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of free energy on S at extrema S; as a function of U. c¢) Phase energy as a
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yellow) nematic-isotropic phase transition temperature. d) The equilibrium order
parameter as a function of U. The change of S is discontinuous at phase transition

The depictions of the six basic curvature strains in Equation 1.14 (left column)
and the graphic visualizations (right) of the three basic elastic deformations:
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a) The four rows show results corresponding to N = 3,3.5,4 and 6, respectively.
Column 1: director fields of ChLC droplets for various values of N. Point defects
are shown in red (isosurface for S = 0.5). The director field is colored according
to its projection onto the y-axis. In the image corresponding to N = 3.5, the
dashed lines connect two surface point defects with the center of the droplet.
The angle between these two dashed lines is defined as 6. Column 2 : splay-bend
isosurfaces of ChLC droplets. The splay elastic distortion is shown in black (blue
online) (Sgg > 0.0014) and the bend elastic distortion is shown in grey (yellow
online) (Sgg < —0.0014). Column 3: polarization graphs obtained for incident
light along the y-axis. Column 4: experimental images for droplets of different
chirality. b) Dependence of # on N. c¢) Positioning of two colloids at the surface
defects of droplet with N = 3.9 (left: simulation, right: combined fluorescence
and bright field micrographs). d) Simulated polarization graph and experimental
image for RSS droplet (N = 10). (Scalar bar: 5um.) . . . ... ... ... ...
ChLC droplets (W = 2.5 x 1073 J/m?) with two nanoparticles (Wpart = 0) at
the interface with antipodal positions. The director fields are colored by their
projections onto the z-axis. a) - d) correspond to droplet director fields for in-
creasing N. e) The graph shows the dependence of elastic energies as a function
of N. The total elastic free energy finds its minimum near N =2.5. . . . . . . .
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respectively. The director fields are colored by their projections onto the y-
axis. e) The graph shows the dependence of elastic energies as a function of
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deforms near droplet surface. g) The dependence of elastic energy (contribution
of both elasticity and chirality), surface energy and total free energy as a function
of anchoring strength. The inset graph shows that for the bent structures with
W above 5.0 x 107°J/m?, § increases as W increases. . . . . .. ........
Results of simulations of cholesteric droplets. (a) The zz cross-section of a CLC
droplet for R = 2pum and N = 16. The director field is colored according to
its projection on the y-axis. The splay and bend distortions are shown in blue
(Sgg > 0.0014) and yellow (Sgg < 0.0014), respectively. b) The variations of
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The evolution of local average period py,, estimated by maxima and minima of
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DSS: Diametrical Spherical Structure, RSS: Radial Spherical Structure, and UN:
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a) Schematic diagrams for h, R and A. b) Free-energy density graph as a function
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of two curves demonstrates BS-to-TeS transition at «* ~ 0.5. The inset graph
shows the dependence of transition thickness u* on the droplet radius R. c¢)
d-u phase diagram for non-chiral nematic shell. Red diamond, blue circle and
black triangular correspond to TeS, BS and trigonal structure (TrS). d) Left and
middle: simulation results of tetravalent structures (TeS) with u = 0.429 (left:
d = 0, middle: d = 0.667). Director fields on the outer surface are shown in
black lines. Right: cross-polarized light image of TeS configuration observed in
experiments. Scale bar: 200 yum. e) Left and middle: bipolar structures (BS)
with u = 0.643 (left: d = 0, middle: d = 0.667). The director fields are on z-z
plane, colored by the projection to z-axis. Right: cross-polarized light image of
BS configuration. Scale bar: 100 pm. For both d) and e), the defects are shown
in red (isosurface for S = 0.5 with Sy = 0.762); the splay and bend elastic
distortions are shown in blue (Sgg > 0.002) and in yellow (Sgg < —0.002),
respectively. . . . . . L
a) and b) Shell configurations (from left to right: TeS, BS, Bent structure, RSS,
BS and TeS) with different chiralities (N = 4R/p) and shell thicknesses (u =
h/R). Director fields on the outer surface are shown in black lines. Defects are
in red. The splay and bend elastic distortions are shown in blue (Sgg > 0.002)
and in yellow (Sgg < —0.002), respectively. ¢) Graph of © as a function of N
for droplet (red circle) and uniform shell with (u = 0.43) (green triangle). d)
The u-N phase diagram for concentric shells. Red diamond, blue circle, yellow
square and magenta triangle correspond to TeS, BS, bent structure (BeS) and
RSS, respectively. ¢ = h/p = uN/4 represents the shell chirality. . . . . . . . ..
a) d-u phase diagram for chiral nematic shell (N = 4). Red diamond, blue circle,
black triangle and yellow square correspond to TeS, BS, TrS and bent structure
(BeS), respectively. b) Diagram of the relative energetically favorable position d
for different shell thickness. Inset images are representative shell configurations
for TrS (v = 0.14, d = 1), BS (v = 0.5, d = 0) and BeS (u = 0.79, d = 0.32).
Director fields on the outer surface are shown in black lines. Defects are in red.
The splay and bend elastic distortions are shown in blue (Sgg > 0.002) and in
yellow (Sgg < —0.002), respectively. . . . . . ... ... Lo

viil



3.4

4.1

4.2

4.3

4.4

4.5

a) Representative shell configurations (N = 8) with minimum energies for varying
thicknesses. In the first row, the director fields are on z-z plane, colored by
the projection to y-axis. In the second row, director fields are on the outer
surface, defects are in red and splay-bend elastic distortions are shown in blue
(Sgg > 0.002) and in yellow (Sgg < —0.002). b) 2D map of © with different
d = A/h and u = h/R. c) Diagram of energetically favorable positions d for
different shell thickness with NV = 8. Inset graph shows how © of corresponding
configurations varies as w increases. . . . . . . . . . . ..o

Schematic representation of homogeneous tetravalent shells with two pairs of
defects shown in blue and red circles. Each pair is connected by the director
streamline in black. a) Homogeneous nematic shell with no external field and Cy,,
axis parallel to z-axis. b) Same configuration as a) but with Cy axis parallel to z-
axis. c-d) Intermediate shell configuration during evolution upon the application
of strong uniform external field along z-axis, Cy,, and C axis respectively. e) Final
equilibrium bipolar configuration with strong uniform external field applied along
Z-AXIS. . ..o
a) Director orientation of —1—% defect, denoted by the arrow. b-c) Planar soli-
tons produced by a field parallel and perpendicular to the +% defect orientation.
In both cases, Helfrich walls appear, with one parallel to B (b) and the other
perpendicular to B (¢). . . . . . ..
Reorientation of an homogeneous nematic shell under uniform magnetic field
along C9, axis. a-d) The director fields on the outer surface at 0, 3000, 13000,
44000 iteration steps. The defects are shown in red (isosurface for S = 0.5);
the splay and bend elastic distortions are shown in blue (Sgp > 0.005) and in
yellow (Sgg < —0.005), respectively. e) Top view of the director field and the
bend-splay Helfrich wall of b). f) Experimental observations of defect motions
upon the application of magnetic field with initial tetrahedron shell focusing on
a upper right +% defect. . . . . . .
Reorientation of an homogeneous nematic shell under uniform magnetic field
along Cy axis. a-d) The director fields on the outer surface at 0, 3000, 13000,
44000 iteration steps. The defects are shown in red (isosurface for S = 0.5); the
splay and bend elastic distortions are shown in blue (Sgg > 0.005) and in yellow
(Sgg < —0.005), respectively. e-h) The top views of director fields correspond-
ing to a-d). f) Experimental observations of defect motions upon application of

magnetic field with initial tetrahedron shell focusing on a upper right —1—% defect.

a) Schematic representation of an inhomogeneous tetravalent shell with two pairs
of defects (in blue and red circles) localized in the thinner part of shells. Each
pair is connected by a director streamline in black. b) Sketch of director fields
of the inhomogeneous tetravalent shells with the direction of defect pair in blue
denoted as x axis. The defect orientations are denoted by arrows. ¢) Schematic
representations of defect motions when the external field is applied along x, vy,
and 2 aXeS. . . .. ..
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Reorientation of an inhomogeneous nematic shell under uniform magnetic field
along z axis. a) The director fields on the outer surface along z axis during the
evolution. The defects are shown in red (isosurface for S = 0.5); the splay and
bend elastic distortions are shown in blue (Sgg > 0.005) and in yellow (Sgp <
—0.005), respectively. b) The corresponding simulated polarization micrographs.
c¢) Experimental observations of defect motions upon application of magnetic field
along z axis. . . . ...
Reorientation of an inhomogeneous nematic shell under uniform magnetic field
along y axis. a-e) The director fields on the outer surface along —z axis during
the evolution. The defects are shown in red (isosurface for S = 0.5); the splay
and bend elastic distortions are shown in blue (Sgg > 0.005) and in yellow
(Sgg < —0.005), respectively. f) The director field on the outer surface along
+z axis of configuration in c¢). The bend wall is highlighted in yellow. g-h)
The simulation and experimental observations of polarization micrograph of the
configuration in ¢). i) The director field on the outer surface along x axis of
configuration in ¢). The splay wall is highlighted in blue. j) The simulation
polarization micrograph of i. . . . . . . . ... .. o
Reorientation of an inhomogeneous nematic shell under uniform magnetic field
along x axis. a) The director fields on the outer surface along z axis during the
evolution. The defects are shown in red (isosurface for S = 0.5); the splay and
bend elastic distortions are shown in blue (Sgg > 0.005) and in yellow (Sgp <
—0.005), respectively. b) The corresponding simulated polarization micrographs.
c¢) Experimental observations of defect motions upon application of magnetic field
along x axis. d) A sketch of red and blue pair defects on top of experimental image
of the inhomogeneous tetravalent nematic shell. e-f) The evolution of theta and
phi, as defined in the inset graphs, during the transformation in experiments. g)
A sketch of red and blue pair defects on top of simulated director field of the
inhomogeneous tetravalent nematic shell. h-i) The evolution of theta and phi
during the transformation in simulation. . . . . . . . .. . ... ... ... ...

a) Schematic representation of degenerate conic anchoring with preferred tilt conic
angle f. b) Schematic representation of free energy of degenerate conic anchoring
with degeneracy in the azimuthal angle (6. = 60°). c) Values of (P}, Q klpg/j —

SeqCOS2QePZ-/j)2 as a function of s for 0. = 0°,30°,45°,60°, and 90° with Seq =
2
0.5. d) Comparison between the surface free energy term of % (Qij — Q%) in

~ ~ 2 ~
Equation 1.25, <Qij - Q$> in Equation 1.26 and (Pz'/kQ/flPl/j - Seqcos296Pi’j)2
in Equation 5.1 with e = 0°,90° as a function of surface tilt angle (Seq = 0.5).
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ABSTRACT

Nematic liquid crystals (LCs) have been an area of intense investigation. In this thesis, we
employ the numerical calculations based on the Landau-de Gennes theory to model nematic
LC systems under the effect of chirality, external fields, and anchoring conditions.

In chapters two and three, we investigate the rich morphological behaviors in confined
cholesteric liquid crystals (ChLCs), arising from the balance between elasticity, chirality, and
surface energy. More specifically, a systematic study of micrometer-sized ChLC droplets and
shells is presented. In ChLC droplets, with increasing chirality, a continuous transition is
observed from a twisted bipolar structure to a radial spherical structure all within a narrow
range of chirality. During such a transition, a bent structure is predicted by simulations
and confirmed by experimental observations. The influence of chirality and surface interac-
tions are discussed in the context of the potential use of ChLC droplets as stimuli-responsive
materials for reporting molecular adsorbates. To broaden the spectrum of defect textures,
the third chapter examines more complex geometries of boundaries, shells. We propose a
dimensionless parameter to represent the chirality in shell geometry and characterize phase
boundaries in the chirality-thickness phase diagram. Importantly, we observe that, in uni-
form shells, the structural transition, in response to both chirality and shell geometry, is
accompanied by an abrupt change of defect positions. Its response to chirality is more sen-
sitive compared to that of ChLC droplet with same size, implying an enhanced performance
of the potential use as sensors. Moreover, we demonstrate that non-chiral and chiral nematic
shells exhibit distinct equilibrium positions of inner drop in shells, which are governed by
shell chirality.

In the fourth chapter, we study the effect of strong uniform magnetic field on the reori-
entations of the director fields and defects on tetravalent namatic liquid crystal shells. Two
different cases, in terms of thickness gradient, are studied: i) homogeneous shells with four
s:—i—% defects in tetrahedral arrangement, and ii) inhomogeneous shells with four —1—% defects

localized in the thinner part of the shells. Even though the defects finally move to the poles
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determined by the magnetic field in all cases, the dynamics of defect motions we observe are
extremely rich and compelling. We investigated the underlying mechanism and demonstrate
that the disclination walls, which depend on the direction of magnetic fields with respect to
the defect orientations, are essential in determining the defect motions. Moreover, we report
a hybrid-splay-bend disclination wall for the first time, to our knowledge. Our corresponding
experimental observations show a good agreement with simulation results, hence validate the
detailed structures of disclination walls and their evolution mechanisms.

The last chapter examines the evolution of defect configurations, including recently re-
ported elastic hexadecapoles and other multipoles, by tuning the preferred tilt angle of
degenerate conic anchoring. In order to gain a systematic understanding of hexadecapoles
and other related structures, a new continuum model for anchoring is introduced here at the
level of a Landau-de Gennes free energy functional. New types of angular and radial depen-
dencies for colloidal interactions are predicted and confirmed experimentally as a function
of preferred tilt angle. In particular, the new model predicts a new type of elastic dipole
whose stability decreases as preferred tilt angle increases, as well as the dipole-hexadecapole
transformation, which is confirmed by our experimental observations. Taken together, the
results of simulations and experiments presented here suggest that new and previously unan-
ticipated avenues may exist for design of self-assembled crystal lattice structures via control

of tilt angle.
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CHAPTER 1
INTRODUCTION

1.1 Nematic ordering

Liquid crystals (LCs) are states with material properties between the isotropic liquid and the
fully ordered crystals. There are many different types of liquid crystal phases. Depending
on how the transition between liquid crystal phases occurs, they are categorized as ther-
motropic LCs (driven by pure thermal processes) and lyotropic LCs (driven by the influence
of solvents). In this work, we focus on the thermotropic LCs, which are mostly composed
of rod-shaped anisotropic molecules. Distinct from isotropic molecules, they have alignment
preference along one spatial direction with their long axes roughly parallel. Thus, when a
liquid crystal phase has high degree of long-range orientational order, but no positional or-
der, it is called the nematic phase (Fig 1.1b) and the direction of average molecular ordering

is named as the director (n) [49].
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Figure 1.1: a) Isotropic phase (S = 0), b) nematic phase(0 < S < 1), ¢) twisting helix of
cholesteric LCs.



1.1.1 Scalar order parameter

To describe the orientational orders in nematic LC phases, the most common formulation

uses the average of the second Legendre polynomial [49],

<3cos 9—1 /f

where 6 is the angle between the long axis of a selected molecule and the director n; the

S = (Py(cosh)) = 30052 0 — 1) s, (1.1)

N | —
l\DI»—

bracket denotes the time average of the angles 6 over the ensemble of molecules; f(#) is the
orientational distribution function of €; and df2 is the differential of the solid angle.

The value of scalar order parameter S varies from —% to 1. It is obvious that S =1 in a
fully ordered state, where the molecules are perfectly aligned along n (6 = 0 holds true for
all molecules). Whereas, in a disordered isotropic phase (Fig 1.1), where the molecules are

randomly oriented, f(6) is constant and the order parameter S = 0 as shown in Equation

1.2.
1
1 (3cos?6—1 0do
/f 3cos 6—1) dQ) = Jo 3 (3cos ) sin f —O. (1.2)
fO sin 6df f()
The negative value of S = —% corresponds to a state where all the molecules are aligned

perpendicularly to the director, which exists only in special cases.

1.1.2 Buaxility

It is common for the nematic orientational order to exhibit biaxiality when the external
fields break the rotational symmetry of the molecular orientational fluctuations around the
director. From a crystallographic point of view, the symmetry of uniaxial LCs is D, while
that of biaxial LCs is Doy,.

The biaziality is usually denoted as P. It varies between 2 5 and — 2, where P = 0
characterizes uniaxial ordering and |P| = Corresponds to the perfect biaxial ordering along

the second director el ), which is perpendicular to n. Whereas the known nematic phases



are uniaxial in bulk, local biaxiality can develop in confined nematics and especially in the
cores of topological defects [49]. In this thesis, we always assume a uniaxial nematic (P = 0),

unless otherwise stated.

1.1.3  Chirality

Cholesteric liquid crystals (ChLCs), or chiral nematic liquid crystals, are LCs that favor a
twisted or helical structure in the bulk (also called a cholesteric phase with a single uniform
helical axis) [49, 20], as shown in Fig 1.1c. The pitch (p) of the helix is defined as the distance
along the helical axis over which the director rotates through 27 radians. Such twisted
structures can have a single uniform helical axis and reflect light selectively, thereby making
cholesteric liquid crystals prospective candidates for optical devices including displays, lasers,

waveguides, and resonators [40, 18].

1.1.4 Tensor representation

The tensor representation is defined as [49]

1 P
~0i5) + g(e(l)e(-l) — 6(2)65-2)) (1.3)

Qij = S(nyn; — 3 i € i

where 7 = z,y, z are the Cartesian components, e) is the secondary director corresponding
to biaxial ordering, and e =nxel),

It captures five degrees of freedom: two for director n, one for possible biaxial axis e(l),
one for scalar order parameter S, and one for biaxility P.

The Q tensor has several interesting properties:
1. It is symmetric, which is obvious by its definition (Q;; = Qj;).

2. It is traceless. Since n, e(l), e2) are unit vectors, n;n; = 1, ez(. e =



therefore,

1 P
Qii = S(nini — 30i) + 5

20 (eWe) _ @2y _ g1 _1) 4 §<1 1) =0 (14)

2 2 2 2

With properties 1 and 2, Q tensor has only five independent components.

3. The eigenvectors of the tensor are n, e(l), e(z), with %S, —S_TP, —% as the corre-

sponding eigenvalues.

Knowing that n, e(l), e are mutually perpendicular, we have niegl) =0, niez(g) =0,
and egl)e?) = 0, therefore,

1 P 1 2

Qijni = (S(ninj — §5ij) + g(egl)egl) - 652)652))> n; = S(n; — §n3) = §Sni (1.5)
1 1 P, ) 2) (2 1 S—P @

Qijez(- ) = (S(ninj - §5ij) + 5(62 )€§~ ) _ e( )eg- ))> el( )= _ 3 eg ) (1.6)
@ _ ool v Pom @ @) @ - S+ ()

Qije;” = <S(nzn3 — 551 )+ §<€z e =€ e )) e = — 3 e, (1.7)

In the case of uniaxial tensor (P = 0), it is easy to derive the director and order parameter

from eigen-decomposition of Q-tensor, where S is % of its largest eigenvalue and n is its

corresponding eigenvector. The derived director is ‘headless’, meaning that n and —n are

both eigenvectors and are the same.

1.1.5 Topological Defects

Generally speaking, defects are any discontinuity in orientations, i.e. any discontinuity in

the director field n(r). It could be located on a point or on a line, in which case the

defect is usually referred to as a point defect (hedgehog) or disclination line, respectively.

In the nematic phase, the defect core is like a ‘melt’region with low scalar order parameter.

Under crossed polarizers, black brushes are observed near defects. They are regions where

4



the director is either parallel or perpendicular to the polarizer or analyzer. Therefore, the
rate of the director rotation surrounding defect is proportional to number of black brushes,
which is characterized by the strength of defect, topological charge, or winding number.
Considering 2D point defect, if we keep track of the director orientations along a circular
path around this defect in a clockwise mannar, the winding number is defined as the total
angle of director rotation divided by 27. A point defect with four black brushes corresponds

to a winding number of 1 [49, 5] .

: \\ (‘