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Measurements and feedback have emerged as powerful resources for creating many-body quantum
states. However, a detailed understanding has been restricted to fixed-point representatives of phases of
matter. Here, we go beyond this and characterize the patterns of many-body entanglement that can be
deterministically created from measurement. Focusing on one spatial dimension, a framework is devel-
oped for the case where a single round of measurements is the only entangling operation. We show this
creates matrix-product states and identify necessary and sufficient tensor conditions for preparability,
which uniquely determine the preparation protocol. We use these conditions to both classify prepara-
ble quantum states and characterize their physical constraints. In particular, we find a trade-off between
the richness of the preparable entanglement spectrum and correlation functions, which leads to a no-go
theorem for preparing certain quantum states. More broadly, we connect properties of the preparation
protocol to the resulting phase of matter, including trivial, symmetry-breaking, and symmetry-protected
topological phases—for both uniform and modulated symmetries. This work offers a resource-theoretic
perspective on preparable quantum entanglement and shows how to systematically create states of matter,

away from their fixed points, in quantum devices.
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I. INTRODUCTION

Emergence in many-body quantum states can give rise
to remarkable physical properties [1,2]. Indeed, decades of
exploration have revealed a plethora of possible phases
of matter, including symmetry-breaking states and more
exotic “topological” states [3,4]. In one spatial dimen-
sion, a complete classification has even been achieved
for ground states of local gapped Hamiltonians, including
symmetry-protected topological (SPT) states with inter-
esting boundary properties [5—17]. However, knowing the
physical properties of a many-body quantum state is quite
different from knowing how to create it. This has become
of increasing relevance due to the rapid development of
highly tunable quantum devices [18,19] and raises the
question: which states of matter can be created with the
capabilities of a given platform? This question is even of
fundamental importance, since from a resource-theoretic
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perspective, we learn something new about a state when
we understand how to create it.

A conceptual and practical development in the efficient
preparation of many-body quantum states is the use of
measurements. Although this is a rather novel ingredient
in the context of condensed-matter physics—where one
has typically focused on the unitary aspects of quantum
physics—the use of measurement has a rich history in
quantum information theory [20,21]. In particular, the idea
of error correction [22] naturally suggests that certain “sta-
bilizer states” (including the famed GHZ and toric code
states [23]) can be prepared by measuring an initial quan-
tum state and correcting the nondeterministic outcomes
with a unitary feedback circuit, conditioned on the mea-
surement outcomes [24-27]. In stark contrast to the case
with only unitary circuits [28,29], measurements allow one
to create such states in a time (or “circuit depth™), which is
independent of system size [30].

Recent years have seen rapid progress in developing
new ways of preparing many-body states using mea-
surement, both at the theory level [31-53] as well as
experimental implementations [54-58]. However, most
works consider the deterministic preparation of fixed-point
states, which represent exotic states of matter but oth-
erwise have rather featureless correlation functions and
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FIG. 1. Correlations from unitaries and measurements. (a)
Local unitary circuits can only create correlations at a dis-
tance that is proportional to their depth. Notably, connected
correlation functions (0,0,,). = (0,0,,) — (0,){O,,) beyond
a certain distance will be identically zero. (b) In contrast, the
present work explores how and when finite-depth protocols with
measurements and feedforward can create correlation functions
whose asymptotic correlation length & is nonzero.

entanglement spectra. Two notable exceptions in literature
are the deterministic constant-depth preparation of the
spin-1 AKLT state [39] and of certain wave-function
deformations of the trivial and GHZ states (Appendix G
of Ref. [38]). These constitute examples of states with
nontrivial correlation length 0 < £ < oo which can nev-
ertheless be deterministically prepared in finite time using
measurement. The existence of such examples is a pri-
ori surprising: the emergence of smooth and exponentially
decaying correlations seems in tension with the discrete
nature of quantum processes appearing in digital quantum
devices. Indeed, as is highlighted in Fig. 1, such smooth
correlations cannot be created by the strictly local unitary
circuits that appear in such devices.

Emboldened by these limited examples, we explore the
question: what types of many-body entanglement and cor-
relation functions can possibly arise from a measurement-
based protocol? In addition to the immediate practical
relevance, an answer to this type of question can give
insight into the nature of phases of matter and entangle-
ment—similar to knowing how the inability of preparing
the toric code using finite-depth unitary circuits [28] cap-
tures part of the essence of the toric code itself. If we hope
to provide a crisp answer, we must provide a crisp list of
ingredients of what we do (not) allow. To single out the
power of measurement, we will explore a measurement-
only protocol: measurement will be the only entangling
operation [59]. Moreover, in this work we will allow only
a single layer of measurement. Despite this restrictive set-
ting, we will see that the resulting landscape is remarkably
rich and structured, even in one spatial dimension.

While we provide a detailed description of our setup in
Sec. 111, let us give a brief taste of what we consider:

Ingredients (informal). We explore and characterize one-
dimensional quantum states, which are deterministically
preparable with the following ingredients:

(1) An initial product state of disentangled clusters
(shown in blue).

(2) Finite-range complete-basis measurements on a sub-
set of sites (white).

(3) On-site (i.e., nonentangling) unitary feedback con-
ditioned on measurement outcomes (orange).

Schematically,

These ingredients are in part inspired by those used in
Ref. [39] for preparing the AKLT state, although we
have minimized our assumptions (e.g., we do not presume
that the measurement basis is fully entangled, also called
a fusion measurement [60]). Let us also stress that we
demand deterministic state preparation, which means we
can correct for any possible measurement outcome. This
is in contrast to works that consider approximate, proba-
bilistic, or partial preparation, whereby one prepares, e.g.,
mixed states [34,36,38,43] or (arbitrarily good) approxi-
mations to the target state [31,44].

In this work, we classify and detail the physical proper-
ties of states, which can result from the above set of ingre-
dients. A general insight that emerges is that such states
can have very rich entanglement spectra and very rich cor-
relation functions—but not at the same time. Indeed, we
find a trade-off between the two. This is crystallized by
proving a no-go theorem for states that cannot be prepared
in this way.

These and other results follow from a general framework
we develop. This is built on the observation that any state
obtained from these ingredients must be a matrix-product
state (MPS) [61,62]. Using the MPS formalism, we are
then able to convert the above list of ingredients into nec-
essary and sufficient conditions on the MPS tensors, which
guarantee the preparability of the state and constrain their
form, enabling a classification. Remarkably, if an MPS ten-
sor satisfies these conditions, it also essentially specifies
the preparation protocol.

The advantage of this approach is that once we have
encoded these ingredients into conditions on the local MPS
tensor, we can study what physical properties are implied
by these conditions. This leads to a series of results, such
as general connections between the feedback protocol and
the resulting phase of matter. To make these results broadly
accessible, Sec. Il introduces key ideas through exam-
ples and informally states some of our key results without
requiring MPS-based language.

After the overview section (Sec. II), we go over the
basic ingredients in Sec. IIIl. We show how this implies
an MPS description of the state, along with the local char-
acterization, which guarantees preparability, leading to a
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classification. In Sec. IV we explore the case where feed-
back requires nonlocal classical communication. We relate
this to various physical quantities, such as a degenerate
entanglement spectrum, and we even present full classifi-
cations in certain cases. This is followed by Sec. V, which
also studies the case with local error correction. The latter
culminates in the aforementioned no-go theorem.

II. MOTIVATING EXAMPLES AND PRELUDE OF
RESULTS

Before delving into a general formalism for character-
izing states preparable using the ingredients above, we
begin with an informal prelude of our results. Specifically,
we discuss three examples of deterministically prepara-
ble states, each of which elucidates aspects of the general
problem. We subsequently highlight the essential features
of these examples that generalize, stating informally and
without proof the key physical ideas and results of this
work with formal statements postponed to later sections.
Readers seeking a sense of what can be prepared with the
ingredients above and a conceptual précis of what con-
straints preparability places on quantum states can choose
only to read this section. Alternatively, those interested in
the general formalism and not requiring motivating exam-
ples are encouraged to read only Sec. II D of this section,
before going to the next section.

A. Example 1: Deformed GHZ state

For our first motivating example, we describe the prepa-
ration protocol for a parameterized class of long-range
entangled wave functions, which spontaneously break a Z,
spin-flip symmetry. The wave functions are given by

N-1
[¥(B)) o< exp (5 > Xx> IGHZ )

r=2

(1)

_ (‘ GHZxN )

RN @)

that are deformed versions of the standard GHZ state
beyond its fixed point (where boundary perturbations are
omitted to simplify the discussion [63]). Here, the white
circles are the nonunitary time evolution e?* (8 € R) and
|GHZy) o< (|0---0) 4 |1 ---1)) is the standard GHZ state
defined on a one-dimensional chain of N qubitsand X, ¥, Z
are the Pauli matrices. One can straightforwardly confirm
this state retains its “cat-state” nature for all 8 < oo:

N
[JX1w ) = 1w,

x=1

(W(B)ZeZysr W (B)) = sech(2B)’. 3)

However, for 0 # B < oo this state has nontrivial correla-
tion lengths [64]. Our preparation protocol will generalize
the one in Ref. [39], which considered 8 = 0.

In line with the ingredients presented in the introduction,
we prepare this state by starting with a product state of
(N — 2) decoupled three-qubit states [65]:

N—-1
Wo()) o R e Xex |GHZs), .
= )
_ . (GHZ3) (GHZ3) (GHZs)
ol 1ol [ o] (5)

where /., cy, 7, label the center, left, and right qubit of
the three-qubit cluster. Subsequently, we perform nearest-
neighbor measurements between qubits 7, and /,; on the
above cluster in the Bell basis:

1 1

1) = —=(|00) + [11)) |X) = —=(|01) + |10

1) ﬁ(l )+ 1) X ﬁ(l ) +110)),
1 1

Z)y = —(|00) — [11)) |ZX) = —=(|10) — |01)),

1Z) ﬁ(l ) — 11D 1ZX) ﬁ(l ) —101))

(6)

which satisfy [V);, = V5 [1);, = V] |1),. To understand
the result of this, let us consider the case where each of
the measurement outcomes yield the |1) Bell state. In
this case, the postmeasurement state on the unmeasured
qubits is

O {T] O

N-3
<®<ﬂlr‘ l> To(8)) o ... ol (CHEY

r=1

(N

where the white circles indicate the e#* operator appearing
in the initial cluster and time runs downwards. Note that,
the projector onto the |1) state will “glue” the neighboring
GHZ;s together to a many-body wave function. Specif-
ically, since the projector (1| enforces the qubits 7, and
l,+1 to be in the same computational state and the |GHZ3),
state has the property that each of its three qubits are in the
same computational state, the result of this “gluing” will be
to produce a many-body GHZ state on the N unmeasured
qubits (see Fig. 2).

Further taking into account the e#* gates, we conclude
that, in the case where all measurement outcomes yield
[1), the resulting wave function is the desired target state
|W(B)) with no unitary feedback necessary.

Now, let us consider what happens for an arbitrary mea-
surement outcome. For example, the circuit diagram for
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FIG. 2. Preparation of beyond the fixed-point GHZ state. Entangling measurements between disentangled clusters and tensor-
product unitary feedback can deterministially create quantum states away from their fixed points. This is exemplified in the above

where, to create a deformed GHZ state ef o5 X |GHZy) (shown on right), one first prepares disentangled three-qubit clusters
ePX|GHZ3) (left). Such clusters can be prepared unitarily by first creating the three-qubit GHZ state and then time evolving with
a particular Hamiltonian: e~#"1% |GHZ3) with / and c labeling the left and center qubits, respectively, and tan(f) = tanh(B). Subse-
quently, one measures nearest-neighbor qubits of adjacent clusters in the Bell basis. This “glues” the clusters together and, in the ideal
case of every measurement outcome yielding |1) = [00) + |11) /+/2, prepares the deformed GHZ exactly. When the measurement
outcomes are different, “errors” will exist atop the desired deformed GHZ state, which we show can be corrected with a tensor product

of unitaries conditioned on the measurement outcomes.

such an outcome may look like

(GHZ;) (CHZs) (GHZ;) (GHZy) (GHZy) (GHZy)
o~ E <11|ag ] 7|

®)

‘ (X (1]

Here, a measurement outcome of anything other than |1)
will be referred to as an error, that needs to be corrected
by acting a tensor product unitary at the physical level.
To see how a |X') measurement error is to be corrected,
we remark upon a convenient property of the GHZ state.
Namely, X;, |GHZs3), = X, X, |GHZ3). Consequently, we
have that

(GHZ;) (GHZs) (GHZs) (GHZs) (GHZs) (GHZs)

o LE e Ly ol=1

where we used the fact that X commutes through ef¥ . The
above can be iterated and shows that measurement out-
comes that result in an |X') can be corrected by “sweeping”
the measurement error to the right by acting with a phys-
ical unitary string of X’s from the location of the error to
the boundary. Similarly, the GHZ state has the property
that and Z; |GHZ3), = 1. Z, |GHZ3), implying that |Z)
measurement outcomes can be similarly swept to the right,
with no required action at the physical level except for a
local Z correction applied at the boundary. Finally, cor-
rections of |ZX') proceed similarly by using a combination
of the techniques for X and Z. This demonstrates that the
quantum state in Eq. (1) can be prepared deterministically
using the ingredients referenced in the Introduction.

Let us take stock of the qualitative features of the
measurement protocol and the physical properties of the
resulting state. We saw that correcting a measurement error
involved “sweeping” it off to the boundary. This means
that a single error is corrected by a physical unitary action,

g6
= 9)

which was spatially delocalized from the location of the
error. We call such errors topological (indeed as we dis-
cuss later, they correspond to defects in either long-range
entangled phases or in symmetry-protected topological
phases). Equivalently, the feedback unitary applied at a
given physical site was nonlocally conditioned on the clas-
sical data of every measurement outcome to the left of it.
The fact that all errors are nonlocally corrected requires
that the postmeasurement state has the ability to “teleport”
information across the system. In Sec. III we will prove
quite generally that this necessitates the postmeasurement
state to have a flat entanglement spectrum, congruent
with intuition gained from measurement-based quantum
computation [66—68]. Indeed, | ¥ (B)) has a bipartite entan-
glement spectrum given by A% = (1/2,1/2), similar to
the GHZ state. Furthermore, the state has the seemingly
unrelated property that it has no observables with zero
correlation length (which we define in Sec. V). We will
later show that this is no accident. By considering two
more examples, we will phenomenologically motivate a
key result of our work that these properties of the state
are direct consequences of the fact that each measurement
error is nonlocally corrected.

B. Example 2: Deformed cluster SPT state

Our next motivating example is a class of wave func-
tions in the nontrivial symmetry-protected topological
(SPT) phase protected by a Z, x Z, symmetry gener-
ated by spin-flips on even and odd sublattices. The wave
functions are given by

N-1

[W(B)) o exp <ﬂ Z)@) lclustery),  (10)

x=2

which are now deformed versions of the N-qubit “cluster”
state, defined as the state stabilized by Z,X,.Z,, in the
bulk and X7, and Zy_ Xy at the boundary [14,24,69,70].
Physically, such states are short-range entangled but share
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many features in common with the deformed GHZ state.
In particular, they similarly have a flat bipartite entangle-
ment spectrum given by A? = (1/2,1/2) and also have
the property that every connected correlation function that
is not identically zero has exponentially decaying tails
(see Appendix A). We now show that these shared phys-
ical properties between the GHZ are accompanied by a
similarity in the correction of measurement errors in the
preparation of |V (B)).

To see this, we note that this state is prepared by first
preparing the same product state of (NN — 2) decoupled
clusters as in the first example [cf. Eq. (4)] but instead of
measuring in the Bell basis, we measure in a basis related
to it by a Hadamard gate H, acting on the first qubit,
e.g., our basis is |[V') = H, |V) = H,. V., [1). The claim
is then when all the measurement outcomes are H,. |1):

v
<® (0., Hr1> Wo(B)) o= &g | o
=1

(11)
cluster v

_( )
P90 Q0 Q9 (12)

where the orange circle is the Hadamard matrix. The above
can be easily verified by showing that, when 8 = 0, the
state is stabilized by Z, X, 1Z,+, in the bulk and X7, and
Zy_1Xy at the boundary (see Appendix A).

For an arbitrary measurement outcome, we see that the
correction indeed proceeds similarly to the first example,
with

(GHZs) (GHZs) (GHZs) (GHZs) (GHZs) (GHZs)

7 G a7 G T
(13)

following from the GHZ identities we have regularly used.
The above implies that measurement outcomes that result
in an |X') at location x can be corrected by “sweeping” the
measurement error to the right by acting with the string
]_[yzo X.42y from the location of the error to the bound-
ary. A similar analysis shows that measurement outcomes
that result in an |Z) or |ZX) at location x can be cor-
rected by “sweeping” the measurement error to the right
by acting with strings [], . Xetop1 or [] 2o Xesy from
the location of the error to the boundary. Consequently, the
quantum state in Eq. (10) can also be prepared determinis-
tically using the ingredients referenced in the Introduction.
Moreover, similar to the GHZ, each type of measurement
error was nonlocally corrected. We note that this prepa-
ration protocol resembles the one introduced in Ref. [39]
for preparing the AKLT state [7], although here we have
a tunable correlation length. Crucially, we now turn to
an example whose preparation and physical properties are
radically distinct.

C. Example 3: Deformed trivial state

We conclude by discussing one final representative class
of examples, which have both qualitatively different phys-
ical properties accompanied by a qualitatively different
preparation protocol. The examples are given by [71]

N—-1

W (B)) o exp (ﬂ szzm) 0, (4

x=2

which are short-range entangled wave functions in the triv-
ial phase for all 8 < oo that asymptote to the GHZ state
exactly at 8 = oo. In this case, the state is preparable by
first preparing the following entangled clusters:

N
W (B)) o (R) ¥ |GHZ),, .. » (15)

x=1

with @ = arctanh(e~2#). Crucially, while this looks similar
to Eq. (4), note that the imaginary time evolution is now on
the right rather than the central qubit of each cluster.

Subsequently, we again measure in the familiar Bell
basis Eq. (6). We show in Appendix A (using tensor-
network state methods) that in the case where each of
the measurement outcome yields the [1) Bell state, the
postmeasurement state is exactly |V (8)). We turn to dis-
cussing the correctability properties of the state. Similar to
the GHZ and cluster state case we find that

(GHZs) (GHZs) (GHZs) (GHZs) (GHZs) (GHZs)
O O

m | e |7 | ) G 4

(16)

which is to say that |X) at location x can be corrected by
“sweeping” the measurement error to the right by acting
with the string [ . Xi+, from the location of the error to
the boundary. However, unlike the other two cases, a |Z)
error is corrected as

(GHZs) (GHZs) (GHZs) (GHZs) (GHZs) (GHZs)

(Z] QD) (1] )
(17)

which is entirely local (i.e., no need for infinite strings or
correction at the boundary). We call this a local error.
As stated earlier, the difference in the correction prop-
erties of the errors in this example are accompanied by
different physical properties. Unlike the other two exam-
ples, here the entanglement spectrum is not flat: one
can calculate that A2 = [(1 + 8)/2, (1 — 8§)/2] with 6! =
cosh(28). Indeed, now there is no longer a need for being
able to teleport arbitrary Pauli matrices.
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Moreover, we prove in Appendix A that, unlike the
other two examples, there exists an operator with a
strictly finite range of correlations that does not expo-
nentially decay (i.e., its correlation length is zero) [72],
although other operators have nonzero correlation length
& ~ 1/|Intanh B|.

D. Informal prelude of results

With these motivating examples in hand, our results fall
into two categories, which we summarize below. In these
cases we refer to states as “gluable” if they can be prepared
with the above ingredients: decoupled clusters, which are
“glued” together with a single-round of complete-basis
measurements. In the above examples, we saw errors could
be swept in a single direction. We will generally require
that measurement errors can be corrected by conditioning
only on gates to the left. For a detailed discussion of the
ingredients, we refer to Sec. III.

1. Interplay between preparability, entanglement,
correlations, and order

A key physical result of our work is a relationship
between how a state is prepared using measurement, and
the physical properties of the resulting state (in particular,
its correlation lengths, entanglement spectrum, and phase
of matter). To give a taste of these general results, we
highlight five informally stated theorems, whose precise
statements are in the parenthetically referenced sections
below:

(I) Theorem (Nonlocal correction constrains entan-
glement spectrum). If a wave function is prepara-
ble by gluing and all measurement errors require
nonlocal correction, then its bipartite entanglement
spectrum A? is constrained to be flat (Sec. IV A).

(II) Theorem (Local correction constrains correla-
tions). If a wave function is preparable by gluing
and there exists a measurement error that can be
locally corrected, then there exists an operator with
zero correlation length (Sec. V).

A corollary of the above theorems is a powerful no-go
theorem:

(IIT) Theorem (No-go theorem). Suppose |¥) is a wave
function whose entanglement spectrum A2 is not
flat. If there does not exist an operator whose con-
nected correlation function in [W) has a zero cor-
relation length, then |W) is not preparable with the
ingredients listed in the introduction (Sec. V).

Despite this powerful restriction on the class of preparable
many-body wave functions, we prove that the landscape

of preparable states are rich. This is exemplified by the
following “go theorem”

(IV) Theorem (Go theorem). Let |¥) be in a nontrivial
SPT phase for on-site Abelian symmetry group G.
If it has minimal entanglement (i.e., the bipartition
of an infinite chain has the smallest Schmidt rank
allowed by the nontrivial SPT phase) or is connected
to a state with minimal entanglement with a G-
symmetric finite-depth local unitary circuit, then it
is gluable with the above ingredients (see Theorem
7 in Sec. IV C and Corollary 4 in Sec. V D). In par-
ticular, any state preparable from a finite-depth local
unitary circuit applied to a product state is gluable
(see Corollary 5 in Sec. VD).

Note that our second example (Sec. II B) is a special case
of this general theorem, for the Abelian group Z, x Z,
and Schmidt spectrum A? = (%, %) We also have a con-
verse for this theorem, which arises as a special case of a
classification of gluable states.

(V) Theorem (Classification). We have a full classifica-
tion of gluable quantum states [shown in Eq. (32)].
This moreover allows one to construct tuneable
“phase diagrams” of preparable states [e.g., see
Eq. (60)], which we explore in more detail in a
companion work [73]. As a converse to the go
theorem, our classification tells us that if a state is (i)
short-range entangled; (ii) all errors are nonlocally
corrected; (iii) all errors commute up to phase
(which means that correcting one error does not
affect other errors); and (iv) the errors satisfy a tech-
nical homogeneity condition, then the state must be
a minimally entangled state for a nontrivial Abelian
SPT phase (Sec. IV C).

Such a classification highlights that precise answers can
be found to the question of which states can be prepared
with certain measurement-based resources. Once one is in
possession of this closed-form solution of gluable states,
their physical properties can be gleaned. In fact, one can
use this to even engineer preparable states with certain
desired properties; the latter is illustrated in our companion
work [73].

2. Connection to matrix-product states and required
resources for preparability

Our second class of results connects preparable states
to matrix-product states (MPSs) [61,62] and further con-
strains the possible ways in which one could create inter-
esting correlated states. This class of results inform one
“where to look™ if one wants to prepare a given quantum
many-body state from the ingredients above.
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(I) Theorem. Every gluable quantum state is a matrix-
product state.

(II) Theorem (Requirements on initial clusters). The
initial entangled clusters are guaranteed to be the
matrix-product state tensors in right-canonical form
up to a local unitary acting individually on the
“physical” qudit of the cluster and each “virtual”
qudit of the cluster.

(IIl) Theorem (Requirements on measurements). The
measurement basis used for preparation is guaran-
teed to be maximally entangled.

The above are all formally stated in Sec. III. In addition,
we note that we identify necessary and sufficient condi-
tions on the local matrix-product state tensor to guarantee
that a given quantum state is gluable with our ingredients
[Eq. (28)]. Having provided an informal prelude of our
results, we now introduce the formalism from which we
can prove these and other results.

III. GENERAL SETUP AND FORMALISM

In this section, we begin our more formal treatment of
determining which quantum states are preparable using the
ingredients present in the Introduction. To do so, we start
by stating the assumed ingredients in the Introduction more
formally, thereby defining the notion of gluable quantum
states. We subsequently show that such states are necessar-
ily matrix-product states and then state a theorem that the
clusters used to prepare them are necessarily the tensors
of the matrix-product state in canonical form (up to local
unitary actions on the qudits making up the cluster). These
tensors will be shown to satisfy a strict set of criteria, that
will pave the way to a general mathematical formalism that
enables proving the remaining results of this work.

A. Formalizing setup and reduction to matrix-product
states

Let us start by defining the notion of a “right-gluable”
many-body quantum state (with a corresponding notion of
“left-gluable™ after making the appropriate changes):

Definition (Right-gluable quantum states.). We say that
a many-body quantum state is right gluable if it can be
prepared deterministically with

(1) an initial product state of clusters of qudits arranged
in a one-dimensional geometry;

(2) a single round of finite-range, complete basis mea-
surements with nonoverlapping qudit support;

(3) left-conditioned tensor product unitary feedback on
unmeasured qubits. Here, the tensor product struc-
ture is defined relative to the clusters, i.e., unitaries
can act arbitrarily within clusters but not between
them. Moreover, left conditioning is a technical

restriction we impose, requiring the correction uni-
tary at a given unmeasured qubit only depends on
measurements between clusters to the left of it. We
thus only need to propagate classical information
from left to right.

We will also assume a minimality condition, which phys-
ically means that we do not use more measurements than
necessary. Mathematically, this means that for any biparti-
tion between the clusters, the Schmidt rank of the target
state equals the Schmidt rank of the measurement pro-
jectors. See the discussion below Eq. (18) for a simpler
rephrasing.

The above ingredients appear rather general and could
enable measurement patterns of the form shown in Fig. 3(a,
top row), which look rather different than the measure-
ments in the examples in Sec. II that were nearest neighbor
and had nonoverlapping geometric support. Nevertheless,
we show in Appendix B 1 that more elaborate measure-
ment schemes such as the one shown in the figure are, in
fact, equivalent to the restrictive scheme used in the exam-
ples and shown in Fig. 3(b). The technique for demon-
strating equivalence is depicted for the readers’ benefit in
Fig. 3(a). We will henceforth, without loss of generality,
work with a nearest-neighbor protocol. Moreover, since we
only consider right-gluable quantum states in this work, we
will sometimes refer to them as gluable states for brevity.

A further convenient observation is that we can always
presume that at least one of the measurement outcomes
gives the desired state—without requiring correction.
Indeed, consider any particular choice of measurement
outcomes {c;} where i labels the location and «; the out-
come: by virtue of the state being gluable, we know
there exists a tensor product unitary Uy, which corrects
the postmeasurement state and produces the desired state.
This means if we had simply applied this (nonentangling)
unitary Uy, to the initial clusters, then this particular mea-
surement outcome would immediately give the desired
result.

While the above are conventions that do not restrict
the generality of our results, we will introduce a physi-
cal restriction for convenience: we consider translation-
invariant setups, although many of our results hold more
generally. More concretely, the initial clusters in Fig. 3(b)
will be taken to be identical, and the measurement bases
will be invariant under translation by one cluster. Of course
we will not presume the measurement outcomes to be
translation invariant, nor the feedback step.

1. Entangled clusters and minimality condition

We now relate the outcomes of such measurement proto-
cols [shown in Fig. 3(b)] to tensor network states [shown
in Fig. 3(c)]. Let us observe that each cluster can be re-
expressed graphically in a manner that looks more like a
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FIG. 3. Setup and reduction to matrix-product states. We address the question of which quantum states can be prepared with an
initial product state of entangled clusters in a one-dimensional geometry, a single round of finite-range complete basis measurement
with nonoverlapping support, and left-conditioned tensor product unitary feedback. (a) While a generic protocol allowed within these
sets of ingredients may look unwieldy (top row), we first show that it can always be viewed as nearest-neighbor measurements between
disentangled clusters. To do so, we use a set of three moves: grouping clusters together (top to second row), reordering measured
qudits (second to third row), and grouping measurements together (third to last row). A detailed discussion of this is provided in
Appendix B 1. A consequence is that the generic case is the setup shown in (b). Here, we remark that classical feedback for the
measurement outcomes is shown using dotted lines coming from the measurements and informing the unitary action provided on the
qudit clusters. The requirement of left-conditioned measurement is shown graphically with arrows moving to the left amongst the
unitaries, depicting the flow of classical information used to create the feedback. (c) By reshaping the elements of (b), we are naturally
led to an MPS representation of the state, with the clusters, measurement basis states, and unitaries forming the MPS tensors. We show
in Theorem 1 that the unentangled clusters i required to prepare the MPS are always the MPS tensors—up to a unitary basis change
on each qudit of the cluster.

matrix-product state tensor: depicted as

1
" @ & v —

* (18)

(19)
where the factor of x ~!/? is chosen for later convenience.

In this language, the states in the measurement out-
come are reinterpreted as operators V,, which means
that the usual orthonormality of the measurement basis
(i.e., (VulVg) = ) is equivalent to the following trace-
orthonormality condition:

where the “virtual” legs labeled ¢, and r, are assumed to
have local Hilbert space dimension yx, and the “physical”
leg labeled x has dimension d. The aforementioned “mini-
mality” condition is then equivalent to requiring that x =
rank(A), where A is the bipartite entanglement spectrum
of the state. In other words, the resulting matrix-product

state has no zeros in the entanglement spectrum. (V] V) = X Sap- (20)

In other words, the basis )V can be reinterpreted as an

2. Measurements and error bases

Similar to the clusters, it will also be useful to adopt
a graphical notation for the different measurement out-
comes. In particular, let us suppose that we are measuring
in a basis of states V = {|V,)} with o = 1,..., x2. The
projection operator onto each state can be graphically

orthonormal basis for the space of y x x matrices. In the
error-correction literature, such operators have been called
an error basis [74—76]. In fact, such literature tends to
study the more restrictive notion of a unitary error basis,
where each V,, is a unitary operator. This is equivalent
to the measurement basis being maximally entangled. We
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emphasize that we do not impose this condition (since it
is a priori not essential for preparing states); however, we
will soon prove that unitarity is a consequence of our pro-
tocol. As an example, in Sec. II we considered the case
X = 2, where the Pauli matrices defined an error basis
{1,X,Z,ZX}; since these operators are all unitary (equiv-
alently, the basis of Bell states, Eq. (6), is maximally
entangled), it is indeed a unitary error basis.

Finally, as a technical remark, it will often be useful in
proofs to use the following graphical notation for the full

error basis:
X X
V, = ;2
X 21

where the leg labels indicate dimensionality of the leg and
the downwards-facing leg is the “«” leg. Note that the trace
orthonormality of the basis is equivalent to

«

tr(Vng) = = X| = X0ap-

3 (22)

Moreover, we remark that the graphical notation here
reveals an intriguing fact: V¥, when viewed as a x? x x?
matrix in the vertical direction of the above diagram, is the
inverse of V and is hence unitary (we stress that this does
not presume or imply that V,, is unitary as a x x x matrix).
Therefore, we also obtain the following relation:

1
X
(23)

which will be invaluable in several proofs.

3. Connection to matrix-product states

The result of using this graphical notation is summarized
in Fig. 3(c), which manifestly reveals the connection to
matrix-product states. We make this connection stronger
by showing that the resulting state actually has a very
particular and useful form.

Theorem 1 (Resources for gluable quantum states).
Suppose that |W) is a translation-invariant right-gluable
quantum state. Then the following are true:

(1) |¥) has an exact matrix-product state description.
(2) The unentangled clusters in the state-preparation
protocol |) are its matrix-product state tensors in

canonical form (labeled A) up to a tensor product of
unitaries acting on each qudit of the cluster. In other
words,

up (24)

where A is the MPS in right-canonical form and
ur,ug, and up are unitaries (which are determined
by the feedback protocol and measurement basis).

(3) The measurement basis V) used for the preparation
is maximally entangled. Equivalently, viewed as
operators, the measurement basis is a unitary error
basis.

Let us first remark on some technical points. In the
above theorem, by right-canonical form, we mean that the
Kronecker § is a dominant right eigenvector of the transfer
matrix with unit eigenvalue [62,77—79]. In tensor network
notation, this becomes

DAENIN

Such a form is highly convenient, as it allows to reduce
many physical quantities of the state to local expressions.
In addition, this form has the property that the remain-
ing “gauge” degree of freedom A; — WA;W' (where W
is unitary) can be used to also make the dominant left
eigenvector diagonal, which has the physical interpretation
of the Schmidt spectrum A? of a bipartition of the state.
While the full proof of the above theorem is provided in
detail in Appendix B, it logically relies on first proving
Theorem 2, which we will state momentarily.

The above theorem is powerful in that it heavily con-
strains “where to look™ if one wants to prepare a given
quantum state with a measurement-only protocol. Indeed,
the target state essentially fully specifies the clusters that
can be used for the preparation protocol, and the measure-
ment basis required for preparation is constrained to be
maximally entangled (these are also called fusion measure-
ments [60]). In other words, the ingredients we utilize tell
us it can never help to attempt to create a state by gluing
with, e.g., nonmaximally entangled measurement bases.
To highlight the nontriviality of this theorem, we point out
that if we had dropped the left-conditioning requirement,
there do exist nonmaximally entangled bases for gluing
certain quantum states, as shown in Sec. Il E. We thus see
that the deceptively simple ingredient of left conditioning
(i.e., classical information only travels to the right) helps
to build a remarkably structured framework, which we will
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use to uncover the physical properties (not) preparable via
measurement.
The above theorem leads to a very useful corollary.

Corollary 1. 1f |W) is a right-gluable quantum state,
then the initial clusters of its preparation protocol can
always be chosen to be the matrix-product state tensors
in canonical form and one of the measurement outcomes
V1 € V can be chosen to be the identity.

The last claim follows from Theorem 1 stating that V,
is unitary. That means we can always use Vy="Vy V}L as an
alternative error basis, which will still be correctable and a
unitary error basis, which now satisfies 7 =1.

Another corollary of Theorem 1 is that all measurement
outcomes are equally likely (see Appendix B 5 for a proof).
This is not important for chains with open boundary con-
ditions (such as the examples in Sec. II), since the state is
deterministically preparable, i.e., we can correct any possi-
ble measurement outcome. However, it can be used to infer
that the state is efficiently probabilistically prepaparable
even with periodic boundary conditions. For instance, in
Sec. IV B we explore additional conditions on the V,, oper-
ators, which ensure that classical postprocessing is very
simple, and in such cases we can infer that the probability
of successfully preparing the state on periodic boundary
conditions is lower bounded by 1/x? (in particular, it is
independent of system size).

With these results in mind, we now work to find appro-
priate conditions on the MPS tensor and the measurement
basis, which enables correctability.

B. Local tensor criteria for gluable states

We now discuss the properties of both the matrix-
product state tensor and the measurement basis that are
required for the state to be gluable. To do so, we start
by recognizing that the corollary above implies that mea-
surement outcomes V,, % V| € V can be viewed as virtual
errors in the target matrix-product state. Correctability then
reduces to asking the question as to when such virtual
errors “push through to unitaries.” Recall that by definition
of gluable states we know that each wrong measure-
ment outcome can be corrected by some physical unitary
operator to the right of the location of the error:

ULO] UE] U([;?]
(26)

This suggests that we should be able to push the error
through each matrix-product state tensor individually. In
order to make this notion precise, let us first introduce the
general concept of pushable operators of a matrix-product
state:

Definition (Pushable operators). Let A be a translation-
ally invariant matrix-product state tensor. We say that an
operator V% is right pushable with respect to 4 if there
exists a sequence of operators V€N 17Nl guch that

yin) %@ @ ylnt1
Ul
(27)

where U is unitary. A similar definition can be applied
for left-pushable operators.

The notion of pushable operators provides the bedrock
of a formalism for understanding which matrix-product
states can be created deterministically from measurements
and provides a condition on the matrix-product state tensor
required for gluability. Indeed, by formalizing the above
intuition, we prove in Appendix B2 that the errors in
gluable states are pushable operators. More generally,

Theorem 2 (Tensor characterization for right-gluable
states). A translation-invariant state |\W) is right gluable if
and only if its matrix-product state representation 4 admits
an error basis of right-pushable operators.

This condition is equivalent to the existence of x? trace-
orthonormal operators {V,} such that

w-@ @
@ @
Va Vo (28)

where y is the bond dimension of the MPS tensor, # is any
non-negative integer, and V1% = V.

This local condition on the MPS tensor is crucial to
proving Theorem 1. To give a taste of this, let us note that
Eq. (28) gives us a local condition on the transfer matrix.
This is rather powerful, since the transfer matrix contains
physical properties of interest; in particular, its spectrum
encodes correlation lengths and its eigenvectors encode
entanglement properties. If we combine this local criterion
with Eq. (23) (trace orthonormality of the basis), we obtain

Here we see the Kronecker § appear. By further manip-
ulating this local condition, one can in fact prove that
the Kronecker 6 is a dominant right eigenvector of the
MPS transfer matrix, thereby proving we are in canonical
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form [property (2) in Theorem 1]. While the details are in
the Appendix, we refer the interested reader to Sec. IV A
where we use the same ingredients in a somewhat simpler
setting.

Finally, we note that having proven that we are in canon-
ical form also allows us to deduce the last property in
Theorem 1, namely that the error basis is unitary. This is
because an MPS in canonical form has a more natural rela-
tionship between “virtual” and “physical” legs, such that
V', pushing through to a physical unitary operator can be
used to prove that, indeed, V,, itself must be unitary; we
again refer to the Appendix for a proof.

C. Classification of gluable quantum states

Beyond its utility in proving the resource theorem, the
tensor characterization of Theorem 2 can even be lever-
aged to prove a classification of all right-gluable quantum
states. To do so, it will be convenient to first note that by
performing a change of basis on each physical site, any
matrix-product tensor can be brought into what we will
call the definite form. More precisely, there always exists
a physical isometry [80] W such that

° - ®

where A is a positive semidefinite (PSD) operator in the
vertical direction (i.e., as a map between virtual and phys-
ical legs). In the special case A =1,», this just gives
a product state of Bell pairs, and Eq. (30) makes mani-
fest that any MPS can be thought of as gluing together
Bell pairs with imaginary time evolution or projectors
(depending on whether A has strictly positive or zero
eigenvalues). Indeed, since A is PSD, we can write it as
A= Zfinlk @) eFi |y} (v;] where {|v;)} is an orthogonal set
and E; € R. We stress that being in definite form is inde-
pendent from (and compatible with) being in canonical
form, since the former involves a physical change of basis
and the latter a virtual action. When both properties hold,
we can say the MPS is in definite canonical form.

There are two ways of seeing that the isometry in
Eq. (30) exists. Let us first give a conceptual high-level
argument, which uses the transfer matrix. Although this
is often regarded as a matrix in the horizontal direction,
here we will want to use it as a matrix in the vertical
direction, i.e., from the virtual bonds of the “ket” layer to
the virtual bonds of the “bra” layer. To avoid confusion
we will denote it as a T when interpreted in this ver-
tical direction, reserving T for the horizontal case. Then
we can write T = 474, where we similarly interpret 4 as
a matrix from virtual to physical bonds. This manifestly
shows that T is a PSD operator in this vertical direction.

(30)

Hence, we can define its square root A = +/T, which is
also PSD. If we interpret this as a matrix-product state
tensor, we observe it generates the same transfer matrix:
ATA = A? =T = ATA4. This proves Eq. (30), since it is
known that the transfer matrix fully characterizes an MPS
tensor, up to a physical isometry [62].

An alternative constructive proof is to simply take a
polar decomposition of 4, again regarded as a matrix from

virtual legs to the physical leg:
: (1)

where W is an isometry and Q is PSD. We note that such
a polar decomposition was a key ingredient in Ref. [9]
for classifying one-dimensional phases of matter. Here we
use it to remark that simply applying W to both sides of
Eq. (31) gives us Eq. (30) with A = WOW".

We can now state and prove the classification of gluable
states.

Theorem 3 (Classification of right-gluable states). Let
A be a matrix-product state tensor associated with quantum
state |W). Then, 4 admits an error basis of right-pushable
operators V% that pushes through to virtual V€N (equiv-
alently, by virtue of Theorem 2, |W) is right-gluable) if and
only if for all #,

AeC({Vne (/i (32)

for an appropriate choice of on-site change of basis imple-
mented by an isometry [81], where we view 4 as a matrix
from virtual to physical bonds and where C(S) is the com-
mutant algebra of the set S (i.e., the set of x> x x? matrices
that commute with all elements of S).

Proof. By virtue of the preceding discussion, it is suffi-
cient to prove this for 4 being in definite form, i.e.., 4 = A
in Eq. (30). As discussed, we can then equate A = /T,
where T is the transfer matrix interpreted as an operator
going in the vertical direction. Since A is PSD, Eq. (32) is
equivalent [82] to A2 = T e C({V" @ (VI'+11)T}). This is
in turn equivalent to Eq. (28) in Theorem 2 if V" is uni-
tary for any m. This indeed guaranteed by Theorem 1 for
m = 0, but the unitarity proof in fact applies for any m (see
Appendix B). ]

The above theorem completely characterizes the space
of all right-gluable quantum states. Indeed, for a given
error basis and a sequence of operators V"Nl which one
demands the basis pushes through to, the space of transla-
tionally invariant gluable quantum states can be explicitly
computed from the commutant. As an example, for V"l =
YV ={1,X,Z,7ZX} for all n, the commutant consists of all
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linear combinations of V, ® Vl, with V, € V. Hence, for
this error basis, the space of all gluable matrix-product
states are given by (up to a physical isometry):

A=l @1+ X X + 1, YR Y+ 1. Z® Z, (33)

where A4 is viewed as a matrix from the virtual legs to
the physical legs and u, € C can be arbitrarily chosen
(although they can always be made real and non-negative
by an isometry). For a more general unitary error basis,
the commutant can be explicitly calculated as a finite lin-
ear algebra problem by sequentially going through o =
1,2,...,x* and identifying the invariant subspaces by
simply diagonalizing V1",

D. Types of measurement errors: local and topological

Both the local tensor criteria and classification result
above heavily relied on the the notion of pushable opera-
tors. This motivates us to phenomenologically characterize
gluable quantum states by the manner by which measure-
ment errors push through the matrix-product state. Indeed,
inspired by the examples in Sec. II, we distinguish two
types of pushable operators.

Definition (Topological and local errors). Let V be a
right-pushable operator with respect to 4 associated with a
sequence V7N (where 7 = 71%). We can define two types
of these operators:

(a) We say that V is a local error, and equivalently
can be locally corrected, if the sequence of opera-
tors (V1, Uy can be chosen to trivialize at some n
(i.e., there exists m such that V=1 ylr=ml = 1),

(b) Conversely, we say that V' is a topological error if
the sequence can be chosen to never trivialize. In
such a case, V requires nonlocal correction, where
one using string operators to pair up and annihilates
topological errors (see below for examples).

Let us remark that local errors and topological errors are
not mutually distinct. In other words, some errors could be
both topological or local [83].

Given these two types of errors, the remainder of the
paper will be devoted to deriving physical properties of
gluable quantum states from the properties of their mea-
surement errors. However, before this, we show our results
in action concretely via the motivating examples intro-
duced in Sec. II. Readers not requiring a concrete instan-
tiation of our results via examples can safely skip to
Sec. IV.

E. Illustration of results with previous examples
1. Deformed GHZ

We start by illustrating our abstract results for the case
of the deformed GHZ state, which we encountered in
Sec. II A. Note that the deformed GHZ state Eq. (1) is an
exact bond-dimension two-tensor network, whose tensors
in right canonical form are given by

ﬁ}: o= (34)

where the T-junction tensor above is the three-leg Kro-
necker § tensor ;. Note that the tensor above, when
viewed as a state via the reshaping of Eq. (18), is pre-
cisely the initial cluster in the preparation protocol for the
deformed GHZ. Explicitly,

Cboc% (35)

In other words, we have that Eq. (24) holds with u; = ug =
Uup = 1.

Moreover, the measurements that we performed
were in a maximally entangled basis—consistent with
Theorem 1—and, in the operator language, they corre-
spond to the Pauli matrices, which are unitary as pre-
dicted. In particular, the Bell state projector (V| (with V' €
{1,X,Z,ZX}) is given by

V) %

(36)

where for the particular case of getting the identity, we
have that

G— = (37)

where the straight line is the two-leg Kronecker § §;.
Notice that then the perfect outcome of Fig. 2 becomes

A

R A

which is precisely the matrix-product state for the
deformed GHZ. Moreover, the above measurement basis
coincides with the basis of right-pushable operators for
the matrix-product state tensor. In fact, each of these are

(38)
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topological errors:

Xﬂ% —@—X
X (39)

Z%% — Z
- (40)

We interpret this as an instantiation of Theorem 2.

Lastly, we can also understand this example in the lan-
guage of the classification in Theorem 3. Specifically, one
can show that if we bring A4 to definite form Eq. (30), then

(41)

A=exp(BX QX) (HZ—QJ)

2

As this commutes with V,, ® VZ[ forallV, € {1,X,Z,ZX},
this is definitionally in the commutant algebra C({V, ®

Vl}), in line with Eq. (32) in the classification. In fact, it is
a special case of Eq. (33) with

cosh 8
2 b

sinh 8

5 (42)

H1 =Mz =
While Eq. (41) can be derived via a polar decomposition
of A, an alternative is to first compute the transfer matrix

of A and write it as a matrix in the virtual direction: T =
[(A+Z® 2Z)/2] PN [(1+Z ® Z)/2]. Then, A = JT.

2. Deformed cluster state

The deformed cluster state (Sec. IIB) is similarly a
bond-dimension two-matrix-product state whose tensors in
canonical form are given by

where the orange circle is once again the Hadamard and
the white circle ¢’ . Note that in this case, we have that

(v ) _ (GHZy)

T 1o ?

(43)

(44)

which means that ug = H in Eq. (24), with u,,
up = 1. Similarly, here the measurement basis is given
by {H,HX,HZ,HZX}, which is maximally entangled
when viewed as quantum states and unitary when viewed
as operators, thereby again providing an example of
Theorem 1. Consequently, one can check that the resulting

tensor network will precisely be the deformed cluster state
when all measurement outcomes yield H. Note that, in this
case, we glued using a measurement error basis, which did
not contain the identity operator. Relatedly, the initial |)
state is not simply the MPS tensor of the target state [see
Eq. (43)]. Moreover, the measurement basis is not the basis
of pushable operators. Instead, the latter basis is given by
VI = (1,X,Z,ZX}, which consists of topological errors

satisfying
X— % —— —— % —— 7
X (45)
Z %% — X
) (46)

implying that the ordered sets V"Nt — (1,7 X X7}
and V"N = PIO1 The above naturally leads to a crucial
observation that we can prepare the same state by using the
MPS tensor as a starting ingredient and measuring in the
Bell basis (by simply moving the Hadamard matrix from
the error basis into |)). This illustrates our general result
stated in Corollary 1. The fact that we can always restrict
to such a simpler scenario without loss of generality is a
consequence of Theorem 1 ensuring that the error basis
of a right-gluable state is always unitary. This additional
structure is key to proving the general results in the next
sections.

We conclude our discussion of this example by
understanding the gluability of the above in the lan-
guage of the classification of Theorem 3. If we bring
A to definite form, we obtain the same as Eq. (41)
up to conjugation by a single Hadamard, i.e., A =
exp(BX ®Z)[(1 +Z® X)/2]. Note that A commutes
with every element of the set {V/" @ (V1)) = (1 ®
1,X®Z,ZRX,ZX ® ZX} for all n. As such, definition-
ally, A e C(V]! ® (Vr+1)Ty).

3. Deformed trivial
Finally, the deformed trivial state we considered

(Sec. 11 C) also has an exact tensor-network description,
with tensors in right-canonical form given by

.

where the white circle is ¢*¥ with tanh o = e25.

47
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In this case, the clusters used for preparation:

m > (48)

are precisely the matrix-product state tensors with
up,ug,up = 1 in the parlance of Eq. (24). Similar to the
GHZ example, the measurement basis is the Bell basis,
which now makes manifest why a perfect measurement |1)
produces the target state with no need for correction. Note
that X errors and Z errors are both pushable, but now only
X 1is topological, with Z being local. In particular,

Xﬂ%ﬁ%x
Zﬁﬁk

Hence, we would write that the error basis of pushable
operators is VI = {1, X, Z, ZX} and they push through to
pin=lefl — (1 x 1,X}.

We conclude by once again describing how the above
example fits into our classification. To compute the definite
form of 4, we first write the transfer matrix as a matrix in
the vertical direction:

(49)

(50)

p1ex 1+Z® Zeamx R A-Y
2 N 2 '

T = (51)

One can straightforwardly show that T? oc T, and hence
A = /T oc T. We thus see that A commutes with {/1” ®
VM =(1®1,X®X,Z®1,ZX ® X} and (=g
iz = (1@ 1,X ® X,1® 1,X ® X}. Hence, we
have that A € C ({V([x"] ® Vg”*l]}) for all n, consistent with
Eq. (32) of Theorem 3.

4. Deformed trivial as a nonexample
Instead of Eq. (47) we could consider the MPS tensor

ﬁ} i @T& (52)

where the white circle is now ¢*¥/? with tanha = 2%,
This clearly generates the same deformed trivial state.
However, this MPS is not in canonical form. Hence,
according to our resource theorem (Theorem 1), we can-
not use this as a wave function for our decoupled clusters.
However, if we give up on our requirement that feedback

is only left conditioned, we can also glue these clus-
ters. Remarkably, the error basis used for gluing will now
be nonunitary: {1,X,Ze*Y,e** Y}. This basis is now no
longer maximally entangled, but we can still correct the
errors: e.g., while X pushes through to the right as in
Eq. (49), but Ze*X can only be corrected by (locally) push-
ing to the left. This example highlights that a considerable
amount of structure can be lost as soon as classical infor-
mation needs to propagate both left and right. It remains
to be seen whether a similarly complete framework can be
worked out for such cases; however, it is equally unclear
whether such bidirectional classical propagation provides
a distinct advantage over simply using left conditioning.

IV. TOPOLOGICAL ERRORS: CONSTRAINTS ON
ENTANGLEMENT AND ORDER

Having set up the basic formalism for understanding the
structure of gluable quantum states in the previous section,
here we consider constraints on the physical properties of
such states when all measurement errors are topological
or, equivalently, are nonlocally corrected. More precisely,
we call a state topologically gluable if the unitary error
basis V = {V,} used for gluing remains an error basis [84]
upon pushing through to V"l = {¥171} in Eq. (27); this is in
fact automatically a unitary error basis similar to the proof
of Theorem 1. This is in contrast to states where we use
local feedback, where necessarily V7] must trivialize for
certain .

The section is organized by first proving a basic but
powerful constraint on the entanglement structure for
gluable matrix-product states of this form. After this,
we explore the connection between topologically gluable
matrix-product states and symmetry, enabling us to pro-
vide a convenient parameterization of all such states in a
particular setting. We conclude by discussing the relation-
ship between short-range entangled topologically gluable
quantum states and symmetry protected topological phases
with both uniform and modulated symmetries.

A. Generalities of topologically gluable states

Let us start by providing the most basic constraint on
topologically gluable matrix-product states. This arises
from the ability of pushing each error operator to a far-
away region without losing its information (in particular,
in finite chains this means the error gets pushed to the edge,
as in the examples in Secs. Il A and II B). This is reminis-
cent of measurement-based quantum computation [66—68],
where a flat (i.e., fully degenerate) entanglement spectrum
is necessary to be able to “teleport” operators in this way.
We show that this intuition indeed generalizes to our setup:

Theorem 4 (Exclusively topological error constrain
entanglement). Any topologically gluable matrix-product
state has a flat bipartite entanglement spectrum, i.e., the
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Schmidt spectrum A? is x-fold degenerate where x is the
bond dimension, i.e., A> = (1/x,1/x,...,1/%).

Proof. To prove the claim, we first recall that Theorem
1 guarantees we are in canonical form. More precisely,
the Kronecker delta (i.e., the Choi state for the identity
operator) is a dominant right eigenvector. Since its corre-
sponding left eigenvector is the Schmidt spectrum A2, it
now suffices to prove that its left eigenvector is also the
Kronecker §. To do so, let us denote the transfer matrix of
the matrix-product state as

bEN BN

and note that for topologically gluable states, we have that

@ @ (54)

for all o, with V"l = {V1"]} forming an error basis for all n.
At this point, we can sum over « and use the diagrammatic
identity introduced in Eq. (23) to show that, for all n:

a-ur.

Now, we can formally take the limit as » — oo and using
the fact that we are in canonical form, we have that

s eo-zoo ||

where the sums over § and y are over the dominant
eigenspace of the transfer matrix (that is one dimension
for short-range entangled states) but higher dimensional
for long-range entangled states. Now, dotting on the left
of both diagrams with the identity, yields

Z X tr(Rps) @ = (Z tr(Rﬂtr(Lﬁ) [
B vy

Since the transfer matrix is guaranteed to have at least one
positive right eigenvector (since we are in right canonical

(56)

(57)

form, that eigenvector is just the identity), the left-hand
side of the above equation is nonzero and hence the term
in parenthesis on the right-hand side is not zero. As a
direct consequence, the identity is in the span of the left
eigenspace. Finally, since this has nonzero overlap with
the Kronecker 4§, it is the left eigenvector associated to
the aforementioned dominant right eigenvector, proving
that the entanglement spectrum of the transfer matrix is
flat. |

As aremark, we use a similar style of reasoning to prove
canonical form in the first place (claimed in Theorem 1) as
shown in Appendix B. The flatness of the entanglement
spectrum already suggests possible connections between
topologically gluable quantum states and order. Indeed,
constraints on degeneracy of the entanglement spectrum
regularly appear for nontrivial one-dimensional quan-
tum states, ranging from long-range entangled states to
symmetry-protected topological phases. In what follows,
we make this connection more precise by first formalizing
the connection between topological errors and symmetry,
which will then reveal how topological errors can con-
strain the order of gluable quantum states. This reflects the
two examples we saw in Sec. Il A and 11 B, which con-
sider deformed long-range entanglement and SPT order,
respectively.

B. Topological errors and symmetry

In discussing the relationship between topological errors
and symmetry, it is convenient to distinguish between two
types of topologically gluable matrix-product states. In
particular, we will say that a matrix-product state is uni-
form topologically gluable if the elements of its error
basis V satisfy a uniform push-through rule:

Ua (58)

for all ¥, € V, i.e., V"N =V, in Eq. (27) (in principle,
this needs only to hold up to a phase factor, which we omit
for presentation purposes). An example of such uniform
states include our deformed GHZ state (Sec. 11 A), but also
the deformed SPT example (Sec. 11 B) if we block into
a unit cell of two sites. Conversely, in the case where a
topologically gluable matrix-product state is not uniform,
we will call it modulated, an example of which is the
deformed SPT without blocking (Sec. IIB). As we will
discuss in Sec. IV D, such cases are related to the notion
of modulated symmetries, which are just starting to be
explored in many-body quantum systems [85-93].
Uniform topologically gluable states are associated with
uniform symmetries, where the symmetry action does not
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vary from site to site of the chain. This is clear from
rewriting Eq. (58) as

Ua (59)

This is the usual symmetry condition for a matrix-product
state [62], indeed, it implies [],(Uy), leaves the state
invariant. Hence, in the case where U,, is nontrivial opera-
tor, it gives a physical uniform symmetry of the matrix-
product state. Conversely, when U, = 1, we have that
V, forms a virtual symmetry of the matrix-product state,
whose presence indicates that the state is long-range entan-
gled [94]. This is exemplified by the Z errors in the
deformed GHZ state.

The relationship between pushable measurement errors
and symmetry naturally inspires taking an algebraic lens
on measurement errors. In particular, one can consider
the case where the measurement errors commute up to a
phase, which we will call Abelian errors (indeed they give
rise to Abelian symmetries). Cases with Abelian errors
have the useful property that correcting a measurement
error does not affect other errors, since pushing one error
along the matrix product will not transform the errors it
passes along the way. This property places rather strong
constraints on the gluable quantum state and indeed, it is
possible to provide a convenient explicit parameterization
of matrix-product states in these circumstances.

Theorem 5 (Parameterization of all uniform topologi-
cally gluable matrix-product states with Abelian errors).
Suppose that 4 is a uniform topologically gluable matrix-
product state tensor with an error basis V = {V,}, whose
elements all commute up to a phase. Without loss of gen-
erality, we can choose one of them to contain the identity
[95]. Then, up to an isometry acting at the physical level,
A is a is a matrix-product state tensor with a physical
dimension of x? and virtual dimension of x given by

& — t,
@ (60)

where 7,_,, 2 are arbitrary complex numbers such that
D oo lta |> = 1 to ensure normalization.

Proof (abridged). Since {V,}, is a unitary error basis,
we know {V, ® Vg}ep is a basis for x? x x2-dimensional
matrices. Hence, we can write the transfer matrix as

9 X 4@7

= Z Ao
a,f=1 C)
@ (61)

for certain coefficients A, g € C. The local characterization
of gluability [Eq. (28)] in the case of uniform symmetries
tells us that forany y = 1,2,..., x we have

@ @
(@) n—@—v (62)

So far, these equations hold for any right-gluable MPS.
However, we will now argue that for the case of Abelian
errors, only diagonal terms (i.e., where o« = ) can sur-
vive in Eq. (61). Since the errors are Abelian, we can write
V, Vs = xy5VsV, for x, s € U(1). Then Eq. (62) tells us

= Kre; . (63)
Xy.B

Ao

Hence, A, g # 0implies that x,, , = x, g forall y. One can
argue from the completeness of the unitary error basis that
this implies « = B. From this one can deduce Eq. (60); we
refer to Appendix C 1 for details.

It turns out that uniform topologically gluable states
with Abelian errors have additional properties, which can
be very convenient. In particular, in Appendix C 1 we show
that Abelian errors automatically have a grouplike struc-
ture. For instance, V, Vg and Vi are automatically part
of the unitary error basis. Such a structure can help with
the classical postprocessing step. For instance, it means
that instead of correcting for a single V, error with a
semi-infinite string, one can pair up ¥, with other nearby
elements (such as VZ) with finite string operators. Alge-
braically, this structure is known as a nice error basis, and
these have been classified for small degrees [76]. It is thus
promising that such mathematical physics results can be
applied to the many-body physics problem of determinis-
tically preparing quantum states with measurement.

We note that Eq. (60) can be regarded as a classifica-
tion of states, which are uniform topologically gluable with
Abelian errors. In Theorem 3, we saw a general classifica-
tion of (right-)gluable states, which says that up to physical
isometry, 4 € C{{V, ® Vl}) for the case of uniform errors.
In the special case of Abelian errors this commutant is gen-
erated by V, ® Vi itself, such that we obtain the following
alternative parametrized classification (also see Ref. [96]):

A=) paVa®VL. (64)

In this expression, we interpret 4 as a matrix from the
virtual bonds (of dimension x?) to the physical site (of
dimension x2). At face value, it is not manifestly obvi-
ous that Eq. (60) parameterizes the same space of states
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as Eq. (64). It is a nontrivial consistency check that these
two classifications can be shown to be equivalent; in fact
in Appendix C 1 ¢ we derive the function which relates the
parameters 7 to the parameters /i.

We can give an even stronger version of the above
theorem for the case of bond dimension xy = 2. This is
because the Pauli matrices are essentially the only uni-
tary error basis for 2 x 2 matrices [75]. We thus have the
following.

Corollary 2. Suppose that 4 is a uniform topologically
gluable matrix-product state tensor with bond dimension
x = 2. Then, up to an isometry acting at the physical level,
A is a is a matrix-product state tensor with a physical
dimension of 4 and is given by

ﬁq} =ta
o (65)

where o are the Pauli matrices {1,.X, Y, Z}. Here ty—1234
are arbitrary complex numbers such that ), |z, > =1.

As a particular example, the deformed GHZ state
(Sec. I1A) corresponds to t; = ef /(e + e72P), t, =
3 =0, and t4 =
tion on the physical qubit. Similarly, the deformed cluster
state (Sec. II B) corresponds to t, o (¢?#,1,ie72#, 1) after
blocking two physical qubits into one four-state qudit.
Finally, let us remark that the spin-1 AKLT state [7] is also
preparable with measurement [39] and in fact is uniform
topologically gluable in our framework, corresponding to
HhH=0andh ==t = %

The above parameterizations reveal a rich landscape of
matrix-product states that are deterministically preparable
using one round of measurements and given a specific
measurement basis. Indeed, in a companion paper [73],
we explore some of the phenomenological landscape that
arises as a consequence of the above parameterization
(including how ¢, relates to entanglement and correlation
properties). Below, we now formally present the “go” the-
orems mentioned in Sec. II D, making physical comments
on the types of order present in the short-range entangled
case of the above.

1— t%, after a Hadamard transforma-

C. Uniform, short-range entangled case

In the case of short-range entangled states, there are no
virtual symmetries of the matrix-product state and con-
sequently the correction unitaries in Eq. (59) are now all
nontrivial and generate a group Gy, which we term index
group of the state [97]. From our example of the deformed
cluster state (Sec. Il B), we may naturally wonder if the
gluable state is then required to be a nontrivial SPT. This
is indeed the case! Specifically, we prove in Appendix C 2

that for the Abelian case, the measurement errors ¥, must
generate a nontrivial faithful irreducible projective rep-
resentation of the above symmetry group. This naturally
connects uniform topologically gluable quantum states to
SPT phases and results in the following theorem.

Theorem 6. Every short-range entangled, uniform topo-
logically gluable matrix-product state with Abelian errors
is a nontrivial SPT phase protected by the symmetry
group Gy.

A natural question is then whether the converse also
holds. In particular, does there exist a class of represen-
tatives in any Abelian SPT phase that are required to be
gluable? This, in fact, is also true and the representatives in
question are so-called minimally entangled quantum states
in the SPT phase. Such quantum states are required to have
a bipartite Schmidt rank that is the minimal rank permis-
sible by the entanglement degeneracy of the SPT phase,
but we remark this does not constrain the nature of the
correlations of the state. As an example, for all values
of B, the deformed cluster states considered (Sec. 11 B)
are all minimally entangled SPTs—there Schmidt rank is
rank(A) = x = 2 as minimally required by the twofold
entanglement degeneracy required by the Z, x Z, SPT
order—but their correlation lengths for different values are
drastically different and can even diverge. The equivalence
between minimally entangled Abelian SPTs and uniform
topologically gluable quantum states is established via the
following theorem.

Theorem 7. Any minimally entangled translation-
invariant SPT phase protected by a uniform Abelian inter-
nal symmetry is topologically gluable.

We remark that, at a high level, this theorem shows
that measurement-based preparability can go hand-in-hand
with certain exotic classes of 1D orders. The starting point
for proving the above theorem is rather natural: the state
being in a nontrivial SPT phase for a symmetry group
G naturally gives virtual operators V,, which define a
nontrivial projective representation of G [10,13]. In the
Abelian case, there is a unique bond dimension associ-
ated to such a projective representation, and our above
minimal-entanglement condition can then be used to prove
that {V, } indeed defines a unitary error basis. The full proof
is provided in Appendix C2. Here we want to highlight
an interesting subtlety. In particular, one may wonder if
the group G, which defined the initial SPT phases neces-
sarily coincides with the index group Gy of the resulting
gluable state. Surprisingly this is not the case! In fact, Gy
need not even be a subgroup [98] of G. Indeed, we share
a corollary for the proof of the above theorem, which may
be of independent interest.
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Corollary 3. Suppose |¥) is a minimally entangled SPT
state protected by a uniform Abelian internal symmetry G
and labeled by a factor set w. If Z, = {g € Glw(g,h) =
w(h,g), Yh € G} is the projective center of the group asso-
ciated with w, then [v{) is also a nontrivial SPT phase
protected by an Abelian symmetry G’ >~ G/Z,,, whose fac-
tor set ' is maximally noncommuting, i.e., its projective
center is trivial Z,, = {1}.

We refer to Refs. [99,100] for a discussion of the notion
of maximally noncommuting SPT phases.

D. Modulated case: dipole SPTs

Having addressed the uniform case in detail, we now
turn to the comparatively more exotic modulated case for
the case of short-range entangled states. In such a case, the
modulation of the measurement errors as they are swept
through virtual bonds of the tensors is accompanied by a
modulated site-to-site action of the correction unitary at the
physical level. Moreover, if the measurement error oper-
ator is inserted at the boundary (with suitable boundary
conditions), the resulting correction symmetry string will
generate a modulated symmetry of the system.

For arbitrary modulated symmetries, the structure of the
resulting symmetry could be system-size-dependent. This
sort of “UV/IR mixing” is a regular feature of systems
with modulated symmetries and makes a completely gen-
eral analysis of the modulated case challenging. Indeed,
a full theory of short-range entangled states is still lack-
ing, though there has been recent progress in understand-
ing several examples for certain modulated symmetries
[89,101,102] and a general classification in one dimension
for dipole-modulated symmetries [90]. As such, below we
address a few examples of preparable modulated topologi-
cally gluable SPT states. In all cases, it is in some sense the
SPT properties of the state that enable the gluing of these
states. This suggests a more general connection between
topologically gluable states to modulated SPTs that we
leave for future work to address in generality.

1. Review of Ref. [89]: deformed cluster state as dipole
SPT

We start by recognizing that the deformed cluster state
in our motivating examples (Sec. IIB) can already be
interpreted as the simplest (albeit contrived) example of
a dipole SPT phase. In particular, traditionally the clus-
ter state, and its deformed analogs, are viewed as being
protected by a Z5*" x Z‘z’dd symmetry (corresponding to
spin flips on even and odd sites). These can be viewed as
two distinct uniform symmetries if one forgets the one-
site translation invariance of the cluster state and blocks
two adjacent sites on the cluster state together. Alterna-
tively, if one demands the single-site translation symmetry
of the state, it can instead be viewed as a Z2Q x 72 dipole

SPT, where the former ZZQ is the uniform “Z,-charge” sym-
metry of the state generated by [[, X, and the latter is a
modulated “Z,-dipole” symmetry generated by [ [, o en Xx-
Phrased in a more tensor network-based language, the exis-
tence of a uniform symmetry of the matrix-product state
guarantees that

XX
X
and similarly,
ﬂ @ ZZ
X

In contrast, the presence of the Zzg x 75 symmetries
guarantees that

ﬁj{%y%y

(66)

(67)

(68)

Yﬂ% Xﬂ%x
- (69)

which can be checked is equivalent to Eq. (45). Both
schemes are sufficient for guaranteeing that the deformed
cluster state is gluable.

2. Gluing 7.2 x 72 dipole SPTs

Following our discussion of the deformed cluster state,
we now discuss the gluing of a deformed variant of the
72 x 7P dipole SPTs introduced in Ref. [89]. To do so,
it will be convenient to define the Zy Pauli matrices (or
clock and shift matrices) X and Z. These operators act on
a local Hilbert space of dimension N, labeled |g € Zy),
and they satisfy the following algebraic relations:

ZVN=xV=1 ZX=0wX2Z 2Z'X=0XZ
(70)

where @ = ¢*™/N. In terms of these, the two internal
symmetry groups of these SPTs are given by [ [, X, and
[ 1, XF, which generate the charge and dipole symmetry
respectively. There are N distinct variants of the dipole
SPT labeled by n € Zy. In all such cases, a deformed
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variant of the fixed point wave function can be labeled by

(71)

where the white circle is e#¥+¥") and the orange circle
denotes a dipolar “Hadamard”-esque matrix:

N
Hy= Y ™" |g) (h]. (72)
g,h=1

These tensors are in right canonical form and satisfy the
following dipolar SPT rules, which can be expressed as

ﬁ“% B (zwwﬁt% xizn
xt -

(73)

(z*wcﬂ% ) X%%%x*
=w (74)

The rules above are rather generic and apply, in some form,
to any minimally entangled representative of the Zy x Z&
dipole SPT phase. Rules in hand, we now discuss how
to prepare these states with measurement. As always, we
envision preparing the tensors above as quantum states.
Subsequently, we measure the virtual qudits in the maxi-
mally entangled unitary error basis defined by the Zy Pauli
matrices: V = (X, Z). Note that the dipole SPT rules of
Eq. (73), can be rearranged to provide push-through rules
for (Z7XT and (Z%)". To ensure correctability, we con-
sider the case where d, = gcd(n,N) =1 (i.e,, n and N
are co-prime). In such a case, the aforementioned opera-
tors generate the Zy Paulis and we are guarantees that we
can correct any virtual insertions just using the SPT prop-
erty. This demonstrates the preparability of the deformed

ZI% x Z% dipole SPT. The same argument applies to any

minimally entangled representative of the Z]% x 7L dipole
SPT ford, = 1.

V. LOCAL AND TOPOLOGICAL ERRORS:
CORRELATION VERSUS ENTANGLEMENT

Having provided a detailed analysis of the constraints
imposed on gluable quantum states with exclusively topo-
logical errors, in this section, we will now consider the case
where there exist both topological and local errors in the
system. In particular, we first show that the presence of
even one local error in the system forces there to exist zero
correlation length operators in the state (a statement, which
we will make more precise in the matrix-product state

language shortly). Subsequently, we will provide some
extended physical intuition on the above result before
stating the main result of this section: a no-go theorem
demonstrating that certain quantum many-body states are
not gluable, or equivalently cannot be prepared using the
ingredients informally laid out in the Introduction.

A. Local error constrain correlations

As stated above, here we will consider a scenario where
a subset of the measurement errors are locally correctable.
In this case, we will prove a simple, but powerful constraint
on the correlations of the state. To do so, let us first recall
that correlation functions in a matrix-product state are con-
trolled by the spectrum of the transfer matrix [62,77-79].
Indeed, the correlation function of a generic operator O
(either pointlike or stringlike) is a sum of exponential
decays given by

(O@X)O®W)) = Z coe—lx—yl/&

respec(T)

(75)

where &, = 1/log(1/A) and c’(\9 are coefficients that
depend on the choice of operator. As a consequence, we
will refer to the spectrum of the transfer matrix more
physically as the correlation spectrum.

Let us remark that, by the requirement of normaliza-
tion of the state, the largest transfer matrix eigenvalue is
required to be 1 and degeneracies in this eigenvalue always
signify long-range entanglement [103]. Zeros in the trans-
fer matrix spectrum are associated with operators whose
correlation length is exactly zero [104]. Consequently, see-
ing such zeros in the correlation spectrum indicates the
presence of operators whose connected correlation func-
tions, while not identically zero, are zero beyond a certain
distance.

With an understanding of the correlations in the matrix-
product state, we are prepared to state and prove the
following theorem.

Theorem 8 (Local error constrain correlations). Sup-
pose that 4 is a matrix-product state tensor and V is a
(nonidentity) measurement error that can be corrected at
the physical level using a unitary with finite local support.
Then, the correlation spectrum of A4 has a zero.

Proof. Let us suppose that V' is an operator that can be
locally corrected. Then, this means that the measurement
error pushes through the matrix-product state onto a uni-
tary with a support on a bounded number of continuous
sites n. Consequently, we have that

)
) (76)
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The above naturally implies that (V' ® V' — 1 ® 1)T = 0.
Now, by assumption, V' # 1 and hence the above operator
is nonzero. Thus, for any vector {(¢| € C* @ CX such that
(Pl (VRV—-1®1) = (¥| #0, we have that (/| T =0
[105]. This completes the proof. ]

The above theorem shows that states with local errors
are “closer to their fixed points,” at least at the level of
their correlations.

B. Local errors and their correction from local
unitaries

To provide some more intuition for the previous
theorem, we show that in certain cases, matrix-product
states with local errors can be “partially glued” using a
finite-depth local unitary circuit. Since such unitaries can-
not increase the correlation length of a state (as they have
finite light cones), this provides heuristic intuition for why
the correlations of such states are more limited. The afore-
mentioned cases correspond to when each element of the
error basis V can be decomposed into a product of two sets
of operators v, Vg, withi = 1,..., x"andj = 1,... x*/x/,
where the v’s are local errors and J’s are topological
errors. In other words, they satisfy

A

T -

Uy (77)

where V! can be iteratively pushed off to infinity and
U and u,, are unitary. Such a structure arises, for exam-
ple, in the deformed trivial state (Sec. I1 C) whose errors
basis—the Pauli’s—satisfy similar push-through condi-
tions, with Z being a local error and X being topological.
We now demonstrate how this product structure of the
errors allows replacement of some of the measurements
and feedback by conventional unitaries. For maximal clar-
ity, we here demonstrate the key ideas using the example of
the deformed trivial state, but the manipulations generalize
to the more general product case structure.

The essential idea is to replace measurement and local
classical postprocessing with quantum processing. To see
this idea in action, let us recall that for the deformed
trivial state, Bell measurement between two clusters [see
Eq. (48) for a tensor network depiction of the clusters]
are used to glue the clusters together. Operationally, one

(78)

could perform this Bell measurement by first performing a
control-NOT gate between the clusters visualized as

2 [T3

and subsequently, perform a Z-basis measurement on the
target and a X -basis measurement on the control. Note that
if the outcome is |0) |+), then the result will be to insert a
projector onto the Bell state |1). This constitutes the ideal
measurement outcome. In the case, where we get either the
[1) or |0) state, note that

(79)

RESREAR
apc
(80)
RESREAR
(&)
(81)

The above means that, errors on the left measurement
insert an X -measurement error between the clusters and
errors on the right measurement insert a Z-measurement
error. While correcting the topological X error requires
a nonlocal string as explored extensively in the previous
sections, correcting the local Z error requires only a local
action of Z* on the physical qubit immediately to the right
of the measurement, classically conditioned on the mea-
surement outcome of the right qubit above (a = 0 for |+)
and a = 1 for |—)). This local classical postprocessing can
be replaced with the following quantum processing:

S

: (82)

where the orange circles are once again Hadamard gates,
the conditional gate is a control-Z gate, and the purpose
of the gate in the red box is effectively to check whether
the left qubit is in the |[+) or |—) state and use a quantum
conditional gate to correct it on the right. Note that the red
box is simply just a control-NOT, but we have emphasized
its internal structure for didactic reasons, since it can be
interpreted as (quantum) feedback, which checks the state
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of the to-be-measured ancilla. Indeed, one can show that

@l

(83)

What this means is that by turning our classically con-
ditioned on-site feedback into a quantum gate, the corre-
sponding ancilla qubit is automatically disentangled and
we thus do not need to measure it anymore. We have thus
reduced the necessary measurements to a single qubit for
“gluing” the two clusters together, with a topological error,
which can be corrected by a nonlocal string.

Since local unitary gates cannot change the correlation
length of the state they are acting on, the above pro-
vides some intuition as to why local errors lead to zeros
in the correlation spectrum. Furthermore, we remark that,
while unitary gates cannot change correlation lengths, they
can affect the entanglement spectrum, further motivating
why states with local errors can have nonflat entanglement
spectrum.

C. No-go theorem

Given the above theorem on local errors and zeros in the
correlation spectrum and intuition for this result, we are
now prepared to prove a key result of this paper: a pow-
erful no-go theorem on the preparability of quantum states
with a single round of measurements and left-conditioned
feedback.

Theorem 9 (No-go theorem). Suppose |WV) is a
translation-invariant quantum state with a nonflat entan-
glement spectrum upon bipartitioning the infinite chain in
two halves, and with no zeros in its correlation spectrum
(i.e., its transfer matix has full rank). Then |W) is not right-
gluable, i.e., it cannot be prepared with the ingredients
listed in Sec. III.

Proof. The proof follows by establishing a contradic-
tion. Let us suppose that |W) was gluable with an error
basis V. Further, suppose that the transfer matrix of the
matrix-product state representation of |W) had no zero
eigenvalues in its spectrum and consequently was full rank.
Then, by Theorem 8, we know that |W) has no locally
correctable errors and its errors are exclusively topologi-
cal. Consequently, per Theorem 4 [106], the entanglement
spectrum is flat. However, this is in contradiction with the
assumption that |W) had a nonflat entanglement spectrum.
Hence, | W) is not gluable. |

As an example of a state with the aforementioned prop-
erties, we can consider a combination of the examples seen
in Sec. II. For instance, |W) = ef Xn¥nef 2nZnZust |4 js

a translation-invariant state, which admits an exact y = 2
MPS representation, and one can straightforwardly check
that for 8 # 0 # B, its entanglement spectrum is not flat
and its transfer matrix has full rank. Thus, this state cannot
be prepared with the ingredients explored in the present
work. This highlights it is in principle possible to high-
light concrete boundaries between what is and what is not
possible using measurement-based state preparation.

D. Gluable states and finite-depth local unitaries

Thus far, we have seen that nontopologically gluable
states with local errors permit a richer (nonflat) bipartite
entanglement structure, at the cost of having less expres-
sive correlations. An extremal subset of states with these
properties are quantum states preparable with finite-depth
local unitary circuits (FDLUs) applied to product states.
Indeed, such states have an arbitrary bipartite entangle-
ment spectrum but strictly zero correlation length. In this
section, we show that FDLU preparable states are, in fact,
all gluable. This result arises as a special case of a more
general theorem about the interplay between gluability
and FDLUs, which also has implications for the class of
preparable SPT states. In particular, the theorem can be
stated as follows.

Theorem 10 (Symmetric FDLU preserves gluability).
Suppose A4 is a gluable matrix-product state tensor associ-
ated with a quantum state |\W) and characterized by a right-
pushable sequence of operators V"l = {17} satisfying

e @ @R i
U[’ﬂ]
: (84)

for correction unitaries U, and VI% forming a unitary
error basis. Let Gy = (®), UlJ) be the symmetry group
formed from the correction unitaries, which are symme-
tries [107] of |W). Then, for any translationally-invariant
finite-depth local unitary circuit 4/ composed of gates that
are symmetric under Gy [108], the state U | W) is also right
gluable.

Proof. The proof follows from first making the observa-
tion that, without loss of generality, we need only consider
a depth-2 unitary circuit I/ as any translationally invariant
circuit can be rewritten as a depth two circuit by blocking
sites. With this in mind, let us remark that, for a depth-
2 circuit U, the quantum state U/ |W) has an exact MPS
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representation with MPS tensor:

(85)

with unitary gates u. We now demonstrate that, for u sym-
metric under Gy, B is right gluable. We do so by construct-
ing an error basis of right-pushable operators. Supposing
that the physical dimension of the matrix-product state
tensor 4 is d and its bond dimension is x, let {3} be
any unitary error basis of d x d matrices (e.g., the clock
and shift matrices on d-dimensional qudits). Then we will
aim to show that the unitary error basis {V([XO] ® W%O]} is
composed of right-pushable operators. Note that,

87

where A = w5 © Du', T9 = u(1 @ UMu', and
finally in the second equality we used the fact that u is
symmetric under Gy and so [u, U @ UE 11 = 0. Hence,
Mil'g Vg)] pushes through to V2 ® ULl on virtual legs
and 17}30] U on physical legs. A similar line of argument
shows that V21 @ U"~11 pushes to V2+D1 @ yizr+l]
virtually and u(U2"~1 ® U?")y" on physical legs. This
cements {V ® W;O]} as a right-pushable error basis and B
as gluable. ]

The above highlights that, in some circumstances, the
additional resource of FDLUs does not increase the class of
accessible quantum states. There are two particularly natu-
ral corollaries that follow from this theorem. In particular,

the first has implications for the set of measurement-
preparable SPTs.

Corollary 4. Let |¥) be any minimally entangled SPT
state protected by an Abelian symmetry group G and U
be any finite-depth local unitary circuit, locally symmetric
under G. Then U |V) is gluable.

Crucially, per the no-go theorem, only the minimally
entangled representatives of the phase are guaranteed to be
topologically gluable, with more general SPT states requir-
ing some locally correctable errors. Moreover, applying
the above theorem to a x = 1 MPS (i.e., a product state
or the “trivial SPT”), naturally implies another intriguing
corollary.

Corollary 5. Any quantum state created from a finite-
depth local unitary circuit acting on a product state is
gluable.

This demonstrates that access to a single round of mea-
surements with on-site unitary feedback is strictly more
powerful of a resource than having access to FDLUs alone.
However, we now demonstrate that combining FDLU with
a single-round of measurement can produce quantum states
that could not be created from measurement alone. Indeed,
we show explicitly that a nonsymmetric FDLU can convert
a gluable quantum state to one that is no longer gluable,
and vice versa. The key idea for doing so is to recognize
that an FDLU cannot change the nonzero parts of the cor-
relation spectrum of the transfer matrix but can affect the
entanglement spectrum. Consequently, one simply needs
to find a FDLU that converts a gluable quantum state with a
flat entanglement spectrum and full correlation spectrum to
one with a nonflat entanglement spectrum without increas-
ing the bond dimension. Then, by the no-go theorem, the
state will cease to be gluable. Conversely (and more pos-
itively), this provides an example of how an FDLU can
transform a nongluable state into an MPS, which can be
prepared via measurement.

Explicitly, we construct a unitary that takes the

deformed cluster state |W(B)) x &® Y5 X |cluster)
[described by an MPS tensor given by Eq. (43)] to a
quantum state that is nongluable by the no-go theorem.
Specifically, let U/ (fy,607) be a finite-depth local unitary
circuit generated by the two-qubit gate:

Upor] = OV Ve ¥ui1 pif22x 2yt (88)
and parameterized by angles 6y,6;. Then, one can
show through brute-force calculation that for tanh(8) =
2, tan(fy) =2, and tan(6z) = (12 ++/769)/25, that
U W (B)) is described by a x = 2 MPS with a full-rank
correlation spectrum and nonflat entanglement spectrum.
Hence, |V (B)) is not gluable.
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The above highlights the potentially rich landscape
of quantum states preparable with the interplay between
FDLU and measurement, which would not only be of
fundamental interest to characterize but would provide effi-
cient routes towards realizing further quantum states in
digital quantum devices. We leave a general characteriza-
tion of this to future work.

VI. CONCLUSIONS AND OUTLOOK

In this work, we sought to isolate the power of measure-
ment for creating one-dimensional quantum entanglement
by characterizing states accessible with a single round of
measurement and left-conditioned tensor-product unitary
feedback. We showed that such states are required to have
an exact matrix-product state description and then uncov-
ered local criteria on the matrix-product state tensors that
are necessary and sufficient conditions for preparability.
These local criteria then directly informed the preparation
procedure of such states and enabled a full classification
of all preparable states. Moreover, they also placed strong
constraints on their physical properties—dictating which
states could or could not be prepared in different settings.

In the general case, we were able to uncover an intrigu-
ing trade-off in the power of measurement for creat-
ing interesting entanglement structure and correlations.
Namely, if the correlations of the state were rich (i.e.,
no zero-correlation length operators present in the state),
the entanglement structure was heavily constrained (i.e.,
forced to be flat). Conversely, in order to have a more
expressive entanglement structure, the state was required
to have zero correlation length operators. This trade-off
then naturally led to the no-go theorem in the previous
section.

Moreover, in more specialized settings (i.e., for uni-
form topologically gluable quantum states with Abelian
errors), we were able to find convenient parameteriza-
tions of the complete space of preparable states, enabling
a phenomenological exploration carried out as part of a
companion work [73]. Finally, we revealed connections
between preparable quantum states and order, finding that
the manner in which a state was corrected, often directly
informed its order. This connection was made sharpest
in the context of Abelian symmetry protected topologi-
cal phases where we found that all minimally entangled
representatives of these phases were preparable, with the
converse also holding under suitable conditions.

Our work also opens up many exciting opportunities for
future research. On the more practical side, our work opens
the door to a large class of quantum many-body states
that can be prepared with few quantum operations in con-
temporary quantum devices. Such quantum states could
be useful as initial states in quantum simulation experi-
ments. One use case would be as nontrivial starting points
of a quench dynamics protocol or other more elaborate

simulation schemes. More ambitiously, a particularly tan-
talizing prospect would be to see if the classification
present in our work could enable the development of a
“variational ansatz” of preparable states, that could be used
to create approximate low-energy states. Since our classi-
fication is organized by the set of all push-through pattern
of virtual operators and an associated commutant algebra,
the key challenge in this direction would be to develop
a convenient parameterization of relevant push-through
patterns.

Beyond quantum simulation, since the states we
describe interpolate between different quantum phases
(e.g., SPTs, symmetry-breaking states, and trivial states),
they could serve as inputs to benchmark contemporary
quantum algorithms such as phase-recognition algorithms
or tomographic protocols. Such constant-depth prepara-
tion protocols are especially timely since a variety of
platforms have recently demonstrated midcircuit measure-
ment capabilities in tuneable many-body quantum systems
[58,109—117].

On the more theoretical side, our work contributes to
the recent push to develop a more refined organization
and understanding of the complexity of quantum entan-
glement and correlations. Indeed, the states we show are
nongluable in the main text are “more complex” in a pre-
cise sense than those that are gluable. Along this direction,
it would be interesting to study several immediate gener-
alizations of this work. As an immediate question, how
do our results change when incorporating feedback that
is both left and right conditioned? Indeed, we saw that
in such cases, many basic properties (such as the mea-
surement basis being maximally entangled) are no longer
guaranteed, and it is unclear whether a rigid framework can
exist. More broadly, what states become accessible with
multiple rounds of measurements [118]? What if one gives
up on the “measurement-only” condition and incorporates
unitary evolution as part of the ingredients (either Hamil-
tonian or gate based)? Indeed, preliminary steps towards
understanding this was partially addressed in Sec. V D.
Moreover, what can be said generally in higher dimensions
(of which special examples are worked out in our compan-
ion work [73])? In addition, if one relaxes the condition of
deterministic preparation [44] or exact preparation [31,45],
what can be achieved? Finally, in making connections to
other active fields of study, one could explore the present
concepts in cases where the initial state already has inter-
esting entanglement—which is the case for measurement-
altered criticality [119—128]—or where the measurement
pattern forms a nontrivial pattern in time—as in Floquet
codes [129—145] or in deep monitored circuits [146—173].
A more complete understanding of any of these ques-
tions would help further foliate and organize the landscape
of quantum states and provide deeper insights into the
structure of accessible (i.e., physically occurring) quantum
entanglement.
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Note added. The posting of this preprint to the arXiv
was coordinated with simultaneous postings by Smith
et al. [174] and Stephen et al. [175]. Both discuss the
measurement-based preparation of matrix-product states,
and were developed independently from this work.

Note added in second version. While preparing an
updated paper to include Theorem 3, a preprint by Zhang
et al. [96] appeared that also discusses the measurement-
based preparation of tensor-network states. Our results
agree where they intersect, notably our Eq. (64) (added in
the second version as a special case of Theorem 3) appears
as Theorem 6 in Ref. [96].
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APPENDIX A: ADDITIONAL DETAILS FOR
MOTIVATING EXAMPLES

In this Appendix, we provide some additional details
regarding the motivating examples provided in the main
text. Specifically, we provide derivations for the tensor net-
works of both the deformed cluster state and the deformed
trivial state. Furthermore, by computing the correlation
spectrum of each state as a function of B, we justify claims
made regarding their correlations in the main text.

1. Additional details for deformed GHZ state

In the main text we mentioned that this state has a full
correlation spectrum (for 8 # 0). To be more precise, we
calculate its correlation spectrum (i.e., eigenvalues of the
transfer matrix) to be

A(T) = {1, 1,tanh(28), tanh(28)}. (Al)
The degeneracy highlights that the state is long-range
entangled. The subleading values give rise to a correlation
length & = 1/| Intanh(28)|. This is picked up, e.g., by the
string correlation function of the [, X, symmetry.

2. Additional details for deformed SPT state

To see that the protocol in Sec. IIB leads to
ef Ln%n |cluster) y if all measurement outcomes are the
ideal Bell state, let us first note that at 8 = 0, the state
satisfies

(GHZs) (GHZs) (GHZ3) (GHZs) (GHZs) (GHZs)

el e )

(A2)

which followed from using the property of the GHZ
that X, |GHZ;) = X; X, |GHZ3) and the property of the
Hadamard that XH = HZ. By using the property of
the GHZ that Z.. |GHZ3), = Z,,;;, IGHZ3),, we can thus
derive that

(GHZs) (GHZs) (GHZs) (GHZs) (GHZs) (GHZs)

\L o i\:\\ o [ ]|
& Y g €

(A3)
Hence Eq. (4) is the cluster state at 8 = 0, and hence is the
desired wave function for general §.
Moreover, we determine its correlation spectrum (i.e.,
eigenvalues of the transfer matrix) to be

A(T) = {1, /tanh(2B), —/tanh(2B), — tanh 28}. (A4)

This state hence has several nontrivial correlation lengths,
the largest of which is £ = 2/| Intanh(28)].

3. Additional details for deformed trivial state

Now for a simple non-SPT example, we remark that we
can prepare the state e#%Z |[+)®V. Such a state is strictly
in the trivial phase for all values of 8 < co. To see the
tensor-network representation of this state, we remark that

=

where the red circle is the matrix:=

(AS5)

B -B
(:ﬂ W > =l +ex oce (A6)

where o = arctanh (e~2#). With this in mind, note that the
full tensor network will look like

O—T0 O
o=

(A7)

010329-24



CLASSIFYING ONE-DIMENSIONAL QUANTUM STATES PREPARED...

PRX QUANTUM 6, 010329 (2025)

Moreover, we determine its correlation spectrum (i.e.,
eigenvalues of the transfer matrix) to be

A(T) = {1,tanh(28), 0, 0}. (A8)
Unlike the other two examples, this state has nontrivial
observables with zero correlation length. As discussed in
the main text, this is intimately related to the fact that this
state can be prepared where some errors are local rather
than topological.

APPENDIX B: PROOF OF RESOURCE THEOREM
AND LOCAL TENSOR CHARACTERIZATION

This Appendix is devoted to proving the resource and
local tensor characterization theorems of Sec. III (Theo-
rems 1 and 2). Specifically, for the readers convenience,
we restate the two theorems:

Theorem 1 (Resources for gluable quantum states).
Suppose that |¥) is a translation-invariant right-gluable
quantum state. Then the following are true:

(1) |¥) has an exact matrix-product state description.

(2) The unentangled clusters in the state preparation
protocol |) are its matrix-product state tensors in
canonical form (labeled 4) up to a tensor product of
unitaries acting on each qudit of the cluster. In other
words,

ﬂ% UL% ur

up (B1)

where A is the MPS in right-canonical form and
ur,ug, and up are unitaries (which are determined
by the feedback protocol and measurement basis).

(3) The measurement basis ) used for the preparation
is maximally entangled. Equivalently, viewed as
operators, the measurement basis is a unitary error
basis.

Theorem 2 (Tensor characterization for gluable states).
A translation-invariant state |\W) is right gluable if and only
if its matrix-product state representation 4 admits an error
basis of right-pushable operators.

This condition is equivalent to the existence of x? trace-
orthonormal operators {V,} such that

@ @
@ @

where yx is the bond dimension of the MPS tensor, # is any
non-negative integer, and V1% = V.

(B2)

Since the proof is rather lengthy, we organize the fol-
lowing logical sections:

Subsection 1 We start by providing a proof of claim (1)
of Theorem l—every gluable quantum state is a matrix-
product state.

Subsection 2 Subsequently, we prove a series of lem-
mas demonstrating the existence of x 2 pushable operators
of the matrix-product states. This will partially prove the
claims of Theorem 2, which further requires the operators
to be orthonormal.

Subsection 3 We then prove claims (2) and then
(3) of Theorem 1, given the ingredients in the previous
subsections.

Subsection 4 With the proof of Theorem 1 and lemmas
of Sec. II, we are able to conclude by completing the proof
of Theorem 2.

1. Every gluable quantum state is a matrix-product
state

The proof of claim (1) of Theorem 1 proceeds in two
stages. First, we prove that if a state is gluable, then
its measurement preparation protocol can be viewed as
performing nearest-neighbor measurements between dis-
entangled clusters. We subsequently show that this setting
naturally produces matrix-product states.

a. Reduction to nearest-neighbor measurements

To reduce a more general measurement scheme to a
nearest-neighbor measurement scheme, let us recall that
definition, measurements between clusters can only occur
with some maximal range R, measured in units of the dis-
tance between clusters [e.g., in Fig. 3 (a, top row), R = 2].
By then blocking R clusters together, we can convert
this to a protocol with at most nearest-neighbor measure-
ments [in units of the new clusters, cf. Fig. 3(a, second
row)]. However, at this stage, recognize that there will be
measurements that occur within clusters, unlike the set-
ting considered in our examples. To mitigate this, we can
perform two tricks.

(1) First, we reorder the measured qudits such that all
intercluster and right-neighbor measured qudits are
to the right of all the unmeasured qudits, which are
to the right of all left-neighbor measured qudits [as
shown in Fig. 3(a, third row)]. Note that this inter-
cluster reordering of the measured qudits has no
physical effect on the resulting state as we discard
the measured qudits in our measurement protocol.

(2) Second, we can “group” measurements together to
eliminate all intercluster measurements [shown in
the last panel of Fig. 3(a)].
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The result is a set of disentangled clusters with nearest-
neighbor measurements with nonoverlapping geometric
support, identical to all the examples that we considered
[shown in Fig. 3(b)]. With this simplification, left condi-
tioning is equivalent to saying that the correction unitary
for a given unmeasured qudit, depends on the measurement
outcome for qudits states to the left of it.

b. Gluable quantum states are matrix-product states

Given the reduction to nearest-neighbor measurements,
we are prepared to prove claim (1) of Theorem 1.

Theorem 11 (Claim (1) of Theorem 1). Any gluable
quantum state |W) has an exact matrix-product state
description.

Proof. Suppose that a global state |W) is gluable.
Then this means that there exists a measurement basis

J

|¥) = ®(U;])T<‘7am|(fﬂ—l)1% rr [@ |w>(IL)I(:’3R)

TEZ TEZ

|l~/) = {|I7a)} and an associated set of correction unitaries
Uf (withm = {ay, =1,... %2} denoting the measurement
record) that enable deterministically preparing |\W). As a
remark, for notational convenience, we take x € Z, i.e., the
chain is infinite, though the analysis below is identical for
the open-boundary condition case. To set notation, let us
denote the initial state as

|Wo) = ® 1) (@r)a@r) = (‘ w‘o ‘J

TEZ

(B3)

Here, x; and xi label the qubits to be measured to the
left and the right, respectively. Note that the clusters [,)
can in principle depend on position x. Once again, for the
sake of notation we choose to drop this label but it can
be restored easily. With the above, we have that for every
measurement outcome m, we have that

] S O o T e )

S x€EZ

(B4)

(B3)

where in the last line, we implicitly sum over repeated indices and s = {s,} labels the local Hilbert space dimension of
the unmeasured qubits, with s, = 0,...,d — 1 and the use of upper and lower indices having no meaning. Note that the
above automatically implies a matrix-product state representation of the state. In particular, let the tensor at location x be

equal to

[ ;n]szi(w+1)L

Note that, in the above representation, the tensor may
depend on m but, by design, the global state is not. [ ]

As explained in Sec. III A of the main text, we can
always presume that there exists a measurement outcome
my such the postmeasurement state is the desired state,
i.e., there is no need for correction in that particular case.
Indeed, Eq. (B6) confirms this point, since one can per-
form a basis transformation on our initial ) to absorb
the correcting unitary for a given outcome. Without loss of
generality, we can take this “ideal” measurement outcome
tobemy=1=(--,1,1,1,...). The MPS tensor is thus
equal to

=™t v

S28),  le-1)pley

, @
S

x —

iep, teg A
@ (B6)

=T, = O @
[A]l‘?(‘rzfl)R’imR - %(wfl)RimL (wm)lfL izR -

(B7)

Let us further remark that 7' must be invertible because
if it were not, we could find smaller-dimensional “vir-
tual qudits,” with which to create our initial product state
clusters, contradicting the minimality condition in Sec. III.
Then, without loss_of generality, we will write the mea-
surement basis as VV = VB = {V, B} with the property that
V1 =1 (achieved by setting B = V7). In summary, we
have
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o0

with measurement outcomes leading to random insertions of ¥, on the bonds of the matrix-product state.
Finally, we remind the reader that in Sec. Il we presume translation invariance for convenience. More precisely, this
means we will take 4 in Eq. (B8) to be site independent. However, many of our proofs can be extended beyond this.

2. Existence of pushable operators through 4

We now turn to proving our local criteria for matrix-product states. To do so, our strategy will be to first prove that

v ol ol (B9)

for a single V,,. While the above might seem manifestly true given the assumption of left conditioning, there is an important
subtlety. In particular, any measurement error with a zero probability, need not push through to a unitary (since we will
never be required to correct such an error). As such, we first prove that a single measurement error ¥, has a nonzero
probability (on an open chain geometry with generic boundary conditions) before proving the condition on the local
tensor criteria.

Lemma I. For any translationally invariant gluable wave function |¥) defined on a finite system of length L (assumed
to be much larger than the correlation length [176]) with particular open boundary conditions, the probability of measuring
a single virtual error is nonzero.

Proof. Let us start by showing that, on a finite chain with open-boundary conditions, the measurement outcome corre-
sponding to a single virtual insertion ¥V, B in the center of the chain has a nonzero probability density of being measured.
Since we are predominantly interested in bulk properties, we let our target wave function have the following boundary

conditions:
N N N (D
S G G G

where vy, and vi define vectors with nonzero overlap on the largest positive right and left eigenvectors of the transfer
matrix, R and L and with no overlap on any other potential dominant eigenvectors. Note that this is generic in the case
of short-range entangled phases, since they have a unique dominant eigenvector of the transfer matrix. There is thus only
a nontrivial condition in the case of long-range entangled phases, in which case it exactly corresponds to the physical
requirement that we obtain the appropriate bulk state in the thermodynamic limit. For simplicity, we proceed by taking
vy, = L and vg = R, though the proof carries through more generally under these conditions. With this target state in mind,
the postmeasurement state with a single bulk measurement error is

(B11)

where N is the normalization for the initial state of decoupled clusters and x arose from the normalization in Eq. (19).
Now, provided that system size N is sufficiently large, we have, by the power method:

P N O -1 fyto—111A2) — L Fo A2
b= 3 N — ot VMM VIO IA) = VLAY 20 o

Here, we used our assumption that rank(A) = x and the subsequent existence of the canonical form to set L =
M='A*(M~1T and R = MM, for some nonsingular matrix M. Note that in the last step, we used the fact that W, W, A>
is positive semidefinite and nonzero. Hence the probability density of the outcome above is nonzero. |
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Given this proof on the probabilities, we now prove that the V,, operators appearing in the measurement basis VB are
pushable through 4.

Lemma 2. Let A be a translation-invariant gluable matrix-product state. Then, the V,, operators that appear in the
measurement basis VB are pushable through the matrix-product state.

If | W) is preparable with left-conditioned feedback, then we know that the unitaries used for correction U' = UP<~,
where m_, = {a,,}. Note that this naturally implies that U'<* = 1 (i.e., if there are only 1 [177] outcomes appearing to
the left of x, then the correction unitary at x is the identity). With this in mind, let us consider the measurement outcome
m = 1_,a1., (that is we measured 1 everywhere except for at x where we measured «), which we know can happen
according to the above lemma. Then, we have that

A @) A

A
ofl@)  Ui(a) (B13)

where we have emphasized that U, («) is a function of « and a function of », the distance away from where the first virtual
defect occurred. Now, note that, by the minimality assumption of gluable quantum states, the bonds of the matrix-product
state are full rank. In other words, the following map (which takes into account the boundary):

z . L v _ @ 4 (4) A
N IR IR I

(B14)
is surjective for all x [178]. A similar condition holds for I'g. Consequently, we have that
) Ul o s (B15)

Now, note that because I' [the right analog of Eq. (B14)] is surjective, there exists a map (I';) ™ such that (Cx)(T'y) T =
1 (i.e., it is a right inverse of I'}). This map is the so-called Moore-Penrose pseudoinverse of I'y, [179]. Now, we

apply (Fj{fl)Jr to both sides of the above equation to get

HR

virtual

(B16)
Hence, we have that
Va @ %@ i
Ul (B17)

The above argument can be repeated arbitrarily and hence, we have shown that V,, is pushable for all «, proving the claim.
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Corollary 6 (Second part of Theorem 2). A matrix-
product state having x? trace-orthonormal pushable oper-
ators is equivalent to it having x? such operators that

satisfy

0@ @
@ @

Proof. We remark that if a matrix-product state has a
pushable operator, then Eq. (B18) automatically holds.
It suffices to show therefore that the converse is true.
Note that the transfer matrix of a matrix-product state
uniquely determines its tensors up to isometries acting
at the physical level [180]. Since Eq. (B18) implies that
(VM @ VI T(ViM @ VM) ~! = T, we have that

vl H% F— i) H% —

Ul (B19)

(B18)

where Ul is a square isometric matrix, which implies that
it is unitary. This completes the proof. |

With these lemmas, we can move onto proving the rest
of Theorem 1.

PGS ED

3. Proof of claims (2) and (3) in Theorem 1

We now aim to prove claims (2) and (3). We do so in
parallel, first showing that 4 [as defined in Eq. (B8)] is in
canonical form, then proving that V,, (which appear in the
error basis V, B [see discussion above Eq. (B8)]) is unitary,
and then finally proving that B is unitary. These three facts
together simultaneously prove the two claims.

Theorem 12. Suppose that | W) is a translation-invariant
gluable quantum state. Then the matrix-product state rep-
resentation of |V}, as given by the tensor in Eq. (B8), is in
right canonical form up to a unitary gauge transformation.

Proof. To show that we are in right canonical form, it
suffices to show that the identity is in the dominant right
eigenspace of the transfer matrix. To do so, recall that since
|W) is a gluable matrix-product state, for all « in the error
basis, we have from Theorem 2, that

@
Vol3 @ vy

In other words, V,, pushes through 4. Now, since VB is
an error basis, we can sum both sides of the equation by «
yielding [using Eq. (23)]:

(B20)

Now, since V11l is pushable, we know that we can iterate the action of the transfer matrix above to get

Now, we take » to be arbitrarily large yielding

Jfgrrnen & iz b g

(B21)
— T"

) (B22)

(B23)
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= tr(B—lRﬂ(B—l)T)] =

Note that there exists a 8 for which Rg is full rank and
positive [62] and hence the left-hand side is nonzero. Con-
sequently, the above naturally implies that |1) lives in
the span of dominant right eigenvector R, ). As a conse-
quence, the matrix-product state is in canonical form up to
a unitary gauge transformation (to make the corresponding
left eigenvector diagonal). ]

We now prove Claim (3).

Theorem 13. Let A be a translation-invariant gluable
matrix-product state. Then, the V,, operators that appear
in the measurement basis VB are unitary.

va---

Therefore, we also have that V' =TR[] ULIR)t.
Finally, note that Vo = I'®[], Ul(Ff)T. But then, this
implies that Vi = V!, This completes the proof. ]

As an important remark, the same argument shows that
any V1" that V,, pushes through to, is required to be uni-
tary. We now turn to proving the main theorem of this
subsection.

Theorem 14 (Claims (1) and (2) of Theorem 1). Sup-
pose that |W) is a translation-invariant gluable quantum
state. Then, the unentangled clusters in the state-
preparation protocol |i) are the matrix-product state ten-
sor in canonical form up to a tensor product of unitaries
acting on each qudit of the cluster. In other words,

ﬂ% ULﬁl% ur

up (B27)

where A4 is the MPS in right canonical form and u;, ug,
and up are unitaries. Moreover, the measurement basis is
maximally entangled or, when viewed as operators, form a
unitary error basis.

ST

(B24)

Proof. To prove this, let us note that by Theorem
12, we have that 4 is in right canonical form. As a
consequence, the Moore-Penrose pseudoinverse of the
map I'? defined near Eq. (B14), (T®)* = (I'")T. Con-
sequently, using methods similar to Eq. (B16) we have
that

Va=TF[[ U, (B25)
Now, because
Ot weht @8 (B26)

Proof. If |W) is right gluable, then we know that |\W)
can be prepared from clusters |¢) along with entan-
gling measurements in an error basis VB with V unitary
(Theorem 14). Furthermore, we know from Eq. (BS8) that
the matrix-product state tensor associated with | V) is

S _ S_,
[ ]i()(x*DRiXR - Bi(x—l)RixL jxl ixR [uP]S),(Sxﬂ (B28)

which is in right canonical form up to conjugating unitaries
acting at the virtual level. Therefore, it suffices to show that
B is unitary. To do so, let us start by noting that since VB
is an error basis, a nice graphical notation for this error
basis is

X (B29)

where the leg labels indicate dimensionality of the leg and
the downwards facing leg is the “o” leg. Note that trace
orthonormality implies that
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P
o

Now, note that the second equality automatically implies
that

vB
. => BVLVIB' =) BB =1,
@ a «

where we used our earlier result that ¥, is unitary. Thus,
we have that BB = 1, implying that B is unitary. Conse-
quently, ¥ is related to the matrix-product state tensor in
canonical form up to a tensor product of unitaries acting on
each qudit of the cluster. Moreover, VB is a unitary error
basis (or equivalently, the measurement basis is maximally
entangled). |

(B31)

4. Proof of Theorem 2

Given the results of the previous section, we are pre-
pared to prove Theorem 2.

Theorem 15 (First part of theorem 2 of the main text). A
translationally invariant matrix-product state is gluable if
and only if there exists an error basis of pushable operators.

Proof. Let us remark that if there existed an error basis
of pushable operators, then it is clear why the matrix-
product state is gluable. As such, the only nontrivial direc-
tion is the “only if” direction. This direction follows as
a natural consequence of Lemma 2. and Theorem 14. In

N

v

(B30)

(

particular, let us remark that, per Lemma 2, we know that
if | W) is a translationally invariant gluable matrix-product
state, the operators ¥, appearing in the error basis VB are
pushable through the matrix-product state tensor 4. More-
over, by the proof of Theorem 14, the operators V,, and B
are both unitary. As a consequence, we know that since VB
is an error basis:

1 1
Sup = —tt [(VeB) V5B] = —tr(V V), (B32)
X X

where the second equality follows from the unitarity of
B. Thus, V = {V,} is an error basis of pushable opera-
tors through A. This completes the proof of the only if
direction. |

We further note that the theorem above and Corollary 6
complete the proof of Theorem 2.

5. An aside on measurement probabilities

Theorem 16. For any gluable wave function | W) defined
on a finite-size system with particular open boundary
conditions, every measurement outcome is equally likely.

Proof. We do this by computing the probability explic-
itly. Once again, we work with open-boundary conditions
and since we are predominantly interested in bulk prop-
erties, we let our target wave function have the following
boundaries:

GHN A ¢

v

(B33)

where v; and vg define vectors with nonzero overlap on the largest positive right and left eigenvectors of the transfer
matrix, R and L (with no overlap on any other potential dominant eigenvectors). For convenience, we choose v, = L and

vg = R. We have that

(B34)
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Now, from the above theorem, each of these are pushable
operators, indicating that they can be swept to the right to
unitaries. Consequently, we have that the overlap above is
equal to 1. Hence,

(B35)

for all measurement outcomes. [ |

APPENDIX C: PROOF OF PARAMETERIZATION
AND GO THEOREMS

This Appendix is devoted to providing proofs for the
parameterization and “go” theorems in the main text (The-
orems 5 and 6, 7, respectively), which were proved in the
context of uniform topological gluable quantum states. To
do so, we start by providing a more formal treatise on the
relationship between uniform topological errors and sym-
metry. This will rely heavily on the concept of an index
group, introduced in Ref. [74]. We will then show that the
measurement errors form a faithful irreducible projective
representation of this group and will rely heavily on the
theory of Abelian projective representations to prove our
parameterization theorem. Moreover, the connection with
projective representations will make the connection with
SPT phases rather natural. This will enable proving our
two go theorems.

1. Uniform topologically gluable, symmetry, and
parameterization

Let us suppose that we have a uniform topologically glu-
able matrix-product state 4, with error basis . Then it is
useful to have a name for the group generated by V ® V*:

Definition (Index group). Suppose A is a uniform topo-
logically gluable matrix-product state tensor with an error
basis V = {V,}. We call the group Gy ~ ({V, ® V,}) the
index group of the matrix-product state.

Several useful lemmas immediately follow from this
definition. In particular, the following.

Lemma 3. If 4 is a short-range entangled uniformly
topologically gluable matrix-product state tensor, then the
index group is a symmetry group of the state.

Proof. To prove this, it suffices to show that the index
group is a symmetry group of the matrix-product state.
Suppose that 4 is uniform topologically gluable with error

basis V and index group Gy ~ ({V, ® V,}), then,

Vaﬂ%v{i ﬂ%

Ua (CD

Hence, the global matrix-product state is symmetric under
U,. Let us further note that the matrix-product state ten-
sor 4, viewed as a map from virtual degrees of freedom
to physical degrees of freedom, defines a group homo-
morphism from ({V, ® 7,}) to ({Uy}). Consequently, the
U,’s define a linear representation of the index group Gy
and the matrix-product state is symmetric under ({U,}).
Finally, since A4 is injective after blocking [62], this rep-
resentation is faithful and hence ({U,}) >~ Gy. Hence, the
matrix-product state is symmetric under Gy. |

Lemma 4. Suppose 4 is a topologically gluable matrix-
product state with an error basis V = {V,}. Then, the
canonical isomorphism between Gy and ({V, ® V,})
defines a faithful linear representation of Gy. Moreover,
the canonical map between the generating set of Gy and
{V,} induces a faithful irreducible projective representa-
tion of Gy.

Proof. Let us note that, by definition, Gy >~ ({V, ®
V,}) and denote the isomorphism by p: G — ({V, ®
V,}) € GLc(CX @ CX). Tt immediately follows that this
defines a faithful linear representation of Gy because the
map is injective, proving the first part of the theorem.
We now prove that there exists a map between Gy and
({Vy}) that defines a faithful and irreducible projective
representation of Gy. Note that for any element g € Gy

p@ =[] Ve® ] Va=r(g) ®0(g) where

a€Sg a€Sg
vig) =[] 7 (C2)
a€eSy
for some list S, of numbers between 1,..., x2 where

v:G— {{V4}) € GL:(CX). Note that since p(g)p((h) =
p(gh), we have that v(g)v(h) = w(g,h)v(gh) where
w(g,h) : Gx G— U(l). Thus, there exists a map
between Gy and ({V,}) that defines a projective repre-
sentation of Gy. We now show that this representation is
faithful and irreducible. To show that the representation
is irreducible, let us remark that, by assumption that {V,}
are trace orthonormal and span the set of x x x matrices.
As a consequence, any subspace of C* that is invariant
under the action of all the V,,’s must be invariant under any
X X x matrix. Hence, the only invariant subspaces for the
({V4}) are {0} and CX and hence the representation is irre-
ducible. We now show that the representation is faithful.
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We do so by contradiction. Suppose there existed a g #~ 1

(the identity) such that v(g) = €*1. Then,
P =v(E@vg =181 (C3)

But since p(g) = p(1) and g # 1 this contradicts the fact

that p is a faithful representation. Hence, if v(g) = €1,
g = 1 implying that it is faithful. |

a. A technical foray into nice error bases

Having built up some of the technology for understand-
ing the interplay between topological errors and symmetry,
it will be helpful to introduce the concept of nice error basis
and a convenient result on these error bases from the liter-
ature. This section can largely be skipped if one is only
interested in proving the parameterization. However, the
results here are invaluable for demonstrating the connec-
tion with SPT. In particular, we start by defining a nice
error basis as follows [74,76]:

Definition (Nice error basis). Let G be a group of order
x2. A nice error basis in x dimensions is given by a set
{p(g) € U(n)|g € G} of unitary matrices that satisfy

@ p(h)=1
(1) p(g@)ph) = w(g,h)p(gh) for all g,h € G, where
w:GxG— UQ)

(ii1) tr(p(g)) =0 forall g # 1.

In the following lemma, we will show that these are in fact
unitary error bases with index groups given by G.

Conditions (i) and (ii) above guarantee that nice error
bases form some projective representation of a group. We
also quote a result by Knill [74] that shows that nice error
bases are unitary error bases.

Lemma 5. Nice error bases are unitary error bases.

Finally, we remark upon one more useful lemma and
then a theorem from the literature (Theorem 1 of Ref. [76]).

Lemma 6. A nice error basis is necessarily a nontrivial
projective representation of group G.

Proof. This proof follows from the theory of characters.
Suppose that one has a group of order |G| = x? and p be a
regular (i.e., trivial projective) representation of the group.
Then, x(g) = Tr(p(g)) is traditionally called the charac-
ter function of the group representation. Now, note that
if x(g) =0 for all g # 1, then x (1) must be an integer
multiple of |G| [181]. This immediately implies that nice
error bases form a nontrivial projective representation. In
particular, note that, by property (i) of nice error basis,
p(1) =1 and hence x (1) = x. But this is not an integer

multiple of x? for any x > 1. Therefore, p cannot be a
linear representation of G. |

Theorem 17. Let {p(g)} be a set of unitary matrices
parameterized by the elements of a finite group G. The set
is a nice error basis with index group G if and only if p is
a unitary faithful irreducible projective representation of G
of degree |G|'/2.

With these results about nice error bases, we can prove
a set of results that will naturally lead to our parameteriza-
tion.

Theorem 18. Let Gy be the index group associated to
the unitary error basis V. If Gy is Abelian, then the degree
of the projective representation defined by {V,} is /|Gyl.
Equivalently, any unitary error basis with Abelian index
group is equivalent to a nice error basis.

Proof. From the corollary above, we know that the
canonical map between the generating set of Gy and {V,}
defines a faithful and irreducible projective representation
of Gy

v(g) =[] Va suchthatv(g)v(h) = (g, h)v(gh)

a€Sy

(C4)

for some list S, of numbers between 1,. .., x2. We start
by proving that Z, = {g € Gylw(g,h) = w(h,g),Vh €
Gy} = {1} (i.e., the projective center of the group is triv-
ial). To do so, suppose that g € Z,,. Then, for all & € Gy,
particularly those % associated with v(h) = V,,, we have
that

v(@v(h) = w(g,hv(gh) = w(h,g)v(hg) = v(h)v(g).
(C5)

But since the V,’s form a complete basis for the set of
all x x x matrices by assumption, v(g) commutes with
all x x x matrices. Hence, v(g) = €”1. Since v(g) is a
faithful representation, g = 1. Thus, Z, = {1}. Now, by
Ref. [182,183], we have that

deg(v) = v/1Gul/|Z.| = v/1Gul (C6)
proving the first claim of the theorem.

Finally, since the projective representation defined by
{V,} is an irreducible and faithful projective representation
of degree /|Gyl, {V,} is equivalent to a nice error basis by
Theorem 17. ]

Corollary 7. The error basis V of every topologically
gluable matrix-product state with an Abelian index group
is equivalent to a nice error basis.
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Proof. The error basis V of a topologically gluable = where #, are arbitrary complex numbers such that
matrix-product state is a unitary error basis. Since by deGU |to|* = 1. Since the transfer matrix uniquely deter-
assumption, the index group is Abelian, the error basis is ~ mines the matrix-product state tensors up to a local isom-
then nice. B ctry, this parameterizes (and can be considered to classify)

all topologically gluable matrix-product state tensors with
b. Proof of parameterization theorem Abelian index groups.

We are now prepared to prove our parameterization. . .
prep p p Proof. Since V = {V,} forms a complete basis of x x x

matrices, {V, ® V,,} forms a complete basis for all x? x x>

Theorem 19 (Theorem 5 of the main text). Suppose matrices. Hence,

that A4 is a uniform topologically gluable matrix-product
state tensor with error basis V = {V;} and an Abelian

index group Gy. Then, the transfer matrix associated with e .

matrix-product state tensor can be written as = Z tg.n
g,heGy
e @ C (C8)
_ 2
- Z 1 Now, since 4 is topologically gluable, for all a € Gy

@ geGu . ©

(4) Va v Vo—Vo)—V}
- - Z ton
(4) n—@—vr " n—@G)—w ©9)

Now, since {V,} forms a projective representation of Gy (Lemma 4):

w(a,g)w(ag,a")

VanVl: w(a,a 1)

Vaga_l = Xg,a Vaga_l = Xg,a Vg (CIO)

where in the last step we used that Gy was Abelian. Then,

W)
t
t = 7g7hxg7a = - =
g,f;?u " = T g,];?u
Vo—T)—, —W)— (C11)

Thus, for all nonzero #g 5, Xg.a/Xna = 1. As a consequence of this, note that, for all V, € V

Xg.a

Vv vt =
Xha

ViV, =WV, = [V, ViV]=0 YV, eV. (C12)

But because ) forms a complete basis of all x x x matrices, the above implies that VZ Ve = €%1. Hence, V), = e " V.
Since tr(Vg Vi) = x84, we have that & = 0 and g = A for nonzero #, . Hence,

@)
= Z tg.g
geGu C)
@ ) (C13)
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What is left is to show that 7, , are real, positive, and sum
to 1. The fact that ), fz, =1 follows from the fact
that the identity is the dominant right (and left) eigenvec-
tor of the transfer matrix with eigenvalue 1. The real and
positive condition follows from the fact that the transfer
matrix, when viewed in the vertical direction, is a den-
sity matrix. In this language, #, , are the eigenvalues of the
density matrix and thus must be real and positive. As such,

@)

= It
@ 9€Gu .

where |tg|2 =ty, are arbitrary numbers such that
Y eccy ltsl? =1 n
geGy 1’8 .

Note that in the main text, we phrase the statement in
terms of the MPS tensor directly. As stated in the theorem
above, this is equivalent to the transfer matrix statement
above because the transfer matrix uniquely determines the
MPS tensor up to an isometry at the physical level [62,77].

(C14)

c. Connection between parameterization and
classification

We now offer a connection between our classification
(Theorem 3 of the main text) and the parameterization
for Abelian and uniform topologically gluable matrix-
product states in Theorem 5 of the main text (Theorem
19 above). Prior to stating the precise connection, let us
remind ourselves that the commutant of an Abelian nice
error basis (i.e., the measurement basis of any Abelian
uniform topologically gluable matrix-product state) is the
algebra generated by V, ® V. Since the set Vo ® VZ[} is
closed under multiplication, such gluable matrix-product
states in definite form Eq. (30) are given:

A:ZMQV(X@VE. (C15)

This formula also appeared in Eq. (64) of the main text.
We now relate these parameters u to the parameters ¢
appearing in Theorem 5 (equiv. Theorem 19).

Theorem 20 (Equivalence of Abelian classification).
Suppose A4 is an Abelian and uniform topologically gluable
matrix-product state. If #, are the parameters that appear in
Theorem 5 (or equivalently Theorem 19 of the Appendix)
and p, are the parameters that appear in Eq. (C15), then,

@ =D nVuVl

@ (C16)

where note that the left-hand side is the MPS form in
Theorem 5 up to a physical isometry of V and the right-
hand side is the MPS form in Eq. (C15), read as a matrix
in the vertical direction.

Proof. Note that it is sufficient to prove that ¢ is diagonal
in the formula below:

B
d O
(. ®
v (C17)

This can be verified through explicit calculation. We have
that the right-hand side is

ty = Y tatt(Va Vi ViV
o

= ZMD{ Xﬂ,atr(V;rs Vy) = x8py |:Z Ma)?ﬁ,a:| :
o

(C18)
Crucially, the above is diagonal. ]

2. Connection between uniform topologically gluable
and SPT phases

Having provided a proof for the parameterization
theorem and further connected it to the classification of
Theorem 3, we now discuss the connection between such
states and symmetry-protected topological phases. In par-
ticular, we start with Theorem 6.

Theorem 21 (Theorem 6 of the main text). Every short-
range entangled, uniform topologically gluable matrix-
product state with Abelian errors is a nontrivial SPT phase
protected by the symmetry group Gy.

Proof. Recall that if the matrix-product state is short-
range entangled and has Abelian errors, let us note a couple
of facts. First, its index group Gy is Abelian and a symme-
try of the state (Lemma 3). Moreover, its errors V = {V,}
form a nice error basis and necessarily form a nontrivial
projective representation of the group (Theorem 18). Con-
sequently, we have from the uniform topologically gluable
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condition that

U, (C19)

This implies that physical symmetries fractionalize into
virtual operators that form a nontrivial projective repre-
sentation of Gy labeled by some 2-cocyle w. Since this
co-cycle defines a discrete invariant of the state, robust
provided that the G symmetry remains unbroken, the
matrix-product state is in a nontrivial SPT phase. |

Finally, we provide a proof for Theorem 7.

Theorem 22 (Theorem 7 of the main text). Any mini-
mally entangled, translation-invariant, SPT protected by an
Abelian internal symmetry is topologically gluable.

Proof. Suppose that |i) is an infinite translationally
invariant SPT wave function protected by an Abelian
group G = {[], Ug,}. From Ref. [10], it is known that
semi-infinite string operators of the symmetry ]—[x<x0 Ugx
act on the Schmidt vectors to the left and right of their
endpoints as a projective representation of the group G
with factor set w € H*(G, U(1)), which uniquely charac-
terizes the SPT phase. Consequently, the Schmidt spectrum
A across any cut of the state can be organized into degen-
erate blocks, each labeled by an irreducible projective
representation of the group G with factor set w.

Since G is Abelian, it follows that the degree of
these irreducible projective representations are all the
same and are given by deg(v) = /|G|/|Z,|, where Z,
is the projective center of the factor set (see Theorem
thm2.21 of Ref. [184]). Thus, an SPT has minimal entan-
glement if its Schmidt spectrum is only nonzero for a
single block with the entanglement across a cut being
S = log(y/|G|/1Z,]). Consequently, translationally invari-
ant minimal entanglement SPTs are (1) captured by trans-
lationally invariant matrix-product states with bond dimen-
sion x = 4/|G|/|Z,], (2) have flat entanglement spectrum,
and (3) have virtual symmetry operators v(g) satisfying

v(9) vi(g)
_ ity
Uy

and which form an irreducible projective representation of
G with factor set w.

We now wish to show that such states are topologically
gluable by showing that some subset of the virtual symme-
try operators form a nice error basis for this matrix-product
state. To do so, let us note that, from the proof of Theorem
2.21 in Ref. [184], if v(g) € Z,, then v(g) = €¢¥¢1. With

(C20)

this in mind, let us consider the map p : G — GLc(C*)
such that p(g) = v(2) ® v(g) with ker(p) = Z,. Note that
p forms a linear representation of G but is also a group
homomorphism from G to Gy = ({v(g) ® v(g)}) ~ G/Z,
with size |Gy| = /|G|/|Z,]. By picking representatives
g of the cosets [g] € G/Z,, we can define a closely
related map p’' : Gy — GLc(CX) with p'([g]) = v(g) ®
v(g), which defines a faithful linear representation of Gy.

The map v/'([g]) = v(g) then defines a faithful projec-
tive representation of Gy with factor set ' : Gy x Gy —
U(1) with w([g], [k#]) = w(g, h). The representation is fur-
ther irreducible since the set of matrices {v'([g])} consist
of all elements of {v(g)|g € G} that are distinct up to
phases. Thus, since the former has no invariant subspaces,
the latter also has no invariant subspaces. Thus, v([g]) is
a faithful irreducible projective representation of degree
J1Gyl = x. It follows from Theorem 17 that it forms
a nice error basis. This, with the property in Eq. (C20),
cements |y) as topologically gluable. |

An independently interesting result follows from this.

Corollary 8. Suppose |W¥) is a minimally entangled SPT
state protected by an Abelian internal symmetry G and
labeled by a factor set w. Then |y) is also an SPT protected
by Abelian symmetry G’ >~ G/Z, labeled by a maximally
noncommuting factor set w'.

Proof. The proof of this immediately follows from the
proof of the theorem above. ]

APPENDIX D: SOME ADDITIONAL DETAILS ON
NO-GO THEOREM PROOF

In the main text, we proved a no-go theorem demonstrat-
ing that a state with no zeros in its correlation spectrum and
a nonflat entanglement spectrum cannot be right gluable.
We proved this by contradiction: if the state was gluable
and had no zeros in its correlation spectrum, it could not
have any locally correctable errors. Consequently, all of its
errors were topological. To show indeed that this implies
that the entanglement spectrum is flat (hence, deriving the
contradiction required), we need the following lemma.

Lemma 7. Suppose that W) is a gluable matrix-product
state with an error basis V' of (exclusively) topological
errors that push through to V. If | W) has a full correlation
spectrum, then V" is a unitary error basis for all 7.

Proof. We proceed inductively. First, let us note that
VI =V is a unitary error basis. Now, assume that VI"] is
a unitary error basis. Subsequently, if |¥) is gluable, then
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the transfer matrix satisfies

@ vH—@
@ @

where V17 is unitary (see remark below the Theorem B.4)
for all n and . To show that V1"l is in fact an error basis,

v

[n+1\T

first write the above equation as 7 = V, TW, l where V, =
Vi @yl and W, = Vit @ Vin+ll Now, if we perform
a singular value decomposition on 7, we have that

T=XSY' =V, XSY'W, = §= X"V, X)S'W!r)
(D2)

where X and Y are unitary. But note that both the left-
and right-hand side of the implied equation defines a
valid singular value decompositon for S. Since |W) has a
full correlation spectrum, S is nonsingular. Hence, since
the singular vectors are unique up to unitary transforma-
tions U in degenerate singular subspaces, we have that
(XTVeX) = Uand (Y'W,Y) = U. Consequently,

XV X) = YW, Y) = W, = ¥XTV,(xxhH'.
(D3)

Thus, W, is related to V, by unitary conjugation. Thus,
we have that

o [y \2 = tr(WWp) = tr(V] V)

_ ‘tr [(VL”])TVE’]])Z = %255,
(D4)

Thus, tr [(Vg’“])*Vg’H]] = x84p (note that when o = B,

the argument of the trace is positive semi-definite pick-
ing out the phase). Hence, it is a unitary error basis. This
proves the above assertion. |
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