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We explore the physics of relativistic gapless phases defined by a mixed anomaly between two
generalized conserved currents. The gapless modes can be understood as Goldstone modes arising from the
nonlinear realization of (generically higher-form) symmetries arising from these currents. In some cases,
the anomaly cannot be reproduced by any local and unitary theory, indicating that the corresponding
symmetries are impossible, in the sense that they cannot appear in a Lorentzian physical system. We give a
general construction and illustrate it with several examples. Most notably, we study conformal gravity from
this perspective, describing the higher-form symmetries of the linear theory and showing how it can be
understood in terms of anomalies. Along the way we clarify some aspects of electric-magnetic duality in

linear conformal gravity.
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I. INTRODUCTION

Symmetries help to delineate the boundaries between
the possible and the impossible. For example, selection
rules tell us that transitions between certain states cannot
happen. As we will see, sometimes symmetries themselves
are impossible; certain patterns of symmetries cannot be
unitarily realized by any low-energy effective field
theory (EFT).

One of the goals of physics is to understand the possible
phases that the degrees of freedom that make up our
Universe can be in. In this pursuit, the Landau para-
digm and effective field theory serve as powerful organ-
izing principles which allow us to describe a wide variety
of phenomena using a unified language. From this per-
spective, we classify phases both by their symmetries
and by how these symmetries are realized on the light
degrees of freedom of the system. Recently, the horizons
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of the Landau paradigm have been significantly broadened
by a commensurate expansion of our conceptions of
symmetries themselves. It has been understood that
ordinary symmetries admit vast generalizations in many
directions, from higher forms [1,2] to higher groups [3.4]
and even to noninvertible and categorical settings [5—11].
These formal structures have already proven to be
useful in phenomenological applications [12—18] and
the interplay between these structures and the prin-
ciples of effective field theory is just beginning to be
explored [19-35]. In this regard, understanding what sym-
metries can consistently appear in effective descriptions
is essential.

In light of these developments, it is worthwhile to
reconsider what actually defines an effective field
theory, or a phase of matter, in order to fully realize the
potential of the Landau paradigm. A natural operational
definition is to specify the local conserved currents,
along with their compatibility, as expressed by the struc-
ture of 't Hooft anomalies in the presence of background
sources. This viewpoint is surprisingly powerful, making
it possible to describe phenomena as varied as super-
fluids and superconductors [25-27] to gravity [34-37]
in a unified language. Given these successes, one might
imagine that any pattern of symmetries and anomalies
can be realized by some quantum field theory. But,
quite remarkably, it has long been known that certain
apparently consistent effective field theories do not
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admit ultraviolet completions, satisfying certain require-
ments [38].1

In this paper, we explore this ultraviolet-infrared
(UV-IR) interplay in the context of the symmetries that
arise in a low-energy field theory. Following [25,34], we
define an EFT via its conserved currents. We allow for
these currents to be generalized (i.e., they can be operators
in arbitrary mixed-symmetry representations of the Lorentz
group, satisfying general conservation conditions involving
one or more derivatives acting in various ways). We
consider situations where a relativistic system possesses
two of these generalized currents in the IR: one current, K,
which we call “magnetic,” and one current, J, which we
call “electric.” These currents can have a mixed anomaly
between them; one of the two conservation conditions must
necessarily be broken in the presence of background gauge
fields for the currents, or equivalently, conservation must be
broken at coincident points in correlators. By assuming
such a nonvanishing mixed anomaly between the currents,
we show that the system must necessarily be in a gapless
phase. The properties of the massless degrees of freedom
are then determined by the structure of the currents and
their conservation conditions. We will see that sometimes
these gapless modes are necessarily nonunitary, which
means that the corresponding combinations of conserved
currents and anomalies cannot be realized by any unitary
field theory. This then implies that these symmetries are
impossible in the sense that they cannot arise in the low-
energy description of any unitary and Lorentz invariant
microphysical theory. These symmetries need not be exact
symmetries of the underlying microphysical theory—and
indeed in general we would not expect them to be. Rather,
they can be emergent at low energies. Remarkably, even
this possibility is not allowed.

In order to illustrate the features of the construction,
we consider several examples where the gapless mode is
a scalar degree of freedom, and show how they can be
understood in a uniform way. In addition to the familiar
example of an ordinary superfluid [25], and the slightly
more exotic Galileon superfluid considered in [34], we also
consider the theory of a higher-derivative conformal scalar.
This theory is structurally similar to conformal gravity, and
the corresponding gapless phase is necessarily nonunitary,
providing a simple example of a theory with “impossible”
symmetries.

Perhaps one of the more interesting applications—and
our original motivating example—is to conformal gravity.
Weyl-squared gravity is a four-derivative theory of gravity
which propagates more degrees of freedom than Einstein

'A thematically related line of inquiry is the “swampland”
program [39], which is concerned with the constraints placed on
EFTs by the requirement that they can consistently be ultraviolet
completed by quantum gravity. A difference, however, is that
swampland constraints are not supposed to be visible within the
EFT itself.

gravity. In four spacetime dimensions it is Weyl invariant
and is known as conformal gravity [40—43]. Famously,
some of its propagating modes necessarily have a wrong
sign kinetic term [as can be seen explicitly around an (A)dS
background [44-47] ] so that the theory is nonunitary. We
will describe the higher-form symmetries of linearized
Weyl-squared gravity (which is Weyl and conformally
invariant in all dimensions, in contrast to its nonlinear
version), and show how it can be thought of as a relativistic
gapless phase with a particular structure of symmetries and
anomalies. Unsurprisingly, this structure cannot be realized
by any unitary theory, showing more abstractly that
(linearized) conformal gravity cannot arise as the low-
energy description of a unitary QFT. We also consider
conserved charges in this theory, and elucidate the structure
of its electric-magnetic duality in D = 4.

These results form a version of a UV-IR connection.
Given our ignorance of UV physics as low-energy observ-
ers, we might imagine that it is possible for the microscopic
theory that describes our world to have essentially any
symmetries.2 The examples we study give obstructions to
certain symmetries being present in the UV, assuming
unitarity and relativistic invariance of the IR theory. We
expect that these insights will help to more broadly
understand the systematics of generalized symmetries in
the context of EFT.

A. Outline

In Sec. II we describe the general construction of
relativistic gapless phases in terms of a pair of conserved
currents with a mixed anomaly. In Sec. III we illustrate this
construction with several scalar field examples, including
one that is conceptually similar to conformal gravity. In
Sec. IV we review the higher-form symmetries of linearized
Einstein gravity then describe the higher-form symmetries
of linear conformal gravity and cast it as a gapless phase.
We conclude in Sec. V. In Appendix A we briefly review
some of the salient features of both nonlinear and linear
conformal gravity. In Appendix B we describe the spectral
decomposition of the two-point functions of interest, and
explain how they cannot be reproduced by purely unitary
representations.

B. Conventions

Throughout we will work in Euclidean signature for
simplicity, despite the fact that we are primarily interested
in Lorentzian physics. Our curvature conventions are those
of [48]. We denote the spacetime dimension by D, and
denote symmetrization of indices by (- - -) and antisymmet-
rization by [- - -]. We denote the fully traceless symmetriza-
tion by (--+); and all indices are (anti)symmetrized with

2Plresumably these symmetries would be only approximate at
some energy scale, given the expectation that quantum gravity
breaks all global symmetries.
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weight 1. In many places we employ Young diagrams
and Young tableaux to represent the index symmetries
of various tensors. We denote Young diagrams by
[r1,7,...,1,], where r, are the lengths of the various
rows. Our conventions are such that all Young diagrams
are first symmetrized and then antisymmetrized with
respect to the relevant indices (so that all tableaux are in
the manifestly antisymmetric presentation). We also define
the Hodge star * such that it dualizes the first column
of a given tableau. We denote Young projectors onto the
diagram [r,rp,....,r,] by Yp, ., and we denote
projectors onto the space of traceless tensors by 7.
Note that essentially all tensors in this paper are traceless.
Typically there is only one nonzero way to assign indices to
be compatible with a given Young projector, so when there
is no ambiguity we do not explicitly display the indices
involved in the projector.

II. SYMMETRIES AND GAPLESS PHASES

In this section we describe the general structure of the
relativistic gapless phases of interest, before considering
some concrete examples in Secs. III and I'V. The physics of
these phases is controlled by a pair of generalized con-
served currents that have a particular mixed anomaly
between them. The presence of gapless modes is mandated
by this anomaly, and we will see through the examples that
in some cases the anomaly cannot be reproduced in any
unitary theory.

A. Currents and cohomology

A phase will be defined by specifying both a generalized
“magnetic” current, K, and a generalized “electric” current,
J, along with the generalized conservation conditions that
they each satisfy. The Lorentz representation of these
currents and their conservation conditions do not need
to be the same, and will generically not be. In general,
there will be a mixed anomaly between the two sym-
metries, whose precise form can also be thought of as an
input. A signal of the anomaly will be the impossibility
of sourcing one of these currents via a background gauge
field without violating conservation of the other current.
As is usually the case with anomalies, the failure of
conservation can be shifted between the currents by adjust-
ing local counterterms in the theory. As a matter of
convention, we will choose the anomaly to appear in the
magnetic current’s conservation equation. We will see that
this mixed anomaly governs the structure of the phase. At
the practical level, we will specify the properties of the
gauge field that the current J couples to, rather than the
current itself, and this indirectly defines the conservation
equation J satisfies. This will both allow us to define the
conservation equation for the current J, and the gauge-
invariant field strength that will ultimately appear in the
anomaly equation for K.

1. Generalized cochain complexes

The currents can transform in arbitrary representations
of the Lorentz group, and satisfy generalized conserva-
tion laws [49]. In order to describe the systematics, it is
convenient to introduce a cochain complex that general-
izes the familiar de Rham complex for antisymmetric
tensors to more general representations [50-53] (also
known as BGG complexes [54-56]). Each of the
currents, or its background gauge field, will be an
element of one of these complexes, and its conservation
law will be described by a generalized exterior deriva-
tive that maps between successive elements of the
complex. Under the assumption that the cohomology
of this complex is trivial, as it is in flat space, we will
be able to understand the features of the mixed anomaly
of the currents’ conservation, the structure of the gauge
invariances of external sources, and the structure of the
low-energy EFT.

It is simplest to consider the elements of the complex as
fully traceless tensors, which therefore carry irreducible
SO(D) representations in generic D. We label the elements
by their index symmetries, so that members of the a-th
element of the complex will have the index symmetries of
the Young diagram Y@, We can therefore write the cochain
complex of interest schematically as

(2.1)

The differential maps d,) will be described shortly; they
will map between elements of the complex in such a way
that d(a+l)d(a) =0.

We now describe the symmetry types Y@ of the
elements that can appear in the complex. The starting
point can be chosen freely. It is an arbitrary tensor with
index symmetries given by the Young tableau Y(!:

Y(l) c 52 ,

where the integers sy, ..., s, label the lengths of the rows
of the tableau. The only requirement is that these lengths
are nonincreasing; sy >, > -+ >5,, so that Y e
[$1,....5,]. In order to obtain the subsequent elements of
the complex (2.1), we add more boxes to the tableaux row-
by-row using the integers r, that we will describe below; to
get Y2, we add r, boxes to the first row of Y(!), to get Y3,
we add r, boxes to the second row of V(Z), and so on.
So in general, to obtain Y(““), we add r, boxes to the a-th
row of Y@,

085003-3



HINTERBICHLER, JOYCE, and MATHYS PHYS. REV. D 110, 085003 (2024)

The data that we need to completely specify all of the Y(@) is the first element of the cochain Y(!), and the number r, > 0

of boxes that are added to the first row of Y(!) in order to obtain Y. In order to obtain r,, r3, etc. we use the following
formula:

Fg=541—5,+1, fora=2.73,..., (2.3)
where s, is the number of boxes in the ath row of the initial tableau Y(!). In particular, this implies that if the starting tableau

has p nonzero rows, then Y(»*3) will have a last row with just a single box, and all the subsequent steps of the algorithm will

just add a new one-box row at the bottom of the diagram. We can visualize the complex as

51 51 R

| T

: = d : =
s
5 ] 5 ]

S9 |81 +1-— 82'
d(2) : dgs)

:ST
5 ]

which can equivalently be written in terms of the row lengths as

d)y

[51,82,83, " asp] ———— [s1+ 711, 52,83, ,Sp]

d(2)
——— [s1+7r1,51+ 1,83, , 5] 7

d@) (2.4)

[—> [81—|—’I“1,81—|—1,82—|—1,...

We now turn to describing the differential maps d(, that
take us between successive element of the complex. The
operator d(,) contains r, derivatives and maps tensors of
type Y@ into tensors of type Y(@*+!); operationally, we
obtain Y(@*+1) by associating derivatives to the r, new boxes
that are present in Y(@*) but not in Y@, putting Y@ into
the remaining boxes and then Young projecting to Y(@*1)
and removing all traces. We can think of the additional
boxes present in the Young diagram Y(+!) compared to
Y@ as being the derivatives in d(,). Due to the fact
that derivatives in successive steps are being added to
different rows, and the fact that indices in the same column
are antisymmetrized, it is straightforward to see that
these operators satisfy the central condition of a cochain
complex, that the composition of two successive maps
vanishes,

da+1)de) =0, (25)
because derivatives end up being antisymmetrized. By
assuming the cohomology of this cochain is trivial, we
can say that if a tensor 7@ of symmetry type Y@ satisfies
d(yT@ = 0, then it can be written as 7(@) = d(,_,,T(~!
for some tensor 7“1 of symmetry type Y(@~!. In the
following, the magnetic conserved current and the gauge

d(a)

s Spl

[

field source for the electric current will be elements of
complexes of this type.’

Examples: Here we give some examples of the above
generalized cochain complexes that will be relevant for
some of the theories that we study below.

(i) As a familiar first example, consider the starting

tensor to be a scalar Y() = e, and take r; = 1, which
gives

. den) E] d(2) H d(s) @ d(a) (26)

This is the standard de Rham complex for p-forms, and
plays a role in the construction of ordinary superfluids,
reviewed in Sec. IIT A.

(i1) Another useful complex that will appear in several
places takes the same starting point Y() =« but
adds two indices in the first step (r; = 2), which
leads to

Note that these complexes are the same ones underlying the
on shell gauge invariances and Bianchi identities of general
mixed-symmetry partially massless fields on (A)dS [57,58].
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da)
N

o J® 1] de2) | de |

(2.7)

This complex will be relevant when we study a scalar

analog of conformal gravity in Sec. III C, and also appears

in the construction of a Galileonic superfluidin Sec. III B.

This is also the cochain complex underlying the gauge

invariances of the partially massless graviton [59,60].
(i) If we take Y(!) = [1], and r; = 1, we find

dq)

da)

0%, 1]

(2.8)

This is the chain complex underlying the diffeomorphism
invariance of the linearized massless graviton, and the
conserved magnetic current of linearized gravity fits into
this complex, as we review in Sec. IV A. It will also appear
in the construction of the Galileon superfluid (Sec. III C)
and in both the magnetic current and gauge field of the
conformal graviton in Sec. IV B.

(iv) As a final example, we can take Y(!) = [1,1] and

ri = 1. The corresponding complex is then

H%F%B}Hﬁﬁﬁﬁ
(2.9)

This complex is relevant for the electric gauge field of
linearized Einstein gravity, as we will see in Sec. IVA.

2. Electric and magnetic currents

We now want to describe how to use this complex to
construct the electric and magnetic currents that we will use
to define the phases of interest. Two objects will play a
central role in the construction; a (magnetic) current, K, and
a gauge field, A which sources the electric current J, and so
defines it indirectly. K and A each fit into a complex of the
form (2.4). For each, the choice of complex and the position
into which it fits is equivalent to choosing the Lorentz
representation and conservation equations for the currents.

Magnetic current: We begin by considering the magnetic
current K. There are two features that we have to specify;
its index symmetries, and the conservation condition that it
satisfies. We specify its index symmetries via the Young
diagram YX) and we take it to be completely traceless. In
order to specify its conservation conditions, we specify the
complex (2.4) that the magnetic current K belongs to

dik)

d >
Ly 29 ) S0 e 29 (2.10)

Here K is the current of interest, ¢ will end up being the
field theory degree of freedom that realizes the relevant
pattern of symmetries when we construct an EFT, and C is a
tensor that will appear in the anomalous conservation
equation of the magnetic current in the presence of a
background gauge field for J. We will see that typically K
corresponds to Y in (2.1)—or Y®) in cases involving
irreducible gauge fields—but in general, we can take K to
be a member of any complex that contains an element with
the right index symmetries. (In general, if the current is in
the representation Y) then we’ll get an EFT involving a
gauge field with r — 3 levels of reducibility.)

The differential operators in the complex are essentially
generalized curls or Bianchi identities, so specifying the
conservation of K by the differential complex that it fits
into may seem somewhat abnormal (usually we think of
conserved currents as satisfying divergencelike conditions),
but it is actually more natural from the point of view
of generating conserved quantities/symmetry operators.
Recall that in the familiar case of a conserved current
(which satisfies 9,J* = 0), we actually use the dual current
K = xJ (which satisfies dK = 0) to define a conserved
quantity by integrating over a codimension-1 surface. Here
we are specifying this current that satisfies an exterior
derivativelike conservation condition directly.4 Of course
one could translate these conditions into divergencelike
conditions on the Hodge dual of K, fitting into a dual
complex, if desired.

Electric gauge field: Next we specify the background
gauge field A that couples to the conserved “electric”
current J. We will take A to be traceless with the index
symmetries of a tableau Y4), The current then has the same
index symmetries; J € Y. Like the magnetic current, we
then have to specify what complex of the form (2.4) the
gauge field A is a member of. In this case, the complex
determines the gauge transformation rule for A:

— . (211)

In this complex, A is the background gauge field, A is a
gauge parameter with the index symmetries of the tableau

Y&, so that A transforms as
(2.12)

and F is the field strength with the with the index

symmetries of the tableau Y(¥), which is gauge invariant
by virtue of (2.5),

“Note that this is a slightly different perspective/convention
from that employed in [34], where the magnetic current called K
here would be called %K there in the generic case.
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oFywm = 0. (2.13)

Specifying the pattern of gauge symmetry for A is
equivalent to specifying the conservation condition for J;
since A couples to the current J, the current must satisfy a
conservation equation of the form,

*d(A) * JV(A) = 0, (214)

in order for the coupling to be gauge invariant.

B. Anomalies and gapless modes

Fully defining the phases of interest requires one addi-
tional piece of information: the systems have two con-
served currents, J and K, and we have to specify the
compatibility of their conservation laws. A priori, it is not
guaranteed in the presence of a source for one of these
conserved currents that the other will continue to be
conserved. Indeed, in many cases conservation will fail,
in which case we say there is a mixed 't Hooft anomaly
between these symmetry currents. By specifying a particu-
lar structure of this anomaly, we will see that the system
must be in a gapless phase.

In the presence of the background gauge field A (which
sources J), both K and J are promoted to gauge-invariant
versions J and C. Conservation of the current [/ can be
maintained by adding appropriate local counterterms, but
the magnetic current /C will generically not be conserved. It
will instead satisfy the anomalous conservation equation,5

d(K)]CV(K) = —CV(C), (2.15)
where C is a tensor built from the gauge-invariant field
strength F appearing in (2.11) and which has the index
symmetries Y of the tensor appearing in (2. 10).°In many
cases F' and C do not have the same symmetry type. If this
happens, since F is traceless, the only possible way to
construct a tensor with the correct symmetry properties is
by taking derivatives of F.

The failure of conservation encapsulated by (2.15) is the
sign of a mixed anomaly between the electric and magnetic
symmetries. The structure of the phase is essentially
dictated by this anomaly. One way to understand this is
to consider the two-point function between the currents J
and K. It is fixed by the requirements that J and K be

>The “—” sign is conventional, and we normalize the anomaly
so that properly quantized operators charged under K have unit
charge.

®In all the cases we consider, the anomaly can be written in
terms of a gauge-invariant field strength. This is because the
anomalies that we consider are “Abelian.” For non-Abelian
anomalies, it is typically not possible to write the anomaly in
terms of a gauge-invariant combination that also satisfies the
Wess-Zumino consistency conditions [61].

conserved at separated points, and by the anomaly equa-
tion (2.15), which specifies the contact terms that spoil
conservation of the current K at coincident points. (The fact
that it is impossible to have both currents conserved even
at coincident points is another way of expressing the
anomaly.) The spectral decomposition of the two point
function (JK) then provides us with information about the
degrees of freedom in this phase. In all cases of interest in
this paper, K has the same symmetry type as J, and the
Kiéllén-Lehmann spectral decomposition of their two-point
function will require the presence of gapless modes, whose
precise identity depends on the symmetry type and con-
servation conditions of the currents, along with the
anomaly equation.7

Certain gapless phases can therefore be defined by their
structure of conserved currents and anomalies. It would not
be possible to match the two-point function of these
currents without gapless modes present in the system.
We will see in some cases that the two-point function
cannot be matched by any spectrum of unitary representa-
tions of the Poincaré group, implying that the relevant
pattern of symmetries cannot arise as the effective descrip-
tion of any unitary quantum system, i.e. it is impossible.

C. Effective field theory

It is often desirable to have an effective description of
small fluctuations around the ground state of a system in a
given phase. We now turn to the construction of such an
EFT description of the phases of interest, which realizes the
symmetry and anomaly structure. This discussion will be
somewhat abstract, but we will later provide a number of
concrete examples.

To build an effective field theory, we need to introduce
some local field theory degrees of freedom ¢b from which
the currents J and K will be built. Since the anomaly (2.15)
involves the magnetic current, K, it is convenient to realize
this current as a “topological” current, whose conservation
is trivialized by the parametrization of degrees of freedom.
This is a choice; by choosing appropriate counterterms, we
could instead make the anomaly appear in the conservation
of J, and instead realize J as a topological current in dual
variables. This would change the presentation of the EFT,
but would not change any of the actual long distance
physics of the system. With this choice, the magnetic

"This structure of anomalies is what appears in generic
spacetime dimension. However, there can be certain special
dimensions where interesting additional features appear. In
particular, it is sometimes possible to construct gauge-invariant
topological terms out of the gauge field A, which can generate
trace anomalies for the currents of interest (particularly 7). Some
examples of these trace anomalies were discussed in [34]. We will
not consider them further, but it would be very interesting to
understand whether these topological terms contain any interest-
ing information about the global structure of the manifolds on
which they are defined.
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conserved current will not get deformed in the presence of
Abelian interactions, so that the anomaly structure is
reliable in the interacting theory. Looking at the complex
(2.10), we see that if we define

K=d, (2.16)

then conservation of K will be automatic: dix)K =
dx)dig)9p = 0.

Reproducing the relevant anomaly in this effective
description is fairly straightforward. We promote the
magnetic current to its gauge invariant version:

K- K=K-C_C, (2.17)
where C is a tensor built out of the gauge field A with the
same index symmetries as K. This tensor is uniquely
defined by the requirement that /C is gauge invariant. In
the presence of C, K is no longer annihilated by d ), and
instead satisfies (2.15) with C = d k) C. Note also that C can
be written in terms of (possibly derivatives of) the gauge-
invariant field strength F associated to A.

We now want to construct a Lagrangian involving ¢
whose equations of motion imply the conservation of the
current J. There are two conceptually different struc-
tures that the effective field theory can have. The first is
Maxwell-like, where the effective action is just given by
powers of (2.16)

S = /de <% (d((/,)(ﬁ)z + cl(d((/))qﬁ)3 + - ) . (2.18)

In effective field theories of this type, the tensor C is
actually just directly the gauge field A. Consequently,
building the action out of powers of K guarantees that
the interacting EFT can be consistently coupled to the
gauge field A. The corresponding current is J, which
therefore satisfies the conservation condition (2.14).8

In some cases the equations of motion following from
(2.18) involve more than two derivatives. This may be
undesirable, and we may want to find theories with the
same degrees of freedom and symmetries but with lower-
order equations of motion. This can sometimes be achieved
by constructing an EFT that is Chern-Simons-like, i.e.,
using terms that are not constructed solely from K yet are

¥Notice also that the form of the action guarantees that it will
have the shift symmetry

P9 +ayw, (2.19)
where « is a tensor with the same symmetry type as ¢, which also
satisfies d(4a = 0. This signals that the symmetry associated
with J is spontaneously broken in this phase, and ¢ serves as the
corresponding Goldstone boson.

still invariant under (2.19) up to a total derivative (often
known as Wess-Zumino terms). To our knowledge there is
no classification of such terms for totally generic symmetry
types (though many scalar cases are known [62-64]), and
so we will just cover the cases of later interest.

What we require in these cases is an analog of the
Einstein tensor. This can be constructed by considering the
traceful analog of the complex that the current K fits into.
We can then define the relevant Einstein tensor as the
traceless part of the single trace of K in this complex:

G= y@m trk, (2.20)
where K can be written in terms of ¢. In all the cases of
interest ¢ will have two fewer indices than K, and so it is
possible to contract ¢ with G,” producing an action of
the form

S:/de(¢G+cl(d(¢)¢)2+c2(d<¢)¢)3+~~~), (2.21)

where we have allowed for the possibility of irrelevant
corrections built out of ¢, which may also be of Wess-
Zumino type. It is somewhat nonobvious, but this action
will have the same global symmetries as (2.18), but with the
Einstein term being invariant only up to a total derivative.
The equation of motion following from this action is a
partial flatness condition on the traceful version of the
curvature K, in contrast to the wave equationlike condition
following from (2.18).

We will see versions of both of these types of EFT in the
following examples. Heuristically, one can think of the
Maxwell-like EFTs as being more like electromagnetism,
and the Chern-Simons-like EFTs as being more like
Einstein gravity. While the precise EFT construction
may seem like somewhat of a choice at the level of global
symmetries, there actually is no freedom once one specifies
the anomaly structure that the EFT is to reproduce. One
way to understand this is that in the deep IR, the two
currents J and K coincide, and so the two-point function of
these currents is determined by the free theory, and the
number of derivatives in the quadratic action will affect
the form of this two-point function. Since the two-point
function of the theory is completely determined by the
conservation conditions and anomalies, different quadratic
actions must have different anomaly structures. Thus, the
anomaly that we are trying to reproduce dictates the kinetic
structure that must be present. In Sec. III we will see an
explicit example, where the current K will be the same in
two different theories, but the current J will satisfy different
conservation conditions depending on the kinetic term of

°This is the difficulty in describing the totally generic con-
struction for currents of any symmetry type, because ¢ and G will
not always have the same indices.
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the theory, and correspondingly the theories can be coupled
to different background gauge fields and will produce
different anomalies.

III. SCALAR EXAMPLES

We now turn to some concrete examples of the preceding
abstract discussion. In this section we present the simplest
possible cases; a scalar field realizing various patterns of
symmetries and anomalies which fit into the general
framework presented in Sec. II.

A. Superfluid

One of the simplest examples of a gapless quantum
system is a superfluid. The massless phonon in this phase
can be understood as a consequence of a mixed anomaly
between the shift symmetry acting on the phonon and an
(emergent) winding symmetry, under which the super-
fluid’s vortices are charged [25]. Here we review this in
the context of the general construction of Sec. IL.

Currents and anomalies: In the language of Sec. II, the
two objects of interest are a magnetic 1-form current K|,
and a 1-form gauge field A,, which sources an electric
current J,. Both the current K, and gauge field A, can be
thought of as elements of the ordinary de Rham complex

.dDde”"

Here, the presence of K, in this complex signals that it is
closed d[ﬂK,,] = 0, which implies that its dual (*K)m~~ﬂu_1
is conserved in the ordinary sense, 0 (*K), .., = 0. The
fact that A, is part of this complex implies that it has the
usual gauge transformation rule 6A, =9d,A, and thus
sources a current J, which is conserved in the ordinary
sense, d,J# = 0. These equations are true as operator
statements at separated points, but they cannot both be
chosen to be true at coincident points in correlation
functions. Contact terms necessarily spoil conservation
of at least one of them. The structure of these contact
terms is dictated by the anomaly equation,lo

(3.1)

1

0K = =5 Fuue (3.2)

where F,, = 9,A, — d,A, is the field strength that is part of
the complex (3.1), and K, is the gauge-invariant version of

'9As mentioned above, we have chosen to put the anomaly in
the conservation equation for K,. We could instead choose a
renormalization scheme that shuffles the anomaly into the
conservation equation for J. This other choice would be more
natural in dual variables where the superfluid phonon is packaged
into a (D — 2)-form (see e.g., [65]).

K in the presence of A,. So we see here that the gauge-
invariant field strength directly plays the role of C in (2.15).

In order to see how this pattern of symmetries and
anomalies defines the superfluid phase, we note that the
Fourier-space two-point function between J and K is
completely fixed by their conservation and mixed anomaly
(3.2) to be [25]

1
<J;1Kv> - (pupu - pzrl;w)- (33)

p

The pole at p?> — 0 indicates the presence of a gapless
excitation in the spectrum, and a more careful spectral
decomposition reveals that this excitation is a scalar par-
ticle [25,34]. From this perspective, the superfluid
Goldstone mode is forced upon us by the currents and
the structure of their anomaly.

Effective field theory: It is straightforward to construct an
EFT that reproduces this physics and describes the super-
fluid phonon directly [66]. Recall that the (magnetic)
current satisfies dK = 0. From the complex (3.1) we see
that we can trivialize this conservation law by writing

K, = 0,9, (3.4)
for some scalar field ¢. Our goal is then to construct a field
theory for ¢ that has a conserved (electric) current. In this
case the relevant EFT is Maxwell-like, and we can write

S = /deG (a¢)2+MLD(a¢)4 +> (3.5)

where A is a dimension-ful scale. The existence of a
conserved electric current that is conserved on shell follows
from the shift symmetry ¢ +— ¢ + c of the action,

J, =0, [1 + % (0)* + - ] (3.6)

We can couple this current to a background gauge field A,
by promoting everywhere

aﬂ¢ = aﬂ¢ - A;u (37)

after which the action is invariant under the gauge trans-
formations 6¢ = &(x), 6A, = 9,&(x). In this case, the
magnetic current (3.4) fails to be gauge invariant, and
we then see that the gauge invariant version of this current

K,=0.,—-A, (3.8)
no longer is anti-symmetrically conserved, but instead
displays the expected anomaly (3.2). We therefore see that

the EFT (3.5) captures the low-lying excitations of this
phase, with ¢ acting as the superfluid phonon.
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Two dimensions: A small interesting feature appears in
the linearized theory in two dimensions. In this case, the
linear equations of motion are

9,J" =0, 0y, (xJ)frto-1 = 0, (3.9)
so we see that precisely in D =2 these are electric-
magnetic duals of each other.

B. Galileonic superfluid

As another example with the same degrees of freedom as
an ordinary superfluid—but with different symmetries—
we now consider a “Galileon superfluid,” which is an exotic
version of a superfluid with a spacetime-dependent shift
symmetry [34,67].

Currents and anomalies: As before, we begin by
introducing the magnetic current and the electric gauge
field, which will be used to define the phase. In this case,
the magnetic current is a traceless symmetric two-index
tensor,

K., €[ []. (3.10)
We consider K to be part of the complex
ON [T dex) | SUNERE
where the maps appearing are
(d()®), = 9(0.), P> (3.12)
(i) K)ag = 3V} 110Ky = 0oKy + -+, (3.13)

so that the conservation condition satisfied by K is
d(x)K = 0, which involves projecting onto the traceless
[2, 1] tableau.

We specify the electric current by defining a symmetric
traceless gauge field A,,, which is an element of the
complex,

D dea) D:] deay d(r)

Hv>

(3.14)

This implies that the gauge transformation rule for A is
d(x)A which can be written as

SA,, =20,

Hy Ay

(3.15)

H T’

and the gauge-invariant field strength F' = d(4)A has the
symmetries of the Weyl tensor,

3(D-1) (b-1)
F;wa/}' ( )y]; 2]0M6 Al/ﬂ (D 3) aﬂaaAyﬂ —+ -,

(3.16)

where we have chosen the normalization for later conven-
ience. The gauge field A sources the electric current J,,.
The current J ,, therefore has the same symmetry properties
(symmetric traceless) and the gauge transformation (3.15)
implies that it satisfies the conservation condition
#J,, =0. (3.17)
In the presence of the background gauge field A, the
gauge-improved current [/ continues to be conserved, but
the magnetic current no longer satisfies (3.13), but rather
obeys the anomalous conservation equation

Vh 10K, (3.18)

_Ca/w s

where the right-hand side is built from the field strength
(3.16) as

Ca;w = —6”Fﬂm,, yT 9,Cpu> (3.19)
where
D—-1
Cp = D2 [20 6( A Vya — DAW}. (3.20)

Notice that the tensor appearing in the anomaly C,,, is not
directly F,, .5 because of the mismatch in index structures;

since C has one fewer index than F, it must be constructed
using one derivative, and (3.19) is the unique way of
making something with the index symmetries of C out of a
derivative of F. Similarly to the ordinary superfluid, this
anomaly fixes the two-point function between the currents
J,, and K, to be

-1 1
D— 2 |:P O _m
< (PP Murvs = Musges P P = Moy Py Prc)
T My (v, Puy) Py = My (02 Puy) Py

D_2pﬂ1pﬂzpl/1pvz
D-1 p? '

<J#1M2KU1V2>

(3.21)

and the Kaillén-Lehmann spectral decomposition once
again reveals that the gapless excitation in the system is
a Poincaré scalar [34].

In D = 2 there is a topological term that can be built out
of the gauge field A,, which has no free indices (it is the
linearized Ricci tensor 0*0”A,,,, thinking of A, as a trace-
less version of the graviton). This topological term can
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appear in the trace equations trJ = trC = 0, leading to
additional anomalies [34].

Effective field theory: We would now like to construct an
EFT that reproduces the anomaly structure and describes
this phase. From the complex (3.11), we see that we can
trivialize the magnetic conservation equation by defining

1

K;u/ = 6(ﬂ6D)T¢ == aﬂavqﬁ - BﬂﬂDD¢. (322)
Recall that for this current, the desired conservation
equation is that the antisymmetric derivative of K,, with
all traces removed vanishes, as dictated by the complex
(3.11), and this is guaranteed by writing K in this way. As
expected, the relevant degree of freedom in this phase is a
scalar field ¢p. We now want to construct an action that leads
to the conservation of the electric current J,,. Notice that
K,, is invariant under the transformation [67]

8¢ = c,x*, (3.23)
and so it is natural to imagine that J,,, will be the Noether
current for this symmetry.11 More specifically, we want to
construct an EFT that has a global symmetry 6¢ = 9,&",
where & is a conformal Killing vector that also satisfies
0,0,0,&" = 0[34]. One way to guarantee that this will be a
symmetry of the action is to construct the action out of
powers of K, which would be analogous to the Maxwell-
like EFT of a superfluid (3.5). However, this action will
necessarily have higher-derivative equations of motion, and
it would not reproduce the anomaly (3.18). We therefore
are motivated to ask whether it is possible to construct an
EFT with the same symmetries, but which has second-order
linearized equations of motion. This turns out to indeed be
possible. Notice that the linearized action,

1
S=-— / dPx2 ¢, (3.24)

is also invariant under the symmetry (3.23), despite having
fewer derivatives.'” This is possible because the action is
invariant up to a total derivative under the symmetry; there
also exist interactions with the same property, so called
Galileon terms [67,69]. We can gauge the symmetry (3.23)
by promoting [¢ to

G = —0¢ + 0,0,A", (3.25)

""Notice that this EFT is still written in terms of a scalar field,
despite the fact that it has more symmetry than the superfluid (it is
also clearly invariant under 6¢p = const). The fact that a single
degree of freedom can realize multiple symmetries is a mani-
festation of the so-called inverse Higgs effect [68].

We can construct the “Einstein scalar” G = —[I¢ from the
traceful version of the complex (3.11). In this complex, we would
have K, = 9,0,¢, which has G as its nonzero trace.

after which the linearized action can be put in the form

1
S=2 / Ox(pG + A" T,). (3.26)
Here J » is the electric current
Tw = a(ﬂ()y)rgb - Cy, (3.27)

where C,, is given by (3.20). In the linearized theory, it
happens that K, = 7,,, but this will not be true generi-
cally once interactions are included. Taking the antisym-
metric derivative, we reproduce (3.18) [34]. The action
(3.26) is invariant under the gauge transformation,

2(D—-1)

o =" (3.28)

.

for ¢, along with the transformation (3.15) for A.

Interactions can be introduced similarly by taking
arbitrary powers of KC,,, which coincides with (3.27).
The magnetic current (and anomaly) do not change. The
electric current will receive corrections from the interaction
terms, but will continue to exist as long as the interactions
respect the symmetry (3.23) (or equivalently gauge invari-
ance in the presence of A). Note that this theory and the
ordinary superfluid have the same kinetic term. The differ-
ence between them lies only in the symmetries that are
demanded, and thus in the spectrum of operators and in the
types of irrelevant interactions that we are allowed to
include."

Two dimensions: Here again there is a version of electric-
magnetic duality in two dimensions. This case is similar to
the ordinary superfluid, but just with an extra index. The
two equations of motion are

9,J" =0, 0y, (xJ )01t = 0, (3.30)
where *J is dualized over its p index. We again see that
these equations are duals of each other in D = 2.

C. Conformal scalar

We now want to consider a more novel example, which
is a conformal scalar that shares many similarities with
conformal gravity. Here we meet our first example of a
theory with “impossible” symmetries, where the structure

PNote that if we had not included the ¢G term and instead built
the EFT directly out of powers of X', we would see that K has an
anomaly of the form,

Vh 10aK ~ =0C,. (3.29)

rather than (3.18), and correspondingly this EFT would have a
different two-point function.
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of anomalies cannot be matched by a unitary theory.
Consequently we will find that the EFT that captures the
dynamics and reproduces the anomalies necessarily
involves higher-order derivatives.

Currents and anomalies: In the previous examples, the
currents of interest satisfied single-derivative conservation
equations. In this example we will have an electric current
that satisfies a higher-derivative condition.

The magnetic current is the same as in the Galileon
superfluid example

K. € [1]. (3.31)
which then fits into the same complex
d d
o L[] | (3.32)

In this complex, the maps are the same as (3.12) and
(3.13), and the conservation condition that K satisfies
is dig)K = 0.

The novelty in this case compared with the superfluid is
the electric gauge field: it is once again a two-index

traceless tensor A,,, but it is now part of the complex

d d d
o« M [T | 4o (3.33)
Under a gauge transformation, A shifts as
0A,, = 0,0, A, (3.34)
and the field strength F,,, is defined as
L
F;w(x = a[/AAv]a - m’la[ﬂ Au]ﬁ' (335)

These two equations are the maps in (3.33) expressed in
indices. The gauge transformation (3.34) implies that the
electric current satisfies the conservation condition

0,0,J" = 0. (3.36)
Note that the single divergence of J does not necessarily
vanish, d,J* # 0.

In the presence of the background gauge field A, the
electric current 7, continues to be conserved, but the
magnetic current instead satisfies the anomalous conserva-
tion equation,

y[g,]]aalc;w = _Fa;w- (337)
Since F,,, has the correct index symmetries, it can appear
directly on the right-hand side of this equation, playing the
role of Cp, in (2.15). In this sense the mixed anomaly for

this theory is conceptually more similar to that of the
ordinary superfluid than the Galileon superfluid, despite the
fact that the magnetic current has the same index sym-
metries as in the Galileonic example.

As in the previous examples, the conservation condition
0,0,J#* = 0 along with the mixed anomaly (3.37) com-
pletely fixes the Fourier-space two-point function between
the two currents:

D-1

D 1
<«]/4pr0'> = m? PuPuPpPs — Tp4’1/4(677p)v

2
p
+ 3 (pZ’/]/wnpa — PuPuMpe — pppa”ﬂu) .

(3.38)

Notice that this two-point function has a p~ divergence as
p — 0, which already suggests that this theory cannot be
unitary. This can be formalized by an explicit spectral
decomposition, but the result is the expected one; the
higher-order pole cannot be matched by any unitary
Poincaré representation, and instead reveals the existence
of a so-called “dipole ghost” state [70—72]. More details are
provided in Appendix B. We therefore see that any theory
with this pattern of symmetries and anomalies must neces-
sarily be nonunitary—they are impossible symmetries.
Effective field theory: Let us now reproduce this physics
from an effective field theory. We can again trivialize
conservation of the magnetic current by writing

K,, = 04,0, . (3.39)
We now want to find an action for ¢ from which the
(double) conservation of J,,, follows. The appearance of the
gauge-invariant field strength itself in the anomaly equa-
tion (3.37) suggests that the relevant EFT will be Maxwell-
like, and indeed this is the case. We consider the EFT

1 1
S = —E/dDX<K;wK”U+FK3V+"'>7 (340)

where Kﬁy stands schematically for all index contractions,
and A is an energy scale (not to be confused with the gauge
parameter). Notice that the kinetic term for ¢ that comes
from (3.40) is higher derivative,

S:—/de<D2_D1¢D2¢+~-->. (3.41)

We can then understand the presence of the electric current
J,, as a consequence of the fact K,,, can be coupled a
background gauge field by promoting it to

KIW — ICIW = a<ﬂal,>r¢ - Aﬂl” (3.42)
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which is then invariant under the gauge transformations

(3.43)

0A,, = 0,0,),&, (3.44)
with a scalar gauge parameter &(x). The gauge field A, will
then couple to the electric current 7 ,,:

oS
T = 5am

= 000, = A+ (345)
which will be doubly conserved (because of the gauge
transformation of A). The presence of this conserved
current also guarantees that the action will have certain
global symmetries, which we detail in the following inset.
Symmetries: We can use the current J,, to construct
ordinary Noether currents that correspond to the global
symmetries of the EFT (3.40). Let us illustrate this in the
special case of the free theory. In this case, the doubly
conserved electric current is
= 0(,0,), - (3.46)
which is doubly conserved as a consequence of the higher-
derivative equations of motion. Note that, as expected, the
current J, in a generic EFT agrees with K, in the deep IR.
To obtain an ordinary conserved current from J,,, we can
start from (3.46) and contract it with a conformal Killing
scalar y, which satisfies 9(,0,) y = 0. The current
Ju) = w05 + 0 J ux, (3.47)
will then be conserved. We can then consider the free
conformal scalar Lagrangian, and write it in the form

1, 1
L=—3T=-50

> <Mal/)7¢]2' (3.48)

In this form, it is manifestly invariant under a shift by a
conformal Killing scalar,

op =y. (3.49)
The Noether current for this symmetry is
oL oL
= —5¢0 0,0
7 ¢”aamm+bwa¢>”¢
D —
= —0"0,¢p"y + — 6/‘;(D¢ +—" ( D D x'O¢p,  (3.50)

which gives exactly —J*[y].

The independent conformal Killing scalars are
(3.51)

such that these include the usual constant shift, Galileon
symmetry, as well as shifty by x?, which is not a sym-
metry of the (d¢)? kinetic term, but which is a sym-
metry of (3.40).

The electric current defined by (3.45) is guaranteed to be
double conserved, but the (topological) magnetic current
(3.42) will no longer satisfy the conservation equation
d(x)K = 0, but will instead produce the anomaly (3.37). As
expected, the EFT (3.41) that reproduces the general
physics of this phase is manifestly nonunitary, having
fourth-order equations of motion.

Electric-magnetic duality: The linearized version of this
effective field theory displays a version of electric-magnetic
duality in D = 2. In generic dimension, we can think of the
theory as being defined by the equations,

>, =0, (3.52)

r 0o = 0,

- (3.53)

which are valid at separated points, and where J,,, = K, in
the linear theory. Recalling that J,,, is part of the complex
(3.32), Eq. (3.53) implies that we can write'*
Juw = 0(,0,), 9. (3.54)

The equation of motion [1?¢) = 0 then follows from (3.52).
Two dimensions: Something special happens in D = 2.
Tensors with the symmetry type B] vanish identically, such
that the Eq. (3.53) is trivially satisfied in D = 2. We must
therefore additionally impose the two-derivative equation,
000" T yy = —0,0"A,,, (3.55)

in order to fix the overall normalization of the two-point

function. The standard de Rham complex can be used to
infer from (3.55) that

F#J = 0,f,

(3.56)

while the identically satisfied Eq. (3.53) implies that
f =0¢. Then, we see that [(1>°¢p = 0 from (3.52). The
takeaway is that the two equations

9,0,J" = 0, (3.57)

“Note that, from the CFT point of view, this current is not a
primary operator, so it does not appear among the multiply-
conserved currents of the [1*> theory classified in [73].
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aﬂau(*J)”” =0= a[aa”Jﬂ]y =0, (358)
are equivalent at separated points in D = 2, and completely
fix this theory [along with the particular anomaly (3.55) at
coincident points]. Here the dualization is defined with
respect to the p index. In two dimensions, Eq. (3.57) is
equivalent to its dual, so this is a manifestly electric-
magnetic duality invariant formulation of the theory.

Note, of course, that the choice of which equation to
make anomalous at coincident points breaks electric-
magnetic duality, which will appear in the contact terms
of the theory. Equation (3.58) is actually only true at
separated points. Inside correlation functions there is an
anomaly, which—for example—fixes the normalization of
the two point function. The two-point function (3.38) is not
correct in D = 2. Instead we find

2 p?
<‘,ﬂIJKp6> |D:2 = ? |:pupupppa - 7 (p[lp(pr]0'>l/

+ nu(ppa)py):| s (359)

where the overall normalization is fixed by the anomaly in
Eq. (3.58), and again this correlator implies the presence of
a massless scalar.

IV. SPIN-2 EXAMPLES

In the preceding section, we saw several examples of the
general construction described in Sec. II, and saw how the
same scalar degree of freedom can realize different patterns
of symmetries and anomalies, some of which cannot arise
in a unitary theory. Similar constructions can lead to
massless spin-1 [2,3,20,21] excitations, or higher p-form
excitations. In this section we wish to present some other
examples where the gapless degree of freedom has spin
two. We first review the symmetries of the EFT of a
linearized graviton, before describing the higher-form
symmetries of linearized conformal gravity. Conformal
gravity is well-known to be nonunitary, and we will see
that this is a property shared by any theory with the same
generalized symmetries as (linear) conformal gravity.

A. Einstein gravity

We first review the anomaly structure of (linearized)
Einstein gravity [34-36] and show how it fits into the
general framework described in Sec. II.

Currents and anomalies: The magnetic current of
interest has four indices K, ,,,,,,» With the symmetry type
of the Weyl tensor,

(4.1)

KN1M2V1V2 €

This current is an element of the complex

d d d
D €3] EE] (h) (K) .

(4.2)

where the various maps are defined by
(dg)8),, = 2040, (4.3)
(d(h)h)ﬂmﬂ = —3)2{272]6”00%/3 =—=0,0,h5+ -, (4.4)
(d(K)K)pﬂmﬁ = 337[2’2‘1}6/,K”m/3 =0,Kygp+---.  (4.5)

Using this complex, the conservation condition that is
satisfied by the magnetic current is

(4.6)

which is the same form as the traceless part of the Bianchi
identity for the Weyl tensor.

The gauge field that couples to the electric current is
Aqp and also has the symmetries of the Weyl tensor. It is
part of the complex

H ) dea)

Here the gauge parameter is a mixed-symmetry tensor A,
and the differential operators are defined explicitly as

der)
H..._

(4.7)

(d(A>A)yya/)‘ = lzy[gl]aﬂAaﬂD - aﬂA(X[ﬁ/ +- (48)
(d(A)A)yupa/io- = 18y[T2,2,2] apaaAﬂuaﬁ = apaoA/waﬁ + - )
(4.9)

so that under a gauge transformation the field trans-
forms as'’

5Aﬂl/aﬂ - aﬂAaﬂD + Tty (410)
and the gauge-invariant field strength is
F = d(A)A. (4.11)

This encodes the fact that the electric current is ordinarily
conserved,

“Note that the fact that Agpy 1s itself the derivative of another
tensor in (4.7) implies that the gauge transformation is reducible,
any gauge parameter that is the symmetric derivative of a 2-form
will automatically have 6A = 0.
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0,,]””“5 =0. (4.12)

In the presence of this background gauge field, the

electric current continues to be conserved, while the

magnetic current satisfies the anomaly equation,

3:))[2,2’1]0[/),C;w]aﬁ = “LYupaps (413)

where the anomaly can be written in terms of the gauge-
invariant field strength of A as'®

. (D-3)

woep = =g =5y Fupare = 3352119 Coverps

(4.14)

which also can be written in terms of the auxiliary tensor

D-3 1
Cuep = —5 Vb2 (apaﬂAmﬁp - DA,W,,) (4.15)

As in the scalar examples, the symmetries/anomalies of
this system completely fix the two point function involving
the electric and magnetic currents. Explicitly, it takes the
form [34],

9(D - 4) Pu Py Doy Poy v,y Musp
D-3 p?

<‘,ﬂ1ﬂ2V1U2K“102ﬁ1/j2> =P |:

3
2
+ Z PNy o Moy, 1 M

- 3pu1p(z]rlﬂzazrlv]/}lﬂyzﬁz ’ (416)
where P = y[TM] y{w is a Young projector onto the tableau

that has the symmetries of a symmetric product of Weyl
tensors,

v a
pl o | B1 .
2| V2 an|fBo

(4.17)

Note that only the first term of (4.16) is nonlocal.
Performing a spectral decomposition on the two-point
function (4.16) implies that there is a gapless spin-2
mode—the linearized graviton—in the spectrum [34].
From this perspective, the graviton is a Goldstone for a
(higher-form) symmetry, which is nonlinearly realized.
Effective field theory: We now want to review how this
structure of anomalies is reproduced in effective field
theory [34,35]. As before, the strategy is to trivialize the

'“The slightly strange normalizations are chosen for conven-
ience when matching to the EFT description. Note that the
apparently singular behavior in D = 5 is due to the fact that the
field strength (4.9) vanishes identically in five dimensions, and so
it is not possible to write the anomaly in terms of it. Nevertheless,
it is possible to write it in terms of (4.15) by dividing by D — 5.

magnetic conservation condition by writing the magnetic
current in terms of a potential field,

Ky = =3V550,,0,, 1 (4.18)

vy Ty
where h,, is a traceless symmetric tensor. Of course this is
just the linearized Weyl tensor where £, is the linearized
metric in a gauge where i, = 0. Notice that the complex
(4.2) implies that this tensor is invariant under the gauge
transformation,
ohy, =204, (4.19)
which is nothing but the linearized diffeomorphism invari-
ance that preserves h*, = 0. We see that gauge invariance
in this language is an inevitable consequence of choosing
to write one of the currents locally in terms of field
variables that trivialize its conservation.'’

We now want to construct an action whose equation of
motion implies the conservation of the electric current
J i uyv,0,- This current can be seen as the Noether current for
the shift,

Ohy, = 20"Ngu),s (4.20)
where A is a traceless mixed-symmetry tensor and we
must require that K[6h],,,5 = 0 in order for this to be a
symmetry. (This condition is the analog of the 1-form
symmetry in electromagnetism requiring that we shift by a
flat connection.)

As in the Galileon superfluid example discussed in
Sec. III B, the most naive action built directly from K will
have fourth-order equations of motion, and the wrong
anomaly. It is, however, possible to construct a kinetic term
with lower-order equations of motion:

1
§S—— / AP W Oy, =200 hu)0). (4.21)

whose equation of motion sets the traceless linearized
Einstein tensor to zero G,,) = 0. Note that this is a non-
standard presentation of linearized gravity, written in terms
of an identically traceless tensor (see Sec. 2.4 of [74]). The
electric current in this linearized theory is also the Weyl
tensor,

Wﬂl#l”l”z - _3y[T2,2]aﬂlal/lhﬂ2V2’ (422)

which is conserved on shell. As before, the electric current
happens to coincide with K, but this is again an accident of

""We would have seen a similar phenomenon in the scalar
examples if we had decided to trivialize the electric current
conservation, which would have introduced a (D — 2)-form field
carrying the gapless mode.
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the linearized theory. We can introduce interactions, which
are naturally built from powers of K. The electric current
will then receive corrections (but will continue to be
conserved on shell), while the magnetic current will be
unchanged. These will be interactions of the “pseudolinear”
type [75-79]. It is an open question how to extend this
framework to describe the non-Abelian interactions of full
Einstein-Hilbert gravity.

We can gauge the symmetry (4.20) by introducing A
into the action (4.21) as

uvaf

1
S = / de<§aahﬂpaah} — 0 R0, B = Ay @ P
_ D=3 g4 9, Awor L~ 7 D=3 s 5 awee
8(D—4) ok 2(D—4)" “wonla ’
(4.23)

which is invariant under the following gauge trans-
formations

6/\A[ll/aﬁ = lzyz [2.2]% aﬂu = auAvﬁa +ee (424)
6(D -3
5Ahm/ - %WAQ(W) (425)

This action can be written more simply as
1
S=-3 / d'x ("G, + A"™° T pe).  (4.26)

where we have introduced the gauge-improved (traceless)
Einstein tensor and electric current

G = Uhyy =200,y — &’aﬂAﬂwﬂ, (4.27)
1
jyva/i = Z W;waﬁ - C/wa/}' (428)

In the absence of the gauge field, the electric current is just
the linearized Weyl tensor, and in the gauge-invariant
version the C tensor is the same as in (4.15). In the
linearized theory, the magnetic current is equal to the
electric current, so we also have

1

Kuwas = 7 Winap = Cuap-

(4.29)
One can then check that the antisymmetric derivative of this
current reproduces the anomaly (4.13), where we have

C

uvpafp — (430)

=3)7, 2.2, 1 /wa/f

Gauge-invariant interactions of the pseudolinear type are
introduced by including higher-order contractions of K.
Then, in the full theory K (and hence its anomaly) will

remain unchanged, while the electric current 7,3 will be
modified by the interactions.

B. Conformal gravity

We now turn to (linearized) conformal gravity. This
theory shares many features with the conformal scalar
example encountered in (3.3); both its magnetic current and
electric gauge field will be governed by the same differential
complex, and the mixed anomaly between conservation of
the two symmetries will imply that the theory is nonunitary.
Of course the non-unitarity of conformal gravity is well-
known, but this perspective casts this fact as an inevitable
consequence of symmetry, and indeed exposes the (higher-
form) symmetries of conformal gravity itself. As a byproduct
of our analysis, we elucidate the fate and structure of electric-
magnetic duality for linearized conformal gravity in four
spacetime dimensions. [See Appendix A for more details
about (linearized) conformal gravity.]

Currents and anomalies: We start by defining the
magnetic current in the same way as in linearized
Einstein gravity (4.1). The index symmetries of K, ...,
are identical and it fits into the same differential complex
(4.2). The essential difference with the linearized GR case
is that we take the gauge field A, 4 to be part of this same

differential complex,

d d d
O0— o o, o e,

(4.31)

Here the relevant maps involved can be written explicitly as

(dW)A) yap = 3V 21040 (4.32)

Hvafi

(d(A>A)pﬂmﬂ = 6))[22 119 A uvap- (4.33)
In particular this implies that under a gauge transformation

the gauge field transforms as

OAap = y{m] 0,0, Ay, (4.34)
and there is a gauge-invariant field strength
/mmﬂ y[zz 1 /wa/f' (4'35)

The fact that A has a gauge transformation involving two
derivatives implies that the electric current that it couples to
satisfies the double conservation condition,

0,0, JH#v =0, (4.36)

The presence of the background gauge field A that
sources the electric current J preserves this conservation
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condition, but causes K to satisfy the anomalous conser-
vation equation,

y[g,ll]aﬂ}cﬂmzvlvz = _F/)ﬂ]ﬂzy]y23 (437)

where F is the gauge-invariant field strength (4.35) built out
of A. Notice that in this case the field strength has the right
index symmetries to appear on the right hand side of the
anomaly equation without needing to take derivatives. In
this sense, conformal gravity is conceptually quite similar
to the conformal scalar example discussed in Sec. III C.

Two-point function and spectrum: As in the other
examples, the combined requirements of conservation of
the electric current at all points, and the "t Hooft anomaly
(4.37) entirely fixes the two-point functions between these
currents to be

(J

HipoH3Hy KU] 02”3U4>

Pu P, p, (
4

=-P _6P;42p/32771/2a2 + Pznﬂzaznvzﬂz)

3 3pupan;4anuﬁ77uﬁ
+Znﬂlalnﬂthnl’lﬂlnyzﬂz - : : ;22 S

9(D - 4) PuPuyPay Poy v, 8,8,
D -3 p* ’

(4.38)

where P is the same projector as in (4.16). Notice that this
two-point function has a p™* pole. This pole cannot be
reproduced by any unitary representation in the Killén-
Lehmann decomposition of this correlator. We therefore
conclude that any theory with this pattern of symmetries
must necessarily be nonunitary. In the next section we will
see that the EFT description of this physics is linearized
conformal gravity, which is entirely consistent with the
theory being nonunitary.

Effective field theory: We now want to see how we can
reproduce the physics of this phase using effective field
theory. Once again the magnetic current’s conservation can
be trivialized by writing the current as (4.18). We further
notice that this current is again invariant under the shift
symmetry (4.20). In this case, we must use a Maxwell-type
action to realize the relevant symmetries. This Maxwell-
type action is quadratic in the magnetic current K,

1
S=3 / dPx K s K40, (4.39)

The action (4.39) is of course the action of linearized
conformal gravity in a gauge in which the linearized Weyl
symmetry is used to make h,, traceless, with K the
linearized Weyl tensor. As in the Einstein gravity case,
we could include higher-order interaction terms involving
powers of the Weyl tensor. This would leave the magnetic
current unchanged, but would modify the electric current.

In order to understand the structure of anomalies, we
want to gauge the symmetry (4.20) by introducing a gauge
field that couples to the electric current. We can construct a
gauge-invariant action as (now writing C in terms of the
Weyl tensor),

1
5= Z/ APx(Wap = Apap) (WP — ARP) - (4.40)

which is just the square of the gauge-invariant magnetic
current,

K

Hvpc

=W

Hvpe

—A (4.41)

HUpo

This is invariant under the following gauge transformations
of the fields,

=A

Hv

(4.42)

nv

0Aap = —33}{2,2]0”0,,,/\,,{,, (4.43)
where A, is a symmetric traceless gauge parameter. In the
presence of A, 4, the electric current that couples to A will
be conserved, but the magnetic current now obeys the
anomalous equation (4.37). So we see that this effective
field theory precisely reproduces the structure of sym-
metries and anomalies that we want. If desired, we can
incorporate interactions by adding higher powers of IC to
the action.

As anticipated, this effective field theory involves a
higher-derivative action, and it is known to be nonunitary,
consistent with our statement that the symmetries (4.36)
and (4.37) cannot arise in a unitary EFT.

1. Charges

Here we discuss some conserved currents and charges
that arise from the conserved electric current in conformal
gravity. W,,qs is a double conserved (0”()ﬁWﬂmﬁ =0)
traceless operator, with the symmetries of the Young
diagram Bﬂ From this we can construct 2-form conserved
currents J,,[§] by contracting with a conformal killing
vector ¢&* satisfying the conformal Killing equation
0.y, = 0 as follows:

J/w [5] = W;wa/}aagﬁ - 2aapra/}§ﬂ- (444)

These currents are conserved: 0*J,,[£] = 0, as we show in
the following inset.

Conservation of J,[£]: To see that J, [&] defined in
(4.44) is conserved, act with ¢ and use the fact that W is
double conserved to give

#J, ¢ = GDW,,W/;@"Eﬂ + Woapd” & — 20“W”mﬂ6”§ﬂ .
(4.45)
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We can treat 0#&¥ as antisymmetric—since the symmetric
traceless part vanishes by the conformal Killing equation—
and the trace part vanishes upon contracting with the
traceless W. So, the second term, which has two derivatives
on &, can be written as

W s 0°EP = =W 5, 070" & (4.46)
which then vanishes due to the symmetry of the two
derivatives and the antisymmetry of W. Now, looking at

the two terms in (4.45) with one derivative on &, we can
write them as

W 1qp 07 = 20°W 1050 = 0¥ (Wi — 2W 105 0°EP
(4.47)

Again treating 0*£” as anti-symmetric, we can manipulate
this as follows:

& ( WMWﬂ - 2Wﬂ(ll//3 ) 0* gﬁ =0 ( Wﬂmﬂ - Wﬂfwﬂ + Wﬂﬂva)aaé:ﬁ
= aU(W/wa/i + Wﬂa/iy + Wﬂ ya)aaé:ﬂ’
(4.48)

which now vanishes upon using the mixed-symmetry
condition W 45 = 0.

Due to the fourth-order nature of the conformal gravity
field equations, solutions to Einstein gravity are also
solutions to conformal gravity, but the converse is not
true: it would be interesting to study linearized black
hole solution in conformal gravity that are not also
solutions of FEinstein gravity [80,81], to see if and how
they carry these charges, and study their topology, along the
lines of [34,82,83].

2. Electric-magnetic duality
In this section, we describe the electric-magneticlike
duality invariance of linearized conformal gravity in
D = 4, which is quite similar to the conformal scalar in
D =2 discussed in Sec. IIIC. Recall that linearized
conformal gravity is on shell equivalent to the equations,

0y, 0,, 2 = 0, (4.49)

o (*J)Ml"'ﬂv—zl/ll/z =0= y[g.Z,l]a[ﬂl‘llhﬂs]Vlyz =0, (450)

where the tensor J, ., has the symmetries of the
window-shaped tableau Bﬂ The Hodge dual is defined
with respect to the first two indices of J so that
_1 :
D)y = 3 Esprpiprapd P oyp,- In general dimen-
sions J,, ,,,,,,, 1S nothing but the Weyl tensor, and we

can use the fact that it fits into the complex (4.31) along
with (4.50) write,

Jﬂ]ﬂz”l”z = y[TZ,Z]alllaﬂl hm”z’ (451)
so that (4.49) is the wave equation satisfied by the
conformal graviton (A22).

In D=4, Eq. (4.50) is trivially satisfied, and so
Eq. (4.49) is not sufficient to completely fix the theory.
In this case, we have to additionally impose

010" (xJ) =0.

K1kl Va

(4.52)

Equations (4.49) and (4.52) are sufficient to fix the two-
point function of the current to be that of conformal gravity.
We can also reproduce the equations of motion by noting
that we can equivalently write this equation as

a[ﬂla” vJ

|y,

=0. (4.53)

Then, the fact that the mixed-symmetry tensor appearing in
this equation fits into the complex (3.32) implies that we
can write,

o JM]IQ”] v, = a[ﬂ] Sﬂz]l’z ’

(4.54)

where § is a symmetric tensor. We can also use the trivial
equation (4.50) to deduce that

Jﬂ]ﬂzl/ll/z = y[TZ,Z]aﬂlablhﬂzbz’ (455)
Combining these equations, we find that
S, = —20h,, +2070,h,),- (4.56)

Then, applying (4.49), we find the linearized wave equation
of conformal gravity. All together, we see that in D = 4,
linearized conformal gravity is equivalent to the two
equations,

0,,,0,, JF#24112 = ), (4.57)

0

Hi

0, (xJ Ytz = Q, (4.58)
which are clearly Hodge duals of each other. The same
conclusion was reached by [84] via a slightly different
chain of re.as.oning.18 As in the scalar case, the anomaly
appearing in (4.58) at coincident points (which we have not
written explicitly) is necessary to fully fix the normalization
of the two-point function.

V. CONCLUSIONS

We have explored the properties of relativistic gapless
phases defined by a pair of generalized conserved currents

18See [53,60] for discussions of the duality-invariant formu-
lation of linearized Einstein gravity.
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with a mixed anomaly between them. We have given a
unified description of these systems, and have considered
several examples, both old and new, and shown how they fit
into the general framework. Perhaps the most conceptually
nontrivial aspect of these examples is that some current
and anomaly structures cannot possibly arise in a unitary
(Lorentzian) quantum field theory: these symmetries are
impossible.

Along the way, we elucidated the structure of sym-
metries in conformal gravity, giving a definition of the
linearized theory in terms of higher-form symmetries.
This theory is one with impossible symmetries, reflecting
the well-known fact that conformal gravity is nonunitary.
We also considered some aspects of the conserved
charges in this theory, and elucidated features of its
electric-magnetic duality. A similar construction should
exist for massless higher spin fields described by the
Fronsdal action [85], as well as the Fradkin-Tseytlin
fields [86,87] (which are higher-spin generalizations of
linearized conformal gravity), and would give a new
perspective on these theories. In these cases, there is a
generalized Weyl tensor satisfying conservation equa-
tions, whose anomalies should characterize the theory,
and give an interpretation of each massless high spin as a
Goldstone boson.

A number of questions are raised by this construction.
Philosophically, one could ask why some symmetries are
impossible, and whether we could predict a priori when
currents are incompatible. One avenue to further elucidate
this structure would be to connect these statements to more
familiar theorems that forbid the presence of certain
conserved currents; either the Weinberg-Witten [88,89]
or Maldacena-Zhiboedov [90] theorems (see also [91,92]
for higher-dimensional generalizations). By invoking
standard unitarity, we had in mind the relativistic setting,
where the constraints of Lorentz invariance imply a
certain rigidity, but for condensed matter applications,
it would be useful to relax this assumption and study
whether these patterns of symmetries can be realized by
physical systems that are interpreted as statistical ensem-
bles (i.e. as Euclidean field theories). In any setting, it
would be interesting to understand if there is a more
abstract and general characterization of impossible
symmetries.

There is a complementary perspective on impossible
symmetries that comes from recent developments in the
study of positivity bounds. By studying scattering ampli-
tudes away from the forward limit, it is possible to
obtain two-sided bounds on the Wilson coefficients of
EFTs [93-95]. One way of phrasing the lesson is that large
hierarchies in dimensionless parameters in an EFT usually
cannot descend from a standard Lorentz invariant UV
completion. As a concrete example, scalar field theories
with amplitudes that are parametrically softer than E? in
the forward limit cannot arise from such a completion.

In particular, this rules out models of Galileons [67]
arising in this way. This is, in a sense, another statement
about “impossible” symmetries, as the Galileon realizes
a particular low-energy symmetry which is responsible
for the softness of its amplitudes. It would be very
interesting if one could understand these violations of
positivity by using the extended operators or higher-form
currents present in the theory of a Galileon, or in more
general EFTs.

We are just beginning to understand the interplay
between generalized symmetries and the structure of EFT.
A number of novel and interesting phenomena have already
been uncovered, and we expect that there is a wealth of
additional insights to be gained.
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APPENDIX A: CONFORMAL GRAVITY

Here we review some aspects of both nonlinear and
linearized conformal gravity that are useful in the main text.

1. Nonlinear conformal gravity

We begin by considering nonlinear Weyl-squared
gravity. The action of this theory is given by19

1

Sy = = [ PV (A2

where W, is the Weyl tensor, which is the traceless part

of the Riemann tensor,

“Given the definition of the Weyl tensor, this action can
equivalently be written in terms of the Riemann tensor as

1 4
SWZ = —g/ dD)C\/§ (R”baﬁRﬂUaﬂ - mRm/RMD

+ (A1)

2 2
<D—1><D—2>R)'
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2

W -
D-2

uvpe — R;w/)(f -

(gﬂ[pRa]y - ;/ID[/)RO']M)

B — R
T D =1) (D =2) el

= R;w/m - z(gﬂ[/)S{F]D - gl/[[lSO']M)' (A3)
In the second line, we have expressed it in terms of the
Schouten tensor, which is defined as

1 1
SHV = m (R’w - mgﬂDR) . (A4)

The Weyl tensor shares the same index symmetries as the
Riemann tensor, W -W -W w and

uvpe — vupe — uvep — Y pouvs
the algebraic Bianchi identity Wy,,,, = 0, and it is com-

pletely traceless i.e., it has the symmetries of the traceless

[2, 2] tableau 2]
The divergence of the Weyl tensor can be written as

VEW :—MC

, AS
Hvpo ( D— 2) vpo ( )

where C,,, is the Cotton tensor, which can be written as

Cypo = 2(D = 2)V},S

1
plv = _ZvLoRo-]v - mgb[pvg]R.

(A6)

The Cotton tensor is fully traceless and has the symmetry of

a [2, 1] tableau .
The Weyl tensor with one index raised is invariant under

Weyl transformations, that is, if we define

9w = Qz(x)g/w’ (A7)

then the Weyl tensors of these two metrics are equivalent,

Wﬂvaﬂ = Wﬂuaﬂ‘ (Ag)
This implies that in D = 4, the action (A2) is invariant
under Weyl transformations 8g,, — Q?(x)g,, because the
transformation of the inverse metrics needed to contract
indices cancel against the measure. Taking Q(x) = e,
infinitesimally the Weyl transformation reads,

59/41/ = 20—(x)g;w' (A9)

Due to this Weyl invariance, In D =4, we call (A2)
conformal gravity. In other dimensions, the action (A2)
is not Weyl invariant.”’

The equation of motion derived from the action (A2) in
D =4is B,, =0, where B is the Bach tensor,21

1 D-3
By =——7 VPV 4 R Al
uv D—3( +D_2 )Wp;ww ( 3)
= SPW iy + V2S,, = VPV (S, (A14)

The structure of nonlinear conformal gravity is quite
interesting; any maximally symmetric spacetime is a
solution, and the propagating degrees of freedom around
these solutions form an irreducible SO(2,4) representation.
Around flat space, this representation is a (nonunitary)
Poincaré representation that cannot be split apart. Around
de Sitter or anti—de Sitter space, the representation can be

“In higher dimensions, there are multiple independent Weyl
invariants [96], so it is not immediately obvious what one should
mean by conformal gravity for D > 4. For D even, there is a
natural candidate; it is a D-derivative theory that when expanded
around (A)dS contains a massless, partially massless, and %
massive, spin-2 degrees of freedom (see e.g., [97]). Its linearized
action is the linearization of ~ [ d” xW”b,lﬁD%W/‘”“ﬁ , which is a
spin 2 Fradkin-Tseytlin field [86,87].

2INote that in the literature, there exist different definitions for
the Bach tensor in general dimension D > 4. One choice is to
define the Bach tensor as the tensor that is set to zero by the
equations of motion derived from the action (A2),

_ 538w _

BMD =" Sq

_Vyo) W,

1
pve 5 Wy/ w

vpoa

1 1
=52 R Wane + g9 Wiy

(A10)
This tensor is divergenceless (V"BM = 0) in any dimension, as
required by diffeomorphism invariance, but only traceless in
D =4.
Another commonly used definition of the Bach tensor in general
dimension is B, that we presented in the main text in Eqs. (A14)
and (A13). The tensor B,, in (Al3) is now traceless in any
dimension, but its divergence is

VMB;M/ = (D - 4)Saﬂ(vbsa/3 - vaSu/})’ (All)
which vanishes in D = 4.
These two definitions coincide in D = 4 (in showing this, it is
useful to add the variation of the Gauss-Bonnet term, which
vanishes in D = 4). Moreover, in D = 4 the Bach tensor is Weyl
covariant,

8B,, = 20B,,, (A12)

under infinitesimal Weyl transformations 6g,, = 269,,.
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split into a pair of (A)dS representations, which are that
of a massless spin-2, and a partially massless (PM)
spin-2 [44,45]. On AdS, the PM representation is by itself
nonunitary, but on de Sitter space, the reason that con-
formal gravity is not unitary is that there is a relative minus
sign between the kinetic terms of the massless spin-2
and PM spin-2 degrees of freedom. It is possible to project
out the PM part of the representation, and obtain the
wave function in Einstein gravity from that of conformal
gravity [44,98].

2. Linearized conformal gravity

We now discuss some of the features of linearized
conformal gravity. This theory can be straightforwardly
obtained from the nonlinear Weyl-squared theory (A2) by
linearizing around flat space,

Guv = My + 2h/u/' (AIS)
The linearized Riemann and Schouten tensors are given
explicitly by

R\)e = =0,0,h,5 — 0,0,h,,, + 0,0,h,, + 0,0,h,5, (A16)
S = (=0,0,h — Ohy, + 20%9,h,),)
122 D—2 ulv Hv (u"v)a
1
— 7’]”,/ ﬁ (20a0ﬂh - I:'I’l), (A17)
and the linearized Weyl tensor is
Witho = Ribhe = 2(map S0 =y, S5)) . (Al8)
In contrast to the nonlinear theory, the action
1 L vpo
S=7 / dPx W Wi (A19)

is invariant under both linearized diffeomorphisms and
linearized Weyl transformations in all dimensions:

5h;w = aﬂéy + av&y’ (AZO)

5h/w = ‘Q'(x)n/w’ (AZI)
and so it makes sense to call this linearized conformal
gravity in any dimension. In fact, the linearized Wey! tensor
itself is gauge invariant under both of these transformations.
Much like in Einstein gravity, an important difference
between the linear and nonlinear theories is that the linear
theory has gauge-invariant local operators. The linearized
Weyl tensor is the basic such operator (see [99-101] for
formalisms that reveal the operator spectrum of linear
conformal gravity).

The equation of motion following from (A19) is

0,0, W/i"” = 0. (A22)

Because of the relation (A23), which at the linearized level
reads,

H . (D-3) .
O Wiiho = — B . (A23)

where the linearized Cotton tensor is

Clip =2(D =2)0,,S\}).

(A24)

we can also write (A22) as the vanishing of the divergence
of the linearized Cotton tensor
#Ch) =0. (A25)

Much like Einstein gravity, in D = 4 linearized con-
formal gravity is electric-magnetic duality invariant, as we
discussed in Sec. IV B.

It is possible to include irrelevant interaction terms in this
effective field theory, paralleling the EFT of linearized
Einstein gravity. Any interaction terms built out of the
linearized Weyl tensor will preserve all the symmetries
of the theory. As we discuss in Sec. IV B, we can think of
this EFT as being the gapless phase mandated by the
anomaly (4.37), or equivalent we can think of it as the
Goldstone theory for the breaking of the electric 1-form
shift symmetry of the conformal graviton.

APPENDIX B: SPECTRAL DECOMPOSITIONS

Spectral decompositions of the current-current two-point
functions play an important role in the main text. In
particular, by analyzing the properties of the two-point
functions that are fixed by the symmetry structure, we infer
properties of the spectrum of the theory. In this appendix
we provide some additional details about the Killén-
Lehmann decomposition, particularly in theories where
the two-point functions indicates that they are not unitary.
The overall strategy mirrors that of [25,34], where the
decomposition of the current-current two-point function is
used to discern the spectrum of the theory.

In this appendix we focus in particular on the case of the
conformal scalar and illustrate how the spectral decom-
position can be used to infer that the theory is not unitary.
The general lessons can be abstracted straightforwardly to
cases with spin.

1. Projectors

This first step involves rewriting the two-point func-
tion (3.38) in terms of projectors that split up the various
components of the two-point function. These projectors are
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defined in terms of the simpler objects:

0 PuP
7[/(“/) :%7 Ty _77/41/ 2

A basis of projectors is given by

D 0 n 112 0 nuluz
=p-1 <7T;(41242 - ';)M > <”£Izz -5 ) (B2)

1 0 1 0 1 1 0
H;llzlzl/lvz = 5 (”5112/1”5422/2 + ”l(tl)vzﬂl(tz)vl + ”fll)vlﬂflz)vz

1 0
).

(0)
Hﬂ]ﬂzl/lvz

(B3)

2 L/ o) H _a 1 o
HL]LZVIZ’Z = 5 7[!(412/1”!(422/2 + ”1(412’2”1(422/1 - m”/(h;lz”l(/llz ’

(B4)
which satisfy the orthonormality conditions,
Hl(li)llzplﬂzn(j)fllﬂzu]ug = 5ijnl(li1)llzvlvz7 (BS)
with i, j =0, 1, 2, and the completeness relation
0 1 2
HLILZ/’IP2 + H/(llzlzﬂlﬂz + H/(llzlzﬂlﬂz
1 1
= E (nymznﬂll/z + r]llﬂ/l’]ﬂzl/z) - 5””1”2”#1/42’ (B6)

where the tensor on the right-hand side is the identity on
the space of symmetric traceless tensors. We can think of
1) as the projector onto the spin-i representation within
this space.

2. Spectral decomposition

We now argue that the conformal scalar theory is
nonunitary using the spectral decomposition of the two-
point function (3.38). This correlator is easily rewritten in
terms of the projectors (B2)—(B4). This yields
K ) = =M + ). (B7)
Our starting point is the spectral decomposition for a

correlator of two symmetric traceless tensors

© S = (0 = (1
<J/pr6> = /O dsm (pO(S)H;(w;m + P (S)Hp(w,)nor

+P2(S)ﬁ;(42uzm>- (B8)

Here p;(s) are the spin j components of the spectral density
(the only massless representation that can couple to a
symmetric conserved current is a scalar, so the spectral
densities of the spin-1 and spin-2 states must go to zero as
p* = 0). Implicit in the spectral decompostion (B8) is the
assumption that the representations contributing to the
correlator have propagators that go like p~2 [102], which
is satisfied by all unitary Poincaré representations. As
usual [34], the tensors 1) that appear in (B8) are not
quite the projectors (B2)—(B4), but are instead off-shell
versions of the projectors that are obtained by replacing
p> — —s in (B2)~(B4). Hence, they depend on s and
reduce to the projectors when s — —p?.

In order to perform the spectral decomposition, the goal
is to match (B8) to (B7), and solve for the three spectral
densities p;. In this case, there is no choice of the p;(s) that
works. At its core, this is because we are trying to match
a two-point function that goes like p~ with a sum of
propagators that go like p~2. Since all unitary representa-
tions have propagators that scale like this, this is already
enough to see that the theory is not unitary. Of course,
we could generalize the Kéllén—Lehmann representation to
allow for totally generic behavior of the Feynman propa-
gator of the exchanged representations (and therefore allow
all possible nonunitary irreducible representations to be
exchanged as well). In this case it would be possible to
match the two point function and extract the spectrum of
the theory. It would actually be quite interesting to do this,
as the properties of nonunitary Poincaré representations are
not particularly well-understood. But for our purposes, it
suffices to conclude that there must be nonunitary repre-
sentations in the theory.

Not that the structure of anomalies completely fixes the
nonlocal part of the current-current two-point function, so
the structure of these poles is intrinsic to the anomaly. There
is an ambiguity about where to put the anomaly in a conser-
vation equation, but this freedom only changes the contact
terms appearing in the correlator, i.e. the terms analytic in
p*, and so cannot modify the structure of the poles.

Note that the essential tension has nothing to do with the
spin of the fields involved, it was merely the difficulty of
matching a two-point function that scales like p~™ to a
spectral decomposition where each of the constituents have a
propagator that scales like p~2. These same ingredients are
present in the conformal gravity case. There, the two-point
function scales like p™, and it is similarly impossible to
match it to the Killén—Lehmann decomposition under the
assumption that all of the states have ordinary p~2 propa-
gators (which all unitary representations do). We can there-
fore conclude that the theory is nonunitary also in that case.
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