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Aim

•We will develop & connect three 
related notions from finite group 
theory 

1. Local conjugacy for complements 
& supplements over normal 
nilpotent subgroups, from Losey & 
Stonehewer (Warwick) 

2. Primary-type decompositions in 
group cohomology 

3. Fixed point theorems for non-
coprime actions, from Glauberman 
(Chicago)
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Two subgroups H and H  are 
locally conjugate if for each 
prime p, a Sylow p-subgroup 
of H is conjugate to a Sylow 
p-subgroup of H 

<latexit sha1_base64="Fr6vFCByZmq7+GpQYqMktwsLbhU="></latexit>′

<latexit sha1_base64="Fr6vFCByZmq7+GpQYqMktwsLbhU="></latexit>′



• In 1964, Glauberman proved: 

•By the Schur-Zassenhaus theorem (1937), if | J| and |N| are coprime 
(and J or N is soluble, until Feit-Thompson in 1962) then (Z) & (S) hold

Motivation

3

Suppose J acts on N via automorphisms and the induced semi-
direct product N ⋊ J acts on a non-empty set Ω where the 
action of N is transitive. If 

(Z) each complement of N in G is conjugate to J, and 

(S) each supplement S of N in G splits over , 

then J fixes some element of Ω.

<latexit sha1_base64="qHRFIS0V8W8sGKulUpN6VcXm6Ls="></latexit>S ∩ N



Motivation II

•Conditions (Z) and (S) are sufficient, but not necessary 
•Consider the proof: 

• Let Gα denote the stabiliser subgroup of G fixing some  

• As N acts transitively, Gα supplements N in G 

• By (S), there exists a complement  to  in Gα 

•  also complements N in G 

• By (Z),  for some  

•  so that J fixes  

•All we really need is  for some  (an inclusion result) 

• So Gα must split over   & a complement of  in Gα  must be G-conjugate to J

<latexit sha1_base64="STZ5QT2YvpVyuNlmOBDWpii0iWg="></latexit>α ∈ Ω

<latexit sha1_base64="Q5vJFUO7h22/mJiR6ijTnKvYfLY="></latexit>

J ′ <latexit sha1_base64="t6gtFb8X+r8STOI4K8b9RP3P2mM="></latexit>Gα ∩ N
<latexit sha1_base64="Q5vJFUO7h22/mJiR6ijTnKvYfLY="></latexit>

J ′
<latexit sha1_base64="XNh9RPYIehRtSE48gIECWDNtZNc="></latexit>

J ′ = J g (= g−1Jg) <latexit sha1_base64="jc1dymrpG7Y6MEjDJZc8r/kwfdM="></latexit> g ∈ G
<latexit sha1_base64="LZkcwdN4c/B5/Of8CB0kFKMCE9s="></latexit> J g ≤ Gα

<latexit sha1_base64="ZfjQ2an9OyQsXJEJBrhGnarGQkY="></latexit> g · α
<latexit sha1_base64="ldmuKyxIwJmCHBai9jdJ0Rq1O6c="></latexit> J g ≤ Gα

<latexit sha1_base64="9K7025TG1NOvfuUa5Iq4+afb5vU="></latexit>g ∈ G
<latexit sha1_base64="t6gtFb8X+r8STOI4K8b9RP3P2mM="></latexit>Gα ∩ N <latexit sha1_base64="t6gtFb8X+r8STOI4K8b9RP3P2mM="></latexit>Gα ∩ N
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Previous results (non-coprime)

• 1952 (Gaschütz): when N is abelian and each Sylow p-subgroup of H 
splits over , then H splits over  

• 1954 (D. G. Higman): If in N ⋊ J (N abelian), for each prime p there is a 
Sylow p-subgroup S of G such that any two complements of  are 
conjugate within S, then any two complements of N in G are conjugate 

• 1979 (Losey & Stonehewer): if J and J  are locally conjugate supplements 
to nilpotent N in soluble G and one of the following holds: (A) G/N is 
nilpotent, (B) N is abelian, or (C) the Sylow p-subgroups of G have class 
at most two, then J and J  are conjugate 

• 1988 (Evans & Shin): two locally conjugate supplements to a normal 
abelian subgroup N are conjugate (G need not be soluble)

<latexit sha1_base64="jkOLPOsv4J8Xn7r55ESqisReJhk="></latexit>N ∩ H <latexit sha1_base64="jkOLPOsv4J8Xn7r55ESqisReJhk="></latexit>N ∩ H

<latexit sha1_base64="rHlYpv74vmp9SZs8WhO4G3qasbM="></latexit>N ∩ S

<latexit sha1_base64="GvSTnlE7d03LGcLZadesshKYmhg="></latexit>′

<latexit sha1_base64="GvSTnlE7d03LGcLZadesshKYmhg="></latexit>′
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Main theorem

•We will show: 

6

Suppose J acts on nilpotent N via automorphisms and the 
induced semi-direct product N ⋊ J acts on a non-empty set Ω, 
where the action of N is transitive. If for each prime p, a Sylow 
p-subgroup of J fixes an element of Ω, and one of the 
following holds: 

• N is abelian, 

• N ⋊ J is supersoluble, or 

• J is nilpotent, 

then J fixes some element of Ω.



Agenda

•Notation & background 
•Lemma 1: a primary-type 

decomposition of the first 
cohomology set under some 
conditions on J and N 

• Corollaries on when locally 
conjugate complements are 
conjugate 

• Lemma 2: an analogue of Loosey 
and Stonehewer’s results for 
subgroup inclusion 

• Proof of theorem
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Notation

•Suppose a group J acts on a group N via automorphisms (N is a J-group) 
• We write  and have an induced semidirect product  

•A (1-)cocycle is map  such that, for all j, j : 

•Let  denote the set of all such maps 
• For nonabelian N, this is a ‘pointed set’ with distinguished point  

•Two cocycles φ and φ  are cohomologous if: 

• This gives an equivalence relation; we write  

•The first cohomology set is then 

<latexit sha1_base64="T1NXvyL1ftvykWoMjwSixGBKndc="></latexit>

n j = j ‒1nj <latexit sha1_base64="o1LKbly5BN7gjDnBTvqvTS74Yzs="></latexit>N! J
<latexit sha1_base64="kpBvz8+6kxcvJ+at8EGIAKjit3w="></latexit>ϕ : J → N

<latexit sha1_base64="GvSTnlE7d03LGcLZadesshKYmhg="></latexit>′

<latexit sha1_base64="FdFJDcN4RfGS8JW/yD6EX4gUQI8="></latexit>

Z1( J,N)
<latexit sha1_base64="jZRYnIpYDh9E3hMS+RxO7vVnDiA="></latexit>ϕ ≡ 1N

<latexit sha1_base64="GvSTnlE7d03LGcLZadesshKYmhg="></latexit>′

<latexit sha1_base64="a9o5tTA4tr5+FTQA+RET3JeK4s8="></latexit>

ϕ ∼ ϕ′
<latexit sha1_base64="ARuaLOZIB1dxXrnt7IgxXoCPgkU="></latexit>

H1( J,N) = Z1( J,N)/ ∼
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<latexit sha1_base64="WvyxefjtkthGR2Qw0dBgNgtolaQ="></latexit>

ϕ( j j ′) = ϕ( j)ϕ( j ′) j ‒1

<latexit sha1_base64="KABZhJkhr8eic5AFF4A6Gn6wPXQ="></latexit>

ϕ′( j) = n ‒1ϕ( j)n j ‒1



Correspondence | complements & cocycles
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{K: K complements N in N ⋊ J}

given K; 
for each , write  for unique ; 
let ; then  is a cocycle

<latexit sha1_base64="687lMIguW7C7SfpmkN2OsjrYiZ4="></latexit> j ∈ J
<latexit sha1_base64="81Iv5OeRUW39BY3aDMpYa3amXCo="></latexit>

j = n ‒1k
<latexit sha1_base64="hD/BBLRSZMzeZKnQ4Qrq2qNypn8="></latexit>

n ∈ N, k ∈ K
<latexit sha1_base64="m8o/nr7whTkESkUX6errMS+o62E="></latexit>

ϕK( j) = n = kj ‒1 <latexit sha1_base64="uXSYV0L+Oc4a9qJ6+9D7/Ng/euM="></latexit>ϕK

<latexit sha1_base64="W/t6s6/vVSXR/J9d8A5dO9bcGWU="></latexit>

Z1( J,N)

given φ; 
 complements N

<latexit sha1_base64="6PyypG8adzHI/mIZkv6oOm9YsLo="></latexit>

Kϕ = {ϕ( j) j}j∈ J



Correspondence | conj. classes & cohomology
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{ : K complements N in N ⋊ J}
<latexit sha1_base64="8Vch/Ulg7DPdtLCQUqQPQmOZwrI="></latexit>

[K]

given  for some ; 
for each , we have   
for unique ; 
then  so that 

<latexit sha1_base64="gyupNmtG+TVYoGbEw03HYv1DJps="></latexit>K,K ν <latexit sha1_base64="PZFsrW8kHdO+b+reAXTzVoTtFH4="></latexit>ν ∈ N
<latexit sha1_base64="687lMIguW7C7SfpmkN2OsjrYiZ4="></latexit> j ∈ J

<latexit sha1_base64="1PojcbWXUxEEZ/e2mXZ8GW5Ekxg="></latexit>

j = n ‒1k = (ν ‒1nν j ‒1) ‒1kν
<latexit sha1_base64="hD/BBLRSZMzeZKnQ4Qrq2qNypn8="></latexit>

n ∈ N, k ∈ K
<latexit sha1_base64="AMnTZuNJFh4Ydn5eK1BOGyw6pu4="></latexit>

ϕK ν( j) = ν ‒1ϕK( j)ν j ‒1 <latexit sha1_base64="yiEdYeqF9EWpHgnoR7aVzqTbWu8="></latexit>ϕK ν ∼ ϕK

given  so  
that  for some ; 
then 

<latexit sha1_base64="GwVGk1+k2PXmn+qfM4TkVykdAwI="></latexit>

ϕ ∼ ϕ′
<latexit sha1_base64="O17PgbzK3UrB4Chhpicvmf092c0="></latexit>

ϕ′( j) = ν ‒1ϕ( j)ν j ‒1 <latexit sha1_base64="PZFsrW8kHdO+b+reAXTzVoTtFH4="></latexit>ν ∈ N
<latexit sha1_base64="8ZfypdOBPIrLsjlE3PFkhXTGtCs="></latexit>

Kϕ′ = {ϕ′(j)j}j∈J = {ν ‒1ϕ( j)ν j ‒1 j}j∈J = {ν ‒1ϕ( j)jν}j∈J = K ν
ϕ

<latexit sha1_base64="EfdDhQoStEh6jaxghdlTsahiKBU="></latexit>

H1( J,N)



Notation II

•For a subgroup K ≤ J and , we can consider the restriction  

• This induces a map in cohomology  

•For  and , define . Call φ  J-invariant if for all 
: 

• For normal K , this simplifies to  

•Let  denote the set of J-invariant elements of  
• Note that restrictions are always invariant, i.e. , as 

where  as 

<latexit sha1_base64="kMp6BMm7PC4otTUQ9M8QBDCub/A="></latexit>

ϕ ∈ Z1( J,N)
<latexit sha1_base64="46aXkKCdY5OEL7bVMphj/flFahs="></latexit>

ϕ|K
<latexit sha1_base64="Ip3Dbe/aLDXezILrCXoJ1iomLqs="></latexit>

res JK : H1( J,N) → H1(K,N)
<latexit sha1_base64="NW/r1Qju5ahOYzqOUtuIPqGSgJ0="></latexit>

ϕ ∈ Z1(K,N) <latexit sha1_base64="1QRlM9de5OILhA/PN3H1iLfxJjA="></latexit> j ∈ J
<latexit sha1_base64="CC/ioHvO2ZO9U1unJ/uyMHeCE/Y="></latexit>

ϕ j(x) = ϕ(x j−1
) j

<latexit sha1_base64="1QRlM9de5OILhA/PN3H1iLfxJjA="></latexit> j ∈ J
<latexit sha1_base64="7lgH+L7NzeNWi14edNMF5IZgCMk="></latexit>

ϕ ∼ ϕ j

<latexit sha1_base64="bzAyk5cy/W88lfjZYAHec7qECCQ="></latexit>

invJ H1(K,N)
<latexit sha1_base64="sO2iMRd8D+wn18Y5E6Bd2Zuq5wY="></latexit>

H1(K,N)
<latexit sha1_base64="nvR40NTOTt1qtGT5VWfiTo+Iu2Y="></latexit>

res JK H1( J,N) ⊆ invJ H1(K,N)

<latexit sha1_base64="dwEWBUjY+X/wm4tJaUwfCc3eVIw="></latexit>

n = ϕ( j ‒1)
<latexit sha1_base64="3ijinX7jy2vyvy1s/qzVGJvyj/U="></latexit>

1N = ϕ(1J) = ϕ( j ‒1j) = ϕ( j ‒1)ϕ( j) j
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<latexit sha1_base64="cmt6sng6LSD+NtVpYHeC+mXUISc="></latexit>

ϕ j(x) = ϕ(x j ‒1) j = ϕ( jxj ‒1) j = ϕ( j) jϕ(xj ‒1) = ϕ( j) jϕ(x)ϕ( j ‒1)x ‒1
= n ‒1ϕ(x)nx ‒1

<latexit sha1_base64="gIAfVlEYu6lv/XY1ZJOxX91sies="></latexit>

ϕ|K∩K j ∼ ϕ j|K∩K j



Primary decomposition: abelian case

•For abelian N we have the standard decomposition
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Let J act on abelian N via automorphisms. Then: 

 
where  denotes the prime divisors of | J| and  for 

each . Explicitly,  where 
 denotes the p-primary component and for each p, 

we have the isomorphism: 

<latexit sha1_base64="UrYs/+tUfYtSW76Sg8olcm+4yVE="></latexit>

H1( J,N) ∼=
⊕

p∈D invJ H1( Jp,N)
<latexit sha1_base64="/MnlrVXMwpF6Eha28SByM85/P4o="></latexit>D

<latexit sha1_base64="wORuurvQU4qvjF0PY7CpQQ7bk28="></latexit>

Jp ∈ Sylp( J)
<latexit sha1_base64="BvcSMuaIMVq9h6rYDlF0SBHMxMM="></latexit>p ∈ D

<latexit sha1_base64="vAQQ2z7tZSVzfKPM6PH5v+5/Sfw="></latexit>

H1( J,N) ∼=
⊕

p∈D H1( J,N)(p)
<latexit sha1_base64="7nWK9HBXcuaaMQHzTi9u31Y+Ono="></latexit>

H1( J,N)(p)

<latexit sha1_base64="S/pEQVeuPy+JqAH/9MPW1B4vxvQ="></latexit>

res JJp : H
1( J,N)(p)

∼=→→ invJ H1( Jp,N)
Brown’s text, ch. 3, §10



Does N need to be abelian?

•Mark Grant (Aberdeen) posed:

13

https://mathoverflow.net/questions/304554

https://mathoverflow.net/questions/304554


Neat, if true

• the most popular response 
argues that things still work 

• this would imply that if all 
complements to N in N ⋊ J were 
locally conjugate to J, then all 
such complements would be 
conjugate, with no further 
restrictions on J or N

14



Not true in general

•Losey and Stonehewer provide a 
counter-example 

• Let J=S3 act on N=Q8 as in GL(2,3) 

• Then there is a second complement 
J  to N that is locally conjugate but 
not conjugate to J 

• Thus  has order 2, but  
is trivial for each Sylow p-subgroup 
P of J 

• Also, this is right out:

<latexit sha1_base64="GvSTnlE7d03LGcLZadesshKYmhg="></latexit>′

<latexit sha1_base64="pEh47lFhCP6dOO8BN853WJs7tcQ="></latexit>

H1( J,N)
<latexit sha1_base64="CcYbrQJwFDBp2VSlqXDj7JbU2xE="></latexit>

H1(P,N)
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298 A. Ballester-Bolinches and L. M. Ezquerro [6]

If G is a minimal counterexample to the corollary, then G is a group of minimal order
in NH satisfying (†). By Theorem 3.2, G is a p-group. Therefore H =Sp, the class of
p-groups. But then the hypothesis forces Q =G or Q = 1. If Q = 1, then U = V =G.
If G = Q, then U and V are G-conjugate by hypothesis. Thus no possibility can happen
and the minimal counterexample does not exist. ⇤

Note that Theorem 1.1 is a particular case of Corollary 3.3.
We shall show now by an example that no statement of a similar kind is possible if

we remove the hypothesis on the chief factors.

Example 3.4. Let Q be a group isomorphic to the quaternion group of order eight.
Then Aut(Q) is isomorphic to S , the symmetric group on four letters. Consider
a subgroup T of S isomorphic to the symmetric group on three letters. Write
T = hb, c : b3 = c2 = 1, bc = b�1i. Set B = hbi and C = hci. Construct the semidirect
product G = [Q]T . Write Z = Z(Q) = hzi. Note that G/QB is a complemented central
2-chief factor of G over Q and Z/1 is also a central G-chief factor of G. Consider the
subgroups U = hb, ci and V = hb, zci. Then U and V are two supplements to Q in G.
Moreover, U \ Q = 1 = V \ Q.

If Ug = V for some g 2G, then g 2 NG(hbi) = Z ⇥ U. This would imply that U = V .
But then z = (zc)c 2 U and this is not true.

Corollary 3.5. Suppose that G is a soluble group and Q is a nilpotent normal
subgroup of G. If U and V are supplements to Q in G such that U and V are locally
G-conjugate, then U and V are G-conjugate.

Proof. Consider the class X of all soluble groups X such that X possesses a nilpotent
normal subgroup W supplemented in X by two locally X-conjugate proper subgroups
Y and Z of X. Clearly the class X is Q-closed. Write F = NX.

Let G be a minimal counterexample to the corollary. There exists a nilpotent normal
subgroup Q of G and supplemented by two non-G-conjugate subgroups U and V which
are locally G-conjugate. Hence U \ Q and V \ Q are locally G-conjugate. Therefore
G is a group of minimal order in F among the groups satisfying (†). By Theorem 3.2,
G is a p-group for some prime p. Then U and V are G-conjugate. This is the desired
contradiction. ⇤

Let F be a saturated formation. If G is a group and G < F, then the F-residual GF

of G, the smallest normal subgroup of G with quotient in F, is a nontrivial normal
subgroup of G which is supplemented in G by every F-projector of G.

Corollary 3.6. Let F be a saturated formation and let G be a soluble group whose
F-residual GF is nilpotent. Then any two supplements U and V of GF in G are
G-conjugate provided U \GF and V \GF are locally G-conjugate.

Proof. Let F be the class of all groups whose F-residual is nilpotent. Then F = NF.
If G is minimal counterexample to the corollary, then G is a group of minimal order in
NF satisfying (†). Applying Theorem 3.2 to the class F , it follows that G is a p-group.

4  :�
  195�9�3 ������� ��������������	�
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Lemma 1

•With some restrictions on J and N, we do have a decomposition:

16

Suppose J acts on nilpotent N via automorphisms. If 

• N ⋊ J is supersoluble, or 

• J is nilpotent, 

then  induces an isomorphism of pointed sets: 
<latexit sha1_base64="FlAIN22cWovWtMc4qKtiaXzGuvc="></latexit>

ϕ !→ ×p ϕ| Jp
<latexit sha1_base64="LY09V3DJue02ZCXzlADu/3C2f7U="></latexit>

H1( J,N) ∼= ×p∈D invJ H1( Jp,N)



What remains true in the nonabelian case

‘The extent of knowledge required is nothing like so great as is 
sometimes supposed’. —Littlewood (1944) 
•Serre’s Galois Cohomology (ch. I, §5) dedicates 15 pages to this 

topic. We have 2 exact sequences: 
• Inflation-restriction, for : 

• By inclusion, for :

<latexit sha1_base64="TVgToFggw9BJV49HdWnzolp1pzU="></latexit>Q ! J

<latexit sha1_base64="MRZd9/H/0T6YBIqSaNGnfnu0Wuw="></latexit>M ! N

17

<latexit sha1_base64="GecD9XxMxq+2XULw+Wc+Y4YYNf4="></latexit>

1 → H1( J/Q,NQ) → H1( J,N)
res JQ−−→ H1(Q,N) J/Q

<latexit sha1_base64="OywslYt66+mF1hgCB/gfRKEo78Q="></latexit>

1 → H1( J,M)
incNM−−→ H1( J,N) → H1( J,N/M)



Proof of Lemma 1

•The projection maps  induce the decomposition: 

•For each prime p, we have the restriction map: 

and the inclusion map: 

•The composition of these maps gives us  so it suffices to 
show that each is an isomorphism, i.e.:

<latexit sha1_base64="Z3Ee32cgKfpoM6A14QKjbpmMJok="></latexit>N → Np

<latexit sha1_base64="+anAsKKVIKu0zK0QXpQdyLovhqg="></latexit>

ϕ !→ ×p ϕ| Jp

18

<latexit sha1_base64="L/8ZCgTZHzQP6OhJv3I3TwBDlQw="></latexit>

res JJp : H
1( J,Np) → inv J H1( Jp,Np)

<latexit sha1_base64="JWOR9B0VeLa1YrzZ01WrpGKCHAA="></latexit>

incNNp
: invJ H1( Jp,Np) → invJ H1( Jp,N)

<latexit sha1_base64="QdO4spjKMpMnaPKSYsG53d2ANZE="></latexit>

→pπp : H1( J,N)
∼=−→ →p H1( J,Np)

<latexit sha1_base64="wHz+q8YVQxoIRi1LHvJmqZlIBgw="></latexit>

H1( J,N) ∼= ×p H1( J,Np) ∼= ×p invJ H1( Jp,Np) ∼= ×p invJ H1( Jp,N)



Proof of Lemma 1  | N ⋊ J is supersoluble

•Claim:  is an isomorphism 

• Inducting on | J| 

•Let  be a Sylow q-subgroup where q is the largest prime divisor of | J|; 
then  for some Hall q -subgroup M 

•Consider the inflation-restriction exact sequence: 

•Two sub-cases: 
• q≠p  

• q=p

<latexit sha1_base64="L/8ZCgTZHzQP6OhJv3I3TwBDlQw="></latexit>

res JJp : H
1( J,Np) → inv J H1( Jp,Np)

<latexit sha1_base64="z7IbRUB5Mx3jRugBXyaIBKtxAaM="></latexit>Q ! J
<latexit sha1_base64="SSXNKFrUCGTXLTDeSW4iYIa9oBo="></latexit> J ∼= Q!M

<latexit sha1_base64="GvSTnlE7d03LGcLZadesshKYmhg="></latexit>′

19

<latexit sha1_base64="EVUW/XEJCEyni//dvp+OS5bfXwE="></latexit>

1 → H1( J/Q,NQ
p ) → H1( J,Np)

res JQ−−→ H1(Q,Np) J/Q



Proof of Lemma 1  | N ⋊ J is supersoluble | q≠p

• In this case,  is trivial so that 

implies  

•Now  so that  and  

•Thus,  and we claim that  affords this 
isomorphism 

•Suffices to show that  is surjective

<latexit sha1_base64="gznW9mbPA5CyQ/u/YVaEeL8IrCQ="></latexit>

H1(Q,Np)

<latexit sha1_base64="/e0KzdilSfgJJeWQ2ZC+PrtS6UU="></latexit>

H1( J,Np) ∼= H1(M,NQ
p )

<latexit sha1_base64="lyCxW9Hpl8jT16tsk0EBCpe1HnA="></latexit>Q ! NpQ
<latexit sha1_base64="RY/5UdHRDVxo7iVN+V/3mtFU28I="></latexit>NpQ ∼= Np × Q

<latexit sha1_base64="pUhO9sfXC4XMCLXGumdtABbiMWE="></latexit>

NQ
p = Np

<latexit sha1_base64="w86hhHTIzgcyd86Gpp41j9O/A5o="></latexit>

H1( J,Np) ∼= H1(M,Np)
<latexit sha1_base64="fZrTk5e9nGVLeeJZ0RpfB77bJvI="></latexit>

res JM

<latexit sha1_base64="fZrTk5e9nGVLeeJZ0RpfB77bJvI="></latexit>

res JM

20

<latexit sha1_base64="FlkdIV4Y8hhZ7fJgGLyGdD8WZK4="></latexit>

1 → H1( J/Q,NQ
p ) → H1( J,Np)

res JQ−−→ H1(Q,Np) J/Q



Proof of Lemma 1  | N ⋊ J is supersoluble | q≠p

•Claim  is surjective 

•Let  

•Define  by  for  
•well-defined as  

•Then  and ; thus  is an isomorphism 

•As  is injective by induction it follows that  is also 
injective 

•Also,   so that 
 is surjective and thus an isomorphism

<latexit sha1_base64="fa7gCC47omW9ap2gbu2Rp0z4W18="></latexit>

res JM : H1( J,Np) → H1(M,Np)
<latexit sha1_base64="Ka7c+oyroup9QzvCnmqWhjAFHco="></latexit>

ϕ ∈ Z1(M,Np)
<latexit sha1_base64="hhymYOyPhhtZ913lcvFmJ/9FrnY="></latexit>

ϕ̃ : J → Np
<latexit sha1_base64="tvFosrGYq0J+HuHpfOncrGY7MNQ="></latexit>

ϕ̃(qm) = ϕ(m)
<latexit sha1_base64="podr4oYSLSOyoC/3DdxRFMlRWuE="></latexit>q ∈ Q,m ∈ M

<latexit sha1_base64="MJ47BjXmuIqBL2uoyGbQIDAMJOU="></latexit> J ∼= Q!M
<latexit sha1_base64="vdgsnDfbWFwb66i+FEjqXrXn/kI="></latexit>

ϕ̃ ∈ Z1( J,Np)
<latexit sha1_base64="AArlQjU3s6TwzjEY4UbgHVDAsqk="></latexit>

ϕ̃|M ∼ ϕ
<latexit sha1_base64="ar4QEAd/EEyWwS09Rk5hoZX1K1s="></latexit>

res JM
<latexit sha1_base64="SFhE+gfe+f5s6nfnemmByS3lx28="></latexit>

resMJp
<latexit sha1_base64="jIHifBQM80ufTedHKMo+DIgzsfE="></latexit>

res JJp = resMJp ◦ res
J
M

<latexit sha1_base64="MAiaCLA2F/2UPl/HViojbEsv+zo="></latexit>

invJ H1( Jp,N) ⊆ invM H1( Jp,N) = resMJp H
1(M,N) ⊆ res JJp H

1( J,N)
<latexit sha1_base64="L/8ZCgTZHzQP6OhJv3I3TwBDlQw="></latexit>

res JJp : H
1( J,Np) → inv J H1( Jp,Np)
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Proof of Lemma 1  | N ⋊ J is supersoluble | q=p

• In this case,  so  is trivial 

•Then  is exact, where 
, so is  injective 

•To show  is surjective, suppose  is M-invariant  

• In this case, define  by  for  

•again, well-defined as  

•We find that  and clearly  so that again 
 is surjective and thus an isomorphism 

<latexit sha1_base64="XDB9fgKFA/he0lC042G/UlHC2bI="></latexit>Q = Jp
<latexit sha1_base64="Nx8X7Iap+HFBd29Y/f4x56PjJHY="></latexit>

H1( J/Q,NQ
p )

<latexit sha1_base64="j4ArYhPkXe1wNbrhBq4oFTYzkWw="></latexit>

1 → H1( J,Np)
res JJp−−→ H1( Jp,Np) J/Jp

<latexit sha1_base64="oUwvM0UV3eU0xiP1PIXLYlLW+gM="></latexit>

H1( Jp,Np) J/Jp = invJ H1( Jp,Np)
<latexit sha1_base64="welKQmeJ4ROQvFJKqpyckc3RFPk="></latexit>

res JJp
<latexit sha1_base64="welKQmeJ4ROQvFJKqpyckc3RFPk="></latexit>

res JJp
<latexit sha1_base64="vCtR/JUxKZ1T1Q1WtfF5W7f0Lk0="></latexit>

ϕ ∈ Z1( Jp,Np)
<latexit sha1_base64="T2tNOYTeBdisWrybq+Eal+h99cs="></latexit>

ϕ̃ : J → Np
<latexit sha1_base64="0V5qlyLcX4pfesH9xLuUwqSssFk="></latexit>

ϕ̃(qm) = ϕ(q) <latexit sha1_base64="AHM1SooJx0yYTVZ0EMwhu9oqZ6M="></latexit>q ∈ Jp,m ∈ M
<latexit sha1_base64="YzbflrEti4N/mP6SlXsavzNarCM="></latexit> J ∼= Jp !M

<latexit sha1_base64="30N1Lwprt7Ds3fzKrLF19/FjwJE="></latexit>

ϕ̃ ∈ Z1( J,Np)
<latexit sha1_base64="maWebVH1zp6z69oqW3SKK/cBWFg="></latexit>

ϕ̃| Jp ∼ ϕ
<latexit sha1_base64="L/8ZCgTZHzQP6OhJv3I3TwBDlQw="></latexit>

res JJp : H
1( J,Np) → inv J H1( Jp,Np)
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Proof of Lemma 1  |  J is nilpotent

•We’re (still) inducting on | J| 

•We have  where  and  is the Hall p -subgroup 

• In this case,  

•Consider the inflation-restriction exact sequence: 

•As  is trivial,  is injective 

•For J-invariant , define  by  for 
. Then  and  so  is surjective

<latexit sha1_base64="ACFAxpd94/4zPwMgaIIo/GVJcT8="></latexit>

J ∼= Jp × Jp′
<latexit sha1_base64="tFTU+8YlYigFTVzLeQTgXBl/P7I="></latexit>

Jp ∈ Sylp( J)
<latexit sha1_base64="lG/yyt9NhFaNxhXatm1wOXQVOPw="></latexit>

Jp′
<latexit sha1_base64="GvSTnlE7d03LGcLZadesshKYmhg="></latexit>′

<latexit sha1_base64="fJ1Z13RDdXV3IqqKoC+dS0Dptvo="></latexit>

H1( Jp,Np) Jp
′
= invJ H1( Jp,Np)

<latexit sha1_base64="wywesna9ZlQSfaL0MomPlF6MNSY="></latexit>

H1( Jp′,N
Jp
p )

<latexit sha1_base64="jG27712E7KeyzWRp1d6RY5i8KrY="></latexit>

res JJp
<latexit sha1_base64="Jfz4r5yZX8WOBiEdV4S6YHeUZkI="></latexit>

ϕ ∈ Z1( Jp,Np)
<latexit sha1_base64="T2tNOYTeBdisWrybq+Eal+h99cs="></latexit>

ϕ̃ : J → Np
<latexit sha1_base64="gZQvna+udFbqliNhpliItYHSrRk="></latexit>

ϕ̃( jp jp′) = ϕ( jp)
<latexit sha1_base64="3oj1al1XfVRgiWY9stAkctE4XD0="></latexit>

jp ∈ Jp, jp′ ∈ Jp′
<latexit sha1_base64="DoJ9HFd/co0gwjKmV4SPb0rCkWo="></latexit>

ϕ̃ ∈ Z1( J,Np)
<latexit sha1_base64="xSZmyhgR6cfeWKijfvbAM+/Gh+8="></latexit>

ϕ̃| Jp ∼ ϕ
<latexit sha1_base64="jG27712E7KeyzWRp1d6RY5i8KrY="></latexit>

res JJp
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<latexit sha1_base64="3dloCNUu+ksguQXPkRfxTm8Ywhk="></latexit>

1 → H1( Jp′,N
Jp
p ) → H1( J,Np)

res JJp−−→ H1( Jp,Np) Jp
′



Proof of Lemma 1

•Recap: we now have  

•Claim:  is an isomorphism 

•We have the exact sequence: 

where  is trivial 

•As , we can conclude 

• In particular,

<latexit sha1_base64="rCD9SU9AK/FFLlko4FoBk3JmjKY="></latexit>

H1( J,N) ∼= ×p H1( J,Np) ∼= ×p invJ H1( Jp,Np)
<latexit sha1_base64="JWOR9B0VeLa1YrzZ01WrpGKCHAA="></latexit>

incNNp
: invJ H1( Jp,Np) → invJ H1( Jp,N)

<latexit sha1_base64="6El2BFdzJGLsxsPu3Anmi/pHTbw="></latexit>

H1( Jp,N/Np)
<latexit sha1_base64="5XdM70YDu0kkOfz7j7UJIQ8zmAg="></latexit>

invJ H1( Jp,Np) ⊆ invJ H1( Jp,N)
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<latexit sha1_base64="DgQ8uxREpMKJdYWErjFKgPeMT7I="></latexit>

1 → H1( Jp,Np)
incNNp−−−→ H1( Jp,N) → H1( Jp,N/Np)

<latexit sha1_base64="wHz+q8YVQxoIRi1LHvJmqZlIBgw="></latexit>

H1( J,N) ∼= ×p H1( J,Np) ∼= ×p invJ H1( Jp,Np) ∼= ×p invJ H1( Jp,N)



Corollaries

• It follows that: 

and:
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In a finite supersoluble group, two complements of a 
normal nilpotent subgroup are conjugate if and only if they 
are locally conjugate.

[Losey & Stonehewer] Two nilpotent complements of a 
normal nilpotent subgroup in a finite group are conjugate if 
and only if they are locally conjugate.



Proof of corollaries

•Suppose J and J  are locally conjugate complements as described 

•Let  correspond to J  

•By hypothesis,  for each prime p and some  

•As  induces an isomorphism of pointed sets, 

<latexit sha1_base64="GvSTnlE7d03LGcLZadesshKYmhg="></latexit>′

<latexit sha1_base64="weIjEAANpSFgH1hNICcpFAVno+I="></latexit>

ϕ ∈ Z1( J,N)
<latexit sha1_base64="GvSTnlE7d03LGcLZadesshKYmhg="></latexit>′

<latexit sha1_base64="aMD6cteQZjPi1OzxYyMGTzprZt8="></latexit>

ϕ| Jp ∼ 1| Jp
<latexit sha1_base64="CYdVMOr84Dyotrq3TD6VmMwKn5A="></latexit>

Jp ∈ Sylp( J)
<latexit sha1_base64="xeb+3y6trkaXn3pcad6N9Biz6iE="></latexit>

ϕ !→ ×pϕ| Jp
<latexit sha1_base64="LQ6Y7GCe5slaWjdzIJ6Lnxmp97A="></latexit>ϕ ∼ 1
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Remark

•For abelian N, we get a similar decomposition: 

where Np denotes the p-primary component of N and  

•Gaschütz showed that  implies  for all  
• In particular, under D. G. Higman’s hypotheses—when N is abelian 

and for each prime p there is a Sylow p-subgroup S of G such that 
any two complements of  are conjugate within S—then N is 
cohomologically trivial 

• see Brown’s text, ch. VI, prop 8.8

<latexit sha1_base64="nnHIC2aZtSSacLYyXVn9x3J9TOM="></latexit>

Jp ∈ Sylp( J)
<latexit sha1_base64="iuPtbZ+uZYg0zPsgc78STgxzpmQ="></latexit>

H1( Jp,Np) = 1
<latexit sha1_base64="gpS6Gf1zoHZpf66J0pmh9vcp4Zg="></latexit>

H1(K,Np) = 1
<latexit sha1_base64="kZ7hJsqan6RlHphq4xssBDkd0Kg="></latexit>K ≤ Jp

<latexit sha1_base64="rHlYpv74vmp9SZs8WhO4G3qasbM="></latexit>N ∩ S
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<latexit sha1_base64="H2F9sULWEliWhEFI7tryn8f2syo="></latexit>

H1( J,N) ∼= ⊕p H1( J,Np) ∼= ⊕p invJ H1( Jp,Np)



•We will now use Lemma 1 to give an inclusion-based result: 

•Remark: H will supplement N in N ⋊ J

Lemma 2

28

Given a subgroup H of N ⋊ J where N is nilpotent, suppose H 
contains a conjugate of some Sylow p-subgroup of J for 
each prime p. If 

• N is abelian, 

• N ⋊ J is supersoluble, or 

• J is nilpotent, 

then H contains a conjugate of J.



Proof of Lemma 2

•We’re inducting on |G| 

•Claim: without loss, N is a p-group 

•Suppose multiple primes divide N 
• Then  nontrivially for  and  the Hall p -subgroup 

• Induction in  implies  for some  

• Induction in  implies  for some  

•Then  
• If , then  for some . So 

, where  commute and have co-prime orders so that 
 and in particular 

<latexit sha1_base64="2uXRPXnEpYvOo+msCVwaEVAo8aU="></latexit>

N ∼= Np × Np
′ <latexit sha1_base64="YjmivQ0gELc64Oba3tkdvPr9XWQ="></latexit>

Np ∈ Sylp(N)
<latexit sha1_base64="EAuNTWCq+UjpuiZW7cWZf4t95LY="></latexit>

Np
′ <latexit sha1_base64="Fr6vFCByZmq7+GpQYqMktwsLbhU="></latexit>′

<latexit sha1_base64="PL7euWsL90xGnZp5c40NuJYy+yU="></latexit>

G/Np
<latexit sha1_base64="IlR+03x+mWEcEUawn3Mtm4PTknw="></latexit>

J n0 ≤ NpH
<latexit sha1_base64="Wp3U+YOpa3Oit3I0XZMJQK6egXg="></latexit>

n0 ∈ Np
′

<latexit sha1_base64="2OkzOhoiMnBud8EtoD7oiGONz2s="></latexit>

G/Np
′ <latexit sha1_base64="AvuKebQGbufUFrtCEq49w4oTHL0="></latexit>

J n1 ≤ Np
′H

<latexit sha1_base64="36+6z0WBcw24y5RbVsw3QyiAwKU="></latexit>n1 ∈ Np
<latexit sha1_base64="fV7wL75nkwzQsLYYMYw1L8IthQw="></latexit>

J n0n1 ≤ NpH ∩ Np
′H = H

<latexit sha1_base64="MPXu0YPclomwnmHNmPgFp5tIPPw="></latexit>

g ∈ NpH ∩ Np
′H

<latexit sha1_base64="XHNpVBau5fMZIBeWeJH6v0xNA2k="></latexit>

g = n1h1 = n0h0
<latexit sha1_base64="tA36SAZnXrvfVl6EHBTMVflK9Ek="></latexit>

n1 ∈ Np, h0, h1 ∈ H, n0 ∈ Np
′

<latexit sha1_base64="zDBGH0MWKlMVj1s2fSD1w2yYCr0="></latexit>

h1h ‒1
0 = n ‒1

1 n0 ∈ H <latexit sha1_base64="gMG6DB3UWJ62Ej9vaBpfL5Fex0E="></latexit>n0, n1
<latexit sha1_base64="4J0XI4YfE5+SdhSGuEBDQxGYEuM="></latexit>n0, n1 ∈ H <latexit sha1_base64="Z2ncttk5QejIF7rWaa2AZVP/Th8="></latexit> g ∈ H

29



Proof of Lemma 2

•Now, we have N=Np for some prime p 

•Claim:  cannot contain a nontrivial normal subgroup  

•Otherwise, in , induction would allow us to conclude 

• If Np were abelian, then  would itself be normal, as  
• This concludes the abelian case

<latexit sha1_base64="J00Hiy7j0Y2V/+Fh3afCyNkZRtw="></latexit>Np ∩ H
<latexit sha1_base64="EqFTj/QMgCBur5ZpZAlC+o1aoYA="></latexit>A ! G

<latexit sha1_base64="T4AXPVEctEQ/gCgbEICNA92DB9Q="></latexit>

G/(Np ∩ H)
<latexit sha1_base64="J00Hiy7j0Y2V/+Fh3afCyNkZRtw="></latexit>Np ∩ H <latexit sha1_base64="jGaxXmug5kxQF3MFgmrdm40aj8A="></latexit>Np ∩ H ! Np
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Proof of Lemma 2

•Now, we have N=Np for some prime p 

•Switching to a conjugate of H if necessary,  for some  

•We want a proper subgroup  with  
• If G is supersoluble, then Np contains  of order p 

• If J is nilpotent, then Np contains a nontrivial centre   

• In both cases,  is trivial, and Z must be proper for N to be non-abelian 

• In , induction implies  for some  

• Let  denote the isomorphism 

• Then  complements  in H (and Np in G)

<latexit sha1_base64="uNf49BR+NKUc+nXgu6VaiVGRWA8="></latexit> Jp ≤ H
<latexit sha1_base64="nnHIC2aZtSSacLYyXVn9x3J9TOM="></latexit>

Jp ∈ Sylp( J)
<latexit sha1_base64="drzsjUxLMxqVDuRCfOkAw/yElO8="></latexit>1 ! Z ! Np

<latexit sha1_base64="+2zhYg/Jra9lYe3Qpa9ljhKnYYg="></latexit>Z ! G
<latexit sha1_base64="d1tz2Uz0yya34RJYIJzUn+OatlI="></latexit>Z ! G

<latexit sha1_base64="o0l3Z78fURzjMcRxhPVznP3rwkI="></latexit>

Z = Z(Np)

<latexit sha1_base64="f7liSJ/JRFTIds59n9fkxHAoc/w="></latexit>Z ∩ H
<latexit sha1_base64="hdX6ILgAnrKLDJkBlTZ7+iI75DE="></latexit>

G/Z
<latexit sha1_base64="YyVin5bYP46EExf3IcinfawzuqQ="></latexit>

J gZ/Z ≤ ZH/Z <latexit sha1_base64="rQ4zzgVWgDV1Zd3HxPfMTnqKTBo="></latexit>g ∈ G
<latexit sha1_base64="N9k0yO49Wd/bYQQiw+bcCvdK6mQ="></latexit>

ψ : H
∼=→→ ZH/Z

<latexit sha1_base64="p/JB2H8NnjKjsDTvviqnjlKQg+U="></latexit>

K = ψ−1(ZJ g/Z) ≤ H <latexit sha1_base64="5kcGTa3xqOpx9zVb5ho2cBfhgrY="></latexit>Np ∩ H
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Proof of Lemma 2

•Let  correspond to J 

•As ,  for some  

•Then  corresponds to Jp 

•Under the correspondence, , so that: 

•As  is an isomorphism, there exists 
some  such that  

•Thus there exists some complement  to  with  

•Then L and J are locally conjugate as Sylow q-subgroups of L & J are 
Sylow q-subgroups of G for q≠p, and so are conjugate by Lemma 1

<latexit sha1_base64="yqTdmPZxBUVGeHEeszaTfTPUQoE="></latexit>

ϕ ∈ Z1(K,Np)
<latexit sha1_base64="vfD00TY0lI+/7+wPBhphiEnwC1g="></latexit>

Jp ≤ H
<latexit sha1_base64="SRaHVPT8SLJnoQQ4H6DVUOyNKEA="></latexit>

Jp ≤ (Np ∩ H)Kp ∈ Sylp(H)
<latexit sha1_base64="iTyEBi63X/P7ZyBx3T+pPscNpMM="></latexit>

Kp ∈ Sylp(K)
<latexit sha1_base64="Re9NJ+5HmOWOtYXnDVOmyKYhyWg="></latexit>

ϕ|Kp ∈ invK Z1(Kp,Np)

<latexit sha1_base64="S/l5YJFXIfom3eNtR30B5hSDduE="></latexit>

im(ϕ|Kp) ≤ 〈Kp, Jp〉 ≤ H

<latexit sha1_base64="tIEf0phXaqD+jK+NXcBdgM49R/c="></latexit>

resKKp
: H1(K,Np → H) → H1(Kp,Np → H)

<latexit sha1_base64="Bj728TOvQEwU7zKWjYqfi2I8cew="></latexit>

ϕ̃ ∈ H1(K,Np ∩ H)
<latexit sha1_base64="/7S7h2UEeRIpAdyjAJMNYbp5r7I="></latexit>

ϕ̃|Kp ∼ ϕ|Kp

<latexit sha1_base64="t3sE+OOXYlxNQk6l1thmpWUjKlw="></latexit>L ≤ H <latexit sha1_base64="gGNQbP12QV5sJmLh6S+BlkDcLv8="></latexit>Np ∩ H <latexit sha1_base64="MHbCZR2ZjAlb4pXsAY9HXAIwAlA="></latexit> Jp ≤ L
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<latexit sha1_base64="zqiffC/eR4tchf5ob+WtTZQjTJ0="></latexit>

ϕ|Kp ∈ invK Z1(Kp,Np ∩ H)



Remark

•For abelian N, the extension over N need not split in order for this to 
work. I.e.: 

•Proof:  
• Let  and induct on . Clearly, .  

• If  were trivial, then J and H would be locally conjugate complements  

• Otherwise, induction in  allows us to conclude

<latexit sha1_base64="kSwU6y7bBt5t045LACrCk73OUgI="></latexit>G = NH
<latexit sha1_base64="g2DAVVHOnAC14uraP2C6L5tzSzI="></latexit>

|G|
<latexit sha1_base64="dzp65Of4DQGHguN3Gsp4NjNgfCY="></latexit>

|H| ≥ | J|
<latexit sha1_base64="YLMyTPc8mwj7EgMYOG1nCqmnYi0="></latexit>N ∩ H ! G

<latexit sha1_base64="d5Echa82YNZvoAV7UjsBFEJfNe8="></latexit>

G/(N ∩ H)
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Suppose H and J each supplement an abelian group N. If H 
contains a conjugate of some Sylow p-subgroup of J for each 
prime p, then H contains a conjugate of J.



Proof of Theorem

•Hypotheses: 
(1) J acts on nilpotent N via automorphisms and the induced semi-direct product 

N ⋊ J acts on a non-empty set Ω, where the action of N is transitive 

(2) For each prime p, a Sylow p-subgroup of J fixes an element of Ω 

(3) One of the following: N is abelian, N ⋊ J is supersoluble, or J is nilpotent 

•For arbitrary α, let  denote the stabliser subgroup.  

•By (2) and the transitivity assumption from (1), Gα contains a conjugate 
of some Sylow p-subgroup of J for each prime p.  

•By (3) and Lemma 2, we have  for some .  

•Conclusion: J fixes 

<latexit sha1_base64="VUfqg9sVPCQINidsx2tAxyIW9iQ="></latexit>Gα ≤ G

<latexit sha1_base64="WtmKvv673xyqipQk0PDQ62Xeifw="></latexit> J g ≤ Gα
<latexit sha1_base64="K8bhleDrsFEBXJW4n+8coIXg3tA="></latexit>g ∈ G

<latexit sha1_base64="RK51alE/xCBkvpDI3Thbs9aA8Ps="></latexit>g · α ∈ Ω
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Remark

•Losey and Stonehewer’s original paper includes a sequence of 
arguments (some of which we’ve now seen) to improve our corollary 
from Lemma 1: 

•Proof: suppose H & J supplement N 
• H & J must be core-free; i.e. there cannot exist  with  or  

• without loss, N is p-group and we may let  

• without loss, , otherwise we could induct in  
•  so ; analogously,  so that ; 

but H & J are core free so we must have 

<latexit sha1_base64="ie7lkyv+1aHC88GufCT0zX9nJBM="></latexit>A ! G <latexit sha1_base64="xUgbpUwo/JRPz79i/arihJwcEBw="></latexit>A ≤ H <latexit sha1_base64="8MKdOjwLI8/8sfixb6jBb1+twXw="></latexit>A ≤ J
<latexit sha1_base64="/BlMhxMMUeJmrm6ItTL90S4Z96Y="></latexit>

P ∈ Sylp(H) ∩ Sylp( J)
<latexit sha1_base64="wj5vBtAm/s8sBNX9iGOtMl+nTu4="></latexit>

G = 〈H, J〉
<latexit sha1_base64="Cx8b3S+s5B2/JYxpHozTe0LwoKI="></latexit>

〈H, J〉
<latexit sha1_base64="mvP7ABncPk3DrNl6dbQZCRcH0f8="></latexit>N ∩ H ≤ P <latexit sha1_base64="2xsRCfu49P40wXy9SU0zSzuP3A8="></latexit>N ∩ P = N ∩ H ! H <latexit sha1_base64="r9xDju5FuzG1EJQ9bvWXvxEO4Ck="></latexit>N ∩ P = N ∩ J ! J <latexit sha1_base64="Ju6LkZRBy/d7JRmnZ2BgfByuhRY="></latexit>N ∩ P ! G

<latexit sha1_base64="zYTp5bRwJxP8glyDMVYacS8PBfU="></latexit>N ∩ P = N ∩ H = N ∩ J = 1
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In a supersoluble group, two locally conjugate supplements 
of a normal nilpotent subgroup are conjugate.



Potential extensions

• In 1995, Shin extended Losey and Stonehewer’s results to profinite 
groups
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In a profinite group G, suppose U and V are closed, locally 
conjugate supplements of a normal nilpotent closed 
subgroup N. If: 

• N is abelian, 

• G/N , or is nilpotent, or 

• J is the Sylow p-subgroups of G have class at most 2 for 
every prime p, 

then U and V are conjugate.



Thanks for joining today!
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