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ABSTRACT

This dissertation investigates machine learning (ML) approaches for modeling complex phys-

ical systems across multiple domains. We examine three interconnected research areas: sub-

seasonal climate forecasting, chaotic dynamical systems, and quantum mechanical simula-

tions. Across these diverse domains, we address common challenges in the application of ML

to physical systems: effectively encoding information to capture important features of spa-

tiotemporal dynamics, developing robust emulators of physical systems that preserve critical

invariant properties such as chaotic attractors, and systematic incorporation of known phys-

ical constraints into neural architectures and training schemes to simultaneously enhance

prediction accuracy and computational efficiency. These methodological considerations form

the conceptual framework for our various applications. For subseasonal climate forecasting,

we develop frameworks that use lagged ensemble members and observational data to signif-

icantly improve temperature and precipitation forecasts. In chaotic dynamical systems, we

propose neural operator training approaches that preserve invariant measures through opti-

mal transport distance minimization and contrastive learning, maintaining statistical fidelity

in long-term simulations. For quantum mechanics, we introduce Deep Stochastic Mechanics

(DSM), a framework inspired by stochastic mechanics and generative diffusion models that

may have far lower computational complexity in higher dimensions compared to traditional

numerical methods by exploiting wave function latent structure. Our DSM simulations of

bosonic systems outperform conventional approaches in both accuracy and computational

efficiency. Furthermore, we extend DSM to effectively model fermionic systems, demonstrat-

ing its capabilities through a hydrogen molecule time dynamics simulation. Throughout

these applications, we integrate domain-specific physics with advanced learning techniques

to enable more accurate, efficient, and physically consistent simulations.

xii



PREFACE

This thesis is the result of a few collaborations. Chapter 2 is based on the publication “Be-

yond ensemble averages: Leveraging climate model ensembles for subseasonal forecasting,”

published in the Artificial Intelligence for the Earth Systems journal in April 2024 [Orlova

et al., 2024a] and jointly authored with Rebecca Willett, Haokun Liu, Raphael Rossellini at

the University of Chicago; Benjamin A. Cash at the George Mason University. This work

was supported by the NSF (OAC-1934637, DMS-1930049, and DMS-2023109) and C3.ai. I

(E. Orlova) developed and implemented the algorithms, conducted experiments, and gener-

ated tables and figures for both regression and tercile classification tasks for precipitation

and temperature. I authored the majority of the manuscript, particularly the sections on

the aforementioned tasks and most analysis components. I collaborated with H. Liu on the

U-Net implementation, while H. Liu primarily managed data acquisition and preprocess-

ing with my assistance. H. Liu conducted experiments for the quatile regression task. R.

Rossellini contributed the random forest implementation for regression and quantile tasks,

and provided substantial manuscript editing support. B. Cash contributed the climatological

context and interpretation in the manuscript.

Chapter 3 is drawn, with minor modifications, from a manuscript “Training neural op-

erators to preserve invariant measures of chaotic attractors” accepted at the NeurIPS 2023

conference, and published in Advances in Neural Information Processing Systems [Jiang

et al., 2023]. This work is jointly authored with Rebecca Willett along with Ruoxie Jiang

and Peter Y. Lu at at the University of Chicago. This work was supported by DOE grant

DE-SC0022232, AFOSR grant FA9550-18-1-0166, and NSF grants DMS-2023109 and DMS-

1925101. In this collaboration, I (E. Orlova) contributed by conducting a few additional

experiments, verifying experimental results, refining the codebase, and participating in re-

search discussions, while R. Jiang led the development and implementation of all algorithms

and the design and execution of all experiments. P. Lu conducted the theoretical analysis
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that underpins this work.

Chapter 4 is primarily drawn from from a manuscript “Deep Stochastic Mechanics” ac-

cepted at the ICML 2024 conference, and published in Proceedings of the 41st International

Conference on Machine Learning [Orlova et al., 2024b]. This work is jointly authored with

Aleksei Ustimenko from Simulacra AI along with Rebecca Willett, Ruoxie Jiang and Peter

Y. Lu at at the University of Chicago. This project was supported by DOE DE-SC0022232,

NSF DMS-2023109, NSF PHY2317138, NSF 2209892, and the University of Chicago Data

Science Institute. I (E. Orlova) implemented the algorithms, conducted all the experimen-

tal studies, and produced the tables and figures presented in the paper. Aleksei Ustimenko

conceived the central idea for our proposed methodology and developed its theoretical frame-

work; he provided crucial guidance during algorithm implementation and experimental de-

sign. We jointly authored most of the manuscript through extensive collaboration. R. Jiang

contributed by executing additional experiments and participating in research discussions,

while P. Lu provided valuable insights for the theoretical and practical aspects of the work.

We currently work on an extension of this stochastic framework to fermionic systems,

called Fermionic Depp Stochastic Mechanics (F-DSM), which is a manuscript in prepara-

tion with the same team of collaborators. This work represents a significant theoretical

advancement in applying stochastic mechanics principles to quantum systems with antisym-

metry, extending the original methodology to work on a broader class of systems. Chapter 5

describes our F-DSM framework.
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CHAPTER 1

INTRODUCTION

The simulation and prediction of complex physical systems represent fundamental challenges

across scientific disciplines. For centuries, scientists have developed increasingly sophisticated

mathematical frameworks to describe such phenomena, resulting in powerful theories that

have advanced our understanding of physics, chemistry, and earth sciences. However, despite

these theoretical achievements, many complex physical systems remain challenging to simu-

late and predict with desired accuracy, especially when computational resources are limited

or when the underlying dynamics exhibit chaotic or high-dimensional behaviors.

The last decade has witnessed a paradigm shift in computational approaches to study-

ing complex physical systems. Machine learning, once primarily used in computer science

and data analytics, now complements traditional numerical methods in scientific computing

[Brunton and Kutz, 2022]. This intersection has led to the rapidly evolving field of sci-

entific machine learning [Roscher et al., 2020, Carleo et al., 2019], which seeks to leverage

data-driven approaches while respecting physical constraints, conservation laws, and domain-

specific knowledge. Rather than replacing first-principles approaches, ML offers new ways

to enhance simulation capabilities, discover patterns in high-dimensional data, accelerate

computations, and reveal insights that might otherwise remain hidden.

Nonetheless, the application of ML to the natural sciences presents significant challenges.

Physical systems must obey fundamental laws, conserve certain quantities, and respect in-

variances that purely data-driven approaches might violate. Scientific applications often

require interpretability and uncertainty quantification – aspects that are challenging for

complex ML models. Across diverse domains, from climate systems to quantum mechanics,

these critical challenges consistently emerge when applying ML techniques: (1) Effective

information encoding presents the challenge of powerful and effetive represention of complex

spatiotemporal dynamics. Whether capturing geographic dependencies in climate patterns
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or the evolution of quantum wave functions, developing efficient representations that cap-

ture these features fundamental to successful modeling. (2) Preserving invariant properties

is crucial for physical fidelity, particularly in long-term simulations. While traditional ML

approaches focus on minimizing immediate prediction errors, they often fail to maintain

long-term time-invariant statistics, conservation laws, and other invariants that characterize

system’s behavior. (3) Incorporating physical constraints can systematically improve both

accuracy and efficiency. Rather than relying on purely data-driven approaches, integrating

domain knowledge, whether through physics-based ensemble predictions in climate forecast-

ing or quantum mechanical equations in particle simulations, provides critical guidance for

model development.

The collection of works presented in this dissertation makes several substantive contri-

butions to the growing field of scientific machine learning. By combining physical insight

with ML techniques, we achieve improved accuracy, better preservation of essential physical

properties, and potentially significant computational speedups, advancing the frontiers of

what can be simulated and predicted in complex physical systems.

1.1 Subseasonal climate forecasting

Climate science is a prime example of a domain where ML approaches prove increasingly

valuable [Reichstein et al., 2019]. The Earth’s climate system involves complex interactions

across multiple scales, from microscale cloud physics to global atmospheric circulation pat-

terns, making accurate forecasting a challenging problem. Traditional numerical weather

prediction models solve discretized versions of the governing fluid dynamics equations, often

demanding massive computational resources and facing fundamental limits in their predictive

horizon. ML methods offer alternative approaches that can complement these physics-based

models by learning from historical data, identifying subtle patterns, and potentially extend-

ing the range of skillful forecasts, particularly at the challenging subseasonal-to-seasonal
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timescales that have significant societal importance.

In our work on subseasonal forecasting [Orlova et al., 2024a], we address this critical gap

by developing ML approaches that leverage ensemble forecasts in novel ways. Unlike previous

methods that typically use only the ensemble mean in addition to observable data, we demon-

strate that the ensemble members contain valuable information beyond a simple mean. Our

approach incorporates lagged numerical ensemble forecasts (where members have different

initialization dates) along with observational data including relative humidity, pressure at

sea level, and geopotential height. We employ various ML methods, including linear models,

random forests, convolutional neural networks, and stacked models, to predict monthly av-

erage precipitation and temperature two weeks in advance for the continental United States.

Our results show significant improvements over standard baselines such as climatological

forecasts and ensemble means, with particular success in extreme event predictions, crucial

for planning and mitigation efforts. Chapter 2 provides more details.

1.2 Emulating chaotic dynamical systems

Simulation of dynamical systems, particularly those exhibiting chaotic behavior, presents

unique challenges that ML approaches can help address. Chaotic systems are characterized

by their sensitive dependence on initial conditions, making long-term trajectory prediction

difficult. However, many applications do not require exact trajectories but rather statistical

properties or invariant measures that characterize the system’s long-term behavior.

In our work on chaotic systems [Jiang et al., 2023], we demonstrate that mean-squared-

error (MSE) objectives, especially under noisy conditions, collapse trajectories into “aver-

aged” dynamics lacking high-frequency features and critical physical signatures (e.g., Lya-

punov exponents). To overcome this, we propose a framework designed to preserve invariant

measures of chaotic attractors that characterize the time-invariant statistical properties of

the dynamics. In particular, we introduce two novel approaches: a loss based on opti-
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mal transport distance between observed dynamics and neural operator outputs (requiring

expert knowledge of underlying physics), and a contrastive learning framework that pre-

serves statistical properties without specialized prior knowledge. These losses are combined

with standard MSE loss evaluated over short time horizons, ensuring short-term predictabil-

ity while properly reproducing long-term statistical properties. Our method is empirically

shown to preserve invariant measures of chaotic attractors across various systems, offering a

principled approach that extends beyond traditional accuracy metrics to capture the essential

statistical character of complex physical systems. Chapter 3 provides more details.

1.3 Quantum mechanics dynamics simulations

1.3.1 Bosonic systems

At the atomic and molecular scale, quantum mechanical systems behave fundamentally dif-

ferent from classical systems. The curse of dimensionality, where computational complexity

grows exponentially with system size, limits direct simulation approaches to relatively small

quantum systems. Recent advances in ML, particularly in generative modeling and repre-

sentation learning [Carleo and Troyer, 2017, Hermann et al., 2023], open new possibilities

for approximating quantum states and dynamics in ways that may circumvent the curse of

dimensionality by exploiting the latent structure of physically relevant quantum states. The

time-dependent Schrd̈inger equation (TDSE), which governs quantum evolution, exemplifies

this challenge with applications that span quantum chemistry, drug discovery, condensed

matter physics, and quantum computing.

Our work introduces Deep Stochastic Mechanics (DSM) [Orlova et al., 2024b], a novel

deep learning framework that addresses these computational limitations through a stochas-

tic interpretation of quantum mechanics. Rather than directly solving the Schrd̈inger equa-

tion, DSM learns stochastic processes whose marginal distributions match the quantum
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mechanical probability density [Nelson, 1966b]. Inspired by the success of deep diffusion

models in generative modeling [Croitoru et al., 2023], our approach adapts to the latent

low-dimensional structure of wave functions, potentially offering computational complex-

ity that scales quadratically rather than exponentially with dimension. We develop novel

equations for stochastic quantum mechanics that require only first-order derivatives, result-

ing in improved computational efficiency. Our theoretical analysis establishes strong con-

vergence guarantees, while numerical experiments verify the method’s advantages for both

non-interacting and interacting bosonic systems. Chapter 4 provides more details.

1.3.2 Extension to fermionic systems

Building on the DSM framework, we extend our stochastic mechanics approach to fermionic

systems, which are fundamental to chemistry and materials science. Fermionic wave func-

tions must satisfy antisymmetry properties arising from the Pauli exclusion principle, which

prohibits identical fermions from occupying the same quantum state. We introduce Fermionic

DSM (F-DSM), which incorporates these essential quantum mechanical constraints through

specialized wave function representations and modified training scheme. Our implementa-

tion reasonably simulates dynamics for a hydrogen molecule, bridging our theoretical frame-

work with practical quantum chemical applications. This extension proves that stochastic-

mechanics-based approaches can handle real molecular systems, opening pathways for apply-

ing these methods to larger chemical systems, and potentially advancing computational drug

discovery and materials design. Chapter 5 provides more details on the F-DSM framework.

7



CHAPTER 2

BEYOND ENSEMBLE AVERAGES: LEVERAGING CLIMATE

MODEL ENSEMBLES FOR SUBSEASONAL FORECASTING

2.1 Introduction

High-quality forecasts of key climate variables such as temperature and precipitation on

subseasonal time scales, defined here as the time range between two weeks and two months,

have long been a gap in operational forecasting [Ban et al., 2016]. Advances in weather

forecasting on time scales from days to about a week [Lorenc, 1986, National Academies of

Sciences, 2016, National Research Council, 2010, Simmons and Hollingsworth, 2002] or sea-

sonal forecasts on time scales of two to nine months [Barnston et al., 2012] do not necessarily

translate to the challenging subseasonal regime. Addressing the crucial need for forecasts

on the seasonal-to-subseasonal (S2S) timescale, collaborative initiatives led by the World

Weather Research Programme and the World Climate Research Programme aim to advance

S2S forecasting by focusing on mesoscale–planetary-scale interactions, high-resolution simu-

lations, data assimilation methods, and tailored socioeconomic support [Brunet et al., 2010].

Skillful forecasts on subseasonal time scales would have immense value in agriculture, in-

surance, and economics [White et al., 2022, Mouatadid et al., 2023]. The importance of

improved subseasonal predictions is also detailed by Ban et al. [2016] and National Research

Council [2010].

The National Centers for Environmental Prediction (NCEP), part of the National Oceanic

and Atmospheric Administration (NOAA), currently issues a “week 3-4 outlook" for the con-

tiguous United States (CONUS).1 The NCEP outlooks are constructed using a combination

of dynamical and statistical forecasts, with statistical forecasts based largely on how con-

ditions in the past have varied (linearly) with indices of the El Niño-Southern Oscillation

1. https://www.cpc.ncep.noaa.gov/products/predictions/WK34/
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(ENSO), Madden-Julian Oscillation (MJO), and global warming (i.e., the 30-year trend).

There exists great potential to advance subseasonal forecasting (SSF) using machine learning

(ML) techniques. Haupt et al. [2021] provides an overview of using ML methods for post-

processing of numerical weather predictions. Vannitsem et al. [2021] highlight the crucial

role of statistical post-processing techniques, including ML methods, in national meteoro-

logical services. They discuss theoretical developments and operational applications, current

challenges, and potential future directions, particularly focusing on translating research find-

ings into operational practices. A real-time forecasting competition called the Subseasonal

Climate Forecast Rodeo [Hwang et al., 2018], sponsored by the Bureau of Reclamation in

partnership with NOAA, USGS, and the U.S. Army Corps of Engineers, illustrated that

teams using ML techniques can outperform forecasts from NOAA’s operational seasonal

forecast system.

Here, we present work focused on developing ML-based forecasts that leverage lagged

ensembles (i.e., an ensemble whose members are initialized from a succession of different

start dates) of forecasts produced by NCEP in addition to observed data and other features.

Previous studies, including successful methods in the Rodeo competition (e.g., Hwang et al.

[2019]), incorporate the ensemble mean as a feature in their ML systems but do not use

any other information about the ensemble. In other words, variations among the ensemble

members are not reflected in the training data or incorporated into the learned model. In

contrast, this work demonstrates that the full ensemble contains important information for

subseasonal forecasting outside the ensemble mean. Specifically, we consider the test case of

predicting monthly 2-meter temperatures and precipitation two weeks in advance over 3000

locations over the continental United States using physics-based predictions, such as NCEP-

CFSv2 hindcasts [Kirtman et al., 2014, Saha et al., 2014], using an ensemble of 24 distinct

forecasts. We repeat this experiment for the Global Modeling and Assimilation Office from

the National Aeronautics and Space Administration (NASA-GMAO) ensemble, which has
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11 ensemble members [Nakada et al., 2018].

2.1.1 Contributions

In this context, this work makes the following contributions:

• We train a variety of ML models (including neural networks, random forests, linear

regression, and model stacking) that input all ensemble member predictions as features

in addition to observations of geopotential heights, relative humidity, precipitation, and

temperature from past months to produce new forecasts with higher accuracy than the

ensemble mean; forecast accuracy is measured with a variety of metrics (Section 2.6).

These models are considered in the context of regression, quantile regression, and

tercile classification. Systematic experiments are used to characterize the influence of

individual ensemble members on predictive skill (Section 2.7.1).

• The collection of ML models employed allows us to consider different modes of ac-

counting for spatial variability. ML models can account for spatial correlations among

both features and targets; for example, when predicting Chicago precipitation, our

models can leverage not only information about Chicago but also about neighboring

regions. Specifically, we consider the following learning frameworks: (a) training a pre-

dictive model for each spatial location independently; (b) training a predictive model

that inputs the spatial location as a feature and hence can be applied to any single

spatial location; (c) training a predictive model for the full spatial map of temperature

or precipitation – i.e., predicting an outcome for all spatial locations simultaneously.

ML models present various ways to account for spatial variability, each with distinct

advantages and disadvantages. Our application of model stacking (an ML technique

where multiple models are combined, with their predictions used as input features for

another model that produces the final prediction) allows our final learned model to

exploit the advantages of each method.
10



• We conduct a series of experiments to help explain the learned model and which features

the model uses most to make its predictions. We systematically explore the impact

of using lagged observational data in addition to ensemble forecasts and positional

encoding to account for spatial variations (Section 2.7.3).

• The ensemble of forecasts from a physics-based model (e.g., NCEP-CFSv2 or NASA-

GMAO) contain information salient to precipitation and temperature forecasting be-

sides their mean, and ML models that leverage the full ensemble generally outperform

methods that rely on the ensemble mean alone (Section 2.7.1).

• Finally, we emphasize that the final validation of our approach was conducted on data

from 2011 to 2020 that was not used during any of the training, model development,

parameter tuning, or model selection steps. We only conducted our final assessment

of the predictive skill for 2011 to 2020 after we had completed all other aspects of

this work. Because of this, our final empirical results accurately reflect the anticipated

performance of our methods on new data.

2.1.2 Related work

While statistical models were common for weather prediction in the early days of weather

forecasting [Nebeker, 1995], forecasts using physics-based dynamic system models have been

carried out since the 1980s and have been the dominant forecasting method in climate

prediction centers since the 1990s [Barnston et al., 2012]. Many physics-based forecast

models are used both in academic research and operationally. Such systems often produce

ensembles of forecasts – e.g., the result of running a physics-based simulation multiple times

with different initial conditions or parameters, and are a mainstay of operational forecast

centers around the globe.

Recently, skillful ML approaches have been developed for short-range weather prediction
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[Chen et al., 2023, Nagaraj and Kumar, 2023, Frnda et al., 2022, Herman and Schumacher,

2018, Ghaderi et al., 2017, Grover et al., 2015, Radhika and Shashi, 2009, Cofıno et al., 2002]

and longer-term weather forecasting [Lam et al., 2023, Yang et al., 2023a, Chen et al., 2023,

Hewage et al., 2021, Cohen et al., 2019, Totz et al., 2017, Iglesias et al., 2015, Badr et al.,

2014]. However, forecasting on the subseasonal timescale, with 2-8 week outlooks, has been

considered a far more difficult task than seasonal forecasting due to its complex dependence

on both local weather and global climate variables [Vitart et al., 2012, Min et al., 2020].

Seasonal prediction also benefits from targeting a much larger averaging period.

Some ML algorithms for subseasonal forecasting use purely observational data (i.e., not

using any physics-based ensemble forecasts). He et al. [2020b] focuses on analyzing different

ML methods, including Gradient Boosting trees and Deep Learning (DL) for SSF. They

propose a careful construction of feature representations of observational data and show that

ML methods are able to outperform a climatology baseline, i.e., predictions corresponding

to the 30-year mean at a given location and time. This conclusion is based on comparing the

relative R2 scores for the ML approaches and climatology. Srinivasan et al. [2021] proposes

a Bayesian regression model that exploits spatial smoothness in the data.

Other works use the ensemble mean as a feature in their ML models. For example, in

the subseasonal forecasting Rodeo [Hwang et al., 2018], a prediction challenge for temper-

ature and precipitation at weeks 3-4 and 5-6 in the western U.S. sponsored by NOAA and

the U.S. Bureau of Reclamation, simple yet thoughtful statistical models consistently out-

perform NOAA’s dynamical systems forecasts. In particular, the winning approach uses a

stacked model from two nonlinear regression models, a selection of climate variables such

as temperature, precipitation, sea surface temperature, sea ice concentration, and a collec-

tion of physics-based forecast models including the ensemble mean from various modeling

centers in the North American Multi-Model Ensemble (NMME). From the local linear re-

gression with multitask feature selection model analysis, the ensemble mean is the first- or
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second-most important feature for forecasting, especially for precipitation. He et al. [2021]

perform a comparison of modern ML models that use data from the Subseasonal Experiment

(SubX) project for SSF in the western contiguous United States. The experiments show that

incorporating the ensemble mean as an input feature to ML models leads to a significant

improvement in forecasting performance, but that work does not explore the potential value

of individual ensemble members aside from the ensemble mean. Grönquist et al. [2020] note

that physics-based ensembles are computationally demanding to produce and propose an ML

method that can input a subset of ensemble forecasts and generate an estimate of the full

ensemble; they observe that the output ensemble estimate has more prediction skill than the

original ensemble. Loken et al. [2022] analyze the forecast skill of random forests leveraging

the ensemble members for next-day severe weather prediction compared to only using the

ensemble mean. However, their results only cover forecasts with a lead time of up to 48

hours, so it is unclear if their methods would have succeeded in the tougher subseasonal

forecasting setting.

This paper complements the prior work above by developing powerful learning-based

approaches that incorporate both physics-based forecast models and observational data to

improve SSF over CONUS.

2.2 Data

Table 2.1 describes variables used in the experiments. Climatological means of precipita-

tion and temperature are calculated using 1971-2000 NOAA data [NOAA, 2022]. There are

many ensembles of physics-based predictions produced by forecasting systems. NMME is a

collection of physics-based forecast models from various modeling centers in North America,

including NOAA/NCEP, NOAA/Geophysical Fluid Dynamics Laboratory (GFDL), Interna-

tional Research Institute for Climate and Society (IRI), National Center for Atmospheric Re-

search (NCAR), NASA, and Canadian Meteorological Centre [Kirtman et al., 2014]. NMME
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provides forecasts from multiple global forecast models from North American modeling cen-

ters [Kirtman et al., 2014]. The NMME project has two predictive periods: hindcast and

forecast. A hindcast period refers to when a dynamic model re-forecasts historical events,

which can help climate scientists develop and test new models to improve forecasting and

to evaluate model biases. In contrast, a forecast period has real-time predictions generated

from dynamic models.

Type Variable Description Unit Spatial Coverage Time Range Data Source

Fe
at

ur
e

va
ri

ab
le tmp2m Daily average

temperature at 2 meters
◦C

US mainland
0.5◦ × 0.5◦ grid 1985 to 2020

CPC Global
Daily Temperature

[Fan and Van den Dool, 2008]

precip Daily average
precipitation mm US mainland

0.5◦ × 0.5◦ grid 1985 to 2020 CPC Global
Daily Precipitation [Xie et al., 2010]

SSTs Daily sea
surface temperature

◦C
Ocean only

0.25◦ × 0.25◦ grid 1985 to 2020
Optimum Interpolation
SSTs High Resolution

(OISST) [Reynolds et al., 2007]

rhum Daily relative humidity
near the surface Pa

slp Daily pressure
at sea level %

US mainland
and North Pacific
& Atlantic Ocean
0.5◦ × 0.5◦ grid

1985 to 2020
Atmospheric Research

Reanalysis Dataset
[Kalnay et al., 1996]

hgt500 Daily geopotential
height at 500mb m

C
lim

at
ol

og
y tmp2m Daily average

temperature at 2 meters K Globally
1◦ × 1◦ grid 1971 to 2000 NOAA [NOAA, 2022]

precip Daily average
precipitation mm Globally

1◦ × 1◦ grid 1971 to 2000 NOAA [NOAA, 2022]

Table 2.1: Description of climate variables and their data sources. Our target climate vari-
ables for sub-seasonal forecasting are precipitation and 2-meter temperature. We use NOAA
data to calculate the climatology from 1971 to 2000. We also perform linear spatial interpo-
lation on the historical values to get values with the same resolution and support as target
climate variables.

We use ensemble forecasts from the NMME’s NCEP-Climate Forecast System version 2

(CFSv2, Kirtman et al. [2014], Saha et al. [2014]), which has K = 24 ensemble members at

a 1◦ × 1◦ resolution over a 2-week lead time. NCEP-CFSv2 is the operational prediction

model currently used by the U.S. Climate Prediction Center. The NCEP-CFSv2 model has

two different products available in the NMME archive: we use its hindcasts from 1982 to

2010 for training and validation of our models, and we use its forecasts from April 2011 to
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December 2020 for the final evaluation of our models.

In order to ensure our results are not unique to a single forecasting model, we also analyze

output from the NASA-Global Modeling and Assimilation (GMAO) from the Goddard Earth

Observing System model version 5 (GEOS, Nakada et al. [2018]), which hasK = 11 ensemble

members at a 1◦ × 1◦ resolution over a 2-week lead time. Similarly, we use its hindcasts

from 1981 to 2010 for training and validation of our models, and we use its forecasts from

January 2011 to January 2018 for final evaluation. The test periods of NCEP-CFSv2 and

NASA-GMAO data differ due to data availability. Note that the identical version of each

model is used to generate the test, train, and validation data.

Different ensemble members correspond to different initial conditions of the underlying

physical model. The NCEP-CFSv2 forecasts are initialized in the following way: four initial-

izations at times 0000, 0600, 1200, and 1800 UTC every fifth day, starting one month prior to

the lead time of two weeks (Table B1 in Saha et al. [2014]). NASA-GMAO is a fully coupled

atmosphere–ocean–land–sea ice model, with five forecasts initialized every five days. While

additional members are generated through perturbation methods closest to the beginning of

each month 2, not all members are initialized on different dates, meaning that the ensemble

is not strictly lagged. However, NASA-GMAO members are not interchangeable, as each is

created using a distinct method.

All data are interpolated to lie on the same 1◦ × 1◦ grid, resulting in L = 3, 274 U.S.

locations. Climate variables available daily (such as pressure at sea level or precipitation)

are converted to monthly average values. When data are available as monthly averages only,

we ensure that our forecast for time t + δt does not use any information from the interval

(t, t+ δt).

2. https://gmao.gsfc.nasa.gov/products/climateforecasts/GEOS5/DESC/init.php
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2.3 Problem statement: forecasting tasks

The learning task can be formulated as learning a model fθ : X → y with parameters θ.

This model fθ can be a linear regression (where θ is a set of regression weights), the mean of

ensemble members (no θ needs to be learned), a random forest (where θ parameterizes the

set of trees in the forest), a convolutional neural network (where θ is the collection of neural

network weights), or other learned models. We consider three forecasting tasks: regression,

tercile classification, and quantile regression.

Regression The goal of regression is to predict monthly average values of precipitation

and 2-meter temperature two weeks in the future. These models are generally trained using

the squared error loss function:

ℓsq−err(θ) = E[(y − fθ(x))2]. (2.1)

Tercile classification The goal of tercile classification is to predict whether the precip-

itation or 2-meter temperature will be “high” (above the 66th percentile, denoted q = 1),

“medium” (between the 33rd and the 66th percentiles, denoted q = 0), or “low” (below the

33rd percentile, denoted q = −1). We compute these percentile values using the 1971-2000

climatology (see Section 2.2 for details), and these percentiles are computed for each calendar

month m and location l pair. These models are generally trained using the cross-entropy

loss function:

ℓCE(θ) = E

 1∑
q=−1

−I{y=q} log(fθ(x))q

 , (2.2)

16



where I{A} :=


1, if A true

0, if A false
is the indicator function and (fθ(x))q is the predicted proba-

bility that the target y corresponding to feature vector x will be in tercile q.

Quantile regression For a given percentile α, the goal of quantile regression is to predict

the value z so that, conditioned on features x, the target y satisfies y ≤ z with probability

α. When we set α to a value close to one, such as α = 0.9, this value z indicates what we

can expect in “extreme outcomes”, not just on average. These models are generally trained

using the pinball loss function:

ℓquantile(θ) = E[ρα(y − fθ(x))] (2.3)

where

ρα(z) := z(α− I{(z<0)}) =


α|z| if z ≥ 0

(1− α)|z| if z < 0

. (2.4)

2.4 Prediction methods

Our goal is to predict either the monthly average precipitation or the monthly average 2-

meter temperature two weeks in advance (for example, we predict the average monthly

precipitation for February on January 15). This section describes the notation used for

features and targets, baselines and learning methods, and how spatial features are accounted

for.

2.4.1 Notation

We let T denote the number of time steps used in our analysis, and L denote the number of

spatial locations. We define the following variables:

17



• u
(k)
t,l is the k-th ensemble member at time t and location l, where k = 1, . . . , K, t =

1, . . . , T , l = 1, . . . , L. Every ensemble member represents the output of a given physics-

based model forecast from different initial states.

• v
(p)
t,l is the p-th observational variable, such as precipitation or temperature, geopoten-

tial height at 500mb, relative humidity near the surface, pressure at sea level and sea

surface temperature, at time t and location l, with p = 1, ..., P .

• z
(1)
l , z

(2)
l represent information about longitude and latitude of location l, respectively;

each is a vector of length d. More details about this representation, called positional

encoding (PE), can be found in Section 2.5.2.

• xt,l := [u
(1)
t,l , ..., u

(K)
t,l , v

(1)
t,l ..., v

(P )
t,l , z

(1)
l , z

(2)
l ] is a set of features at time t and location l.

• yt,l is the target – the ground truth monthly average precipitation or 2-meter temper-

ature at the target forecast time t+ δt at location l, where δt = 14 days is our forecast

horizon. For simplicity, we use a subscript t for yt,l instead of t+ δt to match with the

input features notation. The same holds for our ensuing definitions.

• ŷt,l is the output of a forecast model for a given task at target forecast time t+ δt and

location l.

• sm,l – a 30-year mean (climatology) of an observed climate variable, such as precipi-

tation or temperature, at a month m = 1, . . . , 12 and location l.

• ŝm,l – a 30-year climatology of a predicted climate variable, such as precipitation or

temperature, at a month m = 1, . . . , 12 and location l. For each location l and each

month m, it is calculated as a mean of ensemble member predictions over the training

period, as defined formally in Equation (2.7).
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• y
anomaly
t,l and ŷ

anomaly
t,l are anomaly predictions and a true anomaly, at a month m =

1, . . . , 12 and location l. They are used during evaluation. We define anomalies as

y
anomaly
t,l = yt,l − sm(t),l, (2.5)

ŷ
anomaly
t,l = ŷt,l − sm(t),l. (2.6)

For the special case of ŷ corresponding to the ensemble mean, the ensemble members

may exhibit bias, in which case we also consider ŷanomaly
t,l = ŷt,l− ŝm(t),l, where ŝm(t),l

is evaluated on the model’s (ensemble mean) predictions:

ŝm,l :=
1

T

T∑
t=1

ŷt,lI{m=m(t)}, l = 1, . . . , L. (2.7)

The model climatology ŝm,l is computed using the training data. Note that we do not

subtract the climatology from the input features and target variables, i.e., precipitation

and temperature, when training our ML models. We subtract climatology from the

model outputs only when evaluating their performance, as including climatology in the

inputs to our ML models during training improves performance. Section 2.5.3 provides

more details on the model evaluation.

In our analyses, the number of locations is L = 3274, there are K = 24 NCEP-CFSv2

ensemble members or K = 11 NASA-GMAO ensemble members. The ensemble members

are used as input features to the learning-based methods as they are, we do not perform any

feature extraction from them. The number of observational variables is usually P = 17. The

details on these variables can be found in Section 2.2 and Section 2.5.1.

The target variable y is observed from 1985 to 2020. Data from January 1985 to Septem-

ber 2005 are used for training (249 time steps), and data from October 2005 to December

2010 are used for validation and model selection (63 time steps). Data from 2011 to 2020
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(or from 2011 to 2018 in the case of NASA-GMAO data) are used to test our methods after

all model development, selection, and parameter tuning are completed.

2.4.2 Baselines

Climatology It is the fundamental benchmark for weather and climate predictability. In

particular, for a given time t, let m(t) := (t mod 12) correspond to the calendar month

corresponding to t; then we compute the 30-year climatology of the target variable for a

given location and time via

ŷhistt,l = sm(t),l, t = 1, . . . , T, l = 1, . . . , L. (2.8)

Ensemble mean This is the mean of all ensemble members for each location l at each

time step t:

ŷens mean
t,l :=

1

K

K∑
k=1

u
(k)
t,l , t = 1, . . . , T, l = 1, . . . , L. (2.9)

Linear regression Finally, we consider, as a baseline, a linear regression model applied to

input features corresponding to ensemble member predictions: xt,l = [u
(1)
t,l , . . . , u

(K)
t,l ]. Then,

the model’s output

ŷLRt,l := ⟨θl,xt,l⟩+ θ0l , (2.10)

where θl are the trained coefficients for input features for each location l, and θ0l are the

learned intercepts for each location l. Note that we train a different model for each spatial

location, and the illustration for this model and its input’s format is given in Figure 2.1(a).

2.4.3 Learning-based methods

Linear regression (LR) In contrast to the linear regression baseline, here other climate

variables are added to the input features: xt,l = [u
(1)
t,l , ..., u

(K)
t,l , v

(1)
t,l , ..., v

(P )
t,l ]. Then the
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model’s output is defined with Equation (2.10). Because the feature vector is higher di-

mensional here than for the baseline, the learned θl is also higher dimensional. We train a

different model for each spatial location. In our experiments with linear models, we do not

include positional encoding (z
(1)
l , z

(2)
l ) as input features, since they would be constants for

each location’s linear model.

In the context of regression, we minimize the squared error loss. The linear quantile

regressor (Linear QR) is a linear model trained to minimize the quantile loss

ℓQR =
1

L

L∑
l=1

 1

T

T∑
t=1

ρτ
(
yt,l − ŷt,l,

) , (2.11)

where ρτ is defined in Equation (2.4).

Random forest In the context of regression and tercile classification, we train a random

forests that use ensemble predictions, the spatial location, and additional climate features

to form the feature vector xt,l = [u
(1)
t,l , ..., u

(K)
t,l , v

(1)
t,l , ..., v

(P )
t,l , z

(1)
l , z

(2)
l ] for all location l and

time t pairs. One random forest is trained to make predictions for any spatial location. The

illustration for RF and its input’s format is given in Figure 2.1(b): we train one RF model

for all locations, and the spatial information is encoded as input features via PE vectors

z
(1)
l , z

(2)
l .

In the context of quantile regression, we train a random forest quantile regressor (RFQR,

Meinshausen [2006]), which grows trees the same way as the original random forest while

storing all training samples. To make a prediction for a test point, the RFQR computes a

weight for each training sample that corresponds to the number of leaves (across all trees in

the forest) that contain the test sample and the training sample. The RFQR prediction is

then a quantile of the weighted training samples across all leaves that contain the test sample.

We show a figure representation of the RFQR in Section A.4.2. With this formulation,

training a single RFQR for all locations is computationally demanding, so we train individual
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RFQRs for every location.

Random forests are often referred as the best off-the-shelf classifiers [Hastie et al., 2009]

even using the default hyperparameters [Biau and Scornet, 2016]. Our cross-validation (CV)

and grid search experiments show that the RFs hyperparameters have little impact on the

accuracy, and thus, we use the default parameters for RFs from the Scikit-learn library

[Pedregosa et al., 2011].

Convolutional neural network To produce a forecast map for the U.S., we adapted

a U-Net architecture [Ronneberger et al., 2015], which has an encoder-decoder structure

with convolutional layer blocks. The U-Net maps a stack of images to an output image;

in our context, we treat each spatial map of a climate variable or forecast as an image.

Thus, the input to our U-Net is can be represented as a tensor composed of matrices:

Xt = [U
(1)
t , ...,U

(K)
t ,V

(1)
t , ...,V

(P )
t ,Z(1),Z(2)].

Note that here, we use capital letters because the input to our U-Net consists of 2-D

spatial maps, which are represented as matrices instead of vectors. The model output is a

spatial map of the predicted target. This process is illustrated in Figure 2.1(c).

For the U-Net, we modify an available PyTorch implementation [Yakubovskiy, 2020]. The

training set consists of 249 samples (images), which may be considered relatively limited for

CNN training. To address this concern, we conduct bootstrapping experiments for the U-Net

architecture, offering detailed insights into the impact of sample size on model performance.

Further details are presented in Appendix A.3.2. We use a 10-fold CV over our training

data and grid search to select parameters such as learning rate, weight decay, batch size, and

number of epochs. The Adam optimizer [Kingma and Ba, 2014] is used in all experiments.

After selecting hyperparameters, we train the U-Net model with those parameters on the

full training dataset. The validation set is used to perform feature importance analysis.

For regression, we train using squared error loss. In the context of quantile regression, we

initialize the weights with those learned on squared error loss and then train on the quantile
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loss Equation (2.11).

Nonlinear model stacking Model stacking can improve model performance by combining

the outputs of several models (usually called base models) [Pavlyshenko, 2018]. In our case,

linear regression, random forests, and the U-Net are substantially different in architecture

and computation, and we observe that they produce qualitatively different forecasts. We

stack the linear model, random forest, and U-Net forecasts using a nonparametric approach:

ŷt,l = h(ŷLR
t,l , ŷ

RF
t,l , ŷ

UNET
t,l ), (2.12)

where h is a simple feed-forward neural network with a non-linear activation and ŷLR
t,l , ŷ

RF
t,l , ŷ

UNET
t,l

are the predictions of a linear model, random forest and the U-Net correspondingly and re-

ferred to as “base models". One stacking model is trained to make predictions for any spatial

location. Figure 2.1(b) with input features that are predictions from other ML models and

no PE vectors demonstrates the stacking model’s framework. Model stacking can improve

the forecast quality by combining predictions from three forecasting paradigms – spatial in-

dependence, conditional spatial independence, and spatial dependence (Section 2.4.4), and

is analogous to the multi-model ensemble approach commonly used in weather and climate

forecasting. The architecture details can be found in Appendix A.4.

We apply the following procedure for model stacking: the base models are first trained

on half of the training data, and predicted values on the second half are used to train the

stacking model h. Then, we retrain the base models on all the training data and apply the

trained stacked model to the outputs of the base models. The proposed procedure helps to

avoid overfitting.
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2.4.4 Models of spatial variation

We consider three different forecasting paradigms. In the first, which we call the spatial

independence model, we ignore all spatial information and train a separate model for

each spatial location. In the second, which we call the conditional spatial independence

model, we consider samples corresponding to different locations l as independent conditioned

on the spatial location as represented by features (z(1)l , z
(2)
l ). In this setting, a training sample

corresponds to (xi, yi) = (xt,l, yt,l), where, with a small abuse of notation, we let i index a

t, l pair. In this case, the number of training samples is n = TL. In the third paradigm,

which we call the spatial dependence model, we consider a single training sample as

corresponding to full spatial information (across all l) for a single t; that is (Xi,Yi) =

([xt,l]l=1,...,L, [yt,l]l=1,...,L]), where now i indexes t alone. Models developed under the spatial

dependence model account for the spatial variations in the features and targets. For instance,

a convolutional neural network might input “heatmaps” representing the collection of physics-

based model forecasts across the continental U.S. and output a forecast heatmap predicting

spatial variations in temperature or precipitation instead of treating each spatial location as

an independent sample.

Figure 2.1 shows general frameworks of these paradigms. All models combine information

from all the different ensemble forecasts, and so in a broad sense, we can think of each

prediction at a given time and location as a weighted sum of the ensemble forecasts across

space, time, and ensemble members, where the weights are learned during the model training

and may be data-dependent (i.e., nonlinear). From this perspective, we may think of different

modeling paradigms as essentially placing different constraints on those weights:

• under spatial independence models, the weights may vary spatially but do not account

for spatial correlations in the data;

• under conditional spatial independence models, the interpretation depends on the
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model being trained – linear models have the same weights on ensemble predictions re-

gardless of spatial location, while nonlinear models (e.g., random forests) have weights

that may depend on the spatial location;

• under spatial dependence models, the weights vary spatially, depend on the spatial

location, and account for spatial correlations among the ensemble forecasts and other

climate variables.
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θ (xt,l)
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Figure 2.1: An illustration of different forecasting paradigms: (a) spatial independence mod-
els with a model for each spatial location, no accounting for spatial information; (b) con-
ditional spatial independence models with one model for all locations, might consider the
spatial information; (c) spatial dependence models that account for the spatial information
by design. We replace “precipitation” in the illustration with “temperature” for temperature
prediction, but the overall structure remains the same.
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2.5 Experimental setup

This section provides details on the experimental setup, including positional encoding, re-

moving climatology, and evaluation metrics. Data preprocessing details are presented in

Appendix A.5.

2.5.1 Models’ inputs details

Based on the available data, we use the following input features for our ML models:

• K ensemble forecasts for the target month,

• four climate variables: relative humidity, pressure, geopotential height, and tempera-

ture (if the target is precipitation) or precipitation (if the target is temperature) two

months before the target month,

• the lagged target variable (the target variable two, three, four, twelve, and 24 months

before the target date – five additional features),

• SSTs that are represented via principal components (PCs),

• and, finally, the positional embeddings.

SSTs are usually represented as eight PCs, and the embedding vector size is usually d = 12

as we describe Section 2.5.2. For example, using the NCEP-CFSv2 members, there are

24︸︷︷︸
K

+4 + 5 + 8︸ ︷︷ ︸
P

+ 12︸︷︷︸
d

×2 = 65 input features for every time step and location. Figure 2.1

provides an illustration of these input features.

2.5.2 Positional encoding

Positional encoding [Vaswani et al., 2017] is a technique used in natural language processing

(NLP) to inject positional information into data. In sequence-based tasks, such as language
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translation or text generation, the order of elements in the input sequence is important, but

neural networks do not naturally capture this information. PE assigns unique encodings

to each position in the sequence, which are then added to the original input before being

processed by the model. This enables the model to consider the order and relative positions

of elements, improving its ability to capture local and global context within a sequence and

make accurate predictions [Devlin et al., 2018, Petroni et al., 2019, Narayanan et al., 2016].

This technique is helpful to represent the positional information outside the original NLP

tasks [Gamboa, 2017, Gehring et al., 2017, Khan et al., 2022]. Several of our models use the

spatial location as an input feature. Rather than directly using latitudes and longitudes, we

use PE [Vaswani et al., 2017]:

z
(1)
l (i) =PE(l, 2i) = sin(l/100002i/d),

z
(2)
l (i) =PE(l, 2i+ 1) = cos(l/100002i/d),

(2.13)

where l is a longitude or latitude value, d = 12 is the dimensionality of the positional

encoding, and i ∈ {1, . . . , d} is the index of the positional encoding vector. For the U-Net

model, PE vectors are transformed into images in the following way: we take every value in

the vector and fill the image of the desired size with this value. So, there are d images with

the corresponding PE values. For the RF models, PE vectors can be used as they are.

2.5.3 Evaluation metrics

Regression metrics The forecast skill of our regression models is measured using the R2

value. For each location l and ground-truth values yt,l and predictions ŷt,l at this location,

we compute

R2
l = 1−

∑T
t=1(y

anomaly
t,l − ŷanomaly

t,l )2∑T
t=1(y

anomaly
t,l − ȳanomaly

l )2
, (2.14)
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where

ȳ
anomaly
l =

1

T

T∑
t=1

ŷ
anomaly
t,l .

Then, the average R2 for all locations is calculated as

R2 =
1

L

L∑
l=1

R2
l . (2.15)

In addition to the average R2 on the test data, we also estimate the median R2 score across

all U.S. locations.

We further report the mean squared error (MSE) of our predictions across all locations:

MSEl :=
1

T

T∑
t=1

(
yt,l − ŷt,l

)2
,

for l = 1, . . . , L, and

MSE =
1

L

L∑
l=1

MSEl. (2.16)

We also report the standard error (SE), median, and 90th percentile of {MSEl}l. We say the

difference between the two models is significant if their MSE ± SE intervals do not overlap.

Note that the standard errors provided here should be used with caution since there are

significant spatial correlations in the MSE values across locations, so we do not truly have

L independent samples from an asymptotically normal distribution.

Tercile classification metrics We estimate the accuracy of our tercile classification pre-

dictions as the proportion of correctly classified samples out of all observations.

Quantile regression metrics For the quantile regression task, we report mean quantile

loss from Equation (2.11) across all locations.
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2.6 Experimental results

In this section, we report the predictive skill of different models applied to SSF over the

continental U.S. using NCEP-CFSv2 ensemble members for regression and quantile regres-

sion. Precipitation forecasting is known to be more challenging compared to temperature

forecasting [Knapp et al., 2011]. The results for the NASA-GMAO dataset are presented in

Appendix A.1.1. The skill of different models on the tercile classification task is presented

in Appendix A.2 for both datasets. Recall that all methods are trained on data spanning

January 1985–September 2005, with data spanning October 2005 - December 2010 used for

validation (i.e., model selection and hyperparameter tuning). Test data spanning 2011 to

2020 was not viewed at any point of the model development and training process and only

used to evaluate the predictive skill of our trained models on previously unseen data; we

refer to this period as the “test period”. As a navigation tool for the reader, Table 2.2 gives

references to the presented results for different tasks.

Table 2.2: A table with references to the main results.

Task Data Reference
Regression precip NCEP-CFSv2 Table 2.3; Figure 2.2

tmp NCEP-CFSv2 Table 2.4; Figure 2.3
precip NASA-GMAO Table A.1; Figure A.1
tmp NASA-GMAO Table A.2; Figure A.2

Quantile regression precip NCEP-CFSv2 Table 2.5; Figure A.3
tmp NCEP-CFSv2 Table 2.6; Figure 2.4

precip NASA-GMAO Table A.3; Figure A.4
tmp NASA-GMAO Table A.4; Figure A.5

Feature importance precip NCEP-CFSv2 Table 2.10
tmp NCEP-CFSv2 Table 2.11

Tercile classification precip NCEP-CFSv2 Table A.5; Figure A.6
tmp NCEP-CFSv2 Table A.6; Figure A.7

precip NASA-GMAO Table A.5; Figure A.7
tmp NASA-GMAO Table A.6; Figure A.9
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2.6.1 Regression

Precipitation regression using NCEP-CFSv2 Precipitation regression results are

presented in Table 2.3. While the individual ML approaches produce results generally similar

to those of the baselines, the stacked ML model, in particular, outperforms the baseline

models in almost all metrics. Note that the best R2 value, associated with the stacked

model, is still near zero; while this is a significant improvement over, for example, the

ensemble mean, which has an R2 value of -0.08, the low values for all methods indicate the

difficulty of the forecasting problem. It is important to note that R2 measures the accuracy

of a model relative to a baseline corresponding to the mean of the target over the test period –

that is, relative to a model that could never be used in practice as a forecaster because it uses

future observations. The best practical analog to this would be the mean of the target over

the train period – what we call the “historical mean” or climatology model. These two models

are not the same, possibly because of the nonstationarity of the climate [Min et al., 2020].

Thus, even when our R2 values are negative (i.e., we perform worse than the impractical

mean of the target over the test period), we still perform much better than the practical

climatology predictor. The model stacking approach is applied to the models trained on all

available features (i.e., ensemble members, PE, climate variables; linear regression is trained

on all features except PE). We decide what models to include in the stacking approach

based on their performance on validation data. The low 90th percentile error implies that

our methods not only have high skill on average but also that there are relatively few locations

with large errors. While acknowledging the overall performance may not be exceptional, it is

important to recognize the potential of machine learning methods in improving the quality

of estimates relative to the standard baselines. To further evaluate the capabilities of the

stacking approach, we also apply the approach to the baseline predictions, which include

historical and ensemble means, as well as linear regression. The performance of the stacked

baseline model exceeds that of any of the individual baseline models and is similar to the
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performance of the stacked ML approach in terms of the R2 metric. However, the stacked ML

approach outperforms it in all MSE-based metrics, indicating that the ML techniques can

still provide additional skill even for as notoriously challenging a quantity as precipitation.

Table 2.3: Results for precipitation regression the using NCEP-CFSv2 ensemble, with errors
reported over the test period. LR refers to linear regression on all features, including ensemble
members, lagged data, climate variables, and SSTs. ML model stacking is performed on
models that are trained on all features. The best results are in bold. MSE is reported in
squared mm.

Model Features Mean
R2 (↑)

Median
R2 (↑)

Mean
Sq Err (↓)

Median
MSE (↓)

90th prctl
MSE (↓)

Climatology -0.06 -0.01 2.33 ± 0.04 1.59 4.96
Ens mean -0.08 0.01 2.19 ± 0.04 1.55 4.57Baseline

Linear Regr -0.11 -0.07 2.26 ± 0.04 1.54 4.72
Baseline stacking 0.00 0.04 2.15 ± 0.04 1.44 4.55

LR All features -0.33 -0.25 2.71 ± 0.05 1.91 5.45
U-Net All features -0.10 -0.01 2.18 ± 0.03 1.44 4.62
RF All features -0.11 -0.01 2.17 ± 0.05 1.48 4.45

Stacked LR, U-Net, RF outputs 0.02 0.04 2.07 ± 0.03 1.42 4.38

Figure 2.2 illustrates performance of key methods with R2 heatmaps over the U.S. to

highlight spatial variation in errors. The RF and U-Net R2 fields are qualitatively similar,

but they are still quite different in certain states such as Georgia, North Carolina, Virginia,

Utah, and Colorado. The LR map is noticeably poor across most of the regions. The

stacked ML model’s heatmap reveals large regions where its predictive skill exceeds that of

all other methods. Note that model stacking yields relatively accurate predictions even in

regions where the three constituent models individually perform poorly (e.g., southwestern

Arizona), highlighting the generalization abilities of our stacking approach. All methods tend

to have higher accuracy on the Pacific Coast, in the Midwest, and in southern states such

as Alabama and Missouri. The stacking model heatmaps both look similar. The stacking

model applied to the baselines has better R2 scores in California compared to the stacked

ML methods. However, the stacked ML model reveals larger positive R2 regions and fewer

dark red spots, particularly evident in New Mexico, Minnesota, and Utah.
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Figure 2.2: R2 score heatmaps of baselines and learning-based methods for precipitation
regression using NCEP-CFSv2 ensemble members; errors are computed over the test period.
Positive values (blue) indicate better performance. See Section 2.6.1 for details.

Temperature regression Table 2.4 shows results for 2-meter temperature regression. The

learning-based models, especially the random forest and stacked model, significantly outper-

form the baseline models in terms of MSE and R2 score. The random forest also outperforms

linear regression and the U-Net. Note that LR, U-Net, and RF are trained without using

SST information since SST features yielded worse performance over the validation period.

Figure 2.3 illustrates the performance of these methods with R2 heatmaps over the U.S.

As expected, the model stacking approach shows the best results across spatial locations.

We notice that there are still regions such as the West, some regions in Texas, Florida, and
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Table 2.4: Results for temperature regression using the NCEP-CFSv2 ensemble, with errors
reported over the test period. LR refers to linear regression on all features including ensemble
members, lagged data, land variables. Model stacking is performed on models that are
trained on all features except SSTs. The best results are in bold. MSE is reported in
squared ◦C.

Model Features Mean
R2 (↑)

Median
R2 (↑)

Mean
Sq Err (↓)

Median
MSE (↓)

90th prctl
MSE (↓)

Climatology -0.66 -0.17 6.57 ± 0.11 5.04 9.99
Ens mean -0.47 0.08 5.51 ± 0.10 3.83 9.16Baseline

Linear Regr 0.04 0.17 3.60 ± 0.03 3.25 5.49
LR All features w/o SSTs 0.05 0.16 3.57 ± 0.02 3.33 5.41

U-Net All features w/o SSTs 0.01 0.18 3.65 ± 0.02 3.38 5.31
RF All features w/o SSTs 0.16 0.25 3.17 ± 0.02 2.99 4.63

Stacked LR, U-Net, RF outputs 0.18 0.27 3.11 ± 0.02 2.93 4.56

Georgia where all models tend to achieve a negative R2 score.

2.6.2 Quantile regression

We explore the use of quantile regression to predict values z so that “there’s a 90% chance

that the average temperature will be below z◦ at your location next month” – or, equiva-

lently, “there is a 10% chance that the average temperature will exceed z◦ at your location

next month.” In this sense, quantile regression focused on the 90-th percentile predicts tem-

perature and precipitation extremes, a task highly relevant to many stakeholders. We train

a linear regression model fitting the quantile loss (Linear QR), a random forest quantile

regressor (RFQR), [Meinshausen, 2006], a U-Net, and the stacked model. The Linear QR

and the RFQR details are discussed in Section 2.4. The below experimental results show

that temperature extremes can be predicted with high accuracy by the learning-based mod-

els (particularly our stacked model), in stark contrast to historical quantiles or ensemble

quantiles in the case of temperature quantile regression. The results for precipitation are

less striking overall, though the learned models are significantly more predictive in some

locations on this quantile regression task.
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Figure 2.3: R2 score heatmaps of baselines and learning-based methods for temperature
regression using NCEP-CFSv2 ensemble members; errors are computed over the test period.
Positive values (blue) indicate better performance. See Section 2.6.1 for details.

Quantile regression of precipitation For each location, the 90th percentile value is

calculated based on the historical data. For the ensemble 90th percentile, we simply take

the 90th percentile of the K ensemble members. Table 2.5 summarizes results for precipi-

tation quantile regression using the NCEP-CFSv2 ensemble. Our stacked model is able to

significantly outperform all baselines. The performance illustration is given in Appendix

A.1, Figure A.3.

Quantile regression of temperature Table 2.6 summarizes results for temperature

quantile regression using the NCEP-CFSv2 ensemble. Note that we do not include SST
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Table 2.5: Test results for precipitation quantile regression using NCEP-CFSv2 dataset, with
target quantile = 0.9. Linear QR refers to a linear quantile regressor. RFQR corresponds
to a Random Forest Quantile Regressor. Model stacking is performed on models that are
trained on all features. Our ML methods are able to significantly outperform all baselines.
The best results are in bold. Quantile loss is reported in mm.

Model Features Mean
Qtr Loss (↓)

Median
Qtr Loss (↓)

90th prctl
Qtr Loss (↓)

Historical 90th percentile 0.304 ± 0.003 0.278 0.504
Ens 90th percentile 0.311 ± 0.003 0.275 0.488Baseline
Linear QR ens only 0.310 ± 0.003 0.266 0.505

Linear QR All features 0.287 ± 0.003 0.248 0.463
U-Net All features 0.312 ± 0.002 0.281 0.504
RFQR All features 0.282 ± 0.002 0.257 0.453
Stacked U-Net, RFQR, LQR outputs 0.282 ± 0.002 0.256 0.457

features for temperature quantile regression in our learned models. We observe that all of

our learned models are able to significantly outperform all baselines. In Figure 2.4, we show

the heatmaps of quantile loss of baselines and our learned models. We observe that the

learned models produce predictions with varied quality, and the stacked model can pick up

useful information from them. For example, in Arizona and Texas, the Linear QR, U-Net,

and RFQR show some errors but in different locations, and the stacked model can exploit

the advantages of each model.

Table 2.6: Test results for temperature quantile regression using NCEP-CFSv2 dataset, with
target quantile = 0.9. Linear QR refers to a linear quantile regressor. RFQR corresponds
to a Random Forest Quantile Regressor. Model stacking is performed on models that are
trained on all features except for SSTs. Learned models can predict highly likely temperature
ranges accurately, meaning there are fewer unpredicted temperature spikes. The best results
are in bold. Quantile loss is reported in ◦C.

Model Features Mean
Qtr Loss (↓)

Median
Qtr Loss (↓)

90th prctl
Qtr Loss (↓)

Historical 90th percentile 0.589 ± 0.008 0.435 0.980
Ens 90th percentile 0.642 ± 0.009 0.468 1.196Baseline
Linear QR ens only 0.336 ± 0.004 0.286 0.488

Linear QR All features w/o SSTs 0.318 ± 0.002 0.301 0.407
U-Net All features w/o SSTs 0.363 ± 0.003 0.329 0.488
RFQR All features w/o SSTs 0.320 ± 0.002 0.307 0.384
Stacked U-Net, RFQR, LQR outputs 0.287 ± 0.001 0.285 0.344
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Figure 2.4: Test quantile loss heatmaps of baselines and learning-based methods for temper-
ature quantile regression using NCEP-CFSv2 dataset. Blue regions indicate smaller quantile
loss. See Section 2.6.2 for details.

2.7 Discussion

2.7.1 The efficacy of machine learning for SSF

Several hypotheses might explain why ML may be a promising approach for SSF, and we

probe those hypotheses in this section.

Using full ensemble vs. ensemble mean Past works use ensemble mean as an input

feature to machine learning methods in addition to the climate variables [Hwang et al.,

2018, He et al., 2021]. Ensembles provide valuable information not only about expected
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climate behavior but also variance or uncertainty in multiple dimensions; methods that rely

solely on ensemble mean lack information about this variance. Ensemble members may

have systematic errors, either in the mean or the variability, arising from different initial

conditions of the corresponding dynamic model that are not readily apparent to users. The

more recently initialized an ensemble member is, the better it usually performs. While taking

the average of these ensemble members may cancel out the deficiencies of each individual

member, it is also possible that details of each member’s systematic errors may be directly

discovered and corrected independently by a machine learning model. Therefore, using a

single ensemble statistic, such as the ensemble mean, as a feature may not fully capitalize

on the information provided by using all members of the lagged ensemble as features.

In our experiments, we find that using all available ensemble members enhances the

prediction quality of our approaches. As an illustration, we show the results of the LR,

RF, U-Net, and the stacked model trained on all ensemble members, compared to the ML

models trained on the ensemble mean only. In addition to the full ensemble or the ensemble

mean, we use other available features (as in our previous regression results). Table 2.7

and Table 2.8 demonstrate the precipitation and temperature forecasting results. For the

linear regression, utilizing the ensemble mean with all other features produces the best

test performance compared to using the full ensemble. Such behavior is not surprising

for the LR since the full ensemble incorporates large variance across ensemble members,

which may result in a worse linear fit. For the U-Net, RF, and stacked model, we observe

significant performance improvements, in terms of having at least one standard error smaller

MSE, when using the full ensemble instead of using the ensemble mean. When we compare

the performance of learned models using only the ensemble mean to that of the learned

models that use both the ensemble mean and the ensemble standard deviation for each

spatial location, we find that the addition of the standard deviation feature does not provide

enough information to significantly improve the performance of ML models, and in fact the
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U-Net that exhibits a performance degradation – a potential a sign of overfitting. These

observations are visually supported by Figure 2.5 and Figure 2.6, where the R2 heatmaps

of our methods (except the U-Net) utilizing ensemble mean and standard deviation closely

resemble the performance of methods solely relying on ensemble mean. We conclude that

the full ensemble contains important information for SSF aside from the ensemble mean, and

our models can capitalize on this information for precipitation and temperature forecasting.

We can perform a statistical test to verify that the performance discrepancies between

using the ensemble mean and using the full ensemble are statistically significant for the

stacked model. As before, let ŷt,l refer to the estimate under our usual stacked model (i.e.,

with all ensemble members). Let ŷSEA
t,l refer to a stacked model with just the ensemble

mean as a feature, instead of all ensemble members. We can employ a sign test framework

[DelSole and Tippett, 2014, Cash et al., 2019] to compare model performance under minimal

distributional assumptions. Namely, we only make the following i.i.d. assumption over the

time dimension:

|ŷt,l − yt,l| < |ŷSEA
t,l − yt,l|

iid∼ Bernoulli(pl)

Intuitively, this corresponds to assuming it is a coin flip which model will perform better

at each time point and location, and we would like to test whether each location’s “coin” is

fair or not. We can then formulate our null and alternative hypotheses for each location l as

follows:

H0,l : pl = 0.5, H0,l : pl > 0.5

Thus, our overall test for significance is for the global null hypothesis H0 = ∩3274l=1 H0,l. We

calculate a p-value for each H0,l, and then we check whether any of these p-values is below a

Bonferroni-corrected threshold of 0.05/3274 = 1.53× 10−5, where 3274 refers to the number

of locations. In fact, the minimum p-values for this test with precipitation and regression

alike are far below this threshold (1.68×10−10 and 4.42×10−24, respectively). This allows us
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to reject the global null hypothesis for both temperature and precipitation, and we conclude

that including the full ensemble in our stacked model significantly outperforms including

just the ensemble mean.

Table 2.7: Precipitation forecasting performance comparison of the LR, RF, U-Net, and
stacked model trained using the ensemble mean, using the sorted ensemble members, or
using the original ensemble, in addition to other features. Scores on the test data are
reported, and NCEP-CFSv2 data is used. The best results are in bold. MSE is reported in
squared mm.

Model Features Mean
R2 (↑)

Mean
Sq Err (↓)

Ensemble mean + all features -0.28 2.59±0.04LR Ensemble mean & std + all features -0.29 2.61 ± 0.04
Shuffled ensemble + all features -0.41 2.84±0.05
Sorted ensemble + all features -0.43 2.87±0.05
Full ensemble + all features -0.33 2.71±0.05

Ensemble mean + all features -0.45 2.76±0.04U-Net Ensemble mean & std + all features -0.25 2.65 ± 0.04
Shuffled ensemble + all features -0.27 2.77±0.05
Sorted ensemble + all features -0.43 2.78±0.04
Full ensemble + all features -0.1 2.18±0.03

Ensemble mean + all features -0.16 2.36±0.04RF Ensemble mean & std + all features -0.15 2.32 ± 0.04
Shuffled ensemble + all features -0.16 2.29±0.04
Sorted ensemble + all features -0.18 2.30±0.04
Full ensemble + all features -0.11 2.17±0.05

Ensemble mean + all features -0.08 2.28±0.04Stacked Ensemble mean & std + all features -0.05 2.26 ± 0.04
Shuffled ensemble + all features -0.04 2.25±0.04
Sorted ensemble + all features -0.11 2.24±0.04
Full ensemble + all features 0.02 2.07±0.03

Sensitivity to ensemble formulation We consider the hypothesis that there is a set

of k ensemble members that are always best. To test this hypothesis, we use a training

period to identify which k members perform best for each location, and then during the test

period, compute the average of only these k ensemble members. The performance of this

approach depends on k, the number of ensemble members we allow to be designated “good.”

We have not found that the performance for any k exhibits a significant improvement over
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Figure 2.5: Precipitation regression test R2 heatmaps of LR, U-Net, RF, and stacked model
trained using ensemble mean only, using sorted and shuffled ensemble, or using the full
ensemble. The NCEP-CFSv2 ensemble is used. See Section 2.7.1 for details.

the ensemble mean.

If the ensemble members have different levels of accuracy over various seasons, locations,

and conditions, then a machine learning model may be learning when to “trust" each member.

We know that our ensemble members are lagged, meaning they are initialized at different

times. We believe each ensemble member encapsulates valuable information derived from

the underlying physical model during each initialization. To investigate the impact of en-

semble member order, we perform the following experiment: we randomly permute ensemble

members at every time step t for all locations (preserving the spatial information) and apply

our ML models to these shuffled ensembles. From Table 2.7 and Table 2.8, this approach

negatively affects the performance of the ML models compared to using the full ensemble

with the original order. One possible explanation is that the learned models lose the ability

to learn which ensemble member to trust, as this information is tied to the initialization
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Table 2.8: Temperature forecasting performance comparison of the LR, RF, U-Net, and
stacked model trained using the ensemble mean, using the sorted ensemble members, or
using the original ensemble, in addition to other features. Scores on the test data are
reported and NCEP-CFSv2 data is used. The best results are in bold. MSE is reported in
squared ◦C.

Model Features Mean
R2 (↑)

Mean
Sq Err (↓)

Ensemble mean + all features 0.06 3.55±0.03LR Ensemble mean & std + all features 0.05 3.59±0.03
Shuffled ensemble + all features 0.03 3.95±0.03
Sorted ensemble + all features -0.02 3.87±0.03
Full ensemble + all features 0.05 3.57±0.02

Ensemble mean + all features 0.00 3.77±0.03U-Net Ensemble mean & std + all features 0.19 4.61±0.03
Shuffled ensemble + all features -0.29 4.75±0.03
Sorted ensemble + all features -0.94 6.51±0.05
Full ensemble + all features 0.01 3.65±0.02

Ensemble mean + all features 0.10 3.57±0.02RF Ensemble mean & std + all features 0.10 3.56 ±0.02
Shuffled ensemble + all features 0.05 3.65±0.02
Sorted ensemble + all features 0.10 3.44±0.02
Full ensemble + all features 0.16 3.17±0.02

Ensemble mean + all features 0.11 3.43±0.02Stacked Ensemble mean & std + all features 0.13 3.30 ±0.02
Shuffled ensemble + all features 0.08 3.47±0.02
Sorted ensemble + all features 0.03 3.70±0.02
Full ensemble + all features 0.18 3.11±0.02

time of each ensemble member. Even though the spatial information remains intact after

the shuffling, the models can no longer exploit dependencies associated with the original

ensemble structure.

Additionally, we conduct an experiment designed to test whether it is important to keep

track of which ensemble member made each prediction or whether it is the distribution of

predictions that is important. The modeling approach for the former would be to feed

in ensemble member 1’s forecast as the first feature, ensemble member 2’s forecast as the

second feature, etc. The modeling approach under the distributional hypothesis is to make

the smallest prediction be the first feature, the second-smallest prediction be the second

feature, and so on – i.e., we sort the ensemble forecasts for each location separately. Note
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Figure 2.6: Temperature regression test R2 heatmaps of LR, U-Net, RF and stacked model
trained using ensemble mean only, using sorted and shuffled ensemble, or using the full
ensemble. The NCEP-CFSv2 ensemble is used. See Section 2.7.1 for details.

that this entails treating the ensemble members symmetrically: the model would give the

same prediction if ensemble member 1 predicted a and ensemble member 2 predicted b or if

ensemble member 1 predicted b and ensemble member 2 predicted a. In statistical parlance,

this is passing in the order statistics of the forecasts as the features rather than their original

ordering. Note that for NCEP-CFSv2, ensemble forecasts are originally ordered according

to the time their initial conditions are set [Saha et al., 2014]. According to Table 2.7 and

Table 2.8, using the sorted ensemble drastically degrades U-Net’s performance, which is

essentially because we sort the ensemble members for each location individually, and sorting

the ensemble members individually for each location may hamper the ability for the U-Net

to learn spatial structure. In the case of precipitation regression with the stacking model

from Table 2.7, the MSE of the sorted approach is 2.24, which is worse than the 2.07 MSE

for using the original ordering. In the case of temperature forecasting from Table 2.8, the
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MSE of the sorted approach is 3.70, which is much worse than the 3.11 MSE for using the

original ordering. The mean R2 of the sorted approach is also lower compared to the original

ordering. In both cases, the performance is better when we feed in the features in such a

way that the machine learning model has an opportunity to learn aspects of each ensemble

member, not merely their order statistics. Therefore, imposing a symmetric treatment of

ensemble members degrades performance. Figure 2.5 and Figure 2.6 shows the corresponding

R2 heatmaps of our models for precipitation and temperature regression tasks.

2.7.2 Using spatial data

There are several ways to incorporate information about location in our models. U-Net has

access to spatial dependencies through its design. Specifically, our U-Net inputs the spatial

location of each point in the map. Naively, we might represent each location using the latitude

and longitude values. Alternatively, we may use positional encoding, which is known to be

beneficial in many ML areas, not only in NLP (as we mention in Section 2.5.2). PE captures

the order (or position) and allows one to learn the contextual relationships (local context

– relationships between nearby elements and global context dependencies across the entire

sequence). We assume that the PE approach represents spatial information in a manner

more accessible to our learned models.

As an illustration, Table 2.9 and Figure 2.7 demonstrate the performance of a stacked

model using LR, RF, and U-Net trained using positional encoding, using latitude and lon-

gitude values and using no features representing the spatial information (no PE and no

latitude or longitude values). Other inputs to the LR, RF, and U-Net models are ensemble

member forecasts, lagged target variable, climate variables, and SSTs (except in the case of

temperature forecasting). The results suggest that using PE enhances the predictive skill of

our models, compared to using just the lat/lon values or no location information, especially

for the temperature forecasting task. Using no information about locations hurts the per-
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formance of precipitation regression. Thus, our models can account for spatial dependencies

using input features, and PE is more beneficial than the raw latitude and longitude infor-

mation. These findings on PE effectiveness are consistent with prior findings in ML. For

example, [Wu et al., 2021] investigate the efficacy of PE in the context of the visual trans-

former model used for image classification and object detection. We show a more detailed

analysis with results for the LR, RF, and U-Net in Appendix A.3.1.

Table 2.9: Test performance comparison of the stacked model of LR, RF, and U-Net trained
using no spatial features, using latitude and longitude values, or using PE. Utilizing spatial
representations, including PE, latitude, and longitude values, helps advance the predictive
skill. Furthermore, using positional encoding is more beneficial than using raw latitude
and longitude values. The best results are in bold. MSE is reported in squared mm for
precipitation and in squared ◦C for temperature.

Target Features Mean
R2 (↑)

Mean
Sq Err (↓)

All + no location info -0.05 2.13±0.03Precip All + lat/lon values -0.01 2.21±0.04
All + PE 0.02 2.07±0.03

All + no location info 0.12 3.35±0.02Tmp All + lat/lon values 0.12 3.33±0.02
All + PE 0.18 3.11± 0.02
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Figure 2.7: Test R2 heatmaps of the stacked model of LR, RF, and U-Net trained using
no spatial features, using latitude and longitude values or using PE. The NCEP-CFSv2
ensemble is used. See section 2.7.2 for details.
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2.7.3 Variable importance

One consideration when implementing ML for SSF is that ML models can incorporate side

information (such as spatial information, lagged temperature and precipitation values, and

climate variables). In this section, we explore the importance of the various components

of side information. We see that including the observational climate variables improves

the performance of the random forest and the U-Net when doing precipitation regression.

Furthermore, including positional encoding of the locations improves the performance of the

U-Net, while the principle components of the sea surface temperature do not make a notable

difference in the case of temperature prediction.

More specifically, Table 2.10 summarizes grouped feature importance of precipitation

regression using the NCEP-CFSv2 ensemble. We observe that models, in particular random

forest and U-Net, trained on all available data achieve the best performance. In the case of

linear regression, the SSTs features are neither very helpful nor actively harmful. Therefore,

to be consistent, we use predictions of these models trained on all features as input to the

stacking model.

Table 2.11 summarizes grouped feature importance of temperature regression using the

NCEP-CFSv2 ensemble. In this case, adding some types of side information may yield only

very small improvements to predictive skill, and in some cases, the additional information

may decrease predictive skill. On the one hand, this effect can be explained by different

training set sizes for different models: as we outline in Section 2.4.4, the training set size

for RF is n = TL, while n = T for U-Net. This effect also may be a sign of overfitting, as

temperature forecasting presents a comparatively less complex challenge than precipitation

forecasting. We also note that SSTs provide only marginal (if any) improvement in predictive

skill, in part because Pacific SSTs are less helpful away from the western U.S. [Mamalakis

et al., 2018, Seager et al., 2007]. It could also be that information from the SSTs is already

being well-captured by the output from the dynamical models, and thus, including observed
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Table 2.10: Grouped feature importance results on validation for precipitation regression
task using NCEP-CFSv2 ensemble members. The results suggest that using additional
observational information helps to improve the performance of learning-based models for
this task. –"– means a repetition of features that are used above. For example, in the U-Net
part of the table, “–"– & lags” means that ensemble members, PE, and lags are used as
features and “–"– & SSTs” means ensemble members, PE and lags, land features and SSTs
are used as features. The best results are in bold. MSE is reported in squared mm.

Model Features Mean
R2 (↑)

Median
R2 (↑)

Mean
Sq Err (↓)

Median
MSE (↓)

90th prctl
MSE (↓)

LR Ens members -0.13 -0.08 2.11 ± 0.03 1.53 4.63
–"– & lags -0.11 -0.07 2.10 ± 0.03 1.50 4.59

–"– & climate variables (no SSTs) -0.09 -0.06 2.06 ± 0.03 1.47 4.52
–"– & SSTs -0.10 -0.07 2.08 ± 0.03 1.47 4.61

U-Net Ens members with PE -0.13 -0.05 2.01 ± 0.03 1.50 4.31
–"– & lags -0.08 -0.02 1.92 ± 0.03 1.42 4.17

–"– & climate variables (no SSTs) -0.02 0.05 1.86 ± 0.03 1.37 4.02
–"– & SSTs 0.00 0.05 1.83 ± 0.03 1.34 3.94

RF Ens members with PE -0.15 -0.04 2.02 ± 0.03 1.49 4.34
–"– & lags -0.10 0.00 1.96 ± 0.03 1.44 4.21

–"– & climate variables (no SSTs) -0.08 0.02 1.93 ± 0.03 1.39 4.16
–"– & SSTs -0.06 0.04 1.89 ± 0.03 1.36 4.08

SSTs does not provide much additional information. In order to be consistent, we use

predictions of these models trained on all features except SSTs as input to the stacking

model.

2.8 Conclusion

This paper systematically explores the use of machine learning methods for subseasonal

forecasting, highlighting several important factors: (1) the importance of using ensembles

of physics-based forecasts (as opposed to only using the mean, as in common practice); (2)

the potential for forecasting temperature and precipitation extremes using quantile regres-

sion; (3) the efficacy of different mechanisms, such as positional encoding and convolutional

neural networks, for modeling spatial dependencies; (4) the importance of various features,

such as sea surface temperature and lagged temperature and precipitation values, for pre-
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Table 2.11: Grouped feature importance results on validation for temperature regression task
using NCEP-CFSv2 ensemble members. The results demonstrate that using some additional
information may yield only very small improvements in predictive skill, and in some cases,
the side information may decrease predictive skill. –"– means a repetition of features that are
used above. For example, in the U-Net part of the table, “–"– & lags” means that ensemble
members, PE, and lags are used as features and “–"– & SSTs” means ensemble members, PE
and lags, land features and SSTs are used as features. The best results are in bold. MSE is
reported in squared ◦C.

Model Features Mean
R2 (↑)

Median
R2 (↑)

Mean
Sq Err (↓)

Median
MSE (↓)

90th prctl
MSE (↓)

LR Ens members 0.35 0.40 2.19 ± 0.02 2.00 3.47
–"– & lags 0.37 0.40 2.12 ± 0.02 1.94 3.30

–"– & climate variables (no SSTs) 0.36 0.39 2.14 ± 0.04 1.94 3.40
–"– & SSTs 0.34 0.38 2.23 ± 0.02 1.99 3.73

U-Net Ens members with PE 0.33 0.41 2.22 ± 0.04 2.02 3.47
–"– & lags 0.32 0.40 2.24 ± 0.02 2.02 3.49

–"– & climate variables (no SSTs) 0.31 0.41 2.26 ± 0.02 2.08 3.48
–"– & SSTs 0.28 0.38 2.47 ± 0.02 2.20 3.95

RF Ens members with PE 0.11 0.37 2.85 ± 0.04 2.28 4.87
–"– & lags 0.30 0.36 2.35 ± 0.02 2.12 3.70

–"– & climate variables (no SSTs) 0.30 0.36 2.33 ± 0.02 2.10 3.65
–"– & SSTs 0.28 0.34 2.42 ± 0.02 2.17 3.83

dictive accuracy; (5) model stacking provides substantial benefits by leveraging the different

utilization of spatial data among contributing models. The stacking model probably capi-

talizes on this diversity, fostering performance enhancement. Together, these results provide

new insights into using ML for subseasonal weather forecasting in terms of the selection of

features, models, and methods.

Our results also suggest several important directions for future research. In terms of

features, there are many climate forecasting ensembles computed by organizations such as

NOAA and ECMWF. This paper focuses on ensembles in which ensemble members have

a distinct ordering (in terms of lagged initial conditions used to generate them), but other

ensembles correspond to initial conditions or parameters drawn independently from some

distribution. Leveraging such ensemble forecasts and potentially jointly leveraging ensemble

members from multiple distinct ensembles may further improve the predictive accuracy of
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our methods.

In terms of models, new neural architecture models such as transformers show remark-

able performance on several image analysis tasks [Dosovitskiy et al., 2020, Carion et al.,

2020, Chen et al., 2021, Khan et al., 2022] and have potential in the context of forecast-

ing climate temperature and precipitation maps. A careful study is needed, as past image

analysis work using transformers generally uses large quantities of training data, exceeding

what is available in SSF contexts. Recent advancements in data-driven global weather fore-

casting models, such as Pangu-Weather [Bi et al., 2022], FourCastNet [Pathak et al., 2022],

and GenCast [Price et al., 2023], demonstrate the potential of ML techniques to enhance

forecasting capabilities across various timescales. These models outperform traditional nu-

merical weather prediction approaches, suggesting that similar data-driven methods may

hold promise for improving SSF quality.

In terms of methods, two outstanding challenges are particularly salient to the SSF

community. The first is uncertainty quantification; that is, we wish not only to forecast

temperature or precipitation but also to predict the likelihood of certain extreme events. Our

work on quantile regression is an important step in this direction and statistical methods

like conformalized quantile regression [Romano et al., 2019] may provide additional insights.

Second, we see in Figure A.16 that, at least in some geographic regions, the distribution of

ensemble hindcast and forecast data may be quite different. Employing methods that are

more robust to distribution drift [Wiles et al., 2021, Subbaswamy et al., 2021, Zhu et al.,

2021b] is particularly important not only for handling forecast and hindcast data but also

for accurate SSF in a changing climate.
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CHAPTER 3

PRESERVING INVARIANT MEASURES IN CHAOTIC

SYSTEMS WITH NEURAL OPERATOR TRAINING

3.1 Introduction

Training fast and accurate surrogate models to emulate complex dynamical systems is key to

many scientific applications of machine learning, including climate modeling [Pathak et al.,

2022], fluid dynamics [Li et al., 2021, Takamoto et al., 2022], plasma physics [Mathews

et al., 2021], and molecular dynamics [Unke et al., 2021, Musaelian et al., 2023]. Fast

emulators are powerful tools that can be used for forecasting and data assimilation [Chen

et al., 2022, Pathak et al., 2022, Mathews et al., 2021], sampling to quantify uncertainty

and compute statistical properties [Pathak et al., 2022, Unke et al., 2021, Musaelian et al.,

2023], identifying latent dynamical parameters [Lu et al., 2020, Wang et al., 2022a], and

solving a wide range of inverse problems [Jiang and Willett, 2022]. Specifically, neural

operator architectures [Li et al., 2021, Lu et al., 2021, Li et al., 2022a] have been shown

to be promising physics-informed surrogate models for emulating spatiotemporal dynamics,

such as dynamics governed by partial differential equations (PDEs).

One key feature of many of the dynamical systems in these applications is chaos, which

is characterized by a high sensitivity to initial conditions and results in a theoretical limit on

the accuracy of forecasts. Chaotic dynamics ensure that no matter how similarly initialized,

any two distinct trajectories will diverge at an exponential rate while remaining confined

to a chaotic attractor [Medio and Lines, 2001]. At the same time, chaos is fundamental to

many critical physical processes, such as turbulence in fluid flows [Davidson, 2015] as well as

mixing and ergodicity [Medio and Lines, 2001]—properties that underpin the fundamental

assumptions of statistical mechanics [Dorfman, 1999].

Chaos not only presents a barrier to accurate forecasts but also makes it challenging
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to train emulators, such as neural operators, using the traditional approach of rolling-out

multiple time steps and fitting the root mean squared error (RMSE) of the prediction, as

demonstrated in Figure 3.1. This is because RMSE training relies on encouraging the emu-

lator to produce more and more accurate forecasts, ideally over a long time horizon, which

is severely limited by the chaotic dynamics. This problem is exacerbated by measurement

noise, which, in combination with the high sensitivity to initial conditions, further degrades

the theoretical limit on forecasting. Unfortunately, this is precisely the setting for many

real-world scientific and engineering applications. While accurate long-term forecasts are

impossible in this setting, it is still possible to replicate the statistical properties of chaotic

dynamics.

Specifically, we can define a natural invariant measure on a chaotic attractor that charac-

terizes the time-invariant statistical properties of the dynamics on the attractor [Medio and

Lines, 2001]. By training a neural operator to preserve this invariant measure—or equiva-

lently, preserve time-invariant statistics—we can ensure that the neural operator is properly

emulating the chaotic dynamics even though it is not able to perform accurate long-term

forecasts. In this paper, we introduce two new training paradigms to address this challenge.

The first uses an optimal transport-based objective to ensure the invariant measure is pre-

served. While effective, this approach requires expert knowledge of invariant measures to

determine appropriate training losses. The second paradigm uses a contrastive feature loss

that naturally preserves invariant measures without this prior expert knowledge. These new

losses, which are both intended to preserve the invariant statistics that govern the long-term

behavior of the dynamics, are used in combination with the standard RMSE loss evaluated

over a short time horizon, which ensures any remaining predictability in the short-term

dynamics is correctly captured.

We operate in the multi-environment setting, in which parameters governing the system

evolution may be different for each train and test sample. This setting is more challenging
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than the more typical single-environment setting because it requires emulators to generalize

over a broader range domain. Most practical use cases for emulators—where the compu-

tational costs of generating training data and training an emulator are outweighed by the

computational gains at deployment—are in the multi-environment setting.

3.1.1 Contributions

This paper makes the following key contributions. Firstly, we identify, frame, and empirically

illustrate the problem of training standard neural operators on chaotic dynamics using only

RMSE—namely, that the sensitivity to initial conditions in combination with noise means

that any predictive model will quickly and exponentially diverge from the true trajectory in

terms of RMSE. As such, RMSE is a poor signal for training a neural operator. We instead

suggest training neural operators to preserve the invariant measures of chaotic attractors

and the corresponding time-invariant statistics, which are robust to the combination of noise

and chaos. Secondly, we propose a direct optimal transport-based approach to train neural

operators to preserve the distribution of a chosen set of summary statistics. Specifically, we

use a Sinkhorn divergence loss based on the Wasserstein distance to match the distribution

of the summary statistics between the model predictions and the data. Next, we propose a

general-purpose contrastive learning approach to learn a set of invariant statistics directly

from the data without expert knowledge. Then, we construct a loss function to train neural

operators to preserve these learned invariant statistics. Finally, we empirically test both

of these approaches and show that the trained neural operators capture the true invariant

statistics—and therefore the underlying invariant measures of the chaotic attractors—much

more accurately than baseline neural operators trained using only RMSE, resulting in more

stable and physically relevant long-term predictions.
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3.1.2 Related work

Neural operators. The goal of a neural operator, proposed in the context of dynamical

modeling, is to approximate the semigroup relationship between the input and output func-

tion space [Li et al., 2021, Lu et al., 2021, Li et al., 2022a,b, Brandstetter et al., 2022b,

Gupta and Brandstetter, 2022, Brandstetter et al., 2022c]. It is particularly effective in han-

dling complex systems governed by partial differential equations (PDEs), where the neural

operator is designed to operate on an entire function or signal. The architecture designs

vary significantly in recent works, including the Fourier neural operator (FNO) which uses

Fourier space convolution [Li et al., 2021], the deep operator network (DeepONet) Lu et al.

[2021], which consists of two subnetworks modeling the input sensors and output locations,

and other modern designs like transformers [Li et al., 2022a] and graph neural networks

[Brandstetter et al., 2022c].

Multi-environment learning. Recent developments in multi-environment learning

often involve adjusting the backbone of the neural operator. For instance, Dyad [Wang

et al., 2022a] employs an encoder to extract time-invariant hidden features from dynamical

systems, utilizing a supervisory regression loss relative to the context values. These hidden

features are then supplied as additional inputs to the neural operator for decoding in a

new environment. In contrast, Context-informed Dynamics Adaptation (CoDA, [Kirchmeyer

et al., 2022]) decodes the environment context via a hypernetwork, integrating the parameters

of the hypernetwork as an auxiliary input to the neural operator. Like our approach, Dyad

learns time-invariant features from dynamical systems. However, their methods require a

time series of measurements instead of just initial conditions. In addition, both CoDA and

Dyad alter the backbone of the neural operator, making it challenging to adapt to new neural

operator architectures. In contrast, our method uses the learned time-invariant features to

determine a loss function that can be applied to any neural operator architecture without

changes to either the backbone or the inputs.
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Long-term predictions. Lu et al. [2017] try to recover long-term statistics by learning

a discrete-time stochastic reduced-order system. From the perspective of training objectives,

Li et al. [2022b] propose using a Sobolev norm and dissipative regularization to facilitate

learning of long-term invariant measures. The Sobolev norm, which depends on higher-order

derivatives of both the true process and the output of the neural operator, can capture

high-frequency information and is superior to using only RMSE. However, its effectiveness

diminishes in noisy and chaotic scenarios where it struggles to capture the correct statistics.

The dissipative loss term, regularizes the movement of the neural operator with respect to

the input, and attempts to make the emulator stay on the attractor. However, in the case of

a multi-environment setup for chaotic systems, our goal is to learn a neural operator capable

of modeling long-term distributions with regard to different contexts. Using the dissipative

loss as a regularization will cause the neural operator to be insensitive to the context and

fail to model different attractors.

Prior [Mikhaeil et al., 2022] and concurrent work [Hess et al., 2023] on training recurrent

neural networks (RNNs) have suggested that using teacher forcing methods with a squared

error loss on short time sequences can produce high-quality emulators for chaotic time series.

Instead, we focus on training neural operators on fully observed high-dimensional determin-

istic chaos and find that using only an RMSE loss generally fails to perform well on noisy

chaotic dynamics. Another concurrent work by Platt et al. [2023] has suggested using dy-

namical invariants such as the Lyapunov spectrum and the fractal dimension to regularize

training for reservoir computing emulators. We show that emulators trained using our ap-

proaches also correctly capture the Lyapunov spectrum and fractal dimension of the chaotic

attractors without explicitly including these invariants, which are difficult to estimate in

high dimensions, in our loss.

Wasserstein distance and optimal transport. Optimal transport theory and the

Wasserstein metric have become powerful theoretical and computational tools. for a variety
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of applications, including generative computer vision models [Arjovsky et al., 2017], geomet-

ric machine learning and data analysis [Khamis et al., 2023], particle physics [Komiske et al.,

2019], as well as identify conservation laws [Lu et al., 2023] and fitting parameterized models

for low-dimensional dynamical systems [Yang et al., 2023b]. In particular, Yang et al. [2023b]

uses the Wasserstein distance as an optimization objective to directly fit a parameterized

model to data from a low-dimensional attractor. They compute the Wasserstein distance by

turning the nonlinear dynamics in the original state space into a linear PDE in the space

of distributions and then solving a PDE-constrained optimization problem. This has some

nice theoretical properties but generally scales poorly to high-dimensional dynamical sys-

tems. Similarly, concurrent work by Botvinick-Greenhouse et al. [2023] suggests modeling

dynamics by fitting a Fokker–Planck PDE for the probability density of the state using

the Wasserstein distance. However, since this also requires estimating the full probability

distribution of the state on a mesh grid, it is again challenging to scale this method to

high-dimensional systems. In contrast, our proposed optimal transport approach focuses on

fitting deep learning-based neural operators to high-dimensional chaotic dynamical systems

by first choosing a set of physically relevant summary statistics and then using the com-

putationally efficient Sinkhorn algorithm [Cuturi, 2013] to compute our optimal transport

loss—an entropy-regularized approximation for the (squared) Wasserstein distance—on the

distribution of the summary statistics.

Feature loss and contrastive learning. Contrastive learning [Chen et al., 2020, He

et al., 2020a, Wu et al., 2018] charges an encoder with generating features that are unaffected

by transformations by promoting the similarity of features between different transformations

of the same image and by maximizing the feature distance between distinct images. The

recent advancements in contrastive learning mainly result from using extensive data augmen-

tation to motivate the encoder to learn semantic representations. In addition to its success

in image recognition, contrastive learning has proven to be effective in modeling fine-grained
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Figure 3.1: The impact of noise on invariant statistics vs. RMSE and Sobolev norm. (a)
We show the impact of noise on various error metrics using ground truth simulations of
the chaotic Kuramoto–Sivashinsky (KS) system with increasingly noisy initial conditions
UG(u0+ η) as well as with added measurement noise UG(u0+ η)+ η. Here, UG(·) refers to
the ground truth solution to the differential equation (3.1) for the KS system given an initial
condition, and η ∼ N (0, r2σ2I), where σ2 is the temporal variance of the trajectory UG(u0)
and r is the noise scale. Relative RMSE and Sobolev norm [Li et al., 2022b], which focus on
short-term forecasts, deteriorate rapidly with noise η, whereas the invariant statistics have a
much more gradual response to noise, indicating robustness. (b) The emulator trained with
only RMSE degenerates at times into striped patches, while ours is much more statistically
consistent with the ground truth. (c) Again, the emulator trained with only RMSE performs
the worst in terms of capturing the expected energy spectrum over a long-term prediction.

structures [Zhang and Maire, 2020] and in scientific applications [Jiang and Willett, 2022].

Training data generators or solving inverse problems generally requires output to be coherent

across multiple structural measurements, a requirement that pixel-wise MSE typically fails

to meet. For this reason, Johnson et al. [2016] computes MSE on deep features of the classi-

fication models as a structural distance metric to train generative models. Tian et al. [2021]

propose the encoder of contrastive learning as an unsupervised alternative for calculating

feature loss.

3.2 Problem Formulation

Consider a dynamical system with state space u ∈ U governed by

du

dt
= G(u, ϕ), (3.1)
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whereG is the governing function, and ϕ ∈ Φ is a set of parameters that specify the dynamics.

We will denote trajectories governed by these dynamics (3.1) as u(t), particular points on

the trajectory as ut ∈ U , and a sequence of K + 1 consecutive time points on the trajectory

as UI:I+K := {uti}I+Ki=I . Our experiments use equally spaced time points with a time step

∆t. We refer to settings where ϕ varies as multi-environment settings.

Our goal is to learn an emulator in a multi-environment setting that approximates the

dynamics (3.1) with a data-driven neural operator ĝθ : U × Φ → U that makes discrete

predictions

ût+∆t := ĝθ(ût, ϕ), (3.2)

where θ are the parameters of the neural operator ĝθ. In the multi-environment setting, we

will have data from a variety of environments n ∈ {1, 2, . . . , N}, and thus our training data

{U(n)
0:L, ϕ

(n)}Nn=1 consists of trajectories U(n)
0:L and the corresponding environment parameters

ϕ(n).

Predicted sequence notation. We will denote a sequence of h + 1 autonomously

predicted states (using the neural operator ĝθ) with an initial condition u
(n)
tI

as

Û
(n)
I:I+h :=

{
u
(n)
tI
, ĝθ(u

(n)
tI
, ϕ(n)), ĝθ ◦ ĝθ(u

(n)
tI
, ϕ(n)), . . . ,

h︷ ︸︸ ︷
ĝθ ◦ · · · ◦ ĝθ(u

(n)
tI
, ϕ(n))

}
. (3.3)

We will often use a concatenated sequence (with total length K + 1) of these autonomous

prediction sequences (each with length h+ 1), which we will denote as

Û
(n)
I:h:I+K := Û

(n)
I:I+h ⊕ Û

(n)
I+h+1:I+2h+1 ⊕ · · · ⊕ Û

(n)
I+K−h:I+K , (3.4)

where ⊕ is concatenation.

Chaotic dynamical systems and invariant measures of chaotic attractors. We

focus on chaotic dynamical systems that have one or more chaotic attractors, which exhibit
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a sensitive dependence on initial conditions characterized by a positive Lyapunov exponent

[Medio and Lines, 2001]. For each chaotic attractor A, we can construct a natural invariant

measure (also known as a physical measure)

µA = lim
T→∞

1

T

∫ T
δuA(t) dt, (3.5)

where δu(t) is the Dirac measure centered on a trajectory uA(t) that is in the basin of

attraction of A [Medio and Lines, 2001]. Note that, because A is an attractor, any trajectory

uA(t) in the basin of attraction of A will give the same invariant measure µA, i.e. the

dynamics are ergodic on A. Therefore, any time-invariant statistical property SA of the

dynamics on A can be written as

SA = EµA [s] =
∫
s(u) dµA(u) = lim

T→∞
1

T

∫ T
s(uA(t)) dt (3.6)

for some function s(u) and a trajectory uA(t) in the basin of attraction of A. Conversely,

for any s(u), (3.6) gives a time-invariant property SA of the dynamics.

In this work, we assume each sampled trajectory in the data is from a chaotic attractor

and therefore, has time-invariant statistical properties characterized by the natural invariant

measure of the attractor.

Noisy measurements. Because of the sensitivity to initial conditions, accurate long-

term forecasts (in terms of RMSE) are not possible for time scales much larger than the

Lyapunov time [Medio and Lines, 2001]. This is because any amount of noise or error in the

measurement or forecast model will eventually result in exponentially diverging trajectories.

The noisier the data, the more quickly this becomes a problem (Figure 3.1). However, in the

presence of measurement noise, invariant statistics of the noisy trajectory

ũA(t) = uA(t) + η, η ∼ pη (3.7)
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can still provide a useful prediction target. The invariant statistics will be characterized by

a broadened measure (the original measure convolved with the noise distribution pη)

µ̃A = lim
T→∞

1

T

∫ T
δũA(t) dt = µA ∗ pη = lim

T→∞
1

T

∫ T
pη(uA(t)) dt (3.8)

and are therefore given by

S̃A = Eµ̃A [s] =
∫
s(u) dµ̃A(u)

= lim
T→∞

1

T

∫ T
s(ũA(t)) dt = lim

T→∞
1

T

∫ T
s(uA(t)) pη(uA(t)) dt,

(3.9)

which can be a good approximation for SA = EµA [s] even in noisy conditions and does not

suffer from the exponential divergence of RMSE (Figure 3.1).

3.3 Proposed Approaches

3.3.1 Physics-informed optimal transport

We propose an optimal transport-based loss function to match the distributions of a set of

summary statistics s(u) =
[
s(1)(u), s(2)(u), . . . , s(k)(u)

]
between the data si = s(uti) ∼

µs and the model predictions ŝj = s(ûtj ) ∼ µŝ. Here, µs and µŝ are the probability

measures of the summary statistics for the true chaotic attractor A and the attractor Â

learned by the neural operator, respectively. Specifically, µs(s′) =
∫
δs(u)−s′ µA(u) du and

µŝ(ŝ
′) =

∫
δs(û)−ŝ′ µÂ(û) dû. By choosing the set of summary statistics using expert domain

knowledge, this approach allows us to directly guide the neural operator toward preserving

important physical properties of the system.

Optimal transport—Wasserstein distance. We match the distributions of summary

statistics using the Wasserstein distance W (µs, µŝ)—a distance metric between probability
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Figure 3.2: Our proposed approaches for training neural operators. (a) Neural operators are
emulators trained to take an initial state and output future states in a recurrent fashion.
To ensure the neural operator respects the statistical properties of chaotic dynamics when
trained on noisy data, we propose two additional loss functions for matching relevant long-
term statistics. (b) We match the distribution of summary statistics, chosen based on prior
knowledge, between the emulator predictions and noisy data using an optimal transport
loss. (c) In the absence of prior knowledge, we take advantage of self-supervised contrastive
learning to automatically learn relevant time-invariant statistics, which can then be used to
train neural operators.

measures defined in terms of the solution to an optimal transport problem:

1

2
W (µs, µŝ)

2 := inf
π∈Π(µs,µŝ)

∫
c(s, ŝ) dπ(s, ŝ). (3.10)

We use a quadratic cost function c(s, ŝ) = 1
2∥s− ŝ∥2 (i.e., W is the 2-Wasserstein distance),

and the map π ∈ Π(µs, µŝ) must be a valid transport map between µs and µŝ (i.e., a joint

distribution for s, ŝ with marginals that match µs and µŝ) [Villani, 2009].

In the discrete setting with distributions represented by samples S = {si}Li=1 and Ŝ =
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{ŝj}Lj=1, the Wasserstein distance is given by

1

2
W (S, Ŝ)2 := min

T∈Π

∑
i,j

TijCij , (3.11)

where the cost matrix Cij = 1
2∥si− ŝj∥2. The set of valid discrete transport maps Π consists

of all matrices T such that ∀i, j, Tij ≥ 0,
∑
j Tij = 1, and

∑
i Tij = 1.

Entropy-regularized optimal transport—Sinkhorn divergence. Exactly solving

the optimal transport problem associated with computing the Wasserstein distance is com-

putationally prohibitive, especially in higher dimensions. A common approximation made to

speed up computation is to introduce an entropy regularization term, resulting in a convex

relaxation of the original optimal transport problem:

1

2
W γ(S, Ŝ)2 := min

T∈Π

∑
i,j

TijCij − γ h(T ), (3.12)

where h(T ) = −∑i,j Tij log Tij is the entropy of the transport map. This entropy-regularized

optimal transport problem can be solved efficiently using the Sinkhorn algorithm [Cuturi,

2013].

As γ → 0, the entropy-regularized Wasserstein distance W γ → W 0 = W reduces to the

exact Wasserstein distance (3.11). For γ > 0, we can further correct for an entropic bias to

obtain the Sinkhorn divergence [Feydy et al., 2019, Janati et al., 2020]

ℓOT(S, Ŝ) =
1

2
W
γ
(S, Ŝ)2 :=

1

2

(
W γ(S, Ŝ)2 − W γ(S,S)2 +W γ(Ŝ, Ŝ)2

2

)
, (3.13)

which gives us our optimal transport loss. Combined with relative root mean squared error

(RMSE)

ℓRMSE(U, Û) :=
1

K + 1

∑
ut,ût∈U,Û

∥ut − ût∥2
∥ut∥2

(3.14)
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for short-term prediction consistency [Li et al., 2021, 2022b, Gupta and Brandstetter, 2022],

our final loss function is

ℓ(θ) = E
n∈{1,...,N}

I∈{0,...,L−K}

[
α ℓOT

(
S
(n)
I:I+K , Ŝ

(n)
I:h:I+K

)
+ℓRMSE

(
U

(n)
I:I+K , Û

(n)
I:hRMSE:I+K

)]
, (3.15)

where S
(n)
I:I+K :=

{
s(u) | u ∈ U

(n)
I,I+K

}
, Ŝ(n)I:h:I+K :=

{
s(û) | û ∈ Û

(n)
I:h:I+K

}
, and α > 0 is

a hyperparameter. Note that Ŝ
(n)
I:h:I+K and Û

(n)
I:hRMSE:I+K

implicitly depend on weights θ.

3.3.2 Contrastive feature learning

When there is an absence of prior knowledge pertaining to the underlying dynamical system,

or when the statistical attributes are not easily differentiable, we propose an alternative

contrastive learning-based approach to learn the relevant invariant statistics directly from

the data. We first use contrastive learning to train an encoder to capture invariant statistics

of the dynamics in the multi-environment setting. We then leverage the feature map derived

from this encoder to construct a feature loss that preserves the learned invariant statistics

during neural operator training.

Contrastive learning. The objective of self-supervised learning is to train an encoder

fψ(U) (with parameters ψ) to compute relevant invariant statistics of the dynamics from

sequences U with fixed length K +1. We do not explicitly train on the environment param-

eters ϕ but rather use a general-purpose contrastive learning approach that encourages the

encoder fψ to learn a variety of time-invariant features that are able to distinguish between

sequences from different trajectories (and therefore different ϕ).

A contrastive learning framework using the Noise Contrastive Estimation (InfoNCE) loss

has been shown to preserve context-aware information by training to match sets of positive

pairs while treating all other combinations as negative pairs [Chen et al., 2020]. The selection

of positive pairs is pivotal to the success of contrastive learning. In our approach, the key
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premise is that two sequences U(n)
I:I+K , U(n)

J :J+K from the same trajectory U
(n)
0:L both sample

the same chaotic attractor, i.e. their statistics should be similar, so we treat any such pair

of sequences as positive pairs. Two sequences U
(n)
I:I+K , U(m)

H:H+K from different trajectories

are treated as negative pairs. This allows us to formulate the InfoNCE loss as:

ℓInfoNCE(ψ; τ) :=

E
n∈{1,...,N}

I,J∈{0,...,L−K}

− log


exp
(
⟨fψ(U

(n)
I:I+K), fψ(U

(n)
J :J+K)⟩/τ

)
E

m̸=n
H∈{0,...,L−K}

[
exp
(
⟨fψ(U

(n)
I:I+K), fψ(U

(m)
H:H+K)⟩/τ

)]


. (3.16)

The term in the numerator enforces alignment of the positive pairs which ensures we

obtain time-invariant statistics, while the term in the numerator encourages uniformity,

i.e. maximizing mutual information between the data and the embedding, which ensures we

can distinguish between negative pairs from different trajectories [Wang and Isola, 2020].

This provides intuition for why our learned encoder fψ identifies relevant time-invariant

statistics that can distinguish different chaotic attractors.

Contrastive feature loss. To construct our feature loss, we use the cosine distance

between a series of features of the encoder network fψ [Zhang et al., 2018]:

ℓCL
(
U, Û; fψ

)
:=
∑
l

cos
(
f lψ(U), f lψ(Û)

)
, (3.17)

where f lψ gives the output the l-th layer of the neural network. The combined loss that we
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use for training the neural operator is given by

ℓ(θ) = E
n∈{1,...,N}

I∈{0,...,L−K}

[
λ ℓCL

(
U

(n)
I:I+K , Û

(n)
I:h:I+K ; fψ

)
+ ℓRMSE

(
U

(n)
I:I+K , Û

(n)
I:hRMSE:I+K

)]
,

(3.18)

where λ > 0 is a hyperparameter.

3.4 Experiments

We evaluate our approach on the 1D chaotic Kuramoto–Sivanshinsky (KS) system and a

finite-dimensional Lorenz 96 system. In all cases, we ensure that the systems under inves-

tigation remain in chaotic regimes. We demonstrate the effectiveness of our approach in

preserving key statistics in these unpredictable systems, showcasing our ability to handle the

complex nature of chaotic systems. The code is available at: https://github.com/roxie

62/neural_operators_for_chaos.

Experimental setup. Our data consists of noisy observations u(t) with noise η ∼

N (0, r2σ2I), where σ2 is the temporal variance of the trajectory and r is a scaling factor.

Baselines. We primarily consider the baseline as training with RMSE [Li et al., 2021].

We have additional baselines in Appendix B.2, including Gaussian denoising and a Sobolev

norm loss with dissipative regularization [Li et al., 2022b]. Backbones. We use the Fourier

neural operator (FNO, [Gupta and Brandstetter, 2022]). Evaluation metrics. We use

a variety of statistics-based evaluation metrics and other measures that characterize the

chaotic attractor. See Appendix B.3.1 for details.

3.4.1 Lorenz-96

As is a common test model for climate systems, data assimilation, and other geophysical

applications [van Kekem, 2018, Law et al., 2016, Majda and Harlim, 2012], the Lorenz-96
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Figure 3.3: Sampled emulator dynamics and summary statistic distributions. We evaluate
our proposed approaches by comparing them to a baseline model that is trained solely using
relative RMSE loss. We conduct this comparison on two dynamical systems: (a) Lorenz-
96 and (b) Kuramoto–Sivashinsky (KS). For each system, we show a visual comparison of
the predicted dynamics (left) and two-dimensional histograms of relevant statistics (middle
and right). We observe that training the neural operator with our proposed optimal trans-
port (OT) or contrastive learning (CL) loss significantly enhances the long-term statistical
properties of the emulator, as seen in the raw emulator dynamics and summary statistic dis-
tributions. The performance of the CL loss, which uses no prior knowledge, is comparable
to that of the OT loss, which requires an explicit choice of summary statistics.
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system is a key tool for studying chaos theory, turbulence, and nonlinear dynamical systems.

It is described by the differential equation

dui
dt

= (ui+1 − ui−2)ui−1 − ui + F (3.19)

Its dynamics exhibit strong energy-conserving non-linearity, and for a large F ≥ 10, it can

exhibit strong chaotic turbulence and symbolizes the inherent unpredictability of the Earth’s

climate.

Experimental setup. When using optimal transport loss, we assume that expert knowl-

edge is derived from the underlying equation. For Lorenz-96, we define the relevant statistics

as s(u) := {duidt , (ui+1 − ui−2)ui−1, ui}. We generate 2000 training data points with each

ϕ(n) randomly sampled from a uniform distribution with the range [10.0, 18.0]. We vary

the noise level r from 0.1 to 0.3 and show consistent improvement in the relevant statistics.

Results. The results are presented in Table 3.1, and predictions and invariant statistics are

shown in Figure 3.3 (refer to B.3.4 for more visualizations).

Table 3.1: Emulator performance on Lorenz-96 data with varying noise scale r = 0.1, 0.2, 0.3.
The median (25th, 75th percentile) of the evaluation metrics (Appendix B.3.1) are computed
on 200 Lorenz-96 test instances (each with 1500 time steps) for the neural operator trained
with (1) only RMSE loss ℓRMSE; (2) optimal transport (OT) and RMSE loss ℓOT + ℓRMSE
(using prior knowledge to choose summary statistics); and (3) contrastive learning (CL) and
RMSE loss ℓCL + ℓRMSE (without prior knowledge). We show significant improvements
on the long-term statistical metrics including L1 histogram error of the chosen statistics
S(u) := {duidt , (ui+1−ui−2)ui−1, ui}; relative error of Fourier energy spectrum; and absolute
error of estimated fractal dimension (FD). For high noise, OT and CL training also improve
the leading Lyapunov exponent (LE) of the neural operator.

r Training Histogram Error ↓ Energy Spec. Error ↓ Leading LE Error ↓ FD Error ↓

0.1
ℓRMSE 0.056 (0.051, 0.062) 0.083 (0.078, 0.090) 0.013 (0.006, 0.021) 1.566 (0.797, 2.309)

ℓOT + ℓRMSE 0.029 (0.027, 0.032) 0.058 (0.052, 0.064) 0.050 (0.040, 0.059) 1.424 (0.646, 2.315)
ℓCL + ℓRMSE 0.033 (0.029, 0.037) 0.058 (0.049, 0.065) 0.065 (0.058, 0.073) 1.042 (0.522, 1.685)

0.2
ℓRMSE 0.130 (0.118, 0.142) 0.182 (0.172, 0.188) 0.170 (0.156, 0.191) 2.481 (1.428, 3.807)

ℓOT + ℓRMSE 0.039 (0.035, 0.042) 0.086 (0.079, 0.095) 0.016 (0.006, 0.030) 2.403 (1.433, 3.768)
ℓCL + ℓRMSE 0.073 (0.066, 0.080) 0.131 (0.117, 0.149) 0.012 (0.006, 0.018) 1.681 (0.656, 2.682)

0.3
ℓRMSE 0.215 (0.204, 0.234) 0.291 (0.280, 0.305) 0.440 (0.425, 0.463) 3.580 (2.333, 4.866)

ℓOT + ℓRMSE 0.057 (0.052, 0.064) 0.123 (0.116, 0.135) 0.084 (0.062, 0.134) 3.453 (2.457, 4.782)
ℓCL + ℓRMSE 0.132 (0.111, 0.151) 0.241 (0.208, 0.285) 0.064 (0.045, 0.091) 1.894 (0.942, 3.108)
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3.4.2 Kuramoto–Sivashinsky

Known as a model for spatiotemporal chaos, Kuramoto–Sivashinsky (KS) has been widely

used to describe various physical phenomena, including fluid flows in pipes, plasma physics,

and dynamics of certain chemical reactions [Hyman and Nicolaenko, 1986]. It captures wave

steepening via the nonlinear term u∂u∂x , models dispersion effects through ∂2u
∂x2

, and manages

discontinuities by introducing hyper-viscosity via ∂4u
∂x4

:

∂u

∂t
= −u∂u

∂x
− ϕ∂

2u

∂x2
− ∂4u

∂x4
. (3.20)

Experimental setup. For the KS system, we define s(u) :=
{∂u
∂t ,

∂u
∂x ,

∂2u
∂x2

}
[Vlachas et al.,

2022]. We generate 2000 training data points, with each ϕ(n) being randomly selected from a

uniform distribution within the range of [1.0, 2.6]. Results. We report our results over 200

test instances in Table 3.2 and visualize the predictions and invariant statistics in Figure 3.3.

Table 3.2: Emulator performance on Kuramoto–Sivashinsky data with noise scale r = 0.3.
The median (25th, 75th percentile) of the evaluation metrics (Appendix B.3.1) are computed
on 200 Kuramoto–Sivashinsky test instances (each with 1000 time steps) for the neural
operator trained with (1) only RMSE loss ℓRMSE; (2) optimal transport (OT) and RMSE
loss ℓOT+ ℓRMSE (using prior knowledge to choose summary statistics); and (3) contrastive
learning (CL) and RMSE loss ℓCL + ℓRMSE (without prior knowledge). We again show
significant improvements in the long-term statistical metrics including L1 histogram error
of the chosen statistics S(u) := {∂u∂t ,

∂u
∂x ,

∂2u
∂x2
} and relative error of Fourier energy spectrum.

The fractal dimension (FD) is highly unstable in high dimensions [Greenside et al., 1982]
and could not be estimated for this dataset.

Training Histogram Error ↓ Energy Spec. Error ↓ Leading LE Error ↓
ℓRMSE 0.390 (0.325, 0.556) 0.290 (0.225, 0.402) 0.101 (0.069, 0.122)
ℓOT + ℓRMSE 0.172 (0.146, 0.197) 0.211 (0.188, 0.250) 0.094 (0.041, 0.127)
ℓCL + ℓRMSE 0.193 (0.148, 0.247) 0.176 (0.130, 0.245) 0.108 (0.068, 0.132)
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3.5 Conclusion

We have demonstrated two approaches for training neural operators on chaotic dynamics by

preserving the invariant measures of the chaotic attractors. The optimal transport approach

uses knowledge of the underlying system to construct a physics-informed objective that

matches relevant summary statistics, while the contrastive learning approach uses a multi-

environment setting to directly learn relevant invariant statistics. In both cases, we see a

significant improvement in the ability of the emulator to reproduce the invariant statistics

of chaotic attractors from noisy data when compared with traditional RMSE-only training

that focuses on short-term forecasting.

We also find, in high-noise settings, that both of our approaches give similar or lower

leading LE errors than an emulator trained on RMSE loss alone, despite the fact that our

method is only encouraged to match invariant statistics of the final attractor rather than

dynamical quantities. We also see evidence that the fractal dimension of the contrastive

learning approach is closer to the true attractor. However, we note that the fractal dimension

is difficult to reliably estimate for high-dimensional chaotic attractors [Greenside et al., 1982].

Limitations Because we rely on invariant measures, our current approach is limited to

trajectory data from attractors, i.e. we assume that the dynamics have reached an attractor

and are not in a transient phase. We also cannot handle explicit time dependence, including

time-dependent forcing or control parameters. For the optimal transport approach, choosing

informative summary statistics based on prior knowledge is key to good performance (Ap-

pendix B.2.3). For the contrastive learning approach, the quality of the learned invariant

statistics also depends on the diversity of the environments present in the multi-environment

setting, although our additional experiments show that we can still obtain good performance

even with minimal environment diversity (Appendix B.2.4).

Future work In the future, we may be able to adapt our approaches to allow for mild

time dependence by restricting the time range over which we compute statistics and select
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positive pairs. This would allow us to study slowly varying dynamics as well as sharp

discrete transitions such as tipping points. We can also improve the diversity of the data for

contrastive learning by designing new augmentations or using the training trajectory of the

neural operator to generate more diverse negative pairs. We will investigate generalizing our

approaches to other difficult systems, such as stochastic differential equations or stochastic

PDEs, and we would like to further study the trade-offs and synergies between focusing

on short-term forecasting (RMSE) and capturing long-term behavior (invariant statistics).

In addition, we would like to investigate and compare training methods by Mikhaeil et al.

[2022], Hess et al. [2023], Platt et al. [2023] across different architectures.
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CHAPTER 4

DEEP STOCHASTIC MECHANICS FOR BOSONS

4.1 Introduction

Mathematical models for many problems in nature appear in the form of partial differential

equations (PDEs) in high dimensions. Given access to precise solutions of the many-electron

time-dependent Schrödinger equation (TDSE), a vast body of scientific problems could be

addressed, including in quantum chemistry [Cances et al., 2003, Nakatsuji, 2012], drug dis-

covery [Ganesan et al., 2017, Heifetz, 2020], condensed matter physics [Boghosian and Tay-

lor IV, 1998, Liu et al., 2013], and quantum computing [Grover, 2001, Papageorgiou and

Traub, 2013]. However, solving high-dimensional PDEs and the Schrödinger equation, in

particular, are notoriously difficult problems in scientific computing due to the well-known

curse of dimensionality: the computational complexity grows exponentially as a function of

the dimensionality of the problem [Bellman, 2010]. Traditional numerical solvers have been

limited to dealing with problems in rather low dimensions since they rely on a grid.

Deep learning is a promising way to avoid the curse of dimensionality [Poggio et al., 2017,

Madala et al., 2023]. However, no known deep learning approach avoids it in the context of

the TDSE [Manzhos, 2020]. Although generic deep learning approaches have been applied

to solving the TDSE [E and Yu, 2017, Han et al., 2018, Raissi et al., 2019, Weinan et al.,

2021], this paper shows that it is possible to get performance improvements by developing an

approach specific to the TDSE by incorporating quantum physical structure into the deep

learning algorithm itself.

We propose a method that relies on a stochastic interpretation of quantum mechanics

[Nelson, 1966a, Guerra, 1995, Nelson, 2005] and is inspired by the success of deep diffusion

models that can model complex multi-dimensional distributions effectively [Yang et al., 2022];

we call it Deep Stochastic Mechanics (DSM). Our approach is not limited to only the linear
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Schrödinger equation but can be adapted to Klein-Gordon, Dirac equations [Serva, 1988,

Lindgren and Liukkonen, 2019], and to the non-linear Schrödinger equations of condensed

matter physics, e.g., by using mean-field stochastic differential equations (SDEs) [Eriksen,

2020], or McKean-Vlasov SDEs [dos Reis et al., 2022].

4.1.1 Problem formulation

The Schrödinger equation, a governing equation in quantum mechanics, predicts the future

behavior of a dynamic system for 0 ≤ t ≤ T and ∀x ∈M:

iℏ∂tψ(x, t) = Hψ(x, t), (4.1)

ψ(x, 0) = ψ0(x), (4.2)

where ψ : M × [0, T ] → C is a wave function defined over a manifold M, and H is a

self-adjoint operator acting on a Hilbert space of wave functions. For simplicity of future

derivations, we consider a case of a spinless particle1 in M = Rd moving in a smooth

potential V : Rd× [0, T ]→ R+. In this case, H = −ℏ2
2 Tr(m−1∇2) + V, where m ∈ Rd⊗Rd

is a mass tensor. The probability density of finding a particle at position x is |ψ(x, t)|2. A

notation list is given in Appendix C.1.

Given initial conditions in the form of samples drawn from density ψ0(x), we wish to draw

samples from |ψ(x, t)|2 for t ∈ (0, T ] using a neural-network-based approach that can adapt

to latent low-dimensional structures in the system and sidestep the curse of dimensionality.

Rather than explicitly estimating ψ(x, t) and sampling from the corresponding density, we

devise a strategy that directly samples from an approximation of |ψ(x, t)|2, concentrating

computation in high-density regions. When regions where the density |ψ(x, t)|2 lie in a

latent low-dimensional space, our sampling strategy concentrates computation in that space,

1. A multi-particle case is covered by considering d = 3n, where n – the number of particles.
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leading to the favorable scaling properties of our approach.

4.1.2 Related Work

Physics-Informed Neural Networks (PINNs) [Raissi et al., 2019] are general-purpose tools

that are widely studied for their ability to solve PDEs and can be applied to solve Equa-

tion (4.1). However, this method is prone to the same issues as classical numerical algo-

rithms since it relies on a collection of collocation points uniformly sampled over the domain

M⊆ Rd. In the remainder of the paper, we refer to this as a ‘grid’ for simplicity of exposi-

tion. Another recent paper by Bruna et al. [2022] introduces Neural Galerkin schemes based

on deep learning, which leverage active learning to generate training data samples for nu-

merically solving real-valued PDEs. Unlike collocation-points-based methods, this approach

allows theoretically adaptive data collection guided by the dynamics of the equations if we

could sample from the wave function effectively.

Another family of approaches including DeepWF [Han et al., 2019b], FermiNet [Pfau

et al., 2020a], and PauliNet [Hermann et al., 2020] reformulates the problem (4.1) as maxi-

mization of an energy functional that depends on the solution of the stationary Schrödinger

equation. This approach sidesteps the curse of dimensionality but cannot be applied to the

time-dependent wave function setting considered in this paper.

The only thing that one can experimentally obtain is samples from the quantum me-

chanics density. So, it makes sense to focus on obtaining samples from the density rather

than attempting to solve the Schrödinger equation; these samples can be used to predict the

system’s behavior without conducting real-world experiments. Based on this observation,

there are a variety of quantum Monte Carlo (MC) methods [Barker, 1979, Corney and Drum-

mond, 2004, Austin et al., 2012], which rely on estimating expectations of observables rather

than the wave function itself, resulting in improved computational efficiency. However, these

methods still encounter the curse of dimensionality due to recovering the full-density op-
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erator. The density operator in atomic simulations is concentrated on a lower dimensional

manifold of such operators [Eriksen, 2020], suggesting that methods that adapt to this mani-

fold can be more effective than high-dimensional grid-based methods. Deep learning has the

ability to adapt to this structure. Numerous works explore the time-dependent Variational

Monte Carlo (t-VMC) schemes [Carleo et al., 2017, Carleo and Troyer, 2017, Schmitt and

Heyl, 2020, Yao et al., 2021] for simulating many-body quantum systems. Their applicabil-

ity is often tailored to a specific problem setting as these methods require significant prior

knowledge to choose a good variational ansatz function. As highlighted by Sinibaldi et al.

[2023], t-VMC methods may encounter challenges related to systematic statistical bias or

exponential sample complexity, particularly when the wave function contains zeros.

As noted in Schlick [2010], knowledge of the density is unnecessary for sampling. We need

a score function ∇ log ρ to be able to sample from it. The fast-growing field of generative

modeling with diffusion processes demonstrates that for high-dimensional densities with low-

dimensional manifold structure, it is incomparably more effective to learn a score function

than the density itself [Ho et al., 2020, Yang et al., 2022].

For high-dimensional real-valued PDEs, there exist a variety of classic and deep learning-

based approaches that rely on sampling from diffusion processes, e.g., Cliffe et al. [2011],

Warin [2018], Han et al. [2018], Weinan et al. [2021]. Those works rely on the Feynman-Kac

formula [Del Moral, 2004] to obtain an estimator for the solution to the PDE. However, for

the Schrödinger equation, we need an analytical continuation of the Feynman-Kac formula

on an imaginary time axis [Yan, 1994] as it is a complex-valued equation. This requirement

limits the applicability of this approach to our setting. BSDE methods studied by Nüsken and

Richter [2021b,a] are closely related to our approach, but they are developed for the elliptic

version of the Hamilton–Jacobi–Bellman (HJB) equation. We consider the hyperbolic HJB

setting, for which the existing method cannot be applied.
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4.1.3 Contributions

We are inspired by works of Nelson [1966a, 2005], who has developed a stochastic interpreta-

tion of quantum mechanics, so-called stochastic mechanics, based on a Markovian diffusion.

Instead of solving the Schrödinger equation(4.1), our method aims to learn the stochastic me-

chanical process’s osmotic and current velocities equivalent to classical quantum mechanics.

Our formulation differs from the original one [Nelson, 1966a, Guerra, 1995, Nelson, 2005],

as we derive equivalent differential equations describing the velocities that do not require

the computation of the Laplacian operator. Another difference is that our formulation inter-

polates anywhere between stochastic mechanics and deterministic Pilot-wave theory [Bohm,

1952]. More details are given in Appendix C.5.4.

We highlight the main contributions of this work as follows:

• We propose to use a stochastic formulation of quantum mechanics [Nelson, 1966a,

Guerra, 1995, Nelson, 2005] to create an efficient and theoretically sound computa-

tional framework for quantum mechanics simulation. We accomplish our result by

using stochastic mechanics equations stemming from Nelson’s formulation. In con-

trast to Nelson’s original expressions, which rely on second-order derivatives like the

Lagrangian, our expressions rely solely on first-order derivatives – specifically, the gra-

dient of the divergence operator. This formulation, which is more amenable to neural

network-based solvers, results in a reduction in the computational complexity of the

loss evaluation from cubic to quadratic in dimension.

• We prove theoretically in Section 4.2.3 that the proposed loss function upper bounds the

L2 distance between the approximate process and the ‘true’ process that samples from

the quantum density, which implies that if loss converges to zero, then the approximate

process strongly converges to the ‘true’ process. Our theoretical finding offers a simple

mechanism for guaranteeing the accuracy of our predicted solution, even in settings in
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which no baseline methods are computationally tractable.

• We empirically estimate the performance of our method in various settings. Our ap-

proach shows a superior advantage to PINNs and t-VMC in terms of accuracy. We

also conduct an experiment for non-interacting bosons where our method reveals linear

convergence time in the dimension, operating easily in a higher-dimensional setting.

Another interacting bosons experiment highlights the favorable scaling properties of our

approach in terms of memory and computing time compared to a grid-based numerical

solver. While our theoretical analysis establishes an O(d2) bound on the algorithmic

complexity, we observe an empirical scaling closer to O(d) for the memory and compute

requirements as the problem dimension d.

Table 4.1 compares properties of methods for solving Equation (4.1). For numerical

solvers, the number of grid points scales as O(N d
2+1) as N is the number of discretization

points in time, and
√
N is the number of discretization points in each spatial dimension.

We assume a numerical solver aims for a precision ε = O( 1√
N
). In the context of neural

networks, the iteration complexity is dominated by loss evaluation. For PINNs, Nf denotes

the number of collocation points used to enforce physics-informed constraints in the spatio-

temporal domain for d = 1. The original PINN formulation faces an exponential growth in

the number of collocation points with respect to the problem dimension, O(Nd
f ), posing a

significant challenge in higher dimensions. Subsampling O(d) collocation points in a non-

adaptive way leads to poor performance for high-dimensional problems.

For both t-VMC and FermiNet, Hd denotes the number of MC iterations required to

draw a single sample. The t-VMC approach requires calculating a matrix inverse, which

generally exhibits a cubic computational complexity of O(d3) and may suffer from numerical

instabilities. Similarly, the FermiNet method, which is used for solving the time-independent

Schrödinger equation to find ground states, necessitates estimating matrix determinants, an

operation that also scales as O(d3). We note that for our DSM approach, N is independent of
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d. We focus on lower bounds on iteration complexity and known bounds for the convergence

of non-convex stochastic gradient descent [Fehrman et al., 2019] that scales polynomial with

ε−1.

Table 4.1: Comparison of different approaches for simulating quantum mechanics.

Method Domain Time
Evolving Adaptive Iteration

complexity
Overall

complexity
PINN [Raissi et al., 2019] Compact ✓ ✗ O(Nd

f ) ≥ O(Nd
f poly(ε

−1))

FermiNet [Pfau et al., 2020a] Rd ✗ ✓ O(Hdd
3) ≥ O(Hdd

3poly(ε−1))

t-VMC Rd ✓ ✓ O(Hdd
3) ≥ O(Hdd

3poly(ε−1))

Num. solver Compact ✓ ✗ N/A O(dε−d−2)

DSM (Ours) Rd ✓ ✓ O(Nd2) ≥ O(Nd2poly(ε−1))

4.2 Deep Stochastic Mechanics

There is a family of diffusion processes that are equivalent to Equation (4.1) in a sense that

all time-marginals of any such process coincide with |ψ(x, t)|2; we refer to Appendix C.5 for

derivation. Assuming ψ(x, t) =
√
ρ(x, t)eiS(x,t), we define:

v(x, t) =
ℏ
m
∇S(x, t),

u(x, t) =
ℏ
2m
∇ log ρ(x, t).

(4.3)

Our method relies on the following stochastic process with ν ≥ 0 2, which corresponds to

sampling from ρ =
∣∣ψ(x, t)∣∣2 [Nelson, 1966a]:

dY (t) = (v(Y (t), t) + νu(Y (t), t))dt+

√
νℏ
m

d
→
W,

Y (0) ∼
∣∣ψ0∣∣2, (4.4)

where u is an osmotic velocity, v is a current velocity and
→
W is a standard (forward) Wiener

process. Process Y (t) is called the Nelsonian process. Since we don’t know the true u, v, we

2. ν = 0 is allowed if and only if ψ0 is sufficiently regular, e.g., |ψ0|2 > 0 everywhere.
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instead aim at approximating them with the process defined using neural network approxi-

mations vθ, uθ:

dX(t) = (vθ(X(t), t) + νuθ(X(t), t))dt+

√
νℏ
m

d
→
W,

X(0) ∼
∣∣ψ0∣∣2. (4.5)

Any numerical integrator can be used to obtain samples from the diffusion process. The

simplest one is the Euler–Maruyama integrator [Kloeden and Platen, 1992]:

Xi+1 = Xi + (vθ(Xi, ti) + νuθ(Xi, ti))ϵ+N
(
0,
νℏ
m
ϵId
)
, (4.6)

where ϵ > 0 denotes a step size, 0 ≤ i < T
ϵ , and N (0, Id) is a Gaussian distribution. We

consider this integrator in our work. Switching to higher-order integrators, e.g., the Runge-

Kutta family of integrators [Kloeden and Platen, 1992], can potentially enhance efficiency

and stability when ϵ is larger.

The diffusion process from Equation (4.4) achieves sampling from ρ =
∣∣ψ(x, t)∣∣2 for each

t ∈ [0, T ] for known u and v. Assume that ψ0(x) =
√
ρ0(x)e

iS0(x). Our approach relies on

the following equations for the velocities:

∂tv = − 1

m
∇V + ⟨u,∇⟩u− ⟨v,∇⟩v + ℏ

2m
∇⟨∇, u⟩, (4.7a)

∂tu = −∇⟨v, u⟩ − ℏ
2m
∇⟨∇, v⟩, (4.7b)

v0(x) =
ℏ
m
∇S0(x), u0(x) =

ℏ
2m
∇ log ρ0(x). (4.7c)

These equations are derived in Appendix C.5.1 and are equivalent to the Schrödinger equa-

tion. As mentioned, our equations differ from the canonical ones developed in Nelson [1966a],
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Guerra [1995]. In particular, the original formulation from Equation (C.10), which we call

the Nelsonian version, includes the Laplacian of u; in contrast, our version in (4.7a) uses

the gradient of the divergence operator. These versions are equivalent in our setting, but

our version has significant computational advantages, as we describe later in Remark 4.2.1.

4.2.1 Learning drifts

This section describes how we learn the velocities uθ(X, t) and vθ(X, t), parameterized by

neural networks with parameters θ. We propose to use a combination of three losses: two

of them come from the Navier-Stokes-like equations (4.7a), (4.7b), and the third one en-

forces the initial conditions (4.7c). We define non-linear differential operators that appear

in Equation (4.7a), (4.7b):

Du[v, u, x, t] = −∇⟨v(x, t), u(x, t)⟩ −
ℏ
2m
∇⟨∇, v(x, t)⟩, (4.8)

Dv[v, u, x, t] =−
1

m
∇V (x, t) +

1

2
∇∥u(x, t)∥2

− 1

2
∇∥v(x, t)∥2 + ℏ

2m
∇⟨∇, u(x, t)⟩.

(4.9)

We aim to minimize the following losses:

L1(vθ, uθ) =

∫ T

0
EX
∥∥∂tuθ(X(t), t)

−Du[vθ, uθ, X(t), t]
∥∥2dt, (4.10)

L2(vθ, uθ) =

∫ T

0
EX
∥∥∂tvθ(X(t), t)

−Dv[vθ, uθ, X(t), t]
∥∥2dt, (4.11)

L3(vθ, uθ) = EX∥uθ(X(0), 0)− u0(X(0))∥2, (4.12)

L4(vθ, uθ) = EX∥vθ(X(0), 0)− v0(X(0))∥2, (4.13)

where u0, v0 are defined in Equation (4.7c). Finally, we define a combined loss using a
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weighted sum with wi > 0:

L(θ) =
4∑
i=1

wiLi(vθ, uθ). (4.14)

The basic idea of our approach is to sample new trajectories using Equation (4.6) with ν = 1

for each iteration τ . These trajectories are then used to compute stochastic estimates of the

loss from Equation (4.14), and then we back-propagate gradients of the loss to update θ. We

re-use recently generated trajectories to reduce computational overhead as SDE integration

cannot be paralleled. The training procedure is summarized in Algorithm 1 and Figure 4.1;

a more detailed version is given in Appendix C.2.

Algorithm 1 Training algorithm pseudocode

Input ψ0 – initial wave-function, M – epoch number, B – batch size, other parameters (optimizer
parameters, physical constants, Euler–Maruyama parameters; see Appendix C.2)
Initialize NNs uθ0 , vθ0
for each iteration 0 ≤ τ < M do

Sample B trajectories using uθτ , vθτ via Equation (4.6) with ν = 1
Estimate loss L(vθτ , uθτ ) from Equation (4.14) over the sampled trajectories
Back-propagate gradients to get ∇θL(vθτ , uθτ )
An optimizer step to get θτ+1

end for
output uθM , vθM

We use trained uθM , vθM to simulate the forward diffusion for ν ≥ 0 given X0 ∼ N (0, Id):

Xi+1 = Xi + (vθM (Xi, ti) + νuθM (Xi, ti))ϵ

+N
(
0,

ℏ
m
νϵId

)
. (4.15)

Appendix C.7 describes a wide variety of possible ways to apply our approach for esti-

mating an arbitrary quantum observable, singular initial conditions like ψ0 = δx0 , singular

potentials, correct estimations of observable that involve measurement process, and recover-

ing the wave function from u, v.

Although PINNs can be used to solve Equations (4.7a), (4.7b), that approach would
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Figure 4.1: An illustration of our approach. Blue regions in the plots correspond to higher-
density regions. (a) DSM training scheme: at every epoch τ , we generate B full trajectories
{Xij}ij , i = 0, ..., N , j = 1, ..., B. Then, we update the weights of our NNs. (b) An illustra-
tion of sampled trajectories at the early epoch. (c) An illustration of sampled trajectories at
the final epoch. (d) Collocation points for a grid-based solver where it should predict values
of ψ(x, t).

suffer from having fixed sampled density (see Section 4.3). Our method, much like PINNs,

seeks to minimize the residuals of the PDEs from Equations (4.7a) and (4.7b). However, we

do so on the distribution generated by sampled trajectories X(t), which in turn depends on

current neural approximations vθ, uθ. This allows our method to focus only on high-density

regions and alleviates the inherent curse of dimensionality that comes from reliance on a

grid.

4.2.2 Algorithmic complexity

Our formulation of stochastic mechanics with novel Equations (4.7) is much more amenable

to automatic differentiation tools than if we developed a neural diffusion approach based on

the Nelsonian version. In particular, the original formulation uses the Laplacian operator ∆u

that naively requires O(d3) operations, which might become a major bottleneck for scaling

them to many-particle systems. While a stochastic trace estimator [Hutchinson, 1989] may

seem an option to reduce the computational complexity of Laplacian calculation to O(d2),

it introduces a noise of an amplitude O(
√
d). Consequently, a larger batch size (as O(d)) is
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necessary to offset this noise resulting in still a cubic complexity.

Remark 4.2.1. The algorithmic complexity w.r.t. d of computing differential operators from

Equations (4.8), (4.9) for velocities u, v is O(d2). 3

This remark is proved in Appendix C.5.5. This trick with the gradient of divergence can

be used as we rely on the fact that the velocities u, v are full gradients, which is not the case

for the wave function ψ(x, t) itself.

We expect that one of the factors of d associated with evaluating a d-dimensional function

gets parallelized over in modern machine learning frameworks, so we can see a linear scaling

even though we are using an O(d2) method. We will see such behavior in our experiments.

4.2.3 Theoretical guarantees

To further justify the effectiveness of our loss function, we prove the following theorem in

Appendix C.6:

Theorem 4.2.2. (Strong Convergence Bound) We have the following bound between pro-

cesses Y (the Nelsonian process that samples from |ψ|2) and X (the neural approximation

with vθ, uθ):

sup
t≤T

E∥X(t)− Y (t)∥2 ≤ CTL(vθ, uθ), (4.16)

where constant CT is defined explicitly in C.6.13.

This theorem means optimizing the loss leads to a strong convergence of the neural

process X to the Nelsonian process Y , and that the loss value directly translates into an

improvement of L2 error between the processes. The constant C depends on a horizon T

and Lipshitz constants of u, v, uθ, vθ. It also hints that we have a ‘low-dimensional’ structure

3. Estimation of the term ∇V (x, t) might have different computational complexity from O(d), O(d2), or
even higher depending on a particle interaction type.
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when Lipshitz constants of u, v, uθ, vθ are ≪ d, which is the case of low-energy regimes (as

large Lipshitz smoothness constant implies large value of the Laplacian and, hence, energy)

and with the proper selection of a neural architecture [Aziznejad et al., 2020].

4.3 Experiments

Experimental setup As a baseline, we use an analytical or numerical solution. We compare

our method’s (DSM) performance with PINNs and t-VMC. In the case of non-interacting

particles, the models are feed-forward neural networks with one hidden layer and a hyperbolic

tangent (tanh) activation function. We use a similar architecture with residual connection

blocks and a tanh activation function when studying interacting particles. Further details

on numerical solvers, architecture, training procedures, hyperparameters of our approach,

PINNs, and t-VMC can be found in Appendix C.3. Additional experiment results are given

in Appendix C.4. The code of our experiments can be found on GitHub 4. We only consider

bosonic systems, leaving fermionic systems for further research.

Evaluation metrics We estimate errors between true and predicted values of the mean

and the variance of a coordinate Xi at time i = 1, . . . , T as the relative L2-norm, namely

Em(Xi) and Ev(Xi). The standard deviation (confidence intervals) of the observables are

indicated in the results. True v and u values are estimated numerically with the finite

difference method. Our trained uθ and vθ should output these values. We measure errors

E(u) and E(v) as the L2-norm between the true and predicted values in L2(Rd × [0, T ], µ)

with µ(dx, dt) = |ψ(x, t)|2dxdt.

4.3.1 Non-interacting case: harmonic oscillator

We consider a harmonic oscillator model with x ∈ R1, V (x) = 1
2mω

2(x−0.1)2, t ∈ [0, 1] and

where m = 1 and ω = 1. The initial wave function is given as ψ(x, 0) ∝ e−x
2/(4σ2). Then

4. https://github.com/elena-orlova/deep-stochastic-mechanics
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u0(x) = − ℏx
2mσ2

, v0(x) ≡ 0. X(0) comes from X(0) ∼ N (0, σ2), where σ2 = 0.1.

We use the numerical solution as the ground truth. Our approach is compared with a

PINN. The PINN input data consists of N0 = 1000 points sampled for estimating ψ(x, 0),

Nb = 300 points for enforcing the boundary conditions (we assume zero boundary condi-

tions), and Nf = 60000 collocation points to enforce the corresponding equation inside the

solution domain, all points sampled uniformly for x ∈ [−2, 2] and t ∈ [0, 1].

Figure 4.2(a) summarizes the results of our experiment. The left panel of the figure

illustrates the evolution of the density |ψ(x, t)|2 over time for different methods. It is evident

that our approach accurately captures the density evolution, while the PINN model initially

aligns with the ground truth but deviates from it over time. Sampling collocation points

uniformly when density is concentrated in a small region explains why PINN struggles to

learn the dynamics of Equation (4.1); we illustrate this effect in Figure 4.1 (d). The right

panel demonstrates observables of the system, the averaged mean of Xi, and the averaged

variance of Xi. Our approach consistently follows the corresponding distribution of Xi. On

the contrary, the predictions of the PINN model only match the distribution at the initial

time steps but fail to accurately represent it as time elapses. Table 4.2 shows the error

rates for our method and PINNs. In particular, our method performs better in terms of all

error rates than the PINN. These findings emphasize the better performance of the proposed

method in capturing the dynamics of the Schrödinger equation compared to the PINN model.

We also consider a non-zero initial phase S0(x) = −5x. It corresponds to the initial

impulse of a particle. Then v0(x) ≡ −5ℏ
m . The PINN inputs are N0 = 3000, Nb = 300

points, and Nf = 80000 collocation points. Figure 4.2 (b) and Table 4.2 present the results

of our experiment. Our method consistently follows the corresponding ground truth, while

the PINN model fails to do so. It indicates the ability of our method to accurately model

the behavior of the quantum system.

In addition, we consider an oscillator model with three non-interacting particles, which
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a)  The harmonic oscillator with .S0(x) ≡ 0

b) The harmonic oscillator with .S0(x) = − 5x c) Two interacting bosons in the harmonic oscillator.

Figure 4.2: Simulation results of PINN and our DSM method: (a) and (b) correspond to
a particle in the harmonic oscillator with different initial phases; (c) corresponds to two
interacting bosons in the harmonic oscillator. The left panel of these figures corresponds to
the density |ψ(x, t)|2 of the ground truth solution, our approach (DSM), PINN, and t-VMC.
The right panel presents statistics, including the particle’s mean position and variance.

can be seen as a 3d system. The results are given in Table 4.2 and Appendix C.4.2.

Table 4.2: Results for different harmonic oscillator settings. In the 3d setting, the reported
errors are averaged across all dimensions. The best results are in bold (The difference
between the mean errors of the DSM approach and other methods is statistically significant
with a p-value < 0.001 measured by the one-sided Welsh t-test. Each model is trained and
evaluated 10 times independently.)

Setting Model Em(Xi) ↓ Ev(Xi) ↓ E(v) ↓ E(u) ↓
d = 1,

S0(x) ≡ 0
PINN 0.877 ± 0.263 0.766 ± 0.110 24.153 ± 3.082 4.432 ± 1.000
DSM 0.079± 0.007 0.019± 0.005 1.7× 10−4 ± 4.9× 10−5 2.7× 10−5 ± 4.9× 10−6

Gaussian sampling 0.355 ± 0.038 0.460 ± 0.039 8.478 ± 4.651 2.431 ± 0.792

d = 1,
S0(x) = −5x

PINN 2.626 ± 0.250 0.626 ± 0.100 234.926 ± 57.666 65.526 ± 8.273
DSM 0.268± 0.036 0.013± 0.008 1.4× 10−5 ± 5.5× 10−6 2.5× 10−5 ± 3.8× 10−6

Gaussian sampling 0.886 ± 0.137 0.078 ± 0.013 73.588 ± 6.675 16.298 ± 6.311

d = 3,
S0(x) ≡ 0

DSM (Nelsonian) 0.080± 0.015 0.016± 0.007 8.1× 10−5 ± 2.8× 10−5 4.0× 10−5 ± 2.2× 10−5

DSM (Grad Div) 0.075± 0.004 0.015± 0.004 6.2× 10−5 ± 2.2× 10−5 3.9× 10−5 ± 2.9× 10−5

Gaussian sampling 0.423 ± 0.090 4.743 ± 0.337 6.505 ± 3.179 3.207 ± 0.911

d = 2,
interacting

system

PINN 0.258 ± 0.079 1.937 ± 0.654 20.903 ± 7.676 10.210 ± 3.303
DSM 0.092± 0.004 0.055± 0.015 7.6× 10−5 ± 1.0× 10−5 6.6× 10−5 ± 2.8× 10−5

t-VMC 0.103 ± 0.007 0.109 ± 0.023 2.9× 10−3 ± 2.4× 10−4 3.5× 10−4 ± 0.8× 10−4
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4.3.2 Naive sampling

To further evaluate our approach, we consider the following sampling scheme: it is possible

to replace all measures in the expectations from Equation (4.14) with a Gaussian noise

N (0, 1). Minimizing this loss perfectly would imply that the PDE is satisfied for all values

x, t. Table 4.2 shows worse quantitative results compared to our approach in the setting

from Section 4.3.1. More detailed results, including the singular initial condition and 3d

harmonic oscillator setting, are given in Appendix C.4.3.

4.3.3 Interacting system

Next, we consider a system of two interacting bosons in a harmonic trap with a soft contact

term V (x1, x2) = 1
2mω

2(x21 + x22) +
g
2

1√
2πσ2

e−(x1−x2)
2/(2σ2) and initial condition ψ0 ∝

e−mω
2x2/(2ℏ). We use ω = 1, T = 1, σ2 = 0.1, and N = 1000. The term g controls

interaction strength. When g = 0, there is no interaction, and ψ0 is the ground state of the

corresponding Hamiltonian H. We use g = 1 in our simulations.

Figure 4.2 (c) shows simulation results: our method follows the corresponding ground

truth while PINN fails over time. As t increases, the variance of Xi for PINN either decreases

or remains relatively constant, contrasting with the dynamics that exhibit more divergent

behavior. We hypothesize that such discrepancy in the performance of PINN, particularly

in matching statistics, is due to the design choice. Specifically, the output predictions,

ψ(xi, t), made by PINNs are not constrained to adhere to physical meaningfulness, meaning∫
Rd

∣∣ψ(x, t)∣∣2dx does not always equal 1, making uncontrolled statistics.

As for the t-VMC baseline, the results are a good qualitative approximation to the

ground truth. The t-VMC ansatz representation comprises Hermite polynomials with two-

body interaction terms [Carleo et al., 2017], scaling quadratically with the number of basis

functions. This representation inherently incorporates knowledge about the ground truth

solution. However, even when using the same number of samples and time steps as our DSM
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approach, t-VMC does not achieve the same level of accuracy, and the t-VMC approach

does not perform well beyond d = 3 (see Appendix C.4.5). We anticipate the performance

of t-VMC will further deteriorate for larger systems due to the absence of higher-order

interactions in the chosen ansatz. We opted for this polynomial representation for scalability

and because our experiments with neural network ansatzes [Schmitt and Heyl, 2020] did not

yield satisfactory results for any d. Additional details are provided in Appendix C.3.2.

DSM in higher dimensions To verify that our method can yield reasonable outputs for

large many-body systems, we perform experiments on a 100 particle version of the interacting

boson system. While ground truth is unavailable for a system of such a large scale, we

perform a partial validation of our results by analyzing how the estimated densities change

at x = 0 as a function of the interaction strength g. Scaling our method to many particles is

straightforward, as we only need to adjust the neural network input size and possibly other

parameters, such as a hidden dimension size. The obtained results in Figure 4.3 suggest that

the time evolution is at least qualitatively reasonable since the one-particle density decays

more quickly with increasing interaction strength g. In particular, this value should be higher

for overlapping particles (a stable system with a low g value) and lower for moving apart

particles (a system with a stronger interaction g). Furthermore, the low training loss of 10−2

order achieved by our model suggests that it is indeed representing a process consistent with

Schrödinger equation, even for these large-scale systems. This experiment demonstrates our

ability to scale the DSM approach to large interacting systems easily while providing partial

validation of the results through the qualitative analysis of the one-particle density and its

dependence on the interaction strength.
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Figure 4.3: One-particle density of a system of 100 interacting bosons for varying interaction
strength g. For a weaker interaction, the one-particle density is higher, indicating a more
stable particle configuration. Conversely, for a stronger interaction, this value decreases,
suggesting a more dispersed particle behavior.

4.3.4 Computational and memory complexity

Non-interacting system We measure training time per epoch and total train time for

two versions of the DSM algorithm for d = 1, 3, 5, 7, 9: the Nelsonian one and our version.

The experiments are conducted using the harmonic oscillator model with S0(x) ≡ 0 from

Section 4.3.1. The results are averaged across 30 runs. In this setting, the Hamiltonian

is separable in the dimensions, and the problem has a linear scaling in d. However, given

no prior knowledge about that, traditional numerical solvers and PINNs would suffer from

exponential growth in data when tackling this task. Our method does not rely on a grid in

x, and avoids computing the Laplacian in the loss function. That establishes lower bounds

on the computational complexity of our method, and this bound is sharp for this particular

problem. The advantageous behavior of our method is observed without any reliance on

prior knowledge about the problem’s nature.

Time per epoch The left panel of Figure 4.4 illustrates the scaling of time per iteration
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for both the Nelsonian formulation and our proposed approach. The time complexity ex-

hibits a quadratic scaling trend for the Nelsonian version, while our method achieves a more

favorable linear scaling behavior with respect to the problem dimension. These empirical

observations substantiate our analytical complexity analysis.

Total training time The right panel of Figure 4.4 demonstrates the total training time

of our version versus the problem dimension. We train our models until the training loss

reaches a threshold of 2.5× 10−5. We observe that the total training time exhibits a linear

scaling trend as the dimensionality d increases. The performance errors are presented in

Appendix C.4.4.
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Figure 4.4: Empirical complexity evaluation of our method for the non-interacting system.

Interacting system We study the scaling capabilities of our DSM approach in the setting

from Section 4.3.3, comparing the performance of our algorithm with a numerical solver

based on the Crank–Nicolson method. Table 4.4 shows training time, time per epoch,

and memory usage for our method. Table 4.3 reports time and memory usage of the

Crank–Nicolson method solver. More details and illustrations of obtained solutions are

given in Appendix C.4.5.

Memory DSM memory usage and time per epoch grow linearly in d (according to our

theory and evident in our numerical results) in contrast to the Crank-Nikolson solver, whose
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memory usage grows exponentially since discretization matrices are of Nd × Nd size. As

a consequence, we are unable to execute the Crank-Nicolson method for d > 4 on our

computational system due to memory constraints. The results show that our method is far

more memory efficient for larger d.

Compute time While the total compute times of our DSM method, including training,

are longer than those of the Crank-Nicolson solver for smaller values of d, the scaling trends

suggest a computational advantage as d increases.

In general, DSM is expected to scale quadratically with the problem dimension as there

are pairwise interactions in our potential function.

Table 4.3: Time (s) to get a solution and memory usage (Gb) of the Crank-Nicolson method
for different problem dimensions (interacting bosons).

d = 2 d = 3 d = 4

Time 0.75 35.61 2363
Memory usage 7.4 10.6 214

Table 4.4: Training time (s), time per epoch (s/epoch), and memory usage (Gb) of our DSM
method for different problem dimensions (interacting bosons).

d = 2 d = 3 d = 4 d = 5

Training time 1770 3618 5850 9240
Time per epoch 0.52 1.09 1.16 1.24
Memory usage 17.0 22.5 28.0 33.5

4.4 Discussion and limitations

This paper considers the simplest case of the linear spinless Schrödinger equation on a flat

manifold Rd with a smooth potential. For many practical setups, such as quantum chemistry,

quantum computing, or condensed matter physics, our approach should be modified, e.g.,

by adding a spin component or by considering some approximation and, therefore, requires
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additional validations that are beyond the scope of this work. We have shown evidence of

adaptation of our method to one kind of low-dimensional structure, but this paper does not

explore a broader range of systems with low latent dimension.

4.5 Conclusion

We develop a new algorithm for simulating quantum mechanics that addresses the curse

of dimensionality by leveraging the latent low-dimensional structure of the system. This

approach is based on a modification of stochastic mechanics theory that establishes a corre-

spondence between the Schrödinger equation and a diffusion process. We learn the drifts of

this diffusion process using deep learning to sample from the corresponding quantum density.

We believe that our approach has the potential to bring to quantum mechanics simulation

the same progress that deep learning has enabled in artificial intelligence. We provide a

discussion of future work in Appendix C.9.
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CHAPTER 5

FERMIONIC DEEP STOCHASTIC MECHANICS

5.1 Introduction

Partial differential equations (PDEs) in high dimensions form the mathematical foundation

for modeling numerous natural phenomena. Given access to precise solutions of the time-

dependent Schrödinger equation (TDSE) describing the interactions of many electrons in a

molecule, a vast body of scientific problems could be addressed, including quantum chemistry

[Cances et al., 2003, Nakatsuji, 2012], drug discovery [Ganesan et al., 2017, Heifetz, 2020],

condensed matter physics [Boghosian and Taylor IV, 1998, Liu et al., 2013] and quantum

computing [Grover, 2001, Papageorgiou and Traub, 2013]. However, solving high-dimensional

PDEs and the Schrödinger equation, in particular, are notoriously difficult problems in scien-

tific computing due to the well-known curse of dimensionality: classical grid-based methods

exhibit exponential computational complexity with respect to system dimensionality [Bell-

man, 2010]. Traditional quantum chemistry methods for time-independent or ground state

simulations, such as Hartree-Fock (HF) [Hartree, 1928] or Coupled Cluster [Čížek, 1966,

1969], exhibit prohibitive computational scaling of O(n7) with a system size n (the number

of electrons), limiting their application to larger systems. Deep learning is a promising ap-

proach to circumvent this limitation [Poggio et al., 2017, Madala et al., 2023]. For example,

recent deep learning approaches achieve a computational scaling of O(nk) where 2 ≤ k ≤ 4

[Schütt et al., 2019, Pfau et al., 2020a, Keith et al., 2021], while sometimes exceeding the pre-

cision of the Coupled Cluster (CC) and Density Functional Theory [Kohn and Sham, 1996]

methods. These approaches are focused primarily on the ground state problems with some

extensions to quenched time dynamics and excited states. However, reliable time-dynamical

simulations for larger systems without assuming additional constraints, such as quenched

ground states, remain largely unexplored.
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While generic deep learning approaches can be applied to solving TDSE [E and Yu, 2017,

Han et al., 2018, Raissi et al., 2019, Weinan et al., 2021], this chapter shows that significant

performance improvements can be achieved by developing an approach specific to fermionic

TDSE by incorporating quantum physical structure into the deep learning algorithm itself.

A recent deep stochastic mechanics (DSM) framework [Orlova et al., 2023], described

in Section 4.2, demonstrates promising results in terms of scaling with the system size for

bosonic systems. However, its direct application to fermionic systems is limited due to

the inherent antisymmetric nature of fermions, currently limiting DSM’s impact to quan-

tum chemistry research. In this work, we develop a fermionic extension of DSM (F-DSM)

that addresses these limitations. This extension presents significant challenges beyond those

encountered in bosonic systems, particularly in maintaining numerical stability while encod-

ing antisymmetry. Although individual components of the solution exist, their integration

demands new approaches to numerical stability, optimization procedures, and integration

schemes.

In this work, we establish a foundation for time-dynamical simulations of molecular sys-

tems. We extend the existing DSM framework to fermions by developing a neural architecture

that natively represents fermionic antisymmetry, and utilize a stochastic interpretation of

quantum mechanics [Nelson, 2005] to effectively sample from a stochastic differential equa-

tion (SDE).

5.1.1 Problem formulation

General setting The Schrödinger equation, a governing equation in quantum mechanics,

predicts the future behavior of a dynamic system for time 0 ≤ t ≤ T and ∀x ∈M:

iℏ∂tΨ(x, t) = HΨ(x, t), (5.1)

Ψ(x, 0) = Ψ0(x), (5.2)
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where Ψ : M × [0, T ] → C represents the complex-valued wave function defined over a

manifold M. We consider fermionic systems where M = (R3 × ±1)n with ±1 corre-

sponding to spin states (up and down), and n denoting the number of particles. H is

a self-adjoint operator acting on a Hilbert space of wave functions. Within the Born-

Oppenheimer approximation [Born and Heisenberg, 1985], the Hamiltonian takes the form

H = −ℏ2
2 Tr(m−1∇2) + V (x), where ∇2 = [ ∂2

∂xixj
]
n,n
i=1,j=1 is a Hessian operator, and V (x) is

a potential function. We use atomic units throughout this work, setting ℏ = 1 and m = 1.

The probability density of finding a particle at position x at time t is |Ψ(x, t)|2.

Molecular systems Our focus is on molecular systems with nel electrons, and the poten-

tial V (x) represents the Coulomb interactions. The many-body wave function Ψ(x, t|R,Z, S)

depends on the nuclei coordinates R = {RI}nnuc
I=1 and atomic numbers Z = {ZI}nnuc

I=1 ,

where RI ∈ R3 and ZI ∈ Z+, and electronic spin configurations S = {Si}nel
i=1, where

Si ∈ ±1. In our notation here and below, we separate the particle coordinates xi ∈ R3,

where i = 1, ..., nel, and their corresponding spins for convenience. Not all functions are

valid wave functions – particles must be indistinguishable, meaning |Ψ|2 should be invariant

to permutations of the particles. Additionally, the Pauli exclusion principle states that the

probability of observing any two electrons in the same state must be zero. This is enforced

by requiring the wave function for electronic systems to be antisymmetric. For any permu-

tation π ∈ Permnel , where Permnel : {π : {1, . . . , nel} → {1, . . . , nel}} is a bijection from a

set Perm(nel) to itself, we require

Ψ(x1, ..., xnel , t|R, S, Z) = σ(π)Ψ(xπ(1), ..., xπ(nel)
, t|R, Sπ(1), ..., Sπ(nel)

, Z), (5.3)

where σ(π) = ±1 is the parity or sign of permutation π. Given initial conditions in the

form of samples drawn from the density |ψ0(x|R,Z, S)|2, we wish to draw samples x ∈ R3n
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from |ψ(x, t|R,Z, S)|2 for t ∈ (0, T ] using a neural-network-based approach that can adapt

to latent low-dimensional structures in the system and sidestep the curse of dimension-

ality. Rather than explicitly estimating Ψ(x, t|R,Z, S) and subsequently sampling from

the corresponding density, we directly sample from an approximation of |Ψ(x, t|R,Z, S)|2,

concentrating computation in high-density regions. In addition, this approach has the po-

tential to generalize across varying molecular configurations R,Z, S. When regions where

the density |Ψ(x, t|R,Z, S)|2 lie in a latent low-dimensional space, our sampling strategy

concentrates computation in that space, leading to the favorable scaling properties of our

approach. Throughout this manuscript, we can use the abbreviated notation Ψ(x, t) instead

of Ψ(x, t|R,Z, S) for simplicity.

5.1.2 Related work

Time-independent past works In quantum chemistry, substantial progress is made in

the study of ground-state properties, leading to a variety of computational methods. The cor-

nerstone of these methods is the Hartree-Fock approximation [Hartree, 1928], which treats

the many-electron wave function as a single Slater determinant of one-electron orbitals.

While HF captures about 99% of the total energy through mean-field electron-electron in-

teractions, it neglects electron correlation, a crucial aspect of many systems. To capture

electron correlation, several post-HF methods are developed. Configuration Interaction (CI)

[Shavitt, 1977] systematically improves upon HF by including excited Slater determinants.

Full Configuration Interaction (FullCI) [Knowles and Handy, 1984] provides exact solutions

within a given basis set by including all possible electron excitations, but its factorial scaling

makes it feasible only for small systems. Density Functional Theory (DFT) offers an alterna-

tive approach by working with electron density rather than the many-electron wave function.

It typically scales as O(n4). While exact in principle, practical DFT relies on approximate

exchange-correlation functionals.
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An alternative perspective recognizes that experimental observations are limited to sam-

ples from the quantum density. This insight suggests focusing on density sampling rather

than directly solving the Schrödinger equation, enabling system behavior prediction without

physical experimentation. Variational Monte Carlo (VMC) methods estimate observable

(energy) expectations rather than the wave function itself, achieving improved computa-

tional efficiency. In VMC, the wave function representation or ansatz typically combines a

determinantal part (often from HF or DFT calculations) with a Jastrow factor that explicitly

includes electron-electron correlations. The Jastrow factor can efficiently capture electron

correlation effects that would require many determinants in traditional CI approaches. How-

ever, VMC results are inherently limited by the quality of the wave function representation

or ansatz, and achieving high accuracy requires careful wave function optimization. Recent

advances in variational wave function ansatz, particularly the introduction of neural quantum

states (NQS) with variational Monte Carlo [Carleo and Troyer, 2017], produce remarkably

accurate solutions to the electronic time-independent Schrödinger equation. NQS offers high-

accuracy wave functions that capture system entanglement at a manageable computational

cost [Hermann et al., 2020].

Time-dependent past works While significant progress is made in solving the station-

ary Schrödinger equation, its time-dependent counterpart presents greater challenges. This

increased complexity stems from the quantum system’s tendency to explore a much larger

portion of the Hilbert space compared to ground-state problems. Therefore, heuristics devel-

oped for time-independent problems are not directly applicable. A common strategy for ap-

proximating time-dependent dynamics is to neglect electron–electron correlations entirely, as

in mean-field theories. The seminal time-dependent Hartree-Fock (TDHF) framework intro-

duced by Dirac and Frenkel [Dirac, 1930, Frenkel, 1934] follows this approach. While TDHF

performs reasonably well for weakly correlated systems, such as closed-shell molecules under

small perturbations, it fails in the presence of strong correlation. Efforts to go beyond the

94



mean-field level led to the development of multi-configuration time-dependent Hartree-Fock

(MCTDHF) [Li et al., 2005, Lode et al., 2020], which extends the ansatz to include multi-

ple electronic configurations. However, these methods suffer from exponential scaling with

system size and remain computationally impractical beyond small systems. Real-time time-

dependent density functional theory (TDDFT) [Yabana and Bertsch, 1996, Ullrich, 2011] is

a popular method, particularly in condensed-phase simulations and optical response studies.

However, TDDFT’s reliance on adiabatic and local approximations in exchange-correlation

functionals limits its accuracy for strongly correlated dynamics. Other formulations, such as

time-dependent multi-configuration self-consistent field (TD-MCSCF) [Sato and Ishikawa,

2013, Liu et al., 2019], configuration interaction (CI) [Krause et al., 2005, Schlegel et al.,

2007, Krause et al., 2007, DePrince III et al., 2011, Woźniak et al., 2022], coupled-cluster

(CC) [Luppi and Head-Gordon, 2012, Nascimento and DePrince III, 2016, Skeidsvoll et al.,

2020], and tensor network approaches [Haegeman et al., 2011, Pichler et al., 2016], offer

higher expressivity but are either limited to short time scales or small systems due to pro-

hibitive scaling. Time-evolving density matrix renormalization group (t-DMRG) methods

[Cazalilla and Marston, 2002] were successfully applied in 1D lattice models but are not

applicable to real-space molecular fermionic dynamics.

As for variational methods, there are works that explore time-dependent Variational

Monte Carlo (t-VMC) schemes [Carleo and Troyer, 2017, Yao et al., 2021, Nys et al., 2024]

for simulating many-body quantum systems, including fermionic ones. Those approaches

suffer from an accumulation of errors coming from the sequential propagation of the small

time-step dynamics, where each step depends on the accuracy of previous steps. While

our F-DSM approach also relies on wave function representation quality, we address several

shortcomings of t-VMC methods. Our global time parameterization optimizes the entire

trajectory simultaneously against the TDSE, avoiding the error accumulation inherent to

sequential optimization schemes. Our stochastic reformulation circumvents the expensive
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MCMC sampling and matrix inversion steps in optimization that lead to instability in t-

VMC methods. The original DSM paper [Orlova et al., 2023] provides experimental evidence

of these instability challenges. As highlighted by Sinibaldi et al. [2023], t-VMC methods may

encounter challenges related to systematic statistical bias or exponential sample complexity,

particularly when the wave function contains zeros. Furthermore, there is not a single t-

VMC method that is shown to work beyond quenched ground states of electronic systems.

In summary, while many theoretically appealing approaches exist, there is currently no widely

adopted, scalable, and robust framework for the real-time simulation of strongly correlated

many-electron systems.

5.2 Contributions

Our work is based on the DSM approach [Orlova et al., 2023] that uses a stochastic inter-

pretation of quantum mechanics by Nelson [Nelson, 1966a]. We extend the DSM framework

to molecular systems. We highlight the main contributions of this work as follows:

• Paradigm-shifting ansatz architecture: We introduce a novel ansatz that is fundamen-

tally different from conventional Slater-Jastrow-Backflow (SJB) architectures. Unlike

SJB models, which express the wave function as a linear combination of antisymmetric

basis functions, our approach learns a nonlinear composition of antisymmetric com-

ponents via a stack of sign-equivariant neural layers. This nonlinear recombination

enhances the network’s ability to capture rich many-body correlations beyond the ex-

pressivity of additive determinant expansions.

• Orbital positional encoding (OPE): Another key aspect of our architecture design is

a new positional encoding methodology that represents electronic orbitals through

learnable periodic functions parameterized via the fundamental Clifford group [Clif-

ford, 1873, 1882]. Clifford algebra provides a unified representation of spatial position,
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orientation, and spin, making it particularly well-suited for modeling structure of many-

electron systems. A key property of our OPE design is that it is parameter-efficient: the

number of learnable parameters is independent of the number of electrons, orbitals, or

nuclei, enabling scalability to larger systems without increasing model size. In addition,

this approach enables potential extrapolation to atomic numbers beyond the training

distribution, a capability previously observed only in specialized force field modeling

contexts [Plé et al., 2023]. In the following layers, rather than implementing hard-coded

equivariance constraints, our architecture incorporates symmetry through specialized

layers comprising low-rank decompositions with equivariant factors. Our full ansatz

includes antisymmetric and symmetric branches, sign-equivariant mixing layers that

preserve antisymmetry under particle exchange, and explicit cusp conditions.

• Stochastic mechanics framework for time dynamics simulation: By leveraging Nel-

son’s stochastization formalism, we establish a global time variational method that

circumvents the dimensionally cursed rejection sampling required in traditional VMC

approaches, enabling efficient time-dependent simulation. By pretraining our ansatz

on a conventional quantum chemistry method, we observe a notable phenomenon: our

approach effectively projects these predictions into a physically correct solution space.

This suggests that our method not only addresses the methodological limitations of

traditional approaches but can actually refine and improve existing high-level quantum

chemistry calculations by enforcing proper physical constraints.

• Experiments: We validate our approach through experiments on a hydrogen molecule

system, demonstrating its ability to handle challenging initial conditions. Notably,

even when starting from an excited state, a scenario that typically presents significant

computational difficulties, our method successfully simulates reasonable quantum dy-

namics. This capability shows the robustness of our approach in modeling quantum

systems beyond ground state configurations.
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5.3 Extending DSM framework to molecular systems: F-DSM

We present a novel neural network architecture designed to represent time-dependent many-

electron wave functions while preserving essential physical symmetries. Our architecture

combines orbital features with sign-equivariant mixing layers and explicit cusp conditions to

achieve proper fermionic behavior. We start from a general overview of the DSM framework.

5.3.1 General DSM framework

The DSM framework builds upon Nelson’s stochastic interpretation of quantum mechanics

[Nelson, 1966a], which establishes an equivalence between the Schrödinger equation and a

diffusion process. This equivalence allows quantum mechanics to be formulated in terms of

SDEs, providing an alternative computational approach to quantum simulations.

For a given wave function in polar coordinates Ψ(x, t) =
√
ρ(x, t)eiS(x,t), we define two

velocity fields:

v(x, t) = Re∇ log Ψ(x, t) = ∇S(x, t),

u(x, t) = Im∇ log Ψ(x, t) =
1

2
∇ log ρ(x, t).

(5.4)

Let Wt denote a time-symmetric reciprocal Wiener process. For any [finite-energy] solu-

tion of TDSE (5.1) with an initial condition Ψ(·, 0) = Ψ0, we have the following stochastic

process

dY (t) = (v(Y (t), t) + u(Y (t), t))dt+ dWt,

Y (0) ∼
∣∣Ψ0

∣∣2. (5.5)

This Nelsonian process (5.5) corresponds to sampling from ρ = |Ψ(x, t)|2, or Y (t) ∼

|Ψ(x, t)|2. 1 Any numerical integrator can be used to obtain samples from the diffusion

1. Theoretical results by Kuipers [2023] establish that this formulation remains valid even in the case
of multi-valued Ψ, which might be the case for fermions. This mathematical foundation justifies our sam-
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process. We primarily use adaptive Runge-Kutta methods to maintain numerical stability

throughout the integration process.

DSM approach approximates the Nelsonian process Y (t) with a process X(t) where the

wave function is parametrized via a neural network with parameters θ:

dX(t) = (Re∇ log Ψθ(X(t), t) + Im∇ log Ψθ(X(t), t))dt+ dW

= (vθ(X(t), t) + uθ(X(t), t))dt+ dW,

X(0) ∼
∣∣Ψ0

∣∣2.
(5.6)

Any numerical integrator can be used to obtain samples from the diffusion process. The

simplest one is the Euler–Maruyama integrator [Kloeden and Platen, 1992]:

Xi+1 = Xi + (vθ(Xi, ti) + νuθ(Xi, ti))ϵ+N
(
0,
νℏ
m
ϵId
)
, (5.7)

where ϵ > 0 denotes a step size, 0 ≤ i < T
ϵ , and N (0, Id) is a Gaussian distribution. All

these details can be found in Section 4.2.

5.3.2 F-DSM approach

Unlike the original DSM framework, which directly employs neural networks to parametrize

the velocities u and v (effectively modeling gradients of the logarithm of the wave function),

our approach for fermionic systems requires a fundamentally different parametrization strat-

egy. To properly encode the antisymmetric properties of fermions, we directly parameterize

the wave function itself rather than its derivatives. Specifically, we implement a neural net-

work ansatz Ψθ that outputs wave function values (i.e., Ψθ inputs location x and time t in

addition to nuclei R, spins S and atomic numbers Z, and outputs Ψθ(x, t|R, S, Z)), from

which we subsequently compute gradients to use in Equation (5.6). This methodological dis-

pling methodology, ensuring that the stochastic trajectories correctly sample from the quantum probability
distribution at each time step.
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tinction enables our framework to capture the sign-changing behavior required by the Pauli

exclusion principle while maintaining the computational advantages of the diffusion-based

sampling approach.

To learn this process in practice, the following loss functions are defined by substituting

Ψ(x, t) =
√
ρ(x, t)eiS(x,t) in polar coordinates into the Schrödinger equation (for the detailed

derivation, we refer to Orlova et al. [2023]):

L1(vθ, uθ) =

∫ T

0
EX
∥∥∂tuθ(X(t), t)−Du[vθ, uθ, X(t), t]

∥∥2dt, (5.8)

L2(vθ, uθ) =

∫ T

0
EX
∥∥∂tvθ(X(t), t)−Dv[vθ, uθ, X(t), t]

∥∥2dt, (5.9)

L3(vθ, uθ) = EX∥uθ(X(0), 0)− u0(X(0))∥2, (5.10)

L4(vθ, uθ) = EX∥vθ(X(0), 0)− v0(X(0))∥2, (5.11)

where u0 = ∇S(x, 0), v0 = 1
2∇ log ρ(x, 0), and

Du[v, u, x, t] = −∇⟨v(x, t), u(x, t)⟩ −
1

2
∇⟨∇, v(x, t)⟩, (5.12)

Dv[v, u, x, t] = −
1

m
∇V (x, t) +

1

2
∇∥u(x, t)∥2 − 1

2
∇∥v(x, t)∥2 + 1

2
∇⟨∇, u(x, t)⟩. (5.13)

Finally, we define a combined loss using a weighted sum with wi > 0:

L(θ) =
4∑
i=1

wiLi(vθ, uθ). (5.14)
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The basic idea of our approach is to sample new trajectories using the integrated Equa-

tion (5.6) for each epoch. These trajectories are then used to compute stochastic estimates

of the loss from Equation (5.14), and then we backpropagate gradients of the loss to update

the parameters θ. During inference, the integrated version of Equation (4.5) (for example,

Equation (5.7)) can be used to produce samples.

This sampling procedure offers significant computational advantages for simulating TDSE

compared to traditional variational methods. As established in computational physics [Gel-

man et al., 1997, Beskos et al., 2013], the MCMC sampling computational overhead scales

unfavorably with system dimensionality, often exponentially, due to the rapidly increasing

number of burn-in steps needed for proper convergence. By avoiding repeated MCMC sam-

pling throughout the temporal evolution, we enable more efficient computation, assuming

the ability to sample from the initial wave function Ψ0. Specifically, methods relying on

MCMC sampling require M distinct MCMC procedures to compute observables at M tem-

poral points, while our approach requires a single MCMC application for the initial state,

irrespective of the number of evaluation points.

Two-phase training approach for fermionic systems A critical consideration in ap-

plying the F-DSM framework to fermionic systems involves addressing the inherent mathe-

matical pathologies of electronic wave functions within the Born-Oppenheimer approxima-

tion. These wave functions exhibit non-analyticity manifested through cusps that can break

numerical stability during SDE integration, while maintaining mathematical properties es-

sential for stable dynamics.

Dynamic electron correlation arises from the physical Coulomb repulsion between elec-

trons. When electrons coincide spatially, the electronic molecular Hamiltonian exhibits sin-

gular behavior, while the local energy HΨ/Ψ remains constant. To compensate for this

singularity of H, the wave function Ψ must have a nondifferentiable behavior
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lim
xi→xj

∂Ψ

∂x

∣∣∣
xi=xj

=
1

2
ZΨ(xi = xj), (5.15)

at electron coalescence points xi = xj resembling a cusp, thus called electronic cusp condi-

tion or Kato’s cusp condition [Kato, 1957]. This discontinuity exactly cancels the Coulomb

singularity in the potential energy, preventing the kinetic energy from becoming infinite.

Without properly satisfying this cusp condition, the kinetic energy contribution would di-

verge, leading to infinite total energy. The same holds for electron-nuclei interactions: the

wave function’s derivative has a discontinuity at the position where an electron coincides

with a nucleus.

In the context of ground-state problems, conventional wave function ψ(x) approximations

using single particle orbital products, such as Slater-type orbitals [Slater, 1930], Gaussian-

type orbitals [Hehre et al., 1969] or correlation consistent basis sets by Dunning [Dunning Jr,

1989], struggle to capture the nondifferentiable characteristics of the exact wave function.

This limitation necessitates extensive basis set expansions and contributes to the slow conver-

gence of basis set extrapolation methods, particularly when modeling the dynamic behavior

of electrons in close proximity. While methods like FullCI or HF can achieve impressive

energy accuracy, they might fail to satisfy these cusp conditions rigorously. When such wave

functions serve as initial conditions for our SDE-based approach, they can introduce gradient

instabilities that accumulate during integration, potentially rendering the entire simulation

invalid.

So, stochastic optimization approaches for the TDSE exhibit sensitivity to violations of

mathematical constraints compared to linear projection methods operating on predefined

basis sets. Consequently, conventional calculations from methods like FullCI might not

be suitable initial conditions Ψ0 without modification, regardless of their energy recovery

precision.

To address this challenge, we propose the following two-phase training scheme:
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1. IC pretraining Firstly, we train our ansatz (architecture detailed in Section 5.4)

to accurately predict initial conditions at t = 0, denoted as ΨIC
θ . The training can

leverage reference data from established quantum chemistry methods such as FullCI

or HF. Our ansatz incorporates explicit representations for fermionic behavior and

electron cusps, ensuring proper handling of wave function singularities. We use an

enhanced initial condition loss function that builds upon Equations (5.10) and (5.11)

by adding derivative terms to capture all singularities:

Lu0(vθ, uθ) =EX∥uθ(X(0), 0)− u0(X(0))∥

+ EX [1 + log(∥∇uθ(X(0), 0)−∇u0(X(0))∥2)]

+ EX [1 + log(∥∇2uθ(X(0), 0)−∇2u0(X(0))∥2)],

(5.16)

Lv0(vθ, uθ) =EX∥vθ(X(0), 0)− v0(X(0))∥

+ EX [1 + log(∥∇vθ(X(0), 0)−∇v0(X(0))∥2)]

+ EX [1 + log(∥∇2vθ(X(0), 0)−∇2v0(X(0))∥2,

(5.17)

While this pretraining step can be bypassed by initializing with the conventional quan-

tum chemistry methods, our experiments demonstrate that such approaches lead to

significantly degraded performance (Section 5.5.2). Therefore, we use our ansatz archi-

tecture, detailed in Section 5.4, with t = 0 for this step. The framework nevertheless

accommodates alternative methods or representations capable of effectively simulating

antisymmetric wave functions.

2. Regular DSM training The second phase is based on our standard DSM frame-

work with an important modification: rather than deriving initial conditions directly

from the conventional quantum chemistry methods, we utilize the pretrained model

ΨIC
θ as the source of these conditions. Here, we train our time-dependent ansatz

Ψθ(x, t) detailed in the next section, to learn the full wave function evolution. In our
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experiments, we use identical architectures for both the pretraining and DSM train-

ing phases; however, the weights of ΨIC
θ are frozen during this stage to preserve the

learned initial condition representations. We use the standard loss function defined in

Equation (5.14).

We observe that this scheme enables accurate simulation of fermionic many-body dy-

namics without the numerical instabilities that would otherwise arise from singularities in

the electronic wave function. The pretraining methodology plays a critical role in our overall

framework, ensuring that the subsequent F-DSM optimization proceeds from a physically

correct and numerically stable initial state of a fermionic system. Our experiments with the

hydrogen molecule demonstrate that neural networks trained with this approach recover the

reasonable quantum dynamics.

5.4 Ansatz representation

The form of the wave function Ψ must be restricted to antisymmetric functions to avoid

collapsing onto non-physical solutions. In the context of ground state problems, this is most

commonly done by taking a set of one-electron orbitals ϕ1, ..., ϕnorb and approximating the

wave function as a linear combination of antisymmetrized tensor products, called Slater

determinants, of those functions

∑
π

(−1)π
∏
i

ϕki (π(x)) =

∣∣∣∣∣∣∣∣∣∣
ϕki (x1) · · · ϕki (xnel)

... . . . ...

ϕkm(x1) · · · ϕkm(xnel)

∣∣∣∣∣∣∣∣∣∣
= det[ϕki (xj)] = det[Φk] (5.18)

ψ(x1, . . . , xnel) =
∑
k

ωk det[Φ
k], (5.19)
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where {ϕk1 , . . . , ϕkm} is a subset of m of the norb orbitals, the sum in Equation (5.18) is

taken over all permutations π of the electron indices, and the sum in Equation (5.19) is over

all subsets of m orbitals. The difficulty is that the number of possible Slater determinants

rises exponentially with the system size, restricting methods like FullCI to tiny molecules,

even with recent advances [Booth and Alavi, 2010]. In practice, QMC methods commonly

adopt the Slater–Jastrow ansatz [Foulkes et al., 2001], which combines a truncated linear

combination of Slater determinants with a multiplicative Jastrow factor to capture close-

range correlations. The Jastrow factor is usually a symmetric term designed to capture

electron–electron and electron–nucleus correlations, and constructed as a product of func-

tions depending on pairwise and triplet distances. In addition, the backflow transformation

[Feynman and Cohen, 1956] can be applied; it shifts each electron’s position based on nearby

electron configurations before evaluating the orbitals. FermiNet [Pfau et al., 2020a] repre-

sents each orbital as a learnable function of all electron coordinates and spins that are then

used to construct Slater determinants, with multiple such determinants enhancing expres-

sivity. The expressivity of these methods remains limited due to their fundamentally linear

combination structure and fixed orbital representations. Though there are other alternitives

[Bajdich et al., 2006, von Glehn et al., 2022], the Slater–Jastrow–backflow form remains the

standard for continuous-space many-electron systems.

We propose a novel way of representing a time-dependent ansatz as a neural network with

parameters θ that nonlinearly composes symmetric and antisymmetric components. Due to

the intrinsic complexity of the ansatz, we first present a general functional form, followed by

a detailed breakdown. At the highest level, our time-dependent wave function ansatz can be

expressed as:
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Ψθ(x, t|R,Z, S) = eJθ(x,R,Z,S)Ψ
(Lmix)
θ = eJθ(x,R,Z,S) fmix

θ

(
fmix
θ

(
...︸ ︷︷ ︸

Lmix

f init
θ (x, t, R, Z, S)

))
,

(5.20)

where eJθ (x,R, Z, S) is a Jastrow factor with the cusp conditions encoded, and the term

Ψ
(Lmix)
θ denotes the output of our sign-equivariant mixing layer fmix

θ that is stacked Lmix

times. Beyond these primary elements, our architecture has other modules organized into

an initial block f init
θ that processes and transforms different aspects of the quantum system

representation:

• Orbital positional encoding Pθ that leverages concepts from Clifford algebra to generate

orbitals, whose parameterization does not depend on a maximal atomic number, nor

on the number of electrons, nor on the number of atoms, yet is expressive enough. A

more detailed description is given in Section 5.4.1

• Interaction towers Ωe-o
θ , Ωo-n

θ , Ωe-n
θ that process electron-orbital, and orbital-nucleus,

electron-nucleus interactions via attention mechanisms that are fused with a special

layer Γθ later. More details are provided in Section 5.4.2.

• Symmetric sθ and antisymmetric aθ embeddings for components with different sym-

metry properties; a time embedding τθ(t). They are described in Section 5.4.4.

These modules process the model’s inputs x, t, R, Z, S, generating inputs for the symmet-

ric and antisymmetric embeddings used in the sign-equivariant mixer fmix
θ , and ultimately

the wavefunction itself. Figure 5.1 illustrates a schematic overview of our ansatz architecture.

We provide a more detailed description of every module below.
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Figure 5.1: Architecture of the time-dependent fermionic ansatz. (a) General architecture
showing the initial block f init

θ followed by Lmix sign-equivariant mixing layers fmix
θ , com-

bined with the Jastrow factor to produce the final wave function Ψθ. (b) Structure of the
sign-equivariant mixing layer fmix

θ , which processes symmetric, antisymmetric, and time
embeddings. (c) Initial block f init

θ , incorporating orbital positional encoding, interaction

towers, and fusion block to generate initial embeddings s(0)θ , a
(0)
θ from the input configura-

tion (x, t, R, Z, S).

5.4.1 Orbital positional encoding (OPE)

We introduce a learnable orbital positional encoding scheme based on Clifford algebra. Unlike

traditional approaches that assign a fixed set of orbitals to each electron or rely on externally

computed orbitals (e.g., from Hartree–Fock), our method learns orbitals end-to-end.

Let us briefly introduce some concept from Clifford algebra. We work with the Clifford

algebra cl(3,0)(R), which is defined as the factor algebra of the free algebra R[e1, e2, e3]

over ideal generated by polynomials e2i − 1, i = 1, 2, 3. Its linear basis can be chosen as

{1, e1, e2, e3, e1e2e3, e2e3, e1e3, e1e2}. By denoting e1e2e3 =: i, i2 = −1, it can be rewritten

as {1, e1, e2, e3, i, ie1, ie2, ie3}. Under parity transformations, 1 is even (does not change upon

reflection of the basis) and i is odd. So, i behaves analogously to the determinant operator
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on the basis e1, e2, e3.

We can interpret this space as R2×4: cl(3,0) ≃ R2×4, where the first index tracks parity

(presence of i) and the second spans the subspace {1, e1, e2, e3}. Moreover, the span of

{1, ie1, ie2, ie3} ≃ H – quaternionic algebra, providing a quaternionic representation of SO(3)

and facilitating efficient computation of rotations and spin transformations.

This is leveraged in both encoding spatial structure and spin, and allows to computation-

ally simplify implementation of a multiplication table. For more details on mathematical

foundations of Clifford algebras, we refer readers to Hitzer [2012], Simeon [2019].

We are mostly interested in a product xy in the Clifford algebra, which we generalize over

tensors of shape R2×4×dhid to support batched computation (multiplying many elements at

once). We define the power operation pow(x, n) recursively by: pow(x, n) = xpow(x, n− 1),

pow(x, 0) = 1. We normalize it for stability as pow(x, n) = xn

∥xn∥ . Due to the presence of

divisors of zero in the Clifford algebra (i.e., pairs of non-zero elements xy = 0), we impose

a constraint on learnable encoding parameters θ ∈ R2×4×dhid :
∑
j

∏
i θij = 0, ∥θ∥R2×4 = 1.

This ensures that pow(x, n) ̸= 0 for all n and avoids norm blow-up.

The central motivation for our positional encoding scheme is to construct expressive

orbital features from a small set of learnable Clifford elements. Such parametrization in-

cludes all elements of the fundamental Clifford group, which includes O(4) as a subgroup.

Given elements x, y ∈ cl3, 0(R) it holds almost surely (in the measure-theoretic sense) that

{x0y, x1y, x2y, x3y} is linearly independent. If y encodes electron positions, then one learn-

able x is enough to be able to generate 4×4 non-degenerate determinant (otherwise, orbitals

are not really distinct, and the wave function becomes zero everywhere). To make it more

expressive, we repeat this dhid > 1 times, which should allow us to handle arbitrary large sys-

tems, while being able to produce non-zero determinants, which are important to represent

the electronic antisymmetry.

We define a shared orbital positional encoding function peθ(x, t, R, S, Z) ∈ Rnel×norb×nnuc×2×4×dhid
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that produces embedding features for every electron–orbital–nucleus triplet. We set norb =

nel but norb can be arbitrarily specified. The OPE tensor P has elements indexed as

(i, j, k, p, c, s), where i identifies an electron, j an orbital, and k a nucleus. The remain-

ing indices correspond to the feature space: p ∈ 0, 1 represents parity, c ∈ {0, 1, 2, 3} denotes

channels, and s indexes the hidden dimension. Each element of P is defined as:

Pijkpcs = peθ(x, t, R, S, Z)ijk =pow(θpos-emb(t), j)pow(θatomic-number-emb(t), Zk − 1)

× EmbedClifford(xi −Rk, θspin-emb
Si

(t))

(5.21)

where pow(x, n) is the repeated Clifford algebra multiplication defined above, θatomic-number-emb

is an embedding representing all atoms, θpos-emb is a representation for all orbitals, and

θ
spin
Si

is an embedding for the spin label. These learnable parameters θ ∈ R2×4×dhid are in-

terpreted as unit-norm elements of the Clifford algebra cl3,0(R), with additional constraints

to ensure nondegeneracy as discussed above. EmbedClifford is an operation that embeds

real space and quaternionic spin representations into the Clifford algebra: a homomorphism

F : H × R3 → cl(3,0)(R), where H denotes the quaternion algebra and cl(3,0)(R) is the

Clifford algebra.

Importantly, the atomic-number-dependent term in our OPE induces a periodic structure

in the embedding space, analogous to sinusoidal encodings, but generalized via Clifford alge-

bra. It can also be conceptualized as a parametrization of the periodic table. Since Clifford

powers encompass both periodic and exponential-like behavior (via their matrix represen-

tations), the resulting encodings offer a richer function class than traditional trigonometric

positional embeddings used in attention-based models [Vaswani et al., 2017]. In particu-

lar, this allows the model to express both periodic and non-periodic dependencies, while

preserving equivariance under rotation and reflection through the algebraic structure.
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5.4.2 Interaction towers

To model different classes of physical interactions, we adopt a multi-tower design. Each

tower targets a specific interaction channel: (1) Ωe-o
θ implements multi-head self-attention

(MHSA) [Vaswani et al., 2017, von Glehn et al., 2022] over orbital axis, modeling how

electrons distribute across and interact with available orbitals; (2) Ωo-n
θ utilizes a MHSA

over the nuclei axis to model how orbitals are shaped and influenced by nuclear positions;

(3) Ωe-n
θ employs geometric product operations to capture the interactions between electrons

and nuclei, representing the Coulombic attractions that bind electrons to atomic centers.

Each attention module operates on input embeddings Pijkpcs, indexed over electron (i),

orbital (j), nucleus (k), parity (p ∈ 0, 1), channel (c ∈ 1, 2, 3, 4), and hidden feature index

(s).

After obtaining the positional encoding embedding Pijkpcs, we compress it into a more

tractable intermediate representation by aggregating hidden dimensions via linear layers and

SiLU activations. It is done in the following way:

Ω
(0,el, nuc)
ijpcs =

∑
s′′

W
(0)
spcs′′n

−1
el

∑
j

(SiLU(
∑
s′
W

(1)
s′′pcs′Pijkpcs′ +1p=1∧c>1bs′′pc)+1p=1∧c>1bspc,

(5.22)

Ω
(0,el, orb)
ijpcs =

∑
s′′

W
(0)
spcs′′n

−1
atoms

∑
k

(SiLU(
∑
s′
W

(1)
s′′pcs′Pijkpcs′+1p=1∧c>1bs′′pc)+1p=1∧c>1bspc,

(5.23)

Ω
(0,orb, nuc)
ijpcs =

∑
s′′

W
(0)
spcs′′n

−1
el

∑
i

(SiLU(
∑
s′
W

(1)
s′′pcs′Pijkpcs′+1p=1∧c>1bs′′pc)+1p=1∧c>1bspc,

(5.24)

which are our initial values for the towers. Each tower is updated over L (Lel, orb, Lel, nuc)

layers using a standard residual + normalization + multi-head self-attention architecture
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[Vaswani et al., 2017]. At layer l + 1, the electron–orbital tower is updated as:

Ω
(l+1,el, orb)
ijpcs = LayerNorm(Ω

(l,el, orb)
ijpcs

+
1

dheads

∑
h

MultiHeadSelfAttention(
∑
s′
W

(l+1,el,nuc,∗)
i,j,h,spcs′

(
θ
(l+1,el,orb)
s′

)j
Ω
(l,el, orb)
ijpcs

| ∗ (∈ k, q, v))),

(5.25)

where k, q, v are key, query, value, index, index h as a head index. The same holds for the

orbital–nucleus tower.

The electron–nucleus tower employs a Clifford-aware geometric message passing scheme.

Instead of attention, it aggregates information using weighted local interactions:

Ω
(l+1,el, nuc)
ikpcs = LayerNorm

[
Ω
(l,el, nuc)
ikpcs +

∑
s′

∑
s′′

W
(l+1,geom)
ikss′s′′

∑
i′

(∑
k′

e
−∥xi−xj∥2

σ2el-el

1 +
∑
j e
−∥xi−xi′ ∥

2

σ2el-el

Ω
(l,el, nuc)
i′k′pcs′

)

×
(∑

i′

e
−∥x′i−Rk∥

2

σ2el-el

1 +
∑
i′ e
−∥xi′−Rk∥2

σ2el-nuc

Ω
(l,el, nuc)
ik′pcs′′

)]
(5.26)

5.4.3 Fusion block

To construct the final interaction representation, we aggregate outputs from the three towers

described above: Ω
(Lel,nuc)
ijpcs denote the output of the local geometric product tower, Ω

(Lorb,nuc)
jkpcs

denote the output of orbital-nuclei MHSA, and Ω
(Lel, orb)
ijpcs denote the output of electron-

orbital MHSA tower. Each tensor is indexed over electrons (i), orbitals (j), nuclei (k),

parity (p), channel (c), and hidden dimension (s). Our attention towers are permutation

equivariant along the sequence axis (electrons or nuclei), while treating the orbital index j

as a batch dimension. This ensures that orbital representations remain independent across
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electrons and nuclei as electron and nuclear dependencies are essential for prediction. This

reduces computational overhead and maintains quadratic memory complexity in system size.

However, to model full three-body correlations involving electrons, orbitals, and nuclei to

produce final orbitals indexed by Φijs, we construct a fused representation tensor Γijks by

contracting across all three embeddings. This operation requires calculating a joint tensor

over (i, j, k) triplets, resulting in a cubic memory complexity with respect to the system size.

This part is standard among all architechtures like FermiNet [Pfau et al., 2020b].

To make calculations more tractable, we first eliminate the Clifford structure by project-

ing over the (p, c) indices. This approach draws inspiration from the tensor train decompo-

sition [Oseledets, 2011] principles.

Q
(el,nuc)
iks = LayerNorm(

∑
s′
W

(1)
spcs′Ω

(el, orb)
ikpcs′ + b

(1)
s ) (5.27)

Q
(orb,nuc)
jks = LayerNorm(

∑
s′
W

(2)
spcs′Ω

(orb, nuc)
jkpcs′ + b

(2)
s ) (5.28)

Q
(el,orb)
ijs = LayerNorm(

∑
s′
W

(3)
spcs′Ω

(el, orb)
ijpcs′ + b

(3)
s ) (5.29)

We then construct a fused representation tensor Γijks using a combination of the above

projections:

Γijks = SiLU(
∑
s′
W

(4)
ss′ Ω

(el, orb)
ikpcs′ +

∑
s′
W

(5)
ss′ Ω

(el, orb)
ijpcs′ +

∑
s′
W

(6)
ss′ Ω

(orb, nuc)
jks′ + b

(4)
s ) (5.30)

5.4.4 Initial anti(symmetric) and time embeddings

To construct a physically valid fermionic wave function, we explicitly separate the learned

representation into antisymmetric and symmetric components. Specifically, the antisym-

metric embedding aθ is antisymmetric with respect to permutations of electrons (including
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spin), and the symmetric embedding sθ is symmetric. This separation reflects the dual na-

ture of quantum states: the antisymmetric part enforces the Pauli exclusion principle, while

the symmetric part captures exchange-invariant structures such as correlation, pairwise dis-

tances or external fields.

From the fused representation, we compute feature maps used in orbital envelope con-

struction:

σijks = Zkexp(
∑
s′
W

(7)
ss′ Γijks′ + b

(7)
s ) (5.31)

ρijks =
∑
s′
W

(8)
ss′ Γijks′ + b

(8)
s (5.32)

ϑijks =
∑
s′
W

(9)
ss′ Γijks′ + b

(9)
s (5.33)

Using these quantities, we compute the complex-valued orbitals:

Φijs =
∑
k

exp(−σijks
(√
∥xi −Rk∥2R3 + 1− 1

)
+ ρijks + iϑijks) (5.34)

The initial antisymmetric embedding is then defined as the determinant over these or-

bitals:

a
(0)
s = det[Φijs]. (5.35)

Note that this determinant operation is used once to initialize the antisymmetric embedding.

To obtain symmetric embedding, we perform reductions over the orbital, electron, and
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nucleus axes using permutation-invariant DeepSet-style architecture [Zaheer et al., 2017]:

s
(0)
s = LayerNorm(

∑
i

SiLU(W
(12)
ss′′′ LayerNorm(

∑
j

SiLU(
∑
s′
W

(11)
s′′′s′′

LayerNorm(
∑
k

SiLU(
∑
s′
W

(10)
s′′s′ Fijks′ + b

(10)
s′′ )) + b

(11)
s′′′ )) + b

(12)
s ))

(5.36)

This procedure enforces invariance to permutations across electrons i, nuclei j, and orbitals

k, ensuring that s(0)s captures exchange-invariant features of the full system.

Lastly, time-dependence is incorporated through a simple transformation:

τ (0)(t) = ReLU(Wt+ b), (5.37)

where W and b are learnable parameters.

5.4.5 Sign-equivariant mixing layer and wave function construction

The mixing layer fmix
θ : Rdsym × Casym → Rdsym × Casym satisfies a sign-equivariance

constraint: fmix
θ (x,−y) = (fmix

θ (x, y)sym,−fmix
θ (x, y)asym). This enforces that the anti-

symmetric part flips sign when the input flips sign, while the symmetric part stays invariant.

Rather than requiring determinants to serve as universal approximators of arbitrary anti-

symmetric functions, which may be expensive or inefficient, we use the following idea. It

suffices to ensure that the antisymmetric component distinguishes between physically distinct

configurations. That is, for any two electron configurations x1, x2 ∈ R3, which are neither

related by permutation nor contain identical coordinates (i.e., electron collisions), we require

that the antisymmetric mapping satisfies fasym(x1) ̸= fasym(x2). This relaxed separability

condition is sufficient to guarantee universal approximation given that the sign-equivariant

transformation fmix
θ is sufficiently expressive.

After obtaining the initial tuple of symmetric, antisymmetric and time embeddings,
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(s(0), a(0), τ (0)), we define the initial ansatz as

Ψ
(0)
θ =

∑
i

e
∑

j w
(0)
ij s

(0)
j a

(0)
i , (5.38)

where wij are learnable parameters. Then, for every layer l = 1, . . . , Lmix we repeat:

h(l) = LayerNorm([SiLU(
∑
j

W
(l,1)
ij s

(l−1)
j + b

(l,1)
i )− SiLU(

∑
j

W
(l,2)
ij (a

(l−1)
j )2 + b

(l,2
i ))

+ sin(
∑
j

W
(l,3)
ij τ

(l−1)
j + b

(l,3)
i )]

dhid
i=1 )

(5.39)

Note that the squaring a(l−1) effectively eliminates sign information, thereby transforming

the antisymmetric function into a symmetric one. This transformation makes it compatible

with the symmetric embedding, ensuring that h(l) inherently maintains symmetric proper-

ties. The construction of the intermediate matrix H l goes as follows:

H l = [[SoftPlus(
∑
k

(W
(l,4)
ijk +W

(l,4)
jik )h

(l)
k )( cos(

∑
k

(W
(l,5)
ijk −W

(l,5)
jik )h

(l)
k )

+ i sin(
∑
k

(W
(l,5)
ijk +W

(l,5)
jik )h

(l)
k ))]

dasym
j=1 ]

dasym
i=1

(5.40)

By construction, H(l)
ij satisfies the skew-Hermitian property:

H
(l)
ij = −H(l)

ji .

The updated antisymmetric embedding is computed as:

a(l) = [a
(l−1)
i +

∑
j

H
(l)
ij a

(l−1)
j ]

dasym
i=1 . (5.41)
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Note that while H
(l)
ij is guaranteed to be non-zero, it can approach arbitrarily close to

zero. This choice of an anti-Hermitian structure ensures orthogonality between successive

antisymmetric embeddings a(l) ⊥ a(l−1), enforcing each layer of the mixer to learn novel

features without redundancy. The updated symmetric embedding is computed as:

s(l) = [s(l−1) + SiLU(W
(l,6)
ij h

(l)
j + b

(l,6)
i )]

dsym
i=1 , (5.42)

the new time embedding:

τ (l) = [τ (l−1) +ReLU(W
(l,7)
ij τ

(l−1)
j + b

(l,7)
i ]

dtime
i=1 ). (5.43)

Finally, we refine the ansatz:

Ψ
(l)
θ = Ψ

(l−1)
θ +

∑
i

e
∑

j w
(l)
ij s

(l)
j a

(l)
i . (5.44)

After repeating this procedure Lmix times, we define Ψθ := eJ(x)Ψ
(Lmix)
θ ∈ C, where

eJ(x,R,Z,S) is a Jastrow factor.

Cusp conditions To ensure proper physical behavior near potential singularities, our

approach explicitly incorporates both electron-electron and electron-nuclei cusp conditions

into the wave function ansatz. Following von Glehn et al. [2022], our Jastrow factor takes

the following form:

Jθ(x,R, Z, S) =
∑

i<j;Si=Sj

−1

4

α2par
αpar + ∥xi − xj∥

+
∑

i<j;Si ̸=Sj
−1

2

α2anti
αanti + ∥xi − xj∥

, (5.45)

which has two free parameters αpar and αanti for same-spin and opposite-spin electron pairs,

respectively.
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5.5 Experiments

To validate our stochastic fermionic framework, we simulate the quantum dynamics of a

hydrogen molecule H2. The system is governed by the molecular Hamiltonian:

H = Hkin +Hel-el +Hel-nuc +Hnuc-nuc

= −1

2

nel∑
i=1

∇2
i +

nel∑
i=1

nel∑
j=i+1

1

∥xi − xj∥
−

nel∑
i=1

nnuc∑
I=1

ZI
∥xi −RI∥

+

nnuc∑
I=1

nnuc∑
J=I+1

ZIZJ
∥RI −RJ∥

,

(5.46)

where nel = 2 is the number of electrons, nnuc = 2 denotes the number of nuclei, ZI

represents the atomic number (
∑nnuc
j=1 ZI = nel), xi and RI are the positions of electrons

and nuclei, respectively. All coordinates are given in R3.

The initial state Ψ0 = Ψ(x, t = 0) is given as a superposition of the ground state ψ0 and

the first excited state ψ1:

Ψ(x, t = 0) = c0ψ0(x) + c1ψ1(x), (5.47)

where c0 and c1 are constants. The eigenstates ψ0, ψ1 with the corresponding energies

E0 and E1 can be obtained through HF, FullCI, or any other method to evaluate these

quantities. To initialize the simulation, we require samples from the initial probability density

ρ0 = |Ψ(x, t = 0)|2. For this purpose, MCMC sampling can be used, for example, the

Metropolis-Hastings algorithm [Metropolis et al., 1953].

5.5.1 Baseline

To establish a performance baseline for our approach, we consider the analytical solution of

TDSE that can be obtained from solutions of the time-independent one. In particular, the

TDSE solution can be constructed from the solutions of the time-independent Schrödinger
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equation by combining the eigenfunctions with a time-dependent phase factor. The exact

time-evolved wave function is given by:

Ψ(x, t) =
1∑

n=0

cnψn(x)e
−iEnt/ℏ (5.48)

where En denotes the energy eigenvalue corresponding to eigenstate ψn. We use the FullCI

method to estimate the ground state ψ0 and the corresponding energy E0, and the excited

state ψ1 and the corresponding energy E1.

For practical computations, we do not store the full wave function, which would be

prohibitively expensive due to the curse of dimensionality. Even for our H2 system with

two electrons in a three-dimensional space, the wave function Ψ(x, t) is defined over R6.

Discretizing this domain with 100 grid points per dimension would require storing 1006 =

1012 values. Instead, we employ MCMC sampling to sample from the probability density

|Ψ(x, t)|2. This sampling-based approach enables efficient estimation of density without

explicitly storing the full wave function.

The accuracy of this baseline implementation depends on two factors: (1) the fidelity of

the initial condition sampling, and (2) the efficiency of the MCMC sampler used to generate

samples from the corresponding density. These factors establish methodological constraints

that must be considered when evaluating the performance of our proposed framework.

5.5.2 Experimental results

We present results from three distinct approaches: (1) the baseline – the eigenstate expansion

method with MCMC sampling, (2) F-DSM with initial conditions obtained with FullCI, and

(3) F-DSM with initial conditions obtained with our pretrained model ΨIC
θ .

Density For visualization purposes, we project the full electron density onto a one-dimensional

subspace to capture the essential quantum dynamics. While the complete electronic con-
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figuration space for our H2 molecular system exists in R6 (representing two electrons in

3d space), the system’s primary dynamics occurs along the first spatial dimension. Con-

sequently, we visualize only this dimension, which captures the essential behavior of our

system.

Figure 5.2 presents an evolution of the probability density distributions obtained from the

three methods. The baseline has a pronounced periodic behavior. This oscillatory pattern

represents the quantum mechanical dynamics expected in such systems. The F-DSM frame-

work with FullCI-derived initial conditions produces a different result with a relatively static

density distribution that lacks the oscillatory features. This significant deviation suggests

that, while FullCI is supposed to provide excellent energy estimates at t = 0, its poor rep-

resentation of important features for dynamics leads to substantial errors when propagating

in time. In contrast, the F-DSM framework with our pretrained model ΨIC
θ demonstrates

promising consistency with the baseline’s oscillatory behavior and preserves the essential

time-dependent dynamics of the electron density. This improvement over the FullCI-based

F-DSM approach highlights the importance of a proper wave function representation for

accurate quantum dynamics simulations.

Furthermore, we evaluate the accuracy of each method by computing the TDSE error,

defined as ∥iℏ∂tΨ(x, t) − HΨ(x, t)∥2. This measures how well the predicted wavefunction

satisfies the fundamental equation governing quantum dynamics. The baseline eigenstate

expansion method demonstrates consistency with the TDSE error of 1.12. The F-DSM

approach with the IC coming from FullCI shows substantially higher deviation with an error

of 15.16. Our F-DSM with the pretrained model ΨIC
θ achieves better consistency with a

TDSE error of only 0.47, outperforming even the baseline method. These results demonstrate

that our F-DSM framework captures the essential structure of the quantum system, leading

to better numerical precision than conventional methods.
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Baseline prediction

F-DSM prediction, IC=FullCI 

F-DSM prediction, IC=ΨIC
θ

TDSE error Sampling time  
(s/time step)

1.12 6.24

15.16 0.77

0.47 1.27

Figure 5.2: Comparison of quantum dynamics simulation methods for the H2 molecule. The
left column shows time evolution of electronic density for three approaches: the baseline,
F-DSM with FullCI initial conditions, and F-DSM with pretrained model ΨIC

θ initial condi-
tions. The right columns quantify performance metrics: TDSE error and sampling time per
time step. The F-DSM approach with a pretrained model achieves the lowest TDSE error
while maintaining a competitive sampling speed (1.27 s/iter). Bold values indicate the best
performance for each metric.

Computational time We also evaluate the computational efficiency of our approach

against the baseline, as shown in Figure 5.2. Using identical parameters (detailed in Ap-

pendix D.1) and 65,536 samples per time step across all methods, we observe significant

performance differences. The baseline eigenstate expansion method requires 6.24 seconds

per time step, while our F-DSM variants demonstrate substantial speedups. Our F-DSM

with the pretrained model approach takes 1.27 seconds per time step, nearly 5× faster than

the baseline. The F-DSM with FullCI initial conditions achieves even better performance

at 0.77 seconds per time step. It is not surprising since it uses a smaller basis set represen-

tation instead of evaluating the neural network. These speedups arise from our stochastic

reformulation that avoids repeated MCMC sampling at each time step. This computational
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advantage is expected to become even more pronounced for larger molecular systems, where

MCMC sampling costs increase rapidly with dimensionality.

Cusp behavior and initial condition quality The performance of our pretrained model

can be directly attributed to its accurate reproduction of electron cusps. Figure 5.3 compares

the initial condition distributions obtained from FullCI and our pretrained model ΨIC
θ . While

FullCI is expected to achieve high energy accuracy, its Gaussian basis set inherently smooths

over the non-differentiable cusps required by Kato’s condition.

F-DSM 
FullCI 

Figure 5.3: Initial condition distribution predicted by the pretrained model Ψ(IC)
θ and FullCI.

Our pretrained model Ψ(IC)
θ captures sharp features near electron–nucleus coalescence point,

consistent with Kato’s cusp conditions, while FullCI smooths over these regions due to basis
set limitations.

These cusps are not merely mathematical formalities – they precisely counterbalance

Coulomb singularities in the potential, preventing the kinetic energy from diverging at co-

alescence points. Our neural architecture explicitly enforces these constraints, ensuring the

wave function’s gradient discontinuity exactly cancels the potential’s singularity. This likely

explains why our pretrained model achieves lower TDSE error despite starting from the same

mathematical formalism as the FullCI-initialized version.
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Energy observables Energy plays a fundamental role in quantum chemistry, serving not

only as a physical observable but also as a principal benchmark for evaluating the quality

of approximate wave functions. The variational principle ensures that methods seeking

approximate solutions to the Schrödinger equation inherently aim to minimize the energy,

making energy evaluations a natural metric for methodological comparisons. In this context,

it is important to evaluate not only the mean energy but also its variance, as the latter directly

reflects numerical stability and precision of simulations. High variance in energy estimates

means inaccuracies or numerical instabilities, leading to less reliable predictions and limiting

the practical utility of computational approaches.

F-DSM 
Baseline

Figure 5.4: Comparison of energy variance for the baseline and F-DSM models. The F-DSM
approach exhibits significantly lower variance compared to the FullCI-based baseline. This
highlights the improved numerical stability and robustness of our approach, even without
explicit energy minimization during training.

We evaluate the performance of our approach by comparing energy variance against the

baseline method. While FullCI directly optimizes energy in its formulation, our F-DSM

framework does not explicitly incorporate energy minimization during model training. Fig-

ure 5.4 illustrates the energy variance observed for both methods throughout the simulation

period. Notably, F-DSM exhibits substantially lower variance compared to the baseline,
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differing by orders of magnitude. This difference in performance can be attributed to our

ansatz’s capacity to efficiently model the wave function structure, particularly at nuclear

cusps and nodal surfaces where traditional methods struggle. This performance demon-

strates that our F-DSM formulation can serve as an effective framework for capturing funda-

mental quantum dynamics even without explicit energy constraints. These findings suggest

that F-DSM offers a compelling alternative to conventional electronic structure methods for

time-dependent quantum simulations.

Method Mean Energy (Ha) Relative Abs Error (%)

Reference −1.1347 –
Baseline −1.1537 1.67
F-DSM −1.1389 0.37

Table 5.1: Mean energy values and relative absolute errors for the hydrogen molecule. The
reference value is compared with the baseline model and our proposed F-DSM approach,
which achieves significantly lower error. Bold values indicate the best performance.

As for the energy itself, Table 5.1 highlights these results. The reference value is known:

-1.1347 Ha. The temporal mean energies obtained by the baseline and F-DSM are -1.1537

Ha and -1.1389 Ha, yielding relative absolute errors (|E−ÊE | × 100%) of 1.674% and 0.370%

respectively. This high accuracy, combined with the previously discussed variance reduction,

highlights the efficacy of our ansatz parametrization in capturing essential electronic wave

function features.

5.6 Conclusion

We introduce a novel framework for simulating time-dependent fermionic quantum dynam-

ics based on the DSM framework. Our work makes several contributions: we develop an

antisymmetric ansatz that effectively combines antisymmetric and symmetric representa-

tions through a carefully designed sign-equivariant mixer layer, addressing the fundamental

challenge of maintaining fermionic antisymmetry in neural representations. By incorporat-
123



ing Clifford-algebra-based encodings, our method naturally embeds essential geometric and

algebraic structures that are critical for quantum systems. Furthermore, we systematically

enforce key physical constraints such as cusp conditions, ensuring physically meaningful wave

functions throughout the simulation. Empirical results on H2 molecular dynamics demon-

strate promising performance, with our model showing improved numerical stability and

reasonable accuracy in capturing electron dynamics, even in the presence of excited states.

These findings highlight the promise of F-DSM as an efficient alternative for time-dynamics

simulations in quantum chemistry.

5.7 Discussion and limitations

While our framework shows strong performance in capturing essential quantum dynamics,

several limitations remain. Our current results focus on the H2 molecule, which, while chal-

lenging due to its excited state dynamics, represents one of the simplest molecular systems.

Testing on larger molecules with more complex electron correlation patterns is necessary to

establish the generalizability of our method. While the F-DSM framework offers promising

computational advantages, we have not yet extensively tested how the method scales with

increasing system size and complexity. Besides, the performance of our approach relies on

the quality of initial conditions. A detailed analysis of initialization challenges using different

quantum chemistry methods is presented in Appendix D.2. A comprehensive evaluation of

how pretraining and possibly other methods to obtain the ICs affect the performance of our

method across different molecular systems would require a significant additional research

effort. Another interesting direction – benchmarking the pretrained model component of our

framework against state-of-the-art ground state methods. While our current work focuses

on time-dependent dynamics, the novel neural architecture for representing antisymmetric

wave functions could potentially advance ground state calculations as well. This area still

remains central to computational quantum chemistry. By quantifying the accuracy and com-
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putational efficiency of this approach for ground state problems, we could establish F-DSM

as a versatile framework spanning both ground state and time evolution simulations.
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CHAPTER 6

CONCLUSION

This dissertation explores the application of machine learning techniques across three sci-

entific domains: subseasonal weather forecasting, emulation of chaotic dynamics, and quan-

tum mechanics simulations for bosons and fermions. Each contribution (Chapter 2-5)

demonstrates how carefully designed machine learning frameworks can address long-standing

methodological and computational bottlenecks while preserving essential physical properties.

Though specific future directions are noted throughout the thesis, we outline some of them

here.

Chapter 2 presents a systematic exploration of ML methods for subseasonal forecast-

ing, a domain characterized by the challenging prediction window between short-term and

long-term climate forecasts. Our investigation demonstrates that significant predictive skill

improvements can be achieved by extracting information embedded in physics-based ensem-

ble forecasts. We develop a new framework incorporating three complementary innovations:

(1) direct utilization of the complete ensemble distribution to capture the probabilistic na-

ture and internal variability of these predictions, (2) employing positional encoding and

convolutional neural networks to model complex spatial dependencies, (3) development of

the model stacking framework that combines multiple spatial modeling paradigms. Further-

more, we introduce quantile regression, an approach underutilized in climate sciences, to

predict extreme events. These advances provide valuable insights for improving the predic-

tive skill for both temperature and precipitation at the challenging subseasonal timescale.

Future research directions in this domain should explore utilizing ensemble forecasts from

multiple prediction centers simultaneously as different organizations employ different initial-

ization strategies and parameterizations. Two methodological challenges require particular

attention: advanced uncertainty quantification beyond our quantile regression approach, po-

tentially through conformalized prediction techniques, and development of methods robust
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to a distribution shift between hindcast and forecast data in changing climate.

Chapter 3 introduces novel methodologies for training neural operators on chaotic dy-

namical systems through two complementary approaches: optimal transport and contrastive

learning. An optimal transport method that leverages system knowledge to match summary

statistics, and a contrastive learning strategy that directly learns invariant statistics through

multi-environment training. By focusing on preserving time-invariant statistical properties

of of chaotic attractors rather than short-term prediction accuracy, our methods enable neu-

ral operators to capture long-term statistical behavior even in high-noise regimes in contrast

to traditional RMSE-focused training. On a variety of chaotic systems, our method is shown

empirically to preserve invariant measures of chaotic attractors. The immediate future di-

rections include extending these methods to handle time-dependent systems by developing

techniques that compute statistics over restricted temporal windows, enabling the study of

slowly varying dynamics and discrete transitions such as tipping points. We plan to inves-

tigate applications to SDEs and stochastic PDEs. A deeper investigation of the trade-offs

between short-term forecasting accuracy and long-term statistical fidelity (invariant statis-

tics) across different neural architectures is important for advancing the field.

Chapter 4 introduces Deep Stochastic Mechanics (DSM), a novel approach to quan-

tum simulation that addresses the curse of dimensionality by leveraging the latent low-

dimensional structure of quantum systems. Instead of directly solving the Schrödinger equa-

tion, DSM establishes a correspondence between the Schrödinger equation and a diffusion

process through a stochastic interpretation of quantum mechanics. By learning the drift

terms of these stochastic differential equations using neural networks, we enable efficient

sampling from quantum probability densities without explicitly computing wave functions.

This sampling strategy avoids MCMC as this stochastic formulation allows to sample particle

trajectories directly based on the SDE. Our approach demonstrates favorable quadratic com-

putational scaling with the problem dimension, in contrast to traditional grid-based methods
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with their exponential scaling. This DSM approach is evaluated on different noninteracting

and interacting bosonic systems, showing high accuracy in predicting quantum dynamics

and performing better than other conventinal methods. Future research should focus on ex-

tending DSM beyond the current implementation for bosons (our work in progress). Other

directions include developing higher-order SDE integrators to improve computational effi-

ciency, and applying the framework to more complex quantum systems including those with

relativistic effects through Dirac and Klein-Gordon equations.

Chapter 5 extends original DSM framework to fermionic systems, developing Fermionic

Deep Stochastic Mechanics (F-DSM) to address the unique challenges posed by antisym-

metric wave functions and the Pauli exclusion principle. Our framework has three key inno-

vations: (1) a paradigm-shifting neural network architecture that represents antisymmetric

wave functions through nonlinear compositions rather than traditional linear combinations

of antisymmetric functions, (2) a novel orbital positional encoding based on Clifford algebra

that efficiently parameterizes electronic structure with system-size independent parameters,

and (3) while the fundamental stochastic correspondence remains, our approach addresses

critical numerical challenges in fermionic simulations through a specialized two-phase train-

ing procedure that ensures proper representation of singular features in electronic wave

functions. Experiments with a hydrogen molecule demonstrate that F-DSM can reasonably

simulate its dynamics even when starting from the excited state. Future developments for

F-DSM will focus on extending the framework to larger molecular systems with more com-

plex electronic structures, and incorporating additional quantum mechanical effects such as

spin-orbit coupling and relativistic corrections. Another interesting direction is benchmark-

ing the pretrained model component of our framework against state-of-the-art ground state

methods. While our current work focuses on time-dependent dynamics, our novel neural ar-

chitecture for representing antisymmetric wave functions could potentially advance ground

state calculations as well. By quantifying the accuracy and computational efficiency of this

128



approach for ground state problems, we could establish F-DSM as a versatile framework

spanning both ground state and time evolution simulations.
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APPENDIX A

ADDITIONAL RESULTS FOR SUBSEASONAL FORECASTING

A.1 Regression results for for NASA-GMAO dataset

A.1.1 Regression

Precipitation regression using NASA-GMAO Precipitation regression results on the

test data from NASA-GMAO are presented in Table A.1. On this dataset, no learned method

or method leveraging ensemble model forecasts significantly outperforms climatology. Note

that the best R2 value associated with the climatology is still negative; the low values for

all methods indicate the difficulty of the forecasting problem.

Table A.1: Test results for precipitation regression using NASA-GMAO dataset. LR refers
to linear regression on all features including ensemble members, lagged data, land variables,
and SSTs. Model stacking is performed on models that are learned on all features. Bold
values indicate the best performance for each statistic. MSE is reported in squared mm.

Model Features Mean
R2 (↑)

Median
R2 (↑)

Mean
Sq Err (↓)

Median
MSE (↓)

90th prctl
MSE (↓)

Climatology -0.07 -0.02 2.14 ± 0.04 1.51 4.40
Ens mean -0.11 -0.06 2.13 ± 0.04 1.52 4.31Baseline

Linear Regr -0.18 -0.14 2.25 ± 0.04 1.62 4.68
LR All features -0.40 -0.29 2.62 ± 0.05 1.93 5.42

U-Net All features -0.19 -0.09 2.11 ± 0.03 1.56 4.25
RF All features -0.18 -0.11 2.17 ± 0.04 1.55 4.44

Stacked LR, U-Net, RF, outputs -0.08 -0.06 2.09 ± 0.04 1.52 4.27

Figure A.1 illustrates the test performance of key methods on NASA-GMAO data with

R2 heatmaps over the U.S. Although the stacked model does not show the best performance

in terms of mean R2 score, it has more geographic regions with positive R2 than any other

method.

Regression of temperature Temperature regression results using NASA-GMAO ensem-

ble members are presented in Table A.2. The random forest and linear regression outperform
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Figure A.1: Test R2 score heatmaps of baselines and learning-based methods for precip-
itation regression using the NASA-GMAO dataset. Positive values (blue) indicate better
performance. See Appendix A.1.1 for details.

all baselines in terms of both R2 score and MSE. However, the U-Net model’s performance

is lower compared to other learned methods, which might be a sign of overfitting. Despite

this performance drop of U-Net, the model stacking approach still demonstrates the best

predictive skill. Note that the model stacking approach is applied to the models that are

trained on all available features except SSTs (similar to NCEP-CFSv2 data).

Figure A.2 illustrates the test performance of key methods on NASA-GMAO data with

R2 heatmaps over the U.S. The stacked model shows the best performance across spatial

locations. Similar to the NCEP-CFSv2 dataset, we notice that there are still regions where

all models tend to exhibit a negative R2 score.
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Table A.2: Test results for temperature regression using NASA-GMAO dataset. LR refers to
linear regression on all features including ensemble members, lagged data, and land variables.
Model stacking is performed on models that are learned on all features except SSTs. Bold
values indicate the best performance for each statistic. MSE is reported in squared ◦C.

Model Features Mean
R2 (↑)

Median
R2 (↑)

Mean
Sq Err (↓)

Median
MSE (↓)

90th prctl
MSE (↓)

Climatology -0.70 -0.20 6.49 ± 0.11 5.06 9.72
Ens mean -0.28 0.12 4.82 ± 0.10 3.43 7.82Baseline

Linear Regr 0.12 0.14 3.32 ± 0.02 3.11 4.70
LR All features wo SSTs 0.17 0.17 3.10± 0.02 3.05 4.26

U-Net All features wo SSTs 0.06 0.12 3.40 ± 0.02 3.27 4.52
RF All features wo SSTs 0.20 0.22 3.03 ± 0.02 2.94 4.25

Stacked LR, U-Net, RF, outputs 0.21 0.22 2.94 ± 0.02 2.89 3.97
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Figure A.2: Test R2 score heatmaps of baselines and learning-based methods for temperature
regression using NASA-GMAO dataset. Positive values (blue) indicate better performance.
See Appendix A.1.1 for details.
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A.1.2 Quantile regression

Quantile regression of precipitation using NCEP-CFSv2 ensemble In Figure A.3,

we show heatmaps of quantile loss using all locations in the U.S., where blue means smaller

quantile loss and yellow means larger quantile loss. We observe that the learning-based

models outperform the baselines, especially in Washington, California, Idaho, and near the

Gulf of Mexico.

Figure A.3: Test quantile loss heatmaps of baselines and learning-based methods for precipi-
tation quantile regression using NCEP-CFSv2 dataset. Blue regions indicate smaller quantile
loss. See Section 2.6.2 for details.

Quantile regression of precipitation using NASA-GMAO ensemble Table A.3

summarizes results for precipitation quantile regression using the NASA-GMAO ensemble.

The models are the same as the models applied to the NCEP-CFSv2 ensemble. Our best
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model shows similar performance to that of the baselines. One possible reason is that the

NASA-GMAO ensemble shows worse performance than the NCEP-CFSv2 ensemble empiri-

cally. Furthermore, according to the designs of ensemble members from both climate models,

the NASA-GMAO ensemble has fewer ensemble members and, therefore, has less coverage

on the distribution of precipitation than the NCEP-CFSv2 ensemble, so our learned model

has access to less information about the true distribution of precipitation.

Table A.3: Test results for precipitation quantile regression using NASA-GMAO dataset,
with target quantile = 0.9. Model stacking is performed on models that are learned on all
features. The best results are in bold. Quantile loss is reported in mm.

Model Features Mean
Qtr Loss (↓)

Median
Qtr Loss (↓)

90th prctl
Qtr Loss (↓)

Historical 90-th percentile 0.295 ± 0.003 0.263 0.484
Ens 90-th percentile 0.378± 0.005 0.308 0.673Baseline
Linear QR ens only 0.336 ± 0.004 0.286 0.531

Linear QR All features 0.290 ± 0.003 0.253 0.456
U-Net All features 0.310 ± 0.002 0.278 0.489
RFQR All features 0.290 ± 0.002 0.265 0.471
Stacked U-Net, RFQR, LQR outputs 0.296± 0.002 0.268 0.467

Quantile regression of temperature Table A.4 and Figure A.5 summarize results for

temperature quantile regression using the NASA-GMAO ensemble. All of our learned models

are able to outperform all baselines.

Table A.4: Test results for temperature quantile regression using NASA-GMAO dataset,
with target quantile = 0.9. Model stacking is performed on models that are learned on all
features except for SSTs. The best results are in bold. Quantile loss is reported in ◦C.

Model Features Mean
Qtr Loss (↓)

Median
Qtr Loss (↓)

90th prctl
Qtr Loss (↓)

Historical 90-th percentile 0.596 ± 0.010 0.438 0.988
Ens 90-th percentile 0.812 ± 0.009 0.646 1.493Baseline
Linear QR ens only 0.445 ± 0.003 0.411 0.618

Linear QR All features wo SSTs 0.341 ± 0.001 0.333 0.419
U-Net All features wo SSTs 0.375 ± 0.003 0.347 0.477
RFQR All features wo SSTs 0.318 ± 0.002 0.316 0.376
Stacked U-Net, RFQR, LQR outputs 0.315 ± 0.002 0.310 0.374
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Figure A.4: Test quantile loss heatmaps of baselines and learning-based methods for pre-
cipitation quantile regression using NASA-GMAO dataset. Blue regions indicate smaller
quantile loss. See Appendix A.1.2 for details.

A.2 Tercile Classification

In this section, we present results for the tercile classification task for both climate variables

and both datasets.

A.2.1 Tercile classification of precipitation

In this case, the proposed learning-based methods are directly trained on the classification

task. Predictions of baselines, such as the ensemble mean, are split into three classes accord-

ing to the 33rd and 66th percentile values. Note that random forest and U-Net are trained

for classification using all available features. We do not notice a significant difference in
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Figure A.5: Test quantile loss heatmaps of baselines and learning-based methods for temper-
ature quantile regression using NASA-GMAO dataset. Blue regions indicate smaller quantile
loss. See Appendix A.1.2 for details.

the performance of logistic regression on the validation if the inputs are ensemble members

only or ensemble members with side information. So, we use logistic regression on ensemble

members only. The model stacking is applied to the logistic regression, U-Net, and random

forest outputs.

Table A.5 summarizes results for NCEP-CFSv2 and NASA-GMAO datasets on the test

data. For this task, the learning-based methods achieve the best performance in terms of

accuracy for both datasets. In the case of NCEP-CFSv2 data, U-Net achieves the highest

accuracy score, and the performance of the stacked model is comparable with it. For NASA-

GMAO data, the stacked model shows the best performance.

The accuracy heatmaps over U. S. land are presented in the Figure A.6 for NCEP-CFSv2
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Table A.5: Test results for tercile classification of precipitation on different datasets. Ac-
curacy in % is reported. Note that for this task, our models are trained for classification
directly while baselines perform regression, and a threshold for predicted values is applied.
For stacking, logistic regression, U-Net and RF outputs are used.

Data Model Mean
accuracy (↑)

Median
accuracy (↑)

Ens mean 38.00 ±0.16 37.61
Logistic Regr 41.22 ±0.14 40.17NCEP-

CFSv2 U-Net 43.88 ±0.12 42.74
RF 42.38 ±0.13 41.88

Stacked 43.81 ±0.13 42.74
Ens mean 38.64 ±0.14 37.65

Logistic regr 41.51 ±0.16 40.00NASA-
GMAO U-Net 40.53 ±0.11 40.00

RF 40.79 ±0.14 40.00
Stacked 42.08 ±0.14 41.18

dataset. The plots corresponding to the learning-based methods show the best results,

especially at the West Coast, Colorado and North America.

The accuracy heatmaps over the U. S. land are presented in Figure A.7 for the NASA-

GMAO dataset. The plots corresponding to the learning-based methods show the best

results, the ensemble mean’s figure has the most red regions.

A.2.2 Tercile classification of temperature

The next task is tercile classification of 2-meter temperature. In this case, the threshold is

applied to the regression predictions of all methods, meaning there is no direct training for a

classification. Table A.6 summarizes results for NCEP-CFSv2 and NASA-GMAO datasets

on the test data. For this task, the learning-based methods achieve the best performance

in terms of accuracy, stacked model using NCEP-CFSv2 data and linear regression using

NASA-GMAO data and all additional features (except SSTs). In general, all learning-based

models significantly outperform the ensemble mean.

Figure A.8 shows accuracy heatmaps over the U.S. for different methods using NCEP-

CFSv2 data. The stacked model shows the best performance across spatial locations. For
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Figure A.6: Test accuracy heatmaps of baselines and learning-based methods for tercile clas-
sification of precipitation using NCEP-CFSv2 dataset. The accuracy colorbar is recentered
to be white at 1

3 , what corresponds to a random guess score. Blue pixels indicate better
performance, while red pixels correspond to performance that is worse than a random guess.
See Appendix A.2.1 for details.

example, the ensemble mean does not show great performance in the Southeast and Middle

Atlantic regions, while learning-based methods demonstrate much stronger predictive skills

in these areas. However, there are still some areas, such as Texas or South West region, with

red pixels for all methods.

Figure A.9 shows accuracy heatmaps over the U.S. for different methods using NASA-

GMAO data. In this case, linear regression on all features achieves the best scores. Other

learning-based methods outperform the ensemble mean too, especially in the West and in

Minnesota.
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Figure A.7: Test accuracy heatmaps of baselines and learning-based methods for tercile clas-
sification of precipitation using NASA-GMAO dataset. The accuracy colorbar is recentered
to be white at 1

3 , what corresponds to a random guess score. Blue pixels indicate better
performance, while red pixels correspond to performance that is worse than a random guess.
See Appendix A.2.1 for details.

A.3 Extended Discussions

In this section, we present more detailed results for Section 2.7. We also provide additional

experiments on the temperature forecasting analysis, and experiments on training set sizes

and bootstrap.

A.3.1 PE v.s. latitude/longitude values or no location information

In this section, we elaborate on our experiment with different uses of location information.

Similar to Section 2.7.2, we train and test our models with three different settings: using
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Table A.6: Test results for tercile classification of temperature on different datasets. Accu-
racy in % is reported. Note that for this task, our models are trained for regression and the
threshold for predicted values is applied.

Data Model Mean
accuracy (↑)

Median
accuracy (↑)

Ens mean 44.84 ±0.36 42.74
Linear Regr 57.10 ±0.25 54.69NCEP-

CFSv2 LR 57.34 ±0.25 54.71
U-Net 53.80 ±0.28 50.43
RF 58.07 ±0.27 54.70

Stacked 58.12 ±0.20 54.71
Ens mean 52.23 ±0.25 49.41

Linear Regr 57.75 ±0.25 54.11NASA-
GMAO LR 58.97 ±0.25 55.29

U-Net 55.64 ±0.27 51.76
RF 58.78 ±0.26 55.29

Stacked 58.72 ±0.25 54.12

no location information, using latitude/longitude values, or using positional encodings. For

the stacked model, we first train the LR, RF, and U-Net using these different settings before

training the stacked model using the corresponding LR, RF, and U-Net outputs. Table A.7

summarizes test performance for precipitation regression with these three settings of using

location information. For linear regression, we observe that having latitude/longitude values

or adding PE features does not improve its performance. One interesting result is that

adding PE for the LR degraded its performance, which may be due to the fact that the PE

features are non-linear transformations of latitude and longitude values, which is hard to fit

with a linear model.

For the RF, U-Net, and the stacked model, we observe that adding PE improves their

performance with significance, i.e. having at least one standard error smaller MSE. For

the U-Net, using latitude/longitude values yields worse overall performance compared to

using no location information. Figure A.10 shows the test R2 heatmaps for LR, U-Net,

RF, and stacked model under these three settings for precipitation regression. We observe

that adding PE features not only improves performance for the U-Net and RF, the stacked
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Figure A.8: Test accuracy heatmaps of baselines and learning-based methods for tercile clas-
sification of temperature using NCEP-CFSv2 dataset. The accuracy colorbar is recentered
to be white at 1

3 , what corresponds to a random guess score. Blue pixels indicate better
performance, while red pixels correspond to performance that is worse than a random guess.
See Appendix A.2.2 for details.

model’s performance also improves from having better predictions from the U-Net and RF.

Table A.8 shows the test performances of LR, U-Net, RF and stacked model on tem-

perature regression. Similar to precipitation regression, adding latitude/longitude values or

adding PE does not help the LR, but we observe significant performance improvement when

adding positional encoding features for the U-Net, RF, and the stacked model. Figure A.11

then shows the test R2 heatmaps for temperature regression. We can see that adding PE to

the U-Net, RF, and stacked model improves forecast performance, especially in regions like

Arizona, New Mexico, and Texas.
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Figure A.9: Test accuracy heatmaps of baselines and learning-based methods for tercile clas-
sification of temperature using NASA-GMAO dataset. The accuracy colorbar is recentered
to be white at 1

3 , what corresponds to a random guess score. Blue pixels indicate better
performance, while red pixels correspond to performance that is worse than a random guess.
See Appendix A.2.2 for details.

A.3.2 Bootstrap experiments

To evaluate the stability of our machine learning models with small sample sizes, we perform

the following bootstrap experiments: We take bootstrap samples of size 200 from our training

set and retrain our U-Net, RF, and LR. Then we evaluate these models on the test set. We

repeat this process 50 times and show the results in Figure A.12. We observe from the plots

that the U-Net performs consistently better than the LR in precipitation regression but not

for temperature regression. This result is consistent with what we showed in Table 2.3 and

Table 2.4.
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Table A.7: Precipitation regression test performance comparison of LR, U-Net, RF and
stacked model trained using no spatial features, using latitude and longitude values or using
PE. The best results are in bold.

Model Features Mean
R2 (↑)

Mean
Sq Err (↓)

All + no location info -0.11 2.29±0.04LR All + lat/lon values -0.11 2.29±0.04
All + PE -0.33 2.71±0.05

All + no location info -0.16 2.31±0.04U-Net All + lat/lon values -0.28 2.53±0.05
All + PE -0.10 2.18± 0.03

All + no location info -0.18 2.23±0.04RF All + lat/lon values -0.16 2.21±0.04
All + PE -0.11 2.17± 0.05

All + no location info -0.05 2.13±0.03Stacked All + lat/lon values -0.01 2.21±0.04
All + PE 0.02 2.07± 0.03
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Figure A.10: Precipitation regression test R2 heatmaps of LR, U-Net, RF and stacked
model trained using no spatial features, using latitude and longitude values or using PE.
The NCEP-CFSv2 ensemble is used. See Appendix A.3.1 for more details.

We also observe that the U-Net is more sensitive to different bootstrap samples than the

RF and LR, which is not surprising since for the U-Net, the bootstrap samples correspond
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Table A.8: Temperature regression test performance comparison of LR, U-Net, RF and
stacked model trained using no spatial features, using latitude and longitude values or using
PE. The best results are in bold.

Model Features Mean
R2 (↑)

Mean
Sq Err (↓)

All + no location info 0.05 3.57±0.03LR All + lat/lon values 0.05 3.57±0.03
All + PE 0.05 3.57±0.03

All + no location info -0.35 4.81±0.04U-Net All + lat/lon values -0.21 4.47±0.03
All + PE 0.01 3.65± 0.02

All + no location info 0.11 3.37±0.02RF All + lat/lon values 0.14 3.28±0.02
All + PE 0.16 3.17± 0.02

All + no location info 0.12 3.35±0.02Stacked All + lat/lon values 0.12 3.33±0.02
All + PE 0.18 3.11± 0.02
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Figure A.11: Temperature regression test R2 heatmaps of LR, U-Net, RF and stacked model
trained using no spatial features, using latitude and longitude values or using PE. The NCEP-
CFSv2 ensemble is used. See Appendix A.3.1 for more details.

to 200 different spatial maps for training. In contrast, for the RF and LR, the bootstrap

samples correspond to 200× 3274 training samples.

171



UNET RF LR0

1

2

3

4

5

M
SE

Precipitation MSE

UNET RF LR0

2

4

6

8

M
SE

Temperature MSE

Figure A.12: Box plots of MSEs for the U-Net, LR and RF trained on 50 sets of different
bootstrap samples, each with size 200. The NCEP-CFSv2 ensemble is used. See Appendix
A.3.2 for more details.

A.3.3 Precipitation forecast example

While climate simulations and ensemble forecasts are designed to provide useful predictions

of temperature and precipitation based on carefully developed physical models, we see that

machine learning applied to those ensembles can yield a significantly higher predictive skill

for a range of SSF tasks. Figure A.13 illustrates key differences between different predictive

models for predicting monthly precipitation with a lead time of 14 days. Individual ensemble

members are predictions with high levels of spatial smoothness and more extreme values.

Linear regression, the random forest, the U-Net, and the stacked model produce higher

spatial frequencies. The linear regression result, which uses a different model trained for each

spatial location separately, has the least spatial smoothness of all methods; this is especially

visible in the southeast and potentially does not reflect realistic spatial structure. The

learning-based models more accurately predict localized regions of high and low precipitation

compared to the ensemble mean.

Figure A.14 demonstrates differences between the ground truth and different model pre-

dictions. In this figure, the color white is associated with the smallest errors, while red

pixels indicate overestimating precipitation and blue pixels indicate underestimating precip-

itation. The individual ensemble member in Figure A.14(e) exhibits dark red regions across
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(g) Ensemble member #1, MSE: 4.21
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Figure A.13: An illustration of precipitation predictions ŷanomaly
t,l (in mm) of different meth-

ods for February 2016 (in test period). (a) True precipitation. (b) LR on ensemble members.
(c) Climatology. (d) LR on all features. (e) Ensemble mean. (f) U-Net on all features. (g)
Example single ensemble member. (h) Random forest on all features. (i) Stacked model.
See Appendix A.3.3 for details.

the West, while the ensemble mean in Figure A.14(e) shows better performance in this area.

The colors are more muted for the stacked model in Figure A.14(h). The climatology in

Figure A.14(a) has the most neutral areas. However, its MSE is slightly higher than the

stacked model’s MSE. In general, all methods, including linear regression (b, d), U-Net (f),

and random forest (g), tend to underpredict precipitation in the Southeast, Mid-Atlantic,

and North Atlantic and predict higher precipitation levels in the West.
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(b) Linear regression on ensemble members, MSE: 1.23
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Figure A.14: An illustration of differences yanomaly
t,l − ŷanomaly

t,l in precipitation predictions in
mm of different methods for February 2016 (in test period). Red pixels indicate areas where
a forecasting method predicts higher precipitation levels compared to the ground truth, blue
pixels indicate an underestimation of the precipitation, and white pixels correspond to a
precise prediction. See Appendix A.3.3 for details.

A.3.4 Temperature forecasting analysis

Figure 2.3 shows regions in Texas and Florida where the ensemble mean and linear regression

performance is poor, while a random forest achieves far superior performance. We conduct

an analysis of forecasts of the ensemble mean, linear regression, and random forests in these

regions together with a region in Wisconsin where all methods show good performance.

Figure A.15 indicates these regions and Table A.9 summarizes the performance of different

methods in these regions: the ensemble mean prediction quality dramatically drops between

the validation and test periods in Texas and Florida, which is not the case for the random

forest.
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Figure A.15: Regions where the temperature forecast is analyzed. See Appendix A.3.4 for
details.

Table A.9: Train, validation, and test performance of different methods in Texas, Florida,
and Wisconsin regions. The task is temperature regression; NCEP-CFSv2 dataset is used.
The performance of the ensemble mean and linear regression in the test period significantly
decreases in Texas and Florida while the random forest is able to demonstrate reasonable
results. All methods perform well in Wisconsin.

Region
location Model Train

mean R2 (↑)
Validation

mean R2 (↑)
Test

mean R2 (↑)
Ens mean 0.19 0.36 -1.55Texas LR 0.53 0.49 -1.29

RF 0.97 0.32 -0.33
Ens mean 0.11 0.34 -0.87Florida LR 0.47 0.58 -0.56

RF 0.97 0.36 0.11
Ens mean 0.30 0.36 0.39Wisconsin LR 0.53 0.57 0.51

RF 1.00 0.47 0.47

Why does RF perform so much better than simpler methods in some regions? One

possibility is that the RF is a nonlinear model capable of more complex predictions. However,

if that were the only cause of the discrepancy in performance, then we would expect that

the RF would be better not only during the test period, but during the validation period as

well. Table A.9 does not support this argument; it shows that the ensemble mean and linear

regression have comparable, if not superior, performance to the random forest during the

validation period. A second hypothesis is that the distribution of temperature is different
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during the test period than during the training and validation periods. This hypothesis

is plausible for two reasons: (1) climate change, and (2) the training and validation data

use hindcast ensembles while the test data uses forecast ensembles. To investigate this

hypothesis, in Figure A.16 we plot the true temperature and ensemble mean in the training,

validation, and test periods for the three geographic regions. The discrepancy between the

true temperatures and ensemble means in the test period is generally greater than during

the training and validation periods in Texas and Florida (though not in Wisconsin, a region

where validation and test performance are comparable for all methods). This lends support

to the hypothesis that hindcast and forecast ensembles exhibit distribution drift, and the

superior performance of the RF during the test period may be due to a greater robustness

to that distribution drift.

The hindcast and forecast ensembles may have different predictive accuracies because the

hindcast ensembles have been debiased to fit past observations – a procedure not possible

for forecast data. To explore the potential impact of debiasing, Figure A.16 shows the

“oracle debiased ensemble mean", which is computed by using the test data to estimate

the forecast ensemble bias and subtracting it from the ensemble mean. This procedure,

which would not be possible in practice and is used only to probe distribution drift ensemble

bias, yields smaller discrepancies between the true data and the (oracle debiased) ensemble

mean than the discrepancies between the true data and the original (biased) ensemble mean.

Specifically, the oracle ensemble member achieves -0.20 mean R2 score (TX) and -0.28 mean

R2 score (FL) vs. -1.55 R2 (TX) and -0.87 R2 (FL) of the original forecast ensemble mean.

The errors during the test period are generally larger than during the train and validation

period, even after debiasing the ensemble members using future data. This effect may be

attributed both to (a) the nonstationarity of the climate (note that there are more extreme

values during the test period than during the training and validation periods, particularly in

Texas and Florida) and (b) the fact that in the train and validation periods, we use hindcast
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ensemble members, whereas in the test period, we use forecast ensemble members.
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Figure A.16: Temperature predictions in ◦C of different methods at Texas, Florida, and Wis-
consin regions. Black lines correspond to train/val and val/test splits; train and validation
correspond to the hindcast regime of the ensemble, while test corresponds to the forecast
regime. See Appendix A.3.4 for details.

A.4 Machine learning architectures

A.4.1 U-Net details

The U-Net has residual connections from layers in the encoder part to the decoder part in

a paired way so that it forms a U-shape. Figure A.17 shows the architecture of the U-Net.

The U-Net is a powerful deep convolutional network that is widely used in image processing

tasks such as image segmentation [Ronneberger et al., 2015, Hao et al., 2020] or style transfer

177



[Gatys et al., 2016, Jing et al., 2019].

Figure A.17: U-Net architecture with input channels = C. C is the number of input channels,
which, in our case, equals the number of ensemble members plus all climate data.

Our U-Net differs from the original U-Net by modifying the first 2D convolutional layer

after input. Since our input channels can be different when we choose a different subset of

features or different ensemble (NCEP-CFSv2 or NASA-GMAO), this 2D convolutional layer

is used to transform our input with C channels into a latent representation with 64 channels.

The number of channels C depends on which ensemble we are using and what task we are

performing. For example, for precipitation tasks using the NCEP-CFSv2 ensemble, the input

channels include 24 ensemble members, 5 lagged observations, 4 other observational variables,

8 principal components of SSTs, and 24 positional encodings, resulting in 65 channels in

total. For temperature tasks using the NASA-GMAO ensemble, there are only 11 ensemble

members, and we don’t include SSTs information, hence there are only 44 channels in total.

The other following layers use the same configurations with the standard U-Net Ronneberger

et al. [2015].

We also perform careful hyperparameter tuning for the U-NET. In particular, we run a

10-fold cross-validation on our training set, and use grid search for tuning learning rate, batch
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Figure A.18: Illustration of a random forest, which serves as a visual aid for our discussion.
Quantile regression forests outputs the empirical α quantiles of the collection of all responses
in all the leaves associated with xt,l (marked with a star for each tree).

size, number of epochs, and weight decay. Since we use different loss functions for different

forecast tasks and different numbers of input channels for NCEP-CFSv2 and GMAO-GMAO

ensemble, we run hyperparameter tuning with the same cross-validation scheme separately

for these tasks. For instance, for precipitation regression, we choose from 100, 120, 150, 170,

200, and 250 epochs; batch size may be equal to 8, 16, 32; learning rate values are chosen

from 0.0001, 0.001, 0.01; weight decay can be 0, 0.001, 0.0001. In case of NCEP-CFSv2

precipitation regression, the optimal parameters are 170 epochs, batch size 16, learning rate

0.0001, and weight decay 0.0001. For temperature regression using the same data, the best

parameters are 100 epochs, batch size 16, learning rate 0.001, and weight decay 0.001. For

tercile classification of precipitation, the best parameters are 80 epochs (we chose from 60,

70, 80, 90, and 100 epochs during classification), batch size 8, learning rate 0.001, and weight

decay 0.0001.

A.4.2 Random Forest Quantile Regressor details

We show a figure representation of the RFQR in Figure A.18. The RFQR is essentially

trained as a regular random forest, but it makes a quantile estimate by taking the sample

quantile of the responses in all leaves associated with a new input.
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A.4.3 Stacking model details

The stacking model is a simple one-layer neural network with 100 hidden neurons and a

sigmoid activation function for regression and softmax for classification. We use an imple-

mentation from Scikit-learn library [Pedregosa et al., 2011]. We choose 100 neurons based

on the stacking model performance on the validation data (we also try 50, 75, 100 and 120

neurons). The stacking model demonstrates stable performance in general, but with 100

neurons it usually achieves the best results. We use the “lbfgs" optimizer from quasi-Newton

methods for the regression tasks, and the SGD optimizer for classification tasks.

A.5 Preprocessing Details

Random forest and U-Net require different input formats. For U-Net, all input variables

have natural image representation except SSTs and information about location. For example,

ensemble predictions can be represented as a tensor of shape (K,W,H), whereK corresponds

to the number of ensemble members (or number of channels of an image), and W and H

are width and height of the corresponding image. In our case, W = 64 and H = 128. For

the U-Net model, we handle the missing land variables over the sea regions by the nearest

neighbor interpolation of available values.

Sea surface temperatures There are more than 100,000 SSTs locations available. We

extract the top eight principal components. Principal component analysis fits on the train

part and then is applied to the rest of the data. In the case of U-Net, we deal with PCs of

SSTs by adding additional input channels that are constant across space, with each channel

corresponding to one of PCs. Random forest can use PCs from SSTs directly with no special

preprocessing.
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Normalization We apply channel-wise min-max normalization to the input features at

each location based on the training part of the dataset in the case of U-Net. As for normal-

ization of the true values, min-max normalization is applied for precipitation, and standard-

ization is applied for temperature. This choice affects the final layer of the U-Net model,

too: for the precipitation regression task, a sigmoid activation is used, and no activation

function is applied for temperature regression. For the stacking model, we apply min-max

normalization to both input and target values.

181



APPENDIX B

ADDITIONAL TOPICS IN TRAINING NEURAL OPERATORS

TO PRESERVE INVARIANT MEASURES OF CHAOTIC

ATTRACTORS

B.1 Additional Discussion

B.1.1 Contrastive feature learning vs. physics-informed optimal transport

Our two proposed approaches both aim to train neural operators to preserve the invariant

measures of chaotic attractors. Ultimately, both methods have strong performance according

to a variety of metrics, but the contrastive learning approach requires no prior physical

knowledge and is often faster. Both approaches have significant advantages over the standard

approach of minimizing RMSE, which fails to preserve important statistical characteristics

of the system.

The primary conceptual difference between our approaches is that the optimal transport

approach relies on prior domain knowledge, while the contrastive learning approach learns

from the data alone. Specifically, the physics-informed optimal transport approach requires

a choice of summary statistics, so it is much more dependent on our prior knowledge about

the system and its chaotic attractor. Contrastive feature learning does not require a choice

of statistics and instead learns useful invariant statistics on its own—although it may still

be useful to have known relevant statistics to use as evaluation metrics for hyperparameter

tuning.

The neural operators trained using the optimal transport loss perform the best on the

L1 histogram distance of the summary statistics S (Table 3.1 and 3.2), which is unsurprising

given that the optimal transport loss specifically matches the distribution of S. If we look at

a different evaluation metric, e.g. the energy spectrum error or leading LE, the contrastive
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learning loss, in some cases, performs better even without prior knowledge. This suggests

that contrastive feature learning may be capturing a wider range or different set of invariant

statistics. We also see that the quality of the emulator degrades if we choose less informative

statistics (Appendix B.2.3).

B.1.2 Interactions and trade-offs between short-term prediction and

long-term statistics

Comparing our results in Tables 3.1 and 3.2, we find that emulators trained using our ap-

proaches perform significantly better on the long-term evaluation metrics (e.g. L1 histogram

distance and energy spectrum error) by trading off a bit of performance in terms of short-term

RMSE (Tables B.9 and B.10). This suggests that training an emulator to model chaotic dy-

namics using purely RMSE can result in overfitting and generally a poor model of long-term

dynamics. However, we still believe that RMSE is a useful part of the loss, even for long-

term evaluation metrics, since it is the only term that is directly enforcing the short-term

dynamics. In some cases, we find that the invariant statistics ŜA of trajectories generated by

our trained neural operators are closer to the true statistics SA than the statistics directly

computed using the noisy training data S̃A, i.e., |ŜA − SA| < |S̃A − SA|, despite being

trained on the noisy data (Table B.1). We attribute this result to the RMSE component of

our losses, which provides additional regularization by enforcing the short-term dynamics,

combined with the inductive biases of the neural operator architectures, which are designed

for modeling PDEs.

B.2 Additional Experiments and Evaluation Metrics

We have performed several additional experiments that act as points of comparison, help us

better understand the behavior of our methods under a variety of conditions, and provide
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Table B.1: Histogram error of neural operator predictions vs. noisy training data on Lorenz-
96. Averaging over 200 testing instances with varying ϕ(n), we compared the L1 histogram
error of the predicted dynamics from the neural operator |ŜA − SA| with the histogram
error of the raw noisy training data |S̃A − SA|. This shows that, even though the neural
operator is trained on the noisy data, the statistics of the predicted dynamics are often better
than those computed directly from the noisy data. Here, SA is computed from the noiseless
ground truth data.

r Training Histogram Error |ŜA − SA| ↓ Histogram Error |S̃A − SA| ↓

0.1
ℓRMSE 0.056 (0.051, 0.062) 0.029 (0.023, 0.036)

ℓOT + ℓRMSE 0.029 (0.027, 0.032) 0.029 (0.023, 0.036)
ℓCL + ℓRMSE 0.033 (0.029, 0.037) 0.029 (0.023, 0.036)

0.2
ℓRMSE 0.130 (0.118, 0.142) 0.101 (0.086, 0.128)

ℓOT + ℓRMSE 0.039 (0.035, 0.042) 0.101 (0.086, 0.128)
ℓCL + ℓRMSE 0.073 (0.066, 0.080) 0.101 (0.086, 0.128)

0.3
ℓRMSE 0.215 (0.204, 0.234) 0.213 (0.190, 0.255)

ℓOT + ℓRMSE 0.057 (0.052, 0.064) 0.213 (0.190, 0.255)
ℓCL + ℓRMSE 0.132 (0.111, 0.151) 0.213 (0.190, 0.255)

useful insights for future applications of our approaches.

B.2.1 Denoising with Gaussian blurring

Gaussian blurring, often used as a denoising technique for images, employs a Gaussian dis-

tribution to establish a convolution matrix that’s applied to the original image. The fun-

damental idea involves substituting the noisy pixel with a weighted average of surrounding

pixel values. A key hyperparameter in Gaussian blurring is the standard deviation of the

Gaussian distribution. When the standard deviation approaches zero, it fundamentally in-

dicates the absence of any blur. Under such circumstances, the Gaussian function collapses

to a single point, leading to the elimination of the blur effect. In Table B.2, we present the

results from applying Gaussian blurring to noisy data during training based solely on RMSE.

Despite the effectiveness of the widely adopted denoising approach, our findings indicate that

Gaussian blurring may not be ideally suited for our purpose of emulating dynamics. This

is primarily because significant invariant statistics might be strongly correlated with certain
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high-frequency signals that could be affected by the blurring preprocessing.

Table B.2: Emulator performance with Gaussian blurring on Kuramoto–Sivashinsky data
with noise scale r = 0.3. Averaging over 200 testing instances with varying ϕ(n), we show
the performance of (1) the application of Gaussian blurring as a preliminary denoising effort
with a small standard deviation (σb = 0.1); (2) the application of Gaussian blurring with a
larger standard deviation (σb = 0.5); and (3) training purely on RMSE without any blurring
preprocessing. The results suggest that the application of Gaussian blurring might further
degrade the results, as the high-frequency signals associated with invariant statistics can be
lost.

Training Histogram Error ↓ Energy Spec. Error↓ Leading LE Error ↓
ℓRMSE (σb = 0.1) 0.390 (0.326, 0.556) 0.290 (0.226, 0.402) 0.098 (0.069, 0.127)
ℓRMSE (σb = 0.5) 1.011 (0.788, 1.264) 0.493 (0.379, 0.623) 0.098 (0.041, 0.427)

ℓRMSE 0.390 (0.325, 0.556) 0.290 (0.225, 0.402) 0.101 (0.069, 0.122)

B.2.2 Sobolev norm baseline

We recognize that there are alternative methods that strive to capture high-frequency signals

by modifying training objectives. For instance, the Sobolev norm, which combines data and

its derivatives, has been found to be quite effective in capturing high-frequency signals [Zhu

et al., 2021a, Li et al., 2022b]. However, its effectiveness can be significantly curtailed in

a noisy environment, especially when noise is introduced to a high-frequency domain, as

minimizing the Sobolev norm then fails to accurately capture relevant statistics, as shown

in Tables B.3 and B.4.

B.2.3 Optimal transport: reduced set of summary statistics

For our optimal transport approach, we test a reduced set of summary statistics, which shows

how the quality of the summary statistic affects the performance of the method (Table B.5).

With an informative summary statistic, we find even a reduced set can still be helpful but,

for a non-informative statistic, the optimal transport method fails as expected.
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Table B.3: Emulator performance (including Sobolev norm loss) on Lorenz-96 data with noise
scale r = 0.3. The median (25th, 75th percentile) of the evaluation metrics are computed on
200 Lorenz-96 test instances (each with 1500 time steps) for the neural operator trained with
(1) only RMSE loss ℓRMSE; (2) Sobolev norm loss with dissipative regularization ℓSobolev +
ℓdissaptive; (3) optimal transport (OT) and RMSE loss ℓOT + ℓRMSE; and (4) contrastive
learning (CL) and RMSE loss ℓCL + ℓRMSE.

Training Histogram Error ↓ Energy Spec. Error ↓ Leading LE Error ↓ FD Error ↓
ℓRMSE 0.215 (0.204, 0.234) 0.291 (0.280, 0.305) 0.440 (0.425, 0.463) 3.580 (2.333, 4.866)

ℓSobolev + ℓdissaptive 0.246 (0.235, 0.255) 0.325 (0.341, 0.307) 0.487 (0.456, 0.545) 4.602 (3.329, 6.327)
ℓOT + ℓRMSE 0.057 (0.052, 0.064) 0.123 (0.116, 0.135) 0.084 (0.062, 0.134) 3.453 (2.457, 4.782)
ℓCL + ℓRMSE 0.132 (0.111, 0.151) 0.241 (0.208, 0.285) 0.064 (0.045, 0.091) 1.894 (0.942, 3.108)

Table B.4: Emulator performance (including Sobolev norm loss) on Kuramoto–Sivashinsky
data with noise scale r = 0.3. The median (25th, 75th percentile) of the evaluation metrics
are computed on 200 Kuramoto–Sivashinsky test instances (each with 1000 time steps) for
the neural operator trained with (1) only RMSE loss ℓRMSE; (2) Sobolev norm loss with
dissipative regularization ℓSobolev + ℓdissaptive; (3) optimal transport (OT) and RMSE loss
ℓOT + ℓRMSE; and (4) contrastive learning (CL) and RMSE loss ℓCL + ℓRMSE.

Training Histogram Error ↓ Energy Spec. Error ↓ Leading LE Error ↓
ℓRMSE 0.390 (0.325, 0.556) 0.290 (0.225, 0.402) 0.101 (0.069, 0.122)

ℓSobolev + ℓdissipative 0.427 (0.289, 0.616) 0.237 (0.204, 0.315) 0.023 (0.012, 0.047)
ℓOT + ℓRMSE 0.172 (0.146, 0.197) 0.211 (0.188, 0.250) 0.094 (0.041, 0.127)
ℓCL + ℓRMSE 0.193 (0.148, 0.247) 0.176 (0.130, 0.245) 0.108 (0.068, 0.132)

Table B.5: Emulator performance for different choices of summary statistics on Lorenz-96
data with noise scale r = 0.3. Each neural operator was trained using the optimal transport
and RMSE loss using (1) full statistics S(u) := {duidt , (ui+1 − ui−2)ui−1, ui}; (2) partial
statistics S1(u) := {(ui+1 − ui−2)ui−1}; or (3) minimum statistics S2(u) := {ū}, where ū
is the spatial average.

Training statistics Histogram Error ↓ Energy Spec. Error ↓ Leading LE Error ↓ FD Error ↓
S (full) 0.057 (0.052, 0.064) 0.123 (0.116, 0.135) 0.084 (0.062, 0.134) 3.453 (2.457, 4.782)

S1 (partial) 0.090 (0.084, 0.098) 0.198 (0.189, 0.208) 0.263 (0.217, 0.323) 3.992 (2.543, 5.440)
S2 (minimum) 0.221 (0.210, 0.234) 0.221 (0.210, 0.230) 0.276 (0.258, 0.291) 3.204 (2.037, 4.679)

B.2.4 Contrastive learning: reduced environment diversity

For our contrastive learning approach, we test a multi-environment setting with reduced

data diversity and find that the contrastive method still performs well under the reduced

conditions (Table B.6), which demonstrates robustness.
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Table B.6: Emulator performance with reduced environment diversity (i.e. narrower param-
eter range) on Lorenz-96 data with noise level r = 0.3. Averaging over 200 testing instances,
we show the performance of training the neural operator with (1) only RMSE loss ℓRMSE;
(2) optimal transport (OT) and RMSE loss ℓOT+ ℓRMSE; and (3) contrastive learning (CL)
and RMSE loss ℓCL + ℓRMSE. We shrink the parameter range for generating the dataset
from [10, 18] to [16, 18].

Training Histogram Error ↓ Energy Spec. Error ↓ Leading LE Error ↓ FD Error ↓
ℓRMSE 0.255 (0.248, 0.263) 0.307 (0.302, 0.315) 0.459 (0.743, 2.746) 3.879 (2.456, 5.076)

ℓOT + ℓRMSE 0.055 (0.050, 0.061) 0.124 (0.116, 0.131) 0.080 (0.045, 0.109) 4.015 (2.401, 5.225)
ℓCL + ℓRMSE 0.130 (0.111, 0.152) 0.193 (0.183, 0.200) 0.031 (0.014, 0.053) 1.747 (0.792, 2.939)

B.2.5 Maximum mean discrepancy (MMD) vs. optimal transport loss

We also implement a variant of our optimal transport approach that uses maximum mean

discrepancy (MMD) as a distributional distance rather than the Sinkhorn divergence. Using

the same set of summary statistics, we find that MMD does not perform as well as our

optimal transport loss for training emulators (Table B.7).

Table B.7: Emulator performance (including MMD loss) on Kuramoto–Sivashinsky data
with noise scale r = 0.3. The median (25th, 75th percentile) of the evaluation metrics are
computed on 200 Kuramoto–Sivashinsky test instances (each with 1000 time steps) for the
neural operator trained with (1) only RMSE loss ℓRMSE; (2) maximum mean discrepency
(MMD) and RMSE loss ℓMMD+ ℓRMSE; (3) optimal transport (OT) and RMSE loss ℓOT+
ℓRMSE; and (4) contrastive learning (CL) and RMSE loss ℓCL + ℓRMSE.

Training Histogram Error ↓ Energy Spec. Error ↓ Leading LE Error ↓
ℓRMSE 0.390 (0.325, 0.556) 0.290 (0.225, 0.402) 0.101 (0.069, 0.122)

ℓMMD + ℓRMSE 0.245 (0.218, 0.334) 0.216 (0.186, 0.272) 0.101 (0.058, 0.125)
ℓOT + ℓRMSE 0.172 (0.146, 0.197) 0.211 (0.188, 0.250) 0.094 (0.041, 0.127)
ℓCL + ℓRMSE 0.193 (0.148, 0.247) 0.176 (0.130, 0.245) 0.108 (0.068, 0.132)

B.2.6 Additional Lyapunov spectrum evaluation metrics

In the table B.8, we evaluated the results of Lorenz 96 on Lyapunov spectrum error rates and

the total number of positive Lyapunov exponents error rates. For the Lyapunov spectrum

error, we report the sum of relative absolute errors across the full spectrum:
∑d
i |λ̂i−λi|/λi,
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where λi is the i-th Lyapunov exponent and d is the dimension of the dynamical state. As

suggested by [Wang et al., 2018], we also compare the number of positive Lyapunov exponents

(LEs) as an additional statistic to measure the complexity of the chaotic dynamics. We

compute the absolute error in the number of positive LEs
∑d
i |1(λ̂i > 0− 1(λi > 0)|.

Table B.8: Emulator performance on Lyapunov spectrum metrics for Lorenz-96 data. The
median (25th, 75th percentile) of the Lyapunov spectrum metrics are computed on 200
Lorenz-96 test instances (each with 1500 time steps) for the neural operator trained with (1)
only RMSE loss ℓRMSE; (2) optimal transport (OT) and RMSE loss ℓOT + ℓRMSE; and (3)
contrastive learning (CL) and RMSE loss ℓCL + ℓRMSE. In the presence of high noise, OT
and CL give lower relative errors on the leading Lyapunov exponent (LE). When evaluating
the full Lyapunov spectrum, OT and CL show significant advantages than the baseline. In
addition, the lower absolute errors of the total number of the positive Lyapunov exponents
(LEs) suggest that OT and CL are able to match the complexity of the true chaotic dynamics.

r Training Leading LE Error ↓ Lyapunov Spectrum Error ↓ Total number of positive LEs Error ↓

0.1
ℓRMSE 0.013 (0.006, 0.021) 0.265 (0.110, 0.309) 0.500 (0.000, 1.000)

ℓOT + ℓRMSE 0.050 (0.040, 0.059) 0.248 (0.168, 0.285) 0.000 (0.000, 1.000)
ℓCL + ℓRMSE 0.065 (0.058, 0.073) 0.227 (0.164, 0.289) 0.000 (0.000, 1.000)

0.2
ℓRMSE 0.170 (0.156, 0.191) 0.612 (0.522, 0.727) 4.000 (4.000, 5.000)

ℓOT + ℓRMSE 0.016 (0.006, 0.030) 0.513 (0.122, 0.590) 3.000 (2.000, 3.000)
ℓCL + ℓRMSE 0.012 (0.006, 0.018) 0.459 (0.138, 0.568) 3.000 (2.000, 3.000)

0.3
ℓRMSE 0.440 (0.425, 0.463) 0.760 (0.702, 0.939) 7.000 (7.000, 8.000)

ℓOT + ℓRMSE 0.084 (0.062, 0.134) 0.661 (0.572, 0.746) 5.000 (4.000, 6.000)
ℓCL + ℓRMSE 0.064 (0.045, 0.091) 0.654 (0.558, 0.780) 6.000 (5.000, 6.000)

B.2.7 1-step RMSE evaluation results

Evaluating on 1-step RMSE only shows short-term prediction performance and is not an

informative evaluation metric for long-term behavior. Here, we report the 1-step RMSE

(Tables B.9 and B.10) to show that training using our approaches retains similar 1-step

RMSE results while significantly improving on long-term statistical metrics (Tables 3.1 and

3.2). See Appendix B.1.2 for additional discussion.

188



Table B.9: 1-step RMSE performance on Lorenz-96 data. The median (25th, 75th percentile)
of the Lyapunov spectrum metrics are computed on 200 Lorenz-96 test instances (each with
1500 time steps) for the neural operator trained with (1) only RMSE loss ℓRMSE; (2) optimal
transport (OT) and RMSE loss ℓOT+ ℓRMSE; and (3) contrastive learning (CL) and RMSE
loss ℓCL + ℓRMSE. We see comparable performance on short-term 1-step RMSE.

r Training RMSE ↓

0.1
ℓRMSE 0.107 (0.105, 0.109)

ℓOT + ℓRMSE 0.108 (0.105, 0.110)
ℓCL + ℓRMSE 0.109 (0.108, 0.113)

0.2
ℓRMSE 0.202 (0.197, 0.207)

ℓOT + ℓRMSE 0.207 (0.202, 0.212)
ℓCL + ℓRMSE 0.214 (0.203, 0.218)

0.3
ℓRMSE 0.288 (0.282, 0.296)

ℓOT + ℓRMSE 0.301 (0.293, 0.307)
ℓCL + ℓRMSE 0.312 (0.302,0.316)

Table B.10: 1-step RMSE performance on Kuramoto–Sivashinsky data with noise scale
r = 0.3. The median (25th, 75th percentile) of the evaluation metrics are computed on 200
Kuramoto–Sivashinsky test instances (each with 1000 time steps) for the neural operator
trained with (1) only RMSE loss ℓRMSE; (2) optimal transport (OT) and RMSE loss ℓOT+
ℓRMSE; and (3) contrastive learning (CL) and RMSE loss ℓCL + ℓRMSE. We again see
comparable performance on short-term 1-step RMSE.

Training RMSE ↓
ℓRMSE 0.373 (0.336, 0.421)

ℓOT + ℓRMSE 0.381 (0.344, 0.430)
ℓCL + ℓRMSE 0.402 (0.364, 0.452)

B.3 Implementation Details

B.3.1 Evaluation metrics

To evaluate the long-term statistical behavior of our trained neural operators, we run the

neural operator in a recurrent fashion for 1500 (Lorenz-96) or 1000 (Kuramoto–Sivashinsky)

time steps and then compute our long-term evaluation metrics on this autonomously gener-

ated time-series.

Histogram error. For distributional distance with a pre-specified statistics S, we first

compute the histogram of the invariant statistics H(S) = {(S1, c1), (S2, c2), . . . , (SB , cB)},
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where H represents the histogram, and the values of the bins are denoted by Sb with their

corresponding frequencies cb. We then define the L1 histogram error as:

Err(Ĥ,H) :=
B∑
b=1

∥cb − ĉb∥1. (B.1)

Note that for a fair comparison across all our experiments, we use the rule of thumb—the

square root rule to decide the number of bins.

Energy spectrum error. We compute the relative mean absolute error of the energy

spectrum—the squared norm of the spatial FFT F [ut]—averaged over time:

1

T

∑
ut,ût∈U1:T ,Û1:T

∥|F [ut]|2 − |F [ût]|2∥1
∥|F [ut]|2∥1

. (B.2)

Leading LE error. The leading Lyapunov exponent (LE) is a dynamical invariant that

measures how quickly the chaotic system becomes unpredictable. For the leading LE error,

we report the relative absolute error |λ̂ − λ|/|λ| between the model and the ground truth

averaged over the test set. We adapted the Julia DynamicalSystem.jl package to calculate

the leading LE.

FD error. The fractal dimension (FD) is a characterization of the dimension of the

attractor. We report the absolute error |D̂−D| between the estimated FD of the model and

the ground truth averaged over the test set. We use the Julia DynamicalSystem.jl package

for calculating the fractal dimension.

RMSE. We use 1-step relative RMSE ∥ut+∆t− ĝθ(ut, ϕ)∥2/∥ut+∆t∥2 to measure short-

term prediction accuracy.

B.3.2 Time complexity

The optimal transport approach relies on the Sinkhorn algorithm which scales as O(n2 log n)

for comparing two distributions of n points each (Theorem 2 in Dvurechensky et al. [2018]).
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In our experiments, we use n = 6000 to n = 25600 points with no issues, so this approach

scales relatively well. The contrastive learning approach requires pretraining but is even

faster during emulator training since it uses a fixed, pre-trained embedding network.

Table B.11: Empirical training time. Training time (minutes) with 4 GPUs for 60-
dimensional Lorenz-96 and 256-dimensional Kuramoto–Sivashinsky.

Training Encoder Operator Total

Lorenz-96
ℓRMSE − 20 20

ℓOT + ℓRMSE − 51 51
ℓCL + ℓRMSE 22 27 49

Kuramoto–Sivashinsky
ℓRMSE − 55 55

ℓOT + ℓRMSE − 262 262
ℓCL + ℓRMSE 26 56 82

B.3.3 Training of the encoder

Evaluation rule. A standard procedure for assessing the performance of an encoder trained

with Noise Contrastive Estimation (InfoNCE) loss in an unsupervised manner [Chen et al.,

2020, He et al., 2020a, Wu et al., 2018], is employing the top-1 accuracy metric. This mea-

sures how effectively similar items are positioned closer to each other compared to dissimilar

ones in the embedded space. While this evaluation measure is commonly employed in down-

stream tasks that focus on classification, it is suitably in line with our goals. We aim to

learn an encoder that can differentiate whether sequences of trajectories are sampled from

different attractors, each characterized by distinct invariant statistics. Therefore, the use of

Top-1 accuracy to evaluate if two sequences originate from the same trajectory serves our

purpose effectively. And we utilize this metric during our training evaluations to assess the

performance of our encoder.

The formal definition of Top-1 accuracy requires us to initially define the softmax function

σ, which is used to estimate the likelihood that two samples from different time windows

originate from the same trajectory,
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σ
(
fψ(U

(j)
J :J+K); fψ(U

(n)
I:I+K)

)
=

exp
(
⟨fψ(U

(n)
I:I+K), fψ(U

(j)
J :J+K)⟩

)
∑N
m=1

[
exp
(
⟨fψ(U

(n)
I:I+K), fψ(U

(m)
H:H+K)⟩

)] . (B.3)

Using the softmax function to transform the encoder’s output into a probability distri-

bution, we then define Top-1 accuracy as:

Acc1 =
1

N

N∑
n=1

I

{
n = argmax

j
σ
(
fψ(U

(j)
J :J+K); fψ(U

(n)
I:I+K)

)}
, (B.4)

where 1(·) is the indicator function representing whether two most close samples in the

feature space comes from the same trajectory or not.

Training hyperparameters. We use the ResNet-34 as the backbone of the encoder,

throughout all experiments, we train the encoder using the AdamW optimization algorithm

Loshchilov and Hutter [2019], with a weight decay of 10−5, and set the training duration to

2000 epochs.

For the temperature value τ balancing the weights of difficult and easy-to-distinguish

samples in contrastive learning, we use the same warm-up strategy as in [Jiang and Willett,

2022]. Initially, we start with a relatively low τ value (0.3 in our experiments) for the first

1000 epochs. This ensures that samples that are difficult to distinguish get large gradients.

Subsequently, we incrementally increase τ up to a specified value (0.7 in our case), promoting

the grouping of similar samples within the embedded space. From our empirical observa-

tions, we have found that this approach leads to an improvement in Top-1 accuracy in our

experiments.

The length of the sequence directly influences the Top-1 accuracy. Considering that the

sample length L of the training data {U(n)
0:L}Nn=1 is finite, excessively increasing the crop

length K can have both advantages and disadvantages. On one hand, it enables the encoder

to encapsulate more information; on the other hand, it could lead to the failure of the en-
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coder’s training. This is likely to occur if two samples, i.e., fψ(U
(n)
I:I+K) and fψ(U

(n)
J :J+K),

from the same trajectory overlap excessively, inhibiting the encoder from learning a mean-

ingful feature space. With this consideration, we’ve empirically chosen the length K of

subsequences for the encoder to handle to be approximately 5% of the total length T .

B.3.4 Lorenz-96

Data generation. To better align with realistic scenarios, we generate our training data

with random initial conditions drawn from a normal distribution. For the purpose of multi-

environment learning, we generate 2000 trajectories for training. Each of these trajectories

has a value of ϕ(n) randomly sampled from a uniform distribution ranging from 10.0 to 18.0.

We discretize these training trajectories into time steps of dt = 0.1 over a total time of

t = 205s, yielding 2050 discretized time steps. Moreover, in line with the setup used in [Li

et al., 2021, Lu et al., 2021], we discard the initial 50 steps, which represent the states during

an initial transient period.

Training hyperparameters. We determine the roll-out step during training (i.e., h

and hRMSE) via the grid search from the set of values {1, 2, 3, 4, 5}. Though it is shown in

some cases that a larger roll-out number help improve the results [Gupta and Brandstetter,

2022], we have not observed that in our training. We hypothesized that this discrepancy

may be due to our dataset being more chaotic compared to typical cases. Consequently, to

ensure a fair comparison and optimal outcomes across all experiments, we have decided to

set h and hRMSE to 1.

In the case of the optimal transport loss1, described in Section 3.3.1, the blur param-

eter γ governs the equilibrium between faster convergence speed and the precision of the

Wasserstein distance approximation. We determined the value of γ through a grid search,

examining values ranging from {0.01, 0.02, . . . , 0.20}. Similarly, we decided the weights of the

1. https://www.kernel-operations.io/geomloss/
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optimal transport loss α through a grid search, exploring values from {0.5, 1, 1.5, . . . , 3.0}.

For the experiments conducted using Lorenz-96, we selected α = 3 and γ = 0.02.

In the context of the feature loss, the primary hyperparameter we need to consider is its

weights, represented as λ. Given that we do not have knowledge of the invariant statistics

S during the validation phase, we adjust λ according to a specific principle: our aim is to

reduce the feature loss ℓfeature (as defined in Eqn. 3.17) as long as it does not adversely

affect the RMSE beyond a predetermined level (for instance, 10%) when compared with

the baseline model, which is exclusively trained on RMSE. As illustrated in Figure B.1, we

adjust the values of λ in a systematic grid search from {0.2, 0.4, 0.6, 0.8, 1.0, 1.2}. From our

observations during the validation phase, we noted that the feature loss was at its lowest with

an acceptable RMSE (which is lower than 110% compared to the baseline) when λ = 0.8.

Therefore, we have reported our results with λ set at 0.8.

Results visualization. We present more results with varying noise levels in Figures

B.2, B.3, B.4.

B.3.5 Kuramoto–Sivashinsky

Data generation. In order to ascertain that we are operating within a chaotic regime,

we set the domain size L = 50 and the spatial discretization grids number d = 256. We

select initial conditions randomly from a uniform range between [−π, π]. A fourth-order

Runge-Kutta method was utilized to perform all simulations. We generate 2000 trajectories

for training, with each ϕ(n) being randomly chosen from a uniform distribution within the

interval [1.0, 2.6].

Training hyperparameters. In the case of the optimal transport loss, similar to the

discussion in B.3.4, we search the blur value γ and the weights of loss α from a grid search.

And in our experiment, we set α = 3 and γ = 0.05. In the case of the feature loss, we again

adopt the same rule for deciding the value of λ, where we compare the trend of feature loss

194



0.0 0.2 0.4 0.6 0.8 1.0 1.2
lambda

0.14

0.16

0.18

0.20

0.22

hi
st

og
ra

m
 e

rro
r o

f i
nv

ar
ia

nt
 st

at
ist

ics

one-step RMSE (noisy validation)
histogram error (noiseless testing)

feature loss (noisy validation)
one-step RMSE (noiseless testing)

0.28

0.30

0.32

0.34

0.36

0.38

0.40

on
e-

st
ep

 R
M

SE
 (n

oi
sy

 v
al

id
at

io
n)

0.15

0.16

0.17

0.18

0.19

0.20

fe
at

ur
e 

lo
ss

 (n
oi

sy
 v

al
id

at
io

n)

Figure B.1: The trend of feature loss with its weight λ when the scale of noise is r = 0.3.
The solid lines in the figure represent the evaluation metrics during the validation phase,
comparing the outputs of the neural operator to the noisy data. In contrast, the dashed
lines represent the actual metrics we are interested in, comparing the outputs of the neural
operator to the clean data and calculating the error of the invariant statistics. In addition,
the horizontal solid dashed line correspond to the bar we set for the RMSE, i.e., 110% of
the RMSE when λ = 0. We observe that, (1) with the increase of λ from 0, the feature
loss decreases until λ reaches 1.0. (2) The RMSE generally increases with the increase of λ.
(3) The unseen statistical error generally decreases with the increase of λ. We reported the
results when λ = 0.8 as our final result, since the further increase of λ does not bring further
benefit in decreasing the feature loss, and the result remains in an acceptable range in terms
of RMSE.

with the relative change of RMSE of the baseline and choose to report the results with the

lowest feature loss and acceptable RMSE increase (110% compared to the baseline when

λ = 0).
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Figure B.2: Visualization of the predictions when the noise level r = 0.1. We evaluate
our method by comparing them to the baseline that is trained solely using RMSE. For two
different instances (a) and (b), we visualize the visual comparison of the predicted dynamics
(left), two-dimensional histograms of relevant statistics (middle and right). We notice that,
with the minimal noise, the predictions obtained from all methods look statistically consistent
to the true dynamics.
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Figure B.3: Visualization of the predictions when the noise level r = 0.2. We evaluate
our method by comparing them to the baseline that is trained solely using RMSE. For two
different instances (a) and (b), we visualize the visual comparison of the predicted dynamics
(left), two-dimensional histograms of relevant statistics (middle and right). We observe that
as the noise level escalates, the degradation of performance in the results of RMSE is more
rapid compared to our method, which employs optimal transport and feature loss during
training.
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Figure B.4: Visualization of the predictions when the noise level r = 0.3. We evaluate
our method by comparing them to the baseline that is trained solely using RMSE. For two
different instances (a) and (b), we visualize the visual comparison of the predicted dynamics
(left), two-dimensional histograms of relevant statistics (middle and right). We find that,
under higher levels of noise, the RMSE results exhibit fewer negative values, as indicated
by the blue stripes in the predicted dynamics. This is further confirmed by the energy
spectrum, which clearly shows that the RMSE results are significantly deficient in capturing
high-frequency signals.
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APPENDIX C

ADDITIONAL TOPICS IN DSM

C.1 Notation

• ⟨a, b⟩ =∑d
i=1 aibi for a, b ∈ Rd – a scalar product.

• ∥a∥ =
√
⟨a, a⟩ for a ∈ Rd – a norm.

• Tr(A) =
∑d
i=1 aii for a matrix A =

[
aij
]d,d
i=1,j=1.

• A(t), B(t), C(t), . . . – stochastic processes indexed by time t ≥ 0.

• Ai, Bi, Ci, . . . – approximations to those processes at a discrete time step i, i =

1, . . . , N , where N is the number of discritization time points.

• a, b, c – other variables.

• A,B,C, . . . – quantum observables, e.g., X(t) – result of quantum measurement of the

coordinate of the particle at moment t.

• ρA(x, t) – a density probability of a process A(t) at time t.

• ψ(x, t) – a wave function.

• ψ0 = ψ(x, 0) – an initial wave function.

• ρ(x, t) =
∣∣ψ(x, t)∣∣2 – a quantum density.

• ρ0(x) = ρ(x, 0) – an initial probability distribution.

• ψ(x, t) =
√
ρ(x, t)eiS(x,t), where S(x, t) – a single-valued representative of the phase

of the wave function.
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• ∇ =
(

∂
∂x1
·, . . . , ∂

∂xd
·
)

– the gradient operator. If f : Rd → Rm, then ∇f(x) ∈ Rd×m

is the Jacobian of f , in the case of m = 1 we call it a gradient of f .

• ∇2 =
[

∂2

∂xi∂xj

]d,d
i=1,j=1

– the Hessian operator.

• ∇2 · A =
[

∂2

∂xi∂xj
aij

]d,d
i=1,j=1

for A =
[
aij(x)

]d,d
i=1,j=1.

• ⟨∇, ·⟩ – the divergence operator, e.g., for f : Rd → Rd, we have ⟨∇, f(x)⟩ =∑d
i=1

∂
∂xi

fi(x).

• ∆ = Tr(∇2) – the Laplace operator.

• m – a mass tensor (or a scalar mass).

• ℏ – the reduced Planck’s constant.

• ∂y =
∂
∂y – a short-hand notation for a partial derivative operator.

•
[
A,B

]
= AB − BA – a commutator of two operators. If one of the arguments is a

scalar function, we consider a scalar function as a point-wise multiplication operator.

• |z| =
√
x2 + y2 for a complex number z = x+ iy ∈ C, x, y ∈ R.

• N (µ,C) – a Gaussian distribution with mean µ ∈ Rd and covariance C ∈ Rd×d.

• A ∼ ρ means that A is a random variable with distribution ρ. We do not differentiate

between "sample from" and "distributed as", but it is evident from context when

we consider samples from distribution versus when we say that something has such

distribution.

• δx – delta-distribution concentrated at x. It is a generalized function corresponding to

the "density" of a distribution with a singular support {x}.
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C.2 DSM Algorithm

We present detailed algorithmic descriptions of our method: Algorithm 2 for batch genera-

tion and Algorithm 3 for model training. During inference, distributions of Xi converge to

ρ = |ψ|2, thereby yielding the desired outcome. Furthermore, by solving Equation (4.7a)

on points generated by the current best approximations of u, v, the method exhibits self-

adaptation behavior. Specifically, it obtains its current belief where X(t) is concentrated,

updates its belief, and iterates accordingly. With each iteration, the method progressively

focuses on the high-density regions of ρ, effectively exploiting the low-dimensional structure

of the underlying solution.

Algorithm 2 GenerateBatch(u, v, ρ0, ν, T, B,N) – sample trajectories
Physical hyperparams: T – time horizon, ψ0 – initial wave-function.
Hyperparams: ν ≥ 0 – diffusion constant, B ≥ 1 – batch size, N ≥ 1 – time grid size.
ti = iT/N for 0 ≤ i ≤ N
sample X0j ∼

∣∣ψ0

∣∣2 for 1 ≤ jB
for 1 ≤ i ≤ N do

sample ξj ∼ N (0, Id) for 1 ≤ j ≤ B
Xij = X(i−1)j +

T
N

(
vθ(X(i−1)j , ti−1) + νuθ(X(i−1)j , ti−1)

)
+
√

νℏT
mN ξj for 1 ≤ j ≤ B

end for
output

{{
Xij

}B
j=1

}N

i=0

C.3 Experiment Setup Details

C.3.1 Non-interacting system

In our experiments, we set m = 1, ℏ = 10−21, σ2 = 10−1. For the harmonic oscillator

model, N = 1000 and the batch size B = 100; for the singular initial condition problem,

N = 100 and B = 100. For evaluation, our method samples 10000 points per time step, and

1. The value of the reduced Plank constant depends on the metric system that we use and, thus, for our
evaluations we are free to choose any value.
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Algorithm 3 A training algorithm
Physical hyperparams: m – mass, ℏ – reduced Planck constant, T – a time horizon, ψ0 : Rd →
C – an initial wave function, V : Rd × [0, T ]→ R – potential.
Hyperparams: η > 0 – learning rate for backprop, ν > 0 – diffusion constant, B ≥ 1 – batch
size, M ≥ 1 – number of optimization steps, N ≥ 1 – time grid size, wu, wv, w0 > 0 – weights of
losses.

Instructions:
ti = iT/N for 0 ≤ i ≤ N
for 1 ≤ τ ≤M do

X = GenerateBatch(uθτ−1 , vθτ−1 , ψ0, ν, T,B,N)

define Lu
τ (θ) =

1
(N+1)B

∑N
i=0

∑B
j=1

∥∥∂tuθ(Xij , ti)−Du[uθ, vθ, Xij , ti]
∥∥2

define Lv
τ (θ) =

1
(N+1)B

∑N
i=0

∑B
j=1

∥∥∂tvθ(Xij , ti)−Dv[uθ, vθ, Xij , ti]
∥∥2

define L0
τ (θ) =

1
B

∑B
j=1

(∥∥uθ(X0j , t0)− u0(X0j)
∥∥2 + ∥∥vθ(X0j , t0)− v0(X0j , t0)

∥∥2)
define Lτ (θ) = wuL

u
τ (θ) + wvL

v
τ (θ) + w0L

0
τ (θ)

θτ = OptimizationStep(θτ−1,∇θLτ (θτ−1), η)
end for
output uθM , vθM

the observables are estimated from these samples; we run the model this way ten times.

Numerical solution

1d harmonic oscillator with S0(x) ≡ 0: To evaluate our method’s performance, we use

a numerical solver that integrates the corresponding differential equation given the initial

condition. We use SciPy library [Virtanen et al., 2020]. The solution domain is x ∈ [−2, 2]

and t ∈ [0, 1], where x is split into 566 points and t into 1001 time steps. This solution can

be repeated d times for the d-dimensional harmonic oscillator problem.

1d harmonic oscillator with S0(x) = −5x: We use the same numerical solver as for the

S0(x) ≡ 0 case. The solution domain is x ∈ [−2, 2] and t ∈ [0, 1], where x is split into 2829

points and t is split into 1001 time steps.
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Architecture and training Details

A basic NN architecture for our approach and the PINN is a feed-forward NN with one

hidden layer with tanh activation functions. We represent the velocities u and v using this

NN architecture with 200 neurons in the case of the singular initial condition. The training

process takes about 7 mins. For d = 1, a harmonic oscillator with zero initial phase problem,

there are 200 neurons for our method and 400 for the PINN; for d = 3 and more dimensions,

we use 400 neurons. This rule holds for the experiments measuring total training time in

Section 4.3.4. In a 1d harmonic oscillator with a non-zero initial phase problem, we use

300 hidden neurons in our models. In the experiments devoted to measuring time per epoch

(from Section 4.3.4), the number of hidden neurons is fixed to 200 for all dimensions. We use

the Adam optimizer [Kingma and Ba, 2014] with a learning rate 10−4. In our experiments,

we set wu = 1, wv = 1, w0 = 1. For PINN evaluation, the test sets are the same as the grid

for the numerical solver. In our experiments, we usually use a single NVIDIA A40 GPU. For

the results reported in Section 4.3.4, we use an NVIDIA A100 GPU.

On optimization

We use Adam optimizer [Kingma and Ba, 2014] in our experiments. Since the operators

in Equation (4.8) are not linear, we may not be able to claim convergence to the global

optima of such methods as SGD or Adam in the Neural Tangent Kernel (NTK) [Jacot et al.,

2018] limit. Such proof exists for PINNs in Wang et al. [2022b] due to the linearity of the

Schrödinger equation (4.1). It is possible that non-linearity in the loss from Equation (4.14)

requires non-convex methods to achieve theoretical guarantees on convergence to the global

optima [Raginsky et al., 2017, Muzellec et al., 2020]. Further research into NTK and non-

linear PDEs is needed [Wang et al., 2022b].

The only noise source in our loss Equation (4.14) comes from trajectory sampling. This

fact contrasts sharply with generative diffusion models relying on score matching [Yang
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et al., 2022]. In these models, the loss has O(ϵ−1) variance as it implicitly attempts to

numerically estimate the stochastic differential X(t+ϵ)−X(t)
ϵ which leads to 1√

ϵ
contribution

from increments of the Wiener process. In our loss, the stochastic differentials are evaluated

analytically in Equation (4.8) avoiding such contributions; for details, see Nelson [1966a,

2005]. This leads to O(1) variance of the gradient and, thus, allows us to achieve fast

convergence with smaller batches.

C.3.2 Interacting system

In our experiments, we set m = 1, ℏ = 10−1, σ2 = 10−1. The number of time steps is

N = 1000, and the batch size B = 100.

Numerical solution As a numerical solver, we use the qmsolve library 2. The solution

domain is x ∈ [−1.5, 1.5] and t ∈ [0, 1], where x is split into 100 points and t into 1001 time

steps.

Architecture and training details

Instead of a multi-layer perceptron, we follow the design choice of Jiang and Willett [2022]

to use residual connection blocks. In our experiments, we used the tanh as the activation

function, set the hidden dimension to 300, and used the same architecture for both DSM

and PINN. Empirically, we find out that this design choice leads to faster convergence in

terms of training time. The PINN inputs are N0 = 10000, Nb = 1000 data points, and

Nf = 1000000 collocation points. We use Adam optimizer [Kingma and Ba, 2014] with a

learning rate 10−4 in our experiments. We use loss weights wu = 1, wv = 1, w0 = 1.

2. https://github.com/quantum-visualizations/qmsolve
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Permutation invariance Since our system comprises two identical bosons, we enforce

symmetry for both the DSM and PINN models. Specifically, we sort the neural network

inputs x to ensure the permutation invariance of the models. While this approach guaran-

tees adherence to the physical symmetry property, it comes with a computational overhead

from the sorting operation. For higher dimensional systems, avoiding such sorting may be

preferable to reduce computational costs. However, for the two interacting particle sys-

tem considered here, the performance difference between regular and permutation-invariant

architectures is not significant.

t-VMC ansatz To enable a fair comparison between our DSM approach and t-VMC,

we initialize the t-VMC trial wave function with a complex-valued multi-layer perceptron

architecture identical to the one employed in our DSM method. However, even after in-

creasing the number of samples and reducing the time step, the t-VMC method exhibits

poor performance with this neural network ansatz. This result suggests that, unlike our

diffusion-based DSM approach, t-VMC struggles to achieve accurate results when utilizing

simple off-the-shelf neural network architectures as the ansatz representation.

As an alternative ansatz, we employ a harmonic oscillator basis expansion, expressing

the wave function as a linear combination of products of basis functions. This representation

scales quadratically with the number of basis functions but forms a complete basis set for the

two-particle problem. Using the same number of samples and time steps, this basis expansion

approach achieves significantly better performance than our initial t-VMC baseline. However,

it still does not match the accuracy levels attained by our proposed DSM method. This

approach does not scale well naively to larger systems but can be adapted to form a 2-body

Jastrow factor [Carleo et al., 2017]. We expect this to perform worse for larger systems due

to the lack of higher-order interactions in the ansatz. In our t-VMC experiments, we use the

NetKet library [Vicentini et al., 2022] for many-body quantum systems simulation.
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C.4 Experimental Results

C.4.1 Singular initial conditions

As a proof of concept, we consider a case of one particle x ∈ R1 with V (x) ≡ 0 and ψ0 = δ0,

t ∈ [0, 1]. Since δ-function is a generalized function, we must take a δ-sequence for training.

The most straightforward approach is to take ψ̃0 = 1

(2πα)
1
4
e−

x2

4α with α → 0+. In our

experiments we take α = ℏ2
m2 , yielding v0(x) ≡ 0 and u0(x) = − ℏx

2mα . Since ψ0 is singular,

we must set ν = 1 during sampling. The analytical solution is known as ψ(x, t) = 1

(2πt)
1
4
e−

x2

4t .

So, we expect the standard deviation of X(t) to grow as
√
t, and the mean value of X(t) to

be zero.

We do not compare our approach with PINNs since it is a simple proof of concept, and

the analytical solution is known. Figure C.1 summarizes the results of our experiment.

Specifically, the left panel of the figure shows the magnitude of the density obtained with

our approach alongside the true density. The right panel of Figure C.1 shows statistics of

Xt, such as mean and variance, and the corresponding error bars. The resulting prediction

errors are calculated against the truth data for this problem and are measured at 0.008 ±

0.007 in the L2-norm for the averaged mean and 0.011 ± 0.007 in the relative L2-norm

for the averaged variance of Xt. Our approach can accurately capture the behavior of the

Schrödinger equation in the singular initial condition case.

Xi Xi

ti ti

Figure C.1: Results for the singular initial condition problem. DSM corresponds to our
method.
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C.4.2 3D harmonic oscillator

We further explore our approach by considering the harmonic oscillator model with S0(x) ≡ 0

with three non-interacting particles. This setting can be viewed as a 3d problem, where the

solution is a 1d solution repeated three times. Due to computational resource limitations,

we are unable to execute the PINN model. The number of collocation points should grow

exponentially with the problem dimension so that the PINN model converges. We have

about 512 GB of memory but cannot store 600003 points. We conduct experiments com-

paring two versions of the proposed algorithm: the Nelsonian one and our version. Table

4.2 provides the quantitative results of these experiments. Our version demonstrates slightly

better performance compared to the Nelsonian version, although the difference is not statis-

tically significant. Empirically, our version requires more steps to converge compared to the

Nelsonian version: 7000 vs. 9000 epochs correspondingly. However, the training time of the

Nelsonian approach is about 20 mins longer than our approach’s time.

Figure C.2 demonstrates the obtained statistics with the proposed algorithm’s two ver-

sions (Nelsonian and Gradient Divergence) for every dimension. Figure C.3 compares the

density function for every dimension for these two versions. Table C.1 summarizes the error

rates per dimension. The results suggest no significant difference in the performance of these

two versions of our algorithm. The Gradient Divergence version tends to require more steps

to converge, but it has quadratic time complexity in contrast to the cubiccomplexity of the

Nelsonian version.

C.4.3 Naive sampling

Figure C.4 shows the performance of the Gaussian sampling approach applied to the har-

monic oscillator and the singular initial condition setting. Table C.2 compares results of all

methods. Our approach converges to the ground truth while naive sampling does not.
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XiXi

titi

(a) The Nelsonian version.

Xi Xi

ti ti

(b) The Gradient Divergence version.

Figure C.2: The obtained statistics for 3d harmonic oscillator using two versions of the
proposed approach.

Table C.1: The results for 3d harmonic oscillator with S0(x) ≡ 0 using two versions of the
proposed approach: the Nelsonian one uses the Laplacian operator in the training loss, the
Gradient Divergence version is our modification that replaces Laplacian with gradient of
divergence.

Model Em(X
(1)
i ) ↓ Em(X

(2)
i ) ↓ Em(X

(3)
i ) ↓ Em(Xi) ↓

DSM (Nelsonian) 0.170 ± 0.081 0.056 ± 0.030 0.073 ± 0.072 0.100 ± 0.061
DSM (Gradient Divergence) 0.038 ± 0.023 0.100 ± 0.060 0.082 ± 0.060 0.073 ± 0.048

Model Ev(X(1)
i ) ↓ Ev(X(2)

i ) ↓ Ev(X(3)
i ) ↓ Ev(Xi) ↓

DSM (Nelsonian) 0.012 ± 0.009 0.012 ± 0.009 0.011 ± 0.008 0.012 ± 0.009
DSM (Gradient Divergence) 0.012 ± 0.010 0.009 ± 0.005 0.011 ± 0.010 0.011 ± 0.008

Model E(v(1)) ↓ E(v(2)) ↓ E(v(3)) ↓ E(v)) ↓
DSM (Nelsonian) 0.00013 0.00012 0.00012 0.00012

DSM (Gradient Divergence) 4.346× 10−5 4.401× 10−5 4.700× 10−5 4.482× 10−5

Model E(u(1)) ↓ E(v(2)) ↓ E(v(3)) ↓ E(v) ↓
DSM (Nelsonian) 4.441× 10−5 2.721× 10−5 2.810× 10−5 3.324× 10−5

DSM (Gradient Divergence) 6.648× 10−5 4.405× 10−5 1.915× 10−5 4.333× 10−5
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(a) The Nelsonian version.
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(b) The Gradient Divergence version.

Figure C.3: The density function for 3d harmonic oscillator using two versions of the proposed
approach.

Table C.2: Error rates for different problem settings using two sampling schemes: our (DSM)
and Gaussian sampling. Gaussian sampling replaces all measures in the expectations with
Gaussian noise in Equation (4.14). The best result is in bold. These results demonstrate
that our approach work better than the naíve sampling scheme.

Problem Model Em(Xi) ↓ Ev(Xi) ↓ E(v) ↓ E(u) ↓
Singular IC Gaussian sampling 0.043 ± 0.042 0.146 ± 0.013 1.262 0.035

DSM 0.008 ± 0.007 0.011 ± 0.007 0.524 0.008

Harm osc 1d,
S0(x) ≡ 0

Gaussian sampling 0.294 ± 0.152 0.488 ± 0.018 3.19762 1.18540
DSM 0.077 ± 0.052 0.011 ± 0.006 0.00011 2.811× 10−5

Harm osc 1d,
S0(x) = −5x

Gaussian sampling 0.836 ± 0.296 0.086 ± 0.007 77.57819 24.15156
DSM 0.223 ± 0.207 0.009 ± 0.008 1.645× 10−5 2.168× 10−5

Harm osc 3d,
S0(x) ≡ 0

Gaussian sampling 0.459 ± 0.126 5.101 ± 0.201 13.453 5.063
DSM 0.073 ± 0.048 0.011 ± 0.008 4.482× 10−5 4.333× 10−5

C.4.4 Scaling experiments for non-interacting system

We empirically estimate memory allocation on a GPU (NVIDIA A100) when training two

versions of the proposed algorithm. In addition, we estimate the number of epochs until

the training loss function is less than 10−2 for different problem dimensions. Figure C.5(a)
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(a) The harmonic oscillator with   S(x) ≡ 0 (b) The harmonic oscillator with   S(x) = − 5x
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(a) Harmonic oscillator with   S(x) = 0 (b) Harmonic oscillator with   S(x) = − 5x(a) Harmonic oscillator with   S(x) = 0 (b) Harmonic oscillator with   S(x) = − 5x

Figure C.4: An illustration of produced trajectories using the naïve Gaussian sampling
scheme as a comparison with the proposed approach. The obtained trajectories do not
match the solution, while the results in our paper suggest that the proposed DSM approach
converges better. Compare with Figures 4.2, C.1, C.2.

shows that the memory usage of the Gradient Divergence version grows linearly with the

dimension while it grows quadratically in the Nelsonian version. We also empirically access

the convergence speed of two versions of our approach. Figure C.5(b) shows how many epochs

are needed to make the training loss less than 1 × 10−2. Usually, the Gradient Divergence

version requires slightly more epochs to converge to this threshold than the Nelsonian one.

The number of epochs is averaged across five runs. In both experiments, we consider the

non-interacting harmonic oscillator setting from Section 4.3.4.

Also, we provide more details on the experiment measuring the total training time per

dimensions d = 1, 3, 5, 7, 9. This experiment is described in Section 4.3.4, and the training
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Figure C.5: Empirical complexity evaluation of two versions of the proposed method: mem-
ory usage and the number of epochs until the training loss is less than the threshold.

time grows linearly with the problem dimension. Table C.3 presents the error rates and train

time. The results show that the proposed approach can perform well for every dimension

while the train time scales linearly with the problem dimension.

Table C.3: Training time and test errors for the harmonic oscillator model for different d.

d Em(Xi) ↓ Ev(Xi) ↓ E(v) ↓ E(u) ↓ Train time
1 0.074 ± 0.052 0.009 ± 0.007 0.00012 2.809e-05 46m 20s
3 0.073 ± 0.048 0.010 ± 0.008 4.479 ×10−5 3.946×10−5 2h 18m
5 0.081 ± 0.057 0.009 ± 0.008 4.956×10−5 4.000×10−5 3h 10m
7 0.085 ± 0.060 0.011 ± 0.009 5.877×10−5 4.971×10−5 3h 40m
9 0.096 ± 0.081 0.011 ± 0.009 7.011×10−5 6.123×10−5 4h 46m

C.4.5 Scaling experiments for the interacting system

This section provides more details on experiments from Section 4.3.4, where we investigate

the scaling of the DSM approach for the interacting bosons system. We compare the perfor-

mance of our algorithm with a numerical solver based on the Crank–Nicolson method (we

modified the qmsolve library to work for d > 2) and t-VMC method. Our method reveals

favorable scaling capabilities in the problem dimension compared to the Crank–Nicolson
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method as shown in Table 4.3 and Table 4.4.

Figure C.6 shows generated density functions for our DSM method and t-VMC approach.

The proposed DSM approach demonstrates robust performance, accurately following the

ground truth and providing reasonable predictions for d = 3, 4, 5 interacting bosons. In

contrast, when utilizing the t-VMC in higher dimensions, we observe a deterioration in

the quality of the results. This limitation is likely attributed to the inherent difficulty in

accurately representing higher-order interactions with the ansatz employed in the t-VMC

approach, as discussed in Section 4.3.3. Consequently, as the problem dimension grows, the

lack of sufficient interaction terms in the ansatz and numerical instabilities in the solver

become increasingly problematic, leading to artifacts in the density plots as time evolves.

The relative error between the ground truth and predicted densities is 0.023 and 0.028 for

the DSM and t-VMC approaches, respectively, in the 3d case. This trend persists in the 4d

case, where the DSM’s relative error is 0.073, compared to the t-VMC’s higher relative error

of 0.089 (when compared with a grid-based Crank-Nikolson solver with N = 60 grid points

in each dimension). While we do not have the baseline for d = 5, we believe DSM predictions

are still reasonable. Our findings indicate that the t-VMC method can perform reasonably

for low-dimensional systems, but its performance degrades as the number of interacting

particles increases. This highlights the need for a scalable and carefully designed ansatz

representation capable of capturing the complex behavior of particles in high-dimensional

quantum systems.

As for the DSM implementation details, we fix hyperparameters and only change d: for

example, the neural network size is 500, and the batch size is 100. We train our method until

the average training loss becomes lower than a particular threshold (0.007). These numbers

are reported for a GPU A40. The Crank-Nikolson method is run on the CPU.
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a) Three particles

b) Four particles

c) Five particles

Figure C.6: Probability density plots for different numbers of interacting particles d. For
five particles, our computer system does not allow running the Crank-Nicolson solver.

C.4.6 Sensitivity analysis

We investigate the impact of hyperparameters on the performance of our method for two

systems: the 1d harmonic oscillator with S0(x) ≡ 0 and two interacting bosons. Specifically,

we explore different learning rates (10−2, 10−3, 10−4, 10−5) and hidden layer sizes (200, 300,

400, 500) for the neural network architectures detailed in Section C.3. All models are trained

for an equal number of epochs across every hyper-parameter setting, and the results are pre-

sented in Figure C.7. For the two interacting bosons system, increasing the hidden layer

size leads to lower error, although the difference between 300 and 500 neurons is marginal.

In contrast, for the 1d harmonic oscillator, larger hidden dimensions result in slightly worse

performance (which might be a sign of overfitting for this simple problem), but the degra-

dation is not substantial. As for the learning rate, a higher value consistently yields poorer

performance for both systems. A large learning rate can cause the weight updates to over-

shoot the optimal values, leading to instability and failure to converge to a good solution.
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Nevertheless, all models achieve reasonable performance, even with the highest learning rate

of 10−2. Overall, according to the Em(Xi) metric, our experiments demonstrate that our

method exhibits robustness to varying hyper-parameter choices.

a) 1d harmonic oscillator

b) Two interacting bosons

Figure C.7: Sensitivity analysis of the neural network hyperparameters for the proposed
method on two systems: (a) a 1D harmonic oscillator with S0(x) ≡ 0, and (b) a system of
two interacting bosons. The plots illustrate the impact of varying the hidden layer size and
the learning rate on the model’s performance, quantified by the Em(Xi) error metric.

C.5 Stochastic mechanics

We show a derivation of the equations stochastic mechanics from the Schrödinger one. For

full derivation and proof of equivalence, we refer the reader to the work of Nelson [1966a].
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C.5.1 Stochastic mechanics equations

Let’s consider a polar decomposition of a wave function ψ =
√
ρeiS . Observe that for

∂ ∈ {∂t, ∂xi}, we have

∂ψ = (∂
√
ρ)eiS + (i∂S)ψ =

∂ρ

2
√
ρ
eiS + (i∂S)ψ =

1

2

∂ρ

ρ

√
ρeiS + (i∂S)ψ =

(1
2
∂ log ρ+ i∂S

)
ψ,

∂2ψ = ∂
((1

2
∂ log ρ+ i∂S

)
ψ
)
=
(1
2
∂2 log ρ+ i∂2S +

(1
2
∂ log ρ+ i∂S

)2)
ψ.

Substituting it into the Schrödinger equation, we obtain the following:

iℏ
(1
2
∂t log ρ+ i∂tS

)
ψ = − ℏ2

2m

(1
2
∆ log ρ+ i∆S +

∥∥1
2
∇ log ρ+ i∇S

∥∥2)ψ + V ψ. (C.1)

Dividing by ψ3, and separating real and imaginary parts, we obtain

−ℏ∂tS = − ℏ2

2m

(1
2
∆ log ρ+

1

4
∥ log ρ∥2 − ∥∇S∥2

)
+ V, (C.2)

ℏ
2
∂t log ρ = −

ℏ2

2m

(
∆S + ⟨log ρ,∇S⟩

)
. (C.3)

Noting that ∆ = ⟨∇,∇·⟩ and substituting v = ℏ
m∇S, u = ℏ

2m log ρ to simplify, we obtain

m
ℏ
m
∂tS =

ℏ
2m
⟨∇, u⟩+ 1

2
∥u∥2 − 1

2
∥v∥2 − V, (C.4)

ℏ
2m

∂t log ρ = −
ℏ
2m
⟨∇, v⟩ − ⟨u, v⟩. (C.5)

3. We assume ψ ̸= 0. Even though it may seem a restriction, we will solve the equations only for X(t),
which satisfy P

(
ψ(X(t), t) = 0

)
= 0. So, we are allowed to assume this without loss of generality. The same

cannot be said if we considered the PINN over a grid to solve our equations.
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Finally, by taking ∇ from both parts, noting that
[
∇, ∂t

]
= 0 for scalar functions, and

substituting u, v again, we arrive at

∂tv = − 1

m
∇V + ⟨u,∇⟩u− ⟨v,∇⟩v + ℏ

2m
∇⟨∇, u⟩, (C.6)

∂tu = −∇⟨v, u⟩ − ℏ
2m
∇⟨∇, v⟩. (C.7)

To get the initial conditions on the velocities of the process v0 = v(x, 0) and u0 = u(x, 0),

we can refer to the equations that we used in the derivation

v(x, t) =
ℏ
m
∇S(x, t), (C.8)

u(x, t) =
ℏ
2m
∇ log ρ(x, t) (C.9)

So, we can get our initial conditions at t = 0 on v0(x) =
ℏ
m∇S(x, 0), u0(x) = ν∇ log ρ0(x),

where ρ0(x) = ρ(x, 0).

For more detailed derivation and proof of equivalence of those two equations to the

Schrödinger one, see Nelson [1966a, 2005], Guerra [1995]. Moreover, this equivalence holds

for manifoldsM with trivial second cohomology group as noted in Alvarez [1986], Wallstrom

[1989], Prieto and Vitolo [2014].

C.5.2 Novel equations of stochastic mechanics

We note that our equations differ from Guerra [1995], Nelson [1966a]. In Nelson [1966a], we

see

∂tv = − 1

m
∇V + ⟨u,∇⟩u− ⟨v,∇⟩v + ℏ

2m
∆u, (C.10a)
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∂tu = −∇⟨v, u⟩ − ℏ
2m
∇⟨∇, v⟩; (C.10b)

and in Guerra [1995], we see

∂tv = − 1

m
∇V + ⟨u,∇⟩u− ⟨v,∇⟩v + ℏ

2m
∆u, (C.11a)

∂tu = −∇⟨v, u⟩ − ℏ
2m

∆v. (C.11b)

Note that our equations (4.7a), (4.7b) do not directly use the second-order Laplacian operator

∆, as it appears for u in Equation (C.10a) and v in Equation (C.11b). The discrepancy

between Nelson’s and Guerra’s equations seems to occur because the work by Nelson [2005]

covers the case of the multi-valued S, and thus does not assume that
[
∆,∇

]
= 0 to transform

∇⟨∇, v⟩ = ∇⟨∇,∇S⟩ into ∆(∇S) to make the equations work for the case of a non-trivial

cohomology group ofM. However, Guerra [1995] does employ ∆(∇S) in their formulation.

Naively computing the Laplacian ∆ of u or v with autograd tools requiresO(d3) operations as

it requires computing the full Hessian ∇2. To reduce the computational complexity, we treat

log ρ as a potentially multi-valued function, aiming to achieve a lower computational time

of O(d2) in the dimension d. Generally, we cannot swap ∆ with ∇⟨∇, ·⟩ unless the solutions

of the equation can be represented as full gradients of some function. This condition holds

for stochastic mechanical equations but not for the Shrödinger one.

We derive equations different from both works and provide insights into why there are

four different equivalent sets of equations (by changing ∆ with ∇⟨∇, ·⟩ in both equations

independently). From a numerical perspective, it is more beneficial to avoid Laplacian cal-

culations. However, we notice that inference using equations from Nelson [1966a] converges

faster by iterations to the true u, v compared to our version. It comes at the cost of a severe
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slowdown in each iteration for d≫ 1, which diminishes the benefit since the overall training

time to get comparable results decreases significantly.

C.5.3 Diffusion processes of stochastic mechanics

Let’s consider an arbitrary Ito diffusion process

dX(t) = b(X(t), t)dt+ σ(X(t), t)d
→
W, (C.12)

X(0) ∼ ρ0, (C.13)

where W (t) ∈ Rd is the standard Wiener process, b : Rd × [0, T ]→ Rd is the drift function,

and σ : Rd × [0, T ] → Rd×d is a symmetric positive definite matrix-valued function called

a diffusion coefficient. Essentially, X(t) samples from ρX = Law(X(t)) for each t ∈ [0, T ].

Thus, we may wonder how to define b and σ to ensure ρX = |ψ|2.

There is the forward Kolmogorov equation for the density ρX associated with this diffu-

sion process:

∂tρX = ⟨∇, bρX⟩+
1

2
Tr
(
∇2 · (σσT ρX)

)
. (C.14)

Moreover, the diffusion process is time-reversible. This leads to the backward Kolmogorov

equation:

∂tρX = ⟨∇, b∗ρX⟩ −
1

2
Tr
(
∇2 · (σσT ρX)

)
, (C.15)

where b∗i = bi − ρ−1X ⟨∇, σσT eiρX⟩ with eij = δij for j ∈ {1, . . . , d}. Summing up those two

equations, we obtain the following:

∂tρX = ⟨∇, vρX⟩, (C.16)
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where v =
b+ b∗

2
is so called probability current. This is the continuity equation for the Ito

diffusion process from Equation (C.12). We refer to Anderson [1982] for details. We note

that the same Equation (C.16) can be obtained with an arbitrary non-singular σ(x, t) as

long as v = v(x, t) remains fixed.

Proposition C.5.1. Consider arbitrary ν > 0, denote ρ = |ψ|2 and consider decomposition

ψ =
√
ρeiS. Then the following process X(t):

dX(t) =
(
∇S(X(t), t) +

νℏ
2m
∇ log ρ(X(t), t)

)
dt+

√
νℏ
m

d
→
W, (C.17)

X(0) ∼ |ψ0|2, (C.18)

satisfies Law(X(t)) = |ψ|2 for any t > 0.

Proof. We want to show that by choosing appropriately b, b∗, we can ensure that ρX = |ψ|2.

Let’s consider the Schrödinger equation once again:

iℏ∂tψ = (− ℏ2

2m
∆+ V )ψ, (C.19)

ψ(·, 0) = ψ0 (C.20)

where ∆ = Tr(∇2) =
∑d
i=1

∂2

∂x2i
is the Laplace operator. The second cohomology is trivial

in this case. So, we can assume that ψ =
√
ρeiS with S(x, t) is a single-valued function.

By defining the drift v =
ℏ
m
∇S, we can derive quantum mechanics continuity equation

on density ρ:

∂tρ = ⟨∇, vρ⟩, (C.21)

ρ(·, 0) =
∣∣ψ0∣∣2. (C.22)

This immediately tells us what should be initial distribution ρ0 and b+b∗
2 for the Ito diffusion
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process from Equation (C.12).

For now, the only missing parts for obtaining the diffusion process from the quantum

mechanics continuity equation are to identify the term b−b∗
2 and the diffusion coefficient σ.

Both of them should be related as (b− b∗)i = ρ−1⟨∇, σσT eiρ⟩. Thus, we can pick σ ∝ Id to

simplify the equations. Nevertheless, our results can be extended to any non-trivial diffusion

coefficient. Therefore, by defining u(x, t) =
ℏ
2m
∇ log ρ(x, t) and using arbitrary ν > 0 we

derive

∂tρ = ⟨∇, (v + νu)ρ⟩+ νℏ
2m

∆ρ. (C.23)

Thus, we can sample from ρX(x, t) ≡ ρ(x, t) using the diffusion process with b(x, t) =

v(x, t) + νu(x, t) and σ(x, t) ≡ νℏ
m Id:

dX(t) = (v(X(t), t) + νu(X(t), t))dt+

√
νℏ
m

d
→
W, (C.24)

X(0) ∼
∣∣ψ0∣∣2. (C.25)

To obtain numerical samples from the diffusion, one can use any numerical integrator,

for example, the Euler-Maruyama integrator [Kloeden and Platen, 1992]:

Xi+1 = Xi + (v(Xi, ti) + νu(Xi, ti))ϵ+

√
νℏ
m
ϵN (0, Id), (C.26)

X0 ∼
∣∣ψ0∣∣2, (C.27)

where ϵ > 0 is a step size, 0 ≤ i < T
ϵ . We consider this type of integrator in our work.

However, integrators of higher order, e.g., Runge-Kutta family of integrators [Kloeden and

Platen, 1992], can achieve the same integration error with larger ϵ > 0; this approach is out

of the scope of our work.
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C.5.4 Interpolation between Bohmian and Nelsonian pictures

We also differ from Nelson [1966a] since we define u without ν. We bring it into the picture

separately as a multiplicative factor:

dX(t) = (v(X(t), t) + νu(X(t), t))dt+

√
νℏ
m

d
→
W, (C.28)

X(0) ∼
∣∣ψ0∣∣2 (C.29)

This trick allows us to recover Nelson’s diffusion when ν = 1:

dX(t) = (v(X(t), t) + u(X(t), t))dt+

√
ℏ
m
d
→
W, (C.30)

X(0) ∼
∣∣ψ0∣∣2 (C.31)

For cases of |ψ0|2 > 0 everywhere, e.g., if the initial conditions are Gaussian but not

singular like δx0 , we can actually set ν = 0 to obtain a deterministic flow:

dX(t) = v(X(t), t)dt, (C.32)

X(0) ∼
∣∣ψ0∣∣2. (C.33)

This is the guiding equation in Bohr’s pilot-wave theory [Bohm, 1952]. The major drawback

of using Bohr’s interpretation is that ρX may not equal ρ = |ψ|2, a phenomenon known as

quantum non-equilibrium [Colin and Struyve, 2010]. Though, under certain mild conditions

[Boffi and Vanden-Eijnden, 2023] (one of which is |ψ0|2 > 0 everywhere) time marginals of

such deterministic process X(t) satisfy Law(X(t)) = ρ for each t ∈ [0, T ]. As with the SDE

case, it is unlikely that those trajectories are “true” trajectories. It only matters that their

time marginals coincide with true quantum mechanical densities.
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C.5.5 Computational complexity

Proposition C.5.2 (Remark 4.2.1). The algorithmic complexity w.r.t. d of computing dif-

ferential operators from Equations (4.8), (4.9) for velocities u, v is O(d2).

Proof. Computing a forward pass of uθ, vθ scales as O(d) by their design. What we need

is to prove that Equations (4.8), (4.9) can be computed in O(d2). We have two kinds of

operators there: ⟨∇·, ·⟩ and ∇⟨∇, ·⟩.

The first operator, ⟨∇·, ·⟩, is a Jacobian-vector product. There exists an algorithm to

estimate it with linear complexity, assuming the forward pass has linear complexity, as shown

by Griewank and Walther [2008].

For the second operator, the gradient operator ∇ scales linearly with the problem dimen-

sion d. To estimate the divergence operator ⟨∇, ·⟩, we need to run automatic differentiation d

times to obtain the full Jacobian and take its trace. This leads to a quadratic computational

complexity of O(d2) in the problem dimension. It is better than the naive computation of

the Laplace operator ∆, which has a complexity of O(d3) due to computing the full Hessian

for each component of uθ or vθ.

We assume that one of the dimensions when evaluating the d-dimensional functions in-

volved in our method is parallelized by modern deep learning libraries. It means that em-

pirically, we can see a linear O(d) scaling instead of the theoretical O(d2) complexity.

C.6 On strong convergence

Let’s consider a standard Wiener processes
→
WX ,

→
WY in Rd and define

→
Ft as a filtration

generated by
{( →
WX(t′),

→
WY (t)

)
: t′ ≤ t

}
. Let

←
Ft be a filtration generated by all events{( →

WX(t′),
→
WY (t)

)
: t′ ≥ t

}
.

Assume that u, v, ũ, ṽ ∈ C2,1(Rd × [0, T ];Rd) ∩ C1,0
b (Rd × [0, T ];Rd), where Cp,kb is a

class of continuously differentiable functions with a uniformly bounded p-th derivative in a
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coordinate x and k-th continuously differentiable in t, Cp,k analogously but without requiring

bounded derivative. For f : Rd× [0, T ]→ Rk, we define ∥f∥∞ = ess supt∈[0,T ],x∈Rd∥f(x, t)∥

and ∥∇f∥∞ = ess supt∈[0,T ],x∈Rd∥∇f(x, t)∥op, where ∥·∥op denotes an operator norm. Then

we have the following equations:

dX(t) = (ṽ(X(t), t) + ũ(X(t), t)
)
dt+

√
ℏ
m
d
→
WX(t), (C.34)

dY (t) = (v(Y (t), t) + u(Y (t), t)
)
dt+

√
ℏ
m
d
→
WY (t), (C.35)

X(0) ∼ |ψ0|2, (C.36)

Y (0) = X(0), (C.37)

where u, v are true solutions to Equation (C.10). We have that pY (·, t) =
∣∣ψ(·, t)∣∣2 ∀t where

pY is density of the process Y (t). We have not specified yet a quadratic covariation of

those two processes
d
[ →
WX ,

→
WY
]
t

dt = limdt→0+ E
(( →

WX(t+dt)−
→
WX(t)

)( →
WY (t+dt)−

→
WY (t)

)
dt

∣∣∣→Ft).
We specify it as d

[ →
WX ,

→
WY

]
t = Iddt, and it allows to cancel some terms appearing in the

equations. As for now, we will derive all results in the most general setting.

Let’s define our loss functions:

L1(ṽ, ũ) =

∫ T

0
EX
∥∥∂tũ(X(t), t)−Du[ṽ, ũ, x, t]

∥∥2dt, (C.38)

L2(ṽ, ũ) =

∫ T

0
EX
∥∥∂tṽ(X(t), t)−Dv[ṽ, ũ, X(t), t]

∥∥2dt, (C.39)

L3(ũ, ṽ) = EX∥ũ(X(0), 0)− u(X(0), 0)∥2, (C.40)

L4(ũ, ṽ) = EX∥ṽ(X(0), 0)− v(X(0), 0)∥2. (C.41)

Our goal is to show that for some constants wi > 0, there is a natural bound sup0≤t≤TE∥X(t)−

Y (t)∥2 ≤∑wiLi(ṽ, ũ).
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C.6.1 Stochastic processes

Consider a general Itô SDE defined using a drift process F (t) and a covariance process G(t),

both predictable with respect to forward and backward flirtations
←
Ft and

→
Ft:

dZ(t) = F (t)dt+G(t)d
→
W, (C.42)

Z(0) ∼ ρ0.

Moreover, assume
[
Z(t), Z(t)

]
t = E

∫ t

0
GTG(t)dt < ∞ , E

∫ t

0
∥F (t)∥2dt < ∞. We denote

by PZt = P(Z(t) ∈ ·) a law of the process Z(t). Let’s define a (extended) forward generate

of the process as the linear operator satisfying

→
Mf (t) = f(Z(t), t)− f(Z(0), 0)−

∫ t

0

→
LXf(Z(t), t) is

→
Ft-martingale. (C.43)

Such an operator is uniquely defined and is called a forward generator associated with the

process Zt. Similarly, we define a (extended) backward generator
←
LX as linear operator

satisfying:

←
Mf (t) = f(Z(t), t)− f(Z(0), 0)−

∫ t

0

←
LXf(Z(t), t) is

←
Ft-martingale (C.44)

For more information on the properties of generators, we refer to Baldi and Baldi [2017].

Lemma C.6.1. (Itô Lemma, [Baldi and Baldi, 2017, Theorem 8.1 and Remark 9.1] )

→
LZf(x, t) = ∂tf(x, t) + ⟨∇f(x, t), F (t)⟩+

ℏ
2m

Tr
(
GT (t)∇2f(x, s)G(t)

)
. (C.45)

Lemma C.6.2. Let pZ(x, t) =
dPZt
dx be the density of the process with respect to standard
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Lebesgue measure on Rd. Then

←
LZf(x, t) = ∂tf(x, t) + ⟨∇f(x, t), F (t)−

ℏ
m
∇ log pZ(x, t)⟩ −

1

2
Tr
(
GT (t)∇2f(x, s)G(t)

)
.

(C.46)

Proof. We have the following operator identities:

←
LZ =

( →
LZ
)∗

= p−1Z
( →
LX
)†
pZ

where A∗ is adjoint operator in L2(Rd × [0, T ],PZ ⊗ dt) and A† is adjoint in L2(Rd ×

[0, T ], dx⊗ dt). Using Itô lemma C.6.1 and grouping all terms yields the statement.

Lemma C.6.3. The following identity holds for any process Z(t):

→
LZ
←
LZx =

←
LZ
→
LZx. (C.47)

Proof. One needs to recognize that Equation (C.16) is the difference between two types of

generators, we automatically have the following identity that holds for any process Z.

Lemma C.6.4. (Nelson’s Lemma, Nelson [2020a])

EZ
(
f(Z(t), t)g(Z(t), t)− f(Z(0), t)g(Z(0), t)

)
= EZ

∫ t

0

( →
LZf(Z(s), t)g(Z(s), t) + f(Z(s), t)

←
LZg(Z(s), s)

)
ds

(C.48)

Lemma C.6.5. It holds that:

EZ
(
∥Z(t)∥2 − ∥Z(0)∥2

)
(C.49)

=

∫ t

0
EZ
(
2⟨
←
LZZ(0), Z(s)⟩+ 2

∫ s

0
⟨
←
LZ
→
LZZ(z), Z(s)⟩dz

)
ds+

[
Z(t), Z(t)

]
t (C.50)
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Proof. By using Itô Lemma C.6.1 for f(x) = ∥x∥2 and noting that
→
LZZ(t) = F (t) we

immediately obtain:

EZ(∥Z(t)∥2 − ∥Z(0)∥2) =
∫ t

0
E
(
2⟨
→
LZZ(s), Z(s)⟩+ Tr

(
GTG(t)

))
ds

Let’s deal with the term
∫ t
0 ⟨
→
LZZ(s), Z(s)⟩ds. We have the following observation:

→
MF (z) =

←
LZZ(s)−

←
LZZ(0)−

∫ s
0

←
LZ
→
LZZ(z)dz is

←
Fs-martingale, thus

∫ t

0
⟨
→
LZZ(s), Z(s)⟩ds =

∫ t

0
⟨
←
LZZ(0) +

∫ s

0

( ←
LZ
→
LZZ(z) +

←
MF (z)

)
dz, Z(s)⟩ds,

The process
→
A(s′, s) =

∫ s
s′⟨
←
MF (z), Z(s)⟩dz is again F←s′ -martingale for s′ ≤ s, which implies

that EZ
→
A(0, s) = 0. Noting that EZ

∫ t
0 Tr

(
GT (t)G(t)

)
dt =

[
Z(t), Z(t)

]
t yields the lemma.

C.6.2 Adjoint processes

Consider a process X ′(t) defined through time-reversed SDE:

dX ′(t) = (ṽ(X ′(t), t) + ũ(X ′(t), t)
)
dt+

√
ℏ
2m

d
←
WX(t). (C.51)

We call such process as adjoint to the process X. Lemma C.6.3 can be generalized to the

pair of adjoint processes (X,X ′) in the following way and will be instrumental in proving

our results.

Lemma C.6.6. For any pair of processes X(t), X ′(t) such that the forward drift of X is of

form ṽ + ũ and backward drift of X ′ is ṽ − ũ:

→
LX

←
LX ′

x−
←
LX ′

→
LXx =

←
LX ′

←
LX ′

x−
→
LX

→
LXx. (C.52)
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with both sides being equal to 0 if and only if X ′ is time reversal of X.

Proof. Manual substitution of explicit forms of generators and drifts yields Equation (4.7b)

for both cases. This equation is zero only if ũ = ℏ
2m∇ log pX

Lemma C.6.7. The following bound holds:

∥∥∥( →LX +
←
LX
)
(ũ− ℏ

2m
∇ log pX)∥ ≤

∥∥∥ →LX ←
LX ′

x−
←
LX ′

→
LXx

∥∥∥+ 2∥∇ṽ∥∞
∥∥ũ− ℏ

2m
∇ log pX

∥∥.
(C.53)

Proof. First, using Lemma C.6.6 we obtain:

→
LX

←
LXx−

←
LX

→
LXx = 0

⇐⇒
→
LX
(
ṽ + ũ− ℏ

m
∇ log pX

)
−
←
LX
(
ṽ + ũ

)
= 0

⇐⇒
→
LX
(
(ṽ − ũ) + (2ũ− ℏ

m
∇ log pX)

)
−
←
LX
(
ṽ + ũ

)
= 0

⇐⇒
→
LX
(
(ṽ − ũ) + (2ũ− ℏ

m
∇ log pX)

)
−
←
LX ′(

ṽ + ũ
)
+
( ←
LX ′(

ṽ + ũ
)
−
←
LX
(
ṽ + ũ

))
= 0

⇐⇒
→
LX
(
2ũ− ℏ

m
∇ log pX

)
+
→
LX(ṽ − ũ)−

←
LX ′(

ṽ + ũ
)
+
( ←
LX ′(

ṽ + ũ
)
−
←
LX
(
ṽ + ũ

))
= 0.

(C.54)

Then, we note that:

←
LX ′(

ṽ + ũ
)
−
←
LX
(
ṽ + ũ

)
= ⟨ ℏ

m
∇ log pX − 2ũ,∇(ṽ + ũ)⟩. (C.55)

This leads us to the following identity:

→
LX
(
2ũ− ℏ

m
∇ log pX

)
+
→
LX(ṽ − ũ)−

←
LX ′(

ṽ + ũ
)
+ ⟨ ℏ

m
∇ log pX − 2ũ,∇(ṽ + ũ)⟩ = 0

⇐⇒
→
LX
(
2ũ− ℏ

m
∇ log pX

)
+
→
LX

←
LX ′

x−
←
LX ′

→
LXx+ ⟨ ℏ

m
∇ log pX − 2ũ,∇(ṽ + ũ)⟩ = 0.
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Again by using Lemma C.6.6 to time-reversal X ′ we obtain:

←
LX

←
LXx−

→
LX

→
LXx = 0

⇐⇒
←
LX
(
ṽ + ũ− ℏ

m
∇ log pX

)
−
→
LX
(
ṽ + ũ

)
= 0

⇐⇒
←
LX
(
(ṽ − ũ) + (2ũ− ℏ

m
∇ log pX)

)
−
→
LX
(
ṽ + ũ

)
= 0

⇐⇒
←
LX ′(

ṽ − ũ
)
+
←
LX
(
2ũ− ℏ

m
∇ log pX

)
−
→
LX
(
ṽ + ũ

)
+
( ←
LX
(
ṽ − ũ

)
−
←
LX ′(

ṽ − ũ
))

= 0

⇐⇒
←
LX
(
2ũ− ℏ

m
∇ log pX

)
+

←
LX ′(

ṽ − ũ
)
−
→
LX
(
ṽ + ũ

)
− ⟨ ℏ

m
∇ log pX − 2ũ,∇(ṽ − ũ)⟩ = 0

⇐⇒
←
LX
(
2ũ− ℏ

m
∇ log pX

)
+

←
LX ′

←
LX ′

x−
→
LX

→
LXx− ⟨ ℏ

m
∇ log pX − 2ũ,∇(ṽ − ũ)⟩ = 0.

(C.56)

By using Lemma C.6.6 we thus derive:

←
LX
(
2ũ− ℏ

m
∇ log pX

)
+
→
LX

←
LX ′

x−
←
LX ′

→
LXx− ⟨ ℏ

m
∇ log pX − 2ũ,∇(ṽ − ũ)⟩ = 0. (C.57)

Summing up both identities, therefore, yields:

( ←
LX +

→
LX
)(
ũ− ℏ

2m
∇ log pX

)
+
→
LX

←
LX ′

x−
←
LX ′

→
LXx+ 2⟨ũ− ℏ

2m
∇ log pX ,∇ṽ⟩ = 0.

(C.58)

Theorem C.6.8. The following bound holds:

sup
0≤t≤T

EX
∥∥ũ(X(t), t)− ℏ

2m
∇ log pX(X(t), t)

∥∥2 ≤ e

(
1
2+4∥∇ṽ∥∞

)
T (L3(ṽ, ũ) + L2(ṽ, ũ)

)
.

(C.59)

Proof. We consider process Z(t) = ũu(X(t), t)− ℏ
2m∇ log pX(X(t), t). From Nelson’s lemma
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C.6.4, we have the following identity:

EX∥ũ(X(t), t)− ℏ
2m
∇ log pX(X(t), t)∥2 − EX∥ũ(X(0), 0)− ℏ

2m
∇ log pX(X(0), 0)∥2

=EX
∫ t

0
⟨u(X(s), s)− ℏ

2m
∇ log pX(X(s), s),

( →
LX +

←
LX
)(
u(X(s), s)− ℏ

2m
∇ log pX(X(s), s)

)
⟩ds.

(C.60)

Note that u ≡ ℏ
2m∇ log pX(X(t), t). Thus, EX∥ũ(X(0), 0) − ℏ

2m∇ log pX(X(0), 0)∥2 =

L3(ṽ, ũ). Using inequality ⟨a, b⟩ ≤ 1
2

(
∥a∥2 + ∥b∥2

)
we obtain:

EX∥u(X(t), t)− ℏ
2m
∇ log pX(X(t), t)∥2 − L3(ṽ, ũ)

≤
∫ t

0

(1
2
EX∥u(X(s), s)− ℏ

2m
∇ log pX(X(s), s)∥2

+
1

2
EX
∥∥∥( →LX +

←
LX
)(
u(X(s), s)− ℏ

2m
∇ log pX(X(s), s)

)∥∥∥2)ds
(C.61)

Using Lemma C.6.7, we obtain:

EX∥u(X(t), t)− ℏ
2m
∇ log pX(X(t), t)∥2 − L3(ṽ, ũ)

≤
∫ t

0

(1
2
EX∥u(X(s), s)− ℏ

2m
∇ log pX(X(s), s)∥2

+
∥∥∥ →LX ←

LX ′
x−

←
LX ′

→
LXx

∥∥∥2 + 4∥∇ṽ∥2∞
∥∥ũ− ℏ

2m
∇ log pX

∥∥2)ds
(C.62)

Observe that
∫ t
0 E

X
∥∥∥ →LX ←

LX ′
x−

←
LX ′

→
LXx

∥∥∥2dt ≤ L2(ṽ, ũ), in fact, at t = T it is equality

as this is the definition of the loss L2. Thus, we have:

EX∥u(X(t), t)− ℏ
2m
∇ log pX(X(t), t)∥2

≤ L3(ṽ, ũ) + L2(ṽ, ũ) +

∫ t

0

(1
2
+ 4∥∇ṽ∥∞

)
EX∥u(X(s), s)− ℏ

2m
∇ log pX(X(s), s)∥2ds.

(C.63)

Using integral Grönwall’s inequality [Gronwall, 1919] yields the bound: EX∥u(X(t), t) −
ℏ
2m∇ log pX(X(t), t)∥2 ≤ e

(
1
2+4∥∇ṽ∥∞

)
t(L3(ṽ, ũ) + L2(ṽ, ũ)

)
.
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C.6.3 Nelsonian processes

Considering those two operators, we can rewrite the equations (C.10) alternatively as:

1

2

( →
LY

←
LY x+

←
LY

→
LY x

)
= − 1

m
∇V (x), (C.64)

1

2

( →
LY

←
LY x−

←
LY

→
LY x

)
= 0. (C.65)

This leads us to the identity:

→
LY

←
LY x = − 1

m
∇V (x). (C.66)

Lemma C.6.9. We have the following bound:

∫ t

0
EX
∥∥∥ →LX ′

←
LXX(t) +

1

m
∇V (X(t))

∥∥∥2dt ≤ 2L1(ṽ, ũ) + 2L2(ṽ, ũ).

Proof. Consider rewriting losses as:

L1(ṽ, ũ) =

∫ t

0
Et∼U [0,T ]E

X
∥∥∥1
2

( →
LX

←
LX ′

X(t) +
→
LX

←
LX ′

X(t)
)
+

1

m
∇V (X(t))

∥∥∥2dt, (C.67)

L2(ṽ, ũ) =
1

4

∫ t

0
Et∼U [0,T ]E

X
∥∥∥ →LX ←

LX ′
X(t)−

→
LX ′

←
LXX(t)

∥∥∥2dt. (C.68)

Using the triangle inequality yields the statement.

Lemma C.6.10. We have the following bound:

∫ t

0
EX
∥∥∥ ←LX →LXX(t) +

1

m
∇V (X(t))

∥∥∥2dt
≤ 2T

(
∥∇ũ∥∞ + ∥∇ṽ∥∞

)2
e

(
1
2+4∥∇ṽ∥∞

)
T (L3(ṽ, ũ) + L2(ṽ, ũ)

)
+ 4L1(ṽ, ũ) + 4L2(ṽ, ũ).
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Proof. From (C.55) we have:

←
LX

→
LXX(t) =

←
LX ′

→
LXX(t) + ⟨ ℏ

m
∇ log pX − 2ũ,∇(ṽ + ũ)⟩. (C.69)

Noting that ⟨ ℏm∇ log pX − 2ũ,∇(ṽ+ ũ)⟩ ≤
(
∥∇ũ∥∞+ ∥∇ṽ∥∞

)∥∥∥ ℏ
m∇ log pX − 2ũ

∥∥∥ and using

triangle inequality we obtain the bound:

∫ t

0
EX
∥∥∥ ←LX →LXX(t) +

1

m
∇V (X(t))

∥∥∥2dt (C.70)

≤ 2
(
∥ũ∥∞ + ∥ṽ∥∞

)2 ∫ t

0
EX
∥∥∥u(X(t), t)− ℏ

2m
log pX(X(t), t)

∥∥∥2dt+ 4L1(ṽ, ũ) + 4L2(ṽ, ũ).

(C.71)

Using Theorem C.6.8 concludes the proof.

Lemma C.6.11. Denote Z(t) = (X(t), Y (t)) as compound process. For functions h(x, y, t) =

f(x, t) + g(y, t) we have the following identity:

→
LZh =

→
LXf +

→
LY g (C.72)

Proof. A generator is a linear operator by very definition. Thus, it remains to prove only

→
LZf =

→
LXf (C.73)

Since the definition of
→
Ft already contains all past events for both processes X(t), Y (t), we

see that this is a tautology.

As a direct application of this Lemma, we obtain the following Corollary (by applying it

twice):
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Corollary C.6.12. We have the following identity:

←
LZ
→
LZ
(
X(t)− Y (t)

)
=
←
LX

→
LXX(t)−

←
LY

→
LY Y (t).

Theorem C.6.13. (Strong Convergence) Let the loss be defined as L(ṽ, ũ) =∑4
i=1wiLi(ṽ, ũ)

for some arbitrary constants wi > 0. Then we have the following bound between processes X

and Y :

sup
t≤T

E∥X(t)− Y (t)∥2 ≤ CTL(ṽ, ũ) (C.74)

where CT = maxi
w′
i

wi
, w′1 = 4eT (T+1), w′2 = eT (T+1)

(
2T
(
∥∇ũ∥∞+∥∇ṽ∥∞

)2
e

(
1
2+4∥∇ṽ∥∞

)
T+

4
)
, w′3 = 2TeT (T+1)

(
1 +

(
∥∇ũ∥∞ + ∥∇ṽ∥∞

)2
e

(
1
2+4∥∇ṽ∥∞

)
T
)
, w′4 = 2TeT (T+1).

Proof. We are going to prove the bound:

sup
t≤T

E∥X(t)− Y (t)∥2 ≤
4∑
i=1

w′iLi(ṽ, ũ) (C.75)

for constants that we obtain from the Lemmas above. Then we will use the following trick

to get the bound with arbitrary weights:

4∑
i=1

w′iLi(ṽ, ũ) ≤
4∑
i=1

w′i
wi
wiLi(ṽ, ũ) ≤

(
max
i

w′i
wi

) 4∑
i=1

wiLi(ṽ, ũ) = CTL(ṽ, ũ) (C.76)

First, we apply Lemma C.6.5 to Z = X − Y by noting that
[
X(t)− Y (t), X(t)− Y (t)

]
t ≡ 0
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and ∥X(0)− Y (0)∥2 = 0 almost surely:

EZ∥X(t)− Y (t)∥2

=

∫ t

0
EZ
(
2⟨
←
LZ(X(0)− Y (0)), X(s)− Y (s)⟩

+ 2

∫ s

0
⟨
←
LZ
→
LZ(X(z)− Y (z)), X(s)− Y (s)⟩dz

)
ds

≤
∫ t

0
EZ
(∥∥ ←LZ(X(0)− Y (0))

∥∥2 + ∥X(s)− Y (s)∥2

+

∫ s

0

(∥∥ ←LZ →LZ(X(z)− Y (z))
∥∥2 + ∥X(s)− Y (s)∥2dz

))
ds

≤
∫ t

0
EZ
(∥∥ ←LZ(X(0)− Y (0))

∥∥2 + (1 + T )∥X(s)− Y (s)∥2

+

∫ s

0

∥∥ ←LZ →LZ(X(z)− Y (z))
∥∥2dz)ds.

(C.77)

Then, using Corollary C.6.12, (C.66) and then Lemma C.6.10 we obtain that

∫ s

0

∥∥ ←LZ →LZ(X(z)− Y (z))
∥∥2dz = ∫ s

0

∥∥ ←LZ →LZX(z) +
1

m
∇V (X(z))

∥∥2dz
≤ 2T

(
∥∇ũ∥∞ + ∥∇ṽ∥∞

)2
e

(
1
2+4∥∇ṽ∥∞

)
T (L3(ṽ, ũ) + L2(ṽ, ũ)

)
+ 4L1(ṽ, ũ) + 4L2(ṽ, ũ).

(C.78)

To deal with the remaining term involving X(0)− Y (0) we observe that:

∫ t

0
EZ
(∥∥ ←LZ(X(0)− Y (0))

∥∥2 ≤ 2TL3(ṽ, ũ) + 2TL4(ṽ, ũ), (C.79)
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where we used triangle inequality. Combining obtained bounds yields:

EZ∥X(t)− Y (t)∥2

≤
∫ t

0
(1 + T )∥X(s)− Y (s)∥2ds

+ 2TL3(ṽ, ũ) + 2TL4(ṽ, ũ)

+ 2T
(
∥∇ũ∥∞ + ∥∇ṽ∥∞

)2
e

(
1
2+4∥∇ṽ∥∞

)
T (L3(ṽ, ũ) + L2(ṽ, ũ)

)
+ 4L1(ṽ, ũ) + 4L2(ṽ, ũ)

=

∫ t

0
(1 + T )∥X(s)− Y (s)∥2ds

+ 4L1(ṽ, ũ) +
(
2T
(
∥∇ũ∥∞ + ∥∇ṽ∥∞

)2
e

(
1
2+4∥∇ṽ∥∞

)
T + 4

)
L2(ṽ, ũ)

+ 2T
(
1 +

(
∥∇ũ∥∞ + ∥∇ṽ∥∞

)2
e

(
1
2+4∥∇ṽ∥∞

)
T
)
L3(ṽ, ũ) + 2TL4(ṽ, ũ).

(C.80)

Finally, using integral Grönwall’s inequality Gronwall [1919], we have:

EZ∥X(t)− Y (t)∥2

≤ 4eT (T+1)L1(ṽ, ũ) + eT (T+1)
(
2T
(
∥∇ũ∥∞ + ∥∇ṽ∥∞

)2
e

(
1
2+4∥∇ṽ∥∞

)
T + 4

)
L2(ṽ, ũ)

+ 2TeT (T+1)
(
1 +

(
∥∇ũ∥∞ + ∥∇ṽ∥∞

)2
e

(
1
2+4∥∇ṽ∥∞

)
T
)
L3(ṽ, ũ) + 2TeT (T+1)L4(ṽ, ũ)

(C.81)

C.7 Applications

C.7.1 Bounded equation domain

Our approach assumes that the manifoldM is flat or curved. For bounded domainsM, e.g.,

like it is assumed in PINN or any other grid-based methods, our approach can be applied if

we embedM⊂ Rd and define a new family of smooth non-singular potentials Vα on entire

Rd such that Vα → V when restricted toM and Vα → +∞ on ∂(M,Rd) (boundary of the
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manifold in embedded space) as α→ 0+.

C.7.2 Singular initial conditions

It is possible to apply Algorithm 1 to ψ0 = δx0e
iS0(x) for some x0 ∈M. We need to augment

the initial conditions with a parameter α > 0 as ψ0 =

√
1√
2πα2

e
− (x−x0)

2

2α2 for small enough

α > 0. In that case, u0(x) = − ℏ
2m

(x−x0)
α . We must be careful with choosing α to avoid

numerical instability. It makes sense to try α ∝ ℏ2
m2 as X(0)−x0

α = O(√α). We evaluated

such a setup in Appendix C.4.1.

C.7.3 Singular potential

We should augment the potential to apply our method for simulations of the atomic nucleus

with Bohr-Oppenheimer approximation [Woolley and Sutcliffe, 1977]. A potential arising in

this case has components of form aij
∥xi−xj∥ . Basically, it has singularities when xi = xj . In

case when xj is fixed, our manifold isM\{xj}, which has a non-trivial cohomology group.

When such potential arises, we suggest to augment the potential Vα (e.g., replace all
aij

∥xi−xj∥ with aij√
∥xi−xj∥2+α

) so that Vα is smooth and non-singular everywhere on M. In

that case we have that Vα → V as α→ 0. With the augmented potential Vα, we can apply

stochastic mechanics to obtain an equivalent to quantum mechanics theory. Of course,

augmentation will produce bias, but it will be asymptotically negligent as α→ 0.

C.7.4 Measurement

Even though we have full trajectories and know positions for each moment, we should care-

fully interpret them. This is because they are not the result of the measurement process.

Instead, they represent hidden variables (and u, v represent global hidden variables – what

saves us from the Bells inequalities as stochastic mechanics is non-local [Nelson, 1966a]).
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For a fixed t ∈ [0, T ], the distribution of X(t) coincides with the distribution X(t) for

X being position operator in quantum mechanics. Unfortunately, a compound distribution

(X(t), X(t′)) for t ̸= t′ may not correspond to the compound distribution of (X(t),X(t′)); for

details see Nelson [2005]. This is because each X(t) is a result of the measurement process,

which causes the wave function to collapse [Derakhshani and Bacciagaluppi, 2022].

Trajectories Xi are as if we could measure X(t) without causing the collapse of the wave

function. To use this approach for predicting some experimental results involving multiple

measurements, we need to re-run our method after each measurement process with the

measured state as the new initial condition. This issue is not novel for stochastic mechanics.

There is the same problem in classical quantum mechanics.

This “contradiction” is resolved once we realize that X(t) involves measurement, and thus,

if we want to calculate correlations of (X(t),X(t′)) for t < t′ we need to do the following:

• Run Algorithm 1 with ψ0, V (x, t) and T = t to get ũ, ṽ.

• Run Algorithm 2 with ũ, ṽ, ψ0 to get {XNj}Bj=1 – B last steps from trajectories Xi of

length N .

• For each XNj in the batch we need to run Algorithm 1 with ψ0 = δXNj
, V ′(x, t′) =

V (x, t′ + t) (assuming that u0 = 0, v0 = 0) and T = t′ − t to get ũj , ṽj .

• For each XNj run Algorithm 2 with batch size B = 1, ψ0 = δXNj
, ũj , ṽj to get X ′Nj .

• Output pairs
{
(XN,j , X

′
N,j)

}B
j=1.

Then the distribution of (XN,j , X ′N,j) will correspond to the distribution of (X(t),X(t′)).

This is well described and proven in Derakhshani and Bacciagaluppi [2022]. Therefore, it is

possible to simulate the right correlations in time using our approach, though it may require

learning 2(B + 1) models. The promising direction of future research is to consider X0 as a

feature for the third step here and, thus, learn only 2 + 2 models.
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C.7.5 Observables

To estimate any scalar observable of form Y(t) = y(X(t)) in classic quantum mechanics one

needs to calculate:

⟨Y⟩t =
∫
M
ψ(x, t)y(x)ψ(x, t)dx.

In our setup, we can calculate this using the samples X[Nt
T

] ≈ X(t) ∼
∣∣ψ(·, t)∣∣2:

⟨Y⟩t ≈
1

B

B∑
j

y(X[Nt
T

]
j
),

where B ≥ 1 is the batch size, N is the time discretization size. The estimation error has

magnitude O( 1√
B
+ ϵ+ ε), where ϵ = T

N and ε is the L2 error of recovering true u, v. In our

paper, we have not bounded ε but provide estimates for it in our experiments against the

finite difference solution.4

C.7.6 Wave function

Recovering the wave function from u, v is possible using a relatively slow procedure. Our

experiments do not cover this because our approach’s main idea is to avoid calculating the

wave function. But for the record, it is possible. Assume we solved equations for u, v. We

can get the phase and density by integrating Equation (C.4):

S(x, t) = S(x, 0) +

∫ t

0

( 1

2m
⟨∇, u(x, t)⟩+ 1

2ℏ
∥∥u(x, t)∥∥2 − 1

2ℏ
∥∥v(x, t)∥∥2 − 1

ℏ
V (x, t)

)
dt,

(C.82)

ρ(x, t) = ρ0(x) exp
(∫ t

0

(
− ⟨∇, v(x, t)⟩ − 2m

ℏ
⟨u(x, t), v(x, t)⟩

))
dt (C.83)

4. If we are able to reach L(θ) = 0 then essentially ε = 0. We leave bounding ε by L(θτ ) for future work.
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This allows us to define ψ =
√
ρ(x, t)eiS(x,t), which satisfies the Schrödinger equation (4.1).

Suppose we want to estimate it over a grid with N time intervals and
[√
N
]

intervals for

each coordinate (a typical recommendation for Equation (4.1) is to have a grid satisfying

dx2 ≈ dt). It leads to a sample complexity of O(N d
2+1), which is as slow as other grid-based

methods for quantum mechanics. The error in that case will also be O(√ϵ+ ε) [Smith and

Smith, 1985].

C.8 On criticism of stochastic mechanics

Three major concerns arise regarding stochastic mechanics developed by Nelson [1966a],

Guerra [1995]:

• The proof of the equivalence of stochastic mechanics to classic quantum mechanics

relies on an implicit assumption of the phase S(x, t) being single-valued [Wallstrom,

1989].

• If there is an underlying stochastic process of quantum mechanics, it should be non-

Markovian [Nelson, 2005].

• For a quantum observable, e.g., a position operator X(t), a compound distribution of

positions at two different timestamps t, t′ does not match the distribution of (X(t),X(t′))

[Nelson, 2005].

Appendix C.7.4 discusses why a mismatch of the distributions is not a problem and how we

can adopt stochastic mechanics with our approach to get correct compound distributions by

incorporating the measurement process into the stochastic mechanical picture.

C.8.1 On “inequivalence” to Schrödinger equation

This problem is explored in the paper by Wallstrom [1989]. Firstly, the authors argue that

proofs of the equivalency in Nelson [1966a], Guerra [1995] are based on the assumption that
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the wave function phase S is single-valued. In the general case of a multi-valued phase, the

wave functions are identified with sections of complex line bundles over M. In the case of

a trivial line bundle, the space of sections can be formed from single-valued functions, see

Alvarez [1986]. The equivalence class of line bundles over a manifold M is called Picard

group, and for smooth manifolds,M is isomorphic to H2(M,Z), so-called second cohomol-

ogy group over Z, see Prieto and Vitolo [2014] for details. Elements in this group give rise

to non-equivalent quantizations with irremovable gauge symmetry phase factor.

Therefore, in this paper, we assume that H2(M,Z) = 0, which allows us to eliminate all

criticism about non-equivalence. Under this assumption, stochastic mechanics is equivalent

indeed. This condition holds whenM = Rd. Though, if a potential V has singularities, e.g.,

a
∥x−x∗∥ , then we should exclude x∗ from Rd which leads toM = Rd\{x∗} and this manifold

satisfies H2(M,Z) ∼= Z [May, 1999], which essentially leads to "counterexample" provided

in Wallstrom [1989]. We suggest a solution to this issue in Appendix C.7.2.

C.8.2 On “superluminal” propagation of signals

We want to clarify why this work should not be judged from perspectives of physical realism,

correspondence to reality and interpretations of quantum mechanics. This tool gives the exact

predictions as classical quantum mechanics at a moment of measurement. Thus, we do not

care about a superluminal change in the drifts of entangled particles and other problems of

the Markovian version of stochastic mechanics.

C.8.3 Non-markovianity

Nelson believes that an underlying stochastic process of reality should be non-Markovian to

avoid issues with the Markovian processes like superluminal propagation of signals [Nelson,

2005]. Even if such a process were proposed in the future, it would not affect our approach.

In stochastic calculus, there is a beautiful theorem from Gyöngy [1986]:

239



Theorem C.8.1. Assume X(t), F (t), G(t) are adapted to Wiener process W (t) and satisfy:

dX(t) = F (t)dt+G(t)d
→
W.

Then there exist a Markovian process Y (t) satisfying

dY (t) = f(Y (t), t)dt+ g(Y (t), t)d
→
W

where f(x, t) = E(F (t)∥X(t) = x),g(x, t) =
√

E(G(t)G(t)T ∥X(t) = x) and such that ∀t

holds Law(X(t)) = Law(Y (t)).

This theorem tells us that we already know how to build a process Y (t) without knowing

X(t); it is stochastic mechanics by Nelson [Guerra, 1995, Nelson, 1966a] that we know.

From a numerical perspective, we better stick with Y (t) as it is easier to simulate, and as

we explained, we do not care about correspondence to reality as long as it gives the same

final results.

C.8.4 Ground state

Unfortunately, our approach is unsuited for the ground state estimation or any other sta-

tionary state. FermiNet [Pfau et al., 2020a] does a fantastic job already. The main focus of

our work is time evolution. It is possible to estimate some observable Y for the ground state

if its energy level is unique and significantly lower than others. In that case, the following

value approximately equals the group state observable for T ≫ 1:

⟨Y⟩ground ≈
1

T

∫ T

0
⟨Y⟩tdt ≈

1

NB

N∑
i=1

B∑
j=1

y(Xij)

This works only if the ground state is unique, and the initial conditions satisfy
∫
M ψ0ψgrounddx ̸=

0, and its energy is well separated from other energy levels. In that scenario, oscillations will
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cancel each other out.

C.9 Future work

This section discusses possible directions for future research. Our method is a promising

direction for fast quantum mechanics simulations, but we consider the most straightforward

setup in our work. Possible future advances include:

• In our work, we consider the simplest integrator of SDE (Euler-Maruyama), which

may require setting N ≫ 1 to achieve the desired accuracy. However, a higher-order

integrator [Smith and Smith, 1985] or an adaptive integrator [Ilie et al., 2015] should

achieve the desired accuracy with much lower N .

• Exploring the applicability of our method to fermionic systems is a promising avenue

for future investigation. Successful extensions in this direction would not only broaden

the scope of our approach but also have implications for designing novel materials,

optimizing catalytic processes, and advancing quantum computing technologies.

• It should be possible to extend our approach to a wide variety of other quantum

mechanical equations, including Dirac and Klein-Gordon equations used to account

for special relativity [Serva, 1988, Blanchard et al., 2005], a non-linear Schrödinger

equation (4.1) used in condensed matter physics [Serkin and Hasegawa, 2000] by using

McKean-Vlasov SDEs and the mean-field limit [Buckdahn et al., 2017, dos Reis et al.,

2022], and the Shrödinger equation with a spin component [Dankel, 1970, De Angelis

et al., 1991].

• We consider a rather simple, fully connected architecture of neural networks with tanh

activation and three layers. It might be more beneficial to consider specialized archi-

tectures for quantum mechanical simulations, e.g., Pfau et al. [2020a]. Permutation

invariance can be ensured using a self-attention mechanism [Vaswani et al., 2017], which
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could potentially offer significant enhancements to model performance. Additionally,

incorporating gradient flow techniques as suggested by Neklyudov et al. [2024] can help

to accelerate our algorithm.

• Many practical tasks require knowledge of the error magnitude. Thus, providing ex-

plicit bounds on ε in terms of L(θM ) is critical.
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APPENDIX D

ADDITIONAL TOPICS ON F-DSM

D.1 Architecture and training details

Our F-DSM model employs a specialized neural network architecture designed to respect

the antisymmetry properties of fermionic systems. In our experiments, the network consists

of 8 mixing layers, 2 attention layers (each with 1 head), the embedding size is 8, number of

hidden layers is 16. For the initial wave function embedding, we utilize 8 determinants. In

the Jastrow factor (Equation (5.45)), we set αanti = αpar = 1.0. Our model is implemented

in JAX with double precision (float64) enabled to ensure numerical stability. As for training,

we initially pretrain the model for 1000 epochs with a batch size of 8192 and learning rate of

0.01. This phase helps to establish stable initial representations before our regular training.

Following pretraining, we train the model for 7000 epochs with a batch size of 32 and a

learning rate of 0.001. For both phases, we employ the Adam optimizer. To ensure training

stability, we use gradient clipping at 1.0. Our loss function combines three components

with weights 1.0. For time integration, we split the time interval [0, 20] in 1024 time steps,

subsampling 256 points during training. During test sampling, we use the full 1024 time

steps. Training is conducted on two NVIDIA H200 GPUs, with a total training time of

approximately 10 hours. The MCMC sampling uses an initial step size of 0.5, 5000 burn-in

steps, and 2000 intermediate steps, and an acceptance rate of 0.5.

For the eigenstate expansion baseline, we utilize the FullCI method from the PySCF library

[Sun et al., 2018] with the cc-pVQZ basis set (70 basis functions). The baseline MCMC

sampling employs identical parameters to our F-DSM approach: initial step size of 0.5, 5000

burn-in steps, 2000 intermediate steps, and a target acceptance rate of 0.5. Our H2 molecule

has the following parameters: nucleus coordinates R = ((−0.7, 0.0, 0.0), (0.7, 0.0, 0.0)), spins

S = (1,−1), and atomic numbers Z = (1, 1).
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For the computational benchmarks reported in Section 5.5, we sample 216 = 65, 536 sam-

ples per time step for both methods. We utilize the same MCMC sampling parameters for the

baseline as we mentioned previously. It is worth noting that our MCMC sampling implemen-

tation leverages GPU acceleration – an engineering contribution, as traditional MCMC sam-

pling typically runs on CPUs and implementing efficient GPU-accelerated MCMC requires

significant optimization. Performance measurements are collected on identical NVIDIA H200

hardware to ensure fair comparison. Without this GPU acceleration for MCMC sampling,

the computation time would be substantially longer than our reported results. We believe

this comparison provides a fair assessment of our approach and the baseline method.

D.2 Initialization challenges

To illustrate the difficulty of the problem and conventional quantum chemistry methods

robustness, we analyze initial conditions obtained with different methods.

Figure D.1 compares ground state energy predictions obtained from HF and FullCI meth-

ods using different basis sets. As expected, FullCI consistently yields lower energies due to its

more complete treatment of electron correlation. Within each method, increasing the basis

set quality (from 6-31G to cc-pVDZ to cc-pVQZ) leads to systematically improved ground

state energies. These variations highlight a key difficulty in quantum dynamics: the accuracy

of the initial state preparation is highly sensitive to both the computational method and the

numerical basis used.

Figure D.2 further compares ground and excited state predictions using FullCI across the

same basis sets. As the basis set becomes more complete, both E0 and E1 decrease, and the

energy gap shifts slightly. This illustrates that even within high-accuracy methods, the rep-

resentational limitations of finite basis sets can lead to discrepancies in state energies, posing

a fundamental challenge when initializing quantum dynamics from excited configurations.
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Figure D.1: Comparison of ground state energy predictions using HF and FullCI methods
across various basis sets. The plot demonstrates the substantial method-dependent variation
in ground state energy estimations, with FullCI consistently yielding lower energies than HF
due to its comprehensive treatment of electron correlation. The improvement in energy
estimation with increasing basis set quality (6-31G → cc-pVDZ → cc-pVQZ) is evident
within each approach. These variations in initial condition energy estimations highlight a
fundamental challenge in quantum dynamics simulations.

Figure D.2: Comparison of energy states predicted using different basis sets in FullCI. Circles
correspond to the ground state energy E0, and crosses indicate the excited state energy E1.
Vertical dashed lines connect the paired energy states for each basis set, with the energy
difference (∆E) explicitly labeled. The figure shows the systematic lowering of both energy
states and subtle changes in energy gaps as the basis set complexity increases (6-31G →
cc-pVDZ → cc-pVQZ).
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