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ABSTRACT

Individuals are evaluated on their knowledge or expertise in a myriad of settings.
Students take exams, job candidates are interviewed on their domain knowledge,
consultants help firms make decisions and are often rewarded based on the ex-post
accuracy of their advice, and so on. In this dissertation I consider the problem of
designing these tests “optimally”, so as to maximize the examiner’s learning of the
quality of the test-taker. I take a mechanism design view of this problem, modeling
knowledge as beliefs over an unknown state.

I consider three environments that differ in terms of the features of this state and
the nature of knowledge. In Chapter 2, Dasgupta (2024a), I consider the most basic
form of this problem where the state is binary and knowledge is the test-taker’s single-
dimensional belief over it. I show that optimal tests are simple: They take the form
of True-False, weighted True-False or True-False-Unsure, regardless of the principal’s
preferences, the distribution of the agent’s beliefs, its correlation with his quality or
his knowledge thereof. The need to elicit knowledge forces the principal to trade-off
the efficacy of the test in terms of whom it rewards, against how much it rewards
them. The optimal resolution of this trade-off may lead to a partial penalty for an
“obvious” answer even if it is correct, a partial reward for a “counterintuitive” answer
even if it is incorrect, or a reward for admitting ignorance. When the principal can
pick the subject matter, she picks one that admits no such obvious answers. In this
case, the highly prevalent True-False test is always optimal, regardless of principal’s
preferences, agent’s learning, or the specific optimal choice of the subject matter.

In Chapter 3, Dasgupta (2024b), I consider the same problem and largely the
same setting, but now knowledge is demonstrable, modeled as verifiable evidence.
The test-taker learns about the state through two kinds of opposing verifiable signals,
each kind providing evidence in favor of one of the states. A high quality agent is
more likely to posses evidence which is greater in both quantity and accuracy, than
a low quality agent. In a symmetric setting, I show that the under the optimal test,
regardless of whether the agent can predict the state correctly, he is passed if his
total amount of evidence provided is sufficiently high and failed if it is sufficiently low.
Conditional on providing intermediate levels of evidence, the agent is passed based on
a simple True-False test —i.e., if and only if he gives the correct answer. Consequently,

X



for intermediate levels of quality sensitivity of the principal, the optimal test is
the simple True-False, which makes no use of verifiable evidence, even though it is
available.

In Chapter 4, Dasgupta (2024c), I consider a natural extension of the model of
Chapter 2, where I allow the state to take multiple values. This captures both the
cases where there are multiple questions in the test and the one where the test is
about a complex subject matter instead of a simple, binary one. I show that in a
symmetric setting, the standard multiple choice question — where the test-taker is
awarded full credit if and only if he selects the correct answer — is optimal, if and

only if the principal is sufficiently quality-sensitive.
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CHAPTER 1
INTRODUCTION

Evaluating people on the basis of their knowledge — e.g. through exams, job
interviews, standardized tests etc. —is a crucial part of the education and professional
worlds. Typically the goal of such knowledge-based evaluation schemes is to learn
about some underlying quality of the test-takers. As teachers we all want to write
exams which really discern who have learnt the course material, i.e., one which
awards points to answers in a way that ultimately results in rewarding of students
in proportion to their preparation level. Employers want interview processes which
help them tell apart the best job candidates from the rest based on how they answer
interview questions, and so on.

The central question I ask in the following chapters is: how best to design such
tests, to maximize learning of the test-taker’s quality? I take a mechanism design
view of this test design setting by recognizing that knowledge is the test-taker’s pri-
vate information. Hence, a central tension in the problem of designing such a test
is that, the test-designer has to maximize her learning of the test-taker’s underly-
ing quality, but not for free: she must incentivize the test-taker to reveal his true
knowledge.

Clearly, there are several questions pertinent to solving the test-design problem.
How should the topic of testing be selected? What should be the reward scheme?
Should test-takers only be required to provide an answer or also “show their work”?
How many questions should be asked? I address these questions in the following
chapters.

The various settings in which I consider the test design question are as follows.
In Chapter 2, I use a stylized setting where I model the subject matter as a binary
state and knowledge as beliefs over it. I model the topic as determining the prior
over this state. In Chapter 3 I consider settings where the test-taker may be required
to “show their work”. I capture this by assuming that the test-taker learns about the
state through verifiable evidence. In Chapter 4 I allow for the state to take multiple
values instead of just two.

Taken together, my results provide a holistic basis for the prevalence of simple,
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multiple-choice type tests in knowledge-based evaluation settings. In Chapter 2 I
show that the ubiquitous simple True-False test is optimal when the designer can pick
both the topic and the reward scheme, regardless of other details. In Chapter 3, using
a mechanism design with evidence framework, I show that in a symmetric setting,
optimal tests once again take the form of the simple True-False test, with a required
evidence component. Depending on parameter values, the evidence component may
be absent, once again giving us the simple True-False test as optimal. In Chapter
4, in a stylized multi-state testing setting I show that the common multiple choice
format is optimal when the designer is sufficiently sensitive to quality.

I now discuss the specifics of the settings and results on a chapter by chapter

basis.



CHAPTER 2
SCREENING KNOWLEDGE

2.1 Introduction

“Ignorance is preferable to error, and he is less remote from the truth who

believes nothing than he who believes what is wrong.”
Thomas Jefferson

Traditionally, many standardized testing institutions across the world seem to
have taken the above concept seriously — by penalizing wrong answers more than
ignorance, i.e. questions left unanswered. For example, the Advance Placement
and SAT I examinations employed ‘“negative marking” — deducting a fraction of a
point for each wrong answer while awarding a point for each correct answer and
ignoring unanswered questions — until recently.! However, in recent times there
is a move away from negative marking — the College Board removed penalties for
wrong answers on Advanced Placement examinations in 2011, and on the SAT I
tests in 2014. In 2015, testing authorities in Chile removed these penalties from the
University Selection Test.2 While the equity impacts of these changes are largely
considered to be positive (Baldiga, 2014; Saygin and Atwater, 2021; Coffman and
Klinowski, 2020), how do they affect the core objective of these tests, which is to
measure the quality of “college readiness”?

More broadly, in the context of knowledge-based evaluation schemes — such as the
standardized tests mentioned above, in-class exams or job interviews — why should or

shouldn’t a candidate be rewarded for admitting ignorance? Zooming out even more,

1. Other large scale standardized tests which have traditionally employed negative marking
include the University Selection Test (Prueba de Seleccion Universitaria) in Chile, the medical
entrance test Konkoor in Iran, the Higher Education Examination Undergraduate Placement Ex-
amination in Turkey, exams in the Ghent University system in Belgium and the MBA entrance
Common Admission Test, the engineering entrace IIT-JEE, as well as the accountancy exam Com-
mon Proficiency Test in India. (Coffman and Klinowski, 2020; Akyol et al., 2016; Lesage et al.,
2013).

2. See Coffman and Klinowski (2020).



how best to design such tests? Does the universally common structure of responders
giving an answer to a question — instead of more open-ended formats we can imagine,
like expressing their views on how likely they think various possible answers are —
sacrifice efficacy? How to ensure that the tests are not “gamed”?3

To answer these questions, I develop a theory of screening knowledge, recogniz-
ing the fact that a test-taker’s knowledge is his private information. I consider a
model where a test-designer — such as a teacher or interviewer — tests a candidate’s
knowledge of a single binary fact. She can choose from all possible tests with one
restriction — the test must incentivize the candidate to reveal his true knowledge.
Depending on what the test is trying to measure, the designer may have different
preferences over knowledge. In many natural settings, she wants to reward those
who are knowledgable and penalize those who are not.* The key insight from this
framework, however, is that incentive compatibility forces her to trade off between
the sharpness of this reward scheme on the extensive margin — whom it rewards —
and that on the intensive margin — how much it rewards them.

I show that resolving this trade-off in a way that is optimal for the designer’s ob-
jective of discerning candidate quality, can lead to potentially surprising tests which
reward ignorance. This provides a basis for the negative marking in standardized
tests, as discussed above. These results inform ongoing policy debates about the
benefits of negative marking in large scale standardized tests.

I now discuss the model and results in more detail.

Our model is as follows. There is a principal (test-designer, she) who wants to de-

3. A common example of profitably gaming the test is the following. A commonly suggested
strategy by test prep coaches in tests with negative marking, is to randomly guess, instead of
leaving the question, if the test-taker is able to eliminate at least one answer. For an expected
points maximizer who is indifferent among all but one options, this strategy strictly dominates the
desired behavior of leaving the question, for the most common negative marking scheme known as
“_1_7 je. where there are n options to each question and n%l points are deducted for each wrong

n—1 "7

answer (Karandikar, 2010).

4. While intuitively we might assume more knowledge should always be preferred to less, our
model requires no such monotonicity assumptions. Moreover, Section 2.2 provides a natural class
of examples where even though the test-designer wants to reward “better” test-takers, who are also
more informed, her induced preferences over knowledge may turn out to be non-monotonic.



cide whether to pass or fail an agent (test-taker, he). He has some underlying quality,
unobserved by the principal, which we equate to her payoff if he is passed. Quality
can be positive or negative. There is a binary state, representing a factual subject
matter. The principal can test the agent’s knowledge — modeled as his belief about
the state — to decide whether to pass him. For that, she commits to a mechanism,
which we interchangeably refer to as a test. A mechanism maps the agent’s reported
belief and each realized state — which the principal can precisely verify ex—post5 —to
a passing probability. The agent’s quality is correlated (not necessarily positively)
with the precision of his information about the state. Hence, observing his beliefs in
conjunction with the state lets the principal form posterior estimates of his quality,
which dictate her preferences over beliefs. The agent wants to maximize his passing
probability. There are no monetary transfers.

I begin by characterizing the class of optimal tests. Even though the principal
has the flexibility to make the reward scheme as sensitive to the agent’s knowledge as
she likes, potentially rewarding each belief differentially according to its correctness,
optimal tests fall within a simple class. In particular, they take the familiar form of
a True-False, weighted True-False or True-False-Unsure test (See Table 2.1 for their
precise definitions) regardless of the principal’s preferences over quality, the distri-
bution of the agent’s beliefs, its correlation with his quality or his knowledge thereof
(Theorem 1). The direct mechanisms depicted in Figure 2.1, provides an exhaus-
tive enumeration of the possible types of optimal tests, in terms of their qualitative

features.’

5. In Section 2.8.2 we consider the alternative timing where the principal observes the state ez-
ante instead, i.e., before choosing the mechanism. Our main results remain qualitatively unaltered
across a natural class of equilibria of the informed principal game Myerson (1983) which ensues in
this case.

6. The agent’s probability of passing can be interpreted as number of points as well, if we assume
the agent is an expected-points maximizer. For how our conclusions could change for other natural
classes of the agent’s preferences over points, see Section 2.8.5.

7. To be very precise, the class of optimal tests also includes trivial tests not included in Figure
2.1 — namely, under which the agent is passed or failed regardless of the state or his beliefs.
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Figure 2.1: Types of optimal tests
p denotes the agent’s belief that the state is T. The blue and red curves denote passing probability

in state T" and F' respectively.



Chosen Answer Chosen Answer
T F T F U
Correct| T x y Correct| T 100% 0% 21
Answer F 0% 100% Answer F 0% 100% 20
(a) True-False, weighted True-False (b) True-False-Unsure

Table 2.1: Indirect implementations of optimal tests

A test evaluates the agent’s knowledge of whether a given statement is True (T) or False (F). The
tables capture the following natural indirect implementation of optimal tests. The optimal test®
gives the test-taker two options, mirroring the possible answers. It may, in addition, give him the
option of declaring himself Unsure (U) (Table 1(b)). The cell entries capture percentages of the
full credit earned for each combination of the correct answer and the chosen option.

Table 1(a) captures the generalized structures of True-False and weighted True-False tests. We
call a test with x = 100% and y = 0% a True-False test. We show that if x € (0,1) (respectively,
y € (0,1)) under an optimal test, we must have y = 0% (respectively, x = 100%). Tests with
x € (0,1) or y € (0,1) are called weighted True-False tests. Finally, tests of the structure in Table
1(b) are called True-False-Unsure tests, 21,29 € (0, 1).

The direct mechanisms leading to these tests are detailed in Figure 2.1.

Two features of the optimal tests warrant emphasis. First, agents giving the
correct answer are sometimes failed — even the ones with the most precise possible
correct beliefs — and vice versa (Figures 2.1c and 2.1d). Second, agents can be
rewarded for admitting ignorance, i.e. choosing the “Unsure” option in a True-False-
Unsure test (Figure 2.1b). If a regularity condition is satisfied the second feature
does not arise (Theorem 2.A). This condition is mathematically similar to Myersonian
regularity — it is equivalent to the increasingness of a virtual value function that arises
in our setting (Proposition 1). However, unlike Myersonian regularity, its violation is
arguably rather natural in a broad class of settings (Proposition 3). I postpone the
discussion of such settings until a few paragraphs later, focusing on regular settings
for now, to highlight the fundamental incentive issue in the knowledge screening

problem, and to build intuition for the first of the aforementioned features.

8. To be precise, first, we do not claim that any optimal test within the aforementioned class is
uniquely optimal, and secondly, Tables 2.1 do not include the trivial tests included in the class of
optimal tests, which pass or fail the agent without screening.

7
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(b) A skewed prior
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Figure 2.2: Examples of the principal’s preferences and corresponding first-best tests

The figures feature double axes. The agent’s belief (p) that the state is T is along the horizontal axis.

The dotted blue and red curves plot the posterior expected quality in states T and F respectively,
on the left vertical axis. Superimposed on this plot, the solid blue and red curves plot the passing
probability in states T and F respectively, under the first-best test, on the right vertical axis.’

To understand the role of incentives, we would start from the first-best — the
benchmark where the principal can observe the agent’s beliefs.1? As examples, we
consider the preferences of the principal depicted in Figures 2.2a and 2.2b. In these
examples, the posterior quality is positive (respectively, negative) for beliefs which
are more biased towards the correct (respectively, incorrect) state than the prior, and
is zero at the prior — which is 55% and 80 % that the state is T, in figures 2.2a and
2.2b respectively. Under the first-best, she passes a belief if and only if its posterior
quality is positive.

We first consider Figure 2.2a, where the prior is “moderate” — 55%. The first-best

test, as depicted in Figure 2.2a is not incentive compatible, for the following reason.

9. Note that Figures 2.2 provide schematic representations of possible principal preferences. In
particular, her interim values (interim quality) in each state reaching zero at the same belief, which
is also the prior, is a non-generic feature of such preferences. I still use these features in these
examples, in order to distill the most important forces of incentives, and how they vary with the
prior — my main focus in this paper.

10. Note that under our first-best, the principal observes only the agent’s belief, not any other
information such as his quality, including in the version of our model where the agent has other
private information. See Section 2.8.1 for more details.

8



Essentially, under the first-best test, agents are required to “guess the state” and are
passed if and only if they guess correctly, but they “should” guess T only if they are
at least 55 % sure. Clearly, this test induces agents to guess the state they think
is more likely. Hence, those with beliefs in between one half and 55 %, deviate to
guessing T instead of F.

The only incentive compatible test which preserves the desired first-best feature
of being bang-bang,!! is the one with a belief threshold of one half. It turns out,
for a moderate prior, as in Figure 2.2a, that is the best the principal can do —
simply shifting the belief threshold to one half (Theorem 2.A). This gives rise to the
optimal test in Figure 2.1a — the ubiquitous True-False test. In this particular case,
this happens because the principal’s ideal threshold is “close enough” to one half. By
this reasoning, a threshold of one half must be optimal for a band of ideal thresholds
of the principal, i.e. the True-False test must arise “generically”. This is one way we
provide a basis for its prevalence.l?

Now we consider a more extreme prior — 80 % for T — as in Figure 2.2b. For
restoring incentives, shifting the corresponding highly unbalanced threshold all the
way to one half is costlier to the principal in this case, than keeping the threshold un-
balanced, but adjusting the passing probabilities in a way which prevents deviations.
Such adjustments must result in smaller overall rewards for “guessing” T than for
guessing F, so that only those sufficiently biased towards state T, guess T, thereby
implementing the desired skewed threshold. Optimally, this can be achieved by ei-
ther bringing up the passing rate for wrongly guessing F (Figure 2.1d) or bringing
down that for correctly guessing T (Figure 2.1¢), so as to make the threshold belief
indifferent. Which of these two adjustments is optimal is determined by whether
the principal would pass or fail “by default”, if she had to take that decision without
screening, i.e., whether the prior expected quality is positive or negative (Proposition
2).

Thus, the key trade-off the test-designer faces is one between the efficacy of the

reward scheme on the intensive and extensive margins. As outlined above, the dis-

11. i.e., switches abruptly from 0 to 1.

12. An additional basis for its prevalence arises by endogenizing the topic — modeled as endoge-
nizing the prior — as described a few paragraphs later. See Section 2.6 for details.

9



tortions of potential penalties for the correct answer or rewards for the wrong one
arise because she trades off choosing her preferred belief threshold — which deter-
mines which beliefs are passed in each state (extensive margin) — against how much
probability they are passed with, in each state, on its two sides (intensive margin).

As we saw above, for either type of adjustment, the a priori unlikely — or coun-
terintuitive — answer is rewarded more vis a vis the a priori likely — or obvious —
answer (Corollary 1). Moreover, degree of this premium increases as the obvious
answer becomes more obvious, i.e., the prior grows more extreme (Theorem 2.B).
This reflects the common feature of real world evaluation schemes which sometimes
attach greater penalty to getting “obvious” questions wrong than to getting “trick”
questions wrong.

We now turn to the case where the optimal test features a third option — Unsure
(Figure 2.1b). Intuitively, a True-False-Unsure test is optimal in the following class of
settings. Suppose there are three types of signals — correct, wrong and uninformative.
Better agents are much more likely to receive a correct signal and much less likely
to receive a wrong one than worse agents, but all agents are almost similarly likely
to receive an uninformative signal. Hence, while extreme beliefs act as strong and
opposite (positive and negative) signals of quality to the principal in the two states,
moderate beliefs provide only a weak signal of quality in either state. This induces
the principal to keep the variation in rewards across states low for unsure agents —
those with moderate beliefs — while varying them starkly for those with more extreme
beliefs, as depicted in Figure 2.1b (formalized in Proposition 3).

Finally, we ask how the optimal test would look in the rather natural scenario
where the principal can also choose the topic under testing. We model this as her
choosing the prior. We show that the principal prefers a moderate prior — embodying
greater a priori uncertainty — over an extreme one, though the optimal prior need
not equal one half (Theorem 4). The broad intuition is that extreme priors “waste”
information: The informativeness of a correct answer as a signal of quality in the a
priori likely state falls too low because too much information is given away by the
prior. Building on this insight, we further show that when the principal can choose
the prior, the True-False test (Figure 2.1a) is optimal for all signal structures and

preferences of the principal. This provides another basis for its prevalence in the real
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world.

Finally, we consider the case when the principal is endowed with the correct
answer before the game begins. We show that our results remain qualitatively valid
in any undominated equilibrium Myerson (1983) of the informed principal game
which ensues in this case. (Proposition 8 and Theorem 5). Our main results also
qualitatively hold in the natural case when the test-designer wants to maximize social
welfare, instead of just screening efficacy (Proposition 10). We conclude by discussing
the extent to which our results apply to multi-question tests (Proposition 11).

To summarize, this paper highlights the role of agency issues in designing knowledge-
based tests for agents, when their knowledge generates value for the principal. The
optimal tests are shown to take simple true-false/true-false-uncertain forms. The
agency issues are shown to give rise to rewarding of not only correctness — as would
happen under full information — but also surprisingness of answers. Moreover, we
provide a basis for the ubiquitous simple True-False test by showing that it arises
universally, whenever the test-designer can choose both the evaluation scheme and

the question.
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Related Literature. This paper relates to several different strands of literature.
I share the core of my model with that on evaluation of strategic forecasters, most
importantly Deb et al. (2018) and to a lesser extent, Chambers and Lambert (2021).
In Deb et al. (2018), the authors develop a dynamic model for screening an election
forecaster who privately observe signals about the election outcome which grow more
precise with time. My model, though static, allows the principal to choose from
the entire universe of tests, unlike theirs, where she is restricted to deterministic
tests. The literature has also studied forecasters being evaluated by a passive market
in settings without commitment (e.g. Ottaviani and Sgrensen (2006a)). Also see
Marinovic et al. (2013) for a survey.

In their independent and concurrent work Deb et al. (2023) consider a joint
screening-and-persuasion problem and find a similar characterization of the class of
optimal mechanisms. However, while Deb et al. (2023) focus on the role of commit-
ment, with their main result establishing the sufficiency of partial commitment in
their setting, this paper focuses on the trade-off between effectiveness of screening
on the intensive and extensive margins created by agency issues, and on the joint
design problem of the prior and the mechanism.

The role of belief-based screening in my model relates it to the literature on
proper scoring rules. The latter term describes mechanisms that incentivize an agent
to reveal his true beliefs about an uncertain state. Much of the classical literature on
proper scoring rules focuses on characterizing the set of incentive compatible scoring
rules in general environments (McCarthy (1956), Osband and Reichelstein (1985),
Lambert (2011), Abernethy and Frongillo (2012), while remaining agnostic about
the designer’s objectives. A notable exception is Li et al. (2022), most related to my
work within this literature, who investigate how to optimize such rules, where the
objective is to incentivize effort by the agent to acquire more precise signals.

At a broader level, this paper also relates to the literature on mechanism design
with verification but without transfers. Like in my paper, in this literature the
instrument for eliciting private information from strategic agents is — not monetary
incentives, but — information obtainable by the principal. Closest to my work within
this literature are Glazer and Rubinstein (2004) and Carroll and Egorov (2019). In

their models a principal accepts or rejects an agent based on limited verification of
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his claimed “quality”. Also related, although less closely, is Ben-Porath et al. (2014)
which features a similar multi-agent model, but with exact verification at a cost.

Thematically, though not as closely in terms of model or methods, my work is also
related to the literature on how a receiver of information (in my case, the principal)
designs a test of some unobservable quality of a strategic sender (the agent) (Rosar
(2017); Harbaugh and Rasmusen (2018); Weksler and Zik (2022); Hancart (2022)).
Much of this literature leverages information design tools to characterize optimal
tests in various environments. A common finding of this literature is that more
informative tests are not always better, due to the strategic incentives such tests
create for the agent. In particular, similar to my paper, some of this literature finds
coarse tests arising at the optimum (Rosar (2017), Harbaugh and Rasmusen (2018),
Augias and Perez-Richet (2023)).

At a methodological level, our problem is one of constrained screening. To solve
it, we leverage results of Winkler (1988), who characterizes the extreme points of sets
of probability measures defined by a finite number of linear constraints.!? Our use
of this result is technically similar to that of Choi (2023), who solves an information
design problem with obedience and incentive compatibility constraints acting as the
relevant linear constraints. Other papers in the constrained screening literature which
bear similarities to our methods and results include those on screening with capacity
constraints (Loertscher and Muir, 2022), evidence constraints (Vaidya, 2023) and
various forms of truth-telling constraints (Krishna and Morgan, 2008; Che et al.,
2013; Guo, 2016).

2.2 A general model

There is a principal (she) and an agent (he). There is a binary state, w € ) :=
{0,1}, with prior probability = € (0,1) of being equal to 1. The agent observes a
signal about the state and forms beliefs. Let us denote the agent’s belief that the
state is 1 by p € P C [0,1]. We assume P is a compact interval, in particular,

P = [Q, P|]. Wherever appropriate, we refer to the agent’s belief as his type, capturing

13. It should be noted that Kleiner et al. (2021) do the same for infinitely many constraints.
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the fact that it is his private information and he is screened on it. Let F'(-|w) denote
the cumulative distribution of beliefs in state w. The principal can take one of two
actions: pass or fail the agent. The agent prefers to be passed. There are no transfers.
Let vy, (p) denote the principal’s payoff from passing an agent with belief p in state w.
Her payoff from failing him is zero. We assume passing the agent hurts the principal

with positive probability — otherwise the problem is trivial. Formally, we assume:

max / dF (plw) >0 (Non-triviality)
{pvw(p)<0}

The above setup can arise from, for example, the principal (e.g. an employer)
benefiting from the precision of the agent’s (e.g. a job candidate) knowledge, i.e. v,
increasing in p for w = 1 and decreasing for w = 0. However, we require no such
assumptions on {vy} e (0,1}- At this stage we deliberately abstract away from the
specifics of the principal’s preference over the agent’s beliefs as well as the latter’s
signal structure, because our characterization of the class of optimal mechanisms
depends on none of these particulars. See Section 2.3 for an example and section
2.5.1 for a more general microfoundation of the above model.

The principal chooses a mechanism to determine passing decisions for agents. A
mechanism is a tuple M := (M, ay,ag) where M is a set (of messages, to be sent by
the agent) and a,, : M — [0, 1] is the passing probability or passing rate of the agent
upon sending message m € M, when the true state is w. The principal is risk-neutral.
She chooses this mechanism with the goal of maximizing her own ex-ante payoff.

The timing of the game is as follows:

1. The principal commits to a mechanism M = (M, ay, agp).
1. The agent observes his signal.

2. The agent makes his report m € M to the mechanism.
3. The state w is observed by the principal.

4. Allocations are made according to M and payoffs are realized.
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The same numbering of the first two stages of the game indicates that their

ordering does not matter.

2.3 An illustrative example

A teacher evaluates a student based on his answer to whether a given factual
statement is true (T) or false (F), using a pass-fail test. Hence, our unknown binary
state is, whether the statement is actually True or False. We encode True as 1 and
False as 0. Hence, going forward, our state is w € {0,1}. A student’s preparation
can be High (H) or Low (L) with equal probability, v := % The teacher wants to
pass only students with high preparation. In particular, let us assume she gets a
payoff of ug := 2 from passing the High type and uj;, = —1 from passing the Low
type.

We describe the student’s learning process for any fact using the following signal
structure with the unit interval, 7' = [0, 1], as his signal space. The signal density
of learning type e € {H, L} in state w is fe, : T — Ry Let frq(t) = 2t, fro(t) =
2(1 =), fra(t) = fro(t) = 1.

In order to avoid giving away hints to the answer through her choice of question, 4
she promises to choose the question randomly from a question bank which contains
a mix of true and false statements. Suppose a proportion 7 of these statements are
actually true and this is common knowledge. Hence, 7 is the commonly held prior
belief that the correct answer is True. Over the course of this example we will use
two different values of 7w to highlight different aspects of the problem. First, let us
assume 7 = % We assume preparation and the correct answer are independent.

We also assume the student does not know whether his level of preparation is

High or Low.1® Hence he interprets his observed signal, ¢ € [0, 1], using the uniform

14. For example, consider the question: Is New York City the capital of New York state? (A)Yes
(B)No. A completely uninformed person might get this question correct simply by reasoning that
if the correct answer were the apparently “obvious” answer ((A)Yes, in this case) the teacher would
not set such an easy question. Formally, this is an informed principal problem. See section 2.8.2
for details.

15. While this is a simplifying assumption for this example, none of our main results depends on
whether the agent knows his own ability.
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average of the two signal structures — the High and the Low type’s — via Bayes rule.
Let pn: T — [0,1] map each of his signals to his belief that the state is w = 1, i.e.
that the given statement is actually true. By Bayes’ rule we have:

(2t + 1) (2t + 1)

T aRt+ D+ (1-meI-t+1) 4 (Belief)

p(t)

Using the above, the range of beliefs that the state is 1is, P = [1, %] . Let f(p|lw)
denote the density of the belief p in state w € {0, 1}.

The teacher wants to construct a test to maximize her expected payoff. Even
though the correct answer can only be True or False, she can structure the test in
many ways — offering potentially uncountably many options (since the student can
form uncountably many different beliefs) and an accompanying probability of passing
when each of the options is chosen, for each correct answer.

Ideally, the teacher wants to offer high passing probability to a belief, if and only
if it gives her a high payoff, if passed. What is her payoff from passing a given belief
p € P? That depends on the correct answer. Below we calculate it for the case when
the true state is 1, i.e. the statement is actually true. Using Bayes’ rule (we use
Pr(-) to denote probability),

Vi(p) = ug Pr(H|p,1) +upPr(L|p,0)
up Pr(p|H,1)Pr(H) +ur, Pr(L|p,0)pr(L)

Pr(p|1)
_ug X 3 X i (=t (p))dt +up x 5 x fip(p(p))dt (2.1)
f(pl1)dp '
By (Belief) we have, if p = pu(t),
/ dp
dp = d dt = —F— =2d 2.2
P = Ty 22

The above tells us that the “weighted” value of belief p in state 1:
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Vio) £ (pl1)dp = (4p - g) dt = (8p - 3)dp

The value function for state 0 can be similarly computed, and is the flipped
version of V1(p)f(p|1), by symmetry.

Hence the “weighted” value functions are given by,

Vi(p)f(p|1) =8p — 3,
Vop)f(pl0) =8(1 —p) =3 =5~ 8p.

Let us denote the weighted value function in state w by v, : P — R, w € {0, 1},
ie. Uu(p) = vu(p)f(plw) for all p € P. These weighted value functions are are
depicted by dashed lines in Figure 2.3a.

3T b ey T
251 - ] n
9| ™ o0 108 151 P
L5 T 106 1] A
05| /// \\\\ 104 051 \\::<:\ -+
’ 7 o2 0 1 10.2
—0.5 8 M-
-1 s \ \ \ [ 0 —0.5 | \ \ A 0
0.3 0.4 0.5 0.6 0.7 0.5 0.6 0.7 0.8 0.9
Belief (p) Belief (p)
- a{b(p) T @\O(p)
~ — fb
— o(p) ap (p)
(a) Prior 7 = 3 (b) Prior 7 = 3

Figure 2.3: The teacher’s value functions for symmetric and asymmetric priors
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We first describe the teacher’s optimal test if she could observe the students’
beliefs but not their preparation levels — her “first best” — and then add back the
incentive constraints to construct the optimal mechanism, as this is instructive in
highlighting the role of incentives in this setting. This “first best” test is clearly given
by ag:b(p) = 1(vy(t) > 0),w € {0,1}, where ag{,b(p) denotes the passing rate of belief
p under this test, when the true state is w. This is depicted with solid lines in Figure
2.3a.

However, as we can see from Figure 2.3a, the first best is not implementable
because the intermediate beliefs, p € [%, %}, are passed for sure under this test,
and therefore the extreme beliefs — those beyond this range — would deviate to this
range, if this test is offered. Owing to the symmetry of the setting under the balanced
prior, the familiar “Simple True-False” test, where there are two options mirroring
the actual answers, and a student is passed if and only if his chosen answer is correct,
is optimal in this case. The direct mechanism which represents this test is, of course,
the one with a belief threshold of one half. Denoting the teacher’s maximized payoft

for prior = by V(7):

The second line follows from 7 = % and Vy(p) f(p|0) = Vi(1 —p)f(1 —p|1).
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Now let us consider a different mix of statements in the question bank — a prior
of m= % In this case, the belief associated with each signal is given by:

m(2t 4 1) 3(2t 4 1)

p(t) = T2t + 1)+ (1 —m)2(1—t)+1) - 2(2t +3)

The range of possible beliefs, in this case, is therefore [%, %} . The corresponding

asymmetric weighted value functions are given by:

- B 8p 3
nilp) = (3—2p)3  (3—2p)?
- 5 8p
W)= TR T B P

These value functions are depicted in Figure 2.3b. See Section A.1l in the Ap-
pendix for details of calculations. The Simple True-False test would no longer remain
optimal, for the following reason. As we see from the figure, in this case, the high
prior pushes all beliefs above one half. So, a Simple True-False test offers no screen-
ing. Hence, in this case, it is appropriate for the teacher to move the belief-threshold
of her True-False test up. But in that case, she cannot simply pass each student
if and only if he gets the answer correct. That is because all the beliefs are biased
towards True in this case, and choosing between passing for sure in each of the states,
they would all choose True, i.e. deviate upwards. Hence, she must adjust the passing
rates — over- or under-rewarding at least one of the chosen answers — to make the
threshold type indifferent between choosing either answer, in her True-False test.

Which answer should she over/under-reward? Given the prior was already quite
biased towards True, she does not want to over-reward that answer. Therefore she
either over-rewards the answer False (Figure 2.1d) or under-rewards the answer True
(Figure 2.1c). More concretely, she chooses some belief threshold p > %, and imple-

ments it by committing to a True-False test with one of the following credit structure:

e The answer Fulse is passed if it is correct and passed with probability ( — %)

if it is wrong; the answer True is passed if and only if it is correct.
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e The answer Fulse is passed if and only if it is correct; the answer True is passed

with probability ( ) if it is correct and failed for sure if it is wrong.

The optimal belief threshold — and therefore the corresponding partial credits
— can be calculated for the first case by solving the following single-dimensional

optimization program:

) D D D

max (1_;]3) /@1(p/)dp/+< )/ pdp’ | + 1—7r/
p

p b p

Some algebra shows that in this particular case the above objective function is
concave in p, and the optimal belief-threshold, not coincidentally, is the belief at
which the weighted value functions are equal, p = % We can similarly compute
the teacher’s optimal test of the second kind and her payoff from it. Given our
parameters, the optimal test of the first kind is strictly better for her. Her payoff

from it can be similarly calculated:

The optimal tests in the two variations of the above example exhibit several
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notable features. First, optimal tests need not exploit the full richness of the range
of possible beliefs — in this example they divide that range only in two classes. Second,
we observe that in the case of an unbalanced prior, a student with an extreme signal
on the opposite of the direction in which the prior is biased might get passed “for
free”, even when they are wrong. Finally, the teacher has a higher maximized payoff
when the prior is balanced than when it is unbalanced. As we will show in the rest
of the paper, none of these features is specific to this example, and continue to hold

in a general class of environments.

2.4 Optimal tests

Our main result in this section is that the optimal mechanism is simple — it
partitions the belief space into at most three intervals, with both a1 and ag staying
constant on each interval. We begin by characterizing the set of implementable

mechanisms.

2.4.1 Implementability

The revelation principle applies in our setting. In other words, given the prin-
cipal’s goal of maximizing her own ex-ante payoff, it is without loss to restrict to
direct, incentive compatible mechanisms, i.e. mechanisms where the set of messages
is the set of possible beliefs P, and the pair of passing rate functions are such that
the agent can never do strictly better by reporting a belief different than his own.
As is standard in the literature, we assume both that the agent reports truthfully
when indifferent among multiple reports, and the principal passes when indifferent.

Our first goal is to characterize the set of implementable mechanisms. Since
there are no transfers, this set is defined only by the agent’s incentive compatibility

constraints:

pai(p) + (1 — p)ag(p) = par (p') + (L —plag (p') ,Vp,p' € P (IC)

The indirect utility of an agent with belief p is given by U(p) := pai(p) + (1 —
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p)ag(p) = ag(p) + p(a1(p) —ag(p)). Note that this expression is identical to that
for the agent’s indirect utility in the standard monopolistic screening problem, with
q = a; — a016 playing the role of the “allocation”, and —ag playing that of the
“transfer”. Clearly, ¢ € [—1,1]. Any mechanism (a1, ag) can therefore isomorphically
be described by (U, q) where U and ¢ are as defined above.

With the above transformation, direct application of results from the standard

monopolistic screening setting allows us the following simplification.

Lemma 1. A mechanism (U, q) is incentive compatible if and only if q is non-

decreasing, and the agent’s indirect utility is given by:

p
Up) =U(p) +/ q(p') dyf (2.1)
p
for all p.

Proof. Standard. See appendix. ]

Using the fact that U(p) = pay(p) + (1 — p)ag(p) in conjunction with Lemma 1
gives us the following “integral formulas”:

D
ap(p) = (U (p) + / q(p) dp’) — pq(p)
p

(Integral Formulas)

ay(p) = (U(p) + [ a(p) dp’) +(1—=p)a(p)

2.4.2  Optimal tests are coarse

Now we are ready to solve the principal’s constrained optimization problem. Note
that her objective is linear in (a1, ap). This means it is without loss of optimality
to restrict attention to the extreme points of the set of implementable mechanisms.

The rest of this section contains a sketch of characterization of these extreme points,

16. Throughout the paper we use the convention, that when the name of a function is used without
its argument, it denotes the function as a point in its respective vector space.
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which turn out to be precisely the set of optimal mechanism with at most two steps
described in the introduction.!” For this, we leverage results of Winkler (1988), who
characterizes the extreme points of sets of probability measures defined by a finite
number of linear constraints. Our use of this result is technically similar to that of
Choi (2023), who solves an information design problem with obedience and incentive
compatibility constraints acting as the relevant linear constraints.

The principal’s problem is as follows:

max / or(p)ar()dF (1) + (1 — ) / w@a@dFE)  (2.1)
P p

a17a06[051]P
s.t. ay,ag € [0, 1]. (Feas)
pai(p) + (1 - ) > par (') + ag (p) ,¥p,p' € P (IC)

In the rest of the section, we first present and discuss the results, providing some

intuition, and then move on to the proof sketch.

Theorem 1 (Optimal tests are simple). The optimal mechanism (ay,aq), which
solves (Primal), consists of step functions with at most two steps, where the a; and

aqg change at the same belief(s).

In Section A.2 in the appendix we provide a more detailed characterization of the
exact form of the optimal mechanism, specifying formulas for the thresholds of these
steps, and associated passing probabilities (Theorem A.2.1).

In order to provide some intuition for why the optimal mechanisms take such
a simple form, we start from the first best benchmark and construct the optimal
mechanisms through gradual adjustments. As we saw in the Example (Section 2.3),
if the principal faced no incentive constraints, she would want to pass the agent with
a given belief if and only if her value from passing him given the true answer is

positive. This implies that under the optimal unconstrained mechanism (a1 and ag)

17. While here we provide a proof sketch for simply the characterization of the extreme points of
the feasible set of mechanisms, the analysis in Section 2.7 incorporates a slightly different approach
to the same proof, as part of a more holistic analysis of the problem.
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take values only in {0, 1}, are potentially non-monotone, and change at potentially
different belief thresholds.

Incentive compatibility can be restored to this ideal mechanism if and only if
adjustments are made to it to ensure the following: (i) coincidence of thresholds
(ii) monotonicity, and (iii) indifference at the thresholds.!® Below we discuss why
this holds and show how making these adjustments to the first-best mechanism im-
mediately leads to the class of optimal mechanisms. An agent cares only about his
weighted average probability of passing if the correct answer is 1 and 0, with his belief
dictating the weights. The higher the belief, the more (respectively less) the agent
cares about his probability of being passed in state 1 (respectively 0). Consider two
agents A and B such that A considers answer 1 to be more probable than B. Since
both care about the interim probability of being passed, if the passing probability
of A in one of the states is more than B, then his passing probability in the other
must be less than B, to ensure truthful reporting. Within the class of threshold
mechanisms, this would mean the thresholds of rising of a1 and falling of ag must be
coincident.

We also need monotonicity, for the following reasons. Note that if B is passed
with a higher probability in state 1 than A, B’s passing probability in state 0 must
be low enough so that A does not find it beneficial to masquerade as B. But because
B cares about state 0 more than A, this would entice B to misreport as A. Therefore
A’s passing probability in state 1 (respectively, 0) must be more (respectively, less)
than B’s, i.e. both a; and ag must be monotonic.

Suppose the principal faces just the above two restrictions - common thresh-
olds and monotonicity - and no other. In this case she would like to use a single-
threshold mechanism where both passing probabilities undergo a dramatic change at
the threshold - a; from 0 to 1 and ag from 1 to 0.19 But unless this threshold is one-
half, such a mechanism is not incentive compatible - if types close to the threshold

type think the correct answer is more likely to be 1, between getting passed for sure

18. Formally, a piece-wise constant mechanism (a1, ap) is incentive compatible if and only if it
satisfies those three conditions.

19. This follows intuitively from the discussion in the previous paragraphs, but can be shown
formally.
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when the correct answer is 1 vs 0, they choose the former, misreporting if they are
below the threshold.

There are two types of adjustments the principal can make to her favorite common
threshold bang-bang mechanism described above - on the extensive and intensive
margins - to achieve full incentive compatibility, fulfilling condition (iii). She makes
adjustments on the extensive margin when she changes who to pass - by adjusting
the threshold. Conversely, adjustments on the intensive margin consist of changing
the rate at which to pass, given a threshold. How she trades off between these two
types of adjustments is determined by the specifics of the setting.

Each combination of adjustments gives rise to a different class of optimal mecha-
nisms, which solve (Primal). On the one hand, the principal can adjust only on the
extensive margin - adjusting the common threshold to one half without adjusting
the passing rates. The resulting mechanism, depicted in Figure 2.1a and called the
simple True-False test, arises as the optimal mechanism generically in a broad class
of settings (See Section 2.5.2). On the other hand, if she does choose to adjust on the
intensive margin, in general the optimal positioning of thresholds also changes as a
result, leading to an adjustment on the extensive margin as well. Loosely speaking,
she wants these adjustments to be to be minimal, so she adjusts the the passing rate
only in one of the states and on one of the sides of the optimal threshold an optimizes
the threshold accordingly. Each of the four classes of resulting mechanisms (Figures
2.1c-2.1d and their flipped versions around the z axis) can arise optimally, as shown
in Section 2.5.2.

Single threshold tests: “Pass-if-correct” and “Fail-if-incorrect”

In this subsection we describe in more details the single-threshold tests which arise
from the above adjustments, as these would prove key to subsequent results in the
rest of the paper. Let us take a common threshold bang-bang test with a threshold
below one half. The threshold type is not indifferent — he strictly prefers reporting
the “low message” over the “high message” because his belief is biased towards zero.
Therefore, there are two ways we can make this test incentive compatible — by making

the high message more lucrative or the low message less so. This can only be done by
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increasing the passing rate in state 0 for the high message or decreasing it for the low
message. We call the two types of tests which arise pass-if-correct and fail-if-incorrect
tests, respectively.

The formal definitions of pass-if-correct and fail-if-incorrect tests are as follows.
Let p“ denote the agent’s belief that the state is w, i.e. pl=pand p =1—p. We
call a test pass-if-correct if and only if it is given by (a(p¥) = 1(p“ > pg), awe(p®) =
1(p¥ < pg) + p*L(p¥ > pg) for some w € {0,1},p* € (0,1). Similarly we call it a
fail-if-incorrect test if and only if it is given by (ay,(p*) = 1(p¥ > pg), awe(p®) =
p*1(p¥ < pg)) for some w € {0,1},p* € (0,1).

The names derive from the fact that any single threshold tests can be indirectly
implemented by a “pick the correct answer” test with two options, with credits spec-
ified for each combination of the correct and given answers, as depicted below. By

correctly specifying the credits, any desired threshold can be implemented.

1 1 :
ag a = 15
__p_
ag =1 T—p
ap :

b3 b3
—ai(p) — ag(p)

(a) Pass-if-correct (b) Fail-if-incorrect

Figure 2.4: Direct and corresponding indirect implementations of Pass-if-correct and
Fail-if-incorrect tests
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Given Answer Given Answer
T F T F
Correct | T | 100% | 1 — ~2— Correct | T p_ 0%
(1-p) (1-p)
Answer | F | 0% 100% Answer | F | 0% | 100%
(a) Pass-if-correct (b) Fail-if-incorrect

We wrap up this section with an overview of our proof strategy.

Proof sketch

Using the (Integral Formulas) derived in Section 2.4.1, we can express the prin-

cipal’s ex-ante value in terms of her “virtual value” function y as follows:

P
V(ay,a9) = U(p)Ev + /X(p)q(p)dp (2.2)
p

We abstract from the exact expression for x(p) in this section, as it is not relevant
to the proof sketch. We introduce it in Section 2.5.1, where we formulate a standard
“regularity” condition in terms of our virtual value. See Section A.4.1 in the Appendix
for the derivation of (2.2) and Section A.3.1 for its economic significance, as well as
that of ¢ (“knowledge premium”) introduced above.

Unlike in a standard monopolistic screening problem, our principal faces feasibil-
ity constraints, namely the fact that aj,ag € [0,1]. But due to their monotonicity,
as seen from (Integral Formulas), it is sufficient to ensure that these feasibility con-
straints are satisfied at the extremes, namely, that ag(p) < 1, ag(p) > 0, a1(p) > 0

and a1(p) < 1. Combining these with the IC constraints we obtain a reduced-form

of the principal’s problem, as given by the following lemma.

Lemma 2. The principal’s optimal mechanism is given by the solution to the follow-

ing problem where a1 and ag are as given by (Integral Formulas) and py := sup{p :
q(p) < 0}.
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D
max U (p)Ev + / x(p (Problem)
U(p)sal. )

s.t. q € [-1,1],q non - decreasing (MON)
ap(p) < 1, (F1)
ap(p) = 0, (F2)
ai(p) > 0, (F3)

ai(p) < 1L, (F4)
where ay and ag are given by (Integral Formulas). (Integral)

An overview of the rest of the proof is as follows. We show that each bound - 1
and 0 - must be attained at least once. Moreover, unless there is no screening - i.e.
the optimal mechanism is constant with respect to agents’ beliefs - each extreme of
the belief space must have at least one of a; and aq attaining its respective bound
there. Combining these two insights shows that whenever there is screening at the
optimum, the above program reduces to one constrained by (MON) and a single
linear equality. We know the extreme points of the convex set of ¢’s described by
(MON) are step functions (including degenerate ones). By Winkler (1988)’s result
(Proposition 2.1) which characterizes extreme points of sets of distributions, those
of the convex subset of it described by imposing the additional linear constraint are

obtained by taking convex combination of at most two of them. Theorem 1 follows.

2.5 Rewarding ignorance and penalizing correct answers

In this section we delve deeper into the two most noteworthy features of the
optimal tests — that they might reward admission of ignorance (Figure 2.1b) and
that they may fail agents giving the correct answer or pass those giving the wrong
one (Figures 2.1c and 2.1d). We provide conditions when each of these cases arises.
Further, our comparative statics analysis uncovers a link between “obviousness” of
an answer and the rate at which it is failed in spite of being correct or passed in spite
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of being wrong.
For the sake of interpretability of the aforementioned results, first, we concretize

our model further, as described below.

2.5.1 A microfoundation

Suppose the value that the agent generates for the principal when passed is v, to
be interpreted as his quality. Sometimes we also refer to v as the agent’s learning
type. Let v € V := [v,7],v < 0 < T. Further, let v be distributed according to
some commonly known probability measure v € AV. Paralleling (Non-triviality),
we assume v({v < 0}) > 0 and v({v > 0}) > 0, i.e. both positive and negative
qualities occur with positive probability. Let Vjj := E, v denote the a priori expected
quality. Quality is unobserved by both the principal and the agent.2? Quality and
the state w are independent.

The agent’s learning technology is as follows. There is a signal space T := [0, 1].
We denote the typical signal realization by t € T'. The agent’s signal is drawn from
some known distribution over 7" for each each state w and quality v, which is assumed
to have a density, denoted by f(-|w,v), (w,v) € {0,1} x V. Going forward, we refer
to the pair of signal densities (f(-|1,v), f(:|0,v)) as the signal structure of the agent
of quality v. We impose a number of assumptions on the family of signal structures
{(f(-]1,v), f(-]0,v)) }pey, as detailed below.

Assumption 1. Suppose the following holds.

e Monotonicity: f(t|1,v) (respectively f(t|0,v)) is increasing (respectively de-

creasing) in t for all v.

e MLRP: The family of signal structures {(f(:|1,v), f(:|0,v))},ep satisfies the
Monotone Likelihood Ratio Property (MLRP). That is, }f((tt||11,;),)) IS Increasing
f(t[0,0)

and F0.0) decreasing in t for all v > v'.

o C2: f(-|w,v) is twice continuously differentiable in t for all w,v.

20. In Section 2.8.1 we use the alternative modeling assumption that the agents do observe their
quality. The main features of the optimal test remain unaltered.
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e Boundedness: sup f(tjw,v) < oo and sup f'(t|w,e) < .
ta€7w t,e,w

We say the agent’s learning is symmetric if f(t|0,v) = f(1 —t|1,v) for all ¢t and
Since the agent does not observe his own quality, the signal distribution from

which his observed signals are drawn — denoted by {f,},,c (0,1} — is the mean signal

distribution of the various learning types:

fu(®) :/f(t|w,v)d1/(v), Vi,w

He forms his beliefs about the state using Bayes rule using the above distribution.
Using u : [0,1] — [0, 1] to denote the mapping between signal and belief spaces, we

have using Bayes rule, for a given prior m,

__ hn (2.1)
[T+ fo(t)(L — )

Note that by our assumptions on {(f(+|w, v)} . v)ef0,11 x> #(t) is strictly increas-

p=p(t):

ing for any given m. Hence there is a one-to-one map between signals and beliefs, i.e.
p 1 exists. Let (a1, dg) denote the mechanism with the signal space as its domain,
with @, : [0, 1] — [0, 1] denoting the passing probability as a function of the reported
signal, in state w. Hence, 4y, = aw o pu 1, w € {0, 1}.21

In this specialization of our general model from Section 2.2, while choosing the
mechanism, the principal exploits the correlation between the informativeness of the
signal structures and agent quality to maximize the expected quality conditional on
passing. With some algebra, her payoff can be described in terms of “summarized”
value functions for each state — mq and mqg — as given below. See Section A.4.1 in

the Appendix for exact expressions for mj and myq in terms of the family of signal

structures {(f(-w, v)}(w v)e{0,1}xV-

21. Note that u —and therefore the mapping between a,, and a, — depends on the prior 7.
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(Principal’s Value)

Regularity

In this subsection, we provide a regularity condition which ensures that the op-
timal tests feature a single threshold. While none of our subsequent analyses — such
as comparative statics and endogenizing the prior — relies on a restriction to single-
threshold tests, we use the “regular” class of problems to offer simplified versions of

some of the results.

1
)= [ 7o) dy' — polp) + TR 1.5 where
p
v(p) = Vi(p)dF(p | 1) + (1 — m)Vo(p)dF(p | 0)

It is well-known that in the standard monopolistic screening problem, such a reg-
ularity condition is equivalent to concavity of the monopolist’s revenue in the price.
In a similar vein, in the rest of the subsection we show that within the microfounded
model introduced above, our regularity condition is equivalent to the concavity of the
principal’s value as a function of the threshold of a single-threshold test. But first,
we need to unavoidably define two new objects — the agent’s normalized likelithood
ratto and the principal’s value from each single threshold test as a function of the
threshold. These objects are key to our main result in this subsection as well as that
in Section 2.5.3 — characterization of when the optimal test rewards ignorance, i.e.
features two thresholds.

We define the normalized likelihood ratio (hereafter, NLR) function for state w,
¢ T — Ry, w € {0, 1}, as the likelihood ratio of each signal for state w, normalized
by the prior likelihood ratio of the same state. Specifically, for each t € T,
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p(t) —
_ Iu®m _ [1() 1

Under any single-threshold optimal test with a belief threshold other than one

—~
~~

—|

half, the passing rate in only one of the states is distorted on the intensive margin.
For any such test, let us call this the distorted state and the other state — the one
where the passing rate is bang-bang — the undistorted state.

Define vy, : ¢,(T) — R as the function which maps NLR’s to the principal’s max-
imized value from a single-threshold test with that NLR-threshold and undistorted
state w. For example, given a signal threshold ¢ and undistorted state 1, if the cor-
responding fail-if-incorrect test does better for the principal than the pass-if-correct

test,?2 letting s1 = ¢1(¢) and using the expression for (Principal’s Value), we have,

1 ¢7 ' (s1)
Vi(sy) = / my ()t + (1 — 1) x (1fﬂ> < 1 / o (#)dt
o1 (s1) 0
1 ¢7(s1)
=T / my(t)dt + sy / mo(t)dt
¢1 ' (s1) 0

Alternatively, if the pass-if-correct test does better, we have,

22. In Proposition 2 in Section 2.5.2 we show that the fail-if-incorrect (respectively, pass-if-correct)
test does strictly better if and only if V < 0 (respectively, Vo < 0). We postpone that discussion
till the next section, as it is not relevant to the results presented here.
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In general, V{(s1) is the maximum of the above two expressions. This can be

compactly written as:

1 (s1) 1
Vi(s1) = | s1 / mo(t)dt — vl | + / my(t)dt | + (1 —m)vg
0 1
¢1 (51)

Similarly, we can derive the expression for Vjj(sg), sg € ¢o(T"). See Section A.4.6
in the Appendix for details.
It can be shown that increasingness of the virtual value — our regularity condition

— is equivalent to concavity of the value functions defined above, as formalized below.
Proposition 1. The following are equivalent.

e 1 is concave.

e 1) is concave.

e The problem is regular.

The intuition is as follows. Why does increasingness of the virtual value lead to
sufficiency of single-threshold mechanisms in screening problems? It is because it
ensures concavity of the principal’s value from a single-threshold mechanism, as a

function of the threshold. In our case, this is her value from using a single-threshold
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bang-bang test (not necessarily incentive compatible) as a function of the belief-
threshold. This ensures the principal cannot gain from offering a lottery over two
such tests, which is what a two-threshold test is. Our proof shows, that translated
to the microfounded version of our model, such a lottery is essentially taken over two
single-threshold incentive compatible — but not necessarily feasible (because passing
rates can go beyond 1) — tests. Naturally, if the principal’s value (V] and V})) is
concave in the threshold, she cannot gain from such a lottery.

It can also be easily shown that the regularity condition does not depend on the

prior — a fact we would exploit in our comparative statics analysis going forward.

Fact 1. The problem is reqular for prior m if and only if it is reqular for all other

priors © # .

2.5.2  Quver-rewarding counterintuitive answers

Comparative statics

In this section we analyze how the optimal test varies with the prior. We show
that the more extreme the prior, the greater the distortion on the intensive margin.23
Moreover, if the prior is moderate, the principal cannot benefit from such distortions,
and chooses the simple True-False test instead. Whenever she has to distort on the
intensive margin, it gives rise to asymmetric rewards for the correct answer in the
two states. Our main result in this section is that, such a scheme always ends
up rewarding the counterintuitive answer — an answer which is a priori sufficiently
unlikely — more.

While none of the results in this section require regularity, for drawing the above
insights we focus on regular settings. Under regularity, there are only the four types
of single-threshold tests (Figures 2.1¢-2.1d and their flipped versions around the x

axis) which can be optimal. As described in section 2.4.2, they can further be divided

23. Recall from Section 2.4.2 that we call adjustments in the rate of passing (as opposed to the
threshold of passing), away from the principal’s favorite levels of 1 or 0 — whichever is better — a
distortion on the intensive margin.
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into two categories — those which always fail incorrect answers (“fail-if-incorrect”) and

those which always pass correct answers (“pass-if-correct”).
When does each of these two types of tests arise as optimal?

It turns out, that depends only on the a priori expected quality, as described

below.

Cherry-picking and lemon-dropping markets. Note that if the principal could not
screen, she would pass the agent if and only if the a priori expected quality is positive,
i.e. Vp > 0. Hence we call markets with V{; < 0 (respectively Vi > 0) cherry-picking
(respectively lemon-dropping) markets, because the principal screens to “pick the
cherries”, i.e. identify the acceptable agents (respectively “drop the lemons”, i.e.

weed out unacceptable agents).

The lemma below captures the fact that the type of test — pass-if-correct or

fail-if-incorrect — depends only on the type of market.

Proposition 2. Pass-if-correct (respectively fail-if-incorrect) tests are optimal only

if the market is lemon-dropping (respectively cherry-picking).

The intuition behind the above insight is straightforward, once we note that for a
fixed threshold, the pass-if-correct test is identical to the fail-if-incorrect test, except
its passing rate in the distorted state?? is pushed upwards uniformly by a constant
amount for all beliefs. The jump of the passing rate in the distorted state between
the correct and wrong answers is fixed by incentive compatibility2?, regardless of the
type of test. Hence for a fixed threshold, the only thing the principal is free to choose
is whether to offer a positive baseline passing rate in one of the states. By definition,
she gains (respectively, loses) from such default passing if and only if the market is

lemon-dropping (respectively, cherry-picking).

24. Under any single-threshold optimal test with a belief threshold other than one half, the passing
rate in only one of the states is distorted on the intensive margin. Recall the forllowing terminology
we introduced in Section 2.5.1: for any such test, we called this state the distorted state and the
other state — the one where the passing rate is bang-bang — the undistorted state.

25. Specifically, (1f ‘;0) for a threshold belief py < %, for example, and conversely, its reciprocal,

when pg > %
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Now we are ready to present the main result of this section.

Theorem 2.A (Variation of the optimal test with the prior). For any problem P
there exist 0 < m <7 < 1 such that the type of the optimal test is always pass, never
pass or given by the following:

T<T T € [m, T T>T
Cherry-picking, | Fail-if-incorrect, | . Fail-if-incorrect,
. Simple T-F or )
Vo <0 penalize False . penalize True
- - T-F-U, Simple -
Lemon-dropping, | Pass-if-correct, . Pass-if-correct,
T-F if regular
Vo >0 bonus for True bonus for False

Table 2.3: Optimal tests across markets and priors

Moreover, if the signal structures are symmetric, T +7 = 1.

The intuition for the above result is as follows. Let us consider only the cherry-
picking case, to simplify terminology. The belief-threshold in a single-threshold test
represents a bar of passing — it is the lowest belief for a state (i.e., an answer) which
could pass when that state realizes (i.e., when that is the correct answer).26 Its
choice constitutes a trade-off — the higher it is in one state, the lower it is in the
other. In other words, the more difficult the test is if the correct answer were 1, the
easier it is if it were 0. A belief threshold of one half offers the same bar of passing
in both states.2” As we would show in the next section, a two threshold test is a
lottery over two single-threshold tests — one with a belief threshold above one half
and the other below, i.e. one with a bar which is high for state 1 and hence low for

state 0, and the other, the reverse.

26. In the lemon-dropping case, this is the highest belief for that state which could fail if that
state realizes.

27. Note that the bar of passing is not the same as the belief-threshold of passing. The former
depends on the state. It is equal to the latter only in state 1, and is its complement in state 0.
Hence, while all single-threshold tests have the same belief-threshold of passing in both states, only
the one with the threshold of one half has the same bar.
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If the prior is too biased towards one of the states, resolving the aforementioned
trade-off is straightforward for the principal — she wants the bar for passing to be
high (i.e. greater than one half)27 in that state. The reason is as follows. Suppose
the prior is very high. In this case, so small a part of the population would have
a belief below one half, that a belief-threshold at or below it would lump nearly all
of the population together, offering very little screening. Hence, in this case, the
principal would benefit neither from mixing a high-bar test with a low-bar one, nor
from offering the same bar in both the states with a Simple T-F. Conversely, when
the prior is moderate, either of these compromises would make the her better off
than having a high bar only in one of the states.

Formalizing the above notion, going forward, given a problem P we call corre-
sponding priors 7 € [rr, | moderate and those ¢ [r, 7], extreme priors. An extreme
prior 7 is said to grow more moderate if it changes towards the nearest moderate
prior, i.e. when it increases for 7 < m and when it decreases for © > 7.

We call the answer-option mirroring the a priori likely state the obvious answer
and the other one the counterintuitive answer. As we saw above, whenever the prior
is extreme, the principal must move the optimal threshold away from the balanced
threshold of one half, leading to a distortion — a partial reward for a wrong answer
or a penalty for the correct answer, in terms of the indirect implementations of the
optimal tests — in one of the states. Which answer does such a distortion benefit or
hurt. As Theorem 2.A details, it is the counterintuitive answer which always benefits,
compared to the obvious answer, whenever the prior is extreme. This is formalized

below.

Corollary 1. When the prior is extreme either there is a bonus for the counterintu-

itive answer or a penalty for the obvious answer.

Theorem 2.A tells us how the first trade-off faced by the principal - whether to
fine-tune the threshold - is resolved. The second trade-off she faces is how much to

fine-tune the threshold, when such fine-tuning is warranted, i.e. the prior is extreme.
This is elaborated by Theorem 2.B below.

Theorem 2.B (Variation of the optimal test with the prior). e When the prior
i1s extreme, as it grows more moderate, the signal threshold of the optimal test
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remains constant, its belief threshold grows more moderate and the distortion

in the allocation in the a priori obvious state reduces.

e Suppose the optimal test has two thresholds for some moderate prior © € (&, 7),
with signal thresholds t1 and to, t1 > to. Then:

— It has the same two signal thresholds for all priors ™ € (¢1 (ti)+1’ gbl(t;)—kl)'

1 1 ~ .
R o1(t1)+1 to P1(ta) 11 ay(t) increases from 0
to 1 and ag(t) decreases from 1 to 0, for allt € (ta,t1).

— As the prior increases from

— The optimal test for m = ¢1(t1')+1 is the Simple T-F with signal threshold
ti, i€ {1,2}.

e Finally, if the optimal test is the Simple T-F for an open interval of moderate

priors, as the prior increases within this interval, the signal threshold decreases.

The intuition for the above result in the case of an extreme prior is as follows.
Suppose m > 7 and the signal threshold for the optimal test is t. As the prior
grows more extreme, the belief associated with ¢ also grows more extreme — further
away from one half. So, the distortion on the intensive margin under the optimal
test increases. The principal can attempt to rectify the associated loss by making
adjustments on the extensive margin, i.e. by making the signal threshold moderate.
In this case, that would mean decreasing it. However, this would lower the bar for
passing in the a priori likely state 1, passing beliefs which are too inaccurate and
thereby hurting the principal’s payoff in that state. This loss also becomes more
costly to her as the prior grows more extreme, since a priori likely state 1 becomes
more likely.

A similar pair of forces come into consideration for the principal, when she decides
whether to vary the signal- thresholds of a two-threshold test with the prior. A two-
threshold test is a lottery over two single-threshold bang-bang tests, one of which is
preferred by the principal over the other. Suppose that is the test with the signal-

threshold t9, as described in the statement of Theorem 2.B. As the prior increases

, the distortion on the intensive margin, vis-

i)
t1)+17 ¢1(t2)+1

a-vis the principal’s favorite bang-bang test with threshold t9, increases. She could

i1 1
within the range ( ol
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counteract this by bringing ¢; closer to t9, but that would increase the distortion on
the extensive margin (lower the bar of passing).

In both of the above cases of extreme and moderate priors, these two forces —
those of minimizing the distortion on the intensive and extensive margins — exactly
cancel each other out, leaving the principal’s optimal signal-threshold(s) invariant to
the prior within a range. It is important to note that this exact cancellation happens
precisely because the principal and the agent share a prior. As we show in Section
2.8.2, this would not be the case if the priors are different, in which case the signal

threshold(s) would vary with (each) prior even within the aforementioned ranges.

We wrap up this subsection by presenting a simple example demonstrating the

comparative statics results of the section.

Example 1. There are two learning types, H(igh) and L(ow). Signal density of
learning type e in state w is few : T — Ry. Let fr1(t) = 2t, fgo(t) = 2(1 —
t), fr1(t) = fro(t) = 1. Proportion of High types: v = % The principal’s value from
passing learning type e is ve, e € {H,L}. We want to find out principal-optimal
tests and their various characteristics as a function of the prior 7. By Theorem 2.A,
in this symmetric setting it is without loss to assume 7 € [%, 1} :

When choosing a mechanism (a1, ag) : 7" — [0, 1], what the principal cares about
is the probability of passing each learning type that it induces. By Bayes rule, the
probability of passing learning type e € {H, L} is given by:

Pr(pass|e) = Pr(e) x /aw(t)few(t)
t,w
Pr(passle) = [ Pr(pass|(t,w),e)Pr((t,w)|e)Pr(e). Obviously, Pr(pass|(t,w),e)

t,w

Pr(pass|(t,w)) = ay(t). Moreover, Pr((t,w)|e) = f(tlw,v)Pr(w) (. w L e). Com-
bining these, the principal’s value from using a mechanism (ay,ag) : [0,1] — [0,1] is

given by:
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V(ay,ap)

\

1
v / aw () f(tlw,v)dt | dv(v
‘“ 0

:/U (ﬂ/l ay(t) f(t1,v)dt + (1 — wflo f(to, v)dt)dv()
0 0

!
—r / a1 (t) (
0 ~

1
/vf(tl,v)dl/(v)) dt + (1 — ﬂ)/ﬁo(t) (/ vf(tO,v)du(v)) dt
v , 0 N v ,
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Figure 2.5: Variations in the signal and belief thresholds of the optimal test with the
prior

As expected given our results, the signal threshold remains the same over a certain

range of priors over which the belief threshold keeps changing, and vice versa.

Distortions

In this section we analyze welfare effects of the distortions introduced by agency
costs. Turns out, the theme of counterintuitive answers being over-rewarded and
obvious answers being over-penalized carries over to welfare effects as well. Our main
insight is that agents with strong convictions about the counterintuitive answer are
better off and those with strong convictions about the obvious answer are worse off,
compared to the complete information benchmark.

The principal uses Bayes rule to update her beliefs about quality, based on reports
of signals, which, in turn drive her valuation of each signal. By (Principal’s Value),
the complete information — or first best — mechanism is given by az,b(t) = 1(my(t) >
0),w € {0,1}. An example is illustrated in the Figure 2.6.

Several features of the first best test in this example are notable. First, extreme

beliefs are passed if and only if they are “correct”, i.e. sufficiently close to the
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Figure 2.6: First best tests

Example: The principal’s value from passing type e is ve, e € {H, L}. With prior 7, the principal’s
expected payoff from a mechanism ay,ag : T — [0, 1] is given by (Principal’s Value), with m4 (t) =
2 — o, mo(t) = 2(1 — t) — v, where o = 21,

VH

true state. Second, moderate beliefs are either passed or failed, regardless of their
correctness. And finally, the test does not depend on the prior beliefs. None of these

features are specific to this example however, as the below proposition shows.

Theorem 3.A. For any problem P, unless the first-best test is to always or never
pass, there exist tgb,t{b € (0,1) such the first-best test agb,a{b : T — [0, 1] satisfies
the following properties:

o al’(t)y =10t <#l"),al’(t) = 1(t > ¢]").
o Typest € [min{tgb, t{b}, max{tgb, t{b}] are either passed or failed in both states.
e The test does not depend on the prior.

Comparing the first best test with the structure of the optimal constrained test

established in previous sections, we note the following.
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Theorem 3.B (Distortions). For any regular problem there exists 0 <t <t < 1
such that the distortions for moderate and high priors are given in the following table,

where m and T are as defined in Theorem 2.A.

Prior
m™T>T e
T<T<T
Cherry Picking, | Lemon Dropping,
Vo <0 Vo >0
[0,¢] | No Distortion Better Off No Distortion
Agent = -
‘ [t, ] Ambiguous
Signal — —— —
£, 1] Worse Off No Distortion | No Distortion

Table 2.4: Strong beliefs are over-rewarded when they are counterintuitive

Analogous results hold for m > 7, with the rows reversed.

The reasoning behind the above result is straightforward. For moderate priors, by
Theorem 2. A, there is no distortion on the intensive margin. This leads to undistorted
allocations for extreme types. For extreme priors, we know from Theorem 2.A that
the beliefs which lean towards the obvious state are passed at a rate which is weakly
distorted downwards in that state (strictly if Vjj < 0). The converse holds for beliefs
leaning towards the counterintuitive state. This explains the direction of distortion
for extreme priors.

For intermediate types, ¢ € [t, ], the sign of the distortion depends on the prior
v. The details for those types, along with the proof are presented in the Appendix.

Comparing Theorem 3.B with analogous results for standard screening models
offers two key insights. First, it shows that unlike in those models, where screening
makes all agent types weakly better off vis a vis the full information benchmark, in
our model screening can both help and hurt the agent. This is because the objectives
of the principal and the agent are not fully opposed in our model, unlike in standard
screening models where the transfer component typically affects the two parties in
directly opposed ways. Hence, information rent can be negative in our model — a
common feature of models of mechanism design without transfer (e.g. Ben-Porath
et al. (2014)).
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Secondly, it further underscores the force in the model which favors agents with
strong counterintuitive beliefs. A broad class of screening models feature the well-
known no-distortion-at-the-top property (Mussa and Rosen (1978),Myerson (1981),
Rochet and Choné (1998).Rochet and Stole (2002) etc.). In these models typically
only “downward” incentive constraints bind. Therefore the only reason the allocation
of a type can be distorted downwards is to discourage impersonation by higher types.
Consequently the “highest” type’s allocation is undistorted because there are no
higher types which can impersonate it. Even in our model, the incentive constraints
bind only in one direction — from counterintuitive towards obvious. When the passing
rate of the obvious answer is distorted downwards it is to discourage the worst — i.e.
most moderate — among those giving the latter answer, from changing their answer.
In light of this framework, Theorem 3.B shows that counterintuitive extreme types

are the de facto “high types” in the knowledge screening setting.

2.5.3  Rewarding ignorance

In this subsection we fully characterize the conditions for the optimality of a
two-threshold test, using a concavity-like but weaker condition. But first, we need
to unavoidably define some additional notation.

Let U, denote the concave envelope of v, i.e. the smallest concave function that
lies above v,,.

Note that a single threshold test need not be feasible for every given combina-
tion of NLR-threshold, undistorted state and prior. In other words, all values in

|J vw(¢w(T)) need not be attainable for all m. As we shall see shortly, this is pre-
w

cisely what an optimal two-threshold test exploits — by effectively creating a lottery
over a feasible and an infeasible but more lucrative single-threshold test.

Let ¢, := max arg max Vo(¢o(t)) and ¢7 := min arg max Vi(o1(t)). It can be easily
verified using the expressions for V] above and analogous expressions for Vp, that ]
and ¢ do not depend on 7.

Now we are ready to state the main result of this subsection.

Proposition 3 (Characterization of conditions for TFU). The following are equiv-
alent.
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o There exists t € (t;,t]) such that v1(p1(t)) > Vi(o1(1)).
o There exists t € (t,1]) such that vo(po(t)) > Vo(do(t)).

e [f there exists a prior for which the optimal test is not “always pass” or “always

fail”, then there exists a prior for which a two-threshold test is optimal.
Proposition 3 immediately leads to the following corollary.

Corollary 2. If Vi (equivalently, Vi) is concave, the optimal test for any prior has

at most a single threshold.

Note that Corollary 2 is implied by each of Proposition 1 and Proposition 3 but
Proposition 3 does not imply Proposition 1.

Our interpretation of the above results is as follows. Proposition 3 essentially
identifies a “convexity-like” property of the “effectiveness of screening” — as captured
by the designer’s value — in the difficulty level of the test, as necessary for the
optimality of a TFU test. It says that in order for an Unsure option to be effective,
it is necessary that (within a range of weakly informative signals) marginally raising
the bar of passing the test, when it is already quite high, improves the screening
effectiveness more, than raising it when it is low. Raising the bar marginally entails
excluding the “next” marginal signal from passing in a certain state, and therefore
including it in the opposite state. At a high level, one way this can happen is when
relative informativeness of the high type increases fast for extreme signals but not

so much for moderate signals.

Learning environments where ignorance is preferred to vagueness

In this subsection we provide natural sufficient conditions on the learning en-
vironment of the agent, which lead to rewarding of the admission of ignorance, for
some moderate priors. Specifically, we show that learning environments where higher
quality agents are not much more informed than lower quality ones facilitate the ap-

pearance of an “Unsure” option, as a part of the optimal test.
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For this subsection we would assume there are binary learning types — High and
Low. In that case v € {vg, v} and v denotes the probability of the High type, i.e.,

of vg. Clearly, in this case we must have vy > 0,v, < 0 for (Non-triviality). Let

_ Jol(-v)
VgV

weighted) loss from passing the Low type as a fraction of her gains from passing the

us define « : — the parameter that captures the principal’s (probability
High type. We would also assume that learning is symmetric. Let fg : [0,1] — R and
fr, - [0,1] — R denote the signal densities of the High and Low types respectively,
when the state is 1.

With that notation, we formalize sufficient conditions for optimality of a third

option, “Unsure”, as follows.

Proposition 4. Suppose there are two learning types — High and Low — and that
learning is symmetric. Then, the True-False-Unsure test is optimal for some mod-
erate prior if the principal’s expected payoff from passing an uninformed agent (an

agent with the prior belief) is strictly positive, and the following condition holds:

f}{(l/Q)Jra
fu(1/2)
f1,(1/2)
fr(1/2)

<2

The interpretation of Proposition 4 is as follows. As long as the principal is “not
too averse” to passing an uninformed agent, and the high type agent is not much more
informed than the low type over a range of weakly informative signals — specifically,
those around the fully uninformative signal of t = 1/2 — it would be beneficial for the
principal to offer the “ Unsure” option for some moderate prior, rather than just the
options True and Fulse. Intuitively, this is because, in such learning environments,
due to the near-“pooling” of high and low types over weakly informative signals (i.e.,
the ones close to t = 1/2), such a signal does not provide a strong indication of
quality either way to the principal, regardless of whether the signal leans towards
the correct or wrong state.

The condition in Proposition 4 that the principal’s payoff from passing the unin-

formed agent is positive, might point towards the intuition that passing uninformed
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agents must be profitable for the principal in order for the “admission of ignorance
to be rewarded”, i.e., for the “Unsure” option to arise in optimum. However, this
intuition is incomplete, as shown by an example towards the end of this section,
which shows that the third option can arise even when this condition is not fulfilled.
Intuitively, this is because the principal’s reason to allocate intermediate reward to
uninformed beliefs in both states under the True-False-Unsure test is driven not by
the level of her payoff from passing these types but by the difference between her
payoff from passing them in the two states being relatively low, which is driven by the

High and Low types being almost similarly informed over the range os such beliefs.

2.6 Universality of the simple True-False: Endogenous

question selection

The comparative statics analysis of Section 2.5.2 leads to a natural next question
- which priors maximize the principal’s payoff? If the agent learns the same way
about all facts, the prior captures the ex-ante uncertainty of each of them. Hence
endogenizing the selection of the prior by the principal captures a natural feature of
applications where the examiner or interviewer gets to select not only the evaluation
scheme but also the questions or facts on which the candidate is to be evaluated.

Our main result in this section is that, given a choice over the prior, the principal
always chooses “maximum uncertainty” — a moderate prior, in the sense of Section

2.5.2 — and consequently, offers a simple T-F test, regardless of other specifics.

Theorem 4 (Universality of the Simple True-False). Suppose the principal can
choose the prior. The simple T-F test is optimal under some optimally chosen prior

of the principal.

Note that regularity or symmetry are not required for the above result to hold.

The main intuition for Theorem 4 is that an extreme prior gives too much away
a priori. If the question is such that one of the two possible answers is too “obvious”
ex-ante, the probability that examinees get it just by guessing is too much from the

principal’s perspective, which — recall — is an ex-ante one.
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To understand why the above result holds, let us start from an extreme prior.
Recall that the signal threshold does not depend on the prior, as long as the prior
remains extreme. Hence for priors within the extreme range, the principal’s payoff
conditional on the counterintuitive state occurring remains invariant to the prior.
As the prior grows moderate within this range, two forces are in action. First,
the counterintuitive state grows more likely, which makes the principal better off.
Second, the distortion in the obvious, distorted state reduces, which further aids the
principal. This reduction happens because the belief at the constant signal threshold
grows more moderate — closer to one half, where no distortion on the intensive margin
is necessary. Due to these two forces, her expected gain from both states increases as
the prior grows more moderate. In other words, the principal will never choose an
extreme prior because she always gains from making it more moderate. This leads
to the first result above, which immediately leads to the second, by Theorem 2.A.

Some other notable features of the optimal prior and test under this setting are

summarized in the result below.

Corollary 3. Suppose, the principal can choose the prior. Then, in addition to
Theorem 4, the following hold.

o The passing probability is at least one half.

e [n addition, if the signal structures are symmetric and the principal’s value

function in each state is monotone, the principal optimal prior is T = %

e [f the problem is reqular, 7 € (7, T) where ™ and T are as defined in Theorem
2.A.

2.7 An integrated proof sketch

Now that we have presented all our main results, we utilize this section to provide
a holistic proof sketch of all of them together, using graphical analysis.

An overview of our holistic proof strategy is as follows. Like in Section 2.4.2,
our strategy would be to appropriately transformation of our original linear program
(Primal), and exploit its similarity to the standard monopolistic screening problem.
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This would transform the principal’s objective function into her expected cumulative
virtual value — again, analogous to that in the standard monopolistic screening prob-
lem — once we make use of appropriate integral formulas for ag, in terms of ay, as
in Section 2.4.2. Also as in that section, it is sufficient to consider just one of the
infinitely many bound constraints which we have in addition to the constraints in
the standard monopolistic screening. This would enable us to use a concavification
approach, similar to the Bayesian persuasion literature (Kamenica and Gentzkow,
2011), where we concavify the cumulative virtual value function, and the single ad-
ditional constraint works in a way similar to the Bayes plausibility constraint in that
literature. This enables us to “read off” the optimal threshold(s) by constrained-
maximizing the concavified cumulative virtual value function.

For this proof sketch we would work directly with the microfounded set up of
Section 2.5.1. Without loss, we would model the agent’s signal structure as a joint
distribution of the state, his quality and the normalized odds ratio, so that this
signal structure remains fixed when we vary the prior, for our later analyses. Let
us assume that the support of the signal distribution over normalized odds ratios
is [7,7], where 0 < v <% < oo. We would further assume Ev > 0. Our results
go through without this last assumption in the way specified in each result and as
detailed in the Appendix. We would further assume that the induced distributions
over normalized odds ratios in each state is atomless.

The following six steps outline a primarily graphical analysis which sketches the

proof of all of our main results within it.

Step 1. Transforming our problem to one similar to monopolistic

screening.
P

Let us start from IC constraint (IC). Recall that we defined v := 72 as the

—Tr

normalized odds ratio. We consider the case where m < 1. The case w}llere T=1
is, of course, trivial. With a slight abuse of notation, from now on, we would use
a1 and ag to denote the principal’s chosen passing probabilities, as functions of ~,
rather than p. Diving both sides of (IC) by (1 — p)?® and using the definition of ~y

28. Our assumption of m < 1 ensures that the agent’s belief remains bounded away from 1.
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we have our IC constraint as:

™

() + () = Te—ya (V) + a0 (V) ¥y €Al (IC)

1—m7m -

As already outlined in Section 2.4, (IC-y) immediately implies non-decreasingness

of a1 and the following integral formula for aq:

T Y
mkﬂzadm+1_w[é ar (7') dy' = ~ar ()

Just like in the monopolistic screening problem, without loss of optimality we can
set the truth-telling payoff of the lowest buyer type to his outside option, here, we
can set ag(0) = 1, under our assumption Ev > 0. Hence, we have the final envelope

formula as:

™

ap(y) =1+ 17—

Y
{ /O ar () dy' = ~ay () (Envelope-ag(7))
Let us restate the principal’s objective function, as in (Primal), in terms of ~
rather than p. Again, in lieu of introducing additional notation, with a slight abuse,
we would continue to use v, to denote her interim value function in state w € {1,0},
but this time as a function of  rather than p. Let g(-|w) denote the density over ~

in state w. With that, the principal’s objective function is:

. / v1(ar()g(I1) + (1 — ) / w0 (7)ao(1)g(110) (2.1)
vy v

Using the envelope formula (Envelope-ag(y)) and a change in the order of inte-

gration, we can now express the principal’s transformed problem as follows:
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max - w [ x(@ai)dy + (1 - m)Eo (2:2)
ai,aq cR

s.t. a1(y) € [0,1] Vv € [7,,7] non-decreasing.

ap(y) € 0,1] Vv € [v,7] (Feas-ag)

where x(-) is the virtual value, given by:

Mw:mmwm—mmmuwfhmwwmw
Y

Note that (Envelope-ag(7y)) implies non-increasingness of ag. That, and the fact
that we already made the replacement ag(0) = 1, allows us to ignore all of the
infinitely many feasibility constraints on ag, (Feas-ag) without loss, other than the
one at 7. Further, using the integral formula for ag(7), we can simplify (2.2) to the
following:

max ™

ax x(v)ar(y)dy + (1 — 7)Ev (2.3)
ale gl

Y

s.t. aj(y) € [0,1] Vv € [,,7] non-decreasing.  (Monotonicity-ay)

gl 1 —
{7@1(7) - / ar (7') dv’} < d (Linear constr)
0

™

Step 2. Structuring our problem as one similar to Bayesian persuasion.

In this step we would identify a structural similarity of our transformed prob-
lem with the Bayesian persuasion problem, akin to, e.g., Kamenica and Gentzkow
(2011) which would help us express the principal’s maximized value as a scaled and
translated version of — not the concave envelope (CE), but — the monotone concave
envelope (MCE), of her cumulative virtual value function. The monotone concave

envelope of a function is the lowest concave and monotone function which majorizes
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it. We would see that our maximized value is the MCE rather than the CE is be-
cause our constraint — (Linear constr) — is an inequality, whereas the corresponding
constraint in the Bayesian persuasaion problem — the Bayes plausibility constraint —
is an equality.

We know from the standard monopoly screening problem that the extreme points
of the set defined by (Monotonicity-a;) are step functions of the form 1(y > ~%),
where 7* € [y,7]. That is, any a1 € [0, 1][1’7] satisfying (Monotonicity-a;) can be
expressed as a (potentially infinite) convex combination over step functions. Step
functions are characterized by the location of their step, v* € [7,%]. Hence, solving
(2.3) is equivalent to maximizing the objective function over the set of distributions
over [7,7] satisfying (Linear constr). If ai(y) is characterized by the distribution

€ Aly,7] over the locations of the steps, some algebra shows

¥
[vcu(v) - /O ar (7) dv'} =Eu
where we use the notation Eu to denote the expectation of the distribution pu.

In other words (2.3) it can be written as:

max
HEA[YF]

O\Q\

v
X (v /1y>7 Ydu(y*) | dy+ (1 — m)Ev (2.4)
b

1—
Eu < T (Linear constr)

™

With the standard technique of changing the order of integrals, and scaling and
translating the objective function in a way that does not affect the solution(s), (2.4)

can be transformed into:
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max /W Ydp(y (2.5)
HEA[YF]

E,ugl_ﬂ

(Inequality constr)
T

where W (v f x(v")dy, the cumulative virtual value function.

Clearly, any solutlon to (2.5) is a solution to (2.4).

Now we can see that (2.5) is analogous to the (infinite dimensional) linear program
which characterizes the classic Bayesian persuasaion problem, (e.g. the one speci-
fied under Corollary 1, Kamenica and Gentzkow (2011)), with just one difference —

(Linear constr) is an inequality, rather than an equality, constraint.
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Figure 2.7: The principal’s maximized value as a function of the prior odds ratio,
1—m
™

The blue, red and green curves plot the cumulative virtual value function W (-), its concave envelope
/VV() and its monotone concave envelope W() respectively, as a function of the prior odds ratio
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Figure 2.8: Graphical proof sketch of Theorem 2.A: Which range of prior leads to
which type of optimal test?

The figure indicates the type of optimal test which arises for various ranges of 7., and therefore .
PICbT and PIC,bF stand for Pass-if-correct, bonus for True and Pass-if-correct, bonus for False,

respectively. sTF and TFU stand for simple True-False and True-False-Unsure respectively.

Step 3. The monotone concave envelope of the cumulative virtual value

In this step we show that the value of program (2.4) as a function of the prior

1_T7r, is the monotone concave envelope of the cumulative virtual value

odds ratio,
function.
First let us solve the following auxiliary problem, replacing the inequality in

(Inequality constr) with an equality.
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7
P Z W (v)du(y) (2.6)

1—
Eu = T (Equality constr)
T

This is clearly the Bayesian persuasion problem (Corollary 1, Kamenica and
Gentzkow (2011), e.g.) and hence the principal’s maximized value as a function of
1_T7r is given by the concave envelope of W — the red curve in Figure 2.7b.

The red curve in Figure 2.7b, therefore, gives a lower bound of the principal’s max-
imized value from (2.5), because (2.5) relaxes (Equality constr) to (Inequality constr).
We will now see that due to this relaxation, the value of program (2.5) as a function
of 1_T7r is given by a curve which majorizes the red curve in Figure 2.7c — namely,
the green curve in Figure 2.7c.

Let v* = min arg max W (7).
Y

Clearly, if 1_7” > ~*, an optimal solution to (2.5) is to set u to be the degenerate
distribution with unit mass at v*, i.e. in this case the optimal a is a step function
with its step at v*. Hence, for 1_T7T > ¥, the value of (2.4) is constant at max W(v) =
W ().

Hence, putting the two cases together — 1_77 > ~*, when (Inequality constr) does
not bind, and 1*7” < ~*, when it does — we have the value of (2.5) as a function
of 1_7” given by the green curve in Figure 2.7c. In particular, it is coincident with
the concave envelope of W (7) — the red curve — for 1_T7T < ~*, and flat at W (y™*) for
1_7” > ~*. The green curve is the monotone concave envelope of W () — the lowest

monotone and concave function that majorizes W (7).

Step 4. Comparative statics w.r.t. the prior

In this step, we provide a graphical proof sketch of Theorem 2.A, using the
principal’s (scaled and translated) value function /I/I?(v), constructed in the previous
step. Naturally, since we have assumed Ev > 0, we only prove the statements

captured by the second row of the table in Theorem 2.A.
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Clearly, for sufficiently low 7 — specifically, for L > ~* or m <

oA the

T v*+1
(Inequality constr) does not bind. So ai(vy) = 1(y > +*) is a constrained optimal
solution to (2.5). That the test is of the form Pass-if-correct, Bonus for True comes
from obtaining the corresponding ag(7), substituting this a1 () in (Envelope-ag(7)).

Now we show that similarly, at the other extreme, for 1_T7T < v}r the optimal test

is of the form Pass-if-correct, Bonus for False. Because /W(’y) is both non-decreasing
and concave, it must be strictly increasing till it reaches W (~*) — the highest value

of W(7). In order for the test to be non-trivial, we must have W (~*) > Ev. Clearly,

v* > 7. Algebraic manipulations show that W (y) = Ev for all v <. Hence W(v)
must lie strictly above W () for v € (0,7). This shows that for high enough 7, the
optimal aj is a convex combination of step functions with steps at v}r and 0. Note
that the latter corresponds to the constant function aq(y) = 1,a¢(y) = 0. Algebra
shows that any such convex combination gives rise to a; and ag which correspond to
a Pass-if-correct, bonus for False test.

The above analysis outlines how, in Figure 2.8, for v, < fy}r and v; > 7%, the
optimal test is of the Pass-if-correct form, with a single threshold.

Clearly, a single threshold test with asymmetric rewards can arise only if, at the
optimum, either aq(y) = 1(y > %), or ay(y) is a convex combination of a step
function and the constant function aq(y) = 1. Clearly, the former case cannot arise

for vz < +*. Moreover, as in Figure 2.8, if we define 771T as the lowest v > v for which

/V[?(’y) = W (y), the latter cannot arise at the optimum for v > vL. In the appendix
we show that Hence, for v, € (vL, 7*)

Step 5. Non-concavity of the cumulative virtual value function neces-

sary for the Unsure option to arise.

Step 6. Regions of concavification lead to linearity of the principal’s
maximized value in the prior.
In this final step, we want to sketch the proof of Theorem 4. We would do that

by showing that the principal’s maximized value, as a function of 7 is linear in 7

whenever W (1_7”> > W (1_7”> Therefore without loss, under the optimal prior,
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W (1_777> =W (1_777> Below we show that W (1_777> =W (1_777> if and only if
the optimal test is the simple True-False.

For 1_7” < ~* the constraint (Inequalig}i constr) binds, so we are in the “Bayesian
persuasion world” of (2.6), which means W= W, the concave envelope. Hence, the
optimal distribution p has either singleton or binary support. When it has a singleton
support, that must be at v = 1_777, which corresponds to a belief threshold of one
half. Combined with (Envelope-ag(7)), this corresponds to the simple True-False
test. By the definition of concave envelope, the optimal distribution has a singleton
support if and only if the value function — W () — and its concave envelope — /V[7(7)
— coincide. e

For 1_T7T > ~*, the constraint is slack and hence 1% (%) is constant at W (y*).

2.8 Extensions

2.8.1 Agent observes quality

For our purposes, the setting where the agent does not know his quality, is not
fundamentally different from the one, where he does. As we show in this section, all
of our main results — Theorem 1 and slightly modified versions of theorems 2.A- 2.B
- hold even in this case.

First, even though the agent knows his quality, the principal obviously cannot
screen by it alone, because in that case, in the absence of transfers or verification,
there is no way to stop lower learning types from misreporting as higher ones. Hence
she must screen by both quality and signal — combined into beliefs — just as in our
main model. Hence basic characterizations of the set of incentive compatible and
potentially optimal mechanisms in terms of beliefs — Theorem 1 — hold even in this

case.

Proposition 5. The optimal mechanism is a step function with at most two steps,

regardless of whether the agent knows his quality.

The essential elements of the second set of main results — theorems 2.A and 2.B

— also hold true because the main forces are the same. The main difference between
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the two settings is that now a lower learning type needs a more extreme signal than
a higher one in order to have an equally extreme belief. Hence each belief threshold
of any optimal mechanism translates into different signal thresholds for the various
learning types. Similarly as before, the “indifference at the threshold” principle must
hold for each type, leading to a similar relationship between the threshold(s) and the
extent of distortion(s). The additional condition is that each set of signal thresholds
must give rise to the same belief.

To fix ideas, let us focus on the two learning type case. Let ¢ty and ¢ be the
signal-thresholds for high and low learning types in a single-threshold test. Using
de : [0,1] — R to denote the odds ratio of type e € {H, L} as a function of his signal,

we must have:

B le(tH> o le(tL)
or(ty) = or(ty) < fro(tm)  fro(tr)

As an illustration of the similarity between the two settings claimed above, let us

compute the principal’s value from a single threshold fail-if-incorrect test with a belief
threshold below one half. With slight abuse of notation, let tf : [0, 1] — [0, 1] be the
implicit function capturing the high learning type’s signal threshold as a function of
that of the low one, i.e. tg : t — ¢;Il(¢L(t)). Note that by strict increasingness of
om, tg is well-defined. With that, the principal’s value (scaled by r) from a single
threshold fail-if-incorrect test with a belief threshold below one half with the low
type’s signal threshold t is given by:

1 tp (t)
VRO = |7 [ guttiad +a-m (7 ) euteato) [ a0
ty(t) 0
1 t
= [ tuttmar + a-m) (1;) o [ o | @)
t 0

From (2.1) it is clear that the characteristic features of the optimal test described
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in theorems 2.A and 2.B — such as invariance of the signal thresholds with the prior
for a range of extreme priors and the distortion on the intensive margin reducing
monotonically to zero as the prior goes from extreme to moderate — are preserved in

this case as well. This is formalized below.

Proposition 6. Suppose the agent observes his quality and the problem is reqular.
Then the following hold:

o There erist 0 < <7 < 1 such that the type of the optimal test is always pass,

never pass or given by the following:

T<T T € [m, T T>T
Cherry-picking, Fail-if-incorrect, Simple T-F Fail-if-incorrect,
Vo <0 penalize False penalize True
Lemon-dropping, Pass-if-correct, Simple T-F Pass-if-correct,
Vo >0 Bonus for True Bonus for False

Table 2.5: Optimal tests across markets and priors

DO

Moreover, if the signal structures are symmetric, t+7 =1 and © <

o When the prior is extreme, as it grows more moderate, the signal threshold
of the optimal test for each of the learning types remains constant, its (com-
mon) belief threshold grows more moderate and the (common) distortion in the

allocation in the a priori obvious state reduces.

o When the prior is moderate, as it increases, the signal threshold in the optimal
test for each of the learning types increases and its belief threshold remains
constant at one half. Consequently there is no distortion in the allocation in
either state.
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2.8.2  Alternative timings of the game

The informed principal game

In the main model we assume the principal does not know the answer to the
question before choosing the test. However, in many real world scenarios such as
teachers setting exam questions, this need not be the case. When the principal
knows the true state before choosing the test, we have an informed principal problem
(Myerson (1983),Maskin and Tirole (1990)). In this section we show that under
regularity, the ex-ante optimal mechanism is an equilibrium of the informed principal
game even in that case. Moreover, under mild additional assumptions, the main
qualitative properties of the optimal tests highlighted throughout this paper hold for
optimal tests arising in any other equilibrium of the informed principal game.

The solution concept we use is that of undominated mechanisms, as introduced
by Myerson (1983). In our setting, a mechanism (a1, ag) is undominated if and only
if there is no other mechanism under which the principal’s payoff in each state is
weakly greater than under (a1, aq) and strictly greater than (ap,ag) in at least one

state. This immediately leads to the following observation.

Fact 2. A mechanism a°,a! : P — [0, 1] is an undominated mechanism if only if it

solves the following for some wp € [0,1].

o Wp/pm(p)m(p)dF(p\lH(l —WP)/pvo(p)ao(p)dF(p!O) (2.1)

s.t. Feas and IC.

Fact 2 combined with Theorem 1 immediately tells us that any undominated
mechanism must have the same at-most-two-thresholds structure established earlier.

Therefore, analogously as Theorem 1, we observe the following;:

Proposition 7. Any undominated mechanism (a1, aqg) consists of step functions with

at most two steps, where the a1 and ag change at the same belief(s).

As such, we reference undominated mechanisms by the relative weight they put
on the principal’s value when the realized state is 1. Specifically, an undominated
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mechanism 7 is one which maximizes (2.1) with 7p = 7. Clearly, a mechanism is
ex-ante optimal if and only if it solves (2.1) for 7p = .

Next we show that under an (appropriately strengthened) regularity condition,
analogs of theorems 2.A and 2.B hold for any undominated mechanism in the in-

formed principal game as well.
“Regularity” in the informed principal game

In the main analysis we called a problem reqular if the corresponding virtual
value was increasing whenever mp = m4. Analogously, we call a problem strongly
regular if the corresponding virtual value is increasing for all (7p,m4) pairs.

Clearly, strong regularity implies regularity.

An example of a class of natural settings satisfying strong regularity is given

below.

Observation 1. Consider Special Case 1. Suppose further that the high quality
type’s signal structure is linear — f(t) = 1 — b+ 2bt,b € [0,1] — then the problem
is strongly reqular whenever it is non-trivial for any v > 60%, regardless of other

parameters.

The theorem below shows that for a symmetric, strongly regular problem, our
main characterization, Theorem 2.A still holds, as long as the principal’s losses from
the low quality types are “not too high”. In the following theorem we use loss to mean

the absolute value of the principal’s payoff from agents whose quality is negative.

Theorem 5. If the problem is strongly reqular and m[ax] min{m(t), mgo(t)} > 0,
tel0,1
then for any undominated mechanism mp, the type of the optimal test is always pass,

never pass or given by the following:
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ma<m(mp) | my€[n(mp),7(np)] | ma>T7(rp)
Cherry-picking, Fail-if-incorrect, Simple T-F Fail-if-incorrect,
ug < 0 penalize False penalize True
Lemon-dropping, Pass-if-correct, Simple T-F Pass-if-correct,
ug > 0 bonus for True bonus for False

Table 2.6: Optimal tests across markets, priors and equilibria of the informed prin-
cipal game

In particular, for any problem P there exists k € [0,1) such that if all losses are

reduced by the same proportion k, the condition m[ax] min{m1(t), mg(t)} > 0 is
tel0,1
satisfied.

Other equilibrium concepts

It may be worth mentioning that there are solution concepts other than undomi-
nated mechanisms as well, under which the ex-ante optimal mechanism we character-
ized remains an equilibrium mechanism of the informed principal game. In particular,
we consider the concept of core mechanisms, as defined by Myerson (1983). In our
context, a core mechanism is one for which neither of the two principal “types” can

do better by deviating and revealing her type.

Proposition 8. Suppose the problem is reqular. Then the ex-ante optimal mecha-

nism 1is a core mechanism.

The main ideas behind the above result are as follows. Under regularity the
optimal tests have a single threshold. The common threshold is chosen trading off
principal’s expected values in the two states. But each state nevertheless “skims the
cream” — fails (or fails with a greater probability, in the lemon-dropping case) the
signals at its respective worse extreme. Thus, under such optimal tests the principal
strictly benefits from discrimination in each state. On the other hand if the principal
reveals the state, no discrimination is possible. Therefore the principal of each “type”
must prefer the ex-ante optimal mechanism over revealing her type, i.e. the state
itself. The details are in the Appendix.
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Strategic learning by the principal

In this section we consider two alternative timings where the principal makes a
strategic choice at the beginning of the game regarding whether or not to learn the
state. We show that in both cases she chooses the latter. We also show, by way of an
example, that when she is allowed to choose from the full set of possible experiments
about the state however, her optimal choice can be intermediate.

The first alternative timing is as follows.

1. The principal chooses between acquiring a fully informative and a fully unin-

formative signal about the state.
2. The agent observes her choice.
3. The principal’s signal is realized, unobserved by the agent.

4. If she has chosen the informative test in Step 1, the game given in Section 2.8.2
ensues. If she has chosen the uninformative test instead, that of Section 2.2

ensues.
In the second alternative timing, the agent also observes the principal’s signal.

1-3. As given above.
4. The agent observes the principal’s signal.

4. The game given in Section 2.2 ensues, but now with the potentially updated

fully revealing common prior, 7 € {0,1}.
We show that in either of these two cases, the principal chooses not to learn.

Proposition 9. For any of the two alternative timings given above, the principal

chooses the uninformative signal in Step 1.

The reasoning is as follows. In the second case, if the principal chooses to learn

the state, the agent also learns it. Clearly, in this case there can be no screening
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thereafter, which the principal cannot prefer. Now suppose the agent does not ob-
serve her signal. In this case, if the principal has chosen to learn the state in the
first stage, an informed principal game ensues, as in Section 2.8.2. As we showed
there, all equilibria of that game are weakly worse for the principal from her ex-ante
perspective, than if she can commit to the mechanism without learning the state,

and the agent knows that she has not learnt the state.

2.8.3 Efficient tests and questions

In this subsection we show that the class of optimal tests characterized in Theorem
1 remains optimal even when the test-designer cares — not only about the screening
effectiveness - but also about the test-taker’s payoffs.

Let us assume the test-designer wants to maximize a convex combination of her
own and the agent’s payoff — akin to a “social welfare” function. Let us call the
class of tests which maximize such a welfare function, “efficient” tests. Relooking
at her original program Primal, and considering our main analysis, it is clear that
in this case the class of optimal tests remains the same as that characterized in
Theorem 1. This is because even in this case, the welfare function remains linear
in the mechanism, (a1, aq), and therefore the set of potential optimal mechanisms
remains the set of extreme points of the feasible set, which does not change. This is

formalized below.

Proposition 10 (Analog of Theorem 1). Any efficient test (a1, aq) consists of step

functions with at most two steps, where the ay and ay change at the same belief(s).

In our microfounded model from Section 2.5, the principal caring about social
welfare is equivalent to her value from each learning type going up. Therefore all of

our results in sections 2.5 and 2.6 remain qualitatively valid too.

2.8.4  Multi-question tests

In this subsection we consider the design of a test consisting of n € N questions,
each about a binary fact. We show that under a natural design restriction, our results
apply to the design of such tests as well.
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Now we have N binary states — let us call them states 1 to N — and 2N possible

state realizations. Let w := (wq,- - ,wp), where w; € {0,1} for each i, denote the
typical state realization. ", Q ={w:w = (w1, - ,wyN),w; € {0,1} V i}.
Our belief space is the (2 —1)-simplex, P := {p € [0, 1]2N : > pu =1}. Let pf
wel
denote the agent’s marginal belief on the i-th state, i.e. p' = > Plw_i ;)

w_;€[0,1]N-1

where w; = 1.

The analog of the mechanism (a1, ag) in this context would be a: P — [0, 1]2N.
a family of reward functions, one for each state. We can interpret a as passing
probabilities, as in the main model, but for the rest of the section we would call it
scores, which is more interpretable in this context.

We impose the design restriction that the total score has to be a weighted average
of scores for each question and that each question must be scored based on the
agent’s knowledge of that question only, i.e., his marginal belief over the binary state

representing that question. Formally:

Restriction 1. There ezist functions afui :10,1] — [0, 1] and weights s; € [0,1] Vi €
{1,--- N}, > s; =1, such that for all p € P,w € Q,
1

ay(p) = > _ sial,(p')
=1
To reiterate, we maintain the assumption, that the agent cares about the total
score only. Using U(p;p’) to denote the indirect utility of an agent with belief p,

from reporting p/, formally this means:2?

Ulp;p') =) pwaw(p')

The principal, as before, wants to maximize her ex-ante payoff, given her interim

payoff function which depends on the belief-state combination.

29. Note that this assumption is equivalent to imposing risk neutrality over scores, if we interpret
the reward as some numerical score instead of passing probabilities.
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Our main result in this subsection is that, when the principal is restricted to
design essentially a separate test, { (ali, aé)}, for each question i, each of these tests
take the same format of making the agent pick from at most three options, as in our

main characterization. The analog of Thorem 1, therefore, would be:
N

: =1
of step functions with at most two steps, where the a| and ag change at the same
belief(s), for alli € {1,--- ,N}.

Proposition 11. Under any optimal mechanism {(aﬁ,a%) azi and a6 consist

The key to the above result is that under the design restriction 1, incentive
compatibility is equivalent to question-wise incentive compatibility — not wanting
to misreport one’s marginal belief over each of the states. A corollary of design
restriction 1 is also that under it, the mechanism cannot distinguish among agents
with the same marginal beliefs for each state.

2.8.5 Risk averse agents

In this paper we have maintained that the passing probabilities can be inter-
preted as number of points, giving a natural interpretation of intermediate passing
probabilities as partial credit. However, this claim rests on the assumption that the
agent is an expected points maximizer, i.e., risk neutral.

Suppose, instead, that the agent is risk averse but the principal is still risk neutral,
i.e. her expected payoff is linear in the rewards of the agent (a; and ag). In this case
our main claim of simplicity — implementability of the optimal tests with at most
three options — no longer holds in general. The reasoning is as follows.

In this case the appropriate primitive to work with is the agent’s utility from
a given number of points, from which the number of points can be backed out, to
be plugged into the principal’s payoff. Straightforward algebra shows that in this
case, her expected payoff is no longer necessarily convex in the aforementioned utility
function of the agent. Therefore optimizers are no longer necessarily extremal.

The main takeaway from the above insight is that when testing risk averse agents,
it may be optimal to give them more options — upto infinitely many — to express

their beliefs about the answer to a question. For future work, it may be interesting
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to see how heterogeneous and/or private risk aversion affects the optimal test — an
analysis which has implications to the debate on the differential impacts of negative
marking on men and women test-takers, who systematically differ in terms of their
risk aversion Baldiga (2014); Saygin and Atwater (2021); Coffman and Klinowski
(2020).

2.8.6 Forcing tests to be “fair”

One of the potentially surprising results to come out of our main analysis is that
optimal tests could be “unfair”, in the sense that they could pass incorrect answers or
fail correct answers (Section 2.5.2). However, in the real world, it is hard to justify
failing a test-taker who gives a correct answer, even if such a grading scheme offers
the optimally effective screening of the relevant underlying quality of the candidate
that the test-designer cares about. The main result of this subsection shows that such
a restriction — that “fully correct” answers must be passed with a 100 % probability
— can be accommodated in our framework, and that they keep the multiple-choice
structure of the test unaltered, give rise to potentially just one additional option.

We model the “fairness” restriction in the following way. We assume that the
“most correct” belief must be passed regardless of the correct answer. In terms of
our formal mechanism (a1, ag) introduced in our main analysis in Section 2.4.2, this

imposes the additional restrictions:

We say a test (ag,aq) is fair3V if the above restrictions hold.

So the principal’s problem, (Primal), becomes:

30. Note that this nomenclature is unrelated to the equity-based notion of fairness often used
in studying multi-agent mechanisms, where fairness captures some notion of “equal treatment of
equals”.
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wac - w [ u@a@dEen -0 - [weorpdren @
p p

a1,ao€l0,1]P

s.t. ay,aq € [0,1]. (Feas)
pai(p) + (1 = p)ag(p) > pa1 (p') + ap (¢) ,¥p,p’ € P (1C)
ap(p) = 1, (Pass correct 0)
a1(p) = 1. (Pass correct 1)

It turns out, even With this new restriction, the class of optimal tests remains

the same, as captured by the following result.

Proposition 12 (Analog of Theorem 1). The optimal fair mechanism (a1, ag), which
solves (Primal), consists of step functions with at most two steps, where the ay and

aqy change at the same belief(s).

The proof is analogous to that of Theorem 1.

2.9 Conclusion

In this paper we analyze the problem of a principal trying to maximize the prob-
ability of accepting a good type of agent and minimize that of accepting a bad type
of agent, by designing a test of the agent’s knowledge of an unknown state, which
is correlated with his quality. Interviews and other knowledge-based tests frequently
employed in passing settings constitute our main application. We show that the
optimal tests take a simple “pick the correct answer” form, observed often in real-
ity. In general there can be at most three options — which can be thought of as
True/False/Uncertain. Under some natural regularity conditions, the optimal test
features at most two options — True and False. However, we show that due to agency
issues, giving a correct answer need not always earn the same credit. The partial
credits earned by the answer depends on the correct answer itself. This leads to over-
rewarding of “counterintuitive” — or a priori unlikely — answers and under-rewarding

of “obvious” (a priori likely) ones, compared to the efficient (full information) test.
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When the principal can choose the question — modeled as choosing the prior for the
unknown state on which the agent is quizzed — she naturally prefers to avoid these
distortions. Therefore in that case, we show, she chooses the prior in a way such
that there is no distortion at either extreme, even without regularity conditions. Un-
der regularity conditions, when the principal can choose the prior, the optimal test

always takes the form of a simple, unweighted True-False question.
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CHAPTER 3
SCREENING KNOWLEDGE WITH VERIFIABLE
EVIDENCE

3.1 Introduction

Individuals are evaluated on their knowledge or expertise in a myriad of settings.
Students take exams, job candidates are interviewed on their domain knowledge,
consultants help firms make decisions and are often rewarded based on the ex-post
accuracy of their advice, and so on. In Dasgupta (2024a), I consider the problem
of designing such a test of knowledge, to maximize its effectiveness as a screening
tool, from the perspective of the designer — an interviewer, teacher, standardized
testing company etc. There, I model the subject matter as a binary state and
the test-taker’s knowledge as his belief about this state. I then set up and solve
the designer’s mechanism design problem where test-takers’ beliefs are elicited and
rewarded according to their accuracy.

However, for many real world knowledge-based evaluation schemes, accuracy of
one’s answers is not enough to earn rewards. For that, one must justify one’s answers.
Many college exams give True-False or multiple choice tests to students, but specify
that their answers must be justified in order for them to earn points. It is not enough
for a consultant assisting a firm in making a decision to simply recommend a decision.
He must provide exhaustive data and analysis to back up any recommendations he
makes.

In this note, I model the above testing setting as a problem of mechanism design
with evidence. More specifically, the model is as follows. There is a binary state,
unobserved by a test-taker/agent. He learns about it only through verifiable evidence.
His evidence is a vector with two real components — each component indicating the
strength of evidence in favor of one of the states. There are two types of agents —
good and bad. There is a prior joint distribution over these evidence pairs and the
state, which varies by the agent type. The good type agents are more likely to posses
both higher quality and quantity of evidence — captured using an MLRP property,
adapted to our setting. The principal/test-designer wants to design a pass/fail test.
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She gets a positive payoff from passing the good type and a negative payoff from
passing the bad one. The true state is observed by the principal ex-post. She has
the power to commit to a “test” — without loss, a pair of passing probabilities as a
function of the agent’s reported evidence, one for each state. Our problem is her
mechanism design problem of choosing the test which maximizes her ex-ante payoff,
subject to the agent’s truth-telling constraint. The agent’s private information is
the two-dimensional vector indicating the amount of each type of evidence that
he possesses. The twist in the aforementioned constraint in our setting, vis-a-vis
standard mechanism design settings is that, our incentive constraints are “one-sided”:
The agent can hide evidence, but cannot manufacture it. Therefore he can misreport
any amount evidence which is component-wise weakly lower than the evidence he
really possesses, but not one which has a strictly higher component.

In this setting, assuming a symmetric signal structure,! T show that the optimal
test takes a form which can be considered a natural generalization of the simple
True-False test (which has been shown to be generically optimal for a large class of
problems in Dasgupta (2024a)), and ubiquitous in the real world. In particular, the
optimal test passes (respectively, fails) the test-taker regardless of his answer, if the
amount of evidence provided is sufficiently high (respectively, sufficiently low), and
passes if and only if his answer is correct, when the amount of evidence provided
is intermediate. I also derive conditions on the signal structures which ensure that
evidence is always used under the optimal test. Conversely, when this condition
is not met, I show that for “intermediate” ranges of the sensitivity of the principal
to quality (good or bad), the optimal test does not demand any evidence from the
test-taker at all, testing him purely on the accuracy of his knowledge. Specifically,
in this case the optimal test is the simple True-False — it asks the test-taker to pick
the state he thinks is more likely and passes him if and only if he is correct.

In conclusion, our main result shows that in symmetric settings where knowledge
is gained, and screened, using verifiable evidence, the optimal mechanism is the com-
monly used simple True-False, plus an evidence component. Moreover, in a generic

class of settings, the optimal mechanism makes no use of the available evidence,

1. Symmetric in a sense which is made precise in Section 3.2
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even though the test-taker learns only through verifiable evidence. The last result
can be thought of as providing a suggestive basis for tests such as the SAT, GRE,
IIT-JEE or CAT having only multiple choice questions, without requiring test-takers
to provide any justification for their answers, even though these tests often feature
problems which require mathematical or non-mathematical reasoning, i.e. working

out (“learning”) the answer through verifiable, logical steps.

3.2 Model

There is a principal (she) who is a test-designer and an agent who is a test-taker
(he). The principal wants to decide whether to accept or reject the agent based on

a pass/fail test.

Preferences. There are two quality-types of agents — Good (G) and Bad (B). The
principal gets a positive payoff, normalized to 1, from passing the Good quality-type,
and a negative payoff, —upg,up > 0, from passing the Bad quality-type. The prior
probability of a good type is g € (0,1), known by both principal and agent. We
assume quality-type is unobserved by both. The agent only cares about passing —

his payoff from passing is normalized to 1 and that from failing is 0.

Evidence and learning. There is an unknown state w € {R, L}. Let 7 € (0,1) be
the common prior probability that the state is R.

The agent learns about the state only through verifiable evidence. There are two
kinds of evidence. Let their respective amounts be denoted by r and [, r,I > 0. We
assume there is an aggregate resource constraint on evidence, normalized to 1, i.e. we
assume ¢(r,1) < 1, where ¢ : R? — R is a function which is symmetric and strictly
increasing in both of its arguments. This captures resource constraints in common
settings of evidence-based evaluation. For example, a student has time constraints
in an exam which puts a cap on the number of steps he can derive/arguments he
can give in favor of either of the possible answers; a consultant may have time and
other resource constraints on the amount of data he can collect in favor of either of
the options he recommends, and so on.

Hence the evidence space is:
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©:={(r,]) >(0,0) : r+1< 1}

There is a distribution over evidence in each state for each quality-type of agent,
which is assumed to have full support on © and a density. Let fe(r,[|w) denote the
density of evidence type (r,l) in state w for quality-type e € {G, B}. We make a
number of assumptions on the evidence distribution. The specifics are as follows,

followed immediately by a discussion of the role of each assumption.

Assumption 2. We assume the following hold.
o Symmetry: fe(r,l|R) = fe(l,r|L) for both e.

Hence, going forward we use fe(r,l) to denote fo(r,l|R) for both e.

e Monotonicity: fe(r,1) is increasing in r and decreasing in l for both e.
e MLRP: % 18 increasing in r and decreasing in [.

o C2: fe(+,+) is twice continuously differentiable in each component.

Discussion of Assumption 2. Essentially, in our model of evidence, the two
types of evidence r and [ provide support for the two opposite states — R and L.
Our symmetry assumption posits that “correct” and “wrong” evidence has the same
distribution, regardless of the true state. Our monotonicity assumption formalizes
the notion that more “correct” evidence is more likely — and conversely more “wrong”
evidence is less likely — in each state, for each quality-type. Our MLRP condition
captures the idea that the good type is more likely to possess correct evidence and

less likely to possess wrong evidence, than the bad type.

Fact 3. Note that a corollary of MLRP 1is:




Let p: © — [0, 1] denote the agent’s belief that the state is R, associated with a

given evidence type in O, calculated using Bayes rule.

Mechanisms. The principal designs a mechanism, taking as given the learning
environment described above, in order to maximize her ex-ante expected quality.
In this environment, a revelation principle applies (Bull and Watson, 2007). It is
without loss for the principal to consider direct mechanisms that incentivize truthful
reporting and full disclosure of the agent’s evidence, i.e. it is without loss to restrict
attention to the following class of incentive compatible mechanisms, where incentive

compatibility is formalized immediately afterwards:
{(ap,ar): © —[0,1]? (ap,ar) is incentive compatible}

Incentive compatibility. Recall that we normalized the agent’s payoff from
passing to 1 and that from failing to 0. It follows that the agent cares only about his
interim expected probability of passing, given the mechanism and his evidence level

(r,1) € ©. Hence incentive compatibility entails:?

ap(r,Dp(r,1) +ag (r,1)(1 = p(r,1)) > ag(r’,1")p(r, 1) + ar (', 1) (1 = p(r,1))  (IC)
v (r1), (r/, " eo, (, l/) < (r1).

Note that the above IC constraints are “one-sided” — the agent can only misreport
an evidence level that is component-wise weakly lower than his actual evidence. In

other words, he can hide evidence he already has, but he cannot manufacture it.

Interpretation. In our model, the agent is being tested on his knowledge /predic-
tive capquality of some unknown binary state, where he learns only through verifiable
evidence. r € [0,1] and [ € [0, 1] capture the amounts of evidence in favor of each of

the possible states that the agent obtains. For example, a consultant may be able

2. Our evidence structure and therefore the nature of IC constraints is similar to the one used
by Dziuda (2011).
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to collect data both for and against a decision under consideration. A student may
be able to come up with several arguments both for and against a given statement,
without knowing if it is True or False. He may also be able to derive a few steps of a
mathematical problem without knowing the correct answer. These are all examples
of an agent learning the state partially through evidence of contradictory types.

As captured by (IC), in all of these cases, the agent can decide not to show all of
their evidence, depending on what they think the correct answer is, but he cannot
manufacture evidence he does not have.

In the rest of the paper we use r () interchangeably, as appropriate, to both

indicate type of evidence, as well as its amount.

3.3 Optimal mechanism

The principal’s problem is as follows:

max 7T/ v(r,Dag(r,l)drdl + (1 — 7'(')/ v(l,m)ar, (r,l)drdl
(r,)e©

ap,ar,€[0,1]9 (rl)e®
(3.1)
s.t. ap,ar, € [0,1]. (Feas)
p(r,Dag(r, 1) + (1 = p(r,1))ar(r,1)
> p(r, l)aR(r/, l/) + (1 —p(r,0))ag, (T/, l/) (1), (7’/, l/), (7“’, l’) < (r,1) (IC)

Our main characterization is as follows.

Theorem 6. Suppose the signal structures are symmetric and the prior is balanced,

e, ™= % Then, there exists an optimal mechanism of the form:

ap(r,l) = 1(r > min{max{ry,1},72}) (Optimal Test)
ar(r,l) =ag(l,r). (3.2)

Figure 3.1 graphically illustrates the optimal mechanism for ¢(r,1) = r +[. The
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optimal mechanism is a simple True-False test, as defined in Chapter 1, plus an
evidence component: If the agent possesses too little (respectively, enough) evidence,
he is failed (respectively, passed) regardless of what he thinks the correct answer is.
When he possesses an intermediate level of evidence, he is given a simple True-False
test. In particular — as we show in the next section — for a range of parameter values,
the optimal test might consist only of the simple True-False. We see this result
as providing a suggestive basis for why many tests (e.g. the GRE) do not require

showing of steps even for problems involving multiple steps.

Evidence types passed if and only if correct answer (state) is R
Evidence types passed if and only if correct answer (state) is L

Evidence types passed in both states

(TN

Evidence types failed in both states

2

Figure 3.1: Optimal mechanism; ¢(r,[) = r + (.

We use the strong duality approach to certify optimality of the mechanism de-
scribed in Theorem 6. In the process we use a novel construction of dual multipliers

which may be of independent interest.
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3.3.1 Variation of the optimal test with principal’s preferences

In this section we provide conditions under which various types of tests arise, from
within the class of optimal tests established in the previous section. In particular,
we show that when principal’s quality sensitivity is neither too high nor too low, it is
possible that the optimal test would only ask the agent a simple True-False question,
and not make any use of his evidence at all, even though he learns only through
verifiable evidence, in our model.

First, we define some parameters of the agent’s signal structure which would
prove key in determining the type of optimal test.

Without loss, let us assume the true state is R. Suppose the principal knows that
the agent has the “correct” belief, i.e. is biased towards R, which means possesses
evidence r > [. In this case, what is the weakest signal of good quality that the

principal can get, just by observing the agent’s level of evidence r*? It is given by:

[ fa(r,Ddldr
. Prg(l<r <r*|R) 1<r<r*

= = inf
Swe =l g T<r<rR) T [ fp(ndidr
[<r<lr*

(Weakest correct)

We call &y the weakest signal of good quality, based on correct evidence only.
Similarly we can define the strongest signal of good quality, based on incorrect evi-

dence only, as follows:

[ fa(r,Ddldr

PTg(l >r > T*lR) [>r>r* .
— = == St t t
Es1 S}q];p Pra(> 1> [R) s;ip T g iydidr (Strongest incorrect)
[>r>r*

As the name suggests, g7 is the strongest possible signal in favor of good quality
which the principal can get, if he only observes the “wrong” kind of evidence, i.e. r
when r < (i.e. the agent thinks state L is more likely).

Note that these signal strengths, &7 and g7, are properties purely of the agent’s

signal structure.
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Note that within the class of mechanisms described by (Optimal Test), the ev-
idence thresholds 7; > 0 and/or ro are non-trivial only if, at the optimum within
that class, 77 > 0 and/or o < 0.5, i.e. the corresponding two-variable optimization
problem has interior solutions for 7; > 0 and/or 7.3

Now we define some terminology which is used in our main characterization in
this section. We say the the optimal test must use evidence if under the optimal test,
as given by (Optimal Test), 71 > 0 or 7o < 0.5, i.e., if the solution for at least one
of the variables in the two-variable maximization problem described in the previous
paragraph, is interior. Conversely, we say evidence if unnecessary if the solution to

neither of 71 > 0 and 79 in that problem is interior.

_ up(l—g)
g

capturing her (probability weighted) loss from passing the bad type, vis-a-vis her

Define « : — it captures the “quality-sensitivity” of the principal, by

gain from passing the good type (recall that the latter has been normalized to 1.)
Theorem 7. Suppose the signal structure is such that:

o {ywo < &g1- Then, optimal test must use evidence.

o Sywo > Egr. Then, if &yyro > a > Eg1, then evidence is unnecessary.

The second point of Theorem 7 shows that when the principal’s preferences

3. To make things concrete, here are the details of the two-variable optimization problem the
principal must solve to find optimal evidence thresholds ; and 75. See Appendix for more details.
Define 77,72 : R > Ras vy : r— [ wo(r,l)dl,ve : 7~ [ w(r,l)dl. Hence the principal’s

I<r, I>r,
(r)eE (r,)EE

value from the mechanism (71,72) is given by:

V(L) = /ﬁl(r)dr—f— /Eg(r)dr

r>7r r>7o
First order conditions which any interior (r1,72) must satisfy are t‘% =0 = -ui(r;) =0,i €
{1,2}.
Hence for interior solutions, we must have:
r1 =0ifv1(r) > 0V r,v1(r1) = 0 otherwise, (FOC-1)
1
ro = Iax {7"1, 2} ifva(r) <OV ryra =0if va(r) > 0V r,0a(r2) = 0 otherwise. (FOC-2)

79



3.4 Conclusion

In this note I characterize optimal tests in a knowledge-screening problem a la
Dasgupta (2024a), but where the test-taker needs to provide justifications/“show
his work” I show that the optimal test takes a form which can be considered a
natural generalization of the simple True-False test shown to be generically optimal
for a large class of problems in Dasgupta (2024a), and ubiquitious in the real world.
In particular, the optimal test passes (respectively, fails) the test-taker regardless
of his answer, if the amount of evidence provided is sufficiently high (respectively,
sufficiently low), and passes if and only if his answer is correct, when the amount of
evidence provided is intermediate. I also derive conditions on the signal structures
which ensure that evidence is always used under the optimal test. Conversely, when
this condition is not met, I show that for “intermediate” ranges of the sensitivity of
the principal to quality (good or bad), the optimal test makes use of no evidence.
Specifically, in this case the optimal test is the simple True-False — it asks the test-
taker to pick the state he thinks is more likely and passes him if and only if he is
correct. In other words, in such cases, the optimal mechanism makes no use of the
available evidence, even though the test-taker learns only through verifiable evidence.
This result can be thought of as providing a suggestive basis for tests such as the
SAT, GRE, IIT-JEE or CAT having only multiple choice questions, without requring
test-takers to providing any justification for their answers, even though the questions
typically feature problems which require rigorous mathematical or non-mathematical

reasoning, i.e. working out (“learning”) the answer through verifiable, logical steps.
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CHAPTER 4
COMPLEX TESTS: SCREENING KNOWLEDGE OF A
MULTI-VALUED STATE

4.1 Introduction

Individuals are evaluated on their knowledge or expertise in a myriad of settings.
Students take exams, job candidates are interviewed on their domain knowledge,
and so on. In Dasgupta (2024a), I consider the problem of designing such a test of
knowledge, to maximize its effectiveness as a screening tool, from the perspective of
the designer — an interviewer, teacher, standardized testing company etc. There, I
model the subject matter as a binary state and the test-taker’s knowledge as his belief
about this state. I then set up and solve the designer’s mechanism design problem
where test-takers’ beliefs are elicited and rewarded according to their accuracy.

However, that set up leaves out the more natural real world setting where either
the question is more complex, i.e., it is about a state which can take more than
two values, or there are multiple questions, so the unknown state represents the
joint answer to all the questions taken together. In this note I begin analyzing that
case by modeling the subject matter under testing as a finitely valued state. Under
the assumption of symmetry on the signal structures of the agents, I show that
the familiar multiple choice type question is optimal if and only if the principal is
sufficiently quality-sensitive, i.e. sufficiently averse to passing bad types, in a sense
made precise in the model section.

Ours is a model of belief-based screening. When the state is binary, the agent’s
belief — his only private information — is just a number. Hence our screening problem
is single-dimensional, which facilitates tractability. When the state can take more
than two values, however, the agent’s belief has multiple components, making our
screening problem multi-dimensional, which is known to be hard.

In this note I tackle this hard problem by: (1) imposing a lot of symmetry
on the agent’s learning, (2) restricting attention to a particular range of principal’s
preferences (namely, high quality-sensitivity) and (3) allowing the principal to choose

not just the optimal mechanism, but an additional parameter — namely, the prior.
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The ways the aforementioned assumptions make the principal’s multi-dimensional
screening problem more tractable are as follows. (1) and (3) together ensure that the
principal’s optimally chosen prior is uniform, which gives us even more symmetry.
Finally, (2) ensures that incentive compatibility constraints bind only towards more
informed types, in the following sense. Consider two beliefs p,p’ € [0, 1], both of
which put the highest probability on state 1 (say). Under our proposed optimal
mechanism — the multiple choice question — both p and p’ are passed if and only if

the state is 1. For such beliefs, (2) ensures that the IC from p’ to p binds only if

/

5—:} > 5—,1 for all other states w, i.e. p has a stronger signal in favor of the correct
w

state (state 1) than p/, vis a vis every other state. Our assumption (2) ensures that

the incentive constraint from p’ to p can only bind in such cases.

The rest of the note lays out the model, results and proof sketch in more detail.

4.2 Model

There is a principal (she) who is a test-designer and an agent who is a test-taker
(he). The principal wants to decide whether to accept or reject the agent based on

a pass/fail test.

Preferences. There are two quality-types of agents — ¢ € {G(ood), B(ad)}. The
principal gets a positive payoff, normalized to 1, from passing the Good quality-type,
and a negative payoff, —upg,up > 0, from passing the Bad quality-type. The prior
probability of a high type is ¢ € (0,1), known by both principal and agent. We
assume ability-type is unobserved by both. The agent only cares about passing — his

payoff from passing is normalized to 1 and that from failing is 0.

Agent’s learning. There is an unknown state that can take finitely many values,
we Q:={1,---,N}. T assume there is a common uniform prior over this state.!
There is some signal space, potentially different for different quality-types. The

agent learns about the state through a signal structure — a joint distribution over

1. In the next section I show that this is without loss, when the principal can choose the topic
flexibly, modeled as choosing the prior.
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states and signals, one for each type G and B. This induces a distribution over
beliefs for each quality-type of agent in each state. We do not explicitly model these
signal structures, working with induced distributions over the agent’s beliefs instead.

Let pua,pp € AASQ be the induced distribution over beliefs for the two types.
At the outset we assume that the states are symmetric, in the following sense. We

assulne:

ue{<p_1’... ’p—w_17p—w+1’... ’])_N> ET'/
Pw Pw Pw Pw

g

/__ /
:Me{(p_ll7...7p—w 17p—w+1’...7‘p_N>ET/w/}
Pw Pyt Pyt Pyt

for all Borel subsets 7/ of [0,00)N~! (the space of odds ratios), all w,w’ and e €
{G, B}. Therefore without loss, ,ue{<£—i, e ,p;;l,p;;rl,--- ,%) € 7”} denotes
“6{<1%"" 71?;;1,2?;:1’”, ,%) € r'|w ¢, which is the same for any w € €, go-
ing forward. Let F, be the induced distributions over odds ratios, i.e. Fe(r') :=
Me{(%, e ,pzojl,p;:l,“- ,];—]j) € r'} for all Borel subsets 7’ of [0, oo)N_l, e €
{G, B}

Going forward we refer to the induced distribution {Fe}.cfq, py as the agent’s
signal structure. We are going to impose a number of substantive assumptions on

the agent’s signal structure {Fe}.c(q py:
Assumption 3. Suppose the following hold.

)N—l

e Support: supp Fg = supp Fg = r, where r C [0, 00 s compact and

convexr. Moreover, it admits a component-wise lowest element, i.e. dr € r

such that r, < ry
e Density: F, admits a density fe,e € {G, B}.

e Exchangeability: fe.(r) = fe(o(r)) for any permutation o : {1,--- ,N—1} —
{1,--+ N — 1} of the components of the agents odds ratio vector, e € {G, B}.
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e Monotonicity: The good type is well-informed, in the sense that “more cor-

rect” signals are more likely in any state. Specifically,?

r<r = faq(r) > fa(r)

e MLRP: “More correct” signals are relatively more likely for the Good than the
Bad type:

Jalrlw) _ fa(r'|w)

7’§r’z> >

fB(riw) = fp(r'w)
We denote the typical element of r by r.

Mechanisms. The principal designs a mechanism, taking as given the learning
environment described above, in order to maximize her ex-ante expected quality. By
the revelation principle, without loss, we restrict attention to incentive compatible
direct mechanisms, and assume principal-preferred equilibrium selection. Hence, the
set of mechanisms the principal can draw on are described by N passing probability
functions, one for each state, each mapping a reported belief (isomorphically, odds

ratio) of the agent, to a passing probability:
{(ala"' ,CLN) L= [Oal]Nv(a’la"' ,CLN) IO}

Incentive compatibility. The agent only cares about his interim probability of

passing. Therefore incentive compatibility demands:

praw(r) > praw(r/) Vo er. (4.1)

2. Recall that fg(r) is the density of the odds ratio vector r € R¥~1 in state w, where in
calculating r, the belief that the state is w appears in the denominator. Therefore if r < r/
component-wise, r is a stronger signal in favor of state w than r’.

Note that we do not impose such an assumption on the information of the Bad type. As we shall
see, there are natural examples — e.g. with an uninformed Bad type — where such an assumption
for the Bad type is not satisfied.
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By our assumptions of symmetry and ex-changeability, without loss we choose
state 1 as default. By our assumption of compactness of r, p1 # 0, so we divide (4.1)
throughout by p;:

ay(r) + Z Twaw(r) > a1(r’) + Z rway ()Y e €. (4.2)

w w
4.3 Optimal mechanism

Let v, (r) denote the principal’s (density weighted) payoff from passing an agent
with odds ratio vector r in state w. The principal uses Bayes rule to update her
beliefs about the agent’s quality upon observing any reported odds ratio vector and
the state. Therefore v, (r) is just her (density weighted) posterior mean quality of
an agent with odds ratio r in state w.

The principal maximizes her ex-ante payoff. Her optimization problem is (recall

the prior is uniform) as follows, where dr = dry ---dry_q:s

(a1 a)el0.1]" (%) Z/e Ve (1) ag (r)dr (4.1)

s.t. ay, -+ ,an €1[0,1]. (Feas)
a(r) + Z Twaw(r) > a1 (r’) + Z rwaw(r )V e’ € r. (IC)
w w
Define o := & (;79) — it captures the “quality-sensitivity” of the principal, by

capturing her (probability weighted) loss from passing the bad type, vis-a-vis her
gain from passing the good type (recall that the latter has been normalized to 1.)

vw(r) = fq(r) —upfp(r)

We call the state the belief for which is used in the denominator when calculating
odds ratios, the default state. E.g. if 1 is the default state, ro denotes the odds ratio

of state 2 w.r.t. state 1, i.e. ro = Z_f‘ We call the following mechanism a multiple
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choice test:

aw(r) =1(maxr, <1)Vw.

w'#w
Clearly, the above test passes the agent if and only if the state is the the one
the agent thinks is the most likely. It can be implemented by giving the agent N
options to choose from, mirroring the states, and passing him if and only if he picks
the correct one. In other words, its most natural indirect implementation takes the
familiar multiple choice form.

With that background, our main characterization is as follows.

Theorem 8. Suppose the agent’s signal structure is given by {Fe}ee{G,B} which

satisfies Assumption 3. Then, there exist a < @ such that:

o [f o > @, multiple choice is an optimal test if it generates positive ex-ante value
for the principal.

o [f a < a, the multiple choice test is not optimal.

Theorem 8 formalizes the perhaps natural intuition that the test-taker is passed if
and only if he correctly predicts the state, “if and only if” the principal is sufficiently

quality-sensitive.

4.4 Proof sketch

Suppose the multiple choice test generates positive ex-ante value for the principal,
i.e. the posterior quality of all agents who think state w is the most likely, is positive,
when the state is w. Fix the state 1. By symmetry, agents with all rankings over
the states with 1 on top generate the same ex-ante value for the principal, in state 1.
Hence that value must be positive for each ranking with 1 on top. Therefore without

loss, using r to denote the odds ratio with default state 1.

/ vy (r)dr > 0

1>r9>r3>--2r)N
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First, by the symmetry of the problem it can be shown that restricting attention
to mechanisms which are symmetric in the states, is without loss.

Below we will sketch the proof for the case when there are just three states, i.e.
the type space is two-dimensional. Then we will outline how the proof extends to
the case of higher dimensions.

The proof proceeds in two parts: showing that (A) for a discretized, finite type
space (r-space), under the given assumptions an appropriate analog of the multiple
choice test is optimal, and (B) the approximation argument, i.e. showing that if
{Fg, Fg}n is a sequence of finitely supported distributions, the distributional limit
of which is {Ff}, F3}n, then the optimal solution for the latter is the limit of the
sequence of that of the former. We solve (A) by taking the dual of the principal’s
discretized linear program and constructing dual variables satisfying strong duality.
Each part is fleshed out in the corresponding subsections below, after establishing
some preliminary properties of the type space.

Throughout the proof sketch, we fix the default state 1, i.e. r, = 7;—“1’.

4.4.1 Preliminaries: Properties of the type space

As established before, it is sufficient to consider the subset of the type space given
by r1 = {1 >ry > r3}.

We are going to work in the log odds ratio space. Define v, = log ry,,w € 2.
Let 'y = {0 > 72 > 73} — (a transformation of) the set of agent beliefs which has
the ranking 1 77 2 77 3 over the states.

Define 74(y2) = i%f{% € supp I'} — the lowest 73 in the support for each 9.
Y3(72) is part of the boundary of I'y. Using our assumptions about convexity and

“lowest element” of the type space, we can show that this boundary is upward sloping.
Lemma 3. 13(72) is upward sloping.

Further, by symmetry, the “lowest element” we assumed to exist in the support

takes the form (—v, —v). Putting the two together, the space I'1 looks like this:
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Bayes rule shows v1(y) = fq(v) — afg(v). It can also be shown, by our mono-
tonicity and MLRP assumptions, that if v/ > v and v1(7/) > 0, vi(y) > Ovy (7).
This further gives us the following.

Lemma 4. The curve vi(y) = 0 is downward sloping.

Recall that by the definition of @, v1(0,7v3) < 0 and v(y2,0) < 0 for all
(72,0),(0,73) € T'1.

Putting it all together, the space I'y with its {v; > 0} region highlighted looks
like the following:

4.4.2  Multiple choice is optimal for the discretized joint distribution

Our goal is to consider the discretized version of the space I'1 as depicted in Fig. 2,
and construct multipliers which satisfy primal and dual feasibility and complimentary
slackness, with the primal solution being the multiple choice test, appropriately

modified for a setting with a finite type space:

aw(r) = <#{w’ m wlz - 1}) 1(3/12?0 ro <1)Vw. (Opt-Finite)

It says that the agent is equally likely to be accepted in all states he ranks the
highest, in terms of his posterior likelihoods. The indifference cases, of course, arise
with measure zero in the atomless case we assumed in our main model, obviating the
need for this extra specificity in the description of the optimal mechanism.

By symmetry, it is without loss to maximize the total ex-ante value in a given state

— we assume, 1. Let Iy, denote the (common) support of the discretized distributions

{Fe'}eea,B)-

The discretized primal problem:
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(Recall

ma ai(y)v Primal

aleR)lgn we&gy:el“ 1) uniform prior) ( )

stoa1(7) + Y waw() = a1(V) + D waw(y) V.Y €T (IC)
w w

0<ay(y) <1,y (Feas)

Let /\7 Loy denote the dual multiplier of the IC constraint between types v and
7" and let p14(7) be the multiplier for the ay () < 1 constraint. Let A and p, denote

the vectors of these quantities, taking all types or pairs of types together.

Then, the discretized dual problem is given by:

min Z e (7Y) (Dual)
Av{ﬂw}w ~eT
s.t. Z /7({u>"y/~>’y — Tw Z )"y~>7// + b (Y) = vw(7) 2 0,Vy,w # 1,
v'#EY vy
D Aoy = D At m(y) = v1(3) 2 0, V7,0 # L.

v #Ey v £y

)\’Y_>7/ 2 O,Mw(’}/) 2 Oavﬁ)/?")/vw'

If a}, solves the primal problem and (A\*, i) solves the dual problem, then the

complimentary slackness conditions are given by (where v = 1 for all v):
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Z VoAl oy = W Z Ayt + 1w (7) = v () | X ag(v) = 0,Yw,y  (CS)

=0 v #y
(1 = ag(7) ey () = 0,Yw, 7,

M | (al(7) = al (7)) | = 0,97,/
w

Our claimed optimal mechanism is of the form (Opt-Finite). Algebraic manip-

ulations of (Primal),(Dual) and (CS) give us the following sufficient conditions for

the existence of feasible A and p,’s, which confirm optimality of (Opt-Finite).

Lemma 5. ay, as given by (Opt-Finite), is optimal if there
(1 =0V7):

< vy (7)7
Z eXp(’V({u))‘fy’%fy - eXp(’Y/) Z Afy%fy” = = Uw<7)7
y'#y v'#EY > v (),

® Ay >0 only if the IC._,, binds.

exist N's such that

if ay(y) =1
if au(v) € (0,1)
if aw(y) =0

Further algebra shows that if only constraints towards more inform types bind —

i.e., if we have that IC from 4’ to 7 binds only if v/ > + componentwise — and “most”

of the state-1 conditions hold with equality, from (4.2), then that is sufficient for all

conditions of Lemma 5 to be satisfied. This is formalized below.

Lemma 6. ay, as given by (Opt-Finite), is optimal if there
(11 =0V7):
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exist N's such that



Z eXp(fV(fu))‘fy’%fy - eXp('Y/) Z )\fy%,y// =
V' #y A1 ey

® Ay >0 only if the IC._,, binds.

91



REFERENCES

J. D. Abernethy and R. M. Frongillo. A characterization of scoring rules for linear
properties. In Conference on Learning Theory, pages 27-1. JMLR Workshop and

Conference Proceedings, 2012.

S. P. Akyol, J. Key, and K. Krishna. Hit or miss? test taking behavior in multiple

choice exams. Technical report, National Bureau of Economic Research, 2016.

V. Augias and E. Perez-Richet. Non-market allocation mechanisms: Optimal design

and investment incentives. arXiv preprint arXiv:2303.11805, 2023.

K. Baldiga. Gender differences in willingness to guess. Management Science, 60(2):
434-448, 2014.

E. Ben-Porath, E. Dekel, and B. L. Lipman. Optimal allocation with costly verifica-
tion. American Economic Review, 104(12):3779-3813, 2014.

J. Bull and J. Watson. Hard evidence and mechanism design. Games and Economic
Behavior, 58(1):75-93, 2007.

J. C. Carbajal and J. C. Ely. Mechanism design without revenue equivalence. Journal
of Economic Theory, 148(1):104-133, 2013.

G. Carroll and G. Egorov. Strategic communication with minimal verification.
Econometrica, 87(6):1867-1892, 2019.

C. P. Chambers and N. S. Lambert. Dynamic belief elicitation. Econometrica, 89
(1):375-414, 2021.

Y .-K. Che, W. Dessein, and N. Kartik. Pandering to persuade. American Economic
Review, 103(1):47-79, 2013.

A. B. Choi. I'll Tell You Tomorrow: Committing to Future Commitments. The
University of Chicago, 2023.

92



K. B. Coffman and D. Klinowski. The impact of penalties for wrong answers on the
gender gap in test scores. Proceedings of the National Academy of Sciences, 117
(16):8794-8803, 2020.

S. Dasgupta. Optimal test design for knowledge-based screening. Available at SSRN
4403119, 2024a.

S. Dasgupta. Screening knowledge with verifiable evidence. Working Paper, 2024b.

S. Dasgupta. Complex tests: Screening knowledge of a multi-valued state. Working
Paper, 2024c.

B. A. Davey and H. A. Priestley. Introduction to lattices and order. Cambridge

university press, 2002.

R. Deb and C. Stewart. Optimal adaptive testing: Informativeness and incentives.
Theoretical Economics, 13(3):1233-1274, 2018.

R. Deb, M. M. Pai, and M. Said. Evaluating strategic forecasters. American FEco-
nomic Review, 108(10):3057-3103, 2018.

R. Deb, M. M. Pai, and M. Said. Indirect Persuasion. Centre for Economic Policy
Research, 2023.

P. M. DeMarzo, I. Kremer, and A. Skrzypacz. Test design and minimum standards.
American Economic Review, 109(6):2173-2207, 2019.

W. Dziuda. Strategic argumentation. Journal of Economic Theory, 146(4):1362—
1397, 2011.

J. Glazer and A. Rubinstein. On optimal rules of persuasion. Econometrica, 72(6):
1715-1736, 2004.

Y. Guo. Dynamic delegation of experimentation. American Economic Review, 106
(8):1969-2008, 2016.

N. Hancart. Designing the optimal menu of tests. 2022.

93



R. Harbaugh and E. Rasmusen. Coarse grades: Informing the public by withholding

information. American Economic Journal: Microeconomics, 10(1):210-235, 2018.

R. Inderst and M. Ottaviani. Competition through commissions and kickbacks.
American Economic Review, 102(2):780-809, 2012.

E. Kamenica and M. Gentzkow. Bayesian persuasion. American Economic Review,
101(6):2590-2615, 2011.

Z.Y. Kang. Optimal indirect regulation of externalities. Available at SSRN 3586050,
2020.

R. L. Karandikar. On multiple choice tests and negative marking. Current Science,
99(8):1042-1045, 2010.

A. Kleiner, B. Moldovanu, and P. Strack. Extreme points and majorization: Eco-
nomic applications. Econometrica, 89(4):1557-1593, 2021.

A. Kolotilin and A. Wolitzky. Assortative information disclosure. 2020.

V. Krishna and J. Morgan. Contracting for information under imperfect commit-
ment. The RAND Journal of Economics, 39(4):905-925, 2008.

N. S. Lambert. Elicitation and evaluation of statistical forecasts. Preprint, 2011.

E. Lesage, M. Valcke, and E. Sabbe. Scoring methods for multiple choice assessment
in higher education—is it still a matter of number right scoring or negative marking?
Studies in Educational Evaluation, 39(3):188-193, 2013.

Y. Li and J. Libgober. Optimal scoring for dynamic information acquisition. arXiv
preprint arXiw:2310.19147, 2023.

Y. Li, J. D. Hartline, L. Shan, and Y. Wu. Optimization of scoring rules. In Proceed-

ings of the 23rd ACM Conference on Economics and Computation, pages 988-989,
2022.

S. Loertscher and E. V. Muir. Monopoly pricing, optimal randomization, and resale.
Journal of Political Economy, 130(3):566-635, 2022.
94



[. Marinovic, M. Ottaviani, and P. Sorensen. Forecasters’ objectives and strategies.

In Handbook of economic forecasting, volume 2, pages 690-720. Elsevier, 2013.

E. Maskin and J. Tirole. The principal-agent relationship with an informed principal:
The case of private values. FEconometrica: Journal of the Econometric Society,
pages 379-409, 1990.

J. McCarthy. Measures of the value of information. Proceedings of the National
Academy of Sciences, 42(9):654-655, 1956.

M. Mussa and S. Rosen. Monopoly and product quality. Journal of Economic theory,
18(2):301-317, 1978.

R. B. Myerson. Optimal auction design. Mathematics of operations research, 6(1):
5873, 1981.

R. B. Myerson. Mechanism design by an informed principal. Fconometrica: Journal
of the Econometric Society, pages 1767-1797, 1983.

K. Osband and S. Reichelstein. Information-eliciting compensation schemes. Journal
of Public Economics, 27(1):107-115, 1985.

M. Ottaviani and P. N. Sgrensen. Professional advice. Journal of Economic Theory,
126(1):120-142, 2006a.

M. Ottaviani and P. N. Sgrensen. Reputational cheap talk. The Rand journal of
economics, 37(1):155-175, 2006b.

M. Ottaviani and P. N. Sgrensen. The strategy of professional forecasting. Journal
of Financial Economics, 81(2):441-466, 2006c¢.

A. Pavan, I. Segal, and J. Toikka. Dynamic mechanism design: A myersonian ap-
proach. Econometrica, 82(2):601-653, 2014.

J.-C. Rochet. A necessary and sufficient condition for rationalizability in a quasi-
linear context. Journal of mathematical Economics, 16(2):191-200, 1987.

95



J.-C. Rochet and P. Choné. Ironing, sweeping, and multidimensional screening.
Econometrica, pages 783-826, 1998.

J.-C. Rochet and L. A. Stole. Nonlinear pricing with random participation. The
Review of Economic Studies, 69(1):277-311, 2002.

F. Rosar. Test design under voluntary participation. Games and Economic Behauvior,
104:632-655, 2017.

P. O. Saygin and A. Atwater. Gender differences in leaving questions blank on high-
stakes standardized tests. Economics of FEducation Review, 84:102162, 2021.

F. R. Shapiro. The yale book of quotations. In The Yale Book of Quotations, chapter
Abraham Lincoln, page 466. Yale University Press, New Havel, 2006.

D. Shishkin. Evidence acquisition and voluntary disclosure. In Proceedings of the
22nd ACM Conference on Economics and Computation, pages 817-818, 2021.

U. Vaidya. Regulating disclosure: The value of discretion. 2023. [Online; accessed
June-18-2023].

R. Weksler and B. Zik. Informative tests in signaling environments. Theoretical
Economics, 17(3):977-1006, 2022.

G. Winkler. Extreme points of moment sets. Mathematics of Operations Research,
13(4):581-587, 1988.

96



APPENDIX A
APPENDICES FOR CHAPTER 2

A.1 Example: Additional calculations

In general, for any given prior 7, the mapping between beliefs and signals is given
by:
(2t + 1)

MO = T D (—mea =5 < 1) (A1)

This gives us the range of beliefs, P = [#, %} .

Using (A.1) and simplifying, we have:

p

TR

Differentiating,

110N ‘
n o (p) (1+<17_f—7r)(1—p))2 (A.3)

Also, using (2.1), in general, the teacher’s value from passing belief p in the two

states:

o) = X 3 fig (i (p)dt +up x 5 x fip(p=p))dt

") TN dp
Volp) = 1 3 % forr (™t (p))dt + up, x § x for (= (p))dt
0w F(pl0)dp

The above gives us the “weighted” value of belief p in state 1:
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A.2 Formula for the optimal test

We start by specifying expressions for the principal’s value from the various types
of tests, which would be used in deriving the additional details of its structure which
we provide in this section.

Let V1 : [O, %] — R and Vi : [%, 1} — R denote the principal’s value from a
single-threshold test of type ¢ € {P, F'} - where P and F stand for pass-if-correct
and fail-if-incorrect test types respectively - as a function of its (belief) threshold.

Clearly,
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Po l_pO Po
VE (po) = 7r/pvl(p)der(l—ﬁ) (ﬂopo) 7v0(p)dp,
T Po pp Po (Tests)
VE (o) = {(l—lpop“) [ o+ [ o] +0-m) [ L
P P0 P
VE(po) == (1;Op0> /pvl(p)dpﬂl—ﬂ)?vo(p)dp
P0 P

A.2.1  Dual threshold tests: Ironing

Sometimes, if the principal’s favorite common threshold bang-bang mechanism
has a threshold that is too extreme - requiring a large adjustment either on the
intensive or on the extensive margins - it may be better for her to introduce an
additional threshold, instead of making these adjustments while maintaining a single
threshold (See Figure 2.1b). Mathematically, the optimal mechanism features two
thresholds when the optimal knowledge premium (q) is a convex combination of the
knowledge premia of two (non-incentive compatible) bang-bang mechanisms. The
average of the thresholds for these two bang-bang mechanisms is equal to one half.
In other words, incentive compatibility conditions require that the optimal value is

the concavified value of bang-bang mechanisms as a function of their thresholds, at
1
?.

In order to simplify the analysis of the two-threshold case, we redefine the virtual
value by picking pg = 0 in (A.4). As discussed earlier, the principal’s value from any

incentive compatible mechanism is given by (A.4) for any choice of pg. If we choose
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po = 0, the second term in (A.4) vanishes, leaving us with only one virtual value,

X = X1, i-e. our virtual value is given by:

() = 71— p)olp) — (1 — mp(p) + / o(@')dp’ (VV)
p'>p

The value of the principal from a bang-bang mechanism with threshold p is clearly

Ev + f x(p')dp' — f X(p . Hence, per the above discussion, her maximized value

from a dual threshold test is Ev + f X dp' — f X(p")dp', where X is the ironed

virtual value, where ironing is used in the sense of Myerson (1981).
With that background we can describe the optimal mechanism more specifically,

as given below.

Theorem A.2.1 (General solution). Either the optimal mechanism is constant with
respect to both the state and the agent’s report, or the principal’s value is given by

the solution to the following one-dimensional maximization problem:

max V' (pg)
Po

where

'max{v%o) vP<po>} for py < 1/2

V(po) = { Bv+ fx )dp' — fx )dp', for pg =1/2 (A.1)
Po

| max{V{ (po), V{ (po)}, for po >1/2

Note that for single threshold tests, the threshold type is indeed pg - the type
introduced earlier as the “lowest” type - as hinted by the above notation.
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A.3 Discussion

In this section we provide interpretations of the various objects in our framing of
the screening problem — such as the object we interpret as analogous to “allocation”
in the standard screening problem, and virtual value.

Note that (2.1) can be written alternatively as follows, fixing any py € P as the
“base type” — the optimal ¢ function will not depend on it.

D
U(p) = Ul(po) +/ q(p')dp', Vp,py € P. (A1)
Po

For solving the problem, it is simplest to set pg to be equal to one of the extremes
of the type space — p or p — as we did in the main text. The reason we still introduce
the above more general formulation in this section, is that it is helpful in interpreting
the various objects in our model.

Using the fact that U(p) = pai(p) + (1 — p)ag(p) in conjunction with Lemma 1

gives us the following version of (Integral Formulas):

ap(p) = (U (po) + /p :q ) dp’) —pq(p)

(Generalized integral Formulas)

ar(p) = (U<po> = [a) dp’) (L= pap)
¥y

0

A.3.1 Significance of the model elements

The base type

As seen in the previous section, we can pick any base type pg without affecting the
optimal mechanism. Let us interpret py as (one of) the “lowest” type(s) - that is, (one
of) the type(s) with the lowest interim passing rate under the optimal mechanism.
Hence by definition f;% q (p’ ) dp’ % 0 according to p % po. This, combined with the
monotonicity of ¢, must mean ¢(p) 2 0 <= p = pg. Hence we can formally define
po as:
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po :=sup{p : q(p) < 0} (A1)

That is, the pg is the (necessarily unique) type where the passing rate changes
from being weakly greater in state 0 to being strictly greater in state 1.1 Hence, the
mechanism is treating types p < pg as relatively more suited to be passd when the
correct answer is 0, because they are relatively certain that the state is 0 - let us
call them the “left types” - and the reverse for p > pg - who we would call the “right
types”. This is consistent with pg being the “lowest” type - who the mechanism treats
as “ignorant”.

With this interpretation of the base type in mind, we turn to interpreting the
components of a; and ag, as given by (Integral Formulas). The first component
in either of the expressions is the requisite interim rate at which each type must
be passd, as dictated by incentive constraints (equation 2.1), which is the same in
both the states. In addition, each rate is distorted in a direction and by an amount
consistent with the type. Specifically, each type - left or right - is passd at a rate
higher (lower) than its interim passing rate when the correct answer is the one (is not
the one) towards which he is biased. The amounts by which the interim passing rate
is adjusted up or down in case of a correct or wrong answer respectively, grows more
extreme in proportion to the extremity of the belief. In light of the above framing, we
call the absolute value of ¢(p) type p’s knowledge premium - the premium in passing
probabilities the type receives for their bias towards the correct answer, compared

to the wrong answer.

The virtual value

Using (Generalized integral Formulas), we can express the principal’s ex-ante
value in terms of her “virtual value” functions — x, and x; for beliefs more extreme

than pg towards states 0 and 1 respectively — as follows:

1. Note that all types p with ¢(p) = 0 are “lowest” - they all have the same lowest interim passing
rate.
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V (a1, ag) = U (po)Ev + / Yo(P)a(p)dp + / u@apdy  (A2)
P<po P>Dpo

We provide the derivation of (A.4) and explicit formulas for x, and x; in Section
A4.1.

Unlike the standard monopoly problem, the goals of our principal and agent
(recall that they represent an principal and a job seeker, in our leading application)
are not strictly adversarial - taking surplus away from the agent is not the only way
the principal can enrich herself. In the standard monopoly case, no type can earn less
under the incentive-constrained solution, than their full information surplus, which
is zero. That is not the case here. Hence, as we will show going forward, information
rent is not always paid by the principal, but sometimes earned.

In our model, the virtual value of a type is the value to the principal per unit of
knowledge premium allocated to that type. X, and x; - as in (A.3) - capture the
virtual values of the left and right types respectively. The virtual values from the
left and right types can be decomposed into “direct” and information rent effects as

follows:

o) = 7= p'e) = (L=’ [ o

Direc?effect p'<p
—_———
Information rent ( A 3)
) = 7= 9o )~ (- ople) s [ o
Direct effect p'>p

Information rent

In order to understand its direct and information rent components, let us decom-

pose the principal’s value per unit of incremental change in it as follows:
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Wvl(p)al(p) +(1—- W)Uo(p)ao(l’)

= v(p)U(p) +(n(1 = pv'(p) — (1= m)pe’(p)) a(p).
A,—/ ~ /
Source of information rent Direct effect

putting a1 (p) = ag(p) + ¢(p) and ag(p) = U(p) — pq(p)

The first term above is the interim unconditional (on the state) value from each
type times the interim passing rate of that type - it is the expected value the principal
would get from type p if she had no information about the correct answer. The second
part then, is the “premium” she gets due to knowing the right answer, which the agent
does not know - the value-weighted knowledge premium. Note that this premium
can never be negative under the unconstrained solution, though it can be under the
constrained solution.

From the above decomposition it is clear that the direct value of type p to the
principal should be the per unit value to her of increasing ¢(p) by a small amount
while keeping U(p) unchanged. If we want to increase ¢(p) by € while keeping type p
indifferent between knowledge premia ¢(p) and ¢(p) + €, then we need to implement
this change by changing a;(p) and ag(p) in the right proportions. In particular, we
need to increase a1 (p) by €(1 — p) while decreasing ag(p) by pe. The net effect of this
adjustment on the interim passing rate of type p is p x (1 — p)e — (1 — p) x pe = 0.
The value of this change to the principal is clearly 7 x v!(p) x change in aq(p) +
(1 —m) x v9(p) x change in ag(p) = (7(1 — p)vt(p) — (1 — m)pv?(p))e, giving us the
effect per unit of incremental change in ¢(p) as (7(1 — p)vl(p) — (1 — m)pe?(p)), as
we see from the decomposition above.

The information rent part can be further decomposed as:

p
oMUP = Uy  + o) / )y
—_———
Info rent: Constant part Po

S

Info rent: %riable part
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The first part, when averaged over all types, gives rise to the first term in (A.4).
It is easy to see why - under the constrained solution, every type must be passd at
an interim rate of at least U(pg), regardless of the state, which gives the principal
the baseline value of Ev x U(pg), before she utilizes any of her knowledge of the state
via g. The second, variable (with chosen ¢) part of information rent gives rise to the
integral terms in the expressions for x, and x;, as in (A.3). As we can see, these
terms result from the impact of increasing the knowledge premium of type p by €, on
more extreme types. Naturally, incentives demand that if type p is rewarded with an
increase in its knowledge premium of €, so must be types more extreme than it, at
the least. Mathematically, this is the familiar monotonicity condition on ¢. By (2.1),
this means types more extreme than it must passd at the interim rate of e more. The
unconditional interim value from any more extreme type p’ is v(p’), which is accrued

to the principal due to this change, as captured by the two integral terms in (A.3).

Trade-off between guaranteed passing rate and knowledge premia

Note that both the components [ x,(p)¢(p)dp and [ x;(p)q(p)dp in (A.4)

P=Po P=Po
must be positive at the principal’s optimal mechanism, because if not, the principal

can do better by setting aj(p) = ag(p) = U(pg) for all p < py or p > pg, depending

on whether [ xy(p)g(p)dpor [ x;(p)q(p)dp is negative, respectively. Hence, the

P=Po P=Po
principal always wants to make the knowledge premium more extreme, if possible.

This leads to a trade-off between the guaranteed interim passing rate the principal
offers - U(pg) - and the knowledge premium, |¢|. To see why, consider the following
cases.

Suppose Ev > 0. So the principal wants to give a high guaranteed passing rate
- driven by the first term in (A.4). However, if U(pg) is too high, she misses out
on more accurate passing because she is left with little room to incentivize greater
information revelation by extreme types (due to (2.1)). In other words, she loses out
on the full discerning power of the knowledge premium because she cannot make a;
for right types and ag for left types as high as she would like.

Similarly if Ev < 0 the exact opposite happens - in this case if U(pg) is too low,
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the principal cannot make ag for right types and @ for left types as low as she would

like.

A.3.2  Regularity

In this subsection we provide some examples of natural classes of settings where
our regularity assumption holds.

We say the problem is trivial, if the principal’s value from every agent type in
every state is non-positive, i.e. if my, < 0 — equivalently v,, < 0 — for w € {0,1}.
Clearly, this case is trivial because in this case the principal’s optimized value is zero
- she passes no one in any state because every type earns her non-positive value.

Otherwise we call the problem non-trivial.

Special Case 1. Suppose the learning types binary and the signal structure of the
high quality agent is symmetric, i.e. fg1(t) = fr(1—1t|0) = f(t) for some increasing
f:10,1] — R4. Suppose further, that that of the low quality agent takes the following
special form: in each state, the low quality agent gets the same signal as the high
quality agent with some probability, v € [0,1), and receives the uninformative signal
fo : [0,1] = Ry, fp(t) = 1 V ¢, otherwise. That is, the low types signal structure
is given by: fro(t) = vfg.t) + 1 —v, w € {0,1}. Without loss we normalize
the principal’s payoff from the high learning type to 1 and assume that from the low
learning type to be —u,u > 0.

The following proposition provides natural classes of examples within Special
Case 1 which satisfy regularity.

Proposition 13. Consider Special Case 1.

e Aslong as the difference (f(t)— f(1—t)) is not too convexr whenever it is positive
- in particular, as long as the elasticity of the rate of change in (f(t)— f(1—1))
w.r.t. (f(t) — f(1 —1t)) is weakly lower than 1 whenever (f(t) — f(1 —t)) is
positive - for low enough r, the problem is regular whenever it is non-trivial,

regardless of other parameters.
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o As an example, if the low quality type is uninformed and the high quality type’s
signal structure is linear - f(t) =1 — b+ 2bt,b € [0,1] - then the problem is
reqular for any r < %, bel0,1] and u > 0.

o When the signal structure follows a power law distribution and the low type s
uninformed - f(t) = (m+1)t"",m >0 and v =0 - form € [1,2],r < %,u > %
the problem s regqular. In general, whenever m > 1 - i.e. the signal density
15 convex - for low enough r, the problem is reqular whenever it is non-trivial,

regardless of other parameters.

A.4 Omitted Proofs

AX, as usual, denotes the set of Borel probability measures on any given set
X. Pr(z) denotes the probability of an event x. With m; and mg as defined
in (A.2), we define the following two functions useful for our subsequent analysis,
My, MO T — R:

=
—~
~
~—
I
\H
3
—~
~
~

(M, My)

My(t)

t

t
/m(t)
0

A.4.1 Preliminaries

Expression for principal’s value

As mentioned in our microfounded model section 2.5.1, here we derive (Principal’s Value).
Since the agent does not know his own quality type, the posterior distribution of
the state for any agent receiving a signal ¢ depends on the “average” signal structure of

all quality types. We modify the notation for the mapping between signals and beliefs
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introduced in (2.1) — p — to make its dependence on the prior explicit. Specifically,
we now define p : 7' x [0,1] — [0,1] as

Y — Prw = 11t) — fi()m
Hltsm) = Priv =110 = 5 o =) A

The implication of a chosen mechanism (ay,ag) : 7' — [0, 1] the principal cares

about is the probability of passing for each learning type v induced by it. Using
Pr(Z|Z") to denote the probability of event Z conditional on event Z’, where Z and
T’ are Borel subsets of Q x T x V x {pass, fail}, we have:

Pr(pass|v) := /Pr(pass\(t,w),v)Pr((t,w)|v)du(1})

t.w

Obviously, Pr(pass|(t,w),v) = Pr(pass|(t,w)) = ay(t). Moreover, Pr((t,w)|v) =
Pr(w)f(tjw,v)dt (. w L v). Combining these, the principal’s value from using a
mechanism (ay,agp) : [0,1] — [0,1] is given by:

1

V(ay,dg) = / Zpr /w f(t|w,v)dt | dv(v)

0

v
1 1
/v W/al (|1, v)dt + 1—7?/0 f(t0,v)dt | dv(v)
0 0

1

:w/lal /vf t|1,v)dv (v) dt+(1—7r)/ao(t) /vf(t]O,v)du(v) dt
0

v 0 v

(. J/ (. J/

=m(t) =:mg(t)
(A.2)

We can change the order of integrals, as done in the last line, by Fubini’s theorem,

because each integrand is integrable. In particular, for each w € {0, 1}:
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//|vaw(t)f(t|w,v)|dtdz/(v)
vt

:&/:/WUM@(ﬂf(ﬂw,vﬁﬁdy@ﬁ

gyywmwmwm
vt

<

Relabelling m; and mg as in (A.2), we get back (Principal’s Value). By our
boundedness assumptions on f(+;-,-)’s and f/(;-,-)’s, my,’s are well-defined and in-

herit their continuous differentiability from f(-;-,-)’s.

Connection with the problem formulation in terms of beliefs

Below we also formulate the problem in terms of the belief p — a formulation
we use for the majority of the main analysis. Note that p = u(t;7) where u(-;m)

is strictly increasing and differentiable, by our assumption of differentiability of the

signal densities. Hence p/(t;m) >0Vt € [0,1]. . dt = W. With that, we
define ay(p) = aw(u~(p; 7)) and vy (p) == T/rff((—;ijL—m, w € {0,1}. Therefore the
(scaled) objective function of the principal becomes the following, as in (Primal).
p(1Lim) p(1;m)
Ve = [ Vipawd+1-m [ Vo
1(03) ()

Principal’s value in terms of her virtual value

Using (Integral Formulas) we can express the principal’s ex-ante value in terms
of its virtual value as follows:
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V(ay,a0) =7 [ v1(par(p)dp + (1 — ) / vo(p)ao(p)dp
p

=T

_— e

v1(p) (U (po) + /p : q(p')dp’ - pq(p)) dp

D

L) /p w0(») <U(po) @)+ (- p>q<p>) iy

bo

— U(po)Ev + / a@) [ 71— Pt () — (1 — MO (p) + / o)y’ | dp
p<po ' <p

P>Po . »'>p
—xr(p)
= U(po)Ev + / Xo(p)a(p)dp + / x1(p)a(p)dp (A4)
P<po P=po

The third equality comes from the usual technique of changing the order of the

integrals using Fubini’s theorem. The details of the expression in (A.3) are as follows.

110



p=p r=p

Now we use the standard technique of changing the order of integrals, which we

can do by Fubini’s theorem. This gives us the following simplification:
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T=p p=p
o1 2p0) | [ ooz | der [ @i < | [ Hene | a

f

(S

o) | [ |t [ a@) | [ oy | do

T2po > T<po <z

A.4.2  Derwation of the optimal mechanism

In this section we keep the general “base type” (pg) based formulation introduced
in Section A.3, particularly envelope formula A.1. Obviously, all of the analysis goes

through if we put pg = p instead, as done in the main text, Lemma 1.

Proof of Lemma 1

With slight abuse of notation, let U(p) = ag(p) + pq(p) for all p and U(p,p') =

aog(p') +pa(v’), ¥V p.p'.
Necessity. (IC) requires that for each pair of types p,p’ both p and p’ prefer truth
telling:

Combining:



This implies monotonicity.

Assuming p > p’ and p < p’ we also have, respectively:
U(p) —U®)
p—p p—p

Taking the limit p’ 1 p we have:

q(p) >

U'(p) = q(p) V ps.t. U(p) exists

From standard arguments we also know U(p) is Lipschitz, therefore absolutely
continuous. Therefore for any reference type pg we can write the following, giving
us the necessity of (2.1):

p
cmﬁ=Umn+/wmw
Po

Sufficiency. Fix any type p. U(p,p') = U(p') + (p — p")a(p'). By (2.1), U(p) =
p p

U(p')+ [ q(p)dp. Therefore U(p) — U(p,p') = [(¢(p) — q(p’))dp. Considering cases
I I
where p’ > p and p’ < p, and using monotonicity of ¢, it is easy to see that this

implies U(p) > U(p,p’) for all p/.

Constructing the optimal mechanism

Let us denote ¢(p) and ¢(p) by ¢ and G respectively.

b2

Claim A.4.2.1. The optimal mechanism is either “pass regardless of type and state
or “do not pass regardless of type and state” or given by the solution to one of the

following two programs, whichever has higher value:
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J??;Eu+ /)QD@)+EMq@ﬁ@+>/mXNMQ@ﬁ@
o P<po pP=Po

s.t. g€ [—1,4|

q non-decreasing
Lﬂ@@zm—m—l

ge-1,1].

max Eot / Yo(pa(p)dp + / (x1(p) — Ev)g(p)dp
P<po P=Po
st q(.) €g1]

q non-decreasing (2)

/Pq(p)dp=1—(1—z_9)6+(1—2_?)2

qge[-1,1].

Proof. The constraints in (Problem) require f q(p)dp — (1 —p)g < U(pg) < 1 -
p

D

f q(p)dp— (1 —p)g and pq — f q(p)dp <U(py) <1+ f q(p)dp + pg. Therefore we
Po p

need fq )dp > g — pg — 1 and fq Jdp <1 —(1—-7p)G+ (1 —p)g. Using these,

(Problem) reduces to:
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U(po)Ev + / d Al
o (p0)Ev + [ x(p)a(p)dp (A1)

P
s.t. ¢ € [-1,1],¢ non - decreasing
p_q—m—lé/Q(p)dp <1-(1-p)g+(1-p)g (A2)
P
Do D
max /q(p)dp— (1 —zz)g,p_q—/q(p)dp
p Po
D Do
<UG) <mind 1= [a@dp-(1-pia1+ [apdpepgp. (A3
Po P
0

Proof. Suppose, by way of contradiction, the optimal mechanism is neither constant
nor given by the solution to (P) or (P). Our proof strategy is to derive a contra-
diction by considering several cases. We could have set up a Lagrangian and made
an argument based on the complementary slackness conditions of the constraints.
However we present a direct proof as we believe this is more intuitive.

Before proceeding further we prove a claim below which would be helpful in our

analysis of the cases.

Claim A.4.2.2. Any solution to (P1) is a solution to (P2), where (P1) and (P2)

are as given below.
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p?g(x) /P )ap)dp gr% /P x(p)a(p)dp
s.t. qG, [—1 1] (P1) st q€[-14 (P2)

q non-decreasing ,

q non-decreasing .
q<[-1,1].

Proof. By Proposition 2.1 of Winkler (1988), for any fixed g, a solution to the problem
of maximizing [p x(p)q(p)dp subject to ¢ € [—1,7] and ¢ non-decreasing, is either
q(p) = —lorq(p) =qorq(p) =—1+(G+1)1L(p > p*) for some p* € (0,1). Therefore
the solution to (P2) is given by:

*

1 p
0,q dp.a dp — d
ge[-11)prefo,1] ’q/PX(p) Pﬂ[x(p) p /1x(p) p
D —

The maximum value of 7 [ pX(p)dp is clearly achieved for § € {—1,1}, de-
pending on if pr Jdp > 0 or [px(p)dp < 0. If a p* € (0,1) is to maximize

(q J x(p)dp — f x(p ), the first order condition requires that it must satisfy

@+ Dx(p )—0 ie. x(p*) =0 for any g > —1.

*

Letting Vpso(q) = m?X (q [ x(p)dp — f x(p ) by the envelope theorem,
p*€l0

8VP2 fX dp. Therefore for any p* € {x(p) = 0} such that f x(p)dp > 0

D*
(respectlvely < 0) the optimal § =1 (respectively —1).

If the optimal 7 in any of these cases is —1, the optimal ¢ is the constant function
q(p) = —1, which is feasible for (P1). If the optimal g is 1, (P2) boils down to
(P1). O

e Case I: Ev = 0. In this case, in program (A.1), (A.3) can be ignored as long
as (A.2) is satisfied. Therefore the problem boils down to:
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£ﬁiéx@¢mw (A4)

s.t. ¢ € [-1,1], ¢ non - decreasing

a—ls/«m@sQ+L (A.5)
P

Suppose none of the constraints (A.5) binds. Then the solution solves the

following “standard” screening problem:

max / x(p)q(p)dp
p0,9(.) J P

s.t. ¢ € [-1,1],¢ non - decreasing

We know its solution is given by either a constant ¢(.), or one with a single step,
of the form ¢(p) = —1+ 2 x 1(p > p*) for some p* € (0,1). If it’s the latter,
q = —1,q = 1. Therefore this solution satisfies (A.5) — and therefore solves
(A.4) —if and only if p* = % Therefore in this case both the constraints in (A.5)
hold with equality. By Claim A.4.2.2, in this case ¢(p) = -1+ 2 x 1 (p > %)

solves (P2), which is a relaxed version of (P). But ¢(p) = —1+2x 1 (p > %)

satisfies the constraints of (P), and is therefore a solution to (P).

Clearly, if either of the constraints in (A.5) binds, (A.4) boils down to either

(P) or (P).

Case II: Ev > 0. In this case, clearly the constraint U(pg) < min {1 — [ qlp)dp, 1+ [ q(p)c

pP=Po P<po
in (A.3) must bind. Therefore the problem boils down to:

117



max min< 1 — / q(p)dp, 1+ / q(p)dp "‘/JDX(Z?)CI(]?)CZP

p0,q(-)
P=po P<po

s.t. g €

[—1,1], ¢ non - decreasing
6—1§/ﬂM®§g+L
P

1+ [ q(p de 1— [ q(p dp<:>fq dp—() Hence the solution to the
P<po P=DPo

above program is given by the solutlon to one of the following programs — one

assuming [ ¢(p)dp > 0 and the other f q(p)dp > 0 — whichever gives higher

P
value.

1M+MM/W@—®@2%M@@1%+MM/W@+W@SmM@®
P P

Po.4(.) Po4()
s.t. ¢ € [-1,1] (P") st ge[-1,1]
¢ non-decreasing , ¢ non-decreasing ,
7-1< [awan <o (46) 02 [alp)dp < g+ 1.
P P

Suppose the solution is given by the solution to (PfL ).

Suppose, fist, that no side of the constraint (A.6) binds. The only way such
a solution can satisfy (A.6) is if it is either constant or given by ¢(p) = —1 +
2x1 (p > %) In the latter case, by arguments similar to those in Case I,
q(p) =—-1+2x1 (p > %) is a solution to (P).

Note that both sides of (A.6) cannot bind (though both can hold with equality,

of course.)

Next, suppose the constraint § — 1 < [ ¢(p)dp binds. Then (P+) boils down
P

o (P).
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Finally, suppose the constraint [ ¢(p)dp < 0 binds. In that case (Pf' ) is equiv-

P
alent to the following relaxed program:

Ev + max /P(x(p) — Ev(p > po))a(p)dp

P0+4(.)
st. g€ [-1,1] (P1+R)
q non-decreasing ,
/q(p)dp <0. (A.8)
P

Consider the following further relaxed problem:

Ev + ;5}2‘53 /P(X(p) — Ev(p > po))a(p)dp

st. g€ [-1,1] (PlJ,rRR)

q non-decreasing .

]{q(p)dp < 0 in (P{") binds only if the solution to (Pl—',_RR) is g1, r(p) = -1+

2x1 (p > p] R) for some p] p € []2, Z*#). Therefore any solution to (Per)

— say qi‘ p — 18 a convex combination of ¢ g and an extreme point of the
feasible set of (Pﬂ' rR) Ay ¢, gRr — Which remains feasible with the constraint
(A.8) (Needs linear programming citation). Hence we must have ¢1 gpr(p) =
p+p _

—-1+2x1 <p > piRR) for some p’iRR € [T,p].

If piR = p and p’l"RR = P, the solution to (PftR) and — therefore (P;") -
must be the equally weighted convex combination of ¢; g and ¢ gg, i.e. the
constant function qi r(p)=0.

If p*{’R S <g, Z#) or pT,RR € [#,ﬁ), the convex combination qiR must
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have either ¢} R(l) =1lor g p(0)=—1.

Note that (P1 R) is a relaxed version of (P), because [pq(p)dp = g—1and g <

1 = [q(p)dp < 0. Therefore q R is not a solution to (P) only if it does
P
not satisfy the constraint |[ pa(p)dp = g —1,ie. onlyif ¢ < 1. (Recall that

]{QLR p)dp = 0 by assumption.) In this case we must have ql,R(O) = —1.

Under our assumptions, (Pl+ ) is equivalent to the following program:

Ev + pﬁfé‘é /P(X(p) —Ev(p > po))q(p)dp

s.t. g € [—1,1] (P()ﬂ

¢ non-decreasing ,

/q(p)dp = 0. (A.9)

P

Recall that the value of (P+) is weakly higher than that of (P ), by assump-

tion. But (") is (P5") with the constraint [ g(p)dp > 0 binding. Therefore
P
any solution to (P+) must be a solution to (P+) as well. Any solution to (P)

is clearly a solution to (P+) with the additional constraint [ ¢(p)dp < q+1
P
- i.e. with one side of (A.7) binding. But the value of (P5) is given by the

value of (P+), as we just argued. Therefore at any solution to (P) we must
have fq )dp = 0, i.e. ¢ = —1. Therefore if ¢} & <1, the solution to ()

and therefore (?77?) is given by the solution to (P).

Almost identical arguments show that if the solution is given by the solution

to (PQJr ), it is also either constant or given by the solution to either (P) or (P).

Case III: Ev < 0. Analogously as in Case II, in this case the constraint

max{ g+ [ alp)dp.g— [ q(p)dpp < U(pp) in (A.3) must bind.
P=Po P=Po
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Therefore the problem boils down to:

max max { —q + / 4(p)dp, g — / ¢(p)dp $ Ev + /P @)y (A.10)

p0,q()
P<po P=Po

s.t. ¢ € [-1,1],¢ non - decreasing

7—1< /q(p)dp <q+1 (A.11)
P

Note that in this case the objective is convex in ¢. Therefore the maximum
cannot be attained in the interior of the feasible region, and hence constraints

which do not bind at the optimum can be removed.
Suppose the constraint [ g(p)dp < ¢ + 1 binds at the optimum (similarly as

P
in Case II, both sides of (A.11) cannot bind). In this case the problem boils

down to:

max —qEuv + /P(X(p) + Eo(p < po))a(p)dp

st q(.) € g 1]

¢ non-decreasing
/ q(p)dp = g+ 1
P
q€[-1,1].
Replacing —¢ in the objective with 1— f p q(p)dp — using the equality constraint

— gives us (P). Analogous reasoning shows that when, in the solution to (A.10),
the constraint § — 1 < [ ¢(p)dp binds instead, the problem boils down to (P).
P

Suppose none of the constraints bind. Using the same extreme points based
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reasoning as before, this can happen only if the solution is a constant ¢ or
qlp)=—-1+2x1 (p > %) In the latter case the solution is a solution to the
following problem:

max Ev | 1 — / q(p)dp +/x(p)q(p)dp
p0,4(.) P
P=Po

st. g€ [—-1,1]

q non-decreasing ,

/ q(p)dp = 0.

P

Similarly as in Case II, in this case both the constraints in (A.11) hold with

equality at the optimum, so the solution is given by the solution to both of (P)
and (P).

O

Proof of Proposition A.2.1. By Claim A.4.2.1 we know that when the optimal
mechanism is not constant, it is given by the solution to either (P) or (P). The
proof strategy is as follows: We first show that the solution could feature at most
two thresholds and unless the solutions to (P) and (P) coincide, the solution to
either is given by a single threshold ¢. If the solution solves (P), this threshold must
be below one half, and if it solves (P) it must be above one half. These correspond

to the first and third cases in (A.1) respectively. The solution could feature two

thresholds only if the solutions to (P) and (P) coincide, [q(p)dp = 0 and these
P

thresholds average to one half. This corresponds to the second case in (A.1).

Claim A.4.2.3. The solution q to (Problem) is a step function featuring at most

two steps.

Proof. By Claim A.4.2.1, the solution is either constant — in which case it is a step

function featuring zero steps — or given by the solution to (P) or (P).
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Consider (P). For any fixed § € (—1,1], (P) is a linear programs in ¢, with
the constraint that ¢ is non-decreasing, and one additional equality constraint. By
Proposition 2.1, Winkler (1988), all extreme points of the set S = {q € [0,7]" :
g non-decreasing} are of the form ¢(p) = —1+ (g + 1)1(p > p*) for some p* € [0, 1].
Therefore those of the set F = {q € [0,g]" : ¢ non-decreasing, [q(p)dp =q—1} -

P

which is the subset of S satisfying that one additional linear constraint — must be
given by the (possibly degenerate) convex combination of two extreme points of S. In
case the solution ¢* to (P) is given by an extreme point of F which is a proper convex
combination of two extreme points of S, say ¢;(p) = =1+ (g+1)1(p > p}),i € {1,2}

such that p; € (0,1) for 7 € {1,2}, ¢* features two steps. O

A.4.8 Proof of Proposition 1: The two characterizations of reqularity

Claim A.4.3.1. The problem 1is reqular if and only if, for all signal realizations,
t € [0,1], the following holds:

i SO mylt) _ o) e
) (g~ o) 7 a0 (GG - 5) e

Proof. The problem is regular —i.e. x(p) is increasing iff ¥/(p) > 0. Hence we need,

m((1 = p)o(p) — 20 (p)) — (1 — ) (" (p) + 20°(p)) > 0

. V) ) R W' (p)
— i) (=050 - 2) - 1m0 (B +2) >0 (A

—1(,.
As defined earlier, v9(p) = %. Let t be such that u(t) = p. Recall that

t is unique for any given p, owing to strict increasingness of u. Differentiating w0 and

some algebra shows that:
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p) (ol ) (i) < 1 )
W9 (p) mo(p~t(p;m)) @ (wpm) )\ (n= L (p; )
pe”(p) _ (mot) _ p" () [ plt)
= 0 Qmw uw0<w@) (4.2)

Let pe(t) := 1 — p(t) for all t. Therefore 1 — p = pc(t). Then, analogously as
above we have:

(L=p)V () _ (M) pl(O)N [ pelt)

o = G~ i) (e )
Hence, recalling that v“(p) = m‘,"(%), where p = pu(t),w € {0,1}, by (A.1) we

need,

=

i (G~ ) () 2] = -5 [ G ) (65
pe(t)m (¢ m

(A58 ] (20

pe(t) 1 (t)

Let ¢o(t) = ﬁ)g) oop(t) = w. Differentiating both sides of that

: : P oM _ ) s ' = 1

last equation twice we get, OO PAGR Similarly, letting ¢ (¢) P0(1)°
pl(t) _ gpe(t) _ (1)

: ! — L (4). .
7 (t.) i) — G0 Hence - also recalling that —pu.(t) @ (t)- the above is
equivalent to:

~—

i (35 58)- e () () 3 5

m pe(t) ) \mo(t) &)

Note that (%) (“(t) >

the desired result.

o1(t).

Using this in the above expression we have

]
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Claim A.4.3.2. V; is concave if and only if (Reg) holds.

Proof. Clearly,

an dcﬁl
ds 1 dSl
dt

Differentiating both sides of the above equation w.r.t. s; we have:

d?v;

Vi _ doyds
- =
dsf %
From the above equation the numerator of d Vl is <qz5/ (t )dvld—ftl o (t )M) .
It’s denominator is strictly positive. Therefore V1 is concave in s if and only if:
d2V1 o1 (t dVi(oq(t
(0= — s D)) o (A1)

From the main text,

t 1
Vi(or(t) == | 6100) /mmw—@+/mmwt+u—m@
0 t

Differentiating the above twice w.r.t. t and using the expressions of w
2
and % in (A.4) we get back (Reg). O
Claim A.4.3.3. Vq is concave if and only iof Vjy is concave.
Proof. Using equations (A.1) and (A.2) and analogous expressions for the principal’s

value from single-threshold tests as a function of threshold when the undistorted state

is 0, we have, after some algebra:

Vo(so) — wVit = (1 - ”) s (v1 (%) . mg) (A5)

Differentiating both sides twice w.r.t. sy we have:
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shtso) = () (%) A (5 (A6)

Clearly, vg(so) E 0 <= vlll (%) ; 0, which establishes the claim.

A.4.4  Proofs for Section 2.5.2, Main characterization

Note that under any pass-if-correct or fail-if-incorrect test, as defined in the main
text, the passing rate in at least one of the states is undistorted on the intensive
margin, i.e. takes values only in {0,1}. Depending on which state’s passing rate
is undistorted in this sense, we further divide pass-if-correct or fail-if-incorrect tests
into two categories each, and give the following short names to them, for ease of

notation.

e Fj: A fail-if-incorrect test with state 0 undistorted (F stands for fail, 0 in the

subscript captures the undistorted state, and so on for the following tests.)
e [7: A fail-if-incorrect test with state 1 undistorted
e Py: A pass-if-correct test with state 0 undistorted

e Pp: A pass-if-correct test with state 1 undistorted

Going forward, we refer the above four categories as types of single threshold
tests. The following result would help us further consolidate these categories into

just two.

Claim A.4.4.1. Pass-if-correct (respectively fail-if-incorrect) tests are optimal only

if the market is lemon-dropping (respectively cherry-picking).

Proof. The value from the F and P tests of a given signal threshold are as follows:
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— pu(t;
t 0
1 t
—o [ [+ o) [mowrar (A1)
t 0
1 (t ) 1
Py S m AT T ma(tdt!
v (t)—w/ ()t + (1 / o)t + (1 1—,u(t;7r)>/ o(t')dt
1 1
W/ L(Omo(t)) dt +(1—7r)/m0(t’)dt’ (A.2)
t 0

Comparing the two with the same threshold,

vl > v

Now, [mg(t)dt’ = Vj. Therefore if we are in a lemon-dropping market, i.e.

a<1, VEW) > VE@{) < ¢1(t) > 1_T7r, which is impossible over the range of ¢ for
which the belief is below one half, unless this inequality holds with equality, i.e. the
belief-threshold is one half and the pass-if-correct and fail-if-incorrect tests coincide.

On the other hand if we are in a cherry-picking market, i.e. V5 < 0 Vf(t) >
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VE() = ¢1(t) < 1_777, which holds for every ¢ in the domain of V" and V.
The proof is similar for F and Py tests. [

Claim A.4.4.2. Suppose the problem is reqular. The principal’s mazimized value is
gien by the following:

In a cherry-picking market: V = max { max VE®), max Vf(t), 0}
{t:p1 (<=2} {t:91()>+5"}

In a lemon-dropping market: V = max { max (1),
{t:g1()<E} {tor1(t)>23"}
Proof. 1If the problem is regular, optimal tests have a single threshold. The expres-
sions then follow from the fact that V¥ (t) gives the principal’s value from a fail-if-
incorrect test with threshold ¢ only if ¢ is such that the agent’s belief at ¢ is below one
half, and similarly for the other expressions. Note that setting ¢1(t) = 1_% gives the
simple T-F test, which is always feasible. Finally, if the maximized value from all
single-threshold tests falls below the principal’s expected value without screening -
which is 0 in a cherry-picking market and V{y in a lemon-dropping market, she chooses

not to screen. Putting these together we get the above expressions. ]
Claim A.4.4.3. Under reqularity, Vf, Vf, VY and Vf are qausiconcave.

Proof. We show first show V" is qausiconcave by showing that V" () < 0 whenever
vE (1) =o.

t
VL) =0 — —ma(0) + o1(0mo(0) + 64 (0) [ mot)de =0
0
/ ma(t) = 61 (Dmo ()

— / mo(t)dt' = 10 (A.3)
0
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t
VE (1) = —ml (£) + b (£)mb(t) + 26! (H)mo (t) + S0 / mo(#))dt
0

= —mh () + 1 (H)mp(t) + 26 (mo(t) + () (

(1)
) m(t) Gl AN (@) Sl
~ontomat) (506~ G+ 25) ~ ™0 (o ~ 5w
Note that ¢g(t) = ﬁ(t), f;gg; = zggg - 22&8 Using this in the above

expression we have,

e —aomo (506 - 45) ~m0 (e ~dw) ¢

The above expression is negative by regularity. Therefore VI cannot have a local
minima. Therefore it can have at most a single local maxima, which must then be

its global maxima. In other words, VE s gausiconcave.

Now we show that V¥ is quasiconcave as well.

1
VP (1) =0 — —my(t) + é1()mo(t) — &, () / mo(#)dt' = 0

1
— / mo(tdt! =~ = ,ilt()t)m(’(t) (A5)
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1
VPI0) = —mh (1) + o1(0mb(0) + 264 (Omo(t) — (1) [ mo(e)at
t

= —m0) + n(m(t) + 20 (mat) + o 1) (LA

my(t) _ ¢(t) mi(t)  #1(t)
= ontomat) (07 - ¢(’;<t>) - (G - ¢’1<t>>

: . G(t) _ @) 5o (D)
The last line, again, comes from the fact that o0~ 90 2 oD The above

expression is the same as v (t) (The t is, of course, not the same as in that case,

as the derivatives vanish at different points), which is negative by regularity.

Now we show that Vf is qausiconcave as well.

1 t
VE®) = (1-n) <¢o<t> / ma (£)dt’ + / mo<t’>dt') (A.6)
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1
VELL(t) = miy(t) — do(t)m'L () — 260 (D)ma (1) + ¢4 (¢) /ml(t')dt'
t

= m(t) — go(t)m] (t) — 2¢p(t)m1(t) + ¢g(t) (—

) O\ mhn o
mo(0) %(t)) 1“)(

— onomo(t) ok

The second line comes from substituting (A.7). The third line, comes from the
Pt _ opt) _ 5¢u(t) S Fu
fact that A0 2¢0(t)‘ The above expression is the same as V*' (¢) (The

t is, of course, not the same as in that case, as the derivatives vanish at different

points), which is negative by regularity. The proof for Vf is similar. [

Claim A.4.4.4. Fither the optimal mechanism is to always or never pass, or there
exist t; € (0,1) such that VJ’(t) is mazximized at té,z’ e{P F},je{+, -}

Proof. From the expressions for V¥ ; (t) above, j € {4, —}, it is clear that for low
enough t it is positive, and for t = 1 it is negative. Hence by continuity of 143 ; (1)
— which follows from our assumption of continuous differentiability of the signal
densities — there exists tf € (0,1) such that VF;- (t) = 0.

Now consider VI’ (t). Note that VI’ (1) < 0. Suppose there does not exist
t? € (0,1) such that V" (t) = 0. Hence VI’ (t) < 0 for all ¢ € (0,1). Hence the
optimal test of type P_ has a signal threshold of ¢ = 0. Under this test there is
no screening — everyone is passd in state 1 and everyone is passd with probability
(1 — (%) qbl(())) in state 0. But because P_ can be optimal only if 1 < 0, in
this case the principal is weakly better off passing everyone with probability one in
both states. Hence in this case the optimal test is to never pass. Similarly it can be

shown that the same is true for the test of type Py. [

Claim A.4.4.5. Unless the optimal mechanism is to always or never pass, in a
cherry-picking market > ti and in a lemon-dropping market tf > ti, where té- s
are as defined in Claim A.4.4.4, i € {P,F},j € {+,—}.
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Proof. We prove the lemma first for the case when 1 < 0.

Suppose the test is not constant for some 7. By Claim A.4.4.2, the maximized
value of the principal when using a non-constant test, V. < max{V* (t2), V' (1)}
Hence, if the optimal test is not constant, max{V* (tf'), Vf (tf:)} > 0. Note that:

vE @) = (25 ) avlov 0

Since ¢g(t) > 0 for all t, VE(tF) >0 = VE@E) >0, - vI@d) > vE@Er) >
0. Similarly, Vf(tf) >0 = VE@tF) > 0. ie. If the optimal test is not constant,
min{ V() VE(#E)} > 0.

VEL(1) = (557) [0V E" (1) +()VE (1)), Recall that VI (1) = 0, ¢f(t) <
0 for all ¢ and VE(#") > 0. Therefore VI, (') = (1—7”) oh(VEE) < 0. By
single-peakedness of Vf , as shown in Claim A.4.4.3, this means tf <.

Now we consider the case V{j > 0. Some algebra shows:

1—

) anlo) (vVV (0 - (1= 7o) (A8

VI —xVy = (

At any t, Vf(t) > 71Vy <= VL (t) > (1—m)V}. Since the problem is regular, the
optimal test is not constant for some 7 and a < 1, this must hold for ¢ € {tP P }.
Differentiating both sides of (A.8),

VPl @) 1 , ,
O L GyvP + (VP () - (1 - o))
At t =tF we know V() — (1 = 7)Vy > 0 and V() = 0. ¢}, < 0 and ¢p > 0,

SO VP'Jr (t£) < 0. Hence, by quasiconcavity of Vf, tlj <L, ]

Define the following;:

1 - 1
=———and 7= ———— A9
¢1(1) +1 ¢1(0) +1 (49)
Claim A.4.4.6. For 7 € (0,x] (respectively, = € [T, 1)) the optimal test is of type
F_ (respectively, Fy ), regardless of reqularity.
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Proof. For m < m, F; tests are infeasible, since ¢1(t) < 1—777 for all t. Therefore
for m € (0, z] the optimal test is of type F_, since, as argued in the proof of Claim
A.4.4.2, if it is not constant, vE (t€ ) > 0. Clearly, this does not depend on regularity,
because for m < m, all beliefs are strictly below one half, and hence no other type
of test — including those with two thresholds — are feasible. (By Theorem A.2.1, a
two threshold optimal test must have exactly one belief threshold on each side of one
half.)

Similarly the bracketed parts follow. [

Completing the proof. Again, we provide the proof for Vj < 0. The proof for
Vo > 0 is identical. Since we consider Vj < 0 and assume regularity, by Proposition
2 the only types of tests we need to consider are F_ and Fy.

Suppose the there exists some 7 € (0, 1) such that the optimal test is not constant
for .

Note that {t co1(t) > 1*7”} is an interval, by strict increasingness of ¢1. By

1
pr(t)+1 )

strictly decreasing in t over {t o1(t) P } By Claim A.4.4.5, tF < tf'. Hence

F.
VJr is

single-peakedness of Vf as shown by Claim A.4.4.3, for m € {g,

the same holds for 7 € {g, m T, ﬁ} . Therefore {t:mg)ale%ﬂ} Vf (t)
V+ fl 1(#)dt + (1 —7) (f o(t)dt' = VE (#(n)) < VE(tF). Therefore
() 0
for T € [Q, m , F_ is optimal. Combining with Claim A.4.4.6, it is optimal
for all w € (o,m :
Similarly F is optimal for all m € {m, 1).

1 :
PAGAES

VI is strictly increasing in ¢ over {t co1(t) < 1_777}, so its maximum is achieved at

Similarly as in the previous paragraph, by Claim A.4.4.3, for 7 € [
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t = #(r). Hence for 7 € r— — ; VI = Vi -
(7). Hence for 7 (qsl(tf)ﬂ ¢1(t£)+1) arg{t;mr(?)agxl%} = (t) arg{t:(plr?)a;_x%“} +()

t(r), i.e. both optimal Fy and F_ tests coincide to the simple T-F test.

A.4.5 Proofs for Section 2.5.2, Distortions

In Theorem 3.B, t = min{tfb,t{b,t*} and t = max{tfb, t{b, t*}, where t* is the
unique signal threshold of the optimal test. Recall that there can be a maximum of

one threshold, by regularity.
Define:

f(tw,v)

L) = guw(t|v,0) YV w, t, v (A.1)

Claim A.4.5.1. Under MLRP, my is increasing (mq is decreasing) whenever it is

positive. Moreover, both mi and mq cross 0 only once.

Proof.

ma(t) = / vg(t]1,v)dv(w) | £(£]1,0)

v

Differentiating,

i) = | [ oontlo.0)dvw) | @10+ | [ of o) | o)

(% v
Note that by definition of the g;(tv,0)’s and MLRP, ¢} (t|v,0) ; 0= z 0.
Hence (fvg’(t|1,v)du(v)) > 0. Hence mj(t) > 0 if (fvgl(t|v,0)dy(v)) > 0,
(Y v

i.e. my(t) > 0. Therefore once my(t) reaches zero from below it cannot turn back
negative, which shows the “moreover” part for mq(t).
Identically as above, the results for mq(-) follow.
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]

Let az,b : T'— |0, 1] denote the first-best allocation, w € {0,1}. By Claim A.4.5.1,
there exist tgb € (0,1) and t{b € (0,1) such that Let agb(t) =1(t < tgb),a{b(t) =
1(t > t{b). In particular, £ solves mw(tg:b) =0,w € {0,1}.

Claim A.4.5.2. £ > min{t" "},

Proof. By Claim A4.5.1, my(t) > 0¥ ¢ € [0,¢)"] 2 [0, min{t]”,t{*}] and my () <
0Vt e[0,t° 2 0,min{t!’ 1"}, ie. mo(t) > 0 > mi(t) V¢ < min{t!" "},

4
Therefore each term in V' (t) = —my (t) 4 ¢1(t)mo(2) + ¢ (t) [ mo(t)dt’ is positive
0

for all ¢t < min{tfb,t{b}, L VEL) sove < min{tfb,t{b}. By qausiconcavity of
Vf (t) the result follows. O

Let us assume m < 7 where 7 is as defined in Theorem 2.A. Therefore the optimal
test is of type F_ with threshold £

The case for m > 7 is reciprocal.

Claim A.4.5.3. Suppose m < m, where w as defined in Theorem 2.A. Then, the
following table gives all possible distortions.

The first column in each of the tables below captures intervals of types, and the
table entries capture whether those types are better off (+), worse off (—) or face no
distortions (0), compared to first-best.

Cherry-picking, t{ b tgb Lemon-dropping, t{ b <
0
b
[0, "] - 0
#" max{t{" 1}] I
max{t!”, £} 1] 0 +

Table A.1: Distortions for various types in a competitive market
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Cherry-picking, t{ b > tgb Lemon-dropping, t{ b <
b
£
10 min{#! ¢FY] ~
min{t]", £}, max{t]’, tE}] +/— = tE 247
max{t]’ tF},1] 0 +

Table A.2: Distortions for various types in an uncompetitive market

Proof. By Claim A.4.5.2, the above table captures all possible cases.

For m < 7, in a cherry-picking market, the optimal test with screening takes the
form ag(t) = (ﬁ) o1 (tF) x 1(t < tF),a1(t) = 1(t > tF'). We prove the claims in
the above tables for a cherry-picking market. The arguments for a lemon-dropping
are almost identical, keeping in mind the fact that the optimal test with a threshold
at tI in that case, is given by ag(t) = 1(t < tF) + <1 — ﬁgbl(t{?)) x 1(t >
t1),a1(t) = 1(t > ).

Let us first consider the case when t{ b tg b Clearly, the types t < t{; b are worse
off under screening, as they are passed only in state 0 - as under the unconstrained
solution - but with lower probability. Simiarly ¢ € [tgb,t{b] are better off under
screening, as they are never passed under first-best. If tf > t{b, t e [t{ b,tlj | are
passed with probability 1 in state 1 and 0 in state 0 under the unconstrained solution.
But given the test (a1, ag) as described above, they can still choose this allocation,
but choose not to, as the test is incentive compatible. Therefore they are better off
with their allocation under screening. Hence ¢ € [tgb,max{t{b,tlj } are better off.
t> max{tf b, £ } obviously face no distortion - they are passed for sure, only in state
1, under both.

If t{ b < tgb., naturally all ¢ € [t{ b, tgb] are worse off, as they are passed for sure
under first-best. Naturally, in a cherry-picking market, so are all ¢t < t! b, as they are
passed only in state 0 under both screening and first-best, but with lower probability
under screening. If £ > t] b, analogously as argued in the previous paragraph for
t10 4]

the competitive case, t € | , they are passed with probability one in state

0 - an option they have available under the screening test, but don’t choose, due
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to incentive compatibility. Therefore they are better off under screening. Types

t> max{tgb, 5"} again face no distortion, as in the previous case. O

A.4.6  Proofs for Section 2.5.3, Admission of uncertainty

For ease of defining objects to be introduced shortly, particularly for this subsec-
tion, we also define the notation m,,, denoting the prior probability of state w € {0, 1}.

Therefore in terms of our standard notation 7 for the prior, 7y = 7,79 =1 — 7.

The structure of dual threshold tests

Consider a two-threshold IC mechanism with signal-thresholds ¢ and ¢ > t.
Let the corresponding thresholds of normalized likelihood ratios be denoted by
51,51, 80, 50 respectively. In particular, let:

51 1= 01(1),51 = 61(0). 50 = — = do(t), 50 = = = do(D). (A1)

51

O i =

Let the belief thresholds corresponding to t and ¢ be p an

P :(1iﬂ_)(/§1(t): Zi_g’ (A.2)

1§ﬁ: (1:7) ¢1(t) =

Let the passing rates for the “middle region” of signals in our two threshold

p respectively. Hence:

@) D
)

mechanism — ¢ € [t,7] — be x and y in states 1 and 0 respectively. In other words,

our two threshold mechanism is given by:

(0,1) fort <t
a(t) := (a1(t),ap(t)) = (z,y) fort € [t, 1] (A.3)
(1,0) for ¢t > t.
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Type 1 and Type 0 tests

Let Sy = ¢w([0,1]),w € {0,1}. Clearly, S,, is an interval for each w. Let s,
denote a typical element of S,.
Fix a prior 7. To maintain notational parity — as would be apparent shortly — we

use the following notation:

~ l—m7 R 1 s
1:= and 50 := — =
s s1T 1—m

By Claim A.4.4.1 we can combine the pass and fail type tests with each undis-
25“, w e {0,1}
denote the operator that maps each Normalized likelihood ratio (NLR, as defined in

torted state — 0 and 1 — into one, as follows. Let x* : S, — [0, 1]

the main text, Section 2.5.3) to the optimal single threshold test (a pair of passing
probabilities as a function of the reported signal) with that NLR as its threshold
and undistorted state w. Letting the first and second component denote a; and ag

respectively:

x'(s1) = <1<t > 61 (s1)), (%) 1(t < ¢7 ' (s1)) + (1 - f—1> vo+)

51

x(o0) = <(%) L(t = ¢y ' (s0)) + (1 - ;—8) vi, 1t < ¢61(so))) (A4)

We call x! and x" as Type 1 and Type 0 tests respectively.

Two points are worth emphasizing here. First, x*, so defined, need not be feasible
for all w and s, € S,,, as we shall see shortly. Second, for any w and s,, € Sy, x*(sw)
so defined is optimal — not globally, but — under the restrictions of the fixed threshold
sw and keeping w the undistorted state.

We can also define the principal’s value from each type of test as a function of
its NLR-threshold as follows:

Vis1) = (s1 (Mo(7 (1)) = o) + M6 61)) + 510

Volso) = (1= ) (so (M1(67 (1)) = v ) + Mo(6y™ (s0)) + Fovi] )
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The proof

We call a test x*“(s,,) IC if it, as defined by (A.4), satisfies the IC constraints
(IC), and feasible if it satisfies (Feas). Note that all IC tests need not be feasible.

Claim A.4.6.1. For any s, < S, and 7, such that 17

is the same mechanism for both w € {0,1}, and it is feasible and IC:

(22wt (222 ) x )

Sw — Sy Sw — Sw

€ (S, 5w), the following

Proof. We show this by showing that any dual threshold feasible IC test can be
expressed as a convex combination of two single threshold IC tests — as shown above

— exactly one of which is feasible.
The threshold types of the dual threshold test — with beliefs p and p — must be

indifferent between reporting their “left” and “right” messages. This gives us:

l—p
wi-pra=1-p = o= (L) a-y),
L (A.6)
_ _ —Dp
y1-p)+ap=p = (1-12)= <T) Y.
Solving the equation system (A.6) simultaneously we have:
x:f1_81’ :§0_f0 (A7)
51— 51 50 — 50
The mechanism a can be written as:
(e = al(t = 1)+ (1-2)1(t > 7),
ag(t) = (1 —y)L(t <t) +yl(t <) (A.8)
p D _
= — 1t < 1-— — 1t <
r(755 ) w0+ u-n ()<

The last line comes from using (A.6).
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Note that:

x <1 — %) + (1 —2) (1 - L_) = 0. (Vanishing)
-p
The above comes from the expressions of x and y in (A.7).

Combining (A.8) and (Vanishing), a can be written as:

a=ax" () + (1 —2)x"(0) (A.9)

Because of (Vanishing), the (1 - lli/(f?t)o)> 1(w = 0,Vy > 0) term in x° plays no
role, even when Vj > 0.

Similarly as (Vanishing), we also have, from the expression for y in (A.7), (1 —

1_ =
Y) (1 — TB> +vy <1 — %) = (.. Using this we also have:

a=(1-yx°0) +yx°®)
]

Let VP : T'x T — R denote the principal’s value from a dual threshold test as

a function of its two signal-thresholds.

Claim A.4.6.2. The principal’s value from a two-threshold IC test with signal thresh-
olds t <t is given by:

~ (A.10)
= yVo(do()) + (1 —y)Vo(¢o(t))
where x and y are given by (A.7).
Proof. Follows directly from Claim A.4.6.1. [
Claim A.4.6.3. If 7 < W orm > W, the optimal mechanism must have

a single threshold.

Proof. By Claim A.4.6.2, the value from any dual threshold IC test is equal to some
convex combination of two single threshold tests of each type. Therefore it is weakly
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lower than the maximum value of each of the two types of tests, i.e. for any dual
threshold test with signal thresholds ¢t < ¢, by (A.10),

VP(t,1) < min{Vi(61(t7)), Vo(o(t))}

Ifr< the type 1 test with signal threshold ¢] is feasible and if 7 >

$1 (t*)+1’

m the type O test with signal threshold ¢ is feasible. Using one of these

the prln(:lpal can do weakly better than any dual threshold test. Hence the claim
follows. ]

The following two corollaries follow.

Corollary A.4.6.1. Ift) > t], the optimal mechanism must have a single threshold

for all priors.

Corollary A.4.6.2. If tz‘) < 17, the optimal mechanism must have a single threshold
1
for all priors w ¢ ( t*)+1’ ¢1(t0)+1>

By the above corollaries, going forward we assume ¢{ < t] and consider the case

1 1
mEe <¢1<f;>+1’ ¢1<t3>+1>'

Next we show that the principal’s value is given by the maximium of her values

from the monotone concave envelope of her value functions from the two types of tests
— 1 and 0. The monotone concave envelope of a function is the lowest monotone and
concave function which lies weakly above it everywhere. Specifically, the monotone
concave envelope of v,,w € {0,1},7, Doy D ¢w([0,1]) — R, is defined as Do 1 Sw

max Uy (Sw)-
Sw<su

Claim A.4.6.4. For any prior 7, the principal’s mazimized value is given by:

~ (1= ~
max {@1 < 7T) , 00 ( T >} (Monotone Concave Envelope)

T 1—m

Proof. Note that if the best single-threshold test of either type is feasible then it is

optimal.
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We first find the principal’s maximized value from each type of test - 1 and 0 - of
a given threshold. We provide the proof for type 1 tests. The proof for type 0 tests
is identical.

Clearly, if the prior is low enough, i.e. if ¢1(¢]) < 51, t] is feasible as the threshold
of a type 1 test. Therefore for ¢1(¢]) < 51, the principal-optimal single threshold
test of type 1 is one with signal threshold #7.

For ¢1(t]) > 51, by Claim A.4.6.2, the maximized value from type 1 tests is given
by:

max (fl _?) Vi(sy) + (? _§1) Vi(31)

§]_ 751 ,:9\1 S [§]_ 7§1]

This is clearly the expression for v1(57) — the concave envelope of V; evaluated

1—7
-

Combining both cases — ¢1(t]) < 51 and ¢1(t]) > 51 — the principal’s maximized

at 5] =

value from a test of type 1 as a function of 57 is given by:

Vi(e1(t7)), o1(t7) < 51,

Vis) =4 o~
v1(51), ¢1(t]) > 51.

Note that the above is the expression for the monotone concave envelope of

Vl,ﬁl : 91([0,1]) — R, defined as 51 : 51— max v1(S1).
51581
Similarly as above, the principal’s maximized value from a test of type 0 as a

function of 5p is also given by the monotone concave envelope of v:

Vo(oo(t5)), ¢o(ty) < S0,

(B0) =4 .
10 (50), Po(tg) > 30

Since the principal can choose any of the types of tests — 1 or 0 — her maximized

value is given by (Monotone Concave Envelope).
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]

Completing the proof. The equivalence of the first and second bullet points is
clear from (A.10) and the fact that if ¢ € (¢{,¢]), when ¢1(t) = 1_777, Vi(e1(t)) =
Vo(éo(t)) = the principal’s value from the simple True-False test, which, for this prior,
is the bang-bang test with belief-threshold = % Hence, v1(¢1(t)) > Vi(o1(t)) <
vo(oo(t)) > Vo(oo(t)). Consequently, by Claim A.4.6.4 and Corollary A.4.6.2 the
result follows.

A.4.7 Proofs for Section 2.6: Endogenous topic selection
Proposition 14. The principal’s maximized value is concave in the prior.

Let us denote the principal’s maximized value for prior m as V(7). Fix s; € (0,1)
and 71, mo € [0, 1]. We have to show that,

V(sim + (1 —s1)me) > s1V(m1) + (1 — s1)V (m2) (A.1)

Let m:= sym + (1 — s1)mo.

Consider the problem where the principal’s prior is 7 and she has access to a fixed
binary experiment — one that produces two posteriors, 71 and w9, with probability
s1 and s = 1 — s7 respectively. She can commit to implement the mechanism
(5%,66) : T'— [0, 1] if her posterior is m;,7 € {1,2}. Her payoff under this mechanism

18:

1 1

- Y s |m / ma () (1)t + (1 — ) / mo (1)l (1)t
iE{l,?} 0 0
1 1
= W/ml(t)al(t)dt + (1 —m) /mo(t)?i()(t)dt
0

0

> osimal(t) S si(1—m)ah(t)
ief1,2 ~ ief1,2
{ }77 , and ag(t) = {1.2) J—
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Hence, she solves the following problem:

1 1
max . / o (#)7iy ()t + (1 — 7) / mo (1o (t)dt (A.2)
0 0

at,a4.,a3,a3€[0,1)4
s.t. a1, 05,03, 43 € (0,1, and V £, € T,

> si(ptm)ai + (- pltm))ah®) = Y s (nsm)al ) + (0 - ultm)ap()

ie{1,2} i€{1,2}
(IC)
X smiay(t) X si(L—m)ag()
where a1(t) = iel1 2} , and ag(t) = iell2)
U l—m7

In the above problem, note that if we restrict the principal to use (Zi%,?i(l)) =
(ZL\%,ZL%) = (ay,ap), we get back the (signal-based version of the) original problem,
(Primal). Hence, since (Primal) allows the principal to choose from a subset of
the mechanisms that (A.2) allows, the value of (Primal) is weakly less than that of
(A.2). But by the revelation principle, the value of (A.2) is weakly less than that of
(Primal). Hence their values are equal.

Now consider the alternative case where the principal is restricted to revealing

her signal to the agent. In this case she solves:

/\1,\ ) A

1 1
max W/ml(t)ﬁl(t)dt +(1—m) /mo(t)ao(t)dt (A.3)
al,aé,a%,age[() 14 . .

s.t. a1,ag,a3,a3 € [0,1],and Y t,¢" € T,i € {1,2},

s ) (8) + (1= pult;m) g (1) = po(ts )@ (1) + (1 — pts mg) ag(¢').
(IC-restricted)

Clearly, any mechanism which satisfies (IC-restricted) satisfies (IC). Let the value
of (A.3) be denoted by Vyestr. Then, we must have Vg < V(7).
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Now consider a third case where the principal must reveal her posterior to the
agent, like the previous case, but in addition, cannot pre-commit to mechanisms as
a function of her posteriors. Hence, she must choose a mechanism after observing
her posterior. We call the principal who observes posterior 7;, the principal’s i-th
interim self.

Viestr 18 the principal’s ex-ante value when the mechanism (a% , 6(1), E%, ag) is chosen
by her ex-ante self subject to (IC-restricted). Hence her ex-ante value from it must be
weakly higher than her value, if, each of the mechanisms (6%,6(1)) and (6%,6(2)) were
chosen by her corresponding interim self, with posteriors m; and 7o respectively,
because they would be facing the same IC constraints, (IC-restricted).

The i-th interim self of the principal solves:

1
max /mlaﬂmuwrwn/mwﬁwwt
al,ahe(0,1)2 /

s.t. @y, ah € [0,1],and V¢, ¢’ € T,
pults ) (1) + (1= p(tsm) )ap () = ult; m)ay (¢) + (1= ptsm))ag(t).

The principal’s ex-ante value from each interim self choosing its optimal mecha-

nism is, therefore:

1

., Dax S; 71'2/7711 t)ydt + (1 — m;) /mo aodt (A.4)
al,ao,al,ao [0,1]4 6{1 2) ,

s.t. a1, 05,0143 € [0,1,and V t,t' € T,i € {1,2},
) (8) + (1 — pu(ts mg) @ () > pu(ts ma)@(t) + (1 — pults mg) T (¢,
Clearly, the feasible set of mechanisms for (A.3) and (A.4) are the same, but the

objectives are (potentially) different. The principal’s ex-ante self therefore prefers

the one where the objective is the principal’s ex-ante value, i.e. (A.3). That is,
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Viestr = Z s;V(m;)
ie{1,2}
Proof of Theorem 4. We prove the claims for the cherry-picking case. The proofs
for the lemon-dropping case are similar.
First bullet point. Clearly, the principal’s value is linearly increasing (decreasing)
in 7 for (m € [0,z]) (7 € [7,1]). Therefore her optimal 7’s must lie in [r,7]. Below
we show that they lie in (7, 7).

Note that the principal’s maximized value for all 7 € (, ﬁ) is given by V() =
VE(t(r)) = VI (#(r)). Denoting VI'(t) = VT (¢) where VF = ¢t fmo t)dt'+

t
[ my(¢')dt', we have, for w € [r,T:
0

V() = 7V EL o ({(m)t () + VE o ()

At =g t(x) = tF, - VI ot(m)) = O,Vfo(z(z)) > 0 since we assumed the
solution is not constant. Hence V() is strictly increasing at 7 = . Similarly, using
the formulation V(7) = Vf (t(m)) it can be shown that it is strictly decreasing at

7 = 7. The claim follows.

Second bullet point. Follows directly from the first and Theorem 2.A for the
regular case.
For the general case, note that the principal’s value from a two-threshold test

with signal thresholds ¢ and ¢ are given by:

mo1(t) — (L—m)\ (,p (1—m) =71\ F -
( o0 = 61(0) )V‘ @”( D =010 )V‘ )

The above is linear in 7. Hence the optimum is achieved at one of the extremes,

making the optimal test of the simple T-F type.

Third bullet point. Total passing probability under the simple T-F mechanism:
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Fourth bullet point. Follows directly from symmetry and Proposition 14.

A.4.8 Proofs for Section 2.6, Other equilibria of the informed

principal game

t
Proof of Theorem 5. Define My, Mj : [0,1] — R as My(t) := [mg(t')dt’ and
0

1—7 Tp

1
Mi(t) := [mi(t')dt for all t. Further, let v := < T ) <1_7TP>.
t

Note that Claim A.4.4.1 goes through even in this case. Hence, the expression for
the principal’s value from a test with a belief threshold below one half — the analog
of (A.1) — is given by:
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1 t

Vet i [+ = mp) | () (F2) O/ ot

t

(- () (5

= 7mp (M1(t) +7¢1()(Mo(t) = Vg")) + (1 — mp) V" (A1)

where V" = max{0, Vp}.
Differentiating,
VL(t) = mp (=ma(t) + (e1(t)mo(t) + &1 (8)(Mo(t) = Vo"))) (A.2)
The first-order condition, analogous to (A.3), is given by:

& (1) (Mo (t) — V") + d1(t)mo(t)

1
my(t) ot

(A.3)

N

—:L(1)
Let us call the LHS of (A.3) L(t), as shown. Let us also denote the numerator
as a function of ¢t by N_(t).
Recall that tg’;b was defined as my, (tijb) =0,w € {0,1}.

Claim A.4.8.1. For all vy € [0,00), (A.3) has exactly one solution.

Proof. First we show that for each v € [0,00), (A.3) has at most one solution.

Analogously as (A.4), if ¢ is such that VI’ (¢) = 0, VF”(t) < 0 by strong
regularity, regardless of 7. Hence V_(-) is single-peaked, as in the baseline case.
Hence (A.3) has at most one solution for each v € (0, 00).

Now we show that for any v € [0, 00) there exists ¢t € (0,1) such that (A.3) is
satisfied.

First, consider the case when Nf(t{ b) = 0, i.e. the numerator and denominator
of L(t) vanish at the same point. In this case, by (A.2), V/ (t{b) = 0 for all v and
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we are done. Hence for the rest of the proof we assume N_ (t{ b) # 0. Hence lim
t—st]
does not exist.

First, consider the case when Vjy < 0. Clearly, for ¢ sufficiently close to 0, mq(t) <
0 and similarly mg(¢') > 0 for all # < ¢. Hence My(t) > 0. Hence from (A.2),
VE (t) > 0. Similarly, at t = 1, My(t) = Vp < 0, mg(t) < 0, my(t) > 0. By
continuity of ¢ (t) and each of the other terms in the expression for VEL (), VE (1)
is continuous and therefore attains the value 0 for some ¢ € (0, 1), for each ~.

Now consider the case when Vi > 0. At t = 1,(My(t) — Vp) = 0,mq(t) <
0,mq(t) > 0, hence V' (1) < 0. Att = t{;b, My(t) attains its maximum. Hence
(My(t) — V) > 0. By definition of tgb, mg(tgb) = 0. Hence N_(tgb) > 0.

First consider the case when ml(tgb) > 0. In this case L(tgb) > (. This case also
implies t{b < t{;b, hence mq(t) > 0 for all ¢ > tgb. Therefore by continuity of L(t) in
[tgb, 1] we are done.

Now consider the case when ml(tgb) < 0. In this case t{b > t{;b and L(técb) < 0.
By assumption, N_ (t{b) #0. If N_ (t{b) > 0, lir}lb = 00, hence L(t1) = 0 for some

tit]
ty € (t{b, 1) and we are done. If N,(t{b) <0, lir?b = 00, hence L(t—) = 0 for some
t1t]
t_ € (tgb, t{b) and we are done.
[

By Claim A.4.8.1, for every 7 € (0, 00) there exists exactly one ¢ such that (A.3)

holds. Hence we can define the function ¢* () which solves (A.3), as a function of ~.

Claim A.4.8.2. Eithert* (v) = t‘lfb for ally € [0,00), or exactly one of the following
statements holds:

e lim L(t) = oo, lim L(t) = —oo, there exists t— € (O,t{b) such that L(t) is
t1t]? t1t]®
strictly positive and monotonically increasing for t € (t_, t{b) and L(t) < 0 for
all t > 11",

o There exists t4 € (t{b,l) such that L(t+) = 0, lim L(t) = oo, lim L(t) =
t1t]® t1ef®
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b

—o0, L(t) is strictly positive and monotonically decreasing fort € (t1°,t+) and
L(t) <0 forallt < t{b.

Proof. 1f N_ (t{b) = 0, the first case arises — t* (y) = t{b for all v € [0, 00) — and we
are done. Hence for the rest of the proof we assume N_(t{ b) # 0.
Since t{ " is the only point of discontinuity of L(¢), this means we cannot have

lim L(t) = lim L(t) = —oo, because in that case, L(t) cannot take all values in
ik Ak
[0, 00) for t € [0, t{b) U(t{b, 1], in violation of Claim A.4.8.1. Hence either lir?b L(t) =
t1t]
oo or lim L(t) = oo or both.
£b
tit]
Suppose lim L(t) = lim L(t) = oo. Hence for a large enough Ly > 0, there exist
1t]® t1t]®
t< t{b and ¢/ > t{b such that L(t) = L(t') = Ly, contradicting Claim A.4.8.1.
Therefore, either lim L(t) = oo or lim L(t) = oo but not both. Since, N_ (t{b) #
t1ef® Ak
0 by assumption, either lim L(¢) = oo and lim L(t) = —oo or lim L(t) = —oo and
ik Ak Tk
tlj;?b L(t) = oco. Strict monotonicity of L(t) on opposite sides of t{ > are ensured by
1
Claim A.4.8.1, due to the fact that L takes all non-negative values exactly once. [J

Claim A.4.8.3. Case II from Claim A.4.8.1 arises if and only if N_ (t{b) > 0.
Proof. Obvious given Claim A.4.8.2. [

In the rest of the proof, we show that Case II from Claim A.4.8.2 must arise

under our assumptions.

Claim A.4.8.4. If m[(e)ui min{mi(t),mgo(t)} >0, Case II from Claim A.4.8.2 must
t€|0,
arise.

Proof. First consider the case Vj < 0.

If m[ax] min{m1(t), mg(t)} > 0 — and therefore My(t) > 0 — for all ¢ < t{b.
te[0,1

Therefore the numerator of L(t) is strictly positive at ¢ = t{ b Hence, by continuity,
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there exists € > 0 such that it is strictly positive for all ¢ € (tfb, t{b +e¢€). m(t) <0
for t < t{b and mq(t) > 0 for ¢t > t{b. Hence lim L(t) = —oo and lim L(t) = oo,
¢/ £/
1 1
i.e. Case II from Claim A.4.8.2 must arise.
Next, suppose V{j > 0.

If max min{mq(t), mg(t)} >0, ml(t({b) > 0 and t{b < tgb. As argued for Claim

t€[0,1]
A.4.8.1, in this case L(tgb) > 0. By the fact that t{b < tgb, this violates the last
part of Case I of Claim A.4.8.2. Hence case II must arise. ]

Completing the proof. When Case II arises, t* () is increasing in 7, and therefore
in 7wy, for a fixed 7p. As we showed earlier, t(m4) is decreasing in m4. Hence
the arguments in the “completing the proof” part of the proof of Theorem 2.A go
through and the expression for m(7p) is derived accordingly. Similar arguments as
above show that the “upper” signal threshold, analogous to ti and ti — let us call it

th (7) —is also increasing in 7. This gives us the existence and expression for 7(7p).

Proof of Prop 8. We have to show that under the optimal mechanism for 7p = 7,
the principal’s value in each state is at least as much as the maximum value she can
obtain if she reveals the state. In the latter case, there is no screening, so her

maximum value is = max{0, Vp}. Hence we have to show the following:

min {/ml(t)al(t)dt,/mo(t)ao(t)dt} > max{0, Vy} V7p € [0,1]. (A.4)

where (a1, ag) is the optimal mechanism with 7p = 7.

We consider two cases - when the optimal mechanism is constant, when it has a
single threshold.

Case I: There exists an optimal mechanism which is constant. In this case the
maximized value is equal to max{0, V}, which is equal to the principal’s maximum
value if she discloses the state. Hence she cannot do strictly better by disclosing the
state, in any of the states. Hence such a mechanism is a core mechanism.

For the rest of the cases we assume there does not exist a constant mechanism

which is optimal, i.e. the principal’s optimal mechanism for 7p = 7 gives her strictly
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greater value than any constant mechanism.

Case II: The optimal mechanism has a single threshold.

We show this for the case when the optimal test is of type F_. The proofs for
the other three cases are similar. Consider a F_ test with a belief threshold p. We
must have p < % Letting (a1, ag) denote the corresponding mechanism in terms of

beliefs, and letting ¢ = a1 — ag, we have:

a(p) = (—1%) 1(p<p)+1(p>p)

q1

If F_ is optimal we must have V{; < 0. Hence the optimal ¢ solves either (A.4) or
(A.10). In both cases the objective function is quasiconvex in gq. Hence the optimized
value is dominated by the maximum of its values evaluated at ¢; and g9, where ¢
and g9 are as shown above. As we see above, ¢ is a convex combination of ¢; and
q2. Clearly, g9 corresponds to a feasible, IC mechanism which is constant. Hence
by our assumption, the optimized objective must be strictly greater than under that
mechanism. Hence it must be weakly dominated by the objective under the (non-IC)
mechanism corresponding to ¢ - the bang-bang mechanism with a threshold at p.
Letting £ € [0, 1] be such that u(t; m) = p, that is equivalent to:

t/l t)dt + (1 —m) (%)O/t j t)dt + 17r)0/tm0(t)dt

t
= /mo(t)dt > 0.
0

This shows there is no profitable deviation for the principal, to disclosing the

state, when the state is 0.
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Now we show that such a deviation does not exist even when the state is 1,

under optimal mechanism of type F_. If ¢ is such that mq(¢) > 0, by Claim A.4.5.1,
1

m1(t) > 0 for all t > t. Therefore f m1(t)dt > 0 and we are done. Therefore for the
rest of the proof we assume mq(t) < 0.

Let w and 7 be as defined in Theorem 2.A. We know when [y < 0, the optimal test
is of type F_ for m < w. Now consider the same problem, but for 7 > 7. By theorem
2.A, in this case the optimal test is of type F.1, with a corresponding signal threshold

1
of, say ¢. By identical reasoning as above, [mq(t)dt > 0. By Claim A.4.4.5, 1 < ¢.
t
1 1
By Claim A.4.5.1, for all ¢ > % such that m1(¢') <0, [m > [mq(t)dt > 0.
i J
t
1

Hence [my(t)dt > 0.
t
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APPENDIX B
APPENDICES FOR CHAPTER 3

B.1 Preliminaries

K = # of quality levels. f = max fe(r,l). 7 := max|ve|. A denotes the
(&

e,(rl)eE
Lebesgue measure.

B.2 Proof of Theorem 6

Fix m. We first prove Theorem 6 under the assumption that v (%, %) # 0. We

later relax it.

B.2.1  Preliminary observations
Claim B.2.1.1. The following programs have the same value:
e Original program
e Only one a(r,l) and half the no. of constraints.

Going fwd just using a(r,[) for state R:
By Claim B.2.1.1, the principal’s payoff is:

/ v(r, Da(r,1)

(rl)eE

Define:

(r1,72) *= maxarg max / v(r,Da(r,1)
1,72
(rl)eE

st.a(r, ) =1r>7m)(L(r>0)+05x1(r=10)+1(r >79) ¥V (r,1) € E.
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Note that by (B.1), it is without loss to set r; < ry — if not, we must have {r >
max{r1,l}} € {r > 72}, hence a*(r,1) = 1(r > max{ry,l})+ 1(r > 79) = 1(r > ry).

Define 71,72 : R - Rasvy:r— [ wo(r,l)dl,vg:r— [ w(r)dl. Hence
<r, >,
(rl)ek (rl)eE
the principal’s value from the mechanism (77, 72) is given by:

V(ry, ) == /El(r)err / va(r)dr

r>r r>T9

First order conditions which any interior (r1,ry) must satisfy are g—rl’ =0 =
K3

—vi(r;) = 0,47 € {1,2}. Note that U1 (r) < 0 for all  is not possible unless g (!) (define
before) never crosses the {r+{ = m} line, in which case first best is achievable, which
is to hire no-one. Hence we assume away this trivial case.

Hence we must have:

r1 = 0ifv(r) > 0V r,v1(r1) = 0 otherwise, (FOC-1)
ro = max {rl, %} if vg(r) <0V r,rg =0if vg(r) > 0V r,va(re) = 0 otherwise.
(FOC-2)

Claim B.2.1.2. 7 € (0,%) = r1 <rs.

Proof. As we showed above, it is without loss to set r; < r9. Suppose, BWOC,
ri=ra=rg€ (0,%).
Summing the above FOC’s, we must have, [ v(rg,{)dl = 0. Combining this
(ro,l)EE
with monotonicity of rg(l), there exists Iy € (0, m — 1) such that v(rg,!) ; 0 <=
l ; lo- Now, if l[p > rg = v1(rg) > 0 and if l[j < rg = 7vo(ry) < 0. Hence
FOC’s cannot be satisifed, which is a contradiction. ]

Claim B.2.1.3. Ifv (%%, %) >0, 2 < 4.

Proof. 1f v (%, %) > 0, by continuity of v, there exists § > 0 such that v(r,1) > 0 for
all (r,1) € By ( ) which denotes the open ball of radius ¢, centered at (—g 7)
Setting ro =

m
2

— ¢ makes the principal better off than any 7o > 5. O]
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Claim B.2.1.4. o(r,1) Z 41 = r 21

Proof.

Define Eyg = {(r,]) € E : v > max{ry,l},l < ro} and By = {r :

Eq for some [}.
Define 610,710 : By — R as:

o |

’I“l EElO
1 _
v / o)1) = / 10 dr
(r,al/)GEIO, r'<r
r'<r

Claim B.2.1.5. If {r : 50(r) <0} £0, inf V() > 0.
10(r)<0

Proof. If there exists 7(r) < 0, define z := inf V/(r). Note that by optimality of 7

o(r)<0

ther must exist ] > r1 such that v(r) > 0 for all r € [r1,7}]. Clearly, z = V (rg) for

some 7 such that v(r) crosses 0 from below at rg. Hence, if x = 0, we can redefine

the optimal mechanism by bringing r; up to rg, and have the same value. We have

assumed rq is the highest possible r for which this mechanism is optimal, so this is

not possible. Hence = > 0. (Show this properly later.)
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B.2.2 Discretization

Let B denote the Borel sigma algebra on E. Let pew : B — R denote the
probquality measure induced on E by the density fe.. Clearly, pew : B =
[ few(r,1)d\(r,1) for all B € B.
(rl)eB
Fix n € N — gridsize. S, = {m m . M}

n’>mn ’n
o0
En={(rl)e S2r+1< m}. Clearly, E=Cl |J En.
n=1
For each quality level e and state w, define:

fe w (Tv l) .
" l) = : l E th )
fe,w(Tv ) — Fow 1) Y (r,1) € Ep, 0 otherwise
Y (rl)eE,

Let the corresponding measure p , : B — R be defined by g, : B — >, feu(nl),Be
(r,))€BNE,
B. Note that u’;w is not necessarily a probquality measure.

Claim B.2.2.1. ug,, = pew-
Proof. Define:

Jew (r,1)
Z fe,w (T7 l)

(rl)eEy

few(r,l) ==

Y (r,1) € Ep,0 otherwise.

Let the corresponding measure g, : B — R be defined by ¢, : B — > few(rl),Be
(r,l)e BNE,
B. Note that pi¢, is a probquality measure. Hence we can define the corresponding

CDF ﬁgw : E—0,1] as ﬁgw c(r )= Y few( ).
(r' I\ EEn,
(r' 1N < ()

We will first show that ﬁg’w = llew. We do this by showing ﬁgw — Few,
pointwise.
Fix (r,1) € E. We will show that F/',(r,1) = Feu(r,1).
Define rg = lp = 0. Inductively define r; = r;_1 + % and l; = ;1 + % for all
ie{l,---,n}.
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There exist some iy, j;, € {0,---,n — 1} such that r € [rg,rx 1] and [ €
s Lz

Hence,
Jim 2 Jew(ri )i —rima)(ly — 1j1)
lim FVTL (’I“ l) _ (171)§(Z7])§(2n7jn)
n—oo” A lim 2 Jew(ri L) (ri —rim1)(lj — 1j—1)
T ()< (0,5) < (o),
Ti+lj§m

By definition of the Riemann integral,
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lim_ > few(rin1j)(ri —rim1)(l; — 1j—1) / /few o U)dr'dl

(L1)<(i,5)<(i5.d5) =01'=0
m m-—r
lim > fewo(ris ) (ri — 1) (1 — 1 / few(r, Ddrdl = 1.
(1L,1D)<(i,5)<(n,n), r=0 =0
ritlj<m

Hence, hm Few('r ) f f few (' U)dr'dl" = Fp ,(r,1). This shows, fig, =

=010'=
He,w-
( )Z fe,w(ral)
rl)eE ~
Let zg, = —— f ot Hence, pew = ig.y X Tg o-
&Y (rl)eEn
Below, we will show that z¢ , — 1 for all e, w.
Z fe,w(ral) Z few(r l>x_7
I (r,l)eEn - (r,l)eEn
““Tmax Y few(nl)  max Tl
o e (rl)ZeEn Jew (1) X

Similarly as in the proof of nlg%o ﬁgw(r, l) = Feu(r,1) above, nlgréo . l)ze:E few (r, 1) x

2 2

Mo =1 for all e,w. Hence, lim max > few (r,l) x 5 = 1. Hence
2 s W ; e,w 3 2 )

n n—oo ew (rl)EE,

nlggo > Jew () x Ty
. n (rl)€En
lim =z, , = =1
n—eo lim max Y few(r,1) X
n—oo e,w (r)eEn

Fix B € B such that jie(9B) = 0. fig ,(B) = pew(B). .. g o(B) = pew(B)
because pug ,(B) = x¢ ,fig o, (B). O

= Tewhew
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Define v : E — R, vf(r,1) := Y vefdu(r,Dve, vy + E — R and vy(r,1) :=
€
Zvefe,w(ral)V& we{R,L}.

e

The principal’s problem:

s () erantrd+ [ v,
(r)eFE (r)eE
where IC = {(aR,aL) e [0,1]%F, (P)
ap(r,)y(r,0) + ag(r,1) = ag(r’, 1)y (r,1) + ar, (', 1),
v (r,0), (", 1) e Est. (W) < (r,1)}

The discretized problem:

T
Jma Y () ka4 S R Dagn),
(al.af)€ (r))EE, (r)EER

where IC" = {(a%, at) e 0,128, (Pn)
ap(r,y(r, 1) +af(r,l) > a%(r', l')v(r, l)+ a%(r’, l/),
v (r,0), (""I') € Bpst. (7, 1) < (r0)}

Clearly,

o0
Icc (1" vn. (B.1)

n=1
Let the solution sets of P and P, be denoted by P* and P respectively. That
is, P* C IC, P} C IC™, and:
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P*= max / (” >UR(T,1)aR(r,z)+ / or(rDag(r, 1),

(aRaaL)EIC 1 - T
(r)eE (r)eE
P; = argmax Z ( il ) v%(r,l)a%(r, l) + Z UE(’/‘, l)a%(r, l)
(apap)ercn  jip, N7 (rD)eEy

Proposition 15 (Analog of the Maximum Theorem). For eachn € N, if (aj3',a}") €

Py, 3 (ag' a7") € PoNIC suchthat (a',a") = (a', ar") on Ey. Ifnli_{réo('djz",'dz”)

. : ~kN RN * * *
exists, nlglgo(aR ,ai") € P* and Vy, — V*.

In order to prove Proposition 15, we first prove two preliminary lemmas.
Lemma 7. For all measurable a : E — [0, 1],

[ oz~ [ adnes
E

E

Proof. Fix § > 0. By Lusin’s theorem, there exists £/ € B, \(E\ E') < g, such that

a is continuous on F’. O]
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Define v : E — Ryu(r,l) = > vefe(r,l)ve. and v" : E — R0"(r)l) =
€

> vefe(r, Dve.

e

By Claim B.2.1.1, in the symmetric case, the principal’s problem:

alglaé'(s / v(r, Da(r,1),
(rl)eE
where ICs = {a e [0,1]F
a(r,)y(r, 1) +a(l,r) > a(r’, y(r, 1) + a(l',r"),
Y (1), (1) € B, stor > 1, (1) < (r,1)}

The discretized problem:

max Z " (r,a" (r, 1),

anelCy (rD)e B

where ICY = {a” e0,1]"

a(r,Dy(r, 1) +a"(l,r) > a" (', )y(r, 1) + " (U, 7)),
v (r,0),(rI') € Ep, stor > 1,(7"1) < (r,1)}

Again, clearly,

oo
cc()icy
n=1

Define V) :== max >  o"(r,{)a"(r,l) and V* := max
anelCy (rl)eE

n
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Define:

Vn(’fl, ’772) = / Un + / vp + 0.5 / Un,

(r,)eE, (r)eE, (r,)eE,
r>79 r>71, r>71,
> r=l
V(ry,m) = / v+ / v+ 0.5 / v
(rl)eE, (r,l)eE, (rl)eE,
r>T r>T1, r>71,
r>1 r=l

Let ]7;'; = max Vp(ry,72) and V¥ = max V(71,72).

(r1,72) (1,72)
Claim B.2.2.2. Every convergent sequence (r{,ry), such that (ri!,ry) € arg %rpa%x Vi (71,72),
1,72
converges in arg max V(r1,72). Moreover,
1,72
Vi V*
Proof. Define the finite positive measures:
fn(TJ) 1f7”7él, fe('f’,l) lfr#la
g?(r, l)= ‘ . ge(r,1) = .
0.5f(r, 1) otherwise. 0.5fe(r, 1) otherwise.
Clearly, g! = ge for all e.
Define é’f’e : [0,m] — R as é’f’e ST > g(r',1"), and analogously
r'>max{r,l'}
Fie:[0,m] - Ras Fio:r f ge(r’, '), i.e. each computes the

r'>max{r,l'}
corresponding measure of the set {(/,1') : v/ > max{r,I'}}. Similarly, define
63’6 : [0,m] — R as @g,e cr—= Y g1/, l'), and analogously Fa : [0,m] — R
r<r'<l/
as Fop:r— [ ge(r', 1), i.e. each computes the corresponding measure of the
r>r! >l

set {(r/ 1) :r <o <1}

By weak convergence of g7 to ge, Eie — Fl,e and E;e — F27e pointwise. Each of
@?’e and 63’6 is monotone (decreasing) for each n. Fl,e and 7276 are also monotone
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(decreasing) and continuous. Pointwise convergence of monotonic functions to a
continuous function is uniform, hence @?,e converges uniformly to 7176 and é’;’e
converges uniformly to 72’6, which we write as @?76 = Fl,e and EZ,G = 72’6.
Define v1 5, : [0,m] = R, 01 ,(r) := Zve@?’e(r)ue and v1 : [0,m] — R,v1(r) :==
e

> Uefl,e(r)Ve
e

Take r}" € arg max vy ,,(r) such that the sequence {r]'} converges (Such sequences
exist by compactness etc.). We will show that 7] — r1 for some r; € argmaxvy(r).
Let mgx%?l(r) = 7.

By 671176 = Fl,ey Ul =01

Take 6 > 0. For large enough n, [v1,(r) —v1(r)| < 5 for all 7. Hence, U1 5,(r) <
'ﬁf—% forall r € {r: v1(r) < 'ﬁf 6} and 01 (1) > 0] — 7 0 for all 1 € arg max vy (r).
U10(r]) = 01(r1) > 07 — 7, hence 7] ¢ {r : v1(r) < v* — d}. Hence, hm ri e

N {r:v1(r) > v] — 6} = argmax vy (r).
60

Identically as above, we can define vg,, : [0,m] — R, 09 ,,(r) := Zveag’e(r)ye
€

n
1

and vo : [0,m] — R, v9(r) := > vefg,e(r)z/e and, using v ,, =% V9, show that 73 — 7o
e

for some 7o € arg maxvy(r).

Proof of the “moreover” part. Take a subsequence of the sequence {v71(r])} which
converges. Let us call the corresponding subsequence of {r'}, {r{*}. Now, by the
previous part, every convergent subsequence of {r?k} converges in arg max o1 (r).
Hence the corresponding subsequence of {¥7(r]*)} must converge to max v1(r), by
continuity of v1. By assumption, {01 (r?’“)} itself is convergent, so it must converge
to the same limit as any of its subsequences. Therefore {77 (r]*)} must converge to
max vy (r).

' Fix r1 € argmaxvy(r). We have shown above that every convergent subsequence
of {v1(r])} conve;ges to mrax’ﬁl(r). Hence v1(r}) — v1(r1).

Fix ¢ > 0. By 01, = v, there exists N € N such that for all n > N, [v1 ,,(r) —
v1(r)] < § for all r. Therefore vy ,,(r]") — v1(r])| < § for all n > N. By the fact
that v1(ry’) — v1(r1), for large enough n, [v1(r1) —v1(r])| < §, because we already

showed in the previous part that r}’ — r1. Therefore, for large enough n,
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[U1(r1) — 01,0(r7)|
v1(r1) —01(r7) +01(r7) — U1, (r7)]
v1(ry) — 01 ()| + [01(r]) — 01,0(r7)]

+

IA
??

IN
N

€
5=
The above shows that 7 ,,(r]") — v1(r1). Similarly we can show that vg ,,(ry) —

v2(r9), after which the “moreover” part is immediate. O
(Before the following claim we have shown Vi = V¥ for all n.)
Claim B.2.2.3. V) — V*.

Proof. Suppose not. Clearly, V* < V*. Claim (1) (V¥ = V? for all n) combined with
Claim B.2.2.2 shows that, lim V= lim V* = V*. Hence, V) — V* implies that,
for some ¢ > 0:

VE< V=6 (B.3)

Fix a* € arg max [ w(r,)a(r,l). By Lusin’s theorem, there exists £/ C E
oelCs (v 1)ep

such that a* is continuous on E and \(E'\ E') <

[ ol Da*(r,DdA(r, 1) < &

(rl)EE\E'

5
Svf’
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Proof.

v(r,D)a* (r, 1)d\(r,1)
(rl)CE\E/

— / a*(r,1) <Zve(r,l)fe(r,l)ye> d\(r, 1)

(rl)EE\E' €

< / o (Z\verl\fe(r,l)ue>d)\(r,l)

(r)EE\E'

(Zlv@ (r, )| fe(r,1 Ve> dA(r,1)

< Ufe(r,l) I/e> dA(r,1)

(rl)eE\E'

T / (Z fe(r,l)ye> dN(r, 1)

(rl)eB\E ~ ©

<Z 1/6> d\(r, 1)

(rl)eE\E'
d\(r,1) =TfNE\ E') <

(r,0) GE\E’

IN IA
<
|

|
0| >

v

(r1)EE\E'

[ o, Da*(r,DdA(r,1) > V* + 9
(r,l)eE’
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Proof.

/ v(r,D)a* (r,1)d\(r,1) = / v(r,D)a*(r,)d\(r, 1) — / v(r, Da*(r, 1)dX\(r,1)

(rl)eE’ (rl)eE (r)eE\E'
> V*— g (By Claim B.2.2)
S o
>V 40— 3 (By (B.3))
_ 1 19
=V + g

For large enough n,

Z a*(r, )™ (r, 1) > V" + 0

4

(r,l)eE!

Proof. a* is continuous on E’. Therefore, by the fact that v = v, > a*v, —
E/
[ a*v. Hence, for large enough n, | Y a*v, — [ a*v| < g Hence,
E' E' E’
N )
Z a*vp > | a’v— 1
E’ J ol

- 5
>V +5 -2 (By (B3))

Sk, 30
=V +o

Let the maximized value of V be denoted by V*.
Fix § > 0. Pick (r],7}) € V-ly* — 6, v Vo (r],rh) — V(r],15), by v, = v.
Hence,
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lim Va(rf,rh) < V* =6V (r],rh) e VTIVF =6V,

Vn(ry,rh) — V(r},rh), by v, = v, ie. for large enough n, V,(r],r5) <
V(ry,rh) + 1% <V -0+ 1% =V — % But we know that for large enough n,
again, by v, = v, Vy(r1,r2) > V(rq,r9) — % Therefore Vi, (rf, ry) > Vn(r1,m2) >
V(r1,m2) — $.
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Claim B.2.2.4. If there exist {\(r,1), X(rvl)}(r,l)e{er,lgrg}U{re[rQ,Z]} > 0 such that
the following system of equastions and inequalities are satisfied, then Claim (2) holds.

Y(r+ LA+ 1,1) +y(r, 1+ DX(r, 1+ 1) —

N+ 1,0 + X1+ 1) = A D) = X, 1) > o1,
(Region 10 conditions)

For (r,1) € {r > max{ry,l},l < min{r,n—r,ra}},

(r -+ LOA( + 1,0) +5(r, L+ DX(r, 1+ 1) — 5(r, 1)

(r+ L0+ XL+ 1) =X, D) = X, 1) > v(l,r)
(Region 00 conditions)

For (r,1) € {l <r < ry,l <min{r,n—r,ro}}, Z
A

4+ 1, 0N + 1,0) + y(r, L+ DX(r, L+ 1) — y(r, DA(r, 1) — ~(r, DX(r, 1)

Nr+1,0) 4+ X L+1) = A, 1) = X, D) < o(l,r)
(Region 11 conditions)

For (r,1) € {rog <r <I}},

(Need to include the diagonal constraints also in this last one, 11.)
If (r,1) ¢ En,X(r, 1) = X(r,1) = 0. (Might need to add stuff.)

Define z: E — R as z: (r,1) — v(r,1) — U((i"ﬂ;)'

~
Define V:i= [ o(r,1)". Note that,
(r)ekE

~—1

v- | W,w: / (Ja(r1) - afprD)*

. A 1)/mifn) _
Define €, =V x r,lsélgm ( v(r/n,l/n) 1>.
r>1

Claim B.2.2.5. (This is a claim about Ey, not E. Correct notations accordingly.)
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For any t € [0,V —v(l,7)):

v(r, ) +~y(r, )t

2(rl) > e = S ELD) >vu(l,r)+t
Proof.
z(r, 1) > €y
— (v((r+1)/n,l/n)
= st 2 ¥ (HEEAT )
e+ (AL )
> i)+ (R 1
Some algebra gives the required inequality. ]

Let (r{,ry) be the r1 and ro for the problem defined by distributions { f¢'}e (i.e.

optimal within that class.). Analogously as above, define 2" (r) := > w(r,1)
(rl)eEy,
and V'"'(r) := Soow( ) = 3 9™(r). Clearly, there exists N such that
('l € B, r'<r
r'<r

r%li)n V"' (r) > 5 for alln > N. (Need to show (r{,75) = (r1,72).)
o™ (r)<0

Take 6, > 0 such that [ o(r,l)™ < §. We have assumed v (%, %) # 0. If
r—1€l0,6
v (ﬂ’j, %) < 0 (respectively, > [0),] by continuity of v, there exists &' > 0 such that
v(r,1) < 0 (respectively, > 0) for all (r,1) € By (%, %), which denotes the open ball
of radius ¢, centered at (%, %).

If rg € (0, %), by (FOC-2), 31 > rg such that v(rg,l) > 0. By monotonicity of
rr(+), v(re,m9) > 0. By continuity of v, for small enough 6" > 0, v(r,1) > 0 for all
(r,1) € Bgn (rg,12).

Define:

min{d,,d'/2,6" /2} if ro € (0,%),
min{d;, &' /2}, otherwise.

5:
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Let min z(r,l) =z > 0, by Claim B.2.1.4, which shows z(r,[) # 0 for r # .

(rl)€E0,
r—{>§
Claim B.2.2.6. For ¢ defined by (§) and large enough n, >, wv(rl) < =z,
(TJ)GETL)
r—1€[0,0]
v(gs, 5 — 0) has the same sign as v(%g, %) and ep < min z(r,1). (Again,

(r)eEnr—1>6
these are statements about Ey, not E, so need to correct notation.)

Proof. First we show that e, — 0. Note that e, < sup (y((r +1)/n,l/n) —~y(r/n,l/n)),".
rleby,,
r>1

v((r+1)/n,l/n) > 1,7 r > 1. By continuity of f. on the compact set E and the
fact that minse p maxe fe(t) > 0, 7 is a uniformly continuous function on E. Hence

sup[7(t) = ()] = 0 as [t = ¢ 0. Asn = o0, [|(EL, 1) = (5, )11 = £ —o.

non nn n

tt'ck
Hence sup (y((r+1)/n,l/n)—~(r/n,l/n)) — 0. Therefore €, — 0.
rleby,,
r>l
Clearly, for large enough n, >  wv(r,l) < x and v(g;, 5 — 0) has the same
(rl)eEn,
r—1€[0,0]

sign as v(%, %). (These notations are not exactly correct because we defined r,l as
natural numbers... technically thes