U|. Note that for any

u; € U, we know that by Weyl’s inequality for eigenvalues [Horn and Johnson, 2012],

Mnin (222,) = Amin (Ea1,)| < 1207, — Sagll < NS0, — Sagllp < 7%

Thus,

Amin(E07.) > Amin (Zaz,) — 7% > Apin(2) — r2e = Ay — %€’

Therefore, if we want )\min(iMi) > % we need &’ < 2)\712
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On the other hand, because M; is an Markov boundary for u;, we have
ul'uj —ul M;(MF M) T My =0 (B.1.2)

Note that M; must be full rank. Otherwise, we can find a subset of M; to be the Markov
boundary. And there is a different way to write this. Remember that Z(i, M), M) =

> ) 5 % M;
0] "M | Using Schur’s complement, we have that

XM;.go XM

= det(y,) (uf uj — ul My(MI M)t Ml wj)

We want to estimate the following:

[(projyagyl9(us)] projy ay,y lo(up)))| = ] dj — @ MM 2;) = Mg

det(i(i7Mi)v(j7Mi)) | (B-13)

=! det(Sy7.)

We already know that det(% M;) > (%)” On the other hand, by Theorem 2.12 in Ipsen

and Rehman [2008|, we have that
[ det(Si, a1, 5,00, = 140t 01, 7,01) — 4850, 7,00))]
< (i DIZG.0)..00) = Si.nt) G| {201, 6.0 116 01, .00 1D
By Weyl’s inequality for singular values, we have that
S S 2_1

12 6,005), . 0) | = Oma (Xiagy), (j,05)) < Omax(Bi agy), j,003)) + (i + 1)%€

< Amax(E) + (i + D)% < Anax (D) + (r; + 1)
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Thus,
| det (S0, .vp)| < (i + D (i + 1% max(5) + (r + 1)%)"
And,

(i .3) o1+ D o (2) + (5 1)
det(¥ny,) N (%)

Let C' = (r + 1)3(2>‘ma")§2.)—é()r+1)2)7“. Then,

det(S; ary),(j,01,))

= | <C
det(EMZ.)

Let ¢/ = min{%, 271} and k = {%r)-‘, we have that

[(projgiaz, [9(wi)], Projyiag [9(u)])| <

]

Lemma 36. Let € € (0, %) Let V. C R? be a set of n points and k = {%@Qn)—‘, there

exists a linear mapping g : RY — R such that for all u,v € V:

[{g(u), 9(v)) = {u,v)| <€

Proof. The proof is an easy extension of the JL lemma [Vempala, 2005] by adding all the

—v; for all v; € V into the set V. O
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B.2 Additional experiments, figures and tables

Table B.1: 9 categories of words used to test the semantic meaning of partial orthogonality

Category Words in Category

)

‘vehicle’ ‘car’, ‘bicycle’, ‘skateboard’, ‘motorcycle’, ‘helicopter’,

‘truck’, ‘boat’, ‘airplane’, ‘submarine’, ‘scooter’

‘animal’ ‘lion’, ‘dolphin’, ‘eagle’, ‘dog’, ‘elephant’,
‘cat’, ‘rat’, ‘giraffe’; ‘bird’, ‘tiger’

‘tool’ ‘hammer’, ‘screwdriver’, ‘wrench’, ‘pliers’, ‘hacksaw’,
‘drill’, ‘chisel’, ‘plunger’, ‘trowel’, ‘cutter’

‘clothing’ ‘shirt’, ‘pants’, ‘dress’, ‘sweater’, ‘jacket’,
‘hat’, ‘socks’, ‘gloves’, ‘scarf’, ‘vest’

‘beverage’ ‘coffee’; ‘tea’; ‘soda’, ‘lemonade’; ‘milk’,
‘wine’, ‘beer’, ‘sake’, ‘smoothie’, ‘nectar’

‘science’ ‘biology’, ‘ecology’, ‘genetics’, ‘chemistry’, ‘physics’,
‘geology’, ‘mathematics’, ‘linguistics’, ‘psychology’, ‘cryptography’

‘furniture’ ‘couch’, ‘bed’, ‘cabinet’, ‘dresser’, ‘hallstand’,
‘lamp’, ‘bench’, ‘chair’, ‘table’, ‘closet’

‘plant’ ‘daisy’, ‘pine’, ‘iris’, ‘lily’, ‘oak’,
‘tulip’, ‘fern’, ‘rose’, ‘bamboo’, ‘cactus’

‘food’ ‘chocolate’, ‘meat’, ‘steak’, ‘pasta’, ‘fish’,
‘brisket’, ‘sausage’, ‘loaf’; ‘roe’, ‘lobster’
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Table B.2: Experiments show that top correlated words with target words after projecting
onto the orthogonal complements of randomly selected linear subspaces are more semantically

meaningful

Target Top Correlated Words Before Top Correlated Words After
Projection Projection

‘eggplant’ ‘potato’, ‘banana’, ‘grape’, ‘grape’, ‘purple-black’, ‘pur-
‘vegetable’, ‘bananas’, ple’, ‘turnips’, ‘plum’, ‘lilac’,
‘tomato’; ‘espagnol’, ‘eternal’, ‘vegetable’, ‘vegetables’, ‘ba-
‘potatoes’, ‘e.g.’ nana’, ‘ultra-violet’

‘king’ ‘mister’, ‘bossman’, ‘thet’, ‘royalty’, ‘sport-king’, ‘boss-
‘thatt’, ‘beast’, ‘killed’, man’, ‘kingan’, ‘mister’,
‘vesiree’, ‘bossed’, ‘outdo’, ‘prince’s’, ‘princess’, ‘princes’,
‘queen’s’ ‘handsomest’, ‘ruling’

‘advise’ ‘spoken’, ‘askin’, ‘concur’, ‘ap- ‘guidelines’, ‘guidance’, ‘tips’,
plies’; ‘said’, ‘according’, ‘as- ‘motto’, ‘motivating’, ‘encour-
tute’, ‘pertinent’, ‘evident’, ages’, ‘advising’, ‘advisory’,
‘preached’ ‘self-help’, ‘reminder’

‘work-out’ ‘healthy’, ‘weights’, ‘worked’, ‘gym’, ‘weights’, ‘footing’,
‘time-on-the-job’, ‘on-the- ‘running’,  ‘jogs’,  ‘dumb-
job’,  ‘work-success’, ‘busy- Dbells’, ‘conditioning’, ‘body-
work’, ‘out’n’, ‘healthiest’, building’, ‘runing’, ‘pumped-
‘hardworking’ up’

‘poem’ ‘Pofya’, ‘eh’, ‘yes’, 7, ‘mem’, ‘poems’,  ‘poetizing’,  ‘po-
‘oh’, *)’, ‘poignant’, ‘hee’ etry’s’, ‘rhyming’, ‘sonnet’,

‘lyrics’, ‘recited’, ‘poetically’,
‘sonnets’, ‘Thyme’
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Table B.3: Selected examples provided by ChatGPT when asked “give me a list of 50 common
nouns, each with a short description, and the first one is eggplant”

Target Word Description Sentence

‘eggplant’ ‘A purple or dark-colored vegetable with
a smooth skin, often used in cooking and
known for its mild flavor.’

‘dog’ ‘A domesticated mammal often kept as a
pet or used for various purposes.’

‘book’ ‘A physical or digital publication contain-
ing written or printed content.’

car ‘A motorized vehicle used for transporta-
tion on roads.’

‘tree’ ‘A woody perennial plant with a main
trunk and branches, usually producing
leaves.’

‘house’ ‘A building where people live, providing
shelter and accommodation.’

‘computer’ ‘An electronic device used for processing
and storing data, and performing various
tasks.’

‘cat’ ‘A small domesticated carnivorous mam-

mal commonly kept as a pet.’

‘chair’ ‘A piece of furniture designed for sitting
on, often with a backrest and four legs.’

‘phone’ ‘A communication device that allows voice
calls and text messaging.’
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Figure B.1: Linear subspaces spanned by estimated generalized Markov boundaries have smallest
subspace angles with linear subspaces spanned by embeddings that best match semantic meanings
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APPENDIX C

APPENDIX FOR CHAPTER 4

C.1 Additional theoretical results and proofs

C.1.1 Proofs for Section 4.4.1

Theorem 24 can be stated more formally as follows:

Theorem 37. Suppose the data generating process follows Section 4.3.1 wherem > 3, w =1,
and N'(t) = V\{t}. Assume there exists a single layer transformer given by (4.3.1) such that
a) Wi =0 and Wg = 0, b) Each row of Wg is orthogonal to each other and normalized,
and ¢) Wy, is given by

Wy = > Wgli) Y WgG)h).
ic[V] JENM (0)

100m2 log(3/e 80m2|N (y)|

)
(-~ T)—exp(~2)7 {exp(— ) —exp(- 21 17 4" - ther

Then if L > max{ =

Rpo(ff) <e,

where 0 < e < 1.

Proof. First of all, the error is defined to be:

R’DL (fL) = ]P)(x,y)NDL [argmax fL(x) 7é y]

= ]P’yIP’xw[argmaX fL(JU) # Y]

Let’s focus on the conditional probability ]P’l,|y[argmax rL (x) # y).

By construction, the single layer transformer model has uniform attention. Therefore,

Wz)= Y aiWgl(i)
i€EN (y)
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where a; = % Z%:l 1{t;. = i} which is the number of occurrence of token i in the sequence.

By the latent concept association model, we know that

. exp(=Dg(i,y)/B)
plily) = 7

where Z =37 nr(y) exp(—=Dp (i, )/ B).

Thus, the logit for token y is

For the prediction to be correct, we need

my@x fyL(x) — fé;(a:) >0

N ()l
L

By Lemma 3 of Devroye [1983], we know that for all A € (0, 1), if < %—g, we have

P( max [a; —p(ily)] > A) <P( Y | —p(ily)| > A) < exp(—LA?/25)
ieN(y) N ()

Therefore, if L > max{ 25 log 3/ 6), QO‘N |} then with probability at least 1 —¢, we have,

)< A
Zér/l\%)laz p(ily)| <

135



fi@ =@ = > a- >

i€N1(y) JEN1(H)

o= > plily)+ D plily)

ieN (y) i€N(y) i€N1(y)

— > oy + DD ey - D o

JEN1(9) JEN1() JEN1()

> > plily)— Y plily) —2mA

i€N1(y) JEN1(H)

> exp(—%) — exp(—%) —2mA

Note that because of Lemma 40, there’s no neighboring set that is the superset of another.
exp(—4)—exp(—2)

2m )

Therefore as long as A <

for any g.

2
100m=log(3/e 7 2} for any y, then

)
Finally, if L > max{ @@em(%W@@F@%W(E

Px|y[argmax fL<x) 7£ y] <e
And

RDL(fL) =P y)~pL largmax f(x) # y]

= PP, |, [argmax i) £y <e
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C.1.2  Proofs for Section 4.4.2

Lemma 25. Suppose the data generating process follows Section 4.3.1 where m > 3, w =1
and N'(t) = {t' : Dg(t,t)) = 1}. For any single layer transformer given by (4.3.1) where
each row of Wg is orthogonal to each other and normalized, if Wy, is constructed as in

(4.4.1), then the error rate is 0. If Wy, is the identity matriz, then the error rate is strictly

larger than 0.

Proof. Following the proof for Theorem 37, let’s focus on the conditional probability:

P, [argmax f*(z) # y]

By construction, we have

hiz)= > o;Wg(i)
ieN1(y)

where «; = %Z%:l 1{t;, = i} which is the number of occurrence of token i in the
sequence.

Let’s consider the first case where Wy, is constructed as in (4.4.1). Then we know that

for some other token ¢ # v,
fr@) —fi@= > a- > ag=1- > o
ieN (y) ieN1(7) i€N1(9)

By Lemma 40, we have that for any token g # v,

fy (@) = @) >0

Therefore, the error rate is always 0.
Now let’s consider the second case where Wy, is the identity matrix. Let j be a token in

the set N1 (y). Then there is a non-zero probability that context x contains only j. In that
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case,

W) = Wg(j)

However, we know that by the assumption on the embedding matrix,

fy (@) = £} (@) = (Wgly) = Wg(i)) hiz) = = [Wg()|* <0

This implies that there’s non zero probability that y is misclassified. Therefore, when W4y,

is the identity matrix, the error rate is strictly larger than 0. O]

Theorem 26. Suppose the data generating process follows Section 4.3.1 where m > 3, w =1
and N'(t) = V \ {t}. For any single layer transformer given by (4.3.1) with Wy, being the

identity matriz, if the cross entropy loss is minimized so that for any sampled pair (x,y),
p(yle) = plylz) = softmaa(f; (x))

there exists a > 0 and b such that for two tokens t # t/,
(We(t), Wg(t) = —aDg(t,t') +b

Proof. Because for any pair of (x,y), the estimated conditional probability matches the true
conditional probability. In particular, let’s consider two target tokens yi, y2 and context

x = (t;,...,t;) for some token ¢; such that p(x|y;) > 0 and p(z|y2) > 0, then

(z[y1)
(z]y2)

plz) _ paly)p(y) _ p(zlyr)
p(y2lr)  p(olye)p(ye)  p(zlys2)

= g =exp(Wg(y1) — WE(?/2))Th(x))

The second equality is because p(y) is the uniform distribution. By our construction,

. 1 \E
z]jgxlzg - i%:i;’: = exp(Wg(y2) = We(y1)" b)) = exp(We(y1) — We(y2)) We(t))
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By the data generating process, we have that

(Dy(ti,y2) — Dy (tiy1)) = (Wey1) — We(y) We(t)

|

Let t; = y3 such that y3 # y1, y3 # 2, then

%Dﬂ(yg, 1) — We(y) T Wglys) = gDH(y?,,yz) — We(y2) Wg(ys)

For simplicity, let’s define

U(y1, yp) = gDHwLyg) W) Wi(ys)

Therefore,

U(ys, y1) = ¥(y3,y2)

Now consider five distinct labels: y1,v92,y3, y4, y5. We have,

U(y3,y1) = V(y3,y2) = V(ys,y2) = Y (ya,y5)

In other words, ¥(ys3,y1) = V(y4,ys5) for arbitrarily chosen distinct labels y1,ys3, y4, ys.
Therefore, W(¢,t') is a constant for t # t'.

For any two tokens t # ¢/,
L
EDH(tat,) ~Wgt)'Wg(t') =C

Thus,
T ! L /
WEg(t)" Wg(t') = _EDH(t,t )+C
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C.1.3 Proofs for Section 4.4.3
Theorem 27 can be formalized as the following theorem.

Theorem 38. Following the same setup as in Theorem 37, but embeddings follow (4.4.2)

xp(— 1) —exp(~2) 25log(3/¢) 20N (y)]
AZ

thenz’fb>(),A1>0,O<A<e o , L > max{ A2 } for any vy,

and

and

V]2
a(m —2)m + Ay (b—a)Ay — |—|rabm

by > max{
exp(—3) — exp(—3) — 2mA 1= 2 am? exp(~3)

we have

RDL(fL) <e
where 0 < e < 1.

Proof. Following the proof of Theorem 37, let’s also focus on the conditional probability

Px|y[argmax fL<x) # ]

By construction, the single layer transformer model has uniform attention. Therefore,

h(z) = Y aiWg(i)

€N (y)

where o; = % Z%:l 1{t;, = ¢} which is the number of occurrence of token i in the sequence.

For simplicity, let’s define oy = 0 such that

h(z) = aWg(i)
i€[V]
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25 log(3/5) 20\/\/’
A2

Similarly, we also have that if L > max{ ‘} then with probability at
least 1 — ¢, we have,

max |o; — p(7 <A
ie[V]’ i — pliy)| <

Also define the following:
S W) (D] aWgl(i)
JeN1(k) i€[V]
ve(y) = Wey) We(k)

Thus, the logit for token y is

V-1

(@) = vry)or(@)

k=0

Let’s investigate ¢ (x). By Lemma 39,

dp(r) =D i > Wg() Wg(i)
i€[V]  jeNi(k)

=o—b) > aj+ > ai(—alm—2)Dg(ki)+ (b—a)m)
JeEN1(k) i€V]

Thus, for any k1, ko € [V],

Oy (@) — Py () = (b — D) >y — Y. ajy)

J1EN1 (K1) J2eN (k2)

+ Z o;a —2 DH(]{EQ, ) DH(k‘l,Z>>
V]
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Because —m < Dpg(ko,i) — Dg(k1,7) < m, we have

(bo=0)( > aj— D ajp)—am—2m

J1EN1 (k1) J2€N1(k2)

bo—b)( > ajy— Y. ajp)talm—2)m

J1EN1 (k1) J2eN (k2)

For prediction to be correct, we need
L L
rngx fy (@) = fi(x) >0

This also means that

Vi-1

max »  (v(y) — v () dp(x) > 0
Y k=0

One can show that for any k, if : =1 (k) = ¢~} (y) @71 () ® .71 (k) where ® means bitwise
XOR, then

vg(y) — v (9) = v (9) — vi(y) (C.1.1)

First of all, if k = y, then k = ¢, which means
v(y) — v (y) = v3(§) — vi(y) = bo +aDp(y,y) — b
If £ # y, 9, then (C.1.1) implies that
Dy (k.y) — Dy (k,5) = Dy (k.§) — Dy (k. y)
We know that Dy (k,y) is the number of 1s in + =1 (k) ® +~1(y) and,
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TR ety =ty et e ik ooty =@ @ o (k)

Similarly,

Therefore, (C.1.1) holds and we can rewrite fyL(x) - fgL(x) as

V|-1
fy @) = @) =D (vr(y) — o)) ok ()
k=0
= (bo — b+ aDp (y,9))(dy(x) — d5(x))
+ > a(Dg(k,y) — D (k,§))(9r(2) — ¢j(x))

k#y,5,Dg (ky)>Dg (k,5)

We already know that by > b > 0 and a > 0, thus, by — b+ aDg(y,g) > 0 for any pair y, 7.

We also want ¢y (z) — ¢5(x) to be positive. Note that

by() — d() > (bo — b)(exp(—%> - exp(—%> —2mA) - a(m — 2)m

xp(—})—exp(~2)
2m

We need A < ¢

and for some positive Ay > 0, by needs to be large enough

such that

Oy() = o5(x) > Ay

which implies that

+b (C.1.2)
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On the other hand, for k # y, g, we have

Sp(x) = dp(x) > (bo—b)( > aj— Y aj)—alm—2)m
J1EN1(K) jaeN1(K)

> (bg —b)(—=(m —1) exp(—%) — exp(—%) —2mA) —a(m —2)m

> (b — b)(—(m — 1) exp(—%> - exp<—§> n exp<—§> - exp(—%» — am - 2)m

> —(bg — b)m exp(—%) —a(m—2)m

Then, we have

) = 1) = o= v+ s = P22 (00 - Dam exp(=) + a2n - 20
V|- V|- V|-
> (1 _ |2 2am2 exp(—%)) bp — (b—a)Ay + HTQCmeZ exp(—%) - ||TQ(IZ(m — 2)m?

The lower bound is independent of g, therefore, we need it to be positive to ensure the

prediction is correct. To achieve this, we want

1-— Vi- 2am2 exp(—l) >0
g
which implies that
Zexp(%)
a < V= 2)m? (C.1.3)
And finally we need
(b—a)A; — |V|2_2abm2 exp(—%) + MT_QCLZ(WL — 2)m?
bO > |V|—2 (014)

1—5—=am? exp(—%)

)

=N

xp(— ) —exp(~

251og(3 20|V
RE) s e Blos3e) 20

To summarize, if b > 0, A1 >0, 0 < A < ° A2
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for any y, and

0<a< Qexp(%)
@< — P

(IV] = 2)m?
and

V]-2 Vi-2
. a(m — 2)m + A (0= 0)d1 = B abn? exp(—) + e m — 2y
0~ max{exp(—l) —exp(—3) — 2mA+ ’ V=22 1
3 pP(—3 1 — —5—am exp(—B)
we have
Rpo(ff) <e

where 0 < e < 1.

]

Lemma 28. If embeddings follow (4.4.2) and b = by and N (t) = V \ {t}, then rank(Wg) <

m + 2.

Proof. By (4.4.2), we have that

(WE @), Wg(5)) = —aDg(i,j) + b

Therefore,

(WE)TWE =—aDpyg + bllT

Let’s first look at Dy which has rank at most m+1. To see this, let’s consider a set of m+1
tokens: {eg,eq,...,em} €V where e, = 2F. Here e is associated with the latent vector of

all zeroes and the latent vector associated with e has only the k-th latent variable being 1.
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On the other hand, for any token i, we have that,

In fact,

Dp(i)= Y. (DH<61<;> - DH(GO)) + Dy (eo)

ku—1(i),=1

where Dpy(i) is the i-th row of Dy, and for each entry j of Dy (i), we have that

Duii)= % (DH<ek,j>—DH<eo,j>)+DH<eo,j>
k:L_l(i)kZI

This is because

, . +1 if . 71() =0
Dy(eg,j) — Dy lep, j) =

Thus, we can rewrite Dy (i,7) as

Dy(i,j)= ) e @ =10 e =01 = 1 (@) = 1,0 )k = 1)]) + Dy (eo, )
ku—1(i),=1
-y (1[r1<z>k L =0 - 1 i = Lo () = 1)1)
k=1

Therefore, every row of Dy can be written as a linear combination of { Dg(eg), Dg(e1), ..., Dg(em)}-
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In other words, Dy has rank at most m + 1.
Therefore,

rank((Wg)! Wg) = rank(Wg) < m + 2.

Lemma 39. Let 29 and (1) be two binary vectors of size m where m > 2. Then,

> Dulz:W) = m-2Dg(0, D)+ m
2:Dp (200) 2)=1

Proof. For z such that Dy(z, Z(O)) = 1, we know that there are two cases. Either z differs

with z(9) on a entry but agrees with (1) on that entry or z differs with both 2(0) and 2.
For the first case, we know that there are DH(Z(O),z(l)) such entries. In this case,

Dy(z,2W) = Dy (2, 2(1)) — 1. For the second case, Dy (z,2()) = Dy (20 21y 4 1.

Therefore,
Yo Dylz )
2:Dpy(2,2(0)=1
= D (=0 W) Dy (20, 20) = 1) + (m — Dy (210, 2)) (D (29, 2) + 1)

=(m— 2)DH(Z(O), 2(1)) +m

Lemma 40. If m >3 and N'(t) = V \ {t}, then N1(t) £ N1(t') for any t,t' € [V].

Proof. For any token ¢, N7 (t) contains any token ' such that Dy (¢,#') = 1 by the conditions.
Then given a set Nq(t), one can uniquely determine token ¢. This is because for the set
of latent vectors associated with Nj(¢), at each index, there could only be one possible

change. ]
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C.1.4 Proofs for Section 4.4.4

Lemma 29. Suppose the data generating process follows Section 4.3.1 and N (z*) = {z :

21 =21} \{2"}. Given the last token in the sequence ty,, then
L
Vut,th(fL) = VU T W)WY (upWE(t) — pr > b We(t)
=1

where for token t, oy = Zlel 1[t; = t] and py is the normalized attention score for token t.

Proof. Recall that,

o) = Wl Wyattn(Wpx (o) |
o el
=Wg'wy ) — Wet)
=1
where Z is a normalizing constant.
Define py, = %' Then we have
L
i) =wptwy > " py, We(t)
=1
Note that if ¢; = ¢ then,
aﬁtl
U s (1=
aut7tL by, ( ptl>
Otherwise,
8ﬁtl — A D

By the chain rule, we know that

L L
Vaea, (1) = VT W)WY Q1 = e Wiet) = Y oW (h)



Therefore,

L
vut,tLE(fL) = VU W)WY (aupWE ) — b Y o WEt))
=1

where oy = Zlel 1[t; =t]. O

C.2 Additional experiments — context hijacking

In this section, we show the results of additional context hijacking experiments on the COUN-

TERFACT dataset [Meng et al., 2022].

Reverse context hijacking In Figure 4.2a, we saw the effects of hijacking by adding in
“Do not think of {target false}.” to each context. Now, we measure the effect of the reverse:
What if we prepend “Do not think of {target true}.” 7

Based on the study in this work on how associative memory works in LLMs, we should

expect the efficacy score to decrease. Indeed, this is what happens, as we see in Figure C.2.1.

Hijacking based on relation IDs We first give an example of each of the 4 relation IDs
we hijack in Table C.1.

Table C.1: Examples of contexts in Relation IDs from COUNTERFACT

REeLATION ID 7r CONTEXT p TRUE TARGET 0. FALSE TARGET o
P190 Kharkiv is a twin city of Warsaw Athens
P103 The native language of Anatole France is French English
P641 Hank Aaron professionally plays the sport baseball basketball
P131 Kalamazoo County can be found in Michigan Indiana

Similar to Figure 4.2b, we repeat the hijacking experiments where we prepend factual
sentences generated from the relation ID. We use the format illustrated in Table C.2 for the

prepended sentences. We experiment with 3 other relation IDs and we see similar trends
149



Prepending 'Do not think of {target true}.'

0.30 1 - :
—— opehai-community/gpt2

google/gemma-2b
0.25 A —— google/gemma-2b-it
—— meta-llama/Llama-2-7b-hf

o
N
o

0.10 1

Efficacy Score
o

0.05 4

0.00

2 3 4 5
Number of prepends

oA
=

Figure C.2.1: Prepending ‘Do not think of {target true}.” can increase the chance of LLMs to
output correct tokens. This figure shows efficacy score versus the number of prepends for various
LLMs on the COUNTERFACT dataset with the reverse context hijacking scheme.

Table C.2: Examples of hijack and reverse hijack formats based on Relation IDs

RELATION ID 1 CONTEXT HIJACK SENTENCE REVERSE CONTEXT HIJACK SENTENCE
P190 The twin city of {subject} is not {target false} The twin city of {subject} is {target true}
P103 {subject} cannot speak {target false} {subject} can speak {target true}
P641 {subject} does not play {target false} {subject} plays {target true}

P131 {subject} is not located in {target false} {subject} is located in {target true}

for all the LLMs in Figure C.2.2a, C.2.2b, and C.2.2d. That is, the efficacy score rises
for the first prepend and as we increase the number of prepends, the trend of ES rising
continues. Therefore, this confirms our intuition that LLMs can be hijacked by contexts
without changing the factual meaning.

Similar to Figure C.2.1, we experiment with reverse context hijacking where we give the
answers based on relation IDs, as shown in Table C.2. We again experiment with the same
4 relation IDs and the results are in Figure C.2.3a - C.2.3d. We see that the efficacy score

decreases when we prepend the answer sentence, thereby verifying the observations of this
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Hijacking based on P103

Hijacking based on P131
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Figure C.2.2: Context hijacking based on relation IDs can result in LLMs output incorrect
tokens. This figure shows efficacy score versus the number of prepends for various LLMs on the
COUNTERFACT dataset with hijacking scheme presented in Table C.2.

study.

Hijacking without exact target words So far, the experiments use prompts that either
contain true or false target words. It turns out, the inclusion of exact target words are
not necessary. To see this, we experiment a variant of the generic hijacking and reverse
hijacking experiments. But instead of saying “Do not think of {target false}” or “Do not
think of {target true}”. We replace target words with words that are semantically close.

Specifically, for relation P1412, we replace words representing language (e.g., “French”) with

their associated country name (e.g., “France”). As shown in Figure C.2.4, context hijacking
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Prepending answer based on P131
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Figure C.2.3: Reverse context hijacking based on relation IDs can result in LLMs to be more
likely to be correct. This figure shows efficacy score versus the number of prepends for various
LLMs on the COUNTERFACT dataset with the reverse hijacking scheme presented in Table C.2.

and reverse hijacing still work in this case.
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Hijacking based on P1412 Reverse Hijacking based on P1412
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Figure C.2.4: Hijacking and reverse hijacking experiments on relation P1412 show that context
hijacking does not require exact target word to appear in the context. This figure shows efficacy
score versus the number of prepends for various LLMs on the COUNTERFACT dataset.

C.3 Additional experiments and figures — latent concept

association

In this appendix section, we present additional experimental details and results from the

synthetic experiments on latent concept association.

Experimental setup Synthetic data are generated following the model in Section 4.3.1.
Unless otherwise stated, the default setup has w = 0.5, 8 = 1 and N (i) = V' \ {i} and
L = 256. The default hidden dimension of the one-layer transformer is also set to be 256.
The model is optimized using AdamW [Loshchilov and Hutter, 2017] where the learning rate
is chosen from {0.01,0.001}. The evaluation dataset is drawn from the same distribution
as the training dataset and consists of 1024 (x,y) pairs. Although theoretical results in
Section 4.4 may freeze certain parts of the network for simplicity, in this section, unless
otherwise specified, all layers of the transformers are trained jointly. Also, in this section,

we typically report accuracy which is 1 — error.
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Figure C.3.1: Fixing the value matrix Wy as the identity matrix results in lower accuracy
compared to training Wy , especially for smaller context length L. The figure reports accuracy
for both fixed and trained Wy settings, with standard errors calculated over 10 runs.

C.3.1 On the value matriz Wy,

In this section, we provide additional figures of Section 4.5.1. Specifically, Figure C.3.1 shows
that fixing the value matrix to be the identity will negatively impact accuracy. Figure C.3.2
indicates that replacing trained value matrices with constructed ones can preserve accuracy
to some extent. Figure C.3.3 suggests that trained value matrices and constructed ones
share similar low-rank approximations. For the last two sets of experiments, we consider
randomly constructed value matrix, where the outer product pairs are chosen randomly,

defined formally as follows:

Wy =Y Wgli) > We()")

i€[V] {j}~Unif([V])M O

C.3.2  On the embeddings

This section provides additional figures from Section 4.5.2. Figure C.3.4 shows that in the
underparameterized regime, embedding training is required. Figure C.3.5 indicates that

the embedding structure in the underparameterized regime roughly follows (4.4.2). Finally
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Figure C.3.2: When the value matrix is replaced with the constructed one in trained trans-
formers, the accuracy does not significantly decrease compared to replacing the value matrix with
randomly constructed ones. The graph reports accuracy under different embedding dimensions
and standard errors are over 5 runs.
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Figure C.3.3: The constructed value matrix Wy has similar low rank approximation with the
trained value matrix. The figure displays average smallest principal angles between low-rank
approximations of trained value matrices and those of constructed, randomly constructed, and
Gaussian-initialized value matrices. Standard errors are over 5 runs.
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Figure C.3.4: In the underparameterized regime (d < V'), freezing embeddings to initializations
causes a significant decrease in performance. The graph reports accuracy with different embedding
dimensions and the standard errors are over 5 runs. Red lines indicate when d = V.

Figure C.3.6 shows that, when the value matrix is fixed to the identity, the relationship

between inner product of embeddings and their corresponding Hamming distance is mostly

linear.

C.3.3 On the attention selection mechanism

This section provides additional figures from Section 4.5.3. Figure C.3.7-C.3.8 show that
attention mechanism selects tokens in the same cluster as the last token. In particular, for

Figure C.3.8, we extend experiments to consider cluster structures that depend on the first
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Figure C.3.5: The relationship between inner products of embeddings and corresponding Ham-
ming distances of tokens can be approximated by (4.4.2). The graph displays the average inner
product between embeddings of two tokens against the corresponding Hamming distance between
these tokens. Standard errors are over 5 runs.
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two latent variables. In other words, for any latent vector z*, we have

N(EZ*)={z:2] =2 and 25 = 20} \ {z"}

C.3.4  Spectrum of embeddings

We display several plots of embedding spectra (Figure C.3.9, Figure C.3.10, Figure C.3.11,

Figure C.3.12) that exhibit eigengaps between the top and bottom eigenvalues, suggesting

low-rank structures.

C.3.5 Context hijacking in latent concept association

In this section, we want to simulate context hijacking in the latent concept association model.
To achieve that, we first sample two output tokens 3! (true target) and y? (false target) and
then generate contexts ! = (tl,...,tlL) and 22 = (tz,...,t%) from p(z!|y!) and p(z2[y?).
Then we mix the two contexts with rate py,. In other words, for the final mixed context

x = (t1,...,tr), t; has probability 1 — py, to be tll and py, probability to be tl2. Figure C.3.13
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Figure C.3.6: The relationship between
ming distances of tokens is mostly linear when the value matrix Wy is fixed to be the identity.
The graph displays the average inner product between embeddings of two tokens against the cor-
responding Hamming distance between these tokens. Standard errors are over 10 runs.
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Figure C.3.7: The attention patterns show the underlying cluster structure of the data generat-
ing process. Here, for any latent vector, we have N(2*) = {z : 2§ = 21} \ {z*}. The figure shows
attention score heat maps that are averaged over 10 runs.
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Figure C.3.8: The attention patterns show the underlying cluster structure of the data generat-
ing process. Here, for any latent vector, we have N (2*) = {2 : 2§ = z; and 23 = 22} \ {#*}. The
figure shows attention score heat maps that are averaged over 10 runs.
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Figure C.3.9: The spectrum of embedding matrix Wg has eigengaps between the top and
bottom eigenvalues, indicating low rank structures. The figure shows results from 4 experimental
runs. Number of latent variable m is 7 and the embedding dimension is 32.
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Figure C.3.10: The spectrum of embedding matrix Wg has eigengaps between the top and
bottom eigenvalues, indicating low rank structures. The figure shows results from 4 experimental
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Figure C.3.11: The spectrum of embedding matrix Wg has eigengaps between the top and
bottom eigenvalues, indicating low rank structures. The figure shows results from 4 experimental
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Figure C.3.12: The spectrum of embedding matrix Wg has eigengaps between the top and
bottom eigenvalues, indicating low rank structures. The figure shows results from 4 experimental
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Figure C.3.13: Mixing contexts can cause misclassification. The figure reports accuracy for true
target and false target under various context mixing rate. Standard errors are over 5 runs.

shows that, as the mixing rate increases from 0.0 to 1.0, the trained transformer tends to

favor predicting false targets. This mirrors the phenomenon of context hijacking in LLMs.

C.3.6  On the context lengths

As alluded in Section 4.4.5, the memory recall rate is closely related to the KL divergences
between context conditional distributions. Because contexts contain mostly i.i.d samples,
longer contexts imply larger divergences. This is empirically verified in Figure C.3.14 which

demonstrates that longer context lengths can lead to higher accuracy.
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Figure C.3.14: Increasing context lengths can improve accuracy. The figure reports accuracy
across various context lengths and dimensions. Standard errors are over 5 runs.
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