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Symmetry in mixed quantum states can manifest in two distinct forms: strong symmetry, where each
individual pure state in the quantum ensemble is symmetric with the same charge, and weak symmetry,
which applies only to the entire ensemble. This paper explores a novel type of spontaneous symmetry
breaking (SSB) where a strong symmetry is broken to a weak one. While the SSB of a weak symmetry
is measured by the long-ranged two-point correlation function, the strong-to-weak SSB (SWSSB) is mea-
sured by the fidelity correlator. We prove that SWSSB is a universal property of mixed-state quantum
phases, in the sense that the phenomenon of SWSSB is robust against symmetric low-depth local quantum
channels. We also show that the symmetry breaking is “spontaneous” in the sense that the effect of a local
symmetry-breaking measurement cannot be recovered locally. We argue that a thermal state at a nonzero
temperature in the canonical ensemble (with fixed symmetry charge) should have spontaneously broken
strong symmetry. Additionally, we study nonthermal scenarios where decoherence induces SWSSB, lead-
ing to phase transitions described by classical statistical models with bond randomness. In particular, the
SWSSB transition of a decohered Ising model can be viewed as the “ungauged” version of the celebrated
toric-code decodability transition. We confirm that, in the decohered Ising model, the SWSSB transition
defined by the fidelity correlator is the only physical transition in terms of channel recoverability. We also
comment on other (inequivalent) definitions of SWSSB, through correlation functions with higher Rényi

indices.
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I. INTRODUCTION

The notion of spontaneous symmetry breaking (SSB)
is a cornerstone of modern physics [1,2]. SSB in
quantum physics has been well understood for pure
states—typically the ground states of some many-body
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Hamiltonians—and for Gibbs thermal states p = e #1/Z.
Surprisingly, recent advances in understanding phases of
matter in mixed quantum states have revealed a novel
type of SSB dubbed strong-to-weak SSB (SWSSB) [3,4].
This work aims to establish some key universal aspects of
SWSSB and associated phase transitions.

In quantum mechanics, symmetry acts on pure states
via multiplication by the corresponding unitary (or antiuni-
tary) U and acts on operators via conjugation. For an open
quantum system described by a density operator p, how-
ever, depending on the coupling to the environment there
are two ways that symmetry can act [5—8]. One can have a
strong symmetry (also called exact symmetry), defined as

Up = €"p, (1)

which means that, when p is viewed as an ensemble, every
member state carries the same charge under the symmetry.

Published by the American Physical Society
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FIG. 1. Main scenario considered in this work: a mixed-state
system p with strong symmetry Up o p, such as one interacting
with a (thermal) environment without exchanging charge, that
spontaneously breaks the strong symmetry but not the weak sym-
metry. When this occurs, we call it a strong-to-weak SSB state,
detected via a long-range correlator Fp(x,y) ~ O(1). If the weak
symmetry is further broken down, then the system exhibits the
usual SSB, (O(x)0'(»)), ~ O(1).

Alternatively, the symmetry can be just weak (or average),
and not strong, defined as
Up # €', UpU' =p, ©))
which can happen in an ensemble whose member states
have well-defined but different symmetry charges. Phys-
ically, strong symmetry arises when the system does not
exchange charges with the environment, as illustrated
in Fig. 1. These concepts are deeply rooted in equi-
librium statistical mechanics: canonical ensembles have
“strong” particle-number conservation symmetry, while
grand canonical ensembles are only weakly symmetric.
Given these two ways that symmetries can be realized
in a mixed state, there is a need to revisit the notion
of spontaneous symmetry breaking, which serves as a
fundamental organizing principle in quantum many-body
physics. In order to clarify the matter, consider a many-
body state p with global symmetry G, and a charged local
operator O(x). Conventional SSB can be defined through
the long-range order Tr[O(x)O'(y)p] — const # 0 when
|x — y| — oo. In this case, regardless of whether the sym-
metry action g is strong or weak, it is spontaneously broken
to nothing. Now given the necessity to distinguish strong
and weak symmetries, there is a distinct possibility that a
strong symmetry can be spontaneously broken into a weak
one. This phenomenon of strong-to-weak SSB (SWSSB)
is only possible for mixed states. The relation between the
two notions of SSB is illustrated in Fig. 1. In Sec. II we
carefully define the notion of SWSSB and study its key
properties. Our central result, dubbed the stability theorem

(Theorems 1 and 2), establishes SWSSB as a universal
property of mixed-state quantum phases that is robust
against low-depth symmetric local quantum channels.

While it might sound unfamiliar, recall for spin glass
order in disordered systems, the ensemble-averaged order
parameter vanishes (O(x)) = 0, but each individual state
in the disordered ensemble has symmetry-breaking order,
reflected in the Edward-Anderson [9] order parameter
[{O(x))| # 0. In our language, this means that the global
symmetry [under which O(x) is charged] is broken as an
exact (strong) symmetry, but is preserved as an average
(weak) symmetry. We will explain in Sec. I A that our
SWSSB is, in a precise sense, a mixed-state generalization
of the Edward-Anderson type of spin glass order.

Another familiar example comes from equilibrium
quantum statistical mechanics: the fact that canonical and
grand canonical ensembles are completely equivalent in
the thermodynamic limit in fact is nothing but SWSSB
(we will explain this point in Sec. III A). Therefore, to
some extent, SWSSB should be viewed as a fundamental
property of thermal states with strong symmetry.

Recently, nonthermal mixed states have received much
attention thanks to the rapid progress in engineering and
controlling complex many-body states in quantum devices,
motivating many investigations into quantum phases in
mixed states [3,10-31]. While the full landscape of mixed-
state phases is still largely uncharted, novel topological
states protected by both strong and weak symmetries have
been identified, including examples that have no coun-
terpart in pure states. Given the central role SSB has
played in the theory of the ground state (or equilibrium)
phases, understanding SWSSB is clearly a foundational
issue for mixed-state quantum phases. For example, to
define mixed-state symmetry-protected topological phases
[4,32—40], it is necessary to impose the absence of any
symmetry breaking, including the SWSSB [3,4,37].

The simplest setting of SWSSB in a nonthermal state
is to start from a symmetric pure state and introduce local
symmetric decoherence. In Secs. III B and III C we study
two such examples, one with Ising Z, symmetry, the other
with U(1). In both cases, we find phase transitions into
SWSSB at some finite decoherence strength p., with the
universality classes described by some classical statistical
mechanical models with bond randomness. In particular,
the celebrated decodability transition of Z; toric code can
be viewed as the “gauged” version (through Kramers-
Wannier duality) of the Ising SWSSB transition. For the
decohered Ising model, we also show (Sec. IV) that the
only physical transition is the one involving SWSSB. In
particular, using the recently proposed local Petz recovery
channel [16], we show that two states in the same phase
(both with or without SWSSB) are two-way connected
through symmetric low-depth local quantum channels.

The rest of this paper is organized as follows. In Sec. I,
we propose formal definitions of SWSSB and establish a
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few basic universal properties. In particular, we prove that
SWSSB, as in Definition 1, is robust under low-depth local
channels, and thus can be used as a universal character-
ization of mixed-state quantum phases. In Sec. [II A we
discuss SWSSB for thermal states in the canonical ensem-
ble at nonzero temperatures. We then explore a number of
examples of SWSSB transitions in decohered and noisy
many-body states in Secs. III B and III C. In Sec. IV, we
discuss the recoverability of the decohered Ising model.
We show that as long as two states belong to the same
phase (both with or without the SWSSB order), they are
two-way connected through log-depth symmetric local
quantum channels. We end with a summary and outlook
in Sec. V. Some peripheral details are presented in the
appendices.

II. DEFINITION AND PROPERTIES

In this section, we give two inequivalent definitions
of SWSSB order parameters: the fidelity correlator and
Rényi-2 correlator of local operators carrying strong sym-
metry charge. Then we discuss some characteristic prop-
erties of SWSSB mixed state. We will see that, while the
Rényi-2 correlator is in general simpler to calculate, the
fidelity correlator offers a more fundamental characteriza-
tion of the universal properties of SWSSB.

A. Fidelity correlator and stability theorem

Recall that the fidelity [41] between two states p and o

is defined as
F(p,0) = Tr\/ /5o \/p. (3)
When both p and o are pure states, F(p, o) becomes the
modulus of their overlap. Fidelity is a commonly used
measure of distance between mixed states. Motivated by

fidelity, we define the fidelity average of an operator O in
a mixed state p as follows:

(O)r = F(p,0p0"). (4)

Again, if p = [{) (Y], then (O)r = |{¥|0[y}|, the modu-
lus of the expectation value. But for a generic mixed state,
the fidelity average is very different from the usual expec-
tation value defined as (O) = Tr[pO]. If O is unitary, then
the above expression is the actual fidelity between two dif-
ferent density matrices p and o := OpO'. If O is charged
under a strong symmetry of p, then (O)r = 0. blackNotice

that
(O)r = Tr\/ /00O /b = /0001
> | Tr/pOy/p| = [{O)], (5)

which implies that if (O) #0, then we must have
(O)F > 0.

For a local operator O(x), define the fidelity correlator
as the fidelity average of O(x)O' (y), or more explicitly,

Fo(x,y) = (0x)0T () f . (6)

Definition 1. A mixed state p with a strong symmetry G
has SWSSB if the fidelity correlator is long-range ordered:

lim Fo(x,y) =c >0, @)

[x—y|—00

for some charged local operator O(x), and at the same
time there is no long-range order in the usual sense, i.e.
for any charged local operator O', (O’ (x)O(y)), — 0 as
lx —y| — oo.

Hereinafter, we will denote limj,_,| o Fo(x,y) = ¢ >
0 by Fo(x,y) ~ O(1), and similarly to other correlators.

The simplest case of a charged local operator O(x)
is when it transforms under the symmetry group G as
g0(x)g~! = 1,0(x), for some A, € U(1). If O,(x) is part
of a higher-dimensional unitary representation of G, such
as the spin operators S of SO(3), then we can replace
O(x)O'(y) by the quadratic symmetry-invariant operator
¥, 0u0)0L().

We now discuss the simplest example in an Ising spin
system. The prototypical state with SWSSBis pg o 1 + X
with a strong Z, symmetry generated by X = [[, X;. po is
analogous to the GHZ cat state [00---) + |11---) of the
usual Z, SSB. In particular, if we write py in the Z basis, it
is a convex sum of cat states:

po o Y (Is) + X Is) (s] + (s1X), ®)

where s € {0, 1}" labels the bit string of spins in the Z basis
with NV being the total number of spins. It is easy to see that
the fidelity correlator Fz(x, y) for the order parameter Z(x)
is exactly equal to 1, independent of x and y.

More generally, let us assume p is a mixture of
orthogonal pure states: p =) p,|¥.)(¥.l, such that
(ValOx)OT () |¥p) o 845. Then we can write the fidelity
correlator as

Y pa| (Yl OO M IYa)| = [(OX)OT()].  (9)

This is nothing but the Edward-Anderson correlator
used for spin glass order if p is an ensemble of SSB
states. Recall that in a disordered ensemble, the Edward-
Anderson order parameter measures exactly the sponta-
neous breaking of an exact symmetry down to an average
symmetry. From this expression we can also see that
SWSSB is only applicable to mixed states since the fidelity
correlator of pure states is just the (absolute value of) linear
correlator, which we assume is not long-range ordered. We

010344-3



LEONARDO A. LESSA et al.

PRX QUANTUM 6, 010344 (2025)

TABLE 1. The behavior of SSB diagnostics in a mixed state
with a strong symmetry. The operator O is chosen as a generic
local operator transformed in a nontrivial representation of the
strong symmetry. 0 denotes exponential decay with respect to
the distance |x — y|.

Symmetry Fo(x,y) Tr(pOx) 0" (y))
Unbroken 0 0
SWSSB o) 0
Completely broken o(l) o(l)

summarize the key patterns of different mixed-state SSB in
Table 1.

We now study the robustness of SWSSB as we deform
our states using low-depth quantum channels. We shall
start by defining such channels.

Definition 2. A quantum channel £ is termed a symmet-
ric low-depth channel if it can be purified to a symmetric
local unitary operator U acting on ‘H ® H*“, where H and
‘H“ are the physical and ancilla Hilbert spaces, respec-
tively. The channel operation £ (p) is given by Tr,[U'(p ®
|0)(0])U], where |0) represents a product state in H<.
Specifically, as follows:

(1) H* = ®/H{ is a tensor product of local Hilbert
spaces on each site of H. dim(HY) is finite for each
site.

(2) The unitary circuit U has low depth D. In particu-
lar, the channel is called finite depth if D ~ O(1),
and logarithmic depth if D ~ PolyLog(L), where L
represents the linear size of the system.

(3) The channel is strongly symmetric under the sym-
metry g if each gate of the purified unitary U
commutes with g = g ® /¢, where /¢ is the identity
operator on the ancilla space.

The following stability theorems establishes SWSSB
as a universal property of mixed-state quantum phases.

Theorem 1. If a mixed state p has SWSSB [Eq. (7)]
and Espp is a strongly symmetric finite-depth (SFD) local
quantum channel, then Espp[p] will also have SWSSB.

Proof. Recall Uhlmann’s theorem [42] that fidelity can
be defined in terms of purification as

F(p,0) = e [(Yoldo)l,

(10)
where |¥,), |¢,) Tun over all possible purifications of p, o,
respectively, and the maximum is taken with respect to
all possible purifications. The form of o = 0pO' [0 =
O(x)0'(y), O(x) and O(y) are charged operators] means

that the fidelity can be rewritten as

F(p,0) = Joax [(¥5|0ldp). (1D

[Vl

Now we suppose F(p,o) ~ O(1) for the mixed state p,
and consider an SFD channel £, which can be purified to a
symmetric finite-depth local unitary operator U acting on
the physical system tensor a trivial product state |0) (0|, in
an ancilla Hilbert space H“. Gathering everything together,
we have

O() ~ |(¥,10lp,)| = (W] ® (01)O(I¢,) ® [0)4)]
= |({(¢,| ® (0l,)UTUOU'U(I¢,,) ® 10),)]
= (el O'lberon) |, (12)

where O’ = UOU' = O'(x)O'f (), and by the SFD nature
of U, O'(x),0'(y) are local and carry the same symmetry
charge as O(x), O(y). But O' will now act in the ancilla
space as well. Decompose O’ = ) . O; ® Of where O; acts
only in the physical Hilbert space and Of acts only in
the ancilla Hilbert space H“. Crucially, the SFD nature
of U means there are only finitely many terms in the
decomposition. So there must be at least one i such that

O(1) ~ [(Yerp)|0: ® Of [derp)]
<071 - el Oi @ Ualpeio)]

<100 max |G |0ei)
= 1071 - F (€101, 0E1010] ), (13)

where U, is some unitary acting only in the ancilla Hilbert
space H?, and [|O¢| is the operator norm of Of, which
is crucially finite. The third line comes from the fact that
Uslderp)) is just another purification of £[p]. So we con-
clude that the fidelity correlator for O; on the state £[p]
is O(1). By the strong symmetry condition, O; carries the
same charge as O. So £[p] also has SWSSB. |

Theorem 1 can be extended to more general low-depth
channels.

Theorem 2. 1If a mixed state p has SWSSB [Eq. (7)]
with Fo(x,y) ~ O(1) for some charged operators O(x),
O(y), and Espp is a strongly symmetric depth-D local
quantum channel, then Espp[p] will have Fy(x,y) ~
exp(—Poly(D)) for some charged local operators @(x),
O(y). In particular, for D ~ PolyLog(L), F. » decays subex-
ponentially with system size L.

Proof. We follow the same steps as the proof of
Theorem 1 till Eq. (12). Now the evolved operator O’ =
UOU' acts nontrivially on two regions X, Y (around the
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points x,y) with size |X|, |Y| ~ D? where d is the spatial
dimension. We can now decompose the operator O’ as

0 =Y cy0;® 0, (14)

1

where {O; = Oi(x)OlT(y)} and {Of = Of(x)(O?)T(y)} are
orthogonal families with respect to the Hilbert-Schmidt
inner product. We can further choose {Of} to be uni-
tary, and {O;} to have the normalization trH(OjOj) =
8;j try(O70). Recall that O’ = UOU" has the same Hilbert-
Schmidt norm as O ® I, so the above normalization
requires that Y, [ci|*> = 1. We can now proceed with a
refined version of Eq. (13):

O() ~ > c(Yer)|Or ® Oferon)

ik

= 3 lewfll - F (€001, 0L010))
ik

< (Z |Cik|) max 7 (5[p],0i5[p]0§)- (15)

ik

Finally, since )", |c;|> =1, the expression ) |c;|
is upper bounded by the square root of the number
of terms in the summation, which is approximately
exp(Poly(|X |, |Y])) ~ exp(Poly(D)). We therefore con-
clude that for some operator O; = O acting on the system
Hilbert space H, we have

F (€10}, 0€1p10") = exp(~Poly®D).  (16)

We note that the stability theorems are only concerned
with the fidelity correlator, and are not sensitive to the
ordinary linear correlator. In fact, the linear correlator
in ordinary SSB need not be stable against symmetric
finite-depth channels. As a simple example, consider a
one-dimensional GHZ state | 11 ... 1)+ | 4{ ... }),and
perform strong measurements for all the X; operators. The
resulting state is 1 + X : the strong-to-trivial SSB (mea-
sured by ordinary correlator) is eliminated by the strong
measurements, but the strong-to-weak SSB survives.

The stability theorem implies that a mixed state p with
SWSSB cannot be brought to a symmetric pure product
state [00---), using a symmetric low-depth channel &,
since the latter has Fp(x,y) = 0 for any charged operator
0. We can make the statement slightly stronger: the state p
is not only nontrivializable but also noninvertible. First let
us define the notion of invertible states.

Definition 3. A mixed state on the physical Hilbert
space p € ‘H is symmetrically invertible if there exists

an ancillary mixed state p € H (with the symmetry ele-
ment g acting as Uy ® Uy), and a pair of symmetric

lgw-depth local channels £7,&p : Q(H ® 7:() - O(H®
‘H) such that

p®p 51003001 B pep,  (17)

where [00---) e HQH is a symmetric pure product
state.

The above definition naturally generalizes the important
notion of invertibility in pure states. It has been shown
that the notion of invertibility is also important for dis-
cussing topological phases in mixed states, in the sense
that (1) symmetry-protected (SPT) topological phases in
mixed states are well defined only for (bulk) invertible
states [4]; and (2) systems with anomalous symmetry (such
as those on the boundaries of nontrivial SPT states) cannot
be symmetrically invertible [21].

The stability theorems immediately imply that density
matrices with SWSSB are not symmetrically invertible:

Corollary 1. A density matrix p € H with SWSSB is
not symmetrically invertible.

Proof. Suppose the (partial) contrary: 3p and a strongly
symmetric low-depth quantum channel £, such that

Elp ® 3] =100---)(00--- . (18)

Since the pure product state has Fp(x,y) = 0 for any local
charged operator O, the stability theorem requires p ® o
to also have Fp(x,y) = 0 for |[x — y| much larger than the
channel depth D (or exponentially small in |x — y| if the
gates in the channel have exponential tails). In particular,
for any local charged operator O; = OS(x)O;r (y) that only
acts on the original system H,

F(p,0,p0}) = F(p ® p,0p ® pO}) — 0,  (19)
which means the original state p cannot have SWSSB. W

We now comment on some alternative definitions of
SWSSB. We note that physically the fidelity defined
in Eq. (7) measures how distinguishable p and o are,
where 0 = O(x)O0'(»)pO(3)O'(x). In fact, many other
information-theoretic quantities measure the similarity of
two mixed states. For example, consider the quantum
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relative entropy that is defined as

S(pllo) = Tr(plogp — plogo). (20)
The trace distance is defined as
1
D(p,0)=zllp—0’|l1- (21)

Analogous to Eq. (7), one can define SWSSB based on
these measures: a state p has SWSSB when the similar-
ity between p and o is nonvanishing and does not depend
on |x — y| at large distances. For example, SWSSB in the
sense of quantum relative entropy means S(p|lo) is upper
bounded as |x — y| — oo.

All these distinguishability measures (fidelity, quantum
relative entropy, and trace distance among others) share
several properties that make them proper notions of dis-
tance between quantum states [43]. Most importantly for
our purpose, they satisfy the property known as “data-
processing inequality.” It says that the distance between
two states is monotonic under quantum channels, such that
the two states become less distinguishable. Specifically, for
two states p and o and a quantum channel £, we have

F(p,0) = F (&[pl,€lo]) . (22)
Similar inequalities hold for quantum relative entropy
and trace distance. This property directly gives a stability
theorem when the order parameter operator O commutes
with the quantum channel.

A natural question arises regarding the relationship
between SWSSBs defined in terms of the distinguishability
measures stated above. Based on the Fuchs-van de Graaf
inequality [43]:

1 —F(p,0) < D(p,0) =+/1=F*(p,0),

the fidelity and trace-distance definitions of SWSSB are
entirely equivalent.

Next, we show that if a state p has SWSSB defined
in terms of quantum relative entropy, it must also have
SWSSB defined by fidelity. To this end and for later
use, we introduce the sandwiched Rényi relative entropy,
defined as

(23)

~ 1—« 1—o
Dy(pllo) = log, Tr[(o 2 po 2 )*].

po— 24)

This assertion that SWSSB defined by quantum relative
entropy implies SWSSB defined by fidelity relies on three
properties of D,, [44]:

(1) Da(plla) converges to the fidelity correlator in
Eq. (7) fora — %: D%(,o||a) = —2log, F(p,0).

(2) Dy (pllo) converges to the quantum relative entropy
S(pllo) fora — 1. _
(3) For0 <a < B < 1,Dy(pllo) < Dg(pllo).

As a result, we have F(p,0) > e BSllo) - A SWSSB
defined in terms of quantum relative entropy thus implies
that the fidelity correlator has an O(1) expectation at large
|x — y|. In fact, as a good distinguishability measure (with
data-processing inequality), the sandwiched Rényi relative
entropy can also be used to define SWSSB.

We conjecture that all the above definitions are equiva-
lent and will provide supporting evidence in Sec. III.

B. Rényi-2 correlator

The similarity measures of two mixed states are not
limited to the above information-theoretic quantities. In
this subsection, we introduce an alternative definition of
SWSSB that is not equivalent to the definitions in Sec. IT A.

A useful way to study the mixed quantum state is utiliz-
ing the Choi-Jamiotkowski isomorphism. It maps a density
matrix p to a pure state |p) in the doubled Hilbert space.
More explicitly, the Choi-Jamiotkowski isomorphism of
a density matrix p = Y A; |y )(y;] is the following Choi
state in the doubled Hilbert space H,; = H,, ® H:

1 *
m“fﬁﬁﬁ;”MmW” (25)

where both upper Hilbert space H,, and lower Hilbert space
‘H, are copies of the physical Hilbert space H. The opera-
toro = O(x)0'(y)pO(»)O" (x) is mapped to the following
state in the doubled Hilbert space:

o) = 0u(x)0}(1)0,() O] ()| p), (20)

where O, and O; are charged operators defined in the upper
and lower Hilbert spaces, respectively. The strong sym-
metry G is mapped to a double symmetry G, x Gj, where
0, /O, only carries charge of G,/ G;.

The natural similarity measure of p and ¢ in the doubled
Hilbert space H, is simply the overlap between |p) and |o')
(with a normalization), namely

(plo) _ (pl0)0L(1NOI)O; (X))
(plp) (plp) '

27)

This correlator precisely measures the SSB in doubled
Hilbert space that breaks the double symmetry G, x G; to
its diagonal subgroup symmetry [3].

Mapping the correlator, Eq. (27), back to the physical
Hilbert space, we obtain the following Rényi-2 correlation
function of the charged operator O(x), namely

010344-6



STRONG-TO-WEAK SPONTANEOUS SYMMETRY BREAKING...

PRX QUANTUM 6, 010344 (2025)

Tr (0() 01 (1) p0() 0 () )

RP(x,y) = Trp?

. (28)

In particular, the doubled symmetry G, x G and its diag-
onal subgroup symmetry in the doubled Hilbert space are
mapped to the strong and weak symmetry in the physical
Hilbert space, respectively.

Notice that for the kind of “spin-glass” ensemble dis-
cussed in Sec. Il A, the Rényi-2 correlator becomes

Y P2 (WalZeZy 1Y)
> P2 '

Gathering everything together, we formulate an alternative
definition of SWSSB:

R (x,y) ~

(29)

Definition 4. A mixed state p with strong symmetry G
has strong-to-weak SSB in the sense of Rényi-2 correla-
tor if the Rényi-2 correlator of some charged local operator
O(x) is nonvanishing:

Tr (0x) 0" (»)pO()O' (x)p)

lim
Trp?

[x—y|—>00

~O0), (30

while the conventional correlation function shows no long-
range order:

lim Tr(pOx)O'(»)) = 0. (31)

[x—y|—00

For the simplest example py o« 1 + X with a strong Z,
symmetry, it is easy to see that the Rényi-2 correlator of the
order parameter Z is exactly 1, independent of the distance
between x and y.

We now demonstrate that two definitions of SWSSB
through fidelity correlator (7) and Rényi-2 correlator (30)
are inequivalent through a simple example. We consider
the following state in an Ising spin chain:

1 1
p=ltt )t @+, G2
which is a convex sum of an ideal SWSSB state 1 4+ X and
a symmetric pure product state | + 4+ ---). For the order
parameter Z, we have

o =ZWZW)PpZ®Z()

1
= SZWZE)4+- ) (- 1Z0Z0)

1

t o

1+ X). (33)
It is then straightforward to check that Fp(x,y) — O(1)
while R® (x,y) — 0, namely the state p has SWSSB in the
fidelity sense, but not in the Rényi-2 sense. The opposite

situation, in which Fo(x,y) — 0 but R? (x,y) — O(1) >
0, can also happen, as shown in Appendix A. Another
example illustrating the inequivalence between the fidelity
correlator and the Rényi-2 correlator will be provided
in Sec. IIl, where these two correlators are mapped to
observables in distinct statistical models.

The major weakness of the Rényi-2 correlator definition,
compared to the one based on fidelity, is the lack of a sta-
bility theorem (such as Theorems 1 and 2). In fact, we
will discuss an explicit example in Sec. IV where the bro-
ken symmetry in the Rényi-2 sense is restored using a
low-depth symmetric channel.

Although a stability theorem does not exist for Rényi-2
SWSSB, we can prove that the SWSSB defined through
the Rényi-2 correlator Eq. (30) shares the same property
of noninvertibility with the SWSSB defined through the
fidelity Eq. (7).

Theorem 3. A mixed state p with SWSSB in the Rényi-
2 correlator sense Eq. (30) is not symmetrically invertible.

Proof. Suppose the (partial) contrary: 3p € H and a
strongly symmetric local quantum channel &£, such that

Elp® 5] =10)(0] e H® H. (34)

We purify the channel £ with an ancilla Hilbert space H*
to a low-depth unitary U, namely

U(p®p®10)(0l) U =10)(0| ® ps,  (35)

where p, is a density matrix in H“. Then the Rényi-2
correlator in the state £(p ® p) is given by

tr[0,0](10)(0] © )0, 07 (10)(0] © po)]
tr(p2)

. (0

where O, = UO(x)U" and O, = UO(y)U". Recall that a
unitary does not change the purity of a density matrix. Now
because £ is strongly symmetric (and so is the purification
U), O carries the same charge of strong symmetry as O.
Expand O as the following form:

0, =Y 0ix) ® 0! (x), 37)

where of (x) acts only on the ancilla H“ and o;(x) acts on
H® 7'~(, and the charge of strong symmetry is carried by
o; only. Then the numerator of Eq. (36) is a sum of terms
involving the factor (00 - - - IOj(x)oj 0)]00---) ~ g~ kI/E
(or strictly zero if the gates do not have exponential tails).
Therefore, we conclude that the Rényi-2 correlator has to
be exponentially small for invertible states. In particular,
the original p cannot have SWSSB in the Rényi-2 sense.

|
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In particular, the above theorem implies that under a
symmetric shallow channel, even though the Rényi-2 long-
range order may be destroyed, the state cannot be brought
to a completely trivial state (a symmetric pure product
state}—namely some kind of nontrivial order (for exam-
ple, SWSSB in the fidelity sense) should persist. Again this
will be demonstrated by the explicit example in Secs. III
and I'V.

To summarize, the overall lessons are the following:

(1) The Rényi-2 correlator, as a characterization of
SWSSB, is not as universal as the fidelity correla-
tor. In particular, Stability Theorems 1, 2 do not hold
for the Rényi-2 correlator, as will be exemplified in
Sec. III B.

(2) Nevertheless, having a nonvanishing Rényi-2 corre-
lator still indicates the nontriviality of a state, due
to the noninvertibility Theorem 3. The Rényi-2 cor-
relator remains valuable for this reason, especially
given that the Rényi-2 correlator is in general much
simpler to calculate than the fidelity correlator.

(3) Experimentally measuring the fidelity correlator is
extremely hard in the sense that it generally calls
for the full quantum state tomography (QST) of
the density matrix, whose complexity is exponen-
tial with respect to the system size. Therefore,
the other significance of introducing the Rényi-
2 correlator is the experimental accessibility: the
Rényi-2 correlator can be experimentally measured
without performing QST. Recently, the proposed
classical shadow tomography [45—49] significantly
reduces the experimental complexity of measuring
nonlinear quantum information-theoretic quantities,
especially in open quantum systems. In particular,
as indicated in Eq. (30), both the numerator and
denominator of the Rényi-2 correlator are polyno-
mials of the density matrix p, which emphasizes that
both can be efficiently measured by classical shadow
tomography.

C. Local indistinguishability and detectability

Recall that pure-state SSB can also be characterized
through degenerate states that are locally indistinguishable.

J

F (p.MeoM]) = F (5, Mi5M] )

For concreteness, consider the following two orthogonal
Z, SSB states, with different symmetry charges:

1
V2

For any k-point (k-finite) observable in a simply connected
region

Vi) = —= (1 - D[l I). (38)

My =M@)M(x2) - - - M(xp), (39)
the two states give identical expectation values:

(UMl -) = (Yo My s). (40)

In other words, |y1) are locally indistinguishable. Fur-
thermore, if we make a superposition, for example,
¥) = () + 1Y) = 111 -+-), then |y) explicitly
breaks the symmetry, in a way that is locally detectable:
(WIZE) = 1.

Below we demonstrate that a similar notion of local
indistinguishability exists for mixed states with SWSSB.

For a density matrix p with SWSSB, we construct a new
state

1
p=1770_0@p0" @), (41)

here we suppose O(x) is a unitary charged operator to
ensure that p is a legitimate density matrix, for simplic-
ity. The presence of strong symmetry implies that p and p
are orthogonal in the fidelity sense: F'(p, p) = 0 because
they carry different symmetry charges.

For any k-point observable [Eq. (39)], we have the
following simple relations:

1
M (5 — p)] = 74Tr [Mk 3" (00t () — p)}

1
= 3 2 Tr (M. 0@)1p0" ()

= O(k/LY), (42)

and

A1
= F (p.MipM) = o5 3 F (0.pOL My 00000} )

1
= F (p.MipM]) = 73 3 F (0:p0L (1M1, 0] + 0:My) p (M0} + | 01,04} ]))

Ld

1 k
= 23 D F (p.MipM]) = F (0:p0L. (M0 0,1 + 0y p (M]0] + [ O[]} ) ~ 0 (—) L @)

xek
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where x € k means that the site x locates inside the sup-
port of M. The inequalities above came from the joint
concavity of fidelity:

F <Zpi,0t, Zpi0i> > ZpiF(pi:Ui)~ (44)

We conclude that any finite-point observable cannot distin-
guish p from p. To distinguish the two states, the observ-
able M needs to act nontrivially on the entire system—the
simplest such observable is the symmetry operator g.
Notice that the conclusion of local indistinguishabil-
ity does not even need the SWSSB. What does need the
SWSSB property is the local detectability of the symmetry
breaking. Then we consider the convex sum of p and p,

p+p
pr=" (45)

The state explicitly breaks the strong symmetry down to a
weak symmetry.

The symmetry breaking does become locally detectable
using the fidelity average of a local charged operator if the
original state p has SWSSB:

F (p1,0"(»)p+0())
1 .
> 5 2 F (0,00 ()p0() 0" ) ~ O(),
| (46)

where the inequality is ensured by the joint concavity of the
fidelity (44). It is straightforward to show that the above
result on local detectability of explicit strong symmetry
breaking for o, is also valid in the Rényi-2 sense.

III. EXAMPLES

We discuss a few examples in this section. First in
Sec. III A we conjecture, with explicit calculations in
simple cases and plausibility arguments in general, that
a thermal state within a fixed charge sector must have
spontaneously broken strong symmetry, for any nonzero
temperature. We then discuss two nonthermal examples
of SWSSB states in (2 4+ 1)d and associated phase transi-
tions: the (2 4+ 1)d quantum Ising model under symmetric
noise in Sec. III B, and a similar model with rotor degrees
of freedom and U(1) symmetry in Sec. III C.

A. SWSSB in thermal states

A standard fact in statistical mechanics is the local
equivalence between canonical and grand canonical
ensembles. From the open-system perspective, canoni-
cal ensembles by definition have strong symmetry, while
grand canonical ensembles only have weak symmetry. The

local equivalence suggests that the canonical ensembles
have SWSSB if the strong symmetry is not spontaneously
broken in the conventional sense (i.e., the two-point func-
tion of a certain charged operator is long-range ordered).

Conjecture 1. Given a local symmetric Hamiltonian H
and 0 < B < oo, if the Gibbs state pg ; o Pre #" within a
fixed charge sector described by a projector P, has no SSB,
then it must have SWSSB. In particular, for sufficiently
high temperatures, the Gibbs state always has SWSSB.

Here a Gibbs state within a fixed-charge sector is con-
structed by symmetrizing an ordinary Gibbs state. For
example, when the strong symmetry G is a finite group,
and A : G — U(1) is a one-dimensional representation, we
express it as

P)\e_ﬂH

= W, 47)

0

where P, = (1/|G)) deG 1~1(g)g is the projector into the
charge sector (one-dimensional rep.) A : G — U(1).

We demonstrate the validity of the above conjecture in a
simple commuting projector Hamiltonian of Ising spins in
a canonical ensemble. On a lattice, the Hamiltonian takes
the following form:

Hep = ZBi, (48)

where B; satisfies

B =1,

1

[Bi,B;]1=0. (49)

We further assume B; is finitely supported around site
i. The strong Z, symmetry operator is U = ]_[ij and
the corresponding charged operator is Z;, without loss of
generality. We assume that

[B;, U] =0,

For example, we can have B; = X, or X; times any Z,-
invariant functions of Z;. We also assume that B; is a
complete set of (mutually commuting) observables.

Then one of the corresponding Gibbs canonical ensem-
ble at finite temperature can be formulated as

ZB; = (=) B; Z,. (50)

_11+U
Tz 2

1) e PHer, 51)

If we choose the B; eigenbasis, the density matrix can be
reformulated as

!

1
p == D e PEbh (b, (52)

{bi}

where b; = %1 labels the eigenvalue of B;, and the par-
tition function Z =Y, e™# 2%, Here the prime means
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that the sum is over configurations satisfying [ [, b; = 1.
Then the fidelity can be calculated easily. For any i # j we
find

F@,j) = 1 + tanh™ B)~!
(0.7) ool /3( B
N:too 1 (53)

cosh? B '
Here we have taken the thermodynamic limit N — co. We
see that at zero temperature (8 — 00), the fidelity F(7,j)
vanishes, which is consistent with the ground state of a

commuting projector Hamiltonian having no SSB. But for

J

Tt[(/pOX) 0" (PO 0" ) /P)"] _

finite temperature, the fidelity F'(i,j ) will always be posi-
tive and independent of the distance between i and j. On
the other hand, a Z,-charged operator, such as Z;, must
anticommute with at least one of B;. This results in a corre-
lation function Tr(pZ;Z;) = 0 that vanishes at large [i — j |.
Therefore, we conclude that a Gibbs canonical ensemble of
the Hamiltonian # = — ) _, B; at any finite temperature has
SWSSB of the Z; symmetry.

We now provide a plausibility argument supporting
Conjecture 1 for a generic local Hamiltonian H and its
Gibbs state p in the canonical ensemble. We examine the
replicated correlation function

1

F® =
Tr p2n

~ Z(2np)

Tr[(OX) O (»)e P# 0(») Ot (x)e FH)"]

= ([0, 7 = 0)0"(y, 7 = O[O0 (x, 7 = B)OY, T = PIOG, T =2B)0 (v, T =2B)] - )2ups (54)

where A(t) = e ™ 4e™ and (...)2,s means the thermal
(imaginary-time) expectation value at inverse temperature
2nB. Assuming no off-diagonal long-range order at tem-
perature 2n (otherwise even the weak symmetry is spon-
taneously broken), the above correlation function should
factorize for large |x — y|:

F® = (0@, 7 = 0)0"(x,7 = B)O(, 7 = 26) -~ )oup

(0'(y,T = 0)0(, 7 = BOT (1, T =2B) - )ang,
(55)

which in general should be nonzero (~O(1)) unless fine
tuned. In particular, for low temperature or large 8 (but
still assuming no off-diagonal long-range order), the corre-
lator should decay exponentially in imaginary time, so we
expect

F(n) ~ e—ZnﬂA’ (56)

where A is the energy gap of the excitation created by
O(x) above the ground state. As long as 8 # oo, the above
expression is nonzero.

Analytically continuing to n = 1/2, F™ becomes the
fidelity correlator, which demonstrates our original pro-
posal. In particular, Eq. (56) agrees with Eq. (53) with
A = 2 being the excitation gap.

Another interesting feature of Eq. (56) is that the
SWSSB disappears below temperature scale 7 ~ A /L. In
particular, this means that as far as SWSSB is concerned,
the zero-temperature limit 77— 0% and the thermody-
namic limit L — oo do not commute. This noncommu-
tativity is absent in ordinary observables, at least when

(

the ground state is gapped A ~ O(1)—recall that in the
imaginary-time path integral, these two limits are simply
infinite size limits in different directions.

B. Z, SWSSB in the quantum Ising model

Consider a (2+1)d qubit system on a square lattice, with
a strong Z, symmetry U = [ [, X;. The system is initialized
in a pure product state |{) = ®;|X = +1);. Then we con-
sider a nearest-neighbor dephasing channel that preserves
the strong Z, symmetry, & = [| iy Eir» With

Eilpl =0 =p)p +pZiZipZZ. (57)

We note that this model is closely related to the Z,
toric code under bit-flip noise [11,50]. In fact, under
the Kramers-Wannier duality mapping, they are exactly
mapped to each other.

To detect the possible SWSSB and identify the uni-
versality class of the symmetry-breaking transition, we
consider the fidelity correlator of Z, which is charged under
the strong Z, symmetry.

The starting point is the decohered density matrix in the
Z, charge basis:

p=> ZWX)IX)(X]. (58)

X)

Here X denotes a configuration of Z, charges (i.e., X =
+1), subject to the constraint that [ [, X; = 1. In the follow-
ing, we write X; = (—1)" with n; = 0, 1. To compute the
weight Z(X), define an edge Z, variable s; = 0, 1, which
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keeps track of the Kraus operator on the edge ij. When
applied to the initial state |X; = 1), the resulting charge at
site i is given by

(V)= D Sitre, +Si-eimod 2. (59)

H=X,p

Here e, is the unit vector along the p direction. We obtain

Z(X) = Z l_[(l — p)i s

Ves=n (i)

25 S
=<1—p>NeZ<1L) . (60)
-p

V-s=n

To resolve the constraint V - s = n, we denote a special
solution of this equation by s°, and s, = sg + 5, + 5, mod
2 (where e stands for a nearest-neighbor edge, and p, g are
the two adjacent square plaquettes). 5, are dual variables
living on the plaquettes p. It is more convenient to work
with p1, = (—1)* and 7, = (=1)%, 50 pe = Ue(X)7,7,,
with p.(X) = (—l)sg. Therefore,

ZX) = [p(1 = p)"e? Yy ot Own (1)

T

where e?# = p/(1 — p). In other words, Z(X) is the par-
tition function of a two-dimensional (2D) classical Ising
model coupled to background Z, gauge fields {u(X)},
with fixed gauge-invariant Z, fluxes given by X .

Since p is already diagonalized in this basis, we can
directly compute the fidelity correlator. We have

0 = ZiZ;pliZ;

= ZZ(X S8X) 1X) (X, (62)
X

where 68X, = —1 if k=1i,j and 1 otherwise, and the
fidelity correlator is found to be [14]

= Z VZX)Z(X -8X)
X

ZX - 8X)\'/?
Z(X)( Z(X) )

I
=11 =1

Z(X)e 20 an

1 1
= (e 280 ) gy = @2 A awireiM, (64)

—

Here AFgy = —In(Z(X - 6X)/Z(X)) is the free energy
cost of inserting a domain wall of length approxi-
mately |i —j|. (---)rpmv Stands for disorder average in

the random-bond Ising model along the Nishimori line
[50]. For p > p., the RBIM is in the paramagnetic
phase (i.e., high temperature), so the disorder-averaged
free energy cost for a domain wall approaches a con-
stant. Thus we have shown that the fidelity correlator is
long-range ordered for p > p.. It also suggests that Fj;
decays exponentially for p < p., since the free energy cost
diverges linearly with the distance in the ferromagnetic
(low-temperature) phase.

We note that the same results follow for the other
definition of SSB in terms of sandwiched Rényi entropy,
offering supporting evidence for our earlier conjecture in
Sec. II A that SWSSB defined using distinct distinguisha-
bility measures—namely, quantum relative entropy and the
fidelity correlato—ought to be equivalent.

If we instead consider the Rényi-2 correlator (30), fol-
lowing a similar derivation the correlation function can be
mapped to the statistical mechanics model originating from
evaluating the purity of the density matrix, Tr(p?), which
is exactly the partition function of the 2d classical Ising
model. Therefore, the transition between Z, strongly sym-
metric state and an SWSSB state induced by a symmetric
quantum channel will happen at p® ~ 0.178.

Furthermore, this is another example of the inequiva-
lence between two different definitions of SWSSB through
fidelity and Rényi-2 correlators. For this model, the long-
range Rényi-2 correlator is a stronger condition than the
long-range fidelity correlator, since p. < p{®. We note that
it has been proposed in Ref. [3] to use the Rényi-1 quantity,
such as the Fisher information or von Neumann relative
entropy to define an “intrinsic” transition; based on its cor-
respondence to the decodability transition in toric code
[50], this transition was claimed to be the random-bond
transition at p..

Our discussions are not limited to the Pauli channel
like Eq. (57). For example, consider the following nearest-
neighbor non-Pauli channel that is Z, strongly symmetric,

Ei(p) = (1 —p)p + pe®%%i pe~®4% . (65)

and & = [];, &;. Notice that for & = /2 we recover the
previous channel (57). A more general channel similar to
Eq. (65) is

Ei(p) =Y _ pue™% pe= %%, (66)

where p, > 0and ), p, = 1.

For these non-Pauli channels, the density matrix is no
longer diagonal in the X basis. In the following, we will
argue that nevertheless the Ising SWSSB transition is still
described by the RBIM universality class, the same as the
Pauli case. We will utilize the replica trick to calculate
the fidelity, which is not rigorous but still suggestive. In
Appendix B we perform the calculations in the Pauli case
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0 = 7 /2, and reproduce the same result as the exact cal-
culation above, providing evidence for the validity of the
replica trick.

We define the replicated fidelity as

Fm,n(xay) - Tr[(pmo_pm)n],

and the standard definition of fidelity (7) is recovered by
taking the limit m,n — 1/2. Thus to compute F, ,(x,y),
we need to study the replicated partition function Tr p’. It is
not difficult to see that 1 = (2m + 1)n, so the limit m, n —
1/2 corresponds to t — 1.

Let us consider the domain-wall basis (i.e., eigenbasis of
Z), in which it is easier to compute the matrix elements of
p. The initial pure state can be represented in the domain-
wall basis as pg o< Y, |D)(D’|, where the summation is
taken over all possible 7, domain-wall configurations. The
decohered density matrix is

(67)

p o< ) IDUD'If (D.D). (68)

D.D'

Here we need to explain f (D, D’). The domain-wall con-
figuration can be labeled by s, = +1 on nearest-neighbor
lattice edges e (s. = 1 means no domain wall, s, = —1
means a domain wall crossing the bond). Then an explicit
calculation gives

’ ’
Se  |Se=Sel
2

fo,0)y=[Ja2"8 (69)

Here

B =11—p+pe| =1 —ap(1 —p)sin’e,
1 —p + pe*?
o= —"
B

Note that 8 > 0 is real, and « is a pure phase factor. For a
special point & = /2, wehave B = 1 —2p, o = 1. In this

|se 7S/e| Ia\‘esé Ia\‘@xé |D7D/\
=8 , where

case, . 2 =p 2 ,and [[, 2

|D — D'| is the length of the relative domain wall, namely

D_D|= 1—ses),
| - | - Ze 2

(70)

Naively, the @ T part complicates things, and the
weight cannot be expressed in terms of relative domain
walls alone. However, if we consider the replicated density
matrix:

Trp' o ) f(D1,D2)f (D2, D) - --f (Ds, D)
{Ds}

1
=[Te> D) I1 g
e e

k k+1
[pm
e

V(/f) 7S£k+1) ‘

ve

(71)

Crucially, the replicated partition function takes the same
form regardless of the value of 6, just with different values
of the “tension” S. This is true for each ¢ > 2, and if we
analytically continue to ¢ — 1, it makes sense to conclude
that the partition function in the limit # — 1 should have
the same universal behavior as the & = 7 /2 case. Thus if
the replica limit exists, the SWSSB transition in the non-
Pauli model defined in Eq. (65) is described by the same
RIBM universality class.

This can be generalized to the channel in Eq. (66), with

E Dn eZlGn
n

Then the same result follows. These calculations suggest
that the “universality class” of the Ising SWSSB transi-
tion is described by the RBIM, independent of microscopic
details.

B > P o2

P= B

(72)

, o

C. U(1) SWSSB in a quantum rotor model

We now consider the analogous transition in a U(1)
symmetric model. On each site 7, there is a quantum rotor
degree of freedom with the 27 -periodic phase variable 6;
and the conjugate number n;. They satisfy the canonical
commutation relation [6;,n;] = i§;. The U(1) symmetry
is generated by O = ), n;. Initially, the system is in a
pure product state |Vy) = ®; |n; = 0). Then we consider
a nearest-neighbor dephasing channel that preserves the
strong U(1) symmetry £ = H(U) &;j, with

Ei(p) =) pre ) pe =0,
keZ

(73)

Here 0 < p < 1 should satisfy ), px = 1. Physically, we
expect that p; should decay rapidly with |k|, and it is
natural to impose “charge-conjugation” symmetry so that
P—« = pr. To make the problem analytically tractable we

choose p; ek , but we expect the results should apply
to other p; as long as it decays sufficiently rapidly as
k] — oc.

We will study the phase diagram as a function of «.
Heuristically, when « is large, the channel is close to the
identity, so the system remains close to the pure state. As
o decreases, one expects a transition to a U(1) SWSSB
phase characterized by the long-range fidelity correlator of
the U(1) order parameter e” .

It proves useful to work with dual link variables
defined as

n,:(VE),, 9,—9] :AU (74)
Here (V - E); is the lattice divergence: (V- E); = Ej.
One can think of 4; as U(1) gauge fields and Ej; as the
electric fields.
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Expanding the quantum channel, we find that the ini-
tial state py (which has no charge) is acted by paths of
e operators, i.e., Wilson lines, which will create some
configuration of electric charges. Introduce an integer vari-
able m, on each edge e (with its canonical orientation),
corresponding to acting by the e¢4e Kraus operator. We
can interpret m as some kind of “electric” field, with the
“error” charges given by (V - m);. Denote the Wilson oper-
ator by W,(m) = [], ™. Then the decohered density

matrix becomes
=[[pm- (75

p ="y Pm)W,;(m)pWy(m), P(m)

Now we consider tr p’:

t

Trp

=Y 1"[P(m“>) Tr L]"[ W4 (m ) o) (ol W (m“’)}
m® s=1
(76)

We rewrite the trace as

t
[ T ol W (m) w7y (m ) ) (77)
s=1

and see that the trace is nonvanishing only if #,(m“+")
and W,(m®) create the same charges. In other words, V -
(m® — m®*+D) = 0. Therefore, we may write

m&tY =m + 0, (78)

where v satisfies V- v® = 0. The “Rényi” partition
function becomes

t—1
Trp' =Y Pm®) Y [[Pm® +v©).

mD v s=1

(79)

We can resolve the constraint V - v = 0 in the following
way (suppressing the replica index):

[Ts¢v v = f et R H AT (80)
i ¢
We have defined the short-hand notation
21 d ;
/ / ¢ (81)
Thus the partition function becomes
(S) () _ 4 (s)
/ 3" P+ v)e i iR (82)
[

U(S>

Here we have defined m, = m ). The summation over the
replica index s = 1,2,...,7 — 1 is kept implicit. Applying

Poisson resummation, we find that the partition function
becomes

/ Z e ¥ e mee L He{m] (83)
m, k()
with the effective Hamiltonian
1 S S S .
Hen{m] = - D@ — o)), — 2wk — 2iam; ). (84)
i

This can be viewed as the replica partition function of the
classical Villain model with imaginary bond disorder given
by the 2iam; ; term. The effective “temperature” is given
by «.

The bond disorder exhibits two unusual features. First
it is not a continuous variable, rather valued in 2iaZ. Sec-
ond, it is purely imaginary. We shall however consider two
limiting cases. First, for large «, the distribution of m, is
sharply peaked at m, = 0, and the effective temperature is
also high, so once setting m, = 0 the statistical mechan-
ics model belongs to the high-temperature: “disordered”
phase of the Villain model, which agrees with our expec-
tation that there is no SWSSB when the channel is very
close to the identity. Next, for a small «, it is at least
plausible that the physics is qualitatively approximated by
treating a, = 2am, as a real variable, whose probability
distribution is given by e %% Since o is small, the disor-
der again becomes weak, and it is reasonable to expect that
the statistical model should be in the “superfluid” phase,
i.e. SWSSB, which should be robust to weak disorder at
sufficiently low effective temperature. In two dimensions,
the low-temperature phase is the Kosterlitz-Thouless (KT)
phase, so in this case, the model provides an example of
quasi-long-range SWSSB. Therefore under these assump-
tions, we find a SWSSB phase for small « and a strongly
symmetric phase for large «.

To further substantiate the result, we also study the
Rényi-2 transition of this model. We find that Tr p? can
be mapped to a variant of the Villain XY model. In fact,
for small «, the Boltzmann weight is well approximated
by that of the Villain XY model. We thus expect that there
is a Rényi-2 U(1) SWSSB phase for sufficiently small «,
and a transition at a finite value of « (details can be found
in Appendix C).

Let us also compare the results with a rotor model at
finite temperature. Following the general argument pre-
sented in Sec. Il A, in a thermal state the fidelity cor-
relator is long-range ordered, independent of dimension-
ality. However, the decohered rotor model can exhibit a
power-law fidelity correlator in the SWSSB phase in 2D,
fundamentally distinct from the thermal state.
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IV. RECOVERABILITY

To define concrete phases of matter for mixed quantum
states, we need to show that two mixed states belonging to
the same phase are two-way connected by low-depth sym-
metric local quantum channels. In other words, a channel
on a state should be “recoverable” if the state remains in
the same phase.

Now we explore the recoverability of a mixed state with
SWSSB. Specifically, we demonstrate in the Ising example
that SWSSB, as defined in terms of the Rényi-2 corre-
lator, could be recovered. This means that there exists a
short-depth channel, whose depth is on the order of log L
with L representing the system size, which can transform a
state with a long-range Rényi-2 (or more general Rényi-n)
order parameter into a state with an exponentially decaying
Rényi-2 correlator. However, SWSSB in the fidelity sense
is not recoverable due to the stability theorem.

For simplicity, in this section, we focus on a special
class of low-depth channels termed circuit channels. A cir-
cuit quantum channel comprises layers of disjoint local
channels, or “gates,” forming a circuit. Such a channel is
considered short depth if the depth of the circuit is constant
or at most sublinear in L. Moreover, the channel is deemed
symmetric if each local gate is strongly symmetric.

Recently, it has been highlighted in Ref. [16] that the
effect of a local quantum channel £ supported in a region
A as in Fig. 2 can be reversed using a local channel R¢
supported in an enlarged region 4B, provided that the
discrepancy in the conditional mutual information (CMI)
between the initial state p; and the final state py = £(p;)
decays exponentially with respect to the width /g of the
buffer region B, expressed as

1(4;CIB),, — I(4; C|B),, ~ O(e™/%),  (85)

where & defines the correlation length of the mixed state.
The local recovery channel R is constructed through the
Petz recovery channel. Two observations are important for
our subsequent discussion: (1) The Petz recovery channel
preserves the strong symmetry of the mixed state if the

FIG. 2. The regions 4, B, and C, with respect to which we
calculate the CMI in Eq. (85).

symmetry is on site, which can be verified by the explicit
form of the recovery channel (see Appendix D).

(2) Building on this local recovery, a finite-depth cir-
cuit channel acting on the entire system can be recovered
region by region, provided that at each intermediate step,
the local gates being recovered can be recovered locally,
i.e., Eq. (85) holds true for some chosen buffer region.
The global recovery channel is also a circuit channel, with
depth scaling logarithmically with system size log L. We
refer the readers to Appendix D for details regarding the
recovery channel.

A. Recoveribility within the SSB phase

We now revisit the Ising example in Sec. II1 B. We will
establish that beginning from a pure symmetric product
state, the two resulting mixed states, generated from sym-
metric dephasing in the form of Eq. (57) with strengths p;
and p,, can be mutually connected by a short-depth circuit
channel if p; and p, belong to the same phase of the RBIM.
Assuming p; < py < %, and denoting the two states as o,
and p,,, respectively, it is evident that p,, can be pre-
pared from p,, through an additional dephasing channel
with strength

_ PP
d 1—2p;

(86)

Conversely, to construct a short-depth channel connecting
Pp, 0 pp,, it is essential to demonstrate that this dephasing
channel with strength p, when applied to p,,, can be recov-
ered by a symmetric short-depth channel. This requirement
is equivalent to ensuring that Eq. (85) is met at every
intermediate step of the recovery process.

We now establish that within the same phase of the sta-
tistical model (i.e., RBIM), Eq. (85) holds. This assertion
is supported by the following observation: the CMI, as
a combination of von Neumann entropies from different
regions, can be mapped to a linear combination of free
energies of RBIM. Notably, the von Neumann entropy of
aregion 4 (see Fig. 3) can be expressed as

1

where p,4 represents the reduced density matrix on 4. From
the expression of the decohered density matrix in Eq. (B2),
p4 can be computed as

pa=(1—p)" Y (tanht)™aLy) (3],  (83)

Iy

where |l4| denotes all strings within the region 4, poten-
tially including links straddling between region 4 and its
complement. Let us define ZtA =tr(p}) as the r-replica
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FIG. 3. The region 4 for which we compute the von Neumann
entropy encompasses all sites within the red dashed line. The
boundary of 4 includes all sites not within 4 but adjacent to sites
in 4, marked with the red squares above.

partition function, which can be expressed as

z! o Yy (tanh )M B) - (31 [01).  (89)

The nonvanishing contributions to Z; arise from string
configurations such that 1; and 1;,; differ only by closed
loops relative to the boundary of A. In other words, o (l; —
li+1) N4 = . Following a derivation analogous to that
leading to Eq. (B7), Z represents the t-replica partition
function of an RBIM (on the dual lattice) within region 4
with a free boundary condition. In the limit # — 1, the von
Neumann entropy described in Eq. (87) transforms into the
free energy of an RBIM defined on region 4 with a free
boundary condition, denoted as f4. Consequently, we can
express the conditional mutual information as

1(4; C\B) = f4B + fac — faBc — f3- (90)

When attempting to recover the strength-p dephasing
channel that connects p,, to p,, region by region, at each
intermediate step, the CMI can be mapped to the linear
combination in Eq. (90), computed in an RBIM with a
spatially varying strength p(x). Specifically, the regions
recovered in previous steps have p(x) = p;, while those
that have not been recovered have p(x) = p,. When p,
and p, belong to the same phase of the RBIM, the sys-
tem, despite its inhomogeneity, belongs to a definite phase
(either ordered or disordered) and has a finite correlation
length. The free energy of a region A thus scales as

fi= f Sl + / dp@ldl—ys O
A 04

where f (p) is the free energy density of the RBIM
with effective temperature tanh 8 = p /(1 — p), and g(p)

p. p¥?

—_—
0 P1 gzpz 1/2

FIG. 4. Phase diagram of the decohered Ising model. Two
states p; and p; in the same phase (both with p > p. in the figure)
can be two-way connected through some low-depth channels.
The two-way connectivity is obstructed if p; > p. and py < p,.
The “transition point” for the Rényi-2 correlator, p{?, does not
obstruct two-way connectivity.

denotes the boundary contribution. y, is a constant
depending on the phase of the statistical model [51]. Con-
sequently, at each step, Eq. (85) holds, where £ represents
the strength-p dephasing within the region 4 being recov-
ered, and & represents the correlation length of RBIM, with
all terms in Eq. (91) canceling out in Eq. (90). Physically,
the CMI, as a combination of free energies, should exhibit
smooth variations within the same phase. Consequently,
the left-hand side of Eq. (85) is expected to decay exponen-
tially, given that the system possesses a finite correlation
length in both phases of RBIM. The key implication of our
argument is that when p; and p, correspond to the same
phase of the RBIM, p,, and p,, can be two-way connected
by a symmetric channel within a depth of log L. In par-
ticular, the critical decoherence strength for the Rényi-2
correlator, p{®, does not obstruct recoverability (Fig. 4).

B. Spontaneity and local irrecoverability

In the previous example, the CMI /(4; C|B) in the
SWSSB phase is nonzero (= In2) at large /z. We now
prove that such nonvanishing CMI is a universal fea-
ture of SWSSB states, which is connected to the local
nonrecoverability of (symmetry-breaking) local channels.

Theorem 4. If a mixed state p has SWSSB in the fidelity
correlator sense Eq. (7), then 3 some local channel &;
(supported around site i) that cannot be recovered locally,
namely 7 local & such that & o E[p] = p.

Furthermore, for any local &£, the trace distance
D(p, & o Ep]) = O(1) > 0. As a consequence, the CMI
1(4; C|B), (in the geometry of Fig. 2) must remain nonzero
at large distance between A and C, for a region 4 contain-
ing the support of &; around site i.

Proof. Let us normalize the order parameter O; such
that the following operation is a valid quantum channel:

1 1 i1 R
[o]=~p + 0,00 —§ K; 0K, 2
&ilp] 2p+2000,+2 a aPKi, 92)

where the local Kraus operators {K;,} are chosen so that
OjO,- +>, Kl._faKi,a = [. For example, if O; is unitary, then
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we can choose K; = 0. In the Ising example O = Z and the
channel is nothing but a strong Z measurement.

Now consider another arbitrary channel around site i,
call it £/, and define

p=E o&lpl. (93)

To see that p # p, it suffices to show that for some site j far
away from site i, F'(p, O;,EOJ») = O(1) > 0,namely p does
not even have the strong symmetry. This claim follows
simply from the joint concavity and the data-processing
inequality of fidelity:

R S
F(5,0]50)) = 5F (€10}, £][0,0] p0,0])

1 + +
= EF(IO, OiOJPOJOi)
=0(1) > 0. (94)

Next we examine more carefully the trace distance
D(p, p). Using the triangle inequality of trace distance, we
have

D(p,p) = D(p,0; pO;) = D(5, 0, p0;)
= D(p, 0} pO;) = D(5, 0} 50))
—D(0;0;,0,50)). (95)
Now we use several simple observations:

(1) D(p, 0;-(,00_;) = 1 by strong symmetry;
2) D(,5,0;,50_,-) =1—c¢ for some ¢>0 due to

Eq. (94);
(3) using the submultiplicative property of trace norm,
we have
D(0]p0;,050) < |01’ D(p. ), (96)

where ||O; || ~ O(1) is the operator norm of O; . Putting all
these relations back into Eq. (95), we obtain

D(p,p) = ¢/ +10;]1*) > 0. N

The above relation holds for any attempted recovery chan-
nel £'. In particular, if we choose & to be the Petz recovery
map R;, then we have [see Eq. (D7) in Appendix D]

D(p,Rio&lp]) < /In2-1(4;C|B),, 98)

which immediately implies that the CMI /(4; C|B), must
remain nonzero at large dist(4, C). |

We dub this theorem the spontaneity of SWSSB, for the
following reason. Recall in pure-state SSB, the cat (GHZ)

state |1 --- 1)+ |) --- ) is sometimes called “unphys-
ical” in the literature, which really means that the state
is extremely unstable towards local decoherence: if the
environment “measures” the Z spin at site i, the state
will immediately collapse to either |1 --- 1) or || --- |).
In a real system, even if the measurement strength (the
probability for performing the measurement, §P) from the
environment is small at each site, the probability for the
entire system to remain in the cat state vanishes exponen-
tially with the system size. Even though almost any state
will go through some deformation under decoherence, the
important feature of cat state is that the postmeasurement
state (a product state |Prod)) is very “far away” from the
original state (a cat |GHZ)), in the sense that there is no
local deformation (local channel) near the measurement
location that takes |Prod) to |GHZ). We therefore dub such
local irrecoverability of local measurements “(weak) spon-
taneity.” We note that weak spontaneity holds even for
weak-to-trivial SSB, as the above logic applies equality
well to the weakly symmetric state |1 --- t){(1--- 1| +
WD

The above notion of spontaneity is “weak” in the sense
that the irrecoverability holds for certain measurement
results. If we average over (or simply forget) the mea-
surement results, the postmeasurement state may become
locally recoverable. For example, take the weak-to-trivial
example p = [t -« )+ - M+ - P -+ L], the
postmeasurement density matrix is E[p] = (1/2)p +
(1/2)Z;pZ; = p. If the postmeasurement density matrix
(without postselecting the measurement outcome) cannot
be locally recovered to the original state, we dub the
spontaneity “strong”—this is a stronger statement since
if the postmeasurement state is locally recoverable for all
measurement results, it is simple to construct a recovery
channel that recovers the whole density matrix, by taking
the convex sum of the corresponding recovery channel for
each measurement result.

In this language, what we have shown in Theorem 4
is that the SSB of strong symmetry (either to weak or to
trivial) is strongly spontaneous. Let us consider a peda-
gogical example of SWSSB: py o« 1 + X as the SWSSB
of Z, Ising symmetry (Sec. Il A). We perform a strong Z
measurement on a single qubit and recognize that py will
immediately collapse to the maximally mixed state 1 that
no longer has the strong Ising symmetry. Heuristically, the
only information encoded in the SWSSB density matrix is
the global charge sector fixing, i.e., py is the maximally
mixed state within the even charge sector of the Ising
symmetry. Once we perform a strong Z measurement, the
information on global charge sector fixing is completely
destroyed, and we can never restore this information with
any local quantum channel.

Furthermore, the spontaneity theorem also implies a
nonvanishing CMI is a universal feature of the SWSSB
density matrix. Similar to the stability theorem, this result
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only requires the fidelity correlator to be nonvanishing,
and is insensitive to the ordinary linear correlation func-
tion. This means that Theorem 4 also holds for strong-to-
trivial SSB—the most familiar example is again the GHZ
state, which has CMI In 2. Also, note that weak-to-trivial
SSB does not have a similar property. For example, p =
S M- A+ - W - JD) has vanishing
CMI—from earlier discussion, this is because weak-to-
trivial SSB is only “weakly spontaneous.”

For pure states, the spontaneity of SSB is quantita-
tively described by a divergent dynamical susceptibility.
For example, the magnetic susceptibility of the GHZ state
is divergent with respect to the external Zeeman field
along the Z direction. Following the initial version of our
manuscript, in Ref. [52] the authors proposed a fidelity
susceptibility, which diverges in the SWSSB phase and
remains finite in the symmetric phase.

V. SUMMARY AND OUTLOOK

In this work, we systematically discussed a new phe-
nomenon in mixed quantum states, namely strong-to-weak
spontaneous symmetry breaking. Our key results are as
follows:

(1) We defined SWSSB through the long-ranged fidelity
correlator Eq. (7) of charged local operators. We
proved (Theorems 1 and 2) that SWSSB is stable
against strongly symmetric low-depth local quan-
tum channels. These stability theorems established
SWSSB as a universal property of mixed-state quan-
tum phases.

(2) We also considered an alternative definition of
SWSSB, which appeared in the previous litera-
ture [3,4,37], by the long-ranged Rényi-2 corre-
lator Eq. (30) of charged local operators. The
two definitions of SWSSB are inequivalent: there
are examples with long-range fidelity correlators
but short-range Rényi-2 correlators, and vice versa
(Appendix A). Moreover, there is no analog of the
stability theorems (Theorems 1 and 2) for the Rényi-
2 correlator, as we showed through an explicit
example in Sec. IV. So the SWSSB defined through
the Rényi-2 correlator is not a universal property
of mixed-state quantum phases. However, a weaker
statement holds: a state with SWSSB in the Rényi-2
sense must still be nontrivial, in the sense that it is
not symmetrically invertible (Theorem 3).

(3) We proposed that SWSSB is a generic feature of
thermal states at nonzero temperature (Sec. 111 A).
In particular, we conjectured that if the canonical
ensemble (i.e., with fixed charge sector) of a local
symmetric Hamiltonian without a strong-to-trivial
SSB, then it must have SWSSB. We demonstrated

the statement in certain commuting-projector mod-
els and provided plausibility arguments for general
Hamiltonians.

(4) We also studied nonthermal examples of SWSSB,
in models where a pure symmetric state is sub-
ject to a strongly symmetric finite-depth channel. In
particular, in Sec. III B we considered a (2 4 1)d
quantum Ising model under a strongly symmetric
nearest-neighbor ZZ channel and found that the
Ising SWSSB transition (measured by the fidelity
correlator) is described by the 2d random-bond Ising
model along the Nishimori line. The SWSSB tran-
sition is the ungauged version (through Kramers-
Wannier duality) of the decodability transition of the
(2 + 1)d toric-code model under the bit-flip noise.
In addition, we also considered the U(1) SWSSB in
a model of quantum rotors. By mapping to a Villain
model with imaginary bond disorder we argued that
the model exhibits U(1) SWSSB for a sufficiently
strong channel.

(5) Following Ref. [16], we discussed the recoverability
of mixed states under symmetric low-depth chan-
nels. Specifically, a necessary condition for the
recoverability of a channel circuit through a low-
depth symmetric channel is the Markov gap condi-
tion Eq. (85). For the example of the decohered Ising
model in Sec. III B, we showed that the Markov
gap condition is violated only across the SWSSB
transition (measured by the fidelity correlator). As
a consequence, if two states belong to the same
side of the SWSSB transition, they belong to the
same phase, in the sense that they are two-way con-
nected to each other through Log-depth symmetric
channels.

(6) We demonstrated the spontaneity of SWSSB
and its relation to the local irrecoverability of
local symmetry-breaking channels. Specifically, we
proved that for a density matrix with SWSSB, a
local quantum channel can induce a global change
that cannot be locally recovered (Theorem 4). This
further implied that a nonvanishing CMI is a univer-
sal feature of SWSSB.

We end this work with some open questions:

(1) Strong-to-weak SSB of higher-form symmetry: A
topologically ordered state can be understood as the
spontaneous symmetry breaking of some higher-
form symmetry [53,54]. Then what about the
SWSSB of higher-form symmetry? After the initial
arXiv post of our work, the Rényi-2 version of this
question has been addressed in Ref. [55].

(2) Ground-state SSB comes with many dynamical fea-
tures, such as Anderson tower and Goldstone modes
(if the symmetry is continuous). It is natural to
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ask whether SWSSB has similar dynamical con-
sequences, for example, in Lindbladian dynamics.
Several prior works [31,37,56] addressed this issue
partially, but a general picture is still lacking at
this point. blackIn particular, a follow-up work [57]
showed that the Goldstone mode of U(1) SWSSB
can be identified as the diffusive hydrodynamic
mode, using Schwinger-Keldysh effective field the-
ory.

(3) Conventional SSB features various topological
defects, such as domain walls, vortices, and
skyrmions. A natural avenue for future work is to
consider whether SWSSB can have similar defects
and to explore the consequences of such defects.

(4) Can we experimentally measure the fidelity correla-
tor, which has played a central role in our theory, in
some practical setup? This may be nontrivial given
that fidelity is in general rather challenging to mea-
sure. The Rényi correlator may serve as a reasonable
(though not perfect) proxy on this regard. Another
proxy to the fidelity correlator is the trajectory-
resolved Edward-Anderson correlator in monitored
dynamics, which has been measured recently in
Ref. [58].

Note added—We would like to draw the reader’s atten-
tion to a related work [59] on SWSSB to appear in the same
arXiv listing.
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APPENDIX A: COUNTEREXAMPLE FOR SWSSB
ONLY IN THE RENYI-2 SENSE

Here, we are going to show N-qubit states pn
that are strongly symmetric under Z,, exhibit SWSSB
in the sense of the Rényi-2 correlator (Definition
4), but not in the fidelity sense (Definition 1). The
strategy will be to construct “spin-glass” ensembles
P 0 Y0, P Wi (Yiml, Timy oo My = 00, such  that
limyy_y |00 limy_, oo Fon(x,y) = 0 for all order parame-
ters O, but with its Rényi-2 correlator satisfying

2147 12
lim  lim R? (x,y) = Lnlulonl” _ 00 (ay
|[x—y|—=00 N—o00 O’N( y) Zmpr%; ( )

for the particular order parameter O' = Z, with limj,_ | o
(YmlZZ, |Yry) = 0,8 Furthermore, we require ), py, to
diverge but > pulo.[,>", pilo,|* and Y., p2 to con-
verge. In that way, at least for o', the fidelity correlator goes
to zero, since

I

lim lim Fo n(x,y) =
[x—y|—>00 N—o00

0, (A2)

and we have dropped the normalization condition
> .Pm = 1 for simplicity of calculation.

Let us consider a qubit chain with 2N spins, and define
the strong Z, symmetry to only act on even spins, mean-
ing the symmetry is generated by X, := ®,X3,. We now
consider all length-N bit strings mm; - - - my, and view
each bit string as the binary representation of an inte-
ger m € {1,2,...,2"}. We can then construct the density

. 2N _
matrix py = > o1 Pm |1 ¥m) (¥, where p,, = m~*/% and

| ) ﬂ Xel ~ ~ )
Ym) = mymymymy - -+ ),
5 1mymam;
(A3)
i) 1 1|> 1 1 )
. 2 m 2 om

with |m;) defined in the Z basis. At large m, |m;) =~ |+) +
[(=1)"/m]|—), so we should have o], ~ 1/m?. The auxil-
iary spins on the odd sites are introduced to make sure that
different |,,)’s are orthogonal with respect to O, allowing
the simple forms of the correlators as in Eq. (A1).

Given that p,, ~m~?/ and o}, ~ 1 /m?, then }_, pu|0l,|,
> p2lo. > and Y, p2 all converge to an O(l) value,
while Y p ~ mulax ~ 2¥/3. We conclude that while the
Rényi-2 remains finite, the fidelity correlator for O’ = Z
vanishes exponentially in the thermodynamic limit. For
other order parameters, the fidelity correlator still goes to
zero, as py converges to the trivial state poaq ® |4 (+|evens
Podd X Y, Pm Im)(m|, in the fidelity (or trace) distance as
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N — oo

> Pm(1 = N/2m?)

— 1.
Zmpm

(A4)

F(iONo Podd ® |+) <+|even) ~

It is clear from this construction, however, that this
sequence of states is highly artificial. Thus, it remains a
question of whether the same can happen for states arising
from more natural contexts, such as thermal or decohered
states.

APPENDIX B: ALTERNATIVE DERIVATION OF
THE FIDELITY CORRELATOR

We present an alternative derivation of the fidelity cor-
relator in the decohered 2D Ising model Eq. (57) using the
replica trick.

Tr(p"op™) o }:(mnhrﬂM+“+WWmnab>n-

o T

e j=lI

here we utilized the following formula:

[

1%) 6312

(B4)

(9]0ly) = %Z [T s

Sy 1)163]1

and deﬁned U(]) = sg)s,(f/H)

1—[; 10v =1 for all sites v. The replicated fidelity has
been expressed as the correlation function of the following
Hamiltonian at the inverse temperature 8 = t:

__ Z (Z“(k) o 1—[0<k) (k)) . (BY)
k=1

(i)

which leads to the constraint

For n > 1 the derivation is very similar, and we find the
replicated fidelity is the following correlation function of
the Hamiltonian (B5):

Fm,n(x’y) = <1_[ O_;fxo_;t>
a=1 H

eff

(B6)

(0| ZcZy |0y 1) (Olyug1 | 252y |0l y2) - - -

1 +tanht l_[ a(’)

Then we utilize the replica trick to calculate the fidelity:
the replicated fidelity is defined as
Fm,n(xay) = Tr[(pmo_pm)n]’ (Bl)
and the standard definition of fidelity (7) is recovered by
taking the limit m,n — 1/2. In the “open string” basis,
the density matrix E[pg] = p is given by the following
expression:
p=(=p» ) tanhn)"an @1, (B2
1

where 1 labels the configurations of “open strings,”
tanht =p/(1 —p), |0)) = [[,cy Zo| ++---+), and N,
is the total number of vertices. Then our task is the cal-
culation of the (replicated) fidelity Eq. (B1). Define ¢ =
(2m + 1)n. For simplicity, we focus on the special case
with » = 1 but the derivation can be easily generalized to
n > 1. We find

(91;91y)

) 0x0y>Hepf: (B3)
vede

The qualitative behavior of F, ,(p, o) is essentially deter-
mined by the effective Hamiltonian (B5). This can also be
understood from the replica partition function Tr p’:

Tr(p") o

Z exp _TZ<ZU(k) (k)+l_[G(k) (k)) ’
(ij) \k=1

)
(B7)

which is exactly the partition function of the effective
Hamiltonian H.g. In particular, if we take the limit m, n —
1/2, the replicated fidelity (B1) will be recovered back
to Eq. (7), and effective Hamiltonian (B5) becomes the
Hamiltonian of random-bond Ising model (RBIM) along
the Nishimori line [11]. Then the transition between a Z,
strongly symmetric state at p < p, and an SWSSB state
induced by a symmetric quantum channel at p > p. hap-
pens at p. ~ 0.109. We note that the same result for the
fidelity correlator can be established directly without using
the replica trick, which is explained in Appendix B. Our
results are fully consistent with the decodability transition
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of the toric code [10,11,14,50,60], which can now be inter-
preted as the “gauged” version of the SWSSB transition
through Kramers-Wannier transform—recall that gauge
symmetry is naturally strong since the total gauge charge
is constrained to be trivial in the Hilbert space.

APPENDIX C: U(1) RENYI-2 SWSSB IN THE
ROTOR MODEL

In this section, we study the Rényi-2 SWSSB transition
in the quantum rotor model.
The initial state py is given by

o [ 10y, ()
0.0’
It is easy to see that
E(po) o / Jleieeneer. (2
00" i)
where the factor Gj; (0, 6’) is defined as
Gy (0.0") = Y pre @I (C3)
k
Therefore,
tr p? o / []¢;@.0). (C4)
00" Gy
Let us write
GL(0,0) =Y fue" @I, (C5)

Up to an overall constant, it is easy to see that Tr p? is
proportional to the following partition function:

2= / o 1_[ Zf"i/ &M Gi=0)

(i) mij

(Co)

This can be viewed as a variant of the classical XY model.
For p; « ek , after some algebra we obtain

, . (C7)

o e_%”2ﬂ3 (%) neven
" e 5" 92(e72*)  nodd

Here ¥, and %5 are Jacobi 6 functions, defined as

152 2
g =Y "7, g =) 4"

keZ keZ

(C8)

A useful fact is that 93(g) and ¥,(g) are exponentially
close when ¢ is close to 1 (the difference between them is

2
bl
. T —1= —20
approximately /:{e I=¢). For small o, we have e™** ~
2,2 . . .
1,s0f, o e 2" . Using Poisson resummation we find

2 .

njj €L

— | i o 2 Oi=0; +2mm)?
b
o

mij €Z

(C9)

which is the familiar Villain model at temperature «. The
approximation becomes asymptotically exact as o — 0.
Thus we can conclude that for sufficiently small « there
is Rényi-2 SWSSB of the U(1) symmetry.

In addition, in two dimensions the model exhibits Rényi-
2 quasi-SWSSB. On a square lattice, numerically it is
known that the KT point is o, ~ 1.353 [61]. For this range
of &, the approximation f, ¢~"/2 remains reasonable,
so we expect that our model is qualitatively similar to
the Villain model, exhibiting a KT transition from the
quasi-SWSSB phase to the strongly symmetric phase.

APPENDIX D: THE RECOVERY CHANNEL

In this Appendix, we provide the details of the recovery
channel as outlined in Sec. IV and originally proposed in
Ref. [16]. In particular, we aim to construct a short-depth
recovery channel for a finite-depth quantum channel that
preserves the gap of a mixed state. Here the gap of a mixed
state is defined as follows.

Definition 5. A mixed state p has a Markov gap A if
the conditional mutual information for the three regions
depicted in Fig. 2 decays exponentially, i.e.,

1(4; C|B), < 2In(min{dy,dc}) exp(—A - dist(4, C)),

= const - min(]4|, |C]) exp(—A - dist(4, C)),
(D)

where dist(4, C) is the closest distance between the region
A and C. |4] and |C| represent the number of sites within
regions A and C, respectively.

We observe that any mixed state has a gap A > 0 due to
the local dimension bound.

1. Recovery of a local channel

The first result states that, for a gapped mixed state,
the effect of a local channel £ acting on region 4 can
be recovered by another local channel R, supported on a
region 4 U B surrounding A, up to exponential decaying
errors. The argument goes as follows. For any state p, non-
negative operator o and quantum channel £, we have the

010344-20



STRONG-TO-WEAK SPONTANEOUS SYMMETRY BREAKING...

PRX QUANTUM 6, 010344 (2025)

data-processing inequality:

D(pllo) = DE(P)IIE(0)) = —2log, F(p, Roe 0 E(p)),
(D2)

where F is the fidelity, and

Roc() = [ BoORE ) (D3)
t

is the rotated Petz recovery map [62]. Here By(¢) =

Z(cosh(rrt) +1)~" and

RL () 1= a2 ENE@) TH()E) T Mo 2+, (D4)

Let us assume: (1) £ acts nontrivially only in region 4; (2)
o = psp ® pc. We then have

—2logy F(p,Roe 0 E(p)) < I1(AB;C), — 1(AB; C)g(py
=1(4;C|B), — I(4; C|B)¢g(p)- (D5)

Due to the positive-semidefinite nature of the CMI, as well
as the data-processing inequality for local channels (acting
on the nonconditioning systems), we have

0 < I(4;C|B)e(y < [(A;CIB),. (D6)
Therefore, the left-hand side of Eq. (D5) is upper
bounded by a non-negative number exponentially small in
dist(4, C) ~ Ig. By the Fuchs-van de Graaf inequality, at

large distances, the constraint on the fidelity can also be
expressed as a constraint on the trace distance,

lo = Roe o0&l </4In2-1(4;CIB),

~ const - g~ Adist4.0/2

(D7)
Equation (D7) implies that when the underlying state p has
a gap A > 0, the impact of a local channel can be recov-
ered locally, with an error decaying exponentially in the
width of the buffer region B.

2. Symmetries

Now let us show that when the channel £ is strongly
symmetric under a unitary on-site symmetry, the asso-
ciated recovery channel R is also strongly symmetric.
Using the explicit form of the rotated Petz recovery map
in Eq. (D4), one has

—ir+ L . . i+ L
REe() =015 2ENEPan)™ 2 (VEan) 2 1pyy .
(D8)

If we pick an arbitrary Kraus representation of &, i.e.,
Ep)=Y; KI.T,oKi, a corresponding Kraus representation

of the recovery map is

i —itt3 it—1
KR,,'=/0AB Ki&(pap)' 2. (D9)
In order for the recovery channel to be strongly symmet-
ric, we only need p4p to be weakly symmetric under Uy,
which is the symmetry operation restricted to the region

AB. This can be explicitly verified as follows:

UispapUlyy = Usp trm(,o)UzB

= try55(UpU") = pus, (D10)
where U is the generator of the global symmetry, and the
last line follows from the fact that the state p is strongly
symmetric. Applying a similar argument, one can also
demonstrate that UAB/S(,OAB)ULB, = E(p4p), as long as
the channel £ (acting on A) is strongly symmetric and
we enlarge 4B to AB’ to accommodate the depth of &.
As a summary, each Kraus operator K;ai of the recovery
channel commutes with U, therefore the recovery map is
strongly symmetric.

3. Global recovery

Now, we proceed to demonstrate that a symmetric finite-
depth circuit channel £, which acts on the entire system
and preserves the gap of the underlying mixed state, can
also be recovered by a short-depth channel. We assume that
the maximal width of gates in £ is w, and £ has / layers of
gates. The depth of £ is then defined to be wi. The global
recovery needs two crucial assumptions: (a) After each
layer of &, the state, referred to as p; with 0 < k </, has
a finite gap lower bounded by 4A. (b) Another important
requirement is, if we act the state p_; with any subset of
gates in kth layer of £, the resulting state remains gapped,
also lower bounded by 4A. In the context of the RBIM, this
assumption implies that in the intermediate states, where a
part of the system has been recovered, the entire system,
despite its inhomogeneity, remains in a definite phase of
the RBIM with a finite correlation length.

The strategy of the global recovery is to recover £ layer
by layer. We cut the system into hypercubes of linear size
Lo—thus we have (L/Ly)? hypercubes in total, where d is
the spatial dimension of the system. Here L, is assumed
to be larger than w and the correlation length 1/2A. We
first reorganize each layer of £ into 2¢ new layers. In other
words, we now perceive the channel £ as a circuit with
h = 2% layers, but the gates become “sparse.” Specifically,
in each new layer, within a hypercube of size 2L, only a
hypercube of size L contains nontrivial gates. Crucially,
for each new layer, these nontrivial hypercubes are sepa-
rated by a minimum distance of L. In the first recovery
step, we reverse all gates in the last (4th) layer of the new
circuit. We label the hypercubes undergoing recovery as Cy
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withxel,...,(L/ 2Ly)%, the gates in the Ath layer within
C; as &, and the corresponding recovery channels as R”.
The recovery map R" is chosen to be the local recov-
ery map mentioned in Sec. D 1, confined to a hypercube
C. with a linear size of 2L, and sharing the same center
as the hypercube x. Note that these recovery channels act
on disjoint hypercubes, and can therefore be implemented
simultaneously in a single layer. Once more, we denote the
state after each new layer of £ as p;, now with 0 < k < 24].
We have

l_[ R o) — pni

1

@i2Ley? || v y-1

< 2 [TRE o) ~[[RE 0 pn-n)
y=1 z=1 z=1 1
(L/2Lo)*

< Z HRﬁ Ogyh(ph—l) - Ph—l”l
y=1

L d
<const- [ — ) - Poly(Lg) - e 210, (D11)
2L

where we have used the triangle inequality and the data-
processing inequality of the trace distance (note that recov-
ery channels with distinct labels act in disjoint regions, and
therefore commute).

Finally, we proceed to recover the channel £ layer by
layer. At each step of the recovery, we reverse gates in
(L/2Lo)¢ hypercubes with a linear size of Ly. Denote
the kth layer of gates in £ as £F, and the corresponding
recovery channel by R¥. We have

h
[[R €@ —0p

k=1 1
hook k-1
=2 TR om0~ [ R™ o £ (0)]
k=1 m=1 m=1 1
b k=1
< Z l—[ R"RF o EX(pr=1) — pi1)] '
k=1 lIm=1 1

h
< ||Rk o EX(prmr) — prr ||1

k=1

L d
<const- | — | - Poly(Ly) - e 210, (D12)
2L

Here, p = p, represents the original state, and all layers are
time ordered. Specifically, all layers in £ are time ordered,
followed by layers in the recovery map with anti-time-
ordering. In the derivation we have used (1) the triangle

inequality; (2) the data-processing inequality for the trace
distance; (3) the assumption that p; has a nonzero gap
for all k. This is precisely the assumptions (b) in the first
paragraph of this section. In order to recover the error to
O(1/Poly(L)), we need Ly =~ In(L)/A. As each gate of the
recovery channel has a width of order L, the total depth of
the recovery map is thus O(In L).

4. An illuminating counterexample

We now discuss an illustrative example, in which the
global recovery scheme fails due to violation of the condi-
tion on CMI Eq. (85) when the channel is acting on parts
of the system.

Consider a GHZ state in a quibit chain

Vo) =11+ 1)

Starting from py = |¥o) (Y|, we can perform a strong X;
measurement on each site, represented by the (depth-1)
channel £ =[], &;, where

(D13)

11
&ilpl = 5 p + s XipXi.

5P+ (D14)

It is easy to verify that the final state is o = E[po] < I +
I1.X.

The effect of £ on py should not be recoverable through
a low-depth channel, since the connected correlation func-
tion tr(pZ,Z,) — tr(pZ,) tr(pZ,) at large |x — y/| is nonzero
for po but zero for por. However, naively the CMI calcu-
lated in the geometry of Fig. 2 is log2 for both py and
pr , which satisfies the requirement from Eq. (85). So what
went wrong? It turns out that the CMI bound condition
Eq. (85) is violated when only part of the system is being
acted by the channel.

Specifically, let us consider the “intermediate” state
(below we have two special sites located at two far-
separated points i = 1,x, the region A is defined as 1 <
A < x, and the region B is defined asx < B < L)

p' =[] &leol

i#1x

1
= 507 DI X 1 Xp) + XaXsl | X L X)),
Xy Xp
(D15)

where [v] stands for |) (y|. Acting on p’ with & - &, will
produce the final state p; oc I + [ ], X;. But this step from
p’ to py is not locally recoverable since it eliminates a Bell
pair between i = 1 and i = x. In terms of CM], it is easy to
check that for p':

I(i=1;xUBJA) = 2log2, (D16)

which violates the CMI bound Eq. (85).
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The lesson is that given the channel and the initial and
final states, it is still a nontrivial task to check whether the
CMI condition Eq. (85) is satisfied “locally.”
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