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ABSTRACT

Global symmetries are fundamental to our understanding of nature: they organize the spec-
trum of physical theories, constrain their dynamics, and reveal emergent effective degrees
of freedom at low energies. Crucially, global symmetries are non-perturbative tools that
shed light on strongly coupled regimes inaccessible to perturbative methods. Recently, it
was realized that symmetries have an intrinsic formulation in quantum field theory through
topological operators, also known as symmetry defects. This perspective has led to impor-
tant generalizations, including the discovery of non-invertible symmetries, characterized by
categorical fusion rules rather than conventional group multiplication. In this thesis, we
investigate these non-invertible symmetries in the context of finite-group gauge theories,
which are exactly solvable models and serve as prototypical examples of topological quantum
field theories.

In the first part of this work (Chapter 2) we investigate the invertible and non-invertible
symmetries of topological finite-group gauge theories in general spacetime dimensions, where
the gauge group can be abelian or non-abelian. We focus in particular on the 0-form
symmetry. The gapped domain walls that generate these symmetries are specified by
boundary conditions for the gauge fields on either side of the wall. We investigate the fusion
rules of these symmetries and their action on other topological defects, including the Wilson
lines, magnetic fluxes, and gapped boundaries. We illustrate these constructions with various
novel examples, including non-invertible electric-magnetic duality symmetry in 3+1d Zso
gauge theory and non-invertible analogs of electric-magnetic duality symmetry in non-abelian
finite-group gauge theories. In particular, we discover topological domain walls that obey
Fibonacci fusion rules in 2+1d gauge theory with dihedral gauge group of order 8. We also
generalize the Cheshire string defect to analogous defects of general codimensions and gauge
groups and show that they form a closed fusion algebra.

In the second part (Chapter 3) we demonstrate how to realize these symmetries as

XV



condensation defects, i.e., as suitable insertions of lower dimensional topological operators.
We then compute these symmetries’ fusion rules and action using their condensation expression
and the algebraic properties of the lower-dimensional objects that make them. We illustrate
the discussion in Zp gauge theory, where we derive the correspondence between domain
walls, labeled by subgroups and topological actions for the doubled gauge group, and higher
gauging condensation defects, labeled by subalgebras of the global symmetry. As a primary
application, we obtain the condensation expression for the invertible symmetries of abelian
gauge theories defined by outer automorphisms of the gauge group. We also show how to use
these ideas to derive the action for certain non-abelian groups. For instance, one can obtain

the action for the Dihedral group D4 by gauging a swap symmetry of Zo X Zo gauge theory.

Xvi



CHAPTER 1
INTRODUCTION

1.1 Emergence: from micro to macro

In this section, we present what can be viewed as a high-level motivation behind this thesis:

understanding emergence.

1.1.1 Emergence in science

A strategy for chasing reality is reductionionism. When confronted with a complex system
of some kind, we begin by breaking it into parts and studying each piece separately. From
the iteration of this research strategy, we have made remarkable progress, uncovering a

hierarchical structure of matter’s constituents (see Fig. 1.1). As we probe deeper into the

Proton =——= Up quark

/

I Atomic Nuclei - >< \

Atoms Neutron = Down quark ——  Strings?

/

Electron

Figure 1.1: Reductionism: from systems to constituents.

fabric of matter, we find that the binding energies holding its components together become
increasingly large (see Table 1.1). Consequently, ever-higher energies are needed to break
apart ever-smaller building blocks. This is why exploring the smallest structures requires the
most massive instruments, such as the Large Hadron Collider (LHC).! However, it is striking

to observe that this sophisticated scientific endeavor is ultimately driven by the same simple

1. The LHC is a 27-kilometer ring of superconducting magnets equipped with accelerating structures that
boost particle energies along the way [CERN(n.d.)]



strategy that perhaps even babies follow when they begin exploring the world: breaking

things apart.

System Constituents Force Binding Energy
Hydrogen | Electron, proton | Electromagnetic 1.3 x 10 eV

Deuterium | Proton, neutron Strong force 2.2 x 100 eV
Proton Up, Up, Down Strong force 9.3 x 10% eV

Table 1.1: The smaller the scales, the higher the energies.

A different strategy to chase reality is emergentism, which is an attempt to address the
problem of emergence. The general problem of emergence lies in deriving the properties of
a system from those of its constituents and their interactions, in other words, going from
parts to wholes. Developing techniques to attack the problem of emergence is important as
we often possess a good description of the parts but lack a good description of the whole.
In such cases, a common goal is to use what we know about the parts to derive a better

description of the whole (see Fig. 1.2).

Electron Up. U
b, Up
Proton Hydrogen Down Proton ( Agents Social structures
Microeconomics Macroeconomics
Conciousness

Ecology

Figure 1.2: Emergentism: from constituents to systems.

The problem of emergence is what most captivates me in science because of its ubiquity
across scientific domains. From social structures arising from individual agents, macroeco-

nomics emerging from microeconomic interactions to intelligence and consciousness arising
2



from neuronal activity, emergence appears again and again. Its widespread presence suggests
that uncovering general principles of emergence could yield insights across disciplines. Beyond
its intrinsic appeal and potential technological relevance, understanding emergence in the
theoretically controlled setting of high-energy physics may offer lessons for tackling emergent
phenomena more broadly.

The simple yet profoundly rich example of the hydrogen atom (see Fig. 1.2) already
offers key lessons for understanding emergence more broadly. In this system, we have two
constituents—the proton and the electron—that in the non-relativistic limit interact by the
electromagnetic Coulomb potential. When considered separately, each part is described
by a free-particle wavefunction, and the non-interacting combined system is given by their
tensor product. Once they interact, however, they form a new entity: the hydrogen atom.
This bound system exhibits emergent properties that are absent in the non-interacting
pair. Specifically, the quantum state of the hydrogen atom, |n,¢,m), depends on three
additional quantum numbers known as the principal n, orbital angular momentum ¢, and
magnetic quantum numbers m. Mathematically, these emergent properties arise as eigenvalue
parameters (separation constants) in the differential equation that governs the hydrogen
atom. Abstracting away from the particularity of this example reveals a general pattern of
emergence: when a differential equation describes interacting components, the properties of
the resulting whole can emerge as separation constants.

The second example shown in Fig. 1.2 remains a work in progress, and one of the hopes
guiding this thesis is that the tools explored here may help us tackle that more difficult
problem. As I have tried to emphasize throughout this introduction, beneath the jargon
and specificity of high-energy theoretical physics, this work is ultimately an exploration of a
tool for addressing the problem of emergence. That tool is symmetry, a concept that has
long played a central role in physics. What is new, is the recent realization that symmetry

can be meaningfully generalized. The community is now actively exploring the scope of this



generalization and its potential application.

To close this section, let me illustrate at a cartoon level why symmetries might be helpful in
addressing the problem of emergence. If the constituents of a system obey a certain symmetry,
then any interaction between them must also respect that symmetry. As a consequence, the
system they compose will also be invariant under the same symmetry transformations. This
inherited invariance often reveals structural or dynamical features of the whole that might

otherwise go unnoticed.

1.1.2  Emergence in physics beyond perturbation

The general concept of emergence takes on a precise form in the framework of quantum field
theory, where it appears as the renormalization group (RG) flow. This is possible because
quantum field theory provides well-defined notions of spacetime and scaling, allowing us
to move systematically from short-distance (component-level) descriptions to long-distance
(system-level) behavior. Central to this framework are conformal field theories (CFTs),
theories that remain invariant under changes of scale.? In this context, a quantum field
theory can be viewed as a trajectory: an RG flow that connects a short-distance (ultraviolet,
or UV) fixed point to a long-distance (infrared, or IR) CFT (see Fig. 1.3).

Quantum field theories display a remarkable feature in this setting: they require both
reductionist and emergentist strategies. As one flows along the RG trajectory, the strength
of interactions between constituents changes: it can either increase or decrease. In theories
where the interaction becomes weaker at large distances, the IR limit resembles a collection of
non-interacting particles. A prime example is quantum electrodynamics (QED), where the IR
theory is free Maxwell theory, the theory of photons. In such weakly coupled cases, emergence
is trivial, as the constituents remain effectively unchanged. However, understanding the

short-distance (UV) behavior can be more challenging. For instance, QED is believed to

2. A compelling visual analogy for such scale invariance is provided by fractal geometries, where geometrical
patterns repeat across different length scales.
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Figure 1.3: A quantum field theory is an RG trajectory between a UV and IR CFT.

suffer from a Landau pole, suggesting the need for a UV completion.

Surprisingly, there are theories with the opposite behavior: instead of weakening, interac-
tions become stronger at long distances. This is the case for quantum chromodynamics (QCD),
where the UV behavior is simple—we have weakly coupled quarks and gluons—but the IR
behavior is strongly coupled. In these cases, reductionism is trivial, but emergence is not.
Strong coupling at large distances renders standard perturbative tools ineffective, and new
methods are needed to understand the emergent structure. One powerful non-perturbative
tool that has proven useful in this regime is symmetry.

Understanding how symmetries and their generalizations can shed light on strongly
coupled systems is a central theme of contemporary theoretical physics, and it provides a

background motivation for the investigations pursued in this thesis.

1.2 Global symmetries: a theorist inverted microscope

Microscopes allow us to see the microscopic world from a macroscopic distance, symmetries
operate in a kind of inverted way: they allow us to theoretically see the macroscopic world
from a microscopic distance. In this section, we elaborate on this idea, concluding that

symmetries are powerful tools for understanding emergence. Along these lines, we introduce



the main motivation for this work, the recent developments in our understanding of symmetry

in quantum field theory.

1.2.1 The power of symmetry

The power of symmetries extends beyond the framework of RG flow and appears more
generally in the study of emergence. A simple but important illustration is the hydrogen atom
discussed in Section 1.1.1. Even without solving the equations of motion, rotational symmetry
alone allows us to predict that the energy spectrum will be organized into representations of
the rotation group. Specifically, the hydrogen atom’s wavefunction is labeled by the quantum
numbers ¢ and m, corresponding to orbital angular momentum and its projection along a fixed
axis. These quantum numbers can be seen to emerge purely from symmetry considerations.

Symmetries also yield surprising insights in far more complex settings. One such example
arises in the RG flow of QCD-like theories that exhibit chiral symmetry breaking. A highly
non-trivial result in this context is the Nambu—Goldstone theorem, which states that if a global
symmetry is spontaneously broken, then the low-energy, long-distance theory will contain
massless excitations, known as Nambu—Goldstone bosons. Pions are a concrete example of
such particles.3 This result is remarkable because we cannot solve QCD analytically. The best
we can do is simulate it numerically. At short distances, QCD is weakly coupled and described
by quarks and gluons. As we move to larger distances along the RG flow, the theory becomes
strongly coupled, exhibiting confinement and hadronization. Despite the complexity of this
regime, the spontaneous breaking of chiral symmetry guarantees the presence of low-energy,
massless excitations, which again are described by a weakly coupled theory. Symmetry, in
this case, reveals the existence of an emergent, low-energy description, even though we cannot

directly solve the underlying dynamics. This emergent theory is expressed in terms of new

3. In the real world, chiral symmetry is only approximate, as it is explicitly broken by Yukawa interactions.
As a result, pions are not exactly massless. However, their small masses are directly controlled by the strength
of the symmetry-breaking terms.



degrees of freedom (the pions), which arise from the interactions of their constituent quarks.

In both examples, we see how robust and powerful symmetries are. They act as non-
perturbative tools that reveal features of the emergent system without requiring solving
for the microscopic dynamics. If microscopes allow us to see the microscopic world from
a macroscopic distance, symmetries operate in a kind of inverted way: they allow us to
theoretically see the macroscopic world from a microscopic distance. As such, they are

uniquely well-suited for addressing the problem of emergence.

1.2.2  Generalized global symmetries

One of the main drivers behind this work was the realization that the notion of symmetry in
quantum field theory admits a powerful generalization. In this section, we review this insight
and trace a conceptual path that leads to it.

In formal approaches, a quantum field theory is intrinsically defined by its collection of
operators and their correlation functions. Along these lines, a natural question arises: what
does it mean for a theory to have a symmetry? The key insight of [Gaiotto et al.(2015b)Gaiotto,
Kapustin, Seiberg, and Willett| is that a symmetry can also be defined intrinsically as a
collection of topological operators. The group structure associated with the symmetry
arises from the fusion rules obeyed by these topological operators. Moreover, the action
of the symmetry on other operators is realized through linking, that is, by surrounding
operator insertions with topological defects. Once symmetries are phrased in this intrinsic
and geometric language, a path to generalization naturally opens up.

Before turning to the generalization, let us trace a conceptual path that leads to this
key insight. Consider a continuous global symmetry group G. By Noether’s theorem, such
a symmetry implies the existence of a conserved current J% for each generator of the Lie

algebra of G. Integrating this current over a codimension-one surface yields a conserved



charge

C&AE)==/;J#dSM, (1.2.1)

where Y is a spatial slice in Lorentzian spacetime, or more generally a codimension-one surface
in Euclidean signature. Crucially, current conservation implies that the charge is topological.

Specifically, if ¥ and Y/, are cobordant (i.e., they bound a region V, so 9V = ¥/ — X)), then

Qu(=) - Qu(®) = [

yﬁ%—éﬁ@:ﬁ@ﬁmzu (1.2.2)

This shows that Q(X) can be smoothly deformed in correlation functions, so long as it does

not pass through any operator insertions:

(QG(E')...><@...>( ‘ ...)z(@...>=(@a(2)...>.

(1.2.3)

The exponential of the charge Uy(X) = e9aQa(X) gives the symmetry defect associated with
the group element g = e9ela € G.

We can now examine the properties of these topological symmetry operators in more
detail. First, the group structure associated with the symmetry group G is reflected in the
fusion rules of its corresponding topological operators. Specifically, bringing together two
operators labeled by elements g,¢’ € G yields a third operator labeled by their product

g-¢ € G, provided the surfaces they are supported on do not intersect other operators. This



is illustrated in correlation functions as:

(1.2.4)

where we assumed that ¥/ can be smoothly deformed to X.
Second, these topological operators act on local operators via linking. Consider a multiplet
of local operators O; that transform in a representation p : G — Aut(V) of G. From the

Ward-Takahashi identities, 0,4 (2)O;(y) = 5 (z — Y)pij(Ta)O;(y), one finds

({Ug(2)0j() ...} = ) = pijg)( ) = pij(9)(Oj(x) . ).

vj
(1.2.5)

Above, the redish circle represents the codimenion-one topological operator Uy inserted on X,
and the dot represents the local operator O; insertion at x.
The takeaway from this construction is that continuous global symmetries can be intrinsi-

cally characterized by operators that:
e are topological, meaning they can be freely deformed away from operator insertions;,
e have codimension-one, allowing them to link with local operators;
e obey a group algebra via fusion.

This perspective can be reversed to define what it means to have a symmetry in a quantum field

theory. Crucially, this definition also encompasses discrete symmetries, not just continuous

9



ones. Moreover, by relaxing any of the properties above, we are naturally led to generalized

notions of symmetry:

e Subsystem symmetries (as in fracton models) relax topological invariance and

become partially topological.

e Higher-form symmetries involve operators of higher codimension. For instance,
1-form symmetries act on line operators and are supported on codimension-two surfaces

(e.g., in Maxwell theory).

e Non-invertible symmetries relax the group structure and are described by more

general categorical fusion rules, as the Verlinde lines in 2d CFTs.

These directions of generalization are independent, and throughout this work, we will encounter

multiple examples that explore these different extensions of symmetry.

1.3 Finite-group gauge theory: a topological quantum field theory

In this final section, we present the setting in which we will explore generalized notions of
symmetry: a particular class of topological quantum field theories known as finite-group

gauge theories.

1.5.1 Motiwwations

A quantum field theory is said to be gapless if there is no energy gap between the ground state
and the first excited state. In this case, the theory contains massless excitations. In contrast,
a theory with a nonzero energy gap is called gapped. One might expect that in the infrared
(IR), a gapped theory flows to a trivial theory with a unique ground state. Such theories
are said to be trivially gapped. However, this expectation does not always hold. There exist
gapped theories that flow in the IR to nontrivial topological quantum field theories (TQFT).

These are referred to as non-trivially gapped.
10



A TQFT is a special type of quantum field theory in which observables and correlators do
not depend on the metric of spacetime, only on its topology. The class of TQFTs we will focus
on in this work is the family of finite-group gauge theories, also known as Dijkgraaf-Witten
theories [Dijkgraaf and Witten(1990a)|. As the name suggests, these are gauge theories built
from finite groups rather than Lie groups.

There are several motivations for studying these theories. First, it has been shown that
they describe the IR behavior of gapped QFTs in 3 + 1 dimensions (see Section 3.1 for
references). In this context, it is worth noting that while the Standard Model flows to free
Maxwell theory in the IR, it is possible that some UV completion, such as a grand unified
theory, flows to a combination of Maxwell theory and a finite-group gauge theory. Second,
finite-group gauge theories describe certain topological phases of matter, such as the toric code,
which plays a key role in proposals for fault-tolerant quantum computation |Kitaev(2003)].
Finally, these theories serve as tractable but general examples of TQFTs. They are defined
in all spacetime dimensions and for arbitrary finite groups, making them an ideal playground
for developing and testing quantum field theoretic ideas.

Moreover, finite-group gauge theories naturally realize various generalized symmetries,
including higher-form and non-invertible symmetries, within a tractable and often exactly
solvable framework. Despite their mathematical simplicity, they capture a rich landscape
of physical phenomena, ranging from anyonic excitations in 2+1 dimensions to non-trivial
topological responses in higher dimensions. These features make them an ideal laboratory for
investigating the structure and implications of generalized symmetries. In the chapters that

follow, we will investigate these symmetries.

1.3.2 Review

In this section, we will review the basic properties of finite-group gauge theories on the

lattice. These theories can be defined in general spacetime dimension D and are classified by
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tuples (G, [ap]) with G a finite-group and [ap] € HP (G, U(1)) a D-cohomology class. Such
theories can describe liquid gapped phases, i.e., gapped phases with fully mobile excitations.
While gapped phases in D = 3 can be described by modular tensor category, gapped phases
in D = 4 and higher spacetime dimension are more constrained, and topological finite-group
gauge theories provide an important class of representative examples [Lan et al.(2018b)Lan,
Kong, and Wen, Lan and Wen(2019b), Johnson-Freyd(2022)]. Furthermore, these theories
are examples of topological gauge theories and provide an elementary illustration of the
categorical approach to quantum field theory [Atiyah(1988), Wakui(1992)]. Now we summarize

a few of its properties.

e Gauge field configurations and gauge transformations. Let us denote the gauge
group by G, and the spacetime manifold by M of general spacetime dimension D > 2.
We assume M is orientable and connected. We triangulate the spacetime manifold,
enumerate its vertices {v; : 0 < i < n}, and define a gauge field configuration as a map
g that assigns to each edge [v;,v;] such that i < j a group element g;; = g([v;,v;]) € G.
A path in the triangulation of M is a sequence of vertices connected by edges v =

(viy,---,v;,), and the holonomy along a closed path (with i1 = iy) is defined by

9y = Givig -+ - Gip_1in> (131)

where g;; = gj_z-1 whenever 7 > j. A gauge field configuration is said to be flat if the
holonomy (flux) along the boundary of every 2-simplex [v;, v;, vy] of the triangulation

of M is trivial:

I(wiwjop) = 9ij ik - Iki = 1. (1.3.2)

This local flatness condition implies that the holonomy along a closed loop depends only
on the homotopy class of the path v € 71 (M). Therefore, a flat gauge field configuration

can be described globally by a flat connection a € Hom(m(M),G) where g, = a(7y),
12



and Hom indicates that a defines a group homomorphism under concatenation of loops
in M.

The gauge field configurations § and §’ are gauge equivalent if
/ -1
9ij = i~ 9ij - 1y (1.3.3)

for some map h that assigns to each vertex v; a group element h; = ﬁ(vz) € G. We
call the map h a gauge transformation and we say that it changes the gauge field
configuration from g to g’. Conversely, two flat connections a,a’ € Hom(m (M), G)
are gauge equivalent if there exists h € G such that a/(y) = h - a(y) - h~! for every
v € m1(M). We denote this set by Hom(m (M), G)/G.

e Topological action and group cohomology. The total action is a product of local
terms, one for each D-simplex of the triangulation of M (which we also denote by M),

and is given by

H aD(gilig <o 7giDiD+1>€i (134)
[Uil’”"viD-i—l]EM

with €¢; = +1% depending on whether the orientation of the D-simplex agrees with that
of M and with [ap] € HP(G,U(1)). The n-th group cohomology H™(G,U(1)) is a
finite abelian group defined as the quotient of n-cocycles by n-coboundaries. Specifically,

the set of n-cochains C™ is the set of functions ay, : G™ — U(1) and the coboundary

4. The positive orientation of the D-simplex is obtained by having i; < -+ <ip41.
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operator s . on — ontl g

_1)n+1

5(n)an(91» s :gn—H) :Oén(gla s »gn)( an(927 e ’gn—l—l)

n e (1.3.5)
x Han(g1,~--,gi‘gz’+1,---7gn+1)(7 r
i=1

The set of n-cocycles is defined by Z™(G, U(1)) = {ay, € C™ : 6(ay, = 1} and the set
of n-coboundaries by B"(G,U(1)) = {an € C" : app = 6" Loy, 1, with ay,_1 € C77 1}

n=1) — 1 5o

It follows from the definition of the coboundary operator that 5(m) .
that the set of n-coboundaries is a subgroup of the set of n-cocycles. The n-th group

cohomology of algebraic cocycles of G with U(1) coefficients is defined by:
H™(G,U(1)) = Z"(G,U(1))/B"(G, U(1)) = Ker 6™ /Im s~ 1), (1.3.6)

The fact that the topological action does not depend on the choice of triangulation of

M follows from the cocycle condition § (D)

ap = 1. When no confusion is possible we
will drop the subscript n in «y, and for convenience, we are going to denote by «y, the

n-cohomology class and the cocycle used to represent it.

Partition function. We denote by Z(G, M, ap) the gauge theory partition function
associated with the finite group G and local action ap € HP(G,U(1)) on M. We
say the theory is untwisted if ap is trivial and twisted otherwise. In the first case,
we suppress the symbol for the local action. The partition function Z(G, M, ap) on
the lattice is given by a summation over gauge equivalence classes (1.3.3) of flat gauge
field configurations (1.3.2) weighted by the topological action (1.3.4) and normalized by

1/|G|. This local lattice definition can be recast in a global and manifestly topological
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invariant way as

(G M, ap) = — 3 (a*ap, M), (1.3.7)

G| acHom(m (M),G)/G
with [M] the fundamental class of M and ap € HP(BG,U(1)). Above we used
the fact that there is a isomorphism between group cohomology HP(G,U(1)) and
topological cohomology HP (BG,U(1)) where BG is a classifying space for G (a space
with 71 (BG) = G and 7,(BG) = 1 for n > 1). In this setup, the summation is over
principal G bundles over M and the flat connection a defines a homotopy class of maps
a : M — BG which we use to pull back ap to spacetime. We see that the theory can

be viewed as a sigma model with target space the classifying space BG [Bullivant and

Delcamp(2019)].

The normalization factor 1/|G| is such that the partition function for untwisted G

gauge theory on S1 x SP~1 equals

1 D>3,
Z(G, 8t x sP1 = ¢ b - (1.3.8)
pu— 2’

which is the dimension of the Hilbert space on SP=1 For D > 3, the dimension is
always one since SD=1 g simply connected. For D = 2, the space is a circle, and
the dimension of Hilbert space is |G|. (Recall that we suppress the symbol for the

topological action when it is trivial.)

When G is a finite abelian group the theory can be generalized to higher-form G gauge
theory. In a p-form G gauge theory, the gauge field configurations are maps that assign
group elements to p-simplices, the flatness condition involves the boundary of (p + 1)-
simplices, gauge transformations come from (p — 1)-simplices and the topological action

is classified by HP (BPG,U(1)) (BPG is a space with my(BPG) = G and 7, (BPG) = 0
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otherwise). The partition function for untwisted p-form G gauge theory is proportional
to |HP(M, G)| which equals (1.3.7) for p = 1. This generalization does not work for
non-abelian G because of the flatness condition except the p = 0 case. When p = 0,
a gauge field configuration is a map ¢ that assigns a gauge group element to every
vertex of M, g(v;) = g;. By the flatness condition Ilvivj]) = gigj_1 =1 for all edges
of M. One finds that the map g assigns the same group element to every connected

component of M and therefore
z0(a, M) = |G|ImoM)l, (1.3.9)

Below we often assume that the spacetime manifold is connected in which case the

above is simply Z0(G, M) = |G].

e Hilbert space. Consider canonical quantization on M = Rgjpe X Mgpace- The
partition function on S 1y Mgpace gives the dimension of the Hilbert space on Mgpace
and can be computed explicitly using the lattice definition. If we view the partition
function as a summation over flat connections as in equation (1.3.7) then, for a gauge
field with value g in the time direction, the field configurations on Mspace that label
the physical Hilbert space on Mgpace correspond to the flat connections such that the

compactification of the topological action ap € HP(BG,U (1)) on S s trivial:
a*igap = 0mod 27Z Vg e G , (1.3.10)

where iga is the slant product (see e.g., Appendix A of [Wang and Wen(2015)]).> The

5. Explicitly,

(1P~

igap(g1, -+ ,9p-1) =ap(g,91, - ,9p—1) ap(gi,---,9p-1)

1 (—1)P-1+9

D—2
X H aD(gla"' 7gj7(gl ‘923"'93')7 'g'(gl ’92a"'gj)7"' angl)
j=1
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condition (1.3.10) can also be viewed as the “equation of motion" for the field variation

in the temporal direction by the amount g.

In the case of vanishing ap this Hilbert space is spanned by basis vectors in one-to-one
correspondence with elements of Hom(71(Mspace), G)/G where the quotient is the

action by G conjugation, see (1.3.3).

e Wilson lines. Wilson lines are one-dimensional extended operators labeled by repre-
sentations of the gauge group. The Wilson line associated with the representation p

inserted on a loop v is given by

Wo(v) = xp(gy) = Trp(g) (1.3.11)

where x, : G — C is the character (trace) of the representation p and g € G is the
holonomy around ~. The operator W) (y) depends on the homotopy class of the cycle
~v. We recall that the fundamental group depends on a choice of basepoint. Assuming
that the spacetime manifold is connected nothing depends on this choice. However, the
presence of a basepoint implies that a loop v homotopic to 1 - v2 cannot be viewed as
the disjoint union of 1 and ~9. Therefore, in general W, () # W, (71)Wy(72), even if
1 - 7v2 is homotopic to 7. An important exception is when p is one-dimensional, which
is the case for all irreducible representations of abelian groups. We say that a Wilson

line W, has electric charge p.

If two Wilson lines are placed along the same loop they fuse according to the tensor
product of representations. This follows from the fact that x,(9)x,/(9) = X e (9)-

Furthermore, representations of GG are spanned by irreducible representations. Therefore,
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given the Wilson lines in representation p and p’ we have:

WoWWy(1) =Wpey (1) = > ciWp(v) (1.3.12)
pi €irreps

with ¢; € N the coefficient of p; in the expansion of p ® p in irreducible representations.

General invertible electric defects. General invertible electric defects are n-
dimensional operators labeled by elements of H"(G,U(1)), the n-th group cohomology
of G with U(1) coefficients (1.3.6). They are obtained by attaching a topological
action along the n-dimensional manifold they are defined on. The general invertible
electric operator associated with oy, € H™(G,U(1)) inserted on the n-dimensional closed

manifold ¥, is given by [Barkeshli et al.(2022)Barkeshli, Chen, Hsin, and Kobayashi|:

Wan(En) = H an(gilig SR 7ginin+1)€i' (1313)

[IUll 7"'7Uin+1]62n

For n = 1, we have H'(BG, U(1)) = Hom(G, U(1)) and these operators reduce to a Wil-
son line in a one-dimensional representation. For general n, they are submanifolds deco-
rated with topological action for the G gauge fields. Examples of these defects are studied
in [Else and Nayak(2017),Hsin and Turzillo(2020), Barkeshli et al.(2023)Barkeshli, Chen,
Huang, Kobayashi, Tantivasadakarn, and Zhu, Barkeshli et al.(2022)Barkeshli, Chen,
Hsin, and Kobayashi, Hsin(2022), Ji et al.(2022)Ji, Tantivasadakarn, and Xu].

If two general invertible electric defects are placed along the same n-dimensional closed
submanifold 3, they fuse according to the abelian group structure of H"(G,U(1)).

More precisely, given ap, o), € H"(G,U(1)) we have:

Wan (En)War (Sn) = Wy ar (Sn). (1.3.14)

/
n
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This is consistent with the property that fusing such domain walls is the same as first
stacking the SPT phases with G symmetry labeled by ay, o), on the wall and then

gauging the G symmetry [Barkeshli et al.(2022)Barkeshli, Chen, Hsin, and Kobayashi].

e Magnetic defects. Magnetic defects are codimension-two operators labeled by con-
jugacy classes of G [Abrikosov(1957), Nielsen and Olesen(1973)|. The insertion of a
magnetic defect associated to the conjugacy class of some element g € G on a closed
connected (D — 2)-submanifold I modifies the flatness condition (1.3.2) for the allowed
gauge field configurations in the partition function. Specifically, for every 2-simplex
[vi,vj, v3] such that v = (v;,vj,v) links with T' the insertion of My(I") restricts the
holonomy g~ to be g instead of 1. Here, we view I' as being spanned by (D —2)-simplices
in the dual triangulation of M. Note that this implies that the Wilson line W), has
nontrivial linking with magnetic defects M given by %. In general, the operator

My(T") depends on the isotopy class of I'. See Fig. 1.4 for illustration. We say that a

magnetic defect My has magnetic charge g.

] U6

Figure 1.4: Example of valid gauge field configuration on the vicinity of the magnetic defect M,
insertion (indicated by an x ), and its linking action on the Wilson line W, (shown in red). The
magnetic insertion has linking number one with v = (v9, v4, v5) associated with the 2-simplex
[v9, v4, v5] so a valid gauge field configuration should satisfy Y(vg,v5,06) = 9- Note, however,
that the holonomy around the other 2-simplices is trivial. Furthermore, the expectation value
for the two insertions with the Wilson line W), along v = (v1,v4, v6, v, v3,v2,v1) which is

Xp(g)
Xp(1)

linked with I", and along 7/ = (v9, v5,v3, v9) which is unlinked with I' are related by

e Dyons. In D = 3 magnetic defects are also one-dimensional, therefore one can consider
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more general one-dimensional operators with electric and magnetic charge. We will
focus on the case a = 0. This operators are called dyons and they are labeled by the
tuple ([g], p) with [g] a non-trivial conjugacy class of G and p a non-trivial representation
of the group C(g) = {k € G : kgk~! = g}, the centralizer of a fixed element g € [g]
(see e.g., [Beigi et al.(2011)Beigi, Shor, and Whalen|). Wilson lines are dyons with label
([1], p) since C(1) = G, and magnetic defects are dyons with label ([g],1) with 1 the

trivial representation of C(g).

In D > 3 with o = 0, the magnetic defects have dimension (D — 2) > 1. Since on the
magnetic defect of conjugacy class [g] the gauge group is reduced to the centralizer
C(g), an analog of a “dyon” defect can be defined by decorating the magnetic defect
with an invertible electric defect for the unbroken gauge group C(g), labelled by a
(D — 2)-cocycle B € HP=2(C(g),U(1)).

When « # 0, a general dyonic defect is given by decorating the magnetic defect with
(higher) projective representation. See e.g., [Barkeshli et al.(2022)Barkeshli, Chen, Hsin,
and Kobayashi|.

Fusion of magnetic defects in D = 3. When the G gauge theory has trivial
topological action the magnetic defects obey the following fusion rules. Since the
magnetic defect M, reduces the gauge group G to the centralizer subgroup C(g),
the Wilson line in irreducible representation p in the presence of the magnetic defect

decomposes into ) ; W), for p = €; p; under the stabilizer subgroup C(g). Thus

Wy x My => WM, (1.3.15)

7

where the right-hand side above should be viewed as sum of dyons, and the sum over ¢

is as in the decomposition of p above.

Consider fusing magnetic defects My,, My,. From the above discussion, this should
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give the condensation defect of Wilson lines that can terminate on the magnetic defect.
Denote Ry, to be the set of irreducible representations of G whose decomposition under

the stabilizer subgroup C'(m) contains the trivial representation. Then

1
My x Min = 177 Y Mgt Y &Wp, (1.3.16)
geG r€Rm

where d; is the dimension of the representation p;, and the sum is over the representations
in Ry,. On the right-hand side, we use the property that multiplying two conjugacy
classes in general get multiple fusion outcomes. The coefficients on the right-hand side of
(1.3.16) can be computed using the method in [Witten(1989), Kaidi et al.(2022a)Kaidi,
Komargodski, Ohmori, Seifnashri, and Shao|. Let us denote the right-hand side by A,
we want to find the coefficient of W, in Ay,. Consider fusing Ay, with Wpr on SP—1x g1
with the lines wrapping S1, the partition function computes Hom(A;, % Wpr, 1) which
is the desired coefficient. On the other hand, view A,, as an empty cylindrical tube,
the configuration is topologically equivalent to BDP=1 % 81 with punctured ball BP—1

BDfl,pT)7 which

by Wilson line W), wrapping S 1 and thus the coefficient is dim H(
equals to the dimension of the space of operators living at the intersection of the Wilson

line and the boundary, i.e. the dimension of the representation.

For example, if m is in the center of G, the stabilizer C'(m) = G is the entire group,
then R, only contains the trivial representation. The fusion of the magnetic defects

reduces to My, x M, = M,

mm/ .

When a # 0, magnetic defects carry additional projective representations, which
modify the fusion rules as discussed in [Barkeshli et al.(2022)Barkeshli, Chen, Hsin,
and Kobayashi].

Hamiltonian formalism (quantum double model). We can also consider a Hamil-

tonian formalism with continuous time and discrete space. One possible Hamiltonian
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model is the quantum double (or its twisted version when the theory has a topological
action) discussed in [Kitaev(2003), Hu et al.(2013a)Hu, Wan, and Wu, Moradi and
Wen(2015)]. This theory should be viewed as an ultra-violet extension of topological
finite-group gauge theory discussed above. Specifically, this Hamiltonian model has
excitations with nonzero energy, and its Hilbert space is the tensor product of local
Hilbert spaces C[G] on each edge with basis {|g) : ¢ € G}. At low energy, with particu-
lar couplings, the ground states realize the Hilbert space of the topological finite-group

gauge theory.

More concretely, the topological G gauge theory is realized in the low energy ground
states by imposing an energy cost for the configuration that violates the Gauss law
V - E =0 for electric field E. To realize the flatness condition on the gauge fields, we

also need to impose an energy cost for the fluxes. Thus, the Hamiltonian has the form

H:—ZAU—Z]C:Bf, (1.3.17)

where Ay is the energy cost for violation of Gauss law at vertex v, and By is the energy
cost for fluxes on face f. The explicit form of Ay, By are given in [Kitaev(2003), Hu
et al.(2013a)Hu, Wan, and Wu, Moradi and Wen(2015)|.
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CHAPTER 2
NON-INVERTIBLE SYMMETRIES AS DOMAIN WALLS ON
THE LATTICE

2.1 Introduction

Symmetries are powerful tools for understanding quantum systems. For instance, symmetries
can provide hints about the long-distance behavior of physical systems even when they become
strongly coupled. A famous example is the Lieb-Schultz-Mattis (LSM) theorem that con-
strains the dynamics of lattice models and the connection of these ideas to 't Hooft anomalies
of generalized symmetries [Lieb et al.(1961)Lieb, Schultz, and Mattis, Oshikawa(2000), Hast-
ings(2004), Cho et al.(2017)Cho, Ryu, and Hsieh, Cheng and Seiberg(2023), Seifnashri(2024)].

The notion of symmetry was given an intrinsic definition in terms of topological operators
and their correlation functions in [Gaiotto et al.(2015b)Gaiotto, Kapustin, Seiberg, and
Willett]|. A frontier area of exploration is symmetries in field theories in general spacetime
dimensions, where the topological operators or the corresponding topological quantum field
theories are described by higher fusion categories.! Topological quantum field theories in
general spacetime dimensions also play important role in exploring the dynamical consequences
of symmetry in general gapped or gapless quantum systems such as constraining whether the
symmetry can be realized on the boundary by symmetric gapped phases or trivially gapped
phases [Apte et al.(2023)Apte, Cordova, and Lam, Kaidi et al.(2023a)Kaidi, Nardoni, Zafrir,
and Zheng,Zhang and Cérdova(2023),Cordova et al.(2023)Cordova, Hsin, and Zhang, Antinucci
et al.(2023) Antinucci, Benini, Copetti, Galati, and Rizi| (see also [Ji and Wen(2020)] for related

constructions). Thus, understanding the properties of topological operators or topological

1. In this work we will only consider fully topological operators, leaving cases with general subsystem
symmetries to future work. See e.g., [Bulmash and Tadecola(2019),Luo et al.(2022)Luo, Spieler, Sun, and
Karch, Hsin et al.(2023)Hsin, Luo, and Malladi] and the references therein for examples of gapped domain
walls and interfaces in fracton models.
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quantum field theories in general spacetime dimensions is important for learning dynamics of
general quantum systems from symmetry.

Finite-group topological gauge theories |Dijkgraaf and Witten(1990a)| provide a fruitful
playground to explore these notions. They can arise in various settings such as gapped
phases of lattice models and quantum field theories and topological codes. Finite-group
gauge theories are also relevant in experiments, most prominently Zo gauge theory in s-wave
superconductors where U(1) electromagnetism is broken to Zs by Cooper pairing [Hansson
et al.(2004)Hansson, Oganesyan, and Sondhi|. In recent years, there are also experimental
realizations of ground state wavefunctions for gauge theories with Zo gauge group (e.g., [Igbal
et al.(2023b)]) and dihedral gauge group of order 8 [Igbal et al.(2024)] in 2+1d by quantum
Processors.

The invertible symmetries, i.e., symmetries that have an inverse transformation, in
finite-group gauge theories have been discussed extensively in the literature of symmetry-
enriched topological orders (SET) |Etingof et al.(2010)Etingof, Nikshych, Ostrik, and
Meir, Mesaros and Ran(2013), Barkeshli et al.(2019)Barkeshli, Bonderson, Cheng, and
Wang, Teo et al.(2015)Teo, Hughes, and Fradkin, Tarantino et al.(2016)Tarantino, Lind-
ner, and Fidkowski, Chen(2017)]. In particular, recently invertible symmetries in finite-group
gauge theories have important applications to new fault-tolerant logical gates in topological
quantum codes [Barkeshli et al.(2023)Barkeshli, Chen, Huang, Kobayashi, Tantivasadakarn,
and Zhu, Barkeshli et al.(2022)Barkeshli, Chen, Hsin, and Kobayashi, Kobayashi(2023),
Barkeshli et al.(2024b)Barkeshli, Hsin, and Kobayashi, Zhu et al.(2023)Zhu, Sikander, Port-
noy, Cross, and Brown, Fidkowski and Hastings(2023), Kobayashi and Zhu(2023), Hsin
et al.(2024b)Hsin, Kobayashi, and Zhu|. Invertible symmetries in finite-group gauge theories
also provide construction for new automorphism codes, e.g., [Hastings and Haah(2021), Davy-
dova et al.(2023)Davydova, Tantivasadakarn, and Balasubramanian, Aasen et al.(2022)Aasen,

Wang, and Hastings, Hsin and Wang(2023), Kesselring et al.(2024)Kesselring, Magdalena de la
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Fuente, Thomsen, Eisert, Bartlett, and Brown)].

In addition to invertible symmetries, finite-group gauge theories can have non-invertible

symmetry, where the generating topological operators do not obey group-law fusion, and in par-
ticular do not have an inverse. Such non-invertible topological defects can be present in various
gapless or gapped quantum systems, see [Kapustin and Saulina(2010),Fuchs et al.(2013a)Fuchs,
Schweigert, and Valentino, Bhardwaj and Tachikawa(2018), Chang et al.(2019)Chang, Lin,
Shao, Wang, and Yin,Choi et al.(2022a)Choi, Cérdova, Hsin, Lam, and Shao,Kaidi et al.(2022b)Kaidi,
Ohmori, and Zheng, Choi et al.(2022b)Choi, Cérdova, Hsin, Lam, and Shao, Bhardwaj
et al.(2023c)Bhardwaj, Bottini, Schafer-Nameki, and Tiwari, Choi et al.(2022d)Choi, Lam,
and Shao, Cordova and Ohmori(2023)] for early work on this subject. Meanwhile, ex-
amples of non-invertible topological domain wall defects in finite-group gauge theory are
discussed in various literature [Kitaev(2003),Kapustin and Saulina(2011), Wen(2013),Barkeshli
et al.(2019)Barkeshli, Bonderson, Cheng, and Wang, Hsin and Turzillo(2020),Koide et al.(2022)Koide,
Nagoya, and Yamaguchi, Hayashi and Tanizaki(2022), Barkeshli et al.(2022)Barkeshli, Chen,
Hsin, and Kobayashi, Bhardwaj et al.(2023a)Bhardwaj, Bottini, Pajer, and Schéfer-Nameki,
Bhardwaj et al.(2024d)Bhardwaj, Bottini, Schafer-Nameki, and Tiwari,Bhardwaj et al.(2024c)Bhardwaj,
Bottini, Schafer-Nameki, and Tiwari, Bhardwaj et al.(2024f)Bhardwaj, Inamura, and Tiwari|.
In 2+1d, such topological domain walls or boundaries correspond to certain condensation of
bulk topological excitations called Lagrangian algebras [Kong(2014a)|. On the other hand,
the gapped domain walls and boundaries in higher dimensions are less understood (see [Zhao
et al.(2023)Zhao, Lou, Zhang, Hung, Kong, and Tian, Ji et al.(2022)Ji, Tantivasadakarn, and
Xu, Luo(2023)] for recent studies for the gapped boundaries of Zo gauge theory in 3+1d).

In this work, we will investigate general symmetries, both invertible and non-invertible, in
finite-group topological gauge theories. We will focus on the topological domain walls in general
spacetime dimension. Since topological finite-group gauge theories are naturally defined on

the lattice (see e.g., [Dijkgraaf and Witten(1990a)]), we will investigate the symmetries by
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placing the theories on the lattice. A companion paper [Cordova et al.(2024)Cordova, Costa,

and Hsin| will explore the relationship of these symmetries to condensations.

2.1.1 Summary of results

Gauge theories with a finite gauge group G can be defined by a path integral on the
lattice [Dijkgraaf and Witten(1990a)|. A flat gauge field configuration is a map that assigns
to each oriented edge a group element g;; € G and satisfies a flatness condition for every
2-simplex of the triangulated manifold. Gauge transformations are maps that assign to each
vertex a group element h; € G and transform a flat gauge field configuration g;; to higijhj_l.
The total action is a product of local terms classified by group cohomology HP (G, U(1))
whose elements are functions that assign a well-defined phase depending on the values of
the gauge field configuration in each D-simplex. The partition function is then given by a
summation over gauge equivalence classes of flat gauge field configurations and is weighted

by the topological action (see Section 1.3 for a review).

Domain walls and gapped boundaries on the lattice Gapped boundaries of untwisted
gauge theory with a finite gauge group G in general dimension can be constructed from
subgroups K < G and a choice of topological action o € HP~1(K,U(1)). Given this data,
we construct a gapped boundary B , by restricting the gauge field configurations to be
in the subgroup K and by attaching the topological action a € HDfl(K, U(1)) along the
boundary M. Motivated by the folding trick, we construct a domain wall Dy ,(3) by
having gauge fields on the subgroup H < GG x GG and by attaching the topological action

o€ HP~1(H,U(1)) along the codimension-one submanifold ..

Fusion of domain walls and action on gapped boundaries Despite being simple, this
definition is generic because it applies to any group G and dimension D. Furthermore, some

of the fusion rules for the codimension-one topological operators can be derived in a very
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simple way from this description. One of the main contributions of this paper is to derive the

fusion ring structure of the domain walls Dy ,, with subgroup H < G x G and topological

action a € HP~1(H, U(1)) as elements of one of the following two families:

e H=K@) ={(¢-k,k): ke K} with K <G and ¢ € Aut(G) and a topological action

a € HP=1(K U(1)) evaluated on the right entry of K(9)

e H=Kj x Kp, with K;, Kp <G and o = af x ap with ay € HP~1(K;,U(1)) and

ap € HP~Y KR, U(1)).

We show that these two families are generated by the domain walls:

e Automorphism domain walls: D), with ¢ € Aut(G);

e Diagonal domain walls: D(iq) ,, With K <G and « € HP-Y(K U®1));

,Q

e Magnetic domain wall: D¢y ;

which obey the following fusion rules:

Dp) X DG(¢/ )

D yeia) o, X Dyertia

) )

Oé/

D D
X PaxG X Kz(éd)aoéR

DK(Lid),aL

Daxa X Do) o X Daxa

Dao) X Dgia) 4

Dia) o X Do) = Pe) X PDy=1(k) pa

Do) X Daxa = Daxa % Do)

- DG(¢O¢’)7
G|

|K - K/yD(KmK/)(id),a.a/,
= DKy xKp,apxag
= Z(K,a)Dgxa
=Dg©) o
= Dp-1(K)@ pa’

= DGXG7

(2.1.1)

(2.1.2)
(2.1.3)

(2.1.4)
(2.1.5)
(2.1.6)

(2.1.7)

with ¢ o ¢’ the automorphism composition of ¢,¢’ € Aut(Q); a - o|gnr € HD_l(K N

K’ U(1)); |G|/|K - K'| the 0-form partition function of G/K - K’ gauge theory on ¥; Z(K, «)
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the partition function of K gauge theory twisted by o on X; and ¢*« the pullback of a by
¢ 1 (K)—= K.
In addition, we show that the domain walls that generate this fusion ring have the following

action on the gapped boundaries:

Do) X Brea = B¢(K)’¢fl*a, (2.1.8)
G|

Dytiay o X Brtaf = WBKQK’,aa’v (2.1.9)

Daxa % Br o = Z(K, a)Bg. (2.1.10)

Transformation on other operators Group elements and gauge transformations along
> in the presence of D H7a(2) are restricted to the subgroup H. From this feature, we can
derive the transformation of other operators on the domain walls. As an example, it is easy

to show that:

Dy Wy= > didi W, Dy - My =0, (2.1.11)
Pk Eirreps
Daxa - Wy, =0, Doxg-My= Y My, (2.1.12)
[k]CI(G)
DG(¢) : WPz‘ = Wpi‘¢_1’ DG(¢) : Mg = M¢(g) (2.1.13)

for all simple Wilson lines W), and magnetic defects My where d; is the dimension of the

irreducible representation p;.

Higher codimensional topological operators: Cheshire strings In the definition of
the domain wall Dy (%), a crucial ingredient is the orientation of the normal bundle NI
It allows us to consistently define the global meaning of left and right associated with the

left and right components of the subgroup H < G x G. Diagonal domain walls, however, are
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orientation reversal invariant and can be generalized as higher codimensional operators. The
dimension-n generalization of the diagonal domain walls are classified by subgroups K < G
and a topological action o« € H™(K,U (1)) and obey the fusion rule:

|G|

DK(id),a(Zn) X DK/(id)7a/(Zn) = WD(KQKV)(M),&-O/(ETL) (2114)

with >, a n-dimensional submanifold of M. This fusion rule generalizes the fusion rule of

Cheshire strings |Else and Nayak(2017), Tantivasadakarn and Chen(2024b)].

Non-invertible electric-magnetic duality domain wall Note that in the data that
specifies a domain wall, dimension dependence comes from the topological action a €
HD_l(H, U(1)). By working out the particular case of G = Zy gauge theory in D = 3,
we compute the fusion, action on boundaries and transformation of other operators for the
domain wall associated with the subgroup H = Z9 X Zg < Zo X Z9 with the non-trivial

topological action ag € H2(H,U(1)) = Zy. We find

DzyxZ9,00 X PZyxZg,09 = 1 (2.1.15)
DZQXZQ7a2 X Bl = BZ27 D22x227a2 X BZQ = Bl, (2116)
D7oxZg,09 - W = M, D7y xZg.an - M =W, (2.1.17)

showing that Dz, 7, o, 18 the electric-magnetic duality symmetry defect. The procedure
we follow for the computation is more general and shows that Dgy g o generalizes the
electric-magnetic duality to higher dimensions, generic gauge groups GG and topological action
o € HP=YG,U(1)). This class of domain walls mixes invertible electric and magnetic
operators and obeys a non-invertible fusion in general. For instance, in the theory with
G = Dy (the dihedral group of order 8), and D = 3, the domain wall associated with the

subgroup H = D4 x D4 and the non-factorized element ay € H2(1D)4 x Dy, U(1)) = Zg X Zs,
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obeys the Fibonacci fusion rule:

DpyxDa,(1,1) X Pyxdy,(1,1) = 1+ Pyxyy(1,1) (2.1.18)

and mixes magnetic and electric operators.

2.2 Codimension-one topological operators on the lattice

In this section, we will first review and define on the lattice the gapped boundaries of
finite-group gauge theories, which are related to domain walls via the folding trick. Then we

will present a lattice construction of the domain walls using this classification.

2.2.1 Gapped boundaries on the lattice

Gapped boundaries in untwisted finite-group G' gauge theory can be constructed from:
e Subgroup K < G,
e Topological action a € HP~1(K U(1)).

Given the data (K, «), one constructs the gapped boundary B K o Dy restricting the gauge
fields and gauge transformations on the boundary to be elements of K and one decorates the
boundary with the corresponding topological action v € HP~1(K,U(1)) as in (1.3.13). The
above construction is compatible and generalizes the Beigi-Shor-Whalen classification [Beigi
et al.(2011)Beigi, Shor, and Whalen| of gapped boundaries in the quantum double model in
D =3.

2.2.2  Domain walls on the lattice from the folding trick

Gapped domain walls can be obtained from gapped boundaries by the folding trick. In

particular, we should be able to give a constructive definition of a codimension-one domain
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wall of G gauge theory from the data that specifies a gapped boundary of G x G' gauge theory,
i.e., a subgroup H < G x G and a topological action o« € HP~1(H,U(1)). In this section,
we outline this construction.

Given a subgroup H < G x G and a codimension-one connected, closed and orientable
submanifold ¥, we define the domain wall, Dy (%) by restricting the gauge group elements of
the connection along ¥ to lie in the subgroup H and by properly gluing the H gauge group
elements of ¥ with the G' gauge group elements of the rest of spacetime. We can further
decorate the domain wall with a topological action a« € HP~1(H,U(1)) which gives the

domain wall Dy o(%). In more detail, Dy ,(X) is defined as:

e Gauge field configurations: Each edge on ¥ has group elements (hy,hp) € H <
G x G instead of g € G (where L and R is defined globally with respect to the orientation
of the normal bundle N¥). Because of this modification, one needs to specify the
appropriate holonomy for 2-simplices that have edges both in and outside X, i.e., we
need to define the flatness condition of (1.3.2) for such 2-simplices. The holonomy picks
a hy, (or hg) contribution if the edges comes from the left (or right) of ¥. See Fig. 2.1

for an example of a valid flat gauge field configuration.

e Gauge transformations: Gauge transformation on the vertices of ¥ by (kr, kg) € H

transforms the group elements on the edges that meet the vertex:

— If the edge is on ¥ and pointing towards the vertex, the group element (hy,hR)
on the edge transforms into (hp, - kil, hg - kél) If the edge is pointing away from
the vertex, the group element transforms to (kr, - hr, kg - hg)-

— If the edge is outside > with group element gy, € G and joins X from the left, the

group element transforms into gy - kzil. If it leaves X to the left the group element

transforms into ky, - gy,.

— If the edge is outside ¥ with group element gp € G and joins X from the right,
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the group element transforms into gp - k‘]_%l. If it leaves X to the right the group

element transforms into kg - gp.
See Fig. 2.2 for illustration.

e Topological action: The topological action o € HP —1(H,U(1)) is evaluated for all
(D — 1)-simplices of ¥. Whenever « is trivial we suppress it from our notation for the
domain wall. A domain wall with trivial topological action is said to be untwisted and

twisted otherwise.

Dy (%)

grh RhR arh

\
7

Ul 0 U2
91, 3 IR

Gl

v3

grkr! grkg'
Figure 2.1: Example of valid flat gauge field
configuration in a local region of Dy (X).
Note that the holonomies of (vy,vs,v4,v1)
and (ve,v3,v4,v9) are trivial, but the holon-
omy of (vy,v3,v9,v4,v1) is not trivial in gen-
eral.

Figure 2.2: Example of equivalent gauge field
configuration for the same local region. They
are related by a gauge transformation with
parameter given by (kr,kg) € H on v3 and
1€ H on vy,v9,v4.

Notice that depending on the subgroup H, the domain wall can source holonomy for
loops that pierce the wall. For example, in Fig. 2.1 one can check that the holonomy along
the paths (v1,v3,v4) and (v9, v3,v4) are trivial. However, the holonomy for a contractible
path that crosses ¥ is not trivial in general, for example, the path v = (v, v3,v9,v4,v1) has
holonomy: ¢y = gr, - hp - hzl . gzl which is not 1 in general. This feature is crucial for
constructing the above domain walls as condensations where the non-trivial holonomy is

generated by magnetic defect insertions [Cordova et al.(2024)Cordova, Costa, and Hsin].
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Because of the modification of gauge transformations along ¥, the holonomy for large loops
that pierce the wall do not in general change by conjugation under gauge transformations.
This means that a Wilson line inserted in such a loop is not, in general, gauge invariant.
Conversely, to have a magnetic defect ending or crossing the domain wall one would need to
fix the holonomy for a simplex in ¥ to be the conjugacy class of the magnetic operator, but
this might not be possible depending on H. We are going to see that these two features can
be used to define the action of untwisted domain walls in both operators.

It is straightforward to see how the above definition can be recast in the Hamiltonian
formalism of the quantum double model described around equation (1.3.17). For instance, to
define a domain wall extended along time in M = Ryjye X Mgpace, one should change the
total Hilbert space on Mgpace by having a local Hilbert space C[H] with H < G x G for edges
on Ygpace (a codimension-one submanifold of Mspace). One should then change accordingly
the definition of the A, and B ¢ terms of the Hamiltonian for vertices along Yspace and faces
with edges contained within Yspace-

We will focus on the domain walls corresponding to the subgroups in Table 2.1. Our

Symbol Subgroup of G x GG Local action
Dg(#) 0 K@ ={(¢ -k k):keK} ae HP-Y(K U1))
DKLXKR,QLXQR KL X KR ap X aR € HDil(KL X KR7U(1))

Table 2.1: Above Ky, Kp, K are normal subgroups of G and ¢ € Aut(G). In the first

row, the topological action is evaluated on the right entry of K (@), More formally, as a
topological action of HP~1(K(®) U(1)) it is R*a, i.c., the pullback of o« € HP~1(K, U(1))
by R: K(?) — K defined by R(¢ - k., k) = k.

choice for this particular subset is that they make a closed algebra under fusion. In Section
2.3.4 we are also going to work out examples of domain walls associated with the subgroup
H = G x G, with a non-factorized local action, i.e., a local action a € HP~1(G x G,U(1))
which is not of the form oy x ap with af,ap € HP~Y(G, U(1)). In particular, the domain

wall that implements electric-magnetic duality in Zo gauge theory in D = 3 is precisely the
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domain wall Dz, 7, o With the non-factorized local action a € H%(Zo x 7o, U(1)) = Zo.
More generally, in Section 2.4.3 we are going to show that defects of this form can mix electric
and magnetic operators and, in this sense, generalize the electric-magnetic duality of abelian

gauge theories.

2.2.3  Orientation-reversal of domain walls

The definition of the domain wall Dy () depends on the orientation of the manifold .
In an orientable ambient spacetime (which we assume) an orientation of ¥ is equivalent to
an orientation of the normal bundle NX. Orientation-reversal of ¥ flips the normal vector
and exchanges the left and right of the domain wall. Thus the domain wall associated to
the subgroup H becomes the image of H under the automorphism of G x G defined by
T(g91,,9r) = (9r,91,)- More precisely, let ﬁH,a be the orientation-reversal of Dy . Then
Do = Dr(#),7+o Where T(H) denotes the image of H < G x G under T and T*a is
the pullback of o« € HP~Y(H, U(1)) by T : T(H) — H (here we used that T = 7—1). In

particular, for the two families of subgroups of Table 2.1 we have:

DK(¢)’04 = D(¢(K))(¢_1)7¢_1*a7 DKLXKR,QLXOAR = DKRXKL,OLRXO[R' (221)

Note that reversing the orientation of 3 (barred defect above) is the same as taking the
CPT conjugate. For invertible operators, this barred operator is thus identified with the
inverse and:

DxD=1, (invertible symmetries) (2.2.2)

where the right-hand side denotes the identity operator. Meanwhile, for the more general
non-invertible symmetries discussed here, the fusion of D with its CPT conjugate D is not in

general the identity, but rather is a condensation defect [Gaiotto and Johnson-Freyd(2019)]
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and contains the identity as well as a coherent sum of other operators.2

2.3 Fusion rules of domain walls and action on gapped boundaries

In this section, we use our lattice constructions to compute the fusion of domain walls and

the action of domain walls on gapped boundaries.

Fusion of domain walls Given two domain walls, Dy o, Dpr o associated with the
subgroups H, H' < G x G and topological actions o« € HP~1(H, U(1)), o/ € HP~1(H',U(1))
defined on X, their fusion is defined by placing them “close" together and noticing that one
can rewrite the insertion as a sum of other domain walls. The coefficients of the summation
are partition functions of topological quantum field theories. The geometry of the two domain
walls close together is that of X x [0, 1] with Dy ,, defined on ¥ x 0 and Dgr v on X x 1. In
the following computations, we are going to use a cellular decomposition of ¥ x [0, 1] obtained
from two copies of a given triangulation of ¥ by joining equivalent vertices of the two copies.

See Fig. 2.3 for illustration.

DH’Q(E X 0) DHI7aI(Z X 1)

g9 € G
U2 vé
Mhp,hg) € H (W), hp) € H'
g1 € G
U1 vﬂ

Figure 2.3: Local region of X in the presence of Dy o(¥) X Dy o/(X). We use a cellular
decomposition of 3 x [0, 1] obtained from two copies of a given triangulation of ¥ by joining
equivalent vertices of the two copies.

2. We note that the condensation defect can consist of operators of the same dimension as the condensation
defect. In such a case, the condensation defect can act on local operators because the operators that constitute
the “mesh" in the condensation defect can act on local operators. For instance, the Kramers-Wannier duality
o in 1+1d obeys the fusion rule o x ¢ = 1+ in the continuum where ¢ = ¢, and 1 + v is a condensation of
1, which is the Zy O-form symmetry that acts on local operators.
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The fusion algebra of the two classes of the domain walls presented in Table 2.1 is generated

by the domain walls presented in Table 2.2.

Name Notation Subgroup of G x GG Local action
Diagonal | Dy, | KV ={(kk): ke K} |ae HP~I(K,U(1))
Automorphism | D) GO ={(¢-g,9):geG} Trivial
Magnetic Daxa GxG Trivial

Table 2.2: Generators of the domain walls presented in Table 2.1. Above, K < G and
¢ € Aut(G).

The fusion of any set of domain walls within the two classes of Table 2.1 can be computed

using the fusion rules (derived below):

Do) % Dy = Pioos) (2.3.1)

D) * Daxa = Daxa % Daw) = Daxa: (2.3.2)

Daw) X Piia) o = Pg(9) o0 (2.3.3)

Drtd) o X Pgo) = Pato) X Py—1(k) 670 = Po—1(K))9) gra (2.3.4)
D) o X Deric) o = %D(mm(idmaw (2.3.5)

DKS(U,QL X Daxa x DKgd)’aR = D, xKp.ap <o (2.3.6)

Daxa * Pyiay o, X Paxa = Z(K,a)Daxa, (2.3.7)

with ¢ o ¢ the automorphism composition of ¢, ¢ € Aut(G); ¢~ (K) the image of K
under ¢! ¢*a the pullback of a : KP™1 = U by ¢ : ¢ U(K) = K; a-d|gnr €
HP~YKnK' UQ)); |G|/|K - K'| the 0-form partition function of G/K - K’ gauge theory
on X, (see the discussion around (1.3.9)); and Z(K, «) the partition function of K gauge
theory twisted by a on .

As an example, the second class of domain walls presented in Table 2.1 (the factorized

domain walls) is generated by the diagonal and the magnetic domain walls. The fusion of
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factorized domain walls can be derived from (2.3.5), (2.3.6) and (2.3.7) using associativity
and is:
|Gl

_ / A
DKLXKR,QLXCVR X DK£XK}?,’O/LXO/R - ’KR ] K}J’Z(KR N KLvaR aL)DKLXK/ ,OzLXOz%'

(2.3.8)

Note that the coefficient is again a partition function on ¥: that of a KN K /L gauge theory
twisted by ap - o/L decoupled from an untwisted G/Kp - K /L zero-form gauge theory. If
instead the domain walls were decorated with non-factorized topological actions o and o/, the
fusion coefficient would depend on the topological actions in a non-trivial way. In particular,
the result would not generally be uniform in the spacetime dimension. We will give examples

of this in Section 2.3.4.

Action of domain walls on gapped boundaries Similarly, given a domain wall Dy ,,
and a gapped boundary By g associated with the subgroups H < G x G, K < G and
topological actions o € HP~Y(H,U(1)), § € HP~Y(K,U(1)), one can take the domain
wall to the boundary which will act on the gapped boundary generating a sum of gapped
boundaries. The coefficients of the summation are partition functions of topological quantum
field theories. The geometry of the domain wall action on the gapped boundary is that of
OM x [0,1] with Dy, defined along X = 3 x 0 and Bk g along X x 1. Similarly to the
fusion of domain walls we will use a cellular decomposition of IM x [0, 1] obtained from two
copies of a given triangulation of 0 M by joining equivalent vertices of the two copies. See
Fig. 2.4 for illustration.

The above definition gives the action of domain walls on gapped boundaries “from left to
right". The action “from right to left" is the same as the action (“from left to right") of the

orientation-reversal of the domain wall in consideration.
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DH$Q(6M X O) BKﬁ(aM X 1)
g €G

(%] Ué

N(hp,hg) e H Ake K

gleG
i /

U1 vy

Figure 2.4: Local region of the boundary M in the presence of Dy (M) x Bg 3(OM). We
use a cellular decomposition of OM X [0, 1] obtained from two copies of a given triangulation
of M by joining equivalent vertices of the two copies.

The domain walls of Table 2.2 have the following action on the gapped boundaries:

DG(¢) X BK,a = B¢(K),¢_1*a’ (239)

Gl
DK(id),a X BK,,O/ = WBKQK,,O#O/’ (2310)
Daxg % Bg o = Z2(K, a)Bg, (2.3.11)

with ¢(K) the image of K < G under ¢ € Aut(G); ¢~ ¥« the pullback of a by ¢~ 1 : ¢(K) —
K;a-o|gap € HP7HKN K’ U(1)); and Z(K, @) the partition function of K gauge theory

twisted by a on OM.

2.3.1 Automorphism domain walls

In this section we derive the fusion rules (2.3.1) and (2.3.2) and the action on boundary

(2.3.9):
Do) X D) = Do) (2.3.12)
Dgs) X Daxc = Daxc * Do) = Daxas (2.3.13)
Dg@) * Bra = By(i) ¢-1+a- (2.3.14)
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involving the domain walls with automorphism subgroups G (@) = {(¢-9,9): g€ G} <GxG
with ¢ € Aut(G).

We start with the first which we call the automorphism fusion rule. Consider the cellular
decomposition of ¥ x [0, 1] illustrated in Fig. 2.3. From the gauge transformation with
image ﬁ(vl) = (¢- gi_l,gi_l) € G for all v; in Dy(4) we go from a generic gauge field
configuration to one with perpendicular edges equal to the identity. We call this gauging
fixing condition temporal gauge. By the flatness condition explained and illustrated in Fig.
2.1, the holonomy of the path v = (vy, va, v, v}, v1) should be trivial, which shows that the
group elements on the right and left of each domain wall are equal. Gauge transformations
with ﬁ(vl) = ﬁ(v;) preserve the temporal gauge and correspond to the gauge transformations
of D G(od)- This shows that performing the path integral with the domain walls D4 and
DG(¢’) close together is equivalent to performing the path integral with the domain wall

DG(¢°¢/) instead. See Fig. 2.5 for a summary and illustration.

Do) Daw) Do) Daw) Dgos)
9 !
(%) ’ ué (%] ' Ué (%]
/\(¢'g/7g/) /\(¢/'9’g) /\(¢O¢/-g,¢'~g),\(¢/-g,g) ,\(¢O¢'~g,g)
g 1
V] ' 1]/1 U1 ’ 7]/1 H B

Figure 2.5: Derivation of the automorphism fusion rule (2.3.1). From the gauge transformation
with image FL(UZ) =(¢- gi_l, gi_l) € G for all v; in D14y We go from a generic gauge field
configuration to temporal gauge in the second figure. By the flatness condition, the group
elements on the right and left of each domain wall are equal. Gauge transformations with
FL(UZ) =(¢-¢-h,¢-h)e G¥) and ﬁ(v;) =(¢'-h,h) e G(9) preserve the temporal gauge
and make the gauge transformations of D G(60d)-

The D¢ defect is associated with an invertible symmetry of discrete gauge theories and
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fuses according to the automorphism composition. In particular:

DG(¢) X DG(¢) = DG(¢) X DG(¢_1) = DG(¢°¢_1) = DG(id) = 1, (2.3.15)

where we used (2.2.1) and (2.3.1). As we are going to see in Section 2.4, the action of the
domain wall DG(¢) on other operators is insensitive to the action of inner automorphisms
(which implement global gauge transformations). If we denote by Aut(G) the group of all
automorphisms of G and by Inn(G) the subgroup of inner automorphisms, the physical
data is the projection of ¢ € Aut(G) to the quotient Out(G) = Aut(G)/Inn(G) of outer
automorphisms. Therefore, generically, the ordinary symmetry of discrete gauge theories
contains the subgroup Out(G).

The fusion rule (2.3.2) and the action on gapped boundary (2.3.9) can be derived following
the same method. The derivations are summarized in Fig. 2.6 and Fig. 2.7. The fact that
one gets the pullback of o : KP~1 — G by ¢! : ¢(K) — K follows from the fact that the

topological boundary is evaluated on K group elements, as shown in Fig. 2.7.

Dexa Dao) Dexa Do) Dexa
92 1 4
2 vl 2 vh 02
/\(g[ng) /\(¢9R79R) B /\(gLa¢'gR) /\<¢'9R79R) B /\(9L79R)
g1 1
] v} 1 v vl

Figure 2.6: Derivation of the fusion rule (2.3.2). From the gauge transformation with
image ﬁ(vz) = (1,91-_1) € G x G for all v; in Dgyg we go from a generic gauge field
configuration to temporal gauge in the second figure. By the flatness condition, the group
elements on the right and left of each domain wall are equal. Gauge transformations with
h(vi) = (hr.¢-hg) € G x G and H(v;) = (¢ hp, hg) € G preserve the temporal gauge
and make the gauge transformations of the resulting Dy -
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DG(¢) BK@ DG(¢>) BK,oz B¢(K) o~ *a
9 1
v ' ! v ' ! o]
2 U2 2 UQ V9
/\(¢'g7g) 4k /\((b'k?k) 4k 4~¢'k’
¢ |
v1 ' v} U1 ' vy 1]

Figure 2.7: Derivation of the action on boundary (2.3.9). From the gauge transformation
with image ﬁ(vz) = (¢ g{l,glfl) e G9) for all vj in Dyg) wWe go from a generic gauge
field configuration to temporal gauge in the second figure. By the flatness condition, the
group elements on the right of the domain wall and on the boundary are equal. Gauge
transformations with h(v;) = (¢ - h, h) € G9) and FL(UD = h € K preserve the temporal
gauge and make the gauge transformations of the resulting boundary B S(K), 61 a Note that
in the intermediate step the topological action is still evaluated on k group elements, so the
fusion outcome has the pullback of a by ¢~ 1.

2.3.2  Diagonal domain walls

In this section we derive the fusion rules (2.3.3), (2.3.4) and (2.3.5) and the action on

boundaries (2.3.10):

Dg) X Dictia o = Do) o (2.3.16)

Dya) o X Pate) = Do) X Dy—1(k) g7a = P(p-1(K))@,¢%a (2.3.17)
D) o % Dperia) o = |K’.L]|(/|D(K0K’)(id),a~a” (2.3.18)

D) o X Brror = %BKQK/’Q,Q/, (2.3.19)

associated to the automorphism subgroup defined in the previous section and the diagonal
subgroups K4 = {(k, k) : k € K} with K < G. The topological actions are elements of
ac HP~YK, U(1)), o/ € HP=I(K' U(1)) and a - o/ | € HP LK N K, U(1)).

The derivation of the first two fusion rules (2.3.3) and (2.3.4) is similar to what we did in

the previous section and is summarized and illustrated in Fig. 2.8 and Fig. 2.9. We remind
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that we defined the domain wall DK(¢),a by having the topological action o € HP~1(K,U(1))
evaluated on the right entry, see Table (2.1). This convention explains the pullback when we

invert the order of multiplication.

D) D cia) 4 D) Dcia) Dy o
92 1
V2 vé ) vé V9
/\(¢'gvg) /\(kvk) /\(¢' k7k) /\(k7k) /\((b' k’, k)
91 1
v1 v V1 v ol

Figure 2.8: Derivation of the fusion rule (2.3.3). From the gauge transformation with
parameter ﬁ(vl) =(¢- gi_l, gi_l) € G for all v; in Di(¢) We go from a generic gauge field
configuration to temporal gauge in the second figure. By the flatness condition, the group
elements on the right and left of each domain wall are equal. Gauge transformations with
h(vi) = (¢~ h,h) € G and E(v;) = (h,h) € KU preserve the temporal gauge and make
the gauge transformations of the resulting D K@ o The topological action is evaluated on K
group elements in all steps so we do not have the pullback of a by ¢.

The derivation of (2.3.5), which we call the diagonal fusion rule, has a novelty. Similarly
from what we had in the automorphism derivation we find that the gauge field configuration
in > x 0 will give non-zero result only if the same gauge field configuration appears on X x 1.
This can happen just if the group elements belongs to € K N K’. In this case, however, one
needs to add the fusion coefficient |G|/|K - K'| that comes from summing the degrees of
freedom that cannot be removed from gauge transformations. As a simple example, in the
setup we are working in, we can derive the prefactor for the particular case Dy x Dy = |G|D;y.
By using the same cellular decomposition illustrated in Fig. 2.3, we see that we cannot go
to the temporal gauge because the gauge transformations of Dy are also restricted to the
identity subgroup. But by the flatness condition, the group elements on the perpendicular
edges should be equal. By summing over all these configurations we get the factor of |G|.

See Fig. 2.10 for illustration.

42



Dictia) 4 Do) Dictia) 4 Do) (6= 1(K))@D ¢
92
V2 ' vl v2 vh vl
/\(k’k /\(d)'g?g) /\(k’k /\(ka¢_l k) /\(kvd)il k)
91
v ; / / —
1 Ul U1 Ul U]

Figure 2.9: Derivation of the fusion rule (2.3.4). From the gauge transformation with
parameter E(U;) = (g;, o1 gi) € G for all v; in D(g) we go from a generic gauge field
configuration to temporal gauge in the second figure. By the flatness condition, the group
elements on the right and left of each domain wall are equal. Gauge transformations with

h(v)) = (h, oL - h) € G and h(v;) = (h,h) € K19 preserve the temporal gauge and

3
make the gauge transformations of the resulting D( 6-1(K))®) ¢*a The topological action is

evaluated on K group elements in the intermediate step so we need the pullback of a by
$: o Y K)— K.

The general case can be argued similarly, the difference is that any element ¢ in the
middle that can be written in the form k&’ with & € K and k¥’ € K’ can be trivialized by
gauge transformations that are not part of the K N K’ gauge transformations. This means,
that the pre-factor is |G|/| K - K'| instead of |G|. Note that the fusion rule is consistent with
the fact that Day = 1. Note that the prefactor is an integer because for normal subgroups
K - K’ is also a subgroup and by Lagrange’s theorem it divides the order of G.

If the two domain walls D K(id)’DK’(id) are decorated with additional topological term
o € HP-YK,U(1)),o/ € HP=1(K’,U(1)), their fusion result has decoration given by

attaching o - o | g € HP ™YK N K/, U(1)):

Gl
DK(id),a<E) X DK’(id)7a/(E) =———7D

" %). (2.3.20)

(KOK’)(id),a'a’(

This is more easily seen by thinking of D.q) () as the product of Dyq)(X) and the

invertible electric defect Wq(X) defined in (1.3.13). The action of Dy a) , on gapped
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v2 g v vl
2 =G|
gEG /\(171) /\(171) ,\(1 1)
v1 g v} u

Figure 2.10: Derivation of the fusion rule Dy x D; = |G|Dy. The red dots highlights the
source of gauge transformations that are elements of 1 < G x G and cannot change the
holonomy along the perpendicular edge. By the flatness condition, the group elements on
the perpendicular edges are equal. Performing the summation of the middle horizontal edge
gives rise to the |G| factor.

boundaries (2.3.10) can be derived in a similar way.

Let us make a few remarks:

e By the lattice definition D ia) = 1 is the identity defect and DG(id)7a(Z) is obtained by
decorating ¥ with the topological action v € HP~Y(G, U(1)), which is the codimension-
one invertible electric defect defined in (1.3.13). One can see that the fusion of these
defects is the group multiplication in HP~1(G, U(1)). This is consistent with the
property that fusing such domain walls is the same as first stacking the SPT phases with
G symmetry labelled by a, o’ on the wall and then gauging the G' symmetry [Barkeshli
et al.(2022)Barkeshli, Chen, Hsin, and Kobayashi|. Generically, the full ordinary
symmetry of discrete gauge theory is generated by DG(¢) and DG(id),a which form the
group:

out(@) x HP~Y(G,u(1)). (2.3.21)

In D = 3, Wilson lines and magnetic defects are both lines, so there exist other ordinary
symmetries that consistently permute the Wilson lines and magnetic defects. Electric-
magnetic duality symmetry in Zo is such an example. It corresponds to the domain
wall associated with the subgroup H = Zg X Z9 < Z9 X Zs9 and the non-factorized
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topological action ag € H2(Z2 X Zo,U(1)) = Zo.

e The fusion of diagonal domain walls is commutative. In Section 2.5, we will gener-
alize them to higher-codimension topological defects where the fusion rules must be
commutative [Gaiotto et al.(2015a)Gaiotto, Kapustin, Seiberg, and Willett|. This is
to be contrasted with the factorized and automorphism domain walls, which obey a

non-commutative algebra, and therefore cannot be generalized to higher-codimension.

e As we are going to see in Section 2.6, the fusion coefficient can be interpreted as the
partition function of Stueckelberg scalars, which is equal to the 0-form partition function
of untwisted G/K - K’ gauge theory, (1.3.9). In particular, the coefficient is sensitive

to the topology of ¥, more precisely, to 7y(2), which here we have assumed to be 1.

2.3.3 Fuactorized domain walls

In this section we first derive the elementary fusion rules (2.3.6) and (2.3.7), and the action

on boundaries (2.3.11):

DKgd),aL X Dexa x DKJ(qid)ﬂR - DKLXKRvaLXam (2.3.22)
Daxa X P iaa X Paxa = Z(K, @)Daxa; (2.3.23)

R
Dexa % Bi o = Z(K, )Bg, (2.3.24)

with Z(K, a) the partition function of K gauge theory twisted by o« € HP~1(K,U(1)) on .
Then, we use these results to derive (2.3.8).

The factorized domain walls are generated by the diagonal domain walls and Dy from
the first equation, (2.3.6). To derive this fusion we proceed similarly to what we did before
by using the cellular decomposition of Fig. 2.3. First, we perform gauge transformations on

the vertices of Dy to get to temporal gauge; then we use the flatness condition to see
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that the elements on the middle layer are (kj,kr) € K1 x Kpg; and finally we note that
the remaining gauge transformations are elements of K, x Kp. The topological actions are

carried along the way. See Fig. 2.11 for an illustration.

D K00, Daxa D KD o D K00, Daxa D KD o DK xKpapxag
/
92 92 1 1 N
v2 l)é v’2' V2 l)é v’2' V9
Ak, kp M (9, s9rRY(k R, kR) Ak, kL Wk, kr (KR, kR) MN(kr. kR)
/
(41 91 1 1
U1 v'l Ulll U1 v'l Ulll H .

Figure 2.11: Derivation of the factorized fusion rule (2.3.6). The first two figures are related

by a gauge transformation with ﬁ(vg) = (94, gg_l) € G x @G for all vg on Dy - By the flatness

condition the vertical edge on the middle has group elements (ky,, kr). Gauge transformations
with Ai(v;) = (hp,hr) € KO R(o]) = (hp,hg) € G x G and h(o]') = (hg, hg) € KW
preserve the temporal gauge and make the gauge transformations of D, « ¢, The topological
actions are carried along the way.

Now, we derive the second fusion rule, (2.3.7). The result follows from noticing that the
D¢« domain wall cuts the manifold into two disconnected and independent components.
Therefore, one can perform the partition summation for the disconnected part in the middle.
This gives the Z(K, ¥, o) partition function because the middle layer is topologically ¥ x [0, 1]
and retracts to ¥ with gauge group elements in K and a topological action o € HP~1 (K,U(1)).
Conversely, we could follow the same steps as before which are summarized in Fig. 2.12.

The action of Dy on gapped boundaries (2.3.11) can be derived following the same
method. The derivation is summarized in Fig. 2.13.

The fusion of factorized domain walls (2.3.8) can be obtained from (2.3.5), (2.3.6) and
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Daxa Pra . Daxa Daxc Pkl Daxa Daxa

92 92 1 1
U2 1/2 v/Q/ v2 vé Ué/ V9
/ / = = Z(Ka a)
/\(gLMqR)/\(k?k:) /\(g[ﬂgR) /\(glnk) /\(k7k) /\(kng) /\(glngR)
/
9 9N 1 1
U1 v’l v’ll U1 1)'1 ’Ulll E .

Figure 2.12: Derivation of the factorized fusion rule (2.3.7). The first two figures are related
by a gauge transformation with h(v;) = (1,gi_1) € G x G and ﬁ(v;’) = (g5,1) € G x G for
all vertices v; and v/ in the two Dy . Gauge transformations with ﬁ(vl) =(1,h) e G x G,
ﬁ(v;) — (b, h) € K(d) and fz(v;’) = (h,1) € G x G make the gauge transformations of the
decoupled partition function obtained by summing over k. Gauge transformations with
h(vi) = (hp,1) € G x G, ﬁ(v;’) = (1,hR) € G x G preserve the temporal gauge and make
the gauge transformations of the resulting Dy -

(2.3.7) using associativity. For the case with trivial topological action, we have:

DKLXKR X ,DK,LXKE% = 'DK(id) X Daxa % DK(id) X DK/(id) X Daxa X 'DK](%,id),

L I ;
— |KL|+G‘KR]DKSCD X Daxa X 'D(KRHKZ)(id) X Daxa X DK;gd)’
= #@KHZ(K}% N K/L)DKgd) X Daxa X DK;gd)’
= L‘/Z(KR NK)Dy, x k-
|Kg - K7 LxKpy
(2.3.25)

The derivation for the case with factorized topological action is analogous. We remark that
the trivial subgroup domain wall is an example of both factorized and diagonal domain walls.

One can easily check that (2.3.8) is equal to (2.3.5) when Kp = K = Kl = K} = 1.

2.3.4  Twisted domain wall: electric-magnetic duality

To close this section we will show how to compute the fusion and action on gapped boundaries

of twisted domain walls Dy o With a € H D=1(G'x@G,U(1)) anon-trivial and non-factorized
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Daxa BK,(X Daxa BK@( BG

g2 1
5 7 5 —
V9 Vg V2 Uy v2
= = Z(K,«)
/\(gngR) Ak /\(gLa k) Ak AdL
g1 1
U1 ' Ui v1 1)/1 H‘

Figure 2.13: Derivation of the action on boundary (2.3.9). From the gauge transformation
with image h(v;) = (l,gi_l) € G x G for all v; in Dgyg we go from a generic gauge
field configuration to temporal gauge in the second figure. By the flatness condition the
group elements on the right of the domain wall and on the boundary are equal. Gauge
transformations with A(v;) = (1,h) € G x G and 71(1);) = h € K preserve the temporal gauge
and make the gauge transformations of the decoupled partition function Z(K, «). Gauge
transformations with ﬁ(vz) = (h,1) € G x G make the gauge transformations of the resulting
boundary Bg.

local action. The result depends on the dimension and gauge group.

The derivation of the fusion DgxG.a X Paxq,o and the action Doy g o X By g is very
similar to the derivation of Doy X Daxg = Z2(G)DPaxa and Dax g % B g = Z(K, 8)Bg
summarized in Fig. 2.12 and Fig. 2.13 respectively. We start with the cellular decomposition
of Fig. 2.3 and Fig. 2.4, we perform a gauge transformation to get to temporal gauge and
by the flatness condition, the elements on the right and left are equal. Now, however, the
summation over the intermediate gauge group elements does not give a partition function
because the topological action is partially evaluated on them. The answer depends on the
explicit expression for the cocycles which depends on the dimension and the gauge group.

Let us carry this procedure in detail for G = Zo in D = 3. Because H?(Zo, U(1)) = 1,
this theory has just two gapped boundaries Bz, (Neumann) and B; (Dirichlet). However,

H?%(Zo x Zy,U(1)) = Zsy so we can consider a domain wall twisted by a non-factorized action.
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We are going to show that

DZZXZQ;QQ X DZQXZQ,OQ = 17 (2326)
DiyxZy,a9 % By = Bi, (2.3.27)
DzyxZa,az X Bl = Bz, (2.3.28)

where ay the non-trivial 2-cocycle of H?(Zg X Zg,U(1)) = Zs.

Let us start with the derivation of the fusion (2.3.26), illustrated in Fig. 2.14. We need

DZZ X Lo o DZZ X ZLag o DZZ XZLag o DZZ X ZLag o DZ(id)
2

Figure 2.14: Derivation of the fusion rule (2.3.26). The first two figures are related by a gauge
transformation with E(vl) = (1, gi_l) € Zg x Zso for all vertices v; in ¥ x 0. By the flatness
condition the holonomy of (vy,v2,vh,v],v1) and (va, v3, vé, vh, v2) should be trivial, which
shows that the outer vertical edges have group elements (mp,,m’), (m/,mpg), (nr,n’) and
(n',nR). Summing over n’ and m’ with the two topological actions forces mj = mp = m
and n;, = ng = n, see (2.3.30), which corresponds to the DZ(id) = 1 domain wall.

2

to show that the summation over the middle group elements (that would lead to Z(Zs) in
the trivial a case) gives a delta function §(mp —mpg)d(ny, —ng). To show that we need the

explicit form for the algebraic cocycle o € H?(Zo x Zg,U(1)) which has representative:
a(ng,ng,mg,mp) = e"MLE, (2.3.29)

For simplicity, let the surface in consideration be a torus. The product of local actions over

2-simplices for a torus with o € HZ(G, U(1)) is equal to % for g, h € G. Therefore, in
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the configuration of Fig. 2.14 the total action is

a(ng,n',mg,m")a(n’,ng,m’,mp) — prilnpm'—mpn/+n'mp—m'ng) (2.3.30)
a(mL,m’,nL,n’)a(m’,mR,n’,nR) o

where we used (2.3.29). If we sum over n’ and m’, then we will get §(my, — mpg)d(ny —np)
that forces n;, = np =n and my, = mpr = m. We see that the fusion results in DZ(id) = 1.
2
The derivation of the action on the gapped boundaries is very similar and is illustrated

in Fig. 2.15 for the By, case. We need to show that the summation over the middle group

DZQXZQ,Q BZQ DZQXZQ,Q BZ2 Bl
93 1

v ! v ! &

3 U3 3 U3 3
(mg,m) m/ o (mp,m') m’ a 1

g9 1 ”

U1 vi U1 Ui U]
(ng,n) n' (ng,n') n' 1
V9 g2 'U/2 v2 1 'U/2 V2

Figure 2.15: Derivation of the action on boundary (2.3.27). The first two figures are related
by a gauge transformation with FL(’UZ) = (1, gi_l) € Zg X 7o for all vertices v; in ¥ x 0. By the
flatness condition the holonomy of (v1, vg, vy, v}, v1) and (vg, v3, vé, v, vg) should be trivial,
which shows that the outer vertical edges have group elements (mp, m), m, (ny,n) and n.
Summing over n’ and m’ with the topological actions forces my = ny, = 1, see (2.3.31), which
corresponds to the By gapped boundary.

elements gives the delta function é(mpy)d(ny). Using again the total action for the torus we

have in this case:

!/ /
Od(nL, n 7/mL7 m/) — em'(an'—an')’ (2331)

Oé<mL7 m,nrp,n )
which gives §(my,)d(ny) by summing over n’ and m’. We see the action results in By. The
action of the domain wall on By can be derived in the same way. In this case however, the
gauge group elements on the boundary are trivial which trivializes the topological action

(2.3.29) so the result is the same as the action Dz, 7, X By = Byz,. Consistently, we could
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compute the action on By using the fusion (2.3.26), the action (2.3.27) and associativity

which gives:

DZQXZQ,QQ X Bl = DZQXZQ,QQ X DZQXZQ,O[Q X BZQ = BZQ' (2332)

The only invertible symmetry of Zo gauge theory is electric-magnetic duality, therefore
Dz, x 7, 1s the electric-magnetic duality symmetry defect. As we are going to show in Section
2.4.3, operators with the form Dgyq o With « non-factorized, generically mix invertible
electric operators (1.3.13) and magnetic defects. Note that the same procedure could be

carried out in higher dimensions and for generic gauge groups.

2.4 Transformation of Wilson lines and magnetic defects

When we move a topological defect across another operator, the operator can be transformed
into another one. In this section, we study the transformation of other operators when they
cross the gapped domain walls.

In the following, we will investigate the transformation of Wilson lines and magnetic
defects. We start discussing which operators can end on untwisted gapped boundaries By
of G gauge theory. Then, we investigate the action of domain walls on other operators
separating the discussion into: untwisted domain walls, Dy, and twisted domain walls Dy
with a € HP~1(H,U(1)) a non-factorized action. In the first class of domain walls, the
electric and magnetic operators transform separately, while the second class of domain walls
can mix them, and in this sense generalizes electric-magnetic duality. Similar distinctions are
discussed in [Hsin et al.(2023)Hsin, Luo, and Malladi].

In our setup, the transformation is derived from the fact that pairs of Wilson lines and
magnetic defects can be made gauge invariant if they end on the same locus of the domain

wall. We exhibit the collection of all such allowed junctions via the action of the domain wall
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on simple Wilson lines and magnetic defects:

D Wor = Z Cig Wiy » Dg - Mgp = Z g Mgy, (2.4.1)
iy Eirrep [91.]€CHG)

with ¢;, and cg; larger than zero if there exists a gauge invariant configuration.

2.4.1 Untwisted gapped boundaries

As shown in Section 2.2.1, gapped boundaries in untwisted G gauge theory can be constructed
by (K, ) with K < G and topological action a € HP~1(K U(1)). Here we restrict to the
case with trivial topological action. The gapped boundary B associated with the subgroup
K < (G is obtained by restricting the gauge group elements on the boundary to be elements

of K. From this definition, it follows that:

e Wilson lines the Wilson line W, can end on the gapped boundary By if the decom-
position of p in representations of K contains the singlet. The number of possible

junctions is equal to the multiplicity of the trivial representation in the restriction.

e Magnetic defects the magnetic defect My can end on the domain wall if there exists
a group element k € [g] such that k& € K. The number of possible junctions is equal to

the number of different conjugacy classes of K of such group elements.

For illustration, consider G = S3 (the symmetric group on 3 elements), the con-
jugacy class [(123)]g, = {(123),(132)}, and the gapped boundary By, with Az =
{1,(123),(132)} < S3 (the alternating group on 3 elements). The magnetic defect
M 193) can end on By, because (123), (132) € Az and the multiplicity in this case is 2
because [(123)] 4, = {(123)} and [(132)] 4, = {(132)} are different conjugacy classes of
As.

In particular, all Wilson lines can end on B; with multiplicity equal to the dimension of
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the corresponding irreducible representation, and all magnetic defects can end on By with

multiplicity equal to one.

2.4.2  Untwisted domain walls

Let us begin with the untwisted domain walls Dg7. For such domain walls, the Wilson lines

and the magnetic defects transform separately:

e Wilson lines the Wilson line W), can be transformed into W), if the decomposition
of p;, ® pRr into representations of H contains the trivial representation. If the decom-
position of py, ® pp into representations of H contains the trivial representation, then a
configuration with W, and W), joining on Dy can be made gauge invariant. Again,

the coefficient of the trivial representation gives the number of possible junctions.

e Magnetic defects the magnetic defect My, can be transformed into Mg, if there
exists a group element (kz,kg) € [g1] X [gr] such that (kr,kr) € H. The number
of possible junctions equals the number of different conjugacy classes of H that such

group elements form.

Let us give some examples to illustrate these transformations.

Example: automorphism domain wall For instance, consider the domain wall that
generates automorphism ¢, it corresponds to the subgroup G(#) = {(#-9,9): g€ G} <
G x G. Let us consider the transformation of the magnetic defect My, into Mgy, and the

transformation of Wilson lines W), into W, B

e The pair of magnetic defects My, , My, can have a junction on the wall if and only if
#(g1,) = gr, where we extend the action of automorphism on the conjugacy class. In
other words, the magnetic defect associated with the conjugacy class of g transforms

into qﬁfl(g) after it passes through the domain wall from left to right. Conversely, it
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transforms into ¢(g) after it passes through the domain wall from right to left. The

multiplicity in this case is one.

e The decomposition of the representation py, ® pr of G x G into representations of the
subgroup G (@) contains the trivial representation when py, = pp o ¢_1, where pp o o1
is the representation satisfies pp o gb_l(g) = pR(gb_l - g) for g € G. In other words, the
Wilson line associated with the representation p transforms into p o ¢ after it passes
through the domain wall from left to right. Conversely, it transforms into p o 1 after

it passes through the domain wall from right to left.

Using the notation defined in (2.4.1) the above can be summarized as

DG(¢) ’ Wpi = Wpio(b—l? (242)
Do) - Mg = My, (2.4.3)

for every irreducible representation p; and conjugacy class [g]. These transformation properties
are consistent with the fusion of automorphism domain walls (2.3.1). We remark that the
transformation preserves the Aharonov-Bohm braiding between the Wilson lines and the
magnetic defect, which is given by evaluating the character of the representation of the Wilson

line on the conjugacy class of the magnetic defect. See Fig. 2.16 for an illustration.

Example: diagonal domain wall with H =1 Let us consider the domain wall with
H = 1. In this case, every Wilson line can end on the domain wall. In particular, the
trivial Wilson line transforms into the direct sum of all other Wilson lines. An example is
G =Zs in D = 3, where the domain wall is called the Cheshire string domain wall [Else and
Nayak(2017)|. No configuration of nontrivial magnetic defects can end on the domain wall
with H = 1. This happens because it is impossible to fix the holonomy on the simplices of ¥

to be an element that is not the identity. Using the notation defined in (2.4.1) the above can
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Do) D (0)

Figure 2.16: A linked configuration of Wilson line, W), and magnetic defect My, can be
unlinked and contracted giving the associated character x,(g). If one nucleates an ordinary
symmetry defect D) (oriented outwards) and embed the linked pair inside it, they will be
permuted to W and M g (where we assumed that the symmetry is invertible). Unlinking the
permuted pair inside the symmetry defect and contracting all operators gives the permuted
character Xp/(g’ ). These topological manipulations shows that if W, Wp. $—1s then
M g M #(g)

be summarized as

Dy Wy = Y didi Wy, (2.4.4)
k€&irreps

Dy - M, =0, (2.4.5)

for every irreducible representation p; and conjugacy class [g]. Above, d; is the dimension of
the irreducible representation p;. These transformation properties are consistent with the

fusion of diagonal domain walls (2.3.5).

Example: factorized domain wall with H = G x G This case is complementary to the
previous example. No Wilson line can end and all magnetic defects can. Using the notation

defined in (2.4.1) the above can be summarized as

Daxa - Wp, =0, (2.4.6)

Daxa-My= Y. M. (2.4.7)
[k]CI(G)
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for every irreducible representations p; and conjugacy class [g]. These transformation

properties are consistent with the fusion of factorized domain walls (2.3.7).

2.4.3 Twisted domain wall: electric-magnetic duality

In this section we show how to understand the action of Dy G o on other operators with
a € HP=1(G x G,U(1)) a non-factorized topological action, i.e., a # aj X ap with
ar,op € H D ~1(G,U(1)). The underlying mechanism determining the action is reminiscent
of anomaly inflow [Callan and Harvey(1985)].

As shown in (2.4.7), all magnetic defects can terminate on D¢y ;. However, if the domain
wall is decorated with a non-factorized topological action a € HP~1(G x G,U(1)), such
junctions are no longer gauge invariant. Conversely, an invertible electric operator (1.3.13)
cannot end on D¢y because it is not invariant under gauge transformations. Interestingly,
the two effects can cancel and a configuration with an invertible electric operator ending on
the same locus as a magnetic defect can be made gauge invariant.

Let us illustrate this generic feature using again the simplest example of G = Zo gauge
theory in D = 3. With no other insertions, the Wilson line W coming from the left of
Dz, x 7,0, cannot end on a vertex vg of the domain wall because under a gauge transformation

with parameter h(vg) = (1,0) € Zg X Zs the Wilson line would change to
W () — €™ W(y). (2.4.8)

Conversely, consider a local region around vy and suppose the magnetic defect M comes
from the right and ends on the dual vertex associated with the 2-simplex [vg, vq, vo]. That

means that we should sum over gauge field configurations with 9( =(0,1) € Zo X Zo.

v0,01,02)
However, with no other insertions, in the presence of the topological action this configuration

is not gauge invariant. Under the gauge transformation with E(Uo) = (1,0) considered before
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the total action in this local region will changes to:
a(0,0,0,1)(0,0,0,0)% = 1 — a(1,0,0,1)(1,0,0,0)% = €. (2.4.9)

where we used the explicit form for the algebraic cocycle (2.3.29). See Fig. 2.17 for illustration.

DZQ ><Zg7a v2
4
AN
w M =
0]
ol VL (0,0) v3 VL (0,0) v3

Figure 2.17: The first figure shows a configuration with a magnetic defect M and a Wilson
line W ending on the same locus of the domain wall Dz, «7, o, The other two figures shows
a local slice of Dz, «7, o, around this locus. Because the magnetic defect M ends on the dual
vertex associated with the 2-simplex [vg, v1, v2], we have I(vo,01,09) = (0,1). The presence
of the magnetic defect makes the total action to changes under gauge transformations with
ﬁ(vo) = (1,0) € Zg x Zs. This change, however, is compensated by the change of the open
Wilson line ending on vy coming from the left. We see that the mechanism determining the
action is reminiscent of anomaly inflow [Callan and Harvey(1985)].

We see that a Wilson line and a magnetic defect cannot end on the domain wall in
isolation. However, if the Wilson line ends at a vertex of a simplex dual to the locus of a
magnetic defect (with the framing specified by Figure 2.17), their variation under gauge
transformations cancels, and the configuration becomes gauge invariant. Using the notation

of (2.4.1) we thus derive:
DgyxZoay W =M,  Dg,uz, 0, - M=W, (2.4.10)

confirming that Dz, «7, o, 1 the electric-magnetic duality symmetry defect.
As already mentioned in Section 2.3.4, this feature, illustrated for G = Zo in D = 3

is a generic feature of domain walls with the form Dgy g and o € HP=(G x Gq,U(1))
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non-factorized. Therefore, they generalize electric-magnetic duality to non-abelian groups
and to higher dimensions. In higher dimensions, there are gauge invariant configurations with
the codimension-two magnetic defect and the codimension-two invertible electric operators
defined in (1.3.13) ending on the same codimension-three locus of the domain wall Dy g -

For D = 3 the invertible electric operators of codimension-two are the invertible Wilson lines.

2.5 Higher codimensional topological operators: Cheshire strings

In the definition of the domain wall Dy (%) with H < G x G and «a € HP-Y(H U®1)),
a crucial ingredient is the orientation of the normal bundle N3, which gives a consistent
global meaning to the “left" and “right" of the domain wall. Note, however, that diagonal
domain walls can be constructed without this structure, i.e., diagonal domain walls are
orientation-reversal invariant (see Section 2.2.1). Therefore, it is possible to generalize them
to higher codimensional operators. From an alternative perspective, note that the holonomy
of a contractible path crossing ¥ is trivial for a diagonal domain wall (see Fig. 2.1). This
feature suggests that these domain walls can be constructed as condensations of Wilson
lines [Cordova et al.(2024)Cordova, Costa, and Hsin|. Consequently, it is expected that such
domain walls can be generalized to higher codimensional operators through this construction.

The n-dimensional generalization of diagonal domain walls is classified by:
e Subgroup K < G;
e Topological action oy, € H™(K,U(1)).

Given the data (K, ap) we define the n-dimensional operator Dy , (¥r) by restricting the
gauge group elements and gauge transformations along the n-dimensional submanifold ¥,
to be elements of K and by decorating ¥, with the topological action oy, € H"(K,U(1))
as in (1.3.13). In D = 3+ 1 and n = 2 these surface defects are discussed in [Else and

Nayak(2017)].
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The fusion rule of higher codimensional diagonal defects can be computed similarly to
(2.3.5) and gives:
__lq]
DK a,(En) X Dgr o1 (En) = |K~—K’|DKOK/’O‘"'O‘;I(EH>' (2.5.1)
For G = Zo, and trivial ay, the fusion (2.5.1) gives D1 x D1 = 2D; which is the fusion rule
of Cheshire strings [Else and Nayak(2017), Tantivasadakarn and Chen(2024b)|. Note that
this fusion rule is universal with respect to spacetime and operator dimension.
We remark that to generalize the domain walls that are not diagonal one would need
to introduce a foliation structure, which is ubiquitous in fracton models (see e.g., [Shirley

et al.(2019b)Shirley, Slagle, and Chen, Shirley et al.(2019a)Shirley, Slagle, and Chen, Sla-
gle(2021), Hsin and Slagle(2021), Hsin et al.(2024c¢)Hsin, Stephen, Dua, and Williamson]).

2.6 Examples

In this section, we investigate two examples that have a Lagrangian description: Z, gauge
theory for N prime in arbitrary spacetime dimensions and D4 gauge theory in D = 3. Using
this description, we provide alternative derivations for the lattice results in these specific

cases.

2.6.1 7Zn gauge theory

Consider Zp gauge theory with NV prime in arbitrary spacetime dimensions. The domain
walls that are universal with respect to dimension are: Dy, 7., D1xzy, Dzyx1, P1 and
DZS\T). The last one is the automorphism domain wall associated with the map that sends n
to mn with m € ZX,. Using the fusion rules derived in Section 2.3 we can write the “fusion
table" for these domain walls which we present in 2.3.

The Z ) gauge theory has N — 1 non-trivial Wilson lines that can be generated by the
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Domain walls DZS\T/) Dy Dz xZn Dixzy Dy, x1
DZ(m) DZ(mm/) Dy DZN XZnN Dy AN DZNXI
N N
Dy Dy 1ZN|D1 Dix7y 1ZN|Dixzy Dy
Dyyxzn | Pzyxzn | Pzyxt | Z2EN)Dzyxzy | Dzyxzy | 2(ZN)Dzyx1
Dixzy Dixzy Dy Z(ZN)D1xzy Dixzy Z(Zn)Dy
Dy yx1 Dyyx1 | 1ZN|Dgzyx1 Dy xZy 1ZN|Dz\ <2y Dz x1

Table 2.3: Fusion table for domain walls of G = Z) gauge theory with N prime. Above,

Z = {(mn,n) i n € Zy} QZy x Zy and m € Z5, = Aut(Zy). Note that the fusion
coefficients are decoupled topological quantum field theories on X, in particular, |Zy| =
Z9(Zn, %) (see (1.3.9) and recall that we define domain walls on connected submanifolds).

2m
representation that maps 1 € Zy to e N . We denote the generating Wilson line associated
with this representation by W. Similarly, the theory has N — 1 non-trivial magnetic defects
generated by M, which fixes the holonomy to be 1 € Zp;. The transformation properties of

these operators can be computed using the methods presented in Section 2.4 and are:

Dy - MF =0 Dyyxzy - WH=0, (2.6.1)
N-1 N-1
Dyyxzy MF =" M, Dy Wk =3%"w, (2.6.2)
n=0 n=0
k
DZ%,L) CMF = MR DZ%L) Wk =Wwm, (2.6.3)

where we used the notation of (2.4.1) and k € Zy except in (2.6.1) where k € Z7%;, and the
fact that m is invertible. For the other factorized domain walls, the Wilson lines can end on
the identity side, and magnetic defects on the Zp side.

In addition, there are domain walls specific to each dimension obtained by attaching a
topological action for the corresponding subgroup. For example, in D = 3 and N = 2, we
have Dz, 7, ., With ag the non-trivial element of H 2(Zgy x Z9,U(1)) = Zy. This domain
wall squares to the identity as shown in (2.3.26) and corresponds to the electric-magnetic

duality symmetry operator as shown in (2.4.10).
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The Z ) gauge theory in arbitrary dimensions can be described by the BF action using
two U(1) gauge fields a(t), @P~2) (the superscript denotes the form-degree):

Spp = N[ GD-2) 5 g, (2.6.4)
21 S m

with gauge transformations ) = o) 4+ dal0 and aP~2) — GP-2) 4 ga(D-3), In this

formulation, the generating Wilson line and magnetic defects are described by:

W(7) = exp (Z j{

gl

a(1>), M(T) = exp (z‘ﬁa(D—?)), (2.6.5)

with « a closed loop and I" a closed (D — 2)-dimensional submanifold. We want to use this

Lagrangian description to give an alternative derivation of the results presented above.

Gapped boundaries and boundary conditions

Consider the action (2.6.4) in a manifold M with boundary dM. To define the theory it is
necessary to choose boundary conditions. A boundary condition in this setup is a condition
for the fields a and a such that there is no surface term in the variation of the action. The
bulk equations of motion are standard and imply that all gauge fields are closed. Meanwhile,

the boundary term in the variation of the action (2.6.4) is:

5Spp = g » 5(D=2) p 5,1), (2.6.6)

There are two boundary conditions for the fields a and a such that 6Sgrp = 0 which
corresponds to the two subgroups of Zy with N prime (the trivial and the whole group).

The dictionary is summarized in Table 2.4.
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Gapped boundary | Boundary condition
B a=0
By, a=0

Table 2.4: Dictionary between gapped boundaries and boundary conditions in Zp gauge
theory.

Domain walls and boundary conditions

To make contact with our lattice construction of domain walls we first divide spacetime into
left and right regions M = M U M p with a common boundary OMj = —OMp = X. The
total action in this setup is

1N _(D-2)

1)
Spr = o Adatt) 4 12
BF 21 MLaL “L +27T Mp

N\ -
: a\P"2 A dal), (2.6.7)
and one needs to specify boundary conditions on Y. The bulk equations of motion are
standard and imply that all gauge fields are closed. Meanwhile, the boundary term in the

variation of the action (2.6.7) is:

5Spp = g E(a(LD "D nsa =@l A5y, (2.6.8)

There is a correspondence between boundary conditions and domain walls that we summarize

in Table 2.5. The boundary conditions in Table 2.5 give the exhaustive set of conditions for

Domain wall Boundary condition
DZ(m) a;r, = mapr and may, = ap
N
Dl ar =aRp = 0
Dz \xZn ap, =ap =70
Dixzy ap, =ap =70
Dz x1 ap, =ap =0

Table 2.5: Correspondence between domain walls and boundary conditions for Zy gauge
theory.

the fields such that 6Sgp = 0, and correspond to the domain walls that are universal with
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respect to dimension.

There are other classes of boundary conditions that arise by adding a boundary action
term. Because these terms depend on the dimension, these boundary conditions are specific
to each dimension and correspond to the twisted domain walls. For simplicity, consider

N =2, D = 3 and the boundary action:

Sy = 1/2 WAl (2.6.9)

™

(1) (1)

With this additional boundary interaction term for aj  and ap’, the variation of the total

action becomes:

5(SpF + Say) = % /2 @D - oDy A5l + @ — &) A sal), (2.6.10)
enabling the additional boundary condition with EL(Ll) = ag) and a(Ll) = dg) on Y. This
boundary condition corresponds to the electric-magnetic duality domain wall Dz, «7, s,
where ap is the non-trivial element of H?(Zg X Zg,U(1)) = Zs.

More generally, the domain wall Dy, « 7, o, , associated with an element of ap_; €
HP=YZy x Zp, U(1)) corresponds to a boundary condition that is enabled by adding the
corresponding boundary action term constructed from aj and ap. The non-factorized terms,

D=2) fields on the two sides

such as (2.6.9), give boundary conditions that relate the a1 and bl
which implies that they transform electric into magnetic operators and generalize electric-
magnetic duality. For example, in D = 4 we have H3(Zg X Z,U (1)) = Zy X Zgy x Zsy. The
boundary condition that corresponds to the domain wall associated with the non-factorized
element of this cohomology group is b(LQ) = dag) and da(Ll) = bg), which is enabled by the

boundary action:

4 1 1
Sy = %/ZG(L) Adal). (2.6.11)
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As we are going to show, this domain wall is non-invertible. The other two generators of
H3(Zo x Zy,U(1)) correspond to the boundary conditions b(LQ) = da(Ll) and da%) = bg),
which are enabled by the boundary actions with aj; A day, and ap A dap respectively. These
other choices do not permute electric and magnetic objects, instead, the magnetic object

decorated with the invertible electric operator 1.3.13 can end on it.

Fusion rules

Here we provide an alternative derivation of the fusion rules (2.3.1), (2.3.5) and (2.3.7) for

the G = Zp case. Then, we rederive (2.3.26) and its generalization to D = 4.

Automorphism domain wall The domain wall DZ(m) (3J) corresponds to the boundary
N

condition:

(1)

1
DZ(m)(Z) : &(L) =map

—a ’ . (2.6.12)
N ‘2 R 5

‘2’ L ‘z

To compute the fusion rule Dz(m) x D we can bring two such parallel surfaces on top of

m/!
(> Doyt

each other. We denote the gauge fields on the left, middle, and right layer by ay,ay,ays, apy,
and ap, apr respectively. Somewhat trivially, the boundary conditions combine: aj = may;

& ap =m'ap = ay, = mm'ap and may = ayr & m'ay = ap = mm’ay, = ap so that

: L] _ s (1) 1-(D=2)| _ .(D-2)
DZ(m)(Z) X DZ%”/)<E) : ap’|, =mmag’|,, mmar ‘Z =ap )E’ (2.6.13)

N

(mm/y- Note that there is no remnant degrees of

N
freedom to sum over, this is in contrast with the next two cases. We conclude that

which is the boundary condition for DZ

which is consistent with (2.3.1).
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Diagonal domain wall The domain wall D;(X) corresponds to having Dirichlet boundary

condition for ay, and ap along ¥:

DI(E) : a<;>( ~JV =0 (2.6.15)

This boundary condition results in trivial holonomy for loops on . This is also the case for
D1 (%) as illustrated in Fig. 2.1. From the method presented for the automorphism domain
wall, it is clear that D; x Dy should be proportional to itself because aj = ap; = ap. The

(D-2)

difference in this case, is that a,, is a remant degree of freedom along > that we should
sum over. This gives the fusion coefficient Z%(Zy, X)) = |Zy|.

To see this more explicitly, instead of defining the domain walls by imposing the bound-
ary conditions, we are going to add scalar fields with suitable gauge transformations to
cancel the variation of the total action. These fields are sometimes referred to as Stueck-
elberg scalars, see e.g., [Gaiotto et al.(2015b)Gaiotto, Kapustin, Seiberg, and Willett, Ka-
pustin and Seiberg(2014a)| and the mechanism is somewhat analogous to anomaly inflow.
Here, we will generalize in dimension the presentation of section 6.3.4 of [Roumpedakis

et al.(2022)Roumpedakis, Seifnashri, and Shao| which we refer to for further details.® The

Dirichlet boundary condition for aj, and ap can be implemented by the boundary action:

. ) )
DI(D) : —;7 Z¢<0>d(~(D 2 _ 3Dy, (2.6.16)

with gb(o) the Stueckelberg scalar field with gauge transformation gb(o) — gb(o) + a9 with
a(9) the gauge transformation of the a fields. One can check that the total action is gauge
invariant and, by integrating out a, that a is pure gauge on X.

To compute the fusion rule of D; with itself we can bring two such parallel surfaces

3. In their analysis, the bulk action has the form ag) A dé(LD_Q) which is related to (2.6.7) by the boundary
term a(Ll) A d(LDQ) under integration by parts. So we assume implicitly here that we added this boundary

terms to get to their convention.
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on top of each other. We denote the gauge fields on the left, middle, and right layer by
ar,ar,apr,aps, and ag, ar respectively, and we denote the two Stueckelberg scalar fields by
¢1 and ¢9. The worldsheet action for the fusion is

N
2r Jx

(D-2) d—2

Dy() x Dy(T) : [ 60daP-2 4 oV (dalP~? —aal?"?),  (26.17)

with ¢(0) = 6% — {0 and a(P-2) = 502 _5(P=2)

. The first term is the O-form partition
function for a decoupled scalar, i.e., Z0(Zy, ) = |Zy|, and the second term is another copy

of the surface defect Dq(X). We conclude that
D1 xDy = ’ZN’DL (2.6.18)

which is consistent with expression (2.3.5). We see that the prefactor, which we derived
before by summing over the intermediate holonomies, can be interpreted, in the abelian case,

as the partition function for a decoupled scalar.

Factorized domain wall The domain wall Dz .7 (%) corresponds to having Dirichlet
boundary condition for ay, and ap:

_(D-2)

~(D-2
Dpywzy () ab = al! )’ —0. (2.6.19)

‘ b )y

The result of this boundary condition is that the components of day, and dap that are
perpendicular to 3 are not set to zero after integrating out ay, and ap, therefore, the holonomy
for contractible paths that cross % is not trivial. This is also the case for Dz, 7, (¥)
as illustrated in Fig. 2.1. In this case, the combination of boundary conditions gives
aj, = apr = ar and it remains to sum over ag\}[) along 3, which gives the fusion coefficient
Z(Zn,%).

We can see this more explicitly by following the same derivation as outlined before. In this
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case, we don’t add the boundary term ag) A EL<LD_2) and the Dirichlet boundary condition

for ay, and ap is equivalent to the boundary action:

v )
Drywzn(®):  —5 o D@V - ald)), (2.6.20)

with ¢(D =3) the Stueckelberg scalar field with gauge transformation ¢(D -3) ¢(D —3)
a(P=3) with a(P=3) the gauge transformation of the field aP=2). One can check that the
total action is gauge invariant and, by integrating out a, that a is pure gauge on ». The

fusion in this case leads to:

N B -
Dynxzy(Z) X Dgyxzy(2) —ZQ—W . [— P83 A dal) + ¢§D R (da(Ll) ~ dag))},

(2.6.21)

with ¢(P—3) = (bgD_S) - qbéD_S) and a(1) = aE\}[) - a(Ll). The first term is now the partition

function Z(Zy,¥), and the second term is another copy of the surface defect Dz, 7. We

conclude that

Dzyxzn * Pryxzy = Z(ZN)Dryxzy (2.6.22)
which is consistent with (2.3.7).

Electric-magnetic duality domain wall in D = 3
The electromagnetic duality that exchanges the electric and magnetic particles (see
e.g. [Bombin(2010), Kitaev and Kong(2012)]) corresponds to the domain wall Dz, 7, o, (%)

correspond to the boundary conditions:

1 (1
DZQXZQ,@Q<E) : a(L)‘Z = a%)‘z’ ar ‘Z =ap ‘Z. (2,6,23)



that are enabled by the boundary action (2.6.9). Similarly to the automorphism fusion we

have:

(1)

~(1 ~(1
DZNXZN,QQ(Z) X DZNXZNpQ(E) : ar ‘E =ap , Cl(L)‘E = a%)‘z. (2624)

which is the boundary condition for D,iq = 1. Importantly combining the boundary actions
2

leads to:

Sen.l + Sy R = %/EG(LD nall) 4 - /E oA A ald). (2.6.25)

Integrating out aj; simply reproduces the relation a; = ap. We conclude that:
DZQXZ2aa2 X DZ2><ZQ,O[2 = 17 (2626)
which is (2.3.26).

Non-invertible electric-magnetic duality domain wall in D =4 Consider a general-

ization of the previous defect to D = 4 corresponding to the boundary condition:

Dz (D) : da(Ll)’E — 42)’ af)‘z - dag)‘z, (2.6.27)

that is enabled by adding the boundary action (2.6.11). Now, in the fusion we get daj, = dap
and EL(L2) = ég) which is not the identity boundary condition. The aj, and ap gauge fields on
the two sides after the fusion can differ by a Z4 gauge field, instead of being identically equal.

The domain wall is non-invertible.
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Transformation of Wilson lines and magnetic defects

One way to derive the correspondence between the boundary conditions and the domain walls
of Table 2.5 is by the transformations of other operators. Conversely, given the correspondence,

we can check the transformation of other operators using the boundary conditions.

Untwisted domain walls Here, we derive the transformation property (2.4.3) for G = Zy
from the boundary condition a;, = map and maj = ar. Consider a path v =~ + yg on
M that cross ¥ with vy in M and yg on Mp such that 0y = —0yr = v1 — vg with v

and vy vertices on . Then, Wr,(v)Wp'(vR) is gauge invariant because

WionWR ) > exp (5 [ a4 dal+ 2 [ o) s dal) = Wi WR )
YL TR

(2.6.28)

where we used

/ dag)) + m/ dag) = ago) (v1) — mag)(vo) + ma;g) (v1) — ag)) (v1) =0, (2.6.29)
YL TR

which follows from the boundary condition ag)) Iy = mozgg) |y, We conclude that

Dy - W = Wi, (2.6.30)
which is consistent with (2.4.3). The transformation of the other Wilson lines and magnetic
defects can be obtained similarly. Complementarily, they can also be obtained by fusion, see
Fig. 2.18 for illustration.

The fact that Wilson lines and magnetic defects can end on the side with Dirichlet
boundary conditions for a and a respectively is even easier to derive. For example, suppose

(1)

we have a; ’|y; = 0 and consider a path 7, such that dvyp, = v — vy with v1 and vy vertices
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ZN ZN
4 Wm
U2 U2
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4 Wm
U1 V1

Figure 2.18: Derivation of the transformation of W2 on DZ(m) from the transformation of W.

N
By moving the two independent configurations we can fuse them independently on each side.

on Y. Then, under a gauge transformation we will have

W(y) = exp (% /m czag)))wm) — exp (af) (v1) — ag’)(m))wm) — W(yz). (2.6.31)

(0)

where we used the boundary condition a; ’[y; = 0. The same argument works for ag) Iy, =0
and for magnetic defects on the domain walls with Dirichlet boundary conditions for a(D-2),
These results are consistent with the transformation properties of Wilson lines and magnetic

defects for the other untwisted domain walls.

Twisted domain walls Similarly to the automorphism domain wall derivation, the bound-

(n _ (1) (1) _ ~(1)

ary conditions a; * = ap’ and a;’ = ap’ implies:
DzyxZoas M =W,  Dzyxzypay W =M (2.6.32)

There is, however, a complementary point of view to understand this result which uses the
analysis of twisted Zg x Zo gauge theory in D = 2 from [Kapustin and Seiberg(2014b), Gaiotto

et al.(2015b)Gaiotto, Kapustin, Seiberg, and Willett]. This theory can be described by the
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action:
StyxZaas = = /Z @ A dal +a9 A dald) + 0l A all)y, (2.6.33)

where aj and ap are 2m-periodic scalars and the system has gauge symmetry:

ag) — a(Ll) + dag)), ag) — ag) + dag), bg)) — b(LO) — ag), bg) — bgg) — a(LO>.

(2.6.34)

In this theory the local magnetic defects My (v;) = €@L() and Mp(v;) = €@rR(vi) are
not gauge invariant. Instead, the gauge-invariant operators are My (v;)Wg(v)Mp, (v;), and
Mp(vi)Wr(v)Mpg(v;) with v an open path with endpoints v; and v;. If we extend 7 to the
bulk and view M, (v;) and Mp(v;) as the endpoints of a bulk magnetic operator, we again

confirm the transformation (2.6.32).

2.6.2 Dy gauge theory

Consider the gauge theory for the Dihedral group of order 8 in D = 3. This theory is

equivalent to twisted Zo X Zg X Zo gauge theory and can be described by the action:

4 7

. i L
Sp _3/ (a/\dd+b/\db—|—c/\d5+;a/\b/\c). (2.6.35)
M

with a,d, b, b, ¢, ¢ one-form U (1) gauge fields with correlated gauge transformations such that
the action is gauge invariant on closed manifolds. Integrating out b forces %a A ¢ = db, which
describes the extension of Zg X Z9o by Zs9 with the 2-cocycle given by a A b. The equivalence
with Dy gauge theory is discussed in [de Wild Propitius(1997), Coste et al.(2000)Coste,
Gannon, and Ruelle|.

As in the other examples, we divide spacetime into left and right regions M = M UMp
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with a common boundary OM | = —0M p = 3 with opposite orientation. The total action
is (2.6.35) with fields defined on a left and right part, which we denote with the subscripts L
and R as we have done in (2.6.7). In general, different boundary conditions correspond to

different domain walls.

Diagonal fusion rule

Here we provide an alternative derivation of the fusion rule (2.3.5) for the G = D4 case. The

domain wall D;(X) corresponds to having Dirichlet boundary condition for a, b, ¢ along X:

= =0. 2.6.36
crl., (2.6.36)

Di(Y):  ag| —ag| =br| =br| =

X Y X X Y

The result of this boundary condition is that the holonomy for loops on ¥ are always trivial
which is also the case for D(X) as illustrated in Fig. 2.1. In complete analogy with the Zp
example, this boundary condition can be implemented by having Stueckeelberg scalar fields
®a, ¢p and ¢, along >. Similar manipulations, then yield three decoupled scalars that make
a prefactor equal to 23 = |Dy|. We see that in this non-abelian example, the pre-factor can

also be interpreted as the partition function for decoupled scalars.

Non-invertible electric-magnetic duality

The possible topological actions for the subgroup H = D4 x Dy < Dy x Dy are classified
by H?(Dy x Dy, U(1)) = Zg X Zs (see [Handel(1993)] for the group cohomology of Dihedral
groups). In the theory with b integrated out, the domain wall Dy Dy, (n,m) () (here

(n,m) € Zy x Zy ) corresponds to the boundary condition:

Dp,xDy,(nym)(E) 1 ar na,

b))
(2.6.37)

= nc =c a = mc ma =c
by Rl by Rl R‘z Llyy R‘z L
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which is enabled by adding the boundary action:

mn m
S(n,m) = ?/Z:(IL/\CR—}-?/ECR/\Z)L. (2,6,38)

This correspondence means that the boundary condition in (2.6.37) solves 6(Sp 4+S(n,m)) =0,
where Sp, is (2.6.35) with spacetime divided into left and right regions as in (2.6.7). Note
that in the theory with by and lNJR integrated out ay, A ¢, and ap A cr are exact, but not

ar, A cg and ag A cr,, which is what appears in (2.6.38).

Fusion rules To compute the fusion rule of Dp . p 2,(n,m)> instead of imposing the boundary
conditions, we will add Stueckelberg fields to make the total action gauge invariant. Let us

compute the fusion rule of two such domain walls by dividing the spacetime into the left,

middle, and right. The boundary action (2.6.38) combines into S, 1n1).1 + S0y my),R:
% aL/\CM+%/CLM/\CL—I-%/CLM/\CR—{—%/QR/\CM (2.6.39)

Additionally, integrating out the Lagrange multiplier field associated with the condition that

apr N cpr is exact on X generates:

1+ exp (% / anr A cM>. (2.6.40)
b

The fusion outcome is different for the two terms in (2.6.40). For the first term, integrating
out aps and cpy leads to njay, = moar and myicy, = nocpr. For the second term, integrating
out aps and cps leads to

{ nin9t mimot
;/(nlaL—i—mgaR)/\(mch+ngcR): 172 /aL/\cR—I— 17r 2 /aR/\cL, (2.6.41)
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where the equality used ay, A ¢y, and ap A cp being exact. The above corresponds to the

domain wall Dp, ., (n1m9.mymg)(5)-

We conclude that the domain wall is non-invertible and we have, for example:

Dpyxmy,(1,1) X Poyxmy,(1,1) =1+ Poyxmy,1,0)- (2.6.42)

This fusion rule is strikingly similar to that of the Fibonacci anyons in D = 3 TQFTs

[Slingerland and Bais(2001)]. The key difference is that our domain wall is higher dimensional.

Transformation of other operators The theory has four non-trivial Wilson lines, four
non-trivial magnetic defects, and thirteen non-trivial Dyons. With the trivial line, this makes

up a total of 22 operators [de Wild Propitius and Bais(1996)]. Among them, we have:

Watr) = b Wy =ehe My =ehE My =he (26.43)

where we used a local polarization to write the magnetic defects without a bounding surface
[Hsin et al.(2024b)Hsin, Kobayashi, and Zhu|. From the boundary conditions (2.6.37)
associated with the domain wall Dy . 47(171)(2), we can follow the procedure used in the

derivation of (2.6.30) to find:
Dpyxpy,(1,1)  Ma=We+...  Dp,up, 1) We=Ma+ ..., (2.6.44)

confirming that Dp, . (L) is the symmetry defect that implements an electric-magnetic
duality. From the two configurations displayed above, and provided the fusion rule M, x W, =

M, we can derive:

Dp, sy, (1,1) - Ma = Ma + We, (2.6.45)
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which is consistent with the Fibonacci fusion rule 2.6.42. See Fig. 2.19 for an illustration.

DD4 ><D4,0z D]D)4 ><]D)4,0z
Mg We
v2 vl
A~ A~
= M, M,
wl v
A~ A~
We M,
v1 ul

Figure 2.19: Derivation of (2.6.45) from the gauge invariant configurations (2.6.44) and the
fusion rule M, x W, = M. In the figure, we fused M, and W, on both sides. The fact that

there exists a gauge invariant configuration with M, makes the transformation consistent
with the Fibonacci fusion rule (2.6.42).
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CHAPTER 3
NON-INVERTIBLE SYMMETRIES AS CONDENSATION
DEFECTS

3.1 Introduction

Symmetries are often the first line of attack for constraining the dynamics of physical systems.
As such, new symmetries can give powerful new insights into strongly-coupled theories.
Motivated by these considerations, in this work we explore non-invertible symmetries in
simple topological field theories: gauge theories with finite gauge group [Dijkgraaf and
Witten(1990a)| (see [Cordova et al.(2024)Coérdova, Costa, and Hsin| for a review).

The fundamental connection between symmetry and topology was made precise in [Gaiotto
et al.(2015b)Gaiotto, Kapustin, Seiberg, and Willett] (see also [Cordova et al.(2022a)Coérdova,
Dumitrescu, Intriligator, and Shao, Shao(2023), Luo et al.(2024)Luo, Wang, and Wang,
Bhardwaj et al.(2024a)Bhardwaj, Bottini, Fraser-Taliente, Gladden, Gould, Platschorre,
and Tillim, Schafer-Nameki(2024), Iqbal(2024), Brennan and Hong(2023), McGreevy(2023),
Gomes(2023), Costa et al.(2024)] for lecture notes and reviews). Every symmetry is defined
intrinsically by an extended topological operator, and the selection rules can be deduced
through the behavior of these operators in correlation functions. Subsequent developments
have indicated an even more precise classification of finite symmetry: topological operators in
a quantum field theory in spacetime dimension D can be described by a topological quantum
field theory (TQFT) in dimension D+1. [Witten(1998),Gaiotto et al.(2015b)Gaiotto, Kapustin,
Seiberg, and Willett, Kong et al.(2015)Kong, Wen, and Zheng, Gaiotto and Kulp(2021), Freed
et al.(2022)Freed, Moore, and Teleman, Kaidi et al.(2023b)Kaidi, Ohmori, and Zheng, Kong
et al.(2020b)Kong, Lan, Wen, Zhang, and Zheng|. There are therefore at least two reasons to
be interested in the topological operators in finite-group gauge theories. First, these theories

are an illuminating playground where we can make precise many of the abstract ideas that
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permeate more general models. And second, when D = 4 and all particles are bosons, it
is expected that every unitary topological field theory is in fact a (possibly twisted) finite-
group gauge theory |Lan et al.(2018b)Lan, Kong, and Wen, Lan and Wen(2019b), Johnson-
Freyd(2022)].1

In the present work, we build on our previous study of defects in finite-group gauge
theory [Cordova et al.(2024)Cordova, Costa, and Hsin|, focusing on the notion of con-
densation. The idea of condensation refers to the process of appropriately summing over
insertions of topological defects. If the sum is carried out in all of spacetime, this conden-
sation is a form of gauging the symmetry described by the summed defects. In this case,
the result of the condensation process is a new quantum field theory, and such construc-
tions have been explored in detail in [Kong(2014b), Eliéns et al.(2014)Eliéns, Romers, and
Bais, Lan et al.(2015)Lan, Wang, and Wen, Hung and Wan(2015), Neupert et al.(2016)Neupert,
He, von Keyserlingk, Sierra, and Bernevig, Burnell(2018), Tachikawa(2020), Bhardwaj and
Tachikawa(2018), Cong et al.(2017)Cong, Cheng, and Wang, Hsin et al.(2019)Hsin, Lam, and
Seiberg, Kaidi et al.(2022a)Kaidi, Komargodski, Ohmori, Seifnashri, and Shao, Yu(2021),
Décoppet and Yu(2023a), Diatlyk et al.(2024)Diatlyk, Luo, Wang, and Weller, Cérdova
and Garcia-Sepulveda(2023), Zhang et al.(2024)Zhang, Vishwanath, and Wen, Cordova
and Garcia-Sepulveda(2024), Kong et al.(2024)Kong, Zhang, Zhao, and Zheng, Perez-Lona
et al.(2024b)Perez-Lona, Robbins, Sharpe, Vandermeulen, and Yu].

In contrast to these sums in all of spacetime, in this work, we discuss condensations
where the sum is carried out over a submanifold of spacetime. In this case, the result of the
condensation procedure is an operator in the initial theory [Carqueville et al.(2018)Carqueville,
Runkel, and Schaumann, Gaiotto and Johnson-Freyd(2019), Kong et al.(2020c)Kong, Tian,

and Zhang, Roumpedakis et al.(2022)Roumpedakis, Seifnashri, and Shao, Cui et al.(2024)Cui,

1. A closely related statement holds in D = 5. Specifically, when all particles are bosons, any unitary
TQFT is a finite-group gauge theory coupled to a theory of abelian two-form gauge fields [Johnson-Freyd and
Yu(2021), Johnson-Freyd and Yu(2022), Cordova et al.(2023)Cordova, Hsin, and Zhang].
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Haghighat, and Ruggeri, Cuiper and Garre-Rubio(2024), Ebisu and Han(2024), Vander-
meulen(2023), Lin et al.(2022)Lin, Robbins, and Sharpe, Lyons et al.(2024)Lyons, Lo, Tan-
tivasadakarn, Vishwanath, and Verresen, Carqueville et al.(2020)Carqueville, Runkel, and
Schaumann, Mulevi¢ius and Runkel(2023), Koppen et al.(2022)Koppen, Mulevicius, Runkel,
and Schweigert, Carqueville et al.(2021)Carqueville, Mulevicius, Runkel, Schaumann, and
Scherl, Carqueville et al.(2024)Carqueville, Mulevicius, Runkel, Schaumann, and Scherl, Choi
et al.(2023b)Choi, Rayhaun, Sanghavi, and Shao, Choi et al.(2024)Choi, Lu, and Sun, Buican
and Radhakrishnan(2024)]. At an intuitive level, one may view the condensation defect as a
fine mesh of lower-dimensional objects as illustrated in Fig. 3.1. This picture also accurately
captures a key feature of such condensation operators, namely that they have trivial action
via linking on other operators — a hole may always be opened in the mesh, which allows the
other operator to pass through and unlink.? In certain situations, a partial converse to this
is also known; for instance, in unitary D = 3 TQFTs with a unique identity operator, all
surface operators are condensations [Fuchs et al.(2013b)Fuchs, Schweigert, and Valentino|.
The concept of condensation operators has been explored in a variety of contexts. In
particular, they typically do not obey a group multiplication law and thus constitute an
example of non-invertible symmetry [Kapustin and Saulina(2010), Fuchs et al.(2013a)Fuchs,
Schweigert, and Valentino, Bhardwaj and Tachikawa(2018), Chang et al.(2019)Chang, Lin,
Shao, Wang, and Yin, Komargodski et al.(2021)Komargodski, Ohmori, Roumpedakis, and
Seifnashri, Choi et al.(2022a)Choi, Cérdova, Hsin, Lam, and Shao, Kaidi et al.(2022b)Kaidi,
Ohmori, and Zheng, Chang et al.(2023)Chang, Chen, and Xu]. In D = 3 TQFTs there is a
detailed dictionary between abstract algebra objects, more physically collections of anyons
obeying certain algebraic properties, and surface operators |Eliéns et al.(2014)Eliéns, Romers,

and Bais, Kong(2014b), Lan et al.(2015)Lan, Wang, and Wen, Hung and Wan(2015), Neu-

2. More precisely, this is the case for the action by Hopf-linking, where a topological operator of dimension
(D — p) acts on operators of dimension (p — 1). Condensation defects can act non-trivially by multilinking,.
See [Hsin and Turzillo(2020), Barkeshli et al.(2022)Barkeshli, Chen, Hsin, and Kobayashi] for examples.
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Figure 3.1: Illustration of a condensation defect slice, depicted as the red-shaded plane,
formed by the insertion of lower-dimensional topological operators, represented by the lines
in the illustration. The condensation defect is embedded within a region of spacetime, shown
as the dotted cuboid.

pert et al.(2016)Neupert, He, von Keyserlingk, Sierra, and Bernevig, Burnell(2018), Cong
et al.(2017)Cong, Cheng, and Wang, Kaidi et al.(2022a)Kaidi, Komargodski, Ohmori, Seif-
nashri, and Shao, Yu(2021), Cordova and Garcia-Sepilveda(2023),Zhang et al.(2024)Zhang,
Vishwanath, and Wen|. This dictionary can also be extended to D = 2 rational conformal field
theories by viewing these as the boundaries of TQFTs (see e.g. [Fuchs et al.(2002) Fuchs, Runkel,
and Schweigert, Fuchs et al.(2004a)Fuchs, Runkel, and Schweigert, Fuchs et al.(2004b)Fuchs,
Runkel, and Schweigert, Fuchs et al.(2005)Fuchs, Runkel, and Schweigert, Frohlich et al.(2004)Frohlich,
Fuchs, Runkel, and Schweigert, Frohlich et al.(2007)Frohlich, Fuchs, Runkel, and Schweigert, Di-
atlyk et al.(2024)Diatlyk, Luo, Wang, and Weller|). Most closely connected to our approach
below is the notion of higher gauging introduced in [Roumpedakis et al.(2022) Roumpedakis,
Seifnashri, and Shao|. In this context, the authors studied how sums over defects with
abelian fusion rules give rise to a wide variety of defects. This also allows one to exhibit
the correspondence between the worldvolume action of the defect, itself often a (twisted)
finite-group gauge theory, and the resulting defect operator presented as a bulk condensation.

Our work will directly build on the analysis of [Roumpedakis et al.(2022)Roumpedakis,
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Seifnashri, and Shaol, constructing more intricate examples of higher gauging.

More specifically, in this paper, we will provide more examples of higher gauging and
related condensation constructions by considering finite-group gauge theories in general
spacetime dimension D, where the gauge groups can be abelian or non-abelian. For simplicity
of illustration, we will focus on the theories without additional topological terms, i.e. untwisted
topological gauge theories. In a recent analysis, [Cordova et al.(2024)Coérdova, Costa, and
Hsin|, we developed a method to construct invertible and non-invertible symmetries of finite-
group gauge theories as domain walls on the lattice. In the present work, we demonstrate
how to realize these symmetries as condensation defects, i.e., as suitable insertions of lower-
dimensional topological operators. This realization allows us to derive properties of the non-
invertible symmetries, including fusion rules and the action on other operators, in terms of the
constituents that form the condensation defects. (For further examples of topological defects
in finite-group gauge theories see e.g. [Kitaev(2003), Kapustin and Saulina(2011), Wen(2013),
Barkeshli et al.(2019)Barkeshli, Bonderson, Cheng, and Wang, Hsin and Turzillo(2020),
Barkeshli et al.(2022)Barkeshli, Chen, Hsin, and Kobayashi|.)

Our results can also be applied to describe invertible and non-invertible symmetry as
defects on the lattice with continuous time with the Gauss law imposed energetically by
Hamiltonian terms. For symmetry that corresponds to the condensation of particular electric
and /or magnetic excitations that have energy cost from suitable Gauss law and flux terms in
the Hamiltonian [Kitaev(2003)], the symmetry defect can be constructed as a modification on
the Hamiltonian with the Hamiltonian terms along the defect corresponding to the condensed
excitations removed. Such a description has been used in the construction of Cheshire string
defects where the electric charge condenses |[Else and Nayak(2017), Johnson-Freyd(2020)],
and the fusion rules of Cheshire strings in Zo gauge theory in D = 3 + 1 spacetime dimension

can be obtained in this way [Kong et al.(2020c)Kong, Tian, and Zhang|.? Our results can be

3. Cheshire strings have also been discussed in [Chen et al.(2024)Chen, Dua, Hermele, Stephen, Tanti-
vasadakarn, Vanhove, and Zhao, Tantivasadakarn and Chen(2024a)], but in terms of operators of linear depth
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extended to such description to general invertible or non-invertible symmetries in general

untwisted gauge theories, which quantum double lattice models can describe [Kitaev(2003)].

3.1.1  Summary of results

Let us now summarize our results in detail. Throughout the following, G denotes the finite
gauge group, which in general may be abelian or non-abelian. In this work we aim to establish
the correspondence between two descriptions of non-invertible symmetries in finite-group gauge
theories: (1) symmetries as domain walls on the lattice [Cordova et al.(2024)Cordova, Costa,
and Hsin|, and (2) symmetries as condensation defects [Gaiotto and Johnson-Freyd(2019)],
i.e., as suitable insertions of lower dimensional topological operators. Let us briefly summarize

the two perspectives:

(1) The first construction uses the folding trick to unfold the domain wall into a gapped
boundary, which we review in Section 1.3. The domain wall is then labeled by a
subgroup H < G x G and a choice of topological action for the given subgroup
o € HP~Y(H,U(1)). Given this data, we construct a codimension-one domain wall
Dp (%) supported on ¥ by having the gauge group elements on X to be elements of
H < G x G and by properly gluing them with the exterior of the domain wall. We
further decorate ¥ with the topological action «. Here, the left and right components
of H < G x G correspond to the left and right of the domain wall respectively, which
have a global meaning in terms of the orientation of the normal bundle N¥. We remark
that this construction applies to all finite gauge groups, including non-abelian ones,

and in any spacetime dimension.

(2) When the gauge group G is abelian, condensation defects can be interpreted as the

gauging of higher-form symmetries on the support of the 0-form symmetry (i.e., higher

called sequential circuits.
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gauging defects), which we review in Section 3.3.1. In D = 2 + 1 spacetime dimensions
the higher-form symmetry generated by the electric Wilson lines and magnetic fluxes
is a 1-form G x G symmetry. In this case, the condensation defects are classified
by subgroups of the 1-form symmetry H <G x G with a topological term (“discrete
torsion") f € H?(H,U(1)) [Roumpedakis et al.(2022)Roumpedakis, Seifnashri, and
Shao|. Given this data, one can construct a codimension-one topological operator
Sy (X) by summing over all insertions of the global symmetry operators in the
corresponding subgroup along ¥ with torsion equal to f*. Here, the left and right
components of H <G x G correspond to the 1-form symmetry generated by the Wilson

lines and magnetic defects respectively.

The data for the two classifications is the same in D = 2 + 1 spacetime dimensions, but
the meanings are remarkably different. This work aims to relate these two perspectives
and extend the relation to the case where G is non-abelian and the spacetime dimension is

arbitrary.

Diagonal domain walls: electric condensations Consider first the domain wall associ-
ated with the trivial subgroup and let us start the discussion with the abelian case. One can

derive the following relation:

Sax1 = D1 (3.1.1)

In words, the higher gauging of the 1-form symmetry G generated by the Wilson lines is
equivalent to the domain wall that restricts the gauge group elements to be in the subgroup

1 <G x G. The equivalence between the two descriptions comes from two facts:

e The higher gauging of the 1-form symmetry GG generated by the Wilson lines can be

4. We set as our convention that the Wilson lines are always on the left of the magnetic defects in Sy f(X)
which corresponds to having them inserted on the left of the magnetic defect insertion.
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reorganized as the product of insertions of the Wilson line in the regular representation,

pEirreps

along the generators of m1(X);

e The character of the regular representation has the following projection property:

G| g=1,
Xreg(9) = (3.1.3)
0 otherwise.

Therefore, the operator insertion in the condensation defect Sy will project the gauge
group elements to the trivial subgroup making the domain wall Dy. To be concrete consider

G = ZJ, in this case we have:

29
SZle(Z) = W]\TZN)’ Z W(y) =N H %Wreg('ya) =Dy (%), (3.1.4)
YEH(Z,ZN) a=1
where Wieg =1+ W + W2+ ... W1 is the Wilson line in the regular representation of
Zy and a run over the generators of 71 (X).

Note that the presentation of Dj in terms of insertions of Wieg along the generators of
71(2) readily generalizes to non-abelian gauge groups and spacetime dimensions. Therefore,
the extension of equation (3.1.1) to the general setting is the leftmost equality in (3.1.4),
which states that the domain wall Dy is equivalent to the condensation of the Wilson line in
the regular representation.

These ideas also apply to the other diagonal domain walls, i.e., domain walls associated
with diagonal subgroups K (id) = {(k,k): k€ K} <G x G with K < G. The character of

the trivial representation of K induced to G, that is Ind% 1, generalizes the property of the
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regular representation in the sense that

G

XInd%l(g> - (315)

0 otherwise,

and preg = Ind? 1. Therefore, the insertion of the Wilson line in the representation Ind% 1
along the generators of 71 (%) will project the gauge group elements to K, generating the
domain wall DK(id)(E). In the G = Z )y example, this discussion specializes to SZN/MX1 =
DZ(id) for M|N.

M

Diagonal domain walls are orientation reversal invariant, which allows their generalization
to higher-codimensional defects D (X,) with K <G and ¥, a n-dimensional submanifold of
spacetime (see Section 1.3 for details). From the perspective of their condensation expression,
the fact that they can be generalized is particularly transparent. Wilson lines are one-
dimensional objects, and correspondingly can be condensed along submanifolds of dimension
greater than or equal to one. Specifically, the domain wall Dy (3,), correspond to the insertion
of WIndf(l along the generators of m1(X,).

At last, the condensation expression for the domain wall D KGd) o with a € HP~1(K,U(1))
can be obtained by fusing D -(iq) with the general invertible electric defect W, see (1.3.13)

for its definition.

Magnetic domain wall: magnetic condensation To move to a more general case it is
instructive to consider first the domain wall D . Again, let us start the discussion with

the abelian G case in D = 2 + 1 spacetime dimensions. One can derive the following relation:

S1xG¢ = Daxa- (3.1.6)
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In words, the condensation of the 1-form symmetry GG generated by the magnetic defects is
equivalent to the domain wall associated to the subgroup G x G << G x G. Similarly to the

diagonal case, the equivalence between the two descriptions comes from two facts:

e That the condensation of the 1-form symmetry GG generated by the magnetic defects

can be reorganized as the product of insertions of the magnetic operator:

Mg =Y My, (3.1.7)
l9]eCl(@)

along the generators of m ().

e That inserting Myeg along a generator v € 71 () will source flux for the dual generator
7 that has linking number one with 7 making an effective G x G boundary. See Fig.

3.2 for an illustration.

Therefore, the operator insertion in the condensation Sy, will source the extra holonomies
to make the domain wall Dgy . To be concrete consider again G = Zjy, in this case we

have:

29

1 1

Stxzy(Y) = % M(y) = 5 [ Miea(va) = Dz 2, (D), (3.1.8)
a=1

YEH(Z,ZN)
where Myeg =1+ M + M 2 4 ...+ MP~1 is the magnetic operator analogous to the Wilson
line in the regular representation.

Just like the previous case, the presentation of Doy in terms of insertions of Myeg
along the generators of 71 (X) readily generalizes to non-abelian gauge groups and spacetime
dimensions. Therefore, the extension of equation (3.1.6) to the general setting is the leftmost
equality in (3.1.8), which states that the domain wall D¢y is equivalent to the condensation

of the magnetic object Myeg, which is the sum of all pure magnetic objects with unit coefficient.
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In higher spacetime dimensions, the insertions are over codimension-two closed submanifolds
of X.

The domain wall D cannot be generalized to a higher-codimensional defect. This is
evident from its condensation construction. Magnetic defects are already codimension-two

objects, and they cannot condense on submanifolds of higher codimension.

Untwisted normal domain walls: electric-magnetic sandwich Here we invert the
order of discussion. We start with general gauge group and spacetime dimensions and then
consider particular cases. Specifically, the description as higher gauging symmetry defects
when G is abelian.

The condensation expression for a domain wall associated with a general subgroup
H <G x G is obtained by sandwiching the magnetic domain wall D¢y with the Wilson
lines in the representation InngG. By doing this, one projects the G x G gauge group

elements of Dy to its H subgroup. The expression one gets by following this procedure is:

Lal H "
Dy(¥) = G2 Z iy Wir (1) - ci i, Wi, (m)Daxa(E)Wiy (1) - Wi, (9m),
114-.-5ln
jla"wjn
(3.1.9)
where iy, j;. run over irreducible representations of G and 71, . .., 7y, are n generators of 71 (X).
The coefficients are determined by the subgroup H <G x G as:
1
H
Cj = <X1ndeXG1’XPiXPj> = a] Z Xpi(92)Xp; (9R) (3.1.10)

(9r.9r)EH

with p; the irreducible representations of G. We remark that in (3.1.9), writing the Wilson
lines on the left and right of Dy corresponds to having them inserted on the left and
right of the magnetic insertion, respectively. Moving them from one side to the other costs a

braiding phase.
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Domain walls as higher gauging condensation defects in Z; gauge theory The pre-
vious results allow us to derive the dictionary between the domain walls and the condensation
definition of codimension-one topological operators. In D = 2+ 1 spacetime dimensions, given
a particular group H <1 G X GG one can rewrite (3.1.9) as the higher gauging of a subgroup of
the 1-form global symmetry. By doing this for all subgroups of Z;, x Zj; when p is prime we
find all but the last two rows of the dictionary in Table 3.1, which makes explicit the relation
between domain walls and condensation defects in Z; gauge theory. In Section 3.3 we derive
these results in the general context of non-prime p and arbitrary spacetime dimension (see

Table 3.3 for a summary).

Domain wall | Condensation
Dng) S
Dyym Sy X L, 12

Dy Sz,,x1
Dixz, Sz7,x7,
Dz,x1 S7,xZy,—1

Dz,xz, S1x2z,
Dz, x7,,1 Szgd)
Dz, x2pm Szgn)

Table 3.1: Dictionary between higher gauging condensation defects and domain walls in Z
gauge theory. Domain walls are classified by subgroups of the folded theory gauge group
H <QZy x Zy (with the left and right factors corresponding respectively to the left and right
of the domain wall) with a choice of topological action a € HP~1(H, U(1)). In D =2+ 1
spacetime dimensions, higher gauging condensation defects are classified by subgroups of the
1-form global symmetry H < Zjy, x Zjy (with the left and right factors generated respectively
by Wilson lines and magnetic defects) with a choice of torsion term f € H2(H,U(1)). In the
table, ZI(,m) = {(mn,n) :n € Zp} Q Ly x Zp with 1 < m < p, and Z;S)l) = Zl(,ld). Note that,
because p is prime, 1 —m is invertible and f = {5 € Zjp. See Table 3.3 for the non-prime p
and higher dimensional generalization.

It remains, to understand the attachment of a topological action in the domain wall
formalism and its relation to higher gauging. For Zj, there are p — 1 such domain walls which
are labeled by H?(Zy, x Zy,U(1)) = Zp, likewise there are p — 1 different Dyons associated to
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the automorphism subgroups of the 1-form global symmetry. By viewing the attachment of
the topological action as decorating the domain wall Dpr Z, = Slep with suitable electric
charges it becomes clear the correspondence between the two as displayed in Table 3.1.

In spacetime dimension D # 2 + 1, the higher-form symmetries generated by Wilson lines
and magnetic defects have a different form degree, resulting in fewer subgroups compared
to when they share the same form degree. For example, in this case, there are no diagonal
subgroups corresponding to the condensation of Dyons. This feature leads to a mismatch in
the number of domain walls and higher gauging condensation defects. This apparent problem
is resolved by introducing the concept of “sequential higher gauging". Sequential higher
gauging involves the higher gauging of the Zy x Zp 1-form global symmetry generated
by magnetic defects and the dual symmetry that emerges after gauging the (D — 2)-form
symmetry generated by Wilson lines. Since both factors have the same form degree, all
subgroups can be considered and there is no number mismatch between the two constructions.
In particular, one can generate the general invertible electric defects (1.3.13) by this procedure.

See Section 3.3.3 for details.

Automorphism 0-form symmetry as higher gauging defects in abelian theories As
an application of our framework, we can derive an expression for the invertible automorphism
domain walls in abelian gauge theories as higher gauging condensation defects. In Section
3.4 we derive these expressions for the domain walls associated with a set of automorphism
generators. Here, we present the dictionary for all automorphisms of G = Zo X Zs9 that can
be derived using these expressions.

The Klein four group Zy x Zs has 3 generators of order 2, which we denote by A = (1,0),
B =1(0,1) and C = (1,1). The automorphism group of Zg x Zsg is isomorphic to ordered
lists of the three generators Aut(Ze x Zo) = {0 - [A,B,C| : ¢ € S3} = S3 with group
product given by composing the S5 elements. The bijection is obtained by identifying the

first and second elements in the list with the image of A = (1,0) and B = (0,1) under
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the corresponding automorphism. For instance, the automorphism associated with the list
(23) - [A,B,C] = [A,C,B] maps (1,0) = A — A = (1,0) and (0,1) = B — C = (1,1).
We use this isomorphism to denote the elements of Aut(Zo x Zo) by elements of S =
(id, (13),(23), (12),(123), (132)}. Likewise, denote the automorphism subgroup associated
with o € S5 by (Zg x Z9)\9) = {(0- X, X) : X € Zo x Lo} < (Zg x Zn) X (Za x Zs). Then,
we can derive the dictionary presented in Table 3.2. See Section 3.4.3 for the convention used

for the torsion term.

Domain wall Condensation
D(24x7,)0) S1
D(74x74)03 S(1xZ2)x (Zax1),1
D(ZQXZQ)(%) S(ngl)x(lxzz),l
Pzyx25)12 Sng) <25 1

D (2yx7)128) | S(Zyx7) % (2 xZ),(0.1,1.1)
D (2x75)032) | S(2yx79)x (2 x7),(1,1,1,0)

Table 3.2: Dictionary between higher gauging condensation defects and Aut(Zg x Zo) = S
automorphism domain walls.

Using the higher gauging condensation expression for the domain walls, we can compute
the fusion rules and the transformations of other operators by leveraging the algebraic
properties of Wilson lines and magnetic defects. Notably, applying this higher gauging
expression reveals that the computation of general fusion rules depends in subtle ways on
specific number-theoretic properties. However, in all cases where we can compute these rules
easily, they consistently agree with the more general fusion rules and transformations derived

from the domain wall definition in [Cérdova et al.(2024)Coérdova, Costa, and Hsin|.

Gauging 0-form symmetry: D, gauge theory from gauging swap symmetry The
group Dy = (Zg X Zg) X Zsg can be constructed as the group extension of Zy X Zo by Zo with
the Zo acting by swapping generators. It follows that D4 gauge theory can be constructed

by gauging symmetry generated by the automorphism domain wall D(ng 75)(23)" By using
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its explicit condensation expression reviewed in Table 3.2, i.e., S(ZQ><1)><(1><ZQ)717 one can

explicitly derive the action:

Sp, = i / @22 U da® 4+ 502 U gpV) 4 #D-2)  gelV) 4 (1) U §P-2) | 1),
M

(3.1.11)

which is the action for D4. In Section 3.5 we show in detail this derivation and explain how
to understand the operators of D4 gauge theory as combinations of the Zso factors associated

with the corresponding group extension.

3.2 Domain walls as condensation defects

In Section 1.3 we reviewed the construction of non-invertible symmetries of finite-group
gauge theories as domain walls on the lattice [Cordova et al.(2024)Coérdova, Costa, and Hsin].
Here, we show how to realize these symmetries as condensation defects, i.e., as suitable
insertions of lower dimensional operators along a codimension-one submanifold [Gaiotto
and Johnson-Freyd(2019)]. Specifically, we show how to construct the domain walls Dy for
H <G x G as a condensation of Wilson lines and magnetic defects. In summary, we will
show that the defect Dy corresponds to the condensation of magnetic objects, and that
Dy can be obtained by further sandwiching the magnetic insertion with suitable Wilson
lines, thereby projecting the G x G gauge fields to its H <1 G X G subgroup. Provided these
condensation expressions, in Section 3.2.5, we compute the fusion of the symmetry defects
using the algebraic properties of the lower dimensional objects that make them. This allows
us to verify the fusion rules derived using the domain wall lattice definition in [Cordova

et al.(2024)Coérdova, Costa, and Hsin|.
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3.2.1 Diagonal domain walls: electric condensations

To understand the general idea of using Wilson lines to project the gauge group elements to
a particular subgroup it is useful to start with the diagonal domain walls. They are made out
of Wilson lines that project the G gauge group elements along > to a particular subgroup

K «dG.

Identity diagonal domain wall Let us consider what is arguably the simplest case, the
domain wall associated with the trivial subgroup of G x G, i.e., D1(X). The domain wall
D1(X) is defined by restricting the gauge field configurations and its gauge transformations

along > to be elements of 1 < G x G. This can be achieved in the following way:

e The gauge fields on the wall are enforced to be trivial by inserting the Wilson line in

the regular representation divided by |G| in all closed loops of ¥ because:

Gl g=1,
Xpreg (9) = Tr[preg(9)] = (3.2.1)
0 otherwise,

for the regular representation preg of G and above g € G.

e In addition to the projection of the gauge field, we need to correct for gauge transfor-
mations. In the definition of Dj, gauge transformations are restricted to the subgroup
1 < G. Because we are not changing the gauge transformations when we insert the
projector, we need to change the correction due to the volume of gauge transformations
which gives 1/|G| for each disconnected component. To change 1/|G| to 1 we need,

therefore, to multiply by |G].
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Thus the domain wall can be described in the following equivalent ways:

p=lel [] Wt =161 T et = (6l I |G|Wreg
closed loops vem (D)

(3.2.2)
where the first product is over all closed loops on 3 and S is a generating set of 71(3). The
equivalence between the different expressions can be obtained in the following way. First, one
deforms all insertions over homotopy equivalent loops to some representative cycle. Then,
one uses the fusion rule Wyeg(7)Wreg(7) = |G|Whreg(7) to replace the multiple insertions to a
single insertion. At last, consider v = 71 ...7; with v; € S, which gives gy = gy, ... gy,. If
gy; = e for all y; € S then g, = e. Hence, ﬁng(’y) equals 1 if Wyeg(y;) are inserted for all

v; € 5.

General diagonal domain wall The case of general diagonal domain wall, D q) with
H =K = {(kk): ke K} <GxGand K <@, is similar. Consider the induced
representation to G from the trivial representation of K <1 G, i.e., Ind%; 1. In the previous
case K = 1 and preg = Ind? 1. Then, the character of this induced representation is the
induced character to G from the trivial character of K <1 G and is the permutation character
of G acting on the right cosets of K by multiplication from the right. The induced character

has the property

H g€ K,
Xt 1(9) = (3.23)
0 otherwise.
Therefore, the diagonal domain wall can be described by the operator
|G| K]
Dpetiay(X) = & 11 @Wmdglﬁ), (3.2.4)

closed loops
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where the pre-factor corrects for the volume of gauge transformations as explained in the
previous case. Similarly to the K" =1 case, the insertion defining D a) can be simplified to
an insertion over m(X) or over a generating set of 7 (X)

In addition, we can also modify the operator by stacking with additional invertible electric
operators 1.3.13 associated to o € HP~1(K,U(1)) [Barkeshli et al.(2022)Barkeshli, Chen,

Hsin, and Kobayashi|. This gives D K (i) ,» the twisted diagonal operators.

Higher codimensional operators We remark that the above definition is suitable for
the generalization to higher dimensional topological operators discussed in (2.5.1). Instead of
inserting along all closed loops of the codimension-one surface ¥, one inserts along all closed
loops of the n-dimensional surface ¥,. Also, to attach a topological action we fuse our defect
with the corresponding n-dimensional invertible electric defect (1.3.13).

In [Tantivasadakarn and Chen(2024b)| it was asked “Why did we not include Cheshire
strings in the description of D = 2 + 1 topological order?". From (3.2.2) we see that in
D = 2 + 1 the codimension-one operator corresponding to the “Cheshire strings" is the same
as the Wilson line in the regular representation, i.e., D1(7v) = Wieg(7y). In D =3 + 1, on the

other hand, the equivalent codimension-one operator D1 (X2) is a condensation of Wieg.

Frobenius algebra interpretation The composite line Ind?{ 1 is associated with a sym-
metric separable Frobenius algebra of Rep(G) and (3.2.4) should correspond to its generalized
gauging along the codimension-one surface 3 [Ostrik(2001), Diatlyk et al.(2024)Diatlyk, Luo,
Wang, and Weller|. The character property (3.2.3) connects the idea of generalized gauging
and the domain wall lattice construction reviewed in Section 1.3. Further decorating 3 with
the invertible electric defect defined in (1.3.13) which is classified by o € HP~Y(K,U(1))

should be equivalent to different choices of (D — 1)-topological junctions for Ind% 1on X.

93



3.2.2  Factorized domain walls: magnetic condensation

Consider factorized domain walls corresponding to the subgroups H = K x Kp < G x G for

Ky, Kp < G. The difference between having two diagonal domain walls DK(id) and DK(id)
L R

close together (which would fuse according to (2.3.5), the diagonal fusion) and having the

domain wall Dy, » g, is the presence of magnetic defects on the middle. The insertion of

magnetic defects comes from D¢y as in (2.3.7).

Factorized domain wall with H = G x G The holonomy for a contractible path that
crosses the domain wall D¢y ¢ with group elements (g7, 9r) € G X G can be any element
gRgE1 € G as one sees in the example of Fig. 2.1. This suggests that we should have
insertions of all magnetic defects along > to produce the Dy domain wall. In addition,
we showed that all pure magnetic defects can end on (2.4.7), which again shows that they

condense on the wall. The operator that condenses is:

Mg =Y My, (3.2.5)

[9]€CL(G)
which is analogous to the Wilson line in the regular representation. By inserting Myeg on
codimension-two submanifolds of ¥ we can effectively double the holonomies for the paths in

Y. See Fig. 3.2 for an illustration.

General factorized domain wall The general factorized domain wall with H = K, x

Kgr < G x G can be obtained from D¢y by projecting the group elements on the left and

right sides of the wall to the K, and K subgroups respectively using DK(id) and DK(id),
R

L
the explicit expression is given in (2.3.6).
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Figure 3.2: The holonomy in the blue path is g;. Now consider the magnetic operator

gpa Ll For this insertion, the holonomy around the red path is gp. By summing over gy,
L

in the path integral and over conjugacy classes, in the insertion of Myeg, we will be summing
over all (g7,9r) € G x G for this non-trivial cycle which produces the G x G domain wall.

3.2.3  Domain walls of a normal subgroup: electric-magnetic sandwich

The discussion above can be extended to the general normal domain wall Dy associated with
a general normal subgroup H <1 G x G. In this case, one can consider the projector I%XG of
elements of (g7,,gr) € G X G to the subgroup H < G x G. This projector decomposes in
irreducible characters of G x G which are themselves products of irreducible characters of G,

and has the property that:

Xnd@x@ (9n98) = D cixp(9n)xp;(9R) = ] (3.2.6)
i,j€irreps of G 0 otherwise,
with coefficients
1
H
Cij = <X1ndf1XG 1> XpiXpj) = ] > Xpilar)xp; (9R): (3.2.7)

(9r.9r)EH

that one can find by using the orthogonality relations of characters and the defining property of
X10dGxC 1- Similar to the diagonal case, the above is the character of the trivial representation
H

in H induced to G x G, i.e, IndleG 1.
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Sandwiching the domain wall D¢, with these characters for all loops of ¥ will perform
the desired projection. Simplifying the insertion to be on the generators of 71 (%) as done in

(3.2.2), the general expression can be written as

’H’n—l
Dy(¥) = G2 Z et Wi () el Wi () Daxa(E)Wi, () - - W, (),
11 4--+5ln
jla"‘vjn
(3.2.8)
where iy, j;. run over irreducible characters of G and 71, ...,y are n generators of 71 ().

Here, we also abbreviated Wpik to W;, as a short hand notation.

ik

It is important to clarify the meaning of this sandwich construction (3.2.8). On the
lattice, to define magnetic defects along a codimension-one surface >, one needs to consider
a thickened surface ¥ x [0, 1]. If not, there are no 2-simplices perpendicular to ¥ in which
one can fix the holonomies. Along this thickened surface with the inserted magnetic defect,
there are two inequivalent ways to insert a Wilson line. It can be positioned either to the
right, ¥ x 0, or to the left, ¥ x 1, of the magnetic operator. We adopt the convention that
Wy (v)Mgy(I') represents the Wilson line on the left of the magnetic defect, while Mgy(I')W,(7)
places it on the right. Thus, W; (7)Dgxq (X)W jn(7n) indicates that the Wilson line W; = is
inserted along a loop 7y, to the left of the magnetic insertions on ¥ x 0, while W is inserted
along the same loop vy, but to the right of the magnetic insertions on 3 x 1. Moving them

from one side to the other costs a braiding phase.

As a particular example, for factorized domain wall the coefficient (3.2.7) factorizes, i.e.,

HKLXKR

_ Kp Kp
¥ € ¢

= j where cZK is the coeflicient of the irreducible representation p; in the

expansion of Ind?(L 1, and we get (2.3.6).
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3.2.4  Domain walls in abelian theories as condensations

Every subgroup of G x GG is normal when G is abelian. Therefore, (3.2.8) can be applied
to generate all untwisted domain walls of abelian theories. In this section, we will simplify
(3.2.8) for the abelian case. The simplified expression will then be used to perform consistency
checks and compute some fusion rules.

For gauge theories with abelian finite group GG, Wilson lines in irreducible representations
and simple magnetic defects obey the following commutation relation in a codimension-one

submanifold X:
Wo(7) My (T) = x,p(9) "1 My (D)W, (7), (3.2.9)

where x,(g) is the character of the irreducible representation p evaluated in the conjugacy class
associated with the element g € G and (v,T) is the intersection number® of v € Hy(%,Z)
and I' € Hp_9(X,Z) on ¥. The commutation relation (3.2.9) can be understood from
the discussion after (3.2.8) and it follows from the linking action of the two operators.
Alternatively, one can think of ¥ as a time slice and (3.2.9) follows from the canonical
quantization of the BF-type action with the (D — 2) and 1-form fields being canonically
conjugate variables [Witten(1998)].

To further simplify (3.2.8) we assume 71 (X) is torsion-free. With this assumption one

can derive the following relations:

Hp_5(3,G)|  |Hi(3,G -
z(c.x) = 1D |2c§| N_ | 1\((;1 N e, (3.2.10)

where by is the first betti number of ¥. For the first term we used that |G|Z(G,%) =

| Hom(H(2,Z),G)| = |G|?* where in the last equality we used that Hj(X,Z) = Zb is

5. The intersection number (7, T") is defined explicitly as the integral over X of the cup product of the
Poincaré dual of v € H1(X,Z) and I’ € Hp_»(%,Z).
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torsion-free. For the second term we used Poincaré duality Hp_o(X,G) = HY(Z, G) and the
universal coefficient theorem for cohomology H1 (2, G) = Hom(H{ (%, Z), G) = G where the
assumption that ¥ is connected leads to Ext!(Hy(2,Z),G) = Ext}(Z,G) = 0. Finally, using
the universal coefficient theorem for homology we have H{(X,Z) ® G = H1(2,G) = Ghr,
where we used that Tory(Hy(3,Z),G) = Tor1(Z,G) = 0. In this context it is possible
to choose a basis {7, : 1 < a < b} and {Ty : 1 < a < by} for H{(X,Z) = Z" and
Hp_o(2,Z) = ZP such that (74,T}) = 6,3 where (-,-) : H{(2,7Z) x Hp_o(%,Z) — 7Z is the
intersection number defined by integrating over ¥ the cup product of the Poincaré dual of
the homology classes. We are going to use relation (3.2.10) and this fact to simplify some of
the expressions in abelian theories in the constructions below.

When G is abelian, the operator Myeg obeys the same fusion rule as Wieg, i.e., Myeg X
Mreg = 3 g Mg x 320 My =3, v Mgy = |G| 32y Mg = |G|Mreg, where we used the fact
that each element of G appears once, and only once in each row and column of the Cayley
table of G. Similarly to the derivation of the diagonal domain wall condensation (3.2.2), we

can write the operator D« explicitly in the following equivalent ways:

Mre F Mre
Do =20 [[ e oz ] e - = iy L st
TeHp 5(S,2) res

(3.2.11)
where S is a set of generators of Hp_o(X,Z) and we used that |G|Z(G) = |[HY(Z,G)| =
|Hp_o(X, G)| by Poincaré duality. Choosing a othonormal basis for the insertion of magnetic

and electric operators, (3.2.8) can be written more compactly as

||f(j’|| H \G X G| > i Woi(ra) Mreg(Ta)Wp; (7). (3.2.12)

1,j €Eirreps

where we used (3.2.11) and we commuted the operators with zero intersection. Let us now

illustrate how this definition reproduces expression (3.2.2) for D; and the fact that Dy = 1.
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Example: trivial group domain wall Note that the trivial subgroup domain wall is a
nice checking example because it is at the same time a factorized and diagonal domain wall.
To show that (3.2.2) follows from (3.2.12) we need to use the commutation relation (3.2.9).

Provided the fact that czlj = d;d; =1, we have:

Wreg (’Y)Mreg Wreg Z sz Wp]( )
,,9
- Z sz szxpj <7)
g5i.J (3.2.13)
= Z Xreg(g)Mg(F)Wreg(7)7
- |G|Wreg(7)a

where in the first equality we used (3.2.9) assuming for simplicity that (y,I') = 1, in the
second equality we redefined the dummy variable over irreps and used the definition of the
regular character and its property (3.2.1). From this equation, it is easy to derive (3.2.2)
from (3.2.12).

Example: automorphism domain walls Let us consider the domain wall that gener-
ates group automorphism symmetry for abelian gauge group GG. The domain wall for the
automorphism ¢ € Aut(G) corresponds to the subgroup G0 = {(¢6-9,9): g€ G} <G xQG.

The condensation expression for the automorphism domain wall is given by (3.2.8) with

1 p] =pi° 9257
z] |G| Z sz Xp] g) = <Xpiogb7Xﬁj> = (3214)
geG 0 otherwise,
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where p; is the complex conjugate representation of ,02-6 and p; - ¢ is the representation

obtained by the composition of ¢ and p;.

In particular, the automorphism associated with the identity, i.e., ¢ =

id, should give 1,

the trivial domain wall. Indeed, using (3.2.12) for the identity automorphism we have:

G(ld

by

H| el Z Wpl Va)Mreg(Fa)Wpl(Wa)

a=1 1€irreps

H|G| Z ZXPZ YMg(Ta) W5, (va)Wp; (Va),

i€irreps geG

H |G| Z Xpreg(g)Mg(Fa)a

geG

(3.2.15)

where above we used (3.2.9) to permute the Wilson line and magnetic defects, we used that

Wy(7)W5(7) =1, and we used the regular representation character identity shown in (3.2.1).

3.2.5  Fusion rules of domain walls from condensation definition

Here, we derive the fusion rules of domain walls reviewed in Section 1.3 by employing the

condensation expressions obtained in Section 3.2 and the algebraic properties of Wilson lines

and magnetic defects. This approach provides a self-consistency check on the correctness

of the condensation expressions and on the fusion rules of domain walls derived by other

methods in [Cordova et al.(2024)Coérdova, Costa, and Hsin].

6. The complex conjugate representation p of a representation p is the representation such that p;(g) = pi(9)

forall g e G
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Diagonal domain walls Let us compute the fusion (2.3.5) for the diagonal domain walls

with subgroups K (id), K(id) using (3.2.4) and the tensor product of representations. We

have:
G| |G| K[| K|
DK(id) X DK’(id) - W Kd H GG WInd%l(V)WInd%l(fYL
closed loops ~
|G| |G| |K N K'|
= —W. 3.2.16
|K'K/’ ‘KQK" H ’G| Indng,l(f}/)’ ( )
closed loops v
|G|
K- K'yD(KﬂK')ﬁd)’
where we used that
G G G| G

and |K||K'| = |K - K'||K N K'|. The same derivation applies to the fusion (2.5.1) associated

with the higher codimensional generalization of the diagonal domain wall.

Automorphism domain walls in abelian theories In this section, we derive the
fusion rules (2.3.1) and (2.3.2) involving the domain walls with automorphism subgroups
G = {(¢-g,9): g € G} <G x G with ¢ € Aut(G) using the condensation definition
(3.2.12) with ¢/l given by (3.2.14).
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For the automorphism fusion rule (2.3.1) we have:

Do) X Dy

1
1
:HF Z Wﬁi(Va)Mreg(Fa)WpiO(ﬁ(Va)Wﬁj(Va)Mreg(Fa)ijod(Va);
1,J €irreps

H Z Z Xplo¢ Xp] )Wﬁz (fVa)Mgg’(Fa)WpiO(b(va)Wﬁj (Va)ijogb’ (711)7
1,j€irreps g,¢'€G

H ]G\ Z W’i(%)Mreg(ra)wpioqbow(%%

1€irreps

- DG(¢O¢/),
(3.2.18)

where from the second to the third line we redefined ¢’ = ¢~1§ and performed the independent

summation on g using the character ortogonality condition, namely:

L pj=piod,
|G| Z szO(b Xp] ) <Xpio¢7 ij> = (3219)
geG 0 otherwise,

and the fact that W,(y)W5(v) =
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Similarly, for (2.3.2) we have:

DG><G X D9)
H Z Mreg Fa)Wp (’Ya)Mreg<Fa) 0i oq&(%t)
zelrrepb

—H| > 2 X @OWa () My (Ta) My (Fa)Wpe(7a).

t€irreps g,9'€G

- H @ Z Z sz pZ /ya)Mg(Fa)Wpiogb('ya), (3220)

i€irreps ¢,§€G

bl

—H| gl 2 0W5(a) Mreg(Ta)Wj00(7a).
a=1 1€irreps

= H Mreg Fa

=Daxas

where we defined § = ¢ - ¢’ and we used the character ortogonality condition (X7;> Xpo) = Gi0
with pg = 1 the trivial representation. The fusion D) X Dgxg = Pgx¢ can be derived in

a similar way:.

Factorized domain walls in abelian theories Let us derive the fusion rule (2.3.7)

using the condensation expressions (3.2.4) and (3.2.11). Using the basis for the electric and
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magnetic operator insertions such that (74, T'p) = d,p, we have:

1 K]
Daexa X DK(wl) X Dexag = |K||G| H G| Mreg<ra)WInd§(1(7@)Mreg(Fa)7

1 |K]| Z

= H sz Fa)% W, (Va),

KNG =5 16T (3.2.21)

b1

K |7
= Moo (T

e L et
= Z(K)Dgxa-

In the first line, we reorganized the product by commuting all operators and leaving just
the ones with non-zero intersection number uncommuted. In the second, we used (3.2.9) to
permute the simple Wilson lines and magnetic defects and we fused the two simple magnetic

defects. In the third line we used the character orthogonality condition:

L pi=1,
1€ prz = (Xpi» X1) = (3.2.22)

0 otherwise,

and our assumption about ¥ summarized before (3.2.12) which implies that Z(K) = |K|P1—1,

3.3 Domain walls as higher gauging condensation defects in Zy
gauge theory
In this section, we investigate Z) gauge theory in general spacetime dimensions. First,
we consider general untwisted domain walls and show that their condensation expression

derived in Section 3.2 can be recast using the concept of higher gauging [Roumpedakis

et al.(2022)Roumpedakis, Seifnashri, and Shao|. Consequently, our condensation expression
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provides a dictionary between the domain wall [Cordova et al.(2024)Coérdova, Costa, and
Hsin| and the higher gauging [Roumpedakis et al.(2022)Roumpedakis, Seifnashri, and Shao]
constructions of non-invertible symmetries in Z, gauge theory. Next, we analyze twisted
domain walls and demonstrate that they can be recast using a new concept that generalizes

higher gauging, which we term sequential higher gauging.

3.3.1 Review of higher gauging condensation defects

Higher gauging is a specific procedure used to construct condensation defects, broadly defined
as defects obtained through suitable insertions of lower-dimensional topological operators.
Gauging a non-anomalous abelian global symmetry involves summing over insertions of
the symmetry generators across spacetime, usually resulting in a different theory. Higher
gauging, however, involves gauging a non-anomalous global symmetry on a submanifold
rather than the entire spacetime. This procedure creates a defect on the submanifold, known
as a condensation defect [Roumpedakis et al.(2022)Roumpedakis, Seifnashri, and Shao].

In this section, we will focus on Zp gauge theory in general spacetime dimensions D
without a Dijkgraaf-Witten topological action. The theory has Zp 1-form symmetry generated
by the unit charge magnetic operator M and Zy (D —2)-form symmetry generated by the unit
charge Wilson lines W. Higher gauging condensation defects, which we denote by Squ Lyt
are classified by a choice of subgroup of the higher-form symmetry Zg x Zy QZy X Ly
generated respectively by Wilson lines and magnetic defects with ¢|N, ¢’| N and a choice of
torsion term, f € HP~HK(Zg, D = 2) x K(Zy,1),U(1)) = Zgeq(n/q.n/q) - Explicitly we

7. Given a group G and an integer n, the Eilenberg-Maclane space K(G,n) is defined as a topological
space that has n-th homotopy group 7, (G) isomorphic to G and all other homotopy groups trivial. In
D = 2+ 1, the cohomology group that classifies discrete torsion is the same as the group cohomology of
Zg X Ly, because an Eilenberg-MacLane space of type K (G, 1) is isomorphic to BG, the classifying space of
G. We emphasize that the form-degree of the symmetries generated by Wilson lines and magnetic defects is
such that HP (K (Z¢, D — 2) x K(Zg,1),U(1)) is isomorphic t0 Zgcq(n/q,n/q) and does not depend on the
spacetime dimension D.
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have:

SquZq,,f(E) =C(%) Z egcd(NQ/ZfN/q’)f<7’F>WN/Q(7)MN/q’(F)’ (3.3.1)
veH(X,Zq)
TeHp o(S.Z})
with C'(X) a coefficient that depends on the topology of ¥. The conventions we are using
is that the first subgroup appearing in the label of Squ Zy corresponds to the subgroup of
the (D — 2)-form symmetry generated by Wilson lines and the second to the subgroup of
the 1-form symmetry generated by magnetic defect. We also set as a convention that the
algebraic expression for the higher gauging condensation defects should have the Wilson lines
on the left, which corresponds to having the Wilson lines in the global left of the magnetic
defects as reviewed in Section 1.3. Note that in D = 2 + 1, one can fuse the Wilson line and
magnetic operator into a Dyon with electric and magnetic charge. Therefore, in D =2 + 1
one can gauge “diagonal" 1-form subgroups generated by the Dyons. As we show in Section
3.3.3 this generates the electric-magnetic symmetry discussed in Sections 2.4.3 and 2.3.4.
One can use (3.3.1) and the algebraic properties of Wilson lines and magnetic defects of
(3.2.9) to compute the fusion rules of higher gauging condensation defects. In this section,
we will check again the fusion rules we derived in the previous sections by following this
procedure. We deter to the next section a derivation of some general fusion rules, but we
refer the reader to Appendix A of [Roumpedakis et al.(2022) Roumpedakis, Seifnashri, and
Shao| for more details.
Similarly, one can use (3.3.1) to compute the transformation of other operators. Here, we
reinterpret Eqs. (5.16) and (5.43) of [Roumpedakis et al.(2022)Roumpedakis, Seifnashri, and

Shao| to higher dimensions. We can think of the moves performed in their paper as done in a
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3d slice, with the 1-form magnetic defect filling all other dimensions. One can then derive:

q—1,4'-1
Szyxzyg L= 3 wiNa/apNa'/d (3.3.2)

a,a’=0

(ged(N/q,N/d)+f)
@i+ ged(g,q")

Qo—faqg’=0 mod ¢

a’g=0 mod ¢

with (Q1,Q2) the Zg x Ly higher-form symmetry charges of the operator L. This expression
computes the transformation of operators “from right to left". This comes from the convention
used in [Roumpedakis et al.(2022)Roumpedakis, Seifnashri, and Shao| of having the surface
defect oriented inwards. The transformation “from left to right" is the same as the action of

the orientation reversal (2.2.1).

3.3.2  Untwisted domain walls as higher gauging defects

In this section, we derive the non-trivial correspondence presented in Table 3.3 between the
untwisted domain walls and higher gauging condensation defects. We further use these higher
gauging expressions to confirm the fusion rules and the transformation of other operators

derived in [Cérdova et al.(2024)Cordova, Costa, and Hsin| and reviewed in Section 1.3.

Diagonal domain walls

Let us start with the diagonal domain wall, DZ(id) associated with the subgroup Zg\i[d) =

M
{(m,m):m € Zp;} QZyN x Zn with M|N. The representation associated with the projector
of (3.2.3) can be written in terms of the unit charge Wilson line as
N/M—1

7
Indy¥ 1= " waM, (3.3.3)
q=0
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Domain wall Condensation
DZS\}d) SZy 1
DZN X ZN Sl X ZN
Dl X ZN SZN X ZN
DZNXI SZNXZN,—I
ng\ifd) S1
ng\’[”) SZN/Z ARG e

Table 3.3: Dictionary between higher gauging condensation defects and domain walls in Z
gauge theory. Domain walls are classified by subgroups of the folded theory K <1Zy X Zy
(with the left and right factors corresponding respectively to the left and right of the domain
wall) with a choice of topological action o € H D —1(K,U(1)). Higher gauging condensation
defects are classified by subgroups of the higher-form global symmetry Zq x Zy QZy X Zy
(with left and right factors generated respectively by Wilson line and magnetic defects) with
a choice of torsion term f € HP~L(K(Zg, D = 2) x K(Zy,1),U(1)) = Zyean/g.N/q)- I

the last row, Z(Nm) = {(mn,n) : n € Zy} is the automrphism subgroup associated with the
automorphism 1+ m € Zy and £ = ged(N,m —1).

Therefore, using (3.2.4) we have

b1 N/M-1

ng\if =7 H |N/1M| Z WaaM (),
[ ( éWZ]\i/M )l g% %W%M 1) WM (),
~H g/Z]\i/M )] %:%2: qzb;W (q171 + - @by Wy ) (3.3.4)
- |H1<Q/ZA1/M>| WEHEZN/M) wM(y)
= Sz x1(5);

The Wilson line WM generate a Z N/M (D — 2)-form symmetry in D spacetime dimension,
and the domain wall is equivalent to gauging this symmetry on the support of the domain
wall instead of the entire spacetime [Roumpedakis et al.(2022)Roumpedakis, Seifnashri, and

Shao, Choi et al.(2022b)Choi, Cordova, Hsin, Lam, and Shao|. The higher gauging expression
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in (3.3.4) differs from the result of [Roumpedakis et al.(2022)Roumpedakis, Seifnashri, and
Shao| by an Euler counterterm on the wall. Indeed, in D = 2 4+ 1, ¥ is a surface and

for a genus-g surface the coefficient in front equals |N/M[1729. Rescaling by an Euler

counter term M) with A = |[N/M|~1/2 and y(M) = 2 — 2g the Euler number of %,

the prefacto becomes |N/M|79 = 1/\/|H1(E,ZN/M)\ which is the same normalization
used in [Roumpedakis et al.(2022)Roumpedakis, Seifnashri, and Shao]|. If instead we used
A= [N/M|7!, the normalization would become [N/M|~! =1/|H°(M, Zypy)| which is the
same normalization used in [Kaidi et al.(2023b)Kaidi, Ohmori, and Zheng|. In D =2 + 1
because the Euler counterterm is 2 — 2¢ it is particularly hard to reason if there exists a more
natural normalization. We believe our formalism gives an affirmative answer to this question
and here we provide what we believe is the answer.

Consistently, we could also use the general expression (3.2.8) to derive the higher gauging
expression (3.3.4). We postpone this to the next section after deriving the higher gauging

expression for Dz, .7, -

Fusion rule One can use the right side of (3.3.4) and the algebraic properties of Wilson
lines and magnetic defects to compute its fusion rule. The detailed calculation takes about
two pages and was presented in Appendix A of [Roumpedakis et al.(2022)Roumpedakis,
Seifnashri, and Shao|. Adapting their derivation to our normalization leads one to

eed(M, M )

where we used that ged(N/M, N/M') = N/(MM'/ ged(M, M')). This agrees with (2.3.5) be-

cause Znn VLN ) = Lged(N/n,N/n') = LN/(nn! | ged(nn’)) A Zag- Ly = Zapag  ged (M, M)
We see that (2.3.5) specializes to finite-group gauge theory but generalizes in dimensions and
gauge group the expression Eq. (5.24) of [Roumpedakis et al.(2022)Roumpedakis, Seifnashri,
and Shao].
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Transformation of other operators We can use the condensation expression of (3.3.4)
to compute the transformation of other operators using the algebraic properties of Wilson

lines and magnetic defects. Using (3.3.2) one can derive

M—1 N/M-1
Sgppyxt - WM = 37N sy - MM =S M (3.3.6)
n=0 n=0

for all 0 < k<M —1and0 << N/M—1and Sgy, 1 WF=8z, 1M =0 for
the other lines. This is consistent with the transformation properties reviewed in Section 1.3.
Indeed, the lines WHEN/M 61 < k,< M — 1 are gauge invariant when restricted to Z,;. In

particular, all Wilson lines can end on Dj.

Factorized domain walls

Let us consider the factorized domain wall with K = Z; X Zpy. The domain wall operator is
(3.2.11): denote a basis for (D — 2)-cycles on the support 3 of the domain wall operator by
{T'4}, and the basic magnetic operator operator by M, then

by N-—1
Doz = [ Mo =5 S MO =81z, (37

a=1¢a=0 TeHp o(S.ZN)

As before, we see that Dy is the higher gauging of the Zy 1-form magnetic symmetry.
Equation (3.3.7) differs from the expression in [Roumpedakis et al.(2022)Roumpedakis,
Seifnashri, and Shao| by an Euler conterterm on the wall. Indeed, for a genus-g surface, the
coefficient in front equals |N| 7. Rescaling by an Euler counterterm AX(%) with A = |N|/2
and x(X) = 2 — 2g the Euler number of ¥, the prefactor becomes |N|79 = 1/@
which is the same normalization used in [Roumpedakis et al.(2022)Roumpedakis, Seifnashri,
and Shao|.

From the fusion rule (2.3.6) it is now easy to construct the Dy, .1, D1x7z,,- The difference
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between the two comes from the convention used for the ordering of the Wilson line and
magnetic operator in the definition of higher gauging, see (3.3.1). With the convention we

are using it follows that:

1
Dy« Y)=—or——— W(y)M (') =Sz« >), 3.3.8
1 ZN( ) |H1(Z,ZN)’ ’YGHI(ZEZN) (7) ( ) 7N ZN( ) ( )
FGHDJ(’EZN)
1
Dyot(D) = —— M@W ) = Sz vz (D). 3.3.9
Zax1(2) AOKAS] VGHNZEZN) (MW (y) = Sz xzn,—1(2) (3.3.9)

FeHp o(X,ZN)

where in the second line we used (3.2.9) to permute M (I')IW(v) giving the torsion term
f=-1e HP Y K(Zy,D -2) x K(Zy,1),U(1)) = Zy.

Finally, consistently with the previous section, we can use the general expression (3.2.8)
to derive the higher gauging expression for D; similarly to what we did in (3.2.13). Using
(3.3.4) and (3.3.7) we can write

N /
Di(X) = (5. 20 %7/61%(:2,21\,) W(y)MI)W ('),

I'eHp_o(X,Zy)

N 2mi T /
TEEEE 2 Ch MO,
’ 7Y €H1(E,ZN), (3.3.10)
FeHp o(2,ZN)

Y > Wy,

T H(D,Z
| H ( N)|7€H1(Z7ZN)

= SZNX1<E)7

where we used (3.2.9) to permute the Wilson line and magnetic operator, we joined the Wilson
lines, redefined v = v — 7/ and summed over +' forcing I' = 0 and giving the |H1 (3, Zy)]

factor.
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Fusion rules We can use the higher gauging expression for Dy 7, derived in (3.3.7) and
the algebraic properties of Wilson lines and magnetic defects to compute its fusion rule. For

example:

1
Sixzy X Sixzy = 33 > MI)MT') = Z(Zy, %)S1xzy

I,
Szpx1 X SpyxZy = A ZN . Zx) Y W +7)MI) = NSz xzy (3.3.11)
st
27rz
St X Stxxy -1 = g zzN 2P Z e FODWH +7)ME) = Sg1.

7

For the first derivation we used M ()M (I') = M(T +T") and then we redefined the (D — 2)-
cycles, summed over the remaining one giving a factor of |[Hp_o(S, Zy)| = |[HY(Z, Zy)| =
NZ(Zp,%). For the second, we redefined the 1-cyles and summed over the remaining one
giving a factor of |H{(3, Zy)|. For the third, we did the same, but the summation over the
remaining cycle forced I' = 0 in addition to giving the factor of |H1(X,Z)|. This, and the
other 13 fusion rules, agree with the elegant expression (2.3.8). For the derivation, one needs

to use (3.2.10).

Transformation of other operators Similarly, we can use the higher gauging expression
for the domain walls to compute the transformation of other operators using the algebraic

properties of Wilson lines and magnetic defects. Using (3.3.2) one can derive

M-1 N/M—1
N/M N/M M M
SleN/M'Mk A= N N SleN/M'WE = > wM (3312
n=0 n=0

forall 0 <k<M—1and0<¢<N/M—1and SleN/M-Mk = Sixzy Wt =0 for the
other lines. This is consistent with (2.4.7) reviewed in Section 1.3. In particular, for M = N

all magnetic defects can end on Dy, 7, and no electric lines can.
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Automorphism domain walls

Consider the automorphism m € Zjy = Aut(Zy) that sends 1 — m and its associated

subgroup Zg{,n) ={(mn,n) :n € Zy}. Let’s first assume that ged(1 — m, N) = 1. Then

1
DZ(m) (E) = by Z Wﬁzl (Al) W (Abl)DZN XZN(E)Wpil'(j)(Al) s Wpibl ¢ (Abl)

- W5,
N N ! il,ig,...,ibl jbl
, N-1 N-1
= i S 3T WAL+ iy Ay Dz sz (S)W (i1 AL+ -+ iy, Ay
i1=0 iy, =0
1 _
= N Z W) MD)W ()
yeH (X, ZN)
FeHp o(%,ZN)
1 T
= X e Rl )M
yeH1(E,Zy)
FeHp_2(X,Zy)
1 27 _m
= > evERrhwem),
YEH(E,Zy)

I'eHp_o(X,Zy)

= SZNXZN,%(ED

(3.3.13)

In the first equality, we combined the paths. Then, we passed the Wilson lines through
the magnetic operator getting a phase proportional to their intersection number, then we
redefined v — (1 —m)y (which is possible under the assumption that ged(1 —m, N) = 1).
Notice that if m = 1 the Wilson lines would be annihilated and the summation over v would
enforce I' = 0 with an extra factor of N1 resulting in Dq(X) = 1, confirming the previous
result. We derived that DZ(m) is the higher gauging of the global higher-form symmetry

N
Zpn X Zp generated by the Wilson line and magnetic operator with torsion term given by
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I—m

Now, consider the more general case ¢ = ged(1 — m, N) # 1. We would instead have:

N-1
27, _ .
D, m(¥) = Z e” N ke W (k) M (jaT o)

(m
ow Jarka=0
¢,N/f—1,N—1 ‘
= Z e_%mja(lazv/g"i"ga)wm_l(sava)M(jaFa), ko = 1N/l + sq
la,$a,ja=0
NI
=0 N e NSy sy ) M(ES)T ),
Sa,5h,=0
) N/e-1 o
D SRS e V)

YEH1(E,ZNy¢)
F'eHp_ (X, Zyyq)

= SZN/KXZN/g,K% (Z>)

(3.3.14)

where from the second to the third line we performed the summation over [, giving the factor
of /%1 and enforcing j,N/¢ =0 mod N, that is j, = ¢s), with 0 < §' < N/¢ — 1. Finally we

redefined sq — %sa which is possible because (1 —m)/¢ and N/{ are coprime.

Fusion rule One can use the condensation expression of (3.3.14) and the algebraic properties
of Wilson lines and magnetic defects to compute its fusion rule. As we are going to see
in detail in a more general context in Section 3.4.2, the derivation depends in subtle ways
on the number theoretic properties of the particular numbers involved, but in all cases we

investigated we checked that the defect fuses according to the automorphism composition

8. If we repeated the above derivation for the defect associated with the inverse automorphism 1+ m™1,

we would get the higher gauging of the electric and magnetic symmetries with a torsion term equal to
ﬁ. This gives the deeper underlying reasons behind the “crucial" change of variables f = —— mentioned

m—1
in [Roumpedakis et al.(2022)Roumpedakis, Seifnashri, and Shao].
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law as in (2.3.1).

Transformation of other operators Similarly, one can use the condensation expression
of (3.3.14) to compute the transformation of other operators of the automorphism domain
wall using the algebraic properties of Wilson lines and magnetic defects. Using (3.3.2) one
can derive

. =M™ - _ ml/m
SZN/ZXZN/ZJ% M =M ’ SZN/ZXZN/&KW W=Ww . (3315)

This is consistent with (2.4.3) reviewed in Section 1.3. Indeed, let p and pY/™ be the

representations associated to W and W1/™ respectively. Then pl/ m

representation of Zpy x Zp when restricted to the subgroup ZS\T) A ZpN X Zp. This means

® p is the trivial

that the configuration with the Wilson line W coming from the right and being permuted to
W/m after passing thru DZ(m) is gauge invariant. Likewise, the configuration with magnetic
operator M coming from thg right and being permute to M™ is also gauge invariant. The
fact that Eq. (5.43) of [Roumpedakis et al.(2022)Roumpedakis, Seifnashri, and Shao| also
computes the transformation of other operators “from right to left" corresponds to their
convention of having the condensation defect oriented inwards. The transformation “from left
to right" would corresponds to have the condensation defect oriented outwards which is the

same as the transformation of the orientation reversal (2.2.1).

Consistency with electric-magnetic duality The condensation expression (3.3.14) is
consistent with electromagnetic duality in D = 2 + 1. Under electric-magnetic duality
(i.e., W < M) we should have DZ%”) > DZE&, /m)- Indeed, an electric-magnetic duality
transformation will change the order of M and W in the above condensation. Then, switching
the order back to the order conventionally used to define the higher gauging will change

the phase to (= ~— 12— + 1. Finally, by swapping the paths (I',y) = —(v,I') the overall
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transformation will exactly map Dy (m) + Dy(1/m). Note that everything is consistent because

0 ged(N, 1 — %) = ged(N, 1 —m) = £ because m is coprime with N.

3.3.3  Twisted domain walls as sequential higher gauging defects

In the previous section, we derived the correspondence between untwisted domain walls and
higher gauging condensation defects. Here, we extend our investigation to twisted domain
walls, i.e., domain walls decorated with a non-trivial topological action. To organize the
investigation, we introduce the concept of sequential higher gauging. This notion involves
the higher gauging of the Zx x Z 1-form global symmetry generated by magnetic defects
and the dual symmetry that emerges after gauging the (D — 2)-form symmetry generated by

Wilson lines.

Electric-magnetic duality domain wall in D =241

To begin the discussion, let us show that in D = 2 + 1, the Zo electric-magnetic duality
domain wall Dz, 7, o, With non-trivial topological action ag € H2%(Zy x 7o, U(1)) = Zg (see
Section 1.3), is equivalent to the higher gauging of the Zy 1-form global symmetry generated

by the Dyon, i.e.,

Dyoyxa,00 = Szgd) (3.3.16)

with ng) < Zs9 X Zo the diagonal Zs subgroup of the 1-form global symmetry.

One way to see this is by noticing that one can obtain Dz, vz «, Dy attaching the
non-trivial topological action ag to Dy, 7, . We saw in Section 3.3.2 that the later is the
higher gauging of the 1-form symmetry generated by magnetic defects. If we attach the

topological action we should dress the magnetic defects with suitable electric charges [Barkeshli

et al.(2022)Barkeshli, Chen, Hsin, and Kobayashi|. Therefore, Dy, 7, o, should be the
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condensation of the Dyon.

One can also derive this correspondence explicitly from the BF action (see Section 4.1
of [Cordova et al.(2024)Coérdova, Costa, and Hsin| for notation and details). The action for
the condensation of the Dyon on Y can be written as

1

S @) : = /M i A daD) 1 L /z(a(l) +ayaa®), (3.3.17)

Zs m m

with A() the gauged background field. Having M = M ;UM p such that oM = —OMp =
¥, we define a = ay, + ap with ay, defined on My, and ap on Mp and the same for a. Then,
one notes that the cross-terms that are integrated on M are zero except on . However,
integrating out A forces a|y, = aly,, therefore such terms cancel if we integrate one by part.
Integration by parts generates the term ap Aay, on 3, and using the condition from integrating

out A we derive:

? _(1 1) .(1 1 l 1 1
SZgid)(Z) : — /M(a(L) A da(L) + a%,) A da%)) + ;/Ea%,) A a(L), (3.3.18)

™

which is precisely the defect associated to the Zg x Zo subgroup with the non-trivial topological
action ag € H?(Zo x Zo,U(1)) = Zg as showed in [Cordova et al.(2024)Cordova, Costa, and
Hsin|. We conclude (3.3.16).

This result generalizes to Zp where the ZX, different Dyons corresponds to the different

non-trivial topological actions H?(Zy,U(1)) = Zy.

Diagonal twisted domain walls and sequential higher gauging

There is a counting incompatibility between domain walls and higher gauging condensation
defects that appears in spacetime dimensions different from D = 2 4 1. The global symmetry
Zy x Zjp generated by Wilson lines and magnetic defects have different form degrees if
D # 2 + 1, which has fewer subgroups than the case when they are of the same form degree.
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For example, they do not have diagonal subgroups corresponding to Dyons when D # 2 + 1.
However, there are still domain walls D associated to every subgroup of H < Zy X Zy,
including diagonal ones. This incompatibility appears because our domain wall classification
encompasses general invertible electric operators (1.3.13) obtained by stacking a topological
action, and this objects are not generated by the higher gauging of Wilson lines and magnetic
defects. However, there is a generalization of the notion of higher gauging that naturally

produces them, and also solves the counting incompatibility mentioned before.

Sequential higher gauging If one has a theory with an 1-gaugable abelian ¢-form global
symmetry G(q), gauging G in a codimension-one submanifold generates a higher gauging
condensation defect. Similarly to what happens when gauging on the whole spacetime

[Bhardwaj and Tachikawa(2018)], there emerges a dual symmetry gP—1-9)

after gauging
G on ¥ Gauging E(D_l_q) cancels the original gauging procedure leading one back to
the trivial defect. However, there might be different ways of gauging G(Diliq% labeled by a

choice of discrete torsion. Gauging the dual symmetry with a non-trivial choice of discrete

torsion produces a non-trivial defect.

Provided this sequential higher gauging notion, the counting problem we started with
is resolved because we can consider any subgroup H < Zy X Zp with a choice of discrete
torsion HP *1(H ,U(1)). Here, the left factor of H is the 1-form symmetry generated by the
magnetic defects, and the right factor is the 1-form dual symmetry that emerges when gauging
the (D — 2)-form symmetry generated by Wilson lines on ¥. In this setup, it is possible
to generate the general electric operators of (1.3.13). Let us show that with a particular
example.

Consider the generalization to higher codimension of the diagonal defects (see (2.5.1) and
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the discussion before that). For every 1 < n < D and given K = Zs they are classified by

Zo n odd,

112

H"(Z9,U(1)) (3.3.19)

1 otherwise,

so we just need to consider the case in which n is odd. The domain wall Dng)@n(En)
is obtained by staking the non-trivial topological action oy, € H"(Z2,U(1)) along some
n-dimensional submanifold ¥,,. In terms of 1-cocyles, the topological action can be written as
ap = % fzn all) A (da(l))%. One can obtain this defect by gauging the electric (D — 2)-form

Zp symmetry along >y, and then one gauges the dual symmetry with the non-trivial discrete

torsion. For example, for n = 3 we have:

i (1) (1) K (1) (2) ) A A1) A(1) i(1)
D_a (23):67rf23a Ndat) Z 67rf23 (a ANAE) L AEIANAL L AN A )
ZQ , (3

AR ecH2(23.ZN)

AW e (53,2

(3.3.20)

Above, a1 is the 1-form gauge field of a Zo gauge theory, A®) s the gauged background
field for the electric (D — 2)-form Zo symmetry supported on Y3, and AW ig the gauged
background field for the dual 1-form global symmetry associated to A®) that emerged along
Y3. We see that gauging the electric (D — 2)-form Zo on Y3 and then gauging the dual
symmetry with the non-trivial torsion term is the same as adding a topological action for a
along 3. The equality above generalizes in n and to Z.

To conclude, the notion of sequential higher gauging solves the apparent counting problem

involving our lattice domain wall formalism and higher gauging.
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Non-invertible electric-magnetic duality domain wall in D =3 + 1

Consider the domain wall Dz, «7, 4 With ag the non-factorized topological action of H 3(Zg x
Zo,U(1)) = Z9 X Zy X Zy. This domain wall is equivalent to the higher gauging of the
generalization of a Dyon, that is, the magnetic operator dressed with the invertible electric

operator (1.3.13):
Mp(T) = M(I)Ws(T) = ¢’ Jp(@®+da®) (3.3.21)

with 3 the non-trivial element of H3(Zs, U(1)) = Zs. From the action for the condensation
of Mg, namely:

Doty /M oW p g 4 L /Z (da) 4 a@) A AW, (3.3.22)

s 7r
we can repeat the same manipulations of Section 3.3.3 to derive

DgyxZo.as %/M(ag) A dd(Ll) + ag) A dag)) + % /z ag) A da(Ll), (3.3.23)

which corresponds to the domain wall associated to the Zo X Zo subgroup with the non-
factorized topological action ag € H3(Zg x Zg, U(1)) [Cordova et al.(2024)Cordova, Costa,
and Hsin].

Complementarily, we can also use the idea of sequential higher gauging to describe the
above domain wall. In this language, the domain wall Dy, 7, o, corresponds to the higher
gauging of the full 1-form symmetry Zo x Zo (where the right factor is the dual 1-form

symmetry that emerges when gauging the electric symmetry) with the non-factorized element
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of H3(Z2 X Zo,U(1)) = Zg X Zo X Zo. More precisely,

DZ2XZ2,O¢3(E) - Z Mﬁ(r)a
FEHQ(Z,ZQ)
= > exp <% / aD A A@ 4 A@ A AW 452 A AW 4 40 A djzl(l))’

AP eH2(37,)
AW AW e (2,79)

(3.3.24)

where Mp is defined in (3.3.21), A?) ig background field for the electric 2-form symmetry,
AW ig a background field for the 1-form magnetic symmetry, and AW is the background
field for the 1-form dual symmetry that emerged after gauging the electric symmetry. To go
from the second line to the first, we simply integrate out A(Q), forcing al) = A1) and then

we rewrite the summation over A1) as a summation over its Poncaré dual I' = PD(A(1).

3.4 Automorphism symmetry as higher gauging defects in abelian

theories

We generalize the discussion from the previous section to encompass general finite abelian
gauge theories without topological terms. We focus on the invertible 0-form symmetries
corresponding to the automorphisms of the gauge group. Our main result is the derivation of
the higher gauging expression for a set of automorphism generators. As an illustration, we
present the higher gauging condensation defects for the automorphism symmetries of Zg and

Lo X Lo, i.e., Aut(Zg) = Zg and Aut(Zg x Zo) = Ss.

3.4.1 Generators for automorphism symmetry of finite abelian groups

By the fundamental theorem of finite abelian groups, a finite abelian group is isomorphic to

a product of Hp = Zyer X -+ X ZLper, for different prime p and 1 < ey < --- < ey, are positive
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integers. From here on, we will denote p® = p;. Furthermore, Aut(H x K) = Aut(H)x Aut(K)
for two finite groups H, K with relatively prime orders, therefore, one just needs to find the
automorphism of H, (see [Hillar and Rhea(2006)| for references).

The automorphisms of H) are determined by where the L generators are mapped to. Let
M; be the generator of the Z;, factor. The automorphisms of H), are generated by the family
D jm) * Hp = Hp with 1 < i,j < L and m € Zp,, or Zy,, or Zy if j>i,j <iorj=i
- M. = My, for k # 7 and as

respectively. The automorphism gb( is defined as gb(

i,j,m) i.j;m)

MM i<,

Pigm) M= § M™ i=7, (3.4.1)
MM P>
L J

For i = j it is simply an automorphism of the Z,, factor. For i # j it can be thought of as
“dressing" the M; generator with a subgroup generated by M;. Furthermore, the power of
p—i = p% ™% for j > i is necessary so that the image is a generator of order p;.

If p; # p; for all j # i, our claim is trivial to check seems compositions of (3.4.1) can

be used to map M; to the most generic generator of order p;. More explicitly, a generic

generator of order p; has the form

€ —€4 er —e;
m Mi—1 4 pmy g fMi1p it mpp®L~%
VA Vol Ve Vi MY

MMM , (3.4.2)

with m; € Z;?(z’ m; € ZLp,; for j > and m; € Lp; for 7 < i. And an automorphism that sends
M, to the generic generator above is easily seem to be a composition of (3.4.1). Now, suppose
exist j such that p; = p;. In this case, it is necessary to check that the automorphisms
above can permute generators with the same order. But the symmetric group is generated by
transpositions |Conrad()], so we just need to show that (3.4.1) can generate the transposition
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of two such generators. Let M; and M; be generators of order ¢, then their transposition is

equal to the composition

D(j.ga—1) © P(ij,1) © P(4.i.1) © Plisig—1) © P(i,4,1)- (3.4.3)

Above, we used the fact that ¢ — 1 and ¢ are always coprimes, i.e., ged(q,q — 1) = 1, so that,

g—1¢e Z;. We conclude that (3.4.1) can generate all automorphisms of Hy,.

3.4.2  Domain walls of automorphism generators as higher gauging defects

Now, consider a gauge theory with gauge group Hy = Zyp, X -+ X Zp, . The theory has a
Hy, (D — 2)-form and 1-form symmetries with 1; and M; the Wilson line and magnetic
operator associated to the Z,, factors, respectively. From the discussion in the previous
section, we can construct all Aut(Hp) condensation defects by composition if we have the
ones corresponding to the family of generators (3.4.1). Given pj|q define the subgroup

Zqj=1(21,...,21) : 2j € Lq,2; = 1 Vi # j} < Hp so that, for example:

_ 1 2 f(y T op; pilq
Sty =g Y e [OIWPHeMPIE) @4
yeH(X,Zq)
FEHD_Q(Z,Z(I)

In words, the above is the higher gauging of the subgroup of (D — 2)-form symmetry with
all factors trivial except the Zj, factor that has subgroup Z, gauged, and the subgroup of
the 1-form symmetry with all factors trivial except the Zj, i factor that has subgroup Zg
gauged. This gauging is performed with a choice of discrete torsion [Vafa(1986), Vafa and
Witten(1995)] equal to f € Zg.

Now denote the automormophism subgroup associated with (3.4.1) by H]gi’j m) _ {(D¢i jk)
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h,h):h € Hp} <t Hy x Hp. Similarly to the derivation of (3.3.14) we have

(

S
Ly, / ged(m,p;),i XL

D_iim(X)=1S

ng sm) Zpi/ng(l—mvpi)viXZPi/ng(l—mvpi)m
S ged(m,p;) (E)7
ij/ng(mvpj)viXZp'/ng(m’pj)rj’_ m :

\

- _ ged(m,p;) (%), i < J
p;/ ged(m,p;),j° m

M(E)ﬂ =7

1-m

1> 7.

(3.4.5)

with a well defined torsion term because (1 —m)/ged(1 — m, p;) is coprime with p;/ ged(1 —

m, p;) and has an inverse and likewise for m/ ged(m, p;) and m/ ged(m, p;). It is striking how

the simplicity of the automorphism domain wall translates into a complex higher gauging

expression that depends in subtle ways on particular number theoretic properties.

Fusion rules

We can use the condensation expression of (3.4.5) to compute the fusion rule of the automor-

phism domain wall using the algebraic properties of Wilson lines and magnetic defects. The

derivation depends on particular number theoretic properties of the numbers in considera-

tion. By making number theoretic assumptions we can find expressions that agree with the

automorphism composition law reviewed in (2.3.1).

Let us illustrate our claim by following similar steps to (A.21) from [Roumpedakis
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et al.(2022)Roumpedakis, Seifnashri, and Shao|. We have for example:

SZq,i XZLq,j.f X SZq,i XZq,jf'

_ 1 21 (f oy D)+ {7 T ) 11 i Ny
e W ()M (D)W ()M (),
v7',T,
L QDL D) =800 D)y oyt (o) F 9 (1) M
= 2 o EDW ()W () HE ()M (D),
vy T
1 2mi Hiad TIN_D§. () p p
D I AL A VAT CER UL IR )
q vy T (3.4.6)
1 @ 7P ! B(SZ /7F/ - Béz /,F - 7F/ 2 4
:q2_bl Z o q SO DHHF G0 0 ) =(f+G0i) (' D)= fy >)Wiq(7)Mjf1(F),
vy, 0
2mi Ir
1 () e P
— quze q f+f +q51j Wiq (,.)/)qu (F),
v.T
:SZ ff/ 5

q,] q,v f+fl+%61]

where we assumed that ged(f + f' + %52‘]‘, q) = 1 and summed over I resulting in a Kronecker

delta that forced + = giving a factor of ¢%L.

e v
f +f’+§6ij ’
If we assume that p;, p;, m and m’ are such that the conditions of the derivation above

are satisfied, by plugging the values for f and f’ from the relation to the automorphism

domain wall derived in (3.4.5) this fusion rule translates to:

DHpi,j,mm/) L= ja

D

g X D pptign (3.4.7)

DHI()i,j,m—o—m’) i 7£ ja

These, of course, agrees with the automorphisms composition law derived in (2.3.1). But
note that this particular derivation is correct just for numbers satisfying the assumptions.
Following the approach outlined in Appendix A of [Roumpedakis et al.(2022)Roumpedakis,

Seifnashri, and Shao|, a more general expression for the fusion of condensation defects can be
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derived in roughly two pages of calculation, namely:

SZ ST - f X SZ =8 / (3.4.8)
ixZqj, ) XTy o f It
G R Lrem(a,')i " Lrem(a,q') g (fq+f’q’+péij>

ged(q,q")

which holds as long as

+ f'qd + pdyj
cd (fq I 2% Yem(q, q’)) ~ 1. (3.4.9)
ged(q,¢)
In Section 3.4.3 we will use this expression to show that the automorphism domain walls of

Zqg fuse according to the automorphism composition as expected.

Transformations of other operators

We can use the condensation expression of (3.4.5) to compute the transformation of other
operators on the automorphism domain wall using the algebraic properties of Wilson lines
and magnetic defects. Using (3.3.2) and the value for ¢, ¢’ and f associated to the higher
gauging expression of DHISi’j’m) derived in (3.4.5) and the fact that (Q1,Q2) = (0,1) for the

unit charge Wilson line and (1,0) for the unit charge magnetic operator we derive:

( mpfj
MM ™, WiWi™, i<,
1
D pytismy (3) - Mi = § ppm, Dyt (2) - Wy = y Wi, i—j (3.4.10)
P
\MiM}n7 \W]WZ p], Z>],

with the transformation of other operators being trivial.
The derivation above shows that the defect (3.4.5) permutes the magnetic defects according
to the automorphism (3.4.1) and that the representation of Wilson lines are permuted by

composition with the inverse of (3.4.1). This is consistent with (2.4.3) in particular with our
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remark that the transformation preserves the Aharonov-Bohm braiding between the Wilson

lines and the magnetic operator.

1,2,m)

Now consider the i # j and for concreteness the automorphism gb( D Ly X Ly —>

Zp, % ZLp, for some m € Zp,. This automorphism acts on generators according to (3.4.1)

which is the same as the action from right to left on magnetic defects, i.e., D_(12.m) -

Hy
M; = MlM;nm/pl and My +— Ms. In terms of its action on group elements, the same

1,2,m)(

automorphism is defined as ¢( ni,ne) = (n1,ng + mnipa/p1). Now, consider the

2mi .
irreducible representations p;(ni,no) = e Pi " With i = 1,2. It follows that p; - ¢~ = py

218 (g —mnapa/p1)

and pg - ¢~ H(ny, ng) = e P2 "

= p2 ® p; "'(n1,n2). Therefore, DH(LQM) - Wy =
p

WoW ™ and Wy — Wi, This is but a particular case of the general expression (3.4.10).

3.4.3 FExamples

Let us investigate in more detail some particular examples.

Zyg: the Zg higher gauging condensation defects

Here we will construct the symmetry defects associated to the automorphisms of Zg gauge
theory and we check their fusion rules. An automorphism of Zg is a map that sends a
generator M to M™ with m € Zg = {1,2,4,8,7,5} = Zg. All this automorphisms are
elements of the family defined in (3.4.5). Denote the automorphism subgroup associated to

(m)

m by Zy ' = {(mn,n) :n € Zg}. Then we have the correspondence presented in Table 3.4.

Fusion rules Using the fusion rule (3.4.8), we can check that the 52 = 25 fusion rules agree

with the composition law of automorphisms. For example,

D) X D) = Sz3x23,2 X Stgx294 = Stgx29,1 = D 2)- (3.4.11)
9 9 9
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Domain wall | Condensation

D) Szgx 1.1
9

D SZyx 3,1
9

Dz(g) SZQ XZQA
9

Dz(7) SZ?, XZ3,2
9

Dz(5) SZQ X 79,7
9

Table 3.4: Dictonary between higher gauging condensation defects and Aut(Zg) = Zg
automorphism domain walls.

which agrees with the automorphism composition rule, seems 7 x 8 = 56 =2 mod 9.

Ziy X Zs: the S3 higher gauging condensation defects

Here we construct the automorphism condensation defects associated with the Klein four-
group Zso X Zo and check that their fusion rules obey the Aut(Zo x Zo) = S3 group law as in
(2.3.1).

The Klein four group Zg X Zo has 3 generators of order 2, which we denote by A = (1,0),
B =(0,1) and C' = (1,1). The automorphism group of Zs x Zs is isomorphic to ordered
lists of the three generators Aut(Ze x Zo) = {0 - [A,B,C] : ¢ € S3} = S3 with group
product given by the group product of the S3 elements. The bijection is obtained by
identifying the first and second elements in the corresponding list with the image of A = (1,0)
and B = (0,1) under the corresponding automorphism. For instance, the automorphism
associated with the list (23) - [A, B,C] = [A,C,B] maps (1,0) = A — A = (1,0) and
(0,1) = B~ C = (1,1). We use this isomorphism to denote the elements of Aut(Zo X Zo)
by elements of Sg = {id, (13), (23), (12), (123), (132)}. Likewise, denote the automorphism
subgroup associated to o € Sg by (Za X Zg)(a) ={(o-n,n):n € Zoxlo} < ZoXZoxLoxZo.

As shown in Section 3.4, the automorphisms of abelian groups can be generated by the
family (3.4.1). The two automorphisms in this family for the Klein four group are (13), (23).

Using (3.4.5) to write them and the fact that (12) = (13)(23)(13), (123) = (23)(13) and
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(132) = (13)(23), we find the correspondence presented in Table 3.5.

Domain wall Condensation
D(szzz)(id) 1
D(74x75)03 S(1xZ2)x (Zax1),1
D(7,x72,)@) S(Zax1)x(1xZ2),1
D(z,x2)12 S700 709 4
D(2yx7)129) | S(ZaxZa)x (ZaxZs),(0,1,1,1)
D2y x722)13) | S(ZaxZa)x(ZaxZs),(1,1,1,0)

Table 3.5: Dictionary between higher gauging condensation defects and Aut(Zo x Zo) = S;
automorphism domain walls.

The torsion in the last two rows have elements associated with the pairing of (v1,1'1),

(711,T2), (72,T1) and (y9,T'2). For example:

1 2mi
D(gyxzy)132) = AR Z e 2 T+ + 02T W () Wa (79) My (T1) My (Ty).
Y1,72,L'1,1'2
(3.4.12)

which we denoted by SZQXZQXZQXZQ,(].,L].,O) with torsion equal to (1,1, 1,0).

Fusion rules Because we constructed the symmetry defects from the generators D(ZQ «Z3)(13)

and D(ng 7,)(23)> We just need to check their fusion. Transpositions are their own inverse,
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(13)2 = (23)2 = 1, and we do have

1 27 2mi jo 0 T
SZQ,QXZQJ,l X SZQQXZQJ,I - W Z e 2 <7,F>€ 2 <7 o >W2(7)M1(F)W2(7/)M1 (F/)
i,
1 BT B T) / /
:W Z e 2 e 2 VT W (y + 4 )My (T + 1Y)
vy LI
- ﬁ S R0 ) () gy (1)
2 !/ /
7,70
1 2 ! 1/
— 2 Z e 2 (D Ty () My (T)
0T
=1,
where we integrate out I' and +/ forcing v+ = I = 0. The same derivation applies to

D(ZQXZ2)(23). Consistently, it also applies to D(ngZQ)(B)’ because

Wy My = WiWaMy My = (—1)M{WiWolMy = (=1)2 My MoW1Wa = MWy, (3.4.13)

At last, because (23)(13) = (123) # (132) = (13)(23), we should have D(ZX22)(23) X
D(szg)(:lS) = D(ZXZQ)“%) #+ D(ZXZQ)(N,Q) = D(ZxZQ)(l?’) X D(ZXZQ)(Qg), which is also the
case for their higher gauging expression. This non-commutativity of the condensation defects
comes from the fact that Wilson lines and magnetic defects associated to the same cyclic

subgroup braids non-trivially.

3.5 Gauging 0-form symmetry: D, gauge theory from gauging swap
symmetry

Given a homomorphism p : H — Aut(N), where H is a group and Aut(N) is the automor-

phism group of N, we can construct a group G as a semidirect product of N and H, denoted
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G = N x, H. This semidirect product uses the homomorphism p to describe how elements
of H act on elements of N. In the context of finite-group gauge theories, one can obtain
G gauge theory by gauging the H O-form symmetry of N gauge theory, realized through
automorphism domain walls D y;(4) with ¢ € Aut(H).

As a concrete example, the dihedral group of order 8,
_ 2 _ 32 2 4 _ _ _ —
Dy = (a,b,cla® = b = ¢ = (ac)” = 1,ab = ba = cac, bc = cb = acay), (3.5.1)

is isomorphic to (Zo X Zg) X Zg with the Zs = {1, ¢} acting under conjugation by swapping
two generators, i.e., cac = ab and cbc = b. Therefore, D4 gauge theory can be obtained
by gauging the Zg 0-form swap symmetry of Zo X Zsg associated with the automorphism
¢ € Aut(Zo x Zo) = Ss that maps ¢ : (0,1) — (1,1) € Zo X Zo. This example has
been discussed in many places, e.g. [Barkeshli et al.(2019)Barkeshli, Bonderson, Cheng,
and Wang, Tantivasadakarn et al.(2023)Tantivasadakarn, Verresen, and Vishwanath|, and
is also related with fracton topological orders |[Bulmash and Barkeshli(2019), Prem and
Williamson(2019)]. The group Hg(Zg X 79, 72) is trivial, which means that Dy is the only
extension in this setting.

The presentation (3.5.1) can be related to the more standard one Dy = (r, s|r* = 52 =

1,srs = r_1> with the identification ¢ = s, b = 72 and ¢ = sr. This more standard
presentation make it explicit that D4 is also isomorphic to Z4 X Zo with the Zg acting under
conjugation by the inversion map, i.e., srs = r~1. Asa consequence, D4 gauge theory can
also be obtained by gauging the Zo 0-form symmetry of Z4 gauge theory associated with
the automorphism ¢ € Aut(Zy) = Zo that maps ¢ : 1 — 3 € Zy. The group Hé(Z4,Zg)
is isomorphic to Zo, which means that in addition to D4, there is a non-split extension
in this setting which is Qg, the quaternion group. Yet another presentation of Dy is the
non-split extension of Zo = Z(Dy4) by Zo X Zs acting trivially with a non-trivial extension
class H 2(Z2,Z2 X Zo) = Zo X Zo X Zy. The other non-trivial extensions classes produce

131



Zo x 74 and Qg. These other presentations are associated with other dual descriptions of Dy

gauge theories. We leave the study of these dual settings to future works.

3.5.1 The symmetry defect for Zo X Zo swap symmetry

From Table 3.5, the domain wall associated with the automorphism that maps (0,1) — (1, 1)

can be written as

D(Z2 x79)(23) — 822,1 XZ22 (%),

= Y =0ODWA () My(D),
yeH(X,Z2)
FeHp_5(X,Z2)
) ] ) (3.5.2)
_ Z i fs aWyuADP=2) 1 p(D-2)y A1) 4 A(D=2)y A1)

)
AeHP=2)(5,Z,),
AcHY(2,Z5)

_ i JyaMUpP-

Y

where we integrated out A forcing A = b. In the second line, we are treating W (v) ad M(T')
as commuting field insertions in a path integral and used the Poincaré duals A and A of ~

and [ respectively.

3.5.2  The action from gauging swap symmetry

Gauging the Zo 0-form symmetry associated with the swap automorphism (3.5.2) corresponds

to the following operator insertion:

1 aDURD=2) o)
S Dppyin® = > e, (3.5.3)
Y€Hp_1(M.Zs) cMeHY (M, Zs)
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where c¢ is the Poincaré dual of . Introducing an auxiliary gauge field ¢ € cb _2(/\/1, Z9) to

make ¢ flat dynamically leads to the action:

Sp, = iﬂ/ @ P2 UdaM +5P=2 yap® + P2y de) + oM U pP=2) D)y,
M

(3.5.4)

For D = 2+1, this is the action for Dy gauge theory we studied in [Cordova et al.(2024)Cordova,
Costa, and Hsin|. In the literature it was realized that the modular data of twisted Zg x Zo X Zo
gauge theory is the same as that of Dy [de Wild Propitius(1997), Coste et al.(2000)Coste,
Gannon, and Ruelle|. Here we derived a more general relation that holds in all dimensions
by explicitly gauging the swap symmetry of Zg X Zg gauge theory. In the next section, we
will explain the mapping between the operators of the two theories.

One can explicitly check that the action is invariant under the following gauge transfor-

mations:

a — a+da, i — a4 da + eb + e+ edp, (3.5.5)
b— b+ dB + ea + ac + ade, b— b+ dp, (3.5.6)
¢ — ¢+ de, ¢ — ¢+ dé + ab+ fa+ adp, (3.5.7)

with a, 8, e € CO(M, Zy) and &, 5,6 € CP~3(M,Zs) (and & = 3 = é =0 if D = 2). The
fact that the gauge transformations of ¢ shift b by a descends from the Zsg action that maps

(0,1) — (1,1) and leaves (1,0) unchanged.

3.5.8  Operators and fusion rules

The set of Wilson lines and pure magnetic defects of D4 gauge theory, as well as their linking
action, are summarized in Table 3.6. Here we are going to show how to construct these

operators in terms of gauge invariant combinations of the Wilson lines and magnetic defects
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of the Zg factors that enter in the group extensions (Zg X Zg) X Z9 summarized in the
presentation (3.5.1) (the identification b = 72, @ = s and ¢ = sr, relates this presentation
with the more standard one). Provided these expressions, one can deduce the entries of the

character table from the linking action of the Zsg constituents.

Class {e} {b} = {7‘2} {a,ab} = {s, 57“2} {c,cb} = {sr, 57‘3} {ac, abc} = {r, 7"3}
1 1 1 1 1 1
po=ps | 1 1 1 1 1
pe=psr | 1 1 1 1 1
pase=pr| 1 1 -1 ‘1 1
Py = P2 2 -2 0 0

Table 3.6: Character table of Dy.

Let us start with the Wilson lines. The gauge transformations yield the following gauge

invariant, one-dimensional Wilson lines:
W (y) = Waly) = €m§7a7 We(y) =We(y) =¢€"" b “ Ware(y) = Wa(y)We(v), (3.5.8)

we use boldface letters to denote the operators of D4 and no-boldface for their Z9 constituents.
These Wilson lines are associated with the three one-dimensional irreducible representations
of Dy gauge theory, as shown in Table 3.6, with the obvious identification. The integral of b
on closed loops is not invariant under gauge transformations because b shifts by a and c¢. To
make it gauge invariant, we impose Dirichlet boundary conditions for a and ¢ on v, which can

be achieved by dressing the operator with the condensation of a and c. Specifically, we have:
1 1
Wy = SWp(1+ Wa)(1 +We) = 5(Wy + Wayp)(1 + We), (3.5.9)

where W, and W, are defined in the same way as (3.5.8). In Section 1.3, we defined
the diagonal domain walls and their higher codimensional generalizations through a normal

subgroup K <1 G. The condensation of Wilson lines projects onto this subgroup as described
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in Section 3.2.1. Here, the subgroup that is preserved by the condensation of W, and W, is
the center Z(Dy) = Zy = {1,b} = {1,72} <Dy, ie.,

DZQ () = 1+ Wa(v) + Wely) + Wate(y)- (3.5.10)

We remark that the condensation of W, and W, in a loop equals the insertion of 1 + W,
and 1+ W, on that loop (3.2.4). Note that (3.5.9) can also be interpreted as the orbit of
Wy, under the swap symmetry, dressed with the condensation of W,. This two-dimensional
Wilson line is associated with the two-dimensional irreducible representation of D4 denoted
by pp in Table 3.6.

Provided the above expressions, one can directly compute the fusion rules of the Wilson
lines of D4 gauge theory. The one-dimensional irreducible representations have a Zo X Zo

fusion structure and the two-dimensional representation obeys:

Wy, x W, = W, x Wy, = W), x W, = W, x W, =W, (3.5.11)

which forms a Zg x Zo Tambara-Yamagami category |Tambara and Yamagami(1998)].
Now, let us consider the magnetic defects. In this case, the gauge transformations yield

the following gauge invariant one-dimensional magnetic defect associated with the conjugacy

class {b} = {r?}:
M, (T) = My(T) = ™ b, (3.5.13)

Similarly to the two-dimensional Wilson line, the magnetic defects associated with a, c,
and a + ¢ need to be dressed with the condensation of M} and suitable condensations of

Wilson lines to be made gauge invariant. These magnetic defects correspond to the three
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two-dimensional conjugacy classes of Dy displayed in Table 3.6. Specifically, we have?

1 1 1
M, = iMa(l + My)Se, M = §Mc(1 + Mp)Sa, Maye = EMa—i-C(l + Mp)Sa+e,

(3.5.14)
where My, M. and Mgy are defined in the same way as (3.5.13) and
2
S N=-—— \WY% =Dy (I 3.5.15
a+c(l) |H,(T, Zs)] Z a+e(7) Z4( ), ( )

yeH (T, Zs)

is the condensation of W on the codimension-two submanifold I" and similarly for S, and S..
In terms of the higher codimensional generalization of the diagonal domain walls of D4 gauge
theory reviewed in section 1.3, the condensation S+ corresponds to the normal subgroup
Z4 = {1,ac, (ac)?, (ac)®} = {1,r,72,r3} of Dy. Likewise, the S; and S. condensations
correspond to the two normal Klein four subgroups, i.e., V4 = {1,a,b,ba} = {1,s,72 r%s}
and V4’ ={1,¢,b,cb} ={1, sr, r2, 37“3} respectively. Note that Sy+c # SeSe, from (2.5.1) we

have

4
Dz,(T) = Dyyqy; = Dz, X Dy = Sa X Se = ey > Wa(mWe(?),
|H1 (T, Zg)| AT )

(3.5.16)

with Zg = {1,b} = {1,r2}, the center of D4, which is equal to (3.5.10) when we consider
the condensation on a one-dimensional submanifold. Notably, the expressions in (3.5.14) are
consistent even in D = 2. In this degenerate case, the magnetic defects are local operators and
Sq =84 = Satc = 2. As aresult, M, M. and M. are dressed just with the condensation

of M. Consistently, a and ¢ are not shifted by ¢ and a because B =0.

9. In more detail: a shifts by ¢ so it is dressed with S, ¢ shifts by a so it is dressed with S,, and a + ¢
shifts by a + ¢ so it is dressed with Sg4..
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Provided the above expressions, one can directly compute the fusion rules of the magnetic

defects of Dy gauge theory. We have, for example:

Ma(T) x Mg (T') = Se(T') + My(T) x Se(I), (3.5.17)

i.e., we obtain the condensation of W, in the codimension-two surface I', plus the magnetic
defect M, fused with this condensation. These description helps to clarify some of the
results in [Heidenreich et al.(2021)Heidenreich, McNamara, Montero, Reece, Rudelius, and
Valenzuela, Arias-Tamargo and Rodriguez-Gomez(2023)]. We see that the appearance of
the condensation of Wilson lines in the fusion channel of pure fluxes follows from gauge
invariance. In summary, the “would-be" pure fluxes are made gauge invariant by dressing
them with suitable condensations. Whenever the “would-be" magnetic fluxes fuse to the
identity, what remains is the dressing by the electric condensation. Note that in D =2 + 1

spacetime dimensions we have S; = 1+ Wy, so (3.5.17) is equal to:

M, x Mg = 1+ W, + My + M, x W,. (3.5.18)

However, for D # 2 4 1 the fusion rule (3.5.18) is not correct because, in this case, Wilson
lines and magnetic defects are operators of different dimension. On the other hand, the fusion
rule (3.5.17) is correct in arbitrary spacetime dimensions because all S., M, and M, have
codimension-two.

By expressing the Wilson lines and magnetic defects of D4 in terms of gauge-invariant
combinations of Wilson lines and magnetic defects from the Zo factors, one can directly
deduce the elements of the D4 character table (see Table 3.6) through the linking actions of
these components. For instance, W, has a linking of zero with M, M. and M. because
Mg, M and Mgy have linking zero with (1 + Wy)(1 4+ W}). However, W;, has a linking of

—2 with M, because M}, has a linking number of —1 with W}, and 4 with (1 + W, )(1 + We).
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The other entries can be determined similarly.
In D = 2+1, by relabeling b <> I~), one can view the action (3.5.4) as describing Zg X Zg X Zo
gauge theory twisted by the cocycle associated with the diagonal Zg. Then, from the gauge

transformations, one can check that the theory has 8 one-dimensional line operators:

Wa(7) = Waly) = 5% Wy(y) = Wy(7) = ™ 5P, We(y) = Wely) = ™57,

and their products, forming a Zo X Zo X Zo fusion ring. Additionally, there are 14 two-

dimensional line operators such as:

1
Ma(7) = 5Ma(MSp(MSe(7);  Ma(7)Wa(7)- (3.5.20)
which obey, e.g.:
Ma X Wb — Ma X WC — Ma, (3521)
1
Mg x M = §MaMbSaSbSc = Ma+b + Ma+b X W. (3.5.23)

The relation to Dy arises by switching back b <> b, which amounts to identifying M, with
the two-dimensional Wilson line and Wj; with the magnetic defect associated with the

one-dimensional conjugacy class of Dy.
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