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IR Regulators compared between Litim and IB schemes. The IB problem depicted
here is from the toy model discussed in section 2.5.2 for the simple case where the
collective modes selected by IB are Fourier and the disorder correlation has no
dispersion (7 is constant). Top: Eigenvalues of the canonical correlation matrix
E)_(l by X|y asa function of label ¢, which may be interpreted as a wavevector mag-
nitude. Modes with smaller eigenvalue can be thought to carry more information
about Y. Bottom: Regulator values as a function of cutoff £ and mode label ¢
for the Litim scheme (2.28) and the IB scheme (black and blue, respectively).

A depiction of the IB problem applied to a Gaussian field theory for d = 2, as
described in Eq. (2.29). Each column represents a different random variable (X,
X, orY) in the IB problem, while each row depicts a sample drawn from the joint
distribution between them. Using h as the relevance variable Y, the GIB-optimal
coarsened field y can be constructed through non-deterministic coarsening of
as depicted by the arrows. The Lagrange multiplier $; controls the trade-off
between minimizing mutual information between x(f1) and x while maximizing
mutual information between (/1) and h. According to the semigroup structure
described in Sec. 2.3, this process can be repeated to generate x (0820 1) through
non-deterministic mapping from x(/1) with compression level fo. . . . . . . ..

Demonstration of the coalescence transition. Top: spectrum of the energy Hes-
sian at the saddle point separating basins A and B. Model parameters are
N =50, ag = 3/2, Ay = N4, wgd = —A4/10, ufl = 05845 All A and
B parameters are equal. The gray lines depict the true eigenvalues (neglecting
O(|s[4) effects) while the black line represents As = §-H(2) - 3. The separation |s|
at which Ag crosses 0 is the mean-field estimate. Bottom: probability density
of the ¢ - s as a function of separation. Picking a value on the z-axis selects a
single distribution with a specified separation. The red dashed line indicates the
mean-field estimate of the critical separation, while the blue dashed line gives the
RG estimate (see SM for expressions). . . . . . .. ... ...
Numerical examination of the exponent « describing the scaling properties of
eigenvalues of K. Areas without grey shading denote a4 = ap € (1.5,2), which
corresponds to D € (3,4). Top: Estimates of the exponent o were obtained by
explicitly constructing K and measuring power laws in the scale-free part of their
spectra. Error bars represent the root mean square error over 1000 trials at each
value of o 4. Matrix size is N = 75. Black line is a polynomial fit which we use
to find scaling dimensions. Middle: Estimates of 34 and S show no significant
deviation from unity. Bottom: scaling dimensions of various couplings. The
only couplings which are relevant in the range ay = ag € (1.5,2) are 09 and v
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4.1

4.2

4.3

Experimental protocol enables simultaneous recording of responses across a large
population of salamander retinal ganglion cells under repeated, naturalistic stim-
uli. A. Stimuli are shown to a salamander retina while ganglion cell responses
are recorded by an electrode array. B. Following spike sorting from electrode
array, neuron spike times are binned into At = 1/60 second time bins (aligned
with stimulus movie frames), which yields a binary representation of the neural
code. C. Naturalistic stimuli (60 fps) are shown to the retina in random order, in
20 second intervals. In our analysis, the responses from the first 20 frames (0.3
seconds) of each interval are removed, as they contain transients due to switching
stimulus. At the beginning and end of the experiment are 30 minute intervals of
checkerboard stimulus. D. Snapshots taken from each stimulus. E. Each stimulus

is shown to the retina ~80 times, allowing us to observe noise correlation effects.

Naturalistic stimuli induce very long timescales in retinal responses, which we
resolve using our mutual information estimate. A. We use the NCE bound (4.3)
to estimate mutual information I(X;Y’) between X and Y. X is the binary code
word of length N = 93 representing ganglion cell responses in a single time bin,
while Y is the code word of the same size at 7 in the future. B. Dependence of
total predictive information on prediction interval for each stimulus. C. Trends
from B are presented on a log scale, normalized by their maximum values, with
the same coloring scheme. Each stimulus response displays multiple timescales
and correlations at very long times. Dotted lines are values obtained by measuring
data with time bins randomly shuffled and represent the noise floor. . . . . . . .
Predictive information in the retinal code is compressible, regardless of prediction
interval. However, linear predictive features depend on prediction interval. A.
Schematic of computation. Input domain X is coarse-grained linearly into a com-
pressed, K-dimensional representation Z = A - X. The optimal coarse-graining A
is found by maximizing the InfoNCE lower bound (4.3). A neural network ansatz
for the conditional distribution ¢(z|y) is also optimized over simultaneously. B.
Fraction of total predictive information Incr(Z;Y)/INncr(X;Y) for a single time
bin prediction interval 7 = At. (Y3 = X4+ here). This is provided for each stim-
ulus at four values of compressed representation dimensionality K = 1,2, 4, and 8.
C. Fraction of total predictive information Incg(Z;Y)/Ince(X;Y) as a function
of prediction interval 7 for the “opticflow” stimulus. D. Example test of predictive
feature generalization. We first find optimal features A at prediction interval 7,
then measure Incr(A1(X);Y (7)) for 7 across the whole range of timescales. E.
Predictive feature generalization for compressed dimensionalities K = 1,2,4,8,
at two different training timescales 71 and 7. All values are the fraction of total
available predictive information as estimated by Incg. . . . . . . . ..
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4.4 Meta-neuron features are spanned by leading modes from dynamic mode de-

4.5

composition. A. Schematic depicting compression of time-delay-embedded input
variable X. We take a time delay embedding with 7 time steps, leading to a state
X that is a 93 x 7 = 651-entry binary array. This is transformed linearly into
K = 20 meta-neurons Z, by filters A, witha =1,...,20. Thatis, Z = A- X. B.
Using the same time delay embedding, we construct an approximate Koopman
operator U which is the least-squares solution to the linear regression problem
XipAt = U Xt + ¢¢. B depicts eigenvalues \; of U. Coloring represents |)\;|.
Dotted line is unit circle. C. Overlap ¢; of DMD modes v; with subspace spanned
by meta-neuron features. . . . . . . . .. ..
The dependence of predictive information on neuron subset suggests that predic-
tive information is collectively encoded. A. Depiction of single neuron contribu-
tion test. For each neuron A we randomly sample 10 groups B of 49 neurons each
(A and B are disjoint) then estimate I(X 4;Y4), Ince(Xp; YB), and Incgr(X;Y),
with X = X, 5. We perform this test at 7 = At and at 7 = 100 ms. B. Con-
tribution of neuron A to predictability of a collective AU B, averaged over B, as
a function of A self-information. Deviation from the dashed unity line indicates
the presence of collective effects. The red dot is placed at the average over all
points and the difference of its components indicates average prediction synergy
for the division into groups sized 1 and 49 neurons. Collective effects appear to
become much more important for prediction at the longer interval. C. Scaling
of predictive information in 20 random groups at each size N for four different
prediction intervals. Each curve is normalized by its largest value to compare
shapes. A geometric argument shows that a concave-up curve implies positive
prediction synergy after averaging over group choices. D. Schematic depiction
of hypothesized correlation structure. At short timescales, prediction synergy is
positive for small groups and neutral or redundant in large groups, suggesting
greater autocorrelation content, less widespread cross-correlations, and effective
independence between groups past some scale. Meanwhile, neurons which are
highly self-predictive at long timescales also exhibit strong prediction synergy in
random collectives, which might be explained by a proliferation of strong cross-
correlations. . . . . . .. L L
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4.6 Cross-correlations contribute significantly to predictability at short intervals and

5.1

dominate at large intervals, while autocorrelations only significantly contribute
to predictive information at short intervals. A. Each stimulus (one of five 20 s
naturalistic movies) was shown to the retina a total of 80-90 times, and this trial
structure allows us to probe noise correlations. To remove noise correlations be-
tween neurons we can randomly permute the trial in a way that is consistent in
time, but changes based on cell. We can similarly remove noise auto-correlations
by permuting the trial differently at each time step. Note that both of these
methods only change the trial orderings, not the stimulus. B. Predictive informa-
tion from opticflow stimulus at a single time step, with different noise correlations
removed. Noise autocorrelations carry more predictive information than equal-
time correlations. Given the limited number of trials it is not possible to resolve
noise cross-correlations. C. Predictive information as a function of interval, with
and without noise correlations. At longer intervals, noise autocorrelations mat-
ter less. D. By removing interactions between neurons in the critic function, we
estimate the contributions of cross-correlations at all orders to predictive infor-
mation. E. Difference in InfoNCE bound between between fully expressive and
independent critic functions, at two different prediction intervals. This difference
represents the information discarded by a downstream predictor when it ignores
cross correlations at all orders. . . . . . . .. ..o

The experimental setup. (a) Schematic of the experiment from the perspective
captured by the high-speed camera (front). A pair of submillimeter particles
(black circles) are levitated halfway between a grounded aluminum transducer and
an aluminum reflector. The reflector is mounted on a lab jack (Thorlabs), allowing
precision control over the distance between transducer and reflector. Additionally,
the reflector is connected to an AC voltage source, providing a vertical electric
field across the gap between transducer and reflector. The particles are separated
due to acoustic scattering from the acrylic “hand” (blue rectangle) between them,
and are backlit and filmed from the front using a high-speed camera. The entire
setup is enclosed in an acrylic chamber. (b) Schematic of the experiment from the
side, showing the subsystems that control charge measurement (left) and particle
collisions (right, red box). (c) Scale-drawing of a cross-section of the (circularly
symmetric) transducer. The transducer consists of four piezoelectric disks, bolted
between an aluminum cap and the transducer base. (d) Circuit diagram of the
control system for the hand (and by extension, the collisions). An Arduino Uno
drives a linear actuator by applying a £5 V potential difference between two
outputs, labelled V; and V5. Position feedback from the actuator is then fed back

into the Arduino (input V3), allowing for full control over the position of the hand. 133
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5.2

9.3

5.4

9.5

Actuating binary collisions using the acoustic field. (a) Time-series of front-lit
stills from the experiment, showing a collision between a pair of polyethylene
particles (white). The grey rectangle in the center is the hand. (b) Gor’kov
potential (scaled by the maximum acoustic potential, and offset such that the
minimum acoustic potential corresponds to zero) experienced by a particle as
a function of position along channel (blue line in inset). With the hand in,
(green curve) two confining wells hold the particles separate, while removal causes
these minima to coalesce in the center (red curve). (c) Isosurface contours of the
normalized Gor’kov potential for the two configurations: hand in (top) and hand
out (bottom). The normalization for all data in (b) and (c) is the same. Subfigures
(b) and (c) were generated using finite element simulations (COMSOL).

Measuring charges on individual particles using high-speed videography. (a) A
still from the experiment, showing the (backlit) image captured by the high-
speed camera during a charge measurement. A pair of particles (polystyrene,
D =0.63 mm) are levitated on either side of the hand (outlined in gray box). The
transducer is visible on the top of the image, with the light from the field polarity
LED visible in the centre (bright patch). The dotted boxes indicate the separate
parts of the image which are later analyzed: the trajectory of the two particles
on either side (red boxes), and the intensity of the LED in the central box (blue
dotted line). A bright LED corresponds to a positive (upward) electric field. (b)
Experimental data for a section of the vertical particle displacement as a function
of time, y(t), for a levitated particle in a frequency-swept AC electric field. y(t)
here is measured from the median position of the particle, corresponding to its
stable levitation position. (c¢) Experimental data for the brightness of the LED
as seen on the surface of the transducer (blue line), normalised by its maximum
brightness. The LED is connected in parallel with the electric field produced
by the function generator, such that its brightness corresponds to the vertical
component of the AC-swept electric field. The brightness of the LED is then fit
to a frequency-swept sine wave (black line), recovering the phase and frequency
of the electric field during the motion of the particles. . . . . . . .. ... ...
Demonstration of equation of motion fitting using Eq. (5.11). (a) Measured ac-
celeration data (gray line) are compared to the best fit equation of motion (black
points). (b) Amplitude of the contribution of each term on the right hand side
of Eq. (5.8) to the total acceleration (black line) as a function of time. We plot
the acoustic acceleration (blue, 1), electric field acceleration (red, ay), linear
velocity-dependent damping (orange, s), and nonlinear damping (green, «s3).
The amplitudes of the signals were extracted using a Hilbert transform.

Three examples of charging data obtained using our method, with error estimates
for charges and charging rate given at 1 standard deviation, as calculated from
Eq. (5.13). (a) Data from 76 collisions between two polyethylene (PE) grains,
showing no significant charging within experimental uncertainty. (b) Data from
120 collisions between two polystyrene (PS) grains. (3) Data from 30 collisions

135
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between two different grains, one polystyrene and one sulfonated polystyrene (SPS).147
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Here we plot the fit-determined charge as a function of the true charge (used as an
input to the simulation). Simulation consisted of Runge-Kutte 4(5) integration,
with physical parameters taken from the trial represented in Fig. 5b. Charge
estimates all lie within 0.5% error. . . . . . . . . . .. ... ... ... ... ..
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ABSTRACT

Life presents us with bewildering phenomenology, from robust self-replication and morpho-
genesis, to learning, adaptation, and evolution. These phenomena are collective and typically
carry no precedent in the inanimate world, which presents an exciting opportunity in the
search for new emergent physics. Modern experimental methods offer increasingly high-
resolution and large-scale data on the inner workings of biology, making conceivable the
establishment of precise theories about the organization of living systems. As first steps
towards this lofty and long-term goal, we need principles to define the most biologically
relevant features in high-dimensional datasets, as well as tools to identify them and con-
strain theory. Motivated by the successes of many-body theory in physics, we examine how
the renormalization group (RG) and information bottleneck (IB), two paradigmatic coarse-
graining approaches, may contribute to the search for simplifying structure in large-scale
biology. First, to explore how top-down and bottom-up coarse-graining might be reconciled,
we demonstrate a formal theoretical connection between IB and RG. We find that the choice
of relevance variable in IB determines the collective variables and their order of elimination
in the RG scheme, suggesting IB can be used to select a notion of ‘large scale’ structure, such
as a particular biological function. One especially exciting application of this idea may be to
use it as a bridge, revealing how effective models in the language of RG can be read out of IB
analyses on biological data. Next, prompted by multi-functionality in biology, we examine
the idea that a given system might have multiple notions of large scale structure. We con-
struct a simple model which exhibits this property, in that its correlations are best described
in terms of two coexisting but independent RG flows, each coarse-graining with respect to
a different collective basis. The failure of RG to predict large-scale correlations in a certain
phase of this model points to a potential pitfall in interpreting maximum-entropy models
of biological data as many-body systems. Finally, we turn our attention to real biological
systems, and use IB to coarse-grain data taken from a large population of neurons in the

XV



salamander retina. By optimizing collective variables to predict future responses, we identify
features in the retinal code that may enable downstream visual prediction. We also reveal
that the encoding of predictive information in the retina becomes increasingly collective at
long times, accompanied by a shift in the most relevant collective variables. This highlights

the importance of adapting coarse-graining to function in biology.
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CHAPTER 1
INTRODUCTION

In the last few decades, biophysics and quantitative biology have grown massively in scope
(bio [2022]). High-throughput experimental and computational techniques are revealing the
inner workings of brains (Hulse et al., Meshulam and Bialek [2024]), immune systems (Six
et al. [2013]), and ecosystems (Liu and Good [2023|) in increasing detail, but assigning
meaning to these data is a major theoretical challenge. When dealing with high-dimensional
data, the issue of defining useful features and finding the models that govern their behavior
is both conceptually and practically difficult. Similarly, it is difficult to extract predictions
from highly detailed microscopic models. One hope is that not all of the details matter for
describing all of the phenomena. Perhaps, with the appropriate coarse-graining methods,
we may develop a view of biology which is more normative and less descriptive, bringing
theory closer in line with the style of inquiry already employed with great success in physics
(Bialek [2012]). On the other hand, biology is full of diversity, and we should be careful not
to disavow descriptive approaches entirely. What, then, are the general principles that guide
large, interacting systems towards their simplest descriptions, and how do they intersect
with the questions of biology?

Part of the answer to this question may come from our understanding of effective models
in physics. In our everyday experience of the world, the fact that atoms have internal
structure is not immediately apparent. Most people get along just fine with an understanding
in terms of the macroscopic. You learn to walk, handle objects, carry out conversations, and
pay your taxes, and none of these things actually require an understanding of subatomic
physics. But why not? Since the vast majority of matter that we interact with is comprised
of atoms, shouldn’t it be of great practical importance to know that it all comes down to
neutrons, protons, and electrons bound up in myriad ways? A fascinating aspect of the

natural world is that the laws governing reality at the smallest scales have limited impact
1



on the phenomena at larger scales. New laws emerge from interactions between composite
parts, and the possible ways of achieving this are effectively innumerable. Structure therefore
arises not only from the laws obeyed by elementary constituents, but also the ways these
constituents can be arranged. As Phil Anderson famously articulated, “More is Different”
(Anderson [1972]).

Precisely how important are the small-scale rules in determining large-scale phenomena?
Some connection must certainly be present, since we know that atomic and chemical makeup
can affect the strength of a material, the viscosity of a fluid, or the electrical properties of a
semiconductor. Benzene and water look very different microscopically, but when present in
large enough quantities, they move and flow according to the Navier-Stokes equations, albeit
with different parameters. Still, it may seem strange that the net effect of such microscopic
differences is simply to shift parameters around in the same macroscopic theory.

One answer to this question is provided by the renormalization group (RG) approach.
In the standard presentation of Wilsonian RG (Wilson [1971a,b], Wilson and Fisher [1972],
Wilson [1974], Fisher [1995]), one describes the physics of a theory up to some smallest
scale (typically length or time), called the cutoff. Then, by changing this cutoff scale one
removes information about small-scale features in the system. The averaged activities of
now-eliminated degrees of freedom cause shifts the effective parameters and interactions
governing those which are still resolvable, and in this way, sweeping the cutoff from small
to large scales yields dynamics in the space of theories. Fixed points in these dynamics
correspond to macroscopic phases of matter, together with effective theories for how they
behave. Critical points, for example, are theories at unstable fixed points in the RG flow.
We also get a precise explanation for why some microscopic parameters affect macroscopic
properties and why some don’t. In the vicinity of a fixed point, attractive directions represent
model parameters which are in a precise sense “irrelevant,” since they die out at long RG

times (large scales) while the repulsive directions represent “relevant” parameters, since their



effects grow.

Probably the most lasting and revolutionary aspect of RG is not that it explains criticality
and phase transitions, although this was a primary reason for Wilson’s Nobel prize. Rather,
it is the fact that RG justifies the use of effective theories in physics (Goldenfeld [2023]).
A number of research directions have abstracted RG reasoning out of physical contexts to
show that effective models can be justified analogously in areas such as machine learning
and biology(Brown and Sethna [2003|, Raju et al. [2018], Quinn et al. [2022|, Berman et al.
[2023|, Berman and Klinger [2022], Bradde and Bialek [2017|, Jona-Lasinio [1975]). These
lines of reasoning are especially important for understanding how RG might contribute to
coarse-graining in biological systems.

The most common way to describe detailed biological data in the language of statistical
physics is by asserting that the states exhibited by the system are distributed according to
a Boltzmann distribution (Schneidman et al. [2006], Tkacik et al. [2013, 2014], Mora et al.
[2010]). To infer the corresponding Hamiltonian, one widely-used approach is known as the
maximum-entropy method (Jaynes [1957]). Here, one introduces just enough parameters
to reproduce a set of desired expectation values, while otherwise maximizing the model
entropy. This always selects a Hamiltonian which is linear in the fitting parameters and the
feature functions whose expectations are constrained. For example, by requiring a model
to capture only the mean and pairwise statistics of binarized activity in a population of
neurons, one arrives at a disordered Ising model. In the vertebrate retina, this pairwise
model effectively captures higher-order correlations (Schneidman et al. [2006]), indicating
that the corresponding higher-order interaction terms are not needed to explain the data.
In some cases, this framing actually yields signatures of criticality (Mora and Bialek [2011],
Mora et al. [2015], Tkacik et al. [2015]), though these claims remain controversial (Schwab
et al. [2014], Morrell et al. [2021, 2024, Ngampruetikorn et al. [2023]). Regardless, since it is

apt to think of certain biological systems in analogy with statistical physics, it may further



be true that insights from the renormalization group can be applied. Further, whether any
given criticality hypothesis turns out to be true, the statistical physics perspective has proved
useful in quantifying collective phenomena in systems such as the brain and immune system.

A central difficulty in attempting to address biology using many-body theory is its com-
plexity, which is present in multiple senses. First, given that living things and their parts
evolve to fulfill multiple functions, there are many distinct collective phenomena one can
model. For example, in e coli, one might care to know how an organism responds to heat
shock, how often it is reproducing, or the dynamics of its run-and-tumble. Each of these
systemic responses are meaningful from a functional perspective, and whether one is more
important than another is not obvious. Second, complexity arises due widespread variation
in microscopic organization, which in turn is present because biology is organized top-down.
Natural selection acts directly on features at a high level, propagating genes of organisms
with beneficial emergent, functional properties. In effect, some microscopic properties can
be explained by the large-scale features they need to produce. This contrasts the bottom-up
way we think about systems in physics, where all the organizing principles are specified at
a microscopic level. Third, microscopic models of biological systems are frequently compli-
cated. However, this complexity may be of the sort that is also present in physical systems
which admit simple effective descriptions under coarseg, so it is a less serious concern (Brown
and Sethna [2003], Machta et al. [2013]).

One coarse-graining framework which has found some success in biology, and can poten-
tially address both of these major concerns about complexity is the Information Bottleneck
(IB) (Tishby et al. [2000]). In this approach, one specifies a signal they wish to coarse-grain,
(the “input”) and a so-called “relevance variable”, which has correlations with various features
of the signal. IB then defines a coarse-grained representation of the input that retains as
much information about the relevance variable as possible, at a given level of distortion.

As an example, compressing the current state of a system to predict its future reveals the



hierarchical structure of drosophila behavior (Berman et al. [2016]) and provides optimized
collective variables for protein dynamics (Wang et al. [2019]). Predictive IB has also been
connected to model reduction in dynamical systems more generally (Schmitt et al. [2023]).
Another valid choice of relevance variable is a subset of all degrees of freedom at equal time,
as has been applied to the hippocampus (Ramirez and Bialek [2021]) and various lattice
models (Koch-Janusz and Ringel [2018], Gordon et al. [2021], Lenggenhager et al. [2020],
Gokmen et al. [2021]). The relevance variable additionally does not need to have a physical
interpretation such as degrees of freedom at other points in space or time. It could, for
example, be the class label in a deep learning classification problem (Tishby and Zaslavsky
[2015)).

The information bottleneck and renormalization group seem to represent two opposing
viewpoints on coarse-graining. Whereas RG is bottom-up and is used primarily as an an-
alytical tool, IB is top-down and in most cases is solved computationally due to its formal
intractability. Yet, both offer fundamental views on the nature of simplification and have
attracted widespread, overlapping interest. In Chapter 2, we present a formal mapping be-
tween these two frameworks, outlining a way to interpret one type of analysis in terms of
the other. To understand how the constraint of IB optimality affects an RG cutoff scheme
in detail, we examine the exactly solvable case of jointly Gaussian statistics. Under this
constraint, the cutoff scheme associated to an IB solution is closely related to the so-called
Litim regulator (Litim [2000, 2001]), an optimized cutoff scheme which is ubiquitous in the
non-perturbative RG (NPRG) literature. Crucially, the choice of relevance variable (given
some input variable) on the IB side determines the definition of collective variables and the
order in which they are eliminated from the theory. This addresses the complexities out-
lined above, since the IB relevance variable can be chosen to represent different aspects of
biological function (e.g. heat shock response vs run-and-tumble statistics) at will, and the

collective variables are defined top-down, in terms of this function.



The IB-RG connection maps a choice of IB relevance variable to a notion of RG scale,
but in field theories there typically is a clear choice of scale. This raises the question:
are some relevance variables better than others? Put differently, are there systems which
admit multiple notions of scale? In Chapter 3, we show that some mixture models can
be thought of as having multiple coexisting, exactly independent RG flows, each with its
own notion of scale, and define this property as multi-relevance. We then apply the vertex
expansion approach from NPRG to a multi-relevant model, where each of two notions of scale
corresponds to the state of an unobserved latent variable. In the regime where this latent
variable can be inferred using a linear classifier, the RG analysis can be applied successfully
but will give different answers depending on the choice of expansion point in state space.
Next, in the regime where linear estimation of the latent state fails, we find that the RG flow
for PCA-like coarse-graining becomes very complicated. In particular, accurate computation
of IR quantities (expectation values) requires keeping track of a large number of parameters
with irrelevant engineering dimensions and large initial values (UV). This breakdown in the
predictive power of RG arises both from the essentially non-polynomial nature of the multi-
relevant model, as well as the fact that in such a model, the collective basis which diagonalizes
the two-point function does not agree with either notion of scale. This suggests that RG
schemes derived from maximum-entropy models of data from multi-relevant distributions
may completely misidentify the relevant collective variables and lead to poor predictions.
Moreover, given the ubiquity of mixture distributions in biology, multi-relevance as defined
here may be a generally important consideration in understanding how RG techniques should
be applied.

Finally, in Chapter 4 we implement an IB coarse-graining scheme to reveal the function-
ally relevant collective variables in the response data of salamander eye output cells viewing
naturalistic movie data. The vertebrate retina has been shown to perform predictive com-

putation on incoming visual signals (Palmer et al. [2015], Sederberg et al. [2018]), and it has



been hypothesized that further prediction occurs at each successive layer of the visual stream.
We take the viewpoint of hypothetical downstream predictor neurons and search for features
which optimally encode information about future responses. Across stimuli and prediction
intervals, we find that all such information is compressible into a few (less than 10) linear
collective variables of the present retinal output state. By leveraging variational inference
and repeated stimulus trials in our dataset, we find that this predictive information is col-
lectively encoded; it is mostly carried by correlations between neurons. At short timescales,
individual effects matter more and noise autocorrelations contribute significantly, while at
later timescales predictive features are highly collective and stimulus-induced correlations
dominate. Our analysis demonstrates the feasibility of uncovering biologically relevant cor-
relation structure in high-dimensional data using variational inference and basic machine
learning tools.

For the sake of completeness, we also include work from an experimental project in soft
matter physics. This project examined contact electrification of dielectric grains, which
forms the basis for a myriad of physical phenomena. Despite its ubiquity, even the basic
aspects of collisional charging between grains are still unclear. To address this, we develop
a new experimental method, based on acoustic levitation, which allows us to controllably
and repeatedly collide two sub-millimeter grains and measure the evolution of their electric
charges. This is therefore the first tribocharging experiment to provide complete electric
isolation for the grain-grain system from its surroundings. We use this method to measure
collisional charging rates between pairs of grains for three different material combinations:
polyethylene-polyethylene, polystyrene-polystyrene, and polystyrene-sulfonated polystyrene.
The ability to directly and noninvasively collide particles of different constituent materials,
chemical functionality, size, and shape opens the door to detailed studies of collisional charg-

ing in granular materials.



CHAPTER 2
GAUSSIAN INFORMATION BOTTLENECK AND THE
NON-PERTURBATIVE RENORMALIZATION GROUP

AGK! and Stephanie E. Palmer!?
1. Department of Physics, The University of Chicago, Chicago IL 60637

2. Department of Organismal Biology and Anatomy, The University of Chicago,
Chicago IL 60637

2.1 Abstract

The renormalization group (RG) is a class of theoretical techniques used to explain the
collective physics of interacting, many-body systems. It has been suggested that the RG
formalism may be useful in finding and interpreting emergent low-dimensional structure in
complex systems outside of the traditional physics context, such as in biology or computer
science. In such contexts, one common dimensionality-reduction framework already in use
is information bottleneck (IB), in which the goal is to compress an “input” signal X while
maximizing its mutual information with some stochastic “relevance” variable Y. IB has
been applied in the vertebrate and invertebrate processing systems to characterize optimal
encoding of the future motion of the external world. Other recent work has shown that the
RG scheme for the dimer model could be “discovered” by a neural network attempting to solve
an [B-like problem. This manuscript explores whether IB and any existing formulation of RG
are formally equivalent. A class of soft-cutoff non-perturbative RG techniques are defined
by families of non-deterministic coarsening maps, and hence can be formally mapped onto

IB, and vice versa. For concreteness, this discussion is limited entirely to Gaussian statistics
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(GIB), for which IB has exact, closed-form solutions. Under this constraint, GIB has a
semigroup structure, in which successive transformations remain IB-optimal. Further, the
RG cutoff scheme associated with GIB can be identified. Our results suggest that IB can
be used to impose a notion of “large scale” structure, such as biological function, on an RG

procedure.

2.2 Introduction

An overarching theme in the study of complex systems is effective low-dimensionality. We
are content, for example, with the existence of laws of fluid dynamics whose few phenomeno-
logical parameters accurately account for the macroscopic behavior of many completely dif-
ferent fluids. We are also confident that the laws are insensitive to the particular microscopic
configuration of a fluid at any given time. These are connected, but different notions of low-
dimensionality; the first deals with simplification in model space, while the second refers
to the emergence of collective modes, of which relatively few, when compared to the total
number of degrees of freedom, will be important. A central result of Wilson’s renormaliza-
tion group (RG) formulation is that an effective low-dimensional model of a system may be
found through repeated coarsening of the microscopic or “bare” model. In other terms, by
successively removing dynamical degrees of freedom from the system description, the effec-
tive model “flows” towards a description involving very few parameters. In general, there are
many strategies which can be used to simplify the description of a high-dimensional system,
and RG methods, though vast in breadth, form only a subset of these. An altogether differ-
ent dimensionality reduction framework is the information bottleneck (IB), which attempts
to compress (or more accurately coarsen) a signal while keeping as much information about
some pre-defined “relevance” variable as possible (Tishby et al. [2000]). Both IB and RG
have been applied in theoretical neuroscience (Creutzig et al. [2009], Chalk et al. [2018],

Palmer et al. [2015], Meshulam et al. [2019]), computer science (Mehta and Schwab [2014],
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Tishby and Zaslavsky [2015], Shwartz-Ziv and Tishby [2017], Alemi et al. [2019], Kolchin-
sky et al. [2019], Saxe et al. [2019]), and other frontier areas of applied statistical physics
(Koch-Janusz and Ringel [2018|, Gordon et al. [2021]). Given the ubiquitous need to find
simplifying structure in complex models and data, a synthesis of the ideas present in IB and
RG could yield powerful new analysis methods and theoretical insight.

IB and RG are motivated by different problems—IB is typically thought of as a data
analysis tool, while RG is an analytical tool. Yet both describe coarsening schemes which,
as we demonstrate here, can be exactly identified with each other. What purpose does this
connection serve? In RG, not all coarsening schemes are created equal. For a given notion
of emergent structure, such as the patterning of the degrees of freedom within a particular
phase, one needs to properly define the RG procedure to capture that structure. Frequently,
this emergent property is complicated, and one does not know a priori how it arises from
the microscopic degrees of freedom, or indeed how to coarsen them to reveal the appropriate
low-dimensional structure. IB can be thought of as a way of picking an RG scheme in which
the notion of relevance is defined by the practitioner, and collective modes pertinent to that
structure are discovered and not guessed at. In a sense, IB formalizes the problem of picking
an RG scheme that preserves relevant collective behavior, while also generalizing what is
meant by relevance.

Probability-theoretic investigations of renormalization group methods are not a recent
development (Jona-Lasinio [2001]). One early paper by Jona-Lasinio used limit theorems
from probability theory to argue the equivalence of older, field-theoretic RG formalism due
to Gell-Mann and Low with the modern view due to Kadanoff and Wilson (Jona-Lasinio
[1975]). Recent work (Apenko [2012], Machta et al. [2013], Bény and Osborne [2015], Raju
et al. [2018], Lenggenhager et al. [2020], Gordon et al. [2021]) has focused on connections of
RG to information theory. Since the general goal in RG is to remove information about some

modes or system states through coarsening, an effective characterization of RG explains how
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the information loss due to coarsening generates the RG flow or relates to existing notions
of emergence. Moreover, like the probabilistic viewpoint promoted by Jona-Lasinio, the
information-theoretic viewpoint enjoys a healthy separation from physical context. The
hope is that, by removing assumptions about the particular organization or interpretation of
the degrees of freedom in the system, RG methods can be generalized and made applicable
to problems outside of a traditional physics setting (Meshulam et al. [2019], Bradde and
Bialek [2017]). This viewpoint also has the potential to enrich traditional RG applications,
as Koch-Janusz et al. point out (Koch-Janusz and Ringel [2018]). Their neural-network
implementation of an IB-like coarsening scheme was able to “discover” the relevant, large-
scale modes of the dimer model, whose thermodynamics are completely entropic, and whose
collective modes do not resemble the initial degrees of freedom. More recently, Gordon et
al. built upon this scheme to formally connect notions of “relevance" between IB and RG
(Gordon et al. [2021]).

In contrast to most RG formulations which require an explicit notion of how the modes of
the system should be ordered, the information bottleneck approach defines the relevance of a
feature by the information it carries about a specified relevance variable. To be concrete, let
X be arandom variable, called the “input,” which we wish to coarsen. Then, let Y be another
random variable, called the “relevance variable,” which has some statistical interaction with
the input X. IB defines a non-deterministically coarsened version of X, X, which is optimal
in the sense that the mutual information (MI) between X and Y is maximized. Because
X is defined as a non-deterministic coarsening of X, an exact correspondence between RG
and IB demands that the RG scheme uses what is known as a “soft” cutoff. This means, for
example, that the ubiquitous perturbative momentum shell approach put forth by Wilson
cannot be mapped exactly onto IB under the interpretation of X as some coarse-grained
variable. The trade-off between degree of coarsening, indicated by [ ()Nf : X) and the amount

of relevant information retained [ (X' ;YY) is controlled by a continuous variable, denoted /.
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Formally, the non-deterministic map which yields X from X is found by optimizing the IB
objective function,

Pg(%|z) — argmin [(X; X) — BI(X;Y). (2.1)
P(z|x)

For large values of 3, the compressed representation = is more detailed and retains a
greater deal of predictive information about Y. Conversely, for smaller 3, relatively few
features are kept, in favor of reducing I(X; X) (increasing compression/coarsening). The
formalism investigated here is the one originally laid out in 2000 by Tisbhy et al. (Tishby
et al. [2000]), but since then a number of thematically similar IB schemes have been proposed
(Slonim et al. [2006], Slonim and Tishby [2000], Strouse and Schwab [2017]). IB methods have
been employed extensively in computer science, specifically towards artificial neural networks
and machine learning (Mehta and Schwab [2014|, Tishby and Zaslavsky [2015], Shwartz-Ziv
and Tishby [2017], Alemi et al. [2019], Kolchinsky et al. [2019], Saxe et al. [2019]). In
theoretical neuroscience, Palmer et al. have demonstrated using IB that the retina optimally
encodes the future state of some time-correlated stimuli, suggesting that prediction is a
biological function instantiated early on in the visual stream (Palmer et al. [2015], Salisbury
and Palmer [2016]). IB has also been applied in studies of other complex systems, for instance
to efficiently discover important reaction coordinates in large MD simulations (Wang et al.
[2019]), and to rigorously demonstrate hierarchical structure in the behavior of Drosophila
over long timescales (Berman et al. [2016]).

From a broad perspective, there are some basic similarities between RG and IB. Both
frameworks entail a coarsening procedure by which the irrelevant aspects of a system de-
scription are discarded in order to generate a lower-dimensional, “effective” picture. Further,
the Lagrange multiplier # in IB, which parameterizes the level of detail retained, can be
seen as roughly analogous to the scale cutoff present in some implementations of RG. As a
first guess, one might imagine that X in IB roughly corresponds to the (fluctuating) bare

state of a system we are interested in renormalizing, and its compressed representation X
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is a coarsened dynamical field akin to a fluctuating “local” order parameter. However, it is
not difficult to find implementations of RG which do not map to IB in this way, and vice
versa. For example, in Wilsonian RG schemes with a hard momentum cutoff, the decima-
tion step represents a deterministic map from bare to coarsened system state. Together with
our provisional interpretation, this contradicts the original formulation of IB, in which the
coarsening is non-deterministic L

Another, more serious discrepancy is due to the expected use cases of these two theoretical
frameworks. Generically, the fixed point description of criticality offered by RG is legitimate
due to the presence of infinitely many interacting degrees of freedom, otherwise the coarsened
model cannot be mapped back into the original model space. In IB, the random variables X
is finite-dimensional, such as a finite lattice of continuous spins, and “dimensional reduction”
does not refer to the convergence towards a low-dimensional critical manifold in model space,
but instead the actual removal of dimensions from the coarsened representation of X. Finally,
and perhaps most dauntingly, there is not an obvious equivalent of the IB relevance variable
Y in RG. It seems counterintuitive that one would want more control over the collective
mode basis used to describe a system, when for the vast majority of RG applications, length
or energy scale works perfectly well as a cutoff.

Despite these apparent mismatches, there are some significant structural similarities be-
tween IB for continuous variables and a class of RG implementations involving soft cutoffs.
For concreteness, we restrict our discussion of the correspondence to Gaussian statistics.
While this precludes the analysis of non-Gaussian criticality, it allows all of the results to be
expressed analytically and makes connections more transparently. This can also serve as a
basis for later investigations involving non-Gaussian statistics and interacting systems. To

begin, we show that Gaussian information bottleneck (GIB) (Chechik et al. [2005]) exhibits

1. Alternative IB frameworks have been proposed which result in deterministic mappings (Slonim and
Tishby [2000], Strouse and Schwab [2017]), and these could conceivably be connected to hard-cutoff RG
schemes, though some issues occur for continuous random variables. We restrict our present discussion to
the original framework.
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a semi-group structure in which successive IB coarsenings compose larger 1B coarsenings.
This structure is summarized in an explicit function of the Lagrange multiplier 5 which
simply multiplies under semigroup action and is therefore analogous to the length scale in
canonical RG. Next we explore how the coarsening map P(Z|z) provided by IB defines an
infra-red regulator which serves as a soft cutoff in several non-perturbative renormalization
group (NPRG) schemes. This relation shows that the freedom inherent in choosing a cutoff
scheme maps directly to the choice of Y-statistics in IB. Finally, we use a Gaussian field
theory as a toy model to explore the physical significance of this fact. One result is that the
RG scheme provided by IB can select a collective mode basis which is not Fourier, and hence
impose a cutoff which cannot be interpreted as a wavenumber. Additionally, in whichever
collective mode basis is chosen, the shape of this IB cutoff scheme is closely related to the

Litim regulator which is ubiquitous in NPRG literature (Litim [2001]).

2.3 Semigroup structure in Gaussian Information Bottleneck

Every IB problem begins with the distribution P(z,y), which specifies the statistical de-
pendencies linking the input variable X to the relevance variable Y. Gaussian information
bottleneck (GIB) refers to the subset of IB problems in which P(x,y) is jointly Gaussian.
Under this constraint, a family of coarsening maps Pg(Z|x) can be found exactly for all 3.
Chechik et al. (Chechik et al. [2005]) showed this by explicitly parameterizing the coarsening
map, then minimizing the IB objective function with respect to these parameters. Their pa-
rameterization consists of two matrices A and X¢, which are used to define the compressed
representation X as a linear projection of the input plus a Gaussian “noise" variable &. Ex-

plicitly, X = AX + ¢ with & ~ N (0, Zg). Under this parameterization, one exact solution is
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given by
(

25 =17
Y A(B) = diag {a;(8)} VT (2.2)
() = [2521) P (5 - ).

where © is the Heaviside step function and s; = [V X xV];;. The matrix V represents a set

of eigenvectors with corresponding eigenvalues \; in the following way,
Sy SxpV = Vdiag{\;} | (2.3)

where the matrices Xx and Xy |y are the covariances of the distributions P(z) and P(zy),
respectively. These distributions are assumed to be known since they are determined by
P(z,y). The matrix E)}IE Xy used above also appears in canonical correlation analysis
and we therefore refer to it as the “canonical correlation matrix”. Note that since it is not
generally symmetric, the eigenvector matrix V' is not generally orthogonal. An important
property of the canonical correlation matrix is that its eigenvalues are real and lie within the
unit interval; that is, A; € (0, 1) for all 4.

The GIB solution (2.2) is not unique. At a cursory level, this follows from the IB objective
function (2.1), which is a function only of mutual information terms and hence invariant to
all invertible transformations on X, X, and Y. However, not all invertible transformations
X — f(X) will leave the joint distributions P(z,y) and Pg(r,¥) Gaussian. It is specifically
invertible linear transformations X — LX (and analogous transformations for X and V)
which preserve IB optimality and leave all joint distributions Gaussian. One consequence of
this is that X — LX changes the coarsening parameters (A, Y¢) = (LA, LEgLT) = (A, 2’5)
If L is invertible, then these new parameters also solve GIB. When testing whether a given

parameter combination (A, ¥¢) is GIB-optimal, it is therefore useful to consider the quantity

V_lATEglAV_T, which is invariant to all invertible linear transformations on X, X, and
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In this section, we show that solutions to GIB have an exact semigroup structure, wherein
two GIB solutions “chained together” compose a larger solution which is still optimal. To be
more precise, let P(z,y) be jointly Gaussian, then suppose Pg, (71|r) is IB optimal. Because
Pg, (71]r) is Gaussian under the parameterization X = A1 X + &, it must also be that
P(z1,y) is jointly Gaussian and thus a valid starting point for a new GIB problem. Taking
X to be the new input variable, let the second optimal coarsening map be Pg, (Z2]r), and
parameterize it the same way: Xo = A9X] + &. Then, we claim, the composition of these
two coarsening maps, obtained by integrating the expression Pg, (%2]%1)Pg, (Z1]|x) over 71,
is also given by a single IB-optimal coarsening Pg(%|z) for some 8 = 89 o 1, where o is a
binary operator whose explicit form will be provided shortly. We represent this composition

schematically with the Markov chain,

Yexﬁfq 5—%5(2. (2.4)
To simplify the analysis, we begin by redefining 2 the input variable X by projecting it

onto the eigenvectors of the canonical correlation matrix. Assuming that V is full-rank,
X-vlix (2.5)

is an invertible linear transformation. Invertibility guarantees that the objective function is
unaffected, while linearity guarantees that P(y, x) remains Gaussian. Additionally, after the
first compression to X7, the new analogous quantities, e.g. X Xy Y X, and Ag will remain
diagonal. For the transformation matrices A; and As, this fact can be seen by inspecting

(2.2), while Lemma B.1. in (Chechik et al. [2005]) proves that X x and Y x|y are diagonal.

2. To clarify notation: by X — LX, we mean that each instance of LX should be replaced by X.
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In this new basis, they are given by

XEx)ij = sidij, (2.6)

(Exv)ij = sidibij - (2.7)

We now show that successively applied GIB compression as portrayed in (2.4) composes
GIB transformations of greater compression. A more detailed treatment is given in appendix
2.7. Suppose that A and X¢ describe a non-deterministic map AX + . From Lemma A.1.
in (Chechik et al. [2005]), this map (A, ¥¢) is IB-optimal if there exists some § such that

[ATZglA]ij = a?(B)d;;, (2.8)

where «; is as given in (2.2).

Consider two successive maps with bottleneck parameters 31 and (39, each with unit noise.
The composition of these transformations is represented by the pair (A4, ¥¢) = (A2 A1, A2A2T—|—
I). Both A; and Ay can be computed explicitly using (2.2), though A, is initially given in
terms of the statistics P(Z1,y). Using X1 = A1 X + &, we thus re-write As in terms of the
original relevance variable-input variable statistics P(x,y). After this substitution, direct

evaluation of ATZglA shows that (A9Aq, AQAg + I) is IB optimal.

[A1 A9 (A3 + 1) A Ay)i5 = a2 (B2 0 B1)dij (2.9)

where 39 o 51 is the bottleneck parameter of the full, 1-step compression,

B2

62061:—52%31—1'

(2.10)

It is important to note that this computation defines the binary operator o. If GIB did

not have a semigroup structure, it would not be possible to identify o in this manner. Direct
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computations show that this operator satisfies closure and associativity, and thus furnishes
the space in which § values live, that is R > 1, with a semigroup structure. As bonuses,
if we consider § = oo to be an element, we see that it is the identity element. This aligns
with the fact that in the limit 8 — oo, the IB objective (2.1) becomes insensitive to the
encoding cost I(X; X ) and hence no coarsening occurs; X becomes a deterministic function
of every component of X which contains information about Y. Further, o is symmetric. One
should be careful to note, however, that the maps Pg o3, (7|z) and Pg,.s, (Z|7) need only
agree in the overall level of compression achieved, and may otherwise differ since X — LX

is a symmetry.

2.3.1 What is the significance of this structure?

A broad goal of this paper is to explore structural similarities between IB and RG. The
semigroup structure present in Wilsonian RG is crucial to its explanation of scaling phe-
nomena, so its presence in GIB is a promising sign. The traditional picture is this: consider
the RG transformations Rj, and Ry, which rescale length by factors by and bo, respectively.
Then a fundamental property of R is that Ry, Ry, = Ryp,p,. This structure imposes a strong
constraint on the behavior of the flow near a fixed point. If o represents an eigenvector
of the Jacobian matrix at the fixed point, then its associated eigenvalue A\, will scale as
bY7 (Goldenfeld [2018]). In short, the semigroup typically allows one to define the critical
exponent yg.

The operator o we introduced does not immediately lend itself to this sort of analysis.
However, we can introduce a function b(/3) which satisfies b(52 o 1) = b(82)b(81). By

inspection, this function is given by

b(B) = (2.11)

b
f-1
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This quantity is interesting because it is analogous to the length-rescaling factor found in
typical Wilsonian or Kadanoff RG schemes, yet in IB there is no need for a notion of space,
and hence rescaling length generally means nothing. Compare this with, for example, a
momentum-shell decimation scheme. One identifies the rescaling factor by comparing the
new and old UV cutoffs, and so it acquires the meaning of a length-rescaling factor. Here,
b is determined entirely by the Lagrange multiplier 8 and the structure of GIB, both of
which are defined without deference to an existing notion of spatial extent. As discussed
in the introduction, connecting IB to RG is attractive, in part, precisely because IB is an
information-theoretic framework and does not rely on physical interpretations. Hence this
rescaling factor b should be considered an information-theoretic quantity in the same way as
B.

Can b(f) as defined above be used in the same way as the rescaling factor b is used in
RG? First, limits of the IB problem involving extremal values of 3 should match intuition
about b in an RG context. Indeed, for 5 — oo, the zero-coarsening limit, b(3) — 1. Next, by
the data processing inequality, at § = 1 the optimal IB solution is degenerate with complete
coarsening, i.e. X becomes independent of X. Correspondingly, the limit § — 1 gives
b(B) — oo. Next, let us recall the scope of the GIB framework. GIB makes statements
only about completely Gaussian statistics, so no anomalous scaling will appear, and thus
a discussion of critical exponents is hard to motivate. Second, GIB is defined for finite-
dimensional X and Y, so we cannot simply connect it to, say, momentum-shell Wilsonian
RG, which only makes statements about infinite systems. Finally, and related to the last
point, we have not identified yet what the analogous “model space” is in the context of IB,
or how an optimal GIB map could represent an RG transformation in that space. This will
be the subject of the next section, where we show that the non-deterministic nature of IB
coarsening aligns exactly with existing soft-cutoff RG methods.

Whether or not this analysis helps to formally connect IB and RG, it is interesting to ask
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whether other IB problems exhibit semigroup structure. One could imagine, for example,
that a series of high-/3 compression steps (low-compression limit) might be easier than one
large compression step. If this is the case, IB problems with semigroup structure may
benefit from an iterative chaining scheme similar to the one we present here. One possible
application of this structure is the construction of feed-forward neural networks with IB
objectives. If the IB problem in question has semigroup structure, then the task of training
the entire network can be reduced to training the layers one-by-one on smaller (higher-
compression) IB problems. This has benefits in biological systems, such as biochemical
and neural networks, where processing is often hierarchical, likely as a result of underlying
evolutionary and developmental constraints. Biological systems are also shaped by their

output behavior, which sets a natural relevance variable in the arc from sensation to action.

2.4 Structural similarities between IB and NPRG

2.4.1 Soft-cutoff NPRG s a theory of non-deterministic coarsening

The renormalization group is not a single coherent framework, but rather a collection of the-
ories, computational tools, and loosely-defined motifs. As such, it is probably not possible
to succinctly define RG on the whole. A common theme, at least, is that RG techniques
describe how the effective model of a given system changes as degrees of freedom are added
or removed. The modern view of RG theory, which is largely due to Wilson (Wilson [1971a,b,
1974], Wilson and Fisher [1972], Fisher [1998]) and Kadanoff (Kadanoff [1966]), concerns it-
self with the removal of degrees of freedom through a process known as decimation, in which
a thermodynamic quantity (typically the partition function) is re-written by performing a
configurational sum or integral over a subset of the original modes. Here, even before dis-
cussing rescaling and renormalization, we must make procedural choices. To begin, one must

specify the subset of degrees of freedom which are to be coarsened off. In theories where
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modes are labelled by wavenumber or momentum, one typically establishes a cutoff and dec-
imates all modes with momentum above it. As a result, those modes are completely removed
from the system description, and their statistics are incorporated into the couplings which
parameterize the new effective theory. Another consideration is the practicality of carrying
out such a procedure. If the model in consideration can be expanded in a perturbation series
about a Gaussian model, and if the non-Gaussian operators are irrelevant or marginal under
the flow, then this analysis is amenable to perturbative RG. However, this is often not the
case, for example in systems far from their critical dimension, or in non-equilibrium phase
transitions, where there may not even be critical dimensions (Canet et al. [2004, 2005]).

In non-perturbative RG (NPRG) approaches, the need for a perturbative treatment is
removed by working from a formally exact flow equation at the outset. The first such
treatment was put forth in 1973 by Wegner and Houghton, who used Wilson’s idea of an
infinitesimal momentum-shell integration to derive an exact flow equation for the full coarse-
grained Hamiltonian (Wegner and Houghton [1973]). Because this equation describes the
evolution of the Hamiltonian for every field configuration, this and other NPRG flow equa-
tions are called integro-differential equations, and the NPRG is sometimes referred to as the
functional renormalization group (FRG). Later, Wilson and Kogut (Wilson [1974]), as well
as Polchinski (Polchinski [1984]), proposed new NPRG flow equations in which the cutoff
was not described explicitly through a literal demarcation between included and excluded
modes, but instead through non-deterministic coarsening, so that the effective Hamiltonian
satisfies a functional generalization of a diffusion equation 3. These approaches were intro-

duced, at least in part, as a response to difficulties ¢ that arise from the sharp cutoff in the

3. This interpretation is explicitly presented in the Wilson-Kogut paper. Given that their approach is
formally equivalent with the one put forth by Polchinski, the interpretation should apply to that framework
as well.

4. Under the sharp cutoff construction, some issues include the generation of non-local position-space
interactions (Wilson [1974]), unphysical nonanalyticities in correlation functions, and the need to evaluate
ambiguous expressions such as 0(z)f(0(z)) where the function f is not known(Kopietz et al. [2010]).
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Wegner-Houghton construction. Correspondingly, the Wilson-Polchinski FRG approach can
be thought to give a soft cutoff, where modes can be “partially coarsened".

The most common NPRG approach in use today was first described in 1993 by C. Wet-
terich (Wetterich [1993b]). Like the Wilson-Polchinski NPRG, the Wetterich approach uses a
soft cutoff, but the objects computed by this framework are fundamentally different. Instead
of computing the effective Hamiltonian of modes which are below the cutoff, the Wetterich
framework computes the effective free energy of modes above the cutoff. For this reason, we
say that the Wilson-Polchinski framework is UV-regulated and Wetterich is IR-regulated.
Yet, despite this difference in perspective, the Wetterich formalism still describes the flow ef-
fective models make from their microscopic to macroscopic pictures. In this section, we will
explore how the soft-cutoff construction is related to a notion of non-deterministic coars-
ening, and in turn, the information bottleneck framework. An in-depth discussion of the
philosophy and implementation of NPRG techniques would be distracting, so we instead
refer the reader to a number of good references on the topic (Bagnuls and Bervillier [2001],
Berges et al. [2002], Delamotte [2012], Kopietz et al. [2010]).

So far we have not explained how one actually imposes a soft-cutoff scheme. We begin
by examining the Wetterich setup, in which one writes the effective (Helmholtz) free energy

at cutoff £,

WilJ] = log/DxeXp {—S[x] — ASE[X]

+;/ddf€ Ja(x)xa(x)] : (2.12)

The bare action, given by S, is the microscopic theory which is known. The source
J allows us to take (functional) derivatives of this object to obtain cumulants (connected

Green’s functions). The remaining term ASy[x] is known as the deformation, and it is this
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term which enforces the cutoff. It is written as a bilinear in ¥,

AS =5 Y [ e dty Ryt n)xale o). (21
ab

For compactness, we will often resort to a condensed notation and express integrals
instead as contraction over suppressed continuous indices. For example, the deformation
may be re-written

1
ASplxl =3 X' Rix . (2.14)

The kernel (matrix) R is known as the regulator, and it controls the “shape” of the cutoff.
Almost always, it is chosen to be diagonal in Fourier basis so that the cutoff £ has the
interpretation of a wavenumber or momentum. The resulting Fourier-transformed regulator
Rj.(¢q) has some freedom in its definition, but it must satisfy the following properties (Litim

[2001]):
1. limqg/kg_m Rj.(q) >0
2. limyz 2 Ri.(q) =0
3. Ri.(q) >0 Yq as k— o0

These constraints guarantee that the deformation acts as an IR cutoff. The first condition
increases the effective mass of low-momentum modes and suppresses their contribution to
the effective free energy. The second ensures that modes with high momentum (¢® > k?)
are left relatively unaffected, and contribute more fully to Wj. The third condition ensures

that the so-called “effective action,” defined as
Tyle] = JTo — WiJ] — ASk[e] . (2.15)
approaches the bare action (or Hamiltonian, as the case may be) in the limit £ — oo. Here,

the order parameter ¢ is given by 0Wy[J]/dJ f. Because of this construction, the second
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regulator property also ensures that in the limit k& — 0, the deformation AS} disappears,
and the effective action I'j, becomes the Legendre transform of W[.J]. This functional I';._ is
known in many-body theory as the 1PI generating functional, and in statistical mechanics as
the Gibbs free energy. In the Wetterich formalism, one is generally interested in computing
the flow of I';, because of these useful boundary conditions.

To see how this approach is related to non-deterministic coarsening, we will connect it to a
soft-cutoff UV-regulated approach, also put forth by Wetterich, which is formally equivalent
to the Wilson-Polchinski framework. We begin with the following expression defining the
average action I'{V[X], taken directly from the paper (Wetterich [1993a]), with only a slight

change in notation

—IE'[X] = log / Dx Pr[x|x]exp(=S[x]) (2.16)

where we refer to this functional Pj[y|x] as the coarsening map. If we were interested in
performing deterministic coarsening, i.e. one involving a hard cutoff, the coarsening map
would be something like a delta-function §(y — ®[x]) for some functional ®;. However, in

all soft-cutoff UV-regulated approaches, this distribution is Gaussian in y

- 1 _ 1
Pl = exp |~ (% = 40T Ap T (R = Apx) = G| - (217)

In principle, given the coarsening parameters Ay and Ay for all k, the exact flow equation
for F%V is determined. Wetterich gives explicit choices for these parameters, while Wilson and
Polchinski independently give their own (though in slightly different fashion). The term C},
is a normalizing constant which is essentially unimportant to the remainder of our discussion.

Now we connect the IR and UV approaches to show that they are complementary, and
in some sense, equivalent. In particular, suppose we know P [x|x] for all k. Then, from
this single object, one can construct both the IR-regulated and UV-regulated flows. This

should make intuitive sense; the IR-regulated part tracks the thermodynamics of the already-

24



integrated modes, while the UV-regulated part tracks the model of the unintegrated modes.
This can all be seen clearly by writing out the full sourced partition function Z[.J] and

invoking the normalization of the coarsening map:

ZlJ] = /Dx exp <—S[X} + JTX)
_ / DY Dx Py[XIx] exp (—5 X +J TX)

~ /D)Z exp (—%)ZTAlgl)Z + WilJ + j[){]]) (2.18)

In the final expression, the normalizing constant C}, has been dropped. Readers familiar with
the Polchinski formulation will immediately recognize W,[J[Y]] as the effective interaction
potential. However, the argument to this potential is shifted by the source J, which therefore
enters nonlinearly, unlike in Polchinski’s approach. This difference is due to the fact that we
define a flow for each initial source configuration, instead of adding a linear source term to
the vacuum flow.

To arrive at (2.18) above, we had to define the effective field-dependent source .J and
identify a suitable deformation term in P [x|x]. By directly substituting (2.17), one can see
that

JIX = ALy, (2.19)

and

1 _
AS[y] = éxTA,tAk LA x . (2.20)

As promised, the existence of a family of distributions P.[x|x]| with a known parameterization
(Ag, Ap) allows us to define an IR regulator scheme, and therefore compute the NPRG flow
both above and below the cutoff. The deformation term AS;. ultimately came from the 2
term present in the coarsening map, which could be interpreted as a free energy. We also

identify immediately that the IR regulator Rj. corresponding to a given choice of coarsening
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map is given by ALA;lAk.

We will next use this viewpoint to introduce information bottleneck into the discussion.
In particular, we will associate the coarsening map Pj.[x|x] with the IB coarsening map
Pg(Z|x) and examine some consequences. This discussion comes with some restrictions.
Firstly, one should note that all soft-cutoff NPRG frameworks, regardless of the structure of
the microscopic action, assume a Gaussian coarsening map. With a non-Gaussian Pj.[x|x],
the flow may still be defined, but it will not, in general, satisfy any known exact flow
equations. This is easiest to see in the IR Wetterich formalism, since a non-Gaussian Py,
would yield a AS.[x] which is no longer bilinear in y, and hence one could not write the
flow equation in terms of the exact effective propagator, as it usually is. Indeed, the more
general ASy[x] could have terms at arbitrarily high order in x, and thus require arbitrarily
high-order derivatives of I'j, in the flow equation. So, while it is not impossible to seriously
consider non-Gaussian Pj[x|x], it is certainly inadvisable without good reason.

With this in mind, we must also note that IB has an exact solution involving Gaussian
Pg(%|z), but only when the variables X and Y are jointly Gaussian. By analogy, this
restricts us to discussing theories where the bare action S|[x], or perhaps more accurately,
the bare Hamiltonian H[x| contains only linear and bilinear terms in y. While everything
presented above holds for general S, everything that follows will be totally Gaussian so
that IB optimality can be exactly satisfied. Finally, note that IB may not be well-defined
for infinite-dimensional random variables such as fields, so our scope is further limited to

finite-dimensional multivariate Gaussian distributions of classical variables.

2.4.2  The Gaussian IB regulator scheme

In the last section, we briefly introduced soft-cutoff NPRG approaches and argued that both
UV- and IR-regulated flows can be defined given a family of Gaussian coarsening maps

Pr[X|x]. Broadly, we aim to show that IB and RG can be connected by identifying this map
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with the IB-optimal coarsening map Pﬂ(ﬂm). By this we do not mean to say that the family
of maps produced by IB are the correct starting point for NPRG. Instead, we simply note
that IB-optimality is a constraint one could impose on the coarse-graining scheme. Assuming
we do so, what characteristics does the IB-RG scheme carry?

By working within the constraints of GIB, we can write down an exact, IB-optimal
Gaussian coarsening map. Then, because the NPRG coarsening scheme is also Gaussian,
we can identify the structure in our IB solution which represents an IR cutoff scheme. To
begin, we recall that the role of the regulator is to deform the microscopic theory through

the addition of a mass-like term which “freezes out” the most relevant modes,
L i
ASklx] = ox' Brx. (2.21)
When the bare variable, z, is finite-dimensional, this is written as
ASs(x) Lot (2.22)
r) = —x'Rgx .
B 9 B

with Rg a positive semi-definite matrix. Following the argument in section 2.4.1, we can

identify the deformation produced by a Gaussian coarsening X = AX + ¢

AS(z) = %xTATZglAJ:. (2.23)

Now, by imposing IB-optimality (2.48) on (A, ¥¢), we find that

Ry = AB)TE(8) M AB)
— V diag(e?(8)) VT, (2.24)
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with

cﬁw>=§9§£3116<5—1fA). (2.25)

After the substitution 8; = (1 — A;) ™!, we can write

) - > Vm%@(ﬁ — Bu)Vas. (2.26)

Finally, we project the degrees of freedom into the canonical correlation basis obtained by
diagonalizing the canonical correlation matrix 2)}12 X|y» as discussed in section 2.3. That

is, we take X — VT X which takes R — V1RV~ which makes R diagonal,

1), = Lol - sy (2.27)

1
si(Bi — 1)

Here the 3; are critical bottleneck values. These values 3; are given by (1 — )\i)_l, where
A; are the eigenvalues of the canonical correlation matrix. Intuitively, one can think of each
eigenvalue \; as characterizing the amount of information that the it collective mode carries
about the relevance variable Y. Smaller values of \; indicate modes with more information.
Because the critical 8; value monotonically increases with );, this same intuition holds,
though ; € (1,00), whereas \; € (0,1). The values s; are given by [VTZXV]M, and
represent the variances of the now-independent modes . © denotes the Heaviside step
function.

In the typical context, R is diagonalized by a Fourier transform, and thus it represents a
cutoff in wavevector or momentum. Here this notion is generalized, and instead of identifying
a cutoff wavenumber k, we should consider the cutoff to be of information-theoretic origin,
and fundamentally defined by . Consequently, the degree to which the mode labelled by i
is coarsened should be found by comparing its corresponding critical value (; to the cutoff
3. As such, we can essentially make the replacements k2 — 3 and ¢% — B, with the caveat

that 8 and (; should approach unity as k% and ¢? go to zero.
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In Figure 2.1, we plot RUB)

obtained from the first toy model presented in section 2.5.2
and compare it against the well-known Litim regulator (Litim [2001]), denoted R and
given in Eq. (2.28). Ignoring for now the particulars of the model, we point out that the
IB and Litim regulators appear qualitatively similar, and for fixed parameters ¢t and n, all
limits involving ¢ and k satisfy the regulator scheme requirements. Moreover, we see that
the NPRG and IB notions of mode relevance are in agreement. Smaller canonical correlation
eigenvalues A (top plot) correspond to collective modes which get integrated out later in
the flow. This is reflected in the structure of the soft cutoff, which increasingly suppresses
fluctuations as ¢ — 0.

Is it okay to take (2.27) seriously as an IR regulator scheme? Let us attempt to com-
pare with the conditions outlined in the last section. The typical interpretation of the first
requirement on R is that the lowest energy modes should be given extra mass by the reg-
ulator so that they are “frozen out” of the configurational integral. In fewer words, there
should not be soft modes in intermediate stages of the flow. By analogy, it must be true
that (Rﬂ)n > (0, where we take 51 = min; §; to represent the most “relevant” mode (in the
IB sense). Indeed, for all 3, this is satisfied by (2.27). Next, R must vanish for the i*" mode
when the cutoff 8 is taken sufficiently far below ;. Because of the step function, this is
satisfied. Finally, each diagonal component (Rﬂ)iz’ should diverge as [ — oo so that at zero
compression, only the saddle point configuration of the microscopic theory contributes to
the generating function, or whichever thermodynamic potential we are interested in. If 3;
are all finite, then this limit holds as well S,

Because it satisfies all of the properties required of a typical regulator in a soft-cutoff
scheme, we call (2.27) the “IB regulator" and denote it RUIB) " This identification has some

interesting consequences, which will be explored in the coming section. One particularly

5. Two edge cases may appear important; 3; — 1 and 3; — co. Because 3; = (1—\;) ™!, these correspond
to limits where a mode [V7 X]; is deterministically related to Y or completely independent of Y, respectively.
Complete deterministic dependence between X and Y should not be considered without modification, and
in the case of independence, those modes may be removed as a formality.
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striking feature is that the cutoff scheme is now parameterized by the family of distributions
P(z,y). In IB theory, these distributions formalize the notion of “important features” of X
implicitly through its correlations with Y. This means that the RG scheme selected by a
given set of IB solutions will not favor, for instance, “long distance modes” unless P(x,y)
is chosen to enforce that. Instead, the analogue of long distance modes are those modes
which have the most information about Y. In section 2.5.2 we will attempt to clarify this

by calculating the IB regulator explicitly in a simple, familiar context.

2.5 Consequences and interpretations of the correspondence

2.5.1  Correspondence in the non-Gaussian case

So far, we have demonstrated that the application of a soft cutoff in NPRG is equivalent
to a non-deterministic coarsening of the bare system. In turn, the formal correspondence
between IB and NPRG amounts to imposing IB-optimality on this coarsening map for some
specified choice of a relevance variable, Y, and P(z,y). This relationship does not depend
on X or Y being Gaussian, nor on the semigroup structure of IB, which may or may not

hold beyond Gaussian IB.

The correspondence between IB and NPRG in a non-Gaussian context is difficult to
formalize for several reasons. Firstly, as pointed out in Sec. 2.4.1, virtually all soft-cutoff
NPRG approaches impose a coarsening scheme which is Gaussian. That is, the renormalized
degrees of freedom y are some linear projection of the bare variables x plus some uncorre-
lated, Gaussian noise which has fixed variance and mean. Non-Gaussian coarsening maps
are not forbidden, however they are less convenient to work with, and it is probably for this
reason that they are not used. Therefore, even if one had the solution to a non-Gaussian

IB problem, the corresponding NPRG structure would look unfamiliar and be difficult to
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compare with known cutoff schemes. The second complication is that non-Gaussian IB is
generally intractable from an analytical standpoint. Whereas non-Gaussian coarsening maps
are problematic to NPRG merely because they are unconventional, analytic solutions to IB
in systems with non-Gaussian P(x,y) are not known, at least in problems relevant to RG

theory.

We can, however, rely on the fact that IB has the correct limiting behaviors to allow us
to make a useful connection to the notion of scale in NPRG. In the high-compression limit,
B — 1 in IB, and Pg(Z|r) maps all degrees of freedom in z into a single degree of freedom
in z. For § values below (31, and in particular at § = 1, all modes of the system have been
integrated out. This can be seen in the fact that the coarsening map degenerates to a trivial
mapping where the coarsened state T is entirely noise, and has no mutual information with
z. In NPRG at this limit, the free energy contains the exact thermodynamic information
because the regulator is set to zero. In the Gaussian case, we see this as the disappearance of
RgB) as ( dips below 1. On the other hand, in the low-compression limit where [ is large,
Pg(Z|z) — 6(Z — x), and there is no coarsening. Comparisons at intermediate 3 values,
which are most useful as an application of IB to data, are possible to make to NPRG when

the coarsening map in RG is IB-optimal.

Moreover, the semigroup structure of GIB outlined in section 2.3 is not a necessary con-
dition for IB-RG correspondence in a non-Gaussian context. One simple way to observe
this is that semigroup structure is not necessary to define NPRG. For contrast, consider the
traditional Wilsonian picture: a bare theory is given, then it is coarsened by a small amount
by integrating out an infinitesimal fraction of the total collective modes in the system. After
this integration, one rescales the state space and renormalizes the degrees of freedom to

place the new effective theory in the original theory space. Then, by iterating this process,
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one defines the RG flow. Within this construction, the flow arises from a coarsening proce-
dure which manifestly has semigroup structure. In NPRG, on the other hand, one begins
with a cutoff scheme, in other words a family of coarsening maps, parameterized by scale.
Then, formally exact flow equations are obtained by varying the cutoff scale infinitesimally.
Importantly, no semigroup structure is ever imposed on the coarsening procedure; the only
requirements are differentiability of the cutoff scheme with respect to scale and some lim-
iting behaviors which ensure that the initial conditions of the flow are known and the final
conditions leave no trace of design choices made in the RG procedure. As we discuss above,
the IB-RG correspondence holds in the non-Gaussian case because the RG scheme specified

by a differentiable family of IB-optimal coarsening maps satisfies these constraints.

When imposing IB-optimality on an NPRG procedure, it is important to recognize that
not all IB solutions give rise to meaningful NPRG coarsening schemes. At each 3, the optimal
coarsening map Pg(Z|z) can be morphed through arbitrary invertible transformations on
and x independently without affecting optimality. This seems at odds with a flow-equation
description provided by a typical NPRG setup, in which Pg(Z[z) is chosen explicitly to be
a differentiable function of 5. One way to resolve this, given a family of solutions to an
IB problem, would be to use this freedom to perform an invertible mapping and explicitly
enforce continuity with respect to 5. On the other hand, one could take seriously the notion
that IB solutions are not fundamentally governed by a set of flow equations, but rather by
a self-consistent updating scheme known as the Blahut-Arimoto (BA) procedure (Tishby
et al. [2000]). This scheme iteratively re-expresses the coarsening map P(Z|z) in terms of
its previous estimate, the initial statistics P(x,y), and [, until convergence is reached. In
appendix 2.8, we explore whether these self-consistent updates could practically replace a
flow equation approach as an analytical tool. Even under Gaussian constraints, we find that

parameterizing the update map in terms of the objects one would typically keep track of
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along an NPRG flow does not yield a simple framework. We conclude that without significant
advances in IB theory, the BA map treatment is not likely to be applicable for IB-optimal
NPRG analysis.

In Eq. (2.27), we present a soft cutoff scheme which arises from the constraint of GIB-
optimality, but it is given in terms of quantities which have no physical context, and so it
is hard to say a prior: how it relates to existing cutoff schemes structurally. In the next
section, we consider a toy model which provides this physical context and therefore affords

us a glimpse into how IB-optimal NPRG schemes differ from those already employed.

2.5.2  Collective modes are not always Fourier: a minimal example

In the Wetterich NPRG, the cutoff is enforced through a deformation ASy[x]| = %XTRkX
added to the bare action or Hamiltonian. In section 2.4.2, we identified this structure as
the free energy of a Gaussian coarsening map from the bare degrees of freedom y to some
compressed representation y. We then defined the IB regulator through the deformation
produced by the map solves the Gaussian Information Bottleneck problem, and showed
that it satisfies the various “design” constraints traditionally placed upon it. An immediate
consequence of this construction is that the regulator design space is now parameterized
by the joint distributions P(x,y) which define the starting point of IB, and for many such
distributions, the preferred basis selected by IB will look nothing like Fourier modes. Of
course, for finite systems not organized in a lattice, this is unsurprising; the Fourier basis
will not exist in any familiar sense. However, for practitioners of NPRG, it may cause
discomfort to consider a regulator R, g) (u) in which the numbers v and u do not represent
radii in momentum space. In contrast, for the majority of applications, the standard cutoff

scheme is provided by the Litim regulator

R (0.d) = 6% — )2 — P)Ok? — ¢2). (2.28)
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which should be interpreted as a soft momentum-space cutoff. The Litim regulator sees
widespread use both because it is optimized to give good convergence properties in certain
contexts 9, and because its simple form often leads to analytically expressible flow equations
(after appropriate truncation procedures) (Litim [2000, 2001]).

The IB regulator R(BIB) given in (2.27) does not manifestly have any such nice qualities,

and in the general case may be difficult to interpret. In this section, we calculate R(ﬁIB)
explicitly in a trivial statistical field theory problem to explore its structure in a familiar
context and address some of its non-intuitive features. For our model, we consider a real
scalar field x(x) in d dimensions at equilibrium and finite temperature kg7 = 1. This

fluctuating field will serve as the “input variable” X. We also add a disordered source field

h(x) which will serve as the “relevance variable” Y. Together we have

1
i = [ ate { Sx@)e - V2)xta) = i) (2.20)
We also give Gaussian statistics to the disorder,

AR = det(2nH) "1/ / DhA[l] x (2.30)

1 _
exp (—§/ddw1dd$2 h(zy)[H 1](=’7€1,5E2)h(902)) :
In our condensed notation, the above equations are re-expressed as

1 _
H[x|h] = 5 TGty — Ty (2.31)

1
log P[h] ~ —ahTH_lh. (2.32)

Together, the Boltzmann weight H[x|h] and the distribution P[h] describing the disor-

6. The Litim regulator was introduced in the context of NPRG analysis of the O(N) model. Its favorable
or “optimal” characteristics are manifested through improved convergence properties of so-called “threshold
functions,” which constitute a frequently encountered class of momentum integrals involving the cutoff.
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der statistics constitute a joint distribution P[x,h] which is jointly Gaussian and thus—
momentarily casting aside worries about the continuously infinite-dimensional random variables—
a valid starting point for GIB. From the IB standpoint, the goal would usually be to construct
a coarsened field y(z) which discards some information about y while encoding as much as
possible about the statistics of h. However, the goal here is not to discuss y, but rather to
better understand the NPRG cutoff scheme that IB imposes as a consequence of this starting
point. Since we have assumed a canonical form for the bare Green’s function G, 1 and the

source term is h -, the only remaining control over P|x, h] is the two-point correlation of h,

h@1)h(x2) = H(x1,2). (2.33)

To explore different forms of R(ﬂIB) , we therefore consider three different constructions of

H. First, we choose h to be totally uncorrelated at different points, with a constant variance
at each point. Second, we choose H diagonal in Fourier basis, but with some dispersion that
adds position-space correlations. In both of these first examples, we will arrive at regulators
with momentum-space cutoffs. It is the goal of the third case to present an H which is not

diagonal in momentum basis, thereby introducing a non-momentum cutoff structure.

IB regulator when disorder correlations are diagonal in momentum space

In the first and simplest case, we take H to be a J-function multiplied by some constant

factor 7. Since the Fourier transform F is unitary 7 the momentum-space representation of

7. We choose the formalism in which [F](k,z) includes a factor of (27)~%2 so that FF = I. Further, the
appearance of factors 6%(q —¢') as opposed to the more traditional §%(q+¢) is a consequence of our decision
to conjugate with respect to FT - F, instead of F - F. This appeals more to the matrix multiplication
shorthand.
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H is unchanged from its position-space form, such that

H(zy,m9) = ndl(zy — 9); (2.34)
H(q,2) = [FHF(q1.q2) (2.35)
= 0% q — ).

The first step in GIB analysis is constructing the canonical correlation matrix E)_(l by X[y
where we have chosen X < y and Y < h. After a calculation involving only Gaussian

integral identities and our definition of P[y, h|, we obtain
S8y = I+ HGo) ™. (2.36)

Next, we find the right eigenfunctions V(x,u) and corresponding eigenvalues A(u) of the

correlation. For our current construction of H,

V(z,q) = Fl(z,q) = (2r) 20" (2.37)

Mg) = (1+nGolg) ™", (2.38)

where Gg(q) = 1/(t+¢?) is obtained after Fourier transform of Gg. To finally obtain the IB
regulator in a familiar form, we would like to find a way to express it completely in terms
of ¢, k, and the various other parameters introduced in this application. However, equation
(2.27) gives us RUB) in terms of the bottleneck parameter 3, which has not been defined yet
in this application.

The crucial insight is to note that g serves essentially the same role as k£ in the typical
theory. To find the explicit map between the two, we use the fact that critical bottleneck

values 3(q) are defined in terms of the canonical correlation eigenvalues A(q) through £(q) =
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(1 —X(¢))~L. In this model, the critical bottleneck values are

Blq) = ———+1. (2.39)

Using this map, we can replace 5 with §(k), where k is the usual momentum cutoff. Doing

so, we find that the IB regulator can be neatly expressed in terms of the Litim regulator,

t+q*
B = g 0 - e )
= MR (). (2.40)

In particular, the limit n — 0 gives RUB) 5 RL) 1t is interesting that the Litim regulator
appears in this expression, since its derivation invokes optimality principles which are not

obviously connected to information bottleneck.

Momentum-space IB regulator with dispersion in disorder correlations

Without changing our decision to make H diagonal in Fourier basis, we can also add g¢-
dependence to n. In this case, the steps taken above are essentially unchanged, and we end

up with a slightly different regulator,

S (Mégl(k;) - égl(q)> . (2.41)

With some manipulations, one could re-write this in terms of (1 — 2)0O(1 — z) in order to
appeal to the Litim description once again.
A new feature appears in the regulator scheme when 7 is given g-dependence. For extreme

choices of n, the ordering of modes can actually be reversed. To see how this is possible, note
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that fundamentally it is the IB parameter S which sets the cutoff, while the critical values
B(q) define the mapping to q. Therefore, by picking, e.g., n(q) ~ 662(q), one achieves a 3(q)
which monotonically decreases with respect to ¢, meaning longer wavelength modes (lower
q) actually get integrated out before shorter ones. However, this construction presents some
pathologies and is hard to interpret in the truly continuous case, so we will not explore it

further here.

2.5.8  Explicit form of the IB requlator in a more general case

In the last section we assumed a form of H which was diagonal in Fourier basis. This
assumption led us to a regulator scheme which could be interpreted as a soft cutoff in
momentum space. In this section we explore an example in which the disorder correlator is
not diagonal in the Fourier basis. Physically, this means that the disorder statistics are no
longer translationally invariant, and hence the collective modes selected by the IB procedure
will not be Fourier in nature. We define H such that this translation invariance is broken

but the collective modes can still be solved for exactly,
H =y FlGy P raGoFlGy 2, (2.42)

where F, is the fractional Fourier transform through angle o and 7 is a constant that
represents the strength of disorder. Under this definition, we can again compute ¥y and find
the spectrum of Xy lle p,- This yields eigenfunctions analogous to the plane wave solutions
in last section, but indexed by a new parameter « which can neither be interpreted as position

nor wavenumber,

Vit = {62 FLG P F ) (2.43)

Au) = (1+nGo(u))~ L. (2.44)
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Here, the notation [-| indicates that V1 is best conceptualized as a functional parameterized
by u, where for instance the collective modes of x(x) would be given by VT[y](u). Stated
differently, the leftmost operator é(l)/ 2 is evaluated at u, and the rightmost is a Fourier
transform over the integrand [-]. Unfortunately, this solution is only formal, and cannot be
visualized in the same manner as plane waves. In a true field theory, even with the trivial
Gaussian setup, both H(z1,29) and V(z,u) are poorly behaved when written as functions
of . When written as an integral in ¢, V' diverges when |gmax| — 00, and is discontinuous
in both z and u. One way to conceptualize this is by comparison with G 1, which includes
V2 and thus cannot be written as elementary functions of . After Fourier transform, we
can replace the operator description with a simple function of the continuous variables q.
Similarly, although we cannot express H and V as functions of z, the various operators we

are interested in can be written simply in the non-orthogonal basis defined by V:

[V_lHV_q (up,ug) = 775d(u1 —ug) (2.45)

[VTGOV} (u1,u2) = Golu)d(u1 —ua) (2.46)

It is hard to say what the label v physically represents beyond being a parameter that de-
fines and orders collective modes x’(u) = VT[x](u) in the system. Despite this, the regulator
maintains its simple form,

RS () = Aw) R (u), (2.47)

where now v takes the role of the cutoff, replacing k as u has replaced ¢q. That is, the collective
modes labelled by u are ordered in terms of their predictiveness about the disordered source
field h. GIB then imposes a soft-cutoff scheme at a scale v, which is a proxy for the bottleneck
parameter [, as k was in the Fourier case. We stress that these labels v and u are defined by
the correlation structure of P|x, h] and have no simple intrinsic physical meaning. Without

significantly more effort, all we can say is that a mode labelled w1 carries more information
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about the disorder h than a mode labelled ug if u1 < uo.

Many of the difficulties present in this discussion, such as the poorly-behaved character
of collective modes V' (z,u) and disorder correlator H(x1,x2), as well as the non-intuitive
nature of the mode labels u and v, stem from a common cause. IB is only suited to analysis
of systems with finitely many degrees of freedom, and field theories have infinitely many.
The calculations above were nonetheless performed in this context to demonstrate that IB
defines collective modes of a system and establishes a cutoff scheme which, in general, differs
from traditional notions of relevance, as represented by the Fourier basis and momentum
cutoff. This idea could be crucial to understanding collective behavior in systems without
clear notions of locality or organization. Such problems abound in, for example, the brain
where long-distance connections between brain areas are common and important for com-
putation while information is also spread across many areas and recombined for important,
multi-modal tasks. The recurrent, highly interconnected, and still computationally efficient
structure in the brain renders the simple notion of physical distance between cells rather

limiting.

2.5.4  The relevance variable Y can have many physical interpretations

Gaussian IB begins with a choice of joint distribution P(x,y). As we have discussed, this
distribution gives a constrained parameterization of a cutoff scheme which is analogous to
the one employed in Wetterich NPRG. In the last section, we showed that not all choices
P(z,y) lead to collective modes VT X which have a canonical interpretation such as Fourier
modes. That discussion was carried out under the assumption that the relevance variable Y
pertains to a source field with some disorder statistics. Generally speaking, this is only one
way of constructing Y. Even within the constraint of P(z,y) being jointly Gaussian, the
physical interpretation of x and y can vary. Here we briefly discuss some of these alternative

interpretations.
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First, Y may represent the environment of a set of variables X. This scenario is analogous
to the one presented by Koch-Janusz et al. (Koch-Janusz and Ringel [2018]). Consider a
collection of spins on a lattice, and choose some enclosed region. Let X be the state of the
spins in that region and let Y denote the state of those outside. In the case that these spins
have Gaussian statistics, this is a valid starting point for GIB. With this setup, we expect
that the most relevant collective modes would be relatively slowly varying in position. In
fact, Gordon et al. recently formalized this idea for field theories not restricted to Gaussian
statistics (Gordon et al. [2021]). They consider a “buffer” zone between X and Y whose
size is taken to infinity. In this limit, the first collective variables encoded by IB at strong
compression (low  in our notation) correspond to the operators with the smallest scaling
dimensions, and hence the most relevant operators in the RG sense. Their approach is
therefore promising for the analysis of systems with local interactions whose order parameter
is not already given. More fundamentally, they have shown that Y and X can be chosen to
enforce a traditional, “physical” definition of relevance.

Second, consider a stationary stochastic process with Gaussian statistics both in time
and across variable index. We could choose X to represent the current state of the system
while Y represents the future. Here, the most relevant modes are those projections of X
which vary the slowest. In fact, if we suppose that time has been properly discretized, this
interpretation of the GIB problem is equivalent to a certain class of slow feature analysis
problems (Creutzig and Sprekeler [2008]).

Third, we can imagine another dynamical system in which variables X which are driven
by a stochastic signal Y such that the joint distribution is Gaussian and stationary. Now, the
features of X which are most relevant are no longer simply the slowest-varying components.
The cutoff scheme we find will depend on the statistics which generate Y, the manner in
which Y couples to X, the internal dynamics of X, and whether we take Y to be in the past,

future, or present.
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Together with the example from last section, in which Y fulfilled the role of a disordered
source field, these examples span a number of physically interesting scenarios. Certainly,
more are possible. Any valid interpretation will generally consist of a set of random vari-
ables {Z;} that obeys a Gaussian joint distribution, which is then partitioned into two or
three disjoint sets. The first is {X},}, the second is {Y;;}, and the third, which is optional,
is a dummy set containing every Z; which we don’t care to include in the model. In the
case that these sets aren’t disjoint, it is possible to have X and Y become deterministically
related which is an invalid starting point for GIB. Finally, we note that while this framework
allows for some discussion of systems involving dynamics, it is poorly suited for application
to general stochastic processes as the distribution P(X,Y) must be stationary. This also
means that the connections drawn here between GIB and NPRG are not meant to cover the
more general, dynamical NPRG framework often seen in nonequilibrium statistical mechan-
ics literature (Kopietz et al. [2010], Canet et al. [2011]|, Haga [2019]). However, given the
importance of both IB and the dynamical NPRG to applications in nonequilibrium settings,

we believe that a more general framework is in demand.

2.6 Conclusion

In this manuscript, we have examined structural similarities between the Gaussian informa-
tion bottleneck problem and a class of RG techniques involving soft cutoffs. Our main result
is to identify that the crucial connection between the two is a non-deterministic coarsening
map. In NPRG, this map defines both the UV-regulated coarse-grained Hamiltonian of the
Wilson-Polchinski picture, as well as the IR-regulated free energy used in the Wetterich ap-
proach. Therefore, one can rigorously connect IB to RG by requiring that this coarsening
map solves a particular IB problem. In doing so, one parameterizes a space of soft cutoff
schemes in terms of IB relevance variable statistics P(x,y). Additionally, one can identify

the structures in an IB problem which are analogous to UV- and IR-cutoffs in RG.

42



While we believe that this connection holds for more general IB problems, we limited
our discussion to Gaussian statistics for two main reasons. First, NPRG coarsening maps
are always Gaussian, since this leads to simpler flow equations with physical interpretations.
Second, in order to be compatible with this first consideration, we studied only the GIB
problem which has exactly known solutions that are Gaussian (Chechik et al. [2005]).

Another result was to show that the GIB coarsening map satisfies a semigroup property.
In particular, we identify an explicit function b(8) which multiplies under composition of
coarsening maps in a manner analogous to the length scale in a traditional RG setting.
Given that the typical role of semigroup structure in RG theory is the identification of
anomalous exponents, it is not within the scope of this manuscript to assign a similar task
to b(3). More immediately, the presence of this structure within GIB raises the question of
whether it may be present in IB schemes more generally. If so, would an iterative coarse-
graining scheme consisting of repeated low-compression transformations be advantageous as
an analysis technique?

By explicitly comparing the set of GIB solutions provided by Chechik et al. with a
generic NPRG scheme, we identified the IR cutoff scheme present in GIB (2.27). A similar
analysis can be carried out to identify the UV cutoff, but doing so involves a discussion about
reparameterization which we felt would distract from the main points. Direct computations
on a toy model showed that the IB regulator has some characteristics which are similar to
the ubiquitous Litim regulator (Litim [2001]). An important generalization is that IB selects
the collective mode basis according to which features of the system state X will be most
informative about Y, whatever it is chosen to be. We gave a simple example in which this
collective mode basis could not be interpreted as a Fourier basis. In general, this will be the
case, though depending on how Y is defined, one may still arrive at collective modes which
are essentially Fourier in nature. One bit of analysis we did not carry out is the connection

of IB to the dynamical NPRG, though for non-equilibrium problems involving IB—such as
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the predictive coding problem—this may be a fruitful avenue for further work.

Next, we note that IB is generally extremely difficult to solve, so restricting an NPRG
scheme to a family of exact IB solutions is completely unrealistic without significant advances
in IB theory. One avenue of attack is to find better ways of solving IB. As outlined in
appendix 2.8, a more general parametric Blahut-Arimoto scheme would be very powerful
in this context since it could essentially replace the flow-equation description with a self-
consistency scheme at each cutoff value. However, given that the exact Gaussian form we
derive is complicated, this seems unlikely to work. A more realistic approach to practical
IB-RG implementation is to relax the IB-optimality constraint. We suggest that even in a
non-Gaussian setting, one could directly calculate the IB regulator (2.27) proposed here and
use the NPRG flow equations in exactly the same way. While the resulting statistics would
no longer be exactly IB-optimal, this procedure is no more difficult than any other NPRG
implementation, and may produce qualitatively similar results to an exact IB solution.

We reiterate that not all IB problems will benefit from the RG connections presented
here, and vice versa. Ideally, the problem in question involves a system with a large, but
finite, number of degrees of freedom X statistically coupled to a similarly large number of
random variables Y. Finiteness is required by IB, but because of the construction of the
NPRG, this is not an issue. The flow is defined exactly even in the absence of a traditional
rescaling step, which would be illegal in a finite system since it adds more modes. Biophysics
systems, for example, may be particularly well-suited to IB-RG analysis, because Y can be
chosen to have biological relevance, and the cutoff scheme will define and prioritize collective
modes that are most informative about that function. Biological systems all have size and
energy constraints that make the efficient compression of inputs from the external world
critical for survival. Balancing that, and just as important for function, organisms also have
clear preference for what is relevant in that external signal, namely which aspects can be

used to drive behavior that confers a fitness benefit. The IB framework helps cast behavioral
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relevance as the prime mover in input compression, while the RG can help show how this
kind of computation is achieved. Uniting these theories can provide a way to pull together
normative notions of relevance with their mechanistic implementation.

2.7 Detailed derivation of GIB semigroup structure

A map (A, X¢) representing X = AX + £ solves the GIB problem if it satisfies:

A 4T g -1y B =A) =1 1 g

for some 3. To show that the composition of two GIB maps is IB-optimal, we explicitly
compute the above expression for the map (A, 25) arrived at by sequential coarsening. The

individual maps are,

X1 = AlX—{—fl (2.48)

X9 = AgXl + &9 (2.49)
This construction gives

Xo = AgA1 X + A5 +&

= AX +¢ (2.50)
So we have that, for X¢, =3¢, =1,
(A, X¢) = (Ao Ay, A9 A +1). (2.51)

In order to ensure that both A1 and Ay are diagonal, we project X into canonical cor-

relation basis with the replacement X — VT X. Note that As is actually automatically
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diagonal because the first compressed representation X1 =A1 X+ &1 is already in canonical

correlation basis. After this transformation, the optimality condition (2.48) is simplified

because the V1 matrices have been absorbed into the definition of X. The new condition

1s:

(AT sty =

B =) — 1 L\,
e ()

@

Now we explicitly compute A and Ay. From (2.2) we have:

[Alij = [61(1 —29) = 1] v e (ﬁl - #) 0ij

Si)‘i 1_)‘i
1/2
Ba(1 = N) — 1 1
[Az]ij - [ S;)\f © 52—1_—)\; 5z‘j
where

Exylij = siNidij

Exlij = sidij
Bgylis = siXidij

T i = s

(2.52)

(2.53)

(2.54)

(2.55)
(2.56)
(2.57)

(2.58)

The latter two equations must be re-expressed in terms of the original X — Y statistics,
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represented by \; and s;.

T
2X1|Y A12X|YA1 + 1
= SN = Nisi[Al]F 41 (2.59)
Tg, = AITxA] +1
= sl =s;[A1)% + 1 (2.60)
Solving for ), we have:
Aisi[A1]Z +1
vy = dioilAt 1 12]” . (2.61)
si[Aulj; +1
Now, directly evaluating A7 and s;, we get the following for X’ and s':
: b
N = —=—\;, 1 2.62
i mm{ﬁ1 — ( )
/ Ar(l—X) -1 1
L= © — 1 2.63

Using these last two expressions, Ag can be expressed directly in terms of s and A\. By
direct substitution, we can now check whether the composite scheme (A, Y¢) satisfies the

GIB optimality condition (2.52):

[AEglAT]z-j = [AgA1 (A3 + 1)1 A Ag)y;
(Bi(1 =) = D(Ba(1 = F250) - 1) 1
N\ : B1_y. P2 - B 1
sihi(B1 (1= Ni) + ol = 590) — 1) 1—min {1, 520}

Boofr)(1—N)—1 1
(B l)im ) @</62061_1——)\i)5” (2.64)

Il
@
|
[=9)

where the binary operator o is given by

B2
fo+p1—1
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By identifying 9 o 81 with a single value 3, we find that the GIB optimality condition
(2.48) is satisfied. It is important to note that this operator maps the space of valid § values
R > 1 to itself. That is,

o:R>1IXxR>1—=>R>1 (2.66)

Which means that (9 o 31 really can be identified as a bottleneck parameter. Along with
associativity, this means that (R > 1,0) is a semigroup representing sequential GIB coars-

ening.

2.8 Practicality and significance of the Blahut-Arimoto algorithm

2.8.1 Is the Blahut-Arimoto procedure a useful analytical tool in IB-optimal

NPRG?

The apparent goal of Information Bottleneck is to identify the coarsening map Pg(Z|x) for
some set of g values. This seems to align poorly with the problem statement and goals of
NPRG, in which the coarsening map Py[x|x] is taken as the starting point and used to derive
the flow equations. Is it really true that solving IB only gets us to the starting point of an RG
scheme, after which we still need to “do the RG part?” In this section, we investigate one way
to resolve this dissonance by noting that the quantities one would usually consider to be the
results of the NPRG flow can be used to parameterize Pg(7|z) itself. From this viewpoint,
one may organize the computation around a set of self-consistent update equations instead
of a set of flow equations.

The general IB problem can be solved, in principle, by iterating what is known as the
Blahut-Arimoto procedure, which is borrowed from rate distortion theory in a more general

context (Tishby et al. [2000]). This procedure relies on the fact that when Pg(Z|r) is IB
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optimal, it satisfies the following condition

Py(#|z) = Zg(x) ' Pg(%) exp (~BDkL[P(yle)|| P3(y[2)]) . (2.67)

where everything on the RHS is to be considered a function of Pg(Z|r) through

Pg(z) = /deﬁ(ﬂx)P(x), (2.68)
Pg(y|z) = %/de(ylm)Pﬁ(i‘\x)P(x). (2.69)

The function Zg(z) normalizes Pg(Z|z) and therefore also depends on Pg(Z|x) through
the above equations.

In brief, the BA procedure entails taking an estimate for Pg(Z|z), plugging it into the
IB optimality criterion above, then iterating until satisfactory convergence. In this way,
we say that Pg(Z|z) is self-determined. This procedure is practically very difficult—if not
impossible—for distributions of multivariate continuous variables in general. However, in
the case of GIB, we can parameterize the distributions then use Gaussian integral identities
to update these parameters exactly. Chechik et al. (Chechik et al. [2005]) carry out this
procedure in terms of the matrices A and 3¢, used to define X = AX + £. We repeat this
computation but instead parameterize the update equation using X5, X X|X and Xy 5.
The first two of these represent objects of interest in the UV- and IR-regulated parts of the
NPRG scheme, respectively. The third quantity, ¥ ¢ carries information about how the
IR degrees of freedom X are coupled to the original, UV variables X. In a very condensed

form, the BA update equations in this parameterization read:

Svx = Bx +ABISG  BIT (2.70)
/ _ -1 A2 - nT—1

2 = [qux 82BSy BT, (2.71)

Yoi = BZ’X‘XBTE’X, (2.72)
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where both B and E/X can be expressed in terms of §, P(x,y) and the current estimate

| X
for the parameterization of P(Z,z). The full expressions are complicated and given fully in
appendix 2.8.2. Note that X X|X represents the IR-regulated flow; it is directly analogous to
the effective propagator GG, in the Wetterich formalism. In other words, given that we are
only looking at Gaussian statistics, the function Wg(.J) (or I'},) can be simply reconstructed
from ¥ XX Next, ¥ represents the UV-regulated part, since the probability distribution
describing X can be reconstructed from it.

We reiterate that this self-consistent updating scheme comes from IB optimality, written
in terms of objects we would usually calculate in NPRG. The idea of a self-consistent updating
scheme which determines the IR-regulated statistics and UV-regulated dynamics simultane-
ously is interesting. In addition to essentially replacing the flow-equation description, it is
very non-perturbative in nature. However, it seems wrong that imposing a constraint on
P(Z|x) should make anything easier, especially given the fact that IB enforces a goal which
is only sometimes aligned with the typical goals of RG analysis. A natural question, then, is
whether IB has actually provided any new leverage. More precisely, if we really have given
up the flow equation in favor of a self-consistency scheme, does this new scheme actually
help to calculate the objects of interest as the flow equation usually would? If so, why would
IB optimality be necessary?

In the case of general, i.e. non-Gaussian P(z,y), the integration

/dx P(y|x)P(x|T) (2.73)

can’t be carried out directly. This is equivalent to the statement that at (and below) interme-
diate values of k in NPRG, W}.[J] can’t be directly computed from its integral representation.
The whole point of Wilsonian RG is to get around this integration step by connecting W}, to
Wi_ oo = 0 by invoking a known flow equation. So, to answer our question, the IB update

scheme may actually provide the same leverage, but only if (1.) we can represent the BA
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procedure parametrically, and (2.) the derivation of that parametric representation does not
require the explicit marginalization of = to obtain P(y|Z). The updates we present above
for the fully Gaussian problem satisfy the first requirement, but fail the second since we ex-
plicitly carried out Gaussian integrals over x in the derivation. It is therefore unclear at this
point whether some structure in IB could allow us to estimate P(y|Z) parametrically, which
seems to be a prerequisite for the utility of a more general IB-RG framework in which 1B
is exactly enforced. Finally, we note that these conditions are necessary, but not sufficient,
since further integration steps may be required to complete the BA update, for example in
computing Dy [P(y|z)||P(y|z)] and going from an updated P(x,Z) back to the moments
of P(z|%).

2.8.2  Blahut-Arimoto update scheme for GIB in terms of NPRG objects

Eqgs. (2.70) depict the Blahut-Arimoto updates for 3 X|X by P and X Yy ata schematic
level. Written as expectations, these matrices are:

Byl = Exjz_; {(X — ty 5 (T))a(X — MX‘X@))b} (2.74)

Eilaw = Eg {(X — pig)a(X — NX)b} (2.75)

Exzla = Exx {(X — px)a(X — Mj()b} (2.76)

As described in the main text, the BA procedure can be thought of as an iterative
procedure wherein an estimate for P(Z|x), or equivalently P(z, ), is plugged into a known

functional representing the consistency condition required by optimality. Schematically,

P(z,%) = BAI[P(z,%)]

= P(x)P(&)exp [-BDky, [P(ylz)||P(y|)]] (2.77)
Zg()
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where Dk, is the Kullback-Leibler divergence, defined for two distributions P and () of the

same variable as

P(y)
Qy)

and the RHS can be seen as a functional of P(z, ) through the expressions:

Dy, [PI|Q) = / dy P(y)log (2.78)

Pli) — / dz P(z, 7) (2.79)

P(yl7) = % / dz P(y|z) Pz, 7) (2.80)
Zo(w) = [ 45 P(a)exp [-5Dx [Plole)]IPia)]) (2.81)

In this appendix, we derive the equations (2.70) using the explicit form of the BA map
presented above. The goal is to express “updates” for the matrices X X|X Yy, and Yy 5 in
terms of their current estimates. In general, quantities describing the updated joint distri-
bution P/(x,%) will be primed. To begin, we evaluate P(y|Z) using elementary properties
of Gaussian variables. Next, we evaluate the divergence Dy, and the partition function
Zg(z). Finally, we combine these elements and read off the updated parameters. Suppose

a="b+c, with b ~ N (pp, Zp) and ¢ ~ N (pe, X¢). Then
ar~N(ug,Xa) with  pg = pp+ pe, Xa=2p+ e (2.82)

Therefore consider y = Wa+z with 2 ~ N'(0, Zy | x) and suppose that P(z[Z) = N('“X|X7 2X|X)'

Then

_ Rrrdh
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Now, consider jointly Gaussian variables (a,b). Then

Pl = ta + SapZy (b — tp) (2.85)

Hence, assuming without loss of generality that py =0, px =0, and pg =0,

pyix =W = W =Syx¥y! (2.86)
and
— y—1z
Pxix =2xx2g 2 (2.87)
so finally,
-1
Yyx = LyxZy Zxx (2.88)
~1 ~1
EY\X = XyxXy E)(|)~(EX Yxy +Ey|X (2.89)

These matrices allow us to construct P(y|Z) and thereby calculate Dkp,. For Gaussian
distributions, the KL divergence has a standard form. In this context, we care only about

the terms which carry x and z dependence. We have then,

DkL[P(ylz)||P(yl)] ~ %(umx ~tyx)" Sy g (vix — pyx)

1
S A O YD Sut U O s ERPIED St V0 St B0 NS s e {:1,2}

2 X TXYTy|xTYXTX YIXTYXTX
I o1 ~1 1~ . TpT- 2
= I Sy B Sy xSy E o7 B x+{:x } (2.90)

where ~ denotes “up to addition of a constant.” The matrix B describing the coupling
between x and x has been introduced for convenience. Note also that there is a pure-z
term in this quantity, denoted {xZ}, which will cancel with the partition function Zﬂ(x)

that normalizes P(Z|z) in the BA map. In addition to this trivial z-dependence, Zg(x) also
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contributes a new z2 term, which needs to be included.

Zg() = / 4 P(#) exp (—BDxr, [P(yle) | P(y])])

1
= /di‘ exp (—EJET

_ . L per - T T - 2
= /dx exp (—§x ZX,|X:L‘—|—Bx B x—i—{x }—i—consts.

1
~  exp (§ﬂ2xTBTZ;~(|XBx + {:132})

X

Here we have introduced E/XTX to further clean up notation. Now it is straightforward

to obtain P’(z, %) from the BA map by direct evaluation.

P'(z,%) = Zg(x)""P(x)P(¥)exp [-ADky [P(yla)|| Py|2)]]

B L 71 1o rorey L pet - T 7T ~
= exp (—5:1; ZXx—§B x B 2X|XB95—§$ EX|Xx+Bx B 7 (2.92)

Now, finally, all that remains is to complete the square and put the distribution in the form

1 1
I~ B B A L N A et O
P'(z,7) exp( 2(a7 ,quX) 2X|X(I ,quX) 5% EX x) , (2.93)
where
o/ -1~
Px|x = EXXZX T. (2.94)
. . / / /
After completing the square, the updated matrices ZX|X’ Zf(’ and EXX can be read off,
1—1 _ 2 T\
2X|X = Yy +08°B 2X|XB (2.95)
-1 _ -1 _ 2py  RpT
EX = EX|X 1G] BZX\XB (2.96)
! o ! T
ZXX = /BZX|XB EX' (2.97)

o4

1 1y gl 1] 5 T- 2
EX + /Y EXYZy|XEYXZX}x+ﬂxB x+{x }+c0nsts.>

(2.91)



These can be written entirely in terms of the old estimates through the substitutions,

BT = 2;(12”2;'1)22”2; (2.98)
2’);'1)( = 2521*52}12)‘(1/2;&2@2}1 (2.99)
Sy = SyxIyiyx (2.100)
Syix = EY‘X—i—ZYXE)_(lZXWE}lEXy. (2.101)

Finally, we note that iteration of these equations does not guarantee the convergence of
each matrix involved, since invertible linear transformations on the random variables are a
symmetry of the objective function. The GIB-optimal solutions, which are described by the
fixed points of this update scheme, are connected continuously by these symmetries. If one
wishes to use these updates practically and ensure that all matrices converge to fixed values,
it is necessary to break this reparameterization invariance by taking extra steps after each
update. In the original GIB paper (Chechik et al. [2005]), the reparameterization-invariant
quantities «; are instead plotted over iteration of their BA scheme, because their convergence

is guaranteed.

2.9 Selected computations for toy model

2.9.1 Canonical correlation Green’s function

A central object in GIB is the canonical correlation matrix, E;(IE Xy From this object,
one obtains the eigenvector matrix V', which describes the linear transformation of X into its
collective modes, and eigenvalues \;, which order these modes in terms of their information
content about Y. In the toy model, we begin with physical definitions for the statistics in
Egs. (2.29) and (2.30). Then, by interpreting y as the input variable X and the disorder

h as the relevance variable Y, we ask what the structure of the resulting GIB-regularized
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NPRG scheme looks like. Like any other GIB problem, we must first calculate the canon-
ical correlation Green’s function, 37 12X\ - Two Green’s functions come directly from the

definitions:

Syn=Go, Sp=H (2.102)

To find Xy, we need X, which we get through Ho| B
faih = Sy Sy (2.103)

Compute this mean by looking at the Hamiltonian for y with frozen disorder h:

I B S| T
HIxIh] = ox" 8 x = x
1 Ts—1 L r 1
= SO0 agn)” B 00— Bign) = SRR E (2.104)
_ -1
=h = 2X|h/“LX|h (2.105)
Hence we can identify X, p:
Yyh = Zx|h2h =GoH (2.106)
Now, use the Schur complement formula to identify X, :
_ -1
EX = 2X|h + thzh th
= Go+GoHH 'HG,
= Go+ GoHG) (2.107)
So finally, the canonical correlation Green’s function is
S Sy = (I + HGo) ™! (2.108)
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2.9.2  Canonical correlation eigendecomposition calculations

Fourier collective basis

Once the canonical correlation Green’s function is known, one calculates its eigenfunctions
(or eigenvectors, in the usual, finite-dimensional case) and eigenvalues. In the main text,
we consider three constructions of H which altogether yield two eigenbases: Fourier and
non-Fourier. Let’s first calculate the spectrum A(q) for case 2 in section 2.5.2, which also

covers the analysis of case 1.

1 .
o) = (2w)d/ddqn(Q)eW'(ﬂf1—x2)

= [FIHF)(21,22) (2.109)

Where H represents a “diagonal” function, H (q1,92) = n(ql)éd(ql — q2). The frozen

disorder propagator (G is also diagonal in Fourier basis:

Go(a1,29) = 6%x1 — ao)[t — Vi)t
1 P
_ d iq-(r1—72)
(27r)d/ et
= [FIGoF|(z1,29) (2.110)

We use Go(q) to represent both the function (¢t 4+ ¢2)~!, and the diagonal kernel (¢t +
qz)_15d(q1 — @o) interchangeably, as needed. Using the expression for ¥ 12X| j, derived in

the last section, we have:

Sy, = (I+HGp)™!
— (I+FHFFIGF)™!
= Fl(I+HG)'F

= vAVT! (2.111)
57



Since F is unitary and both H and G are diagonal, we have:

V(z,q) = Fl(z,q) =

Non-Fourier collective basis

Next, we carry out the same computation for case 3, in which H is not diagonal in Fourier
basis, and so neither is the canonical correlation Green’s function. Written formally, the

disorder correlator is

H =nFiGy P raGoFlGy P r, (2.113)

where F, is the d-dimensional fractional Fourier transform. The 1-dimensional version

defined as:

FI ) = @risina)V/2 /R dz f(x) exp [—z (csc<a)ua:— %Cot(&)(x2+u2))] (2.114)

_

~ o and o = 7/2 gives the usual one-

This transform is unitary, satisfies .7-"(9)
dimensional Fourier transform. To construct the d-dimensional version F, we simply take
tensor products: Fn = J—“él) Q- }_((11) with d copies. Hence, F, has properties analogous
to f(g}), namely

Fo=F-a=F,' and Fo_pp=F (2.115)

As in the Fourier case, we calculate the canonical correlation Green’s function in terms
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of H and Gy, then write it in the form VAV ™! with A diagonal.

ST = (4 HGp) ™!
= (I +qFGy PR GoFL G P FF Gy
= (I +0FIGy PR GoFL Gy P!

= (T +q(F Gy PR G Go Gy VAR G )

1/2 1/2 1

— (G PFLGYPF) NI +nGo) (FI Gy ARGy

= vAV! (2.116)

Hence, we arrive at the eigendecomposition:

Viz,u) = [FIE V2 ELCY ) ) )\(u):m (2.117)

In the main text, we refrain from writing V1 as a kernel V1(u, 2), because it is discon-

tinuous and divergent. This is more evident when it is expressed in integral form,

Vi) = [GYAFGT Y2 R (u,2)

. _ _ 1
= (—2misina) d/2(27r) dm”ﬁ
X /ddqwl + ¢ exp {iq- (ucsca — x) — %Co’c(a)(q2 —I—u2) , (2.118)

2:u-u:u%+u%—|—...+u3.

where, e.g., u
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Canonical correlation matrix spectrum

. S
o — o)
0
0 Regulator shape
— R
k2 1 — R’

t+n

Mode label q

Figure 2.1: IR Regulators compared between Litim and IB schemes. The IB problem de-
picted here is from the toy model discussed in section 2.5.2 for the simple case where the
collective modes selected by IB are Fourier and the disorder correlation has no dispersion (7
is constant). Top: Eigenvalues of the canonical correlation matrix Z)_(l x|y asa function of
label ¢, which may be interpreted as a wavevector magnitude. Modes with smaller eigenvalue
can be thought to carry more information about Y. Bottom: Regulator values as a function
of cutoff £ and mode label ¢ for the Litim scheme (2.28) and the IB scheme (black and blue,
respectively).
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min MI ir
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ENIAH‘

g

B2 0 51

Figure 2.2: A depiction of the IB problem applied to a Gaussian field theory for d = 2,
as described in Eq. (2.29). Each column represents a different random variable (X, X, or
Y) in the IB problem, while each row depicts a sample drawn from the joint distribution
between them. Using h as the relevance variable Y, the GIB-optimal coarsened field y
can be constructed through non-deterministic coarsening of x, as depicted by the arrows.
The Lagrange multiplier 8 controls the trade-off between minimizing mutual information
between Y (1) and x while maximizing mutual information between x(81) and h. According
to the semigroup structure described in Sec. 2.3, this process can be repeated to generate
X(B2 o 1) through non-deterministic mapping from y(f1) with compression level (5.
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CHAPTER 3
MULTI-RELEVANCE: COEXISTING BUT DISTINCT NOTIONS
OF SCALE IN LARGE SYSTEMS

AGK! and Stephanie E. Palmer!?
1. Department of Physics, The University of Chicago, Chicago IL 60637

2. Department of Organismal Biology and Anatomy, The University of Chicago,
Chicago IL 60637

Recently, renormalization group (RG) methods have been used in fields at the boundaries
of traditional physics (Berman and Klinger [2022], Goldman et al. [2023], Erbin et al. [2022],
Lahoche et al. [2021], Mehta and Schwab [2014], Koch-Janusz and Ringel [2018], Di Sante
et al. [2022], Balog et al. [2022|, Bény and Osborne [2014], Cotler and Rezchikov [2023a],
Strandkvist et al. [2020], Pessoa and Caticha [2018]|, Jentsch and Lee [2023|). In the domain
of theoretical biology, and in particular neuroscience, there have been attempts to apply RG
methods to data (Bradde and Bialek [2017], Meshulam et al. [2019]) and models (Brinkman
[2023], Tiberi et al. [2022]) in order to find simplifying structure through the language of
many-body physics. Yet many biological systems are more complex than field theories, and
when directly adopting RG techniques there is danger of oversimplifying, or of failing to
define important collective variables correctly. This raises the question of how one should
choose a cutoff scheme when applying RG in biological systems.

To frame the problem, let us consider the firing patterns of N neurons in a biological
neural network. The joint distribution, P(c), is a probability distribution over o € {0, l}N ,
and — log P (o) is analogous to an energy for classical Ising spins. Models for this system have

been fit to real data taken from the vertebrate retina, and the resulting energy landscapes
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have many local minima when constrained to a fixed total firing rate (Tkacik et al. [2014],
Prentice et al. [2016]). Because each of these collective states is thought to encode a different
set of features in the stimulus, we expect the definitions of important collective variables to
change depending on the region of state space under consideration. The problem is that
most RG approaches implement linear coarse-graining, meaning a single collective basis is
applied globally. Using the non-perturbative RG (NPRG), these statements can be made
precise for distributions over finitely many variables.

In the Wetterich construction of NPRG, the cutoft is enforced by a adding a regularization
term to the Hamiltonian which limits fluctuations in IR variables. For continuous degrees of

freedom ¢, the Helmholtz energy is given by
Wi(J) = log / dpe O30 Rt T, (3.1)

where, R; adds mass to long-wavelength collective variables (|q| < k), suppressing their
fluctuation contributions to the integral, but leaves short-wavelength modes (|¢| > k) un-
affected. As k — 0, it is required that R;, — 0, so that W}, becomes the exact connected

generating function. In practice, the goal is to compute the effective average action

Ca() = mys {g - J = Wil)} = SR 2, (3.2

which obeys the exact flow equation (Wetterich [1993b])

OWTkle) = 5 Tr {8kRk R+ TP ()] 1} . (3.3)

Here, ¢ = (¢) is the flowing expectation value, defined as the variational derivative of W}.(.J)
with respect to J. As k — 0, I';. approaches the effective potential, denoted I', sometimes

referred to as the Gibbs energy. NPRG methods are quite diverse in implementation and
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motivation (c.f. these reviews for broader background (Delamotte [2012], Kopietz et al. [2010],
Bagnuls and Bervillier [2001], Dupuis et al. [2021])).

The fact that this RG procedure implements linear coarse-graining can be seen in the
quadratic dependence of the regulator term on ¢ in Eq. (3.1). On the other hand, a coarse-
graining scheme which captures biologically relevant features might use nonlinear coarse-
graining (Kline and Palmer [2022]), but this would add ¢ dependence to the regulator Ry,
and invalidate the Wetterich Eq. (3.3). What is needed is some way to coarse-grain according
to a number of different linear collective bases, without making the calculation intractable.

We provide a simple mechanism that allows for this kind of variability while leaving
the essential flow equations unchanged. Some systems are most naturally modeled by a
collection of coexisting, exactly independent RG flows, where each describes the collective
physics according to a different notion of scale. We term systems with this property multi-
relevant.

A system described by a state ¢ and Hamiltonian H(¢) is multi-relevant when there
exists a finite set of Hamiltonians {#,(¢)} which are polynomial in ¢ and which have finite

partition functions such that

oxp (~H(0)) = Y exp (~Hz(0)) . (3.4)

This expression, exp(—?H), describes a mixture model whose components are normalizable
and can be described by power-series expansions. Note that z can be interpreted as a label
on a latent state that is not explicitly part of the system state. An immediate consequence
of this condition is that the total partition function is simply a sum of the component
partition functions !. This can be expressed in terms of the effective actions as exp LT|(J) =

> .exp LII;](J), where L[F|(J) = maxy, {¢ - J — F(p)} is the Legendre transform of . By

1. A similar mixture construction has been used to perform accurate modeling of complex systems in
which metastable states have a significant impact on the overall thermodynamics (Liu et al. [2022, 2019]).
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I, we mean the effective potential obtained from ?, by running the RG flow (3.3) down
to k — 0. Because of this, each component model H, can be renormalized independently
subject to its own cutoff scheme R, ;. The resulting effective potentials can be combined to
give the full effective potential. In this sense, a multi-relevant system has multiple exactly
independent RG flows.

We construct a toy model that is multi-relevant and has two mixture components, H 4
and Hp. Each is a finite, nonlocal analogue of scalar 4 theory, centered about a point s,

with ¢ € RN and N large. Explicitly,

1 z
Moo 82) = 305Gy + wiou)ut + oo} (35)
H(g) = —log |eHal®) 4 ~Hs(0)] (3.6)

We refer to (3.6) as the “¢* mixture model”. Here, the usual kinetic term has been
replaced by a generic positive semi-definite matrix K7, plus a “mass” part u3d,,, which is
defined by requiring that the smallest eigenvalue of K~ is unity. The eigenvector matrix V*
of K7 is sampled from the Haar measure on O(N), and s, has a random orientation.

Although no notion of locality is present, we can still use RG, following (Bradde and
Bialek [2017]). When analyzing the component energy labeled z, we take the collective
degrees of freedom to be the eigenvectors of K*. Assume that the K* eigenvalues are well-
described by a density p,(A). In the collective basis, the scale-free part of the kinetic term

has the form:

2 2 dP=q 2
et = [ o000 ~ [ ot

By assumption, p, depends on A\ as a power law, and we can identify the exponent with
spatial dimensionality:
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To be clear, we have not introduced anything like a spatial manifold in which these degrees
of freedom are localized; this relation to dimension is only an analogy. The spectral density
exponent « controls the scaling properties of couplings in the same way that dimensionality
does in field theory. The UV scale A, is the largest eigenvalue of K# and scales as N ez,

For our analysis, we use the vertex expansion method with expansion points s,. Al-
though the NPRG formalism allows for all entries of the effective vertices to be tracked,
we perform a low-dimensional parameterization in line with the parameters of the original
Hamiltonian. Our cutoff scheme is the Litim regulator (Litim [2001]), without field-strength

renormalization. For component z, this this takes the form
(VIR, 1V2)ap = max {k — Az,q,0} 8p. (3.7)

The ansatz for the flowing effective action contains two couplings ui i, and ui ;. for each

component z:
F,(zZ/l ab = Kap T 13 100
z
r % abed = %(%b%d + 0acOpd + 0qddpe)

The full RG analysis is given in Supplemental Material (SM) and is largely standard. For
ay € (3/2,2), (correspondingly D, € (3,4)) the mass and interaction couplings u, o} and
u 4 ) are relevant and describe the asymptotic properties. They obey the usual flow equa-
tions (Kopietz et al. [2010]) , up to differences in numerical factors due to neglecting sub-
extensive diagrams. There are two fixed points, one at the origin and one at the WF' fixed
point. There is a Zo symmetry-broken phase with two degenerate minima of the effective
average action and a symmetric phase with a single minimum at s.

Because the qb4 mixture model is multi-relevant, I' can be obtained from the k& — 0 limits
of 'y and I'g p. These individual analyses of A and B are simple, including only two
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relevant parameters each. When combined to compute the whole effective potential at the
end, there are still only four relevant parameters which constrain measurements (averages).
Yet, the functional dependence of these measurements on the four parameters is complicated
due to the mixture construction. By contrast, it is clear that if we had not used the mixture
construction and instead computed the vertex expansion flow for the whole I';., our final
answer would look a lot simpler, namely it would be some polynomial in the fields. This
simpler representation is wrong in some regimes, since it cannot capture the essentially non-
polynomial dependence of I'(¢) on ¢, due to the mixture construction. Despite this, there
are regimes where the standard approach is justified.

Whether standard vertex expansion succeeds or fails is essentially determined by the
parameters s 4 and sp. These act as displacements in state space, centering one ¢* model at
s 4 and the other at sg. Let s = s4 — sp be the separation vector. In Fig. 3.1, we show the
separation dependence of the probability density of ¢ projected along the inter-basin axis §.
There is a transition as |s| crosses some critical threshold s., which we calculate in the SM.
To be concrete, we define this transition as the largest separation at which P(s- ¢) has a
local maximum at § - ¢ = 0. This approximates the separation beyond which the A and B
component densities can be separated by a hyperplane.

Consider first the well-separated phase, that is |s| > s.. The total energy has a saddle
point near s 4, and largely the local structure looks like H 4. This is because the coefficient
data due to the presence of Hp are suppressed exponentially with respect to a power of the

separation |s|. For states ¢ near sy4,
H(p) = Ha(d) — e 2HBa@) 1 O (6—2AHBA(¢)> :

where AH gp = Hp —H 4. Then, using the regulator Ry j in (3.7), one can compute 'y, in
the neighborhood of s 4, using the above as the initial conditions of the flow. For sufficiently

large separations |s| > s, the perturbations to H 4 due to Hp do not change the fact that
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H?) eigenvalues approximately determine s,

bulk eigs
— approx. As

H®? eigenvalues
o

Probability density P(s - ¢)

0 1 2 3 4 5 6 7
Basin separation VA|s|

Figure 3.1: Demonstration of the coalescence transition. Top: spectrum of the energy
Hessian at the saddle point separating basins A and B. Model parameters are N = 50,
ay=3/2, Ay = Noa, ué4 = —Ay4/10, uf = 0.58ASA4. All A and B parameters are equal.
The gray lines depict the true eigenvalues (neglecting O(|s|4) effects) while the black line
represents \g = 5-H2) .5 The separation |s| at which Ag crosses 0 is the mean-field estimate.
Bottom: probability density of the ¢ - § as a function of separation. Picking a value on the
r-axis selects a single distribution with a specified separation. The red dashed line indicates
the mean-field estimate of the critical separation, while the blue dashed line gives the RG
estimate (see SM for expressions).
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the calculation of I'j. recovers a good approximation of I'4 ;. This follows from the fact
that when the basins are well-separated, a series expansion of I'(¢) will approximate that
of I';(¢) for ¢ in a suitable neighborhood of s.. In turn, this occurs because the Helmholtz
free energy for one component, W,(J), dominates the mixture family for J near some J*,
making ['(¢) =~ I';(¢) for ¢ in the neighborhood of ¢(J*). We discuss this further in the SM.

The vertex expansion approach can therefore, in the well-separated case, be sufficient to
analyze a multi-relevant energy function H. However, to get a full description of I', one needs
to perform several RG flows, one at each s,. In general, each requires a different regulator
scheme, and will give different asymptotic properties than the others. In practice, this is
equivalent to using the mixture construction. It is interesting to note that this analysis
demonstrates how multi-relevant models can have differing low-energy physics near different
points in state space. If there were, additionally, some notion of dynamics that led to effective
ergodicity breaking, one could consider the system getting trapped in basin A or B for long
periods of time, and in each case the other basin should have little influence.

In the coalesced phase, the lowest-order approximation to the vertex expansion approach
fails. In this case, the separation |s| is smaller than s.. For simplicity, we consider the case

|s| = 0. Expanding (3.6) about the point s4 = sp = 0 yields, at the quadratic level,
2 LA, B
Héb) = Kap + 5(ug +uz)dap

where K = (K AL KB )/2. Because K A'and K& are diagonal in different, randomly chosen
bases, their sum 2K defines a new notion of scale that does not completely agree with
either system A or B. As before, we define scale using the eigenvalues of K, with the
collective degrees of freedom (analogous to Fourier modes) defined by the eigenvectors. In
our construction, K acquires a mass gap Ky, and after subtracting this off, the remaining
eigenvalues will have some asymptotically scale-free behavior. Therefore let {\, + Ko}évzl

denote the eigenvalues of K, and construct the density p(\) of these eigenvalues as we did
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in the finite ¢* case. The units associated to these eigenvalues are defined through the
scaling properties of this density. For example, since p(\) ~ A1 an extensive quantity has
dimension «.

Expanding (3.6) to higher orders in ¢, all of the terms come in the form of symmetrized
outer products involving K A, KB and ¢, with § the identity matrix. For example, the H@)
has a term like (KA)(ab(KB)Cd), which we denote (K4 o KB) 4. In the eigenbasis of K,
the matrices K4 and KB can be approximated as diagonal, but the diagonal elements pick
up a mass gap just as K itself does. By defining K A= gA_ K645 as the scale-free part
of the K4 diagonal elements (and repeating for K B ), we can write the expansion in terms
of approximately scale-free objects. After computing scaling dimensions, the relevant and

marginal couplings are captured by the ansatz:

2 - -
F/(c ib = (KA + o KB 4 0)0) (3.8)
4
Phabed = U5 (60 O)apea (3.9)
6
Fl(ﬂc)t...f =0)0(00000), g (3.10)

The spectral density exponent o determined by this new quadratic coupling K is smaller than
a4 and ap when we take them to be equal. Because of this, the sixtic interaction becomes
relevant and must be included. Yet, for ¢y = ap in the range (3/2,2), no other terms
appearing in the initial conditions generated by the expansion of H have positive scaling
dimensions at the Gaussian fixed point. The couplings we include provide three unique
constraints on the original model parameters, and the marginal coupling initial conditions
provide no additional constraints.

To compute the flow equations, we employ the Litim regulator (without field-strength
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renormalization) as before. Keeping only extensive terms yields

( 66)2 1 9566

. 1

9 B30t gp  W0(1+ )
00\3 00 000

. 5 (979) 9°g

3090 = (3= 2a)g0% 1+ 2 I 19

31+gD)t (1+g0)3

where [ = —log(k/A) and g are the non-dimensionalized couplings. These flow equations
yield three finite fixed points: The Gaussian point at the origin, the WF point, and one other
point that appears for a« < 3/2. In effect, a standard application of the vertex expansion
approach predicts that the IR properties of the mixture model in the coalesced phase are
the same as some kind of nonlocal ¢% model near and below 3 dimensions (but still above
D = 8/3 where ¢® becomes relevant).

The crucial result that we come to now is that the vertex expansion approach on the full
model H at s4 = sp led to oversimplification. A primary indication of this is there are only
three relevant parameters, while according to the separate or mixture analysis there should
be four. In systems with increasing N, the net effect of irrelevant couplings on the large-
scale components of average quantities decreases, and the possibility of constraining their
initial values using data disappears. By contrast, we know that all four parameters, u, 9
and u, 4, can affect predictions if the mixture construction is used, regardless of the basin
separation |s|. This disagreement arises at the choice of truncation scheme (3.16), (3.17),
and (3.18). Due to the non-polynomial structure of the microscopic model #, an infinite
number of irrelevant couplings with large initial values are thrown away. However, these
have a significant effect on the flow of relevant and marginal couplings in the UV and, for
accurate predictions, must be included. In essence, the single-flow approach oversimplifies

because its notion of scale is poorly chosen and no good polynomial truncation scheme is
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available.

An important consequence of this calculation is that when principal component analy-
sis (PCA) is applied to data drawn from a multi-relevant distribution, it can also lead to
oversimplification. In data from our model, one finds approximately power-law distributed
covariance eigenvalues and increasingly non-Gaussian behavior in the IR, suggesting a non-
trivial RG flow. However, by performing a single RG flow starting at s4 = sp (or at the
saddle point between the basins), we chose a collective basis and cutoff scheme which em-
ulates PCA (Bradde and Bialek [2017], Lahoche et al. [2021]). Under coarse-graining with
respect to this notion of scale, the RG analysis fails to effectively constrain the statistics of
large-scale degrees of freedom using the original parameters. In contrast, the non-Gaussian
statistics observed for large principal components is accounted for by the mixture model con-
struction. Like the single-expansion point RG analysis, PCA can lead to oversimplification
because it mixes up the collective bases defined by K Aand K B and after coarse-graining
their effects cannot be disentangled.

In this letter, we introduced a way to formalize multi-relevance. This property endows
a system with multiple coexisting and exactly independent RG flows, each with its own
potentially distinct notion of scale. The existence of latent categorical variables is a simple
mechanism which leads directly to multi-relevance, essentially by definition. We expect
these results to be an important step towards implementing RG techniques in theoretical
biology and complex systems more broadly. In these new domains, RG could offer paths to
simplification in the space of models and thereby aid in the search for organizing principles.
Our analysis reveals that multi-relevance does not simplify under the RG flow, and in this
sense represents a degree of inherent complexity which must be accounted for when building
and classifying theories. Whereas PCA fails to correctly coarse-grain multi-relevant systems,
machine learning methods have demonstrated promise in discovering latent representations

together with rich, nonlinear encoding and decoding schemes (Hinton and Salakhutdinov
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[2006], Berman et al. [2016], Ding et al. [2019], Ahamed et al. [2021], Kalinin et al. [2021],
Ziegler et al. [2023]). Through multi-relevance, these capabilities are brought closer to many-

body formalism and new theories of collective computation.

3.1 NPRG on the finite ¢* model

In this section, we work through the NPRG analysis of a finite gb4 model as defined in the

main text, Equation 3.5:

HO) = 5 D (Kap + vaba)outy + 19007

In Wetterich’s formulation of the NPRG, the flow is defined in terms a slightly modified
version of the 1PI generating functional, or Gibbs energy, known as the effective average

action:

1 1
() = {7~ log [ dbexp | <H(O) ~ §Readuty + 6| b= S Reapury (310

The matrix R is known as the regulator. It ensures that the the largest eigenvalue of
the propagator is no larger than 1/k (or 1/k2, traditionally, though we choose an alternative
parameterization for convenience). The full propagator at scale k can be found using the
effective action and the regulator:

o 0
—1 _ v v
[Gk ]ab = 9o a¢brk(@)+3kab

It is important to note that unlike a hard cutoff scheme, the whole configurational integral
over states ¢ in (3.11) is carried out, including fluctuations in IR modes. The regulator
takes the role as the cutoff, and given that it satisfies the necessary boundary conditions,

the resulting RG flow is well-defined for a finite number of degrees of freedom. This is not
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the case with a hard cutoff scheme, wherein one needs to rescale the total number of degrees
of freedom in order to map the parameters of the coarse-grained Hamiltonian back in to the
original space of couplings. This does not mean that there is not a rescaling step eventually,
rather this new rescaling step happens after the flow has already been defined.

We use the vertex expansion, meaning the flow equations for vertices Fﬁﬁ?._.,an are found
by differentiating the Wetterich flow equation directly and keeping track of expansion coef-

ficients:

Li(p) = % Tr [Rka(@]

(2 1 4 . 3 3 )
iy = —5 I [ng)GkRka] +Tr [Fg lehy) )GkRka}
~(3) _
Fabc -
S(4) _ 1 (6) : 4) - (4~
Fade 2 Ir [FadeGkRka} +3Tr [Fab GkFCd GkRka} (symmetrized)

+ terms involving r)

From here on, we implicitly symmetrize where necessary. To evaluate these flow equations we
need to truncate the hierarchy at some highest power n and parameterize the vertices with
an ansatz. It is easiest to start with a good parameterization and verify that higher-order
vertices will not be relevant. Working from the high-temperature phase, all odd vertices such
as T'3) are set to zero. The initial condition on 'y is I' s = H. We approximate this by

setting 'y = H. Truncating at order n = 4, the effective action can be written in the same
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form as H:

@

Lkab = (Aa 1+ U2 k)0ab

(

4 Uy

F§€ czbcd - % (0apOcd + dacOpg + 0qqdpe)
Ug A = U2

Ugph = U4

From the truncation and ¢ — —¢ symmetry we therefore have the following closed set of

finitely many flow equations:

~(2) _ 1 e f
0 = =5 T 1) GGy

@

abe

1)~ ()~ 7
2= 3T [T 6Tl GGy
To obtain a low-dimensional description of the flow, we re-express these flow equations in
terms of the two parameters ug ;. and uy; of our ansatz. For example, we first insert r)

into the RHS of the expression for 12 above.

2 .
akrl(c 3b -~ 973 Z (0abdcd + acdpd + daddpc) (GkRka>cd
cd

— Uk (1 (GG ) o+ 2 (CulGi) )

The first and second terms on the second line differ by a factor proportional to the number
of degrees of freedom in the system, as we will show shortly. For this reason, we refer to
the first term as extensive, while the second is sub-extensive. To actually calculate these
terms, we need to introduce a regulator and get an expression for the propagator. In this

context, the Litim regulator without field-strength renormalization can be written in the
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12 eigenbasis as

Ry ,p = max {k’ — Aa, 0} dab

This gives us

and so

- (2 lu n 2 .

=33 (G )
By nj. we mean the number of eigenvalues A\, below the cutoff k. We will mainly be interested
in the intermediate part of the flow, for which n; is a number much larger than unity, even
though it may be much less than N. This is the regime in which the scale-free parts of
these flow equations are accurate and look similar to traditional results in infinite systems.
Dropping the sub-extensive term and inserting our ansatz for I'2) into the RHS of the above

equation, we find:

: L npugp
Ugp = —=———"—-5
2k 6(k+u2k)2

The computation for dpuy ;. proceeds similarly. Inserting the effective action ansatz into the
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RHS of the truncated flow equations yields

_ e r@ e g
J = 3T T Gr L) GGy

1
= Buik Z 5(5ab5a/b/ + 5aa’5bb’ + 5ab’5ba’>x

a't'dd

5(4)
Fk abe

1 .
§(5cd5c'd/ +0ce0dqr + 0y 0 (G REGr) e Gryar

1 .
= g“ik (5ab5cd Tr <G2Rk> + sub-extensive terms)

where the RHS is symmetrized across abed. Substituting on the LHS, we have the scale-free

part
. In,  uj,
Ugp = s —~———"—7
YET3N (k +ugp)3

In this case, we can assign dimensions to the couplings simply by inspecting the flow equa-

tions. The key is to note that, for [k] = 1 by definition,

a=0pgrlogp(A)+1 = [y]=a.

A heuristic way to see this is to give A, a simple expression consistent with p(\) ~ -1
This is satisfied by

(2

Proceeding, we can straightforwardly identify:
sg=lug] =1 s4=[ug]=2-a

Finally, we define rescaled dimensionless couplings go = k™ %2u9 and g4 = k™ %4uy, and let

7



[ = —log(k/A). The dimensionless flow equations are given by:

I g4
NG =921+ 27—
6 (14 go;)2
1 g5

N9 = (2—)gy; — 31+ g9

These have the standard properties describing the ¢4 system, up to some differences in
coefficients, and with anomalous scaling neglected. Save for the infinite fixed points, when
« > 2 the only physical (g4 > 0) fixed point is at (0,0). For o < 2, the Wilson-Fisher fixed

point appears at
2 -« «  24(2—a)
4—a M7 (4—a)?

g5 =

3.2 Approximate behavior of I' in well-separated phase

In the main text, we discussed that for a multi-relevant Hamiltonian H with component

Hamiltonians H, the full effective potential I' satisfies the exact relation

exp L[T](J) = expW(J) = D expWa(J) = > exp L[I'.](J)

In this section, we argue that in the well-separated phase, I' behaves like I', for ¢ in the

neighborhood of s,. Further, we argue that although I'" is convex in principle, it may still be

useful to consider it as the convex hull of a non-convex combination of the potentials I',.
To begin, we work out a toy model. Consider a state variable ¢ € R which is distributed

according to a mixture of Gaussians with unit variance and with means at +a. That is,

H(z) = — log [exp(—H (8)) + exp(—H_(6))] = — log {exp (_%@5 ~ a)z) ‘o <_%(¢ . a)z)]
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The Helmholtz energy of H(¢) is
1
Wi(J) = log/dgbexp(—Hi(gb) +J¢) = §J2 + Ja

By applying a Legendre transform to these functions we get the effective potentials
La(6) = 56— 5:)7 = Ha(0)
where s+ = +a. Define ¢ = 9;W (J), the average of ¢ given source J. Then
¢ =J +atanh Ja

So for J > 1/a, ¢ — J 4 a. As the separation a is made larger, 1/a decreases, and this
asymptotic behavior occurs for smaller values of J. To get a better intuition for this result,
consider the full effective potential in this asymptotic case, where a is large (relative to unity,
the standard deviation of a single mixture component). When J > 1/a, the sum over z is

dominated by the term exp W4 (J). This yields:

L) = LIW](p) = LIW1](¢) = T+(p)

In words, the full Helmholtz energy W (.J) is well-approximated by W, (J) for large positive
sources J, i.e. J > 1/a (and W_(J) for J < —1/a). Therefore, when we calculate I" from W
via Legendre transform, the fact that W is dominated individual components W, in various
regions causes [ to approximate I', in those regions.

How does this relate to our model and the definition of the critical separation s.? First
note that the toy model can be extended to a larger state space and non-Gaussian com-
ponent energy functions. What is necessary is simply that the component densities are

well-separated, so that (¢) j can take on large values at relatively small sources J. Next, our
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choice to define s. in terms of the maximum of the probability density of ¢- s was not crucial.
The important point is that the separation between the basins is greater than the variance
(in the inter-basin direction) of each basin individually. In fact, we compute s. according
to this condition later in the SM. At J = 0, the second derivative of W (J) with respect to
J gives the total covariance () — (¢)2. For large separations, this covariance value drops
off quickly as J is moved away from zero, since a slight source “pushes” the system into one
basin or another. By assumption, these basins individually have much less variance than the
total distribution at J = 0.

Typically, this structure is associated with symmetry breaking and ergodicity breaking,
wherein a small external source causes the system to find a state in an ergodically broken
region. In this paper, we have only been concerned with distributions over finitely many
variables, and adding dynamics would require additional assumptions and structure. How-
ever, given the close analogies to standard analysis in many-body systems, we believe that
an effective description of the structure of I'(¢) in the well-separated phase is provided by
I'.(¢) when ¢ is near s, i.e., the minima of I';(¢) can sometimes be treated as metastable
states. While this manifestly breaks convexity of I', the convex hull can always be taken if

needed, and otherwise I' can be interpreted as a constrained free energy.

3.3 RG flow in the coalesced phase

3.3.1 Units and scaling dimensions

In the previous section, the units of couplings ug and u4 were not determined until after
the flow equations were found. In general, this is the correct approach, namely that the
units of different couplings should be verified by showing that they remove explicit scale-
dependence in the flow equations. In the following discussion, the full (before irrelevant

terms are removed) flow equation hierarchy is very complicated and a similar, ‘by inspection’
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approach is difficult. In this section, we discuss heuristic reasoning that provides scaling
dimensions in terms of the original energy function. However, we wish to emphasize that
the true scaling dimensions may not always appear when using this heuristic, since they are
really defined by a cutoff-scheme and are revealed in the flow equations.

The basic strategy follows (Bradde and Bialek [2017]) and (Lahoche et al. [2021]), though
we do not take into account non-power law dependence of p on A. As the cutoff scale k is
changed, the number nj, of remaining modes below this cutoff scales like nj ~ k%, which
we denote by [np] = a. What we would like to compute are the so-called ‘engineering
dimensions’ of our couplings, which can be defined as the critical exponents at the non-
interacting (Gaussian) fixed point. First, consider the trace of the propagator under a
change of k, where k is the UV cutoft:

k k N [k
T = 3 (08) = [ oo = [T anpat = 55 [Tanaz et

a<<ng 0 0
We conclude that
1
6= 3la—1)

Note that under the identification A ~ ¢2 and o ~ D /2 as pointed out in the Main Text, this
agrees with the standard result [¢] ~ D/2 — 2. Now consider a positive-definite matrix C'
which is diagonal in the same basis as (¢4 ¢p), and with eigenvalues Aa, where a is ordered so

that A\, are monotonically increasing. Let the density of Aa be denoted p, which integrates

to N. Then define a(k) as

k
&= Bogilogiins = [ NG

This gives a mapping between the eigenvalues A, of C' and the eigenvalues \q of K through
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ny = ﬁ;\( N When p has power-law dependence on A, ny ~ k%, which yields:
M) ~ A/E = \8
Now the scaling dimension of C' can be computed in the same way:

N k
Ty [CG = 3 (Cand?) = 3 g0 ~ /0 A p(WAFL ~ ot
a

a<<ng

Hence

In our toy model, we use this to calculate the effective scaling dimensions of K A and KB
in the mixed basis. We find that § =~ 1, meaning that, as far as power-counting rules are
concerned, these matrices can be treated like derivative operators. Terms with higher powers
of K7 are increasingly irrelevant near the Gaussian fixed point.

Finally, let us consider a quartic coupling comprised of the symmetrized outer product of
two matrices C1 and C9 which satisfy the same properties as C' in the previous calculation
and have dimensions 1 and [39 respectively. Suppose only the nj modes below the cutoff
are involved. Further, recall that these dimensions are defined as the exponents of the

non-interacting theory, so the four-point function can be broken into two-point functions.

k k
> (C1 0 Co)ganp(dady) ~ ( / d\ p(A)A1—51> ( / dX p(A)Al—ﬁ2> + sub-leading terms
0

a,b<ny 0

o f20+B1+B2—2

And so the engineering dimensions of couplings like C'{ oC9 are just the sum of the dimensions

of C7 and (Y, that is:
[CroCo] =p1+ P2
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The dimensions of couplings in the energy can be found using these rules. As an example,

consider the energy of the finite ¢* model, analyzed in the first section:

1

HO) = 3 D U +uzdu)duds + L1007

The dimension of ‘H must be a:
[H] = [K-¢%] =1+2[¢] = a
Following the rules above, we further find:
[ug =1, [us)=2-a

We reiterate that this method is heuristic, and rescaling by these dimensions will not
always give scale-free flows. The primary reasons why this calculation may fail are anomalous
scaling, the presence of operators like K* (which will be defined in the next section) which
do not commute with the propagator G. When this latter situation is the case, K? is not
diagonal in the collective variable basis, and so the k-scaling dimensions of loop sums like
Tr[R, G KK AcLKAG ] are not simply given by the sum of dimensions of operators under
the trace. We are fortunate in this work that although this non-commutativity is present,
the K? matrices appear to be approximately or effectively diagonal in the collective basis,
and the loop sums have scaling dimensions which can be naively approximated.

A third mechanism which can break this heuristic is the presence of operators which are
not scale-free. One example could be if K were not scale free, causing the eigenvalue density
p(A) to not have simple power-law dependence on A. This can cause the scaling dimensions
to change along the flow (Lahoche et al. [2021]) and demonstrates why it is necessary to

define the true scaling dimensions in terms of the flow equations and not a priori. This
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contingency also demonstrates the power of NPRG formalism, since the flow equations are

defined whether or not a scale-free description is available.

3.3.2 RG calculation

In the coalesced phase, the separation s between s4 and sp is smaller than a critical value
S¢, which is calculated in the next section. Here we set |s| = 0 which significantly simplifies
the analysis. Expanding (3.6) with s4 = sp about the point ¢ = 0 yields at the quadratic
level,

1
2

=K +u9d.

(AL (KA+KB+(u§4+ugB)5>

In the above expressions, we use 0 to denote the identity matrix. Let us first consider the

quadratic part, which we use to define scale. The density of eigenvalues of K is given by

N

p(A) = Z 6(A = Aa),

a=1

which for large N can be treated as an effectively smooth distribution, with proper care.
Approximating these eigenvalues to be power-law distributed, define the scaling dimension

Q. as

k
a(k) = 810gklog/0 d\ p(\) = «a.

Next, We can calculate the scaling dimensions of K A and K2 as discussed in the previous
section. When written in the K-eigenbasis, K Aand KB appear as approximately diagonal.
The precise reasons for this are beyond the scope of this work, so we merely take it as an
experimental fact. We must be careful to note that these matrices are not truly diagonal in

the K-eigenbasis. Additionally, K A and KB display mass gaps in their diagonal elements
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just as K does. We define their scale-free parts by subtracting off these mass gaps:

K4 = K4 - Kgls

KB = KB KkPs

This allows us to compute the k-scaling dimension of K A, which we also approximate as

constant with respect to k
- A k 4
R4 = Balk) = toglog | a0 (A= Ding, {R4}) =
a

and similarly for K B where by Diag{ K A} we mean the diagonal element in the K-eigenbasis
corresponding to the A + K| eigenvalue of K.

In the topmost plot of Fig. 3.2, we show that by restricting to a4 = ap and sweeping,
B4 and 4 are essentially unity, and that o has a predictable functional dependence. While
small deviations from power-law behavior may be present, we approximate 54 = fp = 1 for
the rest of the analysis, unless otherwise specified.

We now turn our attention to the quartic couplings, which will contain most of the rest

of the building blocks of our ansatz.

HW = —ZKAOKA— %KBOKB+§KAOKB
B 3(u’24—u]29)KA05_ 3(u§—u’24)
2 2

. (i P 3((g) + <u23>2>> o5

KBos

2 2 4
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Dependence of scaling dimensions on as = ag
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c
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¢
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Scaling dimensions of couplings
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Input dimensions as = ap

Figure 3.2: Numerical examination of the exponent « describing the scaling properties of
eigenvalues of K. Areas without grey shading denote ay = ap € (1.5,2), which corresponds
to D € (3,4). Top: Estimates of the exponent o were obtained by explicitly constructing
K and measuring power laws in the scale-free part of their spectra. Error bars represent the
root mean square error over 1000 trials at each value of ay. Matrix size is N = 75. Black
line is a polynomial fit which we use to find scaling dimensions. Middle: Estimates of 84
and g show no significant deviation from unity. Bottom: scaling dimensions of various

couplings. The only couplings which are relevant in the range aq = ap € (1.5,2) are n
)
and v

86



The use of the symbol o here denotes a symmetrized outer product:

A A A A
(K70 K%) aped = K{gp K g

1 A A
] Z Kp1po Kpspa -

" permsp

Again, it is useful to separate out the couplings into scale-free parts. This yields:

7.[(4):_Z[}'AOKA_ERBOKB+2KAORB
3 )
+ 5 g + K§ —uf — KK o
3 )
+ 5 g + K —uff — K§)RP 06
A B
3 2
+<%+%—Z<u§4+Ké4—UQB—KéB) >5o5.

Finally, for the sixth-order part, we discard all but the § o o § term, which we shall

justify shortly.
6) 15 A

HO = D~ uf)x

(Wl — K —ud + K§)(60600),

For the moment, we explicitly include all of these operators in our ansatz for the effective

action ['j,. This gives at least ten couplings in total; three quadratic operators, six quartic,
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and one sixtic:
r@ — WARA + 0P P +08) 0 (3.12)
P~ wfMRA o KA 4 o BRA S KB
WBBEB o KP4 o kA os 4
Uk,B(sf(B o + 0265 o) 5)abcd (313)

Fl(fg...f = (4170 0000), (3.14)

Many of these couplings are irrelevant for a«y = ap € (1.5,2), including all sixtic cou-
plings except 1999 This follows from the dimensional analysis rules we discussed, together

with our definition of a.

1 n

[¢] = 5(a—1), mmn:a@_§)+g
WAl =1-84=0, pP]1=1-8=0, []=1
[U2122] :2_05_521 _52’2; Z; € {AaBad}v /85 =0

[1)655] =3 -2«

A few of these scaling dimensions are represented as a function of a4y = ap in Fig. 3.2.
Terms like K408 and K40 KB have negative dimensions for the range of spectral exponents
we are considering, so these are termed irrelevant. Such terms can be important for obtaining
accurate estimates of non-universal properties in terms of the original couplings, but deep in
the IR, they only have the effect of shifting values of relevant couplings. As discussed, these
dimensions are derived heuristically, and must be verified.

The ansatz (3.12-3.14) generates an approximately closed set of flow equations given the
truncation, since the new couplings generated in the flow are driven only by sub-extensive

212’2]

contributions. As an example, we verify the predicted value of 5, ,, = [Uk above. Looking
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only at the diagram with two 4-point vertices and keeping only extensive terms (see first

section for explanation),

1 . - -
O =5 D T | RiGrCeGrCyGy| s Ca=EK4 Cp=KP C5=3

xe{A,B,6}
ye{A,B,0}

The LHS must have dimension s;,,, — 1, while the RHS is a little trickier. Consider a single

term:

Sorze = L4 Szz + Sy + [Pf]; ©Y =Tr R.GLC2GCyGl (3.15)

In reality, these C' matrices do not generally commute with Gj. Yet, given the setup of
our problem, the K* matrices effectively act as if they are diagonal when in the K eigen-
basis. The catch is that their diagonals are not eigenvalues and the scale free parts are no
longer described by the exponents ary and apg, but instead with a(a g4, ag), as can be easily

numerically verified. Therefore,
(@)= =3+ a+ B + By

Which shows, after direct substitution into (3.15) that the free-field guess at s, ,, is correct.

The ansatz (3.12-3.14) can be used to find flow equations for all couplings, and these can
be integrated numerically. At present we are only interested in asymptotic properties, so we
can thin out the effective action ansatz by removing irrelevant terms. This takes us from

ten down to five couplings:

2 N .
Fl(c gb = (W KA + o KP +000) 0 (3.16)
4
F](f c)tbcd = v3°(8© 8)abed (3.17)
6
Fz(fc)b...f = 1" (§0500),. s (3.18)
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Aé B6 A

Because v*° and v”° are irrelevant and have been dropped, v** and vP are not signif-
icantly renormalized by any couplings in this ansatz. The dimensionless flow equations for
relevant parameters, computed using the Litim regulator and not accounting for anomalous

scaling, are given by:

5 9256
9 =9y +=
6(1+g)?
3612
i = (2—a) 55 1 (9)°) 1 g
3(1+¢0)3  10(1+¢%)2

5543 55 866
9 = (3 2a)gl§55+§ (9°)° 9%y
3(1+g)t (1+g))°

3.4 Calculation of multi-relevance breakdown separation s.

3.4.1 Mean-field saddle point method

To begin, assume the A and B models have all the same parameters, e.g. u‘24 = ug , etc., but

the eigenbases of K4 and K2 are random with respect to each other. (Each drawn from

the Gaussian Orthogonal Ensemble.) The saddle point state is given by:
| R
dop = 5 M (M — MA) s+ 0(Js)

Where M4 = K4 + u‘24 and M = M4 + MB. The truncation in powers of |s| is due to the
fact that s. should go as A~1/2, which we take to be small. Set s4 = |s|/2 and sgp = —sy4
without loss of generality. The saddle point condition is approximately satisfied at the origin:

1 1 1 !
5]\4—1 (MB_MA).sz §M_1 (NTIMB—NTTMA) |s| ~ 0

An important approximation we made here is that since s is randomly oriented with

respect to the eigenbases of K A and KB , it is approximately an eigenvector for the ranges
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a we are dealing with, as can be verified numerically. Explicitly,

1
MA . s~ N (TrMA> || .

At the origin, the energy Hessian up to O(|s|4) is

2 1 1
M) = Moy — (M 5)a(M - s)y + s (ud + ) (5% + 25455) + O(slY)  (3.19)

243
2
1 1(/1 1
= My + 33148 Sab — 1 <(N Tr M) — §u4) SASB (3.20)

Though s is not an exact eigenvector of this Hessian, we approximate it as one. Its ‘eigen-

value’ can be found from the above:

2
1 1 1 1
(7‘[(2) : S)a = <N Tr M + ¥U452 — 2—2 (N Tr M) 52) SA

Setting this to zero, we can solve for the point at which curvature along the separation vector

between the basins goes from positive to negative:

1 2 1\
s2 =4 (NTrM) — 5t (3.21)

3.4.2  Mixture component variance calculation

The alternative method for calculating the critical separation is to leverage the fact that our

model is a mixture of densities:

Py(¢) ocexp(=Hz=()), P(¢) o exp(=HA(¢)) + exp(=Hp(s))
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Because we have assumed all of the same parameters for the A and B states (except basis),

1

P(8) = 3Pa(é) + 5P5(0)

To calculate the probability density of ¢ along 3, the unit vector along the basin separation,

we evaluate

1 1

= 3PaG-6=5)+5Pp(-6=5)

In the independent phase, P4(§-¢) does not significantly overlap Pg(§-¢). If A and B are
in their disordered phases, these distributions will be Gaussian, while in their ordered phases
they will each look like a mixture two Gaussians placed at +5g|(¢g)z|, where by |[{(¢g)]|
we simply mean the magnetization in the standard sense. In both cases the coalescence
transition occurs roughly when the distance between the centers of these distributions is

twice the standard deviation of one of them, causing overlap:

-1

(%)2 =((3-9)%). = %b: Sa5p (Ff,)HO> o (3.22)

From the ansatz for I'y,

2
<Fg,3)ab = (Ag T u3,0)dqp

In the K~ eigenbasis. Using the fact that s has a random orientation in this basis,

% Sady (r%) ;bl ~ % Tr (r%) !
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In the disordered phase, u3 5 > 0, so
1 @) ! 1 / Az 1
—T (P ) —— | drp(N)———
In the disordered phase, u3 ; < 0, so expand the potential instead around one of the minima
at (¢g) = £(—6ujy/uj 0)1/2. The total variance is (¢g)2 plus trace the inverse of I'(2)
evaluated at the symmetry-broken expansion point:

(@1 Guzy A 1
Zsasb <Fi’3>ab o (— —l—/o d)xpz()\))\—

z z
U — 2u
b 4,0 2,0

9

There is a normalization factor on p, so that it integrates to N. For large N, our assumption

is that

Hence the disordered phase gives

(2>2~ﬂ/Azd)\Ll
2 A?Z 0 A+ ud

While the ordered phase gives

Se\ 2 6 U5 o Az Pt
(_C> ~ §’0+TZZ/ pa—
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COARSE-GRAINING TO REVEAL DIFFERENT COLLECTIVE
COMPUTATIONS IN A SENSORY POPULATION

AGK!, Aleksandra M. Walczak?, Thierry Mora?, Maciej

1,3

Koch-Janusz!'?, and Stephanie E. Palmer!'*

1. Department of Physics, The University of Chicago, Chicago IL 60637

2. Laboratoire de physique de I’ Ecole normale supérieure, CNRS, PSL University,

Sorbonne Université and Université de Paris, 75005 Paris, France
3. Haiqu, Inc., 95 Third Street, San Francisco, CA 94103, USA

4. Department of Organismal Biology and Anatomy, The University of Chicago,
Chicago IL 60637

4.1 Abstract

The vertebrate retina performs prediction on incoming visual signals, which can compensate
for lags in neural processing. It has been hypothesized that prediction occurs at each succes-
sive layer of the visual stream, but downstream prediction of the retina is not yet understood.
One challenge is that retinal responses are collective, and full recovery of predictive informa-
tion must take into account correlations in the joint activity of large populations; this incurs
the curse of dimensionality. Another challenge arises when the stimulus is naturalistic, since
relevant features in complex scenes are typically unknown. Furthermore, estimates of avail-
able predictive information in complex scenes and the responses they elicit are difficult. In

this work, we address these challenges simultaneously by searching for maximally-predictive
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collective variables in a large population of 93 salamander retinal ganglion cells under natu-
ralistic stimulus. To achieve this, we apply a tractable, approximate implementation of the
information bottleneck method to our neural data and infer a lower-dimensional representa-
tion that is maximally informative about the future neural activity. We observe that across
stimuli and intervals, all predictive information in the retinal outputs is captured by a few lin-
ear collective variables. We further show that predictive signals are collectively encoded. At
short timescales, this coding is less collective and noise correlations contribute significantly,
while at later timescales predictive features are highly collective and stimulus-induced cor-
relations dominate. Our analysis demonstrates the feasibility of finding biologically relevant
coarse-graining schemes in high-dimensional data using variational inference and basic ma-

chine learning tools.

4.2 Introduction

A feasible account for the ubiquity of prediction in biology is that it allows agents to exploit
cause-and-effect relationships in their environment. The success of a species depends on its
ability to survive and reproduce, and prediction is crucial to reacting quickly in life-or-death
situations. Prediction has therefore been explored as a normative principle for understanding
how organisms assign utility to various components of incoming signals in early stages of
sensory processing (Creutzig and Sprekeler [2008], Creutzig et al. [2009], Rust and Palmer
[2021]). In the vertebrate visual processing stream, visual signals are propagated through
several layers of neurons, each with significant sensory delays, and it has been proposed that
prediction may help compensate for these delays. This begins in the eye, which can optimally
predict visual signals in some environments (Berry et al. [1999], Gollisch and Meister [2010],
Palmer et al. [2015], Sederberg et al. [2018], Liu et al. [2021]). While optimal prediction has
been observed for small groups of cells in the vertebrate retina under simple stimuli (Palmer

et al. [2015]), we expect that this computation should not only extend to richer more complex
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stimuli, but should also continue deeper along the visual stream, layer upon layer, in order
to produce the fastest possible reaction time in natural scenarios.

Visual signals are first processed in the retina, then sent downstream to ultimately drive
behavior. This population of neurons contains all that the brain sees, and all predictive
computations rely on the collective correlation structure of this code. If neurons downstream
from the retina are predicting its activity, they must do so without recourse to the visual
inputs. We therefore aim examine the statistics of retinal responses to complex, naturalistic
stimuli, in an effort to understand the downstream prediction problem. In particular, are
there a few coarse-grained features in the output code which capture all of the predictive
information? Do these features depend on the prediction interval? If we are able to find
them, is it conceivable that they could be read out by real downstream neurons? And finally,
how collective is predictive information? That is, does effective prediction of retinal activity
require pooling the outputs of many neurons?

To find and study predictive features in the retinal code, we leverage recent machine
learning methods with foundations in information theory. At its core, our method solves a
variational version of the predictive information bottleneck problem (Tishby et al. [2000])
by simultaneously searching over predictive features and performing inference. Letting X
represent the states of retinal outputs at the present and Y the outputs in the future, we
seek deterministic, coarse-grained representations Z = A(X) of a fixed dimensionality that
carry maximal information about Y. Both the features A and a trial distribution ¢(y|z)
are expressed as neural networks and optimized simultaneously. This method is adapted
from approaches originally developed to find coarse-graining schemes in physical systems by
maximizing long-range information (Koch-Janusz and Ringel [2018], Gokmen et al. [2021]),
and aligns with recent efforts to connect predictive information bottleneck to a generalized
approach to model reduction (Schmitt et al. [2023]). We wish to highlight that by using the

expressive power of neural networks to solve an inference problem, this method is able to
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estimate information quantities on a state space of unprecedented size, that is, the state space
of joint activity among hundreds of neurons. The performance of this method is perhaps
striking given the simplicity of its theoretical motivation.

To study how the collective properties of retinal responses might allow for downstream
prediction, we must be able to observe correlations in the simultaneous activity of a large
number of neurons. Moreover, given the wide range of timescales present in natural visual
environments (Salisbury and Palmer [2016]) and the retina’s ability to resolve very fast
features, we need access to long recordings with high resolution in time. The dataset we
examine contains electrode recordings of 93 ganglion cells in the salamander retina under
five different naturalistic stimuli, giving us access to large scale features (population-scale
correlations) and a wide range of timescales, down to 60 Hz, or the frame rate of the stimuli.
Moreover, the dataset offers responses to repeated stimuli, allowing us to tease apart the
contributions to predictive information which are directly due to the stimulus from those

which are due to the underlying physiology of the retina.

4.3 Methods

4.3.1 Data collection

In order to investigate the statistics of retinal outputs, we examine response data taken from
93 retinal ganglion cells (RGCs) in salamander retina under naturalistic stimuli. The data
collection process is outlined in Fig. 4.1. A retina taken from a larval tiger salamander was
placed on an electrode array with a density of roughly one electrode per RGC. These data
were then spike-sorted, yielding the times at which each neuron fired an action potential.
For our purposes, these discrete events are effectively identical, so all of the information they
convey is in their timing (Strong et al. [1998|). Next, a binary representation of the neural

code was generated by discretizing time into time bins of size At = 1/60 s, and assigning
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Figure 4.1: Experimental protocol enables simultaneous recording of responses across a
large population of salamander retinal ganglion cells under repeated, naturalistic stimuli.
A. Stimuli are shown to a salamander retina while ganglion cell responses are recorded by
an electrode array. B. Following spike sorting from electrode array, neuron spike times are
binned into At = 1/60 second time bins (aligned with stimulus movie frames), which yields
a binary representation of the neural code. C. Naturalistic stimuli (60 fps) are shown to
the retina in random order, in 20 second intervals. In our analysis, the responses from the
first 20 frames (0.3 seconds) of each interval are removed, as they contain transients due to
switching stimulus. At the beginning and end of the experiment are 30 minute intervals of
checkerboard stimulus. D. Snapshots taken from each stimulus. E. Each stimulus is shown
to the retina ~80 times, allowing us to observe noise correlation effects.
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the state “1” to a neuron in any time bin in which it fired a spike and a “0” otherwise. In
our data, the marginal probability of the “1” state across all neurons and time bins can be

as high as 0.016 and as low as 0.003, depending on stimulus.

Five different naturalistic stimulus clips were used, each 20 seconds long. These were
shown to the retina in random order for 141 minutes, yielding roughly 80-90 repetitions of
each stimulus over the course of the experiment. This repeated structure allows us to compare
neural responses to a given stimulus across trials, revealing both reliable response features
and stochastic effects inherent to the physiology of the retina. Correlations in these latter
effects are referred to as “noise correlations” and can be studied by considering the ensemble
of repeated trials of the same stimulus. The stimuli themselves are greyscale videos at 60Hz,
depicting a range of visual scenes that could conceivably be present in the environment of the
specimen. Such stimuli are characterized by heavy-tailed distributions of contrast, velocity,
time-, and length-scales, in contrast to simpler, engineered stimuli such as moving gratings
(Salisbury and Palmer [2015, 2016]). Because the retina encodes its stimuli nonlinearly, an

ethologically relevant understanding of these encodings may require naturalistic stimuli.

4.3.2  Estimating mutual information

A central focus of this work is quantifying the amount of information encoded in the outputs
of the retina about its future outputs. Generally, given a joint distribution p(z,y) for two

random variables X and Y, the mutual information between them is given by

) = {1og PE:Y)
1%y)= <1 & p@p(y) >p(x,y) ' 4D

In general, mutual information quantities can be very challenging to compute. A common

difficulty is if X or Y are variables with many dimensions, say X € {0, 1}N with N large.
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In such cases, even if given an analytical expression for p(z,y), the integral in (-);, will
typically be intractable. Moreover, when working with data, one has the issue of determining
p(z,y). This problem is known as inference, and also becomes increasingly difficult as the
dimensionality of random variables increases.

In this work, we leverage recently-developed tools to compute a tractable lower bound to
(4.1). This lower bound depends on an ansatz for p(x, y), represented using neural networks,
and maximizing this lower bound implies that the ansatz approaches the true distribution.
In other words, this method both solves an inference problem and in the process computes
an approximation of I(X;Y).

More explicitly, we consider a trial distribution ¢(z, y|@) which represents our best guess at
p(z,y), where 6 are free parameters. The Barber-Agakov (BA) bound on mutual information

is given by

Iga(X:Y)(0) = < alx y|9 >
p(z.y)

Because Dkt,[pllg] > 0, we have that Igp(X;Y) < I(X;Y) with equality only when
q(z,y|0) = p(x,y). Therefore the act of maximizing this bound is precisely inference. We

parameterize this trial distribution ¢ with the ansatz

oo yip) = B el 20, (42)

Where p(z) is the true marginal of x and f(x,y|f) is computed by a neural network with
parameters 6. The partition function Z(y,#) is then defined by f(z,y|f) and p(z) through

the requirement that ¢(z|y,0) is normalized for all y. Inserting this ansatz into the BA
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bound yields the unnormalized Barber-Agakov Bound

Tupa (X3 Y)(6) = (F(2,410) — 108 Z(4,6))p(ary) -

This bound is intractable due to the log partition function. The Nguyen, Wainwright,
Jordan (NWJ) lower bound effectively deals with this problem but introduces a large amount
of variance in the estimate of log Z(y). This is an issue given that we are interested in treating
this bound as an estimate of mutual information. In the noise-contrastive estimate (NCE)
bound, a Monte-Carlo estimate of the partition function is computed using minibatches
containing B independent samples {(z;, yl)}f: 1, and this effectively reduces variance of the

final estimate. Explicitly, the NCE bound is

B B
1 .
INCE(X:Y)(6) = §< > flajyl0) —log | BT S iwsl?) (43)
j=1

i=1 >Hfg1 p(2i,yi)

In summary, we aim to compute INcg(X;Y), which is bounded in the following way
INCE(X;Y)(0) < Ipa(X;Y)(0) < I(X3Y),

With each bound becoming tight in the case that ¢(z,y|0) = p(z,y).
Several discussions of this method and its applications are available (Gokmen et al. [2021],

Poole et al. [2019]). We implement the critic function f(z,y) using fully connected neural

networks uq(z) and v, (y) with a = 1,..., Nombed as:
Nembed
f(z,yl0) = Z ua(|0)va(yl0)
a=1
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4.4 Predictive information persists at long timescales

Ultimately, the retina needs to reliably encode and transmit visual information to further
processing stages downstream, and a full understanding of its dynamics requires some knowl-
edge about stimulus. However, it is clearly true that these downstream populations do not
have direct access to the stimulus in addition to retinal outputs. If we look at the code by
itself, as if it was produced by an autonomous dynamical system, what can we say about its
dynamics?

As a first step, we examine predictive information and find that it persists out to very
long timescales for a range of stimuli. Specifically, we estimate the mutual information
between all 93 neurons in a single time bin at any given time ¢ and the same set of degrees
of freedom at 7 into the future (Fig 4.2A). These two random variables, each a word of 93
binary numbers, are denoted X and Y respectively. Our estimate of I(X;Y) is given by
Incr(X;Y) (in Eq (4.3)), evaluated on data which were held out during training of the critic
function.

In Fig 4.2B, estimates of Incg(X;Y) are given as a function of the prediction interval 7,
for each stimulus. Since INcE is a lower bound of mutual information, we can conclude that
for some stimuli, such as “fish” and “opticflow”, the true mutual information 7(X;Y") achieves
large values at prediction intervals as large as ~500 ms. Additionally, there is quite a bit of
variation in the overall scale of information across stimuli, and in the shape of dependence
on T.

To better observe this variation in dependence, we examine in Fig 4.2C the decay of
predictive information on a log scale, after normalizing by the maximum value of INcg(X,Y)
at 7 = At. These trends show approximately exponential decay for most stimuli over
some initial transient period, followed by a plateau. In the “opticflow” stimulus, this profile
is quite exaggerated, with the plateau onset occurring after only about 150 ms, followed

by apparently a slight increase in information. To be sure that these are real effects, we
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Figure 4.2: Naturalistic stimuli induce very long timescales in retinal responses, which we
resolve using our mutual information estimate. A. We use the NCE bound (4.3) to estimate
mutual information /(X;Y) between X and Y. X is the binary code word of length NV = 93
representing ganglion cell responses in a single time bin, while Y is the code word of the
same size at 7 in the future. B. Dependence of total predictive information on prediction
interval for each stimulus. C. Trends from B are presented on a log scale, normalized by
their maximum values, with the same coloring scheme. Each stimulus response displays
multiple timescales and correlations at very long times. Dotted lines are values obtained by
measuring data with time bins randomly shuffled and represent the noise floor.

have included estimates using the same method on shuffled data. This shuffling randomly
permutes the time index in a way that is consistent across repeated trials of the same
stimulus, which allows for the shuffled estimate to include the over-fitting contribution due

to “memorizing” frame number while destroying all other correlations in time.

4.5 Predictive information is compressible

The presence of mutual information between points separated by large time intervals 7
reveals that there are features of the neural code that are predictable in principle. However,
is it reasonable to expect that neurons downstream of the retina can do this prediction
task? For example, given some stimulus, how many distinct features of the random variable
X € {0,1}"3 need to be measured to learn all there is to know about the future state Y,
and what are these features? Given the importance of prediction for survival, it would not

make much sense if the outputs of every single neuron had to be known in full fidelity to
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predict what will happen next. For one, we know that the neural code is noisy, with repeated
exposure to the same stimulus giving variable responses. Secondly, we know that the optic
tectum, the next stage downstream of the retina in the visual stream, has fewer neurons
and acts as a bottleneck for the signal. Furthermore, signals which drive motor responses
also converge to a small set of motor neurons, indicating a need for compressibility. Such
considerations also suggest that an important aspect of retinal computation is its ability to
make signals accessible through linear readout downstream Gollisch and Meister [2010]
Here, we directly quantify compressibility of predictive information in the retinal code by
solving for maximally predictive coarse-grained variables. Our method follows Gékmen et al.
[2021] and essentially consists of a variational solution to a type of information bottleneck
(IB) problem. Suppose X € X is the current state of the retinal code and Y is the future,
as in Fig. 4.3A. We seck coarse-graining maps A : X — RX that preserve a maximal
amount of mutual information between Z = A(X) and Y. The critic function f(z,y) which
parameterizes the variational estimate ¢(z, y) of the true joint distribution p(z, y) is optimized

simultaneously. We therefore have

S = argma Iycr (N (X): V)1 (1.4

where K is fixed during optimization. In this work, we restrict our search to linear maps

A and denote the compressed representation Z = A - X. We refer to these coarse-grained
degrees of freedom as “meta-neurons”.

Some generic statements can be made about the behavior of INcg(Z;Y) in solutions to
(4.4), and these provide reasonable guidelines to interpreting the solutions of (4.4). First,
suppose that Incg(Z;Y) has been properly maximized over f is a good estimate of I(Z;Y)
for a given A. Because of the data processing inequality, I(Z;Y) < I(X;Y"), which we refer to
as the total predictive information. When K is increased, I(Z;Y") cannot decrease, and when
K = dim&, the coarse-graining map A becomes invertible, leading to I(Z;Y) = I(X;Y).
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Together, these constraints tell us that I(Z;Y) is a monotonically increasing function of K
which saturates at 1(X;Y). The shape of this dependence beyond these basic requirements
is the object of study here. In particular, to quantify compressibility of the retinal code,
we examine how quickly I(Z;Y") approaches its upper bound as K is increased from the
fully-compressed limit.

Across stimuli, we find that for X representing all neurons in a single time bin and Y
representing all neurons at 7 = At in the future, only about K = 8 meta-neurons are required
to capture all of the available predictive information. This is depicted in Fig 4.3B and 4.3C,
where we additionally show Incr(Z;Y)/Incg(X;Y) for K = 1,2,4, and 8 meta-neurons.
We also perform the same measurements across prediction intervals 7 and find that this result
persists out to 7 of at least 500 ms. Recall that dimX = 93, meaning only about a tenth
of these dimensions actually contain information about future responses at any given time
interval. One should note, however, that since each prediction interval 7 actually represents
a distinctly defined pair (X,Y) of input and relevance variables, these 8 predictive directions
in state space could actually vary with respect to 7.

We directly investigate this dependence of relevant features on prediction interval, as
depicted in Fig 4.3D and 4.3E. First we pick a “training” time interval, say for example
Ttrain = 71 = 83 ms, and solve (4.4), yielding (A1, 01). The coarse-graining map Ay represents
the K linear features of X which maximize the mutual information between Z; = A - X and
Y (11) = Xt4r,. Meanwhile, 01 represents part of an estimate of p(z1,y). With the features
Ay fixed, we then optimize Incg(Z1;Y (7))(6) over 6 for a range of prediction intervals 7.
This gives us an estimate of I(Z1;Y (7)), or the information between meta-neurons trained
to predict at interval 71 and the state at all other intervals 7. In Fig 4.3E, we show the
dependence of INcr(Z;Y (7))/INnce(X;Y (7)) on 7 for two different training intervals, 71 =
83 ms and 7 = 350 ms, and for K = 1,2,4, and 8 meta-neurons.

For both training intervals 71 and 79, the predictive features generalize well, but not
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Figure 4.3: Predictive information in the retinal code is compressible, regardless of pre-
diction interval. However, linear predictive features depend on prediction interval. A.
Schematic of computation. Input domain X is coarse-grained linearly into a compressed, K-
dimensional representation Z = A-X. The optimal coarse-graining A is found by maximizing
the InfoNCE lower bound (4.3). A neural network ansatz for the conditional distribution
q(z|y) is also optimized over simultaneously. B. Fraction of total predictive information
Incr(Z;Y)/INncr(X; Y) for a single time bin prediction interval 7 = At. (Y; = X4+ here).
This is provided for each stimulus at four values of compressed representation dimensionality
K =1,2,4, and 8. C. Fraction of total predictive information Incg(Z;Y)/Incr(X;Y) as
a function of prediction interval 7 for the “opticflow” stimulus. D. Example test of predic-
tive feature generalization. We first find optimal features Ay at prediction interval 71, then
measure Incg(A1(X);Y (7)) for 7 across the whole range of timescales. E. Predictive fea-
ture generalization for compressed dimensionalities K = 1,2,4,8, at two different training
timescales 71 and 79. All values are the fraction of total available predictive information as
estimated by INCE-
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Figure 4.4: Meta-neuron features are spanned by leading modes from dynamic mode decom-
position. A. Schematic depicting compression of time-delay-embedded input variable X. We
take a time delay embedding with 7 time steps, leading to a state X that is a 93 x 7 = 651-
entry binary array. This is transformed linearly into K = 20 meta-neurons Z, by filters
Ag, with a = 1,...,20. That is, Z = A - X. B. Using the same time delay embedding,
we construct an approximate Koopman operator U which is the least-squares solution to
the linear regression problem X; A = UX; + ¢;. B depicts eigenvalues A; of U. Coloring
represents |A;|. Dotted line is unit circle. C. Overlap ¢; of DMD modes v; with subspace
spanned by meta-neuron features.

perfectly, across testing intervals. When the testing interval is equal to the training interval,
we see a peak in predictive information carried by these specialized meta-neurons. While it
appears to be the case that only 8 meta-neurons trained at any timescale successfully encode
a the majority of predictive information at all intervals, the two examples we give reveal
that these compressions are highly sub-optimal. For example, 8 meta-neurons trained to
predict Y'(79) do worse at predicting Y (71) than only 4 meta-neurons trained to predict at
that interval. Together, these results suggest that retinal responses for complex naturalistic
stimuli encode both general and timescale-specific predictive information, and that these

features could be disentangled by downstream neurons solving different prediction problems.

4.6 Meta-neurons carry long-timescale predictive information

We have so far shown that retinal responses to naturalistic stimuli have predictable long-

timescale features, and that these features are compressible by linear coarse-graining. More-
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over, by predicting future outputs at one timescale, neurons downstream of the retina can
also recover information about the future at other timescales, indicating that meta-neurons
encode generalized predictive features. On the other hand, at least in our linear encoding
scheme, this occurs with slightly sub-optimal fidelity and efficiency due to the presence of
interval-specific information. Now we ask, what are these features that the meta-neurons
encode, and can they be interpreted without recourse to the specifics of the stimuli we are
investigating?

Recent work has demonstrated connections between predictive IB and dynamic mode de-
composition (DMD) (Schmitt et al. [2023]). In the latter, one is interested in finding a linear
time evolution operator for some set of observables {fq(z¢)} for a system with underlying
state xy. For a deterministic system, some such set will admit linear dynamics of the form
fo(xey1) = >, Upa falxt), and so the object of study becomes this time evolution operator
U, also known as the Koopman operator. In practice, one rarely knows a priori which set of
observables will satisfy this construction, and the system may be nondeterministic, so some
set { fa} is chosen and an estimate U of the Koopman operator is found by solving the linear
regression problem fy(zy41) = Upgyfa(2t) + €1

Here, inspired by the fact that predictive information in retinal responses can be captured
by linear coarse-graining, we study the data using DMD with a set of observables consisting
only of a time-delay-embedding (TDE) of the neural state. This allows us to examine the
meta-neurons in terms of the collective modes identified by DMD. To this end, we choose
as our observable f (X¢) = X, which consists of all binarized neural responses in the 7 time
bins leading up to time t. Explicitly, X; € {0,1}7%93 since there are 93 neurons. The
least-squares estimate of the Koopman operator in this observable basis is then given by
U=XX1 (XX 1)~ with X = [X1,..., Xp_1] and Xg = [Xa, ..., X7].

The spectrum of U is shown in the complex plane in Fig 4.4B. For reference, the unit

circle |A| = 1 is provided by the dotted grey line. Because U is a time evolution operator, U t

108



represents evolution by a time ¢, and eigenvalues \; with larger modulus therefore contribute
more at larger times. In the spectrum of U, there is a bulk part which is mostly distributed
around a characteristic radius, as well as a set of eigenvalues bunched up past the right edge
of this bulk. These latter eigenvalues correspond to the long-timescale modes of Xy, and
should encode the predictive information, in principle.

How do meta-neuron features compare to the long-timescale modes as discovered by
DMD? Our basic approach is to find optimally predictive features in the time-delay-embedded
state, compare these features to the eigenmodes of the approximate Koopman operator, and
finally connect these features in this TDE state space back to optimal features of individual
time steps, such as those we have discussed so far. As depicted in 4.4A, we solve for a linear
coarse-graining of the TDE state X; € {0, 1}7X93 which optimally predicts the state Y in
the single following time step at a fixed number of K features. To see how this choice of
relevance variable relates to the construction of the DMD problem, note that in DMD we
essentially perform linear regression between the TDE state X; and the same state propa-
gated forward by one time step, X;41. In this propagated state, all but the leading time
step are deterministically given by entries in X¢, and so all of the nontrivial coefficients in
U are couplings from X; to Y.

First, we examine the optimal meta-neuron features in the TDE state in terms of DMD
modes. Let A denote the optimal linear coarse-graining map, represented as a K x 651
matrix, where we take K = 20 (this captures > 95% of predictive information). Because any
invertible transformation of Z leaves the mutual information invariant, all invertible linear
operations A — LA yield equally good coarse-graining performance. What is important,
then, is the rowspace of A and how it relates to the eigenvectors v; of U. Here we study this
by constructing an orthogonal projection operator out of A and looking at the magnitude of

each DMD eigenvector in the subspace it projects to. Explicitly, the projection is given by
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Py = AT(AAT)*lA. Then, for Uvi = \;v; and v;rvi =1,
q; = 'U;rPAUZ' € [0,1].

This overlap quantifies how much of the % DMD mode is spanned by the meta-neuron
features. For example, if a mode has an overlap ¢ = 1, then it can be read out of the
meta-neuron state Z with perfect fidelity, whereas an overlap of zero indicates that the
corresponding mode is totally in the nullspace of A and does not influence Z. In Fig 4.4C,
we depict ¢; by the darkness of a point on the complex plane located at \;, and contours of
the approximate density of \; are given for visual reference. We observe that the greatest
overlap with meta-neuron features occurs in the longest timescale modes. This is consistent
with the findings of (Schmitt et al. [2023|), in which it is shown that in systems with long-
timescale eigenvalues that are well-separated from a bulk essential spectrum, the leading
DMD eigenvalues correspond to the leading features learned by predictive IB. Here, although
this separation is evidently absent, we still see that the IB features learned are spanned by
these leading modes.

Next, we discuss how these meta-neuron features of the time-delay embedded state relate
to those found by coarse-graining from individual time steps (non-TDE). In brief, TDE
features are composed of single-time bin features, in the sense that the latter can be obtained
by looking at entries in the former. More precisely, the optimal features at a given time step
within the TDE state very nearly match the optimal features for the corresponding single-
time step IB problem at the corresponding interval. For example, consider the single-time
step problem with 7 = 3At. If we coarse-grain down to K = 1 meta-neuron, we will
obtain some optimal vector Az € R1*93 representing the corresponding feature. Now let
A =[A1,Ag, ..., A7] € RIX651 be the optimal feature obtained in the IB problem depicted
in 4.4A with K = 1. The crucial connection is that Az &~ azA3 for a some constant. Beyond

T = 3At, we find generally that A; ~ a;A,. For more general K, direct comparison is a bit
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more subtle, as reparameterization invariance in the objective function allows meta-neurons
to mix. Moreover, variations in features only matter to the extent that they change predictive
information. To address this, we built solutions to the time delay embedded IB problem out
of single time step features and confirmed that they nearly maximize Iyop(Z;Y).

The overlap measurements may provide some explanation as to how meta-neurons trained
to predict short time intervals generalize well to prediction at longer timescales. As discussed,
the eigenvalues \; with the largest modulus are those that persist under time evolution, since
A — )\g. Because the meta-neuron features are spanned by these leading modes, a similar
statement in the reverse direction is also true, namely that information about the leading
modes can be read out of the meta-neurons. On the other hand, we know that with our
data and method, different timescales require different features, and so these two pictures of
DMD and predictive IB should not agree exactly here. Indeed, they do not; many of the bulk
DMD modes have some nonzero but small overlap with the meta-neuron features, and when
restricting to smaller K, the first features learned are not always the longest timescale modes.
A number of changes in the analysis might bring about better agreement, for example by
taking even larger time delay embeddings, expanding the set of DMD observables to contain

nonlinearities, and allowing for nonlinearity in the meta-neuron coarse-graining map.

4.7 Predictive information is collectively encoded

From the perspective of a downstream predictor, how important are collective effects in
predicting retinal activity? We address this by examining how predictive information in a
population depends on how many neurons are included in it. If neurons are independent or
inter-neuron correlations are irrelevant to prediction, the total predictability of a population
is simply the sum of individual neuron contributions. On the other hand, if correlations
between neurons exist in a way that can be leveraged by downstream predictors, the total

predictive information in a population will differ from this independent component-wise sum.
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Figure 4.5: The dependence of predictive information on neuron subset suggests that predic-
tive information is collectively encoded. A. Depiction of single neuron contribution test. For
each neuron A we randomly sample 10 groups B of 49 neurons each (A and B are disjoint)
then estimate 1(X 4;Y4), Incr(Xg;YR), and Incr(X;Y), with X = X 4,5. We perform
this test at 7 = At and at 7 = 100 ms. B. Contribution of neuron A to predictability of
a collective A U B, averaged over B, as a function of A self-information. Deviation from
the dashed unity line indicates the presence of collective effects. The red dot is placed at
the average over all points and the difference of its components indicates average prediction
synergy for the division into groups sized 1 and 49 neurons. Collective effects appear to
become much more important for prediction at the longer interval. C. Scaling of predic-
tive information in 20 random groups at each size N for four different prediction intervals.
Each curve is normalized by its largest value to compare shapes. A geometric argument
shows that a concave-up curve implies positive prediction synergy after averaging over group
choices. D. Schematic depiction of hypothesized correlation structure. At short timescales,
prediction synergy is positive for small groups and neutral or redundant in large groups,
suggesting greater autocorrelation content, less widespread cross-correlations, and effective
independence between groups past some scale. Meanwhile, neurons which are highly self-
predictive at long timescales also exhibit strong prediction synergy in random collectives,
which might be explained by a proliferation of strong cross-correlations.
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In our data, we should expect to see something more like this latter case. One reason is that
naturalistic stimuli induce correlations across timescales, and these long-timescale features
are associated with longer length-scales (Salisbury and Palmer [2015]). That is, because we
expect the spatiotemporal correlations present in the stimulus to couple cell responses across
the retina, and because these features carry predictive information in the stimulus, we expect
predictive information to be collectively encoded.

As an initial probe of collective effects, we examine the contributions of individual neurons
to the predictability of random groups. Specifically, we measure the relationship between a
neuron’s information about itself (self-information) and the change in information it provides
to a collective upon its inclusion (information contribution). For each neuron A in the 93
cell population, we compute its self-information directly from an empirical histogram and
sample ten random groups of 49 neurons B (Fig 4.5A). We then use InfoNCE to estimate
I(Xp;YR), the predictive information in these groups without A, as well as I(X,Y), the
predictive information of all neurons in A U B at the given interval. The difference ¢ AlB =
I(X;Y)—I1(Xp;Yp), or the information contribution due to A, represents the actual increase
in total predictability to a downstream predictor upon including A in the collective.

A particularly striking feature of figure 4.5B is the existence of neurons with small or
vanishing self-information relative to significant, nonzero information contribution in ran-
dom collectives. Such neurons are individually useless at the given timescale for down-
stream predictors; their utility only arises when read out within some group. While these
neurons can be found at both prediction intervals shown, their effect on the mean values
((I(Xa;Y4) 4, <6AB>B,A) (large red circles) seems to be larger in the short timescale case.
These neurons may account for the fact for the fact that on the whole, the 93 cell population
has about 1.2 bits of predictive information at 17 ms, or about 13 mbits/neuron even though
an individual neuron has 8 mbits of self-predictive information on average. In other words,

it seems that correlations between weakly-firing, low self-information neurons and their envi-

113



ronments cause the scaling of total predictive information to exceed the independent-neuron
estimate.

Neurons which have more information about their own future tend to contribute more
information to the future of collectives, as indicated by positive linear correlations in figure
4.5B. This is perhaps unsurprising, since if neurons were totally independent, one would
observe perfect correlation with a slope of unity (dashed black line). At a short prediction
interval, we observe a correlation which is close to unity but with a slight positive bias in § A|B
indicating a kind of synergy. This idea will be formalized shortly. While low-self information
neurons contribute synergistically at both timescales shown, the overall synergistic deviation
from unity is much stronger at the prediction timescale of 100 ms. From the downstream
perspective, the utility of a highly active neuron at 17 ms seems to be limited to predicting
its own future, while for prediction at 100 ms, the most self-informative neurons seem to be
much more useful in random collectives. These features suggest a shift towards collective
encoding of predictive information as prediction interval is increased.

In this analysis, the choice of 50-neuron collectives was arbitrary, as was the decision
to look at differences due to single-neuron changes. To extend our reasoning, we introduce
prediction synergy, which generalizes 64 p — 1 (X 4;Y4) to groups A of arbitrary size. This
quantifies the increase (or decrease) in predictive information obtained by a downstream
predictor when pooling inputs from subsets A and B, as compared to considering them
independently. For two disjoint sets A and B of neurons, and with X denoting present

states and Y denoting future states, the prediction synergy is given by
S(A: B) = I(X;Y) = I(X45Y4) — I(Xp: V). (45)

What is the biological or functional interpretation of prediction synergy? Supposing that
a group A has low self-information but high contribution to various collectives A U B, that

group A is only useful to downstream predictors within some greater context. According to
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our data, benefits to predictability seem to be robust to the choice of context. In the single-
neuron case, strong prediction synergy arises at long prediction intervals when we consider
random environments B, which suggests that the benefit of pooling inputs is robust to this
choice. This does not preclude a scenario in which the maximal value maxg S(A : B) far
exceeds (S(A: B))p, and it could be interesting to search for such maximal pairings.

Now we turn our attention to prediction synergy with larger subset sizes at various
prediction intervals. As in the single-neuron case, we are less interested with optimizing
information over the groups of neurons which are selected, and more in understanding how
important collective effects are when predicting random groups at different scales. To probe
this, we make use of a geometric interpretation of prediction synergy, which relates it to the
convexity of predictive information scaling with group size N. Indeed, part of our motivation
with studying prediction synergy as opposed to the standard definition of synergy is that
it can extracted from scaling measurements in this way. Consider first a scenario in which
predictive information scales linearly. When averaged over random groups G of size N, we
can write (I(X;Y))o = NI’ with I’ a constant. To compute prediction synergy, we separate
G into two subsets A and B with N4 and Npg neurons respectively, such that Ny + Ng = N.
Then, averaging over group choices with these constraints we arrive at (S(A : B))G, AB =
NI"— (N4 + Ng)I' = 0. Evidently, linear scaling of predictive information averaged across
random groups leads to a net zero average prediction synergy. By similar reasoning, if
information is concave up from 1 to N neurons, then the average prediction synergy in
groups of up to size N is positive. Concave down scaling indicates prediction redundancy. In
Fig 4.5C, we show information scaling curves up to 93 neurons for four different prediction
intervals. Each curve is normalized by its maximal value in order to facilitate a comparison
of their shapes. A clear trend is revealed in which information scaling becomes more strongly
concave up as prediction interval is increased, and over an increasing range of group sizes.

Hence, prediction synergy, averaged over groups and their subdivisions, becomes relatively
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much stronger at large prediction intervals.

The dependence of prediction synergy on group size and timescale reveals that infor-
mation is collectively encoded, with collective effects becoming more important at large
intervals. At 17 ms, prediction synergy is indeed present, but only for subdivisions with
small groups. So, while Fig 4.5C suggests that there is prediction redundancy between
large groups, correlations between small groups and their environments can explain why the
overall rate of information scaling of 13 mbits/neuron exceeds the independent estimate of
8 mbits/neuron. This is directly quantified in Fig 4.5B and represented as the large red dot,
lying at approximately (8,13) mbits/neuron. On the other hand, the N-scaling curves for
7 = 200 or 400 ms in 4.5C are concave up over a larger range of N, indicating prediction
synergy between larger groups of neurons.

Finally, we propose that this trend towards increasingly collective encoding at longer
timescales is reflected in correlation structure. We depict this idea schematically in 4.5D, with
blue connections representing correlations. To make this description more precise, we will
quantify the contributions of single-neuron and cross-correlations to predictive information
in the following section. Before moving on to these analyses, we briefly discuss the connection
between correlation structure and prediction synergy in a Gaussian toy model.

The model consists of four degrees of freedom: two in the present and two in the future, all
jointly Gaussian. These are divided into two subsystems A and B. We parameterize the dis-
tribution by pairwise correlations and study the prediction synergy in three limiting regimes.
First, complete independence between subsystems leads to zero prediction synergy or redun-
dancy. Second, when system B is a copy of A, one finds complete redundancy. Finally,
synergy is maximized by only keeping cross correlations, in which case self-predictive info
goes to zero, regardless of the total amount of predictive information present. A more com-
plete analysis with the explicit expression for prediction synergy for any correlation structure

are given in Sec. 4.10. While our toy model should not be taken seriously as a description of
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correlations in neural data, we expect that these basic motifs of redundancy, independence,
and cross-correlation should have analogous effects on overall prediction synergy when they

are present.

4.8 How do correlations comprise predictive information?

In the last section, we presented evidence that predictive information in retinal responses
is encoded collectively, in that the downstream prediction task requires taking into account
correlations between neurons. In order to formalize and quantify this, we introduced pre-
diction synergy. At short timescales, small groups of neurons have prediction synergy with
random, large groups, and at longer timescales, average prediction synergy is generically
large regardless of group sizes. Since positive prediction synergy in a toy model can be
associated with strong cross-correlations, we hypothesized (Fig 4.5A) that the correlation
structure responsible for predictability changes depending on timescale. To be precise, at
short timescales, where prediction synergy only occurs in small groups, insight from our toy
model suggests that autocorrelations should be important for prediction, while at longer
timescales, cross-correlations should carry the majority of predictive information.

The retina responds to stimuli in a noisy way due to fluctuations which are inherent to
its machinery. For physiological reasons, these fluctuations can be correlated across cells and
time, leading to what are called “noise-correlations” which appear in addition to stimulus-
induced correlations. To capture the contribution of noise correlations to predictability, we
make use of the trial structure of the dataset (Figs 4.1E and 4.6A). As discussed in Sec
4.3.1, each stimulus was shown to the salamander retina around 80 times (in the case of the
“opticflow” stimulus, 85 times). During each of these repeated trials, the stimulus driving
responses in the retina stays exactly the same, so any variation in the responses comes
from noisy outcomes of the internal dynamics of the retina. If we summarize all stimulus

features and repeatable aspects of internal retinal dynamics by a time index ¢, this variation
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Figure 4.6: Cross-correlations contribute significantly to predictability at short intervals and
dominate at large intervals, while autocorrelations only significantly contribute to predictive
information at short intervals. A. Each stimulus (one of five 20 s naturalistic movies) was
shown to the retina a total of 80-90 times, and this trial structure allows us to probe noise
correlations. To remove noise correlations between neurons we can randomly permute the
trial in a way that is consistent in time, but changes based on cell. We can similarly remove
noise auto-correlations by permuting the trial differently at each time step. Note that both
of these methods only change the trial orderings, not the stimulus. B. Predictive information
from opticflow stimulus at a single time step, with different noise correlations removed. Noise
autocorrelations carry more predictive information than equal-time correlations. Given the
limited number of trials it is not possible to resolve noise cross-correlations. C. Predictive
information as a function of interval, with and without noise correlations. At longer inter-
vals, noise autocorrelations matter less. D. By removing interactions between neurons in the
critic function, we estimate the contributions of cross-correlations at all orders to predictive
information. E. Difference in InfoNCE bound between between fully expressive and inde-
pendent critic functions, at two different prediction intervals. This difference represents the
information discarded by a downstream predictor when it ignores cross correlations at all
orders.
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in response of some collection of neurons under identical, repeated stimulus conditions is
captured by a distribution p(z,y|t), where x represents the present state and y represents
the future. The whole joint distribution describing statistical dependencies between the
present and future, such as we have been analyzing throughout this work, is given by an

ergodic average:

1 T
p(r.y) = 7 >l ylt)
t=1

One direct way we can probe noise correlations is by removing them from the data artificially,
by shuffling. For example, suppose that we denote by o(n, ¢, a) the state of the n' neuron on
the ¢™ time step and in the ath repeat of the stimulus. Then, we could choose for each neuron
a different permutation 7, that randomly permutes trials. If we apply this transformation to
the data, we get a new dataset o’ (n,t,a) = o(n,t,m(a)) which has destroyed part of the noise
correlation structure. Then, by doing the same mutual information measurements which we
have been doing on these “per-cell” shuffled data, we can estimate the deficits in information
due to the absence of these correlations. We also consider “per-time” shuffled trials, which are
similar but assign a different permutation to each time step, i.e. o/(n,t,a) = o(n,t, m(a)).
These two shuffling methods are depicted graphically in Fig 4.6A.

In Fig 4.6B we show the effects of per-cell and per-time trial shuffling on predictive infor-
mation at 7 = 1/60 s. Strikingly, per-cell trial shuffling does not seem to have a significant
impact on predictive information at short timescales. This suggests that noise correlations

between neurons do not contribute, and that neurons are conditionally independent given

the stimulus. That is, the following statement is empirically true:

=

x y|t H xnayn|t

As a result of this conditional independence, any information carried from the present

to future by noise correlations must be comprised of autocorrelations. We measure the
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magnitude of these effects using the per-time shuffling protocol and give our findings in
Fig 4.6C. Out of the roughly 1 total bit of predictive information available at 7 = 1/60 s,
randomly permuting trial index at every time step removes around 0.35 bits. Explicitly,
this measurement tells us 0.35 bits of predictive information are provided by single-neuron
noise correlations across time which are not induced by the stimulus, but rather the noisy
workings of retinal circuitry. The remaining information must be bound up entirely in
stimulus-induced correlations.

For longer prediction intervals, the relative contribution of noise correlations to predic-
tive information begins to fade (Fig 4.6C). This is particularly interesting considering the
long timescales present in predictive information (Fig 4.2), since it tells us that these long
timescales are actually due to correlations induced by the stimulus. Moreover, this may
provide some insight into the phenomenon depicted in Fig 4.3E, wherein the relevant pre-
dictive features depend on prediction interval. Since noise correlations contribute strongly
to predictive information at short intervals, and since these correlations are a single-neuron
effect, their disappearance at longer timescales is consistent with our hypothesis that the
balance of individual to collective correlations shifts towards collective at late times.

To be clear, the fact that neurons are conditionally independent given the stimulus and
their past does not mean that one should think of prediction as being a single-neuron ef-
fect. The importance of collective effects to predictability is confirmed by the presence of
widespread prediction synergy. This conditional independence given stimulus only refers
to noise correlation structure, which is variation in addition to the repeatable, essentially
deterministic aspects of how neurons encode stimuli.

To quantify the contribution of cross-correlations to predictive information, one has to
account for not only pairwise interactions but also all higher-order relationships, and in prin-
ciple at all orders beyond linear. Since doing so explicitly would be prohibitively complicated,

we instead consider the decline in performance of a model in which all such interactions are
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disallowed. This approach leverages the fact that InfoNCE is a lower-bound of the Barber-
Agakov bound; its optimization can be conceptualized as variational inference within a class
of models. As discussed in 4.3.2, our variational estimate for a joint distribution p(z,y)
is represented by a so-called critic function f(z,y). This neural network only represents
interactions between x and y, and does not encode the marginal distributions. So far we
have taken the critic function to be a fully expressive neural network, able to capture any
relevant correlations. Now we consider an independent critic function ansatz, given as a sum
of neural networks which each take input only from the state of a single neuron (z,, for the

present and y, for the future):

N
fina(z,y) = Z fn(@n,yn)
n=1
In the context of the variational estimate ¢(z,y) to the true distribution p(x,y), we have

a1, ynlT, .. TN) =
N

Py YN) H exp(fn(Tn, yn))

Z(r1,...,7N)

n=1

In essence, this ansatz models a population where all equal time correlations and auto-
correlations are preserved (the marginal distributions p(z) and p(y) are empirical, and are
unchanged), but in which each neuron can only directly inform its own future. In other
words, all interactions between different neurons are left out of the model. Our two anzates
are depicted graphically in Fig 4.6D.

In Fig 4.6E, we provide the estimates for Iycg(X;Y) obtained with f;,q at prediction
intervals 7 = At and 7 = 100 ms, with X and Y representing the whole neural population
under opticflow stimulus. For comparison, Incg(X;Y) evaluated using a fully expressive

critic ansatz f is also given. Because the independent model value is not maximal, we
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cannot directly interperet it as an accurate estimate of mutual information between any two
sets of variables, unlike in the case of measurements performed on trial-shuffled data, in
which the actual joint distribution was changed. However, we can still find an information
theoretic interpretation of this quantity. Consider the difference between Incg(X;Y)[f] —
INcE(X;Y)[fina].  After optimizing, we can estimate INcg(X;Y)[f] = I[(X;Y) and for
the independent critic estimate we can approximate INcg(X;Y)[find]l = IBA(X;Y)[findl-

Therefore

INce(X; Y)[f] = Ince(X; Y)[find] = (DxLIp(l2)llq(y]2)]), -

This difference in performance (D) represents the additional information about Y which
can be extracted from X upon accounting for some missing correlations. This can be seen
considering ¢(y|x) through the lens of the maximum entropy method (Jaynes [1957]). Once
trained, the independent critic takes the form of an exponential family which constrains all
autocorrelations at all orders, but has the maximum entropy under this constraint. If cross-
correlations are present in data that are not captured by this independent model, then the
entropy of ¢ can be further reduced by at most (D) by including new terms that reproduce
these correlations. Hence, if a population of downstream predictors has a sub-optimal model
q of the upstream activity, it can reduce its uncertainty about future responses by a quantity
of (D) by taking into account correlations between neurons. At 7 = At, observing cross-
correlations provides about 0.7 bits, or 58% of the available predictive information, while at
7 = 100 ms cross-correlations provide about 0.5 bits, or 84% of the total. This test directly
confirms our hypothesis about the relative importance of collective effects as a function of
prediction interval. In principle, a refinement of this method could examine the contributions
of cross-correlations order-by-order to give a detailed picture of how prediction synergy arises

at various timescales.
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4.9 Discussion

The ubiquitous problem of prediction can be formalized in a general and powerful way using
information theory. Applications of the information bottleneck and related frameworks in
particular have yielded deep insights into the structure of predictive computation and its role
in biology (Palmer et al. [2015], Chalk et al. [2018]|, Wang et al. [2022]). In the early verte-
brate visual processing stream, IB was used to confirm that the retina optimally predicts its
inputs, as it must for the organism to react quickly enough in dangerous situations. Further
work examined the possibility that optimal prediction continues as a motif at successive
layers of visual processing, so that for example neurons receiving projections from RGCs
might optimally encode information about the future states of their inputs (Sederberg et al.
[2018]). However, these investigations have been limited to small sets of neurons, due to the
intractability of computing information quantities involving joint distributions from larger
populations. Here we accessed this many-cell regime by leveraging a variational inference
technique which maximizes a lower bound on mutual information and thereby provides an
estimate. By simultaneously compressing the neural state and searching over the retained
features during variational inference, this method also yields a solution to an IB-like prob-
lem. Using this, we solve for the collective variables in a population of 93 RGCs which are
optimally predictive of future outputs. We find that all predictive information in this pop-
ulation is encoded collectively in a few delocalized linear features. Overall, our results lend
support to the idea that downstream neurons may be able to perform optimal prediction of
retinal outputs at the population level. We moreover shed light on basic properties of the
neural code under complex naturalistic stimulus, further providing a basis for understanding
the downstream prediction computation in realistic scenarios.

In a 93 cell population, even once activity is binarized, the space of possible states is enor-
mous. Fortunately, there are several simple reasons to expect that a good coarse-graining

scheme exists. First, since the neural code is sparse—neurons are much more likely to be
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silent—many states will never occur. Next, neural responses are correlated. These are corre-
lations induced both by stimulus and by physiology, and both allow us to make statements
about what some neurons are likely to do given what some others are doing. Finally, the
code must ultimately be learnable, otherwise the brain could never decode visual signals.
A number of studies have investigated coarse-graining in the retina, and all describe proce-
dures which reduce the state space while preserving relevant features, though the definition
of relevance varies somewhat between them. Our main contribution is to demonstrate a
compression scheme which preserves predictive information in a relatively very large popu-
lation (93 RGCs). This allows us to take large-scale collective effects into account and more
accurately represent the problem presented to downstream neurons. By varying the target
prediction interval, we find that compressibility extends to long timescales (500 ms), and
that there are both generalized and timescale-specific predictive features present. Regard-
less of timescale, these features are delocalized, and capture information which is collectively
encoded.

From the perspective of predictive downstream neurons, is it better to treat signals from
neurons individually or collectively? We find that individual effects contribute most at short
timescales, and collective effects are crucial at all intervals. First, we quantify the prediction
synergy between different subsets of neurons. Single neurons almost always provide more
predictive information to a collective than they have about themselves, and at moderate to
long prediction intervals, we see finite prediction synergy between large subsets. This means
that that the predictive information in two combined subsets is greater the sum of predictive
information in those subsets separately. In order to see further into the future, downstream
neurons therefore need to incorporate inputs from more neurons. Making use of the repeated
stimulus structure of our dataset, we find that equal-time cell-cell noise correlations do
not significantly contribute to predictive information. Moreover, noise autocorrelations are

significant at short timescales, then decrease in importance as interval is increased. We
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also directly evaluate the information contributions of interactions between neurons at all
orders by restricting the variational ansatz for the present-future conditional distribution
to single-neuron effects. The difference in performance between this restricted model and a
fully expressive one reveals that even at the shortest prediction interval, roughly half of the
predictive information received by a downstream neuron comes from correlations between
different RGCs. We conclude that although optimal prediction of retinal outputs at long
timescales can be done with only a few linear features, these features need to be collective.

By variationally solving a predictive information bottleneck problem on data taken from
vertebrate retina, we have demonstrated that downstream prediction of a large population
RGCs is plausible. If applied to data from these downstream neurons, these analyses could
also reveal their performance relative to the optimum. Further work could constrain the
coarse-graining maps and critic ansatz to a family of interpretable, mechanistic models of
retina and downstream neurons and reveal how predictive computation might be enabled
or hindered by physiology, similarly to (Wang et al. [2022]). More generally, given the
ubiquitous importance of prediction as a biological function, we also anticipate that this
method could be useful in finding computationally relevant coarse-graining schemes in other

complex and biological systems.

4.10 Calculation details

4.10.1  InfoNCE implementation details

As discussed in the introduction, most of our mutual information estimates are given by the

InfoNCE lower bound

Y

B B
INCE(X;Y)( < Z f(zj,y;10) —log | B~ Z of (%i:510) >
J=1 i=1 12 p(ei:)
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Where the “critic function” f(x,y|d) takes the form

N, embed

Flaylo) = " ua(z]0)va(yl6) .

a=1

Here, v, and ug are feed forward multilayer perceptron (MLP) neural networks and 6 are
all of the model parameters. Both v and v have 2 hidden layers with 32 neurons, and output
to the embedding dimension of size Ngppeq = 30. Hidden layers have a tanh nonlinearity.
The input dimensions depend on the specific calculation. For example, when coarse-graining
to K = 4 meta-neurons to predict the whole population state in a single future time bin, we
would have u : R* — R3Y and v : R9 — R30,

To train, we used the Adam optimizer with a learning rate of .009, batch sizes of B = 800,
and held out half the data for testing. All reported mutual information estimates are from
the held-out test sets. We explored effects of dropout on weights within these MLPs but
found that early stopping with no dropout was the most effective regularization. We chose
to stop training after each data point in the test set had been used by the optimizer 16 times.
In both testing and training, the first 20 frames (1/3 of a second) from each response set were
removed as these contain transients from stimulus switching. For testing, we constructed 500
batches of size B = 500. Typically, this whole train/test procedure would be done on the
order of 10’s of times, producing means across batches, training initializations, and random
train/test designations. Uncertainty for mutual information estimates incorporated variance

both due to different initializations as well as variance across batches.

4.10.2  Prediction synergy toy model

To understand how correlation structure may affect prediction synergy, we briefly consider
a Gaussian toy model. Two sub-systems A and B have “present” states © = (x4,xp), and
future states (y4,yp). Because all variables are all jointly Gaussian, we can specify all

parameters by choosing first- and second-order correlation functions. We choose all means
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to be zero, that is for « = A, B, (zq) = 0 = (ya). Next, we fix the scale of fluctuations
so that all <x(2)é> = <yg> = 1. With only pairwise correlations between degrees of freedom
left, we choose three parameters, a, b, and ¢, representing autocorrelations, equal-time A-B
correlations, and across-time A-B correlations, or cross-correlations, respectively. Note that
the only choices of (a, b, c) which are valid are those such that all correlation matrices are

positive definite. The expression for prediction synergy in this toy model is

o (1 —a?)?(1 - b?)?
S(A: B) =log (140)2 — (a+¢)2)((1 —b)2 — (a—c)?)

(4.6)

As a point of reference, note that the predictive information of either subsystem is given
by
I(Xa;Ya) = I(Xp; V) = —log(1 — a?)

Where for ([z4,y4]7 [£4,y4]) to be positive definite we must have a? < 1.

Several limits of 4.6 are especially illuminating. The easiest limit is that of independence
between the subsystems, in which b — 0 and ¢ — 0. While this can be seen to yield S(A :
B) = 0 from the expression above, the deeper reason is that when A and B are statistically
independent we must have I(X;Y) = I(X4;Y4) +I(Xp;Yp), and hence S(A: B) = 0.

Next, consider a model where B is a direct copy of A. Since x4 has the same relationship
with y4 as it does with ypg, we must have a = c. Further, x 4 must relate to zpg in the same
way it relates to itself, so we take b = 1 — e. In the limit e — 0, this yields S(A : B) =
log(1—a?) = —I1(X 4;Yy4). That is, the prediction synergy is negative, indicating redundancy.
Moreover, the extent of this redundancy is given by the total predictive information of a
single subsystem, in agreement with our interpretation of this this model as consisting of
two redundant copies.

As a final limit, we consider the removal of all correlations except cross-correlations. In

this case, a = 0 implies that I(x 4;y4) = 0, meaning each subsystem observed alone has no
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information about its future. Taking b — 0 as well, we find that S(A : B) = —2log(1 — ¢?).
From the definition of S, we also see that S(A : B) = I(X;Y). In this limit, all predictive
information is encoded collectively, in that observation of both subsystems is required to
extract it. It is interesting to note that the expression —2log(1 — ¢?) is the same as in the
case of independent systems except under the replacement ¢ — a. The basic reason for this
is that this limit also describes two independent subsystems, but x 4 should be grouped with

yp and xp with y4, meaning our choice of subsystems does not capture this independence.
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CHAPTER 5
PRECISION MEASUREMENT OF TRIBOCHARGING IN
ACOUSTICALLY LEVITATED SUB-MILLIMETER GRAINS

AGK, Melody X. Lim, Heinrich M. Jaeger

Department of Physics and James Franck Institute, The University of Chicago,
929 E 57th St., Chicago, Illinois 60637, USA

5.1 Abstract

Contact electrification of dielectric grains forms the basis for a myriad of physical phenom-
ena. However, even the basic aspects of collisional charging between grains are still unclear.
Here we develop a new experimental method, based on acoustic levitation, which allows us
to controllably and repeatedly collide two sub-millimeter grains and measure the evolution
of their electric charges. This is therefore the first tribocharging experiment to provide com-
plete electric isolation for the grain-grain system from its surroundings. We use this method
to measure collisional charging rates between pairs of grains for three different material com-
binations: polyethylene-polyethylene, polystyrene-polystyrene, and polystyrene-sulfonated
polystyrene. The ability to directly and noninvasively collide particles of different con-
stituent materials, chemical functionality, size, and shape opens the door to detailed studies

of collisional charging in granular materials.

5.2 Introduction

In industry, electrostatic charging underpins manufacturing techniques such as powder coat-

ing (Bailey [1998]), but can cause catastrophic explosions in the handling of fine powdered
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materials (Abbasi and Abbasi [2007]). The buildup of charge due to repeated collisions be-
tween small particles is thought to be responsible for lightning in volcanic ash clouds (Brook
et al. [1974]), the electrification of grains in sand storms (Stow [1969]), and potentially also
the very early stages of the formation of planetesimals from interstellar dust (Blum and
Wurm [2008], Jungmann et al. [2018]). Several controlling parameters for particle charging
have been measured, notably the effects of particle size (Forward et al. [2009], Waitukaitis
et al. [2014]), atmospheric conditions and external electric fields (Zhang et al. [2015], Péhtz
et al. [2010]), surface hydrophobicity (Lee et al. [2018]), frequency of contact (Shinbrot et al.
[2018]), and kinetic energy prior to impact (Poppe et al. [2000]). However, the underlying
mechanism for charge exchange remains an area of debate, particularly between insulators,
which have very low charge mobility.

Several candidates for the charge carrying species have been suggested, including elec-
trons in trapped surface states (Lowell and Truscott [1986], Liu and Bard [2008|, Lacks
and Levandovsky [2007]), ions in atomically thin water layers (McCarty and Whitesides
[2008], Lee et al. [2018], Harris et al. [2019]), and mechanoradicals produced during con-
tact (Baytekin et al. [2011, 2012]). Elucidating the fundamental mechanism of collisional
charging between grains thus calls for systematic, quantitative experiments. The most com-
mon experimental approach utilizes drop tests (Mehrotra et al. [2007]|, Lee et al. [2015],
Waitukaitis et al. [2014], Jungmann et al. [2018]), wherein a collection of grains is filmed and
studied through the course of a free-fall, or in Faraday cup experiments (LaMarche et al.
[2009], Sowinski et al. [2009]) in which only net charges of collections of particles can be
measured. These experiments typically involve a large number of particles, which results
in both particle-wall and particle-particle collisions, hindering access to the basic physics of
a single collision. Recent experimental techniques have made precise measurements of the
impact charging of a single submillimeter particle with a fixed substrate (Watanabe et al.

[2006], Xie et al. [2016], Lee et al. [2018], Haeberle et al. [2018]). There remains, however, a
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need to track the evolution of the charging process over repeated, highly controlled collisions
between a pair of grains.

Here, we introduce such a method by combining high-speed videography and acoustic lev-
itation, allowing for the contact-free manipulation of a wide variety of constituent materials,
particle sizes, and shapes (Lee et al. [2018], Lim et al. [2019b,a]). We dynamically control
the location of stable levitation positions within the acoustic field, generating controlled
collisions between a pair of particles. The charges on the particles can then be measured
entirely non-invasively using the acoustic field, isolating the issues of granular charging to the
repeated collisions between the particles. Our experimental protocol takes an important step
towards capturing the dependence of charging on size, shape, material, spin, and collisional
energy.

Preliminary data demonstrates the utility of this approach with respect to tribocharging
between a pair of grains of the same material. We show that pairs of polyethylene grains do
not exchange significant charge over approximately one hundred collisions. In contrast, pairs
of polystyrene particles exchange charge at a relatively constant rate of ~ 20 000 e/collision
(in units of the elementary charge e = 1.6 x 10-19 C). Sulfonating the surface of one of the
polystyrene particles increased this charging rate by a factor of 10.

Our results also suggest a general method to manipulate the location and number of
potential minima in an acoustic trap. Previous designs for the transport of materials using
acoustic levitation utilise highly structured acoustic interference patterns, through either
highly coordinated inputs to a series of independently driven transducers (Foresti et al.
[2013], Courtney et al. [2014], Marzo et al. [2015], Baresch et al. [2016], Marzo et al. [2018]),
or geometric patterns on the reflector and transducer surfaces (Melde et al. [2016], Wang et al.
[2016]). In contrast, our method requires only one transducer, with a single electrical drive,
and the actuated motion of a boundary, to produce acoustic traps that can be reconfigured

in real time.
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5.3 Experimental Setup

The basic idea for the experiment is to actuate collisions between a pair of particles using
ultrasound, separate them to their original positions, and then to extract the charge of the
particles from their resonant oscillatory motion inside the trap. Thus the measurement
sequence typically involves the following steps: 1) separately levitating two particles in the
acoustic trap, 2) measuring their charge by applying an oscillating electric field, and 3)
colliding the particles such that they return to their initial positions in the acoustic trap.
After each collision, or after a series of such collisions, we measure the charge on each particle
by repeating step (2). This sequence of events is repeated under computer control, allowing

us to precisely track the charge transferred during the collision between a pair of grains.

5.3.1 QOverview

Figure 5.1(a) displays a schematic of the experimental setup. A function generator (Agilent
3322a) and high-voltage amplifier (AA Labs A-301HS, gain 20) drive an ultrasound trans-
ducer at 41kHz in air (speed of sound ¢ = 343 m/s, wavelength A ~ 8 mm) via piezoelectric
disks (peak-to-peak voltage 360 V). An aluminum plate, spaced a distance h beneath the
transducer, acts as a reflector. Adjusting the spacing between the reflector and the base
of the transducer to half the sound wavelength (A/2) produces a standing wave with a sin-
gle pressure node at A/4, in which particles can be levitated. We confine the particles to
a one-dimensional track along the diameter of the transducer by machining a small chan-
nel (I x w x d =3.15x50x0.31 mm?) in the reflector, and adjusting the distance between
transducer and the top of the channel to match the resonance condition.

A scale drawing of a cross-section of the aluminum transducer is shown in Fig. 5.1(c).
Four piezoelectric disks are bolted between an aluminum cap and transducer. Electrodes of
alternating voltage are placed between the piezoelectric disks, such that both the cap and

transducer base are grounded. These piezoelectric disks drive the base of the transducer. We
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Figure 5.1: The experimental setup. (a) Schematic of the experiment from the perspective
captured by the high-speed camera (front). A pair of submillimeter particles (black circles)
are levitated halfway between a grounded aluminum transducer and an aluminum reflector.
The reflector is mounted on a lab jack (Thorlabs), allowing precision control over the distance
between transducer and reflector. Additionally, the reflector is connected to an AC voltage
source, providing a vertical electric field across the gap between transducer and reflector. The
particles are separated due to acoustic scattering from the acrylic “hand” (blue rectangle)
between them, and are backlit and filmed from the front using a high-speed camera. The
entire setup is enclosed in an acrylic chamber. (b) Schematic of the experiment from the
side, showing the subsystems that control charge measurement (left) and particle collisions
(right, red box). (c) Scale-drawing of a cross-section of the (circularly symmetric) transducer.
The transducer consists of four piezoelectric disks, bolted between an aluminum cap and the
transducer base. (d) Circuit diagram of the control system for the hand (and by extension,
the collisions). An Arduino Uno drives a linear actuator by applying a +5 V potential
difference between two outputs, labelled V| and V5. Position feedback from the actuator is
then fed back into the Arduino (input V3), allowing for full control over the position of the

hand.
133



designed the transducer shape using finite element analysis (COMSOL) to amplify the signal
from the disks and produce a spatially uniform signal, resulting in a high-amplitude, roughly
plane-wave ultrasound signal. The entire assembly has a resonant frequency of approximately
41 kHz. The transducer and reflector are enclosed in an acrylic box with side-walls far from
the levitation area (20" x10"x18") in order to mitigate the effect of side-wind perturbations.

We measure the net charge on the levitated particles by applying an AC frequency-swept
electric field between the aluminum reflector and (grounded) transducer. This vertical elec-
tric field is controlled by a second function generator (BK 4052) and high-voltage amplifier
(AA Labs A-301HS, gain 20, shown schematically on the left side of Fig. 5.1(b)), producing
a total peak-to-peak voltage of 360 V across the gap between transducer and reflector. At
the same time, we connect an LED in parallel with the (unamplified) output of the function
generator. This LED produces a visible signal on the surface of the ultrasound transducer
when the electric field is positive, allowing for direct visual access to the phase and frequency
of the electric field throughout the experiment.

In order to actuate collisions between particles in the acoustic trap, we move additional
scattering surfaces within the acoustic field, thus dynamically changing the stable levitation
locations within the trap. Specifically, we insert and withdraw a long, thin piece of acrylic
(cross section 1.7x7.6 mm?, length 75 mm, shown in blue in Fig. 5.1(a) and (b)) from the
acoustic trap. When the acrylic “hand” is inside the trap, a pair of particles can be levitated
on either side of the hand. In contrast, when the hand is removed, the particles each
accelerate towards the centre of the trap, collide, and subsequently bounce. Reinserting the
hand then separates the particles. This hand is attached to a linear actuator (Actuonix P16),
which is in turn controlled by an Arduino Uno with a position feedback circuit (Figs. 5.1(b)
and (d)). The Arduino provides a positive (negative) 5 V difference on two pulse-width-
modulated outputs to extend (withdraw) the hand from the trap. This signal is subsequently

amplified and low-pass filtered, producing a +12 V analog signal that drives the linear
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Figure 5.2: Actuating binary collisions using the acoustic field. (a) Time-series of front-
lit stills from the experiment, showing a collision between a pair of polyethylene particles
(white). The grey rectangle in the center is the hand. (b) Gor’kov potential (scaled by the
maximum acoustic potential, and offset such that the minimum acoustic potential corre-
sponds to zero) experienced by a particle as a function of position along channel (blue line in
inset). With the hand in, (green curve) two confining wells hold the particles separate, while
removal causes these minima to coalesce in the center (red curve). (c) Isosurface contours
of the normalized Gor’kov potential for the two configurations: hand in (top) and hand out
(bottom). The normalization for all data in (b) and (c) is the same. Subfigures (b) and (c)
were generated using finite element simulations (COMSOL).

actuator. Position feedback from the actuator is then fed back to the Arduino, allowing for
full control of the extension of the hand.

The entire experiment (charge measurements, collisions, and data recording) is automated
using Python, which actuates a collision by signaling the Arduino to extend and then retract
the hand from the cavity. The timing of this process depends on the density of the levitated
grains, since denser grains accelerate more slowly. For the particles used here (polyethylene
and polystyrene), the actuator was set to retract 10 mm at 32.5 mm/s, then rapidly extend
to its initial position at the same rate. Throughout the experiment, a high-speed camera
(Phantom v12), also controlled using Python, records the motion of the particles (500 frames

per second (fps) for the charge measurement, and 2000 fps for the collisions).
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5.3.2 Controlled collisions

Figure 5.2(a) shows a time-series of stills from the experiment, revealing the dynamics of a
particle-particle collision. At the beginning of the collision, a pair of particles (white) levitate
in the acoustic trap. The hand (centre gray rectangle) is retracted, causing the particles to
accelerate towards the centre of the acoustic trap. They then collide and rebound. At the
same time, the hand is reinserted into the trap, forcing the particles to return to their original
positions on either side of the hand.

In order to explain this result quantitatively, we consider the forces on the particles due to
the presence and absence of the hand. Particles in the acoustic trap levitate and experience
forces due to acoustic scattering. In the limit of particle radius R much smaller than the
levitation wavelength (R < \), this acoustic force is conservative, and can be expressed
as the gradient of an acoustic potential. The shape of this potential is determined by the
resonance of the cavity, which in turn depends on the geometry of the cavity and the location
of scattering objects within it.

Quantitatively, the acoustic potential can be calculated via a perturbation expansion of
the acoustic fields due to scattering (Gorkov [1962|, Bruus [2012]), such that the acoustic
potential U;,q on a scatterer with radius R, speed of sound ¢y, and material density p, in

an inviscid fluid with speed of sound ¢y and density pq is

47 1 3
U=~ R |fi5607) — Ly (0%)] (5.1)

where angled brackets denote time averages of the pressure p and velocity v. The scattering
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coefficients f1 and fo are given by

c%pp
fi=1-—5—
CoPo
fy = 2(pp/po — 1)
2pp/po + 1

The pressure and velocity fields can thus be calculated within any trap geometry using
finite element simulations, and then substituted into Eq. 5.1 to predict the acoustic potential.
We calculate the acoustic potential for our specific experimental trap geometry, with and
without the hand, using COMSOL. In these three-dimensional simulations, we reproduce the
experimental conditions (in the frequency domain) by driving the upper boundary with a
normal displacement of 1 pm, then establishing perfectly reflecting boundary conditions on a
parallel surface. This choice of normal displacement is experimentally reasonable (Andrade
et al. [2010]), but has no effect on the Gor’kov potential “shape" since it factors linearly
into the acoustic fields. We include the presence of a channel in the reflecting surface,
with dimensions matching the experimental conditions (3.15x50x0.31 mm?). The distance
between the upper boundary and the reflector surface is set to A\/2. At the non-reflecting,
lateral boundaries we impose plane wave radiation conditions. We simulate the hand with
a perfectly scattering rectangular block, located halfway along the channel (see inset of
Fig. 5.2(b) for a diagram).

Figure 5.2(b) illustrates the effect of the hand on the structure of the acoustic field.
Plotting the acoustic potential as a function of the lateral position along the channel (blue
line in inset of Fig. 5.2(b)) reveals that, when the hand is in the trap, the acoustic potential
develops two distinct minima: a pair of particles can be levitated on either side. Alternatively,
when the hand is removed from the trap, the two potential minima coalesce into a single
minimum, located at the center of the trap. This change in the geometry of the acoustic

potential forces particles to accelerate towards the center of the trap and collide.
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The shape of the acoustic potential in three dimensions confirms that particles can be
stably levitated throughout the process of withdrawing and inserting the hand. Fig. 5.2(c)
plots the isosurfaces of normalised acoustic potential U with (top) and without (bottom) the
hand. In both cases, the acoustic potential wells are localized within the channel, and retain
strong gradients in the vertical direction. Importantly, the acoustic potential wells are also
well localized in the horizontal direction, ensuring that the particles remain stably trapped
throughout the duration of the collision process.

On occasion, the particles fail to separate properly after collision, due to acoustic or
Coulombic interactions, destroying electric isolation. For instance, the particles may stick
together in the center or rebound with insufficient kinetic energy, and are then pushed off the
track by the hand. In this case, the control program fails to verify the presence of a particle
in each minimum after a collision, and immediately ends the experiment. Alternatively, it
is possible for one or both of the particles to contact a boundary, such as the bottom plate,
then return to its minimum. While this destroys electrical isolation, it is not flagged by the
collision verification system. For this reason, videos taken of each collision were manually
checked for any such invalidating events.

We note that our method may fail for grains that are either too small or too large. In
both cases, our expression for the acoustophoretic potential breaks down. In the small grain
limit, particle size approaches the viscous boundary layer thickness ¢, and the acoustophoretic
force changes significantly (Settnes and Bruus [2012]). In our experiment, § ~ 10um. We

1/ 2 50 driving a transducer with a higher frequency would push this

further note that 6 oc w™
boundary layer thickness lower and potentially allow for smaller particles. As the particle
size increases, it approaches the acoustic radiation wavelength A ~ 8 mm. In this case, the
Gor’kov expression overestimates the potential experienced by the particle. This weakening

begins to be noticeable at a radius of around 0.1\ =~ 800 um. If one were to increase the

transducer driving frequency in order to allow for smaller particles, this upper limit would
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also decrease, though at a faster rate of w™1.

5.3.3 Charge measurement

In order to measure the charge, we apply a frequency-swept AC electric field E (t) (sweep
rate 0.5 Hz/s) across the gap between the transducer and reflector. This electric field oscil-
lates each particle simultaneously. At the same time, the particles are subject to a vertical
confining force due to the acoustic field (illustrated in Fig. 5.2(c)). The trajectory of each
particle is thus a function of both its charge and the amplitude of the acoustic field.

We ensure that the range of frequencies for the AC electric field includes the particle
resonant frequency in the trap by manually setting the frequency limits for the first collision.
During each subsequent collision, a Python script analyzes the oscillations of the particles
during the previous charge measurement, and extracts the resonant frequency of the particles
in the acoustic trap. The frequency range for the subsequent charge measurement is then
adjusted such that the resonant frequency of a particle occurs two-thirds of the way through
the frequency sweep. For the data shown in Fig. 5.5(a) (a pair of polyethylene grains), the
size of the window was 15 Hz; for the data shown in Fig. 5.5(b) and (c), the size of the
window was 20 Hz.

A back-lit still from the experiment during a charge measurement is shown in Fig. 5.3(a).
From the data, we extract the trajectories of the two particles (Fig. 5.3(b)). We also measure
the intensity of the LED connected to the electric field signal generator (Fig. 5.3(c), data
in blue). When E(t) is positive, the LED shines with an intensity proportional to the
amplitude of the electric field. Fitting this signal to the form of the applied frequency sweep
(see Appendix B for details) thus allows for the instantaneous measurement of the phase and
amplitude of E(t) during the motion of the particles.

In order to determine the charge on the particle from its trajectory in the acoustic field,

we start from the equation of motion for the vertical motion of the particle, with mass m
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Figure 5.3: Measuring charges on individual particles using high-speed videography. (a) A
still from the experiment, showing the (backlit) image captured by the high-speed camera
during a charge measurement. A pair of particles (polystyrene, D =0.63 mm) are levitated
on either side of the hand (outlined in gray box). The transducer is visible on the top of
the image, with the light from the field polarity LED visible in the centre (bright patch).
The dotted boxes indicate the separate parts of the image which are later analyzed: the
trajectory of the two particles on either side (red boxes), and the intensity of the LED in
the central box (blue dotted line). A bright LED corresponds to a positive (upward) electric
field. (b) Experimental data for a section of the vertical particle displacement as a function of
time, y(t), for a levitated particle in a frequency-swept AC electric field. y(t) here is measured
from the median position of the particle, corresponding to its stable levitation position. (c)
Experimental data for the brightness of the LED as seen on the surface of the transducer
(blue line), normalised by its maximum brightness. The LED is connected in parallel with
the electric field produced by the function generator, such that its brightness corresponds
to the vertical component of the AC-swept electric field. The brightness of the LED is then
fit to a frequency-swept sine wave (black line), recovering the phase and frequency of the
electric field during the motion of the particles.
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and charge g:
mij = —mg — Fy+ Fay + qEg sin (wp(t)t) . (5.2)

Here myg is the force due to gravity, Fyy the air drag Fyy the acoustic force in the vertical
direction, and Ey and wg(t) are the amplitude and frequency of the applied frequency-swept
electric field.

To derive Fgy in Eq. 5.1, we consider the acoustic velocity potential for a standing wave

in the y-direction, with the reflector plate set to y = 0:

o(y,t) = —U—ko cos ky sinwt , (5.3)

where vg is the maximum acoustic velocity, k = 27/ is the wavenumber, and w = kc is the

angular frequency of the sound. The acoustic pressure and velocity in the y-direction are

thus
0
p= —pa—(f = pcug cos ky cos wt (5.4)
and
0
v = a—z = v sin ky sin wt. (5.5)

Substituting Egs. 5.4 and 5.5 into Eq. 5.1, then taking the derivative, yields an expression

for Fgy:
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)
Foy = gmvgk: sin 2ky . (5.6)

COMSOL simulations confirm that this expression for Fyy is accurate even in the pres-
ence of the hand and channel. We note that the nonlinearity of this restoring potential is
nontrivial, and that the amplitude response of a particle driven near its trap resonance yields
rich properties (Fushimi et al. [2018]).

We model the force due to air resistance with the form

Fy =2mpBoy + 2mpB1lyly, (5.7)

where the coefficients [y and 1 are fitting parameters to be derived from the measured
particle trajectory. In total, there are four fitting parameters to be derived from the par-
ticle trajectory: the particle charge ¢, the acoustic amplitude a = %vgk, and the air drag
coefficients [y and f7.

The full equation of motion for the charged, acoustically levitated particle in a frequency-

swept AC electric field is then

E
= —g + asin2ky — 2605 — 261]yl + L sinwp (1)t (5.8)

Given the trajectory y(t), its derivatives y and ¢, and the instantaneous phase and amplitude
of the electric field, Eq. 5.8 is linear in the four unknown constants a, Sy, 51, and q. We thus
measure the charge by performing a linear regression on the complete trajectory data from

the experiment, and extracting the four unknown parameters from the coefficients of the fit.
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5.4 Charge fitting procedure

Our basic strategy is to treat the acceleration terms on the right hand side (RHS)—those that
are functions of position, velocity, and time-as independent variables, and treat the total
acceleration as the dependent variable. To see how this can be solved with regression, we
begin by re-writing Eq. (5.8) in vector representation. We write the set of unknown physical
parameters in the form 6 = (a, Bo, B1, q)T. For a given estimate of 5, the equation of motion

can be written at each time point ¢; as
Zj Zy(tj) +g :X(tj) O—f—A(tj)E(t]) (59)

where

—

X(t;) -0 =aXi(t;) + BoXa(t;) + PrXs(t;) + aXu(t;).

Here we have moved the acceleration due to gravity g to the left hand side (LHS) because
it is known a priori. Additionally, because g is time independent, we must include a time
dependent error €(t;). According to this construction, each X;(t;) is one term on the RHS
of Eq. (5.8) corresponding to its coupling #;. For example, X corresponds to 1 = a,
so X1(t;) = sin2ky(t;). By including the error scaling in a diagonal matrix Q;; = 1/A(t;),

we can rewrite Eq. (5.9) for all ¢; simultaneously as
Z=XxTog+q e (5.10)

The error scaling €) corrects for the fact that the error variance in the un-scaled case is
proportional to the squared amplitude of the trajectory A(zfj)2 (heteroscedasticity). As a
result, we statistically weight the data to increase the significance of those data where the

oscillation amplitude is small (lower noise)(Fox [1997]). The best linear unbiased estimate
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for § can then be found by minimizing €2, the sum of squared residuals, or equivalently by

enforcing X2 = 0. This yields
0= (xXPxT1x0?7. (5.11)

A successful measurement of § hinges on a maximally accurate measurement of all ele-
ments of X and Z. We outline three corrections to common issues with the data here. First,
the acoustic acceleration term of Eq. (5.8) depends sensitively on the absolute height of the
particle above the reflector, which cannot be straightforwardly extracted from the video. In
order to correct for this unknown offset to the trajectory data, we perform linear regression
as in Eq. (5.11), but where the position data is shifted by some amount ¢, for some small
range of ¢. We then take the ¢ that minimizes the residuals of the regression to be an
estimate for the true height offset. For a full discussion of the technical details, including
the range over which ¢ was varied, see Appendix A.

Second, measuring the acceleration of the particle due to the electric field depends on
an exact measurement of the instantaneous electric field. Since the charge ¢ is only coupled
to the trajectory through the electric field, any measurement error in the electric field leads
to a loss of precision in the charge measurement. In the current experiment, there is some
error due to a lack of synchronization between the camera and the function generator. We
account for this error by fitting the signal from the LED to the input signal from the function
generator, with a phase delay ¢ and apparent timescale tg (details in Appendix B). This
allows us to circumvent the lack of synchronisation between the camera clock and the function
generator clock, thus measuring the true instantaneous electric field. Future experiments
could avoid this issue by synchronizing the two clocks, or by synchronizing an oscilloscope
with the camera clock and directly measuring the driving voltage.

Third, measuring the damping terms and the LHS of Eq. (5.8) requires taking derivatives

of the position data. The trajectory of each particle is approximately harmonic, with a similar
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Figure 5.4: Demonstration of equation of motion fitting using Eq. (5.11). (a) Measured
acceleration data (gray line) are compared to the best fit equation of motion (black points).
(b) Amplitude of the contribution of each term on the right hand side of Eq. (5.8) to the total
acceleration (black line) as a function of time. We plot the acoustic acceleration (blue, aq),
electric field acceleration (red, «y), linear velocity-dependent damping (orange, as), and

nonlinear damping (green, ag). The amplitudes of the signals were extracted using a Hilbert
transform.

frequency to the frame rate of the camera (the camera frame rate is less than a factor of 10
greater), such that finite difference estimates for the velocity and acceleration underestimate
the true values. We correct for this by re-scaling the estimated velocity and acceleration (see
Appendix C for details). Filming at a higher frame-rate would reduce the effect of this error.

Figure 5.4(a) compares the (corrected) experimental acceleration data, Z (gray lines),
with the best fit to the model (Eq. (5.11)), xTg (black points). We find generally good
agreement over the entire time-series, with the largest errors appearing for large positive

accelerations (near t = 20 in Fig. 5.4(a)). This excess error appears in general for high-
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amplitude trajectories, suggesting that the forces on the particle near the channel are stronger
than predicted by our ansatz, Eq. (5.6).

In order to ascertain the impact of this excess error, we plot the contributions of the four
fitted forces to the totally acceleration data (Fig. 5.4(b)). Throughout the trajectory, the
acoustic force (aq, plotted as a blue line) contributes most significantly to the final result:
the acoustic force is measured with the highest certainty for all parts of the reconstructed tra-
jectory. The damping forces (ao, plotted in orange, and a3, green) contribute most strongly
when the amplitude of oscillation is large. In contrast, the acceleration due to the electric
field (ay, plotted in red) is constant throughout the sweep, and can therefore be measured
most accurately in the low amplitude parts of the trajectory, when the contributions from
the other forces are proportionally smaller. The deviation of the fitted trajectory from the
data at high amplitudes thus has only a relatively small effect on the measured charge. The
effect of this excess error on the charge measurement is further reduced by the heteroscedas-
tic weighting of the data points, which statistically favors points with small acceleration

amplitude.

5.5 Example data

As a demonstration of the generality of the charge measurement procedure, we collided
several types of particle. We began with commercially available polyethylene particles (Co-
spheric, material density 1 000 kg m 3, diameter 710-850 pum), and polystyrene particles
(Norstone, material density 1 050 kg m™3, diameter 620-780 pm). In addition to the bare
particles, we also sulfonated the polystyrene particles following the procedure described in
Ref. (Coughlin et al. [2013]): 4g polystyrene was added to a vessel with 40 mL pure sulfuric
acid. This mixture was stirred at 60 °C for one hour, then removed from heat and rinsed
thoroughly with DI water.

Charging time-series for three types of particle-particle collision are shown in Fig. 5.5. In
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Figure 5.5: Three examples of charging data obtained using our method, with error estimates
for charges and charging rate given at 1 standard deviation, as calculated from Eq. (5.13). (a)
Data from 76 collisions between two polyethylene (PE) grains, showing no significant charg-
ing within experimental uncertainty. (b) Data from 120 collisions between two polystyrene
(PS) grains. (3) Data from 30 collisions between two different grains, one polystyrene and
one sulfonated polystyrene (SPS).

order to estimate the error associated with the charge fitting, we consider the uncertainty in
the charge for a single charge measurement (measuring and fitting the response of a particle
to a single AC frequency sweep). From standard weighted least squares regression, the

uncertainty >y in the fitting parameters g is given by

2
Y IPE S (XQQXT)_ljev— . (5.12)
t

This expression includes the uncertainty in the conversion from the measured size of an
object to its actual size (pixel scale error X, see Appendix D for more details), as well
as the measurement error in the trajectory itself (e, with total number of data points Ny),
propagated through the regression. On the basis of this expression, the uncertainty in the
measured charge for a single data point is thus the square root of the matrix element of 3y

associated with ¢:

0q = \/(¥9)44 - (5.13)
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Equation 5.13 provides the error on an individual charge measurement after a collision.
These errors are plotted as vertical lines around each point in Fig. 5.5. From the charge
time-series, we can also extract the rate of charge transfer between a pair of grains, dg/dN.
In general, we find that each particle charges by a constant amount with each collision. We
thus fit the charging time-series to a line using linear regression (plotted as solid lines in
Fig. 5.5), such that the slope of the line gives dq/dN. The standard error of the fit, which
combines the scatter in the data with the error on the individual data points, is plotted as
a gray shaded area. See Appendix A for a detailed derivation of the standard error of the
charging rate.

Within the error of the data, we find that polyethylene particles do not exchange sig-
nificant charge over the scale of 76 collisions (Fig. 5.5(a)), with measured charging rate dqg/dN
smaller than 3000 e/collision. In contrast, colliding a pair of polystyrene particles (Fig. 5.5(b))
produces a charging rate of dg/dN ~ 20 000 e/collision. This charging rate is highly con-
sistent: even when the particles were allowed to collide several times in between charge
measurements, the charge time-series follows the same linear trend. Sulfonating one of the
polystyrene particles (Fig. 5.5(c)) enhanced the rate at which particles exchanged charge by
a factor of almost 10, with measured charging rate of dg/dN ~ 200000¢/collision, suggesting
a link between surface chemistry and the propensity to exchange charge.

In our current setup, each data set took several hours to collect. For instance, the data
shown in fig 5a depict 76 collisions, over the course of 3 hours. The time taken to collect the
data can be divided into the time taken for the actual collisions (a few seconds), frequency
sweeping the AC electric field to measure the charges (30-40 seconds), and saving the high-
speed video data (90 seconds). This timing is highly dependent on the specific experimental
configuration — for instance, decreasing the sweep rate for the electric field would also increase
measurement precision, with a corresponding increase in run-time.

Throughout each collision-series, the total charge of the particles is conserved within
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experimental error, in line with previous findings (Lee et al. [2018|) that levitated particles
exchange charge only during collisions (the particles do not exchange charge with the ambi-
ent gas). In addition, the lack of charge saturation implies that our particles contact each
other at slightly different spots each time, in agreement with previously reported trends (Lee
et al. [2018], Harris et al. [2019]). Based on these two observations, we can infer an average
surface charge density. By measuring the collisional velocity of the particles during the exper-
iment, we estimate a maximum contact area A, ~ 1000 um? (see Appendix B for details).
This corresponds to an average transferred surface charge density of 3e/ qu, 20e/ qu,
and 200¢e/ pm? respectively for the three data sets shown in Fig. 5.5, which are compara-
ble to previous studies of granular tribocharging (McCarty and Whitesides [2008], Haeberle
et al. [2018]).

5.6 Conclusions

We have constructed an experimental method capable of noninvasively triggering repeated
controlled collisions between grains, and then measuring their individual electric charge with
high precision. Our experiment is the first demonstration of a tribocharging experiment
where the grains are completely isolated from their surroundings, aside from the grain-
grain contacts, allowing for clean, high-precision access to the basic physics of granular
contact charging. This is particularly important in cases where the charging rate is so small
that subtle differences in the initial condition of the grains (material, hydrophilicity, surface
chemistry) have a significant effect on the overall charging behaviour.

The acoustic-levitation-based technique we demonstrate here is material-independent,
and can be extended straightforwardly to other particle types, surface chemistries, shapes,
and sizes. Since the dynamics of the particle-particle collision are controlled by the acoustic
trap, our setup could also eventually be extended to probe the effect of collisional velocity

and spin on collisional charging. In particular, the collisional velocity could be varied by
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increasing or decreasing the acoustic field amplitude via the transducer driving voltage, and
tunable acoustic vortices may be used to control particle spin(Marzo et al. [2018]). Our
method to trigger controlled collisions between levitated objects is highly general, and serves
as a platform for further studies of non-equilibrium assembly, as well as applications in

containerless processing.

5.7 Equilibrium point calculation

When we recover position data from video frames, the absolute height of the particle from
the reflector plate cannot be measured simply. The only reliable measurement we can make is
relative positions between frames. This is only an issue because of the nonlinear dependence
of the acoustic force (5.6) on position, shifting Y; — Y; + Ay changes X7, but none of
the other )?Z To estimate the correct shift Ay to apply to our data, we first approximate
the equilibrium position assuming a linearized acoustic potential, then perform a brute-force
search in the neighborhood of this guess using the full nonlinear potential. The optimal
equilibrium position then uniquely determines the necessary shift Ay. In properly shifted
coordinates, the true equilibrium position is given by

™ 1 )
yo(a) = oF ~ o aresin (g) . (5.14)

Thus, in principle, shifting Y; — Y; — (Y); + yp(a) solves this issue, but doing so causes
the equation of motion to become nonlinear in a = 61 making standard linear regression
inappropriate. Note that (-), denotes averaging over the time index. To begin, we obtain an
estimate for a from the resonance frequency of the particle. Following Lee et al.(Lee et al.
[2018]) the instantaneous frequency f(t) and amplitude A(t) of the particle trajectory are

found via Hilbert transform. Taking the resonance time to be arg max; A(t) = tyes, then
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approximating the acoustic force as linear, we find

-~ (zﬁf(tres))Q
a ~ T .

To correct this initial guess, we perform linear regression on the trajectory for a set of
fixed values ¢ = (1/2k) arcsin(g/a) in a small neighborhood. We then take g, the value of
¢ leading to the best regression, as our estimate. Quantitatively, we define X 1(17, t;) as Eq.

(5.6) evaluated on the shifted position data:
X1(Y,t;) = sin(2k(Y; — (Y);) — 0) -

When fitting on simulated data, the time domain used in regressions for this preliminary
minimization is irrelevant. In real data however, different time domains seem to yield differ-
ent estimates for pg. We elected to always fit over a 2s window immediately preceding ¢,¢s
for a few reasons. First, as we will discuss in Appendix C, velocity and acceleration data
need to be re-scaled to reverse errors induced by finite difference effects. This re-scaling ap-
proximation is frequency dependent and is most dependable when the amplitude is growing
due to driving near resonance. Second, within this regime Fig. 5.4 illustrates that the scale

of acceleration due to acoustic force is several decades above all other effects.

5.8 Electric field fitting

In order to couple ¢ to acceleration in our equation of motion, we need to know the electric
field in the cavity as a function of time. As shown in Fig. 5.3(a,c), the electric field strength
is encoded frame-by-frame as the reflection of an LED on the transducer surface which is
visible in the upper portion of the picture. When the LED is on, the E field has a positive
vertical component which is approximately proportional to its brightness. The challenge

we are presented with is fitting a model of the electric field to this data. We know that
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the electric field is a swept sine with a total sweep time 7T, initial frequency f;, and final

frequency fy. The instantaneous frequency is

wg(t) =27 <%t+fi> t, a= ff; Ji .

This model admits a prediction for the time points 7, corresponding to the peaks of the
electric field, which are the most easily extracted feature of the data. Because )?4 is the
only term coupling the charge ¢ to the data, this fit needs to be extremely precise, and two
seemingly small effects must be taken into account. The first is a slight phase shift in the
signal which accounts for the finite frame rate: since the function generator is not synced
with the camera, the sweep trigger almost always falls at some point in time between two
exposures. The second effect is a minuscule error in the scale of time as a result of very
slightly different clock speeds between the camera and function generator. We therefore
introduce two fit parameters, a phase shift ¢ and time scale tg, which we will vary over in

an attempt to minimize the sum of squared errors in observed (7,,) and calculated (7,) peak

times:
(¥, ts) = _ti + %\/<£> + l (% * % + Qn)
s« s «a QAT (H15)
(1,ts) = arg min Z(f’n — (9, t5))
v, ts

A typical value for this time scaling in our setup is around tg ~ 0.99996. After carrying

out this minimization, we can evaluate Xy(t).

Xa(t) = 2 sin(wp(tsttst — ) (116)
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5.9 Finite difference rescaling

Throughout the sweep, each particle’s trajectory is approximately harmonic with frequency
not too different from the frame rate: 1/f ~ 10At. Because these rates are similar, finite
difference estimates for velocity and acceleration underestimate the true values. We correct
for this by re-scaling the velocity and acceleration according to the error induced at maximal

values:

y— g1y, Y — g2y.

For a central first-order difference acting on a sinusoid, the error appears at the zeros of

the signal:

() = wAt
g1w) = sin wAt

The second order difference introduces error at the peaks of the signal:

W2 AL

g2(w) = 2 — 2coswAt

This rescaling is frequency dependent, and we approximate the response frequency as
the driving frequency wg(t). If AM and A) are our first- and second-order central finite

difference operators respectively, then we can define:
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Similarly,

Z(Y) = go(wn(ty) [A®

—

Y],Jrg

J

As we take wAt — 0, we find g1 — 1 and g9 — 1. If it can be achieved, this is a preferable

condition, as this re-scaling is only an approximation and varies in validity throughout the

course of a sweep. This highlights an important consideration for future iterations of this

experiment. For experiments with stronger acoustic potentials, a proportionally higher frame

rate will be necessary to keep this error in check.

5.10 Error in measured charging rate

Equation (5.12) includes an approximation for ¥4, the variance contributed by uncertainty

in the pixel scale measurement. This does not affect each #; equally: due to approximate

linearity of X; and X9 on }7, does not significantly impact 61 or . When s is the pixel

scale and oy is its uncertainty, we have

s 2
93

0403

0304

3

(J17)

To express the variances for charging rate fit parameters, we first need to define more

terms. Let the charging data be ¢ = (qq,... ,qu)T with 0¢ defined similarly. Let C' be a

2x Ny matrix such that C'; is the number of collisions preceding the measurement of ¢; and

C9j = 1. Then for our charging rate fit parameters ¥, we have



with W;; = 1/d¢q;. Thus

y=(cw2ch)"tew?q

n? ) | (J18)

>, = (Cw2cT)™! <(JW+

We then calculate the error in charging rate using the diagonals of 3, to find

07 = £/ (By)ii -

5.11 Internal consistency of fitting method

In order to verify our charge measurement method, we used two internal consistency checks.
First, to demonstrate the accuracy of our fitting method, we produced simulations of a
particle subject to the expected equation of motion and applied our fitting method to the
data thus produced. We find that our method extracts the correct charge to within 0.5% error
over the range of charge magnitudes observed in our experiment. We elaborate on this below
and in Fig 5.6. Another form of internal consistency which we have demonstrated is charge
conservation. Since the particles are totally electrically isolated from their environment, and
no appreciable net charge transfer occurs with the surrounding air, the charging rates in
each trial should be equal and opposite. Within error, this condition is not violated by our
data.

Our first internal consistency test addresses possible bias in our fitting method by ap-
plying it to simulated data with known input parameters. To this end, we chose a range of
electric charge values spanning two orders of magnitude which covered all values observed in
experiment. For each charge in this set, we simulated the trajectory of a particle with that
charge, subject to our proposed equation of motion. We then applied our fitting method to

this simulated data while holding all other experimental parameters (i.e. acoustic accelera-
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Figure 5.6: Here we plot the fit-determined charge as a function of the true charge (used
as an input to the simulation). Simulation consisted of Runge-Kutte 4(5) integration, with
physical parameters taken from the trial represented in Fig. 5b. Charge estimates all lie

within 0.5% error.
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tion, drag) fixed. The resulting measured charges are plotted as function of true charge in
Fig 6. We find no evidence of extra biases introduced by our fitting method over the range
of charges investigated. We further note that the error observed here is almost entirely due
to the fitting step wherein the “zero point” of position is found, as detailed in Appendix A.
When the exact height is used, the error is negligible. In the experiment, the error is mostly

due to uncertainty in pixel scale, which underlies many of our physical measurements.

5.12 Estimate of the maximum contact area during a collision

We estimate the maximum contact area A, during a head-on collision between two elastic
spheres of radii Ry and Ro using Hertzian contact theory.
Upon collision, the potential energy stored in elastic deformation will be(Landau et al.

[1975], Timoshenko and Goodier [1970])
U= §5r1/2h5/2. (L19)

Where (2R1 4+ 2R3) — h is the total distance between the centers of mass of the particles

at maximal compression, and the reduced radius r and elastic constant ¢ are given by

RiRo
rT= "
R1+ Ro
1 120
4 1—0%+1—a§ (L20)
T3\ g s ‘

In this expression, F; are the Young’s moduli and o; are the Poisson coefficients. From

momentum conservation,

h:h1+h2:h1<1+m), (L21)
ma

where hy is the depression into particle 1, and h9 is defined similarly. Substituting this
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expression for h yields

-1 2/5
hy = <1+ @) (%r_1/2> . (L22)

In the center of mass frame, we can simply substitute the total kinetic energy in for U.

Finally, working within the approximation of a small deformation,
Ay ~ 27 R1hy . (L23)

In the special case that both particles have the same material parameters and radius R,

we find

2/5

15mu?(1 — o?) 72 ' (L24)

A=or |2
116 E

Using videos of collisions to estimate the kinetic energies of particles prior to the collision

and equating this to the total elastic potential energy, we find that A ~ 1000,um2.
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CHAPTER 6
CONCLUDING REMARKS

Physics teaches us that simple models are crucial to the endeavor of theoretical science.
Not every detail matters for every outcome, and there may be deep and ubiquitous reasons
for this fact. Perhaps these reasons are to be found in discussions about limit theorems,
universality, and information geometry. Investigations into renormalization group methods
for applications outside of physics, for example, suggest that the paths to simplification in
large systems are generic and not particular to the theories for which RG was originally
built to handle (Brown and Sethna [2003], Raju et al. [2018|, Quinn et al. [2022]|, Berman
et al. [2023|, Berman and Klinger [2022], Bradde and Bialek [2017], Jona-Lasinio [1975]). At
the same time, the apparent diversity and complexity of biology can be bewildering, and it
might seem unlikely that simplifying paths exist.

However complex biology may be, it is structured, and therefore not maximally complex.
While connections between neurons may seem random, the brain carries out sophisticated
computations on its disordered substrate. Despite genetic variation among individuals, mor-
phogenesis leads developing organisms to remarkably consistent, reproducible forms. Even
variation itself can acquire functional significance, for example in phenotypic traits dis-
tributed across bacterial colonies or in retinal ganglion cell subtypes accounting for responses
to a rich vocabulary of visual features. The structures that matter biologically are those that
interact with natural selection, by way of biological function and fitness. For this reason,
living things are, in part, organized from the top-down. But so too are they built out of
physical components and systems which had to evolve from simpler living organisms, and
this imposes some amount of bottom-up organization. While we can see that simple models
are something to strive for, and even that some amount of coarse-graining should be able to
reveal regularities in living systems, the unique interplay of bottom-up and top-down struc-

ture makes it difficult to straightforwardly adopt ideas about coarse-graining developed for
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the physics of nonliving systems. In particular, the choice of a notion of scale implicit in any
renormalization group calculation is itself difficult to ascertain in living systems. Extra care
must be taken to ensure that the information one keeps under coarse-graining has functional,
biological relevance.

In an effort to find principles which may lead to good coarse-graining schemes in biology,
we studied the renormalization group (RG) and the information bottleneck (IB). In the
IB, coarse-graining is optimized to preserve information about some specified set of signals,
giving the practitioner control over what is precisely meant by ‘relevance”. Because this
can be chosen to represent biological function, the latter has found some success within
biology. By formally connecting IB and RG, we argued that the notion of scale used in an
RG procedure can be generalized. Under an appropriate choice of relevance variable, scale
acquires the meaning of pertinence to how a given biological function is carried out. Because
living systems and their parts frequently exhibit many functions, this motivates a property
that we term multi-relevance, in which a system exhibits multiple coexisting RG flows, each
with a different choice of collective basis. Finally, we carried out IB coarse-graining in data
taken from a large population of salamander retinal neurons under the choice of future retinal
state as the relevance variable. This choice formalizes the biological function of predictive
computation, which is known to be important in the vertebrate visual system (Gollisch and
Meister [2010], Palmer et al. [2015]). The collective variables which maximize predictive
information in the salamander retina change with prediction interval, corresponding to a
shift in importance of collective effects in correlation structure.

These investigations immediately motivate several new directions for inquiry. Firstly, the-
oretical work is needed to understand the structure of solutions to IB problems in large sys-
tems. For example, one can imagine bringing in ideas from large deviation theory (Touchette
[2012, 2009]) to get approximate IB solutions in large-data or large-state space limits. Given

such an understanding, the IB-RG connection could be used to turn data-driven IB analyses
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into effective models in the language of RG and many-body theory. This could then further
be used to examine ideas about criticality in biological systems (Beggs [2008], Mora and
Bialek [2011], Mora et al. [2015], Schwab et al. [2014], Tkacik et al. [2015]|, Levina et al.
[2007], Morrell et al. [2021], Tiberi et al. [2022], Ngampruetikorn et al. [2023]) in a way that
connects back to biological function.

IB and RG have also attracted attention as potential organizing frameworks in machine
learning and inference in probability distributions on high-dimensional spaces more generally
(Alemi et al. [2019], Shwartz-Ziv and Tishby [2017], Kolchinsky et al. [2019], Alemi [2019],
Mehta and Schwab [2014], Cotler and Rezchikov [2023b]|, Berman et al. [2023|, Berman and
Klinger [2022]). Here, many questions revolve around the surprising efficacy of complicated,
possibly over-parameterized models in capturing generalizable structure in data. One very
exciting idea is that unsupervised methods such as VAEs and diffusion models may succeed
at their tasks for similar reasons, and that RG and IB could be used to explain this. This path
has already been explored to a small extent, via investigations that seek direct connections
between IB, RG, and foundational ideas about inference (Zellner [1988], Bény and Osborne
[2015], Alemi [2019], Berman et al. [2023]).

Another question raised by this work is the precise relationship between multi-relevance
and the IB-RG connection. While multi-relevance was originally motivated by a hypothetical
IB-RG analysis with several ‘good’ choices of relevance variable, the property we present
arises from a class of mixture family constructions. This does not admit a clear connection
back to IB, i.e. it is not clear whether a certain choice of relevance variable could give an
appropriate coarse-graining scheme for one mixture component but not the other. In fact,
we expect it is the case that the basic idea of multi-relevance, that is, the coexistence of
meaningful distinct notions of scale, is more general than the mixture family construction.
In work which was not presented here, we explored definitions of multi-relevance which were

more in line with the original motivation. However, a central issue in those investigations
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is the lack of solid definition for a ‘good’ choice of relevance variable. Relatedly, since the
relevance variable is chosen by the practitioner, it is difficult to see how such multi-relevance
could be an intrinsic property. By contrast, the mixture family construction offers a clearer,
more intrinsic notion of multi-relevance. Still, the idea that one might be able to choose a
better or worse relevance variable in the application of IB is well worth exploring, as it gets

to the very heart of the whole matter of coarse-graining.
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