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ABSTRACT

As artificial intelligence systems grow increasingly powerful and influential, their design

often overlooks the critical incentive structures embedded within the environments in which

they operate. This misalignment can yield unintended and harmful outcomes — such as

filter bubbles in recommendation systems and agency problems involving content creators or

gig workers. This dissertation frames such phenomena under the unifying lens of strategic

alignment in AI, a concept adapted from business management that emphasizes harmonizing

AI behavior with the interests of all stakeholders to achieve collectively desirable outcomes.

To address these challenges, this work develops a principled foundation at the intersection

of machine learning and algorithmic game theory, advancing both modeling frameworks and

algorithmic solutions. We introduce incentive-aware learning algorithms and data-driven

mechanisms that offer statistical and computational efficiency guarantees, aiming to enhance

the robustness and responsibility of AI systems in strategic, multi-agent environments.

Chapter 2 introduces Markov Persuasion Processes (MPPs), a new model of sequential

information design where a sender strategically discloses information to a stream of myopic

agents in a Markovian setting. We propose a no-regret learning algorithm, OP4, which

balances optimism and robustness to achieve sublinear regret and sample efficiency, even in

high-dimensional environments via function approximation.

Chapter 3 presents a systematic study of the robust Stackelberg equilibrium (RSE),

a solution concept that generalizes the strong Stackelberg equilibrium by accounting for

possible suboptimal follower responses. Unlike prior robustness models, RSE accommodates

broader uncertainties through a worst-case analysis framework. We establish the existence

of RSE and analyze its utility guarantees, showing how the leader’s performance varies with

robustness levels. Despite the intractability of computing exact solutions, we develop a quasi-

polynomial approximation scheme (QPTAS), and further examine the learnability of RSE

under utility uncertainty, providing nearly tight sample complexity bounds. As a corollary,



we also improve upon prior results for learning SSE in both accuracy and efficiency.

Chapter 4 presents a truthful and efficient mechanism for improving scientific peer review

in large conferences. By eliciting self-reported rankings from authors and applying isotonic

regression over partitioned co-authorship blocks, the mechanism balances statistical accuracy

with strategic incentives. We prove equilibrium truthfulness and develop a near-linear-time

block optimization algorithm, supported by empirical validation on real-world conference

data.

Chapter 5 explores the problem of achieving rationalizability—a weaker and epistemically

grounded solution concept than Nash equilibrium—under uncoupled learning. We show that

standard no-regret algorithms are exponentially inefficient and propose a novel algorithm,

Exp3-DH, based on diminishing historical rewards. In self-play settings, Exp3-DH provably

eliminates dominated actions within polynomial time, outperforming existing bandit algo-

rithms.

Together, these contributions offer a unified perspective on how to incorporate strategic

considerations into the design of learning algorithms and decision-making systems, fostering

more robust, aligned, and socially responsible AI.
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Research means to search again. Why not?

Sometimes, a new interpretation emerges that is of vast importance.

— Isaac Asimov

The only way of discovering the limits of the possible

is to venture a little way past them into the impossible.

— Arthur C. Clarke

All models are wrong, but some are useful.

— George E. P. Box
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CHAPTER 1

INTRODUCTION

While intelligent systems are becoming more advanced and influential, their design often

overlooks critical incentive structures within their operating environments, risking unin-

tended and potentially harmful consequences. My research aims to advance the design

principles and approaches of intelligent systems towards strategic alignment — a

concept centered on coordinating the interests of all stakeholders to achieve mutually bene-

ficial outcomes. Examining the theoretical foundations of machine learning and algorithmic

economics, I study the strategic alignment problem over two key components of intelligent

systems, illustrated in Figure 1.1:

Figure 1.1: The modeling paradigms of value alignment (left) and strategic alignment (right).

Decision Alignment: Learning for Strategic Decision-Making. The outcomes of

data-driven decisions can be subject to the strategic responses from stakeholders under

conflicting interest and asymmetric information. For example, buyers would avoid items

paid to be promoted by e-commerce websites, and freelance workers would reject orders

from the gig platforms, when they perceive the system’s recommendations to be suboptimal.

My work models the strategic interactions in the multi-agent decision-making processes and

adopts the online learning framework to analyze the adaptive decision optimization problems

in a complex, unknown environment.
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Feedback Alignment: Learning from Strategic Data Sources. The data empow-

ering machine learning systems can be strategically withheld or manipulated by the data

providers. For example, applicants might selectively conceal their information, and reviewers

would deliberately submit misleading feedbacks, when the system’s fully informed decisions

are not in their best interest. My work models data providers’ incentives on the learning

outcomes and adopts a mechanism design perspective to analyze how different design of

statistical methods (e.g., ranking, classification or calibration) or monetary incentives could

induce more desirable equilibrium outcomes.

1.1 Decision Alignment: Learning for Strategic Decision-Making

“Every individual... intends only his own gain, and is led by an invisible hand to

promote an end which was no part of his intention.” — Adam Smith

The “invisible hand” metaphor illustrates how properly designed incentive structures can

guide self-interested individuals to inadvertently promote the greater social good. This

concept is increasingly relevant in the realm of machine learning, as the scale of applications

expands and the conflict of economic interests intensifies. For example, a content platform

wants to estimate the ad revenues from serving different types of content, but it is up to the

creators to decide what content to produce. While the platform seeks high-quality content

to boost its long-term growth, creators may opt to minimize their production costs. This

misalignment has prompted platforms to implement revenue-sharing models, fueling the

growth of the creator economy, projected to exceed half a trillion by 2027 [Bhargava, 2022].

However, current algorithm designs are inadequate, especially in light of their roles in the

proliferation of misinformation and filter bubbles on the Internet. To address these problems,

I proposed a general modeling framework of principal-agent decision-making processes and

designed provably efficient learning algorithms for adaptive decision-making towards strategic

alignment.
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A General Framework of Principal-Agent Problems [Gan et al., 2024]. To formalize

the decision optimization problem in the presence of misaligned interests and asymmetric

information, I develop a general framework based on the well-established principal-agent

model in microeconomics. Under this framework, one key observation is that various forms

of strategic decisions in practice, such as monetary contracts, information signals and com-

mitments, can be unified into a single mathematical representation, of which the optimal

strategies can be solved in polynomial time.

Environment

Action 
𝑎!~𝜋!(𝑠!)

Reward 𝑟!(𝑠!, 𝑎!)

Signaling scheme 𝜏!: 𝒮×𝒮 → ∆(Σ)	

Cost 
𝑐!(𝑠!, 𝑎!)

Agent

State 𝑠!"#

Principal

Signal 𝜎~𝜏!(𝑠!, 𝑠!"#)

Environment

Action 
𝑎!~𝜋!(𝑠!)

Reward 𝑟!(𝑠!, 𝑎!)

Contract 𝑥!: 𝒮×𝒮 → ℝ"	

Cost 
𝑐!(𝑠!, 𝑎!)

Agent

State 
𝑠!"#

Principal

Payment 𝑥!(𝑠!, 𝑠!"#)

Figure 1.2: An illustration of canonical models under the principal-agent decision-making frame-
work: Markov persuasion processes (left), contractual reinforcement learning (right).

Principal-Agent Reinforcement Learning [Wu et al., 2022c, 2024]. To tackle more

real world challenges faced in decision optimization, I further extend the modeling framework

into the unknown, dynamic environments. Specifically, I have developed two canonical mod-

els, as illustrated in Figure 1.2, and designed a class of efficient online reinforcement learning

algorithms that provably approaches the principal’s optimal strategy given the strategic

agent’s optimal responses. In Markov persuasion processes [Wu et al., 2022c], the principal

has the information advantage to observe the state of the environment, and agents decide

which action to take. This models the typical situations where Internet platforms hold mas-

sive datasets (both historical and real-time) and would like to persuade their users to take

certain action that aligns with the platforms’ objective through information signaling. In

contractual reinforcement learning [Wu et al., 2024], the principal incentivizes agents to take

certain actions through contracts binding on the realization of the next state. This model
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captures another kind of common problems where Internet platforms specify some revenue-

sharing policies, yet the task of creating content or providing services is delegated to its

contractors or developers.

Robustifying Decisions under Bounded Rationality [Wu et al., 2022a, Gan et al.,

2023]. I also consider situations where agents’ responses are suboptimal. With no behav-

ioral assumption on agent’s rationality, I studied the principal’s worst-case optimal decision,

δ-robust Stackelberg equilibrium, and influences from the robustness measure δ. For its com-

putation, I proved its hardness in general and designed a quasi-polynomial approximation

scheme. This result improves existing bound of statistical and computational complexity

on learning strong Stackelberg equilibria. I also consider the problem under agents’ quantal

responses, a common behavioral model where suboptimal actions are taken with proba-

bilities proportional to their suboptimality. Even though the principal’s optimal decision

under this setting is intractable to compute, I show that the agent’s bounded rationality

enables sample-efficient algorithms for learning the agent’s utility and thereby predicting

the responses.

Multi-Agent Learning towards Rationalizability [Wu et al., 2022b]. In the case

when agents are also learning to make theirs best responses, I study the multi-agent learning

dynamics in strategic games and seek to understand whether they can reach any desirable

outcomes, such as the basic solution concept known as rationalizability, where all agents

eliminate their iteratively dominated actions. I show that this multi-agent learning objective

is not always possible for a large class of no-regret learning algorithms, while a new type

of strategic learning algorithm have provably efficient convergence guarantee by carefully

reweighing the influence of historical rewards.
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1.2 Feedback Alignment: Learning from Strategic Data Sources

“When a measure becomes a target, it ceases to be a good measure”

— Goodhart’s law

Goodhart’s law highlights that metrics lose their effectiveness when they become optimiza-

tion targets. This powerful observation also characterizes the challenges faced by today’s

data-driven systems, where the strategic behaviors of data providers can undermine the sys-

tem’s overall integrity and efficacy. For example, a recent work [Bevendorff et al., 2024]

investigates the question, “Is Google Getting Worse?” due to search engine optimization

(SEO) — a common practice for a website or a product to boost its search ranking and

Internet traffic. While certain SEO techniques are encouraged to improve search quality,

the manipulative tactics used to game the system have caused several harmful incidents.

As a result, search engines are caught in a constant struggle to counteract SEO spam and

preserve the quality and integrity of their services. Similar concerns arise in cases such as

loan application and college admission, as more and more high-stake decisions have become

data-driven.

Isotonic Mechanism for Self-Evaluations [Tan et al., 2021, Wu et al., 2023]. One

crucial data-driven system under stress is the academic conference peer review, where the

supply of qualified reviewers is failing to meet an ever-growing volume of submissions. The

typical approach as in my earlier work [Tan et al., 2021] is to design calibration schemes to

mitigate reviewers’ perception noises. My recent work [Wu et al., 2023] proposes Isotonic

Mechanism to utilize authors’ self-evaluation to assist large-scale peer reviews. Ironically,

it is often against authors’ best interest to share candid assessment of their own work,

despite a valuable source of opinions. The mechanism resolves the conflict of interests by

partitioning the network of co-authorships, eliciting ranking information from authors in each

partition block and adjusting their papers’ peer review scores through the isotonic regression.
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I show that under natural conditions, truthful reporting by each author is strategically

advantageous, forming a payoff-dominant Nash equilibrium, regardless of their overlapped

interests in co-authored papers. In simulations based on public data from ICLR, about 10%

of the mistakenly rejected papers are rectified to acceptance. Pilot experiments based on

our method are undergoing in ICML. This result demonstrates a successful balance between

statistical efficiency and incentive compatibility.

Auctioning with Strategic Data Providers [Wu et al., 2021]. Another example is

the auction design problem when each bidder may hold a new kind of private information

that can be strategically withheld, e.g., proprietary data that can improve the ad platform’s

estimation of conversion rates (such as user activities on the advertisers’ websites). I show

that it is still possible to design truthful mechanisms where the bidders would fully reveal

their data. Specifically, I develop two different black-box transformations, which convert

truthful mechanisms in classic setup to a truthful mechanism in this new setup. Based

on this reduction approach, I propose new auction mechanisms that elicits full information

from bidders and maximizes the social welfare or the auctioneer’s revenue under natural

conditions. Along the way, I also show that properly regulating auctioneer’s usage of bidders’

information can lead to more robust mechanisms with strategy-proofness.

Learning to Incentivize Information Acquisition [Chen et al., 2023]. I also study

the information acquisition problem, where a principal (e.g., content platforms) hires an

agent (e.g., data annotators) to gather information on her behalf and the agent can choose

different effort level that determines the quality of information. First, I show that the optimal

mechanism can be described a scoring rule that specifies the agent’s payment based on the

discrepancy between realized outcomes and the belief based on agent’s reported information.

Moreover, when the agent’s capability and utility structure are unknown, I show that the

sample-efficient learning of optimal scoring rules is impossible unless the agent’s potential
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effort levels are known to some extent. In this case, we can construct an online learning

algorithm to approach the optimal objective with low regret guarantees.
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Part II

Decision Alignment
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CHAPTER 2

MARKOV PERSUASION PROCESSES

2.1 Introduction

Most sequential decision models assume that there is a sole agent who possesses and pro-

cesses all relevant (online or offline) information and takes an action accordingly. However,

the economic literature on information design [Kamenica and Gentzkow, 2011b, Bergemann

and Morris, 2019] highlights the importance of considering information asymmetry in deci-

sion making, where the decision maker and information possessor may be two parties with

different interests and goals. Complications of such kind are seen pervasively from freelance

drivers canceling orders from ride-sharing platforms to buyers rejecting the product recom-

mendation by online shopping websites, in that the recommended action is not the optimal

option for the decision maker. Given the large data sets being collected by corporations and

governments, with avowed goals that relate data analysis to social welfare, it is timely to

pursue formal treatments of sequential information design and to understand how a social

planner can strategically inform sequential agents (e.g., users, clients or citizens) to induce

desirable equilibrium outcomes.

2.1.1 Our Model and Scope

In this paper, we consider an abstract framework, namely, the Markov persuasion process

(MPP). A single privately-informed social planner (henceforth, sender) interacts with the

self-interested, myoptic decision-makers (henceforth, receivers) over time in a Markovian

environment. In each round, a newly arriving receiver chooses one action among several

alternatives; the state of environment evolves accordingly and is observed by the sender and

the receiver. Meanwhile, before a receiver makes his choice, the sender is able to privately

observe a realized outcome sampled from some prior and send messages to the receiver
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conditioned on this information. The utilities of the sender and receiver are different, both

of which evolve with the environment and are functions of the chosen action and realized

outcome. Through information design, the sender could persuade the receiver to take certain

action in her interest. A standard revelation principal argument allows the sender to focus

on designing signaling schemes that directly recommend action to the follower with the

persuasiveness constraint (see Section 2.3.1 and 2.4.1). In the reinforcement learning problem

of MPPs, we further relax the assumption such that the sender does not initially know how

the environment state transits, the prior or his reward function at each step.

A Motivating Example

On today’s popular ride-sharing platforms, the drivers are no longer obligated to follow the

dispatched order from their platforms. Instead, the drivers have their own utilities calculated

based on factors such as trip distance, time, the driver’s and rider’s type. Meanwhile, a

platform’s utility is usually some fraction of the trip charges, in addition to the operating

costs and a series of performance metrics such as the riders’ overall rating and wait time.

The MPP captures those factors by allowing different utility functions for the platform and

drivers, both of which are functions of driver’s action and features of the environment.

One key ingredient of this problem is the information asymmetry. The platform nowadays

holds a massive amount of historical data and has access to real-time information on active

riders and driver types in different locations, based on which it could persuade the drivers to

take actions in its own interest. MPPs adopt the standard information design framework to

model the platform’s strategic information revelation. Let us consider a concrete example.

For simplicity, suppose there are two possible types of riders: generous tippers who consist of

1/3 of the rider population and ordinary tippers who are the rest. A generous tipper always

tips, whereas an ordinary tipper leaves a tip in 10% of the trips. A typical driver tends to

decline long-distance trips unless they are assured to receive a tip in good chances, say at least

11



50%. Then clearly if the platform reveals each individual rider’s type, those drivers would

only pick up generous tippers. In addition, if the platform reveals no information, those

drivers would always decline long-distance trips, as there is only 1
3 × 100%+ 2

3 × 10% = 40%

of chance getting a tip according to the common prior belief on the rider type distribution.

Interestingly, it turns out that the platform can significantly increase the chance for drivers

to pick up long-distance trips via a simple prompt message in its App interface that reveals

partial information about the rider type. For instance, it can pop up a message “≥ 50%

chance of tips” whenever the rider is a generous tipper. Moreover, when the rider is an

ordinary tipper, the app will pop up the same message a random half of the time, and

remain silent otherwise (which is essentially a signal of low chance of tips). In this way,

when the driver receives the prompt message, there is 1
2 × 100%+ 1

2 × 10% = 55% of chance

getting a tip and thus picking up the rider would be his optimal action. With the above

signaling scheme, 2/3 of the riders will be picked up for their long-distance trip requests. We

remark that similar signaling schemes already exist in various forms of demand heat map

[Chen et al., 2015, Yang et al., 2019, Guda and Subramanian, 2019], which can be viewed

as revealing partial information about the riders’ willingness to pay at different regions,1

though it is unclear whether these signaling schemes are optimally designed.

The other part of this problem is the evolution of the environment. The drivers’ actions,

such as whether to relocate to a certain location, or whether to accept a certain order, affects

the state of the environment in many different ways: a large number of drivers moving to

the same locations can cause traffic jams; a rider who was declined to be picked-up may seek

alternative transportation. This requires the platform to plan accordingly and to optimize

its cumulative utility in the long run. Indeed, various combinatorial optimization algorithms

and reinforcement learning algorithms for vehicle repositioning, routing and order matching

have been developed to optimize their operational efficiency and profit [Li et al., 2019a,

1. The commitment assumption is naturally enforced by the deployed software, which cannot be altered
easily.
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Qin et al., 2020, Liang et al., 2021, Qin et al., 2021]. However, those centralized planning

algorithms ignore the drivers’ incentives, so algorithms developed under the MPP framework

have the potential to substantially improve the platform’s utility in practice.

The problem above is just an exemplary case where information design meets reinforce-

ment learning in Markovian environments. We refer the interested readers to Appendix A.1

for a few other potential applications including recommendation services for Ad keywords or

online shopping.

Key Modeling Assumptions and Rationale

Based on the above motivating examples, below we clarify and justify several important

modeling assumptions we made in this paper.

The MPPs models two types of information in each round: outcome and environment

state. The notion of outcome characterizes the sender’s private information in face of each

receiver, such as the features of riders or information of their trip requests in the above

example. The outcome follows a prior distribution such as the general demographics of riders.

The platform can thus leverage such fine-grained knowledge on each rider’s information,

matching with the current location and preferences of each driver, to persuade the drivers

to take the trip orders. Meanwhile, the notion of state characterizes the Markovian state

of the environment, e.g., the availability of drivers in each areas. The state is affected by

the receiver’s action, as the availability changes after a driver decides to provide the ride.

We also follow the modeling convention in reinforcement learning to let the utility functions

evolve by itself over time instead of subsuming such change into states. This helps limit

the state space while still having a flexible model of utility at different time steps of each

episode. In practice, the Markov state captures the general driver supply or rider demand

at locations that are affected by the drivers’ decisions, whereas the utility evolves by itself

over time, as the drivers’ day rate is generally different from night rate.
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We assume that each receiver myopically maximizes his utility at that particular step,

whereas the sender is a system planner who aims to maximize her long-term accumulated

expected utility. On one hand, this reduces the design complexity, as the platforms may serve

thousands or millions of receivers every day and could hardly strategize on the interaction

history with each individual receiver; Gan et al. [2021] shows that it is NP-hard to even

approximately compute the sender’s optimal policy when the receiver is far-sighted. On the

other hand, we believe the assumption of myopic receivers also make realistic sense. Between

two consecutive actions of the same receiver (e.g., two trips provided by the same driver),

the platform may have already served thousands of other receivers in between. In such

Markovian environments with many receivers, each receiver’s previous action has almost no

effect to the new state at which he is about to take the next action. So it may instead posit

that each receiver is a fresh new receiver.

In the learning problem, we assume the true distribution of the outcome, environment’s

transition kernel and the sender’s reward functions are all unknown to the sender. We

assume that the sender knows exactly the receivers’ utility functions. This is primarily a

technical limit due to the well-known challenges to learn receivers’ utility functions from best

response in sublinear regret without additional structural assumption. However, we believe

this assumption appears realistic in many applications, since the utility for a driver on the

platform or for an advertiser on an ad exchange platform can usually be calculated based on

some preset price rules and thus is predictable by the platform itself whereas the platform’s

utility may involve many unpredictable factors like users’ satisfaction and cost of business

operation.

Finally, we remark that many real world problems might not require our model in its full

generality. As such, we introduce a tabular case (finite Markov states) in Section 2.4.1, a

contextual case (no state transition) in Section 2.5.4 and showcase the simplified algorithm

in Section 2.5.2 for high level intuitions. At the same time, the generalized model in Section
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2.4.2 aims to introduce techniques and relax assumptions to make our proposed solution

applicable to as many complicated real world problems as possible.

2.1.2 Our Results and Contributions

To provide a formal foundation for the study of sequential information design, we introduce

the Markov persuasion process, where a sender, with informational advantage, seeks to per-

suade a stream of myopic receivers to take actions that maximize the sender’s cumulative

utility in a finite-horizon Markovian environment with varying prior and utility functions.

We need to address a key challenge regarding the planning problem in MPPs, specifically,

how to find persuasive signaling policies that are also optimized for the sender’s long-term

objective. Moreover, in face of the uncertainty for both the environment and receivers, there

is a dilemma that the optimal policy based on estimated prior is not necessarily persuasive

and thus cannot induce the desired trajectory, whereas a full information revelation policy is

always persuasive but usually leads to suboptimal cumulative utility. So the reinforcement

learning algorithm in MPPs has to ensure optimality under the premise of robust persua-

siveness. This makes our algorithm design non-trivial and regret analysis highly challenging.

We show how to surmount these analysis and design challenges, and present a no-regret

learning algorithm, which we refer to as Exp3 with Diminishing History (OP4), that provably

achieves a Õ
(√

d2ϕd
3
ψH

4T
)

regret with high probability, where dϕ, dψ are dimensions of the

feature spaces, H is the horizon length in each episode, T is the number of episodes, and

Õ(·) hides logarithmic factors as well as problem-dependent parameters. To establish this

result, we start in Section 2.4.3 to construct a modified formulation of the Bellman equation

that can efficiently determine the optimal (resp. ϵ-optimal) policy with finite (resp. infinite)

states and outcomes. In Section 2.5, we then move to the learning problem and introduce

the design of the OP4 that adopts both the optimistic principle in utility estimation to incen-

tivize exploration and the pessimism principle in prior estimation to prevent a detrimental
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equilibrium for the receiver. In Sections 2.5.3 and 2.5.4, we showcase OP4 in the tabular

MPPs and contextual Bayesian persuasion problem, respectively, both of which are practical

special cases of MPPs. In Section 2.8, we then generalize these positive results to MPPs

with large outcome and state spaces via linear function approximation and generalized linear

models.

In summary, our contributions are threefold. At the conceptual level, we identify the

need for sequential information design in real-world problems and accordingly formulate a

novel model, the MPP, to capture the misaligned incentives between the (sequential) decision

makers and information possessors. At the methodological level, our key insight is a new

algorithmic principle—optimism to encourage exploration and pessimism to induce robust

equilibrium behavior. Finally, at the technical level, we develop a novel regret decomposition

tailored to this combination of optimism and pessimism in the design of online learning

algorithms. The fact that the combined optimism-pessimism concept can still lead to O(
√
T )

regret for strategic setups was not clear before our new regret decomposition lemma. We

expect this design principle and our proof techniques can be useful for other strategic learning

problems.

2.2 Related Work

Our work is built on the foundation of information design and reinforcement learning. We

refer the readers to Section 2.3.1 and 2.3.2 for background and formal introductions. Here we

focus on the technical and modeling comparisons with related work from dynamic Bayesian

persuasion and provably efficient reinforcement learning. In Section 2.2.3, we also distinguish

the unique challenges and modeling capacities in our problem from the previous studies on

incentivized exploration.
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2.2.1 Dynamic Bayesian persuasion

Starting from seminal work by Kamenica and Gentzkow [2011b], the study of Bayesian

persuasion looks at the design problem to influence an uninformed decision maker through

strategic information revelation. Many variants of this model have been studied, with ap-

plications in security, advertising, finance, etc. [Rabinovich et al., 2015, Xu et al., 2015,

Goldstein and Leitner, 2018, Badanidiyuru et al., 2018a]. More recently, several dynamic

Bayesian persuasion frameworks have been proposed to model the long-term interest of the

sender. Many papers [Ely, 2017, Renault et al., 2017, Farhadi and Teneketzis, 2021, Lehrer

and Shaiderman, 2021] consider the setting where the sender observes the evolving states of

a Markov chain, seeks to influence the receiver’s belief of the state through signaling and

thereby persuade him to take certain actions. In contrast to our setting, the receiver’s actions

in their models have no influence on the evolution of the Markov process and thus can only

maximize his utility on his belief of current state, given all the historical signals received

from the sender. In [Ely, 2017, Farhadi and Teneketzis, 2021], the Markov chain has two

states (one is absorbing); the receiver is interested in detecting the jump to the absorbing

state, whereas the sender seeks to prolong the time to detection of such a jump. Renault

et al. [2017] show a greedy disclosure policy that ignores its influence to the future utility can

be optimal in the Markov chain with special utility functions. Lehrer and Shaiderman [2021]

characterize optimal strategies under different discount factors as well as the optimal values

the sender could achieve. Castiglioni et al. [2020b] consider the persuasion problem in an

online learning setup where the receivers’ types are unknown and chosen adversarially from a

finite set beforehand. In this case, effective learning is computationally intractable but does

admit an O(
√
T ) regret learning algorithm (which runs in exponential time). Closer to our

model is that of Gan et al. [2021]—we both assume the Markovian environment with state

transition influenced by receiver’s action, as well as a separate persuasion state drawn from

a prior independent of receiver’s action. However, Gan et al. [2021] focus on the planning
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problem for the infinite-horizon MDP, solving sender’s optimal signaling policy when the

environment is known in cases when the receiver is myoptic or far-sighted. In particular, it

is shown as NP-hard to approximate an optimal policy against a far-sighted receiver, which

also justifies our interest in the myoptic receiver. Another related work by Zu et al. [2021]

studies the learning problem in the repeated persuasion setting (without Markov state tran-

sition) between a stream of myopic receivers and a sender without initial knowledge of the

prior. It introduces the notion of regret as well as the robustness principle to this learning

problem that we adopt and generalize to our model.

2.2.2 Efficient Reinforcement Learning

Reinforcement learning has seen its successful applications in various domains, such as

robotics, finance and dialogue systems [Kober et al., 2013, Zheng et al., 2020, Li et al.,

2016]. Along with the empirical success, we have seen a growing quest to establish provably

efficient RL methods. Classical sample efficiency results focus on tabular environments with

small, finite state spaces [Auer et al., 2008, Osband et al., 2016, Azar et al., 2017, Dann

et al., 2017, Strehl et al., 2006, Jin et al., 2018, Russo, 2019]. Notably, through the design

principle, known as optimism in the face of uncertainty [Lattimore and Szepesvári, 2020], an

RL algorithm would provably incur a Ω(
√
|S||A|T ) regret under the tabular setting, where

S and A are the state and action spaces respectively [Jin et al., 2018, Azar et al., 2017].

More recently, there have been advances in RL with function approximation, especially the

linear case. Jin et al. [2020] proposed an efficient algorithm for a setting where the transition

kernel and the utility function are both linear functions with respect to a feature mapping:

ϕ : S ×A → Rd. A similar assumption has been studied for different settings and has led to

sample efficiency results [Yang and Wang, 2019, Du et al., 2019, Neu and Pike-Burke, 2020,

Zanette et al., 2020, He et al., 2021]. Moreover, other general function approximations have

been studied in parallel, including generalized linear function approximation [Wang et al.,
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2019], linear mixture MDPs based on a ternary feature mapping [Ayoub et al., 2020, Zhou

et al., 2021b, Cai et al., 2020, Zhou et al., 2021a], kernel approximation [Yang et al., 2020]

as well as models based on the low Bellman rank assumption [Jiang et al., 2017, Dann et al.,

2018]. We make use of these function approximation techniques to model our conditional

prior, and we show how to address information design within these efficient reinforcement

learning frameworks, thereby obtaining provably sample-efficient algorithms for MPPs.

2.2.3 Incentivized Exploration

Our model is also related to the recent series of work on incentivized exploration [Kremer

et al., 2014, Mansour et al., 2021, Simchowitz and Slivkins, 2021]. In a similar way, their

models assume myopic and strategic receivers who would only follow the recommended ac-

tions if indeed in their best interests. The sender (recommendation system) also exploits

the information asymmetry through information design to incentivize the agents to take

recommended (often explorative) actions that serve the sender’s interest. Nevertheless, our

work differs from incentivized exploration in at least two fundamental ways. First, the two

frameworks have fundamentally different types of information asymmetry. In incentivized

exploration, the sender’s information advantage is her refined posterior belief on the en-

vironment parameter based on the observed history; all receivers in the stream have no

knowledge on the history but the prior. In contrast, akin to the standard Bayesian persua-

sion, the sender’s information advantage in MPP is the exact knowledge of the environment

parameter, i.e., the realized outcomes at this round. Thus the sender in MPP does not need

to learn the underlying environment parameter (she directly observes it) but instead needs

to learn the true distribution of the outcomes as well as the enviroment’s transition kernel.

Second, the MPP is natively designed to model the misaligned objectives between sender

and receivers, whereas standard models in incentivized exploration assumes the same sender-

receiver utility at each round but the tension is between the sender’s long-term objective and
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receivers’ short-term objectives.2 From this perspective, MPPs can handle arbitrarily mis-

aligned incentives whereas incentivized exploration (as the model name suggests) typically

addresses the tension between long-term and short-term interests. The above differences

also lead to very different results for the two problems. For instance, we are able to de-

sign learning algorithms with no-regret guarantees even for MPPs with infinite number of

states, whereas Simchowitz and Slivkins [2021] show that incentivized exploration in Marko-

vian environment requires exponential sample complexity dependence on O(|S||A|H), due

to the necessity to hide exploration under its Bayesian incentivize-compatible constraints.

That said, both models are based on well-motivated problems in real life, different technical

insights are developed and thus the studies on one side should not subsume the other.

2.3 Preliminaries

This section provides some necessary background in information design and Markov decision

processes, as preparation for our model of Markov persuasion processes presented in the next

section.

2.3.1 Basics of Information Design

Classic information design [Kamenica and Gentzkow, 2011b] considers the persuasion prob-

lem between a single sender (she) and receiver (he). The receiver is the only actor, and

looks to take an action a ∈ A which results in receiver utility u(ω, a) and sender utility

v(ω, a). Here ω ∈ Ω is the realized outcome of certain environment uncertainty, which is

drawn from a prior distribution µ ∈ ∆(Ω), and A is a finite set of available actions for the

receiver. While u, v : Ω×A → [0, 1] and the prior distribution µ are all common knowledge,

2. Mansour et al. [2021] discussed the setting where the sender has misaligned utility with the agents.
However, such utility is only modeled as the auxiliary feedback, and there is no guarantee for the sender’s
recommendation policy to optimize its own utility while satisfying BIC.
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the sender possesses an informational advantage and can privately observe the realized out-

come ω. The persuasion problem studies how the sender can selectively reveal her private

information about ω to influence the receiver’s decisions and ultimately maximize her own

expected utility v.

To model the sender’s strategic revelation of information, it is standard to use a signaling

scheme, which essentially specifies the conditional distribution of a random variable (namely

the signal), given the outcome ω. Before the realization of the outcome, the sender commits

to such a signaling scheme. Given the realized outcome, the sender samples a signal from

the conditional distribution according to the signaling scheme and reveals it to the receiver.

Upon receiving this signal, the receiver infers a posterior belief about the outcome via Bayes’

theorem (based on the correlation between the signal and outcome ω as promised by the

signaling scheme) and then chooses an action a that maximizes the expected utility.

A standard revelation-principle-style argument shows that it is without loss of general-

ity to focus on direct and persuasive signaling schemes [Kamenica and Gentzkow, 2011b].

A scheme is direct if each signal corresponds to an action recommendation to the re-

ceiver, and is persuasive if the recommended action indeed maximizes the receiver’s a

posteriori expected utility. More formally, in a direct signaling scheme, π = (π(a|ω) :

ω ∈ Ω, a ∈ A), π(a|ω) denotes the probability of recommending action a given real-

ized outcome ω. Upon receiving an action recommendation a, the receiver computes a

posterior belief for ω: Pr(ω|a) =
µ(ω)π(a|ω)∑
ω′ µ(ω

′)π(a|ω′) . Thus, the action recommendation a

is persuasive if and only if a maximizes the expected utility w.r.t. the posterior belief

about ω; i.e.,
∑
ω Pr(ω|a) · u(ω, a) ≥

∑
ω Pr(ω|a) · u(ω, a′) for any a′ ∈ A. Equivalently,

we define persuasiveness as
∑
ω∈Ω µ(ω)π(a|ω) · [u(ω, a) − u(ω, a′)] ≥ 0,∀a, a′ ∈ A. Let

P = {π : π(·|ω) ∈ ∆(A) for each ω ∈ Ω} denote the set of all signaling schemes. To em-

phasize that the definition of persuasiveness depends on the prior µ, we denote the set of
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persuasive schemes on prior µ by

Pers(µ) :=
{
π ∈ P :

∑
ω∈Ω

µ(ω)π(a|ω)
[
u(ω, a)− u

(
ω, a′

)]
≥ 0, ∀a, a′ ∈ A

}
.

Given a persuasive signaling scheme π ∈ Pers(µ), it is in the receiver’s best interest to take the

recommended action and the sender’s expected utility is V (µ, π) :=
∑
ω∈Ω

∑
a∈A µ(ω)π(a|ω)v(ω, a).

Therefore, given full knowledge of the persuasion instance, the sender can solve for an op-

timal persuasive signaling scheme that maximizes her expected utility through the following

linear program (LP), (see, e.g., Dughmi and Xu [2019] for details):

Persuasion as an LP: OPT (µ) := max
π∈Pers(µ)

V (µ, π).

2.3.2 Basics of Reinforcement Learning and Markov Decision Processes

The Markov decision process (MDP) [Puterman, 2014, Sutton and Barto, 2018] is a classic

mathematical framework for the sequential decision making problem. In this work, we focus

on the model of episodic MDP. Specifically, at the beginning of the episode, the environment

has an initial state s1 (possibly picked by an adversary). Then, at each step h ≥ 1, the

agent takes some action ah ∈ A to interact with environment at state sh ∈ S. The state sh

obeys a Markov property and thus captures all relevant information in the history {si}i<h.

Accordingly, the agent receives the utility vh(sh, ah) ∈ [0, 1] and the system evolves to the

state of the next step sh+1 ∼ Ph(·|sh, ah). Such a process terminates after h = H, where

H is also known as the horizon length. Here, A is a finite set of available actions for the

agent, S is the (possibly infinite) set of MDP states. The utility function vh : S ×A → [0, 1]

and transition kernel Ph : S × A → ∆(S) may vary at each step. A policy of the agent

πh : S → ∆(A) characterizes her decision making process at step h—after observing the

state s, the agent takes action a with probability πh(a|s).
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In an episodic MDP with H steps, under policy π = {πh}h∈[H], we define the value

function as the expected value of cumulative utilities starting from an arbitrary state,

V πh (s) := EP,π
[ H∑
h′=h

vh(sh′ , ah′)

∣∣∣∣sh′ = s

]
, ∀s ∈ S, h ∈ [H].

Here EP,π means that the expectation is taken with respect to the trajectory {sh, ah}h∈[H],

which is generated by policy π on the transition model P = {Ph}h∈[H]. Similarly, we

define the action-value function as the expected value of cumulative utilities starting from

an arbitrary state-action pair,

Qπh(s, a) := vh(sh, ah)+EP,π
[ H∑
h′=h+1

vh(sh′ , ah′)

∣∣∣∣sh′ = s, ah′ = a

]
, ∀s ∈ S, a ∈ A, h ∈ [H].

The optimal policy is defined as π∗ := argmaxπ V
π
h (s1), which maximizes the (expected)

cumulative utility. Since the agent’s action affects both immediate utility and next states

that influences its future utility, it thus demands careful planning to maximize total utility.

Notably, π∗ can solved by dynamic programming based on the Bellman equation [Bellman,

1957]. Specifically, with V ∗H+1(s) = 0 and for each h from H to 1, iteratively update

Q∗h(s, a) = vh(s, a) + Es′∼P (·|s,a)V ∗h+1(s
′, a), V ∗h (s) = maxa∈AQ

∗
h(s, a), and determine the

optimal policy π∗ as the greedy policy with respect to {Q∗h}h∈[H].

In online reinforcement learning, the agent has no prior knowledge of the environment,

namely, {vh, Ph}h∈[H], but aims to learn the optimal policy by interacting with the environ-

ment for T episodes. For each t ∈ [T ], at the beginning of the t-th episode, after observing

the initial state st1, the agent chooses a policy πt based on the observations before t-th

episode. The discrepancy between V πt
1 (st1) and V ∗1 (s

t
1) serves as the suboptimality of the

agent at the t-th episode. The performance of an online learning algorithm is measured by

the expected regret, Reg(T ) :=
∑T
t=1[V

∗
1 (s

t
1)− V

πt
1 (st1)].
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2.4 Markov Persuasion Processes

This section introduces the Markov Persuasion Process (MPP), a model for sequential infor-

mation design in Markovian environments. We start by introducing a basic, tabular model

of MPP that captures a set of basic problems in real life. We then consider the general-

ized MPP model with richer structure such as large state spaces by incorporating function

approximation techniques.

2.4.1 A Model of Markov Persuasion Processes (MPPs)

We define the basic model of the Markov persuasion process. In a nutshell, an MPP inherits

the notion of outcome space Ω and prior µ from a Bayesian persuasion model, as well as the

notion of state space S, action space A, and transition kernel P from a standard episodic

MDP.3

At a high level, there are two major differences between MPPs and MDPs: (1) In an

MPP, the planner (i.e., sender) cannot directly take an action but instead can leverage its

information advantage and “persuade” a receiver to take a desired action ah at each step

h ∈ [H]. (2) In an MPP, the state transition is affected not only by the current action

ah and state sh, but also by the realized outcome ωh of Nature’s probability distribution.

Specifically, the state transition kernel at step h is denoted as Ph(sh+1|sh, ωh, ah). To

capture the sender’s persuasion of the receiver at step h, we assume that a fresh receiver

arrives at each time h with a prior µh over the outcome ωh. The sender can observe the

realized outcome ωh and would like to strategically reveal information about ωh in order to

persuade the receiver to take a certain action ah.

Meanwhile, differing from classical single-shot information design, the immediate utility

functions uh, vh : S × Ω×A → [0, 1] for the receiver and sender vary not only at each step

3. In this paper, we restrict our attention to finite-horizon (i.e., episodic) MPPs with H steps denoted
by [H] = {1, · · · , H}, and leave the study of infinite-horizon MPPs as a future direction.
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h but also additionally depend on the commonly observed state sh of the environment.

Formally, an MPP with a horizon length H proceeds as follows at each step h ∈ [H]:

1. A fresh receiver with prior distribution µh ∈ ∆(Ω) and utility uh : S ×Ω×A → [0, 1]

arrives.

2. The sender commits to a persuasive signaling policy πh : S → P , which is public

knowledge.

3. After observing the realized state sh and outcome ωh, the sender accordingly recom-

mends the receiver to take an action ah ∼ πh(·|sh, ωh).

4. Given the recommended action ah, the receiver takes an action a′h, receives utility

uh(sh, ωh, a
′
h) and then leaves the system. Meanwhile, the sender receives utility

vh(sh, ωh, a
′
h).

5. The next state sh+1 ∼ Ph(·|sh, ωh, a′h) is generated according to Ph : S × Ω × A →

∆(S), the state transition kernel at the h-th step.

Here we coin the notion of a signaling policy πh as a mapping from state to a signaling

scheme at the h-th step. It captures a possibly multi-step procedure in which the sender

commits to a signaling scheme after observing the realized state and then samples a signal

after observing the realized outcome. For notational convenience, we denote π(a|s, ω) as the

probability of recommending action a given state s and realized outcome ω. We can also

generalize the notion of persuasiveness from classic information design to MPPs and define

Pers(µ, u) as the persuasive set that contains all signaling policies that are persuasive to the

receiver with utility u and prior µ for any state s ∈ S:

Pers(µ, u) :=

{
π : S → P :

∫
ω∈Ω

µ(ω)π(a|s, ω)
[
u(s, ω, a)− u(s, ω, a′)

]
dω ≥ 0, ∀a, a′ ∈ A, s ∈ S

}
.

25



Recall that P consists of all mappings from Ω to ∆(A). As such, the sender’s persuasive

signaling scheme πh ∈ Pers(µh, uh) is essentially a stochastic policy as defined in standard

MDPs — πh maps a state sh to a stochastic action ah — except that here the probability

of suggesting action ah by policy πh depends additionally on the realized outcome ωh that

is only known to the sender.

We say π := {πh}h∈[H] is a feasible policy if πh ∈ Pers(µh, uh),∀h ∈ [H], because the

state transition trajectory would otherwise be infeasible if the receiver is not guaranteed to

take the recommended action, i.e., a′h ̸= ah. We denote the set of all feasible policies as

PH :=
∏
h∈[H] Pers(µh, uh).

2.4.2 General MPPs with Contexts and Linear Parameterization

To provide a broadly useful modeling concept, we also study a generalized setting of the

MPPs with contextual prior and a possibly large space of states, outcomes and contexts.

Contextual Prior. At the beginning of each episode, a sequence of contexts C = {ch ∈

C}h∈[H] is realized by Nature and becomes public knowledge. And we allow the prior µh to

be influenced by the context ch at each step h, and thus denote it by µh(·|ch). Specifically, the

contextual information is able to model the uncertainty such as the varying demographics of

active user group affected by events at different time of the day. For example, the scheduled

concerts or sport games affects the rider demand in certain locations. And in the case of

online shopping platforms, the prior of consumer interests may be affected by the different

holidays or seasons at different time of year. Here we allow the sequence of contexts to be

adversarially generated.

Linear Parameterization. We also relax the state, context and outcome space S, C,Ω to

be continuous and additionally assume that the transition kernels and utility functions are

linear, and the conditional priors of outcomes are generalized linear models (GLM) of the
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context at each steps. More formally, for each step h ∈ [H], our linearity condition assumes:

• The sender’s utility is vh := v∗h(sh, ωh, ah) = ψ(sh, ωh, ah)
⊤γ∗h, where (1) ψ(·, ·, ·) ∈

Rdψ is a known feature vector; (2) γ∗h ∈ Rdψ is the unknown linear parameter at step

h.

• The next state sh+1 is drawn from the distribution P ∗M,h(·|sh, ωh, ah) = ψ(sh, ωh, ah)
⊤M∗h(·),

where M∗h = (M
(1)
h ,M

(2)
h , . . . ,M

(dψ)

h ) is a vector of dψ unknown measures over S at

step h.

• The outcome ωh ∈ R subjects to a generalized linear model (GLM), which models a

wider range of hypothesis function classes.4 Given the context ch, there exists a link

function f : R → R such that ωh = f(ϕ(ch)
⊤θ∗h) + zh, where ϕ(·) ∈ Rdϕ is a feature

vector and θ∗h ∈ Rdϕ is an unknown parameter. The noises {zh}h∈[H] are independent

σ-sub-Gaussian variables with zero mean. We denote the prior of ωh with parameter

θ at context c as µθ(·|c).

Without loss of generality, we assume that there exist Φ,Ψ such that ∥ϕ(s)∥ ≤ Φ,5

∥ψ(s, ω, a)∥ ≤ Ψ for all s ∈ S, ω ∈ Ω and a ∈ A. We also assume that ∥θ∗h∥ ≤ Lθ,

∥γ∗h∥ ≤ Lγ , ∥M∗h∥ ≤ LM , |A| ≥ 2, |Ω| ≥ 2. Such a regularity condition is common in the

RL literature.

2.4.3 Optimal Signaling Policy in MPPs

In order to maximize the sender’s utility, we study the optimal policy in MPPs, in analogy

to that of standard MDPs. We start by considering the value of any feasible policy π. For

4. We note that GLM is a strictly generalization of the linear model assumption that we have for the
distribution of transition kernel P . While we could use similar technique to extend the distribution of P to
GLM using techniques similar to that in Wang et al. [2019], but we save such an extension for simplicity,
since it is not the primary focus of our work.

5. To simplify notation, we will always omit the subscript of the L2 norm in this paper.
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each step h ∈ [H], we define the sender’s value function, V πh : S → R, as the expected

value of cumulative utilities under π when starting from an arbitrary state at the h-th step.

Mathematically,

V πh (s) := EP,µ,π
[ H∑
h′=h

vh′
(
sh′ , ωh′ , ah′

)∣∣∣∣sh = s

]
,

where the expectation EP,µ,π is taken with respect to the randomness of the trajectory (i.e.,

randomness of state transition), realized outcome and the stochasticity of π. Accordingly,

we define the Q-function (action-value function) Qπh : S ×Ω×A → R as the expected value

of cumulative utilities under π when starting from an arbitrary outcome and state-action

pair at the h-th step,

Qπh(s, ω, a) := vh(s, ω, a) + EP,µ,π
[ H∑
h′=h+1

vh′
(
sh′ , ωh′ , ah′

)∣∣∣∣sh = s, ωh = ω, ah = a

]
.

By definition, Qh(·, ·, ·), Vh(·) ∈ [0, h], since vh(·, ·, ·) ∈ [0, 1]. To simplify notation, for any

Q-function Qh and any distributions µh and πh over Ω and A, we additionally denote

〈
Qh, µh ⊗ πh

〉
Ω×A(s) := Eω∼µh,a∼πh(·|s,ω) [Qh(s, ω, a)] .

Using this notation, the Bellman equation associated with signaling policy π becomes

Qπh(s, ω, a) = (vh+PhV
π
h+1)(s, ω, a), V πh (s) =

〈
Qπh, µh⊗πh

〉
Ω×A(s), V πH+1(s) = 0, (2.1)

which holds for all s ∈ S, ω ∈ Ω, a ∈ A. Similarly, the Bellman optimality equation is

Q∗h(s, ω, a) = (vh+PhV
∗
h+1)(s, ω, a), V

∗
h (s) = max

π′h∈Pers(µh,uh)

〈
Q∗h, µh⊗π

′
h

〉
Ω×A(s), V

∗
H+1(s) = 0.

(2.2)
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We remark that the optimal policy of an MPP instance could be similarly derived from

its ground-truth parameters, {P ∗h , v
∗
h, µ
∗
h}h∈[H]. Meanwhile, the above equations implicitly

assume the context C = {ch}h∈[H] (and thus the priors) are determined in advance. To

emphasize the values’ dependence on context which will be useful for the analysis of later

learning algorithms, we extend the notation to V πh (s;C), Qπh(s, ω, a;C) to specify that the

value (resp. Q) function is estimated based on which prior µ conditioned on which sequence

of context C.

A Note on Computational Efficiency. We note that the above Bellman Optimality

Equation in (2.2) also implies an efficient dynamic program to compute the optimal policy

π∗ in the basic tabular model of MPP in Section 2.4.1, i.e., when s ∈ S, ω ∈ Ω, a ∈ A are all

discrete. This is because the maximization problem in equation (2.2) can be solved in polyno-

mial time by a linear program. The generalized MPP of Section 2.4.2 imposes some computa-

tional challenges due to infinitely many outcomes and states. Fortunately, we can efficiently

solve the optimal policy in the infinite state MDP with linear function approximation:6 we

can determine Q∗h(·, ·, ·) through a linear function of q∗h ∈ Rdψ with the observed feature

ψ(·, ·, ·), and the dominating operation is to compute maxπ∈Pers(µh,uh)⟨Q
∗
h, µh⊗ πh⟩Ω×A(s)

at each step. Let the sender utility function be Q∗h; such an optimization is exactly the prob-

lem of optimal information design with infinitely many outcomes but finitely many actions,

which has been studied in previous work [Dughmi and Xu, 2019]. It turns out that there

is an efficient algorithm that can signal on the fly for any given outcome ω and obtains an

ϵ-optimal persuasive signaling scheme in poly(1/ϵ) time. Therefore, in our later studies of

learning, we will take these algorithms as given and simply assume that we can compute

6. We refer the interested reader to the description of Algorithm 1 in [Jin et al., 2020]. In the learning
setup, the optimal policies can be computed efficiently based on the realized states in previous episodes using
the update rule by the Sherman-Morrison formula. Nevertheless, the planning problem may not be efficient
when it is required to compute the integral w.r.t. the entire probability mass of the transition kernel. In
this case, it is natural to assume additional structures on the probability distribution for computational
tractability.
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the optimal signaling scheme efficiently at any given state s. One caveat is that our regret

guarantee will additionally lose an additive ϵ factor at each step due to the availability of

only an ϵ-optimal algorithm, but this loss is negligible if we set ϵ = O(1/(TH)) by using a

poly(TH) time algorithm.

2.5 Reinforcement Learning in MPPs and the

Optimism-Pessimism Principle

In this section, we study the online reinforcement learning (RL) problem for the optimal

signaling policy in an MPP. Here the learner only knows the utility functions of the receivers

and has no prior knowledge about the prior distribution, the sender’s utility function, and

the transition kernel. While the computation of optimal policy in MPPs in Section 2.4.3

may appear analogous to that of a standard MDP, as we will see that the corresponding RL

problem turns out to be significantly different, partially due to the presence of the stream of

receivers, whose decisions are self-interested and not under the learner’s control. This makes

the learning challenging because if the receivers’ incentives are not carefully addressed, they

may take actions that are extremely undesirable to the learner. Such concern leads to

the integration of the pessimism principle into our learning algorithm design. Specifically,

our learner will be optimistic to the estimation of the Q-function, similar to many other RL

algorithms, in order to encourage exploration. But more interestingly, it will be pessimistic to

the uncertainty in the estimation of the prior distributions in order to prepare for detrimental

equilibrium behavior. Such dual considerations lead to an interesting optimism-pessimism

principle (OPP) for learning MPPs under the online setting. From a technical point of view,

our main contribution is to prove how the mixture of optimism and pessimism principle can

still lead to no regret algorithms, and this proof crucially hinges on a robust property of

the MPP model which we develop and carefully apply to the regret analysis. To the best of

our knowledge, this is the first time that OPP is employed to learn the optimal information
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design in an online fashion. We prove that it can not only satisfy incentive constraints but

also guarantees efficiency in terms of both sample complexity and computational complexity.

In order to convey our key design ideas before diving into the intricate technicalities, this

section singles out two representative special cases of the online sequential information design

problem. In a nutshell, we present a learning algorithm OP4 that combines the principle of

optimism and pessimism such that the sender can learn to persuade without initially know-

ing her own utility or the prior distribution of outcomes. In the tabular MPP, we illustrate

the unique challenges of learning to persuade arising from the dynamically evolving environ-

ment state according to a Markov process. Through the contextual Bayesian persuasion, we

showcase the techniques necessary for learning to persuade with infinitely many states (i.e.,

contexts) and outcomes. We shall omit most proofs in this section to focus on the high-level

ideas, because the proof for the general setting presented in Section 2.8 suffices to imply all

results for the two special cases here.

2.5.1 Learning Optimal Policies in MPPs: Setups and Benchmarks

We consider the episodic reinforcement learning problem in finite-horizon MPPs. Different

from the full knowledge setting in Section 2.4.3, the transition kernel, the sender’s ground-

truth utility function and the outcome prior at each step of the episode, {P ∗h , v
∗
h, µ
∗
h}h∈[H],

are all unknown. The sender has to learn the optimal signaling policy by interacting with

the environment as well as a stream of receivers in T number of episodes. For each t ∈ [T ] =

{1, · · · , T}, at the beginning of t-th episode, given the data {(cτh, s
τ
h, ω

τ
h, a

τ
h, v

τ
h)}h∈[H],τ∈[t−1],

the adversary picks the context sequence {cth}h∈[H] as well as the initial state st1, and the

agent accordingly chooses a signaling policy πt = {πth}h∈[H]. Here vτh is the utility collected

by the sender at step h of episode τ .
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Regret To evaluate the online learning performance, given the ground-truth outcome prior

µ∗ = {µ∗h}h∈[H], we define the sender’s total (expected) regret over the all T episodes as

Reg(T,µ∗) :=
T∑
t=1

[
V ∗1 (s

t
1;C

t)− V πt
1 (st1;C

t)
]
. (2.3)

Note that if πt is not always feasible under µ∗, but is only persuasive with high probability,

so the corresponding regret under πt should be also in high probability sense.

It turns out that in certain degenerate cases it is impossible to achieve a sublinear regret.

For example, if the set of possible posterior outcome distributions that induce some a ∈ A

as the optimal receiver action has zero measure, then such posterior within a zero-measure

set can never be exactly induced by a signaling scheme without a precise knowledge of the

prior. Thus, the regret could be Ω(T ) if receiver cannot be persuaded to play such action a.

Therefore, to guarantee no regret, it is necessary to introduce certain regularity assumption

on the MPP instance. Towards that end, we shall assume that the receivers’ utility u and

prior µ at any step of the MPP instance always satisfies a minor assumption of (p0, D)-

regularity as defined below.

Regularity Conditions An instance satisfies (p0, D)-regularity, if for any feasible state

s ∈ S and context c ∈ C, we have

Pω∼µ∗(·|c)
[
ω ∈ Ws,a(D)

]
≥ p0, ∀a ∈ A,

where µ∗ is the ground-truth prior of outcomes andWs,a(D) ≜ {ω : u(s, ω, a)−u(s, ω, a′) ≥

D, ∀a′ ∈ A/{a}} is the set of outcomes ω for which the action a is optimal for the receiver

by at least D at state s. In other words, an instance is (p0, D)-regular if every action a has

at least probability p0, under randomness of the outcome, to be strictly better than other

actions by at least D. This regularity condition is analogous to a regularity condition of Zu
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et al. [2021] but is generalizable to infinite outcomes as we consider here.

In addition, we make two remarks about the learning setup. First, in the learning prob-

lem, we assume the prior may be unknown to the sender, but the receiver has full knowledge

of prior. This assumption is not essential but just for technical rigor. Even if receivers have

limited knowledge or computational power to accurately determine the utility-maximizing

actions, the sender should have sufficient ethical or legal reasons to comply with the per-

suasive constraints in practice (e.g., in the example of subsection 2.1.1, it is mathematically

equivalent to send the message “ ≥ 60% chance of tips” instead since all that matters is the

posteriors the message induces, but this message may suffer legal or ethical issues). From a

long-term perspective, receivers would only take the recommendation if the platform has a

good reputation (i.e., persuasive with high probability).

Second, we assume the sender can observe the exact outcome at each round. This is

slightly different from (in fact, stronger than) some economic studies on information design

[Bergemann and Morris, 2019] in which the sender does not need to observe the exact outcome

but only designs experiments to reveal information about the underlying outcome. In the

planning problem of a known MPP, the two choices of assumption makes no difference for

the search of the optimal signaling policy. However, in the reinforcement learning problem

where the sender does not know the prior, the two assumptions will make a difference.

Under our assumption, the sender can simply rely on the realized outcome to estimate the

prior. Otherwise, the sender would face the additional challenge to balance the optimality

of signaling scheme and its informativeness on estimating the prior; this is an interesting

open research question beyond the scope of our paper. We do point out that, in many real

world applications, it is natural for the platform to observe the exact outcomes such as the

profiles of riders requesting a trip, or the cookies of the Internet users, and accordingly make

recommendations to the receivers.
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2.5.2 Algorithm: Optimism-Pessimism Principle for MPPs

The learning task in MPPs involves two intertwined challenges: (1) How to persuade the

receiver to take desired actions under unknown µ∗h? (2) Which action to persuade the re-

ceiver to take in order to explore the underlying environment? For the first challenge, due

to having finite data, it is impossible to perfectly recover µ∗h. We can only hope to construct

an approximately accurate estimator of µ∗h. To guard against potentially detrimental equi-

librium behavior of the receivers due to the prior estimation error, we propose to adopt the

pessimism principle. Specifically, before each episode, we conduct uncertainty quantification

for the estimator of the prior distributions, which enables us to construct a confidence region

containing the true prior with high probability. Then we propose to find the signaling pol-

icy within a pessimistic candidate set—signaling policies that are simultaneously persuasive

with respect to all prior distributions in the confidence region. When the confidence region is

valid, such a pessimism principle ensures that the executed signaling policy is always persua-

sive with respect to the true prior. Furthermore, to address the second challenge, we adopt

the celebrated principle of optimism in the face of uncertainty [Lattimore and Szepesvári,

2020], which has played a key role in the online RL literature. The main idea of this principle

is that, the uncertainty of the Q-function estimates essentially reflects our uncertainty about

the underlying model. By adding the uncertainty as a bonus function, we encourage actions

with high uncertainty to be recommended and thus taken by the receiver when persuasive-

ness is satisfied. We then fuse the two principles into the Optimism-Pessimism Principle for

Markov Persuasion Process (OP4) in Algorithm 2.1.

Pessimism to Induce Robust Equilibrium Behavior From the data in the past

episode, the sender can estimate the mean of the prior as well as obtain a confidence region

through concentration inequalities. Given this partial knowledge of the prior distribution,

the sender needs to design a signaling scheme that works in the face of any possible priors in
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ALGORITHM 2.1: OP4 Overview
1 for episode t = 1 . . . T do
2 Receive the initial state {st1} and context Ct = {cth}Hh=1.
3 For each step h ∈ [H], estimate prior µth along with the confidence region µBth , and

construct an optimistic Q-function Qth iteratively with the value function V t
h .

4 for step h = 1, . . . ,H do
5 Choose robust signaling scheme πth ∈ argmaxπh∈Pers(µBt

h
,uh)

〈
Qth, µ

t
h ⊗ πh

〉
Ω×A(s

t
h;C

t).

6 Observe state sh, outcome ωh and recommend action a ∼ πth(·|sh, ωh) to the receiver.

the confidence region in order to ensure the receiver will take its recommended action with

high probability. Specifically, we let BΣ(θ, β) := {θ′ : ∥θ′ − θ∥Σ ≤ β} denote the closed ball

in ∥·∥Σ norm of radius β > 0 centered at θ ∈ Rdθ . For any set B ⊆ Rdθ , we let Pers(µB, u)

denote the set of signaling policies that are simultaneously persuasive under all weigh vectors

θ ∈ B: Pers(µB, u) :=
⋂
θ∈B Pers(µθ, u). For any non-empty set B, the set Pers(µB, u) is

convex since it is an intersection of convex sets Pers(µθ, u), and is non-empty since it must

contain the full-information signaling scheme. We note that since Pers(µB, u) is a convex

set, we can solve the linear optimization among the policies in Pers(µB, u) in polynomial

time (see e.g., Zu et al. [2021]).

Optimism to Encourage Exploration In order to balance exploration and exploitation,

we adopt the principle of optimism in face of uncertainty to the value iteration algorithm

based on Bellman equation, following in a line of work in online RL such as Q-learning with

UCB exploration [Jin et al., 2018], UCBVI [Azar et al., 2017], LSVI-UCB [Jin et al., 2020]

(also see Wang et al. [2020], Yang et al. [2020], Wang et al. [2021b] and the references therein).

The additional UCB bonus on the Q-value encourages exploration and has been shown to be

a provably efficient online method to improve policies in MDPs. Moreover, this method not

only works for the simple tabular setting, but also generalizes to settings with infinite state

spaces by exploiting linearity of the Q-function and a regularized least-squares program to

determine the optimal estimation of Q-value. In fact, within our framework, we could obtain
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efficient learning result in the infinite state space setting through other optimism-based online

RL methods and general function approximators, such as linear mixture MDPs [Ayoub et al.,

2020, Zhou et al., 2021b, Cai et al., 2020, Zhou et al., 2021a], or kernel approximation [Yang

et al., 2020] or bilinear classes [Du et al., 2021].

To provide a concrete picture of the learning process, we instantiate the OP4 algorithm

in two special cases and showcase our key ideas and techniques before delving into the more

involved analysis of the generalized MPP setting. Nevertheless, we remark that whether the

problem instance is tabular or in the form of linear or generalized linear approximations is

not essential and not the focus of our study. OP4 itself only relies on two things, i.e., the

uncertainty quantification for Q-function and prior estimation. So even the model-free RL

framework can be replaced by model-based RL, as we can just construct confidence region

for the transition models.

2.5.3 Warm-up I: Reinforcement Learning in the Tabular MPP

We first consider MPPs in tabular setting with finite states and outcomes, as described in

Section 2.4.1. In this case, the prior on outcomes at each step degenerates to an unknown

but fixed discrete distribution independent of context. As linear parameterization is not

required for discrete probability distribution, the algorithm can simply update the empirical

estimation of µth through counting. Similarly, the transition kernel P ∗h is estimated through

the occurrence of observed samples, and we uses this estimated transition to compute the

Q-function Q̂th from the observed utility and estimated value function in the next step,

according to the Bellman equation. To be specific, for each s ∈ S, ω ∈ Ω, a ∈ A, µth and Q̂th
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are estimated through the following equations:

µth(ω)←
λ/|Ω|+Nt,h(ω)

λ+ t− 1
,

Q̂th(s, ω, a)←
1

λ+Nt,h(s, ω, a)

∑
τ∈[t−1]

{
I(sτh = s, ωτh = ω, aτh = a)

[
vτh + V th+1(s

τ
h+1)

]}
,

where Nt,h(ω) =
∑
τ∈[t−1] I(ωτh = ω) and Nt,h(s, ω, a) =

∑
τ∈[t−1] I(sτh = s, ωth = ω, ath = a)

respectively count the effective number of samples that the sender has observed arriving at

ω, or the combination {s, ω, a}), and λ > 0 is a constant for regularization.

In our learning algorithm, we determine the radius of confidence region Bth for µth ac-

cording to confidence bound ϵth = O(
√

log(HT )/t). Moreover, we add a UCB bonus term

of form ρ/
√
Nt,h(s, ω, a) to Q̂th to obtain the optimistic Q-function Qth. Then, it selects a

robustly persuasive signaling scheme that maximizes an optimistic estimation of Q-function

with respect to the current prior estimation µth. Finally, it makes an action recommendation

ath using this signaling scheme, given the state and outcome realization {sth, ω
t
h}.

Theorem 2.1. Let ϵth = Õ(
√
1/t), and ρ = Õ(|S| · |Ω| · |A|H). Under (p0, D)-regularity,

with prob. at least 1− 3H−1T−1, OP4 has regret Õ
(
|C|(|S| · |Ω| · |A|)3/2 ·H2

√
T/(p0D)

)
in

tabular MPPs.

To obtain the regret of OP4, we have to consider the regret arising from different pro-

cedures. Formal decomposition of the regret is described in Lemma A.1. Separately, we

upper bound errors incurred from estimating Q-function (Lemma A.2), the randomness of of

choosing the outcome, action and next state (Lemma A.8) as well as estimating the prior of

outcome and choosing a persuasive signaling scheme that is robustly persuasive for a subset

of priors (Lemmas A.3 and A.4). As the two warm-up models are special cases of the general

MPP, the proof of the above properties follows from that of the general MPP setting, and

thus is omitted here.
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2.5.4 Warm-up II: Reinforcement Learning in Contextual Bayesian

Persuasion

We now move to another special case with H = 1, such that the MPP problem reduces to a

contextual-bandit-like problem, where transitions no longer exist. Given a context c and a

persuasive signaling policy π, the value function is simply the sender’s expected utility for

any s ∈ S,

V π(s; c) :=

∫
ω

∑
a∈A

µ(ω|c)π(a|s, ω)v(s, ω, a)dω.

The sender’s optimal expected utility is defined as V ∗(s; c) := maxπ∈Pers(µθ∗(·|c),u∗) V
π(s; c).

Meanwhile, we consider the general setting where outcome ω is a continuous random

variable that subjects to a generalized linear model. To be specific, the prior µ is conditioned

on the context c with the mean value f(ϕ(c)⊤θ). For the prior µ and link function f , we

assume the smoothness of the prior and the bounded derivatives of the link function:

Assumption 2.6. There exists a constant Lµ > 0 such that for any parameter θ1, θ2, we

have
∥∥µθ1(·|c)− µθ2(·|c)∥∥1 ≤ Lµ

∥∥f(ϕ(c)⊤θ1)− f(ϕ(c)⊤θ2)∥∥ for any given context c.

Assumption 2.7. The link function f is either monotonically increasing or decreasing.

Moreover, there exists absolute constants 0 < κ < K < ∞ and 0 < M < ∞ such that

κ ≤ |f ′(z)| ≤ K and |f ′′(z)| ≤M for all |z| ≤ ΦLθ.

It is natural to assume a Lipschitz property of the distribution in Assumption 2.6. For

instance, Gaussian distributions and uniform distributions satisfy this property. Assumption

2.7 is standard in the literature [Filippi et al., 2010, Wang et al., 2019, Li et al., 2017b]. Two

example link functions are the identity map f(z) = z and the logistic map f(z) = 1/(1+e−z)

with bounded z. It is easy to verify that both maps satisfy this assumption.

Different from tabular setting, we are now unable to use the counting-based estimator to

keep track of the distribution of the possibly infinite states and outcomes. Instead, we resort

38



to function approximation techniques and estimate the linear parameters θ∗, γ∗. In each

episode, OP4 respectively updates the estimation and confidence region of θt, γt, with which

it can determine the outcome prior under pessimism and sender’s utility under optimism.

To be specific, θt is solved by a constrained least-squares problem and qt is solved by a

regularized least-squares problem:

θt ← arg min
∥θ∥≤Lθ

∑
τ∈[t−1]

[
ωτ − f(ϕ(cτ )⊤θh)

]2
,

γt ← arg min
γ∈Rψ

∑
τ∈[t−1]

∥∥∥vτ − ψ(sτ , ωτ , aτ )⊤γ∥∥∥2 + λ ∥γ∥2 .

We then estimate the prior by setting µt(·|c) to the distribution of f
(
ϕ(c)⊤θt

)
+ z and

estimate the sender’s utility by setting vt(·, ·, ·) = ψ(·, ·, ·)⊤γt. On one hand, to encourage

exploration, OP4 adds the UCB bonus term of form ρ ∥ψ(·, ·, ·)∥(Γt)−1 to the Q-function,

where Γt = λIdψ +
∑
τ∈[t] ψ(s

τ , ωτ , aτ )ψ(sτ , ωτ , aτ )⊤ is the Gram matrix of the regularized

least-squares problem and ρ is equivalent to a scalar. This is a common technique for linear

bandits. On the other hand, OP4 determines the confidence region of θt with radius β,

and ensures that signaling scheme is robustly persuasive for any possible (worst case) prior

induced by linear parameters θ in this region. Combining optimism and pessimism, OP4 picks

the signaling scheme among the robust persuasive set that maximizes the sender’s optimistic

utility.

Theorem 2.2. Under (p0, D)-regularity and Assumption 2.6 and 2.7, there exist absolute

constants C1, C2 > 0 such that, for λ = max{1,Ψ2}, β = C1(1+κ
−1
√
K +M + dϕσ

2 log(T )),

and ρ = C2dψ

√
log(4dψΨ

2T 3), with prob. at least 1−3T−1, OP4 has regret Õ
(
dϕ

√
d3ψ
√
T/(p0D)

)
in contextual Bayesian persuasion problems.

Since we estimate the prior by computing an estimator θt, we evaluate the persuasiveness

of OP4 through the probability that θ∗ lies in the confidence region centered at θt with the
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radius β = O(
√
dϕ log(T )) in weighted norm. Due to the smoothness of the prior and the

assumption of link function, the error of the estimated prior is bounded by the product of

β and the weighted norm of feature vector ∥ϕ(ct)∥Σt = O(1/
√
t), which yields the same

conclusion for ϵt in the tabular MPP case. Also compared to Li et al. [2017a], we do not

require any regularity for Σt, since we add a constant matrix Φ2I to the Gram matrix Σt.

This ensures that Σt is always lower bounded by the constant Φ2 > 0. The proof of the

persuasiveness and sublinear regret of contextual bandit can be viewed as a direct reduction

of the MPP case when the total step H = 1. We decompose the regret in the same way as

that in Lemma A.1 for MPPs and then estimate the upper bound for each item to measure

the regret loss.

2.8 No-Regret Learning in the General Markov Persuasion

Process

In this section, we present the full version of the OP4 algorithm for MPPs and show that it is

persuasive with high probability and meanwhile achieves average regret Õ
(
dϕ·d

3/2
ψ H2

√
T/(p0D)

)
.

In the general MPP setting with the linear utility and transition, a crucial property

is that the Q-functions under any signaling policy is always linear in the feature map ψ,

similar to linear MDPs [Jin et al., 2020]. Therefore, when designing learning algorithms, it

suffices to focus on linear Q-functions. OP4 iteratively fits the optimal Q-function, which is

parameterized by q∗h as ψ(·, ·, ·)⊤q∗h at each step h ∈ [H]. When learning the Q-functions

of MPPs and the prior of persuasion states simultaneously, it operates similarly as that in

tabular MPPs and contextual Bayesian persuasion. At the t-th episode, given historical

data {(cτh, s
τ
h, ω

τ
h, a

τ
h, v

τ
h)}h∈[H],τ∈[t−1], we can estimate unknown vectors θ∗h, q

∗
h,∀h ∈ [H] by

solving the following constrained or regularized least-squares problems:
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θth ← argmin
∥θh∥≤Lθ

∑
τ∈[t−1]

[
ωτh − f(ϕ(c

τ
h)
⊤θh)

]2
,

qth ← argmin

q∈Rdψ

∑
τ∈[t−1]

[
vτh + V th+1(s

τ
h+1;C

t)− ψ(sτh, ω
τ
h, a

τ
h)
⊤q
]2

+ λ∥q∥2.

Additionally, V th+1 is the estimated value function with the observed context Ct at the

episode t, which we describe formally later. This estimator is used to replace the unknown

transition Ph and distribution νh in equation (2.2). Moreover, we can update the estimate

of outcome prior µth and Q-function Qth respectively. Here OP4 adds the UCB bonus to Qth

to encourage exploration. The formal description is given in Algorithm A.1 in Appendix

A.2.1. Below we show that the OP4 is persuasive and guarantees sublinear regret with high

probability in this general setup.

Theorem 2.3. Under (p0, D)-regularity and Assumption 2.6 and 2.7, there exist absolute

constants C1, C2 > 0 such that, for λ = max{1,Ψ2}, β = C1(1+κ
−1
√
K +M + dϕσ

2 log(HT ))

and ρ = C2dψH
√

log(4dψΨ
2H2T 3), with prob. at least 1 − 3H−1T−1, OP4 has regret

Õ
(
dϕd

3/2
ψ H2

√
T/(p0D)

)
in general MPPs.

Proof Sketch

The regret analysis of OP4 in MPPs turns out to be challenging for its combination of

pessimism and optimism simultaneously. The key to our proof is a novel way of regret

decomposition to decouple the effect of pessimism and optimism. Specifically, we decompose

the regret into four terms below,
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Reg(T, µ∗) =
∑
t∈[T ]

∑
h∈[H]

{
Eµ∗h,π∗h [δ

t
h(sh, ωh, a

t
h)|s1 = st1]− δ

t
h(s

t
h, ω

t
h, a

t
h)
}

︸ ︷︷ ︸
(i)

+
∑
t∈[T ]

∑
h∈[H]

(ζ1t,h + ζ2t,h)︸ ︷︷ ︸
(ii)

+
∑
t∈[T ]

∑
h∈[H]

Eµ∗h,π∗h
[〈
Qth, µ

∗
h ⊗ π

∗
h − µ

t
h ⊗ π

t
h

〉
Ω×A(sh;C

t)|s1 = st1
]

︸ ︷︷ ︸
(iii)

+
∑
t∈[T ]

∑
h∈[H]

〈
Qth, (µ

t
h − µ

∗
h)⊗ π

t
h

〉
Ω×A(s

t
h, C

t)

︸ ︷︷ ︸
(iv)

.

We now examine and explain the conceptual meaning of each term at a high level. The

technical part of decomposing the regret and bounding each term is deferred to the Appendix

A.2.2.

Term (i) captures the loss due to optimism. This is measured by the temporal-difference

(TD) error, δth(s, ω, a) = (vth+PhV
t
h+1−Q

t
h)(s, ω, a;C

t), which intuitively quantifies how far

the Q-functions {Qth}h∈[H] are from satisfying the Bellman optimality equation in equation

(2.2). Due to the optimistic Q-value estimation, δth in term (i) is always non-positive. Hence,

even without observing the trajectories under ground-truth prior µ∗ and the optimal signaling

policy π∗, we can upper bound both δth and −δth, as formally stated in Lemma A.2.

Term (ii) captures the two bounded martingale difference sequences, ζ1t,h and ζ2t,h, which

respectively corresponds to the randomness of realizing the outcome ωth ∼ µ∗h(·|ch) and

signaling the action ath ∼ πth(s
t
h, ω

t
h, ·), as well as the randomness of drawing the next state

sth+1 from Ph(·|sth, ω
t
h, ·). We formally define those terms in equation (A.2) and prove their

bound in Lemma A.8.

Term (iii) captures the loss due to pessimism. As in Lemma A.12, the key observation

is that the utility gap between a robustly persuasive signaling policy and the optimal policy

has a bound independent of the randomness from the trajectories under µ∗ and π∗.

Term (iv) captures the bounded difference between the estimated prior µth and ground
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truth prior µ∗h by construction. The concentration bound is proved in Lemma A.4.

Finally, besides the sublinear regret bound result, we also need to show that the signaling

policy of OP4 guarantees persuasiveness w.r.t. the true prior with high probability. This is

due to the concentration of the prior estimation, stated in Lemma A.5.

A note on tightness of regret bound It has been shown that the regret lower bound in

linear MDP is Ω(
√
dH2T ), the optimism based RL algorithm, LSVI-UCB [Jin et al., 2020],

has a Õ(
√
d3H3T ) regret, and recent work, LSVI-UCB-Restart [Zhou et al., 2020], has a

tighter regret bound Õ(
√
d8/3H2T ) under certain conditions. OP4, compared to LSVI-UCB,

has an additional
√
H term, primarily due to the pessimism for the outcome prior estimation.

And it remains an open question to derive the lower bound and to develop algorithms with

tight regret bound for learning in MPPs.
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CHAPTER 3

ROBUST STACKELBERG EQUILIBRIUM

3.1 Introduction

The Stackelberg game stands as a cornerstone in the realm of hierarchical decision-making

processes, serving as a canonical model that underpins fundamental economic models. The

game in its normal form (see Section 3.2 for details) involves two players, a leader and a

follower, with utility function ul, uf : [m]× [n]→ R. The leader moves first by committing

to a (possibly randomized) strategy x ∈ ∆m, the follower then responds with an action

j ∈ [n]. Denote u(x, j) = Ei∼x[u(i, j)] as the player’s expected payoff under utility function

u and strategy profile (x, j). A conventional design of the optimal leader strategy can be

formulated as a solution to the following (optimistic) bi-level optimization problem,

max
x∈∆m

max
j∈[n]

ul(x, j) s.t. uf (x, j) ≥ max
j′∈[n]

uf (x, j
′), (3.1)

which solves for the leader payoff-maximizing strategy given that the follower would respond

optimally and break ties optimistically. This solution concept is known as the strong Stack-

elberg equilibrium (SSE). In particular, as long as the game instance is non-degenerated, the

“strong” assumption of the follower’s optimistic tie-breaking behavior is without loss of gen-

erality, and SSE forms the subgame perfect Nash equilibria of the underlying extensive-form

game [Von Stengel and Zamir, 2010]. The SSE is a fundamental game-theoretical concept, as

it reduces to the minimax strategy in zero-sum games and is viewed as another natural exten-

sion of minimax strategy to general sum games, analogous to the Nash equilibrium [Conitzer,

2016].

However, the SSE also exhibits a critical limitation that if the follower responds (even

slightly) suboptimally to the leader, the quality of the leader’s SSE strategy may deteriorate

substantially. These scenarios commonly occur when there is uncertainty regarding the
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follower’s utilities [Letchford et al., 2009, Kiekintveld et al., 2013, Kroer et al., 2018], or

when the follower is boundedly rational [Yang et al., 2012], or when the follower has imperfect

perception of the leader’s strategies [An et al., 2012, Muthukumar and Sahai, 2019], or even

a mixture of some of these factors [Pita et al., 2010]. In this paper, we take an agnostic

stance on the cause of suboptimal follower responses and adopt a worst-case analysis for the

robust design of the optimal leader strategy. This leads to the following (pessimistic) bi-level

optimization problem,

max
x∈∆m

min
j∈[n]

ul(x, j) s.t. uf (x, j) > max
j′∈[n]

uf (x, j
′)− δ, (3.2)

which solves for the leader payoff-maximizing strategy given that the follower’s response is

the worst to the leader’s utility among all actions whose utilities are up to a small difference

δ from the optimal response. We refer to this solution concept as the δ-robust Stackelberg

equilibrium (δ-RSE). The parameter δ reflects the follower’s level of suboptimality and can

be chosen according to the designer’s knowledge of the game, e.g., the confidence bound on

utility estimation or the degree of irrationality. This solution concept naturally extends the

SSE in the sense that, as δ → 0, the leader utility of δ-RSE approaches (continuously under

certain conditions) until the leader utility of SSE. This property notably allows δ-RSE to

serve as the pessimistic design choice in the process of learning SSE, where δ is determined by

the confidence bound in parameter estimation. We defer the detailed discussion to Section 3.3

and 3.5.

Despite its simplicity and power to capture a wide range of suboptimal behaviors, there

appears to be a lack of thorough analysis in the literature for such a natural solution concept

of robust Stackelberg equilibrium. For simultaneous move games, somewhat similar concepts

of robust Nash equilibrium have been proposed and thoroughly analyzed [Tijs, 1981, Aghassi

and Bertsimas, 2006]. However, the analysis in simultaneous-move games is quite different

from that of Stackelberg games. For Stackelberg games, most relevant to ours is perhaps
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an applied study by Pita et al. [2010] who proposed a mixed integer linear program for

computing a subtle variant of our RSE solution in order to find robust leader strategies.

However, the running time of their program is exponential in the worst case; moreover, as

we will elaborate in Section 3.3, the RSE variant they considered may not always exist.

Many fundamental questions still remain: How to define the equilibrium concept so that it

always exists? What is the computational complexity of finding the RSE? Are there provably

sub-exponential algorithms for computing the RSE? What are the connections between RSE

and other equilibrium concepts? These are the questions we aim to answer in this paper.

3.1.1 Our Contributions

This paper is dedicated to a principled study of δ-RSE from its analytic properties, to its

computational and statistical complexity. We start by formalizing the notion of δ-RSE,

where δ > 0 is an upper bound on the follower’s utility loss due to suboptimal behavior. We

prove that under a properly chosen boundary condition, a δ-RSE exists in every Stackelberg

game for any δ > 0. Consequently, the leader’s utility in an δ-RSE can be viewed as a

well-defined function uRSE(δ) of δ > 0. By analyzing the function uRSE(δ), we show several

analytical properties of the δ-RSE and compare it with other solution concepts, including

the classic SSE and the maximin equilibrium. In particular, under a minor non-degeneracy

assumption, the function uRSE(δ) is proved to exhibit Lipschitz continuity within a regime

of small δ, and approaches the leader utility under SSE as δ → 0. Such continuity is a

“surprisingly” nice property, as an agent’s equilibrium utility typically is not continuous in

the other agents’ parameters in discrete strategic games. For instance, in SSE, the leader’s

utility may drop significantly if the follower’s utility function changes even slightly or the

follower’s response is slightly sub-optimal because these may cause the follower to switch to a

response that is dramatically worse to the leader. Interestingly, our added layer of worst-case

analysis somehow smoothed the follower response and installed the continuity property. This
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continuity property has multiple interesting implications. First, it implies that regardless of

what causes the follower’s up-to-δ suboptimal behavior,1 the leader’s utility will always be

O(δ) off from the SSE utility for small δ. Second, this property turns out to be very useful

for learning both the RSE and SSE, which we will further elaborate on below.

Next, we investigate the complexity of computing a δ-RSE. In sharp contrast to the

tractability of computing an SSE, we show that for any δ > 0, it is NP-hard to even approxi-

mate (the leader’s strategy in) a δ-RSE; this inapproximability result rules out the possibility

of a fully polynomial time approximation scheme (FPTAS), assuming P ̸= NP. Our proof

employs a highly nontrivial reduction from the eXact 3-set Cover (X3C) problem. The

reduction is combinatorial in nature despite computing (continuous) mixed strategies, and

a key technical challenge in the proof is to relate the continuous game strategy space to the

combinatorial solution space of X3C. On the positive side, we present a quasi-polynomial

approximation scheme (QPTAS) to compute an approximate RSE. Our proof employs the

probabilistic method [Alon and Spencer, 2016] to prove the existence of an approximate δ-

RSE, which is similar to [Lipton et al., 2003] for proving the existence of an approximate

Nash equilibrium with a simple format termed uniform strategy (which can be enumerated

in quasi-polynomial time). However, our algorithm for identifying the approximate δ-RSE

is significantly different — in fact, the approximate δ-RSE is not even a uniform strategy,

but instead is some strategy nearby. This is due to the nature of bi-level optimization in

Stackelberg games. While a uniform leader strategy x and any nearby strategy x will lead

to similar leader utilities, they will lead to different follower responses, which in turn affects

what leader utility is induced in the equilibrium. This challenge forces us to efficiently search

the nearby region of a uniform strategy x for a leader strategy x that induces the most fa-

vorable follower response. This challenge brought by follower responses is not present in

1. It is easy to see that any δ perception error on follower’s payoffs [Letchford et al., 2009, Kiekintveld
et al., 2013] or leader’s mixed strategy [An et al., 2012, Muthukumar and Sahai, 2019] will lead to O(δ)
suboptimal follower responses when payoffs are bounded.
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computing an approximate Nash equilibrium. We remark that it is an intriguing yet highly

non-trivial open question to close the gap between the above hardness result and QPTAS.2

Last but not least, we turn to the learnability of δ-RSE in a setting where the payoff

functions are not known in advance but need to be learned from samples of the players’

utilities. Such a learning paradigm is crucial to today’s common practice of “centralized

training, decentralized execution” in multi-agent learning [Lowe et al., 2017, Bai et al., 2021].

We obtain almost tight results on the learnability of δ-RSE. Specifically, we construct a

learning algorithm that, with high probability, outputs a strategy with leader’s utility O(ϵ)

or O(1) away from the δ-RSE by using O(1/ϵ2) samples, depending on whether a continuity

condition is satisfied or not. We then present hard instances with sample complexity lower

bounds for each case. As a corollary of this learnability result and the continuity property

mentioned, we immediately obtain an algorithm for learning SSE. This algorithm strictly

improves a recent learning algorithm for SSE by [Bai et al., 2021] on both utility guarantee

and computational efficiency.

3.1.2 Related Work

Stackelberg games have a wide range of applications in economics, finance and security

[Von Stengel and Zamir, 2010, Van Long and Sorger, 2010, Roth et al., 2016, Kiekintveld

et al., 2009, Paruchuri et al., 2008, Tambe, 2011]. These previous works considered the equi-

librium concept, often known as the strong Stackelberg equilibrium. The theory of computing

the SSE starts from the seminal work by Conitzer and Sandholm [2006] and has led to a

series of algorithmic studies on Stackelberg games [Blum et al., 2019, Conitzer and Korzhyk,

2011, Korzhyk et al., 2011, Letchford and Conitzer, 2010]. These computation problems of

2. Familiar readers may recall that there was a similar gap in the complexity landscape of computing a
Nash equilibrium, which was an open problem for about 10 years. Specifically, around 2005, Lipton et al.
[2003] developed a QPTAS for finding an ϵ-Nash whereas Daskalakis et al. [2009], Chen et al. [2009] ruled out
FPTAS for two-player Nash (assuming PPAD ̸⊆P). The gap between these two results was open for about 10
years until Rubinstein [2016] settled the lower bound that rules out PTAS for Nash and matches the QPTAS
of [Lipton et al., 2003], assuming the Exponential Time Hypothesis for PPAD.
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SSE are fundamental to the field of bi-level optimization [Dempe, 2002] and are viewed as

extensions of the classic minimax optimization problem [v. Neumann, 1928] to general sum

games. A recent work by Goktas and Greenwald [2021] studied Stackelberg games with de-

pendent strategy sets, based on the constrained maximin model [Wald, 1945], and designed

first-order methods to efficiently solve the Stackelberg equilibrium under the condition of

convex-concave utility and constraints. It turns out that the RSE problem is equivalent to

solving a constrained maximin problem where the follower’s strategy set is determined by

the leader’s strategy according to the δ-best response set function. However, as the δ-best re-

sponse set function exhibits discontinuity without the convex-concave structure, computing

RSEs is shown by our Theorem 3.6 to be computationally intractable.

The robust design problem of Stackelberg strategies has been studied in many recent

works, in contexts with uncertain follower utilities [Letchford et al., 2009, Kiekintveld et al.,

2013, Kroer et al., 2018] or follower’s uncertain perception of leader’s mixed strategies [An

et al., 2012, Muthukumar and Sahai, 2019]. Another approach is to explicitly model the

follower’s suboptimal decision-making process with probabilistic modeling, such as the well-

known quantal response model [McKelvey and Palfrey, 1995, Yang et al., 2012]. The solution

concept of RSE is different from the previous robustness notion in that the RSE does not

make any specific assumptions about the underlying cause of suboptimal follower behavior.

Thus, it is applicable to a wider range of scenarios to address suboptimal follower behavior.

To our knowledge, [Pita et al., 2010] is the only work that studied a very close RSE solution

concept as us. Nevertheless, they focused mostly on experimentally verifying the performance

of algorithms based on mixed-integer linear programming for computing robust solutions.

The utility uncertainties have also been considered in machine learning contexts. These

results take a learning-theoretic approach and show efficient algorithms to learn the strong

Stackelberg equilibrium. One line of research considers the case where the leader is only able

to observe follower’s responses but not the payoffs [Balcan et al., 2015, Blum et al., 2014,
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Letchford et al., 2009, Peng et al., 2019]. All these works focused on a setting where the

follower always optimally responds to the leader’s strategy, whereas the follower in our model

may respond with any approximately optimal action. Meanwhile, Bai et al. [2021] studied a

setting where the learner can query any action profile and directly observe bandit feedback of

the follower’s payoffs. We analyze the learnability of the RSE in the same learning setup and

present strengthened results as a side product of our result for learning the RSE. Our work

reveals the intrinsic connections between the robust solution concept and learnability, which

in some sense echoes the reduction result from online learning regret to robust mechanism

design [Camara et al., 2020].

More generally, our work subscribes to the rich literature on robust game theory [Aghassi

and Bertsimas, 2006, Bielefeld, 1988, Camerer, 2011, Lin et al., 2008, Tijs, 1981, Tan et al.,

1995, Crespi et al., 2017]. In simultaneous games, [Tijs, 1981, Tan et al., 1995] studied

the existence of δ-equilibrium point as an extension of the Nash equilibrium, where each

player’s strategy, given other players’ strategy profile, has suboptimality at most δ. Mean-

while, Aghassi and Bertsimas [2006] proposed another equilibrium concept, known as the

robust-optimization equilibrium, under which each player, given other players’ strategy pro-

file, takes the strategy that maximizes her worst-case utility under the uncertainty of her

utility function. This concept is a distribution-free solution concept in contrast to the ex-post

equilibrium [Crémer and McLean, 1985] in Bayesian games [Harsanyi, 1967]. Among others,

Aghassi and Bertsimas [2006], Crespi et al. [2017], Perchet [2020] studied the existence and

computation of robust-optimization equilibrium as well as its sensitivity to the robustness

parameters, through its connection with the Nash equilibrium of a nominal game (based on

worst case payoff function of the original game). Our paper also considers a robust solu-

tion concept based on the worst-case optimization in Stackelberg games and studies similar

aspects of this solution concept. However, a critical difference between RSE and the robust-

optimization equilibrium [Aghassi and Bertsimas, 2006] is that the source of uncertainty in
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RSE primarily comes from the opponent’s (possibly suboptimal) responses, instead of each

player’s utility function — as shown in Section 3.5, it is relatively straightforward to accom-

modate the latter type of uncertainty assuming the continuity of utility over the robustness

parameters in our setup.

3.2 Preliminaries

Stackelberg Games. Throughout this paper, we focus on the normal-form Stackelberg

game between two players, who are referred to as the leader and the follower, respectively.

The leader has the first-mover advantage and commitment power. For a Stackelberg game

instance (ul, uf ), ul, uf ∈ Rm×n denote the leader’s and follower’s utility matrix, where m

(resp. n) is the number of leader’s (resp. follower’s) actions. As a convention in bimatrix

games, the (i, j) entry of utility matrix ul(i, j) (resp. uf (i, j)) is the leader’s (resp. follower’s)

payoff under the action profile (i, j). We also use the standard notation [m] := {1, . . . ,m}

for the set of m actions and ∆m := {x|
∑m
i=1 xi = 1, xi ≥ 0,∀i ∈ [m]} for the m-dimensional

simplex.

The game has two stages. The leader moves first by committing to a mixed strategy,

x = (x1, · · · , xm) ∈ ∆m, where each xi represents the probability the leader playing action

i. The follower then responds to the leader’s committed strategy x with some action j ∈

[n].3 At the end, the leader and follower receive the payoff ul(x, j), uf (x, j), respectively,

where ul(x, j) :=
∑
i∈[m] xi · ul(i, j) (and similarly uf (x, j)) is the expected payoff over the

randomness of x.

A Remark on Approximation. This paper works extensively with approximate solu-

tions for both computation and learning parts. To be consistent, all approximated solutions

3. Restricting the follower’s response to the pure action set [n] is without loss of generality for our analysis,
because in both RSE and SSE, fixing to any leader strategy, even if the follower’s optimization problem is
relaxed to the mixed strategy space ∆n, it will always admit vertex solutions.
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we provide are in an additive sense, unless otherwise clarified. As a convention for studying

additive approximation, we normalize the entries in all players’ utility matrices uf , ul to be

within the interval [0, 1]. This is without loss of generality since rescaling and shifting the

utilities will not change a game’s equilibrium.

Strong Stackelberg Equilibrium. The conventional solution concept of Stackelberg

games is the Strong Stackelberg Equilibrium (SSE), in which the follower always optimally

responds to the leader’s strategy and breaks ties in favor of the leader, when there is more

than one action that maximizes the follower’s utility. While we have already sketched SSE

as the solution to the bilevel optimization program (3.1), it is more convenient to define SSE

based on the notion of follower’s best response set function as follows.

Definition 1 (Strong Stackelberg Equilibrium). In a Stackelberg game (ul, uf ), we say a

strategy profile (x∗, j∗) is a strong Stackelberg equilibrium if it holds that:

x∗ ∈ argmax
x∈∆m

max
j∈BR(x)

ul(x, j) and j∗ ∈ argmax
j∈BR(x∗)

ul(x
∗, j). (3.3)

where BR(x) := {j ∈ [n]|uf (x, j) ≥ maxj′∈[n] uf (x, j
′)} denotes the follower’s best response

set under the leader strategy x.

Robust Stackelberg Equilibrium. The best response set function BR(·) defines an ideal

situation, where the follower can always identify her optimal response(s) without any error.

In practice, the follower may pick suboptimal responses due to various reasons, such as

bounded rationality and limited observations [Pita et al., 2010]. A natural extension of the

best response set, therefore, allows a small error δ > 0 in the follower’s choice of actions; we

define the δ-optimal response set of the follower as

BRδ(x) :=
{
j ∈ [n]

∣∣uf (x, j) > max
j′∈[n]

uf (x, j
′)− δ

}
(3.4)
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for any leader strategy x ∈ ∆m and δ > 0. For the completeness of definition, we denote

BRδ(x) = BR(x) when δ = 0.4 As such, we can rewrite the optimization program (3.2) into

a more convenient definition of the δ-robust Stackelberg equilibrium (δ-RSE) as follows.

Definition 2 (δ-Robust Stackelberg Equilibrium). In a Stackelberg game (ul, uf ), for any

δ > 0, we say a strategy profile (x∗, j∗) is a δ-robust Stackelberg equilibrium if it holds that:

x∗ ∈ argmax
x∈∆m

min
j∈BRδ(x)

ul(x, j) and j∗ ∈ argmin
j∈BRδ(x∗)

ul(x
∗, j). (3.5)

In addition, we denote uRSE(δ) := ul(x
∗, j∗) as the leader’s utility obtained in a δ-RSE.

Inducibility Gap and Non-Degeneracy. In this paper, we also introduce a notion called

the inducibility gap, denoted by ∆. This quantity relates to the hardness of robustifying

Stackelberg leader strategy, and it plays an important role in our analysis of δ-RSE in this

paper.

Definition 3 (Inducibility Gap). In a Stackelberg game (ul, uf ), the inducibility gap is the

largest constant ∆ such that for any follower actions j ∈ [n], there exists a leader strategy

xj with uf (xj , j) ≥ maxj′ ̸=j uf (x
j , j′) + ∆.

Namely, the inducibility gap is an intrinsic property of the game on how easy it is for

the leader to incentivize the follower to play any action. More specifically, let ∆(x, j) :=

uf (x, j) − maxj′ ̸=j uf (x, j
′) denote the follower’s utility margin of taking action j under

leader’s strategy x — a measure of how inducible is j under x (e.g., if ∆(x, j) > δ, then

BRδ(x) = {j}). Then, we can alternatively define the inducibility gap through the “mini-

max” lens:

∆ = max
x∈∆m

min
j∈[n]

∆(x, j).

4. As we will discuss below, this definition of δ-optimal response set extends the standard best response
set in the sense that limδ→0+ BRδ(x) = BR(x) under some non-degeneracy assumption.
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We remark that under the classic solution concept of SSE, it is without loss of generality

to assume ∆ > 0. First, any generic game has ∆ ̸= 0, because for randomly generated

game instances, the events that two actions always have the same payoff have zero mea-

sure [Von Stengel and Zamir, 2010]. Moreover, if a game has ∆ < 0, then there exists some

follower action j that can never be the best follower response (thus will not be played):

more formally through contraposition of Definition 3, there exists follower action j such that

for any x we have uf (x, j) < uf (x, j
′) + ∆ < uf (x, j

′) for some j′ ∈ [n]. Therefore, it

is without loss of generality to ignore and remove this never-to-be-played follower action j

(regardless of solving or learning the game); consequently, we obtain a Stackelberg game in

which every follower action at least can possibly be a best response, and such a game has

∆ > 0. However, for δ-RSE, it is only without loss of generality to assume ∆ > −δ, since

δ-suboptimal follower actions will affect the δ-RSE. Some of our results about δ-RSE hold

under assumption ∆ > 0, which slightly loses generality compared to ∆ > −δ. This discrep-

ancy becomes smaller as δ decreases (i.e., the follower becomes less suboptimal). Overall we

believe it is a reasonable assumption to pursue when δ is small.

We conclude this section with an example of Stackelberg game motivated by the real

world application and illustrate the both solution concepts of SSE and δ-RSE.

Example 1 (Stackelberg Competition). The Stackelberg game origins from the duopoly com-

petition model studied by Von Stackelberg [2010]. There are two firms who are selling the

same type of product. The leader firm is able to enter a market earlier than the follower

firm. The leader firm has two options, to set either a high or low price for the product. The

follower firm also have two options, which is to either compete with the leader or leave this

market. Their payoff matrices can be formulate as follows.

ul, uf j1 (compete) j2 (leave)

i1 (high) 3, 2 6, 1

i2 (low) 2, 0 4, 1
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Under this pair of payoff matrices, we can observe that if the leader prices the product at

a high price, then the follower is willing to compete. Otherwise, the follower would choose to

leave the market. To design the Stackelberg strategy, the leader has the power to randomize

her actions (e.g., to offer a price in the middle of high and low). Suppose the follower

chooses the best response and break tie optimistically, we can plot the leader’s utility function

maxj∈BR(x) u(x, j) by the red shaded line and its maximum gives the SSE leader strategy,

x∗ = (12 ,
1
2) with the follower response j1. For various reasons in practice, the follower could

choose any action from his δ-best response set and break tie pessimistically. In this case, the

leader’s utility function becomes minj∈BRδ(x) u(x, j), plotted as the green shaded line and its

maximum gives the δ-RSE leader strategy, x∗ = (1+δ2 , 1−δ2 ) with the follower response j1.

Figure 3.1: Plots of leader utility functions under follower response models in SSE (left) and
δ-RSE (right). The x-axis is the probability of the leader choosing i1, while the y-axis is the leader
payoff.

3.3 Analytic Properties of RSE

3.3.1 On the Alternative Definitions of δ-RSE

In this section, we show how our current definition of δ-RSE is an inevitable choice by

comparing it with several plausible alternative choices. The first objection one may raise is

that the notion of δ-RSE may not be well-defined, in the sense that minj∈BRδ(x) ul(x, j) (as
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a function of x) may not always have a maximum. This has been a concern for some variants

of the Stackelberg equilibrium such as the weak Stackelberg equilibrium, where the follower

is assumed to break tie pessimistically [Von Stengel and Zamir, 2010]. It turns out that

δ-RSE is indeed well-defined, due to a delicate choice of the “>” in Equation (3.4). Below,

we present a simple example to illustrate the subtlety of defining the δ-optimal response set,

as the δ-RSE does not exist when the exactly δ-optimal responses are included.

Example 2 (Non-existence of δ-RSE under an Alternative Definition). We claim that in

the following game instance, the δ-RSE would not exist under a slightly revised definition of

δ-optimal response set, BRδ(x) = {j|uf (x, j) ≥ uf (x, j
′)− δ, ∀j′ ̸= j}.

ul, uf j1 j2

i1 0,−1 0, 0

i2 0,−δ 1, 0

i3 0, 1 0, 0

Notice that the leader’s optimal strategy should ensure that j1 ̸∈ BRδ(x), because the leader’s

utility would otherwise always be zero due to the follower’s pessimistic tie-breaking. This

means that i3 can be dropped, since it only encourages the follower to take j1 while gives the

leader zero utility. Hence, it suffices to set the leader strategy as x = (ξ, 1−ξ, 0), under which

the follower’s δ-optimal response set (under the modified definition) would be BRδ(x) = {j2},

resulting leader utility ul(x, j2) = 1− ξ. The smaller the ξ is, the larger the leader utility is.

It is now clear that the optimal leader strategy is to play i1 with infinitely small probability

ξ > 0 while play i2 with probability 1−ξ. However, ξ can’t be equal to 0, as this would include

j1 into the δ-best follower response set that makes the leader’s utility become 0. Therefore,

since ξ needs to be infinitely small but greater than 0, the δ-RSE is not well defined and does

not exist for this example.

Example 2 shows that the leader may optimize over an open set of mixed strategies that

induces the desirable follower response behaviors and thus cannot achieve the exact optimal
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strategy, but it is unclear how our definition of BRδ(·) in Equation (3.4) can avoid this

problem. Below, we present a constructive proof to show that the δ-RSE we defined via

Equation (3.4) and (3.5) above exists in every game for any δ > 0.

Proposition 3.1. The δ-RSE under Definition 2 exists in every game for any δ > 0 and

can be computed in O(2n poly(m,n)) time.

The proof idea of Proposition 3.1 is to explicitly provides an algorithm for computing the

δ-RSE, though it runs in exponential time in the worst case. We refer readers to Appendix

B.1.1 for the detailed proof. The following are a few remarks about Proposition 3.1. First, it

implies that for instances with a small n, a δ-RSE can be computed efficiently. Nevertheless,

the exponential dependency on n in the time complexity appears to be inevitable, as we will

show in the next section that computing a δ-RSE is NP-hard. Second, while one may be

willing to compromise and settle with the “supremum” of leader strategies, instead of using

the exact “maximum” in Equation (3.5), this is generally viewed as being undesirable. Such

a wrinkle of the non-existence of a solution concept is always a concern for game-theoretical

analysis. Hence, we believe it is helpful to figure out the right way so that we do not always

need to worry about the existence and how to tweak the solution to make it achievable.5

This also paves the way for many of our following analysis.

Another reasonable concern here is that given the existing equilibrium concepts, is it truly

necessary to define and study the δ-RSE solution concept? In particular, might it be that the

SSE leader strategy or the maximin leader strategy will already perform well, i.e., achieve ϵ-

optimal uRSE(δ) assuming the suboptimal follower responses? Unfortunately, Proposition 3.2

shows that both the SSE leader strategy and maximin leader strategy are highly suboptimal

strategies with a gap of Ω(1) loss for approximating the δ-RSE. As a result, we cannot simply

5. For example, Pita et al. [2010] used non-strict inequalities for both the δ-optimal follower response and
non-δ-optimal follower response. This choice actually leads to strange inconsistency in the follower behavior
modeling, in which the follower will effectively break ties against the leader among actions strictly within
δ-optimal response region but then in favor of the leader at the boundary of δ-optimal response regions.
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apply the leader strategy from other equilibrium (e.g. SSE) to expect robust performance

on par with δ-RSE. See Appendix B.1.2 for the proof of Proposition 3.2.

Proposition 3.2 (Suboptimality of Standard Equilibrium Strategies). For any δ > 0, there

exists game instances in which both the SSE leader strategy x1 and maximin leader strategy

x2 have a constant suboptimality gap of at least 1/2 for approximating the δ-RSE, i.e.,

min
j∈BRδ(x1)

ul(x1, j) < uRSE(δ)−
1

2
and min

j∈BRδ(x2)
ul(x2, j) < uRSE(δ)−

1

2
.

The other common question of the δ-RSE definition is regarding the follower’s pessimistic

tie-breaking behavior. That is, how does the tie-breaking behavior affect the performance of

δ-RSE against the suboptimal follower responses? Similar question is asked about the SSE,

and Von Stengel and Zamir [2010] showed that the SSE enjoys generically unique leader

payoff regardless of the follower’s tie-breaking rules. Does δ-RSE share similar property?

Would the leader payoff under δ-RSE strategy x∗ stay the same if the follower could switch

to different tie-breaking rules? The question becomes non-trivial if we were to restrict to

reasonably small δ such that δ < ∆. It turns out that the answer is “No”, as shown in

Proposition 3.3 below. This result confirms the necessity of our worst case analysis under

pessimistic tie-breaking.

Proposition 3.3 (Tie-breaking Rule Matters for δ-RSE). For any δ > 0, there exist game

instances with inducibility gap ∆ > δ in which the leader payoffs of δ-RSE leader strategy

x∗ under the optimistic and pessimistic tie-breaking rule have a difference of at least δ, i.e.,

min
j∈BRδ(x∗)

ul(x
∗, j) < max

j∈BRδ(x∗)
ul(x

∗, j)− δ.

See Appendix B.1.3 for the constructed instance with m = 3. Meanwhile, we show in

Appendix B.1.5 that the δ-RSE strategy x∗ does have unique leader payoff regardless of the

follower’s tie-breaking rules in any generic game with m = 2, which leads to another efficient
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algorithm to compute δ-RSE when m is constant.

3.3.2 The Price of Robustness: δ-RSE Leader Utility Curve over δ

Given the analysis above, we know the leader’s utility in a δ-RSE is a well-defined function

in the domain of δ > 0, for the existence and uniqueness of its value. We denote this function

as uRSE(δ). Next, we derive the main results of this section about characteristics of δ-RSE

through uRSE(δ). The δ interval with continuity property is especially crucial for our study

of δ-RSE in the following sections. To provide an intuitive understanding of Theorem 3.4,

we depict a typical shape of the function uRSE(δ) in Figure 3.2.

Figure 3.2: An illustration of uRSE(δ), the leader utility in δ-RSE w.r.t. δ > 0.

Theorem 3.4. Denote the leader’s SSE payoff as uSSE, and the leader’s maximin payoff as

uMM = maxx∈∆m minj∈[n] ul(x, j), the following properties of δ-RSE hold for any game:

1. For any δ, δ′ such that 0 < δ ≤ δ′, uRSE(δ) is monotone non-increasing and is bounded

as,

uSSE ≥ uRSE(δ) ≥ uRSE(δ
′) ≥ uMM, (3.6)

where uRSE(0
+) := limδ→0+ uRSE(δ) exists; moreover, if ∆ > 0, uRSE(0

+) = uSSE.

2. For any δ such that 0 < δ < ∆, it holds that

uRSE(δ) ≥ uSSE − δ/∆. (3.7)
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3. For any ∆ > 0, uRSE(δ) is L-Lipschitz continuous when δ ∈ (0,∆− 1
L ] and L > 1/∆.

Meanwhile, uRSE(δ) can be discontinuous when δ ≥ ∆.

Before proceeding to the proof, we make a few remarks about Theorem 3.4. First,

Property 1 suggests that the equality for uSSE ≥ uRSE(δ) can be attained, if the non-

degeneracy condition ∆ > 0 is satisfied. Note that the asumption ∆ > 0 is necessary as in

Appendix B.1.4 we present an instance with ∆ = 0 such that uRSE(0
+) < uSSE. Property

2 shows that with the inducibility gap ∆, the lower bound of the leader’s utility under

δ-RSE can be improved from uMM to be uSSE − δ/∆. Later in Section 3.4 of algorithmic

studies, we will show how this property leads to a simple approximation algorithm for δ-RSE.

Lastly, Property 3 shows that uRSE(δ) is Lipschitz continuous when δ < ∆. This Lipschitz

continuity turns out to be very useful for learning the δ-RSE in contexts where the follower

utility is not known in advance. We will demonstrate its applicability to learning in Section

3.5.

Proof of Theorem 3.4.

Property 1. We begin with the monotonicity of uRSE(δ). According to the definition of

follower’s δ-optimal response set in Equation (3.4), BRδ(x) expands with δ, i.e., for any

leader strategy x, we have

BRδ(x) ⊆ BR
δ
′ (x), ∀0 < δ ≤ δ

′
.

Recall that uRSE(δ) = maxx∈∆m minj∈BRδ(x) ul(x, j). Hence, for any x ∈ ∆m, 0 < δ ≤ δ
′
,

we have

uRSE(δ) = max
x∈∆m

min
j∈BRδ(x)

ul(x, j) ≥ max
x∈∆m

min
j∈BR

δ
′ (x)

ul(x, j) = uRSE(δ
′
).

For the lower bound of uRSE(δ), let δ ≥ maxi∈[m],j,j′∈[n] u(i, j) − u(i, j′). Notice that we
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have BRδ(x) = [n], for any x. This readily implies,

uRSE(δ) = max
x∈∆m

min
j∈BRδ(x)

ul(x, j) = max
x∈∆m

min
j∈[n]

ul(x, j) = uMM.

For the upper bound of uRSE(δ), notice that BR(x) ⊆ BRδ(x) for any δ > 0,x ∈ ∆m. It

then follows that

uSSE = max
x∈∆m

max
j∈BR(x)

ul(x, j) ≥ max
x∈∆m

min
j∈BR(x)

ul(x, j)

≥ max
x∈∆m

min
j∈BRδ(x)

ul(x, j) = uRSE(δ).

Moreover, uRSE(0
+) exists because uRSE(δ) is monotone non-increasing in δ and is upper

bounded by uSSE. uRSE(0
+) = uSSE is implied by the squeeze theorem, based on the bounds

from Equations (3.6) and (3.7) from Property 2 when ∆ > 0. In Appendix B.1.4, we show

an instance with uRSE(0
+) < uSSE when ∆ = 0.

Property 2. To prove Equation (3.7), we construct a leader strategy x̂ and show that

playing x̂ against a δ-rational follower yields a utility of at least uSSE− δ
∆ for the leader. Let

(x∗, j∗) be the SSE of the game. Let xj
∗

be a strategy such that uf (xj
∗
, j∗) ≥ uf (x

j∗ , j′)+∆

for any j′ ̸= j∗. By definition of the inducibility gap, such a strategy must exist.

Since ∆ > δ, we can set x̂ = (1 − δ
∆)x∗ + δ

∆xj
∗
, which is a valid leader strategy. We

have BRδ(x̂) = {j∗}, since the following inequality holds for any j′ ̸= j∗,

uf (x̂, j
∗) = (1− δ

∆
)uf (x

∗, j∗) +
δ

∆
uf (x

j∗ , j∗)

≥ (1− δ

∆
)uf (x

∗, j′) +
δ

∆

(
uf (x

j∗ , j′) + ∆
)

= (1− δ

∆
)uf (x

∗, j′) +
δ

∆
uf (x

j∗ , j′) + δ

= uf (x̂, j
′) + δ.
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Hence, we have minj∈BRδ(x̂) ul(x̂, j) = ul(x̂, j
∗), which can be bounded from below as

ul(x̂, j
∗) = (1 − δ

∆
)ul(x

∗, j∗) +
δ

∆
ul(x

j∗ , j∗) ≥ (1 − δ

∆
)ul(x

∗, j∗) = (1 − δ

∆
)uSSE,

where we used ul(xj
∗
, j∗) ≥ 0. Since uSSE ≤ 1, we have

uRSE(δ) ≥ min
j∈BRδ(x̂)

ul(x̂, j) ≥ (1− δ/∆)uSSE ≥ uSSE − δ/∆.

Property 3. We demonstrate with examples in Appendix B.1.4 on how uRSE(δ) may be

discontinuous when δ ≥ ∆. In what follows we prove its Lipschitz continuity for δ ∈ (0,∆).

Pick arbitrary L > 1/∆ and two arbitrary numbers δ and δ′ such that 0 < δ < δ′ ≤ ∆−1/L.

We show that |uRSE(δ)− uRSE(δ
′)| ≤ L(δ′ − δ) to complete the proof.

Let (x∗, j∗) be a δ-RSE. Pick arbitrary j̃ ∈ argmaxj∈BRδ(x∗) uf (x
∗, j), and let x̃ be

a strategy such that uf (x̃, j̃) ≥ uf (x̃, j) + ∆ for all j ̸= j̃ (which exists according to the

definition of the inducibility gap). We construct a leader strategy x̂ = ∆−δ′
∆−δ x

∗+ δ′−δ
∆−δ x̃. We

have j /∈ BRδ′(x̂) if j /∈ BRδ(x
∗) because

uf (x̂, j̃) =
∆− δ′

∆− δ
uf (x

∗, j̃) +
δ′ − δ
∆− δ

uf (x̃, j̃)

≥ ∆− δ′

∆− δ
(
uf (x

∗, j) + δ
)
+
δ′ − δ
∆− δ

(
uf (x̃, j) + ∆

)
=

∆− δ′

∆− δ
uf (x

∗, j) +
δ′ − δ
∆− δ

uf (x̃, j) + δ′

= uf (x̂, j) + δ′,

(3.8)

where uf (x
∗, j̃) ≥ uf (x

∗, j) + δ because j̃ ∈ argmaxj∈BRδ(x∗) uf (x
∗, j), j /∈ BRδ(x

∗).
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Hence, BRδ′(x̂) ⊆ BRδ(x
∗) and

uRSE(δ
′) = min

j∈BRδ′(x̂)
ul(x̂, j) = min

j∈BRδ′(x̂)

(
∆− δ′

∆− δ
ul(x

∗, j) +
δ′ − δ
∆− δ

ul(x̃, j)

)
≥ min
j∈BRδ(x∗)

∆− δ′

∆− δ
ul(x

∗, j) =
∆− δ′

∆− δ
uRSE(δ).

This means that

uRSE(δ)− uRSE(δ
′) ≤ δ′ − δ

∆− δ
· uRSE(δ) ≤

δ′ − δ
∆− δ

≤ L(δ′ − δ),

where the last inequality is due to δ ≤ ∆− 1/L. Since uRSE is non-increasing as we argued

for Property (1), we then have |uRSE(δ)− uRSE(δ
′)| = uRSE(δ)− uRSE(δ

′) ≤ L(δ′ − δ).

We conclude this section with a discussion on the convexity of uRSE(δ). Intuitively, one

would conjecture that uRSE(δ) is convex non-increasing, as the leader’s payoff should have

diminishing margin as δ increases and follower chooses the worse responses. However, this

intuition is only correct when m = 2. The function in general is neither convex nor concave,

as illustrated in the plot in Figure 3.2.

Proposition 3.5 ((non-)convexity of uRSE(δ)). When m = 2, uRSE(δ) is convex when

δ ∈ (0,∆). When m > 2, there exist game instances where uRSE(δ) is neither convex nor

concave, even when δ ∈ (0,∆).

The proof hinges on the fact that, when m = 2, uRSE(δ) is the pointwise maximum of a

set of linear functions, each of which corresponds to the optimal leader utility in a δ-optimal

response region. We also construct an explicit example of neither convex nor concave uRSE(δ)

with m = 3. See Appendix B.1.6 for the full proof of Proposition 3.5.
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3.4 Computational Complexity of RSE

In this section, we study the complexity of computing and approximating a δ-RSE. We first

show that NP-hardness of the computation problem in general and then propose a QPTAS

algorithm to compute the approximated δ-RSE.

3.4.1 Hardness of Approximating δ-RSE

We start with the result that it is NP-hard, in general, to obtain an ϵ-optimal δ-RSE leader

strategy. We remark that, though δ-RSE appears to be a natural solution concept, we are

not aware of any previous results on its computational complexity. The closest result we

can find is the NP-hardness of computing an optimal leader strategy that is robust with

respect to uncertainty about the follower’s utility matrix, studied by [Letchford et al., 2009].

Despite some similarity in spirit, these two problems can not be seen as special cases of each

other. Moreover, from a technical point of view, our hardness result also sheds light on the

inapproximability of the problem whereas the proof technique of [Letchford et al., 2009] only

implies the hardness of exact computation and leaves inapproximability an open problem

from their problem.

Theorem 3.6. It is NP-hard to compute a 1
2n-optimal δ-RSE leader strategy.

Proof of Theorem 3.6. We show a reduction from the eXact 3-set Cover (X3C) prob-

lem. An X3C instance is given by an integer k, a collection of m subsets S1, . . . , Sm ⊆ [3k],

each of size 3. It is a yes-instance if there exists J ⊆ [m], such that |J | = k and
⋃
j∈J Sj =

[3k]; we call such a J an exact cover. Otherwise, it is a no-instance. We reduce an instance

of X3C to a game with the following utility matrices. The leader has m actions to choose

from, each corresponding to a subset in the X3C instance. The follower has n = m+3k+1

actions {a} ∪ {bj : j ∈ [m]} ∪ {ci : i ∈ [3k]}, where each bj corresponds to subset Sj , and

each ci corresponds to an element in [3k].
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Suppose ϵ > 0 is a constant, and let λ = ϵ
6m·k2 . The follower’s utility function is given

as follows (also see Figure 3.3 for an illustration).

• For all ℓ ∈ [m]: uf (Sℓ, a) = 1.

• For all ℓ ∈ [m] and j ∈ [m]:

uf (Sℓ, bj) =


max

{
1− δ

1−λ , 0
}
, if j ̸= ℓ

min
{
1, 1−δ

λ

}
, if j = ℓ

(3.9)

This ensures that uf (x, bj) ≤ 1 − δ whenever xj ≤ λ, and 1 − δ < uf (x, bj) ≤ 1,

otherwise.

• For all ℓ ∈ [m] and i ∈ [3k]:

uf (Sℓ, ci) =


min

{
(1− δ) · k

k−1+λ·k , 1
}
, if i /∈ Sℓ

max
{
0, 1− δ · k

1−λ·k

}
, if i ∈ Sℓ

(3.10)

This ensures that 1− δ < uf (x, ci) ≤ 1 whenever
∑
ℓ:i∈Sℓ xℓ <

1
k − λ, and uf (x, ci) ≤

1− δ otherwise.

The leader’s utility function is given as follows.

• For all ℓ ∈ [m]:

ul(Sℓ, a) =
1

k
, and ul(Sℓ, ci) = 0 for all i ∈ [3k] (3.11)

• For all ℓ ∈ [m] and j ∈ [m]:

ul(Sℓ, bj) =


0 if j ̸= ℓ

1 if j = ℓ

(3.12)
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We show that if the X3C instance is a yes-instance, then the leader obtains utility 1
k in

a robust Stackelberg equilibrium; otherwise, the leader obtains at most 1
2k · (1 + ϵ). Hence,

no 1
2k · (1 − ϵ)-optimal algorithm exists unless P = NP. Intuitively, to obtain the higher

1

1 − 𝛿

𝜆 = !
"#$!

𝑥%

𝑢&(𝒙, 𝑏%)
1

1 − 𝛿

'
$
− 𝜆

∑ℓ:*∈,ℓ 𝑥ℓ

𝑢&(𝒙, 𝑐*)

𝑢-(𝒙, 𝑏%)

Figure 3.3: Utility Functions of Constructed Instances for the Reduction of Theorem 3.6.

utility of 1
k , the leader needs to prevent the follower’s actions ci from being a δ-optimal

response. According to the utility definition, this requires choosing actions Sℓ that cover i

with a sufficiently high probability close to 1/k; see Figure 3.3 (right). On the other hand,

choosing each Sℓ comes with a price as it will cause bℓ to be a δ-optimal response if the

probability reaches λ; see Figure 3.3 (left). Hence, in order to maintain utility 1
k for the

leader, for each Sℓ, we should either pick it with probability close to zero (i.e., < λ), or we

pick it with probability at least 1
k . This is analogous to a discrete choice of Sℓ as in the

X3C. More specifically, the reduction proceeds as follows.

First, suppose that the X3C instance is a yes-instance and J is an exact cover of this

instance. Consider the following leader strategy x = (xj)j∈[m], whereby the leader plays

each pure strategy Sj with probability: xj = 1
k if j ∈ J , and xj = 0 if j /∈ J . The follower’s

utility for responding to x with each pure strategy is as follows:

• Clearly, uf (x, a) = 1 and ul(x, a) = 1
k .

• For each bj , according to (3.9):
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– If j ∈ J , we have xj = 1
k > λ and hence, uf (x, bj) > 1−δ; Meanwhile, ul(x, bj) =

1
k according to (3.12).

– If j /∈ J , we have xj = 0 < λ and hence, uf (x, bj) < 1− δ.

• For each ci, we have i ∈ Sj for some j ∈ J since J is an exact cover. Hence,∑
ℓ:i∈Sℓ xℓ ≥

1
k >

1
k − λ, and we have uf (x, ci) < 1− δ.

As a result, BRδ(x) = {a} ∪ {bj : j ∈ J}, and minj′∈BRδ(x) ul(x, j
′) = 1

k .

Conversely, suppose that by playing some strategy x, the leader obtains utility at least

1
2k · (1 + ϵ). We show that the instance must be a yes-instance. In this case, we have

miny∈BRδ(x) ul(x, y) ≥
1
2k ·(1+ϵ). According to the definition of the leader’s utility function,

this implies:

• ci /∈ BRδ(x) for all i ∈ [3k]. Hence, we have

∑
ℓ:i∈Sℓ

xℓ ≥
1

k
− λ. (3.13)

Since |Sℓ| = 3, we have
∑
i∈[3k]

∑
ℓ:i∈Sℓ xℓ = 3

∑
ℓ∈[m] xℓ = 3, so it holds for all i ∈ [3k]

that:

∑
ℓ:i∈Sℓ

xℓ = 3−
∑

i′∈[3k]\{i}

∑
ℓ:i′∈Sℓ

xℓ <
1

k
+ 3k · λ ≤ 1

k
· (1 + ϵ/2). (3.14)

• If bj ∈ BRδ(x), then it must be that xj ≥ 1
2k · (1 + ϵ). Hence, for each j ∈ [m], either

xj ≥ 1
2k · (1 + ϵ), or xj ≤ λ (as implied by bj /∈ BRδ(x)). This further implies that for

each i ∈ [3k], there is exactly one ℓ with i ∈ Sℓ and xℓ ≥ 1
2k · (1 + ϵ): the existence

of two or more such ℓ would violate (3.14); on the other hand, if no such ℓ exists, we

would have
∑
ℓ:i∈Sℓ xℓ ≤ m · λ < 1

k − λ, which violates (3.13). It follows that, for this
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ℓ, we have

xℓ =
∑

ℓ′:i∈Sℓ′
xℓ′ −

∑
ℓ′:ℓ′ ̸=ℓ and i∈Sℓ′

xℓ′

≥
∑

ℓ′:i∈Sℓ′
xℓ′ − (m− 1) · λ ≥ 1/k −m · λ > 1/k − ϵ/k2,

which implies that the set J :=
{
ℓ ∈ [m] : xℓ ≥ 1

2k · (1 + ϵ)
}

has at most k element in

it: otherwise,
∑
ℓ∈J xℓ > (k + 1) · (1/k − ϵ/k2) > 1. Therefore, J is an exact cover,

and the X3C instance is a yes-instance.

Therefore, we have shown that no 1
2k · (1− ϵ)-optimal algorithm exists unless P = NP. Since

n > 3k, it is also NP-hard to compute 1−ϵ
n -optimal δ-RSE leader strategy for any ϵ ∈ (0, 1].

This completes the proof.

Theorem 3.6 shows that it is NP-hard in general to approximate a δ-RSE. However, as

a corollary of Property (1) in Theorem 3.4, we show that there exists an efficient algorithm

to compute δ
∆ -optimal δ-RSE leader strategy. This intuitively illustrates that the difficult

instances of finding δ-RSE are those with small inducibility gap ∆ but large robustness

requirement δ. We refer readers to the detailed algorithm of this corollary in Appendix

B.2.1

Corollary 3.7. For Stackelberg games with inducibility gap ∆ > δ, there exists an algorithm

that computes δ
∆-optimal δ-RSE leader strategy in O(n) time.

3.4.2 A QPTAS for δ-RSE

We now move to develop a quasi-polynomial time approximation scheme (QPTAS) for com-

puting an approximate δ-RSE for any given δ. This leaves an intriguing open problem to

close the gap between the efficiency of this algorithm and the above inapproximability result

— specifically, to understand whether a PTAS exists for δ-RSE or whether Theorem 3.6 can
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be strengthened to the hardness of obtaining a constant additive approximation (possibly

under some assumption like exponential time hypothesis as used by Rubinstein [2016] to

rule out PTAS for Nash equilibrium). Our preliminary investigation suggests that either

direction seems to require significantly different ideas from our current techniques.

Theorem 3.8. For any ϵ > 0, we can compute an ϵ-optimal δ-RSE leader strategy in quasi-

polynomial time O
(
m

⌈
log 2n

2ϵ2

⌉
n log n

)
.

Before presenting the formal proof, we briefly overview the high-level idea. Our algorithm

starts with a probabilistic argument similar to [Lipton et al., 2003] for arguing the existence

of an approximate Nash equilibrium with a simple format termed the k-uniform strategy.

Formally, a mixed strategy x ∈ ∆m is called k-uniform for some integer k if every xi = ki/k

for some integer ki ≤ k. Lipton et al. [2003] prove that in any two-player m × m matrix

game there always exists a pair of k-uniform strategies for k = 12 lnm
ϵ2

that is an ϵ-Nash

equilibrium. Consequently, to find an ϵ-Nash, they only need to exhaustively search all

possible k uniform mixed strategy pairs. Unfortunately, searching for an ϵ-optimal δ-RSE

turns out to require significantly more work due to the bi-level nature of our problem. In

fact, the ϵ-optimal δ-RSE is even not a k-uniform strategy in general. This is because while

any k-uniform leader strategy x and a nearby strategy x will lead to similar leader utilities,

they may lead to different set BRδ(x) of follower δ-optimal response actions which in turn

affects the induced leader utility. Consequently, the major algorithmic part of our proof is

to efficiently search, through a carefully crafted binary search procedure, the entire nearby

convex region of each uniform strategy x in order to identify a leader strategy x that induces

the most favorable follower response action. Details are presented in the following proof.

Proof of Theorem 3.8. Let Gk ⊆ ∆m denote the set of all k-uniform mixed strategies for

the leader (who has m actions). Note that there are O(mk) many k-uniform strategies6.

6. The total number can be computed as dividing k items into m parts, while each part can have zero
item.
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The following lemma is originally from Althöfer [1994] and later used by Lipton et al. [2003]

for computing approximate Nash equilibrium. It can be proved via the probabilistic method

[Alon and Spencer, 2016].

Lemma 3.9 (Althöfer [1994], Lipton et al. [2003]). Let A ⊆ [0, 1]m×n be the leader’s payoff

matrix. For any ϵ > 0 and any leader strategy x ∈ ∆m, there exists a k-uniform strategy

x ∈ Gk with k = ⌈ log 2n
2ϵ2
⌉ such that

|ul(x, j)− ul(x, j)| ≤ ϵ for all j = 1, · · · , n.

We now use Lemma 3.9 to construct subspaces of the leader’s strategy space. Specifically,

for each x ∈ Gk, we construct ∆x ⊆ ∆m such that:

∆x =
{
x
∣∣x ∈ ∆m and |ul(x, j)− ul(x, j)| ≤ ϵ for all j = 1, · · · , n

}
Note that each ∆x is a convex region since it is defined by a set of linear constraints

by writing |ul(x, j) − ul(x, j)| ≤ ϵ as ul(x, j) − ul(x, j) ≤ ϵ and −ul(x, j) + ul(x, j) ≤ ϵ.

Moreover,
⋃

x∈Gk ∆
x = ∆m, because Lemma 3.9 implies that any x ∈ ∆m belongs to some

∆x.

The key to our proof is to compute an approximately optimal δ-RSE leader strategy

within each convex region ∆x. Note that, fixing any follower response action j, the mixed

strategies x ∈ ∆x gives rise to roughly the same leader utility, up to at most ϵ difference by

Lemma 3.9. However, this does not imply that they are equally good since different mixed

strategies may lead to different sets BRδ(x) of δ-optimal follower responses, which in turn

induces different leader utilities. So we need to search for the x ∈ ∆x to maximize the worst

(over possible follower responses) leader utility, or formally to solve the following

optimization problem within ∆x : max
x∈∆x

min
j∈BRδ(x)

ul(x, j) (3.15)
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Unfortunately, Problem (3.15) is generally intractable since the feasible region of inside

min depends on x. We instead solve the following more tractable variant

surrogate of Problem (3.15) : max
x∈∆x

min
j∈BRδ(x)

ul(x, j) (3.16)

which substitutes ul(x, j) in Problem (3.15) by ul(x, j). Observe that any optimal solution

to Problem (3.16) must be an ϵ-optimal solution to Problem (3.15) because their objective

function differs by at most ϵ due to Lemma 3.9 and our restriction of x ∈ ∆x.

What is nice about Problem (3.16) is that its objective function only directly depends

on j (whose choice then depends on x). This allows us to design the Algorithm 3.1 that can

efficiently search for the best x ∈ ∆x. We prove its correctness in the following lemma.

ALGORITHM 3.1: Utility-Verification
Input : Leader strategy x ∈ Gk, its corresponding ∆x, and target utility µ.
Output : If ∃x ∈ ∆x such that minj∈BRδ(x) ul(x, j) ≥ µ, output True and such an x;

else output False.

1 Q← ∅;
2 for every follower action j ∈ [n] do
3 if ul(x, j) < µ then
4 Q← Q ∪ {j}

5 for every follower action j ∈ [n] and j /∈ Q do
6 Determine if the following Linear Program is feasible:

∃ x ∈ ∆x

s.t. uf (x, j) ≥ uf (x, j′),∀j′ ∈ [n]

uf (x, j) ≥ uf (x, j′) + δ, ∀j′ ∈ Q
(3.17)

if the above linear feasibility problem is feasible for some j then
7 return True and any feasible solution x of that problem.

8 return False.

Lemma 3.10. For any µ ∈ [0, 1], there is a polynomial time algorithm that asserts whether

the optimal objective of Problem (3.16) is larger than µ or not, and in the former case outputs

an x ∈ ∆x that achieves minj∈BRδ(x) ul(x, j) ≥ µ.
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Proof. The details of this algorithm are presented in Algorithm 3.1. At a high level, we first

identify all “bad” follower actions j’s that cannot satisfy our request, i.e., ul(x, j) < µ, and

group them into set Q. We then try to see whether there exists an x ∈ ∆x such that its

follower δ-optimal response set does not contain any bad actions, i.e., BRδ(x)∩Q = ∅. This

later question reduces to a series of linear feasibility problems, each for a j ̸∈ Q (the Program

(3.17)) deciding whether there exists a x ∈ ∆x under which the j is the best follower action

and the follower’s utility from j is at least δ larger than his utility from any j′ ∈ Q.

Armed with Lemma 3.10, we can use binary search to find an x that exactly solves

Problem (3.16) after log(1/n) rounds since we know the problem only has n possible values

of µ (i.e. ul(x, 1), · · · , ul(x, n)). This solution will be ϵ-optimal for Problem (3.15). We do

this for the O(mk) possible k-uniform strategies and output the strategy with the largest

objective. This is a ϵ-optimal δ-RSE.

3.5 Statistical Complexity of RSE

In this section, we turn to another complexity study of RSE, i.e., the sample efficiency of

learning an ϵ-optimal δ-RSE without initially knowing the leader’s or follower’s utility matrix.

Motivated by the recent work of learning the strong Stackelberg equilibrium (SSE) by Bai

et al. [2021], here we extend it to an online learning problem of the δ-RSE. Similar to [Bai

et al., 2021], the learner cannot directly observe the mean reward matrix of a Stackelberg

game ul, uf ∈ Rm×n, but has to learn to approximate the δ-RSE from the noisy bandit

feedback. The motivation of this learning paradigm is from a common multi-agent learning

practice today of “centralized training, decentralized execution” [Lowe et al., 2017]. That is,

in many robotics and game-playing applications (see, e.g., OpenAI Gym [Brockman et al.,

2016]), the learning environments are well-defined such that the game parameters can be

learned in a centralized fashion by controlling agents’ action profiles. Thus, the agents can

learn to estimate game parameters from their noisy feedback, and then deploy the learned
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strategies in the decentralized environment to play against unknown opponents.

We describe the learning setting in Definition 4 and start this section by presenting

a sample-efficient learning algorithm that can learn an approximate δ-RSE with a utility

guarantee. Notably, as a corollary, our sample complexity result strictly strengthens that of

[Bai et al., 2021], with both improved utility guarantee and better computational efficiency

for non-degenerate Stackelberg games (i.e., ∆ > 0) 7.

Definition 4 (Learning δ-RSE from Bandit Feedback [Bai et al., 2021]). At each round, the

learner can query an action pair (i, j) and observe noisy bandit feedback, rl(i, j) = ul(i, j) +

ξ, rf (i, j) = uf (i, j) + ξ′, where ξ, ξ′ are i.i.d. zero-mean noises with finite variances.

Theorem 3.11. There exists a learning algorithm that can learn an approximated δ-RSE

of any Stackelberg game (ul, uf ) ∈ Rm×n with leader’s utility at least as much as uRSE(δ +

4ϵ)− 2ϵ using O(mn log(mn/ι)/ϵ2) samples with probability at least 1− ι.

Proof of Theorem 3.11. We prove its existence by explicitly constructing the learning algo-

rithm. It starts with the following sampling procedure:

Play each action pair (i, j) for T = 1
2ϵ2

log(2mnι ) rounds to get the mean reward estima-

tion ũl(i, j) = 1
T

∑T
t=1 r

t
l (i, j), ũf (i, j) = 1

T

∑T
t=1 r

t
f (i, j). According to the concentration

inequality, both the estimation ũl(i, j), ũf (i, j) have the error bound of ϵ with probability

1 − ι
mn . Thus, by union bound, with probability 1 − ι, the utility estimation ũl, ũf satis-

fies ∥ũl − ul∥∞ ≤ ϵ,
∥∥ũf − uf∥∥∞ ≤ ϵ. The sample complexity in total is mn

2ϵ2
log(2mnι ) =

O(mn log(mn/ι)/ϵ2).

Notice that, for some leader strategy x, the δ-best response set under uf can be different

from that under ũf , which could result in constant the utility gap. Hence, we set the

benchmark to (δ + 2ϵ)-RSE in Lemma 3.12.

7. Interestingly, the algorithm for learning the mixed strategy SSE in [Bai et al., 2021] happens to be
solving an approximate δ-RSE. Quoting the authors’ own words in their paper, “it is unclear whether this
program (the δ-RSE problem) can be reformulated to be solved efficiently in polynomial time”. Our Theorem
3.6 confirms that their program indeed is NP-hard.
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Lemma 3.12. For any
∥∥ũf − uf∥∥∞ ≤ ϵ, for any x ∈ ∆m, V (x;ul, uf , δ) ≥ V (x;ul, ũf , δ+

2ϵ) and thus, V ∗(ul, uf , δ) ≥ V ∗(ul, ũf , δ + 2ϵ)

Here, we denote V (x;ul, uf , δ) as the leader utility of strategy x against δ-rational

follower (who takes action from δ-optima response set) in Stackelberg game ul, uf . Let

V ∗(ul, uf , δ) be the δ-RSE of Stackelberg game ul, uf . Let (x, j∗) be the (δ + 2ϵ)-RSE of

the Stackelberg game ũl, ũf . We claim the learning algorithm could simply output (x, j∗) as

the approximated δ-RSE of Stackelberg game (ul, uf ). The remaining proof is to prove the

following series of inequalities:

V (x;ul, uf , δ) ≥ V (x;ul, ũf , δ + 2ϵ) ≥ V (x; ũl, ũf , δ + 2ϵ)− ϵ

=V ∗(ũl, ũf , δ + 2ϵ)− ϵ ≥ V ∗(ũl, uf , δ + 4ϵ)− ϵ ≥ V ∗(ul, uf , δ + 4ϵ)− 2ϵ.

There are four inequalities in the above arguments. The first and third inequality is by

the following Lemma 3.12. The equality is by the construction of x. The second and last

inequality is based on the fact that, for any ∥ũ− u∥∞ ≤ ϵ, for any x ∈ ∆m, ũ(x, j)−u(x, j) =

x(ũ − u)ej ∈ [−ϵ, ϵ]. This concludes our main proof. We defer the proof of Lemma 3.12 to

Appendix B.3.1.

We make a few remarks on Theorem 3.11. First, we note that the above learning algo-

rithm is sample-efficient but not computationally efficient, since it requires solving the exact

(δ + 2ϵ)-RSE of a Stackelberg game, which we already know is NP-hard to compute in gen-

eral. However, it is possible to employ the QPTAS Algorithm 3.1 to find an ϵ-optimal δ-RSE

according to Theorem 3.8, and this would not change the order of our learning algorithm’s

approximation ratio.

Second, Theorem 3.11 combined with Theorem 3.4 implies the following corollary about

the efficient learning of an approximated SSE. Specifically, leveraging the convergence prop-
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erty of δ-RSE, the following Corollary 3.13 strengthens the SSE learning results in the recent

work by Bai et al. [2021], in terms of providing better utility guarantee and computation-

ally efficient learning algorithms. Specifically, [Bai et al., 2021] states that under the same

sample complexity, a learning algorithm can only learn the uSSE up to uRSE(δ) while the

gap between them can be arbitrarily large. But our result suggests, as long as the game

instance is not degenerated (e.g., with inducibility ∆ > 0), the gap can be bounded so that

SSE can be efficiently learned up to ϵ utility loss. Moreover, as highlighted by [Bai et al.,

2021], their learning algorithm does not have a computational efficiency guarantee and may

take exponential time in general, since there is no efficient algorithm to compute the ap-

proximated SSE with pessimistic follower tie-breaking. But our result implies that, as long

as the game instance is non-degenerate with inducibility ∆ > ϵ, we can efficiently compute

ϵ-RSE according to Corollary 3.7.

Corollary 3.13 (Efficient Learning of SSE). For any Stackelberg game with inducibility

∆ > 0, an ϵ-optimal SSE can be learned from O( 1
ϵ2
) samples in polynomial time for any

ϵ < ∆.

Thirdly, we point out that this learning result is almost tight due to the Proposition

3.14 below, where we present the hard instances that fundamentally limit the learnability

of δ-RSE. Specifically, in the case when ∆ < δ, the uRSE(δ + 4ϵ) can be arbitrarily worse

than uRSE(δ) due to the discontinuity of the uRSE(δ) function. This is an intrinsic barrier

and is further explained by the Ω(1) utility gap below. Meanwhile, by Theorem 3.4, when

∆ ≥ δ+1/L for some constant L, the Lipschitz continuity of uRSE(δ) implies that uRSE(δ+

4ϵ) can be substituted by uRSE(δ) − O(ϵ) so that the sample complexity dependence on ϵ

matches with the Ω(1/
√
T ) of the lower bound instance. See Appendix B.3.2 for the proof

of Proposition 3.14.

Proposition 3.14. For any sample size T , there exists a Stackelberg game instance with

inducibility gap ∆ such that any algorithm with T samples in learning δ-RSE is Ω(1/
√
T )

75



suboptimal if δ < ∆, or Ω(1) suboptimal if δ ≥ ∆. More specifically, any output leader

strategy x̂ satisfies the following with probability at least 1
3 :

min
j∈BRδ(x̂)

ul(x̂, j) ≤


uRSE(δ)−

1/
√
T

∆−δ+1/
√
T

δ < ∆

uRSE(δ)− 1/2 δ ≥ ∆

. (3.18)

3.6 Final Remarks

In practice, there are many situations where a follower fails to make the optimal decision

in the Stackelberg game. However, the classic solution concept of SSE is not robust for

suboptimal follower responses and leads to poor performance of the leader. In this paper, we

systematically study a robust variant of Stackelberg equilibrium to account for suboptimal

responses from the follower. We propose a well-defined definition of robust Stackelberg

equilibrium, δ-RSE, and show some nice properties of the leader’s utility under a δ-RSE. We

identify the computational complexity for computing or approximating the δ-RSE. We show

there does not exist an efficient algorithm for finding an approximate δ-RSE, unless P=NP,

while we also propose a QPTAS to compute the ϵ-optimal δ-RSE for any ϵ > 0. Lastly, we

provide sample complexity results for learning the δ-RSE when the follower utility is not

known initially.

Our results open up possibilities for many other interesting questions. For example,

our positive and negative computational results in Section 3.4 have a small gap due to the

logarithmic exponent term in the computational complexity of the QPTAS. An immediate

direction for future research is to close this gap by either showing a PTAS algorithm or

strengthening the hardness result of inapproximability to a constant factor. In addition,

our study concerns the most basic normal-form game setups. It is worth understanding

the applicability of this robust solution concept to various applications of leader-follower or

principal-agent game models, including pricing games [Myerson, 1981, Devanur et al., 2014],
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security games [Tambe, 2011], Bayesian persuasion [Kamenica and Gentzkow, 2011b] and

contract design [Grossman and Hart, 1992]. Future work can also study analogous robust

solution concepts for more general Stackelberg game models such as these with Bayesian fol-

lower types [Conitzer and Sandholm, 2006] or with constrained follower strategy sets [Wald,

1945, Goktas and Greenwald, 2021]. Lastly, we would also like to study the learnability of

RSEs in different feedback models, e.g., when the learner cannot observe the follower payoffs

[Blum et al., 2014, Balcan et al., 2014, Letchford et al., 2009, Peng et al., 2019].
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Part III

Feedback Alignment
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CHAPTER 4

ISOTONIC MECHANISM FOR PEER REVIEW

4.1 Introduction

In recent years, major AI and machine learning conferences such as NeurIPS, ICML and

ICLR have faced a concerning decline in the quality of peer review, posing a significant

challenge to the global machine learning community [Langford and Guzdial, 2015, Brezis

and Birukou, 2020, Tomkins et al., 2017, Lipton and Steinhardt, 2019]. In particular, the

NeurIPS 2014 experiment showed that 49.5% of the papers accepted by one committee would

be rejected by another [Lawrence and Cortes, 2014, Langford and Guzdial, 2015]. This

inconsistency probability was 50.6% for NeurIPS 2021 [Cortes and Lawrence, 2021]. This

troubling trend is, in part, due to the unbalance between the surge in submission volumes

and lagged growth of the number of qualified reviewers [Shah, 2022]. As demonstrated by

Figure 4.1, many conferences in recent years have been handling submissions at a scale of

10,000 full papers, an almost ten-fold growth in a decade, whereas a large portion of the

reviewers are graduate students, demanded to review around 5 papers in a month for each

conference [Shah et al., 2018, Stelmakh et al., 2021, Russo, 2021]. Similar trends are seen

across various research communities [McCook, 2006, Lajtha and Baveye, 2010, Gropp et al.,

2017, Checco et al., 2021], highlighting a systemic issue in the today’s peer review systems.

Figure 4.1: The number of paper submissions in major AI and machine learning conferences from
2014 to 2024.
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To mitigate this issue, there have been progressive research efforts to improve peer re-

view processes. Some approaches employ machine learning and optimization techniques to

improve reviewer assignments, reduce bias, and automate review procedures, while others

adopt the economic approach to model the incentives of participants to encourage high-

quality reviews (see, e.g., a survey by Shah [2022]). Combining both the statistical and

economic perspectives, we propose a mechanism that incentivizes the authors to share eval-

uations of their own papers to calibrate peer review scores. The conceptual idea is natural:

if the reviewer pool cannot supply sufficient information for all the submissions, conference

organizers could resort to other sources — in our case, the authors themselves. However,

while self-criticism is a merit in science, self-evaluation has been largely overlooked due

to the obvious conflicts of interest. That is, authors may be reluctant to provide honest

assessments, if revealing a mediocre rating of their own work puts them at disadvantage.

Consequently, estimations from manipulated data may be hardly useful. This presents a

fundamental design challenge:

How can statistical estimation processes effectively elicit data from strategic ac-

tors? In particular, is it possible to balance statistical efficiency and incentive

compatibility?

This paper examines the above question in the critical domain of peer review and embarks

on a path to bring the mechanism design perspective to statistical estimation and proposes

an approach, termed “Isotonic Mechanism”, that demonstrates a definitive solution to this

design challenge.

A key challenge to begin with, even putting incentive issues aside, is to determine what

kind of data could be elicited from authors with reasonable accuracy. One approach might

be to ask for highly fine-grained data, such as the authors’ own scores for their papers.

However, even if authors are completely honest, they may lack the precise knowledge needed

to provide reliable scores. Alternatively, one could request more general information (e.g.,
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asking authors to identify their favorite paper), but this may not offer sufficient value for

improving review scores. The challenge lies in finding an effective middle ground—eliciting

data that is both accurate and useful. To this end, we propose focusing on the ranking of an

author’s papers. Such relative information tends to be less noisy than absolute measures and

has been successfully applied in various fields, such as learning from human preferences [Yue

and Joachims, 2009, Bai et al., 2022].

Next comes our core scientific question: is it possible to truthfully elicit ranking data

from authors to improve the statistical efficiency of review scores? Our starting point is

an earlier work [Su, 2021] which showcased the possibility in a simplified “research world”

with only a single researcher, say, Alice. To formally describe this method, suppose Alice as

the only author of the system submits n papers to the conference peer review. Right after

submission, Alice provides a ranking π in the form of a permutation of 1, 2, . . . , n that sorts

her papers in descending order of quality. Letting y1, . . . , yn denote the (average) review

scores of the n papers, the mechanism yields adjusted review scores that are the solution to

the following convex optimization program:

min
r∈Rn

n∑
i=1

(yi − ri)2

s.t. rπ(1) ≥ rπ(2) ≥ · · · ≥ rπ(n).

This optimization yields the well-known isotonic regression [Barlow and Brunk, 1972], and

its solution ensures consistency with the author-provided ranking while remains as close as

possible to the original review scores in the least square sense. Under natural statistical

modeling of the review process, this approach provably improve the score estimation. More

interestingly, it also guarantees truthful elicitation of Alice’s ranking, under standard utility

and prior knowledge assumptions. Notably, the later is a non-trivial property. Specifically,

it crucially hinges on geometric properties of isotonic regressions, and would not hold for

81



other estimation methods (e.g., switching from l2-norm above to l1-norm). This illustrates

the importance of designing appropriate statistical estimation methods that can align with

incentives.

Figure 4.2: An example of an author-paper ownership relation shown as a bipartite graph. An
edge between an individual and a paper indicates that this individual is the author of the paper.

This work seeks to address the more realistic situation in academic conferences where

many authors submit many papers, with overlapping authorship. This strict generalization

exhibits multiple new challenges. First, since Alice’s co-authors will also submit rankings

for (some of) Alice’s papers, Alice would have to account for the affect of her co-authors’

data on the utility of Alice. This intricacy is due to the fundamental difference between

single-agent and multi-agent decision making setup, hence also lead to our different solution

concepts, generalizing from Bayesian optimal decision to Bayes Nash equilibrium. Second,

an even more challenging issue is that different papers can partially overlap in authorship, as

illustrated in Figure 4.2. This is an especially common situation in today’s popular machine

learning conferences. In such cases, Alice’s utility may be affected by other authors’ rankings

on papers Alice did not contribute. Naive adaptation of the previous Isotonic Mechanism

designed for single-author situations can lead to serious incentive issues. For instance, one

natural approach is to apply the Isotonic Mechanism for every author’s submissions and

output final paper scores by averaging their adjusted review scores. Unfortunately, it is

easy to find undesirable examples with untruthful behaviors under this mechanism (see

Section 4.6.2) because some coauthors would misreport their papers’ ranking information

in order to improve their own utilities. Therefore, a universal “truth serum” is needed to

effectively incorporate self-evaluations from a complex network of overlapping authorship
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into the reviewing mechanism.

Final Decisions
- poster presentation (top 25%)
- spotlight presentation (top 5%)
- oral presentation (top 2%)
- best paper awards
- …

Step 1: Partition authorship graph

Step 2: Isotonic Regression
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Figure 4.3: An illustration of the conference reviewing procedure assisted by the proposed Isotonic
Mechanism.

To address these challenges, this paper develops an approach that advances the earlier

design with insights from both algorithm design and mechanism design. In Figure 4.3,

we illustrate key procedures of the proposed mechanism. Specifically, the mechanism first

resorts to an algorithmic preprocessing step that partitions the author-paper ownership sets

into blocks of papers such that each block shares a common set of authors. It then uses the

ranking information elicited from the common authors in each block to calibrate the review

scores of their papers. Under certain conditions, this proposed mechanism is marked by the

following key characteristic:

Main Result 1. Truthfulness forms a Nash equilibrium under the proposed mechanism.

Along with other results, the main result of truthfulness property is formally presented

in Section 4.6. This result significantly extends the previous truthfulness guarantee of the

earlier work [Su, 2021] to cases with overlapping ownership and suggests that the optimal

strategy for each author to maximize her utility is to report the ground-truth ranking, given

that all the other authors do likewise. In particular, our proof of this new result involves

a novel technique concerning majorization in the ordering of paper scores with respect to
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both the reviewers’ noises and other authors’ reports. Moreover, we show the mechanism

encourages truthfulness behaviors in several ways. From a game-theoretical perspective, this

Nash equilibrium of truthfulness is the most favored, as any other potential Nash equilibrium

results in no better utility for any of the authors. From empirical studies, the mechanism

induces a common-interest game and the human subjects are found to always prefer the

truthful behaviors for the payoff-dominant outcome.

A potential criticism to the above partition-based approach is that we have to give up the

authors’ ranking information across blocks. One may wonder whether the Isotonic Mecha-

nism can be carefully tailored to elicit additional comparison information among items across

partitioned blocks as such information will help to increase the efficiency of isotonic regres-

sion — so long as it can be truthfully elicited. Unfortunately, our second main result gives

a negative answer.

Main Result 2. Within a significantly more general class of isotonic-regression-based mech-

anisms, any truthful calibration mechanism has to be partition-based (for some choice of item

partitions), thus cannot use any ordering information about items across the partitioned

blocks.

This result is formally presented in Section 4.7.1. It illustrates the fundamental trade-off

between the statistical efficiency and incentive requirements in designing truthful mechanisms

for peer review systems. Hence the only room left for us to optimize the statistical efficiency

of our designed mechanism, while retaining its truthfulness, is to optimize the choice of

the item partition; this leads to our third main result. As is conceivable, the choice of

partition affects the statistical performance of our mechanism. For example, a partition for

Figure 4.2 can be simply {p1, p2, p3, p4, p5}, which share a single common author {a3}, or can

be {p1, p2, p3}, {p4}, and {p5, p6}, which share {a1, a2, a3}, {a3}, and {a3, a4}, respectively.

To find high-quality partitions of the author-paper ownership relation, we define a natural

class of criteria to assess the quality of a partition. Within this class of criteria, we obtain
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the following result on this proposed mechanism:

Main Result 3. A simple nearly linear-time greedy algorithm can obtain a partition for the

proposed mechanism that is near-optimal simultaneously for every criterion in the class.

This result is formally stated in Section 4.7.3. We also show that it is NP-hard to find

the exact optimal partition even for some simple criterion. In contrast, our greedy algorithm

is computationally efficient while achieving constant-ratio approximation simultaneously for

all the criteria in our considered class. Such simultaneous approximation is a surprisingly

nice property of our problem and is a rare phenomenon generally. 1

Finally, we design a series of experiments to investigate the empirical performance of our

mechanism on both ICLR and ICML review data in Section 4.8. Our results show that the

mechanism consistently enhances the estimation of review scores across various experimental

settings, even beyond the technical assumptions of our theoretical framework. We conclude

with a detailed discussion on the real-world applicability of our proposed mechanism in

Section 4.9.

4.2 Problem Formulation

This paper considers the review score calibration problem under a network of overlapping

ownership.2 There are m owners and n items. The j-th owner owns a set of items Ij ⊆

[n] = {1, 2, . . . , n} and let |Ij | = nj . 3 For each item i ∈ [n], let Ri be its ground-truth score

1. We are aware of only one other situation in approximated majorization for minimizing symmetric
convex objectives [Goel and Meyerson, 2006], where there is a simultaneous approximation guarantee but
their optimization problem is very different from ours and their ratio is logarithmic in general. This powerful
result is recently employed by Banerjee et al. [2023] for welfare guarantee in information design.

2. Besides the motivating example of peer review, calibration problems of this kind exist in general crowd-
sourcing problems. Hence, for the rest of this paper on the general model, we will use the generic terms,
“owner/item”, instead of “author/paper”.

3. The ownership relation forms a bipartite graph and we formalize their connections in our proofs in
Appendix C.5.
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and

yi = Ri + zi

be the raw review score given by its reviewers with noise zi. As a friendly reminder of

our notation, i and I are used to denote item index and item set, respectively, whereas

j is used to index the owner. Denote by z = (z1, z2, . . . , zn),R = (R1, R2, . . . , Rn) and

y = (y1, y2, . . . , yn), respectively, the vector of noise, the ground-truth scores, and the raw

review scores.

In applications such as conference paper reviews, the ground-truth scores R can be in-

terpreted as the mean evaluation scores of the papers perceived across all experts in the

community. This item evaluation score is mathematically well defined and always exists,4

but it is very difficult to be accurately observed during the review phase for various rea-

sons including insufficient resources to have enough reviews and insufficient time to truly

observe the items’ impact. This is essentially the motivation of peer review, during which

this ground-truth score will be estimated by a few experts sampled from the community.

The averaged review scores of these experts form our modeling of the raw review scores y

— a noisy estimation of ground-truth scores R. Therefore, the high-level objective of a

calibration mechanism M is to output the adjusted review scores R̂ that provide a more

accurate estimation of the ground truth scores R. Notably, such a calibration mechanism is

naturally compatible with existing peer review systems, making it easier for practitioners to

adopt.

To tackle the review score calibration problem with the limited supply of qualified re-

viewers, we resorts to the design of owner-assisted calibration mechanisms that elicit and

utilize self-evaluation data from the item owners. We abstract this mechanism design prob-

4. We remark that paper evaluation score should be carefully distinguished from “true merit” of the paper,
which is a vague concept and whose existence might be arguable. Unlike merits, a paper’s true evaluation
score is well-defined, and is what peer review procedure as well as statistical methods like ours is trying to
estimate.
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lem into the construction of an estimator R̂M for R that combines the raw scores y with

the information elicited from owners {πj}mj=1 to improve the estimates of R. In this pa-

per, we focus on eliciting each owner’s ranking of their items, where πj is a permutation of

1, 2, . . . , nj that specifies an ordering of the j-th owner’s papers in Ij . The benefits of this

design choice and the possible relaxations are discussed in Section 4.9. The owner-assisted

calibration mechanism then proceeds in the following stages.

1. Before Submission: Each owner is notified ofM and observes some information of her

items.

2. During Submission: Each owner j is asked to report a ranking πj of her items Ij . 5

3. After Submission: The mechanism outputs adjusted review scores as R̂ = R̂M({πj}mj=1;y).

The key challenge of this design problem is to balance the tension between the statistical

efficiency and incentive compatibility. To formalize this problem, we adopt the mechanism

design approach in modeling the strategic incentives of item owners on the calibration re-

sults. That is, we assume each owner has a utility function on their items’ adjusted review

scores. Let owner j’s utility function be Uj : Rnj → R such that each owner j derives

utility Uj
(
[R̂i]i∈Ij

)
from adjusted review scores R̂, output by the calibration mechanism.

We employ the Bayesian game framework [Harsanyi, 1967] to study the owners’ strategic

decision-making at the information elicitation stage during submission, where the realiza-

tion of the raw review scores y is uncertain to the owners (e.g., due to the unknown reviewer

assignments and noise). We say a profile of owners’ report {πj}mj=1 forms a Bayes-Nash

Equilibrium (BNE) 6 under mechanism M if for any owner j ∈ [m], given others’ report

5. If an owner does not report a ranking, a uniformly random ranking will be used. As will be shown later,
this design ensures that rational owners participate in the mechanism. It is also without loss of generality
to assume that owners report the full ranking of their items, and we defer the discussion to Remark 4.2.1.

6. It suffices to consider pure-strategy NEs in most part of this paper and we defer the additional notations
for the more general definition of mixed-strategy NEs to Appendix 10.
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π−j = {πj′}j′ ̸=j , j’s expected utility by reporting πj is no worse than reporting any other

possible ranking π̃j or, mathematically,

E
y

[
Uj
(
R̂M(πj , π−j ;y)

)]
≥ E

y

[
Uj
(
R̂M(π̃j , π−j ;y)

)]
, ∀j ∈ [m].

(Equilibrium Condition)

We say a mechanism M is truthful if every owner j reporting the true ranking πj of her

items forms a Bayes-Nash equilibrium under M. Through a standard revelation principle

argument [Nisan and Ronen, 1999], it is without loss of generality to restrict the design

space to truthful mechanisms. To demonstrate the theoretical guarantees of our mechanism,

we make the following assumptions that are natural in peer review applications. We also

conduct empirical studies that demonstrate the robust performance of our mechanism for

settings even beyond these assumptions in Section 4.8.

Assumption 4.3 (Informed Owners). For each j, the j-th owner has sufficient knowledge

of the ground-truth score R to determine the true ranking of her own items Ij.

Assumption 4.4 (Exchangeable Noise Distribution). The review noise vector z = (z1, . . . , zn)

follows an exchangeable distribution in the sense that (z1, . . . , zn) has the same probability

distribution in Rn as in ρ ◦ z := (zρ(1), . . . , zρ(n)) for any permutation ρ of 1, 2, . . . , n.

Assumption 4.5 (Convex Utility). For each j, the j-th owner’s utility function takes the

form of Uj(R̂) =
∑
i∈Ij U

j(R̂i), where U j : R→ R is a non-decreasing convex function.

Assumption 4.3 is standard in mechanism design and reflects each owner’s private knowl-

edge about their items.7 Assumption 4.4 imposes symmetry on review noises, and Assump-

tion 4.5 captures a utility structure that naturally arises in “high-risk-high-reward” tourna-

7. For instance, in basic models of auction design, bidders are assumed to perfectly know their value
about the item [Nisan and Ronen, 1999]. Our assumption of authors knowing the ranking information is also
inspired by many machine learning applications that learn parameters from humans’ ranking/comparison
data which are posited to be more accurate than their knowledge of absolute values [Yue and Joachims,
2009, Bai et al., 2022].

88



ment settings — we will discuss the root of this assumption, its adoption in similar economic

problems, and empirical evidences from ICLR data in Section 4.9.

4.6 An Isotonic Mechanism for Completely Overlapping

Ownership

We begin with a rank-calibrated score estimator R̂(π;y) that employs isotonic regression on

raw review scores y and any reported ranking π from the owner, via the following convex

program8,

R̂(π;y) = argmin
r∈Rn

∥y − r∥2

s.t. rπ(1) ≥ rπ(2) ≥ · · · ≥ rπ(n).

In the general setup with overlapping ownership, we would like to design an mechanism

that aggregates information from as many owners as possible, while preserving the desirable

properties of truthfulness and statistical efficiency. The most natural design is perhaps

to use the (weighted) averaged scores from the estimates based on each owner’s reported

ranking. The mechanism takes the input of a problem instance, specified by review scores

y ∈ Rn and reviewer credentials {αj}mj=1 ∈ [0, 1]n, and outputs the adjusted review score R̂

using rankings elicited from all owners. Notably, the reviewer credential is a set of weights

{αj}mj=1 that pre-specifies the different levels of influence of the owners; we view them as part

of the problem instance that reflects each reviewer’s expert level, reputation scores and track

records in the given instance. In practice, one could simply set αj = 1/m to evenly weigh

on each owner’s reported ranking, or set personalized αj for each owner j with
∑
j α

j = 1

to account for different reviewer’s expert level — we include it as a part of the input so

8. ∥·∥ denotes the ℓ2 norm throughout this paper.
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that it is a choice to the practitioner’s discretion. We formally describe these procedures in

Mechanism 4.1. The rest of this section is to analyze the situations when it does or does not

work.

Mechanism 4.1: Isotonic Mechanism under Completely Overlapping Ownership
Input: Review scores y ∈ Rn, reviewer credentials {αj}mj=1.

1 for every j ∈ [m] = {1, 2, . . . ,m} do
2 Elicit ranking πj from owner j.
3 Solve for ranking-calibrated scores R̂j ← R̂(πj ;y).

4 return R̂ =
∑m

j=1 α
jR̂j .

4.6.1 Truthfulness under Completely Overlapping Ownership

We start by considering a useful special case in which every submission is owned by every

owner, referred to the completely overlapping ownership situation. As it turns out, truth-

telling forms a Nash equilibrium in this setting under Mechanism 4.1. 9 Moreover, this

equilibrium is payoff dominant [Harsanyi et al., 1988], i.e., one that is Pareto superior to

all other Nash equilibria in the game. Put simply, all owners would prefer this equilibrium,

because it simultaneously gives every owner the highest equilibrium utility among all possible

equilibrium outcomes. This nice property makes it more plausible to expect agents’ truthful

behaviors, despite the potential existence of multiple equilibria in the game; more discussions

about the truthfulness of this mechanism from the perspective of behavioral theory can be

found in Remark 4.1.1.

Theorem 4.1. Under Assumptions 4.3, 4.4, and 4.5, if the ownership is completely over-

lapping,

1. It forms a Bayes-Nash equilibrium for each owner to truthfully report the ranking in

Mechanism 4.1.

9. This result can be related to the ex-post incentive compatibility — a common goal in mechanism
design.
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2. This equilibrium of truthful report is payoff dominant.

We defer the proof of Theorem 4.1 to Appendix C.1 and conclude this subsection with

additional evidence on the truthfulness of the Isotonic Mechanism according to the behavioral

game theory.

Remark 4.1.1 (Truthfulness of Isotonic Mechanism from a behavioral angle). Mecha-

nism 4.1 induces the strategic game with special structures known as the common interest

games [Harsanyi et al., 1988, Bacharach, 2018]. We briefly highlight the connections here

and discuss evidence from both empirical human preferences and behavioral theory on why

truthful behavior should be expected in such games. In its simplest form, the payoff matrix

of a common interest game typically takes one of the three structures illustrated in Table 4.1

(only orders of the payoff values matter). Namely, there is an action profile (the upper left

cell of each game) that represents the common interest of both players; this corresponds to the

truthful action profile (π⋆, π⋆) under the Isotonic Mechanism which forms a payoff-dominant

Nash equilibrium, according to Theorem 4.1. Meanwhile, the three variants of common in-

terest games capture the different possible orders of payoff values in the lower right cell and

those in the off-diagonal cells. Any variant of these payoff matrices may be realized under

the Isotonic Mechanism, since our proof using Jensen’s inequality only offers upper bounds

on the utilities of these non-truthful action profiles (see e.g., Equation (C.2)).

π⋆ π◦

π⋆ 10, 11 4, 5

π◦ 4, 5 3, 4

π⋆ π◦

π⋆ 10, 11 1, 1

π◦ 1, 1 3, 4

π⋆ π◦

π⋆ 10, 11 1, 5

π◦ 5, 1 3, 4

Table 4.1: An illustration of three typical common interest game payoff matrices.

It turns out that in experimental games and also in real life, people tend to always choose

the upper left cell — the payoff dominant outcomes — in all the three possible game struc-

tures above [Bacharach, 2018]. This behavior is expected under the first payoff matrix since

(π⋆, π⋆) is the unique Nash equilibrium there. It is somewhat reasonable under the second
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payoff matrix, as argued by Harsanyi et al. [1988] for its “self-reinforcing property” — ev-

eryone thinks the other has no reason to prefer the payoff-dominated equilibrium outcomes.

However, realizing the payoff dominant outcome becomes less clear under the third payoff

matrix, because (π◦, π◦) forms a “risk-dominant” Nash equilibrium — i.e., compared to π⋆,

π◦ is the less risky action under uncertainty of the opponent’s choice [Harsanyi et al., 1988]

(specifically, under (π◦, π◦) equilibrium, row player gets 5 instead of 3 if the opponent de-

viates from the equilibrium action π◦ to π⋆). Interestingly, standard game theory cannot

account for this phenomenon of coordination on the payoff dominant outcome under the sec-

ond and third payoff matrices, i.e., the Hi-Lo Paradox. One major theory that explains this

phenomenon is the team reasoning by Bacharach [2018] as a non-game-theoretic rationale,

i.e., “What do we want? And what should I do to play my part in achieving this?”. If there is

common knowledge that both players adopt the team-reasoning mode of choosing their strate-

gies, then both would choose the payoff dominant equilibrium. These also serve as behavioral

evidences of agents’ truthfulness in Isotonic Mechanism.

4.6.2 Non-truthfulness Beyond Completely Overlapping Ownership

Despite the nice properties of the Nash equilibrium shown in Theorem 4.1, the condition

of completely overlapping ownership is usually not satisfied in many application scenarios

— different papers are often written by different sets of authors. To extend Mechanism

4.1 to the case of incompletely overlapping ownership, one natural choice is to average the

scores according to the ownership, R̂i ←
∑m
j=1 e

j
i R̂

j
i /
∑m
j′=1 e

j′

i , where the binary ownership

indicator eji = 1 if and only if owner j owns item i. The question is whether truthful reporting

still forms a Nash equilibrium. Unfortunately, the answer turns out to be “No”. Specifically,

the owners may gain from the misreporting strategy and one possible manipulation is to use

the reputation of good items to promote a bad item — it may only hurt the good item a

little, but help the bad item a lot. We demonstrate such kind of strategic manipulations via
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a concrete example below.

Example 3 (Non-truthfulness under Partially Overlapping Ownership). Consider a case of

m owners and n = 3 items. The items have ground-truth scores R1 = 9, R2 = 8, R3 = 4

— one weak and two strong. The ownership is not completely overlapping. As illustrated

in Table 4.2, the first m − 1 owners work together on the two strong items 1, 2, while the

m-th owner works on the item 2, 3. For each j, let the j-th owner’s utility be Uj(R̂) =∑
i∈Ij max{Ri − 5, 0}.

Item
Owner 1 2 · · · m−1 m

1 1 1 · · · 1 0
2 1 1 · · · 1 1
3 0 0 · · · 0 1

True Scores
R1 = 9
R2 = 8
R3 = 4

Table 4.2: An illustration of the ownership matrix E = (eji )m×n and ground-truth scores in
Example 3.

For simplicity, suppose the reviews are noiseless so that, if all owners report their ranking

truthfully, the calibration is perfect, i.e., R̂ = y = R. However, we can observe that the m-

th owner does not have the incentive to report the ranking of items 1, 2 truthfully, given

that the first m − 1 owners report the true ranking. That is, under the flipped ranking that

R̃m2 ≥ R̃m3 , Mechanism 4.1 would have R̃m2 = R̃m3 = 6 and the adjusted scores R̃1 = 9, R̃2 =

1
m(R̃m2 +

∑m−1
j=1 R

j
2) = 8− 2

m , R̃3 = R̃m3 = 6. We can see that the utility of m-th owner under

truthful ranking is, 3 < 3 − 2
m + 1, strictly worse than that under the non-truthful ranking

for any m ≥ 3.

At a high level, such strategic behavior is due to the owner’s uneven influence on the av-

erage scores of its different items — we will formalize this intuition in Theorem 4.3. One may

speculate that we can potentially resolve this kind of situation through a careful reweighing

process of each owner’s influence. The answer also turns out to be “No”. Specifically, in the

example above, m-th owner, as the sole owner of item 1, would always fully determine the
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score of item 1; yet, this owner can never fully determine the score of item 2 unless we choose

to ignore other owners’ opinion or assign some weight to the raw review scores, which more

or less defeats the purpose of this community effort of calibrating review scores. Hence, we

need to seek a different approach to help us truthfully aggregate the owners’ information in

practice.

4.7 Restoring Truthfulness via Partitioning

To ensure the truthfulness beyond complete ownership, this section studies a partition-

based approach. Our main idea is to partition the ownership sets into multiple blocks,

ensuring complete overlap within each block by some owners. We then individually apply

Mechanism 4.1 to each block, eliciting truthful rankings only from the owners who completely

own that block, as illustrated in Figure 4.4. Finally, we use the elicited rankings from these

blocks to estimate the ground-truth scores. We formally described this procedure in the

following Mechanism 4.2.

Figure 4.4: A partition of partially overlapping ownership.

Mechanism 4.2: Partition-based Isotonic Mechanism for Partially Overlapping Ownership
Parameters : Item set partition S = {S1, . . . ,SK} based on ownership relations {Ij}mj=1.
Input: Review score y ∈ Rn, reviewer credentials {αj}mj=1.

1 for every Sk ∈ S do
2 Find all owners with complete ownership of Sk, i.e., Tk ← {j ∈ [m] : Sk ⊆ Ij}.
3 if |Tk| ≠ 0 and |Sk| > 1 then
4 Apply Mechanism 4.1 to item set Sk with owner set Tk and weights {αj}j∈Tk to

estimate the ground-truth score of items in Sk, denoted by R̂[Sk].

5 return R̂ = {R̂[Sk]}Kk=1.
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Compared to Mechanism 4.1, Mechanism 4.2 additionally determines a set of parameters

which include a partition of item set S = {S1, . . . ,SK} that satisfies
⋃K
k=1 Sk = [n],Sk ∩

Sk′ = ∅. We ask the parameters to only depend on the ownership relations for practical

considerations: since the mechanism may be truthful only under some proper choice of

parameters, the owners should be informed of the parameters during submission, when the

ownership relations are formed but the review scores are not realized. One can observe

that in Mechanism 4.2, each owner j ∈ Tk has the complete ownership of the items in Sk

by construction. As a corollary of Theorem 4.1, it is easy to show that Mechanism 4.2 is

truthful under any partition S = {S1, . . . ,SK} and any weights {{βjk}
K
k=1}

m
j=1, because we

only elicit rankings of items within each block from those who completely own the block.

Thus, all owners j ∈ Tk will report truthful ranking over items in Sk ⊆ Ij . Owing to

the independence of score estimates for items between different partition blocks, the overall

mechanism is truthful; we formalize it in the following corollary.

Corollary 4.2. Mechanism 4.2 is truthful for any input instance and parameter choice in

the following sense: it forms a Bayes-Nash equilibrium for each owner to truthfully report

the ranking of their items within each block specified by the partition.

Remark 4.2.1 (Practical Implementation of Mechanism 4.2). While Mechanism 4.2 only

elicits the ranking of items within each block Sk, in practical implementations, the mechanism

designer may simply ask owners to rank all their items but commit to only use part of the

ranking of each owner as specified by the mechanism. Under such a committed mechanism,

any owner will be indifferent about the order of any two items in any two different partition

sets Sk and Sk′ since their order will never be used by the mechanism. Thus, the owner can

be assumed to break ties in favor of the designer and reveal their full ranking truthfully.10

10. A formal argument for such tie-breaking is by adding a negligible amount of randomness for picking
an arbitrarily different partition, which consequently creates a negligible amount of incentive for any owner
to report other rankings truthfully — known as equilibrium refinement via randomization in mechanism
design [Nisan and Ronen, 1999].
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Notably, however, the designer’s commitment to not using any order information beyond

what the mechanism specified (despite such information being elicited) is important, since

otherwise, truthfulness will not hold. In reality, the mechanism designer as a trusted authority

(e.g., the organizers of a large ML conference) usually has such commitment power.

4.7.1 The Necessity of Partition-based Isotonic Mechanisms

At this point, one may wonder whether restricting ranking elicitation to partitioned item sets

is necessary, as it inevitably forces the mechanism to ignore some of the authors’ revealed

information across the partition blocks. For example, consider an instance with m = n =

3, I1 = {1, 2}, I2 = {2, 3}, I3 = {1, 3}— i.e., each owner owns two items, and each item has

two co-owners (see the illustration in Table 4.3). We can see that, with any partition of the

item set, Mechanism 4.2 can elicit ranking information from at most one owner. However, a

more aggressive design could be eliciting the ranking information from every owner j about

her items in Ij and then apply a generalized version of Mechanism 4.1 by using the elicited

(partial) ranking of j’s items. This is certainly a statistically more efficient design, but the

key question is whether a mechanism of such kind can still be guaranteed to be truthful.

Our study next shows that the answer is unfortunately “No”. We show that, within a much

broader class of isotonic-regression-based mechanisms, the partition-based mechanism as

prescribed in Mechanism 4.2 is essentially the only candidate that can guarantee truthful

owner behaviors — that is, one may have to give up eliciting the comparison information

between the partitioned blocks in order to trade for incentive properties. This reveals an

intrinsic tradeoff between statistical efficiency and incentive guarantee within the general

class of isotonic mechanisms. We leave it as an intriguing open direction to explore alternative

estimation methods other than isotonic regression that can balance statistical efficiency and

incentive compatibility — no such method is known so far even for the single-owner case.

We start by generalizing Mechanism 4.2 to a broader class of isotonic mechanisms, as
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Item
Owner

1 2 3

1 1 0 1
2 1 1 0
3 0 1 1

Item
Owner

1 2 3

1 1 0 1
2 1 1 0
3 0 1 1

Table 4.3: An illustration of partition-based mechanism (left) and a more general mechanism
(right). In the partition-based mechanism, each color denotes a partitioned item set block. In
the more general mechanism, different owners can have different item set partitions, as marked by
different colors.

described in Mechanism 4.3. In this generalized isotonic mechanism, the calibrated score of

any item i ∈ [n] is now allowed to depend on the information elicited from all its owners,

denoted by J i ⊆ [m]. Concretely, the input to Mechanism 4.2 and Mechanism 4.3 is the

same, but the parameter choices in Mechanism 4.3 are strictly more general: (1) the item

partition Sj = {Sj1 ,S
j
2 , . . .S

j
Kj}, satisfying

⋃Kj

k=1 S
j
k = Ij ,Sjk ∩ S

j
k′ = ∅, is now allowed to

be different across owners; (2) additionally, a weight vector βj = [β
j
1, β

j
2, . . . , β

j
n] ∈ Rn≥0 is

introduced to allow owner j’s more fine-grained influence on her items with itemized weights.

This is much more powerful than j’s influence in Mechanism 4.2 that is restricted to be the

same among items. The parameters are also determined from the input problem instance,

specifically the ownership relation {Ij}mj=1. The adjusted score for each item is then similarly

determined by a weighted linear combination of the rank-calibrated scores from each owner.

Notably, parameter βji for any i ̸∈ Ij is never used by Mechanism 4.3 hence can be arbitrary.

We nevertheless defined βj as a vector in Rn≥0 mainly for notational convenience.

Mechanism 4.3: Generalized Isotonic Mechanism
Parameters : Personalized item partition Sj = {Sj1 , . . . ,S

j
Kj} and itemized weights βj for

each owner j ∈ [m] based on ownership relations {Ij}mj=1.
Input: Review scores y ∈ Rn, reviewer credentials {αj}mj=1.

1 for every j ∈ [m] do
2 Apply Mechanism 4.1 to owner j with partition Sj to estimate the ground-truth score,

denoted by R̂ji , for each item i in Ij .

3 return
{
R̂i =

∑
j∈J i αjβ

j
i R̂

j
i/
∑

j′∈J i αj
′
βj

′

i

}n
i=1

.

It is easy to see that the class of Mechanism 4.3 strictly contains the class of Mechanism
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4.2. On the one hand, it can be immediately verified that Mechanism 4.2 with any item

set partition S = {S1, . . . ,SK} can be formulated as Mechanism 4.3 with some parameter{
Sj ,βj

}m
j=1 (see the proof of Theorem 4.3 for the details). On the other hand, Mechanism

4.3 does have strictly more expressivity than Mechanism 4.2. For example, the non-partition-

based mechanism illustrated above in Table 4.3 can be captured by the following elicitation

rule: S1 = {{1, 2}},β1 = [1, 1, 0],S2 = {{2, 3}},β2 = [0, 1, 1] and so on. One may now

wonder whether this strictly more general Mechanism 4.3 is also strictly more powerful. Our

next result shows that the answer is “NO” if the mechanism is truthful.

Theorem 4.3 (The Necessity of Partition). Under Assumptions 4.3, 4.4, and 4.5, for any

M in the format of Mechanism 4.3 that is truthful for every input, there exists a M′ in the

format of Mechanism 4.2 that elicits no less ranking information. Formally, if the order of

any two items i, i′ is truthfully elicited by M, then their order is also truthfully elicited by

M′.

The formal proof is somewhat involved hence deferred to Appendix C.4. At a high level,

our proof is structured with two main steps. First, we characterize the necessary conditions

under which Mechanism 4.3 is truthful, which is base on the following key Lemma 4.4.

Second, we show that for any Mechanism 4.3 under the necessary condition, a Mechanism 4.2

can be constructed to elicit as least as much ranking information.

Lemma 4.4. Under Assumptions 4.3, 4.4, and 4.5, if a Mechanism 4.3 with parameters{
Sj ,βj

}m
j=1 is truthful, then the following two conditions must both hold:

(I) Each owner has balanced influence on the items within each partition blocks for any

input, i.e.,

for any j ∈ [m],S ∈ Sj , i, i′ ∈ S, we have ω
j
i = ω

j
i′ ,

where ωji = αjβ
j
i /
∑
j′∈J i α

j′β
j′

i denotes owner j’s relative influence on the score of
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item i.

(II) The parameters
{
Sj ,βj

}m
j=1 has a valid partition structure in the following sense,

for any j, j′ ∈ [m],S ∈ Sj ,S ′ ∈ Sj′ , if S∩S ′ ̸= ∅, then β
j
i = β

j
i′ , for all i, i′ ∈ S∪S ′.

Moreover, these two conditions are equivalent to each other.

4.7.2 Partition Optimization and its Hardness

As illustrated above, any partition will make Mechanism 4.2 truthful and that partition-based

isotonic mechanisms are the only truthful mechanisms within a much broader class of isotonic

mechanisms. These together point to the last key piece of our design — identifying the item

partition that can elicit the most information from owners to refine our score estimation.

Generally, smaller the size of a block is, the less ranking information is contained in the

block.11 However, on the other hand, longer blocks usually have less joint owners since it is

less usual for multiple owners to jointly own many items. Thus the pursuit of longer blocks

will prevent us from eliciting rankings from multiple authors. To address this tradeoff, we

formalize two different metrics for identifying partitions which, respectively, determine the

performance and robustness of the resulting mechanism. We study their intrinsic tradeoffs

and implications to the computational complexity of partition optimization.

Informativeness (as optimization objective). In regard to the performance, we aim to

identify partitions that are most informative for the review score calibration. On one hand,

larger-sized blocks generally contains more ranking information, whereas in the extreme case

if a block contains only one item, the mechanism cannot elicit any ranking information

within the block. On the other hand, the selection of a large block may sometimes render

11. For instance, the ranking of a size-10 item block has 10×9
2 = 45 pairs of comparison, whereas the

rankings of two size-5 item blocks have 2× 5×4
2 = 20 pairs of comparison.
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other blocks small, leading to complex tradeoff about partition choices. To systemically

evaluate the coverage quality of a partition S, we introduce an informativeness objective

function, obj(S) =
∑K
k=1w(|Sk|), determined by some wellness function w on the size of

each partition block. For examples, consider the following two choices of the wellness function

w(·). One is w(x) = x2 as a simple quadratic function of block size, which relates to the

number of pairwise comparisons within a block:

comparison-focused objective: obj(S) =
K∑
k=1

|Sk|2. (4.1)

Another choice is w(x) = max{x−1, 0}, which is called size-focused objective, defined below:

size-focused objective: obj(S) =
K∑
k=1

max{|Sk| − 1, 0} =
K∑
k=1

[|Sk| − 1] = n−K,

(4.2)

where the second equation is because any block in the partition has at least 1 item (i.e.,

|Sk| ≥ 1). Since n is a constant, maximizing the size-focused objective is equivalent to

minimizing the size of the partition K (thus the name “size-focused”).

Generally, it is reasonable to expect that function w(·) should be monotonically increasing

and convex — to see convexity, if a block of length l is broken into two blocks with length

l1, l2, then the original longer block must be preferred, i.e., w(l) ≥ w(l1) + w(l2) for any

l = l1 + l2, which is precisely the definition of convexity. Another natural requirement is

w(0) = 0 in order to prevent empty blocks to contribute any value to the partition wellness.

Both functions above satisfy these properties, and so does any monomial w(x) = xp for p ≥ 1.

Beyond these properties, however, it appears impossible to exactly know the format of w(·).

To overcome this challenge, we resort to robust algorithms in subsequent subsection 4.7.3 and

look to design algorithms that can simultaneously perform well for every wellness function

satisfying these properties.
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Robustness (as optimization constraint). If the informativeness metric above is

regarded as the objective we want the partition to maximize, then the robustness metric

can be viewed as a constraint we wish the partition to satisfy. In regard to robustness,

aggregating information from multiple owners can help to mitigate each individual owner’s

noisy perception of their items in situations where Assumption 4.3 does not hold. Thus, the

minimal number of owners for each partition block matters. Formally, we say a partition

S = {S1, . . . ,SK} is L-strong if there are at least L owners who share all items in the

same partition block, i.e., |Tk| ≥ L,∀Sk ∈ S with |Sk| > 1. The larger L is, the less prone

Isotonic Mechanism is to the noise in each owner’s perceived ranking. Notably, L ≥ 1 is

the bare minimum requirement for Mechanism 4.2 to work. Next we show that generating a

feasible L-strong partition reduces to generating a feasible 1-strong partition for a different

ownership instance. This reduction helps us to convert any L-strongness constraint to a

certain 1-strongness constraint during our design of the partition optimization algorithm.

Proposition 4.5 (Reduction to 1-Strong Partition). For any ownership instance O =

{Ij}j∈[m], we can construct in O
(
mLn

)
time a different ownership instance O′ = {Ij}j∈[m]

with the same owner and item set such that any partition S is L-strong in O if and only if

S is 1-strong in O′.

Proposition 4.5 shows that to optimize the informativeness objective, it is without loss

of generality to design algorithms to maximize the objective under 1-strongness, for a trans-

formed ownership set instance. We defer its formal proof to Appendix C.2 but provide a

simple example below to illustrate the main idea of the the reduction: any 2-strong parti-

tion in the ownership instance O = {{1, 2}, {1, 2, 3}, {2, 3}} is a 1-strong partition in the

ownership instance O′ = {{1, 2}, {2}, {2, 3}}, and vice versa. Essentially, the instance O′ is

constructed by useing one owner to represent each subset of L owners in the original instance

O, whose common items are owned by this owner. This is a polynomial-time reduction for

small constant L, which is often the case in practice due to the small number of co-authors
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on a paper. Notably, this reduction does not fundamentally simplify the problem due to the

hardness of maximizing the informativeness objective, as shown in the following proposition;

see Appendix C.3 for its formal proof.

Proposition 4.6 (Hardness of Partition Optimization). It is NP-hard to find the optimal

partition S = {S1, . . . ,SK} that maximizes the size-focused objective in Eq. (4.2) subject to

1-strongness.

4.7.3 Fast Greedy Partition with Robust Approximation Guarantees

Despite the computational hardness for the optimal partition, we show that a natural greedy

algorithm presented in Algorithm 4.4 can efficiently find 1-strong partitions with a provably

good approximation guarantee. In words, this greedy algorithm just iteratively selects the

largest residual paper set owned by some owner. This algorithm can be implemented in time

almost linear in the input size
∑
j∈[m] |Ij |, up to a log(m) factor, thus is essentially the

fastest algorithm one could hope to design.

ALGORITHM 4.4: A Greedy Algorithm for 1-Strong Partition
Input: Ownership sets {Ij}mj=1.

1 Initialize the partition as S = {} and set of selected items I = ∅.
2 while I ⊂ [n] do
3 Determine the largest residual paper set S∗ = Ij∗ \ I where j∗ = argmaxj∈[m] |Ij \ I|.
4 Update I ← I ∪ S∗ and S← S ∪ {S∗}.
5 return S.

The highlight of this greedy algorithm is that, though the algorithm itself is fully agnostic

to any partition objectives, its output is a robustly high-quality partition for every natural

wellness function, i.e., monotone and convex wellness functions, as formalized in the following

Theorem 4.7. In particular, consider the following hypothesis class W of wellness functions

W := {w : R≥0 → R≥0|w(0) = 0, w is convex, non-decreasing}.
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Algorithm 4.4 enjoys the following strong approximation guarantees for every w within

W , whose proof is deferred to Appendix C.5. In Remark 4.7.1, we give the exact approxima-

tion ratio for some optimization objectives of special interests and show its tightness. It is

also worth mentioning that while Algorithm 4.4 only finds a partition satisfying 1-strongness,

the algorithm as well as its constant approximation guarantees can be readily extended to

find the optimal L-strong partition in O
(
mLn

)
time, using the reduction in Proposition

4.5.

Theorem 4.7 (Robust Approximation of Greedy). For any ownership instance {Ij}j∈[m]

with N =
∑
j∈[m] |Ij | total number of author-paper pairs, Algorithm 4.4 runs in O(N logm)

time and outputs a 1-strong partition that is simultaneously a c(w)-approximation of the

optimal objective for every w ∈ W, where

c(w) = inf
{ w(x)

w′−(x)x

∣∣∣w′−(x) > 0, x ≥ 2
}
.12

Remark 4.7.1. Theorem 4.7 readily implies that the partition found by the greedy algorithm

simultaneously approximates at least 1/2 of both the optimal comparison-focused objective

and size-focused objective. More generally, for α-th degree polynomial functions w(x) = xα,

the greedy algorithm simultaneously guarantees (1/α)-fraction of the optimal objective since

w(x)/[w′(a)x] = 1/α for every x. Such objective-agnostic property of Algorithm 4.4 is espe-

cially desirable in our application scenarios where the concrete form of the partition objective

is difficult (if not impossible) to know. Moreover, the approximation ratio in Theorem 4.7 for

the greedy algorithm is provably tight under every monomial objective f(S) =
∑K
k=1 |Sk|α,

α > 1, and the construction of lower bound instances can be found in Appendix C.5.1.

12. Above, w′
−(a) = limx→a−

w(x)−w(a)
x−a denotes the left derivative of w at a.
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4.8 Experiments

In this section, we study the empirical performance of our proposed mechanism in the realistic

settings of academic conference peer review. One major challenge for our evaluation is that

its performance measures rely on the underlying ground-truth scores, and such information

is unattainable in most applications — indeed, if we already know the ground-truth scores,

peer review would not be needed anymore. Fortunately, from both ICLR and ICML, we

are able to collect some parts of their data and synthesize some of the unobservable parts.

Below, we describe our experiment setups and results.

4.8.1 Experiment Setups: Datasets, Baselines and Metrics

We start by elaborating on the preprocessing procedures and characteristics of the two real-

world datasets we experimented on.

1. ICLR 2021-2023: We collect ownership relations and review scores from ICLR 2021-

2023 [ICL, 2021, 2022, 2023] that are made publicly available from OpenReview.net.

Based on the recorded review scores, we simulate the ground-truth scores R = y − z,

where z ∼ N (0, σ2) is a zero-mean Gaussian random variable with standard deviation

σ ∈ {1, 2, 3, 4}.

2. ICML 2023: We collect ownership relations, review scores as well as the authors’ re-

ported ranking on their papers from ICML 2023, based on surveys from OpenRank.cc.

We only keep the authors (and their papers) who have participated the survey and pro-

vided a ranking of their submissions. For each paper, we split its review scores by their

reviewers’ confidence level. We set the review score with the least confidence level as the

paper’s raw review score y, and the average score of remaining reviews as the paper’s

ground-truth score R.
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For comparison, we consider the following alternative calibration approaches, evaluated

under the mean squared error (MSE), 1
n

∥∥∥R− R̂
∥∥∥2: baseline, which directly uses the raw

review scores; random, which uses a randomly generated partition for the Isotonic Mecha-

nism.

Table 4.4 summarizes the basic statistics of ICLR 2021-2023 that we collected as well

as the partitions determined from their ownership sets. There is a clear growing trend in

conference size in terms of submission and author number. Moreover, from both partition

objective functions, the greedy partition is a clearly better choice than the randomly gen-

erated partition, though we are unable to empirically examine the approximation ratio of

Greedy (Algorithm 4.4), since it is intractable to find exactly optimal partition for such large

instances given its NP-hardness.

#authors #papers obj(Sgreedy) obj(Srandom) obj′(Sgreedy) obj′(Srandom)

ICLR 2021 8875 2964 5242 2515 1365 1132
ICLR 2022 10583 3328 6123 2966 1574 1324
ICLR 2023 15372 4881 9764 4600 2489 2045

Table 4.4: Statistics of ICLR 2021-2023, where Sgreedy,Srandom are greedy and random partitions
generated in the ownership graph of each year’s conference, obj, obj′ are respectively the comparison-
based and size-based objective, defined in Equations (4.1) and (4.2).

4.8.2 Experiment Results

Given the two rich sets of real world peer review data, we empirically study the following

three questions about the performance of our proposed mechanism.

Q1: How does the mechanism’s calibration quality change under different levels

of noise? Here we use the ICLR dataset where we can control the noise level in our

simulation of ground-truth score. Figures 4.5 compares the empirical performance of Isotonic

Mechanisms with different baselines at different review noise levels. We can see that the

proposed Isotonic Mechanism can mitigate a substantial amount of noise from the review
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score and improve the precision metric over the baseline approach. The percentage MSE

loss in Figure 4.5 suggests our proposed method is able to mitigate about 10− 20% amount

of review noise in the past three years of ICLR. In addition, the performance of Isotonic

Mechanisms steadily improves as the conference size grows — an encouraging sign for the

applicability of the Isotonic Mechanism. This performance is also reflected to determining

accepted paper (i.e., top 30%) as illustrated in the lower panel of Figure 4.5. It suggests

that 5% ∼ 15% of the mistakenly rejected papers can be rectified to acceptance through the

proposed score calibration method.13

(a) ICLR 2021 (b) ICLR 2022 (c) ICLR 2023

Figure 4.5: The mean square error (MSE) loss of scores calibrated by different models (normalized
as the percentage change, model−baseline

baseline ) under varied noise level σ.

Q2: The informativeness and robustness tradeoff of the Isotonic Mechanism

when there is authors’ perception noise. Our isotonic mechanism offers a flexibility

for practioners to decided the number authors from who they would like to elicit ranking

information from (i.e., the L-strongness of the mechanism). Eliciting from a single author

can lead to larger blocks in the partition hence more efficiency, but suffers more risk of

miscalibration when the authors have noise perception of the ranking. Our second experiment

tests such informativeness vs robustness tradefoff. This requires us to generate problem

instances with carefully structured ownership relations in order for a diverse set of partitions

to emerge. We thus use pure simulation data here. Specifically, in our simulation, the authors

13. We also plotted how the MSE improvement influence the accuracy of more stringent paper selections,
in particular spotlight (top 5%) and oral (top 1.5%) presentations. The performance has similar trend of
improvement, hence is omitted here to avoid repetition.
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(a) ICLR 2021 Oral (b) ICLR 2022 Oral (c) ICLR 2023 Oral

(d) ICLR 2021 Spotlight (e) ICLR 2022 Spotlight (f) ICLR 2023 Spotlight

(g) ICLR 2021 Poster (h) ICLR 2022 Poster (i) ICLR 2023 Poster

Figure 4.6: The percentile precision based on scores calibrated by different models under varied
review noise σ.

perceive score as Ri + ζ
j
i and control the variance of authors’ perception noise variable ζji

in a range from {0.1, 0.5, 1, 2} while we vary the partition structure. We then construct a

class of instances whose connections can be characterized by a 7-level ternary tree with 37

items and (37 − 1)/2 authors. Intuitively, the partition at one extreme is to have only a

single block of all items owned by the root node (author), and there is only one author we

can elicit. At the other extreme, the partition is to have one block for the set of items owned

by each leaf node, and we can elicit from the authors at this leaf node and all its ancestor

nodes. Hence there exist L-strong partitions with L from 1 to 7. In Figure 4.7, we can
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observe a clear trend of tradeoff: in the case of low noise (blue curve), the large block size is

preferred to have more pairwise information, while in the case of high noise (red curve), the

small block size is preferred to have more authors per block (larger L). In cases of medium

noise (green or orange curve), the optimal block size is a careful balance of the block size

and L-strongness. The trend showcases the importance of eliciting from multiple authors,

e.g., to enforce the L-strong partition constraint, though the parameters shall be tailored

carefully for the noise level in real-world applications.

Figure 4.7: The (MSE) loss of Isotonic Mechanisms under different levels of authors’ perception
noise with varying number of authors per partition block and different review noise σ = 1 (left), 2
(middle), 4 (right).

Q3: Evaluations on the real ICML 2023 data. Our last set of experiments focuses on

the ICML dataset which is richer than the ICLR data since this data contain reported ranking

from the real-world survey, hence allowing us to conduct an almost all real experiments,

except that need a surrogate of ground-truth scores – for this, we use the average of two

high confidence review scores as the surrogate of “ground-truth scores”, whereas the average

of the two lower confidence review scores as the “review score”. The performance of Isotonic

Mechanisms is presented in Table 4.5. From these results, we are able to state with high

confidence that Isotonic Mechanisms under both partition schemes are capable of reducing

the noise in the review process.
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Baseline Greedy Random

MSE 1.4267 1.3012 1.3210
F-Statistics - 15.828 9.911

P-Value - 7.032× 10−5 1.652× 10−3

Table 4.5: The loss of Isotonic Mechanisms under different partition scheme in the ICML dataset,
along with the results of F-test and P-value on whether the loss indeed decreases.

4.9 Final Remarks

In this work, we design and analyze the partition-based Isotonic Mechanism to assist peer

review in machine learning conferences, where multiple authors can contribute to various

papers. We establish its formal guarantees of truthfulness, statistical and computational

efficiency within a theoretical framework that may serve as a foundation for future research.

However, our mechanism is not without limitations. Below we discuss the applicability of

the technical assumptions in our theoretical analysis and point out the potential directions

for further investigation.

Owner’s Private Information. Assumption 4.3 is a standard private knowledge assump-

tion, commonly adopted in the mechanism design literature (e.g., in auction design it is often

assumed that bidders know their values or private signals). Here we assume owners have

accurate knowledge on the information we elicit, i.e., their items’ ranking. This assumption

is not to ask owners to have precise knowledge on ground-truth scores of their items; agree-

ment on the (much coarser) ranking information suffices. We remark the intrinsic tradeoff

here when eliciting information from owners. On one hand, eliciting very fine-grained score

information can be risky since owners may not have accurate information. On the other

hand, eliciting overly coarse information may not be useful any more. As a compromise, we

believe the elicitation of ranking information is a reasonable “middle ground” to begin with,

though it is also an interesting future direction to explore other possibilities. Additionally,

in Section ?? where we evaluate our algorithm on situations with authors’ noisy perception
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of the true paper ranking, we still observe improvements on score estimation by the isotonic

mechanisms, indicating that this approach remains statistically effective when owners can

supply additional (even somewhat noisy) information not yet included in review scores.

That said, our current mechanism cannot guarantee a truthful Nash equilibrium if some

co-owners would “truthfully” report a misleading ranking according to his noisy knowledge of

his paper. The mechanism also ceases to be truthful if an owner can to some degree predict

the realization of review noise, e.g., due to ex-ante insider information on the reviewers.

Meanwhile, it remains a fundamental design challenge for future work to ensure the authors’

incentive compatibility when they hold outside information or conflicting information with

each other.

Noise Structures in Review Scores. The exchangeable noise structure in Assump-

tion 4.4 is also a natural choice and has been widely adopted in mechanism design literature.

The typical rationales behind this assumption are as follows: an owner determines the rank-

ing of his paper ex-ante, i.e., before any submission and reviewer assignment have been made,

a moment that he does not know how his papers will be reviewed. Thus, the best this owner

could assume is the symmetry of review noises for all his papers, which is precisely described

by our exchangeable noise assumption. Similar justification on such exchangeable noise as-

sumption is also given in a recent work by [Maskin, 2023], though for a completely different

mechanism design problem. We point out that our Assumption 4.4 is a strict relaxation of

the i.i.d. noise assumption, which is perhaps more often adopted in the peer review literature

(See e.g., [Baba and Kashima, 2013, MacKay et al., 2017, Tan et al., 2021]). Notice that

the noise satisfying Assumption 4.4 does not even need to have a zero mean. In addition, if

the review score of each paper is averaged over several reviews and the number of reviewers

assigned to each paper is treated as an i.i.d. random variable, then the exchangeable noises

allow the papers to have different variances.

In addition, an advantage of the exchangeable noise assumption is that it is non-parametric,
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without the need of modeling the distribution family. If one is willing to assume specific

format of the noise distributions, then the exchangeable noise assumption may be further

relaxed (e.g., see recent work by Yan et al. [2023] using exponential family to model review

score distributions). However, without such structural distribution assumption, we conjec-

ture it will be quite difficult (if not impossible) to relax this exchangeable noise assumption

in our setup.

Owners’ Utility Structures in Peer Review. The convex utility in Assumption 4.5 may

not appear as common as the two assumptions above, hence worth some more discussions

here. Utility assumptions are often subject to its application context, especially in mechanism

design without money [Schummer and Vohra, 2007]. The convex utility reflects the nature

that items receiving higher rating tend to generate significantly more reward. We believe such

convex utility is particularly suitable in the context of evaluating research (e.g., conference

review), fundamentally due to the “high-risk-high-reward” nature of research, recognized by

various funding agencies [Wagner and Alexander, 2013, Cao and Zhang, 2022, Franzoni,

2023]. A spiritually similar context is in the tournament design [Lazear and Rosen, 1981,

Rosen, 1985], where participants are incentivized to exert more effort or take on more risk to

compete for the best as the potential rewards are significantly larger at the top; participants’

utilities are commonly assumed to be convex in their ratings (akin to the scores of papers in

our setting). Notably, while consumers’ utilities in consumer theory are often assumed to be

concave in the quantity of products due to the law of diminishing return, the utility function

U j in our problem is rather to capture quality or scarcity of a product (e.g., accepted papers).

This assumption of convexity in scarcity is consistent with the classic assumption of concavity

in quantity. That is, if a product is hardly accessible (e.g., papers with high scores), or an

award is conferred to only a few, we tend to derive more utility — a phenomenon widely

observed in behavioral economics and social psychology [Veblen, 2017, Verhallen, 1982].
Moreover, most publication venues have been implementing various metrics to promote

111



Figure 4.8: The first two plots base on the ICLR 2022 dataset illustrate the probability of an paper
getting accepted as an “oral”, “spotlight” “poster” w.r.t. its average review score. The dashed line
denotes the estimated probability from raw data, the smooth line denotes the probability predicted
by logistic regression. The last plot illustrates the expected utility curve based on a paper’s chance
of receiving different acceptance labels.

high-quality research. For instance, given the large number of accepted papers at AI/ML

conferences today, these venues start to distinguish accepted papers with labels such as

“poster”, “spotlight” and “oral”; oral papers are promoted with extra resources such as longer

presentations and more official media highlights, which naturally lead to much higher utility

than an accepted poster paper. Here, we are able to observe evidence from real-world

conference data that supports our convex utility assumption. As illustrated in the left panel

of Figure 4.8, we can see that the probability of a paper receiving oral presentation at ICLR

2022 is a convex function of its averaged review score. The middle panel of Figure 4.8 plots

the acceptance probability — summing up over acceptances with different labels σ ∈ Σ =

{“poster”, “spotlight” and “oral”}— as a function of the review score. While the entire curve

is not convex, we observe increasing fraction of acceptance with higher labels as the score

increases. Suppose an author derives utility u(σ) for label-σ acceptance for σ ∈ Σ. The right

panel of Figure 4.8 plots the expected utility as a function of score using u(σ) ∝ 1/Pr[σ],

where Pr[σ] is the ratio of accepted label-σ papers among all papers with a given score

(i.e., the utility u(σ) of a label-σ paper is assumed to be propositional to its scarcity). We

can see that this expected utility curve U(ŷ) is convex according to the empirical data. In

practice, authors with more papers are expected to derive higher utility u(σ) on those more

scarce paper labels, in which case the convex utility assumption is even easier to satisfy. As
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a neat coincidence, these authors with more papers happen to also be those who will supply

more ranking information to our mechanism hence will be incentivized to do so truthfully.

In Remark 4.7.2, we describe how the design of the rating metrics could encourage stronger

convexity of author utility.

Remark 4.7.2 (A case of the “convexifying” owner utilities in peer review). The strong

convexity of utility could result from not only the high-risk-high-reward nature of research but

also the artful design of peer review systems. Existing measures include the selection of best

papers and selective labels of “oral“ and “spotlight”. We observe that a potential redesign of

the review rating metrics can even further convexify owners’ utility. Specifically, the method

is to set less level choices for excellent papers (e.g., merging traditional “7:very good” and

“8:excellent” to just a single score of “8:excellent”) while use more fine-grained rating for

regular papers. Assuming the exchangeable review noises, such kind of designs will make

the differences between regular papers wider while the differences between excellent papers

narrower. An explicit goal of this mechanism is to better distinguish papers of different

qualities at the acceptance borderline. Meanwhile, despite having narrower score differences,

the papers of high ratings typically require much less deliberation (e.g., most of them are

accepted with probability > 95% at ICLR 2022). More importantly, this mechanism can

implicitly encourage the convexity of acceptance curve by, intuitively, “stretching” the middle

borderline region of the curve whereas “condensing” its high-score region. Such redesign is

already taken place at ICLR 2024, where reviewers can only choose ratings from a list of

non-linear scores (“1”,“3”,“5”,“6”,“8”,“10”).

For future work to relax the current utility assumption, one direction is to study utility

functions that are monotone in the adjusted scores with the design of sequential review,

despite the downside of prolonged peer review procedures [Zhang et al., 2024]. In addition,

an author’s value of a paper could depend on factors such as authorship order, the number

of co-authors, and her relative contributions to the paper [Demaine and Demaine, 2023].
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This modeling perspective could more accurately reflect the reality that authors may assign

different values to their co-authored submissions. Recognizing the potential heterogeneity of

the utility function poses a significant, yet crucial challenge to resolve. Another direction is

to understand the potential group manipulations or collusion under our mechanism. This is

generally a challenging problem in mechanism design, as it requires incentive analysis beyond

the unilateral deviation in Nash equilibrium.

Lastly, it is important to realize that theory might only take us so far in this field, due

to the complex nature of human subjects. We view our work as a theoretical foundation

for the initiatives aimed at eliciting self-evaluations and managing incentives in scientific

reviews. The empirical results based on the OpenRank survey in ICML 2023 are promising,

but still has some important gaps from a full test deployment — the authors have no strategic

incentives as their reports would not influence the peer review process. As an initial step,

Isotonic Mechanism can function as an independent layer atop existing peer review processes,

with its calibrated scores serving as reference points to assist expert human decision-making

(e.g., helping area chairs to detect anomalies and request additional reviewers). We look

forward to more real-world experiments to better understand the potential limitations of

Isotonic Mechanisms in practice and drive iterative improvements towards solving the owner-

assisted calibration problem.
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CHAPTER 5

UNCOUPLED LEARNING TOWARDS RATIONALIZABILITY

5.1 Introduction

Two seminal results in uncoupled 1 multi-agent learning are that agents using no regret

learning algorithms will converge to a coarse correlated equilibrium (CCE) whereas the

stronger no-swap regret learning algorithms will bring agents to a correlated equilibrium

(CE) [Foster and Vohra, 1999, Blum and Mansour, 2005]. In both results, however, the

converging sequence is the average of agents’ historical plays; the analysis of the last-iterate

convergence, a strictly stronger convergence guarantee, has been a well-known challenge

in the study of uncoupled learning dynamics, despite significant research efforts devoted

to its study even until today. 2 For modern machine learning applications, the last-iterate

convergence is often more desirable due to the difficulty of averaging agent’s actions, typically

represented by neural networks. In addition, it is also more realistic as an approach to predict

equilibrium outcomes of economic systems, e.g., by assuming uncoupled learning agents in

the system — after all, it is the most recent state (i.e., the “last iterate”) of the system that

matters and evolves, while the average history of the system may not have any real-world

meaning. Given these challenges of obtaining last iterate convergence towards equilibria in

general game as well as its strong real-world motivations, we seek to answer the following

question in this paper:

Are there natural equilibrium concepts, other than the often studied CE or CCE,

for which the last-iterate convergence guarantee of uncoupled learning dynamics

1. In the uncoupled learning setup, the learning rule of each agent must not rely on any opponent’s
historical actions or payoffs [Pradelski and Young, 2012, Daskalakis et al., 2011, Cai et al., 2023]

2. Even in the zero-sum games, it is only recently shown by Cai et al. [2023] that a finite last-iterate
convergence rate can be provably achieved by uncoupled learning dynamics under bandit feedback. See also
a recent paper by Anagnostides et al. [2022c] for detailed discussions about this challenge, relevant works
and a few generalizations beyond zero-sum games in which last-iterate convergence could be possible.
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can be established for general games? If so, what is the solution concept, and

what algorithm is guaranteed to converge?

To answer the above question, we initiate the study of last-iterate convergence of uncou-

pled multi-agent bandit learning towards a fundamental game-theoretic solution concept,

known as rationalizability, developed through a series of seminal economic works [Bernheim,

1984, Pearce, 1984, Brandenburger and Dekel, 1987, Milgrom and Roberts, 1990]. In par-

ticular, this paper pursues rationalizability as a natural multi-agent learning objective for

several reasons. First, without converging to the rationalizability, it is impossible to reach

the Nash equilibrium (NE) or CE (see Corollary 5.3). At a high level, rationalizability is a

more permissive and robust solution concept that relaxes the stringent belief assumptions

in both Nash [Bernheim, 1984, Pearce, 1984] and CE [Aumann, 1987, Brandenburger and

Dekel, 1987]: while both NE and CE requires each player to respond optimally to the accu-

rate belief about her opponents’ strategy profile, players under rationalizability may take any

actions that are best responses to some erroneous but rational belief about her opponents’

strategy profile (see Definition 6). This also leads to the second point that rationalizability

is often deemed a more realistic outcome to expect in games with uncertainty [Dekel and

Siniscalchi, 2015]. The notion originates from the epistemic approach to understand agents’

rational behavior in a non-cooperative environment without perfect knowledge of others’

strategy profile — it characterizes the outcomes arise from the only common knowledge of

rationality. We thus can think of rationalizability as a proxy for us to understand how much

“rationality” learning algorithms can obtain under the uncoupled learning setup, compared

to human agents.

Rationalizability is also related to the basic strategic concept of dominance elimination

studied since the early days of the game theory field [Gale, 1953, Raiffa and Luce, 1957] —

we say, an action a of some agent is dominated by another action a′ in a strategic game

if the agent’s payoff of action a is always smaller than her payoff of a′, regardless of what

116



actions other agents play. While it is debatable that whether regular humans would ever

play an equilibrium in a strategic game [Rabin, 1993, Wright and Leyton-Brown, 2010], it

is widely observed and well accepted that rational human players generally would avoid

playing dominated actions [Fudenberg and Liang, 2019]. Therefore, an intriguing question

is whether there are learning algorithms that can efficiently approach such kind of human

wisdom. Notice that, after eliminating some dominated actions, other actions may then start

to become dominated and thus require an additional iteration of dominance elimination; the

iterated dominance elimination turns out to be a highly non-trivial task in the uncoupled

learning setup and many of the existing algorithms are provably inefficient. As we will explain

in Section 5.4, the strategy profiles surviving this process of iterated dominance elimination

coincides with the set of rationalizable outcomes [Bernheim, 1984, Aumann, 1987], and it

thus serves another key motivation to design algorithms with efficient convergence guarantee

towards rationalizability.

Notably, iterated dominance elimination in games is not as rare as they may first sound.

For example, Alon et al. [2021a] recently show that for randomly generated two-player m×n

games with m = o(log(n)), the fraction of actions that survive iterated dominance elimina-

tion tends to 0 as n → ∞. The concept also has a variety of applications, including voting

[Moulin, 1979], auctions [Azrieli and Levin, 2011], market design [Abreu and Matsushima,

1992], supermodular game [Milgrom and Roberts, 1990], oligopolistic competition [Börgers

and Janssen, 1995] and global games [Carlsson and Van Damme, 1993]. One celebrated ex-

ample is Akerlof’s “market for lemons” [Akerlof, 1978]. Each seller in this market is looking

to sell used cars which are equally likely to have quality H/high, M/medium or L/low (low

quality cars are also known as “lemons” in America). Prospective buyers value H-cars at

$1000, M-cars at $500 and L-cars at $0, whereas sellers value keeping a H-car at $800, M-car

at $400 and L-car at $0 (these values are only privately known to sellers). Akerlof studies

the situation that sellers precisely know their car’s type whereas buyers cannot distinguish
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the good cars from lemons. Suppose that the car types are uniformly distributed on the

market in the beginning, due to the inability to distinguish car quality, any buyer will im-

mediately eliminate any price above her average value $500 = (1000 + 500 + 0)/3. After

this elimination, the buyer’s price becomes lower than H-car’s reservation value, and thus

drive H-car sellers out of the market. Consequently, the buyer will gradually learn that the

market has no H-cars under price $500 and thus will iteratively eliminate any price above

$250 = (500 + 0)/2, which then further drives M-car sellers out of the market. Ultimately,

Akerlof observes that this iterated dominance elimination procedure will drive all good cars

out of the market, and only lemons are ever traded. In this paper, we shall examine the

more realistic situation when buyers and sellers do not know the exact average value of the

car qualities in advance but only have noisy bandit feedback about each sold car. We seek

to understand how fast the market collapse observed by Akerlof may happen when players

have such noisy bandit information feedback. In Appendix 5.7, we will revisit this example

as an empirical illustration of our theoretical results.

At this point, an immediate thought one might have is whether any standard no-regret

learning algorithm would already suffice to eliminate the (obviously bad) dominated actions.

The answer is indeed Yes, but with a crucial limitation that they may necessarily take ex-

ponentially many rounds, as we will prove later in Section 5.5. A surprising insight revealed

from our formal results is that the classic notion of regret in multi-agent settings is not

fully aligned with the performance of iterated dominance elimination. First, the history that

standard no-regret algorithms exploit could become the inertia that impedes the iterative

process of dominance elimination. This claim shall be self-evident in the proof of Theo-

rem 5.7. Second, the notion of “regret”, designed for either stochastic or adversarial settings,

fails to encourage the coordination that facilitates the iterative learning process of the learn-

ing agents. These observations echoes with the findings of Viossat and Zapechelnyuk [2013]

that the Hannan sets [Hannan, 1957] may contain highly non-rationalizable outcomes.
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Motivated by the aforementioned fundamentality and intricacies, this paper studies how

agents in a uncoupled multi-agent system can learn to rationalize — or equivalently to

iteratively eliminate all dominated actions — under noisy bandit information feedback. This

is also a natural generalization of the well-known action elimination problem [Even-Dar et al.,

2006] to multi-agent setups. Our study reveals interesting new challenges of learning in game-

theoretical settings that its algorithm design may require different ideas from the classical

online learning under either adversarial or stochastic environment assumptions. Notably, an

interesting recent follow-up work by Wang et al. [2023] considered the same problem setup as

us and proposed an iterative best response approach that improves on our convergence rate by

some linear factors. However, their proposed algorithm is designed in a coordinated fashion:

when an agent is estimating the mean reward of his actions, the remaining agents must keep

playing the same action profile. In such a design, each agent can infer the strategies of all

other agents at any time. While they obtained better learning efficiency than our algorithm,

such coordinated design of learning algorithm violates the uncoupled learning setup and

is not our goal in this paper (also see additional discussions in Section 5.3). In contrast,

our work predicates the efficient convergence even when agents only have a loose agreement

on the type of learning algorithms without any further intention or capability to coordinate

(e.g., the sellers on the Akerlof’s market for lemons). Moreover, experiments in Appendix 5.7

demonstrate that the performance of our algorithm could remain robust facing potentially

adversarial opponents.

Contributions At the conceptual level, our key contribution is to identify the solution

concept of rationalizability as a fundamental multi-agent learning objective. On the one

hand, it is the best possible outcome under the uncertainty of others’ strategy profile in

uncoupled multi-agent learning problems; on the other hand, reaching rationalizability has

important economic implications in various classes of games. Our technical contributions are

twofold. First, we provide formal barriers of reaching rationalizability under noisy bandit
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feedback. To do so, we identify an interesting benchmark class of dominance solvable game

instances, coined diamond-in-the-rough game (DIR), and show that a broad class of no-regret

online learning algorithms, including the Dual Averaging algorithm [Nesterov, 2009, Xiao,

2010], has to run exponentially many rounds to eliminate all dominated actions with non-

increasing learning rates. Moreover, we prove that the algorithms with the stronger no swap

regret suffers similar exponentially slow convergence. Second, we propose a new variant of

the Exp3 algorithm with a carefully designed diminishing history mechanism to overcome the

barriers in such learning tasks and prove its efficiency of eliminating all dominated actions

within polynomially many rounds in the sense of last-iterate convergence. Our experiments

demonstrate the effectiveness of our algorithm not only in the synthetic DIR games but also

in other real-world games.

5.2 Background and Related Work

Rationalizability and Epistemic Game Theory While the classical game theory takes

a top-down perspective, specifying the outcomes of a game by different solution concepts,

the epistemic approach to game theory takes a bottom-up perspective, asking under what

epistemic conditions will players behave with respect to particular solution concept [Dekel

and Siniscalchi, 2015]. In particular, using the mathematical tools developed in seminal

works by Nobel laureates Harsanyi [1967] and Aumann [1976], it concerns decision problems

under uncertainty such as the choices and knowledge of other players. The notion of ratio-

nalizability is key to the development of epistemic game theory. Bernheim [1984], Pearce

[1984] proposed the concept of rationalizability as the logical consequence of assuming that

the only common knowledge is game structure and the rationality of the players, drawing an

important connection to the iterated elimination of strictly dominated strategies. Branden-

burger and Dekel [1987] introduced the solution concept of correlated rationalizability that

allows players to have correlated conjectures over others’ actions. Notably, there has been
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increasing usage of the correlated version of rationalizability, in part based on the influential

argument of Aumann [1987]: in games with more than two players, correlation may express

the fact that what player 3 thinks that player 1 will do may depend on what he thinks player

2 will do, which has no connection with any overt or even covert collusion between player

1 and 2. Our paper also adopts this notion of correlated rationalizability. In addition, Au-

mann [1987] derives the CE from the additional assumption that the players are “Bayesian

rational” with a common prior, and Aumann and Brandenburger [1995] provides an epis-

temic characterization of the Nash equilibrium in terms of mutual knowledge of strategy

choices. More recently, the solution concepts of interim independent rationalizability [Ely

and Pęski, 2006], interim correlated rationalizability [Dekel et al., 2007] are developed for

the incomplete information games.

Multi-agent Learning in Games Multi-agent learning in games has been of interest

since the early days of artificial intelligence and economics [Von Neumann and Morgenstern,

2007, Brown, 1951, Hart and Mas-Colell, 2000]. In recent years, there is a growing body of

work on decentralized no-regret dynamics and their equilibrium convergence properties in

various special classes of games including zero-sum game [Daskalakis et al., 2011, Rakhlin

and Sridharan, 2013, Syrgkanis et al., 2015, Daskalakis et al., 2018, Daskalakis and Panageas,

2018, Mertikopoulos et al., 2018a], concave game [Mertikopoulos and Sandholm, 2016, Bravo

et al., 2018, Mertikopoulos and Zhou, 2019], potential games [Cohen et al., 2017b], monotone

games [Cai et al., 2022], and auctions [Feng et al., 2021]. Different from the goal of these

works on convergence to CCE or NEs in special classes of games, we target convergence in

arbitrary multi-player games but to a relaxed equilibrium notion, i.e., learn to rationalize by

removing dominated actions. Indeed, economists [Viossat, 2015] framed this learning goal

broadly into the question whether evolutionary processes lead economic or biological agents

to behave as if they were rational. Our study focuses on the convergence properties of various

no-regret learning algorithms specifically in the multi-agent bandit learning setting (a.k.a.
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the “radically uncoupled” setup [Foster and Young, 2006]). Interestingly, our proposed mech-

anism of diminishing history resonates with the well-established studies of both behavioral

economy [Fudenberg and Peysakhovich, 2016] and political science [Axelrod and Hamilton,

1981]. It is also seen in one form or another (such as increasing learning rate or recency bias)

of many learning algorithms for different purposes [Rakhlin and Sridharan, 2013, Syrgkanis

et al., 2015, Bubeck et al., 2017, Agarwal et al., 2017, Lee et al., 2020], some of which even

beyond the domain of online learning [Jin et al., 2018, Brown and Sandholm, 2019]. In the

experimental section, we will compare our algorithm with some of them from these previous

works.

Another line of work studied the fast convergence to approximate efficiency and CCEs by

regularized learning algorithm with properties such as Variation in Utilities (RVU) [Syrgka-

nis et al., 2015], or low approximate regret [Foster et al., 2016]. Different from the goal of

these works on convergence to CCEs or NEs (for special game classes), we focus on a different

but arguably equally fundamental goal, i.e., learning to rationalize by removing iteratively

dominated actions. Similar objective is also examined by [Viossat and Zapechelnyuk, 2013],

who showed that continuous fictitious play (CFP) eliminates all strictly dominated strate-

gies and therefore converges to the unique Nash equilibrium in strictly dominance solvable

games. However, CFP needs the computation of agents’ best response, which requires expert

knowledge of the utility function. Meanwhile, [Cohen et al., 2017a] focused on the domi-

nance elimination property of the no-regret learning algorithm, Hedge, on generic games.

This algorithm requires full information feedback and is thus not applicable to our setting

where each agent can only observe the utility of actions she took and may not even know

the existence of her opponents in the uncoupled learning setup.

Optimism and Diminishing History The mechanism to focus on the recent experi-

ence is also seen in one form or another (such as increasing learning rate or recency bias) of

many learning algorithms for different proposes. [Brown and Sandholm, 2019] introduced the
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variant of counterfactual regret minimization that discounts the prior iterations to prevent

earlier costly mistake from hampering the convergence. [Jin et al., 2018] used exponential

discount for Q-learning but with respect to episode length instead of time. For online learn-

ing algorithms, [Rakhlin and Sridharan, 2013] introduced an “optimistic” variant of Mirror

Descent with a minor but effective modification that counts the last reward observation

twice. [Syrgkanis et al., 2015] showed that natural classes of regularized learning algorithms

with a property of recency bias provably achieves faster convergence rates in normal form

games. [Chen and Peng, 2020, Daskalakis et al., 2021, Anagnostides et al., 2022a] shows that

the optimistic variant of Hedge enjoys the O(ploy(log T )) regret, as well as the swap regret

under the black-box transformation by [Blum and Mansour, 2005, Stoltz and Lugosi, 2005].

In the online bandit learning setting, a helpful technique to introduce historical bias is to

apply increasing learning rate [Bubeck et al., 2017]. The increasing learning rate turns out to

be powerful in several recent works: [Agarwal et al., 2017] used it to maintain a more delicate

balance between exploiting and exploring so a master algorithm could perform almost as well

as its best base algorithm, and [Lee et al., 2020] employed it to effectively cancel the po-

tentially large variance of the unbiased estimators in high-probability regret bound analysis.

However, as we will demonstrate in the experiment, none of these techniques can efficiently

overcome the barrier of eliminating iteratively dominated actions, which necessitates our

attempt of designing new algorithms.

Interestingly, our mechanism of diminishing history resonates with the well-established

studies of both behavioral economy and political science. [Fudenberg and Peysakhovich,

2016] pointed out that recency bias is a behavioral pattern commonly observed in game-

theoretic environments. In the renowned book, The Evolution of Cooperation, [Axelrod

and Hamilton, 1981] empirically demonstrated that the tit-for-tat strategy (simply copying

the last move of the opponent) is the most successful strategy in the repeated prisoner’s

dilemma game. They accordingly pointed out an important insight for game strategy design
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– to be provocable to both retaliation and forgiveness, as tit-for-tat ignores all the good or

bad experience from the opponent’s previous silence or betray more than one round ahead.

Nevertheless, such aggressive strategy would not work in online learning, as memory is

critical for algorithm to optimize its decision from the past observation. Hence, our proposed

algorithm generalizes such philosophy with a carefully designed discounting mechanism to

balance the influence of history in online decision making while maintain the “provocability”

crucial in certain game theoretical environment.

5.3 Preliminaries

In this section, we introduce the problem setup of this paper, starting with some basic

notations and definitions from game theory. An N -player game in normal form consists of a

(finite) set of agentsN = {1, . . . , N}, where the n-th agent have a finite set of actions (or pure

strategies) An. Let A :=
∏
n∈N An denote the action space, a := (a1, . . . aN ) ∈ A denote

the action profile, and a−n ∈ A−n as the action profile excluding agent-n’s action. Without

loss of generality, we assume every agent has K actions, i.e., |An| = K.3 Each agent n has a

payoff function un : A → [−1, 1] that maps the action profile (an, a−n) of all agents’ actions

to the nth agent’s payoff un(an, a−n).4 We denote such game instance as G := G(N ,A, u).

In addition, each agent n may randomize her action by playing a mixed strategy, xn ∈ ∆An ,

from the simplex over An. Denote Xn := ∆An as the mixed strategy space of agent n, and

X :=
∏
n∈N Xn as the space of all mixed strategy profiles x := (x1, . . . , xN ) aggregating

over all agents. Denote xn(an) as the probability of playing action an under mixed strategy

xn. Let un(xn, x−n) :=
∑
a1∈A1

· · ·
∑
aN∈AN un(a1, . . . , aN )

∏
n∈N xn(an) be the expected

payoff of agent-n under the strategy profile x.

3. As long as each player’s number of actions is upper bounded by the constant K, our main results hold.
In fact, our results only depend on the total number of actions across all players.

4. Bounded utility is assumed for convenience but not essential, since it can always be re-scaled.
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Dominated Actions and Iterated Dominance Elimination We say action an is

strictly dominated by a mixed strategy xn ∈ ∆An , if un(xn, a−n) > un(an, a−n), ∀a−n ∈

A−n. Dominated actions are perhaps the simplest generalization of sub-optimal actions

in single-agent decision making. The procedure for an agent to remove all her dominated

actions is called dominance elimination. In the single-agent setting, dominance elimination

degenerates to the widely studied best arm identification since all other actions are domi-

nated by the optimal arm [Bubeck et al., 2009]. However, in multi-agent setups, eliminating

all iteratively dominated actions may require many iterations of dominance elimination, as

illustrated in the introduction. Moreover, an action dominated by a mixed strategy is not

necessarily dominated by any pure strategy. So it is important to consider dominance elim-

ination by mixed strategies. The process of iteratively applying such procedure to remove

iteratively dominated actions is called iterated elimination of strictly dominated strategies

(IESDS). This motivates our following natural definition of elimination length.

Definition 5. For any finite game G, we define the elimination length L0 as the minimum

number of iterations that IESDS needs to eliminate all iteratively dominated actions in G.

For any successful execution of IESDS with elimination length L0, the corresponding elim-

ination path is a sequence of eliminated sets (El)
L0
l=1 where El contains all eliminated

actions until iteration l ∈ {1, · · · , L0}.

By definition, we have E1 ⊂ E2 ⊂ · · · ⊂ EL0
and |EL0

| <
∑N
n=1 |An| = KN . Since the

elimination path (El)
L0
l=1 of a game G might not be unique, when we refer to an eliminated

set El, we consider El from any possible elimination path. Let ∆ be the smallest utility gap

between any iteratively dominated action and the correspondingly dominant strategy during

IESDS over all possible elimination paths. 5

5. This notation is to draw an analogy to the stochastic bandit setting, where ∆ typically denotes the
gap of the means to different reward distributions, which largely determines the intrinsic difficulty of the
problem. With slight abuse of notation, we also use ∆ to represent the simplex by convention; the two use
cases should be easily distinguishable.
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Rationalizability and Rationalizable Actions Let x−n ∈ XA−n be a belief of the n-th

agent on the (possibly correlated) strategy profile of the other players. 6 We say an action

an ∈ An is the best response to a belief x−n, if an ∈ argmaxa∈An un(a, x−n). The notion

of rationalizable action is defined in a recursive way: an action is rationalizable if it is the

best response to a “rational” belief supported on other agents’ rationalizable actions. This

situation happens under the common knowledge of rationality (despite incomplete knowledge

of other agents’ strategy) — that is, every agent is rational, every agent thinks that every

agent is rational, every agent thinks that every agent thinks that every agent is rational, and

so on in any higher order beliefs. We formalize it in the following definition.

Definition 6 (Rationalizable Actions [Osborne and Rubinstein, 1994]). Suppose

that there exists {Zn ⊆ An}
|N |
n=1 such that for any n′ ∈ N , an′ ∈ Zn′, an′ is a best response to

some belief supported only on Z−n′. In this case, we say an action an ∈ An is rationalizable

for agent n. The solution concept of rationalizability is formed by any strategy profile that

supports only on the rationalizable actions.

Problem Setup We study how multiple agents can learn to rationalize under noisy ban-

dit payoff feedback in an radically uncoupled fashion. At each round t ∈ [T ], each agent

n takes an action an(t), which together forms the action profile a(t). Then, agent n indi-

vidually observes from the environment a noisy, bandit feedback, un(a(t)) + ξn,t, that is,

its payoff under the action profile a(t) perturbed by a noise ξn,t. With a slight abuse of

notation, we denote un(t) = un(a(t)) + ξn,t hereinafter. We assume {ξn,t,Ft}+∞0 is a Mar-

tingale Difference Sequence (MDS) with finite variance. Specifically, {ξn,t,Ft}+∞0 satisfies:

1) Zero-mean: E[ξn,t|Ft−1] = 0 for all t = 1, 2, . . . (a.s.); 2) Finite variance: ∃σ > 0 s.t.

6. The original definition of (independent) rationalizability [Bernheim, 1984, Pearce, 1984] requires the
belief to be a product of independent probability measures on each of the action sets An′ for n′ ∈ N \ {n}.
Under this more restricted notion of rationalizability, the Theorem 5.1 in the next section holds only in
two-player games. However, throughout this paper we will instead focus on the more commonly adopted
definition of (correlated) rationalizability, [Brandenburger and Dekel, 1987, Milgrom and Roberts, 1990].
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E[∥ξn,t∥2|Ft−1] ≤ σ2 for all t = 1, 2, . . . (a.s.).

Learning Goals Given the above problem setting, we focus on designing an online learning

algorithm that when all agents use such an algorithm, they will learn to play rationalized

strategy with high probability in a last-iterate convergence manner. We require that each

agent’s learning rule is radically (or strongly) uncoupled [Hart and Mas-Colell, 2003, Foster

and Young, 2006] in the sense that an agent’s strategy has to be adaptive to her own historical

observations and meanwhile cannot depend on all other agents’ historical actions and payoffs.

Intuitively, the motivation of uncoupled learning is to insure that any agent’s strategy cannot

be inferred by other agents. This crucially requires each agent’s strategy to depend on his

own information, even conditioned on other agents’ information. Note that the coordination-

based algorithm of [Wang et al., 2023] is not uncoupled because an agent’s strategy can be

inferred from others’ strategy profile at any time according the coordination rule specified by

their algorithms. Conceptually similar requirement is imposed in many works on multi-agent

learning 7 to avoid the degeneracy to tailored learning rules of computing approximated

equilibria from estimated game payoffs. We also remark that many of the prior works 8

in multi-agent learning either focus on full information or gradient feedback, or consider

the time-average convergence, our learning objective of last-iterate convergence under noisy

bandit feedback provides arguably the strongest and most stable guarantee.

5.4 On the Pursuit of Rationalizability

The notion of rationalizability and dominance elimination has been less popular to the

machine learning community than other game-theoretical solution concepts such as NE and

CE. Thus to motivate our seemingly “unconventional” pursuit of the rationalizability, we

7. See [Daskalakis et al., 2011, Farina et al., 2022, Anagnostides et al., 2022b, Cai et al., 2023].

8. See [Hannan, 1957, Freund and Schapire, 1999, Daskalakis et al., 2011, Cherukuri et al., 2017, Cohen
et al., 2017a, Syrgkanis et al., 2015, Mertikopoulos and Zhou, 2019, Mazumdar et al., 2020].
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devote this section to highlight its theoretical and conceptual importance, as well as its

potential real-world applications.

5.4.1 Key Properties of Rationalizability

Rationalizability turns out to be equivalent to iterated dominance elimination due to the

elegant minimax theorem, as formally described by the following theorem.

Theorem 5.1. [Osborne and Rubinstein, 1994] The set of any agent n’s rationalizable

actions are precisely the set of agent n’s actions that survive the process of IESDS.

The proof of the above theorem hinges on the following observation. That is, any agent

n’s action ân is a strictly dominated action if and only if there exists no belief µn over

all other agent’s actions that makes ân a best response of agent n (and thus ân cannot be

rationalizable). To see this, note that ân is a strictly dominated action implies there exists

some mixed strategy xn such that un(xn, a−n)−un(ân, a−n) > 0 for any a−n. Equivalently,

maxxn∈∆An
mina−n [un(xn, a−n) − un(ân, a−n)] > 0. By the linearity of un(xn, a−n) in xn

and strong duality, we know minµn∈∆A−n
maxan∈An [un(an, µn)− un(ân, µn)] > 0. That is,

for any agent n’s belief µn ∈ ∆A−n , there is an action an that is strictly better than ân and

thus ân can never be a best response to any agent n’s belief.

From the perspective of epistemic game theory, rationalizability is a solution concept

that only assumes the common knowledge of rationality, while CE additionally assumes the

common prior, i.e., a correct belief of other players’ strategy profile [Brandenburger and

Dekel, 1987, Aumann, 1987]. These observations lead to an important fact that the set of

rationalizability is a superset of correlated equilibria.

Corollary 5.2. [Osborne and Rubinstein, 1994] For any finite game, every action used with

positive probability in a CE is rationalizable.
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This is also implied by Theorem 5.1, as no CE should put non-zero probability on any

iteratively dominated action profile and thus must be rationalizable.

In addition, if the process of IESDS terminates with a single action profile in the remaining

action space, this action profile must be the unique NE and also the unique CE of the game

[Viossat, 2008]. In this case, game G is called mixed-strategy solvable [Alon et al., 2021a] — a

more general notion than the classic dominance solvable game that is defined on dominance

elimination by pure strategy.

Corollary 5.3. For any mixed-strategy solvable game, the only rationalizable action profile

coincides with the unique NE (thus the unique CE) of the game.

Rationalizability also has nice predictions for a large class of economic games, known

as the supermodular games [Topkis, 1979, Milgrom and Roberts, 1990], which encompass

many well-known games such as Cournot duopoly [Cournot, 1838] and Bertrand competition

[Bertrand, 1883]. Generally speaking, a finite, normal-form game is supermodular if each

agent n’s utility function un(an, a−n) has increasing difference in an and a−n, i.e., for all

a′n ≥ an and a′−n ≥ a−n, un(a′n, a′−n) − un(an, a
′
−n) ≥ un(a

′
n, a−n) − un(an, a−n). This

require the set An,A−n to be partially ordered, e.g., as the price or effort level. 9 The formal

definition of supermodular games is deferred to Appendix D.1. One example of supermodular

game is the bank run model [Diamond and Dybvig, 1983], when more depositors withdraw

their funds from a bank, it is better for other depositors to do the same (see Section 5.4.2

for other examples).

Theorem 5.4. [Milgrom and Roberts, 1990] For any supermodular game, the largest (resp.

smallest) rationalizable strategy profile coincides with the largest (resp. smallest) NE of the

game.

9. More generally, when players have multi-dimensional strategy spaces, An must be a complete lattice
and un is supermodular in an for any fixed a−n. When un is twicely differentiable, it is equivalent to have
∂2un/∂an∂am ≥ 0,∀m ̸= n.
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The proof of the above theorem uses a fixed point argument: there exists a function

f : A → A such that, from the largest action profile a0 in A, iteratively setting at+1 = f(at)

leads to a fix point, a∗ = limi→∞ at, which is also the largest NE of the game. Specifically, we

can construct f(a1, a2, · · · , a−N ) = (βi(a−1), βi(a−2), · · · , βi(aN )), where βi(a−n) denotes

the largest element in agent n’s best response set, argmaxa∈A un(a, a−n). The sequence

{at} is non-increasing in t by induction: Since a0 is the largest action profile, a1 ≤ a0.

Given that at ≤ at−1, we have for any n ∈ N , at+1
n = βi(a

t
−n) ≤ βi(a

t−1
−n ) = atn, since

∀an ∈ An, un(an, at−n) − un(at+1
n , at−n) ≤ un(an, a

t−1
−n ) − un(atn, a

t−1
−n ) by supermodularity.

The fixed point a∗ = f(a∗) is an NE by definition, as a∗n = βi(a
∗
−n), ∀n ∈ N .

Meanwhile, a∗ is also the largest rationalizable action profile, as any action an > a∗n is

iteratively dominated. That is, for any agent n, any of its action an > a1n is dominated,

since un(an, a−n)− un(a1n, a−n) ≤ un(an, a
0
−n)− un(a0n, a0−n) < 0. By induction, given that

any a−n > at−1−n is (iteratively) dominated, any action an > atn = βi(a
t−1
−n ) is iteratively

dominated: by supermodularity, ∀a−n ≤ at−1−n , un(an, a−n)− un(atn, a−n) ≤ un(an, a
t−1
−n )−

un(a
t
n, a

t−1
−n ) < 0, where the last inequality is strict as atn /∈ argmaxa∈A un(a, a

t−1
−n ).

Similarly, we can show that starting from the smallest action profile and iteratively taking

the smallest best response mapping βi(·) would lead to the smallest NE. This proof at its

core is built upon two seminal results: Tarski’s fixed point theorem [Tarski, 1955] that for

any monotone function on a complete lattice, the set of all its fix points forms a sublattice;

Topkis’ monotonicity theorem [Topkis, 1979] that for any supermodular game, each agent’s

best response function is monotone.

5.4.2 Notable Examples

Here we list several well-known game instances where rationalizability are desirable outcomes

with important economics implications. The first two classes of games are dominance solvable

games, and the other two are supermodular games.
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The Market for “Lemons” [Akerlof, 1978] Consider a market of used cars with a buyer

and N sellers. Each seller i has a car of quality qi, and two actions ai ∈ {1, 0}, respectively,

to list or not to list his car. Without loss of generality, let qN > qN−1 > · · · > q1. The buyer

has his action p ∈ P from a set of prices to buy a car from sellers. Suppose the buyer and

sellers move simultaneously. As assumed by Akerlof, the buyer has no information about

each seller’s car quality before posting the price. The seller also decides whether or not to

list his car (i.e., ai = 1 or 0) without knowing the price. In our experiments, we assume

seller i has a reservation value q̃i = qi + ϵ which is a noisy perception of his car quality

with zero-mean noise ϵ. For those who did choose to list their cars, if the buyer’s price are

below their reservation value, they would refuse to sell, but still suffers a small and fixed

opportunity cost c1. We denote bi = 1[q̃i ≤ p] as whether the car of seller i gets sold. In

contrast, the buyer is uninformed of the car quality he could buy, though the trade would

generate welfare so that her revenue is a multiplier c2 of the average quality q =
∑
i∈[N ] bi·qi∑
i∈[N ] bi

.

Hence, each seller i receives payoff ui = ai(bi(p − qi) − c1), and the buyer receives payoff

u0 = c2 · q − p, where c1 > 0, c2 > 1 are game parameters.

Our Proposition D.4 in Appendix D.5 shows that this game has elimination length at

least 2N − 1 for small c1 and its NEs are that the buyer sets a price no higher than q1,

and all sellers refuse to list. This outcome is certainly not a surprise and was observed by

Akerlof as a market collapse, due to asymmetric information among sellers and buyers which

gradually drives the high quality car sellers out of the market in order. The additional insight

of our Proposition D.4 is that this market collapse may follow a long procedure of iterated

dominance elimination. We remark that the opportunity cost c1 > 0 is only assumed to

capture how much sellers prefer not selling if the price just matches their values. Our results

hold for c1 = 0 as well, but will need to work with weakly dominance elimination with a tie

breaking in favor of not listing.
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Decentralized Matching under Aligned Preference [Niederle and Yariv, 2009] In

a decentralized matching market game, each firm (on one side) simultaneously make an offer

to a single worker (on the other side), and the workers accordingly decides whether to accept,

reject or defer the offers they receive. Ferdowsian et al. [2020] show that if the firms and

workers’ preferences are aligned (i.e., firms ranks the workers identically and vice versa), then

the outcome of stable matching in this market is rationalizable, and moreover, the unique NE

surviving iterated elimination of weakly dominated strategies. This rationalizable strategy

profile coincides with the celebrated deferred acceptance algorithm by Gale and Shapley

[1962].

Bertrand Competitions [Bertrand, 1883] This is a fundamental economic model of

competition . It considers a market of N firms that produces identical goods (i.e., substi-

tutes). Each firm n produces with constant unit costs cn and sets a price an from some

(possibly discretized) interval [0, amax]. Each firm has a utility function un(an, a−n) =

(an − cn) ·Dn(an, a−n), where Dn(an, a−n) is the demand function with its elasticity being

a non-increasing function of the other firms’ prices a−n. Milgrom and Roberts [1990] shows

that many common forms of demand such as linear function, logit function satisfies this

property and the corresponding Bertrand competitions are therefore supermodular games.

Arms Races [Milgrom and Roberts, 1990] In this game, the players are two countries

engaged in an arms race. Each player chooses a level of arms an from some (possibly

discretized) interval [0, amax] and receives as its payoff un(an, a−n) = −C(an)+B(an−a−n),

where C is the cost function based on the arm level and B is the welfare function which is

concave w.r.t. the difference of arm level. That is, the marginal return to additional arms is

an increasing function of the foe’s armament level. This is a supermodular game, since for

all a′n ≥ an and a′−n ≥ a−n, un(a′n, a′−n) − un(an, a′−n) ≥ un(a
′
n, a−n) − un(an, a−n) ⇐⇒

B(a′n − a′−n)−B(an − a′−n) ≥ B(a′n − a−n)−B(an − a−n), due to the concavity of B.
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5.5 Formal Barriers of Multi-Agent Learning towards

Rationalizability

Perhaps surprisingly, we show that even for dominance solvable games under full informa-

tion feedback, standard bandit learning algorithms will necessarily take exponentially many

rounds to eliminate all dominated actions. Since this barrier is already significant in two-

player games, in this section we shall focus on the two-player case with a finite action set

[K]. We refer to the row player as agent A, column player B, and use indices i, j ∈ [K] to

denote their pure actions.

5.5.1 “Diamond in the Rough” – A Benchmark Game for Multi-Agent

Learning

We introduce an interesting class of two-player dominance solvable games, which serves

as a challenging benchmark for multi-agent learning. For reference convenience, we call

it “Diamond in the Rough”, whose meaning should become clear in the following formal

definition.

Definition 7 (The Diamond-In-the-Rough (DIR) Games). A diamond-in-the-rough (DIR)

game is a two-player game parameterized by (K, c). Each agent have K actions and utility

function

u1(i, j) =


i/ρ i ≤ j + 1

−c/ρ i > j + 1

, u2(i, j) =


j/ρ j ≤ i

−c/ρ j > i

. (5.1)

where c > 0 and ρ = max{K, c} is for normalization purpose. Hence, the payoff matrix of
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the DIR(K, c) game is given by

1

max{K, c}



(1, 1) (1,−c) (1,−c) · · · (1,−c)

(2, 1) (2, 2) (2,−c) · · · (2,−c)

(−c, 1) (3, 2) (3, 3) · · · (3,−c)
...

... . . . . . . ...
...

...
... (K − 1, K − 1) (K − 1,−c)

(−c, 1) (−c, 2) · · · (K,K − 1) (K,K)


. (5.2)

The DIR game exhibits a “nested” dominance structure, which makes it challenging to

play rationally. Specifically, observe that A’s action 2 dominates action 1. However, this is

not the case for B since if A were to play action 1, B’s utility −c of action 2 is significantly

worse than utility 1 of action 1. Nevertheless, after A eliminates action 1, B’s action 2

starts to dominate B’s action 1. This property holds in general for DIR game — B’s action

j + 1 dominates her action j only when A eliminates his actions {1, · · · , j} and similarly

A’s action i + 1 dominates action i only when B eliminates her actions {1, · · · , i − 1}. In

the end, the real “diamond” is hidden at the action pair (K,K), which is the best for both

agents. However, to find this “diamond”, both agents have to sequentially remove all the

“rough” actions 1, 2, · · · , K − 1. This is thus the name “Diamond in the Rough”.

As we will demonstrate both theoretically and empirically, the DIR game highlights a

fundamental challenge in multi-agent learning — i.e., whether an agent’s action is good or

bad depends on what actions her opponents take, and such inter-agent externality makes it

challenging to learn the optimal decisions. We end this subsection by summarizing a few

useful properties of any DIR(K, c) game.

Proposition 5.5. The following properties hold for any DIR(K, c) game:

1. The game is dominance solvable by alternatively eliminating A and B’s action in order

1, 2, ..., until reaching the last strategy profile (K,K). The elimination length L0 =
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2K − 2. 10

2. The strategy profile (K,K) is the unique CE (and thus the unique NE as well). More-

over, both agents achieve the maximum possible utility at this equilibrium.

5.5.2 No-swap Regret ̸⇒ Efficient Iterated Dominance Elimination

Our following theorem shows that for any small ϵ, there exist DIR(log(1ϵ ), c) games for some

constant c, in which an ϵ-CE may never play the unique CE (K,K) and, moreover, will lead

to a much smaller utility than the agent’s equilibrium utility.11

Theorem 5.6. For any ϵ > 0 and any DIR(K, c) game satisfying log(1/ϵ) ≤ (2K−2) log(c),

the game always has an ϵ-CE which plays the (unique) CE strategy (K,K) with probability 0.

Moreover, the welfare of this ϵ-CE is at most 1+⌈log(1/ϵ)/ log(c)⌉
2K fraction of the equilibrium

welfare.

Specifically, by picking K = log(1/ϵ) and log(c) = 1, we obtain a DIR(log(1ϵ ), c) game

which admits an ϵ-EC that will put 0 probability at the unique CE (K,K) and has utility

at most half of the players’ equilibrium utilities. This may appear quite counter-intuitive

at the first glance, since how come an ϵ-EC be so such “far away” from the real and unique

CE. This turns out to be due to a subtle difference — that is, the ϵ in “ϵ-CE” is measuring

the ϵ difference in agent utilities,12 whereas the “far away” conclusion reflected in Theorem

5.6 is measuring the true distance between agent’s action probabilities. Though in the limit

as ϵ → 0, the ϵ-CE will tend to an exact CE, Theorem 5.6 suggests that agent’s strategies

10. While the equilibrium is obvious in DIR, we remark that we can easily swap the rows and column
making it difficult to determine even the elimination path under bandit feedback and strategic learning
setting (without communication).

11. The key property here is that the game payoffs depend on ϵ logarithmically. Such an instance with
payoffs that depends on ϵ linearly would be less surprising and also easier to construct.

12. A distribution π ∈ ∆A over action profiles is a ϵ−CE if
∑

a−n
π(an, a−n) [un(a

′
n, a−n)− un(an, a−n)] ≤

ϵ for any two actions an, a′n ∈ An and for any player n. When ϵ = 0, this definitions degenerate to the
standard CE.
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and equilibrium utilities can be far from the exact CE even when ϵ > 0 is extremely small

compared to the game payoff. Therefore, the fact that an agent does not have much incentive

to deviate when at an ϵ-CE does not imply that the action it plays is close to the (exact) CE

action profile, neither implies his utility is close to the CE utility. This insight also explains

why classic no regret learning algorithm designed based on maximizing accumulated rewards

may perform poorly for the task for iterated dominance elimination, which will be formally

proved in our next theoretical result as well as further justified in our numerical results in

Section 5.7.

To concretize the message in Theorem 5.6, consider a very small diamond-in-the-rough

game with c = K = 10. With the state-of-the-art O(log4 T/T ) swap regret algorithm by

Anagnostides et al. [2022a], the empirical distribution of the no-regret learning agents is

guaranteed to be a 10−9−CE after T = 1013 rounds. However, since log(1/ϵ) = log(109) <

(2K−2) log(c), Theorem 5.6 implies that this 10−9−CE may still never play the equilibrium

strategy (K,K) and its welfare is at most 1+⌈log(1/ϵ)/ log(c)⌉
2K = 1

2 of the equilibrium welfare.

Notably, 1013 rounds of sequential interactions could take several days for a modern CPU

to simulate. Our experimental results in Appendix 5.7 further confirm the mathematical

analysis in Theorem 5.6 — our simulation shows that, surprisingly, the player actions gen-

erated by no-swap regret algorithms will get stuck on the first few actions for both players

and remain far from the unique CE (K,K) even after 108 rounds.

5.5.3 Exponential-Time Convergence of Merit-based Algorithms

We now show that a broad and natural class of online learning algorithms, dubbed merit-

based algorithms, fails to eliminate all iteratively dominated actions efficiently. Roughly

speaking, a merit-based algorithm has the following property: at each time step t, if the

accumulated reward from action i exceeds that from action j, the learning algorithm will

be more likely to play action i than action j. We call online learning algorithms with such
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property “merit-based” learning algorithms. Perhaps unsurprisingly, many celebrated learn-

ing algorithms are merit-based, e.g., Follow-the-Perturbed-Leader (FTPL), and the entire

class of Dual Averaging (DA) algorithms with symmetric mirror maps including Exponential

Weight (EW), lazy gradient descent (LGD) and fictitious play (see our detailed discussion

in Appendix D.3). Formally, we define merit-based algorithms as follows.

Definition 8. Let yt = (y1(t), · · · , yK(t)) be the vector that stores the (possibly weighted)

accumulated rewards for all the actions before round t, and pt = (p1(t), · · · , pK(t)) be the

probability distribution of the algorithm taking each action at round t. We call an algorithm

merit-based if yi(t) > yj(t) implies pi(t) ≥ pj(t) for any i, j ∈ [K], t > 0.

In other words, a merit-based algorithm maps the accumulated score vector yt at each

round to a distribution pt = (p1(t), · · · , pK(t)) ∈ ∆K with some “order-preserving" function

F (whose formal definition can be found in Appendix D.3) and then randomly samples an

action from pt as the next move. The algorithm is also allowed to specify a learning rate

sequence {ηt} to accumulate the total rewards from each round. For convenience of our

arguments, we formulate this general class of online learning algorithms into the following

Algorithm 5.1.

ALGORITHM 5.1: The Merit-based Algorithm Framework
1 Input: An order-preserving function F : Y → ∆K , learning rate sequence {ηt > 0}.
2 y1 ← (0, · · · , 0)
3 for t = 1 . . . T do
4 Compute pt = F (yt)
5 Draw an action it from the distribution pt.
6 Receive the expected payoff ũt = (ũ1(t), · · · , ũK(t)) for each action i from the first-order

oracle.
7 Update yt+1 = yt + ηtũt.

Notably, the notion of “merit-based” applies to both the full-information setting (i.e., the

rewards of all actions are revealed after taking an action) and the bandit setting (i.e., only

the reward of the taken action is revealed). In the following analysis, we show that even with
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access to full-information feedback, any merit-based algorithm needs at least exponentially

many rounds to eliminate all iteratively dominated actions.

We consider the situation where all agents are running merit-based algorithms with typ-

ically adopted non-increasing learning rates.13 That is, at any round t, each agent will do

the standard update for any action i using estimated reward ũi(t) with learning rate ηt that

is non-increasing in t. Perhaps surprisingly, even with perfect gradient feedback (as oppose

to the noisy gradient from bandit feedback)14, agents following the merit-based algorithms

will take provably exponential rounds to converge to the unique NE in DIR games.

Theorem 5.7. Consider the DIR(K, c) game with any K ≥ 3 and c ≥ 3K2. Suppose two

agents both follow a merit-based algorithm 5.1 equipped with a non-negative, bounded, non-

increasing learning rate sequence {ηt}∞t=1. Then agent B will place at most 1/2 probability

on the (unique) pure NE strategy at any round t ≤ 3K−2.15

Theorem 5.7 proves the inefficiency of the family of merit-based algorithms with a non-

increasing learning rate sequence in terms of eliminating iteratively dominated strategies.

We remark that the requirement c ≥ 3K2 is only necessary to the proof technique and does

not imply the DIR game is easy to solve when c < 3K2. As we will demonstrate later

in the experiments, the choice of c = O(K) already results in an extremely slow empirical

convergence rate for Exp3 algorithm and its variants.

Additional Discussions on Connection to Related Works. Cohen et al. [2017a]

showed that under full information feedback, the EW algorithm with learning rate ηt = 1
tb

13. Variants of EW (a.k.a., multiplicative weight updates) have been proved to converge to equilibria in
other games such as potential games [Cohen et al., 2017b] and concave games [Bravo et al., 2018].

14. The perfect gradient of each agent n in the game is a vector with each entry, ũan
(t) =∑

a−n
pa−n

(t)un(an, a−n), equivalent to the expected payoff of each action an given the opponents’ strategy
profile, since the loss is a linear function of the payoff. The noisy gradient estimated from bandit feedback
can be found in our newly designed algorithm in the following section.

15. This rules out even the (weaker) average-sequence convergence (in distribution sense) to the unique
NE of the game.
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for 0 < b < 1 eliminates dominated actions exponentially fast. They remarked that their

proof can be extended by induction to argue that the sequence of play induced by EW

will ultimately eliminate all iteratively dominated strategies of the game. Our Theorem 5.7

shows that the number of rounds needed by their algorithm will, unfortunately, be expo-

nential in the elimination length. That is, it is easy to eliminate dominated actions for one

iteration, but difficult to iteratively eliminate them all. Cohen et al. [2017a], Mertikopoulos

and Zhou [2019] showed the EW algorithm with proper learning rate converges to a pure

NE exponentially fast with high probability if that equilibrium satisfies a global variational

stability. Our negative result does not contradict their results because the global variational

stability condition does not hold in DIR games. The verification of this claim can be found in

Appendix D.2.3. [Laraki and Mertikopoulos, 2013] considered the replicator dynamics, the

continuous version of EW, and showed the probability of playing any iteratively dominated

action shrinks to 0 over time. This result matches ours that all iteratively dominated actions

will be removed as t → ∞. However, the convergence rates in continuous-time dynamics

are not necessarily meaningful, as t can be reparametrized arbitrarily; it is unclear how a

time-dependent rate can be translated to its corresponding rate in a discrete-time frame-

work as a function of iterations, because infinitely many iterations are required to simulate a

continuous dynamics. Therefore, our exponential time convergence result is a more explicit

characterization of the learning barrier in iterated dominance elimination.

5.5.4 Proof of Theorem 5.7

Overview of the Proof. The proof of Theorem 5.7 is involved and requires new ideas

since we are not aware of any result of similar spirit in the literature. We start by highlighting

the key ideas here before diving into the technical arguments. Without loss of generality, we

consider player B and let the action set be {b1, · · · , bK}. The key to our proof is to show the

existence of a constant c0 > 1 such that if B’s action probabilities pB(t) at time t concentrate
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on {b1, · · · , bn} for the first Tn rounds, then it must also concentrate on {b1, · · · , bn+1} for the

first Tn+1 = c0Tn rounds. The intuition behind this fact comes from the property of the DIR

game: any pure action looks very profitable before it becomes iteratively dominated and thus

could have accumulated a very large score before any merit-based algorithm starts to penalize

it. As a result, any merit-based algorithm has to suffer additional rounds proportional to

the current time step to eliminate the next action, which incurs an exponential convergence

time. A intricate induction is needed to make this intuition a formal argument, which we

formally show next.

Step 1: Preparations for the Proof. We consider the DIR game with c ≥ 3K2 >

K, so the normalization factor in Equation (5.2) is 1/c. Both agents follow Algorithm

5.1 with a non-increasing learning rate sequence {ηt}∞t=1 in a repeated DIR game. Let

uA,i(t), uB,i(t), pA,i(t), pB,i(t) denote agent A and agent B’s payoffs16 and probabilities of

picking the i-th action at round t, respectively. We further let

yA,i(t) =
t−1∑
s=1

uA,i(s)ηs, yB,i(t) =
t−1∑
s=1

uB,i(s)ηs

be the ith arm’s accumulated weights of agent A and agent B till round t. Then, according

to Algorithm 5.1,

(pA,1(t), · · · , pA,K(t)) = F (yA,1(t), · · · , yA,K(t)),

(pB,1(t), · · · , pB,K(t)) = F (yB,1(t), · · · , yB,K(t)).

Step 2: The Dueling Lemmas and Their Proofs. At a high level, by leveraging the

“order-preserving” property from the definition of merit-based algorithms, our proof employs

a complex induction argument that if both players have significant probabilities to play the

16. For simplification of notation, we omit the bar “ ˜” above u, but it should still be interpreted as the
expected payoff of an action given opponent’s strategy profile.
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first n actions within time Tn, then they must also have significant amount of probabilities

to play the first n+ 1 actions within time (1 + 2c
3K2 )Tn. This intuition is formalized by the

following two lemmas. The first lemma says that if B has constant probability to play actions

from 1, 2, · · · , n within the first (1 + 2c
3K2 )

n−1 rounds, then any dual averaging algorithm

used by agent A must play actions 1, 2, · · · , n, n + 1 with some constant probability during

the same period. The second lemma is an analogous (though subtlely different) conclusion

that uses A’s behavior to argue B’s trajectory properties. It is such dueling between A’s

and B’s behaviors — thus the name of dueling lemmas — that make their convergence to

rationalizable actions exponentially slow.

We believe these dueling lemmas reveal the intrinsic difficulty of using merit-based algo-

rithms for iterated dominance elimination, and thus provide a formal proofs for them below.

The key challenge in their proofs is to manage the inter-agent utility externalities by setting

the right parameter scales at which the two agents’ strategies duel.

Lemma 5.8. For any 1 ≤ n ≤ K−2, if there exists Tn ≥ 1 such that
∑n
j=1 pB,j(t) ≥

1
K−n+1

for any t ≤ Tn, then we must have
∑n+1
i=1 pA,i(t) ≥

1
K−n ,∀t ≤ Tn+1 for Tn+1 = (1+ 2c

3K2 )Tn.

Lemma 5.9. For any 1 ≤ n ≤ K−2, if there exists Tn+1 ≥ 1 such that
∑n+1
i=1 pA,i(t) ≥

1
K−n

for any t ≤ Tn+1, then we must have
∑n+1
j=1 pB,j(t) ≥

1
K−n ,∀t ≤ Tn+1.

Proof. of Lemma 5.8. At each step t ≤ Tn, using the assumed condition that
∑n
j=1 pB,j(t) ≥
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1
K−n+1 and K

c ≤
1
3K , we have for any i = n+ 2, · · · , K

uA,i(t) =
n∑
j=1

pB,j(t) · (−1) + (1−
n∑
j=1

pB,j(t)) · (
i

c
) by Def. of DIR games

≤
n∑
j=1

pB,j(t) · (−1) + (1−
n∑
j=1

pB,j(t)) · (
K

c
)

≤ 1

K − n+ 1
· (−1) + (1− 1

K − n+ 1
) · (K

c
) by assumed conditions

≤ − 1

K − n+ 1
+

K − n
K − n+ 1

· 1

3K
since c ≥ 3K2

<
−2

3(K − n+ 1)
since K−n

K < 1

≤ − 2

3K
. −2

3(K−n+1)
decreases in n

Suppose player A uses any DA algorithm with learning rate {ηt}∞t=1. Using the above

strict upper bound for uA,i(t)(< − 2
3K ), the cumulative rewards of any action i ∈ {n +

2, · · · , K} at time step t = Tn + 1 can be upper bounded as

yA,i(Tn + 1) =

Tn∑
t=1

ηtuA,i(t) < −
2
∑Tn
t=1 ηt

3K
, ∀i = n+ 2, · · · , K. (5.3)

Now let Tn+1 = (1 + 2c
3K2 ) · Tn and consider any t ≤ Tn+1. First, if t ≤ Tn + 1, we have

yA,i(t) =
∑t−1
τ=1 ητuA,i(τ) < −

2
∑t−1
τ=1 ητ
3K ≤ 0. We now consider Tn + 1 < t ≤ Tn+1. For any
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i = n+ 2, · · · , K, we have

yA,i(t) = yA,i(Tn + 1) +
t−1∑

s=Tn+1

ηtuA,i(s)

< −
2
∑Tn
t=1 ηt

3K
+

t−1∑
s=Tn+1

ηTn+1 ·
K

c
by Ineq. (5.3) and ηt ≤ ηTn+1

≤ −
2
∑Tn
t=1 ηt

3K
+
K

c
· ηTn+1 · (

2c

3K2
Tn) since t− Tn ≤ 2c

3K2Tn

= −
2
∑Tn
t=1(ηt − ηTn+1)

3K
≤ 0, due to non-increasing learning rate

Therefore, yA,i(t) < 0 for any t ≤ Tn+1. However, note that yA,1(t) ≥ 0 for any t > 0,

we thus conclude that yA,i(t) < yA,1(t) for any action i ≥ n+ 2 at any time t ≤ Tn+1.

Apply the definition of merit-based algorithms, we obtain pA,i(t) ≤ pA,1(t) and as a

result,

K − n− 1 ≥ (K − n− 1) · [pA,1(t) +
K∑

i=n+2

pA,i(t)]

≥
K∑

i=n+2

pA,i(t) + (K − n− 1) · [
K∑

i=n+2

pA,i(t)] by pA,1(t) ≥ pA,i(t),∀i ≥ n+ 2

= (K − n)[
K∑

i=n+2

pA,i(t)]. (5.4)

This implies
∑K
i=n+2 pA,i(t) ≤

K−n−1
K−n ,∀t ≤ Tn+1 and thus

∑n+1
i=1 pA,i(t) ≥

1
K−n , as de-

sired.

Proof. of Lemma 5.9. Using the assumed condition
∑n+1
i=1 pA,i(t) ≥

1
K−n for any t ≤ Tn+1,
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we can derive an upper bound for uB,j(t) for any j = n+ 2, · · · , K, as follows

uB,j(t) =
n+1∑
i=1

pA,i(t) · (−1) + (1−
n+1∑
i=1

pA,i(t)) · (
j

c
) by Def. of DIR games

≤
n+1∑
i=1

pA,i(t) · (−1) + (1−
n+1∑
i=1

pA,i(t)) · (
K

c
)

≤ 1

K − n
· (−1) + (1− 1

K − n
) · (K

c
)

≤ − 1

K − n
+
K − n− 1

K − n
· 1

3K

< − 2

3(K − n)
≤ − 2

3K
.

Hence, we similarly conclude that yB,j(t) < 0 ≤ yB,1(t) for any j ≥ n + 2 and t ≤

Tn+1, which yields pB,j(t) ≤ pB,1(t). Then we similarly follow Inequality (5.4) to obtain∑K
j=n+2 pB,j(t) ≤

K−n−1
K−n and thus

∑n+1
j=1 pB,j(t) ≥

1
K−n ,∀t ≤ Tn+1, which completes the

proof.

Step 3: Concluding the Proof. Armed with the dueling lemmas 5.8 and 5.9, we are

now ready to conclude the proof. Specifically, the following is a direct corollary of the two

lemmas.

Corollary 5.10. For any 1 ≤ n ≤ K − 2, if there exists Tn ≥ 1 such that
∑n
j=1 pB,j(t) ≥

1
K−n+1 for any t ≤ Tn, then for Tn+1 = (1 + 2c

3K2 )Tn we must have
∑n+1
j=1 pB,j(t) ≥

1
K−n

for any t ≤ Tn+1.

Note that the “if” condition in the above corollary clearly holds for n = 1, in which case we

can verify that T1 = 1 satisfies
∑n
j=1 pB,j(t) = pB,1(1) ≥ 1

K = 1
K−n+1 for any t ≤ Tn) since

both players start by taking actions uniformly at random. Applying corollary 5.10 inductively

until any n ≤ K − 2, we obtain that
∑n+1
j=1 pB,j(t) ≥

1
K−n ,∀t ≤ Tn+1 = (1 + 2c

3K2 )
nT1.

Plugging in T1 = 1 and the upper bound K − 2 of allowed value for n, we thus have
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K−1∑
j=1

pB,j(t) ≥
1

2
,∀t ≤ TK−1 = (1 +

2c

3K2
)K−2

Since c ≥ 3K2, so TK−1 ≥ 3K−2. The above inequality implies that within the first 3K−2

time steps, player B will never play the unique equilibrium action K with probability larger

than 1/2. This rules out the convergence of the two agents’ strategies — either in the

average sense or last-iterate sense — to the NE within 3K−2 time steps. Note that since

this statement holds deterministically since we are in the simpler setup in which the agents

have full feedback, and thus can fully observe the (expected) payoff (i.e., perfect gradient

feedback). Since (K,K) is the unique NE of this game, Moreover, a larger value of c will

imply a larger TK−1 = (1 + 2c
3K2 )

K−2 value and would further slow down the convergence

rate.

5.6 Exp3-DH and its Efficiency towards Rationalizability

5.6.1 The Exp3 with Diminishing History (Exp3-DH) Algorithm

Motivated by the barriers in Section 5.5, we now introduce a novel algorithm Exp3 with

Diminishing History (Exp3-DH) described in Algorithm 5.2, which turns out to provably

guarantee efficient elimination of all iteratively dominated actions, with high probability.

Exp3-DH is an EW-style algorithm but with the following important characteristics:

1. Exp3-DH uses an unbiased payoff estimator ũit(t) =
uit(t)

pit(t)
. This turns out to be cru-

cial since our proof has to upper bound the absolute value
∣∣∣∑T

t=1 γt(ũa(t)− ua(t))
∣∣∣

whereas standard single-agent bandit problems only need a one-side upper bound for∑T
t=1 γt(ũa(t) − ua(t)) and thus a biased conservative estimation of ũit there can be

helpful (actually, is essential for some algorithms). However, similar conservative reward

estimators appear difficult to work in our problem because it may let a dominating action
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ALGORITHM 5.2: Exp3 with Diminishing History (Exp3-DH)
1 Input: Number of actions K, parameter ϵt, β .
2 Initialization: yi(0) = 0, ∀i ∈ [K].
3 for t = 0, 1, . . . , T do
4 Set

pi(t) = (1− ϵt)
exp(yi(t))∑

j∈[K] exp(yj(t))
+
ϵt
K

∀i ∈ [K].

5 Draw action it randomly accordingly to the probability distribution (p1(t), p2(t), . . . pK(t)).
6 Observe realized payoff uit(t).
7 Compute unbiased payoff estimator ũi(t) =

ui(t)
pi(t)
· I(i = it),∀i ∈ [K].

8 Update

yi(t+ 1) = (
t

t+ 1
)β · yi(t) + ũi(t), ∀i ∈ [K].

lose its advantage. This highlights an interesting difference between eliminating iteratively

dominated actions in multi-agent setup and learning optimal actions in single-agent setup.

2. During reward updates at Step 8, Exp3-DH will always discount each action’s previous

reward yi(t) by a factor ( t−1t )β for some carefully chosen parameter β, regardless of

whether this action is taken at this round or not. Therefore, the rate of historical rewards

will gradually diminish, which thus leads to the name of our algorithm.

Effective Learning Rates. Note that the update in Step 8 of Algorithm 5.2 only captures

the recursive relation between yi(t+ 1) and yi(t). From this recursion, we can easily derive

how yi(t) depends on all previous payoff estimation ũi(τ) for τ = 0, 1, · · · , t, which is the

follows,

yi(t+ 1) =
t∑

τ=0

(
τ

t
)β ũi(τ). (5.5)

For notational convenience, we call γ(t)τ = (τ/t)β the effective learning rate. Notably, the

learning rate γ(t)τ for any fixed past payoff estimation ũi(τ) dynamically decreases as the

round t becomes large. This means that the weight of the historical estimation ũi(τ) will

become smaller and smaller as time goes. In other words, the algorithm exhibits recency
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bias and gradually “forgets” histories and always relies more on recent payoff estimations.

We end this section by comparing Exp3-DH with previous Exp3-style algorithms. In stan-

dard Exp3 algorithm [Auer et al., 2002], the effective learning rate is exactly its learning rate

γt, which is set to a constant
√

logK
KT or O(

√
logK
Kt ) to guarantee a sub-linear regret. Some

other variants17 of Exp3 use non-increasing effective learning rate γt. However, Exp3-DH

differs from these algorithms in at least two key aspects: (1) its effective learning rate γ(t)τ

is increasing in τ , i.e., biased towards recent reward estimations; (2) γ(t)τ will be re-scaled

every time t increases, i.e., a new observation comes. The first deviation is justified by our

Theorem 5.7 since DA with any decreasing learning rate necessarily suffer exponential con-

vergence. We note that increasing learning rate has been recently studied for single-agent

bandit problems [Bubeck et al., 2017, Lee et al., 2020, Agarwal et al., 2017] and for faster

convergence to coarse correlated equilibrium in games [Syrgkanis et al., 2015].18 Unfortu-

nately, our experimental results in Appendix 5.7 show that these algorithms fail to efficiently

eliminate all iteratively dominated actions, which illustrates that careful design of learning

rate is necessary for efficient iterative dominance elimination.

5.6.2 Efficient Convergence of Exp3-DH under Noisy Bandit Feedback

We now present the theoretical guarantee for Exp3-DH. Due to randomness, no algorithm

guarantees dominance elimination for certain. Thus, we introduce a natural notion of essen-

tial elimination:

Definition 9 (ε-Essential Elimination). We say that an action i ∈ An is ε-essentially

eliminated at time step T if agent-n’s probability of playing i satisfies pi(T ) ≤ ε
4KN .

Note that if all the actions in EL0
are essentially eliminated at time step T , the mixed

17. See [Neu, 2015, Mertikopoulos and Zhou, 2019, Cohen et al., 2017b, Bravo et al., 2018]

18. Syrgkanis et al. [2015] use optimistic follow the regularized leader (OFTRL) with recency bias. The
obtained algorithm with entropy regularizer can be viewed as EW with dynamically increasing learning rate.
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strategy x(T ) given by the probability distribution p(T ) of all agents satisfies ∥x(T )−x∗∥1 ≤
ε

4KN · 2(KN −N) < ε
2 . Therefore, ε-Essential Elimination implies last-iterate convergence.

We are now ready to give the convergence guarantee for Exp3-DH in Theorem 5.11:

Theorem 5.11. Consider any game G(N ,A, u) with elimination length L0 and elimination

set {El}
L0
l=1. Suppose all agents in N run Exp3-DH with parameters β > 0 and ϵt = t−b

for some b ∈ (0, 1). Then for any ε, δ ∈ (0, 12), any action in El \ El−1 will be ε-essentially

eliminated with probability at least 1 − 2|El|(Tl + s)2δ,∀s ≥ 0, from time step t = Tl to

t = Tl + s, where the sequence {Tl}
L0
l=1 is defined recursively below:

1. T1 is an integer such that for any t ≥ T1,

t−b

K
+ exp

4

√eK(1 + σ2)

1 + 2β + b

 log
1
2
2K

δ
· t

1+b
2 − ∆t

16(1 + β)

 <
min{ε,∆/2}

4KN
. (5.6)

2. For any l ≥ 1,

Tl+1 ≥ max

{
(1 +

8

∆
)

1
1+β · Tl, Tl +

(1 + β)2(4 + ∆)2(8 + ∆)2

4(1 + 2β)∆2
log

1

δ

}
. (5.7)

Specifically, if all agents run Exp3-DH on G, then all iteratively dominated actions will

be ϵ-essentially eliminated after TL0
number of rounds in the last iterate convergence sense

with probability at least 1− 2KNT 2
L0
δ.

To interpret Equation (5.6) and (5.7) in Theorem 5.11, it will be easier if we focus only

on its leading terms. It is helpful (though not necessary) to think of β ≈ L0 and b ≈ 1/2.

When t is large, the exponential term in Equation (5.6) will be dominated by t−b/K term

since its exponent decreases exponentially in t. Therefore, we would expect T1 to have order

around (N min{ε,∆}−1)1/b. In Equation (5.7), the second term in the “max” is usually

dominated by the first term, therefore TL0
roughly has order ∆−L0/βT1. Therefore, Theorem

5.11 indicates: 1. Exp3-DH needs polynomially many rounds to ε-essentially eliminate the
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first set of dominated actions in E1; 2. once a set of iteratively dominated actions are ε-

essentially eliminated, Exp3-DH takes polynomially additional steps to eliminate the next set

of iteratively dominated actions. Therefore, Exp3-DH guarantees to ε-essentially eliminate

all iteratively dominated actions in polynomially many rounds. Specifically, the following

corollary gives an explicit and formal upper bound for TL0
. Its proof is deferred to Appendix

D.4.

Corollary 5.12. If all agents run Exp3-DH on game G(N ,A, u) with parameters β > 0

and ϵt = t−
1
3 , then after Õ(max{N3, K1.5}max{ε−3,∆−3}(1 + σ3)β1.5 log1.5 1

δ ) number

of rounds19, all the iteratively dominated actions in G will be ε-essentially eliminated with

probability at least 1− δ.

Parameter Choices. The optimal choice of β depends on ∆ and L0, which reveal the

intrinsic difficulty of iterative dominance elimination in G. However, if ∆, L0 is unknown, a

conservative choice of β is the total number of agent actions KN . This always guarantees

polynomial round convergence, concretely, in Õ(max{N3, K1.5}max{ε−3,∆−3}β1.5 log1.5 1
δ )

rounds. We also note that Corollary 5.12 instantiated a choice of b = 1/3. This is to

balance the dependence on (K,N) and (ε,∆). If b = 1/2, the upper bound would be

Õ(max{N2, K2}max{ε−2,∆−4}β2 log2 1
δ ). When 2 = N ≪ K and ∆ ∼ O(K−1) in DIR

games, a smaller b is preferred. This will be demonstrated in our experiments. More gener-

ally, a good choice of b will depend on the game structures.

Corollary 5.12 also captures the convergence rate of ϵ as a function of time horizon T ,

given b = 1/3. Specifically, ϵ = O(1/ 3
√
T ) with the caveat that omitted constants in the big

O depends on the game parameters N,K,∆, δ. If we choose b = 1/2, the convergence rate

will be ϵ = O(1/
√
T ), however its dependence on the game parameters will be worse.

19. By convention, Õ notation omits logarithmic terms.
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5.6.3 Proof of Theorem 5.11

Overview of the Proof The proof of Theorem 5.11 employs induction to prove the

convergence of uncoupled learning. We are not aware of similar ideas in previous multi-

agent learning setups, and thus present its formal proof in the next section in case it is of

independent interest. Our proof deviates from standard single-agent online learning analysis

in at least two key aspects. First, since the effective learning rates are dynamically changing

in Exp3-DH, the concentration of the estimated yi(t) needs to be re-evaluated at each round.

To do so, we need to construct a sub-martingale for each round t and argues its high-

probability concentration. The second major distinction is that our proof needs to bound

the difference of the estimated reward for any iteratively dominating action i and dominated

action j, whereas standard (single-agent) bandit learning only needs to upper bound the

reward estimation for each action i. In the latter case, conservative reward estimation (e.g.,

in Exp3.P [Auer et al., 2002]) is helpful. However, a conservative reward estimation may

make i lose its dominance advantage in our problem. Fortunately, due to the unbiased reward

estimation in Exp3-DH, we can use Azuma’s inequality to bound the concentration from both

sides.

Our proof employs an induction argument. In the base case, we demonstrate that

Exp3-DH requires polynomially many rounds to ε-essentially eliminate the first set of domi-

nated actions E1. Subsequently, in the induction phases, we provide further evidence that

Exp3-DH takes polynomially additional steps, with high probability, to eliminate the next set

of iteratively dominated actions. This leads to a polynomial time last-iteration convergence.

The key insight driving each induction phase is that the accumulated scores of the remaining

iteratively dominated actions can always be upper-bounded by the number of steps taken

so far (which constitutes a polynomial term). As a result, correcting such misconceptions

by choosing an appropriate decaying rate to discount the history also takes no more than

polynomial time. We present the detailed formal argument next.
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Step 1: Preparations for the Proof. Since we will be working mostly on agent’s

actions, we use notation a and x to denote an agent’s pure and mixed strategy in this proof.

Our proof relies on the following two technical lemmas, the proofs of which are deferred to

Appendix D.4 so that they will not distract the core arguments. The first lemma (Lemma

5.13) is standard and bounds the difference between the estimated ũa(t) and the realized

true ua(t)) via the Azuma’s inequality. The second lemma (Lemma 5.14) is more involved

and shows that the accumulated weighted rewards for any dominated action a will be far

less than the expected accumulated weighted rewards of any mixed strategy x ∈ ∆An that

dominates a.

Lemma 5.13. For any a ∈ A, T > 0 and any sequence {γt > 0}Tt=1, with probability 1− δ,

we have

|
T∑
t=1

γ
(T )
t (ũa(t)− ua(t))| < 2


√√√√K(1 + σ2) log

2

δ
·
T∑
t=1

(γ
(T )
t )2

ϵt

 . (5.8)

Lemma 5.14. For any fixed T > 0, if an action a ∈ An is strictly dominated by a mixed

strategy x = (x1, · · · , xK) ∈ ∆An, then

yx(T + 1)− ya(T + 1) ≥
T∑
t=1

γ
(T )
t [ux(t)− ua(t)]− 4

√log
2K

δ
·

√√√√K(1 + σ2)
T∑
t=1

(γ
(T )
t )2

ϵt


(5.9)

holds with probability 1− δ. In particular, if γt = (t/T )β , ϵt = t−b and T > β, we have

yx(T + 1)− ya(T + 1) ≥ ∆ · T
1 + β

− 4

√log
2K

δ
·

√
eK(1 + σ2)

1 + 2β + b
· T 1+b

 . (5.10)

Armed with the above two lemmas, the proof of Theorem 5.11 follows a carefully tailored

induction argument.

Step 2: Proof of the Base Case. First, we prove the elimination of all actions in E1 in
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the first iteration. For any dominated action pair x ≻ a (i.e., x dominates a), we conclude

from Lemma 5.14 that with probability 1− δ, the probability of playing a satisfies

pa(t) =
ϵt
K

+
exp(ya(t))∑

a∈An exp(ya′(t))
(1− ϵt)

≤ t−b

K
+

exp(ya(t))∑
a′∈An xa′ exp(ya′(t))

since xa′ ∈ [0, 1]

≤ t−b

K
+

exp(ya(t))

exp(
∑
a′∈An xa′ya′(t))

by convexity of exp(·)

=
t−b

K
+

exp(ya(t))

exp(yx(t))

<
t−b

K
+ exp

4

√
eK(1 + σ2) log 2K

δ

1 + 2β + b
· t

1+b
2 − ∆t

1 + β

 by Eq (5.10)

<
t−b

K
+ exp

4

√eK(1 + σ2)

1 + 2β + b

 log
1
2
2K

δ
· t

1+b
2 − ∆t

16(1 + β)

 (5.11)

<
min{ε,∆/2}

4KN
, (5.12)

where the last Inequality (5.12) holds for any t ≥ T1 by the definition of T1. Therefore,

from the union bound we conclude that with probability at least 1− |E1|(T1+ s+1)δ > 1−

2|E1|(T1+s)2δ, actions in E1 will be ε′-essentially eliminated at each round in {T1, · · · , T1+

s}, where ε′ = min{ε,∆/2}.

Step 3: Proof of the Induction Step. We now move to the more involved induction

step. Assume there exists Tk such that for any s > 0, actions in Ek are ε′-essentially

eliminated during t ∈ (Tk, Tk + s] with probability 1− 2|Ek|(Tk + s)2δ, i.e.,

P
[
pa(t) ≤

ε′

4KN
,∀a ∈ Ek,∀Tk < t ≤ Tk + s

]
≥ 1− 2|Ek|(Tk + s)2δ, ∀s > 0.

We investigate how many additional iterations we need to ε′-essentially eliminate actions in
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Ek+1. In particular, we will show that if Tk+1 satisfies Eq (5.7), then

P
[
pa(t) ≤

ε′

4KN
,∀a ∈ Ek+1,∀Tk+1 < t ≤ Tk+1 + s

]
≥ 1− 2|Ek+1|(Tk+1 + s)2δ,∀s > 0,

which then complete our proof of the theorem.

By the definition of Ek, if no agents play any action in Ek, then for any action a ∈ Ek+1\

Ek of agent i there must exist a mixed strategy x of agent i that dominates a. Assuming

Exp3-DH has run Tk+T0 steps, we derive a sufficient condition for T0 such that Exp3-DH can

ε-essentially eliminate actions in Ek+1 starting for any t > Tk + T0. In particular, we show

that for sufficiently large T0 and any s > 0, with probability at least 1−2|Ek+1|(Tk+T0+s)2δ,

actions in Ek+1 are ε′-essentially eliminated from steps Tk to Tk + T0 + s.

First of all, for any a ∈ Ek+1 \ Ek that is iteratively dominated by some x and any t ∈

(Tk, Tk+T0+s], from Lemma 5.14 we conclude with probability 1−(|Ek+1|−|Ek|)(T0+s)δ,

it holds that

yx(t+ 1)− ya(t+ 1)

≥
t∑

s=1

γ
(t)
s [ux(s)− ua(s)]− 4

√log
2K

δ
·

√√√√K(1 + σ2)
t∑

s=1

(γ
(t)
s )2

ϵs


≥

t∑
s=Tk+1

γ
(t)
s [ux(s)− ua(s)]− 2

Tk∑
s=1

γ
(t)
s − 4

√log
2K

δ
·

√√√√K(1 + σ2)
t∑

s=1

(γ
(t)
s )2

ϵs

 ,

(5.13)

where the last inequality used the bound ux(s) − ua(s) ≥ −2 for any s due to bounded

utilities.

In order to further lower bound the RHS of Eq (5.13), we need the following lemma:
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Lemma 5.15. If T0 satisfies that

T0 ≥ max
{(1 + β)2(4 + ∆)2(8 + ∆)2

4(1 + 2β)∆2
log

1

δ
,
[
(1 +

16

∆
)

1
1+β − 1

]
· Tk
}
, (5.14)

then for any s ≥ 0, T ′ = T0 + s and T = T ′ + Tk, we have for any a ∈ Ek+1 \ Ek, with

probability at least 1− (|Ek+1| − |Ek|)T ′δ,

Tk+T
′∑

t=Tk+1

γ
(T )
t [ux(t)− ua(t)] >

∆

4

Tk+T
′∑

t=Tk+1

γ
(T )
t . (5.15)

The intuition behind Eq (5.15) is, since actions in Ek are rarely played during t ∈

(Tk, Tk +T0+ s], ux(t)−ua(t) ≥ ∆ must hold with high probability in this entire period. A

standard technique to prove this is to use a union bound. However, this idea does not work

here as it requires the undesirable event (i.e., x−i still contains certain essentially eliminated

actions at a specific round) to happen with an extremely small probability O( 1
Tk+T0

), which

we cannot afford unless with an exponentially large Tk. To overcome this challenge, we take

a different route and construct a sub-martingale regarding the utilities. The detailed proof

of Lemma 5.15 is technical and we defer it to Appendix D.4.

Now let Tk+1 = Tk +T0. The probability of Eq (5.15) to hold for any T ′ ∈ [T0, T0+ s] is

thus at least (1− (|Ek+1| − |Ek|)δ
∑T0+s
t=T0

t). Substitute Eq (5.15) into Eq (5.13) and apply

a union bound, we conclude that with a probability at least

1− 2|Ek|(Tk + T0 + s)2δ − (|Ek+1| − |Ek|)(T0 + s)δ − (|Ek+1| − |Ek|)δ
T0+s∑
t=T0

t

≥1− 2|Ek+1|(Tk + T0 + s)2δ = 1− 2|Ek+1|(Tk+1 + s)2δ,

the following inequality holds for any T ∈ [Tk+1, Tk+1 + s] (we omit the superscript (T ) on

γt in the following derivations):
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yx(T + 1)− ya(T + 1)

≥
T∑

t=Tk+1

γt[ux(t)− ua(t)]− 2

Tk∑
t=1

γt − 4

√log
2K

δ
·

√√√√K(1 + σ2)
T∑
t=1

γ2t
ϵt

 (5.16)

≥

∆

8

T∑
t=Tk+1

γt − 2

Tk∑
t=1

γt

+

∆

8

T∑
t=Tk+1

γt − 4

√log
2K

δ
·

√√√√K(1 + σ2)
T∑
t=1

γ2t
ϵt


≥ 0 +

∆

16

T∑
t=Tk+1

γt +
1

2

Tk∑
t=1

γt − 4

√log
2K

δ
·

√√√√K(1 + σ2)
T∑
t=1

γ2t
ϵt

 (5.17)

>
∆

16

T∑
t=1

γt − 4

√log
2K

δ
·

√√√√K(1 + σ2)
T∑
t=1

γ2t
ϵt

 (5.18)

>
∆t

16(1 + β)
− 4

√(
eK(1 + σ2)

1 + 2β + b

)
log

2K

δ
· t

1+b
2 , (5.19)

where Eq (5.17) holds because it is straightforward to verify ∆
16

∑T
t=Tk+1 γ

(T )
t −

∑Tk
t=1 γ

(T )
t ≥

0 when T0 ≥
[
(1 + 16

∆ )
1

1+β − 1

]
· Tk, Eq (5.18) holds because 1 ≥ ∆ > ∆

8 , and Eq (5.19)

holds because of Lemma 5.14. Therefore, from Eq (5.11) and Eq (5.12) and the fact Tk > T1

we conclude that all the actions in Ek+1 will be ε-essentially eliminated during round t ∈

(Tk+1, Tk+1 + s] with probability 1− 2|Ek+1|(Tk+1 + s)2δ as long as T0 satisfies Eq (5.14).

By induction, we complete the proof.

5.7 Empirical Evaluations

Baselines We compare Exp3-DH with a rich collection of basic or state-of-the-art online

learning algorithms listed below:

(a) The classical Exp3 algorithm;

(b) Exp3.P which has no regret with high probability [Auer et al., 2002];
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(c) OMWU is the optimistic variant of MWU to obtain faster convergence to coarse cor-

related equilibria in games [Daskalakis et al., 2021];

(d) BM-OMWU applies the black-box reduction technique of Blum and Mansour (BM) [Blum

and Mansour, 2005] onto OMWU, which guarantees faster convergence to ϵ−CE [Anag-

nostides et al., 2022a];20

(e) The online mirror descent algorithm with log barrier regularizer, OMD-LB [Foster

et al., 2016], which also uses increasing learning rate schedule [Lee et al., 2020, Agarwal

et al., 2017, Bubeck et al., 2017].

We let all learning agents follow the same type of learning algorithm, i.e., self-play, in games

described below and compare their convergence trend.

Metrics To measure the progress of iterative dominance elimination, we define the notion

of elimination distance (ED) for any action i, Λ(i), as the number of elimination iterations

needed before this action start to be eliminated. Formally, Λ(i) ≡ argmax0≤l≤L0
{i ̸∈ El},

where E0 = ∅. The elimination distance of any undominated action is L0, the elimination

length (see Definition 5). We let
∑
i∈An xn(i)

Λ(i)
L0

be the normalized ED of mixed strategy

xn of any agent n. We then introduce the Progress of Elimination (PoE) metric, as the

normalized elimination distance aggregated over all agents in the game at round t,

PoE(t) =
1

N

∑
n∈N

∑
i∈An

pn,i(t) ·
Λ(i)

L0
∈ [0, 1].

Therefore, the larger PoE is, the more actions the learning agents have eliminated. When

PoE reaches 1, the learning agents have removed all dominated actions and converged to the

desirable set of rationalizable actions.

20. The original algorithms in the paper are designed for full information feedback setting. To ensure fair
comparison, we modify the OMWU and BM-OMWU to use the standard bandit estimator in EXP3.
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Figure 5.1: Progress of Elimination (PoE) in a smaller DIR(10, 20) game (left) over T = 106

rounds and a larger DIR(20, 40) game (right) over T = 108 rounds. In both games, i.i.d. Gaussian
noise with std. 0.1 is added onto agents’ payoffs. The performance of Exp3-DH is represented by
blue solid line while five baseline algorithms are represented by other notations shown in the legend.

DIR game To illustrate our theoretical results, we conduct a set of experiments in the

DIR game, where all agents following the same type of learning algorithm. For DIR game,

we use b = 0.2, β = 2K ≈ L0 as the parameter of Exp3-DH. In Figure 5.1, we can clearly

observe that Exp3-DH exhibits a superior performance in both cases, and enjoys a greater

advantage in a larger game instance, where the other baselines even struggle to eliminate the

first few dominated actions. In addition, OMD-LB with increasing learning rate also displays

relatively good performance especially in the larger and harder instance, compare to other

learning algorithms with non-increasing learning rate. But in the harder instance of DIR

game with just 20 actions on the right, all the baseline algorithms can only do elimination

for 5 or 6 iterations out of 2K − 2 = 38 iterations.

The Market for “Lemons” (see Section 5.4.2) We also examine the algorithm per-

formance on this famous example of the adverse selection problem by Akerlof [1978]. Our

numerical experiments aim at testing how fast the market will collapse, if every seller i have

noisy and bandit perception q̃i of their car’s true quality. In our experiment instances, we set

c1 = 3, c2 = 1.5, i.i.d. noise ϵ ∼ N (0, 5). Respectively, we choose N = K−1 = 50 or 200 and
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Figure 5.2: Progress of Elimination (PoE) in The Market for “Lemons” with 50 sellers
(Left) or 200 sellers (Right). In this game, i.i.d. Gaussian noise with std. 0.1 is added onto agents’
payoffs. The lightly shaded region displays the error bar of each convergence trend (by one standard
deviation over 5 runs).

let each qi = N/2 + i, P = {N/2, · · · , 3N/2}. We let the buyer and sellers apply no-regret

learning algorithm to learn the equilibrium price and listing decisions from only the noisy

bandit feedback in a repeated game. For Exp3-DH, we set b = 0.5, β ≈ L0, since N is of the

same order with K in this game. In Figure 5.2, as predicted by our theoretical results, with

all learning agents running Exp3-DH algorithm, the convergence can be polynomial, whereas

the convergences from existing no-regret learning algorithms are comparatively slow.

Performance in Presence of Adversarial Agents We would also like to investigate

the robustness of Exp3-DH beyond the multi-agent learning setup. We conduct test the

learning algorithms in two setups: one is to interface with the adversarial opponent in the

DIR game that randomly plays a fixed action for every 1000 rounds, the other is to run

in the non-stationary environment where the arms’ reward distributions change every 1000

rounds. Such a switching frequency of 1000 is particularly chosen for the adversarial purpose

such that the learning algorithms are not best responding to a completely random reward

distribution nor adapting to a periodic distribution change.

We plot the average regret incurred different algorithms in these two setups in Figure 5.3.
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Figure 5.3: The history of average regret facing adversarial opponent in DIR(10, 20) game (Left),
in non-stationary environment (Right). In these games, i.i.d. Gaussian noise with std. 0.1 is added
onto agents’ payoffs. The lightly shaded region displays the error bar of each convergence trend (by
one standard deviation over 10 runs).

To showcase the robustness of Exp3-DH over the iterative best response approach by [Wang

et al., 2023], we also implement the ϵ-greedy (EPSGreedy) algorithm and the explore-then-

commit (ETC) algorithm that both periodically explores and commit to the best arm.21

As demonstrated by the empirical results in Figure 5.3, both ETC and EPSGreedy suffer

in these adversarial environments, limiting their applications to well-specified multi-agent

learning setups — almost linear mean regret with large variance in both setups. In contrast,

the proposed Exp3-DH shows strong performance in both settings, matching or even out-

performing the Exp3 algorithm, which has the provable no-regret guarantee in adversarial

settings. That said, we are still able to construct special instances where even Exp3-DH suffers

linear regret, and this points us towards an important open direction to design algorithms

with better robustness guarantee in adversarial settings.

21. The exact algorithm in [Wang et al., 2023] is specified for a “centralized” learning setup (i.e., asking
one agent to explore while the remaining agents follow the same action profile) and cannot be directly used
for this experiment under the uncoupled learning setup. The ϵ-greedy and ETC algorithms are arguably the
closest variants of their iterative best response approach.
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5.8 Final Remarks

Our study formalizes the price of “over-hedging” of standard no-regret learning algorithms

in the process of iterated dominance elimination. Such price is especially expensive in games

whose equilibria are hidden in the “rough”. In order to overcome this pitfall, we design

a diminishing-history mechanism that deliberately balance the exploitation of the existing

knowledge and indifference to history. However, there are still several open questions that

remain for future works.

One direction is to understand the lower bound of convergence rate and whether there ex-

ists uncoupled learning algorithms with provably faster convergence guarantee. In addition,

Wang et al. [2023] propose a learning algorithm with better convergence rate yet relying on

agent’s coordination, it is also interesting to understand the trade-off between the commu-

nication bandwidth and convergence rate. Moreover, despite we have proved the learning

barrier of the merit-based algorithm, it is unclear whether online mirror descent (OMD),

another family of no regret learning algorithm, suffers the similar learning barrier.22 Finally,

another important direction is to design the “best of both worlds” algorithm such that the

rate is optimal both in regret and in last-iterate convergence to equilibrium. This raises a

fundamental question on the existence of an intrinsic gap between the single-agent no-regret

learning objective and the multi-agent equilibrium learning.

22. We conjecture the answer is negative, at least for a subset of regularizers within OMD that we have
already excluded: note that the DA class and OMD class overlap as EW can be interpreted as an OMD
method with an entropic regularizer. Additionally, in Appendix 5.7, we empirically show that OMD with
log-barrier regularizer [Foster et al., 2016] also suffers from exponentially slow convergence.
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CONCLUSIONS AND FUTURE DIRECTIONS

This dissertation develops a foundational framework for addressing strategic alignment prob-

lems in AI—issues that arise when learning algorithms interact with rational agents in envi-

ronments shaped by incentives and information asymmetries. As AI systems gain influence

over high-stakes decisions, misalignments between algorithmic objectives and stakeholder

interests pose significant challenges to social welfare, robustness, and trust. To mitigate

these risks, we integrate insights from machine learning, game theory, and economic design,

advancing both theoretical models and practical algorithms that align incentives in complex,

multi-agent environments. Collectively, these contributions aim to build more responsible,

rational, and cooperative AI systems. Looking ahead, this dissertation opens several promis-

ing avenues for future work.

Towards Sustainable AI Ecosystems As AI systems increasingly operate as economic

agents, a central question emerges: how can we model the economics of intelligence and

data, and how can this understanding guide the design of systems that promote efficiency,

fairness, and long-term sustainability?

The first step is to develop theoretical models that capture how intelligence is produced,

valued, and distributed across the whole AI ecosystems. This involves understanding the

marginal utility of agentic services, the economic roles of data, and the implications of model

fine-tuning, knowledge transfer and competitions.

• Values of agentic capabilities. A foundational task is to establish principled models

for pricing AI services based on their marginal contribution, task complexity, and sub-

stitutability with human labor. For example, in digital marketplaces where AI agents

generate summaries or visual designs, pricing mechanisms should reflect performance

variation while ensuring competitive balance and fair compensation.
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• Tensions in data ecology. A critical distinction exists between the training data that

serves as input capital and the generated content that functions as productive output.

Understanding this separation is essential for addressing attribution, licensing, and

competitive dynamics between human and synthetic content producers.

• Competitions under model distillation. Techniques such as model distillation

and fine-tuning redistribute value across models and institutions. Analyzing trade-

offs along the Pareto frontier (e.g., balancing size, latency, and capability) can inform

licensing strategies and help mitigate distortions in competitive dynamics.

Building on these modeling foundations, the next step is to develop actionable infras-

tructure: pricing mechanisms, marketplaces, attribution tools, and contractual frameworks

that govern how intelligence is exchanged, monetized, and regulated.

• Optimal pricing of AI services. Designing dynamic and incentive-compatible pric-

ing mechanisms requires balancing factors such as demand elasticity, user heterogeneity,

and information asymmetry. Tools from contract theory and market design can help

prevent monopolistic practices while supporting innovation and fair access.

• Attribution and profit sharing. Cooperative game-theoretic methods, such as

Shapley value–based attribution, enable the fair distribution of value among contribu-

tors in collaborative learning settings, including federated learning and synthetic data

generation.

• Contractual and licensing mechanisms. Long-term relationships between data

providers, model developers, and downstream users require robust contractual frame-

works. These may include usage-based royalties, performance-contingent licensing, and

strategies to limit strategic leakage through model reverse-engineering or distillation.
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Together, these research directions aim to enable the design of sustainable, auditable

marketplaces in which intelligence is treated as a tradable economic asset — aligning in-

centives across model developers, data contributors, and end users within the broader AI

ecosystem.

Mechanism Design with AI Agents Two complementary directions lie at the inter-

section of agentic AI and mechanism design: developing AI agents that assist in designing

mechanisms, and designing mechanisms to coordinate the behavior of AI agents.

On one front, recent advances open the door to a new design paradigm in which AI agents

not only participate in mechanisms but actively support their development. This approach

integrates economic theory with simulation-based experimentation and large language model

(LLM)–driven agent modeling, fostering a tighter feedback loop between theoretical insight

and empirical evaluation. Two key applications exemplify this perspective:

• AI to help humans make rational decisions. AI agents can assist human decision-

making in complex environments — such as civic deliberation, contract negotiation,

or public policy design — by forecasting outcomes, simulating tradeoffs, and detecting

inconsistencies. For instance, language agents can help participants in participatory

budgeting understand the consequences of proposed allocations.

• AI agent simulation for empirical studies of mechanism design. One can de-

velop language-based and reinforcement-learning-based simulations of strategic agents

to empirically evaluate mechanisms under realistic, boundedly rational behavior. These

simulations allow us to test auction designs or deliberation protocols at scale before

deployment, improving robustness and fairness.

On the other front, as AI agents increasingly make decisions on behalf of users — such

as in bidding, routing, or information exchange — multi-agent coordination and incentive

alignment become central design challenges. Mechanisms must be developed to ensure that
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the collective behavior of these agents remains efficient, fair, and aligned with broader societal

goals. Illustrative applications include:

• Ad auctions with autonomous bidders. Strategic interactions between platforms

and LLM-powered advertisers in sponsored search and display advertising raise new

questions about revenue optimization, fairness, and market efficiency. Mechanism de-

sign must evolve to address the increasing sophistication of bidders and their impact

on platform dynamics.

• Route allocation in autonomous mobility systems. Self-driving vehicles oper-

ated by decentralized AI agents can contribute to congestion or adversarial behavior

in traffic networks. Coordination mechanisms—such as congestion pricing, adaptive

tolling, or intent-sharing protocols—can promote safe, efficient, and cooperative rout-

ing.

• Platform design in the presence of AI intermediaries. As users increasingly ac-

cess digital platforms via AI assistants (e.g., Copilot, ChatGPT), platform incentives

and API governance must be designed to withstand strategic behavior by intermedi-

aries, ensuring user utility while safeguarding against manipulation.

In conclusion, this dissertation advances a unified and principled framework for aligning

incentives in learning systems. These future applications reflect my broader agenda: to weave

strategic reasoning and incentive alignment into the very fabric of agentic AI design. As AI

agents grow more capable, we face the opportunity and the responsibility to shape them

not only as intelligent but also as cooperative participants in our digital institutions. By

integrating incentive design with information structure and embedding strategic reasoning

into agent behaviors, it charts a path toward AI systems that promote positive societal

outcomes, uphold human values, and serve the broader public good.
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APPENDIX A

A.1 Potential Applications of MPPs

In the main body of this paper, we use the ride-sharing platform as the example to motivate

our model. In this section, we give more context on the application scenarios of MPPs and

their potential impacts.

Recommendation for digital ads The Ad platforms nowadays collect massive Internet

user data from their services such as search engines or social media. While the advertiser

looks for the Ad slots of highest return, the platform instead optimizes for the total revenue

(and social welfare). By strategically revealing certain information on the user demographics

and preferences, the platform could influence the advertisers’ value and consequently their

offers on each Ad slot. Furthermore, as the availability changes after some slots get brought,

the platform needs to design policies for its long-term objective.

Recommendation for online shopping Online shopping platforms are making use of

learning tools such as reinforcement learning to manage inventory and ensure profitabil-

ity [Giannoccaro and Pontrandolfo, 2002, Meisheri et al., 2020]. The platform cannot single-

handedly manage its inventory, and information design plays an important role in its inter-

actions with its suppliers and consumers. On the supply side, it could strategically reveal

aspects of consumer sentiment (e.g., rough number of visits, search) to the suppliers in order

to guide their sales expectation and negotiate for lower unit prices. On the demand side,

it could tactically control displayed product information (e.g., last five remaining, editor’s

choice) so as to influence consumers’ perception of products and consequently their purchase

decisions.
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Recommendation for content sharing A content sharing platform also needs to recon-

cile its misaligned interest with its users. On the one hand, it should recommend the most

relevant items to its users for click-through and engagement. On the other hand, its rec-

ommendations are subject to misalignments with long-term objectives such as profits (e.g.,

from paid promotion), social impact (e.g., to prevent misinformation and filter bubbles) or

development of a creator ecosystem [Tang and Winoto, 2016, Xiao et al., 2019, Milano et al.,

2020].

A.2 Omitted Proofs and Descriptions

A.2.1 Formal Description of the OP4

The full description of the OP4 for general MPPs is stated as follows:
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ALGORITHM A.1: The Full Description of OP4 for MPPs

1 Input: Number of Episodes T , Number of Step H

2 Parameters: β > 0, ρ > 0, λ ∈ R+.

3 Output: ath ∈ A for each h ∈ [H], t ∈ [T ] for episode t = 1 . . . T do

4 Receive the initial state st1 and context Ct = (ct1, . . . , c
t
H).

5 for step h = H, . . . , 1 do

6 Compute the constrained least square problem

θth ← argmin
∥θh∥≤Lθ

∑
τ∈[t−1]

[
ωτh − f(ϕ(cτh)⊤θh)

]2
.

7 Calculate Σth = Φ2Idϕ +
∑

τ∈[t−1] ϕ(c
τ
h)ϕ(c

τ
h)

⊤. Update Bth ← BΣth
(θth, β).

8 Set µth(·|c) to the distribution of f
(
ϕ(c)⊤θth

)
+ zh.

9 Calculate


Γth = λIdψ +

∑
τ∈[t−1] ψ(s

τ
h, ω

τ
h, a

τ
h)ψ(s

τ
h, ω

τ
h, a

τ
h)

⊤,

ιth =
∑

τ∈[t−1] ψ(s
τ
h, ω

τ
h, a

τ
h)[v

τ
h + V t

h+1(s
τ
h+1;C

t)]

10 Update qth ← (Γth)
−1ιth.

11 Set


Qth(·, ·, ·;Ct)← min{ψ(·, ·, ·)⊤qth + ρ∥ψ(·, ·, ·)∥(Γth)−1 , H},

V t
h(·;Ct)← maxπh∈Pers(µBt

h
,uh)

〈
Qth, µ

t
h ⊗ πh

〉
Ω×A(·;C

t).

12 for step h = 1, . . . ,H do

13 Choose πth ∈ argmaxπh∈Pers(µBt
h
,uh)

〈
Qth, µ

t
h ⊗ πh

〉
Ω×A(s

t
h;C

t).

14 Execute πt to sample a trajectory {(sth, ωth, ath, vth)}h∈[H].

A.2.2 Proof of Theorem 2.3

In order to prove the sublinear regret for OP4, we construct a novel regret decomposition

tailored to MPPs. Our proof starts from decomposing the regret into several terms, each of

which indicates the regret loss either from estimation or from the randomness of trajectories.

Next, we evaluate each term and then add them together to conclude the upper bound of
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the regret of OP4. For simplicity of presentation, denote Ṽ th(·;C) =
〈
Qth, µ

∗
h ⊗ π

t
h

〉
Ω×A(·;C)

as the expectation of Qth with respect to the ground-truth prior µ∗h and signaling scheme πth

at the h-th step. Then we can define the temporal-difference (TD) error as

δth(s, ω, a) = (vth + PhV
t
h+1 −Q

t
h)(s, ω, a;C

t). (A.1)

Here δth is a function on S×Ω×A for all h ∈ [H] and t ∈ [T ]. Intuitively, {δth}h∈[H] quantifies

how far the Q-functions {Qth}h∈[H] are from satisfying the Bellman optimality equation

in equation (2.2). Moreover, define ζ1t,h and ζ2t,h for the trajectory {cth, s
t
h, ω

t
h, a

t
h}h∈[H]

generated by Algorithm A.1 at the t-th episode as follows

ζ1t,h = (Ṽ th − V
πt
h )(sth;C

t)− (Qth −Q
πt
h )(sth, ω

t
h, a

t
h;C

t),

ζ2t,h = Ph(V
t
h+1 − V

∗
h+1)(s

t
h, ω

t
h, a

t
h;C

t)− (V th+1 − V
∗
h+1)(s

t
h+1;C

t).

(A.2)

By definition, ζ1t,h capture the randomness of realizing the outcome ωth ∼ µ∗h(·|ch) and

signaling the action ath ∼ πth(s
t
h, ω

t
h, ·), while ζ2t,h captures the randomness of drawing the

next state sth+1 from Ph(·|sth, ω
t
h, ·). With the notations above, we can decompose the regret

into six parts to facilitate the establishment of the upper bound of the regret.

Lemma A.1 (Regret Decomposition). With the notations defines in equation (A.1) and
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(A.2), we can write the regret as:

Reg(T, µ∗) =
∑
t∈[T ]

∑
h∈[H]

{
Eµ∗h,π∗h [δ

t
h(sh, ωh, a

t
h)|s1 = st1]− δ

t
h(s

t
h, ω

t
h, a

t
h)
}

︸ ︷︷ ︸
(i)

+
∑
t∈[T ]

∑
h∈[H]

(ζ1t,h + ζ2t,h)︸ ︷︷ ︸
(ii)

+
∑
t∈[T ]

∑
h∈[H]

Eµ∗h,π∗h
[〈
Qth, µ

∗
h ⊗ π

∗
h − µ

t
h ⊗ π

t
h

〉
Ω×A(sh;C

t)|s1 = st1
]

︸ ︷︷ ︸
(iii)

+
∑
t∈[T ]

∑
h∈[H]

〈
Qth, (µ

t
h − µ

∗
h)⊗ π

t
h

〉
Ω×A(s

t
h, C

t)

︸ ︷︷ ︸
(iv)

.

(A.3)

In this regret decomposition, term (i) indicates the optimism in OP4. Term (iii) corre-

sponds to the pessimism in OP4 for inducing a robust equilibria. The expectation Eµ∗h,π∗h is

taken for the random states realized in the trajectory generated under the ground-truth prior

µ∗h and optimal signaling policy π∗h. While such expectation is difficult to evaluate, we are

able to show δth in term (i) is always non-positive due to the optimistic Q-value estimation,

and
〈
Qth, µ

∗
h ⊗ π

∗
h − µ

t
h ⊗ π

t
h

〉
Ω×A(sh;C

t) in term (iii) is independent of the realized state.

These facts largely simplifies our analysis and are the key rationale behind this specific regret

decomposition.

Unlike the regret decomposition in [Yang et al., 2020], Lemma A.1 also captures the

randomness of realizing the outcome. We also add the term (iii) and (iv) to evaluate the

further regret loss, since we have to estimate the prior of the outcome and choose a robustly

persuasive policy in MPPs. The rigorous arguments turn out to be technical, and thus

we shall defer the proof of most lemmas to the later part of the Appendix. We start by

presenting the bound of each terms.

The term (i) in equation (A.3) can be bounded in regardless of the trajectories under
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prior µ∗ and signaling policy π∗, as is stated in Lemma A.2 below.

Lemma A.2 (Optimism). There exists an absolute constant c > 0 such that, for any

fixed δ ∈ (0, 1), if we set λ = max{1,Ψ2} and ρ = cdψH
√
ι in Algorithm A.1 with

ι = log(2dψΨ
2T/δ), then with probability at least 1− δ/2,

−2ρ∥ψ(s, ω, a)∥(Γth)−1 ≤ δth(s, ω, a) ≤ 0.

for all s ∈ S, ω ∈ Ω, a ∈ A, h ∈ [H] and t ∈ [T ].

The term (ii) in equation (A.3) can be bounded by Lemma 5.3 from [Yang et al., 2020]

using martingale techniques and the Azuma-Hoeffding inequality [Azuma, 1967]. We state

the upper bound for term (ii) in Lemma A.8.

The term (iii) in equation (A.3) evaluates the regret loss caused by estimating the prior

and choosing a robustly persuasive signaling policy. It mostly rely on the robustness gap

Gap(·) introduced in the Appendix A.3.

Lemma A.3 (Bounding Term (iii)). On the event of {θ∗h ∈ B
t
h}, under Assumption 2.6 and

2.7,

∑
t∈[T ]

∑
h∈[H]

Eµ∗h,π∗h
[〈
Qth, µ

∗
h ⊗ π

∗
h − µ

t
h ⊗ π

t
h

〉
Ω×A(sh;C

t)|s1 = st1
]

≤
(
3HLµK

p0D
+
HLµK

2

)
β
∑
h∈[H]

∑
t∈[T ]

∥ϕ(cth)∥(Σth)−1 .

It remains to bound term (iv) in equation (A.3). This bound can be derived from Holder

inequality and the property of the prior.

Lemma A.4 (Bounding Term (iv)). On the event of {θ∗h ∈ B
t
h}, under Assumption 2.6 and
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2.7,

∑
t∈[T ]

∑
h∈[H]

〈
Qth, (µ

t
h − µ

∗
h)⊗ π

t
h

〉
Ω×A(s

t
h;C

t) ≤ HLµKβ
∑
h∈[H]

∑
t∈[T ]

∥ϕ(cth)∥(Σth)−1 .

Now we are ready to prove Theorem 2.3. Given the regret bound of each term above, we

pick β = C(1 + κ−1
√
K +M + dϕσ

2 log(HT )) and obtains the following upper bound for

regret:

Reg(T, µ∗) ≤4
√

2TH3 log(2HT )

+
∑
t∈[T ]

∑
h∈[H]

[
2ρ
∥∥ψ(sth, ωth, ath)∥(Γth)−1 +

(
3HLµK

p0D
+

3HLµK

2

)
β∥ϕ(cth)∥(Σth)−1

]
,

With the probability of the given event by Lemma A.6 and appropriately chosen δ in previous

lemmas, the above inequality holds for the probability at least 1− 3H−1T−1.

By Lemma A.9, we have

Reg(T, µ∗) ≤ 2
√

2TH3 log(2HT ) + 2ρH
√
2dψT log

(
1 + TΨ2/(λdψ)

)
+ βH2LµK

(
3

p0D
+

3

2

)√
2dϕT log

(
1 + T/(dϕ)

)
.

Since β is in Õ(
√
dϕ) and ρ is in Õ(dψH), we can conclude that the regret of Algorithm A.1

is Õ
(
dϕd

3/2
ψ H2

√
T/(p0D)

)
.

In MPPs, we have to estimate the prior of the outcome since we cannot observe the

ground-truth prior. However, the estimation may not satisfy the regularity conditions, which

conflicts with the requirements for the prior when proving Lemma A.12. To address this

problem, we give another upper bound of the robustness gap for the prior estimation in

Lemma A.14. In addition, to handle the regret loss incurred by estimating the prior, we

compute the difference in Q-functions when choosing respectively persuasive scheme for

different priors in Lemma A.15.
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We now prove that the above pessimism design guarantees persuasiveness w.r.t. the true

prior with high probability. And it suffices to show that the estimation θth is close enough to

the real parameter θ∗h such that the confidence region Bth centered at θth given in Algorithm

A.1 contains θ∗h. If so, the signaling scheme chosen to be persuasive for the whole set µBth
is also persuasive for µ∗h, where µB := {µθ′ : θ′ ∈ B} denotes the set of priors that are

determined by the parameters θ′ ∈ B.

Lemma A.5. There exists a constant C > 0 such that for β = C(1+κ−1
√
K +M + dϕσ

2 log(HT )),

OP4 is persuasive with probability at least 1−H−1T−1, i.e.,

Pθ∗
( ⋃
h∈[H]

{
θ∗h /∈ ∩t∈[T ]B

t
h

})
≤ H−1T−1.

Proof. Proof. We first analyze the probability for being non-persuasive. For any ∥θ∗h∥ ≤ Lθ,

using the union bound, we have

Pθ∗

( ⋃
t∈[T ],h∈[H]

{
θ∗h /∈ ∩t∈[T ]B

t
h

})
≤
∑
t∈[T ]

∑
h∈[H]

Pθ∗h

(
θ∗h /∈ ∩t∈[T ]B

t
h

)
≤
∑
t∈[T ]

∑
h∈[H]

Pθ∗h

(
∥θth − θ

∗
h∥Σth > β

)
.

The following lemma gives the belief of confidence region for the linear parameter θ∗h.

The proof can be directly derived from Lemma 6 in Wang et al. [2019].

Lemma A.6 (Belief of Confidence Region). For any t ∈ [T ] and h ∈ [H], there exists a

constant C > 0, such that for β = C(1 + κ−1
√
K +M + dϕσ

2 log(1/δ)), given δ ∈ (0, 1),

with probability at least 1− δ, we have ∥θth − θ
∗
h∥Σth ≤ β.

By Lemma A.6, taking δ = H−2T−2, then we have Pθ∗(∥θth − θ
∗
h∥Σth > β) ≤ H−2T−2.

Summing up the failure probabilities over t ∈ [T ], we have Pθ∗(θ∗ /∈ ∩t∈[T ]Bt) ≤ H−1T−1.
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A.2.3 Proof of Lemma A.1 – Regret Decomposition

Proof. Proof. Before presenting the proof, we first define two operators J∗h and Jth:

(J∗hf)(s;C) = ⟨f, µ
∗
h ⊗ π

∗
h⟩Ω×A(s;C), (Jthf)(s;C) = ⟨f, µ

t
h ⊗ π

t
h⟩Ω×A(s;C), (A.4)

for any h ∈ [H], t ∈ [T ] and any function f(·, ·, ·;C) : S × Ω×A → R under the context C.

Moreover, for any h ∈ [H], t ∈ [T ] and any state s ∈ S, we define

ξth(s;C) = (J∗hQ
t
h)(s;C)− (JthQ

t
h)(s;C) = ⟨Q

t
h, µ
∗
h ⊗ π

∗
h − µ

t
h ⊗ π

t
h⟩Ω×A(s;C). (A.5)

After introducing these notations, we decompose the instantaneous regret at the t-th episode

into two terms,

V ∗1 (s
t
1;C

t)− V π
t

1 (st1;C
t) = V ∗1 (s

t
1;C

t)− V t1 (s
t
1;C

t)︸ ︷︷ ︸
p1

+V t1 (s
t
1;C

t)− V π
t

1 (st1;C
t)︸ ︷︷ ︸

p2

. (A.6)

Then we consider these two terms separately. By the definition of value functions in (2.1)

and the operator J∗h in (A.4), we have V ∗h = J∗hQ
∗
h. By the construction of Algorithm A.1,

we have V th = JthQ
t
h similarly. Thus, for the first term p1 defined in equation (A.6), using

ξth defined in (A.5), for any h ∈ [H], t ∈ [T ], we have

V ∗h − V
t
h = J∗hQ

∗
h − JthQ

t
h = (J∗hQ

∗
h − J∗hQ

t
h) + (J∗hQ

t
h − JthQ

t
h)

= J∗h(Q
∗
h −Q

t
h) + ξth.

Next, by the definition of the temporal-difference error δth in (A.1) and the Bellman optimality

equation in equation (2.2), we have

Q∗h −Q
t
h = (vh + PhV

∗
h+1)− (vh + PhV

t
h+1 − δ

t
h) = Ph(V

∗
h+1 − V

t
h+1) + δth.
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Hence we get

V ∗h − V
t
h = J∗hPh(V

∗
h+1 − V

t
h+1) + J∗hδ

t
h + ξth.

Then, by recursively applying the above formula, we have

V ∗1 − V
t
1 =

( ∏
h∈[H]

J∗hPh
)
(V ∗H+1 − V

t
H+1) +

∑
h∈[H]

( ∏
i∈[h]

J∗iPi
)
J∗hδ

t
h +

∑
h∈[H]

( ∏
i∈[h]

J∗iPi
)
ξth.

By the definition of ξth in equation (A.5), we get

∑
h∈[H]

( ∏
i∈[h]

J∗iPi
)
ξth(sh;C

t) =
∑
h∈[H]

Eµ∗,π∗
{[
⟨Qth, µ

∗
h ⊗ π

∗
h − µ

t
h ⊗ π

t
h⟩Ω×A(sh;C

t)|s1 = st1
]}
.

Notice that V ∗H+1 = V tH+1 = 0. Therefore, for any episode t ∈ [T ], we have

V ∗1 (s
t
1;C

t)− V t1 (s
t
1;C

t) =
∑
h∈[H]

Eµ∗,π∗
{[
⟨Qth, µ

∗
h ⊗ π

∗
h − µ

t
h ⊗ π

t
h⟩Ω×A(sh;C

t)|s1 = st1
]}

+
∑
h∈[H]

Eµ∗,π∗
[
δth(sh, ωh, ah)|s1 = st1

]
.

Now we come to bound the second term p2 in equation (A.6). By the definition of the

temporal-difference error δth in (A.1), for any h ∈ [H], t ∈ [T ], we note that

δth(s
t
h, ω

t
h, a

t
h) = (vth + PhV

t
h+1 −Q

t
h)(s

t
h, ω

t
h, a

t
h;C

t)

= (vth + PhV
t
h+1 −Q

πt
h )(sth, ω

t
h, a

t
h;C

t) + (Qπ
t

h −Q
t
h)(s

t
h, ω

t
h, a

t
h;C

t)

= (PhV
t
h+1 − PhV

πt
h+1)(s

t
h, ω

t
h, a

t
h) + (Qπ

t

h −Q
t
h)(s

t
h, ω

t
h, a

t
h).

where the last equality follows the Bellman equation (2.1). Furthermore, using ζ1t,h and ζ2t,h
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defined in (A.2), we have

V th(s
t
h;C

t)− V π
t

h (sth;C
t)

=(V th − V
πt
h )(sth;C

t)− δth(s
t
h, ω

t
h, a

t
h) + (Qπ

t

h −Q
t
h)(s

t
h, ω

t
h, a

t
h;C

t)

+ (PhV
t
h+1 − PhV

πt
h+1)(s

t
h, ω

t
h, a

t
h;C

t)

=(V th − Ṽ
t
h)(s

t
h;C

t)− δth(s
t
h, ω

t
h, a

t
h) + (Ṽ th − V

πt
h )(sth;C

t) + (Qπ
t

h −Q
t
h)(s

t
h, ω

t
h, a

t
h;C

t)

+
(
Ph(V

t
h+1 − V

πt
h+1)

)
(sth, ω

t
h, a

t
h;C

t)− (V th+1 − V
πt
h+1)(s

t
h+1;C

t) + (V th+1 − V
πt
h+1)(s

t
h+1;C

t)

=
[
V th+1(s

t
h+1;C

t)− V π
t

h+1(s
t
h+1;C

t)
]
+
[
V th(s

t
h;C

t)− Ṽ th(s
t
h;C

t)
]
− δth(s

t
h, ω

t
h, a

t
h) + ζ1t,h + ζ2t,h.

Applying the above equation recursively, we get that

V t1 (s
t
1;C

t)− V π
t

1 (st1;C
t) =V tH+1(s

t
H ;Ct)− V π

t

H+1(s
t
H ;Ct) +

∑
h∈[H]

[
V th(s

t
h;C

t)− Ṽ th(s
t
h;C

t)
]

−
∑
h∈[H]

δth(s
t
h, ω

t
h, a

t
h) +

∑
h∈[H]

(ζ1t,h + ζ2t,h).

Again by Bellman equation (2.1), we have,

V th(s
t
h;C

t)− Ṽ th(s
t
h;C

t) =
〈
Qth, (µ

t
h − µ

∗
h)⊗ π

t
h

〉
Ω×A(s

t
h;C

t).

Then we use V tH+1 = V π
t

H+1 = 0 to simplify the decomposition to the following form:

V t1 (s
t
1;C

t)− V π
t

1 (st1;C
t) =

∑
h∈[H]

〈
Qth, (µ

t
h − µ

∗
h)⊗ π

t
h

〉
Ω×A(s

t
h;C

t)

−
∑
h∈[H]

δth(s
t
h, ω

t
h, a

t
h) +

∑
h∈[H]

(ζ1t,h + ζ2t,h).
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Therefore, combining p1 and p2, we can conclude the proof of this lemma.

Reg(T, µ∗) =
∑
t∈[T ]

[
V ∗1 (s

t
1;C

t)− V π
t

1 (st1;C
t)
]

=
∑
t∈[T ]

∑
h∈[H]

{
Eµ∗h,π∗h [δ

t
h(sh, ωh, ah)|s1 = st1]− δ

t
h(s

t
h, ω

t
h, a

t
h)
}
+
∑
t∈[T ]

∑
h∈[H]

(ζ1t,h, ζ
2
t,h)

+
∑
t∈[T ]

∑
h∈[H]

Eµ∗h,π∗h
[〈
Qth, µ

∗
h ⊗ π

∗
h − µ

t
h ⊗ π

t
h

〉
Ω×A(sh;C

t)|s1 = st1
]

+
∑
t∈[T ]

∑
h∈[H]

〈
Qth, (µ

t
h − µ

∗
h)⊗ π

t
h

〉
Ω×A(s

t
h;C

t).

Therefore, we conclude the proof of the lemma.

A.2.4 Proof of Lemma A.2 – Optimism

Proof. Proof. In the following lemma, we firstly bound the difference between the Q-function

maintained in Algorithm A.1 (without bonus) and the real Q-function of any policy π by

their expected difference at next step, plus an error term. This error term can be upper

bounded by our bonus with high probability. This lemma can be derived from Lemma B.4

in [Jin et al., 2020] with slight revisions.

Lemma A.7. Set λ = max{1,Ψ2}. There exists an absolute constant cρ such that for

ρ = cρdψH
√
ι where ι = log(2dψΨ

2T/δ), and for any fixed policy π, with probability at least

1− δ/2, we have for all s ∈ S, ω ∈ Ω, a ∈ A, h ∈ [H], t ∈ [T ],

ψ(s, ω, a)⊤qth −Q
π
h(s, ω, a) = Ph(V

t
h+1 − V

π
h+1)(s, ω, a) + ∆t

h(s, ω, a),

for some ∆t
h(s, ω, a) that satisfies |∆t

h(s, ω, a)| ≤ ρ∥ψ(s, ω, a)∥(Γth)−1.

Now we are ready to prove Lemma A.2. By the definition of δth in (A.1), we have

δth = (vh+PhV
t
h+1−Q

t
h) = (PhV

t
h+1−PhV

πt
h+1)+(Qπ

t

h −Q
t
h). Therefore, by the construction
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of Qth in Algorithm A.1, we obtain that

δth(s, ω, a) ≥ (PhV
t
h+1 − PhV

πt
h+1)(s, ω, a) +Qπ

t

h (s, ω, a)−
(
ψ(s, ω, a)⊤qth + ρ∥ψ(s, ω, a)∥(Γth)−1

)
= −∆t

h(s, ω, a)− ρ∥ψ(s, ω, a)∥(Γth)−1 ≥ −2ρ∥ψ(s, ω, a)∥(Γth)−1 ,

which concludes the proof.

A.2.5 Proof of Lemma A.3 – Bounding Term (iii)

Proof. Proof. Denote the optimal signaling schemes corresponding to the real prior µ∗h and

the estimated prior µth respectively as

π′h = argmax
πh∈Pers(µ∗h)

〈
Qth, µ

∗
h⊗ πh

〉
Ω×A(·;C

t) and π′′h = argmax
πh∈Pers(µth)

〈
Qth, µ

t
h⊗ πh

〉
Ω×A(·;C

t),

where the Q-function Qth is given by Algorithm A.1. Notably, π′h is different from the truly

optimal policy µ∗h, since π′h is computed based on the approximate Q-function Qth. By

definition, we can decompose the difference as follows:

〈
Qth, µ

∗
h ⊗ π

∗
h − µ

t
h ⊗ π

t
h

〉
Ω×A(sh;C

t) =
〈
Qth, µ

∗
h ⊗ π

∗
h − µ

∗
h ⊗ π

′
h

〉
Ω×A(sh;C

t) (A.7)

+
〈
Qth, µ

∗
h ⊗ π

′
h − µ

t
h ⊗ π

′′
h

〉
Ω×A(sh;C

t) (A.8)

+
〈
Qth, µ

t
h ⊗ π

′′
h − µ

t
h ⊗ π

t
h

〉
Ω×A(sh;C

t). (A.9)

By definition, equation (A.7) is always non-positive. Apply Lemma A.15 to equation (A.8)

and we can get

〈
Qth, µ

∗
h ⊗ π

′
h − µ

t
h ⊗ π

′′
h

〉
Ω×A(sh;C

t) ≤Gap

(
sh, µ

∗
h(·|c

t
h),B1

(
µ∗h(·|c

t
h),
∥∥µ∗h(·|cth)− µth(·|cth)∥∥1);Qth)

+
H

2

∥∥µ∗h(·|cth)− µth(·|cth)∥∥1.
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According to Corollary A.13, we can bound the above equation with the norm of feature

vector and the radius of confidence region for θh.

〈
Qth, µ

∗
h ⊗ π

′
h − µ

t
h ⊗ π

′′
h

〉
Ω×A(sh;C

t) ≤
(HLµK
p0D

+
HLµK

2

)
β∥ϕ(cth)∥(Σth)−1 .

We also note that equation (A.9) is equal to Gap
(
sh, µ

t
h(·|c

t
h), µBth

(·|cth);Q
t
h

)
. By Lemma

A.14, on the event {θ∗h ∈ B
t
h}, we have

Gap
(
sh, µ

t
h(·|c

t
h), µBth

(·|cth);Q
t
h

)
≤

2HLµK

p0D
β∥ϕ(cth)∥(Σth)−1 .

Therefore, on the given event, we have

Eµ∗h,π∗h
[〈
Qth, µ

∗
h⊗π

∗
h−µ

t
h⊗π

t
h

〉
Ω×A(sh;C

t)|s1 = st1
]
≤
(
3HLµK

p0D
+
HLµK

2

)
β∥ϕ(cth)∥(Σth)−1 .

Summing up together, we get

∑
t∈[T ]

∑
h∈[H]

Eµ∗h,π∗h
[〈
Qth, µ

∗
h ⊗ π

∗
h − µ

t
h ⊗ π

t
h

〉
Ω×A(sh;C

t)|s1 = st1
]

≤
(
3HLµK

p0D
+
HLµK

2

)
β
∑
t∈[T ]

∑
h∈[H]

∥ϕ(cth)∥(Σth)−1 .

Therefore, we conclude the proof of Lemma A.3.

A.2.6 Proof of Lemma A.4 – Bounding Term (iv)

Proof. Proof. By definition, we can rewrite the difference in Lemma A.4 as

〈
Qth, (µ

t
h − µ

∗
h)⊗ π

t
h

〉
Ω×A(s

t
h;C

t) =

∫
Ω×A

[
µth(ω|c

t
h)− µ

∗
h(ω|c

t
h)
]
πth(s, ω, a)Q

t
h(s, ω, a)dadω

=

∫
Ω

[
µth(ω|c

t
h)− µ

∗
h(ω|c

t
h)
] ∫
A
πth(s, ω, a)Q

t
h(s, ω, a)dadω.
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By Holder’s inequality, we have

∣∣∣∣〈Qth, (µth−µ∗h)⊗πth〉Ω×A(sth;Ct)∣∣∣∣ ≤ ∥∥µth(·|cth)−µ∗h(·|cth)∥∥1 sup
ω∈Ω

∣∣∣∣ ∫A πth(s, ω, a)Qth(s, ω, a)da
∣∣∣∣.

Since Qth ≤ H for any h ∈ [H] and t ∈ [T ], the inequality can be simplified to

∣∣∣∣〈Qth, (µth − µ∗h)⊗ πth〉Ω×A(sth;Ct)∣∣∣∣ ≤ H
∥∥µth(·|cth)− µ∗h(·|cth)∥∥1.

With the assumption of the prior and link function, on the given event, we obtain that

∑
t∈[T ]

∑
h∈[H]

〈
Qth, (µ

t
h − µ

∗
h)⊗ π

t
h

〉
Ω×A(s

t
h;C

t) ≤ HLµKβ
∑
h∈[H]

∑
t∈[T ]

∥ϕ(cth)∥(Σth)−1 .

Therefore, we conclude the proof of Lemma A.4.

A.2.7 Auxiliary Lemmas

This section presents several auxiliary lemmas and their proofs.

Lemma A.8 (Martingale Bound; [Cai et al., 2020]). For ζ1t,h and ζ2t,h defined in (A.2) and

for any fixed δ ∈ (0, 1), with probability at least 1− δ/2, we have

∑
t∈[T ]

∑
h∈[H]

(ζ1t,h + ζ2t,h) ≤
√

16TH3 log(4/δ).

Proof. Proof. See [Cai et al., 2020] for a detailed proof.

Lemma A.9. Suppose that ϕ1, ϕ2, . . . , ϕT ∈ Rdϕ×d and for any 1 ≤ i ≤ T , there exists a

constant Φ > 0 such that ∥ϕi∥ ≤ Φ. Let Σt = λIdϕ +
∑
i∈[t−1] ϕiϕ

′
i for some λ ≥ Φ2. Then,

∑
t∈[T ]

∥ϕt∥(Σt)−1 ≤
√

2dϕT log(1 + TΦ2/(λdϕ)).
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Proof. Proof. Firstly, we apply Cauchy-Schwartz inequality,

∑
t∈[T ]

∥ϕt∥(Σt)−1 ≤
√
T
∑
t∈[T ]

∥ϕt∥2(Σt)−1 .

Since ∥ϕt∥(Σt)−1 =
√
ϕ⊤t (Σt)

−1ϕt ≤
√
λ−1ϕ⊤t ϕt ≤ Φ/

√
λ ≤ 1, we can use Lemma A.10 to

bound the sum of squares:

∑
t∈[T ]

∥ϕt∥(Σt)−1 ≤
√

2T log(det(ΣT ) det(Σ1)−1)

≤
√

2dϕT log(1 + TΦ2/(λdϕ)).

The last inequality is derived from Lemma A.11.

Lemma A.10 (Sum of Potential Function; [Agarwal et al., 2019]). For any sequence of

{ϕt}t∈[T ], let Σt = λIh +
∑
t∈[t−1] ϕiϕ

′
i for some λ ≥ 0. Then we have

∑
t∈[T ]

min{∥ϕt∥2(Σt)−1 , 1} ≤ 2 log(det(ΣT ) det(Σ1)
−1).

Proof. Proof. See [Agarwal et al., 2019] for a detailed proof.

Lemma A.11 (Determinant-Trace Inequality). Suppose that ϕ1, ϕ2, . . . , ϕT ∈ Rdϕ×d and

for any 1 ≤ i ≤ T , there exists a constant Φ > 0 such that ∥ϕi∥ ≤ Φ. Let Σt = λIdϕ +∑
i∈[t−1] ϕiϕ

′
i for some λ ≥ 0. Then,

det(Σt) ≤
(
λ+ tΦ2/dϕ

)dϕ .
Proof. Proof. Let λ1, λ2, . . . , λh be the eigenvalues of Σt. Since Σt is positive definite, its

eigenvalues are positive. Also, note that det(Σt) =
∏dϕ
s=1 λs and tr(Σt) =

∑h
s=1 λs. By
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inequality of arithmetic and geometric means

det(Σt) ≤ (tr(Σt)/dϕ)
dϕ .

It remains to upper bound the trace:

tr(Σt) = tr(λIdϕ) +
t−1∑
i=1

tr(ϕiϕ′i) = dϕλ+
t−1∑
i=1

∥ϕi∥2 ≤ dϕλ+ tΦ2

and the lemma follows.

A.3 Inducing Robust Equilibria via Pessimism

One necessary prerequisite is that the signaling policy given by OP4 has to be persuasive to

ensure receivers to take recommended actions. However, the optimal signaling policy that

is persuasive for the estimated prior can hardly be also persuasive for the true prior, even if

the estimation is quite close to it. To ensure persuasiveness under the prior estimation error,

we adopt pessimism principle to select a signaling policy that is robustly persuasive for all

the priors in the confidence region. And we shall quantify the extra utility loss suffered by

the pessimism principle. In this subsection, we start by showing that there exists a robust

signaling scheme that suffers only O(ϵ) utility loss compared to the optimal expected utility

of persuasion algorithm designed with precise knowledge of the prior. Formally, in basic

MPP, given any fixed Q-function Q(·, ·, ·), we define the robustness gap for some state s ∈ S

and any prior µ ∈ B ⊆ ∆(Ω) as

Gap
(
s, µ,B;Q

)
≜ max
π∈Pers(µ,u)

〈
Q, µ⊗ π

〉
Ω×A(s)− max

π∈Pers(B,u)

〈
Q, µ⊗ π

〉
Ω×A(s). (A.10)

We let B(µ, ϵ) = {µ′ ∈ ∆(Ω) :
∥∥µ− µ′∥∥1 ≤ ϵ} be the ℓ1-norm ball centered the prior

distribution µ with radius ϵ.
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Lemma A.12 (Pessimism). Under (p0, D)-regularity, for all ϵ > 0, given a Q-function Q,

for any state s ∈ S, we have

Gap
(
s, µ∗,B(µ∗, ϵ);Q

)
≤ Hϵ

p0D
.

The proof is given in Appendix A.3.1. This result extends Proposition 1 in [Zu et al.,

2021]. Notice that the upper bound of Gap(·; ·) does not depend on the value of Q, which

is important for our analysis. Once given a signaling algorithm, at each episode t ∈ [T ] and

each step h ∈ [H], we are able to obtain an estimation of Q-function with an explicit form.

It is equivalent to the “known” Q-function mentioned in equation (A.10). Using Gap(·; ·),

we can estimate the expected sender’s utility loss for choosing a signaling mechanism that

is persuasive for all priors in a subset. Moreover, if we consider the dependence on context

for priors and add the linear assumption of priors to the proceeding lemma, we can bound

Gap(·; ·) by the difference of linearity parameter θ.

Corollary A.13. Under (p0, D)-regularity and Assumption 2.6 and 2.7, given a Q-function

Q and context c, for any state s ∈ S, prior µθ∗(·|c) and confidence region B = {µθ′(·|c) :

θ′ ∈ BΣ(θ
∗, ϵ)}, we have Gap(s, µθ∗(·|c),B;Q) ≤ HLµK∥ϕ(c)∥Σ−1ϵ/(p0D).

A.3.1 Proof of Lemma A.12 – Pessimism

Proof. Proof. In this proof, let µ, u be the ground-truth prior and sender utility of the

persuasion instance. Given the full knowledge of u, we prove with an explicit construction

of a signaling scheme that is robustly persuasive for any prior in B(µ, ϵ) and achieve the

expected utility at least maxπ∈Pers(µ,u)
〈
Q, µ ⊗ π

〉
Ω×A(s) − Hϵ/(p0D). To simplify the

notation, we omit the s in u, Q and W .

Let π∗ = argmaxπ∈Pers(µ,u)
〈
Q, µ ⊗ π

〉
Ω×A be a direct scheme without loss of general-

ity [Kamenica and Gentzkow, 2011b]. For each a ∈ A, let µa(·) := µ(·) ⊙ π∗(a|·) denote
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the posterior of outcome (i.e., kernel 1) that action a is recommended by π, so the prior can be

composed as µ(·) =
∑
a∈A µa(·). Since π is persuasive, we know

∫
ω∈Ω µa(ω)

[
u(ω, a)− u(ω, a′)

]
≥

0,∀a′ ∈ A.

Let π0 be the fully revealing signaling scheme that always recommends (signals) the

action that maximizes the receivers’ utility at the realized outcome. For each a ∈ A, let

ηa(·) := µ(·)⊙ π0(a|·) denote the posterior of outcome that action a is recommended by π0,

so the prior can be composed as µ(·) =
∑
a∈A ηa(·). By regularity condition, we have

∫
ω∈Ω

ηa(ω)
[
u(ω, a)− u(ω, a′)

]
≥
∫
ω∈Wa(D)

ηa(ω)
[
u(ω, a)− u(ω, a′)

]
≥ p0D, ∀a′ ∈ A.

We now show that the signaling scheme π′ = (1− δ)π∗ + δπ0 is persuasive for any prior

µ̃ ∈ B(µ, ϵ) with δ = ϵ
p0D

. One simple way to interpret this “compound” signaling scheme

is to follow π∗ with probability (1 − δ) and follow π0 with probability δ. Hence, given a

recommended action a, the receiver would compute the posterior as µ′a = (1 − δ)µa(ω) +

δηa(ω). Let µ′a, µ̃a be the outcome posterior of π′ recommending action a under the true

prior µ (resp. the perturbed prior µ̃). So µ′a(·) = µ(·) ⊙ π′(a|·) and µ̃a(·) = µ̃(·) ⊙ π′(a|·).

By definition of persuasiveness, we need to show that for any recommended action (signal

from π′) a ∈ A, the action a maximizes the receiver’s utility under µ′a. This follows from

1. In this proof, we will directly work with the posterior without normalization (kernel)
to simplify our notations and derivations, because

∫
ω∈Ω

µa(ω) [u(ω, a)− u(ω, a′)] ≥ 0 ⇐⇒∫
ω∈Ω

µa(ω)∫
ω∈Ω

µa(ω)
[u(ω, a)− u(ω, a′)] ≥ 0. We use ⊙ to denote the Hadamard product.
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the decomposition below,

∫
ω∈Ω

µ̃a ·
[
u(ω, a)− u(ω, a′)

]
≥
∫
ω∈Ω

µ′a ·
[
u(ω, a)− u(ω, a′)

]
−
∥∥µ̃a − µ′a∥∥1

≥
∫
ω∈Ω

[(1− δ)µa(ω) + δηa(ω)] ·
[
u(ω, a)− u(ω, a′)

]
− ∥µ̃a − µa∥1

=

∫
ω∈Ω

(1− δ)µa(ω)
[
u(ω, a)− u(ω, a′)

]
+

∫
ω∈Ω

δηa(ω)
[
u(ω, a)− u(ω, a′)

]
− ∥µ̃a − µa∥1

≥ δp0D − ∥µ̃a − µa∥1

= ϵ− ∥µ̃a − µa∥1 ≥ 0.

The first inequality is by the fact that u(ω, a) ∈ [0, 1] for any ω, a and thus
∑
a(µ̃a − µ′a) ·[

u(ω, a)− u(ω, a′)
]
≤
∥∥µ̃a − µ′a∥∥1. The second inequality is from µ′a = (1−δ)µa(ω)+δηa(ω).

The third inequality is by construction of µa and ηa induced by signaling scheme π and π0.

The last inequality is by the fact that
∥∥µ̃a − µ′a∥∥1 =

∥∥(µ̃− µ′)⊙ π′(a|·)∥∥1 ≤ ∥∥µ̃− µ′∥∥1 = ϵ,

since
∥∥π′(a|·)∥∥∞ ≤ 1

It remains to show the expected utility under signaling scheme π′ is at least
〈
Q, µ ⊗

π∗
〉
Ω×A −Hϵ/(p0D). This is due to the following inequalities,

〈
Q, µ⊗ π′

〉
Ω×A −

〈
Q, µ⊗ π∗

〉
Ω×A =

∫
ω∈Ω,a∈A

µ(ω)
[
π′(a|ω)− π∗(a|ω)

]
Q(ω, a)

=

∫
ω∈Ω,a∈A

µ(ω)
[
δπ0(a|ω)− δπ∗(a|ω)

]
Q(ω, a)

≥ −δ
∫
ω∈Ω,a∈A

µ(ω)π(a|ω)Q(ω, a)

≥ −Hδ = − Hϵ

p0D
.

The first and second equalities use the definition and linearity. The third and last inequalities

use the fact that E[Q(ω, a)] ∈ [0, H] and remove the positive term.
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A.3.2 Proof of Corollary A.13

Proof. Proof. According to Assumption 2.6 for the prior, we can show that for any µθ′(·|c) ∈

B,

∥µθ(·|c)− µθ′(·|c)∥1 ≤ Lµ
∥∥f(ϕ(c)⊤θ)− f(ϕ(c)⊤θ′)∥∥.

Moreover, by Assumption 2.7 for the link function f(·), we have

∥µθ(·|c)− µθ′(·|c)∥1 ≤ LµK
∥∥ϕ(c)⊤(θ − θ′)∥∥ ≤ LµK ∥ϕ(c)∥Σ−1 ϵ.

Therefore, B ⊆ B(µθ(·|c), LµK∥ϕ(c)∥Σ−1ϵ), and by Lemma A.12, we can conclude the result.

A.3.3 Properties for the Robustness Gap

We present the robustness gap Gap for the ground-truth prior in Lemma A.12. For the

estimation of prior µth given in Algorithm A.1 which may not satisfy the regularity condition,

we also have corresponding robustness gap.

Lemma A.14. For any h ∈ [H], t ∈ [T ] and s ∈ S, on the event of {θ∗h ∈ B
t
h}, we have

Gap(s, µth,B(µ
t
h, ϵ

t
h);Q

t
h) ≤

2Hϵ

p0D
.

Proof. Proof. For any fixed action a ∈ A, on the given event, we have

Pω∼µth(·)[ω ∈ Ws,a(D)] =

∫
ω∈Ω

µth(ω)I(ω ∈ Ws,a(D))dω

=

∫
ω∈Ω

µ∗h(ω)I(ω ∈ Ws,a(D))dω +

∫
ω∈Ω

[µth(ω)− µ
∗
h(ω)]I(ω ∈ Ws,a(D))dω

≥
∫
ω∈Ω

µ∗h(ω)I(ω ∈ Ws,a(D))dω + ∥µth − µ
∗
h∥1

≥ p0 − ϵth,
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where I is the indicating function. The last inequality uses the regularity condition for the

real prior µ∗h. For ϵth ≤ p0/2, we have Pω∼µth(·)[ω ∈ Ws,a] ≤ p0/2. Then by Lemma A.12,

we have

Gap(s, µth,B(µ
t
h, ϵ

t
h);Q

t
h) ≤

2Hϵth
p0D

.

For ϵth > p0/2, the bound holds trivially since 2Hϵth/(p0D) > H.

The robustness gap Gap defined in equation (A.10) measures the loss in value functions

for being robustly persuasive for a subset of priors. In the following lemma, we show that we

can also use Gap to bound the difference in expected optimal Q-functions between different

priors.

Lemma A.15. Denote B1,2 := B
(
µ1, ∥µ1 − µ2∥1

)
for any fixed state s ∈ S and µ1, µ2 ∈

∆(Ω). Then given a known Q-function Q(·, ·, ·), we have

max
π1∈Pers(µ1,u)

〈
Q, µ1⊗π1

〉
Ω×A(s)− max

π2∈Pers(µ2,u)

〈
Q, µ2⊗π2

〉
Ω×A(s) ≤ Gap(s, µ1,B1,2;Q)+

H

2
∥µ1−µ2∥1.

Proof. Proof. Fix µ1, µ2 ∈ ∆(Ω), we respectively choose the optimal signaling scheme

πi = argmax
πi∈Pers(µi,u)

〈
Q, µi ⊗ πi

〉
Ω×A(s), i = 1, 2.

Then among all the signaling schemes persuasive for all B1,2, let π3 maximize
〈
Q, µ1 ⊗

π
〉
Ω×A(s). Since π3 is persuasive for µ2, we know

〈
Q, µ2⊗π2

〉
Ω×A(s) ≥

〈
Q, µ2⊗π3

〉
Ω×A(s)

by definition. Therefore, we have

〈
Q, µ1 ⊗ π1 − µ2 ⊗ π2

〉
Ω×A(s) ≤

〈
Q, µ1 ⊗ π1 − µ2 ⊗ π3

〉
Ω×A(s)

≤
〈
Q, µ1 ⊗ π1 − µ1 ⊗ π3

〉
Ω×A(s) +

〈
Q, µ1 ⊗ π3 − µ2 ⊗ π3

〉
Ω×A(s)

= Gap(s, µ1,B1,2;Q) +
H

2
∥µ1 − µ2∥1.
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The last equality uses the definition of Gap and Lemma A.16.

Lemma A.16. Given a Q-function Q(·, ·, ·) ∈ [0, H], for any fixed state s ∈ S, µ1, µ2 ∈

∆(Ω) and any signaling scheme π, we have

∣∣〈Q, µ1 ⊗ π〉Ω×A(s)− 〈Q, µ2 ⊗ π〉Ω×A(s)∣∣ ≤ H

2
∥µ1 − µ2∥1.

Proof. Proof. Fix µ1(·), µ2(·) ∈ ∆(Ω). For any x ∈ R, we have

∣∣〈Q, µ1 ⊗ π − µ2 ⊗ π〉Ω×A(s) = ∣∣∣∣ ∫
ω∈Ω

[µ1(ω)− µ2(ω)]
[ ∫

a∈A
π(a|s, ω)Q(s, ω, a)da− x

]
dω

∣∣∣∣
≤ ∥µ1 − µ2∥1 · sup

ω∈Ω

∣∣∣∣ ∫
a∈A

π(a|s, ω)Q(s, ω, a)da− x
∣∣∣∣,

where the last inequality is derived from Holder’s inequality. With Q-function taking values

in [0, H], we can set x = H/2 and achieve the optimality.
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APPENDIX B

B.1 Omitted Proofs in Section 3.3

B.1.1 Proof of Proposition 3.1

Proof. We provide a constructive proof for the theorem by exhibiting an algorithm that

computes the δ-RSE for any Stackelberg game. The main idea of our algorithm is to par-

tition the simplex in sub-regions and search the δ-RSE candidate within each sub-region

X
(S,̃j,j)

by solving a linear program but with relaxed non-strict inequalities (thus in total

we solve exponentially many LPs). The crux of our proof is to argue that, while in general

the relaxation above is not tight, there always exists a region X
(S,̃j,j)

for which the above

relaxation is tight and moreover the leader achieves the best possible leader utility. This

proves the existence of a δ-RSE.

We begin with the definition and analysis of different sub-regions of the leader’s strategy

space ∆m. Each sub-region X
(S,̃j,j)

is characterized by three factors: (1) Follower δ-optimal

response action set S ∈ 2[n]; (2) Follower action j̃ ∈ S with maximal follower utility among

actions in S; (3) Follower action j ∈ S with the worst leader utility among actions in S (j

and j̃ are different in general). Mathematically, for any follower action set S ∈ 2[n] and any

j̃, j ∈ S,

X
(S,̃j,j)

:=

{
x ∈ ∆m

∣∣∣∣ BRδ(x) = S, uf (x, j̃) ≥ uf (x, k), ul(x, j) ≤ ul(x, k),∀k ∈ S
}
.

Next, we make a few observations about X
(S,̃j,j)

.

First,
⋃
j̃,j∈S,S∈2[n] X(S,̃j,j) = ∆m. This is because any x ∈ ∆m must induce some

follower δ-optimal response set S, an optimal follower action as j̃, and a follower response j

that is the worst response for the leader. As a result, any x must belong to some X
(S,̃j,j)

.

Second, X
(S,̃j,j)

is a (possibly open) polytope that can be expressed by linear constraints,
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with strict inequality constraints. This is because both constraints uf (x, j̃) ≥ uf (x, k) and

ul(x, j) ≤ ul(x, k) are linear in variable x = (x1, · · · , xm). Moreover, we have the following

equivalent expression for the constraint BRδ(x) = S:

BRδ(x) = S ⇐⇒


uf (x, k) > uf (x, j̃)− δ, ∀k ∈ S, and

uf (x, k) ≤ uf (x, j̃)− δ, ∀k ̸∈ S.
(B.1)

Notably, the second set of constraints guarantees that any k /∈ S cannot be a δ-optimal

follower response, which is essential for the definition of S. Different from typical linear

constraints, the first constraint above is a strict inequality and thus the resultant polytope

X
(S,̃j,j)

might be an open set.

In search of the optimal leader strategy, the main idea of our algorithm is to solve multiple

(in fact, exponentially many) linear programs by relaxing the strict inequality in (B.1). The

correctness proof of this algorithm relies on a key insight that there always exists a tuple

(S, j̃, j) such that the leader objective on this tuple achieves the best possible leader utility

and moreover the above relaxation of the δ-optimal follower response constraints will be

“tight” on this particular tuple (although this relaxation is not tight for other tuples in

general).

For the convenience of exposure, we present the formal procedure in Algorithm B.1.

At the high level, the algorithm enumerates all possible tuple (S, j̃, j) (Line 1), solves LP

(B.2) for the optimal leader strategy x∗
S,̃j,j

within (a relaxation of) the polytope X
(S,̃j,j)

(Line 2), and finally picks the LP (S∗, j̃∗, j∗) whose solution x∗ has the highest leader utility

(Line 4). Notably, in order to optimize over a closed polytope to avoid the non-existence

of optimal solutions, we had to relax the δ-optimal response constraint, i.e., the second

constraint in LP (B.2), to be “≥”. Therefore, we thus suffer the risk of getting a solution x∗

that cannot truly induce the expected follower δ-optimal response set S∗, i.e., those actions

k ∈ S∗ such that uf (x∗, k) = uf (x
∗, j̃∗) − δ. Here comes the crucial (though seemingly
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ALGORITHM B.1: Computing δ-RSE via LP Relaxations
Input : leader utilities ul ∈ Rm×n, follower utilities uf ∈ Rm×n, parameter δ > 0.
Output : δ-RSE (x∗, j∗).

1 for any non-empty S ⊆ [n] and any j̃, j ∈ S do
2 Solve the following relaxed linear program, denoted by LP (S, j̃, j), to compute an optimal

leader strategy x∗
S,̃j,j

within (a relaxation of) X(S,̃j,j):

maximize
∑m

i=1 xi · ul(i, j)
subject to

∑m
i=1 xi · uf (i, j̃) ≥

∑m
i=1 xiuf (i, k), for k ∈ [n].∑m

i=1 xi · uf (i, k) ≥
∑m

i=1 xi · uf (i, j̃)− δ, for k ∈ S (relaxed constraints).∑m
i=1 xi · uf (i, k) ≤

∑m
i=1 xi · uf (i, j̃)− δ, for k ̸∈ S.∑m

i=1 xi · ul(i, j) ≤
∑m

i=1 xi · ul(i, k), for k ∈ S.
(x1, · · · , xm) ∈ ∆m

(B.2)

3 Choose any tuple (S∗, j̃∗, j∗) that has the maximum leader utility. That is, let x∗ = x∗
S∗ ,̃j∗,j∗

then ul(x∗, j∗) ≥ ul(x∗
S,̃j,j

, j) for any S ⊆ [n] and any j̃, j ∈ S.

4 Verify the second constraint of LP (B.2) for the chosen tuple (S∗, j̃∗, j∗), and let Ŝ denote the
set of all k ∈ S∗ such that the second constraint is strict at x∗ for the k.

5 Let ĵ ∈ Ŝ denote the follower action with minimum leader utility, i.e., ul(x∗, ĵ) ≤ ul(x∗, k) for
any k ∈ Ŝ.

6 return (x∗, ĵ).

straightforward) step in Lines 5 and 6 to remove the invalid δ-optimal responses from the

set S∗ and ultimately construct a valid equilibrium strategy. It is easy to see that, with

the adjustment at Line 5 and 6, Algorithm B.1 always outputs a valid strategy pair (x∗, ĵ)

in the sense that ĵ ∈ BRδ(x
∗) and ĵ is indeed the follower response that is worst for the

leader in the δ-optimal response set under leader strategy x∗. This follows simply by the

construction of the algorithm, which removes all invalid follower δ-optimal responses k ∈ S∗,

due to uf (x∗, k) = uf (x
∗, j̃∗)− δ, out the set S∗. This adjustment leads to a strictly small

subset Ŝ, which is truly the follower δ-optimal response set BRδ(x
∗). The algorithm then

“re-appoints” ĵ ∈ Ŝ as the true worst follower response within Ŝ in the sense of minimizing

the leader utility.

What remains to argue is that the output strategy (x∗, ĵ) achieves at least the leader

utility as that of the δ-RSE, and thus must be a δ-RSE strategy pair. First, since LP (B.2)

233



is a relaxation of the δ-RSE problem and ∪
j̃,j∈S,S∈2[n]X(S,̃j,j) = ∆m, the optimal objective

value of LP (B.2) for the special tuple (S∗, j̃∗, j∗) picked at Line 4 of Algorithm B.1 must

be at least the leader utility of the δ-RSE. Therefore, all we need to argue is that the leader

utility under the valid strategy pair (x∗, ĵ) is at least the optimal objective of LP (S∗, j̃∗, j∗),

which is exactly ul(x∗, j∗). This is true because both ĵ, j∗ ∈ S∗, and the fourth constraint

of LP (S∗, j̃∗, j∗) — i.e., j∗ has the worst leader utility among all actions in S∗ — implies

ul(x
∗, j∗) ≤ ul(x

∗, ĵ) which is precisely the leader utility for the feasible strategy pair (x∗, ĵ).

Time Complexity Algorithm B.1 solves O(n22n) linear programs of size O(mn), each

corresponding to a tuple (S, j̃, j). Hence, the stated time complexity follows.

B.1.2 Proof of Proposition 3.2

Proof. Consider the Stackelberg game instance in Table B.1, where both the leader and

follower have 3 actions. In this game, we can compute the SSE leader strategy and max-min

leader strategy as follows:

x1 = (1, 0, 0) = argmax
x∈∆m

max
j∈BR(x)

ul(x, j) and x2 = (0, 0, 1) = argmax
x∈∆m

min
j∈[n]

ul(x, j)

Meanwhile, the δ-RSE leader strategy is x∗ = (0, 1, 0) and leader utility is uRSE(δ) = 2c.

Next, we apply the SSE leader strategy and max-min leader strategy against the bounded

rational follower.

min
j∈BRδ(x1)

ul( x1, j) = ul(i1, j2) = c and min
j∈BRδ(x2)

ul(x2, j) = ul(i3, j1) = c

while the δ-RSE leader utility is uRSE(δ) = 2c, causing a constant gap of c between the δ-

RSE leader utility and the leader utility of playing SSE strategy or max-min strategy under

the setting that allows approximately optimal follower responses. As we can set c to be
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arbitrarily close to 1/2, we have

min
j∈BRδ(x1)

ul(x1, j) < uRSE(δ)−
1

2
and min

j∈BRδ(x2)
ul(x2, j) < uRSE(δ)−

1

2
.

ul, uf j1 j2 j3
i1 1, δ c, δ 0, 0
i2 2c, δ 2c, δ 0, 0
i3 c, δ c, δ c, δ

Table B.1: A Stackelberg game instance whose SSE leader strategy is i1, δ-RSE leader strategy is
i2 (for any δ > 0), and max-min leader strategy is i3, for any c ∈ (0, 1/2).

B.1.3 Proof of Proposition 3.3

Proof. Consider a game with m = 3, n = 2 and utility matrices specified in Table B.2.

Notice that the leader utility is maximized at the leader/follower action pair (i2, j1), while

the leader must place probability mass at least δ
∆ on i1, resulting in the leader utility no

more than ∆ − δ. In contrast, if the follower plays the action j2, the leader can achieve a

strictly better utility ∆ − c given that c < δ. Hence, ∀δ ∈ (0,∆), the δ-RSE (x∗, j∗) have

leader strategy x∗ = (0, 1, 0) and follower response j∗ = j2. We can compute for x∗ the

leader and follower utility under different follower action, ul(x∗, j1) = ∆, ul(x
∗, j2) = ∆− c,

uf (x
∗, j1) = uf (x

∗, j2) = ∆. Hence, the δ-best response to x∗ is not unique, as BRδ(x
∗) =

{j1, j2}. Moreover, the leader utility strictly improves by some constant gap c if the follower

does not follow the pessimistic tie-breaking rule, i.e.,

min
j∈BRδ(x∗)

ul(x
∗, j) < max

j∈BRδ(x∗)
ul(x

∗, j)− c.
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As we can set c to be arbitrarily close to δ in the problem instance, we have

min
j∈BRδ(x∗)

ul(x
∗, j) < max

j∈BRδ(x∗)
ul(x

∗, j)− δ.

ul, uf j1 j2
i1 0,∆ 0, 0
i2 ∆,∆ ∆− c,∆
i3 0, 0 0,∆

Table B.2: A class of game instances in which the δ-RSE leader strategy does not have unique
δ-best response for any 0 < c < δ < ∆.

B.1.4 Omitted Examples in the Proof of Theorem 3.4

Example for Property 1

We provide a Stackelberg game instance to show how the equality uSSE = uRSE(0
+) fails

to hold, if the non-degeneracy assumption ∆ > 0 condition is not satisfied. Consider the

following game in Table B.3 where the leader only has a single action while the follower

has two actions. It is easy to see that ∆ = 0 in this game. Clearly, the SSE leader utility

would be 1 which is induced by follower responding with action j2. In contrast, we have

BR0+(i1) = {j1, j2} and by definition we have uRSE(0
+) = 0 which is induced by follower

responding with action j1.

ul, uf j1 j2
i1 0, 1 1, 1

Table B.3: A Stackelberg game instance whose SSE leader utility is different from uRSE(0
+).

However, note that ∆ > 0 is only a sufficient but not necessary condition in general

game. More precisely, for the equality to be attainable, it is equivalent to whether the best
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response region of the SSE follower action has non-zero measure, which ensures the existence

of strategy x with BR0+(x) = {j∗} and so is the limit towards the SSE (x∗, j∗).

Examples for Property 3

An example of continuous uRSE(δ). Table B.4 illustrates an instance whose inducibil-

ity gap ∆ = 1 and its uRSE(δ) =


1 if δ ≤ ϵ

1−δ
1−ϵ ϵ < δ ≤ 1

0 δ > 1

is continuous for any δ > 0.

ul, uf j1 j2
i1 1, 1+ϵ2 0, 1−ϵ2
i2 0, 0 0, 1
i3 0, 1 0, 0

Table B.4: A Stackelberg game instance whose uRSE(δ) is continuous in δ (ϵ is any constant within
[0, 1]).

An example of discontinuous for uRSE(δ) at δ ≥ ∆. Figure B.1 illustrates an example

with discontinuous uRSE(δ). This directly showcases how uRSE(δ) may be discontinuous at

δ ≥ ∆.

Figure B.1: A Stackelberg game instance with ∆ = ϵ, and the corresponding uRSE(δ) as a function
of δ.
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B.1.5 Additional Discussions on Tie-breaking Rules and Uniqueness of

δ-RSE

It is well known that SSE is almost always unique, and has generically unique leader payoff

regardless of the follower’s tie-breaking rules [Von Stengel and Zamir, 2010]. Hence, a natural

question to ask is whether the δ-RSE shares any of these properties. The answer to the first

part of the question is clear: δ-RSE is almost always unique in randomly generated game

instances. This is because, as we fix the follower’s pessimistic tie-breaking rule in Definition 2,

the conditions for optimization problem in Equation (3.5) to admit multiple maximizers or

minimizers have zero measure.

For the second part of the question, it is obvious that in general different tie-breaking

rules result in different optimal leader strategies, and thus different utilities,

max
x∈∆m

max
j∈BRδ(x)

ul(x, j) ̸= max
x∈∆m

min
j∈BRδ(x)

ul(x, j).

Instead, a more interesting question is whether the δ-RSE leader strategy x∗ has generically

unique leader payoff if the follower could switch to different tie-breaking rules, i.e.,

max
j∈BRδ(x∗)

ul(x
∗, j) = min

j∈BRδ(x∗)
ul(x

∗, j).

It is still obvious in the extreme cases where δ is larger than any utility difference between

follower actions in the game, we have BRδ(x) = [m],∀x. However, if we were to restrict

to reasonably small δ such that δ < ∆, it becomes a more difficult question. Lemma B.1

shows that δ-RSE do have generically unique leader payoff in this case when the number

of leader actions m = 2. However, this observation is no longer true in general games. In

Proposition 3.3, we are able to construct a class of instances that the follower’s response to

the δ-RSE leader strategy is not necessarily unique even in the case when δ is smaller than
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the inducibility gap ∆. Hence, the follower’s different tie-breaking rules could often result

in radically different choices of the optimal leader strategy (with constant gaps among the

corresponding leader payoffs). This is a shape contrast to the reckoning of SSE, where the

follower’s optimistic tie-breaking is almost without loss of generality, since the leader (in

generic games) could improve his payoff by changing his strategy slightly so that the desired

reply is unique in the equilibrium. As a result, we cannot apply the standard approaches

used for SSE for the computation of δ-RSE. These differences are indeed rooted in the

design of the two solution concepts: SSE serves as a standard solution concept (in generic

games) where the follower’s tie-breaking rule should not matter, whereas it is natural for

δ-RSE, a robust solution concept, to focus on the worst case scenario and assume pessimistic

tie-breaking rule.

Lemma B.1. In any game with m = 2, ∆ > 0, δ ∈ (0,∆), at least one of its δ-RSE leader

strategy x∗ satisfies

max
j∈BRδ(x∗)

ul(x
∗, j) = min

j∈BRδ(x∗)
ul(x

∗, j).

Proof. Pick one of δ-RSE leader strategy x∗ in the game. The lemma clearly holds, when

the δ-RSE leader strategy have |BRδ(x∗)| = 1. A key observation of this proof is the

characterizations in Lemma B.2 such that it suffices to show that if the unique δ-RSE leader

strategy x∗ satisfies BRδ(x
∗) = {j, j′} for some j, j′ ∈ [n], then ul(x

∗, j) = ul(x
∗, j′). We

prove this statement by contradiction:

Suppose there is a unique δ-RSE leader strategy x∗ where BRδ(x
∗) = {j, j′}, ul(x∗, j) <

ul(x
∗, j′). Under the pessimistic tie-breaking, the follower will respond with j. We first rule

out the case that ul(·, j) is a constant function, because we could find another leader strategy

x such that ul(x∗, j) = ul(x, j) and BRδ(x) = {j}, due to Property 1 in Lemma B.2.

Let xL,xR be the two strategy on the boundary X (δ; {j, j′}). According to Property 3 in

Lemma B.2, we can without loss of generality assume BRδ(x
L) = {j},BRδ(xR) = {j′}. We

argue that x∗ is not an RSE leader strategy, since max
{
ul(x

L, j), ul(x
R, j′)

}
> ul(x

∗, j).
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Notice that, if we move x∗ towards one of the two open boundary points of X (δ; {j, j′}) where

ul(·, j) is increasing, two possible cases can happen: 1) It reaches the point where ul(x∗, j) =

ul(x
∗, j′), and it violates the assumption. 2) We can set x∗ to be arbitrarily close to the right

of xL or to the left of xR. If it is to the right of xL, then clearly ul(xL, j) > ul(x
∗, j). If

it is to the left of xR, then we have ul(xR, j′) = limx∗→xR ul(x
∗, j′) > limx∗→xR ul(x

∗, j).

Hence, x∗ is not an RSE leader strategy.

Lemma B.2 (A Characterization of δ-Best Response Regions). Denote by X (δ;S) := {x ∈

∆m|BRδ(x) = S}, the δ-best response region for a subset of follower actions S ⊆ [n]. X (δ;S)

is a (possibly empty) convex set and satisfies the following properties when ∆ > 0, δ ∈ (0,∆):

1. If |S| = 1, then X (δ;S) ̸= ∅ and X (δ;S) ⊃ X (δ′;S), ∀δ′ ∈ (δ,∆).

2. If m = 2 and |S| ≥ 3, then X (δ;S) = ∅.

3. If m = 2 and |S| = 2, then X (δ;S) is an nonempty open set for any S = {j, j′} that

∃x ∈ ∆m with uf (x, j) = uf (x, j
′), the boundary of X (δ;S) contains exactly two points

xL,xR with BRδ(x
L) = {j},BRδ(xR) = {j′}, and moreover, X (δ;S) ⊂ X (δ′;S),

∀δ′ ∈ (δ,∆).

Proof. Since BRδ(x) definition in Equation (3.4) specifies a set of convex constraints,

X (δ;S) forms a convex set as a result of finite intersection of convex sets. Below, we prove

each one of the properties:

Property 1 It holds universally for any m. The first part can be directly verified using

the definition of ∆. That is, ∀j ∈ [n], there exists x ∈ ∆m such that uf (x, j)− uf (x, j′) ≥

∆ > δ,∀j ̸= j′, which means that X (δ; {j}) ̸= ∅. For the second part, observe that the

best response region of any action j ∈ [n] can be written as X (δ; j) = {x ∈ ∆m|uf (x, j) ≥

maxj′ ̸=j uf (x, j
′) + δ}. It is thus clear that X (δ;S) ⊇ X (δ′;S), ∀δ′ ∈ (δ,∆). To go from
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⊇ to ⊃, it suffices to show that X (δ;S) \ X (δ′;S) is not empty for any δ′ − δ > 0. That

is, for any δ ∈ (0,∆), there exists xδj ∈ ∆m such that uf (xδj , j) = maxj′ ̸=j uf (x
δ
j , j
′) + δ.

This is because we have x1,x2 ∈ ∆m such that uf (x1, j) ≥ maxj′ ̸=j uf (x1, j
′) + ∆ and

uf (x2, j) ≥ maxj′ ̸=j uf (x2, j
′) as ∆ > 0. So xδj ∈ ∆m as a convex combination of x1,x2.

Hence, X (δ;S) ⊃ X (δ′;S), ∀δ′ ∈ (δ,∆).

Property 2 We prove this by contradiction. Suppose there is such x ∈ X (δ;S) with

|S| > 2. Pick three follower actions, say j1, j2, j3 with the highest follower utility at x, and

we can assume without loss of generality that,

uf (x, j1) ≥ uf (x, j2) ≥ uf (x, j3) > uf (x, j1)− δ.

We first argue that the above inequalities must be strict. That is, the following cases cannot

hold:

1. uf (x, j1) = uf (x, j2) = uf (x, j3) > uf (x, j1)− δ.

2. uf (x, j1) > uf (x, j2) = uf (x, j3) > uf (x, j1)− δ.

3. uf (x, j1) = uf (x, j2) > uf (x, j3) > uf (x, j1)− δ.

For the analysis below, we consider the gradient functions on the follower’s utility over

action j1, j2, j3, as f1 =
d[uf ((x,1−x),j1)]

dx , f2 =
d[uf ((x,1−x),j2)]

dx , f3 =
d[uf ((x,1−x),j3)]

dx . Since

the utility functions are linear, we can treat f1, f2, f3 as constants. Moreover, f1 ̸= f2 ̸= f3,

or it would indicate constant utility gap between two actions, contradicting with ∆ > 0. By

symmetry, assume without loss of generality f1 − f2 < 0.

Case 1: Since f1 ̸= f2 ̸= f3, there exists a strict ordering among them. Pick any

ordering, say f1 < f2 < f3. Then uf (x
′, j2) < uf (x

′, j1), for any x′ on the left of x, and

uf (x
′, j2) < uf (x

′, j3), for any x′ on the right of x, which contradict with ∆ > 0.

241



Case 2: Note that f1 − f2 (or f1 − f3) captures the change of utility difference between

j1 and j2 (or j3). Since f1 ̸= f2 ̸= f3, it is only possible that (f1 − f2)(f1 − f3) > 0 or

(f1 − f2)(f1 − f3) < 0. If (f1 − f2)(f1 − f3) < 0, the maximum utility difference between

j1 and j2, j3 is no more than δ, which contradict with ∆ > δ. If (f1 − f2)(f1 − f3) > 0

and f1 − f2 < 0 by assumption, we have f1 − f3 < 0. Pick any ordering between f2, f3,

say f2 < f3. Then, j2 can never be the follower’s best response: for any leader strategy on

the left of x, the follower’s utility of j2, j3 must be worse than that of j1; for any leader

strategy on the right of x, the follower’s utility of j2 must be worse than that of j3. This

again contradicts ∆ > 0.

Case 3: Since f1 − f2 < 0, it is only possible that f1 − f3 < 0 (or f1 − f3 > 0 and

f2 − f3 > 0). In this case, the follower’s utility difference between j3 and j1 (or j2) will

always be less δ, and thus, X (δ; {j1}) (or X (δ; {j2}) ) will be empty, contradicting Property

1.

It now remains to show that even when the inequalities are not strict, the case uf (x, j1) >

uf (x, j2) > uf (x, j3) > uf (x, j1)− δ is also impossible. Again since f1 − f2 < 0, it is only

possible that f1 − f3 < 0, (or f1 − f3 < 0 and f2 − f3 > 0):

• If f1 − f3 > 0 and f2 − f3 > 0, then there exists a leader strategy x′ on the left of x

such that

uf (x
′, j1) ≥ uf (x

′, j2) = uf (x
′, j3) > uf (x

′, j1)− δ,

which reduces to Case 1 or 2 above and reach the contradiction.

• If f1 − f3 < 0, then there exists a leader strategy x′ on the right of x such that

uf (x, j1) = uf (x
′, j2) ≥ uf (x

′, j3) > uf (x
′, j1)− δ,

which reduces to Case 1 or 3 above and reach the contradiction.
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Property 3 The first part of the property hinges on the observation that, when m = 2,

for any j, j′ ∈ [n], if there exists xj,j
′ ∈ ∆m such that BR(xj,j

′
) = {j, j′}, then xj,j

′ ∈

X (δ; {j, j′}) for any δ ∈ (0,∆). This is because xj,j
′ ̸∈ X (δ;S),∀|S| = 1 by definition, or

|S| > 2 by Property 2. Given this observation, we prove by contradiction that X (δ; {j, j′})

must only contain points from the interior of X (0; j),X (0; j′), except for xj,j
′
. Suppose

there exists another strategy x ∈ X (δ; {j, j′}) such that BR(x) = {j′′} and j′′ ̸= j, j′.

Assume WLOG a left to right ordering of X (0; j),X (0; {j′}),X (0; {j′′}), i.e., the best re-

sponse region of j, j′, j′′, respectively, in the 1-dimensional simplex. By convexity, this

implies that X (δ; {j, j′}) ⊇ X (0; {j′} ⊇ X (δ; {j′}). Since X (δ; {j, j′}) ∩ X (δ; {j′}) = ∅,

we get X (δ; {j′}) = ∅, contradicting Property 1. Using the same argument, X (δ; {j, j′})

cannot contain points from the boundary of X (0; j),X (0; j′), except for xj,j
′
. In addition,

the two boundary point xL,xR of X (δ; {j, j′}) must satisfy uf (xL, j)− uf (xL, j′) = δ and

uf (x
R, j) − uf (xR, j′) = −δ and thus xL,xR ̸∈ X (δ; {j, j′}), X (δ; {j, j′}) is an open set.

Suppose if uf (xL, j)− uf (xL, j′) = δ′. Clearly, if δ′ > δ, the xL must not be on the bound-

ary of X (δ; {j, j′}) by definition. The case where δ′ < δ is also impossible, because this

means xL is on the left boundary of x, or moving xL leftward increases the utility gap δ′.

Similar argument holds for uf (xR, j)− uf (xR, j′) = −δ.

The proof for the second part of the property now becomes straightforward. Consider

δ′ = δ+ϵ for any ϵ > 0, δ′ < ∆. We can verify by definition that X (δ; {j, j′}) ⊆ X (δ′; {j, j′}).

That is, for any x ∈ X (δ; {j, j′}), |uf (x, j′)− uf (x, j)| < δ < δ − ϵ. Moreover, observe that

for the two points on the open boundary of X (δ; {j, j′}), we have xR,xL ∈ X (δ+ ϵ; {j, j′}).

Therefore, X (δ; {j, j′}) ⊂ X (δ′; {j, j′}).

B.1.6 Proof of Proposition 3.5

Proof. For the case when m = 2. Let U(δ;S) := maxx∈X (δ;S)minj∈S ul(x, j). Then,

uRSE(δ) = maxS⊆[n] U(δ;S) = maxS⊆[n],|S|≤2 U(δ;S), by Lemma B.2. We first prove a
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claim that if U(δ;S) is linearly for all |S| = 1, then uRSE(δ) is convex at δ ∈ (0,∆).

From Lemma B.2, we know U(δ;S) is non-increasing in δ when |S| = 1, and is non-

decreasing in δ when |S| = 2. This, along with Lemma B.1, implies that if for some δ0 ∈

(0,∆), δ0-RSE leader strategy x∗ ∈ X (δ;S) with |S| = 2, then x∗ is the δ-RSE for all

δ ∈ [δ0,∆) — otherwise, it breaks the continuity of uRSE(δ) when δ ∈ (0,∆). Hence, if such

δ0 exists, then we have

uRSE(δ) =


maxS⊆[n],|S|=1 U(δ;S) δ ∈ (0, δ0)

uRSE(δ0) δ ∈ [δ0,∆)

,

where uRSE(δ) is convex non-increasing when δ ∈ (0, δ0) and is constant when δ ∈ [δ0,∆)

— its gradient is non-decreasing and thus uRSE(δ) is convex. Meanwhile, if such δ0 does not

exist, uRSE(δ) = maxS⊆[n],|S|=1 U(δ;S) is clearly convex.

It only remains to show that U(δ;S) is linearly for all |S| = 1. To see this, we can

explicitly derive its gradient. Let S = {j1} and the leader utility gradient g1 =
ul((x,1−x),j1)

dx ,

follower utility gradient fi =
uf ((x,1−x),ji)

dx ,∀i ∈ [n]. We assume WLOG g1 < 0; otherwise,

if g1 = 0, U(δ;S) is a constant function and thus linear. The Lagrangian of U(δ; {j1}) is

L(δ, x) = g1x−
∑n
i=2 λi [(f1 − fi)x− δ], so its gradient function can be simplified using the

envelope theorem as,
∂U(δ; {j1})

∂δ
=
∂L(δ, x)

∂δ
=

n∑
i=2

λi.

So it only remains to determine λi. First, if no constraint is tight, then
∑n
i=2 λi = 0

and U(δ; {j1}) is linear. Second, observe that, since the optimal solution x lies in a 1-

dimensional space, there can be at most one constraint that is tight for any δ ∈ (0,∆),

i.e., uf (x, {j1}) − uf (x, {ji}) = δ for some ji ̸= j1. In this case, the gradient is constant
∂U(δ;{j1})

∂δ = λi =
g1

fi−f1 and U(δ; {j1}) is linear.

For the case when m > 2, we prove by construction. Consider a game with m = 3, n = 2
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and utility matrices specified in Table B.5 where the parameter ∆ ∈ (0, 12) and c ∈ (0, 1).

ul, uf j1 j2
i1 0, 1 c,∆
i2 1/2, 0 c,∆
i3 1, 1/2 c,∆

Table B.5: An instance where uRSE(δ) is neither convex nor concave for ∆ ∈ (0, 12), c ∈ (0, 1).

We start with some observations on this game: 1) follower always have utility ∆ for any

leader strategy; 2) Since c < 1, the leader utility is maximized at the action profile (i3, j1).

We now determine the δ-RSE at different interval of δ, see Figure B.2 for an illustration:

• For δ ∈ (0, 12−∆], the δ-RSE leader strategy x∗ = (0, 0, 1), as BRδ(x∗) = {j1} and the

leader receives utility 1 that are strictly better than any other possible leader/follower

action profile.

• For δ ∈ (12 − ∆, 1 − c
2 − ∆], the δ-RSE leader strategy x∗ = (ϵ, 0, 1 − ϵ), where

ϵ = 2∆ + 2δ − 1. We can verify that BRδ(x
∗) = {j1}, since 1

2(1− ϵ) + ϵ ≥ ∆+ δ and

the leader receives utility 1 − ϵ = 2 − 2∆ − 2δ that are no worse than c, which is the

leader utility if the follower ever responds with j2.

• For δ ∈ (1− c
2−∆,∞), the δ-RSE leader strategy x∗ = (0, 1, 0). This is because leader

cannot achieve a utility more than c, and thus the δ-RSE leader strategy x∗ only needs

to satisfy that BR(x∗) = {j2}.

Therefore, it is clear that uRSE(δ) in this instance is neither convex nor concave.
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Figure B.2: An illustration of δ-RSE strategy x∗ (highlighted with red marks) in the leader’s
strategy simplex and the plot of the function uRSE(δ), when ∆ = 0.4, c = 0.8. Each one of the first
plots represents a linear segment of uRSE(δ).

B.2 Omitted Proofs in Section 3.4

B.2.1 Proof of Corollary 3.7

Proof. According to the proof of Property (1) in Theorem 3.4, we can construct a specific

leader strategy x̂ = (1 − δ
∆)x∗ + δ

∆xj
∗

whose leader utility against a δ-rational follower is

at least (1 − δ
∆)uSSE. Recall that ⟨x∗, j∗⟩ is the SSE of the game, and xj

∗
is the strategy

such that uf (xj
∗
, j∗) ≥ uf (x

j∗ , j′) + ∆ for all j′ ̸= j∗. It is easy to see that its utility

(1 − δ
∆)uSSE ≥ (1 − δ

∆)uRSE(δ) ≥ uRSE(δ) − δ
∆ , which is δ

∆ -optimal for the δ-RSE leader

utility.

It remains to show this construction is computationally efficient: it is well-known that

SSE (x∗, j∗) can be computed by solving n linear programs [Conitzer and Sandholm, 2006].

What’s more, finding xj
∗

requires solving the following linear program:

max
x

ul(x, j
∗)

subject to uf (x, j
∗) ≥ uf (x, j

′) + ∆,∀j′ ̸= j∗
(B.3)

Thus, constructing x̂ requires solving n+ 1 linear programs.
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B.3 Omitted Proofs in Section 3.5

B.3.1 Proof of Lemma 3.12

Let BRδ(x, uf ) denote the set of δ-optimal response(s) of x for follower with utility function

uf . We start by showing that ∀x ∈ ∆m,BRδ+2ϵ(x, ũf ) ⊇ BRδ(x, uf ), and it suffices to

argue that for any j ∈ [n], if j ̸∈ BRδ+2ϵ(x, ũf ), then j ̸∈ BRδ(x, uf ). That is, given

j ̸∈ BRδ+2ϵ(x, ũf ), we know there exists j′ such that ũf (x, j) − ũf (x, j
′) ≤ −δ − 2ϵ.

Reusing the fact that for any ∥ũ− u∥∞ ≤ ϵ, x ∈ ∆m, |ũ(x, j) − u(x, j)| ≤ ϵ, we have

uf (x, j)− uf (x, j′) ≤ ũf (x, j)− ũf (x, j′) + 2ϵ ≤ −δ and thus j ̸∈ BRδ(x, uf ).

Since BRδ+2ϵ(x, ũf ) ⊇ BRδ(x, uf ), we have by definition,

V (x;ul, uf , δ) = min
j∈BRδ(x,uf )

ul(x, j) ≥ min
j∈BRδ+2ϵ(x,ũf )

ul(x, j) = V (x;ul, ũf , δ + 2ϵ).

This leads to the following inequalities,

V ∗(ul, ũf , δ+2ϵ) = V (x1;ul, ũf , δ+2ϵ) ≤ V (x1;ul, uf , δ) ≤ V (x2;ul, uf , δ) = V ∗(ul, uf , δ),

where x1 is (δ + 2ϵ)-RSE strategy of Stackelberg game ul, ũf , and x2 is δ-RSE strategy of

Stackelberg game ul, uf .

B.3.2 Proof of Proposition 3.14

Proof. We divide the proof into two parts: δ < ∆ or δ ≥ ∆. The proofs for two parts are

similar but require different instance construction.

Ω(1/
√
T ) lower bound instance when δ < ∆:

Table B.6 illustrates a game in which the inducibility gap is ∆. Suppose ∆ > δ. Consider

the following two Stackelberg games G1, G2 where rl(i, j) ∼ Bern(ul(i, j)) and rf (i, j) ∼

Bern(uf (i, j)), with mean values shown in Table B.6 and ϵ ∈ [0, 1] is a parameter to be
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ul, uf j1 j2
i1 1, 1+ϵ2 + δ 0, 1−ϵ2
i2 0, 0 0,∆
i3 0,∆ 0, 0

ul, uf j1 j2
i1 1, 1−ϵ2 + δ 0, 1+ϵ2
i2 0, 0 0,∆
i3 0,∆ 0, 0

Table B.6: Example instancesG1 = {ul, uf} (left) andG2 = {ul, uf} (right). Each table represents
a Stackelberg game ul, uf ∈ R3×2 with inducibility gap ∆.

determined.

In Stackelberg game G1, the leader strategy in δ-RSE can be computed as

x∗1 = argmax
x∈∆m

min
j∈BRδ(x)

ul(x, j) = (1, 0, 0).

That is, in the δ-RSE of Stackelberg game G1, the leader plays pure strategy i1 and

BRδ(i1) = {j1}. As a result, we have u∗l (δ) = 1 for G1.

On the other hand, for Stackelberg game G2, note that uf (i1, j1)−uf (i1, j2) = δ−ϵ < δ.

Thus, j2 is included in the follower’s δ-optimal response set if the leader plays pure strategy

i1, i.e. the x∗1 for the other game G1. Consequently, the leader receives 0 utility if the

leader plays pure strategy i1 in the Stackelberg game G2. However, the leader can play a

mixed strategy x∗2 that includes both pure actions i1 and i3 to increase the follower’s utility

difference between responding with j1 and j2. When the probability of playing i3 is high

enough, x∗2 can make uf (x∗2, j1)−uf (x
∗
2, j2) = δ. Specifically, let x∗2 = (p, 0, 1− p), then we

have the following constraint on p in order to exclude j2 from the δ-optimal response set:

p ·
(
1− ϵ
2

+ δ

)
+ (1− p) ·∆− p · 1 + ϵ

2
= δ (B.4)

which makes p = ∆−δ
∆−δ−ϵ . As a result, for the Stackelberg game G2, we have BRδ(x∗2) = {j1}

and uRSE(δ) = ul(x
∗
2, j1) =

∆−δ
∆−δ−ϵ .

Therefore, if the learning algorithm cannot distinguish the above two Stackelberg games
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with finite samples and makes a wrong estimation, the outputted leader strategy will suffer

an error of at least ϵ
∆−δ+ϵ . Specifically, the following incorrect estimations can happen:

1. If the true game is G1, but the learning algorithm estimated the game as G2 and

outputs leader strategy as x̂ = x∗2. Then the leader utility of playing x∗2 will be ∆−δ
∆−δ+ϵ

while uRSE(δ) = 1, this has the learning error of ϵ
∆−δ+ϵ .

2. If the true game is G2, but the learning algorithm estimated the game as G1 and

outputs leader strategy as x̂ = x∗1. Then the leader utility of playing x∗1 will be 0

while uRSE(δ) =
∆−δ

∆−δ+ϵ , and this has the learning error of ∆−δ
∆−δ+ϵ which is even larger

than ϵ
∆−δ+ϵ .

Consequently, if the learning algorithm can output a leader strategy x̂ that violates equation

(3.18), i.e.,

min
j∈BRδ(x̂)

ul(x̂, j) > uRSE(δ)−
ϵ

∆− δ + ϵ
,

then for the game G1 we have ul(x̂, j) > ∆−δ
∆−δ+ϵ , while for the game G2 we have uRSE(δ) =

∆−δ
∆−δ+ϵ . In other words, the learning algorithm can distinguish G1 from G2 with T samples.

Therefore, consider the learning algorithm that samples rf (i, j) for T times, and the goal

is to identify if uf ∈ G1 or uf ∈ G2. We prove the proposition by contradiction. Suppose

Proposition 3.14 is not correct, then with T samples, we can identify if uf ∈ G1 or uf ∈ G2

with probability more than 2
3 . Since uf (i2, j1), uf (i2, j2), uf (i3, j1), and uf (i3, j2) are the

same for G1 and G2, the algorithm can only identify G1 and G2 by sampling uf (i1, j1) or

uf (i1, j2). Formally, we define the problem as follows. Let Ω = [0, 1]T to be the sample

space for the outcome of T samples of rf (i1, j1), our goal is to have the following decision

rule

Rule: Ω→ {G1, G2}, (B.5)
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ul, uf j1 j2
i1 1, 1+ϵ2 + δ 0, 1−ϵ2
i2

1
2 , 1

1
2 , 1

ul, uf j1 j2
i1 1, 1−ϵ2 + δ 0, 1+ϵ2
i2

1
2 , 1

1
2 , 1

Table B.7: Example instancesG1 = {ul, uf} (left) andG2 = {ul, uf} (right). Each table represents
a Stackelberg game ul, uf ∈ R2×2.

which satisfies the following two properties for any ω ∈ Ω:

Pr[uf ∈ G1|Rule(ω) = G1] >
2

3
and Pr[uf ∈ G2|Rule(ω) = G2] >

2

3
. (B.6)

As a result, let ωo ∈ Ω be the event this Rule returns G1 (i.e., Rule(ωo) = G1). Then we

have:

Pr[uf ∈ G1|ωo]−Pr[uf ∈ G2|ωo] >
1

3
(B.7)

Next, for any event ω ∈ Ω, let Pk(ω) = Pr[uf ∈ Gk|ω] where k = 1, 2. Then we have

Pk = Pk,1×· · ·×Pk,T where Pk,t is the distribution of t’th sample of rf (i1, j1). As a result,

by applying a basic KL-divergence argument to distributions P1 and P2 [Slivkins et al., 2019,

Lemma 2.5], for any event ω we have |P1(ω)−P2(ω)| ≤ ϵ
√
T . Plugging ω = ω0 and ϵ = 1

3
√
T

we have |P1(ω)−P2(ω)| ≤ 1
3 , contradicting with equation (B.7). Therefore, the Stackelberg

game instances G1 and G2 in table B.6 with ϵ = 1
3
√
T

proves the proposition when δ < ∆.

Ω(1) lower bound instance when δ ≥ ∆:

Consider the following two Stackelberg games G1 and G2, where rl(i, j) ∼ Bern(ul(i, j))

and rf (i, j) ∼ Bern(uf (i, j)), with mean values shown in Table B.7 and ϵ ∈ [0, 1] is a

parameter to be determined. Note that in G1 follower action j2 is dominated by action j1.

Thus, we have ∆ = 0.

According to Table B.7, it is straightforward that the δ-RSE of Stackelberg game G1 is

⟨i1, j1⟩ where the leader plays pure strategy i1 and follower responds with pure strategy j1.

Leader’s utility at δ-RSE is uRSE(δ) = 1 for G1. On the other hand, for Stackelberg game
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G2, we have uf (x, j1) − uf (x, j2) < δ for any leader strategy x. Thus, j2 is always in the

follower’s δ-optimal response set. To achieve the best utility, the leader plays pure strategy

i2 while the follower is indifferent between playing j1 or j2. As a result, uRSE(δ) =
1
2 for G2.

Suppose the learning algorithm can output leader strategy x̂ that violates equation (3.18),

i.e.,

min
j∈BRδ(x̂)

ul(x̂, j) > uRSE(δ)− 1/2.

Then for game G1, we have minj∈BRδ(x̂) ul(x̂, j) >
1
2 while

uRSE(δ) = max
x∈∆m

min
j∈BRδ(x)

ul(x, j) =
1

2

for game G2. Then this means the learning algorithm can identify G1 from G2.

Therefore, consider the learning algorithm that samples rf (i, j) for T times, and the goal

is to identify if uf ∈ G1 or uf ∈ G2. We prove the proposition by contradiction. Suppose

Proposition 3.14 is not correct, then with T samples, we can identify if uf ∈ G1 or uf ∈ G2

with probability more than 2
3 . Since uf (i2, j1) and uf (i2, j2) are the same for G1 and G2,

the algorithm can only identify G1 and G2 by sampling uf (i1, j1) or uf (i1, j2). Formally,

we define the problem as follows. Let Ω = [0, 1]T to be the sample space for the outcome of

T samples of rf (i1, j1) and our goal is to have the following decision rule

Rule: Ω→ {G1, G2} (B.8)

which satisfies the following two properties:

Pr[uf ∈ G1|Rule(observations) = G1] >
2

3

Pr[uf ∈ G2|Rule(observations) = G2] >
2

3

(B.9)
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Therefore, let ωo ∈ Ω be the event this Rule returns G1. Then we have:

Pr[uf ∈ G1|ωo]−Pr[uf ∈ G2|ωo] >
1

3
(B.10)

Next, for any event ω ∈ Ω, let Pk(ω) = Pr[uf ∈ Gk|ω] where k = 1, 2. Then we have

Pk = Pk,1×· · ·×Pk,T where Pk,t is the distribution of t’th sample of rf (i1, j1). As a result,

by applying a basic KL-divergence argument to distributions P1 and P2 [Slivkins et al., 2019,

Lemma 2.5], for any event ω we have |P1(ω)−P2(ω)| ≤ ϵ
√
T . Plugging ω = ω0 and ϵ = 1

3
√
T

we have |P1(ω)− P2(ω)| ≤ 1
3 , contradicting with equation (B.10).

Therefore, choosing the problem class to be G1 and G2 in table B.7 with ϵ = 1
3
√
T

,

finishes the proof.
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APPENDIX C

C.1 Proof of Theorem 4.1

Definition 10 (Mixed Strategy Nash equilibrium). In a mixed strategy Nash equilibrium,

each owner j adopts a mixed strategy xj as a distribution supported on all possible rankings.

We say a profile of owners’ report {xj}mj=1 forms a mixed strategy Bayes-Nash Equilibrium

(NE) under mechanismM if for any owner j ∈ [m], given others’ randomized report profile

x−j = {xj′}j′ ̸=j, the expected utility under xj is no worse than any other possible randomized

report x̃j, i.e.,

E
y

[
E

πj∼xj
E

π−j∼x−j
Uj
(
R̂M(xj , x−j ;y)

)]
≥ E

y

[
E

π̃j∼x̃j
E

π−j∼x−j
Uj
(
R̂M(x̃j , x−j ;y)

)]
.

Definition 11 (Majorization). We say a majorizes b, denoted a ⪰ b, if
∑k
i=1 a(i) ≥∑k

i=1 b(i),∀k < n and
∑n
i=1 a(i) =

∑n
i=1 b(i), where a(1) ≥ · · · ≥ a(n) and b(1) ≥ · · · ≥ b(n)

are sorted in descending order from a and b, respectively.

Lemma C.1 (Hardy–Littlewood–Pólya inequality). For any vector a, b ∈ Rn, the inequality

n∑
i=1

h(ai) ≥
n∑
i=1

h(bi)

holds for all convex functions h : R→ R if and only if a ⪰ b.

Proof. Proof of Theorem 4.1 We first show that truthful reporting forms a Bayes-Nash

equilibrium. Pick any owner and let its utility function be U(R̂) =
∑n
i=1 U(R̂i). Suppose

that the other m− 1 owners are already truth-telling and without loss of generality we can

index them from 1 to m − 1. With slight abuse of notation, we let R̂j(π) be the random

variable for the score estimates using owner j’s reported ranking π w.r.t. the randomness of

review noise z, i.e, Pr[R̂j(π) = R̂j(π;R+z)] = Pr[z]. Suppose that the first m−1 estimates
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use the true ranking and the true ranking π⋆ is the identity permutation for simplicity. It is

clear that the item score estimates with all m − 1 owners’ truthfully reported rankings are

all identical,

R̂1(π⋆) = R̂2(π⋆) = · · · = R̂m−1(π⋆) := R̂(π⋆).

Suppose the m-th owner reports π. Pick any {αj}mj=1 such that
∑m
j=1 α

j = 1. Then,

her expected utility is

E
z

U(αmR̂m(π) +
m−1∑
j=1

αjR̂j(π⋆))

 = E
z

[
U(αmR̂m(π) + (1− αm)R̂(π⋆))

]
.

Since the noise terms are exchangeable in distribution, the expectation can be replaced

by averaging the term above with n! permuted noise terms. Let R̂(π; z) := R̂(π;R+z) and

ρ ◦ z be the noise vector z after permutation ρ. By the linearity of expectation, we have

E
z

[
U(αmR̂m(π) + (1− αm)R̂(π⋆))

]
= E

z

[∑
ρ

U
(
αmR̂m(π; ρ ◦ z) + (1− αm)R̂(π⋆; ρ ◦ z)

)]
.

Note that R̂m(π; ρ ◦z) = R̂(π; ρ ◦z) for any π. Then, it suffices to show that, for any vector

z ∈ Rn,

∑
ρ

U
(
αmR̂(π; ρ ◦ z) + (1− αm)R̂(π⋆; ρ ◦ z)

)
≤
∑
ρ

U
(
αmR̂(π⋆; ρ ◦ z) + (1− αm)R̂(π⋆; ρ ◦ z)

)
. (C.1)

Let a+ be the projection of a onto the standard isotonic cone {a|a1 ≥ a2 ≥ · · · ≥ an}.

Recall that we assume without loss of generality that R1 ≥ R2 · · · ≥ Rn. Following from the

coupling argument in the proof of Theorem 1 in [Su, 2021], we have R(π⋆; z) = (R + z)+
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and R(π; z) = π−1 ◦ (π ◦R+ π ◦ z)+,∀z ∈ Rn. So we can rewrite the inequality (C.1) as,

∑
ρ

U
(
(1− αm)(R+ ρ ◦ z)+ + αmπ−1 ◦ (π ◦R+ π ◦ ρ ◦ z)+

)
≤
∑
ρ

U
(
(R+ ρ ◦ z)+

)
.

We can prove this inequality with the following steps:

∑
ρ

U
(
(1− αm)(R+ ρ ◦ z)+ + αmπ−1 ◦ (π ◦R+ π ◦ ρ ◦ z)+

)
≤
∑
ρ

U
(
(1− αm)(R+ ρ ◦ z)+ + αm(π ◦R+ π ◦ ρ ◦ z)+

)
≤
∑
ρ

U
(
(1− αm)(R+ ρ ◦ z)+ + αm(R+ π ◦ ρ ◦ z)+

)
=

n∑
i=1

∑
ρ

U
(
(1− αm)(R+ ρ ◦ z)+i + αm(R+ π ◦ ρ ◦ z)+i

)
≤

n∑
i=1

∑
ρ

U
(
(1− αm)(R+ ρ ◦ z)+i + αm(R+ ρ ◦ z)+i

)
=
∑
ρ

U
(
(R+ ρ ◦ z)+

)

The first inequality is due to Lemmas C.1 and C.2, as π−1 is some permutation on b+ =

(π ◦R+π ◦ ρ ◦z)+. The second inequality follows from Lemmas C.1, C.3 as well as Lemma

2.4 of [Su, 2021], which shows that (R + π ◦ ρ ◦ z)+ ⪰ (π ◦ R + π ◦ ρ ◦ z)+,∀ρ. The

third inequality follows from Lemma C.1 and C.2 where for each distinct permutation ρj ,

(1 − αm)(R + ρj ◦ z)+i , α
m(R + ρj ◦ z)+i are the j-th entry of a+, b+ ∈ Rn! and π is

some permutation on b+. The equalities are by the definition of the utility function and its

linearity.

It now remains to prove that truthful NE gives every owner the highest equilibrium util-

ity among all possible equilibria of the game. Again, we pick arbitrary owner j. Under

truthful NE, the owner’s utility is Ez

[
Uj(R̂(π⋆))

]
, where R̂(π⋆) is the item score esti-

mate under the truthful ranking. We compare it to any (possibly mixed) Nash equilibrium
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(see Definition 10). Consider any pure strategy profile in this mixed Nash equilibrium,

π = (π1, π2, . . . , πm) ∼ x = (x1, x2, . . . , xm). This sampled profile of reported ranking

corresponds to the weighted average of score estimates,
∑m
j=1 α

jR̂(πj). We can see that

the owner’s expected utility under this pure strategy profile is no larger than that under the

truthful strategy profile,

E
z

Uj
 m∑
j=1

αjR̂(πj)

 ≤ m∑
j=1

αj E
z

[
Uj(R̂(πj))

]
≤ max
j∈[m]

E
z

[
Uj(R̂(πj))

]
≤ E

z

[
Uj(R̂(π⋆))

]
,

(C.2)

where the first inequality is due to Jensen’s inequality and linearity of expectation, the second

inequality is by the property of arithmetic mean, last inequality is due to Theorem C.1.1.

Hence, the owner’s expected utility under this Nash equilibrium, taking an expectation over

the distribution of pure strategy profile, Eπ∼xEz

[
Uj(
∑m
j=1 α

jR̂j)
]
≤ Ez

[
Uj(R̂(π⋆))

]
, is

no larger than the expected utility under the truthful NE.

Remark C.1.1. In fact, one may have noticed that the proof of payoff dominance above does

not rely on whether the non-truthful strategy profile forms an equilibrium or not. Hence, a

slightly stronger result holds, that is, the truthful NE gives every owner the highest utility

among all possible strategy profiles of the game. However, we would like to also point out that

this additional observation does not imply that the truthful report is necessarily a dominant

strategy for any owner, i.e., the best response to any other strategy profile of the other owners.

Nor is the truthful NE necessarily unique in this game. That said, given its payoff-dominant

property, there is other strong evidence, especially from empirical human preference and

behavioral theory, to expect the truthful equilibrium outcome, as pointed out in Remark 4.1.1.

Theorem C.1.1 (Restatement of [Su, 2021, Theorem 1]). Under Assumption 4.3, 4.4, 4.5,
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it is optimal for a single owner to truthfully report the ranking of its items π⋆,

E
z

[
U(R̂(π⋆))

]
= max

π
E
z

[
U(R̂(π))

]
.

Lemma C.2. For any vector a, b ∈ Rn, a+ + b+ ⪰ a+ + ρ ◦ b+ for any permutation ρ on

b+.

Proof. Proof of Lemma C.2 We prove it by contradiction. Suppose ρ maximizes the sum.

Let b′ = ρ ◦ b+. We have for some i < j, b′i < b′j . In this case, consider another vector

b̃ = ρ̃ ◦ b+ with b̃j = b′i, b̃i = b′j and b̃ℓ = b′ℓ,∀ℓ ̸= i, j. Given that a+i > a+j , we have

a+i + b′j > a+j + b′i. Hence, a+ + ρ̃ ◦ b+ ⪰ a+ + ρ ◦ b+, which reaches the contradiction.

Lemma C.3. Suppose a,a′, b are in the same descending order and a ⪰ a′, then a + b ⪰

a′ + b.

Proof. Proof of Lemma C.3 We first verify that equality holds. Since
∑n
i=1 ai =

∑n
i=1 a

′
i,

n∑
i=1

(ai + bi) =
n∑
i=1

(a′i + bi).

For the inequality at any k < n, we have
∑k
i=1 ai ≥

∑k
i=1 a

′
i. This readily implies that

k∑
i=1

(ai + bi) ≥
k∑
i=1

(a′i + bi).

Therefore, by definition, we have a+ b ⪰ a′ + b.

C.2 Proof of Proposition 4.5

We prove that for any ownership instance O = {Ij}j∈[m], we can construct a different

ownership instance O′ = {Ij}j∈[m] such that any L-strong partition S in O is a 1-strong

partition in O′.
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Pick any bipartite graph G = (A,P , E) from the ownership instance O = {Ij}j∈[m].

Suppose we were to find L-strong partition S in G. We can construct a bipartite graph

G′ = (A′,P ′, E ′), where the item set remains the same P ′ = P , the owner set A′ corresponds

to all the L element subsets of A, A′ = {ℓ|uℓ ⊆ A, |uℓ| = L} and the edge set captures

the commons items of every L owners, E ′ = {(i, ℓ)|i ∈
⋂
j∈uℓ I

j}. We show that for any L-

strong partition S = {S1,S2, . . . ,SK} of G, there is an equivalent 1-strong greedy partition

S ′ = {S ′1,S
′
2, . . . ,S

′
K} of G′ such that Sk = S ′k,∀k ∈ K.

The proof is a straightforward verification of this bipartite graph construction. Pick any

Sk ∈ S with |Tk| ≥ L in G, there exists an S ′k with |T ′k | = 1 in G′. That is, we have T ′k = {ℓ}

for some uℓ ⊆ Tk, then S ′k = Sk ⊆
⋂
j∈uℓ I

j by construction. Therefore, Sk = S ′k,∀k ∈ [K].

C.3 Proof of Proposition 4.6

We consider the weight function w(x) = max{x, 1}−1. For any partition with K blocks, the

objective function is obj(S) = n−K. We show that finding the optimal partition under such

an objective function is at least as hard as finding the minimum set. We prove via a standard

hardness reduction argument: for any set cover instance, we can construct a bipartite graph

instance in which the partition that maximizes the objective function is obj(S) = n−K can

be turned into a minimum set cover.

Pick arbitrary set cover instance with m subsets of n item, V1,V2, . . . ,Vm. We construct

a bipartite graph G = (A,P , E) where A = [m],P = [n] and E = {(pi, aj)|pi ∈ Vj , j ∈ [m]}.

There exists an optimal partition S∗ with obj(S∗) = n−K∗, if and only if the minimum set

cover has size K∗. For the “if” direction, we construct a partition S∗ with obj(S∗) = n−K∗

from the set cover of size K∗. For each subset selected by the set cover, we construct a

partition block with items in the subset minus the items already in the partition. This

partition must be valid and have K∗ blocks. For the “only if” direction, we construct the set

cover of size K∗ from the optimal partition S∗. For every block S∗k of the optimal partition
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S∗, we pick any vertex aj ∈ T ∗k from the corresponding owner set. Based on the K∗ distinct

vertices, we select the subsets with the same indices, and it forms a set cover of all n items

by construction.

C.4 Proof of Theorem 4.3

Proof. Proof of Theorem 4.3 The proof is structured as follows. First, we characterize

the necessary conditions under which Mechanism 4.3 is truthful, according to Lemma 4.4.

Second, we show that for any Mechanism 4.3 under the necessary condition, a Mechanism 4.2

can be constructed to elicit as least as much ranking information.

Fix any ownership relation {Ij}mj=1. For notational convenience, we let βji = 0, ∀i ̸∈

Ij , as βji does not affect the mechanism output anyway. Our characterization of truthful

Mechanism 4.3 is based on the following lemma (restatement of Lemma), which shows that

truthful condition holds for Mechanism 4.3 only if its parameters admit certain partition

structure as detailed in Equation (C.3).

Lemma [Restatement of Lemma 4.4] Under Assumptions 4.3, 4.4, and 4.5, if a Mech-

anism 4.3 with parameters
{
Sj ,βj

}m
j=1 is truthful, then the following two conditions must

both hold:

(I) Each owner has balanced influence on the items within each of its partition blocks for

any input, i.e.,

for any j ∈ [m],S ∈ Sj , i, i′ ∈ S, we have ω
j
i = ω

j
i′ ,

where ω
j
i = αjβ

j
i /
∑
j′∈J i α

j′β
j′

i denotes owner j’s relative influence on the output

score of item i.
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(II) The parameters
{
Sj ,βj

}m
j=1 has a valid partition structure in the following sense,

for any j, j′ ∈ [m],S ∈ Sj ,S ′ ∈ Sj′ , if S∩S ′ ̸= ∅, then β
j
i = β

j
i′ , for all i, i′ ∈ S∪S ′.1

(C.3)

Moreover, these two conditions are equivalent to each other.

We start by observing a few corollaries from Lemma 4.4, which will be useful for our proof

of Theorem 4.3. First, Condition (II) of the lemma is applicable to the situation with j = j′,

in which case S = S ′ since other sets in Sj does not overlap with S. Hence we have βji = β
j
i′

for each i, i′ ∈ S. Second, let us now consider the case j ̸= j′ and let S ∈ Sj ,S ′ ∈ Sj′

satisfying S∩S ′ ̸= ∅. Then the lemma implies βji = β
j
i′ , for all i, i′ ∈ S∪S ′. A consequence

of this is that either βji = 0 (i.e., j’s report does not affect item i), or j must own every item

in S ∪ S ′ since j has a non-zero value for every item in S ∪ S ′. In the later case, if S ′ ̸⊆ S,

then some element i in S ′ \ S owned by j must belong to another set S ∈ Sj . Condition

(II) of Lemma 4.4 then implies that the weights in S,S must all be the same, i.e., βji = β
j
i′

for any i ∈ S and i′ ∈ S.

Observations above hint at a constructive proof of the theorem by iteratively merging

any two “unnecessarily isolated” partition blocks such as the S,S as above in the parame-

ters
{
Sj ,βj

}m
j=1, until it becomes a Mechanism 4.2. Formally, we will show that for any

Mechanism 4.3 with a valid partition structure specified in Equation (C.3), we can construct

a Mechanism 4.2 with some item set partition that elicits no less ranking information and

thus has no worse statistical efficiency.

Our construction hinges on a MERGE operator that merges all those “unnecessarily isolated”

partition blocks like the S,S above. Specifically, if some owner j ∈ [m] has two distinct blocks

S,S ∈ Sj that satisfy the following conditions — for any i ∈ S, i ∈ S: (1) βji = β
j
i
; and

(2) βj
′

i = β
j′

i
̸= 0 for any other owner j′ who fully owns all items in S ∪ S — then MERGE

1. We remark that βj
i is set to 0 for any i ̸∈ Ij in this statement.
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combines S,S as one set in j’s Sj with the same parameter βji for any i ∈ S ∪ S. Notice

that MERGE strictly increases the amount of ranking information elicited from the owners, as

the orderings of items among merged blocks S,S are now used in the calibration.

We exhaustively apply MERGE on the parameters for every owner’s every pair of item sets

until there is no more valid merge, and then remove any block S with zero weights, i.e.,

β
j
i = 0,∀i ∈ S. The last procedure does not affect the mechanism but makes our following

analysis cleaner. It is also obvious that the merge process must terminate, since the merged

block can only be as large as each owner’s item set. In addition, after each merge, the

value of any βj remains unchanged; it can be verified that the condition in Equation (C.3)

holds for the updated partition blocks. Let the resulting parameters be
{
S̃j ,βj

}m
j=1. We

claim that
{
S̃j ,βj

}m
j=1 satisfies that, for any j, j′ ∈ [m], S ∈ S̃j ,S ′ ∈ S̃j′ , S,S ′ are either

identical or disjoint.

We prove by contradiction: if this is not the case, then there must exist at least one valid

merge. Suppose S ∩ S ′ ̸= ∅. Since
{
S̃j ,βj

}m
j=1 satisfies the condition in Equation (C.3),

we have shown above that for owner j, she must (1) either have βji = 0,∀i ∈ S ∪ S ′, (2) or

j must own every item in S ∪ S ′ since j has a non-zero value for every item in S ∪ S ′. The

first case is eliminated as blocks with zero weights are removed. In the second case, some

element i in S ′ \ S owned by j must belong to another set S ∈ Sj , and S,S can be merged,

which would reach the contradiction. To check that the two condition for a valid merge is

satisfied, we can observe the following, according to the condition in Equation (C.3):

1. For this owner j, we have βji = β
j
i′ = β

j
i

for any i ∈ S\S ′. Hence, βji = β
j
i′ ,∀i, i

′ ∈ S∪S.

2. For any other owner j′ who owns all items in S ∪S, we pick two items i1 ∈ S ∩S ′ and

i2 ∈ (S ′\S)∩S. Let i1 ∈ S1 and i2 ∈ S2 from Sj′ . Since S1∩S ̸= ∅, βj
′

i1
= β

j′

i ,∀i ∈ S.

Since S2 ∩ S ≠ ∅, βj
′

i2
= β

j′

i ,∀i ∈ S. Since S1 ∩ S ≠ ∅ and i1, i2 ∈ S, βj
′

i1
= β

j′

i2
.

Hence, βj
′

i = β
j′

i′ = β
j′

i ,∀i, i
′ ∈ S ∪ S.

Finally, consider S :=
⋃m
j=1 S̃

j (after removing repeated item sets). One can verify that
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any two blocks S,S ′ ∈ S are disjoint, though the union of all its blocks is not necessarily

[n] (recall that zero weight blocks have been removed). We claim that Mechanism 4.2

with parameter S is at least as statistically efficient as Mechanism 4.3 with parameter{
S̃j ,βj

}m
j=1, and thus, Mechanism 4.3 with parameter

{
Sj ,βj

}m
j=1 before MERGE. To see

this, let us first observe that Mechanism 4.3 under
{
S̃j ,βj

}m
j=1 proceeds in the following

steps: (1) pick each distinct block S ∈ S =
⋃m
j=1 S̃

j , (2) elicit rankings of items in S from

any owner j such that S ∈ S̃j , (3) determine a weighted average of adjusted review scores

based on the rank-calibrated score from those owners with weight αjβji . These procedures

are identical to Mechanism 4.2 with parameter S, except that Mechanism 4.2 elicits from all

owners with complete ownership of a block S ∈ S. This completes the proof of our theorem.

Proof. Proof of Lemma 4.4

We will prove that the truthfulness of Mechanism 4.3 implies condition (I), and condition

(I) implies condition (II). Finally, we will prove condition (II) also implies condition (I),

showing their equivalence.

We start by proving the first step, i.e., truthfulness of Mechanism 4.3 implies condition (I).

Prove by contradiction. Suppose that for some owner j ∈ [m] and for one of her partition

blocks S ∈ Sj , there exists i, i′ ∈ S such that ωji ̸= ω
j
i′ . Without loss of generality, let

ω
j
i < ω

j
i′ . We construct an instance with owner utility {Uj}mj=1, review scores and ground-

truth scores {yi, Ri}ni=1 such that the unbalanced influence would give the owner j incentive

to untruthfully report the pairwise order between i, i′. Let yi = Ri > Ri′ = yi′ . For any other

item in the block S, let its review score and ground-truth score be equal, and be smaller than

the ground-truth scores of i, i′ — it is now possible to only misreport the ranking between

i, i′, since the pairwise order of i, i′ is independent of other items in this block. In addition,

since the owner’s report strategy in block S does not affect the items outside block S, it

suffices to compare the owner’s report strategy in block S. Let the utility of owner j be

262



U j(R̂) = max{R̂ − c, 0} for some constant c to be specified below. The utility function is

convex w.r.t. the item’s adjusted review score R̂, conforming to Assumption 4.5.

We now compare two reporting strategy of this owner: one is to truthfully report the

ground-truth ranking, the other is to report that item i′ is better than i, and the ground-

truthful ranking for the rest of the items in this block. It suffices to show that the owner has

strictly higher utility in the latter reporting strategy. Recall that in this problem instance,

the review scores and ground-truth scores of the other items are equal, and are smaller than

the ground-truth scores of i, i′. Isotonic regression implies that the adjusted score of all other

items remain the same as the ground-truth score in both reporting strategy, so it suffices to

analyze adjusted score of i, i′ and compare the owner j’s utility on these two items.

If the owner j is truthful, the adjusted score is R̂i = Ri, R̂i′ = Ri′ . If the owner j

chooses the misreporting strategy, the calibrated scores based on the owner j’s ranking are

R̃
j
i = R̃

j
i′ =

1
2(Ri′+Ri), resulting in the final adjusted scores, R̃i = 1

2ω
j
i (Ri′+Ri)+(1−ωji )Ri

and R̃i′ =
1
2ω

j
i′(Ri′+Ri)+(1−ωj

i′)Ri′ . Let ε = Ri−Ri′
2 ; it can be verified that R̃i = Ri−ω

j
i ε

and R̃i′ = Ri′ + ω
j
i′ε. Notice that since 0 ≤ ω

j
i < ω

j
i′ ≤ 1, we have Ri ≥ R̃i > R̃i′ > Ri′ and

ω
j
i′ε − ω

j
i ε > 0. Pick any c ∈ [Ri′ , Ri′ + ω

j
i′ε − ω

j
i ε), we can derive the owner j’s utility for

the two items under the misreport and under the truthful report, respectively:

U j(R̃i) + U j(R̃i′) =max{Ri − ω
j
i ε− c, 0}+max{Ri′ + ω

j
i′ε− c, 0}

=Ri − ω
j
i ε− c+Ri′ + ω

j
i′ε− c

U j(R̂i) + U j(R̂i′) =max{Ri − c, 0}+max{Ri′ − c, 0}

=Ri − c

We can see that U j(R̃i) + U j(R̃i′) − U j(R̂i) − U j(R̂i′) = Ri′ + ω
j
i′ε − ω

j
i ε − c > 0 (by our

choice of c), so misreporting the ordering between j and j′ is strictly better than truthful

report.
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We now prove that the condition (I) and (II) are equivalent and, therefore, are both

necessary condition for Mechanism 4.3 to be truthful.

(I)⇒(II): We prove by contradiction. Suppose that there exists j, j′ ∈ [m],S ∈ Sj ,S ′ ∈

Sj′ such that S∩S ′ ̸= ∅ and there exists i1, i2 ∈ S∪S ′, β
j
i1
̸= β

j
i2

. We consider two possible

cases:

1. If i1, i2 ∈ S, then we can construct the problem instance with αj = 1 being the only

non-zero weight such that ωji1 = β
j
i1
̸= β

j
i2

= ω
j
i2

, which is a contradiction to the given

condition. Similar contradiction arises when i1, i2 ∈ S ′.

2. Otherwise, let i1 ∈ S and i2 ∈ S ′ without loss of generality. Since S ∩ S ′ ̸= ∅, let

i0 ∈ S ∩ S ′. Note that the argument above already shows items within each block

must have the same βji values, i.e., βji0 = β
j
i1

and β
j′

i0
= β

j′

i2
. Consequently, we have

β
j
i0

= β
j
i1
̸= β

j
i2

and β
j′

i0
= β

j′

i2
. We consider a problem instance with αj = αj

′
= 1

being only non-zero weight, thus wj
′

i0
=

βj
′
i0

βji0
+βj

′
i0

and w
j′

i2
=

β
j′
i2

βji2
+βj

′
i2

. Since i0, i2 ∈ S ′,

we have ωj
′

i0
̸= ω

j′

i2
because βj

′

i0
= β

j′

i2
but βji0 ̸= β

j
i2

. Contradiction is reached.

(II)⇒(I): We consider arbitrary owner j ∈ [m] and any partition block S ∈ Sj . Without

loss of generality, suppose |S| ≥ 2 since singleton set does not have item rankings. Pick

any two distinct items i, i′ ∈ S in the block. We make the following observations from the

condition in Equation (C.3):

1. βji = β
j
i′ for the owner j herself. This is implied by instantiating Equation (C.3) to

j = j′, in which case S = S ′ since other sets in Sj does not overlap with S. The

condition applies to any two items in S.

2. βj
′

i = β
j′

i′ , for any owner j′( ̸= j) who own any of i, i′, i.e., j′ ∈ J i∪J i′ . This is implied

by instantiating Equation (C.3) to the j′, j and some S ′ ∈ Sj′ such that S ′ ∩ S ̸= ∅.

Any items in S ′ ∪ S such as i, i′ must have the same β values, i.e., βj
′

i = β
j′

i′ .
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3. βj
′

i = β
j′

i′ = 0, for any owner j′ who own neither of i, i′, i.e., j′ ̸∈ J i∪J i′ . This follows

from the mechanism construction where we set βj
′

i = 0 for any i ̸∈ Ij′ .

The three cases above implies that, for any input credentials {αj}mj=1, we must always have

ω
j
i = ω

j
i′ by definition for any two items i, i′ in any of j’s partition block S, which proves

the condition (I).

C.5 Proof of Theorem 4.7

A Convenient Bipartite Graph View of the Ownership Relation. To ease our

discussion in the formal proofs regarding the optimal partition, we start by representing the

overlapping ownership model as a bipartite graph G = (P ,A, E). The vertex sets P ,A, with

|P| = n, |A| = m correspond to the disjoint set of n items (papers) and m owners (authors),

respectively. The edge set E ⊆ P × A corresponds to the ownership relation: the owner j

owns the item i, if and only if there is an edge (pi, aj) ∈ E between the vertices pi ∈ P and

aj ∈ A. The number of edges |E| =
∑
j∈[m] |Ij | is precisely the N in the theorem statement,

which captures the order of the problem’s input size. Let E = (e
j
i )m×n be the 0 − 1 bi-

adjacency matrix of the ownership in which eji = 1 for each edge (pi, aj) ∈ E . Hence, the set

of items owned by j is exactly the neighbor set of vertex aj , i.e., Ij = {pi ∈ P|e
j
i = 1}.

We now formalize the partition-based scheme in Mechanism 4.2 using the bipartite graph

characterization. Specifically, we consider the partition S = {S1, . . . ,SK} on the vertex

set P of the bipartite graph. By definition of a partition, we have
⋃K
k=1 Sk = P and

Sk′ ∩ Sk = ∅,∀k ̸= k′ ∈ [K]. For each partition block Sk, we denote Tk = {j ∈ A|Sk ⊆ Ij}

as the set of owners who owns all items in Sk. For the blocks with |Sk| ≤ 1 or |Tk| ≤ 0, the

mechanism simply uses the raw review score. Otherwise, by construction, the sub-bipartite-

graph of G induced by each (Sk, Tk) and their incidence edges {(pi, aj) ∈ E|pi ∈ Sk, aj ∈ Tk}

forms a complete bipartite graph, i.e., a complete overlapping ownership. Therefore, we
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can also visualize the partition of the partially overlapping ownership using the bi-adjacency

matrix.

We now utilize the notations above to formally prove Theorem 4.7.

Proof. Proof of Theorem 4.7 Pick any ownership instance represented as a bipartite graph

G and any wellness function w ∈ W . Let OPT(G) := obj(S∗), where S∗ = {S∗k}
K
k=1 is

the optimal 1-strong partition of G. Consider the greedy algorithm that keeps picking the

largest residual item set owned by some author, until all items are assigned to some block,

as described in Algorithm 4.4. Let S denote the partition obtained by Algorithm 4.4. By

construction, S is 1-strong — i.e., there is at least one owner who owns all items of each

block in S. We let ALG(G) := obj(S) be the objective value of the partition obtained by

Algorithm 4.4. The remainder of the proof will argue that the output S simultaneously

satisfies,
ALG(G)
OPT(G)

=
obj(S)

obj(S∗)
≥ inf

{ w(x)

w′−(x)x

∣∣w′−(x) > 0, x ≥ 2
}
,

for every w ∈ W .

Let G \ j denote the induced subgraph of G by removing the vertex j as well as all its

adjacent item nodes and corresponding edges from G. Formally, in this induced subgraph

G \ j = (P ′,A′, E ′), we have P ′ = P \ Ij ,A′ = A \ {j} and E ′ = {(i, j)|(i, j) ∈ E and i ∈

P ′, j ∈ A′}.

We now prove the approximation ratio of the greedy algorithm by induction on the owner

set’s size m = |A|. For the base case, for any bipartite graph G = (P ,A, E) with |A| = 1, it

is clear that the greedy approach finds the exact optimal partition. For the inductive case,

we show that if the approximation guarantee holds for any bipartite graph G = (P ,A, E)

with |A| ≤ k, then it must hold for any bipartite graph G with |A| = k + 1 as well.

Let j be the very first owner picked by Algorithm 4.4 on the bipartite graph instance G

with |A| = k + 1. Thus, the first block (i.e., item set) picked by the algorithm must be Ij .

Let S∗ be the optimal partition of G under weight w. Note that the algorithm output S is
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independent of w, but S∗ typically depends on w. For each block S∗k ∈ S∗, let p∗k :=
∣∣S∗k∣∣

be the number of items in this block and ak :=
∣∣S∗k ∩ Ij∣∣ be the number of items covered

by the greedy algorithm’s first choice Ij . Hence,
∣∣Ij∣∣ =∑K

k=1 ak. We can then bound the

approximation ratio of the greedy algorithm by decomposing the objective value as follows,

ALG(G)
OPT(G)

=
w(Ij) + ALG(G \ j)∑K

k=1w(p
∗
k)−

∑K
k=1w(p

∗
k − ak) +

∑K
k=1w(p

∗
k − ak)

≥ w(Ij) + ALG(G \ j)∑K
k=1w(p

∗
k)−

∑K
k=1w(p

∗
k − ak) + OPT(G \ j)

,

where the inequality uses the suboptimality of the partition {S∗k \I
j}Kk=1 for the graph G \j.

We will bound the approximation ratio by considering the two parts
w
(∑K

k=1 ak

)
∑K
k=1 w(p

∗
k)−

∑K
k=1 w(p

∗
k−ak)

and ALG(G\j)
OPT(G\j) separately, and then apply the mediant inequality to derive the lower bound.

The second part can be easily bounded according to the induction hypothesis. However, the

first part could be unbounded in general (this may happen when p∗k’s are all at most 1).

Fortunately, the analysis for such special case can be carried out separately. Specifically, if

maxk∈[K] p
∗
k ≤ 1 in G, by convexity of w function, this implies that any 1-strong partition

of the items are at least as good as S∗, thus the greedy algorithm is optimal.

Next, we consider the more typical situation with p := maxk∈[K] p
∗
k ≥ 2. Here, invoking

the mediant inequality and a technical Lemma C.4 below with p ≥ 2, we can lower bound

the approximation ratio as follows,

w(Ij) + ALG(G \ j)∑K
k=1w(p

∗
k)−

∑K
k=1w(p

∗
k − ak) + OPT(G \ j)

≥min

{ w
(∑K

k=1 ak

)
∑K
k=1w(p

∗
k)−

∑K
k=1w(p

∗
k − ak)

,
ALG(G \ j)
OPT(G \ j)

}
≥ inf

{
w(x)

w′−(x)x

∣∣w′−(x) > 0, x ≥ 2

}
.

Finally, for running time analysis, Algorithm 4.4 can be efficiently implemented in almost
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linear time using appropriately chosen data structures. Specifically, we employ the red-black

tree data structure which can retrieve the maximum element j∗ = argmaxj∈[m] |Ij \ I|,

i.e., the maximal residual paper sets among all authors, using O(logm) time. We will then

update the paper sets of all the authors who have at least one paper in Ij∗ \ I. The number

of operations is at most the number of edges connected to removed items from j∗ in the

bipartite graph. We then update the red-black tree structure using the new sizes of the

residual paper sets of the involved papers. Note that the update of each author’s paper set

size takes O(logm) time by first deleting it in the red-black tree and then re-inserting it.

The above recursion takes at most m rounds since each round at least one author’s residual

paper set will become empty and there are only m authors. In total, the total running time

is thus O(|E| logm).

Lemma C.4. Consider any {p∗k}k∈[K] and {ak}k∈[K] such that p∗k ≥ ak ≥ 0 for any k ∈ [K]

and
∑K
k=1 ak ≥ p := maxk∈[K] p

∗
k. For any w ∈ W with w(p) > 0, we have

w
(∑K

k=1 ak

)
∑K
k=1w(p

∗
k)−

∑K
k=1w(p

∗
k − ak)

≥ inf
x≥p

w(x)

w′−(x)x
.

Proof. Proof of Lemma C.4 Any w ∈ W is convex, so its left derivative w′− is non-deceasing

such that w(p∗k)−w(p
∗
k−ak) ≤ w′−(p

∗
k)ak. In addition, w′−(p

∗
k) ≥ 0 since w(0) = 0, w(p∗k) ≥

0. Let
∑K
k=1 ak = a, we have

w
(∑K

k=1 ak

)
∑K
k=1w(p

∗
k)−

∑K
k=1w(p

∗
k − ak)

≥ w(a)∑K
k=1w

′
−(p
∗
k)ak

.

Since a ≥ maxk∈[K] p
∗
k = p, thus w′−(p

∗
k) ≤ w′−(a) for any k by convexity of w. Since
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w(p) > 0 and w(0) = 0, we must have 0 < w′−(p) ≤ w′−(x) for any x ≥ p. Therefore,

w(a)∑K
k=1w

′
−(p
∗
k)ak

≥ w(a)∑K
k=1w

′
−(a)ak

=
w(a)

w′−(a)a
≥ inf
x≥p

w(x)

w′−(x)x
.

C.5.1 Tightness of Greedy’s Approximation Ratio in the Monomial Class

One implication of Theorem 4.7 is that for α-th degree polynomial function w = |Sk|α,

the greedy algorithm has 1
α -approximation. Next, we show that this approximation ratio is

provably tight for every weight in the monomial class.

Consider an instance with n = MN items and m = M + L owners for some positive

integer L,M,N such that ML−1 | N and N(1 − 1/M)L ≥ L. The ownership relations are

as follows (see also Figure C.1 for the visualization of the instance):

• There are M owners 1, · · · ,M , each of whom owns a disjoint set of N items. Thus, collec-

tively, they own all the MN items. Let the items owned by these owners as I1, . . . , IM

respectively.

• We denote the item owned by the remaining L owners as Iℓ+M for ℓ ∈ [1, . . . , L]. Let∣∣∣Iℓ+M ∩ Iℓ∣∣∣ = (1− 1/M)ℓ−1N/M + 1 and
∣∣∣Iℓ+M ∩ Iℓ′∣∣∣ = (1− 1/M)ℓ−1N/M, ∀ℓ′ ̸= ℓ ∈

[M ]. Hence, |Iℓ+M | = (1− 1/M)ℓ−1N + 1.

Observe that IM+1 is the largest item set and IM+2 becomes the largest item set after

IM+1 is removed. Therefore, we can see that the greedy algorithm proceeds by picking the ℓ-

th owner of the last L owners from ℓ ∈ [1, . . . , L] and lastly the firstM owners, i.e., when each

of whom has remaining item less than N−
∑L
ℓ=1(1−1/M)ℓ−1N/M = (1−1/M)LN . As such,

the greedy partition achieves the objective of at least ALG(G) ≤
∑L
ℓ=1[(1 − 1/M)ℓ−1N +

1]α +M(1− 1/M)αLNα.
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owner 1
N items

...
N items

owner M + 1

owner M + ℓ

...

N(1− 1/M)ℓ−1 + 1 items

...

owner M

N + 1 items

...

Figure C.1: Illustration of the worst case instance for the greedy algorithm. l = 1, · · · , L.

On the other hand, consider a partition strategy that only picks the first M owners,

which achieves the objective OPT(G) = MNα. Simply using it as a lower bound for the

optimal objective, we can bound the approximation ratio as,

ALG(G)
OPT(G)

≤
∑L
ℓ=1[(1− 1/M)ℓ−1N + 1]α +M(1− 1/M)αLNα

MNα

=

∑L
ℓ=1[(1− 1/M)ℓ−1N + 1]α

MNα + (1− 1/M)αL.

For any constant M > 1, we have as N,L→∞,

lim
N,L→∞

∑L
ℓ=1[(1− 1/M)ℓ−1N + 1]α

MNα + (1− 1/M)αL = lim
N,L→∞

L∑
ℓ=1

(1− 1/M)(ℓ−1)α/M

=
1/M

1− (1− 1/M)α
.

Finally, as M →∞, the ratio matches with the worst case approximation guarantee 1/α,

lim
M→∞

1/M

1− (1− 1/M)α
= lim
M→∞

1

α− 1/M
= 1/α.

Meanwhile, despite the hardness result for the size-focused objective in Proposition 4.6,

we would like to point out that the efficient algorithm for optimal partition under the α-th

degree polynomial objective may exist. In particular, consider the following instance with

270



m = n+1, where the optimal partition cannot realize the set-cover problem for the hardness

reduction. The owner i owns the items {2i− 1, 2i},∀i ∈ [n] and owner n+ 1 owns the items

{1, 3, · · · , 2n− 1}. In this case, the optimal partition is not the minimum set cover, since

obj ({{1, 3, · · · , 2n− 1}, {2}, · · · {2n}}) = nα+n > obj ({{1, 2}, · · · , {2n− 1, 2n}}) = n×2α.

Hence, it remains an open question on the hardness of finding the optimal partition under

the α-th degree polynomial objective.
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APPENDIX D

D.1 Supermodular Games

The formal definition of supermodular games is based on several basic concepts from the

lattice theory: For a partial order set L with operator ≥, we define the “join” operator x∨ y

for every x, y ∈ L, as the least upper bound of x, y, i.e., (x ∨ y) ≥ x, (x ∨ y) ≥ y and

z ≥ (x∨ y) for all z ∈ L, z ≥ x and z ≥ y. Similarly, the “meet” operator x∧ y is defined for

every x, y ∈ L, as the greatest lower bound of x, y, i.e., x ≥ (x∧y), y ≥ (x∧y) and (x∨y) ≥ z

for all z ∈ L, x ≥ z and y ≥ z. L is a lattice if for every x, y ∈ L, (x∧y), (x∨y) ∈ L. We say

L forms a complete lattice if every subset L′ ⊆ L forms a lattice. Therefore, any compact

subset of R (with the usual order) is a complete lattice, as is any subset in Rd formed by

the product of d compact sets in R (with the product order).

In addition, we say a function f : L → R is supermodular if for all x, y ∈ L, it holds

f(x ∧ y) + f(x ∨ y) ≥ f(x) + f(y). A function f : L1 × L2 → R has increasing difference if

for all x′ ≥ x ∈ L1, y′ ≥ y ∈ L2, it holds f(x′, y′)− f(x, y′) ≥ f(x′, y)− f(x, y). Now we can

formally define supermodular games as follows.

Definition 12 (Supermodular Games). A strategic game G(N , {An}Nn=1, {un}
N
n=1) is su-

permodular if for each n ∈ N ,

1. Each An is a complete lattice.

2. un(an, a−n) is upper semi-continuous in an for each fixed a−n, and it is continuous in

a−n for each fixed an, and has a finite upper bound.

3. un(an, a−n) is supermodular in an for each fixed a−n.

4. un(an, a−n) has increasing difference in an and a−n.

The first condition is trivial when the An is a totally-ordered set (e.g., a compact set of

real numbers). The second condition is trivial when the A is discrete. The third condition is
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trivial when the An is single-dimensional. Hence, for the finite normal-form game of interest

in this paper, we only need to focus on the condition of increasing difference.

Moreover, as pointed out by [Milgrom and Roberts, 1990, Etessami et al., 2020], the

structural and algorithmic properties of supermodular game is preserved in a broader class

of games with strategic complementarities, which relaxes the third and fourth condition to

depend only on ordinal information on the utility functions, i.e. how the utilities compare to

each other rather than their precise numerical values. In particular, the third condition can

be relaxed to quasi-supermodularity, where a function f : L → R is quasi-supermodular if

for all x, y ∈ L, it holds f(x) ≥ f(x ∧ y) =⇒ f(x ∨ y) ≥ f(y). The fourth condition can be

relaxed to the single-crossing condition, where a function f : L1×L2 → R is single-crossing

if for all x′ ≥ x ∈ L1, y′ ≥ y ∈ L2, it holds f(x′, y) ≥ f(x, y) =⇒ f(x′, y′) ≥ f(x′, y).

D.2 Omitted Proofs in Section 5.5

D.2.1 Proof of Proposition 5.5

Proof of the first claim. This follows an induction argument. First, it is easy to see

that A’s action 1 is dominated by her action 2 since uA(1, j) = 1/ρ < 2/ρ = uA(2, j) for

all B’s action j ∈ [K]. Second, we claim no other pure action of A or B can be eliminated

by any pure or mixed strategy. This is due to two reasons: 1. for any i > 1, there exists

j = i − 1 such that u1(i, j) = i
ρ ≥ maxi′ u1(i

′, j) = i
ρ ≥ u1(x, j) for any x ∈ XA; 2. for

any j ≥ 1, there exists i = j such that u2(i, j) =
j
ρ ≥ maxj′ u2(i, j

′) = j
ρ ≥ u2(i, x) for any

x ∈ XB .

Now suppose that for some i ≥ 1, A has eliminated action 1, · · · , i and B has eliminated

action 1, · · · , i− 1. We claim that B’s action i will be the only iteratively dominated action

currently. Specifically, it is now iteratively dominated by her action i+1 because uB(j, i) =

i/ρ < (i + 1)/ρ = uB(j, i + 1) for all j > i (note that A has eliminated any action j ≤ i).
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Therefore, B will next eliminate action i. On the other hand, it is easy to verify that any

action i′ ≥ i + 1 of B is not dominated currently by any non-eliminated mixed or pure

strategy since whenever A plays i′, B’s action i′ yields the largest utility for her. Specifically,

we have uB(i
′, i′) = i′/ρ > uB(i

′, j), which is j/ρ when j < i′ and −c/ρ when j > i′.

Therefore, any i′ ≥ i + 1 cannot be a iteratively dominated action of B. Similarly, one can

also verify that A’s any action i′ ≥ i + 1 currently is not a iteratively dominated strategy

neither. So B’s action i is the only iteratively dominated action.

Similar to the analysis above, one can show that after agent B’s action i is eliminated,

agent A’s action i + 1 will become the only iteratively dominated action. By induction, we

know the iterative elimination procedure will eliminate one action at each iteration until we

reach the last action profile (K,K). So the elimination length is exactly 2K − 2.

Proof of the second claim. We show a stronger result: any finite dominance solvable

game has a unique correlated equilibrium (CE). This also implies the uniqueness of Nash

equilibrium (NE) since any NE must be a CE as well. The above conclusion should be

standard. However, since we are unable to find any existing proof for the reference, we

here include a formal argument for the readers with little background in game theory for

completeness of the paper.

Given any game G with elimination length L0 and elimination sets E1 ⊂ E2 · · · ⊂ EL0
,

we claim that any CE must assign zero probability on actions in EL0
. We complete the

proof by contradiction. Suppose it is not the case; there must exist an action in EL0
that

has positive probability in some CE. Let l be the smallest index such that El contains an

action an for agent n in this CE. By our choice of l, all actions in El−1 have zero probability

in the CE. This, however, implies that an must be iteratively dominated by some other

action a′n in this CE, which contradicts the definition of CE since whenever action an is

recommended to agent-n, he would strictly prefer to deviating to action a′n. Therefore, any

action in EL0
must have zero probability in any CE. This implies that there is only one
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unique CE in any finite dominance solvable game, which is also the unique NE.

Finally, it is easy to see that K
ρ is the largest possible utility in the payoff matrices.

Therefore, at this equilibrium (K,K), both agents achieves the maximum possible utility

K
ρ , and the game obtains the maximum social welfare 2K

ρ .

D.2.2 Proof of Theorem 5.6

Proof. We explicitly construct a mixed strategy for the two agents and prove that it consti-

tutes an ϵ-correlated-equilibrium and moreover satisfies the claimed properties in the stated

theorem. Such construction is possible due to the special structure of the DIR games. Our

construction is divided into two main steps: (1) constructing the support of the CE; (2)

constructing the concrete probabilities.

Support of the constructed CE. Specifically, consider a distribution π over the joint

action space [K]× [K] with support in the following format

π =



δ1 0 0 0 0

δ2 δ3 0 0 0

0 δ4 δ5 0 0

0 0 · · · · · · 0

0 0 0 δ2K−2 δ2K−1


.
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We claim that π will be an ϵ-CE if its {δi}2K−1i=1 satisfy the following inequality system:



δ1 · 1 ≤ ϵ · ρ

δ2 · (−c− 2) + δ3 · 1 ≤ ϵ · ρ

δ4 · (−c− 3) + δ5 · 1 ≤ ϵ · ρ

...

δ2K−4 · (−c− (K − 1)) + δ2K−3 · 1 ≤ ϵ · ρ



δ1 · (−c− 1) + δ2 · 1 ≤ ϵ · ρ

δ3 · (−c− 2) + δ4 · 1 ≤ ϵ · ρ

...

δ2K−3 · (−c− (K − 1)) + δ2K−2 · 1 ≤ ϵ · ρ

(D.1)

and moreover
∑2K−1
i=1 δi = 1. To see this, by the structure of π, we know that whenever agent

A is recommended action i, agent B will be recommended either action i−1 or action i. Since

uA(i, i−1) = uA(i, i) = i/ρ, agent A will get utility i/ρ for sure when recommended action i.

It is thus easy to see that agent A will not be willing to deviate to any action i′ < i since his

utility can only be at most i′/ρ for playing i′. Similarly, since uA(i′, i) = uA(i
′, i−1) = −c/ρ

for any i′ > i+1, so agent A will not deviate to any action i′ > i+1 neither. In other words,

the structure of π already guarantees that whenever agent A’s action i is recommended, she

would only be possibly having incentive to deviate action i + 1, for which she gets utility

−cδ2i−2/ρ+ (i+ 1)δ2i−1/ρ. The ϵ-CE condition thus requires the following

i(δ2i−2 + δ2i−1)/ρ ≤ −cδ2i−2/ρ+ (i+ 1)δ2i−1/ρ+ ϵ.

Simple algebraic calculation shows that the above is exactly the ith constraint in the left-

hand-side of System (D.1). Similarly, the j’th constraint in the right-hand-side of System

(D.1) says whenever the agent B is recommended action j, she would prefer j over j + 1 for

j = 1, · · · , K − 1, which is the only constraint needed to guarantee ϵ-CE.

Distribution of the constructed CE. We now explicitly construct {δi}2K−1i=1 that satisfies

linear system (D.1). Suppose c > 1. Pick any k ∈ {2, . . . , 2K − 1}, for any ϵ such that
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1/ϵ ∈ (ρ
∑k−1
i=1 c

i−1, ρ
∑k
i=1 c

i−1], we can verify that

δi =


ρ · ϵci−1 i < k

1− ρ · ϵ
∑k−1
i=1 c

i−1 i = k

0 i > k

(D.2)

is a feasible solution to linear system (D.1), and therefore forms an ϵ−CE. With k ≤ 2K−2,

we obtained an ϵ−CE with δ2K−1 = 0 for any ϵ satisfying 1/ϵ ≤ c2K−2 ≤ ρ
∑2K−2
i=1 ci−1.

This concludes our proof for the first part of Theorem 5.6.

Welfare property of the constructed CE. Finally, we derive the upper bound of the

welfare at the above ϵ−CE. Observe that by construction of π, the welfare (i.e., sum of

agents’ utilities) at the action profile for δi is precisely (i+1)/ρ. Therefore, we can compute

and bound the total welfare as follows:

2K−1∑
i=1

δi ·
i+ 1

ρ
=

k∑
i=1

δi ·
i+ 1

ρ
≤

k∑
i=1

δi ·
k + 1

ρ
≤ k + 1

ρ

where the first equality is by Eq. (D.2), and the first and second inequality is implied from

the fact that i+1
ρ ≤

k+1
ρ ,∀i ≤ k and

∑k
i=1 δi = 1.

We know ρck−2 ≤ ρ
∑k−1
i=1 c

i−1 < 1/ϵ. This implies k − 2 <
log(1/ϵ)−log(ρ)

log(c)
. Since

k ∈ N, we have k − 1 ≤ ⌈ log(1/ϵ)−log(ρ)
log(c)

⌉. Since ρ ≥ c, ⌈ log(1/ϵ)−log(ρ)
log(c)

⌉ ≤ ⌈ log(1/ϵ)
log(c)

− 1⌉ ≤

⌈ log(1/ϵ)
log(c)

⌉ − 1. Therefore, the welfare is at most k+1
ρ , which is at most 1+⌈log(1/ϵ)/ log(c)⌉

2K

fraction of the equilibrium welfare 2K/ρ.
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D.2.3 DIR Games Are not Globally Variationally Stable

According to the definition of variational inequality (Eq (6) in [Cohen et al., 2017a]), to see

why the global variational inequality fails to hold, we only need to show that there exists

(x, y) ∈ ∆[K] × ∆[K] such that v(x, y) · ((x, y) − (x∗, y∗)) > −∆
2 ∥(x, y) − (x∗, y∗)∥ for any

∆ > 0, where (x∗, y∗) = (0, · · · , 0, 1, 0, · · · , 0, 1) is the unique NE of the game with payoff

matrices defined in (5.2), ∥ · ∥ is the L1 norm, and

v(x, y) = (vA,1(y), vA,2(y), · · · , vA,K(y), vB,1(x), vB,2(x), · · · , vB,K(x)),

where vA,j(y) is the payoff of when agent A plays pure strategy j and agent B plays the

mixed strategy y.

Let x = y = (0, · · · , 0, 1, 0, · · · , 0), i.e., the only non-zero term of x and j is the i-th

element, where 1 ≤ i ≤ K − 1. Then we have

v(x, y) · ((x, y)− (x∗, y∗)) = 2i > 0 > −∆

2
∥(x, y)− (x∗, y∗)∥,

meaning the global variational inequality is violated.

D.3 Additional Discussion for Merit-based Algorithms

In this section we demonstrate the broadness of merit-based algorithms by showing all Dual

Averaging (DA) and Follow the Perturbed-Leader (FTPL) algorithms are merit-based. To

complete the definition of merit-based algorithms, we formally introduce the concept of

order-preserving functions:

Definition 13. We call a function F : RK → ∆K order-preserving if for any y = (y1, · · · , yk)

and i, j such that yi < yj, we must have F (y)i ≤ F (y)j.

We call an online learning algorithm merit-based if it utilizes an order-preserving function
278



to determine the action distribution from accumulated rewards. The formal definition is

shown in Algorithm 5.1.

By definition 8, Any algorithm 5.1 equipped with an order-preserving function F is

merit-based. During each round, a merit-based algorithm first maps the accumulated score

vector yt to a distribution pt = (p1(t), · · · , pK(t)) ∈ ∆K with a pre-chosen order-preserving

function F and then samples the current strategy from pt. A merit-based algorithm also

needs to specify a learning rate sequence {ηt} to accumulate the collected rewards ũt from

each round. We note that in general, the reward ũt can be any unbiased estimation of the

true reward ut. However, since we focus on demonstrating a negative side of merit-based

algorithms in Theorem 5.7, we consider the most informative type of feedback, i.e., the

noiseless full-information setting.

Next, we introduce the preliminaries of DA and FTPL algorithms, whose descriptions

are shown in Algorithm D.1 and D.2.

ALGORITHM D.1: The DA Algorithm Framework
1 Input: Mirror map Q : Y → ∆K , learning rate sequence {ηt > 0}.
2 y1 ← (0, · · · , 0)
3 for t = 1 . . . T do
4 Compute pt = Q(yt)
5 Draw an action it from the distribution pt.
6 Receive the expected payoff ũt = (ũ1(t), · · · , ũK(t)) for each action i from the first-order

oracle.
7 Update yt+1 = yt + ηtũt.

In online learning literature, DA coincides with Follow-the-Regularized-Leader (FTRL)

in the cases of linear losses, and is also known as the “lazy” version of online mirror descent

(OMD) [Shalev-Shwartz et al., 2011]. Similar to the merit-based defined in Algorithm 5.1, the

DA algorithm uses a “mirror map” Q to derive the mixed strategy pt from the accumulated

reward yt. By convention, the mirror map Q depends on a convex function (or regularizer)
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h and is defined as

Q(y) = arg max
x∈∆K

{⟨y,x⟩ − h(x)},y ∈ Y . (D.3)

A regularizer is said to be symmetric if for any 1 ≤ i < j ≤ K, h(x1, . . . , xi, . . . , xj , . . . , xK) =

h(x1, . . . , xj , . . . , xi, . . . , xK). That is, the value of h(x) will not change if we swap the val-

ues at any two coordinates of x. Most (if not all) known DA algorithms use symmetric and

strictly convex regularizers. In this case, symmetry of h implies a natural property of the

algorithm — i.e., if two actions have the same accumulated score, the algorithm should play

either with equal probability. This exactly conforms to the definition of order-preserving

function. We formalize this connection in Lemma D.2, which supports our main claim in

Proposition D.1.

Proposition D.1. Any DA algorithm equipped with a mirror map induced by a symmetric

regularizer is merit-based.

Proof. By the definition of merit-based algorithms, we only need to show the following

Lemma:

Lemma D.2. Any mirror map p = Q(y) induced by a symmetric regularizer h is order-

preserving.

Proof. We prove by contradiction. Suppose for some y and i, j where yi > yj , while p = Q(y)

with pi < pj . By definition, p = Q(y) = argmaxx∈∆K
{⟨y,x⟩ − h(x)}. However, consider

the vector p̃ = (p1, . . . , pj , . . . , pi, . . . , pK). By construction, p̃ ∈ ∆K and h(p̃) = h(p).

By rearrangement inequality, we have p̃iyj + p̃jyj = pjyi + piyj > piyj + pjyj such that

⟨y, p̃⟩ − h(p̃) > ⟨y,p⟩ − h(p). This is a contradiction to p = argmaxx∈∆K
{⟨y,x⟩ − h(x)}.

Therefore, it must be the case that whenever yi > yj , pi ≥ pj . By definition 13, Lemma D.2

holds.
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The DA family includes many celebrated algorithms such as Exponential Weight (EW),

lazy gradient descent (LGD) and fictitious play. Below we list a few widely used algorithms

from the DA family which, unsurprisingly, all use symmetric and strictly convex regularizers:

1. when h(x) = 1
2∥x∥

2 is the quadratic function, the mirror mapQ(y) = argminx∈∆K
∥x−

y∥2 takes the form of Euclidean projection and we obtain the lazy gradient descent

(LGD) algorithm.

2. when h(x) =
∑
i∈[K] xi log xi is the entropic regularizer, the mirror map Q(y) =

(exp(y1),··· ,exp(yK))
exp(y1)+···+exp(y1)

takes the form of logit choice map and we obtain entropic gradient

descent algorithm, which is also known as the Hedge or Exponential Weight (EW).

3. when h(x) = 1
p∥x∥

p is the normalized Lp norm and p→∞, Q(y) always returns the

pure best strategy to the opponent’s average past mixed strategy, and the correspond-

ing algorithm is known as fictitious play [Brown, 1951, Viossat and Zapechelnyuk,

2013].

Next, we show that FTPL algorithms are also merit-based. The outline of FTPL family

is shown in Algorithm D.2.

ALGORITHM D.2: The FTPL Algorithm Framework
1 Input: A probability distribution D, learning rate sequence {ηt > 0}.
2 y1 ← (0, · · · , 0)
3 for t = 1 . . . T do
4 Sample {ϵi}Ki=1 independently from D.
5 Choose the action it = argmaxi∈[K]{yi(t) + ϵi}.
6 Receive the expected payoff ũt = (ũ1(t), · · · , ũK(t)) for each action i from the first-order

oracle.
7 Update yt+1 = yt + ηtũt.

The distribution D can be any single variable distribution, e.g., Gaussian, Gumbel, ex-

ponential, etc. When D takes the Gumbel distribution with zero mean, the FTPL algorithm

coincides with multiplicative weights update (MWU). For FTPL algorithms, the link func-

tion F that maps the accumulated rewards to action distribution is implicit. However, it is
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straightforward to see that F is order-preserving and thus all FTPL algorithms are merit-

based. We formalize the claim in the following proposition D.3:

Proposition D.3. The class of FTPL algorithms are merit-based.

Proof. Any FTPL algorithm can be equivalently represented in the form of Algorithm 5.1

with a link function F defined as

F (y)i = P

[
i = arg max

k∈[K]
{yk + ϵk}

]
,∀k ∈ [K].

Because random variables ϵi are i.i.d., for any yi > yj it must hold that

P

[
i = arg max

k∈[K]
{yk + ϵk}

]
≥ P

[
j = arg max

k∈[K]
{yk + ϵk}

]
.

Therefore, F is order-preserving and the induced algorithm is merit-based.

D.4 Omitted Proofs in Section 5.6

D.4.1 Proof of Corollary 5.12

From Eq (5.11), we know that a sufficient condition for t to ε-essentially eliminate a domi-

nated action a ∈ E1 is

t−b

K
+ exp

4

√eK(1 + σ2)

1 + 2β + b

 log
1
2
2K

δ
· t

1+b
2 − ∆t

16(1 + β)

 <
min{ε,∆/2}

4KN
. (D.4)

Note that a sufficient condition to satisfy Eq (D.4) above is the following

4

√eK(1 + σ2)

1 + 2β + b

 log
1
2
2K

δ
· t

1+b
2 − ∆t

32(1 + β)
< 0

t−b

K
<

min{ε,∆/2}
8KN

and − ∆t

32(1 + β)
< log

min{ε,∆/2}
8KN

,

282



which can be simplified to

t > max{O(N
1
b min{ε,∆}−

1
b ), O(K

1
1−b (1 + σ2)

1
1−bβ

1
1−b∆− 2

1−b log
1

1−b
1

δ
), O(β∆−1 log

KN

min{ε,∆}
)}.

To satisfy the above condition, we can simply take

t = O

(
max{N

1
b , K

1
1−b}max{ε−

1
b ,∆−max{1b ,

2
1−b}}(1 + σ2)

1
1−bβ

1
1−b log

1
1−b

1

δ

)
.

In particular, when b = 1
3 , we may choose

T1 = O

(
max{N3, K1.5}min{ε,∆}−3(1 + σ2)1.5β1.5 log1.5

1

δ

)
.

Therefore, with probability at least 1− |E1|(T1+ s) > 1− 2|E1|(T1+ s)2, actions in E1 will

be essentially eliminated at round T1 + 1, · · · , T1 + s.

From Eq (5.7), we can thus upper bound TL0
by

TL0
< (1 +

8

∆
)
L0
1+β ·

(
T1 + L0 ·

(1 + β)2(4 + ∆)2(8 + ∆)2

4(1 + 2β)∆2
log

1

δ

)
∼ O

(
∆
− L0

1+β (T1 + L0β∆
−2 log

1

δ
)

)
= O

(
∆
− L0

1+β (max{N3, K1.5}min{ε,∆}−3(1 + σ2)1.5β1.5 log1.5
1

δ
+ L0β∆

−2 log
1

δ
)

)
= O

(
max{N3, K1.5}min{ε,∆}−3(1 + σ2)1.5β1.5 log1.5

1

δ

)
,

which implies that EL0
will be ε-essentially eliminated inO

(
max{N3, K1.5}min{ε,∆}−3(1 + σ2)1.5β1.5 log1.5 1

δ

)
iterations with probability at least 1 − 2KNT 2

L0
δ. Hence, we claim that EL0

will be ε-

essentially eliminated in

Õ

(
max{N3, K1.5}min{ε,∆}−3(1 + σ2)1.5β1.5 log1.5

1

δ

)
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iterations with probability at least 1− δ for any δ.

D.4.2 Proofs of Technical Lemmas

Proof. of Lemma 5.13

Fix T > 0 and any action a. Let Ξt = γ
(T )
t (ũa(t) − ua(t)) and St =

∑t
s=1 Ξs. Since T

is fixed, E[St] is bounded. Moreover, we have

E[St|St−1, · · · , S1] = St−1 + γ
(T )
t · E[ũa(t)− ua(t)|Ft−1] = St−1.

By definition, {St}Tt=1 is a martingale.

Apply Azuma’s inequality to {St}, for any x > 0, 1 ≤ t ≤ T , we have

P[|St| ≥ x] ≤ 2 exp

(
− x2

2W

)
. (D.5)

W is a upper bound of
∑t
i=1 E[Ξ2

i |Fi−1]. Note that

E[Ξ2
t |Ft−1] = (γ

(T )
t )2E

[
(0− ua(t))2 · (1− pa(t)) +

(
ua(t) + ξt
pa(t)

− ua(t)
)2

· pa(t)
∣∣∣Ft−1

]

= (γ
(T )
t )2E

[
(u2a(t) + ξ2t ) ·

1

pa(t)
− u2a(t)

∣∣∣Ft−1]
≤ (γ

(T )
t )2

(
K(1 + σ2)

ϵt

)
, (D.6)

we can take n = T and W =
∑T
i=1 γ

2
i (
K(1+σ2)

ϵi
) in Eq (D.5) and obtain

x ≥
√
2W log

2

δ
, (D.7)
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which implies with probability at least 1− δ,

|
T∑
t=1

γ
(T )
t (ũa(t)− ua(t))| < 2

√log
2

δ
·

√√√√K(1 + σ2)
T∑
t=1

(γ
(T )
t )2

ϵt

 .

Proof. of Lemma 5.14

By the definition of strict dominance, there exists ∆ > 0 such that the mixed strategy

x = (x1, · · · , xK) satisfies ux(t)− ua(t) > ∆ for all t > 0. From Lemma 5.13, we can take a

union bound over all the actions a ∈ [K] and obtain with probability 1−Kδ′,

|
T∑
t=1

γ
(T )
t (ũa(t)− ua(t))| < 2

√log
2

δ′
·

√√√√K(1 + σ2)
T∑
t=1

(γ
(T )
t )2

ϵt

 ,∀a ∈ [K].

As a result,

yx(T + 1)− ya(T + 1)

=
T∑
t=1

γt[ũx(t)− ũa(t)]

=
T∑
t=1

γt[ux(t)− ua(t)] +
T∑
t=1

γt[−ux(t) + ũx(t)] +
T∑
t=1

γt[−ũa(t) + ua(t)]

=
T∑
t=1

γt[ux(t)− ua(t)] +
∑
i∈A

xi

T∑
t=1

γt[−ui(t) + ũi(t)] +
T∑
t=1

γt[−ũa(t) + ua(t)]

≥
T∑
t=1

γt[ux(t)− ua(t)]− 4

√log
2

δ′
·

√√√√K(1 + σ2)
T∑
t=1

γ2t
ϵt

 .
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Letting δ′ = δ
K yields Eq (5.9). When γt = (t/T )β , ϵt = t−b and assume T > β, we have

T∑
t=1

γt[ux(t)− ua(t)] ≥ ∆
T∑
t=1

γt = ∆
T∑
s=1

(
s

T
)β > ∆T ·

∫ 1

0
xβdx =

∆T

1 + β
, (D.8)

√√√√K(1 + σ2)
T∑
t=1

γ2t
ϵt
<

√√√√K(1 + σ2)T 1+b

∫ 1+ 1
T

1
T

x2β+bdx

<

√
eK(1 + σ2)

1 + 2β + b
· T 1+b, (D.9)

where Eq (D.9) holds because

∫ 1+ 1
T

1
T

xαdx =
1

1 + α
·

[(
1 +

1

T

)1+α

−
(
1

T

)1+α
]
<

1

1 + α

(
1 +

1

T

)T
<

e

1 + α
.

Therefore, Eq (5.10) holds.

Proof. of Lemma 5.15 Consider the sequence of events

At = {x−i contains essentially eliminated actions at round Tk + t}, t = 1, · · · , T ′.

Specifically, let T = Tk + T ′ be fixed and define random variables

Zt =

Tk+t∑
s=Tk+1

γ
(T )
s [ux(s)− ua(s)−

∆

2
], 1 ≤ t ≤ T ′.

We further let Z0 = 0 and now show that {Zt}T
′

t=0 is a sub-martingale. Since Ek has been

ε-essentially eliminated at any t ≥ Tk and since ε < 1
2 , we have

P[At|At−1, · · · , A1] < |Ek| ·
min{ε,∆/2}

4KN
≤ KN · ∆

8KN
=

∆

8
.
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Note that when At does not happen, no actions in Ek will be played by agent i’s oppo-

nents, in which case we have ux(t) − ua(t) ≥ ∆; On the other hand, when At happens we

have ux(t)− ua(t) ≥ −2 due to bounded utilities. Hence,

E[Zt|Zt−1, · · · , Z1]

= Zt−1 + γ
(T )
t · E[ux(t)− ua(t)]− γ

(T )
t · ∆

2

≥ Zt−1 + γ
(T )
t · [P[At|At−1, · · · , A1] · (−2) + (1− P[At|At−1, · · · , A1]) ·∆]− γ(T )t · ∆

2

> Zt−1 + γ
(T )
t ·

[
∆

8
· (−2) + (1− ∆

8
) ·∆

]
− γ(T )t · ∆

2

> Zt−1 + γ
(T )
t ·

[
∆

8
· (−2) + (1− 2

8
) ·∆− ∆

2

]
= Zt−1.

Therefore, {Zt}T
′

t=1 is a sub-martingale. Therefore, let ci = γ
(T )
Tk+i

(2 + ∆
2 ) denote a upper

bound of |Zi − Zi−1|. By Azuma’s inequality, we have

P[Zt ≤ −ϵ] ≤ exp

(
−ϵ2

2
∑t
i=1 c

2
i

)
,∀ϵ > 0. (D.10)

Let

t = T ′, ϵ =
∆

4

Tk+T
′∑

t=Tk+1

γ
(T )
t , and exp

(
−ϵ2

2
∑t
i=1 c

2
i

)
≤ δ,

we obtain
Tk+T

′∑
t=Tk+1

γt[ua(t)− ua′(t)] >
∆

4

Tk+T
′∑

t=Tk+1

γt (D.11)

with probability at least 1− (|Ek+1|− |Ek|)T ′δ for any a ∈ Ek+1 \Ek, as long as T ′ satisfies

∆2

16

 Tk+T
′∑

t=Tk+1

γt

2

> 2(2 +
∆

2
)2

Tk+T
′∑

t=Tk+1

γ2t log
1

δ
. (D.12)

We now derive a sufficient condition for Eq (D.12) to hold, after substituting γ(T )t = (t/T )β
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into Eq (D.12) and assuming T ≥ (1+ 8
∆)

1
1+β Tk, T ≥ Tk +1+2β. We first lower bound the

LHS of Eq (D.12) via the following bound (recall T = Tk + T ′):

Tk+T
′∑

t=Tk+1

γ
(T )
t > T ′

∫ 1

Tk
T

xβdx

=
T ′

1 + β

[
1−

(
Tk
T

)1+β
]

≥ 8T ′

(8 + ∆)(1 + β)
, (D.13)

where Eq (D.13) holds because T ≥ (1 + 8
∆)

1
1+β Tk. We then upper bound the RHS of Eq

(D.12) via the following bound:

Tk+T
′∑

t=Tk+1

(γ
(T )
t )2 < −

(
Tk
T

)2β

+ 1 + (T − Tk)
∫ 1

Tk
T

x2βdx

< 1 +
T ′

1 + 2β
≤ 2T ′

1 + 2β
, (D.14)

where Eq (D.14) holds because T ≥ Tk + 1 + 2β.

Consequently, a sufficient condition for Eq (D.12) to hold is

∆2

16

(
8T ′

(8 + ∆)(1 + β)

)2

> 2(2 +
∆

2
)2

2T ′

1 + 2β
log

1

δ
,

which yields

T ′ ≥ (1 + β)2(4 + ∆)2(8 + ∆)2

4(1 + 2β)∆2
log

1

δ
. (D.15)

Since Eq (D.15) implies T ′ > 1 + 2β, we can simply take

T0 = max
{(1 + β)2(4 + ∆)2(8 + ∆)2

4(1 + 2β)∆2
log

1

δ
,

[
(1 +

16

∆
)

1
1+β − 1

]
· Tk
}
. (D.16)
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Hence, we complete the proof.

D.5 Elimination Length in Akerlof’s Market for “Lemons”

Proposition D.4. Suppose each seller observes his exact car quality, i.e., q̃i = qi. With any

c1 > 0, c2 > 1, the Market for “Lemons” game has elimination length L0 at least 2⌈Nk ⌉ − 1

if qi − qi−k ≥ c1 > qi − qi−k+1,∀i ∈ {k + 1, k + 2, · · · , N} and P ⊇ {q1, q2, . . . , qN}. The

buyer offering any price p ≤ q1 and each seller i setting ai = 0 are Nash equilibria of the

game.

Proof. In this proof, we say a seller i remains on the market if his ai = 1 is not eliminated.

We start with the following two claims about the dominance elimination by the buyer and

sellers.

Claim D.5. A seller with quality qi should remain on the market if and only if the buyer

have not eliminated all its action p ≥ qi + c1. Meanwhile, no seller i should eliminate his

ai = 0, as long as the buyer has not eliminate its p = q1.

Proof. By construction, if a seller choose not to list, his utility is always 0 in regardless of

the action of other sellers or buyer.

(⇒): With some p ≥ qi+c1, the seller would have non-negative utility, ui = p−qi−c1 ≥ 0

if he choose to list. This is no worse than the zero utility if he does not list.

(⇐): For any p < qi+c1, the seller with quality qi have utility ui = min(p−qi, 0)−c1 < 0,

always negative if he choose to list. Since this utility is strictly dominated by than the zero

utility if he does not list, thus ai = 1 should be eliminated.

Meanwhile, if the buyer sets a price p = q1, any seller who list his car would incur a

negative utility −ci strictly worse than the zero utility of not listing. So in this case no seller

should always list its car.

289



Claim D.6. The buyer should eliminate all its action p > q if the highest car quality of the

remaining sellers on the market is q. Conversely, as long as a seller of quality qi remains

on the market, the buyer should not eliminate its action p = qi.

Proof. (⇐): Among the remaining sellers on the market, let the highest car quality be q.

Consider the buyer sets some price p > q, cf. p = q. The outcome from the two different

price are the same in the sense that the buyer can get all the cars that the sellers choose to

list with quality average quality q. We can see that the buyer’s revenue c2q is the same, but

she has strictly minimum cost at p = q, therefore all the price p > q are actions dominated

by p = q .

(⇒): Consider the situation that only the seller i choose to list. In this case, the best

response of the buyer is to set her price at qi. This is because she does not want to set a

price above qi, according to the argument in paragraph above; setting a price below qi, the

seller will not sell and her utility is 0, which is strictly worse than her utility (c2 − 1)qi > 0

if the buyer sets her price p = qi.

We now provide an induction argument for the iterative elimination:

Base case: In the beginning of elimination, we know for any seller i, i ≤ N − k, has his

quality qi ≤ qN − c1. They cannot eliminate any of their actions as the buyer have not

eliminate its action p = q1, or p = qN ≥ qi + c1, according to Claim D.5. Meanwhile, we

show that it takes at least 1 round to eliminate both buyer’s action(s) p > qN and the sellers’

action ai = 1, ∀i > N − k. This is because the buyer may or may not need first eliminate all

her action p > qN depending on the support of P , according to Claim D.6; In the same or

the following round (also depending on the support of P), all seller i > N−k must eliminate

their action ai = 1, according to Claim D.5.
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Inductive case: We show the following inductive statement: for i ∈ [1, . . . , ⌈Nk ⌉ − 1], at

the beginning of round 2i + 1, given that we have eliminated {aj = 1|∀j > N − ik} ∪ {p >

qN−(i−1)k}, then it takes two rounds to first eliminate all of the buyer’s action(s) p > qN−ik

and subsequently the all seller j’s action aj = 1 with j > N − (i+ 1)k.

Given that we have eliminated {aj = 1|∀j > N − ik} ∪ {p > qN−(i−1)k}, in the first

round, we can eliminate of the buyer’s actions p > qN−ik, according to Claim D.6, as the

highest car quality of the remaining sellers on the market is qN−ik. We cannot eliminate the

action of any seller j with quality qj ≤ qN−ik ≤ qN−(i−1)k − c1, according to Claim D.5, as

the buyer could offer a price p = q1, or p = qN−(i−1)k ≥ qj + c1.

In the second round, we can eliminate all seller j’s action aj = 1 with j > N − (i+ 1)k,

according to Claim D.5, as the buyer eliminates all of her actions above qN−ik. Yet we still

cannot eliminate the action of any other seller, according to Claim D.5, as the buyer could

offer a price p = q1, or p = qN−ik ≥ qj + c1,∀i ≤ N − (i + 1)k. We also cannot eliminate

any action of the buyer, as no seller exit the market in the last round.

Therefore, at the beginning of round 2i+3, we expand the elimination set to {aj = 1|∀j >

N−(i+1)k}∪{p > qN−ik}, so the induction follows. It is easy to see that in the last iteration

when N−⌈Nk ⌉k < 0, all sellers exits the market, and all buyer’s price above qν are eliminated,

where we can compute ν = N + k − ⌈Nk ⌉k =


N mod k, k ∤ N

1, k | N
≥ 1. This terminates the

iterative process of dominance elimination. The remaining action profiles must include all

Nash equilibrium. Since all sellers have only one action left, their remaining action profile,

i.e., not to list their cars, is the Nash equilibrium strategy. The buyer has utility zero for

any of her actions p ≤ q1 ≤ qν , which are best responses to the sellers’ equilibrium strategies

and therefore form Nash equilibria along with the sellers’ unique action profile.

As the base case takes at least one round to reach, and the induction stage takes 2⌈Nk ⌉−2

round, in total, the elimination length is at least 2⌈Nk ⌉ − 1.
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