n b
Electr® 8biljty

Electron. J. Probab. 29 (2024), article no. 188, 1-22.
ISSN: 1083-6489 https://doi.org/10.1214/24-EJP1240

Multi-point Lyapunov exponents of the Stochastic
Heat Equation®

Yier Lin'

Abstract

We obtain the multi-point positive integer Lyapunov exponents of the Stochastic Heat
Equation (SHE) and provide three expressions for them. We prove the result by
matching the upper and lower bounds for the Lyapunov exponents. The upper bound
is obtained by analyzing the contour integral formula in [4]. For the lower bound, we
apply an induction argument, relying on a tree recently appeared in [71]. The tree
is related to the optimal trajectories of the Brownian motions in the Feynman-Kac
formula.
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1 Introduction
In this paper, we consider the Stochastic Heat Equation (SHE) in one spatial dimen-
sion,
1
8tZ(ta .T) = iach(tv 1’) + £(t7 x)Z(tv 1’), (ta (E) € ]R>0 X R»

where ¢ is the spacetime white noise.
The SHE is closely related to the Kardar-Parisi-Zhang (KPZ) equation [35]

Och(t,x) = %&mh(t, x) + %(axh(t, x))2 +&(t,x)

via the Hopf-Cole transform Z(t,z) = exp(h(t, z)). The KPZ equation is a paradigm for
modeling the random interface growth [64, 13], a universal scaling limit of the weakly
asymmetric interacting particle systems and a testing ground for the study of nonlinear
stochastic PDEs.
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Multi-point Lyapunov exponents of the SHE

We focus on the SHE starting from the Dirac delta initial data Z(0,-) = §(-). The SHE
starting from the Dirac delta initial data has a unique mild solution that satisfies

Z(t,2) = q(t, ) + / /R At — 5,2 — y)Z(s,)E(s, y)dsdy,  (1,x) € Rog x R,

27t
the spacetime white noise is interpreted in the It0’s sense. In addition, Z is strictly

positive on (t,z) € Rs¢ x R [62, 23].

22
where q(t,z) := %e‘ﬁ is the standard heat kernel. The stochastic integral against

1.1 Main result

Throughout the paper, we consider the hyperbolic scaling Zr(t,x) := Z(Tt,Tz). We
compute the multi-point Lyapunov exponents of the SHE that are defined as the following
limit

T—o0

lim ilrlogIE[f[l ZT(t,mi)mi].

Theorem 1.1. For fixedn € Z>1, t > 0, & = (1 < ... < z,) € R" and m =
(m1,...,my,) € Z%,, we have

' 1 n . o
jlgréoTlogE{l_[lZT(t7xl) :| :’Y(t,l‘,m),

where v := v, = 2 = 3, the expressions of the {v;};_, are given in (1.1) - (1.3).
We set

n Jj—1 J
m:zg mianduk::xjifg mi<k§§ ms,
i=1 i=1 i=1

see Figure 1.1 for an visualization.
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Figure 1: Take n = 3, ¥ = (21 < z3 < x3) and my = 3, my = 4 and m3 = 1, we have
(u17"'ﬂu8) = (1‘1,.%'171'1,1@7202,1‘2,.%'271'3).

We define

m

¢ m
’71(t,f7m) = 1nf{ziaf +ZUZG,Z LQ; — Qi1 Z ]_7 i = 1, ,m— 1} (11)
i=1 i=1

. . n m;t X mg_mlt mw%
Vz(t,xym);:mf{z (bi+—)2+( o )_ - :

M + Myt

by — bis1 > ,z’zl,...,n—l}. (1.2)

The a; and b; in the infimums above are real numbers. We define my; := Zie . M and
J

- (mg - mbj)t MEMy (Zkeh; mkxk)2
i = 3 (MBI 5w, B T

j=1 k,t€b; k<t i
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The positive integer n and sets {b;}"_; (which form a partition of {1,...,n}) will be
defined in Section 3.1.
When n is small, we have more explicit expressions for the Lyapunov exponents.

Corollary 1.2. Taken = 1 in Theorem 1.1, we obtain the one-point Lyapunov exponents

of the SHE

(m3 —mq)t B mya?

24 2t

1 m
Th_r}nOO T log E[Z7(t,x1)™] =
Take n = 2 in Theorem 1.1, we have

lim 1 IE[ 7z }
i, 7 1og HT”

{((m1+m2) f(m1+m2))t _ mumg(zz—x1)  (mizitmazs)’ ifO < Z2=21 < mitm,
t = 2

24 R 2 2 2(m1+ma)t
(mi—m1)t (my—meo)t _ muzj mas if To—T3 mi+mo
+ if 2 > o

24 24 2t 2t 0

As a byproduct, Theorem 1.1 shows that y; = 72 = 73, which is surprising since the
expressions of them are quite different. In the following, we characterize the minimizer

of the variational expression ;. We define a map f : {1,...,m} — {1,...,n} such that
Ui = Ty
Corollary 1.3. The infimum in v, has a unique minimizer (af,...,a% ). In addition, we

have aj — aj,_, = 1 if there exists j € {1,...,n} such that f(i), f(i + 1) € b;. We have
a; —aj,q > 1 if there does not exist such j.

1.2 Proof idea

Let us explain the idea for proving Theorem 1.1. We respectively show the upper
bound

n

hmsupTlogE[HZT(t,xi)m"} < (¢, Z,m), (1.4)

T—o00 i=1

and the lower bound

n

hmmfflogE{HZT(t,xi)mi] > v3(t, &, m). (1.5)

T—o00 -
i=1

After obtaining these bounds, we conclude Theorem 1.1 by showing v; < 5 < ~3. In the
following, we focus on explaining the idea for obtaining the bounds (1.4) and (1.5).

1.2.1 Upper bound

It is known that the moments of the SHE E[[[;"_, Z(¢,z;)] solve a PDE called the delta
Bose gas [4, Section 6.2]. More precisely, let U(t; 21, ..., x,) := E[[]_, Z(¢, z;)], we have

1 1
U = AU + 5 ;a(xi —a;)U.
1£]

The solution to the above PDE (starting from certain initial data) admits a contour
integral expression [4, Proposition 6.2.3]. By a straightforward analysis of the contour
integral, we obtain the upper bound.
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1.2.2 Lower bound

Apply the Feynman-Kac formula to solve the delta Bose gas, we can express the moments
of the SHE as expectations of the Brownian local times, namely, E[[]""_, Zr (¢, z;)™] is

equal to .
t m
E[exp( 3 /0 6(W§—W§)ds)H6(W%t)}, (1.6)
=1

1<i<j<m

the {W*}, are independent Brownian motions. Note that W{ = Tu;, namely W = Tx;
if 22;11 my < j < >.,._; my. Hence, there are m; Brownian motions starting from the
location T'z;. The first Dirac function in (1.6) is understood as local time. The second
Dirac function here is understood as the distributional limit of the heat kernel q(¢, -) as
t — 0. As a consequence, one can interpret (1.6) as

m

E[exp ( Z /OTt S(WE — Wg)ds) Hq(Tt,Tui)},

1<i<j<m i=1

where {W/ =, are independent Brownian bridges with W = Tu; and ngt =0.

We want to understand the optimal trajectories of the Brownian motions, i.e. the
deterministic trajectories where the Brownian motions stay around contribute most to
the expectation (1.6).

The Dirac function at the terminal time in (1.6) forces the Brownian motions to
end up at 0. From the perspective of large deviations, to compute the asymptotics of
expectations, one needs to figure out the optimal product of the value of the random
variable and the its probability to take such value.. For the expectation (1.6), in order to
contribute more to the Brownian local times on the exponential, the Brownian motions
tend to move close to one another before the terminal time to gain more local time.
Once they are close, they no longer want to be apart. On the other hand, they avoid
traveling too fast to become close since this will make the transition probabilities too
small. Consider the macroscopic picture by scaling both space and time by 7', the above
discussion suggests that the optimal trajectories of the Brownian motions form a tree
as shown in Figure 2. In Section 3.1, we will characterize precisely this tree using the
attractive Brownian particles. Following [71, Section 2.3], we call this tree the optimal
clusters.

] T2 T3 T4 x5
s=0
Y
§() mmmmmmmmmmmmmmenm e e Sgem e nm e Nem e m e b e
Y
s=1
0

Figure 2: The optimal trajectories form a tree.

We proceed to explain how to obtain the lower bound (1.5). The idea is to apply an
induction argument over n, which is the number of different locations that the Brownian
motions start from. Let sy be the first time that the number of different points in the
optimal clusters is smaller than n, i.e. the first time that two branches in the tree
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merge. We break the integral in (1.6) into integrals over the time interval [0, so] and
[s0,t] (remember the time and space have been scaled by T') and restrict on the event
that the Brownian motions at time sy stay around the optimal clusters. Since the number
of different points in the optimal clusters at time sg is less than n, we can lower bound
the contribution of the Brownian motions in time [sg, t] using the induction hypothesis.
In addition, we can lower bound the contribution in time [0, so] by dropping the Brownian
local times if the two Brownian motions start from different x;, this is fine since the
optimal trajectories of the Brownian motions with different starting locations do not
overlap before time sy. Put together the lower bounds for the integrals over [0, s9] and
[s0,t], we obtain the desired lower bound (1.5).

We remark that the actual proof in Section 3.2 is slightly different from what has
been explained above, although the idea behind is quite similar. Instead of using (1.6),
we rely on the semigroup identity of the SHE to carry out the proof.

1.3 Discussion

Let us discuss three related work. In [14], the authors obtained the one-point
Lyapunov exponents of the SHE under Dirac delta initial data by applying a residue
expansion to the contour integral (2.1). Since there are many poles in the contour
integral, book-keeping the residues when deforming the contour is not easy. The
advantage in the one-point situation is that since u; = ... = u,,, the exponential function
in (2.1) is symmetric in 24, ..., z,, and we have a simple residue expansion thanks to [4,
Proposition 6.2.7]. For the multi-point (n > 1) situation, the residue expansion seems
much harder to be analyzed due to the lack of symmetry. Instead of relying on the
contour integral formula to derive the full asymptotic of the Lyapunov exponents, we
only use it to obtain an (optimal) upper bound.

[24] obtained the sharp bounds for the two-point upper tail probability of the KPZ
equation in finite large time using the Gibbsian line ensembles [17, 18]. The method
therein should work for obtaining the multi-point upper tail bounds and could be applied
to obtain the multi-point (even for non-integer valued) Lyapunov exponents of the SHE.
This approach, however, seems a bit indirect and we are not sure whether it will lead to
a simple expression of the Lyapunov exponents.

The work [71] studied the Lyapunov exponents of the SHE

n

1 Nmi
57 logIE)[il:[l Zp(t, Na;)

under the high-moment regime N?T — oo and N — oo and obtained the multi-point
Lyapunov exponents by studying the large deviations of the attractive Brownian particles.
In this paper, we consider the hyperbolic scaling N = 1 and T — oo, which is different
from the high-moment regime. Our method relies on the exact formula and an induction
argument, which is new. We have not seen the multi-point Lyapunov exponents of the
SHE being studied in the context of hyperbolic scaling before.

1.4 Literature review

The one-point Lyapunov exponents of the SHE with different initial conditions have
been studied in [3, 10, 14, 21, 30]. The moments and Lyapunov exponents are useful for
studying the property of intermittency [25, 26, 36, 10], the density function and large
deviations of the SHE (and its variant), see [12, 29, 5, 8, 31, 33, 37, 14, 9, 21, 55, 22, 27,
32, 301.

The Lyapunov exponents of the SHE are closely related to the upper tail bounds
and Large Deviation Principle (LDP) of the KPZ equation. The one-point tail bounds
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and LDP of the KPZ equation with different boundary and initial conditions have been
intensively studied recently in the physics work [53, 54, 44, 65, 16, 45, 46, 51, 42,47, 52]
and mathematics work [15, 14, 7, 21, 38, 55, 6, 69, 20, 30]. The two (and potentially
multi)-point upper tail bounds and the terminal-time limit shapes of the KPZ equation
have been studied in [24]. The Freidlin-Wentzell LDP/weak noise theory has been used to
study the one-point LDP and most probable shapes of the KPZ equation, see the physics
work [39, 40, 41, 59, 34, 60, 61, 66, 67, 2, 68] and mathematics work [56, 56, 57, 28].
The connection between the Freidlin-Wentzell LDP/weak noise theory and the integrable
PDE has been studied in the physics work [43, 48, 49, 50] and mathematics work [70].
The LDP and spacetime limit shapes of the KPZ equation in the deep upper tails have
been studied recently in [71, 58].

Outline

In Section 2, we prove the upper bound (1.4). In Section 3, we prove the lower bound
(1.5). In Section 4, we establish a continuity result, which is a technical input for proving
the lower bound. In Section 5, we prove Theorem 1.1 and its corollaries.

2 The upper bound

In this section, we will prove the upper bound (1.4), which is stated as the following
proposition. The major input is a contour integral expression for the moments of the
SHE.

Proposition 2.1. Under the same setting as Theorem 1.1, we have

n

lim sup — 7 log E [ H Zr(t, xi)mi} < v (¢, Z,m).

T—o0 i=1

Proof. Recall that uy := a; if 7" m; < k < 3>7_, m,. It is straightforward that
n m
E[H Zr(t, xz)m} = E[H Zr(t, Uz)} :

=1 i=1

By [4, Proposition 6.2.3], we know that

E[ﬁZ (t, ui)}

ZA — ZB
pp— (ZTt22/2+ZTquJ> Hdzj,a: (2.1)

1<A<B<m

the z;-contour is given by a; + iR and {ax}}]' , can be any real numbers satisfying
ar —agpy1 > 1, k=1,...,m — 1. We remark that the proof for the identity above in [4,
Proposition 6.2.3.] is not fully rigorous. However, one can combine [4, Proposition 5.4.8]
together with [63, Corollary 1.7] to obtain a rigorous proof.

Apply a change of variable z; = a; +iy; for j = 1,...,m, the triangle inequality
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| ZA A28 | < a‘jAaaB for A < B (noting that a4 — ag > 1), we have

E{f[ZT(t,ui)]
< (271)1“ H ’ S ‘exp (Z Tta3/2 + ZTu]a7> / H e T 2dy,

1<A<B<m aa—as—
— —m/2 _tA” 4B 2 .
= (2nTt) H ‘GA_GB_llexp(ZTtaj/2+ZTuja]).
1<A<B<m j=1 j=1
Take the logarithm of both sides above, divide by 7" and let T' — oo, we know that
m taQ m
li 1 E[ T (t, u; } o Nt
s el [[artoo] <35 e
J=1 J=1
The inequality above holds for a4, ...,ay satisfying ax —agpy1 > 1, k=1,...,m—1. By
the continuity of the right hand side above in a4, ..., ay, the inequality also holds for any
ai,...,ay satistying ap, — a1 > 1, k=1,...,m — 1. Take the infimum of the right hand
side over aq,...,ay under this constraint, we conclude the proposition. O

3 The lower bound

In this section, we will prove the lower bound (1.5), which is stated as the following
proposition.

Proposition 3.1. Under the same setting as Theorem 1.1, we have
1"f11EnZ mil > 7, m
iminf - log [1_[1 T (t,x;) } > v3(t, &, m).
1=

3.1 The inertia clusters and optimal clusters

We recall the inertia clusters ¢ = {¢,;}!, and optimal clusters & = {§,}?_, from [71,
Section 2.3], see Figure 3 for a visualization. Let us first define the inertia clusters, then
we use them to define the optimal clusters.

The inertia clusters are the trajectories of the point masses which run backward in
time (compared with the time unit used in Z7) from s = 0 to s = t. We say the inertia
clusters start from (&, m) if at time s = 0, they start from the point masses with weight
m; and location z;, ¢+ = 1,...,n. As time evolves, the point mass with weight m,; will
travel with a constant speed qbl = (mz+1 +...4+my) — %(m1 + ...+ m;_1). When the
point masses with weights m; and m,;; and speeds ¢; and ¢, collide, they merge into a
single point mass with weight m; +m,11 and travel with speed WJ_T*W this follows
the conservation of momentum. Let ¢, : [0,¢] — R,7 =1,...,n denote the trajectories of
the inertia clusters. Examine the point masses which have merged between time [0, ¢],
we obtain a partition of {1,...,n}. Denote the partition to be B = {b;}}_,, where

n := the number of different clusters at time ¢.

We can order by, ..., b, such that for ¢ < j, the elements of b; are smaller than those in
b;. Note that we have (;(t) = ¢;(¢) if and only if 4, j belong to the same b;, for some £.
We define (y, (t) := ¢;(t) = ¢;(?).

We proceed to define the optimal clusters £. Let v; := (j, (t)/tforj=1,...,n. We
define the trajectories of the optimal clusters {&;}" ; by applylng a constant dr1ft to the
inertia clusters: &,(s) := ¢,;(s) —v;s for i € b;. Note that we have £;(t) =0fori=1,...,n
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Let us discuss non-rigorously why the optimal clusters should be the optimal trajecto-
ries of the Brownian motions for the expectation in (1.6). Following [71, Appendix A],
, . Tt i : Tt i ; i
we use the Tanaka’s f(;rmula to write [, 0(Wi —Wi)ds = —3 [y " sgn(Wi — Wi)d(W} —
Wi) + Wi — Wgﬂz;ot with sgn(z) = 1~0) — L{z<oy}- Thes quadratic variation of the
stochastic integral on the resulting exponential is equal to ("11772'“” By applying Girsanov
theorem, (1.6) equals

exp (oI T e[ (52 |X;tX%t|)Z_ﬁ16<X%t>]7

1<k<(<n 1<i<j<m
(3.1)

where dX! = § 77, sgn(X] — X)+dW] with X§ = Tu,. Note that the time is of order T
and the diffusion has an order of /7', which is negligible compared with the drift as 7" —
cc. Drop the diffusion and solve the deterministic equations d.X? = § =" sgn(X] — X).
We refer to the resulting { X?}™ ; as the attractive Brownian particles. The i-th Brownian
particle has the drift % 2?21 sgn(X? — X%, In addition, when two Brownian particles
meet, they stay together afterward to contribute to the local time. Hence, the weight
of the point masses in the inertia clusters can be viewed as the number of Brownian
particles staying together. Scale the space and time by 7, the trajectories of {X*}™ , are
given by the inertia clusters ¢. The Dirac delta function in (3.1) forces the clusters to
end at 0. The most economic way to fulfill this (in terms of transition probability) is to
apply a constant drift to each group in the inertia clusters. This leads to the optimal
clusters &.

For our proof in the paper, we only need the definition of £&. The discussion in the
previous paragraph is only to explain how £ appears and will not be used.

A
1 2 T3 T4 L5

s=1t
Cr1,233(8) 0 Cqa,51(8)

Figure 3: An illustration of the inertia clusters ¢ (gray) and the optimal clusters & (black)

when n = 5. In the figure, we have n = 2. The partition of {1,2,3,4,5} is given by
B = {by, by} where b; = {1,2,3} and by = {4,5}.

3.2 Proof of Proposition 3.1

We use the Feynman-Kac formula to introduce a four parameter version of Zr. For
r < t, we set

T(t—r)
Zp(r,y;t,z) = E [exp (/ (Tt — s, Ws)ds)é(WT(t,,,) - Ty)]. (3.2)
0
In particular, we have Zr(t,2) = Zr(0,0;t, x).
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The exponential above is the Wick exponential and W is a standard Brownian motion
starting from W, = T'z. One correct way to interpret the Wick exponential is to Taylor
expand it, time-order the multiple It6 integrals, and then switch the order of integration
with IE (see (see [13, Section 4.1.1])). Doing this results in a series of multiple stochastic
integrals

oo

zT<r,y;t,x>:q(T(t_r>,T<x—y>>Z/ / PEB(t, . i L1, . Tn)X
n=0"0<t1<-<t,, <T(t—r) JR™

§(t1,x1) . f(tmxn)dtldxl e dtndl'n

where (t1,...,t,;1...,2,) represents the n-step transition probability of a Brownian
bridge started at Ty at time 0 and ended at Tz and time 7'(¢t — r) to go through positions
x; at times ¢; for ¢ = 1, ..., n. The multiple stochastic integrals are those of Ito.

By (3.2), we have the semigroup identity: For r < s < t,

ZT(T7y;t>x):/TZT(Tvy;87Z)ZT(872;t7x)dZ‘ (33)
R

In the following,
1
A Z B means liminf —log(A/B) > 0.
T—oo T

Under this notation, showing Proposition 3.1 is the same as showing
E“‘[ ZT(t7xi)mi} > (Tra(tam) (3.4)
i=1

Proof of Proposition 3.1. We apply an induction over n for proving (3.4). Whenn =1,
We apply [14, Lemma 4.1], which states that for T" > ,

L ir] _ 69Kle T o
E|:Z(2T,0) 612i| < m < C(k)e 12,

We then use the fact that for any fixed ¢, the stochastic process {f((tt ;”)) }zer is stationary

(which follows from [1, Proposition 2.3]). Recall that q represents the heat kernel. This
implies that for Tt > 2,

m3
Ttmy

]E[ZT(t,xl)ml} - ]E[Z(Tt,Txl)ml} - E{Z(Tt,o)ml}q(Tt,Tx)ml < C(my)e =i,

When n > 1, we only need to prove (3.4) under the induction hypothesis that

’
n

E[H Zp (', )™ 2 o3 )
i=1

holds for any t/ > 0, & = (¢} < --- < zl,) € R*, @/ = (m},...,m.,) € Z¥, with n’ < n.
Recall the number n and the partition {b;}?_, from Section 3.1. We divide the proof
into two cases: n > 1 and n = 1. When n > 1, we have |b;| < n for each j € {1,...,n}. By
the induction hypothesis, we know that
B[ I Zr(tap)™| 2 T, (3.5)
keb,

where &y, 7y, are the vectors for {x;}:co,, {mi}ico,. Note that the trajectories of the
inertia clusters starting from (&', 77, ) are still given by {; }ics,. Hence, if we start the
Brownian particles from (Z,, 77, ), there is only one cluster at time s = ¢. We have

(Zkebj mkxk)Q

thbj

. . (ng - mbj)t Mgy
V3(t, o, , Mo, ) = 24 - Z 5 | — x4 —
k,0€b, k<t
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Apply Lemma A.1 and then (3.5) for j = 1,...,n, we obtain the desired inequality

[HZT (t, ;) } HE{ H Zp(t xk)mk} = exp (ZTV?’ (t, xbﬂmb )) = Trs(t.@m)

j=1 keb;

We proceed to prove Proposition 3.1 when n = 1. Define

so = inf{s : [{&1(s),...,&,(8)}] <n}, (3.6)

which is the first time that a merging occurs among point masses in the optimal clus-
ters. Fix § > 0, apply the semigroup identity (3.3), and write Zp(t,z) = fR TZp(t —
80, Yk,0) Z1(t — S0, Yk,0; stk )dyk,e for £ = 1,...,my. Use Fubini's theorem to exchange
the expectation and integral, then apply the independence between Zp (¢ — sg,-) and
Zr(t— so,;t,-), and finally restrict the domain of integral for yy, » to [, (s0) — 6, &, (s0) +6].
By the semigroup property, we know that E[[];'_, Z7 (¢, z;)™*] is lower bounded by

n mg n mpg
/ T“‘IE[HH t*SO,yw]E[HHZTt*Sovyke,t,ﬂﬁk)]
k=1/¢=1 k=1/¢=1
n myg
H H L jye, =&, (s0)|<0} DYk e- (3.7)
k=1/¢=1

We lower bound the first and second expectation in the integral of (3.7), assuming that
|y, — x| < 4. For the second expectation, apply Lemma A.1, we get E[[];_, TT)", Zr(t —
50, Ykeityxr)] > Tleey BIIT2 Zr(t — so,yke;t, 2)]. By applying Proposition 4.2 to the
preceding right hand side (noting that |y ¢ — &, (s0)| < 6) together with [14, Lemma 4.1],
we get

Zr(t—S0, Yk,0; t, Tk) } 2 exp ( (Zn: mk(xk &) +f1(5)>>7

—1 280
(3.8)
where limg_)o fl ((5) =0.

We examine the point masses that have merged at time s = sg and let & = (2, ..., 2},)
and m' = (m},...,m},) denote the locations and weights of them. Since a merging
happens at time s = sy, we know that n’ < n. For the first expectation in (3.7), use
Proposition 4.2, we get E[[[;_, [T,2% Zr(t— 50, Y, )] > E[[Ti_; Zr(t—s0, & (s0))™ el 200,
Rewrite [[,_, Zr(t — so,&;(s0))™* as szl Zr(t — so,2})™ and apply the induction
hypothesis, we get a lower bound

SE

T(t — 80, Yk e)} > E[ 11 Zr(t - So,xk)m/k}em(é)
k=1

n’:]S

2 exp (Tys(t — s0, @, ') + T f2(6)), (3.9)

where lim;_,( f2(d) = 0. By applying the lower bounds (3.8)-(3.9) to the right hand side
of (3.7) and then letting 6 — 0, we conclude that

n

]E[ﬁZT(t,xi)"”} > exp <T<Z (m} —2:%)30 _my (g, — € (s0))? + y3(t — so,f','rﬁ/))>

2s
k=1 0

— T (t,2,m)

The last equality is due to Lemma B.1. O
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4 A continuity result for the moments

The main result in this section is Proposition 4.2, which proves a continuity result for
the moments of the SHE. We prove the following lemma as a preparation.

;E2
Lemma 4.1. Recall that q(t, z) := ﬁe*ﬁ. Forw;,v; € R,i=1,...,nand T(t—r) > 2,
we have

n 713 . n
E[H Zp(r, vi;t,u)i)} < 69n!exp (%)) Hq(T(t — 1), T(w; — v;)). 4.1)
i=1 i=1

E[ﬁZT(r,m;t,wz } > ﬁq Tt —r), T(w; —v;)). (4.2)
i=1

Proof. To prove (4.1), we apply Holder’s inequality and get

IE{IE[ZT(T,vi;t,wz }
i=1

E[Zr(r,v;;t, w;)" ])l/n

::]:

1:1
n3T(t —7)\ 1o
< 69n! exp (T) lj[l q(T(t —r), T(w; — vy)),
where the last equality follows from [14, Lemma 4.1].
To prove (4.2), by Lemma A.1 and E[Zr(r, v;;t,w;)] = q(T(t — r), T'(w; — v;)), we have

[HZTrvl,t wl]Zﬁ E[Zr(r,v; t, w;)] Hq (t—7r),T(w; —v;)).

This concludes the lemma. O

Let W = (w1,...,wy,). Define ||0|lcc = max;=1,..,|w;| and do it similarly for &', ¢, .
The following proposition is the main result of this section.

Proposition 4.2. For fixed R,e > 0, r <t and n € Z>,, there exists § > 0 such that

vz it w; E[[]'., Z tws
—e < liminf 77! log [Hﬁfl r(r,vis ,w:)] < limsupT_l log [H%:l 7(r,vis t, wy)] <e
T=o0 [Hizl ZT(r7 th w; )] T—00 E[Hi:l ZT(T, ’Ul,t w’ )]

—

The inequality holds uniformly for limsup and liminf in &, ', ¥,v satisfying ||@ —
W oo, |07 = 7l|oe < 6 and ||| oo, |0, [|V]] o, 107[loc < R.

Proof. By the Feynman-Kac formula (3.2), the stochastic process {Zr(r, v;t,w)} (w,v)er
has the same probability distribution as {Zr(r, w;t,v)}(w.)er- Hence, for the upper
bounds, we can assume w’ = @ in the proposition. It suffices to prove that
) BT, Z7(r,vis t, w;))
limsup7~'lo =l <e
T—o0 8 E[Hi:l ZT( T, mt wz)]
holds uniformly for /, ¥ and #/. The proof of the lower bound for lim inf can be obtained
by swapping v, 7'.
Write the constant C' = C(n, R, r,t) to simplify the notation. It is enough to prove that

E[ﬁZT(nvi;t,wi)] < Ce%RE[ﬁ Zr(r,vist, wl)} + E[H Zp(r, v ¢, wl)} (4.3)
1=1 i=1

We fix ¢y € (r,t) which will be specified later. Apply the semigroup identity (3.3) and
then Fubini’s theorem, we have

E{ﬁZT(T, vist, wi)} _ /

T”E[ﬁZT(T,’Ui;thyz } [HZT to, Yi; t, w; ] del (4.4)
=1

=1

n

EJP 29 (2024), paper 188. https://www.imstat.org/ejp
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Fix a constant K that will be specified later. Let A := {§ = (y1,...,yn) € R™ : ||§]lcc < K}.
Write the above integral f]R" ...asE; +E; whereE; = [,...and E; = [, .... To prove
(4.3), we need to show that

n n

E, < Ce%TEIE)[HZ (r,v}st, wl)} E, < E[HZT(nvi;t,wi)] (4.5)

i=1 =1

N |

We first prove the upper bound for E;. Apply (4.1) to upper bound the first and second
expectations in the integrand of Es, we get

n3T(t—r
Es < 69nle™ 3 / T"Hq (to — ), T(ys —vi))a(T(t — to), T(w; — yi))dyi.  (4.6)

Take a large enough K = (14t —r)(10R 4 69n!), it is straightforward to see that for all
|17 0o, [|0]|cc < R and tg € (t,7), we have,

= WLy a(T(to — 1), Ty — vi))a(T(t = to), T(w; — yi))dy;
6on! el T, a(T( — ), Tor — w:)

The inequality (4.7) can be proved by interpreting the fraction above as the probability
density function of n independent Brownian bridges starting from 7% at time 0 and
ending at T at time T'(¢ — r). The integral is the probability of the event that at least
one of the Brownian bridges go beyond [-T K, TK] at time T'(tg — r).

Continue our proof and multiply both sides of (4.7) by [[\—, q(T'(t — r), T(v; — w;)),
apply the resulting inequality to upper bound the right hand side of (4.6) and finally
apply (4.2), we get Es < IE[[], Zr(r, vis t, w;)].

We proceed to upper bound E;. Recall that E; = fA ... where ... is given by the
integrand on the right hand side of (4.4). By applying (4.1) to upper bound the first
expectation in the integrand, we have

< (4.7)

N |

n

B[] Zr(to. izt wo)| [Ta(T (0 = ). Tlws —v))dys.  (4.8)

i=1 i=1

E; < CeingT(to_r)/
A

Define p(t,z) := —%. It is straightforward to check that for ||§]|ec < K and |7 s,

|7"]|c < R, we have

n

| (Tt ). Tl = ) = D p(Tlto — 1), Ty = v])| <

i=1 i=1

CT|V — V'[| oo
to -Tr ’

Take the exponential, the above inequality implies that

n

Hq<T<tofr>7T<yifm>>sexp(CT””*””m)Hq T(ty ). Ty — 1)), 4.9)

to— 1
i=1 0

Apply (4.9) to upper bound the right hand side of (4.8), and then release the domain of
integral to R, we have

=/
E; < Cei”ST(tO_T') exp (CTHU —-v HOO)
to — 7T

/n T”E[ﬁZT(tovyi;twi)} [Ta(T(to =), T(y; — 7)) dyi.

i=1
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Apply (4.2) to upper bound []""_, q(T'(to — r),T(y; — v})) by B[, Zr(r,v};to,y;)] and
then use the Fubini’s theorem together with the semigroup identity (3.3), we get

Lps —r CTHU —v HOO N
E; < Ce2 T(to )exp (T) {UZT T, z,t,wz)}

. 2 36¢€2 1 . - —y .
Take 0 = min(y5zz, °o6 ), to = 7+ 62. Using ||V — ¢'||c < 6, we obtain the upper bound
(4.5) and thus (4.3). O

5 Proof of Theorem 1.1 and its corollaries

In this section, we will prove the following lemma and conclude the proof of Theorem
1.1.

Lemma 5.1. We have v; < 72 < 3.

Proof. We first prove v; < ’yQ by finding ah...,am which satisfy a; — a;41 > 1 for
t1=1,...,m—1and ZL 12 2 + usa; = vo(t, ¥, m). Let (by,...,b,) be a minimizer of v,.
Forj=1,...,n,setS; :=>7_ m, and

i—1
41 J
ag = bj+mﬂ2+ —k+Y mi,  ifS 1 <k<S; (5.1)
i=1
Note that we have a; — ary1 = 1 unless k = S; for some j € {1,...,n — 1}. Since
bj—bjy1 > % forj =1,...,n—1, we know that ay —ay,1 > 1fork € {S1,...,S,_1}.

This implies that ay —aiy; > 1forallk =1,...,m—1. Recall that uy, = z; if §;_1 <k < S},
one can directly check that

m ¢ m n S ¢
Z §a§ + Zujaj = Z Z §ai + x;ak. (5.2)
j=1 j=1 =1 k=S;_1+1
In addition, we have for each i € {1 n},
Si t )
Z §ak + xiak
k=S;_1+1
Si i—1 i—1
- t m; —|— 1 m; + 1
k=S; _1+1 j=1 j=1
myt T; (m3 —my)t  ma?
= bi + =4)? J — i 5.3
2 ( + t) + 24 2t (5.3)

In the second equality, the term —;— comes from the sum Y imgio14( e
"L m)2. By (5.2) and (5.3), we have

LA 9 i myt Tig (m3—m)t  ma? L.
D50+ D ey =3 -t ) T - S = e dn). (54)

This implies that 1 < 7».
We proceed to show v5 < v3 by finding b, ..., b, which satisfy b; — b; 11 > % for

i=1,...,n—land 3! | Z(b;+ L)%+ w mﬁ? = ~y3(t, Z,m). Recall the notation

EJP 29 (2024), paper 188. https://www.imstat.org/ejp
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for the inertia clusters from Section 3.1. Let n; := |b;| for: =1,...,n and Ny := Zle ;.
Then, we have by, = {N,_1 +1,..., N;}. Let

N
Zi:ka_lJrl m;i¢,(s)

My,

ck(s) =

Note that c4(s) is the location of the center of mass for {¢;(s)}icp,.- An important

observation is that ¢, travels with a constant speed ¢ := %(Z?: Not1 i — Zﬁi’“{l m;).
Si 0) = h 0) = S n ™ h =
ince ¢,;(0) = z;, we have ¢;(0) = ~—m,, - Moreover, we have cx(t) = Cp, (),

which implies that ¢ (¢) < ¢x11(¢) for all ¥ = 1,...,n — 1. Using this together with
¢j(t) = p;t +¢;(0), we have cj41(0) — ¢x(0) > —(pr+1 — ¢r)t, which is equivalent to

Ny Ny N
Zi:kf\?,tﬂ mili Ei:k]vk,lﬂ mix; < (Zi:’cﬁi,1+1mi>t

5.5
mbk“ My, 2 ( )
We set
Ny N i1
DN a1 TG D My = 3N, Ty
by = — NH*; A R - Nooa®l 70 for Ny < i < Ng. (5.6)
Mp,,
By (5.5), one can verify that b; — b; 1 > mﬁ# fori=1,...,n— 1. Recall that
) = TR S ey (et
Y3{l; Loy, Mo, o4 k ¢ 2tmy.
k,b€b; k<l i

A straightforward (although tedious) computation implies that

N

m;t Tig (M3 —m)t  ma? oL
b; + — ! — L= ~3(t, Zp., My, )- 5.7
D D () A 5p = "a(t, o, 17, (5.7)
’L:N]'71+1
See Appendix C for detail. Summing both sides above over j = 1,...,n, we have
n 3 2
m;t Tivg  (ME—mt  mx; oo
bi — i — P — t’ s . 5.8
;2(+t)+ o0 o = Vst T 07) (5.8)
This shows that v < v3. O

Proof of Theorem 1.1. Apply Propositions 2.1 and 3.1, we know that 7; > 3. Using this
together Lemma 5.1, we have v; = 45 = 3. Using this together with Propositions 2.1
and 3.1, we conclude Theorem 1.1. O

Proof of Corollary 1.2. Use the expression of ~s, the result is straightforward for n = 1.
When n = 2, we have

2

m;t Z; (m3 —my)t  mz? mi + mo
t,&,m :zinf{ (b 4+ )2 4 A b —b >7}.
gl ) ;2(1 7 24 o LT 2E T
When £2-21 > MMz the target function is minimized at b; = —%* and b, = —%£2. When
0 < =27 < % the target function in the infimum is minimized at the boundary
by — by = ™2 with by = —% + ™2 Insert the minimizers into the target
function, we obtain the desired result. O
EJP 29 (2024), paper 188. https://www.imstat.org/ejp
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Proof of Corollary 1.3. Since the target function that we want to minimize in v, is contin-
uous and goes to infinity when we send Y-, |a;| to infinity, we know that the infimum in
~1 has a minimizer. Moreover, the domain {(a1,...,an) : a;—a;41 > 1,Vi € {1,...,m—1}}
is convex and the target function is strictly convex, thus the infimum in ~«; has a unique
minimizer (aj, ..., a}). By a similar argument, we know that 7, has a unique minimizer
(b3,...,b%). Using (5.1) - (5.4) and ; = 2, we have

mj+1

o = b5 +

j—1
—k—l—Zmi, iij_l <k‘§Sj. (5.9)
i=1

Moreover, use (5.6) - (5.7) and ~5 = 3, we know that

Ny, Ny, i—1
Zj:NkflJrl m;xy + Zj:i+1 mj — Zj:Nk,IH mj

bf == s for N1 < < Ng.
Mg, t 2
By (5.5), we have b} — by ; = "™+ if j j + 1 belong to the same b; and b} — bf,; >
Mt f not. Use this together with (5.9), we conclude that a} — a},; = 1 if and only if
f(i) and f(i + 1) belong to the same b;. O

A A correlation inequality

In this section, we prove the following inequality.

Lemma A.1l. Forany T > 0 andt > r, integers 1 < k < n, and real numbers w1, ..., Wy,
V1,...,Vy, Wwe have
n k n
E[HZT(%W;EU%)} > E[HZT(Tv'Ui?t’wi)]E[ 1T ZT(Twz‘;t,wi)]
i=1 i=1 i=k+1

Proof. Without loss of generality, we can take 7' = 1 and write Z; as Z. We claim that
for any positive real numbers s1,...,s,, we have

IP( ﬁ{Z(r, vist,w;) > Si})

k n
> IP( ﬂ{Z(r, vt w;) > si}>IP< ﬂ {Z(r,vis t,w;) > 31}> (A.1)
i=1 i=k-+1
The proof of the claim follows the idea of [19, Proposition 1] and uses the FKG-Harris
inequality (see [11, Proposition A.1]) at the level of the discrete polymer model. By [1,
Theorem 2.7], we can approximate the four-parameter process Z(r,y;t, z) in terms of
the partition function of discrete polymer models, which is denoted as Z.(r,y; ¢, ). More
precisely, at the process level, Z.(r,y;t,z) converges in distribution to Z(r,y;t,z) as
e — 0. It is straightforward that Z.(r, y; ¢, z) is an increasing function of the i.i.d. random
variables that we put on the lattice Z? in the discrete polymer models. Hence, the events
A = NE_{Z(r,vist,w;) > s;} and Ay = N 11 2e(r, vist,w;) > s;} are increasing
events. Note that although the lattice Z? is infinite, however, only a finite number of
random variables on the lattice affects the value of Z.(r,v;;t,w;) fori =1,...,n. Note
that these random variables are all independent due to the definition of the discrete
polymer. By the FKG-Harris inequality, P(A;,. N Az ) > P(A; )P(A2.). Send ¢ — 0, we
conclude (A.1).
We proceed to conclude Lemma A.1. By applying Fubini’s theorem, we have

E[ﬁZ(T,vi;t,wi)} :/]R

]P( ﬁ{Z(r, vt w;g) > Si}>d81 ...dsy,.
i=1

n
>0
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Apply (A.1) to the right hand side and then use Fubini’s theorem, we have

E{ﬁZ(r,vi;t,wi)}
> /]R IP( ﬁ{Z(T, v tw;g) > sl})/ IP( ﬁ {Z(r,v;;t,w;) > sl}) Hdsi

S0 V=1 RIS Nk i=1
k n

:E[HZ(r,vi;t,wi)}E[ H Z(r,vi;t,wi)}. O

i=1 i=k+1

B An identity

In this section, we will prove the last equality in the proof of Proposition 3.1. Recall
that for the optimal clusters starting from (Z,m), we have assumed n = 1 and set
so = inf{s : [{&(s),...,&,(s)}| < n}. We let (z',m') be the (different) locations and

= 2 e

weights of the point masses at time s = so. Note that (Z’, /) is obtained from (&(so), 71)
by examining the point masses that have merged.

Lemma B.1l. We have

Zn: (m3 —my)so ~ omy (g — £1.(s0))?

o 280 +")/3(t7507f/,7ﬁ/) :’Yg(t7f,m). (B].)

k=1

Proof. Recall from (3.6) that sg is the first time that a merging occurs among point
masses in the optimal clusters. Set k € {1,...,n — 1} to be a fixed number such that

Tk+1 — Tk . Tj4+1 — X4 (B.2)
By (B.2), we know that the point masses starting from z; and zy,; will merge first.

Moreover, the speed of particle ), and x4 are, respectively, (37, ., m; — St my)
and (X7, ,m; — >, m;). This implies the time for the k-th and & + 1-th point masses

. N —T
to merge is sy = 7(%’;*7;“5/2.
It is not hard to check that £, (sg) = = + (¢x — v)so with
n k—1 n
. m; — M o MT;
by = Z]7k+1 J 2371 I and v — 2]71 it (B.3)
2 mt
Since n = 1, we have
n 2
D I s
24 , 2 2mt
1<j<k<n
(t = 50,2, 77) = (m?® —m)(t — o) _ Z mymp(&x(s0) — 5j(30)) B (Z?:l mjﬁj(SO))2
Tk S0, T 24 : 2 om(t —so)
1<j<k<n
This implies that
"}/3(15, f, ’/ﬁ) — ’}/3(t — 80, f’, T?L/)
_ (m3 —m)sg _ Z mjmk(.’Ek — xj) B (Z?:l mjxj)z
24 < 2 2mt
1<j<k<n
mymy(€x(s0) — €;(s0)) (371 m;&;(50))
+ Y + : (B.4)
. 2 2m(t — 50)
1<j<k<n
EJP 29 (2024), paper 188. https://www.imstat.org/ejp
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By the definition of £ and (B.3), we have

mimy(§,(s0) —&;(s0))  mymp(ar —x;) | mymy (o 975;)

2 2 2
Inserting this into (B.4), we get

’73(ta f? ’I’?L) - ’73(t — S0, 5/77%/)

(m3 —m)sg 7 (Z?:l m;jz;)? n Z mjimp(dr — ¢;)s0 n (Z?:1mj€j(80))2

= . (B.5
24 2mt < Fen 2 2m(t — so) (B.5)
Next, we observe that
(Xj=myzs)? _ musg (521 my€5(50))° _ mu?(t — s0)
2mt 2 7 2m(t — so) 2 '
Inserting these into (B.5), we get
3 . e 2
Y3 (t, T, ) — y3(t — so, &, 17') = (m m)so 3 mﬂm"wg 9i)so _ Tl (B6)
1<j<k<n
On the other hand, we have
i (mj —mx)so  my(x — €x(s0))?
24 280
k=1
_ zn: (m} —my)so  my(er +v)%s0
24 2
k=1
n 3
_ ((mk 2:%)80 mk¢k30) Z M bEUS) — mvz S0 .
k=1
One can verify that >_;_, my¢, = 0. As a result,
zn: (m} —my)so k(xk - £k 50)) Zn: ( S0 mkﬁso) ~ musg (B.7)
k=1 24 k=1 2 2
One can check that
(m3 —m)sg N Z mmi(¢r — ¢5)So _ z": ((m% —mg)so mkqﬁiso)
24 : 2 24 2 ’
1<j<k<n k=1
Using this together with (B.6) and (B.7), we have
m3 —m)s mymg(dr — ¢5)s S .
( + Z 5 ( 9 j) 0 = (t,I‘, ) ’Yg(t—So,I/ m/)
1<j<k<n
This concludes the lemma. O

C Detailed computation for (5.7)

We present detailed computation for (5.7). It is clear that (5.7) is equivalent to

LR Tig MT? Y; (m3 —m;)t
v . il _ 7 g bod _ 7 7
' Z 2 (b1+ t ) 2% —73(t,$bj,mbj) - Z o —. (Cl)
Z:N]‘_1+1 1:Nj_1+1
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We first look at the left hand side of (C.1):

N m;t Ti\o mle N mzblzt
i=N;j_1+1 i=Nj-1+1

Ny
Zk:Nj,l-H mET

Letd; := k. Recall from (5.6) that for N;_; < i < Nj;, we have

my ¢
b — 7Zk:Nj,1+1 Mg n D klie1 Mk — k=N, _,+1 "%
’ mp, ¢ 2
N, i—1
_ 4 Doktipt Mk = Dk, 11
= —a; + 5 .

Plugging this into (C.2), we have

N; N; N i—1
< omth? B < myt Dkt T = DN, 1 T
D, o tmambi= > o -di+ 2
i=Nj;_1+1 i=Nj_1+1
N, i—1
Dokit1 Mk = DokeN, 41
+ m;x; ( — dj + ! 5 -1 >
=A1 +Ax+ Az + Ay (C.3)
where

N N
Al = mZitdi( Z mk> - ( Z mkifk)djv

k:NJ71+1 k:NJ'71+1
N N i—1
! Zk:iJrl my — Zk:Nj71+1 mg
A2 = Z m;x; 9 y
i:Nj71+1
N N i—1
] ! m;t Zk:i+1 my — Zk:NjflJrl mg
Agi=— Y d; 5 ,
i=N;_1+1
N, 1 N; i—1 2
A4 = Z gtmz( Z mp — Z mk> .
i:Nj71+1 k=i+1 ]C:Nj71+1
It is straightforward to verify that
2
(Zkebj mkxk)
Ay = R T
thbj
mEmy
Ay =— > 5 (X0 — k),
Nj_1+1<k<t<N;
A3 = 07
3 N
Ay = (mg, —mp,)t S (m —m)t
24 . 24
i=N;j_1+1

Plugging these into (C.3), we conclude with (C.1), thus establishing (5.7).
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