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We show that several models of interacting XXZ spin chains subject to boundary driving and dissipation
possess a subtle kind of time-reversal symmetry, making their steady states exactly solvable. We focus on a
model with a coherent boundary drive, showing that it exhibits a unique continuous dissipative phase
transition as a function of the boundary drive amplitude. This transition has no analog in the bulk closed
system or in incoherently driven models. We also show the steady-state magnetization exhibits a surprising
fractal dependence on interaction strength, something previously associated with less easily measured
infinite-temperature transport quantities (the Drude weight). Our exact solution also directly yields driven-
dissipative double-chain models that have pure, entangled steady states that are current carrying.
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Introduction—The nonequilibrium dynamics of driven
interacting systems represents a forefront in quantum many-
body physics. Among such systems, driven integrable spin
chains are a paradigmatic class of models [1-3], studied for
their broad relevance to experimental platforms [4-8], as
well as for the deep theoretical insights enabled by the tools
of quantum integrability. They exhibit many surprising
phenomena, including unexpected connections to Kardar-
Parisi-Zhang universality [9—12], transitions between bal-
listic, diffusive, and insulating transport regimes [13,14],
and fractal structures in the Drude weight characterizing
ballistic transport [15—17]. Models where boundary driving
is balanced with boundary dissipation are also uniquely
interesting: their nonequilibrium steady states (NESSs)
exhibit a rich set of phenomena that reflect the physics of
the bulk Hamiltonian. Remarkably, a number of such models
(where the driving is incoherent) admit an analytic solution
for the NESS [16,18-20].

Given this wide body of work, there are two natural
questions that arise. First, is it possible to have phase
transitions in the NESSs of boundary-driven-dissipative
spin chains that are controlled by the boundary drive alone
and that do not simply reflect different phases of the bulk
Hamiltonian? While previous studies have seen transitions
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in either transport properties or correlation structure [21],
they involve tuning a parameter in the bulk Hamiltonian,
and are simply related to its structure. Second, is there a
more general way to understand the remarkable exact
solutions in Refs. [13,16,20,22]? If so, can we use this
to derive qualitatively new exact solutions?

In this Letter, we address both these questions. We show
that a version of quantum detailed balance [hidden time-
reversal symmetry (hTRS) [23]] is present in a variety of
boundary-driven-dissipative XXZ spin chain models, ena-
bling exact analytic solutions of the NESSs via the coherent
quantum absorber (CQA) construction [23,24] (see Fig. 1).
This method provides a new, physically appealing way to
understand previously derived exact solutions and lets us
derive completely new solutions. hTRS has previously
been used to describe many-body models with purely
collective interactions [25-27] or boundary-driven models
that are noninteracting in the bulk [28]; unlike those
previous works, here we apply it to a truly interacting spin
chain model. We use it to find an exact solution for the
NESSs of a XXZ spin chain subject to boundary loss and a
“coherent” boundary drive (see Fig. 1). Dissipative many-
body systems with coherent boundary drives are relatively
unstudied, but can have remarkable behavior [29,30].
Unlike previously studied XXZ models with incoherent
drives, our NESS exhibits a continuous phase transition
as a function of the boundary drive amplitude, a transition
that has no simple correspondence to ground-state phases
of the bulk XXZ Hamiltonian. The transition can be seen
by measuring the average magnetization or spin current.
We also find that the steady-state magnetization mirrors
the surprising fractal structure of the infinite-temperature
XXZ model Drude weight [15], an effect related to the
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FIG. 1. Schematic of the boundary-driven XXZ spin chain and
the CQA construction of the doubled system. The system (top)
consists of N spins with a coherent drive at site N (right) and
incoherent loss at site 1 (left). The absorber (bottom) consists
of mirroring the system and is coupled to the system via a
unidirectional waveguide.

quasiparticle structure of the bulk XXZ Hamiltonian. This
represents perhaps the simplest observable manifestation of
this effect.

Our Letter reveals other surprising structures. The con-
nection to hTRS allows us to also construct exactly solvable
models where two boundary-driven X XZ chains are coupled
via common waveguide (see Fig. 1). These systems exhibit
a pure, current-carrying steady state, with a steady-state
entanglement that grows logarithmically with system size.
Furthermore, the presence of hTRS in these driven-
dissipative interacting spin models not only helps determine
the steady state but also implies that certain steady-state
correlation functions exhibit Onsager symmetry.

Model—We consider a driven-dissipative system of N
spins 1/2 governed by the Gorini-Kossakowski-Sudarshan-
Lindblad (Lindblad) master equation

A n 2 Q.. . e
dlp—ﬁp——z[Hxxz +§U}‘V,p} +yDl67]p. (1)

where Hyy, =Y N7 (J616%, | +76767,  +A836%, ) is the
XXZ Hamiltonian, with 6%, 67, 6° being the Pauli matrices,
Q is the amplitude of the coherent drive on site N, and
DIL)p=LpL" —L1{LL,p} is the Lindblad dissipator,
describing the boundary decay with jump operator L = 67
and rate y. Equation (1) is naturally feasible in experimental
platforms such as superconducting circuits and Rydberg
atoms [29,31-33].

In this Letter, we focus on the NESS p, = lim,_,,e“p(0)
of this master equation, which, as shown in Supplemental
Material [34], is unique for all parameters J, A, Q, y.

We find the steady state of Eq. (1) using the CQA
method [23,24]. The basic idea is to redirect the dissipation
of the system of interest (“A”) to an absorber system (“B”’)
via a chiral waveguide (see Fig. 1). The absorber is
designed such that the combined A + B system relaxes
to a pure dark state |ycqa). The steady state of system A is

obtained by tracing out the absorber pg = Trp(Jwcqa)
(wcqal)- For a system with hTRS [23] (as we find to be the
case here), there is a simple construction of the absorber
system B: one mirrors the original spin chain with A® =
—H™ and L®) = —L " (see Supplemental Material [34]).
The dynamics of this doubled system p,p is described
by the cascaded master equation 9,pp = —i[HYP), p] +
yDIL“®)]p where

A A A A B Q A N A
HAB = B, — A, +— (65 y—650) + e (2)

LB = 641~ 0p1 (3)

and A, =—(iy/2)(6) 65, —67,6%,) is the unidirectional
coupling between the system and absorber [40,41], leading
to effective isolation of system from absorber [42]. We
search for a pure state satisfying the dark-state conditions
I:I(AB)|WCQA> =0 and i‘(AB)|WCQA> =0.

We consider the doubled system to be a chain of N
sites, but with a doubled local Hilbert space spanned by
the four states: [0;) = [{aidpi)s (1) = [Tailsi)s [Si) =
(Maidpi) = Naite))/vV2, and [Ty = (Taidss) +
1V ailsi))/ V2. Here |1), ||) denote &, eigenstates with
eigenvalues £1, respectively, and 6~ = || )(1]. Inspired by
the matrix product operator (MPO) ansatz of Ref. [16], we
construct the pure (unnormalized) dark state as a matrix
product state (MPS) ansatz

|WCQA> == Z VTLAS]...ASNVR|S1...SN>. (4)

Here, the summation is limited to the triplet subspace
s;€{0;,1;,T;}, as the singlet state |S;) decouples due to
the dark-state conditions (see Supplemental Material [34]).
The matrices AS are assumed translationally invariant
and represented by the ansatz: Ay = SN ailk)(k],
A= SV bilk+ 1)(Kl, and Ay = Y00 e lk) (k+ 11,
where {|k),k=0,1,...,N} labels the auxiliary space
(which we view as a one-dimensional lattice). The left
vector vy,, corresponding to the dissipative site, is chosen to
be |0) (i.e., the leftmost site in the auxiliary lattice), while
the right vector vy, corresponding to the coherently driven
site, is parametrized as vg = Y~ , a;|k). Imposing the
dark-state condition on the state in Eq. (4) yields recursion
relations for the matrix elements a;, by, ¢, and the
coefficients ;. These relations can be efficiently solved
numerically exactly but also approximately analytically in
certain limits (see Supplemental Material [34]). Note that
A, changes the auxiliary state by at most 1, which implies
that the bond dimension of the MPS scales at most linearly
with N.
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FIG. 2. Phase diagram. (a) Magnetization density (m) in the steady state as a function of A/J and Q/J. The three phases are denoted
by (1) the ballistic ordered phase, (2) ballistic disordered phase, (3) insulating ordered phase. The dashed green line denotes the
analytical expression (5). (b) A line cut of (m) for fixed A/J = 0.2 and system size N = 500. (c) Finite-size scaling of the magnetization
near the critical drive Q.. The exponents are a = 0.55 and b = 0.75 (which agree with § = a/b). (d) Critical exponent f§ as a function of
y/J. For y/J > 0.1 we extract the critical exponent by fitting the finite-size scaling function [as in (c)], but for weaker dissipation
(y/J <0.1) we only use the largest available system size due to finite-size effects (see Supplemental Material [34]). Black dashed line
represents the analytical prediction = 1 in the weak dissipation limit.

The AS matrices are identical to those appearing in
previous MPO solutions of incoherently pumped XXZ spin
chains [16,22] and are fully determined by the dissipation y
and bulk parameters J and A. Unlike those studies, where
the right vector vgi is trivial and determined solely by
the boundary dissipation, here it has a more complex
structure: it encodes the interplay between the bulk
Hamiltonian and the coherent boundary drive. As we show,
this nontrivial competition leads to a phase transition with
no analog in incoherently pumped models. More generally,
the CQA construction employed here allows us to general-
ize the results of Refs. [16,22], providing a pure steady state
of the corresponding doubled system (see Supplemental
Material [34]).

Phase diagram—From the exact solution, Eq. (4), we
determine the phase diagram of the model, shown in Fig. 2(a)
in the Q, A plane. Using the magnetization density (m) =

N | Tr(6%ps)/N as an order parameter, we identify three
regimes, marked as (1), (2), and (3) in Fig. 2(a). One
phase boundary appears along A/J = 1, corresponding to
a Heisenberg exchange interaction. For A > J, the system is
always ordered irrespective of Q. This transition corresponds
to the ground-state phase transition of the bulk XXZ spin
chain between a Luttinger liquid with ferromagnetic order
and a paramagnetic phase [43]. More interesting is the regime
A/J < 1, where we find an additional, genuinely nonequili-
brium transition with no analog in the bulk Hamiltonian.

For A < J, we find a continuous transition as Q is
increased from zero, from an ordered state [region (1) with
(m) # 0] to a disordered state [region (2) with (m) = 0] ata
critical Q. [green dashed line in Fig. 2(a)]. The transition
can be understood from a quantum-to-classical mapping of
the MPS Eq. (4), under a suitable gauge choice. Local
observables, such as the magnetization, can be equivalently
calculated from a classical stochastic process consisting of
a particle hopping on a chain of N sites. In the weak

dissipation limit, y/J — 0 [44], the hopping rates can be
analytically obtained and manifest as quasiperiodically
disordered rates. Within this classical model, the magneti-
zation corresponds to the average distance traveled in N steps
starting from the state vy, (i.e., site zero), with the final
position weighted by the probability distribution correspond-
ing to vg (i.e., a postselection). The phase transition can be
understood as a localization transition of vg. In the limit
y/J — 0, the coefficient a; is simply the Chebyshev poly-
nomial of the first kind o (Q./Q) = T (Q./Q), where [34]

VJ? = A2

The phase transition occurs at Q./Q = 1 where vg tran-
sitions from exponentially localized a; ~ e** with cosh & =
Q./Q (for Q < Q.), which favors trajectories with large
excursions away from the initial site (zero), giving rise to
(m) ~ —1, to oscillatory a; ~ cos k& with cos & = Q../Q (for
Q > Q.), which leads to a disordered state (m) = 0.
While Eq. (5) is derived from the weak dissipation limit,
we numerically find that the critical drive holds approx-
imately for arbitrary dissipation strength [see Fig. 2(b)]. In
Supplemental Material [34], we further confirm this by
studying the magnetization susceptibility dq (m) for differ-
ent system sizes. Although Q. does not directly reflect on
the bulk Hamiltonian properties, surprisingly it is propor-
tional to the square root of the smooth part of the infinite-
temperature spin Drude weight D [15], which characterizes
the ballistic contribution of the real part of the spin
conductivity. Further, the Drude weight can be interpreted
as an effective velocity squared [45]. Our phase transition
thus can be interpreted as a competition between the drive
and an effective propagation velocity. This is reminiscent of
the phase transition in the asymmetric simple exclusion
process (ASEP) [46], which involves an analogous com-
petition between a drive strength and a hopping rate.

Q. = (5)
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Moreover, the phase transition in our model, despite being
continuous, does not appear to spontaneously break any
symmetries [47], which is another similarity with the ASEP.

To better understand the phase transition, we now turn to
the critical behavior near Q., where |(m)| ~ [1 — (Q/Q.))?
for Q < Q.. We extract the exponent f by a finite-size
scaling, shown in Fig. 2(c). Surprisingly, while the critical
drive is independent of dissipation, we find that the critical
exponent f# varies continuously as a function of y, as shown
in Fig. 2(d). In the y/J — 0 limit, we analytically find the
exponent # = 1 (see Supplemental Material [34]), which
agrees well with the exponents extracted numerically
[Fig. 2(d)].

Another interesting feature in the phase diagram in
Fig. 2(a) for A/J < 1 is the presence of a set of interaction
parameters A where the system shows strikingly different
behavior. These occur when A is tuned to

l
A/ =cos—n, mlEZ. (6)
m

For these A, and in the weak-y limit, one can show that the
bond dimension of the exact solution MPS in Eq. (4)
becomes finite (i.e. independent of system size).

These special points are well known in the fractal structure
of the spin Drude weight in the infinite-temperature XXZ
model (see, e.g., [13,15,17,48,49]). Here, we find that the
magnetization exhibits resonance peaks near each A, for
m < N (see Fig. 3), and that there is no phase transition when
A is exactly tuned to 4, (see Supplemental Material [34]).
The free fermion case is A;, = 0. Our model presents a
direct manifestation of this fractal structure in a far more
experimentally accessible observable than the Drude weight:
the steady-state magnetization. Note that the number of
observable resonance peaks is constrained by system size and
that their resonance width diminishes with increasing N [see
Fig. 3(b)]. This permits the phase transition to persist in the
thermodynamic limit for irrational A (see Supplemental
Material [34]).

Doubled system and hTRS—We now turn to discussing
several interesting features of the doubled system of
Fig. 1 and consequences of hTRS. To begin, the different
phases in Fig. 2 can also be distinguished by the spin
current (j) = i((6,,67% ns1 — H.C.)). Specifically, phase
(3) is insulating, with log(j) « —N, whereas both phases
(1) and (2) are ballistic [the coefficient shows nonanalytic
behavior similar to the magnetization in Fig. 2(b) [34]].
Exactly at A/J = 1, the current is subdiffusive (j) ~ N2,
in agreement with previous studies [2,13]. Moreover, the
current can also be viewed as the steady-state current of the
doubled system in Fig. 1, traveling from the coherent drive
on site N of the system, via the chiral waveguide, through
the absorber and exiting via the absorber’s coherent drive.
This implies an exotic situation where the cascaded master
equation stabilizes a pure, current-carrying state |wcoa)-

(a) 0.00

—0.25

T —050

<

—0.75

FIG. 3. The steady-state magnetization as a function of A/J
(a) N =15 and (b) N = 200. The green dashed line Eq. (5) and
the black dashed line (A/J = 1) denotes the phase boundary
between phases (1), (2), and (3). In (a) we identify all the
resonances due to the special points //m in Eq. (6). In (b) there
are more resonances visible in the larger system.

We stress that there are many ways to experimentally
realize such effective chiral waveguides [50].

We also explore quantities unique to the doubled
system, with no counterpart in the single spin chain.
Using the pure steady state of Eq. (4), we analyze the von
Neumann entanglement entropy for a vertical bipartition
in Fig. 1: Sy, = =Tr(pyjlogpy), where pyj, =
Tryon/2([wega) (Weoal) is the reduced density matrix
for half (all sites x > N/2) of the combined system
absorber. As discussed in the previous section, at the
special values of A in Eq. (6), the MPS in Eq. (4) has a
finite bond dimension, implying area law entanglement,
which we confirm numerically in Fig. 4(a). In contrast,
away from the special points for 0 < A/J < 1, we find
logarithmic scaling Sy, ~ log N, suggesting linear growth
of the bond dimension. Notably, this distinction persists
even in the disordered phase (2), where the resonance
structures vanish.

Finally, note that the presence of h'TRS in our system also
constrains its dynamics [23]. In particular, it implies an
Onsager symmetry, which takes the form of time-symmetric
correlations for certain operators [34],

Here, X and ¥ are the time-symmetric operators predicted
by hTRS [34]. In the case of Eq. (1), the following local
operators X = 67 and ¥ = 6765 are time symmetric, which
we verified numerically for a small system in Fig. 4(b). In
contrast, the spin correlation functions (67(#)65(0)), and
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FIG. 4. Features of double construction and hTRS. (a) Entropy
scaling for generic anisotropy A/J = 0.2 and special point A/J =
cos(r/3) = 0.5 with Q/J = 2 and y/J = 1. Inset: the bipartition.
(b) hTRS: two time correlators for the single chain N = 3 where
X =67and ¥ = 6765 withQ/J = 0.4,A/J =0.2,andy/J = 1.
Inset: X = 65 and V= 65.

(65(1)65(0)),, are not time symmetric [see Fig. 4(b) inset].
This is related to the fact that the Onsager symmetry does not
hold for every pair of operators.

Summary and outlook—In this Letter, we introduced a
novel exact solution to the boundary coherent-driven-
dissipative XXZ spin chain with an explicit doubled state
construction. This allowed us to identify a unique con-
tinuous dissipative phase transition as a function of the
boundary drive amplitude. We also found that simple
observables in the dissipative steady state directly manifest
fractal behavior controlled by anisotropy A/J. Our Letter
suggests that coherently driven-dissipative models could be
a rich source of new phenomena and insights. While our
Letter focuses on the phase transition in the thermodynamic
limit, intriguing phenomena exist for small system sizes,
such as the fractal resonance structure and subtle hTRS
symmetry; these are extremely well suited for near-term
quantum simulation experiments.
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