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Superconductivity in few-layer semiconducting transition-metal dichalcogenides (TMDs) can be induced by
field-effect doping through ionic-liquid gating. While several experimental observations have been collected
over the years, a fully consistent theoretical picture is still missing. Here we develop a realistic framework
that combines the predictive power of first-principles simulations with the versatility and insight of Bardeen-
Cooper-Schrieffer gap equations to rationalize such experiments. The multivalley nature of semiconducting
TMDs is taken into account, together with the doping- and momentum-dependent electron-phonon and Coulomb
interactions. Consistently with experiments, we find that superconductivity occurs when the electron density is
large enough that the Q valleys get occupied, as a result of a large enhancement of electron-phonon interactions.
Despite being phonon driven, the superconducting state is predicted to be sensitive to Coulomb interactions,
which can lead to the appearance of a relative sign difference between valleys and thus to a s;_ character. We
discuss qualitatively how such scenario may account for many of the observed physical phenomena for which
no microscopic explanation has been found so far, including in particular the presence of a large subgap density
of states, and the sample-dependent dome-shaped dependence of 7, on accumulated electron density. Our results
provide a comprehensive analysis of gate-induced superconductivity in semiconducting TMDs, and introduce an
approach that will likely be valuable for other multivalley electronic systems, in which superconductivity occurs

at relatively low electron density.

DOLI: 10.1103/PhysRevResearch.7.013290

I. INTRODUCTION

Gate-induced superconductivity at the surface of semicon-
ducting transition-metal dichalchogenides (TMDs) has been
discovered 10 years ago, in pioneering experiments on ionic
gated transistors based on exfoliated MoS, crystals [1,2].
Subsequent work [3-6] showed that superconductivity oc-
curs in the majority of the commonly studied semiconducting
TMDs (WS,, MoSe,), starting at different, but compara-
ble, values of accumulated electron density. The maximum
critical temperature in the different compounds is also com-
parable, and reaches up to 7.~ 11 K in MoS, at 10"
electrons/cm~2 [1,7]. The occurrence of gate-induced super-
conductivity in semiconducting TMDs is therefore a robust
phenomenon, that manifests itself in a similar way in the
majority of compounds in this class [8], including atomically
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thin samples [6,7,9-11]. Despite its experimental robustness,
the nature of the gate-induced superconducting state remains
currently unknown.

A number of facts have been established experimentally.
The in-plane critical magnetic field, for instance, signifi-
cantly exceeds the Pauli limit [5,12], a consequence of the
very strong spin-orbit interaction present in semiconducting
TMDs [13-15] that causes the spin of the electrons forming
Cooper pairs to point in the direction normal to the layers.
This implies that superconductivity is of the Ising type [16],
and that electron pairs have to form in a superposition of
singlet and triplet states. It has also been established that
the onset of the gate-induced superconducting state coincides
with the filling of electronic states in the Q valleys [17,18]. In-
terestingly, in thick layers of common semiconducting TMDs,
the conduction band edge at the Q point is located at an
energy lower than that of the band edge at the K point [19,20],
but in transistor devices the large perpendicular electric field
that accompanies electron accumulation deforms the conduc-
tion band. This deformation causes the band edge at the K
point to be shifted to lower energy than that at the Q point
already at rather low electron density (typically, lower than
~10" cm~2), and experiments [17] correlating the evolution
of normal-state transport with the occurrence of supercon-
ductivity indicate that gate-induced superconductivity first
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occurs when both the K and Q valleys are populated (note
that intercalated MoS, bilayer devices show superconductiv-
ity of different nature already at lower density, with only
the K/K’ and valley occupied). It has also been concluded
from gate-dependent Raman spectroscopy experiments [21]
that a very large enhancement of the electron-phonon coupling
strength takes place in transistors of all the investigated semi-
conducting TMDs when the Q valley starts to be populated
by electrons. Experiments therefore strongly suggest that the
transition to the gate-induced superconducting state is driven
by electron-phonon coupling.

Additional experiments providing useful indications, albeit
with less clear-cut microscopic implications, have also been
reported. For instance, the critical temperature of the gate-
induced superconducting state appears to exhibit a domelike
shape as a function of accumulated electron density 7, reach-
ing a maximum at an optimal value of n, before decreasing for
larger electron accumulation. Details, however, seem to de-
pend on the material and on the specific experiment reported.
In some cases the “dome” is unambiguously present (e.g., in
MoS; [1]) whereas in others it is less pronounced, i.e., it is
less clear whether 7. actually decreases or just tends to sat-
urate (e.g., for the highest mobility WS, monolayers [6,11]).
Systematic tunneling conductance measurements have been
performed on MoS; transistors and have shown a large subgap
density of states, with the zero-bias tunneling conductance
scaling linearly with temperature down to 7 < T, [22]. Such
a behavior is incompatible with the presence of a fully gapped
superconducting state, and suggests that gate-induced su-
perconductivity has unconventional character. Whether this
behavior is common to all TMDs is, however, not yet es-
tablished, as controlled tunneling conductance measurements
have so far been performed exclusively on MoS,.

Our goal here is to investigate theoretically the nature of
the superconducting state by combining first-principles cal-
culations with Bardeen-Cooper-Schrieffer (BCS) theory [23],
to rationalize the experimental observations. Semiconduct-
ing TMDs are particularly well suited to implement such
a strategy because a large body of work has already been
done to analyze their normal-state properties in terms of ab
initio calculations [24-27], and to compare results to ex-
periments [28,29]. This past work has established that all
important aspects of the low-energy band structure of com-
mon semiconducting TMDs, its dependence on perpendicular
electric field, and details of the electron-phonon and Coulomb
interactions in the presence of accumulated electron density
are correctly captured by first-principles calculations, with an
overall excellent quantitative agreement. It should therefore
be expected that ab initio simulations also allow captur-
ing the key ingredients needed to describe the gate-induced
superconducting state, namely, the multivalley structure of
these materials, the strong and strongly momentum-dependent
electron-phonon interaction, and Coulomb repulsion.

Taking into account these ingredients at a sufficient level
of detail is important because most earlier attempts to
describe gate-induced superconductivity in semiconducting
TMDs were based on too drastic approximations. Examples
include early work that largely overestimated 7; by only con-
sidering the effect of electron-phonon interaction [30,31], or
phenomenological models that included exclusively Coulomb

repulsion to analyze the possible occurrence of unconven-
tional superconductivity [32,33]. Typically, this early work
only considered states in the K and K’ valleys, which, as
we now understand, is not appropriate to explain experi-
mental results. Over the years, more refined models, even
generalized to hole doping [34,35], have been introduced, for
instance including spin and density fluctuations [36], employ-
ing quantum Monte Carlo [37] or using a valley-dependent
@ parameter to include Coulomb repulsion effects [38], but
still with limited agreement with experiments. Very recently, a
first-principles approach [39] based on a momentum-resolved
Migdal-Eliashberg theory [40,41] and including anharmonic
effects [42] has been applied to the case of TMDs [43], but
with a treatment of Coulomb repulsion that misses the crucial
role of nonlocal interactions in two dimensions (2D) [44] and
multivalley effects [45].

Focusing on monolayers, we formulate a realistic model
of multivalley effects within the simplest BCS approach, by
employing ab initio techniques to analyze the momentum-
resolved electron-phonon and Coulomb interaction as a
function of accumulated electron density. The results of this
analysis are used to determine the interaction coupling con-
stants for intravalley and intervalley processes responsible
for electron pairing, which are subsequently included in the
BCS equation for the critical temperature. Such an approach
represents a sensible approximation at the electron densities
reached by electrostatic gating, which are much smaller than
those of common metallic superconductors (and which there-
fore result in relatively small Fermi surfaces). It is particularly
effective, as it allows important physical effects to be captured
while keeping the formalism simple, which greatly facilitates
their interpretation.

We find that the superconducting transition is driven by the
large enhancement of the electron-phonon interaction strength
that occurs when the Q valleys start to be populated, in
agreement with both existing Raman spectroscopy experi-
ments [21] (which directly probe electron-phonon interaction)
and T, measurements [1-7,17] (the value of T, that we obtain
are comparable to the experimental ones). We further find that,
even though superconductivity is driven by electron-phonon
interaction, Coulomb repulsion can profoundly affect the na-
ture of the superconducting state, as it can cause a sign change
in some of the intervalley interaction coupling constants.
When that happens, the relative sign of the order parameter in
different valleys becomes opposite and the superconducting
state acquires an sy _ character. Our model therefore supports
an unusual scenario, in which s, _ superconductivity occurs
despite the dominant interaction driving superconductivity be-
ing electron-phonon attraction. We discuss qualitatively how,
in actual devices, such scenario may account for some of
the observed physical phenomena for which no microscopic
explanation has been found so far, such as the presence of
a large subgap density of states, and the sample-dependent
dome-shaped dependence of 7. on accumulated electron
density.

The paper is structured as follows. In Sec. II we first
introduce the key quantities and ingredients entering the the-
oretical model and their evaluation from first principles. The
model predictions concerning gate-induced multivalley super-
conductivity in semiconducting TMD monolayers are then
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FIG. 1. Spin and valley structure of WS,. Opposite spins are
projected on opposite sides of the valleys. We assume independent
spin channels and consider only one spin (blue) in the model. We
group the 3 Q (or Q') valleys that are degenerate in energy. Note that
only two nonequivalent K points are represented, such that all states
of the first BZ are represented once and only once. The scattering of a
Cooper pair is also represented. The Cooper pair initially consisting
of states (k, 1) and (—Kk, | ) is scattered into the pair (k 4+ q, 1) and
(—k—q. ).

presented in Sec. III. Finally, in Sec. IV we summarize the
main findings and discuss their implications towards the inter-
pretation of existing experiments.

II. MODEL

This work focuses on semiconducting TMD single layers.
In this section, we first describe the rich electronic structure
of those monolayers and then propose a BCS-type model
for superconductivity adapted to their multivalley character.
This model is able to capture how the interplay between
electron-phonon attraction and Coulomb repulsion determines
the pairing within and between valleys. It is then reported
how those two competing interactions are computed from
first-principles simulations, as a function of momentum and
doping (i.e., Fermi level).

A. Multivalley structure of TMDs

Semiconducting TMD monolayers display a rich elec-
tronic structure, with multiple valleys [27] and a distinct spin
texture [14,46], both in the valence and in the conduction
bands. In the following we shall consider mainly electron
doping, and we thus focus on the lowest conduction states
that are occupied by electrons upon gating. In Fig. 1 we
show the corresponding bottoms of the conduction bands
across the hexagonal Brillouin zone (BZ), as computed in
the case of WS, by density-functional-theory (DFT) simu-
lations (see the Appendix for more details). Multiple valleys
are present, whose structure is further enriched by a sizable
spin-orbit coupling that, combined with the lack of inversion
symmetry, gives rise to a net spin splitting. The spin polar-
ization is essentially orthogonal to the layers, with spin-up
and spin-down states represented, respectively, in blue and
red in Fig. 1. Although results are illustrated with the specific

case of WS,, the valley and spin structure is quite general
and applies to all the TMDs considered here (MoS,, MoSe;,
WS,, and WSe,), with only the quantitative details for the en-
ergy separation between different valleys and different spins
varying [19,26].

The lowest-energy conduction states are located around
two high-symmetry points at the opposite BZ vertices, typ-
ically denoted as K and K’, giving rise to two inequivalent
valleys (the other BZ vertices being equivalent by a reciprocal
lattice vector translation). The spin splitting in these valleys
is small and opposite at K and K’ because of time-reversal
symmetry. At K/K’, the splitting has different signs for W-
based and Mo-based TMDs, but spin-split bands cross in
Mo-TMDs relatively close to the band edge because they have
different effective masses, resulting in the same spin ordering
of the bands sufficiently far from the BZ vertices in the en-
ergy range relevant for this study. Additional valleys appear
higher in energy, approximately located midway between the
BZ vertices and the BZ center I', around six inequivalent k
points typically denoted with the letter QO (or less frequently
A). For these valleys the spin splitting is much larger and
alternates in sign in a way that is consistent with the threefold
symmetry and time-reversal invariance. Overall, we thus have
four distinct band edges, corresponding to the K and Q points
for the two spin polarizations, giving rise to a total of 16
pockets, as shown in Fig. 1: 4 =2 x 2 arising from spin-up
and -down states around K and K’ and 12 = 2 x 6 associated
with opposite spins at the six Q valleys.

Given that Coulomb interaction does not flip spin and spin-
conserving electron-phonon interactions are much stronger
than the spin-flipping ones even in the presence of spin-orbit
coupling in TMDs [47], the spins of individual electrons
comprising Cooper pairs are assumed to be conserved dur-
ing scattering. The spin-orbit interaction in these materials
is of Ising type, with an out-of-plane spin-quantization axis.
Opposite spin pairing is expected to be favored energeti-
cally due to the time-reversal symmetry, which ensures that
there is an equal energy partner with opposite spin and mo-
mentum available for each electron (note that this pairing
is neither singlet nor triplet, but rather a linear combination
of them [48]). In this context, spin-up and -down channels
can be considered to be equivalent and independent. In the
following we shall therefore focus on a single channel and
we identify Cooper pairs by just one of the partners, that
we take to be spin up, i.e., we consider the blue valleys in
Fig. 1.

For what concerns the BZ corners, we thus have a valley at
K and one at K’, with the same spin but different energies. The
six Q valleys with spin up can be separated into two groups
that lie at different energies, as shown in Fig. 1. The valleys
within each group are related by the threefold rotation sym-
metry, which enforces their degeneracy. In the following we
shall consider superconducting solutions where this rotation
symmetry is preserved, so it is convenient to pool together
valleys within a given group into a single set. The lowest three
valleys, which form a triangle that points towards the K’ point,
will be called Q, while the upper three, pointing towards the
K point, will be denoted Q’ (the choice of prime notation will
become clear when discussing electron-phonon interactions).
The superconducting gap equations will be written assuming
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that the electronic states belong to one of these four valleys:
K,K',Q,and Q'.

The relevance of these four valleys depends on the dop-
ing level, which can be efficiently tuned in semiconducting
TMDs using electrostatic gating [18,49-51]. Mimicking ex-
periments, the doping density (and Fermi energy) will thus be
the main external parameter that we tune in our simulations.
At low doping, only the K/K’ valleys are occupied. With
increasing density also the Q valleys start to get populated.
The precise value for the onset of Q occupation with density
does not affect qualitatively the present analysis and we do
not claim to be predictive as this onset depends on the energy
difference between the K and Q valleys, which is not known
precisely at a quantitative level [52] (large variations in the
values are reported in both experiments and DFT simulations).
At even larger density, the Q' valleys could also be occupied.
However, the energy difference between Q and Q' is generally
large and it is unlikely that electrons visit the Q' valleys in
existing experiments, i.e., it is unlikely that the Q' valley
can be populated at the maximum density accumulated by
ionic gating. Q' states are nevertheless kept in the model for
completeness.

B. Basic aspects of multiband SC and microscopic interactions

We now describe our approach to modeling superconduc-
tivity. We neglect finite-momentum pairing, which is unlikely
in the trigonal-warped conduction bands at high carrier den-
sity [34]. The Ising spin-orbit interaction guarantees that for
every electron with momentum spin (K, o) there is also an
electron with the same energy at (—k, —o’). These electrons
can form zero-momentum Cooper pairs via a weak coupling
instability, in a way directly analogous to the standard BSC
superconductivity. What makes the situation nonstandard in
TMDs is that there are multiple Fermi surfaces, controlled by
the doping level selected by the voltage applied to the ionic
gate, such that the superconducting order parameter may vary
both within each one of them and even more among them.
Given that these Fermi surfaces are rather small relative to the
Brillouin zone size, we can use a simplified description where
each Fermi pocket has a unique value of the order parameter
A, (v is the valley index).

Different A, are connected to each other by the self-
consistent BCS gap equations. These equations generalize the
standard BCS equations for a single band [53] and have the
form [45,54]

Ay = Myy Ay (1

In general, the matrix M depends both on temperature and
the order parameters A, themselves, M = M(T, A,). Setting
the temperature to zero leads to a nonlinear system of equa-
tions for the order parameter in the ground state; setting A, to
zero in M yields a linearized equation in the order parameters
that allows computing the superconducting transition temper-
ature det[M(T.) — 1] = 0.

Graphically, the matrix M can be represented as depicted
in Fig. 2.

Individual coupling matrix elements include, for a pair
of valleys vw, the competition between phonon-mediated

. Myy Mgy
. My Myy

. Mpy Mpy
+ Moo Mpgy

FIG. 2. Multivalley superconductivity is modeled via a matrix
containing the average interactions between electrons in different
valleys.

attraction (G, ) and Coulomb repulsion (C,,):
eff

w.
My, =1In |: = ](va — Cyw),
kpT:

S
Gyw = <Z > ﬁa(g/ _ eF)>k :
€v

kKew X

Copw =a X <Z V(g =K —Kk]s( — €F)> (2
kev

k'ew

with v, w € {K, K’, Q, Q'}. M, represents an average matrix
element for a Cooper pair scattering between valleys v and
w, all near the Fermi level &r. A constituent electron of
momentum k and energy ¢ scatters to state k' =k + q (&)
either via phonons or Coulomb interaction. (f(k))ke, Stands
for the average of f over k momenta in v at ¢r. However,
very minimal dependence on the choice of k € v was found,
as shown in methods, due to the fairly small Fermi surfaces. In
practice, one reference state k € v is picked from the ¢ = ¢p
isoenergetic line. The matrix M is computed for each mate-
rial at various carrier concentrations by evaluating from first
principles the phonon and the Coulomb components of M as
described in the Secs. II C and II D. In particular, we compute
the electron-phonon matrix element gy, which describes
the coupling between a phonon of mode A at momentum q and
frequency wq,, with two electronic states atk and k' =k + q.
To account for Coulomb scattering, we compute the screened
Coulomb potential within the isotropic approximation

27 e?

qe(q)’

where ¢ = |q| and €(qg) is the dielectric function in the static
approximation. It includes screening by itinerant electrons
(see Sec. II D for details), and offsets the attractive interaction
provided by phonons. Within the BCS treatment, it thus comes
in with the same energy range of integration and therefore the
same logarithmic prefactor as the attraction G.

There is a possibility of a more accurate Eliashberg-type
treatment [41] that allows for fully frequency-dependent or-
der parameter, up to the electronic bandwidth frequencies,
which can be adapted to a first-principles approach [39,55].
In that case, the bare Coulomb interaction is taken as un-
screened and the screening is generated automatically in the
course of solving the frequency-depended Eliashberg equa-
tions for the normal and anomalous Greens functions and
self-energies [56]. Our approach is more qualitative and

Vig) = 3
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simple: we assume that the dominant pairing is due to
phonons, which defines the relevant frequency window around
the Fermi level, while the Coulomb interaction is taken as
electronically screened. For the latter we take advantage of the
first-principles methods as well; this allows us to be material
specific not only as far as the electron phonon interaction is
concerned, but also for the Coulomb (pseudo)potential. The
limitation of our approach is that is only justifiable if phonon-
mediated attraction is the dominant pairing mechanism.

To uncover the role of Coulomb interaction, we introduce
a scaling factor «. It allows us to gradually turn on the
Coulomb repulsion and explore how the nature of supercon-
ductivity changes with the interaction strength. In practice, the
scaling factor « can approximately capture the dependence
of Coulomb on the dielectric properties of the surround-
ing substrate or ionic liquid. Note that a more sophisticated
dynamical treatment of electron-phonon and Coulomb inter-
action would essentially fix the value of «. Nevertheless,
given that this value would strongly depend on the dielectric
environment, the use of a tunable parameter brings more gen-
erality to the model.

Each M, has its own effective phonon (“Debye”) fre-
quency under the logarithm, which corresponds to the energy
of the typical phonons at the momenta involved in the inter-
valley or intravalley transitions. In practice we average over
the phonon frequencies weighted by their coupling to the
electrons:

S
W — Y wewken 2 ) Tt @ 8(e' —eF)

v gik’.»\ /
Zk’ew,kev ZA f TS(E —¢F)

The superconducting transition is signaled by the appear-
ance of a nonzero solution in the linearized (i.e., A — 0)
system of equations; it corresponds to the temperature for
which the matrix M develops a unit eigenvalue. The corre-
sponding eigenvector represents the relative signs and sizes
of the order parameter in the different valleys. For a purely
attractive interaction, by Perron-Frobenius theorem, all com-
ponents A, of the eigenvector with the largest eigenvalue have
the same sign. This corresponds to the standard s-wave state,
adjusted for the fact that there is Ising spin-orbit coupling.
However, the elements of M can change sign for some valley
pairs if the Coulomb repulsion exceeds the phonon-mediated
attraction. In this case, the largest eigenvalue (the highest tran-
sition temperature) can have an eigenvector with both positive
and negative elements, implying an order parameter that has
different signs on different Fermi sheets. This would indicate
the formation of a s state.

The added value of the approach described above is that
it provides a good compromise between complexity and ac-
curacy. Electron-phonon interactions are highly dependent on
both the magnitudes and the relative angles between mo-
menta. In relatively crude estimations of superconducting
properties, these interactions are averaged over all Fermi
surfaces and combined into a single parameter [9,30,57] (usu-
ally called A). The absence of valley resolution then limits
the physical insight into the multivalley aspect of the cou-
pling mechanisms. In more sophisticated estimations, the
full momentum dependency is retained within the Eliashberg
framework [43] (see also [58,59] in other families of TMDs).

“

While quantitatively more complete, the size and complexity
of the resulting momentum-dependent order parameter makes
it difficult to draw qualitative conclusions. Also, the role
of different phonons can become obscured. Here, we retain
only the principal momentum structure of the couplings in
the superconducting problem by averaging over valleys. This
level of coarse graining is found to be simple enough to pro-
vide physical insight, and detailed enough to understand the
underlying multivalley mechanisms. Furthermore, we have
the full momentum and energy dependence of the couplings
and can identify the phonons leading to dominant couplings
within a given valley pair. Concerning the Coulomb repulsion,
most works simply use a constant parameter [31,57] . This
is not satisfactory, as already demonstrated by earlier works
that do account for the variation of u between intravalley
and intervalley processes [38]. Recognizing the importance of
the momentum dependence of interactions, here we treat the
Coulomb repulsion on the same footing as phonon-mediated
attraction, defining a momentum-dependent interaction and
summing it on the Fermi surface.

C. Phonon-mediated attraction

The quantities needed to estimate the phonon-mediated at-
traction G,,, from first principles are the values of the squared
electron-phonon coupling divided by the phonon frequency
S 5/ @q, at the Fermi level and between states in valleys v
and w. As we have recently shown [21,52], and will confirm
in this section, the important feature of electron-phonon inter-
actions in TMDs is the activation of strong intervalley K Q and
intravalley KK couplings when carrier density is increased
enough to occupy the Q states.

Here we consider the case of high doping, when the Fermi
level crosses all valleys such that all scattering transitions
are present. The values of gy, , /wq. between states at the
Fermi level are shown in Fig. 3 for MoS,, although similar
results are obtained for all other TMDs. Differently from
what is typically done in the literature, this is computed by
including doping explicitly. This is achieved by performing
density functional theory simulations (DFPT) in a field-effect
setup that allows for doping [60] and constructing a model
that takes into account the unusual dependency of screening
on the valley occupations [21,52], as detailed in Appendix 2.

To identify the most relevant couplings, Fig. 3 shows
> 3%«;,1(, /@K, k. for initial states k; in the different valleys
as a function of the possible final states ky on the Fermi
surface. For an initial state in K (main panel), intravalley KK
and intervalley KQ couplings are stronger than KK’ or KQ’
by nearly an order of magnitude. Moreover, the couplings
are rather uniform when considering final states within a
given valley, which justifies the approximation of dealing with
valley-averaged quantities on the Fermi surface.

The other smaller panels in Fig. 3 show the same quantity
but for initial states in different valleys. This highlights the
symmetry in the pairs of strongly coupled valleys. While the
main panel showed that states in K mostly couple to the K and
Q valleys, we can now see that states in K’ mostly couple to
the K’ and Q' valleys. Inversely, states in Q (Q’) are mainly
coupled to K (K’). We can now rationalize the prime notation
as a pairing of strongly phonon-coupled valleys (Q with K and
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from K

ky (agh)

ky (agt)

FIG. 3. Electron-phonon interactions between states at the Fermi level for MoS, at a high electron doping of n =2 x 10 cm

from K'

from Q'

.

_2. ap

is the Bohr radius. An initial state k; (black star) is picked in one of the four valleys and the strength of the phonon-mediated interaction
> gii_k @k, -k, is computed for final states k; = k; + q at the Fermi level. Here the Fermi level crosses all four valleys, but at lower doping

that might not be the case.

Q' with K’). QQ’ (and Q'Q) couplings are also strong in the
case of MoS,. However, the carrier density necessary to reach
the Q' valley is not likely to be achieved experimentally. The
most relevant result is thus the predominance of intravalley
(KK and K’K") and intervalley (KQ and K'Q’) couplings with
respect to intervalley KK'.

The origin of the strong intravalley KK and K'K’ couplings
is the A; optical phonon mode, corresponding to a breathing
mode involving the out-of-plane movement of the chalcogens,
Fig. 4. This can be described as a variation of the layer’s
thickness, which directly implies a variation of the electronic
density and a strong electron-phonon interaction akin to a
deformation potential. In addition, as shown in [21,52], the
strong electron-phonon coupling of this mode is not screened
by free carriers in the conduction band when the Fermi level
is above the Q valley.

The origin of the strong KQ (and K'Q’) coupling is a
particularly large interaction with the zone border longitudi-
nal acoustic phonon around the q = M point. This applies
to all the TMDs studied here. Similarly to the zone center
A1 mode, its strong coupling can be linked to a variation of
the layer’s thickness, but this time at a momentum that links
K and Q valleys. More precisely, this mode is characterized
by in-plane displacements of the transition metal combined
with out-of-plane breathing displacements of the chalcogens

® 9

X
A1 () LA (M)

" 2

FIG. 4. Displacement patterns associated with the strongest cou-
pling phonon modes, the A; mode at I" and the zone border LA mode
at M. M and X stand for transition metal and chalcogen, respectively.

(see, e.g., phonon visualizer [61], and Fig. 4). In addition
to a variation of the electronic density, this pattern seems to
maximize the variations in the angle of the bonds between
transition metal (Mo, W) and chalcogens (S, Se). The K and Q
valleys correspond to out-of-plane and in-plane orbitals [62],
respectively. Strong variations of the bond angle are consistent
with strong coupling between in- and out-of-plane orbitals,
and thus transitions between K and Q valleys.

This strong coupling comes with a doping-dependent soft-
ening of the LA phonon at q = M that is not included in
the above results. More precisely, the softening starts when
Q is occupied, then gradually increases with doping [43].
The softening is difficult to evaluate accurately for different
temperatures and dopings, especially due to anharmonic ef-
fects [43]. Here, this softening will be approximately included
by applying a uniform 30% reduction to the corresponding
phonon frequency. This corresponds to the result of the anhar-
monic calculations in Ref. [43] for MoS; at n ~ 104 cm™2
where superconductivity is typically found. This only im-
pacts our results when Q is occupied, and we note that the
softening could very well be more pronounced at higher
dopings.

Figure 3 shows electron-phonon couplings at a high elec-
tron doping of n =2 x 10'* cm™2. For completeness, it is
useful to describe the low doping case, when the Q and Q'
valleys are not yet crossed by the Fermi level. In that situation,
the only relevant couplings involve the K and K’ valleys.
Comparing with their respective high doping values, the KK’
coupling is similar whereas the KK coupling is significantly
weaker. In fact, KK and KK’ couplings are comparable at low
doping. A more quantitative study of doping dependence is
performed in Sec. IIT A.

The data showed in Fig. 3 can be collected to reconstruct
the matrix elements G,,, upon averaging over the initial states
in valley v and summing over final states in valley w, Eq. (2).
In practice, as already mentioned, the limited variation with
initial state within a valley (see also Fig. 9) makes the av-
eraging procedure not necessary, in favor of taking just one
representative initial state. On the other hand, the sum over
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FIG. 5. Momentum and doping dependency of the static,
screened Coulomb interaction in electron-doped MoS,. ag is the
Bohr radius. The color bar shows the Fermi level, with the bottom of
the K’ valleys as a reference. The position of the valleys are indicated.

final states at the Fermi level is indeed performed. We use
a triangular integration technique [63] rather than replacing
the Dirac deltas 8(¢’ — &r) by some finite-width distribution
which would imply the need for convergence studies.

D. Coulomb repulsion

The main ingredient to obtain the Coulomb repulsion con-
tribution C,,, from first principles is the screened Coulomb
interaction V(q) between states at the Fermi level in val-
leys v and w. We compute this quantity as a function of
the momentum transfer between an initial and a final state
q = ks — k|, as in Eq. (3), that is as the bare Coulomb
potential divided by the macroscopic static dielectric function
€(gq) of the doped TMD. The latter is obtained within the
random-phase approximation (RPA), assuming the indepen-
dent particle susceptibility to be the sum of contributions from
the neutral material and from the extra free carriers [52].
Concerning the latter contribution, we are mostly interested
in the metallic screening effects when ¢ is small enough to
correspond to intravalley transitions. At large momenta, we
assume the dielectric function to be dominated by interband
transitions, i.e., those that make up the dielectric function of
the neutral material. Those assumptions are reflected in the
choice of a simple complementary error function to model the
wave-function overlaps in the calculation of the free carriers
contribution (see Appendix 2 b). Furthermore, we assume an
isotropic dielectric function. Since the Fermi surfaces of all
valleys are roughly isotropic, this is a good approximation
for small momenta corresponding to intravalley transitions.
It is also a good approximation at larger momenta where the
interband contributions are assumed to be dominant.

Figure 5 shows results for the static screened Coulomb
interaction V (g) for different Fermi levels, i.e., different dop-
ing concentrations. Intravalley and intervalley processes are
characterized by a very different momentum dependence. At
small g, relevant for intravalley scattering, and in particular
for g < 2kp, with kr being the Fermi wave vector, there is
a strong momentum dependence that arises from the metallic
screening associated with free carriers. On the contrary, in the
regime of large momentum typical of intervalley processes,

and in particular for g > 2kp, the screened interaction is
slowly varying with g, with a behavior that is reminiscent of
three-dimensional (3D) dielectric screening, as indeed at large
momentum 1/g is smaller than the thickness of the 2D layer.

A distinct behavior between intravalley and intervalley pro-
cesses is found also for what concerns the doping dependence.
Intravalley coupling is very sensitive to doping as in the long-
wavelength limit the screened Coulomb potential V(g — 0)
is inversely proportional to the density of states (DOS), as
captured already by the Thomas-Fermi approximation. At low
doping, only the K/K’ valleys are occupied, with a relatively
small DOS. On the contrary, at high doping also the Q val-
leys get occupied, with a much larger DOS (both because of
the higher degeneracy and a heavier effective mass), with a
significant suppression of the screened interaction. The sup-
pression associated with metallic screening extends to finite
q but still within the Fermi surface, with a flattening of V (q)
and a reduction of Coulomb repulsion. Intervalley interactions
characterized by large momentum transfer g are not affected
by metallic screening, and the Coulomb repulsion is doping
independent.

The screened Coulomb interaction is then summed over
possible final states on the Fermi surface for a given valley
to obtain the Coulomb matrix elements C,,, through Eq. (2).

III. RESULTS

The procedure outlined above to compute G,,, and C,,, is
repeated for different doping concentrations and in different
materials. The linearized form of Eq. (1) is then solved to find
the corresponding 7, and from the eigenstates we gain infor-
mation on the nature of the superconducting state. However,
before illustrating the main results, it is important to stress
that the gap equations depend on the value of the o parameter,
which tunes the relative strength of Coulomb repulsion and
phonon-mediated attraction. The model in Sec. II is intended
to describe phonon-driven superconductivity, with Coulomb
repulsion as a perturbation. The starting point is thus o = 0,
corresponding to the complete neglect of Coulomb interac-
tions. In that case the gap equations are fully determined by
phonon attraction and any superconducting solution found in
this regime is obviously purely phonon driven. This is still
true for finite but small values of «. In the opposite limit of
large «, all C,, matrix elements eventually become larger
than the corresponding G,,,, meaning that the valley couplings
are all repulsive, and the gap equations, as written in Eq. (1)
assuming a dominating phonon attraction, fail to be valid.

We thus restrict our investigations to a maximum value of
a = 0.3. Although there are small variations among TMDs,
this roughly corresponds to the point where the strongest
phonon-mediated coupling (Gkg) is half compensated by the
Coulomb repulsion (Mgp = Ggg — aCgp ~ Gko/2), while
the second strongest (Gkg) is fully compensated (Mgxg ~ 0),
all other elements of M being already negative. Note that
those criteria only make sense when Q is occupied, but as we
will see, that is a necessary condition for superconductivity
anyway, even for o« = 0. The Coulomb repulsion was simply
computed from the screened Coulomb interaction for single-
layer TMDs in vacuum. One may consider its reduction by
0 < o £ 0.3 as including the contribution from a dielectric
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FIG. 6. Evolution of the intervalley phonon-mediated attraction,
Coulomb repulsion, and their difference with electron doping in
MoS,. The horizontal axis shows when the Fermi level crosses the
bottom of each valley. The values of the Fermi levels and carrier
densities corresponding to each point can be found in Fig. 7. Here,
the tuning prefactor « for the Coulomb repulsion is set at 0.2. Only
active couplings, i.e., between valleys that are populated at that Fermi
energy, are reported.

environment. In particular, in the common case of an ionic
gate, the liquid’s highly polarizable ligands are very close to
the layer, closer than the average distance between the added
carriers in the conduction band.

In the following we set ¢ = 0.2 when studying the doping
dependence of the interaction matrix elements. The observed
trends are actually robust for a wide range of o > 0.05, and
a = 0.2 is simply chosen to make the effects of Coulomb
repulsion quantitatively obvious, without reaching the maxi-
mum considered as the threshold for validity (¢« = 0.3). The
solutions to the gap equations are then investigated for differ-
ent doping levels and at five representative values in the entire
range of @ (=0, 0.05, 0.1, 0.2, 0.3).

A. Doping dependence of interaction matrix elements

The matrix elements of Eq. (2) describe phonon-mediated
attraction and Coulomb repulsion. Figure 6 reports represen-
tative results for the case of MoS,, for @ = 0.2, showing the
relative importance of those two contributions as a function
of doping. For simplicity, we plot only the matrix elements
with K as a first index. Those, along with the symmetry of the

electron-phonon and Coulomb interactions [gf)LJ;“ and V(g)]
.

with respect to valley indices, are enough to describe the
trends for the full matrix.

The top panel of Fig. 6 shows the evolution of G k, Gk k',
Gk,p, and Gk o as a function of the Fermi energy. At low
doping, the Fermi level does not cross the Q valley, such that
only matrix elements involving K and K’ can be nonzero.
Those are finite but very small (<0.01) on the scale of Fig. 6.

Interestingly, however, intravalley KK (and K'K’) coupling
becomes strong as Q is occupied, with an enhancement by
more than an order of magnitude. This is the consequence of
the peculiar multivalley screening effect discussed earlier by
some of us [21,52]. In particular, electron-phonon coupling is
dominated by the A; phonon mode. The corresponding cou-
pling mechanism can be thought of as a shift in energy of the
K and Q valleys following the periodic phonon displacement
pattern and out-of-phase with one another. The relative am-
plitude of the K and Q shifts are such that the charge density
perturbations associated to each valley, opposite in sign, are
equal in amplitude. Thus, they compensate each other. With
a net charge density perturbation that vanishes, the screening
from the conduction band electrons also vanishes when Q is
occupied, leading to a large electron-phonon coupling.

Intervalley KQ scattering is obviously present only when
doping is high enough for the Fermi level to cross the Q
valley. Once active, it is an order of magnitude stronger than
the others. We have verified numerically that, as expected
from symmetry, primed valleys K’ and Q' also couple strongly
to each other. The appearance of the large phonon-mediated
couplings discussed earlier, which follow the prime notation,
thus coincides with the occupation of the Q valley.

The middle panel of Fig. 6 reports analogous results for
Coulomb coupling matrix elements Ck g, Ck .k, Ck,g, and
Ck,o» with the aforementioned choice of o =0.2. The in-
tervalley (KK') component is only slightly dependent of the
Fermi level location. This is consistent with the constant V (q)
in Fig. 5 associated to a slight increase of the density of states
as the Fermi level increases. The intravalley component Cg g
instead gradually decreases with doping, from a factor of 2
above the intervalley Cxg- to slightly below it. When the dop-
ing level is increased so that also the Q valley is occupied, the
suppression of Cky is slightly accelerated. More importantly,
intervalley couplings to the Q valley become active, and they
are significantly larger than the other matrix elements. This is
because the main ingredient determining the relative magni-
tude of the matrix elements from valley to valley is the DOS
in the final valley w. In particular, the larger DOS of Q and
Q' makes C, ¢ and C, o matrix elements significantly larger.
Importantly, the Coulomb matrix elements are not sensitive to
the primed or unprimed distinction between the valleys. Not
only KK and KK’ matrix elements have comparable orders
of magnitude, but also KQ and KQ' components have similar
values.

Plotting G,,, — C,,, in the bottom panel of Fig. 6 high-
lights some interesting features of the competition between
phonon-mediated attraction and Coulomb repulsion. Indeed,
some elements of M change sign as a function of doping. At
small carrier concentration, the matrix elements are either null
when the corresponding intervalley transition is not on the
Fermi surface, or small and negative when Coulomb repulsion
dominates. As Q is occupied, both Ggp and Ggg increase
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FIG. 7. Critical temperature as a function of Fermi level (with respect to the bottom of K valley) for the four TMDs, for different values of
the prefactor to Coulomb repulsion, «. The top axis indicates the electrostatic doping level corresponding to each point. Markers indicate the
type of solution found. The Q and Q' valleys of MoS, have been lowered by 100 meV with respect to the DFT results.

strongly, overcoming the Coulomb repulsion and leading to
positive Mkp and Mgk elements. As we will see in the next
section, superconductivity emerges around those conditions.

Phonon-mediated attraction does not overcome Coulomb
repulsion for all valley pairs: Mgk and Mk remain negative.
Strong phonon-mediated couplings follow the prime notation,
while the Coulomb repulsion is similar among and between
primed and unprimed valleys, and varies mostly according
to the density of states associated with the second valley
index. As a result, we observe different outcomes of their
interplay in different valley pairs. In particular, once Q is
occupied, phonon-mediated attraction systematically prevails
among primed or unprimed valleys, while the KK’ coupling
remains repulsive. The KQ' coupling is also negative when
active, although it is less relevant in practice since the Q' val-
ley is unlikely to be occupied in typical experiments. The main
effect of introducing Coulomb repulsion is thus to invert the
sign of the valley couplings where phonon-mediated attraction
is weak, while keeping the couplings attractive between the
most strongly phonon-coupled valleys.

The pivotal sign inversion of the KK’ coupling, illustrated
here with o = 0.2, actually happens over a broad range of
values of «, starting already from o ~ 0.05 (depending on the
TMD and doping level). This is ultimately due to the KK’
phonon-mediated attraction being quite weak for any doping
level. For values of o above the chosen threshold of 0.3, the
dominance of phonon-mediated attraction is challenged even
for KK and K Q couplings, a regime which is beyond the scope
of this work. As we will see in the next section, the dominance
of KK and KQ phonon-mediated attraction as a function of

doping, i.e., when Q is occupied, and the possible coexistence
of attractive and repulsive couplings between different valley
pairs are the key features to understand the onset and nature
of superconductivity in TMDs.

B. Superconducting solutions

With the G and C matrices computed, the linearized form
of Eq. (1) is solved for all four TMDs considered here (MoS,,
MoSe,, WS,, and WSe,), at different carrier concentrations,
and for four representative values of « (0.0, 0.05, 0.1, 0.2, 0.3)
within the range discussed above. The critical temperature 7
is found as the highest temperature for which Eq. (1) allows
for a nontrivial solution. We only look for solutions with a
finite and experimentally relevant 7, > 10~* K. The behavior
of T; as a function of doping and the nature of the solution
is determined by the interplay between attractive phonon-
mediated and repulsive Coulomb interactions. This interplay
is different for each pair of valleys within the multivalley
Fermi surface, and strongly depends on doping. A summary
of all corresponding results is reported in Fig. 7.

1. Onset of superconductivity

There are several robust features common to all TMDs
studied here. The onset of a critical temperature above the
chosen threshold for experimental significance (>0.1 mK)
systematically coincides with the Fermi level crossing the
bottom of the Q valley. This is true whatever the value of
the tuning parameter for the Coulomb repulsion «. This holds
in spite of the variations in the carrier density at which Q is
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reached, i.e., it does not depend on the energy of the bottom of
the Q valley with respect to the K and K’ valleys. Clearly the
emergence of phonon-driven superconductivity is triggered by
the activation of KQ and the enhancement of KK couplings as
the Q valley is occupied.

Once the Q valley is occupied, we find a fairly constant
T. of a few Kelvins for all TMDs. This value is maximal
in the absence of Coulomb repulsion (o = 0) and gradually
decreases as « is turned on, in a similar way for all TMDs.
For the maximal value of @ = 0.3, 7, is decreased by an order
of magnitude.

The precise value of 7, and its doping dependence are
quite sensitive to the softening of the LA phonons at q = M,
which is delicate to evaluate ab initio, notably due to anhar-
monic effects [43]. Indeed, the associated phonon-mediated
coupling between the K and Q valleys is very large and drives
the superconductivity. As already mentioned, for this work
we simply apply a 30% reduction of the LA(M) frequency,
based on the results of Ref. [43]. Realistically, one expects a
doping-dependent softening, starting from the occupation of
the Q valley and steadily increasing, likely past the 30% used
here, with a corresponding increase in T.. Nevertheless, we
expect the current treatment to give a good estimation in the
relevant doping range n = 10'3-10'* cm~2. Most importantly,
it is sufficient to understand the underlying physics.

Thus, despite variations in their chemical composition,
electronic bands and phonon properties, all the semiconduct-
ing TMDs considered here consistently display phonon-driven
superconductivity with a 7; on the order of a few Kelvins, the
onset of which systematically coincides with the occupation
of the Q valley.

2. Emergence of exotic solutions

While superconductivity is driven by electron-phonon in-
teractions, the Coulomb repulsion plays an important role.
Interestingly, even at small tuning parameter «, it modifies the
coupling between valleys significantly enough to change the
nature of the superconducting solutions, as characterized by
the eigenvector A, corresponding to a unit eigenvalue in the
linearized gap equation (1). Its components provide informa-
tion on the relative sign and magnitude of the superconducting
order parameter in each valley. In Fig. 7, this is illustrated
by a switch from filled to empty markers, used to denote
qualitatively different solutions. This consistently happens for
all finite values of o considered.

To investigate further the change in the nature of the so-
lution, Fig. 8 shows the components A, as a function of «.
Doping is chosen to correspond to the standard experimental
conditions in which superconductivity is observed, when the
Fermi level is about ~40 meV above Q. For « = 0, all com-
ponents of A, are positive. The K valley dominates, followed
by Q, while K’ has a small but positive contribution. For fairly
small values of @ < 0.05, the K’ component goes through zero
then changes sign. This coincides with the change of sign for
the Gxx — Ckxyx matrix elements mentioned before. The K
and Q components stay positive. Conventional phonon-driven
superconductivity corresponds to a positive order parameter
in all valleys, as obtained for o = 0. The introduction of
Coulomb repulsion thus systematically leads to the appear-
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FIG. 8. Components of the eigenvector A, corresponding to the
superconducting solution as a function of the Coulomb prefactor «,
in MoS,. The electron doping is fixed and corresponds to the second
data point above Q, with ez ~ 0.14 eV and n = 8 x 10"* cm™2.

ance of exotic solutions, i.e., an eigenvector with components
of different signs, which corresponds to the order parameter
changing sign for electrons in different valleys. Note, how-
ever, that the solutions we find do not break the point-group
symmetry (s wave), which in conventional superconductors,
such as lead or aluminum, ensures robustness with respect
to disorder [64]. In particular, both solutions belong to the
same A/ irreducible representation [65]. Although the exotic
solution is sometimes referred to as f wave in the litera-
ture [32,34,54,65], we prefer to call it s, _ to better convey
the message that there are two different pockets of the Fermi
surface (the K and K’ valleys) with opposite sign, but also
different magnitude, of the order parameter.

A necessary (but not sufficient) condition for the existence
of those exotic solutions is to have coexisting attractive and
repulsive elements in the matrix M. The strength of Coulomb
relative to the phonon-mediated interaction determines the
sign of the coupling between each pair of valleys. Depend-
ing on momentum, doping, and «, the repulsive Coulomb
term C,,, overcomes the phonon-mediated term G,,, in some
but not all of the matrix elements. Due to their strong
phonon-mediated coupling, K and Q valleys remain attrac-
tively coupled. The opposite-sign channels are made up of
(KQ) and (K'Q"). Those channels are attractive within them-
selves, but repulsive between each other. This corresponds to
a pairing parameter that has opposite signs in the K and K’
valleys. The Q (Q’) valley shares the sign of the K (K’) valley,
although with a smaller magnitude.

Going back to Fig. 7, note that in the peculiar case of
WSe, where the Q valley is reached before the K’ valley,
the standard solutions persist for all values of « when Q is
occupied but K’ is not. This is consistent with K’ (and Q" when
applicable) being the negative channel. Exotic solutions only
emerge once K, K’, and Q are occupied.

3. Summary of the results

The main findings of this work with respect to the cur-
rent understanding of superconductivity are twofold. First,
while the onset of superconductivity at Q valley occupation
was already anticipated [11,17,18,21], the underlying physi-
cal mechanism is unambiguously clarified and shown to be
robust. Second, we propose a paradigm for the nature of
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superconductivity, with a phonon-driven mechanism leading
to exotic solutions in the presence of Coulomb repulsion.

The emergence of exotic solutions is an important result
because their properties differ from the standard solutions,
leading to different implications for experimental observa-
tions. The sign change in the order parameter while going
between different valleys allows the system to take advantage
of the intervalley Coulomb repulsion, which can dominate the
phonon-mediated attraction for large enough «. The overall
superconducting state is still fully gapped; however, such
a state with sign-changing order parameter is more fragile
against atomic-scale disorder. That is because disorder can
scatter electrons between regions with different gap signs,
thereby reducing 7, and introducing a finite density of states
near the Fermi energy [66,67].

IV. COMPARISON AND IMPLICATIONS
FOR EXPERIMENTS

The results of the theoretical analysis presented above are
in overall agreement with the main experimental results re-
ported on different semiconducting TMDs, and provide clear
indications to explain aspects of the experiments that are cur-
rently not understood. In this section we discuss experimental
observations in the context of the framework provided by the
theoretical model discussed in the paper.

A first essential point of our model is that it predicts that
robust superconductivity occurs when the Q valleys start to be
populated with electrons, and that electron-phonon interaction
is the main driving force for the superconducting transition.
Both the role of Q-valley filling and of electron-phonon inter-
action have been established by experiments over the last few
years. Piatti e al. [17] first and Ding et al. [11] later have per-
formed gate-dependent transport measurements (respectively
on MoS,; multilayers and WS, monolayers), showing that
the onset for superconductivity indeed corresponds to filling
of the Q valley. In independent Raman spectroscopy mea-
surements on monolayers of different semiconducting TMDs
performed as a function of electron density [21], it was further
shown that populating the Q valley with electrons leads to a
drastic increase in the strength of the electron-phonon cou-
pling. This drastic increase, reproduced by our simulations
and discussed here in Sec. III A, is indeed the mechanism
driving superconductivity. We conclude that both the assump-
tions underlying our model, and the result of our calculations
are fully consistent with experiments, and provide a micro-
scopic explanation for the key aspects of the gate-induced
superconducting transition that are common to the differ-
ent TMDs investigated. Indeed, not only do our calculations
show that the superconducting transition is brought into an
experimentally accessible range of critical temperatures when
the Q valley is filled, but also they give a range of critical
temperatures for the different TMDs that matches the order of
magnitude observed experimentally.

The second important conclusion of our model is that
superconductivity, despite being driven by electron-phonon
interaction, has a s, _ character, i.e., an order parameter with
different sign in the different populated bands and valleys, due
to the non-negligible role of electron-electron interaction. We
argue that the s _ nature of the superconducting state is essen-

tial to interpret different aspects of the experimental results
that are currently not understood. That is because in a s4_
state disorder has very different physical effects as compared
to conventional superconducting states (even multiband ones),
in which the order parameter has the same sign everywhere
on the Fermi surface. The situation has been summarized in
detail by Mazin and Schmalian [68], in their review of pnictide
superconductors (many of which are also considered to host a
s+— superconducting state) that we follow here to guide our
discussion.

How disorder affects s,_ superconductors depends
strongly on the nature and the density of defects present in
the system. Strong and short-range disorder potentials (such
as those caused by atomic vacancies) introduce subgap states,
without strongly affecting the superconducting transition tem-
perature. This is theoretically predicted to happen up to rather
large densities of defects, sufficient to suppress the “hard” gap
of the pure material by filling it with states at all energies (all
the way to E =0, i.e., at the Fermi energy). The situation
is different for weak, long-range disorder potentials, such
as those caused by inhomogeneity in a background charge
distribution (e.g., as the one generated by spatial fluctuations
in the density of dopants, in a common doped semiconductor).
In s;_ superconductors, such weak and long-range disorder
potentials suppress the critical temperature and eventually kill
superconductivity.

For gate-induced superconductivity in TMDs, both types
of disorder are normally present. Chalcogen vacancies, which
are unavoidably present in semiconducting TMDs with den-
sities that depend on the specific compound, naturally lead
to strong, short-range potentials. In MoS,, for instance, it is
common to have up to 103 cm~2 sulfur vacancies; in other
TMDs the density of these vacancies is likely smaller, but still
sizable. Based on the general behavior of s, _ superconduc-
tors discussed above, these chalcogen vacancies create subgap
states and can explain why a large density of states (DOS) at
subgap energies has been observed in experiments on MoS,,
which would not be possible to explain in terms of a usual
fully gapped s-wave superconducting state. To substantiate
more this conclusion, it will be important in the future to
measure the subgap DOS in other TMDs with lower density
of chalcogen vacancies, or to find ways to correlate the subgap
DOS with the density of these vacancies.

Weak long-range disorder, instead, originates from po-
tential fluctuations associated to variations in the density of
ions in the ionic liquid used for electrostatic gating. In a
conventional s-wave superconductor, these potential fluctua-
tions would have no important physical effect, but in a s _
they can suppress 7. and weaken the superconducting state.
We believe that this may be the reason for the supercon-
ducting dome that is seen in some experiments. Indeed, in
some case (e.g., MoS,), a dome with consistent properties has
been reported in experiments by different groups, on identical
kinds of devices. In other experiments, however, whether a
dome is present or not seems to depend on the quality of
the devices investigated (as measured, for instance, by the
value of the electron mobility). In particular, in WS, mono-
layers, devices realized on hBN substrates exhibit larger 7;
and no dome (data are compatible with a saturation of T,),
whereas in devices with the WS, monolayer in direct con-
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tact with a SiO, substrate the critical temperature is lower,
and a clear dome-shaped dependence on electron density
is observed. The latter experiments, as well as a compar-
ison of reported data (see Fig. 1 in Ref. [43], the latter
experiments [6,11]), suggest that the domelike dependence
of T, on electron density is an extrinsic phenomenon. This
is consistent with the predictions of our model, namely, that
in the absence of disorder 7, approximately saturates upon
increasing electron density, once the Q valley starts to be
populated, and that the dome may be understood as an ex-
trinsic effect due to weak, long-range disorder due to the s, _
nature of the superconducting state.

In summary, known experimental facts are consistent with
all basic aspects of the behavior predicted by our model and
the s, _ nature of superconductivity provides a scenario that
allows us to rationalize phenomena that were so far difficult
to understand theoretically.

V. CONCLUSION

We develop a model of superconductivity in semicon-
ducting TMDs that is sophisticated enough to capture the
momentum dependency of phonon-mediated and Coulomb
interactions within a complex multivalley structure, yet simple
enough to draw clear physical insight. We find systematic,
robust results that apply to all the TMDs studied here, i.e.,
electron-doped MoS,, WS,, MoSe,, and WSe,. We find that
superconductivity is phonon driven, with a doping-dependent
onset corresponding to strong electron-phonon interactions
being activated as the Q valley is occupied. In particular, zone
border acoustic phonons mediate a strong coupling between
K and Q valleys, while intravalley couplings are enhanced
by a vanishing screening of the zone center A; mode. While
phonons drive the emergence of superconductivity, Coulomb
repulsion plays a crucial role as it is shown to change the
nature of the superconducting solution. In particular, the in-
troduction of Coulomb repulsion, even relatively weak, leads
to exotic s;_ solutions where the order parameter changes
sign between valleys. All robust experimental facts currently
reported in the literature are consistent with the results of our
model, and the emergence of s,_ solutions explains some
aspects that were puzzling up to now. The physical insight
gained on the nature and mechanism of superconductivity in
TMDs can be used to better control it. For example, one could
imagine tuning the Coulomb repulsion via dielectric engineer-
ing of the environment to cross over from standard to exotic
superconducting solutions. The model is also general enough
to draw conclusions on different systems. First, for hole dop-
ing of the same TMDs, we can expect similar qualitative
conclusions with the I valley playing the role of the Q valleys.
The fact that the I' valley is much more difficult to reach
with hole doping would then explain the lack of experimental
evidence for superconductivity on the hole side. Many con-
clusions could apply to superconductivity in metallic TMDs
such as NbSe, [69-71], where the I" valley is instead typ-
ically populated and the importance of the multivalley and
multiorbital character for superconductivity has already been
reported [45,54,65,72]. Finally, a similar modeling procedure
can be applied to other multivalley 2D materials, leveraging

the general strength of intervalley electron-phonon coupling
to unveil new superconducting systems.
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APPENDIX
1. Multivalley gap equation

In this Appendix we elaborate on our treatment of su-
perconductivity. It is a simple generalization of the standard
BCS treatment (see for instance [73]). The standard BCS gap
equation is

Al =Y W(q)A(gk_ 9 tanh
q —-q

Ei,
kT’

(AD

Here E;, =

The gap function A(k) corresponds to the pairing between
spin-up electrons with momentum k, and spin-down electrons
with momentum —k. The interaction W (q) is assumed to be
operational only within a window of energies +wp around the
Fermi level. (In BCS, this is because the phonon-mediated in-
teraction is attractive below the phonon characteristic phonon
frequency, and decays rapidly above that frequency.)

If the gap function can be assumed to be momentum in-
dependent, A, the equation for the superconducting transition
temperature 7, becomes

&t + A7 is the Bogoliubov quasiparticle energy.

A Ei_
A= W(gq)-— tanh
P E@—q 2kgT:.

w
~ Aln [ kB% K; W (@)8(isq — eF)>

(A2)

keFS

In our case, there are several symmetry-unrelated Fermi
sheets, which in general will have different gap functions.
For spin-up electrons, we label them K, K, Q, Q' (see
Fig. 2). Thanks to the time-reversal symmetry, for spin-down
electrons, the pockets have the same shape but are reflected
as k — —k. Note also that there are three symmetry-related
Q and Q' Fermi surfaces, but only one K and K'. Given that
all these Fermi sheets are much smaller than the size of the
Brillouin zone, we can safely assume that within each Fermi
pocket the gap function can be well approximated by just a
single value A,.
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These gap functions combine into a matrix gap equa-
tion that describes their couplings,

Av ~ Xw: Aw In |::;v;::|< Z W(Q)5(8k+q - 8F)>

q.k+qew

kev

(A3)
Since there are three distinct symmetry-related Q and Q'
pockets, it is conceivable that the order parameter could have a
nonzero angular momentum. However, that would imply that
the K and K’ pockets remain nonsuperconducting. This is not
energetically favorable; thus, we assumed that all Q (and Q')
pockets have the same value of gap function. Consequently,
there are four distinct values of the gap, which leads to the
system of four equations, Eq. (1) and Fig 2. Both the interact-
ing strength and the attraction frequency cutoff for every pair
of valleys are chosen based on the first-principles simulations,
which we describe next.

2. First-principles simulations
a. Electron-phonon interactions

The electron-phonon coupling matrix elements are ob-
tained using the method described in Ref. [52], starting from
the same ab initio simulations (the results of which were
provided there). We report some aspects of this method here
for completeness. Some repetition of the content of Ref. [52]
is inevitable.

The ground-state and phonon properties of each semicon-
ducting TMD (MoS,, MoSe;, WS,, WSe;) are simulated
within density functional (perturbation) theory using the
QUANTUM ESPRESSO package [74,75]. The full simulation
is only performed at one carrier concentration of n =
5% 102 cm™2, on the relaxed structures. We use norm-
conserving, fully relativistic pseudopotentials with Perdew-
Burke-Ernzerhof (PBE) functionals [76] from the pseudo-
DOJO library [77], with kinetic energy cutoffs of 50 (WS,),
70 (MoS;), or 80 (WSe,, MoSe;). We use 2D boundary
conditions and symmetric gates to induce doping [60]. The
electronic momentum grid is nonuniform, with a sampling
ranging from 12 x 12 to 96 x 96 around the Fermi surface.
The electronic occupations follow the Fermi-Dirac distribu-
tion taken at room temperature, with a Fermi level such
that the carrier density in the conduction band is n =5 x
102 cm™2. The electron-phonon coupling matrix elements
involve initial and final electronic momenta, assumed to be
confined within a certain energy window, from the bottom
of the conduction band up to around 0.3 eV above, as rep-
resented in Fig. 1. Final states are sampled on a 120 x 120
Monkhorst-Pack grid, while the initial states are sampled on
a grid twice as coarse. The phonon momenta to compute are
obtained by linking initial states to final states. The electron-
phonon coupling matrix elements at other carrier densities are
evaluated using the model of Ref. [52]. Notably, this accounts
for the variations in free-carrier screening of the intravalley
electron-phonon interactions. Indeed, as shown experimen-
tally and explained qualitatively in Ref. [21], the occupation
of both K and Q valleys leads to a suppressed screening and
thus an enhancement of the intravalley electron-phonon cou-
plings in TMDs. We then modeled and quantified this peculiar

screening mechanism as a function of Fermi level and valley
occupations in Ref. [52]. Standard free-carrier screening is
also accounted for. We effectively end up with a model of
electron-phonon interactions as a function of both the Fermi
level and the relative position of the Q (Q') valleys with
respect to the K valleys.

Note that the position of the Q valley for MoS; in the
calculations of Ref. [52] was fairly high (>0.2 eV). For con-
venience, and since we do not claim nor aim for accuracy in
the relative positions of the valleys, the Q and Q' valleys of
MoS, were lowered by 0.1 eV.

The phonons that significantly couple at the Fermi level are
intravalley LA, TA, LO, and A}, as well as intervalley zone
border acoustic phonons. As the coupling between valleys of
opposite spins is at least an order of magnitude smaller than
same-spin couplings, it is neglected. On the one hand, stan-
dard free-carrier screening increases with doping, diminishing
the strength of field-mediated, small-momenta (intravalley)
couplings like Frohlich and piezoelectric interactions. On the
other hand, the screening of intravalley coupling to the A;
and LA modes can counterintuitively decrease as a function
of doping when both K and Q types of valleys are occupied.
The couplings are then enhanced.

We do not compute the phonon softening coming from
the occupation of the Q valley. The phonon frequencies are
those obtained with only the K valleys occupied. It has been
shown that the LA(M) phonon softens significantly when the
corresponding electronic transitions are allowed, i.e., when
the Fermi level crosses the Q valley. According to anharmonic
phonon calculations in multilayer MoS, [43], we can expect
the LA mode to soften at M. The frequency decreases as
a function of carrier concentration and potentially vanishes,
leading to a charge density wave. The computation of a re-
alistic softening value is challenging and out of scope here.
Our objective here is more the description of the nature of the
solutions and the understanding of the mechanisms behind.
We simply apply a 30% softening of the LA(M) mode when
Q is occupied.

Equation (2) describes the couplings (phonon-mediated
attraction or Coulomb repulsion) between different valleys.
The final states are summed on the arrival valley w. In prin-
ciple, one would average on the initial states at the Fermi
level in v. Figure 9 shows the matrix elements G, and C,,
for all initial states sampled in the irreducible wedge of the
Brillouin zone. Plotted as a function of the Fermi level, we
obtain well-defined lines of minimal widths. This indicates
that those quantities are mostly dependent on the energy of
the initial state and not so much on its momentum. This
justifies the procedure of simply picking an initial state at the
Fermi level rather than averaging over all states at the Fermi
level.

b. Screened Coulomb interaction

To evaluate the dielectric function of the doped system,
we simply sum the irreducible response functions associated
to the neutral material x2  and the added electrons in the
conduction band Xcoond' The former is extracted from DFPT on
the neutral material as in Refs. [78,79]. The latter is computed
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FIG. 9. Matrix elements of phonon-mediated attraction and Coulomb repulsion for all initial states k; of energy ¢; in the irreducible wedge
of the Brillouin zone, showing negligible angular variations of the matrix elements.

from the band structure as
FD _ ,FD

d*k n, y
Xcoond(Q)z Z/ ( ok 8k+q|<

A4
27[)2 Enk — Enk+q ( )

2
Unk [Unkc1-q)]”

where nt® is the Fermi-Dirac occupation for electronic state k
of energy ¢,x. The wave-function overlaps are not computed.
In general, it is 1 for ¢ — O (same electronic state), and

decreases as |q| increases. It is expected to be much smaller
than 1 for intervalley transitions, e.g., when q ~ M, such that
x2 .4(q) becomes smaller for |q| larger than the size of the
valleys. We assume the contribution from Xcoond (g) to be neg-
ligible with respect to x2,,, and use a simple complementary
error function to model the wave-function overlaps, with a
threshold roughly corresponding to the size of the valleys:
0.3 bohrs™".
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