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In the quantum simulation of lattice gauge theories, gauge symmetry can be either fixed or encoded as a
redundancy of the Hilbert space. While gauge-fixing reduces the number of qubits, keeping the gauge
redundancy can provide code space to mitigate and correct quantum errors by checking and restoring
Gauss’s law. In this work, we consider the correctable errors for generic finite gauge groups and design the
quantum circuits to detect and correct them. We calculate the error thresholds below which the gauge-
redundant digitization with Gauss’s law error correction has better fidelity than the gauge-fixed digitization
involving only gauge-invariant states. Our results provide guidance for fault-tolerant quantum simulations

of lattice gauge theories.
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I. INTRODUCTION

Gauge symmetries in quantum field theories give rise to
extremely rich phenomena. Most prominently, SU(3) x
SU(2) x U(1) gauge symmetry describes the interactions
of the Standard Model. Making ab initio predictions for
comparison to experiment requires large computational
resources. In particular, Monte Carlo methods in lattice
gauge theory (LGT) have been fruitful in the past couple of
decades, thanks to the advancement of supercomputers and
algorithms. However, problems involving dynamics such
as out-of-equilibrium evolution in the early Universe [1-4],
transport coefficients of the quark-gluon plasma [5] and
parton physics in hadron collisions [6-11] present sign
problems, as the Boltzmann weight becomes complex-
valued. Future, large-scale quantum computers can avoid
this obstacle by performing real-time simulations in the
Hamiltonian formalism [12-16].
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In order to use quantum computers for simulations, the
infinite-dimensional Hilbert space of the gauge theory must
be addressed. To allow a mapping to a finite quantum
memory, many digitization proposals to truncate this space
have been studied (see Sec. VI. b of [15]). All truncations
break the continuous symmetries to some degree and
produce theories with smaller symmetries. Understanding
the theoretical errors introduced by this is an area of active
research [17-24]. Broadly speaking, methods to encode
these regularized theories in quantum computers fall into
two classes. The first class digitizes all the states connected
through gauge transformations as redundancy and uses
Gauss’s law to project the gauge-invariant subspace, where
the physical theory should be simulated. This can be done
in group element basis [19,25-33], the group representation
basis [25,34-39], the mixed basis [40], as a fuzzy gauge
theory [41,42], as a quantum link model [43-47], and more.
The second class digitizes only gauge-invariant states, where
gauge redundancies are removed from the Hilbert space. This
can be achieved by representing each equivalent class with
gauge-invariant state in the procedure of gauge fixing. We
refer to this particular construction as fixing the gauge in this
work. One can digitize the independent Wilson loops in the
lattice, which can be identified as the plaquettes in (2 + 1)
dimensions [48-56], and as the states outside the maximal
tree in higher dimensions [21]. Other digitizations to elimi-
nate redundancy include the Fock basis in the light-front
Hamiltonian [7,57], the local multiplet basis [58,59], and
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spin networks [60,61]. Besides reducing the qubit cost,
gauge fixing also simplifies the quantum state preparation,
but can complicate the Hamiltonian [21,48,58-67]. At
present, it is an open question whether gauge fixing is
ultimately advantageous for quantum simulation.

The effect of noisy hardware has been generally
neglected in the above discussion. Naively, gauge-
redundant digitizations suffer more severely from quantum
noise because more qubits introduce more errors. However,
not all the errors are equally harmful. Noise which breaks
symmetries can change the universality class simulated
[37,38,41,68-70] and thus sufficient symmetry preserva-
tion is crucial [65,71-75]. In the gauge-redundant digitiza-
tion, quantum errors can be classified as gauge-preserving
or gauge-violating operators [75-80]. The gauge-violating
errors can be mitigated by introducing energy penalties
[81-86] or random gauge transformations [72] in the
Hamiltonian evolution. They can also be corrected by
measuring and restoring Gauss’s law [71,87]. The
gauge-fixed digitization—while precluded from noise-
based gauge violations—does not have such natural error
mitigation or correction methods, and thus relies on generic
methods for the residual errors. Notably, redundancy and
symmetry play a central role in both quantum error
correction (QEC) and quantum error mitigation (QEM).
QEC deliberately designs a redundant full Hilbert space
‘Hzq on the physical qudits and encodes quantum infor-
mation in a much smaller code subspace H, .4, on logical
qudits with certain symmetries, thus allowing for correction
without disrupting the coherent quantum information in
Heode [88,89]. As an active field of research, estimates for
the overhead—the physical to logical qubit ratio—vary
from O(10) to O(10%) [90-92]. QEM uses the existing
symmetries without introducing redundancy to mitigate
errors [93]. Indeed, it is this structural similarity between
QEC, QEM and LGT that inspires the above mentioned
works [71-76,78-81,86,87] to use gauge redundancy as a
resource for error correction and mitigation. Given the huge
variance of the overhead in QEC, and that gauge fixing
saves logical qubits only by a factor of approximately (1 —
1/d) in d spatial dimensions, keeping the gauge redun-
dancy for QEC or QEM may be more resource efficient for
achieving a desired accuracy. This idea has only just begun
to be explored for field theories [80,94-96] including
fermionic systems [97,98].

The answer to when this is true can be phrased as a
threshold theorem of QEC [99-101], which states that there
is a threshold for the error rate of physical qubits, below
which more redundancy makes the code more error-proof.
In this work, we compute the threshold below which gauge
redundancy makes the digitization more robust. After
reviewing the connection between gauge symmetry and
QEC in Sec. II and Sec. III, we present the circuits to
encode and decode via Gauss’s law. This paves the way for
calculations in Sec. IV of the thresholds, below which the

gauge-redundant digitization combined with QEC has a
better fidelity than the gauge-fixed one.

II. GAUGE SYMMETRY AND FIXING

We will briefly review gauge symmetry on lattice in both
the group element (magnetic) and the group representation
(electric) basis, as the former is closer to the path-integral
quantization and the latter to Gauss’s law in classical fields.
These bases are related by the group Fourier transform. In
the group element basis, one assigns an element of the
group G (link variable) to each link on the lattice,
representing the Wilson line [102]. For continuous gauge
groups, the link variables are related to the vector potentials
of the continuum theory via:

X+i .
Uyi = Pexp<—i/ dl-A> ~ el (1)

where P denotes path ordering, « is the lattice spacing, and
i the spacial direction of the link. The gauge-redundant
Hilbert space Hgyqe 18 the tensor product of N, local
spaces, each spanned by the group elements:

Hauge = span({|U). U € G})®Ne, (2)

gauge
where N is the total number of links and (U|U’) = 6y ¢/
For a continuous gauge group, dim(?gye.) = oo, and
digitization is required to render it finite. Here we will focus
on the discrete subgroup digitization. Some discussion of
the continuous theory can be found in [103] and other
digitization schemes remain for future works. For a discrete
gauge group G, the dimension of the one-link Hilbert space
is |G|. The dimension of Hgyy,. i given by
dim Hypuge = |G (3)

A gauge transformation Tgx is a unitary operator that
transforms all outgoing (incoming) links connected to a site
x by a left (right) product with g€ G (¢! € G):

d
= [[IL,(x. )R,

i=1

(x —1i,1)], (4)
where f,g, f?g are left and right multiplication operators,

L= lgU)Ul.  Rp= Y [Ug)UL (5)

UeG UeG

Typical lattice gauge Hamiltonians preserves gauge sym-
metry as they commutes with the gauge transformation
operator Tq This includes the Kogut-Susskind [102],
the Symanzik-improved [104—107] and the similarity-
renormalization-group-improved ones [22].
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Gauge-invariant states satisfy a lattice version of
Gauss’s law:
fgx |‘Pinv> = ‘lPinv>v Vox €G. (6)
In the |U) basis, Gauss’s law requires the wave functions on
gauge-equivalent configurations to be the same, as taking
an inner product of Eq. (6) with (U| gives

<U|?gx|Tinv> = <U|1Pinv>‘ (7)

Such states are in the gauge-invariant subspace H,,,.,
which can be projected from Hgy,. Wwith the operator

Py =1, Po(x), where the local Gauss’s law projector is
T, . (8)

To get a clearer physical picture, it is useful to introduce
the electric basis |o,,,), which is the group Fourier trans-
form of the group element basis:

(0| U) = V/d, /IGITH(U). (9)
where Fﬁ,‘f),(U) is the m, n matrix element of the unitary
irreducible representation (irrep) o for U, d, is the
dimension of ¢. The dimension of the one-link Hilbert
space |G| also equals >, d2. For the Abelian groups, all
irreps are 1d and m, n can therefore be suppressed with ¢
being the Abelian electric flux. For non-Abelian groups,
|6,,n) is & tensor representation comprised of the left vector
representation |o,,) and the right vector representation |G,,):

(Gn) = 1Om) @ [52), (10)

where & is the complex conjugate dual of representation o,
ie., F,(f;) (g9) = FS;Z) (g7"). This is because gauge transfor-
mations act on the links going out from the vertex via

L= "Ti@lo.) o) ® > 15,)(5,

o,m,q

, (11

thus transforming only the left vector. Similarly, the
incoming links transform in the dual representation, and
only the right vectors are transformed:

Ry = lon) 0. ® Y T (9)la.) 5, (12)

n.q

Thus, one can define the local charge at vertex x as the
tensor product representation:

d
0(x)) = [] ® lon(x. D)) ® |5, (x —i.i))  (13)

i=1

f’o(x) projects the tensor product to the trivial representa-
tion according to the Clebsch-Gordan coefficients of the
group [108]. Physically, one can interpret Q(x) as the net
flux, and Py(x) selects states with neutral net flux. As the
result of the constraints, one lacks the freedom to inde-
pendently assign all the links variables. Naively, applying
Py(x) to all the Ny vertices in the lattice implies Ny
different constraints. However, the global charge, defined
as the tensor product of all the local charges,

10a) =[] ®12(x)) = [ ® lou(x. 1) ® [3,(x.))

(14)

is not a gauge constraint but rather the physically-
conserved charge of the state under the global transforma-
tion with h € G:

T?H|Ux,i> = H|hUx.ih_1>' (15)

X,i

In the case of an Abelian group like U(1) or Zy, the links
cannot carry charge as the charges of the left and right
vector always cancel, making the global charge automati-
cally neutral. This can also be easily seen in the group
element basis as all states are invariant under Eq. (15). In
contrast, non-Abelian gauge fields can carry charge, as
indicated by the difference between the left and right
vectors, and the nontrivial global transformations. If one
allows for all the possible global charges, the number of
independent constraints is thus Ny — 1. This makes N, —
Ny + 1 links dynamical with the rest Ny, — 1 links depen-
dent on the dynamical ones. Thus,

dim My, = |GINeNv L (16)

If one fixes the global transformations as well, thereby
selecting the subspace with neutral global charge, the
dimension of H;,, might be reduced by a factor greater
or equal to |H|/|G| where H is the Abelian center of the
group, as derived in Appendix A.

Choosing which degrees of freedom are independent
and eliminating others is equivalent to gauge fixing. On the
lattice, the maximal tree method fixes the gauge up to
the global transformations Eq. (15), by explicitly solving
the local Gauss’s law constraints which forces some links to
be functions of the remaining ones (See Ref. [109] for a
good discussion). For example, consider the links con-
nected to the vertex x shown in the left of Fig. 1, the state
are given byl

|ngauge> = 20(67 P> T)

o.p,T

0, P, 7). (17)

'We have suppressed the vector indices of representations here
for simplicity.
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FIG. 1. Maximal trees (dashed lattice links) of lattices with
(left) OBC and (right) PBC. The site at the lower-left corner is
chosen as the root of the maximal tree.

Constraining |Q(x)) to be in the trivial representation, the
variable p in the maximal tree can be determined as
p = 0 ® 7, which produces the gauge-invariant state:

¥in) = _alo.7)lo.7) @ lp=0®7).  (18)

The same procedure can be repeated till the dependent
links form a maximal tree in the lattice, i.e., a set of links
which contains one and only one path between any pair of
vertices, the size of which is Ny = Ny — 1. We define the
Hilbert space spanned by the variables completely deter-
mined by Gauss law (in the maximal tree in the above
example) as H,4, and the rest as Hyyeq. Clearly,

Hiny = Miixea = span({|U). U € G})®M=WvrL - (19)

Similar to choice of gauge fixing in the continuum, for a
given lattice there is no unique maximal tree. One popular
method [21,110-112] is to pick a site X, and the set of
links which uniquely connects X via a comblike path to
any other site form a tree of size Ny = Ny — 1. This
maximal tree is shown in Fig. 1 for 2d with open (OBC)
and periodic (PBC) boundary conditions. Notably, the
charge at X is not fixed by the maximal tree, but left to
carry the charge wunder global transformations in
Eq. (15) [21,112].

In the gauge-redundant quantum simulations digitized
with Hilbert space H . and a quantum computer made of
qudits of dimension N, the number of qudits required is
logy (dim Hgayee) = Ny logy|G|. Gauge fixing eliminates
the redundancy by digitizing the subspace H;,, instead,
thus reducing the number of qudits to logy(dim H;,,).
For the rest of the work, we take logy(dimH,, )~
(N — Np)logy|G|, which is accurate for fixing the maxi-
mal tree in both the Abelian and non-Abelian cases, and an
upper bound for non-Abelian G if the global symmetry is
also fixed. The numbers of sites, links, links in a maximal
tree are listed in Table I for different boundary conditions.

TABLE 1. The number of degrees of freedom in a lattice with L
links per side in d dimensions. » =0, 1 for PBC and OBC,
respectively.

Sites Ny (L +b)?
Links N, dL(L + b)*!
Maximal tree links N (L+b)—1

Gauge fixing reduces the number of qubits, but often at
the price of complicating the lattice gauge Hamiltonian
H; gr. Written with the gauge-redundant degrees of free-
dom, H;qr only consists of local electric and magnetic
energy operators. In the gauge-fixed formalism with
Hamiltonian H .4, the electric operators of the redundant
links in the maximal tree cannot be discarded, but are
nonlocal combinations of operators outside the tree
[21,112]. Thus Hp,eq is generically denser and nonlocal.
It is easier to fix the gauge while keeping the Hamiltonian
simple in 1d or 2d. In 2d, log g dim H;y, is

Ny —Ny=N;—Ny+1=Np—y+1, (20)
where Np is the number of plaquettes, and y is the Euler
characteristic. This also follows from counting the number
of plaquettes with independent magnetic fluxes (Wilson
loops), plus the topological degrees of freedom. For an
OBC lattice (y = 1), all Np plaquettes are independent and
there are no topological degrees of freedom. This plaquette
magnetic flux basis keeps the Hamiltonian local and sparse
for Abelian gauge groups [40,48-55]. For a PBC lattice
(y = 0), the total magnetic flux is zero, thus there are
(Np —1) plaquettes with independent magnetic fluxes.
Additionally, considering the two independent Wilson loops
with winding number one, this yields dim H;,, = |G|V»*1.

III. LATTICE GAUGE SYMMETRIES
AS STABILIZER CODES

In this section, we construct quantum circuits to use
gauge redundancy as partial error correction codes for
generic finite groups. The method is based on the similarity
between stabilizer codes and lattice gauge theories, which
we review in III A. Without redundancy, any error in Hoq
causes irrecoverable information loss. In the gauge-
redundant formalism, as a result of gauge symmetry
Eq. (7), all the states equivalent under gauge transformation
carry copies of the same wave function. This allows one to
detect and correct some gauge-symmetry violating errors,
as is analyzed in III B. Fig. 2 outlines the circuit to realize
such error corrections. The preparation of gauge invariant
states is a process to encode the quantum information with
the maximal-tree redundancy. To decode, we introduce an
ancillary register at each site to compute and measure the
net flux. Nonzero fluxes indicates occurrence of quantum
errors which can be mitigated via postselection, with the
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FIG. 2. Schematic circuit of LGT as QEC. g represents a color-
neutral state.

associated sampling overhead exhibiting exponential
growth in the system size [113]. One can also correct
these errors by applying the optimal recoveries after
deducing the most likely errors. The details of the con-
struction are in Sec. III C.

A. Stabilizer codes

Stabilizer codes perform error correction by using a
redundant full Hilbert space Hgy of physical qubits
(qudits), but encoding quantum information only in states
with certain symmetries. The symmetry group that defines
the code states is called the stabilizer group S, usually a
subgroup of the (generalized) Pauli group on the physical
qubits (qudits). A code state satisfies
vV 5e8. (21)

3‘|l//> code — |W>code’

All code states are in the code space, Hqq.- The sum of all §
is proportional to the projector from Hy,y t0 Heoge:

(22)

code =

SGS

Note that Eq. (21) is similar to Eq. (6), and Eq. (22) to
Eq. (8). Applying the above concepts to LGT, the group of
gauge transformations G is a stabilizer group, and H;,,
corresponds to the code space. The projection operator
P,,, from Hoauge 10 Hipy is the (normalized) sum of all
stabilizers.” Measuring whether and how gauge symmetry
is violated allows one to detect and correct gauge-violating
errors.

In active QEC, one measures a minimum generating set
of &, and the results are syndromes. To avoid collapsing the
quantum information in the measurement of syndromes,
ancillae are needed to compute the syndromes coherently:

*We will reserve the terms ‘physical states (space)’ for the
gauge-symmetric ones in the LGT which is unfortunately differ-
ent from the convention of the QEC literature. Terms ‘physical
qubits (qudits, noise)’ still refer to any qubits (qudits, noise) in
Han» consistent with QEC literature.

B

where |X) are base vectors of the physical qubits. In the
case of Pauli stabilizers with eigenvalue 4-1, measuring the
ancillary qubits collapses the state to H,,q. when all
syndromes return +1, or one of the subspaces orthogonal
to Hoge if some syndromes return —1 indicate the errors.
One then applies an optimal recovery operation to the
quantum state depending on the syndromes. Clearly, errors
that transform one state to another within H,,4. are not
detectable, and those are logical errors.

The code distance is the minimum number of single
physical qubit (qudit) errors that are part of a logical error.
For scalable quantum error correction codes, which imply
that the code distance can be arbitrarily large, there exists
an error threshold for the error rate per physical qudit. If
the physical error rate is below such threshold, we can
decrease the logical error rate by increasing the code
distance, despite the increased total errors due to more
physical qudits [99-101].

} O = S W) @ 5(8)) . (23

B. The set of correctable errors

For a quantum system represented as a density operator
p, the general noisy evolution can be written as a com-
pletely positive, trace-preserving map N (p):

N(p) =S Nph, (24)
J

where N ; are error operators, usually including the identity
operator. The necessary and sufficient condition for cor-
rectable errors is the Knill-Laflamme (KL) condition [114]:

= AijPoote: Ay =2 (25)

For errors as operators on a G-register, a linearly
independent complete basis can be constructed as
{f,gf“(,}, where ﬁy is the group left multiplication operator

defined in Eq. (5), and fa is the matrix element operator3:

amn_ZfF'nn (26)

heG

One can check that the above set of operators are linearly
independent by satisfying:

Tr[(i‘gfﬁ)f(i‘g’fa’)] = ‘G|5g$g’5o,a" (27)
The basis is complete as there are only |G|* independent
operators in a Hilbert space of dimension |G|.

T » 1s short for I, ,, ,,, where ¢ is the irrep, and m, n indicated
the matrix element in the representation. The number of different
T, ., is therefore ", d,* = |G|.
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The gauge-violating effect of I, is clearer in the electric
basis. Using Eq. (D) between Clebsch-Gordan coeffi-
cients and the matrix elements of irreps in [108], one can
derive:

d,d
50N ol o) (6l 50).
4 a

(28)

(O [ Comnloty) =

where (o7, a|o}, 6,,) is the Clebsch-Gordan coefficient, and
the sum of « is from 1 to the multiplicity M(¢”; ', 0), i.e.,
the number of times that ¢” appears in the direct sum
decomposition of the tensor product of ¢ and ¢’. This can
be interpreted as fg,m,n adding o, to the left vector and 5,
to the right vector. Thus, ﬁ,’m,n(x, i) on a gauge-invariant
state creates net flux o, at site X and &,, at the site (x + 1i).
Applying f;mn to the same link annihilates the flux and
restores gauge symmetry. Indeed, we can check in
Appendix B that [',,[", on the same link satisfies the
KL condition,

A

PinvraTra’Pinv =

N

50,0’Pinv ’ (29)

Thus I",-type errors are correctable. Another way to obtain
the conclusion is through the code distance d_.q.; for a QEC
with code distance dyq., errors involving up to [(deode —
1)/2] qudits are guaranteed to be correctable [115]. In our
case, to make a logical error with fg—type operators, one
needs at least four links of a plaquette to form a Wilson
loop, thus the code distance is 4. This makes any [(4 —
1)/2] = 1 [',-type error correctable.

The errors induced by the f,g(x, i) operator are not
detectable if g is the Abelian center of the group as it
commutes with the Pinv. For g not in the Abelian center, if
I:g(x, i) drifts a state to another gauge invariant state, we
can not detect such errors. On the other hand when the error
L, (x. i) drifts a state out of the invariant Hilbert space by
generating a local charge at site X, we can measure the local
charge at x and detect such errors. However, as ﬁg(x, i)
does not affect local charges at other sites, it is not possible
to diagnose the link that f,g(x, i) affects, and thus the errors
are not correctable. The fact that . g (x,i ) are not correctable
can also be seen by checking the KL condition:

Pinvi;/[,:gﬁinv = L Zﬁh‘lg"lghpinv- (30)

16l
The right-hand side of Eq. (30) differs from Eq. (25) by
an operator ﬁZheG Ly g-1gh» thus breaking the KL
condition. In the Z, gauge theory, a Z,-register is a qubit,
and the complete basis reduces to the familiar Pauli

FIG. 3. Examples of correctable error distributed on the lattice
to satisfy the MED (upper-right) or the local KL condition (lower-
left). The orange links are I'-type errors, which must break gauge
symmetry at the orange squares. The conditions require the green
links to be error-less. For the MED condition, the adjacent sites
(blue circles) must be charge-neutral. For the local KL condition,
the error links are allowed to extend in a straight line, which is the
shortest path to connect a pair of charges.

operators {1, X, Z,)A(Z}, of which T, e {1, Z} are
correctable.

The correctable error set can contain multiple-link [,
errors, as long as the erroneous links are separated enough
such that there is no ambiguity about which link causes the
gauge violation. The easiest errors to decode are those that
show up as pairs of charges in dual representations o, & at
the two ends of a link, surrounded by neighboring sites all
with zero charge. This requires the I', errors to be separated
by at least two errorless links (Fig. 3), which we call the
minimal effort decoding condition (MED). The condition
can be relaxed if more complicated classical processing is
available. The KL condition requires any product of two
error operators N; and N ; to contain no nontrivial gauge-
invariant operators, i.e., Wilson loops. This condition is
fulfilled when the number of links affected by I', errors
along any closed loop of perimeter C is at most [CT_I], thus
eliminating the possibility of error links in N; and N;
forming loops. Considering only the smallest loops, i.e.,
plaquettes, the local KL condition allows at most one I,
error per plaquette.

C. The encoding and decoding circuits

Conceptually, the encoding and decoding of gauge
symmetry is easier in the electric basis, where Gauss’s
law reads as ‘zero electric flux at each vertex’. For non-
Abelian groups, the computation of the net flux requires the
group’s Clebsch-Gordan coefficients which are not diago-
nal in the electric basis. We bypass some of the difficulties
by doing an ‘effective Clebsch-Gordan sum’ in the group

054516-6
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element basis. We derive in Appendix D that the Clebsch-
Gordan sum is equivalent to group multiplications in the
group element basis. With this, we can encode and decode
Gauss’s law using the following primitive gates [116]
acting on group registers:
(i) Inverse gate: U_;|g) = |g7');
(i) Left and right multiplication gates: UL|g)|U) =
9)19U). UZ|9)|U) = 19)|Ug):
(iii) Fourier transform gate:

-y |G @lowdlal (1)

9:0mn

which rotates the magnetic basis to the electric one;
(iv) Group rotation gates in irreps. This uses a group
register |U) as the control to rotate between the
vectors in the d,-dimensional space:
o)

U, = > (UU)® <Z riou
(In) (ml) (32)

veG m,n=1

_d 12 Z Fo’mn

m,n=1

where the second equality follows from Eq. (26). For
Abelian groups, U, is a one-register phase gate
on |U).

Figure 4 shows an example of encoding and decoding for
the patch of seven gauge links connected to two sites in the
right corner of Fig. 1. To encode, the links Us, U5 in the
maximal tree are initialized to the color neutral state

lg) = G2 Y yeclg). and then,

UD|U2) ) |Us) =S G 19U |gUa) g™ )| Uag™).

geG

(33)

One can easily check the gauge invariance Eq. (6) for the
two sites after the circuit U,,. in Fig. 4:

TalGI=> _|gU)|gUa) g™ Usg™)
geG

=|GI= > 1gUNIGUNgHIUg ™). (34)

gJ=hgeG

In the electric basis, the circuit computes the net flux of U,
U,, U, and stores it into the tree-link U;, thus making the
total net flux at the vertex to be zero. The same process is
repeated for every vertex except X,. Sites in the same
branch of the maximal tree should be processed in
sequence, from the top of the branch to the root, and
different branches can be encoded in parallel.

e :

v =] .

U. : b YR I

‘ 2> T X |_>< ¥

U, Us ) @: I_l_l Ty — ]
ﬂl UQ Uﬁ 3 i hd I_'ll 1 :
. . Us) : 05 :
U55 U7E A 1
= = ‘UF:) .I_L[x_l T

b L] :

‘U6> ] U |

o) (e = Z

FIG. 4. Encoding and decoding circuits for the patch in Fig. 1.
(top) Circuit for preparing gauge-invariant states, and (bottom)
Gauss’s law measurement and recovery circuit, where measuring
a pair of charges 6,6 on the two ancillae indicates a gauge-
violating error on |U,).

The above procedure initializes the state to the
gauge invariant one |¥,,). During the noisy process in
Fig. 2, suppose an error [, ,(x,i) turns |¥,) into
Iﬁgqm,n(x, i)|¥;ny), creating a net flux of o,, at x and &,
at x + i. We can decode this error pattern with the circuit
Ugee» Which adds the electric fluxes coherently to the
ancillary registers originally initialized to color neutral
states. Then in the decoding (derived in Appendix C),

N Upe 1 d
Iﬂa,m,n|LPinv> ® |g> ® |g> - d_zra,q,r‘qjinv> 2 |qu(X>>
o q.r
® [6,,(x +1)). (35)

For non-Abelian groups, U4.. preserves the quantum
numbers o, 5, but m, n can change into any integer in
[1,d,], and the corresponding new quantum numbers g, r
are entangled with the ancillae.
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To correct gauge-violating errors, the representation of
the ancillary register at every site needs to be measured.
This requires the quantum numbers o, m, n in the Fourier
basis to be stored in different qubits, and thus one can
measure ¢ without collapsing m, n. Measuring |6) in the
trivial representation confirms the local gauge symmetry.
Measuring any other |o) indicates a gauge-violating error,
and projects the gauge fields to a subspace orthogonal to
Hiny in Hgaee- In this example, a pair of nontrivial
representations |o),|6) on the two ends of a link are
measured, which indicates a fd error on the link, and
the quantum numbers |m)|q), |n)|r) of the ancillac are
entangled with the gauge-field state. The recovery can be
performed with U in Eq. (32):

dO‘

LS P i) ® (m)lg)) @ (1))

d,

Upe 1 A, .
=55 2 Tailoar¥in) @ (m)IK) @ (|n)|r))
o qkr

| &
= [¥in) ® [WZ(ImM) ® (|n>|r>)], (36)

where we have used the unitarity of representations,

d,
d;1 Z I&lj;-,q,kf‘o’,q,r = 5k,r' (37)
g=1

Thus |¥,,,) is recovered and unentangled with ancillae. At
this point, since the quantum information in the ancillae is
irrelevant to the gauge system, one can recycle the ancillae
and reinitialize them to |g) for the next round of error
detection and correction.

IV. COMPARISON OF QUANTUM FIDELITIES
A. Group-agnostic thresholds

LGT states can be stored in a set of G-registers in both
the gauge-fixed and gauge-redundant digitization. The
number of links needed is N; — Ny for the former and
N, for the latter. We further assume that errors on different
registers are independent. Suppose the total rate for any
error on a single register is e. Then the quantum fidelities
are lower bounded by the probability that no errors happen
on any register:

Fiixea 2 (1 =€)Vt (38)
Fred 2 (1 - €)NL‘ (39)
With the gauge redundancy, certain configuration of I,

errors are correctable via gauge symmetry checking and
restoration. Suppose the correctable type error rate on a

single register is €.. The lower bound for the fidelity after
gauge-symmetry restoration is the probability that no error
or only correctable errors happen:

I\
Frestored > Z Qn(-,"g(l - €>NL_n = (1 - S)NLE" (40)
n=0

where Q, is the number of ways to arrange n links with
correctable errors in the lattice, such that the correctability
condition is still satisfied, and E is the factor by which the
gauge-symmetry restoration amplifies the fidelity:

[1]

Ny ¢
=S 0 = (41)
n=0

1-¢

Comparing these two bounds Eq. (40) and Eq. (38), the
condition for the gauge-symmetry restoration to give a
higher fidelity than gauge fixing is

EUNT > (1 —¢)7l. (42)

This formula can be interpreted as an error threshold: the
gauge redundancy increases the code distance of I';-type
errors from 1 to 4. For the fidelity to increase with the
increased code distance due to gauge redundancy, € has to
be below certain threshold.

The Q,,’s are related to the independence polynomials of
graphs. We explain our method to compute Q,, with tools of
graph theory [117]. The method can be applied to lattices
of generic shapes. A graph consists of vertices and edges.
An independent subset of vertices is a set of vertices in
which no two vertices are adjacent to the same edge. The
independence polynomial of a graph is

I(z) = Zanz", (43)

where a,, is the number of different independent subsets of
n vertices in the graph. For a finite lattice &, we create a
corresponding graph &' in the following way:

(i) Convert each link of & into a vertex of {';

(ii) For each pair of vertices in &, create an edge
adjacent to them, if the I',-type errors that occur
simultaneously to the corresponding links in & can
break the correctability condition.

Thus, each way of arranging n erroneous links to satisfy the
correctability condition corresponds to an independent sub-
set of vertices in the new graph. This implies that Q,, is the
number independent subsets of n vertices in the new graph
and E the independence polynomial. For each lattice con-
sidered in Figs. 5 and 6, we construct the adjacency matrix of
the corresponding graph & —an N; x N; matrix in which
the element in row i and column j is O if the ith and jth
vertices are independent, and 1 if they are adjacent to the
same edge. We then use the Python library hobj [117] to
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0.08

0.06

0.04

0.02

0.5

FIG. 5.

Error threshold lines in the € — ¢, /¢ plane below which
Frestored > Frixea» 1ndicating that using gauge redundancy to
detect and correct the errors is advantageous, for 2d lattices
for (top) MED condition and (bottom) local KL condition. The
shaded region is the infinite volume limit.

compute the coefficients of the independence polynomials
from the adjacent matrices. The connectivity for the MED
condition would be higher than that for the KL condition.

With this method, we compute Q,, for a variety of L up to
L =20 and L =11 for 2d lattices with OBC and PBC,
respectively, for both error-correction conditions. For 3d
lattices, we are able to reach L = 4 for both OBC and PBC
with MED condition, while only L = 3 for PBC with the
KL condition due to limited computing resources. These
Q, are then used to compute the threshold; the € where the

0.35 .

0.3

0.9

FIG. 6. Error threshold lines in the ¢ — €,./€ plane below which
Fresiored > Fiixed» indicating that using gauge redundancy to
detect and correct the errors is advantageous, for 3d lattices
for (top) MED condition and (bottom) local KL condition.

two sides of Eq. (42) are equal at a given ¢./e. These are
shown in black (blue) lines using OBC (PBC) in Figs. 5 and
6 for 2d and 3d lattices, respectively. Eq. (42) is satisfied in
the parameter region below the lines, indicating that the
gauge symmetry restoration provides higher fidelity than
the gauge fixed case.

We observe two features from Figs. 5-6. First,the
parameter regions to satisfy Eq. (42) only exist when
€./e 2 1/d, which is consistent with the following
analysis. Expanding Eq. (42) for small ¢, with Oy =1,
0, = N, we have
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N
1+ N—Lec +0(ee) > 1+e+0(2).  (44)
T

Thus, the correctable fraction of the total error rate for a
single link, e./e, must satisfy

€, &Nl

-, 45
€>NL d ( )

with x—z = b in the infinite volume limit as seen in Table 1.

Second, in all the cases, the threshold e increases as €./€
increases. This is consistent with the qualitative reasoning
that when a larger portion of errors are correctable, larger
values of ¢ could be allowed while the redundancy still
enables more correction than the errors it introduces.

Based on the error thresholds obtained at different L, we
aim to extrapolate to L — oo limit. We find that near ¢ = 0,
the threshold is a monotonic function of L in either
boundary condition and approaches the same limit. In
contrast, near e¢./e =1 for 2d lattices, nonmonotonic
behavior is observed for small lattices with L < 6 due to
finite volume effects. By restricting to the results for L > 6
at 2d lattice, we perform both quadratic and exponential
extrapolations to obtain the threshold ¢ in the L — oo limit
which can be found in Fig. 5 (red line with the thickness
quantifying error bar on extrapolations). For 3d lattices, as
computing resources limit the calculations to only L < 5,
the extrapolation to L — oo cannot be reliably performed.
For MED condition, the threshold curve with OBC near
€./€ = 1 exhibits a larger deviation from the PBC results at
larger L, suggesting that L < 5 is far from the infinite limit.
For the KL condition, calculations are limited to only
L =2, 3 with PBC, also precluding an extrapolation to
infinity limit. Despite this, we expect the thresholds for
L — oo to be roughly bounded by the largest L results for
OBC and PBC.

B. €.€. from error models

A

N on a G-register can always be decomposed as
Nj = ch,g.aigfa' (46)
g,0

The trace-preserving feature > i Nj-](] ;=1 requires
> ioglCigol?> = 1. When the noise channel is diagonal
in this basis, i.e., for each N; there is only one nonzero

Cj g.0» Such that we can relabel ¢;  , to ¢, ,, the one-register
noise channel can be written as
N(/)) = Z'Cg,0|2LgFa/)< gFU)T' (47)
9.0

The one register total error probability is

e= Y legolr = 1=lers (48)

g#1,0#1

where g # 1 and ¢ # 1 mean, respectively, that the group
element cannot be the identity, and the irreducible repre-
sentation cannot be the trivial one. With this, the correct-
able error probability is

€c = Z|Cﬂ,a|2' (49)

o#1

We consider Zy, theory, where each G-register is a qudit
with N states [80]. We represent the computational basis of
the qudit as |n), where n is an integer in [0, N — 1]. In the
computational basis, define the clock shift operators

=

) ((n + 1) mod N| (50)

>
Il
3
Il
o

and the phase shift operators
p="Y e¥nNn)(n|. (51)

For the group Zy, both group elements g and group
representations ¢ can be mapped to integers [0, N — 1].
Thus, we can choose to have the computational basis as
either the group element or the electric basis. If we choose
the group element basis, ﬁg are clock shifts

N-1

Ly= ()= In){(n+g) mod N

n=0

, (52)

which preserves the gauge symmetry, and thus cannot be

diagnosed by Gauss’s law. The representation I', operators
are phase shifts

e27zimr/N|n><n|_ (53)

They break gauge symmetry unless they form closed
Wilson loops.

If we choose the electric basis as the computational basis
instead, as the phase shift is mapped to the I:g operator as
I:g = (D)9, thus the phase shift errors would preserve the
symmetry. While the clock shift is mapped to I, as

[, = (7)°, making the clock shift errors correctable.
Consider the error channel where single clock and phase
shifts occur independently with probabilities p,, p,:
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_ N-1
Np) = (1= (1 = p)o + PPN )i )
i=1
<1_ v) )(N_IA' AN
+#;m/pw
-1
A >0 (@) (0). (54)

The one register total error probability is

€=1—(1—p1)(1—py). (55)

In the group element basis, (#)7 are correctable, and thus

€. = (1 - p;()pv‘ (56)

In the electric basis, (§)? are correctable,

€c (1 - pv)p)(- (57)
From this, we observe that the relative error probabilities
of physical hardware can prefer different encodings. If the
phase errors are more frequent than the clock errors
(p, > p,), encoding in the group element basis will help
to stay below the error thresholds with the total e reason-
ably small.

The correctability of phase errors can be generalized to
non-Abelian groups, if one chooses the group element
basis encoding. This is because all operators diagonal in the
group element basis can be written as linear combinations
of IA“(,. For example, in Table II, we list the correctable
errors for the 3-qubit encoding of the quaternion group
Qg = {(=1)%i*j}, where a, b, c =0 or 1 [80]. It has
four 1d representations and one 2d representation. All the
Pauli-Z operators are correctable, as Z,, Z, correspond to
two 1d representation operators, and Z, is a linear
combination of 2d representation operators:

Zy = 1+ (Toqg + o0 —ilhoy +ilh50).  (58)

TABLE II. Correctable errors ﬁ, for the quaternion group Qg

encoded in 3 qubits via (—1)4i?j¢ — |abc).

1d representations 2d representation

A A " s 1es
iy I Do 2,2, P 2
I ger Z, l—‘2,1.2 Z, bl/zl—ZC
—ker b BTN 7,72, =
. A . ISP
Dy ker ZyZ, [, 2,7, * 5

Thus, for the error model that allows one of the three
qubits to have a Pauli error,

N(p) = (1=3px=3py =3p)p+px > XipX;
i=a,b,c

+ py Z Vip¥i+ pz Z ZipZ,; (59)

i=a,b,c i=a,b,c

with the one-register error rate being 3(px + py + pz), the

correctable fraction is
Pz (60)
€ px+pytpz

If the qubits have more phase errors and fewer bit-flip
errors, encoding in the group element basis is preferable.

V. CONCLUSIONS

In this work, we explore how the natural gauge redun-
dancy of lattice gauge theories can become a tool to create
partial error correction codes for quantum simulations. For
generic groups, treating the gauge transformations in lattice
gauge theories as stabilizers and the gauge-invariant sub-
space as the code space, we identify the correctable errors
in one lattice link, as well as the MED and KL conditions
for multiple link errors to remain correctable. We construct
the quantum circuits to prepare gauge invariant states
including redundant degrees of freedoms, as well as to
detect and recover the correctable errors.

We calculate the error-rate thresholds below which keep-
ing gauge redundancy is preferable to gauge fixing for
error-correcting purposes, under both the MED and KL
conditions. We do this by comparing the quantum fidelities
when errors exist, which is the probability that either no error
happens or only correctable errors happen. The thresholds
depend on the correctable fraction of the error rate in a single
link, €. /€. We find a simple analytic relation at leading order
in € for when gauge redundancy is advantageous: €./€ >
1/d for a d dimensional lattice. Numerical results demon-
strate that this relation is robust for realistic error rates. Thus,
for quantum devices where error correction is possible,
€ < 1, our results can be a guidance to design digitizations.
To provide examples of how one may apply such thresholds,
we obtain €. /e explicitly for the discrete Abelian group Z
and the non-Abelian group Qg assuming certain reasonable
error models.

The conditions for correctable errors and the quantum
algorithms we constructed can be extended to other
digitization methods with gauge redundancies, as long as
circuits to add electric flux according to Clebsch-Gordan
coefficients can be constructed. Notably, we have presented
the circuits in the group element basis as Clebsch-Gordan
sum is equivalent to group multiplications. Consideration
of similar error thresholds should also be generalized to
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other error models. The quantitative values of the thresh-
olds found in this paper can vary depending on the
computational tasks and the hardware. Future research
directions should also take into account nondiagonal error
channels, quantum architectures and inclusion of fermions
on the lattice sites.
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APPENDIX A: COUNTING GAUGE ORBITS

Let U be the set of configurations and G the group of
gauge transformations on the entire lattice, with [U| =
|G|t and |G| = |G|v. In the magnetic basis, P;,,|U) is the
uniform superposition of all gauge transformations of |U).
Thus the number of states in the basis P,/ is the number
of configurations in U/ that are not equivalent under gauge
transformations:

where [U//G| is the number of orbits in ¢/ under G.
According to Burnside’s counting theorem,

A A N

P, , (6, 0) D (x,0) P (x) =

1
G

For the operators on the link x, i,

A S

LT L

g 6’,s.qu’»m,”

=

= Y _lgU)(UV/d,d, T
U

- [;Fﬁ‘,’”(g-l)rﬁ;”)(

=3 (gt
k,l

U/Gl = (A2)

1 1
@ZW” =g > G-

Teg \Uyeu

where U is the subset of elements invariant under T € G,
ut ={|U)eu:T|U) = |U)}. (A3)

and Gy is the stabilizer group for the element |U),

If 7 =[], T}, then with [U) = [[,|9x.), there must be

hx+i = g;,lihxgx,iv (AS)

which means once £, at a certain site X, is fixed, there is at
most one T€G to keep |U) invariant. For hy € H the
Abelian center of G, this is the global transformation with
hy,. Therefore |H| < |G| < |G| and

UHI < Y 1G] < UGl (A6)
\U)yeU
given that [U| = |G|, |G| = |G|V, we find
[H|IGV: =Ny < [u/Gl < |Gt (AT)

For Abelian groups, H=G and |U/G| = |G|V:=NvH! =
|G|N:=N7. For non-Abelian G, the “<” are both “<”.

APPENDIX B: CORRECTABILITY OF I,

In the rest of the appendices, g, h are group elements,
o, 7 are irreducible representations (irreps), and k, [, m,
n,q,r,s,t u are the matrix elements of representations. To
check Eq. (29), we will compute in the magnetic basis

Lyin
( Ry B LoBl, - B ) (B1)
g,heG
Rg—l ‘éh’l
(U U)* L,
gU)] [er,fﬁ(g‘l)F/ii)(gU) lgU)(U|L,
k
Ul,l,qf‘ﬂ,k,nf‘gl:h- (B2)
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Thus, let A’ = gh,

L
N . . 1 . ) (@) et B f
Py, (6 ) (%, ) Po() = == 3 (Rh,_l ST @ o) T Loen L ) (B3)
o Y |G| heaq kl.g
Rh/ 1
With the orthogonality of matrix elements
> (GG = 8,6l Gl/dy (B4)
g
and the unitarity of representations Eq. (37), we get
Po()F] (D) 10 (5, )P0 (X) = 678008, Po (x) (B5)

APPENDIX C: DERIVATION OF EQ. (35) IN THE GROUP ELEMENT BASIS

Uge. performs the following for a gauge field state |¥):

1 L L, uf uk _1 A _
® (|G|-EZ|9>) LGS ()1 © o)

geG 9geG
QFT - -
SR (z - |a>) = S P O @l (€

where

Zrmn (C2)

o-mn ‘G‘ b

For the trivial representation ¢ = 0, ISO(X) is the projection to the subspace invariant under local gauge transformations and
Po(x)|®),,, = |¥),,,. When a correctable error I, occurs on one gauge register, consider

iyin
Py ()F g (.9) Pt ( s iyPomnlin ) (©3)
g,heG
Ry B

use the “commutation relation” to replace I:gf“g on the link (x,i) with

Lyfn = S lgUNUNATU) = 3 lgUN UV, [er;’z (57 <gu>} =Y e ) Torl, (€4
U U k
and let /' = gh, Eq. (C3) can be simplified as
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Lh’
- ~ N P \/d— — o N i 7
Pagq (X)Fa,m,n(xﬂ Z)PO(X) |G|2 Z sq 1 Z F( ) Z Rh’*1 FO'JC,TLLh' . (CS)
h/
Eh/ 1
Using the orthogonality Eq. (B4), we get
IA)G.’Yq (x)fa,m,n(x’ i>p0(x) = 50’055md;1/2f6,q~n(x’ i)i)O(X)' (C6)
Similarly for (x + i) at the other end of the erroneous link,
= ZFE{Z) (g)*fv,m,kk -1, (C7)
k
and
ISU}’, (X + i)f‘a,q,n(xﬂ i)PO(X + ) - ‘Soj’_ﬁtnd_l 2t o‘q,r(x’ i)PO(X + l) (CS)
Combining Eq. (C6) and Eq. (C8) gives
A A 1. A A
Paﬁ/,(x + i)PHQq(X)FUm n(x l)P ( )PO(X + ) - 50.0’50”65sm6tn7Fa,q.r(x’ i)PO(X)PO(X + i) (C9)

ds

Using the fact Py(x)Po(x +1)|¥);ny = [¥)iny» the outcome of Uy, the gauge field state T, , (X, i)|¥);

mv

Z PG;’r(X + i)i)aéq(x)f‘a,nurz(X’ i)|\P>inv X |6lsq(x>> 02 |6;’,(X + l)>

)
Usq Oty

14 . / /" .
= 3 P (% D) ® oy (X)) ® [ (x4 1) (C10)
qr —°

APPENDIX D: CLEBSCH-GORDAN SUM IN THE GROUP ELEMENT BASIS

The relation between Clebsch-Gordan coefficients and matrix elements of the representations [108] is:

dy
Gl > D@ (9T (9) =Y (ot alo,. o)) (0. oflof. ). (D1)
geiG a
The Clebsch-Gordan coefficients satisfy (¢, oy |0}, )" = (6,, 6|5, a). We can also choose the phases of representation to

satisty (o), alo,,0,) = (0,.04|c}, a)*, which will be used for later discussions.

With Eq. (D1), we show that the group multiplications Fourier transformed to the representation basis is equivalent to the
addition of representations according to the Clebsch-Gordan coefficients (Fig. 7).

|Omn) :u;ﬂl =Ll§ logn)  omn) :uEI L[}f 'L(FF |Omr)
) AU ===lUr F |h) ) SURTH Y I Uy 5UpE 7))

FIG. 7. Quantum circuits implementing Clebsch-Gordan sums for generic finite groups. (left) UL, and (right) UE.
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Jd,dyd.dy
u ~vy
IGI?

o 7 o (7 N
e = rEﬂ’)(ngl)FE't)(QZ)FErnz(g]) F,i,)(gz) (16/4r) @ |7 5) (Gun| ® (Ta])
dyd,d.d,
1 (¢) (") () (o) wim(7) e ,
— Trqu (92)Tur” (915t " (92)Tmn(91)° T3 (92) (|O"qr> ® |7 ) (Gmn| ® (711 (D2)

where all the indices for group elements and group representations are summed over. Use the orthogonality Eq. (B4) to sum

915 glVlng

Nz
G

Nzwm

L _
uCG_

= T ()T (92) T (9] (16gn) @ [740) (Gmnl ® (71

|Gl

Lo (92T (90T (92) (1640) ® |751) (Gn ® (z1d])

); (D3)

Finally apply Eq. (D1) and convert the product of matrix elements to the Clebsch-Gordan coefficients,

uIéG =V dr/dr’(<rlt’a|6m7fl><6q’7k|flsva>)*<|6qn> ® ‘T/st><6mn| ® <Tkl|)
=V dr/dr’<7_:,t7a|6mv%1> <O-q’%k|%,s’a>(|6qn> ® |T/st><6mn| ® <Tkl|) (D4)

Thus through UL, o in register 1 stays the same and 7 in register 2 changes into 7'.

Thus, UL “adds” the left vector in register 1 to register 2 according to the Clebsch-Gordan coefficients. For register 1,
the process preserves quantum numbers o, n but not necessarily m when the representation ¢ is not one-dimensional. The
old flux o, is added to 7; and the new flux o, to 7;. Similarly, UR . adds the right-vector in register 1 to register 2:

R _
uCG_

7 (5T ()T
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