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ABSTRACT

Let p > 3 be a prime and suppose G is a form of a reductive group, that is compact at infinity
and splits at p. Under these assumptions, we can estimate the slopes in the corresponding
eigenvariety by finding the lower bound of the Newton polygon of the compact Hecke operator

in the spirit of the Liu et al. [2017]. In case GSpy, we obtain a sharper estimate.

v



CHAPTER 1
INTRODUCTION

1.1 Background

1.1.1 The eigencurves and eigenvarieties

The eigencurve was first introduced in the work of Coleman and Mazur Coleman and Mazur
[1998] as an instrument to better understand families of overconvergent modular forms. Some
generalizations of the eigencurve were investigated in numerous subsequent works, including
papers of Buzzard (Buzzard [2004]) and Emerton (Emerton [2006]).

For higher (and lower) rank reductive groups, the eigenvarieties were constructed in by
Chenevier (Chenevier [2004]), by Buzzard (Buzzard [2004]) as well as many other papers.
Buzzard suggested a general construction of the eigenvariety for an arbitrary reductive group
in Buzzard [2007].

The study of families of overconvergent modular forms and eigencurves has raised vari-
ous natural and nontrivial questions about their slopes, such as the halo conjecture and the
ghost conjecture. The halo conjecture suggests that the set of slopes of overconvergent auto-
morphic forms over the boundary of the weight space is a union of finitely many arithmetic
progressions. The halo conjecture for the eigencurve was proved in many special cases, and
it was ultimately resolved by Liu, Wan, and Xiao (Liu et al. [2017]), and by Diao and Yao
(Diao and Yao [2023]).

For higher rank eigenvarieties, we do not have a very good understanding of slopes of
overconvergent eigenforms. Recently, progress was made by Ye (Ye [2024]), who proved that

the rate of growth of the Newton polygon of Hecke operators acting on the overconvergent

2
forms for GU,, is O (x1+N(n—1)>.



1.2 Main results

In this paper we always assume that G is a reductive group such that G(R) is compact. In
this case, following Buzzard, we define the space of overconvergent automorphic forms of

level K Iw), with central character x to be

KPlw -1
S(p)a P(R) = {gp: D(@)\D(Af)/Kp — M | p(zu™ ") = upp(z) for uy € pr} ,
where M is a representation of Iw;, with coefficients in R, that is also a space of functions
with some convergence condition. In this case, under the technical assumption that G' does
not contain the exceptional group GG9 as a subgroup, we show that, for all but finitely many p,
there is a lower bound for the slopes of the eigenvariety over the boundary whose asymptotic

. 14— . . .
is O (x e >, where #®_ is the number of all negative roots in the root system of G.

1.2.1 Proof strategy

In the paper of Liu, Wan, and Xiao (Liu et al. [2017]), the Halo conjecture is proved in the
case where (G is a compact form of GLo. The first step in their proof is finding a creative way
to evaluate the lower bound on the Newton polygon. In Section 4.2, we give an alternative

interpretation of their computation in terms of the norm with respect to the lattice

w= ()

Moreover, for this norm, the Hecke operator is compact. Then it turns out, that the lower
bound on the Newton polygon of the Hecke operator, found in Liu et al. [2017], is the Hodge
polygon of the Hecke operator for the new unusual norm.

Furthermore, it turns out that the Hecke operator can be decomposed as a sum of op-
erators of the form (Iw,dIwy), where d is diagonal (as an element of GLg), and that the

lattice Ly is invariant under the Iwahori action. As a result, we are able to prove that the
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Hodge polygon of the Hecke operator is equal to that of the operator dx.

We generalize this approach to the higher rank cases. We find the appropriate analogue
Ly of the lattice L) in the higher rank situations, and show that the lattice L is Iwahori
invariant. The Hecke operator is again a sum of operators of the form (Iwy dIwy)s, where
d € T(Qp) C G(Qp). We find some lower bound on the Hodge polygons of each of the
operators of the form (Iwy,dIwp)x. A more careful examination of these actions allows us
to find a lower bound on the Hodge polygon of the Hecke operator on the lattice Ly, and

therefore, evaluate the Newton polygon.

1.3 Organization of the paper

In Chapter 2 we introduce group-theoretic notations; in Chapter 3 we remind the definition
of the automorphic forms, the Hecke action, as well as the notion of an integral model
introduced in Liu et al. [2017], and define the Hecke action on the integral model.

In Section 4.1, we give a reminder about Newton polygons and Hodge polygons; in
Section 4.2 we introduce the lattice L, and review the proof of Liu, Wan, and Xiao (Liu et al.
[2017]). In Section 4.3 the main analysis happens. We outline the argument in Section 4.3.2;
the lattice Ly is introduced in Section 4.3.4 and in Section 4.3.5 we prove that the Ly is
Iwahori invariant. We investigate the Hodge polygon of operators of the form Iwy, dIw,
in Example 3.2.0.3. We conclude by some additional analysis in Section 4.3.7, and find
the lower bound for the slopes of asymptotic O (ler#éL). Note that this aggrees with
the lower bound by Ye (Ye [2024]), however, in Section 5.1, we manage to obtain a better
constant in the O <x1+#‘%’>.

In Chapter 5, we apply the ideas from Chapter 4 to slopes of overconvergent eigenforms.
In Section 5.1 we compare the bound we obtain in case where G is a compact form of GLj,

with that in Ye [2024]; in Section 5.2 we study the case where G is a compact form of GSp,.



CHAPTER 2
REMINDERS FROM LIE THEORY.

In this section we introduce the notation for standard subgroups of Lie groups.

2.1 Lie algebra-related notations

This section largely follows Iwahori and Matsumoto [1965|. For a reductive algebraic group

G we fix the Borel subgroup and the torus:

GODOBDOT.

The groups of characters and cocharacters, respectively, are denoted by X*(7T') = Hom(T', G;,)
and X (T) = Hom(Gy,, T).

The Lie algebra g = Lie(G) has a decomposition

Let I ¢ ®© C ® C X*(T) denote the sets of simple roots, positive, and all roots, respec-

tively; let @~ C ® be the set of negative roots. For each root «, we choose an isomorphism

To: Gy — eXp(goz)

into the corresponding unipotent subgroup of G.

We denote by N4 C B the unipotent subgroup generated by all elements of the form
zo(v) where a € . The Iwahori subgroup Iwy, is generated by T(Zp), z(Zp) for a € &
and x4 (pZp) for « € ®7. In other words, Iwy(Zy) O B(Zp) to be the preimage of B(IF))
under the map G(Zp) — G(Fp).



Example 2.1.0.1 (Conventions for GSpy.). In this paper, GSpy is a group of linear trans-

formations preserving the form

0 0 01
0o S 0 0 120
J: =
-5 0 0 -1 00
-1 0 00

In other words, a matrix M is in GSpy if and only if M*JMJ = X for some constant \.

If G = Spy C GSpy, the torus is

51

52

The root system is known to be Bsg; the positive roots are «, 3, a + 3, and 2« + 3; the

simple roots are a and f3.

B. 55 a+p, sisy 20+ 0, st
A =
| /
/
o, s1/s2



The corresponding unipotent groups are

1 s :
0 :
0 1 1;0 !
)= | S e o
0o 0 1
;O 1 :
1 s 0 10 s
on—ﬂ(): 0 s x?a—i—ﬁ(): 00

The nontrivial commutation relations in N4 are
2
[za(s), 25(1)] = Taa45(s7)Ta5(s1),
[za(s), xa—l—ﬁ(t)] = x2a+ﬁ(25t)'

These relations can be checked in various ways, and also follow from Computation 4.3.3.1.

2.2 Coordinates

Recall that B(Z),) was defined to be a group generated by the torus 7" and the groups x4 (s)
for « > 0 and s € Zjp; Iwy, is defined to be generated by B(Z;) and z4(ps) for o € &_ and

s € Zyp. Hence, there is an isomorphism

d_

Z,~ ——— Lie(Iwy, / B(Zy))

(za o — Z Xa(pza) S H Ta(pza)
acd_ acd_

Convention 2.2.0.1. We think of the set ®_ as an ordered set with some fixed natural



order. That is, if @ > [ then a goes before 5. The notation H is used to denote the

acd_
product in that order.



CHAPTER 3
AUTOMORPHIC FORMS AND HECKE ACTION

In this section we introduce the notation related to automorphic forms and Hecke operators.

Exposition here is largely inspired by Buzzard (Buzzard [2004], Buzzard [2007]).

3.1 The space of automorphic forms

Suppose G is a reductive group and that G(R) is compact. Let R be a Zp-algebra and

suppose p: B — R”* is a character of the Borel. We consider the module

Iwp

Ind(p)B(Zp)(R) = {continous functions f: Iwp, — R | f(bg) = p(b) f(g) where b € B(Zp)} :

with the usual left action of the Iwy, by w- f(g) = f(gu). Then we define the space of

R-valued automorphic forms of weight p to be

K? Tw, Iwy,

S(p)g (1) = {¢: DQ\D(A)/KP = Ind(p)s (R)

olzu™1) = upp(x) for uy € Iwy }

Remark 3.1.0.1. Following Liu et al. [2017], we use f(g) to denote elements of Ind(p)g& )
p

p
and ¢(x) for elements of S (p)g vy (R), and try to be consistent with it.

(R)

3.2 Coordinates

Recall that there is an identification between Z;f ~ and Iwy / B(Zp).

Definition 3.2.0.1. We fix the isomorphism

Iwp

B, (R) == € (Iwp / B(Zp), R) = C(Zy~ . R)

Ind(p)



The second map is defined the way it is discussed in Section 2.2: for a fixed order on ®_,

feC(Iwy, / B(Zy), R) maps to F € C(Zy~, R) if

F((za)aco_)=f II Ta(p2a)

aced_

Definition 3.2.0.2. The left action of Iwj, on the space C (Zg) ~, R), is defined as follows:

ux F((2a )aco_ ) = p0) - F((25°" )aco_)

where

H Ta(pza) u="0- H za(pza™), be B(Zp).
acd_ acd_

Example 3.2.0.3. For h € T, we have

[T zatza) -h=h- ] wala™ (R)pza):

acd_ acd_

hi F((2a)aca_ ) = p(h) - F((a (W20 )aca_ ).

Remark 3.2.0.4. The right hand side in the above example can be extended to all elements
h € T for which p(h) is defined and a~!(h) € Z,. This way the action of Twj, extends to a

monoid. See examples below.

Example 3.2.0.5 (Sanity check). In this example we compare the G = GLy case to the

paper Liu et al. [2017]. For the character



the action defined in Liu et al. [2017] looks like this:

)(z) — ezt d)-F <Z§i§) ,

—
o
Qo

where

Iwp

1 0
Flz)y=f for f € IndB(Zp)(X)'

My = € Matgy9(Zyp) where plc, p fd and ad —bc # 0 p D Iwp .

In other words, the action of the matrix diag(p, 1) by z +— pz is defined.

With our definition, for the same character, we get the action

wb 1 0 a b
(cd)*F(z):f -
pz 1 c b
* * 1 0
- 0 pbz+d azte/p g B
pbz -+ ppbz—l—d
az +c/p
=x (b d)-F|———|.
v r (250

In case b = ¢ = 0, the map is z — x(d) - (a/d)z, which is defined if x(d) is and if a/d € Z,
and d € Z;f. Therefore, this action also extends to a modoid generated by Iw,, and matrices

diag(a, d) where d € Z;; . In other words, we can also define the action of the matrix diag(p, 1)

10



by z — pz.
Example 3.2.0.6. If G = GSpy, there are natural coordinates on the space Iw, / B(Zp),

that is a map Zj — Lie(Iw,, / B(Zp)) = Iw, / B(Zy)

(2—ay 2285 Z—a—p 2—2a—p) F
= Xoa(pr—a) + X_g(pz_g) + X_q—g(p2—a—p) + X_20—(P2—20—3)

= T—a(pz—a) T_g(p7_g) T _a—p(P2—a—p) T—20—p(PZ_20—p)
as well as the following isomorphism:

Twp
B(Zp)

Fun(Z%) — > Ind(p) (R)

F( B—quy -+ 2—204—6) — f (:v_a(p Z—a) e -x—2a—ﬂ(p Z—2a—ﬂ)) .

Here, the fixed order on ®_ is (—a, =3, —a — B, —2a — f3).
Moreover, by Remark 3.2.0.4, the action can be extended to the monoid, generated by
Iwp and matrices of the form diag(a,b, c,d) where a/b € Zy, b/c € Z;,. For instance, the

following maps are defined actions

diag(p,p, 1, 1)« (2—as 28, 2—a—p8s 2-20—8) = (2—a; PZ—_3, PZ—a—B: PZ—20—3)

diag(pzapapv 1)*(2—067 R—Br F—a—f> Z—Qa—ﬁ) = (pZ—OU Z—By PR—a—p> p22—2a—ﬂ>
3.3 Neatness.

A level subgroup K of G(Ay) is called neat if G(Af) a disjoint union of the form

11



We assume from now on that K = KP? Iwy, is neat. In that case, there is an isomorphism

n—1 n—1
i)k (r) L2 N eiw, / B(Z,), R) —= ez R) .
1=0 1=0

3.4 Integral model; universal character

The notion of the integral model as defined in Liu et al. [2017] has a natural extension in

general. Consider the ring of functions on the torus

a€cll

The universal character pyp;, is defined naturally: for a simple root o and z € 1 + pZy,

puniv(ha(2)) = (1 + Ty)l08G)/P

P
We will call the space S (Pum’v)fé Iy (A) the integral model.

3.5 The double coset operator

Suppose ¢ € T(Qp) and suppose that ¢~ 'B(Zy)t C B(Zp). If there is a double coset

decomposition
Then we define the corresponding double coset operator
(Urp) (x) = > (0i)piplvy).
)
Proposition 3.5.0.1 (Generalizes Proposition 3.1 from Liu et al. [2017]). Let U; be a double
coset operator corresponding to the double coset Iwy, ¢ Iw;,. Consider the map ; defined by

12



the following diagram:

©
=
QX
=
2S
X
5
2
Q
N
\
=

n—1
S () —00 s Dy w)
1=0
d_ d_

Then for F' € C(Z, ~, R), each component of {4;(F') lies in the space (IwptIwy)«C(Zy ~, R)

(that is, the space generated by 0.G for G € C(Zg)’,R) and 6 € IwptIwp ).

Proof. The proof is identical to one given in the paper Liu et al. [2017]. The map l; has the

form (p(7v;)); = ((Urp)(74));- For each component, we have

Urp) (i) = >_(m)pe(vin)

Ui

Here, n are in the coset Iwp¢. By the assumption in Section 3.3, v;n = dv;u for some j,

some global d, and some u € Iwy; by the definition of S (p)é{ ,

(i) = npe(vju) = uy, npe(vy) = (u™1)w (7).

13



CHAPTER 4
p-ADIC ANALYSIS.

In this and further sections we consider automorphic forms with values in the ring

R=A=z[Z)"1=Z || [] (Z))a|| =Zp[(Ta)aen] x Zp| finite set |
a€ell

and the character is p = pyniy. In Proposition 3.5.0.1, we defined the map Ll

n—1 o n—1
Pz, n) — @z, A)
i=0 i=0

By abuse of notation we will simply write &l; for the map (f); ; from the i-th summand to
the j-th summand.

The goal of this section is to find a lower bound for the Newton polygon of Ll;.

4.1 Newton polygons and infinite-dimensional operators

Definition 4.1.0.1. Let M = (Mij>§>3‘:1 be a matrix. We define the characteristic power
series Char(M)(t) to be the limit of characteristic polynomials of n x n submatrices:

Char(M)(t) = lim Char(M;;);;—(t).

n—oo

The above limit in general does not necessarily exist; if it does, the characteristic power
series and the Newton polygon in general depend on the choice of basis. If M is a compact
operator, the characteristic power series does not depend on the basis.

Moreover, in this situation the Newton polygon lies on or above the Hodge polygon.
Indeed, if M is a finite-dimensional operator, this is well-known (see Katz [1979]); the state-

ment for a compact operator follows from the above definition. In other words, one can learn

14



how an operator acts on a vector space by choosing an appropriate lattice and analyzing

how the operator acts on the lattice.

Remark 4.1.0.2. We will really only use a special case of the Newton-above-Hodge inequal-
ity, specifically, if n-th column of the matrix of the operator is divisible by pf (”), and f(n)

is an increasing function, then the Newton polygon is bounded below by the polygon whose

(n, > f(z')) :
1=0

Lemma 4.1.0.3. Let M be a matrix and d be a diagonal matrix. If Char(M)(t) exist, then

vertices are

Char(d~'Md)(t) = Char(M)(t).
Proof. This follows from the observation that

(@™ Md)ij)7 oy = (@ Dig)imr - M)y - (di)i o

4.2 Lower bound on the Newton polygon: the argument of

Liu-Wan-Xiao

We give an interpretation of the argument in Section 3 of Liu et al. [2017] in terms of
computing the Hodge polygon. In their case, G is a compact form of GL9 and ¢ = diag(p, 1).
We use a different convention for the action.

By Proposition 3.1 in Liu et al. [2017| or Proposition 3.5.0.1 here, Ll; is a sum of elements

of the form 0+G for G € C(Zy, R) and 6 € Iwy tIwy,. We consider the ring

R = ApT™ Y = Z,[T, pT ] x Z,{ finite set }

15



and the universal character
X(l +pz) = Xum'v(l +pz) = (1 + T)log(l—i—pz)/p'

Consider the restriction of the operator dx to the order Ly generated by elements 7" (i)
Up until the very last step one can think of it as the lattice generated by p" (;) This is
rationally a change of basis that does not change the Newton polygon (see Lemma 4.1.0.3).
Moreover, the operator dx acts compactly on Ly, as we are about to see. This lattice is
mentioned in Section 5.4 of Liu et al. [2017]; we want to translate the entire computation
into this language.

The notion of tilted degree introduced in Liu et al. [2017|(Definition 3.8) translates easily
into the norm in this lattice. Namely, f(z) has tilted degree < n (by definition in Liu et al.
[2017]) if and only if f(z) = > b;(5) where vy(b;) > i — n, i.e. if and only if 1z, <p"

For convenience, we rewrite two lemmas from Liu et al. [2017] in this language.

Lemma 4.2.0.1 (Liu et al. [2017], Lemmas 3.12, 3.13). 1. Let f(2) = > _;5¢ a;p' 2" where

" (f(2)> c pn—Ln/pj Ly.
n

2. Let f(z) = ap+ > ;>0 a;p" 12! /i where a; € Z,. Then the map 2 — f(z) that acts by

a; € Zyp. Then

(Z) —~ (fnz)) preserves the lattice L.

n

It is not hard to see, assuming p € (7'), that Lemma 4.2.0.1 holds if L, is replaced by
Lp.

We can study the image 4 of the lattice L. We can assume that § = wy - ¢ - up - d
where d € T'(Zyp) C Iwp, uj is lower-triangular and w,; is upper-triangular, wy, uyt € Iwp.

We can study the action of each of the elements individually.

16



Step 1. Let uy = ((1)%)

(Uit 5)p" (Z> =p" (H—%az) x(1+paz)=T" (H‘Zm) 1+ T)log(l—l—paz)/p
n n n

By part 2 of Lemma 4.2.0.1

2 n
z .
(I+£az> = Z bin (z) where vy (biy,) > i — n;
1=0
z
log(1+paz) n .
( 71; ) = Zcm <Z) where vy (i) > i — n;
1=0
log(14+paz)
Tn( p ) € Lp
n

b (TZL) = (ij ) — gbm (j) where v (bj) > i — EJ :
() () e [}
>

bin - T" (z) where UT(b/Z;) >n— {EJ :

n-th column of the matrix of t4 is divisible by 7" [EJ .

Step 3. Finally, consider dx and uy; . If d = diag(a, b) for some a,b € Z;;, then dyvz = az-x(b);

17



U2 = z + ¢ for some ¢ € Zy. Since (GZJC) € C(Zyp, Zyp), we have

n
A az +c z
et (1) 3@ ) =30 b () where iy € 2,
=0
(az + C) " 2

" = Z(pn—zbm)pz ( ) ;

K i=0
az + ¢ & z

() Er()

" i=0

Hence, (uy+d«)Lp = Ly and (uy dx)Lp = Ly (this is also a case of Remark 3.9 and
Lemma 3.13 in Liu et al. [2017]). Moreover the matrix of (uj.d«) on Lp is upper-

triangular with coefficients I;;L such that Up(l;;;) >n—i.

Let us call (0x);; the coefficient of the corresponding matrix in the chosen basis in Lj.

Combining all steps together we get
5* - Uut* . t* . U/lt* . d*

is the product of matrices where

O (Ut - Es - Upg . - d*)ij) > \‘gJ .

It follows that the Hodge polygon of dx on Ly is bounded below by the polygon with slopes
n — {%J The Hodge polygon of the restriction of the original operator ; to Lp, and

therefore the Newton polygon has the same bound, as desired.

Remark 4.2.0.2. We have shown that ¢-th column of the matrix d, on the lattice Ly is

18



divisible by p'~ Li/P] Tn other words, the matrix of d4 in the basis T" (i) has a decomposition

8 = Q - diag(i — |j/p));>0,

where Q) = Q(9,t) preserves the lattice L. Then, by Proposition 3.5.0.1,

t =00 = (D Q,1) diagli — Li/p));20.

As a result, the Hodge polygon of l; is bounded below by that of the matrix diag(i —
17/p])j>0. This will be the intuition behind the argument of Corollary 4.3.7.7, outlined in

Section 4.3.2.

Remark 4.2.0.3. If we remove the assumption that p/T" € R, we can show that n, k,

n+k— V—%

z
5.7 (n : k) e (T,p)

where L(T,p) is generated by elements of the form p'TV ( c

i+j)' Assuming that p € (T") would

yield the bound
5. 1" (Z) e 7 |3) L.

Remark 4.2.0.4. The lower bound is precise infinitely many times (Liu et al. [2017], 3.23,

Step 1). That is, the Newton polygon of Uy is approximated by the parabola

4.3 Multi-variable p-adic analysis

The goal of this section is to extend the above lower bound to higher rank groups.
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4.3.1  Mahler basis

If R is a Zy-algebra, then the space of functions C (Zg) ~, R) is generated by the Mahler basis.
If z= (2a)qed_ is a tuple of variables and n = (ny),ecp_ are integers, we use the following

notation for the corresponding monomials

Then for every continuous function f € C (Zg) ~, R), there exists a series

f(z) = Z cnz™.

I’IE(ZE())@_

If mq < ng for all a , we say that m < n. We also use the notation ) n =73 g na; we

n—m

denote p2oa ™ by p® and p™/p™ by p

4.3.2  Qutline of the computation in general

We adapt the argument from Section 4.2 for a general reductive group. By Proposition 3.5.0.1,
the operator ; on the space C (Zg) ~,A) has a decomposition as a sum of operators d, where
We would like to study the action on the lattice L(Tv)aen +(p) generated by elements of

the form

[I 7 pream,
~vell

where

Zm: Zn7+np.

vell
The idea behind the proof is to show that 04 has the form QD, where @ = Q(t,6) and
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D = D(t) both are endomorphisms of the lattice L(T) werr+(p) and D = D(t) does not

depend on . Then

t=>"6.=3Qt6)D(t) = (Z ot 5)) D(t).

Since > Q(t, ) is an endomorphism of the lattice L(Ty) , the Hodge polygon of 4; is

a€H+(p)
bounded below by the Hodge polygon of D(t).
Like before, we consider 0 = d - uys - t - uyy where d € T', uy; is upper-triangular and

is lower-triangular. We denote the ideal (Ty)aer + (p) by 1. We study the action of each

factor in isolation. We want to prove the following statements:

u«(Ly) C Ly for u € Iwp; See Section 4.3.5 (4.3.1)

t, <[nzn¢> - [ZW SZOPC(UP(’Y(t))v”'Y)LI, (4.3.2)

where slope(m,n) is defined in Section 4.3.6. Then we study how wy; , affects the estimate
in (4.3.2).

For instance, in case G = GSpy, in Section 5.2, we show that, for each n,
5. <(Ta,Tﬁ,p)nzn¢) c (Ta,Tﬁ,p)Z’Y szope(va(t))’nv)L(Ta,Tg,p)’
and therefore,
I ((Ta, T, p)“zm) C (T, T, p) = P Oh) (4.3.3)

From this relation we can deduce a lower bound on the Hodge polygon. For instance, if we

assume that T, |Tg|p, and consider the matrix of £y in the basis T£Zn¢’ then the column
I £),

of this matrix that corresponds to Tg?zn¢ is divisible by T, O%: v stope(vp(7(£) nw)‘ Hence, the

corresponding slope of the Hodge polygon is at least ., slope(vp(7(t)), ny).
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We will refer to statements like Equation (4.3.3) as lower bounds.

4.3.83  General computations in Lie algebras.

This section contains technical details that will allow us to analyze the coordinates introduced
in Section 2.2. The computations are largely inspired by Schneider and Teitelbaum [2000].
In what follows, we assume that g is a reductive Lie algebra over Z;, g does not contain

the exceptional algebra go as a subalgebra. Let G = exp(g).

Computation 4.3.3.1 (Baker-Campbell-Hausdorff formula in a very nilpotent case). Sup-

pose g is a reductive Lie algebra.

1. Suppose g 2 g2 and a # —f. Then

(), 23(1)] = T gler - vi)wony g(ca - V2 11)Tq2p(c3 - vp?)

where ¢; € 1/2 - Zy, and x~(s) = 1 if vy is not a root.

za(V)T—a(p) = ha(l +vp) o—a(p- (1 +vp)) va(v/(1+vp))

— 2o/ (1 + vi1)) ha(1 + vp) 2a(v/(1 + vp))

Proof. (1) It suffices to check that the logarithms of both sides are the same. Let n be the
nilpotent algebra generated by g, and gg. Note that n is a nilpotent subalgebra with a rank

2 root system and if n & go then [n, [n, [n,n]]] = 0. For X, Y € n, we can show that

exp(X) exp(Y) exp(—=X) exp(=Y) = exp([X, V]) exp(1/2 [X, [X, Y]]) exp(1/2 [V, [X, V]]).
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If we set zq(v) = X, z3(u) =Y, then

exp([X, Y]) =2qsg(e1 - v).
exp([X., [X, Y])) =v305(cz - 72n).

exp([Y, [X, Y]]) =z4428(c3 - vii?),

where ¢; are some integers, and we get the desired formula. First, observe that [X,Y],

(X, [X,Y]] and [Y, [X, Y]] commute, and
exp([X, Y]) exp(1/2 [X, [X, Y]]) exp(1/2[Y, [X, Y]]) =
exp([X, Y]+ 1/2[X,[X, Y]]+ 1/2]Y,[X,Y])).
The left-hand side can be computed by Baker—-Campbell-Hausdorff formula:
exp(X) exp(Y) exp(—X) exp(—Y) =
exp(X +Y +1/2[X,Y] + 1/12[X, [ X, Y]] + 1/12[Y, [Y, X]])
exp(— X =Y +1/2[X,Y] - 1/12[X, [X, Y]] — 1/12[Y, [V, X]]) =
exp([X, Y]+ 12X +Y +12[X,Y],-X -Y +1/2[X,Y]]) =
exp([X, Y]+ 1/2[X + Y, [X,Y]]).
(2) can be checked in SLo. O

Remark 4.3.3.2. The case of the exceptional algebra go would require a separate compu-
tation and, possibly, exclusion of some more primes. However, an analogous result should

also be true for go.

Computation 4.3.3.3. Let p # 2, and let x be an element of exp(n—) and

x = H Ta; (V))

jeJ
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where a; < 0 may repeat. Then there exists a decomposition

T = H Ta(za),

acd_

where ®_ is ordered in some fived way. Moreover

Zog = Z vi+r
;=
where 1 is a sum of monomials of the form ¢ - [[.cx v where ¢ € Zy and Y pc i o = o

To simplify the notation we will refer to this property as P(«).

Proof. Consider the lower central series and the root space decomposition on n

n— =mng D [ng,ng] =ny D [ng, [ng, o]l =n2 D ...

Note that they are compatible, meaning that a subset of g,’s generates n; for every i. To
see this, note that the center Z(n) is preserved by the Cartan algebra. Then we can consider
the action on the Cartan algebra on n/Z(n). This is also a nilpotent algebra, we can proceed
by induction.

Consider the stratification
P_=0_(DP_ 109 _9D...

on the ordered set ®_, such that ®_; is an ordered set that contains the set of a’s that
generates n;.

We will argue by induction in ¢, The induction step is as follows: that there exists a
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decomposition

r = H (za(za) - remainder,, ;) ,
OéECI)_\(I),ﬂ'

where zq is of the desired form and remainder,, ; € exp(n;41) is a product of factors of the
form xg(w) where 8 € ®_ ;11 and either w has the properties P(3) or w = v; and a; = §.

To do the induction step, we need to find all x4 for a € ®_ ; 1\®_ ;o and put them in
their places. This is done by commuting z, (w) with other elements. The commutators will

be elements of n;,9 and will satisfy the induction hypothesis by Computation 4.3.3.1. [

4.3.4  The lattice L.

In the following sections we introduce the lattice L; and show that the group Iw, acts on
it.
Definition 4.3.4.1. If I C R is an ideal, we denote by L the lattice generated by elements
of Iz},

We will mainly be concerned with the case I = (Tg)qemr + (p)-

Lemma 4.3.4.2. The lattice L is a ring.

Remark 4.3.4.3. In particular, if [ is a prime ideal, then there is a well-defined I-adic

valuation with respect to L;. That is, if a € I"L; and b € I" Ly, then ab € I"T™ L.

Proof. Tt suffices to check that if s € I™ ¢ € I™ then sz™ - tz™ e L;. Observe that

z™ . 2™ s a polynomial of the total degree S_n+ > m. Tt follows that

sz™ .tz ¢ In+mC(Z§’,R)deg < 2nt)m

The R-module C(Zg) - R)deg = Xontdm i generated by Mahler monomials z+ where 7 j <

> n. Hence,

sz™ 1z e rme(z, - Ryl S Xntlm o oopne(z, s, Rydes S Xntim,
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O
We denote by m C Zy[(pza)ace_| the ideal generated by the elements pz, and by m the
ideal generated by the elements pzq in Zp[(pza)acsd_]-
If f(z): C(Zg)_,R) — C(Zg)_,R) is a ring map, then f(z) preserves L if and only if
s((f(z))"‘) € Ly for any a € &_ and any s € [".
Lemma 4.3.4.4. Suppose f, g: C(Zg)_, R) — C(Zg)_, R) are continuous operators that act

as identity on all functions that do not depend on z,, and suppose both maps preserve Lj.

1. The the h(z) acting by

(f(z)a+ (9(2))a ife = o

Ze otherwise.

Ze >

preserves Ly.
2. For any ¢ € Zjy, the map

o(f(z)a  ife=0q

Ze otherwise.

preserves Lj.

3. For any m € Zig and any t € o> m—1 the map

tz™ if e = q
Ze >
Ze otherwise.

preserves Ly.

Proof. For (1), it suffices to check that

n
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where s = s1s2...p, s; € I. Observe that

(VO ) (VD) (1),

- n—1
7

the desired now follows.
For ¢ € N, (2) follows from (1). By continuity, (2) is true for all ¢ € Z,,.

To check (3), we need to show that

5( t Zm) €Ly
n
where s = s189...5p, 55 € [. Let Ay: f(zy) = f(2y +1) — f(2y) be the discrete differenti-
ation with respect to the variable z,. Then f(z) € Ly if and only if Ay f(z) € ILy for all 7,
as can be seen by considering separately each monomial.
We argue by induction in the total degree > m and in n. For the base of induction, we

remark that the statement is true if > m = 1 and n < 1. To verify the step of induction,

we use the observation about the derivatives:

() () ()

Z

(29 + )™ = 257) -t Zs t 2™
231232...31- . Zy “Si+1---5n _

. n—1
i>1 v

The first factor is a polynomial of lower total degree, and for the second factor, we use the

induction in n. -
4.83.5 ITwahori acts on L(T)uerp)

Computation 4.3.5.1. Let I C R be an ideal such that p € I, and L; C C(ZE’,R) the

corresponding lattice.

1. IfdeT C G(Zp), then d«Ly C L.
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2. Consider v € ®_ and v € Zy. Then xy(pv)«Ly C Ly.

3. Suppose f(z) € m C Zpl(pza)acd_]-

(1+ T)log(1+f(z))/17 € L7 )

4. Consider v € 11, v € Zp, and let I = (Ta)qerr + (p). Then x(v)«Ly C Ly.

Proof. 1t suffices to check (1) and (2) on the monomials of the form S(fzi ) where s € [,

(5o ()0 ()

for some constants ¢ € Zy, b € R. The result follows from Lemma 4.3.4.4.

To see how x~(pr)s acts on z, we need to compute

[T welpe) - yov) = [ welpzl).

ced_ ced_

From Computation 4.3.3.3, it follows that for any root ¢,
20 € 2o + 0 v+ m,

where m C Zy[(p - 2¢)ccq_| be the ideal generated by the elements p - z.
It suffices to check that the maps z: +— z- + b and z: — zz + cp™z™ preserve L, and
the result follows from Lemma 4.3.4.4.

(3) We want to show that

(O SO ¢
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It suffices to consider each summand in the series log(1 + f(2)). We want to show that

The map
f(@)"[pm  ife=q

Ze otherwise

2e

is the composition of maps zo — f(z) and zo — 2J)'/pm. It follows from Lemma 4.3.4.4 and
Lemma 4.2.0.1, that both maps preserve the lattice L(T,p)‘

(4) To see how 2~ ()« acts on z, we need to compute

H Ta(pza) - oy (v).
acd_

By Computation 4.3.3.3, to simplify the notation, we may assume that —~ is the first element

of the product. Then

H Ta(pza) - oy(v) =

aed_

2 (#) he (1 + sz_v)_l T_ny (m—_7> : H Ta(pza) - [Ta(p2a), vy(V)]

1 — 1 _
+Upz—ny +Upz_n acd V)

If v is simple, then for any a € &_, if @ + v # 0, then o + v € ®_, and then o + 2y and
2ac 4+ v cannot be positive by the same argument.
Each of the commutators (2o (pza), v4(v)) can be found by Computation 4.3.3.1 and they

are in N_. It follows that

IV(V)*f<Z):: thnv(h7<1 +_sz_7)41>f<znew)7
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where

m ~
pzp e m+ (m) cm C Zp[(pz)pea_]

for all @ by Computation 4.3.3.3. The result follows from Lemma 4.3.4.4 and the previous

step. ]

Corollary 4.3.5.2. Suppose G = GSpy(Zp); then Iw, C G acts on the lattice Ly where

I'=(To)aen + (p) = (TavTﬁ’p)'

Proof. Let a and [ be the simple roots like in Example 2.1.0.1 and p # 2. Then we can check
that the group N4(Zp) is generated by elements of the form z4(v) and zg(v) for v € Zp. It
is enough to check that x4 g(v) and 9,4 () can be expressed in terms of z4/(-) and zg(-).

One checks by direct computation that

[Za(v1), [Ta(ve), (v3)]] = oq 4 s(2v10203);
[2a(v/2), [2a(1),25(1)]] = 2204 5(v);

[2a(1), 23(W)][22048(=V) = Taq8(V).
]

Remark 4.3.5.3. It follows from Computation 4.3.5.1, that the group generated by elements
of the form z(v) for o € Il and v € Zp and o (pr) for « € & and v € Zjy acts on Lj.
Hence, the group Iwj acts on Ly, if elements of the form z(v) for a € II generate Ny (Zj).
For a fixed G, this is so for all but finitely many primes p.

Indeed, the Lie algebra ny (Q) is generated as a Q-algebra by the elements X, for a € II.
Hence, the elements exp(Xy) = zo(1) for a € II generate a finite index subgroup in N4 (Z),

so they generate Ny (Zp) for all but finitely many p.

Remark 4.3.5.4. It is also not hard to see that Iw), act on L for G = GL,, for all n: we

can adapt the argument of Computation 4.3.5.1(4) in that case. If 7y € ® is not necessarily
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simple, then

[T alpza) - o90) =

aed_

v -1 PZ—y
— ) h(1 _ [V [N ot SR, B
Ty (1+sz—’7> ~1+vpzy) " 7(1+sz_v)

I[I  wapza) - alpza), 2y ().

ac®_\{-}
All commutators [xq (1), 2, (V)] are equal to xq4~(uv). If the root o+ is positive for a < 0
and 8 > 0, then it is less deep in the lower central series of ny than . We can proceed by

induction.

4.3.6  The torus action.

Recall that ; is a sum of operators of the form (Iwy¢Iwp)s, and that Iw, preserves the

lattice L. In this section we study the action of t.

Computation 4.3.6.1.
me ezact
pn( n a) c pslope (m,n) Ly

where
slope®* (0, n) = 0

slope®t(1,n) = n — {EJ
p

slope ™t (m + 1,n) = slope®*t(m,n) + [—

Proof. For m = 1, this is the statement of Lemma 4.2.0.1. We proceed by induction in m.

exact (

Observe that slope m,n) is non-strictly monotonic in n for any fixed m. Indeed, this is

true for m = 1, and

SlOpeemaCt(m+ 17n) _ Slopeemact(m’n) + Slopeemact (1’ ’Vﬁ—‘) .

m

By the induction hypothesis, the right hand side is a sum of two monotonic functions in n.
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We also observe that if

pmz exact (2
pn( n a) _ pslope (m,n) (Z cip’ (Z)) :

]

then the left hand side is equal to 0 if 0 < p"*z < n. Hence ¢; = 0 for i < n/p™. It follows

+1
pm Z ezact i [ Pz
pn< a) :pslope (m,n) (Z C@ﬂ( ‘ )) _
n p 7
exact ezact S\ z
:pslope (m,n) Z Z dz‘,jpSlOpe (1,z)pz ) (Z)
(A

The result follows. O

that

Corollary 4.3.6.2. If p € I, then

m
m <p zoz> c Islopeemc’f(m,n)LI;

n

N

m H (pma za) c ]Z slopeemd(ma,na)[/l‘
«

Remark 4.3.6.3. It follows from Computation 4.3.5.1 and the above corollary, that for an

element 0, of the form § € Iwy, ¢ Iwy, its Hodge polygon has slopes

Z slope cract (vp(v(t)), ny)

d_

d_

In the following sections, we will get estimates of the form

5. (Inzn¢> c 12 something(n)LL
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4.3.7 Compact Hecke operators and wy s action

In this and further sections, we assume that vp(y(t)) > 1 for all ¥ € . In this case, the
corresponding Hecke operator is compace on Lj, as we are about to see. Some results can
still be stated if vp(y(¢)) = 0 for some ~y; however, in this case, the corresponding Hecke

operator is not compact on Lj, and, probably, not on any its full-rank sublattice.

Definition 4.3.7.1. We define

slope(m,n) =n — L?%J :

exact (

Computation 4.3.7.2. slope m,n) > slope(m,n).

Proof. Observe that

slope(m, n) = mZ_l L%J - L%J ’

1=0

BRI SEEE)

Indeed, if pi|n, then the left hand side and the right hand side coincide; otherwise, observe

and that

that

H NEn

pi—H

ERGRERE

It follows that

Computation 4.3.7.3. If p€ [ and a € R, then

Pz +a
]n< :él ) - Islope(m,n)LI.
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Proof.

(") =2 ()

J

Combining results of Section 4.3.6 with Computation 4.3.7.2, we get
L (pn;'za> - ]n—jlslopeemd(m,j)LI - In—jlslope(m,j)LI - ISlOPG(m’n)L].

]

Computation 4.3.7.4. Suppose uy € Iwy, € G(Zp) is a lower-triangular matriz, suppose

that vp(y(t)) > 1 for ally € 4, and let I > p. Then
btz (anni) c
where

p(n) = Z slope(1,n) + Z slope(2,n).

YEPi_ ~yed_\II_

Proof. First, observe that if £ is simple, then, by Computation 4.3.3.3,
truge «(28) = t«(2 + const) = tizg + const.
It follows from Computation 4.3.7.3, that

n

We need to show that if 3 is not simple, then

teuy «(28) = const + p2zgew,
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new

where zg " € L. Then, by Computation 4.3.7.3 and Lemma 4.3.4.4, for every n,

m (t*“lt;('zﬂ)) C ISlOpe(Q’”)L[-

Note that v,(y(3)) > 2. It suffices to give the proof for uyy = x—~(pr). If v and 3 do not
compare or 3 > 7, then uy w25 = 23.

If v = 3, then

teupy «2B = t*Zﬂ + v,

as desired.
Finally, if 8 < 7, then, by Computation 4.3.3.3,
m—lzm

up 428 = 23 + Z monomials of the form ¢y, - (pr)™p

Y

where m,y + > mee = and my > 1 and > m > 1. Then

)myfl ¢ mflzm _

teugp w28 =tx2g +p- Z cm - (pv

te2g +p?. Zcm () T T ™,

*P

Since S"m > 1, we have p~1,p™12z™ € L;, as desired.

]

Corollary 4.3.7.5. For a given group G, for all but finitely many primes p, the following
lower bound holds: suppose that vy(y(t)) > 1 for all v € &4, and let I = (Ta)qerm + (0)-
Then
_| ™M
I (Inzni) c 1= |5 JLI.
Proof. By Proposition 3.5.0.1, we know that, for any F' € C(Zg)_,R) the element L (F)

is a sum of elements 0xG, where 0 € Iwy,tIwy. As pointed out in Section 4.3.2, 0 can

be decomposed as 6 = duytuy; where d is diagonal, u,; and uj; are upper-triangular and
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lower-triangular respectively, and d, wy, ujy € Iwyp.
By Computation 4.3.5.1,

By Computation 4.3.7.4,

_ | |y
d*UUt*t*ult*<InZn¢> C dyUyt *]an’y LIDJL[ CIZ’YH'y LPJL[.

O
Notation 4.3.7.6. We call multﬁ??e’@_ number of integer solutions of the system of in-
equalities:
ny >0; yed_
4.3.4
Z slope(1,n~) + Z slope(2,m~y) < N. ( )
~yell_ ~eP_\II_
natve,®_ naive, P_ naive, d_
Let multht = mUZth,t — m“lth—l,t .

Corollary 4.3.7.7. Suppose that |1y, | > |Tay| > ... > 1/p for some assignment of oy, ag,

... € II. Consider the ring

-1 -1 -1
A|T(11|>|T042\>...>1/p = Zp[[(Tozi)aiePi]] [Thoag 7T0¢2Ta3 v DT, ],

and the operator U; on C(Zg)_,/\) ® A|Ta1|>|Ta2|>...>1/p' The Newton polygon of U is
naive, ®_

bounded below by the polygon that has mult edges with slope N for each N > 0

(we assume the slope of T}, is 1).

Proof. We assume that A = Zp[(Ta;)q;er1] is a subring of the ring A|Ta1|>|Ta2|>...>1/p' The

elements Téllzni form a basis in the submodule

L(Toy aseri (p) @ MTay |5 Ty > 51/p = L(T0y) @ Moy |5(Tay|>..>1/p:
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By Corollary 4.3.7.5,

> ”W*Ln'y/PJ
Up Toy2™ € Ta)" (Tap)ogetr+(p) @ MTay [5[Tag > >1/p

That is, if we consider the matrix 4; ® A|Ta1|>|Ta2|>--->1/p in the basis Té‘lzni, then the

column corresponding to the basis element Tg}lzm is divisible by T(% 7 ny—Lny/pJ.

For each N, the number of columns divisible by at most 7, O][V is at most multi%vf"b_
Thus, the Hodge polygon of H; ® AITa1|>|Ta2|>...>1/p on LTal is bounded below by the

naive, ®_

polygon that has mult edges of slope N. O]

Corollary 4.3.7.8. Suppose
Giap) = || Gk

is a union of n double cosets (see Section 3.3). The Newton polygon of the operator U; on

the space of overconvergent automorphic forms of radius r is bounded below by the polygon

naive, d_

that has n - multN’t

edges with slope N for each N > 0.

Proof. By Section 3.3 in Johansson and Newton [2016], the space of overconvergent forms

of radius 7 has an orthonormal basis of the form
n(r, m)zmi,

where n(r, m) is a coefficient that should be thought of as a power of p. Hence, Lemma 4.1.0.3

applies to the operator ; on

L(Tal) ® A\Ta1|>\Ta2|>...>1/p
and the corresponding operator on the space of overconvergent forms of radius r. n
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CHAPTER 5
APPLICATIONS

In the remainder of this paper, we explore some applications of the ideas from Chapter 4.

5.1 The lower bound in the unitary case

In this section we compare our lower bound to that obtained in Ye [2024]. Consider the case

where G is a compact form of GLy,, and ¢ = diag(p”_l,p"_Q, ..., p,1). The main result of Ye

2
[2024] states that the asymptotic of the Newton polygon of the Uy operator is C' - x1+”("—1) .
More precisely, in Theorem 5.1.1 of Ye [2024], the following lower bound on the Newton
polygon is established, with the help of some ideas from Johansson and Newton [2016]: the

Newton polygon of U; is bounded by the polygon that, for each NV, has

(Vi

edges of slope N — | N/p|. To rephrase, if the basis in the space on which the Hecke operator
acts is indexed by multi-indices (i1, ... (721)), then the slope corresponding to this multi-index
is . .

% i — Z}E;i)l i

=1 p

According to Corollary 4.3.7.7, the multiplicity of each slope N for N < p —1 is equal to

the number of solutions of the system

iy >0; ved_

Z slope(1,n~) + Z slope(2,n,) = N.

~vyell_ ~eP_\II_

(4.3.4)

Another way of saying this is that for a basis indexed by multi-indices (iy),cq_, the
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slope corresponding to each multi-index is

Z slope(1,ny) + Z slope(2,ny) >

~ell- yed \II-
SR
g yell_ P ~¢Il_ p
L I |
yed_ yed_ p yed_ p

For instance, for N < p — 1, for the lower bound in Ye [2024], the multiplicity of slope N
is
N+n(n—-1)/2-1
nn—1)/2—-1 )’
and the multiplicity of the slope N =p —11is
p+nn—1)/2—2 N p+n(n—1)/2-1
n(n—1)/2-1 nn—1/2-1 )
If we apply corollary 4.3.7.7 to the case N < p — 1, then for every solution, for all -,
ny <p—1, 50, ny— [nfy / pJ = n, and the number of solutions is equal to
N+n(n—-1)/2-1
nn—1/2-1 )
If N =p— 1, then there are two types of solutions: ones, where ny < p — 1 for all ~y, and

ones where ny = p for one simple v, and the remaining variables are 0. Hence, the total

number of solutions is equal to

(p Z(Z(i I)})z/i 2) el

that is, according to Corollary 4.3.7.7, the total number of slopes < p — 1 is slightly lower

than the total number of slopes < p —1 in Ye [2024].
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The asymptotic of the lower bound in Ye [2024] is

o= (el (5)) T (1 1) o () ) s,

which generalizes Liu et al. [2017] (see Remark 4.2.0.4).

To find the asymptotic of the bound that follows from Corollary 4.3.7.7, we observe that

the number of points is approximated by the volume of the simplex

iy >0; veEd_
n n
Z”v—ﬁJf > ”v—p_;:N’

~vell_ yeP_\II_

which is approximately equal to

(&) -y

Using this estimate, we can show that the upper bound that follows from Corollary 4.3.7.7
is

2 2

_ 2 ) n(n—1) T n(n—1 2 _2
Yy = $1+n(n—1) . (?T)L— . ((TL) l) ( ) . O'n(n—1) +o0 (x1+n(n—1)) . max(|Ta|),
[0

where (" o)
’I”L—l n— n
YT )
p p p
5.2 The lower bound on the Newton polygon: the GSp, case.

In this section we assume G = GSp, and improve the estimates obtained in Corollary 4.3.7.7.

This yields a better constant for the asymptotic upper bound than one in Corollary 4.3.7.5.
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In this section we use the same notations as in the series of examples Example 2.1.0.1,
Example 3.2.0.6. We only consider the operator 8k for ¢ = diag(p?®,p?, p, 1), (that is, a(t) =

B(t) = p). This operator is compact, as follows from Corollary 4.3.7.7.

5.2.1 wuy« action for GSpy

Computation 5.2.1.1. Suppose uy; € Iwy, € GSpy(Zp) is a lower-triangular matriz and let
I>p. Then
TxUy 4 <[nzn¢> C ]ZV slope(vp(v(t)),ny)LI.

Proof. We can assume that

g = H ze(pre).

ced_

Then
tsupy +2 = (z/fa, V_B, V_q—Bs V_Qa_ﬂ) +
(p Z—ay P Z-p, p2 (V—az—ﬁ + Z—a—ﬁ)v p3 (Vzaz—ﬁ +2vaz_q-p+ Z—2a—6)> :
By Lemma 4.3.4.4, the right hand side is tx composed with a map that preserves the lattice

Ly. The result follows from Section 4.3.6 and Computation 4.3.7.3. O

5.2.2  The lower bound for the Newton polygon

The following proposition follows from the above computations:

Proposition 5.2.2.1.
19 <(Ta,T5,p)nZn¢> C (Ta,Tg,p)ZW 310]0@(”17(7@))’"7)L(Ta’Tﬁvp)_

Proof. By Proposition 3.5.0.1, we know that, for any F' € C(Zg)_,R) the element L (F)

is a sum of elements 0xG, where 0 € Iwy,tIwy. As pointed out in Section 4.3.2, 0 can
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be decomposed as § = duytuy; where d is diagonal, uyy and wuy; are upper-triangular and
lower-triangular respectively, and d, wy, uy; € Iwyp.

By Computation 4.3.5.1,

d*UUt *L(TavTﬂap) C L(TOHTﬁap)
By Computation 5.2.1.1,

d*uut *t*Ult * ((Ta, Tﬁ’ p)nzn\lf> C d*uut *(Ta, Tﬂ’ p)zw SZOPG(UP(FY(t))7”’}’)L(Ta7TB’p) C

C (Ta. T, p)zv Slope(va(t))’M)L(Ta,Tg,p)'

]

Notation 5.2.2.2. Let multi]’\, ; denote the number of integer solutions of the system of

inequalities:

ny >0; ved-

Z slope(vp(y(t)),ny) < N.
yed_

(5.2.1)

Let mult%_t = multi]v’t — muzéf\f—l,t‘ The functions slope are defined in Section 4.3.6.

Remark 5.2.2.3. If t = diag(p?, p?, p, 1), then the number of solutions of Equation (5.2.1)
is approximately equal to the number of integer points in the simplex bounded by the

hyperplane

1 1 1 1
o (1) #one (1) # e (123 oo (12 5) <

and the hyperplanes n, > 0 for v € ®_. The number of lattice points in the simplex is

42



approximately equal to its volume. It follows that

—2 -1 -1
d_ 1 4 1 1 1
-2 -1 -1
1 1 1 1
’ p p p

Corollary 5.2.2.4. Suppose ¢t = diag(p?, p?, p, 1).

and

1. Consider the ring A|Ta|>\T5|>1/p = Zp[[Ta,Tﬁ]][TaTﬁ_l,pTojl] in which [Ty | > [Tg| >
1/p and the operator Uy on C(Zg)’,/\) ® A\Ta|>|T5|>1/p‘ The Newton polygon of Uy is

bounded below by the polygon that has mult%‘t edges with slope N for each N > 0.

2. Consider the ring A|T5|>\Ta|>1/p = Zp[[Ta,Tg]][TgTojl,pTﬂ_l} in which [Tg| > [Ta| >
1/p and the operator Uy on C(Zg)_,A) ® A\T5|>|Ta|>1/p' The Newton polygon of Uy is

bounded below by the polygon that has mult}{\)ft edges with slope N for each N > 0.
Proof. The proof is identical to that of Corollary 4.3.7.7. [

Remark 5.2.2.5. In the GSpy case, Corollary 5.2.2.4 tells us that the Newton polygon of

the Hecke operator U; where t = diag(p3, 2. p, 1) is bounded below by the polygon that has

slope N (in the ring AITa|>|T5\>1/p or in the ring A‘Tﬁ|>|Ta|>1/p)

-2 —1 -1
1 1 1 1
At (11 (1 1) (1 1)
’ p p p

times. In other words, the Newton polygon is almost bounded below by the curve

54 4 12 1 )
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