
Synthetic High Angular Momentum Spin Dynamics in a Microwave Oscillator

Saswata Roy ,1 Alen Senanian ,1 Christopher S. Wang ,2 Owen C. Wetherbee ,1 Luojia Zhang,1 B. Cole,3 C. P. Larson,3

E. Yelton,3 Kartikeya Arora ,4,5 Peter L. McMahon ,6 B. L. T. Plourde ,3 Baptiste Royer,5,* and Valla Fatemi 6,†

1Department of Physics, Cornell University, Ithaca, New York 14853, USA
2James Franck Institute and Department of Physics, University of Chicago, Chicago, Illinois 60637, USA

3Department of Physics, Syracuse University, Syracuse, New York 13244-1130, USA
4Department of Physics, Indian Institute of Technology (Banaras Hindu University),

Varanasi 221005, India
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Spins and oscillators are foundational to much of physics and applied sciences. For quantum
information, a spin 1=2 exemplifies the most basic unit, a qubit. High angular momentum spins (HAMSs)
and harmonic oscillators provide multilevel manifolds which have the potential for hardware-efficient
protected encodings of quantum information and simulation of many-body quantum systems. In this work,
we demonstrate a new quantum control protocol that conceptually merges these disparate hardware
platforms. Namely, we show how to modify a harmonic oscillator on demand to implement a continuous
range of generators to accomplish linear and nonlinear HAMS dynamics. The spinlike dynamics are
verified by demonstration of linear spin coherent [SU(2)] rotations, nonlinear spin rotations, and
comparison to other manifolds like simply truncated oscillators. Our scheme allows universal control
of a spin cat logical qubit encoding with interpretable drive pulses: We use linear operations to accomplish
four logical gates and further show that nonlinear spin rotations can complete the logical gate set. Our
results show how motion on a closed Hilbert space can be useful for quantum information processing and
opens the door to superconducting circuit simulations of higher angular momentum quantum magnetism.

DOI: 10.1103/PhysRevX.15.021009 Subject Areas: Nonlinear Dynamics, Quantum Physics,
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I. INTRODUCTION

Drive-induced Hamiltonian engineering is a powerful
approach for designing nontrivial quantum dynamics. This
is particularly the case for harmonic modes that host
nontrivial continuous variable quantum states but require
an activated nonlinearity to create and manipulate those
states [1,2]. A popular approach to accomplishing this is to
couple an ancilla qubit to a harmonic oscillator, where the
implicit nonlinearity of the qubit enables activated non-
linear operations on the oscillator. This oscillator-qubit
approach has been gainfully used, in particular, in super-
conducting circuits (electrodynamic qubit and electrody-
namic oscillator) [3,4] and trapped ion systems (spin and

phonon) [5–7] to demonstrate nonclassical bosonic control,
including achievements of beyond-break-even error cor-
rection [8,9].
In the context of superconducting circuits, driving of a

Josephson element has been ubiquitous in engineering
operations that facilitate bosonic quantum error correction
[10–13]. This approach provides flexible engineering of a
variety of useful interaction Hamiltonians but often does
not provide universal control of the bosonic mode neces-
sary for performing arbitrary logical gates without concat-
enating pulses with different parameters (i.e., requires a
high circuit depth) or full numerical optimization of a time-
domain pulse. Existing approaches to universal oscillator
control exploit the fact that, in the dispersive regime, the
qubit exhibits a manifold of oscillator-dependent transition
frequencies [14–17]. However, this picture is accurate
only at low oscillator energies, which is in tension with
canonical oscillator encodings that assume weight at
infinite energy, such as so-called cat codes [18] and
Gottesman-Kitaev-Preskill (GKP) grid codes [19]. The
energy extent of these bosonic codes can also impose
intrinsic limits on the fidelity of logical operations [20,21].
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As alternatives, bosonic encodings such as the binomial
codes [22] are designed to have a strictly finite extent in the
oscillator Hilbert space. However, universal control in these
contexts is usually accomplished by purely numerical or
empirical optimization, resulting in limited intuition about
the accomplished evolution [5,15–17,23–25].
Here, we present a new approach for adiabatic uni-

versal oscillator control over a subspace of the oscillator,
whereby the matrix elements of an isolated manifold of
oscillator states are adjusted by design. This allows for
activated implementation of linear and nonlinear spin
rotations through resonant driving, which provide an
interpretable approach to universal control over the
isolated manifold. With this, we show how we can
modify the oscillator to host SU(2) rotations (linear spin
rotations) and, thus, transform it into a kind of high
angular momentum spin (HAMS). We also show that
nonlinear spin rotations, that have generators which are
higher powers of linear spin rotation generators, can be
accomplished in the oscillator.
We apply our method to accomplish logical gates on a

spin cat encoding similar to those proposed in the context
of nuclear spins [2,26]: The SU(2) rotations provide logical
Pauli gates, and we also identify nonlinear spin rotations
that provide Hadamard and non-Clifford gates. We dem-
onstrate this experimentally on a circuit quantum electro-
dynamics-based platform, which is readily extensible,
providing prospects for HAMS lattices to study frustrated
magnetic systems and surface encodings.

II. THEORETICAL SETUP

Our approach to synthetic HAMS dynamics requires
changing the nature of the oscillator. Typically, a linear
drive displaces the oscillator from the vacuum state
[Fig. 1(b), left] to a coherent state of finite amplitude
[Fig. 1(b), middle]. In contrast, for a spin, a linear rota-
tion induces periodic dynamics of spin coherent states
[Fig. 1(b), right]. Our goal, therefore, is to change the
generator of unitary evolution from the unbounded, linear
position or momentum operators (x̂ or p̂) to a finite-
dimensional spin operator (Ĵx or Ĵy).
To transform the oscillator to a HAMS, we first couple

the oscillator to an ancilla qubit to develop a strong
dispersive coupling strength χ:

H=ℏ ¼ ωcâ†âþ ωqjei hej þ χâ†âjei hej; ð1Þ

where ωc is the cavity frequency, â is the cavity lowering
operator, ωq is the ancilla qubit frequency, and jei is the
ancilla qubit excited state (and jgi the ground state).
Next, we apply a comb of Fock-state selective

drives to the qubit at ωq þ nχ for n ¼ 0; 1;…; N,
as depicted in Figs. 1(c) and 1(d). The qubit drive
Hamiltonian is

Hd1 ¼ Ω
XN
n¼0

cos

�
ωqtþ nχtþ ϕn þ

π

2

�
σ̂y; ð2Þ

(a) (c)(b)

(d)

FIG. 1. Matrix-element modification (MEM) of an oscillator. (a) Cartoon illustrating our approach that takes a harmonic oscillator and
transforms it into a spin using a scheme that incorporates an auxiliary qubit. (b) Normally, a resonantly driven oscillator is displaced,
e.g., by amplitude β (¼ 2, here), from the vacuum to a bosonic coherent state, as depicted by the first operation in the bosonic Wigner
function representation WðαÞ with α being range of displacements. In this work, we instead aim to cause resonant drives to act with
the generator of a spin, such as Ĵx, which induces rotations by angles θ (¼ 0.73π, here) into spin coherent states. This is shown via
the second operation for the case of spin 9=2, represented by both the bosonic Wigner function WðαÞ and the spin Wigner function
WspinðαÞ [27]. The black dotted circle corresponds to a maximum radius for spin states jαj ¼ ffiffiffiffiffiffiffiffiffiffiffiffi

N þ 1
p

, where N is the highest needed
photon number. (c) Our experimental setup consists of a qubit (blue; in this case, a transmon) coupled to an oscillator (red). The qubit is
driven with a frequency comb to accomplish matrix-element modification (the “MEM comb”) and cavity is driven to accomplish the
spin drive. (d) The MEM comb Rabi splits the targeted cavity states and thereby blockades the cavity from exiting those states. The key
feature is that the phases on each tooth of the MEM comb drive modify the matrix elements of the oscillator to that of a spin.
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where Ω is the qubit Rabi drive rate, t is the duration of
the drive, and ϕn is the phase of the drive at nχ shifted
frequency. The number N in such a drive dictates the
size of the isolated manifold of Fock states, which exists
in two copies commensurate with the two levels of the
qubit. Manifolds of similar size were isolated and driven
in the past [14,28], but in those implementations the size
of the system also fixes the resulting dynamics. For
generating the dynamics in the oscillator, we also apply
a double-frequency drive to it:

Hd2 ¼ −iϵ
X1
n¼0

cos

�
ωctþ nχtþ φþ π

2

�
ðâ − â†Þ; ð3Þ

where ϵ is the cavity drive rate and φ is the common
drive phase for cavity drive at both the frequencies. This
double frequency drive accomplishes an unselective
displacement of the cavity. The phase of these drives,
φ, is set to zero unless mentioned otherwise.
At the heart of our approach is the crucial distinction of

tunability of the Rabi drive phases ϕn, which allows us to
tune the matrix elements within a given manifold to design
its dynamics under drive.
This works because each oscillator Fock state jni

becomes tied to a qubit state rotating about the axis
defined by ϕn, e.g., jn; gi → jni ⊗ ½expð−iϕn=2Þjgi þ
expðiϕn=2Þjei�=

ffiffiffi
2

p
. After adiabatically eliminating the

qubit dynamics in the limit ϵ ≪ Ω ≪ jχj, we can interpret
the angles ϕn as modifying the expectation values of the
raising and lowering operators:

hn − 1jâjni → ffiffiffi
n

p
cos

�
δϕn

2

�
; ð4Þ

where we define δϕn ¼ ϕn − ϕn−1.
This effect makes possible a continuum of generators M̂φ

of unitary rotations Û ¼ exp ð−iθM̂φÞ for a manifold of
N þ 1 levels in the oscillator:

M̂ ¼
XN
n¼1

ffiffiffi
n

p
cos

�
δϕn

2

�
jn − 1ihnj;

M̂φ ¼ e−iφM̂ þ eiφM̂†: ð5Þ

Finally, the rotation angle is given by θ ¼ ϵt.
Commensurate with the construction, we consider the

case of HAMSs that have equally spaced energy levels.
Harmonicity is useful for multilevel systems, because it
renders decayed photons indistinguishable regardless of the
state of the system, which avoids dephasing for logical
encodings. For a spin with total angular momentum J, we
set N ¼ 2J and then modify the generators of rotations to
match that of a linear HAMS M̂φ ¼ Ĵφ, with a one-to-one
mapping of Fock states to spin angular momentum states:

jni ↔ jJ;mi, with n ¼ J þm, m being the spin angular
momentum along the ẑ axis (see Appendix B). The
following condition for the MEM comb phases accom-
plishes this:

ϕn ¼ ϕn−1 þ 2 cos−1
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2J þ 1 − n
2J

r �
: ð6Þ

Such dynamics accomplish SU(2) rotations. Instead, if
all the qubit drive phases (ϕn) are set to zero, then we
observe dynamics equivalent to the blockaded oscillator
dynamics demonstrated in Ref. [14]. We show a compari-
son of blockaded oscillator dynamics and spin dynamics
in Appendix D 2.
These SU(2) rotations have Ĵx, Ĵy, Ĵz, and I as their

generators, so we call them linear spin rotations. We can
also accomplish nonlinear HAMS dynamics by choosing
any phases that deviate from that of Eq. (6). This is because
generators of the form Eq. (5) can be viewed as a linear
combination of the generators

M̂ ¼
X2J
k¼1

ck
h
Ĵ−; Jkz

i
; ð7Þ

where all k > 1 are nonlinear terms. We refer to these
rotations as nonlinear spin rotations, as their generators
include higher powers of the linear spin rotation generators.
Combining the SU(2) rotations with nonlinear spin

rotations provides universal control over the isolated
manifold [29]. This can be expanded or concatenated to
cover the oscillator Hilbert space (see Appendix B 3). We
note that this is an unusual object: HAMSs in solid state
systems (or emulated HAMS) typically have unequal level
spacing and, in practice, require separate drives addressing
each spin-flip transition individually to accomplish univer-
sal control (see, e.g., Refs. [26,30–33]). In principle, our
system remains with equal energy level spacing at all times
and can accomplish universal control over an oscillator
subspace purely through adjusting the matrix elements.
Finally, we note that real experimental hardware will have
nonidealities, like violation of the adiabatic condition and
inherited anharmonicity in the cavity, which we address in
the discussion section. Next, we describe our experimental
implementations.

III. MATRIX-ELEMENT-TUNABLE SPIN 1=2

In our experiments, we use an aluminum λ=4 cavity as a
harmonic oscillator and a transmon qubit as the ancilla.
Details of the package and device parameters are given in
Appendix C (also, see Appendix A).
The simplest form of the experiment is to create a spin

1=2 degree of freedom. For this, we drive the qubit at the
n ¼ 0 and n ¼ 1 Fock state shifted frequencies ωq and
ωq þ χ [ðjgi ↔ jeiÞ ⊗ jni] to isolate the n ¼ 0, 1 states of
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the cavity, as shown in Figs. 2(a) and 2(b). The cavity
dynamics in these conditions and associated simulations
are given in Fig. 2(c), verifying the isolation of a two-level
system, as was previously accomplished through a more
conventional photon blockade [14].
Unlike typical spins (or other qubits), here we have the

freedom to tune the transition matrix element while keeping
the transition frequency fixed. This is accomplished by
tuning the relative phase of the two drives on the ancilla
qubit, ϕ1 − ϕ0. By modifying the relative phase, the over-
lap of the effective eigenstates can be tuned, resulting in
varying the Rabi rates as shown in Fig. 2(d), which follows
the expectation from Eqs. (5) and (6). The most extreme
case, with the drives fully out of phase, ϕ1 − ϕ0 ¼ π,
suppresses rotations of the effective spin 1=2 despite the
presence of the resonant drive. Thereby, we accomplish the
notion of matrix-element modification.

IV. HAMS ROTATIONS

A. Linear spin rotations

A synthetic HAMS with total spin J requires 2J þ 1
Fock states of the cavity to be isolated. In Fig. 3, we show
the spin dynamics of J ¼ 3=2 in both theory [Figs. 3(a)
and 3(b)] and experiment [Figs. 3(c) and 3(d)]. J ¼ 1 and
J ¼ 2 are shown in Appendix D 2. For the theory, we show
both the real spin dynamics (solid lines) and our protocol
(markers) under ideal limits of ϵ ¼ 0.01Ω ¼ 10−4jχj,
showing that the basic protocol functions as desired. At
half period, the now-inverted spin coherent state is equiv-
alent to a Fock state (j3i), as shown in Fig. 3(b).
The experimental implementation [Figs. 3(c) and 3(d)]

exhibits the expected spin dynamics with the addition of
energy losses and coherent infidelities (see Appendix D 3

for details), which arewell captured by numerical simulation
(lines). We also perform Wigner tomography by measuring
Fock state parity after displacements [34] and find compa-
rable states to the ideal simulations. In particular, theWigner

(a)

(b)

(c) (d)

FIG. 2. Minimal implementation: matrix-element-tunable spin 1=2. (a) Pulse schematic for creating spin 1=2 dynamics in the cavity.
MEM comb drive on qubit modifies the harmonic oscillator Hamiltonian to that of a spin, and spin drive induces the spin rotations. Sd is
the “decoder” SNAP gate [16] used to disentangle the qubit and oscillator (see Appendix B for details). (b) Schematic of the experiment
and drives: two Rabi drives at ωq, ωq þ χ with amplitudes Ωeiϕ0 ;Ωeiϕ1 and two cavity drives at ωc, ωc þ χ with equal amplitudes ϵ.
(c) Population of the cavity states for varying duration of cavity drives with ϵ=2π ¼ 94 kHz, Ω=2π ¼ 0.99 MHz, and
χ=2π ¼ −2.54 MHz. Barring some small leakage, the Hilbert space is confined to the first two Fock states. (d) Oscillations of the
population of j1i as a function of the qubit Rabi drive phase difference ϕ1 − ϕ0. At phase difference π, oscillations are stopped because
the matrix element is zero. The cavity drive amplitude is constant across the entire plot and corresponds to ϵ=2π ¼ 72 kHz. For (d), the
qubit drive duration is longer than (c), resulting in more decoherence and, therefore, less contrast in the oscillation.

(a) (c)

(b) (d)

FIG. 3. HAMS dynamics for a spin 3=2. (a) Dynamics of spin
states of a driven spin 3=2 system. The points are numerical
simulations of our protocol in the ideal limit jχj ≫ Ω ≫ ϵ. The
solid line is for an ideal driven spin 3=2, which matches with our
simulated spin. (b) The Wigner functions of the cavity state at the
marked points for our spin protocol are shown. (c) Experimentally
measured probabilities of different spin states of a driven
synthetic spin 3=2 in our cavity with ϵ=2π ¼ 80 kHz,
Ω=2π ¼ 732 kHz, and χ=2π ¼ −3.56 MHz. See Table I, column
four, titled “measured values (2),” for details of the device
parameters. The experimental data are shown as dots, and the
solid lines are numerical simulation of the spin protocol that
considers experimental nonidealities and decoherences. The
numerical simulation uses independently measured quantities
for all inputs excepting subtle (about 3%) differences in Rabi
amplitudes. (d) Experimentally measured Wigner functions at the
marked points are shown.
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at half period nearly exhibits the rotational symmetry in
phase space that we expect. This is contrasted with conven-
tional photon blockade [14] which exhibits a distinct and
aperiodic quantum evolution (see Appendix D 2).

B. Nonlinear spin rotations

Linear spin rotations are insufficient for universal com-
putation for a Hilbert space of dimension larger than 2,
including any logical qubit encoding in a multilevel system.
Therefore, nonlinear spin rotations, which we define as
arising from generators that do not correspond to a linear
combination of the SU(2) generators Jx, Jy, and Jz, are
necessary to accomplish universal logical operations. Per
Eqs. (5) and (7), we can accomplish nonlinear rotations that
involve generators that are higher powers of the linear spin
rotation generators. These rotations enable us to span the
full SUðdÞ of the Hilbert space through concatenated
operations [29]. We promote here the possibility of using
these nonlinear spin rotations [with generators described by
Eqs. (5) and (7)] to accomplish novel logical control of a
spin cat encoding (see Sec. V).
Logical qubit encodings often require a specific parity

structure in Fock space; e.g., the logical codewords for
some binomial codes [35,36] and cat codes [18,37] are
even-parity states. Therefore, any designed unitary oper-
ation on the logical codewords must respect this structure of
parity. Here, we identify a class of nonlinear spin rotation
that are periodic and preserve parity at 2π rotation while
accomplishing a nontrivial operation. For linear spin
rotations Ĵx or Ĵy, a 2π rotation results in the application
of �I, where the sign is þ for integer spin and − for half-
integer spin. For half-integer spins, we identify a class of
nonlinear spin rotation that preserves parity after a 2π
rotation, where we use a unifying convention that 4π
rotations produce the identity, just as in linear spin
rotations. This class of nonlinear spin rotations can be
used for accomplishing a continuous range of unitaries that
can be applied for spin cat logical encoding of integer spin.
As a demonstration, we consider an operation that

accomplishes ðj0i þ j2iÞh0j= ffiffiffi
2

p
. For this, we choose a

4 × 4 generator matrix that corresponds to a spin 3=2
system. Using the method of construction detailed in
Appendix B 4, we can set the ratio of eigenvalues of this
generator to be integer multiples of the fundamental
eigenvalue to ensure a periodic unitary evolution. Then,
we can search the parameter space to find the required
matrix elements for the desired unitary operation. In
terms of the spin operators of Eq. (7), we obtain
ðc1; c2; c3Þ ¼ ð0.205;−0.034; 0.064Þ. Then, by modifying
the phases ϕn according to Eq. (5), we obtain the generator
for nonlinear spin rotation required to perform the said
operation. In Fig. 4, we show the idealized and exper-
imental evolution of the system under such a drive, indeed
finding that it works as expected. In fact, there exists a
continuous range of generators for such parity-subspace

rotations that accomplish the operation ðcosðγÞj0i þ
sinðγÞj2iÞh0jþ ðsinðγÞj0i− cosðγÞj2iÞh2j for 0 ≥ γ ≥ π=2.
For larger spins, this concept extends to rotations of the form
ðcosðγÞj0i þ sinðγÞj2NiÞh0j þ ðsinðγÞj0i − cosðγÞj2NiÞh2j
by using generators of size ð2N þ 2Þ × ð2N þ 2Þ, where
N ∈Zþ. We can also vary the cavity drive phase φ to change
the relative phase of the superposition of j0i and j2Ni created
by the nonlinear spin rotation. Such rotations, and their
generalizations, can be useful for achieving universal
control of spin cat logical encodings which we discuss in
the next section.

V. LOGICAL GATES ON SPIN CATS

Spin rotations add the potential for logical gate operations
on logical qubit encodings in multilevel systems [38]. We
demonstrate this on the polar two-legged spin kitten encod-
ing hosted by a synthetic spin 1, equivalent to a minimal
binomial encoding [35] (for higher spins,wewould call these
polar two-legged spin cat encodings). The logical qubit
states j0Li and j1Li are given by jn ¼ 0i � jn ¼ 2i ðjJ ¼ 1;
m ¼ −1i � jJ ¼ 1; m ¼ þ1iÞ [see Fig. 5(b)]. This code
can, in principle, detect a single-photon loss event; interest-
ingly, an SU(2) rotation then accomplishes erasure recovery
to the code space (see Appendix E). Note that such erasure
detection and recovery is not possible for two-legged bosonic
cats; this shows a qualitative distinction between two-legged
spin cats and two-legged bosonic cats. In fact, we initialize
these states by first preparing the Fock state j1i, followedby a
π=2 spin 1 rotation to instantiate a state in the logical code
space (see Fig. 13).
A representation of the manifold of spin coherent states

is given in Fig. 5(a), and the corresponding logical Bloch
sphere is shown in Fig. 5(b). The figure additionally shows
the SU(2) rotation axes that map to all three Pauli gates and

(a) (b)

FIG. 4. Nonlinear spin dynamics that preserve parity at 2π
rotation. (a) This is a numerical simulation of a lossless system in
the ideal limit jχj ≫ Ω ≫ ϵ. The Wigner function of the cavity
state at 2π rotation is shown in the inset. (b) Experimental
implementation of the nonlinear spin rotation, with measured
probabilities for the nonlinear rotation shown in the figure. At 2π
rotation, a spin-1 cat state is prepared from the ground state:
j0i → ðj0i þ j2iÞ= ffiffiffi

2
p

. The superposition phase can be adjusted
by the phase of the cavity drive. The inset shows the exper-
imentally measured Wigner function for this state.
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a rotated Hadamard gate. Three of these rotation axes are on
the equator, while the fourth is equivalent to a frame shift.
Figure 5(c) shows visually, through Wigner distributions,
the accomplishment of these four logical gates on the spin 1

spin kitten encoding. In Appendix E 3, we show the
application of these rotations on all cardinal points of
the Bloch sphere.
Finally, we show that it is possible to use nonlinear

spin rotations to accomplish a Hadamard gate (H gate) and
other states that mix the magnitudes of the weights on j0Li
and j1Li. Note that these are spin 3=2 nonlinear spin
rotations that are used for logical operations on a spin 1
spin cat. In Fig. 5(d), we show the Wigner function for
three such operations on j0i along with the locations of
final states on the logical Bloch sphere. These rotations
can be interpreted as nonlinear spin rotations as shown
in Eq. (7) with coefficients cK given as ðc1; c2; c3Þ ¼
(i) ð0.112;−0.060; 0.097Þ, (ii) ð0.205;−0.034; 0.064Þ, and
(iii) ð0.237;−0.004; 0.053Þ. Noting that, in fact, we have
access to the full set of rotations on the Z − X great circle of
the logical Bloch sphere (and any other amplitude-mixing
great circle by changing the phase of the cavity drive), this
protocol can provide universal logical control over this spin
cat. By adding SWAP and exponential SWAP operations [39],
universal logical computation over a multimode setup
would also be possible.
The set of four SU(2) rotation axes provides the same

four logical gates for any HAMS encoding of the type
j0i � jNi ↔ j− Ji � jþ Ji. The same type of nonlinear
spin rotation also completes the gate set for this type of
encoding. A set of three SU(2) rotations also accomplishes
Pauli gates on a considerable subset of the binomial code
words, which we will discuss in a later work. To our
knowledge, such a direct mapping of linear displacements
to logical gates is not available for finite-energy versions
of infinite-energy bosonic encodings: The native displace-
ment operation only approximates logical gates for GKP
encodings [4,5,19], while for stabilized cat encodings it
provides only one type of logical rotation [11,18,40,41].

VI. DISCUSSION

Above, we describe and demonstrate a matrix-element
modification protocol to design the quantum evolution of a
resonantly driven harmonic oscillator and focus the dem-
onstration on SU(2) rotations and one class of nonlinear
spin rotation acting on spin coherent states and a spin kitten
encoding. Our protocol is interpretable in the sense that
novel generators of unitary evolution associated to resonant
driving can be written down explicitly, with a direct rela-
tionship between drive parameters and the unitary evolu-
tion. These generators can then be designed to accomplish a
desired unitary operation in a single shot. We believe this is
the first demonstrated universal oscillator control protocol
(over a subspace of the oscillator) that combines such
interpretability with simultaneous drives on the oscillator
and ancilla. Typically, brute-force numerical optimization
of drive amplitudes at every time step, starting from random
seeds, is used to derive a desired operation [9,17,42].
Without simultaneous driving, one may instead alternate

(a)

(c)

(d)

(b)

FIG. 5. Logical operations on a spin kitten. (a) A representation
of the manifold of spin 1 coherent states, showing the axes around
which we rotate the state for different spin kitten gates. (b) The
logical Bloch sphere for the two-legged spin kitten and theWigner
function of the states at the cardinal points. In purple, we also show
the axis of rotation for a H gate that can be accomplished by a
nonlinear spin rotation. (c) The table shows the experimentally
measured Wigner functions of the prepared spin kitten states (first
row), the gates we apply on it (second row), the rotation that
accomplishes this gate (third row), and the experimentally mea-
sured Wigner function of the final state we get after the gate is
applied (fourth row). ForX, Y, and S†HS gates we start from a j1Li
spin kitten, while for the Z gate we start from a j0Li þ ij1Li super-
position state. Here, we define j0Li ¼ ðj0i þ j2iÞ= ffiffiffi

2
p

and j1Li ¼
ðj0i − j2iÞ= ffiffiffi

2
p

and ignore any global phases for the gates applied.
The notation for rotation axisRaþbðθÞ should be read as rotation by
angle θ around the axis Ĵa þ Ĵb. (d) We show three operations that
change the magnitude of the superpositions between the logical
states of the spin cat encodingusing nonlinear spin rotations.On the
left diagram, we show the location of the states created on a great
circle on the XZ plane of the logical Bloch sphere when starting
from the marked jþXi state. Experimentally measured Wigner
functions for those states are shown in the following panels. The
Wigner functions show that different superpositions of logical
states are created using nonlinear rotations. TheWigner function in
(ii) shows the action of a H gate on the jþXi state indicating that
nonlinear spin rotations can be used to achieve a H gate.
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different types of pulses on the oscillator and ancilla
[16,24,43–45], which have the benefit of interpretability
of the different types of pulses. However, the multiopera-
tion sequences for approximating a given target operation
lose that interpretability, again requiring abstract numerical
optimization.
The interpretability of our protocol is possible in part

because it functions in an adiabatic limit. However, adiabatic
manipulations based on a dispersive interaction require long
drive durations, resulting in errors due to decoherence. So, in
experimentswework in a regime that is not strictly adiabatic.
As a consequence of not strictly obeying the adiabatic limit,
we can see leakage outside of (N þ 1) Fock code space
(about 1%–3%) and an imperfect spin dynamics. In
Appendix D 3, we discuss more about the effect of decoher-
ences and nonadiabaticity. Therefore, future effort will focus
on numerical optimization with parameters from our inter-
pretable (and designable) protocol as seed (i.e., an initial
guess for parameters to optimize) for performing high-
fidelity unitaries with a circuit depth of one.
We are inspired in particular by speedups while starting

from the adiabatic limit parameters as a seed [44,46]. These
approaches achieved SNAP gates with duration near 2π=χ,
which for χ ∼MHz would allow for operations in around
0.1% of the decay time of state of the art oscillators [47].
We can also seek to correct for certain intrinsic nonidealities,
like from cavity self-Kerr, through additional drives [48].
Targeted operations will include full logical gate sets and
error recovery operations for binomial and spin cat encodings
and other qudit encodings based on HAMS [2,49,50].
Finally, we highlight opportunities in the quantum

simulation of HAMS lattices [51–56]. In particular, frus-
trated magnetic systems are most commonly considered
for the spin 1=2 case, in part because it maps best to
relevant solid state and qubit-array experimental contexts.
Theoretically, however, distinct predictions have been
made in comparing full- vs half-integer spin lattices and
the quantum-to-classical crossover as HAMSs get larger.
HAMS rotations interleaved with interoscillator operations
like beam splitter and exponential SWAP operation can be
used for Trotterized simulation of such HAMS lattices [57].
These cases are less straightforward to study in purely

qubit-based systems, andnuclear spin-based systems require
different chemical elements for different sized spins.
Furthermore, our scheme allows new questions, like asking
how strongly interacting and frustrated spin lattice dynamics
may change when the sites are initialized with highly non-
classical states at each site. Finally, for a given sized HAMS,
wehaveexploredonlylinearoperations[SU(2)rotations]and
one type of nonlinear operation,whereasEq. (5) shows that a
continuum of more general operations are available.

Note added. Recently, we became aware of two comple-
mentary works on distinct hardware platforms that also
demonstrate HAMS SU(2) dynamics and Schrodinger spin

cats [58,59]. We remark that these works used a different
kind of multifrequency control which can also implement
nonlinear spin rotations of the type described here.
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DATA AVAILABILITY

The data that support the findings of this article are
openly available [60].

APPENDIX A: METHODS

1. Experimental setup

In our experiment, an aluminum λ=4 cavity (ωc=2π ≈
6.04 GHz) is used as the harmonic oscillator, and a trans-
mon qubit (ωq=2π ≈ 5.56 GHz) coupled to it serves as the
ancilla, shown schematically in Fig. 1(b) [61]. Such a setup
has been used in the past for demonstration of many
continuous variable quantum information encodings and
beyond-break-even error correction [8,62]. The dispersive
coupling χ=2π ≈ −2.54 MHz between the transmon and
the cavity provides the necessary setting to implement our
protocol. Details about our experimental setup, package,

mode frequencies, coupling rates, and decoherence rates
are given in Appendix C, particularly Fig. 6 and Table I.

2. Details of pulse sequence

The protocol starts with a multifrequency drive on the
qubit. This drive has an approximately 150 ns rise and
approximately 150 ns fall duration and a flat top portion in
between (slightly different rise and fall duration for differ-
ent spins). The rise and fall have a Gaussian shape. The
Gaussian pulse stops and ends abruptly on either side of the
center beyond 2.5σ of the pulse, where σ is the standard
deviation of the Gaussian distribution.
The flat top portion ensures that the Rabi rates are

constant at all times while the cavity is being driven. While
the flattop qubit drive is on, we turn on the double-
frequency cavity drive which also has a 400 ns Gaussian
rise and fall and a flat top portion. The duration of this pulse
is varied for different rotation of the HAMS as shown in

FIG. 6. Experimental wiring diagram: Schematic of room temperature and cryogenic microwave circuit.
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Fig. 2 such that the pulse always ends at the same time.
So, the pulse starts earlier if it is longer. This is done so that
the duration between state creation and probing is the same
for all duration of cavity drive. After turning off the qubit
drive, we disentangle the qubit from the cavity states using
a SNAP gate [63] consisting of two 2-μs-long π pulses to
add appropriate phases to different cavity states. The
SNAP gate adds phases ϕn=2 to the cavity states to
accomplish this disentanglement where ϕn is chosen
according to Eq. (6).
Then, we read out the qubit state and store it for

postprocessing. After that, we probe the cavity population
using number-selective π pulses on the qubit and then
measuring the state of the qubit. Finally, we postselect on
the cases where our first readout measured the qubit in its
ground state. This is because we start the qubit in the
ground state and after driving it for a few Rabi cycles it
should end in the same state unless some decay or
dephasing event has happened. The cases where such
events occur are ignored. For experiments checking the
spin evolution (e.g., Fig. 3), 15%–35% shots are rejected
from shorter times to longer times. For spin kitten gate
experiments, about 10%–15% shots are rejected.

3. Numerical simulation

Here, we describe the numerical simulation method and
parameters used for simulating the cavity populations
observed in experiment. We work in a frame rotating at
the cavity and qubit frequency and account for cavity-qubit
dispersive coupling (χ), second-order dispersive coupling

(χ0), and cavity self-Kerr (K), in the calculation. We treat
the transmon qubit as an anharmonic oscillator and model
four of its levels and include 2J þ 4 levels of the harmonic
oscillator (cavity states) in the numerical calculation. The
annihilation operators of the transmon qubit and cavity are
denoted by q̂ and ĉ, respectively. Under the multifrequency
cavity and qubit drives described in Appendix A 2, the
system Hamiltonian is given by

Ĥ=ℏ ¼ χn̂cn̂q þ Kĉ†ĉ†ĉ ĉ =2þ αq̂†q̂†q̂ q̂ =2

þ χ0ĉ†ĉ†ĉ ĉ n̂q=2þ
X2J
n¼0

Ω̄k

2
eiðnχtþϕnÞq̂þ H:c:

þ ϵ̄

2
½eiφ þ eiðχtþφÞ�ĉþ H:c:; ðA1Þ

where α is the transmon qubit anharmonicity, Ωk is the
qubit Rabi rate of the drive at frequency ωq þ nχ, ϵ̄ is the
cavity drive rate, and n̂q ¼ q̂†q̂, n̂c ¼ ĉ†ĉ.
We perform a numerical simulation using open source

software package QUTIP [64] and solve the Lindblad master
equation

ρ̇ðtÞ ¼−
i
ℏ
½HðtÞ;ρðtÞ�

þ
X
n

1

2
½2CnρðtÞC†

n − ρðtÞC†
nCn −C†

nCnρðtÞ�; ðA2Þ

where Cn ¼ ffiffiffiffiffi
γn

p
An. γn are the loss rates and An are the

operators through which the system couples to environment

TABLE I. System parameters measured using standard time-domain and spectroscopy techniques. The second column of values are
measured in a different cooldown with a newly etched cavity of the same design. This package is used to obtain the data shown in
Figs. 3–5 and 14. The rest of the article uses data taken with the device with parameters given in the first column of measured values. The
qubit has some two level system associated with it which makes it respond at two different frequencies about 50–60 kHz apart as seen in
qubit spectroscopy. For determining cavity dephasing time, a Ramsey experiment is performed. The π=2 pulse used for Ramsey
experiment puts the cavity in superposition ðj0i þ j1iÞ= ffiffiffi

2
p

. This π=2 pulse is achieved by doing a photon blockade at n ¼ 2 cavity state
and driving the cavity for an appropriate duration.

Quantity Symbol Measured value (1) Measured value (2) Hamiltonian term

Cavity frequency ωc=2π 6.04 GHz 6.043 GHz ωcc†c
Readout frequency ωr=2π 8.88 GHz 8.92 GHz ωrr†r
Qubit frequency ωq=2π 5.56 GHz 5.57 GHz ωqq†q
Qubit-readout dispersive coupling χr=2π −700 kHz −700 kHz χrr†rjei hej
Qubit-cavity dispersive coupling χ=2π −2.54 MHz −3.56 MHz χc†cjei hej
Qubit anharmonicity α=2π −180 MHz −180 MHz αq†q†qq=2
Second order cavity-qubit dispersive coupling χ0=2π 6.5 kHz 7 kHz χ0c†c†ccjei hej=2
Cavity self-Kerr K=2π −9 kHz −11 kHz Kc†c†cc=2
Qubit lifetime T1q 90 μs 90 μs
Qubit dephasing time, Ramsey T2q;R 40 μs 40 μs
Qubit dephasing time, Hahn-echo T2q;E 40 μs 38 μs
Cavity lifetime T1c 132 μs 396 μs
Cavity dephasing time T2c;R 150 μs 160 μs
Qubit thermal population 3% 2.5%
Cavity thermal population 0.7% 0.7%
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and losses occur. We use ĉ, n̂c, q̂, and n̂q as An and 1=T1c,
1=Tϕc, 1=T1q, and 1=Tϕq as γn, respectively. For the
simulation, we use the independently measured experi-
mental parameters listed in Table I. As in experiments, we
also choose a length of qubit Rabi drive longer than the
maximum cavity drive and slightly vary it so that the qubit
ends in jgiwith high probability. Then, we postselect on the
cases where qubit ends in jgi at the end of the protocol. In
simulations, we include 6.5% probability of readout mis-
assignment and 5% infidelity for the cavity Fock state
selective π pulse that is used for probing the population in
the cavity.
For the simulations in Figs. 3, 4, 11, and 12, we use

slightly varying (2%–3%) Ωk (¼1, 1.03, 1.03, 0.97, 0.98),
which we found provided the best match and which are
consistent in scale with a 1% amplitude variation of these
drives seen on a spectrum analyzer.

APPENDIX B: THEORETICAL CONSTRUCTION
OF THE MATRIX-ELEMENT
MODIFICATION PROTOCOL

1. Matrix-element modification protocol

In the two-level approximation for the transmon
qubit, the qubit-cavity system can be described by the
Hamiltonian [65]

Ĥ=ℏ ¼ ωqjeihej þ ωcn̂c þ χn̂cjeihej þ ΩðtÞσ̂y
− iϵðtÞðĉ − ĉ†Þ;

ΩðtÞ ¼ Ω̄
X2J
n¼0

cos

�
ωqtþ nχtþ ϕn þ

π

2

�
;

ϵðtÞ ¼ ϵ̄
X1
n¼0

cos

�
ωctþ nχtþ φþ π

2

�
: ðB1Þ

n̂c ¼ c†c is the number operator for the cavity (oscil-
lator) with eigenvalues n and eigenkets jni, and σx;y;z are
the Pauli operators. The qubit and the cavity are both driven
with frequency combs containing 2J þ 1 and 2 compo-
nents, respectively. For the qubit drive, the amplitude of
each comb is set to be the same Ω̄, while the phase of each
component ϕn is set to values that will yield the matrix-
element modification. For the cavity drive, we set the
amplitude ϵ̄ and phase φ of both frequency components
the same. In the joint rotating frame of both the cavity and
the qubit, obtained after unitary transformation

Û1 ¼ exp½iωqtjei hej þ iωctn̂c�; ðB2Þ

we get

Ĥ1 ≈ χn̂cjei hej þ
Ω̄
2

X2J
n¼0

eiðnχtþϕnÞσ̂− þ H:c:

þ ϵ̄

2
½eiφ þ eiðχtþφÞ�ĉþ H:c: ðB3Þ

σ− ¼ σx − iσy, and we neglect terms rotating at
∼2ωq; 2ωc through a rotating wave approximation (RWA),
which assumes that ωq;ωc ≫ jχj. The Hamiltonian above
is obtained through the transformation Ĥ0 ¼ ÛĤÛ† −
iÛ ˙̂U

†
. Note that we also start with a two-level approxi-

mation for the transmon qubit, which implicitly assumes
that the qubit drive is much smaller than the anharmonicity
of the qubit, Ω̄ ≪ α.
To gain insight into the dynamics under this driven

Hamiltonian, we express the Hamiltonian in the interaction
picture; i.e., we transform the Hamiltonian according to the
unitary

Û2 ¼ exp ðiχtn̂jei hejÞ: ðB4Þ
In the regime of interest where χ ≫ Ω̄, we perform

another RWA, and we obtain an approximate Hamiltonian

Ĥ2 ≈
Ω̄
2

X2J
n¼0

jni hnjðσ̂x cosϕn − σ̂y sinϕnÞ

þ ϵ̄eiφ

2

X∞
n¼1

ffiffiffi
n

p jn − 1i hnj þ H:c: ðB5Þ

In this interaction frame and in the absence of a cavity drive
(ϵ̄ ¼ 0), the eigenstates of the Hamiltonian for the first 2S
Fock states are of the form jni ⊗ expð−iσ̂zϕn=2Þj�i,
where j�i ¼ ðjgi � jeiÞ= ffiffiffi

2
p

. Going to a frame where all
the qubit eigenstates are aligned along the σ̂x axis, which
we get through a unitary transformation

Û3 ¼ exp

�
i
X2J
n¼0

ϕnjni hnj ⊗ σ̂z=2

�
; ðB6Þ

we obtain

Ĥ3 ≈ −
Ω̄
2

X2J
n¼0

jni hnjσ̂x þ
ϵ̄eiφ

2

X2J
n¼1

ffiffiffi
n

p jn − 1i

× hnje−iδϕnσ̂z=2 þ H:c:

þ ϵ̄eiφ

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2J þ 1

p j2Ji h2J þ 1j þ H:c:

þ ϵ̄eiφ

2

X∞
n¼2Jþ2

ffiffiffi
n

p jn − 1i hnj þ H:c:; ðB7Þ

where we define δϕn ≡ ϕn − ϕn−1. Note that the third
line is isolated from the last summation, because it will
disappear in the final approximation.
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Finally, taking into account the qubit rotation due to the
first term through a unitary transformation

Û4 ¼ exp

�
−iΩ̄t=2 ×

X2J
n¼0

jni hnjσ̂x
�

ðB8Þ

and performing one last RWA assuming that Ω̄ ≫ ϵ̄, we
obtain

Ĥf ≈
ϵ̄eiφ

2

X2J
n¼1

ffiffiffi
n

p
cos

�
δϕn

2

�
jn − 1i hnj þ H:c:

þ ϵ̄eiφ

2

X∞
n¼2Jþ2

ffiffiffi
n

p jn − 1i hnj þ H:c:; ðB9Þ

where we obtain a first manifold (n ≤ 2J) where transition
matrix elements between neighboring Fock states can be
tuned through a choice of δϕn and a second manifold
(n ≥ 2J þ 1) where the matrix elements remain unchanged.
Through a photon blockade process [14], these manifolds
stay separated, hence the absence of a matrix element
between states j2Ji and j2J þ 1i.
Note that, after all the unitary transformations performed

to obtain Ĥf, the evolution with modified matrix elements
does not occur in the lab frame. As a result, expectation
values should be computed by properly taking these
transformations into account. Defining the total unitary
transformation Ûtot ¼ Û4Û3Û2Û1, where the time depend-
ence has been kept implicit. In the lab frame, the expect-
ation value of an observable Ô and with an initial state ρ is
computed from

hÔi ¼ Tr
h
ÔÛ†

totðtfÞe−itfĤf Ûtotð0ÞρÛ†
totð0ÞeitfĤf ÛtotðtfÞ

i
:

ðB10Þ

At t ¼ 0, the unitary transformation simplifies to
Ûtot ¼ Û3. Ideally, one would also choose a final time
such that χtf ¼ 2πk; Ω̄tf ¼ 2πl for k; l∈Z. In that sit-
uation, and ignoring the effect of the first rotating frame
transformation, we get

hÔi ¼ Tr
h
ÔÛ†

3e
−itfĤf Û3ρÛ

†
3e

itfĤf Û3

i
: ðB11Þ

We finally obtain lab-frame evolution under the effective
matrix-element modified Hamiltonian Eq. (B9) by actively
applying an entangling Û†

3 and disentangling (Û3) between
the qubit and oscillator before and after the evolution,
respectively. These operations can be realized by, for
example, SNAP pulses [63] which are designed to apply
a unitary of the form of Û3. With these additional SNAP
pulses applied before and after the evolution, we obtain in
the ideal limit

hÔi ¼ Tr
h
Ôe−itfĤfρeitfĤf

i
: ðB12Þ

In the experimental results presented in this manuscript,
the condition on the final time to cancel the unitary
transforms Û2 and Û4 is not perfectly met, and we have
rather

hÔi ¼ Tr
h
ÔÛ3Û

†
totðtfÞe−itfĤfρeitfĤf ÛtotðtfÞÛ†

3

i
: ðB13Þ

Summarizing the assumptions made above in order for
the various RWAs made above to work, we need the
following parameter hierarchy:

ωq;ωc ≫ jχj ≫ Ω̄ ≫ ϵ̄ ≫ γq; κ; ðB14Þ

where γq and κ are the loss rates of the qubit and cavity,
respectively.

2. Oscillator-to-HAMS mapping

We first set our notation for the HAMS. We denote

the angular momentum operators for a spin J to be ĴðJÞx ,

ĴðJÞy , and ĴðJÞz . For spin states, we work in the basis of
the z angular momentum operator eigenstates, with

ĴðJÞz jJ;mi ¼ mjJ;mi. We also define the spin operators

ĴðJÞ− ¼
XJ
m¼−J

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJ þ 1Þ −mðm − 1Þ

p
jm − 1ihmj; ðB15Þ

with ĴðJÞþ ¼ ðĴðJÞ− Þ†. The angular momentum operators

can be expressed as ĴðJÞx ¼ ðĴðJÞ− þ ĴðJÞþ Þ=2 and ĴðJÞy ¼
iðĴðJÞ− − ĴðJÞþ Þ=2.
We choose an oscillator-to-HAMS mapping where the

vacuum state is mapped to the state jJ;m ¼ −Ji, and Fock
states above are mapped to the other eigenstates of ĴðJÞz :

jni ↔ jJ;m ¼ n − Ji; ðB16Þ

which induces the mapping n̂ ↔ ĴðJÞz þ J. We denote the
projector onto the (2J þ 1)-dimensional spin manifold

Π̂J ≡
X2J
n¼0

jnihnj: ðB17Þ

Note that the mapping in this work is flipped with respect
to the Holstein-Primakoff HAMS-oscillator mapping,
which maps jn ¼ 0i ↔ jJ;m ¼ þJi. To obtain an effec-
tive Hamiltonian proportional to the angular momentum
operator, we choose for n ≥ 1

ϕn ¼ ϕn−1 þ 2 cos−1
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2J þ 1 − n
2J

r �
: ðB18Þ
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Since only the phases difference matter, we set ϕ0 ¼ 0 for
simplicity. Moreover, as shown in Eq. (B9), the sign of the
phase differences has no impact (to first order), and we
choose a positive phase difference. Under this choice of
phase, Eq. (B9) becomes

Ĥf ≈
ϵ̄eiφ

2
ffiffiffiffiffi
2J

p ĴðJÞ− þ H:c:þ
X∞

n¼2Jþ2

ϵðtÞ ffiffiffi
n

p jn − 1i hnj þ H:c:

ðB19Þ
Choosing the (global) cavity drive phase φ allows one to

interpolate between ĴðJÞx and ĴðJÞy . Choosing φ ¼ 0 and
projecting the Hamiltonian in the desired manifold, we

obtain Π̂JĤfΠ̂J ∝ ĴðJÞx .

3. Universality of matrix-modification scheme

a. Givens rotations

While the matrix modification scheme presented here
can only couple neighboring oscillator levels, access to
generators of the form

M̂ ¼
X2J
n¼1

ffiffiffi
n

p
cos

�
δϕn

2

�
jn − 1i hnj;

M̂φ ¼ e−iφM̂ þ eiφM̂† ðB20Þ
is sufficient to obtain universal SUðN þ 1Þ control over the
desired manifold (Fock states below n ≤ N ¼ 2J). For
example, setting δϕn ¼ π leads to nullified matrix ele-
ments, such that choosing δϕm ¼ 0 and δϕn≠m ¼ π leads to
full SU(2) control over the manifold spanned by the Fock
states fjm − 1i; jmig. In other words, we can perform
Givens rotations between neighboring levels. In particular,
SWAP gates between neighboring levels can be engineered,
which means that control of neighboring levels can be
extended to full SU(2) control between any pair of Fock
states. These pairwise unitaries, equivalent to the set of
nearest-neighbor Givens rotations, can then be combined to
obtain full SUðN þ 1Þ control [66]. We leave the optimal
factorization of a general unitary into unitaries generated
by M̂φ operators for future work.

b. SUðdÞ control
Our scheme can go beyond Givens-style rotations in that

it can achieve universal control over any nearest set of d
levels of the system using just spin-J SU(2) rotations and
one more generalized generator M̂φ [29]. In particular, any
M̂φ which satisfies

Tr
�
M̂φT

ð2Þ
q ðJÞ

�
≠ 0; ðB21Þ

where d ¼ 2J þ 1, for some q∈ f−2;−1; 0; 1; 2g, gener-
ates d-level universal control when combined with the ĴðJÞx

and ĴðJÞy operators we already demonstrated. Here, Tð2Þ
q ðJÞ

is any rank-2 irreducible spherical tensor, which are more
generally given for any rank k by

TðkÞ
q ðJÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kþ 1

2J þ 1

r XJ
m¼−J

CJ;mþq
k;q;J;mjJ;mþ qi hJ;mj; ðB22Þ

where CJ;mþq
k;q;J;m ¼ hJ;mþ qjk; q; J;mi is a Clebsch-Gordan

coefficient for adding a spin-J and spin-k system to get a
spin-J sector. The two indices q and k are always integers
satisfying −k ≤ q ≤ k and 0 ≤ k ≤ 2J.
We note that this condition for the extra M̂φ generator is

not stringent, since nearly all of the M̂φ generically satisfy
Eq. (B21). Recall that Eq. (7) intuitively shows that when
M̂φ deviates from SU(2) it must be considered a nonlinear
operation. From the form of Eq. (B22), we can see that any

irreducible tensor TðkÞ
q ðJÞ with q ¼ �1 will have matrix

elements only on the first above or below off-diagonal.
Thus, for instance, simply setting δϕ1 ¼ 0 and all the other
δϕn ¼ π always yields a M̂φ that satisfies Eq. (B21).
This claim of d-level universality follows directly from

a theorem by Merkel [29], which states that, for any J
and any M̂φ satisfying Eq. (B21), the three operators

fĴðJÞx ; ĴðJÞy ; M̂φg generate the entire Lie algebra suðdÞ under
linear combinations and commutators, which is the stan-
dard necessary and sufficient condition for achieving full
SUðdÞ control under exponentiation. We note how this
presents a direct parallel with the case of bosonic control, in
which linear displacements need only be supplemented by
a single nonlinearity to accomplish universal control [57].
The parallel is consistent with the existence of mappings
between HAMS and bosons for the limit of J → ∞.

4. Parity-preserving operations via nonlinear
spin rotations

In the main text, we focus on the nonlinear spin rotations
that have periodic evolution and preserve parity at 2π
rotation while accomplishing nontrivial operation on spin
cat logical encodings. Here, we discuss the construction
of such nonlinear spin rotations. We consider even-
dimensional generators M̂φ with eigenvalues fλg, which
come in � pairs. We restrict to cases where the set of
eigenvalues are integer multiples of the fundamental
(smallest) eigenvalue fλg=jλminj∈Z. The fundamental
eigenvalue, therefore, sets the periodicity of unitary rota-
tions Û ¼ exp ðiθM̂φÞ, such that Û ¼ Î when θλmin ¼ π.
When all eigenvalues are odd integer multiples of the
fundamental, a 2π rotation (given by θλmin ¼ π) results in
Û ¼ −Î just as in the case of an SU(2) rotation for half-
integer spins. If the eigenvalues are all integer multiple
of the fundamental, such a 2π rotation results in more
general operations that are also block diagonal in parity;
i.e., they preserve parity of the state after 2π rotation.

SASWATA ROY et al. PHYS. REV. X 15, 021009 (2025)

021009-12



Such generators are necessarily nonlinear, since they never
correspond to SU(2) rotations. We can use Eq. (7) to
interpret this generator as a nonlinear spin rotation, as the
generators are a combination of higher powers of the linear
spin rotation generators.
We give a formal proof that this class of nonlinear

spin rotations used in the main text preserves parity of the
state at 2π rotation. We have introduced parity-preserving
operations, whereby we choose the eigenvalues of the
generator M̂φ to be integer multiples of the lowest eigen-
value, λ=jλminj∈Z. Since the generator M̂φ induces tran-
sitions between neighboring Fock states, we have

P̂M̂φP̂ ¼ −M̂φ; ðB23Þ

where we define the photon parity operator P̂ ¼
expðiπâ†âÞ. This equation also implies that
P̂expðiθM̂φÞP̂¼ expð−iθM̂φÞ ¼ ½expðiθM̂φÞ�†. Choosing
θ ¼ 2π=jλminj, with λmin being the eigenvalue with the
lowest magnitude, we can express

P̂eið2π=jλminjÞM̂φP̂ ¼
h
eið2π=jλminjÞM̂φ

i†
¼

hX
j

ei2πðλj=jλminjÞjλjihλjj
i†

¼
X
j

e−i2πðλj=jλminjÞjλjihλjj; ðB24Þ

where we label the eigenvalues and corresponding eigen-
kets by λj. In the special case where λj=jλminj∈Z, the
acquired phases for all eigenkets are integer multiples of π,
such that P̂eið2π=jλminjÞM̂φP̂ ¼ eið2π=jλminjÞM̂φ . In this situation,
the parity operator commutes with the resulting unitary,
which consequently preserves the parity of the photon
number.

APPENDIX C: TECHNICAL ASPECTS
OF THE EXPERIMENT

1. Experimental hardware

Schematic design of the package is shown in Fig. 7(b).
In this section, we describe the production and characteri-
zation of the package, with measured quantities shown
in Table I.
We use a λ=4 cavity made of 4N aluminum as the storage

mode [61] in which we drive the spin dynamics. The cavity
is treated with an acid etch to remove surface impurities.
While this process typically produces cavities with life-
times approaching the millisecond scale, the surface
appears to have degraded due to shipment, resulting in
the measured cavity lifetime of 132 μs. However, after
another round of etching the cavity for 2 h with transene
Al etchant at 50 °C, the lifetime has increased to 396 μs
and we use this cavity for taking the data in Figs. 3–5
and 15 [67].

The superconducting qubit used is a transmon with Nb
capacitor pads and an Al=AlOx=Al Josephson junction
fabricated on a high-resistivity (>10 kΩ cm) silicon chip.
Following a strip of the native silicon oxide in 2% hydro-
fluoric acid, a 75-nm-thick Nb film is sputtered at the rate of
50 nm min−1. This Nb is patterned using photolithography
to make the capacitor pads of transmon and the readout
resonator. The Josephson junction for the qubit is fabricated
in a Dolan bridge process [68] with bilayer MMA/PMMA
resist. Double-angle evaporation for the Al-AlOx-Al is
accomplished to form the junction. Before the first Al
deposition, an in situ ion mill is performed to clean the
top surface of Nb. After the first Al deposition, an AlOx layer
is formed by oxidizing the Al surface for 30 min at 7.25 Torr
oxygen pressure. After pumping out the oxygen from the
chamber, the second layer of Al is deposited. The area of the
deposited Josephson junction is 0.047 μm2. The chip with
the transmon qubit and readout resonator is mounted in the
3D cavity with a copper clamp.
The whole package is mounted on an oxygen-free high-

conductivity copper bracket and has multiple layers of
shielding, in order from inner to outer: (i) a Berkeley Black
[69] coated copper shim to absorb any stray millimeter-
wave radiation, (ii) an aluminum can with an indium seal to

FIG. 7. Pulses in frequency domain and device schematic.
(a) The MEM comb (blue) on the qubit has 2J þ 1 frequencies at
ωq þ nχ, n ¼ 0; 1;…; 2J. The cavity pulse (red) for driving the
spin system has two frequencies at ωc and ωc þ χ for all spins.
Readout (gray) is always performed at one frequency. The
diagram indicates the frequencies and the approximate pulse
bandwidths, but the shapes themselves should not be taken
literally (in the time domain, the pulses are flattop with Gaussian
rise and fall of about 150 ns for qubit pulses and 400 ns for cavity
pulses and σ ¼ 38 ns for qubit and 80 ns for cavity pulses).
(b) Schematic of the cavity-qubit experimental device. A coaxial
λ=4 microwave cavity (red) is used as the harmonic oscillator.
The qubit (blue) and readout resonator (gray) are on chip. The
chip goes partially into the cavity via a tunnel. A cylindrical
coupling pin made of gold-plated beryllium copper (shown in red
on the side) is used to drive the cavity. Separate pins are used to
drive the qubit and the readout (not shown in the picture).
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an upper flange, which itself has indium-sealed SMA
feedthroughs, and (iii) a mixing chamber can. This is
depicted schematically in Fig. 6. The dilution fridge also
hosts a room-temperature magnetic shield that lines the
vacuum can.
The control pulses are generated using Quantum

Machines OPX plus instrument and up-converted using
local oscillator (LO) and IQ mixers in the Quantum
Machines Octave. All pulses are digitally triggered with
200 ns buffer on the trigger on either side of the analog
pulse. The qubit and storage drives share the same LO,
whereas the readout up- and down-conversion share the
same LO. Output of the readout signal is first amplified
with a traveling wave parametric amplifier (TWPA) at base
temperature, followed by a high electron mobility transistor
at 4 K and a room-temperature amplifier (ZVA-1W-103+
Mini-Circuits). The TWPA is also pulsed with 100 ns
buffer on both ends of the readout pulse. Each of the input
lines have a K & L low pass filter and Eccosorb filters. All
the last attenuators, microwave filters, and Eccosorb filters
are connected to the copper bracket using a copper braid to
improve thermalization.

2. Calibrating returning the qubit to jgi
at end of protocol

Since we are using the same qubit for modifying the
harmonic oscillator to a spin system and using it to check
the population of the cavity, it is important to make sure that
at the end of our protocol the qubit ends in ground state,
so that we can probe the cavity population correctly. The
calibration to bring the qubit back to ground state at the end
is also important so that we can say an error (when the qubit
has suffered a T1 or T2 event) has happened when the qubit

is found in the excited state at the end of the protocol. Then,
we can postselect on cases where the qubit has ended in the
ground state and keep most of the experiments for building
the statistics of cavity population. We perform an experi-
ment similar to what is shown in Fig. 2 where we keep the
qubit drive duration fixed and vary the cavity drive duration
to see the spin dynamics. At the end of the spin protocol,
qubit is disentangled from the cavity and qubit state is
probed. We repeat this experiment with slightly different
qubit drive durations. This gives a map of the qubit state at
the end of the protocol for different durations of qubit
drives and cavity drives. Because the duration for which the
qubit experiences Stark shifts (due to the cavity drive) is
varying (as cavity drive duration is changed), the time
required for the qubit to return to the ground state also
varies slightly. This is shown in Fig. 8. For preparing a state
(or performing a gate), the cavity drive needs to be turned
on for a particular time. The corresponding duration of
qubit drive is chosen for this length of cavity drive from the
color map. The qubit drive duration is chosen to be the least
such duration which is larger than the maximum cavity
drive duration required for a particular protocol to avoid
decoherence-related errors.

APPENDIX D: ADDITIONAL COMPARISONS
BETWEEN HAMS DYNAMICS

AND PHOTON-BLOCKADED DYNAMICS

1. Nonperiodic dynamics under standard
photon blockade

The Hamiltonian of a cavity linearly driven on resonance
is given by Ĥ ∝ x̂, where we perform a RWA and choose
the drive phase without loss of generality. Under standard
photon blockade [14], which limits the maximum photon
number to N, the matrix elements of a microwave
drive remain unmodified, except for theN ↔ N þ 1matrix
elements, which are set to 0. In that context, the
Hamiltonian of the photon-blockade-driven cavity is
ĤFB ∝ x̂J, where we define

x̂J ≡ Π̂Jx̂Π̂J; ðD1Þ
where Π̂J¼

P
N
n¼0 jnihnj. Evolution under that Hamiltonian

is given by the unitary operator Û ¼ expð−iθx̂JÞ, such that
a periodic evolution where Ûðθ�Þ ∝ I implies that the
eigenvalues fλjg of x̂J are distributed such that θ�λj ¼
ϕþ 2πkj, where ϕ is a resulting global phase and kj ∈Z.
The eigenvalues of x̂J are obtained by finding the zeros its
characteristic polynomial, which, in turn, is given by the
determinant of the tridiagonal matrix

detðx̂J − λIÞ ¼ 2−ð2Jþ1Þ=2H2Jþ1

�
−λffiffiffi
2

p
�
; ðD2Þ

where HnðxÞ is the nth-order Hermite polynomial. The
eigenvalues of x̂J are, therefore, given by the zeros of the

FIG. 8. Checking the qubit state at the end of the protocol. The
qubit drive is slightly varied at larger than cavity drive duration to
check when the qubit returns to the ground state for different
durations of cavity drive. For a given protocol, the cavity is driven
for a particular duration and a corresponding qubit drive duration
is chosen from the map such that qubit returns to the ground state
as much as possible.
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Hermite polynomials. Zeros of Hermite polynomials
come in pairs �λ (except for odd-order polynomials with
an additional λ ¼ 0 eigenvalue). Accordingly, we have
det½expð−iθx̂JÞ� ¼ 1 for all θ, which means that the
condition on the eigenvalues to obtain periodic evolution
is given by θ�λj ¼ 2πkj for some θ�. This means that the
ratio between eigenvalues must be a rational number,
λj=λl ¼ kj=kl ∈Q for all λj; λl ≠ 0.
While we were not able to formally prove that such ratios

were irrational (implying an aperiodic evolution), we
numerically checked that these ratios needed at least 18
digits to rationalize for 1 < J ≤ 25, making the evolution
generated by x̂S aperiodic for all practical purposes. For
J ¼ 1=2, the system reduces to an effective qubit and
x̂J ∼ σ̂x, with a periodic evolution. For J ¼ 1, the eigen-
values of x̂J are of the form f0;�λ1g, such that the
evolution is periodic with a period T ¼ 2π=λ1.
As a result, any state with initial support on all

eigenstates of x̂J (for example, the vacuum state j0i)
exhibits nonperiodic dynamics under drive. We show a
simulation of photon blockade at cavity Fock state j5i in
Fig. 9 as an example of such nonperiodic dynamics. The
simulation is done for a lossless system with parameters
ϵ ¼ 0.01Ω ¼ 10−4jχj, which satisfies jχj ≫ Ω ≫ ϵ.

2. Theoretical and experimental comparisons
of HAMS and photon blockade dynamics

For a spin 1=2 system, we do not have to modify the
phase difference of the Rabi drives at the frequencies ωq

and ωq þ χ. For HAMSs, the phase of the Rabi drives at
ωq þ nχ with n ¼ 2; 3;…; 2J needs to be changed to
modify the matrix elements of the oscillator, so that the
driven system can behave as a HAMS. Figures 10–12
compare theory, simulations, and experiments for the case
of simple blockade (where the qubit drive phases have no
relative difference to each other, equivalent to previous
work [14]) and HAMS where the qubit drives have
appropriate Fock state-dependent phases according to
Eq. (B18) [67].
Figure 10 shows the case of spin 1 and blockade

of the first three levels of the harmonic oscillator.
Equation (B18) provides the phases ϕ0 ¼ ϕ1 ¼ 0 and
ϕ2 ¼ π=2. For this modification, a lossless ideal cavity-
qubit system obeying the theoretical limit jχj ≫ Ω ≫ ϵ
can accurately simulate the dynamics of a HAMS.
Figure 10(a) shows the cavity population dynamics with
dots for a cavity-qubit setup and real spin dynamics in
solid lines. Figure 10(b) shows the dynamics of the cavity-
qubit system that is observed in experiment (dots). The
dynamics is captured well in our simulations (solid lines)
that take into account the experimental parameters and
decoherence.
Without any drive phase differences, i.e., ϕ0 ¼ ϕ1 ¼

ϕ2 ¼ 0, we achieve a usual blockade: The oscillator is
truncated to the first three levels, but it shows a dynamics
different than a spin. To highlight the distinction, we inspect
the cavity state at the quarter period. We make the same
comparisons for the case of spin 3=2 and spin 2 in Figs. 11
and 12, respectively. Note that the measured Wigner func-
tions of the state at “quarter period” (note that dynamics for
simple blockade here are aperiodic) further show the dis-
tinction between spin and truncated oscillator dynamics. The
clarity of the difference between usual blockade and SU(2)
dynamics improves as the size of the manifold gets larger,
in both the population dynamics and theWigner functions at
the sampled points. For creating spin 3=2, the phases are
ϕ0 ¼ ϕ1 ¼ 0, ϕ2 ¼ 1.231, and ϕ3 ¼ π. For creating spin 2,
the phases are ϕ0 ¼ ϕ1 ¼ 0, ϕ2 ¼ 1.047, ϕ3 ¼ 2.618,
and ϕ4 ¼ 4.712.

3. Effect of nonadiabaticity and decoherence

The coherent errors in the experiment are dominated by
the violation of strict adiabatic limit. In Table II, we show
the contribution of various losses present in our system. We
show the highest population in Fock states j3i and j4i for a
driven spin 3=2 in our cavity, when different losses are
considered. P3 indicates the fidelity of Fock state j3i
preparation using spin rotations, and P4 indicates leakage
out of the spin manifold. Most of the loss can be attributed
to qubit T1, and the protocol is presently only weakly
affected by qubit T2. Cavity self-Kerr and second-order
dispersive shifts are also nonidealities present in our system
which we have not yet separately considered. Apart from
the error due to loss, we also have errors because of

FIG. 9. Standard Fock blockade dynamics. Simulation of
dynamics of the cavity population starting from Fock j0i under
the cavity drive while the qubit Rabi drive is kept on at the
frequency ωq þ 4χ. The qubit drive truncates the Hilbert space to
the first four levels. The cavity population dynamics is non-
periodic for such a standard photon blockade. The possibility of a
long-time periodicity is precluded by the irrational ratios of the
rotation generator eigenvalues.
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violation of adiabatic limit, self-Kerr, second-order dis-
persive shift, and other higher-order terms.
Previously, we mentioned in Appendix A that a maxi-

mum of 35% of shots are rejected for spin evolution
experiments and about 15% shots are rejected for spin

cat gates experiments because of the qubit not returning to
ground state. For the specific duration of the drive, we
expect the qubit will be found in excited state 25% and 15%
of the time, respectively, because of T1 errors. At this time,
we attribute the rest of the probability for qubit not ending

FIG. 10. Spin 1 and three-level blockade dynamics. (a) Dynamics of spin states of a driven spin 1 system. The points are numerical
simulations of our protocol in the ideal limit jχj ≫ Ω ≫ ϵ. The solid line is for an ideal driven spin 1, which matches our simulated spin.
(b) Wigner functions of the cavity state for a spin at the marked points are shown. (c) Experimentally measured probabilities of different
spin states of a driven synthetic spin 1 in our microwave cavity with ϵ=2π ¼ 72 kHz, Ω=2π ¼ 690 kHz, and χ=2π ¼ −2.54 MHz. The
experimental data are shown in dots, and the solid lines are numerical simulation of the spin protocol that consider experimental
nonidealities and decoherences. (d) Experimentally measured Wigner functions at the marked critical points. (e) Dynamics of cavity
states when the first three levels of a harmonic oscillator are blockaded without any phase tuning on qubit drive only to limit the Hilbert
space dimension to 3. (f) Wigner functions of the cavity state at the marked points for a three-level blockade are shown.
(g) Experimentally measured probabilities of cavity levels for blockaded dynamics (dots) and simulated dynamics (solid lines)
considering experimental nonidealities and decoherences. (h) Experimentally measured Wigner functions at the marked points for a
three-level blockade.
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(a) (c)

(e)

(f)

(g)

(h)

(b) (d)

FIG. 11. Spin 3=2 and four-level blockade dynamics. (a) Dynamics of spin states of a driven spin 3=2 system. The points are numerical
simulations of our protocol in the ideal limit jχj ≫ Ω ≫ ϵ. The solid line is for a real driven spin 3=2, which matches our simulated spin.
(b) Wigner functions of the cavity state for a spin at the marked points are shown. (c) Experimentally measured probabilities of different
spin states of a driven synthetic spin 3=2 in our microwave cavity with ϵ=2π ¼ 72 kHz, Ω=2π ¼ 690 kHz, and χ=2π ¼ −2.54 MHz.
The experimental data are shown in dots, and the solid lines are numerical simulation of the spin protocol that considers experimental
nonidealities and decoherences. (d) Experimentally measured Wigner functions at the marked critical points. (e) Dynamics of cavity
states when the first four levels of a harmonic oscillator are blockaded without any phase tuning on qubit drive only to limit the Hilbert
space dimension to 4. (f) Wigner functions of the cavity state at the marked points for a four-level blockade are shown.
(g) Experimentally measured probabilities of cavity levels for blockaded dynamics (dots) and simulated dynamics (solid lines)
considering experimental nonidealities and decoherences. (h) Experimentally measured Wigner functions at the marked points for a
four-level blockade.
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(b)

(c)

(d)

(e)

(f)

(g)

(h)

FIG. 12. Spin 2 and five-level blockade dynamics. (a) Dynamics of spin states of a driven spin 2 system. The points are numerical
simulations of our protocol in the ideal limit jχj ≫ Ω ≫ ϵ. The solid line is for a real driven spin 2, which matches our simulated spin.
(b) Wigner functions of the cavity state for a spin at the marked points are shown. (c) Experimentally measured probabilities of different
spin states of a driven synthetic spin 2 in our microwave cavity with ϵ=2π ¼ 72 kHz, Ω=2π ¼ 690 kHz, and χ=2π ¼ −2.54 MHz. The
experimental data are shown in dots, and the solid lines are numerical simulation of the spin protocol that considers experimental
nonidealities and decoherences. (d) Experimentally measured Wigner functions at the marked critical points. (e) Dynamics of cavity
states when the first five levels of a harmonic oscillator are blockaded without any phase tuning on qubit drive only to limit the Hilbert
space dimension to 5. (f) Wigner functions of the cavity state at the marked points for a five-level blockade are shown. (g) Experimentally
measured probabilities of cavity levels for blockaded dynamics (dots) and simulated dynamics (solid lines) considering experimental
nonidealities and decoherences. (h) Experimentally measured Wigner functions at the marked points for a five-level blockade.
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in the ground state to nonadiabaticity and Stark shift due to
the presence of multiple drives.

APPENDIX E: SPIN CATS

1. Experimental creation of the S= 1 spin kitten

Here, we show an interesting way of creating a spin
kitten state, which is implemented in the experiments.
First, we use conventional photon blockade [14] to create
nearly pure Fock state j1i in the cavity. In this process,
we limit the Hilbert space of cavity to two energy levels
by driving the qubit at frequency ωq þ 2χ. While the
Hilbert space is truncated, an appropriate duration of
cavity drive creates Fock state j1i in the cavity. Then,
we use our spin displacement protocol to accomplish a
spin 1 Ĵy rotation of angle π=2 on the cavity. This
operation creates the spin kitten state j0i− j2i as shown
in Figs. 13(b) and 13(c). Equivalently, a Ĵx rotation
on the cavity would also create a spin kitten state
which is rotated by 90° in phase space, i.e., the
state −iðj0i þ j2i).
For creating the j�Yi states of the spin cat, we use

superposition of the Ĵx and Ĵy operator.
Once the spin kitten state is created, we can perform

different gates on it, as described in Fig. 5 and associ-
ated text.

2. Logical operations for two-legged spin cats

The natural spin cat generalization of our j0i � j2i
encoding are the polar two-legged spin cats (i.e., code
spaces defined via equal superpositions of two spin
coherent states located at the poles, which are also the
states j−Ji and jJi) given by

j0Li ≔
j0i þ jNiffiffiffi

2
p ↔

j− Ji þ jJiffiffiffi
2

p ;

j1Li ≔
j0i − jNiffiffiffi

2
p ↔

j− Ji − jJiffiffiffi
2

p : ðE1Þ

In these two-legged spin cats, up to N − 1 photon losses,
fânj0 < n < Ng, can be detected (but not corrected), since
these errors bring both code words outside of the code
space: ânjμLi ∝ jN − ni for μ∈ f0; 1g.
We are particularly interested in the logical operations

for these general two-legged spin cats that can be achieved
via SU(2) rotations of the synthetic spin J ¼ ðN=2Þ system.

By looking at the action of R̂ðJÞ
z ðθ0Þ spin rotations on the

j�Li ¼ j∓Ji logical states, we can first note that these spin
rotations yield logical operations corresponding to any
Bloch sphere rotation about the x axis:

R̂ðJÞ
z ðθ0Þj�Li ¼ e−iθ

0ĴðJÞz j∓Ji
¼ e−iθ

0ð∓JÞj∓Ji
¼ e−ið−2θ0J=2ÞX̂j�Li
¼ R̂L

x ð−2θ0JÞj�Li: ðE2Þ

Since any logical unitary is completely specified by its
action on two distinct logical states, we thus indeed see that
any given Bloch sphere rotation R̂L

x ðθÞ is achieved by any

of the 2J distinct SU(2) rotations R̂ðJÞ
z ½−ðθ þ 2πk=2JÞ�

TABLE II. The table lists the highest population in Fock states
j3i and j4i for a driven spin 3=2 system hosted in the cavity while
different losses of the system are considered (checks indicate
which decoherence time is included in the simulation of that row).
Maximum of P3 and P4, respectively, signify the fidelity of Fock
state preparation and leakage out of the spin manifold. Here, we
observe that the highest error occurs because of the qubit T1,
while the effect of qubit and cavity T2 is comparatively small.
The simulations use χ ¼ 3.56 MHz, Ω ¼ 0.732 MHz, and
ϵ ¼ 80 kHz which are the parameters used for spin 3=2 dynamics
experiment in Fig. 3.

Qubit T1 Qubit T2 Cavity T1 Cavity T2 MaxðP3Þ MaxðP4Þ
✓ ✓ ✓ ✓ 0.736 0.037
✓ 0.79 0.04

✓ 0.83 0.04
✓ 0.83 0.04

✓ 0.85 0.04
0.86 0.04

(b)

(a)

(c)

FIG. 13. Spin cat state creation and gates. (a) Pulse schematic
for creation of a spin cat state. Fock state j1i is created in the
cavity using conventional photon blockade, and then a spin 1 Ĵy
drive creates the spin cat state j0i − j2i. The next cavity drive is
frame rotated (ϕ) and a particular angle (θ) rotation is done to
accomplish the spin cat gate. (b) Cavity population when the Ĵy
drive is turned on after creating Fock state j1i. (c) Measured
Wigner function of the created spin cat state at the 4 μs point
marked in (b).
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(where k is an integer such that 0 ≤ k < 2J). Setting θ ¼ 0,
this also implies that there are always 2J − 1 nontrivial
SU(2) rotations that act as stabilizers on the code space.
We remark that all of these z-axis SU(2) rotations

can be realized with simple phase space rotations
exp ðiðθ þ 2πkÞn̂=2JÞ (i.e., updates of the local oscillator
phase), so these specific logical unitaries can be imple-
mented without the use of SU(2) rotations. However, using
the Wigner D-matrix identity [70]

hJ;m0je−iπĴðJÞx jJ;mi ¼ ð−1Þ3Jδm0;−m ðE3Þ

to understand the action of the R̂ðJÞ
x ðπÞ on the j�Li logical

states, we see that (up to a global phase) this R̂ðJÞ
x ðπÞ

rotation always yields the logical operation Ẑ ¼ iR̂L
z ðπÞ:

R̂ðJÞ
x ðπÞj�Li ¼ e−iπĴ

ðJÞ
x j∓ Ji

¼ ð−1Þ3Jj�Ji
¼ ð−1Þ3Jj∓Li
¼ ð−1Þ3JẐj�Li; ðE4Þ

which notably cannot be realized using just phase space
rotations.
Since, like logical operations, SU(2) rotations form a

group under operation composition, any logical unitary that
is a combination of Ẑ and R̂L

x ðθÞ—namely, any Bloch
sphere rotation by π about an axis on the yz great circle—
can also be achieved by an SU(2) rotation. Specifically, the
logical operation R̂L

sinðϕÞyþcosðϕÞzðπÞ is achieved by any of

the 2J distinct SU(2) rotations R̂ðJÞ
cosðϕ0Þxþsinðϕ0ÞyðπÞ, where

ϕ0 ¼ ðϕþ πk=2JÞ and k is an integer such that 0 ≤ k < 2J.

TABLE III. Summary of the polar two-legged spin cat logical unitaries that can be implemented as spin J SU(2) rotations. The first
section lists the two general types of SU(2)-implementable Bloch sphere rotations, with the type I rotations being those achievable via

some phase space rotation and the type II rotations being those achievable via a R̂ðJÞ
x ðπÞ rotation composed with some phase space

rotation. Note that in the type II rotation row, ϕ0 ¼ ðϕþ πk=2JÞ. The second section lists particular (k ¼ 0) instances of these types of
logical unitaries that correspond to the Pauli gates and the rotated Hadamard gate for general spin. Note that the spin rotations in this
second section are not immediate generalizations of the rotations from Fig. 5, since for those experimental demonstrations of the spin 1
case we happened to choose k ¼ 1 for the X, Z, and S†HS gates instead of k ¼ 0. Also note that in the gate and rotation columns we have
removed the global phase factors.

Logical gate Bloch sphere rotation Spin rotation Type

Type I R̂L
x ðθÞ ¼ e−iðθ=2ÞX̂ R̂ðJÞ

z ð− θþ2πk
2J Þ ¼ eiðθþ2πk=2JÞĴðJÞz I

Type II R̂L
sinðϕÞyþcosðϕÞzðπÞ ¼ e−iðπ=2ÞðsinðϕÞŶþcosðϕÞẐÞ R̂ðJÞ

cosðϕ0Þxþsinðϕ0ÞyðπÞ ¼ e−iπðcosðϕ0ÞĴðJÞx þsinðϕ0ÞĴðJÞy Þ II

X R̂L
x ðπÞ ¼ e−iðπ=2ÞX̂ R̂ðJÞ

z ð− π
2JÞ ¼ eiðπ=2JÞĴ

ðJÞ
z I (θ ¼ π)

Y R̂L
y ðπÞ ¼ e−iðπ=2ÞŶ R̂ðJÞ

cos ðπ=4JÞxþsin ðπ=4JÞyðπÞ ¼ e−iπðcos ðπ=4JÞĴ
ðJÞ
x þsin ðπ=4JÞĴðJÞy Þ II (ϕ ¼ π

2
)

Z R̂L
z ðπÞ ¼ e−iðπ=2ÞẐ R̂ðJÞ

x ðπÞ ¼ e−iπĴ
ðJÞ
x II (ϕ ¼ 0)

S†HS R̂L
y−zðπÞ ¼ e−iðπ=2

ffiffi
2

p ÞðŶ−ẐÞ R̂ðJÞ
cos ð3π=8JÞxþsin ð3π=8JÞyðπÞ ¼ e−iπðcos ð3π=8JÞĴ

ðJÞ
x þsin ð3π=8JÞĴðJÞy Þ II (ϕ ¼ 3π

4
)

(a) (b)

FIG. 14. Gates on spin 1 spin cat. (a) The spin 1 cat logical Bloch sphere, with the cardinal points marked with black square boxes and
the corresponding Wigner function of the state shown by the side. The colored lines show the axis of rotation for the different gate
operations as marked. The table in (b) reports the fidelity of prepared states before and after different gate operations with ideally
expected states. We reconstruct the cavity state from experimentally measured Wigner functions shown in Fig. 15 and calculate the
fidelity with the ideally expected state. Note that the Wigner function measurement is postselected on cases where the qubit ends in the
ground state at the end of the protocol.
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Based on further investigations we have done (which
we will discuss in a later work) regarding the rotation gates
of the binomial codes—which are rotated versions of the
polar two-legged spin cat code spaces when the binomial
code has distance 0 to photon loss—we believe that these
logical unitaries generated by Ẑ and R̂L

x ðθÞ constitute an

exhaustive list of the logical unitaries achievable via SU(2)
rotations. In Table III, we summarize these achievable
unitaries for the polar cats discussed here, along with the
specific instances of these logical unitaries that generalize
(to all spins) the operations experimentally demonstrated
in Fig. 5.

FIG. 15. Measured Wigner function for gates on spin 1 spin cat. Experimentally measured Wigner functions after the state preparation
and the application of different gate operations. These Wigner functions have been used to calculate the fidelities shown in the table in
(b). This shows that the SU(2) rotations generated in our system can accomplish X, Y, Z and S†HS gates on all cardinal points of the
Bloch sphere. The Wigner functions show that using the nonlinear rotation it is possible to achieve the H gate. Since the experimental
Wigners are not great due to decoherence issues, we add an additional row with theoretical Wigners in a lossless system in adiabatic limit
(ϵ∶Ω∶jχj ¼ 0.01∶1∶100) that shows the accomplishment of theH gate. The black circle representing the photon number allowed by the
protocol is bigger in radius for the nonlinear rotations, as it allows one more energy level to be occupied.
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3. Gates on spin cat states

In the main text, we discuss how different spin rotations
can be used to perform gates on spin 1 cat states. To
provide a more complete demonstration of the gates, here
we show that the spin rotations indeed perform the
expected gate on all six cardinal points of the spin cat
logical Bloch sphere as shown in Fig. 14(a). In the table in
Fig. 14(b), we report the fidelities of states in cavity with
the theoretically expected states before and after the gates.
Note that the fidelity is for a state after postselection of the
experiments where the qubit ends in the ground state at
the end of the protocol. In experiments, we measure the
Wigner function of the cavity state and reconstruct the
state using methods described in Refs. [71,72] to calculate
the fidelity. In Fig. 15, we show the experimentally
measured Wigner functions before and after applying
the spin rotation corresponding to all the gate operations.
It shows that the four gate operations using linear rotations
are accomplished on all six cardinal points on the Bloch
sphere. We also show the effect of nonlinear spin rotation
on the six cardinal points of the logical Bloch sphere. We
also include a row of simulated Wigner function for this
nonlinear rotation. This shows that this nonlinear rotation
can indeed accomplish the H gate.
For state preparation, we use a combination of conven-

tional photon blockade [14] and spin rotations. For prepar-
ing j0Li, j1Li, and j�YLi, we use conventional photon
blockade to create j1i followed by a π=2 spin rotation (see
Appendix E 1 for details). Preparation of j1i using conven-
tional blockade is not perfect and reaches a fidelity of 0.93.
After that, the spin rotations suffer nonidealities because of
not being in strictly adiabatic limit and decoherence also
affects the state preparation. Infidelities from these two
steps account for state preparation infidelity. After the gate
operation, the fidelities on average reduce by 0.07, indicat-
ing that we can expect gate fidelities of 0.93 or higher for
the gates based on SU(2) rotations.
For the nonlinear rotation that accomplishes the H gate,

fidelities are worse, largely because of the longer duration
of the gate which causes more decoherence in the system.
In future efforts, we will look into using numerical
optimization techniques to make higher fidelity and faster
gates. We note that the gates accomplished by linear
rotation have a gate duration of 6.1 μs (2.2ϵ−1) and the
gate accomplished by nonlinear rotation has gate duration
19.8 μs (3.8ϵ−1).
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