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ABSTRACT

This thesis explores several applications of anyon condensation as a mechanism to character-
ize and implement non-invertible symmetries in gauge theories in two and three spacetime
dimensions. First, we propose that the concept of level-rank duality can be understood in
full generality by considering non-invertible symmetries as gauge symmetries, leading to a
broad generalization of examples and a unified understanding of previously known examples.
We also study the relation between non-invertible symmetries and the coset construction of
2D CF'T. In particular, we describe topological cosets — defined by the case where the coset
CFT has a vanishing central charge — and apply the results to find non-invertible symmetries
of 2D QCD. In particular, this is used to describe the low-energy regime of 2D QCD and to
constrain the energy spectrum of gapped 2D QCD. Finally, we use anyon condensation to
argue for the existence of non-invertible one-form symmetry at the transition point of certain

Chern-Simons matter RG flows triggered by the Higgs mechanism.

Xvi



CHAPTER 1
INTRODUCTION AND SUMMARY

In theoretical physics, the concept of symmetry —the idea that physical systems can remain
invariant under particular changes— plays a foundational role in understanding the laws of
nature. From classical mechanics to modern quantum field theory, symmetries have consis-
tently guided the development of physical theories. In the early days of science, Newton’s
law of universal gravitation serves as a clear example of this. Without spherical symmetry,
it would have been difficult to imagine that such a law would have emerged so clearly and
so quickly. A less trivial example of the application of the notion of symmetry is how the
symmetry of the hydrogen atom can explain the degeneracies in its energy levels. Funda-
mentally, symmetry principles form the foundation of many physical theories. The standard
model of particle physics is a prominent case, grounded in symmetry from the outset.

While symmetry is intuitively recognizable in familiar settings, formalizing what we mean
by a symmetry in physical theories is more subtle. Over the past century, this concept has
been rigorously structured in terms of the mathematical framework of group theory. For
instance, the Lorentz group encodes the symmetries of spacetime in special relativity, and
the gauge group U(1) x SU(2) x SU(3) underpins the standard model. Group theory thus
provides a powerful language to describe symmetries across both classical and quantum
regimes.

Significant developments have, however, occurred in our understanding of symmetry in
quantum field theory (QFT) over the past few years, where new forms of symmetry have
been identified that lie outside the mathematical framework of group theory. Instead, these
new symmetries are defined by operators that are topological [6]. Importantly, under this
definition, symmetries are not generically described by group theory, although it has been
extensively investigated that they share and generalize many of the features that group-like

symmetries present. Because of this departure, this new type of symmetry has been called
1



variously Generalized Symmetry, Topological Symmetry, or Non-Invertible Symmetry. The
focus of this thesis is precisely on applications of generalized symmetries in quantum field
theory. Specifically, this thesis focuses on gauge theories in two and three dimensions, where
we have a comprehensive understanding of these symmetries.

The first subject explored in this thesis focuses on the relationship between generalized
symmetries and the essential concepts that define a QFT. In the standard textbook for-
mulation, QFTs are defined starting with a classical field theory, and then imposing over
such classical theory the axioms of quantum mechanics. Strikingly, quantizing two different
classical starting points can sometimes lead to a single underlying QFT. In this case, one
has two different descriptions for the same underlying theory; a well-known phenomenon in
physics known as duality. In particular, Level-Rank dualities stand out for being arguably the
simplest type of duality, defined by the physical situation where certain three-dimensional
topological QFTs describe the same physics, even when the a priori constructions of these
QFTs are wildly different. Level-rank dualities are also useful in that they are the basic
ingredient for more general forms of duality, and a good grasp of level-rank duality is also
useful in constraining the low-energy dynamics of 3D gauge theories. See for instance |7-10].

In this context, in Chapter 3 we point out that the concept of level-rank duality can
be broadened by understanding generalized symmetries as gauge symmetries, and we give
several examples that are similar to those previously discussed in the literature, which only
used standard group theory as gauge symmetries. This places level-rank duality in a unified
framework, with generalized symmetries serving as the unifying element. The contents of
this chapter are based on [3].

A general phenomenon in QFT is that the theory is well understood at weak coupling,
where perturbative techniques are well understood. In the regime of strong interactions,
however, QFT is well-known to become impractical. Fortunately, understanding aspects

of QFT at strong coupling is still possible by exploiting symmetry considerations, and it



becomes natural to explore the consequences of non-invertible symmetries in the strongly
coupled regime of gauge theories like the standard model.

We set out to explore this direction in Chapter 4 and Chapter 5. More precisely, we study
theoretical analogs of QCD in two spacetime dimensions. In this case, the theory is under
good technical control, and non-invertible symmetries are also well understood (see e.g. [11]).
This setup provides a unique opportunity to peek into the mechanisms behind confinement
and the mass gap of four-dimensional QCD and, even more generally, to understand general
strongly coupled phenomena in QFT.

In this spirit, in Chapter 4 we apply a tool pioneered in condensed-matter physics known
as non-abelian (non-invertible) anyon condensation, which may be understood as a gauging
operation for non-invertible one-form symmetries in the context of 3D Topological Quantum
Field Theories (3D TQFTs), to provide a computationally tractable construction of the
infrared fixed point of gapped 2D QCD [12]. More generally, this description works for any
2D coset CFT with vanishing central charge, and thus provides a common paradigm for
topological cosets and the more standard cosets of [2]. Furthermore, we also argue for the
existence of chiral 2D QCD theories that are trivially gapped, in direct resemblance with the
observations found in the standard model. The contents of this chapter are based on [12]

In Chapter 5 we import these tools to make precise statements regarding the finite energy
spectrum of 2D QCD when the theory is gapped. In particular, we will see how to deduce
precise degeneracies between particle and solitons states in these theories. The contents of
this paper are based on [13].

Finally, in Chapter 6 we address the problem of finding non-invertible one-form sym-
metries in conformal field theories in three spacetime dimensions. More precisely, we study
the existence of non-invertible one-form symmetries at a Chern-Simons matter fixed point
transition between two topological phases determined at low energies by Higgsing of the

Chern-Simons matter theory. Using anyon condensation and its relation to the coset con-



struction, we discuss a variety of concrete examples of non-invertible one-form symmetry in
these fixed-point theories. For instance, SU (k)2 Chern-Simons theory coupled to a scalar
in the symmetric tensor representation produces a transition from an SU(k)9 phase to an
SO(k)4 phase and has non-invertible one-form symmetry PSU(2)_;. at the fixed point. In
many of these examples, the non-invertible one-form symmetry is not a modular invariant
TQFT, and thus does not decouple from the fixed-point dynamics. The contents of this
paper are based on [14].

In Chapter 2 we provide a summary on the algebraic theory of anyons which is used

prominently throughout this work, based mainly on Appendix A of [12].



CHAPTER 2
A SUMMARY ON THE ALGEBRAIC THEORY OF ANYONS

In this chapter we provide a summary of the main tools regarding Modular Tensor Categories
(MTC) that will be used in the the rest of this thesis. For more references, see e.g. [15,16]).
The main theory that we will be interested in is Chern-Simons theory [17|. This theory
is defined by a gauge group G and a positive integer k called the level through the following
action principle:
k

2
— Tr(ANdA+ -ANANA). (2.1)
A Iy 3

Importantly, the theory does not depend on the metric of the three-manifold M and the
theory is therefore topological (at least up to a few details that will be addressed in the
following, and that were first pointed out in [18]). Thus, Chern-Simons theory is a prime
example of a 3D TQFT.

In this work we will be furthermore interested in studying boundary conditions of Chern-
Simons theories. Historically, the paper [4] studied the simplest possible form of this problem,
and found that if we set boundary conditions such that Ag = 0 at the boundary, we recover,
remarkably, (the chiral half of) the Wess-Zumino-Witten (WZW) model, a conformal field
theory in two spacetime dimensions defined by a Lie group G and a positive integer k, also
called the level. The action principle is:

Swow = - | d* Tr(0t g '0ug) — Ll / a3y e Tr (g7 0a9) (9 959) (9 049))
167 Jx 24m B
(2.2)

If we start with the WZW model, we can gauge a subgroup symmetry H of GG such that
the resulting theory is a gauged WZW model. A natural question to ask then, is what is the
3D TQFT that will have this gauged WZW model as boundary condition. This question

was addressed by Moore and Seiberg in [2]. Schematically, in most cases the gauged WZW



model may be found at the boundary of the product Chern-Simons theory

Gk X H—l;:

P (2.3)

with Z the common center of G and H, when we set boundary conditions such that the
H gauge fields embed into the G' gauge fields. There are, however, exceptions to this rule.
A main goal of this thesis is to explore with more precision the interplay between bulk 3D
Chern-Simons theories and the 2D theories supported at their boundaries —such as the WZW
and gauged WZW models just introduced— and the consequences of this interplay. The main
tool to understand this relationship in modern terms is going to be the formulation of 3D
TQFTs in terms of a set of algebraic rules called the algebraic formulation of anyons, which
we review next. In particular, Chern-Simons theory can be characterized in terms of these
algebraic principles.

In the algebraic formulation of 3D TQFTs, one is interested in studying a set of topological
line operators, called anyons, that are mathematically described by the objects of a MTC C.
An arbitrary anyon can always be expanded in a non-negative integer linear combination of
a finite set of elementary anyons referred to as the simple anyons of the theory. These are
the simple objects of the MTC C. The simple anyons of C are denoted as a, b, ¢, etc., while
the set of all of the simple anyons in C is denoted by Z. The simple anyons in a MTC can

fuse according to the fusion rules:

a®b:b®a:@N5bc, (2.4)
cel
where the N7, are non-negative integers known as the fusion coefficients. The fusion product
in an MTC is commutative and associative: (a ® b)) @ c =a ® (b ® c).
By definition, there exists a unique trivial anyon 0 (called variously the vacuum, the

identity anyon, etc.) such that a ® 0 = 0 ® a = a for any a € Z. Furthermore, given this

6



identity anyon, for any simple a € Z, there exists a unique simple a such that a@a =0&- - -

and thus we call a the conjugate of a. A simple anyon a is said to be abelian if and only if

VoeZ, a®b=b®a=c (2.5)

for some ¢ € Z. That is, for any simple anyon b, fusion with a returns a single simple anyon
c. Simple abelian anyons in a MTC always generate some abelian group, from which their
name is derived. Otherwise, if there is more than one summand on the right-hand side for
at least one simple b:

aRb=b®a=cy+cy+---, (2.6)

the simple anyon a is called non-abelian, or non-invertible.
Importantly, the abstract data of a MTC can be represented by well-known diagrammatic

expressions, whereby anyons are represented by lines extending through time:

a. (2.7)

In terms of these diagrams, the fusion product just introduced corresponds to the parallel
fusion of the lines. Fusion also allows us to construct splitting vector spaces Vc“b and fusing
vector spaces V7 of dimension N, associated with trivalent junctions of the anyons. Equiv-
alently, these are the vector spaces assigned to the two-sphere with three punctures in radial
quantization. Choosing a basis in these vector spaces allows us to define the following vertex

diagrams, from which we can construct more complex diagrams:

= (a,b,c;j| € V. (2.8)

In these expressions, we have used the quantum dimension d, of a simple anyon a, defined



as the largest eigenvalue of the matrix N, with entries defined by the fusion coefficients
(Na)pe = Ng. The dimension of a non-simple anyon ©qa is then defined merely as the ad-
dition of the quantum dimensions of each component: dg,q = ), dq. Animportant property
of the quantum dimensions is that they satisfy the fusion algebra: dody = > .c7 NG de. Tt is
also important to define the dimension of the MTC, which in turn is given by the quantum

dimensions of the individual simple anyons as

dim(C) =) da. (2.9)

a€l

We may construct further diagrams using the trivalent vertices. An important one in the

following is the bubble diagram:

: (2.10)

from which, taking ¢ = ¢ = 0,a = b we recover an expression for the quantum dimension d,

of a simple anyon a as the expectation value of an unknot of a:

da:aQ . (2.11)

We can now compose trivalent junctions to draw a diagram splitting a simple anyon d
into three a, b, c. There are two ways to do this: either fusing a with b first, or b with ¢ first.
As is well-known, the order is immaterial since it corresponds to the same splitting written
in two different bases related by a unitary transformation. This unitary transformation is

implemented by the F-symbols, which encode the associativity of splitting a single simple



anyon into three. Diagrammatically:

a b c
k
- Z [Fccllbc](eaj17j2)7(f7k1,k2) v ’ (2.12)
(fk1,k2) k
d

where the diagrams on the left and on the right are the different representations of the
same splitting just mentioned. In a unitary theory, there always exists a basis where the
matrices [ngc] are unitary (for a more in-depth discussion of unitarity in the context of
ribbon categories, see [19]).

Rather than being arbitrary numbers, the F-symbols defining an MTC are constrained by
the so-called pentagon equations, which guarantee consistency of the theory when applying
F-symbols on higher-point diagrams. We will not need these equations in the following. See
the original references [20,21] for details.

Famously, anyons satisfy non-trivial braiding statistics. Algebraically, this fact is en-
coded in the R-symbols defining an MTC. In components, this is given by the diagrammatic

expression

(2.13)

Similar to the F-symbols, the R-symbols are also constrained by analogous consistency
conditions called hexagon equations. However, we will also not need these relations in the

following. See [20,21] for details.

Straightening a simple line a that “braids with itself” under a 27 rotation gives the



definition of a phase known as the topological spin 6,:

o

—0, 4. (2.14)

When meaningful, the topological spin is given by 6, = e%iha, with hq the conformal weight
of some 2D RCFT primary a related to the 3D TQFT by bulk-boundary correspondence.
Often, h, defined mod 1 is used to refer to the topological spin of a line instead of using 6,
directly. It is a result of [22,23] that h, is always a rational number. If 6, = 1, we say that
the simple anyon a is a boson.

We define a matrix S with entries valued on the simple anyons of the MTC as:

Sab

—a b, 2.15
S0 (2.15)

where Sgg = 1/4/dim(C). This is the standard modular S-matrix. The statement that
this matrix is non-degenerate provides the final requirement in the definition of a MTC. In

passing, from the modular S-matrix we can define the braiding phase:

+a S a

= Zab (2.16)
which allows us to unlink anyons circling around each other. Setting a = 0 we recover the
well-known expression for the quantum dimension for the simple anyon b in terms of the
modular S-matrix: dp = Spp/So0-

Finally, given a 3D TQFT described by a MTC C, we write C for the orientation-reversal

of C. In practice, this amounts to a MTC with the same number of simple anyons and the

10



same fusion ring, but with all quantities defined above (e.g. topological spins, or F-symbols)
differing by a complex conjugation. For instance, for simple a € C, call the associated anyon
after orientation-reversal arey € C, then 04,0, = 05 (for the precise mathematical definition
of orientation-reversal, see Def. 6.13. in [24]). For a Chern-Simons theory Gy, this operation
amounts to changing the sign of the level G, — G_;.. Below, unless we wish to emphasize
the orientation-reversal, we will abuse language and repeat the notation for anyons in the
original theory and the one obtained after orientation-reversal, as it will be clear from context

with which theory we are working with.
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CHAPTER 3
NON-INVERTIBLE ANYON CONDENSATION
AND LEVEL-RANK DUALITIES

3.1 Introduction

In this chapter we derive new dualities of topological quantum field theories (TQFTS) in
three spacetime dimensions. Our results generalize the celebrated level-rank dualities of

Chern-Simons gauge theories, the most familiar of which are of the form:

SUN)g < U(K)_N_n, USp(N)g <> USp(K)_n, SO(N)g <> SO(K)_y. (3.1)

For unitary groups these dualities have been explored in [7,25-30], the dualities for SO
and USp were derived in [8|, while those for more general orthogonal groups were discussed
in [9]. Additionally, there are also dualities involving exceptional groups derived in [31].
Beyond their intrinsic conceptual interest, these dualities are important e.g. in that they
provide non-trivial evidence for proposals of phase diagrams of 3D gauge theories |7,10], and
establish the existence of families of time-reversal invariant TQFTs [32].

Typically, the starting point to prove these dualities is to establish an equivalence of
the associated chiral algebras that appear on the edge of the TQFT equipped with suitable
boundary conditions [4, 18]. For connected, simple, and simply-connected gauge groups
these are the familiar Kac-Moody current algebras (for an overview see e.g. [5]), while for
other global forms of the gauge group, obtained by quotienting by central elements, they are
instead extensions of the Kac-Moody algebras [2]|. Often, the initial step in deriving these
equivalences of chiral algebras is to find a larger chiral algebra that contains as a subalgebra
the two chiral algebras of interest and then study how representations of the larger chiral

algebra decompose under restriction to the subalgebras. Frequently, the larger algebra is

12



taken to be a Kac-Moody algebra at level one, with the same central charge as that of the
two subalgebras combined, in which case such embeddings fall under the so-called conformal
embeddings. In this technique, duality of chiral algebras is intimately related with conformal
field theories (CFTs) that are derived from appropriate quotients of chiral algebras; namely,
coset CFTs.

A well-known example illustrates the general procedure. Starting from the embedding:

SU(N)KXSU(K)NCSU(NK)l, (3.2)

we learn that the chiral algebra SU(N)g can be presented as a coset:

SU(NK)y
SUN)g & ———~. 3.3
Nk = S5y (33)
Passing to the bulk TQFT one then obtains a duality of Chern-Simons theories:
SUNK SU(K)_
su(N)g = SUNEn X SUMK) N (3.4)

L

A particularly subtle point in the above is the appearance of the quotient by Z -, the common
center of the gauge group. As we review in Section 3.2 this quotient necessarily appears so
that the boundary CFT has a unique ground state without additional topological degrees
of freedom. We can also directly interpret this quotient as a gauging operation on the
theory SU(NK); x SU(K)_p. Specifically this theory has abelian anyons, i.e. lines with
abelian fusion rules, which are bosonic and hence may condense. In the language of higher
symmetry [6,33], these are one-form global symmetries and condensing them is equivalent
to gauging this one-form symmetry. As an operation on the initial TQFT this condensation

operation acts as a simple algorithm |2, 34]:

e We remove all lines that braid non-trivially with the condensing abelian anyons. Such

13



removed lines are often said to be confined.

e We identify any remaining lines that differ by fusion with the condensing abelian

anyons. This is the step of forming gauge orbits.

e If a remaining line a is invariant under fusion with s condensing abelian anyons, then

in the resulting theory the line a is split into s distinct lines.

This three-step gauging procedure allows us to treat many foundational examples of
duality amongst TQFTs. However, as originally noted in [35, 36|, there are certain cosets
where this procedure of gauging by the common center to isolate a CFT with a unique
vacuum fails. Traditionally such cosets were often referred to as Maverick cosets and in
these cases, the construction of a standard CF'T proceeds in an ad hoc manner. Two infinite
series of such cosets are known:

SU(k)y — 2(k—1) Spin(2N)s

B S -~ 7 =1 .
& Spin(N)g x Spin(N)o’ ¢ ’ (3.5)

Spin(k)y’ T k2

as well as a finite list of exceptional cases summarized in Section 3.3.2 below. One of the main
results of this work is to provide a uniform analysis of these cosets, and their implications
for duality in 3D TQFTs.

As we will exhibit, a key idea unifying these cosets is the appearance of non-abelian
bosonic anyons in the associated TQFTs, as first explored in [24,37]. To obtain boundary
CF'Ts with unique vacua and no additional topological degrees of freedom we must condense
such non-abelian bosons. This procedure unifies the treatment of Maverick and more familiar
cosets, and in fact is even crucial for a complete understanding of the conformal embeddings
behind more familiar level-rank dualities as we discuss in Section 3.5.

Non-abelian anyon condensation in 3D TQFTs can also be fruitfully described using the
language of higher symmetry. Indeed, as already mentioned, abelian anyons are generators

of one-form global symmetries i.e. they are line topological operators with abelian fusion
14



rules. Anyons with more general non-abelian fusion rules are therefore interpreted as non-
invertible one-form symmetries. Such generalized symmetries have recently been investigated
particularly in spacetime dimension greater than two. (See e.g. [38-40] for recent reviews
and lectures).

Relatedly, on the boundary the bulk one-form symmetries restrict to ordinary, zero-form
symmetries of the CFT. For abelian anyons, these boundary zero-form symmetries are group-
like, but for non-abelian anyons, the boundary zero-form symmetries are a general fusion
category. In this context, early foundational work on non-invertible symmetries and gauging
was done in [41-46], and a rigorous mathematical treatment of condensing or gauging general
symmetries was carried out in [47-52]. We briefly review this formalism in Section 3.6.1.

From a more physical point of view, a treatment of non-invertible topological lines in 2D
theories as symmetries was pioneered in [11,53,54] and further discussed in [55,56]. The
relationship between the 3D bulk TQFT and 2D boundary CF'T is a foundational example of
the general paradigm of a bulk topological field theory controlling the generalized symmetry
of the boundary theory [6,57-61]. The general idea of gauging and condensing non-invertible
symmetries has been explored in [62-67] and the relationship between bulk and boundary
non-invertible gauging has been utilized in [68-73]. Finally, recent discussions of gauging
non-invertible symmetries in 2D CFTs, closely related to our analysis below, include in
particular [74,75]. Below we often make use of the language of generalized symmetries,

interchangeably using non-abelian and non-invertible, as well as gauge and condense.

3.1.1  An Invitational Example with Fibonacci Anyons

As an illustrative example to show how non-abelian anyon condensation is in fact central to

many dualities of TQFTs consider the exceptional conformal embedding [31,76-79]:

SU(2)1 x SU(2)3 — (G3)1. (3.6)
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In CFT, the existence of this embedding can be interpreted in two ways:

e The branching functions of the coset ég?z))ll give the characters of SU(2)3.

e The branching functions of the coset 5(5—32))13 give the characters of SU(2)1.

Translating the first statement to 3D TQFTs following [2] gives the duality
SU(2)3 = (G2)1 x SU(2)-1. (3.7)

The simplicity of the TQFTs involved in this duality make it easy to verify explicitly. For
instance, SU(2); has k + 1 anyons obeying (truncated) fusion rules of SU(2) representa-
tions. Meanwhile (G9); is the theory of Fibonacci anyons, the simplest non-abelian TQFT

consisting of two anyons 1 and ¢ obeying:

o xp=1+0. (3.8)

Thus, for example both sides of the duality (3.7) have four total anyons, and one may readily
verify that their fusion rules and spins are identical.

The previous —seemingly simple— chain of ideas raises however an immediate puzzle.
Suppose instead that we make use of the second implication of the embedding (3.6), then

proceeding blindly along the same steps would have lead to the proposed duality:

2

SU(2)1 = (G2)1 x SU(2)-3. (3.9)

We note that, as in (3.7), there is no common center of the gauge groups on the right-hand
side. However, (3.9) is obviously false, for instance the number of lines (2 vs. 8) does not
match. The resolution of this puzzle is that while (Gg); x SU(2)_3 does not have any
condensable abelian anyons, there are non-abelian bosonic anyons which may condense, and

doing so leads to a correct, and novel, duality.
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To demonstrate this we begin with the correct duality (3.7). Reversing orientation (flip-

ping the signs of all levels), and tensoring by (G2)1, we obtain

(G2)1 x SU(2)—3 = (G2)1 x (G2)—1 x SU(2)1. (3.10)

We now use that (G2)1 X (Ga)_1 is a Drinfeld double, i.e., it is of the form G; x G_j.. In
particular for any such theory it is known that one can gauge/condense all the anyons and
obtain a trivial theory [47,50,80]. The novelty here is that such condensation is necessarily

non-abelian. Concretely then, we write

Z(Fib) = (G2)1 x (G2) -1, (3.11)

where the notation above indicates that Z(Fib) is the Drinfeld center of the Fibonacci

anyons (3.8). Condensing Z(Fib) in (3.10) then leads to a new duality:

(Ga2)1 x SU(2)_3
Z(Fib)

I

SU(2)1

(3.12)

In summary, (G2)1 x SU(2)_3 has non-abelian bosonic anyons, or in a different language,
it has a non-anomalous non-invertible one-form symmetry, and gauging it, one finds an
equivalence with the SU(2); Chern-Simons gauge theory. These non-abelian condensable
bosons thus play the role of the common center of the gauge group in more familiar examples.
Compare for instance with the more familiar duality (3.4). In particular, this non-invertible
one-form symmetry must be gauged to obtain the duality expected from the existence of the
conformal embedding (3.6).

We study this example of non-abelian anyon condensation in more detail in Section 3.4.1

below, and review the condensation of Z(Fib) to the trivial theory in Section 3.6.2.
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3.1.2  Summary of Selected Results

Having illustrated the ubiquitous nature of non-abelian anyon condensation let us summarize
several key results derived using this formalism below.

Note that the central charges of the first infinite family of Maverick cosets in (3.5) match
those of the parafermion CFTs [5,81], so it is natural to suggest that this infinite Maverick
family reproduces the parafermions. The parafermions also have two standard coset descrip-
tions given by the SU(2):/U(1)9g, or (SU (k)1 x SU(k)1)/SU (k)2 cosets [5]. We therefore

conjecture the infinite series of dualities:

SU(k)Q X Spin(k?)_4 SU(Q)k X U(l)_Qk ~ SU(k)l X SU(k)l X SU(k)_Q
Ak Lo B 2y, ’

I

(3.13)

for some suitable collection of condensable non-abelian anyons .A; on the left-hand side.
Below in Section 3.5.2 we verify this result explicitly for the first non-trivial case k = 3. In
this case the parafermion theory in question coincides with the three-state Potts model and

the algebra of non-abelian anyons is generated by:
Az = (1,0) 4+ (1,8) +(8,4), (3.14)

where we label SU(3) representations by their dimension and Spin(3) = SU(2) representa-
tions by their Dynkin index (i.e. their dimension is the label plus one.) In particular, the

anyon (8,4) is non-abelian with fusion rule:

4
(8,4) x (8,4) =) (1,2i) + (8,2i) — (1,0) + (1,8) + (8,4), (3.15)
1=0
where the first equation denotes the fusion in the full TQFT, and the arrow indicates its

projection back to As.

We also analyze the second infinite sequence of Maverick cosets in (3.5). Since all of
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these have ¢ = 1 they must correspond to rational points in the moduli space of ¢ = 1 CFTs.
We conjecture that these cosets correspond to the orbifold points of U(1)9 modulo its Zo
reflection symmetry, which we denote as U (1)%{}0 Lifting to TQFTs leads to the proposal

Spin(2N)g x Spin(N)_9 x Spin(N)_g
By '

12

U(D)SR (3.16)

For a suitable collection of condensable non-abelian anyons Bjy. In particular we verify this

for the first non-trivial case N = 3 where:
B3 = (1,0,0) + (1,4,4) + (20°,0,4) + (20°,4,0) + (15,2,2). (3.17)

The fusion of the first four anyons above is abelian, but the last one is non-abelian with:

(15,2,2) x (15,2,2) = i [(1,2i,25) + (15,24, 2) + (20',2i, 2)] — Bs, (3.18)

i,j=0
where again the first equality is the fusion in the full TQFT and the arrow indicates the
restriction to Bs. We note that the Chern-Simons theory with the orbifold action is equivalent
to changing the gauge group from U(1) to O(2). Level-rank dualities involving O(N) were
studied in [9] and we have the equivalence U (1)(2)]{}’ & 0(2)(2) ~ o Where the additional subscript
and superscript on O(2) indicate other possible levels. Because of this equivalence (3.16)

can also be cast as a duality of orthogonal type Chern-Simons theories:

Spin(2N)9 X Spin(N)_9 x Spin(N)_

12

Beyond analyzing these families of Maverick cosets we can also study many of the isolated
examples in Section 3.3.2 and derive a variety of dualities. All of these examples have ¢ < 1

and thus correspond to some (possibly non-diagonal) minimal model. For instance, the
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simplest of these leads to the Ising TQFT:

SU(4)1 x SU(2)-10

Ising TQFT = )
sing TQ i

(3.20)

where

A= (1,0)+ (6,10) + (1,6) + (6, 4), (3.21)

and both (1,6) and (6,4) have non-abelian fusion.

Armed with our improved understanding of non-abelian anyon condensation, we also
revisit the conformal embeddings generalizing the example of Section 3.1.1 to obtain other
level-rank dualities involving non-abelian anyon condensation. For instance revisiting the

embedding (3.2) of unitary groups allows us to derive:

SU(N)k X SU(/{J)N
ANk

12

SU(Nk), (3.22)

where A . is a suitable collection of non-abelian anyons. For instance for N = 3 and k = 2
this is the non-abelian anyon:

Ag s = (1,0) + (8,2). (3.23)

)

Similarly, a less explored example arises from the conformal embedding

SO(N)4 X SU(Q)N — USp(QN)l. (3.24)

This implies the level-rank duality:

USp(QN)l X SO(N),ZL
An ’

SU(2)y (3.25)
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where for instance in the case N = 3:

A= (1,0) + (14,4;), (3.26)

with non-abelian fusion:

(14,41) x (14,41) = (1,0) + (1,41) + (14,0) + (14,41) — (1,0) + (14,44). (3.27)

In general, many of the previous examples can be understood from the “principle of coset
inversion,” first derived mathematically in [24]. We explain this in Section 3.3.1 from a
physics point of view and summarize it in mathematical form in Section 3.6.1. The principle
may be summarized as follows: one may rearrange the numerator and denominator of any
coset, provided we also allow for the possibility of non-abelian anyon condensation. This
principle holds abstractly, independently of the description of the CFT in terms of WZW
models. For instance we can even revisit the well-known TQFT associated to the unitary

minimal models

SU(2)k X SU(2)1 X SU(Q)_k_l
Lo ’

M(k+3,k+2) = (3.28)

where M (k + 3,k + 2) denotes the k-th minimal model TQFT, with & = 1 the Ising model.

Allowing for non-abelian anyon condensation implies that in general there is also an equiv-

alence:
M(k+3,k+2) x SU(Q)k+1

SU(2)g x SU(2)1 = A, :

(3.29)

which we explicitly check for & = 2 in Section 3.4.2 (for k¥ = 1 this expression may be
checked by the three-step gauging rule). Finally, more examples of duality involving non-
abelian anyon condensation may be found from the classification of RCFTs with a small

number of primaries and a small central charge studied in [82,83] and associated cosets of
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holomorphic CFTs at ¢ = 24 [84].1

3.2 Cosets, Interfaces, and Bulk-Boundary Correspondence

In this section we review the relationship between coset CFTs and associated boundary
conditions in topological Chern-Simons theories. We pay particular attention to the interplay
between gapless and gapped degrees of freedom at the boundary, whose understanding is
important for determining dualities of the bulk topological theories.

Let us first recall the coset construction purely in the context of 2D CFT. Our starting
point is a G, WZW theory based on a group GG and an integer level k. We take the group
G to be compact and simply-connected. Let H be now a subgroup of GG such that the Lie
algebra of H embeds into the Lie algebra of G with embedding index ¢. Then, there is an

associated embedding of affine Lie algebras:
H CGy, k=1lk. (3.30)

Coset CFTs are constructed by expanding a chiral algebra with characters x(q) in terms

of the characters of a smaller algebra with characters x(¢q):

Xale) =3 0 (@xa(a), q=e"", (3.31)
A

with 7 the modular parameter. In our context, we assume the bigger chiral algebra is that
of the G, WZW theory, and the smaller chiral algebra is that of the H i WZW theory, with
Hj embedded in Gj. The quantities b?‘\(q) are called branching functions. The point of the
previous expansion is to notice that, since the characters x, x) are modular covariant, the

branching functions inherit some form of modular covariance and can be thus thought of as

1. We thank B. Rayhaun for bringing this to our attention.
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the characters of a new CFT with torus partition function
2 2
ZGoset cFT (1T7) = Z |b5\\(Q>| : (3.32)
A

This is the so-called GKO coset construction [85,86], where for simplicity we have restricted
ourselves to diagonal theories.

A subtlety in the construction above is the generic appearance of multiple copies of the
vacuum and of many copies of the same chiral or Virasoro primary in the partition function.
Relatedly, not all branching functions are non-zero, so the naive modular covariance of the
branching functions in general requires further analysis.? In modern terms, we recognize the
vacuum degeneracy as the presence of a topological sector coupled to gapless, CFT degrees
of freedom. In some circumstances it is desirable to remove this degeneracy by, roughly
speaking, “gauging away” this topological sector resulting in a CFT with a unique vacuum.

In general, we should therefore differentiate between two possible notions of cosets:
e A coset CFT with degenerate vacua, where topological sectors are retained.
e A coset CFT with a unique vacuum state, where topological sectors have been removed.

The partition function (3.32) corresponds to the first notion above. The distinction between
these possibilities is particularly important in the special case where the topological sector
is all there is, as occurs for example in the case of conformal embeddings discussed below.
The phenomenon just described has been previously noticed and interpreted in terms of
projection into universes and/or vacua (See [1,90]), and here we provide a further interpre-
tation in the context of TQFTs with gapped and gapless boundaries, and lines ending or not

perpendicularly at a topological junction.

2. Historically, these confusions led to the search for methods to remove such a degeneracy, such as the
so-called “identification current method” or “fixed point resolutions” that made the final result into a CFT
with a single vacuum, a non-degenerate modular S-matrix, etc. The result of such a procedure is what in
some older literature is known as “the” coset CFT (See for instance [5,87-89)]).
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Turning now to the relationship between 3D TQFTs and 2D CFTs, a natural question
to ask is what are the TQFTs associated to these two possible notions of cosets. As shown
in |2] the TQFT that reproduces the coset CFT with a single vacuum at the boundary is
given —often, but crucially not always— by the product Chern-Simons theory:

Gk X H—fc

> (3.33)

where Z is the common center of groups G and H. As in [2|, Z is, for the time being,
some abelian discrete group. Shortly, this assumption will be lifted. With an eye towards
future generalizations let us deduce why (3.33) is correct. In particular, we would like to
understand the difference between the boundary conditions in the Chern-Simons theories
which differ by whether we gauge or not the common center. As we illustrate, this difference
can be usefully phrased in terms of topological interfaces.

Consider first the case were we gauge the common center in the bulk as in (3.33). This
situation is depicted in the left in Figure 3.1, where we denote the boundary condition as
(Gk/Hp)z with a subindex to emphasize that the corresponding bulk has the center one-
form symmetry gauged.® As mentioned above, this is the case where we have a theory with
single vacuum on the boundary. Standard examples involving an abelian Zo gauging that
one could keep in mind are the minimal models SU(2); x SU(2)1 x SU(2)_j_1/Zsa, or the
parafermions SU(2);. x U(1)_op./Zs.

Separately, we note that in the Chern-Simons theory G} x H—I%’ the common center
indicates the presence of abelian anyons which define a gaugable one-form symmetry [2,34].
We can thus consider the topological interface generated by gauging the common center one-
form symmetry on the right half of space, as depicted on the right in Figure 3.1. Placing this

topological interface together with the coset boundary (Gj/H ];) 7 of Figure 3.1, we obtain

3. When discussing non-chiral 2D theories we should really picture the 3D theory with a left and right
boundary component. In the following we illustrate one boundary component and we assume the same
conditions on the left and right. This means that we consider diagonal theories.
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Gk X H_]; Gk; % H—l; i Gk X H—E

(G /Hi.‘ )z Topological

Figure 3.1: On the left: the theory (G x H_j;)/Z, where the common center Z of G}, and
H_; has been gauged, in the presence of the CFT coset boundary condition which is denoted

G1./H3) 7. On the right: a topological interface connecting the product Gy x H ; without
kiip)Z k —k
the common center gauged and (G x H_;)/Z.

Gk XH—E i M

Topological (Gr/Hp)z

Figure 3.2: Coset boundary condition with single vacuum (G} /Hp)z in the presence of the
topological interface joining Gy x H_j and (Gy x H_;)/Z.

the construction depicted in Figure 3.2.

Since the interface is topological, we can move it towards the boundary to generate
a new boundary condition for the theory without the common center one-form symmetry
gauged. The latter boundary condition therefore differs from (G},/Hj ) 7 by some topological
action, and so we call the new boundary condition (G /H ];) without a subindex to emphasize
that the corresponding bulk has no one-form symmetry gauged. The result of all previous
manipulations is depicted in Figure 3.3.

In summary, we see that the key difference between the coset boundary condition when

25



the bulk is given by G, x H_j and (G xH_ ];:) /Z is determined by some topological degrees
of freedom, here represented by the topological interface separating the product with and
without the common center gauged. Notice the similarity with our comment above regarding
the distinction between two notions of coset CFTs: one with and one without topological
degrees of freedom removed.

Now that we understand how the boundary conditions (G/Hj) and (Gp/Hp)z are
distinguished from each other we study how to setup the boundary condition (Gy/Hj) in
Gp.xH i recalling the well-known steps derived in [2,4]. The key point is that requiring the
variation of the action to vanish implies the bulk equations of motion, but also the vanishing
of a boundary term i

k

k / /

where A and B are gauge fields based on the Lie algebras of G and H respectively, Tr’G and
Tr}l are the respective representation-independent traces, and 0X is the boundary of our

bulk 3D spacetime X. Imposing Ag = 0 and By = 0 at the boundary gives the canonical

Gk X H—E

(Gr/Hp)

Figure 3.3: Pushing the topological interface towards the boundary and fusing it with the
coset boundary condition (Gy,/H ];) 7 generates a gapless boundary for the G x H_j Chern-
Simons theory (with no common center symmetry gauged). By the nature of the construc-
tion, the result is generically a gapless boundary intertwined with a topological sector (i.e.,
there are now many vacua/topological local operators at the boundary) that is denoted as
(G1./Hj) (with no Z subindex). The gapless boundary condition so generated corresponds
to (the chiral version of) the associated gauged WZW model.
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chiral WZW boundary [4]. However, since we have taken H to embed in G there is another
boundary condition where we ask for the gauge field A projected onto the Lie algebra of H to
equal the gauge field B, which also makes (3.34) vanish. The action then reduces, following

the steps of [2,4] to an expression involving WZW actions:
ikSy 7w (U) — ik Sy g (V) + ik / Tep MOgU U™ — 9,V VY, (3.35)

where U and V' are the Maurer-Cartan fields that arise when we integrate the time compo-
nents of A and B respectively in the bulk, and A is a Lagrange multiplier. As first described
in [2], changing variables and using the Polyakov-Wiegmann formula gives the path integral
of (the chiral version of) the gauged WZW model. In summary, we see that what we have
called above the (Gy/H}) boundary condition corresponds to (the chiral version of) the
gauged WZW action.

The path integral, clearly, takes into account contributions resulting from topological
sectors. This can be illustrated for instance by taking H P = G} so that we obtain the
well-known Gy, /G}, topological coset field theory [91-94] on the boundary, whose partition
function over a Riemann surface ¥ has been evaluated (see [93]) to be Zg, /q, = dim(V),
with dim(}) the number of conformal blocks of the corresponding G, WZW model. On the
torus, this evaluates to the number of chiral primaries of the underlying G, WZW model.
We can also view this G}./G}. boundary condition as an instance of the universal gapped
boundary for a bulk theory of the form C x C, with C = G k-5

Gauging the center one-form symmetry Z in the bulk implies that the gauge group on the

boundary is no longer H, but a non-simply-connected version based on the same Lie algebra.

4. Tt is sometimes useful to express the trace in the algebra of H in the path integral in terms of that of
G by noting that the embedding relates the normalization of the traces Tr}; = Trl; /¢ with £ the embedding
index.

5. An easy way to see that the previous gapped boundary always exists is to notice that upon unfolding
the interface is simply the identity interface between C and C.
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The corresponding summation over bundles/insertion of anyons generating Z descends into a
corresponding summation on the gauged WZW model on the boundary. The corresponding
model based on a non-simply-connected gauge group has a single vacuum and the so-called
“identification current method” has been applied to remove multiple copies of the same chiral
primary, as studied in [95] (see also [96] for recent related discussions). This corresponds to
the boundary condition that we have called (G}./Hj )z above.

Let us now interpret the prior story in terms of lines ending at the boundary. To do this
consider first two extreme scenarios: that of the canonical (chiral) CFT boundary with no
topological sectors other than the identity, illustrated in Figure 3.4, and that of a purely
topological boundary, illustrated in Figure 3.5.

In the CFT boundary case all lines can end perpendicularly at the boundary on a non-
topological junction, which generates the local operators of the RCFT [18]. Under parallel
fusion with the boundary, the bulk lines becomes the Verlinde lines [97-100] of the RCFT [1].
In particular, this point of view is one way in which we can explain why the local operators
and Verlinde lines of an RCFT follow the same fusion ring; namely, that of the bulk MTC [21],
and why furthermore Verlinde lines in an RCFT generate a modular tensor category (MTC)
instead of merely a fusion category. Importantly, because the bulk lines form a MTC, and
all lines can end perpendicularly at the boundary with this choice of boundary condition,
it trivially follows that the set of lines that can end perpendicularly at the boundary have
non-trivial mutual braiding. That is, the braiding matrix projected to those lines that can
end perpendicularly at the boundary is non-degenerate (i.e., the projected braiding matrix
has maximal rank).

We can compare the discussion above with the case of a purely topological boundary.
Since we are assuming Z to be abelian, only a square root of the total number of simple

lines can end perpendicularly at the boundary [101-104], generating a topological junction

28



Y

C C C C

Figure 3.4: In the canonical CFT boundary condition (in orange), all lines of the bulk CS
theory end perpendicularly at the boundary on a (non-topological) local operator of the
WZW theory based on the same group and level. Relatedly, pushing a line to the boundary
in parallel to it gives rise to a Verlinde line of the corresponding WZW theory.

in the process, and under parallel fusion with the boundary such lines becomes invisible®
(See Figure 3.5). In particular, this set of lines has a size strictly smaller than that of the
simple objects of the full bulk MTC, and in which all lines braid trivially with each other.
That is, the braiding matrix projected to those lines that can end perpendicularly at the
boundary is maximally degenerate (i.e., the projected braiding matrix has rank 1).

We now come back to the situation of the gauged WZW boundary condition (Gy/Hy).
The general situation is complicated because of the variety of ways that the topological sector
can intertwine with the CFT sector. However, we can get an idea of the general situation by
considering the example SU(2)1 x SU(2)1 x SU(2)_9o which is (up to the Z9o common center)
the standard coset description of the Ising model. The branching rules of the characters are:

XOSU(Q)lng(Q)l _ Xé XgU(Q)Q ol XgU(Q)z’ (3.36)

SU(2); SU(2 SU(2

SU(2 SU(2 SU(2

6. Technically, one summarizes this statement saying that such lines participate in a Lagrangian subgroup.
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Figure 3.5: In a topological boundary condition not all lines of the bulk theory end perpen-
dicularly to the boundary. Only those generating a Lagrangian algebra can end, resulting
in a topological local operator at the junction. When Z is abelian as it is assumed in this

section, the Lagrangian algebra is moreover a Lagrangian subgroup. Under parallel fusion,
those lines in the Lagrangian subgroup become invisible at the boundary.

1. 5U(2)2

SU((2); SU(2 SU(2

X1 = X0
Comparing with (3.32), we obtain a total of six operators in the CFT, so not all lines of the
bulk end at a non-trivial local operator of the boundary theory. Furthermore, every operator
of the CFT sector appears twice, with a non-trivial topological operator appearing in the
branching space associated to the Zg generator in the bulk: the line (1,1,2) in SU(2); x
SU(2)1 x SU(2)_9. The doubling of the spectrum can be then thought of as fusing this
topological operator with the different CF'T sectors.

We can also obtain the same conclusion by observing’
SU(2)1 x SU(2)1 x SU(2)_9 ZIsing x U(1)9 x U(1)_o . (3.40)

Then the gauged WZW boundary condition corresponds to setting the CFT boundary con-

7. This is a consequence of the fact that Ising = (SU(2)1 x SU(2); x SU(2)_2)/Zy. Ungauging the Z
by gauging the quantum zero-form symmetry allows us to write SU(2); x SU(2); x SU(2)_2 in terms of
Ising and a twisted Zs gauge theory. Comparing the spectrum of the lines on both sides we can convince
ourselves that such twisted Zs gauge theory is U(1)2 x U(1)_s.
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dition on the Ising factor, but the topological boundary condition on the U(1)g x U(1)_9
factor, which explains both why not all lines end perpendicularly at the boundary, and why
the spectrum of Ising is doubled. Thus we see that the (G /Hj) boundary on the one hand
is similar to the CFT boundary condition in that the boundary is non-topological and there
exists a subset of the bulk lines ending perpendicularly at the boundary such that their mu-
tual braiding is non-trivial and the junctions at the end of the lines are non-topological. On
the other hand, there also exists lines that generate topological junctions which have trivial
mutual braiding. The gauged WZW boundary condition (G}, /H];) is like the topological
boundary condition in that the braiding of those lines ending perpendicularly is degenerate,
but unlike the purely topological boundary, not maximally so. That is, the braiding matrix
projected to those lines that can end perpendicularly at the boundary is degenerate, but
with neither minimal nor maximal rank.

In hindsight, this explains why historically the naive proposal (3.32) led to a degenerate
CFT with multiple vacua — since there are multiple topological junctions from the bulk— and
degenerate modular S-matrix —since the braiding of the bulk lines ending at the boundary is
degenerate—. Upon gauging Z in the bulk to obtain (G, x H ]~€) /Z what we are doing is mak-
ing those lines generating topological junctions transparent and identified with each other,
so in the boundary the corresponding degeneracy is removed, and we find a standard 2D
RCFT: that which the methods in the older literature provided via the “field identification”

and “fixed point resolution” methods.

Application to Level-Rank Dualities

A well-known and important application of coset CFTs is to level-rank dualities of 3d TQFTs

[7-9,25-31]. Consider for instance the conformal embedding

SU(N)g x SU(k)y — SU(NE);. (3.41)
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At the level of the branching rules (3.31), the embedding (3.41) means that the characters
of SU(NEk); can be expanded in terms of products of those of SU(N); and SU(k)y. We
can then construct the coset CFT with single vacuum (SU(Nk)1/SU(N))z, and by the
previous conformal embedding the result must be equivalent to the SU(k)y WZW theory.

We have then the equivalence of chiral algebras

SU(k) <i(é(gvl§ll ) R (3.42)

Expressing now both sides in terms of their bulk TQFTs we obtain the duality

SU(NK); x SUN)_,,
Zn '

1

SU(k) N (3.43)

More generally, the logic of the above example is simply that if we find two different
descriptions of the same chiral algebra either in terms of a WZW theory on one side, and a
coset description on the other, or by relating two different coset descriptions on either sides,
we can use the relationship between bulk and boundary to find dual descriptions of the same
bulk TQFT.

In particular, we must take care to ensure that the vacuum degeneracy on both sides
matches. Often we implicitly assume that all such degeneracy is removed, as in (3.43) by
a suitable gauging. In familiar examples this is achieved by gauging a one-form symmetry
in the bulk (the common center group), but in the examples to follow the required gauging

will be more subtle.

3.3 Dualities via Non-Invertible Anyon Condensation

In the previous section, we have outlined how to construct (bosonic) dualities of 3D TQFTs by
making clever use of the boundary theory and a proper understanding of the coset construc-

tion of 2D RCFTs. However, most of our discussion relied on the standard assumption [2]
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that gauging the common center Z of G x H_jis sufficient to find a CFT with a single
vacuum. However, already in [2] it was observed that there are exceptions to the idea that
gauging by an abelian common center Z in Gy, x H _j I8 sufficient to remove all boundary
topological degrees of freedom and obtain a standard boundary CFT with a unique vacuum,
as in the case of the conformal embeddings.

In the context of the GKO coset construction, it is also known that there are exceptions
to the methods mentioned in footnote 2 to construct CFTs with single vacuum from the
“naive” partition function (3.32). In these exceptions there are additional selection rules
(i.e. vanishing branching functions) and field identifications that are not a consequence of
group-theoretical selection rules and thus cannot be submitted to the “field identification
method” [88] mentioned above to find a CFT with single vacuum and non-degenerate S-
matrix. Importantly, again the conformal embeddings appear as part of such exceptions
(see [5,105]). We stress that if the conformal embedding has two factors in the denominator
we mean the full quotient appears as an exception, and not a standard coset based on just
one of the factors. Furthermore, it is known that a handful of gapless cosets also share this
feature. In the literature, these cosets have been referred to as “Maverick cosets,” and the
known examples have been constructed long ago in [35,36,87,105]. In some sense, Maverick
cosets are then a hybrid in between the standard cosets and the conformal embeddings. To
the extent of the authors’ knowledge, there is no known classification of Maverick cosets.

The previous observations suggest that in order to understand these exceptions we must
relax the assumption that the bulk is given by Gy x H_j gauged by an abelian one-form
symmetry Z. Indeed, in the past few years it has been understood that the notion of
gauging can be extended to the case where the symmetries are not necessarily group-like
[37, 51, 55,6267, 74, 75, 106-108| , and it is natural to explore the consequences of such
generalized gauging in the present context. In the following discussion we will not need

a rigorous presentation of non-abelian anyon condensation, and content ourselves with a
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physical presentation. In Section 3.6.1 we present a summary of the rigorous statements
that we use, and outline them in a physics nomenclature in the next subsection. More
extensive treatments of non-abelian anyon condensation from a physics perspective may be
found in [37,52,106,107]. See [109] for a review.

To begin, it is instructive to study the example of the exceptional conformal embed-
ding discussed briefly in Section 3.1.1, which shows the inevitability of non-abelian anyon
condensation in the general construction of coset CFTs, and in particular the conformal

embeddings. The example is given by the embedding

SU(2)1 x SU(2)3 — (G9)1. (3.44)

In 2D CFT terms, this conformal embedding is translated to the following branching rules:

Xng)l _ X§U(2)1 XgU(Q):a i XfU(2)1 XgU@)s’ (3.45)
X(7G2)1 _ XgU(Q)l XgU(2)3 n XfU(Q)l XfU(2)37 (3.46)

where we have labeled the integrable representations of (G); by the dimensionality of the
representation R, and those of SU(2);. as standard by an integer ¢ = 0, ..., k. The notation
is analogous whenever we consider negative levels in TQFT.

These branching rules can be regarded in many forms. In the simplest scenario, we can
consider the coset (G9)1/SU(2)1, and the branching rules above show that the branching
functions are the characters of SU(2)3. Specifically, using the torus partition function for

coset CFTs (3.32), we find

ZTQLSSS?Q);J _ XgU(2)3|2+Ifo(2)3\2+\x§U(2)3\2+ ’X§U(2)3|2 — ZISU()3). (347)

The result is already an ordinary 2D CFT, with no vacuum degeneracy and a non-degenerate
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modular S-matrix. Clearly, this means that there are no topological sectors to consider, and
the coset theory is simply
(G2)1/5U(2)1 = SU(2)3. (3.48)

More interestingly, we can consider the coset (G'2)1/SU(2)3, and then the branching rules
(3.45)-(3.46) tell us to regard the characters of the SU(2); theory as the branching functions

in the corresponding coset decomposition. More precisely, using (3.32) again:

e
(G2)y } =2 [\ SU@2 Lo\ U2 Z oz o sU(2),), (3.49)

7
| SU(2)3

from which it is clear that now we do obtain a topological sector. However, notice that the
group (G9 has trivial center, so we cannot possibly interpret the previous degeneracy in terms
of some Z9 common center as in more standard description of cosets. Even more concretely,
if we translate the previous observation to the associated 3D TQFTs, it is straightforward
to check that (Gg)1 x SU(2)_3 simply does not have an abelian anyon in its spectrum.®
The resolution of this puzzle is that while (Ga); x SU(2)_3 has no abelian boson in its
spectrum, it does have a non-abelian one consisting of the product of the line 7 € (Gg);
and the line 2 € SU(2)_3. Moreover, this is the exact combination giving the additional
topological local operator in the branching rules (3.46). Therefore, if this boson were to end
on the boundary, it would explain the degeneracy above, and noticing that both 7 € (G2);

and 2 € SU(2)3 follow Fibonacci fusion rules, provides us with a natural guess for the

topological sector present on top of the CFT sector:

(Ga2)1

G, SU@2)FFT. (3.50)

(G2)1/SU(2)3 = FibT AT » sU(2)fFT =

Shortly, we will give a more rigorous derivation of this topological sector using level-rank

8. See Tables 3.1 and 3.2 later in this work to check this statement.
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duality and studying choices of boundary conditions. In passing, if we follow this proposal,
it is clear that we can label the states in the coset (G2)1/SU(2)3 as (0,7) and (¢,1), with

fusion rules

(0,7) x (0,7) = (0,7 + 7), (3.51)
(0,2) x (¢,7) = (.1 + j), (3.52)
(¢,1) X (¢,7) = (0,0 +7) + (¢,0 + ), (3.53)

where 7,7 = 0,1 labels the integrable representations in the SU(2); CFT factor.

Gauging by the non-abelian boson in the bulk would then remove the topological sector
on the boundary, leaving us only with the non-degenerate CF'T sector. This is clearly what
we would have naively expected from the branching rules; that is, the SU(2); WZW theory.

Concretely:
(Go)1 x SU(2)—3
Z(Fib)

I

SU(2) (3.54)

Below in Section 3.4.1 we will verify this statement by a direct computation using non-
abelian anyon condensation. Therefore, this is a situation where the coset RCFT lives at the
boundary of a bulk TQFT whose only non-trivial boson is non-abelian. Correspondingly, to
find the RCFT with single vacuum on the boundary (in this example SU(2)1) we have to
identify fields in the branching rules that are not related by some abelian action as in e.g.,
the case of the Ising model at the end of Section 3.2. In other words, to find the RCFT with
single vacuum in the boundary we would have to gauge/condense the non-abelian boson in
the bulk.

Generically then, gauging non-abelian anyons in the bulk leads to some RCFT in the
boundary, which may however also appear as a boundary condition in a different-looking bulk

TQFT. Matching these different descriptions to one another is one way to guess dualities
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of TQFTs, which we may then verify directly as a statement solely in the context of 3D

TQFTs.

Finally, one can also consider the full coset SU(2§?>32€1U(2)3’ which is topological since the

central charge vanishes. Indeed, computing the coset torus partition function (3.32), one

obtains:

(Ga)1
2| SU@2); x SU(2)3

7y = 4. (3.55)

Using similar steps as above the concrete proposal for the 2D TQFT is:

(G2)1 _ e TQFT o ,TQFT _ (G2)1
SU@) x ST T @kt =

(3.56)

The previous discussion can also be derived by examining choices of boundary conditions

implied by the TQFT duality:

(G2)1 x SU(2)-1 = SU(2)3, (3.57)

where it is straightforward to see that the spectrum of lines match on both sides. This
shows that we can set the canonical SU(2)3 RCFT boundary condition in the product
(G2)1 x SU(2)_1, which gives the coset result (3.47). On the other hand, we can take the
orientation reversal of the previous duality and tensor the resulting expression by (G2)1

which allows us to write

(G2)1 x SU(2)—3 = (G2)1 x (G2)—1 x SU(2)1. (3.58)

Then, by this duality, in the bulk theory (G2); x SU(2)_3 we are allowed to take as a
boundary condition a canonical SU(2); RCFT boundary condition for the SU(2); factor,
but the purely topological boundary condition for the factor (Ga); x (G2)_1 given by the

diagonal Lagrangian algebra. Recall this type of topological boundary is given by the G}./G}.
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2D TQFT, which has as many topological local operators as the G, WZW theory has chiral
primaries, with the same fusion rules as the G, WZW theory. The possibility of choosing
this “combined CFT-Topological” boundary condition explains both the degeneracy of two
in the torus partition function (3.49) as well as the precise Fibonacci TQFT factor in (3.50),
since (G2)1 has Fibonacci fusion rules.

Finally, we can tensor (3.58) by a SU(2)_1 factor to find

(G2)1 x SU(2)-1 x SU(2)—3 = (G2)1 X (G2)-1 x SU(2)1 x SU(2) -1, (3.59)

which allows us to set a purely topological boundary condition for (G9); xSU(2) -1 xSU(2)_3
by choosing the purely topological boundary in both the (G2); x (G2)_1 and SU(2); X
SU(2)_1 factors given by the corresponding diagonal Lagrangian algebras. Similarly, the
duality explains the resulting 2D TQFT (3.56) in the coset (G2)1/(SU(2)1 x SU(2)3), and
the corresponding torus partition function (3.55).

Now that we have convinced ourselves of the a priori generic appearance of non-abelian
anyon condensation in the context of level-rank dualities, we will explore more examples
where this phenomenon occurs. One such instance will be in the case of the conformal
embeddings, as hinted above. In [37] it was suggested that the failure of the “field identifica-
tion method” in the case of the Maverick cosets could be explained in terms of non-abelian
anyon condensation, and we use this observation to propose dualities by first inspecting the
resulting CF'T, checking directly via non-abelian anyon condensation as a statement in the
bulk TQFT, and then comparing different coset descriptions with the same TQFT data.
Finally, a proper physical interpretation of certain mathematical results outlined in the next
subsection will make manifest that non-abelian anyon condensation already appears even in
standard examples of the coset construction, such as in the well-known coset description of
the minimal models. We summarize the precise mathematical statements in Section 3.6.1.

Below in this section, we will first discuss in generality the main setup that describes
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the interplay between dualities and non-abelian anyon condensation, and then we consider
the concrete case of Maverick cosets since the underlying CFT (with single vacuum) is non-
trivial and it is most straightforward to repeat the arguments pertaining to the case of
gauging by an abelian one-form symmetry based on the boundary CFT. The case of the
conformal embeddings is slightly more complicated, so we discuss them later in Section 3.5.
Since they have vanishing central charge, it seems like applying analogous arguments would
lead to a rather trivial duality with the empty theory. This is indeed correct, but certain

mathematical arguments will allow us to find non-trivial dualities nevertheless.

3.3.1 The General Picture

To proceed further, we need to formalize the statements about the coset construction that
we have used to convince ourselves of the general necessity of non-abelian condensation.
The mathematical framework that we use that addresses such general scenario, and that is
behind the results discussed in this subsection, corresponds to the formalism of local modules
of special symmetric commutative Frobenius algebras described in [24]. To avoid a heavy
mathematical digression, we summarize the definitions and results in this language in Section
3.6.1, and in this subsection we approach such results from a physical point of view.

The main point is to unpack the results of [24] in the language of non-invertible one-form
symmetry gauging. According to this result, starting from the decomposition of an affine
Lie algebra, or more generally, a chiral algebra described by a MTC M in terms of a smaller

one described by a MTC M’ (as in (3.31)) we can write

M= (Cx M)A, (3.60)

where C is the MTC describing the coset theory and the quotient by A stands for some

one-form gauging that is not necessarily abelian, and under rather general conditions over A
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(see Section 3.6.1 for the more precise statement) we can “solve” for C and obtain the coset

MTC in terms of M and M’ as:

C = (MxM)/B, (3.61)

for some new one-form gauging B. The latter is what in the work of Moore and Seiberg [2]
was identified as the common center of the affine Lie algebras. However, notice that from
the current point of view we have no reason to believe that this is generally the case. Indeed,
the conformal embeddings and Maverick cosets are explicit counterexamples to the common
center rule, but they are still comfortably described by (3.61) when we allow for non-invertible
anyon condensation.

The previous is the situation found more often, but when the general conditions over A
are not strictly fulfilled a mild variation of the previous theorem still holds. Namely, there

exist (generically non-invertible) one-form symmetries 77 and 75 such that:

C/Ti = (M x M)/Ts. (3.62)

Essentially, what the conditions over A do is to ensure that the chiral algebra described
by C in (3.60) already appears “extended,” as otherwise the latter form of the theorem will
perform the extension in any case.

We may consider our previous SU(2); x SU(2)3 — (Ga)1 example from this point of
view. Taking M = (G9)1, we can take M’ to be SU(2); or SU(2)3, with C the remaining
factor. When M’ = SU(2)1, B is trivial, and (3.61) reproduces (3.7). When M’ = SU(2)s3,
however, the previous formalism allows B to be non-trivial and non-invertible. As a result,
(3.61) readily reproduces (3.12), which we previously reproduced by cleverly manipulating
the factors. Equations (3.60) and (3.61) represent the abstract form of such manipulations,

and hold for general MTCs.
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An Interesting Corollary

Now, we notice the following rather interesting corollary of Egs. (3.60) and (3.61). That
is, from the CFT perspective, (3.60) may be interpreted as the existence of some branching
rules (3.31) for M in terms of the M’ data. But on the TQFT perspective by itself, it means
that not only we can obtain C in terms of M and M’ via (3.61) ~which is the standard form
of the coset construction— but that we can write M in terms of the coset C and M’ after
some one-form symmetry gauging. The gauging is generically by a non-invertible symmetry,
even if the gauging by B in (3.61) is abelian and given by the common center. Because of
this inversion property between (3.60) and (3.61), we refer to such expressions as the “coset
inversion formulas” or “coset inversion theorem” in the following.

To illustrate this coset inversion theorem, we may consider the standard coset description
for minimal models (SU(2), x SU(2); x SU(2)_g_1)/Zo. By the formulas above, we expect

that SU(2);, x SU(2)1 can be written in terms of the k-th minimal model as

M(k+ 3,k +2) x SU(2)pm1

SU(2); x SU(2); = 7

(3.63)

for some generically non-invertible gauging A, where M (k + 3,k + 2) stands for the k-
th minimal model with & = 1 the Ising model. As a check, it is readily shown that the
combination of the (1,3) primary” in the M (k + 3, k +2) minimal model and the line in the
adjoint representation in SU(2);1 are such that hjl\é(k+3’k+2) + th(Q)k“ =k+1/(k+
3) +2/(k + 3) = 1, so the product line for any k is a boson that is generically non-abelian.
For k = 1 the gauging on the right-hand side by this combination is a standard abelian Zo
gauging. However, already at £k = 2 it can be seen that the gauging generically involves

a non-invertible boson. It is amusing to check that this is indeed the case —so that (3.63)

holds— which we verify in Section 3.4.2 below by a direct computation on non-abelian anyon

9. As usual, we have denoted primaries in minimal models as pairs (r, s) in the Kac table [5].
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condensation.

3.3.2  Maverick Cosets and Dualities

In this section we provide some explicit proposal of dualities involving non-abelian anyon
condensation based on the many observations that we have made previously in this work.
The case of the conformal embeddings is treated separately in Section 3.5.

In the following we will need the explicit expression for the Maverick cosets. The list of

Maverick cosets known to date [35,36,87,105] and their central charges is:

SU (k) _2(k-1)
Spin(k)y’ T Tkt2 (364
Spin(2N)o c=1, (3.65)

Spin(N)g x Spin(N)y’

(Eg)2

USp(16)’ c=06/T, (3.66)
5(5(752 ¢ =T7/10, (3.67)
s;fn—%’ c=1/2, (3.68)
SU<2(>;EB>32( E7)y’ ¢ =T7/10, (3.69)
SU(2>2(5 7S>;m(12)2’ ¢ =8/10, (3.70)
55(—(24))110’ c=1/2, (3.71)
?Ui?—g;;, ¢ = 17/10. (3.72)

It is straightforward to check that for the Maverick cosets G}./H j. above there is indeed a
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non-abelian boson in the spectrum of the associated Gy, x H_j TQFT.

First Family of Maverick Dualities

As a warm-up, let us start considering the simplest example of a Maverick coset corresponding

to the k = 3 case in the first infinite family of Maverick cosets (3.48):

SU(3)9/SU(2)s, (3.73)

where we have used the exceptional isomorphism of chiral algebras Spin(3);, = SU(2)q;. [8]-
The central charge of such coset is ¢ = 4/5 meaning it could in principle be the Tetracritical
Ising Model or the three-state Potts model (TSPM). Fortunately, already in [35, 36] from
an analysis of the branching rules it was noticed that the result actually corresponds to the
TSPM, which is known to allow for other coset descriptions. For instance, SU(2)3/U(1)g,
or (SU(3)1 x SU(3)1)/SU(3)a are coset description that reproduce the TSPM [5].
Translating to TQFT then by the rules of [2], we observe that both of the standard cosets

SU(2)3/U(1)g, or (SU(3)1 x SU(3)1)/SU(3)9 translate to the TQFTs

SU((2)3 x U(1)_g SU(3)1 x SU(3)1 x SU(3)_9
7 , oOr Zs (3.74)

respectively, both of which are readily seen to match the spectrum of the TSPM after ap-
plying the three-step gauging procedure |2|. However, translating the Maverick coset version
of the TSPM to TQFTs is not so straightforward. Obviously, SU(3)2 x SU(2)_g has too
many lines to identify it by itself with the TSPM, so we must gauge some lines away in
order to make them coincide. However, SU(2) and SU(3) have a trivial common center, so
it does not seem possible to use the standard gauging procedure of |2] to do so. Notice that

SU(3)9 x SU(2)_g does have a non-trivial abelian boson in its spectrum; namely (1,8), 1

10. Here and below we have used our notation of denoting a line in SU(3); by the dimension of its
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but gauging it gives SU(3)g x SO(3)_4, which is also does not match the spectrum of the
TSPM.

The solution to this conundrum, of course, is that SU(3)9 x SU(2)_g has yet another non-
trivial boson in its spectrum: (8,4), and it is a non-abelian one! Clearly, we can now attempt
to condense it in order to reproduce the spectrum of the TSPM. It goes without saying, the
non-abelian anyon condensation calculation indeed reproduces the spectrum of the TSPM.
The prior calculation was done in [37] as a test example of the formalism of non-abelian anyon
condensation. Instead, later in Section 3.5.2 we will provide an alternative argument based
on exceptional conformal embeddings that simplifies the calculation considerably, on top
of relating quite directly this Maverick coset with conformal embeddings and the standard
arguments for level-rank duality.

In summary, (3.73) and (3.74) are three different coset descriptions for the same underly-
ing 3D TQFT (i.e., we have found three different Chern-Simons-like descriptions of the same
underlying MTC data), two of which are rather standard and one which involves non-abelian
anyon condensation. Since all of these descriptions describe the same underlying theory, we
can now relate all the previous Chern-Simons-like descriptions of the TSPM to one another,

obtaining the dualities:

SU(3)y x SU(2)_g ~ SU(2)3 xU(1)_g . SU(3)1 x SU(3)1 x SU(3)_9
As a 2 Z3 ’

1%

(3.75)

where the first of these involves non-abelian anyon condensation by the algebra object A3 =
(1,0) + (1,8) + (8,4). Of course, starting with these expressions we can now attempt to
“make the dualities proliferate” by gauging zero-form or one-form symmetries on either side,
turning-on background fields possibly with discrete torsion, coupling to spin structure or
combining these dualities with previously known ones, etc. We do not attempt this here,

and we set it aside for future work.

representation in bold letters, and a line in SU(2); by the standard integer i = 0,1, ... k.
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This example can be generalized to the complete first infinite family of Maverick cosets
(3.64) noticing that the central charges match those of the parafermion CFTs [5,81], so it is
natural to suggest that this infinite Maverick family reproduces the parafermions. Indeed,
the three-state Potts model corresponds to the Zs parafermion, so we could have foreseen
the previous results by merely matching the central charges to that of the parafermions.

The parafermions also have two standard coset descriptions given by the SU(2)/U (1),
or (SU(k)1 x SU(k)1)/SU(k)a cosets [5], which generalize the cosets of the TSPM above.
Using the same arguments (although now with lack of a general calculation valid for any k),

we expect the infinite family of dualities

SU(k)a x Spin(k) 4 _ SU2), x U(1)_op _ SU(k)1 x SU(k)1 x SU(k)
Ap Lo B Ly,

Il

., (3.76)

for some suitable algebra object A;. on the left-hand side. For k = 3 this reproduces the

result for the TSPM above.

Second Family of Maverick Dualities

We study now the second infinite family of Maverick cosets (3.65). Since the value of the
central charge is one there are now two natural possibilities for such infinite family: either
an infinite family corresponding to the free boson branch of ¢ = 1 RCFTs, or an infinite
family corresponding to the orbifold branch of ¢ = 1 RCFTs.

To decide for one of these families, we will have to perform an explicit calculation in
the simplest case of the second infinite family of Maverick cosets (3.65), corresponding to
N = 3. For the sake of presentation, we do not perform this calculation here but show
this computation in Section 3.4.3 below. The calculation shows that for N = 3, the result
of the non-abelian anyon condensation is actually the orbifold of U(1)g, which we denote

U (1)((5)rb. Based on this result, we conjecture that after some condensation of non-abelian
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bosons, the first infinite family of Maverick cosets leads to the orbifold branch of ¢ = 1
RCFTs. This suggests the following dualities between theories at the orbifold branch and

Chern-Simons-like theories based on Spin groups:

Orb ~ SPin(2N)g x Spin(N)_g x Spin(N)_9
U(l)QN - BN

(3.77)

for some suitable algebras Bp;. The case we will verify explicitly below corresponds to N = 3,
and it is straightforward to check that in the cases N = 1 and N = 2 the formula still holds.

A quick argument in support of the previous proposal that does not rely on going through
the whole computation in Section 3.4.3 is given as follows. We can use the exceptional

isomorphisms of chiral algebras

Spin(3)y, = SU(2)op . (3.78)
Spin(4)y, = SU2);, x SU(2)y . (3.79)
Spin(6)), = SU(4)y., (3.80)

to massage the expression for the Maverick coset (3.65) at N = 3 in the following way:

Spin(6)g x Spin(3)_o x Spin(3)_9 = SU(4)9 x SU(2)_4 x SU(2)_4 (3.81)

~ SU(4)9 x Spin(4)_y. (3.82)

That is, using the exceptional isomorphisms of chiral algebras we have written the Maverick

coset (3.65) at N = 3 as the Maverick coset in the first infinite Maverick family (3.64) at

k = 4. This is the next example in such family after the TSPM at k£ = 3 studied above.
Let us assume now that the first infinite family of Maverick cosets (3.64) is given by

the parafermion CFTs, as pointed out above. Then, the Z4 parafermion can actually be
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identified with the U (1)8 ™ orbifold CFT [5], and we have the explicit result

U(1)0 = SU(4)2 x Spin(4)—y4 , Spin(6)2 X Spin(3) g x Spin(3)—2

I

(3.83)

for some appropriate algebra objects A4 = B3. In Section 3.4.3 below we will verify this
statement by a direct computation on non-abelian anyon condensation. Naturally, since this
specific case turns out to be a parafermion, we can actually further identify (3.83) with the

other Chern-Simons-like expressions on Eqn. (3.76) for k = 4.

[solated Maverick Dualities

We now study a few of the isolated Maverick cosets (3.66)-(3.72), all of which have ¢ < 1
and thus correspond to some (possibly non-diagonal) minimal model. The simplest of these
is an interesting example leading to the Ising TQFT:

SU(4)1 x SU(2)-10
A )

Ising TQFT = (3.84)

for some appropriate algebra object A. We verify this example by a direct computation in
Section 3.6.2. The Maverick coset (3.68) similarly leads to the Ising model and can also be
checked by an explicit calculation.

Minimal models, and in particular the Ising model, have many (standard) coset descrip-
tions. Using these many descriptions, and equating them to the Maverick result above we
obtain many instances of dualities involving a gauging by a non-invertible symmetry. Ex-

plicitly, for instance:

SU(4)1 x SU(2)_19 , (Eg)2 x Spin(16)_9 ~ SU(2)1 x SU(2)1 x SU(2)_2

A - A’ N 2
gSU(2)222U(1)_4 = (Eg)1 X (Eg)1 % (Eg)—2 & Uoph SU(ZQQ)_l - SU(Q)_l’ (3.85)
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for some appropriate algebra objects A and A’.
We can play a similar strategy with the Tricritical Ising TQFT, which also has many
(standard) coset descriptions as well as three Maverick descriptions, (3.67), (3.69), and (3.72).

Following the same steps, we obtain:

Spin(7)1 x SU(2) 28 ., (Eg)2 x SU(2)—2 x (E7)—2 ., (E7)2 X SU(8)_2

>~ >~

A A A"
~SU(2)2 % SUg)l x SU(2)-3 o, (E7)1 X (EZl B2 & () x Spin(9)_y.
2 2
_USp(6)1 x USp(4) 1 x SU2)_1 . SU(3)s x SU(2)_3 x U(1) 13
~ S , (3.86)
) Zg

for some appropriate algebra objects A, A’, A”. The last case is notable since the gauging
is by an abelian anyon, but it cannot be interpreted as a common center. Rather it is a

quantum one-form symmetry present due to the specific Chern-Simons levels.

3.4 Explicit Checks via Non-Abelian Anyon Condensation

In this section, we present a detailed description of some computations involving non-abelian
anyon condensation, specifically with the aim of providing a non-trivial check of the dualities
claimed above.

First, we summarize some consistency conditions that will allow us to pin down the re-
sulting theory after non-abelian anyon condensation. We follow the heuristic rules of [37] for
this purpose. Non-abelian anyon condensation was formalized in [52], but the rules of [37]
are more useful for practical calculations. Following the logic of the three-step gauging pro-
cedure reviewed in Section 3.1, we aim to obtain the spectrum and topological spins of the
anyons in the gauged theory without working out the full MTC data. The rules of [37] enable
this approach. In successive subsections, we consider many explicit examples of interest. In

the following, we refer as parent theory to the original theory before condensation/gauging,
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and as child theory to the one obtained after condensation/gauging. For obvious reasons, we
also refer to the parent and child as uncondensed and condensed theories, respectively. As
in the case of standard gaugings of abelian anyons (one-form global symmetries) only bosons
can condense, paralleling the fact that for abelian anyons the topological spins capture the

‘t Hooft anomalies [6,10,34].11

When we perform anyon condensation, the simple anyons of the parent theory are gener-

ically split into many terms associated with excitations in the child theory:
a— Zn?ai, n;¢ € N. (3.87)
)

It is useful at this intermediate stage to distinguish between genuine line operators, and non-
genuine line operators which necessarily arise at the end of topological surface operators [110].
Below we often refer to genuine line operators as unconfined excitations, and non-genuine line
operators as confined. Shortly we will see how to differentiate between confined excitations
and unconfined ones on the right-hand side of a restriction.

The labels a; on the right-hand side of (3.87) do not necessarily correspond to genuine
line operators in the child, and furthermore, many labels a; corresponding to different anyons
a in the parent theory do not necessarily correspond to different excitations in the child the-
ory. Below we will write certain consistency conditions for non-abelian anyon condensation,
and imposing such conditions may imply identifications between these many labels. In the
12

following, we will refer to the decomposition (3.87) as the restriction of the anyon a.

We call the different elements a; on the right-hand side of the restriction (3.87) the

11. Relatedly, commutative algebras in a MTC decompose necessarily in terms of simple anyons with trivial
topological spin. In particular then, special symmetric commutative Frobenius algebras decompose in terms
of simple anyons with trivial topological spin.

12. In this context, some references refer to the splitting a — ) . n,%a; as “branching”. We avoid this
terminology to prevent confusion with the a priori different concept of branching rules of affine Lie algebras.
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components of the anyon a in the parent theory. When an anyon a restricts to a single label
with unit multiplicity on the right-hand side (i.e., it does not “split”), we abuse notation and
call the corresponding component on the right-hand side a as well. When the latter happens,
the corresponding (non-necessarily genuine) line operator in some sense “descends trivially”
from the parent theory. We adopt the previous nomenclature in the next subsections.

We assume that when we condense non-abelian anyons, the resulting theory has fusion
rules fulfilling the following standard requirements: associativity, existence of a unique vac-
uum, and existence of unique conjugate representations with a unique way to annihilate to
the vacuum. Additionally, condensation is subject to the following rules [37]:

1) A sector that condenses has a component that is indistinguishable from the vacuum

sector in the condensed phase. Specifically:
c— (1 =0)+ Z”ic% n;¢ € N, (3.88)
1>1
where we assume the vacuum component to have multiplicity one.

2) We require fusion of the old and new labels to be compatible with the restriction, i.e.,

restricting to the resulting theory and fusion must commute:

axb= Z Noc = (Z niaai) X (Z njbbj> = Z Noynicg. (3.89)
c ) j c,k

Additionally, if @ and a are conjugates to each other in the parent:
a— Zniaai = a— Zniaai. (3.90)
1 )

In order for these compatibility conditions to hold, it may be necessary to identify two
different labels a; and b; on the right sides of the restrictions of two anyons a and b in the

parent.
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As a consequence of these assumptions the quantum dimensions are preserved under

restriction:

a— anab = dy = Znabdb, (3.91)
b b

which will be a crucial tool below when doing explicit computations.

3) Confined and deconfined excitations ¢; are distinguished by their lift to anyons ¢ in the
parent theory. If the set of all the components that we identify to a certain ¢; lift to anyons
in the parent theory that do not all have the same topological spin, the corresponding c;
confines and thus it does not correspond to a simple object in the MTC data describing the

condensed theory.

3.4.1 Checking the SU(2)1 = ((G2)1 x SU(2)_3)/Z(Fib) Duality

In this first check we analyze the straightforward example described in Section 3.1.1 and
Section 3.3 through direct, in-depth computation of non-abelian anyon condensation.

The spectra of (Gg)1 and SU(2)3 are given in Tables 3.1 and 3.2 respectively. We call ¢
the only non-trivial anyon of (G2)1, which obeys Fibonacci fusion rules. SU(2); for general
k consists of k 4 1 lines labeled from 0 to k£, and with fusion rules given by

min(Ay+Ag,2k—A1—A9)
A x Ay = > A, (3.92)

A=|A1—As|
where the sum is restricted such that A1 + A9 — A is even. We denote the lines in (Gg)1 X
SU(2)_3 in the obvious way: (0,4) and (¢,¢) with ¢ =0,1,2, 3.
It is easy to check that there is only one non-trivial boson (¢,2) in the spectrum of
(G2)1 x SU(2)_3, and it is non-abelian. Let us assume that such anyon can condense, which

is the statement that

1+
2

=

(¢7 2) — 0+ (¢7 2)27 d(¢’2)2 = (393)
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(G2)1
Line label Quantum Dimension | Conformal Weight
0 dy=1 hg =0
¢ d¢ = #5 h¢ =2/5

Table 3.1: (Gg);1 data. In the table and in the text ¢ denotes the unique non-trivial line of
(G2)1 with Fibonacci fusion rule ¢ x ¢ = 0 + ¢.

The simplest way to see that on top of 0 there must be a single further label on the right-
hand side of (3.93) is to check the conservation of the quantum dimension. Since dg = 1, the
remaining quantum dimension is #5, which is too small to allow a splitting. For future

reference, another method to check that only a single line is allowed on top of 0 in (3.93) is

to inspect the fusion of (¢, 2) with itself:
(,2) x (¢,2) =(0,0) +(0,2) + (¢,0) + (¢,2) — 0+0+ ..., (3.94)

where the arrow means that we have taken the restriction of the anyons on the right-hand
side of the equality, and since (¢, 2) condenses, a vacuum arises on the right-hand side. This
means that we need (¢,2) to split into two components on the left-hand side. Since one
of them is the vacuum 0 by assumption, the other one must be a single line with quantum
dimension #5 Furthermore, since the vacuum 0 is self-conjugate, we deduce that (¢, 2)
must also be self-conjugate.

We also observe that all anyons of the form (0,7) cannot split, since they do not have

large enough quantum dimension. Similarly, the anyons (¢, 0) and (¢, 3) cannot split.

SU(2)3
Line label Quantum Dimension | Conformal Weight
0 dop =1 hg =0
1 dy = L/ hy = 3/20
P dy = 113/5 he = 2/5
3 ds =1 hs =3/4

Table 3.2: SU(2)3 data.
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We can deduce the fate of (¢, 2)9 upon condensation by studying its fusion with (0, 2):
(0,2) x (¢,2) = (¢,0) + (¢,2) — 0+ ... (3.95)

This implies that (0,2), which we already deduced does not split, is conjugate with one
component of (¢,2). But (0, 2) is self-conjugate and it cannot be identified with the vacuum,
since it has neither the appropriate quantum dimension, nor the spin to condense. Therefore,
we must identify (0,2) = (¢, 2)2. Now, note that (¢, 2)9 lifts to (¢, 2) while (0, 2) in the child
theory lifts to (0, 2) in the parent theory, but (0,2) and (¢, 2) have different topological spins,
so it follows that (0,2) = (¢, 2)9 confine. A completely analogous argument shows that (¢, 0)
belongs in the restriction of (¢,2) and we have the identification (¢,0) = (¢,2)2 = (0, 2).
Since (¢, 1) has sufficient quantum dimension to split we must check if it does. Computing

its self-fusion:
(¢,1) x (¢,1) = (0,0) + (0,2) + (¢,0) + (¢,2) — 0+ 0+ ..., (3.96)

we deduce that it splits into two components (¢,1) — (¢,1)1 + (¢, 1)a.
Now that we know the splitting pattern we have to assign quantum dimensions. It is

straightforward to check that
(¢,3) x (¢,1) = (0,2) + (¢,2) — 0+ ..., (3.97)

implies that (¢, 3) belongs in the restriction of (¢, 1) since (¢, 3) is self-conjugate, and since
digzy = (1+ v/5)/2, by conservation of the quantum dimension it must be that the other
component of (¢, 1) has unit quantum dimension. That is, d(4 1), = (1++/5)/2 and dig 1), =
1.
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From the fusions

(0,1) x (¢,1) = (¢,0) + (¢,2) — 0+ ..., (3.98)

(0,3) % (¢,1) = (¢,2) — 0+..., (3.99)

we deduce by similar arguments as above that (0,1),(0,3) € (¢,1). From the quantum
dimensions d(g 1y = (1 + v/5)/2 and d(p,3) = 1 we obtain that there is a single way to fit
(0,1) and (0, 3) in the restriction of (¢, 1), implying the identifications (¢, 3) = (¢,1); = (0,1)
and (¢, 1)9 = (0, 3).

All in all, we obtain the condensation pattern:
(0,0) = (0,0), (0,1) = (0,1), (0,2) = (0,2), (0,3) = (0,3),

(¢,0) = (0,2), (¢,1) = (0,1)+(0,3), (4,2) =0+(0,2), (¢,3) = (0,1),

from which it is straightforward to check that only (0,0) and (0,3) lift to anyons in the
parent that have common topological spin and thus do not confine. They also have the

correct fusion rules, spins and quantum dimensions to match those of SU(2)1, as expected.

3.4.2  Checking the SU(2); x SU(2), = (M (5,4) x SU(2)3) /A Duality

In this subsection we check the coset inversion formulas (3.60)-(3.61) observed on mathe-
matical grounds in Section 3.3.1. Specifically we consider the example given in Eqn. (3.63),

and check that

Mk + 3,k +2) x SU2)ps1
A )

SU(2);, x SU(2)p = k> 1, (3.100)
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Tricritical Ising Model M(5,4)
Line label Quantum Dimension | Conformal Weight
0 dy=1 hg =0
g dg - #5 hg - 1/10
8, dEI = %5 h&-/ = 3/5
8” dE” =1 hE” = 3/2
o dy = V2(11505) he = 3/80
0, do" = \/§ ho" = 7/16

Table 3.3: Data of the Tricritical Ising Model.

in the case £ = 2. When k£ = 1 the gauging is abelian and the expression is easily checked
by the three-step gauging rule [2,34]. The case k = 2 is more interesting, since the gauging
is by a non-invertible one-form symmetry.

When k =2, M(5,4) corresponds to the Tricritical Ising Model, whose spectrum can be

found in Table 3.3. Its non-trivial fusion rules are

e xe =0, €' Xeg =g, €' Xe=¢, € Xo=0, € X0 =0,
(3.101)
g xe =04¢, fxe=c+e", éxo=0+0, xo =0, (3.102)
exe=0+¢, éxo=0+0, exd =o, (3.103)
oxo=0+ec+e 4+ oxo=c+e, o xo =0+ (3.104)

Meanwhile, the spectrum of SU(2)3 and that of the expected result SU(2); x SU(2)y are
shown in tables 3.2 and 3.4 respectively. Their fusion rules are easily derived from Eqn.
(3.92). In the following we denote the anyons in the obvious way as in the product M (5,4) x
SU(2)s.

We start noticing that in the product M(5,4) x SU(2)3 there is a single boson (¢/,2),
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and it is non-abelian. Then, condensing (¢, 2) is the statement that we have the splitting
(£',2) = 0+ (¢/,2)9, (3.105)

with d(.s 9y, = (1 + v/5)/2 by conservation of the quantum dimension, so (¢’,2) cannot split

further.

Now notice that the following pairs of anyons

{(0,0),(,2)}, {(".3), (1)}, {(0,3), (0, 1)},
{(e",0),(0,2)}, {(",0),(c,2)}, {(0,3), (", 1)} (3.106)

share the same topological spins as the anyons in SU(2); x SU(2)9, respectively in the
same order as shown in Table 3.4. Based on this observation, consider the second pair
{(¢",3),(g,1)} (since the first pair is basically the condensing boson), and study the fusion

rules in this pair:

(e,1) x (g,1) = (0,0) + (0,2) + (¢/,0) + (¢/,2) — 0+ 0+... (3.107)
(£".3) x (e,1) = (¢/,2) — 0. (3.108)
SU(2)2 X SU(2)1
Line label Quantum Dimension | Conformal Weight
( ) ) d(0,0) =1 h(O 0) = 0
(0,1) dio,1) = ho1) =1/4
(1,0) d(l,O) =2 h(l,O) = 3/16
(1,1) d1,1y = V2 h(1,1) = 7/16
(2,0) d(2,0) =1 h(270) =1/2
(2,1) d(2,1) =1 h(2,1) =3/4

Table 3.4: SU(2)2 x SU(2)1 Data

o6



The first fusion rule tells us that (e,1) splits in two, while the second one implies that

(€”,3) € (,1). So, we have the splitting

(g,1) = (£",3) + (¢, 1)o. (3.109)

Using the same arguments, same conclusions follow for each of the pairs mentioned above;
namely, the second anyon in a pair splits in two, and one of its components corresponds to
the first anyon in the same pair.

Checking for confinement given this structure is now easy. Take for example the anyons

(¢/,0) and (0,2) and consider their fusion with (¢/,2):

(',0)x (€,2) =(0,2) + (¢/,2) — 0+ ..., (3.110)

(0,2) x (¢/,2) = (,0) + (¢/,2) — 0+ .... (3.111)

This means that (¢/,0),(0,2) € (¢/,2), and it is easy to see that there is only one way to

match quantum dimensions with the restriction (3.105). We must have the identification

(0,2) = (¢/,0) = (¢/,2)o. (3.112)

Clearly, all these excitations lift to anyons of different topological spin in the parent theory,
so we deduce their confinement in the child theory.

A similar argument runs for the remaining excitations. That is, for any anyon not listed
in (3.106) we can find an anyon that appears second in a pair of (3.106) such that from their
fusion we can deduce that the former anyon belongs in the restriction of the latter anyon.
This implies the confinement of all excitations, except for those that appear in the first entry
of the pairs in (3.106), which exactly matches the spectra of SU(2)y x SU(2)1 shown in

Table 3.4, as desired.
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SU(4)2
Line label Quantum Dimension | Conformal Weight
1 d1 =1 h1 =0
20/ dogr = 1 hog = 1
10 digp =1 h1o = 3/4
4 dg =3 hg =5/16
20 doo = V3 hao = 13/16
20 dog = V3 hag = 13/16
4 dg =3 hg =5/16
15 dig =2 h15:2/3
6 dg =2 he = 5/12

Table 3.5: SU(4)2 data.

3.4.8 Checking the U(1)Q™ = (SU(4)y x Spin(4)_4)/ A Duality

This is an important example of a Maverick coset which we will verify upon non-invertible
anyon condensation gives a theory on the orbifold branch of ¢ = 1 theories; namely, the
orbifold of the U(1)g free boson, which we denote U (1)grb. This allows us to write the

following Maverick duality of Chern-Simons-like theories:

U(1)gr = SUM) Xgipm<4)_4, (3.113)
for some appropriate gauging by an algebra object B3 that we write below. This example
was studied in Section 3.3.2 above, as the first example in the second infinite family (3.65)
of Maverick cosets.

To check this example, we follow similar manipulations as in previous examples. The
spectrum of SU(4)y is shown in Table 3.5, and the subset of the fusion rules that we will
use below can be described as follows. The line 10 generates a Z4 symmetry such that we

have the orbits

102=20, 10°=10, 10x15=6, 10 x6 =15, (3.114)
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10x4=20, 10x20=20, 10x20=4, 10x4=4. (3.115)
The line 15 will be important and is such that
15x 15 =1+15+ 20" (3.116)
Finally, we will also need the fusion
4x4=1+15. (3.117)

Other fusion rules may be found using the Kac software program [111|. The spectrum of
SU(2)4 is shown in Table 3.6, whose fusion rules can be read-off from Eqn. (3.92). In this
subsection we write (R, 4, j) where R labels the line in representation R of SU(4), and the
i,j = 0,...,4 labels the corresponding line in the SU(2)_4 factor. The 10, 20’, and 10
act as simple currents, so if we understand the fate of (1,4, ), (15,4,7), and (4,4, j) upon
gauging/condensation we can deduce the rest by acting with such simple currents. For future
reference, the spectrum of U (1)%)1"b is presented in Table 3.7.

In the product SU(4)g x SU(2)_4 x SU(2)_4 we have a set of eight abelian bosons

(1,0,0), (1,0,4), (1,4,0), (1,4,4),
SU(2)4

Line label Quantum Dimension | Conformal Weight

0 dy=1 hg =20

1 d; = V3 hi1=1/8

2 dog =2 ho =1/3

3 ds =3 hy =5/8

4 dy =1 hgy=1

Table 3.6: SU(2)4 data.
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Uu)%)rb
Line label Quantum Dimension | Conformal Weight
0 dop =1 hog =0
1 di=1 h1 =3/4
2 dop =1 ho =1
3 ds =1 hs =3/4
4 dg =2 hgy =1/12
) ds =2 hs =1/3
6 dg =3 he = 1/16
7 d7 =3 hy =9/16
8 dg =3 hg = 9/16
9 dg =3 hg =1/16

Table 3.7: U(1)$™ data.
(20,0,0), (20°,0,4), (20, 4,0), (20, 4,4),
and a set of five non-abelian bosons
(10,1,3), (10,3,1), (10,1,3), (10,3,1), (15,2,2). (3.118)

We first show that (10, 1,3) cannot condense. To show this let us assume it does and find

an inconsistency. Consider the fusion
(10,1,3) x (10,1,3) = (1,0,0) + (1,0,2) + (1,2,0) + (1,2, 2), (3.119)

which shows that (10,1,3) and (10,1,3) are conjugates in the parent theory, so if one
condenses and splits so does the other. If (10,1,3) condenses it necessarily splits since
d(10,1,3) = 3, but this is inconsistent with (3.119) since there are no non-trivial bosons in the
right-hand side. It follows that (10, 1,3) cannot condense. By a similar argument (10, 1, 3),
(10,3,1), and (10, 3,1) do not condense.

The only non-abelian boson that we can potentially condense is therefore (15,2,2). But
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notice that we cannot condense all abelian bosons on top of this non-abelian one, since
(15,2,2) x (15,2,2) = All abelian bosons + (15,2,2) + ..., (3.120)

and the quantum dimension of (15,2,2) is d(15,272) = 8, meaning that it can split into at
most eight labels. However, we have eight abelian bosons, so if all abelian bosons condense
on top of (15,2, 2) we find nine vacua on the right-hand side of the previous fusion, leading
to an inconsistency.

For the sake of presentation let us first take as condensing bosons
(1,4,4) — 0, (20/,0,4) =0, (20',4,0) =0, (15,2,2) =0+..., (3.121)
or mathematically, the algebra object Bg given by the non-simple anyon
B3 = (1,0,0) + (1,4,4) + (20",0,4) + (20,4,0) + (15,2,2), (3.122)

and check that gauging gives rise to the spectrum of the U (1)grb. After that we will see
that other options are not consistent.

Notice that since (1,4,4) — 0 condenses, the lines of the form (1, a,b) arrange according

SO(4)4

Line label Quantum Dimension | Conformal Weight
(0,0) d(0,0) =1 h(0,0) =0

(0,4) = (4,0) d(0,4) =1 h(0’4) =1

(2,0) = (2,4) d(2,0) = 2 hia,0) = 1/3

(1,1) = (3,3) d(l,l) =3 h(l,l) =1/4

(1,3) = (3,1) di13)=3 hi,3) = 3/4

(0,2) = (4,2) d(0,2) =2 h(0,2)) =1/3
(2,2)1 d(2,2), =2 h2,2), =2/3
(2,2)9 d(2,2)2 =2 h(2’2)2 =2/3

Table 3.8: SO(4)4 data.
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to the gauging of Spin(4)4 down to SO(4)4. We will use this fact repeatedly later, so for the
reader’s convenience, we have summarized the spectrum of SO(4), in terms of the lines of the
parent in Table 3.8. Entries that do not appear there confine, in accordance with the gauging
of Spin(4)4 to SO(4)4. The theory SO(4)4 can be understood easily from the three-step
gauging rule [2,34], so we do not reproduce such details here. Notice that although the lists
of anyons in Table 3.8 do not confine in SO(4)y4, their associated lines of the form (1, a, b) in
the current example may still confine because there could be additional identifications that
imply their confinement.

To study how (15,2, 2) restricts we study the fusion with anyons of the form (1,a,b)

with a and b even:

(15,2,2) x (1,0,2) = (15,2,0) + (15,2,2) + (15,2,4) (3.123)
(15,2,2) x (1,2,0) = (15,0,2) + (15,2,2) + (15,4,2) (3.124)
(15,2,2) x (1,0,4) = (15,2,2) (3.125)
(15,2,2) x (1,2,2) = (15,0,0) + (15,0,2) + (15,0,4) (3.126)

+(15,2,0) + (15,2,2) + (15,2, 4)

+(15,4,0) + (15,4,2) + (15,4, 4).

From the condensation of Spin(4)4 to obtain SO(4)4 we know that (1,2,0), (1,0,2) and
(1,2,2)1 are not identified with each other. For instance, if we assume (1,0,2) and (1,2,0)

identify, we obtain that

(1,0,2) x (1,0,2) = (1,0,0) + (1,0,2) + (1,0, 4), (3.127)
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and

(1,0,2) x (1,2,0) = (1,2,2) (3.128)

would imply that (1,2,2) condenses, which is not possible since (1,2,2) does not have the
correct topological spin to do so.

The set of fusions (3.123)-(3.126) upon restricting (15,2, 2) on the right-hand side imply
that (1,0,2), (1,2,0), (1,0,4), and one component of (1,2,2) must belong to the restriction
of (15,2,2).13 Using also the previous argument that (1,0,2), (1,2,0), and (1,2,2) cannot

identify with each other, we obtain that the restriction of (15,2,2) takes the form

(15,2,2) — 0+ (15,2,2)2 + (15,2,2)3 + (15,2,2)4 + (15,2,2)s, (3.129)
with
(15.2,2)7 = (1,0,4) = (1,4,0), dg g4y =1, (3.130)
(15,2,2)3 2 (1,0,2) = (1,4,2), d(z9) =2, (3.131)
(15.2,2); = (1,2,0) = (1,2,4), dg90) =2, (3.132)
(15,2,2)5 = (1,2,2)4, d(1,272)1 =2, (3.133)

with no further splittings since we have saturated the conservation of quantum dimension. In
the restriction above we had to make a choice between (1,2, 2)1 or (1,2,2)9 to appear in the
restriction of (15,2,2). Since in SO(4)4 the lines (2,2); and (2,2)9 are symmetric between
each other, the choice is actually immaterial, and by definition we have chosen (1,2,2); to
be the one appearing in the restriction of (15,2,2).

In passing, let us note that now (1,0,2), (1,2,0), and (1,2,2); have an additional lift

13. Tt is straightforward to check by computing self-fusions that (1,0,2), (1,2,0), (1,0,4) do not split.
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to (15,2,2), which implies that while (1,0, 2), (1,2,0), and (1, 2,2); were unconfined in the
SO(4)4 theory, in the current example they confine.
Next let us show that (10,3, 1) confines. This is easily seen by acting with our condensing

abelian bosons:

(1,4,4) x (10,3,1) = (10,1, 3) (3.134)
(20',0,4) x (10,3,1) = (10, 3, 3) (3.135)
(20',4,0) x (10,3,1) = (10, 1,1). (3.136)

Using that the abelian bosons condense, we deduce the identifications (10, 3,1) = (10,1, 3) =
(10,1,1) = (10, 3,3). From this is easy to see that (10,3,1) and the rest of the labels on

the list confine. A completely analogous argument allows us to deduce the identifications

(10,1,1) = (10,3,3) = (10,1,3) = (10,3, 1), (3.137)
(1,1,1) = (1,3,3) = (20',1,3) = (20',3,1), (3.138)
(1,1,3) = (1,3,1) = (20/,1,1) = (20',3,3), (3.139)

from which in turn we can deduce the corresponding confinement of all the labels in the lists
above. The remaining anyons of the form (1,4, j) that we have not treated here all confine,
as they already confined as (7, 7) in SO(4)4.

In summary, the anyons of the form (1,4,7) that do not confine are (1,0,0), (1,0,4),
and (1,2,2)9. It is straightforward to see that they match the anyons labelled by 0, 2 and 5
respectively in Table 3.7 showing the spectrum of the U (1)grb theory, both in their conformal
weight as in their quantum dimensions. As another check, the fusion rules for these lines in

the orbifold theory are indeed the same as those of the corresponding lines in the SO(4)4
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theory.

We now move to work out lines of the form (15, a,b). Notice that the condensing abelian
bosons relate (15, a, b) and (6, a, b), so studying the former fixes the latter. Start by analyzing
(15,0,0):

(15,0,0) x (15,0,0) = (1,0,0) + (15,0,0) + (20',0,0). (3.140)

Thus (15,0, 0) does not split since (20,0, 0) does not condense. From

(15,0,0) x (15,2,2) = (15,2,2) + ... (3.141)

we deduce that upon restricting (15,2,2) on the right-hand side, since (15,0,0) is self-
conjugate, it belongs to the restriction of (15,2,2). In particular, it must be identified with
one of the quantum dimension two components of (15,2, 2). As such, it follows that (15,0, 0)
confines.

To figure out what component we have to identify (15,0,0) with precisely, consider

(15,2,2) = (15,0,0) x (1,2,2) — (15,0,0) x (1,2,2)1 + (15,0,0) x (1,2,2)s

—0..., (3.142)

where in the upper arrow we have restricted the right-hand side, while in the lower arrow
we have restricted the left-hand side. Since (1,2,2); and (1,2,2)9 are self-conjugate, and
(1,2,2)1 € (15,2,2) but (1,2,2)9 ¢ (15,2,2) it must be that

(15,0,0) 2 (1,2,2);. (3.143)

In passing, acting with the condensing abelian bosons as in (3.134)-(3.136) and (3.137)-
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(3.139), we obtain the additional identifications

(15,0,0) 2 (1,2,2); = (15,4,4) = (15,0,4) = (15,4, 0). (3.144)

With the result (3.139) is straightforward to extract the content of the lines of the form

(15, a,b), since we can do

(15,a,b) = (15,0,0) x (1,a,b) = (1,2,2); x (1,a,b), (3.145)

and then we can proceed to use the fusion rules of SO(4)4 to derive the splitting of (15, a, b)
in terms of (1,a,b)’s which we already know. Of course, this means that (15, a,b) will not
give us any new lines in the spectrum of the child theory, since all of them can be identified
in terms of lines that we have already considered. To check that none of the unconfined lines
already obtained confine upon lifting them to (15, a,b)’s it is useful to know the explicit

results

(15,0,2) — (1,2,0) + (1,2,2)9, (3.146)
(15,2,0) — (1,0,2) + (1,2,2)o, (3.147)
(15,4,2) — (1,2,0) + (1,2,2)9, (3.148)
(15,2,4) — (1,0,2) + (1,2,2)o, (3.149)

(1,2,2) — (1,2,2)1 + (1,2,2)9, (3.150)
(20/,2,2) — (1,2,2)1 +(1,2,2)9. (3.151)

Thus, the unconfined lines on the right-hand-side of (15,0, 2), (15,2,0), (15,2,4), (15,4,2),

(1,2,2), and (20/,2,2) are all the same; namely (1,2,2)o, which is easy to see that it does
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not confine when considering the new splittings above, as all left-hand sides share the same
topological spin. Similarly, from the fusion rules of SU(2)4 x SU(2)4 it is straightforward
to check that (1,0,4), (1,4,0) are never contained in (1,2,2) x (1,a,b), for any a,b other
than a = b = 2, and thus also not contained in (15,a,b) = (1,2,2); x (1,a,b), so there are
no new liftings that could confine (1,0,4).

Before working-out the lines of the form (4, a, b), let us apply the simple currents (10, 0, 0)

to the unconfined spectra found thus far consisting of (1,0,0), (1,0,4) and (1,2,2);. We

find
(10,0,0) % (1,0,0) = (10,0,0), (3.152)
(E,0,0) X (1a074) = (1_0a 074)7 (3153)
(10,0,0) x (1,2,2)2 = (10,2,2)2. (3.154)

It is straightforward to see that further actions of the simple current will just permute the
four lines on the right-hand sides above. Of course, we can apply (10,0,0) to all the rest
of the lines we have found before, but this would either give confined sectors, or unconfined
ones that are related to the lines on the right-hand side above by identifications already
obtained at the level of (1,a,b)’s and (15,a,b)’s. Thus the action of the simple currents
provide us with three new unconfined excitations in the child theory: (10,0,0), (10,0,4),
and (10, 2,2)s. We can easily check that they match, both in topological spin and quantum
dimension to the lines labelled as 1, 3 and 4 in Table 3.7 outlining the spectrum of U (l)grb.
We move now to study the restriction of lines of the form (4, a,b). First, notice that using

our condensing abelian bosons as in (3.134)-(3.136), (3.137)-(3.139), or as in Eqn. (3.144)

we can derive the identifications

(4,1,1) = (4,3,3) = (20,1,3) = (20,3, 1), (3.155)
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(4,1,3) = (4,3,1) 2 (20,1,1) = (20,3,3), (3.156)

(4,1,1) = (4,3,3) = (20, 1,3) = (20,3, 1), (3.157)

Il

(4,1,3) =~ (4,3,1) = (20,1,1) = (20,3, 3). (3.158)

The identifications imply that we can concentrate our attention to the leftmost anyons in
each line. It is easy to check that these identification do not lead to the confinement of any
of the anyons involved.

Consider now the fusion rule

(4,1,3) x (4,1,3) = (1,0,0) + (1,0,2) + (1,2,0) + (1,2,2) (3.159)

+(15,0,0) + (15,0,2) + (15,2,0) + (15,2,2),

which upon restriction implies the splittings

(4,1,3) — (4,1,3)1 + (4,1, 3)2, (3.160)

(4,1,3) — (4,1,3)1 + (4, 1,3)2, (3.161)

and a similar fusion implies the splittings (4,1,1) — (4,1,1)1 + (4,1,1)9, (4,1,1) —

(4,1,1)1 + (4,1,1)2. We can now consider the crossed fusion rule

(4,1,3) x (4,1,1) = (15,2,2) + ... — 0+ ..., (3.162)

which implies that one component of (4, 1, 3) identifies with one component of (4,1,1). Let

us define the subindex 2 in the previous splitting to be such that this holds. We find then

(4a171) — (47171)1 +(471a1)2a (3163)
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(4,1,3) — (4,1,3)1 + (4,1, 1)2, (3.164)

(4,1,1) — (4,1,1)1 + (4,1,1)9, (3.165)

(Zl‘a]-73) — (47173)1 +(471a1)2a (3166)

from which it is easy to see that (4,1, 1) confines. Because of this, the lines with subindex
1 in the previous restrictions share the same quantum dimension.

Next we must determine the assignment of quantum dimensions. The easiest way to do
this at this point is to use the formula relating the central charge with topological spins and
quantum dimensions:

ZdQ ;i (3.167)
\/Zz

and plugging in ¢ = 1 and the values for the unconfined excitations, whose topological spins
and quantum dimensions we know (except of course for the quantum dimension that we
want to determine). The equation can then be solved for the remaining unknown quantum
dimension, which we assign to the unconfined excitations above. The result is that the
assignments must be d(4’1’1)1 =+/3 and d(47171)2 = 2/3.

A slickly argument that does not involve using an additional formula nor using the central
charge or other quantities as input, but that uses the same manipulations with fusions and
quantum dimensions that we have used until now is given as follows. Split the quantum
dimensions as:

3V3 = 3‘f 3;/3@—1), a>1, (3.168)

and recall that quantum dimensions satisfy the fusion algebra, meaning that the assignments
of quantum dimensions must be consistent with the fusion (3.159).14 However, we have

already determined the quantum dimensions on the right-hand side of (3.159), and they are

14. In (3.159) we have written the fusion of (4,1,3) and its conjugate, but an analog fusion holds for
(4,1,1) and its conjugate.
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given by 1s and 2s. It is actually sufficient to know that the right-hand side of (3.159) gives
an integer quantum dimension for any fusion product on the left-hand side.

Thus, we must have that 27/a% € N+, and (a — 1)27/a® € N, where we may think of
these two conditions as arising from the (4,1,1); x (4,1,1)1 and (4,1,1); x (4,1, 1)9 fusion
products, respectively. The first condition gives that a = 3v/3 /+/n for some positive integer
n, and on the second condition this gives (3v/3n —n) € Nyq. It is now direct to see that
the only possible solutions are n = 3,12, which lead however to the same splitting of the

quantum dimension:

3v3 = V3 +2V3. (3.169)

To decide which quantum dimension to assign to (4,1, 1)1, notice that the fusion product
of two genuine line operators must be genuine line operators. This means that in (3.159),
the product of the quantum dimensions in the fusion (4,1,1); x (4,1,1)1 is bounded by the
sum of the quantum dimensions of the unconfined excitations on the right-hand side. It is
straightforward to check that the latter sums to nine, so the only consistent assignment is
the one we found above: d(471’1)1 = /3 and d(4’171)2 = 24/3.

In summary, the unconfined excitations that we have found in the (4,14,7) sector are
(4,1,1)1, (4,1,3)1, and their conjugates. All of them have the same quantum dimension
d(47171)1 = /3. We can check now that this matches with the lines 6,7,8,9 in the U(l)g)rb
spectrum shown in Table 3.7.

Using the condensing abelian bosons as above is easy to show that the remaining anyons

of the form (4,1, j) confine. For example, (4,0,0) x (20",0,4) = (20,0,4) and (20’,0,4) —

27i5/16 27i13/16
Y

0, but (4,0,0) has topological spin e while (20,0,4) has topological spin e

implying that (4,0,0) confines.
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Inconsistency of Condensing Different Abelian Bosons

We conclude this subsection indicating how making a putative different choice of condensing
bosons (including the non-abelian one) other than (3.121) leads to an inconsistency.

We have already shown that condensing all abelian bosons leads to an inconsistency, so
we need to take a subset of them closed under fusion. First suppose we were to take (1,4,4),
(207,0,0), (20',4,4) to condense on top of the non-abelian boson (15, 2,2). Since (20’,0,0)

condenses:

(15,0,0) x (15,0,0) = (1,0,0) + (20",0,0) + (15,0,0) — 0+ 0 + .. ., (3.170)

so (15,0,0) must split into two components each with unit quantum dimension. However,
because (1,4,4) — 0, (1,2,2) — (1,2,2); 4+ (1,2,2)5 each with quantum dimension 2, since
this follows from the gauging of Spin(4)4 to SO(4)4. This is inconsistent since the left-hand
side of

(15,2,2) = (15,0,0) x (1,2,2). (3.171)

condenses, but the right hand side decomposes into fusions of components of quantum di-
mensions one and two. Since conjugates need to have the same quantum dimension, there
is no way to accommodate a pair of conjugates that fuse to a vacuum.

Now suppose we were to take (1,4,4), (1,0,4), (1,4,0) as condensing abelian bosons.

From (3.170) we see that (15,0,0) does not split in this case. However now

(1,2,2)x(1,2,2) = (1,0,0)-+(1,0,4)+(1,4,0)+(1,4,4)+. .. — 0+040+0+..., (3.172)

implies (1,2,2) splits into four unit quantum dimension components. The same argument
as before using (3.171) implies an inconsistency.

The case when we try to condense (1,0,4), (20,4,0) and (20’,4,4) is a bit different.
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First, notice that if we take (1,0,4) to condense then the right SU(2), factor condenses
to SU(3)1, and (1,4,2) — (1,4,21) + (1,4,29), for any i = 0,...,4. We now observe that
the fusion products of (15,2, 2) with (1,2,0), (1,4,0), (1,0,2), (1,2,2) and (1,4,2) all will
have a (15,2,2) on the right-hand side and thus will have a vacuum after restriction. In
particular it follows that (1,4,0),(1,4,21),(1,2,0) € (15,2,2). 15 1t is easy to check that
(1,2,0) splits, and notice that (1,4,0) cannot possibly be identified with (1,4,27), as if this
was the case we could fuse both sides with (1,4,0) obtaining an identification of (1,4, 27)
with (1,0,0) which is not possible since (1,4,21) does not have the topological spin to

condense. It follows that the restriction of (15,2,2) must be of the form

(15,2,2) — 0+ (1,4,0) + (1,4,21) + (1,2,0) + b, (3.173)

for some b with quantum dimension d, = 3. However we now take that (1,2,21) must also
be in the restriction (15,2, 2), and the only candidate that matches the quantum dimension
above is (1,2, 0), which is however inconsistent since identifying (1,2,0) with (1,2, 21) implies
upon fusing with (1,2,0) that (1,0,0) + (1,2,0) + (1,4,0) is identified with (1,0,21) +
(1,2,21)+(1,4,21), but none of these last anyons can condense, thus finding an inconsistency.

Finally, had we taken a single abelian boson to condense on top of the non-abelian one,
(15,2, 2) would have split into just three components. Either (1,4,0) or (1,0,4) would not
condense and it would belong in the restriction of (15,2,2). So, the third anyon in the
restriction would have quantum dimension 6. It is then easily seen that either (1,2,0) or
(1,0, 2) do not split and belong to (15,2, 2), but there is no component in the decomposition

that matches the quantum dimension, leading to an inconsistency.

15. Since the fusion rules in SU(3); are symmetric between 2; and 23 we could have chosen (1,4, 25) here
instead. It is easy to see that the same conclusions follow.
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3.5 Revisiting Conformal Embeddings and Level-Rank Dualities

In this section we revisit the conformal embeddings of [7-9,31| and their relation to gauging
of non-invertible symmetries. We have already touched upon this matter in Section 3.3, and
here we will generalize that discussion to other conformal embeddings. In particular, in the
case of the exceptional conformal embeddings of [31]|, we will see that running an analogous
argument to that of the classical embeddings of [7-9] will already lead us to the consideration

of non-abelian anyon condensation to make the dualities work.

3.5.1 Reuvisiting Classical Conformal Embeddings

Let us start motivating our discussion with the simple case of that of the unitary series of

conformal embeddings
SU(N); x SU(k)y < SU(Nk)1, N,k € N>o, (3.174)

whose standard 3D TQFT duality interpretation, as reviewed at the end of Section 3.2, is [7]:

SU(Nk)y x SU(N)_},
Zn ‘

1%

SU(k) N (3.175)

To relate conformal embeddings to the gauging of non-invertible symmetries, we point

out that the following alternative results also applies:

ANk

I

SU(Nk); (3.176)

where Ay . is some gaugable algebra object (for brevity, on the rest of this section when
we write a letter in calligraphic font we always mean some appropriate algebra object that
we can use to gauge, and from now on we will not remark on what such objects stand for).

The previous statement has been discussed in many mathematical references [24,50,52, 80,
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112,113], but in our context it is most quickly understood from the coset inversion formula
(3.60) with M = SU(Nk)1, C = SU(k)y and M’ = SU(N)j. In this sense, (3.175) is
nothing but the standard form of cosets, Eqn. (3.61) of the coset inversion formulas, while
(3.176) is “the parent statement” Eqn. (3.60) translated to a form more akin to physics, and
for the particular example at hand. Clearly, the unitary groups play no role in the previous
argument, and as such the same would hold for any other conformal embeddings. We explore
this in the next sections below.

As we will see shortly, in the form (3.176) the algebra object that we need to gauge is
generically that of a non-invertible symmetry, although in particular cases it may simplify
to some abelian gauging. For instance, it is easy to see that if we apply this form of the

conformal embedding of unitary groups for N = k = 2 we obtain

SU(2)9 x SU(2)9
Zo ’

SU(4)y = (3.177)

where the Zo algebra is given by A = (0,0) + (2, 2), where (4, 7) stands for the spin i/2 and
J/2 representations of each SU(2)y factor. Eqn. (3.177) can be verified by a simple use of
the three-step gauging procedure [2].

The simplest instance where we need to consider gauging by a non-invertible one-form
symmetry to make (3.176) valid occurs at N = 3 and k = 2, which we verify by a direct
non-abelian anyon condensation computation on the following example. Further conformal
embeddings will be studied in Section 3.5.1 and Section 3.5.2 below once we finish illustrating

this example.

Checking the SU(6); = (SU(3)2 x SU(2)3)/.A Duality

In this subsection we check by direct computation that SU(6); can be found as a non-abelian

anyon condensation of SU(3)g x SU(2)3. This is the simplest example in the infinite tower

74



of conformal embeddings
SU(N); x SU(k)y < SU(Nk)1, N,k € N>o, (3.178)

where we can think of SU(Nk); as a non-abelian anyon condensation of SU(N ) x SU (k).
Such conformal embeddings are particularly interesting because of their intimate relation to
level-rank dualities [7].

We follow the same procedure as in Section 3.4, so the reader may find useful to read
that section first before going through this example. The spectrum of SU(2)s is given in
Table 3.2, while the spectrum of SU(3)9 is given in Table 3.9. In the following, we write
(R,i) for a line in SU(3)y x SU(2)3, where R labels a line in representation R of SU(3)
and i = 0,1, 2,3 labels the corresponding line in SU(2)3. We will need the fusion rules for
SU(2); which can be found above in Eqn. (3.92), and the fusion rules for SU(3)s:

3x3=3+6, 3x3=1+8 3x8=3+6, 3x6=3, 3x6=8

3x3=3+6, 3x8=3+6, 3x6=3, 3x6=S8,

8x8=1+8 8x6=3 8x6=S3,

6x6=6, 6x6=1, 6x6=6.

Notice that in the spectrum of SU(3)y the lines 6 and 6 act as Zg3 simple currents,
meaning that if we know the fate of (1,7) and (8,7) upon gauging/condensation, we can
deduce that of (6,7), (3,4), and their conjugates by acting with (6,0) and (6,0). Thus, we
concentrate on (1,7) and (8,1).

To begin, observe that there is only one non-trivial boson in the product theory SU(3)9 x
SU(2)3; namely, the boson (8,2), with quantum dimension dg 5) = 3—+%5 Let us assume

this boson condenses, which has to be the case since it would be the only way to obtain
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SU(3)2
Line label Quantum Dimension | Conformal Weight
d1 =1 h1 =0

3 dg = L4Y5 hg = 4/15

3 dg = 145 hg = 4/15

8 dg = 155 hg = 3/5

6 dg = 1 he = 2/3

6 dg =1 hg = 2/3

Table 3.9: SU(3)2 data.

SU(6)1 from a condensation of SU(3)o x SU(2)s.

Assuming that (8,2) condenses is the statement that (8,2) restricts as
(8,2) = 0+ (8,2)s, (3.179)

where by conservation of the quantum dimension, d(S,Z) , = #5 This is too small to allow
a further splitting, so (8,2) must restrict to just two components.
Let us now notice that the line (1,2) cannot split as it does not have large enough

quantum dimension to do so. With this observation, consider
(8,2) x (1,2) =(8,0) 4+ (8,2) — 0+ ..., (3.180)

which shows that (1,2) € (8,2) since (1, 2) is self-conjugate. Matching quantum dimensions
the only possibility is to have the identification (1,2) = (8,2)2, which in turn implies the
confinement of these components since they lift to anyons in the parent theory with different
topological spins.

To study the result of (1,1) and (1, 3) after condensation, notice that these lines cannot

split since they do not have large enough quantum dimension, and consider the fusion rules

(8,2) x (1,1) = (8,1) + (8,3), (3.181)
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and

(8,2) x (1,3) = (8,1) (3.182)

=(1,3)+(1,2) x (1,3) = (1,3) + (1,1), (3.183)

where in the last expression the first equality comes from doing the standard fusion on the
parent theory and the second line comes from first restricting (8,2) — 0+ (1,2) on the left-
hand side, and then performing the fusion of these components with (1, 3). Comparing both
expressions, we obtain the restriction of (8,1) into an abelian anyon (1, 3) and a non-abelian
anyon (1,1):

(8,1) — (1,1) 4+ (1, 3). (3.184)

It is easy to check now that the topological spin of (1,1) is not equal to that of (8,1) in the
parent theory, and thus it follows that (1,1) confines. Meanwhile, the topological spins of
(8,1) and (1, 3) match.

Using this information in the first fusion rule (3.181) we obtain

(8,2) x (1,1) = (1,1) + (1,3) + (8,3) (3.185)

=(1,1)+(1,1)+ (1,3), (3.186)

where in the first equality we have used that (8,1) — (1,1) + (1,3) on the right side of
(3.181), and in the second equality we have instead first restricted (8,2) — 0+ (1,2). We
must therefore identify (1,1) = (8, 3).

It remains to study (8,0), which does not split since it does not have large enough

quantum dimension. Now, inspect the fusion

(8,2) x (8,0) = (1,2) +(8,2) = (1,2) + 0+ (1,2) (3.187)
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SU6)1
Line label Quantum Dimension | Conformal Weight
0 dp =1 h1 =0
1 dy =1 hg = 5/12
2 ds = 1 hs = 2/3
3 dy =1 hy =3/4
4 ds =1 hs =2/3
5 dg =1 hg = 5/12

Table 3.10: SU(6); data. The label n on the left column labels the fully antisymmetric
representation with a single column with n boxes in the Young tableux.

= (8,0) + (8,2) =(8,0)+ 0+ (1,2), (3.188)

where in the first line we have performed the fusion on the parent theory and then used
the restriction (8,2) — 0+ (1,2), while in the second line we have first restricted on the
left-hand side and later computed the corresponding fusions, after which we used the (8, 2)
restriction again. It follows that we must identify (8,0) = (1, 2).

Clearly, the only unconfined lines in the (1,7) and (8,1%) sectors are (1,0) and (1,3) (up
to identifications). Following our comments above, we can now consider the action of the
simple currents of SU(3)y in the form (6,0) and (6,0) over the confined and unconfined
excitations already found, which generates the rest of the sectors not considered up to this
point. The spectrum of unconfined excitations is seen to match that of the expected SU(6)
theory, whose spectrum is summarized in Table 3.10. Furthermore, since in this example the
lines in the child theory descend trivially from those of the parent, we can easily check the

Zg fusion rules expected of SU(6); by computing them directly in the parent:

(6,3)2 = (6,0), (6,3)°>=(1,3), (6,3)5=(1,0). (3.189)
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The condensation computation thus points that indeed!®

SU(3)9 x SU(2)3
As2

I

SU(6); (3.190)

with the algebra element A3 = (1,0) + (8,2).

Continuing Classical Embeddings

In the same way that we obtained the main duality for unitary groups via non-abelian anyon
condensation; namely, Eqn. (3.176) in the last section, we can find additional dualities
based on other groups as long as they participate in some conformal embedding. The list of
conformal embeddings can be found in [50], which we use in the following.

Let us start this discussion by recalling the conformal embeddings based on Spin groups

studied in [8,9] which are the next natural examples to consider:

SO(N)g x SO(K)n — Spin(NK)1, N even, K even, (3.191)
Spin(N)g x SO(K)y < Spin(NK)1, N even, K odd, (3.192)
Spin(N) g x Spin(K)y — Spin(NK);, N odd, K odd. (3.193)

These conformal embeddings yield the following standard 3D TQFT duality interpretation,

obtained by the common center argument in accordance with [8,9:

Spin(NK)1 x Spin(K)_
Lo ’

I

Spm(N)K

N odd, K odd (3.194)

Spin(N) g = Spin(NK); x SO(K)_py, N even, K odd (3.195)

16. To make this precise we would have to check the modular S-matrix, F-symbols and R-symbols, but
the previous consistency conditions do not provide us with these, and we need external sources to point us
to what the result should be.
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Spin(NK)1 x Spin(K)_

SO(N)g = 5 , N odd, K even (3.196)
m(NK K
SO(N)f = Spin( )1Z>2< 50( )_N, N even, K even, (3.197)

where B above is such that B = Zo X Zo for k = 0 mod 4 and B = Z,4 for k = 2 mod 4.
These dualities (derived in [8]) may be interpreted as solving for the cosets as in Eqn. (3.61).
If we invert these expressions into the initial ones (3.60), which exhibit the embeddings of

the two factors into the bigger algebra as we did in the unitary case, we add the dualities

SO(N)k X SO(k)N

Spin(NK)1 = 1 , N even, K even, (3.198)
N,k
Spin(N SOk
Spin(NK), = pin( ijx ( )N, N even, K odd, (3.199)
Nk
Spin(N Spin(k
Spin(NEK), = 2PN < SpinkIN g K odd, (3.200)

AN

which generically involve gauging by a non-invertible symmetry. We verify this in Section
3.6.2 in the N = k = 3 case, which is the simplest example of the above dualities that involve
non-invertible anyon condensation.
A similar story holds for the dualities and embeddings associated with symplectic groups
[8]:
USp(2N);, x USp(2k) ny — Spin(4Nk)1, (3.201)

which have the 3D TQFT duality interpretation

Spin(4Nk)1 x USp(2k)_ N
Lo

USp(QN)k X USp(Qk?)N

USp(2N);, =
(2N)y, An

2

> Spin(4AN K )y

)

(3.202)
where the left duality can be obtained by the common-center argument, as in [8]. The right

duality is obtained following the arguments outlined above both in the unitary and Spin
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cases, and it can be readily verified in the case N = 2, k = 1 where both sides are related
by abelian anyon condensation. The gauging on the right duality is generically by a non-
invertible symmetry, however, as the next simplest case N = k = 2 already shows. In the
product USp(4)9 x USp(4)s there are both abelian and non-abelian bosons, but it can be
checked that no abelian gauging is sufficient to give Spin(16); back.

In the previous examples the standard form of the cosets (3.175), (3.194)-(3.197) and the
left duality on (3.202) studied in [7-9] all involve gauging by an abelian symmetry. However,
it is well-known that there is yet an additional infinite series of conformal embeddings with

a tensoring of two affine lie algebras embedding into a bigger algebra [50]. Namely:

SO(N)y x SU(2)y < USp(2N);. (3.203)

This is an interesting example, as suppose we tried to follow the same logic as in the afore-
mentioned “standard coset dualities” and try to isolate SU(2)y in terms of USp(2N); and
SO(N)_4, and running the common center procedure. For N = 2 there are no novelties and
we find SU(2)y = USp(4)1 x U(1)_4/Z2."" However, already at N = 3 we observe that
there is no abelian boson in the spectrum of USp(6); x SO(3)_4, so the common center
procedure manifestly does not work for this value of N.

The cure to the puzzle just mentioned is clear based on what we have studied so far
in this work, and it is to extend the common center procedure and allow for gauging by
non-invertible symmetries. Indeed, USp(6); x SO(3)_4 has two non-abelian bosons in its
spectrum, and we can condense them and find SU(2)3 correspondingly. We study the details

of this procedure in Section 3.6.2. In general then, we have the duality

USp(QN)l X SO(N),ZL
An ’

I

SU2)y (3.204)

17. Here we have used that SO(2), = U(1)y.
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where as the prior example shows, we must allow for the gauging of a non-invertible one-form
symmetry on the right-hand side.
Of course, as we did previously for the other conformal embeddings, we can still apply

the coset inversion theorem and write the duality implied by (3.60). This gives:

SU(2)x x SO(N)4

USp(2N)1 = Ax ,

(3.205)

and as above, for N = 2 the gauging is by an abelian symmetry, but at N = 3 we already

need non-abelian anyon condensation to make the duality valid.

3.5.2  Further Conformal Embeddings

Now we move to discuss the rest of the conformal embeddings, with a focus on those that
involve non-invertible symmetries. A list of the conformal embeddings can be found in [50].
We begin considering conformal embeddings with a product of two affine lie algebras in the
denominator, as in the previous subsection, but we study those associated to exceptional
Lie algebras. These embeddings have been previously studied in [31], and here we extend
and understand the associated dualities in terms of non-invertible symmetries. The subset
of these embeddings for which non-abelian anyon condensation is necessary to understand

the dualities are

SU((2)1 x SU(2)3 = (G2)1,  SU(2)1 x USp(6)1 = (Fy)1,  SU(3)1 x SU(3)g < (Fy)1,
SO(3)4 x (G2)1 — (F4)1, SU(2)3 x (Fy)1 = (E7)1, USp(6)1 x (Ga2)1 = (B7)1,

SU(2)7 x (G2)2 = (E7)1, SU(3)2 x (G2)1 = (Eg)1, (3.206)

Here we recognize the example SU(2); x SU(2)3 — (Gg3)1 we elaborated upon in

Section 3.1.1 and in Section 3.3. Basically the same argument follows through in all of
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these embeddings. Let us quickly recall this argument in an alternative example. For in-
stance, if we take the third example in the first line and try to isolate SU(3)2 we obtain
SU(3)y = (Fy)1 x SU(3)_1, with no further gauging on the right-hand side and every-
thing is in order. If we instead try to isolate SU(3)1, as explained previously there is no
abelian common center to gauge by, but we still have to take into account non-abelian anyon

condensation, and we obtain

(Fy)1 x SU(3)_o
Z(Fib)

1%

SU(3)1

(3.207)

where by Z(Fib) we mean an algebra object that can be traced back to a Lagrangian algebra
responsible for gauging away (Go)1 X (Go)_1 or (Fy)1 X (F4)_1 down to the trivial theory
as in Section 3.1.1, for which reason we interpret it as gauging by a Drinfeld center of a
Fibonacci fusion category. An analogous example of this same form was verified in detail by
a direct non-abelian anyon condensation computation in Section 3.4.1.

All of the conformal embeddings in (3.206) yield dualities that can be obtained by the
same arguments, and with one exception, in all of them we gauge by some Fibonacci Drinfeld

center. The only exception is the first example in the third line, where

SU(2)7 x (Ga)a

(Br) = Z(G)s)

(3.208)

which is however obtained by the same arguments.

We discuss now those conformal embeddings with a simple group, or single affine Lie
algebra in the denominator of the conformal embedding, such as in the SU(3)1/SU(2)4
example. We clearly cannot use the same arguments that were used to obtain the “standard
coset form” of the dualities, since now we do not have two factors in the denominator. That
is, we will not have an analog of expressions such as (3.175) or their counterparts for algebras

other than unitary. However, we still have an analog of the dualities in the form outlined in
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this work, Eqn. (3.176). Indeed, this is tantamount to using (3.60) with C describing the
trivial theory. In the example SU(3)1/SU(2)4 this is nothing but the statement that we can

gauge SU(2)4 by some algebra to obtain SU(3)1. Indeed, it is well-known that

SU(3)1 = SU(2)4/Zs. (3.209)

Clearly, the general story for an arbitrary conformal embedding will be essentially the same,
but where we allow to gauge by a non-invertible symmetry as per (3.60).
With the previous remarks in mind let us summarize a few results. Exploring the con-

formal embeddings, we find the following infinite families of dualities

SU(N)n

Spin(N? —1); = e (3.210)
SU(N(N £1)/2), = SU(j]iNﬂ (3.211)
Spin(N(N — 1)/2), = Spmfi\];)N” (3.212)
Spin((N? + N —2)/2), = Spin(N) N 42 (3.213)

Notice that the first of these corresponds to the conformal embedding used in [1] in the
context of 2D CFT to propose the IR phases of 2D Adjoint QCD. Here we use the conformal
embedding to establish a duality of 3D TQFTs. There are various checks that can be
performed in the series above. The case N =4 in (3.213) gives Spin(9)1 = Spin(4)g, which
we verify by a explicit computation in Section 3.6.2 and is actually equivalent to the duality
(3.200) for N = 3.

We finish mentioning the isolated cases (i.e., no infinite family) of the conformal embed-

dings where there is a single affine Lie algebra in the denominator. The complete list of
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these cases can be obtained by reading [50]|, and yields the following list of dualities:

SU(16)1 = Spin(10)4/A, SU(27)1 = (Eg)g/ A, Spin(70); = SU(8)19/A, (3.214)

USp(4)1 = 5U(2)10/ A, USp(20)1 = SU(6)¢/ A, (Eg)1 = SU(3)9/ A, (3.215)

(E7)1 2 SU@3)21/ A, (G2)1 = SU(2)28/ A,  Spin(16)1 = Spin(9)2/ A, (3.216)

Spin(128)1 = Spin(16)16/A,  Spin(42); = USp(8)7/A, USp(32)1 = Spin(12)s/A,
(3.217)

Spin(78)1 = (Eg)12/A,  Spin(133)1 = (E7)18/A  Spin(248)1 = (Eg)30/ A, (3.218)

USp(14)1 = USp(6)5/A, USp(56)1 = (E7)12/ A, (Es)1 = USp(4)12/ A, (3.219)
Spin(26)1 = (Fy)3/ A,  Spin(52)1 = (Fy)g/ A, Spin(14)1 = (G2)4/ A, (3.220)
(E6)1 = (G2)3/A. (3.221)

The first example on the second line, USp(4); = SU(2)109/A, is a known example that
has been studied in the literature mainly with the aim of testing and understanding the
formalism of non-abelian anyon condensation (see for example [37,51,106-108]). The last
example in this list (Eg); = (Gg)3/.A can be verified very easily by a non-abelian anyon

condensation computation, which we outline in Section 3.6.2.

Three-State Potts Model Maverick Coset from Level-Rank Duality

In this subsection we show the simplest duality implied by the Maverick cosets, Eqn. (3.75),
but instead of doing the calculation directly, we will first use our knowledge of the conformal

embeddings to simplify the calculation. To understand the three-state Potts Model, we make
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use of the first of the embeddings in (3.206), and write

SU(2)3 = (G2)1 X SU(Q)_l. (3.222)

It is also straightforward to check the duality U(1)g = SU(3)1 x SU(2)_1, so that we have

SU(2)3 X U(l)_ﬁ = SU(3)_1 X (G2)1 X SU(Q)_l X SU(Q)l. (3.223)

Now we can use the first embedding on the second line of (3.206), and use our knowledge of

non-abelian anyon condensation to isolate (G2)1, obtaining:

(F4)1 x SO(3) 4
Z(Fib)

12

(G2)1 (3.224)

This duality may be obtained from the arguments outlined previously, but it is simple and
sufficiently interesting that we verify it by a direct non-abelian anyon condensation on the
next subsection.

We also use the third embedding on the first line of (3.206) to claim

SU(3)9 = (Fy)1 x SU(3)_1. (3.225)

These expressions allows us to introduce the first SU(3)_; factor on the right-hand side
of (3.223) into the quotient given by (3.224), with the Z(Fib) denominator acting trivially

on such SU(3)_1 factor, and write

SU(3)2 x SO(3)_4

SU(2)3 x U(1)—¢ = Z(Fib)

x SU(2)_1 x SU(2);. (3.226)
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SO(3)4
Line label Quantum Dimension | Conformal Weight
0 dy=1 hg =0
2 2 (4,0) do = (3+/5)/2 hy =1/5
41 = (2’4) d41 = (1 + \/5)/2 h41 = 3/5
49 = (3,3) dy, = (1++/5)/2 hy, = 3/5

Table 3.11: SO(3)4 data.
Finally, gauging the Zo Drinfeld center SU(2); x SU(2)_1 we obtain

SU(2)3 x U(1)—6 ., SUB)2 x SOB3)—4 , SU(3)2 x SU(2)_g (3.227)

Zs Z(Fib) ’ A ’

I

which is indeed what we have obtained above using Maverick coset considerations instead
of several conformal embeddings/exceptional level-rank duality manipulations. On the last

line we have used that by definition SO(3)4 = SU(2)g/Zo.

Checking the (G2)1 = ((Fu)1 x SO(3)_4)/Z(Fib) Duality

This calculation arises when we prove the duality suggested by the simplest Maverick coset
(3.75) using exceptional conformal embeddings. See the previous subsection. The spectrum
of (Fy)1 is that of (G2)1, but with the only non-trivial line having spin 3/5 instead of 2/5.
We call ¢ the only non-trivial anyon of (F4);, which obeys Fibonacci fusion rules. The

spectrum of SO(3)4 is shown in Table 3.11, and its non-trivial fusion rules are

2x2=04+2+4] +49, 2x4; =2+49, 2x4dg=2+4q,

41 x4 =0+4+41, 41 x49 =2, 49 xX49g=0+4o. (3.228)
We first need to determine the bosons that condense. It is easy to verify that the only

bosons in the product (Fy); x SO(3)_4 are (¢,41) and (¢,49), which are non-abelian. From
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the fusions

(gbv 41) X (¢7 41) = (07 0) + (0741) + (¢a O) + (¢7 41)7 (3229)
(¢,41) x (¢,42) = (0,2) + (¢, 2), (3.230)
(¢, 42) X (¢,42) = (0,0) + (0,42) + (¢,0) + (¢, 42), (3.231)

it is clear that (¢,41) and (¢, 49) cannot simultaneously condense, so me must make a choice.
However, lines 41 and 49 are symmetric in SO(3)4, so the choice is actually immaterial. We
choose (¢,41) to condense:

(¢,41) — 0+ (¢, 41)2. (3.232)

The quantum dimension of (¢,41)» is d(¢’41)2 — (14 1/5)/2, so there is no further splitting
allowed by conservation of the quantum dimension. Since (¢, 49) does not condense, we can
also see from the above fusion rules that it does not split and d( 4,) = (3 + V5)/2.

The quantum dimensions do not allow (0,47) and (0,49) to split, but in principle they

allow for (0,2) to split. This is not the case, which can be verified from
(0,2) x (0,2) = (0,0) + (0,2) + (0,41) + (0,42) (3.233)

since no non-trivial bosons appear on the right-hand side. Since none of these anyons split,
the fusion

(p,41) x (0,41) = (¢,0) + (¢,41) — 0+ ..., (3.234)

implies the identification (¢,41)2 = (0,41), which in turn implies the confinement of such

excitations.
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We now consider the rest of the (¢, ) anyons that are not bosons. Start noticing that
(¢,2) x (¢,2) =(0,0) + (¢, 41)+...,— 0+0+..., (3.235)

implies that (¢,2) splits: (¢,2) = (¢,2)1 + (¢,2)2. To assign quantum dimensions we can
consider the fusion

(0,2) x (0,2) = (¢, 41)+... — 0+ ..., (3.236)

so (0,2) belongs to the restriction of (¢,2). Let (¢,2)2 be by definition the component
that identifies with (0,2). The quantum dimensions must then be d(4 ), = (1 + V5)/2,
and d( g 9), = (3+ v/5)/2. With this knowledge it is now straightforward to take the fusions
(¢,2)x(0,49) and (¢, 2) X (¢, 42) and deduce the identifications (¢, 2); = (0,45) and (¢, 2)g =
(¢,49) using the by-now usual arguments.

Finally, (¢,0) is self-conjugate and cannot split. Moreover, the fusion
(6,0) x (0,41) = (. 41) +... = 0+... (3.237)

implies the identification (¢,0) = (0,41), which in turn shows the confinement of such
excitations.

To summarize, we have the following condensation pattern:

(0,0) -0, (0,2) = (0,2), (0,41) — (0,41), (0,49) — (0,42), (3.238)

(0,0) = (0,41), (#,2) = (0,42) +(0,2), (&,41) = 0+ (0,41), (,42) — (0,2).
(3.239)

Studying the lifts implied by the previous restrictions to the anyons in the parent theory,
we can check that the unconfined excitations are the vacuum and (0,49). These have indeed
the correct quantum dimensions, fusion rules and spin to recognize the result as (G9)1.
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3.6 Additional Comments and Results

3.6.1 Mathematical Results on Gauging, Cosets and Dualities

In this section we summarize some mathematical nomenclature and results from [24] that

were claimed in Section 3.3.1 and allow a better understanding of it.

Local Algebra Modules and Cosets

Throughout the text we have given a rather physical picture of the ideas at play. Here we
focus on a few more mathematical statements that are the basis for many claimed statements,
mainly in Section 3.3. See below Chapter 4 for many of the definitions used here.

In the following, we have to recall that the TQFT obtained by the gauging of a one-form
symmetry in a 3D TQFT described by some MTC C, is given by the category C}XC of local
A-modules for some special symmetric commutative Frobenius algebra object A over C. The
category C}fl’c is again an MTC, so it appropriately describes a new 3D TQFT descending
from the parent one described by C. We stress that from the physics viewpoint the previous
result does not necessarily restrict to the notion of gauging by some group-like symmetry, so
the construction generically involves gauging by a non-invertible symmetry.

The primary focus of this section is to state and discuss the main result of [24] in our
context. This result states that when a MTC M is written as the category of local A-
modules for some commutative symmetric special Frobenius algebra A in the direct product
of two MTCs C and M":

M= (R M)k (3.240)

and if we require the algebra A in C&KIM’ to be such that the only subobject of A of the form
ax11is 1 x 1, where 1 is the tensor unit, then there exists a commutative symmetric special

Frobenius algebra B in the direct product M K M/, such that if we take the corresponding
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category of local modules, we obtain
C= (MR M) (3.241)

The algebra B can in principle be computed from the categories M and M, and the modu-
larity of C can actually be derived from that of M and M’. In practice, it is often found to
be more useful to inspect for a Frobenius algebra object (a set of condensing bosons), and
carry the non-abelian anyon condensation procedure.

The previous is often sufficient for most practical applications, but it is important to
point out that if we do not require A to fulfill the condition below Eqn. (3.240), then a
version of the previous theorem still holds. Namely, there exist certain algebras 77 and 79

such that if we take local modules:
C° = (MR MR (3.242)

Essentially, what the requirement over A below (3.240) does is to trivialize the gauging on
the left-hand side.

The previous mathematical results have a clear interpretation in physics. In the standard
coset construction, Eqn. (3.240) is the statement that an affine lie algebra embeds in another
one, with the corresponding TQFTs described by the MTCs M’ and M respectively. The
coset theory, whose construction we reviewed in the CFT context in Section 3.2, is then
described in the corresponding TQFT setup by the MTC C whose content is in principle
determined by the data of M and M’ via (3.241). Notice however that the previous theorem
in some sense generalizes the standard GKO coset construction since nowhere above it was
needed that M or M’ were MTCs associated with those of an affine Lie algebra. They may
be arbitrary MTCs (see [114] for some work on generalizing the coset construction to higher

spin currents in the context of 2D CFT). More importantly, a second point of generalization,
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stressed above, is that B in (3.241) does not necessarily have to correspond to some abelian
gauging. As seen in the previous section, one instance where this phenomenon takes place
would be the Maverick cosets [35-37,87,105].

One form of the statement that a duality exists follows from this mathematical perspective
when the same MTC C, not (necessarily) having a path-integral or gauge theory description,
appears “connecting” two different pairs of MTCs (Mj, M)) and (Ma, M) having such a

description. That is:
My = (CRM)E, and My = (CR M), (3.243)

for some Frobenius algebras A1 and As. By the theorem above we can isolate C in two

different ways, and write
(M1 BIM)EE = (Mo B MD)SS (3.244)

for some Frobenius algebras B; and By. For instance, these could correspond to two different
descriptions of the parafermions. One of them could be a Maverick coset description, as in
Section 3.3.2, and the other could be the standard coset description SU(2) xU(1)_ox/Zs [5].
This is essentially the path we followed for the first infinite family of Maverick dualities
studied in Section 3.3.2. It could also be that C itself admits a field theory description, in
which case (3.241) allows us to express such a description in terms of a different one based on
M and M’. The latter is what happens with the conformal embedding SU(N ), x SU (k) y <
SU(NE); reviewed at the end of Section 3.2. Here we can take a standard Chern-Simons
description for SU(k), but we can take an alternative one given by the right-hand side of
(3.241). The latter is nothing but the SU(Nk)y x SU(N)_}./Zy expression of the same
theory, which is essentially the content of the duality (3.43).

The form (3.242) of the theorem is sometimes useful. To illustrate this [24], we can
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consider in the contexts of the conformal embeddings:

(E8)1
SU(3)g x SU(2)1¢’

(3.245)

which implies that (Fg)j can be written as in (3.240) with C = SU(3)g and M’ = SU(2)1¢.
In this case we need to use (3.242), and fortunately the gaugings are abelian so we can easily
verify that

SU(3)6/Z3 = (Es)1 x SU(2)_16/Zs. (3.246)

That is, both sides involve a non-trivial gauging, which is the main point of the theorem in

the form (3.242).

3.6.2  Further Examples on Non-Abelian Anyon Condensation

In this section we present in detail various check example computations of non-invertible
anyon condensation that pertain to the global subject of the chapter but for the sake of
organization we have summarized here instead. The reader may want to first look at the
beginning of Section 3.4 where we outline the rules that we use below to verify such examples

on non-invertible anyon condensation.

(G2)1 X (Gg)_l — 1

This is a rather trivial example of condensation by a non-abelian anyon that condenses the
theory to the trivial theory. The example is trivial in the sense that the theory is of the form
Gj. x G_},, which is known to condense to the vacuum [47,50,80]. Equivalently, a gapped
boundary exists that separates the trivial theory from G} x G_;, which hosts topological
degrees of freedom described by the G /G}. topological coset. For completeness, we write
here the condensation computation explicitly, since this particular example is easy and it

appears twice in this work, both in our example in Section 3.1.1 and in the derivation of the
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three-state Potts model Maverick duality from exceptional conformal embeddings.

The spectrum of (G9)1 is shown in Table 3.1. The lines in the double are denoted (0, 0),
(¢,0), (0,¢), and (¢, ¢). Here we have abused notation and called ¢ to the non-trivial entry
in both (G9); and (G3)_1, but where there is no ambiguity as we can tell them apart by
their position in the ordered pair.

Assume that the unique non-trivial boson (¢, ¢) condenses. That is:

(¢, ¢0) — 0+ (¢, 9)2, (3.247)

or in mathematical terms, the algebra that we condense is
A =(0,0)+ (¢, 9), (3.248)

which is nothing but the Lagrangian algebra given by the diagonal anyons that always exists

in a theory of the form C x C, with C = (G9)1 here.

By conservation of the quantum dimension d((b, By = 1+2‘/5, implying that (¢, ¢) can only

split into two lines. Further, since (¢, ¢) and 0 are self-conjugate, it follows that (¢, ¢)o also
is self-conjugate. It is easy to check that the other lines (¢,0) and (0, ¢) cannot split and
are also self-conjugate.

Since (¢, ¢) condenses, the fusion rules

(¢,0) x(0,¢0) = (¢,0) + (¢, 0) — 0 +..., (3.249)

(¢,¢) x (¢,0) = (0,9) + (¢, ) — 0+ ... (3.250)

imply that (¢, ¢) contains in its restriction the conjugates of (0,¢) and (¢,0), which are
however self-conjugate. Since their quantum dimensions are dg 4) = d(g0) = (1++/5)/2

they cannot be identified to the vacuum, and must be identified with (¢, ¢)2. In other words,
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we have the identification

(0,¢) = (¢,0) = (¢, 9)2. (3.251)

These labels therefore lift to lines in the parent theory with different topological spins, and
so it follows that all such excitations confine. The only non-trivial line in the gauged theory

is thus the vacuum, obtaining the expected result.

Spin(9)1 = (Spin(3); x Spin(3)3) /A

In this subsection we consider an example in the infinite family of conformal embeddings

corresponding to spin groups:

Spin(Nk)q
Spin(N); x Spin(k) N

, for &k, N odd. (3.252)

This family of embeddings is intimately related to level-rank dualities for orthogonal groups
(see [8,9,32]), and furthermore conformal embeddings with spin groups in the numerator have
the very important property of describing the low-energy dynamics of 2D QCD [1,90,115].1819
For the specific case N = k = v the previous conformal embeddings are also intrinsically
related to anomalous theories for time-reversal symmetry that realize a value v for such
anomaly [32,116] (once we add fermionic invertible factors).

We will consider the example N = k = 3 as this gives rise to the simplest example where
the numerator (Spin(9)1) has interesting non-abelian fusion rules; namely, Ising fusion rules.
In this case, there exists the exceptional isomorphism of chiral algebras Spin(3)s3 = SU(2)g.

So the task consists of condensing some (non-abelian) boson(s) in SU(2)g x SU(2)g, and

matching the unconfined lines of the condensed theory with those of Spin(9);. The spectrum

18. More precisely, fermionic conformal embeddings SO(N),/H}, describe the low-energy dynamics of 2D
QCD with gauge group H and k the index of the embedding, which in this case corresponds to the Dynkin
index of the representation in which the fermions transform.

19. Rigorously speaking this result is conjectural, but supported by highly non-trivial evidence on its
support like the matching of anomalies.
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SU((2)6
Line label Quantum Dimension | Conformal Weight
0 dop =1 hg =0
1 dy =vV2+V2 hy = 3/32
2 dy=1++2 hy =1/4
3 d3 = /2(2 + V/2) hg = 15/32
4 dy =142 hy =3/4
5 ds = V2+ V2 hs = 35/32
6 dg =1 hg = 3/2

Table 3.12: SU(2)g data.

of SU(2)g is shown in Table 3.12, and the fusion rules can be read from (3.92). The lines in
the product theory are denoted as (7, j), where i,7 = 0,...,6 is the label of a single factor.

There are four bosons in the product theory SU(2)g x SU(2)g: (0,0), (2,4), (4,2), and
(6,6). The latter is the “common center” of the product, which is abelian. The remaining
two non-trivial bosons are non-abelian. Merely condensing the common center in Spin(4)g =
SU(2)g x SU(2)g leads to the well-known answer SO(4)g. Then, as expected, one needs to
take at least one of the non-abelian bosons to condense in order to obtain Spin(9);.

Assume that (2,4) condenses; that is:
(2,4) — 0+... (3.253)

It is easy to see that since
(0,a) x (0,a) = (0,0) + > (0,q;), (3.254)
1

the lines (0, a) and (a,0) do not split and are self-conjugate. With this observation, consider
the fusion

(0,2) % (2,4) = (2,2) + (2,4) + (2,6) — 0+ ..., (3.255)

which implies that (0,2) belongs to the restriction of (2,4). This means that (2,4) restricts
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as

(2,4) — 0+ (2,4) + (2,4)3, (3.256)

with (2,4)2 = (0, 2), and since d(072) = 14 /2 by conservation of the quantum dimension we
must have that d(2’4)3 = 1+ /2. Notice that a priori the quantum dimension is sufficiently

large to allow (2,4) to split into four lines, but this is ruled out by the fusion
(2,4) x (2,4) =(0,0) +(2,4) + (4,2) + ..., (3.257)

since there are not enough bosons on the right side that could potentially condense to
accommodate four vacua. Furthermore, we also see from this fusion rule that (2,4) can split
as (3.256) only if (4,2) also condenses. Thus we have deduced that if (2,4) condenses, (4, 2)
also condenses.

By a similar argument, (2, 0) also belongs to the restriction of (2,4). However, (0,2) and
(2,0) cannot be identified with each other. To see this, consider the fusion with (0,6) which

has unit quantum dimension:

(0,6) x (2,4) = (2,2) =(0,2) x (2,0) L (0,2) x (0,2) = (0,0) 4+ (0,2) + (0,4)  (3.258)

=(0,6) + ..., (3.259)

where in the third equality in the first row we have (wrongly) assumed that (0,2) and (2,0)
identify, and in the second row we have first restricted (2,4) on the left-hand side and isolated
the trivial fusion between the vacuum and (0,6). Since both rows must agree, (0,6) must
identify with some line in the last equality of the first row, but only one line has unit quantum
dimension; namely, the vacuum. This identification, however, is equivalent to the statement
that (0,6) condenses, which is not possible since it does not have the correct topological spin

to do so. We thus reach the conclusion that (0,2) and (2,0) cannot be identified with each
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other.
Gathering this knowledge, we find the restrictions of (2,4) and (4,2) (the latter follows

from the same arguments, once we know it condenses as we have shown above):

(2,4) — 0+ (0,2) + (2,0), (3.260)

(4,2) — 0+ (0,2) + (2,0). (3.261)

We now deduce a few more identifications. First:

(2,4) % (6,6) = (4,2) = (6,6) +... =0+..., (3.262)

where we have used the restrictions of (2,4) and (4,2), and then isolated the fusion of
(6,6) with the vacuum on the left-hand side. Only the vacuum on the right-hand side has
unit quantum dimension that can match that of (6,6). Thus, we have deduced that (6,6)
condenses: (6,6) — 0.

In passing, notice that what we have just found is that the condensing algebra is

A= (0,0)+ (2,4) + (4,2) + (6,6), (3.263)

and in these terms what we want to show is that

Spin(3)g x Spin(3)s
A ?

I

Spin(9)1

(3.264)

for the algebra object A in (3.263) above.
Now (4,0) x (0,2) = (4,2) - 0+ ..., but (0,a) and (a,0) are self-conjugate for any a,
and thus we must have the identifications (2,0) = (0,4), (0,2) = (4,0). Similarly, (2,6) x

(6,6) = (4,0), but (6,6) restricts only to the vacuum, and thus we have the identification
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(2,6) = (0,4). By similar arguments, we find, overall: (2,6) = (4,0) = (0,2) = (6,4), and
(6,2) = (0,4) = (2,0) = (4,6). It is straightforward to check from these identifications that
the corresponding labels confine on the child theory.

The simple currents (0,6) and (6, 0) identify with each other since (0,6) = (6,6) x (6,0)
and (6,6) condenses. Using that (4,4) = (6,6) x (2,2) we obtain (2,2) = (4,4), and using

that (2,2) = (0,6) x (2,4) we obtain the restriction:

(2,2) — (0,6) + (2,0) + (0, 2). (3.265)

Notice that (0, 6) always lifts to anyons in the parent theory that share the same topological
spin, and thus it does not confine.

We now study lines (a, b) that have a and b odd integers. First, notice that since

(1,1) x (1,1) = (0,0) + (0,2) + (2,0) + (2,2), (3.266)

(1,1) cannot split. A similar argument shows that (1,5) also does not split. Since (1,1) X
(6,6) = (5,5) and (1,5) x (6,6) = (5,1) and (6,6) condenses, we find the identifications
(1,1) = (5,5) and (1,5) = (5,1). Furthermore:

(1,1) x (1,5) = (2,4) +... — 0+ ..., (3.267)

which means (1, 5) is conjugate to (1, 1) in the child theory, but (1, 1) is self-conjugate, which
implies the further identifications (1,1) = (1,5) = (5,1) = (5, 5).
To make progress, study now the fusion rules
(3,3) % (3,3) = (0,0) + (2,4) + (4,2) + (6,6) + ... — 0+ 0+0+0+...  (3.268)
(1,1) x(3,3) =(2,2) +(2,4) + (4,2) + (4,4) — 0+0+... (3.269)
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The first fusion rule allows two possibilities: either (3,3) splits into four distinct labels or
one label with multiplicity two. The first possibility is however not consistent with (3.269),
so it follows that (3,3) restricts as (3,3) — 2(1, 1) for consistency in between both (3.268)
and (3.269). This restriction also shows that (1, 1) confines, as it lifts to anyons in the parent
theory with different topological spins.

Consider now the rest of the lines with two odd entries. In particular, let us consider the

fusion rule

(1,1) x (1,3) = (0,2) + (0,4) + (2,2) + (2,4) — 0+ ..., (3.270)

which implies that (1,1) belongs in the restriction of (1,3) (a similar statement holds for
(3,1)). In turn, by conservation of the quantum dimension, this implies that (1,3) has a
restriction of the form:

(1,3) — (1,3)1 + (1, 1), (3.271)

with d(173) , = V2. Clearly, there is no sufficient quantum dimension for further splitting.
Using the standard arguments: (1,3)x(6,6) = (5,3) = (1,3) = (5,3) and (3,1)x(6,6) =

(3,5) = (3,1) = (3,5), meaning the restrictions we have to consider are
(1,3) — (1,3)1 + (1, 1), (3.272)

and

(3,1) — (3,1)1 + (1,1). (3.273)

It is straightforward to check that the three fusion rules (1,3) x (1,3), (1,3) x (3,1), and
(3,1) x (3,1) contain two vacua after restriction. Since we know (1,1) is self-conjugate, this
means that (1,3); and (3,1); must both be self-conjugate, but conjugate to each other as
well. We have to then identify (1,3); = (3,1);. Clearly, the previous identifications do not

lead to confinement of (1, 3);.
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Spin(9)1
Line label Quantum Dimension | Conformal Weight
0 dy=1 hg =0
1 dy =1 hy =1/2
2 dy = /2 ho = 9/16

Table 3.13: Spin(9); data.

Finally, the lines in SU(2)g x SU(2)g of the form (2m,2n + 1) with m, n integer confine.
For example, (0,1) x (6,6) = (6,5), and since (6, 6), condenses we have to identify (0,1) =
(6,5). However, these expressions lift to anyons of different topological spins and thus confine.
The same argument holds for the rest of such lines.

All in all, the spectrum of unconfined lines that we have found is given by (0,0), (6,0),
and (1,3); with topological spins and quantum dimensions that match those of Spin(9)y,
in accordance with the conformal embedding Spin(3)s x Spin(3)3 < Spin(9);. The pre-

vious can be readily verified by looking at the spectrum of Spin(9)1, presented in Table 3.13.

In the current example the child theory has interesting fusion rules (Ising fusion rules),
and the condensation procedure is also sufficiently straightforward to deduce them explicitly
from the parent theory. We turn to do this next.

First, (0,0) and (6, 0) descend trivially from the parent theory so they maintain Zs fusion
rules:

(0,6) x (0,6) = (0,0). (3.274)

To deduce the fusion rule (0,6) x (1,3); we fuse (0,6) with (1, 3):

(0,6) x (1,3) = (1,3) = (1,3); + (1,1) (3.275)

= (0,6) x (1,3)1 + (0,6) x (1,1) = (0,6) x (1,3); + (1,5) = (0,6) x (1,3)1 + (1,1),

where in the first row we have performed the fusion in the parent theory and restricted the
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result, while in the second row we have first restricted on the left-hand side, then performed
the fusions from the lines that descend trivially from the parent, and then used the iden-
tification (1,5) = (1,1). Since both rows must match, we have the fusion rule in the child
theory:

(0,6) x (1,3)1 = (1, 3)1. (3.276)

Deducing (1,3)1x(1, 3)1 is slightly more complicated. We consider the fusion (1, 3)x (1, 3)

in the parent theory:

(1,3) x (1,3) = (0,0) + (0,2) + (0,4) + (0,6) + (2,0) + (2,2) + (2,4) + (2,6) (3.277)

= (1,3)1 x (1,3)1 + (1,3)1 x (1,1) + (1,1) x (1,3)1 + (1,1) x (1,1), (3.278)

where in the first row we have performed the fusion in the parent theory, while in the second
row we have restricted the left-hand side first.

The matching of (3.277) with (3.278) is simplified if we use the explicit fusion in Eqn.
(3.266), finding:

(0,4) + (0,6) + (2,4) + (2,6) = (1,3); x (1,3)1 + (1,3)1 x (1,1) + (1,1) x (1,3)1. (3.279)

We use now that if a genuine line operator fuses with another genuine line operator it
must give genuine line operators, while if a genuine line operator fuses with a confining/non-
genuine line operator, it must give confining/non-genuine line operators. Since (1, 1) confines
and (1,3); does not, the previous means that we can extract the fusion (1,3); x (1,3); by
inspecting the unconfined excitations on the left hand side of (3.279) after restriction. Doing
this we obtain:

(1,3)1 % (1,3); = 0+ (0, 6). (3.280)

As promised, the fusion rules (3.274), (3.276), and (3.280) are indeed those of Ising.
102



SU4)1
Line label Quantum Dimension | Conformal Weight
1 d1 =1 h1 =0
4 dg =1 hg =3/8
6 dg = 1 he = 1/2
4 dz =1 hz =3/8

Table 3.14: SU(4); data.

(SU(4)1 X SU(Q)_M))/A

This is an amusing example that we touched upon in Section 3.3.2 of a Maverick duality
expressing the Ising TQFT (or rather any of its many coset descriptions) in terms of SU(4)y
and SU(2)19 Chern-Simons gauge theories via non-abelian anyon condensation. The spec-
trum of SU(4); can be found in Table 3.14 and that of SU(2)1g can be found in Table
3.15. SU(4); follows Z4 fusion rules, while those of SU(2)1y can be obtained from Eqn.
(3.92). The product theory has three non-trivial bosons: (6,10),(1,6), and (6,4). The
first of these is abelian, while the other two are non-abelian. Condensing just the non-
abelian boson (1,6) is tantamount to condensing only the anyon 6 in SU(2)1(, which leads
to SU(2)19/A = USp(4); where A = 0+ 6. In the product theory, one would then obtain
SU(4)1 x USp(4)_1. This points to the fact that one should instead condense all available

bosons to obtain the Ising TQFT:

(6,10) —> 0, (3.281)
(1,6) — 0+ (1,6)2, (3.282)
(6,4) — 0+ (6,4)2, (3.283)

where the non-abelian anyons cannot be split further, as it is not allowed by the fusion rules.
For example:
(1,6) x (1,6) =(1,0) + (1,6)+... — 04+0+..., (3.284)
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implies that (1,6) can have at most a twofold split. It is also easy to see from (6, 10)x(1,6) =
(6,4) that (1,6) and (6,4) must share the same restriction: (1,6)o = (6,4)s. This finishes
the discussion as far as the bosons go.

We focus now on anyons that are fermions, i.e., that have topological spin § = —1.
These are (6,0), (1,10), (1,4), and (6,6). Using similar fusion rule arguments as above we
can deduce that the anyons in the parent (1,4) and (6,6) share the same restriction, and

moreover:

(6,0) x (1,4) = (6,4) — 0+ ..., (3.285)

implies (1,4) — (6,0) +(1,4)2. We can show that the second component (1,4)o confines by

studying the fusion with the boson (1,6):

(1,4) x (1,6) = (1,6) +... — 0+ ... (3.286)

so (1,4) and (1,6) must have one of their components identified. But (6,0) € (1,4) cannot

SU(2)10
Line label Quantum Dimension | Conformal Weight
0 do=1 hg =10
1 di =vV2+V3 hi =1/16
2 dy =143 hog =1/6
3 d3 =v2++vV2++V3 | h3=>5/16
4 dy=2+3 hy=1/2
5 ds =22+ /3 hs = 35/48
6 dg =243 he =1
7 d7 =V2+V2++V3 | hy =21/16
8 dg=1++/3 hs =5/3
9 dg =2+ V3 hg = 33/16
10 d10=1 h10:5/2

Table 3.15: SU(2)1( data.
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condense (i.e., we cannot identify it to the vacuum), so the only consistent identification is
(1,4)2 = (1,6)2, (3.287)

from which it is easy to study their lift to anyons in the parent and check that they confine.
The remaining fermion is (1, 10), which identifies with (6, 0) since (6,10) x (1,10) = (6,0)
and (6,10) — 0, so (1,10) = (6,0).

At this point the list of unconfined anyons are the trivial one, and one fermion (6,0).

Let us focus now on the spectrum of anyons in the parent with topological spin 6 = e2mi/16,

These correspond to (4,3), (4,3), (4,7), and (4,7). The quantum dimensions of all these
anyons in the parent is d(473) =V2+V2+ \/§, and fusions of the form

(4,3) x (4,3) = (1,0) + (1,2) + (1,4) + (1,6) — 0+0+..., (3.288)

allows to conclude that this set of anyons all split in two. Furthermore, because (6,10) — 0,
the fusions (6,10) x (4,3) = (4,7) and (6, 10) x (4,3) = (4, 7) imply that the following pairs

of anyons in the parent share their restriction:
(4,3) = (4,7), and (4,7) = (4,3) (3.289)

To deduce the splitting of the quantum dimensions we will consider the fusion with the

anyon (4,9). This anyon is such that
(4,9) x (4,9) = (1,0) + (1,2) — 0+ ..., (3.290)
so it does not split, and such that

(4,9) x (4,9) = (6,0 +2) = (6,0) + (6,2), (3.291)
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so it is not self-conjugate. That is, (4,9) corresponds to a different excitation in the child
theory. Then:
(4,9) x (4,3) =(1,6) + (1,8) — 0+ ..., (3.292)

implies that (4,9) € (4, 3), so the splitting of the quantum dimensions in (4, 3) corresponds
to d(4,9) = 2+ \/g, and another component with quantum dimension V2. From the

previous we also conclude that (4,9) and (4,9) confine. Finally, from the fusions
(4,3) x (4,7) = (6,4) + (6,6) + (6,8) + (6,10) — 0+0+..., (3.293)

(4,3) x (4,3) = (6,0) + (6,2) + (6,4) + (6,6) — 0+ .. ., (3.294)

we conclude that the restrictions must be
(4,3) = (4,3)1 +(4,9), (3.295)

(4,7) = (4,3)1 + (4,9), (3.296)

with (4,9) and (4,9) confining. (4,3); is then the anyon that descends to the spin field with

2mi/16 §p the Ising model.

topological spin 6 = e

It is now straightforward to argue for the confinement of the remaining excitations. For
example, (6,10) x (1,3) = (6,7) = (1,3) = (6,7). Studying the lift of their spin to the
parent, it can readily be checked for the confinement of (6,7) and (1, 3). A similar argument

holds for the rest of the anyons, with the exception of (4,5). To argue for the confinement

of this anyon, notice

(4,5) x (4,5) = (6,4) + (6,10) — 0+0+ ..., (3.297)
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G
Line label Quantun(l ]gi)rgnension Conformal Weight
1 d1 =1 h1 =0
7 dy = 3ty21 hy =2/7
27 doy = Ty har = 2/3
77 dyp = 31y2L hpp = 8/7
14 dyy = 3y hia = 4/7
64 dgg = STy hes = 1

so (4,5) splits in two, and

Table 3.16: (Gg)3 data.

(4,9) x (4,5) = (6,4) + (6,6) — 0+ ...,

(4,9) % (4,5) = (1,4) + (1,6) — 0+ ...,

(3.298)

(3.299)

imply that (4,9),(4,9) € (4,5). As argued above, (4,9) and (4,9) cannot identify with each

other, so it must be that (4,5) — (4,9) + (4,9), and thus all components of (4,5) confine.

Then, the unconfined excitations are 0, (6,0) and (4,3)1, which as expected, gives the

data of the Ising TQFT.

(E6)1 = (G2)3/ A

This is an interesting example of a single affine lie algebra embedding into another single

one mentioned in Section 3.5.2. The spectrum of (G2)3 can be found in Table 3.16 while

(E6)1
Line label Quantum Dimension | Conformal Weight
1 d1 =1 h1 =0
27 dor =1 hor =2/3
27 dow =1 haz = 2/3

Table 3.17: (Fg)1 data.
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the spectrum of (Eg); which is the expect result is presented in Table 3.17. The (Fg)1
Chern-Simons theory has Zsg fusion rules. Those of (G2)3 are fairly unwieldy to write down,
so instead we just use them as we need them through the calculation.

Our starting theory (Gg)s has only one non-trivial boson; namely 64, and it is non-

abelian. We assume it condenses, and the fusion rule
64x64=1+7+274+774+14+64 —0+0+... (3.300)

needs 64 to split in two for consistency with the right-hand side. Thus, 64 — 0+ 649, with

des, = (3 + v21)/2. We can now use the fusion rules

TX64=27+7T7+14+64 —0+... (3.301)
14X 64="T+27+77+64 — 0+ ... (3.302)
TTX64="T+27+14+64 —0+... (3.303)

where we conclude that 7, 14, and 77 belong in the restriction of 64. Clearly, the only
possibility is to have the identifications 7 = 14 = 77 = 649 from which we also deduce the
confinement of these excitations.

It only remains to study 27. Examining the self-fusion

27 x27=1+2(64)+... —0+0+0+..., (3.304)

we see that 27 splits in three: 27 — 271 + 279 + 273. To assign quantum dimensions it is

sufficient to study the fusion

27X 64=64+... — 0+..., (3.305)

108



USp(6)1
Line label Quantum Dimension | Conformal Weight
1 di = hi =0
14 d14 = %5 h14 = 3/5
6 dg =110 he =17/20

Table 3.18: USp(6); data.

from which we deduce that one component of 27 must belong in the restriction of 64.
Obviously, 27 cannot condense so one of its components, say 273, must identify with 649:
273 = 649, so 273 confines, and we must have da7, = da7, = 1 and da7, = (3 + V21)/2.
The fusion rules of the remaining non-confined excitations 0, 277 and 279 can be deduced
from the associativity of the fusion and the fact that all these components are abelian. Then,
indeed they have the correct spins, fusion rules, and quantum dimensions to recognize the

expected result (Eg)1. So we have indeed found that

(G2)3/ A= (E¢)1, (3.306)

where A =1 + 64.

SU(2); = (USp(6)1 x SO(3)_4)/ A

In this subsection we consider an example in the infinite family of conformal embeddings

studied in Section 3.5.1:
SO(N)y x SU(2)y — USp(2N)1, (3.307)

where we attempt to express SU(2)y in terms of SO(N)4 and USp(2N)1. We consider N =
3 which is the simplest case in which non-abelian anyon condensation must be considered.

The spectrum of USp(6); and SO(3)4 can be found in Tables 3.18 and 3.11 respectively.
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The fusion rules of USp(6); are given as follows:

14 x14' =1, 14 ' x14=6, 14’ x6 =14,

14x14=1+14, 14x6=14+6, 6x6=1+14. (3.308)

The fusion rules of SO(3)4 may be found in Eqn. (3.228).

It is easy to see that the product USp(6); x SO(3)_4 has two bosons, both of which
are non-abelian: (14,47) and (14,42). Running a similar argument as in the beginning
of Section 3.5.2 we can see that only one of them can condense, and since 41 and 49 are
symmetric between each other the choice is immaterial. We choose (14,41) to condense, and
thus (14, 4) does not split and has quantum dimension d(14 4,) = (3+ v/5)/2. To study how
(14,4,) splits consider the fusion and restriction (14,47) x (1,4;) = (14,0) + (14,41) — 0.
Then, (1,41) belongs to the restriction of (14,41) and therefore confines.

We can study the fate of the boson (14, 49) by computing the fusion with (14, 2):

(14,2) x (14,2) = (1,0) + (14,4))+... — 0+ 0+..., (3.309)

(14,49) x (14,2) = (1,2) + (1,41) + (14,2) + (14,4;) — 0+ ... (3.310)

The first fusion says that (14,2) splits into two components (14,2) — (14,2)1 + (14, 2)2,
and the second fusion implies the identification (14,45) = (14,2)1%0 and corresponding
confinement of these excitations. Correspondingly, d(149), = (3 + v/5)/2 and d(14,2), =
(1 ++/5)/2. We may now identify the remaining component of (14,2) with (1,4s), in

accordance with the fusion

(1,49) x (14,2) = (14,2) + (14,4;) — 0+ ... (3.311)

20. Here we have defined (14, 2); to be the component of (14,2) that identifies.

110



and matching of quantum dimensions. So, indeed (14,2)9 = (1,49).

There are two additional identifications that we can deduce, namely

(14,49) x (1,2) = (14,2) + (14,4;) — 0+ ... (3.312)

implies (1,2) = (14,49), and so (1,2) confines. Also

(14,0) x (1,41) = (14,4;) —> 0+ ... (3.313)

implies (14,0) = (1,41), and since (1,4;) confines, so does (14,0).
We move-on now to consider anyons of the form (14’ a) and (6,a), with a a label in
SO(3)_4. Studying self-fusions as usual we deduce that (6,2) and (6,41) split into two

components, while (6,45) does not split. The fusion

(6,49) % (6,2) = (14,41) + ... —> 0+ ..., (3.314)

implies that (6,2) restricts as (6,2) — (6,42) + (6,2)2, and as such (6,49) confines. The

remaining component is identified with (14’,45) because of the fusion

(147, 49) x (6,2) = (14,2) + (14,41) — 0+ ... (3.315)

and the matching of the quantum dimensions, so we obtain the full restriction (6,2) —
(14/,49) + (6,49).

Similarly, we have the fusions (14/,0)x(6,41) = (14,41) — 0+...and (14/,41)x(6,4;) =
(14,0) + (14,41) — 0 +.... From this we find the restriction (6,41) — (14’,0) + (14/,4y),
and in turn we deduce the confinement of (14’,4).

Finally, from the fusions (14’,2) x (6,45) and (6,0) x (14’,47) we may deduce the identi-
fications (14/,2) = (6,45) and (6,0) = (14’,41) and the corresponding confinement of such
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excitations.
All in all, considering identifications we get the unconfined excitations (14',45), (1,49)
and (14’,0) on top of the vacuum. This correctly reproduces the spectrum of the expect

result SU(2)3 (presented in Table 3.2) according to the conformal embedding (3.203).
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CHAPTER 4
TOPOLOGICAL COSETS VIA ANYON CONDENSATION AND
APPLICATIONS TO GAPPED QCD.

4.1 Introduction

For the past half-century, the Standard Model of particle physics has been our best descrip-
tion of the dynamics of elementary particles. However, despite its tremendous success, we
still lack a clear analytical understanding of the low-energy regime of the QCD sector, where
strong interactions take over, and we observe a gapped energy spectrum with no long-range
topological degrees of freedom. This enduring mystery is one of the main motivations for
developing new general tools to understand strongly coupled dynamics in quantum field the-
ory. Directly addressing these questions is a formidable long-term challenge. Nevertheless,
analogs of QCD in lower dimensions are under better technical control and provide a valuable
window into the strongly interacting regime of quantum field theory.

In this context, in recent years there has been significant progress in our understanding
of the strongly coupled regime of 2D QCD |[1,90, 115, 117-128]. For instance, an elegant
explanation for (de)confinement in massless SU(N) adjoint 2D QCD was derived in [1]
based on the presence of non-invertible topological line defects [6,11,62,129] in these systems.
Meanwhile, [90] established criteria for a 2D QCD theory (with vanishing bare quark masses)
to be gapped or gapless at long distances. Specifically, if we take a gauge theory with gauge
group F' with left-moving fermions in some representation R, and right-moving fermions in
some representation R, the corresponding QCD theory is gapped if and only if the following

operator equations hold:

Tso(dim(Rry), — TFyg,y =0 (4.1)

TSO(dim(RT))l - TFI(RT) =0, (4.2)



where I(R) is the Dynkin index of the representation R and Tp, (Tpk) is the holomorphic
(antiholomorphic) part of the stress-energy tensor of the WZW theory with symmetry group
F and level k (denoted F},). To simplify the discussion, we will assume from now on that
the gauge theory we are working with is non-chiral Ry = R, = R, unless otherwise specified.

Equivalently, a non-chiral 2D QCD theory is gapped if and only if the coset

SO(dim(R))q (43)
Frery
is a conformal embedding, i.e. it has vanishing central charge:!
CSO(dim(R))1/Fy(p) = €SO(dim(R)); ~ CFr(g) = 0- (4.4)

As in [90], we call cosets satisfying this condition topological cosets. A complete list of gapped
2D QCD theories can be found in [90], and a list of all conformal embeddings can be found
in [50].

An intuitive way to understand this result is to bosonize the fermionic theory and cast 2D
QCD as a gauged WZW model with a kinetic term for the gauge fields with coupling gy (for
details on bosonization and fermionization, see Section 4.6.3). Here, the WZW model cap-
tures the global symmetry of the free UV fermions and is therefore given by Spin(dim(R));.
However, the following discussion holds for any conformal embedding. Assuming that the

infrared fixed point is obtained upon taking the limit gy — oc:

1
lim [ DgDAexp|—S VAl + /d2a:TrF2]
L / g Xp[ wzwlg, Al 12, Js (£7)

- /'Dg DA exp[— SWZW[Q,A]}, (4.5)

1. Notice that SO(dim(R)); is a fermionic theory. Since the criterion for a mass gap concerns the central
charge, it applies to either the fermionic or bosonic version of the coset theory.
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the theory is gapless or gapped if and only if the gauged WZW model is gapless or gapped,
reproducing the rigorous statement obtained in [90] based on Eqns. (4.1) and (4.2).

It is textbook conformal field theory (CFT) that for a generic coset (i.e., non-zero central
charge) there exist standard algebraic methods to characterize the associated coset CFT,
meaning (roughly) that we can recover, e.g., the spectrum of local operators and their fusion
rules. For an overview, see [5]. In this sense, describing explicitly (4.5) in the gapless case is
straightforward. For concrete examples in the context of 2D QCD, see [90,115]. Not as well
known, however, is that historically the standard coset construction has largely ignored the
existence of additional topological sectors, with multiple vacua and topological line defects
that are important to fully characterize the theory (4.5). This observation is particularly
significant in the case that the gauged WZW model is given by a conformal embedding
(corresponding to a gapped 2D QCD theory), as in this case the topological sectors are all
the information that is contained in (4.5). This is the situation we will be interested in
below.

A fruitful way to describe the topological coset (4.5) makes use of a suitable 3D construc-
tion. More precisely, the 2D theory can be obtained after interval compactification of the

well-known 3D construction of gauged WZW models of [2|. Indeed, in this construction, if

Gl X H—fc

G’l/];lfC Gl/H,;

Figure 4.1: Finding the full IR description of gapped 2D QCD is tantamount to describing
the topological local operators and topological line operators of the 2D theory obtained upon
interval compactification of a G; x H i topological order with topological coset boundary
conditions. The latter boundary conditions exist when G1/H i lsa topological coset, i.e.,
when the embedding of chiral algebras is conformal.

115



the topological coset consists of a WZW model G712 with gauge group H and index of embed-
ding k, we can construct the topological coset G1/H i, by starting with the three-dimensional
Chern-Simons theory G1 x H i and setting coset boundary conditions describing the em-
bedding of H j, nto G1 on the left and right boundaries of the interval. See Figure 4.1 and
Section 4.6.1 for additional details.

Thus far, the construction described is not unique to conformal embeddings. The cru-
cial difference between the coset boundary conditions for a conformal embedding and that
of a generic coset at non-zero central charge is that in the former case the coset bound-
ary conditions are topological (also called gapped) boundary conditions.? Gapped bound-
ary conditions are special in the sense that, unlike a generic boundary condition, they
can always be described by a gauging operation for topological defect lines with non-
necessarily-invertible fusion rules known as non-abelian anyon condensation, or non-invertible
anyon condensation. For a collection of references and applications in this subject, see
[3,51,52,64,106-109, 130-132].

Indeed, topological defects in quantum field theory have seen significant applications in
recent years. Their interpretation as “non-invertible symmetries” was originally developed
in [6,11,53,54,62,133-135]. See also [41-46]| for earlier pioneering work in the subject. Most
relevant to our analysis below, generalized symmetries have proved useful in characterizing
phases of general quantum field theories [72,73,136,137|, and in signaling phases of 2D gauge
theory in particular in [1]. These symmetries can be gauged [3,62-65,67,75] and can constrain
strongly coupled RG flows through anomalies [53,66,68-71,133,138-140]. They have also
recently seen applications directly relevant to particle physics in 2D including scattering
theory [141,142], and representation theory of generalized multiplets of particles [143, 144]

and operators [56,61, 145-152].

2. As reviewed in [5], unless H; = G, conformal embeddings can only occur when the numerator has
level k = 1, which we assume in the rest of this discussion.

3. Mathematically, this is the statement that conformal embeddings belong to the trivial Witt class [50].
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In this chapter, we will use the technology of non-invertible anyon condensation to provide
a explicit description of topological cosets —and thus in particular the IR fixed point of
(bosonized) gapped 2D QCD- explaining how to obtain the spectrum of line operators and
their fusion ring, the spectrum of local operators and their topological OPE, and action of
line operators on local operators. For previous work in this direction, see [1,57,90, 115].
Below we will concentrate on the bosonic version of the topological cosets, and will leave
the study of their fermionic analogs (crucial for a proper description of gapped fermionic 2D
QCD) for future investigations, perhaps along the lines of [135, 153, 154].

In mathematical terms, the problem of solving for the line operators has a rather succinct
statement. In general, an arbitrary gapped boundary condition for a 3D TQFT always
supports a set of topological line defects described by some fusion category F. In turn, full
knowledge of the boundary fusion category F allows us to recover the bulk 3D TQFT (see
e.g. [155-157]). Indeed, the corresponding bulk topological order is the Drinfeld center Z(F)
of the fusion category F. Because conformal embeddings always admit a particular gapped
boundary describing the embedding of Hj into G, this means that the Chern-Simons theory
GixH_ s the Drinfeld center Z(Fq Y H,;) of a particular boundary fusion category Fg, /H;,
associated to this specific gapped boundary. The problem we must solve then is the inverse
of the boundary to bulk correspondence outlined above. Namely, we must determine the
boundary fusion category Fq, /H; given that we know Gp x H_; allows for the specific
gapped boundary associated to the conformal embedding H P G1. As we will describe
with more precision in the main text, since we are picking the same boundary condition
to the left and right of the interval, this data will fully characterize the 2D theory we are
interested in after interval compactification.

This presentation also clarifies the key role of non-invertible symmetry in characterizing
the IR of gapped QCD3. Indeed, the boundary fusion category Fa, /H; defined above is not

the full symmetry of the RG flow, but rather precisely the symmetry along the RG flow that
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is spontaneously broken at long distances. See Section 4.6.1. In particular, the vacua of the
IR are in one-to-one correspondence with simple objects in F \/H - Due to its importance,
we sometimes refer to this symmetry as the coset zero-form symmetry. Mathematically,
the IR TQFT furnishes a regular module of this coset zero-form symmetry Fq, JH- This
relationship between the bulk 3D TQFT and the boundary symmetry is a particular incidence
of the symmetry TQFT construction utilized e.g. in [6,57-59,68,69, 136, 137, 158-166].

A topological coset also consists of a set of local operators. In the context of 2D QCD,
these operators are the ones that survive the RG flow and do not decouple at long distances.
For works studying the flow of these local operators, see [90,115]. Below, we will also explain
precisely how the gapped boundary conditions in the 3D construction determine the set of
local operators, and furthermore, their OPE.* See Section 4.3 for more details. In particular,
this allows us to go beyond the counting of local operators/vacua, and recover the leading

contribution of the OPE of local operators of 2D QCD as we approach the IR fixed point:

o7V (21)65 Y (w2) — o"gb". (4.6)
In particular, since the IR theory is gapped, the right-hand side above is independent of
position and non-singular in the limit x1 — z9.

As an example illustrating our results, we will find that in SU(3) gauge theory with
a single adjoint fermion, the topological coset Spin(8);/SU(3)s is described by a Zg X Zsg

triality fusion category:

X N N v | s | c
N 2N O+v+s+ec | N | N | N
N|0+v+s+c 2N NI NN
v N N 0| cls
s N N c| 0 |vVv
c N N s | v |0

4. In mathematical terms, the OPE and the sphere one-point functions of the IR local operators furnish
a commutative Frobenius algebra [167,168].
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and the local operators, in the basis that diagonalizes the above fusion ring (the one de-

termined by the branching rules of the conformal embedding), satisfy the IR multiplication

table:
(0,10) * 9(0,10) = P(0,10)>  ?(0,70) " P(0,10) = ?(0,10)" (4.7)
gb(0,10) ) ¢(07ﬁ) = ¢(0,E) '¢(0,10) = 425(071)7 (4.8)
$(0,10) * P(i.8) = P(0.70) * (i.8) = (i.8) * P(0,10) = P(i.8) * P(0,70) = P(i.8) (4.9)
P(v,8) " V(s,8) = P(s,8) * P(v.8) = 3P(c,8); (4.10)
P(s,8) " P(c,8) = P(c,8) * P(s,8) = 3P(v,8): (4.11)
D(c8) " P(v,8) = P(v,8) " P(c,8) = 3P(s 8); (4.12)

P(v.8)* P(v.8) = V(s.8) " V(s,8) = P(c.8) * Pe.8) = 3P(0,1) T 3%(0,10) T 3¢ (010, (413)

where 7 = v, s, c. See Section 4.4 for details in the notation.

In the spirit of understanding the IR limit of gauge theories like the standard model, it is
also interesting to consider the possibility of gapped QCD theories that are trivially gapped,
i.e. those where all particle spectra are massive and where there is a unique vacuum state. To
see how this possibility is addressed from the 2D-3D correspondence point of view, it is useful
to recall the more standard case of counting states of a 2D RCFT R with a single vacuum
from the 3D point of view and how the chiral and antichiral sides of R are glued together to
furnish a full 2D RCFT. [41,169] (see also [1,57]). This will be useful background for Section
4.5 (see also Section 4.6.1). Indeed, if R is described by some chiral algebra V', then we can
construct R from the 3D perspective by taking a bulk TQFT described by an appropriate

MTC C® on an interval with canonical boundary conditions respect to such chiral algebra

5. The “appropriate” MTC in this context is the so-called category of V-modules of the chiral algebra V.
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Figure 4.2: On the left: A modular invariant for a chiral algebra V is obtained starting
with an appropriate 3D bulk MTC C, possibly with an insertion of a surface operator S,
and summing over all the possible junctions of anyons stretching perpendicularly between
the left and right boundaries, both with canonical boundary conditions for V. The different
modular invariants are given by different choices of bulk surface operators S. On the right:
If the bulk MTC C allows for (several) topological boundary conditions, then the spectrum
of topological local operators of the 2D theory obtained after interval compactification is
obtained by stretching an anyon between the left and right boundaries. The total partition
function is obtained by summing over all such insertions, each with a unit contribution.

(for references on gapless boundaries see the seminal work [4] or more recently [170-172],
specially remark 5.4 in [171]). An arbitrary modular invariant giving the partition function
for R is then constructed by studying all the allowed endpoints of anyons of the bulk MTC
on the two boundary conditions, possibly with some surface operator inserted in the middle
region [169] dictating how the chiral and antichiral sides are glued together, as shown in
the left in Figure 4.2. When the surface defect S is invertible the construction leads to
a permutation modular invariant, and in the case where the modular invariant is of pure
extension type the surface defect S is non-invertible, as in the higher-gauging defects of [65].

The situation when the boundaries are topological is similar, with the difference that
characterizing topological boundaries is more subtle technically than the gapless boundaries
describing (non-necessarily diagonal) RCFTs with single vacuum, and with the difference
that an allowed insertion of an anyon in between two boundaries does not contribute a pair
of holomorphic and antiholomorphic characters to the (torus) partition function, but rather
just a unit contribution. Allowed insertions of anyons in between topological boundaries then
count the number of vacua in the corresponding 2D theory, as shown in the right in Figure
4.2. Thus, if the unique anyon that can be stretched in between two different topological

boundaries is the identity anyon, then we have found a trivially gapped IR fixed point.
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Indeed, this is the essential idea advocated in [69] to explore anomalies of non-invertible
symmetries in two spacetime dimensions. Here, we will take this construction and apply it
on our context to argue in Section 4.5 that the chiral Spin(8) QCDy with massless fermions

in the vectorial and spinorial representations is trivially gapped.

4.2 Lagrangian Algebras and Gapped Boundaries

In this section, we describe the algebraic theory of topological boundaries in terms of non-
abelian (non-invertible) anyon condensation and Lagrangian algebras. In the next section
we put the theory to use to describe topological cosets. Recall that in Chapter 2 we have
reviewed standard material on the algebraic formulation of anyons via MTCs that is useful

in the following.

4.2.1 Lagrangian Algebras for Gapped Boundaries

Abelian Case

To understand the general situation, we start by briefly recalling the theory of gapped
boundaries for abelian MTCs. These are MTCs whose simple anyons are all abelian, and
their fusion rules are always those of some abelian group G. In this case, we can efficiently
describe topological boundaries in terms of the gauging of abelian higher-form symmetries [6].

In this setting, we must determine then which objects are gaugable in a bulk region of
the 3D spacetime so that the result after gauging is a trivial theory. In the context of abelian
MTCs the answer is well-known, and it corresponds to a Lagrangian subgroup L of the given
abelian MTC [101-104]. This is a subset of the anyons that fulfills H C G fusion rules, and
such that all anyons in L are bosons.% In particular, notice that this subset of anyons is

closed under fusion. Additionally, the following two conditions have to be satisfied:

6. A boson is a simple anyon a with topological spin 8, = 1. See Chapter 2 for a brief review.
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e Any two simple anyons in L have trivial braiding phase (2.16) with each other. This
condition can be interpreted as follows: Recall that the braiding phase (2.16) measures
the charge of a simple anyon a under the symmetry implemented by an anyon b encir-
cling a. Then, this condition states that the lines generating the gauge symmetry must
be gauge-invariant amongst themselves. When we gauge these lines we sum over all
possible insertions of them and they become indistinguishable from the identity line in

the gauged theory.

e Any simple anyon not in L has non-trivial braiding phase (2.16) with at least one sim-
ple anyon belonging to L. This is the statement that the remaining lines are charged
under L and thus not gauge-invariant. They are left out of the spectrum of the gauged

theory. Overall, after gauging, the result is a completely trivial theory.

Performing this gauging operation on half of spacetime leads then to a gapped boundary,
as depicted in the left of Figure 4.3.7 The order of H is always |H| = /|G]. We require
anyons in the Lagrangian subgroup to be bosons since otherwise twisting lines into loops
gives phases (see (2.14)) that makes the definition of gauging ambiguous |6, 10,34]. Thus,
only bosons can participate in a gaugable symmetry.

As previously stated, lines in the Lagrangian subgroup become indistinguishable from
the identity line on the side of the trivial theory. More precisely, the Lagrangian subgroup

—seen as a non-simple line of the original theory— becomes the identity line on the side of

7. In practical calculations the gauging of abelian anyons may be implemented along the lines of the
three-step gauging rule of [2,34] (for a more recent review on this topic, see Appendix A.1. in [173]). A
gapped boundary is then identified if the outcome of the three-step gauging rule returns the trivial MTC.
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Figure 4.3: On the left: The 3D TQFT described by the MTC C (in black) exhibits a
topological boundary generated by the process of gauging a Lagrangian algebra A on one
half of the spacetime (in red). In the abelian case, the Lagrangian algebra reduces to the
notion of a Lagrangian subgroup, and we have L = @,c g h for H a Lagrangian subgroup of
G (see main text). On the right: Simple anyons a in the Lagrangian algebra A are allowed
to end perpendicularly at the topological boundary (dashed line) on a set of topological
(quasi-)local junctions labeled by p, a channel in which a embeds into A.

the trivial theory after gauging:

@ h — OTrivial- (4'14)
heH

A simple line in the Lagrangian subgroup is thus mapped by the gapped boundary to the
identity line on the side of the trivial theory. When the simple line ends perpendicularly
at the gapped boundary, this defines a topological junction for such a simple line at the
boundary. See Figure 4.3. Fusion of these junctions follows in the obvious way. Since a
Lagrangian subgroup is closed under fusion and fusion of abelian anyons results in a single
simple anyon, the fusion of these junctions at the boundary follow the same fusion rules
as those of the corresponding Lagrangian subgroup. See Figure 4.4. The special case of

Lagrangian subgroups in abelian MTCs will be important in Section 4.5 below.

A T

Figure 4.4: Two simple lines ending perpendicularly at a topological boundary always fuse
to a single line when the topological boundary is described by a Lagrangian subgroup. In
particular, the junctions follow the same fusion rules as those of the corresponding Lagrangian
subgroup.
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Non-Abelian Case

The general situation for non-abelian MTCs is more delicate, but the general characterization
of gapped boundaries is known. In general, any elementary gapped boundary condition of a
3D TQFT is described in terms of a generalization of the concept of a Lagrangian subgroup
known as Lagrangian algebra (see e.g., [50,52,64,131]). In parallel to the situation of gauging
invertible one-form symmetries reviewed above, a gapped boundary is generated by inserting
a suitable fine mesh of anyons on half of spacetime and performing a weighted summation
over such insertions so that the resulting theory is trivial. (See Figure 4.3)). A Lagrangian
algebra is, essentially, the precise description of such a mesh of anyons and their insertions.

In the rest of this subsection, our goal will be to provide a more accurate definition of the
concept of Lagrangian algebra. In the subsequent discussion we mainly follow the algebraic
definitions of [41]. We follow their interpretation in terms of anyon condensation from [52].

An algebra A in a MTC C consists, first, of some (non-simple) anyon in C:
A= @naa, ng € N. (4.15)
aeC

This is the anyon that we will gauge on half of spacetime, so in particular we demand that
it becomes indistinguishable from the identity line on the side of the trivial theory. The fact
that the anyon A is (generically) non-simple implies that there exist topological junctions
describing the embedding of simple anyons a into 4. Generally, there are n, such junctions,

so we label them by Greek letters and draw them as gray arrows:

|
i

An analogous diagram holds where an algebra is “decomposed” by a topological junction into

ph € Hom(a, A). (4.16)
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its simples.

An algebra is also defined by a “multiplication map” that we denote by m.® The mul-
tiplication in the algebra corresponds to a trivalent vertex of the algebra object, and may
be expressed in terms of the simple lines of the MTC as a collection of complex numbers
encoding how the simple lines embed into the algebra object A. Diagrammatically:

c
J NG, ‘

A SR e
AU —;mm,u)(b,u) N (4.17)
a b

AN

It is important to note that two different algebras may have the same underlying object (4.15)
and differ only in their multiplication, so strictly speaking we should write a pair (A, m) to
denote an algebra appropriately. However, as there should be no misunderstanding given
context, we will abuse language and use the same notation A to refer to both the abstract
notion of algebra with multiplication, or just the underlying (non-simple) anyon.

A technical point is that a Lagrangian algebra is both an algebra and a coalgebra. A

Vs a “comul-

coalgebra in a MTC C is defined similarly by a pair (A, mv),g where now m
tiplication map”, whose diagrammatic expression is similar to (4.17), but where we replace
m — m" and the diagrams now involve splitting spaces instead of fusing spaces. In a unitary
theory, there exists a basis where the comultiplication is determined by the multiplication

as mv = mT.lo

Recall that for higher-form symmetries, a gauge transformation corresponds to a rear-

8. Technically, an algebra also requires a unit morphism v € Hom(0, .A) satisfying a number of properties.
In the following we will actually not make use of the unit, and instead refer the reader to [41] for further
details.

9. More precisely, by a triple (A, m",«"), where u" is a counit morphism «" € Hom(A,0). As with the
unit morphism, the counit will not be needed in the following, so we do not refer to it from now on.

10. Sometimes it is useful to consider the general basis, e.g. when one does not know the F-symbols in
unitary basis.
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rangement of the trivalent vertices defining the mesh of higher-form symmetry [6]. Similarly,
we demand that performing a topological manipulation of our mesh of non-invertible anyons
leaves the result invariant. This more general form of gauge invariance implies that the
multiplication and comultiplication must satisfy a number of constraints — often expressed
diagrammatically — in order to properly trivialize the aforementioned topological manipula-

tions. The first of these are the (co)associativity conditions:!!

A A A

- A m (4.18)
m

The previous diagrams can be understood as a series of polynomial (quadratic) equations
that the multiplication and comultiplication must fulfill, analogous to the pentagon and
hexagon equations constraining the F' and R-symbols. To be explicit, we can express the

coassociativity condition in components:

\/(d,(b),]f \/(f)\),‘ _ \/(67 )7£ \/(dv(b)u abc
%:m (@) ()™ (ba)(eo) —( Z):E m )™ (oo Fd Vetp) (pik)  (419)
67p ) 7p

Another topological manipulation that must trivialize on the side of the gauged theory

corresponds to the braiding of one algebra object around each other. Diagrammatically, one

AN A A o
) = mY . (420)

V(c,0),j V(e,0),k ab
m (a,ﬂ)(%,y) - ;m (b,v) [Rc ]k:j- (4.21)

finds the condition:

Or in components:

(a,p)

11. We could also write the associativity and Frobenius conditions, but since we assume we are working
with unitary theories where a basis exist where m" = m, these are not independent conditions to consider.
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We also require that a bubble of the vacuum line on the side of the gauged theory can

always be attached or removed to the vacuum line. In terms of the algebra object in the

original theory, this leads to the separability condition:1213

A A
m
A 4 =dim(A) . (4.22)
7V
A A

Notice that a choice of multiplication in the Frobenius algebra is unique only up to a

(c,0),j

-1 )
(a,p)(b,v )~+, for a choice

/ .
“gauge transformation” that replaces m b G0 )( ¢

a
) FMM’FW’m(a,u’)(bw’ oo’

of unitary transformations FZ .

"
Finally, we demand that a gaugable algebra consists only of bosonic simple anyons.
Similarly as with Lagrangian subgroups, this condition arises to avoid ambiguous phases
coming from twisting loops (recall (2.14)).
Thus far, the conditions written down define a gaugable algebra in 3D TQFTs along a
three-dimensional region. This is, the gauged theory has not been demanded to be trivial.

A Lagrangian algebra is furthermore defined by the condition!?

dim(C) = (dim(A))>. (4.23)

This finishes the definition of a gapped boundary in 3D TQFTs in terms of Lagrangian

12. In two dimensions, the analogous rearrangement of lines relating different triangulations of a Riemann
surface is known as the “bubble move” [41].

13. Notice that the constant on the right-hand side of (4.22) is often set to one. As described in [24,41],
this amounts to a normalization choice of the unit and counit morphisms that we have made to obtain
simple-looking expressions in our context. Changing this normalization merely amounts to renormalizing
the local operators defined below by a global constant.

14. From the abstract definitions of a gaugable algebra one can deduce that dim(D) = dim(C)/ (dim(A))2,
where dim(D) corresponds to the dimension of the MTC D obtained after gauging the algebra A in C (see
e.g. [24]). When the result is the trivial theory dim(D) = 1, and (4.23) follows. Alternatively, one can deduce
(4.23) must be fulfilled by a gapped boundary by analyzing the Hopf link between A and a simple line a as
in [64].
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algebras.
To give a general example, note that if a MTC is of the form C x C, then a gapped

boundary with Lagrangian algebra object

A= EB(@, a) (4.24)

a€l

always exists. (Recall that Z labels the simple anyons in C, see Chapter 2.) This is the
so-called diagonal Lagrangian algebra. Physically, the existence of this algebra follows from
the trivial fact that the identity interface in C always exists. After folding, the identity
interface becomes the topological boundary in C x C described by the diagonal Lagrangian
algebra. For a mathematical proof that the object (4.24) can always be extended to satisfy
the definitions of a Lagrangian algebra above, see e.g. Lemma 6.19 in [24].

As a quick example of a gapped boundary given by the diagonal Lagrangian consider

C = (G2)1. Then, we have a gapped boundary:
A=(0,0) (r,7), (4.25)

where 7 is the unique non-trivial anyon in (G9); and the second entry corresponds to the
associated anyon in (Gg)_1 (For additional details on notation, see the end of Chapter 2).
Using the data of the Fibonacci MTC in Section 4.6.5, it is straightforward to check that
the associativity, separability, and commutativity conditions just discussed are easily solved

by

(0,0) (1,7

_ ) _
™0,0)(0,0) =~ ™) 0,0) = ™ : (4.26)

which gives the full algebra for this gapped boundary.
As in the case of abelian gauging discussed above, one can study the behavior of the

topological endpoints of anyons at the topological boundary. Here, we highlight the key
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differences arising for our more general situation. First, notice that since the Lagrangian
algebra behaves as the identity line in the resulting (trivial) gauged theory, a simple object
in the Lagrangian algebra is allowed to have as many topological junctions at the topological
boundary as the multiplicity with which it appears in the decomposition of the algebra
object (4.15) into simple anyons (see Figure 4.3). Secondly, fusion of anyons ending at the
boundary is more delicate in the general case of non-invertible anyon condensation since
fusion of simple anyons in the Lagrangian algebra is generically not closed. To capture this

phenomenon, one introduces the M-symbols (originally introduced in [174]):

(4.27)

One can easily derive constraints that the M-symbols must satisfy. For instance, since
the boundary is topological one must be able to freely move the endpoints of the anyons

around each other so we find the commutativity condition:

(4.28)

Similarly, one can derive an associativity constraint by manipulating three endpoints at the
topological boundary as shown in Figure 4.5.

It is now straightforward to see that the constraints thus obtained on the M-symbol
are equivalent to those satisfied by the (co)multiplication of the Lagrangian algebra charac-

terizing the gapped boundary. See Eqns. (4.19) and (4.21). Therefore, the corresponding
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Figure 4.5: An associativity condition for the M-symbols is established by examining the
fusion of boundary junctions in varying orders.

Lagrangian algebra necessarily yields a solution for the M-symbols. That is, identifying:

(e V(eA).d
My ow) 7™ () by (4.29)

the associativity constraints in Fig. 4.5 and the commutativity constraints (4.28) are auto-
matically fulfilled. Following this identification, below we will refer to the Frobenius algebra

multiplication and the M-symbols interchangeably.

4.3 Topological Cosets

Before discussing topological cosets more precisely, let us summarize here the data we seek.

Specifically, for a topological coset G1/H i we look for

e The fusion category of topological line operators living at the boundary of the Chern-
Simons theory G x H i for the boundary condition describing the embedding of H i

into G1. (We place the same boundary condition in both ends of the interval.)
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e The set of local operators, seen as anyons in the 3D theory belonging to the Lagrangian
algebra stretching in between both ends of the interval, possibly considering multiplic-

ity, and the OPE between these local operators.
e The linking action of the line operators on the local operators.

Let us clarify the relationship between the OPE and the action of lines on local operators.
In any 2D TQFT the set of local operators always admits an idempotent complete basis
[55,167,175,176]. Up to normalization, this is the statement that there always exists a basis

of topological local operators where the following operator product holds:

B}
OmOp = ;”’” Om. (4.30)
m

This idempotent complete basis can be obtained by shrinking topological boundary condi-
tions satisfying clustering to a point. See e.g., [143,176].

Thus, if we do not consider the action of lines on the local operators, the OPE does not
contain any information independent of simply the count of the number of local operators.
By contrast, when we consider the action of lines, we can find an alternative basis of local
operators, which instead diagonalize the action of the lines. It is this latter basis that is
obtained, e.g. in the context of 2D QCD, by keeping track of the flow of operators from
the UV. In the following, when we present the OPE of local operators, we will therefore
work in the basis that diagonalizes the fusion category of line operators, and thus has the
interpretation of the leading contribution to the OPE of local operators as they approach
the IR fixed point.

In the context of gapped 2D QCD, an important fact about the 3D construction is that

it makes manifest that the topological coset zero-form symmetry is present along the whole
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RG flow.15 See Section 4.6.1. Then, the assumption that the IR is given by the topological
coset in Figure 4.1 with the same topological coset boundary conditions on the left and
on the right means that the topological coset symmetry acts regularly on the vacua of the
theory [55,69]. In physical terms, this means that the fusion category symmetry arising from
the coset construction is fully spontaneously broken at long distances. Note that this is not,
in general, the full symmetry of the flow, but rather a subset that is intrinsically defined by
the 3D construction.!® Hence, the set of vacua, labeled by topological point operators, is in
one to one correspondence with the simple lines in coset zero-form symmetry.l” In practice,
this means that the topological lines of the topological coset act over the idempotent complete

basis as

m(Op) = Z Ngmopa (4.31)
b

where m,n,p, ... and NP, above stands for the topological lines and their fusion coefficients
in the 2D theory respectively, and d,,, stands for the quantum dimension of the m-th line.
18 The notation m(Oy,) stands for the action of the m-th line over the local operators Oy,

in the idempotent complete basis. Diagrammatically:

=> Nhn Ope . (4.32)
p

We will see many concrete examples of these equations below.

15. Here, we are deliberately not keeping track of possible accidental symmetries which may appear in the
strict IR limit but do not extend to the entire RG trajectory.

16. Alternatively, as pointed out in [115], one can also see directly in 2D that the coset chiral algebra is
preserved along the flow by analysis of the 2D Hamiltonian [90,177].

17. Mathematically, if Fg,,/pm, is the fusion category describing the topological coset symmetry, then the
statement is that the IR is described by a regular Fg, /g, -symmetric 2D TQFT.

18. Here we have specialized the discussion to the case where the 2D theory is obtained upon interval
compactification of a 3D TQFT with the same left and right topological boundary conditions, as in our
current interest of topological cosets depicted in Figure 4.1, and the expressions are more general when the
two topological boundary conditions are different. See [55] for more details.
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We now move to a detailed discussion of topological cosets. The coset construction of 2D
CFT [85,86] instructs us that a 2D CFT denoted Gy/Hj. can be obtained by decomposing

the characters of the Gy, affine Lie algebra into those of the Hj affine Lie algebra:

@) = 3 by (@) X, (@), (4.33)
A

where A and X stand for the integrable representations of G and H i respectively, and
g = e2™7 with 7 the modular parameter as usual. The quantities b( A, )\)(q) are known as
branching functions and describe the spectrum of local operators in the coset 2D CFT. More

precisely, the torus partition function for the coset is given by [86,93,95,178,179|:

Zay (T?) = AX; O (4.34)

where we assume that the coset theory we are considering corresponds to that of a diagonal

modular invariant. The central charge of the coset theory is

CGy/H; = CCy — CH- (4.35)

The class of cosets we will be interested in arise when the branching rules consist only of

non-negative integers, with no non-trivial g-expansion:

H-
Xf’“(q) = Z ba,x) X\ *(q), bia €N (4.36)
A

Then, the coset theory has no excited states and all the states are vacua, or topological local
operators of the theory. Following [90], therefore, we refer to this type of coset as topological
coset. It also follows that the central charge of the coset vanishes cq, / H, = 0, in which case

the embedding of affine Lie algebras is known as a conformal embedding. As reviewed in [5],
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unless H P = G, conformal embeddings can only occur when the numerator has level k = 1.
Our interest in the following will be in the latter case, so we set k = 1 from now on.

It is well-known that a conformal embedding H P (G gives rise to an extension of the
Hj. chiral algebra into G [5,180,181], and the branching rules express how the integrable
representations of Gy are given from those of H 7. upon extension. In turn, we know from [113]
that the notions of extension of a chiral algebra V and that of gauging an algebra in V19
are equivalent. In our context, this means that a gaugable algebra B (in the sense explained

in the previous subsection) exists in H i, such that
Hp /B = Gy, (4.37)

and the integrable representations of (G; are constructed from H i from (4.36). Interpreting
this from the 3D TQFT point of view, we see that this observation leads to a topological
interface separating H 7. and G1 with the line operators connected by a junction(s) at the
interface according to (4.36). Upon folding, we conclude that the branching rules induce a

Lagrangian algebra object in G x H _j. given by:

A= P b (A Arev), (4.38)
(A,0)

where Arey stands for the representation A in (4.36), but in the theory H j. after orientation-
reversal of H - We will see many examples of this Lagrangian algebra below. As a quick
check, notice that the anyons (A, Arey) on the right-hand side are always bosons, since in
order for (4.36) to hold, the conformal weights of the primaries on the left and right-hand
sides must be equal mod 1. The conclusion then follows from the standard relationship
between the topological spins and the conformal weights (see Eqn. (2.14)).

In passing, notice that the partition function (4.34) for a topological coset arises naturally

19. More precisely, gauging an algebra in the category of V-modules.
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in terms of the Lagrangian algebra (4.38). Indeed, as recalled in the Introduction, each
contribution to the partition function arises from an anyon stretching in between a left and a
right boundary. In our construction, each simple anyon (A, Arey) allows for b( AN topological
endpoints at the gapped boundary given by (4.38). Setting the same boundary condition at

% units to the

the left and at the right, we see that the anyon (A, Arey) contributes \b( AN
partition function, thus reproducing the expected result (4.34) overall.

Once we collect all the previous facts, we see that the problem of describing topological
cosets is that of determining the boundary theory for the coset 3D topological order Gy x H i
which always has a gapped boundary determined by the branching rules of the conformal
embedding. Now that we know that topological cosets imply the existence of a Lagrangian

algebra, we must move on to describing the spectrum of line and point operators in the 2D

theory.

Point Operators

A 2D topological local operator is constructed from the 3D bulk by stretching a boson
belonging to the Lagrangian algebra from one boundary to the other, possibly with different

junctions at both endpoints, as follows:

Plaspur pz) = a4 ’ (4.39)

where in a topological coset, the space of anyons that can end on the boundary are given
by the (A, Arev) in (4.38), with b(p,\) possible junctions at the boundary. The number of
local operators is then > AN b?\, - The OPE coefficients for the topological local operators in

the 2D TQFT must be supported by the Lagrangian algebra (co)multiplication/M-symbols,
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since one has the following manipulations:

a b _ V(e,01),51 (d,02),j2
> M (aur) (1) " a2) (b,v2)
jl 5j27(0301)a(d702)

02
_ Z dad o 7J1 m\6o2).01 c
A )(bv1) " (a,p2)(bv2)
J1:(c,01,02)
________ ¢-------

In particular, notice that the multiplication of the Lagrangian algebra instructs one to con-
sider in the fusion of bulk lines only junctions of the simple anyons belonging to the La-

grangian algebra, as one would have intuitively expected. Thus, one finds:

_ (0701702)
Paspr iz) * Plbsvn,v) = Z N(a;m,m),(b;mm) D(cior,00) (4.41)
(c;01,02)
where
(C 01’02 dadb C Ul 7.71 (Ca02)7j1
N( 7”17,“’2 b V17V2 V Z ,/Ll b 1/1) m(anu2)(b,y2)' (442)

In principle, this expression solves the general problem of determining the OPE coefficients
N of the topological local operators (in the basis that diagonalizes the action of the lines)

in terms of the data that characterizes the topological boundary.2? As we saw above, for a

20. Notice the resemblance with the fact that the multiplication in a symmetric commutative special
Frobenius algebra £ in a RCFT determines the boundary OPE coefficients of the boundary operators living
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a+a

Figure 4.6: A simple line a in bulk generically becomes non-simple when pushed to a topo-
logical boundary: a — ) ; a;.

]
5?
B

topological coset the Lagrangian algebra object and the spectrum of endpoints is moreover
determined by the branching rules of the conformal embedding. In particular, notice that

the condition (4.22) translates to the fact that the coefficients satisfy

Z Né@ﬁiﬁﬂ(bwl,w) = dim(A). (4.43)
(aspir,p2), (bivr,v2)

In order to illustrate the general solution, below we will study a couple of examples where
the coefficients can be directly obtained from Lagrangian algebra multiplications. Of course,
in practice, we may use as many allowed constraints to solve for the OPE coefficients as
we wish. Below, we will also see examples where the precise coefficients will be determined
from the condition (4.43) along with the constraints of commutativity and associativity of

the OPE of local operators.

Line Operators

We move on now to discuss the topological line operators of the topological coset. The fusion
category of line operators of the 2D theory can be constructed starting from the line operators
in bulk and pushing them to the boundary. See Figure 4.6. Mathematically, the precise way
to calculate the result is to construct the category of A-modules, or the Karoubi envelope of

the quotient category C/A for the bulk MTC C. This construction is rather abstract, so we

in the conformal boundary conditions associated with the £-modular invariant [41].
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present the rigorous definitions in Section 4.6.2 and here we content ourselves with outlining
the more heuristic approach of [37]. In the following, we denote by ® and @ the fusion and
direct sum of lines in the bulk MTC respectively, while we use x and + for the fusion and
direct sum of topological lines at the boundary respectively.

As stated previously, to find the line operators of the 2D theory we take a simple anyon
a in bulk and push it to the boundary. In general, when we do this a simple anyon in bulk
becomes non-simple at the boundary. This is, the bulk simple anyon a “splits” in terms of

many boundary components:
a— Z zla;,  z €N, (4.44)
)

where the subindex 7 labels the distinct line operators a; that arise when a is pushed to
the boundary. The integers z{ label multiplicities with which the a; may appear in the
decomposition. On the right-hand side of (4.44), it is important to note that the labels a;
that correspond to different simple anyons a in the bulk MTC do not always correspond to
different simple line operators of the boundary theory. It generically happens that a; = b;
for bulk simple anyons a # b. In other words, not only does there exist a splitting procedure
for the bulk anyons at the boundary, but there are also identifications between the boundary
labels a;.

In practice, one can often determine the splittings and identifications by imposing a set
of consistency conditions. Firstly, it is important to observe that if one evaluates a loop of a
simple anyon a before and after pushing it to the boundary (as depicted in Figure 4.6), one
discovers that the quantum dimensions of the bulk lines must be conserved when they are

pushed to the boundary:

a— Z zla; => dg = Z zidg,. (4.45)
i b
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Thus, splitting is constrained to preserve quantum dimension.

Secondly, we require that if

a— Z zla;, = a — Z 2. (4.46)
1 )
Thus, the conjugate of a splits into the conjugates of the split of a.
Thirdly, simple anyons in the Lagrangian algebra A = ®gnqa always split into compo-

nents that contain the identity line of the boundary theory:
a—>ng0+---. (4.47)

In the anyon condensation jargon, these anyons are said to condense. As per the discussion
in Section 4.2, only bosons can condense.

Finally, one requires consistency between bulk fusion and splitting. This is, when one
gauges non-invertible anyons, the resulting boundary theory has a fusion ring satisfying the
standard conditions of associativity, existence of a unique identity line, and existence of
unique conjugate representations with a unique way to fuse to the identity line. Consistency

between bulk fusion and splitting then means that one has that:

? J

a®b= @ Noc= (Z ziaai) X <Z zjbbj> = Z Noyzler - (4.48)
c ¢,k

Thus, for instance, one can deduce that an anyon a splits if in the fusion ¢ ® a more than
one identity line appears on the right-hand side after splitting and using (4.47). Similarly,
identifications can be found by studying a ® b and studying the identity lines that appear
after splitting. Once one has found the splitting and identifications of the bulk lines into
boundary lines, one can furthermore exploit the previous equation and tightly constrain the

fusion ring of the boundary lines. In many concrete cases, like the ones studied later in this
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work, this allows one to find the fusion ring exactly.

Once we have obtained the spectrum of line and point operators following the previous
discussion we can discuss the interplay of topological line operators with topological local
operators on the topological coset. This is straightforward to do by considering a configu-
ration where a loop wraps a line that ends at the boundary. Requiring that we obtain the
same result either by calculating the braiding phase (2.16) in bulk first, or by pushing the

loop to the boundary first and calculating the action of the boundary lines with the point

— @._1 = _b_{} (4.49)
a Z 4

gives a set of equations from which we can readily find the action of the line operators on

operators, as in:

the point operators in the 2D theory.

4.4 Examples

In previous sections we have outlined the rules to describe a topological coset. In this
section we provide concrete examples. One of them is essentially the simplest instance of
a topological coset, and can be completely worked out in practice. The other examples are
important in that they are (conjecturally) the IR fixed point of a massless 2D QCD theory.
Other examples of topological cosets can be found from the table of conformal embeddings
in [50].

In the following, we denote by ® and @ the fusion and direct sum of lines in the bulk
MTC respectively, x and + for the fusion and direct sum of topological lines at the boundary
respectively, and by - the product of topological local operators in the diagonal basis (also
called bootstrap basis [55]) inherited by the endpoints of the simple anyons in the bulk

Lagrangian algebra A. The spectrum and fusion rules of the MTCs used in this section can
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be obtained from the KAC software program [111].

4.4.1 A Pedagogical Example

SUB3)/SU(2)4

In this subsection we study the topological coset SU(3)1/SU(2)4. This is arguably the
simplest topological coset, so for the sake of illustration we describe it here completely. The

branching rules of this conformal embedding are well-known (see [5]) and are given by:

SU(3) SU(2)4 SU(2)4

X1 (@) =xp (@) + x4 (q), (4.50)
ol B1(g) =5V, (4.51)
3 (g) = 5" g), (4.52)

where we label an integrable representation in SU(3); by its dimension in boldface and we
use the standard indexing i = 0,1, ...,k to label the i-th integrable representation in SU(2);.
(see Section 4.6.5 for a more detailed description of the MTC data of SU(2);).

Recall from the general discussion above that, as expected from a conformal embedding,
all the branching functions are non-negative integers, independent of ¢g. These non-negative
integers are interpreted as a contribution to the spectrum of local operators in the coset the-
ory (see e.g., [90]). On the other hand, from the perspective of the bulk-boundary correspon-
dence, these contributions arise from the allowed endpoints of bosons in SU(3)1 x SU(2)_4
at the topological boundary. That is, the branching rules yield a Lagrangian algebra A for
the MTC C = SU(3)1 x SU(2)_4. Explicitly, the algebra object is given by:

A=(1,00® (1,4) & (3,2) & (3,2). (4.53)
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Indeed, it is straightforward to compute the quantum dimensions of the algebra object and

the total quantum dimension of C = SU(3)1 x SU(2)_4 (recall Eqn. (2.9)) to check that
dim(SU(3)1 x SU(2)_4) = dim(A)?,

as required by the definition of a Lagrangian algebra in Eqn. (4.23).

Although we do not reproduce the calculation here, it is straightforward to use the setup
described in Section 4.2 to check that gauging A in SU(3); x SU(2)—_4 in a bulk region of 3D
spacetime results in the trivial MTC, thus generating a topological boundary when gauging
on half of spacetime.

We move on now to discuss local operators. In the following, as in Section 4.2, we denote
a topological local operator at the end of a bulk line a as ¢a.21 The allowed OPE channels
for the topological endpoints of bosons in the Lagrangian algebra may be obtained from
the corresponding fusion rules in SU(3); x SU(2)_4 and projecting into the elements of the

algebra. Specifically:

In order to obtain a well-defined OPE in between the local operators ¢, in the diagonal
basis, one must find an associative and commutative product consistent with the bulk La-

grangian algebra and the allowed OPE channels just presented. Indeed, it is straightforward

21. Notice that in Section 4.2, for generality, we kept track of multiple possible junctions in the subindices.
In the following, we will suppress such indices since the junctions we will consider below will have single
multiplicity.
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to check that the fusion product of topological local operators given by

D(1,0) * P(ab) = P(ap)> for (a,b) € A,

D1,4)  P(14) = 2(1.0)  P(14) P32 = P32 P14)° 932 = 932): (4.55)

932 232 = 29320 932232 2962 9(32) 932 = 2910 T 2004
is commutative, associative, and that (4.43) holds. As stressed previously, this topological

coset can be worked out in detail, and in particular one can see explicitly that the previous

OPE coefficients are supported by appropriate Lagrangian algebra multiplications. Specifi-

cally:
m&gg(lﬁ) - m823><174> h mgiﬁ%(m - mfjﬁi(g,g) =1 (4.56)
mgj?g(l#l) - mg:ggm) - m%iggm) =L (4.57)
mgég(ﬁﬂ) - _m%é;(sz) =1 (4.58)
mg:ig(&?) - _m(3:§§(1,4) =1, (4.59)
mi‘?ﬁig,z) - —mgﬁi(m =-L (4.60)
maaen =27 (4.61)
mgégm) =21 (4.62)

This can be checked directly by plugging the multiplications into the (co)associativity condi-
tions (4.18), or Eqn. (4.19) in components. Using (4.41) and (4.42), it is then straightforward
to reproduce the coefficients in (4.55).

Having discussed the point operators in the theory, we may now proceed to examine the
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spectrum of line operators. Given the limited number of objects in this example, it is possible
to be particularly explicit about the computation based on Karoubian envelopes discussed
in Section 4.6.2. Calculating a few fusions with the Lagrangian algebra object (4.53) will

illustrate the procedure. Consider:

A®(1,0) = (1,0)® (1,4) & (3,2) & (3,2), (4.63)
A®(1,1)=(1,1)® (1,3)® (3,1) ® (3,3) ® (3,1) ® (3, 3), (4.64)
A®(1,2) =2(1,2) @ (3,0)® (3,2) ® (3,4) ® (3,0) @ (3,2) D (3,4), (4.65)
A®(3,0)=(3,0)® (3,4) @ (3,2) ® (1,2), (4.66)
A®(3,0)=(3,0)®(3,4) ® (3,2) ® (1,2). (4.67)

From this we deduce, for example:

Hom((1,2), A® (1,2)) = C?, (4.68)
Hom((1,2), A® (3,0)) = C, (4.69)
Hom((1,2), A® (3,0)) = C, (4.70)
Hom((3,0), A® (3,0)) = C, (4.71)
Hom((3,0), A® (3,0)) = C. (4.72)

A few consequences follow from this calculation. For example, Hom((1,2), A® (1,2)) = C?
implies that (1,2) splits into two lines at the boundary. Similarly, (3,0) and (3,0) do not
split. The fact that Hom((1,2), A ® (3,0)) = C means that one of the splitting channels

of (1,2) coincides with the line to which (3,0) descends at the boundary. We denote this
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(1,0), (1,4) — 1 (1,2) = 3+3
(3,0), (3,4) — 3 (3,2) > 1+3
(3,0), (3,4) — 3 (3,2) >1+3
(1,1), (3,1), (3,1), (1,3), (3,3), (3,3) = N

Table 4.1: Descent of the bulk topological lines of SU(3); x SU(2)_4 (left of the arrows) to
the topological boundary. The resulting lines (right of the arrows) describe the topological
line operators in the SU(3)1/SU(2)4 topological coset.

common line at the boundary 3. A similar statement holds for (3,0), whose boundary line
is denoted as 3. However, from (4.66) and (4.67), we deduce that (3,0) and (3, 0) share no
common channel at the boundary, so they descend into different boundary lines: 3 # 3. A
similar procedure can be performed for the rest of the lines, revealing that there is only one
further additional line at the boundary, denoted A/. The overall result for all the lines and
what they descend to at the boundary is presented in Table 4.1.

The fusion rules of the lines at the boundary can be found from the discussion around
Eqn. (4.48). Indeed, from the spectrum already found, we see that the only consistent fusion
ring is given by

3x3=3, 3x3=

ol
X
w

I
=
ol
X
3
I
L

(4.73)
SXN=Nx3=N, IXxN=Nx3=N, NxN=1+3+3, (4.74)

which we recognize as the fusion ring of Z3 Tambara-Yamagami. Actually, from the sim-
plicity of the topological coset we can further identify the full fusion category as the Zs
Tambara-Yamagami fusion category with non-trivial bicharacter and non-trivial Frobenius-
Schur indicator. See, for instance [182], where it is easy to identify that the Drinfeld center
of the fusion category just mentioned indeed coincides with SU(3)1 x SU(2)_4.

Finally, to check that everything is in order we can check the existence of an idempotent

complete basis where the line operators act according to (4.31). This can be straightforwardly
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be checked to be correct, with:

Oy = é(cb(m) T o)t 032 +932) (4.75)
O3 = é(¢(1,0) + O1,4) T wo(32) + W2¢(3,2))a (4.76)
O3 = é(¢(1,0) +(1.4) + W P(3.2) T wh32), (4.77)
On = é(\/gﬁﬁa,o) — V36 (1.4))- (4.78)

In upcoming examples the calculations are essentially equivalent to those displayed in
this example, but more complicated to showcase explicitly because of the higher number
of objects involved. Thus, we will present results without presenting detailed calculations,
leaving implicit that they proceed in the same way as presented in Section 4.2 and this

example.

4.4.2  QCD-like Examples

We now move on to describe a topological coset describing the IR fixed point of a 2D QCD
theory. Specifically, we study the Spin(5)1/SU(2)1¢ topological coset, describing the IR fixed
point of (bosonized) SU(2) Yang-Mills theory with fermions in the spin 2 representation.

The branching rules of the conformal embedding are given by:

"1 (g) = g0 (g) + x5 PN0() (4.79)
" g) = x50 ) + gy P ), (4:80)
Xg'pin(5)l (C]) _ X?UQ)M (Q) + X?U@)lo (C]) . (481)
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As before, interpreting the non-negative integers in the branching functions as the allowed
topological endpoints of bosons at the gapped boundaries leads us to a Lagrangian algebra

for the MTC C = Spin(5)1 x SU(2)_19. Explicitly, the algebra object is:
A=(0,0)® (v,10) & (0,6) & (v,4) & (0,3) ® (0,7), (4.82)

where clearly all the entries are bosons, and using the MTC data summarized in Section 4.6.5,

it is straightforward to check that Eqn. (4.23) defining a Lagrangian algebra is fulfilled.
From the MTC data we can also obtain the allowed OPE channels between topological

endpoints in the Lagrangian algebra, from which following the discussion in Section 4.2 we

can derive the following set of OPE coefficients:

$(0,0) * (ab) = P(ap): for (a,b) € A, (4.83)

D(0,10) * P(0,10) = (0,0):  P(1,10) * P(0,6) = P(v,4)>  P(0,10) * P(0,3) = P(0,7)> (4.84)

(0,0) =0 (v,0) = v (0,0) = o

(0,1) =1 (v,1) =9 (0,1) = 2

(0,2) — 2 (v,2) = 2 (0,2) =149
(0,3) 940 (v,3) > 140 | (6,3) >0+2+w
(0,4) -2+ (v,4) > 042 (0,4) > 14+9+40
(0,5) 5149 | (0,5 =149 | (0,5) = 2(2)
(0,6) = 0+2 (v,6) > 24w (0,6) >1+9+0c
0,7 =140 (v, 7)) =940 | (0,7) =>0+2+v
(0,8) — 2 (v,8) = 2 (0,8) = 1+9
(0,9) — 9 (v,9) = 1 (0,9) = 2

(0,10) — v (v,10) = 0 (0,10) > &

Table 4.2: Splitting of the bulk topological lines of Spin(5)1 x SU(2)_1¢ (left of the arrows)
to the topological boundary. The resulting lines (right of the arrows) describe the topological
line operators in the Spin(5);/SU(2)10 topological coset.
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X | v 1 2 9 o
v |0 9 2 1 o
119 042 1+94+0 240 2
2 [2[14+94+0|[0+v+22) [1+9+0|1+9
911 240 14940 0+2 2
oo 2 1+9 2 0+4+wv

Table 4.3: Fusion ring of the topological defect lines in the Spin(5);/SU(2)1y topological
coset. The line labeled as 0 corresponds to the identity line.

3(0.6) * 9(0.6) = P(0,4) * Do) = (24 V3)d0.0) + (1+V3) b ), (4.85)
$(0,6) * D(w.a) = 2+ V3)d10) + (1 +V3) by 0y (4.86)
D(0,6) * 9(0,3) = P(v,4) * P(0,7) = %(1 +V3)¢(r3) + %(3 +V3)¢(07), (4.87)
D(0,6) * (0,7) = P(v,4) * P(0,3) = %(3 +V3)(0.3) + %(1 +V3)¢(07), (4.88)
D(03) * Do3) = B+ V3)(0,0) + V3P(0,6) + 30(u4), (4.89)
03) " Vom) = 3+ V3)(y10) +30(0.6) + V30(.4): (4.90)
O(o7)* Do) = B+ V3)(0,0) + V3P(0.6) + 30 (04): (4.91)

This result is exact in the extreme IR limit, and the OPE coefficients along the RG flow
must tend towards these expressions as one approaches the IR fixed point. Notice that
associativity alone does not completely fix the coefficients above, but the special Frobenius
condition (4.43) derived from consistency with the Lagrangian algebra multiplication adds
an additional equation that readily fixes their values.

Similar to the previous example, it is possible to verify that the previous coefficients are
supported by suitable Lagrangian algebra multiplications (see Eqn. (4.42)). The specific
values are presented in Section 4.6.4, however, since there are too many entries to present

here in a streamlined manner. As explained in Section 4.2, the multiplications are derived
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using the (co)associativity conditions (4.18) and the specific input obtained from the MTC

data in Section 4.6.5.

Now that we have discussed the point operators in the theory, we move on to obtain the

spectrum of line operators and their fusion ring. To find the topological lines operators of

the topological coset, we have to compute the spectrum of topological lines at the bound-

ary. Either if we use Karoubi completions, or using the consistency conditions of splitting

discussed in Section 4.2 directly, we find the spectrum of boundary lines presented in Table

4.2 with the fusion ring presented in Table 4.3.

To check the consistency of the data obtained one may check the existence of the idem-

potent complete basis (4.30). The specific transformation in this case is given by:

Oy =

OU:

Oy =

Os =

01 =

O =

1

1B31v3) (900,0) + 2(0,6) T P(w,10) + P(v,2) T P(0,3) + P(07))s

1

161v3) (9(0,0) + 0(0,6) T P(0,10) + O(w,4) = P(0,3) — P(o7))>

L (1 V)00 + (1= V)0 + (1 + VB0 + (1= VB)o(ua):

4(3+3)
775 V200 + V200~ V210) ~ V20
1
v V2 Y3000 — V2= Vadne — V2 Vi)

+ V2= V30(,4) + O03) — Po1)):
1 /
4(3 + \/3)( 2t \/§¢(o70) V2= \/§¢(0,6) —VZ+ \/§¢(v,10))>

+ mmm) ~ 90.3) T Vo7)-

149
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In this subsection we work out the topological coset Spin(8)1/SU(3)s, which describes the
IR fixed point of (bosonized) 2D QCD with gauge group SU(3) and fermions in the adjoint

representation. The branching rules for this coset are well-known and are given by:

o (g) = VO3 (g) + x5 B3 () + U Bs g), (4.93)
I g = vg (), (4.94)
S (g) = 3V B3 (g), (4.95)
" g) = vg (). (4.96)

Correspondingly, we can construct the following Lagrangian algebra object:

A=(0,1)® (0,10) & (0,10) & (v,8) & (s,8) & (c, 8), (4.97)

where it is easy to check, for instance, the constraint on the quantum dimensions (4.23)
demanded by the definition of a Lagrangian algebra. Working out the spectrum of topological
local operators in the diagonal basis and their OPE along the lines of Section 4.2 (see also

previous examples), we find the OPE coefficients:

(0,10) * 9(0,10) = ¢(0,10):  ?(0,10) * Y(0.10) = (0,10 (4.98)
¢(0,10) * ?(0,10) = 9(0,70) * ?(0,10) = 9(0,1): (4.99)
$(0,10) * 2(1,8) = 9(0,70) * (i,8) = (i,8) * (0,10) = P(i,8) * P(0,70) = P(i,8): (4.100)
O(v.8) " V(s.8) = 9(s.8) " P(v.8) = 3%(c,8) (4.101)
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D(s,8) " P(c,8) = P(c,8) " P(s,8) = 3P(v,8) (4.102)
D(c.8) " P(v,8) = P(v.,8) " P(c.8) = 3P(s.8); (4.103)

P(v.8)  P(v.8) = V(s.8) " (s.8) = P(c.8) * P(e:8) = 3%(0,1) +3P(0,10) + 300 10), (4-104)

where obviously gb(()’l) “¢q = ¢g for any a € A. It is straightforward to check that the product
above is commutative, associative, and that the special Frobenius condition (4.22) is fulfilled.
This result is exact in the extreme IR limit, and of course approximate along the RG flow
slightly above the IR fixed point. Notice that associativity alone does not completely fix the
coefficients above, but the special Frobenius condition (4.43) adds an additional equation
that readily fixes their values.

Similarly, we can study the topological line operators of the topological coset. The bulk
line operators descend to line operators at the boundary according to the splitting and
identifications shown in Table 4.4. It is straightforward to calculate the fusion ring of the

line defects, and the result is shown in Table 4.5.

(0,0) —0 (v,0) — v (s,0) —s (¢,0) —c
(0,10) — 0 (v,10) > v (s,10) — s (¢,10)— ¢
(0,10) — 0 (v,10) > v (s,10) — s (¢,10)— c
0,3) =N (v,3) =N (,3) =N (¢,3) =N
(0,15) = N (v,15) = N (5,15) > N (c,15) = N
0,6) - N (v,6) =N (5,6) = N (c,6) =N
0,6) — N (v,6) — N (5,6) = N (c,6) — N
(0,15) = N (v,15) = N (5,15) = N (c,15) = N
0,3) =N (v,3) =N (5,3) =N (c,3) =N
(0,8) - v+s+c| (v,8) -0+s+c|(s,8) - 0+v+c|(c,8 —0+v+s

Table 4.4: Descent of the bulk topological lines of Spin(8)1 x SU(3)—_3 (left of the arrows) to
the topological boundary. The resulting lines (right of the arrows) describe the topological
line operators in the Spin(8)1/SU(3)3 topological coset.
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X N N v i|s|c
N 2N O+v+s+c | N | N | N
N |0+v+s+c 2N NI|N|N
v N N 0| cls
s N N c| 0 |v
c N N s | v |0

Table 4.5: Fusion ring of the topological defect lines in the Spin(8)1/SU(3)3 topological
coset. The line labeled as 0 corresponds to the identity line.

As a check of the formalism, we can transform the topological local operators to the

idempotent complete basis. The transformation is given by:

Oy = %W(o,o) + ¢(0,10) T 2(0,10) T P(v.8) T P(s,8) T P(c.8))> (4.105)
Oy = %(%,0) + ¢(0,10) T 2(0,10) + P(v.8) — P(s,8) ~ P(c.8)); (4.106)
Os = %(fb(o,()) + ¢(0,10) T 2(0,10) — P(v.8) T P(s,8) ~ P(c.8)); (4.107)
Oc = %((b(o,m + ¢(0,10) T 2(0,10) — P(v.8) ~ P(s,8) T P(c.8)); (4.108)
On = %(2%70) + 2w 0,10) + 2w°¢(0.10)); (4.109)
Oy = %(%(0,0) +207%(0.10) + 2wé(0,10)): (4.110)

Indeed, it is straightforward to check that the lines in the 2D theory act according to (4.31)
for any of the line operators in Table 4.4 and the fusion rules in the fusion ring displayed in

Table 4.5.

Spin(16),/Spin(9)y

In this subsection we work out the topological coset Spin(16);/Spin(9)2, which describes

the IR fixed point of (bosonized) 2D QCD with gauge group Spin(9) with fermions in the
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(0,1) —» 0 (v,1) — (s,1) —s (c,1) —

(0,44) — s (v,44) — (s,44) — 0 (c,44) —
(0,16) > v+B | (v, 16)—>O+A (5,16) > c+ B | (c, 16)—>s+A
(0,128) > c+ B | (v, 128)—>s+A (s,128) = v+ B | (c, 128)—>0+A
(0,126) — A (v,126) — (s,126) — A (c,126) —
(0,84) - 0+s (v, 84)—>v+c (s,84) - 0+s (c, 84)—>v+c
(0,36) — A (v,36) — (s,36) - A (c,36) —

(0,9) - A (v,9) > (5,9) > A (c,9) -

Table 4.6: Descent of the bulk topological lines of Spin(16)1 x Spin(9)_o (left of the arrows)
to the topological boundary. The resulting lines (right of the arrows) describe the topological
line operators in the Spin(16)1/Spin(9)s topological coset.

spinorial representation. We borrow the branching rules from [90]:

X" () = 33O () 4 xgh 2 (), (4.111)
@O g) = x5 ), (1112
NSO () = g () 4 xgh O (), (4.113)
XSO gy — S92 gy, (4.114)

The associated Lagrangian algebra object is:

A=(0,1)@®(0,84) @ (v,16) @ (s, 44) @ (s,84) & (c, 128). (4.115)

Again, it is straightforward to check the constraint on the quantum dimensions: dim(A)? =
dim(Spin(16); x Spin(9)_9). Working out the spectrum of topological local operators and

their OPE along the lines of Section 4.2, we find the following OPE coefficients:

D(s,44) * P(s,44) = P(0,1) (4.116)
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D(s,44) * P(v,16) = P(v,16) * V(s,44) = P(c,128): (4.117)

D(s,a4) * P(0,84) = P(0,84) * P(s,44) = P(s,84) (4.118)
P(v,16) * 9(0,84) = 9(0.84) * P(v,16) = 29(v,16) (4.119)
D(v,16) * P(v,16) = P(c,128) * P(c,128) = 3P(0,1) T 3P(0,84) (4.120)
D(0,84) * P(0,84) = P(s,84) * P(s,84) = 2¢(0,1) T 9(0,84) (4.121)

where the rest of the coefficients may be found by associativity. It is also straightforward to
check that the special Frobenius condition (4.22) is fulfilled.

Meanwhile, the spectrum of line operators of the topological coset can be obtained from
the splitting and identifications shown in Table 4.6. It is straightforward to calculate the
fusion ring of the resulting line defects, and the result is shown in Table 4.7. The obtained
fusion ring can be recognized as that of Zo x Rep(S3). As before, we can transform to the

idempotent complete basis to check that everything is in order. The transformation is given

by:
Op = %(¢(0,1) + &(0,84) T P(s,44) T P(v,16) T D(c,128) T P(s,84))> (4.122)
Os = 1—12(%,1) + 0(0,84) T P(s,44) — P(v,16) — P(c,128) T P(s,84)); (4.123)
Oy = 1—12(¢(0,1) + 0(0,84) — P(s,44) T P(v,16) — P(c,128) — P(s,84)): (4.124)
Oc = 1—12(¢(0,1) + 0(0,84) — P(s,44) — P(v.16) T P(c,128) — P(s,84)): (4.125)
Oy = 1—12(2¢(0,1) — 0(0,84) T 20(s,44) — P(s,84)); (4.126)
Op = 1—12(2¢(0,1) — 0(0,84) — 20(s,44) T P(s,84)); (4.127)
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Oo| &9 o | 2>
o | W

0+s+A|v+c+ B
v+c+B | 0+s+ A

Wilo|<|n|X
G| <|o|on
= Jw oo <
nglolnl<d|o

Table 4.7: Fusion ring of topological defect lines in the Spin(16)1/Spin(9)s topological coset.
The line labeled as 0 corresponds to the identity line.

and it is straightforward to check that the operators so defined are acted on by the lines

according to (4.31).

4.5 A Trivially Gapped Chiral QCD, Theory

As reviewed above, it was shown in [90] that the criterion for a massless 2D QCD theory to

be gapped is that the coset CFT
sz'n(dim(R))l/GI(R) (4.128)

is actually a topological theory.?? That is, if the coset is a conformal embedding, the corre-
sponding QCD theory is gapped. Remarkably, [90] also found that there exist chiral QCD
theories that are gapped. One mechanism to construct such chiral theories is given as follows:
Starting from a vector-like theory (G, R, R) which is gapped, the chiral theory (G, Ry, R;) is
also gapped, where (Ry, R) = (0y- R, 0p - R) and oy and oy are outer automorphisms of the
Lie algebra of G. A concrete example is given by Spin(8) gauge theory coupled to massless
fermions in the vectorial and spinorial representations, where the automorphism o is given
by the triality of Spin(8):

(Spin(8), 8v,8¢)- (4.129)

22. More precisely, the authors of [90] consider SO(dim(R))1/G(ry, where SO(dim(R)); corresponds to
the fermionization of Spin(dim(R));. Since the statement concerns the central charge, we can take the
criterion to hold either in the fermionic or bosonic version of the theory.
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In the following, we will argue that this theory is in fact trivially gapped. For this, we
will make use of some details regarding fermionic 2D CF'Ts and bosonization, for which we
provide a quick summary in Section 4.6.3. To understand how the chiral theory is different
from its vector-like counterpart, notice that if the right-moving fermions transform in the
spinorial ¢ representation, we may regard the branching rules of the fermionic characters in

the UV theory as given by

dxsNs(@) = x1(0) + xv(a),  dnsns(@) = X1(a) + Xe(@), (4.130)
dxsr(9) = x1(¢) = xv(@),  dnsr(@) = X1(2) — Xc(@), (4.131)
dr Ns(@) = xs(@) + xe(@),  drNs(@) = Xs(q) + Xv (@), (4.132)

dr,r(9) = xs(2) — Xxc(a), dr,r(7) = Xs(q) — Xv (@), (4.133)

where dx y stands for the characters of the fermionic theory with a choice of X,Y = NS, R
boundary conditions along the cycles of the torus. Both sides differ by a triality transforma-
tion exchanging v and ¢, in accordance with (4.129). Bosonizing, we obtain the following
modular invariant capturing the action of triality in the bosonic version of the UV (ungauged)
theory:

Z1 = X1X1 + XeXv + XvXs + XsXc- (4.134)

It is well-known that bosonization is not unique. Instead, we can redefine the original
fermionic chiral QCD theory by stacking with a 2D spin SPT and bosonize (see Section 4.6.3

for more details), obtaining

Z7 = X1X1 T XeXv T XvXc T XsXs; (4.135)

We will consider both these cases in the following.
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Recall that in the bulk-boundary correspondence, as reviewed in the Introduction, for any
modular invariant of a chiral algebra, there exists a topological surface operator in the 3D
bulk dictating the gluing of holomorphic and antiholomorphic modes [1,41,57,169]. Recall
the left side in Figure 4.2. In more modern terms, the existence of such a topological surface
can be understood via higher-gauging of the abelian one-form symmetries generated by the
anyons of the bulk [65]. More specifically for our purposes, the modular invariant (4.135)
can straightforwardly be constructed by the higher-gauging of the Zo symmetry generated
by the s anyon along a surface, while (4.134) arises from the higher-gauging of the Zo x Zg
symmetry generated by s and ¢ along a surface.?? We call the latter topological surface Ssc.
The specifics of higher-gauging will not be necessary in the following, other than to point
out the existence of the Sg¢ topological surface and the fact that it acts over the anyons
of the theory according to the coupling of antiholomorphic and holomorphic modes in the

corresponding modular invariant. For example:

Ssc[l] =1, Ssc[v]=s, Sscls]=c, Ssclc]=v, (4.136)

and thus Sg¢ implements the triality action in bulk.

From the previous discussion, it follows that the 3D realization of the bosonized 2D QCD
theory we wish to consider in the UV corresponds to the top picture in Figure 4.7, as this
reproduces the modular invariant (4.134). Along the RG flow, we can run a similar picture
as the 3D construction of the non-chiral case reviewed in Section 4.6.1. This gives rise to
a similar picture, but with the topological surface Sgc inserted. Notice that along the flow
we have two Spin(8) factors in the bulk TQFT, as shown in the bottom picture in Figure
4.7. One of these is associated with the UV fermions, which we have written as Spm(8)¢,

while the other is associated with the gauge group, which we have written as Spm(S)G.

23. Higher-gauging with discrete torsion gives rise to the other triality modular invariant Zs = x1x1 +
XsXv T XeXs + XvXe-
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Spin(8)7 | Spin(8)y

Spin(8)1 Sse Spin(8)1

Finite g%,

Spin(8)Y x Spin(8)¢, | Spin(8)Y x Spin(8)S | Spin(8)Y x Spin(8)§ | Spin(8)Y x Spin(8)¢,

Spin(8) Spin(8)1
sgm(s)i Sse Spin(8)1

Figure 4.7: Three-dimensional construction of chiral Spin(8) 2D QCD coupled to massless
fermions in the vectorial and spinorial representations. The top picture represents the UV
theory at zero coupling. The chirality of the theory is implied by the surface Ssc permuting
bulk anyons by triality. Notice that at a finite value of g%, s the topological surface Sse¢ can
be positioned anywhere and not necessarily in the middle region, as the middle interfaces

are transparent respect to the sz'n(8)11/} factor, from which we are constructing the surface
Sse-

Importantly, it is immaterial where the surface Ss¢ is inserted in bulk since it has been
constructed from the Spm(8)11/1 factor (via higher-gauging), while the three regions differ by
Spin(8)C factors.

In the extreme infrared limit, the region containing the pure Yang-Mills kinetic term
collapses to an interface. This is analogous to what happens in the non-chiral case that
we review in Section 4.6.1, where the assumption that this interface reduces to the trivial
interface is equivalent to the assumption that the IR is given by the topological coset in

Figure 4.1. Notice that the collapse of the bulk region to an interface is a local operation,
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Spin(8)Y x Spin(8)%; | Spin(8)Y x Spin(8)%; Spin(8)Y x Spin(8)%,

Spin(8) Sse SI’L@M Spin(8)
Spin(S)i Spin(8)1 Spin(S)i LSC

Figure 4.8: On the left: Configuration at the infrared fixed point 9}2/ ar — 00 The collapse
of the region with the Yang-Mills kinetic term in Fig.4.7 (grey region) gives the identity
interface, and what remains in bulk is the surface Sgc that implemented the permutation
modular invariant in the UV. On the right: Final configuration of the system after we
push the topological interface Sg¢ to the right boundary. This consists of a bulk 3D TQFT
Spin(8)1 x Spin(8)_1 with two different topological boundary conditions on the left and on
the right, characterized by the Lagrangian subgroups (4.137) and (4.138) respectively.

in the sense that the resulting collapsed interface is not sensitive to the boundary conditions
to the left or to the right or to the insertions of any other topological surfaces inserted to
its left or right in the bulk. Thus, the assumption in the non-chiral case that the collapsed
interface gives the trivial interface can be applied again in the chiral case, and we obtain the
configuration shown at the left side of Figure 4.8.

Recall that the coset boundary conditions appearing at the left and right boundaries
in the left side of Figure 4.8 are the same thus far as in the non-chiral theory and are

characterized by the diagonal Lagrangian subgroup:
Lp=(0,0)® (v,v)® (s,8) ®(c,c), (4.137)

which tells us the anyons that end perpendicularly at such topological boundary, as discussed
in Section 4.2. The chirality of the full theory is taken into account by the middle interface
Ssc, as explained above.

Now, we can push the higher-gauging surface Sgc to the right boundary. Clearly, this
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Trivially Gapped 4 Bosonize __ Trivially Gapped

Bosonic Fermionize  Fermionic
Orbifold Arf(p)
Twofold Vacua = Bosonize = (— 1)Arf(p)
Bosonic Fermionize

Figure 4.9: Commutative diagram showing the interplay between bosonizations and fermion-
izations of the trivially gapped IR fixed points found in the strongly coupled regime of chiral
Spin(8) 2D QCD with massless fermions in the vectorial and spinorial representations.

changes the boundary condition, since the anyons that end on the boundary are permuted

according to triality. For instance:

Spin(8)
SSC Spin (8)1 LSC

and similarly for other anyon permutations. The final configuration is shown at the right
of Figure 4.8, where the new right topological boundary is characterized by the Lagrangian
subgroup Lgc:

Lsc = (0,0) & (v,s) & (s,c) ® (c,v), (4.138)

which is easy to derive from the diagonal Lagrangian subgroup, and the action of triality.
Now that we know the final configuration, all that remains is to study the 2D TQFT
arising under compactification to obtain the IR fixed point of Spin(8) chiral 2D QCD.
However, this final configuration is rather simple, since the two Lagrangian subgroups (4.137)
and (4.138) characterizing the topological boundaries have no anyons in common other than
the identity anyon. As a result, following [69], no topological local operator (vacua) arises

under compactification, and the system must be trivially gapped.
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Grry | Go  Grr) Gi(r)

Figure 4.10: Circle compactification construction of 2D QCD [1|. The purple dotted lines
are identified to form a circle geometry. The topological order G I(R) is glued along the circle
by a Gy Yang-Mills term. A topological surface in the GG I(R) topological order (in green) is

inserted to induce the embedding G I(R) = Spin(dim(R)); capturing the free fermions in
the UV.

We may now go back to the original fermionic theory by inverting the bosonization map
(as summarized in Section 4.6.3), where we find a trivial fermionic theory, with a single
trivial state in both the Neveu-Schwarz and Ramond sectors.

It is interesting to ask what happens if instead we consider the modular invariant (4.135),
corresponding to bosonizing the original chiral fermionic theory after we stack it with an
Arf invariant. Following the same arguments given in this section, it is straightforward to
derive that now the IR has two vacua. Then, inverting the bosonization map we find that,
unlike in the previous case, the corresponding fermionic theory has one state in the Neveu-
Schwarz sector and one state in the Ramond sector, with the latter charged under (—1)%".
As expected, both fermionic endpoints just discussed differ by the Arf invariant. Indeed,
all the bosonic and fermionic IR endpoints can be seen to fit into Figure 4.9 in Section
4.6.3, which summarizes the relations between different bosonizations/fermionizations and

topological manipulations on bosonic and fermionic CFTs.
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4.6 Additional Comments and Results

4.6.1 Circle and Interval Constructions of Massless QCDo

In this section, we show how the 3D circle compactification construction of (bosonic) 2D QCD
from [1] (see also [57]) is equivalent to the interval compactification described in Appendix
A of [115]. We make sure to keep track of all appropriate bulk topological orders, which is
important to set boundary conditions.

To start, notice that a way to construct a surface in a MTC C consists in performing
non-abelian anyon condensation along a volume enclosing a MTC C/A and collapsing the
volume into a surface. Importantly, for non-abelian condensation to take place in a region,
the Frobenius algebra A must be commutative (see Section 4.2 for precise definitions). This
implies that if we start with the operator generated by A along a surface, we can braid the
algebra element outside of the locus of the surface and proliferate the surface into a volume
that encloses C/ A, as shown in Fig. 4.13. (For a related discussion of these type of defects,
see Section 5.2 of [183].)

Next, we take the circle compactification construction of 2D QCD [1], reproduced here in
Fig. 4.10. In this construction, the information that the gauge group can be embedded into
the free fermions in the UV is encoded in the existence of a topological interface between

G I(R) and G I(R) that gives rise to the modular invariant associated with the conformal

Grr | Go | Grry | Spin(dim(R)): | Grr)

Figure 4.11: We expand the topological surface into a non-trivial volume enclosing the
Spin(dim(R)); topological order.

162



Spin(dim(R))1 x G_yr) | Spin(dim(R))1 X Go @ Spin(dim(R))1 x G_(r)

Spin(dim(R))1 Spin(dim(R));
T Cr1(m)

Figure 4.12: After using the folding trick we obtain the interval compactification construction
of 2D QCD. Both the topological boundary conditions at the ends of this figure, and the
topological interfaces connecting Gr(g) with Spin(dim(R)); in Fig. 4.11 are due to a non-
abelian anyon condensation Gy(g)/A = Spin(dim(R));. The interval compactification is

more general, however, since it allows for the coset boundary conditions to be non-topological
at the ends.

/A
S S
Figure 4.13: When the surface S in a MTC C is generated by a commutative Frobenius

algebra A along a surface, we can think of the surface as a small sliver of volume with
topological interfaces enclosing the topological order C/A.

embedding Gy(g) < Spin(dim(R));. The important point is that conformal embeddings
are always implied by some non-abelian anyon condensation, or equivalently by gauging some

commutative Frobenius algebra [50,113]. In our case:
Gr(ry/ A= Spin(dim(R));. (4.139)

Using this fact, we can turn the surface into a volume containing Spin(dim(R)), as

shown in Fig. 4.11. We can now use the folding trick along the topological interfaces

163



joining G'y(g) with Spin(dim(R)); to turn the circle compactification into an interval with
topological boundary conditions at both ends. The result is shown in Fig. 4.12, which
is essentially the interval compactification of [115], but where we have kept track of the
Spin(dim(R)); topological order to ensure appropriate coset boundary conditions at the
ends. (See [3| for a discussion on coset boundary conditions with a modern emphasis on anyon
condensation.) Finally, notice that the interval compactification smoothly connects the
gapless and gapped theories of [90], as well as their criteria for a QCD theory to be gapped: If
the coset boundary conditions support gapless degrees of freedom, the corresponding theory
is gapless. On the other hand, if the coset boundary conditions are topological (in the case
of the conformal embeddings), the corresponding theory is gapped. In the latter case, the
construction also shows that the topological coset symmetry is present along the whole flow
since the topological coset symmetry is localized at the boundary, while the flow is local in
the bulk. See e.g. [90,115,177] for previous observations on this fact. All in all, from the 3D

interval construction, the flow looks as in Fig. 4.14.

4.0.2  Bulk-to-Boundary Map, Quotient Category and Karoubt Envelope

In Section 4.3, the spectrum of lines in a topological coset and how such a spectrum of
lines is obtained from the bulk MTC were discussed. However, in order to streamline the
discussion, instead of providing a set of rigorous definitions and theorems to characterize
the fusion category of line operators in the two-dimensional theory, we summarized a set
of practical rules that allow one to study the spectrum of lines in a simplified manner. We
provide a set of more rigorous results in this section. As an application of the formalism,
we briefly outline an example of how to use this method to find the topological lines in a
particularly pedagogical example in Section 4.4.1.

As discussed in the subject of anyon condensation (see e.g. [52]), the fusion category of

line defects at the boundary is usually characterized in terms of A-module categories. An
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szn(N)l X H_,'C Spm(N)l X Ho Spm(N)l X H—E

Spin(N)1 Spin(N)1
2y —0 2 =
9y m 9ym — 0
Spin(N)1 Spin(N)1 x H_j, Spin(N)1 x H_j,
SN Spin(N) SO Spig(0n

Figure 4.14: Three-dimensional construction of 2D QCD upon interval compactification. We
gauge the fermions and couple them to H gauge fields according to the 3D realization of
the coset construction, developing accordingly coset boundary conditions on the left and on
the right (in blue) [2,3]. Meanwhile, in bulk we generate interfaces (in orange) by setting
Ag = 0 boundary conditions for the H j, gauge fields in the left and right regions of the
bulk, which generates the standard Hj chiral algebra boundary conditions on them [4].
We glue the interfaces via H( gauge fields carrying the 2D Yang-Mills kinetic term (grey
region). The interfaces so generated are chosen to have transparent junction conditions for
the Spin(N); gauge fields. Clearly, in the UV as g%, ur — 0 we recover the expected standard
3D construction of the Spin(N); theory (the bosonization of N Majorana fermions), while
in the IR the interfaces collapse to a defect in the Spin(N); x H_; topological order. The
statement that the infrared fixed point of massless 2D QCD is given by the topological coset
is the statement that the defect so generated corresponds to the identity defect.

alternative viewpoint, a bit more practical for our purposes, makes use of quotient categories
and Karoubi envelopes. Specifically, we have the definitions:

Definition 1 (Quotient Category C/.A) Let C be a MTC,?* and let A be a special

24. More generally, a braided fusion category.
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Frobenius algebra in C. The quotient category C/.A consists of the category such that

e The objects in C/A are the same as the objects in C.

e The morphisms of C/A are given by
Home, 4(a,b) = Home(a, A ® b). (4.140)

One may add now definitions of composition and tensor product, but since we will not make
use of these we refer the reader to [184] for details on the definition.

The quotient category is guaranteed to be a tensor category when A is special Frobenius,
but it is not guaranteed to be semisimple since Hom, / Ala,a) could have dimension higher
than one for an object a that is simple in C. In this case we make use of the following
definition:

Definition 2 (Idempotent Completion or Karoubi envelope) For the quotient category
Q=¢C /A, we construct the canonical idempotent completion @ (or Karoubi envelope) of Q

as follows:
e The objects of Q are pairs (a,p), where a € Obj(Q), and p = p? € EndQ(a).

e The morphisms of () are given by

Homg ((a,p), (b,q)) = {f € Homp(a,b)|f op =qo f}, (4.141)

and other structures in @) are inherited from C/A.

The category () so constructed is a semisimple tensor category. It is a result of Miiger
that the construction mentioned above based on modules categories on the one side and
quotient categories and Karoubi envelopes on the other side agree (see specifically Props.

2.11, 2.15, and 2.16 in [184]).
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The advantage of the formulation based on quotient categories and Karoubi envelopes
is that it offers some computational organization without having to explicitly analyze the
equations determining the modules (see e.g., eqn. (4.65) in [41] and the corresponding
discussion). In Section 4.4.1 we illustrate this fact in a simple example, and it can of
course be used in other examples (for a collection of calculations on non-invertible anyon
condensation based on idempotents see for instance [108,174], or Appendix D in [140] for a
calculation based on idempotents applied to Haagerup fusion categories). Conceptually, it
also allows for generalizations to higher dimensions [63].

Following the discussion in Section 4.3, the physical content of the idempotent completion
construction is that some simple lines in the bulk become non-simple when pushed to the
boundary, which happens whenever Hom, / Ala,a) is of dimension greater than one. Then,
the objects in Definition 2 are simply the splittings of such bulk lines into the simple lines of
the boundary theory. Furthermore, (4.140) tells us that some lines in the bulk can descend
into the same simple objects at the boundary. Thus, some of the previous splittings must be
identified as the same simple lines of the boundary theory, in accordance with the common
Hom-spaces as calculated from (4.140).

In principle, one could compute the fusion ring (and F-symbols) of the boundary fusion
category using the abstract definitions above. However, in practice, once one has found the
splitting and identification of the bulk lines into boundary lines, one can constrain the fusion
ring by asking for consistency between bulk fusion rules and splitting, as explained in Section

4.3 [37,106]. This allows one to find the fusion ring exactly in many concrete cases.

4.6.3  Fermionization and Bosonization of CFTs

In this section, we summarize a few facts about fermionization and bosonization of CFTs.
We follow [54]. Recall that a CFT is said to be fermionic if it depends on the choice of spin

structure of the spacetime manifold. If not, the theory is said to be bosonic. Let us take for
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instance the two-torus 72, which has four possible choices of spin structure. If fermions are
periodic along a cycle, we say we have a Ramond (R) boundary condition, and if they are
antiperiodic, we say we have a Neveu-Schwarz (NS) boundary condition. We also use the
notation R = + and NS = — to refer to these different choices of boundary conditions. The

characters in a fermionic CF'T depend on spin structure, and we define them as follows:

dRsns(7) = Traggg , (2072, (4.142)
g R (7) = Trpgg , ((—1)FLgho=e/2h), (4.143)
diy ng(7) = Trygg o (qLO_C/ 2, (4.144)

diy g (7) = Tryg ((—1)Frglo=e/24y, (4.145)

2TT with 7 the modular

where (—1)fL is the holomorphic fermion parity operator, ¢ = e
parameter as usual, and Hyg and Hp are the Hilbert spaces when we have anti-periodic and
periodic boundary conditions on the circle, respectively.

As in bosonic CFTs, the torus partition function decomposes into characters labeled by

the primaries of the theory:
— A
Zra(r7) =) M die(r)dis(7) (4.146)
PWY

Notice that, unlike bosonic CF'Ts, the torus partition function now depends on spin structure,
and it is not modular invariant but rather modular covariant. The rules for how the different
spin structures are exchanged under modular transformations in a fermionic CFTs are easy

to find keeping track of the boundary conditions for fermionic fields (the explicit exchanges
+
AN

constrained to make the torus partition function modular covariant.

may be found in [90]). As in the bosonic case, the mass matrix M7= is not arbitrary but is

Recall that given a bosonic theory B with a Zo symmetry defined on a compact surface
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Bosonization
B = s [

Fermionization

Orbifold Arf(p)

B,< Bosonization _ F/

Fermionization

Figure 4.15: Commutative diagram relating two bosonic theories B and B’ related by a
Zs orbifold, and their corresponding fermionization differing by stacking Arf(p). The Zo
symmetry that we use to orbifold in the bosonic theories is the same Zg symmetry used to
fermionize.

3} with genus g, it is possible to fermionize it and obtain a fermionic CFT with partition

function

1
Zplp) =5 Y. (~nAlletizga), (4.147)
a€HY(X,Zs)

where p denotes a choice of spin structure, o denotes the Zs gauge field for the Zo symmetry
in B that we use to fermionize the theory, and Arf(p) denotes the Arf invariant, where
(—=1)AHP) = 1 for even spin structure and (—1)2(P) = —1 for odd spin structure. This
map is invertible, and from a fermionic theory we can obtain a bosonic CF'T by summing

over spin structures:

2p(0) = o S (~)MH 25 (). (4.148)

p

Indeed, it is straightforward to check that plugging (4.147) into (4.148) we obtain an identity.
It is well-known that bosonization is not unique, as we can always stack a 2D Spin SPT

—the Arf invariant— and find a generically different bosonic theory with partition function:

1
Zp(a) = g5 y (AT Zp(p), (4.149)
P

Alternatively, we can think of B’ as the first defined bosonization (4.148), but starting from

a different fermionic theory which differs from the original one by stacking with the Arf
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invariant:

Zpi(p) = Zp(p)(— 1) (4.150)

Then, the bosonic theories B and B’ differ by a Zg orbifold by the same Zs symmetry that
we have used to fermionize the theories.

All these properties can be summarized in a commutative diagram, shown in Fig. 4.15.

4.6.4 Lagrangian Algebra Multiplications for Spin(5)1/SU(2)10

In order to verify the formalism as described in Section 4.2, this section provides a summary
of the specific Lagrangian algebra multiplications for the example Spin(5)1/SU(2)19. Specif-
ically, one may readily check that the coefficients presented in (4.83)-(4.91) are obtained via
the Lagrangian algebra multiplications using Eqn. (4.42). The data here can be obtained

directly from the MTC data provided in Section 4.6.5.

m(0,0))(a,b) = m§212§<a,b) =1, for (a,b) € A (4.151)
mggigimm =24, (4.152)
mESﬁiw,@ = mEZ:i§<o,6> = —2!/%, (4.153)
mESJé%,@ - _mgvzjlg)()O,G) =% (4.154)
ME33§§@,10> = —mﬁiﬁ%mm =1, (4.155)
mggfg))(o,:s) = mEZZ?,i(o,G) = if2!/*, (4.156)
mgg:g;(a,?)) = —mEZQ(O,ﬁ) = (3/2)'/4, (4.157)
mgg%(o,ﬁ) = —mES,’??(U;) = (3/2)'/%, (4.158)
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mioson) = Mg = —i/2"% (4.159)

0,6)(a,7) (0,7)(0,6)

EZ,I()J)(U,?,) - mggjg(v,m = (4.160)
mgg,:f()))(aj) = mEZ%(v,m) =% (4.161)
mggii;(m) =24, (4.162)
mﬁgiiimm - —mgf?})@,@ = —1, (4.163)
mgjg(a,s) = mEZiiiw,@ = (3/2)/%, (4.164)
mEZ:B(o,:’)) B —mEZj§§<v,4> =i/2'/4, (4.165)
mgﬁi(a,?) - —mEZﬁi(v,@ = —i/2!/%, (4.166)
mEZ:B(a 7= mEZiQ@,@ = —(3/2)"4, (4.167)
mggig)xa,:a) =i/2!/%, (4.168)
mig Dyom = /24 (4.169)
mgiﬁg(o,zﬁ) =+63/2V", (4.170)
mgi:%(aﬁ) =—(3/2)"", (4.171)
mEZ’,?,??g,n - mEZﬁ?EU,g) =15 (4.172)
mgég(o 7~ m(i %( 5) = T/ 2l/4, (4.173)
m<2 g)(a 7= _m(g’%(gs) = +(3/2)M4, (4.174)
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4.60.5 Explicit MTC Data

For self-containment, in this section we summarize the MTC data of Spin(v); for v odd and

SU(2);. for integer k, which are cases of interest in this work.

Fibonacci

- AT
This MTC has two simple lines called 0 and 7 with topological spins §y = 1, 0 = €"*5 and

quantum dimensions dg = 1, d- = ¢. The only non-trivial fusion rule is
TXxT=0+4+T. (4.175)

The non-trivial F-symbols are given by

1 -1/2
reac e R (1.176)

4 —1/2 -1
¢ ¢ o

while the non-trivial R-symbols are given by

- A -3
Ry = %, R =d*%. (4.177)
Above, ¢ is the golden ratio and s = £1 corresponds to the chirality of the two MTCs
with this data and central charges c— = 14s/5 mod 8. For instance, the (G2); and (Fj)1

Chern-Simons theories are described by this MTC data with s = +1 and s = —1 respectively.

Spin(v)y

We take v an odd integer. In this case the MTC has three simple lines labeled 0, v and o
with fusion rules
vxv=0, oxv=0, ocxo=0+v. (4.178)
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The topological spins are g =1, 6, = —1, 0, = 627”’//16, and the modular S-matrix is that

of Ising:
1 1 V2
1
5:5 1 1 -2 1 - (4.179)
V2 —vV2 0

The quantum dimensions are dy = dy = 1, dy = v/2. Meanwhile, the non-trivial F-symbols

are given by

VOV ovo 000 Ko 1 1
7 = BT = =1, (R = % , (4.180)
1 -1
ef

where k4 is the Frobenius-Schur indicator ks = (—1)(” -1/ 8 while the R-symbols are

- T : 3
Ry =-1, R)Y =RJ"=(-i)", R{° =ree '8V, RJ7 =koe'8Y. (4.181)

SU(2)k

The MTC SU(2);, with integer k consists of k + 1 simple lines labeled from 0 to k, with

fusion rules
min(A1 +Ao,2k—Aq —Ag)

Ay x Ay = > A, (4.182)
A=[A1—As|

where the sum is restricted such that A; + A9 — A is even.

The topological spins are given by 6; = exp (27?21%133) with j = 0,1,...,k, while the

modular S-matrix is:

2 (rGi+ D2 +1) o
i1jo — =0,1,....k 4.1
Sjl]Z k+2SlH( (l{?+2) 9 J1,J2 Oa ) 5 vy ( 83)

(j+1D)m

from which we obtain the quantum dimensions d; = sin (jk—:i_T) / sin (kL+2)
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o/ (k+2)

In the following ¢ = ¢ . Then, the F-symbols have entries

a b e

[Fgh] o p = 1704, fle 4 1] [f + 1], , (4.184)
c d f
where
a b e
= A(a,b,e)A(e,c,d)A(b, c, f)A(a, f,d)
c d f

. Z{ (=1)7[= + 1] 1

d btc+ +f+d btctd
ﬂ]q![z - +f] 5 5 ]q![%L JQFCJF — z]q!

z [Z_%W]q![fz_ 2 'z —
! 4.1
x atetctf  _y grbretdtf 1y (4.185)
[T 2 T 2l
with
(s 1 s
Ala, b, c) = pE (4.186)
and
n n/2 _ —n/2
q q
| = - @
Finally, the R-symbols are given by:
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CHAPTER 5
PARTICLE-SOLITON DEGENERACY IN 2D QUANTUM
CHROMODYNAMICS

Gauge theory is a central paradigm in particle physics. Among its most fascinating properties
is its strongly coupled nature: ultraviolet (UV) degrees of freedom consisting of manifest
quarks and gauge fields give way in the infrared (IR) to a surprising particle spectrum of
mesons and baryons. Analytically understanding this phenomenon has served as a driving
goal of theoretical physics for the past half-century.

Two-dimensional (2D) theories have long served as a playground for testing new tech-
niques to attack strongly-coupled physics. In particular, in quantum chromodynamics (QCD5)
't Hooft famously solved the theory in the large number of colors limit [185]. More recently,
novel non-invertible symmetries have been applied to understand confinement [1], and to
characterize the vacuum structure of QCD9o where the distinct states are parameterized by
expectation values of gauge-invariant composite operators [12,90, 115]. (See Section 5.5.2
below for explicit examples in QCDs.)

In this work, we continue this line of development building on the recent results [143,144].
Focusing on the case of gapped QCD9, we aim to directly characterize the spectrum. We
realize QQCD9 via an interval compactification from a three-dimensional (3D) topological
quantum field theory (TQFT) and following [12] identify the fusion category C which de-
scribes the mathematical structure of the non-invertible symmetry [11,46,62,129]. Physically,
such symmetries are realized by topological line operators that commute with the Hamilto-
nian [6], but are not in general represented by unitary operators acting on the Hilbert space.
Moreover, as noted in [12], the fusion category C is fully spontaneously broken in the IR and
hence characterizes the vacua of the gauge theory.

We harness the representation theory of this fusion category to determine the allowed

multiplets of particles, excitations above a single vacua, and solitons interpolating between
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distinct vacua. Strikingly, we find that the fusion category symmetry C often implies that
particle and solitons are in the same representation and hence necessarily have equal masses.
This feature is unique to spontaneously broken non-invertible symmetries and illustrates the
intrinsically quantum (strongly-coupled) nature of these symmetries.

We exhibit our results in several explicit gauge theories below. The implied degeneracies
are elegantly encoded in a quiver diagram where the nodes are vacua and the arrows are
excited particle and soliton states. Such diagrams echo those discussed in many contexts
such as the lattice integrable models of [186], the relation between graphs, non-diagonal
modular invariants, and conformal boundary conditions of [187,188] (see also [49,51] for the
relationship between anyon condensation and generalized ADE diagrams), and in the direct

analysis of supersymmetric solitons [189)].

5.1 Background on QCD,

We are interested in QCD in two spacetime dimensions with massless fermions. The gauge
group is denoted by GG, and the fermions transform in a representation R of G. We take the

fermions to have vanishing bare mass. The action is:

S(gyn) = /E d%[ﬂ(@%%@)-@% Tr(FQ)]. (5.1)
YM

For simplicity in the following, we consider only vector-like theories where the left-moving
and right-moving fermions transform in the same representation R of the gauge group G,
and further restrict to the case where R is irreducible.

As defined above, QQCD9 is a fermionic theory, i.e. there are fermionic local operators
and the partition functions depend on a choice of spacetime spin structure. To simplify
our discussion, we can bosonize the fermions [190], and recast these degrees of freedom as a

theory of currents, a WZW model Spin(dim(R));. Coupling to G' gauge fields then results
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in a bosonic version of QCD» as a gauged WZW model with a G gauge field kinetic term:

1
Sy(ov) = Swawlo, 4] - 55— [ da Te(F?). 5:2)
Iym /=

We present our results below for this bosonized theory. Since bosonization /fermionization is
an invertible operation [54,191], this involves no loss in generality.

Our goal is to constrain particle and soliton states. This is cleanest when the theory in
question has a mass gap so that we can separate the spectrum from any residual gapless
modes. In QCDy, there is a simple criterion that controls the gap [90]. Denote by I(R) the
Dynkin index of the representation R and by c¢, the central charge of the WZW model

based on a Lie group G at level k. Then, the theory is gapped if and only if the coset

Spin(dim(R))1 (5.3)
Gimr)
has vanishing central charge:
CSpin(dim(R))1 /Gy = Spin(dim(R)); ~ Grgry = 0- (5.4)

When this is the case, we refer to (5.3) as a topological coset. This condition for a gap is
valid irrespective of the global form of the gauge group G, provided that R is an allowed
representation of G.

Next we turn to the effective infrared (IR) description of the QCDg theory (5.2). A
natural candidate arises if we examine (5.2), and assume that the IR is described by the

corresponding gy — oo limit:

S S Al 5.5
b(gYM)m wzw 9, A (5.5)

We find that the IR is described by the aforementioned gauged WZW model consisting of
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cr z(0) | 2() ic = |QcDb,

Iphys

Figure 5.1: Three-dimensional construction of QCDs.

Spin(dim(R)); matter content coupled to G gauge fields. We assume this description below.
Algebraically, this corresponds to the quotient of chiral algebras in (5.3) however, one must
carefully keep track of all topological sectors i.e. distinct vacua. (See e.g. [3,12,90].)

One potential source of vacua of the theory can be seen directly in the ultraviolet from
the presence of topological local operators, or equivalently exact (in contrast to emergent)
one-form symmetries. Such symmetries arise in particular from the subgroup of the center of
the gauge group G which acts trivially on the matter representation R. As discussed in [1],
exact one-form symmetries split the theory into distinct universes, with no finite energy
configurations interpolating between them. A given universe contains, however, its own set
of vacua, and it remains meaningful to discuss finite-energy configurations in between such
vacua. For simplicity below, we will avoid this phenomenon by focusing on examples with
trivial one-form symmetry whose unique exact topological local operator is the identity.

Next, we discuss how to characterize the zero-form symmetries of gapped QCD9. These
symmetries play a crucial role in our treatment of particle-soliton degeneracy. An insightful
approach is to construct QCD9 via compactification from three spacetime dimensions on a
transverse interval [1,12,115,127|. In this viewpoint, QCDgy with simply-connected gauge

group can be constructed by taking a Chern-Simons theory in bulk:
Z(C) = Spin(dim(R))l X G—I(R) X (5.6)

and setting coset boundary conditions on the left and on the right of the interval. Notice that
since we are considering the gapped case, these are topological boundary conditions for Z(C).

See Fig. 5.1. An interface Z,ys controlling the RG flow at finite values of the coupling is
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set in the middle of the interval. The assumption that the IR is described by the topological
coset (5.5) is then equivalent to the statement that in the far IR the surface Zp, s becomes
the transparent identity interface in Z(C).

The construction of QCD9 sketched above manifests the symmetries. Indeed, given any
3D TQFT, a fusion category C of line operators is always supported at any topological
boundary [192]|. Viewed purely from two dimensions, C are topological lines and hence yield
the desired symmetries. Moreover, the 3D construction of QCD9 implies that such a fusion
category of line operators persists along the whole RG flow and hence can be used to analyze
the spectrum.! In the IR, the surface Zphys becomes transparent and this symmetry is fully
spontaneously broken:

C —1. (5.7)

In particular, the vacua are in one-to-one correspondence with simple objects in C [12].
Finally, we remark that, in general, C may not be the complete finite symmetry of a given
(bosonized) gapped QCDy. However, because of its manifest nature from 3D, C can be readily

determined in practice and hence its implications for spectra are especially computable.?

5.2 Anyon Condensation and Topological Cosets

Our previous analysis has indicated the central importance of C, the fusion category of
lines at a topological boundary of a 3D TQFT. To determine C directly, we use anyon
condensation. We refer to [192] for a detailed presentation, and in the following provide
a simplified presentation sufficient for our examples. For an introduction to the algebraic
theory of anyons, see [15,16]. Our conventions follow [12].

In general, an arbitrary topological boundary condition of a 3D TQFT 7 can be described

1. One can also see that the quotient of chiral algebras is preserved along the whole RG directly in
2D [90,115,177].

2. We also remark that, following [12], our methods are in principle generalizable to any gauged WZW
model described by a conformal embedding in (5.2) with IR description (5.5).

179



Figure 5.2: An anyon a € £ can end at a topological junction at the topological boundary
defined by L.

in terms of a non-simple anyon called a Lagrangian algebra [64,192]:

L= @ nga, ng¢€N, (5.8)
a€T

where a are simple anyons, and n, positive integers. For simplicity, we will consider the
multiplicity-free case ng = 0,1. A useful interpretation of the Lagrangian algebra is that
it dictates the anyons that are allowed to end perpendicularly in a topological junction
at the topological boundary described by L. See Fig. 5.2. Lagrangian algebras can only
be composed of bosons. This is, if the topological spin 6, # 1 = n, = 0. Moreover,
Lagrangian algebras satisfy the quantum dimension constraints dim(7") = (dim(L’))Q, where
dim(7) = > s dg and dim(L) = Y, c7 nadq. In general, it is a non-trivial requirement
for a 3D TQFT to have a set of anyons fulfilling these properties, so this already provides
a non-trivial tool to characterize topological boundaries. For a complete characterization of
Lagrangian algebras, we refer to the aforementioned references.

The line operators at the topological boundary can be found by taking a simple anyon a
of the bulk TQFT and moving it to the boundary. Generically, such a simple anyon becomes
a non-simple line operator at the boundary. This is encapsulated in the following “splitting”

rule:

a= Z zia, zg €N, (5.9)
«

where a stands for the distinct simple line operators of the boundary fusion category. Gener-
ically, a simple line operator o may appear with multiplicity in the splitting rule, a fact

that is encoded in the non-negative integers 2. Simple anyons in the Lagrangian algebra
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L = ®gnga always have a component of the identity line of the boundary theory: a — 1+---.
The boundary fusion category C is constrained to satisfy the following set of consistency

conditions:
e a=>)  a=d,=> 25 da.
ca=)  a=a=),25a.

e a®b= GBCNg,bC: (Zazg‘a> X <Zﬁzgﬁ> =D cn Ng’bzgy.

The boundary fusion category must also satisfy the standard conditions of associativity,
existence of a unique identity line, and existence of unique conjugates with a unique way to
fuse to the identity line. Often, one can exploit the previous constrains and find the fusion
ring of the fusion category exactly. This will be our main practical tool below.

The relation between topological cosets and topological boundary conditions has recently
been studied in detail in [12]. In short, when we have an embedding of chiral algebras
G — Q1 with associated gauged WZW model with vanishing central charge and simply-
connected G, then the Chern-Simons theory Q1 x G_; admits a topological boundary.
(This is the statement that topological cosets belong to the trivial Witt class [50].) More

specifically, the branching rules of the conformal embedding
G
HOEDY by Xy (@)s by €N, (5.10)
A

with ¢ the modular parameter, induce the existence of a Lagrangian algebra £ = G}( AN b( AN (A, \°P)
defining the corresponding topological boundary of Q1 x G_j. Thus, we can in particular
apply this observation to the topological cosets (5.3) pertinent to QCDg and apply the rules
of anyon condensation to obtain the fusion categories that are present throughout the RG
flow.
As discussed above, in order to avoid the phenomenon of universe splitting in QCDo, we

may consider global forms of the gauge group that have trivial center. To address this in
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the 3D construction, we follow [2,3,193| and gauge the “common center” one-form symmetry
in Spin(dim(R)); x G_ I(R)- After this is done, no exact one-form symmetry given by
the center of the gauge group remains, and all the topological local operators in the IR
correspond to vacua of a single universe. Notice that a gapped boundary for the gauged
theory (Spin(dim(R))1 x G_yR))/Z (with Z the “common center”) is guaranteed to exist
given the gapped boundary determined by (5.10), since the gauging by Z is just a topological
manipulation. In practice, a Lagrangian algebra in (Spin(dim(R))1 x G_p(R))/Z is easily
found by direct examination of the TQFT.

Anyon condensation also allows us to make statements regarding the expectation values
in the different vacua of the local operators that do not decouple in the IR fixed point.
Indeed, local operators in the 2D theory in the IR are constructed from stretching anyons

between the two ends of the interval:

Pa =0——9 (5.11)

Thus, Lagrangian algebras determine the set of topological local operators, or vacua in the
IR of QCDy. Below, the topological OPE of these local operators can be obtained exploiting
commutativity, associativity, consistency of the OPE with the local operators allowed by the
Lagrangian algebra, and existence of an idempotent complete basis {v;} of local operators
that are in one-to-one correspondence with the clustering vacua of the theory. In turn,
determining the ¢, in terms of the idempotent complete basis allows us to calculate the

vacuum expectation value of each local operator ¢.

5.3 Representation Theory

Having identified a collection of finite non-invertible symmetry in gapped QCDsy theories,

we now consider their implications for particle spectra. Recent work [143,144] has shown
182



that non-invertible symmetry in a QFT can enforce mass degeneracies. An especially novel
feature of such degeneracies is they can be between stable particle and soliton excitations.
In this section we briefly review the representation theory that governs such degeneracies,
following and deferring detailed discussion to [144].

We first consider a general 2D bosonic QFT before returning to the specific context of
QCDs. In general, the finite symmetry is described by a fusion category C [11,62,129,194|
and the phase of the symmetry is described by a C-module category M [53,55,62]. In
a gapped theory quantized on R, the simple objects of M correspond to the clustering
grounding states of the theory [1,143].

In a gapped 2D QFT quantized on R, the action of the finite non-invertible symmetry on
the state space is through an algebra called the “strip algebra”. This algebra depends both on
the symmetry (C) and its phase (M) and is denoted Strg(M). It is the representation theory
of the strip algebra that governs symmetry enforced degeneracies of the theory. Stre(M)
is a C"-weak Hopf algebra, which means that its representations can act on multi-particle
states (tensor products), have charge conjugates (duals), and are compatible with the unitary
structure on the Hilbert space of states. The representation theory of such algebras is well
studied and admits techniques for analysis similar to those used in the unitary representation
theory of finite groups. In fact, in the special case of a symmetry described by a finite group
H in its unbroken phase, Strg (M) = C[H], the group algebra of H, and hence recovers the
familiar representation theory of finite groups.

In analyzing the degeneracies of gapped QCD9 theories, one can leverage that the repre-

sentation category Rep(Stre(M)) also admits a more abstract description,

Rep(Strg(M)) ~ C),. (5.12)

Here C,T\/l is called the “dual category” of C with respect to M and is physically the dual

symmetry obtained by performing a generalized gauging of C associated to M [62,75]. This
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category naturally acts on M. Taking o to be a simple line, its corresponding irreducible

representation is the boundary junction vector space

Vo = @ Hom(m ® a,n), (5.13)

m,n

where m, n are the clustering ground states of the theory. This presentation of the represen-
tation is especially useful since it makes clear how many particles (solitons) there are above
(between) each vacuum in it.

To compute the action of Strg(M) on V,, in this approach, it is necessary to know the
complete (C—Cj‘\/l)—bimodule category structure on M. This data is generically difficult to
compute. Fortunately, equation (5.13) contains a significant amount of information about
the representation and is determined by far less data. The dimensions of each summand is

given by the module category fusion coefficients
mea=E N an, Ny, €N (5.14)
n

The fusion coefficients can be conveniently encoded in a quiver (i.e. a directed graph):
e For each clustering ground state m € M draw a node of the quiver.
o Add ]\7,’;‘1,0( directed arrows from node m to node n.

This provides a convenient graphical presentation of the module fusion coefficients.

We can apply this discussion to analyze symmetry-enforced degeneracies of gapped QCD2o
theories. As discussed in Section 5.1, the relevant fusion category symmetry is the category
of lines of the coset boundary condition of the 3D coset TQFT, C. The assumed symmetry

breaking pattern (5.7), implies that the phase of the symmetry is given by M = C viewed as
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a C-module category. Therefore, we must compute CZ?, which is just the category itself [195],
Co ~C. (5.15)

To compute the quivers describing the allowed symmetry enforced degeneracies one therefore

only needs to know the fusion rules for C
N=N, aws=EN] s (5.16)
Y

Before continuing to examples, a comment regarding one-form symmetry is in order. The
mixing of particle and soliton states by non-invertible symmetry is particularly powerful
because it can require the existence of particle states in a theory. This is unlike the case
of group-like symmetry where the realization of a particular representation is a dynamical
rather than kinematic question. This follows from the fact that a theory has no non-trivial
one-form symmetry if and only if the quiver describing the complete collection of stable
solitons is connected. As will be demonstrated in the following examples, this additional
information is often enough to require the existence of some stable particles or solitons from

purely kinematic considerations.

5.4 Examples of Particle-Soliton Degeneracy

We now consider examples of this analysis in gapped QCD9 theories. In doing so we demon-
strate the necessary existence of a collection of stable particle and/or soliton states in each
theory. Details of the computations are included in Section 5.5.1, including the data of the

boundary condensation maps and allowed quivers for each of the following theories.

SO(3) + 15: Our first example is SO(3) gauge theory with Majorana fermions in the five.
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The bosonized theory has the 3D coset TQFT

Spin(5)1 x SU(2)-10
Lo

= Z(C). (5.17)

Its coset boundary condition has 3 lines {1,v, A} with the non-trivial fusions

X (Y

v |1 A . (5.18)

A|A|1+v+24

The QCDgy theory therefore has 3 vacua and 3 possible irreducible multiplets. Because the
theory has no one-form symmetry along the flow, the stable solitons and particles must

realize a representation furnishing a connected quiver. All such quivers contain

: (5.19)

as a sub-quiver. It follows that this theory must contain at least two stable particles over
the [©24) vacuum and two soliton-anti-soliton pairs. Furthermore, this quiver is realized by
an irreducible representation of the strip algebra and therefore the excitations all have equal

mass.

Spin(9) + ¥s: Our next example is Spin(9) gauge theory with Majorana fermions in the

spinorial. The bosonized theory has the 3D coset TQFT

Spin(16)1 x Spin(9)_2 = Z(C). (5.20)
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The coset boundary condition has 6 lines {1, s, v, ¢, A, B} with non-trivial fusions

A B
s|1l|lclov] A B
B A

(5.21)
clwv|s |1 B A

1+s+A|lv+c+ B

AlA|lv+c+B|1+s+A

The theory therefore has 6 vacua and 6 possible irreducible representations. This theory also
does not have one-form symmetry along the flow and so its stable excitations must realize

representations assembling into a connected quiver. All such quivers contain

: (5.22)

as a sub-quiver. Therefore this theory must contain a soliton-anti-soliton pair of equal mass.

Moreover, this pair necessarily exists as a member of one of three possible minimal connected

1 v
c >< s (5.23)
AN S

sub-quivers®

A+— B
/ | ] \
C S (524)
A B

3. Meaning that every connected quiver of stable solitons must contain one of these as a sub-quiver.
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T s (5.25)

A B
where colors are used to distinguish the sub-quivers of irreducible representations comprising
a reducible representation. One such quiver must be realized, but symmetry considerations
alone do not determine which. This instead is a question of dynamics. Note that in the
later two cases, since the representations are reducible, not all solitons are required to have
degenerate masses. Rather, this allows for two multiplets of stable solitons, each having a

different mass.

PSU(4) + Y15 Our final example is PSU(4) gauge theory with Majorana fermions in the
fiftteen. The bosonized theory has the 3D coset TQFT

Spin(15)1 x SU(4)_4
Ly

= Z(0). (5.26)

The coset boundary condition has 4 lines {1,v, A, B} with non-trivial fusions

X | v A B

v |1 B A

(5.27)
A|B|1+A+B|v+A+B

Alv+A+B|1+A+B

The theory therefore has 4 vacua and 4 possible irreducible multiplets. As in the prior
examples, this theory has no one-form symmetry along the flow and so its stable particles
and solitons must furnish representations that combine to give a connected quiver. All such

quivers contain

Y Y
1 A+— B v, (5.28)
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as a sub-quiver. Therefore the theory contains at least two stable particles, one above | 4)
and the other above |Q2g), and a soliton-anti-soliton pair between these vacua.
These excitations are necessarily members of one of two possible minimal connected sub-

quivers,

Y

l1+~—— B

(@
1 B
E [ , . (5.29)
A v
[\

Ae— v

)

Again, which sub-quiver is realized by the theory is not determined by symmetry, but by
dynamics. Both quivers correspond to irreducible representations and therefore all stable

particles and solitons labeled by them will have degenerate mass.

5.5 Additional Comments and Results

5.5.1  Quwer Calculations

In this section, we show how to calculate the quivers of the gapped QCD9 theories discussed
in the main text. Recall we are interested in topological cosets where for simply-connected

gauge group the bulk 3D TQFT is given by
Spin(dim(R))1 x G_p(R)- (5.30)

The line operators in this 3D TQFT will be labeled as (A, X), with A an integrable repre-
sentation of Spin(dim(R)); and A an integrable representation of Gr(g), with the negative
level implicit in the notation. When dim(R) is even, we denote the four integrable repre-
sentation of Spin(dim(R)); as {1, v, s, c} with 1 labeling the identity, v the vectorial, and s

and c the spinorials. When dim(R) is odd, we denote the three integrable representations of
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Spin(dim(R)); as {1, v,s} with v,s the vectorial and spinorial representations respectively.
When the gauge group is not simply-connected, we denote the lines of the bulk TQFT
(Spin(dim(R)); x G_ I(R)) /Z with Z the “common center” in terms of their representatives

in the simply-connected case before gauging 7.

SO(3) + 15. For the bosonized theory, the 3D coset TQFT is

Spin(5)1 x SU(2)—19
L

= Z(0). (5.17)

This theory has 10 lines while its coset boundary condition has 3, {1, v, A}. The condensation

maps from the 3D theory to the coset boundary are

a pla) a p(a)
(1,1) 1 (1,7) 1+ A
1,11 v s, 2 A
(1,11) (s,2) (5.31)
(1,3) (s,4) | 1+v+ A
(1,9) (s,6)1 A
(1,5) v+ A (s,6)2 A
The boundary lines have non-trivial fusions
X | v
v |1 A . (5.18)

AlA|1+v+2A

Because the coset boundary has 3 lines, there are therefore 3 irreducible representations of
the strip algebra, with one labeled by each line.

Recall from the main text that the module category fusion coefficients are simply the
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fusion coefficients which are computed from (5.18),

Nip =Ny =N =1,

v

Ml = Nlo= Ni, =1, (53

V,V

A A 1 A
Nia=Nya=Nya=Nya=1 Njg=2
Therefore the quivers realized by 1, v, and A are

vy (X e

1: 1 A v, (5.33)
!
v: 1 A v, (5.34)
~_
A: e+—— e+— e . (5.35)

The single minimal connected sub-quiver? is clearly (5.35). Therefore this must be realized

as a sub-quiver in the QCDs theory, requiring the particle-soliton degeneracies discussed in

the bulk text.

A . . o . (5.36)
!
v ° ° o (5.37)
~__

(5.38)

4. See footnote 3.
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A: e+—e<—>e<— e . (5.39)

Spin(9) + 1. For the bosonized theory, the 3D coset TQFT is

Spin(16)1 x Spin(9)_2 = Z(C). (5.20)

This theory has 32 lines while its coset boundary condition has 6 lines, {1, s,v, ¢, A, B}. The
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condensation maps from the 3D theory to the coset boundary are:

a p(a) a p(a)
(1,1) 1 (v,1) v
(1,44) | s (v,44) | ¢
(1,16) |v+B| | (v,16) |1+ A
(1,128) | ¢+ B | | (v,128) | s+ A
(1,126) | A (v,126) | B
(1,84) | 1+ (v,84) | v+c
(1,36) | A (v,36) | B
(1,9) A (v,9) B
(5.40)
a p(a) a p(a)
(5,1) | s (1) | e
(s, 44) 1 (c,44) | v
(s,16) | ¢+ B (c,16) | s+ A
(s,128) | v+ B | | (c,128) |1+ A
(s,126) | A (c,126) | B
(5,84) | 1+s | | (c,84) | v+te
(5,36) | A (c,36) | B
(5,9 | A (c,9) | B
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The boundary lines have non-trivial fusions

X|s|lv|c A B
s|1|clw A B
vicl|l]|s B A
clv|s |1 B A
l+s+A|v+c+B
Al A|lv+c+B|1+s+A

(5.21)

There are therefore 6 distinct irreducible representations of the strip algebra, labeled by each

boundary line in C. The module fusion coefficients (and hence quivers) again follow from

(5.21).

For example, consider the line A. The relevant non-zero fusion coefficients in C are

A B B A
Nia=Nya=Nog=Ngq=1,

1 _ ars  _ atA
Naa=Naa=Nya=1

v _nc  _ B _
Npa=Npa=Npa=1

These realize the quiver

Co
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The remaining quivers are

S
1 v
R . (5.43)
X X
A B
1 v
s 6/&}3, (5.44)
X X
A B
1l ¢——w
v o S g (5.45)
A+~— B
1 v
LS, ”
A+—— B
1 v
B: >< s . (5.47)
AN
A<—>B/

We would now like to find the minimal connected sub-quivers. Since the quiver labeled
by B is connected it is clearly one. By analyzing sums of quivers directly, one finds that there

are two more minimal connected subquivers corresponding to reducible representations:
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c+A: ¢ s (5.48)

o~
Sy

1
v+ A o T

T > s - (5.49)

Here the coloring distinguishes the sub-quiver corresponding each subrepresentation. By

inspection, the common sub-quiver of all minimal connected sub-quivers

v 1
, (5.22)
c A+— B S
producing the required particle-soliton degeneracies discussed in the text.
PSU(4) + ¢15. For the bosonized theory, the 3D coset TQFT is
Spin(15 SU(4)_
pin(15); x SU(4)—4 _ 2(0). (5.26)

Ly

This theory has 14 lines while its coset boundary condition has 4, {1,v, A, B}. The conden-
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sation maps from the 3D theory to the coset boundary are:

a p(a) a
(1,1) 1 (1,84)9
(1,35) v (5,10) | A+ B
(1,45) |1+ A+ B (s,6) | A+ B
(1,15) |v+ A+ B (s,64); | 1+ B
(1,20'); A (s,64)y | 1+ A
(1,20), B (s,64)3 | v+ A
(1,84); B (s,64)4 | v+ B

The boundary lines have non-trivial fusions

X | v A B

v |1 B A

A 1+A+B|v+A+ B
Alv+A+B|1+A+B

(5.50)

(5.27)

There are therefore 4 distinct irreducible representations of the strip algebra. Following the

prior two examples, the module fusion coefficients are determined by (5.27).

As a final example, consider the line A. From (5.27), the non-zero fusion coefficients we

need are

A _ B o
Nia=Nya=

1,

1 A B
Naa=Nga=Nia=1,

) _atA  _ ArB
Npa=Npa=Npa=1
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This defines the quiver

!
1 B
A E E 552
A v
[\,
Continuing in the same way, the remaining quivers are
X Y
1 B
1: , (5.53)
Y o)
A v
1 B
v , (5.54)
A v
Y
l+— B
B: . (5.55)

Ae—— v

|\,

The minimal connected sub-quivers are easily seen to only be (5.52) and (5.55). Their

common connected sub-quiver is

Y Y
A+— B v, (5.28)

implying the existence of degenerate particles and solitons as discussed in the main text.
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5.5.2  Vacuum Condensates

In this section, we briefly discuss the characterization of the different vacua by the expecta-
tion values of the local operators that do not decouple in the IR. In the context of QCDs,
the flow of local operators has been studied e.g. in [90,115] (see also [12]). As discussed in
the main text, the topological local operators ¢, (in the basis diagonalized by the zero-form
symmetry throughout the flow) can be obtained via anyon condensation by studying the
endpoints of anyons at the topological boundaries. See (5.11). In particular, we are inter-
ested in topological cosets where for simply-connected gauge group the Lagrangian algebra

is determined by the branching rules
G
HOEDY b Xy (@)s  beay €N (5.56)
A

Specifically, £ = @(A,)\) b(A)\)(A, A°P). Thus, in the local operators ¢, the label a runs
through all the representations (A, ) such that b( A\ = 1, since these would be the allowed
endpoints in (5.11). 9 As in Section 5.5.1, when the gauge group is not simply-connected,
we denote the labels a in the Lagrangian algebra of (Q1 x G_j)/Z with Z the “common
center” in terms of their representatives in the simply-connected case before gauging 7.

We aim to diagnose the different vacua by the expectation value (condensates) of the
operators ¢, in the presence of boundary conditions 7. This can be done in terms of boundary
states |v;):

(9a)i = (Vilpa| Vi) (5.57)

The overlap can be found using commutativity of the topological OPE of the ¢, associativity,

consistency of the OPE with the junctions allowed by the Lagrangian algebra, and the well-

5. Recall that in this work, for simplicity, we assume single multiplicity in the Lagrangian algebra. For
higher multiplicity bs ) € Z4, we must keep track of the multiple topological junctions at each boundary,
and how these junctions can couple to each other in between the two boundaries of (5.11) in order to properly
label local operators. See e.g. [12] for a more detailed discussion on this issue.
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known result that topological local operators always allow for an idempotent complete basis
\ZR

VZ'V]' = 5Z]VZ (558)

The idempotent complete basis of local operators corresponds, actually, by the operator-state
correspondence to the clustering boundary states |v;). The overlap is thus straightforwardly
calculated using this result, and the expectation value of the order parameters can be en-

capsulated in a matrix

Bai = (vil¢alvi), (5.59)

providing the expectation value of the order parameter ¢, in the clustering vacuum state
Vi)-
SO(3) + ¢5. Using the condensation data above for this example, we find that the idem-

potent complete basis is given as

1
Vi = m(¢(1,1) + </5(177) + ¢(S74>), (5.60)

1
Vy = m(¢(1,1) + ¢(177) - ¢(S’4)), (5.61)

VA= 2—\1/5((1 +V3)(1,1) + (1 - \/§)¢(1,7))- (5.62)

Inverting (5.60)-(5.62), we obtain the matrix of condensates:

1 1 1
B=12+v3 2+v3 -1]. (5.63)
3+4V3 —3-V3 0

Spin(9) + 1». Using the condensation data above for this example, we find that the

200



idempotent complete basis is given as

1
vy = E(¢(1,1) + @(s,44) + 0(0,84)
+ 0(s,84) T P(v,16) T D(c,128))-
1
Vs = E(¢(1,1) + @(s,44) + 0(0,84)
+ 0(s,84) — P(v,16) — D(c,128)):
1
vy = E(¢(1,1) — O(s,a4) T 9(0,84)
— O(s,84) T P(v,16) — D(c,128)):
1
Ve = E(¢(1,1) — O(s,a4) T 9(0,84)
— O(s,84) — P(v,16) T D(c,128)):

VA= 2(20(1,1) + 20(s,44) — D(0,84) — D(s,84))

D= O

vp = = (2001,1) — 20(s 44) — 9(0,84) T ¥(s,84))-

Inverting (5.64)-(5.69), we obtain the matrix of condensates:

w

-3 -3 3 0 0

(5.64)

(5.65)

(5.66)

(5.67)

(5.68)

(5.69)

(5.70)

PSU(4) + ¢15. Using the condensation data above for this example, we find that the

201



idempotent complete basis is given as

1
m(cbu,l) + 9(1,45)

+ 0(s.64), T V(s,64)s)

V] =

1
m(cbu,l) + &(1,45)

VfU:

— O(s,64), — V(s,64)s)

— ((1 + \/§)gb(171) - (V2 - 1)¢(1,45)
—(/5564 +¢s64 >/4\/_

vp = ((1 +V2)¢(1,1) — (V2= 1)d(1 45)
+ (s,64); — 9(s,64) )/4\/_

Inverting (5.71)-(5.74), we obtain the matrix of condensates:

1 1 1 1
34+42v2 3+2v/2 -1 —1
24+V2 —2-V2 —V2 2
24+vV2 —2-v2 V2 -2
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CHAPTER 6
HIGGSING TRANSITIONS FROM TOPOLOGICAL FIELD
THEORY & NON-INVERTIBLE SYMMETRY IN
CHERN-SIMONS MATTER THEORIES

6.1 Introduction

Gapped phases in (2+1) dimensions are characterized by a spectrum of massive anyons and
patterns of non-abelian statistics. In the continuum limit, these systems are described by
topological quantum field theory (TQFT), a paradigm for mathematically organizing the
resulting long-range correlations and quantum entanglement. While the system remains
gapped, the long-distance physics is robust. However, when the gap closes the system may
transition from one topological phase to another. Such transitions may be either first order,
or more interestingly, gapless, and characterized by a conformal fixed point which is in
general strongly coupled.

One rich source of such transitions are Chern-Simons matter gauge theories. In these
models the transition is driven by a charged scalar field ¢ which is massive on one side
of the transition and condensed on the other. Such Chern-Simons matter theories have
been intensively investigated and can serve as continuum models for deconfined quantum
criticality [196]. (See [197] for a review). They are also a fruitful playground to explore
dualities where the fixed point is described in two complementary fashions using distinct
ultraviolet degrees of freedom [7,198-201].

One of our main goals in this work is to elucidate aspects of these transitions between
topological phases from the vantage point of the infrared topological field theories that they
connect. To carry this out, we introduce a mesoscopic model of the transition built from
a network of domain walls separating the two infrared phases. The network is shaped as a

lattice permeating spacetime (or space in a related Hamiltonian model). Along each domain
203



wall there are gapless (1+1)d chiral degrees of freedom, defined by a coset conformal field
theory / gauged WZW model [5,179,202,203]. As we cross the domain wall, the potential for
the scalar field ¢ changes shape: on one side ¢ is massive, and on the other side it develops
a vacuum expectation value. The (1+1)d fields on the domain walls may thus be viewed as
edge modes confined to loci where the ¢ has vanishing mass.

As parameters of the domain wall network are changed, our model transitions between the
given topological phases and plausibly has a phase transition in the same universality class
as the desired Chern-Simons matter fixed point. As described, our model is conceptually
similar to the coupled wire constructions of [204] and related models [205-207|. However, our
approach is distinctly rooted in continuum field theory and does not, for instance, provide
a microscopic lattice description of either the topological phases or the gapless domain wall
modes. Related constructions based on continuum field theory ideas have also appeared

in [208].

6.1.1 Topological Lines at Critical Points

From the vantage point of the microscopic Chern-Simons gauge theory many symmetries
of the fixed point are emergent, meaning they are valid only at the infrared universality
class characterizing the transition. This is a well-studied phenomenon for ordinary (zero-
form) global symmetries where key examples of duality are characterized by emergent time
reversal, or non-abelian global symmetry [32,201,209,210]. By contrast, the possibility of
emergent one-form symmetries is much less explored. A one-form symmetry is by definition,
an extended line operator whose correlation functions depend only topologically on the
support of the line [6]. Such a line is an emergent symmetry when this topological dependence
is a property only of the correlation functions of the fixed-point universality class, but not
the microscopic gauge theory Lagrangian. Note that while topological lines are ubiquitous

in the gapped topological phases discussed above, their appearance at a gapless transition
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is more striking.

The simplest possible notion of a one-form global symmetry is an abelian symmetry
group. For instance, these are common in abelian gauge theory and often occur as center
symmetries of non-abelian gauge theory with suitable non-minimal matter [6]. In gapped
phases, these abelian one-form symmetries are described by abelian anyons with character-
istic fusion rules. Notice that such symmetries always act on Hilbert space by invertible
(unitary) operators. More exotic, and the focus of much of our discussion below, is the
possibility of non-invertible one-form symmetry at a fixed point. These operators form a
braided fusion category and, while they commute with the Hamiltonian, they do not act by
invertible (unitary) operators on Hilbert space. One of the main results of our analysis is to
provide qualitatively new examples of Chern-Simons matter fixed points with precisely this
form of novel emergent symmetry. Again we emphasize that while non-invertible one-form
symmetries are characteristic in topological phases, described by the non-abelian anyons of
the theory, their appearance in a gapless phase is a new phenomenon.

To explain more precisely what is new about the examples to follow, it is helpful to
recall that given any (2+1)-dimensional theory with a finite non-anomalous zero-form global
symmetry K, gauging K produces a new theory with one-form symmetry given by the fusion
category Rep(K'). Moreover, if K is non-abelian, the fusion ring of Rep(K) is not described
by any abelian group. Thus, any such example gives a simple construction of non-invertible
one-form symmetry. In a sense then, examples of non-invertible one-form symmetries abound
and indeed examples based on finite, or more generally, disconnected gauge groups have
been discussed in the literature. See e.g. [134,211-216]. However, unfortunately one-form
symmetries manufactured by this construction do not provide any significant dynamical
insight. Indeed, gauging the finite subgroup K is a topological operation on a field theory and
hence commutes with the renormalization group flow. Therefore, the presence of the Rep(K)

symmetry is simply an avatar K symmetry of the related “ungauged" theory. In contrast with
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the above, the examples we discuss below will have non-invertible one-form symmetry but
connected gauge groups. In these models the presence of non-invertible one-form symmetry
is a fundamentally new constraint on the dynamics at the fixed point. (A gapless example
in (3+1)d with a connected gauge group and non-invertible one-form symmetry is a model

of axions [217].)

6.1.2 Condensation, Higgsing, and Hierarchies

To argue for the presence of these new symmetries we make use of the mesoscopic model
described above. Indeed, one of the key advantages of this model is that it manifestly
possess the non-invertible symmetries throughout its phase diagram. Therefore, the bulk of
our technical analysis is to understand the precise one-form symmetries of the mesoscopic
model. As we explain, the key idea is to ask how an anyon worldline in one topological
phase can penetrate the gapless domain wall and continue as a new worldline in a different
gapped phase. This in turn is a question of how to describe the Higgsed phase of the gauge
theory (¢ condensed) in terms of the anyons of the massive phase of the gauge theory (¢ not
condensed).

We achieve such a description by modifying the vacuum of the massive phase to include
loops of the ¢ field viewed as anyons in the topological phase. This procedure is complicated

by two important physical effects:

e The anyons described by ¢ quanta in general carry spin. Hence, on their own, they

cannot be consistently summed.

e When these anyons collide, they produce new anyons which must also be summed by

consistency.

Both of these problems are solved in the mesoscopic model. In that case, gapless degrees

of freedom on the domain wall can be viewed as an edge state for a gapped bulk known as
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the coset TQFT. By pairing with degrees of freedom from the coset TQFT, the ¢ quanta
become effectively bosonic and may then condense. This is technically achieved using anyon
condensation [2,24,37,131,192,218] which also explains how to consistently incorporate the
fusion products. Thus in our model, the Chern-Simons matter transition driven by the Higgs
mechanism, itself a form of “condensation,” modifies the vacuum via anyon condensation in
a product TQFT modeling both the massive phase and the coset.

We remark that analogous considerations have been applied in the context of hierarchy
constructions of fractional Hall states [219,220] (See [221] for a review). In particular in [222]
a transition from one fractional Hall state to another is modeled as anyon condensation in
a product theory, which includes the initial state as well a new topological degrees of free-
dom. Applying the logic of our mesoscopic construction, we anticipate that these additional
topological degrees of freedom have as an edge mode, the chiral gapless fields that appear as
the magnetic field is modulated. One can then envision a mesoscopic domain wall network
model of fractional Hall state transitions directly analogous to our construction below for

Higgsing transitions.

6.1.3 Implications of Higher Symmetry

As one of our main results is the appearance of non-invertible one-form symmetries in Chern-
Simons matter fixed points, we summarize here several of their key physical consequences.
Some of these features are common to any one-form symmetry, while others depend partic-

ularly on the fact that the symmetries are non-invertible.

e The non-invertible symmetry does not act on local operators in the fixed point theory
[6]. Therefore, it cannot be explicitly broken by any relevant deformation of the fixed
point and must be present in all resulting phases. In our examples this symmetry will
be spontaneously broken in the gapped phases that resulted from the fixed point by

relevant deformation.
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e The non-invertible one-form symmetry may form a modular invariant full TQFT on
its own, in which case it plausibly decouples from the rest of the theory. Alternatively,
it may be non-modular in which case it cannot decouple from the fixed-point dynamics
[34, 223-225]. In the latter case, we deduce that the fixed point, if gapless, must
support conformally invariant line-defects that are charged under this non-invertible
one-form symmetry.! Upon relevant deformation to a gapped phase, these conformally
invariant defects flow to the additional anyons needed to make the braiding matrix

non-degenerate.

e The braiding of non-invertible one-form symmetries is an anomaly that must be repro-
duced in any phase resulting from the fixed point [6,226]. When the fusion rules of the
symmetry are not those of the representation ring of a finite group, the braiding must
be non-trivial [227,228|. Hence, such a symmetry is always anomalous and obstructs

a trivially gapped phase.

e Beyond its action on the vacuum, the one-form symmetry will organize the non-zero
energy states into multiplets. For instance, the spectrum of the theory with periodic
boundary conditions is constrained by the presence of a one-form symmetry. When
this symmetry is non-invertible the multiplets will be representations of algebras, not

groups. See [56,61,144,146-148, 150] for related discussion.

We hope to explore many of these features in future work.

6.2 The Higgsing Transition

In this section, we motivate our study of Chern-Simons matter theories. Our goal is to

analyze the Higgsing transition using tools of topological quantum field theory and (1+1)d

1. Here by line defect we mean an extended operator whose total dimension in spacetime is one. Such an
object may act as an operator at a fixed time, or alternatively may define a point-like defect in space for all
time.
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conformal field theory. We introduce a mesoscopic model for this transition based on domain
wall networks. Using this model we provide a framework to find the topological lines, in

general non-invertible, that exist at these fixed points.

6.2.1 Chern-Simons Matter Flows

We consider a (2+1)d Chern-Simons theory coupled to charged scalar matter. The defining

data of such a field theory are given as follows:

e A gauge group G, and a Chern-Simons level k € Z. We denote this pair as G,. (Below

we take G to be a connected compact Lie group.)

e A scalar field in a representation R of G. (Below, we take R to be irreducible for
simplicity.) In general, the representation, and hence scalar is complex unless otherwise

noted. We denote the scalar as ¢R.

e An interaction potential V(¢r). Typically, this potential includes a quadratic term,
as well a cubic, quartic, etc. interactions among the scalars. We denote the coefficient

of the quadratic term as m?

V(¢R) = m2oR|* + - . (6.1)

Given this data, our focus is the critical point defined by tuning the scalars to be massless
m? — 0. In general, such a system is a gapless conformal field theory. It is also possible
that the resulting system is first-order.

One way to understand the Gj, + ¢Rr fixed point described above, is that it provides a
transition between two topological phases. These are achieved by activating the quadratic

term in the potential and flowing to the infrared. The result of these flows can be deduced

by examining the initial gauge theory description of the fixed point:
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e m2 > 0 : The scalar field ¢R is massive and is integrated out. At long distances, this

results in the G, topological Chern-Simons theory.

e m?2 < 0 : The scalar field ¢g condenses and Higgses the gauge group from G to a
subgroup H stabilizing the expectation value. At long distances, this results in a H i
topological Chern-Simons theory. Here, the level k of H is given by k = nk where

n € N is the index of embedding of H in G.?
These two flows are shown below:

G} + ¢Rr Fixed Point

~|¢R/? +Hor|? : (6.2)
condensed massive
H G

k k

To make this discussion more precise, note that we should in fact view the potential defor-
mations described above as relevant deformations of the Chern-Simons matter fixed point.
Thus, our discussion assumes that these deformations remain relevant at this fixed point and
further that we can analyze their effects using the microscopic gauge theory Lagrangian. In
other words, we assume throughout that the flow to the fixed point and the potential flows
commute. Additionally, since our analysis is concerned primarily with the nature of this
fixed point, in the following we will describe energy scales relative to the flow diagram (6.2).
Therefore, the ultraviolet will generally refer to the fixed point (not the weakly coupled gauge

theory), and the infrared to the topological phases G} and H i

2. The index n of the embedding H — G can be computed by taking any representation Rg of G,
decomposing it into an H-representation Ry, and evaluating the ratio of Dynkin indices: n = Iy /Iq.
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The Non-Relativistic Approximation

The massive flow, m2 > 0, to G . brovides a starting point to analyze the transition. At long

distances, the scalar field o may be viewed as an anyon ar in this topological field theory:

¢R — GR - (6.3)

More precisely, in the strict infrared, quanta of ¢ have a parametrically large mass and
therefore the number of them in any process is conserved. Amplitudes with N scalar par-
ticles may then be approximated in the TQFT as correlation functions involving N anyon
worldlines ag.

We may reverse this idea to obtain a non-relativistic approximation to the massive flow
valid at non-zero energies, which are small compared to the mass of ¢R. Indeed, in this limit,
the field ¢pr fluctuates and costs only finite (but large) energy to activate. Thus, the vacuum
should be viewed as containing a sum over virtual loops of scalar quanta, or equivalently
loops of the anyon agr. It follows that we may approximate the partition function of the
Chern-Simons matter fixed-point theory, Zcgqy, as a sum over insertions of loops of ag.

Schematically:

Zoswi(m) ~ Zg, + / pL e il Zg (ag (L))

+ / DL1DLy e~ 2i™Eil Z (ag(Ly), ag(La)) + -, (6.4)

where L; is a worldline with length |L| of the i-th anyon, and DL; is an appropriate regu-
larized path-integral measure over the space of loops. In this approximation, each integrand
Za,(ar(L1),--+) is a correlator in the topological phase G

The non-relativistic approximation, can provide a useful first analysis of the fixed point.

For instance, it can be used to analyze scattering matrices and crossing symmetry of anyonic
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particles [229-231].

6.2.2 Mesoscopic Models of Higgsing

To analyze the transition in more detail, we now construct a mesoscopic model that interpo-
lates between the same two topological phases appearing in (6.2). This model is Euclidean.
A related Hamiltonian model is presented below. To motivate the construction, we consider
subjecting our Chern-Simons matter theory to a position (and time)-dependent mass term
in the potential:

m? = m?(z) . (6.5)

In the bulk of spacetime, mz(x) is assigned a large, positive value, whereas in cylindrical re-
gions that intersect to form a cubical lattice, it takes a large, negative value. See Figure 6.1a.
The interface between these two regions is a higher-genus Riemann surface, a domain wall
network, where the mass parameter crosses zero. Upon flowing to the infrared, the region
exterior to the cylinders is in the topological phase G}, while the interior region is in the
topological phase H i See also Figure 6.2.

Observe that the chiral central charges of G} and H i in general do not match. Therefore,
the domain wall interface between the bulk regions is in general chiral and thus gapless. We
claim that this chiral mode is the (1+1)d coset theory G} /H;. This model is the chiral
sector of the gauged WZW model based on target space (), with gauge group H .- To see
this, consider a Wilson line in the Chern-Simons matter theory in a G-representation, Y,
that crosses interface. In the mesoscopic description, in the Hj. region the G representation
x branches into a direct sum of H representations. Therefore, the domain wall modes should
provide a junction (in general non-topological) between the G} Wilson line y and the H i
Wilson line v, as depicted in Fig. 6.3(a) precisely when the branching of y includes 1.

The existence of these junctions is exactly the defining property of the chiral coset CFT.
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(a) (b) (c)

Figure 6.1: A mesoscopic model of the Higgsing transition (6.2). In (a) we have intersecting
cylindrical regions of radius W. The cylinders form a regular lattice as depicted, and the
distance between two of the nearest parallel cylinders is L. Outside the cylinders the theory
is an a (G}, phase, inside it is in an H i phase. At the interface is the coset G,/ H i which is
in general gapless and chiral. See also Fig. 6.2 for the definitions of L and W. The width
W of the cylindrical regions is a parameter of the model. For W — 0 the theory is in a G},
phase, while as W — L, (c), it is in an Hj. phase.

T T ] chiral

Wcosot
e T 0O

(a) (b)
Figure 6.2: A cross section (b) of the gray plane depicted in (a).

Indeed, the representations (modules) of Gy, /Hj, which we label by p, satisty
G Gy /Hj; H;
k(@) = D xR (@) X, () (6.6)
Py

pY

with ¢ the modular parameter, and where ny~ € 7 dictates how the representations (mod-
ules) p of the coset CFT couple to those of the H . WZW theory to yield the representation

x of G k-3 This branching rule indicates that a vertex operator in the module V), can connect

3. Notice that several copies of the trivial representation of the coset CFT G\ /Hj with single vacuum
may appear in the branching decomposition. This signals the possible appearance of additional topological
sectors.

213



X line in the GG, phase and a 1 line in the H i when nﬁw #0.

A Model of the Quantum Field ¢g(x)

We can further motivate the mesoscopic model introduced above by comparing its features
to those of the Chern-Simons matter fixed point.

To begin, let us return to the non-relativistic expansion (6.4) of the partition function.
In this description, it is clear that degrees of freedom are missing and have been integrated
out along the renormalization group trajectory. Most directly we should ask: how can we
produce the quantum field ¢R(z)? Of course, the particles created by ¢R () are the anyons
modeled by the line operator ar in G. In the IR these particles are infinitely massive and
correspondingly, the lines are unbreakable. In the fixed point however, the Wilson line in the
representation R can end on the insertions of the field ¢ (z). Note that this is compatible
with the fact that ¢g(x) is not gauge invariant: it is not a well-defined local operator but
instead lives at the end of a line.

Now consider instead the mesoscopic model. Here, in contrast, we will find a clear analog
of the scalar field ¢p(x). We start again with the Wilson line ag in the same representation
R as the scalar field. Note that the Higgsed group H i s characterized precisely by the fact

that the branching of the GG representation R includes the trivial representation of H:

R|Hg1H+"-. (6.7)

In terms of the coset character formula (6.6) this means that nﬁl H -£ 0 for some module p in

the coset CFT. Thus, when the Wilson line ag crosses the domain wall into the H 2 phase,
it becomes transparent. In other words, the line ag can end on the interface as depicted
in Fig. 6.3(b), where it terminates on an operator O, in the coset CFT. We regard these

ray-shaped operators of ag terminating on O, as a proxy of the scalar field ¢g ().
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Let us also inspect the two-point function of these operators in the limit L > W. We
consider a segment of the line ag terminating at two points, 1 and x9, on the interface.
Then, the correlator contains a factor of the two-point function in the coset CF'T on the

interface surface X:

(Op(1)Op(w2)) g ~ e~ Wholr1—22] (6.8)

where h, is the conformal dimension of the primary O,. Here, this estimate arises because
the state on a circle created by O, has energy h,/W and is propagated the distance |z1 — 2
before annihilating against the second insertion. On the other hand, we can compare (6.8)
to the expected exponential decay of the two-point correlator of the massive field ¢p(x).

From this we can identify the scalar mass as:
me~ — . (6.9)

Finally, we note that as we increase the width W of the cylinders close to the lattice
spacing L, it is no longer reliable to estimate the two-point function using radial quantization.
In particular, the exponential falloff in the coset two-point function will transition at short
distances to power law behavior, indicating a potential gapless phase transition.

In summary, dialing W from zero to L in the mesoscopic model produces a phase tran-
sition between G} and H 2 Our basic hypothesis is that this phase transition is in the same
universality class as that of the underlying Chern-Simons matter fixed-point theory (6.2). It
is also possible that there are multiple intermediate phases as the parameters of the meso-
scopic model are varied in which case we assume that one of the intermediate phases coincides

with the fixed-point.
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Figure 6.3: Lines transitioning between phases. In (a) the transition between a general G},
line x to an Hy line ¢ through a local operator O, in the (1+1)d coset Gy/H. In (b), a
ray-shaped operator showing that in the mesoscopic model the anyon line ag can end. These
ray-shaped operators model the quantum field ¢R.

Hamiltonian Model

So far, we have described the mesoscopic model in a Euclidean framework with discrete time
translation symmetry. Here, we outline the corresponding Hamiltonian formulation with
continuous time.

The Hilbert space H is defined by the configuration in Figure 6.2b. In physical terms
this consists of local coset modes from each cylinder-shaped “lattice site” in the model.
Additionally, we must take into account the fact that each cylinder appears at long distances
to be a (non-simple) line inserted along time in the Gj, TQFT exterior. Such lines induce
additional states that we include.

To write this more explicitly, let 7, s, - - - be abstract indices labeling the lattice sites in the
model. At each site the (1+1)d coset can be decomposed into modules V), (representations
of the relevant chiral algebra). We include in each site Hilbert space those summands which
have a junction with the vacuum in H 2 Physically, this corresponds to the fact that the
spatial regions of H j, are empty, i.e. they do not contain any non-trivial anyon inserted
along time. The full Hilbert space of the model is then a direct sum over all such sectors,

indicated by {ps}, where each local factor is dressed by an appropriate line from the bulk
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G Chern-Simons theory. Explicitly:

"= (HomGk (1,®X(pr)) ®®Vps) , (6.10)

{ps}s

where Homg, (1,x) is the Hilbert space of the G}, Chern-Simons theory with an inserted

timelike Wilson line x, and y is:

xps) = Y ity (6.11)
XEG
(The coefficients nﬁw are defined in (6.6).) To understand (6.11), consider adiabatically
shrinking the diameter of an H i cylinder while keeping it extended in the time direction.
This results in the insertion of the line defined above at each site.*

The “free” part of the Hamiltonian is given by the sum of the coset conformal field theory
Hamiltonians acting on each module V). Note that this implies that in the strict zero-size
limit, the non-vacuum p contributions in the Hilbert space (6.10) acquire infinite energy
hp/W — oo from the coset modes. In particular, in this limit the model reduces to the
expected G Chern-Simons theory without additional insertions.

Beyond the free Hamiltonian, local interaction terms between neighboring sites mediated

by anyon exchanges can be introduced. Schematically, such an interaction is represented as
NG2=0
X

where x denotes an anyon in G, and O, represents an operator in the module V), of the chiral

(6.12)

4. The factor Homg, (1,®sx(ps)) in (6.10) is for when the spatial manifold is S?. For a general spatial
manifold, the factor should be replaced by the result of quantizing the Gy, Chern-Simons theory with x(ps)
inserted at each site and along time and hence depends on the global spatial topology.
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coset, theory, with n)p(lH # 0. This can intuitively be understood as an infinitesimal version
of one step time translation in the Euclidean model in Figure 6.1a. We expect that such
interactions couple the cylinders effectively, thereby realizing the configurations illustrated
in panels (b) and (c) of Figure 6.1 as the interaction strength is increased.

Here we note that the above construction cannot be used to realize the exact microscopic
free Chern-Simons matter theory in any continuous limit. This is because, the model allows
G, lines x to have an end only when nilH # ( for some p in the coset CFT. In the microscopic
gauge theory, any G} line can end on a composite operator as long as it does not have a
non-trivial electric one-form symmetry charge. To realize that behavior, we further add the
sectors including H i lines at the core of the cylinders. In the Hamiltonian picture, such new
sector should be given an energy for each nontrivial line, modeling the massive excitations in
the Hj cylinder. Our assumption is that such massive degrees of freedom are not important
for the nature of phase transition between G} and H i phases.

We also emphasize that our model does not provide a local way of constructing Chern-
Simons theory Hilbert spaces; hence, it should not be interpreted as a microscopic model of
the Gy, Chern-Simons theory. Instead, we assume that the microscopic realization of the G},
theory is given and use it as the basis for constructing a mesoscopic model of the transition
to the Hj phase. In the extreme case where Gy is trivial and the chiral coset theory is
replaced by the corresponding H; WZW model, the total Hilbert space reduces to a direct
product of identical infinite-dimensional spaces V7 .. This scenario corresponds to the setup
of [208], and we anticipate that an appropriate choice of interaction terms in (6.12) will yield

a vacuum adiabatically connected to the state proposed in [208].

6.2.3 Anyon Condensation and Cosets

The coset degrees of freedom on the domain walls provide us with a natural way to compare

the lines in the two topological phases G}, and H i Indeed, for the examples that we will study
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below the (2+1)d TQFT H i, admits the following presentation via anyon condensation:”

=) o

12

Let us elaborate on the meaning of the above:

e Each factor above is a (2+1)d TQFT. In particular, Gy/Hj is the coset TQFT which
has as its one-sided chiral boundary the (1+1)d coset CET. The coset TQFT is in turn

defined as follows:

— In simple cases the coset TQFT is a product Chern-Simons theory where the

denominator has a time-reversed (negative) level yeilding:
k — -
TE =G xH ;. (6.14)

— When the gauge groups G and H have a common center subgroup Z we must

modify the right-hand side of (6.14) by quotienting by this common center factor.

— There may also be non-abelian bosons in the product Chern-Simons theory (6.14)
which must be condensed to accurately describe the TQFT. In complete general-
ity, the principle defining the coset TQFT is that one should condense (gauge) the
maximal braided fusion category which is common to both G and Hj. The case
of the center quotient is an example of this principle when the common subfusion

category is abelian.

Examples of coset TQFTs which differ from (6.14) by non-abelian anyon condensation

are called maverick cosets and play a prominent role below. See [5,24,36,105,232].

5. More precisely, coset inversion (see [3,24]) says that, given a coset decomposition as in (6.6), there

exists an algebra C such that H;/C = |G X % } /B. In our context, C will always be the trivial algebra.
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e In (6.13), the barred factor has been time-reversed. For the Chern-Simons factors, this

flips the sign of the levels. More generally, this conjugates the spins of all anyons.

e In the denominator, B is an algebra object of the TQFT. The notation means that
certain anyons have been condensed i.e. gauged on the right-hand side. Intuitively, this
expression thus means that any line ¢ in the H i theory can be viewed as a pair (x, p)

in G, x % provided that we enforce the selection rules and identifications implied by
k

non-abelian anyon condensation.

In the above, the operation of non-abelian anyon condensation dictated by the object B
is the least familiar. In brief this gauging operation is characterized by a finite formal sum
of lines (non-simple anyon) [192] :

B=) 0, (6.15)
7
where in our context, each (8; appearing above is a pair:
_ G
Bi = (Xi» pi) € Gy, % Fk , (6.16)
k

and B includes the identity line with unit multiplicity in the sum. Additionally, we require

that B admit a fusion channel to itself dictated by a multiplication map p:

B Bi
u € Home(B® B,B) *— @ /L?j i (617)
i,5,k
B B = @in;fB; B; Br

Moreover, B must braid trivially with itself through the multiplication map:

peoo= weo (6.18)



In particular, this implies that each line in the gauged algebra B must be a boson, i.e. it
must have integral spin.%

One consequence of this discussion is a formula for the total quantum dimension before
and after gauging. We recall that the total quantum dimension of a TQFT is sum over
quantum dimensions squared of its simple lines, ) jc7 d%, where the individual quantum
dimension of a simple line operator ¢ is defined as the expectation value of a trivial loop of
¢

dy =1 , (6.19)

Defining the quantum dimension of an algebra as

dim(B) = Zdﬁi : (6.20)

we then have the general formula:

S

B

In practical examples below, we use these constraints to conjecture the existence of various
algebras and apply them to analyze the behavior of topological lines across the Higgsing

transition.

6.2.4 Symmetries of the Higgsing Transition

We now have the tools to analyze the symmetries of the Chern-Simons matter fixed point
using the mesoscopic model framework. We are particularly interested in (non-invertible)

one-form symmetries. Note that local operators are blind to such symmetries. Therefore, all

6. Beyond the conditions enumerated here, there are also algebraic identities that are required by the
multiplication map . We do not make use of these in the following, and refer to [12,41,64,192| for details.
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one-form symmetries must be visible in both gapped phases G} and H i which reside exterior
and interior to the domain wall network in Figure 6.1.

To guide intuition, let us return again to the non-relativistic approximation (6.4). Con-
sider any line/anyon b in the theory Gj.. Since this theory is fully topological b is of course
also topological. However, in general the line b should be viewed as an emergent symmetry:
it is topological in the strict IR, but not in the fixed-point theory where the scalar fluctuates.
A necessary condition for b to remain topological at the fixed point can be deduced from
(6.4). Specifically b must remain topological in the presence of the new vacuum state which
contains a sum over insertions of ar. For instance, this implies that loops of the line ar

must be transparent to loops of b. Pictorially this means:

R Jb @ b
S S
E = — 2orb700 (6.22)

( Sag,0550

where above S is the modular S-matrix of the G topological theory. We note that the left-
hand side above is a strictly stronger constraint involving the braiding R-matrix of the G}
Chern-Simons theory. We focus on its S-matrix implication (right-hand side) for simplicity
of this intuitive discussion. In summary, equation (6.22) thus provides candidate lines b that

may, perhaps, remain topological in the Chern-Simons matter fixed point.

Local Modules and Topological Lines

We can obtain more precision using the mesoscopic model of section 6.2.2 above. The
key point is that the anyon condensation procedure described above also gives us a complete
picture of the lines that survive the gauging of an algebra B. Observe that after condensation,
B becomes transparent and equivalent to the new identity line in the gauged theory (H i
above in (6.13)). Technically, the lines that characterize the theory after gauging are the
so-called local modules with respect to the algebra B in the original theory [192].
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A general B-module, M, is defined diagrammatically as admitting a junction i with the

algebra B:
M

i € Home (B ® M, M) (6.23)

B M
Mathematically, (6.23) dictates how the algebra B can act on the module M. Physically,
M should be viewed as a candidate line after gauging B. Since B has become the identity
in the gauged theory, it must admit a trivial fusion channel with M.
Furthermore, for a B-module M to be physically interpreted as a line in the theory after

condensation, we require it to be local. That is, to satisfy the condition

M M
<+M - /+M , (6.24)
A
B M B M

encapsulating the fact that a well-defined line in the theory after condensation must braid
trivially with the algebra B since the latter is now transparent.

Notice in particular the similarity of the diagrams in (6.22) and (6.24), where the putative
symmetry b is interpreted as the module M, and aR a part of the algebra B that is condensed.

This correspondence will be made precise below.

Extracting Topological Lines

Finally, we can now state a sharp proposal to use the mesoscopic model and anyon condensa-
tion to identify the lines which remain topological across a Higgsing transition. We proceed

as follows:

o Identify a line b € G}, which braids trivially with the IR matter field line ag € G}, as
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in (6.22).

e Present the Higgs phase of the Chern-Simons matter theory, i.e. H j,» Via anyon con-

densation from the product Gy x % as in (6.13). Since ag becomes dynamical, the
k:

condensing algebra B must contain as an element (agR, p) for some p in the coset TQFT.
This makes precise the discussion below (6.24): only by pairing ag with coset degrees

of freedom can it become bosonic and condense.

e Embed the line b into G, x % by assigning it trivial coset degrees of freedom. In other
k

words, identify b € Gy, with (b, 1) € Gy, x Gk
k

e Check if b remains a well-defined topological line after condensation so that it can be

defined in the Higgsed phase H 2 Specifically, we examine the fusion:
BX(b,l):(b,1)+(aRXb,ﬁ)+ ) (625)

where above we have extracted several lines known to appear above, but in general

there are others in the ellipses. Observe:

— A necessary condition for (b,1) to survive as a line in H j. is that each simple
line above that is not projected out by the module map fi of (6.23) has the same

topological spin.

— A sufficient condition for the above is that all elements on the right-hand side of
(6.25) have the same topological spin, neglecting the module map projection. In
particular, when this is satisfied the details of the module map are immaterial.

(This is the case in our examples below.)

The consistent spin condition discussed above has a simple graphical interpretation. We

consider the junction made by b as it crosses the phase boundary from G}, to H i If the line
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Figure 6.4: A topological line crossing the domain wall network. If the junction is topological
it has vanishing spin and hence the topological spins of the G} and H i lines match.

b is to be topological in both phases of the theory then the junction itself must be topological
and hence in particular carry no spin. See Figure 6.4.

The result of the algorithm above are lines that are topological for all values of the
parameters L and W in the mesoscopic model. For instance, working in the Hamiltonian
model we can see that any line b identified above commutes with the interaction term (6.12).
This is because even if b appears to be linked with the y line in (6.12), it can traverse
the coset cylinder without altering the correlation functions, thereby becoming effectively
unlinked.

Assuming our basic hypothesis that the mesoscopic model transition is in the same uni-
versality class as the Higgsing transition, we are naturally led to conjecture that any such b
is topological throughout the Higgsing transition and in particular also at the Chern-Simons
matter fixed point. Below we will present a variety of examples of non-trivial one-form
symmetries identified in this manner and show that such symmetries can in general be non-
abelian.

We emphasize that the argument presented in this section does not suggest that the
microscopic GG}, Chern-Simons matter theory defined by the short-distance langrangian in-
herently realizes the one-form symmetry b. Instead, this symmetry is emergent, i.e. present
only at the fixed point. Indeed, as remarked below (6.12) modeling the weakly-coupled gauge
theory requires the inclusion of H i, lines at the center of the cylinders, which generally breaks

the non-invertible one-form symmetry.
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Inverse Higgsing

Before turning to a discussion of concrete examples, we note that our proposal in fact has a
symmetry between the Hj and G.. Indeed, consider a topological line in ¢ in H i To test if
it remains topological when we transition to the Gj. phase, we present the latter TQFT via

anyon condensation as:

i

o Gk
Hp X g

where as usual % is the (2+1)d coset TQFT and A is a suitable algebra object inducing
i

non-abelian anyon condensation. We embed the line ¢ as (¢,1) € H i X f%’ and then run

the algorithm above to test whether (¢, 1) remains topological across the phase boundary

to (.. Happily in all our examples below we find perfect agreement between the symmetry

algebras identified in this manner starting from either G, or H 2

6.2.5 Higgsing Transitions in Abelian Theories

As a warmup example illustrating some of the ideas above let us consider the Higgsing
transition in abelian gauge theory U(1); driven by a complex scalar field of charge ¢, ¢q.

The flow diagram is then given by:

U(1)y, + ¢¢ Fixed Point
2

- ¢‘1|/ \+|¢/‘q ’
condensed massive

(Zq)s U(1) (6.27)

2

Above, we note that the scalar condensate of charge ¢ Higgses the gauge group U(1) to
its Zy subgroup that stabilizes the vacuum expectation value (since it does not act on ¢y.)
Moreover, by the notation (Z;); we mean the discrete Z, gauge theory with a Dijkgraaf-

Witten term [33,233] interaction at level k. In practice this system can be efficiently realized
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as a U(1) x U(1) Chern-Simons theory with the level matrix, M, and action:

k . .
Y :>S:£/A/\dB+Zk
2m 4

Tl AANdA (6.28)
g 0 T

In the absence of the term proportional to k above, (6.28) is the standard presentation of a
Zq gauge theory. The level k term provides the Dijkgraaf-Witten twist. We note that the

theory (Zq)j depends periodically on the level k& with period 2q :

(Zq)t42mq = (Zq)p - (6.29)

Below, we take k£ to be even for simplicity which implies that the theory above is bosonic.
Finally, we also recall the spectrum of lines in (Zg)j. These may be viewed as Wilson lines

of the two gauge fields above with spin A given by:

k‘2
exp(ixj{A—l—iyj{B) : h:%—%. (6.30)
qa 2

Here x, y are integers characterizing the charges of the line. They are subject to identifications

dictated by the level matrix:

(@ 9) ~ (@ +qy), (2.y)~@+ky+q). (6.31)
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Thus in general, there are ¢2 lines. Moreover, we can use the identifications above to deter-

mine that the fusion ring formed by the lines is:”

Lgcd(k,q) * g2 fged(kg) (6.33)

Transitions Without Symmetry: ged(k, q) = 1

Take k and ¢ coprime with ¢ < k. The Chern-Simons level k in the U(1); gauge theory
truncates the abelian one-form symmetry to Zj. The charged matter field ¢4 is described by
the anyon of charge ¢, and hence is a generator of Zj. In particular, all other non-identity
lines braid non-trivially with this anyon. Therefore in the semiclassical analysis of (6.22)
there is no candidate symmetry line.

Let us recover this conclusion from the Higgsed phase via coupling to the coset degrees

of freedom. We claim that in this case, the coset TQFT is simply:

R
~
=
=
X
N
(S}
=
R

Uy % (Zg)—f - (6.34)

Note per the discussion below (6.13), we expect the coset TQFT to be a product of numerator
and denominator (with opposite level) modulo an algebra of condensable common bosons.
Thus in (6.34) we are asserting that this algebra of condensable common bosons is trivial.

To see this, observe from (6.33) that the total fusion ring in right-hand side of (6.34) is
Zy X Lo | (6.35)

and since k and ¢ are coprime, there is no possible common subgroup in (6.34) to condense.

7. This can be computed for instance, by noting that the Smith normal form of the level matrix M in
(6.28) is:

SNF(M) = (ng%k’Q) o~ /gc?i(k,q)) . (6.32)
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Physically, since the coset TQFT (6.34) is factorized, we expect its edge modes to also
decouple into a chiral boson, the edge of U(1), and a gapped sector, the edge of (Zq)_p.
Now we apply (6.13) to present the Higgsed phase from anyon condensation in the massive

phase:

UL x (UQ)—g % (Zg)y)
3 :

I

(6.36)

where above, B is a suitable algebra. However, since all the theories above are abelian B
is simply the sum over elements of a subfusion ring each of which is bosonic. Lines in the
numerator of (6.36) can be labeled by quartets ({1, {2, z,y) where {; = 0,---k — 1 indicates
a charge in U(1) and (x,y) label the Wilson lines in (Z;); as in (6.30). Adopting this

notation it is straightforward to see that:
B =(0,0,0,0)+ (1,1,0,0) +---+ (k— 1,k —1,0,0) . (6.37)

In particular, we see from this two expected features:

e The condensation includes the anyon corresponding to the scalar field (the term (g, ¢, 0, 0)

above.)

e There are no preserved topological lines in the Higgsed phase. For instance we can
apply the uniform spin criterion discussed in (6.25). A candidate line in ¢ € U(1), is
embedded in the numerator of the right-hand side of (6.36) as (¢,0,0,0). Fusing with

the algebra B gives:
k-1

B x (£,0,0,0) =) (£+4,5,0,0) . (6.38)
j=0

We now compare the spin of the left-hand side to the spin of a simple anyon on the
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right-hand side. Equality requires for all j:

Z+4)* P

This is clearly false so the symmetry is broken in the Higgsed phase as expected.

Transitions With Symmetry: k& = ng

Next we consider a Higgsing transition where we expect preserved one-form symmetry. We
take k = ng for n a positive integer. In this case the Zj, one-form symmetry of the Chern-
Simons theory U(1)y should be broken down to the non-trivial subgroup Z; C Zj.

First, in the non-relativistic approximation of (6.22), we recall that the braiding of lines

in U(1); with charges (1, (o is:

27Ti€1€2> (6.40)

Sgl’gg = exp < ’

Setting /1 = ¢, corresponding to the charged matter field, and k = ngq, we see that the above
is trivial precisely when /9 is a multiple of n. These lines generate the expected Zg, one-from
symmetry group.

Now we recover this from the Higgsed phase. In this case, we claim that the coset TQFT

is:

U(1)ng = U(1)y, (6.41)

In other words, the relevant edge modes are simply a chiral boson. To derive this, we
first note that in general we expect that the coset TQFT should arise from condensing the
maximal common fusion subalgebra of the product Chern-Simons theory. In this case, this

results in:

~ U(L)ng X (Zg)ng
(Zg)ng ¢ 7

(6.42)
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where C is the abelian algebra corresponding the the Z; common fusion algebra above.

Hence, equating (6.42) and (6.41) implies the relation:

U(D)ng x (Zq)ng > U(1)ng . (6.43)
Zq

This equivalence was derived in [9] (See Appendix I).%
Using the result (6.43), we now proceed to the Higgsed phase of our gauge theory. From

the general presentation (6.13) we express:

AL Cenrr)

Z =
Ul)gn x U(1)—gn
o 6.44
B ) ( )
where the appropriate algebra B is the common Z,, subgroup above:
B=1(0,0)+(q:9) +(2¢,2¢) +--- + ((n = 1)g, (n — 1)q) . (6.45)

Notice in particular the condensing algebra B contains the anyon corresponding to the scalar
field in the term (g, q) above.

To verify (6.44) we directly carry out the abelian anyon condensation. The first step in
this procedure is to determine which lines are not confined by the condensate B. These are
all lines that braid trivially with the generator of B i.e. (¢, q). The braiding of a general line

(¢1,03) with the condensing anyon (g, ¢) is trivial if and only if:

14 ¢
Lq_lq:() mod 1 = /1 =9 modn . (6.46)

ng nq

8. This equivalence can be directly verified using the abelian anyon condensation techniques illustrated
in the examples below.
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Thus, after condensation we must restrict the anyons obeying this condition. Next, on this
deconfined set, we must identify anyons which differ by fusion with the generator (g, q).

Hence:

(01,02) ~ (1 +q,l2 +q) . (6.47)

The solution to the (6.46) modulo the identification imposed by (6.47) leaves precisely ¢2

lines which we may parameterize by equivalence classes represented by:
(r+sn,r), r,s=0,---,q—1. (6.48)

This completes the condensation procedure.” Notice that we have indeed found the correct
number of lines to compare to (Zg)qn. For instance by changing basis, we can verify the
spins as follows.

n even: In this case the level periodicity (6.29) implies (Zq)gn = (Zg)o. We express the
equivalence classes (6.48) in term of z,y =0,1,---¢ — 1 as:

n n
(r+4sn,r) = (x + oY% = Ey) , (6.49)

whose spin is:

h= — ==, (6.50)

exactly matching (6.30).
n odd: Now, (6.29) implies (Zq)gn = (Zq)q. We express the equivalence classes (6.48) in

term of z,y =0,1,---q— 1 as:

rronn = (o4 (5w ("52)) | (6.51)

9. In general, anyon condensation requires a further step, where lines that are fixed under the fusion
(6.47) split into distinct species in the theory after condensation [2,34]. We do not encounter this here but
it frequently occurs in more general examples.
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whose spins are now:

L)) () 652

again matching (6.30).

Finally, using the condensation presentation of the Higgsed phase in (6.44), we can see
which lines remain topological across the Higgsing transition. These are the lines of the
form (¢,0) which survive the condensation procedure. Matching with the equivalence classes
(6.48) one sees that the charge ¢ is restricted to vanish modulo n (i.e. the variable r must

be zero). These anyons generate the expected Z, preserved one-form symmetry.

General ged(k, q)

Let us briefly comment on the more general case when ged(k, ¢) # 1. The analysis is similar
to the example above and we omit derivations.
In this case, the Z; one-form symmetry of the pure Chern-Simons theory is screened

down to chd( k,q) by the dynamical scalar matter. The relevant coset TQFT is now

UM o Uk X (Zo)i (6.53)
k

(ZQ) chd(k:,q)

Using the above, the presentation of the Higgsed phase via abelian anyon condensation as

in (6.13) is:

In particular, the condensing algebra in the above includes the dynamical charge ¢ matter

field in the U(1)y, factor, i.e. (¢, ¢) for some line ¢ in the coset (6.53). Following our algorithm

described in Section 6.2.4 then reproduces the expected chd( k.q) one-form symmetry.
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For completeness, we also note that in this case the analog of (6.26) is

) = |2 x (Bl )] g (6.55)

chd(k,q) cd(k,q)

which can be used to reach the same conclusions about the one-form symmetry of this

transition.

6.2.6 Anomalies from Fusion Rules

Here we collect some facts about non-invertible one-form symmetries and their anomalies.
As mentioned previously, abstractly a finite one-form non-invertible symmetry in a (2+1)d
system is described by topological line operators that form a braided fusion category C.
Specifically, it is a fusion category equipped with a braiding isomorphism o, that maps
a X b to b x a for each pair of objects (a,b) in C.

The Hopf link, composed of two simple lines (a,b), defines the braiding S-matrix S,,.
When S, is full-rank, the braided fusion category is called modular. When it is rank-one,
or equivalently oy, = agbl, the category is called symmetric. In a Hopf link, the two lines
do not intersect with each other and can remain far apart. Hence, the S-matrix of the
topological lines must match along any renormalization group flow. In particular this means
that a non-trivial Hopf link of topological lines implies that the vacuum state has long-
range entanglement. In other words, an S-matrix with a rank greater than one indicates
a non-trivial anomaly, implying that the symmetry C cannot consistently act on the trivial
theory.

When the symmetry is non-anomalous, i.e. the braiding is symmetric, the symmetry
category C in a bosonic system must be equivalent to the representation category Rep(K)

for some finite group K [227].10 See also [228]. Conversely, if the one-form symmetry C has

10. For a fermionic theory, the theorem still holds with the group K replaced by a “supergroup”, which in
this context means a finite group K with an order two element identified as (—1)%", the fermion parity.
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fusion rules that cannot be realized as Rep(K) for any finite group K, then we can conclude
that the symmetry C is necessarily anomalous. This contrasts with the case of an abelian
C (or an invertible symmetry), where the same fusion rule can admit both anomalous and
non-anomalous braidings.

Relatedly, let us consider the case where the braided fusion category C contains a modular

subcategory D. Then the full category decomposes into a product [223-225]:

C=DxD . (6.56)

(The case with abelian D and modular C was discussed in [34] from a physical perspective.)
Here, D’ is the Miiger centralizer of D in C. In particular, when the system is a TQFT
acted on by the symmetry C, a modular subcategory D indicates that the TQFT contains
D as a decoupled factor. It is natural to expect that this decoupling continues to hold in a

non-topological theory with a modular symmetry D.

6.3 Non-Abelian Higgsing & Symmetry

We now turn to examples of Chern-Simons matter theories that conjecturally have non-
invertible one-form symmetry. We use the algorithm presented around (6.25) to check these

proposals. 11

6.3.1 Unitary Family: PSU(2)_x Symmetry

Our first model is an SU(k) gauge theory with matter in the symmetric rank two tensor

representation.

SU (k)2 + ¢ = SU(k)2 + d2w, - (6.57)

11. The spectrum and fusion rules of the MTCs used in this section can be obtained from the KAC software
program [111].
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where above, wq indicates the weight labeling the fundamental representation of SU (k).
Our basic claim is that this model has topological symmetry lines PSU(2)_j. Here,
PSU(2);. means the subset of lines in the Chern-Simons theory SU(2); which are neutral
under the Zs center symmetry. More specifically, the SU(2);, fusion ring consists of k + 1
simple lines labeled from 0 to k, with fusion rules
min(j1+j2,2k—j1—j2)

J1XJj2 = > 7 (6.58)

J=lj1—Jol

where 7,751,572 = 0,1,...,k, and the sum is restricted such that j; + jo — 7 is even. The

topological spins are given by 6; = exp (2#21&?33) The fusion ring PSU(2);, is defined
as the closed subfusion ring corresponding to lines of even j above. The preserved symme-
try PSU(2)_;. has spins which are complex conjugates of these. We note that for & odd,
PSU(2)_j is a well-defined fully modular-invariant TQFT on its own. Meanwhile, for k
even, this symmetry is not modular.

The Chern-Simons matter theory (6.57), has a Higgsing transition given by the following

flow diagram:

SU(k)2 + ¢

/ \ . (6.59)

SO(k)4 SU(k)2

Here, the Higgsing pattern is achieved by ¢ acquiring an expectation value which is a
maximal rank diagonal matrix, and SO(k) C SU(k) is the stabilizer subgroup.

To investigate the symmetries, we will make use of the coset:

SU (k)9 ~2(k—-1)
SO(k), 7 ky2 7 (6.60)

where above we have also indicated the chiral central charge ¢ of the (1+1)d edge modes.
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This coset is a maverick theory. As reviewed above, this means that when we want to
describe the (1+1)d theory using a bulk Chern-Simons theory, we must gauge non-abelian
anyons. Let us denote these non-abelian anyons by C. Then, according to [3] we have the
following duality of Chern-Simons theories:

SU(k)9 x SO(k)_y _ SU(2)s x U(1)_,
C Zs

I

k= PR, . (6.61)

Here PF}. stands for the (2+1)d parafermion TQFT at level k described by the Chern-Simons
theories above. Their edge modes are the (1+1)d parafermion coset CFT SU(2),/U(1).

When applying our model of the Higgsing transition, we will encounter the following

relations between (2+41)d TQFTs (compare with (6.13) and (6.26) above):

SU(]C)Q X ﬁk

SO(k)y = ) (6.62)
Zy,
as well as:
k PF
SU(k)y = 29K X Py (6.63)
A
where A is a suitable non-abelian algebra specified below.
k = 3 and the Three States Potts Model
We begin with the simplest non-trivial case k = 3. The flow diagram is:
SU(3)2 + 96
/ \ . (6.64)
SO(3)4 SU(3)2

The data for the SU(3)9 and SO(3)4 Chern-Simons theories are presented in Table 3.9 and
Table 3.11 respectively. The coset SU(3)2/50(3)4 is known to be the Three State Potts
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SU(3)2

Line label | Quantum  Di- | Conformal

mension Weight
1 d1 = h1 =0
3 dg — % hs = 4/15
3 1 5
3 dg = +T hg =4/15
8 dg = 15 hg = 3/5
6 dg = 1 he = 2/3
6 dg =1 hg = 2/3

Table 6.1: SU(3)2 data. The fusion rules of SU(3)2 are those of Fibonacci x Zg, with 8 the
generator of Fibonacci, and the non-trivial elements of the Zs factor are 6 and 6.

Model (TSPM) [36], which we present in Table 6.3:

SU(3)2 X 50(3)_4 SU(Q)g X U(l)_

6
= = PF3 = TSPM . 6.65
C 7 3 (6.65)
The explicit anyon condensation relations we must consider are:
SU (3 TSPM
50(3), = SUB)2 X , (6.66)
Z3
and
TSPM
SU(3)y = 20B3)a x TSPM (6.67)

As
We aim to argue that the fixed point theory has PSU(2)_3 symmetry. Note that this sym-
metry has a unique non-invertible line W (corresponding to the 2 of SU(2)) with Fibonacci
fusion rule:

WxW=1+W. (6.68)

As a first check to see the lines preserved along the flow, we employ the non-relativistic
analysis and calculate monodromies in SU(3)9 and it is straightforward to check that only
8 is preserved by 6. Note also that 8 has Fibonacci fusion rules.

Next we provide a more detailed check of this symmetry using cosets and anyon conden-
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sation. The denominator of (6.66) is abelian, generated by the anyon:

B3 =(1,1) +(6,71) + (6, Z9) , (6.69)

so we only have to extract the lines that have vanishing charge under the Zs in SU(3)s.
This is precisely the 8 of SU(3)s. Notice that as discussed in Section 6.2.4, the condensation
includes the anyon corresponding to the scalar field triggering the Higgsing transition. In
this example this is the 6.

Next we analyze the condensation (6.67). In this case there are two non-trivial bosons
(41,¢€), (49,e) € SO(3)4 x TSPM. To saturate quantum dimension formula (6.21) we must
choose only one of them. The choice is immaterial, however, since 41 and 49 are symmetric
in SO(3)4. We choose:

A3 =(0,1) + (41,¢) . (6.70)

We compute the fusions:

A3 x (0,1) = (0,1) + (41,¢) ,
As x (2,1) = (2,1) 4 (49,e) + (2,¢) , (6.71)
Az x (41,1) = (41,1) +(0,¢) + (41,¢) ,

Az x (42, 1) = (42, 1) + (2,8) .

SO(3)4
Line label Quantum Dimension | Conformal Weight
0 dgp =1 hg =0
2 dy = (3+/5)/2 hy =1/5
4 dy, = (1++/5)/2 ha, = 3/5
4o dy, = (1++/5)/2 hy, = 3/5

Table 6.2: SO(3)4 data. The fusion rules of SO(3)4 are those of two copies of Fibonacci,
with the Fibonacci generators being 41 and 49, and 2 = 4 X 49.
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Three-State Potts Model
Line label Quantum Dimension | Conformal Weight
1 d1 =1 hi1 =20
o1 dyy = 113/5 he, = 1/15
o9 Aoy = 113/5 hoy = 1/15
£ dg — 1_—"_%5 hg - 2/5
A dy, =1 hgz, =2/3
Z9 dz, =1 hg, =2/3

Table 6.3: Three-State Potts Model data. The fusion rules of the TSPM are those of
Fibonacci x Zg, with € the generator of Fibonacci, and the non-trivial elements of the Z3
factor are Z; and Zs.

We observe that the only non-trivial line which satisfies the uniform spin condition dis-
cussed in (6.25) is 49. This again reproduces the Fibonacci symmetry identified form the

massive RG flow.

General k&

We now consider the case of general k in (6.59). The analysis is similar and our presentation
is brief. The rank 2 symmetric tensor is a generator of the Zj, center symmetry of SU (/{5)2.12
Therefore, in the non-relativistic approximation of (6.22), the candidate lines which are
preserved are precisely the lines in SU(k)o which are neutral under the full Z; one-form

symmetry. Utilize the level rank duality:

SU (k) = SU(%)ngSU(Q)‘k . (6.72)

Upon projecting to the subfusion ring above which is neutral under the Z; center of the

left-hand side, the right hand side simplifies to PSU(2)_}., our claimed general symmetry.

12. To see this, notice that the center of SU(N)y is isomorphic to the corresponding Zx outer automor-
phism of the affine Dynkin diagram shifting all fundamental weights by the adjacent one. Since the identity,
labeled by the extended Dynkin labels [0,0,0,...,0, k], must be in the center, it follows that the elements of
the center one-form symmetry are always labeled by extended Dynkin labels with a unique non-zero entry
with value k: [0,0,---,0,%,0,---,0].
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Moreover, since the coset (6.62) involves abelian anyon condensation, it simply reproduces
this condition.

Now we check this result using the condensation presentation of SU (k)9 as in (6.63). For
odd k the full algebra in SO(k)4 x PF}. is given by

(k—3)/2
A = (0,0)+ ((4wo)1, (k= 1,0)) + > ((2wi)1, (21,0)) . (6.73)
1=1
In the above, wy is the weight of the unique spinor representation, w; are the non-spinor

weights and both are split into two lines (indicated by the subscript) in SO(k)y4, and (2¢,0) €
_ SUR)pxU(1)
— 7

PF;. =2k gtands for the line with Dynkin label 2i in SU(2)}, and trivial charge
in the U(1) factor.
The preserved symmetry algebra can now be obtained by finding those lines in SO(k)4

whose decomposition under fusion with 4;, contains only terms of uniform spin as discussed

around (6.25). One checks that these lines are precisely'>:

(k—3)

0. (wo)a, (2w}, i=1..., (6.74)
Happily, these again form the fusion algebra PSU(2)_y.
Similarly, for even k, the algebra in SO(k)4 x PF}. is given by
ko
A =(0,0)+ ) ((2wy)1,(2i,0))
1=1
+ ((2ws 4+ 2we)1, (k — 2,0)) + ((4ws), (k,0)) , (6.75)

where now wg and w, are the weights of the two spinor representations, and (4wy) = (4we).

Again checking the uniform spin condition (6.25) we find that the preserved lines in SO(k)4

13. Essentially, this generalizes the fact that for kK = 3 the line preserved corresponds to the partner of the
line that we use in the Frobenius algebra A3z in the extension (6.63).
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are: :

{0, (4wg), (2ws+2we)o, (2w;)2}, (6.76)

where i =1, ... ,% — 2. These again define PSU(2)_}.

Consistency Check from Conformal Embeddings

Let us provide a general consistency check on the proposed symmetries. Consider the con-
formal embedding!?:

SU (k)9 x SU(2);. — SU(2k); . (6.77)
This implies the existence of an anyon condensation formula:

SU(k)g x SU(2),
Dy,

~ SU(2k); . (6.78)

Here, the algebra object D), can be understood as follows. Inside SU(k)s is the previously
identified fusion sub-algebra PSU(2)_;.. Then, D;. is defined by diagonal subset of lines
inside PSU(2)_, x PSU(2);, above.!> Note that since the paired lines have opposite spin,
they are condensable bosons. Moreover, we can check the above using the quantum dimension
formula (6.21). (See Section 6.4 for an explicit calculation).

Similarly, we have a conformal embedding!:

SO(/{Z)4 X SU(Q)k — Sp(Ql{:)l s (6.79)

14. The branching rules for the conformal embedding SU(n),, x SU(m),, — SU(nm); have been studied
e.g. in [25,234,235].

15. Small k examples of this condensation were presented in [3].

16. The branching rules for this conformal embedding have been studied e.g. in [236].
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implying the anyon condensation formula:

SO(k)Zl X SU<2)k o Sp(2k’)1 ) (6.80)
Dy,

Here we have abused notation and written the algebra object above also as Dj.. The reason
is that the object is again composed of the diagonal anyons inside the PSU(2)_;. x PSU(2);

sub fusion ring on the left-hand side above. More specifically, for odd k:

(k=3)/2
D= (0,0)+ > ((2w)2.2i) + ((Awo)2, k — 1) | (6.81)
i=1
while for even k :
ko
Dy = (0,0) + Y ((2wy)2, 2i) + ((2ws + 2we)2, k — 2)
i=1

+ ((4ws), k) . (6.82)

(Compare to equations (6.63), and (6.73) through (6.76)).
Armed with these results, we now take the entire flow diagram (6.59), tensor it with
SU(2);, and condense the algebra object Dy, :

SU(k)gngU@) £t g

e ~

SO(k)1xSU(2)y, SU(k)ax SU(2)y,
Dy, Dy,

(6.83)

Finally we use the fact that across the duality (6.78) the generators of the Zj, abelian one-
form symmetry must match. Therefore, across the duality the symmetric rank two tensor of

SU (k) maps to the antisymmetric rank two tensor of SU(2k);. (See footnote 12.) Hence it

243



is natural to conjecture that the flow generated by the symmetric rank two tensor of SU (k)
maps after gauging to the flow generated by the antisymmetric rank two tensor of SU(2k).
Assuming this, and simplifying (6.83) using the condensation formulas (6.78) and (6.80)

gives the flow:

SU(2k)1 + QZE

w X

Sp SU(ZkZ)l

(6.84)

Strikingly, (6.84) is indeed a consistent Chern-Simons matter flow. The symplectic Hig-
gsing pattern is generated by ng assuming an expectation value which is a maximal rank
antisymmetric tensor (the invariant symbol of Sp(2k)).

The fact that we generate consistent RG flows by gauging the conjectured non-invertible
symmetry PSU(2)_;. in our unitary flows (6.59) provides a strong consistency check on our

results.

Interpretation via Symmetry TQFT

The PSU(2)_;, symmetry admits a symmetry TQFT description [58,59]: coupling the
SU(2)_p (2+1)d TQFT to a (3+1)d gauge theory with a discrete Zy 2-form gauge field
B. The bulk (3+1)d TQFT has an exponentiated action

exp (% /X ‘B(B)) | (6.85)

where X is a four-manifold and 3(B) is the Pontryagin square:

PB(B) € HY(X,Zy) . (6.86)
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The bulk-boundary coupling identifies the Zy one-form symmetry line in the SU(2)_;. TQFT

with the boundary of the Wilson surface of B. We note that all PSU(2)_;. lines are confined

to the (2+1)d topological boundary, and the bulk theory is invertible when £ is odd.
Mathematically, the bulk theory is the Crane-Yetter TQFT [237] for the braided fusion

category PSU(2)_}., invertible if and only if the category is modular [238].

6.3.2  Spin Family: PSpin(2N )y Symmetry

Our next class of models are Spin(2N) gauge theories with matter in the symmetric traceless

rank two tensor representation.

Spin(2N)g + ¢r7 = Spin(2N)9 + Oowy (6.87)

where above, wi indicates the weight labeling the vector representation of Spin(2/N). We
take the scalars to be real so that the matter content is minimal.

We claim that this Chern-Simons matter fixed point preserves a PSpin(2N )y fusion
algebra. Here, by PSpin(2N)s, we mean the sub-fusion algebra of Spin(2/N)o which is
uncharged under the center of Spin(2N). (Recall that for N even, the center of Spin(2N) is
Zg x Zo while for N odd, the center is Z4.) For small N, PSpin(2N)s coincides, as a fusion
ring but not as a braided fusion ring, with the representation ring of the Dihedral group

D N-17 For instance:

PSpin(2N)y = Rep(Dy), N =3,4,5,6,7 , (6.88)

However, for general N, we are unaware of any elementary formula for this fusion ring.!8

The Higgsing transition of this Chern-Simons matter theory is described by the following

17. In our conventions, Dy is the dihedral group with 2N elements.

18. The pattern listed in (6.88) breaks e.g. at N =9 where as a fusion ring PSpin(18)2 = Rep(Zs3 x Ds).
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flow diagram:

Spin(2N )2 + daw,

- / \

7 Spin(2N )

Here, the condensed phase is achieved when ¢ acquires an expectation value which is a
maximal rank traceless symmetric tensor with equal eigenvalues on the first N x N block

and the second N x N block, For instance:

o~ (0 — 0N j+N) » Bj=1,--, N, (6.89)

with (Spin(N)g x Spin(N)g)/Zo the stabilizer of the above. In particular, the Zs quo-
tient identifies the Zg center subgroups of each Spin(N) factor which measure the vector
representation.

To investigate the symmetries, we will make use of the following (1+41)d chiral coset

model:
Spin(2N )

(Spin(N)s x Spin(N)2) JZs © C~ (6.90)

where we have also indicated the chiral central charge. It has been observed [3] that this

coset is equivalent to a rational point on the orbifold branch of ¢ = 1 theories. Specifically:

Spin(2N )9
(Spin(N)2 x Spin(N)2) /Z2

>~ (1) (6.91)

b
where above, U(1)5%y

denotes a Zs gauging of U(1)gy. The spectrum of this theory is
summarized in Table 6.4. Crucial for our analysis below, the orbifold theory U (1)8%’ has

abelian anyons whose fusion mimics the center of Spin(N)y. Specifically, for N odd the
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Orbifold Model U (1)3%
Line label Quantum Dimension | Conformal Weight
1 d1 =1 h1 =0
© dg =1 hg =1
01,09 dy = VN ho, = hey, = 1/16
T, T2 dr =N hr, = hry = 9/16
P1, 02, , ON-1 dg; =2 hg, = i2/AN

Table 6.4: Data for the orbifold theory U (1)%[3 In the notation of [5], this is Chern-Simons
theory with gauge group O(2)8N o- The model has a total of N + 7 simple lines.

abelian fusion ring is Z4

o) <o =0, o) xoF =of <oy =1 (6.92)
while instead for NV even the abelian fusion ring is Zo X Zo
Ao =1, oo = xolf <o 6

When applying our model of the Higgsing transition, we will encounter the following

relations between (2+1)d TQFTs. The analog of (6.13) is:

Spin(N)axSpin(N)s i~ Spm(QNhXU(l)?g?\/ N odd
- Si (QN)Z4 U(l)o b 7 7 (694)
Spin(N)axSpin(N)g ~ 2PN 2X 5
222 2 o ToxZs 2N N even .
Similarly, the analog of (6.26) is:
(Spm(N)QZXSPm(N)Z % U(l)g]{fb)
Spin(2N)g = 2 (6.95)

AN ’

where A is a non-abelian algebra described below.
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Abelian Anyons in Spin(2N )9
Line label Conformal Weight
1 h1 =0
XY hyv =1
XS,XC hxs:hxc:N/4

Table 6.5: Abelian anyons in Spin(2N)y. The anyons x* and x¢ measure charges of spinor
representations, while y¥ measures the vector representation.

Symmetry Analysis

We proceed with the symmetry analysis. First, in the non-relativistic approximation de-
scribed around (6.22) we note that the symmetric tensor matter in our model is the generator
of the Zo one-form symmetry which measures the number of vector indices modulo two. (See
footnote 12 for related discussion.) Therefore in the notation of Table 6.5, the dynamical

matter field flows at long distances to an abelian anyon:

¢ — X" - (6.96)

The candidate symmetry lines are thus those that are neutral under braiding with y¥ and
hence form Spin(2N)y/Zs.

To proceed further, we use the anyon condensation argument of section 6.2.4. Specifically,
from (6.94) to proceed inside a cylinder of the Higgsed phase, we must condense the whole

center of Spin(2N)g. Thus inside Spin(2N )9 x U (1)8%)]\[ we consider the algebra object

B=(11)+(x* ép) + (X %) + (1",0) . (6.97)

Note that all spins of the abelian anyons in Spin(2N )9 have paired with anyons in the coset
U (1)‘2)?? to form condensable bosons. For N odd B is a Z, algebra, while for N even it is a
Zy X Zo algebra. In summary then condensing B leads to a fusion algebra of PSpin(2N)g

preserved and faithfully acting in the Higgsed phase.
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Analogously, we can investigate the symmetries by transitioning from the Higgsed phase
to the massive phase as in (6.26). For odd N, the full algebra object, Ay in (Spin(N)g X

Spin(N)a)/Zg x U(1)SEP is:

Ayx = (0,1) + ((0,2wq), ©)

N 1_

+ Z (Wi, wi)1, 02i) + ((2Wo,2Wo )1, ON—1) - (6.98)

In the above, w4 is the weight of the unique spinor representation, w; are the non-spinor
weights and the splitting into two lines is indicated by a subscript. Further, we have the
identification (0,2w;) = (2w, 0) in (Spin(N)o x Spin(N)9)/Zo and the notation to label
the primaries of U(1 )%}b is summarized in Table 6.4.

The lines preserved now correspond to the subset of lines in (Spin(N)g x Spin(N)s)/Ze

which obey the uniform spin condition (6.25) upon fusion with Ap. These are precisely:

{(O’ 0)7 (072W1)7 (2WU72WU)27 (Wiawi)Q} ) (699)
where i =1,..., (N2—3)‘ Again we see that these lines form the algebra PSpin(2N)s.
Analogously for N even, the full algebra Ay in Sp m(N)QZXfp inN)2 o 17(1 (1 )Oj{fb is:

Ay =(0,1) + ((0,2wy), 0)

N_9
2
+ ) ((wi, wi)1, ¢2)
i=1
+ ((Ws + We, Ws + WC)L ¢N72) ) (6'10())

>~

where now wg, w are the two chiral spinor weights and we have the identifications (0, 2w )
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(2w1,0), (2wg, 2ws) = (2w, 2we), and (2w, 2w, ) = (2w, 2w,) in (Spin(N )9 X Spin(N)s)/Zs.
The preserved lines are those in (Spin(N)g x Spin(N)s9)/Zso obeying the uniform spin con-
dition (6.25):

{(07 0)7 (07 2W1)7 (QWSa 2W8)> (2W87 2WC)a

(Ws + We, Ws +We)o, (Wi, W;i)a}, (6.101)

where i =1, ..., % — 2. These again form the fusion algebra PSpin(2N)s.

Interpretation via Symmetry TQFT

The PSpin(2N )9 symmetry admits a symmetry TQFT description [58,59] analogous to that
of section 6.3.1. We couple Spin(2N)s (2+1)d TQFT to a bulk (3+1)d gauge theory based
on abelian surfaces whose details depend on the parity of N.

For N odd, the bulk theory is based on a discrete Z, 2-form gauge field B. The action for
this gauge field is determined by the spin of the abelian anyons corresponding to the center

of Spin(2N)s. (See Table 6.5.) Specifically, the exponentiated action is given by

exp (NQM/XfB(B)> , (6.102)

Where X is a four-manifold and 3(B) is the Pontryagin square:

PB(B) € HX(X,Zg) . (6.103)

Similarly, for even N, there are two Zg 2-form gauge fields By and Bg. The exponentiated

action 1is:

oo (57 [+ 27 [ we) (6.104)
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E7.9
Line label Quantum Dimension | Conformal Weight
0(1) dy=1 hg =0
2w (1463) dowg = 1 how = 3/2
w7 (912) dw, = /2 hw, = 21/16
wg (56) dwe = (1+V5)/V2 | hwg=57/80
ws (1539) dws = (14+/5)/2 hws = 7/5
w1 (133) dw, = (1++/5)/2 hw, = 9/10

Table 6.6: E7 o data. The fusion ring of E7 o is that of Fib x TY(Zg), where the Fibonacci
element is given by wr and those of TY(Zs) by 2wg and wr.

where now

B(B;) € HX(X,Zy) . (6.105)

The bulk-boundary coupling identifies the Zs one-form symmetry lines in the Spin(2N )9
TQFT with the boundary of the Wilson surfaces of the bulk 2-form gauge fields.

We observe that the spin of the abelian anyons in Spin(2N)s is never minimall® and
correspondingly the theories based on (6.102) and (6.104) are never invertible. Thus, the

symmetry lines PSpin(2N)o cannot decouple since they are not modular.

6.3.3 Fxceptional CSM: Ising Symmetry

As a final example, we consider a Chern-Simons matter model with an exceptional gauge
group E7. We recall that the fundamental representation of E7 is the 56 and for our matter

we choose a scalar field in the antisymmetric rank two tensor representation 1539.

Er79+ ¢1539 = E72 + Ows - (6.106)

This theory has a Higgsing transition described by the following flow diagram:

19. For Zy anyons with N even, the minimal spin is 1/2N.
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E79 + 1539

/ \ . (6.107)

SU(2)oxSpin(12
()2 Zzp ( )2 E7’2

Our basic claim is that this model has Ising fusion category symmetry, where the spins match
those in Spin(5);.
To clarify the group theory of the Higgsed phase, note that the embedding of (SU(2)9 x

Spin(12)9)Zs in E7 is characterized by the branching rule:

56 —» (2,12) + (1,32) . (6.108)

Therefore, denoting by A in index in the 56, there is a channel above where this decomposes
to a product A — «i where « is doublet index in SU(2) and ¢ a vector index in Spin(12).

Thus the antisymmetric tensor 1539 can acquire an expectation value

PAB ~ €ap Oij (6.109)

which is a singlet in (SU(2)2 x Spin(12)2)/Z9. From now on, we assume that the scalar
potential is tuned to achieve this Higgsing. The spectrum of the massive phase F7 is
summarized in Table 6.6, while the spectrum in the Higgsed phase (SU(2)g x Spin(12)9)/Zs
is summarized in Table 6.8.

To investigate this flow we will analyze the coset

(E7)2
(SU(2)2 x Spin(12)2)/Zy

¢c=18/10, (6.110)
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Tetracritical Ising Model
Line label Quantum Dimension | Conformal Weight
(1,1) diy =1 h,1) =0
(4,1) digq) =1 Mgy =3
(4,2) dg2) =3 h(a2) =13/8
(4,4) dgay = V3 higgy =1/8
(4,3) diy3) =2 hia3) =2/3
(3,1) diz1)=¢ hz1y)=7/5
(2,1) dig 1) = ¢ hig,1) = 2/5
(2,2) d(g,2) = ¢V3 h(2,2) = 1/40
(3,2) d(32) = ¢V3 h(3 ) = 21/40
(3,3) d(33) = 20 hz.3) = 1/15

Table 6.7: Tetracritical Ising Model data. The operator labels follow the Kac labels notation
convention |[5].

The result of the coset (6.110) is the Tetracritical Ising model [105],

(E7)2
(SU(2)2 x Spin(12)2)/Zs

= Tetralsing , (6.111)

whose spectrum is summarized in Table 6.7. Our symmetry analysis is then based on the

anyon condensation patterns (compare to (6.13) and (6.26)):

SU(2)2 x Spin(12)y  E7 2 X Tetralsing

112
o 0 (6112)

as well as: 3
SU(2)2 Xzspm(12)2 x Tetralsing
2

A Y

Eqo = (6.113)

where A and B are algebras specified below.

Symmetry Analysis

We begin with our analysis of the preserved topological lines using the condensation formula
(6.13). By analyzing the quantum dimension formula (6.21) it is easy to see that the only
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(SU(2)2 x Spin(12)2)/Zy
Line label Quantum Dimension | Conformal Weight
(0,0) di.0) = 1 ho0) =0
(0,2w1) d(0,2wy) = ho,2wy) = 1
(0,2ws) d(2w,) = 1 h(o.2w,) = 3/2
(2,0) dig.0) =1 hia0) = 1/2
(0, ws) d(o,wy) = VO h(o.w,) = 11/16
(O,Wl + WC) d(O,W1+WC) = \/6 h(O,W1+WC) = 19/16
(0, wy) d(owy) = h(o.wy) = 4/3
(0, ws) d(0,wz) = h0,w) = 5/0
(1, we)i d(1we), = V3 h1we), = 7/8
(1, we)2 d(1,we)y = V3 h(1,we), = 7/8
(L wy + ws)y d(l,w1+ws)1 =3 h(l,w1+ws)1 =11/8
(L wi +Wy)s A witws)y = V3| (1w pw,), = 11/8
(1,w1) d(1,wy) = 2V2 h(1w,) = 31/48
(1,w3)1 d(1,ws), = V2 h(1,wg); = 21/16
(1, w3)s I1wg)p = V2 h(1wg), = 21/16

(6.114)

The line ws = 1539 in E7o (the IR limit of the matter field) is a Fibonacci line. Notice
that this line corresponds to the anyon in the same representation as that of the scalar field
triggering the Higgsing transition, as expected from the discussion in Section 6.2.4.

We can see which lines in 7 9 remain topological using the uniform spin condition (6.25)

leading to the topological spectrum 0, 2wg, w7. Indeed, from:

B x (2wg, (1,1)) = (2wg,(1,1)) + (w1, (3,1)) (6.115)

B x (W77m) = (W77 (1’ 1)) + (W6> (37 1)) ) (6'116)

20. The algebra B’ = (0, (1,1)) + (ws, (2,1)) also saturates quantum dimension, but it is related by the Z
symmetry of the Tricritical Ising Model to B, and leads to no new conclusions.
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we see that each element on the right-hand side has the same spin. These lines generate an

Ising fusion category symmetry:

2w X 2wg =0, 2wgx wr=w7, w7 X wy =0+ 2wg . (6.117)

More precisely, keeping track of the spins of the lines, the symmetry is Spin(5);.
Now we make use of (6.113) to check this conclusion. First, we must deduce the algebra
A. There are three candidates that are consistent with the fusion rules and that saturate the

quantum dimension condition (6.88) which reads:

. dim((SU(Q)Q%:ZDZ‘H(12)2 x Tetralsing)
dim(E79) = Gim(A)2 : (6.118)
Namely:
A= ((O’ O)a (17 1)) + ((Oa 2W1)> (47 1)) + ((Oa W4)7 (47 3))
+ ((17W1 + W8)27 (47 2)) + ((17 WC)l’ (47 4)) ) (6119>
Al = ((07 0)7 (17 1)) + ((07 2W1)a (47 1)) + ((O’W4)a (47 3))
+ ((17 w1+ WS)la (47 2)) + ((LWC)Qu (4’ 4)) ) (612())
and
A" = ((07 O)’ (17 1)) + ((07 0)7 (47 1)) + ((07 2W1)7 (17 1))
+ ((0,2w1y), (4,1)) + 2((0, wy), (4,3)) . (6.121)
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To resolve this ambiguity, we recall from (6.13) that we seek to present the Higgsed phase
Hp without the additional condensation C described in footnote 5. According to [3,24] this
requires that the only anyon in the algebra A of (6.26) of the form (x, 1) has z = 1. Inspecting
A" in (6.121) we see the component ((0,2w1),(1,1)) in A” violating this condition. Thus,
we do not consider gauging A" .

Meanwhile, the difference between A and A’ is immaterial since they differ only in which
choice of split lines in (SU(2)9 x Spin(12)9)/Zs appear in the algebra. We therefore proceed
with the algebra object A.

In this case, we claim that the result of the condensation again produces topological lines
which form an Ising fusion category. Indeed, the non-trivial lines in (SU(2)g x Spin(12)9)/Zs
that remain topological are (0,2w;) and (1, wsg)a. As a check, we can calculate the fusion

with the algebra and see that the uniform spin condition (6.25) is fulfilled:

Ax ((0,2wy), (1,1)) = ((0,2ws), (1,1)) +((2,0), (4,1))
+ ((Oa W2>’ (47 3)) + ((17 WC)27 (47 2))

+ ((L,wy +we)1,(4,4)) , (6.122)

and

Ax ((1,w3)2,(1,1)) = ((1,wz)2,(1,1)) + ((1,w3)1,(4,1))
+ ((Lwl)? (47 3)) + ((Oa Ws)v (4’ 2))

+ (0, w1 +we), (4,4)) . (6.123)
The fusions of these lines are:

(0,2ws) x (0,2ws) = (0,0), (0,2ws) x (1, w3)s = (1, w3)s , (6.124)
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as well as:

(1,w3)a x (1,ws)2 = (0,0) + (0, 2wy) , (6.125)

which again define an Ising fusion ring Spin(5);.

6.4 A Quantum Dimension Check

In this section we briefly check that the quantum dimension constraint on the algebra D;.
mentioned in Section 6.3.1 is indeed fulfilled. Recall that we wish to check that the algebra

is such that
dim(SU (k)2 x SU(2))

e — dim(SU(2k),) , (6.126)
where
dim(SU(R)y) = - Hhv2) (6.127)
sin (775)
dim(SU)y) = (k (*?)2 , (6.128)
Sin ﬁ
and
dim(SU (2k)1) = 2k . (6.129)

Indeed, recall that the quantum dimensions of the SU(2);. fusion ring are

. G+
U@k _ Sm(j—k?) , (6.130)
J Sin (m)

where 7 =0,1,...,k—1. Recall as well that the algebra is composed by the diagonal subset
of lines inside the PSU(2)_; x PSU(2);, subfusion ring of SU(k)y x SU(2);. Then, the
dimension of the algebra is

dim(Dy) = 3 (@52 (6.131)

J
j even

257



This is easily calculated, and indeed (6.126) is obeyed.
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