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ABSTRACT

The Hamiltonian reduction N /T of the nilpotent cone in sl by the torus of diagonal

matrices is a Nakajima quiver variety which admits a symplectic resolution N J/T, and the
corresponding BFN Coulomb branch is the affine closure T*(G/U) of the cotangent bundle
of the base affine space. We construct a surjective map C [WTXB/ U} — H* (/\//'7//7“ >
of graded algebras, which the Hikita conjecture predicts to be an isomorphism. Our map is
inherited from a related case of the Hikita conjecture and factors through Kirwan surjectivity

for quiver varieties. We conjecture that many other Hikita maps can be inherited from that

of a related dual pair.

We give a new formula for double Grothendieck polynomials based on Magyar’s orthodontia
algorithm for diagrams. Our formula implies a similar formula for double Schubert polyno-
mials & (x;y). We also prove a curious positivity result: for vexillary permutations w € Sy,
the polynomial 7 .. .x?LGw(xT_Ll, e ,xl_l; 1,...,1) is a graded nonnegative sum of Lascoux
polynomials. We conjecture that this positivity result holds for all w € S;,. This conjecture
would follow from a problem of independent interest regarding Lascoux positivity of certain

products of Lascoux polynomials.
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CHAPTER 1
INTRODUCTION

This thesis consists of my work in representation theory (Chapter 2) and my work in com-
binatorics (Chapter 3).

The key phenomenon motivating my work in representation theory is the theorem of
Borel [Bor53] expressing the cohomology of the flag variety as an explicit coordinate ring:
For a complex semisimple Lie group G with 7" a maximal torus, h = Lie(T) its Lie algebra,

W the Weyl group, and B D T' a Borel subgroup, there are isomorphisms

H*(G/B) = Clhl/(Ch)V), (1.1)

HH(G/B) = Clb x4y Bl (12)

For many varieties X of representation theoretic interest, the geometry of Spec(H7y(X)) and
Spec(H*(X)) is rich and sheds light on X itself [GKM97, GM10].

Motivated by the theorem of de Concini—Procesi [dP81] expressing the cohomology of
Springer fibers as coordinate rings of fixed point subschemes of nilpotent orbits, Hikita
[Hik17] expressed the cohomology of cotangent bundles of partial flag varieties, of Hilbert
schemes of points in C2, and of hypertoric varieties as coordinate rings of fixed point schemes.

The emerging theory of symplectic duality unifies the previous examples and predicts
many more: The Hikita conjecture [Hik17] states that if the conical symplectic singularity
X has a symplectic resolution X=X ,and X ! denotes the symplectic dual of X, then there
is an isomorphism

H*(X) = c|(x")T], (1.3)

where T" is the maximal torus of the group Autpgis ox (X !) of Poisson automorphisms of X'
commuting with dilations.

In the remainder of this introduction, we work in type A: set G to be SL,(C), T the
1



torus of diagonal matrices, B the Borel subgroup of upper triangular matrices, and U the
unipotent subgroup of upper triangular matrices with diagonal entries equal to 1. The
cotangent bundle T*(G/U) is quasi-affine and has a left action of 7" and a right action of
the torus B/U ~ T. We write T*(G/U) for its affine closure.

Based on considerations from physics, it is predicted [DHK21] that T*(G/U) is the
symplectic dual of the Hamiltonian reduction N JJT := {x € N : diag(z) = 0}//T, i.e. the
categorical quotient of the variety of zero-diagonal nilpotent matrices by the adjoint action
of T. We show [Set24] that the variety N /T has a symplectic resolution /\77/& , and proved

a partial version of the Hikita conjecture for this pair:

Theorem 2.1.1. There is a surjective morphism of graded algebras

TxB/U}

c{m 1 (NJT).

—_——

Our proof of Theorem 2.1.1 makes use of another dual pair: we relate the resolution N jJ T

to the resolution N = T*(G/B), as well as the fixed subscheme T*(G/U)TXB/U

to the fixed
subscheme (g Xp /W [’J)T. Using this, surjectivity is a consequence of Kirwan surjectivity for
quiver varieties proven by McGerty—Nevins [MN18|, combined with equivariant Hikita for
X = N, which amounts to Borel’s presentation (1.2).

To our knowledge, this argument is the first in the literature which relates one case of

the Hikita conjecture to another case; it is highly suggestive of a general framework to study

symplectic duality for Hamiltonian reductions.

Conjecture 2.1.4. Let X, X' be symplectic dual varieties such that X' = T*Rep(@l)///GL(V!)
1s a Nakajima quiver variety. Let T denote the maximal torus of the group of Poisson au-

tomorphisms of X commuting with dilation. Assume that X T has a symplectic resolution.

Then the Hikita conjecture holds for the pair X )T and X"T def T*Rep(Q") J/SL(VY).



My work in combinatorics (Chapter 3), joint with Avery St. Dizier [SS24], is motivated by
the theory of flagged Weyl modules. The cohomology of the flag variety has a distinguished
basis consisting of fundamental classes [Xy,] of Schubert varieties, indexed by permutations
w € Sp. A central problem in algebraic combinatorics is to find a manifestly nonnegative

formula for Littlewood—Richardson coefficients, which are structure constants

] - [Xo] =) el y[Xul (1.4)

for the Schubert basis.

Schubert polynomials, introduced by Lascoux and Schiitzenberger [LS82], are distin-
guished lifts &y, € Zxq,...,xp] of the corresponding classes [Xy]| (cf. (1.1)). Schubert
polynomials are combinatorially very well studied [BJS93, FK96, KM05, HMMS22].

Examples of Schubert polynomials include Schur polynomials, which classically arise as
characters of irreducible representations of GL,,. From the fact that representations of GLj,
are determined by their character, it follows that multiplicities of irreducible representations

in the tensor product

VA®V, = @(Vu)@cx’”

14

compute Littlewood—Richardson coefficients (1.4) for those [X,] whose corresponding Schu-
bert polynomials are Schur polynomials.

More generally, every Schubert polynomial &, is the dual character x D(w) of the flagged
Weyl module of the Rothe diagram D(w) of w [KP87,KP04]. For a more general class of
%-avoiding diagrams, flagged Weyl modules are spaces of sections of line bundles on Bott—
Samelson varieties [Mag98]. In the special case of Schur polynomials, this story amounts to
the Borel-Weil theorem realizing irreducible representations of GL,, as spaces of sections of
line bundles on the flag variety.

Using the geometry of Bott—Samelson varieties, Magyar [Mag98] showed that x p is given



by the formula

kn

k m
Xp =wyt . wpnm (w !

iy Tig (wgm(. ) .7Ti€<w$€) ).

Here, w; = z1 ... x; is a fundamental weight, m; = 0;z; is a Demazure operator, and
k(D):(kl,...,kn), i(D):(il,...,ig), m(D):(ml,...,mg)

is combinatorial data associated to the orthodontic sequence of D, which builds a %-avoiding
diagram from “smaller” %-avoiding diagrams.

With St. Dizier [SS24], and building on earlier joint work with Mészaros and St. Dizier
[MSS22], we extend Magyar’s formula to double Grothendieck polynomials, which are lifts of
structure sheaves [Oy, | in the equivariant K-theory of the flag variety. Schubert polynomi-
als can be obtained from double Grothendieck polynomials by setting y; +— 0 (corresponding
to forgetting equivariance) and taking the lowest degree part (corresponding to taking the as-
sociated graded in K-theory). The combinatorics of Schubert polynomials &, often extends
to (double) Grothendieck polynomials.

There is no known K-theoretic analogue of flagged Weyl modules. Despite this, we use

the combinatorics of orthodontia to extend Magyar’s formula.

Theorem 3.1.1. Let D be a %-avoiding diagram with double orthodontic sequence K, i, j, M.
Define

KKy K. M_— My — M,
Ip(x,y) =w) Wy ... Wy T 4y (@, 17Ti2,j2(wi22 . 'Wievje(wi/) o)) (3.1)

When D = D(w) is the Rothe diagram of a permutation, then 9p(x,y) = Gy (x,y).

If the columns of D can be ordered by inclusion, the polynomial xp is a key polynomaial.
Dual characters of %-avoiding diagrams, and in particular Schubert polynomials, can be
expressed as a nonnegative sum of key polynomials [RS98]. Key polynomials are the lowest

4



degree part of Lascoux polynomials. One inhomogeneous extension of the key positivity
[RS98] of Schubert polynomials is the Grothendieck-to-Lascoux expansion [RY21, SY23].

Our formula (3.1) gives another inhomogeneous extension of the key positivity [RS98]:
Theorem 3.1.2. Let D C [n] x [m] be a diagram whose columns are ordered by inclusion.
Let Sp(x,y) be the lowest degree part of 9p(x,y). Then, the polynomial

-1 —1.
' xS play . a—1, 0, —1)

is a graded nonnegative sum of Lascoux polynomials £q(x1,...,Tn).

In joint work in progress with Tianyi Yu, we extend Theorem 3.1.2 to all %-avoiding

diagrams; this appears as Conjecture 3.1.4 in [SS24].



CHAPTER 2
HIKITA SURJECTIVITY FOR N /T

2.1 Introduction

Certain conical symplectic singularities X are expected to have a symplectic dual X ! which
satisfies many striking properties. Although there is no formal definition, nor a systematic
procedure to find the dual, in many cases there is a consensus on what the dual ought to be.
Examples of symplectic dual pairs include nilpotent orbits in sl,, and Slodowy slices through
conjugate orbits, hypertoric varieties and their Gale duals, and Nakajima quiver varieties
and BFN Coulomb branches.

Symplectic duality is expected to interchange seemingly unrelated invariants. For ex-
ample, if X has a symplectic resolution X = X , the Hikita conjecture predicts that the
cohomology H*(X) is isomorphic to the coordinate ring C[(X !)T!] of the scheme-theoretic
fixed points of X ' with respect to the maximal torus T! of the group AutPOiS’CX(X !) of
Poisson automorphisms of X ! commuting with dilations. When X is a Slodowy variety,
the Hikita conjecture amounts to the theorem [dP81] of deConcini—Procesi expressing the
cohomology of a Springer fiber as the coordinate ring of the scheme-theoretic intersection of
a nilpotent orbit with the Cartan. Hikita [Hik17] observed that a similar phenomenon holds
when X is the cotangent bundle of a partial flag variety, the Hilbert scheme of n points in C?,
and a hypertoric variety. The recent preprint [HKM24] gave a counterexample to the Hikita

conjecture (using a conjecturally dual pair from [LMM21]) and proposed a refined version.

However, the original version of the Hikita conjecture and various generalizations have been

verified for many other dual pairs [KTW™19a, KMP21,KS22, Hoa24, Sh124, CHY23).

Throughout, we set G to be SL,(C), T the torus of diagonal matrices, B the Borel

subgroup of upper triangular matrices, and U the unipotent subgroup of upper triangular

6



matrices with diagonal entries equal to 1. The Hamiltonian reduction of the nilpotent cone
N = Ny, by the maximal torus is defined to be the categorical quotient N /T := {z €
N: diag(x) = 0} /T of variety of zero-diagonal nilpotent matrices by the adjoint action of
T. The variety N /T has a realization as a Nakajima quiver variety for the so-called bouquet
quiver. It follows that N /T is a conical symplectic singularity ([BS21, Thm 1.2]).

It is believed [DHK21, §8] that the conical symplectic singularities N J/T and T*(G/U)
should be symplectic dual. There is now good evidence for this belief: Gannon and Williams
[GW23] showed that the Coulomb branch of the 3-dimensional N/ = 4 quiver gauge the-
ory associated to the bouquet is 7*(G/U). This places conjectured duality between N J/T
and m in the larger context of duality between Nakajima quiver varieties and BFN
Coulomb branches.

Bellamy [Bel23] showed that Coulomb branches are conical symplectic singularities: For
m, this was proven earlier by Jia [Jia21, Thm 1.1]. More generally, it is known
([Gan24, Thm 1.1]) that m has symplectic singularities in all types, verifying a con-
jecture of Ginzburg and Kazhdan [GK22, Conj 1.3.6].

Bellamy and Schedler [BS21] characterized the Nakajima quiver varieties admitting a
symplectic resolution. We show that A JJT satisfies their criteria and hence has a symplectic
resolution ./\/f7//71 . We explicitly construct a variety (Corollary 2.3.17) diffeomorphic to W .
The variety 7*(G/U) has commuting actions of T (induced by left multiplication on G/U)
and B/U (induced by right multiplication on G/U). From these actions one can form the

scheme-theoretic fixed points 7% (G /U )TXB/ v,

This scheme is nonreduced and has one
closed point, so its coordinate ring is finite-dimensional as a graded C-algebra.

For the conical symplectic singularity X = N J/T, the Hikita conjecture predicts that

TxB/U

i (NJT) = ¢ [m (2.1)

as graded rings. For n = 2 and n = 3, the variety N JJ/T is the point and the type Dy
7



Kleinian singularity respectively, while 7*(G/U) is the affine space C* and the minimal
nilpotent orbit in sog ([Jia21, Thm 1.3]), respectively. The Hikita conjecture is known to
hold in these examples ([Shi24]).

Our main result states:

Theorem 2.1.1. There is a surjective morphism of graded algebras

TxB/U}

c{m —~ 1 (NJT).

The coordinate ring can be realized as a quotient of C[h Xp /W h] in the following way.

The scheme T*(G/U)B/U is a subscheme of T*(G/U)/(B/U) = g X b and hence

———TxB/U

T*(G/U) is a subscheme of (g xy p/ nT =y xp/w b. We compute the defining

ideal of this subscheme: Write x1,...,2n,y1,...,yn for coordinates on h x h, and for subsets
S, T C [n]:={1,...,n}, set

fsr = H(xs —Yt).

sesS
teT
Theorem 2.1.2. We have
. Clh x )
c {T*(G/U)TXB/U} _ [b X b] |
S, T C [n]
fsr:
S| +|T|=n

We show that N /T is diffeomorphic to the quotient of a variety Y) 5 by a free action
of the torus Tpgr,. From the construction of Y), 5, there is a natural T-equivariant inclusion

Y)\75 — ﬁ

Theorem 2.1.3. The inclusion Y) s < @ induces a surjection

Clly xppp b] = Hy(§) — Hy(Yy5) = H (N JJT)

8



and the kernel contains the functions {fs: |S| + |T| = n}.

Theorems 2.1.2 and 2.1.3 together imply Theorem 2.1.1.

As H* (/\//'/7? ) is a finite-dimensional C-algebra, the Hikita conjecture (2.1) would follow

)

————TxB
The arguments in this paper suggest that the surjectivity C [T *(G/U) <B/ U}

from the equality

dimg (H* <j\//'\//ﬁ>) = dimg ((C {WTXB/U

— 1 (N T

N——

can be inherited from the self-duality ./\/;[n = Ng . We use in a crucial way (via Kirwan

[,
surjectivity for quiver varieties [MN18]) that A/ /T can be expressed as a quotient of a sub-
variety of the universal deformation g of N by a free action of a torus. We also use (via
the Gelfand-Graev action [GR15, Wan21]) that 7*(G/U) is the Hamiltonian reduction of a
quiver representation space by a product of special linear groups SL(V;) and that the corre-

sponding Nakajima quiver variety T*(G/U) JJ (GL(V)/SL(V)) is the nilpotent cone N. We

conjecture:

Conjecture 2.1.4. Let X, X' be symplectic dual varieties such that X' = T*Rep(Q!)///GL(V!)
15 a Nakajima quiver variety. Let T denote the maximal torus of the group of Poisson au-

tomorphisms of X commuting with dilation. Assume that X T has a symplectic resolution.

Then the Hikita conjecture holds for the pair X JJT and X1 def T*Rep(Q!)///SL(V!).

For X = X' = N, Conjecture 2.1.4 amounts to our case (2.1) of the Hikita conjecture. In
Appendix 2.5, we give other examples of symplectic dual pairs which arise as (X/J/T, X !’T).
Our original motivation for studying Conjecture 2.1.4, and the pair (N /T, T*(G/U)) in
particular, comes from the theory of BFN Coulomb branches. By definition, X 'is the Higgs
branch Mg (GL(V),N) of a certain 3-dimensional N/ = 4 supersymmetric gauge theory.
According to the expected duality between Higgs and Coulomb branches, the variety X is

the corresponding Coulomb branch M (GL(V),N). On the other hand, X" is the Higgs
9



branch M g (SL(V),N). According to [BFN18, Prop 3.18], corresponding to the short exact

sequence

GL(V)
SL(V)

~
—_

1 —— SL(V) —— GL(V) >

there is an action of the torus Tp := GL(V)/SL(V) on Mc(GL(V),N) = X and an isomor-
phism
Mc(SL(V),N) = Mc(GL(V),N) /T .

(For many theories (GL(V'), N) of interest, the T action has an explicit description [BFN19a,
Rem 3.12].) In conclusion, the expected duality between Higgs and Coulomb branches pre-
dicts that X"T is symplectic dual to the Hamiltonian reduction X /Tp. We thank Vasily

Krylov for also pointing out this connection.

2.2 Coordinate ring of T*(G/U)TXB/U

The goal of this section is to prove Theorem 2.1.2. To this end, we express the defining ideal
of T*(G/U)TXB/U inside b xp /- b in terms of the Gelfand-Graev action (Proposition 2.2.5)

and uses an explicit description of this action from [Wan21] (Lemma 2.2.8).

2.2.1 Scheme-theoretic fixed points

For an algebraic group H acting on an affine variety X, the scheme-theoretic fixed points
XH [DG70, VIILEx 6.5(d),(e)] (see also [Fog73, Thm 2.3]) is the (non-reduced, in general)
affine scheme defined by

Hdef o . LX)
X7 = Sp (<f_h(f);feC[X],h€H>>'

10



When a torus T acts on X, the coordinate ring C[X| decomposes into a direct sum of weight

spaces Dnepr, C[X]a, and there is an isomorphism (cf. [KS22, Prop 1.4])

ClX] N Clx]o
(F—t(): F€CIXIT€T) S0 ClXIaCIX] o

(2.2)

2.2.2 Geometry of T*(G/U) and Gelfand-Graev action

Write T*(G/U) for the cotangent bundle of the base affine space G/U, and write g for the
Grothendieck simultaneous resolution of g. Using the Killing form to identify g <> g*, there

are identifications T*(G/U) = G xy b 1= ng and g 2 G xpgb:= ng. Write B := G/B

for the flag variety.

The quotient 7*(G/U) — g makes T*(G/U) into a B/U-torsor. Write Ap i for the
(B/U)-weight lattice. For a € Ap g7, write Og(a) for the pullback of the line bundle Og(a)
along g — B, so that a regular function on 7*(G/U) of B/U-weight « is precisely a section

of Og(a). As the left T-action on T%(G/U) descends to g, we get an isomorphism

CIT*(G/U) = €D T(g 04a))

CYGAB/U
of T-representations.

Lemma 2.2.3 ([Bro93, Prop 2.6], cf. also [GR15, Lem 3.6.2]). If A\, u € AE/T are dominant

weights, the multiplication map I'(g, O5(\)) @ I'(g, O5(1)) — L'(g, O5(A + ) is surjective.
Proof. For any dominant weight o € Ag U let Vo, C T'(g, Ofgv(oz)) denote the space of sections
obtained by pulling back sections of Og(«) along the vector bundle map g — B. A result
of Broer [Bro93, Prop 2.6] implies that when « is dominant the subspace X, generates
I'(g, Og(a)) as a C[g]-module.

The lemma follows from the fact that the multiplication map X, ® X, — X, is

surjective ([BK04, Thm 3.1.2(c)].) O
11



The coordinate ring C[T™* (G /U)] is also equipped with an action of W, called the Gelfand-

Graev action, which restricts to isomorphisms
w.: I'(g, O5(a)) = T(g, Og(w.0))

of T-representations. Given a weight 8 € Ap of T, let T'(g, Oﬁ(a)) 3 denote the S-weight
space of T'(g, Og(a)). Note that the Gelfand-Graev action preserves I'(g, 05(0)) as well as
its O-weight space I'(g, O5(0))o.

It is known [GR15, Prop 5.5.1] that the restriction of the Gelfand-Graev action to
I'(g, 05(0)) = Clg Xp /W h] agrees with the one induced by the W-action on g Xp/w b

given by acting trivially on g and naturally on §.

2.2.4  Fized points in T*(G/U)

Consider the algebra
R:=T(g,05(0))o

and the ideals

I'= Y T(305)s T 05—a)_g
(cr,3)#(0,0)
p#0

of R. Equation (2.2) implies that 12/.J = C[(g xp )T =Clh xpw b] and that

— R/I

 Clbxpw ]
==

C {meB/U}

12



By construction, the Gelfand-Graev action on R descends to the W-action on R/J =

Clh xy /W h] given by acting on the second b factor.

Proposition 2.2.5. The ideal I/J of the ring R/J is generated by the image of the W-orbit
of
D T(@,05(wi))x - T(@, O5(—wi)) -

wi,)\
under the projection R — R/J. (The sum runs over fundamental weights w; € AB/U and

all weights A € Ap.)

Proof. Let o € Ag JU be a nonzero dominant weight of B/U and let § € Ap be any weight
of T. Pick a fundamental weight w; € Apg JU SO that o — w; is dominant. Note that
wp.(—a), wo.(—wj), and wy.(—a + w;) are all dominant as well. Lemma 2.2.3 implies that

the multiplication maps

> T(8 05(c — wy)) g ® T8, O5(wi))n — T'(g, Og(a)) (1)
AEAT
Y TG 05(—a+w))_p_) @T(8, O5(~wi))x — (@, 05(—a))_s ()

AEAD

are surjective. Taking the tensor product of the maps in (f) and (f) and composing with
multiplication I'(g, Og(a))g ® I'(g, Og5(—)) g — I'(g,O5(a))s - I'(9. Og(—a))_5 gives a

surjective map

Y T(@,05(a —wi))g-r ®T(@, O5(—a +wi)) g, ®T(@, Og(wi))r ® T8, O5(—wy))u

WISV g 7 g
CClgl-r—p CClglnyu

— T(§ 05(a))5 - T3, O3(~a)) .

Under the projection map I — I/.J, the images of the subspaces on the left hand side vanish

13



unless A + = 0. We deduce that the ideal of R/J generated by the image of

Zr (3 O3(wi))r @ T(3, Og(—w;))

contains the image of I'(g, Oz(a)) - I'(g, Og(—a)) -

Since I/J is generated by the image of

w > T(,05(0)s-T(@ O5(—a)_p | ,
a€A+/T\0
BEAT

the result follows. O

Recall that V,, C T'(g, Oa(a)) denotes the space of sections obtained by pulling back
sections of Op(«) along the vector bundle map g — B. The space V,, is stable under the

T-action. Fix a basis h,, y) ; for each weight space (Vi;)x.

Proposition 2.2.6. The W-orbits of

h(wh/’é) 7.j ’ <w0h(wn717_:u)7k>

generate I/J as an ideal of R/J.

Proof. Let

f1 €D(g, O5(wi))r.  f2€T(g,O5(—wi)) -

Because Vi, and Vi, ; generate I'(g, Og(w;)) and wo.I'(g, Og(—w;)) respectively as a C[g]-

14



module, we can write
J1= ngh(wi,pk),ka gk € C@A—uk
k

Ja = wo. (Z g;ﬂh(wn—ivl%)vk) . 9 EClEl
K

and hence

fifa = gilwo.g)) - hws ) e (W0-R, ity 0):
]

Under the projection map I — I/J, the images of the terms on the right hand side vanish
unless ,uk—i-,uz = 0. We conclude that the image of fifo in I/J can be written as a R/.J-linear
combination of Ay, ) i+ (W0l . ) k)-

The claim now follows from Proposition 2.2.5. O

For subsets S, T C [n] with |S| = |T|, define the function

9= (9ij)i je[n] — det(gst)sester

The functions Ag := Ag {1,...,|s|} are U-invariant under right translations and descend to
sections of certain line bundles on the flag variety B: specifically, for each ¢, the set of
functions {Ag: |S| = i} forms a weight basis for the representation I'(B, Op(w;)). The
T-weight of Ag is Y g s, where p;: T — C* is the character p;: (t1,...,tn) — t;.

Let p denote the projection g = % — G/B = B onto the first factor; the map p makes

g into a vector bundle over B.

Proposition 2.2.7. Let p: g — B denote the vector bundle map. The W -orbits of

P Ag - (wo-p" A 5)
15



generate I/.J as an ideal of R/J = C[h xq yy b].

Proof. The map p*: I'(B,Op(w;)) — V,, is an isomorphism of G-representations, so the
set {p*Ag: |S| = i} forms a weight basis of V[,,. Proposition 2.2.6 implies that p*Ag -

(wo-p* A\ ) generates I/J as an ideal of R/J. O

Finally, we will use an explicit description of the Gelfand-Graev action in type A on

the regular semisimple locus. Recall the identification T*(G/U) = ng. Let (T*(G/U))™

denote the image of
0:Gxh® 5 GExb—Gxyb=T(G/U).

Lemma 2.2.8 ([Wan2l, Prop 4.5.1]). Let y = diag(yq,...,yn) € B™. Let s;.(y) denote the

n X n matriz obtained from the identity matriz by replacing the {k,k 4+ 1}-th submatriz by

1
0 Yk —Yk+1

Yk+1 — Uk 0
The Gelfand-Graev action of the transposition s, interchanging k <— k + 1 is given by

op: (TH(G/U))™ = (TH(G/U))"®

9,91 = lgsi(y), Ad - (y)].

n)

Lemma 2.2.9. Let w(() denote the longest element in Sy,. The action ofw((]n) on (T*(G/U))™

15 given by

[(gi5), ()] [( [lesjWns1—j — yn+1—£)> ,wé”).(yi)]

Gintl—j
R Hé<j (ynJrlfj ~ Yn+1-0)

16



Example 2.2.10. For n = 4, the matrix (gi7n+1_j Hfjgni_]znij;) is given by
<j n —J n —

(141 = )1 = ) (va — ) gra BB gy it g
24(ya — y1) (ys — 92) (ya — ) gogt M) g, el g
gaa(ys — y1)(ys = w2)(ma —vs) g AR g s o e
[gaa(un =) (s = 92) (s —w) 0us = gt g G

JAN

Proof of Lemma 2.2.9. We argue by induction. When n = 2, Lemma 2.2.8 asserts that the
(2) _

action of wy™~ = s1 is given by
g1 912 g(v2 —v1) 91y,
o1 (W1, y2) | = R R ZRINE
921 922 922(¥2 —y1)  91297=;
as claimed.

Let M denote the n X n matrix with

i 'H£>j(ynfj_ynf€)
L=y H£<j (ynfj_ynfé)

ifj<n-—1
mij:

9in ifj=n

Let ¢: S;,—1 — S, denote the standard embedding. By induction, L(w(()n_l)) acts on

(T*(SLn/U))™ by
-1
(9i7), )] = [M ). ()]
Using the equality w(()n) =51... snflb(w(()n_l) ), repeated application of Lemma 2.2.8 gives

the result. O

17



Recall that for subsets S, T C [n], the function fgr € C[h xp - b] is

fsr =[] (s — o).

seS
teT
where x1,...,%n,Y1,...yn are the coordinate functions on b x b.
Theorem 2.1.2. We have
__ Clh x b
c {T*(G/U)TXB/U} _ [h > /v bl

S, T C [n]
fsr:
S|+ 1T =n
Proof of Theorem 2.1.2. Let S C [n] with |S| = i. By Lemma 2.2.9, the restriction of the
function wg.p*Ag to (T*(G/U))™ is

[9,y] = det <gs’n_tHf>t(yn+1—t - yn+1—z)>
[lo<tWnt1—t — Yns1-0) ) €5
te(i]
I1 a>b|S|(ya — )
>n—
- det(g 9 _t) ES ¢
o 7:‘96[1] [T a<t (Wa—up)
a>n—|S|
= g det(gsn—t)ses Il Wa—w).  ese{£1}.
teli] a>n—|S|
b<n—|S|

In particular, the function p*Ag - (wo.p* Ay, 5) restricts to (T*(G/U))™ as

[9,9) — g det(gst) ses det(gst) sepups [ Wa — w)-

teli nl\[i] a>i
Su e\l g>i

Given a permutation w, pick a matrix P, € SL; whose entries are nonzero only at positions
(1,w(z)), and whose nonzero entries are equal to 1. The function p*Ag - (wp.p"Ap,\ 5)

restricts to a nonzero function only when w(S) = [i] and in this case it is given by the
18



formula

(Pusyl = s [[a—w), e {£1}.

a>1i
b<i

It follows that the image of p*Ag-(wo.p* Ay, g) € B = C[T™(G/U)] (g 0) under the projection

R — R/J = C[b xy 3y b] is given by the formula

gy | 25 Lol =) (g =) () =

0 else

By construction, this is the restriction of

to [] Xh/W b
The claim follows from the fact that the W-orbit of fi,)\ g is {fppsr: [T1 =14} O

Remark 2.2.11. The set {fgr: |S|+ |T| = n} is not a minimal generating set of the ideal

( fS,T)S for example one can compute that

Fsr =PI f g g

as functions on C[h xy /3y b]. A

2.3 Symplectic resolution of N J/T

In this section we prove that A JJ/T is a Nakajima quiver variety (Proposition 2.3.8) with a
symplectic resolution N /T (Theorem 2.3.10). Using a standard construction for Nakajima
quiver varieties in general, we give an explicit description of the diffeomorphism type of
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N /T in Corollary 2.3.17: the variety N //T is diffeomorphic to the quotient Y) 5/ (Cx)n—t

for sufficiently generic A\, € {(z1,...,2p) € C": z1 + -+ + x5, = 0}, where

c E: xle/Fk—l = >\kId
diag(z) = ¢

Y)\75 = (:L‘,F.)

I

and the torus (C*)"~1 acts on Yy by

(t1, ... ty_1) - (7, Fe) = (Ady(x),t" - Fs), t' = diag(ty,...,th—1,1).

2.3.1 Nakajima quiver varieties

Let @ = (I, E) be a quiver, and fix dimension vectors v,w € ZI>O. Let s,t: £ — I denote

the source and target maps respectively. Write

M(Q,v,w) := GB Hom(C"s(), C't)) @ @ Hom(C"t(e), CVs(e))

eelk eel
& P Hom(C"i, C") & €D Hom(C", C*1)
el 1€l
=~ 7% | @ Hom(C"),C"®) & ) Hom(C¥#,CY%) | . (©)
eeF el

The vector space M is equipped with a canonical symplectic form and an action of the group

Gy = [[ GL(v)
el
induced by the action of GL(v;) on CVi.

Write gy := Lie(Gy) and let p: Ml — g3 denote the moment map of this action.
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The Nakajima quiver variety is the GIT quotient

My o(v,w) := 1~ H(N) fy Gy

where A € Z(g%) and 0 = (6;);e; € Z! is a stability condition, encoding a character

Xo: Gv = C* via xg((93)ier) = [Tier det(g:)".
Given dimension vectors v = (v;);er and v/ = (v]);er, write v/ < v if v] < v; for all ¢

and v/ # v.

Definition 2.3.2 ([MN18, Defn 3.1]). The stability condition 6 is nondegenerate if ), 6; -

’U; #£ 0 for all nonzero dimension vectors v/ < v. A

In the special case w = e; (i.e., exactly one vertex is framed and the framing is one-
dimensional), and the stability parameter 6 = (6;);c is in ZI;O (hence is nondegenerate),
the locus of #-stable points is particularly easy to compute using King stability conditions

[Kin94, Prop 3.1].

Lemma 2.3.3 ([Nak98, Lem 3.8, Lem 3.10]). Let w = e; and 0 € ZI>O. Given a point

p € M(Q,v,w), write j(p) for the framing map CY — C. The following are equivalent:

1. p is O-stable
2. p is 0-semistable

3. ker(j(p)) contains no nonzero p-stable I-graded subspace.

The action of Gy is free on the stable locus I\\/JI(Q,V,W)G'S and consequently
My (v, w) = (1~ (A) NMT*) /G
The inclusion p~1(0)%% < 1 =1(0) induces a map in equivariant cohomology

HE, (pt) = HE (1 1(0) = HE (1= 1(0)7) = H* (9 o (v, w))
21



called the Kirwan map. (The last isomorphism follows from Lemma 2.3.3.)

A special case of Kirwan surjectivity, due to McGerty—Nevins, reads:

Theorem 2.3.4 ([MN18, Thm 1.2]). Let My g(v, W) be a smooth Nakajima quiver variety.

Then the Kirwan map 1s surjective.

We say that a Nakajima quiver variety is unframed if w = 0. When the dimension vector
v of an unframed Nakajima quiver variety is in a certain combinatorially defined set ¥4 (Q),
Bellamy and Schedler provide a criterion for 9 to admit a projective symplectic resolution
given by deforming the stability parameter.

Following the notation in [BS21], the Ringel form on Z0 is defined by
(. 8) = D aifi— Y ay(a)Pi(a)
i€Qo acQq
Definition 2.3.5 ([BS21, §2.2]). The vector v is anisotropic if (a, a) < 0. A
Proposition 2.3.6 ([BS21, Thm 1.5]). Let v € ¥¢(Q). Then the Nakajima quiver variety

Mo o(v,0) admits a projective symplectic resolution if v is indivisible. If v is anisotropic, a

resolution s given by moving to a generic stability parameter.

2.3.7 Presentation of N JJT as a Nakajima quiver variety

The (trimmed) bouquet quiver @, is the quiver with vertices {s1,...,$,—1tU{b1,...,bn_1}
and edges

{(sissip1): i€ n =1} U{(sp1,0:): 0 € [n = 1]},

See Figure 2.1 for an example.
We write dimension vectors v for Qp, as tuples (vsy,...,vs,_1;Vp,---,vp ). The ver-

tices s; and b; are called stem and bouquet vertices. Associated to this partition of the
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vertices of @)y, we write

Gstem = H GL(vj), Ghouq = H GL(v;),
€1(Qn) i€1(Qn)

=8, z:bj

and fistem, Hhouq for the corresponding moment maps.
The abundant bouquet quiver Q" has an extra bouquet vertex: it is the quiver with

vertices {s1,...,sp,—1} U{b1,...,bn} and edges

{(sissi1): € [n = 1FU{(sn—1,0:): @ € [n]}.

See Figure 2.1 for an example.

We write dimension vectors v for Q" as tuples (Vsyy -3 Vsp_1; Upys - ;Up, )
1 1
/b2
S1 S S3 b2 S1 S Sg\b
Q4 \D QZ \03
3 4

Figure 2.1: Left: The bouquet quiver J4, with vertices labelled. Right: The abundant
bouquet quiver QI, with vertices labelled.

A special case of the Crawley-Boevey trick [Cra01, pg. 261] says that the Nakajima quiver

variety E)ﬁ)\’g(v, es, ) for the trimmed bouquet @y, is isomorphic to the unframed Nakajima
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quiver variety 93?5\ é(ff, 0) for the abundant bouquet quiver Q;', where:

v i=(v,1),

Ai=| A - Z Aivi |
i€V (Qn)

é:z 9,— Z Qi’l]i
i€V (Qn)

Proposition 2.3.8. The variety N J|T is isomorphic to the unframed Nakajima quiver va-

riety Mo o(v,0) for the quiver Q;" and dimension vector v = (1,...,n—1;1,...,1).

Proof. Observe that the restriction of ), to the stem vertices is a type A, _1 Dynkin quiver,
and write V|gtem := (1,...,n — 1) for the restriction of v to the stem vertices. The Hamil-

tonian reduction M(Q;"", ¥, 0) //Ggtem = ,u;tém(O) //Gstem 1s the Nakajima quiver variety

9ﬁO,O (‘A’|stern; nes, ) )

which is known [Nak94, Thm 7.2] to be nilpotent cone N'. The map ppgyq descends to
M(Q;5,v,0)/Ggtemn = N and coincides with the map sending a nilpotent matrix z =
(xij)i,je[n] to the tuple (z11,...,2,—1,—1) of diagonal entries of x, and the residual ac-

tion of Gy,qy coincides with the adjoint action of the torus T := {diag(t1,...,tp_1,1)} on

N.
By Hamiltonian reduction in stages ([MMO™'07, Thm 5.2.9], see also [Mor14, Thm 3.3.1]),

mO,O(‘Aﬁ O) = (M(Q’;L‘_7 \Z 0)///Gstem>///@bouq
= N///Gbouq

= (0T,
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As nilpotent matrices are traceless we have ug()luq(()) = {z € N: diag(z) = 0}. Furthermore,
the composite 77 < TaL, — TpaL, is an isomorphism, and the adjoint action of 7' factors

through T' — Tpgy,, ; it follows that
Hpoug 0/ T = {x € N': diag(z) = 0} /T O

Remark 2.3.9. By the Crawley-Boevey trick, N J/T is also isomorphic to the Nakajima
quiver variety Mg o(v,es, ;) for the quiver @, and dimension vector v = (1,2,...,n —
1

1,...,1). A

)

—_—

Theorem 2.3.10. The variety N JJT has a symplectic resolution N JJT given by moving to

a generic stability parameter.

Proof. A routine computation (Lemma 2.6.2) shows that the dimension vector v is in the
set ¥o(Q;)). Lemma 2.6.3 guarantees that ¥ is anisotropic when n > 4. The claim follows
from Proposition 2.3.6.

For n = 3, the quiver @, is the affine 154 Dynkin quiver, and the dimension vector v is
the minimal imaginary root; thus A/ /T is the Kleinian singularity of type D4. The claim is
then a special case of Kronheimer’s construction [Kro89] of the minimal resolution via quiver

varieties. ]

As the diffeomorphism type of a smooth Nakajima variety does not depend on the choice
of (generic) moment map and stability parameter ([Nak94, Cor 4.2]), Theorem 2.3.10 implies

the following claim.

Proposition 2.3.11 (cf. [Nak94, Cor 4.2]). Let 0 := (1,...,1). For sufficiently generic
(v;vy) € Z(g%), the vam’etyW is diffeomorphic to fm(yw)’@(v,esn_l).
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2.83.12 Stable loci conditions

Next, we use King stability conditions to compute stable loci explicitly (Lemma 2.3.13) in
order to give an explicit description of the diffeomorphism type of /\% .

As in the previous subsection, let 6 := (1,...,1). We use the notation of Subsection 2.3.1
for the quiver Q. Viewing N /T and A//7///T as quiver varieties for @, an element (x,y, a, )
of the corresponding representation space M(Qp,Vv,es, ;) consists of maps x;: Ct — Citl
y;: Cl 5 Cf between stem vertices, along with n maps «;: C*1 — C and n maps

Bi: C — C™ 1, where for i € [n — 1] the maps oy, f; are incident to s,_1 and b; and ay, By,

are framing maps on s,_1; see Figure 2.2.

! ﬁ4% C

I 9 To 3 (6%)
C (I CW C Wc
\%
o~ C

Figure 2.2: An element of the representation space M(Q4,Vv,es;). (The boxed C is the
framing associated with the vertex s3.)

For (x,y,a, ) in M, it will be useful to combine the a and § into the maps

p: CMl s C"

v (a(v),...,an(v))
and

i C" - !
(V1,...,0p) = Br(vy) + -+ Bn(vpn).
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The map ¢¢p: C" — C" is given by the matrix M whose ij-th entry is M;; = a;5;(1).

Lemma 2.3.13. We have

x;, @ injective
M*S = (x,y,0,0): ,
1) satisfies (x)

where the key stability condition is given by:

z: C"™ — C™ does not preserve any nonzero coordinate subspace of C"~1 ¢ C™. (%)

Proof. The condition that i satisfies (x) is equivalent to:

For all nonempty S C [n — 1], there exists i € S such that img 3; ¢ ker a; for some j ¢ S.
()

(Above, j may be equal to n.) In other words, there may not exist a subset S C [n — 1]
where img ; C ker 8; whenever i € S and j € S: such an S exists if and only if ¢ fixes
the coordinate subspace CcS ccr

By Lemma 2.3.3, the point (x,y, a, ) is f-stable if and only if the only (x,y, a, 3)-stable
subspace of ker «, is zero.

We first claim that if any x; has nonzero kernel, the subspace

k—1

ker 2y, & @D yivie1 - yp—1 (ker zy)
i=1
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of ker avyy is (x,y, o, B)-stable, as

TiYiYis1 - - Yp—1(ker o) = Yip1041Yit1 - - - Yp—1 (ker xy,)

= Yit1Yi+2Tit2 - - Yp—1 (ker zy)

= Yit1Yit2 - - Y12k —1Yk—1 (ker zy)
= Yit1Yi+2 - - - Ye—1Yxrk (ker zy,)

= 0.

Similarly, if ¢ has nonzero kernel, then the subspace

n—2

ker o ® EB YiYit1---Yn—2ker o
=1

of ker oy, is (x,y, @, §)-stable: as above, one iteratively applies the moment map equations
Tjyj = Y;j+12j4+1 when j < n —3, and then applies the moment map condition z,_oy,—2 =

.

Next, suppose that there is a nonzero coordinate subspace CS c €1 fixed by ).
Identifying C° with the direct sum of the one-dimensional vector spaces C at the vertices

{b;: 1 € S}, we claim the subspace
n—2
C® @ ¥(C%) & P yivis1 - yn—20(CY)

1=1

of ker o, is (x,y, «, B)-stable: applying moment map equations we compute that

i (Yiit1 - - Yn—20(C%)) = yis1 . .. Yn_2b(C)

= Yit1 - Yn_2(CY)
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because 1) fixes C3; furthermore, the equality the equality a; = m;¢ (with 7;: C" — C the
projection to the i-th coordinate) implies
C ifief

a1 (C%) C
0 else

because @i fixes C3, while 3;(C) = 1(C{}) implies
B;(C) C w((CS) when i € S.

We deduce that

. x;, @ injective
M C{ (xy, a8
) satisfies ()

We now show that if x;, ¢ are injective and i satisfies (%) then (x,y,a, ) is O-stable.
Let V = @ie[n—l] Vs; @ @ie[n—l] Vi, be an (x,y,a, B)-stable subspace of keray,. Let S
denote the set of i € [n — 1] for which Vj, is nonzero. Since V' is (a, 8)-stable, we know
img 3; C kera; whenever i € S and j € S (cf. (*x)); thus S must be empty. Since ¢ is
injective and V' C ker ayy, we deduce Vs, |, = 0 as well. Finally, since the x; are injective we

conclude that Vs, =0 for i € [n — 1]. O

Lemma 2.3.14. The group Ggtem acts freely on {(x,y,a, f) € p~1(Z(g%)): x;, ¢ injective},

and there is an isomorphism

{(X7 Y7 Oé, ﬁ) € lu_l(Z(gff)) : xi’ 90 injective}/GStem ; 5

(e, 8)— (10 = (o) - 10 R))
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where Fo is the flag defined by Fy. = img(pxy_o...xp). Furthermore,
(PO F/F,  =Vn—1+ "+, (2.3)

where v = (v1,...,Un_1) ‘= pstem(X,y,a, B). (In particular, (cp@[))|Fn/Fn_1 =0.)

Proof. Recall that the restriction of @), to the stem vertices is the type A,,_1 Dynkin quiver,
and observe that M(Qn, Vv, es, ;) and M(Qn|stem, V|stem, 7€s,_;) are isomorphic as vector
spaces via the map (x,y, a, 5) — (X,y, , ).

It is well known that

JE— . . . —_— /_
{(x,y, 0, 8) € p~Y(Z(g%)): xi, ¢ injective} = pgl (Z(0%em))? ™,

where §/ := (1,...,1) is a stability condition for Qp|stem. AS fistem is the moment map for

Qnlstem, Lemma 2.3.3 implies that Ggtem acts freely on

{(x.y,0,8) € uH(Z(g})): wi, ¢ injective}.

Furthermore, [DKS13, Thm 7.18] (see also [Wan21, (4.5)]) implies that there is an isomor-

phism

(tstem) ™" (Z(85em))” ™/ Gstem — 8

[(x,y,¢,9)] — (ww - %tr(gmﬂ) -1d, F) .

It is left to prove Equation (2.3). To this end, fix any v € F},, so that v = pz,_9o...x(w)
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for some w. The moment map equations give

Y(v) = pPpzy_2. .. rp(w)
= o [rp_oyn—2 tvp-1ldoxy 9. . z1(w)
= OTp—2Yn—2Tn—2 - Tp(Ww) + Vp_1v
= 0Tp—20 [Tn-3Yn—3 + Vp—2ldlozy_3... 2 (W) + vy 10

= PTp—2Tn—3Yn—3Tn—3 - .- Tp(W) + Vp_1v + V2V

= QTp_92... TpTp_1Yk—1(W) +vp—10 + - + Vo,

E131:—1
so that ¢ preserves Fo and 90¢|Fk/Fk,1 =VUp_1+- + V. O

Proposition 2.3.15. For any v € Z(g%,,,) and vy € Z(gf)ouq), we have

g F = M
/Lil(Vy 'Y)H_S/Gstem =< (z,F.) €g: diag(z) = 4§

x satisfies (x)

where the action of Gpgyq = (C©)"=1 is given by
(t1,.. ., tn_1) - (x, Fe) = (Ady(x),t" - Fs), t' = diag(tq,. .., th—1,1), (2.4)

and where A and 0 are given by

n—1
1 .
)\i:ZVJ'—E(V1+21/2+"'+(n—1)Vn_1), ie{l,...,n} (2.5)
j=i
1
(SZ‘Z’)/Z'—E(V1+2V2+...—|—(n—1)vn_1), iE{l,...,n}. (2,6)
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(Above, we set ?;% vj =0 and vy, == 0.) In particular,

zlp R, = M
m(y,'y)ﬁ(va esn_1) = (ZE, F.) - ﬁf dlag<x> =9 /Gbouq

x satisfies ()

Proof. Lemmas 2.3.13 and 2.3.14 imply that
p N Z(@))" Gatem = 8 = {(2, Fb) € §: = satisfies (+)}.
Equation (2.3) implies that pstem and pip,qyq are given by the formulas

Hstem - 59 — Z(ggtem)
(x, Fo) = (V1,...,Vp_1), v; = x|Fi/Fi—l — $|Fi+1/Fi
~0
Mbouq: g — Z(gik)ouq)

1
(@, Fo) = (01, Mm-1), Wi =i+ (1 + 20 4 (0= D).

The action of Gy = (€)1 on §? is given by the formula (2.4).

Proposition 2.3.16. For a generic (v;7), the condition (x) automatically holds, that is,

‘T’F./F._l =A
~ x|F./F.,1 =A

(v, Fs) €9:  diag(z) =6 = (x,F.) €g: ,
diag(z) = ¢
x satisfies () N _— .
=Yxs

where A and 0 are given by (2.5) and (2.6). In particular,

m(yﬁ),g(V, eSn_l) - Y)\,a/Gbou(b
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where the action of Gygyq 18 given by (2.4).

Proof. As ) is generic, x is semisimple and there are eigenvectors v, so that z(vg) = A\pvg.

If 2 preserves C5 C C"~1, then there exist |S| many eigenvectors Vigs o5 Vi of z in C5.
It follows that s

> tlrkes) = Y0,

ses j=1
contradicting genericity of (v,7). O

Corollary 2.3.17. For sufficiently generic (v;7v), the variety N JJT is diffeomorphic to

Y)\,(S/Gbouq'

Proof. Combine Propositions 2.3.11 and 2.3.16. [

2.4 Cohomology of ./\//‘]/?

The goal of this section is to prove Theorem 2.1.3. We construct vector bundles £g 7 on g
whose Euler class is fgr (Lemma 2.4.1), along with a section whose zero locus is djsoint

from Y) 5 (Lemma 2.4.4) and has maximal codimension (Lemma 2.4.5).

For a generic A = (A1,..., An), write Oy := {(z, Fo) € 9: @, /5., = Meld|p 5, }- By
forgetting the flag, the subvariety O of g can be identified with a regular semisimple orbit
in g; in particular the group GL,, acts transitively on Oy and the stabilizer is a maximal
torus.

For k € [n], let Fj, denote the tautological bundle over the flag variety B where the
fiber over Fo € B is the vector space Fj,. The bundle F;. has a natural T-equivariant
structure. Also let x;. denote the trivial bundle B x C, endowed with the action of 1" given

by t - (Fe,2) = (tFe, a(t)z), where oy, : T — C* is the character t = (t1,...,tp) — tj.
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It is well-known (see e.g. [AF24, Ex 3.1.2, Prop 4.4.1]) that there is an isomorphism

Clb xgw bl = Hj(B)
v = o (Fr/Fre-1)")

T
Y = 1 (Xk)-

As O, is a retract of g, there is an isomorphism

Clh “h/W b — Hp(0y), (<)
= et (0 (F/ Fim1)¥)
v = o (" (),
where p: g — B and i: Oy — g denote the vector bundle map and inclusion respectively.

Lemma 2.4.1. Under the isomorphism (<$»), the equivariant Euler class of the bundle

Esr=ip" | | PFs/Fs1) | @ | P X

ses teT
corresponds to the polynomial fg1(x,y) € C[h Xp /W bl = H7(O,).

Proof. The bundle £g 1 is a direct sum of the line bundles
Ergin =P (Fs/Fem1)' @x)),  se€Stel,

and the equivariant Euler class of £ (s),{t) 1S identified with x4 — y; under (). [

For an integer s and a point (x, Fe) € O, write

M = (@ = A -Id) o0 (z — Mgy - Id).
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Also write z1, ..., 2z, for the coordinate functions on C".
Lemma 2.4.2. There is a T-equivariant section of 5{5}7{15} — O, gwen by

Peshitt Ox = Esp iy
(@, Fo) = ((z, Fo), (21 0 M) 5, @ 1)

Proof. Observe that the linear map Més) preserves the flag Fy and acts by the zero map on
each F}/Fj_q for 1 <k < s—1. In particular Més) acts by the zero matrix on Fs_1; thus,

the function

(210 M) g Fy > C

vanishes on Fs_1. Hence ¢ is a section of 5{5},{,5} — O).

Furthermore, for any a = diag(ay,...,an) € T, we compute that

(z¢ 0 MCES) Dlar, ® 1= (azzt 0 Ma(cS))|an ® 1

Tra

= (210 M) up, ® ay;

hence ¢ is equivariant. [

Lemma 2.4.3. The zero locus of

o517 =D v Or = Esr

ses
teT
is the set
Zg = {(7,Fes) € Oy: vs € ClPN\T for all s € S, where z(vg) = A\svs.

For subsets S, T C [n] with |S| + |T| = n, every (z, Fo) € Zg 1 satisfies z(CP\Ty = cln\T,
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Proof. The zero locus of pg 7 consists of points (x, Fe) € O) such that (ztoMggs)ﬂFs : Fs —C
is the zero function for all s € S and t € T. This is equivalent to the condition that

vs € CIPNT for all s € S.
When |S| = n — |T), the eigenvectors vy of z span CIM\T'. Tt follows that every (z, Fo) €

Zg T preserves the coordinate subspace c\T, O

Lemma 2.4.4. For subsets S,T C [n] with |S| + |T| = n and generic (X\,0), the varieties

Zs 1 and Y) 5 are disjoint.

Proof. Recall that Y) 5 = {(z,Fs) € Oy: diag(x) = 0}. Lemma 2.4.3 asserts that any

(z, Fo) € Zg 7 satisfies z(ClPN\Ty = clP\T| 5o that

Z 0; = tr(ﬂ@[n]\T) = Z As,

ie[n\T poye
contradicting the genericity of (A, d). ]

Lemma 2.4.5. For subsets S,T C [n] with |S| + |T| = n, we have codimp, (Zs ) =

rk(&s,r) = |S[-[T]-

Proof. The group GL, acts transitively on Oy by conjugation, and the stabilizer of any point

is a maximal torus. The subspace Zg C O, is an orbit of the subgroup

G = {g € GLy: g(CI"\Ty = cln\T}

={(9ij) € GLyp: ggp =0 for all a € [n] \ T and b € T'}

and in particular the stabilizer of any point is an n-dimensional torus. Rearranging the
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equality dim(GLy) — dim(0)) = dim(G) — dim(Zg 1) gives

codimp, (Zg 1) = codimgy,, (G)
= (n=|TDIT]

=|S]-1T1. O
Theorem 2.1.3. The inclusion Y — g induces a surjection
Clb xgw bl = Hp(g) > Hp(Yy5) = H (N /T)

and the kernel contains the functions {fg: |S|+ |T| = n}.

Proof of Theorem 2.1.3. We first prove surjectivity. There are inclusions

nH ) = {(xy, @, 8) € N (Z(av)"): @i injective} < p (Z(g7).

Since ,u_l()\, 5)9'5 /Gy is a smooth Nakajima quiver variety, the composite map induced on

cohomology

Hg, (pt) = H(Ek;v(#_l(z(gi))) — Hg, ({(X7Y>Oé,5) e N Z(gv)"): z, ¢ injective})

5 HE (nH (A, 0)7)

is surjective by Kirwan surjectivity (Theorem 2.3.4); in particular, the map 7 is surjective.

Lemma 2.3.14 implies that the map 1 descends to the map

n: He, o @) = Hg (V)

induced by the inclusion Y) 5 <= g, where Gy, acts as the torus of diagonal matrices whose
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bottom right entry is 1.

The composite map Gyoyq — Tgr, — Tpar, is an isomorphism, and it follows that n
is a surjection H:’FPGL (g) —» H?PGL(Y)\’(;). Corollary 2.3.17 guarantees that H%PGL(YM;) &
H*(NT)

We now show that the kernel contains the functions fg 7. As the quotient T' = Tgy, —

Tpqy, induces isomorphisms H7(g) = H;PGL (9) and H7(Y) 5) = H:’FPGL(Y)\’(;) it suffices to
show that fg 7 vanishes under H7(g) — H7.(Y) 5). Lemma 2.4.1 asserts that eul (€ S.T) =
fs - As the zero locus Zg 7 of our section pg 7 of Eg 7 has maximum possible codimension
(Lemma 2.4.5), we have euT(ES’T) = [ngT]T in H7(0,) ([AF24, §2.3]). Finally, fundamen-
tal classes [V]T € HZ.(X) vanish under the restriction H7(X) — Hp(X \' V) ([AF24, pg.
398]), and the varieties Z and Y), 5 are disjoint (Lemma 2.4.4); in particular fgp = [ZS’T]T
vanishes under H7.(0)) — H7(Y) 5). Since the inclusion Oy — g induces an isomorphism

in cohomology, the result follows. n

e~

Remark 2.4.6. Theorem 2.1.3 implies that N //T has vanishing odd cohomology. (The
vanishing of odd cohomology is known for all smooth quiver varieties [Nak01, Thm 7.3.5].)

Because T* (G/U)TXB/U

is a zero-dimensional (non-reduced) scheme, its coordinate ring
is also finite-dimensional as a C-algebra.
As Theorem 2.1.3 gives a surjective map between two finite-dimensional C-algebras, the

Hikita conjecture in fact predicts that the map in Theorem 2.1.3 is an isomorphism. A

2.5 Appendix: Other examples of Conjecture 2.1.4

Let e € N be a nilpotent matrix with Jordan type given by a partition X, and let e’ be
a nilpotent matrix with Jordan type given by the transpose partition \'. The closure X of
the nilpotent orbit containing e is a symplectic singularity and its symplectic dual X 'is the
Slodowy slice in A/ through eV ([Hik17]). This behavior is an instance of the “matching of

strata” phenomenon in [Kam22, §5.3]. Below, we give examples of Conjecture 2.1.4 arising
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from the duality between nilpotent orbits and Slodowy slices.

Example 2.5.1. Let X = Oyyi, be the minimal nilpotent orbit closure in type A,. Then
X' is the Slodowy slice through a subregular nilpotent matrix; in particular X D 2 JAn
can be expressed as the Nakajima quiver variety 9%, (1, 0) for the affine ;In Dynkin quiver.

The coordinate ring of the Hamiltonian reduction X /T := {z € O, : diag(z) = 0} )T
is isomorphic to C; thus X/J/T is a point. On the other hand, X LT o 7*C" is smooth and
the fixed point subscheme (X !’T)ThT is one reduced point.

In this case, the Hikita conjecture
w* (XJT) = C [(X"T)T”]

holds as both sides are isomorphic to C. A

Example 2.5.2. Let X be the Slodowy slice through a nilpotent matrix whose Jordan type
has one block of size n — 2 and another block of size 2, so that X is the nilpotent orbit

closure

X'={z¢ N, : 22 = 0, dimimg(z) = 2}.

The variety X' has an interpretation as the Nakajima quiver variety Mo.0((2), (n)) associated
to the quiver with one vertex and no edges [KP79.

A result of Maffei [Maf05] guarantees that X is the Nakajima quiver variety 9%y o(v, w)
for the A,,_1 Dynkin quiver, where v = (1,2,2,...,2,2,1) and w = (0,1,0,...,0,1,0). The
torus 7" acting on X can be identified with the residual action of [ [;cy GL(w;); in particular
X/JT is the Nakajima quiver variety Mg o(v’,0) for the affine D,, Dynkin quiver with v/
equal to the minimal imaginary root (see Figure 2.3). In particular X /T is the Kleinian
singularity C2/Dy,.

On the other hand, X" = 7% Hom(C2, C") J/SLy is the minimal nilpotent orbit closure

in s09,, [Jia21, Prop 3.18]. In this case, the Hikita conjecture for X /T and X LT was verified
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Figure 2.3: Left: The A,,_1 Dynkin quiver defining the Slodowy slice X. Right: The affine
Dy, Dynkin quiver, with dimension vector v/, defining X JJT = C2 /Dn,.

in [Shi24]. A

Remark 2.5.3. Now swap the roles of X and X Yin Example 2.5.2: Let X be the nilpotent
orbit closure

X={reNg,: 22 = 0, dimimg(z) = 2}.

Then X' = Mo o(v,w) is a Nakajima quiver variety for the type A,_1 quiver where v =
(1,2,2,...,2,2,1) and w = (0,1,0,...,0,1,0) and X = My ¢((2), (n)) is a Nakajima quiver
variety associated to the quiver with one vertex and no edges.

In this case, the Hamiltonian reduction X //T" is the Nakajima quiver variety 9 o(v,0)
associated to the star shaped quiver QS'% with vertices {*} L1{1,2,...,n}, edges {{x,i}:i €
[n]}, and dimension vector v/ = (2;1,...,1) (see Figure 2.4).

8 1
i 17 1
[ ] [ ]

1 \2/ 1
2 VERN

[
1
L]

Figure 2.4: Left: The quiver defining the nilpotent orbit X in the case n = 8. Right: The
star quiver @$'¥, with dimension vector v, defining X J/T', also for n = 8.

By [BFN19b, Thm 5.1, Prop 5.20] (see also [DG19, (4.58)]), the corresponding BFN
Coulomb branch M associated to Q5! can be identified with the Hamiltonian reduction
M(Q, v, w) /| I 1;cr SL(v;), where Q is the type A,_g Dynkin quiver, v = (2,2,...,2,2), and

w = (2,0,...,0,2). In particular, X /T is conjecturally symplectic dual to Mo = el (see
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Figure 2.5).

2 2

o o

[ ] [ ] [ ] [ ] [ ]
SL2 SL2 SL2 SL2 SL2

Figure 2.5: The variety M, for n = 8, expressed as a Hamiltonian reduction of the form
(T* Hom(C?,C?))% J/(SLg)".

The variety )?/7//T = m(g’()(V, ’.0) has appeared in the literature as the hyperpolygon space
and the cohomology is known [Kon02, Thm 7.1] (see also [HP05, Thm 3.1, Thm 3.2]) to be

H*(X)JT) = Clz1, ..., 20, P/,

where [ is the ideal generated by all elements p — 212 as well as all monomials of degree
2(n — 2), where deg(z;) := 2 and deg(p) := 4. The Hikita conjecture predicts that this ring
is also the coordinate ring of (X !’T)T!’T. To the best of our knowledge, this case of the Hikita

conjecture is still open. A

2.6 Appendix: Bellamy—Schedler criterion

Recall that the Ringel form on 70 is defined by
(0, B) =D aifi— Y ¥ (a)Bh(a)-
i€Qo acQq

The corresponding Euler form is defined by

(o, ) := (e, B) + (B, )

=2 > aifi— D (a)Bu(a) T Bra)h(a))- (x)
i€Qo a€Qy
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We use a criterion by Crawley-Boevey to determine when v is in Xq:

Proposition 2.6.1 ([Cra01, Cor 5.7)). If v.e NI then v € S if and only if v > 0 and

(w,v—w) < —2 whenever w € N and 0 < w < v.

Henceforth, the quiver Q is fixed to be the augmented bouquet quiver Q;'.

Lemma 2.6.2. The dimension vector v.= (1,2,...,n—1;1,1,...,1) is in 3.
Proof. We use Proposition 2.6.1. Write w = (wsy, ..., Ws,_1;Wp, .-, wp, ), so that
Vow=(1-ws,2 —wsy,....,(n = 1) —ws, ;1 —wp,,...., 1 —wy ).

Replacing w with v — w if necessary, we may assume that ws, ;, < (n — 1) — ws, ;.

Equation (%) reads

n—1 n

(W, ¥ = w) =2 ws,(i — ws,) +2 ) wy, (1 - wy,)
=1 =1

2

(w&(l +1-— w5i+1) + w3i+1<i - wSi))

3
|

@
l
_

NE

<w5n—1(1 o wbz) + (n —-1- an—1>wbi>
1

~.
Il

Since wy, € {0,1} we know wy, (1 —wy,) = 0. Furthermore, since ws,_; <n—1—ws,_, the

quantity (w, Vv —w) maximized when 1 —wj, =1 for all i. We conclude

n—2
(W,v—w) <2 Z wg,; (i — ws;) — Z (wsz(l +1- w3i+1) + Ws;4q (i — wSz)) — NMWs,_4
i=1
n—2
=9 Z we; (1 — we;) — Z (wsi (1 +1—ws ) +ws;,, (i — wsl)> — nws,_,
=1
- 2(—w§2 - wgn—l) + 2(wWs) Wsy + WeyWsy + +++ + Ws,,_oWs,, 1) — 2Wg,
= 2(—wg; —wl, = —wh, )+ 2w Wsy + WeyWey o We,_yWs, ),
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where the first and last equality follow from the fact that ws, € {0,1}.

Let m and M be the minimum and maximum index so that ws,,,ws,, 7 0. Then

2(—w§1 — w§2 - wgnfl) + 2(wsy Wy + WegWss + -+ + Ws,, _4Ws, 1)
is equal to
2(—w§m — wgmﬂ — = ng) + 2(Ws,, Wsppy g + oo Wy Wsyy)-
The AM-GM inequality implies that
—wzm — 2w§m+1 — = 2sz_1 — sz + 2ws,, ws,, o+ 2wy, wey, < 0.
It follows that
2(—w§m — w§m+1 — = ng) + 2(Wsp, Wspy g 0+ Wy Wspy) < —w?m — ng <=2

since ws,,, , ws,,; 7 0.

Recall that the vector v is anisotropic if (o, ) < 0.

Lemma 2.6.3. Forn > 4, the dimension vector v = (1,2,...,n—1;1,...

Proof. We compute that

(@,9) =D 07 = Y vy

i€Qo ec@q
n—1 n—1
- <222> +n— (Zi(zﬂ))
i=1 i=1
_,_nn-1
2
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is negative when n > 4.
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CHAPTER 3
DOUBLE ORTHODONTIA FORMULAS AND LASCOUX
POSITIVITY

This chapter is joint work with Avery St. Dizier.

3.1 Introduction

Orthodontia and flagged Weyl modules

Schubert polynomials &y (x1,...,xy,), introduced by Lascoux and Schiitzenberger [LS82],
are distinguished representatives of Schubert varieties in the cohomology of the flag variety
of C™. These polynomials have very rich combinatorial structure [BB93,BJS93, FK96, KMO05,
LLS21, HMMS22] and play a central role in algebraic combinatorics.

Schubert polynomials &,,(x) are indexed by permutations w € Sy,. The Rothe diagram
D(w) of w € S), encodes a plethora of information about &y (x). More generally, for any
%-avoiding diagram D, there is a representation of the group B of invertible upper triangular
matrices called the flagged Weyl module Mp. When D = D(w) is a Rothe diagram, the
dual character xp of the representation Mp is equal to the Schubert polynomial &y, (x)
[KP87,KP04]. The study of dual characters xp as a whole has shed light on Schubert and
related polynomials [FMS18, HMSS24].

Using a geometric interpretation of M p as the space of sections of a certain line bundle

on a variety, Magyar [Mag98| showed that yp is given by the formula

k k m
Xp =wyt . wptm (w !

m2
11 (

T, (wi2

.Wig(wgbe) ).
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Here, w; = z1...x; is a fundamental weight, m; = 0;x; is a Demazure operator, and
k(D):(kl,...,kn), i(D):(il,...,ig), m(D):(ml,...,mg)

is combinatorial data associated to the orthodontic sequence of D, which builds a %-avoiding

diagram from “smaller” %-avoiding diagrams.

Doubled orthodontia

Double Grothendieck polynomials &, (z1, ..., Zn; Y1, - - -, Yn), introduced by Lascoux [Las90],
are distinguished representatives of Schubert varieties in the equivariant K-theory of the flag
variety. Schubert polynomials can be obtained from double Grothendieck polynomials by
setting y; — 0 (corresponding to forgetting equivariance) and taking the lowest degree part
(corresponding to taking the associated graded in K-theory). There is considerable interest in
extending our understanding of Schubert polynomials to double Grothendieck polynomials
and their various specializations [FK94, KM04, Wei21, LLS23, CCMM23, BFH23, PSW24,
HMSS24].

There is no known K-theoretic or equivariant analogue of M p. Despite this, we can

combinatorially extend Magyar’s formula to double Grothendieck polynomials:

Theorem 3.1.1. Let D be a %-avoiding diagram with double orthodontic sequence K, i, j, M.
Define

KKy  —Kn— M~ My — M,
GIp(x,y) =01 '@y ... Wy " Ty jy (@ Ty gy @) - 'Wied'e(wigg) ) (3.1)

When D = D(w) is the Rothe diagram of a permutation, then 9p(x,y) = Gy (x,y).

The operators sz and 7; ; are defined in Equations (3.2) and (3.3).

Double Schubert polynomials G,,(x,y) are equal to the lowest degree part of &, (x, —y),
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and Theorem 3.1.1 gives a similar formula for double Schubert polynomials (Corollary 3.3.12).
Theorem 3.1.1 also extends our previous joint work with Mészaros [MSS22, Thm 1.1], which
gave a similar formula for ordinary Grothendieck polynomials.

As is the case with Magyar’s formula for xp, and in contrast to the usual degree-
decreasing recurrence defining Grothendieck polynomials via divided difference operators,
the formula (3.1) is degree-increasing. This makes the formula (3.1) well suited for some

combinatorial applications.

Lascoux positivity

When D = D(«) is the skyline diagram of a composition « € N the dual character yp
is the key polynomial ko (z1,...,xy,) [RS95]. Key polynomials are minimal among the dual
characters x p of %-avoiding diagrams: every dual character, and in particular every Schubert
polynomial, is a nonnegative sum of key polynomials [RS98].

The Lascoux polynomials £4 (21, ..., %), indexed by compositions o € N, are inhomo-
geneous polynomials which often play the same role to the key polynomials as Grothendieck
polynomials do to Schubert polynomials. One inhomogeneous extension of the key positivity
[RS98] of Schubert polynomials is the Grothendieck-to-Lascoux expansion [RY21,5Y23]. One

application of our formula (3.1) is another inhomogeneous extension of this key positivity:
Theorem 3.1.2. Let D C [n] x [m] be a diagram whose columns are ordered by inclusion.
Let Sp(x,y) be the lowest degree part of Yp(x,y). Then, the polynomial

—1 —1
A A Y G )

is a graded nonnegative sum of Lascoux polynomials £q(x1, ..., xy).

Theorem 3.1.2 can be modified to incorporate p-Lascoux polynomials: the §-Lascoux

expansion of z/".. .xﬁf’D(x;l, . ,:L‘l_l; B,...,B) is Z>p|f]-nonnegative.
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Theorem 3.1.2 and Corollary 3.3.12 together imply the following corollary.

Corollary 3.1.3. Letw € Sy, be a vezillary permutation and write Sy (1, ..., Tn; Y1, --->Yn)

for the double Schubert polynomial. Then the polynomial
n n -1 —1.
o) 2, Sy, .2 1)

is a graded nonnegative sum of Lascoux polynomials £o(x1, ..., xn).

We conjecture that the extra assumption on the diagram D in Theorem 3.1.2 is unnec-

essary.

Conjecture 3.1.4. For any %-avoiding diagram D C [n] x [m], the polynomial

:177171...x?&”D(xgl,...,xl_l;—l, oo, —1)
is a graded nonnegative sum of Lascoux polynomials £q(x1,...,Ty). In particular, the same
holds for
n TLG -1 —1, 1 1
vy xSz, .2 51T,

for any w € Sy,.

In Proposition 3.4.4, we show that Conjecture 3.1.4 would follow from the following

conjecture of independent interest:

Conjecture 3.1.5. For any o € N" and i € [n], the product x1 ... z;(1—zjy1) ... (1—zpn)La

1s a graded nonnegative linear combination of Lascoux polynomials.

Outline of the paper

Our proof of Theorem 3.1.1 is based on an improvement on the ideas in [MSS22]: we induct

on a partial order on S, called the orthodontic sort order (Definition 3.2.16), and a key
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step is to give a precise description of the first few terms of the orthodontic sequences of
sorted permutations (Theorem 3.3.9). Although the argument is narratively similar to that
in [MSS22], we need different methods.

Our proof of Theorem 3.1.2 examines the orthodontic sequence of diagrams D ordered

M

by inclusion (Corollary 3.4.6) and studying the behavior of the operators w;"* and m; j when

specializing y; — —1 and intertwining with the operator

fxy,...,xn) HxTxnmf(:pgl,,xl_l)

3.2 Background

Conventions

We write permutations w € S, in one-line notation. For j € [n — 1], the notation s; denotes
the adjacent transposition in Sy which swaps j and j + 1. For w € Sy, let {(w) denote
the length of w. Permutations act on the right: ws; is equal to w with w(j) and w(j + 1)

swapped.

Difference operators and families of polynomials

For ¢ € [n — 1], define the divided difference operator 0;: Rlxy, ..., xn] — Rlzq,...,zy] by
the formula
f=sif
O(f) = ———

Ty — Ti41
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The isobaric divided difference operators 0;, Demazure operators m;, and Demazure—Lascouz

operators T; are defined on R[z1,...,zy] by the formulas
9i(f) = 0i((1 = zi41) f),

|
Q

mi(f) = 0i(wi f),
Ti(f) = Oizif).

Lemma 3.2.1. Let ¢; denote any of 0;, 0;, 7;, or w;. Then

CiPi+1Pi = Pit1PiPitl and wip; = @i if i — j| > 2.

The double Grothendieck polynomial B (x,y) of w € Sy, is defined recursively on the
weak Bruhat order, starting from the longest permutation wy € S,. The polynomial

&y (x,y) is defined by

[Livj<n(@i +yj —2y;)  if w=wy,
®U}(Xa y) =
0iGws; (X,y) if ((w) < l(ws;).
Lemma 3.2.1 guarantees that double Grothendieck polynomials are well-defined. The double
Schubert polynomial S (x,y) is defined to be the lowest degree part of & (x,—y). In

particular,

[Livj<n(@i—y;) i w=mwp,
Sulxy) =4 T
0iGuws; (X,Y) if {(w) < l(ws;).

The ordinary Grothendieck polynomials & (x) and ordinary Schubert polynomials Sy (x)

are defined to be the specializations &,,(x,0) and &, (x,0) of their doubled counterparts.
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In particular,

(
x?xg_l coxp i w = wy,
Gu(x) = <
0;G s, (x) if {(w) < l(ws;),
x?ngl coxn i w = wyp,
Suw(x) =
0;iGus; (x) if ((w) < l(ws;).
\

The symmetric group Sy, acts on compositions via permuting coordinates. The Lascouz

polynomial £, of a composition o € N is defined recursively by

gt ot g > >
La(x) =

ﬁiﬂa.si (X) if o < Q.

Lemma 3.2.1 guarantees that Lascoux polynomials are well-defined.

Ka(x) is defined to be the lowest degree part of £4(x). In particular,

oyt i > >a
Ka(x) =

Wiﬁa.si(x) if a; < 78

Pipe dreams

The key polynomial

A pipe dream is a filling of a triangular grid {(¢,j) € [n] x [n]: i +j < n} with crossing tiles

B and bumping tiles 4. By placing half-bumping tiles Plat {(i,j) € [n] x [n]: i+j = n+1},

a pipe dream forms a network of n pipes running from the top edge of the grid to the left

edge (see Figure 3.1).

For any pipe dream P, there is an associated permutation 9(P) € S, given by labeling

the pipes 1 through n along the top edge, tracing the pipes and ignoring any crossings

between any pair of pipes which have already crossed, i.e. replacing redundant crossing tiles
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with bump tiles; reading the labels of the pipes along the left edge from top to bottom
gives a string of numbers (O(P))(1), (0(P))(2),...,(0(P))(n) that defines d(P) € Sp,. (The
permutation O(P) is the Demazure product of the transpositions s; € S, corresponding to
antidiagonals on which the crosses sit, reading right to left, starting from the top row; cf.
[KM04, Ex 5.1], [Wei2l, §6.1]. Our convention agrees with original definition [BB93|: the
pipe at the it row is connected to the (3(P))(i)™ column.)

Identify P with the set {(i,7): P has & at (i, j)} of crosses of P, and denote by P(*) the

pipe of P entering in the iR column.

Example 3.2.2. All five pipe dreams P such that 9(P) = 1423 are displayed in Figure 3.1.

Redundant crossing tiles HH are highlighted in red. A
1 2 3 4 12 3 4 12 3 4 12 3 4 12 3 4
e P LA e e
L1 Iy s 10 e
2 e 2 fa 2 fa 2 e 2 1
3 3 3 3 3

Figure 3.1: The five pipe dreams in PD(1423).

Theorem 3.2.3 ([Wei2l, Thm 6.1]; see also [KM04, Cor 5.4], [FK94, Thm 2.3]). The double

Grothendieck polynomial of w € Sy, is given by the formula

Gu(x,y) = Z H (@i +yj — zy;)-
PePD(w) (i,j)eP

Orthodontic sequence

A diagram is defined to be a subset D C [n] x [m]. View D = (Dy,...,Dy,) as a subset of
an n x m grid, where D; := {i € [n]: (i,7) € D} encodes the j™ column: an element i € D;

corresponds to a box in row ¢ and column j.
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Definition 3.2.4. Let w € S;,. The Rothe diagram D(w) is defined to be

D(w) = {(i,§) € [n] x [n]: i < w™(j) and j < w(i)}. A

Example 3.2.5. The Rothe diagram D(31542) consists of the purple squares in Figure 3.2.
A

1 K

N &=~ Ot = W

Il
Figure 3.2: The Rothe diagram for w = 31542.

Definition 3.2.6 ([RS98]). A diagram D is called %-avoiding when ip € Dj, and i1 € D,

for iy <'ig and j; < jo implies iy € Dj; or iy € Dj,. A

Equivalently, a diagram is %-avoiding if it does not have a pair of rows and a pair of

columns to which its restriction looks like the configuration in Figure 3.3.
i Je
ol ]
2l [

Figure 3.3: A forbidden configuration in a %-avoiding diagram.

Given a %-avoiding diagram D, we describe an algorithm to compute its double orthodon-

tic sequence
K(D) = (Ky,.... Kn), (D)= (i1,...ig), J(D)= (1, Je), M(D) = (Mi,..., My).

Begin by setting K; := {j: D; = [i]}, and let D_ denote the diagram obtained by
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replacing any such columns with the empty column. If D_ is empty, then i = j = M is the
empty vector and the algorithm terminates.

An orthodontic step applied to D_ outputs a diagram (D_)" which we now describe. A
missing tooth of a column C' C [n] is an integer i € [n] so that i ¢ C' and i + 1 € C; any
nonempty column of D_ has a missing tooth. Set i1 to be the smallest missing tooth of the
leftmost nonempty column (D—); of D_. Set ji to be j —#{a <i1: a & (D-);}. Now swap
rows i1 and i1 + 1 to get a diagram (D_)". Any column of (D_)" which is a standard interval
is necessarily equal to [i1]; set My = {j: (D) = [i1]}. Let (D_)"” denote the diagram

J

obtained from (D_)’" by removing all columns equal to [i1].

Lemma 3.2.7 ([RS98, Prop 12], see also [Mag98, pg. 12]). Any %-avoiding diagram D will

be the empty diagram after sufficiently many orthodontic steps.

Repeatedly apply orthodontic steps to the resulting diagrams (D_)", keeping track of
the data 1i,j, M at each step, until the diagram is empty. These diagrams form the double

orthodontic sequence of D.

Example 3.2.8. The orthodontic sequence for the Rothe diagram D(31542) is shown in

Figure 3.4. JAN
Ky ={1}
K,=0
—>
K,=10
Ks=10

Jjs=3

Figure 3.4: The double orthodontic sequence for w = 31542.
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For a polynomial f € Clzy,...,Zn,y1,---,Yn], define the operators

mig = 0i((xi +yp)f), W= 0i((w +yj — ;) ), (3.2)

and for i € [n] and M C [n] define the quantities

wZM = H (2 + ym), wi” = H (T + Ym — Tjym)- (3.3)
JEli] jeli]
meM meM

Definition 3.2.9. Let D be a %-avoiding diagram and let K,i,j, M denote its double

orthodontic sequence. Define

KKy K, _ M My  _ M
Ip(x,y) =w) Ty ... Wy T 4y (wj, 17Ti2,j2(%-22 . 'Wie,jz(wig H..),
and write
. K K K M M M
Ip(X,y) i=w twy e wy g (wj, 17ri27j2(wi2 2. 'Wieyje(wig “..0)). A

Remark 3.2.10. It can be shown by inducting down the orthodontic sequence that xP
appears in .p with coefficient 1. As .%p is nonzero, it follows that .7 is the lowest degree

part of ¥p. A

Remark 3.2.11. The polynomial ¥p(x,y) is not invariant under permuting columns, in
contrast to previous work [Mag98, MSS22| on the orthodontia algorithm. This is by design:
the Rothe diagram D(2413) can be obtained from the Rothe diagram D(132) by permuting
the columns and adding a column equal to {1,2}, and although the ordinary Grothendieck

polynomials satisfy ®9413(x) = z129®132(x), there does not exist a polynomial g(x,y) so

that Bo413(x,y) = g(x,y) - B132(x,y). A
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Orthodontic sort order on permutations

Following [MSS22], we recall some basic facts about sorted permutations and the sorting
projection.

In what follows, a standard interval is a set of the form [j] for some j > 0. Recall that a
permutation w € Sy, is called dominant if it is 132-avoiding. A permutation w is dominant
if and only if its Rothe diagram D(w) = (D(w)1,...,D(w)y) consists only of standard

intervals, which necessarily satisfy #D(w)1 > -+ > #D(w)p,.

Definition 3.2.12. Fix a permutation w € S),. The primary column data of w, denoted
(h,C,a,i1, ), is defined as follows.

If w is not dominant, the diagram D(w) has a column which is not a standard interval.
Set h to be the smallest integer such that the column D(w)y,, 1 is not a standard interval.
Set C' to be the column D(w)p 1 C [n]. Set « to be the largest integer such that [a] C C.
Set i1 to be the smallest missing tooth of C'. Lastly, set § = 11 —«, the size of the “uppermost
gap” of C.

If w is dominant, set h =n, C =0, a =0, i1 =n, and 8 = n. A

Lemma 3.2.13 ([MSS22, Lem 3.4]). Any permutation w restricts to a bijection [a+1,i1] —

[h — B+ 1,h]. The corresponding permutation o € Sg is dominant.

See Figure 3.5 for an example.
For w € Sy, write o(w) for the dominant permutation obtained by restricting w to

[Oé + 1,i1].

Definition 3.2.14. The permutation w is sorted if o(w) is the identity. The sorting of w,
denoted wgert, is the permutation obtained from w by reordering w(a + 1), ..., w(i1) to be

in increasing order. A
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Example 3.2.15. Let w = 68342751. The primary column data of w is

h=4, C={1,2,6}, a=2, i1 =5, 8=3.

and w restricts to a bijection {3,4,5} — {2, 3,4}; the corresponding permutation o(w) € S
is o(w) = 231. The sorting of w is wget = 68234751. The Rothe diagrams of w and wgert

are displayed in Figure 3.5. A

[ [

Figure 3.5: The Rothe diagram of w = 68342751 on the left, and of its sorting wgort =
68234751 on the right. In this example, o(w) = 231.

Definition 3.2.16. The orthodontic sort order <qg is the reflexive and transitive closure of

the relations

Wsort = W (1)
ws;, ...Sq = w whenever w is nonidentity and sorted. (1)
A

Proposition 3.2.17 ([MSS22, Prop 5.6]). The relation <o is a partial order on Sy, and the

identity permutation is the minimum element.
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3.3 Orthodontia and double Grothendieck polynomials

We establish Theorem 3.1.1 by studying the relationship between &,, and &, (Propo-
sition 3.3.7), the relationship between ¥p,,) and gD(wSil...Sa) (Theorem 3.3.9), and then
inducting on the orthodontic sort order (Definition 3.2.16).

The following example motivates Proposition 3.3.2 and Corollary 3.3.3.

Example 3.3.1. Let w = 68342751, as in Example 3.2.15, so that wgot = 68234751.
Observe that D(wsort) = D(w) \ {(2,3),(2,4)} is obtained from D(w) by removing bottom-
aligned portions of standard interval columns. Proposition 3.3.2 asserts that this phe-

nomenon holds in general.

Write K(w) = (K7, ..., Kp) and K(wsort) = (K1, ..., K},). Then:
Ky=0, Ky={3,4}, Ks3=0, Ky4={2}, K5=0, Kg=0, K;=1{1}
and
Ki=0, K)={234}, K;=0, Ky=0 Ki=0 K;=0 K,={1}.

The fact that Kj = K4 \ {2} and K} = Ky U {2} can be viewed as a consequence of the
fact that D(o(w)) = D(231) has Rothe diagram consisting of one standard interval column
of size two.

As D(wsort) can be obtained from D(w) by removing bottom-aligned portions of standard
interval columns, the two diagrams agree after removing standard interval columns. It follows
that the i, j, M orthodontic sequences of w and wgqyt agree: i(w) = i(wsort), j(w) = j(wsort ),
and M(w) = M(wsert). This phenomenon holds more generally, and is stated precisely in

Corollary 3.3.3. A

Proposition 3.3.2. Let (h,C,«,i1,3) denote the primary column data of w € Sy. Set
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/\;‘. = #D(o(w));. The Rothe diagram D(wsort) can be obtained from D(w) by removing

bottom-aligned portions of standard-interval columns, and
D(w) \ D(wsort) = {(a+a,h—B+b): 1<a< A\ and 1 <b < S} (3.4)

Proof of Proposition 3.3.2. As wgot is obtained from w by reordering numbers {w™1(j): j €
[h — B+ 1,h]}, the columns D(wsert); and D(w); agree whenever j ¢ [h — 3+ 1,h]. By
definition of the primary column data and of the sorting of a permutation, D(w)},_g1) =

[+ A7) and D(wsort) h—pg+b = [a]- O

Corollary 3.3.3 (cf. [MSS22, Prop 4.4]). Let (h,C,«, i1, ) denote the primary column data

of we Sy. Set

Sa=qh—0+7:
Write K(w) = (K1, ..., Kyn) and K(wsort) = (K7, ..., K},). Then
i(w) = i(wsort)> .](w) = j(wsort>7 M(w) = M(wsort>7

and
(

K/ if j<a-—1,

K§\{h—ﬁ+1,...,h}u30 if j = a,

;=
K;USG if j = a+ a, where a € [f],
K’ if 7 >4 + 1.
L J
In particular,
ID(w) = 11 (Ta + Yy = a¥b) | * ID(wsor)-

(a,b)eD(w)\D(wsort)
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Proof. Proposition 3.3.2 implies that the diagrams D(w) and D(wgort) agree after removing
their standard interval columns. It follows that the orthodontic sequences 1i,j, M of w and
wsort agree. The formulas for K in terms of K é hold by (3.4). The relationship between

Yp(w) and I follows from the construction (3.1) of ¥p. O

Wsort )

Lemma 3.3.4. Let (h,C,«, i1, ) denote the primary column data of w € Sy,. For j € [h],

set

N i=#D(w); and vj:=4#{i < j: #D(w); >w (j)}.

Fiz any P € PD(w). Then for every j € |h|, the pipe pU) begins by traversing A; crossing
tiles vertically, ends by traversing v; tiles horizontally, and otherwise traverses only bump

tiles. In particular, every tile in

1 a cross, and every tile in

h—pB+1<i<h,
By =< (0,7): a+1<j<if, \ Cy

i+j<h+a+l

18 an elbow.

Example 3.3.5. Figure 3.6 gives an example of a typical pipe dream, with the structure

guaranteed by Lemma 3.3.4 highlighted. A

Proof of Lemma 3.3.4. Induct on j. The pipe r) necessarily traveres A1 cross tiles ver-
tically before traversing a bump tile to exit at the w_l(l)th row. Now assume that, for
all k < j, the pipes P) traverse A cross tiles vertically, then traverse bump tiles, before

ending by traversing v}, tiles horizontally.
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1 2 3 4 5 6 1 2 3 4 5 6

a a

b b

C C

3 3 ala
5 5 prpy
A TEP P

5 5

d | d

1 =

6 I—* 6%

Figure 3.6: Left: The Rothe diagram of a permutation w = abc3245d16..., for a,b,c,d > 6.
Right: A typical pipe dream P € PD(w). The boxes in Cy, are shaded purple and the boxes
in F,, are shaded red.

As Ay > --- > ), the inductive hypothesis guarantees that all tiles

1§i§)\j
(i,k):
1<k<j5—1

are cross tiles. Thus if PU) traverses a bump tile after traversing a < A; cross tiles vertically,
pipe PU) is forced to travel horizontally until exiting at the (a+1)Mrow. Asa+1< Aj <
w_l(j), this is a contradiction.

As ); is weakly decreasing, #D(w); > w™1(j) if and only if i € [v;]. The inductive
hypothesis guarantees that the pipe exiting at row w_l(j) traverses v; crossing tiles hori-
zontally before traversing any bump tiles.

It remains to show that PU) does not traverse any other cross tiles. To this end, observe
that any such cross tile (a, b) satisfies a > \; and b > v;. It follows that any such cross tile
cannot involve P~ (k) for & < );j as the paths of these pipes are contained in {(a,b): a <
k}, and cannot involve P& for k < v; as the paths of these pipes are contained in {(a,b): b <

v;}. In other words, any such cross tile involves PU) and P*) for k ¢ w’l([)\j]) and k ¢ [v].
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Then, the first part of the result follows from the fact that the inversions of w involving
J are

{(k,5): k€ w L ([\]) or k € []}.

The rest of the lemma follows from the fact that the set of pipes entering the top edge of

the triangular grid
h—B+1<i<h,

(Z7]> a+1<7 <y, ’
itj<h+a+l
namely the set {P(j): h— B+ 1<j<h},isequal to the set of pipes exiting the left edge,

hence restricts to a pipe dream for o(w). O

Corollary 3.3.6. Let (h,C,«,iq,) denote the primary column data of w € Sy, and let
S={h—p+1,...,h}. Fiz P € PD(w).

e Fori,j € S and k € S, the pipes PO and P*) cross if and only if PU) gnd pk)

CTOSs.
e Forie S and j € [n], the pipes P and PY) cross at most once.

e Fori,j € S, the pipes PO and PY) can cross only at Cy \ Cugypy» and conversely

every tile in Cyy \ Cugoy 15 @ crossing of pipes P gnd pl) fori,j eS.

Proof. For any ¢ € §, Lemma 3.3.4 guarantees that pipe p) begins by traversing a many
cross tiles vertically, crossing pipes P for k € w~1([a]), and ends by traversing h — 3 many
cross tiles horizontally, crossing pipes P& for k € [h — B]. Lemma 3.3.4 also guarantees
that the tiles in Cyy U By \ Cug,,, involve only the pipes P for i € S. All three parts of

the claim follow.
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Proposition 3.3.7 (cf. [MSS22, Prop 3.9]). Let w € S, and set \j := #D(o(w));. Then

G,y = H (Ta +Yp — Ta¥p) | - Buweort -
(@,b)eD(w)\D(wsort)
Proof. Fix a pipe dream P € PD(w). By Proposition 3.3.2 and Lemma 3.3.4, the tiles in
D(w) \ D(wgort) are crosses. Let F(P) be the pipe dream obtained from P by replacing the
crosses in D(w) \ D(wsort) with elbows. By uncrossing all pipes P9 and PU) with 4, j € S,
Corollary 3.3.6 guarantees that the Demazure word O(F (P)) of F(P) is wsort.

For any pipe dream P € PD(wgort), let G(P) be the pipe dream obtained from P by
replacing the elbows in D(w) \ D(wsort) C Ewg,,, by crosses. Corollary 3.3.6 guarantees that
the Demazure word 9(G(P)) is w. As FG: PD(wgort) = PD(wgort) and GF': PD(w) —
PD(w) is the identity, the map F is a bijection.

The claim follows from the fact that F': PD(w) — PD(wgqt) scales the weight of a pipe

dream by the monomial

H (Za + Yp — Tayp)- 0
(a,b)eD(w)\D(wsort)
The following example motivates Theorem 3.3.9, which gives a precise description of the

first few terms of the orthodontic sequences of sorted permutations.

Example 3.3.8 (cf. [MSS22, Ex 4.1]). Consider the sorted permutation w = 68234751, with
Rothe diagram depicted in the left of Figure 3.7. The Rothe diagram of w’ := wsgsys3 “al-
most” appears in the double orthodontic sequence for D(w), as shown in the top of Figure 3.7.
Part (6) of Theorem 3.3.9 makes this connection precise.

The primary column (h, C, a, i1, 5) of w are given by h =4, C = {1,2,6}, a = 2, i1 = 5,
and § = 3. From that the uppermost gap has size § = 3 and the first missing tooth i1 =5

occurs in column h + 1 = 5, it follows the next missing teeth are i9 = i1 — 1 = 4 and
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e S
H

[
D(w)—

Figure 3.7: Left: Rothe diagram D(w) for w = 68234751. Middle: first few orthodontic
steps for D(w). Top: Rothe diagram of D(w') for w’ = ws5sys3 = 68723451.

13 = 19 — 1 = 3 and which occur in the fifth column. This phenomenon is captured as part
(1) of Theorem 3.3.9. Direct computation gives j1 = 5—3 = 2, jo = j;1 + 1 = 3, and
Jj3 = jo+1 = 4; this is part (2) of Theorem 3.3.9. None of these row-swap orthodontic moves
introduce standard interval columns; this is part (5) of Theorem 3.3.9.

As w is sorted, the three columns immediately to the left of column h+ 1 = 5 (i.e.,
columns 2, 3,4) are standard intervals equal to [a] = [2]. This is part (3) of Theorem 3.3.9.
Furthermore, there are no standard interval columns of size k for any k € [a+1,41] = {3,4,5}.

This is part (4) of Theorem 3.3.9. A
Theorem 3.3.9 (cf. [MSS22, Thm 4.2]). Let w € Sy, be a nonidentity sorted permutation,
and suppose w has orthodontic sequence

i= (i1 vig)y  §=0sende),  K=(Kp,....Kn), M= (M,...,M).

Let (h,C, 11, ) be the primary column data of w. Write S :=={h —+1,...,h}. Then:
1. For k € [B], we have i), = i1 — k + 1.

2. For k €[], we have j, = h — § + k.
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3. Ifa >0, then Ko, 2 S.
4. For k € [a+ 1,i1], we have K}, = ().
5. For k €[5 — 1], we have M, = ().
6. The permutation w' := WS, - - Sa+1 has orthodontic sequence
l(w,) = (i,@+17"'7i€)7 j(w/) = (jﬂJrla"'ajK)? M(’U},) = (Mﬂ+17'-->M€)a
and

Ki,oo . Ko 1, Ko\ S, SUMg, Keio,...,Kp) ifa>0
I5) +

K(w') =
(SLIM@,KQ,...,KTL) if a =0.
In particular,
Dpw) = Ti 7 (Tat1+ys — ) g (%)
D(w) = Tig,h+1-8 - Ta+1,h Tat+l T Ys = Lat+1¥s D(w') | -
seS

Proof. By definition, C' = D(w)py1 contains [o] U {i1 + 1} and does not contain any of
a+1,...,17. Thus, the leftmost missing teeth of the diagrams in the orthodontic sequence
of D(w) are equal to (i1,i1 —1,...,a+1), and all occur at column h+ 1, with corresponding
sequence of uppermost gaps (8,8 —1,...,1). Parts (1) and (2) follow.

As w is sorted, the columns D(wsort),—g+p are equal to [a], and part (3) follows. Parts

(4) and (5) are proven as [MSS22, Thm 4.2, (iii), (iv)] respectively.
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In order to relate the orthodontic sequences of w and w’, consider the diagrams

h many

E'=0,....0,Dpit,...., Dw)p).

h many

Note that E' = E - s;, ... 5041 and that Mg = {;: E; = [+ 1]}. As the first A columns
of D(w) and D(w') are standard intervals, it follows that D(w’)_ occurs in the orthodontic

sequence of diagrams for D(w) and furthermore that

i(w/) = (iﬂ—klv"'vié)v j(w/) = (jﬂ+17"'7j€>7 M(w,) = (M,B—I—lv"'vMé)'

From the facts that
e D(w)j = D(w'); for j <h— g3,
e D(w)jU{a+1}=D(w');for h—+1<j<h,and
o My={j: B} =[a+1]}

the formula for K(w') in terms of K(w) follows. This gives part (6).

Finally, write D(w’)— for the diagram obtained from D(w’) by removing all standard
interval columns. The equation (x) is a consequence of part (4) of the claim via the string
of equalities

_K _K,— _
Dpw) =1 L By T h1—p - Far L a (@D )

—~
~—

= =K1 =K
= Ti ,h+1-B - Ta+l,h (wl . Why ngD(w’)_>

— — -1
= Tivht1-8 - Tatrth | 1] @ar1 + s — at19s) ™ Do) | - 0
seS
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In order to relate the formula from Theorem 3.3.9 to Grothendieck polynomials, the

following lemmas will be useful.

Lemma 3.3.10. Let A, = giﬂl 0---00;. Fora= —1, set Aq := 1 to be the identity

operator. Given g € C[x,y| and £ > 1 such that 0;¢(g) = 0, the equality
Tittjy © Dr—1(9) = Bisp 0 Tigy—1j, © Dy_a(9)
holds. In particular, for any £ >0,
Titt,j, © De—1(9) = Byl(xi + yj, — 395,)9)

whenever 0;11(g) = - -+ = 0;4¢(g9) = 0.

Proof. Work in the ring of endomorphisms of C[x,y]. For h € Clx,y], write my, for the

“multiplication by h” operator, given by f + fh. As
Qj omg, = (Mg, 00;) +1 and 9; o my; = my; o 9; for all j,
observe that

My —yj+wi11y; © 0; = (m$i+1 OMlty; — myj) o J;
= (0; 0 mg; — 1) omyyy, — 0; 0 my,

= 0; 0 (mzryfrziyj) — Mty;- ()
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Hence

Titt,jp © Bo—1 = Oipp © May vy~ gy;, © Oikt—1 0 M1z, © Dy
¢ Je Je +
) 5 N

= 0iy¢° (4010 Moz g 1+Yj,—Tive—1Y5, ~ mlJijé) O MY~z © Bp2

= Digt O Tipr—1,5, © B2 = Dipg 0 Mgy 0 Mgy, © Dyg. (*)

Note that 5i+g and mj_g, , commute with Ay_9, so that

Qg ©Mity; ©Mi—g,, 0Dy 2(9) =M1ty 0Dy 900, 00mi—g, ,(9)
Je Je

= M4y, © Bp—20 0 o(1 = i 41) (L — 2i40)g) -

=0

(%)

Applying the equality () of operators to the function g, and using (*x), the claimed equality

Tittjo © Do—1(9) = Bip 0 Tigy—1j, © Dy—2(9)

follows.

The second part of the lemma, for ¢ = 0, is nothing but the identity

Tijo(9) = 0i (% — vjy)9), (3.5)

and in general it follows from repeated application of the first part of the lemma combined

with the identity (3.5). O

Lemma 3.3.11 (cf. [MSS22, Lem 5.11}). Let g be a polynomial with
di+1(9) = -+ = 0i1x(9) = 0.
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Then
k

ﬁz’-l—k,jkﬁi-l-k—l,jk_l .. .fi7j0(g) = gi—i-k‘ ... 0; H (332 + Yja — xiyja) g
a=0
Proof. Induct on k as follows. The base case k = 0 is the identity (3.5). For k > 0, the

inductive hypothesis guarantees that

k-1
Titho1jpy - Tigo(9) = D1 | [ (i +vj, — zivj) - 9
a=0
Then, because
k-1 k-1
Oi1 | [] i +wj —2ivi)g | == 0w | [[ (@i +vj, —2as)9 | =0,
a=0 a=0
Lemma 3.3.10 implies that
k-1 k
Tikjp © D1 | [] @i+ vjo —zivj) -9 | =20 | [ @i + w5, — zivs) - 9 O
a=0 a=0

Theorem 3.1.1. Let D be a %-avoiding diagram with double orthodontic sequence K, 1i,j, M.

Define

KKy K _M
gD(Xa }’) =Wy 1“2 2 ( !

_ _ __M- _ __M,
.. 'wnnﬂ'il,jl wil 7Ti2,j2<°~’¢22 - Wigﬂ'g(”i/) o )) (31)

When D = D(w) is the Rothe diagram of a permutation, then 9p(x,y) = Gy (x,y).

Proof of Theorem 3.1.1. Induct on the orthodontic sort order (Definition 3.2.16). In the
base case w = id, both ¥p;q) = ¢ and &;q are equal to 1.

Assume that w is not sorted and that ¥p,, .y = Gug,. Corollary 3.3.3 and Proposi-
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tion 3.3.7 imply that

ID(w) = 11 (a +Yp — Za¥b) | 9D(wsort)
(a,b)eD(w)\D(wsort)

= H (xa +yp — Iayb) Bgort
(a,b)eD(w)\D(wsort)

Now assume that w is sorted and that gD(wsil...sa) = Q5w8i1._.sa. Writing v’ := WS, - - Sa

and S :={h— (5 +1,...,h}, Theorem 3.3.9 and Lemma 3.3.11 imply that

- _ —1
D) = Tirhi1—6 - Tatih | [ ] (@as1 + s = var19s) ™ D)

seS
=By -9 (YD)
=0y - 0a (B,y)
= Gy O

Corollary 3.3.12. If D = D(w) is a Rothe diagram, then /p(x,y) = Gu(x, —y).

Proof. By definition, G, (x,y) is the lowest degree part of &, (x, —y). Remark 3.2.10 guar-
antees that .#p(x,y) is the lowest degree part of ¥p(x,y). The result now follows from

Theorem 3.1.1. N

3.4 Lascoux positivity

We prove Theorem 3.1.2 by reducing the problem to the special case where every column is a
standard interval (cf. Lemma 3.4.3 and Corollary 3.4.6). This case can be checked explicitly

(Proposition 3.4.11).
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Lemma 3.4.1. For i € [n| and M C [n], and f € C[x| satisfying deg, (f) < m, the

equalities
WMy 1 = (@ = )M (@ — )M (3.6)
it (11— 1) (2 =) f) =21 oy (L= 2pip1) - (L= 2p)rmn(f) (3.7)
i g (Dlys—1 = 0i((zi — D(fly;-1)) (3.8)
rmn(0i(; — 1) f)) = Tn—i(rmn(f)) (3.9)
hold.

Proof. Equations (3.6) and (3.8) are immediate from the definition of wiM and 7; ;. Equa-
tions (3.7) and (3.9) can be proven by a manual check when f is a monomial and applying

linearity. (Equation (3.9) also follows from [Yu23, Lem 3.4]). O

Let ¢; denote the operator

;- fl—>$1...l’i(1—$i+1)...(1—$n)f.

Corollary 3.4.2. The polynomial rm n(p(x,—1)) can be obtained from the polynomial

1 € Clx] by repeated application of operators of the form [+ 7;(f) and p;.

Proof. By the orthodontic formula (3.1), along with Equations (3.6) and (3.8), -#p(x,—1)
can be obtained from the polynomial 1 € C[x] by repeated application of operators of the

form

fr=0i(x; —1)f and fe(rr—1)...(z; = 1.

Using Equations (3.7) and (3.9) to commute the operator ry, 5 past the two operators above,
it follows that 7y, n(p(x,1)) can be obtained by repeated application of the operators 7;

and @,,_;. O]
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Lemma 3.4.3. The equality

Lo if a;; > Q11
Ti(La) =

Las; oy <oyqq

holds; in particular, 7; preserves Lascoux positivity.

Proof. When «; > ayi1, the definition of Lascoux polynomials guarantees that £, =
T;La-s;- The claim then follows from the fact that 7; is idempotent. When o; < o1,

the claim follows from the definition of £q.s,. O
Proposition 3.4.4. Conjecture 3.1.5 implies Conjecture 3.1.4.

Proof. By Corollary 3.4.2, it suffices to show that the operators 7; and ¢; preserve Lascoux

positivity. This follows from Lemma 3.4.3 and Conjecture 3.1.5, respectively. m

Lemma 3.4.5. Assume that the columns of D are ordered by inclusion, and write K,1i,j, M

for the orthodontic sequence. Then:

1. Every diagram appearing in the orthodontic sequence of D also has all columns ordered

by inclusion.
2. If K, # 0, then ij # k for all j.
8. If My, # 0 for some k, then ij # iy for all j > k.

Proof. Part 1 of the lemma follows from the fact that orthodontic moves either remove a
column or swap two rows; both of these moves preserve the inclusion property of the columns.

If K # 0, then D has a column equal to [k]. As the columns of D are ordered by
inclusion, every other column of D is either contained in [k] or is equal to [k] LU S for some

kth

S; in particular, no empty box in the row has a square below it in its column. As

orthodontic moves remove columns or move boxes up, no empty box in the k™ row of any
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diagram D’ appearing in the orthodontic sequence of D has a square below it in its column;
in particular, k can never be a missing tooth of D’. Part 2 of the lemma follows.

Similarly, if M, # 0 for some k, then there is a diagram D’ in the orthodontic sequence
of D which has a column equal to [ig]. Arguing as above, it follows that i; can never
be a missing tooth of a diagram in the orthodontic sequence of D’. Part 3 of the lemma

follows. O

Corollary 3.4.6. Let D be a diagram whose columns are ordered by inclusion, and let

K,i,j,M denote the orthodontic sequence of D. Then,

K K M M
Ipx,y) =mi gy (oW -will Wy O,

J

Proof. Because wy is symmetric with respect to x1,...,z; and with respect to x;1,...,xn,

it follows that w;] commutes with 7 ; whenever i’ #i. Lemma 3.4.5 guarantees that the

J

w? in the orthodontic formula (3.1) can be commuted past the 7 ; occurring to the right.

i J
The claim follows. ]
Let Cy, 1. ¢ be the set of a = (a1,...,an) € N" with a1 = -+ = ap, = £ and a; < { for
all j.

Lemma 3.4.7. Let a« € Cy, .y and i < k. Then
La(x1,...,xy) = az’g . .xfi‘,a(i) (Tig1,- -5 Tn), where a(i) = (ajy1,...,an).

Proof. Write X := sort(«) for the partition obtained by reordering « so that the components

are weakly decreasing. Then
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where i; >k for all j. As Ay =--- =\, =,
Lo = x{ . .xfﬁil . .ﬁie(x/\(i)), A1) == (Niat1s -5 An)
for any i« < k. The claim follows from the fact that

Tiy -+ iy (M) = Loy (it - ). =
Lemma 3.4.8. The set of Lascouz polynomials {£n: o € ka,e} forms a basis for the vector

space Vi, ¢ of polynomials of the form

I{...xﬁ-f(xk+1,..-7xn), degxi(f) <

Proof. The set of polynomials £ (2py1,...,2n) with a; < £ forms a basis for the set of
polynomials Clrjq,...,zs] such that deg, (f) < ¢ for all /. Lemma 3.4.7 implies that
{€a: a € Cp o} spans V}, g, Since Lascoux polynomials are linearly independent, the claim

follows. O

Recall that the stable Grothendieck polynomial Gy, (21, ..., zy) of a permutation w € Sy,

is defined to be the limit imy_,o &N, (71,...,27,,0,0,...).

Example 3.4.9. For w = 21, the stable Grothendieck polynomial Go1(z1,...,zy) is equal

to
n

Gor(1, - an) = Y (1) e(x),

1=1
where e; is the gt elementary symmetric polynomial. (More generally, for permutations
with a unique descent, Gy (z1,...,2p) can be computed e.g. using [Len00, Thm 2.2].)

In particular,

(1—21)...(1 —xy) =1—Gor(x1,...,2pn). JAN
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The key ingredient for the Lascoux positivity in Theorem 3.1.2 is the following result by

Orelowitz and Yu.

Theorem 3.4.10 ([OY23, Thm 1.3]). The product £o(21,...,2n) - Guw(z1,...,2n) s a

graded nonnegative sum of Lascoux polynomials:
Lalz1,...,xn) Gu(xy, ... 2 205 |ﬂ| —t(w)— |O‘|£5(x1,...,xn), cg > 0.

Orelowitz and Yu prove more in [OY23, Thm 1.3]: they express the product as a sum

over certain tableaux, each of which contribute a Lascoux polynomial in the expansion.
Ai41

Proposition 3.4.11. Assume that <pZ <pz+1 ... w is a graded nonnegative sum of Lascoux

polynomials for some a;,a;y1,...,an > 0. Then

i o

1s again a graded nonnegative sum of Lascoux polynomials.

Proof. For ¢ = n, the result is trivial.
Assume that ¢ < n — 1 and write f = ¢, gpzfll. Somr . Write £ = a; + -+ + ap
and observe that f € V;,. Lemma 3.4.8 implies that the Lascoux expansion of f, graded

nonnegative by assumption, reads

F= 3 (pllteaga(er,... am), a0,

aECmZ"g

By Lemma 3.4.7, the polynomial f expands as

f = Z (—1)|04|_£Cal€ Ce .Z'f . 20[(@) (IZ+1, . 73:71)7 Where O[(Z) = (O[,L+1’ . ,Ofn)-
aeCmM
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Asp; =x1...2;(1—Go1(zjr1,...,2n)) (cf. Example 3.4.9), the polynomial ¢; f expands as

pif = D> (DI ez e (1= Gt (i, wn)) Lagi)(@ig 1, - 7). (3.10)
OéGCnyi,g

Theorem 3.4.10 implies that

G91 (932-+1, - ,a:n)ﬂa(z-) (.TH_L . ,xn) = Z Ca(i)’ﬁ(i)(—1)|ﬁ(i)|_1_|a(i)|£6(i) (xi+1, - ,xn).
B(i)

As deng(ﬂa(i)) < (¢ and degzj(Gﬂ(xHL coyxp)) = 1fori+1 < j < n, it follows that
degﬁj(ﬂﬁ(i)) </{l+1fori+1<j<n. Writing 5(7) :== (Bj+1,-..,n), Lemma 3.4.7 implies

that

1 many

It follows that each summand in Equation (3.10) has a graded nonnegative Lascoux expan-

sion. O

Theorem 3.1.2. Let D C [n] x [m] be a diagram whose columns are ordered by inclusion.

Let p(x,y) be the lowest degree part of 9p(x,y). Then, the polynomial
m m o -1 -1,
R A | e e [T §

is a graded nonnegative sum of Lascoux polynomials £q(x1,...,xn).

Proof. Corollary 3.4.6 asserts

K K M M
I y) =iy jy (T gy wp ™ wp e wp ) ).
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Equations (3.6)-(3.9), along with the fact that the ¢; commute with each other, imply that

Tmﬂl(yD(Xv _1)) = ﬁn—il .- 'ﬁn—ig(()o]ﬂ s @km(l))
for k1 > -+ > kyp. Proposition 3.4.11 implies that ¢ ... (1) is Lascoux positive, and
the result follows from Lemma 3.4.3. O

Corollary 3.1.3. Letw € Sy, be a vezillary permutation and write Sy (1, ..., Tn; Y1, - Yn)

for the double Schubert polynomial. Then the polynomial

-1 -1
T A G TP R i I
is a graded nonnegative sum of Lascoux polynomials £q(x1, ..., xy).

Proof. By Corollary 3.3.12, the double Schubert polynomial &, (x,1) is equal to the spe-

cialization .,y (x, —=1). The result follows from Theorem 3.1.2. O

Example 3.4.12. Replacing w € S;, with w(n + 1) € Sy, 11 amounts to replacing
fo=al  alSy(x . ,:cl_l; 1) with xﬁ”rl:vg oo ZpZparf (T, Tpat).
This operation preserves Lascoux positivity by Lemma 3.4.7. For example, if w = 321, then

Su(xsy) = (#1 —y1) (x2 —y1) (21 — ¥2)

= x%xz - SC%?A — T1T2Y1 — T1X2Y2 + I1y% + T1Y1Y2 + 2Y1Y2 — y%yQ,

7



which gives

3..3..3 -1 -1 _—1. 3.2 3.3 3,2 2 3.2, 2
v 157036 (T3 7, 79 T, 2y 5 1) = 2)2503 — 21513 — T)THX5 — 25T

+ zi’x%x% + x%x%x% + m%x%x% — xi’x%x%

= (£321) — (2€322 + £331) + (£323 + £332) -
Taking w = 3214 gives

4 4

4 4 -1
xlx2$3x46w(:v4

1 1 4 3.2 4.4 4 2 4.4 3.3 4.4, 3.3

-1 -1 —1.qy_ 4
(g s Ly Ty 1) =TT — TIXQLZTY — X{THTFTY — T{TTZLTY

+ x%x%xéxi + x%x%xéxi + x%x%x%zﬁ — x%x%x%xﬁ

= (L4432) — (284433 + L4442) + (L4434 + Laa43). A
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