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We propose an algorithm that combines the inchworm method and the frozen Gaus-
sian approximation to simulate the Caldeira-Leggett model in which a quantum par-
ticle is coupled with thermal harmonic baths. In particular, we are interested in the
real-time dynamics of the reduced density operator. In our algorithm, we use frozen
Gaussian approximation to approximate the wave function as a wave packet in integral
form. The desired reduced density operator is then written as a Dyson series, which
is the series expression of path integrals in quantum mechanics of interacting systems.
To compute the Dyson series, we further approximate each term in the series using
Gaussian wave packets, and then employ the idea of the inchworm method to acceler-
ate the convergence of the series. The inchworm method formulates the series as an
integro-differential equation of “full propagators”, and rewrites the infinite series on the
right-hand side using these full propagators, so that the number of terms in the sum
can be significantly reduced, and faster convergence can be achieved. The performance
of our algorithm is verified numerically by various experiments.

1 Introduction

The time evolution of a quantum system follows the time-dependent Schrédinger equation. The
numerical simulation of Schrédinger equation is an important topic in scientific computing. Many
effective and accurate methods [1, 2, 3, 4, 5] have been developed to solve the time-dependent
Schrodinger equation numerically. Among these methods, the Gaussian beam (GB) method [6, 7, §]
decomposes the wave function to Gaussian beams and evolves the parameters of Gaussian beams
instead of the wave function itself. The frozen Gaussian approximation (FGA) [9, 10, 11, 12, 13, 14],
which is highly related to the Herman-Kluk propagator [15, 16|, modifies the GB method to
maintain the width of the beams. By preventing wave spreading, the FGA achieve higher accuracy
than the GB method.

Although numerical methods have been successful for closed quantum systems, real quantum
systems are more or less affected by the environment so that these numerical methods cannot apply
directly. Therefore, the theory of open quantum systems, in recent years, has attracted increasingly
more attention. Due to its universality, the theory of open quantum systems has been applied in
many fields including but not limited to quantum computing [17], quantum communication [18],
and quantum optical systems [19]. In the context of an open quantum system, a system of interest
is immersed in some uninteresting environment or bath. The coupling between the system and
the environment leads to quantum dissipation and quantum decoherence [20, 21]. The dynamics
of the system part therefore becomes a non-Markovian process, which is the main difficulty for
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the simulation of open quantum systems. Time non-locality typically entails significant memory
or computational expenses, in particular for long time simulation.

The Nakajima-Zwanzig equation [22, 23] depicts the temporal nonlocality by a memory kernel.
In the case of weak system-bath coupling, the process can be approximated by a Markovian process
with Lindblad equation [24]. In more general cases, however, it would be difficult to bypass the non-
Markovian nature during the numerical simulation. Some methods therefore introduce a memory
length to prevent unlimited growth of storage or computational cost. Based on the path integral
technique [25], the iterative quasi-adiabatic propagator path integral (i-QuAPI) has been proved
to be an efficient method [26, 27]. In recent years, different techniques are introduced to improve
the method [28, 29, 30]. Due to the non-Markovian intrinsicality, path integral methods typically
face high memory costs to store the contributions of various paths within the memory length.
Recently, the small matrix path integral (SMatPI) [31, 32, 33| has successfully overcome this
problem by summing up the contribution of all paths into small matrices. Although the starting
points are different, SMatPI turns out to be in a similar form of the Nakajima-Zwanzig equation.
The transfer tensor method (TTM) [34] derives a discretized form of Nakajima-Zwanzig equation
and also introduces a memory length to keep memory cost low.

If the interacting system is regarded as a perturbation of the uncorrelated system, one can
derive the Dyson series expansion [35, 36| with a series of high-dimensional integrals. Monte
Carlo sampling is generally used for the integrals in the series. Due to the high oscillation of the
integrand, direct application of the Monte Carlo method suffers from numerical sign problems [37,
38]. Recently, the inchworm algorithm was developed to tame the sign problem [39, 40, 41, 42, 43]
and has been proved to be an efficient method. Inchworm algorithm utilizes bold lines to compute
the partial sum in the series so that the series converges faster [44, 45]. Recently, some other
methods utilize the intrinsic invariant properties [46, 47, 48] to accelerate the computation.

All these methods mainly focus on the simulation of open quantum systems where the dimension
of the system space is finite. A typical example is the spin-boson model [49, 50, 51], which describes
a single spin living in a two-dimensional Hilbert space. Spin-boson model can be regarded as an
implementation of Caldeira-Leggett [52, 53, 54] model where the particle locates in a double well
potential. For open systems with more possible states, current research mainly focuses on those
with special structure like open spin chains [55, 56, 57]. In such systems, matrix product state
representations are used to make the simulation feasible, but are difficult to extend beyond 1D
[58, 59, 56, 57].

In this paper, we propose a method that combines the FGA and the inchworm algorithm for
the simulation of quantum particles in the Caldeira-Leggett model. Different from models with
finite possible states, the density operator for Caldeira-Leggett model is an operator on the infinite
dimensional Hilbert space. The density operator is given by a function with two variables but not
in a simple matrix form. In the numerical simulations, we focus on the diagonal of the density
operator, i.e., the probability density of the position operator.

In section 2, we simply review the frozen Gaussian approximation and the Caldeira-Leggett
model. In section 3, a brand new method for the simulation of Caldeira-Leggett model is proposed.
Specifically, section 3.1 gives the Dyson expansion for the Caldeira-Leggett model. Section 3.2 inte-
grates the FGA and the inchworm algorithm in the Caldeira-Leggett model, providing an algorithm
for the simulation. Section 3.3 gives a summary of our algorithm. In section 5, some results for
numerical tests are shown to validate our method. A quick summary and some discussions are
given in section 6.

2 Preliminaries

2.1 Frozen Gaussian approximation

Before introducing our work on open quantum systems, we first present the frozen Gaussian approx-
imation for the one-dimensional Schrédinger equation in the context of closed quantum systems.
Consider a one-dimensional quantum particle in a potential V (), the time-dependent Schrédinger
equation can be written as
(t, x)

e = Hi(t, ) (1)
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with the Hamiltonian H being
62 82
H=—— 2
V), )
and i being the imaginary unit. The constant € is a parameter depending on the nondimensional-
ization, which is usually small when the scale of the system is not too small. The FGA [12] utilizes

the following ansatz

1

Yrea(t,T) = o7 a(t, p, q)e" ey <y, (y)dydpdg (3)
(27me)3/2 Jro

where

01,21, 1,0) = S(t,0,0) + 5 (0~ QP + Pla = Q) + 5y — 0)* ~ ply — ) @

and 1)y is the initial wave function of the particle. The variables P, @, .S, a satisfy the following
dynamics:

OPEL0) — v/ Qit,pa)),
WD _ iy, g),
(5)
05pa) _ 1 (p(t.p.0))? - V(@Q(t.p.0),
Galtpea) 1, 0P = 0,QV"(Q) ~i(0,P +0,0V"(Q)
ot 2 04Q + 0pP +i(0,P — 0,Q)
with initial conditions
P(0,p,q) =p, Q(0,p,q) =g, S(0,p,q) =0, a(0,p,q)=V2. (6)

To solve these differential equation system, the following four equations should be also included

O (0,P) = ~,QV"Q) L (0,Q) = 0,P,
)
0 0

(aqP) = _anVH(Q)v (611@) = 8qP.

ot ot

This ansatz is derived based on some Fourier integral operators (refer to [16] for more details). The
FGA method gives an approximation solution to the Schrédinger equation, which can be concluded
by the following proposition.

Proposition 1. The FGA ansatz eq. (3) can be regarded as the solution to the Schrodinger equation
eq. (1) with first order accuracy. In particular, we have

[pa(t,z) — e g ()] 2 < Cre (8)
for some constant Cy if the parameters in Yrga(t,x) follow the dynamics eq. (5).

The proof of this lemma can be found in the literature [16] discussing the frozen Gaussian
approximation. With eq. (8), solving the Schrédinger equation can be converted to solving ordinary
differential equations eq. (5). Although the FGA can also be applied in high dimensional systems,
we only consider the one dimensional case in this paper. With the FGA, the probability density
f(t,x) to observe the particle at position x at time ¢ when measurement is performed can be
computed by

f(t,x) ~ WFGA(t,xﬂQ.

The numerical simulation based on the FGA generally introduces a proper discretization for vari-
ables p and ¢ in eq. (3). We will explain some more details later in section 3.2.
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2.2 Caldeira-Leggett model

Before we introduce the model we study in this paper, we give a general picture for the open
quantum system. We consider the Schodinger equation eq. (1) which describes a single particle
coupled with a bath, where the wave function for the whole system takes the form (¢, z, z) where
x is the position of the particle we are interested in and z are the degrees of freedom in the bath
space. The Hamiltonian is formulated as

H=H,®Id,+1d, ® H,+ W (9)

where Hg, Hy, are respectively the Hamiltonians associated with the system and bath, and Idg, Id,
are respectively the identity operators for the system space and bath space. W is the coupling
term between system and the bath taking the form

W =W,®W,. (10)

In the context of open quantum systems, instead of working with the wave function, it would
be easier to work with the density operator p(t). We assume that initially the system is in a pure
state, the bath is in thermal equilibrium, and the system is not entangled with the baht. We can
then formulate the initial density operator as

e—BHb

¢§O)> <1/)§0)‘ ® tr(o P) (11)

po=p¥ @ Pz(,o) =

where 3 is the inverse temperature.
Furthermore, we introduce the reduced density operator

pg(t) = tr, (p(t)) = trp (efth/EpOeth/é> (12)

where trp represents the partial trace operator with respect to the bath degree of freedom, and
the second equality above is from the von Neumann equation that governs the evolution of the
density operator. Our goal is to compute the marginal density f(¢,2) upon integrating out the
uninteresting bath, which is now obtained by the “diagonal" of the reduced density operator

[t x) = (x| ps(t) ). (13)

This paper proposes an algorithm for a basic open quantum system model, the Caldeira-Leggett
model [52, 53, 54, 60]. It describes the dynamics of a quantum particle coupled with L quantum
harmonic oscillators as the bath. For simplicity, we consider a one-dimensional particle throughout
this work. In the Caldeira-Leggett model, the Hamiltonians in eq. (9) can be formulated as

€2 02 Lo .9 I 5o
and W = W, ® W, represents the coupling between the particle and harmonic oscillators where
L
We=2 and W, =) ¢ (15)
j=1

The notations in eq. (14) and eq. (15) are defined as:
e #: The position operator of the particle in system, (z, z|ZY(t)) = x (z, z|¥(t)).
e 2;: The position operator of the jth harmonic oscillator, (x, z|2;¥(t)) = z; (x, z|¥(1)).
e w;: The frequency of the jth harmonic oscillator.
e c;: The coupling intensity between the particle and the jth harmonic oscillator.

e V: The potential function which is real and smooth.
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As a fundamental model, the Caldeira-Leggett model includes the major challenges in simu-
lating open quantum systems, which is the large degree of freedom in the harmonic oscillators.
Another well-known open quantum system model, the spin-boson model [49, 61, 62, 63] is also
related to the Caldeira-Leggett model. Specifically, it can be regarded as a special case of the
Caldeira-Leggett model in double well potential with an additional approximation neglecting high-
energy system states.

3 Inchworm-FGA algorithm for Caldeira-Leggett model

3.1 Dyson series for Caldeira-Leggett model

To obtain the reduced density operator, it is in practice unaffordable to directly evaluate the
operator eT*/¢ due to the large degrees of freedom in the bath. An existing method is to apply
the forward-backward coherent state semiclassical approximation to the influence functional [64].
Alternatively, one can express e=H*/¢ in terms of Dyson series [35, 42, 47] which is widely used
in scattering theory. For the sake of simplicity, we denote Hy = H; ® Id + Id ® H; so the total
Hamiltonian is written by H = Hy + W. In the Dyson series, the coupling term W is regarded

as a perturbation of Hy, the non-coupling Hamiltonian. The exponential operator e=H*/¢ can be
written as its Dyson series expansion
(oo} . n
e iHt/e _ / <_1> e~ Ho(t—tn) 7o —1Ho(tn—tn—1) 7 . . . e~ 1Hot1 1
0/ 0<T<t €
etHt/e — / <1) etHoti 7 giflo(tz—t) 17 .. W eiHo(t—tn) 1
n—o/ogT<t \€

with 7 = (t1,...,t,), where we have used the fact that the coupling W in the Caldeira-Leggett
model is a Hermitian operator. The integrals over simplices are formulated as

tr tn to
/ dr = / / . / dty - dtn_y dt,. (17)
ti STt ti Jt t;

Inserting eq. (16) into eq. (12) with change of variables yields the following Dyson expansion of
the reduced density operator:

ps(t) = i/ ﬁ (—isgn(sj)) (G(S)(sm,t)WS...WSG(S)(—t,sl)) X
m=0" ~IS8St j—p

(18)
x tr (G(b)(sm, Wy .. WbG(b)(—t7 51)) ds
where s = (s1,..., 8, is an ascending sequence of time points and sgn is the sign function. Under
such formulation, the integrand is divided into system part and bath part where
e tHs(si=si)/e, if 0 < s; < 1,
G (55, 5¢) = { e 1Hest/e O o=iHusi/e if g < 0 < s, (19)
eiHs(ﬁf_si)/e7 if s; < ¢ <O.
is a propagator associated with the system dynamics and
e Hb(sr=si)/e if 0 < s < sy,
GO (s1,5¢) = efiHbe/Epgo)efiHbsi/E, if 5; <0 < sy, (20)
eiHb(sf—si)/67 if 5 < s <O.

is a propagator associated with the bath. Readers may refer to [42, Section 2] for more details.
Consequently, the reduced density operator can be written as the following infinite sum over
multiple integrals over simplices:

pu)=> [ T[isguls)U(-t..)Li(s)ds. e
m=0" —tS8<t
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Inside the integrand of eq. (21), we have the Markovian system influence functional
U(—t,8,t) = G (5, )WG (81, 8m) Wi ... WG (51, 82) WG (1, 51) (22)
and a non-Markovian bath influence functional

1
Lo(s) = o tr (c;(b)(sm, HWLGO (01, 5 )W - .. WG (51, 50) Wy GO (—t, 51)) . (23)

The bath influence functional £;(s) is assumed to satisfy the Wick’s theorem [65] so that it has
the pairwise interaction form

0, if m is odd,
Ly(s) = Z H B(m,712), if m is even. (24)

qe2(s) (11,72)€q

where B(71,72) is the two-point correlation function B(71,72). Under the setting of Caldeira-
Leggett model, it takes the form [57]:

B*(|m| — if 0
B(r1,m2) =4 4 (in] = I72D) S (25)
B(nl =), ifnmn<0
with
~ 1 02. .
B(AT) = 5 ZJ: i (coth (662%) cos(w; AT) — isin(ijT)> (26)
where AT = |11| — |72|. Here we assume that the coupling intensity c¢; has order O(e), so that

B(-) ~ O(1). Since L;(s) vanishes when the number of time points in s is odd, the summation in
Dyson series eq. (21) now only runs over even m. The set 2(s) denotes all possible pairings. For
example,

{{(s1,82)}} if s = (s1,852)
2(s) = ¢ {{(51,52), (53,54) },{(51,83), (52, 84) }, {(51, 54), (52, 83) } }, if s = (s1,52,83,54) . (27)

and the corresponding eq. (24) is formulated as

Ly(s1,52) = B(s1,52),
Ly(s1, 52,83, 54) = B(s1,52)B(s3,54) + B(s1, $3)B(S2,54) + B(s1, s4)B(s2, s3), (28)

Under such definition, we employ the idea of Feynman diagrams [66] to write the complicated
Dyson series eq. (21) into a simple diagrammatic equation

—— P o . . 0N+
—t t —t t —t S1 52 ¢ 51528384 ¢ 451525354 ¢ 451525354 ¢

(29)
On the left side of the equation above, the bold line with ends labeled with 4+t denotes the reduced
density operator ps(t, 1, z2) in eq. (21). On the right side, we use each diagram to represent one
integral in eq. (21). For example, the third diagram on the right side denotes the integral

t S4q CE So S1
e, = / / / / G (54, 1) (—isgn(s)WV,) G (ss, 54) (—isen(ss) W) x
— 51528354 ¢ —tJ—t J—t J—t J—t

X G(S)(SQ, s3) (—isgn(s2)Ws) G(s)(sl, s2) (—isgn(sy)Ws) G(S)(—t, 81) %
x B(s1,82)B(s3, s4) ds1 dsadss dsy.
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Each operator G(S)(sj,sj+1) is denoted by a line segment from s; to s;;1; the coupling term
—isgn(s;)Ws is represented by the dot labeled by s;; each two point correlation function B(s;, s¢)
is denoted by the arc connecting dots s; and ss.

In practice, to evaluate the Dyson series numerically, one can truncate the series by a sufficiently
large integer M and then compute the integrals/thin diagrams using Monte Carlo integration. Such
implementation results in the bare dQMC method [67, 68]. While bare dQMC avoids the curse
of dimensionality with the advantage of Monet Carlo, it is well known that this method often
suffers from the sign problem [37, 38| caused by a large variance from sampling. To mitigate
the sign problem, bold line methods [45, 69, 70, 71, 72, 73, 48] have been developed in recent
years. These approaches regroup some of the thin diagrams into bold diagrams and can achieve
more stable results with a smaller truncation number of the series M. Among these methods,
the inchworm method has shown successful performance applied to models including quantum
impurity problems and exact non-adiabatic dynamics [39, 40, 42, 47]. In the next section, we will
develop our proposed algorithm which integrates the central idea of inchworm method into FGA
to simulate open quantum systems.

3.2 Inchworm-FGA algorithm
3.2.1 FGA for Dyson series

We now apply FGA to approximate the Dyson series eq. (21). We begin with the system influence
functional U, ,, defined in eq. (22). Under the setting of Caldeira-Leggett model, we can decompose

the system influence functional as (x1|U |z2) = Uy U, where
Us,

u;; (S,t) — <¢§O)|671Hssi/ei, L. i,eiHS(32fsl)/ei,eiH5(sl+t)/e|x2>

s,t) = (z e—iHS(t—sm)/eﬁe—iHs(sm—sm,l)/ei_._.i_e—iHSsiJrl/e (0)’
(5.1) = (o ) )

according to the definition of G(*) in eq. (19). Here we have assumed that s; < 0 < s;41 for conve-
nience. To approximate eq. (30), we start from approximating the initial wave function wgo)(x) =
(:E|1/J§O)> using FGA, and then apply the semi-group exp(+iH,(sj+1 — s;)/€) as well as position op-
erator Z repeatedly while ensuring the evolved wave function remain to take the form of FGA ansatz
during the whole process. Suppose we have approximated (x |#e~1Hs(sk=sk-1)/¢z ... o 1Hssiv1/e |w§0)>
by ¥rga(sk,z1), the following suggests the approximation of Z1pga (sk, 1) in the next iteration:

Proposition 2. Given an FGA ansatz

1

Yrea(t,z) = s—=75 a(t, p, q)e P/ <y (y)dydpdg,
(27m€)3/2 Jre

suppose the function c(t,y,p,q) = a(t,p,¢)o(y) is in Schwartz class. For any t € [0,T), we have

1

EYpeat,z) — ——— / ) / Q(t,p. q)a(t, p, q)e 2D/ < (y)dydpdg
R —00

<
(2me)3/2 <G (31)

L2
for some constant Cs.

This result can be derived from [10, Lemma 3.2]. The assumption that ¢(¢,y, p, ¢) is in Schwartz

class can be achieved by using Gaussian-like initial values 7,!1§0> whose derivatives decay sufficiently
rapidly. To understand the intuition of Proposition 2, we may consider ¥pga as an integral of

“beams"
1

e}
¢beam(ta z,p, q) = W / a(tapa q)euﬁ(t,x,y,p,q)/eng) (y)dy (32)
—00

over the (p, ¢)-domain. When approximating 2¢¥rga (sg, 1), each beam in pga (sg, 1) is centered
at Q(sk,p,q) along the x-dimension, and decays very fast as z leaves Q(sg, p, ¢) due to the narrow
width e. As a result, one can replace each position operator & by the beam center Q(sg, p,q) with
a O(e) error.

Afterwards, we will fix & as the time-independent function Q(sk,p,q) in the next evolution
under the semi-group e~ #s(sk+1=35x)/¢  The following proposition suggests that the wave function
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can keep the FGA form with each tpeam with fixed beam index (p, ¢) rescaled by Q(sk,p, ¢) in the
next episode [sg, Skt1]:

Proposition 3. For two FGA ansdtze

a 1 > i x €
Viea(t:2) = G /R 2 / a(t, p, q)e'® (=D o (y)dydpdg, (33)
and -
(b) — 1 b iy (Lx,.p.q) /€ dydnd
VYpaa(t, o) = (@732 o (t,p,q)e o (y)dydpdg (34)

following the dynamics eq. (5) with the same potential function V(x), if at some time ty, we have
e b(to,p, q) = c(p, q)alto, p. q) for some c(p,q),
e Sa(to,p,q) = Sp(to,p,q), Palto,p,q) = P(to,p,q) and Qu(to,p,q) = Qu(to,p,q),
then for all t, we have
* b(t,p,q) = c(p, q)alt, p, q),
¢ Sa(t,p,q) = Su(t,p.q), Pu(t,p,q) = P(t,p,q) and Qa(t,p,q) = Qu(t,p, ).

Note that we simply use subscriptions a,b to denote the corresponding quantities in wl(fc);A, wl(fc);A,
respectively.

Proof. Based on eq. (5), the evolution of S, P, @ is independent from the coefficients a(t, p, ¢) and
b(t,p,q). By the uniqueness of the solution to an ODE system, we have the second statement

Sa(tapvq) = Sb(tapvq)a Pa(tvpvq) = Pb(tapv q) and Qa(tap,Q) = Qb(tapv Q) For fixed b9, the
dynamics of a(t,p, q),b(t, p, q) satisfies

da(t, p,
% = B(tapa Q)a(tvpa Q)a
ob(t ) (35)
In these two differential equations,
— " —3 "

2 0,Q + 0,P +1(0,P — 0,Q)

only depends on P,Q. Hence, the dynamics of a(t,p,q) and b(t,p,q) share the same quantity
B(t,p,q). Therefore, we have

t
alt.p) = altopa)exo [ Brpaar )
¢
N (37)
b(t, p,q) = b(to, p, q) exp ( B(r,p, q)d7> ;
to
and the first statement b(t, p, q) = ¢(p, ¢)a(t, p, ¢) holds naturally. O

With these two propositions, we are ready to give an approximation of the system influence
functional (z1|U |z2). Below we present the approximation of U/ (s, ) only, the approximation for
U (s,t) is similar. The FGA for Uy, (s,t) is done from the right to left. To begin with, we have

e Hasit1 /e () (1)) & hpaa(sit1, 1)

1

— = ) 1¢(si+1,21,5,2:0)/€4/,(0) (. Ydydnd
CEE /Rz /_Oo a(si+1,p, q)e ¥, (y)dydpdg

(38)
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based on the FGA. Next, we use proposition 2 to replace the position operator & by beam centers
Q(si+1,D,¢q), and thus we have
g Meeint /(0 ()
1

~ 3 2/ / Q(Si+17p7 q)a‘(si-i-hpa Q)ei¢(8i+l1117y,p)q>/6w£‘0)(y)dydpdq
(27T€>/ R2 J—o0

By proposition 3, the approximation continues as

(39)

—iHs(sj12—8; exn —iHgs; e, (0
e (sit2=si41)/€ 50 +1/6p(0) (1)

1

~ > . ) ip(sit2,%1,Y,0,9)/€,/,(0
- W/R /,ooQ(Sz+1vpvq>a<81+z,p,q)e (sir2. 21000/ (0) (y)dydpdg.

(40)

Repeating such a process, we obtain the approximation of U, (s,t) as

1 e .
Ui 0.0~ o [ [ QU Qsisn)ae = D ayapdy (a1)

where we omit the parameters p, g for simplicity. Based on propositions 1 to 3, we expect that
the approximation of U (s,t) has an error at O(e). In Section 4, we conduct a more rigorous
numerical analysis of this approximation error.

In practice, the integral with respect to variables p and ¢ is computed by numerical quadra-
ture. To be specific, we choose some quadrature points {(px,qx)}~_, C R? and compute their
corresponding integral weights wy. A simple strategy is to apply uniform mesh with grid points

Pk = Pmin + k1Ap for k4 =0,--- | N,

(42)
Qk = Gmin + k2Aq, for ko =0,--- | N,

where k = k1 Ny + ka + 1 for some proper choices of pmin, gmin and Np, Ny. With this form, the
quadrature weights can be simply set as wy = ApAgq for all k. Physically, the parameter p and
q denotes the momentum and position of the particle, so the range of p and ¢ in the numerical
discretization relies on the momentum and position of the initial state. The choice of Ap and Agq
should be consistent with the parameter € so that oscillation in the states can be better captured.
With the discretization of p and ¢, the initial wave function is then approximated by

K
0 (x) &Y wiipr(0, ) (43)
k=1
where ) -
Du(t0) = o [ O gy (49)

is a discrete version of eq. (32) with (p, ¢)-pair chosen to be grid point (pg, i), and each ¢y takes

the form
Bult2,) = S(0) + 5 (2 — Qe + Pule — Qult) + Sy~ )~ pely — ). (49)

The time evolution of parameters Sk, Qk, Pk, ar for each k can be parallelly obtained by solving

szt(t) = —V'(Qx(®)),
8628;;@) = Py(t),
855t(t) _ %(pk(t))g —V(Qx(t)),

dar(t) 1 ; 94 P — 0pQkV"(Qr) — 1 (0pPr + 90,QKV" (Qk)) (46)

ot Eak( ) 8qQk + 8pPk + i(8qu — 8ka)

(appk) = 78ka‘7H(Qk)v % (aka) = apPk,

(00P0) = ~0,QeV"(Qu), 1 (2,Q0) = 0,

0
ot
0
ot
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- 2
where V(z) = V(x) + Ele ;ﬁxQ with the initial conditions
J

P(0) =pr, Qr(0)=qr, Sk(0)=0, ax(0)=v2. (47)

Under such discretization, U, (s,t) is eventually approximate by

K
)~ > weQk(sm) - QulSita) Qu(sit1)i(t, z1). (48)
k=1
The approximation of U}, (s,t) can be similarly obtained by
K
us = Zwkﬁz (t,22)Qr(—5i)Qr(—si—1) - - - Qr(—s1), (49)
k=1

and one arrives at the overall approximation for the system influence functional

(x1|U(—t, s,t) |x2)

~ Z Z wklwk2Qk1 (Sm) T Qk1 (si+1)Qk2(7si) T Qh(f‘sl)wlﬁ (tv xl)wZQ (ta x2)

k1=1ko=1

under the assumption that s; < 0 < s;11. Here, we move the term v, (¢, z1)v, (t,72) to the end of
the expression because all Q)’s are scalars. In terms of the bath influence functional, we compute it
exactly according to the original definition eq. (24) without approximation. We therefore compute
the reduced density operator eq. (21) by

(z1] ps(2) |$2>

K K m
= Z / _1 Sgn sj Z Z Wy Wy H lekz (Sj)) Yk, (t7$1)1/17§2 (tva)Eb(s)dS
t<s<t ol

ki=1ko=1 (51)
= Z Z W, Wi Z / (—isgn(s;)Quiks (57)) Lo(s)ds | ¥r, (8, 1) 05, (8, x2)
ki=1ko=1 t<s<t
with
~ . le (8), s> 0,
lekQ (S) B {ka(_s)a 5 <0. (52)

Here, we exchange the summations over k1 and k2 with the path integral, and the term 1, (¢, 21)¢5, (t, 72),
which is independent of s, can be moved out of the path integral. At this point, the Dyson series
for the reduced density operator for Caldeira-Leggett model is simplified as

K K

(1] ps(t) |22) = D7 D Wiy Wiy Oy oo ()00, (1 2107, (8, 2) (53)

ki1=1ko=1

where each coefficient g, «,(t) takes the form of a Dyson series
o =30 [ ] (isen(s)@uia(s)) £als)ds 69

with the initial condition g, ,(0) = 1 for all fixed ky, ks.
Similar to eq. (29), one may also use a diagrammatic equation to represent eq. (54):

S - - --- - - - i T U SN SN NN F®_| +---
—t t —t t —t S1 82 ¢ _$ 51828384 ¢ _ 451528354 ¢ _ 515258354 ¢

(55)
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The meaning of diagrams above is slightly different from eq. (29): the bold line above now denotes
Ok, ks, (t) in Dyson series formulation as defined in eq. (54). On the right side of the equation, each
diagram again represents one integral in eq. (54). The arcs still stand for the two-point correlations.
The dots now denotes the beam centers Qy, k2 (sj). Since the bare propagators does not exist in
Ok, K (t), we change the solid segments in eq. (29) to dashed segments which are identity operators
in system space.

Remark 1. We would like to emphasize here that Proposition 3 is the key proposition that allows
us to apply FGA to open quantum systems. It essentially states that for a single Gaussian wave
packet, the effect of the harmonic bath is merely a constant factor. The interaction with the bath
does not change the position Q, the momentum P or the phase S. As a result, although the evolution
of a wave packet is a path integral, the function ¢(t,x,y,p,q) inside all terms in the integral is
identical, so that we can apply the path integral to the amplitude only.

3.2.2 Inchworm method

As we have discussed at the end of section 2, instead of evaluating o, 1, (t) by a direct sum over
the dashed diagrams in eq. (55) which will lead to a severe sign problem, we employ the key idea
of inchworm method to compute gy, , (t) in this section. Specifically, we aim to reduce the number
of diagrams by regrouping the dashed diagrams to bold lines. To start, we generalize the definition
of ok, k,(t) to the following full propagator

Gk (81, S¢) Z/ —isgn(sj)lek2(sj)) Ly(s)ds (56)
<S<9fj 1

defined in non-symmetric time interval [s;, s¢] C [—t,t], which also takes the form of Dyson series
and thus can again be represented as a sum of dashed diagrams

— T I SRR NN S e v N SN P N S
Si s¢ Si S¢ S; S1 82 sp S; S1525354 55 85 S15285354 s¢ 5 51525354 s¢
(57)
In the equation above, the full propagator Gy, k, (s, s¢) is represented as bold line segment with two
ends s; and sp, which can be considered as a partial sum of total Dyson series eq. (54). According
to the definition, one can recover the desired g, x, (t) by

Ok ks (t) = Gk?l k2 (_t7 t)' (58)

The central idea of inchworm method is to compute longer bold segments Gy, k, (si, sf) from shorter
ones iteratively until arriving at the full bold line defined in eq. (55). To realize such iterative
process, we will need an evolution of the full propagator. One option is to derive the governing
equation for the full propagator [42, 47, 48]. To do this, we begin with the derivative

3Gk1k2 3175f Z /< . —ngn(Sj)lekz(Sj)) Lb([S,Sf])dS (59)
s<st G- 1

where s = (s1,---,8,) is the integral variable, [s,s¢] denotes the vector (sq1,---,Sm,st) and
Sm+1 = 8¢ is used in the sake of simplicity of the notation. Note that eq. (59) does not hold
for s = 0 because the integrand is discontinuous as a result of eq. (52). However, the quantities
Gk, (81, 8¢) are continuous for all s; < s¢. Such formula can again be written diagrammatically as

i,_.—k___/_\.jtkp_m b oelLTZNN Lo Aee- . (60)

Osg Si s¢ Si S 8 S15283 s s 515283 s s S15283 s¢

From this diagrammatic equation, one can easily observe that the last time point is now fixed at
s¢ in each diagram on the right side and thus the degrees of freedom decrease by 1 due to taking
derivative.
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At this point, we want to replace every diagram on the right side of eq. (60) by “boldifying" all
the dashed segments into the corresponding bold line segments. Such operation mathematically
is to insert the full propagator Gy, ,(sj_1,5;) between every Q. k,(s;) and Qg x,(sj-1). Each of
the boldified segments G, k,(sj-1,5;) is again a summation of infinite dashed diagrams according
to the expansion eq. (57). During this replacement, we need to remove the over-counted dashed
diagrams to maintain the equality. For example, we replace the first diagram in expansion eq. (60)
by

-Q = peee- L0+ [T mm + ,._m +opem L A

s 81 P Si 51 S¢ s; 51 5253 S1 83 ¢ 5 81 528354 S5
(61)
Notice that in eq. (61), the first three diagrams are identical to the first, second and fourth diagrams
in the expansion eq. (60) and thus these three diagrams (as well as infinitely many others that
appear in both eq. (60) and eq. (61) but are not written down explicitly) should be removed from
the original expansion eq. (60) once this update is done. For those diagrams which are not removed
during this update (e.g the third diagram in the expansion eq. (60)), we will update them by again
“boldifying" their dashed segments. We repeat such process and after replacing all the dashed
diagrams, we reach to a new reformulation of eq. (60):

o Q
Os — — + _/7% +
f s ¢ sy S Sf S; S1 S2 83 s¢
+ _szz; + _CZES; + _;ﬁ:ﬁ; + _CEE:; + - (62)
5;51525354558¢ $;51525354558¢ 515152535455s¢ $i51525354558¢

We then immediately reach to the governing equation for the full propagator by writing eq. (62)
into the mathematical representation

m+1

%S(fsi’sf) — Z/ H _1Sgn(sj)lekz(S])lekz(S] 1,85)) Li([s, s¢])ds (63)

si<8< st j=1

for —t < s; < s¢ < t with the condition Gy, k,(s',s’) =1 for all ' € [—¢,t]. Above s = (s1,+* ,Sm)
is the integral variable with sy = si, s, 11 = s¢ defined for convenient purposes. The bath influence
functional £§(s) is now defined by

0, if m is odd,
Li(s) = Z H B(11,72), if m is even. (64)

qE2<(s) (11,72)€Q

where 2¢(s) is a subset of 2(s) that contains only “linked" diagrams, meaning that any two time
points can be connected with each other using the arcs as “bridges” in such diagrams. Rigorous
mathematical proof can be found in [42, Section 3.3]|, showing that the expansion eq. (62) includes
all dashed diagrams without over-counting. Compared with direct sum of dashed diagrams eq. (55),
working with the resummation eq. (62) is more efficient as it has faster convergence with respect to
m since each diagram in the new expansion eq. (62) includes infinite dashed diagrams. Furthermore,
the reduction in the number of diagrams in eq. (62) (e.g, number of diagrams with two arcs decrease
from 3 in eq. (55) to 1 in eq. (62)) also makes the evaluation of bath influence functional £f cheaper
than Ly.

To solve the equation eq. (62) numerically, one can use Runge-Kutta methods to solve it as an
ODE in the s¢ direction. In each time step, we truncate the series on the right side by a chosen
integer M and evaluate the integrals using numerical quadratures [56, 57] or Monte Carlo methods
[42, 48]. In this work, we use the second-order Heun’s method as the time integrator and trapezoidal
rule for numerical integration. Upon time discretization, we aim to compute Gy, k,(—nAt, nAt)
for n = 0,---,N. Based on eq. (63), to obtain the value of G, x,(l1At, (I2 + 1)At), we need the
knowledge of all the values of Gk, (I'At, 1" At) with I; <1’ < 1" < I3 to evaluate of the integrand.
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Therefore, one should implement the iteration according to a proper order. In general, one should
compute those full propagators Gy, 1, (I’ At, I At) with smaller value of I” — I’ first. For example,
we can compute all full propagators in the table below from top to bottom and left to right:

G~ Gy e G Gt G

GI;JI\;;NH G’;JI\CT;FL—NH GIIC\ZZS,NA G}Iq\i;:,N

GI;JZ;#VH Glzljl\cf;rl,—N% chvlgf’N .
G,;]Z;N_l G,;JZ:_LN

Grang

where G{;l,g; is the numerical results of Gy, k,(j1At, j2At). The values in the first row are given
by the initial value that Gg,,(s’,s’) = 1. Once all full propagators in the table are obtained,
we compute the values of bath influence functional are computed exactly and get the values of
Qk1k2 (sj) from the trajectories in eq. (46), and the value of reduce density operator on grid points
can be ensured by eq. (53). We remark that Qp, 1, (t) has a discontinuity at ¢+ = 0. During the
calculation, we split all integral domains at ¢ = 0 and the values of Qg,x,(0) takes either Q, (0)
or Qk,(0) based on different subdomains.

Before ending the discussion on inchworm method, we would like to introduce the following
symmetric property of the coefficient gy, 1, (t) which can reduce the overall computational cost by
half:

Proposition 4. Given any ki,kos =1,--- , K, we have

Okakz () = Qpi, (£)- (66)
Proof. Based on the definition eq. (54) of gk, , (t), we apply change of variable 8’ = (s}, s, ,s,) =
(_5m7 —Sm—1,""" _51) to get

ki (t) = Z/ T (—isen(=s5)Quik, (—55)) Lo(=80s =81, -+, —57)ds’.
m=0" IS8’ jq

By the definition of correlation function eq. (26), one can easily check that B(—7y, —71) = B*(71, T2),
which immediately yields that Ly(—Ty, —Tm—1,--- ,—71) = Li (71, , Tm—1, Tm) by the definition
of bath influence functional eq. (24). Thus, we further have

oo m
Ok iz () = Z / e H (—isgn(—s5)Quak, (55)) Li(sh, 55, -+, sp,)ds’.
m=0" IS8’ j—1

Finally, we can change sgn(—s’) to sgn(s}) in the above formula since m is an even number, and
then we arrive at the relation eq. (66). O

With this property, the summation in eq. (53) can therefore be divided into “diagonal” and
“non-diagonal” part:

K

(@1] ps(t) |22) =Y wiorn(O)br(t, 2) it 22) +2 > wi, iy Re (0, ky () k, (1) 05, (¢, 22))
k=1 k1 <kg
(67)
with roughly half of the computational cost of the original full summation.
When computing the position probability distribution f(t,z), we take the values G,;’L’: for
n=0,---,N in eq. (65) and only compute the “diagonal” of (x| ps(t) |z2) as

K
Ftm) = wiork(®)r(t, 2)0i(ta) +2 ) wi,wk, Re (0k,k, (O, (8 2)07, (82)) . (68)

k=1 k1<ks
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3.3 Summary of the algorithm

We would like to end this section by a quick summary of the method and a brief analysis of the
computational cost. In general, our method combines the frozen Gaussian approximation and the
inchworm algorithm. We first use the FGA ansatz to represent the wave function and solve the
ODEs for the dynamics. In this step, the computational cost is O(K Ngrxk), where K is the number
of beams in eq. (43), and Ngrk is the number of Runge-Kutta steps in the discretization. This step
is identical to the FGA method without baths. The second step is to apply the inchworm algorithm

to all possible pairs of beams. The order of computational cost is O(K?Crw(M)) where K? comes
from the choices of ki, ky in eq. (63) and Crw(M) is the computational cost for solving eq. (63)
with fixed ki, ko. If we have N grid points for time discretization, we need to evaluate O(N?)
full propagators for each beam pair. For each full propagator, the computational cost is at most
O(NM) for the numerical quadrature. Therefore, Ciw can be estimated by O(NM+2). Readers
may refer to [47, 56] for more discussion on the computational cost of the inchworm algorithm.
The last step is to recover the probability density function by eq. (68). The computational cost of
this step depends on the number of points on which we would like to evaluate the function. The
cost is expected to be O(K?Cx) with Cx represents the computational cost to evaluate each term
in summation for all required grid points x. B

As a summary, the computational cost of the three parts are O(K Nrk), O(K2N™*2) and
O(K?Cx). Since we usually use methods with the same order of accuracy for solving the FGA
method and the inchworm equation, it is advisable to choose Nrx ~ O(N). In practice, we can
choose Nrk to be larger than N to get more accurate approximations of Qg (¢). In the third step,
the value of Cx comes from the spatial discretization which needs to be considered only when
generating the output. To resolve the fluctuations in the solution, C'x needs to be proportional to
O(1/+/€). The discretization eq. (42) shows that K ~ O(1/¢), from which one can conclude that
the total computational cost of the third step is O(K5/2). To conclude, the final computational
cost can be estimated by O(K°/% 4+ K2NM+2),

The entire procedure is summarized in algorithm 1. Of all these steps, the inchworm step is in
general the most costly one for most applications. We will discuss an alternative discretization in
section 6 which may require fewer beams.

Algorithm 1 Inchworm-FGA

Input: ngo), €;
Initialize ¢§°) according to eq. (43);
for k=1,...,K do
Solve the beam dynamics according to eq. (46);
end for
for 1 <k <ky <K do
Compute the full propagators for each beam according to eq. (63);
end for
Compute ps(t, 21, x2) by eq. (67) or f(t,x) by eq. (68);

4 Error analysis for reduced density operator approximated by FGA

We use this section to carry out a numerical analysis for the error bound of the reduced density
operator formed as Dyson series approximated with the FGA. To begin with, let us first introduce
some useful notations. Given a FGA wave function ¢rga as defined in eq. (3), we define the FGA
position operator

1

Qurcal(t,z) ::(2”6)3/2// Q(t, p, q)alt, p, q)e "D/ < (y)dydpdg.
R2 J—c0

In addition, given a (m + 2)-dimensional vector

s = (80781; e 7Sm+1)
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satisfying 0 = sg < 81 < S92 < -+ < Sy < Sypy1 = ¢, we define

(k) ip(sk,z,y,p, €
Walinl(s.) 1= G [ [ HQs],p, 5k, @) 12D/ () dydpdg (69)

which effectively approximates system propagation up to time sy:
VFGA[wO}(Sax) ~ V) [wo](saﬂﬁ) = G(s)(sk—h Sk)E - '@G(s)(sm 51)vo.

In particular, Vlgg Altol(s,x) = ¢o(x) which is the initial value of the wave function considered.

Here we remark that vgg AlYo](s, x) actually does not relies on s according to the definition eq. (69).
We also denote the exact propagation up to time t and its frozen Gaussian approximation by

Vivol(s,z) = VD [ygl(s,z) 5 Veaalthol(s, o) = VD [yl (s, z)

which correspond to U, and its approximation eq. (41) (and also Z/[;'; and the corresponding
approximation). Furthermore, we define

WO o] (8, 2) = G (51, $ma1)EG Sty $m) & - - 8GO (51, 5111) OV 0] (3, ),

for Kk = 1,--- ,m, which can be viewed as an approximate system influence functional obtained
by first evolving 1y under FGA dynamics up to time si, and then evolving under exact quantum
dynamics until time ¢. In addition, we define

WO ol(s, ) = Vol(s,2) . W Dlyol(s,2) = Veaaltol (s, 2)-
Finally, we assume the two-point correlation eq. (26) is bounded by
|B(7 >| < CB7

which is verifed numerically in Figure 3. By definition eq. (24), bath influence functional is then
bounded by

ILo(s1, 8m)| < (m — DNCH2, (70)

With the notations above, we first introduce the error estimation for system influence functional
approximated by the procedures eq. (38) — eq. (41), which is given by the following lemma:

Lemma 5. Let o(t,z) be a wave function with initial value vo(x) and its FGA yrga given by
eq. (3). Assume

suppWHF [4h](s,-)) € [-R,R] for all0 < s <t andk=1,--- ,m+1 (71)
where R is some positive number. Without loss of generality, we assume R > 1. Then it holds that

[V[tol(s, ) — Vraalto] (s, )|z < C3(m)e (72)

where
1 2
C3(m) = 1ot (C’z + \/;R3/2C’1> o™ and a = \/2/3R%/?,

Proof. We first decompose

Veaaltol(s, ) — V[wol(s, z) ZWU“*” [to] (s, ) = WP [o] (s, z). (73)

k=0
Each term in the sum takes the form
WD) (s, ) = WE o) (s, 2)
= G(S)( ) 2G S)(sm 1, 8m)& - 3G (Skt1, Skt2)X

[QVF’ET [l (s, 2) = #G) (i, 5111)QVica [t (8, 7) | -
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By Proposition 3, we can obtain V}(Jg;l) by performing FGA dynamics according to ODEs eq. (5)

for time sx41 — Sk using QVFG A (which is in FGA form) as the initial value. Furthermore, by
Proposition 1 and Proposition 2 we estimate

QYL ol(s.) — 2G) (i, s141) QVia [0 (5. ) | 2
= [1QVra [tol(s, ) — Ve [tol(s, ) + Ve [tol(s, ) = 3G (sk, s501) QVEA 0] (5, ) 2
< Qvia [t (s, ) — Vi [tol(s, ) o+

+ 1l e - VS ol (s, ) — GO (s, s141) @V [0l (s, )| 2

< Che + \/;R3/2 -Che

where we have used the assumption that = € [ R, R]. In addition, since G(*)(-, -) is unitary, overall
we have

IWEHD o] (s, -) = WE o] (s, )] 2
< 27 QYR ol (s, 2) — 2GS (sk, s141) QVEI A [0) (8, 2) | 2

m—k—1
2 2
< <\/;R3/2> (Cy + \[533/201)6.

The bound eq. (72) is an immediate consequence by summing over all eq. (74). O

The assumption eq. (71) can be achieved by assuming proper compactly supported potential
functions V' which can confine the particle within [—R, R] throughout the entire simulations. The
potential functions we consider in numerical experiments in Section 5 all satisfy this assumption.
This lemma shows that the approximation error of system influence functional with FGA is O(e)
with a prefactor scaling exponentially with respect to the order of the Dyson series. At first
glance, this seems to be a large error if we expand Dyson series to high order. Fortunately, since
the integrals in Dyson series are defined on simplices

{(51,82, * ,8m)| —t <81 <82 <+ < 8§y <t}

whose volumes are (Qt),, , the approximation error for each term in Dyson series can be well con-
trolled by the fast double factorial decay with respect to m. The following theorem provides an

upper bound for the overall approximation error for the reduced density operator with FGA:

Theorem 6. Given reduced density operator ps(t) in Dyson series formulation as eq. (21). Let
oo m
=3 [ TLisents) Ueealbl) (.. 0)0(s)ds
m=0 v —t<s<t

where Upga is the system influence functional approximated by FGA such that

(aheaa i)t 5, Dles) = VeaalbO)(s* 1) (Veaalw®)(s™,22))'

where 87 := (0, 8;41, ** ,8m,t), 8~ := (—t,81, -+ ,5;,0) and 8; <0 < s;41. Under the assumption
q. (71), we have
19a(t) — 5+ (01> < Caexp(Cs - £2)e (75)

2 2
Cy = a_1 (CQ + \/;R3/201> , Cs= 2042R2CB

where
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Proof. According to Proposition 1 and Lemma 5, we have
JUON~, 5,8) ~ Usa V) (~t, 5,0)12
< [Vt ) = Veaaw Ol | IVRONsT s
+va0>1 ) = Veaalb©l(s™ )|, - IVraleI(s*, s
(V)™ e + 1Vraale@)(st,)llsz )
(

VRN, e + IVIBO1(T, ez + Veaa®)(s™, ) = VIEOl(st, )1z )
< C’g(m)e - (2R™ + C1e) ~ 2R™C3(m)e.

m)e - 0)
0)

me

For the last inequality, we have used the assumption eq. (71). By eq. (70), we bound

llos(t) = ps (@)l 2 < Z [t< - 1Ot 8,1) = UsealbV)(—t,5,0) 12 - [Lo(s)|ds

m=0
m is even

= th m m
Y (m)! - 2R™Cs(m)e - (m — 1NCH/?

m=0
m is even

2 2 39 X (202 R*Cpt?)*
_a_1<02+ﬁ3 cl>e - et gt

which gives the estimation eq. (75) by noting the sum above is the Taylor expansion of an expo-
nential function.

O

5 Numerical results

In this section, we carry out some numerical experiments for different initial wave functions and
different potentials. We choose the Ohmic spectral density [49, 74] in our numerical simulations.
For Ohmic spectral density, the frequencies w; and the coupling intensities c; are given by

oy = —sctog (1= (1~ exp(—imus ) (76)
£
¢j = ew; T(l — exp(—Wmax/We)) (77)
for j =1,---, L. In this work, we mainly study the cases where coupling intensity between system

and bath is generally not too large, so that convergence of Dyson series is not too slow and can be
approximated well by a relatively smaller truncation M. This requires the two-point correlation
function B defined in eq. (26) is O(1), and thus in the parameter setting, we choose the coupling
intensity ¢; defined in eq. (77) to be O(e).

5.1 Validity Tests

To validate our method, we compare our numerical results with results from conventional methods
based on numerical discretization as reference. In particular, we compare the result of our method
with the Strang splitting spectral method (SP2) for Schrédinger equation [3, 4]. Since the mesh
discretization based SP2 will suffer from the curse of dimensionality from the large degrees of
freedom of the harmonic oscillators, we only compare the result of our method with SP2 for zero
system-bath coupling. In our method, this can be achieved by £ = 0, and thus our method is
essentially identical to the FGA method. Since the system and bath evolve separately, a reference
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Figure 1: Comparison of our method with SP2.

solution can be obtained by using SP2 to solve a closed system. In this example, we set the

potential as
L,

V() =5z (78)

and the initial wave function as

1 2
PO(z) = (Ame)i/ exp (156 - ge) (79)

with e = 2.

In thisﬁ4experiment, the wave function has an initial momentum centered at p = 1, and the
center of the wave function is at = 0. To cover the dynamics of most Gaussian wave packets, we
set the range of p as [—1, 3] and the range of ¢ as [—2,2]. For e = 1/64, the standard deviation of
the frozen Gaussian is 1/8, and here we choose Ap and Ag to be both 3—12, so that the oscillation
in the wave function can be fully resolved. The total number of beams K is 16641. It is shown
in fig. 1 that the initial probability density can be well approximated by the FGA ansatz, and
good agreement with the reference SP2 solution is maintained up to ¢t = 3. This experiment shows
that the FGA method can provide accurate solutions for these parameters, and similar numerical
settings will be used in our examples with system-bath coupling.

While it is not practical to directly use SP2 to solve the dynamics of the Caldeira-Leggett
model due to the large number of bath degrees of freedom, we remark that SP2 can still be
applied to compute the system influence functional in eq. (30) and subsequently calculate the
reduced density matrix using the Dyson series formulation. However, it is not straightforward to

extend this approach to the inchworm method. The inchworm method utilizes partial sums of the
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Dyson series, where the evolution of the system and the influence of the bath are mixed up in full
propagators to accelerate the computation. These full propagators cannot be evaluated by solving
closed Schrédinger equations, making the application of SP2 in this context nontrivial.

Although FGA works well in this validity tests, it might fail when e is large. As stated in
proposition 1, FGA has numerical accuracy of order O(¢). For large € such as ¢ = 1, FGA use wide
beams to approximate the wave function. If the initial wave function has high frequency oscillates

FGA cannot even capture the initial states, let along carrying out numerical simulations. We take
the following wave function

1
O(g) = ———r 16iz — 822 80
u0() = i oxp (161 - &) (80)
and use different € in FGA to approximate this wave function. The results are shown in fig. 2. From
fig. 2, we can observe that when we choose ¢ = 1/8 or larger, the approximation based on FGA
is inaccurate. One possible way is directly evaluate the Dyson series without inchworm method

)
where we can use traditional numerical schemes such as SP2 to compute the system propagation
This can be considered as a future extension.

5.2 Harmonic oscillator

In this subsection, we consider the system bath coupling for different coupling intensities. The
potential function V(z) and the initial wave function ngo) (x) are set the same as those in the
previous validity test. Other parameters for the system-bath coupling are given by

L =400, wmax =10, we.=2.5 B=5. (81)

Numerical experiments are carried out for various coupling intensity & < 1.6. The amplitude of
two-point correlation function B (A7) when £ = 1.6 is plotted in fig. 3. Since the initial condition
is the same as the validity test, we also choose the same range of p,q and same Ap, Aq. Recall
that the number of beams K is 16641. According to our estimate of the time complexity O(K>/2 +
K2NM+2) the computational cost is quite significant despite a one-dimensional problem.

In our simulations, we need to specify the truncation M for the inchworm expansion. As we
have discussed in previous sections, the inchworm expansion generally converges very fast and thus
we can choose a relatively small M. Below we present our strategy for choosing the truncation:

on the right-hand side of eq. (63), the magnitude of m-th term in the inchworm expansion can be
estimated by

m—+1
[T isens)@ua(s5) G s51,59) £i(ls, s

s<st j=1

|Qmax max|m+1/ Z H 7'177'2 |dS
si<s<sr

S qe2e(s) (11,72)€q

(82)
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Figure 3: Amplitude of two-point correlation function.

where Qmax and G .« are the maximum values of Q K1k, a0d G, k,, respectively. To get a practical
value of M, we examine the decay of the upper bound eq. (82) numerically. In the test example
we considered in the previous subsection, we notice that the distribution of beams are confined
in the region [—0.5,0.5]. Therefore, we set Omax = 0.5. In addition, we set Gax = 1 from the
initial condition and consider simulations up to t = 5. Under these parameter settings, we obtain
the numerical evaluation of the upper bound eq. (82) as 0.236671 for m = 1, and 0.0362826 for
m = 3. Since the contribution from m = 3 term in the inchworm expansion is minor compared
with m = 1, we therefore choose the truncation M = 1 in this numerical experiment.

Figure 4: Change of position probability density f(¢,x) of harmonic oscillator for different coupling intensities.

In other words, only the first diagram on the right side is considered when we solve the integro-
differential equation eq. (63). In previous works of the inchworm method [46], it has been shown
that choosing M = 1 in the inchworm method can match the accuracy of the summation of Dyson
series eq. (56) up to m = 6. The numerical results for the simulations are given in fig. 4.

In this experiment, there is an initial momentum to the positive side for the particle, which
can also be observed from the numerical result that the probability distribution moves to the right
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initially. Due to the effect of the potential, it moves back to the left later. From these numerical
experiments, choosing different & does not change the position probability distribution significantly.
When the coupling intensity £ increases, the peak in the position probability distribution of the
system particle is lower.

5.3 Two-peak initial wave function

In this subsection, we change the initial wave function of the system particle to be a two-peak

function: e <exp (_ % ) ) gexp (_ % )) (83)

with € = ¢; and C being the normalization constant:

C = 5(41 + 40e~ 5 )~ 1/2(27¢) "1/ (84)
Initially, the system wave function has two peaks centered at % and f% respectively without any

initial momentum. The peak at % is set to be higher than the other one. Similar to the previous
example, we simply assume that the potential of the particle is given by a quadratic function

V(z) = a2 (85)

This potential will force both peaks to move towards each other at the beginning. Other parameters
are the same as the previous example

L =400, wmax =10, w.=25B=05. (86)

The range of p and ¢ are chosen to be —2 to 2 and the increments are Ap = Aq = é The total
number of beams K is 16641. We simply choose M = 1 for the eq. (63). The numerical results
are given in fig. 5. In the whole simulation period, the two peaks repeatedly move toward, cross
and move away. Interesting pattern appears when they meet each other, as capture at ¢t = 5. We
observe a small peak in between the main peaks. The middle small peaks become flatter when
the coupling intensity increases. This is the result of quantum decoherence. It is consistent with
the physical fact that a particle behaves more “classically” when the coupling intensity increases.
Quantum decoherence is the theory of how a quantum system is converted to a “classical” system.
The existence of bath weakens the interference between waves. When the interaction between
the particle and bath is stronger, the interference becomes weaker. That is why we see smaller
interference waves when the coupling intensity increases in fig. 5.
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Figure 6: Time evolution of position probability density f(t, ) for different M.

5.4 Double well potential

In this subsection, we change the potential of the particle to be a double well potential

V(z) = —2? + 22" (87)
The initial wave function is set to be the same as the previous two-peak wave function example.
The double well potential is a widely used example to study quantum tunneling effect [75, 76],
meaning that in quantum mechanics a particle can pass through a high potential energy barrier
which is not passable in classical mechanics due to the low energy of the particle. In our example,
the double well potential we consider has two symmetric wells at :I:% with the barrier height %.
Other parameters are also the same as the previous example

L =400, wpax =10, w,=2.5, [=5.
The ranges of p and ¢ are —2 to 2 and the increments are Ap = Aq = 3—12 Therefore, the total
number of beams K is 16641. In this example, we would like to set a large coupling intensity £ and
visualize the quantum decoherence. Generally, larger £ means that we might need more terms in
the infinite sum eq. (63) to accurately simulate the dynamics. In order to check whether M=1is
sufficient, we first set £ = 12.8 and compare the results for M = 1 and M = 3. The results are given
in fig. 6. In fig. 6, the curves for M = 1 and M = 3 show small deviations. This result suggests
that the truncation for M = 1 is sufficient in eq. (63) for & < 12.8. Note that the computational
cost for M = 3 is significantly higher then M = 1, since when M = 3, a three-dimensional integral,

(83)
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Figure 7: Time evolution of position probability density f(t,x) for different coupling intensities £ in double well
potential.

instead of the one-dimensional integral in the case of M = 1, needs to be computed to evaluate
the right-hand side of eq. (63). To save time for our experiments, below we fix M = 1 and test for
different coupling intensities ¢ no larger than 12.8. The results are given by fig. 7.

From this result, we again observe the effect of quantum decoherence. An obvious difference of
this example and the harmonic oscillator example is that we can observe more oscillations in the
position probability density. This result is similar to the famous double-slit experiment. In the
double-split experiment, the interference pattern, bright and dark bands, appears when electrons
pass through double-slit. In our numerical results, the position probability density also has bands
structure. The probability oscillates along the x direction. When the coupling intensity increases,
the position probability density is flatter between two peaks. When the coupling intensity increases
to & = 12.8, the small peaks between two main peaks almost disappear as a result of quantum
decoherence.

6 Conclusion and discussion

We use this section to summarize the framework of our proposed method in this paper as well as
remark on possible future extensions. In this paper, we propose a novel method for simulating the
real-time dynamics of the reduced density operator for the Caldeira-Leggett model. Our method
combines an efficient diagrammatic method for simulating open quantum systems known as the
inchworm method, with the frozen Gaussian approximation technique which has shown its success
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in simulating closed quantum systems.

We first formulate the reduced density operator in terms of Dyson series which allows us to
express the dynamics of reduced density operator in the path integral form where each path is a
combination of multiple system-associated semi-groups and position operators as perturbations.
Under FGA, the wave function is approximated as a wave packet, and its dynamics under the semi-
groups is described by a set of ODEs with respect to parameters of the wave packet. In addition,
FGA further approximates every perturbation as a time-independent scaling factor, making the
overall dynamics of reduced density operator easy to obtain. Upon FGA, we apply the inchworm
method to resum the approximated path integrals to achieve faster convergence.

Here, we would also like to discuss some details in the methods and provide some possible ideas
for future work.

6.1 FGA and the Gaussian beam method

In this part, we would like to remark here the similarities and differences between the FGA and
the Gaussian beam (GB) method [7, 8], and also explain the reason to choose the FGA instead of
the GB method in the simulation of Caldeira-Leggett model. Both FGA and GB use an ansatz
with a linear combination of beams and differential equations for the dynamics of each beam.
There are two main differences between both methods. The beam widths for the Gaussian beam
evolves with time while the FGA fixes the beam widths with some pre chosen parameter. Another
vital difference is that the evolution of a single beam in the Gaussian beam method satisfies the
Schrodinger equation. On the contrary, The evolution of a single beam in the FGA does not solve
the equation. However, the integral of the beams, as a whole, solves the Schrédinger equation.

In our framework, it is also possible to use GB as the ansatz, which has a much simpler form and
is also easier and cheaper for implementation. However, there are two main reasons to choose FGA
instead of GB in our framework. The FGA achieves higher accuracy than the GB. The accuracy of
GB is O(y/€) while FGA has accuracy O(e) [11]. The second reason to choose FGA, also the fatal
flaw of GB in our framework, is that since the beam widths of GB evolve with time, approximating
the position operator Z by multiplying the beam centers may therefore have large error for wide
beams. Although some reinitialization techniques are introduced for GB to keep the beam width
small [77], it would be difficult to combine reinitialization of beams and inchworm algorithm in our
framework. In the FGA, however, the beam widths are fixed. Replacing the position operators by
the beam centers will therefore yield much less error as shown in proposition 2.

6.2 Frozen Gaussian sampling

In this paper, we only consider a particle in one dimensional space. A natural idea to extend this
work is to consider open quantum particles in two or three dimensional space. In these cases, one
will encounter the curse of dimensionality when evaluating integrals in FGA, and thus our current
framework based on numerical quadrature becomes unaffordable. The frozen Gaussian sampling
(FGS) [78] proposes a Monte Carlo based technique for the sampling of initial wave function. With
the application of Monte Carlo based sampling, it is possible to reduce the exponential number of
beams to polynomial or even linear scales.

6.3 Other open quantum system models

In this work, we consider the Caldeira-Leggett model, where the coupling between system and bath
W is linear with position operator Z. This linearity is vital to the validity of our proposed method
since it allows us to utilize the exponential decay of the beam magnitude to replace the position
operator by the beam center with small approximation error according to proposition 2. Our
proposed framework can also be applied to other similar open quantum system models with non-
linear coupling term Wy = F(Z) which is at most of polynomial growth with # such as the examples
listed in [79, Section 3|. In such cases, we can derive a similar approximation as proposition 2 such
that we can apply our current framework by replacing the interaction operator Wy by F(Q) with
frozen Gaussian beam center (). The non-linear coupling models will be considered in our future
work. Furthermore, the Wick’s theorem plays a key role in developing inchworm method, which
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essentially utilizes the fact that Caldeira-Leggett model has harmonic bath which is quadratic, and
eventually reduces higher-order bath correlations to two-point correlation functions. For other bath
(e.g, non-Gaussian bath), Wick’s theorem might not hold. Nevertheless, our current framework
has the potential to extend beyond the Caldeira-Leggett model. For example, if the bath influence
functional can be formulated as sum of higher-order correlations (such as four-point interactions),
there is also hope to develop the corresponding inchworm method to regroup the Dyson series and
reduce the number of quantum diagrams. Also, as pointed out previously, this work also provides
a framework to simulate the dynamics of quantum particles in open systems combining FGA and
direct summation of diagrams in Dyson series without inchworm method, which is applicable to
the systems where the bath influence functional does not have any structure.
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