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Viscous tweezers: Controlling particles with viscosity
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Control of particle motion is generally achieved by applying an external field that acts directly on each
particle. Here, we propose a global way to manipulate the motion of a particle by dynamically changing the
properties of the fluid in which it is immersed. We exemplify this principle by considering a small particle
sinking in an anisotropic fluid whose viscosity depends on the shear axis. In the Stokes regime, the motion
of an immersed object is fully determined by the viscosity of the fluid through the mobility matrix, which we
explicitly compute for a pushpin-shaped particle. Rather than falling upright under the force of gravity, as in an
isotropic fluid, the pushpin tilts to the side, sedimenting at an angle determined by the viscosity anisotropy axis.
By changing this axis, we demonstrate control over the pushpin orientation as it sinks, even in the presence of
noise, using a closed feedback loop. This strategy to control particle motion, that we dub viscous tweezers, could
be experimentally realized in systems ranging from polyatomic fluids under external fields to chiral active fluids
of spinning particles by suitably changing their direction of global alignment or anisotropy.

DOI: 10.1103/PhysRevResearch.6.L042039

The control of small particles in a fluid is crucial in ap-
plications ranging from crystal growth [1] to drug delivery
[2,3]. It arises in diverse contexts such as sedimentation [4,5],
crystalization [1], swimming [6], or self-propulsion [7–10].

To control the state of a single particle, it is common to
apply external fields that act on the particle by enacting a force
or a torque [3], either directly or through externally imposed
gradients [10,11]. For instance, optical tweezers work because
dielectric particles are pushed upwards gradients of light in-
tensity [12,13]. Similar effects arise in gradients of other fields
such as sound intensity [14] or chemical concentration [11].
However, these effects only work on particles that can respond
to the imposed field, in the same way as dielectrics respond to
an electric field by developing a polarization.

A way to act universally on broader classes of particles
consists in directly harnessing the properties of the fluid in
which the particles are immersed. For instance, it has been
reported that spatial gradients in viscosity can be used to
guide particles in space through an effect known as vis-
cotaxis [15–26]. In parallel, in nematic liquid crystals, the
elasticity of the order parameter—the tendency of the nematic
building blocks to align with each other combined with their
tendency to be aligned (or “anchored”) in a certain way at
particle boundaries—can be harnessed to control particle mo-
tion through the orientation of the nematic director [27–37].
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Similar results have been developed for other classes of liquid
crystals [27].

In this letter, we show that manipulating the tensorial
structure of the viscosity of an anisotropic fluid implements
a way to indirectly control the motion or orientation of an
immersed object subjected to a constant force. This method is
independent of the nature of the particle and does not impose a
predetermined flow in the fluid. The basic requirement, a fluid
with a tunable axis of anisotropy, is present in systems such
as polyatomic fluids under electric or magnetic fields [38],
electron fluids [39–42], chiral active fluids of spinning par-
ticles [43–47], or so-called viscosity metamaterials, which are
complex fluids whose viscosity can be controlled by applying
acoustic perturbations [48–50]. In contrast with viscotaxis,
our method does not require gradients of viscosity. In addition,
it does not rely on the existence of nematic elasticity in the
fluid, nor anchoring boundary conditions at the surface of
the particle, as it acts only through viscous effects. Hence, we
expect it to work in any anisotropic fluid, including those like
polyatomic fluids [38] and electron fluids in anisotropic solids
[39–42], where constituents can be aligned by an external
field but (unlike nematic liquid crystals) do not have a strong
tendency to align with each other.

Stokes flow and mobility. Let us consider a small rigid
particle immersed in a viscous incompressible fluid. In this
low Reynolds number regime, the fluid flow is well-described
by the Stokes equation,

∂tvi = ∂ jσi j + fi, with σi j = −δi jP + ηi jk�∂�vk, (1)

along with the incompressibility condition ∂ivi = 0. Here, vi

is the fluid velocity, P the pressure, σi j the stress tensor, fi an
external force, and ηi jk� the viscosity tensor. The overdamped
motion of a particle in a fluid is described by the linear
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FIG. 1. Controlling the orientation of a pushpin sinking in an anisotropic fluid by changing the viscosity axis. (a) A pushpin sinking
under the force of gravity in a tank filled with fluid that is under a magnetic field (top left). The fluid is anisotropic, as it consists of elongated
molecules that align along the direction of B (top right). The pushpin is a cylindrically symmetric object, and so its orientation can be described
by two angles, θ and φ (bottom left). A given orientation of the pushpin corresponds to a point on the surface of a sphere. By changing the
direction of the magnetic field B (and thus the anisotropy axis of the fluid), we change the orientation of the pushpin as it sinks (bottom right).
(b) A fluid that microscopically obeys cylindrical symmetry about an axis, which we call B, can have three shear viscosities, μ1, μ2, and μ3.
The stress and strain rate deformations associated with each of these viscosities are pictorially shown for B̂ = ẑ. If the anisotropy axis is rotated,
as in panel (a), then so does the viscosity. (c) The orientation dynamics of a pushpin under a vertical force in an isotropic fluid, visualized on
the surface of a sphere. The orientation flows towards a fixed point at the north pole, as the pushpin rights itself up to sink vertically. (d) In an
anisotropic fluid, like the one in panel (a), one could imagine that the flow would be a rotated version of the one in panel (c). In this case, the
fixed point could shift off the north pole, causing the pushpin to fall at an angle.

equation [
V
�

]
= M(η)

[
F
τ

]
, (2)

where the 6 × 6 mobility matrix M relates the force F and
torque τ applied to the particle with its velocity V and angular
velocity � [51,52]. The form of M depends on both the geom-
etry of the object and the viscosity tensor η of the fluid. The
position and orientation of the particle can then be obtained
by integrating the velocity and angular velocity.

We focus on the orientation of a sedimenting particle that
sinks under the force due to gravity F = F ẑ. Note that here
we apply no torque (τ = 0), which is the most common way
of changing the orientation of the particle. Equation (2) then
reduces to

� = T (η)F, (3)

in which T is a subblock of M, see Appendix E. As the force
and the object are given, our only handle on the orientation
dynamics is the viscosity tensor η in Eq. (3).

Viscosity of an anisotropic fluid. In familiar fluids such
as water, this viscosity tensor reduces to one scalar coeffi-
cient, the shear viscosity μ. When the fluid is anisotropic
[for example, a fluid consisting of elongated molecules that
are aligned to an externally applied magnetic field, B, as in
Fig. 1(a)], the shear viscosity of the fluid may not be the same
in all directions, but depends on the shear axis. Assuming

that the viscosity tensor is invariant under rotations about
the anisotropy (alignment) axis, the most general equation of
motion can contain three shear viscosities (see Appendix A).
The shear stress and strain rate deformations corresponding to
these viscosities are visualized in Fig. 1(b), for an anisotropy
axis chosen along the z direction. Here, we consider Newto-
nian viscosities, which are independent of the local velocity
field and are only a function of the externally applied field, B.

In a generic fluid, the magnitude of the anisotropy could
depend on both B and on the microscopic details of the sys-
tem. Here, we separate out the orientation and magnitude: B̂
controls the direction of the anisotropy axis and ε sets the
strength of the anisotropy. In this case, the Stokes equation is

− 1

μ
∇P + 
v + εD(B̂)v = 0, (4)

where D is a matrix of second derivatives. As an example,
consider a weakly anisotropic fluid with shear viscosi-
ties μ1 = μ, μ2 = μ(1 + ε), and μ3 = μ(1 + 4

3ε) when the
anisotropy axis is along the z direction [see Fig. 1(b) and
Appendix A]. This particular form allows for analytical cal-
culations when ε is small (Appendices B–D), but our general
strategy applies to any anisotropic viscosity. The operator D
then takes the form

D(B̂ = ẑ) =
⎡
⎣∂2

z 0 −∂x∂z/3
0 ∂2

z −∂y∂z/3
0 0 
 + 2∂2

z /3

⎤
⎦. (5)
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FIG. 2. Orientation dynamics in an anisotropic fluid. (a) The phase portrait of the orientation of the pushpin can be visualized on the surface
of a sphere (top panel). In an isotropic fluid, the fixed points are at the north and south poles (black). In an anisotropic fluid, the fixed points
can shift (red). The pushpin itself is constructed out of small spheres, or Stokeslets (bottom panel). The spheres cannot move with respect to
one another, forming a rigid object. (b) The flow near the north pole, as visualized from above, in an isotropic fluid. The blue line shows a
trajectory of the pushpin orientation as it approaches the fixed point at the origin. (c) In an anisotropic fluid, the fixed point shifts off of the
origin. Here, ε = 0.1, θB = 0.1π, φB = 0.25π . (d) The position of the fixed point (φ∗, θ∗) as a function of the magnetic field (viscosity) axis
(θB, φB), for ε = 0.1.

The matrix D could be chosen to be symmetric by using
incompressibility.

The Green function of the Stokes equation (Stokeslet) can
be computed numerically for any value of ε using fast Fourier
transforms. We compute it analytically in the perturbative
regime to linear order in ε (Appendix B).

Motion of a pushpin in an anisotropic fluid. To determine
the form of M, we now need to specify the shape of our
particle. In principle, this requires solving boundary value
problems for this specific shape [51]. We use a shortcut by
which the mobility matrix for a given shape is obtained by
constructing the object out of Stokeslets (see Appendix E and
Refs. [53,54]). To validate this method, we first consider a
sphere. In this case, we can analytically solve the boundary
value problem of a fluid flowing past the sphere in the limit of
weak anisotropy (small ε), calculate the force and torque that
the fluid exerts on the object, and compare with the results of
the Stokeslet method (Appendix E). The main consequence
is that a sphere settling under the force of gravity in an
anisotropic fluid sinks slower than in an isotropic one. The
familiar Stokes drag law is modified: the drag coefficient is
increased in the x and y directions by a factor of (1 + ε/2)
and in the z direction by (1 + ε).

When the shape of the particle is not spherically sym-
metric, both its velocity and angular velocity can change
as compared to the isotropic case. We consider the sim-
plest shape which exhibits nontrivial orientation evolution:
a cylindrically symmetric pushpin, shown in Fig. 1(a). The
orientation of the pushpin is described by two angles: θ , the
angle the pushpin long axis makes with the laboratory z axis,
and φ, the angle between the plane projection of the pushpin
long axis and the laboratory x axis. Equivalently, the pushpin
orientation is given by the radial unit vector

n̂(θ, φ) = (sin (θ ) cos (φ), sin (θ ) sin (φ), cos (θ )). (6)

The mobility matrix M = M(ε, B̂, n̂), which determines
how the pushpin moves, depends on the orientation n̂ of
the pushpin, on the anisotropy axis B̂ = (cos (φB) sin (θB),
sin (φB) sin (θB), cos (θB)) of the fluid [Eq. (5) is written

with B̂ = ẑ], and on the strength of the anisotropy ε. By
constructing the pushpin out of rigidly connected Stokeslets
[see bottom panel of Fig. 2(a)], we can compute the mobility
matrix for any anisotropy direction and pushpin orientation
(see Appendix E for more details). Examples of mobility
matrices for a tilted pushpin in an isotropic and anisotropic
fluid can be visualized schematically as

(7)

in which red/blue represent positive/negative entries whose
magnitude is represented by lightness (see Appendix E).

Orientation dynamics of a sedimenting pushpin. We now
investigate the dynamics of a pushpin sinking under the force
of gravity. Applying a constant force in the −z direction de-
termines the angular velocity � of the pushpin, as in Eq. (3).
Then, the equation of motion for the orientation of the pushpin
is given by

∂t n̂ = N(n̂) ≡ � × n̂, (8)

in which � is given by Eq. (3). Since N · n̂ = 0, the vector
field N describing the orientation dynamics of the pushpin is
tangent to the sphere (there is no radial component), as shown
in Fig. 1(c). The arrows show the instantaneous motion of
the tip of a pushpin embedded in the center of the sphere. In
spherical coordinates, Eq. (8) reads

θ̇ = Nθ , (9a)

sin (θ )φ̇ = Nφ, (9b)

which we numerically solve with an explicit Runge-
Kutta method of order 5(4) as implemented in SciPy
solve_ivp [55].
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FIG. 3. Demonstration of control of pushpin orientation with
viscosity. The pushpin can be made to follow any orientation tra-
jectory by changing the magnetic field axis. The pictured rose plot
corresponds to the trajectory of the pushpin orientation near the north
pole (θ = 0), which is generated by the protocol in the inset.

We now ask what is the eventual orientation of the pushpin.
Fixed points of the orientation dynamics satisfy

N(θ∗, φ∗) = 0. (10)

In the isotropic case (ε = 0), we find that after a transient, the
pushpin orients itself to fall upright, with θ = 0 [Fig. 1(c)].
We expect that the anisotropy in the direction B will tilt the
pushpin at an angle depending on the anisotropy direction and
strength [Fig. 1(d)]. Such a setup would allow us to control the
orientation of the pushpin by acting on the fluid [Fig. 1(a)].
We confirm that this is indeed the case using numerical simu-
lations of the orientation dynamics.

The results of our numerical simulations are presented in
Fig. 2, in which we zoom in on the region of the sphere around
the north pole, which corresponds to the stable fixed point
in an isotropic fluid [Figs. 2(a) and 2(b)]. In the anisotropic
case (ε �= 0), the steady-state orientation of the pushpin can
change; in Fig. 2(c), the fixed point moves off of the north
pole.

We numerically compute the dependence of the fixed point
position (θ∗, φ∗) on the orientation of the anisotropy axis
(θB, φB) in Fig. 2(d). As long as the anisotropy axis B̂ is neither
exactly parallel nor perpendicular to F, the stable fixed point
shifts off of the north pole (θ∗ �= 0). Note that θ∗ = θ∗(θB)
and φ∗ = φ∗(φB), with the exception of the case θ∗ = 0, in
which case φ∗ is not defined. In this perturbative regime, we
find that the numerical results are summarized by

θ∗ = εA sin (k θB) and φ∗ = φB − π, (11)

where A/π � 0.0073 and k � 2 for 0 < θB < π/2. Increas-
ing ε moves the fixed point further from the north pole. If
π/2 < θB < π , then the θ∗ dependence remains the same as
shown in Fig. 2(d), and φ∗ shifts by π .

With the help of Eq. (11), it is possible to adiabatically
change the axis of B over time to induce the orientation of the
pushpin to follow some desired trajectory. Figure 3 provides
the necessary protocol for θB(t ) and φB(t ) that drives the
pushpin to rotate in such a way as to trace out a rose curve,

which has the form r = d cos (mφ) in polar coordinates (here
m = 4). The control loop here is open: the axis of B affects
the orientation of the pushpin, but there is no feedback on B
from the current orientation.

We now introduce a simplified description of the orien-
tation dynamics. In the isotropic case, the orientation vector
field N in Eqs. (8) and (9) is well-approximated by Niso =
(0,− sin θ, 0) in spherical coordinates [Fig. 1(c)]. From this,
we can construct a toy model of N in the case ε �= 0. To obtain
the flow to a fixed point (θ∗, φ∗) which is off of the north pole,
we can simply rotate the isotropic vector field to find

Nan =
⎡
⎣ 0

cos θ sin θ∗ cos (φ∗ − φ) − cos θ∗ sin θ

sin θ∗ sin (φ∗ − φ)

⎤
⎦ (12)

in spherical coordinates, as shown in Fig. 1(d). Note that in a
few cases, the orientation dynamics can be reduced to a flow
on a circle, for example if we constrain θ∗ = θ = π/2, which
corresponds to flow on the equator.

We achieve open-loop control in the same way as in the full
system: the fixed point (θ∗, φ∗) (the control variable) is simply
set to the desired target (θset, φset) [Fig. 4(a)]. In the presence
of slowly varying noise, the orientation (θ (t ), φ(t )) evolves
through Eq. (9) to be near the target, but does not follow
it exactly [Fig. 4(b)]. To improve control over the pushpin
orientation, we close the feedback loop with a proportional-
integral-derivative (PID) controller [56] [Figs. 4(c)–4(e)] by
setting[

θ∗
φ∗

]
(t ) = Kpe(t ) + Ki

∫ t

0
e(τ )dτ + Kd

de(t )

dt
, (13)

where the error e(t ) = (θset(t ) − θ∗(t ), φset(t ) − φ∗(t )), and
Kp, Ki, and Kd are parameters of the PID controller. Practi-
cally, we differentiate Eq. (13) with respect to time to obtain
a set of ordinary differential equations, which we numeri-
cally solve in conjuction with Eq. (9) with the forward Euler
method. We find that the closed loop successfully controls the
orientation [Fig. 4(d), compare with Fig. 4(b)] by changing
the fixed point [Fig. 4(e)] in response to the noise [Fig. 4(f)].

Discussion. Our work suggests a novel method of indirect
control of objects through the modulation of the properties
of the medium in which they are immersed. By changing the
viscosity of an anisotropic fluid, we manipulate the orientation
of a small particle that sediments under the force of gravity.
Such control could be experimentally realized in anisotropic
fluids by varying the alignment axis of the fluid molecules.

The computer code used in this study is available on Zen-
odo at [57] under the 2-clause BSD license.

Acknowledgments. We thank Tom Witten, Colin Scheib-
ner, Bryan VanSaders, and Yael Avni for discussions. T.K.
acknowledges partial support from the National Science
Foundation Graduate Research Fellowship under Grant No.
1746045. M.F. acknowledges partial support from the Na-
tional Science Foundation under Grant No. DMR-2118415,
a Kadanoff-Rice fellowship funded by the National Science
Foundation under Award No. DMR-2011854 and the Simons
Foundation. V.V. acknowledges partial support from the Army
Research Office under Grants No. W911NF-22-2-0109 and

L042039-4



VISCOUS TWEEZERS: CONTROLLING PARTICLES WITH … PHYSICAL REVIEW RESEARCH 6, L042039 (2024)

0 200 400 600

t

0

π

2π

o
ri

e
n
ta

ti
o
n

0 200 400 600
0

π

2π

fi
x
e
d

p
o
in

t

0 200 400 600

t

−0.01π

0

0.01π

n
o
is

e

0 200 400 600

t

0

π

2π

o
ri

e
n
ta

ti
o
n

FIG. 4. Open-loop vs closed-loop control in toy model of pushpin orientation. (a), (b) Open-loop control diagram for the orientation toy
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by the PID controller in response to the noise (e). For the PID controller parameters, we use Kp = 0.4π, Ki = 0.2π, Kd = 0.
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Appendix A: Anisotropic viscosities. A passive anisotropic
fluid with cylindrical symmetry can contain three independent
shear viscosity coefficients. These can be obtained by ex-
plicitly writing down the transformation law for the viscosity
tensor (see, for instance, Refs. [46] and references therein). At
steady state, the Stokes equation yields

0 = −∇P + μ1

⎡
⎣(∂2

x + ∂2
y )vx

(∂2
x + ∂2

y )vy

0

⎤
⎦

+ μ2

⎡
⎣ ∂2

z vx + ∂x∂zvz

∂2
z vy + ∂y∂zvz

(∂2
x + ∂2

y )vz − ∂2
z vz

⎤
⎦

+ μ3

⎡
⎣−∂x∂zvz

−∂y∂zvz

2∂2
z vz

⎤
⎦. (A1)

If μ1 = μ2 = μ3 ≡ μ, then the viscous contribution reduces
to the familiar μ
v. In the main text, we consider the case
μ1 = μ,μ2 = μ(1 + ε), and μ3 = μ(1 + 4

3ε), where ε is
small. In this case, the above equation reduces to Eqs. (4) and
(5). In a generic fluid, additional viscosity coefficients can be
present; see Refs. [46] and references therein for more details.
The viscosities in Eq. (A1) can be expressed in terms of the
Leslie viscosity coefficients αi (Eq. (6.50) of Ref. [58]) as

μ1 = α4

2
, (A2)

μ2 = α4

2
+ α5 + α6

4
, (A3)

μ3 = α4

2
+ α1 + α5 + α6

3
, (A4)

in which we have considered a uniform nematic director
n = ẑ.

Appendix B: Green function (Stokeslet). We compute the
Green function (Stokeslet) corresponding to Eqs. (4) and (5)
in the perturbative regime, for small anisotropy in the z di-
rection (B̂ = ẑ). The general case (for arbitrarily large ε) can
be computed numerically with fast Fourier transforms. The
Stokeslet is the solution to the Stokes equation with an applied
point force F:

Fδ3(r) = −∇P + μ
v + εμ

⎡
⎣∂2

z vx − ∂x∂zvz/3
∂2

z vy − ∂y∂zvz/3

vz + 2∂2

z vz/3

⎤
⎦, (B1)

where we take ε � 1. To solve for v, we write Eq. (B1)
in Fourier space, solve for the pressure and velocity fields,
and integrate using contour integration to find the real-space
solutions, in the same way as in Ref. [46].

The Stokeslet velocity field is expressed through the Green
function, G, as v(r) = G(r)F. Expanding the Green function
to linear order in ε, G(r) = G0(r) + εG1(r), we recover the
familiar solution for a normal fluid,

G0,i j (r) = 1

8πμr3
(r2δi j + rir j ), (B2)

and derive the first-order correction due to anisotropy, G1(r):

G1(r) = 1

8πμr3

⎡
⎣−(x2+y2) 0 −xz

0 −(x2+y2) −yz
−xz −yz −(x2+y2+2z2)

⎤
⎦.

(B3)
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The associated pressure field is P(r) = P0(r) + εP1(r), with

P0(r) = 1

4πr3
F · r, (B4)

P1(r) = −x2 + y2 − 2z2

12πr5
(F · r − 2F · z). (B5)

The Green function in Eq. (B3) holds for an anisotropy
axis B̂ = ẑ. Under a rotation to an arbitrary anisotropy axis
given by B̂ = (cos φB sin θB, sin φB sin θB, cos θB), the Green
function in Eq. (B3) transforms as

G1(r) → RG1(R−1r)R−1, (B6)

where R is the rotation matrix

R =
⎡
⎣cos (θB) cos (φB) − sin (φB) cos (φB) sin (θB)

cos (θB) sin (φB) cos (φB) sin (φB) sin (θB)
− sin (θB) 0 cos (θB)

⎤
⎦.

(B7)
Appendix C: Flow past a sphere. We solve the anisotropic

Stokes equation [Eqs. (4) and (5)] for the flow past a sphere
to linear order in ε by writing v(r) = v0(r) + εv1(r), P(r) =
P0(r) + εP1(r), as in Ref. [46]. We take the velocity of the
fluid at infinity to be U , and the boundary condition on the
sphere surface to be no-slip, v(r = a) = 0, where a is the
sphere radius.

Since the viscosity is anisotropic, we have two cases to
consider: one in which U is parallel to the anisotropy axis B,
and one in which U and B are perpendicular.

Let us take B̂ = ẑ. We first consider the parallel case, U =
U ẑ. In this situation, the velocity field around the sphere is not
modified at first order, v1(r) = 0, but the pressure is

P1(r) = −μaU

2r7
z(4x4 + 4y4 + 5y2z2 + z4

+ 8x2y2 + 5x2z2 + a2(−3x2 − 3y2 + 2z2)). (C1)

We repeat in the perpendicular case, for U = U x̂. Here,
both the velocity and pressure fields are modified,

v1,x(r) = 3aU

8r5
(y − z)(y + z)(r2 − a2), (C2)

v1,y(r) = −3aU

8r5
xy(r2 − a2), (C3)

v1,z(r) = 3aU

8r5
xz(r2 − a2), (C4)

P1(r) = μUa

4r7
x(−5(x2 + y2)2 − 4(x2 + y2)z2

+ z4 + 2a2(x2 + y2 − 4z2)). (C5)

The velocity field can be more compactly written in terms
of the Green function and its Laplacian. To linear order, the
velocity is

v(r) = − 6πμUa
(

1 + ε

2

)
G(r) · x̂

− πμUa3
(

1 + ε

2

)

G(r) · x̂. (C6)

The first-order term can be written explicitly as

v1(r) = − 6πμUa

(
G0(r)

2
· x̂ + G1(r) · x̂

)

− πμUa3


(
G0(r)

2
· x̂ + G1(r) · x̂

)
. (C7)

Appendix D: Forces on a sphere. To solve for the forces on
the sphere due to the fluid flow, we compute the stress from
the above velocity fields and integrate it over the surface of
the sphere,

Fi =
∮

σi jn jdS, (D1)

where n̂ = r̂ is the unit vector normal to the sphere surface.
Here, in addition to the familiar pressure and shear viscos-

ity contributions, the stress contains a third term due to the
anisotropic viscosity,

σi j = −Pδi j + μ(∂iv j + ∂ jvi ) + εσan, (D2)

where

σan = μ

⎡
⎣

4
9 (∂xvx + ∂yvy − 2∂zvz ) 0 ∂zvx + ∂xvz

0 4
9 (∂xvx + ∂yvy − 2∂zvz ) ∂zvy + ∂yvz

∂zvx + ∂xvz ∂zvy + ∂yvz − 8
9 (∂xvx + ∂yvy − 2∂zvz )

⎤
⎦ (D3)

for an anisotropy axis B̂ = ẑ.
Computing the forces yields the following subset of the

propulsion matrix:

⎡
⎣Fx

Fy

Fz

⎤
⎦ = 6πμa

⎡
⎣1 + ε

2 0 0
0 1 + ε

2 0
0 0 1 + ε

⎤
⎦

⎡
⎣Vx

Vy

Vz

⎤
⎦. (D4)

Due to the anisotropy of the viscosity, the Stokes drag law
is modified. The drag coefficients in the x and y directions
are increased by a factor of (1 + ε/2) and in the z direction
(along the anisotropy axis) by (1 + ε). The fluid does not exert
torques on the sphere.

The A block of the mobility matrix M [see Eq. (E1)] is
simply the inverse of the matrix above:

⎡
⎣Vx

Vy

Vz

⎤
⎦ = 1

6πμa

⎡
⎣1 − ε

2 0 0
0 1 − ε

2 0
0 0 1 − ε

⎤
⎦

︸ ︷︷ ︸
A

⎡
⎣Fx

Fy

Fz

⎤
⎦. (D5)

Equation (D5) holds for an anisotropy axis B̂ = ẑ. To ob-
tain Eq. (D5) for an arbitrary anisotropy axis B̂ = (cos φB

sin θB, sin φB sin θB, cos θB), we transform A as follows:

A → RAR−1, (D6)
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where R is the rotation matrix in Eq. (B7). Note that we
can transform M in this way only for the sphere due to
its rotational invariance. For the pushpin, which has its own
anisotropy axis n, M only transforms as in Eq. (D6) if B and
n rotate together. In the general case, the mobility matrix must
be recomputed for different anisotropy axes, as described
below.

Appendix E: Stokeslet approximation of the mobility ma-
trix. To isolate the coefficients that relate different degrees of
freedom, the mobility matrix can be conveniently arranged in
four blocks

M =
[

A B
T S

]
. (E1)

For shapes that are less symmetric than the sphere, it is
difficult to obtain an analytical form of the mobility matrix.
To derive the mobility matrix of the pushpin-shaped object,
we construct the pushpin out of small spheres of radius a
[denoted by markers in Fig. 2(a)] with the method reviewed
in Ref. [53], see Refs. [52,57] for our implementation.

With this method, we apply a force to the pushpin at some
reference point, which is then distributed amongst the small
spheres. Reference [53] provides an algorithm to determine
how to distribute these forces that depends on two main
ingredients.

The first ingredient is the velocity field generated by a
small sphere moving in a fluid due to an applied force. The
distance between the spheres that compose the pushpin is
taken to be much larger than the radius of the spheres, which
allows us to treat the spheres as Stokeslets, and approximate

the velocity field by the Green function in Eq. (B3). The
second ingredient is the force on a sphere moving with some
velocity in a fluid (i.e., the A block of the mobility matrix),
which we derived in Eq. (D5).

Combining these two ingredients, we impose the constraint
of a rigid body (we insist that the small spheres cannot move
relative to one another) which yields the mobility matrix of
the pushpin. Moreover, with the help of Eqs. (B6) and (D6),
we can compute the mobility matrix of the pushpin for any
orientation of the anisotropy axis B̂.

For the computations in this work, the pushpin is composed
of fourteen spheres of radius a = 0.01. The four which lie
along the axis are spaced with unit distance, and the ten that
are along the base lie on the vertices of a regular decagon. The
line segments that connect the markers in Fig. 2(a) are not real
and are meant to guide the eye.

Below, we provide the numerical values of T , the bot-
tom left block of the mobility matrix shown pictorially in
Eq. (7). For these matrices, the pushpin orientation is φ =
0, θ = 0.3π . For the anisotropic case, we take ε = 0.1, B̂ =

1√
2
(0, 1, 1):

Tiso �
⎡
⎣ 0 0.00367034 0

−0.00367034 0 0.00505179
0 −0.00505179 0

⎤
⎦,

(E2)

Tan �
⎡
⎣ 0.00007423 0.00345387 −0.00010948

−0.00350251 −0.00020758 0.00481074
−0.00008957 −0.00473651 0.00013335

⎤
⎦.

(E3)
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