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ABSTRACT

Joint modeling of multiple closely related quantitative traits with genetic variants is widely
applied in genetics to increase power for detecting associations. Linear mixed models (LMMs)
are one of the most commonly used approaches. However, when considering a small num-
ber of disease-related traits, it is common for one or more of the traits to be binary, not
quantitative. Previous work has found that using LMM to analyze binary traits suffers from
substantial power loss if covariate effects are important. Generalized linear mixed-model
methods could, in principle provide a solution to this problem, but in practice the penal-
ized quasi-likelihood estimation methods that make them computationally feasible are too
inaccurate to provide reliable type I error control. Furthermore, assessing the significance of
multi-trait associations with single or multiple genetic variants is challenging, particularly
in samples with population structure and related individuals. There is a lack of methods
capable of jointly modeling both binary and quantitative traits in the presence of population
structure or relatedness, while also accommodating multiple genetic variants and remain-
ing robust to ascertainment and model misspecification. To address these limitations, we
developed BCMAP (Binary and Continuous Multi-trait Association test with Population
structure), a novel modeling framework for multi-trait mapping of a combination of binary
and quantitative phenotypes, which is based on a mixed-effects quasi-likelihood framework.
BCMAP accommodates covariates, population structure, and relatedness, capturing the di-
chotomous nature of binary traits, and is suitable for testing with both single and multiple
genetic variants. Our test employs a retrospective approach, ensuring robustness to both
ascertainment and misspecification of the phenotype model. Additionally, we integrate the
recently proposed genetic association test method, JASPER (Joint Association analysis in
Structured samples based on approximating a PERmutation distribution). JASPER is a
fast, powerful, and robust genetic association test that effectively accounts for population
structure, enhancing the accuracy and reliability of our analysis. Parameter estimation for
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the binary trait(s) in this setting presents additional challenges beyond those for the quanti-
tative trait case. As part of estimating the correlation matrix, we explore a recently proposed
parametrization which enforces the positive (semi) definiteness and which can be viewed as
a multivariate generalization of Fisher’s Z-transformation of a single correlation. In simula-
tions, BCMAP achieves accurate type I error calibration and demonstrates improved power
over existing methods. We apply BCMAP to analyze the genetic associations of genetic

variants with diabetes and BMI in the Framingham Heart Study.
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CHAPTER 1
INTRODUCTION

For identifying genetic variants associated with a trait, the use of a univariate association
test has achieved many interesting results. For studying genetic associations with multiple
(often correlated) traits, univariate testing combined with multiple testing corrections has
been commonly employed due to its computational efficiency. However, this method is not
as powerful or efficient as a joint modeling of multiple traits method to detect association
between the traits and genetic variants [1]. Joint modeling of multiple closely-related quan-
titative traits using linear mixed models (LMMs) has been proposed as one solution. One
major application of these models is to increase power to detect genetic variants associ-
ated with multiple traits or associated with one trait and not others [2]. Furthermore, in
genome-wide association studies (GWASs), analyzing multiple traits simultaneously provides
valuable insights into the genetic architecture of complex traits [3, 4, 5, 6, 7] and enhances
the prediction of comorbidities using genetic data [8, 9, 10]. Joint analysis of multiple traits
and multiple variants also increases the power to identify gene-based associations [5].

In practice, with multiple closely-related traits, it is common for one or more of the
traits to be binary, not quantitative. For example, weight and diabetes are closely related
traits, but weight is a quantitative trait and diabetes is a binary trait. Researchers have
demonstrated that using LMM to analyze binary traits can lead to incorrect type I error due
to the violation of the homoscedasticity assumption in binary trait data [1]. Additionally,
LMMs can suffer from substantial power loss when covariate effects are important [11].

There is a clear need for efficient methods that can perform multi-trait genetic association
testing while accommodating a combination of binary and quantitative traits. To address
this gap, we propose a new model in this thesis for multi-trait mapping of both binary and
quantitative phenotypes. The proposed model is based on a mixed-effects quasi-likelihood

framework and can incorporate covariates and population structure and relatedness. It ef-
1



fectively captures the dichotomous nature of binary traits and supports both multi-trait
single-variant and multi-trait multi-variant tests. The test built on our model is based on
a retrospective approach, making it robust to misspecification of the phenotype model and
ascertainment. We name the proposed method BCMAP (Binary and Continuous Multi-trait
Association test with Population structure). In this thesis, we first address the parameter
estimation problem for a model involving multiple binary traits, which presents additional
challenges compared to the quantitative traits case. We then demonstrate, through sim-
ulation results for the multi-trait single-variant association testing scenario, that BCMAP
achieves accurate type I error calibration and exhibits improved power compared to existing
methods. Furthermore, we extend the method to the multi-trait multi-variant association
testing scenario and use simulation results to show that BCMAP maintains accurate type
I error calibration and demonstrates robust power. Finally, we apply BCMAP to analyze
the genetic associations of genetic variants with diabetes and BMI in the Framingham Heart

Study.

1.1  Multi-Trait Single-Variant Association Testing

For single genetic variant testing, there are some past works related to our topic. CARAT
[11] is a univariate binary-trait association approach, which accounts for relevant covariate
information, controls for unknown population structure, employs a logistic mean structure,
and maintains the necessary mean-variance relationship for a binary trait. Because CARAT
uses a retrospective approach, it is more robust to misspecification of the phenotype model
and ascertainment. CERAMIC [12] extends the CARAT method to allow samples with re-
lated individuals and to incorporate partially missing data, which makes it more powerful
than many methods when the sample includes related individuals with some missing data.
GMMAT [13] is a computationally efficient logistic mixed model approach for binary-trait

association testing, which effectively controls for population structure and relatedness. How-
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ever, GMMAT is based on a prospective testing approach, which makes it result in worse
type I error and lower power than CERAMIC when the phenotype model is misspecified
[12]. Furthermore, GMMAT relies on a penalized quasi-likelihood approach that sacrifices
accuracy for computational speed [14].

These methods focus on univariate association tests for single genetic variant and binary
traits. Zhou and Stephens [15] proposed efficient multivariate linear mixed model (mvLMM)
algorithms for genome-wide association studies, which involves modeling multiple correlated
quantitative traits jointly and accounting for relatedness among samples and the method is
working for single genetic variant testing. However, their method does not accommodate
binary traits. Wang, Meigs, and Dupuis [1| proposed an efficient bivariate robust score test
for one binary trait and one quantitative trait with single genetic variant, which is applicable
for both family-based and unrelated samples, but they do not analyze with more traits. Our
proposed method BCMAP builds on the strengths of these approaches while addressing their

limitations.

1.2 Multi-Trait Multi-Variant Association Testing

Several methods have been proposed for multi-trait multi-variant association testing. Tools
like MTAR [16], MTaSPUsSet [17], metaCCA [18] and MGAS [19] use summary statistics
for association testing between multiple variants and multiple traits. GAMuT [20] employed
a dual-kernel distance-covariance method that compares similarity in multiple phenotypes
to similarity in multiple genetic variants to analyze cross-phenotype associations of rare
variants. MSKAT [21] is a score-based sequence kernel association test that assesses the
joint effects of multiple variants and multiple traits. DKAT [22] builds on GAMuT’s dual-
kernel approach but delivers more robust performance in scenarios where the number of
phenotypes is high relative to the sample size. KMU [23] uses a kernel-based multivariate

U-statistics approach that is applicable to both binary and quantitative traits.

3



However, none of the above methods account for population relatedness and sub-structure.
Failing to adjust for sample structure can result in reduced power and an increased type I
error rate [24]. Multi-SKAT [25] uses multivariate kernel regression to test association of mul-
tiple variants with multiple continuous phenotypes while accounting for related individuals.
However, this method is not applicable when there are binary traits in the analysis.

Our proposed method BCMAP for multi-trait multi-variant association testing addresses
these challenges. It accounts for population structure and relatedness, incorporates covari-
ates, and is applicable to scenarios where some traits are binary and others are quantitative.

This approach offers a robust and flexible solution for complex genetic association studies.



CHAPTER 2
QUASI-LIKELIHOOD MODEL FOR MULTIPLE BINARY
TRAITS AND PARAMETER ESTIMATION

In this chapter, we propose a novel quasi-likelihood model for analyzing multiple binary traits
in association with a single genetic variant. The proposed method incorporates covariates
and accounts for related individuals and population structure within the sample. We provide
a detailed illustration of the parameter estimation procedure, highlighting the additional

challenges it presents compared to the case of quantitative traits.

2.1 Quasi-Likelihood Model for Multiple Binary Traits and Single

Genetic Variant

Assume there are n individuals and p traits. Denote phenotype by a p x n matrix Y)xp,

th row Y;. contains the phenotypes of all of the n individuals for trait i, and whose jth

whose 1
column Y; contains the p phenotypes for individual j, so the (i, j )th element of Y, Y;; is the
value of the " phenotype for jth individual. G,,x1 = [G1, G, ..., Gn]T denotes the vector of
genotypes for the n individuals at the variant to be tested, where G; equals the minor allele
account (0,1 or 2) of individual j at the variant. Suppose we observe k — 1 > 0 covariates,
let X;.«,, be an k x n covariate matrix, whose §th column X.j contains an intercept term
represented as 1 and the values of £ — 1 non-constant covariates for individual 7, so the first
row of Xj.,, is a row of 1s.

To model the phenotype matrix Y conditional on X and G, we take a quasi-likelihood

approach. We specify only the conditional mean and variance structures of Y. For mean

structure, we assume that, for i = 1,...,pand j =1,....n,

E(Yi|X,G) = mijs 9(uij) = (BX)i; + (G145, (2.1)

5



where ¢(-) is a known function, 3 is a p x k matrix of the unknown fixed effects of covariates
and ~ is a vector of length p representing fixed effects of tested variant on the phenotypes.

We take g(-) to be the logit link function given by:

We choose the logit link function because in this case, the linear coefficients can be interpreted
as the size of an additive effect on the log odds scale [11|. For the conditional variance

structure, we have:

Q:=Var(vec(Y)|X,G) = rl/2srl/2, (2.2)

Note for an n x m matrix A, vec(A) is a linear transformation of A to an nm-dimensional
vector by stacking columns of A on top of one another [26]. T is an np-dimensional diagonal
matrix, with st diagonal element, where s = p(j — 1) + i, given by I'ss = Var(Y;;| X, G),
which is equal to p;;(1 — j1;5). X is an np x np correlation matrix (defined as a positive
semi-definite matrix with 1s on the diagonal) that does not involve the mean structure.
Under this specification, the marginal conditional variance is determined by the conditional
mean according to Var(Y;;| X, G) = E(Y;;|X,G)(1— E(Y;;| X, G)) and is consistent with the
dichotomous nature of the binary traits, because for binary random matrix Y, regardless of
the joint distribution, the marginal distribution of each Y;; is always a Bernoulli distribution.

Y is defined as follows:
S = K ® (DY2C,DY?) + Ijxn ® (DY2C.DY?), (2.3)

where ® represents Kronecker product, K is an n x n genetic relationship matrix or kinship
matrix, Cy is a p x p correlation matrix (defined as a positive semi-definite matrix with 1s
on the diagonal) for the random effects of a single SNP on each of the p traits, C¢ is a

p X p correlation matrix (defined as a positive semi-definite matrix with 1s on the diagonal)

6



for the non-genetic individual random effects on each of the p traits for a single person.
D is a p-dimensional diagonal matrix, with ith diagonal element 0 < d; < 1 representing
the proportion of trait i’s residual variance that is due to additive polygenic effects, and
D = Ipxp — D. D1/2CgD1/2 is the genetic variance component, and D1/2C’ef)1/2 is an
environmental variance component.

The unknown parameters are v, the parameter of interest, and the nuisance parameters: the
entries of 3, and the variance components: lower off-diagonal elements of Cy and Ce, and the
diagonal elements of D. The number of unknown nuisance parameters is p(p + k +1) —p =
p? + pk and is p fewer than in a standard multi-trait LMM for quantitative traits because
of the mean-variance relationship for the binary trait. We denote the variance components

by a vector © of length p2.

2.2 Parameter Estimation for Coefficients

To get the estimates of the parameters, we form a system of estimating equations and solve
them. The procedure to obtain the estimating equations is described now. At this section,

we focus on the problem of parameter estimation for coefficients.

- X

We bind the notations for genotype vector and covariate matrix to define X = and
GT

B = [3,7]. To estimate B given the variance components parameters (©), we propose to

generalize the method in CARAT [11] paper.

From the quasi-likelihood model we defined before we have:

1= E(Y|X,G) = logit 1 (3X), (2.4)

Q= Var(vee(Y)|X,G) = I'/2sr1/?, (2.5)



where ¥ defined by equation (2.3).

Note for matrices A and B of dimensions k x [, [ x m, we have:
vec(AB) = (BT ® Iy )vec(A). (2.6)
Therefore, we can get the conditional expectation of vec(Y') from equation (2.4):
vee(p) = E(vec(Y)|X, Q) = logit ' (vec(BX)) = logit 1 (XT @ Lpxpvec(B))). (2.7

Equations (2.5) and (2.7) build the quasi-likelihood model for vec(Y'). For known variance

components(0), the quasi-likelihood function for vec(f) can be differentiated to obtain the

quasi-score function for vec(f):
U(vec(B)) = MTQ  (vee(Y) — vee(p)), (2.8)

where M = M (vec(B)) = gzZ—zE/f; - XT® Ipxp). Setting U(3) = 0 gives the generalized

estimating equation for vec(f3):

(X @ Lyxp)TV2E T2 (wee(Y) — vee(p)) = 0. (2.9)

To solve for vec(3), a modified Newton-Raphson algorithm with Fisher scoring is used, which

involves iteratively updating vec(f) by:

vec(B)(j11) = vee(B) () + (M (vee(B) (1) M (vee(B) ()} -
(M7 (vec(B) () vee(Y) — vec(u(vee(B) (j))]}-

(2.10)

Since the it" row of Y represents the phenotype of the n individuals for trait 7, and the ith

row of 3 represents the fixed effects of the covariates and genotype for trait 7, we can estimate



each row of 8 under the single binary trait model incorporating related individuals proposed
in CARAT [11] independently and stack the estimators together to form the initial value for

vec(f). Starting at the initial values for vec(f) estimated from CARAT [11], we run this

iterative procedure until convergence to obtain vec(f), for fixed variance components(©).

Plug in the equation for M, equation (2.10) becomes

vee(B)(j11) = vee(B) () + {(X ® Lyxp)TY? (Uec(é)(j))z—1r1/2<vec(3)(j)>(XT ® Ipxp)}

A(X ® I p)T 2 (vee(B) () 5T 2 (wee(B) ) [vec(Y) — vee(u(vec(B) ;))]}-
(2.11)

Equation (2.11) involve Y71 but ¥ is an np x np matrix, when n and p are large, it will be
computationally expensive to invert ¥, so we do not want to invert it directly. We get the
spectral decomposition of K: K = UVUT, where U is orthogonal and V = diag(1, 82, ...,0n),

then we have:
% = (U Iyxp)[V ® (D2CyDY2) + In ® (DV2CDVA|(UT @ Iyp),  (2.12)

note both V' and I,x, are diagonal matrices, so [V@(Dl/ngDl/Q) + Inxn®(DY2C, DY/2)]

is in a block diagonal form. From equation (2.12) we have:
ST = (U@ Iyxp)[V @ (DY2CyDY2) + Lsin ® (DY2C DY) HUT @ Ipxp),  (213)
and since [V ® (D1/209D1/2) + Inxn @ (DY2C.DY2)] is in a block diagonal form, we have:

Frt
7 = (U@ Ixp) UT @ Lyxp), (2.14)

F*l

n



where F] = 5ZD1/2CgD1/2 + D1/206D1/2 forl =1,2,....,n. So to invert ¥, we only need to
invert n (p x p) symmetric matrices. For one study, the spectral decomposition of K can be
reused, which guaranteed the efficiency of our method.

Now consider

Ulllpxp Uln[pxp
TV2(U @ Iyxp) = T2 : : . (2.15)

Unljpxp T UnnIpxp

Set f(/%’j) = pi; (1 — pij). This [ is a function. Then I' = diag(vec(I'(1))). Equation (2.15)

becomes: -~ -~
1/2 1/2 1/2
Ullrperson 1 Ulnrperson 1 U ® Fper:son 1
1/2 1/2 1/2
Uzlrperson 2 UQanerson 2 _ Uz ® Fperson 2 (2 16)
1/2 1/2 1/2
_Unlrpérson n -t Urmrpérson n | _Un- X Fpérson n |

where for j = 1,...,n, U;. denotes the jt row of matrix U and lejgsonj = diag(vec(f‘(upersonj)))

where fiperson j = (115, H2j, ...,,upj)T. Define(X ®]pxp)F1/2(U®Ipxp) = (k) We have:

= 1/2 n v 1/2 n o 1/2 }
Zl:l XllUlleerson l Zl:l XllUlQFperson /A Zl:l XllUl”Fperson l
n > 1/2 n ” 1/2 n > 1/2
(*) _ Zl=1 XQlUllrperson l Zl:l X2lUlQFperson /A Zl=1 XQlUlanerson l
S XU Y2 s fuerY?2 s %, T
| Zl=1*KlIYI1 person | 1=1KIYI2% person i I=1kI™In" person i | (2.17)
Vip vi2 o Vip
_ v1 v22 - Vop
VK1 Vk2 t Vikn

10



The (i, 5)" block of () is vij and v = Yt XilUle‘;gsonl is a p x p matrix. Define
[N] = <X®[pxp)rl/zz_lrl/2<XT®[pxp)a Then

[~] = (%) ()7 (2.18)

So [~] has (i, )" block Yl Vz‘lFl_lel and [~] is a pk x pk matrix, we need to invert this
matrix. Denote I'V/2vec(Y) = Yyee and TV 2vec(1) = fivee, then we have T'™1/2[vec(Y) —
vec(p(vee(B)))] = Yoee — fivee- Use Yyee to form a (p x n) matrix as follows: first p elements
of ffvec form the first column, second p elements of ffvec form the second column, so on so
forth, finally, there will be a (p x n) matrix, we denote it as Y. So Y is a (p x n) matrix
whose jth column consists of elements p(j — 1) + 1 through pj of the vector Yypee. Form a

(p x m) matrix i use fiyee as the same way. Then by equation (2.6) we have

(UT @ Lywp)T Y2 (vec(Y) — vec()) = vee((Y — i) - U) = vec(Z), (2.19)

where we denote matrix (Y — i) - U to be Z, then we have:

1
ol Fy 74
1 -1
- Fy " Z.
vec(Y —p)-U) = , (2.20)
it
F1z,

where Z.; is the i column of Z. From equations (2.17) and (2.20) we have:

11



-1
Fl

(X®Ipxp)F1/2(U®[p><p) (UT®Ipxp)F_1/2(vec(Y) — vec(p))
Fl
vir o v | | Fy 2
= : (2.21)
Vel Vin Fn_lZ.n

[ n —1
il Z,

—1
DX A

Equations (2.18) and (2.21) will help solve equation (2.11).

2.3 Parameter Estimation for Variance Components

2.3.1 Estimating Equations for Variance Components

Variance components estimating equations are motivated by maximum likelihood estimators
of variance components in the case when B is known, assuming a multivariate normal distri-
bution for vec(Y') with the same mean and covariance as the quasi-likelihood model. Note
E(vec(Y)|X,G) = vec(p) and Var(vee(Y)|X,G) = TY250/2. We denoted the variance
components parameters to be ©. So we have the "log-likelihood function" [(©;vec(Y)) for
O as follows:

[(©;vec(Y)) = — 0.5np - log(27) — 0.51og |F1/QZF1/2\

(2.22)
— 0.5(vec(Y) — vec(p)) T (D251 Y2) = (vec(Y) — vec(p)).

12



So the system of estimating equations are calculated from:

ol(O;vec(Y))

oD =0,fori=1,....,p (2.23)
ol(O;vec(Y)) S

— 2 =0, fori<ji=1,...,p—1 2.24

2Con f j p (2.24)

oC €ij
We obtain the following set of estimating equations for the variance where u; denotes the

vector of length p with the j-th element equal to 1 and all other elements 0:
vec(Y — /L)TF_l/2Z_1@Z_1F_1/2vec(Y — ) —tr(27IW) =0, for1<i<j<p, (2.26)

We consider three choices for the matrix ¥, each corresponding to estimating equations for

specific variance components:

1. Estimating equations for lower-off diagonal elements of Cly:

UV=K® [d;/Qd}m(uiu? + ujuZT)]

2. Estimating equations for lower-off diagonal elements of Ce:
U = Tnsen @ [(1 = di)2(1 = dy) P (uul + wjul )]

3. Estimating equations for diagonal elements D:

13



where Sjg is the p x p matrix with (¢, [)th element:

r

0, if i # 7 and [ # j,

1/2 P . .
1, de/d /C’g[ jl, ifi# jand = j,
j[zﬂl]:
1/2 /C’g[ jl, ifi=jandl #j,

1, ifi=jand [ = j,

\

and S]cf is the p x p matrix with (¢, [)th element:

-

0, ifi#jandl#j,

. —3(1—d)V2(1 — dj)V2Ce[i, 4], ifi#jand I =,
Sj[l,l] = <
31— d)V2(1 —dy) V20l 5], ifi=jandl#

-1, ifi=jand [ =j.

\

(2.26) together with the estimating equation for vec(f) (equation (2.9)), we have a system
of estimating equations for vec(B) and variance components. We need to solve the system
of estimating equations. To estimate the parameters, we follow an iterative procedure.
For fixed values of the coefficients, we estimate the variance components. Then, using the
estimated variance components, we fix their values and estimate the coefficients. This process
is repeated iteratively, alternating between estimating coefficients and variance components,

until the estimating equations for both are satisfied.

2.3.2  Problem of Log-Likelithood Mazimization

For fixed value of coefficients, we use an EM algorithm incorporating the Newton-Raphson

algorithm to solve the problem of log-likelihood maximization for estimating variance com-

ponents. Recall E(TV/2vec(Y) | X,G) = I~ Y2vec() and Var(I™Y2vee(Y) | X,G) = .
14



We denote F_1/2vec(Y) = Yeec, F_l/gvec(,u) = [ivec, and let

Y = unvec(Yyee — fivec, P, 1),

that is, a p x n matrix created by reshaping the vector Yyec — fivec Of length pn. The entries
of 1:/ are filled column-wise from the vector. If we assume a multivariate normal distribution
of ffvec — fivec With mean zero and variance ¥ (note we do not assume the real data follows
this distribution, we only make this assumption for the purpose of paramter estimations),

and based on the multivariate linear mixed model in [15]|, we have

V= G+E; G~ MNpen (0.D2CuDE, K, E ~ MNyy (0, D2C.D

D=

,Inxn> . (2.27)

Where {/ is a p by n transformation of residuals of the phenotype after accounting for the
effects of covariates. C:T* is a p by n random effect matrix, E is a p by n residual errors.
M Npxn (0,V1,V3) is a p by n matrix normal distribution with mean 0, row covariance p by
p matrix V7 and column covariance n by n matrix V5. Note we do not assume the data follow
the distribution in (2.27), we just use it to calculate the estimation equations of the variance
components. Following the calculation in [27, 28, 29|, using the spectral decomposition of K
we used before (K = UVU T), we obtained new transformation of residuals of the phenotype

after accounting for the effects of covariates Y = YU, random effects G = GU and residual

errors é = E:U and we will have

D

—l—é;

~ha
I
(I

1 1 = ~1 1
~ MNpsn (0,D2C4D2,V), B~ MNysy (0,D2CeD2, In ) (2:28)

and this is equivalent to

Dl
D=

y=g+e g~ MVN©O,V®(DIC,D2)), e~ MVN(0, Lyxy®D2C.D7)  (2.29)

15



where y = vec(Y), g = vec(G) and e = vec(E) and MVN denotes multivariate normal
distribution. Therefore, for each individual [, the new transformation of residuals of the
phenotype after accounting for the effects of covariates is assumed to follow independent but

not identical multivariate normal distribution to calculate the estimating equations:
1 1 1~
y =g +e; g ~MVN(,6D2C,D2), e ~MVN(0,D2C.D2). (2.30)

1 1 -1 -1
The variance for [ individual is Vi =6,D2CyD2+ D2CeD? and y; is the It column vector
of Y, g; is the It column vector of G, and e; is the " column vector of E, for VI =1,....n

Based on (2.29), we have the incomplete data log-likelihood function as follows:

~ n
z 1 .1 .1 1 1
log (Y | D,Cy,Ce) = 3. | — glog(%r) ~ 5 log|D2CeD? + §,D2C,D?|
/=1
1 -1 ~1 1 1
- 5ygf(mcem +0,D2CyD2) Ly, |. (2.31)

Based on (2.30), we view G as missing values, then we can get the complete data log-

likelihood function as follows:

z oz " ~1 -1 1 1 1
log ((Y,G | D,Cy,Ce) = ). | — plog(2m) ——log|D2C eD2| - - log |5 D2Cy D2
/=1
Lop =1 =1 1 S B
—ie{(mcem) 1eg—§g€T(5lD2CgD2) Yol (2.32)

We can rewrite (2.32) as follows:

Qm
S
<
+
o
o
[
)
<
D
S
S
—~~
[\
(O8]
=

log (Y, G | D, Cy,Ce) = log 4(Y,

16



where the components are defined as:

log (1(Y,G | D,Cy) = — —10g(27r) “nlog|D?|— L Z log &y — —log Cy|
E 1
1 IR
- 5T (Tl(D2CgD2) 1)
(2.34)

and

log (Y, G| D, Ce) = = "2 log(2r) — nlog | D¥| - Zlog |C|

Ly (TQ(D%C D271, (2.35)

2

Nl

Here T} = >4 5;1 gggg Ty =30 ege{ are the sufficient statistics.

Maximizing the log-likelihood defined in (2.22) is equivalent to maximizing the log-likelihood
defined in (2.31). This optimization problem can be effectively solved using an EM algorithm
combined with the Newton-Raphson algorithm. Specifically, the E-step involves computing
the expected value of the complete data log likelihood function defined in (2.33) with respect
to the conditional distribution of G given Y and current values of variance components, while
the M-step uses the Newton-Raphson algorithm to maximize this expected value. Since the
complete data log-likelihood function can be expressed in terms of sufficient statistics, we

need to compute the expected values of these sufficient statistics to obtain the expected value

123

of the complete data log-likelihood function. The conditional distribution of G given Y and

current values of variance components follows

9¢ | ye, D, Cy, Ce ~ MVN(gy, 2), (2.36)

1 1 1 1 ~ 1 ~ 1\ —1
Gy = 6,D2C, D2 <65D§OgD§ + Di(J@D§> m (2.37)

17



- 1 1 1 1 -1 1Nl o1 o
S = 6,D2CyD? (5,21)2091)2 +D2CeD2> D2C.D3. (2.38)

Therefore we have:

n
E(T1 |y, D,Cy,Ce) = Y 6, Egeg] | ye, D, Cy, Ce)
/=1
- A (2.39)
= >0, aed] + o).
/=1
n
E(Ty |y, D,Cy, Ce) = Y Elege] | yp, D, Cy, Ce)
/=1
n
= > E(ye — 90)(we — 90" |y, D, Cy, Ce) (2.40)

~
I
—_

T 0n T, T, <
Yeyp — 2G0Yp + 9egp + Xy

I
]z

T
N

For simplicity we denote E(T1 | yp, D,Cy,Ce) = Sy and E(Ty | yg, D,Cy, Ce) = Sa. Then
we have the expected value of the complete data log-likelihood function defined in (2.33)
with respect to the conditional distribution of C:? given l:/ and current values of variance

components as follows:

E: = lo gff,é D,C,C
C:|57,D,Cg,oe[ Y. G 5 el
—E: - log (,(Y,G | D,C. 2.41
GMD’CQ[ g1(Y,G | D,Cy)] (2.41)
+E::  [logl(Y,G| D,Ce)]
G|Y.D,C,

where the components are defined as:

~ ~ n
oz np 1 D n
E [log(1(Y,G | D,Cy)]| = —710g(27r) —nlog|D2| — 9 Z log dp — §log |Cyl

Y,D,C, Pl

[T

|
1 1 1
- 5T (Sl(ch*gD‘Z) 1) :
(2.42)

18



and

Qe
e
S
2

(2.43)

We need to maximize (2.41) at each iteration. This is a constraint maximum likelihood
problem, since we need the correlation matrices to be positive (semi) definite and the elements
of the D matrix must be restricted to the range (0, 1). To relieve the constraint problem of

the elements of the D matrix, we take the following parametrization:

a;; = log(—log(Dy;)), fori=1,..,p (2.44)

This parameterization maps values from the interval (0,1) to the entire real line, R. And

the target function for elements in D matrix will be:

=0, fori=1,...,p. (2.45)

After we get the values of a;;, we can transfer them back to D;; using the following equation:

Dj; = exp(—exp(a;;)) (2.46)

Parametrization for correlation matrix

Under complete data setting, the MLE for covariance matrix has a closed form, which is
automatically positive (semi) definite. However, in the same setting, the MLE of the corre-
lation matrix does not have a closed form (diagonal elements are constraint to be 1), and
can only be obtained numerically. For any kind of search algorithm, one need to find a way

to propose the next step of the search so that the correlation matrix comes out to be posi-

19



tive definite. Hence as part of estimating the correlation matrices (Cy and C), we explore
one recently proposed parameterization which enforce the positive (semi) definiteness and
the parameters are unrestricted. With the parameterization we can release the constrained
problem to an unconstrained one.

Archakov & Hansen recently proposed a novel parameterization of the correlation matrix
[30]. for a non-singular correlation matrix, C, the new parameterization of correlation matrix
is :

Y(C) := vecl(logC) (2.47)

where vecl(logC) denotes the vectorization operator of the lower off-diagonal elements of
logC (the matrix logarithm of C). They showed mapping from C to 7y is one-to-one hence the
set of n x n non-singular correlation matrices is isomorphic with R™(n=1)/2 anq they propose
a fast algorithm for the computation of the inverse mapping. They showed the finite sample
distribution of the vector 7(6’ ) is well approximated by a Gaussian distribution under stan-
dard regularity conditions with weakly correlated elements. The mapping, v(C) is invariant
to the reordering of variables that define C, in the sense that a permutation of the variables
that define C will merely result in permutation of the element of v. This parameterization
ensures positive definiteness without imposing additional restrictions and can be viewed as a
multivariate generalization of Fisher’s Z-transformation of a single correlation. One impor-
tant proposition of this parameterization is the derivatives of the correlation matrix C with

respect to the off-diagonal elements of the log-transformed correlation matrix G=logC have

relatively simple expression and are:

dvecl[C] T T\-1 T

———= =F(I - AE; (EAE E)A(E + E 2.48

doecl[C] i d (EqAEG) " Eq)A(E; + Ey) (2.48)
where A = % and the matrices E;, F, and E; are elimination matrices such that

veclM = EjvecM, vecd ML = EyvecM and diagM = EjvecM for any square matrix M of

20



the same size as C and G. This proposition is really useful when we use this parameterization
to estimate correlation matrices. Let Gy = log(Cy) and G¢ = log(Ce). The target functions

for elements in Cy and C are as follows:

5E§ = [10g£(§,é|D,CgaC€>:|
GIY,D.CyrCe . (2.49)
ovecl(Gy) . '
aES z [logﬁ(}:/,é|D,Cg,Ce)]
GIV,D.Cy.C o (2.50)

ovecl(Ge)

And after we get the values of vecl(Ge) and vecl(Gy), we can get reconstructed estimations of
Cy and C¢ by applying the fast inverse mapping algorithm proposed by Archakov & Hansen
[30]:

Algorithm: Inverse Mapping of a Vector vecl(G) to a Correlation Matrix C

1. Initialize the Matrix G:

1. Create a p x p zero matrix G.

2. Populate the lower triangular part (excluding diagonal) of G using veclG.
3. Add the transpose of G to itself to make it symmetric.

2. Initialize Variables:

1. Set dist < /p.

2. Extract the diagonal elements of GG into diag wvec:

diag vec « diag(Q)

where diag(G) extracts the diagonal elements of G.
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3. Iterative Convergence Loop:
While dist > ,/p - tol _value, perform the following steps:

(a) Compute the matrix exponential of G:

exp(G)

(b) Extract the diagonal elements of exp(G):

diag _exp — diag(exp(G))

(c) Compute the element-wise logarithm of diag exp:

diag _delta < log(diag _exp)

(d) Update the diagonal adjustment vector:

diag _vec «— diag vec — diag _delta

(e) Update G by replacing its diagonal elements with the adjusted diagonal values:

diag(G) < diag _wvec

where diag(G) sets the diagonal of G to diag wvec.

(f) Compute the norm of diag _delta and set it as dist:

dist < ||diag _deltal|
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4. Compute Output Matrix C"

1. Compute the matrix exponential of G:

C — exp(Q)

2. Set all diagonal elements of C' to 1:
diag(C) — 1

where diag(C) sets the diagonal of C to 1.
5. Return C:
1. Return the resulting matrix C'.

It is showed that the resulting C is a correlation matrix in [30].

2.3.3  EM Algorithm with Inner Newton-Raphson Iterations for M-step

We denote the set of parameters aj;,i = 1,...,p, vecl(Gy), and vecl(Ge) collectively as &.
The EM algorithm alternates between updating £ and transforming these updates back to
the original parameters (D, Cy, C¢) for likelihood evaluations. The EM algorithm alternates

between the following steps:

E-Step (Outer Iteration t): In the t-th EM iteration, compute the expected log-likelihood

of the complete data, as defined in (2.41):

Qe =E

Gy, ,cP of

)

Here, ¢ (*) is the current parameter estimate from the t-th EM iteration.
23



M-Step (Inner Iteration k): To maximize Q(¢ | £€®)), we use the Newton-Raphson

algorithm. For the inner iterations indexed by k:

1. Set an independent starting value for Newton-Raphson, denoted as & (t.0)

2. Perform updates as follows:

f(lf,k‘kl) _ g(t,k’) . H*l(g(t,k))v(g(t,k))j

where:
° f(t’k) is the parameter estimate at the k-th NR iteration within the ¢-th EM

iteration,
o V(ER) = £Q(¢ | €M) is the gradient of Q(¢ | £V),
° H(g(t,k)) — % €| g(t,k)) is the Hessian matrix of Q(¢ | f(tvk)).

Gradient: The gradient V(§) is computed as:

0 0z
\Y% =—=F:: lo €Y,G D,C,C .
€)= %85 .o, o [1oB1TG 1 D.Cp.Co)]

Hessian: The Hessian H(§) is computed as:

02 Z oz
H(¢{) = —E- log ((Y,G | D,Cy, Co)].
= 2745 0.0, o 108 05G 1 D.C. Co)]

0

Convergence of Newton-Raphson (k): The inner Newton-Raphson iterations termi-

nate when the change in Q(¢ | f(t’k)) satisfies:

Q& | f(t’k+1)) - Q¢ | g(t’k))| < tolerance.

The result of the inner loop, f(Hl) = f(t’kﬁnal), is used for the next EM iteration.
24



Choice of Starting Value ¢ (t0);  The starting value f ) for the Newton- Raphson iter-

ations is derived as follows: Recall the sufficient statistics:

$1- B | V,00,¢0,cP) ~ k ( 67 gl 1 ¥, 00, ), Cé”) ,
/=1

Sy = E(Ty | v, D) ¢l ) - (2@@\? é”).

Under the assumption of the distributions of gy and ey as defined in (2.30), the expected

values of S7 and S9 are:
1 1 1.1
E(S1) =nD2CyD2, E(S3) =nD2C.D2.

Thus, the initial values of the variance components are chosen as follows for 1 <, 7 < p:

O(to S(t) 4, J]
\/S [7,7]S ]

O(to S(t) 4, J]
\/S [4,7]S. ]

DO, 4] = SY) al

SO i) + S8 4)
Where SY) and Sét) are computed in the E-step. These values are then transformed into

the unconstrained parameter set & (t,0) using the previously defined parametrization rules.

Convergence of EM Algorithm (¢): The EM algorithm stops when the change in the

incomplete log-likelihood defined in (2.31) satisfies:

Hog (Y | DED, ¢l Dy o0 v | DO, ), )] < tolerance.
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Iterative Procedure:

1. Initialization: Start with initial parameter estimates Céo),CéO) D©) These are

Y

transformed to & 0) using the parametrization defined earlier.

Choice of 05(70) and C’éo) : The matrices C’éo) and C’éo) are initialized as the sample

correlation matrix calculated across the rows of Y.

Choice of D©): Each diagonal element dg)) of D) is determined by fitting a linear

mixed model (LMM) for each row of Y. The steps are as follows:

123
123

(a) Model Definition: For the i-th row of Y, denoted Y;, fit the LMM:

Yie=p+giwteyp L(=1,....n,

where:

e i is the overall mean,
e gy ~ N(0, 03) is the genetic effect (random effect),
e ¢jy ~ N(0,02) is the residual effect.

(b) Variance Decomposition: Estimate the variance components 03 and o2 by

optimizing the profile log-likelihood over the heritability 72, defined as:

2
g

2 _
h _02—1—02'
g e

(¢) Heritability Calculation: Use the maximized k> from the profile log-likelihood

as the estimate for heritability of the i-th trait.

(d) Diagonal Element: Set dg?) = h%, where hz2 is the estimated heritability for the

i-th trait.
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2. Iterative Updates: For each t = 0,1,2, ..., perform:

(a) E-Step: Compute Q(£ | € (t)) using the current parameter estimates £ (1),

(b) M-Step: Perform Newton-Raphson (NR) iterations starting from &(:0):

f(t+1) — f(t7kﬁnal) ,

where kg, is the last NR iteration that satisfies the M-step convergence criterion.

3. Termination: Stop the EM algorithm when the change in the incomplete log-likelihood
satisfies the EM convergence criterion. We get & (tinal) and transform them back to

get our estimates of D, C’g and C.

2.4 Evaluating the Estimation of Variance Components

2.4.1 Procedures Used to Fvaluate the Estimation of Variance Components

Recall that the variance components include the diagonal elements of the diagonal matrix
D and the lower off-diagonal elements of the correlation matrices Cy and Ce, collectively
denoted as ©. To evaluate the performance of the EM algorithm incorporating the Newton-
Raphson algorithm, as proposed in Section 2.3.3, we compute the Fisher information for
this problem. Specifically, we analyze the scenario where the data are assumed to follow the
distribution defined in (2.30). It is important to emphasize that this assumption is made
solely for the purpose of evaluating the performance of the proposed procedure. We do
not assume that real data necessarily follow this distribution; the assumption is used only
to facilitate estimation and to assess the reliability of the parameter estimates. Recall we

assume yi, ...,y are independently distributed as

yr ~ MVN(0,3,(09)),
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where

DO —
N[ =

0(0) = §,D2CyD? + DIC.D?.

According to the chain rule of Fisher information and the formula for Fisher information for

the multivariate normal distribution in [31], we have:

n
7(6) - 3 1,,(0) (251)
/=1
where
1 _10%/(0© _1024(0
I Ll CTORE- - SO B R

The Fisher information Z(©) is a p? x p? matrix and is for the entire sample of n individuals.
Standard theory tells us that the maximum likelihood estimator (MLE), OrE, has an

approximate distribution:

OnvLe ~ N(©,Z(0)71),

for large n, under regularity conditions sufficient for a central limit theorem.

We perform multiple simulation replicates, denoted by nyeps, where the parameter © is
kept fixed across all replicates. Consequently, Z(©) also remains fixed. After performing the
simulations, we obtain él, e ,@nreps. For each parameter, we use the qqconf R package,
developed by Weine, McPeek and Abney [32], to create QQ-plots.

For example, consider the second element of ©, denoted as ©9. The corresponding
estimated values across nyeps replicates, (:),2 = (@12, cee énrepSQ>T, form an independent
and identically distributed (iid) sample of size nyeps from N(Og, [I(@)_l]gg). The QQ-plot
provides a shaded simultaneous acceptance region to test whether the observed values (e.g.,
(:).2) follow the specified distribution (e.g., N(O9, [1(9)71]272)). The test is conducted using

the method of Equal Local Level (ELL) [32]. If all the points lie within the shaded region,
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we conclude that the estimation for this parameter is valid.

For a single simulation setting, we generate p? such plots. However, with multiple sim-
ulation settings, the number of QQ-plots increases significantly. Instead of generating a
QQ-plot for every parameter, we summarize the results using p-values. The qqconf package
provides functions to calculate p-values for the two-sided ELL test. Specifically, we use the

following R code to calculate the p-values:

library(qqconf)
cal_p_value <- function(variance, estimated_result, mean, p) {
result = rep(0, p~2)
for (i in 1:p~2) {
data = estimated_result[i, ]
theor_mean = mean[i]
theor_sd = sqrt(variancel[i])
zscores = (data - theor_mean) / theor_sd
n = length(zscores)

tmpl = pnorm(zscores)

tmpl = sort(tmpl)
tmp2 = pbeta(tmpl, c(l:n), c(n:1))
tmp3 = min(min(tmp2), 1 - max(tmp2)) * 2

1b = gbeta(tmp3 / 2, c(1:n), c(n:1))
ub = gbeta(l - tmp3 / 2, c(1:n), c(n:1))
p = get_level_from_bounds_two_sided(1lb, ub)
result[i] = p
}

return(result)
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Here:

- variance is a vector of variances computed from the Fisher information matrix, specifically
(ZO) i, [2(0) 1,2 )7,

- mean represents the true values of © used to simulate the data,

- estimated_result is a p2 X nreps Matrix, where each row contains the estimated values
for a parameter across nreps replicates.

This function computes p-values to assess deviations of the observed data, specifically
represented by the variable estimated_result, from theoretical distribution under the null
hypothesis. The test is based on a QQ-plot approach using two-sided ELL. For each hypoth-
esis, the function determines the largest significance level a such that the observed data lies
within the acceptance region of the QQ-plot, constructed using two-sided ELL bounds. This

acceptance region is defined based on the theoretical mean and variance for each parameter.

2.4.2  Simulation Results

We simulate data based on the model defined in (2.30) for n individuals and apply the EM
algorithm incorporating the Newton-Raphson algorithm, as proposed in Section 2.3.3, to
estimate the variance components. Furthermore, we compute the Fisher information using
equations (2.51) and (2.52) under different simulation settings. Note that we have a genetic
relationship matrix K, and the model in (2.30) requires the eigenvalues derived from the

spectral decomposition of K. We simulate data based on three different structures of K:
1. & independent sibling pairs,
2. n independent individuals,

3. 63 independent identical pedigrees.
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2.4.2.1 Sibling Pairs Case

In this case, we assume there are 500 independent sibling pairs, resulting in a total of 1000

individuals. The K is defined by:

Ksib = I%X%@)B, where B =

— DO —

We perform the spectral decomposition of K, obtaining the eigenvalues denoted as V.

Each element of V;}, is used as §; in (2.30) to simulate the data.

Simulation setting 1:
We simulate data for 3 traits (p = 3), using two positive definite correlation matrices, Cy
and C¢, along with a diagonal matrix D whose diagonal elements are constrained within the

interval (0,1). And we generate 1000 replicates for this setting.

1 0 05 1 —01 03 03 0 0
Co=0o 1 -05], Ce=|-01 1 o, D=0 05 0| (253
05 —05 1 03 0 1 0 0 04

In this case, we have 9 parameters: the first 3 correspond to the diagonal elements of D, the
4th to 6th are the lower off-diagonal elements of Cy, and the last 3 are the lower off-diagonal
elements of C.. We plot the QQ-plot for the estimation of the first parameter, as explained

in Section 2.4.1:
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Figure 2.1: QQ-plot for first parameter estimates in sibling-pairs case setting 1.
The plot contains 1000 points, each representing an estimate of the first parameter from
one replicate. The ELL method [32] is used to test whether the estimates deviate from the
expected normal distribution. The shaded region is the 95% confidence region computed
using ELL.

Figure 2.1 shows that all the points lie within the shaded region as expected. Hence, we
conclude that the estimates of the first parameter are valid. Instead of plotting the QQ-plots
like Figure 2.1 for all the parameter, we can get the p-values of the corresponding QQ-plots

as explained in Section 2.4.1:
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Table 2.1: P-values of the QQ-plots for parameter estimation in sibling-pairs case setting 1

Parameters | P-values

Parameter 1 0.1764

Parameter 2 0.1985

Parameter 3 0.3291

Parameter 4 0.6937

Parameter 5 0.1054

Parameter 6 0.2360

Parameter 7 0.2683

Parameter 8 0.0532

Parameter 9 0.5380

The p-values assess deviations of the estimated parameters from the theoretical

distribution under the null hypothesis.

From Table 2.1, we observe that there is no clear evidence suggesting that any of the esti-

mated parameters deviate from their theoretical distribution.

Simulation setting 2:
We simulate data for 5 traits (p = 5), using two positive definite correlation matrices, Cy
and C¢, along with a diagonal matrix D whose diagonal elements are constrained within the

interval (0,1). And we generate 1000 replicates for this setting.
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1 05 0 —05 0.1
05 1 02 03 -03
Co=1 0 02 1 04 —0.11,
-05 03 04 1 01
01 -03 —0.1 01 1
1 05 05 05 05
05 1 05 05 05
Ce=105 05 1 05 05| (2.54)
05 05 05 1 05
05 05 05 05 1
01 0 0 0 0
0 05 0 0 0
D=0 0 03 0 0
0 0 0 05 0
0 0 0 0 04

In this case, we have 25 parameters: the first 5 correspond to the diagonal elements of D,
the 6th to 15th are the lower off-diagonal elements of Cy, and the last 10 are the lower

off-diagonal elements of Ce. The p-values of the corresponding QQ-plots:

Table 2.2: P-values of the QQ-plots for parameter estimation in sibling-pairs case setting 2

Parameters | P-values
Parameter 1 0.2349
Parameter 2 0.7848
Parameter 3 0.4587
Parameter 4 0.8329
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Table 2.2 (continued)

Parameters | P-values

Parameter 5 0.6267

Parameter 6 0.0466

Parameter 7 0.6018

Parameter & 0.9596

Parameter 9 0.4041

Parameter 10 0.5408

Parameter 11 0.1391

Parameter 12 0.3214

Parameter 13 0.6861

Parameter 14 0.1988

Parameter 15 0.3087

Parameter 16 0.8752

Parameter 17 0.7916

Parameter 18 0.5657

Parameter 19 0.9053

Parameter 20 0.4291

Parameter 21 0.2128

Parameter 22 0.8641

Parameter 23 0.8829

Parameter 24 0.5961

Parameter 25 0.6571

The p-values assess deviations of the estimated parameters from theoretical distribution

under the null hypothesis.
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There is only one p-value less than 0.05. Since we performed 25 tests, after accounting
for multiple testing, we conclude that there is no clear evidence suggesting that any of the

estimated parameters deviate from their theoretical distribution.

2.4.2.2 Independent Individuals Case

In this case, we assume there are 1000 independent individuals. The genetic relationship

matrix K is defined as the identity matrix:

K == Inxn,

where n = 1000. Since K is the identity matrix, its eigenvalues are all equal to 1. Thus,

when simulating data using the model in (2.30), we set each ¢; to 1:

Simulation setting 1:
We simulate data for 3 traits (p = 3), using the same Cy, Ce and D (2.53) in sibling pairs

case. And we generate 1000 replicates for this setting.
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Table 2.3: P-values of the QQ-plots for parameter estimation in independent individuals
case setting 1

Parameters | P-values

Parameter 1 0.0190

Parameter 2 0.1878

Parameter 3 0.8814

Parameter 4 0.7048

Parameter 5 0.1268

Parameter 6 0.7767

Parameter 7 0.2532

Parameter 8 0.4736

Parameter 9 0.3236

The p-values assess deviations of the estimated parameters from the theoretical

distribution under the null hypothesis.

There is only one p-value less than 0.05. Since we performed 9 tests, after accounting for
multiple testing, we conclude that there is no clear evidence suggesting that any of the

estimated parameters deviate from their theoretical distribution.

Simulation setting 2:
We simulate data for 5 traits (p = 5), using the same Cy, Ce and D (2.54) in sibling pairs

case. And we generate 1000 replicates for this setting.

Table 2.4: P-values of the QQ-plots for parameter estimation in independent individuals
case setting 2

Parameters | P-values

Parameter 1 0.1789
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Table 2.4 (continued)

Parameters | P-values
Parameter 2 0.0806
Parameter 3 0.3538
Parameter 4 0.9208
Parameter 5 0.2263
Parameter 6 0.3894
Parameter 7 0.7132
Parameter 8 0.3548
Parameter 9 0.0148
Parameter 10 | 0.8793
Parameter 11 0.5647
Parameter 12 0.1141
Parameter 13 | 0.9557
Parameter 14 0.8025
Parameter 15 | 0.2561
Parameter 16 | 0.7388
Parameter 17 | 0.8572
Parameter 18 0.3837
Parameter 19 | 0.2852
Parameter 20 | 0.4379
Parameter 21 0.4643
Parameter 22 | 0.7001
Parameter 23 | 0.0836
Parameter 24 0.2874
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Table 2.4 (continued)

Parameters | P-values

Parameter 25 0.4408

The p-values assess deviations of the estimated parameters from the theoretical

distribution under the null hypothesis.

There is only one p-value less than 0.05. Since we performed 25 tests, after accounting
for multiple testing, we conclude that there is no clear evidence suggesting that any of the

estimated parameters deviate from their theoretical distribution.

2.4.2.3 Independent Identical Pedigrees Case

In this case, we assume there are 63 independent and identical pedigrees, each consisting of
3 generations with 16 individuals per pedigree, resulting in a total of 1008 individuals. The

pedigree structure used for data simulation is as follows:
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Figure 2.2: Three-generation pedigree of 16 individuals used in the simulation
studies.

We obtain the kinship matrix for the pedigree shown in Figure 2.2, denoted as Kj,oq. Per-
forming the eigen-decomposition on Kjeq yields a vector of eigenvalues, denoted as Vjeq.
Since all 63 pedigrees are independent and identical, they share the same kinship matrix and,
consequently, the same eigen-decomposition. In the simulation process, the eigenvalues V},eq

are repeatedly assigned as variance components (9;) in (2.30) for each pedigree. Specifically:
® 01,02,...,016 is set to Vieq,
® 017,018, - -,032 is also set to Vj,eq,

e This pattern continues for all 63 pedigrees.
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Thus, the same set of eigenvalues, V},qq, is used for each of the 63 pedigrees, resulting in a

total of 63 x 16 = 1008 variance components (41, d2, . .., d1008)-

Simulation setting 1:
We simulate data for 3 traits (p = 3), using two positive definite correlation matrices, Cy
and C¢, along with a diagonal matrix D whose diagonal elements are constrained within the

interval (0,1). And we generate 1000 replicates for this setting.

1.0 —0.3 0.5 1 0 05 05 0 0
Cg=1-03 10 05[], Ce=1|0 1 —05|, D=]10 03 0| (255
05 05 1.0 05 —05 1 0 0 02

Table 2.5: P-values of the QQ-plots for parameter estimation in independent identical pedi-
gree case setting 1

Parameters | P-values

Parameter 1 0.7418

Parameter 2 0.0466

Parameter 3 0.4588

Parameter 4 0.6626

Parameter 5 0.3485

Parameter 6 0.1259

Parameter 7 0.7780

Parameter & 0.1769

Parameter 9 0.5328

The p-values assess deviations of the estimated parameters from the theoretical

distribution under the null hypothesis.
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There is only one p-value less than 0.05. Since we performed 9 tests, after accounting for

multiple testing, we conclude that there is no clear evidence suggesting that any of the

estimated parameters deviate from their theoretical distribution.

Simulation setting 2:

We simulate data for 5 traits (p = 5), using the same C, and D (2.54) in sibling pairs case

and the positive definite correlation matrix Cy as follows:

1 05 0
05 1 02
Co=1 0 02 1
—02 03 04

And we generate 1000 replicates for this setting.

—0.2
0.3
0.4

1

0.1 -03 —-0.1 0.1

0.1
-0.3
—0.1

0.1

1

, (2.56)

Table 2.6: P-values of the QQ-plots for parameter estimation in independent identical pedi-

gree case setting 2

Parameters | P-values
Parameter 1 0.1093
Parameter 2 0.6356
Parameter 3 0.1756
Parameter 4 0.5070
Parameter 5 0.1019
Parameter 6 0.2333
Parameter 7 0.5035
Parameter 8 0.8354
Parameter 9 0.3671
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Table 2.6 (continued)

Parameters | P-values

Parameter 10 0.0555

Parameter 11 0.0022

Parameter 12 0.1490

Parameter 13 0.5609

Parameter 14 0.5398

Parameter 15 0.4562

Parameter 16 0.2753

Parameter 17 0.5708

Parameter 18 0.5851

Parameter 19 0.3719

Parameter 20 0.5958

Parameter 21 0.5523

Parameter 22 0.2756

Parameter 23 0.5053

Parameter 24 0.5632

Parameter 25 0.8512

The p-values assess deviations of the estimated parameters from the theoretical

distribution under the null hypothesis.

There is only one p-value less than 0.05. Since we performed 25 tests, after accounting
for multiple testing, we conclude that there is no clear evidence suggesting that any of the

estimated parameters deviate from their theoretical distribution.
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2.4.2.4 Summary of Simulation Results

From the simulations conducted, it is evident that the procedure proposed in Section 2.3.3
effectively solves the log-likelihood maximization problem under various circumstances. The

computational approach is feasible for a relatively small number of traits (approximately 5).
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CHAPTER 3
QUASI-LIKELIHOOD MODEL FOR MULTIPLE BINARY
TRAITS AND QUANTITATIVE TRAITS WITH SINGLE
GENETIC VARIANT

We can easily extend the model to include quantitative traits. Assume there are n individuals

and p traits of which b traits are binary and the rest are quantitative. For mean structure:

B(Yij|X,G) = wij,  9luij) = (BX)ij + (1GT )5, for 1 <i <, (3.1)
E(Yij|X,G) = e pij = (BX)ij + (WG )i, for L+b<i<p, (3.2)
where
Wij
9(uij) = log :
(i) = log =4
For the conditional variance structure, we have:
Q= Var(vee(Y)|X,G) = I'/2sr1/2, (3.3)

I' is an np-dimensional diagonal matrix, with sth diagonal element, where s = p(j — 1) + 1,

given by I'ss = Var(Y;;|X,G), which is equal to p;;(1 — p;5) if 1 < 4 < b and 02.2 if
2

1 +b <4 < p, where o} represents the total residual variance of trait i. ¥ is defined the

same as the model with only binary traits (2.3):
Y = K ®(DY2C,DY?) + Ijxn ® (DY2C.DY?), (3.4)

This model provides a unified framework for binary and quantitative traits, in the sense that
if all traits are quantitative, our model becomes equivalent to a standard multi-trait LMM

in [15] while each binary trait has the same binary-trait-specific model as in CARAT [11].
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3.1 Parameter Estimation

3.1.1  Parameter Estimation for Coefficients

The coefficient estimation follows the same approach as proposed in Section 2.2. Recall that

we bind the notations for the genotype vector and covariate matrix to define:

- X -
X = . B=1[8.7]
GT

The quasi-score function for vec(f3) is given by:

U(vee(3)) = MTQ™ (vee(Y) — vec(p)), (3.5)
where
M = M(vec(B)) - ZEZ; — QT @ Iy,

Here, () is an np-dimensional diagonal matrix whose s-th diagonal element, where s =

p(j — 1) +1, is given by:
o ['ysif 1 <i<b (ie., for the binary traits),

e 1ifb+1<i<p (ie., for the quantitative traits).

Setting U(/) = 0 and plug in the definition of € gives the generalized estimating equation

for vec(p):
(X @ Lpxp)J 27T 12 (vee(Y) — vee(p)) = 0. (3.6)

Here, J is an mp-dimensional diagonal matrix whose s-th diagonal element, where s =

p(j — 1) + i, is defined as:

o I'ysif 1 <i < b (ie., for the binary traits),
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o I';Lifb+1<i<p (ie., for the quantitative traits).

To solve for vec(f), a modified Newton-Raphson algorithm with Fisher scoring is used, which

involves iteratively updating vec(f) by:

vee(B)(j11) = vec(B) () + {1 (vee(B) ;)2 T (vee(B) ;)
(T (wee(B) ;)0 vee(Y) = vee(u(vee(B) (1))}

(3.7)

Since the it" row of Y represents the phenotypes of the n individuals for trait ¢, and the
ith row of B represents the fixed effects of the covariates and genotype for trait i, we can
estimate the first b rows (corresponding to the binary traits) of 3 under the single binary
trait model incorporating related individuals proposed in CARAT [11]| independently. The
remaining rows (corresponding to the quantitative traits) can be estimated independently
under the single quantitative trait linear mixed model accounting for related individuals.

These estimators are then stacked together to form the initial value for vec(f). Starting

from the initial values for vec(/), we run this iterative procedure until convergence to obtain

vec(f), for fixed variance components (0). The technique developed in Section 2.2 facilitates

the calculation process.

3.1.2  Parameter Estimation for Variance Components

We conducted simulations using the variance components parameter estimation procedure
outlined in Section 2.3. Additionally, we performed simulations using an alternative estima-
tion approach discussed below. This alternative method is faster while providing comparable
results. Consequently, we opted to proceed with the alternative procedure for our simulation

analysis.

Residual variance

The initial values of the total residual variance for each trait, 02-2 for 1+b <1 < p, are
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estimated by the residual variance obtained from fitting the single quantitative trait linear
mixed model accounting for related individuals independently. We plug in the initial values

of the residual variance, correlation matrices, and D matrix to estimate the coefficients.

~

After obtaining the coefficients estimator vec(3), we estimate the total residual variance as

follows:

.\ |vi. - (EX)Z_]T [Disk + (1= Dig) s [ i = (8%) ]

where Y;. denotes the i-th row of the Y matrix, and (BX > denotes the i-th row of X, for

?
~

i=0b+1,...,p. Here, § is obtained as unvec(vec(f), p, k).

Correlation matrices
We plug the initial values of Vec(ﬁ) and 02-2 for 1 +b < i < pinto I' and denote the resulting

value as I'(©). Similar to what is described in Section 2.3.2, we define:
£ (0)~1/2 ~(0 5(0)~1/2 _(0
PO yee(v) = VO, 1O yec(p) = a2

We then let:

}:/(0) = U-n\’YeC(YTV(eOC) - /]X(/(()3237P7 n)a

0)  ~(0)

which represents a p x n matrix created by reshaping the vector Yv(ec — [ivec Of length pn.
The initial values for the correlation matrices Cy and C, are estimated using the sample
correlation matrix calculated across the rows of Y(0), We assume Cy = Ce¢ in our analysis

and do not perform further estimation for the correlation matrices.

Diagonal elements of D matrix (heritability for quantitative traits)
For D1q,..., Dy, i.e., the diagonal elements of the D matrix corresponding to the binary
traits, we estimate them as the { parameter in Equation 5 of [11]. Specifically, we fit the

single binary trait model incorporating related individuals, as proposed in CARAT [11],
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for each trait and obtain £&. This parameter measures the proportion of trait ¢’s residual
variance that is due to the additive polygenic effect and is analogous to heritability for
quantitative traits but defined on the logit scale. For the remaining diagonal elements of the
D matrix corresponding to the quantitative traits, we fit a single quantitative trait linear
mixed model accounting for related individuals independently for each trait and use the
estimated heritability of each trait as the respective diagonal elements of D. We do not

perform further estimation for the D matrix.

3.2 Retrospective Association Testing: Asymptotic Method

To detect association between traits and the SNP of interest, we test Hy : v = 0 against
Hy : v # 0. We let j, f]o, jO and fo denotes the values of u, ¥, J and I' evaluated
at (v,5,0) = (0, By, Op), where (8,0) = (S, ©g) represents the estimation of vec(f) and
variance components (lower off-diagonal elements of Cy and Ce, diagonal elements of D
matrix and the residual variance 022 for quantitative trait) under the null. Evaluated at the

null estimates, the coordinate of equation (3.6) corresponding to G becomes:

Uy = (G ® Iyxp) Ja 2S00l V2 [Vee(Y) = Vee(jig)]. (3.8)

Similar to CARAT [11], and using the improvements from CERAMIC [12], we build a quasi-
likelihood model for G conditional on Y and X under the null hypothesis of no association,

which is specified by the following assumptions:

Eg(GIX,Y) = Xa and Varg(G|X,Y) = 02K, (3.9)

where « is an unknown k-dimensional vector of coefficients, 03 > () is an unknown variance

parameter and K is the same as the one in equation (2.3). The test statistic for retrospective
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quasi-likelihood score test of the null hypothesis Hy : v = 0 is:

T=U0r

L var(Uy| X, V)] U, (3.10)

Let j&/Qiofal/Q [Vec(Y)—Vec(jig)] = L, and we form a p x n matrix that satisfy vec(H) =

L, H is formed as follows, let first p elements of L to be the first column of H, second p
elements of L to be the second column of H, so on so forth. So H is the matrix whose jth
column consists of elments p(j — 1) + 1 through pj of the vector L. Therefore by equation
(2.6):

Uy = (GT®[po)vec(H) =vec(HG) = HG. (3.11)

The last equal sign is because HG is a vector. Therefore

T = (HG)T - [var(HG | X,Y)]"' - HG

= GTHT . [Hvar(G | X,Y)HT]"' . HG
~ GT'aT . [HKkHT)! . HG

2
g

(3.12)

o
Under regularity conditions, T has an asymptotic X;% distribution under null hypothesis.
So significance of association is assessed by comparing the test statistic T to a X% random
variable. We take estimator 02 to be the residual mean squared error from linear regression
of genotype on covariate. Our test statistic is calculated based on parameter estimation
under the null hypothesis. Consequently, for a given study, parameter estimation needs to

be performed only once, ensuring the computational efficiency of our method.
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3.3 Retrospective Association Testing: JASPER

3.3.1 Introduction to JASPER

Other than the method for assessment of significance we have showed in previous section, we
also consider another method: JASPER (Joint Association analysis in Structured samples
based on approximating a PERmutation distribution) [24] which can be applied to multi-
traits test with multiple variants. JASPER has a lot appealing properties: (1) insensitive to
misspecification of the phenotype model, (2) does not require knowledge of distribution of the
test statistic under the null hypothesis, (3) allow population structure, related individuals,
covariates, ascertainment, rare variants, and multiple traits (4) can properly control type
[ error and can provide substantial power gain over existing methods, (5) computationally
efficient. These properties will help us achieve the goals of our study. JASPER extend
the fast moment-matching approximation method to account for sample structure. It use
a variance component to incorporate sample structure. JASPER relies on two components:
(1) a transformation of the test statistic based on a null model proposed for the genetic
markers, Model (3.9) in our case, where both the mean and variance structures are specified
and incorporate the correlation present due to individuals with similar genetic backgrounds,
represented by the K matrix, and (2) an approximation of the null distribution of the
transformed test statistic based on its first three moments. The approximation used to
estimate the p-value for the test statistic would rely on the rows of either the genotype
matrix or the phenotype matrix being exchangeable, which in general is not true. The null
model that views the genotype as random is considered and use it to transform the genotype
model matrix so as to obtain exchangeable rows. To approximate the null distribution of the
test statistic, we need to assess its values on the possible permutations of the exchangeable
rows, or on a random sample of the permutation, but this is computationally intensive,

so JASPER proposed to use a moment-matching procedure based on approximating this

o1



distribution with a Pearson type III distribution using exact analytical calculations of the
first three moments of the test statistic. This approach eliminates the need to explicitly

carry out the permutations themselves and dramatically decrease the computation cost.

3.3.2  Details of JASPER

JASPER is utilized for a broad class of genetic association test statistics that can be expressed

in the following form:
T =tr(SgSy), with Sg=MgAME, (3.13)

where Sy is the phenotype kernel, a symmetric and positive definite n x n matrix that is
a function of the phenotype matrix Y (of dimension n x p, which is the transpose of the
phenotype matrix in our setting) and the covariate matrix X (of dimension n x k, which
is the transpose of the covariate matrix in our setting). G is the n x g genotype matrix,
indicates there are g genetic variants being test simultaneously. M is an n x g matrix, and
A is a g x g symmetric, positive definite matrix. Consequently, S, the genotype kernel, is
also a symmetric and positive definite n x n matrix. Let Xg be an n x k sub-matrix of X

consisting of the confounding covariates, and define:
Hg=1-Xg(XLxq) Xg, (3.14)

as the projection matrix. JASPER assumes Mg = MG and M X5 = 0, where M is an
n X n matrix that is a function of X, is non-random given X, and is specifically taken to be
M = Hg. Furthermore, under the null hypothesis, JASPER assumes that So and Sy are
conditionally independent given X.

When related individuals or population structure are present, the rows of My are not ex-
changeable. To address this, JASPER introduces a method to decorrelate the rows and
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columns of Sg, along with corresponding adjustments to Sy, resulting in transformed ma-

trices SNG and S~y. This ensures that the test statistic remains equivalent, as:
T = tr(SaSy) = tr(SgSy), (3.15)

where S = MgAMGT. The empirical distribution of 7" can be obtained by permuting the
rows and columns of S~G (using the same permutation for both rows and columns). This is
equivalent to permuting the rows of Mg. To assess the significance of T', one can compute
its null distribution by considering all possible permutations of the rows of MG or by taking
a random sample of permutations. However, this approach is computationally intensive. To
overcome this, JASPER proposes a moment-matching procedure that approximates the null
distribution of 7" using a Pearson Type III distribution. This approximation is achieved

through exact analytical calculations of the first three moments of 7.

3.3.2.1 Decorrelation of S¢g

To decorrelate Sz, JASPER suggests the following steps:

1. Define:
Ve = MKMT,

where V. is an n x n matrix.

2. Perform the eigendecomposition of V.
V, = UNUT,

where U is the matrix of eigenvectors, and A is the diagonal matrix of eigenvalues.
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. Determine the rank of V., denoted by n, typically given by:

il
|
3
|
\.??‘I

where % is the number of confounding covariates.
. Construct the following matrices:

o Ay /2t an n X n matrix containing the n nonzero columns of ALY2,

1/2

® A_y/p: an n x 7 matrix containing the 7 nonzero columns of (A™)"/=, where A~

is the Moore-Penrose generalized inverse of A.
. Define the decorrelated matrices:

T T T
Mqag = Ail/QU Mgq,

So = MgAMg' .

Here, SNY and S~G represent the decorrelated phenotype and genotype kernels with dimension

n < n, respectively.

3.3.3  Application of JASPER on BCMAP Single Genetic Variant Case

The test statistic we proposed in (3.12) belongs to the JASPER test statistics class. We can

write it as

Tyasper = G'H' - [HKH'|™'- HG
= tr(GTHT . [HKHT|™' - HG) (3.16)

—tr(HT - [HKHT]™' HGGT).
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Thus, we naturally have HT - [HKHT]~! . H = Sy as required for JASPER. We assume

Xa = 1y, that is X is only a intercept column. Since we have only one genetic variant

being tested, A is a scalar and we set A = ﬁ, where f is the estimated allele frequency
of the genetic variant. Therefore, S = (I — %lnlg)GmGT(l - %1n1£)T. Once the

necessary test statistics are obtained, we can follow the decorrelation procedures outlined in

Section 3.3.2.1 to get S~y and S~G and then apply JASPER test.

3.4 Computational Complexity

The primary computational challenge in BCMAP is the eigen-decomposition of the n x n
matrix K, which is required to account for related individuals and population structure.
This step has a computational complexity of O(n3) but needs to be performed only once per
study. Notably, most methods that incorporate related individuals and population structure
also require this eigen-decomposition. When the number of traits and covariates is relatively
small, the computational complexity for parameter estimation and test statistic calculation

is approximately O(nQ) per SNP.

3.5 Simulation Studies

We conducted a series of simulations to evaluate the performance of our method, BCMAP,
in achieving correct type I error control and demonstrating higher power compared to ex-
isting methods across various scenarios. For the association tests, we utilized both the
asymptotic method introduced in Section 3.2, referred to as BCMAP-Asymptotic, and the
JASPER method introduced in Section 3.3, referred to as BCMAP-JASPER. To ensure a
fair comparison, we selected methods that can incorporate related individuals and covariate
information. Additionally, we aimed to assess whether modeling binary traits separately

would result in improvements.
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For comparisons, we included GEMMA [15], a method that tests associations between
multiple quantitative traits and a single genetic variant, while accounting for related indi-
viduals and covariate information. GEMMA [15] provides three tests: the Wald test, the
Likelihood Ratio Test (LRT), and the score test. Our simulations found that the LRT from
GEMMA does not perform well under our simulation settings. Specifically, it occasionally
produces extremely small p-values and, at other times, large p-values (equal to 1). As a
result, we decided not to include the LRT in our comparisons. We also compared BCMAP
with a univariate approach, which involves performing a univariate association test for each
trait using Wald test from a linear mixed model that accounts for related individuals and
covariate information. The smallest p-value from all univariate tests is then selected, and
Bonferroni correction is applied by multiplying the smallest p-value by the number of traits,

with the result capped at 1. We refer to this method as Bonf-minP.

3.5.1 Stmulation Settings

Simulation Setting for Two Sub-population
One of the advantages of BCMAP is its ability to incorporate related individuals and pop-
ulation structure. To evaluate this, we simulated data for two sub-populations with related
individuals. A total of 62 three-generation pedigrees, each consisting of 16 individuals as
shown in Figure 2.2, were simulated, resulting in a sample size of 992 individuals.
Genotypes for the founders were generated first, and the genotypes for non-founders
within each pedigree were simulated using a gene-dropping approach. For genotypes in the
two sub-populations, we applied the Balding-Nichols model with F = 0.01, where ancestral
allele frequencies for SNPs were drawn independently and uniformly between 0.2 and 0.8.
Of these pedigrees, 31 were assigned to sub-population 1, and the remaining 31 to sub-
population 2. The founders of each pedigree were assumed to be randomly sampled from

their respective sub-populations.
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Covariate and Trait Models
Two observed covariates are simulated: one is a continuous covariate drawn from a standard
Gaussian distribution, and the other is drawn from a Gaussian distribution with mean 0 and
variance 4. An additional covariate is used to simulate phenotypes but is assumed to be
unobserved. This covariate corresponds to the major causal variant, M, which is a vector of
length n and is simulated as a genetic variant, as described in the previous subsection and
it serves as a source of model misspecification. In all simulation scenarios, covariate values
are assumed to be independent across individuals and are re-simulated for each replicate.
We first simulate a random variable p and then use this random variable to simulate the
phenotype Y.

We consider two models to simulate phenotypes, given the genotype and covariate infor-

mation:

Logistic Model for Binary Traits

w= 5p><k:Xk><n+7p><gG£><g+5p><1ng1 +a+e (3.17)
fori=1,...,pand 7 =1,...,n, we have:
for binary traits:
Y;; ~ Bernoulli(p;;), (3.18)
and
logit(p;j) = pij- (3.19)

For quantitative traits:

Yij = ij- (3.20)

Here, X is a 3 x n covariate matrix, including the intercept and the two observed covariates

described above. Y is the phenotype matrix, GG is the genotype matrix with g genetic variants,
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in single genetic variant case g = 1 and G will be a vector, and M is the unobserved major
causal variant. If we are simulating under the null, we will set 7;,x4 = 0. The random effects

are modeled as:

o~ N0, K @ (Wi 2ewi’?)), (3.21)
€~ N(0, Inwn ® (W 2CW3/?)), (3.22)

where K is estimated from 10° SNPs, C' is a correlation matrix, and Wj and Wy are diagonal
matrices, with each diagonal element corresponding to the variance of the additive genetic

effect and the environmental effect for each trait, respectively. For each binary trait i,

(W)
(W1)si+(Wa)s

trait 4, % represents the heritability.
(53 K4

represents the heritability analogue on the logit scale. For each quantitative

Liability Threshold Model for Binary Traits

H= ﬁpkakxn+7p><gG£><g+5p><1Mg><l +ate (3.23)
fori=1,...,pand 7 =1,...,n, we have:
for binary traits:
L if pyy =0,
Yij = (3.24)
0 if Hij < 0,

and for quantitative traits:

Yij = pij- (3.25)

The definitions of the parameters in the liability threshold model are the same as those in
the logistic model. For each binary trait ¢, ( V)i - represents the heritability analogue

W1)ii+(Wa)si
on the liability threshold model. For each quantitative trait 1, ( )i

T+ 72w represents the

heritability.
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Genetic Relationship Matrix
The genetic relationship matrix estimate K in (3.21) is estimated from 10° SNPs and is

calculated by:

L )
Z Gy — 2pz sz—2pz)

1 n
. where L =10° and p; = — > Gj;. 3.26

Type I Error and Power Simulation Setting

Type I error simulations For type I error simulations, we simulated 10 sets of 10° vari-
ants for each setting and calculated the 10 corresponding GRM estimates based on Equation
(3.26). For each set of 10° variants, phenotypes were re-simulated 100 times, and 100 vari-
ants were randomly selected to be tested against the simulated phenotypes. This process

resulted in a total of 10° replicates.

Power simulations For power simulations, 10° variants were simulated only once for
each setting and the corresponding GRM estimate is calculated based on Equation (3.26).
From these variants, one variant was selected as causal at a time and tested for association
with the traits and phenotypes are re-simulated each time. This process was repeated 1000

times, resulting in 1000 replicates for evaluating power.

3.5.2  Simulation Results: Logistic Model for Binary Traits

In this section, we examine the simulation results based on the logistic model for binary

traits defined in Section 3.5.1.
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3.5.2.1 2 Binary Traits, 1 Quantitative Trait Case

We simulated two binary traits and one quantitative trait. The first two traits are binary,

while the last trait is quantitative.

Setting 1

The correlation matrix we used to simulate data is

1 05 05
C=105 1 05
0.5 05 1

The remaining parameters are chosen such that:

1. The simulated data result in a prevalence of approximately 40% for the two binary

traits.

2. The sample correlation matrix for the three traits is approximately:

1 06 0.3
06 1 0.3
03 03 1

3. The heritability analogue on the logit scale, as defined earlier, is approximately 90%
for the binary traits, and the heritability for the quantitative trait is approximately
50%.

4. For each binary trait, the Bernoulli variance explains, on average, 30% of the total

variability in the binary case-control status.
5. On the logit scale, considering the variability explained by the covariates, the major
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causal variant, and the additive polygenic effect (ozij), the proportion of variability

explained by the covariates is approximately 80%.

Type I error result We test the null hypothesis that there is no genetic association
between a single genetic variant and the three traits we simulated. Since we simulated 10°
replicates, we obtained 10° p-values. Under the null hypothesis, the p-values are expected
to follow a uniform distribution. Figure 3.1 depicts the (differenced) QQ-plots of the 10°
p-values against the standard uniform distribution: we take the —logjy-scaled p-values and
plot the difference between the observed quantiles and the theoretical quantiles (quantiles of
Uniform(0, 1)). The QQ-plot is generated using the qqconf R package [32], which provides
a shaded simultaneous acceptance region to assess whether the p-values follow a uniform
distribution using ELL method as described in Section 2.4.1. If all the p-values lie within
the shaded region, we conclude that the type I error is well controlled. We observe that
both our asymptotic method and the JASPER method control the type I error well. The
score test from GEMMA and Bonf-minP provide conservative p-values, whereas the Wald

test from GEMMA produces inflated p-values.
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Figure 3.1: (Differenced) QQ-plots for p-values: single genetic variant, logistic
model for binary traits, two binary traits and one quantitative trait (setting 1):

Top: original scale; bottom: zoomed in. The shaded region is the 99% confidence region by
ELL
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Setting 2

The correlation matrix we used to simulate data is

1 —-03 05
C=1-03 1 05
05 05 1

The remaining parameters are chosen such that:

1. The simulated data result in a prevalence of approximately 25% for the two binary

traits.

2. The sample correlation matrix for the three traits is approximately:

1 06 0.5
06 1 0.5
05 05 1

3. The heritability analogue on the logit scale, as defined earlier, is approximately 50%
for the first binary trait and 40% for the second binary trait, and the heritability for

the quantitative trait is approximately 50%.

4. For each binary trait, the Bernoulli variance explains, on average, 30% of the total

variability in the binary case-control status.

5. On the logit scale, considering the variability explained by the covariates, the major
causal variant, and the additive polygenic effect (c;;), the proportion of variability

explained by the covariates is approximately 90%.

Type I error result We simulate the data under the null hypothesis that there is no

association between the 3 traits and the causal SNP. From Figure 3.2 we observe under
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this simulation setting our asymptotic method, the JASPER method and Wald test from
GEMMA control the type I error well. The score test from GEMMA and Bonf-minP still
provide conservative p-values. The improvement of the GEMMA Wald test might be at-
tributed to the decrease in the heritability analogue on the logit scale for binary traits. If

this value is too large, it may become challenging for GEMMA to perform accurate analysis.

Figure 3.2: (Differenced) QQ-plots for p-values: single genetic variant, logistic
model for binary traits, two binary traits and one quantitative trait (setting 2):

Top: original scale; bottom: zoomed in. The shaded region is the 99% confidence region by
ELL
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Power analysis result Since under this simulation setting, GEMMA Wald test has cor-
rect type I error control, we could perform power analysis to compare if our method has
higher power. The parameter « is chosen such that, on the logit scale, considering the vari-
ability explained by the covariates, the major causal variant, the additive polygenic effect
(vjj), and the causal SNP, the proportion of variability explained by the causal SNP is ap-
proximately 1%. For the quantitative trait, the causal SNP explains approximately 1% of
the total variance. Wang, Meigs, and Dupuis [1] simulated two random variables based on a
linear mixed model with a positive correlation between the variables. One of the variables
was then transformed into a binary trait using a threshold model. Their simulation results
suggested that when the two untransformed traits have opposite directions of association
with a causal SNP, their joint modeling approach for one binary trait and one quantitative
trait is more powerful than conducting univariate tests for each trait. This observation mo-
tivates our interest in investigating whether our methods yield similar outcomes.

Notably, we simulate the random variable p first and use it to simulate the traits. Specifi-

cally:

e /i1. corresponds to the first binary trait. We refer to this as the untransformed first

binary trait, following [1].

e i0. corresponds to the second binary trait, referred to as the untransformed second

binary trait.
e Li3. represents the quantitative trait.

The correlation used to simulate the data between the untransformed first binary trait and
the quantitative trait is positive, and the correlation between the untransformed second
binary trait and the quantitative trait is also positive.

We simulated data with the following scenarios:
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1. sign(y) = ¢(1,1,1)T: The causal SNP has the same direction of effect for the untrans-
formed binary traits and the quantitative trait. We denote this scenario as "Same

Direction."

2. sign(y) = ¢(1,1, —1)T: The causal SNP has opposite directions of effect for the un-
transformed binary traits and the quantitative trait. We denote this as "Opposite

Direction."

3. sign(y) = ¢(1, 1, O)T: The causal SNP affects only the binary traits. We denote this as

"Only Binary Traits."

4. sign(y) = ¢(0,0,1)T: The causal SNP affects only the quantitative trait. We denote

this as "Only Quantitative Trait."

We plot the power with respect to the —log;( transformation of different significance levels.
A higher curve in the plot indicates that the method has greater power. Figure 3.3 shows
the power curves for the four scenarios. We observe that the asymptotic method and the
JASPER method from BCMAP produce comparable results. Except for the "Only Quantita-
tive Trait" case, BCMAP demonstrates higher power compared to GEMMA and Bonf-minP.
For the "Opposite Direction" case, the gap between BCMAP and the other methods is more
pronounced than in the "Same Direction" case, which aligns with the findings from [1].
When only the quantitative trait is associated with causal SNP, all the methods produce
comparable results. And when binary trait is associated with causal SNP, BCMAP has

higehr power.
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Figure 3.3: Power curves: single genetic variant, logistic model for binary traits,
two binary traits and one quantitative trait (setting 2):
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Power curves for different simulation scenarios: (a). Same Direction. (b). Opposite

Direction. (c). Only Binary Traits. (d). Only Quantitative Trait.

3.5.2.2 1 Binary Trait, 2 Quantitative Traits Case

We simulated one binary trait and two quantitative traits. The first trait is binary, while

the last two traits are quantitative.
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Setting 1

The correlation matrix we used to simulate data is

1 05 05
C=105 1 05
05 05 1

The remaining parameters are chosen such that:
1. The simulated data result in a prevalence of approximately 50% for the binary trait.

2. The sample correlation matrix for the three traits is approximately:

1 =04 03
-04 1 -0.3
03 —-03 1

3. The heritability analogue on the logit scale, as defined earlier, is approximately 70%
for the binary trait. The heritability for the first quantitative trait is approximately

40%, and for the second quantitative trait, it is approximately 50%.

4. For the binary trait, the Bernoulli variance explains, on average, 30% of the total

variability in the binary case-control status.

5. On the logit scale, considering the variability explained by the covariates, the major
causal variant, and the additive polygenic effect (c;;), the proportion of variability

explained by the covariates is approximately 80%.

Type I error result We simulate the data under the null hypothesis that there is no
association between the 3 traits and the causal SNP. From Figure 3.4 we observe under this

simulation setting BCMAP control the type I error well. The score test from GEMMA and
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Bonf-minP still provide conservative p-values. The GEMMA Wald test provides slightly
inflated p-values, possibly due to the high heritability analogue (70%) on the logit scale for

the binary trait.

Figure 3.4: (Differenced) QQ-plots for p-values: single genetic variant, logistic
model for binary traits, one binary trait and two quantitative traits (setting 1):

Top: original scale; bottom: zoomed in. The shaded region is the 99% confidence region by
ELL
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Setting 2

The correlation matrix we used to simulate data is

1 05 05
C=105 1 05
05 05 1

The remaining parameters are chosen such that:
1. The simulated data result in a prevalence of approximately 25% for the binary trait.

2. The sample correlation matrix for the three traits is approximately:

1 05 0.5
05 1 04
05 04 1

3. The heritability analogue on the logit scale, as defined earlier, is approximately 40%

for the binary trait. The heritability for the 2 quantitative traits is approximately 50%.

4. For the binary trait, the Bernoulli variance explains, on average, 30% of the total

variability in the binary case-control status.

5. On the logit scale, considering the variability explained by the covariates, the major
causal variant, and the additive polygenic effect (aij), the proportion of variability

explained by the covariates is approximately 90%.

Power analysis result Since the heritability analogue on the logit scale for the binary
trait is not very large, the GEMMA Wald test might have correct type I error control. We
directly conducted a power analysis for this setting. The parameter 7 is chosen such that,

on the logit scale, considering the variability explained by the covariates, the major causal
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variant, the additive polygenic effect (aij), and the causal SNP, the proportion of variability
explained by the causal SNP is approximately 1%. For the quantitative traits, the causal

SNP explains approximately 0.5% of the total variance. Similar to before,
e /i1. corresponds to the binary trait. We refer to this as the untransformed binary trait.
e 1. represents the first quantitative trait.
e 3. represents the second quantitative trait.

The correlations used to simulate the data between the untransformed binary trait and the
quantitative traits are positive.

We simulated data with the following scenarios:

1. sign(y) = ¢(1,1,1)T: The causal SNP has the same direction of effect for the untrans-
formed binary trait and the quantitative traits. We denote this scenario as "Same

Direction."

2. sign(y) = ¢(1,—1,—1)T: The causal SNP has opposite directions of effect for the
untransformed binary trait and the quantitative traits. We denote this as "Opposite

Direction."

3. sign(y) = ¢(1,0, O)T: The causal SNP affects only the binary trait. We denote this as

"Only Binary Trait."

4. sign(y) = ¢(0,1,1)T: The causal SNP affects only the quantitative traits. We denote

this as "Only Quantitative Traits."

Figure 3.5 shows similar results as what we have in two binary traits and one quantitative

trait case.
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Figure 3.5: Power curves: single genetic variant, logistic model for binary traits,
one binary trait and two quantitative traits (setting 2):
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3.5.83  Simulation Results: Liability Threshold Model for Binary Traits

In this section, we examine the simulation results based on the liability threshold model for

binary traits defined in Section 3.5.1. Note that our quasi-likelihood model for binary traits

is based on the logistic model, so the model misspecification problem in this setting is more

severe.



3.5.3.1 2 Binary Traits, 1 Quantitative Trait Case

Setting 1

The correlation matrix we used to simulate data is

1 05 05
C=105 1 05
0.5 05 1

The remaining parameters are chosen such that:

1. The simulated data result in a prevalence of approximately 40% for the two binary

traits.

2. The sample correlation matrix for the three traits is approximately:

1 07 04
0.7 1 0.3
04 03 1

3. The heritability analogue on the liability threshold model, is approximately 90% for

the binary traits, and the heritability for the quantitative trait is approximately 50%.

4. On the liability threshold model, considering the variability explained by the covariates,
the major causal variant, the additive polygenic effect (c;;) and the environment effect

(€i5), the proportion of variability explained by the covariates is approximately 75%.

Type I error result We simulate the data under the null hypothesis that there is no
association between the 3 traits and the causal SNP. From Figure 3.6 we observe the result
is similar to Figure 3.1. The GEMMA Wald test provides inflated p-values, possibly due to

the high heritability analogue on the liability threshold model for the binary traits.
73



Figure 3.6: (Differenced) QQ-plots for p-values: single genetic variant, liability
threshold model for binary traits, two binary traits and one quantitative trait
(setting 1): Top: original scale; bottom: zoomed in. The shaded region is the 99% confi-
dence region by ELL
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Setting 2

The correlation matrix we used to simulate data is

1 03 05
C=103 1 05
05 05 1

The remaining parameters are chosen such that:

1. The simulated data result in a prevalence of approximately 25% for the two binary

traits.

2. The sample correlation matrix for the three traits is approximately:

1 03 0.6
03 1 0.3
06 03 1

3. The heritability analogue on the liability threshold model, is approximately 14% for

the binary traits, and the heritability for the quantitative trait is approximately 50%.

4. On the liability threshold model, considering the variability explained by the covariates,
the major causal variant, the additive polygenic effect (c;;) and the environment effect

(€i5), the proportion of variability explained by the covariates is approximately 90%.

Type I error result We simulate the data under the null hypothesis that there is no
association between the 3 traits and the causal SNP. From Figure 3.7 we observe the result
is similar to Figure 3.2. The improvement of the GEMMA Wald test might be attributed to

the decrease in the heritability analogue on the liability threshold model for binary traits.
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Figure 3.7: (Differenced) QQ-plots for p-values: single genetic variant, liability
threshold model for binary traits, two binary traits and one quantitative trait
(setting 2): Top: original scale; bottom: zoomed in. The shaded region is the 99% confi-
dence region by ELL
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Power analysis result 'We conducted a similar power analysis as in the case of the logistic

model for binary traits. Figure 3.8 shows results similar to those in Figure 3.3.
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Figure 3.8: Power curves: single genetic variant, liability threshold model for
binary traits, two binary traits and one quantitative trait (setting 2):

(a) (b)
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Power curves for different simulation scenarios: (a). Same Direction. (b). Opposite

Direction. (c). Only Binary Traits. (d). Only Quantitative Trait.

3.5.3.2 1 Binary Trait, 2 Quantitative Traits Case

The correlation matrix we used to simulate data is

1 03 05
C=103 1 05
05 05 1
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The remaining parameters are chosen such that:

1. The simulated data result in a prevalence of approximately 25% for the two binary

traits.

2. The sample correlation matrix for the three traits is approximately:

1 05 03
05 1 0.3
03 03 1

3. The heritability analogue on the liability threshold model, is approximately 14% for

the binary trait, and the heritability for the 2 quantitative traits is approximately 50%.

4. On the liability threshold model, considering the variability explained by the covariates,
the major causal variant, the additive polygenic effect (c;;) and the environment effect

(€i5), the proportion of variability explained by the covariates is approximately 90%.

Type I error result We simulate the data under the null hypothesis that there is no
association between the 3 traits and the causal SNP. Figure 3.9 shows that BCMAP and the
GEMMA Wald test provide correct type I error control, while the GEMMA score test and
Bonf-minP produce conservative p-values under the null. The heritability analogue on the
liability threshold model for binary traits is low in this setting, which might explain why the
GEMMA Wald test performs well.
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Figure 3.9: (Differenced) QQ-plots for p-values: single genetic variant, liability
threshold model for binary traits, one binary trait and two quantitative traits:

Top: original scale; bottom: zoomed in. The shaded region is the 99% confidence region by
ELL
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Power analysis result Under this setting, we conducted a similar power analysis as in
the case of the logistic model for binary traits. Figure 3.10 shows results similar to those in

previous simulations.
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Figure 3.10: Power curves: single genetic variant, liability threshold model for
binary traits, one binary trait and two quantitative traits:
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3.5.4  Simulation Results: Problem of Ascertainment

In this section, we examine the simulation results under the scenario of ascertainment. As-
certainment arises when certain individuals in the target population have a higher or lower
likelihood of being included in the sample compared to others. This is particularly relevant

for binary traits, where cases are often oversampled to increase statistical power. Conse-
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quently, ascertainment is a common issue in studies involving binary traits. GEMMA Wald
test occasionally exhibits incorrect type I error control, Bonf-minP and GEMMA score test
end to yield conservative p-values under the null hypothesis. Therefore, these methods are
omitted from the evaluation.

We continue to investigate the scenario involving related individuals and population
structure. Specifically, we simulate a large number of individuals across two subpopulations
using a similar approach as described in 3.5.1. "Simulation Setting for Two Sub-population"
part. The simulation involves two binary traits and one quantitative trait, generated based
on the models discussed in 3.5.1 "Covariate and Trait Models" part. The parameters are
chosen to ensure that the prevalences of the first and second binary traits are approximately
5%. Additionally, the sample correlation between the two binary traits is set to a reasonable
amount. To introduce ascertainment, individuals are selected based on the first binary trait.
From subpopulation 1, we randomly retain 250 cases and 250 controls, and similarly, from
subpopulation 2, we randomly retain 250 cases and 250 controls. This results in a total
of 500 cases and 500 controls for the first binary trait, ensuring a balanced case-control
ratio. The simulation settings are designed to ensure a reasonable mix of cases and controls
for the second binary trait as well. After we get the ascertainment individuals, we simulate
genotypes and calculate the GRM estimate as described in Section 3.5.1. This is a phenotype-
based ascertainment, which not only influences the sample composition but also introduces
model misspecification, as the ascertainment process is not explicitly accounted for in the

simulation models.
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3.5.4.1 Data Simulated Based on Logistic Model for Binary Traits Before As-

certainment

The correlation matrix we used to simulate data is

1 —-03 05
C=1-03 1 05
05 05 1

The remaining parameters are chosen such that:

1. The simulated data before ascertainment result in a prevalence of approximately 5%

for the two binary traits.

2. The sample correlation matrix for the three traits is approximately:

1 06 0.7
06 1 0.5
0.7 05 1

so the sample correlation between the two binary traits is about 0.6.

Type I error results

We simulate the data under the null hypothesis that there is no association between the
three traits and the causal SNP. Subsequently, we perform ascertainment, followed by the
association test to obtain the p-values. Figure 3.11 shows BCMAP controls type I error

correctly.
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Figure 3.11: (Differenced) QQ-plots for p-values: ascertainment, single genetic
variant, logistic model for binary traits, two binary traits and one quantitative

trait: Top: original scale; bottom: zoomed in. The shaded region is the 99% confidence
region by ELL
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Power analysis results

The power simulation under ascertainment is computationally intensive and requires signif-
icant time. Since previous simulations indicate that BCMAP achieves the highest power
under the "Opposite Direction" setting, we conducted the simulation only for this scenario.

The variance explained by the causal SNP is set to be 7% in this case. Figure 3.12 demon-
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strates that BCMAP can detect signals even under ascertainment.

Figure 3.12: Power curves: ascertainment, single genetic variant, logistic model for
binary traits, two binary traits and one quantitative trait, "Opposite Direction"
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3.5.4.2 Data Simulated Based on Liability Threshold Model for Binary Traits

Before Ascertainment

The correlation matrix we used to simulate data is

1 —-03 05
C=1-03 1 05
05 05 1

The remaining parameters are chosen such that:

1. The simulated data before ascertainment result in a prevalence of approximately 5%

for the two binary traits.

2. The sample correlation matrix for the three traits is approximately:

1 04 07
04 1 0.3
0.7 03 1

so the sample correlation between the two binary traits is about 0.4.

Type I error results

We simulate the data under the null hypothesis that there is no association between the
three traits and the causal SNP. Subsequently, we perform ascertainment, followed by the
association test to obtain the p-values. Figure 3.13 shows BCMAP controls type I error

correctly.
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Figure 3.13: (Differenced) QQ-plots for p-values: ascertainment, single genetic
variant, liability threshold model for binary traits, two binary traits and one
quantitative trait: Top: original scale; bottom: zoomed in. The shaded region is the 99%
confidence region by ELL
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Power analysis results

We simulate data under the "Opposite Direction" setting. Figure 3.14 demonstrates that

BCMAP can detect signals even under ascertainment.
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Figure 3.14: Power curves: ascertainment, single genetic variant, liability thresh-
old model for binary traits, two binary traits and one quantitative trait, "Oppo-
site Direction"
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3.5.5  Discussion of Simulation Results

From the simulations we conducted, we observe that BCMAP is robust to model misspecifi-
cation and ascertainment. When binary traits are associated with the causal SNPs, BCMAP
provides higher power compared to GEMMA and Bonf-minP. Conversely, when only quanti-
tative traits are associated with the causal SNPs, BCMAP demonstrates comparable power
to GEMMA and Bonf-minP. Therefore, in scenarios where a binary trait of interest is present,

applying BCMAP may result in greater power.
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CHAPTER 4
QUASI-LIKELIHOOD MODEL FOR MULTIPLE BINARY
TRAITS AND QUANTITATIVE TRAITS WITH MULTIPLE
GENETIC VARIANTS

The model can be easily extended to include multiple genetic variants. This extension
is designed to perform genetic association testing for multiple traits with multiple genetic
variants simultaneously. Assume there are n individuals and p traits of which b traits are
binary and the rest are quantitative. And there are g genetic variants being tested, so G is
an X g matrix.

For mean structure:

E(Yi|X,G) = pij,  g(pij) = (BX)ij, for 1 <i <D, (4.1)
E(Yj;|X, G) = pij,  pij = (BX)ij, for L+b<i<p, (4.2)
where
14
g(uij) = log :
(1i5) T

For the conditional variance structure, we have:
Q= Var(vee(Y)|X,G) = I'/2sr1/2, (4.3)

I' is an np-dimensional diagonal matrix, with sth diagonal element, where s = p(j — 1) + 1,

given by I'ss = Var(Y;;|X,G), which is equal to p;;(1 — p;5) if 1 < i < b and JZZ if
2

1+ b < @ < p, where o7 represents the total residual variance of trait i. Instead of model

genotypes as fixed effects, we model them as random effects in ¥ so that we have more

88



degrees of freedom.
s = 2[(GW2GT) ® (DY2CyD'?)] + K @ (D'2CyDY?) + Inxn ® (DY2C.DY?)  (4.4)

72 is the parameter of interest that controls the ratio of proportion of residual variance due
to the genetic variant effects vs. proportion of residual variance due to iid noise, W is an
optional ¢ x g weight matrix for the variants and D = I — (72 4+ 1)D, where we impose the
additional constraint 0 < (72 + 1)d; < 1 for 1 < i < p. We are interested in testing the
null hypothesis that 72 = 0. Under the null, the model of multiple genetic variants reduces
to the same null model as the single variant one, so the estimation of nuisance parameters
(coefficient and variance components) under the null proceeds in exactly the same way as

before.

4.1 Retrospective Association Testing: JASPER

When testing multiple traits with multiple genetic variants, asymptotic approximations may
fail in scenarios involving high-dimensional outcomes [33, 34| or limited sample sizes [35, 36].
JASPER |[24] is a more robust method so we propose to utilize JASPER for our association
test. Recall JAPSER relies on the transformation of the test statistic based on a null model
proposed for the genetic markers. We build a quasi-likelihood model for G conditional on
Y and X under the null hypothesis of no association, which is specified by the following

assumptions:

Eo(GIX,Y) = XTB and Varg(G|X,Y) = FQK, (4.5)

where B is an unknown coefficients matrix, K is the genetic covariance among the individu-
als and F' is a positive semi-definite matrix that represents the covariance among the genetic
variants and we do not need to make any assumptions of F when applying JASPER. The ret-
rospective test statistic for testing the null hypothesis Hy : 72 = 0is T = tr((Sq)(HT AH))
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where H is the phenotype information matrix we have in single genetic variant case (3.12), A
is chosen so that in the special case of all quantitative traits, we get what is in the JASPER

[24].

4.1.1  Linear Mized Models in JASPER

To determine A, we first look at the linear mixed model (LMM) for multiple quantitative

traits in JASPER [24], expressed as:
Y=XB8+Gy+a+e, (4.6)

where Y is the n x p phenotype matrix, X is the n x k covariate matrix, and G is the n x ¢

genotype matrix. The term « represents additive polygenic random effects, where:
vec(a) ~ N(0,V, ® K), (4.7)

with V; being an unknown p x p positive definite matrix representing the covariance among
traits due to additive polygenic effects, and K being the genetic relationship matrix. The
random effects for the tested variants are represented by -, an g x p matrix. Although the

full distribution of v is not specified, it is assumed that:
E[vec(y)] =0, and Var[vec(y)] = 72V, @ W, (4.8)

where Vj is a p x p covariance matrix that is either pre-specified or set equal to V, or Ve. W
is a pre-specified g x ¢ positive definite "weight matrix", and 72 is an unknown scalar. For

this model, the conditional expectation and variance of Y given X and G are:

ElY|X,G] = pu, and Var[vec(Y)|X,G] = Q, (4.9)
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where ¢ = X and:
QO =72V, @ (GWGT) + Vo ® K + Ve ® Inxn. (4.10)

To test the null hypothesis Hy : 72 = 0, which corresponds to a joint test of association

between the p traits and the g SNPs, they propose to use

Sy = YVvT, (4.11)
where Y is an n x p matrix given by:
vec(Y) = Qo_lvec(Y — ), (4.12)
with:
vee(jt) = X(XT Q5 X)X O tvec(Y), (4.13)
and:

Here, f/; and ‘//; are the estimates of V,; and Ve under the null hypothesis. If Vj is pre-

specified, then ‘//; = Vy. Otherwise, if Vj is set equal to V, or Ve, then:
Vg=Va, or Vy="Ve. (4.15)
Therefore, one can use Sy = YVYT or Sy = YVoYT to form the test statistic.

4.1.2  Application of JASPER on BCMAP Multiple Genetic Variants Case

Genotype Kernel

We still assume that X, as defined in Section 3.3.2, represents the intercept. Additionally,
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we assume that A is a diagonal matrix, where each diagonal element is defined as: A;; =

1

——————_ Where fz denotes the estimated allele frequency for genetic variant i. Therefore,

2f;(1-f;)’
Sq = (I - 11,11 GAGT (1 - L1,11)T.

Phenotype Kernel

Recall for phenotype kernel we have Sy = H TAH, A is chosen so that in the special case

of all quantitative traits, we get what is in the JASPER [24]. We have two choices, setting

A to be 1//;, the estimated additive polygenic traits covariance or setting A to be ‘//; the

estimated environment traits covariance. For simplicity we assume Cy = C.

Let l/??) and 6’\0 be the estimations of D and C' under the null model. jE) is the matrix defined

in (3.6), evaluated under the null. i}), 1/“6, and [ip are the parameters evaluated under the

null. Define:

vee(V) = Jo *55T0* [vee(Y') — vec(@ig)],

vee(Y) = STy A fvec(Y) — vee(i)].

—~1/2~-—~1/2
A= R1/2D0 / CoDg / Rl/z,

where R is a p x p diagonal matrix with the i*! diagonal element given by:

=T =
Y KY)
(YTKY);

13
If all the traits are quantitative, then:
To=To®I, Jy=Tg

and:

~ ~ —~

~—~1/2

vec(Y) = fgl/Qvec(Y) = (F01/2 ® Ivec(Y) = vee(IYTy 7).
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Thus:
= 12

Y =YT) (4.22)
For the diagonal elements:
=T = 9 T
(Y KY)y =07 (Y KY)j;. (4.23)
This implies:
R =%, R=Ty, (4.24)

SO:

A=V, in JASPER. Which is the trait covariance due to additive polygenetic effect.
(4.25)

Likewise, if we define

/2 1/

—1/2__—=1/2
A=RV2D, CyDy  RYZ2 (4.26)

We have when all the traits are quantitative

A =1V, in JASPER. Which is the trait covariance due to environmental effect.  (4.27)

4.2 Computational Complexity

Similar to the single genetic variant case, the primary computational challenge in BCMAP
for multiple genetic variants is the eigen-decomposition of the n x n matrix K, which is
necessary to account for related individuals and population structure. This step has a com-
putational complexity of O(n3), but it only needs to be performed once per study. Notably,
most methods that incorporate related individuals and population structure also require
this eigen-decomposition. When the number of traits and covariates is relatively small, the

computational complexity for parameter estimation and test statistic calculation is approx-
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imately O(gnQ) for a set of g SNPs tested simultaneously.

4.3 Simulation Study

We conducted a series of simulations to evaluate the performance of our method, BCMAP
for multiple genetic variants, to verify that it achieves correct type I error control and
demonstrates strong power. MultiSKAT [25| is a method capable of incorporating related
individuals, population structure, and covariate information to test multi-trait multi-variant
associations for quantitative traits. However, based on our simulation results, when covari-
ates are included in the model, the MultiSKAT R program produces unreliable p-values under
the null hypothesis. Consequently, we do not compare this method with our approach. In-
stead, we compare our method to an alternative approach where all binary traits are modeled
as quantitative traits under our model setting. We denote this approach as BCMAP-quan.
Both method using JASPER for association tests. We have two choices for the A matrix in
the phenotype kernel. We denote it as V,; when, for all traits being quantitative, A = Vj,.
Similarly, we denote it as V, when, for all traits being quantitative, A = V.. In the appendix
of [22], the authors suggested that when multiple candidate phenotype kernels are available,
one can consider a linear combination of these kernels with predefined weights. Following
this approach, we also consider taking the average of the phenotype kernels with V, and
Ve plugged in, which we refer to as the avg method. Finally, we also consider taking the
smaller p-value obtained with V;, and V. plugged in, and applying Bonferroni correction to

that p-value by multiplying it by 2 (capped at 1). We denote this approach as Bonf.

4.3.1  Simulation Settings

The simulation model is the same as what we have in single genetic variant case 3.5.1,
except we have g = 50, that is, we test associations with 50 genetic variants simultaneously

now. We still simulate data based on the two sub-populatoin setting described in 3.5.1.
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Type I Error and Power Simulation Setting

Type I error simulations For type I error simulations, we simulated 10 sets of 10° vari-
ants for each setting and calculated the 10 corresponding GRM estimates based on Equation
(3.26). For each set of 10° variants, they are randomly split into 2000 non-overlapping marker
panels, each contains 50 marks. Phenotypes were re-simulated 100 times, and 100 marker
panels were randomly selected to be tested against the simulated phenotypes. This process

resulted in a total of 10° replicates.

Power simulations For power simulations, 10° variants were simulated only once for
each setting, and the corresponding GRM estimate was calculated based on Equation (3.26).
These variants were randomly divided into 2000 non-overlapping marker panels, each con-
taining 50 markers. From these panels, one panel was selected at a time to test for association
with the traits. Since it is unlikely that all markers in a panel are causal, half of the markers
in the selected panel were randomly designated as causal. Among the causal markers, half
were assigned positive effects, while the other half were assigned negative effects. Phenotypes
were re-simulated for each iteration. This process was repeated 1000 times, resulting in 1000

replicates for evaluating power.

4.3.2  Simulation Results

We conducted simulations using both the logistic model for binary traits and the liability
threshold model for binary traits. Both simulation settings produced qualitatively similar
results. Therefore, in this thesis, we present only the results from simulations based on the

logistic model for binary traits.
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4.3.2.1 2 Binary Traits, 1 Quantitative Trait Case

We simulated 2 binary traits and 1 quantitative trait based on the logistic model for binary
traits. Under the null hypothesis, we use the same set of parameters as in Setting 2 of the
single genetic variant case for two binary traits and one quantitative trait, with the logistic

model applied for the binary traits, as described in 3.5.2.1.

Type I error results

We simulate the data under the null hypothesis that there is no association between the three
traits and the causal SNPs. Figure 4.1 demonstrates that both BCMAP and BCMAP-quan,
with different phenotype kernels (excluding the Bonf method), correctly control the type I
error. This result highlights the robustness of JASPER. However, the Bonf method provides

conservative p-values under the null hypothesis.
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Figure 4.1: (Differenced) QQ-plots for p-values: multiple genetic variants, logistic
model for binary traits, two binary traits and one quantitative trait: Top: original
scale; bottom: zoomed in. The shaded region is the 99% confidence region by ELL
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Power analysis results

The parameter ~ is chosen such that, on the logit scale, considering the variability explained
by the covariates, the major causal variant, the additive polygenic effect (aij), and the
causal SNPs, the proportion of variability explained by all the causal SNPs is approximately

3%. For the quantitative trait, all the causal SNPs explain approximately 3% of the total
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variance.

We are interested in three scenarios:
1. All Traits: All traits are associated with the causal SNPs.
2. Only Binary Traits: Only the binary traits are associated with the causal SNPs.

3. Random Two Traits: At each trial, two traits are randomly selected to be associated

with the causal SNPs.

For the case where only the binary traits are associated with the causal SNP, BCMAP
with Vg plugged in (BCMAP _Va) and BCMAP-quan with V,, ( BCMAP-quan _Va) plugged
in provide lower power than others. Therefore, we also plot the power curves without these
two methods to make a better comparison.

Figure 4.2 shows that under different settings, BCMAP with the Bonf method consis-
tently provides either the largest or second-largest power compared to all other candidates.
Therefore, when no prior information about the phenotype kernel is available, and binary
traits are of interest, we recommend applying BCMAP with V; and V, plugged in, selecting

the smaller p-value, and applying Bonferroni correction by multiplying it by 2 (capped at 1).
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Figure 4.2: Power curves: multiple genetic variants, logistic model for binary
traits, two binary traits and one quantitative trait:
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Power curves for different simulation scenarios: (a). All Traits. (b). Only Binary Traits.
(c). Only Binary Traits (exclude BCMAP Va and BCMAP-quan_Va). (d). Random Two

Traits.

4.3.2.2 1 Binary Trait, 2 Quantitative Traits Case

We simulated 1 binary trait and 2 quantitative traits based on the logistic model for binary
traits. Under the null hypothesis, we use the same set of parameters as in Setting 2 of the
single genetic variant case for one binary trait and two quantitative trait, with the logistic

model applied for the binary trait, as described in 3.5.2.2.
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Type I error results
We simulate the data under the null hypothesis that there is no association between the

three traits and the causal SNPs. Figure 4.3 demonstrates similar results as Figure 4.1

Figure 4.3: (Differenced) QQ-plots for p-values: multiple genetic variants, logistic
model for binary traits, one binary trait and two quantitative traits: Top: original
scale; bottom: zoomed in. The shaded region is the 99% confidence region by ELL
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Power analysis results

We are interested in four scenarios:
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1. All Traits: All traits are associated with the causal SNPs.
2. Only Binary Trait: Only the binary trait is associated with the causal SNPs.

3. Only Quantitative Traits: Only the quantitative traits are associated with the
causal SNPs.

4. Random Two Traits: At each trial, two traits are randomly selected to be associated

with the causal SNPs.

For the case where only the binary traits are associated with the causal SNPs, BCMAP
with Vg plugged in (BCMAP_Va) and BCMAP-quan with V,, ( BCMAP-quan_Va) plugged
in provide extremely small power so we exclude these two in the plot. Figure 4.4 also
demonstrates that, under different settings, BCMAP with the Bonf method consistently
provides either the largest or second-largest power compared to all other candidates. This

further supports our recommendation to use BCMAP with the Bonf method.
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Figure 4.4: Power curves: multiple genetic variants, logistic model for binary
traits, one binary trait and two quantitative traits:
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Random Two Traits.

4.3.2.3 Ascertainment with 2 Binary Traits and 1 Quantitative Trait

We simulate the data with ascertainment as discussed in Section 3.5.4. Under the null

hypothesis, we use the same set of parameters specified in that section.
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Type I error results
We simulate the data under the null hypothesis that there is no association between the
three traits and the causal SNPs. Since avg method is not optimal in previous simulations,

we do not include that in our analysis. Figure 4.5 demonstrates similar results as Figure 4.1.

Figure 4.5: (Differenced) QQ-plots for p-values: ascertainment, multiple genetic
variants, logistic model for binary traits, two binary traits and one quantitative
trait: Top: original scale; bottom: zoomed in. The shaded region is the 99% confidence
region by ELL
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Power analysis results

The parameter v is chosen such that, on the logit scale, considering the variability explained
by the covariates, the major causal variant, the additive polygenic effect (a;;), and the
causal SNPs, the proportion of variability explained by all the causal SNPs is approximately
7%. For the quantitative trait, all the causal SNPs explain approximately 7% of the total
variance.

We are interested in two scenarios:
1. Only Binary Traits: Only the binary traits are associated with the causal SNPs.

2. Random Two Traits: At each trial, two traits are randomly selected to be associated

with the causal SNPs.

For the case where only the binary traits are associated with the causal SNP, BCMAP
with Vg plugged in (BCMAP_Va) and BCMAP-quan with V,, ( BCMAP-quan_Va) plugged
in provide lower power than others. Therefore, we also plot the power curves without these
two methods to make a better comparison.

Figure 4.6 further highlights the consistent performance of BCMAP with the Bonf method,
as it provides either the largest or second-largest power across different settings. This re-
inforces its utility as a robust approach in scenarios where phenotype kernel information is

limited.
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Figure 4.6: Power curves: ascertainment, multiple genetic variants, logistic model
for binary traits, two binary traits and one quantitative trait:
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Traits (exclude BCMAP _Va and BCMAP-quan_ Va). (c¢). Random Two Traits.

4.3.83  Discussion of Simulation Results

From the simulation results, we observe that the BCMAP multiple genetic variants ver-
sion is robust to model misspecification and ascertainment. There are multiple choices for
phenotype kernels when conducting the test. In cases where no prior information about
the phenotype kernel is available and binary traits are of interest, we recommend applying

BCMAP with V, and V, plugged in, selecting the smaller p-value, and applying Bonferroni
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correction by multiplying it by 2 (capped at 1) to achieve greater power.
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CHAPTER 5
DATA ANALYSIS

We apply BCMAP to analyze diabetes and body mass index (BMI) from the Framingham
Heart Study (FHS) [37]. FHS is a a long-term observational study that spans multiple
generations and includes both unrelated and related individuals. Our use of the FHS data
was approved by the institutional review board of the Biological Sciences Division of the
University of Chicago. Our analysis focuses on the Offspring Cohort. Participants in this
cohort underwent measurements up to nine times, roughly every four years. Diabetes and
BMI are the phenotypes of interest, while age and sex are the covariates included in the
analysis. The phenotypes and covariates are determined as follows: For each exam, if an
individual has a blood glucose (BG) level > 200mg/dl, a fasting plasma glucose (FPG)
level = 126mg/dl, or is under treatment for diabetes, the individual is considered to have
diabetes at that exam. We identify the earliest exam at which diabetes is detected and use
the corresponding age and BMI as covariates. If age or BMI are unavailable for that exam,
we select the nearest available values. However, if the nearest values are more than 10 years
apart from the exam, the individual is excluded from the analysis. For individuals who
never have diabetes across all exams (including those with some but not all missing exams),
we use the age and BMI recorded at the individual’s last attended exam as covariates. If
this information is unavailable, we choose the nearest available values. Again, if the nearest
values are more than 10 years apart from the last attended exam, the individual is excluded
from the analysis.

Among the study participants with available Affymetrix 500K genotype data, we exclude
individuals who meet either of the following criteria: (1) completeness (the proportion of
markers with successful genotype calls) < 96%, or (2) empirical self-kinship coefficient (I/DZ\Z >
1.05. Additionally, we exclude from our analysis SNPs that meet any of the following criteria:

(1) call rate < 96%, (2) Mendelian error rate > 2%, or (3) minor allele frequency (MAF)
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< 1%. We impute any missing genotypes using IMPUTE2 [38]. We also restrict our analysis
to SNPs located on autosomes. These quality control steps result in a final dataset of
380,364 SNPs and 3,372 individuals with genotype, phenotype and covariate data. The
GRM estimate K is calculated using all the SNPs with an MAF greater than 5% by the
equation (3.26) (L is no longer 10° in this case). The sample correlaton between BMI and

diabetes is around 0.3.

5.1 Single Genetic Variant

We conducted a genome-wide association analysis between the SNPs and the combination
of diabetes (binary) and BMI (quantitative) by applying the BCMAP single genetic variant
version discussed in Section 3, including age and sex as covariates. We use both asymptotic
and JASPER methods to conduct the association tests. We select all the SNPs with p-values
less than 10~% for both the asymptotic method and the JASPER method.

On chromosome 1, we identified a SNP near the gene KCNJ10, which resides in a region
on chromosome 1q previously linked to type 2 diabetes in Pima Indians and six other pop-
ulations [39]. Additionally, we found SNPs near the genes LOC105378617, TMCO1, and
TMCO1-AS1, which have not been previously proposed to be related to diabetes or BMI.
Notably, SNPs near LOC105378617 have p-values smaller than the GWAS significance
threshold (5 x 1078), suggesting an opportunity to study this gene further in the context of
diabetes and BMI.

On chromosome 2, we identified SNPs near the gene FMNL2. Genome-wide association
studies (GWAS) have reported SNPs in FMINL2 associated with body height, bone density,
and traits linked to diabetes, such as IgG glycosylation [40].

On chromosome 3, we identified a SNP near the gene SEC22A, where GWAS have
reported associations between SNPs in this gene and body height [41]. We also found SNPs

near the gene ADCY5, which has been linked to type 2 diabetes, body height, birth weight,
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fasting glucose, waist circumference adjusted for BMI, and BMI itself in previous GWAS
studies [42].

On chromosome 5, we identified SNPs near the gene ANXAG6. Currently, no studies
associate ANXAG6 with diabetes or BMI, but further investigation may reveal potential
links.

On chromosome 6, SNPs near the gene RIPOR2 were identified. GWAS have associated
SNPs in this gene with hip circumference adjusted for BMI, bone density, and body height
[43].

On chromosome 7, we identified SNPs near the gene STEAP2-AS1. GWAS have re-
ported associations between SNPs in STEAP2-AS1 and type 2 diabetes, fasting glucose,
and bone density [44].

On chromosome 8, we found SNPs near LOC107986933, but there is limited research
on this gene.

On chromosome 10, we identified many SNPs near the gene TCF7L2. Studies have
shown that this gene is associated with BMI and diabetes [45, 46].

On chromosome 20, we identified a SNP near the gene ANGPT4. No findings have
associated ANGPT4 with diabetes or BMI, warranting further investigation.

Finally, we also found SNPs that are not close to any known gene, and no findings have

associated these SNPs with diabetes or BMI, indicating a need for additional studies.

Table 5.1: GWAS of BMI and Diabetes for FHS Offspring Cohort

SNP Chr | Position Nearest Gene | Asymptotic | JASPER
(GRCh37)

rs6425866 1 | 30641646 LOC105578617 | 87x1079 |3.0x 1078

rs6704040 1 | 30644674 LOC105378617 | 8.7 %1072 |3.0x 1078

rs17503555 | 1 | 182537599 NA 29x1076 | 33x107°
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Table 5.1 (continued)

SNP Chr | Position Nearest Gene | Asymptotic | JASPER
(GRCh37)
rs17568993 | 1 | 182537494 NA 46x1076 | 53%x1076
rs7518099 1 | 165736880 TMCO1, 3.0x107° | 53x107°
TMCO1-AS1
rsd657476 1 | 165732661 TMCO1 3.0x107° | 52x107°
rs17375748 | 1 | 160010151 KCNJ10 43x107° |59x%x107°
rs6733002 2 | 153200867 FMNL?2 8.7x 1077 |26 x 1070
rs6741728 2 | 153268746 FMNL2 6.5x1070 | 1.8x107°
159823302 3 | 178140217 NA 20x1076 | 6.4x 1076
rs7643790 3| 122926556 SEC22A 22x107°% | 27x107°
rs9850375 3 | 123023615 ADCYS5 7.0x107° | 7.8 x 107
rs4958895 5 | 150487195 ANXAG 2.1x107° | 2.6x107°
rs4958893 5 | 150486991 ANXA6 3.0x107° | 35%x107°
rs673782 6 | 24964002 RIPOR? 1.8x107° | 1.1x107°
15365630 6 | 24967115 RIPOR? 1.8x 107 | 1.1x107°
rs11970548 | 6 | 14823968 NA 27x107° | 4.0x%x107°
rsd711791 6 | 44598555 NA 28x107° | 35%x107°
rs432006 6 | 24972903 RIPOR?2 43%x107° | 2.7x107°
rs10952976 | 7 | 89544391 STEAP2-AS1 92x1076 | 57x 1076
rs6972809 7 | 89544278 STEAP2-AS1 1.3%x107° |83x1076
rs11489497 | 7 | 89533047 STEAP2-AS1 43x107° | 34%x107°
rs17161595 | 7 | 9388999 NA 59x107° | 7.5x 107
rs7832518 8 | 25649116 LOC107986933 | 9.0x 1076 | 1.9x 107
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Table 5.1 (continued)

SNP Chr | Position Nearest Gene | Asymptotic | JASPER
(GRCh37)
rs1593403 8 | 25646700 LOC107986933 | 2.1 x107° |4.0x 107°
rs12243326 | 10 | 114788815 TCF7L2 1.7x1077 | 12x1077
rs4506565 | 10 | 114756041 TCF7L2 75x1077 | 6.4 %1077
rs4132670 | 10 | 114767771 TCF7L2 9.9x 1077 | 7.8x 1077
rs10823687 | 10 | 72890441 NA 1.3%x1076 | 1.5x1076
rs7901695 | 10 | 114754088 TCF7L2 14%x1076 | 1.2x1076
rs7090550 | 10 | 72913623 NA 74x1076 | 83x 1076
rs10885409 | 10 | 114808072 TCF7L2 81x107° |7.2x107°
rs11196205 | 10 | 114807047 TCF7L2 83x107° | 7.3x107°
rs11196208 | 10 | 114811316 TCF7L2 86x107° | 7.7x107°
rs6589086 | 11 | 109638891 NA 9.9%x 1076 | 1.6 x107°
rs6486090 | 11 | 13128303 NA 89x107° |7.3x107°
rs4638447 | 13 | 64533688 NA 1.9%x107° | 1.7x107°
rs12461941 | 19 | 37984650 NA 31x107° | 22x%x107°
rs910389 20 | 894722 ANGPTY, 75x 1076 [ 21x107°
LOC105372492
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5.2 Multiple Genetic Variants

To apply the BCMAP multiple genetic variants version, we utilize the Kyoto Encyclopedia
of Genes and Genomes (KEGG) database [47]. We identify the genes in Type II diabetes
mellitus (KEGG ID: H00409), Type I diabetes mellitus (KEGG ID: H00408), and Genetic

obesity (KEGG ID: H02106), as well as the genes in the pathways related to these diseases




in KEGG. We only focus on the genes that are on autosome and total of 2507 genes are
studied. We aim to test whether the cis-SNPs of these genes are associated with diabetes
and BMI simultaneously. We find the GRCh37 positions of these genes. Then, we determine
the starting and ending positions by extending 500 kb upstream and downstream of each
gene (subtracting 500 kb from the starting position and adding 500 kb to the ending position
of the gene), and the SNPs available within this region are designated as the cis-SNPs for
each gene. We map the positions of SNPs in the Framingham Heart Study (FHS) using rs
numbers to GRCh37 positions. Among the genes analyzed, the number of cis-SNPs per gene
ranges from 14 to 433, with a median of 130 cis-SNPs.

We use V, and V. as the A matrix in the phenotype kernel as we did in simulations
(Section 4.3). We did not detect any set of cis-SNPs that is significant. The smallest p-
value with V, plugged in is 2.7 x 10~% for the gene TLR/, and the smallest p-value with
Ve plugged in is 3.0 x 10~ for the gene CPA2. The previously detected TCF7L2 in single
genetic analysis is included in the analysis, and its p-value is 0.38 with V, plugged in and
0.06 with Ve plugged in. Using cis-SNPs is more common when studying gene expressions
and may not be suitable for the type of analysis we conducted. Further study may be needed

for this analysis.
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Table 5.2: Number of Genes for each Pathway/Disease

Pathway/Disease ID | Number of Genes
H02106 23
H00408 22
H00409 13
hsa04930 45
hsa04110 149
hsa04115 72
hsa04350 105
hsa04911 83
hsa(04972 99
hsa04330 61
hsa03320 72
hsa04310 166
hsa04141 156
hsa04714 196
hsa(04923 54
hsa04935 119
hsa04940 42
hsa04659 104
hsa04658 89
hsa(04672 45
hsa04060 285
hsa04630 159
hsa04151 348
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CHAPTER 6
CONCLUSIONS

We developed BCMAP (Binary and Continuous Multi-trait Association test with Population
structure), a novel modeling framework for multi-trait mapping of a combination of binary
and quantitative phenotypes, based on a mixed-effects quasi-likelihood framework. BCMAP
accommodates covariates, population structure, and relatedness, capturing the dichotomous
nature of binary traits, and is suitable for testing both single and multiple genetic variants.
Our test employs a retrospective approach and incorporates the recently proposed fast,
powerful, and robust genetic association test method, JASPER.

We solve the challenging parameter estimation problem by employing useful parameter-
izations and utilizing the EM algorithm with Newton-Raphson updates. Additionally, we
developed a method to evaluate this estimation procedure. Simulations for the single genetic
variant version have shown that BCMAP is robust to model misspecification and ascertain-
ment. When binary traits are associated with the causal SNP, BCMAP gains more power
compared to existing methods. For multiple genetic variants tested with multiple traits si-
multaneously, the choice of phenotype kernel influences the results. We proposed several
phenotype kernels to address this. Simulations demonstrated that the BCMAP multiple
genetic variants version is robust to model misspecification and ascertainment. Additionally,
when binary traits are associated with causal SNPs, modeling binary traits separately pro-
vides more power. We applied BCMAP to the Framingham Heart Study to analyze diabetes
and BMI. For single genetic variant association tests, we identified several SNPs near genes
known to be associated with diabetes, height, weight, or BMI. We also identified SNPs with-
out prior knowledge, which could lead to further interest in studying these SNPs and nearby
genes for BMI or diabetes. For multiple genetic variants association tests, we analyzed the
cis-SNPs of genes known to be associated with Type I diabetes, Type II diabetes, and genetic

obesity, as well as genes within pathways known to be associated with these diseases. We
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did not detect any set of cis-SNPs significantly associated with diabetes and BMI. Further

study may be needed for this analysis.
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