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ABSTRACT

This thesis studies various problems that arise in the study of Mean Field Games and Mean Field
Control. First we prove that a hypoelliptic MFG system with local-coupling is well posed, extend-
ing results from the the parabolic literature. Next, we show that a first-order local MFG system, as
well as the planning problem, admit smooth solutions and characterize their long time behavior in
one dimension. Finally, we show that for smooth, but not necessarily convex data, there exists a
open and dense region, in which the value function in Mean Field Control, as well as the optimal

controls, converge at a rate of %
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CHAPTER 1
INTRODUCTION

This thesis is concerned with problems arising in Mean Field Games (MFG for short) and Mean
Field Control (MFC for short). MFG were introduced by Lasry and Lions [286, 282, 284], and at
the same time, in a particular setting, by Caines, Huang, and Malhamé [239]. The theory studies
asymptotic equilibria of N—player games, for large N, of weakly interacting agents. Such games
arise naturally in numerous fields such as economics, networks and traffic control to name a few.
In the aforementioned applications, analyzing equilibrium states, such as Nash equilibria, is a
notoriously challenging problem. The main idea of MFG is to exploit the fact that under suitable
assumptions, as N—becomes large, agents become indistinguishable. Consequently, each agent’s
decision depends on the distribution of the others. In turn, as N tends to infinity, this leads to a
more tractable game with a continuum of players. What MFG propose is to study the equilibria
in the infinite population game and then infer qualitative and quantitative properties for the finite
game. This last step is achieved by establishing asymptotic convergence to the infinite regime.
Broadly speaking, we may separate the study of the aforementioned games in two categories.
The first category addresses non-cooperative games and a typical application is the study of Nash
equilibria. The second one concerns cooperative games, and a model example is that of the central
planner. This thesis will primarily focus on the latter, however in both setups the primary tool for
the analysis of the limiting system and the convergence problems, is the MFG system, which we
introduce next.

The MFG system is a coupled system of an HIJB equation, and a Fokker-Planck equation (FP for

short). It typically reads

-0 — vAu + H(x, Du) = F(x,m(t)), u(T,x) = G(x,m(T)), x € RY,
(MFG)

0ym — vAm — div(mHp(x, Du)) = 0, m(ty) = my.



Systems like (MFG) capture the equilibrium state for a population, with initial density mq. The
backwards HJB equation describes the evolution in time of a generic agent, while the FP equa-
tion provides the evolution of the density of the players. Due to their forward-backward structure,
(MFQ) falls outside the scope of the classical theory of evolution equations and their study neces-
sitates the development of new approaches.

Although there exist many variants of system (MFG), we mention the following important subcat-

egories:

e When diffusion is present, that is v > 0, it is called a second order system, for v = 0 we say
its a first order system. The former case corresponds to stochastic games while the latter to

deterministic.

e When the coupling terms F, G take inputs in P(RY) it is called a non-local system. In this
case, agents interact only through the distribution of the others. Moreover, typically in this

case F, G have a regularizing effect on the distribution.

e Lastly, when the couplings F,G depend on the density, that is ' = F(x,m(t, x)), then the
system is called local. We may interpret this coupling as each agent being affected by the

surrounding players.

It is important to note that in all the above cases, the MFG system is expected to have uniqueness
and stability when the couplings are increasing, in a appropriate sense, in the measure argument.
Finally, in all of the above, in order to avoid technical steps related to boundary conditions, when
(MFQ) is studied in a bounded domain it is common to do so over the torus T4,

The study of system (MFG) and its variants, whether as a standalone problem or related to regu-
larity in MFC (see Chapter 4), lead to many interesting questions on their own. Here we will focus

on:

1. Existence and uniqueness of solutions. In Chapter 2, we study this question for a hypoelliptic

version of a local, MFG system.



. Regularity of solutions and long time behavior. In Chapter 3, we study this question for a

one-dimensional, local and first-order MFG system.

. Stability with respect to mgq. In Chapter 4, we study this question, among others, were we

establish convergence rates for Mean Field Control problems.



CHAPTER 2
HYPOELLIPTIC MEAN FIELD GAMES SYSTEM

2.1 Introduction

The goal of this chapter is to establish the well posedness (existence and uniqueness) of solutions

of the local, hypoelliptic Mean Field Games system

—8u — Apu + v+ Dy + H(Dyu) = F(t, x,0,m(t, x,v)) in (0, T) x R? x RY,

dpm — Aym — v - Dym — divy(mHp(Dyu)) = 0, in (0, T) x RY x RY, (2.1.1)

u(T, x,v) = G(x,v,m(T, x,v)), m(0, x,v) = mg(x,v).

The Hamiltonian H : R? — R is convex, the coupling term F : [0, T] X RYxRYx R — R as well
as the terminal cost function G : RY x RY x R — R are increasing in m, and mg : RY x R? — R is
a given probability density.

As described in the introduction, systems like (2.1.1) formally describe the equilibrium of an N-
player game, when N tends to infinity, of indistinguishable players, where each player makes
decisions based on the distribution of the other co-players. In this setup, it is natural to interpret x €
R4 as the position and v € R? as the velocity of such players. More precisely, the players control
their accelaration in order to minimize the cost introduced by the coupling F and the Hamiltonian
H, which leads to the Hamilton-Jacobi-Bellman equation (HJB for short). The optimal feedback is
then given by the vector field —(v, DpH(Dyu)), under which, their distribution changes according
to the degenerate Fokker-Planck equation (FP for short). As far as applications are concerned, we
refer to the flocking model in Carmona and Delarue [97], and for a first order system we refer
to Bardi and Cardaliaguet [21], Griffin and Meszaros [225] and Achdou, Mannucci, Marchi and
Tchou [2]. Finally, we mention that the general form of (2.1.1) is reminiscent of Boltzmann-type

equations, which have been investigated in the MFG context by Burger, Lorz, Wolfram [68] in a
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setting different to the one used here.

Although there has been extensive study of non-degenerate second-order mean field games, with
a local or non-local coupling, less has been done in the degenerate setting, an example of the
latter being hypoelliptic MFG. In this setting, when the degeneracy is a sum of squares, Dragoni
and Feleqi studied in [157] the ergodic problem; see also Feleqi, Gomes and Tada [175]. When
H(p) = %l p|2, Camilli in [71], obtained, using the Hopf-Cole transformation, weak solutions to
(2.1.1) with uncoupled terminal data. We remark that the assumptions of Camilli appear almost
complementary to the ones in this work, as the existence of solutions in [71] is established for
terminal data that have to be unbounded since they need to be superquadratic. For results in the
case of non-Hormander degenerate systems, we refer to Cardaliaguet, Graber, Porretta and Tonon
in [83], who study, using a variational approach, degenerate MFG systems, for Hamiltonians with
super-linear growth and no coupling on the terminal data of the HIB equation.

Our goal is to show existence and uniqueness for quadratic and Lipschitz Hamiltonians, under
similar assumptions as that of Porretta in [325], where existence and uniqueness of renormal-
ized solutions was established in the non-degenerate setting. We work with two different types of
Hamiltonian H, that is, with linear or quadratic growth. Furthermore, the degeneracy is not a sum
of squares, that is, L is not of the form L := § a; le-X s for some vector fields X; satisfying Horman-
ders condition . In the context of hypoellipt;g operators, the degenerate operator L := 0;—Ay+v-Dy
is the simplest and historically the first one to be studied.

The first result addresses the case of a Lipschitz Hamiltonian, whereas the latter the case of

quadratic Hamiltonian.

Theorem 1. Assume that H, F, G, and mq satisfy 2.2,2.2,2.2, and 2.2. Then, there exists a unique
weak solution (u, m) of (2.1.1), according to Definition 1. Moreover, there exists a constant C > 0,
such that,

| = Onue + v - Dyull 210 qxraxrd) + 1ol 120,11 xRIXRA)

C
Hl—-0m+v- Dxm”Lz([O,t]dede) + ||Aum||L2([0’t]dede) < T_;
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Furthermore, if F also satisfies 2.2, there exists a constant C = C(F,G, H, T, mq) > 0, such that

sup [lm(dlly + sup (1Dm(Dlly + D2 mlly + 1DyDymlly < C,
€[0,T] te[0,T]

and

sup [lu(ll + sup [1Du(®lly + D5 yully + IDyDully < C.
t€[0,T1] t€[0,T]

The second result is about renormalized solutions as in Definition 4.

Theorem 2. Assume that H, F, G, and my satisfy (2.2),(2.2),(2.2), and (2.2). Then, there exists a
unique pair (u, m), of renormalized solutions of the MFG system (2.1.1). Furthermore, assume that
F, G are only functions of m. Then, there exists a constant C = C(m, F,G,T) > 0, such that
T
f G’ (m(T, x, v))|Dm(T, x, v)|>dxdv + f F’(m(t, x, v)|Dm(t, x, v)|*
2d

k=1

The existence of a solution, in the case of Lipschitz Hamiltonians, is established using a Schauder
fixed point theorem as follows. Fix a probability density mg. Given u € X := C([0, T]; L2(RY x
R%Y)), let ut € C([0, T); L2(RY xR4)), with Dyu € L2([0, T1 xR xR?), be the unique, distributional

solution of

—0su — Apu + v - Dyu + H(Dyu) = F(t,x,v, ) in (0, T) x RY x R,

u(T, x,v) = G(u(T, x,v)) in RY x R,

and m the unique distributional solution of

dm — Aym — v - Dym — divy(mDp,H(Dyu)) = 0in (0, T) x RY x RY,

m(0, x,v) = mg(x,v) in RY x RY.



Set ®(u) = m. We need to show that ® is X—valued, continuous, and compact. The two aforemen-
tioned properties follow easily once we show that ®(m) € L™ with appropriate bounds. Compact-
ness does not follow immediately, because of the degenerate x—direction. To work with that, we
localize in time the results in Bouchut [59].

For Theorem 2, we rely on the work in [325] and mostly adapt the arguments in the hypoellip-
tic setting. In particular, given a Hamiltonian H with quadratic growth (exact assumptions are
given later), we consider a sequence of Lipschitz pointwise-approximations and the corresponding
solutions provided by Theorem 1 and show compactness in the appropriate spaces. The main tech-
nical difficulties and deviations from [325] are the gradient estimates in hypoelliptic equations with
L' —data, which are briefly described next. Let H€ be a suitable pointwise Lipschitz approximation
of a quadratic Hamiltonian H and (m€, u€) the corresponding weak solutions. In order to show
that there exists a limit which is a renormalized solution, we must show the convergence (up to a
subsequence) of u€, m€ in L1([0, T] x R? x R¥) and of the gradients Dy(u€ A k), Dy(m€ A k) of the
truncations in LZ([O, T]x RY x Rd). The compactness of u€ in L! follows by the results of DiPerna
and Lions in [151], while the convergence of the gradients is due to an appropriate transformation
similar to the one used by Porretta in [323] and the references therein. This important transforma-
tion is studied in the Appendix. Finally, for the FP equation, the crucial bound as pointed out in

[325] is that, for some independent of €, C > 0,
Im€|HE (Do) < C. (2.1.2)

This estimate is crucial in the following way. If m€ is a solution to the FP equation (2.1.1), a priori,

the best independent of € estimate for m“H ;(Dvue) is in L1([0, T] x R? x RY). However, to obtain

fractional gradient estimates we need bounds in L" for some r > 1. The main observation that

allows us to obtain this under condition (2.1.2), is the following: Due to hypoellipticity, higher

integrability of m®Hp,(Dyu) should yield higher integrability for m€, while under condition (2.1.2)

higher integrability of m® should also yield higher integrability for m®Hy,(Dyu€). We show that it
9



is possible to combine the above gains and obtain higher integrability with bounds independent of

€ and therefore use the results from [59].

2.1.1 Organization of Chapter 2

In section 1, we state all the assumptions and definitions used throughout the chapter. In section
2, we study the backwards HIB and FP equations with L2—terminal/initial data respectively. The
main estimates come from Theorems 17 and 18. We also obtain results regarding the hypoelliptic
FP equation and, in particular, we establish fractional gradient bounds. Finally, we establish The-
orem 1. Section 3 is devoted to the proof of Theorem 2. Finally, in the appendix (section 4) we
show an important technical result for the hypoelliptic HIB equation and we give the statements of

the theorems we will use from [59].

2.1.2 Notation and Terminology

Throughout the chapter, d € N := {1,---,00}, T > 0 is the terminal time, ¢t € [0,7] is the
time variable, x € R4 and v,V € Rd, and vectors in [0, T'] X RY x R4 always appear in the order
(1, x,v). For p € [1, 0], LP([0, T] x R? x RY), and LP(R? x RY),, are the non-negative functions
of LP([0,T] x R x R9) and LP(RY x RY) respectively. For s > 0, W5P R4 x R9) is the usual
fractional Sobolev space and D® = (—A)s/ 2 we refer for example to [148] for the definition of
fractional Sobolev spaces. If ¢ = ¢(z, x,v) : [0,T] X RYxRY > R or ¢ = od(x,v) : RYx R - R,

d
we write D2¢ = D,zwqb, for the hessian in the space variables, Ay¢ := ‘Zl Ovjv; @, D¢ := (Dx, Dyop)
1=

and divy(¢) = % 0y;¢. For a function F(t,x,v,m) : [0,T] X RYIXxRYxR — R or G(x,v,m) :
RY x R4 x R —ﬁRl, we use the notations Dy ) F = Ox F,-++ ,0x,F, 00, F,--+ ,00,F), Fiy = OnF,
and similarly for G. Throughout the chapter when we reference a standard sequence of mollifiers
on : REx RY 5 [0, 00) we mean that p,(x,v) := nde(%, =) where p € Cﬁo(Rd x R%), such that
p >0and jﬁded p(x,v)dxdv = 1. Moreover in all the proofs constants are subject to change from

line to line and they only depend on the quantities/functions stated in the statement of the result.
10



Finally, we will often use the terminology dimensional constant referring to a constant that only

depends on the dimension.

2.2 Assumptions/Definitions

We split this section in two subsections, one for Lipschitz Hamiltonian and one for quadratic.

Lipschitz Hamiltonian and weak solutions
As far as the data are concerned, we assume the following, for the case of Lipschitz Hamiltonian:

[H1] (Lipschitz Hamiltonian) The Hamiltonian H : R? — R, is C1(RY), convex, H > 0, H(0) = 0,

and there exists an Lg > 0, such that,
|[H(p2) — H(py)| < Lyglpz — p1| forall py, py € RY. (HL1)

[F1] (Coupling term) The coupling term F' = F(¢, x,v,m) : [0, T]de xRIXR — R, is continuous,
strictly increasing and locally Lipschitz in m, that is, for all L > 0, there exists a constant
cr, > 0 such that |F(t, x,v,mp) — F(t,x,v,my)| < crlmy —mq| for all 0 < my,my < L, and

F(t, x,0,0) € LZ([O, T] % RY x Rd). Finally, we assume that ' > 0.

[G1] (Terminal data for u) The coupling term G = G(x,v,m) : RY x R? x R — R, is continuous,
strictly increasing and locally Lipschitz in m (in the same sense as F above), and G(x,v,0) €

L2(RY x RY). Finally, we assume that G > 0.

[M1] (Initial density) The initial density mg : R? x R? — R, satisfies my € L®([0, T] x RY x
RY),, \mg € L'(R? x RY), (|x12 + [o|Ymg € LL(R? x RY), log(mg) € L}OC(Rd x RY), Dmg €

LR x RY) and [oq. o mo(x, v)dxdy = 1.

11



[R1] (Regularity) Assume that F, G satisfy 2.2,2.2 and that for every L > 0, there exists a ¢y =

co(L) > 0, such that,
o < |Fm(t, x,0,m)|, |Gm(x,v,m)|, for all (¢, x,v,m) € [0, T] x RY x RY x [0, L].
Furthermore, we assume that there exists a constant C > 0, such that,

D) F (£, %, 0,m)| + 1D G(x, v, m)| < Clom| for all (£, x,v,m) € [0, T] x RY x RY x R,

Remark 1. We note that assumption 2.2 implies in particular that mglog(mg) € L'(R? x RY).
Next we state the definition of a weak solution.
Definition 1. Assume that H, G, F, and mg satisfy 2.2,2.2,2.2 and 2.2. A pair (u,m) € LZ([O, T] %

RY x Rd) X Lz([O, T]x RY x Rd) is a weak solution of the system (2.1.1), if

ue C([0,TT; L2RY x RY), Dyu € L2([0, T] x RY x RY)),
1/3

m e C([0,T]; L2RY x RY)), Dym € L*, D" m € L*([0, T] x R? x RY), m € L*([0, T] x R? x RY),

the system (2.1.1) holds in a distributional sense.

Quadratic Hamiltonian and renormalized solutions

For the case of a quadratic Hamiltonian H, we assume the following:

[H2] For the Hamiltonian H : RY — R we assume that it is convex, continuous and there exist

constants ¢ > 0, C > 0 such that, for all p € Rd,

0 < H(p) < Clpl?, (H2.1)

12



Hy(p)- p— H(p) = cH(p), (H2.2)

|Hp(p)l < Clpl. (H2.3)

[F2] For the coupling term F : [0, T] X RY xR xR — R, we assume that it satisfies 2.2 and with

bounds that possibly depend on L > 0, one of the following hold:

fu(t,x,v):= sup F(t,x,0,m) € L'\RxR? xRY), (F2.1)
me[0,L]
fi(t,x,0):= sup F(t x,0,m)/me LR xR x RY), (F2.2)
me[0,L]

[G2] For the coupling term G : R¢ xR x R — R, we assume that it satisfies 2.2 and with bounds

that possibly depend on L > 0, one of the following hold:

gr(x,0):= sup G(x,v,m) € L'R? x RY), (G2.1)
me[0,L]
grL(x,v) == sup G(x,v,m)/m e L°R? x RY). (G2.2)
me[0,L]

Remark 2. The above conditions on F,G yield that if (F2.1) and (G2.1) hold, then
m m
F(x,v,t,m) < fr(t, x,v) + ZF(I, x,v,m), G(x,v,m) < gr(x,v) + ZG(X’ v, m),
for everym > 0,L > 0. While if (F2.2) and (G2.2) hold, then,
m m
F(t’ X, U, m) S fL(ta X, U)m + ZF(X’ v, m)a G(-x7 v, m) S gL(-x’ U)m + ZG(X’ v, m)

Conditions (F2.1), (G2.1) do not allow for F, G to depend only on m due to the unbounded domain,

while conditions (F2.2), (G2.2) do allow for dependence only on m. Typical examples for the

13



coupling are of the form

F(t, x,v,m) = a(t, x, v)h1(m) + hy(m)

where for assumption (2.2) we need hy(0) = 0, hy > O, strictly increasing and locally Lipschitz
continuous and finally a > 0, a € L2 N L™ and continuous. For assumption (2.2) we need to also

assume that

e [n the case of (F2.1),a € L' and hy(m) = 0.

e While for the case of (F2.2), we may also impose a € L™ and that hj(m) = m9', hy(m) = m42

for some q1,q2 € [1, ).

Next, we define renormalized solutions for equations of the form

omm — Aym —v - Dym — divy(mb) = 01in (0, T) X RY x RY,

(2.2.1)
m(0, x,v) = mp(x,v) in RY x Rd,
where b : [0, T] X RY x R4 — R, my : RY x Rd, and equations of the form
0 — Ay + v - Du+ H(Dyu) = fin (0, T) x R? x RY,
(2.2.2)

u(T, x,v) = g(x,v) in RY x RY.

Remark 3. Regarding our notation, in the rest of the chapter, we will follow the convention that
capital letters F,G are be used when referring to the MFG system, while lower case letters f, g

will be used for general HIB equations.
Our definitions are in the same spirit as in [325].

Definition 2. Let m € C([0,T]; L'RY x RY),) and b : [0,T] x R x RY — R, such that m|b|* €

L([0, T] x RY x RY). We say that m is a renormalized solution of (2.2.1), if

1
lim — |DUm|2dxdvdt =0,
=001 Jp<m<2n

14



and for each S € W2’°°(R), S(0) = 0, the function S (m) satisfies in the distributional sense,
0:S (m) — AyS (m) — v - DS (m) — divy(S’ (m)mb) + S"(m)leml2 + S (mymbDym = 0,

S (m)(0) = S (my).
Definition 3. Let u € C([0, T1; L' (R? x RY),), with Dyu € L*([0,T] x R x RY), f e L1([0,T] x
RY x Rd), gE€ Ll(Rd X Rd). We say that u is a renormalized solution of (2.2.2), if

1
lim — \Dyul2dxdvdt = 0,

=0 n Jp<m<2n

and for each S € WZ’OO(Rd), S(0) = 0, the function S (u) satisfies in the distributional sense,
—0rS (u) — AyS (u) + v - DS () + S"(wH(Dyu) = S" () f, Su(T)) = S(g).

Definition 4. Assume that H, G, F, and mq satisfy 2.2,2.2,2.2, and 2.2. A pair (m,u) € C([0,T]; L (Rdx
Rd)+) x C([0,T]; L (Rd X Rd)+), is a renormalized solution of the MFG system (2.1.1), if m,u are
renormalized solutions to the corresponding equations according to Definitions (2.2.1), (2.2.2),

respectively.

Remark 4. In general the notions of renormalized and distributional solutions are distinct. How-
ever under suitable conditions we may show they are equivalent. We do not explore this direction
in the present work, although it should follow with similar methods as in the non degenerate case,

see Porretta [325] and for results on the whole space Porretta [326)].

2.3 The well possedness in the case of Lipschitz Hamiltonian

All the equations in the rest of the section should be understood in the distributional sense, unless

stated otherwise. We divide this section in four parts. In the first two we study the HJB equation

15



and the FP equation separately, in the third section we use these bounds to obtain weak solutions

to the MFG problem, and in the last part we show a regularity result for these weak solutions.

2.3.1 Estimates for the Hamilton-Jacobi-Bellman equation

Theorem 3. Let g € L2RIXRHYNL®RIxRY),, f € C([0, T]; L2 RIXRI)NL®([0, TIXRIYXRY),,
and a Hamiltonian H : R? — R, which satisfies 2.2. Then, there exists a unique solution u €
c(o,T11; Lz(Rd X Rd)), with Dyu € Lz([O, T] x RY x Rd) of (2.2.2). Furthermore, there exists a

C = C(T, Lipyg) > 0, such that

sup |l + [IDyully < C(llgll2 + [1£112)
t€[0,T]

and for each t € [0,T],

C
lOsu — v - Dxu”LZ([O,t]dede) + ||Avu||L2([0,t]dede) < ﬁ(”ﬂb + ||g||2)

Finally, there exists a constant C = C(T,d, ||fl|oo, lIgllco) > O, such that ||ul|co < C, in particular C

does not depend on the Lipschitz constant of the Hamiltonian H.

Proof. First we address the issue of existence. Consider the Banach space X := {v € L3([0, T x

RY x Rd)} Ivllx < oo}, where

T 1
IVilx = sup e Y IvO)ll +(f f e_/llevvlzdxdvdt)z,
0 JRIXRY

0<t<T

for some A > 0 to be determined later. We define the map 7 : X — X by T (w) = u, where u is the

solution to

A — Ay +v-Dyu = f— HDyw) in (0,T) x R? x RY,
(2.3.1)

u(0, x,v) = g(x,v),

where in the above we took the equation forward in time only for notational simplicity. The goal
16



now is to show that 7' is a contraction on X if A is large enough. But indeed if Cy > 0 is the
Lipschitz constant of H, then for T(w!) = u!, T(w?) = u? by testing against % —u! in the equation

of their difference (see the end of this proof on how we justify this), we have
6,[ (u2 - ul)z(t, x, v)dxdv + 2f IDU(u2 — ul)lzdxdv
RIxR4 RIxR4

C
dlDU(wz—wl)Izdde—H fd dluz—ul 2 dxdv.
R R4xR

< CHf Dy (W —whllu?—u |dxdv < CHEf
RIxR4 R: 4e

dx

The above imply

_CH _Cu _CH
Gt(e 4etf qu—ullzdxdv)+2e 4etf IDU(uz—ul)lzdxdvsCHee 4etf IDU(wz—wl)lzdxdv,
RIXRA RIXRA RIxRA

and thus by Gronwall, if we let A = S—Z we have

2

12 2 12
e — w1, < 4Ckelw? - whii.

Therefore for € > 0 small enough the above map is a contraction in X and thus has a unique
fixed point. Regarding the estimates, we need to test against u in 2.2.2. First need to establish

integrability for u. To this end, note that since H, f, g > 0, if w is the solution of

—0w—Aw+v-Dyw = fin(0,T) x RY x R,

w(0, x,v) = g(x,v) in RY x Rd,

then by standard comparison we have that

0 < u(t, x,v) < w(t, x,v) for all (¢, x,v) € [0, T] x RY x RY,

17



Finally, note that from our assumptions on f, g
w € LP, for all p € [2, oo] therefore u € LP for all p € [2, oo].

Now that we may test against u in the equation, the fact that u € C([0,T]; L2(R4 x RY)) is easy
to see due to our assumptions on f. The first estimate is obtained by simply testing against u and
using the fact that H is Lipschitz with H(0) = 0. To justify this however, we need to address
the integration by parts that occurs. To this end let ¢ : [0,00) — [0, 1], be a smooth function
such that ¢(s) = 1 for 0 < s < 1 and ¢(s) = O for s > 2. For R > 0 we consider the function

_ (il . . 2 . ,
YRr(x,0) = (=% —). Testing against uyy in equation 2.2.2 yields

1 o9 f 2,2
-0 — dxdv + D dxd
t»ﬁléded 2|u| Vv Rdedl ety

+ f 2uDyuDy YR + 2RV - DxtﬁRuz + H(Dvu)uwlzedxdv = f fmﬁ%zdxdv.
RIXRA RIxR4

In what follows the constant C > 0 may change from line to line, however it is independent of

R > 0. We note that

2x-v MF WP L[ X + [vf? x> + o
2pv-Dopu?| = < =+ /
fRded | VRU-DaYRi ‘ fRded ‘ VRY (g ‘ RixRd R Vre R u

2 2
+
< [, el [ 2
RIXR |x2|+[v2=R

Moreover,

1 2,2 2
\[Rded 'ZMDquvawR‘dxdv < 1 fR;ded [Dyul“ypdxdv + Cf u“dxdv

|x2+]v2>R

and

1
2 2,2 2.2
jl‘%ded H(Dyuw)uppdxdv < fRded Zleul Yp + Cuypdxdv,

18



fR e TR0 < Ul
X

Collecting all the above estimates we have that

2,2 2
du l//RdXdU“‘f u-),

|x2|+|v]2=R

1
o f ~|ul®yrdxdo+ f \DyulPy2dxdv < C(||fllallully+ f
g RIxRA 2 Rixgrd R RIXR

recalling that 0 <u <w e L2, the result follows by Gronwall and letting R — co.
The second estimates are due to Theorems 17 and 19 in the Appendix. Finally the L —bounds

follow by similar arguments as in [136], Proposition A.3.

2.3.2 Degenerate Fokker-Planck equation

All the equations should be understood in the distributional sense, unless stated otherwise. In this

subsection we study the following equation

dm — Aym — v - Dym — divy(mb) = 0in (0, T) X R? x R4,
(2.3.2)

m(0,-,-) = mp(-,-) in R4 x RY,
The purpose of this subsection is to show the following theorem:

Theorem 4. Let b € L¥([0, T1xRY xR%) and mq a density which satisfies 2.2. Then, there exists a
unique distributional solution m € C([0,T]; Lz(Rd X Rd)) of equation (2.3.2). Furthermore, there

exists a C = C(T,||bllco) > O, such that

1/3 1/3
sup ||m(t)||2+||Dvm”L2([0,T]XRded)+||Dx/ mlle([O,T]dede)+||Dt/ m”Lz([O,T]dex]Rd) < C||(1+|U|2)m0”2
1€[0,T]

and a Coy = Co(||blleo, T, llmgll2, lImolleo) > O, so that

lmlleo < Co.
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Moreover, m(t) is a probability density for all t € (0,T]. Finally, if (T — t)divy(b) € L2([0, T] %

R4 x RY), it follows that
[m; —v- Dym], (T — )Aym € L*([0, T] x R x RY).

The main two assertions in the theorem above are, firstly, the fractional gradient estimates and,
secondly, the L>—bounds. The gradient estimates are the result of Theorem 18, in the appendix.
The L®—bounds can be obtained with a De Giorgi type argument similar to the one found for
example in F. Golse, C. Imbert, C. Mouhot and A. Vasseur in [211], thus we only provide the main
steps in Proposition 11 at the Appendix. For a survey on the De Giorgi type arguments we refer to

Mouhot [315]. First a proposition.

Proposition 1. Assume that m € L*([0,T] x R x RY), b € L® n L*([0,T] x R? x RY) and
myg, which satisfies 2.2, satisfy equation (2.3.2) in the distributional sense. Then, |v|2m, IUIZDvm €

L2([0, T] x R x RY),

Proof. We may assume that the data are smooth and bounded and obtain the general case by
approximation. We test the equation with lv|*m (see Lemma (1), on how we may justify this) to
obtain

d
= lo[*m|*dxdv + f o]} Dym|*dxdv
dr Jrdxrd RIxRA

= —4f mlvlzv - Dymdxdv — 4f |m|2|v|20 - bdxdv — f m|v|4Dvm - bdxdv
RIXR4 RIXR4 RIXR4

1
<- f lo|*|Dym|*dxdv + C f Im2(1 + |o[*)dxdv
4 Jrdxrd RIxRY

1
+4{|B||o f Im2(1 + |o|*)dxdv + f Im2v|*dxdv + - f \Dym|?|o|* dxdv.
RIxRY RIxRY 4 Jrdxrd

It is easy to see that sup ||m(?)||, < C||lmgl|>, therefore the result follows by Gronwall since,

t€[0,T]

d

= m|?of*dxdv < € f im|*ol*dxdv + Climo|13.
dt Jrdxrd RIXRY
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Proof. (Theorem 4) Proposition 1, together with Theorem 18, gives us the result. O

2.3.3 Existence of Solutions via the fixed point argument

In this section we show the main theorem.

Theorem 5. Let G, H, F and myg satisfy 2.2,2.2,2.2 and 2.2. Then, there exists a unique solution to

system (2.1.1), according to definition (1).

Proof. As mentioned in the introduction, we apply Schauder in the following setting. Let Co > 0
be the constant from Theorem 4 and consider the closed convex subset X := C([0, T]; L*(R? x
RN : Imllo < L) of C([0, T1; LARIXRY)4), where L > 0, such that 2 max{{lmolleo, lImoll2} <

L. For u € X, let u, be the solution of

~Oyuty — Ayt — v - Dty + H(Dyiy) = F(t, x, v, u(t, x,v)) in (0, T) x R? x R,

uy(T, x,v) = G(u(T, x,0)) in R? x RY,

provided by Theorem 3. For this u,, we then solve
Opm — Aym — v - Dym — divy(mHp(Dyu)) = 0, m(0) = my.

We set ®(u) = m which due to the choice of L and the bounds on m implies that m € X. It
remains to show that the map is continuous and compact in order to apply Schauder’s Fixed Point
Theorem. Continuity is straightforward to check with our given assumptions and will be omitted.
For compactness, we proceed as follows. Due to the domain being unbounded we first show that

lim sup |®(u)1pnyclly = 0, where B(O,N) := {(t, x,0) € [0,T] x R x R? : |(x,v)| < N}. This
= yeX
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follows directly by the same argument as in Lemma 1. Furthermore, from Theorem 4, we have

S
1,0

llmlly + |D; . ;mlla < Cllmg]|p for some s > 0.

Thus, by Kolmogorov—-M. Riesz—Fréchet (see for example Brezis [61], Theorem 4.26 and Corol-
lary 4.27) we have compactness of the map. Uniqueness follows from the by-now classical Lasry-

Lions monotonicity argument, which we omit. O

We conclude this section with some crucial estimates, which follow directly from the by-now clas-
sical Lasry-Lions argument under assumptions 2.2 and 2.2, so we omit the proof. The computations

can be found for example in [325].

Proposition 2. Assume that H: RY > R, F: [0,TIXRIXRIXR > R, mp: RIxR? 5> R
and G :RExRYIxR > R satisfy 2.2,2.2,2.2 and 2.2. Let (u, m) be the weak solution of the MFG

system provided by Theorem 1. Then, there exists a constant C = C(||mo||1, |lmollco, T'), such that

T
f G(x,v,m(T))dxdv + f f F(x,v,t,m)ymdxdvds
RIXRA 0 JRIxRA

T (2.3.3)
0 JRIxRA

Furthermore, we have the following L! estimates

S[ng] lully + I1FCmlly + [1FCmymlly + |GG, m(T)ly + [|GC m(T)m(T)ly
tel0,

+HIH(Dyw)lly + llmlHy(Dyu)|l; < C.
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2.3.4  Further Regularity of Solutions to the Mean Field Games System, for

Lipschitz Hamiltonian

In this section we study the gain of regularity for solutions to the MFG system (2.1.1). In particular,

we derive appropriate energy estimates by taking advantage of the coupling.

Theorem 6. Let F, G satisfy 2.2,2.2 with constant co, H, mq satisfy 2.2,2.2 and (u, m) be a weak so-
lution to system (1), according to Definition (1). Then, there exists a constant C = C(cq, F, G, H, mg) >
0, such that

sup [[m()ll2 + sup [[Dm(@)|l2 + IIDf,vmllz +|DyDxmlly < C
t€[0,T] t€[0,T]

and

sup |lu(dllr + sup [[Du(s)llr + IIDﬁ,Uullz + |[DyDyull, < C.
t€[0,T] t€[0,T]

Proof. Forie{l,---,d}and h € R\ {0}, we denote

u(t, x + he;,v) — u(t, x,v) ’ (5h(m)(t, x.0) 1= m(t, x + hej, v) — m(t, x,v)

h -
o (u)t, x,v) := h P

mh = m(t, x + he;,v), m? = m(t, x + he;,v), Dvuh := Dyu(t, x + he;,v), Dvuo := Dyu(t, x,v)

H" := H(Dyu(t, x + he;,v)), H := H(D,u(t, x,v)),

F .= F(t, x,v,m(t, x + he;,v)), FO .= F(t, x,v,m(t, x,v)),

F(t,x + hej,v,m(t, x + he;,v)) — F(t, x,v, m(t, x + he;,v))

6_x’hF = h s
G(x+ hej,v,m(T, x + he;,v)) — G(x,v,m(T, x + he;, v))
OxnG = 0 .

The equations for 6hu, &"m read as follows,

h_ g0 h_ 0
—0;6"u — AydMu + v+ Dytu+ L2 = B2 4 5 F,
(2.34)

§tu(r) = €5 4+ 5.4G.
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hHh_ OHO
3i6"m — Ayd'm — v - Dy"m — divy("2 ) = 0,
(2.3.5)

§"'m(0) = 6"myg

Testing against 6"u in (2.3.5), yields

[ G- GO
fd . —5hm(T)dxdv
R4xR

T h 0
F'—-F
f f 6hm[ ]dxdvdt]
[ h 0 JRIXRI h ’

B h_ g0 T hgh — 0 HO
H"-H m m
+ f f —§"m———dxdvdt + f f Dvéhu#]
| Jo  JRridxrd h 0 JRIxRA h 3

T
=— f f S yF&''mdxdvdt + f §"myo" u(0)dxdv — f 8, nGSm"(T)dxdv
0 JRIxRY RIxR4 RIXR4

In the following, we refer to the terms based on the enumeration of the brackets. For the first

+
1

bracketed term using the monotonicity of G we have

Gh _ GO
fR b T5”m(T)dxdu =
X

1
f f G’ m°(T) + s(m” = mO)(T))ds|6"m>(T)dxdv > ¢ f
RIXR4 JO

. 16" m|2(T)dxdv,
X

while for the second term again using the monotonicity of F

T Fh _ FO T 1
f f §m dxdvdt = f f 16" m|2 (1) f F' (m°(0) + s(m" — m®)(¢))d sdxdvdt
0 JRIXRI h 0 JRIxXRI 0

T
> o f f 16" m|* (t)dxdvdt.
0 RIxRY

We may rewrite the third term as in the proof of uniqueness to see that it is non-negative by the

convexity of H, indeed it can be written as

T mh . ) h
L ‘fR;ded h_z[H(Dvl/l) - H(Dvl/l ) - Hp(Dvu )Dv(u —u )]
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+%[H (Dyu") = H(Dyu) = Hp(Dyit)Dy(u = w)|dxdvdt > 0.

Continuing, for the right hand side we estimate as follows
1
OxnF = f Oy, F(t, x + she;,v,m(t, x + he;,v))hds,
0

hence,

165, Fll2 < Cllimll,

and similarly for 6, ,G. Thus,

T
- f f 8 yF&" mdxdvdr + f §"mos"u(0)dxdv — f 8, nGom"(T)d xdv
0 JRIxR RIxRA RIXRA

T
C C
<) f f jom"dxdvdt + 2Nsm"(T)lly + C sup_[m(@)|13 + 15" mollo 116" u(O)l.
2 Jo Jrixrd 2 1€[0,T]

Gathering everything together we obtain
18" m (T3 + 116" mll3 < Cll6" mollall6™ u(O)l,. (2.3.6)
We now turn to (2.3.4). Test, against §"u to obtain
Sup. 16" u(t)llp, + 1Du8" ully, < CUS m(T)lp + 116" mll2)

and using this estimate in (2.3.6) provides

||5hm(T)||2 + ||§hm||2 < C = C(inf F/,inf G, T, Lipg, Lipg, Lipg, lIDxmyll2).
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Testing against §"m in (2.3.5) yields

sup (6" m(t)llp + 18" mll> < C(lI6"molly + 1Dy6™ully) < C.
t€[0,T]

Since the bounds are independent of /2, we have shown that

sup [[Dym(?)ll2 + sup |[Dxu(t)llx + [|DyDyullp + [|DyDym|ly < C.
1€[0,T1] t€[0,T]

Now, using these bounds, we repeat the process for the derivatives with respect to v. We use

completely symmetric notation as in the above case, for example 6@14 = u(t’x’”he}i)_u(t’x’v). The

equations satisfied by 6f}u, 6£’m are similar with the exception of the v - D, term. They read

h_ g0 h_ 0
—6,6£lu - Auél},’u + ev,,-Dxuh +v- Dxdf}u + H ZH =L ZF + oy i F,

h
() = =G 1 5,,G

and
0

. Hh_H
5t5z})lm - Av51}}m - eu,limh -v- Dxéf}m - dlvv(mh% + (5hmH2) =0,
(531’110 = (5ng.

The argument is completely symmetrical with the only difference being the presence of D ', Dml.

However, these terms are bounded from the previous case. We thus obtain bounds of the form

sup [IDym(d)lly + sup 1Dpu(®)llp + 1D3 ully + D2 mll < C.
1€[0,T] t€[0,T]

26



2.4 Quadratic Hamiltonian

In this section we will show existence and uniqueness for renormalized solutions to the MFG
system. All the ideas and proofs in this section are entirely motivated or even parallel to the
original work in [325].

To motivate some of the technical steps we outline the strategy. The plan is to approximate a given
Hamiltonian H with quadratic growth by a sequence of Lipschitz Hamiltonians H¢(see bellow for
definition), for which we have shown the existence of solutions (u€, m€) in the previous section
and show that these solutions converge to a renormalized solution. A crucial structural estimate,
as pointed out in [325], is that sup IImEIHf,(Dqu)lzlll < oo, which is shown in Proposition 2. This

€

estimate, along with L2—bounds on D,u¢, allows us to conclude the convergence (up to a subse-
quence) to a renormalized solution of {m€}c. The bounds for the HJ equation are straightforward
and mostly follow the classical techniques of the non-degenerate case, with the exception of the
Ll—compactness for the u€ which is due to Theorem 10 in [151] and the technical Lemma in the
Appendix.

In the rest of the chapter we consider a fixed Hamiltonian H that satisfies 2.2. Furthermore, fol-

lowing [325], we consider the following Lipschitz approximations

H(p)
| + eH2(p)

H¢(p) := for € > 0. (2.4.1)

The following are shown in [325]

Proposition 3. The functions H€ are Lipschitz in p and satisfy
Hfy - p— H(p) = cH(p), IHy|* < CHE,

for some constants ¢ > 0,C > 0 independent of €.
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2.4.1 Analysis of Degenerate Fokker-Planck equation

In this subsection, we study the following Fokker-Planck equation

omm — Aym —v - Dym — divy(mb) = 01in (0, T) X RY x Rd,
2.4.2)

m(0, x,v) = mp(x,v) in RY x Rd,

Our approach is a parallel of the techniques from [55] in the Hypoelliptic case.

Definition 5. We say that m is a weak solution of (2.4.2), if m € L'n L®(0,T] x RY x Rd), with
Dym € L2([0, T] x R x RY), my satisfies 2.2, mb|* € L}([0, T] x RY x RY), and (2.4.2) is satisfied

in the distributional sense.

Lemma 1. Let (m, b, mqy) be a weak solution of (2.4.2) according to definition 5. Then, there exists

a constant C = C(d, T, ||m|b2|l1, I(1 + x1? + |o|®)mglly), such that for all t € [0, T]

f ) d(|x|2 + o + Dm(t, x, v)dxdv < C.
R4xR

Proof. Formally the result follows immediately by testing against (Ix|>+v/?) and applying standard
methods. However, this needs to be justified given that (|x|2+|v|2) is unbounded. This requires some
technical steps which we present in detail, hence the lengthy computations. First assume that b, my
are smooth and compactly supported. For R > 0 consider a bump function g : RYx R4 - [0, 1],
such that y g s = | 204 sPUWR) € BO, R+1). Fix a1y € [0, T] and let ¢ : [0, 1p]xRYxRY — R

be the smooth solution of the adjoint equation (see for example E. Priola [330], Theorem 5.3)

—0tpR — AppR + v - Dxpr + b - Dypg = 0 on [0, 1g) X R x Rd,
(2.4.3)

GR(19, %,0) = (I + oP)yr(x,0) on R x R,
A priori, ¢g is bounded by a constant depending only on R,b,T. We claim that there exists a
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constant C > 0 independent of R > 0, such that
or(t, x,0) < C(1 + x> + [v]%) for all (1, x,v) € [0, 5] x RY x R%.

Indeed, for A, B > 0 large enough to be determined later, let w(z, x,v) = C oAl (1+ |x|2 + |v|2) —

B(t — tp), which satisfies
—0w—Ayw +0-Dxw+b - Dyw = Ce A + x> + |v*) =2d +2v-x+b-v) + B

> (B - 2dCe™ " — ||b||,) + Ce™ (A - %)(mz + o) =1,

if A,B > 0 are large enough. In particular let A = 2 and for any choice of C > 0 we set B =

1 +2dCe™ % — ||b||go, so that the above inequality is satisfied. Furthermore, at ¢ = 7y we have that
witg, x,0) = Ce 20(xl? + o) 2 (1x* + ol Wr(x, v) = $R(to, x,v) for all (x,0) € RY x RY,

if say C > ¢, in particular however C can be chosen independent of R > 0. Finally, for each
R > 0 fixed, the function

E(t, x,v) =w—¢p

is coercive in (x, v), that is for each fixed ¢ € [0, 7y],
lim E(t,x,v) = co.

|(x,0)| =00

Thus by classical arguments we find that the minimum of E is achieved at ¢ = f(, which shows the

claim. To conclude the proof of the Lemma, we test against ¢g in equation (2.4.2), which yields

f m(to)(lxl2 + Ivlz);//R(x, v)dxdv = f oR(0, x, v)mg(x, v)dxdv
RIxRA RIXRA
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<C f mo(x1> + o + Ddxdv = Cllmo(1 + x> + [o]?)];.
RIxR4

With the above bounds we may now test equation (2.4.2) against (1 + Ix|2 + [y|%), which yields
o f (1 + | + [v?)m()dxdv = f 2dm(t) = 2x - vm(t) + 2m(t)o - bdxdv
RIxR4 RIxR4

< 2dm(t)+ f (1+|x2+ o2 )m(e)+mlo|>+mlbl>dxdv < (2d+2) f ) d(l+|x|2+|v|2)m(t)dxdv+||m|b|2||1,
R4xR

and so by Gronwall we obtain that for some constant C = C(d, T, ||m|b|*|l1, [|(1 +|x|2+]o/*)mgll;) > O
1 + 1o + Dmglly < C.

The general case follows by approximation with smooth data. O

In the following Proposition we will need the following estimate, which may be found in in Folland

[195].

Proposition 4. [[195], Theorem 5.14] Let T denote the fundamental solution of the operator 0y —

Ay — v - Dy in the space RY x RY. Assume that P, q € (1,00) are such that

where Q = d + 2. For a function f € L1 we define

T
g(t, x,v) = f f D,I(t - s, x,v,y,w)f(s,w,y)dydwds.
0 JRIxRA

Then, there exists a constant C = C(p, q,d) such that

llgllp < Clifllg-
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Proposition 5. Let (m, b, mg) be a weak solution of (2.4.2), according to definition 5. Then, there

exists a dimensional constant C = C(d) > 0 and a constant Cy = Cy(mg) > 0, such that
b? < Cllmlb|l; + C
lm|bl~||a+a + [lmlla+a < Cllmlb|"|l1 + Co.
d+3 d+2

Proof. Let I denote the fundamental solution of the operator d; — A, — v - Dy. From the equation

satisfied by m we obtain

t
m(x,v,t) = — f f D,I(t - s, x,v,y, w)ymb(s, w, y)dydwds + C(mq)(t, x, v)
0 JRIXRA

where

C(mo)(t, x,v) = f L', x,v,y, wymo(y, w)dydw.
RIXR4

From Proposition (4) above, we have that
lmllp < Cllmbll4

where

and Q = d + 2. Moreover, by Holder

T
f f |m|4|b|1d xdvdt
0 JRIXRY

r a 2q, T q g
<( f f m| >4 dxdudt) 7 ( f f mlbl*dxdv)? = Clim|)%, .
0 JRIXRA 0 JRIXRA 7

Hence, we can have a gain of integrability if we require that

q 2 - 1
—_— = —— = —— = —--1=-
2-¢q q g Q+2 q 0+2

Q
[S—
[S—
[S—
<
+
[S—

ESE R
Q
+
[\

p:



therefore

0+2 dp= 0+2 _0+2
0+1 P 2042-0-2" "0

q:

Proposition 6. Let (m,b,mgy) be a weak solution of (2.4.2) according to Definition 5, with b €

L2([0, T] X RY x RY; RY). Then, there exists a constant C(|mg log(mo)|l1, lmlbl?|l}) > 0 such that

sup [lm(2) log(m)lly + 1Dy Vm)ll2 < C.
t€[0,T]

Proof. For 6 > 0, define w(x) = log(x + ¢) and W(x) = (x + ) log(x + 6) — 6 log(d). Test against

w(m) in (2.4.2) (m € L™ N L! and so w(m) € L®, W(m) € L) to obtain that for each ¢ € [0, T]

1 |Dvm|2 t m
f W(m(t))dxdv + f f dxdvds = — f f Dym - bdxdvdt
RIxRA 0 JRIxRd (m+9) 0 JRIxRI M +0

+ f W(mg)dxdv
RIxR4

1 (T Dym)? 1
< = f f [Dymi dxdvdt + =|mb?|l; + f W (mo)dxdv.
2 0 RIxR4 (m + 6) 2 RIxR4

Letting § — 0 yields

T \Dym|? )
f m(?) log(m(t))dxdv + f f dxvds < C(|Imlbl*|ly + llmg log(mo)lly)
0 RAxR4

m

where C > 0 is a universal constant. It remains to show that m(z) log(m(z) € L!. This is shown for

example in [151], under the conditions
1. (Im@)(1 + x> + )l < oo

2. foasga m(®)log(m(t)) < oo,

Condition 1 follows from Lemma 1, while condition 2 is shown above. O
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We now proceed with gradient estimates for the measure.
Theorem 7. Let (m, b, mg) be a weak solution of (2.4.2) according to Definition 5. Then, there
exist s € (0,1) and q € (1, ), such that

ID°mllg < C,

where C depends only on mg,d, T, ||m|b|2||1 and in particular not on ||Dym||5.

Proof. The constant C > 0 that appears in this proof is subject to change from line to line and
depends only on mg,d,T. The technique that follows is the same as in [55]. In the original
equation (2.4.2) we test against ¢(m) for ¢(s) = sfor s € [0, 1] and ¢(s) = 1,5 > 1,¢(s) = 0,5 < 0.
This yields

T
f O (m(1))dxdv + f f ¢’ (m)|Dym|* =
RIXR4 0 JRIXRA

T
- f f ¢’(m)Dvapmdxdvdt+ f O (mg)dxdv

0 JRIxRA RIxRY
1T , 2 2172

<= ¢ (m)|Dym|“dxdv + |m|“|b|“dxdv + C(my).

2 Jo Jrdxprd Im|<1

Since Iml2 < |m| on |m| < 1, we obtain

f \Dym|dxdv < C.
{Im|<1)

For k € N we define ¢; by
0,s<k-1,

Pr(s) :=9s—(k-1),s <k, (2.4.4)

1,s>1,
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and @y () := fOT or(s)ds. Testing against ¢y (m) in the equation yields

T T
f f O(m(T)) + f f ¢/, (m)|Dym|*dxdvdt
0 JRIxRA 0 JRIxRA

T (2.4.5)
= - ¢, Dymbmdxdvdt + f Oy (mg)dxdv.
fo fRded ke RIxRA

Additionally

fR 1.y Oulmodxdo < limolly + ol < €
X

T
0< f f @ (m(T)).
0 JRIXRA

For Ay := {k — 1 < |m| < k}, k € N, equation (2.4.5) yields

and

1
f \Dym|>dxdvdt < o m|Dym|*dxdv + Ck f ml|bl2dxdv + C, for all k € N.
Ay

Af Ak
Moreover,
f m|Dym|>dxdvdt < k | |Dym|*dxdvdt

Ag Ag

hence, by summing for k = 2,--- , for 4 > 1, we obtain
Dym|? -k C
f Doml” ) dvdr < D f mlb|2dxdvd + — < oo.

Thus,

Dym? 1q/2 2l 24
f \Dym|dxdv < [ f D ﬁ]"/ [ f (1+m)2—qudu] 7
m>1 m>1 (1 +m) m>1

Next, using that

(a + b)* < 2t max{at, b1} < C(at + b

and
{im| > 1} < |lm|l; = 1,
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we obtain

Agq

A g Yl Yl
f ( +m)=ddxdv < C(|{m > 1) + f |m|2—qudu) <C(1 + f |m| 24 dxdv).
[m|>1 RIxR4 RIxR4

Hence,
2—q

Dym|? 19/2 Aq 24
f |Dym|?dxdy < [ f '”—mld]q/ (1 + f |m|2—qudu) z (2.4.6)
m>1 m>1 (1 +m) RIxR4

Integrate in time inequality (2.4.6), and apply Holders inequality for %, ﬁ, to obtain for some

C = C(T, 4,4, 122 1, 11) > O
(1+m)?

D,m|? g 2=
[ ipamogadud < ([ PP andoan) (14 f Il & )
m>1 m

>1 (1 +m)?

/lq 2—q

<+ f o) )

q

The Fractional Gagliardo-Niremberg inequality gives us
Im(@)lle- < CID mlfllm(@)|, .

where

Lo 9(— - —) Al (2.4.7)
o P

and C = C(s,q,n,0,p) > 0, we refer for example to [62]. We can easily obtain the following time

dependent version,

T T
f o) < C sup o)y~ fo ID*ml dt < € fo 1D .

Set



which implies that

1 1 1
_:g(__£)+1_g:__£+l_g
o oqg n o o on o
thus,
ﬁzl—£=>crz£+q=>cr:q(£+l)
on o n n
and so

IR L R S YO |
n 2 n

which is a valid choice as long as

Qopl+2)>1 = g<2-
n n+s

thus our restrictions on g is that

l<g<?2- .
1 n+s

Continuing with the above analysis for the above choices of parameters we obtain

2—q
2

T 2—¢ T
f IDym(®)l|ddxdvdt < C(1 + f Im)ligde) 2 ) < C(1 + f 1D mlddr)
m>1 0 0

Therefore for some « € (0, 1)

1Dymllg < C(IDymp<illg + 1Dpmlps1llg)

2-gq
1- K
< C(1 + 1Dym||{1Dym1<qll,™ + 1D ml| ,?

)

and by using the estimate from Proposition 6, we obtain

1Dymilly = | VmDy Nmlly < 1Dy Vimlla,
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therefore
2—q

IDymllg < C(1 +ID*mll* ).

By Theorem 19, we have that

IDymllg < C(1 + [|Dymllg + ||m|b|2||q + [Imllg)
2—q
<C(+ ||Dsm||q2 )
Thus by choosing ¢ so that ||m|b|2||q +|Iml|lg < C from Proposition 5, the result follows.

O

Theorem 8. Let {(m"*, b", mg)},ent be a sequence of weak solutions to (2.4.2) according to defini-
tion 5, such that

2
sup ([lm" 16" 211y + [16"I2) < oo.
neN

Then, the set {m"},cx is compact in L ([0, T] % RY x Rd).

Proof. From Proposition 7, we have that
lm"|| + ID*m"|l4 < C for all n € N and some r > 1,5 € (0, 1).

The result about the compactness in L!([0, 7] x LY (R¥ x R)) now follows by the results in [338],
with a slight modification due to the unbounded domain. We sketch the argument. For R > 0,
let pr(x,v) := YRr(x)YR(), where Y are standard non-negative cutoff functions with support in

B(0,R) c R?. The, equation satisfied by m® := m¢g, reads
GtmR - Ava —-v- Dme - diVU(mRb) = DU¢Rmb - mAU(¢R) - 2DU¢RDvm - mv - Dx(ﬁR.

Nextfor 3+1 = 1, we set X := WS4(Bgayga(0, R)), B := LY(Byaya(0,R)) and ¥ := WP By, 5a(0, R)).

Space X embeds compactly in B and B embeds continuously in Y. Since mff are bounded in
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L9(0,T,X) and ﬁtmff is bounded in L9(0,T,Y) c LY((0,T),Y). Therefore from Corollary 4 in
[338], for each fixed R > 0 the sequence m,lf is compact in L4(0, T, B) = L9(0, T, Bgaypa(0,R)) C
Ll(O, T, Braypa(0,R)). Combining the above with the estimate s’?? fB(O’R)C m''(t, x,v)dxdv —

0 as R — oo, from Lemma 1, yields the strong convergence in Ll([O, T]x RY x Rd). m|

Proposition 7. Let {(m", b", mg)},en be a sequence of weak solutions to (2.4.2) according to defi-

nition 5, such that

2
sup (llm"[b"Plly + 11B"]12) < o0
neN

and

b" — b almost everywhere, for some b € LZ([O, T] X RY x Rd).

Then, there exists am € Ll([O, T]x R x Rd), such that up a subsequence m' — m,m""b" — mb in
Ll([O, T]x RY x Rd). Furthermore, the set {m"},cn is compact in C([0, T]; Pl(Rd X Rd)). Finally,

m is a distributional solution of (2.4.2).

Proof. From Theorem 8, there exists an m € L ([0, T] % RY x Rd) and a subsequence(still denoted

by {mu},en) such that ||m;, — m||; — 0. Furthermore, from Lemma 1 we have that

T
lim sup supf f |m"||b" |dxdv
R—co neNJO JBj,

T 1 T 1
< lim sup sup ( f m"\dxdvdt)? ( f f m"||b" *dxduvdr)? = 0.
0o JB 0

R—c0 neN
The above combined with Proposition 5 yields that the sequence {m"'b"},cy is uniformly inte-
grable, which together with the almost everywhere convergence gives us that the limit m is in fact
a distributional solution of (2.4.2).
Next, we show the claim about the compactness in C([0, T']; Pl(Rd x R4)). From Lemma 1 the
set {m'" (f)},eny is compact in ‘Pl(Rd X Rd) for each ¢ € [0,T]. The result about compactness in
Cc(0,T]; Pl(Rd X Rd)), will follow once we obtain Holder time continuity. However this follows

by typical arguments such as the one found in the notes of Cardaliaguet [73]. O
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Theorem 9. Let {(m", b", mg)},eny be a sequence of weak solutions to (2.4.2) according to defi-

nition 5. Assume furthermore that sup ||b"||, < oo, and that the assumptions of Proposition 7 are
n

satisfied. Then, the limit m provided by Proposition 7 is a renormalized solution according to

Definition 2.

Proof. Let S : R — R, such that § € W*°(R) and that S’ has compact support. Then, for each

n € N we have

8:S (™) = AuS (m'™) — v+ DS (m™) — divy(S ' (m™ym™B™) + S ™) Dy m"b" + S (m"™)| Dy = 0.
(2.4.8)

Since {m"|p"?} e is uniformly bounded in LL1([0, T] x R¥ x R¥), we obtain that

1
lim sup — f \Dpm"2dxdvd's = 0,
k<m"<2k

k—00 peN

just as in Theorem 6.1 of [325]. It remains to show that for a fixed & € N, we have the following
convergence Dy(m"™ A k) — Dy(m A k) strongly in L2. To show the strong convergence of the

truncations, it is enough to show that
Dy log(1 + my) — Dylog(1 + m)”LZ([O,T]XRded) - 0.

The argument that follows is entirely due to DiPerna-Lions in [151]. We only present some of
the main estimates since we have a slightly different setup. We look at g" = log(l + m,) and
the corresponding equation they satisfy. From Proposition 6 we have that sup ||D,g"||» < oo and
so without loss of generality we may assume that D,g" converges weakl;i1 EE L? to D,g, where

g = log(l + m). Therefore, there exists a non-negative bounded measure u (in the sense that

fOT ﬁ%d grd dpt < ) on (0,T) X R x R4 such that

IDyg" > — |Dygl* +
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in the distributional sense. It remains to show that u is identically zero. First, for each n € N we

let B = log(1 + ¢) and g" = B(m'). The functions g"* satisfy

ml’l

1+ m"

ml’l

b") = |Dyg"* +
) = 1Dug "+ 5

018" — Apg" — v - Dyg" — divy(

b"D,g"

£"(0) = log(1 + myy).

Again, just as in [151], we set (Drsl’R(t) = exp(st A R) and ‘I”;’R(t) = fOT CD’S”R(H)dH, for some

0 < s < 1. Test the equation against <I)’S1 R(g”)¢, where ¢ € C.((0, T)), which yields

T
_fo fRd Rd W g(8")¢' (Ddxdvdt
X

mn

1 +m"

T
+f f s¢|DUg"|21gn§Rd)’;R(gn) + 5O p(¢")gn<grDyg" b dxdvdt
0 RIxR4 ’ ’

T n
m
= [ [ PO + 00 s b g

or equivalently

T
) fo fRd o ViR (Dddvds =
X
m't - b

T
f(; ‘fR;ded ¢(D’S1’R(g”)[(|Dvg”|2 - Slegn|21g”SR) + W(Dvgn _ SDvgnlgngR)]dxdvdt

(2.4.9)
= (I) + ().

Now we bound each term,

T T
< 00 _ n2qn n
(Dl < 14l ](; fRded(l S)fo ﬁaded IDug"|" @ p(g")dxdudt

T
2
+exp(sR) fo fR s D REID P Lo
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Using the fact that
|0 R(8™] < (1 +my)°,
we obtain

Dot |Dymt"?
(L+mm2=s = m" =

IDyg" PP (8" <

Furthermore,

\Dym |2
O p(gMIDyg" *1gns g < exp(sR) exp(—R)———,

where in the last inequality we used that

@y g(1) = exp(sR) for > R, and

1
T 1gnsg < exp(—R).
Thus, from Proposition 6, for some C = C(|lmolly, |lmg log(mo)ll1, || log(1 + mg)|ly, sup(||p”|l» +
n

Im™|b™2]|1)) we have the bound

DI < (1= 9)liglloo

T |Dvm”|2
+exp(—(1 — s)R)) fo fR iond dxdvdt < C((l — )IBlloo + exp(=(1 — s)R)),
X

mh

where in the last inequality is due to Proposition 6. For the second term we work as follows

Im"IIb”I n
< —
I(IDI < (1 - 5) f f s O5R 1+m”)| v&"dxdvdt

T n n
[m"||b"|
+ (D n —D nl . )
fo fRded k(& )(1 +m”)| 08" Ly~ rdxdvdt

For the first term above we use

nynn nynn n?2
m'||b m'||b D,m
| ” | nl < | ” | |DU nl < nlbnlz + | v |

D4r(8 )( )|Dvg 1+ mn—s < R
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while for the second integral

@S,R(g")mlegnllg@R < exp(—(1 - s)R)(m"|b”|2 + l’)n—n),
hence
I(1D)] < C((l —s) +exp(—(1 — s)R)).
Thus passing to the limit in (2.4.9), we obtain
g 1-5)R
‘ fo fRd Rd ¢'(t)‘1’s,R(g)dxdudr’ <C(+ ||¢||oo)((1 _ s e 179 ) (2.4.10)
X

Now that we have obtained these bounds we obtain the result just as in [151], section III. The
only difference in the proof is the divergence term, which however causes no technical difficulties.
We provide the details next. For € > 0 let p be a standard sequence of mollifiers. The equation

satisfied by g€ := pe * g¢ where g solves

m m
b) = |Dygl* + p +

1+m 1+m

018 — Avg — v+ Dyxg — divy( bDyg

reads

m
1+m

m
1+m

0:8€ = Apg€ —v- Dyg€ —divy(pe * ( b)) = pe*|Dygl* +pex ( bDyg) +pexpu+re. (2.4.11)

Testing against ¢®g p(g€) in (2.4.11) yields,

T
_fo fRd Rd ¢’ (¥ r(§)dxdvdt
X

T
25/ ’ m >
> L J]%ded ¢(t)[ - |Dl)g6| (I)S,R(ge) + (I)S,R(gE)DUgE,DE * (1 " mb) + Pe * |D1)g| (DS,R(ge)"'
m
pe* (77 mbDvg)(Ds,R(gE)]‘ﬁ(f)(Ds’R(ge)pe * pdxdvdt — |Irell1 1llooll® s R(E)loo-
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We let € — 0 and using that O, g > 1 obtain

T
- f f QS'(I)‘PS,R(g)dxdvdt
0 JRIxRY

T
= Dv Z(DS - DU ZCD,
> [0 [, 0] DisPOurts) - 0P, (o)

by R(2) ~ ¥, p(&)Dog— b dxdv + f f o(1)du

+¢<r)[ i

T
= fo ;ﬁl;ded(l - S)¢(t)|Dvg|2(g)1gsR + ¢(t)|Dl)g|21g>R

f f (1- s)¢(t)
RIxR4

where in the last equality we used that @5 g > 1. Next we bound the terms in the RHS

bDvg(Ds R(g)1g<R + ¢(t)

1bDUg(D9 R(g)1g>R’

T
‘ f(; »[R;ded(l - S)¢(t)|DUg|2(g)lgSR + ¢(t)|DUg|218>R

< (1 = )CllgllcollDy Vllp + ll¢llcoe ™ RIIDy Vil

while for the rest of the terms

| f [ G

< (1 = 9llglloo(lmlbl1ly + 1Dy Vimll2) + ligllooe™ A= llmlbI 11y + 1Dy Vimllz ).

—bDygy R(§)Lg<k + $(1)——bDug® () 1gor]

Hence combining the estimates above with estimate (2.4.10), we obtain

f ddu < C((1 — s) + e RU=9)

letting R — oo and then s T 1 yields f ¢du < 0, for all ¢ > 0 and since u > 0 it follows that i = 0.

Finally, we show that m € C([0, T']; L! (Rd X Rd)). Let p, be a standard sequence of mollifiers (see
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section 1 for definition) and m,, := p, * m. The functions m;,, satisfy
ormy, — Aymy, — v - Dymy, — divy(p, * (mb)) = ry, mu(0) = pp * my, (2.4.12)
where r;, = K;; * m and K}, is given by
Ky = nZdBDxp(f, 2),
n nn

and so r, — 0 strongly in Ll([O, T] % RY x Rd). From Lemma A.1 in [136], we have that m,, €

C([0, T]; L2(RY x R?)). For any S € CX(R), the function S (m,) satisfies

0¢S (my) — ApS (my) — v - DyS (my) — diVu(S,(mn)Pn * (mb)) = =S ”(mn)|Dvmn|2
—S""(mp)Dymupn * (mb) + S’ (my)ry,

S (mn)(0) = S (o * mo).

For n,k € N, we test against S (m;) — S (my) in the equation satisfied by their difference which

yields for all ¢ € [0, T']

A
f 1S () = S (mp)I(£)dxdv + f f IDy(S () = S (my)) 2 dxdvdt
RIxR4 0 JRIxR4

1
= [ S ) = SmON(S G % nb) — S o+ ()
0 JRIXRA

1
- f f (S Gmn) = S () )(S " (mn)| Dol = S (my)| Doy ) xdvd
0 JRIXRY H

1
- f f (S mn) = S (m)(S”’ (M) Dyimppn * (mb) + S (mu)ra = " (mye) Domypy * (mb)
0 JRIXRA

+8" (my)ry )dxdvdt | + f IS (my) = S (m)|>(0)dxdv | .
3 RIxR4
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As noted in [325] (Remark 3.9) we have that
lon * (mb)* < [pp * (mlb|*)lmp. (24.13)
For the first boxed term the following hold
Dy(S (mp)) = D,S (m) strongly in L2([0, T] x RY x RY) as n — oo,
while from (2.4.13), we obtain
1S” (mu)on * (mb)* < (S”(mn)Ymulon * (mb*)] < Cs[pn * (mlb|»)1,

where Cg := [|(S”(x))%xlloo. Since [pn * (m|b|*)] — mlb|? strongly in L'([0, T] x R? x R¥) by

Dominated Convergence Theorem we obtain
S’ (mp)pn * (mb) — S’ (m)mb strongly in L>([0, T] x R¢ x RY),

therefore the first term can be bounded by a function w(n, k) such that lir]r<1 w(n, k) = 0 independently
n,

of ¢. For the second term we note that
S” (mp)|Dympul> — S”"(m)|Dym|? strongly in L1 ([0, T] x RY x RY),

while § (m;) — S (m) strongly in Ll([O, T] X RY x Rd) with sup ||S (my)|lc < oo therefore it can
n

also be bounded like the first term. For the third term, from (2.4.13) we have
’” 1 " 2 ’” 2
IS ™ (mp)Dymupp * (mb)| < 2IS (mp)||Dymp|” + 1S ™" (mp)mpllpn * (mlb|*)]

and since the right hand side of the above inequality converges strongly in L! by Dominated Con-

45



vergence we obtain that
S""(mp)Dymppn * (mb) — 8" (m)Dym - mb strongly in L ([0, T] x RY x RY),

while S’ (m;,)r, converges strongly to 0 in L! ([0, T] x R4 de) just as in step 3, section III of [151].

Finally the fourth term clearly vanishes as n,k — oco. Thus taking the sup over ¢ we obtain

lim IS (my) — S(mk)|2(t)dxdv =0.
t,nk JRAXRA

The above show that S(m) € C([0,T]; L2R? x RY)) for all § € CPR? x RY) and so Ty(m) €
c(o,T1]; Lz(Rd X Rd)) for all kK € N where T}, is the truncation at k. To conclude, since for all

R>0

lm(®) = M| ety < lIm(e) = m(s)|p1 gy + ) = m(l 1 e,

and due to the bounds of Lemma 1, we obtain that for some C = C(R) > 0 and C| = C(mg,b) >0

C
llm() = m()lp 1 (rayxgay S CRNT (@) = T(m(s)ll2 +2 sup |[lm(0) — Ty(m(@)ll1 + —é
0<[0,T] R

Furthermore by Proposition 6,

@)~ TeGm@)l = [ mierdzao < 20700200,
m(0)>k log(k)

where A > 0 is the constant provided by Proposition 6. Putting everything together we obtain

C
llim(®) — m(s)lly < CrlITi(m(n) = Ty(m(s))ll2 + llmo log(mo)lly + R_é'

log(k)

Thus given an € > 0, first we fix an R > 0 such that 1% < % and a k € N such that

A €
- 1 -,
10g(k)llmo og(mo)ll; < 3
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then we find a § > O such that

=5l <6 = CrIT(m(®) - Te(m())z < §

and so m € C([0, T]; L'(R9 x R?)). O

2.4.2  Analysis of the Hamilton-Jacobi-Bellman equation

In this section we will study the bounds for the HIB equation

—0su — Apu + v - Dyu + H(Dyu) = f(t, x,0) in (0, T) X RY x R4,
(2.4.14)

u(T, x,v) = g(x,v) in RY x R4,

Definition 6. Let H : R — R be a convex Lipschitz function such that H > 0, f € L' nL®([0, T]x
RYxRY), £>0,(x? + 0> f € LY(0, TIxRYxRY) g e L' N LRI x RY), g > 0, (|x]* + [v]*)g €
LYXRIxRY) and u € C([0, T]; L*(RY xRN LY (R xRY) with Dyu € L*([0, T] xR xRY), u > 0.
We say that (u, H, f, g) is a weak solution of (2.4.14), if the equation is satisfied in the distributional

sense.
Our starting point is the following compactness theorem found in the Appendix of [151].

Theorem 10 (Appendix of P.-L. Lions, DiPerna [151]). Assume that u", f"* € L1([0,T] x RY x

RY), g e L'(R? x RY) satisfy in the distributional sense
Oty — Ayt + v - Dytty = fr, un(0) =g".

If ¢", fn are uniformly bounded in L with

T
lim sup f f | f"|dxdvdt = 0 (2.4.15)
R—0 peN JO  Ji(x,0)|=R
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and

lim supf lgpldxdv = 0, (2.4.16)
|(x,0)[=R

R—00 yeN

then the sequence {u,},en is compact in Ll(((), T) X RY x Rd).

Theorem 11. Ler f* € L1(]0, TIxRIxRY), g" € L\(R?XRY) be non-negative, uniformly integrable
sequences and H" : R? — R Lipschitz convex Hamiltonians. Assume that {(u"*, H", f", ")} nen

are weak solution to (2.4.14) according to definition 6. Then, the sequence {u"} is compact in

LY((0,T) x R? x RY) and

sup( sup [l I} + ||Hn(DuMn)||1) < oo,
neN r€[0,T]

lim sup(  sup f W |(t)dxdv + f H"(Dyu")dxdvdt) = 0.
R—co - *1e[0,T] JB(O,R) B(0,R)¢

Proof. By the same arguments as in Lemma 1, we can justify testing against 1 in the HIB equation
to obtain the uniform L' estimates on ', H*(Dyu""). To show compactness in L! we work as
follows. Let L := —d; — Ay + v - Dy and since H" > 0, f* > 0,¢" > 0 the functions u" are

non-negative and satisfy

Lui" < fin (0,T) x RY xR?, u™(T) = g" in R? x R4
For each n € N, let w" be the solution of

Lw" = 7 in (0, T) x R x R4, w(T) = g" in R x R4,
Since L(w" — ") > 0 and w"(T') = u''(T') we have that

0<u" <wh (2.4.17)
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Since f", g" are uniformly integrable, by Theorem 10 the set {w'"},c is compact in L' and so in
particular uniformly integrable and from (2.4.17) we see that {u#"},,cjy are also uniformly integrable.

For R > 0, let ¢ : RYxR? — [0, 1] be cutoff functions defined justas in Lemma 1. Testing against
oR in

Lu" + HDyu") = f", u"(T) = ¢"

yields for some dimensional constant C > 0

t
f u"(t)¢Rdxdv+ff H"(Dyu"")¢prdxdvdt <
RIxRY 0 JRIXRA

C ! 1
—lu"|l; + f f f"prdxdvdt + f f g "oRr + Cf u" dxdv
R 0 JRIxRA 0 JRrRIxRI R<|(x,v)|<2R

and since the sequence {1}, cpy is uniformly integrable we see that the terms on the right vanish

uniformly in n as R T co. Finally with the estimate

lim sup f H"(Dyu™)dxdvdt = 0
R<|(x,v)|

R—00 e

the compactness for u” in L! follows immediately by Theorem 10 with ]7” = f" - HYDyw'"). 0O

Theorem 12. Let (u, H, f, g) be a weak solution of (2.4.14), according to Definition 6. Then, there

exists a constant C = C(d,T) > 0, such that

sup [lu(®llz + luH(Dy)lly + [IDyullz < C(”f”oo”f”l + ||g||1||g||oo)- (2.4.18)
t€[0,T]
Proof. The result follows by testing against « in (2.4.14) and applying Gronwall. O

Proposition 8. Let {(u"*, H", [, g")},,en, be weak solutions of (2.4.14), according to Definition 6,
such that

1L/l +11g"lly < C foralln €N,
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and

u" = u strongly in L' ([0, T] x R? x RY).

Then, the limit u belongs to L2([O, T] % Rd; Hl(Rf,i)) and
Dy > Dy in LT (10,T]xRY x RY),

forall g <2, up to a subsequence almost everywhere.

Proof. The equation for u"* — u™ is
=0y —u™) — A" —u™) +v- Dy(u" —u™) = f" = 7,

" —u")(T)=g"-g".

For € > 0, we define

s, for s € [—e€, €],

P(s) =4 —¢, for s < —¢,

e, for s > €,

and ®(7) := fot d(s)ds > 0. We test against ¢(u”" — ™) in the equation for the difference, which

yields
T
f O — ™) (t)dxdv + f f ¢ (" — W™Dy — u™)[>dxdv
RIXR4 0 JRIxRA
T
< f O — "™ (T)dxdv + f f oW — "™ (f" = f™Mdxdvdt
RIxRY 0 JRIXRA
< Cellg" — g"ll1 + €llf" = f™l1 < Ce.

Therefore,

f Dy (" — u"™)>dxdvdt < Ce.
[ —um|<e
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Thus, fixing a radius R > 0 and a ¢ < 2 we obtain

f Dy — u"™)|1dxdv < f IDy(u" — u"™)|9dxdvdt
B(0,R) B(O,R)N{|u*—u"| <€}

+ f Dy (" — ™) dxdvdt < CR%e + CRA{ju" — u™| > €}[?
BO,R)N|u"—u"|>€

for some 6 = 6(g) € (0, 1). Since u”" converges in L!, we have that 1i£l [{|u" — u™| > €}| = 0 and
n,m— oo

so Dyu — Dyuin L4([0, T] x B(0, R)) for all R > 0. O
Proposition 9. Assume that {(u"*, H", f"*, g")},en are weak solutions to (2.4.14) according to
Definition 6, such that {g"},eny ©€ LYRY x RY) is uniformly integrable, {f™} ey and {g"}, are
bounded subsets of their respective L™ spaces, and for some u, f, u* — u, f* — f, " — f, in
Ll([O, T]x RY x Rd) and almost everywhere. Then, up to a subsequence, for each T € [0,T), we
have that

H" (D) — H(Dyu) in L1([0, 7] x RY x RY)

and,

Dy — Dyu in L2([0, 7] x R? x RY).

Proof. From Proposition 8 by choosing a subsequence if necessary we can assume that H*(Dyu') —
H(D,u) almost everywhere, furthermore since sup || f"||co + ||€"|lcc < o0, for some C > 0 we have
n
that ||u"||co < C for all n € N. Denote by L := —d; — Ay + v - D and test against (T — t)e’l(“n_”k) in

the equation

L™ = i) + [H'(Dyu™) — H* (D)) = 7 - f*.

Which yields,
1 1
f T =" _ 1)(0)dxdv — f f "= _ 1y(s)dxdvdss
RixRd A RIxRA /1
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T
+f f (T — s5)et _”k)le(u" — Y2+ (T = 5)et™ _”k)(Hn(Dvun) — Hk(Dvuk))dxdvds
0 JRIxR

T
_ AW =Xy ( k
= e 7= f*)dxdvds.
«[O «flj&dXRd ( )

Next using the strong convergence of u", f* and that " is uniformly bounded in L™, we obtain

that for some function w(n, k) such that Em w(n,k)=0
n,k—oo

T
f fd d(T — 5)det _”k)le(u” — "2 dxdvds
0 R4xR

T
n f f (T — s)et® _”k)(H”(DUu”) _ Hk(Dvuk))dxdvds < wn, k)
0 JRIxR4

If n > k we have that H* < H", hence by the convexity of H

T
f f - AW =END (" = 15 Rdxdudss
0 R4xR

T
+ f f (T — s)et _”k)(H”(DUu") - H”(Dvuk))dxdvds < w(n, k)
0 JRIxR4
T n_ .k
— f f (T — )2 =)Dy (" — )P dxdvds
0 JRIXRY

T
n f f (T — s)et® —“k>H;’,(Dvu’<)DU(u" — MYdxdvds < w(n, k).
0 JRIxRA

Letting n — oo and using that Dyu"* — Dyu almost everywhere and weakly in L2, while u* — u

strongly in L with [l < C and |H(Dyub)| < |Hp|(Dyu*) thus H(DyuX) — Hp(Dyu*) strongly

in L2, yields

T
f f - $)2X D (4 = 19 Pdxdvds
0 R4xR

T
+ f f (T = )" B (Dy*)Dy(u — ubydxdvds < w(k).
0 JRIXRI
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From 2.2, there exists a constant C > 0 such that
Hp(Dyu)Dy(u — u*) = —(Hp(Dyu) — Hp(Dytd)) - Dy(u — uX) + Hp(Dyu) Dy(u — )

> —C|Dy(u — uF)? + Hyp(Dyu) Dy(u — u¥)

T
— f f (T = )X = C)\Dy(u — i) Pdxdvdss
0 JRIxRA

T
+ f f (T = )" H (D) Dy(u — uFydxduds < w(k)
0 JRIXRI

and again by the weak convergence of D,(u — k) in L? and the strong convergence of uF to u in

L! with uniform bounds we obtain

T
f f (T 9 Z O)\Dy(u — u)Pdxdvds < w(k).
0 R4xR

Finally, the result follows since by choosing 4 > C and using that |lu — uk |0 < C we obtain that

for some constant ¢y > 0 depending only on H

T
C()f f (T — $)|Dy(u — uk)lzdxdvds < w(k).
0 JRIxR

Theorem 13. Assume that {(u", H", f", g")},en are weak solutions to (2.4.14) according to Defini-
tion 6, such that f* — fin L', g" — g, weakly in L', w" — win L' and D,u’* — Dy,u almost every-
where and H"(Dyu™) — H(Dyu) in L) ((0,T1; L"RYXRY)), where H(Dyu) € L ([0, TIXRIXRY),

Then, we have that u € C((0, T]; L (R? x R?)).

Proof. The result follows by the fact that Lu € L!, where L := —0; — Ay + v - Dy, see for example

[151]. O
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2.4.3 Existence and uniqueness for the quadratic case

In this subsection, we will establish the existence and uniqueness of renormalized solutions for the

MFG system.

Theorem 14. Assume that H : RY — R, F:[0,T] x RYIxRIXR — R, myg : RY xR - R and
G:RIXRIXR — R satisfy 2.2,2.2,2.2 and 2.2. Then, there exists a unique renormalized solution

(m, u) of system (2.1.1), according to Definition 4.

Proof. The proof is divided in two steps. First we show the result for F, G bounded in their respec-
tive L™ —spaces and let the Hamiltonians H€ vary. While in the second case we show the result for
a fixed quadratic Hamiltonian H while letting F", G" vary. The reason for this approach is so that
we can always have bounds on Dy in L2. Indeed in the first case the bounds follow by Theorem
12 and are due to the A, term while in the second case the bounds are a result of Theorem 11 and

are due to ||[H(Dyu'")||; < C.

First Case: For H€, as defined in (2.4.1), we consider the solutions (m€, u€, mg) provided by

Theorem 1. From Proposition 2 above, we have that for some C > 0 independent of €
||mE|H;(Dqu)|2||1 < C, forall € > 0, (2.4.19)
furthermore, by Theorem 12 and our assumptions on H¢ we have that
||H;(Dvue)||2 <C, forall e > 0.

Therefore, from Theorem 8, we may extract a subsequence m', which is convergent in Ll([O, T] %
Rded) and almost everywhere to some m. From Remark 2, we have that the sequence {F (¢, x, v, m')},en

is uniformly integrable, indeed in the case f; := sup F(¢, x,v,m) € L' the claim holds just as
me[0,L]
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[325], while in the case f7, := sup F(t,x,v,m)/m € L™ since
me[0,L]

n
0< F(t,x,v,m") < fi.(t, x,v)m" + mTF(t, x,0,m'")

the result follows due to uniform bound on ||F (t, x, v, m")m'||; from Proposition 2 and the conver-

gence of m" in L!. Since m"* — m almost everywhere, we obtain
F(-,m"(-)) > F(-,m(-)) strongly in L' ([0, T] x R? x RY).

By choosing a further subsequence if necessary, Theorem 11, Lemma 1 and Proposition 8, yield a

u € C([0,T]; L'(RY x RY)) n L2([0, T] x RY; H'(RY)), such that
u" — u almost everywhere and strongly in Ll([O, T1x RY x Rd)

Dyu" — Dyu almost everywhere and in L}OC([O, T] x RY x Rd).

Furthermore, again by taking subsequences if needed, by Proposition 9 we have that for each
7€[0,7),

H(Dyu') — H(Dyu) in L' ([0, 7] x R? x RY)

and for each k € N,

Dy A k) = Dy(u A k) in L2([0, 7] x RY x RY).

By inequality (2.4.19) and the fact that HIE,” (Dyu™) — H;” (Dyu) almost everywhere, Proposition 7
implies that

m" — min C([0, T]; P(RY x RYY),
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and by Theorem 9, m is a renormalized solution of
dpm — Aym — v - Dym — divy(mHp(Dyu)) = 0 in (0, T] x RY x RY, m(0) = mq in RY x RY. (2.4.20)

It remains to show the convergence of the terminal data in the HIB equation. This follows exactly
as in [325]. Thus, we have that m™(T) — m(T) in Ll(Rd X Rd) which from Remark 2 implies that

GG, m(T,-)) - G(-,m(T,-)) in Ll(Rd X Rd). Thus, the limit u is also a renormalized solution.

Second Case: Next, given F, G that satisfy 2.2 and 2.2 respectively, consider F" := F An,G" :=
G A n for n € N. The functions F", G" clearly also satisfy 2.2 and 2.2 respectively. Let (u", m")
be the solutions provided for the data (H, F"*, G") by the first case. The rest of the proof follows
exactly the first case only now we use Theorem 16 to obtain the convergence of D, T (u"").

Finally, we address the issue of uniqueness whose proof follows the same exact arguments as [325]
once we establish that m(¢, x,v) > 0 almost everywhere. But this will follow from assumption (2.2)
and in particular log(mg) € L}OC(R‘I X Rd). Indeed, let R > 0 and define ¢p : RIXRY - [0, 1] such

that

1if |(x,v)] <R,
PR(x,v) :=
0if |(x,v)| = R+ 1.

Then since

log(m(t))d2dxdv < f m(t)¢sdxdv < 1,
Jl%d xRd R RIxR4 R

it is enough to bound ﬁéded log(m(t))¢prdxdv from bellow, since that would imply m(z, x,v) >
0 almost everywhere. To show the lower bound we test the equation satisfied by m with qblze%
(technically we would need to fix a § > 0 and test against ¢12€m+L5 and let 6 — 0 but we skip the

approximation for simplicity). This yields

! \D,m|? D,m D,m
1 2 92 + 2 pprDydRr — —-mH >
fR;ded Og(m(t))(lstXdU*"f(; \ﬁéded ) dr + " SRDvOR ) mH p¢p
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+2¢RrDypRH pdxdudt = f ) dlog(mo)qj,%dxdu.

R4 xR

Next we use the following inequalities

Dym

R Dugi] < '

z\ + 4|Dyorl?

P Rg2 + Hp P03

12¢RDU¢RHP1 < |Hp|2 + 20¢rlPIDugRP

and thus combining everything we obtain that for some constant C = C(R,d) > 0

fR i 1og(m(t))¢,2g > fR i C(R, d)+||1og(m0)¢12e Iy = I1H (Do)l

which proves the claim. O

2.4.4  Further regularity for quadratic Hamiltonian

Theorem 15. Let (H, F,G,mq) be as in Theorem 14 with F = F(m), G = G(m) and mgy also

satisfying ||D2m0||(>o € LOO(R‘I X Rd). Then, there exists a constant C(F, G, H, T, mg), such that

T
f G’ (m(T, x, v))|Dm(T, x, v)[>dxdv + f f F’(m(t, x, v)|Dm(t, x, v)|*
RIxR4 0 JRIxRA

2d
k=1

Proof. The proof is almost identical to the one in the case of Lipschitz Hamiltonian. The only

difference is now instead of using the HJB equation we estimate

h,v) -2 _h
fR . "o u(0)dxdv = fR . mo(x + h, v) m(;l(zx D+ moxX =10 60 v v
X X
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< Dol oo st 140, 1

and conclude due to the estimate in Proposition 2.3.3. O

2.5 Appendix of Chapter 2

2.5.1 Technical results

In this sub-section we show some important properties about the convergence of u” where " solves

Lu" + HDyu") = " in (0, T] x R x RY,
(2.5.1)

u"(0) = g" inRY x R,

for L := 9;—Ay+v-Dy and f", g" strongly convergent sequences in their respective Ll—spaces. We
show an analogue of the convergence results in [323] from which all our techniques are motivated
and parallel to. In particular we show that if u”* solves (2.5.1) and are strongly convergent in L
to some function u, then Dy Ti(u") — DyTy(u) strongly in L2([0, T] x R? x RY), where Ty, is the
truncation at k, namely, for k € N T;(x) = s for |s| < k and Tk (s) = sign(s)k otherwise. A crucial
technical step in [323] is the following transformation which allows the authors to deal with the

degenerate 9; direction. Given a function u, for v > 0 define

O1(u)y = v(Tr(u) = ()y).

This transformation enjoys many nice properties such as (u), — u and D((u),) — Du as v — oo in
appropriate spaces. In our setup the above transformation does not seem to work due to the extra
degenerate operator v-Dy. In order to deal with this, we consider a slightly different transformation.

Fix @ > 0 and consider the solution of

LOy = a(Ti(u) = Do)
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We will show that under the condition u € L! the transformation @, converges to Ti(u) in L
however, we cannot show in general, even if Dyu € L2, that D,®, — D,T(u) strongly in L2, with
no assumptions on Dyu. However the fact that Lu" + H(Dyu™) = f™ and u”* — u strongly in L', is
enough to show the strong convergence of D,®,. With this, we can follow the rest of the argument

found in [323].

Lemma 2. Let u € L' N L=([0, T] x R x RY) N C([0, T]; L' RY x RY)) and @ > 0. Then, there

exists a unique function ®, € L2([0, T]Xx RY x Rd) with D,®, € L2([O, T]x RY x Rd) which solves

Dy — Ay®y + v+ DDy = au — Dy) in (0,T) x RY x R,
(2.5.2)

D40, x,v) = u((0, x,v) in RY x RY.

Furthermore, the functions ®, have the following properties
1. u>0 = ®y > 0 almost everywhere,

2. [ Dglloo < llualloos

3. lim ||®y —ullp =0
a— 00

4. 10ally < llully + luolly

Proof. First we assume that u € C*°([0,T]; C.° (Rd X Rd)). Let I" denote the fundamental solution

of L = 0; — Ay + v - Dy. Then, it is easy to check that the solution of equation (2.5.2) is given by
t
Dy (t, x,v) = f f ae "It — 5, x,v, v, whu(s, y, w)dydwds
0 JRIXRI

+ f ae T, x, v, y, w)u(0, y, w)dydw,
RIxR4
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see for example [302]. Furthermore, the solution @, is also C* since L is hypoelliptic. Let

f = L) € C®([0, T] x Co(R? x RY)). In the equation
Lu— @) = —a(u— Do) + f, (u—DPu)0) =0,

we test against (u — @, ), which yields

d1
== f lu — OglPdxdv + f IDy(u — ©)Pdxdv
dt2 Jrdxprd RAxRd

1
= —a f lu — Ool?dxdv + f Fu— ®g)dxdv < — f |f12dxdv.
RIXRA RIXRI da Jrdxrd

Hence, we obtain that

C
sup |u(®) — Oa(®)ll2 + [|Dy(u — Po)llp < —
t[0,T] a

where C = C(T, f) > 0. Furthermore, by testing against plu — OglP~2(u — ®y) for p > 1yields
d 2 )
— | |lu— ®uPdxdv + IDy(u — @)l — P |P~“p(p — 1)dxdv
dt RAxR4

<- — Dol + — Do dxdv < L P dxdv,
< aprdedlu al prdedlfllu al xdv < - Rdedlfl xdv

where 1/p +1/qg = 1. Letting p — 1 yields

C
sup [lu — @gllp < —IIf1,
t€[0,1] @

where C = C(T, f) > 0. The first two claims now follow easily by the Maximum Principle. For
the general case we work as follows. Testing against pld)alp"z(l)a in (2.5.2) for p > 1 and letting

p — 1 just as above we obtain

T T
- f lugldxdv < & f f luldxdvdt — f f | g|dxdud.
RIXRI 2 Jo Jrixrd 2 Jo Jrixrd
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Hence,

2
1Pally < llully + —lluoll:

and so by linearity of the map (u, ug) — @, and the fact that |u| < k = |®,| < k the result holds

in the general case. O

Theorem 16. Let H : R? — R be a Hamiltonian satisfying 2.2. Assume that {f"},en C L'n
L®([0, TIXRY X RY), {g"}eny € LY N L2([0, T1 xR X RY) such that f" — f and g" — g strongly
in the respective L! spaces (the limits need not be in L*°). Let u"" € L'n L2([O, T]x RY x Rd) with

Dy € L2([0, T] x R x RY) solve

A — A" + v - Dy + H(Dyu™) = f, in (0,T) x RY x R,
(2.5.3)

u'(0, x,v) = g"(x,v) in RY x RY.

Finally, assume that u"* — u strongly in L! and that Dy — Dyu almost everywhere. Then, the

limit u is a renormalized solution of

A — Ayu + v - Dyu + H(Dyut) = f(t,x,0) in (0, T) x RY x R4,

u(0, x,v) = g(x,v) in RY x Rd,

according to Definition 3.

Proof. Following [323], we see that the result will hold once we show that for some increasing
sequence 0 < my € R,k € N with my T oo as k = o0, Dy(Tyy,, (")) = Dy(Tpy, (1)) strongly in
L*([0, T] x RY x RY), where

s, if |s| < k,

Ti(s) ==k, if s > k, (2.54)

—k, if s < —k.

Note that for almost all 5 € R, we have that [{u = S}| = 0 (JA| denotes the Lebesgue measure),
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therefore in order to keep the notation lighter we may assume that [{# = k}| = 0 and thus choose
the sequence my = k. The reason for this choice will become apparent later; in particular to prove
that xyn>m, — xu>m, almost everywhere, it is convenient to know that [{u = my}| = 0. In the rest
of the proof we will use the notation w(n) and w(n, @), for quantities that satisfy nh_)ngo w(n) = 0and
ah_)ngo nh_)rrgo w(n, a) = 0 respectively, furthermore these quantities are subject to change from line to

line. Just as in [323] and the references therein, for 4 > 0 we define ¢ (s) := s exp(/lsz). Fora >0

and k € N, consider the solution @, ; of

atq)a,k - AU(Da,k +v- Dx(Da/,k = a(Ty(u) - (Dcy,k)’
(2.5.5)

O, x(0) = Ty ().

Denote by L := d; — Ay + v - Dy and test equation (2.5.3) against ¢, (u" — @, ;) which yields

T
fO fRd Rd(L(u” = Qo ), pa(u" = Dy 1) )dxdvdt
X

+

T
fo fRd Rd@@“»k"pﬂ(”n — @ k) )dxdudt
X

2

T T
+ f f H(Dyu" g (u" — @ )" dxdvdt| = f f f'oa(u" — Oy )" dxdudt | .
0 JRIXRA N 0 JRIxRA

Let @ (s) := fos ¢(6)"d#, then the first boxed term gives us

T
[y 0 =0 o000t - Titopasdo= [ [ 600 = 07D -0 0Pl
RIxR4 0 JRIxR

T
< w(n) - f f " — Dy )7 IDy(u" - q)a’k)lzdxdvdt,
0 RIxR4

where in the last inequality we used that ®,(s) := fos d(u)"du < 0 and that g" — g strongly in
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L!. For the second boxed term we obtain

T
ozf f (T (u) = O 1)Pa(U" — Oy )~ dxduvdt < aw(n),
0 JRIxXRI

since u” — u strongly in L1, ¢ y(u”* — Dy i)™ = pA(Tr(W") — Dy i)~ and s¢,(s)~ < 0. For the third

boxed term we have that for some constant C > 0, depending only on H

T T

f f H(Dyu")p (" — @ 1)~ dxdvdt < Cf f |Dv(un)|2¢,1(un — @, ) dxdvdt,
0 RIxRY 0 RIxRY
and using that for all p, g € R¥, we have |p|2 <2lp- ql2 + 2|q|2 the third boxed term is bounded by
d 2 2
2 [ [ DA = 0P - @)+ 20D P = @) dxuc,
0 JRIxRI

Finally, the last boxed term vanishes as n — oo and then @ — oo due to Lemma 2. Putting

everything together we obtain

T
2C f f |67 = D)™ = " = D 1) |IDue” = @ ) dxdvd
0 RIxR4

T
< wn,a)+ 2Cf f |Dv(d)a’k)|2¢,1(un — @, k) dxdvdt.
0 JRIxRA

By choosing A large enough depending only on ||H )|, We have that ¢il(u” — Dy i) — P
®, )~ > 0 thus by Fatous Lemma on the LHS and the strong convergence of " — u in L', as

n — oo we obtain

T
f f [¢:l(” — Dy ) —2Ch (u— q)a,k)_]|Dv(u - (Da/,k)|2dxdvdt
0 JRIXR
T
< w(@) +2C f f IDy(D )PP — Dy 1)~ dxdlud.
0 RIXR4 ’
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Furthermore,

T
pre f f 1Dy @ )P b2t — B ) dxdds
0 RIxR4

T T
<4C f f IDy( D@k~ 1) ? P (=D )~ dxdvdi+4C f f IDyul? 1 (u— Dy 1)~ dxdudt.
0 JRIxRY 0 JRIxRY

Hence,

T
L ‘fgd Rd [¢:1(M — Qg k) —6Cha(u— (Da,k)_]|Dv(M - (Dg,k)lzdxdvdt
X

T
< w(a) + 4Cf f |Dvu|2¢,1(u — D@y 1) dxdudt,
0 JRIxR

now we may fix 4 > 0 such that ¢:1(s)_ —6Ch(5)” > % and so letting @ — oo yields
Tim [IDy(Ti(u) = @ )7l = 0.

We now show the convergence on the set Ty (1) > @, ;. Since H > 0 the functions " are subsolu-

tions of

Lu™ < f™(t, x,v) in (0, T) x RY x R4
(2.5.6)

u(0, x,v) = g"(x,v).
Define w" = (Ty(u") — @, x)+ which may also be written as
wp = (" = Dy )+ — (" = Tr (™).
Indeed if u"* < k then
W" = Dy )+ — W' = T (") = W" = Dy )+ = (T (U") = g p)+

while if u”* > k since 0 < @, ; <k

W' = DPp ) — W' —Ti(U") =" =Dy —u" +k =k =Dy = Tp(u") = D = (T(u") = Dy f)+-
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Thus testing against wy, in equation (2.5.6) yields

T T
f f (L™, wp)dxdvdt < f f Mwydxdvdt =
0 RIxRI 0 RIXR4

T
[ Lo = @00 (T = @010, + (L0 Tl = 00 s
0 JRIXRA 1 2

T T
—f f (L™, u" = T (u"))dxdvdt | < f f ftwpdxdodt | .
0 RIxR4 0 RAxR4

The first boxed term equals

T
[ [, =000 @ =g dndid = [ =0 2T) ("~ (e} /2
0 JRIXRI RIxR4

T
+f f Dy(u" — @ 1) Dyp(u" — @ 1)1 dxdudt
0 JRIXRI

and since g" € L' N L™ the quantities that appear make sense. The second boxed term is bounded

by

T T
f f (L@ ). (1" — Dy ) )dxdods = a f (Tat) = Dy U = Dy ) > ().
0 JRIxRA 0

The third boxed term equals

T
—f f (L), u"* — Ty (u"))dxdvdt
0 RIxR4

T
= - f f W"(T) = TR XT))? /2 = (&" = T(g™)* /2Dy Dy = Ti(u"))dxdvdr.
0 JRIxRA

Putting everything together yields
d 2 2
fo fR ., Rd<L(u”),Wn>dxdvdt 2 w(n) + fR . Rd(un — Do )3 /2AT) - (8" — Ti(8))y /2dxdv
X X
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T
- f f (T = Te")(T)?/2 (8" = Ti(g")* [ 2dxdv
0 JRIxRA

T T
+f f Dy(u"* — @ 1) Dy(u" — @ )+ dxdudt — f f Dy Dy(u"t — T (")) d xdvdt.
0 RIxR4 0 RIxR4

The first line equals
fR a1 P/ 2UT) = (& = TH@)T/2 = ('(T) = Tyl )(T)*/2 = (8" = Ty(g")* /2dxdo
X

1
== f (" = @ )+ (T) = W"(T) = T YTN(U" = Do)+ + (" = Ty(u"))(T)))dxdv
-= f (8" = Tr(@)+ — (&" = Te(@M(E" = Tr(@)+ + (&" — Tr(g")))
RIxR

1
> 23 f (Ti(g") = T+ (8" — T(@)+dxdv = win).
RIxR4

For the last line
T T
f f Dy(u" — @ 1) Dy(u" — Oy g)+dxduvdt — f f D" Dy(u"* — T (u""))dxdvdt =
0 JRIxRA 0 JRIxRd

T
[ [ Do = 00D =002 = = T + Dol = D= Tyl
0 JRIR
T
—f f Dy Dy(u"* — Ty (u""))dxdvdt
0 JRIXRI
T T
:f f Dv(u”—d)a,k)Dv(Tk(u”)—(Da,kﬁdxdvdt—f f Dvd)a’kDU(un—Tk(un))dxdvdt
0 JRIxXRA 0 JRIxRI

T
= L ‘fRd Rd |DU(1/[n — (Dag,k)+|2 + Dv(un — Tk(un))DU((Tk(l/ln) _ (D(Lk)_,_ _ (Da,,k)d_xdvdt
X

T T
= f f IDy(Ty(u"™) — @y 1)+ dxdvdt 2 f f Dy(u")Dy(®, 1 )dxdudt,
0 RIxRY 0 u">k

where in the last equality we used that Dy(u" — Ty(u")) = Dyu" xn>f and 0 < @, < k. Finally,
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we clearly have that

T
f fd J fwpdxdudt < w(n, @).
0 JRIxR

Hence, putting everything together

T T
f f IDy(Ty(u") = @y 1)+ dxdvdt < 2 f Dy(")Dy(®g i )dxdvdt + w(n, ).
0 JRIXRA 0 Jur>k

Since Dy — Dyu weakly in L? while x,ns1@qx — Xusk®Pqx strongly in L? (here is where the

discussion in the beginning of the proof is relevant) we may use Fatous Lemma which yields

T T
f f IDy(Ty (1) — Dy )+ dxdvdr < 2 f f Dy(u)Dy( Py i )dxdvdt + w(a).
0 RIxR4 0 u>k

Furthermore,
1Dy @ kll2 < IDy(Ti (1) — @ ) +l2 + I1Do(Tr () — @ g )-ll2 + 1D Ti (w2 < C,

for some C > 0 independent of @ (due to w(a) — 0 as @ — o). Therefore, we may assume

WLOG that D,®, — D,Tj(u) weakly in L2. Thus, taking the limit as @ — oo we find that

T
lim supf f |Dy(Ty(u) — d)a’k)+|2dxdvdt <
0 JRIxRA

a— 0

lim (2 f ' f Dy() Dy @k )dxdvdt + (@) = 2 f ! f Dy()Dy( Dy Ty (u) )dxdvdt = 0.
a—oo 0 Juxk 0 Juxk

Now that we have Dy®, ; — DyTy(u) strongly in L2, we may conclude since by the previous

estimates

T
j(; Jl‘%d wd IDy(T () — q)a,k)+|2dxdvdt < w(n,a).
X
O

We conclude this subsection with a sketch of the proof for the upper bound in Theorem 4. We

67



recall the Fractional Gagliardo-Niremberg inequality.

Proposition 10. (Fractional Gagliardo-Niremberg inequality). Let z € H® (R4 x RY), where s > 0.
If6 € (0,1) p € (1,0) are such that

then

0 1-6
lzllp < CIID 215 llzll, ™,
where D%z4 = (D}zq, D3z4).

Corollary 1. Let z € L*((0, T); H*(RY x RY)). Then, for p = 2(1 + 2) and Op = 2, we have

T
1/p - 2/ _
14 < 1-60) s D _ 1-60y s 10
( fo Iz(0)lIhdr) < sup IOl WD, = sup IOy UDA} g 71y

Proposition 11. Let b € L ([0, T] x RY x Rd) and mq a density which satisfies 2.2. Furthermore,

letme C(]0,T]; Lz(Rd X Rd)) be the distributional solution to

Am — Aym + v - Dym — divy(mb) = 0in (0, T) x R4 x RY,
(2.5.7)

m(0, x,v) = mq(x,v) in RY x RY,

Then, there exists a Co = Co(||blloo, T, llmoll2, [Imolleo) > 0, such that
lmlleo < Cop.

Proof. The proof follows the work of F. Golse, C. Imbert, C. Mouhot and A. Vasseur in [211]. To

simplify the notation we define the operator

L'm = 0mm — Aym + v - Dym — div,(mb).
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Furthermore, to reduce the technical steps we make the following reduction. By linearity it is
enough to show the result in the case of |[mgllcc < 1. Moreover, we assume that b is smooth
with compact support, since the general case may be handled by approximation. We note that
once b is smooth and compactly supported, the density m is bounded above, however this bound

2

depends on ||divy(b)||c. Nonetheless, at the level of smooth b the functions m, m~ are integrable.

For @ > 1 > ||mg||co We set mqy := (m — @)+. Then, we have that m,, is a subsolution of
L'mg — (1 + @)ly>adivy(b) < 0,me(0) = 0. (2.5.8)
Moreover, for technical reasons we will also require the function m%,, which is a subsolution of
dm2 — Aym> — v - Dym?, — divy(m2b) — m2divy(b) — 2amedivy(h) <0, m2(0)=0, (2.5.9)
or equivalently

Btmg — Aumg -v- Dxmczy — 2diVU(m(2yb) + Dv(mg[) -b—2adivy(meb) + 2aDv(my) - b < 0, mczy(O) =0.

(2.5.10)
The typical energy estimates required in the De Giorgi argument for improvement of integrability,
are not suitable for this setting. Namely testing against mg in 2.5.9, only yields bounds on Dvmg.

To obtain an increase in integrability we first look at the solution wy, of
0twa — Apwaq — V- Dywq — divv(mgyb) - mgydivv(b) —2amadivy(b) =0, we(0) =0, (2.5.11)

and we note that w, > mg > 0. Testing against w, in (2.5.11) yields by Gronwall

2 2
sup [waI5 + IDywall7, Jomd
t€[0,T] 2 L([0,T]xR4xR%)
2 22 ’ -
< C(”ma||L2([O,T]XRdx]Rd)+||mCY||L2([O,T]><Rd><Rd) + “Dvma”Lz([O,T]dede) + ||Dv(ma/)||L2([0,T]><Rd><Rd))'

(2.5.12)
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2
el

T T T
sup f Ima(I* + f f IDym2|% < C( f f Img|® + f f \Dymgl?). (2.5.13)
t€[0,T] 0 0 0

. T . . . )
We need an estimate for fo f IDUmalz, so we test against mg in (2.5.8) and integrate in space to

For the estimates on m, we test (2.5.8) against m(% and integrate in space to obtain by Gronwall

obtain by Gronwall

T T
sup_[lma ()3 + f f Dyma|* < C f lma(®) > O} (2.5.14)
t€[0,T] 0 0

Using estimates (2.5.14),(2.5.13) on (2.5.12) yields

T+2 T
sup [lwo (DI + f f IDywel? < C f [{ma(1) > O}dt. (2.5.15)
te[0,T] 0 0

From the above and Theorem 19, we obtain

T
s 2
1Dl g 1y < € [ Homatt) > Ol 2516

From (2.5.16) and Corollary 1, we obtain

< DS 10 1-6 < DS (10 1-6
from (2.5.15) and (2.5.16) we have
T
||WQ||LP([O,T]XRdXRd) < C‘fo |{ma/(t) > O}l. (2.5.17)

We may now setup the De-Giorgi iteration. For k € N, let a; = (2 + 2,(%1) and my, := mg, . Since

1
iy (2) > O} = [{my—1 (1) > ?}I < 16kf|mk—1(t)l4, (2.5.18)
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if we define Uy, := fOT jﬁded Imk|4dxdvdt, and use estimate (2.5.18) in (2.5.17), we obtain
k

”Wk”LP([O,T]XRdXRd) S C16 Uk_l. (2.5.19)

Recall that m3, < w,, thus from (2.5.19) we have
2 k
2y < Iwallp < C16°U_;.
Therefore,
T 4 212 2 ksl
U= [ [ metddud = I3 < ClulBim, > 01 < 1601,

for some € = €(p) > 0 and the result follows. |

2.5.2 Prerequisites

We rely on the following minor modifications of three results from [59]. We modify these Theo-

rems slightly, to be used for a finite time interval [0, T].

Theorem 17. (Theorem 1.5,[59]) Let f,g € L*([0,T] x R? x RY), D,f € L*(R x R? x RY) and

fo € L2(RY x RY), such that

Oif —v-Dyf —Apf = gin[0,T] xRY x RY,

£(0, x,v) = fo(x,v) in RY x RY,

Then, there exists a dimensional constant C > 0, such that

C
190f = - Decflla + 118012 < —(lgll2 + 1 foll)
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Theorem 18. (Theorem 1.3, [59]) Assume that f,g,g9 € LP([0,T] x R x RY), with D,f €
LP([0, TIXRIXRY), (1+[v]2)g € LP(RXRIXRY), (1+]u])go € LP(RXRIXRY) and fy € LP(RYxRY)

for some p € (1,0), such that they solve

Oif —v-Dyf = divy(g) + go in (0,T] x R? x R,

£(0,x,0) = fo(x,0) in RY x RY,
in the distributional sense. Then, there exists a constant C > 0, such that
1/3 1/3 2
D"~ fllp + 1D~ fllp < CUlfllp + IDuflp + II(1 + [oF)gllp + 11+ [oDgollp + Ifollp)-

Theorem 19. (Theorem 2.1, [59]) Assume that f,g, g9 € LP([0,T] X R x RY), with D,f €

LP([0,T] x R x RY), and fo € LP(RY x RY) for some p € (1, 00), such that they solve

Otf —v- Dyf = divo(g) + go in (0, T] x RY x RY,

f(0, x,v) = fo(x,v) in RY x RY,

in the distributional sense . Then, there exists a constant C > 0, such that

IDY3 fll, < CADAly + follp + llglly + ligoll,),

where a,a’ € (0, 1) and depend only on the dimension d.
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CHAPTER 3
FIRST-ORDER MEAN FIELD GAMES SYSTEM

3.1 Introduction

The work presented in this chapter refers to the joint work with S. Munoz in [312]. The main
purpose of this chapter is to establish that, under very general conditions, the solutions to the
one-dimensional first-order mean field games system with local coupling are smooth, and to fully
characterize their long time behavior. Specifically, we study the regularity of the solutions to

standard MFG with a prescribed terminal condition,

—ur(x,t) + H(uy(x,t),m(x,1) =0 (x,t) e Qr =T x(0,7),
my(x, 1) — (m(x, HHp(ux(x,1),m(x,1))x =0 (x,1) € O, (MFG)
m(x,0) = mo(x), u(x,T) = gm(x,T)) xeT,

as well as to the so-called planning problem with a prescribed terminal density,

—up(x, 1) + Huy(x,t),m(x,1)) =0 (x,0) € O,
my(x, 1) — (m(x, DHp(ux(x,1),m(x,1))x =0 (x,1) € O, (MFGP)
m(x,0) = my(x), m(x,T) = my(x) xeT,

where T denotes the 1-dimensional torus, —H(p,m) : R X (0,00) — R and g(m) : (0,c0) — R are
strictly increasing in m, H has super-linear growth in p, and mq, m7 : T — [0, +00) are probability

densities. We also show convergence of the solutions to each of these problems, as 7 — oo, to the
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solution of the infinite time horizon MFG system,

—vi(x, )+ A+ Hwx(x, 1), u(x, 1)) =0 (x,1) € T x (0, 00),
pe(x, 1) = (e, DHp(vx(x, D, u(x, 1) =0 (x,1) € T x (0, 00), (MFGL)
u(x, 0) = mg(x) x €T,

where 4 = —H(O, 1).

Classical solutions to (MFQG), in arbitrary dimension, were previously obtained by the second
author in [316, 317], when the initial density is bounded away from 0, and under the blow-up
assumption

lim H(p,m) = +oo, (3.1.1)
m—0t

which, from the optimal control point of view, corresponds to placing a very strong incentive for
players to occupy low-density regions and precludes the appearance of empty regions. A similar
regularity result was recently obtained in [328] by A. Porretta for the case of (MFGP), when the
Hamiltonian has the separated form H(p,m) = H(p) — f(m), and the terminal density m7 is also
bounded away from 0.

Our first contribution is the following theorem, which shows that, in the one-dimensional problem,
assumption (3.1.1) can be completely removed. We refer to Section 3.2 for assumptions (M), (H)
(G), (E), (W), and (L), and to the notation subsection for the definition of the function spaces

mentioned below.

Theorem 3.1.1. Let 0 < a < 1, and assume that (M), (H), (G), and (E) hold. Then the following

statements hold:

(i) There exists a classical solution (u,m) € C 3’a(@) x C 2’“(G) to (MFGP). The function m

is unique, and u is unique up to a constant.

(ii) There exists a unique classical solution (u, m) € C3’“(Q_T) xC 2"’(Q_T) to (MFG).

74



Our second result establishes interior smoothness of the solutions when, besides removing the
assumption (3.1.1), one also weakens the lower bound assumptions for given densities mqy and mr,

replacing the latter with the integrability conditions

1 1
m—g € LI(T), m_’% € Ll(T) for some « > 0. (3.1.2)

We observe that, in particular, (3.1.2) allows the initial density to vanish in a set of measure zero.
In spite of this fact, our result also shows that m becomes strictly positive instantly after the ini-
tial time. Moreover, in the case of (MFG), the density remains bounded below, and the solution
remains smooth up to and including r = 7. We refer to Section 3.6 for the definition of a weak

solution.

Theorem 3.1.2. Let 0 < a < 1, and assume that (W), (H) (G), and (E) hold. Then the following

statements hold:

(i) There exists a weak solution

(u,m) € (BV(Qr) N L*(Q7)) X (C([0,T1, H(T)) N LY(Q7))

to (MFGP). Moreover, (u,m) € C3’a(QT) X Clzc;g(QT) andm > 0in (0,T). The function m is

loc

unique, and u is unique up to a constant.

(ii) Assume, further, that the function H satisfies, for each (p,m) € R x (0, 00),
Hy(p,m)p > 0. (3.1.3)
Then there exists a unique weak solution

(u.m) € (BV(Q7) N L*(Q7)) X (C([0,T1, H(T)) N LT(Q7))
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Concerning the long time behavior of (3.1.1), it was shown by P. Cardaliaguet and P.J. Graber in
[81, Thm 5.1] that the rescaled solution (x, s) + u(x, sT)/T converges, in a certain space LP(T X
(6, 1)), to the map A(1 — s), while the rescaled density (x, s) — m(x, sT) converges in LP(T x
(0, 1)) to the invariant measure u = 1. Our third result shows that, when the marginals are strictly
positive, a much stronger statement holds. That is, the solutions satisfy the turnpike property with
an exponential rate of convergence, and the limit as 7 — oo of the pair (u(t) — A(T — t), m(t)) can
be fully characterized as the solution to (MFGL). We emphasize that this is a convergence result

at the original time scale (cf. [86, Thm 2.6, Thm. 5.1], [122, Thm 4.1, Thm. 5.3]).

Theorem 3.1.3. Assume that (M), (H), (G), (E), and (L), hold, and let T > 1. Assume that (uT, mT)

is either the solution to (MFQG), or the solution to (MFGP) that satisfies fT vT(-, %) = 0, where
v, 1) = ul (x, 1) — AT - 1)

Then the following holds:

(i) There exist constants C,w > 0, independent of T, such that
" (®) = Uzocry + e Dllssry < Ce™ + e T, 1€ [0,T].
Moreover; if (uT, mT) solves (MFQ), and (3.1.3) holds, we have

llmT () = Ulzeoery + Nl (Dllpoer) < Ce™!, 1€ [0,T].

(ii) There exist functions (v, u) such that, for each Ty > 0,

vI S vin C3(T x [0, Tol) as T — oo,
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and

m! = pin C*X(T x [0, To]) as T — oo.

Moreover, one has
tlim v(-, 1) =c, tlim u(-,t) = 1 uniformly in T, (3.1.4)
—00 —00

where

g1 if ul,m?) solves (MFG),
C =

0 if (uT, mT) solves (MFGP).

Finally, (v, ) is the unique classical solution to (MFGL) satisfying (3.1.4) and

ve Whe(T x (0, 00)), u~! € L¥(T x (0, 0)),

p—1¢€ LT x(0,00)) N L¥(T X (0, )). (3.1.5)

In particular, since the Hamiltonian H(p, m) is non-separated, our results yield well-posedness and

regularity of MFG systems with congestion, such as

2 .
—t + qesly = fm) in Or, e

ms — (ﬁux)x =0 inQr,

where 0 < @ < 2, ¢y > 0, and f” > 0. Some of the key techniques used in [316, 317, 328], as
well as in the present work, were developed by P.-L. Lions in his lectures at College de France
[297], where he obtained several a priori estimates for the solutions to (MFGP), in the special case
of a separated, quadratic Hamiltonian. The most important of these is the observation that the

problems (MFG) and (MFGP) can be transformed into a single quasilinear elliptic equation in u
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after eliminating the variable m. Indeed, if one defines H -1 by

m = H'(p, H(p,m)),

thenm = H _1(u x> Uz) and the problem becomes

Qu := -Tr(A(Du)D*u) =0 in O,

Q)
Nu = B(x,t,u,Du) =0 on 007,
where Du = (uy, u;) and, for (x,z,p,s) € TX R XR XR,
1. 2¢52
1 1 sm“Hz  +mH,H 0
A(p, s) = (Hp + =mHpp, 1| @ | Hp + =mHypp, -1 = |+~ " PP @
2 2
0 0
B(x,0,z,p,s) == s+ H(p, my(x)), (B1)

and

s —H(p, g_l(z)) in the case of (MFG)
B(x,T,z,p,s) = (B2)

s — H(p,mr(x)) in the case of (MFGP).

The condition for ellipticity, that is, for the matrix A to be positive, is

~4mHy,Hpp > m*H), (3.1.7)

mp»>

which is also the well-known condition for uniqueness to (MFG) that follows from the Lasry-Lions
monotonicity method (see, for instance, Lions, Souganidis [301]). We remark from (3.1.7) that, in
particular, the strict positivity of the density is crucial for the regularizing properties of the system.

The lower bounds on m obtained in Corollary 3.3.2 and Proposition 3.6.3 both heavily rely on the
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one-dimensionality assumption, and this is the main obstacle to generalizing our results to higher
dimensions. Indeed, in dimensions d > 1, it remains an open question whether the existence
of smooth solutions to local first order MFG systems can still be established if one removes or
significantly weakens (3.1.1), or if m is not assumed to be bounded away from 0. Even ford = 1,

it is still unknown whether one can allow m or mp to vanish in a set of positive measure.

Outline of Chapter 3

Section 3.2 contains all the assumptions that will be in place about the Hamiltonian H, as well
as the initial and terminal data. In Section 3.3, we establish an integral displacement convexity
formula (see Proposition 3.3.1) that will allow us to bound the density m in terms of its initial
and terminal values. Section 3.4 contains the necessary a priori estimates that are needed to prove
the existence of classical solutions. In particular, we obtain, in Section 3.4.1, estimates for an
e—approximation of (MFGP) via standard MFG systems with a terminal condition of the type
u(-,T) = g(-,m(-,T)), which we require to prove existence for (MFGP). Finally, we provide a
counterexample to existence of solutions to (MFG) when the terminal cost function g is also al-
lowed to depend on the space variable (see Proposition 3.4.5). In Sections 3.5, 3.6, and 3.7, we

prove our main results, Theorems 3.1.1, 3.1.2, and 3.1.3, respectively.

Previous literature and related questions

It is natural to ask whether our results continue to hold when the Hamiltonian H, or the ter-
minal coupling g, are allowed to depend on the space variable x. Indeed, the previous results
[316, 317, 324] on classical solutions under the blow-up assumption (3.1.1) allowed for very gen-
eral assumptions on the x-dependence. However, when one removes this assumption as we did
in this work, classical solutions fail to exist unless one imposes quite severe restrictions on this
dependence. Even in the simple case H(p, m, x) = H(p) — f(m) — V(x), it was shown in [297] that
one can construct examples with smooth data where even the stationary solution is non-smooth and
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vanishes in a set of positive measure (see also [213, 81]). However, a regularity result analogous to
Theorem 3.1.1 may be established when the potential V(x) is small in a suitable sense, as this rep-
resents a perturbation of the present problem (as far as we are aware, the only references exploring
this matter are [213, 18]). A similar situation occurs when the terminal coupling g is still strictly
monotone, but allowed to depend on x. As mentioned earlier, we construct such a counterexample
in Proposition 3.4.5.

In the special case of a separated Hamiltonian, the estimates of Section 3.3 were first obtained
by Gomes and Seneci in [214]. Further estimates on the density using displacement convexity
were also obtained by Bakaryan, Ferreira, and Gomes in [18], and by Porretta in [328] (see also
Lavenant, Santambrogio [289]). Weak solutions, as defined in Section 3.6, have been widely stud-
ied for both (MFG) (see [74, 81, 82, 87, 316]) and (MFGP) (see [222, 328, 319]). For classical
solutions in the time-independent case we refer to Evans [170] and Gomes, Mitake [213]. Con-
cerning the study of the long time behavior of solutions, specifically the second part of Theorem
3.1.3, we follow the program developed by Cirant and Porretta in [122], where a similar analysis
was performed for second-order MFG systems, and, unlike the earlier work [86], does not involve
the use of the master equation (see also [85, 327]). Finally, on the matter of regularity of solutions
to first order MFG systems, it is also worth comparing with the recent results of [311]. Unlike the
present work, that paper deals with the different setting of MFG systems with a non-local coupling
(i.e. when H : R4xP(R?) — R), under the so-called displacement monotonicity assumption on the
data. The authors prove existence of a solution (u, m), with u being a classical (rather than merely
viscosity) solution to the HJ equation, ! in the space variable, and m being a distributional

solution to the continuity equation.

Notation

Let d, k € N. For T > 0, we denote by Q7 := T x (0,T), Or := T x [0, T] and Q7 := T x {0, T}.

For @ € (0,1] and Q C R4 we denote by Ck"’(Q), the standard space of k times differentiable
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scalar functions with a-Hélder continuous k™ order derivatives, with the usual norm. Furthermore,
we denote by Ck’g(Q) the functions u that belong to Ck’“(K), for all compact sets K ¢ Q. For

lo
functions u : T x [0,T] — R, we denote by oscu := max u(x, ) — min u(x, 1),
(x,H)ETX[0,T] (x,HETX[0,T]
Du(x,t) := (ux(x,1), us(x,1)). We denote by H -1 (T) the dual space of the Sobolev space H 1 (T), and
by CO’“([O, T]; H_I(Td)) the space of H_I(Td)—valued functions that are a—Holder continuous.
We write C = C(K1, K>, ..., Kyy) for a positive constant C depending monotonically on the non-

negative quantities K1, ..., Kps. BV(Qr) denotes the space of functions of bounded variation, and

L (Qr) consists of the functions m € L*(Qr) such that m > 0 a.e. in Qr.

3.2 Assumptions

In what follows, Cy and y, a are positive constants, with y > 1, and 0 < @ < 1. Moreover,
C : (0,00) = [1,00) is a continuous, strictly positive function. We note that C = C(m) should be
interpreted simply as a positive bound that may blow up both as m | 0 and as m T co. Except when

explicitly stated, assumptions (M), (H), (G), and (E) will be in place throughout the chapter.
p y p p g p

(M) (Assumptions on mq and my for classical solutions) The given functions m( and my satisfy
mgo, mr € CZ’Q(T), mgy, mr > 0, and me = fmT =1. (Ml)
T T

(H) (Assumptions on H) The functions H, Hp, and Hpp are in C4(R X (0, 00)), and H;;, < O.

Moreover, for (p,m) € R X (0, ),

1 _
co+ 1P ™2 < Hpp < Cm)(1 + |p)? 2, (H1)
1 _
pHp > (1+ C—O)H - C(m), (H2)
Hpppl < Cim)(1 + pl)? >, (H3)
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|Hp| < C(m)(1 + |pl)?, (HM1)

m|Hpm| < =C(m)Hy,  m|pl|Hpmp| < —C(m)Hp, (HM2)

|Hppl < Cm)(1 + |pl)? 2 (HM3)

(G) (Assumptions on g) The function g : (0,c0) — R is four times continuously differentiable
and satisfies, for all m > 0,

g (m) > 0. (G

(E) (Ellipticity of the system) The function H satisfies, for m > 0, the condition

1) 2.9
—4mHyHpp > (1 + C_O)m H2,. (El)

(W) (Assumptions on mq, mg, H, and g for weak solutions) The functions m( and m7 satisty, for

some k > 0,

11
mg, my € L2(T), mgy, mp >0, fmo = fmT =1, and —, — e LI(T), (MW)
T T mo I’I’lT

H satisfies, for some constant s € (—x — 1,k — 1), and for (p,m) € R X (0, CLO),

1
—H,;,(0,m) < Com®, —Hp,(p, m) > C_ms’ (HW)
0
and g satisfies
lim g(m) > —oo. (GW)
m—0t
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(L) (Assumption on H for the long time behavior) The function H satisfies, for m > 0,

—4mHHpypy > )
mtpp com

(HL)
Remark 5. We will impose assumptions (W) and (L) only in the sections discussing weak solutions
and long time behavior, respectively.

Assumption (W) significantly weakens the positivity assumption on m but, in exchange, requires a
more precise control on the behavior of H and g near small densities.

On the other hand, in the context of our result on the long time behavior of strictly positive classical
solutions, no such control near small (or large) densities is needed. However, a different issue
arises here: the gradient bounds used throughout the rest of the chapter may degenerate as T — oo.
Indeed, with (E) in place, we could rephrase assumption (L) as the requirement that the eigenvalues
of the elliptic operator (Q1) remain bounded below as |p| — oo, locally uniformly in m € (0, o)l
This will allow us to obtain gradient bounds that are uniform in T (see Lemma 3.7.1, where this
assumption is used). For example, for the case of a separated Hamiltonian H(p, m) = H(p)— f(m),
(L) simply reduces to the assumption that H is uniformly convex, which follows automatically from

(HI) fory > 2.

3.3 Displacement convexity and estimates on the density

To obtain estimates for the density at interior times, we will prove an integral formula which, in

particular, implies that the quantity

f h(m(x, -))dx
T

is a convex function in [0, T'] whenever 4 is convex, provided that (3.1.7) holds.

1. The factor 4m in (HL) is, of course, inconsequential, because it is a positive function of m. It is only included to
emphasize the comparison with (E).
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Proposition 3.3.1. Let (u,m) € C 2(@T) x C 1(QT) be a classical solution to

—ur + H(uy,m) = 0, in Qr

nmy — (me(MX9 m))x = O’ in QT

m(-,0) = my, inT,
and let h € W2®(R). Then
e, ) f 1 (m) (Hp + 2 Hpm)) d
— m(x, X = m)\m—m - X
i - T t xU1p 3 pm

2

m
- ﬁr h"(m)(mx)z(Tle,m + mHppHp )dx.

Moreover, there exists C = C(Cq) such that, if k"’ > 0,

2

d 1 " 2 2.0 2
d? Th(m(x,t))dxz EfTh (m)(—=mHyyHppmy + m pruxx)dx.

(3.3.1)

(3.3.2)

(3.3.3)

Proof. Let h : R > R, be a smooth function. Since m satisfies the continuity equation, the

following holds for each ¢ € [0, T']:

fT (m(x, £) = (m(x, ) H (e, m(x, ) )(Orh(m(x, 1)) = ((m(x, 0) Hp(tt, m(x, 1)) )dx = 0. (3.3.4)
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Expanding equation (3.3.4), we obtain

0= fT (my = m(Hp +mHpm) = mHpp ) (W (myme = moo(h' (m)Hp + h(m)Hpm) = h(m) Hp pltcxdx
= fT W (m)me)? ~ mome|2h (m)Hp + (' (mm + h(m)) Hpm |
+ myHppitex| Hp(I (mym + h(m)) + 2h(m)ymHpp |
+ m)%[(Hp + mem)(E’(m)H,, + ii(m)Hpm)]
~myHppiwx| I (mym + h(m) |

+Z(m)m(pruxx)2dx =A| — Ay + Ay + Ay — As + Ag.
We split term A3 as follows
Az = ﬁrmprpHpuxx@’(m)m +Z(m))a’x +2 Lﬁ(m)mmepmepuxxdx =A31 +A3,.
From the continuity equation, we have that
mHppuxx = my — my(Hp + mHpp,).
Hence, terms A3 > and Ag can be written as

A2 =2 [ oy =2 [ 2y (R0 Hy + ) Hpn ) = Az = A2

Ag = fq;@[mt - mx(Hp + mem)]de

h(m) h(m) h(m) 2
= fT (my)* -2 - mimy(Hp + mHpm) + ——(m)*(Hp + mHpm) dx = Ag 1 — A + Ag 3.

m m
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From the Hamilton-Jacobi (HJ for short) equation, we have that
Hpuyxy = uxy — Hymy.
Therefore, A3 | may be written as
Azg = fT mocH ppe (W (mym + h(m) )dx - fT (m)*HppHp(H (mym + h(m))dx = A3.1.1 = A31.2

We now begin by grouping together terms A5, and A3 | |, which yields, for L(m) = Z(m)m, L'(m) =
h(m) + mh' (m),

Az —As = fT mx@(m) + mﬁ’(m))prMxr - @(M) + m}?(m))thPP”xxdx

= \ﬁr —0/(L(m))(Hp)x + L (m)ym¢Hpmmy + (L(m))x0:(Hp) — L (m)mymH ppdx
d
= fT Or(Lm)x)Hp + (L(m))x0r(Hp)dx = — fT (L(m))xHpdx.
Next, we group together all the terms with mm, factor, namely A>, A3 1, and Ag o, which yields
— h
—Ay) +A301 —Aga = — f 2mgmy (h’(m) + (—m)) (Hp + THpm)a’x.
T m 2
Collecting the terms involving (17;)%, namely terms A and Ag. 1, we obtain

m

Al +A6.1 = j'];(mt)z (Fl:l'/(m) + h(m)]dx
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Finally, we group together the terms involving m)%, namely Ay, A3 22, Ag 3, and A3 1 7:

Ay —A322+A63-A312 =
[on?{Eon L) PP A

f (m)?| (' (m) + h;’?))( o Hpm + mHppHp) |dx.

Thus, putting everything together, we obtain

f(L(m))prdx_f("( )+— ( mx(Her%Hpm))zdx

_f ( (m )+M)( H2y + mHppHy)dx. (3.3.5)
. z

Next, notice that for a smooth function 2 : R — R, we have

i f h(m)dx = f(h(m))pr + mh'(m)(Hp)xdx = f(h(m) - h'(m)m)prdx.
dt Jr T T
Thus, if we require that
—L(m) = h(m) — b’ (m)m,

we obtain
d d?
- L(m)yHpdx = — h(m)dx.
dtqu(())xp dﬂfT()

The relation between hjzd is

mh(m) = h’ (m)m — h(m),

therefore

i) = =" 4 1 ),
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and, thus,
hm) _ W m) W) |y 1D )

m m m

W (m) + =" (m),

from which (3.3.2) follows.
1

Now, setting r = 1 — 1+—CO‘1’ we have
m2 2 m2 2

and so, applying (E), and multiplying by h” (m)m?2, (3.3.2) yields

2

27 o e 0)dx > fr —rh (m)mHy, H ppm?. (3.3.6)

On the other hand, we infer from (E) that

m 2 2 m2 2
mym 2 1 (mym 2 mym
mym

2 2
+(1=n7 ( Hpm) = r(m; — myHp)* + ((1 - ’”)%(mt - myHp) — (1 - r)_%m;mem)

2
> r(m; — myHp)? = rm*Hy u%,. (3.3.7)
where the last equality follows from the equation of m. As before, multiplying by 4”’(im) then yields

2

) h(m(x N)dx > frh"(m)msz Uy (3.3.8)
T

Combining (3.3.6) and (3.3.8), we conclude that (3.3.3) holds. O

It now follows readily that the density of the solution is bounded above and below in terms of the

initial and terminal densities.
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Corollary 3.3.2. Let (u,m) € Cz(éT) x C 1(QT) be a classical solution to (MFG) or (MFGP).

Then, if ¢1 := min(min mq, minm(-, 7)), C; = max(max mg, max m(-,T)), one has
c1 < m(x, 1) < Cy, forall (x,1) € Q. (3.3.9)

Proof. The proof follows directly from Proposition 3.3.1 above. Indeed, note that, in view of (E),

for any convex function 4, the map

C(r :=fh(m(x, 1))dx
T

1s convex, and thus

C() < max(C(0),C(T)), forall t € [0,T].

Hence, setting h,(m) = mP and letting p — —oo yields the result for the lower bound, whereas

letting p — +oco yields the upper bound. O

Remark 6. For dimensions d > 1, formula (3.3.2) is no longer true. If one repeats the same
argument, the issue will arise at the term Ago. However, in the case of a separated Hamiltonian,

i.e. H(p,m) = H(p) — f(m), one still obtains the weaker formula

2

7 h(m(x 1))dx = f (W' (m)m? — W (m)m + h(m))(Tr(D2 HD? 1))

+ (W (m)m — h(m))Tr((D3, HD1)%) + I (m)mf’ m) DmlH)dx.  (3.3.10)
In this higher-dimensional setting, it is no longer true that the left hand side is convex whenever
h is convex. In particular, the statement is false for negative powers of m, but true for positive

powers. Thus, from the proof of Corollary 3.3.2 we see that the upper bound on m still holds (see
[214]).
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3.4 Estimates on the solution and the terminal density

In this section we obtain the necessary a priori L —bounds on u, Du, and m(-, T) for solutions to
both (MFG) and (MFGP). Combined with the results of the previous section, this will yield global
upper and lower bounds on the density. In order to treat the setting of Theorem 3.1.2, where the
density may vanish at {0, T'}, we also obtain L*-bounds on u that do not depend on the quantities

(min mo)_l , (min mT)_] .

Proposition 3.4.1. Let (u,m) € C 2(@T) xC 1(§T) be a classical solution to  MFQG), and let c1 =

min mg, C; = max mg. Then, for each (x,1) € O,
c1 <m(x,T)<Cy, (3.4.1)

H(O,c1)(t - T) +g(cy) < ulx,t) < HO,C)(t - T) + g(Cy), (3.4.2)

and

T T
- f H(O. min(m(-, $))ds + g(e1) < ulx,0) < - f H(0. max(m(, ))ds + g(C1).  (34.3)
t t

Proof. We will only show the lower bounds, since the argument for the upper bounds is completely

symmetrical. Since H,; < 0, we may fix 6 > 0 and € > 0, such that
HO,c;) - H(QO,cy —96) < —€T. (3.4.4)

We define

we’é(t) =H(0,c1 -0)t—-T)+ %(t - T)2 + g(c1 —9),

and note that

Wyx = 0,wyr = 0,wy = €.
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The function vf’é(x, 1) :=u(x,t) — wf"s(t) has a minimum at some (x), o) € @T- If we first assume

that 7g € (0, T), then it follows that
D*u — D*w&0 > 0,
which, in view of (Q), implies
0 = ~Tr(AD?u) < ~Tr(AD*w%) = —€ < 0,
a contradiction. On the other hand, assume that tj = 0. Then,
ur(x0,0) = wE(x, 0), ux(xg,0) = ws°(0) = 0,
and thus, using the monotonicity of H and (3.4.4),
0 = —us(xq, 1) + H(0, mgy(xq)) < —wf’6(0) + H(0, my(xg)) = —H(0, co — 6) + H(0, mo(xq)) + €T

< —-H(0,c1 —9)+ H(0,cy)+ €T <0,

which is again a contradiction. Hence, the minimum must be achieved at 7y = 7. At that point, we
have

w(x0, T) < wEOT), ux(xo, T) = wSo(T) = 0.

Consequently, from (G1) and the monotonicity of H, we have
u(x0, T) = g(H™" (0, us(x0, T))) 2 g(H™' (0, wi (1)) = g(H™'(0, H(0, ¢1 = 6)))

= g(cy = 6) = wEO(T).
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‘We have thus shown that

u(x, 1) > weo(r), for all (x,7) € Oy

Letting € — 0, and then 6 — 0, yields the lower bound in (3.4.2). In particular, for t = T, we have
gm(x,T)) > g(cy) forall xin T,
which proves the lower bound in (3.4.1), in view of (G1). Now, we define

T
w(t) = — f H(0, c(s))ds + g(cy),
t

where c(s) := 1r%n{m(~, s)} is the running minimum of the density. We observe that the function
v(x,t) = u(x,t) — w(t) satisfies v; = u; — H(0, c(¢)), vx = uy. Thus, for any € > 0, at any extremum
point of v — e, the monotonicity of H implies that v; = H(0,m) — H(0, c(t)) — € < 0. Letting e — 0

thus implies that v achieves its minimum at r = 7. Therefore, using (3.4.1), we obtain
u(x, 1) —w(t) 2 rr%n g(m(-,T)) — g(c1) 2 0,

and this 1s precisely the lower bound in (3.4.3). O

Now, for solutions to (MFGP), we do not need to estimate the terminal density, as it is part of the
given data. Concerning u, since the solution is only unique up to a constant, we may only bound

the oscillation of u, and this is done in the following proposition.

Proposition 3.4.2. Let (u,m) € C 2(@T) x C 1(§T) solve (3.3.1). There exists a constant C > 0,
with

T
C= C(Co,f |H (O, rr%%nm(-, s)ds, E(nlax m)] ,
0

Or

such that
1

T
_ v ; .
ochTu < C(T +7 »1 + jo‘ |H (O, mq;n m( ,s)lds).
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Proof. We define the functions ¢ and w, for t € [0, T'], by

T
c(t) = mqrinm(-, 1, w() = —f H(, c(s))ds.
t
Arguing as in the proof of (3.4.3), we obtain

max(u —w) = max (u(-,0) — w(0)), min(u — w) = min (u(-, T) —w(T)). (3.4.5)
Or T Or T
Now, in view of (H1) and Proposition 3.4.1, 0 = —u; + H(uyx,m) > —u; + %|ux|7 — C. Next, we

define y’ by )l, + % = 1. By the Hopf-Lax formula, the function

<=[=C

e e AP
v(x,t)—ryréllél((y) (T t)y,(T_t)y,+C(T 0 +u(y.T))

then solves, in QT,

1
ﬂKLD+EMV—C=0,WJU=Muﬂ,

and, thus, by the comparison principle,

u <.

On the other hand, up to increasing the constant C,

v(x,0) <

— + CT + minu(-,T),
7Y -1 T

and so

-, 0) < -, 0) < + CT +minu(-,T).
mq?xu( ) mﬁa}xv( ) n%nu( )

Tv'-1

In view of (3.4.5), we obtain

C
oscaT(u -w) < Py + CT +w(T) — w(0),
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and, thus,

C C T
osc U < e +CT +2- oscy W < e +CT + ZL |H (O, c(s))ldss.

O

We finally obtain a priori estimates on the gradient of u, while simultaneously treating the case of
(MFG) and (MFGP). The proof closely follows [316, Lem. 3.8] and [317, Lem 3.3], but allows for
weaker assumptions due to the d = 1 setting (see (3.4.9)). In fact, in the special case of a separated

Hamiltonian, this proof can be seen to yield a gradient bound that is independent of min(m).

Proposition 3.4.3. Let (u,m) € C 3(§T) X CZ(QT) be a classical solution to (MFG) or (MFGP).

There exists a constant C > 0, with

C=C(Co. .7 osc u.y, llm

— =y

1Gmo)dlzoo Ty 1m7)all oo IC Lo, max 1)

such that

Proof. Since u; = H(uy, m), and m is bounded above and below, we infer from (H1) and (H2) that

it is enough to show that

We let
- +2
u:u—minu+1—%@—r),

and note that the function u has been constructed to satisfy

ul <1+oscu, u(-0)<-1,u-T)>1.
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Define

1 k_
vix,t) = EM)ZC + El/tz,

3

where k = ||lu xl% . Let (xp, ) € ET be a point where v achieves its maximum value. With no loss
T

of generality, we may assume that p = u,(xq, o) satisfies

pl = 1, |l = =llull?.

1
2

(3.4.6)

We remark here that throughout the proof, the constant C is subject to increase from line to line.

Case 1: 1y = T. For this case we consider the linearization of the HJ equation,
Tyv = —vt + Hp(uy, m)vy.

Since v, = 0 and vy > 0,

1 —
0>T,w=Ty, (§|Mx|2) + ku(—uz + Hpuy)

— 1 —
= —Hpyuxmy + ku(—us + Hpp — C) 2 —Hpuymy + ku(C—H) — Cku
0

1 1 — 3 1 3 3
> —Hpuxmy + ku— (——|p|y - C(m)) = Clpl2 > —Hpuxmy + _|p|7+2 - Clpl2.
Co\C C

(m)

If (u, m) solves (MFG), then

H,
—Hyputxmy = _g_’,"|p|2 > 0.

On the other hand, if (u«, m) solves (MFGP), then

| = Hytxmy| < Cll(mp)lloolp?+1.
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In either case, (3.4.7) then implies

Ipl < C.

Case 2: 19 = 0. Regardless of whether (u, m) solves (MFG) or (MFGP), this case is dealt with in
the same way as was done for t = 7 when (u, m) solved (MFGP), because, in view of (HM2), we
then have the bound

| = Hytxmy| < Cli(mo)xlleol pl?” 1.

Case 3: 0 <19 < T. We first observe that, since vy = 0, we have
uxuxx = _kﬁux,

and, thus,

luxx| < Ck. (3.4.9)

We consider the linearization of (Q), namely
Ly(w) = —Tr(A(Du)D?*w) — Dy Tr(A(Du)D*u) - Dw.

Through direct computation, using (Q1), one obtains

2
1

2

1 1

2

< - , (3.4.10)

1

where (E1) was used in the last inequality. Similarly,

2

— 1

1_
L. (kiuz) = —k

1
+ kzmzH,%wu)% — kmHyHppu? + E| + Ey + E3 + Ey,

(3.4.11)
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where
1 1 —

1 —

1 2 1 - —
m

1

Ej=—
4 H,

1

Now we estimate each of the E;. By Young’s inequality, we obtain

2 2
1 1 1 "
As aresult of (H1) and (HM3), we thus obtain
1 1 ? 2y+1

Next, to estimate |E»|, we use (3.4.9), (H1) (H3), (HM1), (HM3) and (E1) to obtain

|E| < Clpl*L. (3.4.13)
For E3, we have
1 1 >k, 2.2 2 ~ 2
B3] < 3 |=ttat + | Hp + SmHunp Jua| +—5- (Hp + m* Hyyy + Hiy )| =T + Hpu|*. (3.4.14)
m
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Now, recalling that u; = H(p, m), we infer from (H1), (H2), and (3.4.6) that
Loy <|-u+H < Clpl” 3.4.15
Elpl <|=u + Hpuy| < Clp|”. (3.4.15)
Therefore, in view of (H1), (HM1), (HM2), and (E1), as well as the HJ equation, we obtain
1 1 2 2y+1
Finally, for E4, we observe that (3.4.9), (H1), (HM2), (HM3), (E1), and (3.4.15) yield

|E4| < Clp|P7+L. (3.4.17)

Now, (E) implies that

2 2
> |-ur + (H +lmH u +LmzH2 = +(H u +lmH )
= pts mp)Ux 4C, mp t pEX T 5 mp | P
+L(lmHm p)2 i +(H L )u S, L Hy P (3418)

So, as aresult of (3.4.11) and (3.4.15) we get

2
1 1 1
Ly, (kiuz) < —Ek - E|p|2y+% +E1+E)+ E3+ Ey. (3.4.19)

— 1

Now, since (xq,?p) is an interior maximum point of v, we have L,(v) > 0. Thus, combining

(3.4.12), (3.4.13), (3.4.16), (3.4.17), (3.4.10) and (3.4.19), we conclude

1 3
0.< —IpY*2 + ClpP™,
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which implies

Ipl < C.

3.4.1 Estimates for MFG with e—penalized terminal condition

In order to obtain classical solutions to (MFGP), it will be necessary to use a natural approximation
method, which was previously used in [324] to obtain weak solutions to the second-order planning
problem. The solution will be obtained as the limit of solutions to standard MFG systems with a
penalized terminal condition. Specifically, we will need to prove estimates for solutions (u€, m¢)
to

—u; + H(u$,,m®) = 0in QOr,

ms — (m€Hp(us, m))x = 0in Or, (MFGe)

m€(x,0) = my(x), eu¢(x,T) = m€(x,T) — my(x) on 0Q7.

As long as u€ is bounded in L*(Q7), the limit is expected to solve (MFGP). This estimate is
obtained in the following lemma. While treating this system, we will temporarily assume that

H(0,0) is finite. This assumption will be removed in the proof of Theorem 3.1.1.

Lemma 3.4.4. For e > 0, let (u€, m€) € C2(Q7)xCY(Q7) be a classical solution to system (MFGe),
and set ¢ = min{minT mg, mint mr}, C1 = max{maxr mqy, max mr}. Assume that H(0,0) < oo.

Then there exists a constant C > 0, independent of €, such that

1€l oo 7y < C- (3.4.20)
Furthermore, for all € < %, we have
%1 < m&(x,t) < 2Cy for all (x,1) € Or, (3.4.21)
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and

Im(T,-) — m7()lleo < €C. (3.4.22)

Proof. As a result of Proposition 3.4.2, since H(0, minm®) < H(0, 0), there exists
Or

C = C(Cy, T, |H(0,0)|, |[H(0, max m®)|, C(max m®))
or or

such that

(€
OSCQT(M ) < C.

To make this bound on the oscillation independent of €, we must obtain upper bounds on the
density m€. Note that, from Corollary 3.3.2, it is enough to bound m¢(T, -) from above. To this

end, let M := mq?x mg and, for 6 > 0, define
V(x, 1) = u(x, ) + H(O, My + 6)(T — 1).

Since D*V9 = D2u€, we have that v° also solves the elliptic equation (Q) in Q7. Therefore, the

maximum of vé, must occur at t = 0 or ¢ = T. If the maximum occurred at ¢ = 0, then at that point
€ _ .0 o _ € _
u; — H@O,My+06) =v; <0, vy =u; =0,

and, hence,

0 > uf — H(O, My + 6) = H(0, mg) — H(0, My + 6),

which is a contradiction because H;, < 0. Therefore, for every 6 > 0, the maximum occurs
att = T, and, letting 6 — 0, we see that the same is true for 6 = 0. The maximum value

of v(x, 1) := u€(x,t) + H(0, Mo)(T — t) equals the maximum of u€(x, T), since v(x,T) = u€(x, T).
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Letting xo € T be a point at which this maximum occurs, it follows that v/(xy, 7)) > 0, and therefore
H(0,m(xp, T)) = H(0, Mp),

which implies that

m€(xg, T) < M.

But, since

eu(x,T) = m®(x,T) — myp(x),

we obtain, for each x € T,
eu(x,T) < eu(xo, T) = (m“(x0, T) — my(x0)) < (Mo — mr(x0)),
and, consequently,
m€(x,T) = eu(x,T) + mp(x) < My + mp(x) — my(xg) < My + oscp(my).

We have thus shown that the bound on the oscillation of u does not depend on €. Furthermore,
since

eu(x,T) = m®(x,T) — mp(x),

and m®(T, -), my(-) are both probability densities, we have fT u€(-,T) = 0, so there must exist some
x€ € T such that

ut(x¢,T) = 0.

This implies that, for any (x,7) € O,

- € € _ E(E - €
—ochT(u ) <u(x,t) —u“(x5,T) < ochT(u ),
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which shows (3.4.20). To prove (3.4.21), we require C to be large enough to satisty %”uelloo < %cl.

Then for all € < %, we have

1 1
m€(x,T) = my(x) + eu€(x,T) > mp(x) — 5l > el
The upper bound for m€(x, T) is obtained similarly. We now conclude by Corollary 3.3.2, since the

maxima and minima of m€ both occur at ¢t = 0,7 = T. Finally, (3.4.22) follows immediately from

the terminal condition in (MFG¢) and (3.4.20). |

While the usefulness of (MFG¢) will mainly be as a tool to obtain existence for (MFGP), it can
also be used to provide an interesting counterexample. Indeed, one should note that (MFG¢) is
not itself a planning problem, but rather a special case of a standard MFG system, which would
fit in the framework of (MFG) if the terminal cost function g were allowed to depend on x. Such
terminal conditions are treated in [316, 317] under the blow-up assumption (3.1.1), as well as the
requirement that

g(x,0) is constant, or lim g(x,m) = —oo,
m—0*

which is a slightly weaker version of (3.1.1). The following proposition illustrates the fact that,

when such assumptions do not hold, the solution may fail to exist.

Proposition 3.4.5. Assume that H(0,0) < oo, and that the condition my > 0 in (M1) does not
hold, and mt(xg) < O for some xq € T. Then there exists C > 0 such that, for all 0 < € < %, there

exists no classical solution to (MFG¢).

Proof. We assume, by contradiction, that there exists a decreasing sequence €, > 0, with lim ¢, =
n—oo

0, such that, for each positive integer n, there exists a solution (1", m") to system (MFGg,). Since

H(0,0) < oo, the proof of Lemma 3.4.4 shows that, for some constant C > 0 independent of n € N,

we have ||u""||c < C. However, this implies that
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while m"(xq, T) = 0 > my(xg), which is a contradiction. |
We finish our estimates for the e—penalized problem with an analogue of Proposition 3.4.3.

Lemma 3.4.6. For € > 0, let (u€, m€) € C3’0‘(Q_T) X CZ’“(Q_T) be a classical solution to system
(MFGe¢), and assume that H(0,0) < oo. Let ¢y and C1 be as in Corollary 3.3.2. There exists a

constant C > 0, independent of €, such that, for € < %

IDu|o0 < C.

Proof. We first observe that, by Corollary 3.3.2 and Lemma 3.4.4, ||m and ||(m®)~ are

€_ 1y
o g,

bounded a priori in terms of Cy and cIl. The proof of Proposition 3.4.3 may thus be repeated here,

with Lemma 3.4.4 replacing the use of Proposition 3.4.2, with one exception. Namely, the term

—HyuSm$ in (3.4.7) should be estimated as
—HypuSm§ = —€Hp(u$)* = Hpu (my)x 2 —Hpuu (mr);,

which, in view of (3.4.8), yields the gradient bound in the case ty = T. The rest of the argument

follows unchanged. O

3.5 Ecxistence of classical solutions

In the previous sections, a priori L™ —bounds were obtained for u, Du, m, and m~L. This is already
sufficient to obtain classical solutions to (MFG), following the arguments of [316, 317]. The
existence of solutions to (MFGP), on the other hand, is a more delicate issue, because the Neumann

type boundary condition that appears in the linearization makes the latter non—invertible. Namely,
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the linearization of (Q) is

Lyw) = f in Qr,

(-1, Hp(ux,m)) - Dw = g1(x) atr=0,

(I, =Hp(ux,m)) - Dw = go(x) att=T,

which is an oblique boundary value problem that is only solvable for certain functions f, g1, g2
satisfying a compatibility condition that itself depends on u. This failure of invertibility precludes
the direct use of the implicit function theorem and thus of the method of continuity, which means
a different approach is needed. Indeed, we will obtain the solution as the limit as € — 0 of the
solution to the e—penalized problem (MFG¢). We begin by noting, in the following lemma, that
for € small enough, the solutions to (MFGg¢) are a priori uniformly bounded in clh (ET), for some

0 < B < 1, and that the system thus has a classical solution.

Lemma 3.5.1. Let C be as in Lemma 3.4.4. For all 0 < € < % (MFG¢) has a unique smooth
solution (€, m€) € C3(Qr) x C>¥(Qr). Moreover, there exist constants K > 0, 0 < B <1,
independent of €, such that

lull s < K. (3.5.1)

Proof. The a priori C I_bounds on u€, as well as L*—bounds on m€ and (m€)~! (and thus on the
ellipticity constants of the system), were all established in Lemmas 3.4.4 and 3.4.6. The Holder
estimate for the gradient then follows in the same way as in [316, Lem. 4.1], by directly applying
the classical C!—estimates for quasilinear elliptic equations with oblique boundary conditions
(see [292, Lem. 2.3]). Indeed, it suffices to verify that, for (x,7,z, p,s) € T X {0, T} X R X R X R,

the boundary condition

Bé(x’ 0’ Z, P, S) =-S5+ H(p9 mo(x)), BE(X, Ta 2 P, S) =5- H(P, €z + mT(X)),
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is oblique. For this purpose, we let v(x, #) denote the outward unit normal vector at (x,t) € dQr.
Then we have

D(p,5)B(x,0,2, p, s) - v(x,0) = =B§(x,0,2, p,5) = 1 > 0,
DB (x.T,z,p,s) - v(x,T) = =B§(x,T,z,p,s) = 1 >0

and thus the a priori estimate (3.5.1) follows. The proof of existence is then the same as in [316,

Thm. 1.1] through the method of continuity. O
We now have enough information on the e—penalized problem to prove our first theorem.

Proof of Theorem 3.1.1. We initially assume that mgy, my € C*(T). The proof of part (ii), corre-
sponding to (MFG), is identical to the one carried out in [316, Thm. 1.1]. We simply note that the
condition mli—>n(l)+ H(p, m) = +co in that proof was only used to guarantee the existence of a positive
lower bound for the density, which in turn makes the equation (Q) uniformly elliptic. In our case,
the lower bound is a consequence of Corollary 3.3.2 and Proposition 3.4.1.

Now, for the case of (MFGP), we remark first that uniqueness of u, up to a constant, follows
by the standard Lasry-Lions monotonicity method. To establish existence, we consider first the
approximate system (MFG¢), under the assumption H(0,0) < co. We assume that € > 0 is small
enough for Lemma 3.5.1 to guarantee the existence of solutions (u€, m¢). Letting 0 < 8 < 1 be as in
Lemma 3.5.1, we also have (3.5.1), for some constant K > 0 independent of e. We infer that there
exist a subsequence {uy}, C {u}e, and u € CI’Q(Q_T), such that u; — u uniformly. Furthermore,

in view of Lemma 3.4.4, there exists C > 0, independent of €, such that

1

C <mS(x,t) < C forall (x,1) € Or.

We let (A, B) and (A, By), be the quasilinear operators and boundary conditions corresponding,
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respectively, to u and u;,. Then one has
(A, By) — (A, B) locally uniformly,

Dan'V: 1.

Hence, by Fiorenza’s convergence theorem for elliptic equations with oblique boundary conditions
(see [316, Thm. 2.5], [210, Chapter 17, Lemma 17.29]), we obtain u;, — u in CZ’Q(QT), and u
solves (Q), with the boundary condition corresponding to (MFGP). The c3@ regularity (and, in
fact, uniform convergence in C>%) then follows readily from the standard Schauder estimates for
linear oblique problems, as in [316, Thm. 1.1].

The last step will be to remove the assumption that mg € C°°(T) and, for (MFGP), the assump-
tions that my € C*(T) and H(0,0) < co. We will explain the argument for (MFGP), with the
treatment of (MFG) being completely analogous. Consider, for 6 > 0, the modified Hamiltonians
H‘S(p, m) := H(p,m + 9), which satisfy (H) and (E), uniformly in 9, as well as H5(0, 0) < oo,
and a sequence of C* densities (mg, m‘;), uniformly bounded in C 2@ and bounded away from O,

converging uniformly to (mg, m7). Let (u®, m®) be the corresponding solutions to

—ud + HO S, m®) = 0 in O,
T 5
u’ =0,
b (3.5.2)
ml — (m°Hug,m°))x =0 inQr,
m°(-,0) = md, m°(,T)=m§. onT.

Propositions 3.4.3 and 3.4.2, and Corollary 3.3.2, yield uniform C '_bounds on u%, and thus, as in
the proof of Lemma 3.5.1, uniform C 18 bounds for some 0 < B < 1. We may thus conclude by

letting 6 — 0 and applying Fiorenza’s convergence result as above. i
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3.6 Regularity of weak solutions

We now study the existence and regularity of solutions to (MFG) and (MFGP) under the weaker

assumption that, for some « > 0

f(x) °°f (x)dx<°°

We note that, in particular, the above conditions allow for the densities to vanish at a set of measure

zero. This, in general, creates significant issues, because (Q) is no longer uniformly elliptic. The
key estimate that will allow us to prove smoothness in this setting is an interior lower bound on
the density which depends only on 1 ||m6’<||1 (and (T — t)_l, IIm}K l1, in the case of (MFGP)).
Indeed, this yields uniform ellipticity of (Q) away from¢s=0andt =T

We begin by giving the standard definition of a weak solution (see, for instance, [81, 316, 328]).

Definition 3.6.1 (Definition of weak solution). A pair (u,m) € BV(Qr) X LY (Qr) is called a weak

solution to (MFG) (respectively (MFGP)) if the following conditions hold:

(i) ux € L>(Qr),u € L*(Qr), m € C%([0, T1; H~1(T)).

(ii) u satisfies the HJ inequality
—us + H(uy,m) <0 in Qr,

in the distributional sense.

(iii) m satisfies the continuity equation
- (me(ux» m))x = 0in Qr, (3.6.1)

in the distributional sense.
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(iv) We have m(-,T) € L*(T). Moreover, m(-,0) = myg in H_I(T) and u(-,T) = gim(-,T)) in the

sense of traces (respectively, m(-, T) = mr in H _I(T) ).

(v) The following identity holds:

ff m(x, ) (H(ux, m) — Hp(ux, muy)dxdt = f(m(x, Tu(x, T) — mo(x)u(x,0))dx.
or T

The following lemma will be needed to show that, for solutions to (MFG), our interior regularity

results may be extended up to time ¢ = 7.

Lemma 3.6.2. Let (u,m) be a smooth solution to (MFG) under the assumptions of Theorem 3.1.1

and assume that (3.1.3) holds. Then, for every convex function h € C 2(0, c0), the map

t—)fh(m(x,t))dx
T

—(y=1)

is decreasing. Moreover, there exists a constant C = C(Cy, ||g’|| L ([min mg,max m

0])) such that

d 1
- _ 144 ’y
X fTh(m(x, T))dx + C fﬂli‘ h (m(x, T))my(x, T)|” <0.

Proof. In view of Proposition 3.3.1, we have that

2

d
— h(m(x,t))dx > 0,
7 | honte0)

and, thus, the function

d(t) = dit ‘L; h(m(x, t))dx

is increasing. We then infer that the monotonicity will follow if we show that

d(T)<0.
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Since u(-, T) = g(m(-,T)), and m satisfies the continuity equation, we have

d(T) = fh'(m(x, TY)ms(x, T)dx = fh'(m)(me(ux,m))xdx =- f h"(m)mpr(mxg'(m),m).
T T T

Now, as a result of (3.1.3) and (H1),

1
Hp(myg' (m), m)(mxg' (m)) 2 Elmxg'(m)ly,

and, therefore,

1
— 7’ Y
d(T) < qu;h (m)|my|”.
O

We are now ready to obtain the interior lower bounds on m. Our method of proof relies on the

displacement convexity formula (3.3.2), and uses similar techniques to [328, Prop. 5.2].

Proposition 3.6.3. Let (u, m) be a smooth solution to (MFG) or (MFGP), under the same assump-
tions as in Theorem 3.1.1. Assume, furthermore, that (HW) holds and, in the case of (MFQG),

assume that (3.1.3) holds. Let
2

k—s—1’

ﬁ:

and let 5 > 0. Then, there exist a constant C = C(Collmy*|I1, Xl 51 such that

1{ 1 1 -1
m(x,t) > E(,,BHS + T —t)5+5) . (3.6.2)

Furthermore, in the case of (MFQG), one has

mmnzéﬁ@ (3.6.3)

1

~Fs We have, for each ¢ €

Proof. Using the displacement convexity formula (3.3.2) for h(m) =
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[0, 71,

1 1 1
jq;mk(x’t)demax(fq; mg(x)dx’jq;mK(x,T)dx)' (3.6.4)

Combined with Lemma 3.6.2 (for the case of (MFG) where m(-, T') is not prescribed), this yields

sup [Im~“()|l; < C. (3.6.5)
t€[0,T]

Next, for any p > 1, we define the function

(1) ::fm_pk(t)dx.
T

Using Proposition 3.3.1 with h(m) = m™P¥, as a result of (E), we obtain

d? m=PX(z) 1 -1 2 | 2
A0 s 2 el H dx> | =m P15 gn2d
a2 Jr e+ DO Z CIT'" ppHm(m) x‘chm () dx

1 —pK+s+1 2
Z —pk+st+lyo f ((m ’ ) ) dx.
ceetstlp x

As aresult, letting

_ C(pxk—s-— 1)2
P dpr(pr+ 1)
- 1
Qo= PKESTL (3.6.6)
2
we have shown that
Cpd” (1) = f (mY)2dx. (3.6.7)
T

From (W), and the fact that p > 1, we see that 4 < 0. For each r € [0,T], since m(-,?) is a
probability measure, there exists a point x6 such that m(xa, t) = 1. By the fundamental theorem of

calculus,

o)1 = o) = mesho | < IE (mY2dx, (3.6.8)
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and therefore

'_sz f (mH3dx + 1). (3.6.9)

Now, using (3.6.5), we obtain

¢_f1< 11
CJr ke T JpmK |lm

k(p=1)

k(p=1) |
< cH_

and, consequently,

1 2|7
C¢" < —H , (3.6.10)
mMileo
where r := K(é'/—lll)' From condition (W), we see that r > 1. Combining (3.6.7), (3.6.9), and
(3.6.10), we obtain
Cp(¢” ) +1) = C7¢() 2 0,
that is, for some constant C = C(p),
24 1 r
- (1) + E¢ <C. (3.6.11)
A straightforward computation then shows that the functions
Y1) = Apt PP+ K,
Ua() = Ap(T —P¥ + K,
Y(t) = Y1 (1) + Y2 (1),
are supersolutions of (3.6.11) for large enough A, K),. Therefore, we have
f mPK(t) < Ap(tPP + (T — 1)7P%F) + 2K),. (3.6.12)
T
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Now, going back to (3.6.7) and (3.6.9), we may write

1 2|4 dZ
”E“ (n < C(d? ﬁrm_pk + 1). (3.6.13)

In view of (3.3.2), for ¢ > 0, the map

- f m~4(t) (3.6.14)
T

is convex in [0, T]. Thus, fixing 9 € (0, T, we infer that, for each € [1g, T — 1g],

1 0 ) L
(oo 2o e
T fo 9 \Jr T-1p \JT

Letting ¢ — oo, we obtain

7

0
1 <2 (T
m m

I
L= (TX[19.T— to]) 0JY

0| dr. (3.6.15)

Now, letting ¢ € C*°(Q7) be a test function, supported in [%0, T - %0], suchthat 0 < <1,{=11in

[9.7 - %1 and [\ 127 ()ldr < €. we see that (3.6.15) implies

Hm_ HZM' f H —1“ M e, (3.6.16)

L= (TX[to.T— to])

Hence, recalling (3.6.13) and integrating by parts twice, we infer from (3.6.12) that

20 1 1
— DK #17
Hm ”L""(Tx[ro T- tO]) 1 (f f(m &+ CT) [ ZipiB T ]
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which yields

|
m <C +
H L®(TX[tg,T—1]) Z%TB 1

2 21
l‘o Z‘O
Now, recalling (3.6.6), we see that
1 2 + pkB
— =0and 1 = . 3.6.17
i 211 ana e 21 B ( )

2+K,8

Thus, we may fix p chosen large enough that < B+ 9, and, as a result of (3.6.17),

1

l,8+6 ’

0

|| <
L= (TX[19,T—1p])

This implies (3.6.2). Now, for the case of (MFG), we simply observe that, from Lemma 3.6.2, the

map (3.6.14) is non-increasing on [0, T'], and, thus, (3.6.15) may be strengthened to

[~ Hi'i'(ﬂrx 07D = j:o | _IHM (t)dt.

O

The following lemma is a basic computation exploiting (E1), and will be used in the proof of

Theorem 3.1.2 to estimate the terms arising from the Lasry-Lions monotonicity method.

Lemma 3.6.4. There exists a constant C = C(Cq) > 0 such that, given —c0 < pg < p1 < oo and

0 < mgy < my < oo, we have

(mal(Pl, my) — moHp(po, mo)) (p1 — po) — (H(p1,m1) — H(pg, mp)) (my — mg)

mip +m k
> ——"0(p; - pp)* + E(ml —mp)?, (3.6.18)

- C
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where k = min[po,pl]x[mo’ml](—Hm(p,m)). Moreover, if H satisfies (HW), then

(mal(Pl, my) — moHp(po, mo)) (p1 — po) — (H(p1,m1) — H(pg, mp)) (m — mg)
1 s+1

mp +m 2
P —— —
- C (Pr=poy+ C(s + 1)('"1

Proof. Following the technique carried out in [301], for z € [0, 1], we define
Ap = p1 — po Am = m| —mg, p; = po + ZAp, mg = mgy + zZAm.
We then let
¢(z) = (mzHp(pz, mz) — moHp(po, mo))Ap — (H(pz, mz) — H(po, mo))Am,
and differentiation yields
¢ (2) = meHpp(Ap)* + meHypAmAp — Hy(Am)>.

Now, in view of (E1), we have, for some constant C > 0,

1

1
2

1
Therefore,

[ 1
l+&

1
¢’ (@) > my| —— N HppAp + ———
Ji+3 2 yHpp

HppAm

1
1
tT

+ mgHpp(Ap)*(1 - 1
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1
—my ) (my = mo).

1 2
)= wHm(Am)®.

(3.6.19)

(3.6.20)



If (W) holds, then, up to increasing the constant C > 0, as well as using (H1) and (HW), we obtain
1
¢ (@) 2 Gm(Ap)” + m(Am)?),

and integrating over [0, 1] then yields (3.6.19). The proof of (3.6.18) follows from (3.6.20) in the

same way. O

Before proving Theorem 3.1.2, we remind the reader that assumption (M) will not be in place, and

will be instead replaced by (W).

Proof of Theorem 3.1.2. For € € (0,1), let mg, m? be smooth, positive densities such that, for
60€{0,T},

mg — mg a.e. inT, |lmgllo < C and [|(mg) ™Iy < C,

where C > 0 is a constant independent of €. Let (uf’l,me’l) be a smooth solution to (MFGP)
obtained from taking m(f) and m?, respectively, as the initial and terminal densities. Similarly, let
(ue’z, me’z) be the smooth solution to (MFG) corresponding to the initial density m8 The existence
and regularity of such solutions is guaranteed by Theorem 3.1.1. We may further choose the 1!

to be normalized so that fT uel(T) = 0.

As in the proof of Proposition 3.6.3, we obtain, for some C > 0 independent of € and for i € {1, 2},
l(m&H)~X||; < C. (3.6.21)
On the other hand, Corollary 3.3.2 and Proposition 3.4.1 yield

Im|leo < C, (3.6.22)
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and (3.6.22), (HW) and Proposition 3.6.3 imply that
T .
f |H (O, Ir%n m&'(s)lds < C. (3.6.23)
0
Thus, as a result of (GW), Proposition 3.4.1, and Proposition 3.4.2,

| |eo < C. (3.6.24)

We will first observe that, up to a subsequence, there is convergence to a weak solution. Indeed,
given 0 < ¢, €’ < 1, applying the Lasry-Lions monotonicity method to the corresponding systems

yields, for i € {1, 2},

fT WSHT) = u T (T) = m€ A (T)) - f S (0) = € (0)(m (0) - m(0))

IL me al(uEl e sz(uE g 1)) (u;’i _ I/t;/’i)
T

- (H(uf;’, méy — HwE !, mf”")) mS —m€) = 0. (3.6.25)

Lemma 3.6.4 therefore yields

f @S(T) = u H(TNT) = mE(T)) fT @S(0) = u(0)m™(0) - m(0))

me iy m ] ’ 1 ; ’ g ; ’ g
ILT ( (M?l _ u}ec ,1)2 + C(S " 1)((me,z)s+l _ (me ,l)S+l)(mE,l —m€ ,l)] <0.

(3.6.26)

Proceeding as in [316, Thm. 1.2], it readily follows that, for i € {1,2}, as e — 0, (uf’i,mf’i)

converges to a weak solution (u', m").
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It remains to show the interior regularity. For 6 > 0, we define
Lis=16,T-96], Ihs=1[0,T]

By Proposition 3.6.3, there exists C = C (6~ 1) such that, for ; € i 54,

: 1
S > —. 3.6.27
m= (-, 1) c ( )

We must first obtain a priori gradient bounds for u€ on I; 52 Setting
$1) = (1 = 6/4) 20D 4 (T = 574 - 210D go(1) = (1 - 6/4 720D,
we go through the steps of Proposition 3.4.3, replacing the function v by
Vi1 = S + @Y Koi),

where K > 0, %€ is defined as in Proposition 3.4.3. We consider the maximum point (xg, 7o) of v;
in TX; 5/4. In the case of (MFGP), namely i = 1, this maximum must be attained in the interior of
I;, since ¢; is unbounded near the endpoints. When i = 2, the maximum may be attained at t = T,
and the proof that |p| < C in this case follows through unchanged from Case 1 of Proposition 3.4.3.
If the maximum is achieved at an interior time, the steps of Proposition 3.4.3 yield that if v;(xq, 7p)

is large enough, then
_ 1
0 <—Ipl +p""2 - K(-¢}' + K79 = Con.

Similarly to Proposition 3.6.3, we see that, if K is chosen large enough, ¢; must be a supersolution
to

/7 1
~9] + SK7¢] — C¢i =0,
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which then implies p < C, and thus |u§’i| is bounded on I; 5/5. In view of (3.6.27) and (3.6.22),

qu’i | = |H(u§’i, m&)| is also bounded on ; 5 /2. That is, we have
1Nt rcry ;) < C- (3.6.28)

The interior C1*®-estimates for quasilinear elliptic equations (see [210, Chapter 13, Thm. 13.6]),
followed by the interior Schauder estimates (see [280, Chapter, 2, (1.12)]) then yield, for some
C =C( 1), and fori € {1,2},

I N casaerxr, ) < C- (3.6.29)

For i = 1, by virtue of the Arzela—Ascoli theorem, we may finish the proof by simply letting € — 0.
On the other hand, for i = 2 (that is, the case of (MFQG)), we require estimates up to the terminal
time 7. We first observe that (3.6.27), (3.6.22), and (3.6.29) imply that us-? solves, in I s X T,
a system of the form (MFG), where the initial density m€2(-,5) is bounded below by a positive
constant, and bounded above in C 2’O‘(T). Moreover, as in Lemma 3.5.1, (3.6.28) implies that u?
is bounded in C'# for some 0 < B < 1. We may now conclude through the same convergence

argument as in the proof of Theorem 3.1.1. O

Finally, by requiring some further regularity on the marginals, we establish additional Sobolev

regularity for the weak solutions.

Proposition 3.6.5. Let mgy, mr satisfy (mg)xx, (m7)xx € LI(T). Let (u,m) be a weak solution to
(MFG) or (MFGP) under the assumptions of Theorem 3.1.2. Then, for some constant C > 0 we

have:

e [n the case of (MFQG),

T
f &' (m(x, T))lmx(x, T + f f mH pp(uxx)* + m*(my)?dxdt < C, (3.6.30)
T 0 T
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where C = C(||ul|oo, [|(mg)xxll1, Co)-

e [n the case of (MFGP),

T
f f mHpp(xx)* + m*(my)?dxdt < C, (3.6.31)
0 JT

where C = C(|[ullco, l(m)xxl1, 0m7)xxll1, Co)-

Proof. We will show the result in the case where (u, m) is smooth, since the general case follows
by considering the approximations employed in the proof of Theorem 3.1.2. Differentiating with

respect to x the (MFG) or (MFGP), we obtain

_uxt + Hp(ux, m)uxx + Hm(ux, m)mx = 0 iIl QT,
(3.6.32)

myr — (mxHp(ux, m) + mHpp(ux, muxy + mHpm(ux, mymy)x = 01in Qr.

Testing against uy in the equation for m, above we obtain

T
fmx(T)ux(T)_fmx(o)ux(0)+f f(mx(_uxt"'uxpr(ux’ m))
T T 0 T

+ mul Hpp(tdy, m) + mitxy Hpm(ttx, mymy) = 0, (3.6.33)

and, therefore,

T
f m(T)uy(T) + f f mu2 Hpp — Hy(my)?
T 0 T

T
:—fu(O)(mO)xxdx—f fmuxprmmx. (3.6.34)
T 0 T

Now, observe that

|fTu(0)(mo)xxdx < [lulleoll(mo)xxll1 U;FM(T)(mT)xxdx < lulloollimr)xxlly. (3.6.35)
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Additionally, as a result of (E1), we infer that, for ¢ € (0, 1),

mitgxHpmmy| < (1 = 8)mu? Hyp + m|H p|* (mc)?

1
1

1 Hp(my)*. (3.6.36)
(1-6)(1+ &)

We choose ¢ > 0 small enough so that

1

1 < 1.
(I=06)(1+ C—O)

Using (3.6.35) and (3.6.36) in (3.6.34), we obtain the following. In the case of (MFG), we have

T
f g/ (m(T))(m(T))*dx + f f mHpp (i) *dx — Hy(my)*dx < C
T 0 T

while in the case of (MFGP), we have

T
f f mH pp(txx)?dx — Hy(my)?dx < C.
0 JT

We conclude by using the fact that H satisfies (HW). O

3.7 Long time behavior and the infinite horizon problem

In this section, we will characterize the behavior, as 7 — oo, of solutions to (MFG) and (MFGP).
First, we establish the turnpike property with an exponential rate of convergence. This property
shows that, for large values of 7', the players spend most of their time close to the equilibrium

1.

m

Lemma 3.7.1. Let (u, m) be a solution to IMFG) or IMFGP), let T > 1, and set

¢1 = min(minmg, minmy), C{ = max(max mg, max(mr)).
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Then there exist constants C,w > 0, with

C = C(Cy, Cy, Cl_l ; ||E||L°°([c1,cl]), 1(m0) xloos I(m7)xlloo, ||(g,)_(y_1)||L°°([minm0,max mo]))

and

w_l = a)_l(co, Cl_l, Cl9 ”E”Loo([cl,cl]))’

such that

llm(r) = Ulpeoery + lux®lizory < Ce™ + eI re[0,T]. (3.7.1)

If (u, m) solves (MFG), and (3.1.3) holds, we have
lm() = Uigeo(ry + llux(@llpescry < Ce™", 1€ [0, T1. (3.7.2)

Proof. As in previous arguments, we recall that the constant C may increase at each step. For each

k € N, Proposition 3.3.1 yields

dZ
- fT (m - 1)*kdx > 0, (3.7.3)
and, as a result of (L) and Corollary 3.3.2,

d? 1
— f(m —1)%dx > f—2mHmepm)2(dx > — f [(m — 1> dx.
dt= Jr T CJr

Since fﬂ‘ m(-,t) = 1, arguing in the same way as in (3.6.8), we obtain

%fjr(m— 12dx > é”m— 1”1

Therefore, setting

o) = f (m(z) - 1)%dx,
T
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we have

—¢" + éqﬁ <0. (3.7.4)

Moreover, if (1, m) solves (MFG) and (3.1.3) holds, up to increasing the value of C, Lemma 3.6.2
implies that

1
"(T) < ———=¢(D). 3.7.5
¢(T) < \/Eaﬁ() (3.7.5)

We now fix the choice w = ﬁ (the value of C may still increase in subsequent steps, but the value

of w will not). The comparison principle applied to (3.7.4) then implies that, for each ¢ € [0, T],
$(1) < p(0)e 2" + $(T)e 2T D < C (7201 4 2T, (3.7.6)

Similarly, if (u, m) solves (MFG) and (3.1.3), then (3.7.4), coupled with the Robin boundary con-

dition (3.7.5), readily implies that
(1) < p(0)e™ 2 < Ce™ 2, (3.7.7)

By using the same convexity arguments as in (3.6.16), in view of (3.7.3), we have

t+3 t+1 t+1
[lm(t) — 1||§<, < Cf | [lm(s) — 1||oo(s)2ds < Cf f(m - 1)2 =C o(s)ds. (3.7.8)
f—= t T 1

! -1 -

We now turn our attention to estimating uy. Fixing t € [1,T — 1], as a result of (H1), Proposition

3.3.1, and Corollary 3.3.2, we obtain, for s € [ — 1,7 + 1],

1fu2 <s><d—2f<m(s)—1>2
C T XX _ds2 T .

Thus, testing against a bump function ¢ > 0, which is supported on [ — 1,7 + 1], and identically

122



equals 1 on [f — %, r+ %], we get

1
szfuz <Cft+1f(m—l)2§”<c t+1¢(s)ds (3.7.9)
T < . 7.
-5 T t—1 T t—1

Differentiating (Q) with respect to x, one sees that v = uy solves a linear elliptic equation of the
form

~Tr(A(x, )D*v) + b(x, 1) - Dv = 0.

Thus, v satisfies the maximum and minimum principles on compact subsets of Q7. Applying
this observation to T X [t — s,¢ + 5], for s € (0, %), as well as the fact that, for every t € [0, T],

{x € T: uy(x,1) =0} # 0, we have

oscTv(t) < oscv(t + s) + oscv(t — §) < f |t (t + 8)| + f [txx(t — ).
T T

Integrating in s then yields

t+1
OSCTMX(I)SII f|uxx|,
t—j T

and, thus, as a result of (3.7.9) and the Cauchy-Schwarz inequality,

||ux(t)||§0 <C d(s)ds. (3.7.10)
1

t_

Now, adding (3.7.8) and (3.7.10), followed by (3.7.6), we obtain (3.7.1) for ¢ € [1, T —1]. Similarly,
when (u, m) solves (MFG) and (3.1.3) holds, (3.7.7) yields (3.7.2) for t € [1,T — 1]. We observe
that, for 7 € [0, T]\[1, T — 1], the bounds on ||m(f) — 1||co given by (3.7.1) and (3.7.2) hold trivially,
up to increasing the value of C. Let us see that the same is true for the bounds on ||ux(?)||co On the
interval [0, 1]. Indeed, we may simply follow the proof of Proposition 3.4.3, applied to the MFG
system on the domain T X [0, 1], with the only change being on Case 1 of that proof, that is, when

the maximum value is attained at = 1. For this case, we may simply use the fact that, as a result
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of (3.7.1) holding for ¢ = 1, |ux(-, 1)| is bounded. Thus, if we take T = 1 in Proposition 3.4.2, this
. -1

yields a bound on [|ux|lTx[0,1] that depends only on Cy, ”m”L‘X’@T)’ |lm ||L°°(§T)’ [l(7720) x||co, and

ICll L>°([min m,max m])- A similar argument may be followed on T X [T — 1, T], which completes the

proof. O

Having established the turnpike property, we now follow the program developed in [122] to study
the long time behavior. In order to characterize the limit, as T — oo, of the functions (u(t) — A(T —

1), m(t)), we first show a uniqueness result for (MFGL).

Lemma 3.7.2. Assume that (L) holds. Then, up to adding a constant to v, there exists at most one

classical solution (v, u) to (MFGL) satisfying (3.1.5).

Proof. Assume that (vl, ,ul), (vz, ,uz) are solutions to (MFGL) satisfying (3.1.5). Since ,ul -1, /12 -

leL! (T x (0, o)), there exists a sequence T}, — oo such that

Jim fT (.70 = 1+ . T = 11) = 0.

Performing the standard Lasry-Lions computation for v, v2 on Qr,, using Lemma 3.6.4, and not-
ing that

()N € L®(T x (0, 00)), i€ {1,2),

we obtain
1 (T 1 22 .1 22 1 2 1 2
E(f f|vx—vx| =42 )sf—(v (To) = AT (T - 1T
0 T T
= fT — (T = VT (T - 1) = @ (T - 1)), (37.11)

l,v2 € L®(T x (0, )), the right hand side converges to 0 as k — co. Therefore,

[oe]
f f Wl—v22 4t - 22 = 0.
0 T
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This implies that ,ul = ,u2 and v)lc = v)%. From the HJ equations, vtl = vtz, which concludes the

proof. O
In the following lemma, we obtain uniform estimates for the solution that are independent of 7.

Lemma 3.7.3. Let (u’ ,m") be a solution to (MFG) or (MEGP) for T > 0, and let w > 0 be the
constant from Lemma 3.7.1. Set v = ul —A(T —t). Then there exists a constant C > 0, independent

of T, such that:

e If (3.1.3) holds and (uT , m") solves (MFG), then

W (1) — g(D)] < Ce™ forall t € [0, T]. (3.7.12)

o If (uT, mT) solves (MFGP), and

1
fvT (—T) dx =0, (3.7.13)
T \2
then we have
IV oy < € (3.7.14)
and
T —wt T
IV (D)o < Ce™" forall t € [o, E]' (3.7.15)

Proof. First we note that in both (MFG) and (MFGP), as a result of Lemma 3.7.1, the function

T

Vy = u){ is bounded uniformly, independently of 7', and, by Corollary 3.3.2, so are mT, (mT)_l.

Therefore, since H is smooth, and thus locally Lipschitz, we have, for some constant C > 0

independent of T > 0,

vf | < C(il+Im" = 1)). (3.7.16)
Assume first that (uT, mT) solves (MFG) and (3.1.3) holds. Integrating the HJ equation in [z, T']
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and using (3.7.16) along with (3.7.2) in Lemma 3.7.1 we obtain
T
W@y <c f e~ ds.
t
Furthermore, using the fact that
vI(T) = u!(T) = g(m" (T),

and

mT(T) - 1] < Ce T,

by increasing the constant C if necessary, we obtain
W (1) — g()] < Ce™®T + 79" < 2Ce™,

which proves (3.7.12). Next, we assume that (uT, mT) solves (MFGP) and (3.7.13) holds. Letting

t< % and integrating the HJ equation in [z, %], we obtain from (3.7.16) and (3.7.1) that

T
2 2C 4C

‘fvT(-,t)' < Cf ¢S + T =9y < —(e_‘”t + e_‘”%) < —e (3.7.17)
T t w «

Similarly, for ¢ > % integrating the HJ equation in (£, 1 yields

‘ f e t)dx‘ <cC (3.7.18)
T
Now, for every ¢ € [0, T], there exists a point x; € T such that vT(xt, 1) = ﬁl‘ vT(-, t). Therefore,
WL (x, 1) < osepv? (1) + ‘ f e r)‘.
T

As aresult, in view of (3.7.1), the estimates (3.7.18) and (3.7.17) yield, respectively, (3.7.14) and
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(3.7.15). m]
We are now ready to prove our last result.

Proof of Theorem 3.1.3. We set

v =ul — (T -0,

and show that v/ is convergent as T — oo.

In view of Lemmas 3.7.1 and 3.7.3, as well as (3.7.16), we see that ||vT||W1,oo(QT) and ||mT||oo are
bounded, independently of 7. We may therefore apply the Arzela—Ascoli theorem to conclude
that, up to extracting a subsequence, there exist v € WI’OO(T X [0, 0)) and u € L*(T x [0, o)) such
that

ISy locally uniformly in T X [0, c0),

and

m! — u weakly—* in L(T X (0, o).

We now fix T € (1, o), and assume that T > Ty + 1. Then (v7', m”) solves the system

I+ A+ HOL,ml) =0 in Or,,

m! —(m"H,(wI,m"))x =0 inQg,, (3.7.19)

m? (-,0) = my.

Moreover, as a result of the interior C!+@ estimates for quasilinear elliptic equations, and the interior
Schauder estimates for linear equations, m” (-, Ty) is uniformly bounded in C 2.a+€ \where € > 0
is chosen such that @ + € < 1. Therefore, as in the proof of Theorem 3.1.1, we conclude that, as
T — oo,

0T, mly = (v, w) in CH(T % [0, To]) x C>*(T x [0, To)). (3.7.20)

In particular, this implies that (v, u) € CIS(;?(T X [0, 0)) X Clz(;?(T X [0, o)), and that (v, i) solves
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(MFGL). Letting T — oo in (3.7.1) yields

(@ = 1loo + [Vx(Dlloo < Ce™", (3.7.21)

which shows that u — 1 € Ll(T X (0, 00)). Moreover, since ||(mT)_1||oo is bounded, we conclude
that (3.1.5) holds.

Now, since a subsequence was extracted, we must verify that the limit is uniquely determined. In
view of Lemma 3.7.2, i is uniquely determined, and v is uniquely determined up to a constant. In

the case of (MFG) we see from (3.7.12) that

lim [jv(#) = g(Dlleo = 0.

On the other hand, in the case of (MFGP), letting T — oo followed by ¢+ — oo in (3.7.15), we
obtain

lim ||v(?)||co = O.
t—o00
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CHAPTER 4
SHARP RATES OF CONVERGENCE IN MEAN FIELD CONTROL

4.1 Introduction

The work presented in this chapter is the collaboration with P. Cardaliaguet, J. Jackson and P.
Souganidis in [84].

This chapter is concerned with the convergence of certain high-dimensional stochastic control
problems towards their mean field limits. To define these control problems, we fix throughout
the chapter a dimension d € N, a time horizon 7 > 0, and a filtered probability space (), F =
(Fr)o<t<T1,P) satisfying the usual conditions and hosting independent d-dimensional Brownian

motions W and (W);ey.

The data consists of nice functions
L:RIxRT SR, F,G6:P,RY SR,

where P5(RY) is the Wasserstein space of Borel probability measures on R? with finite second

moment. Precise assumptions on L, 7, and G will be introduced in Subsection 4.2.2 below.
The N-particle value function YN . [0,T] % (Rd)N — R is defined by the formula

T X o
VN(t, x0) = inf ]E[ ft (2 L(X’,a;)+?(m1)\(/t))dt+g(m§(lT)], @.1.1)
i=1

a EﬂN 0

where AV is the set of square-integrable, F-adapted, (RN -valued processes @ = (@, ...a)

defined on [#p, 7], and X = (X 1, ...,XN ) is the (Rd)N -valued state process which is determined

from the control @ by the dynamics

dX! = aldt + V2dW!, 19 <t<T, Xio = X
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We recall that under mild conditions on the data (in particular Assumption 1 below), V¥V is the

unique classical solution of the Hamilton-Jacobi-Bellman equation

N N
1 .
~0VN = > AN+ n D HG L ND YNy = Fmll) in [0, 7] x RV,
i=1 i=1 (HIBy)

VN, x) = G(mY) for x € ROV,

with the Hamiltonian H : R x R - R given by H(x, p) = supcpa { —a- p — L(x, a)}.

Next, we define the value function U : [0,T] X Pz(Rd) — R for the corresponding mean field

problem by

T
Ulty, mg) = inf { ft ( fR ) L(x,a/(t,x))mt(dx)+T(mt))dt+§(mT)}, 4.1.2)

m,q) 0
where the infimum is taken over all pairs (m, @) consisting of a curve [t),T] > t — m; € Pz(Rd)
and a measurable map « : [7g, T'] X R4 — R such that
ftOT ﬂ@ la(t, x)|2mt(dx)dt < oo, and the Fokker-Planck equation
dm = Am — div(ma) in [to, TIX R, my, = myg (4.1.3)

18 satisfied in the sense of distributions.

We recall that U is expected to be the unique solution, in an appropriate viscosity sense, to the

Hamilton-Jacobi equation

-0/U — f tr(D Dy U)dm + f H(x, DyyU)dm = F(m) in [0,T] X Pz(Rd),
R 7 (HJBco)

U(T,m) = G(m) in Po(RY);
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see e.g. [124, 340, 134, 32, 133] and the references therein for various approaches to the compari-

son principle for viscosity solutions of (HIBc).

4.1.1 Previous convergence results

It is by now well understood that V™ converges to U in the sense that
VN@x) ~ U, mY), for N large. (4.1.4)

This convergence was first established in [277], and later extended in [153] to allow the presence
of a common noise. In another direction, [201] and [308] used PDE techniques to obtain similar
results in a setting with purely common noise. We refer also to the works [197] and [106] for
a study of the deterministic case via I'-convergence techniques, to [129] for an extension of the
methods in [277] to problems with state constraints, and to [348] for a similar convergence result
in the setting of mean field optimal stopping. All the works mentioned in the preceding paragraph
use techniques based on compactness, and so obtain only qualitative versions of the statement

4.1.4).

More recently, there have been a number of attempts to quantify the convergence of YN toU. On
the one hand, when ¥ and G are convex and sufficiently smooth, the value function U is smooth,
and a standard argument (see the introduction of [78] for a more detailed explanation) shows that
I(VN (t,x) — U@, my )] < C/N. On the other hand, when ¥ and G are not convex, then the value
function U may fail to be C! even if all the data is smooth (see [63] for an example). In this setting
the optimizers for the mean field control problem may not be unique, and obtaining quantitative

convergence results is much more subtle.

The first general, that is, not requiring convexity or other special structure on ¥ and G, quantitative
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version of (4.1.4) was obtained in [78], where the authors proved the estimate

VN, x) = U@, mY) < C(1 + % i X [P )N P, (4.1.5)
i=1

for C depending on all of the data and the exponent 8; depending only on d. We refer also to
[107] for a thorough treatment of the finite state space setting and to [25], which obtains a sharp
rate but under a special structural condition on the data. The more recent work [131] attempts to
identify the optimal rate of convergence, and shows in particular that the optimal rate depends on
the smoothness of the data or, more precisely, the metric with respect to which the data is regular.
Theorem 2.7 of [131] shows that, if the data is periodic, that is, the state space RY is replaced by
the d-dimensional flat-torus T¢, and sufficiently smooth (with the amount of smoothness required

depending on the dimension d), (4.1.5) can be improved to
VN@ x) - U@ m) < N1, (4.1.6)

Example 2 in [131], meanwhile, shows that this rate cannot be improved even if all of the data is
C®. In summary, we now know that when the data is smooth and convex U is smooth and the rate
is 1/N, but when the data is not convex, U may fail to be smooth, and in this case the global rate

is at best 1/ VN even if all the data is very regular.

There have also been some efforts to understand the convergence of the optimal trajectories and
the optimal controls. For example, when U is smooth one can follow the strategy initiated in
[79] to show that optimal trajectories of the N-particle control problem converge (with a rate) to
optimal trajectories of the mean field problem (see [208] for details on this approach). In the non-
convex regime, such questions are much more subtle since, as mentioned already, there may not
be a unique optimal trajectory for the limiting problem. The recent work [92] overcomes this issue
by identifying an open and dense subset O of [0, 7] x P2(R?) where the value function U is C!

and such that optimal trajectories started from initial conditions in O are unique. In particular, it is
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shown in [92] that a quantitative propagation of chaos can be established when starting from initial

conditions in O.

4.1.2 Our results

The open and dense set O identified in [92] plays a central role in our results. In what follows,
we will call the set O the region of strong regularity by analogy with the terminology in [193],
where the same language is used to describe a region where a certain first-order Hamilton-Jacobi
equation has a classical solution which can be computed via the method of characteristics; more

on this analogy shortly.

Our first result states that, locally inside O, the convergence rate 1/N can be achieved even if the
data is not convex. More precisely, we show in Theorem 4.2.1 that, for each set K ¢ O which
is compact in Pp(Rd) for some p > 2, with Pp(Rd) denoting the p-Wasserstein space, there is a

constant C = C(K) such that, for each N € N and each (¢, x) € [0, T] X (Rd)N such that (7, mg ) e K,
VN, x) — U@, mY)| < C/N. 4.1.7)

We refer to Remark 8 for a discussion of the role of compactness in £, with p > 2. Combined
with Example 2 in [131], this shows that the optimal global convergence rate is different than the

optimal rate of convergence within O.

Example 2 in [131] also explains why we claim that the set O plays a similar role as the regions
of strong regularity in [193]. Indeed, it is explained there that when # and G depend on m only

through its mean m, that is, ¥ (m) = f(m) and G(m) = g(m), and L = %Ial2 for simplicity, we have

x'),

M=

1
U(t,m) = ut,im) and VN, x) =W, v
i=1
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where u and vV are the solutions of the finite-dimensional PDEs
—du + %lDulz =fin [0,T)xR? and w(T,x) = g,
and
—N — leAVN + %|DVN >=fin [0,7)xR? and vV(T,x) = g.

Thus, the convergence problem reduces to vanishing viscosity. Moreover, while the best global
estimate for |vN — ul is O(1/ VN), the expansion achieved in [193] clearly shows that, locally
uniformly on “regions of strong regularity", V" — u| = O(1/N) . Thus our Theorem 4.2.1 can be
viewed as an infinite-dimensional (partial) analogue of the results in [193], with O playing the role

of the regions of strong regularity in [193].

Our second result shows that, when the data is smooth enough, a similar sharp rate of convergence
can be obtained for the gradients. More precisely, Theorem 4.2.2 shows that, for each set K ¢ O
which is compact in Pp(Rd) for some p > 2, there is a constant C = C(K) such that, for each

N € N and each (¢, x) € [0, T] x (RN such that (1, mY) € K,
IND VN (1, x) — Dy U(t,m¥ , x| < C/N. (4.1.8)

The main interest of (4.1.8) is that it demonstrates that optimal feedbacks for the N-particle prob-
lem converge toward the optimal feedback for the mean field problem; see Remark 10 for more
details.

Using the strong convergence of optimal feedbacks in (4.1.8), we obtain in Proposition 4.2.3 a
concentration inequality for the optimal trajectories of the N-particle problems when started from
appropriate i.i.d. initial conditions. This result complements the quantitative propagation of chaos

results in [92], and can also be compared to similar concentration results for mean field games
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obtained in [143] under the assumption that the master equation has a smooth solution.

Finally, we mention that in order to obtain our main convergence results, we have to sharpen in
various ways the regularity results in [92]. In particular we show in Theorem 4.2.4 that, under ap-
propriate regularity conditions, the second Wasserstein derivative Dy, U exists and is continuous

in the region of strong regularity.

4.1.3 Strategy of the proof

We explain here the strategy of proof for the estimate (4.1.4). To avoid unnecessary technicalities
related to higher moments of the relevant probability measures, we only discuss here the periodic

case, that is, R is replaced by the d-dimensional flat torus <.

First, we note that, in view of the semi-concavity but not semi-convexity estimates for U, the

estimate
VN, x) < UG, mY) + CIN

in fact holds globally.

To complete the proof, we need to show that the symmetric inequality holds locally uniformly
in O. For each fixed (ty, mg) € O we work with small tubes 7,(ty, mg) of radius r around the
optimal trajectory for the mean field control problem started from (#y, m(); see Subsection 4.3.1
for the precise definition of 7 ,(¢y, mq). The key result is proved in Lemma 4.3.6. It says that,
when 0 < r; < rp < 1, the probability that the empirical measure associated to the optimally
controlled state process started from (z, miv ) € Tr,(tg, mp) exits the larger tube 7, (1o, m() decays
algebraically in NV. In the non-compact setting treated below, this algebraic decay is uniform only
over the intersection of 7, (¢y, mp) with a large ball in #p, but we ignore this subtlety in the

introduction.
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More precisely, we show that, for each (¢, x) such that (¢, my ) € T, (19, mp),
Bs o (s.mL¥, ) leaves T, (t0.mo)| < CN7, (4.1.9)

where X(**) denotes the optimal trajectory for the N-particle problem started from (¢, xp). Lemma
4.3.6 relies crucially on the global convergence rate of VN to U already established in [78] and on

an “asymmetric" version of the propagation of chaos arguments in [92].

The next step of the argument is to use the fact that, in view of the regularity of U in O, UN (1, x) =
U, miv ) nearly solves (HJBy) on 7,(fy, mg) for r sufficiently small. In Lemma 4.3.8, we use this
fact together with a verification argument to show that, for » small and (z, x) such that (z, miv ) €

Tr(tg, mo),

U, mY) - VN, x) < CIN

(4.1.10)

+Bls o (s,m00) leaves T(tg, mo) | X sup (U(s.yN) = VN (s,my)).

X N
(s,my )T r(t9,mo)

Combining (4.1.10) with (4.1.9), we show that the rate of convergence improves when the radius

of the tube shrinks. More precisely, we establish, for 0 < r| < rp < 1, an estimate of the form

sup ((Ll(s, mi,v) - (VN(s,y)) <C/N
(s.m)eT 7, (t0.m0)
4.1.11)
+CN77 x sup ((Ll(s, mﬁ,v) - "VN(s,y)),
(5.5 )T, (t9.mp)

where, crucially, y is independent of r| and r,. In particular, because y is uniform we can apply

(4.1.11) to a finite sequence of radii rgl) gl) = r(z) > r§2) = r(3)

(k) _ (k)
5 > ..> 7" =r, togetthat

>r

2

sup (ﬂ(s, mﬁ,v) - (VN(s,y)) < CN~Urky),
(S,mﬁ;v )GTr(k)(fo,mo)
1
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and so choosing k large enough we conclude the existence of a small radius r > 0 such that the
desired rate of convergence holds on the small tube 7 ,(ty, mg). This is enough to establish the

estimate uniformly over compact subsets of O as desired.

The strategy of proof for the convergence of the gradients in (4.1.8) is similar, but more complicated
because without the comparison principle it is harder to conclude an estimate analogous to (4.1.10).
In addition, while the argument outlined above requires only minor refinements of the regularity
results in [92] to execute, the convergence of the gradients requires a new Lipschitz bound on

DU (locally within O), which is obtained in Theorem 4.2.4.

4.1.4 Organization of Chapter 4

In Section 4.2, we discuss notations and some preliminaries, and then state precisely our main
results. Section 4.3 contains the proof of our first main convergence result, Theorem 4.2.1. Section
4.4 contains the proof of the convergence of the gradients (Theorem 4.2.2), and Section 4.5 contains
the proof of the concentration inequality (Proposition 4.2.3). Finally, in Section 4.6 we state and

prove a number of regularity results which are used in the earlier sections.

4.2 Preliminaries and main results

4.2.1 Basic notation

We fix throughout the chapter numbers d € N, T > 0. We work on a fixed filtered probability
space (Q,F = (F1)o<s<7,P), which hosts independent d-dimensional Brownian motions (Wi)ieN.
We use bold to write elements of (Rd)N or processes taking values in (Rd)N , that is, we write
X = (xl, g XV ) € (Rd)N for a general element of (Rd)N . We denote by P = P(Rd) the space of

probability measures on R?, and, for ¢ € (1, c0), we denote by Pg = Pq(Rd) the g-Wasserstein
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space, that is, the set of m € P(Rd) such that Mg (m) < oo, where

My(m) = jl;d |x|Ym(dx)

is the qth—moment of the measure m. We endow S‘)q(Rd ) with the usual g-Wasserstein distance,

which we denote by d.

We will make use of the calculus on the Wasserstein space as explained in [79] and [96]. In
particular, for a sufficiently smooth ¢ : Pz(Rd) — R, we write g—i(m, X) : Pz(Rd) xR? - R for

the linear derivative of ¢, which is defined by the formula

1
o(m) — p(m) = f f 5—¢(sm + (1 — s)m, x)(m — m)(dx)ds,
0 JRrd om

together with the normalization convention

f 6—¢(m, x)m(dx) = 0.
Rd Om

When g—i exists and is differentiable in its second argument, we denote by D,,¢ = ng—;i the

Wasserstein or so called Lions derivative
o
Dpd(m, x) = Dx(s—(p(m, x) : Po(RY) xRY - R
m

Higher derivatives are denoted similarly.

For k € N, we denote by Ck(SDz(Rd)), the space of functions ¢ : Pz(Rd) — R, such that for all
i€(l, -k} and multi-index I € {0, 1, ..., i}¢ with |[| + i < k, the derivative D) Di, ¢ exists, and is
continuous and uniformly bounded. Finally, for k,n € N, we denote by Ck(Rd; R™), the functions
V/aS R? — R” that are k—times continuously differentiable. When n = 1 we will write C k. Similar

notation will be used for standard Holder spaces, that is, for @ € (0, 1), Ck*@ will be the space of
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functions in C¥ with bounded and a-Hélder continuous derivatives up to order k.

4.2.2 Assumptions

The data for our problem consists of the three functions
L=Lxa):RIxRI SR, F=Fm):P,RY) >R and G = Gm) : P,(RY) > R.
The Lagrangian L determines the Hamiltonian H = H(x, p) : R¢ x R? — R by the formula

H(x, p) = sup { —a-p— L(x, a)}.
acR4

For part of the chapter, we will work with essentially the same assumptions as in [92], which we

record here.

Assumption 1. The Hamiltonian H is in Cz(Rd X Rd), and, for some c¢,C > 0 and all (x, p) €

R x RY,
2 )
—C +clpl” < H(x,p) < C+ —|pl, 4.2.1)
C
and
|IDxH(x, p)l < C(1 + |pl) 4.2.2)

Moreover, H is locally strictly convex with respect to the last variable, that is, for each R > 0, there

exists cg > 0 such that, for all (x, p) € RY x Bg,
D3, H(x, p) > cgly. (4.2.3)

Meanwhile, ¥ € C2(P2(RY)), and F, DpF, D%mf and D,%mﬂ’ are uniformly bounded. Finally,
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G e C4(P2(Rd)) with all derivatives up to order 4 uniformly bounded.

In order to obtain more regularity and to study the convergence of the gradients of V"V, we require

some additional smoothness, recorded here.

Assumption 2. The data ¥, G and H satisfy Assumption 1. In addition F € CS(PQ(Rd); R) and,
fori=1,2,3 and some 6 € (0, 1),
sOF sDG

sup  ||[—=(m, -)||C2+6 RAyi-py + Sup || ——(m, ')”C2+5 Rdyig) < 0.

4.2.3 Preliminaries

In this section we recall some of the main results from the recent papers [78] and [92].

First, the main result of [78] (Theorem 2.5 therein) shows that, under Assumption 1, there exist
constants C > 0 depending on the data, 8; € (0, 1) depending only on d, such that, for all N € N

and (7, x) € [0, T] x RHN,

N
1 :
N _ N —Ba 2 ii2
(VN x) - U@ my) < CNTPa(1 + N 21 %), (4.2.4)
1=
In [92], meanwhile, the authors show that under Assumption 1, there exists an open and dense set

Oc[0,T] x Pg(Rd) such that U is C! and satisfies (HJBw) in a classical sense on O.

To define O precisely, we first need some additional notation and terminology. If (m, @) is an
optimizer for the problem defining U(zg, mq), then we call the curve [7),T] > t — m; € Pg(Rd)
an optimal trajectory starting from (g, mg). Assumption 1 is enough to guarantee the validity of
a standard result from the theory of mean field control, namely, that, if m is an optimal trajectory

started from (7, mg), then there exists a unique function u : [fg, T'] X RY R, which is called the
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multiplier associated to the optimal trajectory m, such that the pair (u, m) solves the MFG system

1)
-0 — Au + H(x, Du) = ;(m;, x) in (t,T) X Rd,
m

dm — Am — div(mD,H(x, Du)) = 0 in (0, T) X RY,

5
miy = mo and u(T, x) = 5—g(mT, x)inRY.
m

The set O is defined as the set of (ty,mg) € [0,T) X Pz(Rd) such that there is a unique optimal
trajectory m started from (¢, m(), which is stable (see [92, Definition 2.5]) in the sense that, if u is

the corresponding multiplier, then (z, w) = (0, 0) is the only solution in the space
to the linear system

=01z — Az + DpH(x, Du) - Dz = %(x, m(t))(u(t)) in (tg, T) X Rd,

Ot — Ap — div(DpH(x, Du)p) — div(DppH(x, Du)Dzm) = 0 in (t9, T) X Rd,

u(to) = 0 and z(T, x) = %(x, m(T))(u(T)) in R.

The set O will play a crucial role in the results of the present chapter, as well.

4.2.4 Main results

Our first main result shows that on compact with respect to #, for some p > 2, subsets of O, the

rate (4.2.4) can be substantially sharpened.

Theorem 4.2.1. Let Assumption 1 hold, and assume that p > 2. Then, for each subset K of O which

is compact in Pp(Rd), there is a constant C = C(K) such that, for each (t,x) € [0, T] X (Rd)N such
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that (t,mY) € K,
[ U, mY) = VN, x)| < C/N. (4.2.5)

Remark 7. As explained above, Example 2 in [131] clearly shows that, even if all the data is C*,
we cannot expect a global convergence rate (of VN to U) better than 1/ YN. Thus Theorem 4.2.1

shows that the convergence rate is generally different inside O than it is outside of O.

Remark 8. Theorem 4.2.1 is not a consequence only of the regularity of U inside O, that is, if we
know only that U is smooth on some arbitrary open set O’, it does not follow that the rate is 1/N
inside O’ in the sense of (4.2.5). Indeed, the invariance of O under optimal trajectories, that is the
fact that optimal trajectories for the MFC problem which start in O remain there, plays a crucial

role throughout the proof of Theorem 4.2.1.

Remark 9. The fact that the rate is uniform only over subsets of O which are compact in P, for
some p > 2 is related to the fact that extra integrability is needed in order to obtain the convergence
of empirical measures in the expected Wasserstein distance. More precisely, in order to obtain a
key lemma (Lemma 4.3.6 below), we rely on the results of [199] to bound the probability that an
auxiliary particle system exits a small “tube" around an optimal trajectory of the limiting problem,
with the radius of the tube measured with respect to dy. For this it is necessary to control the

pth—moment for the initial condition of the particle system.

Our next result shows that a sharp rate of convergence can also be obtained for the gradients.

Theorem 4.2.2. Let Assumption 1 hold, and assume that p > 2. Then, for each subset K of
O which is compact in Pp, there is a constant C = C(K) such that, for each i = 1,...,N and
(t,x) € [0, T]1 x RHN such that (t,mY) € K,

Dy U(t,mY, ) = ND VN (2, x)| < C/N. (4.2.6)
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Remark 10. The main interest of Theorem 4.2.2 is that it implies a convergence rate for the optimal

feedbacks for the N-particle problem which are given by
oNi(t,x) = =D, H(x', ND sV (1, x)).

That is, for any initial condition (ty,xq) € [0,T] X RHYN | the optimizer « for the minimiza-
tion problem in (4.1.1) satisfies ai = oVi(1, X;), X denoting the optimal trajectory starting from
(to, x0). Meanwhile, the optimal feedback for the mean field problem, at least for initial conditions

(tg, mg) € O, takes the form
a'MF(t, m, x) = —DpH(xi, Dy, U(t, m, x)).

That is, for any (tg, mg) € O, the unique optimizer « for the minimization problem in (4.1.2) satisfies
alt,x) = oMF (t, my, x), m; denoting the unique optimal trajectory started from (ty, mg). Thus we
can clearly infer from Theorem 4.2.2 that, for each subset K of O which is compact in Pp, there

exists C = C(K) such that

sup [N, x) — aMEe, mlY, xH) < C/N.
{(t.x):(t.mY))ek)
In [92], it is shown in Theorem 1.2 that the regularity of U in O implies a convergence for the
optimal trajectories of VY, in the spirit of propagation of chaos, at least for appropriate initial
conditions. Using the convergence of the gradients obtained in Theorem 4.2.2, we are able to

supplement this result with the following concentration inequality.

Proposition 4.2.3. Let Assumption 2 hold, and fix (ty, mg) € O such that my € P, for some p > 2

and, in addition, satisfies a quadratic transport-entropy inequality, that is, there exists k > 0 such
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that
dy(mg, v) < kR(vimg) if v < my, 4.2.7)
where R denotes the relative entropy,

ffl—;logf,—;dy if v<u,
ROV =

9] otherwise.

For each N, denote by XN = (XN’] s eees XN’N) the solution of
dX;"" = ~DpHX" \ND VN (1, XV)dt + N2aWi, X} = ¢, 4.2.8)

where (fi)ieN are i.i.d. with common law mq. Then, there exists a constant ro > 0 (which can
depend on (ty, mg)) such that the following holds: for eachn > 0, K > 0, we can find a constant
C > 0 (which may depend on (ty, mg), in addition to n and K) such that for any 0 < r < ro and

N > C/ min(e, €9*8), we have

2
B| sup dy(my,mp) > r| < Cexp( - %N) + exp(—KN'™), (4.2.9)
to<t<T t

where (m, @) denotes the unique optimizer for the problem defining U(ty, mo).

Remark 11. Concentration results similar to Proposition 4.2.3 were obtained for mean field games
in [143] under the assumption that the corresponding master equation has a smooth solution. The
analogous condition in our setting would be that the value function U is globally smooth, which

we do not have because we do not assume any convexity on ¥ and G.

Remark 12. The presence of the n in (4.2.9) comes from the fact that in Theorem 4.2.2 we have

convergence of the optimal feedback strategies only on compact subsets of Pp, with p > 2. In
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particular, in the proof of Proposition 4.2.3 we must begin the argument by bounding from above
the probability that the empirical measure of the optimal trajectory for the N-particle problem exits

a large ball in Pp. This can be estimated from above by a multiple of a probability of the form
1 N .
_ Lp
P[N l-_El IE'P > R] (4.2.10)

for some large R, where (&)jen are ii.d. sub-Gaussian random variables. When p > 2, the
random variables |E'|P are only “sub-Weybull" rather than sub-exponential, that is, they have tails
like P[Ifi P > x] ~ exp(—cxz/ P). Applying a concentration inequality to bound this tail probability

leads to the second term in (4.2.9).

A key step in proving Theorem 4.2.2 is showing that, under Assumption 2, the C! regularity
obtained in [92] can be improved to C? regularity. This result is interesting in its own right, and so

we state it here, alongside our main convergence results.

Theorem 4.2.4. Under Assumption 2, the derivative Dy, U exists and is continuous in O. More-
over, for each (to,mg) € O, there exist constants 6,C > 0 such that, for each t, m|,my with

It — tg| < 6, do(mq,m;) < 6 andi = 1,2, we have

Sup |Dmm(L{(Za mla x7 }’) - Dmm(u(t, m2’ x7y)| S Cdl(m17m2)
x,yeRd

4.3 The proof of Theorem 4.2.1

In this section we present the proof of Theorem 4.2.1. For simplicity, we fix throughout the section

ap>2.

It will be useful to note that one of the inequalities in Theorem 4.2.1 is relatively easy. Indeed,

under the smoothness assumptions on ¥, G, it is not difficult to show the following.
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Proposition 4.3.1. There is a constant C such that, for all N € N and for each (t,x) € [0,T] X
RN,

VYN, x) <U@E,mY)+CIN .

Proof. We omit the proof, since it is almost identical the one of the first inequality in Theorem 2.7

of [131]. O

4.3.1 Tubes around optimal trajectories

We now introduce some notation which will be useful in the proof of Theorem 4.2.1.

(t0.mp)
f

Given (t9,mg) € O, we denote by t — m the unique optimal trajectory for the limiting

McKean-Vlasov control problem started from (¢, mg). For simplicity, we extend m10:10) by a

(tg,mp)

constant to [0, 7], that is, we define m,

=mg for 0 <t < 1.

For r > 0, 7(t9, mp) is an open tube around the optimal trajectory started from (¢, mg), that is,
Tot.mo) = {(tom) : 1 € (19 = . TV N [0, T], dam,my®") < 7.

When (g, mg) is understood from context, we write simply 7.

Because we are working in the whole space, we will often have to intersect the “tubes" 7, with

bounded subsets of the Wasserstein space #p,. To facilitate this, we set, for R > 0,
Qg = [0,T]1 x B,
where Bﬁ is the ball of radius R in #p, centered at 6, and use the notation
Tr.Rr(t0, mo) = Tr(to, mp) N QR.
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We also need to project these sets down to finite-dimensional spaces. In particular, we will write

ON = {(1,x) € [0, T] x RHN : (1, mY) € O}, and likewise we set
T et mo) = {(t,0) € [0, TIx RN : (1, m}) € Tr.r(to, mo)).

Finally, xNLx - (XN’t’x’i),-z 1. N 1s the optimal trajectory for the N-particle control problem

.....

started from (¢, x) € [0, T] X (Rd)N , that is, the solution of

dXNH = _p L, HXY L ND VN (5, XN ))ds + N2dWE in [s, T,
4.3.1)

i

1x,i
X;V,,x, =x.

To prove Theorem 4.2.1, it will suffice to establish the following Proposition.

Proposition 4.3.2. Let (ty, mg) € O and R > 0. Then there exist r,C > 0 such that, for each N € N

and each (t,x) € Tr]\%(to, mg),
VN, x) — U@, mY)| < C/N.

Indeed, once Proposition 4.3.2 is proved we can complete the proof of Theorem 4.2.1 as follows:

Proof of Theorem 4.2.1. Fix (ty,mgy) € ON([0, T]1xP)), and choose R large enough that (#, mg) €

Qpg. Thanks to Proposition 4.3.2, there exist r, C > 0 such that, for all (¢, x) such that (z, mg ) €

T r,r(to, mo),
[V, x) — U, mY) < C/N. 4.3.2)

In particular, for each (¢y, mg) € ON ([0, T] x P p), there exists a subset of O, which is open in Pp
and contains (z, mg), on which the convergence rate is 1 /N, in the sense of (4.3.2). This completes
the proof. O
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4.3.2  The proof of Proposition 4.3.2

We give here the proof of Proposition 4.3.2. We start by recording a few preliminary facts about

the tubes 7 (¢, mq) defined above.

Lemma 4.3.3. Given (tg,mg) € O, there exists ro > 0 such that T, (ty, mg) C O. Moreover, for
any ry > 0, there exists 0 < r| < ry such that optimal optimal trajectories from within Ty, (ty, mg)

remain in T, (ty, mg), that is, for each (t,m) € T, (ty, mg) and eacht < s < T,
t,m (tg,mp)
dz(mg ),ms0 Y < ry.

Proof. The first claim is a consequence of the fact that O is open, as proved in [92, Theorem
2.8]. The second one can be inferred from [92, Lemma 2.9] together with the uniform 1/2-Holder
continuity of the optimal trajectories s +— m(st’m) € %P, which is in turn a consequence of the

uniform boundedness of optimal controls (see Lemma 3.3 of [78]). O

The next task is to use the regularity of U in O to argue that the function
UM, x) = UGmY) : 10, T] x RHY - R (4.3.3)

satisfies a PDE similar to (HJBy). First, notice that, if we assume that U is C 1’2, then UV is a

classical solution in O to

N N

1 .
—0UN = 3 A GUN + = Hx NDUN) = Fml) + EN 1 x) (4.3.4)
: N <
J=1 J=1
where
1 .
EN@t,x) = - Z’f tr (DU, mY , x7, x7). (4.3.5)
J:

Under Assumption 1, the main results of [92] show that U is C 1, but not necessarily Cz, SO we
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cannot immediately conclude that U satisfies (4.3.4). Nevertheless, Proposition 4.6.4 shows
that, uniformly in x and locally uniformly in (z, m) with respect to dp, m +— D, U(t,m, x) is di-
Lipschitz. In particular, for each (g, mg) € O, it is clear that we can choose r small enough so that
m — Dy, U(t, m, x) is Lipschitz with respect to d uniformly over 7 (g, m). It follows that U is

Clon T (tg, mgy) with each partial derivative
DU (%) = =Dyt ml,
)Ci (t’x)_ﬁ m (t’mX"x)

being uniformly Lipschitz in x. Moreover, arguing as in the proof of [131, Proposition 5.1], one
can show that the equation (4.3.4) holds almost everywhere on 7N (to, mg), with an error term EV

satisfying
IEN |7,y < C/N. (4.3.6)

We record this sequence of observations in the following lemma.

Lemma 4.3.4. For any (tg,mg) € O, there exists r > 0 such that, for each N € N, the projection
UN defined by (4.3.3) lies in C'(TN(tg,mp)), with spatial derivatives D UV being Lipschitz

continuous in x, and such that (4.3.4) holds almost everywhere, with the error function
N 1 N .
EN = —ouN - Y A UM + v > H ND UN) - F (k) 4.3.7)
J=1 J=1
satisfying the estimate (4.3.6).

We now establish a sequence of technical lemmas. The first one explains how to estimate the
probability that the empirical measure associated with an optimal trajectory for V" grows quickly
inPp.

Lemma 4.3.5. There is a constant C), depending on p and the data with the following property:
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for each N € N and (19, xg) € [0, T] x (RE)Y,

P[ sup dy(m i m) > Cpl < Cp/N. 4.3.8)
[t0<tI<)T D A p] u

Proof. For simplicity, we set X = (Xl, ...,XN) = XN’IO’XO, and let @ = (al, ...,a/N) denote the

optimal control started from (7, xg). Then, for each fixed ¢ € [ty, T], we have

ooy < 3 - < 97| [kt wi-

Using the fact that o/ is bounded independently of N (see [92, Lemma 1.7]), we find easily that

N
1 . .
p _ L _ wt P
supd(m ,m )< C(1+ E sup |W, =W, |”).
to<i<T X0 ( a0 )

The result now follows easily from Chebyshev’s inequality.

The next lemma shows that the probability of the empirical measure exiting a tube decays alge-
braically, with a constant that is uniform over a smaller tube or, more precisely, uniform over the

intersection of the smaller tube with a ball in $,.

Lemma 4.3.6. There exists a constant 'y, q € (0,1), which depends only on p and d, with the
following property. Suppose that (ty,mg) € ON([0,T] X Pp), 0 < r; <r <rpandRy,Ry > 0 are

such that
1. Ry — Ry > Cp, Cp being the constant appearing in (4.3.8).

2. rp is small enough so that T, (ty, my) C O, and the conclusion of Lemma 4.3.4 applies on

Trz (t()’ I’I’LO).
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3. optimal trajectories started from inside T, (ty, mg) remain in T ,(ty, mg), that is,

sup dz(mgt’m),mgto’m())) <r forall (t,m)e T (ty,mg).

t<s<T

Then there exists a constant C, which is independent of N, such that, for all N € N and (t,x) €

N
ri.Ry’

P[V* < T] < CN™Ypd,

where TNY = inf{s > 11 (s, XDy € (Tr];]RZ)C} AT.

Proof. We fix (tg, mg), r1 < r < rp and Ry < Ry as in the statement and N € N and (¢, x) € TrIYRl'

For notational simplicity, we write X = XN*% and v = vV At this point we have dropped the
superscript for simplicity, and we note that in the rest of the argument generic constants C may

change from line to line, but they must not depend on (¢, x, N).

We are going to break the problem up by writing 7 as
T=T1 AT,
where
T =inf{s>7: (s, XV e (TN )} AT and 75 =inf{s>1: dp(mly ,60) > RJAT. (43.9)
In particular, we have

P[r < T] < Pty < T] + P[ry < T1. (4.3.10)
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Moreover, since Lemma 4.3.5 shows that

Plr, < T]=P[ sup dp(mﬁs,(so) > Ry <P[ sup dp(mﬁs,m;") > Ry — Ry] < Cp/N,

t<s<T t<s<T

it suffices to prove a corresponding estimate on P[t; < T7].

We are now going to employ an argument similar to the proof of Lemma 3.2 in [92], but with non-
symmetric initial conditions. In particular, combining Lemma 4.3.4 and the It6-Krylov formula

(see [263] Section 2.10), on [¢, 71] we have the dynamics

N
AU (s, Xs) = (0,UN (s, X5) + ) AUV (s, X)
=1
N . N _
= > DpHXEND VN - Dy UN (x, X ) )ds + V2 ) D UM (s, Xy) - dW)
j=1 J=1

>4

N

1 . .

- (N H(X}, ND UM (5, X)) = > DpH(X5, ND V) - D UM (x, X )
: =

~
1l
—_

N
—Es— T(m%S))ds + \/EZ ij(UN(S, X)dW)
=1

(- L, ~DpHX{, ND VN (5, X))

\Y
S=
M=

~
Il
—_

-1 j N _ j AN 2
+ C7N Dy HX], ND UM (5, X)) = DpHX], ND VY (s, X )

N
~CN' - T(ml}\(ls))ds + V23 D UN (s, X)dW].
j=1

In the last bound, we used the fact that the strict convexity of L in a yields some C > 0 such that,

for any x € R4 and p,q € R,
1
H(x.p) = DpH(x.q) - p 2 ~L(x, =DpH(x.)) + =|DpH(x. p) = DpH(x. 9P 4.3.11)

Taking expectations in the inequality above for the dynamics of U™ (s, X;) and integrating from ¢
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to 7, we get

f ' Z ‘DPH(X] ND UM (s, X)) - D,H(X], ND VN (s, X)) 2]
T N
<E[fL{N(T,XT)]—fL[N(t,x)+E[f NZL(X —DpH(X] NDxJ(VN(s,XS)))
t =

" ﬂm@] +CIN (4.3.12)

< C(1 + My(m)NPa + B[V (7, X0)] - VV (1, x)

N
T 1 . .
’ E[f ~ 2 L ~DpHOX.ND VN (5. X)) + Ty )| = CNF,
t ; ;
J=1

with the last equality following from the fact that X is the optimal trajectory for the N-particle
problem, and where S is the exponent appearing in (4.2.4). We note that the dependence factor
(1+ Mz(miv )) was absorbed into the constant, keeping in mind that the constant is allowed to
depend on the radius rp of the largest tube.

Next, we are going to use (4.3.12) to compare the process X to the process Y = (Yi),-zl N defined

.....

on a stochastic interval [¢, o] by

dYy = —DpH(Y}, DyU(s,my ,YD)ds + N2aW} 1< s<o:infls>1:(s¥V)e(TH) AT,

1 —
Yt—x.

In particular, noting that we can rewrite the dynamics of X as
dX} = (= DpH(X}, DnU(s, my , X})) + E{)ds + dW3,
with

E% = DpH(X!, ND /UM (s, X5)) — DpH(XE, ND VN (s, X)),
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we easily get by computing the dynamics of % Zy: | |X§ -Y §'|2 and applying Gronwall’s inequality
that
N N
1 . . TNT 1 R
Bl sup — > IXE-YiPds| < CE[ f = |E§|2ds] < CNPa,
t<s<ont N P} t N j=1

the last inequality coming from (4.3.12). It follows that

E| sup d5(my .my)|< NP, (4.3.13)
I<s<OAT § s
In particular, if we pick r’ € (r, r»), and set
o’ =inf{s>1;(s,Yy) € (TOF}IAT,

then, using Markov’s inequality and (4.3.13) , we find

Pty <T1<Plo’ <T]+Ploc’ =T, and 7| < T]

<Plo’ <T1+P| sup dy(m} .my)>r,—7|
1<S<OAT $ 5

<Pl¢’ <T]+CNPal2,
To complete the proof, we need only show that, for some 721 e 0 depending only on d and p,
Plo’ < T]1<CN Ydr,

We would like to infer this from Lemma 4.3.7 below, which is a non-symmetric version of a

standard “propagation of chaos" result for interacting particle systems. We cannot, however, apply
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Lemma 4.3.7 directly, since the map
(t, X, m) = _DpH(x, Dm(l/l(t? m, .X'))

is not globally defined, let alone globally Lipschitz. To overcome this, we simply extend it, choos-

ingamap b = b(t,x,m) : [0,T] X RY x Pz(Rd) — R4 such that

b(t, x,m) = =DpH(x, Dy U(t,m, x)) for (1, x,m) € T,(ty, mp),

b is globally bounded and is Lipschitz in (x, m) (with respect to the d,-distance) uniformly in z.

This is possible thanks to the regularity of U in 7,. Then, we define the process Z = (Z' iz

.....

on the whole interval [¢, T] via

dzy = b(s, Zy,my )ds + N2dW; 1< s<T,

I
Zt—x.

It is easy to see that Z = Y on [z, 07), and that the solution Z of the corresponding McKean-Vlasov

SDE

dZs = b(s, Zs, L(Zs)ds + V2dWy t<s<T,

Zt ~miv

(t Ny

is exactly the optimal trajectory for the mean field control problem, that is, £(Zs) = ) In

particular, we can use Lemma 4.3.7 and Markov’s inequality to conclude

Plo’ <T1=P| sup dy(mj ,ml0mo)y 5 | <P sup dymyy . LZ) > —r|<CN ay,

1<s<T t<s<T

(10, m())) =d ( (1, mx (t(),m())) <r,

where in the first inequality we used the fact that dy(L(Zy), m

9
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by hypothesis. This completes the proof.

The following lemma is a sort of “non-symmetric" version of a classical propagation of chaos

estimate for interacting particle systems, which was used in the proof of Lemma 4.3.6.

Lemma 4.3.7. Fix b = b(t, x,m) : [0, T] x R4 x Pz(Rd) — R4, and suppose that b is measurable,
bounded, and Lipschitz in (x, m) with respect to the d,-distance, uniformly in t. Then there is a
constant C > 0 depending only on the L™ and Lipschitz bounds on b, and a constant y&p >0

depending only on d and p, such that, for any N € N and (ty, xg) € [0, T] X RN

E| sup dy(m, , mX(fo’xo))
t

_ /
< CMYPaulY \NVanp,
P X0
to<t<T

.....

dX] = b(t, X}, my,)dt + V2dW, and X} = x, (4.3.14)

(t0,mY))
m

and = L(Y;), where Y solves

dY: = b(t, Ye, LYp))dt + V2dW; and Yy ~ mY .

Proof. We fix (19, xg) € [0, T] x(R?)N . Thanks to the Lipschitz continuity of b, it is straightforward

to check that the map ® = O(x) : (Rd)N — R given by

O(x) =E| sup do(m, O ,m )
1o<t<T X,

is Lipschitz continuous with respect to d, with a constant C depending only on L, that is,

D(x) — D(y)| < Cdp(my ,m})).
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As a consequence, we can find a function D : P,(R?) — R with the same d»-Lipschitz constant

and such that ®(mY) = ®(x) for x € (RN,

Now define the “lift" @ : Pg(Rd) — R by

d(m) = f O(y)dm®N (dy).
RN
It follows from Theorem 1 of [199] that, for some y;) 4 > 0 depending explicitly on p and d.

DY) — )| = [D(my) - f O(my)d(my)*N (dy)|
(RN

<C f dy(ml) , mMym® (dy) < CMll,/p(miV)N_vad. (4.3.15)
(REHN
We can also write
- t0.my
O(my,) = E[ sup dz(mi o 0),m11\,]) ,
to<t<T !

where Y = (Y L. yN ) is defined using the same dynamics as in (4.3.14) but with initial conditions

Y, =&, the ¢z 2

w being i.i.d. with common law my, .

.....

It follows, from a standard ‘“‘asynchronous coupling argument" (see, for example the Proof of

Theorem 1.10 in [93]), that
. N -y d
O(my,) < C(1 + My(my )N "r4,

which completes the proof. O

The next lemma shows how the estimate from Lemma 4.3.6 can be used to improve the rate of

convergence on small tubes.

Lemma 4.3.8. Fix (ty, mg) € O and assume that r > 0 be small enough so that the conclusion of
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Lemma 4.3.4 holds. Then, for R > 0, there exists a constant C > 0 independent of N such that, for

all (t,x) € T,

UN @, x) - V@, x) < ¢y sup  (UN(s.y) = VN (s, )PV < T,
(s.0)ET

where

NE = infls > 1 XY € (TN AT.

Proof. Recall that UV satisfies (4.3.4) on 7 rN =7, ,fv (to, mp). Therefore, using a standard verifica-

tion argument, we find, for any (¢, x) € 7, rN , the formula

T 1 N o
N _ : N
U (t,x) = _ inf E[fz (ﬁ i; L(X§, ) + gc(mXS)

(4.3.16)
+EN(s, Xs))ds +UN (1, X7)|,
subject to the dynamics
dX. = alds + 2dW! r<s<t=inf{s>r:X. e (TN} and Xf:xi.
We note that both X and 7 are impacted by the choice of a.
Similarly, we have
T X .
VN, x) = inf £ ft ~ ; L(X§, &) + F(my yds + VN (x, Xo)|, (4.3.17)

subject to the same dynamics.

By dynamic programming, the optimal control for the optimization problem in (4.3.17) is the

feedback aé = —DpH(Xg,NDx,-(VN(s, Xy)), and when this control is played X = XN4X and
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T=17

Thus testing this control in the optimization problem (4.3.16), we find

TN,t,x

UN(t,x) - V(. x) < f En(s, Xo)ds| +E|UN @, X npw) = VNENE X v |
t
C
<+ E| (TN (N, X = VN @, X i) ) Loviae o
+ (UN N X i) = VNENE X o) U |

< —+ sup (‘LIN - (VN)P[TN’t’x < T],

(t,x)eTN

=49

where we used in the first inequality the fact that IEN | < C/N and in the last inequality the fact that

UN(T, x) = gmk) = VN(T, x).

We now proceed with the proof of Proposition 4.3.2.

Proof of Proposition 4.3.2. Lety, , be the exponent appearing in Lemma 4.3.6, and choose M € N
withM -1 > 1/yd’p, Rys > 0 large enough so that mq € BpM, and, for m = 2, ..., M, define R,,,_
inductively by R;,_1 = R;y + Cp, Cp being the constant appearing in (4.3.8) or, in other words,

Cm=Cy+(M-m)Cpform=1,.., M. The important point is that we have

mo€By CBp C..CBp and Ry—Ry_1 =Cp.

M-1

Next, choose rg) > () small enough so that the conclusion of Lemma 4.3.4 holds, and then con-

struct, fori = 1,2andm =1, ..., M,, rl(m), in such a way that

rgmﬂ) = rgm) < rém) for m=1,..,M-1,and

there exists 7™ such that rgm) < m < r(m)

» ~ satisfy the hypotheses of Lemma 4.3.6.
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(m)

Lemma 4.3.3 makes it clear that we can choose r;" satisfying these conditions. To be clear, the

important point is that we have

0< rgM) < réM) = rgM_l) <. < réz) = ril) < rg), (4.3.18)

and that, for m = 1,...., M, there is a ¥ such that the triple rgm) < Fm - rém) satisfies the

hypotheses of Lemma 4.3.6.

Combining Lemma 4.3.8 and Lemma 4.3.6, we find that, foreachm = 2, ..., M,

C
sup ((LIN (t,x) — N (1, x)) < N + sup (ﬂN —yN )N Ydp
(t,x)efrf(vm) (t,x)e‘]']z’m)
ry " .Rm Fr Ry
! c 2 (4.3.19)
= —+ sup ((LIN - (VN)N_W»P
N N
X))
" Rin-1

Then (4.3.19) and the global estimate (4.2.4) easily yield, through an inductive argument starting

with m = 1, that, foreachm =1, ..., M,

sup  (UN(t,x) — V(1 0)) < /N BaHn=Dvap)

(t.x)eT™N
r(lm),Rm

Since M — 1 > 1/y4 ), > 1 by design, we see in particular that

sup  (UN(t.x) - VNt x)) < C/N,

(t,x)eT™N
r(lM ) Ry

which together with Proposition 4.3.1 completes the proof.
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4.4 The proof of Theorem 4.2.2

In this section we prove the convergence result for the gradients. Once again, we fix a p > 2
throughout the section. As in the proof of Theorem 4.2.1, a useful first step is to observe that it

suffices to prove the following proposition.
Proposition 4.4.1. Let (ty,mg) € O and R > 0. Then there exists r,C > 0 such that, for each
NeN,i=1,..,Nand (tx) € T, mp),

C
IND VN (t, %) — Dy U(t,mY)| < o

It is easy to see that Proposition 4.4.1 implies Theorem 4.2.2.

Proof of Theorem 4.2.2. Theorem 4.2.2 follows from Proposition 4.4.1 exactly as Theorem 4.2.1

followed from Proposition 4.3.2.

The rest of this section is devoted to proving Proposition 4.4.1. Before we proceed, we fix some of

the notations that will be used throughout the section.

First we define
VNG =p VN and UM = D UM forie (1, N).
Using the the PDEs for VYN and UV, it is easy to check that YN satisfies, in [0,T) x (Rd)N ,
R Z A VN Z DpH(x, NVNHD ;N

J J 4.4.1)

1 . . . 1 .
+ NDxiH(x’,NfVN”) = FN = Dt ml, x).
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Meanwhile, if U were smooth enough on some tube 7 = 7 (ty, mg), then we would have

=0 UM = " A UN " DpHG, NUNHD UM

(4.4.2)
L]
+ yDuHG NUNY = 78+ BN in
with
) N
ENi(1,x) = ~ 5 D DU, ml x| - Z [ (DUt mY, x7, x1)] ().

j=1

Of course, Theorem 4.2.4 does not give enough regularity to immediately justify the computation
above, since it only shows that D, U Lipschitz in an appropriate local sense. Nevertheless, when
combining the regularity results Theorem 4.2.4 and Proposition 4.6.8 with the reasoning in the

proof of [131, Proposition 5.1], one easily obtains the following analogue of Lemma 4.3.4.

Lemma 4.4.2. For any (ty, mqg) € O, there is r > 0 such that T (ty, mg) C O, and, for each N € N,
the projection UN-i defined by (4.3.3) is Lipschitz in time and C Lin space on the set TrN (tg, mo),

with spatial derivatives D FUNY being Lipschitz continuous in x and such that the L —function

ENG = =0 ™ = A UM+ DpH, NUNTD UM + ~DH(, NUNEy — N
j j

satisfies, for each N € N, the bound

N,i
”E (t, x)”LOO(T;N(IO’mO)) < C/N
The next Lemma gives an analogue of Lemma 4.3.8, but at the level of the gradients of T/" and
VN,
Lemma 4.4.3. Let (tg,mg) € O and r > 0 be small enough so that the conclusion of Lemma 4.4.2
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holds. Moreover, let
VI —nf(s > 10 (s, XYY € (TN (9, mo))S) A T.

Then, there exists an independent of N constant C > 0 such that, for all (t,x) € TrN ,

N N

, : C : .
> 1N x) - Vi o < =+ sup (D 1UN(s,y) = V(s p) PP < T,
i=1 N* - syer) S

Proof. For the sake of notational simplicity, we give the proof for d = 1. The general case follows

the same steps.

Fix (t,x) € T, rN and consider the optimal trajectory X = X% for the N-particle control problem

started from (7, x). Let 7 = Tlrv’t’x, drop the superscript N and write E ’Y for Elsv’i and set

Yé = (VN’I(S, Xs), Z; = \/ED(VNJ(S’ XS)’

Y. = UNi(s, Xy), Zy = V2DUN(s, Xy).
On the stochastic interval [, T), we have the dynamics
. 1 . . . .
dyi = (NDxiH(X;, NYD) - Vi, Xs))ds L Zlaw,,

and

; i

4T, = (D H(XE N - (s, X) - EN(s, X,)

+ 3" (DpHOX, NV = DpHX NYD)D Ui (s, X ) Jds + ZydWs,
J

where we have written W = (Wl, v wN ) for simplicity.
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We set
AYi =Y -V, and AZL =7 -7,
and, for each i, j € {1,--- , N}, define the process AlJ by

Ab = MD}CJWNJ(S, X;)(DpH(X],NY/) = DpH(X], NY))(AY)) 15y

1

o o
* N—qu(Dfo(Xé’NYé) — DHXL NYO)AYD) 1y yisli).

We may now write

N
dAY! = (Z ABIAY] + Eg)ds + AZLaW,.

J=1

The key point about the coefficients A%/ is that, for some C independent of N,
IA™| < CIN + Cl;=j.
Next, we compute

N N N N N
2 ) 2
d( El IAYL%) = 2( | § 1A’SJAY§AY§ + El AYLEL + 3 El IAZL|%)ds + 2 21 AYLAZLAW .
1= l’]: 1= 1= 1=
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Integrating and taking expectations, we find, for some, independent of N, C,

Zm i _E[immz]—zﬁ[[ (Z A’JAWAYMZAWE’ ¥z Zmzl Z)dr]

1]1

<E[ Y A¥iP] +CE[f ZlAY’l +Z|E’ dr]

i=

< E[i |Ayg|2] + CE[ fsT (Z IAYE 2 + Z |EW ]

4

_
I |

with the first bound coming from Young’s inequality and the bounds on A®/.

Applying Gronwall’s inequality to the function y(s) = E[ ;|AY|?] and using the bounds on E,

we get

N N N
. . , C .
N,i _N,i 2 _ 2 12
> 1UN (e, x) - VNV )2 = E[ ) AY]) <3 + CE[ > 1AYIP
i=1 =1 i=1
C N
= — +CE[ » [VNi(z, Xr) - UNi(z, X))
7 [i§=1| (. X7) (r. X0

N
C . .
<—+ sup () 1UNs,y) - VNG, y)P)PIT < T,
N %
()T, =1

which completes the proof.

The following Lemma can be proved using Lemma 4.4.3, exactly as Proposition 4.3.2 is proved

using Lemma 4.3.8.

Lemma 4.4.4. Let (ty, mg) € O and R > 0. Then there exist r,C > 0 such that, for each N € N and
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each (t,x) € Tf\ﬁe(to,mo),

N
SUND VNt x) — DU )P <
i=1

We may now proceed with the proof of Proposition 4.4.1.

Proof of Proposition 4.4.1. Fix (ty,mp) € O and R > 0 and let r > 0 be given by Lemma 4.4.4.

With the notation of Lemma 4.4.3, we now have, for each i € {1,--- , N}, the dynamics

N
dAY = ()" ASIAY] + Ef)ds + AZLaW s, (4.4.3)
j

Therefore,

N
d(IAYIP) = () AYAYIAY] + AYIEL + E|Az;|2)ds + AYIAZLdW g,
j=1

which yields

: N
B[IAY ] = E[|AY4|2]—E[ ) (ZA;’JAy;AY,!+AY5E;+§|Az;|2)dr]
SAT 4
Jj=1

. T N b b . b .. . . . .
E|lAYi?] —E[ f ) ( § AL AYIAY! +A”’AY;AY;+AY,’,E§,)dr]
T )
J#L

E[|AY£|2]+CE[IS:T(|A PN AP AY/P + |EP)d ]

J#i

, T 1 1
< E[|Ay;|2] n CE[ fs AYE, [ + ¥ Z IA W| + m)dr]

J#i

T
+cf E|IAY} ]dr
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where in the second inequality we used Young’s inequality in the form
A AYIAY! < NlAYﬂZ + CNIAY2|AY! P,

in the third inequality we used the bounds on |E£| as well as the bounds on A%/ for i # j, and,

finally, in the last inequality we used Lemma 4.4.4.

Thus by Gronwall and the fact that

' 0 if 7=T,
|AY.lr|2 <
Sup(s’y)E rN (|7/[N’I(S,y) _ (VN’I(S,y)|2) if T<T,

we have that

. . C . .
UM - V0P < —2a sup (UM (s p) = VG )RR < T
(s.))ET+

To conclude, we follow the same procedure as in the proof of Proposition 4.3.2 to show that there

exists a rp < r such that

sup (1L (s p) = VN(s, P) < =
(s)ETH N

which proves the result.

4.5 The proof of Proposition 4.2.3

The proof of Proposition 4.2.3 follows from the following two Lemmas.

Lemma 4.5.1. Let Assumption 2 hold. Fix (to,mg) € O, assume that mq satisfies the condi-

tion (4.2.7) from the statement of Proposition 4.2.3, and, for each N € N, denote by XN =
167



(iN’l, - fN’N) the solution to

dx™' = —p,HXN, D, U, m%\,, XNy
+ 2dW} for tg<t<t=inf{t>1: (r,m%’) € O°YAT, (4.5.1)
t
X’N,i - fi,

Io

where (€))jen are i.i.d. with common law mq. Then, there exists an ro > 0 and a constant C > (0

such that for each 0 < r < rg and N > C/ min(r, rd+8), we have

2
P[ sup dz(m]XN,mgto’mO)) > r] < Ce TV,
fo<t<t X,

Proof. By Proposition 4.6.4 below, we can choose r( small enough so that 77, (#p, mp) C O and
(x,m) = —D,H(x, D;y;U(t,m, x)) is uniformly Lipschitz on 7(ty, mg) with m endowed with the

dr—metric. We then extend, as in the proof of Lemma 4.3.6, to find a measurable map
b(t, x,m) : [0, T] x RY x Pr(RY) — R?
which is globally Lipschitz in (x, m) and such that
b(t,x,m) = =DpH(x, DpyU(t,m, x)) for (t,m) € T,.
Let YN = (YN’I, - YN’N) be the unique solution on [fg, T'] of the SDE
dyM = b, YN, m%,)dt + V2dW! in (19, T] and Yy, = &, (4.5.2)

and notice that ¥ = X on [0,0), where o = inf{t > 1y : (¢, ml}’t) ¢ T}
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Now for r < rp, we can use [143, Corollary 3.5] to conclude

2
gto’mO)) > r] = P[ sup do(m” m(to’mO)) > r] < Ce TN,

P[ sup dy(m yN

N
"
t1O<t<t t to<t<t
O

Lemma 4.5.2. Let XV and XN+ be defined by (4.2.8) and (4.5.1) respectively, fix R > 0, choose r

small enough so that the conclusion of Proposition 4.4.1 holds on T (ty, mg), and let
o=inf{t>1y: (t, mfyviv) & T p(to, mo)) or (z, m%) ¢ Trplto,mo)} A T. (4.5.3)
Then there exists a constant C > 0 such that, a.s.,

0,y - som
Proof. For simplicity of notation, we write
bVt x) = —~DpH(x', ND #VN(t,x)) and bV"i(t,x) = ~DpH(x', DpU(t, mlY, x')).
On [fg, o) we can rewrite the dynamics of XV as
X' = b, X\t + N2dwi = (BN, X)) + Ef)de + N2dW,

where, in view or Theorem 4.2.2,

IEll = Vi, XN — BV, X)) < C/N.
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Thus setting AX;v’i = va’i — X‘i\f,i’ we have, for 7y <t < o,
Ni ! . —_— . Ni
AXN = f (BN xp) - BV X + B,
fo

Using the bounds on EN- and the fact that the regularity of U implies D, ,-ZN A< CIN+Cliz j» We

easily get

N N

1 . t 1 .

v 2 AP < CN? v C f ~ O IAX s,
i=1 fo ™ =1

and we conclude with Gronwall’s inequality.

O

The proof of Proposition 4.2.3. We fix R > 0 to be chosen later, choose ry small enough that the
conclusions of the preceding two Lemmas are valid, and let }N and o be defined as (4.5.1) and

(4.5.3) respectively.

We note that to prove Proposition 4.2.3, it suffices to show an estimate of the form
7'2 1
Plo < T] < Cexp(—EN .
To this end, we remark that
oc>20rANor AORAOCT AT,
where

or =inf{t > 1y : (to,m];(/?,) ¢ Bﬁ} and og = inf{t > 1y : (to,m%vt) ¢ Bﬁ},
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and
oq = inf{r > 1 : (to,mZN) ¢ 7} and g = inf{t > 1 : (to,mJXYN) ¢ Tyl
t t
Then we have

Pl sup_ dz(mXN, m{*")) > r| < Plog < T1+ P[5k < T1 + P57 < T}
t0<t<

+ P[ sup dy(m” (0 M0)) > yand o = Ok = o = T]

to<t<T XN’
<Plog < T1+P[Gg < T1+ PGy < T1+P| sup dz(mXN, m,) > 2]
X,

<t<o

~1Q

By Lemma 4.5.2, the last term in the final line above vanishes when N >

To bound P[og < T], we argue as in the proof of Lemma 4.5.1 to conclude that

sup |W! — W,iolp).

sup dP(mX ’mxo) < C( to<t<T
i=110=t=

t0<t<T

=
M=

We conclude that
Plog < T1 < B[C(1 + %Z sup W) - Wi IP) > RP - C]|,

i=1 to<t<T

and so, applying Corollary 3.1 of [356], we see that for any K we can choose R large enough so

that
Plog < T] < exp(-KN?/P)

An identical argument shows the same estimate for P[og < T'].
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Finally, by Lemma 4.5.1, we have

2
Plos < T] < Cexp(—%N).

Since p > 2 is arbitrary, this completes the proof. O

4.6 Regularity

In this section we show the necessary regularity results for the value function U.

4.6.1 Terminology and notation

Throughout this part, we set
0 0
F(x,m) = ij(m, x) and G(x,m) = —g(m, X).
om om

We also make use of the notation

SF oF 52F 52F
o (x, m)(p) = (—(x,m,y),p(dy)), —=(x,m)(p1)(p2) = {5 (x,m.y,2), p1(dy)), p2(d2)),
m om om om

whenever p, p1, p; are distributions such that the above pairings make sense, and similar notations
with G replacing F.

As in [92], we need to study a number of linear equations, which are obtained by linearizing the
MEFG system describing the optimal trajectories. For the reader’s convenience, we list here all of

the relevant equations.
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We say that (u, m) is a solution to (MFG) with initial condition m(ty) = my, if

—0su — Au+ H(x, Du) = F(x,m(t)) in (19, T) x R,
dm — Am — div(mD ,H(x, Du)) = 0 in in (to, T) x R, (MFG)

m(tg,-) = mg and w(T,-) = G(-,m(T)) in RY.

We say that (z, p) is a solution to (MFGL) driven by (u, m) and with initial condition p(ty) = &, if

=01z — Az + DpH(x, Du) - Dz = Z—Z(x, m(t))(p(?)) in (tg, T) X Rd,

dip — Ap — div(pD, H(x, Du)) = div(mD ,,H(x, Du)Dz) in (19, T) x RY, (MFGL)

6G
p(ty,”) = €and (T, -) = (S—m(-,m(T))(p(T)) in RY.

We say that (z,p) is a solution to (MFGLE) driven by (u, m) with initial condition p(fy) = ¢ and

forcing terms R! , Rz, R3 if
oF I d
=01z — Az + DpH(x, Du) - Dz = 6—(x, m(t))(p) + R* in (¢, T) X R4,
m
0o — Ap — div(pDpH(x, Du)) = div(mD,,H(x, Du)Dz)

(MFGLE)
+div(R?) in (19, T) x RY,

6G
p(to, ) = & and (T, ") = %(-, m(T))(p(T)) + R? in RY.

Given a sufficiently smooth vector field V : [0, T'] xR4 — R4 and a bounded map [ : [0, T]X RY —

RI%d e say that that (z,p) is a solution to (MFGLG) driven by (u, m) with initial condition
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p(tg) = € and forcing terms Rl,RZ,R3 if

F
~0;z— Az + V(t,x)- Dz = g—(x, m())(p) + R in (19, T) x R4,
m

dip — Ap — div(pV) = odiv(mI'Dz) + div(R?) in (19, T) x RY, (MFGLG)

o(tg,-) = & and (T, ) = g(-,m(T))(p(T)) +R3 in RY,

where m solves

omm — Am — divimV) =0 in (19, T) X RY,
(4.6.1)
m(to, -) = mgy in R

We provided separate definitions for the above systems due to their frequent use. We note, however,

that MFGL is a special case of MFGLE, which in turn is a special case of MFGLG.

Finally, we recall the notion of strong stability used in [92] for the system

oF
—0iz = Az + V{5, x) - Dz = — (x,m())(p) in (f,T) X R?,
m

dip — Ap — div(pV) = odiv(mI'Dz) in (9, T) X R4, (4.6.2)

oG )
plig,) =€ and (T,-) = =—(,m(T))(p(T)) in RY.

We say that

the system (4.6.2) is strongly stable if, for any o € [0, 1],
(4.6.3)

its unique solution is (z, p) = (0,0).

4.6.2 Refinement of the results in [92]

The purpose of this subsection is to present sharpened versions of the results in [92] under the
increased regularity of the data. The majority of them require only small adjustments. The only

critical extensions are Lemma 4.6.1 for estimates on the linearized system MFGLE and Lemma
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4.6.3 for the stability of controls. For this reason we include detailed proofs of these two results.

The following is a generalization of [92, Lemma 2.1]. The only improvement is in the norm of

dependence on &.

Lemma 4.6.1. Assume (2) and (4.6.3). There exists a neighborhood V of (V,I') in the topology of

locally uniform convergence, and n, C > 0 such that, for any (V’, tE), ", R\ R% RY &, o) with

(V’ar’) € (V’ |t(/) - tOl + dz(méam()) < n, ||V/||C1,3 + ”r/Hoo < 2CO’ 0-/ € [O’ 1]’
(4.6.4)

Rl” S Cé/z’é, RZ’/ S LOO([[O’ T1, (WLOO)’(Rd’Rd))’R:S,/ € C2+6, f € (C1+5)/’

any solution (7, p") to (MFGLG) associated with these data on [t{), T and m’ the solution to (4.6.1)

/

0

’

with drift V' and initial condition m], at time 1, satisfies

||p,(t,a .) _p,(t9 .)||(C2+6)l <

1’ lce+or2246 + sup lo” (@, )l c2+sy + sup <CcM, (4.6.5)
¢ rel), T o " — 1/0/2
where
M =€l crvsy + IRV llcsns + sup IR )l .oy + IR llc2so. (4.6.6)
te[t(’),T]

The proof is identical to the one in [92], where a careful inspection of the proofs of [92, Lemma

2.3] and [92, Lemma 2.1] shows that we may in fact use ||§||(C1+5), instead of ||§||(W1,ooy.
The following is a restatement of [92, Lemma 1.3] for measures in Pl(Rd ).
Lemma 4.6.2. Assume (2) and let (u, m) be a solution of MFG. Then there exists C > 0, which is

independent of (ty, mg), such that

dy (m(1), m(t'))
llull c3+6)/2.3+6 + SUp ———F—— <
#' | -2

C (4.6.7)
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and

sup f |x|m(t,dx)§Cf |x|lmo(dx). (4.6.8)
Td Td

telto,T]

We now present the critical improvement of [92, Lemma 2.9].

2

Lemma 4.6.3. Assume (2) and fix (tg, mqy) € O. There exist 6,C > 0 such that, for any t6, m(l), my

satisfying |t6 — tol < 8 and dp(my, mf)) <0, if (mt, o) is the unique minimizer starting from (té, mf))

with associated multiplier u® for i = 1 and i = 2, then

llu? - u1||C<2+5)/2,2+5 + sup dy(m?(r),m' (1))

te[t(’),T]
l0n* = m"@') = m* = mH Ol c2rsy a2l
+ su < mp, mp).
t’;g = t|6/2 1UTg, M

Remark 13. We note that in the statement of Lemma 4.6.3 my, m6 are close with respect to dj
while the result uses dl(m%, m(l)). This is done to be consistent with the results already proven in
[92], where the set O was shown to be open in the d,-topology. However, as we show below the

function U is in fact regular in dy inside the set O. The use of the metrics dy and dy will appear

throughout this section.
Proof. Let (m, @) be the unique stable minimizer starting from (zg, mg) with multiplier u. Then
[92, Lemma 2.6], yields that system MFGL is strongly stable.

LetV = =DpH(x, Du),I' = =D, H(x, Du) and V be the corresponding neighborhood as described
in Lemma 4.6.1. With the same argument as in [92, Lemma 2.9], by choosing 6 > 0 small enough,

we have that

Vi, TH ey

where V! = =D, H(x, Du'),T* = =D, ,H(x, Du').
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Given i > 0, by choosing 6 > 0 even smaller if necessary, we have that under our assumptions

lu? — ulllp@ioyoars + sup  da(m? (1), m! (1)) < . (4.6.9)
te[té,T]

Moreover, it is easy to check that, for a constant C = C(T, H, ||D2u1||00, ||D2u2||00) > 0 which is

bounded by Lemma 4.6.2, we have

sup dy(m*(1),m' (1)) < C(dy(md, mY) + ||Du* — Du")||co). (4.6.10)

’
IOSIST

Consider the pair

v.p) = w? —ul,m? —mh),

which solves (MFGLE) with

R(t,x) = H(x, Du*) — H(x, Du') — DpH(x, Du') - (Du* — Du')

+ F(e,m?) - Flx,m") - 2_51("’ m () m2(0) - ml (1),

R%(t, x) = DpH(x, Du*)m?* — DpH(x, Dulym' — D,H(x, Du')(m* — m")
— DppH(x, Du')(Du? — Du'ym!
= (DpH(x, Du*) = DpH(x, Du"))(m* — m")
+ (DPH(x, Du?) — DpH(x, Du') = D, H(x, Du') - (Du? — Du! ))m1
= (DPH(x, Duz) — DpH(x, Dul))(m2 - ml)
+m! fol D@? = u') - (DppH@ADU? + (1 = )Du') = Dy, H(x, Du?))da,

R3(x,T) = G(x, m*(T)) — G(x, m}(T)) - g(x, m (T))(m?(T) — m(T)),

_ o2
& =mg—my,.
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Note that we have the estimates

Illc1vsy < sup FQ)mG —mf) = dy (mg, m),
7 Ipflest Jra 00 0°0

sup ROl gy1oy < C(IDU” = Dulllcor sup_dym* (0. m' @) + 1Du” = Du' [y,
telto,T] te[to,T]

< C(llu® = ' oroyj00s + sUp_di(m*(0),m' @))).
1€to,T1

IRl p2ss < C sup d3(m(),m (0)).
telty,T]
It remains to estimate the quantity ||R1 |l cs/2,+s. For this, we rewrite R! as
RY(t,x) = A(t,x) + B(t, %),
where
1
A(t, x) = — f (DpH(x, ADu* + (1 = )Du') - DpH(DU")) - (Du* - Du')da,
0
and

1
B = [ (G a0+ (1= ! ) = S e )2 0) - m 0)d),
0 "om om

Bounding A is relatively straightforward, since

2 1412 2 1,12
||A||C5/2,5 < ClID(u” — u )”C(s/z,(s <Cllu” —u ”C(s/2,2+5-

The bound B is a bit more involved. Given 4,6 € [0, 1], let

[mla(t) = Am>(t) + (1 = Dm'(©),  [mlye(®) = Olmla(0) + (1 — Om>(e),  p(t) = m*(@) — m' (2).
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We rewrite B as

1 1 62 F
B(t, x) = f f A= (i, [m1.6(0) (PO (p(1))d Ao,
0o Jo Oom
and look at the functions

6°F
Caplt:¥) = (5, [mlao(0) (D))

For every 4,6 € [0, 1], we have the estimates

Ilmlae(0) = [mlae(llcry 2

ICaaC s < Cf su sup [0 e,
Lo Tol2o s jt — 51972 te[ror,)T] e
llo() = p(s)ll 240y
+ sup S sup Iy )
t#s It — 519/ telto,T]
d; (m% (1), m? d;(m! (1), m!
3 C(( g Q100 m*(5)) 1(m' (), m (s») sup @220, m! ()
i+£s |t — s]/2 1#s |t — s/0/2 te[to,T]
> llen* @ = m @) = mP(s) = m ()l 20y
+ sup dy(mP(0),m' (1) )
|t — s/0/2

telto,T]

and thus

om0 = ml @) = (mP(s) = m ()l c2vsy
IBC. 2.6 <C( sup_ d1(n*(®),m'(9) i
telro, -

+ sup_di(m*(r),m' (1))
1€lto,T1

Combining the upper bounds on A and B, we finally conclude that

10n* (@) = m! (1)) = (m*(s) = m" (sl 240y
|t — s5|9/2

IR I gsns < C( sup dy(m*(t),m' (1))
telto,T]

2, 2 1 2 1,2
+ sup A7 (@), m (0) + I =175 0005)
1€(to,T]
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and, hence, using Lemma 4.6.1 we get

10n> (@) = m" (1)) = (mP(5) = m" ()| c2vay

l® = ulll@razaee + suplm*(0) = m' ®)ll 245y, + sup
|t — s1/2
1€y, 71 t#s s
2 12 2, 72 1
< C(Ilu iR+ sup Xm0, (1)
1€(to,T]

Zl‘ _ lt T PN | .
+ sup d1(m2(t),m1(l))”(m &) = m (1)) = (m=(s) = m" ()l c2+s) )

te€[to,T1 |t — s|9/2

Thus choosing 7 > 0 small enough in (4.6.9), we find

1n>(0) = m" (1)) = (m*(5) = m" ()l c2rsy
It — s1/2

i ! lce+or22+6 +

< C(dy(mg.mp) + sup_di(m*(r).m' (1))
telto,T]

2 1 2 1,2 2,2 1
< C(dyOmg,mp) + 1e* = ' 7102005 + AT (mG, M),

where in the last inequality we used (4.6.10).

Therefore, choosing 7 > 0 even smaller if necessary, we obtain

101 = m' ) = m*(s) = m" ()l c2+0y
|t — s|5/2

e = 1 | crsrhes + = Cdl(m%’ m(l))'

Using the last inequality in (4.6.10) yields

sup dy(m?(1),m' (1)) < Cdy (m, mp).
telty, T

Next, we give a sharpened version of the main regularity result in [92].

180



Proposition 4.6.4. Let Assumption 1 hold. Then, for each (ty,mg) € O, there exist constants

0, C > 0 such that, for t, my,my with |t — to| < 9, da(mg, m;) < 6 andi = 1,2, we have

sup |DypU(t,my, x) — Dy U(t, mp, x)| < Cdy(mq, mp).
xeR4

Proof. Fori = 1,2, let (ui,mi) be solutions to MFG with initial conditions mi(t) = m;. We have
that

Dy U(t,m', x) = Dul(t, x)

and the result follows from Lemma 4.6.3.

4.6.3 The C*>—regularity of U

In this subsection we show that the function U is twice differentiable in m and, moreover, the map
m — DymU(t, m, x,y) is Lipschitz in dy locally within O. This is the assertion of Theorem 4.2.4.

The proof follows closely the one developed [79].

We introduce next some notation, and also give a roadmap showing how the arguments of [79] will

be adapted to the present setting.

For (19, mg) € O, let m{70-10) denote the unique optimal trajectory started from (#(,m() and by

ulf0-m0) jts corresponding multiplier, and consider the map ® : O X RY 5 R given by
D (1, mo, x) = w100 (10, x).
It was shown in the proof of Lemma 2.9 in [92] that, for (¢, m) € O, we have

%(t, m,x) = O(t,m, x) — f O(t,m, )m(dz). 4.6.11)
om Rd
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d

Given a multi-index [ € {0, 1}d with |[| = ) [; < 1, that s, either [ = (0,--- ,0) or [ = ¢; for some
i=1

i €{l,---,d}, where ¢; is the standard basis in Rd, and y € Rd, let (w(l)’y , p(l)’y ) be the solution to

(MFGL) driven by (u, m), with initial condition p¥(1g, -) = (=)D,

We also define the function K'Y : O x R xRY — R given by
KG9, mo. x,y) = w (10, ),

and, for simplicity of notation, we write K = K ),

Following the arguments in [79], we show below that

o)
@(t, -, x)|(y) = K(ty, mg, x, ). (4.6.12)

—(t -
5m(,m,x,y) 6m[

‘We note that the normalization convention

f K(tg, mo, %, y)mo(dy) = 0
Td

is satisfied, since (z,p) = (0, m(to’m())) is the unique solution to (MFGL).

Combining (4.6.12) and (4.6.11) and keeping in mind the normalization convention for linear

derivatives, it follows that %[ = K, where K is the “normalized" version of K given by

K (19, mo, x,y) = K(tg, mg, x,y) — f K(tg, mo, 2, y)mo(dz) — ul00) (19, )
T (4.6.13)

+ f ul10m0) (1. ymo(dz).
Td

The existence and regularity of Dy, U thus follows from the regularity properties of the map K,

which we investigate next.
Proposition 4.6.5. Let Assumption 2 hold and fix (ty, mg) € O. Then, the function K (0)(t0, mo, X, )
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is differentiable in y. Moreover, for anyl € {0, 1} with |l| < 1, the derivative x — Dy)K(O)(tO, mo, X,y)

belongs to CZ*9(RY) and is given by
DV KO, mo, x,y) = KD (19, mo, x, ). (4.6.14)

Furthermore, there exists a constant C > 0, which depends on the data, such that

sup [IDS K19, mg, -, yllcass < C. (4.6.15)
yeR4
and
”Dgl)K(O)(’O’mO’ Y = Dg)K(O)(lo,mo, Wlhts < ClY = yP. (4.6.16)

Finally, given a finite signed measure & on RY, the unique solution (z,p) to (MFGL) driven by

(u, m) and with initial condition p(ty) = & satisfies
2(to, x) = (K O(19, mg, x, ), ). 4.6.17)

Proof. Fix y € RY. Since || < 1, Lemma 4.6.1 yields

o> (@) = PPV ($)ll 24y
|t — s/0/2

WDl cesypacs + sup [jo@ Ol c2+sy + sup
telty,T] t#t

< ClIIDY6y | c1vsy < C.
Note that in the estimate above we used that

l
IDDsylc1vsy = sup DV Fo) < sup Nfllcies < 1.
Iflle14s<1 Ifllcr+6<1
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Leteq,...,e; be the standard basis vectors in RY, Then, for e > O and i € {1,--- ,d}, the pair
1 . Ny . .
(ZlE’ /llE) = (E(W(O),y_"eel — W(O)J) — w(el)ny’ E(p(())’y-'-eel — p(O)’y) i p(el)’y)

is the unique solution to (MFGL) driven by (u, m) with initial condition

1 ,
/lle = ;(6};4-6@1- - 5y) - (_1)D(el)6y.

Since

1 o
1=(8y+ee; = 8y) = (=DDVdy | ey
f +€e) = f() — D f(y)

= sup

Ifllorss<] €

1
= s [ DO(s0+ e + (1= ) = F)ds
fllprrs<t JO

1
<C sup [ID%fllcs f Eds < C sup  Ifllorese® < CE°,
Ifllores<1 0 Ifll s <1

Lemma 4.6.1 yields

- (wOreei _ y O) _fei

. ) lc@+o)/2,2+5

1 i 0
< Cll=(dysee; = 6y) = (DD Dyl c14ay < CE,

and, hence, (4.6.15) and (4.6.14) follow.

Furthermore, given ', y, (4.6.16) is an application of Lemma 4.6.1 to the pair (w)-Y —w(D-y_ o1y —

oDy,
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Finally, (4.6.17) follows from the fact that the pair

(i) = ( f WOV, ey, f PO de(y))
Td Td

is the unique solution to (MFGL) driven by (u, m) with initial condition pg (tg) = €.

We now show the Lipschitz continuity of K’ O with respect to m.

Proposition 4.6.6. Let Assumption 2 hold. Given (t, m(l)) € O, there existn > 0 and C > 0 such

that, if m% € ?Z(Rd) and dz(m(z), m(l)) <, then
IK D9, m3, - y) = KD (tg,m), -, lass < Cdy(md, m)).

Proof. Let (ul,ml) and (uz,mz) be the unique stable solutions to (MFG) with initial conditions
ml(to) = m(l) and mz(to) = m(z) respectively. In addition, let (Z1 , pl), (Zz, pz) be solutions to (MFGL)

driven by (u!, m!), (u?, m?) respectively and with initial conditions p!(19) = p*(19) = (-D'DDsy,,

The pair

w. ) = -z".p* = ph)
solves (MFGLE) driven by (ul , ml) with
R' = (D,H(x, Du") - D,H(x, Du?)) - Du* + (E(x m>(1))(p>(t)) - E(x m! (1))(p*(1)))
A P om om ’
R? = p*(t)(DpH(x, Du*) = DpH(x, Du")) + (m*Dpp H(x, Du*) — m' DyppH(x, Du")) - Du?,
R = §—G<x, AT - 2 (,md (DY),
m om

&E=0.
From Lemma 4.6.3 we have

185



IR Nl c2vs < C sup dy(m* (1), m' (1)) < Cdy(m, mf),
telto,T]

and

sup [IR*(0)ll 1oy < C( sup IDu(t) = Du' 0l + sup dy (m* (1), m' (1))
te(to,T] telty,T] telty,T]

< Cdy(m3, m).

It remains to estimate ||R1 lco/2.6- To this end, we rewrite it as
R'=A+B,

with

A = (DpH(x, Du") - DpH(x, Du?)) - Du?,

and

oF oF
B = —(x, m*0)(0*(1)) — — (x, m' (0)(0*(2)).
om om
It follows from Lemma 4.6.3 that
2 1 2 1 2 1
IAllcorze < CIID@” = u)llcorzs < Cllu™ = u'llcero2+s < Cdy(mg, mp).
Finally, we write
52F

1
B(t, x) = f —(x, m* (1) + (1 = D' @) (> @) (t) — m' (1))dA.
0 Sm?
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An argument similar to the one in the proof of Lemma 4.6.3 yields

10n>(1) = m' (1) = (1 () = m* (D) c2vy .
IBC, lcszs < C( sup 572 + sup d{(m°(t),m (t))),
1#s |t = sl t€[to,T]

and, hence, by Lemma 4.6.3, we have
||R1||C5/2,5 < Cdl(m(z), m(l)).
Finally, Lemma 4.6.1 and the definition of K O imply that

1K D (29, mG, -, y) = KD(tg. mo. . Mlaws <112 = Zllcaranars < Cdy(mg, mp).

Theorem 4.6.7. Let Assumption 2 hold. The map U is C? in the set O and satisfies

§*U
2_(t0’ my, X, y) = 7((l(()’ myp, X, y)
o“m

Moreover, given (to,m(l)) € O, there exist ann > 0 and C > 0 such that, if mg € Pz(Rd) with

dz(m%, m(l)) <, then

sU sU
“6—m(t0,m%, ) = (1. m. ) - jj; K(ag,m0, - V)l m(l))(y)H2+6 < Cd3(m3, m)).

Proof. Let (ul,ml) and (uz,mz) be the unique stable solutions to (MFG) with initial conditions

m! (to) = mé, mz(to) = m(z) respectively, and (z, i) be the solution to (MFGL) driven by (u, m) with

initial condition p(#y) = m% — m(l)
The pair

1

(@p) = W —u' —z,m> —m' - p)
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solves the linearized system (MFGLE) driven by (u1 , ml), with & = 0 and

R = —(H(x, Du®) - H(x, Du") — D,H(x, Du') - D(® - ul))
+ F(x,m*) = F(x,m") - E—Zu, m! (D)m* (1) = m' (1),

R? = (D,H(x, Du?) — DpH(x, Du') — DpppH(x, Dul) - (Du? — Du')ym!
+ (DpH(x, Du*) — DpH(x, Dul))(m* — m),

R? = G(x, mX(T)) = G(x, m}(T))) - %(x,mlmxmzm —m!(T)).

Arguments similar to those used to bound R! in the proof of 4.6.3 yield

IR oo+ sup IRl yi.co + IRl c2vsy
r€(t9,T]

2 1R 2 o 1(m2 (1) — m' (1)) — (m?(s) — m' (s))I\2
< C(IIDu — Du “C6/2,6 + te?:(l)l,)T] di(m=(1),m (1)) + (Stl;l? P — ) ),

and thus Lemma 4.6.1 and Lemma 4.6.3 imply that
||u2 —ul - Ao+ < Cd%(m(z), m(l))-

The above shows that
oD

%(t()’ m(l)’ X, y) = K(IO, my, X, y)

The result now follows from the representations (4.6.13), (4.6.11) and (4.6.17).

We may now show Theorem 4.2.4.

The proof of Theorem 4.2.4. The claim follows from Proposition 4.6.6 and Theorem 4.6.7.
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We conclude this section by showing that the function D,,U is Lipschitz continuous with respect

to time.

Proposition 4.6.8. Let Assumption 2 hold. Given (ty,mgy) € O, there exist C > 0 and § > 0

depending on the data such that, for all |h| < 6,
|Pm it + my A T,m0, ) = D9, mo, ), < CIA.

Proof. Fix (fy,mg) € O and x € R,

We write
DUty + h, mox) — Dy U(tg, mo, x)| < I + 11,
with
I = DUty + h, myy, x) — DinU(tg + by myy X)),
and

1T = Dy Ultg + h,mygyp, ) = DinU(tg + h, mygy, X)),

where ¢ — my is the unique optimal trajectory started from (¢, m(), and proceed obtaining bounds

for / and /1.

To estimate /1, we note that the regularity of #{00) yields

11 = D00 (16 + h, x) — Du"00) (19, x)| < Ch.

For the term I, we first note that, in view of Theorem 4.6.7 and the regularity of K proved in
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Proposition 4.6.5, we can find ¢ small enough that, if (¢, m) is such that |t — 1| < ¢ and dy(m, mg) <

0, then, for some C > 0,
DUt m, - 16 < C.

Since Dy U(t, m, x,y) = Dy U(t, m, y, x)T by Corollary 5.89 in [96], it follows that
DU, m, x, V125 < C.

From here it is straightforward to check that there is a constant C such that, if |t — 75| < ¢ and

dy(m, mg) < 9, we have
)
”%[Dmﬂ(t, m, )|l < C.

It follows that D,, U is locally Lipschitz in (C2)’ , and, in particular, for |t — fg| < 9, dp(m, mg) < 0,

we find
(DUt m, %) = Dy (t, mo, )| < Clim = mollcay-

Note also that standard estimates yield that # — m; is Lipschitz with respect to the (C?Y -metric.

Thus, choosing, if necessary, ¢ even smaller so that dy (my, 4, my,) is small enough, we find that
I< C||mt0+h - mt()”(CZ)/ < Ch,

which completes the proof. O
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