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In this work, we show that the kinetically constrained quantum East model lies between a quantum
scarred and a many-body localized system featuring an unconventional type of mobility edge in the spec-
trum. We name this scenario the state-dependent mobility edge: while the system does not exhibit a sharp
separation in energy between thermal and nonthermal eigenstates, the abundance of nonthermal eigen-
states results in slow entanglement growth for many initial states, such as product states, below a finite
energy density. We characterize the state-dependent mobility edge by looking at the complexity of classi-
cally simulating dynamics using tensor networks for system sizes well beyond those accessible via exact
diagonalization. Focusing on initial product states, we observe a qualitative change in the dynamics of the
bond dimension needed as a function of their energy density. Specifically, the bond dimension typically
grows polynomially in time up to a certain energy density, where we locate the state-dependent mobility
edge, enabling simulations for long times. Above this energy density, the bond dimension typically grows
exponentially, making the simulation practically unfeasible beyond short times, as generally expected in
interacting theories. We correlate the polynomial growth of the bond dimension to the presence of many
nonthermal eigenstates around that energy density, a subset of which we compute via tensor networks. The
outreach of our findings encompasses quantum sampling problems and the efficient simulation of quantum
circuits beyond Clifford families.
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I. INTRODUCTION

In the era of noisy intermediate-scale quantum (NISQ)
devices [1], a natural task that could display quantum
advantage over classical computers is the simulation of
quantum many-body dynamics [2–5]. The simulation of
quantum systems is typically expected to be hard for the
same reason quantum computers are believed to be power-
ful, namely, entanglement. However, displaying provable
quantum advantage is a challenging task in itself due to
the noisy nature of current quantum computers [6–11].
Indeed, while quantum computers are being developed, so
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are also classical algorithms, making the quantum advan-
tage effectively a moving target. Even more surprisingly,
also assuming the ability to implement large-scale error-
correcting protocols and possess a fault-tolerant quantum
computer, there are strongly interacting quantum systems
the simulation of which is not guaranteed to be more effi-
cient using a quantum computer over a classical one. In
fact, there exist systems the properties of which make
them amenable to being efficiently simulated on a classi-
cal computer. Examples include Hamiltonians exhibiting
nonthermal behavior at finite energy density, e.g., area-law
excited eigenstates, such as quantum many-body scarred
(QMBS) systems [12–21] and many-body localized sys-
tems (MBL) systems [22,23], or mechanisms hindering the
propagation of quantum correlations, such as dynamical
confinement [24–29]. As these systems are characterized
by a slow growth of entanglement, typically considered a
measure of “classical complexity,” they are amenable to
being efficiently simulated using classical algorithms (e.g.,
via tensor networks) with modest computational resources
up to long times [30–34]. The presence of exceptions to
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the naively expected quantum advantage in computing
dynamics raises an intriguing possibility: can nonther-
mal features be diagnosed and characterized by examining
how efficiently dynamics can be computed using classical
algorithms?

To this aim, we focus on one-dimensional (1D) noninte-
grable systems. A key point of our approach is the choice
of an appropriate candidate for efficient classical simula-
tions susceptible to the complexity due to entanglement.
Tensor-network methods fulfill such a requirement as the
resource required—the bond dimension—typically scales
exponentially with time in far-from-equilibrium dynam-
ics. This occurs since it is predominantly finite-energy
volume-law eigenstates of the Hamiltonian that partic-
ipate in the dynamics [35]. However, the presence of
nonthermal eigenstates of the Hamiltonian could signif-
icantly reduce complexity, enabling efficient simulations
for “long” times [30–32]. Having selected a classical
method, we need to define complexity. We categorize a
computational task as “hard” (or “easy”) if the required
computational resources scale (sub)exponentially. We dis-
tinguish complexity along the space and time domain.
For the time domain, we adopt the bond dimension χ

of the matrix product state (MPS) representation of the
evolved states as a measure of complexity. We choose χ
as it encodes the actual computational time needed in per-
forming operations, such as dynamics, in tensor-network
methods. Moreover, χ is closely linked to entanglement,
widely regarded as an indicator of “hardness” in represent-
ing quantum states on a classical computer. If χ grows
(sub)exponentially in time, the task is said to be (“easy”)
hard in the time domain. On the other hand, for the com-
plexity along the space domain, we look at the degree of
separability of the evolved state, which directly reflects on
the dimension of the potentially accessible Hilbert space.
Specifically, we distinguish whether the state describing
the whole system can or cannot be written as product states
of (potentially entangled) states describing smaller discon-
nected subsystems. In the event that it can, we denote
the state as separable and the space complexity is said
to be “easy.” Otherwise, we say that is inseparable and
that the space complexity is “hard.” If the state is separa-
ble, the accessible Hilbert space is effectively reducible in
smaller disconnected Hilbert spaces, each describing dif-
ferent subsystems, as the degrees of freedom defined on
such subsystems are not entangled. On the other hand,
if the state is inseparable, the accessible Hilbert space is
strictly irreducible. Combining space and time complex-
ity in simulating the dynamics of the initial product states,
we then aim to infer the properties of the nonthermal
eigenstates of the Hamiltonian.

For the sake of concreteness, we test our complexity-
oriented proxy on the kinetically constrained quan-
tum East model [36–45]. From a condensed-matter and
statistical-physics perspective, it attracts interest because

it exhibits both fast- and slow-thermalizing dynamical
phases alongside localization, despite being translationally
invariant and nonintegrable [36–39,42–44,46–49]. This
behavior is markedly different from that of MBL sys-
tems, where localization arises due to many-body wave-
function interference caused by quenched disorder, while
in the quantum East model, it arises by making transport a
higher-order process. Moreover, it features extreme slow-
down of thermalization as well as dynamical heterogeneity
similar to that of structural glasses [36,50], by which its
classical counterpart is inspired [50–54]. From a quantum
information perspective, the digital (i.e., Floquet) version
hosts special points at which it reduces to a Clifford cir-
cuit [40], making it a candidate for investigating deviations
from the latter, and it has still been shown to display
localization despite the lack of energy conservation [41].
Additionally, its localized nature has been shown to aid in
passively protecting quantum information against certain
types of coupling to an external environment [42].

In our work, we combine a quantum information and
statistical-physics-oriented approach to characterizing the
quantum East model at finite energy density. Specifically,
we aim to inspect spectral properties by using the com-
plexity of simulating dynamics of initial product states
via tensor networks, going beyond the small system sizes
accessible via exact diagonalization. By doing so, we can
identify parameter regimes in which many initial states
are easily simulable. Then, by closely inspecting the prop-
erties of such states, we discover and compute, via the
density matrix renormalization group variant DMRG-X
[57], a family of nonthermal finite-energy-density eigen-
states of the Hamiltonian that are mostly responsible for
the observed slow dynamics.

Interestingly, the easily simulable states are mostly clus-
tered in their energies and so it is tempting to identify
a sort of mobility edge in the spectrum—a separation of
a thermal region and a localized one in the spectrum of
the Hamiltonian—challenging the common belief that a
mobility edge is exclusive to disordered systems [58–60].
However, small-scale exact diagonalization calculations
suggest that the spectrum of the quantum East model
does not exhibit a distinct separation between nonther-
mal eigenstates and thermal ones [37] (see Appendix A).
Rather, its spectrum displays features more reminiscent
of quantum many-body scarred (QMBS) systems, even
though the nonthermal eigenstates are not evenly spaced in
energy, are exponentially many in the system size, and are
nearly product states [37] (see Appendix A). This contrasts
with QMBS systems, where there is a polynomial num-
ber in the system size of nonthermal eigenstates evenly
spaced in energy [19]. All these ingredients open up an
intriguing possibility: the existence of a state-dependent
mobility edge. In other words, the system behaves akin
to having a many-body mobility edge for a large class of
initial states, such as product states. To draw an analogy,
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FIG. 1. A sketch summarizing the complexity phase diagram
of simulating the dynamics of initial product states in the quan-
tum East model as a function of their energy density ε ∈ [0, 1]
and the physical time t reached. Each box is split into two trian-
gles, which encode the complexity either along the space domain
(upper triangle) or along the time domain (lower triangle). A sim-
ulation is (easy) hard in the time domain if the computational
resource needed, i.e., the bond dimension of the tensor network,
grows (sub)exponentially in time. A simulation is easy (hard) in
the space domain if the evolved state is (in)separable. Simula-
tions of a large class of initial product states are typically easy
in the time domain if the energy density is below a certain value
ε�, which is dependent on the parameters of the Hamiltonian,
indicating the existence of a state-dependent mobility edge in
the spectrum (cf. Sec. IV C). The sharp differentiation between
active and inactive regions, typical of glassylike systems, makes
the space complexity undergo a transition from easy to hard as a
function of time t: for t < t�, the entanglement between the differ-
ent active regions remains negligible and the state can be written
as a tensor product of (potentially entangled) states describing
the different active regions, i.e., it is separable; for t > t�, the
entanglement between the different active regions is no longer
negligible and the state is inseparable. In the separable case, the
accessible Hilbert space H appears as if it is reducible in smaller
disconnected subspaces Hi, each describing the ith active region,
similarly to fragmented systems [19,55,56].

our scenario resembles QMBS systems, where the impact
of the nonthermal eigenstates significantly influences the
dynamics of some initial states. However, differently from
QMBS systems, the exponential abundance of nonthermal
eigenstates suggests that the nonthermal behavior becomes
prevalent across a wide range of initial states, particu-
larly among product states. Under this lens, we expect,
and numerically confirm, that simulating dynamics of ini-
tial product states can be carried out efficiently via tensor
networks up to a finite energy density, while on the other
hand being computationally hard above it. For reference, in
Fig. 2, we summarize the differences between QMBS sys-
tems, MBL with a mobility edge, and the state-dependent
mobility edge that we introduce.

As a byproduct of our analysis, the existence of param-
eters and many initial states the dynamics of which
can be carried out efficiently suggests that kinetically
constrained inspired circuits can be easily simulable
on classical computers, alongside Clifford, MBL [61],

and fractonic [55,62] inspired. Additionally, identifying
regimes in which dynamics of product states are classi-
cally challenging holds practical relevance, since they are
the easily preparable initial states in current NISQ devices
[38,63–70].

A. Summary of results

In Secs. II and III, we introduce our measure of com-
plexity and the model, respectively. In Sec. IV, we discuss
our results, summarized in Fig. 1, which are as follows:

(i) While time complexity is typically hard in the delo-
calized phase, as expected for generic nonintegrable
models, we observe both easy and hard regimes in
the localized phase, indicating the existence of a
state-dependent mobility edge (see Sec. IV C).

(ii) The sharp differentiation between active and inac-
tive regions, typical of kinetically constrained mod-
els and glassy systems [36,37,53,71,72], makes the
initial distribution of excitations matter in dictat-
ing the time complexity (see Sec. IV D) and the
space complexity (see Sec. IV E). In the latter, we
observe a transition from easy to hard space com-
plexity as a function of time. Specifically, in the easy
regime, the state is approximately separable and its
dynamics can be faithfully computed by the dynam-
ics of suitably chosen nonoverlapping subsystems.
On the other hand, in the hard regime the state is
inseparable.

(iii) We connect the above points by computing a novel
family of nonthermal localized eigenstates at finite
energy density via tensor networks (see Sec. IV F).
We use such states to identify an exponentially
large, in the system size, corner of the Hilbert space,
which can be efficiently simulated via tensor net-
works, on which simple product states have large
weight in overlap (see Sec. IV G). This explains the
extremely slow dynamics observed for a large class
of initial states.

The significance of our results lies in them being in
stark contrast to what is expected in generic nonintegrable
models, where simulating dynamics using tensor networks
is computationally challenging at any finite energy den-
sity due to the linear growth of entanglement [35]. Known
exceptions to this are MBL systems, where entanglement
grows slowly [30,31,34] and our analysis could be poten-
tially applied and could yield nontrivial results. However,
our analysis would be computationally more demanding
in MBL systems due to the need for disorder averaging.
Also, it would face additional challenges from potential
avalanches as the system size increases, which could desta-
bilize the MBL phase [33,34,73–75], making finite-size
scaling a delicate procedure. In contrast, our system avoids
these issues because there is no disorder and the atypical
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FIG. 2. A comparison between quantum-many body scars (QMBSs), many-body localization with a mobility edge (MBL ME), and
the state-dependent mobility edge (SDME) here introduced.

features arise not from interferences, as in MBL, but from
the kinetic constraints, making the overall physical picture
more transparent.

Finally, in Sec. V, we list possible fruitful directions
in the context of higher-dimensional systems and random
quantum circuits [76].

II. COMPLEXITY-ORIENTED PROXY OF
NONTHERMAL EIGENSTATES

To overcome the limitations faced by exact diagonaliza-
tion, here we propose a complexity-oriented proxy based
on tensor networks for detecting nonthermal eigenstates.
Our approach is based on the observation that typical
thermalizing systems display an exponential growth of
the bond dimension during dynamics, as opposed to sys-
tems displaying nonthermal behavior (e.g., MBL systems),
where, rather, the bond dimension grows polynomially
in time [30,31]. An intermediate scenario is constituted
by systems with a mobility edge, i.e., systems displaying
nonthermal eigenstates in a certain energy window and
thermal ones in the others. Specifically, in such a system,
we envision that the complexity of simulating the dynam-
ics will depend on the energy of the specific state at hand,
potentially allowing a distinction between the two regions.

To this end, we consider the dynamics of initial prod-
uct states. Specifically, we first select initial states with a
small energy variance so that the eigenstates of the Hamil-
tonian participating in the dynamics are mostly within a
small energy window. Then, we use the way in which
the bond dimension χ grows in time as a measure of
the time complexity. In typical nonintegrable systems, we
expect an exponential growth of χ after a quench, as
the bipartite entanglement entropy S ∝ logχ grows lin-
early in time [35]. On the other hand, a subexponential
growth of χ could indicate the existence of nonthermal

eigenstates in the spectrum. In the following, we term
it as an (easy) hard task if the bond dimension needed
scales (sub)exponentially in time. In such a manner, we
can potentially locate a mobility edge within the spectrum
at fixed parameters of the Hamiltonian.

Before continuing, we also mention Krylov complexity,
which is used as a measure for characterizing how opera-
tors explore the available space [77,78] and has also been
applied recently to the quantum East model discussed here
[79], and to dynamics of operators using tensor networks
[80]. However, computing the dynamics of operators gen-
erally involves the full spectrum of the Hamiltonian and so
lacks the desired energy resolution needed for detecting a
mobility edge.

III. MODEL

We study the quantum East model [36,37] in open
boundary conditions with the Hamiltonian

Ĥ = −1
2

N∑

j =0

n̂j

(
e−sσ̂ x

j +1 − 1
)

, (1)

where σ̂ αj is the Pauli-α matrix on site j ; n̂j = (1 − σ̂ z
j )/2

is the projector onto the state |1〉 in the local z basis. The
term n̂j in Eq. (1) is the kinetic constraint, which translates
to a nontrivial action of the Hamiltonian solely to the right
(“East”) of a previously excited (|1〉) site. Consequently,
the Hamiltonian acts trivially on empty strings without any
excited sites to its left, making the location and occupa-
tion of the first excited spin a conserved quantity. Thus, the
Hilbert space splits into N dynamically disconnected sec-
tors indexed with the position of the first occupied site |1〉;
i.e., the kth sector has (k − 1) zeros preceding |1〉 on the
kth site. This feature is in stark contrast to systems under-
going Hilbert space fragmentation, where the number of
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disconnected subspaces is O(exp(N )) [19,55,56] (cf. Sec.
III B for a comparison with Hilbert space fragmentation).

Because of the trivial action of the Hamiltonian on
empty sites, the results do not depend on the sector con-
sidered in the thermodynamic limit. Thus, without loss of
generality, we fix k = 1 throughout our work. Once the
“East-symmetry” sector is fixed, any product state can be
dynamically accessed by any other. In other words, the sec-
tor is irreducible, as the Hamiltonian does not possess any
other nontrivial (excluding the energy) conserved quantity.

A. Localization

Despite being nonintegrable and translational invariant,
numerical evidence mostly based on exact diagonalization
indicates that the quantum East model displays a dynami-
cal transition separating a fast and slow thermalizing phase
as a result of the competition between the kinetic term,
controlled by e−s, and the potential one, ∝ ∑

j n̂j [36,37].
Intuitively, when the kinetic term dominates (s � 0), exci-
tations propagate ballistically, causing the details of the
initial state to be lost rapidly, while in the other hand, when
it is small, s � 0, excitations propagate slowly, making
the details of the initial state potentially matter up to long
times. In Ref. [37], it has been shown that such dynamical
transition is linked to the delocalization-localization transi-
tion occurring in the ground state. When s < 0, the ground
state is delocalized; namely, the wave function is spread
along the lattice with homogeneous probability and ampli-
tude of finding an occupied site. On the other hand, the
ground state is localized for s > 0, namely, the correspond-
ing wave functions contain nontrivial excitations only on a
small region of the lattice around the first excitation fixing
the East symmetry, while it is approximately in the vac-
uum state everywhere else. In other words, for s > 0, the
probability of finding an occupied site in the ground state
decays exponentially as [37]

〈n̂j 〉 ∼ e−j /ξ , (2)

where ξ is the localization length, which is parametri-
cally small in s, beyond which the ground state can be
approximated as a product state of empty sites. In turn, the
localized ground state can be used, together with empty
strings, as a basis of area-law states arbitrarily close to
true eigenstates of the Hamiltonian, partially explaining
the possible slow thermalization in the localized phase
[37,42]. However, such a construction is mostly limited
to low energies and so there is still a lack of a complete
understanding of the dynamical phase transition at finite
energy density. Here, we aim to investigate such a dynam-
ical phase transition more closely, focusing on whether
the system hosts a mobility edge despite being disorder
free. However, from exact diagonalization calculations, a
sharp separation of a thermal and nonthermal region looks

unlikely (see Appendix A) [37]. Nonetheless, since many
nonthermal eigenstates have a large overlap with product
states (see Appendix A), there is the possibility that the
system behaves akin to having a many-body mobility edge
for a large class of initial states, such as product states,
and displays a “state-dependent mobility edge.” We will
address such open questions using the complexity-oriented
proxy introduced in Sec. II.

B. Comparison with Hilbert space fragmentation

Before presenting our results, we briefly summarize
the differences between the quantum East model and sys-
tems displaying Hilbert space fragmentation. We do so
by briefly summarizing the main properties of fragmented
systems, while we refer to, e.g., Ref. [19] for a more
comprehensive and complete discussion.

Given a Hamiltonian Ĥ , the Hilbert space H on which
it acts can be generally decomposed into dynamically
disconnected subspaces {Hn}, referred to as Krylov sub-
spaces, as

H =
Q⊕

n=1

Hn, Hn = spant{e−iĤ t|ψn〉}, (3)

where Q is the number of Krylov subspaces and

spant{e−iĤ t|ψn〉} ≡ span{|ψn〉, Ĥ |ψn〉, Ĥ 2|ψn〉, . . .} (4)

denotes the subspace spanned by the time evolution of the
state |ψn〉. The states |ψn〉 are chosen so that they are not
eigenstates of the Hamiltonian and their Krylov subspaces
are distinct. More concretely, |ψn〉 are typically chosen
to be product states, as they are the ones that are more
easily accessible experimentally, although recent works
have been investigating the case in which they are entan-
gled states [44,56,81]. In doing such decomposition, a key
question concerns how many Krylov subspaces the sys-
tem displays, as well as the properties of each of them.
Concerning the number Q of Krylov subspaces, we can
distinguish two main scenarios depending on how Q scales
with the system size N . Specifically, we could have

Q =
{O(N a), with a ≥ 0,
O(exp(N )). (5)

The first scenario occurs for systems exhibiting no or “con-
ventional” Abelian or non-Abelian symmetries, where by
“conventional” we mean that they can be written as the
sum of local terms (e.g., U(1) symmetry) or products of
a one-site unitary (e.g., Z2 symmetry). In this case, the
different Krylov subspaces are labeled by the quantum
numbers associated with such symmetries. On the other
hand, when Q = O(exp(N )), the system is said to be frag-
mented and this occurs when the system displays nonlocal
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conserved quantities [56] (e.g., the presence of bit strings
that are invariant under the action of the Hamiltonian)
associated with nonconventional symmetries. Once the dif-
ferent subspaces are labeled, a relevant question concerns
investigating their properties, such as whether or not the
system thermalizes within each Krylov subspace [82–84].

Given these definitions, it is evident that the quantum
East model does not display Hilbert space fragmentation,
since it simply conserves the energy and the location of
the first excited site. Given that in a system of size N
there are N different ways in which we can locate the first
excited site, we can label N different Krylov subspaces.
None of the Krylov subspaces can be further reduced; i.e.,
it is ergodic, as seeding any product state belonging to
such subspace in Eq. (4) allows us to explore the whole
subspace. However, the remarkable aspect is that despite
having the possibility to explore an exponentially large
Hilbert space, the way in which such exploration occurs
undergoes a dynamical phase transition from a regime
in which exploration occurs quickly to one in which it
happens extremely slowly, impeding thermalization for
exponentially long times in the system size. Addition-
ally, we envision the scenario in which the efficiency with
which the Hilbert space is explored depends not only on the
Hamiltonian but also on the initial state seeded, |ψn〉. For
instance, there could be, at fixed Hamiltonian parameters,
a product state |ψn〉 for which the connectivity effectively
turns out to be higher than for others, allowing us to
explore a larger portion of the accessible Hilbert space
faster, which could be enough to make the system thermal-
ize for that specific initial state [85]. This point of view is
equivalent to the original question that we posed, about the
existence of a state-dependent mobility edge in the model
at hand, and further justifies why we are looking at the
dynamics of initial product states.

IV. STATE-DEPENDENT MOBILITY EDGE

In this section, we investigate the time complexity and
space complexity of the evolving initial product states as
a function of their properties, i.e., their energy density and
spatial structure, and the Hamiltonian parameters. Based
on this, we discover a family of localized eigenstates with
a finite energy density responsible for the observed behav-
ior for many of the initial states considered, corroborating
the sensitivity of our complexity-oriented proxy with the
nonthermal eigenstates of the Hamiltonian.

A. Initial states

As we are interested in investigating the existence of
a state-dependent mobility edge, we need to specify the
class of states of interest to us. To this end, we investigate
the dynamics of initial product states in the computational

basis

|ψ〉 = |1〉
N⊗

k=1

|0/1〉k, (6)

where we keep the first site fixed to |1〉, making the dynam-
ics occur in the largest irreducible “East” symmetry sector
of our model, while |0/1〉 could be either |0〉 or |1〉. As
discussed in Sec. II, a quench protocol could be used to
probe information about the eigenstates when the energy
variance of the initial state is small. Product states such as
the one in Eq. (6), with M excitations (|1〉), have

〈ψ |Ĥ |ψ〉 = M
2

, 〈ψ |Ĥ 2|ψ〉 = e−2s

4
M + M 2

4
,

√
	H

〈ψ |Ĥ |ψ〉 = e−s
√

M
M

∼ 1√
M

,
(7)

where 	H ≡ 〈ψ |Ĥ 2|ψ〉 − 〈ψ |Ĥ |ψ〉2. Since we are inter-
ested in making statements at a finite energy density (i.e.,
we want 〈Ĥ 〉/N finite for N → ∞), we set M = mN ,
where m ∈ [0, 1] is the density of the excitations. In such a
manner, the energy density is finite while the relative fluc-
tuation around the mean goes to zero in the thermodynamic
limit. Thus, such states are good candidates for analyz-
ing the spectrum of the quantum East model. Note that
the average energy depends solely on m and not on their
location, allowing us to isolate the impact of the spatial
structure in the dynamics while keeping the energy fixed.

B. Details on the numerical methods

For a fixed value of s and M , we sample up to 100 ran-
dom product states to mitigate sample biases (we discuss
the impact of the finite number of sampled initial states
in Appendix D) and we simulate their dynamics using
the time-evolving block decimation algorithm [86]. We
keep the Schmidt singular values larger than 10−14 and
we set the time step 	t = 10−3. We stop the simulation
when either the maximum bond dimension reaches 512 or
the time reached is enough to compute the quantities of
interest. For each simulation, we investigate how the max-
imum bond dimension χmax(t) = maxj ∈[1,N−1] χj (t) grows
in time by fitting either a polynomial (∝ tα) or an exponen-
tial (∝ ert) function, where α and r are positive constants,
depending on which one better approximates the data (for
details on the fitting procedure, see Appendix C). Then,
we link such behavior to the spectral properties of the
Hamiltonian, as detailed in Sec. II. We highlight that Trot-
terizing the continuous-time dynamics induces undesired
errors related to the finite time step. However, we do not
expect the quantity of interest (i.e., the way in which the
bond dimension grows) to be qualitatively affected by such
errors, provided that we use a small enough time step.
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We present results mainly for system size N = 30 and
we discuss how the results change as N increases upon
performing a detailed scaling analysis in the system size
N . All the results have been obtained using the PYTHON
package QUIMB [87].

C. Role of energy density

Here, we focus on the impact of the energy density of
the initial states in Eq. (6) in dictating the time complexity
of simulating the dynamics. While the time complexity is
typically hard in the delocalized phase (s < 0), as expected
for generic nonintegrable models, remarkably, we observe
both easy and hard regimes in the localized phase (s > 0)
also at finite energy density, indicating the existence of a
state-dependent mobility edge.

To extract the behavior in the thermodynamic limit,
we measure the energy with respect to the ground state
and most-excited-state energies, namely, the normalized
energy density ε = (〈Ĥ 〉 − Emin)/(Emax − Emin) ∈ [0, 1],
where Emin and Emax are the energy of the ground state
and of the most excited state (which can be computed
via DMRG minimizing the energy of −Ĥ ), respectively.
Despite the advantage of initializing product states [cf. Eq.
(6)] in isolating the interplay of their properties, as we will
discuss, they have a drawback: they do not always allow
an efficient sampling over ε. Specifically, as s decreases,
it is not possible to sample from the extremes of the spec-
trum, as the ground state and the most excited states are
“far” from the singly occupied state and the completely
filled state, respectively. Nonetheless, as we are mostly
interested in the central region of the spectrum, associated

with high temperature, such a limitation does not play a
major role in our results. Finally, we highlight that the
many-body spectrum is not symmetric around ε = 0.5
(Ĥ �= −Ĥ up to a unitary transformation) and so there are
no reasons to expect a symmetric mobility edge.

In Fig. 3(a), we show the fraction feasy ∈ [0, 1] of states
for which the time complexity is easy, i.e., χmax(t) grows
subexponentially in time, at a given ε and s. Specifically,
feasy is the average, over the sampled initial states at a
given energy density ε, of a binomial variable that takes
the value 0 if the time complexity is hard or 1 if it is easy.
For the sake of clarity, we have grouped the states (sam-
pled as a function of the number of excitations M ) in a
small energy window around any given ε. As expected, in
the delocalized phase (s < 0), the system mostly displays
exponential growth of the bond dimension (feasy ≈ 0) as we
move toward the middle of the spectrum ε [cf. Fig. 3(a)],
reflecting the thermal nature of the whole spectrum. On the
other hand, for s > 0, we observe regions in which feasy is
large not only near the extreme of the spectrum but also
at finite energy density ε [cf. Fig. 3(b)]. For 0 � s � 0.5
[cf. Fig. 3(c)], as ε increases, we observe an “inversion”
of feasy, namely, for small ε, the dynamics are typically
“simple” to simulate (feasy ≈ 1), while moving toward the
center of the spectrum, the dynamics are typically hard to
simulate (feasy ≈ 0).

We address how such a picture changes upon increasing
the system size N . Specifically, we consider some values of
s ∈ (0, 0.5] and we perform the same sampling procedure
as discussed above up to N = 120. From the data gathered,
the energy density at which the easy-to-hard inversion
occurs decreases up to the considered maximal value of
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FIG. 3. (a) The fraction of sampled initial product states [cf. Eq. (6)] for which the time complexity is easy, feasy ∈ [0, 1], as a
function of the normalized energy density ε = (〈H 〉 − Emin)/(Emax − Emin) and s in a system of size N = 30. The gray region indicates
the lack of data, as the chosen initial states [cf. Eq. (6)] do not span the whole energy spectrum. The yellow line serves as guidance
to indicate where feasy = 0.5. Deep in the localized (s > 1) and the delocalized phase (s < 0), the behavior displays typicality, namely,
either feasy ≈ 0 (typically hard) or feasy ≈ 1 (typically easy), weakly depending on ε. Near the transition point on the localized side
(0 � s � 0.5), feasy depends highly on ε. (b),(c) The dynamics of χmax(t) for all the sampled states for different values of s and ε, as
marked in (a): (b) ε = 0.4; (c) s = 0.4. The dashed line represents a fit for a representative state. Deep in the easy and hard regime, the
growth of χmax(t) depends weakly on the parameters of the initial states. On the other hand, in the regions separating hard and easy,
we observe different behaviors for states with the same ε, signaling a role played by other features of the initial state, such as its spatial
structure.
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FIG. 4. (a) The fraction of randomly sampled initial product
states for which the time complexity is easy (feasy) as a func-
tion of the energy density ε at fixed s and different system sizes
N = {15, 30, 60, 90, 120} (from light to dark curves). The bars
correspond to the statistical uncertainty due to the finite num-
ber of initial states sampled. Deep in the localized phase (e.g.,
s = 1), the results are not affected up to the largest N considered
and simulations are always easy (not shown). Rather, the closer
s is to the localization point (s = 0), the more feasy is affected by
N . This arises from factors beyond energy, such as the spatial
distribution of excitations, playing a key role in the dynamics as
s decreases. Therefore, these factors should be considered when
sampling initial states (for the required ingredients, see the text).
(b) ε∗, where feasy(ε

∗) = 0.5, as a function of N . The error bars
come from the statistical uncertainty in feasy which makes multi-
ple values of ε compatible, within a standard deviation, with our
definition of f (ε∗) = 0.5.

N (see Fig. 4) and it is hard to infer whether it reaches a
plateau. Such behavior could be a symptom of the ther-
mal nature of the spectrum at any finite energy density for
N → ∞; or it could be signaling that other features of the
initial state, beyond its energy, are playing a key role in
dictating the complexity of simulating its dynamics. We
will quantitatively support this latter statement by identi-
fying a corner of the Hilbert space Heasy that can be easily
simulated via tensor networks (see Sec. IV G). We will do
so by investigating the role of the distribution of the ini-
tial excitations in Secs. IV D and IV E, which will lead to
the discovery of a large number of localized eigenstates at
finite energy density in Sec. IV F. Here, we anticipate the
features of Heasy.

Product states with a large weight in overlap on Heasy
have the following features:

(i) not too large clusters of excitations (consecutive
|1〉)

(ii) distant enough clusters of excitations

For the details about how large and how distant clus-
ters of excitations should typically be, see See Sec. IV F.
Here, on the other hand, we stick to a more intuitive pic-
ture. Conditions (i) and (ii) are a direct consequence of
the kinetic constrained nature of the system, which gives

a sharp differentiation between active (|1〉) and inactive
(|0〉) regions. Intuitively, (i) implies low activity within
each cluster, while (ii) implies low activity between dif-
ferent clusters, as we prove in Secs. IV D and IV E. From
conditions (i) and (ii), we can also guess the characteristics
of Heasy in relation to the energy density ε and s, which
will explain what has been observed so far. Intuitively, as s
is positive and increases, the kinetic constraint is stronger
and criteria (i) and (ii) become looser. On the other hand,
due to the one-to-one correspondence between the energy
density ε and the density of excitations M/N , it is obvious
that (i) and (ii) are more easily satisfied the smaller ε is. In
principle, it is possible that above a certain value of ε, (i)
and (ii) cannot be fulfilled. To appreciate the consequences
of this, let us split Heasy based on the energy density ε of
the states belonging to it. Specifically, we write it as

Heasy =
⋃

ε

Heasy(ε, s), (8)

where Heasy(ε, s) contains the easily simulable states hav-
ing energy density ε at a given s. From (i) and (ii), it
follows that the size of each Heasy(ε, s) is determined
by combinatorial arguments, which can be approximated
by exponentials. Thus, the dimension dim(Heasy(ε, s)) =
O (

eβ(ε,s)
)
, where 0 ≤ β(ε, s) ≤ 1. For any s < 0, the sys-

tem is delocalized and β(ε > 0, s < 0) = 0, since only
low-energy initial states are easily simulable (as is generic
in interacting theories). For s > 0, β(ε, s > 0) > 0 up to
a not too large ε, as otherwise (i) and (ii) cannot be satis-
fied. In the extreme case of s = ∞, β(ε, s = ∞) = 1 for
any ε, as the chain is disconnected and so the dynamics
are trivially easy for any initial state. Excluding the trivial
s = ∞ case, the easily simulable subspace is still a zero
fraction of the whole Hilbert space of dimension D = 2N ,
since Deasy/D → 0 for N → ∞.

Since Deasy/D → 0, the probability of extracting a
product state that has a large overlap with Heasy from a
uniform probability distribution goes to 0 as N increases.
This explains the observation in Fig. 4, where we observe
the hard-to-easy transition moving toward smaller values
of ε as N increases. However, the simultaneous presence
of easy and hard regions is still observed at sizable val-
ues of N [cf. Fig. 3(a)], since states with features (i) and
(ii) can remain abundant below a certain energy density
ε∗. The value of s also plays a role: for large values of s,
Heasy grows bigger, since the system is more localized and
entanglement is suppressed. For instance, at s = 1, we find
that for N = 60 (not shown), all the simulations are still
easy.

The presence of easily simulable many-body states
below a certain energy density is the behavior observed
in a canonical MBL system hosting a mobility edge
[58–60], with the caveat that in our model we also
have to take into account the structure of many-body
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states, besides the energy density—hence the term “state-
dependent mobility edge.” For a summary of the dif-
ferences between the typical mobility edge and a state-
dependent mobility edge, see Fig. 2. The rest of the paper
is devoted to guiding the reader toward a quantitative iden-
tification of the easily simulable corner of the Hilbert space
Heasy, which, as we have seen, can still affect the physics
of the model up to large values of N (e.g., in real-time
dynamics). We highlight that taking features of the initial
state into account is reminiscent of what occurs in QMBS
systems, where nonthermal behavior is observed in the
dynamics of some initial states [12–21]. Still, in the lat-
ter, such anomalous dynamics occur for O(1) initial states,
while in our case they occur for O(eNβ ) states.

D. Role of spatial structure

In order to identify the easily simulable corner of the
Hilbert space, we address the role of the initial-state struc-
ture in the time complexity. In doing so, we show how
the size of the excited regions and their separation plays
a crucial role in dictating the time complexity of simulat-
ing their dynamics [36,37]. Additionally, we show that the
localization length of the ground state serves as a useful
length scale in the system for understanding finite-energy-
density phenomena.

Long-time dynamics of slowly thermalizing systems can
depend on features of the initial state beyond the conserved
quantities of the system. In kinetically constrained models
(KCMs), the spatial structure of the initial state plays a key
role up to extremely long times, in a manner reminiscent of
glassy systems [36,37,50,71,72]. Such a dependence stems

from the sharp differentiation between active and inactive
regions in KCMs. Typically, as in the quantum East model,
active regions are constituted by |1〉, while inactive regions
by |0〉. As a result, a natural parameter to capture the spa-
tial structure is the initial size w of the inactive regions
(the number of consecutive |0〉) as it controls when active
regions will entangle [36]. However, this parameter does
not contain information regarding the size of the active
regions. To capture such information, we look at the initial
size of the active regions k (the number of consecutive |1〉),
which is also in a one-to-one correspondence with their
average energy [cf. Eq. (7)] for initial product states in the
computational basis.

As we are dealing with initial states with multiple active
regions, we trade k and w with their averages over the sys-
tem, kavg and wavg, respectively. Operatively, kavg is equal
to the total number of |1〉 divided by the number of distinct
active regions. On the other hand, wavg is the total num-
ber of |0〉 divided by the number of inactive regions. For
example, given the state |11000101〉, we have

kavg = 2 + 1 + 1
3

= 5
3

,

wavg = 3 + 1
2

= 2. (9)

Inspecting the time complexity as a function of these two
parameters, we observe that they are not so effective in
predicting the time complexity of simulating the states at
hand (see Appendix F). However, by including the local-
ization length ξ of the ground state at the corresponding s
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FIG. 5. (a) The same data as presented in Fig. 3, labeling the states based on the initial average size of clusters of consecutive
excitations (|1〉) normalized by N (kavg/N ) and the average distance between clusters wavg in units of ξ (wavg/ξ ), where ξ is the
localization length of the ground state at the respective value of s. The red dots correspond to hard time complexity (χmax(t) ∝ ert)
with exponential rate r. The blue dots correspond to easy time complexity (χmax(t) ∝ tα) with power-law exponent α. The simulations
are typically hard if either kavg/N increases or wavg/ξ decreases. (b),(c) The dynamics of the bond dimension χi along each cut for
two representative states: (b) s = 0.5, ε = 0.4; (c) s = 0.7, ε = 0.25. In (b), clusters of excitations have started to entangle beyond a
transient time; whereas in (c), clusters of excitations have not entangled yet due to the presence of large islands of consecutive |0〉.
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(we restrict to s > 0), which we extract by fitting the occu-
pation number 〈n̂i〉 ∼ e−j /ξ on the ground state obtained
via DMRG, we observe that the predictive power improves
[see Fig. 5(a)]. The localization length ξ serves as a good
length scale, since the active regions expand exponentially
slowly and remain within a few ξ up to long times in the
localized phase. As kavg increases, the simulations are typ-
ically harder, while, on the other hand, the opposite occurs
as excitations are farther apart. Such behavior could be
understood as the interplay of dynamics within each cluster
of excitations and between different clusters. Intuitively, if
clusters are far from each other on average (wavg/ξ � 1),
the time complexity is mostly dictated by the dynamics
within each cluster, since the propagating fronts generate
little entanglement. In turn, the larger the cluster is—and
so is its energy—the more it is typically hard to simulate,
in agreement with Fig. 3(a).

A possible analogy to explain such behavior is given by
looking at the system as a collection of subsystems with a
certain temperature, directly linked to the number of exci-
tations, separated by completely inactive regions at zero
temperature (the empty state |00 . . . 0〉 is the true ground
state of the quantum East model): if the inert regions are
too extended, the hottest source dominates the hardness
in simulating the dynamics. Such a picture is supported
by inspecting more closely how the bond dimension or,
equivalently, the entanglement, at each possible biparti-
tion, evolves in time [cf. Figs. 5(b) and 5(c)]. In Fig. 5(b),
islands of excitations have started to entangle appreciably
beyond a transient time. On the other hand, in Fig. 5(c),
clusters of excitations are not strongly entangled due to the
presence of large inactive regions between them.

The distinction between inactive and active regions
opens up the possibility of understanding the dynamics of
generic product states in terms of concatenated and weakly
entangled clusters in the localized phase. We further inves-
tigate this observation in the following sections.

E. Transition in space complexity

We have observed that the structure of the initial state
plays a leading role in dictating the time complexity in
the localized phase. Such a dependence stems from the
sharp differentiation between active and inactive regions in
KCMs. Here, we go a step further, showing that such a dis-
tinction also leads to a crossover in the space complexity
from a fragmented regime, where the state is separable, to
a fully ergodic one, where the state is nonseparable.

Heterogeneity is a hallmark of classical glassy sys-
tems, which also manifests in their quantum counterpart, as
observed in other studies [50,72]. The quantum East model
makes no exception, as is evident from the dynamics of
various observables, such as the occupation number and
the entanglement entropy. This feature opens up the possi-
bility of distinguishing two time scales: one on which the

dynamics occurs mostly within each cluster of excitations
(intracluster) and another on which they also apprecia-
bly involve different clusters of excitations (intercluster).
Specifically, we could define a time t� up to which the
system is approximately separable, since the entangle-
ment between the different clusters is negligible, and the
whole dynamics are encoded in the dynamics of each
cluster separately. Such separability in the evolved state
could be formalized using the Lieb-Robinson bound [88]:
quantum correlations propagate at most ballistically with
exponentially small corrections in systems with a finite
local Hilbert space and short-range interactions. In KCMs,
empty regions are completely inactive and the finite veloc-
ity of propagation of entanglement in the system (upon
neglecting the exponentially small correction in the dis-
tance) implies the separability just mentioned up to time t�,
at which the active regions merge appreciably. As a conse-
quence, an initial product state [cf. Eq. (6)] with N cluster
evolves as

|ψ(t)〉 ≈
N⊗

n=1

|ψn(t)〉 t � t�, (10)

where |ψn(t)〉 is the time-evolved state describing the nth
cluster. In other words, the evolved state is given by a
product state of each cluster, i.e., it is separable (up to
exponentially small corrections coming from the propa-
gating fronts). The transition from separability to fully
ergodic is accompanied by a change in the dimension of
the accessible Hilbert space D. Specifically,

D(t) =
{ ∼ N × 2N/N , t � t�,

2N , t � t�, (11)

which in words translates, keeping N/N fixed, to a tran-
sition in the dimension of the accessible Hilbert space
from polynomial to exponential in the system size N . Such
a transition could be interpreted as a transition between
a fragmented regime [19,55,56] and a fully ergodic one.
However, we once more highlight that such a transition
is present in the quantum East model upon neglecting
the exponential small corrections coming from the Lieb-
Robinson bound. On the other hand, in exactly fragmented
systems, the different sectors of the Hilbert space are com-
pletely disconnected and the time t� is formally infinite.

As the Lieb-Robinson bound constitutes an upper
bound, it is in principle possible to observe slower than
ballistic propagation. This is the case for the quantum East
model, where the propagation can be exponentially slow
in the localized phase [36]. As a consequence, the depen-
dence of the time t� with the distance w, defined as the
number of empty sites |0〉 between two clusters, depends
strongly on whether the system is localized or delocalized.
To test this, we compute the evolution of the entanglement
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FIG. 6. The dynamics of the entanglement entropy S, com-
puted on the last bond, upon initializing the state |111〉 ⊗ |0〉w ⊗
|1〉 with w ∈ [1, 8] in the delocalized (s < 0) and localized phase
(s > 0). (b) The time t� at which the two clusters appreciably
entangled, i.e., when S > 	, as a function of w. We set	 = 10−2

for the sake of concreteness (for a more compelling discus-
sion in terms of the Lieb-Robinson bound, see the text). In the
delocalized phase (s < 0), t� grows linearly in w as excitations
propagate ballistically. On the other hand, t� grows exponentially
in w in the localized phase (s > 0), due to the extreme slow-
down in the dynamics. The results have been obtained via exact
diagonalization.

entropy between two clusters, of size 3 and 1, respec-
tively, at a distance w, i.e., |ψ(t = 0)〉 = |111〉 ⊗ |0〉w ⊗
|1〉. Specifically, we look at the entanglement entropy S on
the last bond and we define a threshold 	 so that we con-
sider the two clusters to not be entangled if S < 	. The
specific value of 	 is arbitrary and is chosen just to show
the dependence of t� on w (cf. Fig. 6). In the delocalized
phase, t� grows linearly in w as excitations propagate bal-
listically. On the other hand, t� grows exponentially in w
in the localized phase, due to the extreme slow-down in
the dynamics [cf. Fig. 6(b)]. Since t� could be very large
in the system size, our observation could prove valuable in
different directions:

(i) For time t < t�, the dynamics of the whole system
can be efficiently simulated as a collection of its
subsystems making a negligible error [89,90].

(ii) Separability up to time t� justifies the investigation
of smaller system sizes in order to grasp the behav-
ior of larger ones. Specifically, from Eq. (10), the
dynamics of a product state given by N cluster is
completely encoded looking at the dynamics of N
single-cluster states up to time t�.

Based on (ii), we now investigate the time complexity
in simulating the time evolution of single-cluster states,
namely, kink states. We will show that such investiga-
tion not only will confirm the observed time complexity
as per the previous sections, but will also allow us to
identify a class of area-law states responsible for such
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FIG. 7. The time complexity upon initializing kink states
|k〉 = ⊗k

j =1|1〉 ⊗N
j =k+1 ⊗|0〉 with k ∈ [1, N/2] with N = 30.

Polynomial and exponential fits are performed to determine the
complexity of simulating these states. (a) The relative error δe/p
between the exponential and polynomial fits as a function of the
energy density ε and s. For δe/p < 1, the state is hard to simulate.
Conversely, for δe/p > 1, the state is easy to simulate. We see a
complexity trend similar to the one observed in Fig. 3(a), signal-
ing that most of the complexity of simulating product states can
be understood in terms of the evolution of kink states. (b) The
dynamics of χmax for kink states with varying k, in the delocal-
ized (s = −0.5) regime and in the localized (s = 0.5) regime. In
the delocalized regime, states are hard to simulate irrespective of
k. On the other hand, in the localized regime, k has a huge impact
on the time complexity.

behavior. This will provide evidence of the sensitivity of
our complexity-oriented proxy to nonthermal eigenstates.

F. Localization at finite energy density

Following the conclusions of Sec. IV E, we investigate
the time complexity of simulating the dynamics of the kink
states

|k〉 = |1〉k ⊗ |00 . . . 0〉. (12)

As always for product states in the computational basis,
we have a one-to-one correspondence between k and the
energy density ε. Since we now have a single state for each
point in the parameter space ε vs s, we show in Fig. 7 the
relative error δp/e between the polynomial and the expo-
nential fit performed on the time evolution of the maximum
bond dimension χmax(t). If δp/e > 1, the exponential fit
better approximates the data, and vice versa if δp/e < 1.
The time complexity of simulating kink states follows a
similar trend as the one observed in Fig. 3(a). This signals
that, as expected, the hardest part to simulate is given by
regions that are densely excited—or, in other words, the
“hottest” regions.

To better understand our observations, we investigate
the eigenstates of the Hamiltonian more closely. In partic-
ular, from exact-diagonalization calculations, we discover
that the kink states in Eq. (12) have a large overlap with a
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(a) (b)

FIG. 8. (a) The inverse of the localization length ξ of the local-
ized kink eigenstates (variance of energy <10−5) obtained via
DMRG-X [57], as a function of their energy density ε = (〈H 〉 −
Emin)/(Emax − Emin) in a system of size N = 30. The algorithm
converges not only at zero energy density (ε = 0), corresponding
to the ground state, but also at finite energy ε > 0, indicating the
existence of localized kink states along the spectrum for s > 0.
(b) The density profile of some localized kink states found via
DMRG-X for different values of ε at fixed s = 1.4. The dashed
lines are the exponential fit used to extract ξ .

limited number of eigenstates of the Hamiltonian deep in
the localized phase. Such eigenstates have a density pro-
file similar to a kink state with an additional localized tail
on the right edge. For this reason, we term them local-
ized kink states. Due to the limited system sizes accessible
via exact diagonalization, we further characterize such
states by resorting to DMRG-X, a variation of the stan-
dard DMRG, which allows us to find area-law eigenstates
that are “near” (in overlap) to the initial state seeded to the
algorithm [57]. In our case, we seed the kink states [cf.
Eq. (12)] and let the algorithm find the best-approximating
eigenstate, setting a maximal bond dimension of 100. For
each of these states, the algorithm could either fail to con-
verge, which we interpret as the absence of a localized kink
state, or converge.

In Fig. 8, we show the localization length ξ of the
states for which the algorithm has been able to converge
(we have set as the convergence criterion a variance of
the Hamiltonian smaller than 10−5). We observe that the
algorithm can find a state with ε = 0, faithfully reproduc-
ing the results from DMRG, as it corresponds to the ground
state of the Hamiltonian. Additionally, the algorithm can
find other localized states at finite energy density as s
increases, corresponding to the localized kink states intro-
duced above. We observe that ξ is parametrically small
in s, while it is parametrically large in ε. In Appendix
G, we provide further details on the results obtained via
DMRG-X. This provides further evidence of the effective-
ness of our complexity-oriented quantity for detecting the
presence of thermal and nonthermal eigenstates.

G. A unifying picture

The localized kink states found could be used, together
with empty strings, as building blocks for defining a large
class of states close to eigenstates of the Hamiltonian for
larger system sizes. To show this, let us call |̃kN 〉 the local-
ized kink states, with k as the number of excitations in the
kink (excluding the localized tail) and N as the system size.
First of all, we observe that the state

|�L
k 〉 ≡ |̃kN 〉 ⊗ |0〉⊗(L−N ), (13)

with support on L > N sites, has energy variance

〈�L
k |	Ĥ |�L

k 〉 ∼ e−s〈̃kN |n̂N |̃kN 〉 ∼ e−se−(N−k)/ξ , (14)

which depends solely on the occupation on the last site
of the state |̃kN 〉, since the only contribution to the vari-
ance comes from the boundary term between |̃kN 〉 and the
subsequent string of empty sites. Since the variance in Eq.
(14) is independent of L, it is small if (N − k) � ξ , i.e.,
|̃kN 〉 is localized. Since ξ does not scale with N , such a
condition is satisfied if k/N � 1 for large N , which can
be fulfilled for k < cN with c � 1 a small constant and
k < N p with p < 1. Recalling the correspondence between
the number of excitations and the average energy, the for-
mer case corresponds to states with an extensive energy,
while the latter corresponds to states with a subextensive
energy. The bound in k imposed is quite strict in practice
and could be relaxed due to the exponential dependence of
the variance on (N − k)/ξ . Specifically, by setting a tar-
get variance ε in Eq. (14), it would be enough to have
(N − k) ∼ ξ log(1/ε).

Having proven that the localized kink states found at
finite N are quasieigenstates of larger systems, we can go a
step further. Specifically, we could use them as a basis for
states in a system of size L > N by concatenating them one
after the other in real space. Allowing k ∈ [0, kmax], where
|̃0〉 ≡ |0〉⊗N and kmax corresponds to the maximum number
of excitations for which the system displays localization
for a given s, we can define (kmax + 1)L/N states, which
can be exponentially many in the system size L. Let us call
|�L〉 ∈ {|̃0N 〉, |̃1N 〉, . . . , |̃kN

max〉}⊗L/N . Since |̃0N 〉 blocks do
not contribute to the variance, the only contribution comes
from the states |̃kN 〉, giving

〈�L|	Ĥ |�L〉 ∼ e−s
M∑

j =1

e−(N−kj )/ξ <Me−(N−kmax)/ξ ,

(15)

where M = L/N is the number of states |̃k〉 with k > 1
and kj is the size of the j th concatenated localized kink
state. We highlight that M is potentially unbounded in
the thermodynamic limit, making the variance inevitably
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FIG. 9. An initial product state (left) can be well approximated
by a product state of localized kink states (right) in the localized
phase. In this case, the dynamics of the former are slow and effi-
ciently simulable up to long times (at least exponentially long in
the distance between the kink states, following the approximate
separability discussed in Sec. IV E).

large. The energy is given by

〈�L|Ĥ |�L〉 ∼
M∑

j =1

〈̃kj |Ĥ |̃kj 〉 ∼
M∑

j =1

kj . (16)

Given these results, we now aim to find a trade-off between
small variance and finite energy density. To this end, let
us embed the maximum possible number of localized
states, namely,M = L/N , and consider that the kink states
embedded have k ∼ cN , with c � 1. Let us consider the
case in which N = Lα , with α < 1, to which correspond
M = L1−α and k ∼ cLα . For this parametrization, we have
〈�L|Ĥ |�L〉 ∼ cL and 〈�L|	Ĥ |�L〉 < L1−αe−Lα/ξ , imply-
ing that we can have states with finite energy density and
small variance, which are thus slowly evolving.

The existence of localized kink eigenstates, which
include the ground state [37], allows us to explain the ease
of simulating the dynamics of a large class of initial states
deep in the localized phase. Specifically, product states in
the computational basis can be potentially very close (in
overlap) to concatenated localized kink states. If so, such
a product state would have small energy variance and be
slowly evolving, making its simulation via tensor networks
efficient. Operatively, for a given s, a state given by

(i) concatenated clusters of excitations of size k ≤
kmax(s)

(ii) separated by empty regions larger than the localiza-
tion length ξ (where ξ ∼ 1 as computed in Fig. 8)

fulfills such requirements (Fig. 9 offers a sketch). As a
remark, such conditions are those mentioned in Sec. IV C,
now rigorously derived here.

The number of states that fulfill such conditions are
exponentially many in the system size L, as its size goes
like (kmax(s)+ 1)L/N , where N is the size of the localized
kink state. Such a subspace constitutes the easily simula-
ble corner Heasy of the Hilbert space mentioned in Sec.
IV C, which even though exponentially large in L, is still a
small fraction of the whole Hilbert space of dimension 2L

as L increases. This explains the observation in Sec. IV C,
where the energy density (or, in other words, the density of

excitations) is not so informative on its own as the system
size increases: randomly sampling initial product states
does not efficiently target the desired subspace spanned
by localized kink states. However, as we have now eluci-
dated the structure of such a subspace, it becomes possible
to guide the sampling procedure to target the desired sub-
space. Also, from (i) and (ii) it follows that Heasy contains
states up to a certain energy density ε� (the density of
excitations), since above this threshold, (i) and (ii) can-
not be fulfilled. Above such an energy density, excluding
the existence of other easily simulable subspaces, the time
complexity of simulations is always hard. This constraint
gives rise to the notion of a state-dependent mobility edge
that is at the core of this paper.

V. DISCUSSION AND PERSPECTIVES

In this work, we have characterized the kinetically con-
strained quantum East model by inspecting the complexity
of simulating the dynamics via tensor networks. In doing
so, we have distinguished complexity along the time (time
complexity) and space (space complexity). We have linked
the ease of time complexity to the presence of numer-
ous nonthermal eigenstates at finite energy densities, a
subset of which we have computed via DMRG-X. The
abundance of nonthermal eigenstates causes the system to
exhibit behavior akin to having a mobility edge when ini-
tializing certain product states, a scenario that we term the
state-dependent mobility edge. Space complexity, on the
other hand, is susceptible to the separability of the evolved
state. We have shown that the sharp distinction between
active and inactive regions, characteristic of kinetically
constrained models, induces a transition in space com-
plexity during the dynamics of initial product states, as
summarized by Eq. (10).

Although generic nonintegrable systems are not
expected to display a dynamical transition in time com-
plexity, it would be natural to ask whether similar behav-
ior can be found in other interacting systems featuring
nonergodic dynamics, e.g., in models with dynamical
confinement [24], where nonthermalizing oscillations are
observed for a broad set of Hamiltonian parameters. In a
recent work, we have proposed how to tune between this
model and the quantum East model using a Rydberg array
that combines staggered drive fields and antiblockade [38].
It would be intriguing to study the fate of the complexity
transition, as the drive fields are varied such that dynam-
ics exit the East regime to enter dynamical confinement. A
long-term related question is whether this type of transition
can present different universality classes and what would
be the key ingredients dictating them, in terms of sym-
metries, dimensionality, and nature of degrees of freedom
involved. While the topic of dimensionality will shortly
be covered in Sec. V A, we observe that the role of local
Hilbert space size could be easily addressed through the
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bosonic variant discussed in Refs. [42,43]. This is not a
mere technical exercise, since it has been shown in Ref.
[42] that the localized phase of the bosonic East model
can host non-Gaussian entangled states, therefore offering
a potential connection between the complexity-transition
explored in this work and quantum metrological gain.

Furthermore, the transition encoded in Eq. (10) is rem-
iniscent of the dynamical transition in the complexity of
performing the so-called sampling task [91,92]. The sam-
pling problem involves the extraction of events according
to the probability distribution provided by the many-body
quantum state and it is widely regarded as a leading
contender in demonstrating provable quantum advantage.
Additionally, and more relevant for us, the sampling prob-
lem has also gathered attention for defining novel kinds
of dynamical phase transitions linked to an easy to hard
transition during dynamics, which could already happen in
systems of free bosons in a lattice [93]. Specifically, in Ref.
[93], free bosons sparsely located along a lattice have been
considered: for times smaller than the time at which parti-
cles interfere, controlled by the Lieb-Robinson bound, the
task is easy, as quantum particles behave as distinguishable
classical ones; for times larger than the interference time,
the task becomes hard, as interference between particles
can no longer be disregarded. This strongly resembles the
transition encoded in Eq. (10).

Before concluding, we concretely address two instances
in which our results can find straightforward extension:
higher-dimensional generalizations and dynamics of ran-
dom circuits with “East” gates.

A. Higher dimensions

An intriguing natural direction involves the investiga-
tion of higher-dimensional kinetically constrained models.
The features of kinetically constrained classical models
are not very susceptible to dimensionality [53] and a
natural question is whether this is true in their higher-
dimensional quantum counterparts. To be concrete, let us
consider the two-dimensional (2D) extension of the quan-
tum East model, the quantum “North-East” model, with
Hamiltonian [37]

H2D = −1
2

∑

i,j

n̂i,j

[
e−s

(
σ̂ x

i+1,j + σ̂ x
i,j +1

)
− 1

]
, (17)

where a spin flip on site (i, j ) occurs if at least one of the
sites below or to its left is excited (|1〉). We consider open
boundary conditions and we pin the (1,1) site to be with
n1,1 = 1 (similarly to the 1D version). The system still dis-
plays a delocalization-localization transition in the ground
state at s = 0 [37]. Thus, an intriguing question is whether
the 2D case also displays slow entanglement growth after
quantum quenches. To this end, we consider small sys-
tem sizes amenable to exact diagonalization (Lx × Ly =

1 2 3 4
x
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FIG. 10. The dynamics of entanglement entropy in the two-
dimensional (2D) quantum “North-East” model [Eq. (17)] upon
initializing three initial product states with a given number of
excitations M = {1, 3, 6} in a system of (Lx, Ly) = (4, 3) (in the
first row, we show the density profile of the initial states, with
black corresponding to an excitation). The entanglement entropy
is the one of the subsystem A = [[1, Lx/2], [1, Ly ]], namely, the
bipartition along the vertical red cut depicted in the first row.
For s < 0, we observe ballistic growth as expected for a non-
integrable system, before reaching a plateau due to finite-size
effects. On the other hand, for s > 0, entanglement grows in a
logarithmic fashion.

4 × 3 lattice). Following our procedure based on initial-
izing product states, we consider the dynamics of product
states with M excitations (|1〉). Specifically, we consider
M = {1, 3, 6} (see Fig. 10), having increasing energy den-
sity with M (M = 6 lies near the middle of the spectrum,
effectively corresponding to a high-temperature state). For
each of them, we compute the dynamics and the entangle-
ment entropy along the x = Lx/2 cut (cf. Fig. 10). For s <
0, the entanglement entropy grows ballistically and quickly
saturates to a finite value due to finite-size effects. On the
other hand, for s > 0, we observe an extreme slow-down
of entanglement entropy (compatible with a logarithmic
growth), in a fashion analogous to the 1D case. Based on
our arguments, such a slow-down opens up the possibil-
ity that 2D disorder-free kinetically constrained systems
are amenable to be simulated using tensor networks [94],
alongside systems displaying slow entanglement growth
due to other mechanisms, such as confinement [95,96].
Additionally, from a statistical-mechanics point of view,
such a slow-down could hint at the existence of many sub-
thermal eigenstates at finite energy density. However, due
to the limited system sizes considered here, no conclusive
data can be gathered, leaving these as intriguing directions
for future investigations.
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B. (Random) unitary circuits and thermal bubbles

The results obtained in the quantum East model open up
the intriguing possibility that the corresponding quantum
circuit could be efficiently simulable as well. More con-
cretely, the generator of the dynamics could be Trotterized
as

e−iĤT =
T/	t∏

n=1

e−iĤ	t

≈
T/	t∏

n=1

⎛

⎝
N−1∏

j =1

e−iĥj ,j +1	t

⎞

⎠ , (18)

where the two-site operator e−iĥj ,j +1	t for the quantum East
model turns out to be equal to

e−iĥj ,j +1	t = eiJ n̂j σ̂
x
j +1	t/2e−in̂j	t/2, (19)

in which J ≡ e−s. By using n̂k
j = n̂j for k > 0 and (σ̂ x

j )
k =

1 for k odd, we can write the evolution operator exactly as

e−iĥj ,j +1	t = Uj + Uj ,j +1

Uj = 1 − n̂j + n̂j cos(J	t/2)e−i	t/2

Uj ,j +1 = in̂j σ̂
x
j +1 sin(J	t/2)e−i	t/2,

(20)

which can be seen as a tilted controlled-NOT (CNOT), i.e., a
CNOT that does not necessarily perform perfect conditioned
spin-flips. This opens up the possibility that a subgroup of
such a family of circuits, which does not belong to Clif-
ford circuits (apart for fine-tuned parameters [40]), could
be efficiently simulated via classical algorithms. In such a
direction, the Floquet version of the quantum East model
[41] has been shown to display localization starting from
a single excitation, despite the absence of energy conser-
vation. However, analogously to what is here discussed
in the continuous-time version (	t → 0), the initial state
could also play a role in the dynamics of the Trotterized
version. A detailed analysis of such a circuit could lead to
the discovery of a novel family of tilted CNOTs that can be
simulated efficiently, alongside Clifford and MBL inspired
[61], as well as fractonic random, circuits [55,62].

Going beyond a deterministic evolution, an intriguing
direction could be the addition of randomness in the cir-
cuit. We can envision different ways to do that; e.g., by
randomly applying gates belonging to the one listed in
Eq. (20) with random J . In such a scenario, we envision
that the system could display an entanglement transition
between volume law and area law (if J is sampled mostly
from the localized side, namely, J < 1). Another possi-
bility is to apply Eq. (20) deterministically for time τ
(even by keeping 	t small so that we are approximating
the continuous-time evolution), and then to apply some

(a) (b)

FIG. 11. Snapshots at different times te−s = {15, 25, . . . , 75}
(from light to dark curves) of the entanglement entropy on each
cut under the quantum East model deep in the localized phase
(s = 1.5) with Z gates applied with probability p on each site
after a cycling time τ = 0.5. (a) For p = 0, the entanglement
remains localized near the initially seeded excitation. (b) For
p > 0, the active region heats up, as indicated by the linear
growth of Sj on each j (until saturating its upper bound, given
by an infinite-temperature thermal state), and expands diffusively
toward the inactive region (see the inset). The results are aver-
aged over 80 random realizations for p = 0.10 (the shaded areas
are statistical uncertainties). The initial state is |1〉 ⊗N

j =2 |0〉. The
value of τ does not qualitatively change the observed behavior.

gates to each site with probability p , and repeat. In such
a protocol, note that the density of random gates in the
total space-time volume is finite. By doing so, we could
naively envision that the addition of gates preserving the
directional character together with the sharp differentiation
between active (given by |1〉) and inactive (given by |0〉)
regions should not spoil the main features of the quantum
East model. However, we observe that such a picture is
also challenged by the random application of the Z gate.
Even an infinitesimal p leads to the disruption of the slow
entanglement growth, making it ballistic, and locally heats
up the system to infinite temperature as a result of the non-
commutativity of Z gates with the kinetic constraint terms.
To show this, we initialize a state with a single excitation.
We observe that the Z gate heats the system solely in the
already active regions as expected, which in turn heats the
surroundings. Intriguingly, the application of Z gates turns
the spread of entanglement (see Fig. 11) from subdiffusive
(for p = 0, corresponding to the deterministic dynamics)
to diffusive (for p > 0). Such a phenomenon is reminiscent
of avalanches in MBL systems [75,97–100] and it could
potentially serve as a toy model for their investigation.
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APPENDIX A: FULL SPECTRUM OF THE
HAMILTONIAN FOR SMALL SYSTEM SIZE

Here, we reproduce the results from Ref. [37], showing
the presence of an exponentially large number of nonther-
mal eigenstates with large overlap with product states. To
do so, we compute the full spectrum of the quantum East
model [cf. Eq. (1)] for small system sizes via exact diago-
nalization. We fix the first site in the |1〉 state. In Fig. 12(a),
we show the half-cut entanglement entropy S of the eigen-
states |ψε〉 in the delocalized regime (s = −0.5) and the
localized regime (s = 0.5) as a function of the normalized
energy ε = (En − Emin)/(Emax − Emin), where En is the
energy of the nth eigenstate, Emax is the maximum energy,
and Emin is the ground state energy. In the delocalized (s <
0) phase, the spectrum appears to be thermal as expected,
while, on the other hand, in the localized regime (s > 0),
there are many nonthermal eigenstates with a large over-
lap with the product states [see Fig. 12(b)]. The product
states {|ψp〉} have been obtained by writing the eigenstates
{|ψε〉} as MPSs and then truncating their bond dimension
to 1 on each bond.

APPENDIX B: ENTANGLEMENT-ENTROPY
DYNAMICS

In Fig. 3(a), we have located a state-dependent mobil-
ity edge for initial product states using the way in which
χmax(t) grows in time, distinguishing between hard and
easy time-complexity regions. Here, we present the data
for the dynamics of the maximum entanglement entropy
Smax(t) along the system, to support the arguments pre-
sented in Sec. IV A.

For states represented in the form of MPSs with bond
dimension χ , the maximum entanglement entropy is lim-
ited to logχ . Thus, if Smax(t) ∝ t, the bond dimension
needed grows exponentially. On the other hand, if Smax
grows sublinearly—e.g., logarithmically, as occurs for
localized systems—the required bond dimension scales
polynomially. In Fig. 13, we show the data for the growth
of Smax for a sample of product states at a fixed ε = 0.4
and different values of s. For states deep in the delocalized

FIG. 12. (a) The half-cut entanglement entropy of the eigen-
states |ψε〉 of the quantum East model [cf. Eq. (1)] as a function
of the normalized energy ε = (E − Emin)/(Emax − Emin). (b) The
overlap between |ψε〉 and its best-approximating product state
|ψp〉 as a function of ε. In the delocalized phase (s < 0), the
spectrum appears to be thermal, as is typical for nonintegrable
systems. On the other hand, in the localized phase (s > 0),
there are (exponentially) many nonthermal eigenstates with large
overlap with product states. We show data for N = 13 sites.

regime (e.g., s = −0.3), we have a linear growth of Smax(t),
as expected in the thermal regime. In the localized phase
s > 0, we observe Smax(t) ∝ log t, indicating nonthermal
properties.
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∝ t ≈ 0.8 log(t)

≈ 0.4 log(t)
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FIG. 13. The dynamics of the maximum entanglement entropy
of approximately 100 product states [cf. Eq. (6)] at fixed normal-
ized energy ε = (〈H 〉 − Emin)/(Emax − Emin) = 0.4 and different
values of s. Deep in the delocalized phase (s < 0), we observe a
linear growth of Smax as expected for thermal systems; whereas in
the localized phase (s > 0), we have logarithmic growth of Smax
due to localization. The results have been obtained for system
size N = 30.
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FIG. 14. The standard deviation of the outcomes {feasy}n
k=1 for

any given value of the energy density ε and the Hamiltonian
parameter s. The distribution is highly peaked in the typically
easy and hard time-complexity regions. On the other hand, along
the crossover, the distribution is wider, as the outcome depends
strongly not only on the energy density but also on other features
of the initial state. The results have been obtained for system size
N = 30.

APPENDIX C: DETAILS ON THE FITTING
PROCEDURE

Here, we provide additional details on the fitting proce-
dure. The procedure can be summarized as follows: given
the dynamics of the maximal bond dimension χmax(t), we
fit a polynomial or an exponential curve; then, we select
the best fit by comparing the error. In our simulations, we
observe that the errors are typically an order of magnitude
different, making the selection of one over the other sim-
ple, while in the worst-case scenarios the errors differ by
approximately 10%. To better quantify this, we compute
the quantity |1 − δe,p |, with

δe,p = error of exponential fit
error polynomial fit

. (C1)

The quantity |1 − δe,p | behaves as follows:

(1) |1 − δe,p | � 1 if the polynomial fit is better than the
exponential one, since δe,p � 1

(2) |1 − δe,p | ≈ 1 if the exponential fit is better than the
polynomial one, since δe,p � 1

(3) |1 − δe,p | ≈ 0 if the two fits are comparable

In Fig. 15, we plot the minimum value achieved at any
given energy density ε and s, which constitutes the worst-
case scenario. As anticipated, |1 − δe,p | is always � 0.1,
making the two fits appreciably distinguishable in the

FIG. 15. The minimum of |1 − δe,p | over the sampled initial
states at any given s and ε, where δe,p is the relative error between
the exponential and polynomial fit [cf. Eq. (C1)]. The results
have been obtained for system size N = 30.

majority of cases. In Fig. 16, we show some representa-
tive fitting procedures, comparing the exponential fit with
the polynomial fit.

APPENDIX D: IMPACT OF A FINITE NUMBER OF
SAMPLED INITIAL STATES

Given a system of N spin-1/2 states, the number of
initial product states is 2N ; this makes a thorough inves-
tigation unfeasible for large N . Here, we show that by a
limited sample of initial states that have been uniformly
extracted, we still can capture the features of interest to us,
namely, the existence of a state-dependent mobility edge
for N = 30. However, we highlight that as N increases,
uniformly sampling product states is not a viable option,

(a) (b) (c)

exponential

polynomial

exponential

polynomial

exponential

polynomial

FIG. 16. The fitting procedure for some representative states
and some value of s together with the corresponding relative
error [Eq. (C1)]: (a) s = −0.5; (b) s = 0.5; (c) s = 1. In (a) and
(c), the two fits are easily distinguished; in (b) the fit is hardly
distinguished. The results have been obtained for system size
N = 30.
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FIG. 17. The fluctuations of the average feasy for any given
value of the energy density ε and the Hamiltonian parameter s.
The error is within a few percent in the whole space parameter,
except for the typically hard regions in which feasy → 0, mak-
ing the ratio artificially huge. In the regions in which feasy = 0
exactly, we set the ratio σeasy/feasy = 0 by hand, being singu-
lar (σeasy = feasy = 0). The results have been obtained for system
size N = 30.

as other features (i.e., the distribution of excitations) have
to be taken into account, as we have extensively discussed
in Sec. IV C. Yet, up to a moderately large N , we observe
good convergence in the sample size. Specifically, we now
characterize the binomial distribution of the quantity feasy
via its variance, together with the variance of its average
(which is the quantity of interest to us).

We first look at the broadness of the distribution of
the outcomes obtained in our simulations. To this end, in
Fig. 14, we show the standard deviation at any given s and
energy density ε. For most space parameters, the distribu-
tion is narrow, indicating typicality. However, between the
typically easy and hard simulable regions, where we locate
the state-dependent mobility edge, the variance increases,
indicating a dependence on other details of the initial state
beyond solely the energy density. Despite the broader dis-
tribution, the average value of the distribution is computed
with an uncertainty within a few percent (see Fig. 17). We
highlight that the large values of the variance in the typi-
cally hard region are solely due to the fact that the quantity
feasy → 0.

As an additional test of convergence over the number of
samples, we let the number of samples be a tunable param-
eter μ ∈ [1, n] (where n is the total number of initial states
sampled for a given ε) and we compute

1
μ

μ∑

k=1

fk(ε, s), (D1)

(a) (b)

FIG. 18. The convergence with the number of sampled states
of the average outcome [cf. Eq. (D1)]: (a) s = 0.2; (b) s = 0.3.
We show the worst-case scenarios, i.e., the crossover region,
where even though the convergence is slower in the number of
samples, we still achieve a relative error of a few percent. We
highlight that the number of total sampled states is at most 100
for each value of the number of excitations M ∈ [1, N ]. However,
as the initial states are not eigenstates of the Hamiltonian [and so
have a nonzero energy variance; see Eq. (7)] we group them in
a small energy window around ε, thus increasing the number of
samples at a given ε. The results have been obtained for system
size N = 30.

where fk(ε, s) = 0 or 1. These two options correspond to
hard or easy simulation of dynamics, respectively, upon
initializing the kth state at a given s and energy density
ε. In Fig. 18, we show the worst-case scenarios, corre-
sponding to the crossover regime, together with regimes
in which typicality is present; i.e., the single outcome is
roughly sufficient.

APPENDIX E: FINITE-SIZE SCALING

In Sec. IV A, we have uncovered a mobility edge in
the system for a class of product states. We have stud-
ied the model on a system size of N = 30 and the growth
rate of χ has been used as an indicator to classify hard
or easy regimes. In Sec. IV C, we have already performed
a scaling analysis in N , by repeating the random uniform
sampling procedure described in Sec. IV B. Here, we per-
form a finite-size-scaling analysis in the system size N to
show that boundary effects are irrelevant up to the times
reached.

As we have established in the main text that spatial
structure plays a vital role in dictating the time complexity,
we consider a randomly sampled product state |ψN=30〉 for
system size N = 30 with energy density ε and we obtain
states for larger N by simply concatenating copies of them,

|ψN 〉 = |ψN=30〉N/30, (E1)

where we restrict to system sizes where N is a multi-
ple of 30. We highlight that these states have the same
energy density ε (apart from 1/N corrections). We choose
three representative values of ε = {0.22, 0.54, 0.8} at fixed
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(a) (b) (c)

FIG. 19. The dynamics of product states [cf. Eq. (E1)] with
similar spatial structure and the same value of ε for different
system sizes N : s = 0.5. (a) The dynamics of χmax(t) for differ-
ent values of ε and system sizes N ∈ [30, 60, 90, 120, 150]. The
curves for different N cannot be distinguished as they overlap,
proving the absence of finite-size effects. (b),(c) The (b) expo-
nential rate r and (c) power-law exponent α as a function of N
for different values of ε. Both r and α are independent of the
system size N .

s = 0.5. In Fig. 19(a), we show the dynamics of χmax(t) for
different values of the energy density ε. Each curve with a
specific color consists of five overlapping curves for sys-
tem size N = {30, 60, 90, 120, 150}. The overlap gives a
clear indication that the dynamics, and hence our results,
are unaffected by boundary effects. As an additional test,
in Figs. 19(b) and 19(c) we show the computed exponen-
tial rates r and power-law exponents α extracted by fitting
χmax(t) for different values of ε and N . Here also, there are
no signatures of finite-size effects.
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FIG. 20. The same data as presented in Fig. 5(a) without
rescaling wavg with the ground state localization length ξ . The
red dots correspond to hard time complexity, where r is the corre-
sponding rate. The blue dots correspond to easy time complexity,
where α is the power law. Both the hard and easy simulations
overlap, as the effect of ξ on the growth dynamics is not con-
sidered, highlighting its key role out of equilibrium. The results
have been obtained for system size N = 30.
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FIG. 21. (a) The energy variance 	EX = (〈ψX |Ĥ 2|ψX 〉 −
〈ψX |Ĥ |ψX 〉2) computed on the states found via DMRG-X upon
seeding kink states |k〉 = |1〉⊗k ⊗ |0〉⊗(N−k). We consider the
algorithm converged solely if 	EX ≤ 10−5. (b) The modulus
of the overlap between the states obtained via DMRG-X |ψX 〉
and the initially seeded kink states |k〉 = |1〉⊗k ⊗ |0〉⊗(N−k). The
results have been obtained for system size N = 30.

APPENDIX F: ROLE OF THE EQUILIBRIUM
LOCALIZATION LENGTH ξ IN DICTATING TIME

COMPLEXITY

In Sec. IV D, we have discussed how the localization
length ξ of the ground state provides a length scale. To
prove its predictive power, in Fig. 20 we show the same
data as in Fig. 5 without rescaling the average distance
between excitations wavg with ξ . We see that the hard and
the easy simulations completely overlap and we are unable
to differentiate between them.

APPENDIX G: PROPERTIES OF THE
LOCALIZED KINK STATES FOUND VIA DMRG-X

Here, we provide some additional results on the states
|ψX 〉 obtained via DMRG-X. We refer the interested reader
to Ref. [57] for the technical details. In Fig. 21, we show
the energy variance	H computed on |ψX 〉 (setting a max-
imal bond dimension χ = 100) in a system of size N = 30.
We only show the data points for which 	H ≤ 10−5. In
Fig. 21, we show the overlap between the states |ψX 〉 and
the kink states |k〉 = |1〉⊗k ⊗ |0〉⊗(N−k) seeded in the vari-
ational approach. We observe large overlap (much larger
than the typical overlap 1/D with D = 2N the Hilbert
space dimension), indicating that such states are highly
relevant in dictating the dynamical features of the kink
states |k〉.

[1] J. Preskill, Quantum computing in the NISQ era and
beyond, Quantum 2, 79 (2018).

[2] R. P. Feynman, Simulating physics with computers, Int. J.
Theor. Phys. 21, 467 (1982).

[3] A. J. Daley, I. Bloch, C. Kokail, S. Flannigan, N. Pearson,
M. Troyer, and P. Zoller, Practical quantum advantage in
quantum simulation, Nature 607, 667 (2022).

040348-19

https://doi.org/10.22331/q-2018-08-06-79
https://doi.org/10.1007/bf02650179
https://doi.org/10.1038/s41586-022-04940-6


MANTHAN BADBARIA et al. PRX QUANTUM 5, 040348 (2024)

[4] A. Miessen, P. J. Ollitrault, F. Tacchino, and I. Tavernelli,
Quantum algorithms for quantum dynamics, Nat. Comput.
Sci. 3, 25 (2022).

[5] Y. Kim, A. Eddins, S. Anand, K. X. Wei, E. van den
Berg, S. Rosenblatt, H. Nayfeh, Y. Wu, M. Zaletel, K.
Temme, and A. Kandala, Evidence for the utility of quan-
tum computing before fault tolerance, Nature 618, 500
(2023).

[6] J. Tindall, M. Fishman, E. M. Stoudenmire, and D. Sels,
Efficient tensor network simulation of IBM’s Eagle kicked
Ising experiment, PRX Quantum 5, 010308 (2024).

[7] S. Patra, S. S. Jahromi, S. Singh, and R. Orús, Effi-
cient tensor network simulation of IBM’s largest quantum
processors, Phys. Rev. Res. 6, 013326 (2024).

[8] H.-J. Liao, K. Wang, Z.-S. Zhou, P. Zhang, and T. Xiang,
Simulation of IBM’s kicked Ising experiment with pro-
jected entangled pair operator, ArXiv:2308.03082.

[9] S. Anand, K. Temme, A. Kandala, and M. Zaletel, Classi-
cal benchmarking of zero noise extrapolation beyond the
exactly-verifiable regime, ArXiv:2306.17839.
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