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The interplay of symmetry and topology in quantum many-body mixed states has recently garnered
significant interest. In a phenomenon not seen in pure states, mixed states can exhibit average symme-
tries—symmetries that act on component states while leaving the ensemble invariant. In this work, we
systematically characterize symmetry-protected topological (SPT) phases of short-range entangled (SRE)
mixed states of spin systems—protected by both average and exact symmetries—by studying their pure
Choi states in a doubled Hilbert space, where the familiar notions and tools for SRE and SPT pure states
apply. This advantage of the doubled space comes with a price: extra symmetries as well as subtleties
around how hermiticity and positivity of the original density matrix constrain the possible SPT invariants.
Nevertheless, the doubled-space perspective allows us to obtain a systematic classification of mixed-state
SPT (MSPT) phases. We also investigate the robustness of MSPT invariants under symmetric finite-depth
quantum channels, the bulk-boundary correspondence for MSPT phases, and the consequences of the
MSPT invariants for the separability of mixed states and the symmetry-protected sign problem. In addition
to MSPT phases, we study the patterns of spontaneous symmetry breaking (SSB) of mixed states, includ-
ing the phenomenon of exact-to-average SSB, and the order parameters that detect them. Mixed-state SSB
is related to an ingappability constraint on symmetric Lindbladian dynamics.
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I. INTRODUCTION

The classification and characterization of quantum
phases of matter represent central achievements in the
field of many-body physics. In the setting of isolated
quantum systems—where one studies the pure ground
states of gapped, local Hamiltonians—our understanding
has reached a mature stage. This category encompasses
both conventional symmetry-breaking phases within Lan-
dau’s paradigm as well as a multitude of topologi-
cal phases, ranging from symmetry-protected topological
(SPT) phases to topological orders [1].

Recently, progress has been made toward generaliz-
ing the notion of quantum phases to nonequilibrium
open systems, such as noisy intermediate-scale quantum
(NISQ) simulators [2,3]. This program includes studying
the impact of local noise on pure SPT or topologically
ordered states [4–10], exploring the possibility of new
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phases that arise only in open systems [5,6], and examin-
ing state-preparing protocols involving measurement and
feedback [11–14]. Considering the growing number of
examples, it is desirable to establish a general frame-
work for understanding phases of open quantum systems.
In this generalization, the pure states, which appeared as
ground states of gapped, local Hamiltonians are replaced
by mixed states. The appearance of mixed states raises the
following questions: can we characterize quantum phases
solely based on the properties of its mixed states, without
reference to how they are prepared (for example, decoher-
ence of a pure topological state)? Can we leverage well-
established concepts and tools developed for pure states,
e.g., tensor-network methods, to investigate the interplay
of symmetry and topology in mixed states?

To gain some intuition, let us briefly revisit the stan-
dard concept of pure-state quantum phases [15]. Two states
belong to the same phase if and only if there exists a
finite-depth local unitary circuit U that (approximately)
connects them. The idea behind this definition is that U
can only build correlations over a finite distance, implying
that states in the same phase exhibit the same long-distance
asymptotics of correlation and entanglement. A pure state
is said to be short-range entangled (SRE) if it belongs
to the trivial phase—the phase containing product states.
Global symmetries can further enrich the phase diagram by
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imposing constraints on local gates in U [16]. For instance,
SPT phases, such as topological insulators [17,18] and the
Haldane chain [19], consist of SRE states that are dis-
tinguished from product states by such constraints. They
lack topological order and can be connected to product
states only by circuits for which the local gates fail to
be symmetric. Moreover, adiabaticity guarantees that the
ground states of two gapped local Hamiltonians belong to
the same phase when the two Hamiltonians are connected
by a gapped path [20].

If we attempt to construct a similar framework for mixed
states, several questions arise:

First, which mixed states should be regarded as SRE, as
opposed to long-range entangled (LRE)? Currently, three
proposals have been put forward to define SRE mixed
states. References [5,6] define an SRE mixed state as a
state that can be purified to an SRE pure state. Equiva-
lently, these states can be prepared from a pure product
state via a finite-depth quantum channel. Alternatively,
Refs. [21,22] defines SRE mixed states in terms of “sep-
arability”—a mixed state is SRE if it can be decomposed
as a convex sum of SRE pure states. These two proposals
(whose relation is not entirely clear) encounter the follow-
ing problem: given a generic mixed state, it is challenging
to find a purification or decomposition. This difficulty
arises because there is no known entanglement measure
that is both faithful and easily computable that can verify
whether either of these two definitions is satisfied.

There is a third proposal, known as the doubled-state
formalism, originally employed to examine the stability of
a fingerprint of a pure SPT state, namely the strange cor-
relator, under decoherence [7,23]. This approach involves
mapping the density operator via the state-operator map
to a pure state in a doubled Hilbert space, referred to
as the Choi state. The impact of decoherence becomes
an interaction between degrees of freedom in the two
Hilbert spaces. One can then leverage the rich insights
from pure-state topological phases to understand mixed-
state topology. This idea has been successfully applied
to analyze the effect of decoherence on error-correcting
codes and quantum critical points [8,10]. Another appeal-
ing aspect of this approach lies in avoiding the need to
find a convex decomposition or a purification (e.g., the
square root of a density operator). After applying a state-
operator map, which is easily computable, one can then
transform the mixed-state problem into a much better-
understood pure-state question. Given these advantages,
in this work, we define mixed SRE states as those hav-
ing an SRE Choi state. Another motivation for introducing
this definition of SRE mixed states is that their den-
sity operators can be shown to exhibit an area law for
mutual information and operator entanglement entropy.
This feature enables the efficient classical simulation of the
quantum state. Subsequently, we systematically develop a
framework for mixed-state SRE phases, subject to certain

symmetry conditions, akin to that of pure-state quantum
phases.

Second, what are the invariants of symmetric SRE
states, and how do they appear physically? In the pure-
state scenario, SRE phases are classified by their SPT
invariants (e.g., group cohomology), which show up in
the presence of order parameters—for example, in the
bulk of a three-dimensional (3D) topological insulator, a
unit magnetic monopole carries half electric charge [24].
How can this understanding of invariants of SRE states in
the doubled space be translated back to properties of the
original mixed states? Compared to a pure state, a mixed
state can exhibit a richer symmetry structure, with exact
(strong) as well as average (weak) symmetries [4,5]. Fur-
ther enrichment arises from the fact that ρ, being a density
operator, must be hermitian, which implies that its Choi
state has an additional antiunitary symmetry. These sym-
metries may protect a diverse family of SPT invariants,
many of which have no analog in pure states. One may
wonder whether this signals many-body topology intrinsi-
cally defined for mixed states. We demonstrate through a
no-go theorem that many of these invariants are inconsis-
tent because that would imply the original density operator
ρ has unphysical negative eigenvalues (Theorems 1, 2, 3).
In the study of tensor networks, it is known that determin-
ing whether a matrix-product operator is non-negative is
NP-hard in system size [25]. Our result suggests that study-
ing the SPT invariants in the doubled space can provide
insights into this problem. We further explore the rela-
tion of the doubled-space formalism to previous studies by
demonstrating the following: (1) those allowed, nontrivial
mixed-state SPT states are all not symmetrically separable
in the definition in Ref. [22]; (2) SPT phases with certain
SPT invariants have a symmetry-protected sign problem in
the definition of Ref. [26].

Third, what is the appropriate equivalence relation on
mixed states that categorizes them into phases? Due to
the system-environment coupling, a generic open system is
subject to a nonunitary evolution generated by a quantum
channel E , which does not need to be reversible, i.e., E−1

may not be a quantum channel. An equivalence relation
has been proposed based on two-way connectability by
finite-depth quantum channels (with symmetric local gates
when the problem has symmetry) [5,27,28]. Similar ideas
have also been proposed to define steady-state phases [29].
However, again, it is generally impractical to determine
whether two specific density matrices are two-way con-
nectable. Therefore, a natural question to ask is whether it
is possible to define a mixed-state phase directly in terms of
certain universal long-range properties of ρ. Moreover, are
these properties robust under channel evolutions (deforma-
tions)? In this study, we define mixed-state phases based on
their SRE nature and their SPT invariants in the doubled
Hilbert space. We justify this definition by demonstrating
that the SRE property remains perturbatively stable under
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symmetric finite-depth quantum channels and that SPT
invariants are stable when SRE is preserved by the channel
(with an additional requirement in d > 1). More surpris-
ingly, employing tensor-network methods, we demonstrate
that the SRE property may not be preserved by a symmet-
ric finite-depth channel. This is exemplified by a specific
case where the resulting state exhibits spontaneous exact-
to-average symmetry breaking, a phenomenon without a
counterpart in pure states.

Given the rich symmetry structure of mixed states,
exploring possible patterns of spontaneous symmetry
breaking (SSB) in mixed states is a natural direction
of study. In classical statistical mechanics and pure-state
many-body physics, there are two complementary ways
to probe SSB—order parameters and disorder parameters
[30]. We generalize these concepts to mixed states. When
the density operator ρ is represented by a tensor network,
we discuss the implications of different patterns of SSB
for the properties of the local tensors and demonstrate
explicitly that, unlike a finite-depth unitary, a symmetric
finite-depth channel can induce an exact-to-average SSB
by destroying the “normality” of the local tensor. The
stability of this SSB also has interesting implications for
open-system dynamics: a local Lindbladian with a discrete
exact symmetry can have a nonzero dissipative gap in the
thermodynamic limit only when the steady state exhibits
spontaneous breaking of the exact symmetry. As we will
see, a precise relationship between the probes mentioned
above and a systematic study of SSB in mixed states are
still lacking. We only provide a small step in this direction.

Fourth, is there a notion of bulk-boundary correspon-
dence in mixed states? A defining feature of nontrivial
pure-state SPT phases is that they have nontrivial bound-
ary states, protected by bulk t’Hooft anomaly inflow. For
example, at the edge of a Haldane chain, there is a dan-
gling spin-half moment. These nontrivial boundary states,
often characterized by localized edge degeneracy or gap-
less boundary modes, are challenging to define in mixed
states due to the absence of a Hamiltonian and energy
gap. In this study, utilizing tensor-network methods, we
clarify the notion of localized boundary modes in mixed
states. For one-dimensional (1D) mixed-state SPT phases,
we demonstrate that the edge may exhibit distinct pro-
jective representation (or “symmetry-breaking”) patterns,
depending on the bulk SPT invariant. The mixed-state
bulk-boundary correspondence in higher dimensions is,
however, a more challenging topic due to our limited
understanding of LRE mixed states and how to relate
long-range entanglement in the doubled space to physical
properties of the original mixed state ρ. We briefly com-
ment on the higher-dimensional case and leave a thorough
study to further explorations.

The paper is organized as follows. In Sec. II, we intro-
duce the operator-state map and symmetry conditions on
mixed states. We then define SRE mixed states and mixed

state SPT phases in Sec. III. The main part of this section
is dedicated to the discussion on the relation between SPT
invariants in the doubled space and the (violation of) non-
negativity of the original density matrix. We highlight the
connections between SPT invariants, symmetry-protected
sign problems, and separability in Sec. III F. Section III H
examines the condition under which a symmetric finite-
depth channel preserves the SRE property and SPT invari-
ants. Additionally, we provide an example where the SRE
is violated, leading to a final state that manifests exact-to-
average SSB. We discuss possible SSB patterns and their
implications for tensor networks in Sec. IV. The boundary
properties of mixed-state SPT phases are studied in Sec. V.
We conclude our paper and discuss a few open directions
in Sec. VI.

II. THE OPERATOR-STATE MAP AND
SYMMETRIES

A. The operator-state map

In this section we shall introduce the operator-state map
[31], which is a one-to-one correspondence between an
operator acting on a Hilbert space H and a pure quantum
state in a doubled Hilbert space H⊗H∗. This mapping
enables us to study a mixed state, represented by a density
operator ρ, using well-developed concepts for pure states.

To start, we consider a lattice Hilbert space with a
local tensor-product structure H = ⊗iHi (i labeling lat-
tice sites). The space of quantum operators acting on the
Hilbert space is denoted by B(H). We define the “relative
state” as

|�〉〉 := 1√
N
∑

a

|a〉|a∗〉, (1)

where N is the dimension of H, and {|a〉} is an orthonor-
mal basis of H. This is a maximally entangled state in the
doubled Hilbert space H⊗H∗. Here a state |a∗〉 ∈ H∗
is defined by taking the complex conjugation of a corre-
sponding state |a〉 ∈ H (written in a certain basis), namely
|a∗〉 = K |a〉, where K is complex conjugation. We will
refer to H and H∗ as the ket and the bra space, respectively.

Two properties of the relative state |�〉〉 are important for
our purpose. Firstly, the definition of |�〉〉 is basis indepen-
dent. To see this, consider another orthonormal basis {|ã〉}
of H, which is related to {|a〉} by a unitary transformation,
|ã〉 = ∑

a Vãa|a〉. One can show that the relative state |�̃〉〉
defined in terms of this new basis is identical to |�〉〉,

|�̃〉〉 = 1√
N
∑

ã

|ã〉|ã∗〉

= 1√
N
∑

ã

∑

a

∑

b

VãaV∗
ãb|a〉|b〉 = |�〉〉. (2)
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FIG. 1. A diagrammatic representation of the operator-state
map. One can use the relative state to freely bend the leg back
and forth.

The basis independence can be understood by noting that
|�〉〉 is obtained by “flipping the bras” in the (normalized)
identity operator in B(H), which is basis independent.

Secondly, the relative state |�〉〉 is a short-range entan-
gled (SRE) state in the doubled Hilbert space. In fact, |�〉〉
is a product of maximally entangled states on each site,

|�〉〉 = ⊗i

(
1√
Ni

∑

ai

|ai〉|a∗
i 〉
)

, (3)

where {|ai〉} is a set of orthonormal basis for the local
Hilbert space Hi. This property will be important when
we discuss the notion of short-range entanglement in the
doubled space.

Now we introduce the operator-state map using the
relative state. For each operator O ∈ B(H), there is an
associated pure state in the doubled space,

|O〉〉 = (O
⊗

I)|�〉〉, (4)

where I is the identity operator acting on the bra space
H∗. We will employ a bigger “

⊗
” to represent that the

operators on its respective sides act on distinct copies of
the Hilbert space. |O〉〉 is called the Choi state associated
with the operator O. In fact, the correspondence between
operators in B(H) and states in H⊗H∗ is one-to-one, as
seen from Fig. 1. Moreover, the doubled space H⊗H∗
is a Hilbert space endowed with the Hilbert-Schmidt inner
product—for two operators A, B ∈ B(H), the overlap of
the corresponding Choi states is given to be

〈〈A|B〉〉 = tr(A†B). (5)

Note that with the normalization in Eq. (1), the relative
state has unit norm, 〈〈�|�〉〉 = 1.

Using the relative state |�〉〉, one can also move opera-
tors between the two Hilbert spaces H and H∗,

(O
⊗

I)|�〉〉 = 1√
N
∑

a,b

|b〉〈b|O|a〉|a∗〉

= 1√
N
∑

a,b

|b〉|a∗〉〈a∗|OT|b∗〉

= (I
⊗

OT)|�〉〉. (6)

One can see that the relative state establishes a one-to-one
correspondence between operators acting on H and those
acting on H∗ by taking the transpose.

B. Symmetries

Below we will define the topological properties of a den-
sity matrix ρ = ∑

I PI |�I 〉〈�I |, in general representing a
mixed state, by studying its Choi state |ρ〉〉 in the doubled
space. A crucial ingredient in these nontrivial topologies is
symmetry. In contrast to pure states, there are two distinct
types of unitary symmetry for mixed states.

The first is the exact symmetry (or the strong symme-
try [32]), denoted by K . For each element k ∈ K , there is
a corresponding unitary operator Uk acting on H, which
forms a linear representation of K :

Uk = ⊗iui
k, (7)

where ui
k is the (linear) representation of K on a single site

i. We say a density operator has an exact symmetry K if for
any k ∈ K ,

Ukρ = ρUk = eiθkρ. (8)

In other words, exact symmetry means that each individ-
ual pure state within the convex sum ρ is an eigenstate
of K with the same eigenvalue. In the doubled space, this
symmetry condition becomes

[Uk

⊗
I ]|ρ〉〉 = [I

⊗
UT

k ]|ρ〉〉 = eiθk |ρ〉〉. (9)

Equation (9) reveals a feature of the doubled space:
the associated Choi state |ρ〉〉 enjoys a “doubled” exact
symmetry, which stems from independent left and right
multiplications of ρ.

For a mixed state, there is a second type of unitary
symmetry—the average symmetry (or the weak symmetry
[32]), denoted by G. The density matrix is invariant only
under the adjoint action of an average symmetry:

UgρU†
g = ρ (10)

for any g ∈ G. We again require Ug = ⊗iui
g , which is a

tensor product of unitary operators, each of which linearly
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represents G on a single site. In the doubled space, the
average symmetry becomes

[Ug

⊗
U∗

g]|ρ〉〉 = |ρ〉〉, (11)

which behaves similarly to an ordinary unitary symmetry
of a pure state.

For simplicity we often focus on cases where the full
unitary symmetry G of |ρ〉〉 is given by G = (K × K)× G.
But we note that, similar to the pure-state scenario, K and
G may form a nontrivial group extension

1 K G̃ G 1, (12)

in which the exact symmetry is a normal subgroup [33].
The group extension and the G action on the normal sub-
group K can be deduced from the unitary operators Uk and
Ug that act on the original Hilbert space H.

Besides the two types of unitary symmetry, a state in
the doubled space may also have antiunitary symmetries.
In particular, the Choi state |ρ〉〉 of a density operator is
always invariant under an antiunitary operator J , called
the modular conjugation. Physically, the J symmetry is
equivalent to hermiticity of the density operator, and can
be introduced as

J (|a〉|b∗〉) = |b〉|a∗〉, (13)

which is a swap that exchanges the ket and the bra spaces,
followed by a complex conjugation, J = K · SWAP. It is
straightforward to check that the relative state |�〉〉 is
invariant under J . As a result, we can show that the Choi
state |ρ〉〉 is J symmetric,

J |ρ〉〉 = J (ρ
⊗

I)J −1J |�〉〉 = (I
⊗

ρ∗)|�〉〉 = |ρ〉〉,
(14)

where we used ρ = ρ†.
It is important to note that J does not commute with the

exact unitary symmetry. Since J exchanges the quantum
states of the bra and the ket, J effectively acts on the exact
unitary symmetry K × K by swapping the two components
[34],

J (k1, k2)J −1 = (k2, k1), (15)

for k1, k2 ∈ K . On the other hand, one can easily check
that J commutes with the average unitary symmetry G.
As an illustrative example, in the case where the unitary
symmetry is G = (K × K)× G, the full symmetry group
in the doubled space is Gd = (K × K)� J × G, with the
J action on K × K described above.

Lastly, we direct our attention to another antiunitary
symmetry, namely time-reversal symmetry T . In the dou-
bled space, we define the T action as

T : |a〉|b∗〉 →
∑

ã,b̃

WaãW∗
bb̃

|ã〉|b̃∗〉,

i → −i,

(16)

which is a complex conjugation followed by an adjoint
unitary transformation W, analogous to its action on pure
states. A density operator ρ is time reversal invariant when
T ρT −1 = ρ, which is equivalent to

T (|ρ〉〉) = |ρ〉〉 (17)

in the doubled space.
An important observation is, given the antiunitary nature

of J and T , there is no way to factorize them, in partic-
ular the SWAP and complex conjugation, into transforma-
tions operating on the ket and the bra space individually.
We therefore conclude that, for mixed states, antiunitary
symmetries such as time-reversal symmetry and the mod-
ular conjugation always behave as average symmetries,
in the sense that they act on the bra and the ket spaces
simultaneously [35].

As a summary, by the operator-state map, we establish
a one-to-one correspondence between density operators
and their associated Choi states in the doubled space.
The state |ρ〉〉 may be invariant under various unitary or
antiunitary symmetries. The full symmetry group in the
doubled space, including the unitary and antiunitary ones,
is referred to as Gd hereafter. In the upcoming section, we
will introduce the concept of mixed-state SPT phases by
studying topological properties of the Choi state.

III. MIXED-STATE SPT PHASES

In this section, we introduce a definition of mixed-state
SPT phases. We will also investigate the classification of
these phases and their responses to open system evolu-
tions. Before delving into details, let us provide an overall
picture of our framework, which generalizes the familiar
notion of pure-state quantum phases with several important
differences:

(1) We first generalize the concept of SRE states to the
context of mixed states. The idea is to map a mixed
state ρ to its Choi state in the doubled space, where
we can apply the familiar definition of short-range
entanglement for pure states. We will then explore
the physical properties of these SRE mixed states.

(2) Using the symmetry conditions discussed in Sec.
II, we then define the notion of mixed-state SPT
(MSPT) states in terms of the SPT invariants of the
Choi state.
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(3) Naively, one may expect that the mixed-state SPT
invariants are the same as those of pure SPT states
in the doubled space with a symmetry Gd. But it
turns out that Choi states with certain SPT invari-
ants cannot give rise to physical density operators
in the original (single) Hilbert space. In particular,
their corresponding density operators would have
unphysical negative eigenvalues. We demonstrate
this point using a generalized decorated domain-
wall approach.

(4) We demonstrate that the short-range entangled prop-
erty, as well as the SPT invariant of the Choi state,
are perturbatively stable under natural deformations
of open quantum systems, namely under symmet-
ric finite-depth quantum channels. This robustness
establishes the notion of phases in the context of
mixed states.

Instead of relying on the existence of a “continuous path,”
this work defines phases of mixed states directly in terms of
state properties—the SRE property and topological invari-
ants of the Choi state—along with the robustness of these
defining properties under symmetric finite-depth channels.
An intriguing question for future investigation is whether
two mixed states with the same topological invariants can
be connected through a suitably defined adiabatic defor-
mation (as has been done for some pure states [36]), such
as by symmetric finite-depth quantum channels. We will
comment on this point further in the next subsection.

A. Short-range entanglement and MSPT phases

We now propose the definition of a SRE mixed state as
follows.

Definition 1. Let ρ be a density operator of a mixed
state, acting on the lattice Hilbert space H. ρ is SRE if
its associated Choi state |ρ〉〉 is a SRE state in the doubled
space.

Notice that the Choi state of an operator in B(H) is
always a pure state in the doubled space. The definition
of SRE state in the doubled space follows the standard
definition for pure states, namely, |ρ〉〉 is SRE if it (more
precisely, the normalized state |ρ〉〉/〈〈ρ|ρ〉〉) can be pre-
pared from a product state in H⊗H∗ using a finite-depth
local unitary circuit acting on the Hilbert space H⊗H∗.

Definition 1 implies that, if a mixed state is SRE, its
density operator ρ can be represented by a tensor network
with a finite bond dimension, which does not scale with the
system size. For example, a 1D (translationally invariant)
SRE state |ρ〉〉 can be represented by a matrix-product state
(MPS) [37–40],

|ρ〉〉 =
∑

{pi,qi}
tr(Ap1q1 . . .ApLqL)|(p1q1) . . . (pLqL)〉〉. (18)

Here, L is the length of the system, and the sum is taken
over pi, qi = 1, . . . , d, with p and q representing the phys-
ical indices of H and H∗, respectively, where d is the
local Hilbert-space dimension. The symbol A represents
a D × D matrix. By passing back through the operator-
state map, it becomes evident that the operator ρ is a
matrix-product operator (MPO) with bond dimension D,
by viewing pi, qi as the ket and the bra space, respec-
tively. On the other hand, if a density operator ρ can be
written as an MPO, its Choi state |ρ〉〉 = (ρ

⊗
I)|�〉〉 will

have an MPS form of Eq. (18), since |�〉〉 is a product
state in the doubled space. However, such a Choi state
is not necessarily SRE—an additional normality condition
for the local tensor is required. An illustrative example
will be discussed in detail in Sec. III H. The same argu-
ment can also be extended to higher dimensions using
projected entangled pair states (PEPSs). A direct implica-
tion of this analysis is that in an SRE mixed state, both the
mutual information [41,42] and the operator entanglement
entropy [43] (of the density operator) between a region and
its complement scale according to the area law. This area
law bounds both classical and quantum correlations within
an SRE mixed state, thereby improving the efficiency of
classical simulation [44].

Previous studies [5,6] introduced an alternative definition
of mixed-state SPT phases based on the existence of an
SRE purification and two-way connectability via symmet-
ric finite-depth channels. That definition is in fact inequiv-
alent to the one presented in this work. Notably, an SRE
purification guarantees the existence of a tensor-network
representation of |ρ〉〉, making it an SRE mixed state within
the framework we propose (with the exception of cases
involving spontaneous symmetry breaking, as discussed
in Sec. IV). However, as highlighted in Ref. [45], in 1D,
there exist matrix-product density operators (MPDOs) that
are SRE under the current definition but cannot be purified
by any SRE state. Therefore, the present proposal, rely-
ing on the Choi state and its tensor-network representation,
encompasses a strictly broader range of states.

We now introduce the following definition of MSPT
phase.

Definition 2. A state with density operator ρ is an
MSPT state if its Choi state |ρ〉〉 is an SPT state protected
by the symmetry Gd. Moreover, two mixed states ρ1 and
ρ2 are in the same MSPT phase if |ρ1〉〉 and |ρ2〉〉 belong to
the same pure-state SPT phase.

Let us comment on Definition 2 of MSPT phases. When
studying ground states, a common definition of an SPT
phase is that two states are in the same phase if and only
if there exists a continuous family of symmetric, SRE
states interpolating between them. This definition is phys-
ically motivated by its connection to gapped paths of local
Hamiltonians. In one dimension, the path of SRE states
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can be explicitly constructed using the isometric form of
MPS [36]. However, in the cases of higher dimensions
or translation noninvariant systems, verifying the exis-
tence of such a continuous path of gapped Hamiltonians
is challenging. Therefore, a more practical approach is
to construct discrete topological invariants to distinguish
phases and to define topological phases in terms of these
invariants and their associated universal behaviors. For
instance, a 3D topological insulator can be defined by
the fact that a probe magnetic monopole inside carries
a half-integer electric charge [24,46]. For mixed states,
lacking an analog of gapped Hamiltonians, we adopt the
latter approach to distinguish phases: constructing discrete
invariants, demonstrating their stability under finite-depth
local channels, and exploring the universal behaviors tied
to these invariants.

We emphasize that the definition of phases of mixed
states based on properties of the Choi state of ρ does
not always align with other equivalence relations, such
as two-way symmetric finite-depth channel connectibility
[27,28] or the “decodability” criterion [8,47]. For exam-
ple, consider a 2D Z2 symmetric product state under
nearest-neighbor ZZ dephasing. As the dephasing strength
p increases, the Choi state undergoes an Ising transition,
which exhibits a different universality class and critical
p compared to the decoding transition of the toric code
(related by gauging the Z2 symmetry) [8–10,48,49]. On
the other hand, our definition proves to be more conve-
nient for studying problems such as symmetry-enforced
separability, symmetry-protected sign problems (discussed
in Secs. III G 2 and III G 3, respectively), and the possible
symmetry-protected topology of a density operator. In par-
ticular, it applies to the regime of p where the different
definitions coincide, and serves as a constraint on topology
for more general non-negative Hermitian operators.

A simple example of MSPT states is given by a standard
pure SPT state. To illustrate this, consider a pure SPT state
|ψ〉, which can be prepared by a finite-depth unitary cir-
cuit U: |ψ〉 = U|0〉, where |0〉 is a product state. Its Choi
state can be expressed as |ψ〉〉 = U

⊗
U∗(|0〉|0∗〉), which

is SRE since U
⊗

U∗ constitutes a finite-depth circuit in
the doubled space.

B. Classification of MSPT phases

We now discuss the classification of MSPT phases as
defined above, which is one of our main results. For now,
we consider symmetries of the form Gd = G × (K × K)�

J . Generalizations to states protected by time-reversal
symmetry and symmetries that are nontrivial group exten-
sions are considered later in Sec. III F.

Our starting point is the classification of SPT phases
of pure states with symmetry Gd given by group coho-
mology H d+1(Gd, U(1)), with J acting on the U(1) coeffi-
cient through complex conjugation [16]. This classification

encompasses all potential SPT phases of the Choi state |ρ〉〉
[50]. Within this classification, a subgroup, as described
by the following theorem, represents consistent MSPT
phases, in the sense that the corresponding density matrix
ρ is non-negative.

Theorem 1. In d spatial dimensions, bosonic MSPT
phases protected by a full symmetry Gd = G � J , where
G = (K × K)× G, are classified by

d⊕

p=0

H p [G, H d+1−p(K , U(1))]. (19)

More precisely, Theorem 1 means that every class
within the subgroup in Eq. (19) of H d+1(Gd, U(1)) can
be realized by some valid density matrix. It also means
that, if |ρ〉〉 is a generic SPT state whose invariant lies out-
side of this subgroup, the corresponding ρ fails to meet the
condition ρ ≥ 0.

Before proving the theorem, let us give some physical
interpretations.

(1) Despite the doubling of the exact symmetry K when
considering the Choi state, we will demonstrate that
all potential MSPT phases protected jointly by the
two copies of K violate the requirement that the
density operator in the original Hilbert space is
non-negative.

(2) The modular conjugation, or equivalently hermitic-
ity, does not introduce new MSPT phases without
a pure-state analog. Instead, as J relates the two
copies of the exact symmetry (by swapping them),
in the classification it effectively reduces the dou-
bled exact symmetry to a single one.

(3) Equation (19) has a decorated domain-wall inter-
pretation [51] as follows. A G-symmetric state |ρ〉〉
is a superposition of domain wall (or in general,
symmetry defect) configurations associated with G.
On each codimension-p defect we can decorate a
(d − p)-dimensional SPT of the exact symmetry K ,
labeled by an element in the group cohomology
H d−p+1(K , U(1)). The decoration pattern is then
labeled by an element in H p [G, H d+1−p(K , U(1))].

(4) Equation (19) represents a subgroup of H d+1(K ×
G, U(1)), which classifies pure SPT states protected
by K × G, both being exact symmetries. The only
absent component in Eq. (19) describes states pro-
tected solely by the average symmetry. We will
demonstrate that if such states existed, they would
result in negative eigenvalues of ρ.

In the following sections, we will establish the proof for
Theorem 1. Our approach involves decoding the physical
meaning of all potential SPT invariants associated with the
Choi state, classified by H d+1(Gd, U(1)), and examining
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whether a generic density operator with a specific invariant
is consistent with non-negativity. In Theorems 2 and 3 of
Sec. III F, we will also extend this classification to cases
involving time-reversal symmetry and situations where the
symmetry structure is not a simple direct product.

C. MSPT phases protected by the exact symmetry

In this section, we study MSPT phases protected by an
exact symmetry K , which acts on the Choi state as a dou-
bled symmetry K+ × K−, where K+ (K−) acts on the ket
(bra) Hilbert space. We argue two points: First, in Secs.
III C 1 and III C 2, we see that states protected jointly by
K+ and K− cannot arise as Choi states of valid density
matrices due to non-negativity. Second, in Sec. III C 3,
we see that modular conjugation symmetry constrains the
invariants of states protected solely by K+ or K−, so that
effectively it is as if there is only one copy of K protecting
the state.

1. MSPT phases with exact symmetries in 1D

We begin by demonstrating, following the approach in
Ref. [52], that non-negativity ρ ≥ 0 imposes a restriction
on the SPT invariant of the Choi state |ρ〉〉—intuitively, |ρ〉〉
can not be an SPT protected “jointly” by the two copies of
the exact symmetry.

For the moment, focus on |ρ〉〉 in 1D. One useful charac-
terization of SPT phases in 1D is the string order parameter
[53,54], which consists of a symmetry operator on a large
region, multiplied by two local endpoint operators. For
our purpose, let us consider the following string-order
parameter:

s[(e, k); (α,α′)]

= [(Ol
α ⊗ 1n ⊗ Or

α)
⊗

(Ol,T
α′ ⊗ (u∗

k)
n ⊗ Or,T

α′ )], (20)

where e is the identity element, and k is an arbitrary ele-
ment of K . The left and right endpoint operators, Ol

α and
Or
α , live in opposite irreducible representations (symmetry

charges) of K ,

U†
kOl

αUk = χα(k)Ol
α ,

U†
kOr

αUk = χα(k)∗Or
α ,

(21)

and similarly for Ol,r
α′ . The length n is taken to be much

larger than the correlation length of |ρ〉〉. For SPT states in
1D, the string-order parameter obeys a selection rule [55]:
If |ρ〉〉 is a generic 1D SPT state protected by the K+ × K−
symmetry, for each k ∈ K , one can always find a unique
combination of charges αk and α′

k, such that the expec-
tation value 〈〈ρ|s[(e, k); (α,α′)]|ρ〉〉 is nonzero only when
α = αk and α′ = α′

k.
For clarity, let us denote the unique string-order param-

eter, which has long-range order as s[(e, k); (αk,α′
k)] =

S1 ⊗ ST
2 , where S1 = (Ol

αk
⊗ 1n ⊗ Or

αk
) and ST

2 = (Ol,T
α′

k
⊗

(u∗
k)

n ⊗ Or,T
α′

k
) act on the the ket and the bra spaces, respec-

tively. One has

0 < |〈〈ρ|S1

⊗
ST

2 |ρ〉〉|2

= |tr(ρS1ρS2)|2
(∗)= |tr(√ρS1

√
ρ · √

ρS2
√
ρ)|2

(†)≤ tr[(
√
ρS1

√
ρ)(

√
ρS1

√
ρ)†]

× tr[(
√
ρS2

√
ρ)(

√
ρS2

√
ρ)†]

= 〈〈ρ|(Ol
αk

⊗ Or
αk
)
⊗

(Ol
αk

⊗ Or
αk
)∗|ρ〉〉

× 〈〈ρ|S2

⊗
S∗

2 |ρ〉〉, (22)

where we use ρ ≥ 0 to take the square root in (∗) and the
Cauchy-Schwarz inequality in (†). In Eq. (22), the state
|ρ〉〉 has been normalized to ensure a unit Hilbert-Schmidt
norm. Since |ρ〉〉 is SRE, the cluster decomposition prop-
erty implies that 〈〈ρ|Ol

αk

⊗
Ol,∗
αk

|ρ〉〉 �= 0, which can only
be satisfied if αk is the trivial K representation.

The endpoint operator, acting in H ⊗ H∗, does not nec-
essarily have to be factorized as assumed in Eq. (20). Nev-
ertheless, any generic endpoint operator can be expressed
as a sum Ol

(α,α′) = ∑
m Ol,m

α ⊗ Ol,m,T
α′ . Crucially, this sum

has a finite number of terms (due to the locality of the
endpoint operator), and there must exist a term with an
expectation value of O(1), as required in Eq. (22), so the
conclusion above holds.

This observation imposes a strong constraint on possible
SPT invariants of |ρ〉〉. For the moment, let us ignore the
other symmetries and focus on the exact symmetry K+ ×
K−. All possible bosonic SPT phases of the pure state |ρ〉〉
in 1D with K+ × K− symmetry are classified by H 2(K+ ×
K−, U(1)), which can be decomposed using the Künneth
theorem as

H 2(K+×K−, U(1)) = H 2(K+, U(1))

⊕ H 1[K−, H 1(K+, U(1))] ⊕ H 2(K−, U(1)). (23)

Here the term H 1[K−, H 1(K+, U(1))] has a clear physi-
cal interpretation: a domain wall of K− (associated with
a group element k) traps a charge of K+ labeled by an ele-
ment in H 1(K+, U(1)). This charge is exactly the represen-
tation αk of the endpoint operator, such that the string-order
parameter s[(e, k); (αk,α′

k)] acquires a nonzero expecta-
tion value in |ρ〉〉. Indeed, given an element ω ∈ H 2(K+ ×
K−, U(1)) and a group element k ∈ K−, the decomposition
of ω in H 1[K−, H 1(K+, U(1))] is given by the slant product
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of ω with k,

ω[(•, e), (e, k)]
ω[(e, k), (•, e)]

∈ H 1(K+, U(1)), (24)

which can be shown [56] to correspond to the K+ charge,
χαk (•), associated with the nonzero string-order parame-
ter. As a conclusion, non-negativity requires that |ρ〉〉 can
not be described by any group cohomology class ω, which
has nontrivial decomposition in H 1[K−, H 1(K+, U(1))].
Below, in Sec. III C 3, we further argue that modular
conjugation symmetry enforces a relation between the
H 2(K+, U(1)) and H 2(K+, U(1)) terms of Eq. (23), imply-
ing that the total classification of SPT phases protected by
K+ × K− symmetry that can arise as Choi states of valid
density matrices is given by a single copy of H 2(K , U(1)).

2. Higher dimensions: the decorated domain-wall
approach

In order to extend the discussion above to higher space
dimensions, let us generalize the decorated domain-wall
approach [51], a systematic construction for pure-state
SPT phases, to the study of mixed states. We first review
the idea of constructing pure SPT states by this approach.
To construct a d-dimensional K+ × K−-symmetric state
(here one can simply view K+ and K− as some symme-
try of a pure state), we can start from a state in which K− is
broken spontaneously. The K− symmetry can be restored
by condensation of K−-domain walls. Nontrivial K+ × K−
SPT states are produced by decorating codimension-p
symmetry defects of K− with (d − p)-dimensional SPT
states protected by the unbroken symmetry K+. Mathe-
matically, this construction is formulated precisely by the
Künneth formula: one may decompose the group coho-
mology classification of K+ × K− bosonic SPT phases as
follows:

H d+1(K+×K−, U(1)) =
d+1⊕

p=0

H p [K−, H d+1−p(K+, U(1))].

(25)

In particular, for 0 < p < d + 1, Eq. (25) implies that
possible decoration patterns, which are consistent with
fusion rules of codimension-p symmetry defects of K− are
labeled by elements in H p [K−, H d+1−p(K+, U(1))]. Here-
after we refer to SPT states with such nontrivial decora-
tions as states protected jointly by K+ and K−. In contrast,
the p = 0 term [H d+1(K+, U(1))] and the p = d + 1 term
[H d+1(K−, U(1))] label SPT states protected solely by K+
or K−, respectively.

A consequence of the decorated domain-wall approach
is that, string-order parameters in 1D may be generalized
to “defect-order parameters” in higher dimensions. Notice
that the decorated domain-wall construction can be equiv-
alently formulated as follows: consider an SPT state |ρ〉〉,

and act on it with a symmetry element k ∈ K−, but only in a
large but finite region A: UA

k ≡ ⊗i∈Aui
k. Since the Choi state

|ρ〉〉 is simply a symmetric SRE pure state, acting with UA
k

has nontrivial effect only near the boundary of A [53,57]:

I
⊗

(UA
k )

∗|ρ〉〉 = V∂A
k |ρ〉〉, (26)

where V∂A
k is a finite-depth unitary operator that is non-

trivial (nonidentity) only near the boundary ∂A. For an
SPT state |ρ〉〉 protected jointly by K+ × K−, the deco-
rated domain-wall construction implies that V∂A

k creates a
K+ SPT phase in one dimension lower (whose invariant is
given by the k-slant product of the original SPT invariant),
according to the decoration pattern labeled by an element
in H 1[K−, H d(K+, U(1))].

One can introduce a defect-order parameter as follows:

sA
k = (O∂A

+ )
†
⊗

(UA
k )

∗, (27)

where O∂A
+ is a finite-depth unitary along the boundary of

A, operating solely in the + Hilbert space to create a K+
SPT. Similarly to the 1D case, there is a unique choice of
the defect-order parameter (up to symmetric finite-depth
local unitary), where O∂A

+ carries the same SPT invariant
as V∂A

k , that results in an area-law decaying expectation
value, i.e., 〈〈ρ|sA

k |ρ〉〉 ∼ e−|∂A|. In contrast, if O∂A
+ has a dif-

ferent SPT invariant compared to V∂A
k,+, the defect-order

parameter vanishes, i.e., 〈〈ρ|sA
k |ρ〉〉 = 0.

Let us delve into the scaling behavior of the defect-order
parameter a bit more. For simplicity, we consider the case
of d = 2, though the analysis can be extended to higher
dimensions. With symmetry fractionalization as described
in Eq. (26), the defect-order parameter simplifies to

〈〈ρ|sA
k |ρ〉〉 = 〈〈ρ|(O∂A

+ )
†V∂A

k |ρ〉〉. (28)

Naively, given that the operator W∂A = (O∂A
+ )

†V∂A
k is

localized around ∂A, one might expect the defect order
described in Eq. (28) to possess a nonzero value for a
generic SRE state ρ, decaying in accordance with the
boundary area of ∂A. However, if the unitary W∂A gen-
erates a nontrivial 1D K+ SPT along ∂A, a nonzero
defect-order parameter would result in a contradiction. To
illustrate, consider that for any arbitrary symmetry-group
element a ∈ G, we can further restrict the boundary oper-
ator as defined by Eq. (26) to a segment M of ∂A [58],
producing a unitary operator Va

M , as depicted in Fig 2.
Physically, Va

M introduces an a symmetry flux around each
endpoint of M .

A crucial property of the operators set {Va
M } with a ∈ G,

is that they obey the group multiplication rule, up to unitary
operators �(a, b) supported in the vicinity of ∂M [58]. In
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FIG. 2. Due to symmetry localization, as described in Eq. (26),
one can further restrict the boundary unitary associated with a
group element a to an open segment M , referred to as Va

M . The set
{Va

M } obeys the group multiplication rule up to a local operator
�(a, b) near ∂M .

2D, �(a, b) is merely pointlike.

Va
M Vb

M = �(a, b)Vab
M , (29)

as illustrated in Fig. 2. If we take a and b as two group ele-
ments in K+, Eq. (29) would yield the following outcome:

〈〈ρ|sA
k |ρ〉〉 = 〈〈ρ|W∂A|ρ〉〉

= 〈〈ρ|W∂AVa
M Vb

M [�(a, b)Vab
M ]†|ρ〉〉

= eiω(a,b)〈〈ρ|Va
M Vb

M [�(a, b)Vab
M ]†W∂A|ρ〉〉

= eiω(a,b)〈〈ρ|sA
k |ρ〉〉. (30)

Here, one endpoint of M lies deep within region A while
the other lies deep outside A. In the third line of Eq. (30),
we use the fact that the commutation of three K+ symmetry
fluxes, associated with a, b, and (ab)−1, respectively, with
the boundary operator W∂A results in a phase factorω(a, b).
This phase factor is precisely determined by the cohomol-
ogy H 2(K+, U(1)) of the 1D K+ SPT created by W∂A. If
W∂A belongs to a nontrivial topological class, ω(a, b) can-
not be trivial for all a and b in K+, which leads to the
defect-order parameter being zero. Hence, in order for the
defect-order parameter to not vanish, O∂A

+ must share the
same SPT invariant as V∂A

k , which is determined by the
decoration pattern H 1[K−, H 2(K+, U(1))] of the state |ρ〉〉.

To extend the selection rule to higher (co)dimensions,
one can use the restriction procedure described in Ref.
[58]. In the pth step of this restriction, one obtains an oper-
ator VM (a1, . . . , ap) indexed by p group elements of K+,
acting on a d − p-dimensional subregion of the space. The
different orders of fusing these operators, in the presence
of a defect-creating operator in the K− Hilbert space that
generates a p-dimensional symmetry defect (or multide-
fect junction) of K−, result in a phase factor determined
by the decoration pattern H d−p [K−, H p+1(K+, U(1))]. The
defect-order parameter is nonzero only when the bound-
ary unitary O+ in Eq. (27) (acting in the + Hilbert space)

creates an K+ SPT state that matches the decoration pat-
tern of |ρ〉〉. This argument establishes the selection rule in
each (co)dimension [59].

Employing the same reasoning as in Eq. (22), one can
see that a nonzero defect-order parameter (taking the lin-
ear size of A to be larger than the correlation length of
|ρ〉〉 but finite) results in 〈〈ρ|(O∂A

+ )
†⊗(O∂A

+ )
T|ρ〉〉 �= 0. This

implies that O∂A
+ hence V∂A

k , can only create a trivial K+
SPT state along ∂A. Consequently, non-negativity of ρ
requires that the domain-wall decoration of |ρ〉〉 is triv-
ial, i.e., |ρ〉〉 cannot be an SPT state protected jointly by
both K+ and K− described by a nontrivial element in
H 1[K−, H 2(K+, U(1))]. Extending the analysis to higher
(co)dimensions using the selection rule of defect-order
parameters, we conclude that a Choi state |ρ〉〉 cannot be
an SPT state protected jointly by both K+ and K−.

3. Imposing modular conjugation symmetry

So far we have focused on states jointly protected by
K+ × K− and found they do not correspond to genuine
MSPT phases. On the other hand, SPT states in the double
space protected solely by either K+ or K− have not pre-
sented any contradictions. As a result, for generic states,
K+ × K− MSPT states consistent with non-negativity are
classified by pairs

(α,β) ∈ H d+1(K+, U(1))⊕ H d+1(K−, U(1)). (31)

Now, let us incorporate the modular conjugation opera-
tor J . J serves two distinct roles in the classification of
MSPT phases. Firstly, it introduces a new requirement that
a state |ρ〉〉 must be J symmetric. Secondly, J may pro-
tect new MSPT states that lack a pure-state analog. In this
section, we will focus on the condition that |ρ〉〉 is J sym-
metric; we will save the second point for Sec. III D. As
detailed in Sec. II, the exact symmetry and the modular
conjugation together form a semidirect (wreath) product
denoted as (K+ × K−)� J . In the Choi representation, J
exchanges the quantum states between the bra and the
ket, followed by a conplex conjugation. Consequently, J
imposes a constraint on the classes α and β:

(α,β)
J→ (β̄, ᾱ) = (α,β). (32)

Here, ᾱ and β̄ represent the complex conjugated classes
due to the antiunitary nature of J . We therefore can deduce
that α = β̄. In conclusion, in d spatial dimensions, the clas-
sification of MSPT phases protected by the exact K × K
symmetry is isomorphic to H d+1(K , U(1)), which can be
represented by a single cohomology class α.

From a mathematical perspective, d-dimensional SPT
phases with (K × K)� J symmetry are classified by the
group cohomology H d+1[(K × K)� J , U(1)], with the
U(1) coefficient twisted by J . This classification can
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be decomposed using the Leray-Serre spectral sequence
[59,60], with the E2 page comprising

⊕

p+q=d+1

Ep ,q
2 =

⊕

p+q=d+1

H p [J , H q(K × K , U(1))]. (33)

In a physical context, the term with p = 0 and q = (d +
1) corresponds precisely to J -symmetric K × K MSPT
phases discussed in the last paragraph. We have demon-
strated that a subgroup of it, which is isomorphic to
H d+1(K , U(1)), complies with the condition ρ ≥ 0. The
other terms with p > 0 would represent SPT phases pro-
tected solely by J or jointly by both J and the exact
symmetry. These potential phases, if they exist, would be
SPT phases that lack a pure-state counterpart. We will
explore these possibilities in the following section.

D. SPT phases protected by the modular conjugation

In this section, we demonstrate that the modular con-
jugation J , or equivalently hermiticity of ρ, does not
introduce new SPT phases without a pure-state counter-
part. More precisely, we will establish that in Eq. (33), all
terms with p > 0 will not give rise to nontrivial MSPT
states that meet the condition ρ ≥ 0.

SPT phases protected by an antiunitary symmetry (such
as J and T , which will be discussed in Sec. III F) can
also be understood in terms of the decorated domain-
wall approach [61,62]. Similar to the unitary cases, a
J -symmetric state |ρ〉〉 is a quantum superposition (con-
densation) of all possible J domain-wall configurations.
In the presence of the exact unitary symmetry, a nontriv-
ial SPT phase may be achieved if, on each codimension-p
domain wall (or multidomain wall junction), we decorate
a (d − p)-dimensional SPT phase protected by the exact
symmetry. Crucially, for the superposition of J domain
walls to satisfy non-negativity, the following consistency
conditions must be met:

(1) J defects in each codimension must not be decorated
with K × K SPT phases that violate non-negativity
on their own.

(2) Within the superposition, the relative phases
between J defect configurations must not violate
non-negativity.

Let us clarify these consistency conditions and give a phys-
ical interpretation of Eq. (33). In the doubled space, a
representative wave function for an SPT phase protected
by (K × K)� J symmetry can be expressed as

|ρ〉〉 =
∑

D

√
pDeiθD |ρD〉〉|aJ

D〉〉, (34)

Here, D runs over networks of J -symmetry defects, and
|aJ

D〉〉 resides in an ancilla space A, acted upon by J but

not K × K , that describes these networks. The state |ρD〉〉
resides on a sublattice subjected to the action of K × K
(referred to as “the decoration Hilbert space”), representing
the K × K SPT state decorated on the defect network D.
Possible J -symmetric decoration patterns on codimension-
p defects are labeled by elements in H p [J , H d−p+1(K ×
K , U(1))] for p ≤ d (note that J acts nontrivially on the
coefficient group). For each D, the defect network |aJ

D〉〉 is
J symmetric, as it is itself a superposition of a J -domain
configuration and its J conjugate, as in Eq. (36). The phase
factors θD encode the H d+1[J , U(1)] (p = d + 1) invariant.
Since each |ρD〉〉 and |aJ

D〉〉 are J symmetric, each of the
phase factors eiθD is a sign ±1. Upon superposing all J
defect configurations, we obtain an SPT state protected by
(K × K)� J [59].

Let us look at a simple example (where the decorations
are trivial) to understand a J -symmetric state as a superpo-
sition of J -defect configurations. Suppose the ancilla space
A comprises a qubit on each lattice site, prepared in a prod-
uct state |aJ 〉〉 ∼ ⊗i|+, +〉〉i. Here, |+〉 = 1√

2
(|0〉 + |1〉) is

an eigenstate of the Pauli-X operator. This J -symmetric
state can be alternatively expressed as |aJ 〉〉 ∼ ∑

{A} |aJ
A〉〉,

where |aJ
A〉〉 = [⊗i∈A(|0, 0〉〉i + |1, 0〉〉i)] ⊗ [⊗j ∈A(|1, 1〉〉j +

|0, 1〉〉j )]. The set {A} labels different ways to bipartition
the space, and corresponds to a configuration D of domain
walls. For each bipartition, the state |aJ

A〉〉 breaks the J sym-
metry (with a local order parameter σ z

bra − σ z
ket) within the

region A and its complement A. After summing over all
bipartitions, the J symmetry is restored. A J defect net-
work state |aJ

D〉〉 in Eq. (34) corresponds precisely to the
superposition of a specific bipartition and its J conjugate,
i.e., |aJ

D〉〉 = |aJ
A〉〉 + J |aJ

A〉〉. Under the operator-state map,
the state in Eq. (34) maps to the density matrix in the
original Hilbert space given by

ρ =
∑

D

√
pDeiθDρD ⊗ aJ

D. (35)

Specifically, the quantum superposition over defect config-
urations in the doubled space transforms into a convex sum
in the original density matrix [63].

We can then extract information about the eigenvalues
of ρ in the expression in Eq. (35). Two observations are
important for our subsequent analysis: (1) By definition,
distinct domain-wall configurations possess orthogonal
supports. Each configuration, aJ

D, is supported within a
sub-Hilbert space labeled by the positions of the domain
walls [64]. Consequently, the eigenvalues of ρ are simply a
collection of eigenvalues obtained from each summand in
Eq. (35). (2) A trivial J SPT state can always be realized
by a valid density matrix consistent with non-negativity.
An example is |aJ 〉〉 mentioned in the preceding paragraph
(which is a product state in the doubled space).

Now one can identify several places where a violation
of non-negativity may originate. The decorations on J
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defects, or equivalently the E2 page as defined in Eq. (33)
with p > 0, can be further categorized into the following
three groups.

(1) The first is the term with p = d + 1 in Eq. (33),
given by H d+1(J , U(1)), representing states that are pro-
tected solely by the modular conjugation J . Since the
decorations ρD are trivial, the topology is entirely a func-
tion of the phase factors eiθD . From Eq. (35), it becomes
evident that only the trivial phase factor, where eiθD =
1 for any defect configuration D, is consistent with the
non-negativity constraint of ρ.

Let us make this point more precise. The representa-
tive wave function of a J SPT state, characterized by an
element in H d+1(J , U(1)), has the form

|ρ〉〉 ∼
∑

{D1}
|aD1〉〉 + J |aD1〉〉

±
∑

{D2}
(|aD2〉〉 + J |aD2〉〉). (36)

The subsets {D1} and {D2} encompass all J domain-
wall configurations. These domain-wall configurations are
structured in a way that any configuration within D2 can
be reached from a configuration within D1 through an odd
number of “F moves” [15], and vice versa. Conversely,
two configurations in the same set can always be trans-
formed into one another through an even number of “F
moves.” The crucial ± signs are associated with a trivial
and a nontrivial J SPT state, respectively. It is worth noting
that H d+1(J , U(1)) is either trivial (for even values of d) or
Z2 (for odd values of d), so the relative phase between the
two sets of configurations can, at most, be a minus sign.
The density matrix associated with the Choi state in Eq.
(36) takes the form:

ρ ∼
∑

{D1}
aJ

D1
±
∑

{D2}
aJ

D2
. (37)

In a nontrivial J SPT, aJ
D1

and aJ
D2

cannot have non-
negative coefficients simultaneously. If one assumes the
associated trivial J SPT is non-negative, aJ

D1
(aJ

D2
) repre-

sents a Hermitian, non-negative density matrix describing
a J -defect configuration D1 (D2). Consequently, non-
negativity prohibits a nontrivial J SPT phase, which is
described by a nontrivial element in H d+1(J , U(1)), from
being a valid MSPT state.

In fact, in 1D, further assuming translation invariance,
this first scenario can be understood by investigating the
local tensor of the MPDO. Let us “gauge” the J symme-
try, and examining the composition rule of J gauge fluxes
[65]. Although J is antiunitary, there is a well-defined pro-
cedure to gauge J that applies to a SRE |ρ〉〉, which admits
a tensor-network representation. By definition, J acts on

the local tensor by

J : Apq → (Aqp)∗. (38)

If |ρ〉〉 is J symmetric and SRE, one can show that [40]

(Aqp)∗ = V†
J ApqVJ , (39)

where VJ is a unitary matrix acting on the entanglement
Hilbert space and can be interpreted as a J symmetry flux.
In particular, in 1D the J SPT invariant can be read out
from VJ by

VJ V∗
J = ±1, (40)

where +1 corresponds to the trivial SPT and −1 corre-
sponds to the nontrivial one. If we assume that the tensor
Apq generates a density operator with unit trace for all sys-
tem sizes L � 1, then we have tr(ρ) = tr[(

∑
p App)L] = 1

for all L � 1. This straightforwardly implies that the spec-
trum of the matrix E1

αβ = ∑
p App

αβ contains a one and the
rest of the eigenvalues have magnitudes smaller than 1, i.e.,
E1 = Wdiag(1,
2,
3 . . . )W−1, where 
i>1 is the Jordan
block with diagonal elements being λi (|λi>1| < 1), and
W is an invertible matrix. Refer to Sec. IV for a physi-
cal interpretation of this spectral property as the absence
of spontaneous breaking of the average symmetry. Based
on Eq. (39), we have

[diag(1,
2,
3 . . .), ṼJ ] = 0, (41)

where ṼJ = W−1VJ W∗. This implies that ṼJ is block diag-
onal, with all elements in the first column and first row,
except [ṼJ ]11, are zero. It follows that VJ V∗

J = ṼJ Ṽ∗
J = 1,

ruling out the nontrivial class in Eq. (40).
(2) Charge decorations: 0d pointlike J defects in aJ

D may
trap K × K charges, corresponding to the p = d, q = 1
term in Eq. (33). The discussion in Sec. III C 1 regarding
non-negativity imposes no restrictions on charge decora-
tions. According to the Künneth theorem, the complete set
of charge decorations is classified by H 1(K × K , U(1)) =
H 1(K , U(1))⊕ H 1(K , U(1)), which labels charges in the
ket and bra spaces. Note that the first two cases (solely
J protected phases and charge decorations) encompass all
possibilities for 1D.

(3) Decorations in one or higher dimensions: these sce-
narios involve decorated states on the condensed J domain
walls in one dimension or higher. Mathematically, they
correspond to terms in Eq. (33) with 0 < p < d (which
only exist for d > 1). Here, non-negativity constrains pos-
sible decorations on J defects. For clarity, we first illustrate
this constraint using fixed-point wave functions [16]. In
this scenario, for each defect configuration in Eq. (35),
the decorated state ρD is strictly confined to the defect.
Additionally, for each D, the decoration and the defect
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network reside on different sublattices and factorize as a
tensor product. As discussed in Sec. III C 1, decorations
protected by both K symmetries jointly would lead to
ρD with negative eigenvalues, and ρ will inherit nega-
tive eigenvalues from the decoration ρD, as the spectrum
of the tensor-product matrices is simply the product of
spectra: Spec(ρD ⊗ aJ

D) = Spec(ρD)⊗ Spec(aJ
D). Conse-

quently, in a fixed-point state, it is only allowed to decorate
defects with phases protected solely by one of the two K
symmetries.

Now, let us demonstrate that the same conclusion holds
for generic wave functions. Compared with the fixed-point
cases discussed in the previous paragraph, a generic state
presents two complications: (1) The state in the ancilla
space A and in the decoration space may not factor-
ize. Unlike Eq. (35), a generic density matrix should be
expressed as

ρ =
∑

D

ρ̃J
D, (42)

where ρ̃J
D describes a defect configuration D along with its

decoration, operating on both the ancilla and decoration
spaces. (2) The decoration may not be strictly confined
to the defect but can spread into the bulk by a correla-
tion length ξ of |ρ〉〉. It is not obvious whether one can
deduce the spectrum of ρ solely from its decorations on
lower-dimensional subregions.

However, note that the observation that states with dis-
tinct defect configurations are supported on orthogonal
subspaces still holds. Hence, ρ is non-negative if and only
if each ρ̃J

D is non-negative. Let us examine ρ̃J
D associated

with a specific defect configuration D. We first pass ρ̃J
D

through a strongly symmetric measurement channel (see
Fig. 3),

M(ρ̃J
D) =

∑

x

trD̄(ρ̃
J
D|x〉〈x|)|x〉〈x|, (43)

where the orthonormal basis |x〉, defined in both the dec-
oration space (where the K × K symmetry acts) and the
ancilla, in the spatial region D̄ (away from the defect D)
consists of K symmetric product states. For example, in
the case where K = Z2, |x〉 represents product states on
D̄, where each site can independently be either |+〉 or |−〉
in the decoration space. The measurement channel is com-
pletely positive, so M(ρ̃J

D)must be positive if ρ̃J
D is. More-

over, since |x〉 are mutually orthogonal, M(ρ̃J
D) is positive

if and only if each component ρx = trD̄(ρ̃
J
D|x〉〈x|)|x〉〈x| is

positive.
Now we demonstrate that ρx cannot be positive when

the decoration on D is an SPT protected jointly by the
two copies of K . For clarity, we focus on a 1D defect
within a 2D bulk, see Fig. 3. A key observation is that
|ρx〉〉 = 〈〈x|ρ̃J

D〉〉|x〉〉 effectively represents a 1D K+ × K−

FIG. 3. A specific defect configuration D, where we abuse the
notation by denoting the region within a distance ξ to the defect
as D (inside the dotted lines), while its complement is denoted as
D̄. The two local operators Vl and Vr are supported near the left
and right endpoints of D ∩ ∂A, respectively.

SPT near the defect D, with coordinates perpendicular to
the defect viewed as internal indices. To substantiate this
assertion, consider applying a symmetry operator associ-
ated with an element k of, say, K− to a large but finite
region A, as depicted in Fig. 3:

I
⊗

(UA
k )

∗|ρx〉〉 = 〈〈x|(UD
k )

∗|ρ̃J
D〉〉(UD̄

k )
∗|x〉〉

= 〈〈x|(UD̄
k ⊗ UD

k )
∗|ρ̃J

D〉〉|x〉〉
= 〈〈x|V∂A

k |ρ̃J
D〉〉|x〉〉

= VlVr〈〈x|ρ̃J
D〉〉|x〉〉 = VlVr|ρx〉〉, (44)

where |x〉〉 represents the Choi state of |x〉〈x|. In Eq. (44),
we employed the following observations: (1) In the first
line, UA

k = UD
k ⊗ UD̄

k is a product of symmetry operators
in D and D̄, with the first factor hitting the state 〈〈x|ρ̃J

D〉〉
in the D Hilbert space and the second hitting the state |x〉〉
in the D̄ Hilbert space. (2) In the second line, the sym-
metry of the states |x〉 is used. (3) In the third line, since
each J symmetry-breaking pattern (i.e., a configuration of
J defect) in the superposition in Eq. (42) is K × K sym-
metric and SRE [59], the effect of the symmetry UA

k on
|ρ̃J

D〉〉 is captured by a finite-depth unitary V∂A
k supported

near ∂A. (4) In the final line, upon pulling V∂A
k outside of

|x〉〉, it becomes an operator Ṽ supported on D. Since |ρ̃J
D〉〉

is a trivial K × K SPT away from D (which implies that
strange correlators between 〈〈x| and |ρ̃J

D〉〉 decay exponen-
tially [23]), the fact that this operator is supported near
∂A remains true and is not altered by the measurement
channel. As a result, the Ṽ is supported near D ∩ ∂A and
therefore takes the form VlVr.

When the decoration on the defect J belongs to an SPT
state protected jointly by the two copies of K , the local
operators Vl and Vr must carry a nontrivial K+ charge, as
dictated by the element of H 1[K−, H 1(K+, U(1))] describ-
ing the SPT. Therefore, a generalized string-order parame-
ter

〈〈ρx|sA
k |ρx〉〉 = 〈〈ρx|(OlOr)

†
⊗

(UA
k )

∗|ρx〉〉 (45)
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is nonzero if and only if Ol (Or) carries the same K+ charge
as Vl (Vr). Employing the Cauchy-Schwarz inequality in a
same manner as in Eq. (22), we arrive at the final con-
clusion that non-negativity prohibits the decoration from
being an SPT state protected jointly by the two copies of K .
The same argument also applies to higher (co)dimensions
by considering defect-order parameters.

In physical terms, the last two categories described
above correspond to MSPT phases that are jointly pro-
tected by J and the exact symmetry. In both scenarios,
potential decorations of J defects consistent with non-
negativity are given by

H p(J , M p ⊕ M p) ⊂ Ep ,d−p+1
2 , 0 < p < d + 1. (46)

Here, M p = H d−p+1(K , U(1)), in which J acts on the
coefficient group by swapping the two M p components,
combined with a complex conjugation on the U(1) coef-
ficient. It can be mathematically demonstrated that such
cohomology vanishes for any p > 0 [66,67]. In conclu-
sion, there are no SPT phases that are jointly protected by
both J and the exact symmetry while remaining consistent
with non-negativity.

In summary, this section has demonstrated that SPT
phases in the Choi representation, protected solely by J
or jointly by J and the exact symmetry, do not qualify
as legitimate MSPT states due to non-negativity of ρ.
Combined with the discussion in Sec. III C 2, we can con-
clude that consistent MSPT states protected by an exact
symmetry K are classified by H d+1(K , U(1)). This classi-
fication coincides with that of pure-state SPT phases with
symmetry K .

E. MSPT phases with average symmetries

In this section, we extend our discussion to include the
average symmetry G. Based on the discussion in Sec. II,
we now consider a Choi state |ρ〉〉, which is invariant under
a full symmetry group Gd = (K × K)� J × G. Utilizing
a decorated domain-wall construction, we will demon-
strate that possible SPT phases of the Choi state, which
result in hermitian, non-negative density matrices in the
original Hilbert space, have a classification described by
Theorem 1.

In the decorated domain-wall representation of the den-
sity matrix, as shown in Eq. (35), defects associated with
modular conjugation J trap lower-dimensional SPT phases
protected by the exact symmetry. This representation
allows us to pinpoint potential sources of non-negativity
violations. A crucial insight employed in this section is
that the decorated domain-wall approach is applicable to
defects of all average symmetries, including G. In par-
ticular, a representative fixed-point density matrix can be

expressed as

ρ =
∑

D

√
pDeiθDρD ⊗ aG

D. (47)

Here, aG
D is in an ancilla space (subject to the action of

G but not K × K) describing the quantum state of the
defect network associated with the average symmetry G.
ρD represents a decoration, whose physical interpretation
will become evident shortly.

We begin with the fact that in a d-dimensional space,
bosonic SRE pure states with the symmetry group Gd can
be classified by H d+1(Gd, U(1)). This group cohomology
can be decomposed using the Künneth theorem, as follows:

H d+1(Gd, U(1)) =
⊕

p+q=d+1

H p [G, H q((K × K)

� J , U(1))]. (48)

Once more, the physical interpretation underlying this
decomposition is the decorated domain-wall construction:
G symmetry defects are decorated by lower-dimensional
SPT states with (K × K)� J symmetry. Similar to what
was discussed in Sec. III D, all the components in this
decomposition can be categorized into two groups, based
on the value of p .

(1) SPT states due to the phase factors. The term with
p = d + 1 in Eq. (48) is given by H d+1(G, Z2). In this
case, the decoration ρD is trivial, so the phase factor eiθD

in Eq. (47), which may assume values of ±1, completely
captures the information of this Z2-valued cohomology.
In other words, H d+1(G, Z2) serves as the classification
for G SPT phases in the doubled space that are invariant
under the J symmetry. By employing a similar argument
to that used for J defect networks, we deduce that only
the trivial G SPT in the Choi representation, characterized
by eiθD = 1 for all D, is consistent non-negativity. Conse-
quently, there are no MSPT phases protected solely by the
average symmetry.

As an illustrative example, let us consider the Levin-Gu
state as a potential Choi state of a nontrivial 2D MSPT state
protected by a Z2 average symmetry. The wave function of
this state, studied in Ref. [68], can be formulated as (after
maximal dephasing of the domain-wall number operator,
i.e., σ z

i σ
z
j , on each link. Here, σ z represents the Z2 order

parameter):

ρ =
∑

D

(−1)NDW(D)|D〉〈D|, (49)

where the summation is taken over all possible Z2 domain-
wall configurations, and NDW(D) is the number of closed
Z2 domain walls in the configuration D. It is evident that
the nontrivial phase factor violates non-negativity. There-
fore, the Levin-Gu state is not the Choi state of an MSPT
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FIG. 4. A diagrammatic derivation of Eq. (50).

state. The superposition of domain walls of average sym-
metries in |ρ〉〉 corresponds to a classical convex sum in
the original density matrix, where a nontrivial phase factor
cannot appear.

Once again, in 1D systems with translation invariance,
the absence of MSPT protected by the average symmetry G
(or by G × J ) can also be seen by examining the properties
of the local tensor Apq of the MPDO. Since |ρ〉〉 is SRE,
acting on the local tensor with an average symmetry results
in a gauge transformation on the entanglement bond. As
illustrated in Fig. 4, we have the following:

[Vg , E1] = 0, ∀g ∈ G. (50)

Similar to the discussion around Eq. (40), since E1 =
Wdiag(1,
2,
3 . . . )W−1 for |λi>1| < 1 (which physically
indicates the absence of spontaneous breaking of G, see
Sec. IV), we have Ṽg = W−1VgW is block diagonal with
all elements in the first column and first row, except [Ṽg]11,
vanish. This immediately leads to the following results:

(1) [Ṽg]11 for g ∈ G forms a one-dimensional represen-
tation of G, which must be linear. Therefore, Vg for
g ∈ G also forms a linear representation of G. Thus,
|ρ〉〉 is a trivial G SPT.

(2) By a U(1) gauge transform of Ṽg (such that [Ṽg]11

becomes real), one can always ensure ṼgṼJ = ṼJ Ṽ∗
g

for all g ∈ G. This, in turn, implies that

VgVJ = VJ V∗
g , ∀g ∈ G. (51)

Therefore, |ρ〉〉 is a trivial G × J SPT [56].

(2) SPT states due to decorations: This case involves
terms with 0 < p < d + 1 in Eq. (48), where codimension-
p symmetry defects of G are decorated by (d − p)-
dimensional SPT states protected by the exact symmetry
and the modular conjugation. These decorated states are
expressed as ρD in Eq. (47). Specifically, as follows:

(1) In d = 1, the only possibility corresponds to p =
q = 1 in Eq. (48). The decoration is a (K × K)
charge invariant under J , labeled by an element in
H 1(K , U(1)).

(2) In d > 1, as we concluded in Sec. III D, the
(d − p)-dimensional decorations ρD in Eq. (47)

consistent with non-negativity are classified by
H d−p+1(K , U(1)).

In both cases stated above, the final decoration patterns fall
within the classification of

d⊕

p=0

H p [G, H d+1−p(K , U(1))], (52)

which encompass all legitimate MSPT phases, as pre-
sented in Theorem 1.

To summarize, we have established a no-go theorem,
indicating that for any SPT state |ρ〉〉 in the doubled space
lying outside of the classification in Eq. (19), the cor-
responding density matrix ρ must violate non-negativity.
Conversely, the existence of MSPT states within all classes
included in Eq. (19) can be demonstrated through explicit
construction: (1) for the p = 0 class in Eq. (19), an exam-
ple is a pure K SPT state; (2) for classes protected jointly
by the exact and the average symmetry, one can pre-
pare a density matrix within this class using the following
procedure. Starting from a pure SPT state |ψ〉 with a cor-
responding class in H p [G, H d+1−p(K , U(1))] (now both K
and G are exact symmetries of the pure state), one can
apply weak onsite decoherence to reduce G to an average
symmetry [5–7]. For instance, the decoherence channel
can be chosen as

E =
∏

i

Ei,

Ei(ρ) =(1 − p)ρ + pO†
i ρOi,

(53)

with p � 1, where Oi is a unitary acting on site i that trans-
forms in a faithful representation of G. The resulting state
E(|ψ〉〈ψ |) is then an MSPT state within the same class,
with G being average. This converse completes the proof
of Theorem 1.

F. General symmetry groups

Our analysis can be extended to encompass states pro-
tected by more general symmetries. In this section, we will
explore two additional scenarios: the case of time-reversal
symmetry and the case of a nontrivial extension between
the exact and average symmetries.

The first generalization concerns the case where the den-
sity matrix exhibits invariance under time-reversal sym-
metry. As elucidated in Sec. II, time-reversal symmetry
operates simultaneously on both the bra and the ket space
and should hence be regarded as an average symmetry. For
the present discussion, we will assume that T and the uni-
tary symmetries form a direct product; that is, that the full
symmetry group has the form Gd = [(K × K)� J ] × G ×
T . We have the following theorem:
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Theorem 2. In d spatial dimensions, MSPT phases pro-
tected by the symmetry group Gd = [(K × K)� J ] × G ×
T ) are classified by

d⊕

p=0

H p [G × T , H d+1−p(K , U(1))]. (54)

Here T acts on the U(1) coefficient by a complex conjuga-
tion.

The proof of Theorem 2 can also be understood through
a decorated domain wall construction, akin to the one
used in the proof of Theorem 1. In a G × T symmetric
Choi state |ρ〉〉, the wave function is a superposition of
all G × T defect configurations. On each codimension-p
defect, we can decorate a (d − p)-dimensional SPT state
protected by the (K × K)� J symmetry. As demonstrated
in Sec. III D, those decorations that are consistent with
non-negativity are classified by H d−p+1(K , U(1)). Conse-
quently, all MSPT phases, which can be constructed using
domain-wall decorations are described by Eq. (54). The
p = d + 1 term is absent in Eq. (54), as it encodes the
phase factor eiθD in the superposition of G × T symmetry
defects, which is required to be trivial by non-negativity.

The second generalization involves symmetries that do
not form a direct product but rather involve a nontrivial
extension, as in Eq. (12). We allow the average symmetry
group G to contain both unitary and antiunitary elements.
Equivalence classes of extensions are characterized by the
cohomology group H 2(G, K). Consequently, the full sym-
metry group Gd is determined by the following morphism
of short exact sequences:

(55)

Here, � represents the diagonal map, and Gd = G � J .
The upper line in Eq. (55) shows the group structure of
generators (within the original Hilbert space), while the
second line represents the symmetry of the density matrix.
As clarified in Sec. II, the action of J on G obeys the fol-
lowing rules: (1) G and J commute; (2) J acts on K × K
through SWAP.

Once again, possible MSPT phases can be constructed
using the decorated domain-wall approach—although we
do not have the Künneth formula and the construc-
tion becomes more complicated. Specifically, on each
codimension-p defect associated with the average symme-
try G, we decorate (d − p)-dimensional SPT states that
are protected by (K × K)� J . Analogously, the implica-
tions of non-negativity can be succinctly summarized as
follows: (a) The lower dimensional decorated states must

obey the principle of non-negativity individually. (b) The
phase factor in the superposition of G defect configura-
tions must be trivial. After taking into account these two
requirements, we can efficiently utilize the standard spec-
tral sequence [59,60] for the construction of MSPT phases
with general symmetries.

Theorem 3. In d spatial dimensions, MSPT phases can
be protected by a general symmetry group, fitting into
the extension as given by Eq. (55). MSPT phases, consis-
tent with non-negativity, are classified using a Leray-Serre
spectral sequence, where the E2 page consists of

⊕

p+q=d+1

Ep ,q
2 =

⊕

p+q=d+1

H p [G, H q(K , U(1))], (56)

with q > 0.

Here, the consistent decorated states are classified by
H q(K , U(1)), as explained in (a) in the preceding para-
graph. The E2 page lacks elements with q = 0, due to
reason (b). We emphasize that not every decoration pat-
tern found on the E2 page can be realized as an MSPT
state. Mathematically, all the consistency conditions are
organized by the “differentials” of the spectral sequence,
which are exclusively determined by the equivalence class
of group extension characterized by H 2(G, K). As a result,
the ultimate classification of MSPT, in accordance with
non-negativity, aligns precisely with that of decohered
average SPT phases exhibiting the corresponding exact
and average symmetry, as introduced in Refs. [6,69]. The
mathematical framework is very intricate, and a compre-
hensive explanation is beyond the scope of this work. For
a review of the spectral sequence and its physical interpre-
tation in the context of SPT phases, we direct the interested
reader to Ref. [6].

G. Connections to previous studies

1. Strange correlation functions

Two types of strange correlation functions were pro-
posed in Ref. [7] to diagnose the remaining topological
information in a decohered SPT state. This has a clear
connection to our work: from the decorated domain-wall
pattern of the Choi state, one can derive the patterns of all
strange correlation functions of a mixed state. For exam-
ple, a 1D MSPT ρ protected solely by exact symmetry, as
classified by H 2(K , U(1)) in Eq. (19), must exhibit a long-
range type-I strange correlation function. This arises due
to the symmetry fractionalization of the Choi state. Specif-
ically, for a product state |�〉〉 (or more generally, a trivial
SPT) symmetric under Gd in the doubled space, we have

〈〈�|ρ〉〉 = (〈〈�|UI
k

⊗
1)|ρ〉〉

= 〈〈�|VlVr|ρ〉〉, (57)
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where UI
k is the exact symmetry operator restricted to a

finite interval I , and Vl, Vr are operators localized near the
left and right boundaries of I . When |ρ〉〉 represents a 1D
MSPT described by a nontrivial elementω ∈ H 2(K , U(1)),
Vl and Vr carry a nontrivial charge under the symmetry K+,
determined by the slant product of ω with k, and are neu-
tral under K−. Consequently, the type-I strange correlation
function

CI = 〈〈�|OlOr ⊗ 1|ρ〉〉
〈〈�|ρ〉〉 (58)

is long range for generic operators Ol and Or with the
same charge as Vl and Vr, respectively. This is, in turn,
determined by the decorated domain-wall pattern of ρ.
Similarly, for an MSPT jointly protected by an exact and
an average symmetry, as classified by H 1[G, H 1(K , U(1))]
in Eq. (19), the type-II strange correlation function,

CII = 〈〈�|OlOr ⊗ O∗
l O∗

r |ρ〉〉
〈〈�|ρ〉〉 (59)

exhibits long-range behavior for generic operators Ol and
Or that are charged under the exact symmetry K , as
determined by the cohomology class.

A well-known application of pure SPT states is their use
as resource states for measurement-based quantum com-
putation and teleportation [70,71]. Recently, Refs. [72,73]
demonstrated the capacity of MSPT states to serve as
resources for quantum information transmission, specifi-
cally enabling the perfect implementation of the identity
gate. This capacity can be measured by coherent informa-
tion and is closely tied to two types of strange correlation
functions, which are determined by the decorated domain-
wall pattern, or equivalently the string-order parameters of
the Choi state |ρ〉〉, as discussed in Sec. III C 1. As a quan-
tity quadratic in the density matrix, the string-order param-
eter of the Choi state can, in principle, be measured using
recent advances in classical shadow tomography [74]. The
doubled-space formalism thus provides an information-
theoretic characterization of SRE mixed states.

2. Symmetrically separable mixed states

Next we would like to elaborate on the relationship
between our classification of mixed states using their Choi
states and the concept of separability as defined in Ref.
[22]. The authors of Ref. [22] define a symmetrically sepa-
rable mixed state as one that can be expressed as a convex
sum of pure states ρ = ∑

m pm|ψm〉〈ψm|, each of which is
SRE in the sense that it can be prepared from a product
state by a finite-depth unitary with symmetric local gates.
We present the following statement:

Theorem 4. Assuming ρ is an MSPT state, described
by a nontrivial element in Eq. (19), then ρ is not symmet-
rically separable.

For simplicity, we first illustrate the idea in 1D. Apply
a symmetry operator Ua (where a can be an element of
either the exact or average symmetry) to a large but finite
region A. Due to the symmetric SRE nature of |ρ〉〉, Ua acts
nontrivially only near the boundary of A,

Ua|ρ〉〉 = Ua
LUa

R|ρ〉〉, (60)

where Ua
L and Ua

R are localized near the left and right ends
of A, respectively. By the same argument, we can obtain
a set of (say, right) endpoint operators, one for each group
element. A crucial observation is that although the symme-
try operators form a linear representation of the symmetry
group (i.e., UaUb = Uab), the endpoint operators follow a
projective composition rule:

Ua
RUb

R = eiω(a,b)Uab
R , (61)

where ω(·, ·) characterizes the second group cohomology
class of the nontrivial Choi state |ρ〉〉—in fact, this is the
idea behind the string- (or other nonlocal) order parame-
ters for 1D SPT states [55,75]. On the other hand, suppose
ρ is symmetrically separable. Then its Choi state |ρ〉〉 =∑

m pm|ψm〉|ψ∗
m〉 is a superposition of trivial SPT states

(note that each of them can be prepared by a symmetric
finite-depth unitary in the doubled space). In particular, the
symmetry action Ua fractionalizes as

Ua|ρ〉〉 =
∑

m

pmUa
L,mUa

R,m(|ψm〉|ψ∗
m〉), (62)

in which all endpoint operators must obey the trivial com-
position rule. This leads to a contradiction, indicating that
ρ is not symmetrically separable. The same consideration
can be extended straightforwardly to antiunitary symme-
tries [61,62] and higher-dimensional cases [76,77], by
considering the composition rule of multiple domain walls.
For instance, within a nontrivial MSPT state |ρ〉〉, the point-
like operators �(a, b) in Eq. (29) satisfy associativity only
up to a nontrivial phase factor dictated by the three cocycle
of |ρ〉〉 [58], thereby excluding the possibility of |ρ〉〉 being
a convex sum of trivial SPT states.

3. The symmetry-protected sign problem

We close this section by pointing out a connec-
tion between our classification and the concept of the
symmetry-protected sign problem [26]. A state, denoted
by |ψ〉, exhibits a symmetry-protected sign problem rel-
ative to a specific basis {|α〉}, if it cannot be transformed
into a real non-negative wave function in the basis {|α〉}
using any symmetric finite-depth unitary circuit. In other
words, a generic state in the same phase as |ψ〉 has at least
one amplitude in the basis {|α〉} that falls outside of R≥0.
This sign problem is recognized as an obstruction to effi-
ciently simulating a quantum many-body system through
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Monte Carlo methods in certain bases [78]. Thus, it can
be viewed as a diagnostic of the complexity of topologi-
cal phases of matter. Building on our previous discussions,
a Choi state |ρ〉〉 will yield a density matrix containing at
least one negative eigenvalue if |ρ〉〉 belongs to certain SPT
phases, namely those not covered by the classification in
Eq. (19). Meanwhile, each eigenvalue of ρ corresponds
to the amplitude linked to a J -symmetric basis vector in
the wave function of |ρ〉〉. Therefore, we can make the
following assertion.

Theorem 5. Let |ψ〉 be a generic state in an SPT phase
protected by a symmetry Gd = G � J , where G = (K ×
K)× G. In a J -symmetric basis {|α〉}, |ψ〉 exhibits a
symmetry-protected sign problem with respect to {|α〉} if
|ψ〉 is an SPT state that falls outside of Eq. (19).

A simple example of an SPT phase with sign problem
is the Z2 SPT in 2D, where G = Z2 = ⊗iXi (here Xi is
the Pauli-X operator on site i). The basis |α〉 comprises
all tensor products of local Z-basis vectors on each site. In
this basis, the action of J is a complex conjugation of the
amplitudes. The amplitude associated with a basis vector
|α〉 is given by

�(|α〉) = (−1)NDW(α), (63)

where NDW(α) is the total number of Z2 domain walls in
|α〉. The amplitude cannot be non-negative simultaneously
for all basis vectors in {|α〉}.

H. Deformations

So far we have discussed the SPT invariants of mixed
states from the perspective of their Choi states in the dou-
bled space. Mixed states in open systems typically undergo
evolution through quantum channels. In this section, we
address two key questions: (1) whether an SRE mixed
state maintains its SRE nature after undergoing a chan-
nel, and (2) whether their SPT invariants remain robust
when the states are subjected to specific types of quantum
channels.

Similar to symmetric finite-depth unitaries in closed sys-
tems, symmetric finite-depth channels will play the role
of “adiabatic deformation” in our framework of MSPT
phases. We follow the definitions proposed in Ref. [4]:
a circuit quantum channel is a channel consisting of lay-
ers of disjoint local channels (“gates”) that form a circuit,
see Fig. 6. Such a channel is said to be finite depth if
the depth of the circuit is constant in the size of the sys-
tem. A circuit quantum channel is said to be symmetric if
each of the local channels, denoted as El, is strongly sym-
metric with respect to the exact symmetries and weakly
symmetric with respect to the average symmetries. Specif-
ically, in terms of the Kraus representation of a local

channel, El(ρ) = ∑
m KmρK†

m, (1) each local Kraus oper-
ator Km individually commutes with the exact symmetry.
(2) Meanwhile, as a superoperator acting in the doubled
space, each Km

⊗
K∗

m commutes with the average sym-
metry Ug

⊗
U∗

g . This symmetry condition ensures that the
entire channel, as a superoperator, commutes with the full
symmetry group Gd = (K × K × G)� J , thereby preserv-
ing the exact and average symmetries of the Choi state
|ρ〉〉.

Suppose ρ has the property that its Choi state |ρ〉〉 can be
represented by an MPS (or, in higher dimensions, a PEPS)
of finite bond dimension. This assumption encompasses all
SRE mixed states as defined in Sec. III A. This property is
preserved under evolution by a finite-depth channel, by the
following argument. First, note that, if the channel can be
represented on the doubled space by a projected-entangled-
pair operator (PEPO) of finite bond dimension, the result
follows because the bond dimensions of the initial PEPS
and the PEPO multiply to give a finite bond dimension of
PEPS representing the evolved state. It remains to show
that a finite-depth channel acts as a finite bond dimension
PEPO (as observed in Ref. [79], there are channels that pre-
serve locality yet are not PEPOs, so one must be careful).
To construct the PEPO representation of an operator, one
performs a Schmidt operator decomposition along a cut
separating a region from its complement. If the Schmidt
operator rank along this cut scales with the surface area
of the region (and not the volume), the bond dimension is
finite. A finite-depth channel acts as a circuit of local gates
that are not necessarily unitary. In this case, the rank along
the cut is bounded from above by the products of the ranks
of those gates that cross the cut, each of which is finite.
Since the circuit is local, only gates near the cut (and not in
the bulk of the region) cross the cut, and, since the circuit
is finite depth, only finitely many gates are near the cut
per unit surface area. Therefore, the Schmidt rank scales
such that the PEPO representing the channel can have finite
bond dimension, and we can conclude that finite-depth
channels preserve the PEPS representability of the Choi
state |ρ〉〉.

One might then expect that the SRE nature of the Choi
state is preserved by any symmetric finite-depth chan-
nel. However, this is not the case. A crucial observation
is that the tensor network form described in Eq. (18)
does not always represent an SRE state. In 1D, for a
state |ρ〉〉 to be SRE, the MPS representation must also
be normal, meaning that the transfer matrix, defined as
E2
αα′,ββ ′ = ∑

p ,q Apq
αβApq∗

α′β ′ , has a unique largest eigenvalue
[40]. However, there exist symmetric finite-depth channels
that, when applied to an SRE state |ρ〉〉, cause it to maintain
the MPS form but lose its normality. Let us illustrate this
point with a simple example.

Consider a pure 1D cluster state [80], whose density
matrix can be represented by an MPDO with local tensors
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FIG. 5. Nonzero eigenvalues of the transfer matrix E2 as a
function of the dephasing strength p

Apq = Bp ⊗ Bq (p , q = 0, 1), where

B0 = 1√
2

(
1 1

)

, B1 = 1√
2

(

1 −1

)

. (64)

The cluster state has a Z2 × Z2 symmetry, generated by the
product of Pauli-X operators on even and odd sites, respec-
tively. Let us pass this state through a symmetric depth-1
dephasing channel defined as

E = ⊗iEi,

Ei(ρ) = (1 − p)ρ + pXiρXi,
(65)

where Xi represents the Pauli-X operator on site i, and p
is the dephasing strength. We present a plot of nonzero
eigenvalues for the transfer matrix E2 in Fig. 5. An imme-
diate observation is that, for a generic quantum channel,
the largest eigenvalue is unique, implying that the Choi
state |ρ〉〉 remains SRE. However, at the maximal dephas-
ing strength p = 1/2, the MPS representation of |ρ〉〉 loses
its normality.

A straightforward calculation (see Appendix A) reveals
that at p = 1/2, the evolved state becomes

ρ1/2 =
∏

i even

(
1
4

IiIi+1

)

+
∏

i even

(
1
4

IiXi+1

)

+
∏

i even

(
1
4

XiIi+1

)

+
∏

i even

(
1
4

XiXi+1

)

, (66)

which is a maximally mixed state (with a definite Z2 ×
Z2 charge). Its Choi representation corresponds to a GHZ
state in the doubled space, which is LRE by our definition.
We interpret this state as an instance of spontaneous exact-
to-average symmetry breaking, which we will discuss in
detail in the following section. This example highlights a
fundamental distinction between evolutions in closed and

FIG. 6. The truncated channel EA, wherein we retain only the
gates within the “light cone” of the region A (highlighted in red).
The dashed lines indicate the summation over Kraus indices.

open systems, i.e., a symmetric finite-depth channel can
potentially change the SRE nature of a mixed state.

In fact, for a 1D SRE state |ρ〉〉 subject to a finite-depth
local channel, the evolved state remains SRE if the chan-
nel is nondegenerate, i.e., it is an invertible matrix. Similar
observation was initially made in Ref. [81], and we offer
here a revised version tailored to our needs (the proof is
provided in the Appendix B).

Theorem 6. Let |ρ〉〉 be an SRE state, characterized by
having a transfer matrix E2 with a unique largest eigen-
value, and let E be a finite-depth local channel. If E is
nondegenerate, then the state E |ρ〉〉 remains SRE.

As an example, the dephasing channel described in Eq.
(65) becomes degenerate only when p = 1/2.

In higher dimensions, a PEPS with a finite bond dimen-
sion can represent even more LRE states, such as states
with algebraic correlation functions [82]. Therefore, it is
not guaranteed that a SRE Choi state, after passing through
a symmetric finite-depth channel, remains SRE. However,
we still anticipate that the SRE property is perturbatively
stable, meaning the Choi state remains SRE within a finite
parameter regime. An example was detailed in Ref. [8–10],
where a 2D SRE pure state [83] was subjected to sym-
metric local decoherence. There, |ρ〉〉 undergoes a phase
transition only when p exceeds a finite threshold.

For the remainder of this section, let us focus on sce-
narios where the evolved states E(ρ) remain SRE. This
includes generic (i.e., nondegenerate) quantum channels in
1D, where the MPS representation of E(ρ) remains nor-
mal. We now address the second question raised at the
beginning of this section: since the Choi state in the dou-
bled space undergoes a nonunitary, discrete-time evolution
under a finite-depth channel, it is not immediately clear
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whether the topological classification of the Choi state
would be preserved. However, we demonstrate below that
in 1D, after passing through a symmetric finite-depth chan-
nel, as long as the evolved state remains SRE, it must retain
the same SPT classification as the initial state.

We begin by noting that the topological class of an
SPT state (within the group cohomology classification) is
ultimately determined by the Berry phase resulting from
local rearrangements of symmetry defects [16,76]. We will
demonstrate that, fusing symmetry defects in the final state
|ρf 〉〉 = E |ρi〉〉 results in the same Berry phase factor as in
the initial state ρi, as long as ρf is a SRE mixed state, and E
is a symmetric finite-depth channel. The first step involves
truncating the channel E to a large yet finite region A,
where Kraus operators located outside the “light cone” of
region A are set to identity operator, as illustrated in Fig. 6.
The truncated channel, referred to as EA, also operates as
a symmetric finite-depth channel. In particular, it evolves
a symmetric SRE initial state ρi into another symmetric
state, denoted as ρ ′

f , that can be represented by an MPS
with a finite bond dimension.

Next, on the state ρ ′
f , we apply a symmetry operator

Ua (where a could be an element of the exact or the aver-
age symmetry) to a large but finite region. We assume that
one end of Ua (say, the right endpoint) is deep inside A,
while the left end is deep outside A. The key observation
is that this symmetry operation fractionalizes on the Choi
state |ρ ′

f 〉〉. In other words, the impact of this symmetry
operation Ua is localized only near its endpoints:

Ua|ρ ′
f 〉〉 = Ua

LUa′
R |ρ ′

f 〉〉, (67)

Here, Ua
L and Ua′

R are left and right local operators sup-
ported in finite regions around their respective endpoints.

Let us further elucidate Eq. (67). Given our assumption
that both the initial state ρi and the final state of the original
channel, ρf , are SRE, the notion of symmetry fraction-
alization [57,84] dictates that when a symmetry operator
acts within a large region, it acts nontrivially only near the
edges:

Ua|ρi〉〉 = Ua
LUa

R|ρi〉〉,
Ua|ρf 〉〉 = Ua′

L Ua′
R |ρf 〉〉.

(68)

Here, the endpoint operators Ua
L and Ua

R are supported
within regions of a length comparable to the correlation
length of |ρi〉〉, and similarly for Ua′

L and Ua′
R . Furthermore,

if E is a finite-depth channel, the left endpoint operator Ua
L

in Eq. (67), which resides deep outside region A, remains
unaffected by the truncated channel EA. Consequently, Ua

L
corresponds to the left endpoint operator resulting from
the application of Ua to the initial state |ρi〉〉, hence the
notation in Eq. (68). Similarly, the right endpoint opera-
tor Ua′

R , located deep within region A, remains unaltered by

the truncation far away, and thus is identical to the right
endpoint operator generated by the application of Ua to the
final state |ρf 〉〉. It is also worth noting that within the bulk
of the symmetry action Ua, there are no nontrivial effects as
indicated in Eq. (67). This is due to the fact that within the
bulk, Ua commutes with each local gate of E (and hence
with those of EA). Therefore, the bulk of Ua effectively acts
on the initial state |ρi〉〉 and does not induce any nontrivial
effects.

Now we consider another symmetry operator Ub acting
in a finite but large region, with its left end deep outside A
and its right end deep inside. Using a similar argument as
before, we conclude that the action of Ub on |ρ ′

f 〉〉 affects
the state only near its endpoints:

Ub|ρ ′
f 〉〉 = Ub

LUb′
R |ρ ′

f 〉〉. (69)

Note that although the symmetry operators form a linear
representation of the symmetry group (i.e., UaUb = Uab),
the endpoint operators may follow a projective multiplica-
tion rule, namely

Ua
RUb

R = eiω(a,b)Uab
R , (70)

where ω(·, ·) precisely characterizes the second group
cohomology class of the underlying SRE state [16,57].
Since the symmetry operators form a linear representation,
it follows that both sets of endpoint operators, UR and U′

R,
exhibit an inverse projective multiplication phase ω(·, ·)
compared to that of UL. Consequently, UR and U′

R share the
same projective representation. As a result, the two states,
|ρi〉〉 and |ρf 〉〉, must belong to the same class in the second
group cohomology.

The argument above can be extended to higher dimen-
sions [40,76,77]. However, in d ≥ 2, in addition to the
requirement that the initial and final states be SRE, an
additional condition is needed: the state generated by an
arbitrary spatially truncated channel (i.e., |ρ ′

f 〉〉 = EA|ρi〉〉
where EA represents the truncation of E within the light-
cone of region A) must be SRE as well. This ensures
that the symmetry fractionalization condition Ua|ρ ′

f 〉〉 =
Va
∂ |ρ ′

f 〉〉 is satisfied for an arbitrary symmetry operator Ua

acting in a large but finite region, where Va
∂ is a unitary

supported near the boundary of Ua. Without this extra con-
dition, the truncated channel EA can potentially result in an
LRE state at the boundary of the region A, leading to the
breakdown of symmetry fractionalization, as demonstrated
by the example in Eq. (66). With this additional require-
ment, one can then use the characterization of the SPT
invariants in Appendix C of Ref. [58] to show that the final
state |ρf 〉〉 has the same SPT invariant as the initial state.
The idea is once again that |ρ ′

f 〉〉, as an SRE state, must be
characterized by the same SPT invariant in different spatial
regions.
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In summary, this section has demonstrated the following
points: (1) the finite bond dimension tensor-network nature
of |ρ〉〉 is preserved by finite-depth quantum channels.
However, the SRE nature is not necessarily preserved;
(2) the SPT invariant of |ρ〉〉 is preserved by a symmetric
finite-depth channel, as long as

(1) in 1D, the final state remains SRE;
(2) in d ≥ 2, the final states of spatially truncated chan-

nels also remain SRE.

Consequently, we can classify any density matrix ρ, whose
Choi state |ρ〉〉 is a pure SPT state in the doubled space, into
an MSPT phase, characterized by the SPT invariant of |ρ〉〉.

On the other hand, the example in Eq. (66) suggests
that, unlike a symmetric finite-depth unitary, a symmetric
finite-depth channel can significantly modify the long-
distance characteristics of a mixed state, potentially result-
ing in an LRE state. This prompts the question of how to
understand the behaviors of a mixed state after undergo-
ing a symmetric-finite depth channel systematically. How
can we quantify these (symmetry-protected) long-distance
phenomena from an information-theoretic standpoint? We
will delve into these questions in detail in an upcoming
work.

IV. SPONTANEOUS SYMMETRY BREAKING IN
MIXED STATES

Based on the example above, we can delve further
into the concept of spontaneous symmetry breaking (SSB)
within the context of mixed states. For simplicity, we
mainly focus on 1D systems. Given the specific symme-
try structure of a mixed state (or equivalently, its Choi
representation), such as (K × K)� J × G, it is natural
to ask: what symmetry-breaking patterns can emerge in
a mixed state? And how can we diagnose them? In this
section, we will provide a detailed examination of SSB
in mixed states from three complementary perspectives:
(1) order parameters; (2) disorder parameters; (3) MPDO
representations.

As a first observation, the modular conjugation J can-
not be broken, as long as we require that ρ is hermitian.
Regarding the other symmetries, three possible symmetry-
breaking patterns may emerge.

(1) An exact symmetry may be completely bro-
ken—meaning that it remains neither as an unbro-
ken exact symmetry nor as an unbroken average
(diagonal) symmetry. This symmetry breaking pat-
tern is detected by an order parameter

C1 = 〈〈ρ|I
⊗

OxO†
y |ρ〉〉/〈〈ρ|ρ〉〉 ∼ O(1), (71)

where O is charged under the exact symmetry K . In
the original Hilbert space, C1 can be expressed as

C1 = tr(ρOxO†
yρ)/tr(ρ

2). (72)

(2) An average symmetry can be broken spontaneously.
This pattern is also detected by the correlation C1 in
Eq. (71), where now O is charged under the average
symmetry G.

(3) An exact symmetry may be broken spontaneously to
its diagonal subgroup,

K × K � K , (73)

which means it becomes an average symmetry. This
symmetry breaking pattern can be detected by an
order parameter

C2 = 〈〈ρ|OxO†
y

⊗
O†

xOy |ρ〉〉/〈〈ρ|ρ〉〉 ∼ O(1) (74)

for a K-charged operator O. This correlation func-
tion can also be written as

C2 = tr(OxO†
yρO†

xOyρ)/tr(ρ2) (75)

in term of the original density matrix. An exam-
ple of the third scenario is the cluster chain under
decoherence discussed in Sec. III H.

The expressions of the order parameters, Eqs. (71) and
(74), are the standard order parameters for the (pure)
Choi state |ρ〉〉, with C1 ∼ O(1) detecting whether the
symmetries (e, k), (k, e), (k, k) ∈ K × K are broken and
C2 ∼ O(1) detecting whether just (e, k) and (k, e) but
not the diagonal (k, k) ∈ K × K (which commutes with
OxO†

y
⊗

O†
xOy) are broken. A state exhibits exact-to-

average symmetry breaking if C1 ∼ 0 yet C2 ∼ O(1).
One may ask if a third-order parameter, C3 =

tr(ρOxO†
y) = 〈〈I |OxO†

y
⊗

I |ρ〉〉, typically employed for
detecting SSB in thermal ensembles, can also detect SSB
patterns described above. To see that C3 cannot detect
exact-to-average symmetry breaking, notice that the maxi-
mally dephased cluster chain described in Eq. (66) exhibits
an exact-to-average SSB of the Z2 symmetry, which acts
on the even (or odd) sites, as evidenced by a nonzero C2
with Ox = Zx and Ox+2n = Zx+2n. However, for any local
operator O, C3 equals zero. One way to interpret this result
is that the state |I〉〉 in the expression for C3 explicitly
breaks the exact symmetry down to an average one, mak-
ing it so that exact-to-average SSB cannot be detected.
Thus, we see that detecting exact-to-average symmetry
breaking requires using order parameters that are nonlin-
ear in the density matrix. On the other hand, a long-range
order of C3 can still indicate the presence of the first two
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FIG. 7. A diagrammatic illustration of the transfer matrices,
E1 (left) and E2 (right), as defined in Eq. (76).

types of SSB, wherein either an exact or average symmetry
is completely broken.

Now, let us assume that ρ can be represented by a trans-
lationally invariant MPDO with a finite bond dimension,
and investigate the characteristics of the MPDO repre-
sentation when the state exhibits any of the three afore-
mentioned types of SSB. We define two types of transfer
matrices,

E1
αβ =

∑

p

App
αβ ,

E2
αα′,ββ ′ =

∑

p ,q

Apq
αβApq∗

α′β ′ .
(76)

Here, E1 is computed by tracing over the physical index
of the local tensor, whereas E2 corresponds to the standard
transfer matrix of the Choi state |ρ〉〉, see Fig. 7. Denote the
largest (in magnitude) eigenvalue of E1 as λ1. The trace
of the density matrix with periodic boundary conditions is
given by trρ = tr[(E1)L] and thus scales as λL

1 with L the
system size. In the thermodynamic limit, the trace should
be finite, and we can rescale the tensors Apq → Apq/λ1 to
achieve this. We henthforth assume λ1 = 1.

We have the following theorem.

Theorem 7. (1) The order parameter C3, with O being in
a nontrivial representation of the average symmetry, can-
not exhibit long-range order in any symmetric state where
E1 possesses a nondegenerate largest eigenvalue. (2) It is
impossible to prepare a state with long-range C3 using a
symmetric finite-depth channel starting from any state with
exponentially decaying C3.

The proof of this theorem goes as follows. If E1 has a
unique largest eigenvalue with vL and vR being the corre-
sponding left and right eigenvectors, the asymptotic form
of the order parameter C3, up to corrections that are expo-
nentially small in |x − y|, can be represented as shown in

Fig. 8. Namely, C3
|x−y|→∞−−−−−→ 〈〈Ox|ρ〉〉〈〈O†

y |ρ〉〉 = 0 factor-
izes into the product of two one-point functions of charged
operators, resulting in zero due to the symmetry of the
state ρ. Moreover, in any state that can be prepared from

FIG. 8. The asymptotic form of the order parameter C3 when
the transfer matrix E1 possesses a nondegenerate largest (in
magnitude) eigenvalue.

a state with exponentially decaying C3 using a symmet-
ric finite-depth channel E , the order parameter exhibits the
following behavior:

C3 = tr[OxO†
yE(ρ)] = tr[E†(Ox)E†(O†

y)ρ], (77)

where E† represents the adjoint channel of E in Heisen-
berg picture. Notably, E†(Ox) remains a local operator
with the same symmetry charge as Ox. Consequently, this
correlation function must vanish at large distances.

Theorem 7 indicates that, starting from a symmetric
state, a symmetric finite-depth channel cannot lead to the
SSB of an average symmetry (or an average subgroup of
an exact symmetry). In Sec. III H, we have encountered
an example, specifically the maximally dephased cluster
chain, in which the transfer matrix E1 remains nondegen-
erate (as can be checked through an explicit calculation),
while E2 exhibits a degenerate largest (in magnitude)
eigenvalue when p = 1/2. This phenomenon is precisely
an indication of the exact-to-average SSB, as it results in
long-range order in C2 (one can choose O to be the Pauli-
Z operator as the order parameter), but does not manifest
in any correlator of the form C3. Physically, order param-
eters quadratic in the density matrix can detect an addi-
tional symmetry-breaking order compared to correlators,
which are linear in the density matrix, namely the exact-
to-average SSB. This observation motivates the following
conjecture, which currently lacks a rigorous proof.

Conjecture 1. Assuming the tensor Apq generates an
MPDO, if the transfer matrix E2 of the Choi state possesses
a unique largest eigenvalue, then E1 also exhibits a unique
largest (in magnitude) eigenvalue.

It is worth noting that the Perron-Frobenius theorem [85]
ensures that the largest (in magnitude) eigenvalue of E2

is always a real positive number. The underlying idea of
Conjecture 1 is that the absence of SSB order in Rényi-2
correlators (identified by the nondegeneracy of the largest
eigenvalue of E2) implies the absence of SSB order in
Rényi-1 correlators as well.
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TABLE I. The behavior of various diagnostics in a 1D Choi
state |ρ〉〉 with K × K exact symmetry and an MPS representa-
tion. The operator O in C1 and C2 is chosen as a generic local
operator transformed in a nontrivial representation of K .

Symmetry C1 C2 D1 D2

Unbroken 0 0 O(1) O(1)
K × K � K 0 O(1) 0 O(1)
K × K � 0 O(1) O(1) 0 0

In addition to order parameters, another approach for
diagnosing (the absence of) SSB is to use disorder param-
eters [30], denoted by UA. These are nonlocal operators
that implement a symmetry transformation within a large
but finite region A, accompanied by endpoint operators at
the boundary of that region, namely UA = OL(⊗i∈Aui)OR.
Whenever a disorder parameter acquires a finite expec-
tation value, it implies that the corresponding symmetry
remains unbroken. Like the order parameters discussed
earlier, there are three possible disorder parameters in the
context of mixed states:

D1 = 〈〈ρ|UA

⊗
I |ρ〉〉/〈〈ρ|ρ〉〉,

D2 = 〈〈ρ|UA

⊗
U∗

A|ρ〉〉/〈〈ρ|ρ〉〉,
D3 = 〈〈I |UA|ρ〉〉.

(78)

D1 and D2 are the standard disorder parameters for the pure
state |ρ〉〉, where their long-range orders indicate the preser-
vation of an exact symmetry and an average symmetry
(which might be an average subgroup of an exact symme-
try), respectively. The equivalence between the diagnoses
based on order and disorder parameters has been estab-
lished in 1D [86]. A pure state with a finite symmetry group
and a finite bond dimension MPS description is guaranteed
to exhibit either a nonzero order parameter or a nonzero
disorder parameter, but not both, see Table I. Moreover,
from a physical perspective, we also expect that a long-
range order of D3 similarly indicates the preservation of
an exact symmetry. However, it remains unclear whether
the two disorder parameters, D1 and D3, are equivalent. In
the following, we establish a relation between these two
diagnostic tools.

Theorem 8. In 1D, if ρ can be represented by an MPDO
with a finite bond dimension, the presence of a nonzero
disorder parameter D1 implies the existence of a nonzero
D3.

The theorem is proven in Appendix C. The connection
between Theorem 8 and Conjecture 1 is as follows. As
demonstrated in Appendix C, the existence of a nonzero
D1 indicates that (after blocking a finite number of sites)
the local tensor Apq is symmetric and injective (or a direct

sum of symmetric injective blocks). This characteristic,
which also ensures a nonzero D3, can be linked to the
nondegeneracy of E2 in Conjecture 1. However, the pre-
cise connection between the disorder parameter D3 and the
spectral properties of E1 remains unclear.

As an illustration, consider the maximally dephased
cluster chain with the density matrix given in Eq. (66).
This system exhibits an exact-to-average SSB, where both
Z2 exact symmetries are broken down to the average sub-
group. This SSB is characterized by a long-range order
in C2 = 〈〈ρ|ZxZy

⊗
ZxZy |ρ〉〉/〈〈ρ|ρ〉〉, and in this state, the

disorder parameters D1 and D3 vanish for any local end-
point operators. In fact, it is possible to generalize this
example from K = Z2 to any finite exact symmetry K : the
state

ρ = 1
|K |

∑

k∈K

Uk (79)

exhibits exact-to-average (K × K � K) SSB. This den-
sity matrix can always be expressed as an MPDO with a
bond dimension |K | (the order of the group). To under-
stand this, consider an orthonormal local basis labeled by
group elements, denoted as {|k〉}k∈K . The tensor of the
MPDO representing ρ = (1/|K |)∑k∈K Uk takes the form
Akk′,k′ = diag(0, . . . , 1, . . . , 0), where only the kth element
is 1, with all others being 0.

Finally, we discuss the robustness of the disorder param-
eter D3 and its implications for open system dynamics.

Theorem 9. If the disorder parameter D3 vanishes in a
state ρ for any local endpoint operators, then any sym-
metric finite-depth channel cannot alter the asymptotic
behavior of D3 in ρ, in the sense that D3 remains zero for
arbitrary local endpoint operators. Note that here we do not
require ρ to be represented by an MPDO with a finite bond
dimension.

To see this, consider a symmetric finite-depth channel
E and a disorder parameter UA with an arbitrary local
endpoint operator. We have

D3[E(ρ)] = tr[E†(UA)ρ]. (80)

Notably, due to the symmetric finite-depth nature of E ,
E†(UA) is still a disorder parameter with a local endpoint
operator (see Ref. [4] for a review of this fact). Due to
our initial assumption, E†(UA) vanishes within the state ρ,
thereby establishing the theorem.

Theorem 9 has a surprising implication for dynamics
of open systems. Let us focus on generic open systems
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governed by a Lindblad master equation,

d
dt

∣
∣
∣
∣ ρ〉〉 = L|ρ〉〉,

L = −i(H+−H ∗
−)

+
∑

m

[

Lm,+L∗
m,− − 1

2
(L†

m,+Lm,+ + LT
m,−L∗

m,−)
]

,

(81)

where O± represent operators acting on the ket and bra
spaces, respectively. The jump operators Lm capture the
couplings between the system and its environment. Physi-
cally, L can be viewed as generating a continuous version
of a quantum channel. Similar to channels discussed ear-
lier, a Lindbladian L exhibits an exact symmetry K if both
the Hamiltonian and the jump operators commute with the
symmetry operator for each k ∈ K :

[Uk, H ] = [Uk, Lm] = 0. (82)

In this study, we concentrate on local Lindbladians, which
can be expressed as a summation of local terms, with each
term having a norm bounded by a constant independent of
the system size.

Due to the trace-preserving and completely positive
properties of Lindblad dynamics, the real part of the eigen-
values of L must be nonpositive, and there must be at least
one right eigenvector with an eigenvalue λ = 0, which cor-
responds to the steady state of the Lindblad equation. The
dissipative gap �, is defined as the gap in the real part
of the spectrum of L. Similar to the excitation gap in a
Hamiltonian system, � plays a crucial role in Lindbla-
dian dynamics. It determines the relaxation time scale to
the steady state, as well as the system’s stability to local
perturbations and the form of correlation functions in the
steady state [87–89]. Regarding the dissipative gap, we can
make the following statement.

Theorem 10. For a local Lindbladian L with a discrete
exact symmetry, the dissipative gap� can only be nonzero
in the thermodynamic limit when the steady state exhibits
spontaneous breaking of the exact symmetry. This is char-
acterized by a nonvanishing Rényi-2 order parameter C2
and the vanishing of both D1 and D3 for arbitrary endpoint
operators in the steady state [90].

The proof of the theorem proceeds as follows. We con-
sider the initial state ρin given by Eq. (79), which exhibits
vanishing D3 for any local endpoint operators. If the gap
� is nonvanishing, the system relaxes to a steady state
ρs within a finite time on the order of 1/�. The steady
state ρs must also have vanishing D3. This is because,
according to the Lieb-Robinson bound [91], within a finite

time, a disorder parameter evolved by the adjoint Lindbla-
dian remains a disorder parameter with a local endpoint
operator, which has a vanishing expectation value with
respect to ρin. Moreover, given that the steady state ρs
can also be attained from a product state within a finite
time, it can be described by an MPDO with a finite bond
dimension. By virtue of Theorem 8, it follows that ρs
exhibits vanishing Rényi-2 disorder parameter D1 for arbi-
trary endpoint operators. Then Table I, shows that ρs must
also exhibit a nonvanishing C2 with an appropriate order
parameter O charged under K . This indicates a sponta-
neous breaking of the exact symmetry. Additionally, as
all correlation functions tr(ρOxO†

y) exponentially decay in
ρs due to the Lieb-Robinson bound, we anticipate that the
exact symmetry breaks down to its average subgroup.

In contrast to the Lieb-Schultz-Mattis (LSM) theorem
[92–94] in closed quantum systems, our “ingappability”
condition of a Lindbladian does not require a projective
representation on each unit cell. Exploring the connec-
tion between Theorem 10 and the recently proposed LSM
theorem in open systems [95] is an interesting question that
we leave for future study.

Additionally, one might ask whether a gapped steady
state with a nonzero Rényi-2 order parameter C2 violates
the Lieb-Robinson bound in Lindblad dynamics [91]. It is
important to note that the Lieb-Robinson bound restricts
the speed of correlation propagation only in Rényi-1 cor-
relators, for instance, C3. As demonstrated explicitly in the
example in Eq. (66), a long-range order in Rényi-2 cor-
relators can be generated by a finite-depth local channel.
Consequently, we conclude that, in open systems, there is
no Lieb-Robinson bound for Rényi-2 correlation functions.

V. MIXED-STATE ANOMALIES AND BOUNDARY
PROPERTIES

One of the defining properties of pure SPT states is that
a nontrivial bulk leads to nontrivial boundaries. More pre-
cisely, a nontrivial boundary is guaranteed by the t’Hooft
anomaly, which is ultimately determined by SPT invariant
of the bulk. The anomalous boundary cannot be feature-
less, in the sense that a unique gapped (SRE) ground state
on the boundary is prohibited. A natural question is, how
does a bulk nontrivial MSPT phase constrain its bound-
ary properties? In other words, are there any observable
quantities that may signal a “mixed-state” anomaly?

The Choi state |ρ〉〉 of a nontrivial MSPT state is a pure
SPT state. If we put the state |ρ〉〉 on a space manifold with
boundary, the boundary state in the doubled space has a
t’Hooft anomaly. As a result, the boundary of |ρ〉〉 must
be long-range entangled in the doubled space, which can
be further divided into three categories: (1) The bound-
ary state spontaneously breaks the protecting symmetry of
|ρ〉〉. (2) Certain correlation functions of local operators
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may exhibit power-law decay on the boundary. This sit-
uation can be understood as arising when a Hamiltonian
with |ρ〉〉 as a ground state becomes gapless on a space
with boundary. (3) The boundary state of |ρ〉〉 may develop
intrinsic topological order. We now illustrate the physical
consequences of each of these cases for the MSPT state.

Let us first consider the case where the boundary of
|ρ〉〉 breaks the symmetry spontaneously, which means a
charged local operator exhibits a long-range (nondecaying)
correlation function. We will focus on cases where the bulk
SPT is 1D, where we can offer more rigorous statements by
employing the tools of MPS and MPDO. In the context of
a familiar 1D pure state SPT, boundary SSB simply means
the emergence of a localized mode at each boundary. The
symmetry acts projectively on these modes, and the two
modes on the separate endpoints form a singlet. A natural
question to ask is: what is the counterpart of a “localized
projective boundary mode” in the original mixed state?
When it comes to MSPT states of various classes in Eq.
(19), what are the associated projective transformation (or
SSB) patterns at the boundary?

Since the bulk MSPT is SRE, its transfer matrix E2 has a
nondegenerate largest eigenvalue. If we focus on the sub-
set of these states for which E1 also has a unique largest (in
magnitude) eigenvalue (which, according to Conjecture 1,
is all of them), there is a sense in which they have localized
boundaries modes: in such states, any bulk-to-boundary
correlation functions, both the Rényi-1 or Rényi-2 types,
exhibit exponential decay.

Next, we may inquire about the potential boundary pro-
jective representation (or SSB) patterns for a 1D MSPT.
We present the following theorem.

Theorem 11. In a 1D MSPT solely protected by the
exact symmetry, as classified by H 2(K , U(1)) in Eq. (19),
the exact symmetry is broken at the boundary such that no
diagonal average subgroup is left unbroken. For an MSPT
jointly protected by an exact and an average symmetry, as
classified by H 1[G, H 1(K , U(1))] in Eq. (19), at the bound-
ary the exact symmetry is broken to its diagonal subgroup,
while the average symmetry is broken [96].

The proof of this theorem relies on symmetry fraction-
alization within the Choi state |ρ〉〉. Let us consider a chain
with a length L and apply (a single copy of) the exact sym-
metry, say K+, to |ρ〉〉 within a region denoted as A, which
comprises all sites ranging from m to n, with both m and
L − n larger than the bulk correlation length, yet remaining
finite. The symmetry operation then fractionalizes, taking
the form:

n∏

i=m

ui
k

⊗
1|ρ〉〉 = VlVr|ρ〉〉. (83)

Since the state remains invariant under a global action by
K+, Eq. (83) means

〈〈ρ|
[

V†
l

(
m∏

i=1

ui
k

⊗
1

)][

V†
r

(
L∏

i=n

ui
k

⊗
1

)]

|ρ〉〉/〈〈ρ|ρ〉〉

∼ O(1),

tr

[(

V†
l

m∏

i=1

ui
k

)(

V†
r

L∏

i=n

ui
k

)

ρ

]

∼ O(1). (84)

As |m − n| � 1, when the support of V†
l (
∏m

i=1 ui
k and

V†
r (
∏L

i=n ui
k
⊗

1) is small compared to the size L of the
bulk, these operators can be viewed as boundary operators.
And when |ρ〉〉 represents a 1D MSPT protected solely by
the exact symmetry K , they carry a nontrivial charge under
the symmetry K+. Therefore, this correlation function may
be interpreted as the exact symmetry being completely
broken (there is no average subgroup left) at the bound-
ary. Likewise, when |ρ〉〉 represents a 1D MSPT protected
jointly by K and G, they carry a charge under G, which
means the average symmetry is broken at the boundary.

Similarly, in the case of an MSPT jointly protected by K
and G, the symmetry fractionalization pattern

n∏

i=m

ui
k

⊗
(ui

k)
∗|ρ〉〉 = VlVr|ρ〉〉 (85)

means there is a correlator

〈〈ρ|
[

m∏

i=1

ui
g

⊗
(ui

g)
∗
]

V†
l

[
L∏

i=n

ui
k

⊗
(ui

g)
∗
]

× V†
r |ρ〉〉/〈〈ρ|ρ〉〉 ∼ O(1), (86)

of boundary operators. They now carry charges under K+
and K− but are neutral under K+ × K−. This demonstrates
that the exact symmetry is broken to its average subgroup
at the boundary of an MSPT protected jointly by an exact
and an average symmetry.

We now turn to the second possibility, which is a power-
law correlated boundary state. In particular, the correlation
functions, C1 and C2, may exhibit power-law decaying on
the boundary. In the case of a 2D MSPT state, since it lacks
intrinsic topological orders at its boundary, these two pos-
sibilities—the power-law correlated boundary state and the
boundary state that spontaneously breaks symmetry, as dis-
cussed in the preceding paragraph—are all the possibilities
at the boundary. As demonstrated in Sec. III H, this power-
law correlated boundary state cannot be prepared by any
finite-depth local quantum channel, starting from a prod-
uct state—this is due to the fact that a finite-depth channel
can only prepare MPDOs with finite bond dimensions.
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Furthermore, one can argue that a state with power-law
correlated Rényi-2 correlators is not symmetrically sep-
arable. To see this, let us first assume that it is: ρ =∑

i pi|ψi〉〈ψi| where each |ψi〉 can be prepared by a sym-
metric finite-depth unitary. The Rényi-2 correlator can be
expressed as

C2 =
∑

ij pipj |〈ψi|OxO†
y |ψj 〉|2

∑
ij pipj |〈ψi|ψj 〉|2 . (87)

Following Ref. [23], a spacetime rotation transforms
〈ψi|OxO†

y |ψj 〉 to a temporal correlation function at the
spatial interface between |ψi〉 and |ψj 〉. Since all states
in the decomposition are trivial SPT states, this correla-
tion should decay exponentially with |x − y|, leading to a
contradiction.

The last, and the most exotic possibility, is that the
boundary state of |ρ〉〉, has intrinsic topological order in
the doubled space. This scenario is possible only when
the bulk has dimensional three or above. Recently, Abelian
topological orders and the phase transitions between them
in the doubled space have been proposed as a characteri-
zation of the breakdown of topological quantum memory
caused by decoherence [8–10]. We leave a detailed study
of topological orders in mixed states, and their ability
to encode classical and quantum information to future
study.

VI. SUMMARY AND OUTLOOK

In this work, we have established a systematic frame-
work for classifying and characterizing bosonic MSPT
phases. We have also investigated patterns of SSB in
mixed states. Our approach has been to analyze the prop-
erties of mixed states by examining the symmetry and
topology of their corresponding Choi states in the doubled
space and then exploring the consequences for the original
mixed states. Our main results include the following:

(1) Using the operator-state map, we defined SRE
mixed states as those that have SRE Choi states
in the doubled Hilbert space. SRE mixed states,
thus defined, exhibit area-law mutual information
and operator entanglement entropy. This mapping
provides us with the ability to understand the
nontrivial topology in mixed states using well-
established concepts (e.g., SPT invariants) and tools
(e.g., tensor networks) commonly applied to pure
states.

(2) Subsequently, we defined MSPT states as those
with SPT Choi states and classified their invariants,
finding that hermiticity and non-negativity of the
density-matrix place constraints on the types of SPT
invariants that may arise. In total, we demonstrated
that the classification is characterized by Theorems

1, 2, 3. Notably, we proved that the MSPT invari-
ants of states with exact symmetry K and average
symmetry G are classified by Theorem 1:

d⊕

p=0

H p [G, H d+1−p(K , U(1))]. (88)

Furthermore, we established that nontrivial MSPT
states exhibit boundary properties that depend on
the bulk SPT invariants. And we elucidated the con-
nection between the SPT invariants of the Choi
state and the separability of the original mixed
states, along with the implications for the symmetry-
protected sign problem.

(3) We showed that, when the SRE nature of a state
is preserved by a symmetric finite-depth quantum
channel (and its spatially truncated channels in d >
1), its MSPT invariant also remains unchanged. We
also provided an example where the SRE property
is violated under a symmetric finite-depth chan-
nel, leading to final states that exhibit an exact-to-
average spontaneous symmetry breaking.

(4) We explored potential SSB patterns in mixed states
and studied how to detect them with generalized
order and disorder parameters. Additionally, we
investigated the consequences of these SSB patterns
for the properties the local tensors of matrix-product
density operators. We demonstrated that any local
Lindbladian with a discrete exact symmetry can
only exhibit a nonzero dissipative gap when the
steady state undergoes spontaneous breaking of the
exact symmetry.

We end with some open questions:

(1) Mixed state phases: as discussed in Sec. III A, this
work introduces discrete invariants that are shown
to be perturbatively stable under symmetric local
decoherence, and uses them as the defining charac-
teristics for distinct phases. However, this definition
does not directly imply that two mixed states classi-
fied within the same phase can necessarily be con-
nected by certain “continuous” paths. An intriguing
open question remains: under what conditions, can
two states sharing the same invariant be connected
by a physically motivated adiabatic path, such as
a finite-depth local channel or a finite-time Lind-
blad evolution? In particular, recent studies [97,98]
suggest that the definition of mixed-state phases
based on the (pure-state) phase of the canonical
purification of a density operator (i.e., |√ρ〉〉) might
coincide with that defined by symmetric shallow-
depth channel connectivity. It would be interesting
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to clarify this connection further. Our classifica-
tion (Theorems 1, 2, and 3)—which provides gen-
eral constraints for Hermitian, non-negative opera-
tors—applies directly to the canonical purification
without modification [99].

(2) Fermionic MSPTs: in this work we focused on
bosonic MSPT phases. A natural question is how to
extend the theory to fermionic systems. Can we clas-
sify fermionic mixed states based on the topology
of their Choi states, and what are the consequences
for the original mixed state, such as separability
and the behavior of boundary correlation functions?
Since fermionic SPT states can also be analyzed
using the decorated domain-wall construction [60],
we expect our approach can be applied to determine
whether a fermionic Choi state is consistent with
non-negativity.

(3) SSB in mixed states: as previously discussed, vari-
ous aspects of SSB in mixed states remain unclear.
One important direction is establishing the precise
relations between the different order and disor-
der parameters introduced in this study as well as
their relations with the spectral properties of ten-
sor networks that exhibit the corresponding SSB
patterns. We also wonder whether one can define
order parameters for SSB in mixed states using con-
cepts from quantum information theory, such as
distinguishability quantified through quantum rel-
ative entropy. What is the stability of SSB under
environmental decoherence? A comprehensive the-
ory addressing these questions will be presented in
an upcoming work [48].

(4) Topological orders in mixed states: in this work,
we limited our focus to SRE mixed states and
those with LRE due to SSB. A remaining task is
to study LRE mixed states, especially mixed state
topological orders. The present study motivates the
question of whether the doubled state formalism
might play a role in defining mixed-state topolog-
ical order. What potential topological orders can
exist in the Choi state, taking into account the
non-negativity constraint? For example, gauging
the symmetry (such as according to the quantum
state-gauging procedure of Ref. [100]) seems to pro-
duce a family of topological orders in the doubled
space—what is their meaning? It would also be
interesting to study connections between topologi-
cal orders in the doubled state and the capacity to
protect quantum information in the original mixed
state.

Note added.—Recently, we became aware of another work
[81] that also discusses the constraints on the possible SPT
phases in the doubled space.
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APPENDIX A: DETAILS OF THE
CLUSTER-STATE EXAMPLE

Consider the example of the cluster state. In this
Appendix, we illustrate how a symmetric finite-depth
channel can result in spontaneous exact-to-average sym-
metry breaking. Specifically, we demonstrate that passing
the cluster state through the depth-one channel

E =
⊗

i

((1 − p)(·)+ pXi(·)Xi) (A1)

with p = 1/2 yields a mixed state

ρ1/2 =
∏

i even

(
1
4

IiIi+1

)

+
∏

i even

(
1
4

IiXi+1

)

+
∏

i even

(
1
4

XiIi+1

)

+
∏

i even

(
1
4

XiXi+1

)

. (A2)

The cluster state is defined by the MPS tensors

A0 = |0)(+| = 1√
2

(
1 1

)

,

A1 = |1)(−| = 1√
2

(

1 −1

)

.

Upon acting with the channel, the cluster state becomes the
MPDO with tensor

B00 = B11 = 1
2
(
A0 ⊗ A0∗ + A1 ⊗ A1∗)

= 1
4

⎛

⎜
⎝

1 1 1 1

1 −1 −1 1

⎞

⎟
⎠ ,

B01 = B10 = 1
2
(
A0 ⊗ A1∗ + A1 ⊗ A0∗)

= 1
4

⎛

⎜
⎝

1 −1 1 −1
1 1 −1 −1

⎞

⎟
⎠ .
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Now block pairs of sites by multiplying tensors Bij |kl :=
Bij Bkl and follow this with a swap of the third and fourth
basis vectors and a conjugation by

(
1 1
1 −1

)

⊗ 1

to obtain

B00|00 = B00|11 = B11|00 = B11|11 = 1
4

(
1

)

⊗
(

1
)

,

B00|01 = B00|10 = B11|01 = B11|10 = 1
4

(

1

)

⊗
(

1
)

,

B01|00 = B01|11 = B10|00 = B10|11 = 1
4

(
1

)

⊗
(

1

)

,

B01|01 = B01|10 = B10|01 = B10|10 = 1
4

(

1

)

⊗
(

1

)

.

This form tells us that the state is a superposition of four
injective (on two-site blocks) MPDOs. The first line rep-
resents the component with bra and ket indices equal, i.e.
the state ρ ∼ I . The second line has indices equal on even
sites and opposite on odds. In total, we can read off the
state ρ1/2, written out above.

APPENDIX B: A PROOF OF THEOREM 6

The proof of Theorem 6 proceeds as follows. By
definition, the local tensors of Apq of an SRE state |ρ〉〉
are normal. It is always possible to make them injec-
tive by blocking a finite number of sites [101]. Hence,
we assume Apq to be injective, meaning the matrices Apq

span the entire set of D × D matrices [42], where D is the
entanglement bond dimension. A finite-depth channel E
is nondegenerate if and only if each of its local gates is
nondegenerate. Consider the first layer of the finite-depth
channel, with each local gate labeled by E1. If E1 is non-
degenerate, then the evolved local tensor Apq

2 [refer to Fig.
9(a)] also spans the entire set of D × D matrices and thus
is injective. Denote the Choi state generated by the local
tensor A2 as |φ〉〉.

Next, we examine the second layer of the quantum chan-
nel, where each local gate is denoted by E2, as illustrated
in Fig. 9(b). We begin by performing a Schmidt decompo-
sition of A2 into its left and right components, as shown
in Fig. 9(c), and then recombine them in a different order
to obtain a new local tensor, B2, depicted in Fig. 9(d). We
now demonstrate that the state generated by B2, denoted by
|ψ〉〉, is SRE. A crucial observation is that |ψ〉〉 is related to

(a)

(b)

(c)

(d)

(e)

FIG. 9. Proof of Theorem 6. (a) First layer of the channel E .
(b) Each local gate E2 of the second layer acts on two local ten-
sors. (c) The Schmidt decomposition of A2 gives rise to a left
component AL and a right component AR. (d) We recombine
AR and AL in a different order to form B2. (e) The local tensor
remains injective after the second layer of local gates if E2 is
nondegenerate.

|φ〉〉 by translation by one unit cell:

|ψ〉〉 = T|φ〉〉, (B1)

where T represents translation. By definition, |φ〉〉, as an
SRE state, can be prepared from a translationally invari-
ant product state (denoted by |0〉〉) using a finite-depth
local unitary U in the doubled space, i.e., |ψ〉〉 = U|0〉〉.
Therefore, we have

|ψ〉〉 = TU|0〉〉 = TUT−1|0〉〉, (B2)

and TUT−1 is also a finite-depth local unitary. Hence, |ψ〉〉
is also SRE.
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The local tensor B2 generating the SRE state |ψ〉〉 must
be normal. Without loss of generality, we assume B2 to
be injective, as this can always be achieved by blocking a
finite number of sites. Therefore, the evolved local tensor
after the second layer remains injective if E2 is nonde-
generate, as illustrated in Fig. 9(e). One may iterate the
same argument for any finite-depth local channel E , and
the resulting state E |ρ〉〉 is generated by an injective local
tensor. We then conclude that E |ρ〉〉 is SRE.

APPENDIX C: A PROOF OF THEOREM 8

In this Appendix, we provide a proof of Theorem 8.
For simplicity in notation, we assume the state possesses
an exact Z2 symmetry, generated by U = ∏

i Xi. Addition-
ally, we make the assumption that ρ can be described by
an MPDO with a finite bond dimension.

MPDOs exhibiting a Z
+
2 × Z

−
2 symmetry can be catego-

rized into three classes:

(1) Symmetric injective MPDOs (possibly achieved by
blocking several sites together).

(2) A direct sum of a finite number of symmetric injec-
tive MPDOs.

(3) Noninjective MPDOs in which the symmetry acts
by exchanging injective blocks, each of which is not
symmetric. This category includes the well-known
GHZ state.

The first two classes exhibit essentially identical behavior
for our purposes, and so we will focus on the first class and
the third class. Our objectives are to show the following.
(1) If the disorder parameter D1 is nonzero for a suitable
choice of endpoint operator, the MPDO must fall into class
1. (2) For states in class 1, there exists a choice of endpoint
operator such that D3 is also nonzero.

Let us examine an MPDO belonging to class 3, featur-
ing an injective local tensor denoted as M pq, with p and
q taking values of 0 or 1. The tensor is not symmetric
under the exact Z2 symmetry. One cannot find a gauge
transformation V, such that the “symmetries push through”
[102] condition is satisfied. However, for simplicity, we
will assume that the injective tensor M remains symmetric
under the diagonal Z2 symmetry. Namely, there exists a
gauge transformation V, such that

M p̄q̄ = VM pqV†, (C1)

where 0̄ = 1 and vice versa. In cases where the injective
tensor is not symmetric even under the diagonal subgroup,
the reasoning can be applied similarly. We denote the
MPDO generated by the local tensor M as ρ0.

In order for the state ρ to be symmetric under the exact
Z2 symmetry, one has to symmetrize the state ρ0. Namely,
ρ ∝ ρ0 + Uρ0. The local tensor Apq of the MPDO ρ can

FIG. 10. A diagrammatic representation of the transfer matrix
E2

X with an inserted X .

then be represented as

Apq =
(

M pq

M p̄q

)

. (C2)

The transfer matrix E2, and the transfer matrix with an X
insertion, denoted as E2

X (see Fig. 10), can be written as

E2 =
(

M pq

M p̄q

)

⊗
(

M pq∗

M p̄q∗

)

,

E2
X =

(
M p̄q

M pq

)

⊗
(

M pq∗

M p̄q∗

)

.
(C3)

It can be demonstrated that for an injective tensor M that is
not symmetric under a single copy of a Z2 transformation,
the largest eigenvalue of E2

X is strictly less than 1 [102].
Consequently, D1 cannot take a nonzero value in any state
belonging to class 3.

Therefore, if we observe a nonvanishing D1, the MPDO
must fall into class 1, where we have a symmetric injective
MPDO. States in class 1 exhibit a nice property: the sym-
metry, acting in a finite but large region, affects the state
nontrivially only near its boundary, as described by

∏

i∈A

Xi|ρ〉〉 = VlVr|ρ〉〉, (C4)

where Vl and Vr represent unitary operators that are non-
trivial only near the left and right endpoint of A. By
selecting UA = V†

l V†
r
∏

i∈A Xi, we can ensure that

D3 = 〈〈I |UA|ρ〉〉 ∼ O(1). (C5)

This concludes the proof of Theorem 8.
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