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Abstract Due to their limited resolution, numerical ocean models need to be interpreted as representing
filtered or averaged equations. How to interpret models in terms of formally averaged equations, however, is not
always clear, particularly in the case of hybrid or generalized vertical coordinate models, which limits our ability
to interpret the model results and to develop parameterizations for the unresolved eddy contributions. We here
derive the averaged hydrostatic Boussinesq equations in generalized vertical coordinates for an arbitrary
thickness‐weighted average. We then consider various special cases and discuss the extent to which the
averaged equations are consistent with existing ocean model formulations. As previously discussed, the
momentum equations in existing depth‐coordinate models are best interpreted as representing Eulerian averages
(i.e., averages taken at fixed depth), while the tracer equations can be interpreted as either Eulerian or thickness‐
weighted isopycnal averages. Instead we find that no averaging is fully consistent with existing formulations of
the parameterizations in semi‐Lagrangian discretizations of generalized vertical coordinate ocean models such
as MOM6. A coordinate‐following average would require “coordinate‐aware” parameterizations that can
account for the changing nature of the eddy terms as the coordinate changes. Alternatively, the model variables
can be interpreted as representing either Eulerian or (thickness‐weighted) isopycnal averages, independent of
the model coordinate that is being used for the numerical discretization. Existing parameterizations in
generalized vertical coordinate models, however, are not always consistent with either of these interpretations,
which, respectively, would require a three‐dimensional divergence‐free eddy tracer advection or a form‐stress
parameterization in the momentum equations.

Plain Language Summary Numerical ocean models represent continuous three‐dimensional
physical fields using discrete data points and hence cannot adequately represent variability at all scales. Instead
model variables need to be interpreted as filtered versions of the continuous physical fields. We here derive the
evolution equations for horizontally filtered fields, where the horizontal filtering follows arbitrary surfaces, with
the only requirement being that the surfaces do not fold over (i.e., they are iso‐surfaces of a field that is
monotonic in depth). The equations for the filtered variables are formulated using an arbitrary vertical
coordinate system, thus making them applicable to a wide range of different numerical ocean models. We then
consider different physically motivated choices for the averaging surfaces and express the equations using
different common choices for the vertical coordinate system.We conclude by discussing which equation sets are
consistent with the equations solved by existing models and/or which modifications are needed to achieve
consistency. The results have important implications for ocean model development, because the models need to
include “parameterizations” to represent the effect of motions that have been removed by the filter. The
formulation of these parameterizations needs to be consistent with the filtering operation that was assumed to
obtain the model equations.

1. Introduction
Due to their limited resolution, numerical ocean models cannot resolve the full spectrum of motions. This lim-
itation is widely recognized and motivates the need for so‐called parameterizations (or closures), that is, addi-
tional terms added to the model's equations that are meant to capture the effect of dynamics that cannot be
explicitly resolved by the models.

We can formalize the separation into resolvable and sub‐grid‐scale motions by applying a suitable averaging to
the equations of motion, such that the averaged variables are sufficiently smooth to be explicitly resolvable. Due
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to the nonlinearity of the equations of motion the equations for the averaged quantities retain terms that involve
deviations from the average (i.e., contributions from the unresolved flow), which then need to be parameterized.
Applying a formal averaging to the equations of motion allows us to identify (a) what the model variables are
meant to represent and (b) what needs to be captured by the parameterizations. An explicitly defined averaging
procedure therefore allows us to cleanly compare the model results against observations and to devise and test
parameterizations for the unresolvable eddy terms.

1.1. Types of Averages

In practice it is often not clear what kind of average is suitable, and many averaging procedures have been
suggested. Existing averaging procedures may be broadly organized into three categories: (a) Reynolds aver-
aging; (b) (non‐Reynolds) spatial filtering; (c) grid‐cell averaging as part of the numerical discretization. The third
category applies most immediately to finite‐volume methods, where the discrete model variables by construction
represent grid‐box or grid‐face averages (e.g., Griffies et al., 2020). If this is the only averaging considered, the
nature of the “sub‐grid” terms that need to be parameterized depends directly on choices of the numerical dis-
cretization, which complicates the development of adequate parameterizations. Moreover, full resolution of
variability on all scales that can be represented by the model grid is an unrealistic goal, given imperfect numerical
methods. We will therefore here focus on the first two approaches, where the continuous equations are averaged
explicitly before the discretization. The goal of the averaging is to obtain fields that are relatively smooth at the
grid‐scale, such that the results are less sensitive to the details of the numerical discretization, although we notice
that a second grid‐cell averaging (of the filtered equations) may still be performed as part of a finite‐volume
discretization.

Eddy parameterizations are often motivated by the eddy terms arising in the Reynolds‐averaged equations.
Reynolds averages are defined by the convenient property that ab = ab, where the overbar denotes the averaging
operator, which is commonly taken to be a time‐mean (e.g., Gent et al., 1995; McDougall & McIntosh, 2001), a
zonal‐mean in a zonally re‐entrant domain (e.g., Bachman & Fox‐Kemper, 2013) or an ensemble mean over
different possible realizations of the turbulent flow (e.g., Maddison & Marshall, 2013; Uchida et al., 2022;
Young, 2012). However, it has also long been acknowledged that models are fundamentally limited in their ability
to represent small spatial scales, such that a spatial filtering with a finite‐size filter‐stencil would be the more
appropriate averaging operator (Fox‐Kemper & Menemenlis, 2008; McDougall & McIntosh, 2001). Spatial
filters are generally not Reynolds operators (e.g., Buzzicotti et al., 2023) and can only be approximated as such in
the presence of a clear scale separation, which does not generally exist in the ocean. Fortunately, many of the
results obtained using Reynolds averaging readily carry over to spatial filters, as will be made explicit for the
results of this manuscript.

1.2. Averaging Coordinate Surfaces

Independent of whether the average is in space, time, or over an ensemble, different choices can be made for the
averaging coordinate, with the most widely used approaches being “Eulerian” averages, where the average is
taken at fixed height (e.g., Bachman & Fox‐Kemper, 2013), and isopycnal averages, where the average is taken
along a surface of constant potential or neutral density (e.g., Young, 2012). For isopycnal averages we can further
employ thickness‐weighted and non‐weighted averages.

Although it is natural to interpret the model variables as representing averages along the model coordinate, this is
not the only possible interpretation. Indeed, McDougall and McIntosh (2001) argued that the formulation of the
Gent and McWilliams (1990) (here after GM) parameterization used in many z‐coordinate ocean models is not
fully consistent with the form of the eddy terms in the Eulerian averaged tracer equations. For better consistency,
they argued that the model's tracer variables should instead be interpreted as thickness‐weighted isopycnal av-
erages (with the average taken along the isopycnal whose mean depth equals the depth of the model level), while
the model velocities represent Eulerian averages. However, this interpretation has not been consistently adopted
(e.g., Bachman & Fox‐Kemper, 2013; Zanna & Bolton, 2020).

Similarly, Loose et al. (2023) pointed out that the common formulation of isopycnal ocean models is not fully
consistent with an isopycnally averaged interpretation, neither with nor without thickness weighting. Specifically,
the eddy terms in the momentum and tracer equations become non‐conservative when using a non‐thickness
weighted isopycnal average, which is both undesirable and inconsistent with the existing parameterization
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approaches. A thickness‐weighted average in turn yields no eddy term in the continuity equation, which is
inconsistent with the appearance of a parameterized eddy volume flux in isopycnal models. Instead, thickness‐
weighting introduces an eddy pressure gradient contribution (related to the form stress) in the momentum
equations. Loose et al. (2023) propose that this term can be parameterized in the form of a vertical viscosity,
following the ideas of P. Rhines and Young (1982) and Greatbatch and Lamb (1990), which in practice yields
similar results as the existing GM‐like parameterization. However, this approach is not presently used in any
operational ocean models. In summary, the question of how to formally interpret the numerical model equations
in terms of averaged equations remains not fully settled in both z‐coordinate and isopycnal ocean models.

Matters are further complicated by the rise of hybrid or “generalized” vertical coordinate models, such as the
Hybrid Coordinate Model (HYCOM, Bleck, 2002; Chassignet et al., 2007), the General Estuarine Transport
Model (GETM, Hofmeister et al., 2010), the ocean component of the Model for Prediction Across Scales (MPAS‐
Ocean, Petersen et al., 2015), or the Modular Ocean Model 6 (MOM6, Adcroft et al., 2019). In MOM6 and
HYCOM the time discretization is semi‐Lagrangian, which allows for wide flexibility in the choice of target
vertical coordinate (Griffies et al., 2020). The MOM6 configuration employed in the Geophysical Fluid Dy-
namics Laboratory's current global climate and Earth System models uses a hybrid target coordinate, following
potential density surfaces over most of the ocean's interior while transitioning to depth coordinates near the
surface and in unstratified regions (Adcroft et al., 2019). A similar hybrid vertical coordinate is used in HYCOM,
where the vertical coordinate further transitions to being terrain‐following over shallow coastal seas (Chassignet
et al., 2007). How to interpret these models in terms of formally averaged equations remains largely unexplored.

1.3. Manuscript Overview

In this manuscript we derive the averaged dynamical equations in arbitrary vertical coordinates and discuss
implications for the interpretation of numerical model variables and the need for parameterizations. We start in
Section 2 by deriving the averaged hydrostatic Boussinesq equations in arbitrary (“generalized”) vertical co-
ordinates, with the average following the vertical coordinate. We focus on a generalized thickness‐weighted
average (TWA), which is the only conservative average in a non‐Eulerian coordinate system (cf. Loose
et al., 2023). In the special case where the vertical coordinate is height, z, the generalized thickness‐weighting has
no effect, such that the traditional Eulerian averaged equations are retained as a special case of the generalized
TWA equations. We notice that the generalized TWA equations have previously been derived by Maddison and
Marshall (2013) using a more formal mathematical approach, and are largely identical to the isopycnal thickness‐
weighted‐average (TWA) equations as discussed in Young (2012).

In Section 3 we consider the case where the averaging surfaces do not line up with the vertical coordinate used to
express the final averaged equations. This most general case is derived by transforming the averaged equations
obtained in Section 2 into a second arbitrary vertical coordinate system. Armed with this general result we
consider various special cases in Section 4, some of which have been discussed before. For example, the exact
residual mean equations are obtained as a special case of the general equations if the averaging coordinate is
chosen as potential density and the averaged equations are expressed using a vertical coordinate that represents
the averaged height of isopycnals. In Section 5 we compare the derived equation sets to those solved in numerical
models, to determine which interpretations, if any, are most consistent with the existing model formulations, and
to identify which changes to the models may improve consistency with the equations. We conclude in Section 6
with a discussion of the main results and conclusions.

2. The Generalized Thickness‐Weighted Averaged Equations
2.1. The Hydrostatic Boussinesq Equations in Generalized Vertical Coordinates

In this paper we focus on the hydrostatic Boussinesq equations, which are used in most global ocean models.
However, we note that all results are generalizable to the compressible equations since the hydrostatic non‐
Boussinesq equations with pressure‐based vertical coordinates are isomorphic to the hydrostatic Boussinesq
equations in z‐coordinates (Marshall et al., 2004). A summary of symbols used throughout this manuscript is
provided in Table 1.
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The hydrostatic Boussinesq equations in generalized vertical coordinates can be written in flux form as

∂t|rzr + ∇r ⋅ (zru) + ∂r (zr ṙ) = 0 (1)

∂t|r (zrc) + ∇r ⋅ (zruc) + ∂r (zr ṙc) = zr ċ. (2)

∂t|r (zru) + ∇r ⋅ (zruu) + ∂r (zr ṙu) − f zrv = − zrρ− 10 ∂x|zp + zr Fx (3)

∂t|r (zrv) + ∇r ⋅ (zruv) + ∂r (zr ṙv) + f zru = − zrρ− 10 ∂y|zp + zr Fy (4)

∂rp = − ρg ∂rz, (5)

where r is a generalized vertical coordinate (assumed to be monotonic in z), zr ≡ ∂rz is the generalized thickness
(also the Jacobian of the transformation between z‐coordinates and r‐coordinates), u ≡ u i + v j is the horizontal
velocity, and ∇r denotes a horizontal nabla operator with derivatives taken at fixed r: ∇r ≡ i∂x|r + j∂y|r. Fx/y
represents accelerations by friction and external forces. (Notice that the unit vectors i and j are here parallel to
surfaces of constant height and independent of the choice of r; (e.g., see Figure 2 in McDougall et al., 2014).) The
horizontal pressure gradient at fixed z can be written as

Table 1
Summary of Select Symbols Used in the Text

Symbol Meaning

c Arbitrary scalar tracer (including temperature and salinity)

v 3D velocity vector: v = ui + vj + wk

u Horizontal velocity vector: u = ui + vj

∇ 3D nabla operator: ∇ = i∂x|z + j∂y|z + k∂z
∇r “Horizontal” nabla operator with derivatives at fixed r: ∇ = i∂x|r + j∂y|r
zr Generalized “thickness” w.r.t. coordinate r: zr ≡ ∂rz

ṙ Lagrangian rate of change of “r”: ṙ ≡ Dr/Dt

ċ Tracer tendencies due to diffusion and sources or sinks

Fx/y Zonal/meridional accelerations due to frictional and external forces

( ⋅ )r Average at fixed r

(̂ ⋅ )
r

Generalized thickness‐weighted average at fixed r: (̂ ⋅ )
r
≡ zr( ⋅ )

r
/ zrr

∇r ⋅ ̂Jc∕u∕v
r

Eddy tracer/momentum flux divergence (Equations 13 and 14)

∇r ⋅ ̂Eu∕v
r

Eliassen‐Palm (EP) flux divergence (Equations 16 and 17)

ṙ#a Lagrangian rate of change of r following a‐averaged flow (Equation 22)

w#b “Residual” vertical velocity for isopycnal TWA (Equation 52)

b#(x,y, z, t) Buoyancy surface whose mean height is z, that is, zb ( x,y,b#(x,y, z, t), t) = z

(̂ ⋅ )
b#

Thickness‐weighted average along buoyancy surface b = b# (Equation 53)

(̃ ⋅ ) Denotes a model variable

τu/v Zonal/merional component of (parameterized) stress tensor

D (parameterized) Diffusivity tensor

vGM (parameterized) 3D Eddy advective velocity (following Gent and McWilliams, 1990)

A (parameterized) Skew flux tensor (Equation 72)

uGM (parameterized) 2D eddy advective velocity
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∂x|zp = ∂x|rp + ρ g∂x|rz (6)

and

∂y|zp = ∂y|rp + ρ g∂y|rz (7)

in generalized vertical coordinates. The identities in Equations 6 and 7 will be used in the following derivations.
However, we note that in numerical models the pressure gradient acceleration is often not evaluated in the specific
form of the two terms on the RHS of Equations 6 and 7, which often cancel at leading order (e.g., Adcroft
et al., 2008; Bleck, 2002; Lin, 1997). Equation 2 is a placeholder for multiple tracer equations, with temperature
and salinity being the dynamically active tracers, which can be used to compute density via a suitable equation of
state (i.e., ρ = ρ̃(S,T, z)). We will here only provide limited discussion of how to approximate the equation of
state in terms of averaged quantities (see McDougall and McIntosh (1996), Brankart (2013), and Stanley
et al. (2020)).

2.2. Averaged Equations

Taking an average at fixed r of Equations 1–5 yields

∂t|rzr
r + ∇r ⋅ (zrrûr) + ∂r(zrr̂̇r

r
) = 0 (8)

∂t|r (zr
r ĉr) + ∇r ⋅ (zrrûr ĉr) + ∂r(zrr̂̇r

r
ĉr) = − zrr∇

r ⋅ Ĵc
r
+ zrr ̂̇c

r
(9)

∂t|r (zr
r ûr) + ∇r ⋅ (zrrûr ûr) + ∂r(zrr̂̇r

r
ûr) − f zr v̂r = − zrr∇

r ⋅ Ĵu
r
− ρ− 10 zr ∂̂x|zp

r
+ zrr F̂x

r
(10)

∂t|r (zr
r v̂r) +∇r ⋅ (zrrûr v̂r) + ∂r(zrr̂̇r

r
v̂r) + f zr ûr = − zrr∇

r ⋅ Ĵv
r
− ρ− 10 zr ∂̂y|zp

r
+ zrr F̂y

r
(11)

∂rpr = − ρ̂rgzrr (12)

where ( ⋅ )r denotes an average at fixed r, which we here assume to commute with the partial derivatives. This
assumption holds for a wide range of typical averaging operations, including ensemble averages and spatial filters
with a constant filtering kernel. (Although we note that the same assumption would not generally hold if the

average was taken on a surface that does not align with the coordinate system.) (̂ ⋅ )
r
≡ zr( ⋅ )

r
/ zrr denotes the

corresponding generalized thickness weighted average. This generalized thickness weighted averaging has
previously been introduced by Maddison and Marshall (2013) and Klingbeil et al. (2019), and it reduces to the
more traditional isopycnal thickness weighted average if the vertical coordinate r represents buoyancy (or po-
tential density). For simplicity we have here assumed that the Coriolis parameter, f , is constant over the filter
stencil, such that f̂u

r
= f ûr. If that assumption is relaxed, we obtain an additional eddy Coriolis term in the

momentum equations.

In general, the advective eddy flux divergence takes the form

∇r ⋅ Ĵc
r
≡ (zrr)− 1∇r ⋅ (zrr (ûc

r
− ûr ĉr)) + (zrr)− 1∂r(zrr(̂̇rc

r
− ̂̇r

r
ĉr)), (13)

where ∇r⋅ denotes the divergence in a metric space where a volume element is defined by dx × dy × dzr, which
arises as the natural space for the averaged equations. (We will return to this point in Section 4.2.) For a Reynolds
average, the eddy flux divergence can be written as

∇r ⋅ Ĵc
r
≡ (zrr)− 1∇r ⋅ (zrr û′′c′′r ) + (zrr)− 1∂r(zrr ̂̇r′′c′′r) (14)
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where double primes denote deviations from the thickness‐weighted average.

For Equations 8–12 to form a closed set of equations, we need closures for the eddy tracer and momentum flux

divergences, ∇r ⋅ Ĵc
r
,∇r ⋅ Ĵu

r
,∇r ⋅ Ĵv

r
, an equation of state for the mean quantities, ρ̂r = ρ̃r ( Ŝr, T̂r, z) (e.g.,

Brankart, 2013; McDougall &McIntosh, 1996; Stanley et al., 2020), and a closure for the eddy components of the
pressure gradient term. For a Reynolds average, the pressure gradient acceleration can be expressed as (see
Appendix A)

zrr∂̂x|zp
r
= zrr∂x|rp

r + zrrρ̂rg∂x|rz
r + ∂x|r ( z′rp′

r
) − ∂r (p′∂x|rz′

r
) (15a)

= zrr∂x|zr p
r + ∂x|r ( z′rp′

r
) − ∂r (p′∂x|rz′

r
) (15b)

and similarly for the y‐component. The general (non‐Reynolds average) form is readily obtained by substituting

z′rp′
r
→ zrpr − zrrpr and p′∂x|rz′

r
→ p∂x|rz

r
− pr∂x|rzr. The formulation of the eddy terms in Equation 15a or

Equation 15b clarifies that the eddy pressure gradient force only redistributes momentum, with the vertical

momentum flux (p′∂x|rz′
r
) readily identifiable as the form stress acting on a generalized coordinate surface.

We can absorb the eddy contributions to the pressure gradient force into the eddy momentum flux divergence by
defining (cf. Young, 2012; Maddison & Marshall, 2013).

∇r ⋅ Êu r ≡ ∇r ⋅ Ĵu
r
+ (ρ0zrr)

− 1∂x|r ( z′rp′r) − (ρ0zrr)
− 1∂r (p′∂x|rz′

r
) (16)

∇r ⋅ Êv r ≡ ∇r ⋅ Ĵv
r
+ (ρ0zr

r)
− 1∂y|r ( z′rp′r) − (ρ0zr

r)
− 1∂r (p′∂y|rz′

r
), (17)

where ∇r ⋅ Ĵu
r
and ∇r ⋅ Ĵv

r
are defined as in Equation 14. ‐Êu r and ‐Êv r can be interpreted as generalized

Eliassen‐Palm (EP) flux vectors (Eliassen & Palm, 1961) and describe the total eddy momentum flux via both
advective and pressure contributions. Using Equations 16 and 17 we can write the generalized thickness‐weighted
average (TWA) horizontal momentum equations as

∂t|r (zr
r ûr) + ∇r ⋅ (zrrûr ûr) + ∂r(zrr̂̇r

r
ûr) − f zr v̂r = − zrr∇

r ⋅ Êu r − ρ− 10 zr∂x|zr p
r + zrr F̂x

r
(18)

∂t|r (zr
r v̂r) + ∇r ⋅ (zrrûr v̂r) + ∂r(zrr̂̇r

r
v̂r) + f zr ûr = − zrr∇

r ⋅ Êv r − ρ− 10 zr∂y|zr p
r + zrr F̂y

r
(19)

Except for the additional eddy terms, Equations 8, 9, 12, 18 and 19 have the same form as the unaveraged
equations in Section 2.1, with the substitutions z → zr, p → pr, u → ûr, ṙ → ̂̇r

r
, c → ĉrand ρ → ρ̂r. Except

for the specific form of the pressure gradient term (and associated EP flux contributions), the equations are also
identical to the isopycnal TWA equations as discussed in Young (2012), with the buoyancy, b, here replaced by
the generalized vertical coordinate, r.

The equations, moreover, reduce to the Eulerian mean equations for r = z, in which case zr → zz = 1 and hence
the generalized “thickness weighted” average simply reduces to the Eulerian average. Because the Eulerian‐
averaged equations are already a subset of the generalized TWA equations, and because non‐thickness
weighted averaging with any vertical coordinate that has non‐constant thickness is non‐conservative and there-
fore undesirable (see Loose et al., 2023), we will only consider generalized “thickness weighted” averaging in the
main part of this manuscript. A brief discussion of the non‐thickness‐weighted averaged momentum equations is
included in Appendix C.
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3. Coordinate Transformation of Averaged Equations
In general, the averaging may not need to follow the same vertical coordinate as the model. For example,
McDougall and McIntosh (2001) argue that the tracers in z‐coordinate models that use the GM parameterization
should be interpreted as thickness‐weighted isopycnal averages. To see how such interpretations can be justified
more generally, we here derive the arbitrarily averaged Boussinesq equations expressed in generalized vertical
coordinates. We denote the averaging coordinate with “a” (i.e., averages are assumed to be taken along surfaces
of constant a) while the generalized vertical coordinate used to express the final equations remains denoted with
“r.” To derive the equations we start from the equations expressed in a‐coordinates, take a (thickness‐weighted)
average (at fixed a) and then transform the resulting equations into r‐coordinates (as sketched in Figure 1). Various
specific choices for the averaging coordinate (a) and the model coordinate (r) will be discussed in Section 4. For
example, for a thickness‐weighted isopycnal average (i.e., a → b) and using the mean isopycnal height as the
vertical coordinate (i.e., r → zb) we recover the “residual mean” equations discussed in Young (2012) and
advocated as an interpretation for the z‐coordinate model tracer equations by McDougall and McIntosh (2001).

We start from the averaged tracer Equation 9, expressed using the averaging coordinate “a” (i.e., we simply
replace r → a in Equation 9). Multiplying both sides with zar/ zaa, where zar ≡ ∂rza, we get

zar
zaa

[∂t|a (za
a ĉa) + ∇a ⋅ (zaaûa ĉa) + ∂a(zaa ̂̇a

a
ĉa)] = − zar∇

a ⋅ Ĵc
a
+ zar ̂̇c

a
. (20)

As shown in Appendix B, the L.H.S. of Equation 20 can be expressed in r‐coordinates as

zar
zaa

[∂t|a (za
a ĉa) + ∇a ⋅ (zaaûa ĉa) + ∂a(zaa ̂̇a

a
ĉa)] = ∂t|r ( z

a
r ĉ
a) + ∇r ⋅ ( zar û

a ĉa) + ∂r (zar ṙ
#a ĉa) (21)

where we introduced the Lagrangian rate of change of r following the a‐averaged flow

Figure 1. Illustration of an averaging along an arbitrary vertical coordinate, a, and expression of the averaged field using another arbitrary vertical coordinate, r. The
figure on the top left shows an example field c(x, z) (shading) in (x, z)‐space, together with isolines of a (solid) and r (dashed). We can first express this field in (x,a)‐
space to obtain c(x,a), which is shown on the bottom left. Taking the average (at fixed a) we obtain ca(x,a) (bottom right) which can finally be transformed into (x, r)‐space
to obtain ca(x, r) (top right). Notice that ca(x, r) is not generally constant in the averaging dimension (here x), unless r is itself constant along a surfaces in the averaging
dimension (as is the case if r is itself an averaged quantity). We will return to this issue below in the context of the residual mean equations (cf. Figure 2).
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ṙ#a ≡
D̂
Dt

a

r (22a)

≡ ∂t|ar + ûa ⋅∇ar + ̂̇a
a
∂ar (22b)

= − (∂ra)− 1 ∂t|ra − (∂ra)
− 1 ûa ⋅∇ra + ̂̇a

a
(∂ra)− 1. (22c)

Note that in the last step we used the coordinate transformation identities in Equation B1. From Equations 20 and
21, it follows that the a‐averaged tracer equation can be expressed using an arbitrary vertical coordinate, r, as

∂t|r ( z
a
r ĉ
a) +∇r ⋅ ( zar û

a ĉa) + ∂r (zar ṙ
#a ĉa) = − zar∇

a ⋅ Ĵc
a
+ zar ̂̇c

a
. (23)

The continuity equation follows immediately from Equation 23 with c = 1, and the a‐averaged momentum
equations in r‐coordinates can be derived analogously to the tracer equation (using Equation 21 with c → u,v).
Hydrostatic balance can be written as

∂rpa = ∂apa∂ra (24a)

= − gzaaρ̂a∂ra (24b)

= − g∂rzaρ̂a, (24c)

where in the second step we used the averaged hydrostatic balance in Equation 12 with r → a.

The full a‐averaged hydrostatic Boussinesq equations can then be written in r‐coordinates as:

∂t|r ( z
a
r ) +∇r ⋅ ( zar û

a) + ∂r (zar ṙ
#a
) = 0 (25)

∂t|r ( z
a
r ĉ
a) + ∇r ⋅ ( zar û

a ĉa) + ∂r (zar ṙ
#a ĉa) = − zar∇

a ⋅ Ĵc
a
+ zar ̂̇c

a
(26)

∂t|r ( z
a
r û

a) + ∇r ⋅ ( zar û
a ûa) + ∂r (zar ṙ

#a ûa) − f zar v̂
a = − zar∇

a ⋅ Êua − ρ− 10 z
a
r ∂x|zap

a + zar F̂x
a

(27)

∂t|r ( z
a
r v̂
a) + ∇r ⋅ ( zar û

a v̂a) + ∂r (zar ṙ
#a v̂a) + f zar û

a = − zar∇
a ⋅ Êva − ρ− 10 z

a
r ∂y|zap

a + zar F̂y
a

(28)

∂rpa = − ρ̂ag∂rza. (29)

Using that ∂x|za = ∂x|r − (∂x|rza) ( zar )
− 1∂r and hydrostatic balance (29), the mean pressure gradient term can be

expressed in r‐coordinates as

∂x|zap
a = ∂x|rp

a + ρ̂ag∂x|rz
a. (30)

Numerical models do not usually evaluate the pressure gradient term via the two terms on the R.H.S. of Equa-
tion 30, which to first order cancel when the coordinate system does not follow height or pressure surfaces, but the
expression is here included for the sake of completeness of the analytical equations.

Notice that the eddy fluxes in the generalized average Equations 25–29 depend on the averaging choice but not on
the coordinate system ultimately chosen to express the equations. Coordinate‐system independent eddy flux terms
are desirable for hybrid coordinate models as it allows parameterizations to be independent of the model coor-
dinate, which may vary across the model domain.

Except for the additional eddy contributions, Equations 25–29 are again formally identical to the unaveraged
equations in Section 2.1 with the substitutions u → ûa, c → ĉa, ċ → ̂̇c

a
, ρ → ρ̂a, Fx/y → F̂x/y

a
, p → pa,
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zr → zar and ṙ → ṙ#a. The last two substitutionswarrant some further discussion. Notice that zar ≡ ∂rza ≠ zra, that
is, zar is not necessarily equal to the a‐averaged generalized thickness but is instead defined directly as the r‐de-

rivative of the a‐averaged height. Moreover, ṙ#a ≠ ̂̇r
a
, that is, ṙ#a is not simply the generalized TWA of ṙ. Instead,

ṙ#a is the rate of change of r following the generalized TWA flow. This point was previously emphasized in Section
3 of Young (2012) for the special case of the buoyancy‐averaged equations expressed in depth coordinates.

4. Special Cases
In this section we consider a suite of special cases for averaging coordinate and model vertical coordinate. We
touch base with the literature, where available, with Table 2 summarizing the cases considered here.

4.1. The Eulerian Mean Equations in Generalized Vertical Coordinates: a → z

With a = z (in which case (̂ )
a
→ (̂ )

z
= ( )

z) we obtain the Eulerian‐averaged equations in generalized vertical
coordinates as

∂t|rzr + ∇r ⋅ (zr uz) + ∂r (zr ṙ#z) = 0 (31)

∂t|r (zr c
z) +∇r ⋅ (zr uzcz) + ∂r (zr ṙ#zcz) = − zr ∇ ⋅ Jcz + zr ċ

z
(32)

∂t|r (zr u
z) + ∇r ⋅ (zr uzuz) + ∂r ( zr ṙ#zuz) − f zrvz = − zr∇ ⋅ Juz − ρ− 10 zr∂x|zp

z + zr Fx
z

(33)

∂t|r (zr v
z) + ∇r ⋅ (zr uzvz) + ∂r ( zr ṙ#zvz) + f zruz = − zr∇ ⋅ Jvz − ρ− 10 zr∂y|zp

z + zr Fy
z

(34)

∂rpz = − ρzgzr (35)

with Jcz = v′c′
z
, Juz = v′u′z, Jvz = v′v′

z
(where v denotes the 3‐dimensional velocity vector),

ṙ#z =
D
Dt

z

r = ∂t|zr + vz ⋅∇r (36)

and ∇ (without subscript) represents the 3‐dimensional divergence and gradient operators. Notice that the

generalized EP‐flux reduces to the advective eddy momentum flux for Eulerian averaging (i.e., Eu∕vz = Ju∕vz) as
zz = 1 (and hence z′z = 0) and ∂x|zz = 0 (cf. Equations 16 and 17). The averaged horizontal pressure gradient can
be expressed in r‐coordinates as

∂x|zp
z = ∂x|rp

z + ρzg ∂x|rz. (37)

Table 2
Summary of Special Cases Discussed in Section 4, Together With Previous Publications Where the Respective Equations
Have Been Discussed

Averaging coordinate a = Vertical (model) coordinate r = Section Previously discussed in

z (height) r (general) 4.1 N/A

z (height) z (height) 4.1.1 for example, Ch. 4 of Pope (2000)

z (height) b (isopycnal) 4.1.2 N/A

b (isopycnal) r (general) 4.2 N/A

b (isopycnal) b (isopycnal) 4.2.1 Young (2012)

b (isopycnal) zb (mean height) 4.2.2 Young (2012)

b/z (mixed) r (general) 4.3.1 N/A

b/z (mixed) z (height) 4.3.2 McDougall and McIntosh (2001)
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Aside from the additional eddy contributions, Equations 31–35 are again the same as the unaveraged equations in
Section 2.1 with u, c, p, ρ, and Fx/y replaced by their respective Eulerian averages, and ṙ → ṙ#z, which gives the
Lagrangian rate of change of r following the Eulerian‐mean flow. Noticeably, the thickness remains zr, that is, it is
not affected by the Eulerian averaging, unless r itself is chosen to depend on the averaged quantities (which may
be desirable or even necessary in practice). The eddy contributions appear as the Eulerian eddy flux convergences
of tracer and momentum.

4.1.1. The Eulerian Mean Equations in Z‐Coordinates: a → z, r → z

With r → z, Equations 31–35 reduce to the well‐known z‐coordinate Eulerian mean equations:

∇ ⋅ vz = 0 (38)

∂t|zc
z + ∇z ⋅ (uzcz) + ∂z (wzcz) = − ∇ ⋅ Jcz + ċz (39)

∂t|z (u
z) + ∇z ⋅ (uzuz) + ∂z (wzuz) − f vz = − ∇ ⋅ Juz − ρ− 10 ∂x|zp

z + Fx
z

(40)

∂t|z (v
z) + ∇z ⋅ (uzvz) + ∂r (wzvz) + f uz = − ∇ ⋅ Jvz − ρ− 10 ∂y|zp

z + Fy
z

(41)

∂zpz = − ρzg. (42)

4.1.2. The Eulerian Mean Equations in Isopycnal Coordinates: a → z, r → b

The Eulerian mean equations in isopycnal coordinates are simply given by Equations 31–35 with r replaced by a
suitable buoyancy coordinate, b.

4.2. The Isopycnal TWA Equations in Generalized Vertical Coordinates: a → b

The isopycnal TWA equations in generalized vertical coordinates are given by Equations 25–29 with a → b,
where b is a suitably defined buoyancy. For the most general case of a nonlinear equation of state and with
buoyancy, b, defined with respect to potential density, the equations do not obviously simplify (in an exact
manner) and are hence not repeated here for the special case of a → b.

For a linear equation of state with a materially conserved (for adiabatic flow) buoyancy variable in the form

b = − g (ρ − ρ0)/ρ0, (43)

we can use that ρ̂b = ρb = ρ and we can define a Montgomery potentialM = p + ρgz, which, for a Reynolds
average, allows us to express the pressure contribution to the EP flux in Equation 16 as

∂x|b(z′bp′b) − ∂b(p′∂x|bz′
b
) = z′b ∂x|bp′b − ∂bp′∂x|bz′

b
(44a)

= z′b ∂x|bp′b + ∂bz′ρg∂x|bz′
b

(44b)

= z′b ∂x|bM′b (44c)

= ∂b(z′∂x|bM′b) + ∂x|b(ρ0
z′2
b

2
). (44d)

where in the last step we used that ∂bM = − ρ0z, and thus

∇b ⋅ Êub = ∇b ⋅ Ĵu
b
+ (ρ0zrr)

− 1∂x|b(ρ0
z′2
b

2
) + (ρ0zrr)

− 1∂b(z′∂x|bM′b) (45)
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and similarly for the meridional component (cf. Section 6 in Young, 2012). Notice, however, that the ocean
components of climate models generally use a nonlinear equation of state, in which case there is no materially
conserved (for adiabatic flow) buoyancy variable that allows for these simplifications.

4.2.1. The Isopycnal TWA Equations in Isopycnal Coordinates: a → b and r → b

The isopycnal TWA equations in isopycnal coordinates are given directly by the generalized TWA equations
(8,9,10/18, 11/19 and 12) with r → b. Again, no obvious exact simplification is obtained for a buoyancy variable
based on potential density with a realistic equation of state.

For a linear equation of state, where buoyancy is defined as in Equation 43, we can again express the EP flux
divergences as in Equation 45 and we can moreover express the mean pressure gradient in terms of the Mont-
gomery potential gradient as

∂x|zbp
b = ∂x|bp

b − ( zbb)
− 1∂bpb∂x|bz

b (46a)

= ∂x|bM
b

(46b)

where in the last step we used that ∂bpb = − ρgzbb

4.2.2. The “Residual Mean” Equations: a → b and r → zb

With a → b and r → zb we recover the exact “residual mean” equations as discussed in Young (2012). This
choice gives zar → ∂zb z

b = 1, and Equations 25–29 simplify to

∇zb ⋅ û
b + ∂zbw

#b = 0 (47)

∂t|zb ĉ
b + ∇zb ⋅ ( û

b ĉb) + ∂zb (w
#b ĉb) = − ∇b ⋅ Ĵc

b
+ ̂̇c

b
(48)

∂t|zb û
b + ∇zb ⋅ ( û

b ûb) + ∂zb (w
#b ûb) − f v̂b = − ∇b ⋅ Êub − ρ− 10 ∂x|zbp

b + F̂x
b

(49)

∂t|zb v̂
b + ∇zb ⋅ ( û

b v̂b) + ∂zb (w
#b v̂b) + f ûb = − ∇b ⋅ Êv b − ρ− 10 ∂y|zbp

b + F̂y
b

(50)

∂zbp
b = − ρ̂bg (51)

where

w#b = ∂t|bz
b + ûb ⋅∇bzb +

̂̇b
b
∂bzb. (52)

Save for the eddy terms, these equations have the same form as the unaveraged equations in z‐coordinates. Eddy
terms appear as isopycnal TWA eddy flux convergences in the tracer and momentum equations, with the eddy
momentum fluxes including advective as well as pressure contributions (Equations 16 and 17).

Notice that the choice of zb (rather than the unaveraged z) as the vertical coordinate is necessary to eliminate the
thickness from the equations, as ∂zzb = ∂zb ∂bzb ≠ 1. The choice further guarantees that the averaged fields
remain constant along the averaging dimension in the case of a Reynolds average—as sketched in Figure 2.
Similarly, for a spatial filter, the choice guarantees that the filtered fields remain horizontally smooth along the
model coordinate. The notation of Young (2012) drops the overbar on the z‐coordinate in the averaged equation.
As the residual mean Equations 47–51 do not depend on z but only zb, this difference may be viewed simply as a
notational re‐definition: zb → z. This modified definition of the z‐coordinate, however, is important to keep in
mind when interpreting model variables, parameters, and boundary conditions. For example, boundary fluxes can
affect model quantities at all zb‐levels for which the corresponding isopycnal outcrops into the boundary any-
where within the averaging region (i.e., boundary conditions cannot technically be applied strictly at zb = zB,
where zB is the height of the boundary). A simple re‐definition of the vertical coordinate, moreover, cannot be
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applied in the mixed Eulerian/TWA interpretation of the z‐coordinate equations advocated by McDougall and
McIntosh (2001), as will be discussed in the following section.

4.3. Mixed Eulerian/TWA Equations

McDougall and McIntosh (2001) argue that the tracers in z‐coordinate models employing the GM parameteri-
zation should be interpreted as representing isopycnal thickness‐weighted averages (a → b), while the model
velocities represent Eulerian averages (a → z), with GM parameterizing the difference between the Eulerian and
isopycnal TWA velocities. The corresponding model equations are obtained by combining the Eulerian mean
momentum Equations 40–42 and residual mean tracer Equation 48. However, since the model coordinate, r, can
only represent either zb or z, this requires a new definition of the residual mean quantities in actual z‐space.
Specifically, one can define

ĉb
#
(x,y, z, t) ≡ ĉb ( x,y,b#(x,y, z, t), t) (53)

where b#(x,y, z, t) is defined as in De Szoeke and Bennett (1993), McDougall and McIntosh (2001) and
Young (2012) such that zb ( x,y,b#(x,y, z, t), t) = z; that is, b#(x,y, z, t) describes the buoyancy surface whose

mean height is z. Notice that ĉb
#
is here not an average along surfaces of constant b#, but a thickness‐weighted

average along the b‐surface with b = b#(x,y, z, t)—as sketched in Figure 3.

4.3.1. Mixed Eulerian/TWA Equations in Generalized Vertical Coordinates

We can also express b# and ĉb
#
in an arbitrary vertical coordinate, as b#(x,y, r, t) = b#(x,y, z(x,y, r, t), t) and

ĉb
#
(x,y, r, t) = ĉb

#
(x,y, z(x,y, r, t), t) = ĉb ( x,y,b#(x,y, r, t), t) . With analog definitions for ûb

#
, v̂b

#
and ṙ#b

#
,

Equations 25 and 26 with a → b and using that zb ( x,y,b#, t) = z imply

Figure 2. Illustration of the averaging in the “residual” mean equations, where the average is taken along surfaces of constant buoyancy, b, and the averaged equations
are expressed using the averaged height zb as the vertical coordinate. The figure on the left shows an example field c(x, z) (shading) in physical space, together with
isolines of b (solid) and z (dashed). The second panel from the left shows the same fields expressed in (x,b)‐space. Taking an average in the x‐direction (along surfaces of
constant b) yields cb(x,b), which is shown in the third panel together with isolines of b(solid), z(x,b) (dashed) and zb(x,b) (dotted). Transforming cb(x,b) into ( x, zb) ‐space
yields the residual mean field, cb ( x, zb) , shown on the bottom right. This field is constant along the averaging dimension (here x), and we notice that this result holds
generally if the averaged field is expressed using a vertical coordinate that is itself an averaged quantity. For comparison, the top right panel shows cb(x, z), which is not
constant in x.
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∂t|r (zr) + ∇r ⋅ (zrûb
#
) + ∂r (zr ṙ#b

#
) = 0 (54)

∂t|r (zr ĉ
b#) + ∇r ⋅ (zrûb

#
ĉb

#
) + ∂r (zr ṙ#b

#
ĉb

#
) = zr ̂̇c

b#
− zr∇ ⋅ Ĵc

b#
. (55)

Defining the “quasi‐Stokes” velocities as u∗ ≡ ûb
#
− uz and ṙ∗ = ṙ#b

#
− ṙ#z, Equations 54 and 55 together

with the Eulerian mean momentum Equations 33–35 form the following set of equations:

∂t|r (zr) + ∇r ⋅ (zr (uz + u∗)) + ∂r (zr ( ṙ#z + ṙ∗
)) = 0 (56)

∂t|r (zr ĉ
b#) + ∇r ⋅ (zr (uz + u∗) ĉb

#
) + ∂r (zr ( ṙ#z + ṙ∗

) ĉb
#
) = zr ̂̇c

b#
− zr∇ ⋅ Ĵc

b#
(57)

∂t|r (zr u
z) + ∇r ⋅ (zr uzuz) + ∂r ( zr ṙ#zuz) − f zrvz = − zr∇ ⋅ Juz − ρ− 10 zr∂x|zp

z + zr Fx
z

(58)

∂t|r (zr v
z) + ∇r ⋅ (zr uzvz) + ∂r ( zr ṙ#zvz) + f zruz = − zr∇ ⋅ Jvz − ρ− 10 zr∂y|zp

z + zr Fy
z

(59)

∂rpz = − ρzgzr, (60)

where ∂x|zpz can be expressed in r‐coordinates as given in Equation 37. For Equations 56–60 to be a closed set of
equations, we need closures for the quasi‐Stokes velocities and the eddy tracer and momentum flux divergences,
as well as an equation of state that provides the Eulerian‐averaged density (ρz) as a function of the isopycnal

TWA temperature and salinity ( T̂b
#

and Ŝb
#

). The latter issue has previously been addressed by McDougall and
McIntosh (2001), who argue that the required approximation is no more inaccurate than computing the Eulerian‐
averaged density, ρz, from the Eulerian‐averaged temperature, Tz, and salinity, Sz (see their Appendix B).

Notice also that the continuity Equation 56 can alternatively be replaced with the Eulerian mean continuity
Equation 31, and the combination moreover yields that

Figure 3. Illustration of b# and the corresponding average, here sketched for the case of a domain‐wide average in x. The solid
lines represent an example of buoyancy surfaces (i.e., surfaces of constant b) in (x, z)− space. The blue line highlights the
specific buoyancy surface b = b(x′, z′) , where the point (x′, z′) is marked by the plus sign. The red line marks the specific
buoyancy surface b = b# (z′) , that is the buoyancy surface whose averaged height is equal to z′. The quantity
ĉb

#
(z′) ≡ ĉb (b# (z′)) , represents an average of c along the buoyancy surface marked in red. For comparison,

ĉb (x′, z′) = ĉb (b(x′, z′)) is the average taken along the buoyancy surface marked in blue. Notice that, for a domain‐wide
average in x, as considered in this example, b# and ĉb

#
are no longer functions of the averaging coordinate, x (or may be viewed

as constant in x). However, for a spatial filtering, which may be a more appropriate for numerical models, b# and ĉb
#
retain all

dimensions of the original field.
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∇r ⋅ (u∗zr) + ∂r (zr ṙ∗
) = 0, (61)

that is, the three‐dimensional quasi‐Stokes velocity is divergence free (as previously pointed out by McDougall
and McIntosh (2001)). Notice that the quasi‐Stokes velocity differs from the 2D divergent “bolus” veloc-
ity (ubolus = ûb − ub) .

4.3.2. Mixed Eulerian/TWA Equations in z Coordinates

In the z‐coordinate representation, that is, with r → z, Equations 56–60 reduce to the equations proposed by
McDougall and McIntosh (2001) as an interpretation for z‐coordinate ocean models that employ the GM
parameterization (although the full set of equations is never explicitly written out in McDougall and
McIntosh (2001)):

∇z ⋅ uz + ∂zwz = 0 (62)

∂t|z ĉ
b# + ∇z ⋅ ((uz + u∗) ĉb

#
) + ∂z( (wz + w∗) ĉb

#
) = ̂̇c

b#
− ∇ ⋅ Ĵc

b#
(63)

∂t|zu
z + ∇z ⋅ (uzuz) + ∂z (wzuz) − f vz = − ∇ ⋅ Juz − ρ− 10 ∂x|zp

z + Fx
z

(64)

∂t|zv
z + ∇z ⋅ (uzvz) + ∂z (wzvz) + f uz = − ∇ ⋅ Jvz − ρ− 10 ∂y|zp

z + Fy
z

(65)

∂zpz = − gρz, (66)

where we used that ż#z = wz and ż∗ = ż#b
#
− ż#z = w#b# − wz ≡ w∗.

5. Comparison to Existing Model Formulations
Wenow compare the averaged equations derived in the previous section to the equations solved in numerical ocean
models, to infer which interpretations (if any) are consistent with the formulation of the equations and parame-
terizations in existingmodels, orwhich changes are necessary to achieve consistency.Although themain focus here
is on generalized vertical coordinate models, we start with a brief review of z‐coordinate models. We will not
explicitly consider isopycnal coordinate models, as purely isopycnal coordinates are rarely used in realistic global
ocean models, although we note that the generalized vertical coordinate results carry over directly to the isopycnal
coordinate case, as discussed in the previous subsection. Overviews of the different interpretations are also pro-
vided in Table 3 (for z− coordinate models) and Table 4 (for generalized vertical coordinate models).

5.1. Z‐Coordinate Models

5.1.1. Model Equations

The equations solved by z‐coordinate numerical ocean models can usually be written in the following form:

Table 3
Overview of Different Interpretations of z‐Coordinate Models Using the Equation Set in Section 5.1.1 in Terms of Averaged
Equations

Interpretation Equations Discussion ∇ ⋅ (vGMc̃) = ∇ ⋅ (D∇ c̃) = ∇ ⋅ τu,v =

Mixed average §4.3.2 §5.1.2 ∇z ⋅ (u∗ ĉb
#
) + ∂z (w∗ ĉb

#
) − ∇ ⋅ Ĵc

b#
− ∇ ⋅ Ju,vz

Eulerian average §4.1.1 §5.1.3 skew contrib. to ∇ ⋅ Jcz diffusive contrib. to − ∇ ⋅ Jcz − ∇ ⋅ Ju,vz

Isopycnal average §4.2.2 §5.1.4 0 − ∇b ⋅ Ĵc
b

− ∇b ⋅ Êu,v b

Note. The second and third columns give the sections where the equations and implications are discussed, and the third to fifth
columns summarize what the respective parameterizations need to represent in each interpretation.
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∇ ⋅ ṽ = 0 (67)

∂t|zc̃ + ∇ ⋅ ((ṽ + vGM) c̃) = ̃̇c +∇ ⋅ (D∇c̃) (68)

∂t|zũ +∇ ⋅ (ṽũ) − f ṽ = ∇ ⋅ τu − ρ− 10 ∂x|zp̃ + F̃x (69)

∂t|zṽ + ∇ ⋅ (ṽṽ) + f ũ = ∇ ⋅ τv − ρ− 10 ∂y|zp̃ + F̃y (70)

∂zp̃ = − gρ̃, (71)

where the tilde denotes a model variable (which may be interpreted in terms of a suitable average),D represents a
diffusivity tensor, and τu/v represents the zonal/meridional component of a viscous stress tensor. vGM represents a
divergence‐free eddy advection, which, if included, is typically parameterized following Gent and McWil-
liams (1990). The GM tracer tendency can alternatively be expressed in terms of a “skew flux” as

∇ ⋅ (vGMc̃) = − ∇ ⋅ (A∇c̃) (72)

whereA is an antisymmetric tensor (see Griffies, 1998, for details). Although numerical implementations may use
either the “advective” or “skew flux” representation of the GM parameterization, the two formulations are
analytically equivalent. The non‐parameterized terms in the tracer and momentum equations may also be
expressed in multiple analytically equivalent forms, but this does not affect our conclusions here.

5.1.2. Interpretation as Mixed Eulerian/Isopycnal TWA Equations

McDougall and McIntosh (2001) argued that z‐coordinate models using the GM parameterization should be
interpreted in terms of the mixed Eulerian (momentum) and isopycnal TWA (tracer) interpretation, as given by

Equations 62–66. In this interpretation ṽ = vz, c̃ = ĉb
#
, ̃̇c = ̂̇c

b#
, p̃ = pz, ρ̃ = ρz, F̃x/y = Fx,y

z, the viscous
stress tensor parameterizes the Eulerian mean eddy momentum fluxes (i.e., ∇ ⋅ τu/v = − ∇ ⋅ Ju,vz), the GM
advection represents the “quasi‐Stokes drift” (vGM = v∗) (which, by construction, is not tracer dependent) and

the diffusive tracer flux represents the isopycnal TWA eddy flux (i.e., ∇ ⋅ (D∇ cz) = − ∇ ⋅ Ĵc
b#
) (with any

possible skew‐flux component to the isopycnal TWA eddy flux neglected).

5.1.3. Interpretation as Eulerian Mean Equations

As discussed in the introduction, it is, however, still common for z‐coordinate models to be interpreted in terms of
the Eulerian mean Equations 38–42. In this case the tilde simply denotes an average at fixed depth (i.e., (̃ ) = ( )

z),

Table 4
Overview of Different Interpretations of Generalized Vertical Coordinate Models Using the Equation Set in Section 5.2.1 in
Terms of Averaged Equations

Interpretation Equations Discussion uGM = ∇ ⋅ (D∇ c̃) = ∇ ⋅ τu,v =

Coordinate‐following
average

§2.2 §5.2.2 0 − ∇r ⋅ Ĵc
r

− ∇r ⋅ Êu,v r

Eulerian average §4.1 §5.2.3 0 − ∇ ⋅ Jcz − ∇ ⋅ Ju,vz

Isopycnal TWA §4.2 §5.2.4 0 − ∇b ⋅ Ĵc
b

− ∇b ⋅ Êu,v b

Mixed Average §4.3.1 §5.2.5 inconsistent − ∇ ⋅ Ĵc
b#

− ∇ ⋅ Ju,vz

Note. The second and third columns give the sections where the equations and implications are discussed, and the third to fifth
columns summarize what the respective parameterizations need to represent in each interpretation. Notice that no inter-
pretation predicts the appearance of a 2D divergent eddy advection in the continuity equation, such that all interpretations
require uGM = 0 to achieve consistency with the model equations. In the mixed average interpretation we instead need to
represent tracer advection via the 3D divergent‐free “quasi‐Stokes” advection, which is inconsistent with the GM
implementation via a 2D divergent velocity.
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the eddy momentum fluxes are parameterized via a viscous stress (i.e., ∇ ⋅ τu/v = − ∇ ⋅ Ju,vz), and the eddy tracer
flux divergence is parameterized as

∇ ⋅ Jcz = − ∇ ⋅ [(A + D)∇cz] (73)

where A is the antisymmetric GM skew flux tensor (Equation 72), and D is a symmetric diffusivity tensor,
representing along‐isopycnal mixing associated with mesoscale eddies and (the much smaller) diapycnal mixing
by small‐scale turbulence (Redi, 1982; Solomon, 1971).

The main caveat of the Eulerian mean interpretation is that, even for adiabatic flow with a conserved buoyancy

variable (b) the Eulerian mean eddy buoyancy flux (Jb
z
) is not strictly along buoyancy surfaces, unlike what is

assumed in the formulation of the parameterizations. In addition, both the symmetric diffusivity tensor and the
antisymmetric skew flux tensor (or, equivalently, the eddy advective velocity) are not necessarily tracer inde-
pendent (e.g., Kamenkovich et al., 2021; Sun et al., 2021). However, the variance budget does require that the
eddy buoyancy flux is on‐average along isopycnals for adiabatic flow (e.g., Eden et al., 2007). The simplifying
assumption to represent the eddy flux as locally along isopycnals is therefore not fundamentally different from the
assumption that along‐isopycnal eddy fluxes can be represented as locally down‐gradient (which also can only be
justified in a mean sense). Similarly, the possible tracer dependence also applies to diffusive closures, which are
widely used (e.g., Adcroft et al., 2019; Gnanadesikan et al., 2015; Petersen et al., 2015). Given the much greater
simplicity of the Eulerian mean interpretation, we therefore consider this interpretation to remain a reasonable
alternative to the mixed Eulerian/residual‐mean interpretation suggested by McDougall and McIntosh (2001).

5.1.4. Interpretation as Residual Mean Equations

Alternatively, Equations 47–51 provide a full “residual mean” interpretation of the z‐coordinate model equations,
although this requires a re‐interpretation of the model's vertical coordinate as z. With this interpretation, the model

variables in Equation 67–71 are ũ = ûb w̃ = w#b, c̃ = ĉb, ̃̇c = ̂̇c
b
, p̃ = pb, ρ̃ = ρ̂b and F̃x,y = F̂x,y

b
. However,

this interpretation is only consistent with Equations 67–71 if the GM parameterization is not used (i.e., vGM = 0).

Moreover, the stress tensor then needs to represent the full EP flux (∇ ⋅ τu,v = − ∇b ⋅ Êu,v b), including both the

eddy momentum advection and the eddy form stress (cf. Equations 16 and 17). In the currently used model
formulations, where the eddy stress is represented via a viscous stress tensor with relatively weak vertical vis-
cosity, this interpretation is at best justified if the vertical component of the eddy form stress (i.e., the last term in
Equations 16 and 17) is assumed negligible. However, the vertical eddy form stress can readily be incorporated
into the viscous stress tensor following P. Rhines and Young (1982) and Greatbatch and Lamb (1990), as has been
done by Ferreira and Marshall (2006), Zhao and Vallis (2008) and Saenz et al. (2015).

5.2. Hybrid and Generalized Vertical Coordinate Models

5.2.1. Model Equations

We here focus primarily on the model equations in MOM6, which we are most familiar with, and then briefly
compare to other models. The MOM6 model equations are given by Adcroft et al. (2019):

∂t|rz̃r + ∇r ⋅ (z̃r (ũ + uGM)) + ∂r(z̃r̃̇r) = 0 (74)

∂t|r (z̃r c̃) + ∇r ⋅ (z̃r (ũ + uGM) c̃) + ∂r(z̃r̃̇r c̃) = z̃r∇ ⋅ (D∇c̃) + z̃r̃̇c (75)

∂t|rũ + ̃̇r ∂rũ − ( f + ζ̃) ṽ + ∂x|r (
⃒
⃒ũ|2/2) = ∇ ⋅ τu − ρ− 10 ∂x|z̃p̃ + F̃x (76)

∂t|rṽ + ̃̇r ∂rṽ + ( f + ζ̃) ũ + ∂y|r (
⃒
⃒ũ|2/2) = ∇ ⋅ τv − ρ− 10 ∂y|z̃p̃ + F̃y (77)

∂rp̃ = − ρ̃g ∂rz̃, (78)
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where the tilde denotes a model variable (which may be interpreted in terms of a suitable average), ∇ (without
subscript) represents the 3‐dimensional (coordinate‐system independent) divergence and gradient operators, D
represents a symmetric anisotropic diffusivity tensor, with a large isopycnal and much smaller diapycnal
component, and τu/v represents the zonal/meridional component of the viscous stress tensor. uGM represents an
eddy advection, which, if included, is typically parameterized broadly following Gent and McWilliams (1990),
although notice that, unlike in the original GM parameterization for z‐coordinate models, uGM here is a two‐
dimensional divergent velocity field rather than a non‐divergent three‐dimensional velocity.

For comparison with the equations discussed in this manuscript we can use the continuity equation to re‐write the
model's momentum equation in flux form as

∂t|r (z̃rũ) +∇r ⋅ (z̃rũ ũ) + ∂r(z̃r̃̇r ũ) + ũ∇r ⋅ (z̃ruGM) − f z̃rṽ = z̃r∇ ⋅ τu − ρ− 10 z̃r∂x|z̃p̃ + z̃r F̃x (79)

∂t|r (z̃r ṽ) + ∇r ⋅ (z̃rũ ṽ) + ∂r(z̃r̃̇r ṽ) + ṽ∇r ⋅ (z̃ruGM) + f z̃rũ = z̃r∇ ⋅ τv − ρ− 10 z̃r∂y|z̃p̃ + z̃r F̃y. (80)

Notice that the divergence of the GM advection appears here as a result of its appearance in the continuity
equation. This formulation illustrates that the inclusion of a divergent GM advection in the continuity equation but
not the momentum equations violates the conservation of momentum.

The HYCOM model solves principally the same equations as MOM6 (74–78), except that the GM advective
velocity is computed based on a (biharmonic) interface height diffusion (Bleck, 2002). The MPAS ocean model
(Ringler et al., 2013), instead uses a 3‐dimensional divergence‐free eddy advective velocity more directly
following Gent and McWilliams (1990) and Gent et al. (1995).

Notice that MOM6 and HYCOM employ a semi‐Lagrangian temporal discretization (e.g. Durran, 2010, Chapter
7), where the vertical coordinate follows the flow during time‐stepping (i.e., ̃̇r = 0 in Equations 74–77) and the
model state is then re‐mapped onto a target grid between time steps (Bleck, 2002; Griffies et al., 2020).

5.2.2. Interpretation in Terms of Coordinate‐Following Generalized TWA

One plausible interpretation of generalized vertical coordinate models is in terms of the generalized TWA
equations with the average following the model coordinate, as sketched in Figure 4 (Equations 8–12). In this case
z̃ = zr, ũ = ûr, ̃̇r = r̂r, c̃ = ĉr, ̃̇c = ̂̇c

r
, p̃ = pr, ρ̃ = ρ̂r, F̃x/y = F̂x,y

r
, and the diffusive tracer flux parame-

terizes the generalized TWA eddy tracer transport (i.e., ∇ ⋅ (D∇ c̃) = − ∇r ⋅ Ĵc
r
). However, as the generalized

TWA equations do not include an eddy contribution in the continuity equation, this interpretation is only
consistent with the model Equations 74–78 if no GM parameterization is used (i.e., uGM = 0). Moreover, the
stress tensor in this interpretation needs to represent both the eddy momentum advection and the generalized eddy

form stress (∇ ⋅ τu/v = − ∇r ⋅ Êu,v r) — cf. Equations 18 and 19. Finally, we note that Ĵc
r
may in general have a

skew‐flux component in addition to a diffusive component, which would need to be assumed negligible when
using a symmetric diffusivity tensor.

A challenge with the generalized TWA interpretation of a hybrid coordinate model is that the physical inter-
pretation of the variables, and, perhaps more importantly, of the eddy terms that need to be parameterized,
changes throughout the domain (e.g., as the coordinate transitions from being isopycnal to Eulerian), thus
requiring parameterizations to be “coordinate system aware.” This situation poses a challenge for parameteri-
zation development, although it is not necessarily an insurmountable problem. Indeed the interface height
diffusion (which determines uGM) in HYCOM is coordinate aware as it acts on the layer interface height, and is
thus automatically turned off where the coordinate follows z‐surfaces, although the appearance of this closure in
the continuity equation is not consistent with the equations derived here. At present, we are not aware of any
existing hybrid vertical coordinate model that employs coordinate‐aware parameterizations consistent with the
coordinate‐following generalized TWA equations in Equations 8–12.
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5.2.3. Interpretation in Terms of Eulerian Mean Equations

If we regard the choice of model coordinate system as independent of the averaging, the Eulerian average (i.e.,
Equations 31–35) may provide a simple interpretation also for generalized vertical coordinate models, although
this interpretation is again consistent with the model equations in Equations 74–78 only if no GM parameteri-
zation is used (i.e., uGM = 0).

In the Eulerian mean interpretation, sketched in Figure 5, the model variables are interpreted as z̃ = z, ũ, =uz,
̃̇r = ṙ#z, c̃ = cz, ̃̇c = ċz, p̃ = pz, ρ̃ = ρz and F̃x/y = Fx,y

z. The viscous stress tensor needs to represent the effect

of the Eulerian eddy momentum fluxes (i.e., ∇ ⋅ τu∕v = − ∇ ⋅ Ju∕vz) and the tracer diffusion needs to capture the
Eulerian eddy tracer flux (i.e., ∇ ⋅ (D∇ c̃) = − ∇ ⋅ Jcz). Notice that in the semi‐Lagrangian time discretization we

Figure 4. Sketch of coordinate‐following average interpretation, where the average is here assumed to be a box filter along
the x‐dimension with width 2δx. The thin black lines show iso‐surfaces of the vertical coordinate “r” in (x‐z) space, with the
cyan line indicating a specific r‐surface for which r = r′. In the coordinate‐following average interpretation, a model variable
at the point (x′, r′) then represents an average of the original field along the r‐surface r = r′ between x′ − δx and x′ + δx—
that is the surface highlighted by the thick red line.

Figure 5. Sketch of the Eulerian average interpretation, where the average is again assumed to be a box filter along the x‐
dimension with width 2δx. The thin black lines show iso‐surfaces of the vertical coordinate “r” in (x‐z) space, with the cyan
line highlighting a specific r‐surface with r = r′. In the Eulerian‐mean interpretation, a model variable at the point (x′, r′)
represents an average of the original field taken at fixed height between x′ − δx and x′ + δx— that is the surface highlighted
by the thick red line. An exception is the model's cross‐coordinate velocity, ̃̇r, which is defined as in Equation 36 as the rate of
change of r following the Eulerian‐mean flow.
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set ̃̇r = ṙ#z = 0, which in this interpretation implies that the vertical coordinate follows the Eulerian mean flow
(i.e., between remapping steps the coordinate is Lagrangian with respect to the Eulerian mean flow rather than the
full unaveraged flow). Notice also that in hybrid coordinate models where the coordinate follows isopycnals in the
interior, we set r = b( θ̃, S̃, z) = b(θz,Sz, z) , that is the vertical coordinate is itself defined in terms of averaged
quantities (which guarantees that model variables will be smooth along the model coordinate surfaces).

However, the implementation of GM in MOM6 and HYCOM is inconsistent with the Eulerian mean continuity
Equation 31, which does not contain an eddy term. Instead, the “advective” effect of eddies appears as a skew flux
contribution to the eddy term in the tracer equations in this interpretation, which could be parameterized as in z‐
coordinate models via either an antisymmetric component to the eddy diffusivity tensor or a 3D eddy advection,
as done in the MPAS ocean model.

The interpretation of themodel variables as Eulerian averages is arguably desirable for the justification of boundary
conditions and boundary layer parameterizations,which are generally formulated assuming theEulerianmean flow
as given. Inmodels, such asMPAS, that implement GMvia a divergence‐free advection in the continuity equation,
the Eulerian mean interpretation therefore is a convenient choice. However, for numerical reasons, the same
implementation of GMwould be disadvantageous in semi‐Lagrangian models with isopycnal target coordinates in
the ocean interior, such and MOM6 and HyCOM. We will elaborate on this issue in Section 6.

5.2.4. Interpretation in Terms of Isopycnal TWA Equations

If the GM parameterization is not used (i.e., uGM = 0), Equations 74–78 can also be interpreted in terms of the
isopycnal TWA (Equations 25–29 with a → b), as sketched in Figure 6. In this interpretation, z̃ = zb, ũ, = ûb,
̃̇r = ṙ#b, c̃ = ĉb, ̃̇c = ̂̇c

b
, p̃ = pb, ρ̃ = ρ̂b and F̃x/y = F̂x,y

b
. The tracer diffusion needs to capture the isopycnal

TWA eddy tracer flux, that is ∇ ⋅ (D∇ c̃) = − ∇b ⋅ Ĵc
b
. Treating the diffusivity tensor D as symmetric then

implies that we are ignoring any potential skew‐flux contribution to Ĵc
b
. Finally, the viscous stress tensor needs to

generally represent both the advective isopycnal TWA eddy momentum fluxes and the eddy form stress (i.e.,

∇ ⋅ τu∕v = − ∇b ⋅ ̂Eu∕v
b
). When using semi‐Lagrangian time‐stepping, where we set ̃̇r = 0, the implication of the

isopycnal‐TWA interpretation is that the vertical coordinate is Lagrangianwith respect to the isopycnal TWA flow.

A potential caveat of the isopycnal TWA interpretation is that bulk formulas and boundary layer parameteri-
zations tend to be formulated in terms of Eulerian mean quantities, which are not available in this formulation.

Figure 6. Sketch of isopycnal average interpretation, where the average is again assumed to be a box filter along the x‐
dimension with width 2δx. Isopycnal surfaces (i.e., surfaces of constant b) are sketched as dashed lines. The solid black lines
show iso‐surfaces of the vertical coordinate “r,” with the cyan line highlighting the specific r‐surface with r = r′. In the
isopycnal mean interpretation, a model variable at the point (x′, r′) represents an average of the original field taken along a
buoyancy surface between x′ − δx and x′ + δx— that is the surface highlighted by the thick red line. An exception is again the
model's cross‐coordinate velocity, ̃̇r, which is defined as the rate of change of r following the isopycnal thickness weighted
mean flow (see Equation 22).
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Perhaps more importantly, however, the implementation of the “GM” parameterization in Equations 74–78 is
again generally inconsistent with the isopycnal TWA interpretation. Specifically the appearance of a “GM” eddy
advection term in the continuity equation is again inconsistent with the isopycnal TWA equations which do not
include an eddy contribution in the continuity equation (Equation 25 with a → b). Instead, the effect of
mesoscale eddies in reducing isopycnal slopes would need to be parameterized via the eddy form stress in the
momentum equations (which in turn drives an ageostrophic circulation that tends to flatten isopycnals). A form‐
stress parameterization (that achieves a similar effect as the GM parameterization) can be implemented via an
enhanced vertical viscosity (see P. Rhines & Young, 1982; Greatbatch & Lamb, 1990; Ferreira &Marshall, 2006;
Zhao & Vallis, 2008; Loose et al., 2023).

5.2.5. Interpretation in Terms of Mixed Eulerian/Isopycnal TWA

Without the GM parameterization, and assuming the quasi‐Stokes advection in Equations 56 and 57 to be
negligible (i.e., u∗ ≈ 0 and ṙ∗ ≈ 0), the model Equations 74–78 can also be interpreted in terms of the mixed
Eulerian/isopycnal average in Equations 56–60. In this interpretation, which is sketched in Figure 7, z̃ = z,

ũ = uz, ̃̇r = ṙ#z, c̃ = ĉb
#
, ̃̇c = ̂̇c

b#
, p̃ = pz, ρ̃ = ρz and F̃x/y = Fx,y

z. The tracer diffusion then needs to capture

the isopycnal TWA eddy tracer flux (i.e., ∇ ⋅ (D∇ c̃) = − ∇ ⋅ Ĵc
b#
) (where a symmetric diffusivity tensor again

amounts to neglecting any skew‐flux contribution to Ĵc
b#
), and the viscous stress tensor needs to represent the

Eulerian eddy momentum fluxes (i.e., ∇ ⋅ τu∕v = − ∇ ⋅ Ju∕vz). In semi‐Lagrangian time‐stepping, where we set
̃̇r = 0, the implication is that the coordinate follows the Eulerian mean flow.

Unfortunately, the mixed interpretation is still not consistent with the model Equations 74–78 when the GM
advection is included. While the appearance of the horizontal eddy advection in the continuity and tracer
Equations 56 and 57 is consistent with the GM implementation in MOM6, the continuity and tracer equations in
the mixed interpretation also include the vertical eddy advection, while the momentum equations do not. That is,
in Equations 74 and 75 we would need to assume ̃̇r = ṙ#z + ṙ∗ to achieve consistency with the mixed inter-
pretation, but in Equations 76 and 77 we would need to assume ̃̇r = ṙ#z, so there is no choice of ̃̇r that leads to a
complete consistent set of equations.

Similar to the Eulerian mean interpretation, the model equations could be made consistent with the mixed
Eulerian/isopycnal TWA formulation by including a 3‐dimensional divergence‐free eddy advection (representing

Figure 7. Sketch of the mixed Eulerian/isopycnal average interpretation, where the average is again assumed to be a box filter
along the x‐dimension with width 2δx. Isopycnal surfaces (i.e., surfaces of constant b) are sketched as dashed lines. The solid
black lines show iso‐surfaces of the vertical coordinate “r,” with the cyan line highlighting the specific r‐surface with r = r′. In
the mixed interpretation, the tracer variables at the point (x′, r′) represent a thickness‐weighted average of the original fields
taken along a buoyancy surface between x′ − δx and x′ + δx— that is the surface highlighted by the dashed red line, while the
velocities, pressure and density are averaged at fixed height —that is along the solid red line. An exception is again the model's
cross‐coordinate velocity, ̃̇r, which is defined as the rate of change of r following the Eulerian mean flow (see Equation 36).
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u∗ and ṙ∗ in Equation 57) in the tracer equations, and either including the same 3‐dimensional eddy advection in
the continuity equation, or removing the eddy advection in the continuity equation altogether (A divergence‐free
eddy advection has no effect in the continuity equation.)

6. Conclusions
We derived and discussed the arbitrarily averaged equations in generalized vertical coordinates (Equations 25–
29). The equations can be written in a form that mirrors the unaveraged equations, with a relatively straight-
forward interpretation of the “resolved” variables (which, however, are not all directly equal to the average of the
respective variable) plus additional eddy forcing terms that can be written in the form of eddy flux divergences.
These eddy flux divergences are fundamentally coordinate‐system independent, but instead depend on the
averaging coordinate. The implication is that eddy parameterizations need to be developed specific to the choice
of average but not the choice of the model coordinate (Although certain averaging choices may be more natural
and/or numerically advantageous for different model coordinate systems.)

We also considered special cases for common averages (Eulerian and isopycnal) and formulated the resulting
equations in generalized and specific coordinate systems, which allows us to (a) recover known results for iso-
pycnal and Eulerian mean equations and (b) consider candidates for the interpretation of existing generalized
vertical coordinate models.

Various interpretations (Eulerian mean, isopycnal TWA, or a mixed Eulerian/isopycnal interpretation) are
consistent with the existing generalized vertical coordinate model formulations if no GM parameterization (or
interface‐height diffusion) is used, and the eddy form stress and/or skew fluxes are assumed to be negligible (as
may be appropriate for “eddy resolving” models).

However, no interpretation has been found that is consistent with the implementation of the GM parameterization
(or interface height diffusion) as a 2D divergent eddy advection in the continuity and tracer equations (as used in
MOM6 and HyCOM). This lack of a physical interpretation severely limits our ability to improve or test the
parameterizations. We therefore suggest that implementation of the “GM” parameterization (or a dynamically
similar parameterization of the form stress—e.g., Greatbatch & Lamb, 1990; Loose et al., 2023) in generalized
vertical coordinate models should be modified to match one of the interpretations discussed in this paper. The
candidates are essentially the same as for z‐coordinate models, although numerical considerations may make an
isopycnal TWA interpretation particularly desirable for semi‐Lagrangian discretizations (as used in MOM6 and
HYCOM) where the vertical coordinate approximately follows isopycnals in the interior.

Consistency with both the Eulerian mean and the mixed Eulerian/TWA interpretation can be achieved by
implementing the GM parameterization via a 3D divergence‐free advection (or, equivalently, a skew flux) in the
tracer equation only, as done in the MPAS ocean model. In semi‐Lagrangian models, this implementation would
imply that the vertical coordinate follows the Eulerian mean flow.

For models that use isopycnal target‐coordinates in the interior, it is, however, numerically advantageous for the
Lagrangian coordinate to follow the residual flow (as this requires no re‐interpolation in an adiabatic isopycnal
limit). This goal can be achieved by using the isopycnal TWA interpretation, in which case the GM parameter-
ization needs to be replaced with a closure in the momentum equations, for example, following Greatbatch and
Lamb (1990). Such a closure has recently been implemented in MOM6 and tested successfully in a purely iso-
pycnal configuration (Loose et al., 2023). Since the eddy form stress depends on the choice of averaging, and not
the model coordinate system, the same closure should readily be applicable in generalized vertical coordinates.

The interpretation of generalized vertical coordinate models in terms of a coordinate‐following average is also
interesting to entertain, as it most naturally conforms to the model's numerics. Indeed, the finite volume dis-
cretization naturally implies a volume‐weighted grid‐box average following the model coordinate (Griffies
et al., 2020). For a hybrid isopycnal‐z‐coordinate model, the coordinate‐following average also has the advantage
that it naturally reduces to an Eulerian average near the surface and where stratification vanishes (which is useful
for parameterizations in those regions). The major hurdle, however, is that the parameterizations will have to be
“coordinate system aware,” which is expected to significantly complicate parameterization development.

We focus in this paper on conservative “thickness‐weighted” averages with the generalized thickness defined as
∂az for any averaging coordinate, a. As discussed in Loose et al. (2023) for the specific case of isopycnal
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averaging, any non‐thickness weighted average following a coordinate surface with non‐constant thickness (i.e.,
∂az≠ const.) is non‐conservative and hence leads to non‐conservative equations for the mean quantities.
Accepting this major limitation, one could interpret the velocities in isopycnal and perhaps generalized vertical
coordinate models as non‐thickness‐weighted isopycnal averages, which then introduces the bolus transport into
the thickness weighted continuity and tracer equations. As discussed in Appendix C, this interpretation is
arguably the most consistent with the implementation of the “GM” parameterization in existing isopycnal co-
ordinate models, although we consider the non‐conservative nature of the equations to be highly undesirable. For
generalized vertical coordinate models this interpretation moreover leads to an inconsistency in the treatment of
the vertical velocity between the continuity and momentum equations.

We end by noting that consistency of the model equations with the averaged equations is not just desirable for
theoretical reasons but is fundamental for parameterization development, which relies on a clear definition of the
eddy terms that need to be parameterized. The need for a consistent and agreed upon definition is particularly
urgent given the recent rise in data‐driven parameterization development, where parameterizations are “trained”
offline based on filtered high‐resolution data sets (e.g., Bachman et al., 2015, 2020; Guillaumin & Zanna, 2021;
Perezhogin et al., 2023; Zanna & Bolton, 2020; Zhang et al., 2023). When applied online, these parameterizations
can only be expected to be successful if the numerical model formulation is consistent with the filtering operation
assumed in the training of the parameterizations.

Appendix A: The Averaged Pressure Gradient

Using that ∂x|z = ∂x|r − (∂x|rz)(∂rz)
− 1∂r and assuming a Reynolds average, the thickness weighted pressure

gradient acceleration and be written as

zrr∂̂x|zp
r
= zr∂x|zp

r
(A1a)

= zr∂x|rp
r
− ∂rp ∂x|rz

r
(A1b)

= ∂x|r (zrp
r) − ∂r (p∂x|rz

r
) (A1c)

= ∂x|r (zr
rpr) − ∂r (pr∂x|rz

r) + ∂x|r ( z′rp′r) − ∂r (p′∂x|rz′
r
) (A1d)

= zrr∂x|rp
r − ∂rpr∂x|rz

r + ∂x|r ( z′rp′r) − ∂r (p′∂x|rz′
r
) (A1e)

= zrr∂x|zr p
r + ∂x|r ( z′rp′r) − ∂r (p′∂x|rz′

r
) (A1f)

and similarly for the y‐component. The general form (not assuming a Reynolds average) is readily obtained by
substituting z′rp′r → zrpr − zrrpr and p′∂x|rz′

r
→ p∂x|rz

r
− pr∂x|rzr.

The pressure gradient acceleration can alternatively be expressed (again, assuming a Reynolds average) as

∂̂x|zp
r
= ∂x|zp

r
+

1
zrr
z′r ∂x|zp′r (A2a)

= ∂x|rp
r + ρg∂x|rz

r
+

1
zrr
z′r ∂x|zp′r (A2b)

= ∂x|rp
r + ρ̂rg∂x|rz

r + ρ′′g∂x|rz
r
+

1
zrr
z′r ∂x|zp′r (A2c)

= ∂x|zr p
r + ρ′′g∂x|rz

r
+

1
zrr
z′r ∂x|zp′r (A2d)
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(and analogously for ∂̂y|zp
r
). Notice that the mean part of the pressure gradient force is given by the gradient

of the mean pressure at fixed zr. The second term on the RHS of Equation A2d is equal to the difference
between the mean pressure gradient at fixed z and the gradient of the mean pressure at fixed zr:
∂x|zp

r
− ∂x|zr pr. The specific form of this term was here derived assuming that ρ̂r∂x|rz

r
= ρ̂r∂x|rz

r (in the
step leading to A2c), which, in addition to the usual Reynolds properties, requires that 1/ zrr = 1/ zr.
Although not formally a Reynolds property, this assumption holds for commonly used Reynolds averages
(such as ensemble or zonal averages). More generally, the term simply becomes ρg∂x|rz

r
− ρ̂rg∂x|rzr. The last

term on the RHS of Equation A2d can be directly related to the geostrophic eddy thickness flux:
z′r ∂x|zp′r = f ρ0z′r v′g

r, where we assumed that f ≠ 0. For a spatial filter that is not a Reynolds average, this
term becomes zr∂x|zp

r
− zrr∂x|zp

r
= f ρ0 (zrvgr − zrrvgr) .

Appendix B: Derivation of Equation 21
Using the following identities

∂a = (∂ra)− 1∂r, ∇a = ∇r − (∇ra)(∂ra)− 1∂r, ∂t|a = ∂t|r − (∂t|ra)(∂ra)
− 1∂r, (B1)

we find

∂t|a (za
a ĉa) + ∇a ⋅ (zaaûa ĉa) + ∂a(zaa ̂̇a

a
ĉa) = ∂t|r (za

a ĉa) − (∂ra)− 1 (∂t|ra)∂r (za
a ĉa)

+∇r ⋅ (zaaûa ĉa) − (∂ra)− 1∇ra ⋅ ∂r (zaaûa ĉa)

+ (∂ra)− 1∂r(zaa ̂̇a
a
ĉa).

(B2)

With zar ≡ ∂rza = ∂aza∂ra = zaa∂ra we then get

zar
zaa

[∂t|a (za
a ĉa) + ∇a ⋅ (zaaûa ĉa) + ∂a(zaa ̂̇a

a
ĉa)] = ∂ra ∂t|r (za

a ĉa) − (∂t|ra)∂r (za
a ĉa)

+ ∂ra∇r ⋅ (zaaûa ĉa) − ∇ra ⋅ ∂r (zaaûa ĉa)

+ ∂r(zaa ̂̇a
a
ĉa) (B3a)

= ∂t|r ( z
a
r ĉ
a) − ( zaa ĉa∂t|r (∂ra) + ∂t|ra ∂r (za

a ĉa))

+∇r ⋅ ( zar û
a ĉa) − (zaaûa ĉa ⋅∇r (∂ra) + ∇ra ⋅ ∂r (zaaûa ĉa))

+ ∂r(zaa ̂̇a
a
ĉa) (B3b)

= ∂t|r ( z
a
r ĉ
a) + ∇r ⋅ ( zar û

a ĉa)

+ ∂r(− zaa ĉa∂t|ra − za
aûa ĉa ⋅∇ra + zaa ̂̇a

a
ĉa) (B3c)

= ∂t|r ( z
a
r ĉ
a) + ∇r ⋅ ( zar û

a ĉa) + ∂r (zar ṙ
#a ĉa) (B3d)

with ṙ#a as defined in Equation 22.

Journal of Advances in Modeling Earth Systems 10.1029/2024MS004506

JANSEN ET AL. 23 of 28

 19422466, 2024, 12, D
ow

nloaded from
 https://agupubs.onlinelibrary.w

iley.com
/doi/10.1029/2024M

S004506 by U
niversity O

f C
hicago L

ibrary, W
iley O

nline L
ibrary on [17/12/2024]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



Appendix C: Semi‐Thickness‐Weighted Averaging
Adcroft et al. (2019) argue that the GM advective velocity in MOM6 is to be interpreted in terms of the “bolus”
velocity, which in turn is usually defined as the difference between the thickness‐weighted and non‐thickness‐

weighted isopycnally averaged velocity, that is, ub = ûb − ub = u′z′b
b
/ zbb, where the second equality assumes

a Reynolds average (P. B. Rhines, 1982; McDougall & McIntosh, 2001; Vallis, 2006). The bolus velocity
appears in the continuity and tracer equations if (and only if) they are averaged along isopycnals with thickness‐
weighting, but the velocities solved for in the momentum equations represent non‐thickness‐weighted isopycnal
averages. These semi‐thickness‐weighted isopycnal average equations are derived in this Appendix. The
derivation follows the same approach as taken in the main part of this manuscript, that is we first take the
average of the equations in isopycnal (b) coordinates, and then transform the averaged equations into gener-
alized (r) coordinates. For simplicity we here assume a Reynolds average. The generalization to a non‐
Reynolds average works analogously to the results in the main manuscript and does not affect any of our
conclusions.

Combining the thickness‐weighted average continuity and tracer (Equations 8 and 9 with r → b), with a non‐
thickness weighted average of the momentum (Equations 3 and 4 with r → b), we can obtain a set of b‐
averaged equations of the following form (where for discussion purposes we will here assume b to represent a
suitably defined buoyancy variable, but formally it can be an arbitrary field that is monotonic in depth):

∂t|bzb
b + ∇b ⋅ ( zbb (ub + ub)) + ∂b

⎛

⎜
⎝zbb

⎛

⎜
⎝ ḃ

b
+ ḃb

⎞

⎟
⎠

⎞

⎟
⎠ = 0 (C1)

∂t|b ( zb
b ĉb) +∇b ⋅ ( zbb (ub + ub) ĉb) + ∂b

⎛

⎜
⎝zbb

⎛

⎜
⎝ ḃ

b
+ ḃb

⎞

⎟
⎠ ĉb

⎞

⎟
⎠ = − zbb∇

b ⋅̂JC
b
+ zb ċ

b
(C2)

∂t|bu
b + ub ⋅∇bub + ḃ

b
∂bub − f vb = − u′ ⋅∇bu′b − ḃ′∂bu′

b
− ρ− 10 ∂x|zp

b
+ Fx

b (C3)

∂t|bv
b + ub ⋅∇bvb + ḃ

b
∂bvb + f ub = − u′ ⋅∇bv′

b
− ḃ′∂bv′

b
− ρ− 10 ∂y|zp

b
+ Fy

b (C4)

∂bpb = − ρ̂bgzbb (C5)

where ḃb = z′b ḃ
′b
/ zbb, and the pressure gradient term can be expressed in b‐coordinates as

∂x|zp
b
= ∂x|bp

b + ρg∂x|bz
b

(C6a)

= ∂x|bp
b + ρ̂bg∂x|bz

b + ρ′′g∂x|bz
b

(C6b)

= ∂x|zb p
b + ρ′′g∂x|bz

b, (C6c)

and similarly for ∂y|zp
b. The eddy term in Equation C6c vanishes if ρ is constant along b‐surfaces (as is the case

for a linear equation of state with a buoyancy variable defined via Equation 43).

Notice that the eddy momentum flux contributions in Equations C3 and C4 are not in the form of a flux‐
divergence and are hence not conservative, as pointed out by Loose et al. (2023). This is in disagreement with
the usual implementation of the eddy stress in numerical ocean models. Moreover, the appearance of the bolus
transport in the continuity equation leads to additional non‐conservative terms in the momentum budget, asso-
ciated with the divergence of the bolus transport, which becomes apparent when formulating the momentum
equations in flux form:
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∂t|b ( zb
bub) + ∇b ⋅ ( zbbubub) + ∂b

⎛

⎜
⎝zbb ḃ

b
ub
⎞

⎟
⎠ + ub∇b ⋅ ( zbbub) + ub∂b(zbb ḃb) − f zbbvb

= − zbbu′ ⋅∇bu′b − zbb ḃ
′∂bu′

b
−
zbb

ρ0
∂x|zp

b
+ zbbFx

b

(C7)

∂t|b ( zb
bvb) +∇b ⋅ ( zbbubvb) + ∂b

⎛

⎜
⎝zbb ḃ

b
vb
⎞

⎟
⎠ + vb∇b ⋅ ( zbbub) + vb∂b(zbb ḃb) + f zbbub

= − zbbu′ ⋅∇bv′
b
− zbb ḃ

′∂bv′
b
−
zbb

ρ0
∂y|zp

b
+ zbbFy

b

(C8)

Despite these shortcomings, Equations C1–C5 offer arguably themost obvious interpretation of existing isopycnal

coordinatemodels that solveEquations74–78with r → b. In this interpretation, z̃ = zb, ũ = ub, ̃̇b = ḃ
b
, c̃ = ĉb,

̃̇c = ̂̇c
b
, p̃ = pb, ρ̃ = ρ̂b, F̃x/y = Fx,y

b, uGM = ub and we need to assume that ḃb ≈ 0, which is a reasonable
assumption in the ocean interior, where mesoscale eddies are assumed to be largely adiabatic. As pointed out
above and in Section 5.2, the eddy bolus/GMadvection does neither conservemomentum in the averaged equations
nor in the model formulation, which is at least consistent. The tracer diffusion needs to capture the isopycnal

TWA eddy tracer flux (i.e., ∇ ⋅ (D∇ c̃) = − ∇ ⋅ Ĵc
b
), and the divergence of the viscous stress tensor needs to

represent the advective eddy momentum tendencies and any eddy contributions to the pressure gradient term (i.e.,

∇ · τu = − u′ ·∇bu′b − ḃ′∂bu′
b
− ρ− 10 ρ′′g∂x|bz

b and ∇ · τv = − u′ ·∇bv′
b
− ḃ′∂bv′

b
− ρ− 10 ρ′′g∂y|bz

b)—the
non‐conservative parts of the eddy momentum tendencies hence need to be assumed negligible.

To express the momentum Equations C3 and C4 in an arbitrary vertical coordinate r, we use that

Dbub

Dt
≡ ∂t|bu

b + ub ⋅∇bub + ḃ
b
∂bub (C9a)

= ∂t|ru
b − ∂t|rb(∂rb)

− 1∂rub + ub ⋅∇rub

− (ub ⋅∇rb)(∂rb)− 1∂rub + ḃ
b
(∂rb)− 1∂rub

(C9b)

= ∂t|ru
b + ub ⋅∇rub − (∂rb)− 1

⎡

⎢
⎣∂t|rb + ub ⋅∇rb − ḃ

b⎤
⎥
⎦∂rub (C9c)

= ∂t|ru
b + ub ⋅∇rub + ṙ†b∂rub (C9d)

where

ṙ†b ≡
Dbr
Dt

(C10a)

= ∂t|br + ub ⋅∇br + ḃ
b
∂br (C10b)

= − (∂rb)− 1
⎡

⎢
⎣∂t|rb + ub ⋅∇rb − ḃ

b
⎤

⎥
⎦ (C10c)

is the Lagrangian rate of change of r following the non‐thickness‐weighted b‐averaged flow.

Using Equation C9 to express the non‐thickness‐weighted momentum (Equations C3 and C4) in generalized
vertical coordinates, and combining with the thickness‐weighted continuity equation, tracer equation, and hy-
drostatic balance in arbitrary vertical coordinates (Equations 25, 26 and 29), we can write the semi‐thickness‐
weighted b‐averaged equations in generalized vertical coordinates as
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∂t|r ( z
b
r ) + ∇r ⋅ ( (ub + ub) zbr ) + ∂r (z

b
r ṙ

#b
) = 0 (C11)

∂t|r ( z
b
r ĉ
b) + ∇r ⋅ ( zbr (u

b + ub) ĉa) + ∂r (zbr ṙ
#b ĉb) = − zbr∇

b ⋅ Ĵc
b
+ zbr ̂̇c

b
(C12)

∂t|ru
b + ub ⋅∇rub + ṙ†b∂rub − f vb = − u′ ⋅∇bu′b − ḃ′∂bu′

b
− ρ− 10 ∂x|zp

b
+ Fx

b (C13)

∂t|rv
b + ub ⋅∇rvb + ṙ†b∂rvb + f ub = − u′ ⋅∇bv′

b
− ḃ′∂bv′

b
− ρ− 10 ∂y|zp

b
+ Fy

b (C14)

∂rpb = − ρ̂bg∂rzb, (C15)

where the pressure gradient term can be written in r‐coordinates as

∂x|zp
b
= ∂x|rp

b + ρ̂bg∂x|rz
b + ρ′′g∂x|bz

b
. (C16)

We again keep the eddy terms in b‐coordinates as their effects need to be parameterized.

The semi‐thickness‐weighted b‐averaged Equations C11–C15 closely resemble the equations solved by MOM6
and HYCOM (Equations 74–78). However, the effective “vertical” velocities appearing in the continuity and
tracer versus momentum equations again differ. To interpret the existing model equations in terms of the semi‐
thickness weighted isopycnal average, we would need to assume that ̃̇r = ṙ#b = ṙ†b, but generally ṙ#b ≠ ṙ†b.
Notice that the formulation of HYCOM and MOM6 evolved from isopycnal coordinate models (i.e., r = b) in

which case ḃ
#b
= ḃ

†b
as long as the eddies are adiabatic— this is the case discussed above. For a general vertical

coordinate, however, ṙ#b ≠ ṙ†b, even for adiabatic flow. When using semi‐Lagrangian time‐stepping, setting
ṙ#b = 0 in the continuity equation implies that the coordinate follows the thickness‐weighted average flow. We
then cannot also set ṙ†b = 0 in the momentum equation (which in turn would require the coordinate to follow the
non‐thickness‐weighted flow), unless we assume the two flows to be the same (i.e., the bolus transport is not
parameterized at all). This inconsistency, together with the non‐conservative form of the momentum equations
and the eddy momentum flux, leads us to conclude that an interpretation of the generalized vertical coordinate
model equations in terms of the semi‐thickness‐weighted isopycnal average equations is neither desirable nor
fully consistent with the existing model implementations.

Data Availability Statement
Scripts to create the plots in Figures 1 and 2 can be found at Jansen (2024).
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