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ABSTRACT

We study the ramification on the cohomology of a smooth proper surface X in mixed charac-
teristic, when X degenerates to a surface over Fp with rational singularities, with a focus on
the case of rational double points. We find that the associated monodromy action of inertia
depends on a formal affine neighborhood of the singularity, and under sufficient restrictions
on characteristic p, it is tamely ramified and generated by a conjugacy class representative
of an appropriate Weyl group related to the singularity. This naturally extends to a similar
monodromy characterization of general rational singularities. Along the way we extend to
mixed characteristic some results of Brieskorn and Slodowy concerning simultaneous resolu-
tions of surface singularities. We also compare our Weyl group actions to certain Springer
representations constructed by Borho and MacPherson, via the notion of relative perversity

as developed by Hansen and Scholze.
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CHAPTER 1
INTRODUCTION

Let K be a complete discrete valuation field with valuation ring O of mixed characteristic
(0,p). The celebrated Néron-Ogg—Shafarevich theorem, first proven for elliptic curves and
then generalized to abelian varieties by Serre-Tate ([54]), states that an abelian variety X
over K has good reduction, meaning that there exists a smooth proper model X — Spec(Of)
with generic fiber X, if and only if the natural action of G = Gal(K/K) on the étale
cohomology group Hét(Xf, Qy) for £ # p is unramified, i.e. it restricts to a trivial action of
inertia /. Here I is defined as the kernel of the surjection G — G}, where G}, is the

absolute Galois group of the residue field k.

1.1 Good reduction beyond abelian varieties.

For a general smooth proper variety X over K there is a subtler relationship between
good reduction and ramification, i.e. the nontriviality of the monodromy action of I on
H" (X7, Q). A necessary condition for good reduction is that H" (X7, Q) is unramified for
all n and ¢ # p, however the converse often fails. For example, there are smooth curves X of
genus ¢ > 2 with unramified Hét (X7, Qp), which nevertheless do not have good reduction
over K or any finite extension of K (]|43], §2.4). Instead, Oda has established that, if X
is a smooth proper curve of genus g > 2, it admits good reduction if and only if a certain
G i-action on the pro-¢ completion of the geometric étale fundamental group W%t(XF> ¢ is
unramified ([48]). More recently, Liedtke-Matsumoto have shown that a K3 surface X with
unramified HQ(X?, Qy) admits good reduction after a finite unramified base extension, under

the stricter assumption that X admits a potentially semistable model ([43], Thm. 1.3).



1.2 Bad reduction of surfaces and singularities.

In this article, we will consider degenerations (i.e. reductions) of a smooth proper surface
X/K. More specifically, we focus on Galois representation Hgt<XF7 Qy) and relate the types
of singularities that may appear on reductions of X to the ramification of Hzt (Xf, Qy).
Any smooth surface X admits an integral proper flat model X — Spec(Of): by Nagata’s
compactification theorem ([62, TagOF3T]|) there exists a proper scheme X' — Spec(O ) with
an open immersion X — X', and up to normalizing X and taking the closure of X in X
we get that X' is reduced and dominates Spec(Of ), so X is integral, proper and flat over
Spec(Of ). The special fiber A}, is called the reduction (mod p) of X.

One can ask in general how ‘badly’ singular the reduction A}, is. When X is strictly
semistable, i.e. A}, is a simple normal-crossings (snc) divisor in X, Rapoport—Zink have
shown ([51]) that the nearby cycles spectral sequence abutting to H?gt (X7, Qy) gives rise to a
weight filtration on H?et (X7, Q). Since the weight-monodromy conjecture holds for surfaces
in mixed characteristic (loc. cit., Satz 2.13), the weight filtration coincides up to shift with
the monodromy filtration induced from the Ij-action. This allows one to determine the full
monodromy action on H?et(XFv Qy) by computing the [g-action on the graded pieces of the
weight filtration. These graded pieces are related to the cohomology of special fiber &}, which
admits a nice combinatorial description by the snc property. For general semistable schemes,
a cornerstone theorem concerning their ramification is the unipotency of the Ix-action ([3]).

In a somewhat orthogonal direction, one can suppose instead that the proper smooth
surface X admits an integral model X with X} having isolated singularities of a certain kind.
Typically X will not be semistable, and so the monodromy action of I on H%t (X7, Q) is at
worst quasi-unipotent ([3|, Exposé I). One can ask whether X admits a potentially semistable
or even smooth model, and how the monodromy depends on the type of singularities of Xj..
The interest in surface singularities over k =~ EU here is twofold. Firstly, there has been

recent progress on our understanding of positive and mixed characteristic singularities; see
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[45] for a ring-theoretic approach using perfectoid techniques. Secondly, the relationship
with monodromy actions has not been explored a lot beyond varieties acquiring ordinary
double points, which have been classically studied in [4].

A recent result of D. Kim (]40]) investigates the monodromy action on Hgt(X?, Qy)
related to an integral model X’ acquiring ordinary double points on the special fiber. Via
an explicit calculation of a suitable semistable model of X and the Rapoport-Zink spectral
sequence of [51], it is shown that the monodromy action factors through Gal(L/K) ~ Z/2,
the Galois group of the unique ramified quadratic extension L of K. Thus [ acts trivially
on H2(X?, Qy) or through a nontrivial quadratic character, dependent on a formal affine

neighborhood of the singularity in X.

1.3 Main theorem.

In this paper, we establish a generalization of [40] to a natural class of surface singularities
over k = Fp, that of rational double points. These singularities are also known in the literature
as simple (surface) singularities, ADE singularities, Kleinian or du Val singularities. Rational
double points have the benefit of being amenable to mixed-characteristic extensions, while
still being ‘mildly’ singular with easily computable minimal resolutions. Moreover, there is a
McKay correspondence-type relation between rational double points and Lie algebras: each
class of a rational double point has a minimal resolution whose exceptional divisor possesses
a dual graph isomorphic to a Dynkin diagram of ADFE type, and therefore such a class
corresponds to a simple simply-laced Lie algebra (over C or Fp for sufficiently large p > 0;
see Section 2.1 for details).

We aim to characterize the associated monodromy [y-actions for models X of X which
degenerate into surfaces &} having rational double point singularities. Instead of finding a
semistable model of X, we investigate the possible formal affine neighborhoods of the singu-

larities of A}, in X via their explicit miniversal deformations. These miniversal deformation
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equations are determined by X 7 SO throughout this paper (unless stated otherwise) we
assume K = K is the completion of its maximal unramified extension. In particular the
special fiber X and its singularity live over k = k.

We adapt classical results of Tjurina, Brieskorn and Slodowy ([16], [57], [64]) regarding
so-called simultaneous resolutions of singularities to the mixed characteristic setting, yield-
ing that X admits a smooth model X after a finite base-change L/K. Results of Artin ([7])
show that X exists at worst in the category of algebraic spaces, and its fibers are (alge-

braic) surfaces. Dependent on a restriction on the characteristic p and on a formal affine

neighborhood of each singularity, we can make the monodromy [g-action precise:

Theorem 1.3.1. Suppose (K, Ok, k) is the data of a complete DVR of mized characteristic
(0,p) with p sufficiently good, and let X/K be a smooth proper surface with an integral
model X over O so that X}, has a unique rational double point. Let W be the Weyl group

associated to the Dynkin diagram corresponding to the rational double point.

(i) The monodromy I -action on Hgt(XF’ Qy) factors through a cyclic subgroup (w) of

W, dependent up to conjugacy on a formal affine neighborhood of the singularity.

(ii) The Weyl element w acts on Hgt(Xf, Qy) wvia a Springer W -representation, and X

achieves good reduction after a ramified base-change of degree ord(w).

(i) In the case of Ap-singularities, for every Weyl conjugacy class there exists an element
w in the class and a model X degenerating to Ay-singular surface X} so that w acts

as the monodromy operator on Hgt(é\ff, Qy).

In particular we recover the results of [40], which in this terminology deal with Aq-
singularities (ordinary double points). The main novelty here is to bridge the gap between
the characteristic zero and characteristic p cases of monodromy actions on cohomology, since

for big enough p the classification of rational double points over C and Fp is the same. In
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particular we find that, if the action of monodromy is tame, then the monodromy operator
acts in the same way as the complex monodromy operator for such singularities. As far as
we know, there has not been a thorough investigation of the relationship between conjugacy
classes of Weyl groups and degenerations to (rational double point or otherwise) singularities,
even over C. We hope to further explore this relationship in the future.

We remark here that Theorem 1.3.1 naturally generalizes to &}, having any finite number
of rational double points, as we may choose disjoint formal affine neighborhoods at each
singularity. In this case, the monodromy acts via a product of Weyl group elements, one
for each singularity of a fixed Dynkin type. There is also a natural generalization to arbi-
trary (surface) rational singularities, by using the methods of [67] to reduce the situation to
rational double points, and the monodromy acts factors through a product of Weyl groups.
There are also possible applications of Theorem 1.3.1 to questions regarding monodromy
characterizations of reductions of K3 surfaces in mixed characteristic, as part of the topic of
derived equivalences of K3 surfaces (see [32]); we hope to explore this direction in the future

as well.

1.4 Outline of the proof.

The main tools for the proof of Theorem 1.3.1 are a theorem of Berkovich ([10]) and the
Grothendieck—Springer resolution. Via Berkovich’s argument we may relate the nearby cycles
of special fiber A}, to the “formal” nearby cycles of the completion of &}, at the singularity,
and show that the monodromy action on H? (X%,Qy) depends on a formal neighborhood
of the singularity. We may then ‘embed’ the local picture into the miniversal deformation
of the singularity and use a mixed-characteristic incarnation of the Grothendieck—Springer
resolution.

Over C, the Grothendieck—Springer resolution (or Grothendieck alteration) m : g — g

furnishes a connection between simple Lie algebras g and simple surface singularities, which
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are exactly the (complex) RDPs. This connection was studied by Brieskorn in the ’70s,
following a conjecture of Grothendieck ([16]), and full details were written up in ([57]). The
Grothendieck alteration may be thought of as an enhancement of simultaneous resolutions
of surface singularities on the algebro-geometric side, and as a generalization of the Springer
resolution N — A on the representation-theoretic side. Concretely, one may realize RDPs
as generic points in the subregular nilpotent orbit of the nilpotent cone N of g. In turn, g is
connected to the singularity via its Dynkin diagram, which is isomorphic to the dual graph
of the exceptional divisor in the minimal resolution of the singularity. These considerations
still make sense for Chevalley algebras over Spec(O).

After a ramified base-change via the Weyl cover, we may simultaneously resolve all sin-
gularities appearing on the nilpotent cone, and in particular we obtain a resolution of the
singularity in our model X by pulling back along an appropriate base-change on Spec(Of).
Using a recent notion of relative perversity from Hansen—Scholze ([29]), we may describe
the associated monodromy W-action of the Weyl cover as an action on the relatively per-
verse sheaf Rm«Qy[dim g], which ends up being the Springer W-action as constructed by
Borho-MacPherson ([13]). Along the way we also derive an ¢-adic instance of the Springer
correspondence and relate Springer theory to the study of nearby cycles over a larger (i.e. > 1-
dimensional) mixed-characteristic base. This gives a p-adic picture analogous to the interac-
tion between Springer theory and nearby cycles in the complex setting. The upshot is that,
in sufficiently large characteristic p, we may describe explicitly the resulting ramification in
the cohomology of X by factoring the Ij-action through a restriction of the Springer W-
representation associated with the singularity of X}. In the case of Aj,-singularities we can
furthermore check by hand that the monodromy [j-action can lie in any Weyl conjugacy

class.



1.5 Connections with other work.

Our results are parallel to results of Shepherd-Barron ([55], [56]), who extended the Grothendieck—
Springer resolution and some related results of Brieskorn to “good” characteristic, via a dif-
ferent method and in the context of groups instead of Lie algebras. Shepherd-Barron also
extended arguments of Artin (|7]) regarding simultaneous resolutions to show that one also
gets so-called Weyl covers for Brieskorn’s resolutions in all characteristics. In small charac-
teristic, however, he notes that “one does not have a formula for the action of any reflection
of W” on the relevant cohomology groups ([56], Introduction). Our approach is instead a
natural extension of the methods described in ([57], [58]), and at the cost of restricting the

characteristic we may describe what the corresponding W-action must be.

1.6 Organization of this thesis.

Section 2 contains some background on rational double points, simultaneous resolutions
and (miniversal) deformations of isolated singularities in the mixed-characteristic setting.
Section 3 covers the necessary Lie-theoretic notions including the description of the nilpotent
cone as a fiber of the adjoint quotient and the Grothendieck—Springer resolution, in the
context of Chevalley algebras over a mixed-characteristic DVR. Section 4 extends results of
Slodowy ([57]) regarding the construction of suitable transverse slices to nilpotent orbits in
Lie algebras. Finally Section 5 presents the main argument, involving tools from the study
of perverse sheaves and nearby cycles to determine our desired monodromy action in terms

of certain Springer representations of the Weyl group.

1.7 Notations and conventions.

All rings are commutative with unity. O denotes a complete mixed-characteristic discrete

valuation ring of type (0,p), meaning fraction field K has characteristic zero and residue
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field £ is algebraically closed of characteristic p > 0. Unless otherwise stated, we will assume
K = K = KU i the completed maximal unramified extension of K in a fixed separable
closure K, so that O may be identified with the Witt vectors W (k) of k. The maximal
tamely ramified extension of K is denoted by K. The inertia subgroup of Galy is Iz =
Gal(K /K", the pro-p wild inertia subgroup of I is P = Gal(K/K") and the tame
inertia is defined as I /P, which is topologically generated by one element.

On the geometric side we define (Spec(Of ), Spec(K), Spec(k)) = (5,7, s) to be the data
of a (complete) trait, with generic point 1 and closed point s = 5. Separable closures are
denoted with a bar, e.g. 7 = Spec(K). Residue fields of points z — X of a scheme X are
denoted by k(z), e.g. K = k(7).

On the Lie-theoretic side, g, b, § will denote respectively a semisimple Lie algebra along
with a choice of Borel and Cartan subalgebra, and W = W (g) will denote the Weyl group
associated to (the Dynkin diagram of) g. The Coxeter number of g is denoted by Cox(g).
For an affine S-scheme X with an action of an S-group scheme G, X//G denotes the affine
GIT quotient with coordinate ring Og[X]%.

Unless otherwise stated, H? denotes étale cohomology Hét'



CHAPTER 2
RATIONAL DOUBLE POINTS AND THEIR MINIVERSAL
DEFORMATIONS

This section gives some relevant background on rational double points and simultaneous
resolutions. Sections 2.3-2.5 describe explicitly the miniversal deformations of these singu-
larities. While the results are known to the experts, the associated deformation problems in
this setting have a mixed-characteristic base O = W (k) instead of k, so for completeness

we develop the mixed characteristic case here.

2.1 Rational double points.

Let X be an algebraic surface over an algebraically closed field k. A rational singularity
r € X (k) is a normal singularity (i.e. Ox , normal) for which there exists a resolution
f: X > X satisfying Rif*(’))? =0fore>1.

By Zariski’s Main Theorem, the reduced exceptional divisor E = f~1(z)eq is a union
of smooth rational curves Fj;, elucidating the term ‘rational singularity’ (see [17], Lemma
3.8). Rational double points are a particular class of rational singularities pinning down the

self-intersections of the exceptional divisors Ej:

Definition 2.1.1. A normal surface singularity (X, x) is a rational double point (henceforth
RDP) if its minimal resolution f : X — X has reduced exceptional divisor £ = UFE; so

that all E; are smooth rational curves with self-intersection EZ2 = —2.

There are various equivalent characterizations of RDPs; for example, they are surface
singularities (X, z) whose Zariski tangent space my/m> has dimension 3 and O X, has mul-
tiplicity 2 (hence the term ‘double points’). The tangent space dimension here implies RDPs

are regularly embedded in codimension 1 and are hence hypersurface singularities. Since

9



smooth points have local rings of multiplicity 1 and tangent spaces of dimension 2, this
characterization makes apparent that RDPs are the ‘mildest’ surface singularities one can

ask for.

Example 2.1.2. The following examples may give a rough indication on where RDPs stand

within the zoo of surface singularities.

(i) Suppose E C IP% is an elliptic curve and Cg C A% is the cone over E. The exceptional
divisor of the resolution C ' — CFg of the singularity at the origin is F again, hence

this singularity is not rational (it is instead an “elliptic singularity”).

(ii) The image of the Veronese embedding P! < P? is a rational normal curve Cy of degree
d. The cone C' C A%l has a rational singularity at the origin since the exceptional

divisor £ ~ C;. However E? = —d, so for d > 3 it is not a rational double point.

(iii) The simplest rational double point is the origin in the affine cone {:L’2 ty? 22 = 0},

which is also known as an ordinary double point..

One property RDPs enjoy is that they are absolutely isolated, meaning they can be
resolved after a finite number of blowups at points; in fact, each blowup yields an RDP of
different type until they are all resolved (see |62, Tag 0BGB]).

A crucial fact about RDPs is that in appropriate characteristic (see Definition 2.1.4
below) they are taut, i.e. completely determined up to isomorphism by the dual graph
of their minimal resolution. This is classical over C, and has been extended to positive

characteristic by [8]:
Theorem 2.1.3. Let X be a projective surface over k.

(i) ([17], Thm. 3.32, [6]) If E is a connected curve on X with smooth rational curve
components FE; so that Ef = —2, then the only possible dual graphs for E are the

Dynkin diagrams Ay, Dy, Fg, E7 and Ejg.
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(i) (|8]) If = € X(k) is an RDP and char(k) is very good (see Definition 2.1.4) then up
to analytic isomorphism 6X,x ~ klz,y, z]/(f(z,y, z)), where f(x,y,z) and the dual

graph of the minimal resolution of x are given by the table below:

flz,y,z) Dual graph
22 4 22 4yt Ay
22 4 aly 4yl Dn
22+ a4yt Eg
22423 + xy3 Er
22 4 a3 4P Eg

A polynomial f(x,y,z) defining an RDP is usually called a ‘normal form’. Since the

notion of ‘good characteristic’ will be ubiquitous in this paper, we record the definition here.

Definition 2.1.4. Given a semisimple simply-laced Lie algebra g over k of characteristic

p > 0, so that its Dynkin diagram has components A, Dy, or E),, we say p is

(a) good with respect to g if p # 2 if g has any D,, components, p # 2,3 if g has any
Eg, E7 components and p # 2,3,5 if g has any Eg components (note there are no p

restrictions for A, components).
(b) wvery good with respect to g if it is good and for any A, component we have ptn + 1

(c) sufficiently good with respect to g if p 1 |W(g)| i.e. it does not divide the order of the

associated Weyl group.

For simple Lie algebras it is automatic that sufficiently good = very good = good.
We will revisit this definition in Remark 3.2.3 for a more intuitive explanation of these
restrictions.

Theorem 2.1.3 identifies RDPs with the corresponding simple simply-laced Lie algebras

of the specified Dynkin type, so we can refer to p being (very) good for the singularity, the
11



Lie algebra or the Dynkin diagram interchangeably. Theorem 2.1.3 is no longer true when
p is not good, and there is more than one equation describing an RDP with the same dual

graph; see (|8]) for details.

Remark 2.1.5. We have the following byproduct of the proof of Theorem 2.1.3. We may
resolve RDP x € X (k) by iterated blowups along points, and at each step we get an RDP of
different Dynkin type. All the Dynkin diagrams corresponding to each RDP appearing in the
resolution process are subdiagrams of the Dynkin diagram of . Conversely, all subdiagrams
of the Dynkin diagram of x correspond to these ‘intermediate’ RDPs during the iterated

blowup process.

2.2 Simultaneous resolutions.

We next describe a particularly rare notion of resolving singularities of schemes in families.
In order to be consistent with [7], we enlarge the category of schemes to include separated

algebraic spaces, though in practice we will only resolve schemes.

Definition 2.2.1. Let f : X — S be a finite-type morphism of separated algebraic spaces.

A simultaneous resolution is a commutative diagram
v ™
X — X

[
s v
S —— S
where ]7 is smooth, 7 is proper, v is a finite surjection and for all geometric points s — S

with image s = 9 (5) — S, the induced morphism on the fibers

is a resolution of the singularities of X oq. If S = Spec(k) is a point then we recover the
usual notion of a resolution 7 : X — X of algebraic spaces over k (|62, Tag 0BHV]).

12
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Remark 2.2.2. One generally needs to impose some assumptions on the fibers, e.g. geo-
metrically reduced and excellent, in order for resolutions of singularities to exist in the first
place. There are also explicit examples of projective maps X — S whose simultaneous res-
olution X is not a scheme (see Remark 2.2.8), so in general one needs to consider algebraic
spaces. In practice, however, f will be a morphism of henselianized (localized) schemes and
the schematic fibers will be equipped with the reduced-induced subscheme structure, so we

will not need to mention the above assumptions.

Example 2.2.3. We expound on why simultaneous resolutions rarely exist with the following
examples (cf. [41], Ex. 4.27). Assume that f : X — S is flat, where S is a smooth curve

with a fixed closed point s, and that the generic fiber of f is smooth..

(i) If f is a family of curves so that X is a reduced singular curve then a simultaneous
resolution does not exist; any resolution will introduce an exceptional locus E in X

and £ N )?5 is a singular set in .9?3

(ii) If f is a general family of varieties so that X has dimension > 3 and is a complete in-
tersection with (at worst) isolated singularities, then X' is Q-factorial (|28], X1.3.13.(ii))
and hence it is well-known that X admits no small resolutions. Therefore the excep-

tional locus will be a divisor and /'Eg cannot be smooth as in the previous example.

There are more examples of obstructions to constructing simultaneous resolutions and it
is difficult to come up with sufficiency conditions for their existence. In light of this, it is a
surprising theorem that, after a ramified base-change, simultaneous resolutions do exist for
families of surfaces acquiring RDP singularities. The following was independently discovered
by Brieskorn and Tjurina, then generalized by Brieskorn in the complex setting and by Artin

in the algebraic setting:

Theorem 2.2.4 ([15],[64], [7]). Let f : X — S be a flat morphism of schemes and s a

closed point of S so that X is a surface with a unique RDP x € Xs. Let f: /'\?(x) — S(S)
13



be the induced map of the associated henselianized schemes X(x) and S(s). Then there exists
a finite surjection 1 : S — S(S) of henselian schemes, branched over a Cartier divisor
A C 5(3), so that f admits a stmultaneous resolution ]7: X — S fitting into the following

diagram:

Here ]7 is smooth and 71, m form the Stein factorization of proper map ™ = moomwy. Cartier

divisor A is called the discriminant divisor (or the ramification locus) of map f

Remark 2.2.5. In the complex-analytic category one can replace the henselizations with f

being a map of germs of singularities (X, z) — (5, s).

Remark 2.2.6. Suppose X, S are complex schemes and S is affine. Brieskorn’s theorems
show that the Galois group of the finite cover S — S is the Weyl group W of the Dynkin
diagram associated to the RDP in Xg (cf. Theorem 2.1.3). Moreover, the pullback ¥*A
of the discriminant divisor is a hyperplane arrangement in affine space S , determined up
to sign by the root system of the Dynkin diagram. These results do not follow from the
algebraic methods of Artin (|7]), but later results of Shepherd-Barron ([56]) showed that a
“suitable polarization” of Artin’s simultaneous resolution functor Res y /8 yields that S S

is a so-called Weyl cover in the algebraic setting too.

Example 2.2.7. Let S = Spec(Of) be a strictly henselian trait with residue characteristic
p # 2, uniformizer 7, closed point s = Spec(k) and generic point n = Spec(K). Let
X=V(@?4+y2+22-7N)C A% (N > 1) be a threefold, flat over S, with singular fiber X
over k; note the special fiber Xy = V(a:2 + y2 + 22) C Ai has an ordinary double point at
the origin.

Suppose N = 2n is even. Blowing up X along ideals (x, z £ 7™) gives two different small

resolutions X4+ — X’; smallness here is a consequence of both ideals defining non-Cartier
14



Weil divisors on X. Both X, X} are smooth over S with generic fibers (X4.); ~ AXj over
K. Viewing X as a hyperplane section V(?TN )N X and setting u = z — 7", the universal

property of blowing up gives
(X+)3 ~ Bg(a:,u) (X) Xx V(Qf2 + y2 + ’LL2) = Bé(x’y’u)‘/(ﬂf2 + y2 + U2>

ie. (X4)s — A is the minimal resolution of & ,.q, since a single blowup resolves the
ordinary double point. In this situation there exists a birational map f : X_— --» A4
induced by (z,z — 7") — (z,z + 7"); it is known as the Atiyah flop.

Suppose now N = 2n+1 is odd. In this case X does not admit a simultaneous resolution
over S (e.g. when N = 1, the obstruction is the smoothness of total space X'). To repeat
the arguments of the previous paragraph we pass to the unique ramified quadratic extension
L = K(y/7) of K so that X7 = V(22 + 4% + 22 + W%N) now admits small resolutions by
blowing up along ideals (z, 2N ). We thus have a simultaneous resolution after base-change

Spec(Or,) — Spec(Of ), ramified over the closed point s.

Remark 2.2.8. Simultaneous resolutions need not exist in the category of schemes when one
considers more ‘global’ contexts of simultaneously resolving projective families. As Artin’s
example in (7], p. 330) shows, if X — Spec(Of) is a projective family so that the generic
fiber & is a quartic K3 surface of geometric Picard rank 1 (such K3 surfaces exist; see [65],
Thm. 3.1), and the special fiber X a nodal quartic, then localizing at the node we obtain a
situation like that of Example 2.2.7 and neither X_ nor Xy are schemes. By ([7], Thm. 1)
however, simultaneous resolutions of surfaces will be at worst algebraic spaces whose fibers
are schemes, since this is true for any smooth 2-dimensional algebraic space.

A second important point is that simultaneous resolutions are generally non-unique, e.g.

Example 2.2.7 yields two non-isomorphic resolutions X_, X related by a flop X_ --» X .
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2.3 Formal deformations of singularities.

In what follows, let S = Spec(Of) be a complete DVR with algebraically closed residue field
k and uniformizer 7. Let X — S be a flat proper surface with special fiber X} containing
a unique RDP z. We may choose affine coordinates so that the local ring of the singularity

has the form

~ klx,y, 2]
Ry=0y, , ~—F—""—
B f 2,y 2)
with f(z,y,2) = 0 the normal form of the rational double point (2.1.3). We aim to describe
the possibilities of what O X,z the completed local ring of the model X at point x (viewed

as a point in X') can look like, by interpreting O x.¢ as an appropriate deformation of the

singularity. We next clarify the notion of deformations we will use.

Notation 2.3.1. Write Vjj = Spec(Ry) for the affine scheme of the singularity, and Arty
resp. KR;C for the category of artinian local, resp. complete noetherian local rings with
residue field k. Both types of rings become canonically W (k)-algebras via the unique lift of
the natural surjection W (k) — k. For R in ﬁk we set

Ry = R/m'A*, R=R/rR, Ry=R/(r,m%")~R/mLH

R

so that R, is in Art; and R resp. R, are complete noetherian local, resp. artinian local

k-algebras; note R ~ @ R, and R ~ l'glﬁn. We will also call
Tm(R) = mR/m%b Tm(R)reqa = mp/(, m%{) = mﬁ/m%

the cotangent, resp. reduced cotangent spaces of R € {Arty, ﬁk}, they are both naturally

16



k-vector spaces. To V{y we associate two deformation functors
DerO : Al"tk — Set, [/)e\fvo : ﬁk — Set

R € {Arty, KRk} > {isoclasses of deformations V' — Spec(R)}

The tangent space Defy (k[e]) parametrizes so-called 1st-order deformations of V) and has
a canonical k-vector space structure. For R in ﬁk we will call a deformation V' — Spf(R)
of Vy formal, with the understanding that it arises as an inverse limit of deformations of 1/
over artinian local rings. We give a preliminary lemma on what such deformations can look

like.

Lemma 2.3.2 (|31], Thm. 9.2). Let Vy/k be an affine hypersurface singularity defined by

polynomial f(x,y,z).

(i) For any small extension ¢ : Rjy1 — R; in Arty and deformation V; = Spec(w)
of Vo we have I = (F;) principal and any flat lift of V; to a deformation V11 —

Spec(R;11) is of the form

Ri—l—l[xa Y, Z] ] _
Spec(Tm), Fiy1 =F; mod (ker ¢)

(ii) If R € ﬁk then any formal deformation V' — Spf(R) of V{y is of the form

Rlz,y, 2]
(F)

Spf( ), F=f modmpg

Remark 2.3.3. In plainer language, Lemma 2.3.2 says that deformations of affine hyper-
surfaces are still hypersurfaces; more generally, it is true that deformations of local complete
intersections are also local complete intersections.

To the deformation theory of Vj we may associate the Lichtenbaum-Schlessinger functors
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T/(Vp) = Exti(QRO, Ry), where TY(1}) is just the tangent module of Ry. It is known ([66],
Prop. 6.4) that T1(V}) parametrizes first-order deformations of ) and T2(V{)) contains an

obstruction space for their liftings. By the explicit description of V{j we can be more precise:

Lemma 2.3.4. We have Defy (k[e]) ~ Extl(QRO,RO) ~ Ry/J where J = (fz, fy, [>) is the

Jacobian ideal, and EXt2(QRO, Ry) = 0. In particular, deformations of Vi are unobstructed.

Proof. The first isomorphism is ([53], Thm. 2.4.1 (iv)). The conormal sequence associated

to Vg — A% is

0 — (N/(f) — Qg @ Ry — Qpy — 0

which is exact on the left by (|66], Lemma 4.7) and so dualizing we get exact sequence

0 — Dy — (3 & Ro)Y <5 (N/(HDY =5 Ext! gy Ro) — 0 (23.)
with 0 surjective as QA% ® Ry is free over Ry. The map (f)/(f)? — QA% ® Ry is given by
the Jacobian matrix f — df and (f)/(f)? ~ Rq is free of rank 1, hence the adjoint map d*
has image J = (fz, fy, f>). So via the boundary map 0 we get Extl(QRO, Ry) ~ Ry/J and,

as a byproduct of exact sequence (2.3.1), ExtQ(QRO, Rp) = 0. O

Definition 2.3.5. The k-vector space

klx,y, z]

1 _ ~
T (VO) B RO/J B (fa f:z:afyafz)

is called the Tjurina algebra of the singularity in Vp. It has finite dimension since V'(f, fz, fy, f2)
is supported on the unique singular point - in general, for isolated singularities, the Tjurina

algebra is finite-dimensional.
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2.4 The Kodaira—Spencer map.

This section follows (|66], §6). Given a formal deformation ¢ : V' — Spf(R) of V[, we aim to
attach to it a k-linear map T (R) 4 — T1(Vp) defined in the following steps.

An element of Tm(R);/e q corresponds to a map R — kle] which, by W (k)-linearity and
£2 = 0, factors through a map R — Ry; write ¢; for the base-change of ¢ along this map.
Set

0 : Vo X Spec(R1) — Spec(Ry)

to be the trivial deformation of Vj over Ry so that ¢, ¢ € Defy, (Ry). By Lemma 2.3.2, both

¢, @1 embed as hypersurfaces in A?’R , defined by ideals Iy, [y C Ry[x,y, 2] respectively. If
1

I = (f) is the ideal of Vjy in k[, y, z], we may lift a section F' € I to sections Fyy € Iy, Fy € 1.

By virtue of the square-zero extension
0 — mp — R —k—0

the difference Fjy — F} lies in mp Oy klx,y, z], and its image [Fy— F1] under k[z,y, z] - Ry

depends only on the choice of F'. Hence F' + [Fy — F}] yields an element

Vv E Homk[[x’y’ZH (I,mﬁl ®k; RO) ~ mﬁl ®k; Hong (1/127 RO) = mﬁl ®]€ ((f)/(f)2)v

Homomorphism v is well-defined in general for any two deformations of [y over an artinian

R; see (|66], Prop. 2.8) for more details. We will only be using it in the following definition.

Definition 2.4.1. The Kodaira-Spencer map is a k-linear map KSy : Tmn(R)), — TH(Vp)

defined as the image of homomorphism v described above under map

id®d:my © ()/()?)Y — mp, @ Ext!(Qgy, Ry) ~ Homp(Tm(R),q, T' (Vo))
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where 0 is the boundary map induced from the conormal exact sequence (2.3.1) of Vj — A%.

By construction, map v depends only on ¢, hence the Kodaira—Spencer morphism de-
pends only on ¢ - it is well-defined by (|66], Prop. 4.11) and satisfies various functorial

properties (loc. cit., Prop.6.10). We note the following:

Proposition 2.4.2 ([66], Prop. 6.11). Let ¢ : V — Spf(R) be a formal deformation of
Vo and for a € (mR/m%)\/ ~ Hom(R, k[e]) let fo, : R — k[e] be the corresponding map.
Then the induced 1st-order deformation fh¢ : Vi =V x g Spec(k[e]) — Spec(kle]) defines a

conormal exact sequence via Vo = Vi, and KSy(a) € TY(Vy) is this extension class.

2.5 Miniversal deformations in mixed characteristic.

We can now describe a class of deformations of V{j from which all others are induced in
a certain ‘minimal’ way. Recall that if ¢ : V' — Spf(R) is a formal deformation of 1}
and hp = Hom(R, —) : KR/{ — Set is the Hom functor of R, then ¢ induces a natural
transformation

hR — 6e\fV0
Definition 2.5.1.

(i) ¢ is versal when this natural transformation is formally smooth, i.e. if B — A in KR;C
then the map

hp(B) — hg(A) Dety (B)

" Defy (4)

induced from the obvious commutative diagram is a surjection.
(ii) ¢ is mindversal if it is versal and the Kodaira-Spencer map KSy is an isomorphism.

By Lemma 2.3.4 and the definitions in Notation 2.3.1, it is clear that this definition of

miniversality coincides with the more common one (see e.g.[31], §15). We also note that
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versality is usually stated in terms of artinian local rings, but one can deduce versality in

the above (more general) case from the artinian one (|66], Lemma 7.3).

Proposition 2.5.2 (Schlessinger criteria, [31] Thms. 16.2, 18.1). Defy; admits a miniversal
deformation if and only if the tangent space Defvo(k[s]) 15 finite-dimensional. In particular

there exists a miniversal deformation when Vi has isolated singularities.

Proposition 2.5.3. If ¢ : V — Spf(R) is a formal deformation of Vi such that R is a power
series algebra over W (k) and the Kodaira-Spencer map KSy is an isomorphism, then ¢ is

mainiversal.

Proof. Suppose R = W (k)[t1,--- ,tn] and KSy is an isomorphism. By Proposition 2.5.2
there exists a miniversal formal deformation ¢ : W — Spf(S), yielding by versality a homo-
morphism f : S — R and hence a map df : Tm(S)red = Tm(R)req, dual to the differential
map of reduced tangent spaces. Since KSy4, KSy, are isomorphisms and KS;, = KSy o df
by the functoriality of the Kodaira—Spencer construction (|66], Prop. 6.10 (b)), df is an
isomorphism.

It remains to show f is an isomorphism. We will use df to construct a map g : R — S

so that the dual differentials of (non—reduced) cotangent spaces

D(fog): mR/m%z — mR/m%, D(go f): mS/m% — mS/m% (2.5.1)

are surjective, then by functoriality of differentials ([66], Lemma 7.5) f o g and g o f will be
isomorphisms so that in particular f is an isomorphism.

To construct g: Observe T (R)yed = k[t1,- - +tn]/(t1, - ,tn)? has generators 7y, - - - , .
As df is an isomorphism, we can pick basis {g;, - ,G,} of mS/(W,m%) so that df(g;) = ¢;
and lift them to a set of representatives g; € mg. On artinian quotients we define

W(k)[tlﬂ c 7tn]
Ry, =
gm " (ﬂ-?tl’ e 7tn)m
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(m) —(m)

where z_fi ,g; ~ denote the images of ¢;,g; under R — Ry, S — Sy, respectively. Since
R ~ @Rm, S ~ @Sm this defines a homomorphism ¢ = @gm : R — S mapping
t; — g;, which by construction induces a surjection dg : mﬁ/m% —» mg/m%. In turn dg
induces surjections m%‘ /m%‘Jrl — m%l /m%Hl and as the source and target of this map are
respectively the kernels of Ry, 11 — Ry, and Sp,11 — Sm, we inductively get surjections
Ry — Sm; the base case is Ry ~ k@mﬁ/m% — S ~ k@mg/m%. Since Ry, = Ry /7R, by
Nakayama’s lemma we get that the lifts g, : Ry, — Sy, are surjective, and since Ry, Sy, are
artinian local rings we get g = 1&1 gm surjective, hence the dual differential Dg : mp/ m2R —

mg /m% is surjective. Repeating the exact same argument for f : S — R yields a surjection

Df: ms/m% — mR/m%z. Thus the maps in (2.5.1) are surjective and we are done. O

We now come to the crux of this section: describing the miniversal deformations of V4.

Proposition 2.5.4 (see [66], Example 7.17). Let r = dim; T*(Vp), R = W(k)[t1,--- . tr]
and choose elements gy, -+ , gr in W(k)[z,y, 2] so that {gy,--- ,q,} forms a basis of TL(Vp).

Consider the hypersurface V.=V (F) C A?]’% defined by the vanishing of power series

T
F(L?J;%ﬁ;"' 7t’f‘) - f(x,y, Z) +thgz(x7y7 Z) S W(k)[[‘rayazatla"' 7t7“]] (252>
=1

Then V' — Spec(R) induces a miniversal deformation of V.

Proof. In view of Proposition 2.5.3, it suffices to show the Kodaira—Spencer map KS is an
isomorphism; we may set n = r in the proof of Proposition 2.5.3 since n there was defined
to be the dimension of Ty (R)geq =~ TH(Vp). Let Tim(R)yed = (E1,- -+ &) ~ mp, for t; the
images of indeterminates ¢; mod (, m%z) and by abuse of notation denote the (dual) basis
of Tm(R)yeq also by Z;, then we claim KSy(#;) = g; so that KSy maps a basis to a basis and
hence is a k-linear isomorphism.

Now Proposition 2.4.2 says that 7; corresponds to a map f : Ry — k[e] mapping ;

€, fj# — 0 via duality on k-vector space mp and KS¢(Zi) is the extension class in Tl(VO)
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of the pullback of deformation ¢ via R — Ry — k[e] to the Ist-order deformation f*¢, i.e.

W(k)[[.f, Y, Z7t17 e 7t7"]]
f(fE,y,Z) + Zg:l tlgl($ay>z)

®fk[5}> ~ Spec( ke, 2.y, 2 ) li; Spec(kl[e])

Spec —
P ( f(z,y,2) +egi(z,y, 2)

where g; is the image of g; in ke, z,y, z]. To compute this extension class we trace through
the definition of the Kodaira-Spencer map: we have two first-order deformations, ¢; = f*¢
and the trivial deformation ¢q : Vi x, Spec(kle]) — Spec(k[e]), with corresponding lifts of
f € (f) Cklx,y,z] being f + eg; and f, viewed as elements of k[e, x,y, z]. Then map v in
the definition of the Kodaira—Spencer map sends f — [f + e€g; — f] = [egi] € (¢) ®; Ro,
hence in the quotient (¢) ®j Ry — Ry — Rg/J = TH(V}) (where J is the Jacobian ideal) we

get exactly the class g;. Thus KSy(%;) = ;. O

Example 2.5.5. Let R be the local ring of an A,,_1 singularity f(z,y, z) = 22 + 22 + y".

A basis of the Tjurina algebra in good characteristic (see Definition 2.1.4) is given by

klz,y, 2] N kly] Nn—2 o
(f7fx>fyafz> B yn_l —gk !

so that T1(Spec(Rp)) has dimension = n — 1 and we may choose g;(z,v, z) = y*~ . Then
Fla,y,2) =a® + 22 +y" + 19" 2+ + oy + 1

is a miniversal deformation of Spec(Ry) with base W (k)[t1, - ,tn—1]

We return to the setting in the beginning of Section 2.3, namely X'/S is a flat proper

surface with special fiber &} containing an RDP = € X} (k).

Corollary 2.5.6. For (’3;(@ the completed local ring of X at v — X} C X we have

(9\ ~ W(k‘)[[x,y, Z]]
X = F(z,y,2)
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for some polynomial F(z,y, z) that is the pullback of (2.5.2) under W (k)[ty, - ,t,] — W(k)
induced by versality. Here f(x,y,z) is the normal form of singularity x, r is the dimension
of the Tjurina algebra of the singularity and the t; are specialized to elements in the maximal

ideal myy 1y = () of W(k).

Proof. This is immediate from Proposition 2.5.4 once we establish (2.5.3) for some power

series F'(z,y,2) € W(k)[z,y, z], which is the content of Lemma 2.3.2. O

Remark 2.5.7. While a priori we speak of miniversal deformations as maps of formal
schemes V' — Spf(R), we can regard the miniversal deformation of Proposition 2.5.4 as
an algebraic deformation over henselian scheme Spec(W (k)[t1,- - ,t-]). This is more gen-
erally due to a theorem of Elkik which states that formal deformations of affine schemes
with isolated singularities are algebraic ([24]). Thus, by replacing X with an affine étale
neighborhood of the singularity in Corollary 2.5.6, we may and do consider the (miniversal

or otherwise) deformations of RDPs as usual scheme morphisms over a henselian base.
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CHAPTER 3

THE GEOMETRY OF THE GROTHENDIECK ALTERATION

We now collect the necessary Lie-theoretic prerequisites in order to define miniversal defor-
mations of RDP singularities in terms the adjoint quotient of Lie algebras. The main goal is
to define and study the classical Grothendieck—Springer resolution over base Spec(Of) in-
stead of C (Section 3.5). To this end, Sections 3-3.3 extend the relevant notions of nilpotent,

semisimple and (sub)regular elements to the setting of Chevalley algebras over Of.

3.1 Chevalley bases and Chevalley algebras.

Throughout this section we work over base S = Spec(Of ), where O is a mixed-characteristic
complete DVR with algebraically closed residue field k and fraction field K; the correspond-
ing closed and generic points of S are respectively s and 7.

We recall the existence of Chevalley bases. Let g7 be a semisimple Lie algebra over
algebraically closed field K of characteristic zero, b a fixed Cartan subalgebra and ® the

corresponding root system with a basis A of simple roots. Via the Cartan decomposition

o =b® P vag
acd
one may choose {eq € ga5 | @ € @} forming a Z-basis for each 1-dimensional space gq 7

and {hg € b | 8 € A} fundamental coroots subject to certain compatibility relations ([34],

§25.2). Set {eq, hﬁ} forms a Chevalley basis with corresponding Chevalley Z-algebra

9z = P Zhs ® P Zea

BEA acd

One can also construct an associated group scheme G over Z, the Chevalley group, playing

the role of the Lie group of gz; (|34], §25.4) discusses the adjoint case but we may always
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take G to be the simply-connected cover of the adjoint group. We may further base-change
to Ok so that g becomes a free O -module and G is a group scheme over S. We call g a
Chevalley algebra of ADE type if g7 is simple of ADE type.

From now on we fix a simple, simply-connected, split Chevalley group scheme G /S and
a torus and Borel " — B. We have B = T x Ry(B) where Ry (B) is the unipotent
radical, a smooth normal subgroup S-scheme in B, and so T'~ B/R,(B). We write g,b,b
and np respectively for the Chevalley algebras of G, T, B and Ry (B), so that b, b, ny form
respectively a Cartan, a Borel and the nilradical of the Borel.

One still has a notion of the adjoint action of G on g ([19], §5.1) and hence the adjoint

action of T" decomposes g into weight spaces

g=ba P s (3.1.1)

aed

where each g, is a rank 1 free Op-module and ® consists of characters o : T" — Gyy,.

3.2 Root data and adjoint Weyl actions.

Retaining the assumptions and notations of Section 3.1, let T'//S be a maximal torus of split
group scheme G and let r = dimg(7") = rkg(g) be the rank of the associated Chevalley

algebra g. By the split hypothesis there exists a free Z-module X*(T') of rank r so that
T ~ Hom(X*(T),Gp) @7 Ok, ie. h~Lie(T) ~ X*(T)" @7 Ok

Set X«(T) = X*(T)" for the Z-dual. The Cartan decomposition of g (see Equation (3.1.1))
yields a set ® C X*(T)\{0} of roots a : T — G,,, 0, and a corresponding set of coroots
oV € Y C X, (T)\{0}.

Definition 3.2.1. The 4-tuple (X*(T),®, X,(T),®") is a root datum for (G,T) and the
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quotient W = Wq(T) = Ng(T)/T is the Weyl group associated to (G, T).

See ([19], Prop. 5.1.6) for a proof that the 4-tuple in Definition 3.2.1 satisfies the con-
ditions of being a root datum; the Weyl group W is identified with the usual Weyl group

associated to ® and is in particular generated by the set of reflections
{sa =id—a' @z a|ac d}

From this description it follows that W is a finite and constant group scheme over S.
We record here two natural actions of the Weyl group on affine spaces, which will be

useful for us later on.

Definition 3.2.2. Let W be the Weyl group associated to (G,T) and h = Lie(T).

(i) The adjoint action Ad : G — End(g) restricts to an action Ng(T') x h — b, since
Adgy(h) € b for g € Ng(T)(Of) and h € h(Of ). In particular the adjoint T-action on
b is trivial since T is abelian, and so the adjoint action descends to the adjoint Weyl
action W — End(h), w — Ady,, for a lift ny, € Ng(T') of w € W. As G is simple,
we may identify h ~ h¥ ~ X*(T) ®7 O so that the adjoint Weyl action is identified

with the natural reflection action of W on X*(T') ®7 Ok

(ii) There natural action of W on G/T via (¢7T) - w = gnyT for a lift ny, € Ng(T) is the
right multiplication action of W. This also yields a natural action on G/T xg¢ h via

(9T, h)-w = (gnwT, Ad, —1(h)), which we will make use of later (see Proposition 3.5.3).

Remark 3.2.3 (Good primes and torsion primes). Given a reduced root system ® C X*(T'),
a prime p is said to be torsion for a simply-connected Lie group G if there exists a Z-closed
root subsystem ® C @ so that the quotient of Z-lattices Z®" /Z(®')V has p-torsion. An
equivalent definition of a good prime p is that there is no Z-closed root subsystem ® C &

so that Z®/Z®' has p-torsion, i.e. the good primes are exactly the non-torsion primes (|57],
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§3.13). Similarly, a prime p is very good if it is good and p does not divide |(Z®")* /Z®|. See
(loc. cit., §3.6) for a table of the values of |(Z®")*/Z®| in the case of g simple simply-laced;
it turns out that the only good but not very good case of prime p occurs when p | n+ 1 and

g is of Type A,.

3.3 Nilpotent and semisimple elements of Chevalley algebras.

We now come to the definition of the nilpotent scheme and nilpotent sections. Recall that,
when g is a Lie algebra over k, the nilpotent variety Ny is a reduced closed subscheme of
g that is the Zariski closure of the nilpotent elements, and by Galois descent Ny is also

well-defined over non-algebraically closed fields.

Proposition 3.3.1 ([21]|, Thm.4.12). For a Chevalley O —algebra g, there exists a unique
closed S-subscheme ./\/’gsCh C g that is reduced and (/\/’S’Ch)g ~ Ny, for geometric points s — S.

Here the right-hand side denotes the usual nilpotent variety over a field.

Proof. Existence is shown more generally in ([19], Thms. 4.6 and 4.12) so we only discuss
uniqueness in our particular case. Suppose X, Y are closed reduced S—subschemes in Ag so
that on geometric fibers Ys ~ X3 — AZ and both X, Yy are reduced, then we claim X ~ Y.
The Zariski closure 77, of Xy, is reduced as X, is an open reduced subscheme of X, hence
sois X' = 777 U Xs. Since both X', X are reduced closed subschemes of A’y with the same

points, X’ = X. A similar argument for Y yields
Y=Y, UYs~X,UX;=X

]

Since nilpotent schemes behave well under base—change, we will refer to the nilpotent

scheme ./\fgSCh as Ny for any Chevalley O-algebra. We can also define:
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Definition 3.3.2. An O valued section = € g(Of) is fiberwise nilpotent if x5 € Ny(k)

and a5 € Ny(K). Equivalently x is an Op—valued section of Nj.

For z € g(Ok), we can define the centralizer Cz(z) as follows. Through the adjoint

action Ad : G x g — g we obtain a functor C(x) so that on Ox—algebras R,
Ca(x)(R) ={g € G(R) | Ady(z) = x}

By ([21], Lemma 2.1), C(x) is represented by a closed S—subgroup scheme of G, which we
denote by Cq(z); over algebraically closed fields, the reduced scheme underlying C(x) is

the usual centralizer.

Definition 3.3.3. A section z € g(Of) is regular if its centralizer subscheme C;(x) satisfies
dim(Cg(z)s) = dim(Cg(x);) = r where r = rank(G). By upper-semicontinuity of fiber
dimension for group schemes, it suffices to have dim(Cq/(z)s) = r since dim(Cg(z)) > r for

semisimple G (see [35], §1.6).

Definition 3.3.4. For a Lie algebra g over an algebraically closed field we call x € g
subregular if dim(Cg(z)) = r 4+ 2. For non-regular elements x one has dim(Cq(z)) > r + 2
so that subregular elements are are the next “closest” to being regular; see ([35], §4.11) for
more details.

If g is now a Chevalley O —algebra, a nilpotent section z € Ny(Of) is called fiberwise
subregular if both x5 € Ny(k), 2 € Ng(K) are subregular nilpotent elements; if we do not
require x to be (fiberwise) nilpotent then subregularity in this setting may not make sense

(cf. Example 3.3.6).

Definition 3.3.5 ([14], §4.1.5, [1] Exposé XIV.2). An element x € g(Of) is called fiberwise
semisimple if rs € g(k(s)) is semisimple for all geometric points 5 — S. An element

x € g(Ok) is called regular semisimple if it lies in some Cartan h C g and for all geometric
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points § we have

bs = | (ker(ad}))

n>0
This union may be thought of as the centralizer of z so that it has fiberwise dimension equal

to rank(gs). Regular semisimple elements form an open set g** C g.

By ([1], Exposé XIV.2), set g*® is S—fiberwise dense in g and its construction commutes
with base-change, whence it gives the usual notion of regular semisimple elements of Lie
algebras over a field, i.e. « € g so that Cz(x)° is a maximal torus in Gj,. This also makes
the density of the semisimple locus in g apparent.

Similar methods as in (|21], Lemma 2.1) yield that the functor of regular sections in g is
represented by an open subscheme g™ C g over S. In the case of good characteristic, ([14],

Lemma 4.1.6) gives g*® C g"®® so that both are S—fiberwise dense in g.

Example 3.3.6. We discuss a couple of pathologies that may occur in Chevalley algebras,

which justify the various “fiberwise” conditions in the previous definitions.

(i) The subregular notion need not behave well in fibers. Let

010
v=10 0 p| €53(0Ok), p=char(k) >3

000

then x5 € sl3(k(7)) is regular nilpotent but special fiber x5 € sl3(k) is subregular. In
general we get that x stays in the same (adjoint) nilpotent orbit if it satisfies a purity
assumption in the sense of [20], i.e. constant centralizer dimension on the fibers — see

(loc. cit., Prop.5.10).

(ii) Regular semisimple elements (see Definition 3.3.5 below) can become nilpotent regular
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or non-regular elements. Let p > 2 and

0
T = ;Y= (in s12(Ok))
0 —p 0 —p
then z7, yy are regular semisimple but w4 is regular nilpotent and ys is subregular
nilpotent. For z, even though dimg . (C(r)) is locally constant, centralizer C(z) is

not flat.

3.4 The adjoint quotient.

This section and the next are based on some Lie-theoretic observations in [52] and ([14], §4),
which hold in greater generality than base scheme S = Spec(Of). In our situation however
we may provide simplified proofs and constructions suitable to our purposes.

We retain the notations and assumptions of Section 3.1 for Chevalley group G and
Chevalley algebra g. As an integral scheme, g has coordinate ring Symg,. (gV). The ad-
joint action Ad : G — End(g) yields the categorical quotient g/G = Spec((Symp,. (g¥))%),
whose coordinate ring consists of the adjoint G-invariants. Since the restriction of the
adjoint action of G to b factors through the Weyl group W = Ng(T)/T, we get a map
Symg,. (gv)G — Sym@K(f)v)W; its schematic version is the Chevalley map bW — g//G.

The natural inclusions Syme, (gV)C — Symo,. (g¥) and SymOK(hV)W — Sym@K(bv)

yield categorical quotient maps

Yih— bW, x:9—g/G

Map 1 is a finite branched cover, and x is known as the adjoint quotient. For the
properties of the counterparts of these morphisms over algebraically closed fields, we refer to

[57], §3.10, §3.12 and §3.14. We note here that, by virtue of the Jordan decomposition, two
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elements x1,r9 € g(k) have x(v1) = x(z2) if and only if 27> € Adg(25’) for their semisimple
parts, so that g/G may be thought of as the space of semisimple conjugacy classes of G in

g and x maps x to the class of its semisimple part [2°].

Proposition 3.4.1 ([14], Thms. 4.1.10 and 4.1.14). Suppose that G, g,b, W are as above, r =
tk(G) and that char(k) = p is very good for G. Then the Chevalley map is an isomorphism
h/W ~ g//G ~ ATOK and the formation of categorical quotient g//G commutes with base-

change.

Note the conditions of both Theorems 4.1.10 and 4.1.14 of [14] are satisfied; p being (very)
good implies G root-smooth in the terminology of (loc. cit.) and the étale-local assumption
on S is trivial since O equals its strict henselization.

Before we investigate the adjoint quotient xy we need a preliminary lemma.

Lemma 3.4.2 ([52], 4.1.3). Let f : X — Y be a morphism of finite-type S—schemes with
X flat over S. If the base-changed morphism fs : Xg — Ys is smooth over the closed point

s — S then [ is smooth.

Proof. From the fibral criterion of flatness ([62, Tag 00MP]) we get f flat. The smooth locus
U C X is open and dense, so we are done if it contains all closed points z — X. For such
an x, the residue field k(f(z)) of f(z) — Y has characteristic p. Since fs is smooth, z is a

smooth point of X x g Spec(k(f(x)) — s. Hence x lies in U. O
Proposition 3.4.3. Let x : g — g//G be the adjoint quotient morphism as above.
(i) x is flat and its restriction x*°® : g'® — g//G is a smooth surjection.

(ii) The geometric fibers of x are normal of codimension r, and the nilpotent scheme is

Ny ~ x1(0).

Proof. Most of the proof is in (|14], 4.1.18, 4.2.6) but in our case of S = Spec(Of) we may

be more specific. For (i), note that g/G commutes with base-change (Proposition 3.4.1) so
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we may pass to geometric fibers s,7, whence the respective adjoint quotients x7, xs have
(geometric) irreducible fibers of codimension r ([57], §3.10(iv) and §3.14). Since g//G is
smooth and the fibers have the same dimension, we get x flat by miracle flatness (|62, Tag
00R4|). Now note that g"®® is nonempty and S—fiberwise dense in g, hence it is reduced and
therefore flat over S. To show that & : g"® — g/ G is smooth we can reduce via Lemma
3.4.2 to showing s ® : gs ® — gs//Gs is smooth, which follows from ([57], §3.10 Thm. (vi)).
For the surjectivity of x**& we refer to ([52], Thm. 4.3.3), where a Kostant section! S C g*®8
is constructed so that S ~ g/G via y.

We next consider (ii). Let h € gJ/G ~ bW be an Og—section with geometric generic
and special fibers hy, hs. By ([57], §3.10 Thm. (ii)) we have that gs® N X5 1 (hs) is open
and dense in 3 !(hs), and a similar statement holds for grﬁeg N x5 1(hﬁ), thus g'°® intersects
fiber x~!(h) in an open, S—fiberwise dense set. In particular, fibers x~'(h) are generically
smooth, hence flat over S. Since the geometric fibers x5 ! (hs), X7 1(hﬁ) are normal ([57],
§3.10 Thm. (v)), we get x~!(h) normal over S by ([46], Thm. 23.9). In particular, for the
nilpotent scheme Ny we have established that Ng(K) = X7 L(0) and Ny = x51(0), and

furthermore both Ny and x~1(0) are reduced. We conclude Ny ~ x1(0) as schemes. [

Proposition 3.4.4. Quotient map ¢ : b — bW is finite flat, the natural W—action on

H™ =g N b is free and Cg(h) =T for any h € h™(Ok).

Proof. Finiteness of v is automatic as W is finite, and we have ¢ flat by the fibral criterion
of flatness and miracle flatness; note that the criteria apply because both h and bW are
smooth ([57], §3.15 Remark (ii)). To show that the W -action on h* is free, it suffices to show
that the natural map W x gh™ — h™ x ¢ h™, (w, h) — (w(h), h) is a scheme monomorphism,
and by ([27], 17.2.6) it suffices to check so on closed points of S. So we can reduce to the

algebraically closed field case, where by (|52, Lemma 2.3.3) we have that W acts freely on

1. One can think of the Kostant section as a Slodowy slice transverse to the unique regular nilpotent orbit
at a regular representative x € g(Ok); see Sections 4.1 and 4.3 for the theory of slices over Spec(Ok).
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b%> and moreover Cg, (hs) ~ T for hs € h(k). For an alternative (equivalent) viewpoint

see ([39], §VL.7). O

From the above proposition we obtain a finite étale cover ' : h™ — h™ /W and W

acts freely-transitively on its fibers. Therefore:

Corollary 3.4.5. Morphism ' : b — §™ JW is a Galois cover with Galois group W.

3.5 Relative Grothendieck—Springer resolutions.

We retain the notations and assumptions of Section 3.1 for Chevalley group GG/S and Cheval-
ley algebra g. The free O -module b obtains a B-module structure via the adjoint action

of B on b and we can therefore form the following associated bundle (also known as adjoint

bundle)
§=GxBbo=Gxgb)B, b-(g,2)=(gb"", Ady(z)) for be B,ge G,z b (3.5.1)

with the induced B-action on GG x g b indicated on the right.
Lemma 3.5.1. g is a smooth Zariski-locally trivial G-torsor over G /B with fiber b.

Proof. Note that any two Borels By, By in G are conjugate étale-locally on S ([19], 5.2.11)
so G/ B exists as a smooth projective S—scheme ([19], 2.3.6) and its generic and special fibers
are correspondingly the flag varieties of G and G. In this case 7 : G — G /B makes G into
a B-torsor on G/B, inducing 7 : g — G/B, [g,z] — 7(g) so that g is a fiber bundle over
G/B with fiber b. Adjoint bundle g is furthermore equipped with a G-action induced from
the (left) G—action on G/B, so that 7 is G—equivariant.

We get that g is a scheme by pulling an open affine cover {U;} of G/B to an open
affine cover 7 1(U;) of g, the affineness of @ being a consequence of ([37], §5.14). Now we

can construct Zariski-local sections G/B D U; — G for the (a priori étale-locally trivial)
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B—torsor w. It suffices to construct a composition series of S—subschemes for B so that
successive quotients are Gy, or G, since Gy, and G,—torsors are Zariski-locally trivial if and
only if they’re étale-locally trivial (|26], XI.5.1). Since B =T x Ry(B), and T' ~ G’"m,oK
while Ry (B) =~ [[4>0 Ua decomposes into “root groups” Uy ~ G (i.e. so that Lie(Un) = ga)
we can build our composition series as in ([19], 5.1.16).

Local triviality implies G X /B U; ~ B x U; and we can lift to Zariski-local sections for
g since U; XG/Bﬁ ~ (U; XG/B G) xB b ~ U; x b. Now § is smooth since b is (see [37] §5.16),

so g is indeed a Zariski-locally trivial smooth G—torsor. m

We have a closed immersion g — G xB g~ G/B x g g into a trivial G-torsor over G/B

(which can be checked on the fibers of S), yielding an equivalent description of g as

g={(B,2) € G/B xgg|xc Lie(B")}
From this description, we can define a dominant morphism
m:9g— G/Bxgg—9, l[g9,2]— (9B, Ady(x)) — Adgy(z) (3.5.2)

It follows that 7 is proper since G/B is projective over S. The formation of g commutes
with base-change on S and on geometric points s,7 we obtain maps 7 : gs — gs and 5 :
ﬁﬁ — g7 as base-changes of (3.5.2). The maps 75, 77 are commonly known as Grothendieck-
Springer resolutions as defined e.g. in ([58], §3.3). They are particular types of simultaneous

resolutions (see Section 2.2).
Lemma 3.5.2. 7 :g — g is finite over the open dense locus g*®® C g.

Proof. As the formations of g, 7 commute with base-change we may check this over the
closed point s, where it suffices to show x € g'°8(k) if and only if = is contained in finitely

many Lie algebras of Borel subgroups Bs C G; this is found in ([57], §3.8, §3.14). We thus
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get quasi-finiteness, hence finiteness of 7|greg since it comes from base-changing the proper

map 7. [

Since 7 is proper, dominant and generically finite, we may call it the Grothendieck alter-
ation. Another map of interest is Y : g — b, constructed as follows: given our choice of Borel
B, b/ny = Lie(B/Ry(B)) is the “universal Cartan” and Y is (B’,z) ~ x mod np. More

precisely, there exists a short exact sequence of torsors

0— G xBny —§— G xB Lie(B/Ru(B)) — 0

induced from ny, — b, since all terms are locally trivial over S. Now B acts trivially on

Lie(B/Ry(B)) as the latter is an abelian subalgebra, so that
G xB Lie(B/Ru(B)) ~ G/B x Lie(B/Ru(B)) ~ G/B x h

and X is the projection of g — G/B x b onto the second factor. Note Y is flat by miracle
flatness and the fibral criterion of flatness (|62, Tag 00MP]), hence smooth by Lemma 3.4.2

as X is identified with the smooth morphism gs — b defined in ([58], §3.3).

Proposition 3.5.3. Keeping notations as above, the morphisms 7w and X fit into a commu-

tative diagram

g T g
% X (3.5.3)

b —" bW

so that, S-fiberwise, Ts and w5 induce the Grothendieck-Springer resolutions on gs resp.
g In particular, restriction g™ = 7 1(g") — g™ is a W-torsor, g8 = 1 1(g"8) ~
g% xy yw b and X : g™ — b™ is W—equivariant.

Proof. The maps 7, 77; are the respective Grothendieck—Springer resolutions for gs, g7 by
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the discussion preceding Lemma 3.5.2. For the commutativity of (3.5.3) it suffices to have

the map b — h/W (induced by inclusion and y) factoring through
pr Y
b—>b/nbzb—>l‘)//W

since Y is induced by map pr. Thus, it suffices to check this on global sections, whence

Syme,. (h")V —— Symp, (hY)

T T

Symp,.(gV)¢ —— Symp, (g¥) — Symp,(b")

Over field-valued points we note x([g,h + n]) = h for h € h,n € ny, and so the com-
mutativity of the diagram amounts to the fact that the semisimple part of Adg(h 4 n) is
conjugate to h (|58] §3.3).

We next prove the statements involving g™, g*® as follows. Define X = G/T xg h™,
equipped with the W-action of Definition 3.2.2 (ii). We aim to show g™ ~ X, which also
defines a W-action on g™. By ([27], 17.9.5) it suffices to show the corresponding map over
k and K is an isomorphism, whence it holds by the proof of ([39], Thm. 9.1)2. Moreover
X)W ~ g™ over k and K, so this isomorphism extends over S again by (|27], 17.9.5).

To show W acts transitively on the S—fibers of g's — g™, it suffices as before to pass
to geometric fibers and use g™ ~ X. Say (g17, h1), (927, h2) € X mapping to Adg, (h1) =
Adg,(h2) € g*°. Then Adgglgl(hl) = h9 SO Ny = 92—1g1 € Ng(T) since ny, conjugates the
two centralizers Ciz(h1), Cq(ha), which are both T as hy, hy € h*S. Letting w = [n;}] € W
we obtain (g17,h1)-w = (goT, ho), establishing that W acts freely transitively on the fibers.
Thus g — g™ is a W-—torsor.

Now g'®s Xpw b is smooth over S since g'® — h /W is (by Proposition 3.4.3), and its

restriction g'®® x g h™ is furthermore a W—torsor over g by base-changing along W—torsor

2. Note the terminology of ([39]) differs from the standard one - what they call “regular” is regular
semisimple in our terminology.
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b™ — b JW. Then morphism g5 = g"®|grs— g"%6 x g h** is W-equivariant as both source
and target map to b via projection, so we have an isomorphism of W-torsors over g*®, which
extends to all of g'°® by uniqueness of normalizations; see ([14], 4.2.12). In light of the

specified W-action on g™, we likewise obtain that Sgars is W—equivariant. H
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CHAPTER 4
INTEGRAL SLODOWY SLICES

We now extend Slodowy’s construction of transverse slices (|57], §5) to our setting of Cheval-
ley O—algebras, with the intention of proving a Grothendieck simultaneous resolution state-
ment for slices (Section 4.6). Throughout, G will be an affine group scheme, in particular
either a Lie group over an algebraically closed field or a split, simple, simply-connected
Chevalley group over S = Spec(Of). T' C B denote a fixed choice of torus and Borel, and

the corresponding Lie algebras over k£ or S are h C b C g.

4.1 Remarks on Slodowy slices.

We review the theory of transverse slices to G—orbits from ([57], §5) in a slightly more general

setting.

Definition 4.1.1. Let G act on an integral scheme X over S. A transverse Slodowy slice to
the orbit G - of x € X is a locally closed subvariety S C X so that z € S(Of ), the action
morphism a: G x S = X, a(g,s) = g - s is smooth and the dimension of S is minimal with

respect to these two conditions.
Based on their definition, we can deduce some useful properties of Slodowy slices.

Lemma 4.1.2 ([57], §5.1 Lemma 3). Suppose X is smooth and affine with the adjoint action
of Chevalley group G over S, Y is another S-scheme with trivial G-action and f : X — Y is
a G-invariant morphism. Let x,y € X(Of) lie in the same G-orbit in X and assume that
centralizers C(x), Cq(y) are smooth. Suppose S1, Sy are Slodowy slices transverse to the
orbit at x resp. y. Then (S1,x),(S2,y) are étale-locally isomorphic over Y. In particular

the henselizations of S1 at x and Sy at y are isomorphic.

Proof. We may assume x = y (since y = ¢ -« for some g € G). As Cg(x) is smooth,

Lie(Cq(z)) C g is identified with the Chevalley subalgebra of ad,-invariants ([19], 2.2.4),
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inducing an S-splitting g = Lie(Cg(z)) ® g1 for some complementary Og-module gi. Then
the rest of the proof of ([57], §5.1, Lemma 3) goes through: choose a projection p : G — g
étale at the identity (cf. loc. cit., §5.1 Lemma 1’s proof) and set G = p~1(V), Gy = {g’1 |
g € G1} inside G. By construction, the induced action maps y; : G; X §; — X are étale at

(1,2) and hence so are the base-changed maps arising from cartesian diagrams

(G1X81)XX82—>82 (GQXSQ)XX81—>51
GlelLX GQXSQLX

We furthermore have (G x S1) X x Sy ~ (G x Sg) x4z S via (g,5) — (g7, g-s). Hence

we can choose a neighborhood of (1, ) inside this space, with étale maps to St, Ss. m

Remark 4.1.3. The condition of centralizer C;(z) being smooth over S is satisfied in the
case X = g and x € g(Ok) a fiberwise subregular nilpotent section (cf. Definition 3.3.3) -

note that by (|20], Thm. 1.1), the centralizer satisfies all relevant ‘purity’ assumptions.

Lemma 4.1.4 ([57] §5.1, Lemma 2). If G acts on schemes X,Y with respective action maps
ax,ay, S C X s a locally closed integral subscheme and f : X — Y is a G-equivariant
morphism, then the following diagram is cartesian and the top arrow is smooth if the bottom
arrow 1s smooth:
G x (S xy X) XX
lidxf /

GxS —2 Ly

4.2 Jacobson—Morozov in characteristic p.

The aim of the next few sections is to construct a suitable Slodowy slice S over S, transverse
to a chosen S—fiberwise nilpotent element = € g. The goal is to use slice S to describe a
miniversal deformation of RDP zg € N’ NS and a simultaneous resolution for slices (see
Section 4.6). We first make some remarks on slp-representation theory in characteristic

p > 0, following (|57], §7.1).
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Definition 4.2.1. Let k£ be algebraically closed of characteristic p and fix a standard basis
{h,z,y} for slo(k). A representation p : sly — gl,, is called good (in the sense of ([57], §7.1))

when p(:z:)p*1 = p(y)p’1 = 0; for p = 0 we posit that all sly-representations are good.

If V' is an n-dimensional (n < p) k-vector space with basis {v,--- ,v,}, we can define

an irreducible slo-representation p, on V' as follows:

pu(@)vr =0, pn(y)vn =0
pn(2)vir1 = i(n—i)v; mod p, pn(y)v; =vir1, pn(h)v; = (n—2i+1)v; mod p for i <n—1

Theorem 4.2.2 ([57|, §7.1). Any good slo-representation p is completely reducible and de-
composes into a sum of good irreducible slo—representations of the above form. For each

n < p there is a unique n—dimensional good irreducible representation.

Denote by V}, the unique n—dimensional good irreducible slo-representation. V;, decom-
poses further into weight spaces Vy,(k), which are 1-dimensional eigenspaces for the action of
pn(h) as multiplication by k and —n + 1 < k < n — 1. Then the nilpotent endomorphisms
pn (), pn(y) respectively induce isomorphisms Vi, (k) = Vi, (k + 2) and Vy, (k) = Vi (k — 2);
they also respectively annihilate the highest weight space Vj,(n — 1) and the lowest weight

space Vi (—n + 1).

Theorem 4.2.3 (Jacobson-Morozov, [63] Thm. 1.1). Let G be a simple Lie group over k
with Lie algebra g. Suppose p = 0 or p > Cox(g). For each nilpotent x € g(k) there is a
completion to an sly—triple {h,x,y} coming from a faithful representation p : slo — g with
x = p(xg), v = p(yo), h = p(hgy) for {ho,xo,yo} the standard basis of slo(k). The triple
{h,z,y} is unique up to Cq(x)—conjugation and the composite representation ado p : sly —

gl(g) is a good representation.

Remark 4.2.4. According to [63], restriction p > Cox(g) is optimal for the uniqueness of
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slo-triple {h, z,y} up to conjugation, and it improves previous bounds such as 4Cox(g) — 2

appearing in [57].

4.3 Slodowy slices via Jacobson—Morozov.

Let G denote a split, simple, simply-connected Chevalley group of Type A, over S with
Chevalley algebra g. Consider the setting of Section 4.1, with G acting on X = g via the
adjoint action and = € g(Of) an S-fiberwise subregular nilpotent element; this condition
ensures both generic and special fibers 7, x5 remain in the respective (unique) subregular
nilpotent orbit of g7, gs. In view of Lemma 4.1.2 we may construct a suitable Slodowy slice
at x, transverse to the (adjoint) subregular nilpotent orbits of gz, gs and any other Slodowy
slice at « will be étale-locally isomorphic to it. Moreover this allows us to replace x with

another representative in its nilpotent orbit, so we may assume x has a ‘standard’ form.

Proposition 4.3.1. Assume p > Cox(g). There is a choice of subregqular nilpotent repre-
sentative x € g(Ok ) extending to a section of sly-triples {h,z,y} C 9(Of) i.e. {hy, v7, yr}

and {hs,s,ys} are sly-triples respectively in g and gs.

Proof. 1t is clear by the restrictions (see Theorem 4.2.3) that fiberwise subregular x induces
unique sly-triples in Lie algebras gy, gs up to the action of Lie(Cg(z)) C g(Of). Subregular
nilpotent elements in Type A;, have standard Levi form in characteristic zero, i.e. they are
regular nilpotent in a Levi subalgebra [ corresponding to a parabolic p C g determined by a
subset of simple roots I C A. In this case, if we denote the simple roots as A = {aq, -+, an},

the corresponding Levi and subregular representative are

n—1 n—1
[= bﬁ © @ 9a;, 1> Lsubreg — Z Coy; (4.3.1)
i=1 i=1

where Chevalley basis elements eq; are viewed as root vectors in gz (see Section 3.1). By the

discussing preceding this proposition we may replace our subregular x with the “standard”
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representative T = Zgpreg in Equation (4.3.1), which has this form because it is a regular
representative in [ (see e.g. [52], Lemma 3.1.1); as vectors eq; form a Z-basis for g, clearly
x € g(Of) still.

We now complete  to an slo-triple {x,y, h}. By ([18], §3.6) an element h = ) a;ha; € by
satisfies [h, eq;] = d;eq; if and only if the weights of the Dynkin diagram corresponding to
x are (dy,---,dp). Up to relabeling we have d; = 2 for i # n, d, = 0 (see loc. cit., 3.6.4).

Therefore condition [h, z] = 2x yields a system of equations

o n
a <aj>az'> _ Zajcj,i =d;, 1<i<n (4.3.2)

where C'is the Cartan matrix of g. This gives a unique h with O g —coefficients if and only if
det(C) = n+ 1 is invertible in Of, which is granted by the restriction p > Cox(g) = n + 1.

For y = ) bje_q,;, a simple calculation using the Chevalley relations yields

n—1 n—1 n—1 n—1
Z ajha;, =h = [z,y] = [Z oy Z bie—a;] = Z biha,
=1 1=1 i=1 =1
so coefficients b; = a; are still in O . Since [h,y] = —2y follows from [h, x] = 2z, we have

constructed an slo-triple in g(Of); one can check that a; mod p # 0 so that the mod p

reductions {h, 7,7} still form a subregular slo-triple in gs. O]

Lemma 4.3.2. Fiz an integral sla-triple {h,z,y} as in Proposition 4.3.1. Then O -module

9/ ady;(g) is free of rank r + 2.

Proof. By assumption x € g(Of) so ad;(g) C g and quotient g/ad;(g) is an Og-module.
Consider {hy, x5,y } as an sly-triple in the K-Lie algebra g7, then the dimension of K-vector
space gp/adz, (g5) is the dimension of the centralizer Cg, (xy), which is r+2 by subregularity.
So g/ad;(g) is a rank r 4+ 2 module, possibly with torsion.

Now consider the mod p sla-triple {hs, zs, ys} inside gs. Since p > Cox(g), gs is a good
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sly-representation decomposing into irreducible good slo-representations Vg ,- -,V . Each

irreducible representation V;;, decomposes further into d; 1-dimensional eigenspaces

for the action of adj,, and by sly-theory ady, maps Vg, (k) isomorphically to Vi (k + 2) (cf.
Section 4.2). So

is the direct sum of all lowest weight eigenspaces. Furthermore as ad, annihilates all highest
weight eigenspaces Vdi(dz‘ — 1), the number of irreducible components of sly-representation
g (and hence the dimension of gs/ad,(gs) equals r + 2, the dimension of the centralizer of
subregular xg.

Since forming module quotients commutes with base-change, identification (g/ads;(g)) ®
k ~ gs/ad;,(gs) implies equidimensionality of the fibers of g/ad;(g), hence it is flat over

O and therefore it is a free rank r + 2 module. O

Corollary 4.3.3. Retaining the notation of Lemma 4.3.2, if a denotes a free O -submodule
of g complementary to ady(g) then S = x + a is a Slodowy slice transverse at x fiberwise to

the nilpotent orbits of xs and 7.

Proof. The choice of such an a is possible via Lemma 4.3.2 since g/ad;(g) is free. We observe
in the special fiber S == S®k = x5+ a5 that ag is a complement to ad;,(gs) in gs and hence
isomorphic to €P; Vy,(—d; + 1) (in the notation of the proof of Lemma 4.3.2). It forms a
Slodowy slice in the traditional sense by ([58], §2.4) and is transverse at x5 to the subregular
orbit. The action map p : G x & — g is smooth, since by Lemma 3.4.2 it suffices to check
smoothness on the special fiber, where 7i : G5 x S — g is precisely the smooth action map
of Slodowy slice S. Since dim(S) = dim(S) by flatness, we have checked that S satisfies all

conditions of a transverse Slodowy slice. O
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We may identify a ~ ker(ady) so that S = = + ker(ady) by Corollary 4.3.3; this is the

standard formula for Slodowy slices.

4.4 Spaltenstein slices.

We now consider Chevalley algebras of type D, or E,l. In this case we may construct
a transverse Slodowy slice which works for all good characteristics, thus improving on the
restriction p > Cox(g). Following [59], let G be a simple simply-connected split group
scheme over S with corresponding Chevalley algebra g as before, and fix a maximal torus,
Borel T'C B in G and a fiberwise subregular nilpotent = € g(Of).

It is known (cf.[18], §8.2 and §8.4) in the simply-laced cases Dy, Ey, that z is a distin-
guished nilpotent and so by the classification of nilpotent orbits in good characteristic there
exists a unique distinguished parabolic P C G which contains B and corresponds to the
orbit of z; for the notions of distinguished elements and subgroups we refer to [59] and (18],
§8). We may therefore define a 1-parameter subgroup A : G, ¢ — T so that, with respect

to a root basis A C ® of G and root system ®p C ® of P we have

0, aeA, —aedp
(o, A1) =
2, a€elA —agdp

where (—,—) : X*(T) x X«(T) — Z is the pairing induced from perfect duality on the

(co)character lattices.

Theorem 4.4.1 ([59]). Let A : G, ¢ — T be constructed as above and let g = P, 9(i) be

the Z—graded decomposition of g into eigenspaces for the induced G, —action

0(i) = {z € g(Ok) | Ad(y)(z) = t'z V1 € G (Ok)}

1. The construction in this section should work for A,, types as well, thereby eliminating the need for
explicit slo—triples; see ([12], 7.1.4).
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Then z € g(2) and there exists an affine Gy, —stable subspace a C g complementary to [z, g],

so that S = x+a is a Slodowy slice, transverse at x fiberwise to the nilpotent orbits of xs, r7.

We will call such slices & Spaltenstein to differentiate them from the slices constructed
in Corollary 4.3.3 via Jacobson-Morozov. The proof in (loc. cit.) carries over to O since
rk[z, g = dimy[xs, gs] as a consequence of dimy, Cg, (z5) = dimp,. Cg(r), and one concludes
that [z, g is a direct factor of g, hence it is free as in Lemma 4.3.2. Furthermore g(i) C [z, g]
for i > 0 so there exists an affine Gy,—stable complement a C ;< (i) i.e. a = g/[z,g].
The action map p: G xS — g, (g,5) — Ady(s) for S = x + a is smooth in a neighborhood

of (1,0), so by virtue of the homogeneous G,,—action it is smooth (see e.g. [57], §7.4 Cor.
1).

Remark 4.4.2. We can also extend Proposition 4.3.1 to the D), and FE), cases by writing
down a suitable subregular representative x € g(Of), (e.g. [18], §5. produces such an z for
g of type Dy,), and then finding h,y is a computational exercise in the vein of the proof of
Proposition 4.3.1. We chose to consider Spaltenstein slices here so that we can relax the

assumption p > Cox(g) to just p being a good prime.

4.5 G,,—actions and G,,—deformations.

Suppose we have constructed a suitable transverse slice S at a fixed fiberwise subregular
nilpotent x € g(Of); if g is of type Ay, the slice is S = x + ker(ady) for {z,y,h = [z,y]}
forming an integral slo—triple, while for the other simply—laced types S is a Spaltenstein
slice constructed as in Section 4.4. The goal of this section is to discuss some (G,,—actions
on slices § and relate them to the notion of Gy,-equivariant deformations.

We first define a 1-parameter subgroup A : Gy, ¢ — T when g is of type Ap, similar
to Section 4.4. Let = be a fiberwise subregular nilpotent section of g and complete it to an

slo—triple {z,y, h} over S (Section 4.3). Then {z,ys, hs} defines a good slo-representation
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on gs (Theorem 4.2.3). Let V;, be an irreducible summand of this representation, the unique
irreducible good sly-representation of dimension d;, and let {vq,--- 7Udi} be a basis. There

exits a Gyp-action on Vy, by linearly extending
tovp =42yt e G, k < d (4.5.1)

Definition 4.5.1. If g ~ @, Vg, 1s the decomposition of g into irreducible good slo-
representations, there is a uniquely defined Gy,-action A\ : G;, — Aut(g) which operates
on each summand V. by the rule (4.5.1). It commutes with the Lie bracket of g and hence
factors through a 1-parameter subgroup, still denoted A. We call A a 1-parameter subgroup

adapted to xg.

This decomposition holds over Ok since g7 ~ gs. Moreover, by abuse of notation we
denote by Vy, the O g—module generated by the Z-basis {vg,--- ,Udi} for the k—vector space

Vg, in (4.5.1). Note that A\(Gp,) € T and the action of ady,_ decomposes g into eigenspaces

g=EPo(), a(i)={veg|Adyyv) =tv Vte Gy}
1<yA
which also function as eigenspaces for the A-action (|57] §7.1, §7.3). In particular x € g(2) and
A coincides with the 1-parameter subgroup constructed for Spaltenstein slices S (Theorem

44.1).

Definition 4.5.2. Let A be as above and m : Gy, — Aut(g) be the usual left-multiplication

action.

(i) The action

poitev= m(t2)Ad/\(t_1>(v), vEQ

fixes the element x and preserves the Slodowy slice §. Moreover it is a contracting

action on S, i.e. it extends to an action A}g — Aut(S) with0-s =z forall s € S.
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(ii) Let S be the preimage of S under the Grothendieck alteration 7. Define an action on

g via
it lg,0] = Mg, %], t € Gm(Ok), g € G(OK), v € 9(Ok)

This action preserves S.

By the definition of u, @ we have that the Grothendieck alteration 7 : S— Sis G, s~
equivariant, and a simple calculation yields that Y : S — h is also Gy, g—equivariant when
h ~ A% is equipped with contracting G, s—action t - h = t2h; in this case, the action
contracts b to the origin.

We next equip h/W with a Gy, s—action so that the adjoint quotient x : & — b JW be-
comes G,;, g—equivariant. By ([23], §6 Théoréme 3 and Corollaire), if p is a good prime? then
Sym(X*(T))W is a graded polynomial O g-algebra with homogeneous generators x1, - - - , X

of (homogeneous) degrees dy,-- - , dy, and furthermore
Sym(X*(T) ®z k)" ~ Sym(X*(T))"V @7 k

Thus the degrees d; of the generators y; are the same as their mod p versions, which are

recorded in (|57, Table in p.112). As T is split we also have

b =~ Spec(Symo, (X*(T))), bW = Spec(Syme,, (X*(T)") = Spec(Og[x1,- - , xr])

_ 42

Define a G, g—action on b /W by linearly extending ¢- x; ix;. The following proposition

carries over to the relative setting without change.

Proposition 4.5.3 ([57], §7.4 Prop.1). The adjoint quotient x : & — bW is Gy, g

equivariant with respect to action p on S and the above action on b JW.

2. Actually, p non-torsion suffices; see Remark 3.2.3.
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Remark 4.5.4. Note that the G, g—action p defined on § has the opposite weights of
the G,, g—actions defined in ([52], §4.3) and ([14], §4.2.4) for the Kostant slice S. Both
constructions are essentially equivalent; we chose this formulation so as to get a contraction

on b and stay consistent with the weight conventions discussed in (|57], §7.4) and (|61], §2).

We now explain the notion of Gy,-deformations. Suppose X is a singular hypersurface

with a Gyp-action so that it is Gy,-equivariantly isomorphic to V' (f) for some weighted—

homogeneous polynomial f(z1,--- ,x,). Here weighted homogeneity means that there exists
a tuple (d, k1, , kyp) so that for any monomial
Ay ... J'nlel .- x?{l

appearing in f we have » jlj kj = d. In this case we can study the G;,—equivariant deforma-
tion theory of Xy ~ V(f) by replacing the objects and maps of the associated deformation
functors in Section 2.3 with (formal) schemes equipped with a G, g—action and G, g—
equivariant morphisms. In particular we may speak of G,,, g-miniversal deformations.

It is not obvious that G, g-miniversal deformations exist. The following theorem is
based on the existence of general miniversal deformations and is proven by checking the

definition of miniversality after equipping all objects with a G,,—action.

Theorem 4.5.5 ([57], §2.5 Thm). Suppose f € k[z,y, z| is weighted—homogeneous and de-
fines a hypersurface V (f) with isolated singularities in A?,;. Then there exists a Gy, g-
miniversal deformation of V(f) over S = Spec(W (k)).

Example 4.5.6. Let us compare the Gj,—-actions for a specific RDP surface. Polyno-
mial f(x,y,z) = 22 + 22 + y* defines an As-singularity (Theorem 2.1.3) and is weighted

homogeneous with weights (2, 1,2). Its miniversal deformation is given by

V(F) — Spec(Og[t1,t2,t3]), Flx,y, 2z t1,t2,t3) = 22 + 2% + y* + t19% + toy + t3
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(see Example 2.5.5). Polynomial F' is weighted-homogeneous with weights (2,1,2,2,3,4)
and as a result base Spec(O[t1,t2,t3]) admits a G, g-action with weights (2,3,4), while
total space V(F) admits a G,,, g—action with weights (2,1,2,2,3).

On the other hand, for the subregular orbit in sl (the unique Lie algebra of type Agz),
one may compute its decomposition into good irreducible slo—representations (see [57], §7.4
Example) as

sh~VioWhaeVyaoVy ol

where slo-modules V; have highest weight ¢. By inspecting the weights of the p-action of
Definition 4.5.2 we get weights (6,4, 4,4, 2); note that in both Sections 4.3 and 4.4, a basis for
S (up to translation with x) is given by a choice of lowest weight vectors for each irreducible
slp—summand, and there is an identification S ~ Spec(Og|z1, - ,z5]) by choosing x; to be
dual to the lowest—weight vectors. This is why we get the aforementioned weights (cf. [57],
p. 110). For h/W we have that the homogeneous degrees of the fundamental generators
are (2,3,4) (see [58], Table in p.112); this also follows directly from reading off the degrees
of symmetric polynomials o9, 03, 04.

Note that if we double the weights of the Gy, —action on V(F'), then up to reordering
variables the miniversal deformation ¢ : V(F) — Spec(Og[t1,t2,t3]) and x : S — bh//W

are both G, g-equivariant with the same Gy,~weights on source and target.

The previous example illustrates a more general principle, which we will clarify in The-

orem 4.6.2 in the next section.

4.6 Grothendieck alterations for transverse slices.

We retain the assumptions of Section 4.5 and fix a Slodowy slice § at a fiberwise subreg-
ular nilpotent section = of g (either by the Jacobson—-Morozov method or the Spaltenstein

method). Let 7 : S —+ S be the restriction of the Grothendieck alteration on S and define
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Gy, g—actions p, pon S, S as in Section 4.5.

Proposition 4.6.1. Consider the following commutative diagram induced by restricting di-

agram (3.5.3)

T

S
Cree l (4.6.1)

W

o —— Oy

B

to S and its preimage S under the Grothendieck alteration. Then this diagram induces

S-fiberwise a simultaneous resolution of the singularities of x : S — b JW.

Proof. Let a : G xS — g, a: G x S = g denote the respective restrictions of the adjoint
action of G on g and g. By G-invariance of the adjoint quotient x and its resolution ¥, their

restrictions to S, S yield commutative diagrams:

GxS —%—g GxS 243
lpz lx lpz l% (4.6.2)
S Xres h//W g Xres h

As y o a is flat and pg is flat and surjective, yres is flat ([62, Tag 02JZ]). Since 7 : S—S
comes from base-changing proper morphism g — g, it is also proper. Applying Lemma 4.1.4
tor: g — g we get that & : G x S — § smooth, so as pa, Y are smooth, it follows that
Xres 18 smooth as well. We may therefore base—change to the special fiber by Lemma 3.4.2
(since formation of diagram (4.6.1 commutes with base—change) and check that we have a
simultaneous resolution for S — hs /W, where S = S ® k is a Slodowy slice over k. In this

setting, the statement is true by ([57], §5.3 Corollary). O

For ease of notation we will henceforth refer to xres, Xres as x and X respectively, when no

confusion can arise. We now relate Proposition 4.6.1 (i.e. diagram (4.6.1)) to the miniversal
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deformation of an RDP singularity and its minimal resolution. What follows is essentially
the main theorem of [57]; the study of miniversal deformations of minimal resolutions in this

context is due to [50].

Theorem 4.6.2. Let x : S — h/W denote the localization of map x obtained by henselian-
izing S and hJW at x and 0 respectively. Let S be the preimage of S under the Grothendieck
alteration and Y : S — by the associated map as in diagram (4.6.1). Assume p = char(k) >
n+14f g is of Type Ay, otherwise assume p is good for g. Then x is a Gy, g-miniversal
deformation of the RDP xg € (N'NS)(k) and X is a miniversal deformation of the minimal

resolution of xs.

Proof. Let r be the rank of RDP x4 and consider morphism Y first. By Proposition 2.5.4 there
exists a miniversal (algebraic) deformation of =, which we denote as ¢ : V(F) — Spec(R)
for some F' € Og|[x,y,z,t1, -+ ,tr] and R = Og[t1,- - ,tr]. By Theorem 4.5.5 there exists
a Gy, g—action on V(F) and Spec(R) making ¢ a G,,, g-miniversal deformation.

We know that X_l(()) = N NS has an RDP singularity at zs and x is Gy, s—equivariant
with respect to action g on S and the “Weyl exponents” action on /W (Proposition 4.5.3),
hence by miniversality we get a G, g—equivariant morphism f : /W — Spec(R). It suf-
fices to show f is an isomorphism, and by the fibral isomorphism criterion (|27, Cor. 17.9.5)
it suffices to show fs : hs/W — Spec(R ® k) is an isomorphism over geometric point
s = Spec(k). So we reduce to showing the statement over k of sufficiently good characteris-
tic, whence it follows from ([57], §8.7 Thm) by comparing the G,,~weights on each of b5/ W
and Spec(R ® k). For X, the statement holds by ([55], Thm. 3.4). O

Remark 4.6.3. Shepherd-Barron in ([55], Thm. 4.6) has also shown the above theorem via
different methods and in good characteristic; the proof similarly contains a passage from
characteristic zero to positive characteristic. In particular we may assume that p is good for

Theorem 4.6.2 to be true.
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Remark 4.6.4. The statement a priori concerns formal miniversal deformations, but since
we are dealing with affine (isolated) singularities these deformations are algebraic (see Re-
mark 2.5.7). We may therefore consider the henselianized versions of x,x when we re-

fer to the simultaneous resolution diagram (4.6.1) and without loss of generality write

h/W =~ Spec(Ok|t1,--- ,tr]).
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CHAPTER 5
THE MONODROMY WEYL ACTION

We now come to the central part of the article, the description of monodromy actions in
terms of Weyl groups. We discuss the relevant W-actions in Section 5.6, along with the
proof of the main theorem. In order to construct said W-actions, multiple tools from the
theory of nearby cycles and (relative) perverse sheaves need to be combined, so we explain

these concepts next.

5.1 Classical nearby cycles.

Throughout this section we work in the small étale topos setting. Our base scheme is a
strictly henselian trait S = Spec(Of) with closed point s = Spec(k) and generic point
n = Spec(K). We denote geometric points with a bar, e.g. 7, with the understanding that
the underlying residue field is separably closed (e.g. 7 = Spec(K5P)). Whenever appropriate
we assume Of is complete.

Given a finite-type S-scheme X, we denote by Db(X ) the bounded derived category of
Qy-sheaves on X, where ¢ # p = char(k). Most of the formalism below is usually developed
first for finite coefficient rings Z/¢", but standard reductions via inverse limits and taking
(—) ®z, Qy yield the same statements for Q-coefficients, so we choose not to belabor this

point.

Definition 5.1.1. Let X — S be a finite-type S-scheme with generic fiber X, geometric

generic fiber X7 and special fiber X. Denote the respective inclusions by

/J\
Xy — Xy —15 X ' X,

(i) The nearby cycles functor is RUx : Db(Xn) — DV(X), F — i*Rj.(Fp), where F
is the pullback of F to X7. Complex RV x (F) is naturally equipped with an action of

inertia I = Gal(77/n) = Galg (|4], Exposé XIII §1.3).
o4



(ii) For F € DP(X), adjunction map F — Rj, (F7) gives an exact triangle

#*F -2 R (F) — ROy (F) (5.1.1)

defining the vanishing cycles functor R® : Db(X) — Db(XS) as the cone of map ¢.

Nearby and vanishing cycles have various functorial properties. For example, if f: X —
Y is a morphism of S-schemes inducing maps fy : Xz — Yz and fs : X5 — Y5 between the

geometric generic and special fibers, there are natural maps

RUy (RfpFr) — RfsxRUx(F), F e DV(X) (5.1.2)

fiRTy (F) — RUx (f;Fy), FeD(Y) (5.1.3)

Map (5.1.2) is an isomorphism when f is proper, and map (5.1.3) is an isomorphism when f
is smooth. Moreover the natural [-action extends to R® x (F), making exact triangle (5.1.1)
I-equivariant (4], Exposé XIII, 2.1.7.1, 2.1.7.2, 2.1.2.4).

Given an S-scheme X with F € DY(X) and a point = € Xj, let X(z) denote the strict

henselization of X at T — X. Then the stalks of the nearby cycles are computed as
(RUxF)z ~ RI(X(z) x5 7, Fp)

We adopt the terminology of Illusie (cf. [36], §1.3) in saying that X (z) represents an f-adic
Milnor ball and generic fiber X (z) X 7] represents an l-adic Milnor fiber, consistent with

the classical fact that stalks of (complex) nearby cycles compute the cohomology of Milnor

fibers.

Example 5.1.2. A more direct relationship with the classical Milnor fiber can be seen as

follows. Assume X is a flat relative surface over S, smooth outside an isolated rational
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singularity on the special fiber ¥ — X, then R® xQ, is supported on the physical point z
and we obtain (R%® yQy)z ~ (ROW xQy)z/Qy ~ 0 and (R'® xQy)z ~ (R'W xQy)z for i > 0.

In this case we have (|4], Exposé XVI)

rog
i - A", i=2
( XQé)a:—

0, i # 2

where r > 1 is the dimension of the stalk as a Qy-vector space. This can be thought of as the
(-adic analogue of the topological Milnor fiber being a bouquet of n-spheres, hence having

only top cohomology.

Since we will only deal with nearby cycles of families X — S acquiring isolated rational
singularities, it is worth re-emphasizing that R'W xQp ~ Ri® xQy for i > 0. Hence any
statements regarding stalks of nearby cycles should be compatible with analogous statements

in the complex setting, where people usually consider so-called “vanishing homology”.

Remark 5.1.3. In the case that x is a hypersurface singularity locally defined by the van-
ishing of a weighted-homogeneous polynomial f(x,y, z) (such as the normal form of an RDP
as defined in Theorem 2.1.3), we have that the dimension of the Tjurina algebra dim(T1)
(see Definition 2.3.5) equals the Milnor number p = length(gxtl(ﬂ}(/s,OX)). If the I-
action on RV xQ, is tamely ramified, meaning the action factors through tame quotient
I — Iy ~ I/P, we have r = u = dim(T'). More generally the Deligne-Milnor conjecture
states that dim(T1) = r 4 Sw(R>W¥ xQy), where the Swan conductor term measures the wild
ramification of the nearby cycles ([4], Expos¢ XVI, Conj. 1.9).

We will see that under our restrictions on the characteristic p, for a surface family X/S
acquiring RDP singularities we have RUxQ; ~ (RU Q)" (the wild inertia invariants)
i.e. RUxQy are identified with the tame inertial nearby cycles R\I’Blé@g = Z*ijkr@g, where

jtr:X

ytr = X is induced from inclusion n" = Spec(K') — S.
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5.2 Nearby cycles on formal schemes.

In this section we assume S = Spec(Of) is a complete local trait. In [10], Berkovich
constructs a nearby cycles functor variant for a class of formal schemes over Spf(O ), which
includes finite-type schemes X' /S completed along a closed subscheme of the special fiber
Y C X, ([10], §1). Denote by X the formal completion Xy. Its special fiber X is identified
with finite-type scheme Y, and the generic fiber X, is a rigid-analytic space over K.

There exists an equivalence between formal schemes étale over X and formal schemes
étale over X4 ([10], Prop. 2.1.(i)) and so composing the associated functor Xs — X with
the generic fiber functor X — X;) induces a map of sites v : (Xy)qet — (Xs)et. The source
endows X, with its quasi-etale site, where the quasi-etale covers of analytic spaces are defined

in the sense of ([9], §3). There exists also a natural morphism of sites  : (Xy)qet — (X7)st-

Definition 5.2.1. For an étale sheaf F € Db(fﬁ), R\Ifger(]:) = Ruvyp*(F) defines the
Berkovich nearby cycles functor R\I/ger ; Db(.’fﬁ) — DP(%5). It is a sheaf naturally equipped
with a Gal(77/n) = Galg-action ([10], Rem. 2.6).

The crux of this construction is a comparison theorem with the algebraic nearby cycles
defined on X'/S: the rough idea is that R¥ yQy|y depends only on the formal completion X
along Y, hence on a formal neighborhood of Y. The comparison theorem below is stated for
étale sheaves of torsion prime to p, though as we have remarked before the statement works

for Qp as well.

Theorem 5.2.2 ([10], Thm. 3.1, Cor.3.5). Let X,Y,X be as above. Let F be an étale
constructible sheaf on Xy with torsion prime to p, and denote by F its pullback to Xs.

Suppose Y /S is proper (e.g. finite). Then there exist canonical isomorphisms
R™W p Fly~ RPORT(F), RI(Y,RVUyF) =~ RI (X5, F)

compatible with the action of Gal(77/n) on either side.
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Corollary 5.2.3. Suppose X is a proper flat surface over S with smooth generic fiber X
and special fiber Xs having exactly one RDP x € Xg(k). Then the Gal(7/n)-action on

Hgt(Xﬁ, Qy) depends only on a formal affine neighborhood of T in X.

Proof. Let
klx,y, z]
f(z,y,2)

OXS,E =
be the completed local ring at the RDP singularity, f the normal form describing the RDP.
By Corollary 2.5.6

Ok lx,y, 2]

F(l‘,y,z) ’ F(J],y,z) = f(xvy’z) mod p

OX,E ~
for some polynomial F(x,y, z) that is the pullback of a miniversal equation of the RDP as in

Corollary 2.5.6. Now by the comparison of Berkovich (Theorem 5.2.2), we obtain a canonical

Galois-equivariant isomorphism

(R*UxQp)z ~ HA((Spf(Ox 7))7. Qp) (5.2.1)

where the generic fiber of the formal completion of A" along T is X7 = Spf(@ x.z))7, a rigid-
analytic variety over 7, and the right-hand side denotes Berkovich’s /-adic cohomology for

analytic spaces ([10], §3). Now let ) — S denote the affine relative surface

v=se(Fs ) i)

having the same RDP at §y — Vs as ¥ — Xs. We have @y,y ~ (/’)\X’f and so (5.2.1) gives
(R2U yQp)z ~ (RQ‘I/ng)y Galois-equivariantly. To compare this with the Galois action

Hgt(é‘(ﬁ, Qy), we use the nearby cycles spectral sequence:

By = H' (X, RNy Q) = H' (X, RO Q) ~ H' (X7, Q)
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Since R2¥ xQy is a skyscraper sheaf supported on Z, the E>-page is

HO (X, R20 4 Q) 0 0
K
0 0 0
HO (X5, Qy) HY (X5, Qy) H2 (X5, Q)

hence the spectral sequence degenerates at E9 and Eg 14— grg Hp+q(Xﬁ, Qy) for the abutt-
ment filtration F'®*. Looking at the nontrivial graded pieces yields Eg 2 = HQ(Xﬁ, Qy)/ Eg’o
i.e. we obtain Hgt(é\f'ﬁ, Q) ~ (R2U4Qy), ® H2(Xs,Qy) with trivial inertia action on
H?(X;, Qy) and the induced monodromy Gal(7/n)-action on the stalks of RW 4Qy; the latter

claim follows from the Galois-equivariance of the Es-page of the spectral sequence. n

5.3 Nearby cycles on a Grothendieck topos.

Since we will need to describe nearby cycles of ¢-adic sheaves over bases of dimension > 1,
we collect here their general formalism and properties in amenable situations. In order to
do this, we will need the language of oriented toposes; for a modern English reference, see
([36], §1).

We retain the conventions of Section 5.1 and consider S-schemes f: X — S, ¢g:Y — S.
Bounded derived category of étale sheaves Db(X ) is assumed to have coefficient ring Z/¢",

but the statements below will also work for Q-coefficients.

%
Definition 5.3.1. The left oriented 2-product topos X xg Y is the Grothendieck topos

defined in a universal way by the data of 2-commutative diagram

(_
X xgY 25 v

; (5.3.1)

S

b1
X

T

™\

|
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where X, Y and S denote the étale toposes associated to the schemes and 7: gops — fopg
is a 2-morphism. From these data we get a defining site for X <;S Y with the following
covering families: for maps U — V <« W étale over X — S < Y put {U; = V < W} a
covering of U — V' <« W where {U;} — U is a covering, and {U — V <« W;} a covering
of U = V < W where {W;} — W is a covering. The third type of families is given by

coverings {U — V' <~ W} of U — V <= W for which the induced square

Vie—w'
/l - l
U > V< w

is cartesian; note the individual maps V/ — V, W/ — W need not be coverings in this case

([36], 1.1.1).
— —
Maps between such oriented toposes X’ x ¢/ Y/ — X x ¢ Y are defined by the data of
maps {X' — X,5" — S,Y’ — Y} and appropriate 2-morphisms between these maps (|36,
1.1.2).

H
A special case is is (Y, g) = (5,id), where the oriented product X xg S is called the
vanishing topos of X/S. The points of the vanishing topos consist of triples (Z,7,sp) where

T — X, — S are geometric points together with a specialization morphism sp : 7 — S( Fla))-
Definition 5.3.2 (Nearby cycles over general bases).
%
(i) There exists a unique morphism ¥ : X — X x g S compatible with diagram (5.3.1),
by the universal property of products. The derived pushforward

_ . b biv O
RV, = R, : D’(X) — D(X x4 5)

is the nearby cycles functor relative to f.

%
(ii) Let (Z,7,sp) be a point of X x g .S with T over a geometric point 5 — S, n € S and

sp:n — S(E) a fixed specialization. There exists a unique map S @ — S (3) compatible
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with the specialization and map 7 — S¢) ([62, Tag 08HR]). We therefore have natural

inclusions

isng‘—>X(§) =X Xgq S(g), J;X(ﬁ) =X Xq S(ﬁ) —>X(§)

and RV = igRjp, : Db(X( ) — Db(X5) is the sliced nearby cycles functor.

%
The two nearby cycles are related as follows: one identifies topos Xg X g 77 as sheaves on

X3 together with a Gal(77/n)-action, and by functoriality we have a morphism of toposes
F
A — — is —
Z(S’n) IX§:X§XSﬁ—>X§ XSS—>X XSS

Then RU = (?(S,n))*R\I/f. See (|36], §1.3 and §1.4) for details. We mention in passing
that one can also define a vanishing cycles functor R® ¢ in the topos setting, but we will not
use it; the construction is given in (loc. cit., 1.2.4).

Nearby cycles in this generality still satisfy functorial properties. An important example
is the case of S—schemes f: X — Sand g:Y — S and a map h: X — Y of S—schemes.

Then the induced commutative diagram

Wy X,(s,m)
X—>X><S X

lh ﬁ f (5.3.2)
Ys

<
y — Y xg 8 47—
LY (sm)

%
yields R¥4(RhsF) =~ Rh, RV ¢ F for F € Db(X); furthermore, if h is proper, then formation

F
of Rhy commutes with base—change on X and S, so that in particular diagram (5.3.2)
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induces an isomorphism (see [49], Lemme 8.1.1)

— —
R\I/;n(Rh*}") = (iy’( ))*R\IJg(Rh*}") ~ R(hz)«(1 X,( ))*R\IJf}" = R(hg)*R\I/‘;cm]:

s,m s,1

(5.3.3)
There are natural generalizations of /~adic Milnor fibers to this setting (cf. Section 5.1).
e
Given a point (Z,7, sp) of X X g S with T over 5 and a sheaf F € D?(X), the stalks of nearby

cycles may be computed via ([2], Exposé VII, §5.8) as

RV (F)z =~ RV ((F)(z5.6p) = RI(X(3) %55, S F) (5.3.4)

Z,7,5p)

The scheme X (@) XS S(ﬁ) is called the Milnor tube at (Z,7,sp); it contains Milnor fiber

X(z) XS5 T as a closed subscheme.

)
Example 5.3.3. We relate these constructions to the classical nearby cycles. Let S be a

strictly henselian trait with closed point s, generic point 1 and geometric generic point 7.

Note S(g) = S and S(ﬁ) =7. For f: X — S of finite type we have
— — — —
X xg8=(XyxgS)U(Xsxg5)=XUXsU(Xsxg7)

where the last (nontrivial) topos on the right is identified with sheaves on X together with

a Gal(7/n)-action. The classical nearby cycles RV x (F) for F € Db(Xn, A) are

RV x (Fy7) = R ¢(F) PR
and are therefore identified with the sliced nearby cycles R\Il%(]—" ). The restriction map is

induced from Xg — X and 7 — S. Moreover, for a geometric point = — X, the Milnor

tube X7y X g Sy ~ X(z) X7 is identified with the Milnor fiber.

In general, nearby cycles RW ;. need not be well-behaved; for example, it may not be
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constructible. Furthermore, base-changing via S’ — S yields cartesian squares

x 4, x X — 9 X
!/ /F / ? —
St — S X' xg S —— X xg8

and the associated base-change map

(‘g )RY pF — RY ;u(g" F)

is not always an isomorphism: see (|36], 1.7(d)) for a classical example of Deligne which
shows that for the origin blowup f : ‘&% — A%, RW ¢Qy is not constructible and does not
commute with base-change on A%. Moreover, for any point in the exceptional divisor and a
nonzero point on A%, the associated Milnor tube is not of finite type.

Nevertheless, a special case where all the above assertions are true is the following.

Theorem 5.3.4 (Deligne, [36] 1.7.(c)). Let f : X — S be separated and finite-type, and
F € DlC’(X). Let Z be the complement of the largest open set U C X so that f|{ is universally
locally acyclic over S. If Z — S is quasifinite, then RY ¢ F is constructible and its formation

commutes with any base-change S" — S.

Remark 5.3.5. We call (f, F) W-good in this case. It follows from the theorem that the sliced
nearby cycles R\Iff?(}" ) are also constructible and commute with base-change; in particular the
cohomology of Milnor tubes as computed in (5.3.4) restricts isomorphically to the cohomology
of Milnor fibers:

(R F) ) — RI(X(3) X5, 7> F) (5.3.5)

Taﬁvsp (3)

5.4 Relative perverse sheaves and the Grothendieck alteration.

We retain the conventions of Section 5.1. In this section we will discuss a recent notion of

relative perverse t-structures on D2(X) for S-schemes X, which is compatible (in a sense)
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with the absolute perverse t-structures on the geometric fibers i.e. Dg(Xﬁ) and DY(X5). As
before we may assume the underlying coefficient field to be Q.

Following [29], we define a full subcategory of DP(X)
p/SD(X)SO = {F e D(X)| Flx, € PD(X5)= for all geometric points 5 — S} (5.4.1)

where (pDSO, pDZO) denotes the absolute perverse ¢-structure for schemes over fields. In the
particular case of S = Spec(Of), one just restricts F to X7 and X and checks perversity
in the usual absolute sense.

It can be shown that (5.4.1) forms the connective part of a t-structure on D?(X) and the
goal is then to show that the coconnective part p/S D(X )20 has the required description in
analogy with (5.4.1) and further induces a t-structure on the bounded derived category of

constructible complexes D8(X).

Theorem 5.4.1 ([29], Thm.6.1). Let f : X — S be a finite-type S—scheme. The full
subcategories (P/SD=0 P/S D20 of DY(X) define a unique t-structure on DP(X), the relative

perverse t-structure, so that

(i) A sheaf F € DV(X) is in PISD(X)=0, resp. p/SD(X)ZO, if and only if F|x_ €
PD(X5)=0 and ]:|Xﬁ€ pD(Xﬁ)SO, resp. F|x € PD(X5)20 and Flx5€ pD(XTI)ZO.

(ii) For any morphism g : S — S with induced base-change ¢ : Xg — X, pullback functor
g Db(X) — Db(Xg) is t-exact with respect to the relative perverse t-structure, hence

commutes with the associated truncations (1=0,720).

(iii) For any open and closed decomposition j : U — X and i : Z — X into S-schemes,
the relative perverse t-structure on Db(X) is obtained by gluing (recollement) from the

relative perverse t-structures on DY(U) and D¥(Z).

We note that (ii) and (iii) are formal consequences of (i), once the perverse t-structure

properties have been established. We also note that if S = Spec(k) is a field and X is a
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finite-type k-scheme, the relative perverse t-structure is identified with the usual (middle)
perverse t-structure on D?(X), while if X = S then the relative perverse t-structure coincides
with the standard t-structure on DP(S). In view of (ii), relative perverse sheaves on X pull
back to absolute perverse sheaves on X7 and X.

We apply the notion of relative perversity to the setting of Chevalley algebras g over
S = Spec(Of) and their associated bundles g. Recall the setting of Sections 3.4 and 3.5,
so that in particular g is a simple simply-laced Chevalley Of-algebra and p = char(k) is
very good for g. The Grothendieck alteration 7 : g — g restricts to a Galois W-torsor
7S 1 g™ — g' over the regular semisimple locus (Proposition 3.5.3).

For Lie algebras g over algebraically closed field k, the above fact is classically known

and furthermore it implies that the (absolute) perverse sheaf

F = Rm,Qy[dim g]

is equipped with a W-action, constructed by Borho-MacPherson (who attribute it originally
to Lusztig) in the following way: 7 is a small morphism so in particular F is an IC sheaf, i.e.
the intermediate extension of local system G = 7°Qy ([13], §1.8). Sheaf G is W-equivariant
and W acts by “deck transformations”, so by the functoriality of the intermediate extension
functor, this W-action uniquely extends to F (loc. cit., §2.6 Proposition!).

We next show that this result of Borho-MacPherson extends to the relative Grothendieck
alteration 7 in the setting of Chevalley Op-algebras, where now F is relatively perverse and
in particular an “intermediate extension” object in Db(g). By an IC sheaf in this setting we
mean that, if j : g8 < g is the inclusion of the open dense subscheme of regular semisimple

elements, then F ~ j,G.

Theorem 5.4.2. Let  : g —> g denote the Grothendieck alteration of Chevalley O -algebra

1. Note that Borho-MacPherson state a more general version here, in terms of a parabolic subgroup
P C G; we need only take P to be a Borel for our purposes.
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g. Then:
(i) Complex F = RrsQy[dim g] € Db(g) is relatively perverse.
(ii) Complex F is an 1C sheaf.

Proof. Denote by j : gy — g and 7 : g5 — g the respective open and closed immersions
of the geometric generic and special fibers, with the understanding that g, is Lie algebra
o7 = g7 so that the constructions of Sections 3.4 and 3.5 make sense for it too. Part (i) is

immediate from Theorem 5.4.1 since proper base-change gives
Flg,= " RmQq[dim g] ~ R(m;)Q[dim g]

and F|g,~ R(7s)+«Qy[dim g] as the formation of g commutes with base-change on S in good
characteristic. Thus, both restrictions are perverse sheaves on g; and gs, respectively; in
fact they are IC sheaves by the reasoning in ([13], §1.8).

For (ii), let j/ : g™ — g and ¢’ : g’ = g\ g™ — g denote respectively the open and
closed immersions of the regular semisimple elements and their complement. Denote by

SOO

PHO the composition 7 720 of the relative perverse truncation functors, which is itself a

cohomological functor, and set G = j"*F. We wish to show
F = j1,(G) = m(PH'(5G) = PH (1.9))

Note that G is a lisse sheaf on g*® via proper base-change along cartesian diagram

=
“g“rs J \

g
lﬁrs lﬂ
./
grs _J g
That is, j*F ~ 723Qy[dimg] and 7™ is a Galois W-torsor (Proposition 3.5.3), so that

T5Qy[dim g] is lisse by algebraic Ehresmann ([47], Thm. 20.2). Moreover F = PHO(F) (via
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the perversity established in (i)) sits in long exact sequences

o — PHOGIG) — F — PHO(LF) . (5.4.2)
o PRI F) — F— PHO(4LG) 4, (5.4.3)

which are respectively coming from the standard triangles (in the derived setting)
1 1
G F = F = ild*F Wovirsro s (5.4.4)

Set C1 = i4i""F = Cone(jjG — F) and Cy = ii" F[1] = Cone(F — j.G). In order to show
F ~ j,G it suffices to show F — PHO(j.G) and PHO(j(g) — F i.e. the respective kernel
and cokernel vanish. So it suffices to have PH?(C;) = 0 and PH~1(Cy) = 0.

A brief note on why checking the above two conditions is enough: suppose ? 7-[0( j!' Gg) —» F,
then via right-exactness of i* we have PH o (i')* right-exact (|5], Lemma A.7.14) so that

PHO(i™* o PHO(jG)) — PHO(™* F). Now PHO 0 i"* o PHO o j is left-adjoint to
P340 oj’* o PO o, ~ P30 0j*oil =0

where the penultimate equivalence is due to the perverse t-exactness of j/* and i,. Hence
PHO(* F) = 720("* F) = 0, meaning i"*F € ?/°D(g/)=~!. The dual argument for F <
PHO(jLG) gives i' F € p/S D(g/)Z!, altogether giving the familiar IC sheaf conditions for F
as a result of recollement ([11], 1.4.24).

Consider PH?(Cy) first; it is enough to show j*PHO(Cy) = i*PHO(Cy) = 0 since if PHO(Cy)
had nonempty support, the support would intersect the supports of either of these complexes.

Now j* is perverse t-exact by Theorem 5.4.1 (ii), so applying j* to the first triangle in (5.4.4)
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and then taking PH?, which commutes with j*, we obtain

PO G) — 5 F — PHOGRCy) s (5.4.5)

Since g™ represents the open subfunctor in g of regular semisimple elements, the following

diagram is cartesian

TS

J
g%s grs

lﬂ? j lj/ (5.4.6)

gy — 8

where j*° : g;° — ' is induced from 7 — S and j7’7 : g — 9y is the open immersion induced

from j'. Hence base-change yields j* j!’ ~ j;7 | 4% and

. . . . . ., .
]rs*g — jrS*Jl*f- ~ ];]*(]*JT") — ]n*(R(ﬂ-n)*Qf[dlm g])
so that the long exact sequence (5.4.5) is

- — PHO (i (R ()« Qg [dim g])|ges) — R(mp)«Q[dim g] — PHO(j*C1) LU (5.4.7)

Now the second-left arrow in (5.4.7) is surjective since R(7,)«Qp[dim g] is an IC sheaf, and
j*p”;’-[l(j!/j/*}") = 0 since j{j"* is right t-exact, again by recollement ([11], Prop. 1.4.12). We
therefore get j*PHY(Cy) ~ PHO(5*C1) = 0. A similar argument yields :*PH?(C1) = 0, via

long exact sequence
1
ey pHO(i*j!’g) — *F — POy ﬂ> e (5.4.8)

and i*j|G ~ j "G ~ j! R(7s)«Qg[dim g]|grs coming from base-change along diagram
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rs 4 IS
s > g

l# lj' (5.4.9)

98%9

where i*® is induced from s — S and j/, is the base-change of j'. We therefore yield pHO(Cl) =
0. For PH~1(Cy) we argue in an analogous manner, namely we apply t-exact functors j*,i* to
the right triangle in (5.4.4) and show j*PH~1(Cy) = i*PH~Y(Cy) = 0. For j*PH1(Cy) =0
the reasoning is parallel to showing j*PH(Cy) = 0, since j*j/ ~ j%*jrs* via flat base-change

along diagram (5.4.6); once again we reduce to j*F being an IC sheaf and PH ™1 (5.5 F) =0

as jij'™* is left t-exact ([11], Prop 1.4.12). Now t-exactness of i* yields exact sequence

o PPHTHCy) — FF — PHY(i*5LG) ﬂ> e (5.4.10)

induced from the right triangle in (5.4.4), but we cannot immediately conclude by a standard

base-change theorem. Consider instead the open/closed decompositions
~ 1 ~ ~
g g =g\g"

i -
s —>gs<—9{9:98\§f98

induced from the respective decompositions on g, gs and their Grothendieck alterations 7, 7.

Together with 7 : §s — §,2™ : g&5 — §'5, these maps fit into commutative diagrams

~rg % ~rg
s > g

ﬁé ) ﬁ' ﬁ; ) r (5.4.11)
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by the same token as before. We aim to show i*j.G ~ j..i"™*G. Via the Grothendieck alter-
ation 7, diagram (5.4.9) and the left diagram in (5.4.11) fit into the following commutative

cube diagram (5.4.12), all of whose faces are cartesian:

ES -t a TS

lwzs (5.4.12)
TS g
1

T ggs s gI‘S

/jl l/j/
Us — g

Here 78, 7'3 denote the obvious restrictions of m. Now, suppressing that my is derived
) S )

for notation purposes, i*;j.G becomes
i* o i 0 j™ o mQy[dim g] = i* o ji 0 w0 jQy[dim g]

~ ¥ oy 0k 0 *Quldim g] ~ mes 07 0 jh 0 ] FQp[dim g] ~ 7 0 iF 0 jLQy[dim g]

via proper base-change along the right-face and front-face diagrams, and similarly j.,i**G
becomes

Sk

oj*o 7« Qy[dim g] ~ jé* oi™ orml®o }/*Qg[dim gl

-/ -T
Jsx O

~ jl, 0TS 0™ 0 5*Qy[dim g] ~ ey 0 by 0™ 0 7 *Qy[dim g] ~ Ty 0 b, Qp[dim g]

via proper base-change along the right-face and back-face diagrams. Then i*j.G ~ j. i**G
precisely when ;*}fk(@g ~ ﬂ,*@g, ignoring the dimension shifts. To show this, take the stan-
dard exact triangle (on @)

77'Qp — Qp — 7LQy A, (5.4.13)
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We have Z/!Qg ~ Qy[—2](—1) by Lemma 5.4.3, which we prove right after this theorem.
Applying the t-exact functor i* : D8(g) — DY(gs) induces the following diagram from tri-

angle (5.4.13) and the two diagrams in (5.4.11), where the vertical arrows are base-change

morphismes:
7 . T +1
*1:,Qp[-2](—1) > Q » i Qp ——
= IS
T T N T +1
ZS*Z‘EISQE[_Q](_l) > Qy > JoxQp ——

The left vertical arrow is an isomorphism by proper base-change, and so is the middle
vertical arrow, hence h is also an isomorphism (eg. by the five lemma). We conclude that

i*jiG ~ jL.i'*G and so the long exact sequence (5.4.10) is
_ . , . 1
o PPN (o) — R(ms)o Qldim o] — PHOGR (m)oQeldim gl g) 1 -+ (5.4.14)

so that :*PH™1(Cy) = 0 as R(ms)«Qy[dim g] is an IC sheaf. This yields F ~ 9,6 = i J"*F

so F is indeed an IC sheaf on g. O

Lemma 5.4.3. Let g be a Chevalley O —algebra so that gz and gs are simple Lie algebras
of the same Dynkin type, and fix a torus b and Borel b. Let X : g — b be the adjoint bundle
associated to (b,8) and write 7 : G\g™ — g for the inclusion of the complement of the

preimage of g™ under the Grothendieck alteration. Then 7'Qp ~ Q[—2](—1).

Proof. Call g’ = g\ g™, then we aim to show that g’ is smooth over S. We first show it is
flat. As a consequence of Proposition 3.5.3, restricting Y to X% : g5 — bs =~ A} we have
that every fiber is smooth over k, so we get flatness of Y as follows: if y = Y4(x), the

associated local homomorphism Ogr , — Oﬁ; =z has regular source and a regular fiber ring

5 0 SO We may pick a regular system of parameters (z1,--- ,z,) for Opr y
S Y

and (y1, -+ ,ys) in O“g’/ , 50 that their images in F' form a regular system of parameters. We
CEl
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have

dim(Og ,) = dim(Opr ) + dim(F)

so (1, ,Tr, Y1, ,Ys) generates the maximal ideal of (’)EIS@ and so (9@57% is regular. Then
by miracle flatness (|62, Tag 00R4|) we get Y, flat. Since every fiber of Y/ is smooth and
reduced, we get in fact that Y, is smooth, hence g, is smooth over k and a similar analysis
yields ﬁ% smooth over K.

The same local algebra argument in the previous paragraph yields g’ flat over S, with a
minor modification on the local rings: if Spec(Of) — @ is an O-valued section mapping
the closed point to € g, then it suffices to show the induced local homomorphism O —

O

5 o is flat, which follows from ([46], Thm. 23.7 (ii)?) as Oy » @k ~ Oy , . Now as
the generic and special fiber are smooth we get that g’ is also smooth over S. Then the
proof of ([5], Thm.2.2.13) shows pair (g’,g) is smooth of relative codimension 1, so that

'Qp ~ Qy[—2](—1), completing the claim. O

Corollary 5.4.4. Let § C g be a relative Slodowy slice at a fiberwise subreqular nilpotent
O -section © € Ng(Ok). Let g S =7 1(8) — S be the restriction of the Grothendieck

alteration to S. Then Fs = Rrg,Qu[dim S] is a relative IC sheaf.

Proof. The arguments of Theorem 5.4.2 carry over to this setting as soon as we have that
the version of mg over a geometric point of Spec(Of) is a small morphism. So we reduce to
the case of k an algebraically closed field, © € Ny(k) a subregular nilpotent element in Lie
algebra g over k, and S the canonical Slodowy slice at z, transverse to its orbit (‘canonical’
here means that, in light of Lemma 4.1.2, any such Slodowy slice has locally the form of the
slice described in ([57], §7.4)).

In this setting we know S is transverse to every adjoint G-orbit ([57], §7.4 Corollary).

2. Note that the assumption that B is flat in loc. cit. is not needed; see Theorem 51 on the modernized
edition at https://aareyanmanzoor.github.io/assets/matsumura-CA.pdf.
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Take a stratification of g into locally closed subsets

g=X_ 10X\ X_)IJ] Xn, X_1=¢% X,={z|dim(z" ' (z))=n} (n>0)
n>1

which, after a possible refinement, induces a stratification on S. By transversality, SNX;,, = 0
since S meets only the regular and subregular orbit in Ny, so & = Sy II Sy I S3 where

S; =8N X,,_9, and for any y € S; we have

(dim(S) — dim(S;))

DN | —

dim(mg" (y)) <

with equality if and only if i = 0 (where we get the dense open stratum S N g*®. The
only nontrivial case is y € S3 as dim(wgl(y)) = 1; since by Theorem 4.6.2 we have that
S — bW realizes a miniversal deformation of surface singularity x € Ny NS, locus S3
consists of the nearby singularities lying over discriminant divisor A C bh/W, hence by

flatness dim(S3) = r — 1. The above inequality therefore is just 1 < % [

5.5 Weyl-Springer actions.

We retain the definitions and assumptions of Section 3.1. In the setting of Proposition
3.5.3 and Theorem 5.4.2, we have seen that the Grothendieck alteration 7 restricted to
7% g™ — "% is a finite étale W-torsor so that G = RmyQy|grs ~ m°Qy is a lisse sheaf on
g's. To describe the W-action on it, we define an auxiliary geometric vector bundle related

to g as follows. Let

gr ={(¢gT,2) e G/T xgg|x € Ady(h)} = G/T xg g (5.5.1)

Here quotient G/T is represented by a smooth quasi-affine S-scheme via ([19], Thm. 2.3.1).
Projection to the second factor in (5.5.1) yields a morphism p : gr — g; note p is not
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necessarily proper like 7, since G/T" is in general only fiberwise quasi-affine. Projection to
the first factor yields a morphism gy — G/T, and the arguments of Lemma 3.5.1 (except

Zariski-local triviality) carry over to show:
Lemma 5.5.1. gy is a smooth étale-locally trivial G-torsor over G /T with fiber b.

Define a right W-action on gp via (¢7,x) - w = (gnyT, x) where ny, € No(T) is a lift of
w. The map
G/T xgb—gr, (97.h) — (g7, Ady(h)) (5.5.2)

is a W-equivariant isomorphism, where the left-hand side is equipped with the W-action
described in Definition 3.2.2 (ii). We also define a morphism ¢ : G/T xgg"® — G/B xgg"
via (¢T,z) — (9B, z) and set gt = {(¢T,x) € gr | € g"°}.

Lemma 5.5.2. Restricting ¢ to G/T x g b™ induces an isomorphism gif ~ g*°.

Proof. It is clear that G//T x g h™ ~ gif via the isomorphism in (5.5.2) since g*> = Adg(b™).
As before, by the fibral isomorphism criterion (|27], 17.9.5) it suffices to pass to geometric
points 77 and s of base S and show we have an isomorphism over K and k. This is the content
of ([38], §13.4 Lemma); we only explain the bijection input over field k.

If (¢7,h) € gp(k) then h € gLie(T)g~! ie. ¢gTg~! C Cq(h) = T, so g € Ng(T)
and we may write p~1(h) = {(nwT,h) | w € W}. Similarly if (¢9B,h) € g(k) we have
h € Lie(ng_l) so h € Lie(T") for some maximal torus 7" C gBg~!. At the same time
T' C Ca(h) =T so T =T and T, g~ Tg are conjugate in B, say via b € B(k). It follows
that gb = ny € Ng(T) so gB = nyB and 771 (h) = {(nwB,h) | w € W}. Hence ¢ maps

p~1(h) bijectively to 7~ 1(h). O
Corollary 5.5.3. p": g7 — ¢"* is a finite étale W-torsor and G = w{°Qy ~ pi*Qy.

Proof. This is a direct consequence of Proposition 3.5.3 since p™ = 7™ o ¢ and 7' is a

finite étale W-torsor. By Lemma 5.5.2 we have a W-equivariant isomorphism gif ~ g™ so

G ~ 75 0 $.Qy = p5Qy. s
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The upshot of this construction is that we may define the W-action on G explicitly via
its description as pi*Qyp. The stalk of constant sheaf Q; at any geometric point z — @i
is generated by a distinguished basis element v, and for w € W we have an isomorphism
iw : wxQp — Qp so that the map on stalks is v, —1 — vy via the right W-action on ﬁrTS

Applying finite map p}° to all iy, and using p™ o w = p'™ we have
law
prQp = (P 0o w)Qp = piwiQp — pi°Qy (5.5.3)

where the rightmost map is denoted i, again by abuse of notation. By functoriality this is

an automorphism of p}°Q, and on each stalk at p™(x) we have

(P°Q0) prs(z) = (Vg1 | w € W)

so that (5.5.3) maps basis vectors v, ,,—1 SN Uy (=) One checks iyyqwy = fw; © tw, and

so we obtain an algebra homomorphism
Q[W] — End(p’Qp) ~ End(m°Qy)

Via the intermediate extension functor we get an induced action on F = Rm,Q, as follows;
recall here that j’ : g™ — g, 7/ : g\ g™ — g are the open/closed decompositions of g coming

from the gluing construction.

Lemma 5.5.4. Sheaf F ~ j!’*g 18 W-equivariant via canonical isomorphism

Endperv(grs) (g) ~ EndPerV(g) (]'l* g)

Proof. Both perverse sheaf categories here are assumed to come from the relative perverse
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t-structures defined in Section 5.4. Via adjunction
Hom(G,G) = Hom(j"*j1G.G) ~ Hom(jG, j.G) ~ Hom(PH"(jiG). PH"(1.G))  (5.54)

where the last (canonical) isomorphism follows from j!/ G er/S D=0, LG € p/SP=0. Since i,

is t-exact, for any &€ in Perv(g\ g") we have
Hom(PH"(51G), i) = Hom(j{G, ,E) = Hom(i"* 0 (G, &) = 0

SO p’HO(j!/ G) has no nontrivial quotient objects from i,Perv(g \ g*). Similarly, by the
gluing construction we have 7’ o ji = 0 hence pHO( j4G) has no nontrivial subobjects from
i"Perv(g \ g). So by the definition of j!’*g, the right-hand side in (5.5.4) is precisely

End(j{,G) and the W-equivariance follows formally (see e.g. [39], §I11.15.3). O

Definition 5.5.5.

(i) For a general Of-section x of the nilpotent scheme N, we denote by

By =7 "(x) =g xgimzx
its projective Springer fiber with the reduced subscheme structure coming from g. Here

imz is the closure of the image of section z : Spec(Og) — Nj.

(ii) The Springer representations are H' (B, Qp) equipped with a W-action inherited from
the W-action on F = Rm«(Q, constructed above, by taking stalks and proper base-

change.

If we consider the special fiber x5 € Ny(k) of z, then by Proposition 3.5.3 we get that
the special fiber of B, is By, the usual Springer fiber corresponding to a nilpotent element

of gs. Since B, is projective over O, and the proper base-change isomorphism is canonical
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(|25], Thm. 7.3.1), we obtain an isomorphism of W-modules

H' (B, Q) ~ H' (B, Q)

where the right-hand side has the classical Springer action of W defined via the method of

Borho-MacPherson ([13], §2.6). In fact, in very good characteristic more is true:
Lemma 5.5.6. We have H!(B,,, Q) ~ Hi(Bxﬁ, Qy) canonically as Galois modules.

Proof. Let f : By — Spec(Of) be the projective structure map and let v : gx — B be the

normalization; concretely we have

g:l(lp)}g)i = gx Lj By = 221(15’%)2'
S = Spec(Ok)

where structure map f is proper and smooth. In particular Riﬁ(@g is a local system on S

and so on stalks we have
(R':Qp)s = (R' Q)] ~ (RIF.Q)y (5.5.5)

Here the first isomorphism is the cospecialization map given by the data of an étale sheaf

on S. Now by proper base—change (as f and the special and generic fiber counterparts

f:g, fs, fﬁ, fi7 are all proper) we have
H' (Br,,Qp) ~ R'(f5)«Qp = R (fs)«Qp ~ (R 2 Qp)s
H' (B, Qp) ~ R () Qp = R (f)«Qp = (R £ Qp)y

Hence, together with isomorphism (5.5.5) we have H(By,, Q) =~ Hi(Bmﬁ, Qy) canonically.
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The case of interest here is © = 2, whence

H?(B,, Q) ~ @@g ~ H?(By,, Q)

where the [—-action factors through the mod ¢" cyclotomic characters on the Tate twists,
hence is trivial as K = K™, The essential ingredient here is that x is fiberwise subregular
and characteristic p is very good, so that both the generic and special subregular Springer

fibers are the same arrangement of r projective lines (|68], §1.3.8). O

The above lemma may be interpreted as a ‘shadow’ of the more general principle that,
even though a priori our base scheme is Spec(O[ ), the adjoint quotient y and its “resolved”
version X have the same properties over K and over k of very good characteristic.

We now make a few remarks on the nature of Springer representations. The surprising fact
about them is that the W-action on H?(B;, Qy) is not induced by a “physical” W-action on
the Springer fiber. Nevertheless, Springer ([60], Thm. 6.10) defined a natural correspondence
between Hi(Bx, Qy) and representations of Weyl group (by a manner different from Borho—
MacPherson).

Theorem 5.5.7 (Springer correspondence). Assume G is a simple, simply—connected, simply—
laced Lie group G over algebraically closed field k of good characteristic, and let x € N (k)
be a nilpotent element and C = Cq(z)/Cq(x)° be the connected component group of its
centralizer. Set n = dim(By) and let x be the character of an irreducible representation of
C. There is a natural graded W -action on H®(Byz, Qp) commuting with the C-action, and in

particular

H (B, Q) ~ @D x © Vi x
XGC

where each non-zero x-isotypic component V. y is an irreducible W-representation. Further-

more each irreducible representation of W appears as a Vi for a unique (up to conjugacy)
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pair (x,x).

The convention we use here is that the trivial WW-representation corresponds to x regular
nilpotent and trivial y, and the sign W-representation corresponds to x = 0, where one
investigates the cohomology of the full flag variety B. This is the opposite convention of [60]
but coincides with [13]; in fact the Springer representations we consider differ from [60] by a
twist of the sign character.

In our setting, x is subregular (so n = 1) and C'is trivial for the AD E-type Lie algebras
since the centralizer is connected ([57], §7.5 Lemma 4). In this case it is known (see e.g. 68|,
§1.5.17) that the corresponding Springer representation on H?(B,, Q) ~ Qj is isomorphic to
the irreducible reflection representation of W on h", which in the A,,-case (where W = S,, 1)

is just the standard .S), | 1-representation.

5.6 Monodromy Weyl actions and the proof of the main theorem.

We now go back to the setting of Sections 5.1 and 5.2, assuming in particular S = Spec(Of)
is a complete trait and char(k) is very good. Since we require notation from previous sections

as well, we gather here the relevant objects.

Notation 5.6.1. Let X'/S be an integral proper flat surface with smooth generic fiber A,
and singular special fiber X5 containing a unique RDP x4 € X(k). Let r be the rank of the
Dynkin diagram associated to the RDP (Theorem 2.1.3 (ii)).

If g is the rank—r simple Chevalley Op-algebra associated to RDP g, we may identify
rg with a generic point of the unique subregular orbit inside the nilpotent cone of the Lie
k-algebra gs ([57], §6.4 Thm.). Extend zs to a fiberwise subregular element z € g(Of)
(Definition 3.3.4) and let S be the affine relative Slodowy slice which is transverse at z in
the sense of Section 4.1.

Unless noted otherwise, Sz, resp. gh denote the geometric fibers of x, resp. X over geometric

points (i.e. field-valued points) h — /W and h — h. The respective generic and special
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fibers will be denoted (S)7; and (S)s, and similarly for S so that we can distinguish them

from the geometric fibers of y, x.

By Corollary 5.2.3 the monodromy action of I = Gal(7j/n) on HQ(Xﬁ, Qy) depends only
on Spec(@ X.,z,)> Which by Remark 2.5.7 we can view as an algebraic deformation of the
affine singularity Spec(@ X,,x5) over base S. In other words, by Theorem 4.6.2 we have two

cartesian diagrams

~

X(J?s) = Spec(OX7xS) — S Z=S8 Xh//Wb e [’]
| lx | lw (5.6.1)
S N s L yw

where ¢ is induced by miniversality, and the right diagram is the pullback of ¢ along finite
cover 1. Here x is a map of henselianized schemes, h and W are part of the Lie algebraic data
associated to RDP g (see Section 4.6) and by Remark 4.6.4 we may identify the miniversal

base as

h/W ~ Spec(O|t1,--- ,tr])
Lemma 5.6.2. Let X/S, xg € Xs(k) and ¢ : h — bJW be as above.

(1) There exists a finite ramified extension L/K and its associated trait St = {nr,S},
which is minimal with respect to the following property: the base-change Xy, /S, admits
a local affine model of the RDP singularity xs € Xs(k) which has a simultaneous

resolution.

(i) If By, is the exceptional divisor of the minimal resolution of Xs induced by the simul-

taneous resolution of Xy, then the stalks of the nearby cycles are

(RY xQp)z, — RI(Bz,, Qp) (5.6.2)
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and the isomorphism is Gal(7j/n)-equivariant.

Proof. For part (i), note that S — bW maps s — 0 € h/W (k) and n — by /W (K) since
the generic fiber &), is smooth. Thus, Z is a finite flat, generically étale S-scheme and so in
particular it is S-affine, say Z = Spec(R) for some O-algebra R. By assumption R®o, K

is a finite étale K-algebra, whence

R®o, K ~]]Li
)
is a finite product of finite separable extensions L;/ K, totally ramified since K = K. From

the right diagram in (5.6.1) we obtain a cartesian diagram

1, Spec(L;) — b

[vr

n———— h W
where ¢ is a Galois W-cover, hence we get a transitive W-action on [[; Spec(L;). So all
extensions L;/K are isomorphic and we may fix one L = L; with Galois group Gal(L/K) =
Wy C W, the stabilizer of Spec(L) inside [ [ Spec(L;).
Since R is excellent, we can replace it with its normalization R — R~ ;0 ; which

is finite over R. In particular we get a map
S; = Spec(Op) — Z = Spec(R) — b

and via Theorem 4.6.2 we may produce a fiber product from this map and the ‘versal’

simultaneous resolution x : S —» h. In other words, define ) via the cartesian square

y:SLXh§—>§

l F (5.6.3)

Sp —— b
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By the universal property of pullbacks we get a unique map
T Y — X(:Es),L = X(xs) xg S ~ SpeC(OX,a:S ROk Or)

We show 7y, is the desired simultaneous resolution, i.e. that ) simultaneously resolves the
RDP singularity of the local affine neighborhood X(xs)7 7, in X7. Scheme Y is smooth over
Sy, via pullback in (5.6.3) and 7, is proper as the base—change of proper morphism 7 : S —
S Xp )W h along S; — b. Lastly we need only pass to the special fiber and note that, via
proper base—change, the induced map (7g,)s : Vs — (X(xs),L)S = (X(x5)>$ is just the minimal
resolution of surfaces §0 — Sp, where the subscript denotes the fiber over zero, so we are
done.

To show that L/K has minimal degree, let M /K be any finite extension so that X, has
a local model of the singularity over S;; = Spec(Ojs) admitting a simultaneous resolution.

Via diagram (5.6.1) we obtain a non-zero morphism
Sy — 2~ HSpec(Li) — S
1

exhibiting M as an extension of L as well.

Finally, we show (ii). Part (i) together with (|7], Thms. 1 and 2) implies that over base
S, there exists a simultaneous resolution 7y, : X > X T,, Where X is an algebraic space; note
7, is obtained from the ‘local model’ resolution 77, of (i). Since the fibers of X' are smooth
2—dimensional, they are schemes themselves, thus in particular RW ng makes sense as a
sheaf on Xs. Since the map of generic fibers (7L, /E]L — (XL)y is an isomorphism by

construction, proper base-change gives

RUxQp = RV x, (7L ) Qp) = R(7L) s+ RY 5Qp ~ R(7p, )5+ Qy
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as X is smooth. Passing to the stalk at singularity zs € Xs(k) yields (5.6.2) since the

exceptional divisor is %Zl(xs) by definition. O

We now advance towards defining a W-action on the nontrivial nearby cycles stalk
(RUyQyp)z, ~ RI'(Bs,,Qp) mimicking the monodromy Weyl action defined in ([58], §4.2
and §4.3); we will eventually identify this new action with the Springer W-action as it is
given in Theorem 5.5.7.

By Lemma 5.5.2 we have that
%I'S :ﬁTS ~ G/T XS hI‘S N hI‘S

is just the projection to the second factor, whence we can restrict the simultaneous resolution
diagram (3.5.3) to obtain a cartesian square
s

“g“rs U grs

l)zrs lXI‘S
Irs

bI‘S s hI‘S//W
where the horizontal maps are Galois W-torsors. The content of the following lemma ensures
the square stays cartesian when we restrict the Grothendieck alteration to the Slodowy slice

(or, equivalently, when we restrict diagram (4.6.1) to the regular semisimple locus). Below

we set ST =S x4 ¢" and Ss5=8 X5 g3,
Lemma 5.6.3 ([61], Lem. 3). The following diagram is cartesian.
STs T’ y STS

km lxrs (5.6.4)
— L

3. One needs to ensure these fiber products are nonempty. To this end, one observes that Sy and S
intersect only regular and subregular orbits, which are nonempty ([57], §5.5).
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The desired W-action will in a sense follow from the “monodromy” of diagram (5.6.4).
We first note a ‘homotopical’ lemma for /-adic cohomology. It is originally due to Springer
([61], Prop. 1) but Laumon has generalized it to the relative scheme setting (|42], Lemme

5.5), and this is the version we use.

Lemma 5.6.4. Let f : X — S5 be an S-scheme endowed with a Gy, g-action contracting X

to a section p:Y ~ S and let F be a Gy, -equivariant sheaf on X. Then R foF ~ poFly .

Lemma 5.6.5. If go is the fiber of X over the zero O -section of by, then we have canonical

1somorphisms

H' ()7, Qo) — H((So), Qp) — H' By, Q) (5.6.5)

H((S)s, Qp) — H((Sp)s, Qp) — H'(Ba,, Qp) (5.6.6)

Proof. Recall that, by Definition 4.5.2, S,g and b are equipped with appropriate G, g-
actions so that both Rm«Qp and Rx«Qy are Gy, g-equivariant sheaves; the first and last
actions contract S and h to x and the origin, respectively. Let f : S — S and g:S8 — S be

the structure morphisms over S = Spec(Of ), then by the Leray spectral sequence
B! = RPg: (Rm.Qp) = RV £.Qy

By Lemma 5.6.4, since the G, g-action on S contracts it to the fiberwise nilpotent subregular

section z ~ S (with image im(z) C S), we have EY? = 0 for p > 0 and
0
RYf,Qp ~ E2q - wa*ngim(x) (5.6.7)

Let 7 : < S and i : s — S be the inclusions of the geometric generic and special points of
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the trait. By properness of 7 and base-change, (5.6.7) yields
FRIFQy = 3 RImQp = HY (B, Q) (5.6.8)

i"RYfQq ~ iy RImQp = HY(Be,, Qp) (5.6.9)

where Jag Ty = S and iz, : x5 — S are the inclusions of the generic and special fibers of

section z into §. Now the absolute version of the aforementioned Leray spectral sequence

EY? = HP(S,RIm.Qyp) = HPH4(S, Q) yields isomorphisms
HY((S)g, Qp) — HY(Byy, Qp), HY((S)s, Qp) — HI(Be,, Q) (5.6.10)

by ([61], Lemma 2), since (S); and (S)s are Slodowy slices over K resp. k in the usual
sense ([57], §5.1). Proper base-change maps are canonical, hence all isomorphisms in (5.6.8),
(5.6.9) and (5.6.10) are canonical. Applying the same Leray spectral sequence argument to
the map g : g() — &, which is still G, g-equivariant (loc. cit., Lemma 2), we obtain after
base-change again that Hi((go)ﬁ, Q) ~ Hi(Bﬁﬁ,Qg) and H((Sp)s, Q) ~ H!(B.,,Qy), so
that altogether we get the canonical isomorphisms (5.6.5), (5.6.6) induced from inclusions

By — §0 S, O
Proposition 5.6.6. For a geometric point h — §" /W we have Hi(SE, Q) = HY(Bs,,Qy).

Proof. Note that h necessarily specializes to 0 € b /W (k). We first investigate the case where
the residue field of h is k, following [61]: let h be a lift of h along W-cover ¢ : b — bW
and let L be the line connecting h and 0 in b, X7, : S, 7, — L the Gyy-equivariant restriction
of ¥ to L. Note S, 1, is Gyp-stable by the action g defined in Section 4.5 (factoring through
G5 = G k)-

We claim & = RiiL*Qg is a lisse sheaf. ¢&| L\{0} is locally constant since the map
G x gh — gL \ go given by (t,s) — fi(t, s) is an étale covering. Now by (|62, Tag 03Q7])
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the stalk at zero is

& =H'(S] Loy, Q¢), Loy = SPGC(OSLITO)

Applying the argument of Lemma 5.6.5 to G,-equivariant map xj (i.e. looking at
its associated Leray spectral sequence) we observe (RY1.Qp)o = H'((S)s, Q) and hence
&~ H((Sp)s, Q) by Lemma 5.6.5, Equation (5.6.6).

As L(O) is a DVR there is a unique generic (geometric) point 7z, of L(O) with specialization

17, — 0. We then have
Enp Hi(gnL,}") ~ Hz(gL X7, L(o)aQD

with the first isomorphism due to &| L\{0} being locally constant, and the second isomorphism
due to X7, being smooth and (][22, p. 56). Altogether we get that cospecialization & — &,
is bijective, so by the criterion for local constancy of sheaves (|62, Tag 0GJ7|) we conclude
that & is lisse. In particular H/(S,, Qp) ~ H'((Sp)s, Qp) ~ H!(Bz,, Q). We have S}, ~ Sy
via Lemma 5.6.4, since the Grothendieck alteration induces an isomorphism over the regular
semisimple locus, so altogether we get the desired isomorphism.

The case of h having zero-characteristic residue field works similarly by using Lemma

5.6.5, which yields H (S7, Q) ~ Hi(Bxﬁ, Qy). By Lemma 5.5.6 we are therefore done. [

We isolate from the proof a Weyl action of interest. Let ay, : H? (S7,Qp) — HY(B.,, Q)
denote the isomorphism of Proposition 5.6.6. By Lemma 5.6.3, h — h™ is a lift of i and
s0 Sp =~ gh In the proof of Proposition 5.6.6 we constructed an isomorphism Hi(gh, Qy) ~
H!(B,,, Q) and so in particular HY(S),, Q) ~ H!(S,.,,Qp), where w-h — 'S is a w—

translate of h under the reflection W-action on h™. Thus h = ¥ (h) = ¢(w - h) and
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Hi(gw.h, Q) ~ H! (S7,Qy), altogether giving the composite automorphism

. ail . . Q. i
H (Biy, Qp) = H(Sy 1), Qp) = H' (S (upny Q) =% H' By, Qy) (5.6.11)

Corollary 5.6.7. The Gal(L/K)-action on H?(By,, Qp) is the restricton of the “monodromy”

W —action coming from the automorphisms ay,.p, o aﬁl in (5.6.11).

Proof. By Lemma 5.6.2 there exists a finite extension L/K so that the singularity of X /S
admits a simultaneous resolution. We therefore have that the monodromy action of Gal(77/7)
factors through finite quotient Gal(L/K), and we get a map Spec(Op,) — b with closed point
s + 0 and generic point 57, — h € b'; let h be the geometric point over h (NB. this is
different than h defined in Proposition 5.6.6; here h — b').

We also set ¥’ : &' — b to be the base-change of x along v : h — h/W. The singularity
xs € Xs(k), viewed as the generic point in the subregular orbit of Sy, is fixed by the W—cover,
so that i/ is still a map of henselianized schemes (S’ completed at x5 and h completed at 0).

Let R\I’%@g € Db(S(')) be the sliced nearby cycles corresponding to data (zs, h,sp) with
sp : h — 0 (Definition 5.3.2). If i : S(’) — S and j : & Xp b(ﬁ) — &’ are the respective

immersions, with 7 induced by the specialization map sp, we have

RUYQ, = i*RjQy

Now the Grothendieck alteration 7 : & — & has Stein factorization S — &' — S ; we

denote S — S’ also by 7. Then 7 is proper, and so the formation of
~ <
R, : DY(S Xy h) — DY(S' xy b)

commutes with base—change on S’ and b (see Section 5.3). Note that Y : S — b is smooth,

so RU$Qp ~ Qp ([36], Ex. 1.7(b)) and in particular base-changing to Sy — S and 0 — b
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yields (cf. Equation (5.1.2))

RUYQ, =~ R(mp)«Qy (5.6.12)

Here m : go — 86 is the induced minimal resolution of surface 86, and the left-hand side
is R‘P%(R(W<h))*(@g) ~ R\IJ(})LQE since () S Xp f)(ﬁ) — & xy f)(ﬁ) is an isomorphism
by construction. Moreover the stalk of R\Ifg(@g at xs is equipped via (5.6.12) with the
monodromy W-action specified after the proof of Proposition 5.6.6.

On the other hand, by Proposition (3.4.3) ' is smooth (hence locally acyclic) outside the
finite set of isolated singularities of each fiber. Therefore by Theorem 5.3.4 the sliced nearby
cycles R‘P%@g are W-good, i.e. they commute with any base-change on . Base-changing to
Spec(Or) — b yields the following computation of Milnor tube cohomology (see Remark
5.3.5 and Equation (5.3.4))

(RY)Qp)a, = RIS xp by, Qp) — RIS xy b, Qp) = (RV Q) (5.6.13)

where the middle restriction isomorphism is a consequence of W-goodness and the last iso-
morphism follows upon identifying S’ xp Spec(Op,) =~ X(xs)' The right-hand side of (5.6.13)
is naturally equipped with the monodromy Gal(L/K)-action (Section 5.1), so via this restric-
tion we see that the Gal(L/K)-action on H2(By,, Q) comes from restricting the monodromy

W-action on H?(By,, Q). O

Remark 5.6.8. Implicit in Corollary 5.6.7 is the fact that the monodromy W-action on
H?(By,, Q) comes from the action of W?t(hrs//W) on the stalks HQ(:S%, Qy) of local sys-
tem R2Y:Qy, as explained in ([61], §5). This retrieves the cohomological version of the
monodromy results in ([58], §4.2-4.3). In the complex situation, Slodowy proves a stronger
result, i.e. that By, is homotopy-equivalent to a general fiber of ¥ and so we get a WW-action
on the homotopy type of B;,. By comparison, we obtain a weaker result here because we

cannot pass to the differentiable category the way Slodowy does over C.
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So far we have defined two W-actions on H2(Ba;s, Qy), the Springer W-action and the
monodromy W-action. We next show that they coincide, by adapting the argument of (]33],
§1.9) to our f-adic setting. Since By, is defined over k, in the following proposition we may

work over k instead of S.
Proposition 5.6.9. The Springer and monodromy W -actions on HQ(B%,@@) coincide.

Proof. Let h — 0 be a specialization from a point in h** /W (k) and consider its associated
cospecialization map H2((Sp)s, RmQy) Rl H2(SE, RmQyp). Since R?T*QASEE m5Qp and

75 is a finite étale W-cover, we have

(S R Q) = H2(S5 75Qg) = H2 ([T S @) = H2(80)s, Q) @ QY]
weW
where h is a chosen lift of & in h*® yielding all other lifts w-h, and the last isomorphism follows
from Proposition 5.6.6. The right-hand side is further identified with H*(B,,, Q) ® Qu[W]
via Lemma 5.6.5, equipped with the monodromy W-action on the left. On the other hand

by proper base-change we have

H2((Sp)s, R Qy) = HA(By,, Q) =~ HA((Sp)s, Q)

with the latter isomorphism again due to Lemma 5.6.5, and the right-hand side is equipped
with the Springer W-action coming from the left-hand side and the Springer W-action on

Rm.Qy. These W-modules fit together into diagram

H2(S5, RmQp) —— @ H2(Syn, Q) — » H?(By,, Q) @ Q[W]

o] 1

H?((So)s RmeQy) —— H2((80)s, Q) —— H2((Sp)s x W, Q) = H* (B, Q) © Qu[W]
where the bottom-right isomorphism is the Kiinneth map, the bottom row has H?(B,, Q)

equipped with the Springer W-action and the top row has HQ(B%, Qy) equipped with the
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monodromy W-action. The image of 4 is by definition H?(B,, Q) @Qu[W]"V ~ H2(B.,, Qy),
so the right vertical isomorphism identifies the monodromy and Springer W-actions on

We conclude this section with the proof of parts (i) and (ii) of the Main Theorem 1.3.1.

Proof of Theorem 1.3.1 (i), (ii). By assumption p = char(k) is sufficiently good, so
p 1|Gal(L/K)| and hence the monodromy action of Gal(77/n) is tame, hence generated by
the Kummer character ty. We may therefore identify Gal(L/K) = (t;) with a cyclic subgroup
(w) of W, and so by Proposition 5.6.9, Theorem 5.5.7 and Corollary 5.2.3 we have that the
monodromy action on H2(Xf, Qy) is the restriction to (w) of the reflection action of W on
hY ~ H?(B,,,Qy). This retrieves (i), and by construction we achieve good reduction after

base-change L/K, yielding (ii) as well. O

Corollary 5.6.10. Suppose the base S = Spec(Of) of model X intersects the discriminant

divisor A C b /W transversely, then Gal(L/K) is a multiple of the Cozeter number.

Proof. As a consequence of Theorem 1.3.1 we have an equivalent description of the action
of monodromy in the complex case and the tame mixed-characteristic case. We may thus
identify the fundamental homogeneous generators of O K[h]W with coordinates on b /W ~
Spec(O|t1,- - ,tr]) so that the highest degree of a fundamental generator is Cox(g). Then
the line Spec(Of ) is transverse to the discriminant if and only if all W-invariant polynomials
of degree < Cox(g) vanish on Spec(Of) ([58], p.38). Conversely any Coxeter element
w € W acting as a reflection on b ~ hY has a 1-dimensional eigenspace for eigenvalue (y,
N = Cox(g), which is mapped to a transversal line in h/W under a degree-Cox(g) cover.
Since L is a field extension on which X'/S admits a simultaneous resolution, we have that

Cox(g) = ord(w) | Gal(L/K). O

A rephrasing of the above Corollary says that if S transversely intersects the discriminant

locus, then the monodromy Gal(7/n) acts through a Cozeter class in W.
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5.7 Explicit monodromy actions on degenerations.

This section concerns part (iii) of Theorem 1.3.1. For certain types of singularities we
may directly compute (up to conjugacy) the elements acting as monodromy operators on
HQ(XW, Q). We assume the situation in Notation 5.6.1 once more, i.e. we work over a
complete trait S = Spec(Of) and consider flat proper surfaces X'/S so that Xs has a
singularity of type A, and p = char(k) is sufficiently good for the singularity (p > n + 1).
After coordinate change we have an affine neighborhood of the singularity (see Example

2.5.5)

Okl y, 2]
S ec( L ) — Spec(O 5.7.1

where u; € (’)IX{. In this case W = Sj, 11 and the W-cover h — b /W is given in coordinates

by

Spec( QL2130

S Ot -+ ¢t
31+...+Sn+1 )—> pec( K[[l? 771]])a

(s1,* ySn+1) —> oi(s1,- - ySpa1), 1 =2, ,n+1 (5.7.2)

where o; are the symmetric polynomials of i-th degree (see [64], §3 or [15], §2.7). The
full monodromy group W acts on H2(B,, Q) ~ Qj via the standard symmetric Sy, 1-
representation. We also know in this case (|64]) that the base-changed miniversal family
over b is given by

V={a®+ 22+ (y—s1)(y = sn1) = 0}

after suitably multiplying variables s; by units in O . Family V' may then be simultaneously

resolved by means of the graph of the map

k n+1

V—P x..xP (z,y,2)— <[:v : H(y — si)])k:l (5.7.3)
1=1
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We describe here a general principle that will allow us to pass between the mixed-
characteristic setting of Spec(K') and the equal-characteristic setting of Spec(k((t))). The

following is a direct application of Abhyankar’s lemma (|26], §XIIL5).

w) and Spec(Of ), Spec(k[t]) — T be the fiber maps
u — T

Lemma 5.7.1. Let T = Spec(
induced respectively from uw — 1,u — 0. Restricting to the open dense scheme T[%} ~
Gyp,04 and the associated maps Spec(K) — Gy, 0, < Spec(k((t))) yields an isomorphism

of (tame) étale fundamental groups

T (Spec(K), 1) 5 75 (G0, T) ¢ T (Spec(k(1)). 5)

Under our restrictions on the characteristic, the ramified covers of K that we consider
are automatically tame, so in what follows we may view family (5.7.1) as a family over
Spec(k[t]) with parameter ¢ instead of 7 for the purposes of ramification theory. We use this

fact implicitly in the statements below.

Proposition 5.7.2. Suppose we have a factorization 12+ 22 + (y"t —v 1) - - - (y"* — vy 7w0%k)
of the family in (5.7.1) so that r;,b; > 1, (r;,b;) = 1 and v; € OIX(. Then the associated
model achieves good reduction after a totally ramified base-change of order lem(ry,--- ,ry)

and the element w € Sy, 1 acting as the monodromy operator has cycle-type (ri,--- ,r}).

Proof. Let f(y) = (y"* —viw)- - (y"* — v7) € Ogly]. By assumption f(y) = y"*!
for the mod 7 polynomial, and by the Newton polygon of f we get slopes u; = —b—?, which
may appear with multiplicity (equal to the number of factors of form y"i — b i). Since O
is henselian and the degrees r; are coprime to b; we get that each factor is irreducible by
Gauss’s lemma, hence the degree of its splitting field is divisible by r;. On the other hand
r; < p and O contains all roots of unity prime to p so the splitting field degree is exactly
r;, yielding an r;-cycle in Sy41.

Since any element of Sy,11 can be written as a product of disjoint cycles and disjoint
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cycles commute, we observe that f(y) splits after an extension of degree lem(ry,--- 1),
corresponding to an element of cycle-type (r1,---,7) as we may reorder the factors in
decreasing order of r;. The base-changed model then admits a (small) resolution of the
form (5.7.3) where the s; correspond to the roots of f(y); in other words we get a smooth
model obtained as a base-change of S — b to Spec(Oy,), where Or, /O is the unique totally
ramified extension of O of degree lem(rq,---,r;). Conjugacy classes in Sy,1 bijectively

correspond to cycle-types of this form, which proves the last statement. n

Corollary 5.7.3 (Part (iii) of Theorem 1.3.1). Any conjugacy class in S,4+1 may act as the

monodromy operator on a surface family degenerating to an Ay -singularity.

For Aj-singularities, we derive another proof of Corollary 5.6.10 using the explicit equa-

tion of the miniversal deformation.

Corollary 5.7.4. Assume Spec(Of) intersects the discriminant divisor A transversely,
then for the resulting model with an Ap-type singularity at the special fiber we have that

monodromy acts a Cozeter element.

Proof. We assume again that there is an affine étale neighborhood of the singular point in X
of the form {9:2 + 224 fly) =0} for f(y) = Yy, monyn Tl g2y g with
a; > 1 (otherwise the proof of Proposition 5.7.2 shows that we get a singularity of A,-type
for m < n when we reduce mod 7). Viewing Spec(Of ) as a line inside b /W, it intersects
A transversely exactly when it is not tangent to the tangent cone of A. The tangent cone
is V(opy1) for oppq the (n + 1)-th symmetric polynomial generator of S, 1. When the
affine étale neighborhood of the singular point in X is smooth, we satisfy the non-tangency
condition.

By the Jacobian criterion we see that the point corresponding to ideal (z,y,z,7) is
singular if and only if a; > 2 so we have a1 = 1. In this case f(y) is Eisenstein, hence

irreducible in O by Gauss’s lemma. The Galois group of its splitting field therefore contains
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an element of order n+1 i.e. an (n+1)-cycle, and it is cyclic, hence generated by an (n+1)-

cycle. We thus get the conjugacy class of Coxeter elements in Sy, 1. m

5.8 Higher rational singularities and beyond

The results of this chapter apply to rational singularities of multiplicity 2, but the argument
can be adapted to rational singularities of higher multiplicity. In [67], Wahl extends the ar-
gument of Brieskorn—Slodowy to general rational singularities by incorporating some results
of Artin (|7], §1 and §4).

The idea is as follows: given a rational singularity Spec(R), where R is a normal 2-
dimensional local ring with structure map to C, we have a space of deformations Defp and a
(smooth) space of deformations admitting a simultaneous resolution Resp along with a finite
morphism @ : Resp — Defp ([7], Thm. 1). In the case of RDPs & is surjective (as every
deformation of an RDP admits a simultaneous resolution), but for higher multiplicities it is
not, and one calls its image the Artin component Artp, an irreducible component of Defp.

If we take X = Sp/ez(/R) — Spec(R) to be the minimal resolution of the rational singu-
larity, we may interpret Resp as a space of versal deformations of X. As the exceptional
divisor £ C X contains rational curve components of various multiplicities, one may blow
down any (—2)-curves to obtain an intermediate variety X — Y — Spec(R), where Y now
contains RDPs corresponding to the blown-down (—2)-curves.

The method of Brieskorn-Slodowy may be adapted in this case to show that Resp =
Defy — Defy is finite Galois with Galois group [[; W;, where each W; is the Weyl group
associated to a (largest) connected (—2)-configuration in the dual graph of divisor E, hence
corresponds to each RDP in Y. A cohomological argument due to Lipman (|67], §2) then
shows Defy — Defp so that we overall get a finite branched cover Resp — Artp with Galois

group [[; Wj, similar to the RDP case h — b/ WW.

The arguments of Wahl a priori work over C, but due to their functorial nature and
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results from this Chapter we can also extend the step involving Defy — Defy to mixed
characteristic, and then adapt Lipman’s argument to this setting too. Thus we get a complete
description of the monodromy of rational singularities in mixed characteristic, parallel to

results of Shepherd-Barron (|56]); details are currently being written up in a forthcoming

paper.

5.9 An application to K3 surfaces

In [32], Hassett—Tschinkel study invariants of derived equivalences of K3 surfaces defined over
C or local fields of equal and mixed characteristic. By a derived equivalence between two
K3 surfaces X and Y we mean an equivalence between D?(X) := DP(Ox-Mod) and D?(Y),
the respective bounded derived categories of coherent sheaves on X and Y.

One of their main results ([32], Prop. 31) is that, for derived equivalent K3 surfaces
defined over C((t)), the monodromy operator on H? acting via a product of Weyl groups is
equivalent to both X, Y admitting integral models with an RDP K3 surface reduction. The
construction of such a model crucially uses the Torelli theorem and the relation between
monodromy and Weyl groups in the ADE case, which up to now was only available in the
complex case.

Our main theorem extends this observation when X,Y are also defined over a mixed
characteristic complete field, as long as the residue characteristic p is good (i.e. we are in
the tame ramification case). The argument of [32] applies in this context as well and we

find that the RDP reduction of a K3 surface depends only on a monodromy characterization

of its H2

4> hence it depends only on the derived equivalence class of X. We summarize our

findings as follows.

Corollary 5.9.1. For a K3 surface defined over a mized characteristic complete field with
suttably good residue characteristic p, admitting a model with RDP reduction is a derived

muvariant.
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APPENDIX A
RELATIVE PERVERSITY OF NEARBY CYCLES

Throughout we use the following conventions: S is a noetherian scheme of finite type
over Z, and f : X — S is a noetherian S-scheme of finite type.
Such schemes admit a dimension function (|2], Exposé XIV) as follows: dg : |S| — Z

maps s — dim({s}) and via f we obtain a canonical dimension function for X:

0(x) = 05(f(x)) + trdeg(k(x)/k(f(x))) (A1)

For schemes equipped with dimension functions, the natural perverse t-structure we con-
sider is

PDV(X) = {F e D'(X) | H!(Fs) =0 fori> —b(z), z — X} (A2)

It can be shown that the truncation functors preserve DQ(X ), that this perverse t-
structure is stable under Verdier duality and that any other choice of dimension function §
would yield the same ¢-structure up to a locally constant shift. In the case of X/k finite-type
over a field this recovers the usual notion of middle perversity.

When S is a strictly henselian trait and X/.S has a dimension function as in (A1), Drinfeld
has shown the following;:

Proposition A1l ([11], Appendix A). If F € Dg(Xn, A) is perverse then RVF[—1]| €

Db(X,, A) is also perverse.

The discrepancy between this result and perversity of nearby cycles without shift ([11],
Prop. 4.4.2) comes from a difference in the choice of dimension function d; in this case, the
t-structure on X, is shifted to the left by codimm(s) = 1.

We now return to the setting of Section 5.3 and consider nearby cycles over base S of

dimension > 2. Let n # s be two points of S so that s =5 and 7 specializes to s. We may

check the perversity of the sliced nearby cycles (Definition 5.3.2) as follows:
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Lemma A2. Let K be the residue field of 7 in the above setting. Then there exists a
discrete valuation ring O with fraction field K and a morphism Spec(Of) — S mapping

generic point ng +— n and closed point s +—> s.
Proof. Omitted; see (|30], 11.4.4) for a related statement. O

%
Associated to RV ¢(F) € DY(X x ¢5) we have the sliced nearby cycles RUH(F) € Db(Xy),
which is also given by i*Rj*]:|X(ﬁ), where i : Xy — X and j : Xz = X Xg S = X(y).

We may also consider a variant of the slice construction given by

RUS : DY(X) — DY(X; X g 5) (A3)

where RV5(F) = (i % 5idg)*RU(F). This is what Lu-Zheng call “sliced” nearby cycles in
[44] (and they refer to our sliced nearby cycles as “shredded” as RW} is a further restriction
of RU#).

In the case where S is local henselian, we have an equivalence of Xg : g S with the
fiber product of toposes X ><§ S (see [44], Lemma 4.1) and so, following Hansen—Scholze,
we call RU¥(F) relatively perverse if the slice R} (F| X(n)) € DP(Xj) is perverse for all
specializations n — S(’?) — S(S) = S. We may assume here 7 is a physical point of S and
the construction of R¥7 makes a choice of a geometric point 7 — 7.

In good cases we may confirm that nearby cycles are relatively perverse in this sense:

Proposition A3. Suppose that pair (f,Qy) is U-good and s — S is a geometric point so
that 5 = S(,). Then for any n € 5 specializing to s we have that R\Ilfl(@g[—codimm(s)] is

perverse.

Proof. By Lemma 2 we may construct a morphism ¢ : Spec(Of) — S from a DVR O
with fraction field K = k(n) such that ¢(ng) = n and ¢(sg) = s. By VU-goodness, formation

%
of R\I/f’@g commutes with base-change ¢, so if ¢ : X0, — X and @ XOp,se X0 K —
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<_
Xs X g1 are the base-change morphisms induced by ¢ we have
(6")"RU5Qp =~ R¥HE((¢')"Qp) ~ RUQy (A4)

where the right-hand side denotes the classical nearby cycles for X, — Spec(Of) as in
([4], Exposé¢ XIII). The latter is a sheaf on Xp,. . ?@K Mg ~ Xog s X BG, where
G = Gal(k(m)/k(n)). Thus there is a natural monodromy action of G on R¥;Qy and
Drinfeld’s argument (Proposition 1) adapts without change to show that R\If%@g is perverse
up to a shift. The shift is determined by the difference between the naive t-structures on Xg

and Xy < X(z), which the dimension function shifts to the left by codimm(s). O

By the hypotheses on S coming from the above proposition, we yield the relative perver-

sity of RU°Qy.
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