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ABSTRACT

This thesis details recent results concerning the regularity, well-posedness, and long-time
behavior of the first-order mean field games system with a local coupling.

First, we prove that when the coupling is unbounded from below (the so-called blow-up
assumption) and the density is positive, the system has classical solutions. Our starting
point is a transformation due to P.-L. Lions, which gives rise to an elliptic partial differential
equation with oblique boundary conditions.

Next, we investigate the extent to which these assumptions can be weakened in the one-
dimensional setting. We first prove that the blow-up assumption can be removed, while
still obtaining classical solutions, whose long-time behavior can then be fully characterized.
Additionally, we show that, for interior times, the solution is still smooth if the positiv-
ity assumption of the density is weakened to an appropriate almost-everywhere positivity
condition.

Finally, we develop the more challenging setting where the density may vanish on a set of
positive measure, which involves studying not only the regularity of the (weak) solutions but
also of the emerging free boundary. Our results show that the solution is smooth in regions
where the density is strictly positive, and that the density itself is globally continuous.
Additionally, the speed of propagation is determined by the behavior of the cost function
near small values of the density. When the coupling is entropic, we demonstrate that the
support of the density propagates with infinite speed. On the other hand, for a power-
type coupling, we establish finite speed of propagation, leading to the formation of a free
boundary. We prove that under a natural non-degeneracy assumption, the free boundary is
strictly convex and enjoys C1:! regularity. We also establish sharp estimates on the speed of
support propagation and the rate of long time decay for the density. Moreover, the density
and the gradient of the value function are both shown to be Hélder continuous up to the free
boundary. The methods are based on the analysis of a new elliptic equation satisfied by the
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Lagrangian flow.
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CHAPTER 1
INTRODUCTION

This thesis is concerned with the analysis of the qualitative behavior of solutions to the
following forward-backward system of PDE, which arises in the theory of large deviations,

optimal transport, and mean field games (MFG), among other places:

(

—ut + H(x, Du) = f(m) (t,z) € (0,T) x €,

my — div(mDypH (z, Dyu)) =0 (t,x) € (0,T) x £, (1.0.1)

| m(0,2) =mp(z), w(T,z) =g(m(T,z)) =€,

where 2 is typically either a subset of R? or the d-dimensional torus T¢, mg : 2 — [0,00) is
a probability density on €2, the Hamiltonian H : €2 x RY 5 R is strictly convex in the second
variable, and f, ¢ : [0,00) — R are assumed to be increasing,.

From a modeling perspective, the solution (u, m) can be interpreted as the Nash equilib-
rium of a differential game with infinitely many players. Each agent is trying to minimize a
cost by controlling her own dynamical state. The function m(¢, ) may be interpreted as the
density of players at time ¢ and position z, whereas u(t, x) is the optimal cost for a generic

player at time ¢, at the position x, that is,

T
u(t, z) = inf /t (L(z,7'(s) + f(m(s,7(5)))) ds + g(m(T,+(T))),

yEWLeo ([t T]:Q), v(t)=2

where the Lagrangian L : ) x RY — R is the convex conjugate of the Hamiltonian H. In
particular, the monotonicity of f and g means that the agents are incentivized to avoid
congested regions.

A natural first question to ask about (1.0.1) is whether it is well-posed, and, if yes,

to determine the regularity of the solution. It is well-known that standalone Hamilton—
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Jacobi equations, even with smooth data, do not have, in general, classical solutions. The
system (1.0.1) is, of course, more complicated, because the right hand side f(m(t,x)) of the
Hamilton—Jacobi equation is not a priori known to have any regularity. Previous results on
the well-posedness of (1.0.1) yielded very little regularity. In particular, u was not known
to be differentiable, and there was nothing about the continuity of m (see, for instance,
[7, 8,9, 47]).

It turns out that, under adequate assumptions, (1.0.1) has a unique smooth solution
(u,m). The first such result was proved in [44, Thm. 1.1], and is the content of Chapter 2.
The starting point used to obtain classical solutions is the following key observation of Lions,
which he presented in one of his lectures during his course at Collége de France [38]. One
may eliminate the function m = f~1(—u; + H(z, Du)) using the first equation of (1.0.1),
resulting in a degenerate elliptic equation in the space-time variables with fully non-linear

boundary conditions, that is,

—tr(A(z, Du)D?u) + a(z, Du) =0 (t,z) € (0,T) x €,
(1.0.2)

B(t,z,Du) =0 (t,x) € 0((0,T) x Q),

where Du = (Du,u;) denotes the space-time gradient of u, and D2y denotes its space-time

Hessian matrix. Setting x(-) = f~1(-)f'(f~1(-)), the matrix A and the function B are given

by
D2 H(xz,p) 0
Az, s,p) =(DpH, 1) ® (DpH, —1) + x(—s + H(z,p)) [ ™ o( P) N (1.0.3)
B(z,0,z,s,p) =— s+ H(xz,p) — f(x,mp(x)), (1.0.4)
B(z,T,z,s,p) =— g(x, f_l(—s + H(z,p))) + =. (1.0.5)

If 0Q # (), then typically the problem is also supplemented by Neumann boundary conditions
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in the set (0,7") x OS2

In view of the convexity of H and the monotonicity of f, this is an elliptic equation.
However, the eigenvalues of A degenerate precisely when y = mf’(m) = 0. This equivalent
reformulation strongly suggests that (1.0.1) has smooth solutions, at least inside the region
{m > 0}.

From these observations, two natural questions arise:

Question 1. If the initial density mq is smooth and strictly positive, does (1.0.1) have a

smooth solution (u,m) such that m > 0 everywhere?

Question 2. If the initial density mq is not everywhere positive, is the solution (u, m) to
(1.0.1) still smooth in the set {m > 0}7 Moreover, what is the shape and regularity of the

free boundary d{m > 0}7

The main objective of this thesis is to answer these questions. Question 1 is addressed

in Chapters 2 and 3, whereas Question 2 is the main focus of Chapter 4.



CHAPTER 2
REGULARITY IN ARBITRARY DIMENSIONS UNDER
BLOW-UP ASSUMPTION

2.1 Introduction
The goal of this chapter is to establish, under adequate assumptions, the existence of smooth
solutions to the system:

.

—uy + H(x, Dyu) = f(x,m(x,t)) (z,t) € Qp := T x (0,T),

my — div(mDyH (2, Dyu)) = 0 (z,t) € Qr, (MFG)

Km(ac,()) =mg(z), uw(z,T) = g(z,m(z,T)) z¢€ ']I‘d,

where H : T x R 5 R is a strictly convex Hamiltonian of quadratic growth, f, g : T x
[0,00) — [—00,00) are strictly increasing in their second variable m, f has polynomial
growth in m, and my is a strictly positive probability density.

We will impose the blow-up assumption, namely

lim f(m,z) = —oc. (2.1.1)

m—0+

From the modeling perspective, this assumption can be understood as imposing a very strong
incentive for the players to occupy empty regions.
The main result is stated as follows. We refer to Section 2.2 for the exact assumptions

(M), (H), (F), and (G).

Theorem 2.1.1. Let 0 < o < 1, and assume that (M), (H), (F), (G), and (FB) hold. Then

there exists a unique classical solution (u,m) € C3*(Qr) x C>*(Qr) to (MFG).



The content and structure of this chapter are described as follows. Section 2.2 explains
the general setting and assumptions that will be used, followed by the statements of the
preliminary results from the classical literature on quasilinear elliptic equations and oblique
derivative problems that will be used to prove existence of classical solutions. In Section 2.3,
we obtain all the necessary a priori estimates. The main results, which deal with the system in
full generality, are summarized in Theorem 2.3.9. Subsection 2.3.1 contains the L*°—bounds
on the solution u, as well as two-sided bounds for the terminal density m(-,T"), obtained
through maximum principle methods. In Subsection 2.3.2, the gradient bound is obtained
by means of an elaborate application of the Bernstein method, which is the most technical
part of this chapter. Finally, Section 2.4 contains the proof of the existence of classical
solution, namely the proof of Theorem 2.1.1. It is first explained how a classical result from
the theory of oblique derivative problems, due to G.M. Lieberman [37|, immediately yields
an a priori Holder estimate for Du up to the boundary in terms of the L°°~bounds on u and
Du. Existence is then proved through an application of the non-linear method of continuity,
the classical Schauder estimates for the linear oblique derivative problem, and a variant of a
convergence theorem of R. Fiorenza [22, 23, 36].

The main result of this chapter, Theorem 2.1.1, was shown by the author in [44, Thm.
1.1]. This result was also extended in the recent work of Porretta [48], to treat both Neumann
boundary conditions and problems in the whole space, and the mean field planning problem,
which is discussed in the next chapter. In [45], the author also showed existence of classical
solutions for the so-called extended MFG, a generalization of (MFG) introduced by Lions and
Souganidis [40], having a fully general continuity equation, and a non-separated Hamiltonian,
namely H = H(z,p,m), with arbitrary superlinear growth. In particular, classical solutions

were obtained for first order MFG with congestion.



Notation

Let n, k € N. Given x,y € R", x and y will always be understood to be row vectors, and their
scalar product zy? will be denoted by z-y. For any bounded set €, with Q C Qr, 2 C Td, or
QC[0,7], and 0 < a < 1, CF*(Q), refers to the space of k times differentiable real-valued
functions with a—Hélder continuous k™ order derivatives, and, for u € CO’O‘(Q)7 the Holder
semi-norm of u will be denoted by [u], . For functions ®(z,t, z,p, s) € CoUQr x R x R+,
where typically (z,t, z,p, s) = (z,t,u(z,t), Dyu, ut), the conventions & = (z,t) and g = (p, s)
will always be in place. The notation Du, D® will always refer to the full gradient in all
variables, so that, for instance Du = Dzu = (Dzu,ut), and D® = (Dz®, ®,, DyP). For
(x,t) € 0Qp, v(z,t) = £(0,0,...,1) denotes the outward pointing unit normal vector.
We write C' = C(K1, Ko, ..., Kjy) for a positive constant C' depending monotonically on
the non-negative quantities K1,..., K)ps. We also define, for K > 0, and any set V, Vi =

{(y,2,q) € V x RxRL . |2| + |¢| < K}. We write C¥(Qp)* for the dual space of C*(Qr).

2.2 Assumptions and general setting

2.2.1 The MFG system as an elliptic problem

We now present the general elliptic formulation of the MFG system. As explained in Chapter
1, it is an equivalent problem satisfied by w, whenever the pair (u,m) = (u, f _1(', —Uut +
H(-, Dyu)) € C?*(Qr) x C1(Q7) is a classical solution to (MFG). It is obtained after elimi-
nating m from the system, and it consists of a quasilinear elliptic equation with a non-linear

oblique boundary condition,

Qu = —Tr(A(z, Du)D*u) 4 b(z, Du) =0 in Qrp,

Nu = B(x,t,u, Du) =0 on 0Qr,



where, for all (z,t,2,p,5) € Q x R x RA+T

D2 H(z,p) 0
A(w,p,s) = (DpH, 1) @ (DpH, —1) + x(2, =s + H(z,p)) | " 0( ?) R (Q1)

b(CL’,p, S) = —DxH(x,p) : DpH(ZL‘,p) + Dxf(x,f_l(x, —5+ H(x,p))) ' DPH("L‘ap)

= x(x, =5 + H(z,p))Te(Dg, H(x,p), (Q2)

B(x,0,z,p,5) = —s + H(z,p) — f(x,my(x)), B(z,T,z,p,s)

= —g(z, f Nz, —s+ H(z,p))) + 2, (Bl)

with the function y(z,w) being defined by

X(wi) = f_l(wi)fm(xv f_l(wi))'

We remark that the matrix A is clearly non-negative, and since det(A) = Y% det D]%pH , the

condition for degeneracy is x = mf;, = 0. For future use, we set
h(z,w) = vx(z,w).

2.2.2  Assumptions

We now state the main assumptions (M), (H), (F), (G) that will be in place throughout this
chapter. The differentiability assumptions on the data can naturally be weakened through
standard approximation arguments, but in the interest of clarity such matters will not be

considered at this stage. In the next chapter, however, it is shown how C%% x C% solutions
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may be obtained when my is just assumed to be in 02’O‘(Td). Throughout the assumptions,

the quantities Cp > 0 and 0 < 7 < 1 are fixed constants.

(M) (Assumptions on mg) The initial density m satisfies

mo € CHT%), my > 0, and LMo = 1. (M1)
T

(H) (Assumptions on H) The functions H, DpH, D]%pH are four times continuously differ-

entiable, and the following quadratic growth and uniform convexity conditions hold:

1
C—OI < Dp,H(x,p) < Col, (H1)
DpH(x,p)-p > 2H(x,p) — Cy, (H2)
D3y, H(x.p)| < Co(1+ [p]) ", (H3)

for all (z,p) € T xR?. The space oscillation of H is at most subquadratic in p, namely

|DdapH| < C(L+ [p)T, [DppH| < Co(1+[p)7 (HX)

(F) (Assumptions on f) The continuous function f : T% x [0, 00) — [—00, 00) is four times
continuously differentiable on T% x (0, 00) and strictly increasing in the second variable,

with f;, > 0. f satisfies the blow-up assumption

mh_>n(1)+ f(m,z) = —o0. (FB)

Furthermore, f grows polynomially as m — oo, in the sense that its growth is at least

8



of degree zero, namely

liminf  mfp(x,m) > 0, (F1)

2€T4 m—o0
and its derivative f, satisfies a polynomial bound |mfym| < Cpfm, which can be

equivalently expressed in terms of x(z,w) as
[Xw| < Co. (F2)
The space derivative of f satisfies the same polynomial bound,
[m(Da f)m| < ColDaf], (FX1)
as well as the control

Do f|, D2, f| <Co(1 + [ f7/2 + |mfim|3T7/2). (FX2)

(Assumptions on ¢) The continuous function g : T¢ x [0, 00) — [0, 00) is four times
continuously differentiable on T4 x (0, 00) and strictly increasing in the second variable,

with g;, > 0. The control required for its space oscillation is that, for each z € T4 ,

lim g(x,m)= sup ¢, and g(x,0)= inf g, GX
Mmoo ) T x[0,00) 0 Tx[0,00) )

A few comments should be made about the assumptions on the spatial oscillation. First, we

remark that the subquadratic growth assumption (HX) can be interpreted as requiring that

the purely quadratic part of H is independent of x. Condition (FX2), on the other hand,

can be interpreted as being dual to (HX). Indeed, heuristically, since f is assumed to have

polynomial growth, mf,, = f, and f = —u; + H = \p\Q, so both conditions impose the same

polynomial growth bound in the variable |p|. We consider now the assumption (GX) on the
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x—oscillation of g. When ¢ is bounded, the first (resp. second) condition in (GX) corresponds
to a purely qualitative control on |Dyg| that becomes stricter as m — oo (resp. m — 07).
From the modeling point of view, it can be interpreted as the requirement that extremely
crowded regions (resp. nearly empty regions) have roughly the same terminal value for the

players.

Remark 2.2.1. For simplicity of the presentation, we observe that, up to increasing the value
of Cp, the following inequalities are trivial consequences of (H1), (HX), (M), and (F), and

they will be used freely when pertinent.

1
a)|p|2 — Cy < H(x,p) < Colp|* + Co, | DpH (x,p)| < Co(1+ Ip]), (2.2.1)
|DpH (w,p)| < Co(L+ |p|'7), |DZpH(z.p)| < Co(l+[p|""7), (2.2.2)
D3 H (x,p)] < Co(1+ p]), (2.2.3)
[Ix (-, 0>||CD(Td) + ||m0‘|01(']1~d) + Hf|’Cz(de[minmo,maxmg]) < Cp. (2.2.4)

2.2.3  Preliminary results

This subsection includes the classical results that will be required in Section 2.4 to obtain
the higher regularity from a priori C'! bounds. In this subsection only, it will not be assumed
that the problem (QO) is explicitly given by (Q1), (Q2), and (B1), but instead (@, N) will be
a general pair of an elliptic quasilinear operator and a fully non-linear boundary operator.
In particular, A and b will not necessarily be assumed to be independent of ¢ and u. The
first Theorem is the classical interior Holder gradient estimate for quasilinear equations, due

to O. Ladyzhenskaya and N. Uraltseva |37, Lemma 2.1].
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Theorem 2.2.2. Let u € C*(Qp) satisfy Qu = 0 in Qp, with A(z,t,z,q) € CHQr x
R x RTY) b(z,t, 2, q) € CO(Qp x R x RITY). Suppose that ||uHCl(QT) < K, and that the

constants A\gc, pc satisfy, in Qr g,
A> Mgl and pg > |A|+|DA|+ |b|. (2.2.5)

Then, for any V. CC Qp, there exist constants C = C(K, pg /N, dist(V, oQ7)™ 1) and

v =K, tk /AK), such that
[Du]%v S C.

Next is the following local boundary Holder estimate for the gradient in oblique problems,

due to Lieberman [37, Lemma 2.3|. In Theorem 2.2.3, the following definitions are in place:

B={(z,t) e R™:|(2,8) <1}, Bf ={(x,t) € B:t> 0},

BY— {(wt) € B:t=0}, B = {(x,t) € B* : |(2.0)| < %}.

Theorem 2.2.3. Let u € C?(BT U BY) solve Qu = 0 in BY, Nu = 0 on BY, with
A(x,t,2,q) € CHBT x R x RN b(x,t,2,q) € CYBT x R x R, B(x,t,2,q) €
CH(BY x Rx RTY) D B(x,t, 2,q) € CH(BY x R x RI*1). Assume furthermore that (2.2.5)

holds in B;g, as well as, on B(I)O

Mg < — Bg, and

2 2 2
pg >|DgB| + |D:B| + |DgB| + | Dy B| + | Dy, Bl + | Dyz Bl (2.2.6)

Then there exist constants C and ~y depending only on K and g /A such that, if ||u||Cl(B+UBO)
<K, then

[Du]’)/,B/ S C.
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For the next theorem, which is the basic Schauder estimate for linear oblique problems
[25, Theorem 6.30], we recall that v(x,t) = £(0,0,...,1) denotes the outward pointing

normal vector at (x,t) € 0Q7.

Theorem 2.2.4. Assume that u € 02(Q_T) solves the linear problem
~Tx(A(e, ) D) = i (2,) in Qp, Bla,1) - Du = ma(a, ) on 0Qr,

where

Aid € CO@Qr), B,mp € CHY0Qr), A> A, and B-v > ).

Then there exists C' = C(%, %o’ HAUHCOA(@), HBHCW(E)QTQ such that

‘W’cﬁa(@) < C(H“HcO(@) + HUlHCO,a(@) + HU?HCLa(aQT))-

The last result of this subsection is a variant of a convergence theorem of Fiorenza,
which is a basic tool for using the method of continuity without the need of a priori second

derivative estimates [36, Lemma 2, Corollary 1].

Theorem 2.2.5. Let 0 < a,y < 1. For eachn € N, let uy, € 02’a(Q_T) be a sequence of so-
lutions to the quasilinear problems Qnu = 0, Npyu = 0, where, for C, K,~v, A, \g independent

of m,

Qnu = —Tr(Ap(z, t, u, DU)DQU) + bp(x,t,u, Du), Npu = Bp(z,t,u, Du),

||An||cl@T7K) + ||bn||cl@T7K) + ||Bn||02@T’K) + ||Dan||CQ@T,K) <C,
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Ap > M in @T,Ka and DgBp -v > Xy in a@TJ{:

||Un||cl+v(@) <K,

with up — uw uniformly, and (Ap,bn, Bn) — (A, b, B) uniformly on @T,K- Then uy — u in

C%%(Qr), and u solves (Q0).

2.3 A priori estimates

In this section, we establish a priori estimates for the solution and the gradient, in the case
where (MFGQG) is strictly elliptic. To account for the fact that the functions f and g depend on
the space variable, we will make extensive use of the continuous, strictly increasing functions

fo, 90, f1,91 : (0,00) — R defined by

folm) = min f(m), go(m) = ming(-,m), fi(m) = max f(;m), g1(m) = max g(-, m).
T T T T

2.3.1 Estimates for the solution and the terminal density

We first obtain a priori bounds for the C¥ norm of the solution u. As a corollary, positive,

two-sided bounds for the terminal density are established.

Lemma 2.3.1. For any solution (u,m) € C2(Q7) x CY(Qr) of (MFG), and every (x,t) €

Qr, there exists a constant C = C(Cy) such that
g0 (=C) = C(eTT =) <ula,t) < g1 fgH(O) + O =), (23.1)

Proof. The goal here is to modify u into a function that necessarily achieves its maximum
at {t = T}, which is the region of the boundary where, by the strict monotonicity of g, the

boundary condition of (QO0) provides information about u. This requires some estimates for
13



the terms in (Q2). By (2.2.3) and (F2),
(@, FYTr(DgH (2, Dyu))| < C(L+ | F)(1+ | D7), (23.2)
Moreover, by (FX2),
Do f(z,m(w,1)) - DpH(w, Dyu)| < C(U+ [f|MT2) (14 [Dyu). (2.3.3)
Now, given u, define the linear, uniformly elliptic operator @, by
Quv = —Tr(A(x, Du)D?v).

Notice that Quu = —b(z, Du). Let ¢ € C?([0,T]) be a function to be chosen later, and

define

v=u+((t),

so that vy = u + ('(t) and Dyv = Dyu. This yields, by (2.2.1), (2.2.2), (2.3.2), and (2.3.3),

Quv = —C"(t) + Dy H(x, Dyv) - DpH(z, Dyv) — Dy f(x,m) - DpH (z, Dyv)
+ XTr(D2,H(z, Dyv)) < —¢"(t) + C(1 + | Dyo["T7)(1 + | Dy
+ C(1+ | = v + H(z, Do) + ¢ ()] T2)(1 + [ Do)
+ C(1+ | = v + H(z, Dov) + ¢ (#)))(1 + [Dyv]")

< —¢"(t) + C(A + [Dgv]? + [0e]?) + C(1 + | D)) (B)],

where the constant C' increases in each line. Now, set C| = 2C' and fix (', still allowing C

k <62C'1t _ €2C’1T)

to increase at each step. We choose ((t) = Ton , where k > 0 is a parameter.

Then,
() = ke®t, () = 204 (¢' (1)),
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and, consequently, at any interior maximum point (z,t) of v,
0< Quv< —("(t) +Cr(L+ ¢ (#)]) < —C1¢'(t) + C1 = —C1ke® M + Cy < —Cik + Oy,

which can only hold if £ < 1. Thus, if one chooses k£ > 1, v necessarily achieves its maximum
value when t = 0 or t = T'. If this happens at a point (z,t) where t = 0, then us+¢" = v <0,
Dyu = Dyv = 0. Therefore,

~[1H (- 0)lco(pay < —ve + H(x,0) = —ug + H(z, Dyu) — ¢'(0) = f(w,mo(x,t)) — '(0),

implying that

k=¢(0) < fla.mo(a.t) + [|H(,0)l| gogpa)

Hence, taking k > max g f(2, mo(7)) + HH(-,O)HCO(W), it follows that v attains its

maximum value at ¢t = T. At this point, us +('(t) = v+ > 0, Dyu = Dyv = 0, and, as before,
1H (2,0)||co = —vi + H(2,0) = f(z,m(z,T)) - ¢'(T),
which gives
fo(m(e, T)) < f(a,m(z,T)) < {'(T) + [|H(, 0)l | goqay < ke* T +[[H(-,0)|cogpa) < C.
Thus, since u(z,T) = v(z,T), taking into account the surjectivity of f(z,-),

maxv = v(z,T) = g(z,m(z,T)) < g(z, f5(C)) < g1(f5(C)).
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Finally, for arbitrary (z,t) € Qp,
u(w, t) = o(e,t) = (1) < g1(fy1(C)) + CT = ).

The lower estimate follows from a completely symmetrical argument. O

Corollary 2.3.2. Let C' be the constant from Lemma 2.3.1. Then, for every x € T4,

91 Lo fi H(=C) <m(2,T) < g5 g1 f571(O), (2.3.4)

Proof. From the first inequality in (2.3.1), for each z € T,

gOfl_l(_C> < g(z,m(xz,T)),

and thus, by definition of g1,

gofi H(=C) < gi(m(z,T)). (2.3.5)

Observe that the application of g;° 1 on both sides of (2.3.5) is possible because, by (GX),
the functions gy and g; have the same range. This yields the first inequality in (2.3.4). The

second inequality is obtained through the same reasoning. O]

Remark 2.3.3. A minor modification of the proof of Lemma 2.3.1 shows that, when H, f,

and ¢ are independent of z, the following sharper estimates hold:
glmin mo) + (f(minmg) — H(0))(T — ) < ulz,t) < glmaxmo)+ (f (maxmo) — H(0))(T ),

minmgy < m(z,T) < maxmy,
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2.3.2  Estimates for the space-time gradient

Given the operator Q from (Q0), we recall that its linearization at u € C%(Q7) is the linear,

uniformly elliptic operator
Ly(v) = —Tr(A(x, Du)D?*v) — Dy Tr(A(z, Du)D?u) - Dv + Dgb(z, Du) - Dv.  (2.3.6)

The gradient estimate will be obtained through Bernstein’s method. Specifically, we will
bound || Dul| -0 @7) by evaluating the linearization L, (v) at appropriately chosen functions
v(z,t) = ®(x,t,u, Du), where ®(x,t, z,q) is convex in ¢, exploiting the fact that, roughly
speaking, convex functions of the gradient are expected to be subsolutions. For this purpose,
we first obtain an explicit form for the terms in (2.3.6), as well as a general expression for

the linearization applied to such functions v.

Lemma 2.3.4. Let ®(z,t,p,s) € C2(Qr x R, assume that u € C3(Qr) solves (QO),
and set v(z,t) = ®(x,t, Du(x,t)). Then, for each q = (p,s) € RL and for each T =

(ZL’, t) S QT;

— DyTr(AD?u) - ¢ = 2(—= DpH D2, + Dyug) D3, H - p — xDp(Tx(D3, HD2,u)) - p

+ xwTr(D2,HD2,u)(s — DpH - p), (2.3.7)

Dygb(x, Du) - ¢ = —(DpyHD3,H) - p — (De HD2,H) - p+ (Do f D3, H) - p
1
+ f—Dx fm - DpH(=s+ DpH - p) — xDpTr(D2,H) - p + xuTr(D3,H)(s — DpH - p),
m
(2.3.8)
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Lyv = —Tr(D2,®D*uAD*u) — Tr(AD2;®) — 2Tr(AD*uD32,®) — Dyp® - Dyb + Dz® - Dgb
d
+ Y Tr(Ag; D*u)®y, — Dz® - DyTr(AD?u). (2.3.9)
1=1

Proof. Using (Q1),

—(DyTr(AD*u)) - ¢ = — Do(Tr((DpH ® DpH + xD3,H) D3 yu) — 2Dy H - Dyug) - g
= —2(DpHD3,uD3,H) - p — xDpTr(D3,HD3 u) - p
— XwTr(D2,HD2,u)(—s + DpH - p) + 2(D2,HDyuz) - p
=2(—DpH D2, u + Dyus) D2, H - p — xDp(Te (D2, HD3 1)) - p

+ XuwTr(Dp, HDpu)(s — DpH - p),

which shows (2.3.7). Equation (2.3.8) is an immediate consequence of (Q2). From the
definition of v, it follows that

Dv = Dz® + D,®D?u,

and

D*v = D%;® + (D*uD3,® + D3;®D?u) + D*uDj,®D*u + Dy®D?u.

Thus, differentiating the equation Qu = 0 and taking the inner product with D;® yields

0 = Dg® - Dz(—Tr(A(x, Du(:z:,t))D2u(:1:, t)) + b(xz, Du(z,t)))

d+1
= — Te(ADy®D%u) — Y Tr(Ag, D*u)®y; — Dg®D?u - DyTr(ADu) + Dg®D?u - Dyb
1=1

= — Tr(A(D%v — (D2;® + (D*uD32,® + D7;®)D*u + D*uD},®D*u))

d+1
— DyTx(AD?u) - (Dv — Dg®) + Dyb - (Dv — Dg®) — > Tr(Ag, D*u)®y; + Dg®Dzb.
i=1

18



Using the fact that A and b are independent of ¢, as well as (2.3.6), we obtain

0= Lyv + Tr(A(D3;® + (D*uD3,® + D2, ®D*u) + D*uD2,®D?u)) + DyTr(AD?u) - Dz®
d
— Dgb- Dg® — > " Tr(Ag, D*u)®p, + Dyp® - Dyb
=1
= Lyv + Tr(D7,®D*uAD?u) + Tr(AD3;®) + 2Tx(AD*uD3,®) + Dyp® - Dyb
d
— Dgb- Dg® — > Tr(Ag; D*u)®y, + Dz® - DyTr(AD?u),
=1

which proves (2.3.9). O

Corollary 2.3.5. Let (u,m) € C3(Qr) x C*(Q7) be a solution to (MFG), and set

no = min(min mg, minm(-, 7)), n; = max(maxmg, maxm(-,T)).
Td Td Td Td

Then

Luy(ut) =0, and —Cy = fi(m) < w < [[H(-, Dzu)llcogry = folno)- (2.3.10)
Proof. Letting ®(x,t,p,s) = s in Lemma 2.3.4, since Dz®, D,®, D2® = 0, it follows that

Hence, the maximum and minimum values of u; are attained in Q7. (2.3.10) then follows

immediately from (2.2.1) and the HJ equation in (MFG). O

By Corollary 2.3.2, this result reduces the problem to estimating |[Dyul|c0, but it is
also a key ingredient for obtaining that bound, particularly due to the fact that the term
||H(',D:cu)|\00(@) has coefficient 1 in (2.3.10). We now begin to simplify the quantity

(2.3.9) for the specific ® that will be used in the proof of the gradient estimate, bounding
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one of the dominant signed terms by a simpler expression, using matrix algebra.

Lemma 2.3.6. For each (x,t,p,s) € Qp X RITL et ﬁ(:p,t,p, s) = H(x,p), and define the
matriz I = (69 (1 — 5i’d+1))??il. Then, for every u € C%(Qr),
Tr(D2, H(z,t, Du)D*uA(z, Du)D?u) > i| — Dyug + DpH(z, Dyu) D2 ul?
qq » Yy ) - 4CO x Ut P ) x xrxT

1 T2 2 3X 2 2

Proof. By (H1),

. 1 .
2
Dol = &1,

thus, since the matrix DZuAD?y is non-negative, multiplying both sides of the inequality

by this matrix and taking the trace of both sides gives

- 1 -
Tr(D3,HD*uAD?u) > C—Tr(IDQUADQU). (2.3.12)
0
Now, by (Q1) and (H1),
B d d
Te(ID*uAD*u) = Y Dugy A+ Dug, = Y [(DpH, —1) - Dug|* + x Doz, Dy H - Dytig,
k=1 k=1

d
X X
> " |DpH - Doy, — uga, | + C—O|Dm,k|2 — |DpyHD?,u — Dyug|? + FO’D%WQ‘
k=1

(2.3.13)
Combining (2.3.12) and (2.3.13) yields, as desired,
- 3 - 1 -
2 2 2N 2 2 2 2 2 2
Tr(Dy,HD*uADu) = 1 <Tr(DppHD uAD"u)) + Z(Tr(DppHD uAD u))
3 2 2 X 2 o2 1m0 o
> T Dyui + DpHDjpul” + @]Dbmiﬂ + ETr(ID uAD*u).
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]

The next Lemma continues to simplify the linearizations. Since one of the dominant
signed terms will later be shown to be of the order of |Dxu|4, the goal will be to bound
everything else by (4 — )™ powers of |Dyul, (2 — €)™ powers of uy (dealing with these
through Corollary 2.3.5), and second derivative terms that can be dealt with using the other
dominant term (2.3.11). The usage of ®(z,t, Dyu,us) = H(x, Dyu), as opposed to a more
standard choice such as | Dyu|? or |Dul?, is crucial in the next two results, in order to produce
structural cancellation of terms that can not be otherwise estimated, as well as to be able

to use (2.3.10) without gaining any constant factors in the process.

Lemma 2.3.7. Let u € CS(Q_T) be a solution to (Q0), and let ¢,c’ € R. Define

~2
u=u+c(T—t)+, vlz%, vy = H(-, Dyu).

Then, for each (z,t) € Qp, there exists C(x,t) > 0, with

1
z, f(x,m(z,1)))

Cla.t) =€ (Collilleogyy o Il f otz ) )

such that

1 1
Lu(v1) < —§| — g+ DypH(x, Dyu) Dyul? — C—0X|Dxu|2 +C(x,8)(1+ | D)™™ + x| D2 ul?

\FI71Deul® + |11+ [Dgu|™) + [ £|OF D2\ Dyu + X + | — Dyug + D2,uDpH|?). (2.3.14)

and
—1
Ly(v9) < ﬁ|—Dxut—l—DpHD%qu—QLCQ\D%Iu|2+0(x,t)(1+|Dxu|3+T+X(1+|Dxu|H’T)
0 0
+ X2 Dyl 4 1 £)(1+ | Dpu] 7Y + | Dyl f|1F/2).(2.3.15)
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Proof. Throughout this proof, the number C' = C(z,t) may increase at each step, with its
size depending on (z,t) only monotonically through % and |hy|. For this reason, there is no

loss of generality in assuming

1
— hy| < C. (2.3.16)

Observe first that, since D% = D?u, one has —Tr(A(z, Du)D?i) = —b(z, Du). Therefore,

—Tr(A(z, Du)D?v1) = —ab(x, Du) — D@A - D,

—DyTr(A(x, Du)D?u) - Dy + Dgb(z, Du) - Dvy = —DqTI"(ADQU) - uDU 4 Dgb - uD1.
Consequently, by (Q1) and (H3),

Ly(v1) = — @b — DiA - Dii + @(—DyTr(AD?u) - Dit + Dyb - D) (2.3.17)
= — b — Di(DpH,—1) ® (DpH,—1) - Dit — xDp@iD2, H - Dyt
+ @(—DyTr(AD?u) - Dit + Dyb - D)
< —| = ¢ + DpH - Dyul? — Cioxmxa\? +@(—b— DyTr(ADu) - D+ Dygb - Dii)

1
= — | — Gy + DpH - Dyul? - C—0X|Dg;il\2 +a(Jy + Jo + J3).

The next task will be to estimate the terms J;. In view of (Q2), (2.2.1), (2.2.2), (2.2.3),
(F2), and (FX2),

|J1| = |b(x, Du)| = | = DyH - DyH + Dy f - DyH — XTr(D%pH)|

< O+ | Do/ 4 | f|IF2(0 4 |Dyu]) + | £1(1 + [ Dyu|7)). (2.3.18)
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As for Jo, (2.2.1), (H3), (2.3.7), and (2.3.16) imply that

|Jo| = | — DyTr(AD?u) - Dit| = [2(—DpHD3,u + Dyuy) D3, H - Dyu
— XDp(Te(D2,HD3 1)) - Dy + 2hhoy Tr(D2, H D2, u) (it — DpH - Dyu)|

< C(1+ | = Dyug + DyHD2, ul? + | Dyul? + x + x| D2,uf?)
1

+—————| — i+ DpH - Dyu’. (2.3.19)
8(l[all + 1) e

By assumptions (HX), (F2), (FX1), and (FX2), together with (2.2.2), (2.3.8) and (2.3.16),

|J3| = |Dgb(x, Du) - Dit| = | — (DyHD3,H) - Dyu — (Dy HD3,H) - Dyu
2 1 . 2
+ (DpfD2,H) - Dyu + (f—Dx Fm - DpH> (—i¢ + DpH - Dyu) — xDp(Te(D32,H)) - Dyu
m
+ XwTr(D2,H) (@ — DpH - Dyu)| < C(1+ [ Do + (1 + | f|1F7)/2)| Dyl
1 i
+(1+ ;)(1 + 1731+ [Dau)] = i + DpH - Dyl + (14| f1)(1 + | Dyu|7)
+ (1+ [Dgu|")| = i + DpH - Dyul) < C(1 + [Dypu*7 + | f|FD/2 Dy

1
+ AT 1Dauf® + || D) + g

~ 2

Finally, using (2.3.18), (2.3.19), and (2.3.20) in (2.3.17) yields

3 5 1
Lu(vl) < _Z| —ut + DpHDxU|2 - C_0X|Daru|2 + C(l + |Dxu|2+T + X|D925xu|2 + |f|T|D$u|2

£+ [Deu|™) + |12 Dyl + x + | — Dyug + D2,uDypH|?),

which proves (2.3.14).

Next is the proof of (2.3.15). In view of Lemma 2.3.4, recalling that H(z,t, Du) :=
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H(z, Du),

Lyvo :LU(H(xv t, DU))

Tr(D2,HD*uAD*u) — Te(AD2,H) — 2Tr(AD*uD3,H) — DyH - Db
~ d ~ ~

+DzH - Dgb+ Y " Tr(Ay, D*u)Hy, — DgH - DyTr(AD?u),

=1

and Lemma 2.3.6 then implies

-3 2 3)( 1 ~
Lyvo SE' — Dyuy + DpHD? ul? - @m?ﬂxuﬁ - ETlr(w?uAD?u) (2.3.21)

— Tr(AD2;H) — 2Tv(AD*uD3,H) — DyH - Dyb + Dy H - Dyb
d
+ Y Tr(Ay; D*u)Hy, — Dy H - DyTr(AD?u).
=1

3 2 2 3X 2 2 1 712 2
400 Ut p m:u| 4C§| xa:ul ]CO 1“( u u)

+ K1+ Ko+ K3 + Ky + K5 + Kg.

As before, we proceed to estimate the K;. Starting with K7, we observe that, by (Q1), (H1),
(2.2.1), and (2.2.3),

K| = Te(ADZH)| < C(1+ [Dyu] )] A| < C(1+ D] H7)(1 + Dol + 1) (23.22)

Similarly, using the Cauchy-Schwarz inequality,

|| = |2Te(AD?u(I D2, )| = 2[Te(D2, HA(ID*u)T)| < %Tr((fDQu)A(fDlu)T)
0
3 3 1 3
+C(Te(D2,HAD2,H)T) < ETr(m?uAD%) +C|D3,HA(1 + | Dpul® + X)
0

1 .
< ETr(m?uAD?u) + C(1+ [DpuM7) 4 (1 4 | Deuf?T)). (2.3.23)
0
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Next, we will estimate |K3 + K4|. Differentiating the equation (Q2) with respect to x, we

obtain

1
Dyb(z,p,s) = —D2,H-DyH—D,HD3,H+DyHD3, f+f—DpH(Dm fm®(=Dyf+DyH))
m

mf,
+ Dy fD2,H + (Dm f—=mDgfm + #Dm f) Tr(D2,H) — XwDy HTr (D3, H)

— D Te(D2,H). (2.3.24)
Consequently, (2.2.1), (2.2.2), (2.2.3), (F2), (FX1), (FX2), and (2.3.16) yield
| = Dabl.p,5) + 5Dyl Dafin © Dy H| SC(1+ 27 + (1 DI+ 17101+ 7))
so that, setting z; = fim(DpH Dy fm)(DyH - DpH),

|K3 + Zl| = | — Dxb(:L‘,Du) . DpH+ zl| < C’(l + |Dxu|2+7_ + (1 + |D$u|)|f|(1—|—7)/2

QD)) (14| Daul) < COA+ Do T+ (14 Do) 124 £ (14 Do 7).
(2.3.25)

On the other hand, by (2.3.8),

|Ky — 21| = |Dypb - DpH — 21| = | = (DyHD2,H) - DyH — (D, HD2,H) - Do H

+ (DyfD2,H) - DyH + 21 — xDpTr(D2,H) - Dy H + xuTr(D3,H)(DpH - Do H) — 2.
The terms z; and —z; then cancel out, and therefore (HX), (2.2.2), (2.2.3), and (F2) yield

Ky — 21| <C(1 4 | Dyu)®T2 4 | f|0F)2(1 4 | Dy ™7) + | £]| D27, (2.3.26)
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The inequalities (2.3.25) and (2.3.26) thus imply
K3+ Ky < COL+ [ Dpul*'™ + (1 + [Dyu)| /372 4 | £(1 + | Do TTT)). (2327

The terms Ky and Kg will also be treated jointly. Let (z,p,s) € T x R and set

w=—s+ H(z,p). It follows from (Q1), (FX1), (HX), and (F2) that

Axi(l',p, S) = (DpHxia 0) ® (DpHv _1) + (DpHv _1) ® (Dle‘Z‘a 0) + X’wazngﬁ

+O(1+ [w|™? 4 D2 (14 |pl) "L
Therefore, using (2.3.7), and writing 29 :XwTr(D%pHD%mu)(DpH -DyH),

d
| K5+ K| = | Y Tr(Ay; D*u) Hy,— Dy Tr(AD?u)-Dy H| < |2(DypH D3, u—Dyug) Do, H-Dy H+ 29
=1

+2(=DpH D2 u+ Dyug) D2, H - Do H — xDy(Te(D2,HD? 1)) - Do H — 29| + C(1 + | f|7/?

+ U2 (1 4 D)) ™) D2, u|(1 + | Dyul).

Once more, cancellation occurs and, consequently, (2.3.16), (H3), (2.2.1), (2.2.2), and (2.2.3)

imply that

1 X
K5 + Kg| < E|DpHD§,xu — Dyug|? + E|D%xu|2 + C(1 + | Dyu|>T27
0

+ (14 1 Dyul ) (1 + £ + xIF2) 4 x(1 + | Dpuf?T)). (2.3.28)

Using (2.3.22), (2.3.23), (2.3.27), and (2.3.28) in (2.3.21) yields (2.3.15), completing the

proof. O

We can now obtain the a priori gradient bound in terms of bounds for the solution u and

the terminal density m(-,T), which were obtained in the previous subsection.
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Lemma 2.3.8. Let (u,m) € C3(Qr) x C%(Qr) be a solution to (MFG). For K > 0, set

B = Wl eras i xy) + 1Pedlloras L gyt
.
X

+ [ ey (2:3.29
CO(TdX[—K,oo)) || HCO(TdX[ K, )) ( )

There exist constants C, C1 with

C = C(C1, Bey)

1 1 1

01 = €1 (o T, =l a7,

e folmipm (7))

minm(7T)
such that

||Du‘|co(@) <C.

Proof. As was mentioned, the proof will proceed through Bernstein’s method. By Corollary
2.3.5, it is sufficient to bound the space gradient. Since the estimate will be up to the

boundary, as in [38], we linearize the HJ equation that holds at the extremal times:
Twv = —vt + DpH(x, Du)Dyv.

We now normalize u to have a prescribed sign at the initial and terminal times. That is, we

set
2(Ilell coigpy + 1)
~ o B T) B
u=u+[ullgogy) +1 T (T'—1),
so that
and define

v(a,t) = H(z, Dyu) + S,

where 0 < ¢; < 1 is a constant to be chosen later. Let (xq,ty) € Q7 be a point where v

27



achieves its maximum value. We will distinguish three cases:
Case 1. tg =T. Then Dyv =0, vy > 0. Therefore, (2.3.30), (H1) (H2), (2.2.2), and the

HJ equation in (MFG), together with the fact that m(-,T) = ¢~ (-, u(-, T)), yield

0 > Tyv =Ty (H(xg, Dyu)) + cra(—us + DpH (20, Dyu) - Dyti)

=Dy (f(x0, m(z0,T))) - DpH (20, Dyu) + c1t(—ut + DpH (x0, Dyu) - Dyu — C)

9gm dm
>—-C (1+f—m> (1+|Dxu|)+f—mDpH-Dxu+clﬁ(f+H—C)
dam Im
>-C (1+f—m) (14 |Dgul) + 2 (clﬂ—i—f—m) H.
dm Im

Thus, by (2.2.1),
| H (o, Du(zo, to))| < C.

Case 2. ty = 0. Similarly, we obtain Dyv =0, v <0, and, since a(+,0) < —1,

0 < Tyv = Dy(f(xo, mo(0))) - DpH + cri(—ut + DpH - Dyu — C)

< C(14 |Dgu|) + cra(f(zg,mg) + H—C) < C(1+ |Dyu|) + C + craH.

This implies —cqa(H (g, Dyu)) < C(1 4+ |Dgul), and so, we conclude once more that

| H (0, Du(xo, to))| < C.

Case 3. 0 < tg < T. Then Dv = 0, D?v < 0, which yields

0 < Lyw.

In order to make use of Lemma 2.3.7, it is necessary to eliminate the (zg,ty) dependence of
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the “constant” C(xg,ty) from the Lemma, which amounts to establishing an a priori upper
bound on the quantities 1/x and |hy| at the point (zg,tg). By (F1) and (F2), 1/x and
\hw| = |xw/24/X| are both bounded above as w — oo, so it is enough to establish a lower
bound for w = f(xg,m(xg,ty)). By Corollary 2.3.5, there exists a point (z1,t1) € 0Qr
where u; achieves its maximum value. Then, since (zg,tg) is a maximum point for v, and

the initial and terminal densities are both bounded below a priori,

f(zo,m(xo,t0)) = —u(wo, to) + H(wo, Dyu(zo,t0)) > —ut(x1,t1) + H(z1, Dyu(z,t1))

~ Sl gr = Flermlan, ) = SllillZogn = folmler, t) - € = =C,

This estimate, together with (H2) and (2.2.1), allows us to identify the dominant power of

| Dyu| in the linearization,

1
| —ut + DpH - Dyu> > (f + H)? = C > ﬁ]Dxu]4—C. (2.3.31)
0

Now, because of the form of the estimate in Lemma 2.3.7, it is also necessary to be able to

compare powers of |f| with powers of |Dzu|. By Corollary 2.3.5 and (2.2.1),

f(xo,m(xg, to)) < —ut(xo, to) + H(xg, Dyu(zo, to))

< C 4 2H (g, Dyu(zg, t9)) < C(1 + |Dgul?). (2.3.32)
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With these preliminaries done, we now apply Lemma 2.3.7, obtaining

~2
-1
0< Lu( ) LuH+ClLu< ) < W _chut‘i‘DpHD%xu’Q_zXF’D?cxu‘2+c<1+‘D$u|3+T
0

+ (14 (D7) + X2 D | £1(1 + [ D7) + | Dyuf?| £]3F7)/2)
C C
- 51 — ug + DpH - Dyul? — C—2X|Dxu|2 + Cey(x|D2,ul? + | = Dyug + D2,uDyH|?).

(2.3.33)

Applying (2.3.31) and (2.3.32) yields

X 2 2
2 |D2
2| TT

Co

€1 4 €1 2 2 2
0< ——=I|D — —x|D - D Dy,HD —
402| | OOX| 2ul” — zut + Up U]

1
= 2 20,
O (1 Do T4y (1| Do ) x 3772 Dyu|?)+-Cer (x| D2 yul >+~ D+ D2 yuDp H?)
c1 1 X
< pult—~ Ay |Dpul?— ——|—D DyHD? ul? — —2|D2 ul?+C(1+|Dyult™
= 402’ 2l CX| 2l 200 zut+LDp o 203’ zet|”+C(1+]Dyul
C

+ x(1 4 | D)) + ( + ﬁ )| Dzul? + Cey (x| D2 u? + | = Dyup + D2, uD,H?).

Now, fix ¢ satisfying ¢; < where C' is as in the previous line. This gives

1
1C,C(1+Co)’

1 C
0<-— —le - ﬁmlmulz —20Cy(1 + |Dyu|"*7)) + C(1 + | Dyuf**7) + aleuF,

which may be rearranged as

1 C
|Dyul* + ——x(c1|Dyul? — 20CH| Dpu| T — 2CCH) < C(1 + |DpuPt7) + a|D$u|2.

02 2C)

This finally implies that

C
c1|Dzu)? — 2CCo| Dyt —20CH <0 or 4—|Dxu\4 < C(1+ | D)t + a|Dg;u|2,
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either of which yields
| H (20, Dzu(zo, t))| < C.

We now summarize all of the a priori bounds obtained in this section.

Theorem 2.3.9. Let (u,m) € C3(Qr) x C*(Qr) be a solution to (MFG), and let 3 be
defined by (2.53.29). Then there exist constants L, L1, K, K1, with

1
a1 taofr (= L))

L= <L17 916 (L) lgofr H(=L1)l. gp tar fy M (L), ) , L1 =L1(Cy, T),

1 1 1
K= (K K=K (L ~ ~)-
(K1, 8K,), K1 1( ’T’l—r’fO(L> >,

such that

1
||U||CO(@) + ||m(T)||C’O(Td) + Hm‘ <L and ||DUH00(@) < K.

CO(Td)

Proof. This result follows simply by the successive application of Lemma 2.3.1, Corollary

2.3.2, and Lemma 2.3.8. O

The following variation of Theorem 2.3.9 shows that, in the standard case where H(x, p) =
H(p) — V(z) and f(x,m) = f(m), the condition (F2) that requires f to grow at most

polynomially may be significantly relaxed.

Theorem 2.3.10. The conclusion of Theorem 2.5.9 still holds if condition (F2) is replaced

by:

Dng, D2 =0, and limsup |hy(z,w)| < co. (HFX*)

2T w—00
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Proof. We simply address all of the instances in which condition (F2) has been used so far.
In the proofs of Lemma 2.3.1, Corollary 2.3.2, and Lemma 2.3.7, (F2) was exclusively used
to estimate either space derivatives D, f, D,H, or terms that involve mixed derivatives
D2 . f, D:%pH . With (HFX*) in place, such terms are, respectively, either bounded in C1
norm or trivially zero. Condition (F2) was also used in the proof of Lemma 2.3.8 in order

to obtain a bound for |hy| as w — oo, but this bound exists here by assumption. O

We note that the condition that (HFX*) imposes on h may be equivalently rewritten, in

terms of f, as

2
1
limsup —— mfm—m +1

< Q.
€T m— 00 mfm fm

This condition, in particular, allows for f to be combinations of powers mo‘,—mfﬂ, expo-
nentials em,—el/ ™ “and such typical examples, as long as one has the required blow-up near

m = 0 and as m — oo.

2.4 Classical solutions

To obtain classical solutions, it is necessary to have Holder estimates for the gradient of the
solution in terms of the C! norm. The following Lemma, which is merely a restatement
of Theorem 2.2.2 and Theorem 2.2.3 in the context of the MFG system, provides such an

estimate.

Lemma 2.4.1. Let (u,m) € C3(Qr) x C%(Qr) be a solution to (QU), and set K =
HUHCI(@)- Let g, Ag > 0 be such that (2.2.5) holds in T%, and the conditions (2.2.6)

and

Ag < DyB-v (2.4.1)
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hold in OQT g. There exist constants C >0, 0 <y <1, with

C=C (K ), y=qy (K5,
AK AK

such that

[Du]%@ S C

Proof. The only thing to remark is that in order to apply Theorem 2.2.3, it is necessary
to verify that A can be chosen to satisfy (2.4.1), or, in other words, that N is indeed an

oblique boundary operator. This follows directly from (B1), since

DyB(x,0,z2,q) - v(x,0) = —=Bs(x,0,2,q) = 1 >0,

DyB(x,T,z,q) - v(x,T) = Bs(2,T,2,q) = gimfoy' = ?_m > 0.
m

Therefore, the result follows by applying Theorem 2.2.2 and Theorem 2.2.3 locally, and
extracting a finite subcover of Q7. The use of Theorem 2.2.3 is particularly straighforward

since the boundary of Q7 is already flat. m

The strategy to prove existence will be to use the nonlinear method of continuity, by
constructing an explicit homotopy (Qo,N 9)96[071] between (Q0) and an elliptic problem
that comes from a much simpler MFG system, and trivially has a smooth solution. For each

0 € [0,1] and each (z,p,m) € T¢ x R? x (0, 00), define
1
H(x,p) = 0H (z,p) + (1 = 0)(5lpl* + f(2,1)),

¢ (z,m) = Og(z,m) + (1 — 0)m, mf(x) = Omg(z) + (1 —6),
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and consider the family of MFG systems

—ut + HG('? Daju) = f('?m)v u(’T> = 99<'7m('vT))
(MFGg)

my — div(mDyHY (-, Dyu)) = 0, m(-,0) = m§(-)

We observe that, when § = 0, the unique solution is (u,m) = (1,1). Let (qu ,Neu) be the
operators for the corresponding elliptic problem associated to (MFGy), and let Ae, be, and
B? be their coefficients. The following straightforward Lemma is a version of Theorem 2.3.9,
tailored to the family (MFGy), that also includes the Holder estimates of Lemma 2.4.1, and

provides a priori bounds that hold uniformly in 6.

Lemma 2.4.2. For each 0 € [0,1], let (u?,mf) € C3*(Qr) x C>%(Qr) be a solution to

(MFGy). Then there exist constants C' > 0 and 0 < v < 1, independent of 0, such that

1l 1y < C-

Proof. The strategy here is to apply Theorem 2.3.9 and Lemma 2.4.1 to the corresponding
MFG system (MFGy) that arises from the new data H 9 ge,mg, and proving that those
results lead to bounds that are uniform in 6. Let  be defined by (2.3.29), and, for each
0 € [0,1], let Cpg and 0 < 70 < 1 be any two constants large enough that the inequalities
(H1), (H2), (H3), (HX), (FX1), (FX2), (2.2.1), (2.2.2), (2.2.3), and (2.2.4) all hold when H,
g, mq are replaced by HG, ge, mg. Theorem 2.3.9 then yields constants Ly, Ly g, Ky, K1 g,

with

B 0 1 0 ,—1, o0N—1 0 —1 1
Ly— <L179,|91f0 (L1g)l lgof1 (=L1e)l, (90)" 911y <L1>9)’(gf)—lggfl_l(—[/lg)))7

)

Lig=M(Cyp,T),
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11 1\~
Ky = Ko(K1,0. 0, ), K19 = K1 (Lea 71000 (L_o) ) |

such that

1

_ < Lp, ||DU0|| o < Kp.
ma(T)HCO(Td)_ 6 ||[Du HOO(QT)— 0

I4llcngy + I (Dllcacrs + |

The goal is now to show that Ly, Ky may be chosen independently of 6. First we prove that
this is true for Cp g and 70 Conditions (FX1) and (FX2) trivially hold for the same Cjy and
the new Ha, ga, mg, because the functions H, g, mg do not appear in those inequalities.
Since the map HO(p,z) = %|p\2 + f(z, 1) satisfies DyHY = p, it also satisfies (H1), (H3),
(HX), and (2.2.3), with C being replaced by a universal constant. Thus, since H? is a
convex combination of H? and H, these inequalities still hold for H 9, when (Y is replaced
by a convex combination of Cy and a universal constant. By the same reasoning, conditions
(H2), (2.2.1), and (2.2.2) hold for HY after replacing Cjy with a convex combination of C
and a constant depending only on Cjy and || f(-, 1)||CQ(W> < Cp. Only condition (2.2.4) is

left to consider, namely

HX(-,O)HC«O(Td) + nguCl(Td) + "fHCQ(']TdX[minmg,maxmg]) < C(),H- (2.4.2)

The first term is already independent of 6, whereas, noticing that minmg < 1 < maxmy

and |Dxm8| = 0| Dymy],

0
||m0||Cl(Td) + ”fl|C2(Td><[minm8,maxm8]) S ||m0||C’1(Td) + ||f||CQ(’]I‘d><[minm0,maxm0]) < Co.

Thus, one may select

Cop = Cop(Co), T =1, (2.4.3)
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and consequently

Lig=L19(CopT)=L19(Co,T):= L1.

Now, by definition,
gh(m) = 8go + (1 — 8)ym, g{(m) =6g; + (1 —O)m. (2.4.4)
Therefore,

l96£7 1 (= L1)| < max(lgofy  (— L), £ (—L1) < max(lgo f; (= Lo)l, fy ' (L1)), (245

and similarly,
91 fo M (L) = 16g1f5 M (L1) + (1= )5 (L)] < max(gnfo (L)l Sy (La)) (2:46)
On the other hand, the following inequalities hold:

) 19! <g5tar, 97 0 < ()71l (2.4.7)

Indeed, by (2.4.4),

—1 -1 -1 -1
9690 L1 = 0909y L1 + (1 — 0)gy Lg1 > 091 + (1 — 0)gg g0 = of,

which shows the first inequality in (2.4.7), with the second one following in the same fashion.

Now, (2.4.7) yields

1 1
< .
()l fr (—L1) ~ gy g0y M (—Ly)

)Ll fH(L1) < g9 tonfy ML), (2.4.8)
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Thus, (2.4.5), (2.4.6), and (2.4.8) yield

_ _ _ _ 1 _
L9:L9 M7|glf0 1(L1)|a|90f1 1(L1)|’g() 1glf0 1(L1)7 —1 —1 7f0 1(L1) = L7
91 gOfl (=L1)
and
Kig=Kig(Ls 2 i (1)) = k), Ky = Ky(Ky, Bic.) = K
1,0 — 1.0 T 0 I = A1, K = nDg A, PR = A

Next, we obtain the gradient Holder estimate with the help of Lemma 2.4.1. We remark
that the operator (Q?, N?) is clearly elliptic and oblique, because it comes from (MFGyg).
Moreover, since Ae, b‘g, and B? and their derivatives are, respectively, continuous functions
of (z,t,z,p,s,0) on the compact sets @T,K x [0,1] and 0Q7 g x [0, 1], it follows that there
exist constants py 4 g > 0, Apyx > 0, independent of 6, satisfying (2.2.5) in (T%)} g, and
(2.2.6), (2.4.1) in OQ7 [+ F, when the operators (@), N) are replaced by (@Y, N?). Lemma
2.4.1 then yields constants C' > 0, 0 < v < 1, independent of €, such that

(D) 5~
v,

[]

With the help of this uniform estimate, the main theorem for the strictly elliptic problem

may now be proved.

Proof of Theorem 2.1.1. The uniqueness part of the statement is an immediate consequence
of the standard Lasry-Lions monotonicity method, and will be omitted. We define the

Banach spaces

E =C**Qp), F =CY@Qr) x C2(0Qr),
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and the continuously differentiable operator S : E' x [0,1] — F by
S(u,0) = (Q%, NOu), (u,0) € E x [0,1].

The partial Fréchet derivative of S with respect to the variable u at the point (u,#) is
the corresponding linearization, for fixed 6, of the differential operator (Qg, N 9), namely

(L%uﬁ), L%uﬂ)), where

L%u 0) (w) =— Tr(AH(a:, Du)D*w) — DqTr(Ae(x, Du)D?u) - Dw + que(x, Du) - Dw,
—wt + DyH?(x, Dyu) - Dyw if t =0,

; 0

?-m(wt — DpH" - Dyw)+w ift=T.

For fixed (u,0) € E x [0,1], the linear operator L%u 0) is uniformly elliptic and the linear

)

boundary operator L%u 0) is oblique. Moreover, the homogeneous problem
1 2
(L) Hugyw) = (0,0)
has the form
—Tr(A(z, ) D*w) + b(z,t) - Dw =0 in Qp, B(x,t)- Dw + &(z, t)w = 0 on Q7

where B-v > 0, ¢ > 0 and ¢ # 0, which implies that it has only the trivial solution
in C370‘(Q_T). Hence, by the standard Fredholm alternative for linear oblique problems (see
[25]), the operator (L%uﬁ), L%uﬂ)) is invertible in C3%(Qr). The infinite-dimensional implicit

function theorem then implies that the set
D = {6 €[0,1] : the equation S(u,6) = (0,0) has a unique solution u € C>*(Q7)}
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is open in [0, 1].

The next step is to show that D is also closed. Let {6,} C D be a sequence such
that 0, — 6 € [0,1], and let {u,} C E be the corresponding sequence of solutions to
S(up,0n) = (0,0). By Lemma 2.4.2, there exist numbers C' > 0, 0 < 7 < 1, independent of

n, such that

||Un||01,7(@) <C.

The Arzela-Ascoli Theorem implies that, up to a subsequence, there exists u € CI’V(Q_T)
such that u, — u in C1(Qr). By Theorem 2.2.5, it follows that u € C*Y(Qr), un — u
in C2%(Qr), and S(u,6) = 0. In particular, the u;, are uniformly bounded in C*%(Q7).
Now, given i € {1,...,d}, differentiating the equation (Q% (uy), N (uy,)) = (0,0) yields,

for w = Dy, un,

L%umen)w —Tr( A% (2, Duy) D) — b0 (, Duy),
% Dy (f (e, m{(2)) = HE it =0,

R P 0 :
T (Ha} — fo;) + 9a ift="T.

Therefore, by Theorem 2.2.4, there exists C' > 0, independent of n, such that

HwHCQ,a(@) < C?

implying that Dy, is bounded in C%%(Qr). In particular, uy,| 8Q, 1s bounded in C32(0Qr),
and by the standard Schauder theory for the Dirichlet problem, wu,, is therefore bounded in
C3Y(Qr). Consequently, u € C3*(Qr) and € D, proving that D is closed. Since 0 € D,

it follows that D = [0, 1], which completes the proof. ]

The next theorem is the corresponding variant of Theorem 2.1.1 for the case of a fast-

growing f, that follows from the estimates in Theorem 2.3.10.
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Theorem 2.4.3. If condition (F2) is replaced by (HFX*), the conclusion of Theorem 2.1.1
holds.

Proof. All of the results in this section follow in this case by simply replacing the use of

Theorem 2.3.9 by Theorem 2.3.10. O

40



CHAPTER 3
REGULARITY AND LONG-TIME BEHAVIOR IN ONE
DIMENSION WITHOUT BLOW-UP ASSUMPTION

3.1 Introduction

In this chapter, we will investigate the extent to which, in the case of one spatial dimension,
the blow-up assumption (2.1.1) can be removed while still obtaining smooth solutions. We
will also make the first step towards weakening the strict positivity assumption of the initial
density, foreshadowing the results of the following chapter on compactly supported solu-
tions in the whole space. Additionally, we show how to treat more general, non-separated
Hamiltonians of super-linear growth, as well as an alternative boundary condition at the
terminal time known as the planning problem. Finally, we will fully characterize the long

time behavior of the solutions. Specifically, we will study the problem

(

—ug(z,t) + H(ug(z,t),m(z,t)) =0 (x,t) e Qr =T x (0,7,
mi(x, t) — (m(z, t)Hp(ug(z, 1), m(z, 1)z =0 (z,t) € Qp, (MFG)
m(z,0) = mg(x), uw(z,T) = g(m(z,T)) xz €T,

\
as well as to the so-called planning problem with a prescribed terminal density,

.

—ug(z,t) + H(ug(z,t),m(z,t)) =0 (z,t) € Qp,
mi(x,t) — (m(x, t)Hy(ug(z, ), m(z,1)z =0 (z,t) € Qp, (MFGP)
m(z,0) = mg(x), m(z,T) = mp(x) zeT,

\

where T denotes the 1-dimensional torus, —H (p, m) : Rx(0,00) — R and g(m) : (0,00) — R

are strictly increasing in m, H has super-linear growth in p, and mg, mp : T — [0, 400) are
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probability densities.

The first main result will be the following theorem, which shows that, in the one-
dimensional problem, the blow-up assumption (2.1.1) can be completely removed. We refer
to Section 3.2 for assumptions (M), (H) (G), (E), (W), and (L), and to the notation subsec-

tion for the definition of the function spaces mentioned below.

Theorem 3.1.1. Let 0 < o < 1, and assume that (M), (H), (G), and (E) hold. Then the

following statements hold:

(i) There exists a classical solution (u,m) € C3*(Qr) x C*>(Qr) to (MFGP). The

function m is unique, and u is unique up to a constant.

(ii) There exists a unique classical solution (u,m) € C3(Qr) x C>*(Qr) to (MFG).

The next result of in this chapter establishes interior smoothness of the solutions when,
besides removing the blow-up assumption (FB), one also weakens the lower bound assump-

tions for given densities mqy and myp, replacing the latter with the integrability conditions

1
— e LY(T), — € LY(T) for some x > 0. (3.1.1)
Mg mp
We observe that, in particular, (3.1.1) allows the initial density to vanish in a set of measure
zero. In spite of this fact, the result also shows that m becomes strictly positive instantly
after the initial time. Moreover, in the case of (MFG), the density remains bounded below,
and the solution remains smooth up to and including t = T". We refer to Section 3.6 for the

definition of a weak solution.

Theorem 3.1.2. Let 0 < a < 1, and assume that (W), (H) (G), and (E) hold. Then the

following statements hold:

(i) There exists a weak solution

(u,m) € (BV(Qr) N L¥(Qr)) x (C([0,T), H~1(T)) N LE(Qr))
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to (MFGP). Moreover, (u,m) € Cg’a(QT) X CIZO’CO‘(QT) and m > 0 in (0,7). The

loc

function m is unique, and u is unique up to a constant.

(ii) Assume, further, that the function H satisfies, for each (p,m) € R x (0, 00),
Hy(p,m)p > 0. (3.1.2)

Then there exists a unique weak solution

(u,m) € (BV(Qr) N L™®(Q7)) x (C([0,7], HH(T)) N L (Q7))

to (MFG). Moreover, (u,m) € Cl?;’ca(']l‘ x (0,T]) x 0120’?(']1' x (0,T]), and m > 0 in
(0,77].

We will show that the solutions are smooth, and we will establish convergence, as T" — oo,

to the solution of the infinite time horizon MFG system,

(

—vp(z,t) + A+ H(vg(z,t), u(x, 1)) =0 (x,t) € T x (0, 00),
,ut(xat) - (:u(l'?t)HP(Ux(xvt>7ﬂ<x7t)))$ =0 (Q},Zf) €T x (07 OO)? <MFGL)
p(z,0) = mo(x) xeT,

\

where A = —H(0,1).

Concerning the long time behavior of (3.1.1), it was shown by P. Cardaliaguet and P.J.
Graber in [8, Thm 5.1| that the rescaled solution (z, s) — u(z, sT)/T converges, in a certain
space LP(T x (4,1)), to the map A(1 — s), while the rescaled density (x,s) — m(x,sT)
converges in LP(T x (0,1)) to the invariant measure g = 1. Our third result shows that,
when the marginals are strictly positive, a much stronger statement holds. That is, the
solutions satisfy the turnpike property with an exponential rate of convergence, and the

limit as 7" — oo of the pair (u(t) — AN(T"—t), m(t)) can be fully characterized as the solution
43



to (MFGL). We emphasize that this is a convergence result at the original time scale (cf.

[14, Thm 2.6, Thm. 5.1], [16, Thm 4.1, Thm. 5.3)).

Theorem 3.1.3. Assume that (M), (H), (G), (E), and (L), hold, and let T > 1. Assume
that (uT,mT) is either the solution to (MFG), or the solution to (MFGP) that satisfies
I vl (-, —g) = 0, where

ol (@) =l (2, 1) = N(T — t).
Then the following holds:

(i) There exist constants C,w > 0, independent of T, such that
T T — —w(T—
I (t) = 1l oo + i (8) | ooy < Cle™t 4+ T, ¢ e [0,1].
Moreover, if (u®,mT) solves (MFG), and (3.1.2) holds, we have

[T (£) = 1 ooy + 1uE (0) | pooqmy < Ce™", ¢ € [0,

(i) There exist functions (v, u) such that, for each Ty > 0,
vl = v in C3(T x [0, Tp)) as T — oo,

and

m? = pin C*(T x [0,Tp)) as T — .

Moreover, one has

lim v(-,t) = ¢, lim p(-,t) =1 uniformly in T, (3.1.3)

t—o0 t—00
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where

g(1) if (W', mT) solves (MFG),
0 if (uT',mT) solves (MFGP).

Finally, (v, 1) is the unique classical solution to (MFGL) satisfying (3.1.3) and

v e WH(T x (0,00)), u~t € L¥(T x (0,00)),

p—1e LYT x (0,00)) N L¥(T x (0,00)). (3.1.4)

In particular, since the Hamiltonian H(p,m) is non-separated, our results yield well-

posedness and regularity of MFG systems with congestion, such as

(3.1.5)

where 0 < a < 2, ¢g > 0, and f’ > 0. In the same way as in the previous chapter, the
problems (MFG) and (MFGP) can be transformed into a single quasilinear elliptic equation

in u after eliminating the variable m. Indeed, if one defines H~! by

m = H"Y(p, H(p,m)),

then m = H~!(uz, u¢) and the problem becomes

Qu := —Tr(A(Du)D?*u) =0 in Qr,

Nu := B(z,t,u, Du) =0 on dQ,
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where Du = (ug, ut) and, for (z,2,p,s) € T xR x R x R,

127172

1 1 m2H2, + mHyHyy 0

A(p,s) = (Hp + §mHmp, —1> ® (Hp + EmHmp; _1) I mp mHpp |
0 0

B(z,0,z,p,s) = — s+ H(p,mg(z)), (B1)

and

s — H(p,g~(2)) in the case of (MFG)
B(z,T,z,p,s) = (B2)

s — H(p,mp(x)) in the case of (MFGP).

The condition for ellipticity, that is, for the matrix A to be positive, is
—dmHym Hyp > m*Hp,,, (3.1.6)

which is also the well-known condition for uniqueness to (MFG) that follows from the Lasry-
Lions monotonicity method (see, for instance, Lions, Souganidis [40]). We remark from
(3.1.6) that, in particular, the strict positivity of the density is crucial for the regularizing
properties of the system. The lower bounds on m obtained in Corollary 3.3.2 and Proposition
3.6.3 both heavily rely on the one-dimensionality assumption, and this is the main obstacle
to generalizing the results of this chapter to higher dimensions. Indeed, in dimensions d > 1,
it remains an open question whether the existence of smooth solutions to local first order
MFG systems can still be established if one removes or significantly weakens the blow-up
assumption (FB), or if mg is not assumed to be bounded away from 0.

Section 3.2 contains all the assumptions that will be in place about the Hamiltonian H,
as well as the initial and terminal data. In Section 3.3, we establish an integral displacement

convexity formula (see Proposition 3.3.1) that will allow us to bound the density m in terms
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of its initial and terminal values. Section 3.4 contains the necessary a priori estimates that are
needed to prove the existence of classical solutions. In particular, we obtain, in Section 3.4.1,
estimates for an e-approximation of (MFGP) via standard MFG systems with a terminal
condition of the type u(-,7") = g(-, m(-,T")), which we require to prove existence for (MFGP).
Finally, we provide a counterexample to existence of solutions to (MFG) when the terminal
cost function ¢ is also allowed to depend on the space variable (see Proposition 3.4.5). In
Sections 3.5, 3.6, and 3.7, we prove the main results of the chapter, Theorems 3.1.1, 3.1.2,
and 3.1.3, respectively.

This chapter is entirely based on the author’s joint work [43] with N. Mimikos.

Notation

Let d,k € N. For T > 0, we denote by Qr = T x (0,7), Qr := T x [0,7] and
dQr = T x {0,T}. For a € (0,1] and @ C R% we denote by C*%(Q), the standard

Eth order deriva-

space of k times differentiable scalar functions with a-Hoélder continuous
tives, with the usual norm. Furthermore, we denote by C’{Z’?(Q) the functions u that belong
to Ck’o‘(K), for all compact sets K C €. For functions u : T x [0,7] — R, we denote by
osc u = (:c7t)ren’llz‘l>}<([0,T] u(z,t) — (x,t)énﬂ@g[oj]u(x,t), Du(x,t) == (ug(z,t),ut(x,t)). We de-
note by H~(T) the dual space of the Sobolev space H!(T), and by C%<([0,T]; H~}(T%))
the space of H}(T%) valued functions that are a-Holder continuous. We write C' =
C(Ky, K, ..., Kyy) for a positive constant C' depending monotonically on the non-negative
quantities K1q,..., Ky;. BV(Q7) denotes the space of functions of bounded variation, and

L3°(Qr) consists of the functions m € L (Qr) such that m > 0 a.e. in Q.

3.2 Assumptions

In what follows, Cy and v, « are positive constants, with v > 1, and 0 < a < 1. Moreover,

C : (0,00) — [1,00) is a continuous, strictly positive function. We note that C' = C(m)
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should be interpreted simply as a positive bound that may blow up both as m | 0 and as
m 1 oo. Except when explicitly stated, assumptions (M), (H), (G), and (E) will be in place

throughout this chapter.

(M) (Assumptions on mqy and mp for classical solutions) The given functions mgq and mp
satisfy

mg, mp € CQ’O‘(T), mg, mp > 0, and /

mo = / mp = 1. (M1)
T T

(H) (Assumptions on H) The functions H, Hy, and Hyp are in C*(Rx (0, 00)), and Hy, < 0.

Moreover, for (p,m) € R x (0, 00),

Cioa b)) < Hyp < Tlm)(1+ p)) 2, (H1)
pHp > (1+ CL)H — C(m), (H2)

0
| Hpppl < C(m)(1+ |p|) 2, (H3)
|Hyp| < C(m)(1+1[pl)7, (HM1)
m|Hyn| < —C(m)Hp,  mlp||Hmmp| < —C(m)Hp, (HM2)
| Hyppp| < C(m) (1 + |p])7 2 (HM3)

(G) (Assumptions on g) The function g : (0,00) — R is four times continuously differen-

tiable and satisfies, for all m > 0,
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(E) (Ellipticity of the system) The function H satisfies, for m > 0, the condition

1
—4mHyy Hyp > (1 + —) m?Hz,,. (E1)
Co

(W) (Assumptions on mq, mp, H, and g for weak solutions) The functions mq and myp

satisfy, for some x > 0,

1 1
mo, mp € LOO(T)v mo, mr >0, / mg = / mrp = L, and N € Ll(T)a
T T m m

0 M
(MW)

H satisfies, for some constant s € (—x — 1,k — 1), and for (p,m) € R x (0, CLO),

1
—Hp,(0,m) < Com®, —Hp(p,m) > C—ms, (HW)
0
and g satisfies
lim g(m) > —o0. (GW)
m—0t

(L) (Assumption on H for the long time behavior) The function H satisfies, for m > 0,

AmHy Hyy > % (HL)
Remark 3.2.1. We will impose assumptions (W) and (L) only in the sections discussing weak
solutions and long time behavior, respectively.
Assumption (W) significantly weakens the positivity assumption on m but, in exchange,
requires a more precise control on the behavior of H and g near small densities.
On the other hand, in the context of our result on the long time behavior of strictly
positive classical solutions, no such control near small (or large) densities is needed. However,

a different issue arises here: the gradient bounds used throughout the rest of the chapter

may degenerate as 7" — oo. Indeed, with (E) in place, we could rephrase assumption (L)
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as the requirement that the eigenvalues of the elliptic operator (Q1) remain bounded below
as |p| = 0o, locally uniformly in m € (0, 00)!. This will allow us to obtain gradient bounds
that are uniform in 7" (see Lemma 3.7.1, where this assumption is used). For example, for
the case of a separated Hamiltonian H(p,m) = H(p) — f(m), (L) simply reduces to the

assumption that H is uniformly convex, which follows automatically from (H1) for v > 2.

3.3 Displacement convexity and estimates on the density

To obtain estimates for the density at interior times, we will prove an integral formula which,

in particular, implies that the quantity

RGN

is a convex function in [0, 7] whenever h is convex, provided that (3.1.6) holds.

Theorem 3.3.1. Let (u,m) € C%(Qr) x CY(Qr) be a classical solution to

;

—ut + H(Uzy m) = O, m QT
mt — (mHp(uz,m))e =0, inQr (3.3.1)
m(-,0) = my, in T,

\

and let h € W»®(R). Then

d2 " m 2
2 Th(m(x,t))dx = /ﬂ‘h (m) <mt — mg(Hp + EHpm)> dx

" 2 (M o
_fﬂvh (m)(mg) <THpm+mepHm>dx. (3.3.2)

1. The factor 4m in (HL) is, of course, inconsequential, because it is a positive function of m. It is only
included to emphasize the comparison with (E).
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Moreover, there exists C = C(Cy) such that, if h'' > 0,

d2
dtQ/h( m(z,t))dx > —/h” mHmepm%—f—mQngu%x)dx. (3.3.3)

Proof. Let h : R — R, be a smooth function. Since m satisfies the continuity equation, the

following holds for each t € [0, T:

/T (mt(x, £)—(m(z, £) Hy (ug, m(z, t)))m> <3ti~1(m(x, 1)) (h(m(z, t)) Hp(ug, m(x, t)))x)dx ~0.
(3.3.4)

Expanding equation (3.3.4), we obtain

O:/T(mt—mx(Hp—i-mem)—mepum)(ﬁ’(m)mt—mx(ﬁ'(m)Hp—i-iz(m)Hpm)—fl(m)prum)d:c

_ /Eil/(m)(mt)Q — mymy [271’(m)Hp + <ill( ym + h(m )> Hpmi|
o 1 Hypttzs | Hy (B (m)m + (m) ) + 21(m)m Hpo |
2| (Hy ) (H () Hy + hom) Hy ) |

—miHppuzs [ﬁ/(m)m + ﬁ(m)}

2
n h(m)m(prum> dv = Ay — Ay + Az + Ay — Ag + Ag.
We split term Aj as follows
T T

From the continuity equation, we have that
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Hence, terms Ag 9 and Ag can be written as

Az g = 2Amtmprmle(m)de—Q/T(mx)QHpm (ﬁ(m)HermiL(m)Hpm)dl’ =A391—A322

Ag = /11‘ @ [mt — My (Hp + memﬂ 2da:

h(m h(m h(m 2

From the Hamilton-Jacobi (HJ for short) equation, we have that
Therefore, A3 1 may be written as

A3_1 = Amprpuzt (ﬁ'(m)m—i—ﬁ(m))da:—/T(mx)2prHm <ﬁ/(m)m+i~l(m)>dx = A3_1.1—A3.1.2

We now begin by grouping together terms As, and As 1 1, which yields, for L(m) = ﬁ(m)m, L'(m) =

h(m) +mh/(m),

Az 11— A5 = /JI‘ My (ﬁ(m) + mfz’(m))pruxt — (ﬁ(m) + mﬁ/(m)>thppumdx

= /]1‘ —0i(L(m))(Hp)z + L/(m)thpmmx + (L(m))0¢(Hp) — L'(m)mzthpmdx

d

= g | (Em)Hyde

_ /T (L)) Hp + (L(m)) 204 (Hy)d

Next, we group together all the terms with mm, factor, namely Ao, A3 1, and Ag 9, which

yields
—Ag+ A301 — Aga = —/ 2mymy (ﬁ'(m) + —(m)> (Hp + —mem) dz.
T m 2
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Collecting the terms involving (mt)Q, namely terms A and Ag 1, we obtain

A1+ Ag1 = /(mt)2 (ill(m) + %) dz.

T

Finally, we group together the terms involving m%, namely Ay, As 99, Ag3, and A3z qo:

Ay — Az09+ A3 —A319=

Thus, putting everything together, we obtain

i Jwomte = [ (im0 550 (i 4 )
_/Tm; <ﬁ'(m)+$) <%2H§m+mﬂppﬂm)dx. (3.3.5)

Next, notice that for a smooth function h : R — R, we have

d

G [tz - /T (h(m)) Hyy + mib (m) (Hy)od = /T (h(m) — B (m)m)s Hyda.

Thus, if we require that

we obtain

2
_% T(L(m))prdx:d_/qrh(mmx'

The relation between h, his



therefore

i) = =" 4 b ),
and, thus,
h/(m) I hgzl) _ _hfnm) h;”;) h”( ) h,,(:;) i hfnm) h”(m),

from which (3.3.2) follows.

Now, setting r =1 — —L__ we have
1+Cy
m2 9 m2 2

and so, applying (E), and multiplying by h” (m)m%, (3.3.2) yields

d2

2 h(m(:v,t))dasz/—rh”(m)mHmepm%. (3.3.6)
T

T

On the other hand, we infer from (E) that

m 2 m?
Mmym 2 1 /mym 2 mym

1 mym

Hpm>2 = r(mt—mpr)Z—l—((l — T)%(mt —mgHp) —(1—7r)"2 5 Hpm)2

—i—(l—’r)*l (

> r(mg — mpr)2 = rm2H5pu%x. (3.3.7)

where the last equality follows from the equation of m. As before, multiplying by h”(m) then

yields

d2 " 2172 2

Gz [ hmGeoyde = [ b im0, (335)
Combining (3.3.6) and (3.3.8), we conclude that (3.3.3) holds. []
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It now follows readily that the density of the solution is bounded above and below in

terms of the initial and terminal densities.

Corollary 3.3.2. Let (u,m) € C%(Qr) x CYQr) be a classical solution to (MFG) or
(MFGP). Then, if ¢; := min(minmg, minm(-,7")), C; = max(maxmg, maxm(-,T")), one
has

c1 <m(z,t) < Cq, for all (z,t) € Qp. (3.3.9)

Proof. The proof follows directly from Proposition 3.3.1 above. Indeed, note that, in view

of (E), for any convex function A, the map

is convex, and thus

C(t) < max(C(0),C(T)), for all t € [0,T].

Hence, setting hp(m) = mP and letting p — —oo yields the result for the lower bound,

whereas letting p — 400 yields the upper bound. O

Remark 3.3.3. For dimensions d > 1, formula (3.3.2) is no longer true. If one repeats the
same argument, the issue will arise at the term Ag 9. However, in the case of a separated

Hamiltonian, i.e. H(p,m)= H(p) — f(m), one still obtains the weaker formula

dQ

G Lt 0)de = [ (B ) = b )+ o)) (TH D D 0)?

+ (I (m)ym — h(m)) Tr((D3,HD3,u)?) + B (m)mf'(m)|Dm|?)dz. (3.3.10)

In this higher-dimensional setting, it is no longer true that the left hand side is convex
whenever h is convex. In particular, the statement is false for negative powers of m, but true

for positive powers. Thus, from the proof of Corollary 3.3.2 we see that the upper bound on
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m still holds (see [27]).

3.4 Estimates on the solution and the terminal density

In this section we obtain the necessary a priori L>°—bounds on w, Du, and m(-,T) for
solutions to both (MFG) and (MFGP). Combined with the results of the previous section,
this will yield global upper and lower bounds on the density. In order to treat the setting

of Theorem 3.1.2, where the density may vanish at {0,7'}, we also obtain L°°-bounds on u

that do not depend on the quantities (minmg)~!, (minmyz)~t.

Theorem 3.4.1. Let (u,m) € C2(Qp) x CY(Qp) be a classical solution to (MFG), and let

c1 = minmg, C1 = maxmg. Then, for each (z,t) € Qr,
a <m(z,T) < Cy, (3.4.1)

HO,c1)(t—T)+ g(c1) <wu(zx,t) < HO,C)(t—T)+ g(Cy), (3.4.2)

and
T
_/ H(O, min(m(-, s))ds + g(c1) < ulz, ) / H(O, max(m(-, 9))ds + 9(C1). (343
t T

Proof. We will only show the lower bounds, since the argument for the upper bounds is

completely symmetrical. Since Hy, < 0, we may fix § > 0 and € > 0, such that
H(0,c1) — H(0,¢1 — 6) < —€T. (3.4.4)

We define
wO(t) = H(0,e1 = 0)(t = T) + 5(t = T)* + gle1 — ).
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and note that

wgz = 0, wy s = 0, wy = €.

The function v49(z,t) := u(x,t) — w0 (t) has a minimum at some (g, o) € Qp. If we first

assume that ty € (0,7, then it follows that
D%y — D2 >0,
which, in view of (Q), implies
0 = —Tr(AD?u) < —Tr(AD*w) = —€ < 0,
a contradiction. On the other hand, assume that ¢ty = 0. Then,
ut(xg,0) > wi’é(xo,O), ug(xg,0) = wg’é(()) =0,
and thus, using the monotonicity of H and (3.4.4),

0 = —ut(wg, to)+H (0, mp(70)) < —wf’6(0)+H(0,mo(fE0)) = —H(0,co—6)+H (0, mg(zq))+€T’

< —H(0,c1 —6)+ H(0,c1) + €T <0,

which is again a contradiction. Hence, the minimum must be achieved at tg = T. At that

point, we have

up(z0, T) < wS(T), ug(ao, T) = ws®(T) = 0.

Consequently, from (G1) and the monotonicity of H, we have
_ _ b _
u(zo, T) = g(H (0, ur(x0,T))) > g(H ' (0,w;"(T))) = g(H (0, H(0, ¢1 — 9)))
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= g(c1 — 8) = w(T).

We have thus shown that
u(z, t) > w(t), for all (z,t) € Qp.

Letting ¢ — 0, and then 0 — 0, yields the lower bound in (3.4.2). In particular, for t = T,
we have

g(m(z,T)) > g(c1) for all z in T,

which proves the lower bound in (3.4.1), in view of (G1). Now, we define

T
w@Z—A‘H@dW%+MQ%

where ¢(s) := min{m(-,s)} is the running minimum of the density. We observe that the
function v(x,t) = w(z,t) — w(t) satisfies v¢ = ug — H(0,¢(t)), vy = ug. Thus, for any
€ > 0, at any extremum point of v — €t, the monotonicity of H implies that v; = H(0,m) —
H(0,c(t)) — e < 0. Letting ¢ — 0 thus implies that v achieves its minimum at ¢ = 7.

Therefore, using (3.4.1), we obtain
u(2,t) —w(t) 2 ming(m(, T)) - g(e1) 2 0,

and this is precisely the lower bound in (3.4.3). O

Now, for solutions to (MFGP), we do not need to estimate the terminal density, as it is
part of the given data. Concerning u, since the solution is only unique up to a constant, we

may only bound the oscillation of u, and this is done in the following proposition.

Theorem 3.4.2. Let (u,m) € C*(Qr) x CH(Qr) solve (3.3.1). There exists a constant
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C >0, with
T
c=c (co, | 10 s>>|ds,6<maxm>) |
0

Qr

such that

1 T
oscy, U < C (T—l—T_“/—l —i—/ |H(O,minm(-,s)]ds> :
T 0 T

Proof. We define the functions ¢ and w, for t € [0, 7], by

T
c(t) = mﬂinm(-,t), w(t) = _/t H(0,c(s))ds.

Arguing as in the proof of (3.4.3), we obtain
max(u — w) = max (u(-,0) —w(0)), min(u — w) = min (u(-,7) — w(T)) . (3.4.5)
Qr T Qr T

Now, in view of (H1) and Proposition 3.4.1, 0 = —uy + H (ug, m) > —ur + %|ux|'7 — C. Next,

we define 7/ by % + % = 1. By the Hopf-Lax formula, the function

v(x,t) = gr/nelﬁ ( (%)77 (T — t)% +C(T —t)+ u(y,T))

then solves, in Qr,
1
—vg(z,t) + 6|vx|7 -C =0, v(-,T)=u(-T),

and, thus, by the comparison principle,
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On the other hand, up to increasing the constant C,

v(z,0) <

e +CT + mqlin u(-,T),

and so

max u(-,0) < maxw(-,0) <

— + CT + minu(-,T).
T T 7Y -1 T

In view of (3.4.5), we obtain

C
OSC@T(U —w) < 71 + CT +w(T) —w(0),

and, ‘hUS,

[]

We finally obtain a priori estimates on the gradient of w, while simultaneously treating
the case of (MFG) and (MFGP). The proof closely follows that of Lemma 2.3.8, but allows
for weaker assumptions due to the d = 1 setting (see (3.4.9)). In fact, in the special case of a
separated Hamiltonian, this proof can be seen to yield a gradient bound that is independent

of min(m).

Theorem 3.4.3. Let (u,m) € C3(Qr) x C*(Qr) be a classical solution to (MFG) or

(MFGP). There exists a constant C > 0, with

C= C<007 T, T_lv OSC U, 7, ||m||LOO(§T)7 ||m_1||LOO(@T)7

10m0) | Loo (1) [1(m7) | Loo (), HUHLOO[minm,maxm]>
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such that

||DUHL00@T) <C.

Proof. Since u; = H(uz, m), and m is bounded above and below, we infer from (H1) and

(H2) that it is enough to show that

2
We let
2
ﬁzu—minu—}—l—(os%ﬂ(T—t),

and note that the function @ has been constructed to satisfy
la|] <1+4+oscu, u(,0)<-1,a(-,T)>1.

Define

1 k
vz, t) = §u:25 + §u2,

3 —
where k = HUxH% . Let (xg,tg) € Qp be a point where v achieves its maximum value. With
T

no loss of generality, we may assume that p = ug(xq, tg) satisfies

pl > 1, p)? > = |jug?. (3.4.6)

We remark here that throughout the proof, the constant C'is subject to increase from line
to line.

Case 1: tg = T. For this case we consider the linearization of the HJ equation,

Tyv = —v + Hy(ug, m)vg.
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Since v, = 0 and vy > 0,

1

1
0
> —Hyigmg + ki (= lpl" = Cm) ) = Clpl# 2 ~Hyntezma + Z[p"+ - Clpl
—Hpuzm t— | =——Ip|” = C(m) | — —Hpugmg + — — .
Z mUzMy Co C()p pl- =z mxa:op p
(3.4.7)
If (u,m) solves (MFG), then
—Hpugmy ——T\p|2 >0
On the other hand, if (u, m) solves (MFGP), then
| = Hmugme| < C”(mT)zHoo,pWJrl- (3.4.8)

In either case, (3.4.7) then implies

Ip| < C.

Case 2: tj) = 0. Regardless of whether (u, m) solves (MFG) or (MFGP), this case is dealt
with in the same way as was done for tg = 7" when (u, m) solved (MFGP), because, in view

of (HM2), we then have the bound
| = Hiugma| < C|l(mo)zlsolp]"
Case 3: 0 <ty < T. We first observe that, since v, = 0, we have

Uglgy = —kUug,
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and, thus,

luge| < Ck. (3.4.9)

We consider the linearization of (Q), namely
Ly(w) = —=Tr(A(Du) D*w) — Dy Tr(A(Du)D*u) - Dw.

Through direct computation, using (Q1), one obtains

2

1
+ Zm2H72npu§x - mHmepu%x

1 1
2

1

2

where (E1) was used in the last inequality. Similarly,

1.
Ly, (k;ﬂ) -k

where

2

1
+km?H2, w2 —kmHy, Hypu+ By + By + B+ Ey,

. 1

2

(3.4.11)

1 1

1 ~
Ey = <§HmpHmpp + mHypp Hpp + mHmepp> Uz kU,

1 2 1 ~ o~
m

1 (1
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Now we estimate each of the F;. By Young’s inequality, we obtain

2 2
1 1 1 .
B < 7| —tat + (Hp + §mHmp) Uzz| +C ‘pr + 5 mHupp K ula?,
As a result of (H1) and (HM3), we thus obtain
1 1 2 2y i1
|E1| < Z —Ugt + Hp + §mHmp + C|p| . (3.4.12)

Next, to estimate |Fs|, we use (3.4.9), (H1) (H3), (HM1), (HM3) and (E1) to obtain
|Ey| < C|p/*7HL, (3.4.13)

For Fs3, we have

2 CR 2712 P 2
+ (Hpm—l—m Hmmp—l—Hmp) | — iy + Hpug|2.

m

1 1
’E3’ < Z_l ‘_Umt + <Hp + §mHmp) Ugx

(3.4.14)

Now, recalling that u; = H(p,m), we infer from (H1), (H2), and (3.4.6) that
Lol < — i + Hyua| < Ol 41
5|p| < | =t + Hpuz| < Clp|™. (3.4.15)
Therefore, in view of (H1), (HM1), (HM2), and (E1), as well as the HJ equation, we obtain

2
1 1
| B3| < 7 |t + (Hp + =mHpp)uge| + Clp/7 T, (3.4.16)

2
Finally, for E4, we observe that (3.4.9), (H1), (HM2), (HM3), (E1), and (3.4.15) yield

|Ey4| < Clp/27HL (3.4.17)
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Now, (E) implies that

201 5 4
2

N 1

2

1 2
+ —mQH?npp2 =

2 4CY

1
> ’_ﬁt + (Hp + —mHmp>UCE 9

1

2

2
1 /1 1 1
0

So, as a result of (3.4.11) and (3.4.15) we get

1 4 1
L - < —=
u(k2u>_ 2/<z

Now, since (xq,ty) is an interior maximum point of v, we have Ly (v) > 0. Thus, combining

2
1 3
_5W%ﬁ+&+@+%+m.ﬁﬁw

1
_ﬂt —+ <Hp -+ §mHmp) Uy

(3.4.12), (3.4.13), (3.4.16), (3.4.17), (3.4.10) and (3.4.19), we conclude
1 3
0 < —Z[pl7*E + Ol

which implies

Ip| < C.

3.4.1 FEstimates for MEFG with e—penalized terminal condition

In order to obtain classical solutions to (MFGP), it will be necessary to use a natural
approximation method, which was previously used in [48] to obtain weak solutions to the
second-order planning problem. The solution will be obtained as the limit of solutions to

standard MFG systems with a penalized terminal condition. Specifically, we will need to
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prove estimates for solutions (u€, m¢) to

(

—uy + H(uf,m) =01in Qr,

m§ — (mHp(u;, m))z = 0 in Qr, (MFGe)

kme(x, 0) = mg(x), eu(x,T) = m(x,T) — mp(z) on 0Q7.

As long as u€ is bounded in L%°(Qr), the limit is expected to solve (MFGP). This estimate
is obtained in the following lemma. While treating this system, we will temporarily assume

that H(0,0) is finite. This assumption will be removed in the proof of Theorem 3.1.1.

Lemma 3.4.4. For e > 0, let (u€,m€) € C?*(Qr) x C1(Q7) be a classical solution to system
(MFG¢), and set ¢y = min{miny mq, miny mp}, C; = max{maxy mg, maxpmp}. Assume

that H(0,0) < oco. Then there exists a constant C' > 0, independent of €, such that

14| oo () < C- (3.4.20)
Furthermore, for all € < %, we have
%1 < m(z,t) <207 for all (x,t) € Qp, (3.4.21)
and
Im(T,-) = mr()[eo < €C. (3.4.22)

Proof. As a result of Proposition 3.4.2, since H(0, minm®) < H(0,0), there exists
Qr

¢ = C<OO7T7 |H(O’ 0)|7 |H(07 Hlaxm€)|76(@axm€))
T Qr

such that

0scg, (u) < C.
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To make this bound on the oscillation independent of €, we must obtain upper bounds on
the density m€. Note that, from Corollary 3.3.2, it is enough to bound m¢(T, -) from above.

To this end, let Mg := migmx mq and, for o > 0, define
0Oz, t) = u(z, t) + H(0, Mo+ 6)(T — t).

Since D% = D2uf, we have that v9 also solves the elliptic equation (Q) in Q7. Therefore,
the maximum of U(s, must occur at £ =0 or t = T. If the maximum occurred at ¢t = 0, then
at that point

u§ — H(0, My+6) = v9 <0, v = us =0,

and, hence,

OZug—H(O,Mo—i—(S) = H(0,mqg) — H(0, My + 9),

which is a contradiction because H,, < 0. Therefore, for every ¢ > 0, the maximum occurs
at t =T, and, letting 6 — 0, we see that the same is true for 6 = 0. The maximum value of
v(z,t) = uf(x,t)+H(0, My)(T—t) equals the maximum of u®(z, T), since v(z,T) = u(x,T).
Letting xog € T be a point at which this maximum occurs, it follows that v (zg,T) > 0, and
therefore

H<O? me(w(% T)) > H(Oa M()),

which implies that
mc(xg, T) < M.

But, since

eu(z,T) =m(x,T) — mp(z),

we obtain, for each z € T,

eu(z,T) < eu(z,T) = (m (0, T) — mp(zg)) < (Mo —mp(20)),
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and, consequently,
m(z,T) = eu(2,T) + mp(x) < My + mp(z) — my(zg) < Mo + oscr(mr).

We have thus shown that the bound on the oscillation of u¢ does not depend on €. Further-

more, since

eu(x,T) = m(x, T) — mp(x),

and m®(T,-), mp(-) are both probability densities, we have [puf(-,T) = 0, so there must
exist some ¢ € T such that

u (2, T) = 0.

This implies that, for any (z,t) € Qrp,
—oscq,, (u€) < u(z,t) —u(25,T) < OSCQT(UG),

which shows (3.4.20). To prove (3.4.21), we require C' to be large enough to satisfy % |u]|oo <

%cl. Then for all € < %, we have

1 1
mS(z,T) = mp(z) + eu(x, T) > mp(z) — 501 > SCL

The upper bound for m®(z,T) is obtained similarly. We now conclude by Corollary 3.3.2,
since the maxima and minima of m¢ both occur at ¢ = 0,¢ = T. Finally, (3.4.22) follows

immediately from the terminal condition in (MFG¢) and (3.4.20). O

While the usefulness of (MFG¢) will mainly be as a tool to obtain existence for (MFGP),
it can also be used to provide an interesting counterexample. Indeed, one should note that
(MFGe¢) is not itself a planning problem, but rather a special case of a standard MFG system,

which would fit in the framework of (MFG) if the terminal cost function g were allowed to
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depend on x, as was the case in the previous chapter. The following proposition illustrates

the fact that, when such assumptions do not hold, the solution may fail to exist.

Theorem 3.4.5. Assume that H(0,0) < oo, and that the condition mp > 0 in (M1) does
not hold, and mp(zg) < 0 for some xy € T. Then there exists C > 0 such that, for all

0<e< %, there exists no classical solution to (MFG).

Proof. We assume, by contradiction, that there exists a decreasing sequence ¢, > 0, with
li_>m en = 0, such that, for each positive integer n, there exists a solution (u"*, m™) to system
n—o0

(MFGeg,). Since H(0,0) < oo, the proof of Lemma 3.4.4 shows that, for some constant C' > 0

independent of n € N, we have [|u"||oc < C. However, this implies that
lm™(T,-) = mp()lleo < Cen,

while m"(z¢,T) > 0 > mp(zg), which is a contradiction. O

We finish our estimates for the e-penalized problem with an analogue of Proposition

3.4.3.

Lemma 3.4.6. For ¢ > 0, let (uf,m¢) € C3(Qr) x C*>*(Q7) be a classical solution to
system (MFG¢), and assume that H(0,0) < oo. Let ¢y and Cy be as in Corollary 3.3.2.

There exists a constant C' > 0, independent of €, such that, for e < %,
| Duf||oo < C.

Proof. We first observe that, by Corollary 3.3.2 and Lemma 3.4.4, ||m and ||(m°)

€|l —1y_
a8 a8

are bounded a priori in terms of C'; and cfl. The proof of Proposition 3.4.3 may thus be

repeated here, with Lemma 3.4.4 replacing the use of Proposition 3.4.2, with one exception.
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Namely, the term —Hpuim$ in (3.4.7) should be estimated as
—HpubmS, = —eHp (uS)? — Hpu (mp)y > —Hpu (my)z,

which, in view of (3.4.8), yields the gradient bound in the case tg = 7. The rest of the

argument follows unchanged. m

3.5 Existence of classical solutions

In the previous sections, a priori L —bounds were obtained for u, Du, m, and m~1. This is
already sufficient to obtain classical solutions to (MFG), following the arguments of Section
2.4. The existence of solutions to (MFGP), on the other hand, is a more delicate issue,
because the Neumann type boundary condition that appears in the linearization makes the

latter non—invertible. Namely, the linearization of (Q) is

Ly(w) = f in Qr,

. (=1, Hp(ug,m)) - Dw = g1(x) att=0,

(17_Hp(ul’7m))Dw:g2(x) att:T7

\

which is an oblique boundary value problem that is only solvable for certain functions
f, g1, go satisfying a compatibility condition that itself depends on u. This failure of in-
vertibility precludes the direct use of the implicit function theorem and thus of the method
of continuity, which means a different approach is needed. Indeed, we will obtain the solu-
tion as the limit as ¢ — 0 of the solution to the e—penalized problem (MFG¢). We begin
by noting, in the following lemma, that for e small enough, the solutions to (MFG¢) are a
priori uniformly bounded in C 1,5 (Q7), for some 0 < B < 1, and that the system thus has a

classical solution.
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Lemma 3.5.1. Let C be as in Lemma 3.4.4. For all 0 < e < %, (MFG;) has a unique
smooth solution (uf,m€) € C3*(Qr) x C>*(Qr). Moreover, there exist constants K > 0,

0 < B8 < 1, independent of €, such that
[ullore < K. (3.5.1)

Proof. The a priori C'—bounds on u¢, as well as L>—bounds on m¢ and (m€)~! (and thus
on the ellipticity constants of the system), were all established in Lemmas 3.4.4 and 3.4.6.
The Holder estimate for the gradient then follows in the same way as in Lemma 2.4.1. Indeed,

it suffices to verify that, for (z,t,2z,p,s) € T x {0,7} x R x R x R, the boundary condition
BE($,O,Z,p,S) = =5+ H<p7 mO(x))a BG(ZL’,T,Z,p, S) =S5 —= H(p7 €z + mT(ﬂf)),

is oblique. For this purpose, we let v(x,t) denote the outward unit normal vector at (z,t) €

0Q7. Then we have

Dy ) B(2,0,2,p,5) - v(x,0) = =B{(z,0,2,p,5) = 1 >0,

D(p,s)Be(%T;Z,p, S) : l/(x,T) = —Bg(x,T,z,p, s) =1>0

and thus the a priori estimate (3.5.1) follows. The proof of existence is then the same as in

that of Theorem 2.1.1, through the method of continuity. O]
We now have enough information on the e-penalized problem to prove our first theorem.

Proof of Theorem 3.1.1. We initially assume that mg,mp € C°°(T). The proof of part
(ii), corresponding to (MFG), is identical to the one carried out in Section 2.4. We simply
note that the condition lim H(p,m) = 400 in that proof was only used to guarantee the

m—0t
existence of a positive lower bound for the density, which in turn makes the equation (Q)
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uniformly elliptic. In our case, the lower bound is a consequence of Corollary 3.3.2 and
Proposition 3.4.1.

Now, for the case of (MFGP), we remark first that uniqueness of u, up to a constant,
follows by the standard Lasry-Lions monotonicity method. To establish existence, we con-
sider first the approximate system (MFG¢), under the assumption H(0,0) < co. We assume
that € > 0 is small enough for Lemma 3.5.1 to guarantee the existence of solutions (u€, m®).
Letting 0 < 5 < 1 be as in Lemma 3.5.1, we also have (3.5.1), for some constant K > 0 in-
dependent of e. We infer that there exist a subsequence {up}n C {u}e, and u € CL(Q7),
such that u, — wu uniformly. Furthermore, in view of Lemma 3.4.4, there exists C' > 0,

independent of ¢, such that

< m(x,t) < C for all (z,t) € Qr.

Ql =

We let (A, B) and (A, By), be the quasilinear operators and boundary conditions corre-

sponding, respectively, to v and uy,. Then one has

(An, Bn) — (A, B) locally uniformly,

Hence, by Fiorenza’s convergence theorem for elliptic equations with oblique boundary con-
ditions (see Theorem 2.2.5), we obtain u, — u in C>*(Qp), and u solves (Q), with the
boundary condition corresponding to (MFGP). The C3 regularity (and, in fact, uniform
convergence in C3) then follows readily from the standard Schauder estimates for linear
oblique problems, as in Theorem 2.1.1.

The last step will be to remove the assumption that mg € C°°(T) and, for (MFGP),
the assumptions that mp € C°°(T) and H(0,0) < oo. We will explain the argument for

(MFGP), with the treatment of (MFG) being completely analogous. Consider, for § > 0,
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the modified Hamiltonians H%(p,m) := H(p, m + &), which satisfy (H) and (E), uniformly
in 0, as well as H 5(0, 0) < 00, and a sequence of C°° densities (mg7 md ), uniformly bounded
in C%® and bounded away from 0, converging uniformly to (mg, mp). Let (u®, m?) be the

corresponding solutions to

(

—ug + Hé(ug,m‘s) =0 in Qp,
T 5
Jo Jru’ =0,
0 (3.5.2)
m{ — (mPHy(ug, m*)z =0 in Qp,
m?(-,0) =md, m*(-,T) =m$ onT.
\

Propositions 3.4.3 and 3.4.2, and Corollary 3.3.2, yield uniform C!—bounds on u§, and thus,
as in the proof of Lemma 3.5.1, uniform €% bounds for some 0 < 8 < 1. We may thus

conclude by letting 6 — 0 and applying Fiorenza’s convergence result as above. O

3.6 Regularity of weak solutions

We now study the existence and regularity of solutions to (MFG) and (MFGP) under the

weaker assumption that, for some k£ > 0

1 1
——dxr < 00, ———dx < o0.
T Mg (2) T M/ ()

We note that, in particular, the above conditions allow for the densities to vanish at a set of
measure zero. This, in general, creates significant issues, because (Q) is no longer uniformly
elliptic. The key estimate that will allow us to prove smoothness in this setting is an interior
lower bound on the density which depends only on 71, [mg |1 (and (T — )1, [m2"l1,
in the case of (MFGP)). Indeed, this yields uniform ellipticity of (Q) away from ¢ = 0 and

t="1T.
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We begin by giving the standard definition of a weak solution (see, for instance, [8, 44,

50]).

Definition 3.6.1 (Definition of weak solution). A pair (u,m) € BV(Qr) x LE(Qr) is called

a weak solution to (MFG) (respectively (MFGP)) if the following conditions hold:
(1) ue € LA(Qr),u € L®(Qr), m € CO([0, T); H1(T)).
(ii) u satisfies the HJ inequality

—ut + H(ug,m) <0 in Qp,

in the distributional sense.

(iii) m satisfies the continuity equation
m¢ — (mHp(uz, m))z =0 in Qp, (3.6.1)

in the distributional sense.

(iv) We have m(-,T) € L (T). Moreover, m(-,0) = mg in H~T) and u(-, T) = g(m(-,T))

in the sense of traces (respectively, m(-,T) = mg in H~Y(T)).

(v) The following identity holds:

// m(a:,t)(H(ux,m)—Hp(ux,m)ux)da:dt:/(m(x,T)u(x,T)—mo(x)u(x,()))daz.
Qr T

The following lemma will be needed to show that, for solutions to (MFG), our interior

regularity results may be extended up to time ¢t =T
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Lemma 3.6.2. Let (u,m) be a smooth solution to (MFG) under the assumptions of Theorem

3.1.1 and assume that (3.1.2) holds. Then, for every convez function h € C?(0, 00), the map

- /Th(m(a:,t))dx

is decreasing. Moreover, there exists a constant C' = C(Cy, ||g’||;£3(fnlgnmo maxmo])) such
that
1
L h(m(z,T))dx + —/ B (m(x, T))|my(z, T)|Y <O0.
dt Jr CJr

Proof. In view of Proposition 3.3.1, we have that

d2
ﬁ/ql‘h(m(x,t))dx >0,

and, thus, the function
d

d(t) = —/ h(m(z,t))dx
dt JT
is increasing. We then infer that the monotonicity will follow if we show that

d(T) < 0.

Since u(-,T) = g(m(-,T)), and m satisfies the continuity equation, we have

a(T) :/Th/(m(m,T))mt(m,T)d:v:/Th/(m)(me(ux,m))xdm

= _/ B (m)myHp(mgg' (m), m).
T
Now, as a result of (3.1.2) and (H1),

(o (), m) (mag! (m)) = lmag/(m)]",
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and, therefore,

d(T) < —é/qrh”(mﬂmxw.
0

We are now ready to obtain the interior lower bounds on m. Our method of proof relies

on the displacement convexity formula (3.3.2), and uses similar techniques to [50, Prop. 5.2].

Theorem 3.6.3. Let (u,m) be a smooth solution to (MFG) or (MFGP), under the same
assumptions as in Theorem 3.1.1. Assume, furthermore, that (HW) holds and, in the case

of (MFQG), assume that (3.1.2) holds. Let

2
k—s—1’

b=

and let 6 > 0. Then, there exist a constant C' = C(Copllmy "1, lm7"[ 11, 6~ 1) such that

1/ 1 1 -1
m<x’t)26<t5+5+(T—t)5+5> . (3.6.2)

Furthermore, in the case of (MFG), one has
1.5+6
m(x,t) > 575 . (3.6.3)

Proof. Using the displacement convexity formula (3.3.2) for h(m) = #, we have, for each

t €[0,7],

/T mdm < max ( /JT mgl(gj)dm, [E mdl«) (3.6.4)

Combined with Lemma 3.6.2 (for the case of (MFG) where m(-,T) is not prescribed), this
yields

sup ||m " (#)|h < C. (3.6.5)
t€[0,T)
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Next, for any p > 1, we define the function

o(t) ::/Tm_p“(t)dx.

Using Proposition 3.3.1 with A(m) = m™P% as a result of (E), we obtain

42 mPR(t) 1 N ) o
— vz = Pr=LH,H, > [ Lo —pr—1+s 2,
dtz/ﬂrp/i(p/q 1)dx C/me opHm (myg) dx_/TCm (ma)2dz

S 1 —prbstl 2d
= oTEitstl T((”‘ >x) -

As a result, letting

o C(pk — s — 1)2
P dpk(pr +1)
— 1
Nom PETSED (3.6.6)
2
we have shown that
Cpo” (1) > / (m™)2dz. (3.6.7)
T

From (W), and the fact that p > 1, we see that A < 0. For each t € [0,T], since m(-,t) is
a probability measure, there exists a point x6 such that m(xé, t) = 1. By the fundamental

theorem of calculus,
A 2 p t A2 A2
Hm (1) 1H — Hm (t) — m(zh, t) H < [ (mM)2da, (3.6.8)
00 00 T

and therefore

H%H;M = C(/T(m)‘)%dx +1). (3.6.9)

Now, using (3.6.5), we obtain

1 |[F(p—1) k(p—1)

m

I

coft
m

1 1
0= S
Tml{p ,]I,mli

0 o0
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and, consequently,

2[Al
: (3.6.10)
o

s
m

where r := %. From condition (W), we see that » > 1. Combining (3.6.7), (3.6.9), and

(3.6.10), we obtain
Cp(6"(t) + 1) = C7"o(t)" > 0,

that is, for some constant C' = C(p),
—¢"(t) + éqsr <C. (3.6.11)
A straightforward computation then shows that the functions
Vi(t) = Apt P+ K,

Ua(t) = Ap(T — 1) P 4 K,
U(t) = 1 (t) + (1),
are supersolutions of (3.6.11) for large enough A;, Kp. Therefore, we have

/ mPR() < Ayt 4 (T — 1) P58) 4 2K, (3.6.12)
T

Now, going back to (3.6.7) and (3.6.9), we may write

2|l < (;z_;/jrmpﬂ N 1) _ (3.6.13)

o

1
m
In view of (3.3.2), for ¢ > 0, the map

Fis /T ma () (3.6.14)
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is convex in [0, T]. Thus, fixing ¢y € (0, %], we infer that, for each ¢ € [ty, T — tg],

() o ([ (o) 10 (o))
S ()

Letting ¢ — oo, we obtain

t
2|\ 9 (T-%
| <4
Lo(Tx[tg,T—to]) to t70

Now, letting ¢ € COO(QT) be a test function, supported in [%1, T — %1] such that 0 < ¢ < 1,

1(t)H2|A| dt. (3.6.15)

oo

¢=1in [, 7Y, and fO 1" (t)|dt < t , we see that (3.6.15) implies
2|A| 2 (T 2
| <= w7 ¢ (3.6.16)
Lo (T x [to,T—t0)]) to 0 00

Hence, recalling (3.6.13) and integrating by parts twice, we infer from (3.6.12) that

H Hf;:o| Tx[to,T—to]) — g(/ / m pﬁCH)JFCT) <O< 2+1pm3 1)

which yields

_1H <C 1
m 53 T T
H Lo (Tx [to,T—to)) ;;{’MB tﬁ
0 0
Now, recalling (3.6.6), we see that
1 2+pKB
plggo I =0 and plglgo S B. (3.6.17)
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Thus, we may fix p chosen large enough that 2;?)35 < B+ 9, and, as a result of (3.6.17),

1
—1

< C——.
H HLOO (Tx[to,T—to]) ~ t€+5

This implies (3.6.2). Now, for the case of (MFG), we simply observe that, from Lemma

3.6.2, the map (3.6.14) is non-increasing on [0, 7], and, thus, (3.6.15) may be strengthened

2|\ 2 T 2|\
o i g I e
Loo(Tx [tg,T) to 00

to

]

The following lemma is a basic computation exploiting (E1), and will be used in the proof

of Theorem 3.1.2 to estimate the terms arising from the Lasry-Lions monotonicity method.

Lemma 3.6.4. There ezists a constant C' = C(Cy) > 0 such that, given —oo < py < p1 < 00

and 0 < mg < mp < 0o, we have

(m1Hp(p1,m1) — moHp(po, mo)) (p1 — po) — (H(p1,m1) — H(po, mg)) (m1 —myg)

m1 + mg k

> (p1 — po)? + 5(7711 —mp)?, (3.6.18)

- C

where k = ming, 1 (mg.mq) (—Hm(p,m)). Moreover, if H satisfies (HW), then

(m1 Hp(p1,m1) — moHp(po, mo)) (p1 — po) — (H(p1,m1) — H(po, mg)) (m1 — mo)

my +mo 2 1 s+l _ s+l
> ———(p1 — Y E—— — — . (3.6.19
=5 (1—po)"+ Py (my™ —mg" ) (my —mg). ( )
Proof. Following the technique carried out in [40], for z € [0, 1], we define

Ap =p1 —pg Am =mq —myg, p; = po + 2Ap, ms = mgy + zAm.
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We then let
¢(2) = (mzHp(pz, mz) — moHp(po, mo))Ap — (H(pz, mz) — H(po, mo))Am,
and differentiation yields
¢ (2) = mz Hyp(Ap)? + mz HypAmAp — Hpy(Am)?.

Now, in view of (E1), we have, for some constant C' > 0,

1 1

— > —

Therefore,

1
1 Z/1+ el

Vit 2v/ Hpp
1 1
+my Hyp(Ap)2(1 —

H%)_6

Hpp(Am)?. (3.6.20)

If (W) holds, then, up to increasing the constant C' > 0, as well as using (H1) and (HW),

we obtain

§(2) > Slma(8p)” + mS(am)?),

and integrating over [0, 1] then yields (3.6.19). The proof of (3.6.18) follows from (3.6.20) in

the same way. ]

Before proving Theorem 3.1.2, we remind the reader that assumption (M) will not be in

place, and will be instead replaced by (W).

Proof of Theorem 5.1.2. For € € (0,1), let mg, m%, be smooth, positive densities such that,
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for 0 € {0,T7},
s = mg ae. T, [mhlloe < C and [[(m§) |y < C,

where C' > 0 is a constant independent of e. Let (u©!,m!) be a smooth solution to
(MFGP) obtained from taking m§ and m$., respectively, as the initial and terminal densities.
Similarly, let (u€2,m¢2) be the smooth solution to (MFG) corresponding to the initial
density m§. The existence and regularity of such solutions is guaranteed by Theorem 3.1.1.
We may further choose the u“! to be normalized so that It usH(T) = 0.
As in the proof of Proposition 3.6.3, we obtain, for some C' > 0 independent of € and for
i€ {1,2},
[(m&H) =" || < C. (3.6.21)

On the other hand, Corollary 3.3.2 and Proposition 3.4.1 yield
[m |0 < C, (3.6.22)
and (3.6.22), (HW) and Proposition 3.6.3 imply that
T :
/ |H (0, mqlin m&'(s)|lds < C. (3.6.23)
0
Thus, as a result of (GW), Proposition 3.4.1, and Proposition 3.4.2,
[ o0 < C. (3.6.24)

We will first observe that, up to a subsequence, there is convergence to a weak solution.
Indeed, given 0 < ¢,¢ < 1, applying the Lasry-Lions monotonicity method to the corre-

sponding systems yields, for i € {1,2},
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[ ) = ) i) = 1) — [ (i 0) = a0 e 0) = i 0)
T T

//Q esz Ua: m ) e ZH (Ux '7me’,z'>> (u;l _ugﬂ')
T

! / -

- (H(W \me) — H(uS me »Z)) (m& — m€4) = 0. (3.6.25)

Lemma 3.6.4 therefore yields

/ (WSHT) — u (D)) (T) — m i (T)) - /TF (WS (0) — u(0)) (i (0) — m?(0))

//Q (m "t 4+ me & (ug;’l B u; z>2 4 O<Sl+ 3 ((me,i>s+1 o (me’,i)s+1>(me,i o me/,i)> < 0.
T

Proceeding as in [44, Thm. 1.2|, it readily follows that, for i € {1,2}, as € — 0, (u&, m")
converges to a weak solution (u’, m?).

It remains to show the interior regularity. For 6 > 0, we define
]1,5 = [5>T - 5]7 [2,5 = [57 T]'

By Proposition 3.6.3, there exists C' = 0(5_1) such that, for ¢; € Li 54

1

> —. 6.2
> 2 (3.627)

We must first obtain a priori gradient bounds for u&* on I 5 /2- Setting

o1 (1) = (t —6/0) 720D 4 (7 =574 — )2/ O~V go(t) = (£ — 6/4)"2/ (0D,
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we go through the steps of Proposition 3.4.3, replacing the function v by
Lo L i
il 1) = () + 5 ()7 — Koi(r),

where K > 0, @' is defined as in Proposition 3.4.3. We consider the maximum point (zg,tp)
of vj in T x I; 5/4. In the case of (MFGP), namely i = 1, this maximum must be attained
in the interior of [;, since ¢; is unbounded near the endpoints. When ¢ = 2, the maximum
may be attained at t = T', and the proof that |p| < C' in this case follows through unchanged
from Case 1 of Proposition 3.4.3. If the maximum is achieved at an interior time, the steps
of Proposition 3.4.3 yield that if v;(zg, ty) is large enough, then

- 1
0 < | +1pI"7% = K(=¢i + 5K76] — Coy).

Similarly to Proposition 3.6.3, we see that, if K is chosen large enough, ¢; must be a
supersolution to

1
0! + ZK76] — Co; =0,

which then implies p < C, and thus |u§c’l| is bounded on Li 5/2- In view of (3.6.27) and

(3.6.22), \ug’z = \H(u;ﬂ, m®")| is also bounded on I; 5/2- That is, we have

”umHCl(TxIZ-,g/z) <C. (3.6.28)

The interior C'1®estimates for quasilinear elliptic equations (see |25, Chapter 13, Thm.
13.6]), followed by the interior Schauder estimates (see [31, Chapter, 2, (1.12)]) then yield,
for some C' = C(6~1), and for i € {1,2},

[l 3+ (px 1) <C (3.6.29)
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For ¢ = 1, by virtue of the Arzela—Ascoli theorem, we may finish the proof by simply letting
¢ — 0. On the other hand, for ¢ = 2 (that is, the case of (MFQ)), we require estimates
up to the terminal time 7. We first observe that (3.6.27), (3.6.22), and (3.6.29) imply that
u®? solves, in Iy 5 x T, a system of the form (MFG), where the initial density me2(-,8)
is bounded below by a positive constant, and bounded above in CQ’O‘(T). Moreover, as in
Lemma 3.5.1, (3.6.28) implies that u©? is bounded in CLP for some 0 < 8 < 1. We may

now conclude through the same convergence argument as in the proof of Theorem 3.1.1. [

Finally, by requiring some further regularity on the marginals, we establish additional

Sobolev regularity for the weak solutions.

Theorem 3.6.5. Let mg, mp satisfy (mo)zz, (mp)ze € LY(T). Let (u,m) be a weak solution
to (MFG) or (MFGP) under the assumptions of Theorem 3.1.2. Then, for some constant

C > 0 we have:

e [n the case of (MFG),

T
/ g (m(z, T))|mg(z, T)|? + / / mHpp(uz)? +m®(my)2dedt < C,  (3.6.30)
T 0 T

where C' = C(]|ul|oo, ||(mo)zz]l1, Co)-

e [In the case of (MFGP),
T
/ / mep(um)2 +m?®(my)dzdt < C, (3.6.31)
0 JT

where C = C(|[ulloo, [[(mo)az |1, |(m7)zzl1, Co).

Proof. We will show the result in the case where (u,m) is smooth, since the general case

follows by considering the approximations employed in the proof of Theorem 3.1.2. Differ-
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entiating with respect to x the (MFG) or (MFGP), we obtain

—Ugt + Hp(“x> m)ugg + Hp(ug, m)mg = 0 in Qr, (3.6.32)

Testing against u, in the equation for m, above we obtain

ma(T)uz(T) — [ ma(0)uz(0) + ' (ma(—upt + uzz Hp(uz, m))
T T 0 T

+ mu%prp(uaﬂu m) + mua:a:Hpm(Ux, m)mg) =0, (3.6.33)
and, therefore,
T 5 )
/ mm(T)uﬂU(T) +/ / mumprp o Hm<mfr)
T 0 JT
T
T 0 JT

Now, observe that

| [ w0 mo)seds] < ol mo)acl, | [ aT)m)iads] < fulloclmr )l
T T
(3.6.35)

Additionally, as a result of (E1), we infer that, for ¢ € (0, 1),

1
Mitge Hpmma| < (1 — 8)mu, Hyp + 4(1 = 0)Hyyp

<(1- 5)mU%prp -
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We choose 6 > 0 small enough so that

1

< 1.
(1—6)(1+¢)

Using (3.6.35) and (3.6.36) in (3.6.34), we obtain the following. In the case of (MFG), we

have

T
/ 2 2 2
/H‘g (m(T))(mg(T))*dx +/0 /Tmep(uxx) dx — Hpy(myg)“de < C

while in the case of (MFGP), we have

T
/ / mep(um)de — Hm(mx)2dx <C.
0 T

We conclude by using the fact that H satisfies (HW). O

3.7 Long time behavior and the infinite horizon problem

In this section, we will characterize the behavior, as T" — oo, of solutions to (MFG) and
(MFGP). First, we establish the turnpike property with an exponential rate of convergence.
This property shows that, for large values of T', the players spend most of their time close

to the equilibrium m = 1.

Lemma 3.7.1. Let (u,m) be a solution to (MFG) or (MFGP), let T > 1, and set
¢1 = min(minmg, min my), C1 = max(max mg, max(mr)).
Then there exist constants C,w > 0, with

C = C(Co, C1, L L 10 poo((ey )y 1 (m0) oo 1)l oo ||(gl)_(’y_1)||L°°([minm0,maxmg]))
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and

w :wil(CO,Clilach ||UHLOO([01701])>7

such that
() = Ul oo m) + lua (Dl goo(py < Cle™ + @0t € 0,77, (3.7.1)
If (u,m) solves (MFG), and (3.1.2) holds, we have
() = 1 poory + lua (O poo(ry < Ce™", t € (0,71, (3.7.2)

Proof. As in previous arguments, we recall that the constant C' may increase at each step.

For each k& € N, Proposition 3.3.1 yields

d2

- / (m—1)**dz > 0, (3.7.3)
T

and, as a result of (L) and Corollary 3.3.2,

2

1
d—2/(m—1)2d:v2/—2mHmepm§dx2 —/ [(m —1);|* dz.
dt= JT T C Jr

Since [pm(-,t) =1, arguing in the same way as in (3.6.8), we obtain

d? 9 1 2
- — > — )
a2 /T<m 1)ide 2 CHm 1Hoo

Therefore, setting

we have

—¢" + %¢ <0. (3.7.4)



Moreover, if (u, m) solves (MFG) and (3.1.2) holds, up to increasing the value of C', Lemma

3.6.2 implies that
¢'(T) < ——=o(T). (3.7.5)

We now fix the choice w = 2\% (the value of C' may still increase in subsequent steps, but

the value of w will not). The comparison principle applied to (3.7.4) then implies that, for
each ¢t € 0,77,

o(t) < ¢(0>€—2wt+¢(T)e—2w(T—t) < Cle —2wt |, Qw(T—t))' (3.7.6)

Similarly, if (u, m) solves (MFG) and (3.1.2), then (3.7.4), coupled with the Robin boundary

condition (3.7.5), readily implies that
o(t) < ¢(0)e 29t < Cem 21, (3.7.7)

By using the same convexity arguments as in (3.6.16), in view of (3.7.3), we have

t+1 t+1 t+1
(=1 <€ [ ms-tl(2as <0 [ [ -1 =c [ “osas. .19

2

We now turn our attention to estimating ug;. Fixing ¢t € [1,T7 — 1], as a result of (H1),

Proposition 3.3.1, and Corollary 3.3.2, we obtain, for s € [t — 1,t + 1],

1 5 d2 Y
& [k < 45 [mts =12

Thus, testing against a bump function ¢ > 0, which is supported on [t — 1,¢ 4+ 1], and

identically equals 1 on [t — %, t+ %], we get

/i+2/ = O/ttﬂ/ N =c :1 O(s)ds. (3.7.9)
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Differentiating (Q) with respect to x, one sees that v = u, solves a linear elliptic equation
of the form

—Tr(A(x,t)D*0) + bz, t) - Dv = 0.

Thus, v satisfies the maximum and minimum principles on compact subsets of Q7. Applying
this observation to T x [t — s, ¢+ s], for s € (0, %), as well as the fact that, for every ¢ € [0, 7T,

{z €T :ug(z,t) =0} # 0, we have

oscru(t) < osepu(t + s) 4+ oscru(t — s) < / |z (t + 9)| +/ |ugz(t — ).
T T

Integrating in s then yields

t+3
oscyuy (1) g/ /\um|,
t— T

1
2

and, thus, as a result of (3.7.9) and the Cauchy-Schwarz inequality,

t+1
le®lZ < [ o(s)ds. (37.10)

Now, adding (3.7.8) and (3.7.10), followed by (3.7.6), we obtain (3.7.1) for ¢ € [1,T — 1].
Similarly, when (u, m) solves (MFG) and (3.1.2) holds, (3.7.7) yields (3.7.2) for t € [1,T—1].
We observe that, for t € [0, T]\[1,T — 1], the bounds on ||m(t) — 1||sc given by (3.7.1) and
(3.7.2) hold trivially, up to increasing the value of C. Let us see that the same is true for
the bounds on ||uz(t)||sc on the interval [0,1]. Indeed, we may simply follow the proof of
Proposition 3.4.3, applied to the MFG system on the domain T x [0, 1], with the only change
being on Case 1 of that proof, that is, when the maximum value is attained at ¢t = 1. For
this case, we may simply use the fact that, as a result of (3.7.1) holding for t = 1, |uz(-, 1)
is bounded. Thus, if we take 7" =1 in Proposition 3.4.2, this yields a bound on [luz|lTy o 1
that depends only o1 Co, 1] e gy 10 e gy 1 20)a o 0 112 s

A similar argument may be followed on T x [T'— 1,T], which completes the proof. O
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Having established the turnpike property, we now follow the program developed in [16] to
study the long time behavior. In order to characterize the limit, as 7' — oo, of the functions

(u(t) = AT —t),m(t)), we first show a uniqueness result for (MFGL).

Lemma 3.7.2. Assume that (L) holds. Then, up to adding a constant to v, there exists at

most one classical solution (v, u) to (MFGL) satisfying (3.1.4).

Proof. Assume that (v!, ub), (v2, 42) are solutions to (MFGL) satisfying (3.1.4). Since p! —

1,42 —1 € LYT x (0,00)), there exists a sequence T}, — oo such that

tim [ (16" T) = 10+ 112, T) = 1]) = 0.
T

k—o00

Performing the standard Lasry-Lions computation for v1,v2 on @7, using Lemma 3.6.4,

and noting that

pt, () wk, € LO(T % (0,00)), i€ {1,2},

we obtain

T,
%(4 A“*”%+thm>SA‘Wﬁwﬂﬂnmﬁawﬂﬂn»
= [~ @ - 2@ @) - 1 - () - D). BT

Now, since vl,v2 € L™ (T'x (0,00)), the right hand side converges to 0 as k — oco. Therefore,

1 22,11 2.2
| =t - =0
0o Jr

1

This implies that ul = u2 and v% = 'U%. From the HJ equations, vy = v?, which concludes

the proof. O

In the following lemma, we obtain uniform estimates for the solution that are independent

of T.
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Lemma 3.7.3. Let (ul,m”) be a solution to (MFG) or (MFGP) for T > 0, and let w > 0
be the constant from Lemma 3.7.1. Set vT = ul — MT —t). Then there exists a constant

C > 0, independent of T, such that:

o If (3.1.2) holds and (ul,m™) solves (MFG), then

Wl'(t) — g(1)| < Ce ™ for all t € [0,T). (3.7.12)

o If (uT',mT) solves (MFGP), and

/EUT (%T) dz =0, (3.7.13)

then we have

HUTHLOO(QT) <’ (3.7.14)

and

T
ol (t)|loo < Ce ™t for all t € lO, 5} . (3.7.15)

Proof. First we note that in both (MFG) and (MFGP), as a result of Lemma 3.7.1, the

function vg = ug is bounded uniformly, independently of T', and, by Corollary 3.3.2, so are

T

m ,(mT)*l. Therefore, since H is smooth, and thus locally Lipschitz, we have, for some

constant C' > 0 independent of T" > 0,
Wl | < C(jol] + mT —1|). (3.7.16)

Assume first that (u”,m”) solves (MFG) and (3.1.2) holds. Integrating the HJ equation in

[t,T] and using (3.7.16) along with (3.7.2) in Lemma 3.7.1 we obtain

T
i@y —oT(T)| < C / e W5 ds.
t
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Furthermore, using the fact that

and

m"(T) = 1] < Ce™7,

by increasing the constant C' if necessary, we obtain
! (t) = g(1)] < Cle™T + e < 2Ce™",

which proves (3.7.12). Next, we assume that (u?, m”) solves (MFGP) and (3.7.13) holds.
Letting t < %, and integrating the HJ equation in [¢, %], we obtain from (3.7.16) and (3.7.1)

that

T

T 2 4

‘/ vT(-,t)’ < 0/2 e s 4 e w(T=5)gs < §<6_Wt + e_w%> < —Ce_m- (3.7.17)
T t

Similarly, for ¢ > % integrating the HJ equation in [%, t] yields

‘/TUT(-,t)dx) <cC. (3.7.18)

Now, for every ¢ € [0,T], there exists a point z; € T such that vl (s, t) = It ol (-, 1).

Therefore,

T (z,1)] SOSCTUT(t)+‘AUT(-,t)).

As a result, in view of (3.7.1), the estimates (3.7.18) and (3.7.17) yield, respectively, (3.7.14)
and (3.7.15). O

We are now ready to prove our last result.
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Proof of Theorem 3.1.3. We set
ol = ol = NT =),

and show that vT is convergent as T — oc.

In view of Lemmas 3.7.1 and 3.7.3, as well as (3.7.16), we see that HUT“WLOO(QT) and
|m”||oo are bounded, independently of 7. We may therefore apply the Arzela-Ascoli the-
orem to conclude that, up to extracting a subsequence, there exist v € W1h(T x [0, 00))

and p € L%(T x [0,00)) such that
vT" = v locally uniformly in T x [0, 00),

and
m? — p weakly—* in L®(T x (0, 00)).
We now fix Tj) € (1,00), and assume that 7 > Ty + 1. Then (vT, mT) solves the system

(

—vtT—l—)\—{—H(vg,mT) =0 in Qry,
SmI — (mTHy(wE mT)), =0 in Qg (3.7.19)

mT(-,0) = my.

\

Moreover, as a result of the interior C1¢ estimates for quasilinear elliptic equations, and the
interior Schauder estimates for linear equations, mT(-, Tp) is uniformly bounded in C2ote
where € > 0 is chosen such that o 4+ € < 1. Therefore, as in the proof of Theorem 3.1.1, we

conclude that, as T' — o0,

W, mT) = (v, 1) in C3(T x [0, Tp]) x C>(T x [0, Tp)). (3.7.20)
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In particular, this implies that (v, ) € Cg’a(']l‘ x [0, 00)) x 02’a(']1‘ x [0,00)), and that (v, u)

loc loc

solves (MFGL). Letting 7" — oo in (3.7.1) yields
1) = oo + l[oz(®)lloo < Ce™, (3.7.21)

which shows that u — 1 € LY(T x (0,00)). Moreover, since |(m?)™!| is bounded, we
conclude that (3.1.4) holds.

Now, since a subsequence was extracted, we must verify that the limit is uniquely deter-
mined. In view of Lemma 3.7.2, i is uniquely determined, and v is uniquely determined up
to a constant. In the case of (MFG) we see from (3.7.12) that

li t)—g(1l =0.
Jim [ot) = (1)l

On the other hand, in the case of (MFGP), letting 7" — oo followed by ¢t — oo in (3.7.15),
we obtain

li t =0.
Jim [[o(t)]loo = 0
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CHAPTER 4
SUPPORT PROPAGATION AND FREE BOUNDARY
ANALYSIS FOR COMPACTLY SUPPORTED SOLUTIONS

In this chapter, we will analyze the problem in the whole space:

—up+ su = f(m) (,t) € R x (0,T), (4.0.1)

mt — (mug)y =0  (z,t) € R x (0,7,

where f is an increasing function. As in the previous chapter, we will consider two different

conditions at the terminal time. The first is the problem with a prescribed terminal cost,

—up + gu = f(m) (z,t) € R x (0,T)
m¢ — (mug)y =0 (x,t) e R x (0,T) (MFG)

m(z,0) = mgy(x), u(z,T) = g(m(z,T)), z€R,

\

and the second is the planning problem, namely

(

—ug + sul = f(m) (z,t) € R x (0,T)

my — (mug)e = 0 (z,t) e R x (0,7T) (MFGP)

\m(:v, 0) =mg(z), m(z,T) =mp(z), xR,

for some prescribed mass distributions mq, mp. So far, in arbitrary dimensions, it was shown
in Chapter 2 that solutions are smooth under the blow-up assumption (2.1.1), provided
that the marginals mq, mp are (strictly) positive, say for positive measures on a compact
domain (e.g. on the flat torus) or for Gaussian-like measures on the whole space. It was
also established in Chapter 3 that, for the one-dimensional case, assumption (2.1.1) may be

removed, thus requiring only the positivity of the marginals.
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We will now turn to the more challenging case of compactly supported marginals in the
whole space. Regularizing effects of the type L! — L had been proven to hold (see [34, 48]),
but the propagation of the support of the solution, and even basic matters of regularity such
as the continuity of the density, had largely remained open issues. This was the state of the
art until the joint work [13] of P. Cardaliaguet, A. Porretta, and the author, upon which this
chapter is based.

We will address here both the case of finite and infinite speed of propagation of the
support of initial measures. Roughly speaking, those two cases correspond to two model
choices for the coupling function, namely f(m) = m? for some 0 > 0, or f(m) = log(m). In
the latter case, there is infinite speed of propagation, and the solution starting with compact
support becomes instantaneously positive and smooth. By contrast, when f(m) = m?, we
observe finite speed of propagation, and the solution evolves with compact support. This
leads to new interesting questions concerning the study of the free boundary 0{m(t) > 0},
which is the main focus of this chapter.

By way of analogy, which is also natural from the optimal transport viewpoint, for f =
log(m) the evolution of m is reminiscent of a nondegenerate diffusion, such as the heat
equation. On the other hand, the case of a power nonlinearity f resembles the behavior of
degenerate slow diffusions such as the flow through a porous medium (see [54]). This analogy

? we exhibit a family of self-similar

becomes more compelling as in fact, when f(m) = m
solutions which evolves from a Dirac mass into a compactly supported measure. These

solutions are given by the formula

1/6 5

m(z,t) = t=° (R _ M (%)2)+ e (4.0.2)

which is strongly reminiscent of the famous Barenblatt solution for the porous medium
equation [3]. The behavior exhibited by this class of compactly supported solutions serves as

a prototype for our analysis of problems (MFG) and (MFGP). In order to describe our main
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results on the propagation of the support and the characterization of the free boundary, we
assume henceforth that

fm)y=m?, 6>0, (4.0.3)

and that the initial measure mg is a continuous, compactly supported, probability density,
with a bump-like shape:

1

{mo > 0} = (ag,bp) and
Co

dist(z, {ag, bp})** < mg(z) < Codist(z, {ag, bo})*°,
(4.0.4)

for some ag, Cy > 0. In order to keep our main statement in a simpler form, we will assume

here a consistent condition on the terminal density, in case of problem (MFGP),

{mp >0} = (a1,b1), and Cildist(x, {a1, 01} < myp(z) < Crdist(z, {ag, by })°.
(4.0.5)
However, more general situations will be considered later, allowing for the behavior of mp at
the boundary of its support to differ from the behavior of mq. Similarly, for problem (MFG),
we will require here, for simplicity, consistency between f and the terminal cost coupling g,
namely

g(s)=cp 7, for some cp > 0. (4.0.6)

We may now state the main result, which proves that the unique solution of (MFG) or
(MFGP) has a compactly supported density and the free boundary d{m(t) > 0} consists
of two Lipschitz curves, which are C'1! under a suitable non-degeneracy assumption at the
initial time. Those curves can be characterized in terms of the flow of optimal trajectories
for the agents’ optimization problem.

In fact, we will show that u is smooth inside the support of m, and the characteristic
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flow
Yz, ) = —uz(y(, ), )
¥(z,0) =z
is well defined starting from x in the support of mq. Finally, we also show that the left and

right free boundary curves are, respectively, convex and concave, and in problem (MFG) the

support spreads outward in time.

Theorem 4.0.1. Let f be given by (4.0.3), and let 0 < @ < 1. Assume that mg : R —
[0,00) satisfies (4.0.4), mg S C’l’a(ao,bo), and mg is semi—convexr. In case of problem
(MFGP), assume also that m% e CL%ag, by) satisfies (4.0.5). Let (u,m) be the solution to
(MFGP), or to (MFG) with g satisfying (4.0.6). Then (u,m) € CIQO’CE((RX[O,T]) Nn{m >
0}) x Cllo’ca((]Rx[O,T]) N{m > 0}), and the following holds:

1. There exist two functions vy, < yp € WH™(0,T), such that
{m >0} ={(z,t) e Rx [0, T] : vp(t) <z < vr(t)}. (4.0.7)
Moreover, the flow vy of optimal trajectories is well defined on (ag,by) x [0,T], we have
7 € WH((ag, bo) x (0. T)NCif (ag, 0) X [0.T]). 7 > 0, 1(t) = 7(a0. 1), 1R () = (bo. 1)

and 7y is a classical solution in (ag, bg) X (0,T) to the elliptic equation

om? (mf)
0 0/
Mt + Ve = 15 (4.0.8)
(7x)2+9 o (73;)14—9
2. If we assume further the concavilty condition
(mg)xx <0 in {z € (ag, by) : dist(z, {ag,by}) < 6} for some § > 0, (4.0.9)
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then we have vy, vp € W2(0,T), and there exists K > 0 such that, for a.e. t € [0,T],

where K depends on T, Co, 0,6~ %, | (m§)za) ™ |lsos [(m8)a(ad)||(m§)a(by)| (and addi-

tionally on cp for problem (MFQG), and on Cy for problem (MFGP)).

Moreover, when (u, m) solves (MFG), we have, fort € [0,T],

~K(epH(T—1)) S A0(0) <~ (er+(T—0)), and —(e-H(T—1)) < 3r(1) < K(ep+(T—1)).

In relation to the main text, Theorem 4.0.1 is a combination of Theorem 4.3.3 (for the

existence of the solution (u,m) and its regularity in {m > 0}), Theorem 4.3.10 (for the

description of the free boundary) and Theorem 4.3.14 (for the regularity and convexity of

the free boundary).

Remark 4.0.2. We now discuss the nondegeneracy conditions required on mg at the boundary

of its support. First, we note that the C%(ag,by) (and therefore W1°(R)) condition on

mg, together with (4.0.4), implies that agy > % in (4.0.4). In turn, the concavity assumption

(4.0.9) further restricts the behavior of mg, forcing oy = % in (4.0.4). However, this condition

of a linear, nondegenerate behavior of mg is natural (a case in point being the self-similar

solution itself), and should be compared with standard nondegeneracy conditions on the

initial data in other free boundary problems (e.g. in the study of the moving free boundary

for the porous medium equation, see |54|).

We also wish to highlight that, when dealing with problem (MFGP), some asymmetry

can be observed when requiring some conditions (e.g. concavity-type assumptions) on my

but not on myp. This kind of asymmetry arises because we are referring to the forward flow

v(z,t) in our statement. Of course, similar results will hold when reversing the time flow

and exchanging the roles of mq, myp.
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Remark 4.0.3. We stress that the first part of Theorem 4.0.1 remains true under more general
conditions than (4.0.5) (respectively, (4.0.6)). We refer the reader to Theorem 4.3.10, which
allows for the behavior of mp at the boundary of its support to be different from the behavior

of mq (respectively, in case of problem (MFG), for the function g(s) to be a different power

than f).

The result in the second part of Theorem 4.0.1 corresponds exactly to the picture de-
scribed by the self-similar solution (4.0.2). Indeed, our next result shows that the free
boundary propagates with strictly convex (resp. concave) behavior at the left (resp. right)
free boundary curve. In fact, if we strengthen the concavity assumption on mg, we show
that the free boundary evolves with the optimal speed given by the self-similar solution.
Moreover, the long time decay of the density occurs with the same rate, as exhibited by

(4.0.2).

Theorem 4.0.4. Under the assumptions of Theorem 4.0.1, let (u,m) be the unique solution
to (MFG) or (MFGP), and let v be the associated flow of optimal trajectories. Assume in
addition that —K < (mg)m < —% in (ag,by) for some K > 0, and, in case of problem

(MFG), assume that cp = k1T in (4.0.6). If we define

9 t if u solves (MFG),
R d(t) =
2+0 . ,
dist(£,{0,7}) if u solves (MFGP),

O =

then there exists a constant C' > 0 such that for every (z,t) € |ag, bg] % [0,T],

%(1 +d()%) < [supp(m(-, 1)) < CA+4(H)7), [y(z, 1) <CA+4(B)),  (4.0.10)

mo()

0(z)
a) < m(7<:€,t),t> < CW?

1 m
6—(1 00 (4.0.11)
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where

c=C (Co,m,fql, lao, |bg\,K> (4.0.12)

in case of problem (MFG), and
O:O<OO7017|GO|7|b0|a|a1|7|b1|aK) (4013)
in case of (MFGP).

Theorem 4.0.4 is nothing but Theorem 4.3.15 below. Let us stress that a crucial role
in the proof of the above results is played by the equation satisfied by the flow of opti-
mal curves v, namely (4.0.8). In particular, the Lipschitz regularity of - is obtained by a
maximum principle argument applied to v, which is derived from (4.0.8). We obtain fur-
ther insight by studying the equation of m in Lagrangian coordinates. Indeed, the function

v = f(m(y(x,t),t)) satisfies the (degenerate) elliptic equation

- <7x(9v)*1vt)t - (%Zlvx)x =0, (4.0.14)

where one can prove, assuming (4.0.9), that the positive quantity 7, is bounded below and
above. This elucidates the key distinction between the present problem and slow diffusions
of porous medium type; equation (4.0.14) is diffusive (rather than parabolic) in the time
variable. Relying on this equation, we establish the regularity of m up to the free boundary.
Namely, we prove that m is Hélder continuous, through an application of the intrinsic scaling
regularity method (see [19, 20, 52]). In turn, we show that Du is Hoélder continuous as
well. We can summarize these regularity results, contained in Theorem 4.3.21 and 4.3.23

respectively, as follows:

Theorem 4.0.5. Under the assumptions of Theorem 4.0.4, we have f(m) € CQC(R x (0,7))

8
and u € 0110’02 (R x (0,7)) for some 8 € (0,1).
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Finally, our last result shows that the solutions of (4.0.1) exhibit a different behavior

when

f(m) =log(m). (4.0.15)

In contrast with the case of a power nonlinearity, the unbounded payoff as m | 0 given
by(4.0.15) implies that the support of the density propagates with infinite speed. This
behavior is observable in both problem (MFG) (with g(s) = c¢plog(s), e > 0) and in the
planning problem (MFGP).

More specifically, under the assumption of mq being continuous with compact support
(and similarly for mqp in the case of (MFGP)), we establish the existence of classical solutions
(u,m) with m > 0 in (0,7).

Compared to Theorem 4.0.1, the positivity of solutions on the whole space now makes it
much more delicate to use the flow of optimal curves 7(z,t), which are no longer confined
in a bounded set. This difficulty leads us to require an extra symmetry and monotonicity
assumption, namely that mq is even and nonincreasing in (0,00) (and the same for the
terminal density mp). We are able to take advantage of this assumption by showing that
the solution m(-,t) preserves this property for all ¢ € (0,7"), which is in itself a non-trivial
feature of the MFG system (see Lemma 4.4.7). However, we no longer require any special
behavior of mp when vanishing at the boundary of its support, avoiding conditions such as
(4.0.4), (4.0.5). In fact, the support now propagates instantly, regardless of the flatness of

mo.

Theorem 4.0.6. Let f be given by (4.0.15), let @ € (0,1), and assume that my is a con-
tinuous, compactly supported, density on R, which is C’llo’ca in the set {mg > 0}, even and

nonincreasing on [0, 00).

1. If g(s) = crlog(s), for some cp > 0, then there exists a unique classical solution

(u,m) € C2(R x (0,T]) x CY(R x (0,T]) of (MFG) such that m is continuous and
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bounded on R x [0,T], positive on R x (0,T) with m(0) = myg, and |z|?>m(t) €

LY(R), % € L®(R), for everyt € (0,T).

2. If mp € C.(R) is even and nonincreasing on [0,00), then there exists a unique (up to
addition of a constant to u) classical solution (u,m) € C*(Rx(0,T))xC*(Rx(0,T)) of

(MFGP) such that m is continuous and bounded on R x [0, T}, positive on R x (0,T)

with m(0) = mg,m(T) = my, and |z*m(t) € LY(R), (11(@'2) € L°(R), for every

t e (0,7).

Theorem 4.0.6 is Theorem 4.4.9 below. As mentioned before, the symmetry and mono-
tonicity assumption on m, which is required in Theorem 4.0.6, allows us to overcome certain
difficulties in the obtention of classical positive solutions in the whole space. These difficul-
ties disappear in compact domains, as is seen in Theorem 4.4.2, where we prove the existence
of classical periodic solutions, with m > 0 in (0,7), under the only condition that mq (and
m) are continuous and compactly supported.

This chapter is organized as follows. In Section 4.1 we exhibit the class of self-similar
solutions which will serve as a prototype for our main results. Section 4.2 presents the
key features of smooth, periodic solutions with a positive density: structural properties,
displacement convexity, Lipschitz estimates, and a modulus of continuity for the density.
Section 4.3, dealing with compactly supported solutions, is the heart of the chapter: starting
with the existence of solutions (Subsection 4.3.1), it culminates with the regularity, geometric
properties, and long time behavior of the free boundary (Subsection 4.3.2), and the Holder
regularity of m and Du (Subsection 4.3.3). Section 4.4 is devoted to the entropic coupling
(f = log) and the infinite speed of propagation. Appendix 4.A contains the computations

for the self-similar solutions.
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4.1 Self-similar solutions

We now exhibit a family of compactly supported, self-similar solutions of the system

;

—ug + %u?g =m? (z,t) € R x (0,00),

my — (mug)z =0 (,t) € R x (0, 00), (4.1.1)

Jgm(t)de =1 t € (0,00),

where § > 0. By a solution of (4.1.1) we mean here that u is Lipschitz continuous and m
continuous and nonnegative, the first equation being understood in the sense of viscosity
solutions, while the second equation is satisfied in the sense of distributions. The solution is

described in the following result.

Theorem 4.1.1. For 6 > 0, let us set

o 2
240
- ” 1 2y, 2\ 1/?
and let R be the unique positive number such that fR (R— 5(a—a)y >+ dy = 1. A
solution of (4.1.1) is given by (u,m), with
) 1/6
o) =6, where 0() = (R ol - )
+
and u defined as follows:
(i) either = 2 and
— L2 — RI f A
T ogt if A <0
u(z,t) = VA (4.1.2)
2Rz lz|—VA .
VA 2R log( NG ) if A>0

where A = x2 — 8Rt,
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(11) or 6 # 2 and

2
—aL; — Ryt 201 ifA<0
w(z,ty =4 R (4.1.3)
—R 2a—1 R c2a—2 ;
Ta)@a=n”  — 1o (=5 #A>0,
where A = |x|— 2R__4 und the function S = S(z,t) is defined implicitly by the equation:

a(l—a)

2R 1—a 2Ra B
S”m—MS —|—\/1_a(t—5)—0. (4.1.4)

The explicit construction of u can be understood by distinguishing two regions. First,

one shows that, on the support of m, u must be given by

2

u(z,t) = —d;—t +e(t), with J(t) = —Rt20/2+0) (4.1.5)

Outside the support of m, the values of u are extended along the optimal curves, which are
straight lines in the set {m = 0}. This leads to formula (4.1.2) if § = 2, or to formula (4.1.3)
if & # 2. Note that A < 0 corresponds with the support of m. Finally, we point out that
u is defined up to an additive constant. The proof of the statements made in Proposition
4.1.1 will be presented in Appendix 4.A.

We note the following relevant facts about this solution, which will serve as a model for

our later assumptions and results:

e At time t = 0, the measure corresponds to a Dirac mass at x = 0. For positive times

t > 0, in general, the density m is merely Holder continuous.

e For ecach t > 0, the function f(m) is always Lipschitz (away from ¢ = 0). Moreover,
f(m(-,t)) is strictly concave within the support, and, in particular, f(m(-,t)), is non-

zero at the endpoints. A weaker, local version of these conditions will serve as our non-
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degeneracy assumption on the initial distribution f(mg) (see (4.3.56) and (4.3.57)),
in order to prove our main regularity result for the free boundary (Theorem 4.3.14),
and the Holder continuity of m (Theorem 4.3.21). Moreover, the full strict concavity
assumption on f(mg) will yield our result on the optimal speed of support propagation

and long time decay of m (Theorem 4.3.15).

e The value function u is smooth on the support of m but u,, blows-up at the interface
(see Remark 4.A.4), at least when approaching from outside the support. In fact, it
is shown in Proposition 4.A.3 that v € C'1* for a certain 0 < s < 1. Accordingly, our
general results will show that the C1+% regularity exhibited by this explicit solution in
fact holds for arbitrary solutions of the MFG system, at least under the aforementioned

non-degeneracy assumption (Theorem 4.3.23).

4.2 Structure and a priori estimates in the periodic setting

4.2.1  Structural properties of the MEFG system

The results of this chapter are systematically obtained by establishing a priori estimates
on a regularized system which has a smooth solution. In this subsection, we will explain
the structural properties of the system (4.0.1), deriving the fundamental identities used
throughout this chapter. Here we assume that f’ > 0 on (0,00), and (u,m) is a classical
solution to (4.0.1), with m being positive, and u; has at most a linear growth. Note that
we only assume m(-,0) = mq to be smooth and positive (no condition on the mass), so that
the results of this part are valid for equations with periodic boundary conditions as well as
in the whole space.

We begin with the elliptic equation satisfied by wu, first derived by Lions in [38] (see also
[44, 48]). Tt is obtained by simply eliminating m = f~!(—us4+u2/2) from the system, thanks
to the fact that f/ > 0.
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Lemma 4.2.1. Let (u,m) be a classical solution to (4.0.1). The map u satisfies the quasi-

linear elliptic equation
—ups + 2ugtigr — (u2 +mf' (m)uge =0  in R x (0,7T) (4.2.1)

with m = f~Y(—uy +u2/2).

We observe that (4.2.1) is a degenerate elliptic equation for u; the uniform ellipticity
being lost when m vanishes. The study of (4.2.1) is the starting point of the regularity
theory developed in [38, 44, 48| under conditions ensuring a positive control from below on
m. In that case, equation (4.2.1) turns out to be equivalent to the system (4.0.1), at least
for classical solutions. As it is customary for quasilinear problems, a key role is played by
gradient estimates, which are obtained through the maximum principle. We will recall this
approach in Subsection 4.2.2. For this purpose, it is convenient to introduce the linear second

order operator

Qv) := —v + 2ugvy — (u% +mf'(m))ves, (4.2.2)

and accordingly, the linearized operator generated from (4.2.1):

L(v) = Q) + 2(ugt — uglUpy)vz — (%T('gb) + 1) Uz (—vt + Ugvyg). (4.2.3)

For the rest of this section, the solutions will be tacitly assumed to be sufficiently smooth to

justify the computations below.

Lemma 4.2.2. Let u be a classical solution to (4.2.1), and Q, L be defined by (4.2.2) and

(4.2.3). Then we have
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and the function w := f(m) satisfies
Qw) — w? + mlm " (m) + 27 (m))udy = 0. (42.4)

Proof. The equations satisfied by w¢, u, are obtained by differentiation of (4.2.1). From

L(uz) = 0 we also obtain, by the chain rule,

L (%ug) = —(ugt — ugtizy)? — mf (m)u2,. (4.2.5)

LUF(m)) = L=t ) = ~(tgt—tgtza)* = f (m)uky = —f(m)3—m (m)udy. (4.26)

Now, using (4.2.3), we also have

L) = QU () = 252 = (5 4 1) e s+ e o))
v (4.2.7)
~QUf ) = 2702 + ("5 1) o ).

where we used the equation of m in the last step. Putting together (4.2.6) and (4.2.7) yields
(4.2.4). O

As our goal is to understand what happens when m vanishes or gets close to 0, we need
to introduce more geometric quantities related to the first order system (4.0.1). The first of
these is the family of optimal trajectories associated to the HJ equation satisfied by u: we

define v : R x [0,7] — R as the solution to

Ye(x,t) = —ug(y(x,t),t) in R x [0,7T], v(z,0) =z in R. (4.2.8)

By the standard theory of Hamilton-Jacobi equations, it is known that y(z, -) is the minimizer
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of the problem
. T1 .0
mf [ SIBE + fn(3.) ds +u(B(T). ).
t

peH!, B(t)=a
The fundamental properties of v are given next.

Lemma 4.2.3. Let (u,m) be a classical solution to (4.0.1). One has

(1) = f(m(y(z, 1), t))maz(y(z, 1), 1), V(z,t) € R x (0,7) (Euler equation),

(4.2.9)
and
ye(z,t) = mo() V(z,t) € R x (0,7) (conservation of mass), (4.2.10)
m(y(z,1),t)
or, equivalently,
v(z2,t) T2
/ m(z,t)dx —/ mo(x)de  Vxyp,x9 € R, t € [0,T]. (4.2.11)
v(21.t) 1

Moreover v solves the quasilinear elliptic equation

_mof,(mo/Vx) = — (mo)xf/(mo/%c) in R x (0,7). (4.2.12)

(o3 (72)2

Before proving the lemma, it will be convenient to associate to (u, m) the solution M to

the transport equation
T
My —ug My =0 in R x [0, 77, M(z,0) = —/ mo(y)dy in R. (4.2.13)
0

Notice that (4.2.8) defines v as the curve of characteristics associated to this transport

equation.

Lemma 4.2.4. Let (u,m) be a classical solution to (4.0.1). One has Mz = —m < 0 and M
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satisfies the quasilinear elliptic equation

M? M,
b My + 2 My — Myp + My f'(=My))Mye =0 inR x (0, 7). (4.2.14)
Mz M,
Proof. Differentiating (4.2.13) in space, we see that p := —M, satisfies pp — (ugp)z = 0,

with initial condition u(0,2) = mq: this is exactly the equation satisfied by m, so that
M, = —pp = —m < 0. On the other hand, by definition u, = M;/M,. Taking the derivative

w.r.t. x of the equation for u (4.2.1), we obtain (4.2.14). O

Proof of Lemma 4.2.3. As v solves (4.2.8), we have

Vit = _Uxx(% t)(_ua:<% t)) - uxt(/% t) = f/(m(’% t))ml‘(’yv t>7

where the second equality comes from the derivation in space of the HJ equation. This is
(4.2.9). As M, = —m, (4.2.10) comes from the derivative in space of the transport equality
M(y(z,t),t) = My(x). Then (4.2.11) follows by the integration in space of (4.2.10).

By (4.2.9) and then (4.2.10), mz (7, t) = v/ f' (m(7, 1)) = v/ f' (mg/7vz). On the other
hand, taking the derivative in space of (4.2.10) gives (using again (4.2.10) and the expression

above for my(v,t)):

ow = (mo)a— mome(y,t)ya _ (mo)ayz s
Tomnt) (1) mo f'(mo/yz)mo

it-

This is (4.2.12). O

We finally compute the equation satisfied by v(z,t) = f(m(y(z,t),t)). The map v is the

r.h.s. of the HJ equation viewed from the lens of the optimal trajectories.

Lemma 4.2.5. Let (u,m) be a classical solution to (4.0.1). The map v(z,t) = f(m(y(x,t),t))
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satisfies the quasilinear elliptic equation in divergence form:

(%) - Gortsr), -0 2

If f(m) = m?, this equation simplifies into

. v N Ov Ov 0+1 _
(1) — (_x) a (Evt)t =0, or (i) — vy — —SVzz + Um?’?/m +—v 1“152 =0,
T xr

Y Ov 5 0
(4.2.16)
while if f(m) = log(m), it becomes
- (U—x> — (ev1); = 0. (4.2.17)
fyl' €T
Proof. Observe that (4.2.9) may be written as
Vet = Z—x (4.2.18)
T
We now compute the time derivative of v(z,t) = f(mg(z))/vz(z,t)) to find
m
v = '(mo/72) (— 33”) - (4:2.19)
T

Thus, putting together (4.2.18) and (4.2.19) we get

(2) = ()
ve)e T T o fmo/e) ),

which gives (4.2.15), and thus (4.2.16)-(i) and (4.2.17). Finally, if f(m) = m? developing
(4.2.16)-(i) and using (4.2.19)—which implies that v, = —(yzv¢)/(0v)—leads to (4.2.16)-
(ii). O
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4.2.2  Displacement convexity estimates on m, Lipschitz estimates on u and

existence result

Before studying the problem with compactly supported marginals, we will begin obtaining
some estimates for the simpler periodic setting with strictly positive marginals. We are
mostly interested in a priori estimates that are independent of minmg and minmyp. By
approximation with positive densities mg, m7, these estimates will hold for the case in which
mq and mp are compactly supported.

Throughout the remainder of this section, R > 1 will denote a fixed constant, and we
will analyze the MFG system on the one-dimensional torus of length R, denoted by RT.

Functions defined on RT are meant to be R-periodic functions on R. We will consider the

problem
—ug + %U?E = f(m) (z,t) € RT x(0,7),
(4.2.20)
m¢ — (mug)ey =0  (z,t) € RT x (0,7,
complemented either with the initial-terminal conditions
m(z,0) = mg(x), u(z,T)=g(m(z,T)), x¢€ RT, (4.2.21)
or with the prescribed marginal conditions of the planning problem:
m(z,0) = mgy(x), m(z,T)=mp(x), x€ RT. (4.2.22)

The functions f, g : (0,00) — R are assumed to satisfy f’, ¢’ > 0, with f, g € C?(0,00) and

mlf"(m)|

lim sup m.f/(m) < oo, lim sup ———+ < oo. (4.2.23)
m—0t m—0t f (m)

The initial (and terminal) data mq, mp : RT — (0,00) are understood to be C' functions
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satisfying

mgy = mp, mg, mp > 0. (4.2.24)
RT RT

Moreover, we also assume that
f(mg), f(mp) € CLY(RT). (4.2.25)

The fact that the system (4.2.20) has smooth solutions when the marginals are strictly
positive and the data are sufficiently smooth is already known (see [44, Theorem 1.1]). In
fact, we will see later (Theorem 4.2.11) that, under the present assumptions, (4.2.20)—(4.2.21)
and (4.2.20)(4.2.22) both admit a classical solution (u, m) € C>®(RT x (0,T)) x CH¥(RT x
(0,7)).

We begin by recalling the so-called displacement convexity formula (see [27, 43]), as well

as an identity which will later be useful to obtain energy estimates on the density.

Theorem 4.2.6. Assume that f € C1(0,00), and let (u,m) be a classical solution to (4.2.20).

Then we have

mf/(m)u%x + f(m)% = (f(m)ruz)e — (f(m)zug)t. (4.2.26)

Moreover, if h : (0,00) — R is twice differentiable, then

2
d_z h(m) = [ mh"(m)(muZ, + f'(m)m3). (4.2.27)
dt* JpT RT

Proof. We start by multiplying the continuity equation by ..., which yields

2

As a result, differentiating the HJ equation for the term wuj,u,, we obtain

mu%x + mw(uxt + f/(m)mx) — Mgy = 0, (4.2.28)
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which, after multiplying by f/(m), yields

mf'(m)uz, + f'(m)*m2 = (f(m)eue)e — (f(m)zua).

This proves (4.2.26). We note that (4.2.27) is merely special case of [43, Proposition 3.1], but
we give a proof for the reader’s convenience. Multiplying both sides of (4.2.28) by mh” (m),

we obtain

mh”(m)(mu%x + f’(m)m%) = h”(m)mmtum — h//(m)mmuxt = H(m)wuze — H(m)zugy,

where H(m) = mh’(m) — h(m). This may be rewritten as

mh" (m)(mu, + f'(m)m3) = (H(m)pug)z — (H(m)guz)t (4.2.29)

Now, from the continuity equation,
h(m); = h(m)zug+mh' (m)uge = (h(m)—mh!(m))pug+(mh' (m)ug) e = —H(m)pug+(mh (m)ug) ..

Therefore,

(H (m)gug)t = —h(m)y + (mh' (m)ug) .

Substituting in (4.2.29), we obtain

mh" (m)(mu, + ' (mym3) = h(m) + (H(m)ug)z — (mh'(m)ug )tz

= h(m)u — (h(m)ua)e — (MB (M)et)e = h(m)y — (' (m)(mua)t)a,

and (4.2.27) then follows by integrating both sides of this equation in space. O
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We now note that the density attains its extremum values at the extremal times.

Corollary 4.2.7. Assume that f € C1(0,00), and let (u,m) be a classical solution to

(4.2.20). Then

Il < max({lm(-, 0)[loc, [[m(:, T)loo),

e < s (o o).

o

o

Proof. One first observes that, for any convex function h : (0,00) — R, it follows from

(4.2.27) that [pph(m) is convex in time, which yields

[ty <max ([ a0, [ w1

The upper bounds on m and m™!, then follow by taking h(m) = mP and letting p — +o0,

respectively. ]

Remark 4.2.8. These a priori estimates were proved in [27]. They could have also been derived
without the displacement convexity formula, as an immediate consequence of Lemma 4.2.12
below.

We will now review the Lipschitz estimates which can be established on u following the
approach suggested by P.-L. Lions in [38], and developed later in more generality in [44, 48].
The following L°° bounds on u and m(-,T) are well-known consequences of the maximum

principle and the Hopf-Lax formula (see [43, Propositions 4.1 and 4.2]).

Theorem 4.2.9. Assume that f,g € C*(0,00), f' > 0,4 > 0, and mg,mp € C(T). If

(u,m) is a classical solution to (4.2.20)—(4.2.21), then we have, for (xz,t) € RT x [0,T],
minmg < m(z,T) < maxmy,

f(minmg) (T —t) + g(minmg) < u(x,t) < f(maxmg)(T —t) + g(maxmg).
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Moreover, there ezists a constant C' = C(|| f(mo)lloos | f(m7)|loc) such that, if (u,m) solves
(4.2.20)~(4.2.22), then
osc (u) < C(T + R*1~ 1.

We may now obtain a gradient estimate which, crucially, is independent of min m. Here-
after, we denote by Du the vector formed by the space and time first derivatives, that is,
Du = (ug,ut) .

Moreover, we denote kg > 0 to be a constant such that

174
ﬂﬂiﬁfﬁi<fm YV m € (0,2 max(||mol|os, [|mr )] - (4.2.30)

my(m), e <

Such a constant exists by virtue of (4.2.23). It is understood that the term with ||mp|/s is
treated as zero, in case of conditions (4.2.21).

Theorem 4.2.10. Assume that (4.2.23), (4.2.24), and (4.2.25) hold true, and let (u,m) be
a classical solution to (4.2.20)—(4.2.21) or (4.2.20)—(4.2.22). There exists a constant C' such

that
[Dulloc < C.
where
oo O, B, T, T~ f(mo) [ yrree. l9(mo0)lloc) if (u,m) solves (4.2.20)(4.2.21)

Cwo, BT T | f(mo) oo [Lf (mp)llyyree)  if (u,m) solves (4.2.20)-(4.2.22),

Proof. By rescaling, it is enough to consider the case R = 1. By approximation!, we may

1. See the proof of Theorem 4.2.11 for the details of such an approximation argument.
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also assume that u € 03(T x [0,T]) . We begin by noting that, using either Corollary 4.2.7
or Proposition 4.2.9, we have that ||m/||« is controlled by ||mg||c0, and by ||mp||so in case of
(4.2.22). Hence we will use (4.2.30) for m(z,t) below. We let v(z,t) = %u% + %QQ, where
@ is defined as

(osc (u) +27)

t=u—minu+7T — (T —1),

so that a(x,0) = u—maxu—T < =T, u(x,T) = u—minu+T > T, and ||i]|co < (THo0sc (u)).
Let (zg,tp) be a point in which v achieves its maximum value. We note that, by the HJ

equation, it is enough to bound v. If {j = 0, then we have

—v + UgVy = ug f(mo)z + %ﬂ (f(mo) + %u% - %(OSC (u) + 2T)> .

Now, we have v, = 0 and vy < 0, and recall that @(z,0) < —T; so either f(mg) + %u% —

%(osc (u) +2T) <0, in which case there is nothing to prove, or we deduce
1, 1
0 < e F(mo) — (F(mo) + 502 — = (osc (u) +2T).

This means

S < g f(mo)s — f(mo) + (ose (u) +27),

and yields the required estimate. The case in which ¢ty = T is similar, so we assume now

that 0 < tg < T. We begin by noting that, since v, = 0,

1
UgpUgpy = _Tuxua
and, thus,
C
[uge| < T(T + osc(u)). (4.2.31)

Now, recall the definitions of the linear operators @, L in (4.2.2), (4.2.3). Using (4.2.5) we
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have

1

On the other hand, since Q(@) = 0, we have

2
Q (ézﬂ) = (g2 2 f (m)i2 < —(—id)? = — <f(m) ¥ 53— ose (u) + 2T>) .

Observe that, by Corollary 4.2.7 and Proposition 4.2.9, |f(m)| is bounded. Therefore, if

f(m) + %Lu% < %(OSC (u) 4+ 2T'), there is nothing to prove. Else,
1. 1 1,
Q (§u2> < ——ud - S(=ay +u2)?,
and, thus, by definition of L, we obtain, using (4.2.30) and (4.2.31),

1 . 1 1 . . 2 -
L (—u2> < —32—Tui — ﬁ(—ut + uxux)2 + f(u:pt — Ug Uz )Ug U

1 /mf"(m - oL 1 1 .
—7 (JCJFT;)) + 1) Uz (— Ut + ugliy )t < —32—Tui + oT (ko + 1)2 (um«)2u2
4 o C
+ ﬁu%zﬂ + (ugt — uxum;)2 < —M—Tui + ﬁ@ + osc (u))4 + (ugt — uxum)2 )

Putting toghether the above inequality with (4.2.32) we get

Now, since (xq, tg) is a maximum point for v, we have L(v) > 0, which yields
4 C 4
Uy < E(T + osc (u))™.

Recalling that osc (u) is estimated from Proposition 4.2.9, we conclude the estimate. ]
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We now show that, under the present assumptions, (4.2.20)—(4.2.21) and (4.2.20)—(4.2.22)

may be solved classically.

Theorem 4.2.11. Assume that conditions (4.2.23), (4.2.24), and (4.2.25) hold true. Then
the systems (4.2.20)(4.2.21) and (4.2.20)(4.2.22) have a classical solution (u,m) € C>®(RT x
0,7]) x CL¥(RT x [0,T]), with m being unique. In the case of (4.2.21), u is unique, and

in the case of (4.2.22), u is unique up to a constant.

Proof. The uniqueness is a standard result, proved through duality. We will do the proof of
existence for (4.2.20)—(4.2.22); the alternative case of (4.2.20)—(4.2.21) requires only minor
modifications. We may approximate f and the marginals with f& € C*(0,00), mg, mg €
C*(RT), such that fe(mg), f€(m%) is uniformly bounded in CL%(RT). Indeed, we may

simply take

o= frne, my = (F) 7 mo)sn-+ o), mz = ()N (mp) #ne+ere), (4.2.33)

where 7)° is the standard mollifier, and the non-negative numbers cq ., ¢y . are adequately
chosen such that co.cr. = 0, [ppmy = [ppmy and lime 9coe = lim.ygcp . = 0.
With these regularized data, (4.2.20)-(4.2.22) has a unique classical solution (u®,m®) €
C3(RT x [0,T]) x C?(RT x [0,T]) satisfying JrT fOT u® =0 (see |43, Thm 1.1]). Moreover,
in view of Propositions 4.2.9 and 4.2.10, the solution is bounded in C1 x C, uniformly in .
The result will then follow by letting € — 0 and applying a version of Fiorenza’s convergence
result, 2.2.5 (see also [25, Lem. 17.29], [36, Lem. 2, Cor. 1|, [22, 23]). For completeness, we
sketch the details for this argument, which amounts to a proof of Fiorenza’s result. From

Lemma 4.2.1, the functions u® solve the oblique quasilinear elliptic problem
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(

—Tr(A(us, u§)D?uf) = 0 z,t) € RT x [0, 7],
%t

i (2,0) + $(u5)2(2.0) = f(mi(x)) € RT,

(2, T) + 3(u§)2(a.T) = f(mip(z)) = € RT,

\

where
()2 e )
Alug, up) =
—us 1

(ug)? + f M (=uf + 3@ (fH—uf + 5(u5)?) —uf

9
—ug 1

Since [[u®|| 1, [|[m®|co [|(Mm® )~ /oo are uniformly bounded, this equation is uniformly elliptic,
uniformly in e. Thus, as a result of Lieberman’s C'15 estimate for oblique problems (see [37,

Lem. 2.3]), there exists 0 < s < 1 and a constant C' > 0 such that
”U/E”Cl,s S C

Therefore if 0 < ¢/ < 1, the difference v = u® — ue solves

p

—Tr(ASD%) = Tr((A° — A¥) D) (z,t) € RT x [0, 7],
—vi(w,0) + § (5 (2,0) + g (x,0))ve(w, 0) = f(m§(x)) — f(m§ (z))  « € RT,

—op(, T) + $(uS (2, T) + S (2, T) vz (,0) = f(m5(x)) — f(min(x)) « € RT.

\

Let o/ = min(@, s). The standard Schauder estimates for linear oblique problems (see, for
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instance, [36, Lem. 1]) imply that

!/ / /
vl po.er < Clllvlloo + l[u” | oo 0llor + e ez llo™ | gror + 1 (mg) = f(mg )l o

/ /
+ 1f(mg) = fFmp)llprer + vl llu® + u [ po.wr)-

Recalling the interpolation inequality for Holder spaces, || - |[o2 < | - || 2@ + Csl| - | o, we

deduce that

/
(le" | .o +llw™ | g2.0))+C

B |

!/ / /
lu” —u” || .0 < Clo(L) (At | o0+ Ilu™ | po,0r) + [0 [l g2+1) <

as €,/ — 0. Fixing a small ¢/, and letting ¢ — 0, we see that HusHCQ,a/ must be bounded.
Now repeating the same argument but taking o/ = @, we see that |4 || 2, must be bounded
as well, which means u° converges to a solution v € C*%(RT x [0,T]). In turn, the C1.®

regularity of m follows from the HJ equation and the C2 regularity of f. ]

4.2.3  Continuity of the density

In this section, we will prove that the function f(m) satisfies a uniform modulus of continuity,
independent of minm. This estimate is a crucial step in treating the setting of compactly
supported solutions, because it will allow us to prove that the density is globally continuous,

despite the lack of a positive lower bound.

Lemma 4.2.12. Under the assumptions of Theorem 4.2.11, let (u,m) be a classical solution
to (4.2.20). Then the function v = f(m) satisfies the mazimum principle and the minimum

principle on each compact subset of RT x [0,T].

Proof. By approximation, we may assume that w and m are smooth. Hence v = f(m)
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satisfies (4.2.4). Now, from the continuity equation, we have

mf/(m)uxx = f(m)¢ — f(m)auz = v¢ — vaug,
and, therefore, substituting in (4.2.4) yields
Q) — v2 +m(mf"(m) + 2" (m)) (mf (m)) =2 (v; — vpuz)? = 0. (4.2.34)

We notice that () is a purely second order linear elliptic operator, and the remaining terms
of (4.2.34) can be written as first—order terms in v. Thus, v satisfies an elliptic equation with
no zero—order terms. This implies that v satisfies the maximum and the minimum principle

on every compact subset of RT x [0,77], as wanted. O

We now compute an energy estimate for the function v. Recall that kg is given by

(4.2.30).

Theorem 4.2.13. Under the assumptions of Theorem 4.2.11, let (u,m) be a classical solu-

tion to (4.2.20)—(4.2.21) or (4.2.20)—(4.2.22), and let v = f(m). Then there exists C' such

that
T
/ / |Dv|?> < C
0 RT
where
O BRI mo)lrce: lotmo)l) if (n:m) solues (42:20)-(1.221)

C(ko, R, T,T71, £ (mo)lyp1.00, | f(mp) lyy100) —if (w,m) solves (4.2.20)-(4.2.22),
Proof. Integrating (4.2.26) in space-time yields

(m)gug(T),

T

|| mtnide s = [ ) - foneunny <o~ [ g

0 RT RT RT
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where we used the gradient bound from Proposition 4.2.10. If (u,m) solves (4.2.22), then
we use the bound on ug; and f(mp)z. If (u,m) solves (4.2.20), we have —f(m) uy(T) =

—f'(m)g'(m) uz(T)2 < 0; so, in any case, we obtain

T
/ / mf (myuZ, + f(m)2 < C. (4.2.35)
0 JRT

The bound on f(m); simply follows from the continuity equation:
F(m)F = (f(m)zugtmf (m)uzs)® < 2(f (m)zuz+(mf'(m)*u,) < C(f(m)3+mf'(m)us,),

where the bound on wu, and (4.2.30) were used in the last inequality. Integrating and using

(4.2.35), we get the L? bound for f(m);. Finally, we have proved that

/OT /RT fm)F + f(m)2 < C,

where C' depends on the same quantities as the bound of u; in Proposition 4.2.10. O

The interior continuity now follows from a classical computation, originally attributed
to H. Lebesgue [35], which implies that a sufficient condition for a W2 function in two

variables to be continuous, is for it to satisfy the maximum and minimum principle.

Theorem 4.2.14 (Interior modulus of continuity). Under the assumptions of Theorem
4.2.11, let (u,m) be a classical solution to (4.2.20). Then the function v = f(m) has the fol-

lowing logarithmic modulus of continuity, valid for all concentric balls By, and By,, r1 < 1o

(osc,, (v))? log (—j) < | ipi?

Proof. Let r € [r1,r9], and let 61,602 € [0,27]. Then, using polar coordinates with origin at

contained in Q.

124



the center of the balls By,

f2 ou
fo) — 1) = —do.
v(r,02) —v(r,61) ) 00

Thus, integrating over a half circle and using the Cauchy-Schwarz inequality,

oscop, (v) < ﬁ\/ / ” (%)zd&

Now, in view of Lemma 4.2.12, v satisfies the maximum and minimum principle, so

0SCR,, (v) < oscyp, (v).

and, thus,

(oscBrl ()% < 7T/027T (%)Qd&

On the other hand, we have

o\? 1
Dv> = = -
| Dol (87“) * r2
which then implies that
1 2r
~(oscp. (v))% < 7r/ r| Du|2d6.
T "1 0
Integrating in r from 71 to ro yields the result. O

A slight variant of this argument, by integrating over semi-disks instead, yields the

continuity estimate up to the boundary.

Theorem 4.2.15 (Boundary modulus of continuity). Under the assumptions of Theorem

4.2.11, let xyg € RT and Dy, and Dy, be upper semi-disks of radit 11 < ro, centered at
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(0,0). Then we have

2
(osep,, 0)Phog (2] <2r [ [ Dol 4063 - Dles(0)
2

Similarly, iof Dy, and Dy, are lower semi-disks centered at (xo,T), one has
r
(osen,, (0210 (72) <2m [ [ Dol 4 4063 - D lea(1) e
(D)

4.3 Finite speed of propagation and compactly supported

solutions

This section, which is the main core of the chapter, is dedicated to the study of solutions to
problems (MFG) and (MFGP) with compactly supported density.

We will first obtain a preliminary existence (and uniqueness) result, under fairly general
conditions on the coupling functions f, g, assuming the initial density mq (and possibly the
terminal density mqp) to be compactly supported. By a suitable choice of approximation of
mq, mp, we will show the property of finite speed of propagation of the support, and the
existence of a unique continuous solution with compactly supported density m. This will
allow us to build a rigorous framework for the study of the free boundary 0{(z,t) : m(z,t) >
0}, carried out in Subsection 4.3.2, and will be tightly connected to the analysis of the flow of
optimal trajectories associated to the optimization problem. The study of the regularity and
geometric properties of the free boundary, as well as of its spreading speed, will be analyzed
for the model case of f(m) = m?, 6 > 0. We conclude by establishing space-time Hoélder

regularity of the pair (m, Du) up to the free boundary.
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4.3.1  Well-posedness results

Throughout this subsection, we will assume that
f.g € C?(0,00)NCJ0,00), f >0, ¢ >0, and (4.2.23) holds. (4.3.1)
For simplicity, and with no loss of generality, we will also normalize f so that
f(0) =0. (4.3.2)

As for the initial density (and possibly terminal density, in case of (MFGP)), we assume

that mq, mp € C.(R) are compactly supported, non-negative functions, such that

/Rmoz/RmTzl, (4.3.3)

and

mg, mp vanish, respectively, outside the intervals [ag, bg],[a1, b1]- (4.3.4)

Rather than (4.2.25), we will instead assume that, for some @ € (0, 1),
f(mg) € CY({mg > 0}), f(mr) € CY({mp > 0}). (4.3.5)

We remark that, in particular, this assumption implies that f(mg), f(mg) € WH(R), but
it allows for the possibility that f(mq), or f(m7), might be discontinuous at the boundary
of the support, when considered as functions in R.

Our first goal will be to show the well-posedness of systems (MFG) and (MFGP). Since
we know, from the model case of Section 4.1 that, in general, the solution is not classical, we
must work with a preliminary notion of generalized solution. We recall that Cp(R x [0,77)

denotes the space of bounded continuous functions.
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Definition 4.3.1. We say that (u,m) € WH(R x (0,T)) x Cy(R x [0,T]) is a solution to
(MFG) (respectively, (MFGP)), if

(i) w is a viscosity solution to the HJ equation

—ug + %u% = f(m) (x,t) e Rx(0,7),

(ii) m satisfies the continuity equation
m¢ — (mug)y =0 (z,t) € R x (0,7),

in the distributional sense, with m(-,0) = my.
(iii) We have u(-,T) = g(m(-,T)) (respectively, m(-,T) = my).

Remark 4.3.2. Different notions of weak solutions could have been used, alternatively to
Definition 4.3.1. In particular, distributional subsolutions of the HJ equation have been
frequently used for MFG problems with a local coupling, both in case of final pay-off and in
case of planning conditions (see e.g. [7], [12], [28], [47], and the survey [15]). That approach
is tightly related to the concept of relaxed minima of variational problems, and avoids, for
instance, any requirement of continuity and boundedness of m and u,. Of course a similar
approach would also apply to the present problems. However, since our primary goal in this
chapter is the analysis of the free boundary for compactly supported solutions, it is more
natural to work from the beginning with the stronger notion of continuous solutions. It is
also natural, in that context, to make use of the standard framework of viscosity solutions

for HJ equations.

Our goal in this subsection will be to prove the following well-posedness result. In what

follows, C.(R) denotes the space of continuous, compactly supported functions on R. Notice
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that, in particular, the result shows that the unique solution is such that m has compact

support.

Theorem 4.3.3. Assume that f,g satisfy (4.3.1), mg,mp € Ce(R) satisfy (4.3.3)-(4.3.5),

and kg is as in (4.2.30). Then the following holds.

1. There exists a unique solution (u, m) to (MFG). Moreover, (u, f(m)) € Cz’a((]Rx 0,7))N

loc

{m > 0}) x Cllo’ca((]Rx[O,T)) N{m > 0}). There exists a constant

C = C(T, T, ko, | f(mo) llyyri.ec, [supp(mo) l9(mo) o)

such that
ulloo < [1f(mo)llccT+([g(m0)|loo; Mmoo < [Imolloo; supp(m) C [-C, C]x[0,T],

| Dul| g~ < C, (4.3.6)
T
/ / ID(f(m)* < C, (4.3.7)
0 JR
and, for (x,t),(z,t) € R x [0,T],

C

(@, = (@ D) S e

(4.3.8)

Finally, ifg’ > 0 org =0, then (u, f(m)) € C'IQO’C@((]RX[O,T])O{m > 0})XC’11()’C6((RX[O,T])Q
{m > 0}).

2. There ezists a solution (u,m) to (MFGP). The function m is unique, u is unique up
to a constant on each connected component of {m > 0}, (u, f(m)) € C’IQO’?((RX[O,T])H

{m > 0}) x Cl’a((RX[O,T]) N {m > 0}). Moreover, there exist constants K,C > 0,

loc
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with
K = K(T, T, ko, || f(mo)lloo, | f (m7)||so, [supp(mo) |, [supp ()], dist (supp(myg), supp(mr))),

C = C(K, ||f(mo)|lyprees [|f (mp)|ljpie0),

such that
osc(u) < K; [mloo < max({|mg|loo, [[m7loo); supp(m) C [-C,C] x [0, T7,

and (4.3.6), (4.3.7), (4.3.8) hold.

Remark 4.3.4. We note that, due to lack of uniqueness for u in {m = 0} for the case of
(MFGP), the explicit a priori estimate (4.3.6) for the solutions is limited to the support of
m. However, the proof of Theorem 4.3.3 will show that there exists a solution to (MFGP)
satisfying the global estimate

Huﬂwl,oo(]g) <,

where C' depends on the data as described above.

From periodic to Neumann boundary conditions

As anticipated in Section 4.2, we intend to use the estimates for the periodic setting in order
to build a solution to (MFG) and (MFGP). However, it will be convenient to switch from
periodic to Neumann boundary conditions. Indeed, we will see later that this simplifies the
analysis of the optimal trajectories, since they do not “wrap around” the domain as they do
in the periodic case. The following result shows that we may switch to this point of view

while preserving all of the estimates for the periodic setting.

Theorem 4.3.5. Assume that f,g satisfy (4.3.1), and let 0 < @ < 1. Assume that the

positive functions mg, m3. € C(R) are such that mg, m% = € outside of the interval [—r, 7],
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[Lom§ = [ m&, and f(m), f(m5) € CLA(R). Assume that ¢’ > 0, and that (4.2.23)

holds, and let R > r. Consider the system

—uf + 5(ug)® = f(m®) (1) € [-R,R] x (0,T)
my — (mul)z =0 (xz,t) € [-R,R] x (0,T) 439)
m®(z,0) = mg(z), r € [-R,R|

WE(=R.t) = uS(R,t) =0 te0,T],

\

where either u(-,T) = g(m*(-,T)) or m*(-,T) = m%.

(i) There exists a unique solution (uf,m¢) € C>%([-R, R]x[0,T]) x CL¥([—R, R] x[0,T))
to (4.3.9) satisfying u®(-,T) = g(m®(-,T)). Moreover, there exists a constant C' =
C(R,T, T~ ko, 1f(m§)lyp1.00, |9(mG)||oc), such that

[ulloo < [1f (M) locT" + lg(mp)loos minmg < m" < maxmy, (4.3.10)

T rR
Ipele<c: [ ipumaR=c. (43.11)

and, for each (x,t), (Z,t) € [-R, R] x [0,T]

(4.3.12)

i 1% 1D ) P )

log(|x — T2 + |t — 1]2)—

[f(m®(x,1)) = f(m"(z,1))| < C (

(ii) Up to an additive constant for u¢, there exists a unique solution (uf, m¢) € C*%([—R, R]x
0,7)) x CY¥([=R, R] x [0,T]) to (4.3.9) satisfying m?(-,T) = m7. Moreover, there

exist constants K,C > 0, with

K = K(R,T, T~ ko, [|f (m§)lloc, || f(mT)|00) » € = C(E, || £ (m§)llypricos | (mT) 7o)
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such that

osc(u®) < K, min(minmg, minm%) < m® < max(max mg, max ms), (4.3.13)

and (4.3.11), (4.3.12) hold.

Proof. For concreteness, we focus on the planning case, m®(-,T") = m%.. For each z € [0, 2R],
define mg(x) = mg(z — R), and mp(z) = m%(x — R). Then these functions can be naturally
extended to even, periodic functions mg, mp € 4RT. With these marginals, the solution
(a,m) to (4.2.20)—(4.2.22), given by Theorem 4.2.11, is even, as well as symmetric with

respect to x = £2R. In particular, we have

(0, 1)

iz (£2R,t) = 0.

As a result, the functions (u®, m®) defined by

u®(z,t) = a(z + R,t), m*(z,t) = m(z + R,t)

are classical solutions to (4.3.9). The estimates on (u®, m®) readily follow by applying Corol-
lary 4.2.7 and Propositions 4.2.9, 4.2.10, 4.2.13, 4.2.14, and 4.2.15 to the function (a,m). A

similar discussion yields the result for the final cost problem, u®(-,T") = g(m®(-,T)). ]

An estimate on the flow of optimal trajectories

Given a solution (u®, m) to (4.3.9), we may define the flow of optimal trajectories

v [-R,R] x [0,T] = R
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according to (4.2.8). We remark that, when x = £R, the solution is the constant curve
v¥(x,-) = z. Additionally, since u¢ € C>®([~R, R] x [0,T]), we have v* € C?([~R, R] x
[0,77), and 75 > 0. We begin by showing that the trajectories starting in the support of m

remain in a bounded set, independently of R.

Theorem 4.3.6 (Finite propagation of the support). Under the assumptions of Propo-
sition 4.3.5, let R > 1, 0 < & < 1, and let (u®,m®) be a solution to (4.3.9), and let

¢ be the flow of trajectories associated to (u®,mc). Then there erxists a constant T =

(r, T T ko L (m) oo, | f (1) oo, l9(mG)llsc), such that

el [—r,r]x[0,T] <T.

Proof. For simplicity, we write ¢ = 7. We will treat separately the planning problem and
the final cost problem. First, assume that m®(-,7') = m%. In view of Lemma 4.2.3, and the

facts that y(—R,-) = —R, and mg = 0 outside of [—r,r]|, we have

y —-r
/ my = mg = (R —r)e,
R "R
where y = y(—r,T). Now, the left hand side is (strictly) increasing in y, and

T
m7 = (R —r)e,
thus y(—r,T) = y = —r. Similarly y(r,T") = r. Since ; > 0, this implies that vy([—r,r]|,T) C

[—r,7]. Now, given = € [—r,r|, we recall that

T .
o) = argmin [ SR+ fmS(B(0). O)de + o (T D)
BeH!(0,T),8(0)= /0

Therefore, defining 5 : [0,7] — [—r, 7] to be the straight line segment connecting = and
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v(x,T), we have

[ (S0 + st 0.0)) a4 ot 0.1
0 2’7tili', m-{y\&,t), u v\, L),

T L € €
< [ (59 + £ (3G, 00 )+ 00 T).T), (4300

that is,
T 1 7ﬁ2
/ 5”}/t(l',t)|2dt <T (2ﬁ + f(maxm®) — f(minmg)) < C.
0
In particular, given ¢ € [0, 7], we have
1
et <7+ hlet) =90 <7+ VB [ SR <revE e
0
This proves the result for the planning case. Next, we assume that u®(-,7) = g(m®(-,T)).

Observe that, in this case, while we do not know that ~v([—r,r],T) C [—r,7], we instead

observe that u® is bounded independently of R, due to Proposition 4.3.5. Therefore, we have

T 1 9 T
0 0

Compatible approximations and existence of solutions

In this section, we will apply Proposition 4.3.5 to prove the well-posedness result, Theorem
4.3.3. For that purpose, we will now build suitable C' 175(]1%) approximations mg > 0 through
a mild regularization procedure. For (MFGP), we must also build m%,, while requiring that
the two are suitably compatible, in the sense that they have the same mass. Furthermore,
since these approximations will be needed later to prove finer results about the free boundary,

we will ensure that they are also compatible in the sense that [ag, bg] is mapped bijectively
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onto [a1,by] by the flow v¢(-, T).

Definition 4.3.7. Given r > 0, we say that (m{, m%) is a r—compatible approximation of
(mg, mp) if (mg, m7) satisfies the assumptions of Proposition 4.3.5, mg — mg, ms — my

uniformly, and, for every R > r,

ao ai R R
/ mg :/ m7 and mg = ma. (4.3.15)
“R “R bo bo

Lemma 4.3.8 (Construction of r—compatible approximations). Under the assumption of

Proposition 4.3.5, let r > 0 be such that
l[ag — 2,b9 + 2], [a1 — 2,b1 + 2] C [—r, 7] (4.3.16)

There exists a pair of vector-valued functions ny,np € CX(R, [0,00)3) such that, for every

e € (0,1), there exist constant vectors ¢ ¢, c . € |0, 00)3 such that the pair (mg, ms) defined

by

mf = £ 0 Fmo)2 + F€)2+coe o)y me = £ Flmp)2 + f(e2+epzonr) (43.17)
is a r-compatible approximation of (mgy, mp). Moreover, we have

lim cg. = lim c¢p. =0, 4.3.18
e—0t 0 e—0T Te ( )

1 1
n=0in |ag— 1,5(2a0+bo)} U {g(ao—FQbo),bo—i—l} ,

1 1
nr =0 in [al -1, §(2a1 + bl)} U [g(al +2b1),b1 + 1|, (4.3.19)
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and there exists a constant C' = C(|supp(myq)|, |supp(my)|, dist(supp(mg), supp(mr))) such

that

£l ey < CIF ) lproeq) + £ + leoel - Ingllea sy 4 € 0.7}, (43.20)

5]z < %(1 L mg)e) o gm; o) + 0.6l (0)al (g gy, 1 € {0.T) (43.21)

Fm)lcam,201) < 70570+ L mloamy00) + 757 0l )slme ey € 0.7

(4.3.22)

Finally if j € {0, T} and f(m;) is semi—convez, then

1 (m5)zell ooy < 1 (M)l ooy + lco.el - 1)zl oo () (4.3.23)

Proof. We let ng 1,70,2,70,3 € Cc°(R) be non-zero, non-negative bump functions supported,

respectively, on

1 1
lag — 2,a9 — 1], {5(2(10 +bo), 3(ag + 250)} , and [bo + 1, g + 2.

Similarly, we take nr 1,172,173 € C2°(R) to be supported, respectively, on
1 1
a1 = 2,a1 = 1], | 5(2a1 +b1), g(ar +2b1) |, and [by + 1,61 +2].
With this, we can define
no = (10,1,70,2:10,3), 17 = (7.1, 172, 17.3)-

We observe first that (4.3.19) holds by construction. Next, note that (4.3.16) guarantees

that mg, m% = € outside of [—r,r]. For this reason, (4.3.15) will hold for all R > r as long
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as it holds for R = r. Now, we have

ao

“w 4 1 @ “ 1
me= [ ) +mo), and [ mG = / I FE) + o).

—r —r —r —r
If, say, ag < aq, then, taking clT’ . = 0, there exists a unique choice of c(l),E > 0 that ensures

ao . al -
- -r

Similarly, if a1 < ag, we may take c(l) . = 0 and choose an adequate c%ﬂ . > 0. By the same

reasoning, there exists a choice of c% o C3T . such that

T T
(/ mg = | ms.
bo bo

We must also ensure that mg, m7 have equal mass. For this purpose, we observe that

bo

b b b
m§ = ' f_l(\/f(m0)2 + f(e)%+¢5 m0,2). 1 mp = 1 f_l(\/f(ﬂ‘bT)2 + f(e)2 4t ).
0 1

ao Qa al a

And, as before, depending on which of the quantities

bo by
P e+ £, [ PN )+ £E)?) (4.3.24)

a a

is larger, we may choose one of the numbers c% o c% . to be zero, which leaves a unique way
) )

to choose the remaining one in such a way that

bo by
m§= [ m.

ag ai

This, together with (4.3.15), guarantees that the two functions have the same integral over

[—R, R]. Now, (4.3.18) is a straightforward consequence of (4.3.3), (4.3.4), and the fact that
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the vectors ¢q ¢, cp . were chosen so that
06760%6 =0 for i € {1,2,3}.

It remains to show the Lipschitz, C*®, and semi-convexity estimates on f (mg), f(m7). For
concreteness, we will only show these for f(mj), since the arguments for f(m?7.) are identical.

We have

f(m0)f(m0)x
V F(mo)2 + f(e)?

= Fm2 4 f©2 +eoe-mos  f(mf)a =

which readily yields (4.3.20). Now, given z,y € [—r,r|, we may write

f(mg)z(z) — f(mg)z(y) =
o 2= (n0) (f(mo)(z) — (mo)(y)) (mo)a(2) | 0 o) ()G (2
0.e* ((m0)z () — (m0)2(y)) + N OENICE + f(mo)(y) f(mo)z(y)G1(, y)

)
= o (0s(2) ~ w)et)) + O L0

V F(mg)2(z) + f(g)?
f(mo)z(x) — f(mo)z(y) + f(mo)(y) f(mo)z(y)Galx,y), (4.3.25)

+ f(mo)(y)

V [ (mo)(x)? + f(e)?
where
Gi(z,y) = ! - ! : (4.3.26)
VIme)(@)? + f(e)? V/f(mo)(y)? + f(e)?
Gl y) = (f (mo)(y) — f(mo)( )(f(m )<y>+f<mo)( ) |
TV Fme)(@)2 + f(e)2V/F(mo) ()2 + f(e)2(v/f(mo) (y)? 2t ¢f<m?4><§>2%7 )+ f(€)?)
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Thus, we obtain

|f(m§)z (@) = F(m§)a(y)| < leoe|lmolale -y
C - 1
+ %Hf(mo)ngoM =0l + g 1 0m0) el mo)ilom(gang o) | @

C _
+ I (mo)al 3l = I,

f(e)

which yields (4.3.21). Similarly, if x,y € {mg > J}, we obtain (4.3.22). Finally, if mg is

smooth, then

o f(mo)f(mo)m - f(mo)% _ f(mo)*f(mo)3

Vo) + f(e)?  VFmo)2+ f(©)?  (f(mo)? + f()?)
f(mo)if(e)®

(F(mg)? + f(£)?)2

> _||f(m0);x||oo - |CO,5|||(770)3793||00,

f(mg) % T C0e - (770) xx

> _Hf(mo);xuoo + |CO 5|H(770):cx||oo

which shows (4.3.23). For a non-smooth my, the result then follows by standard approxima-

tion. O

Having constructed the necessary approximations, we are now ready to prove the well-

posedness theorem.

Proof of Theorem /.3.3. We begin with the case of (MFGP). We first prove existence of a
solution satisfying the estimates. For this purpose, we choose the r-compatible approxima-
tions (mg, m7) as defined by (4.3.17), where 7 > 0 is fixed and chosen large enough to satisfy
(4.3.16), and take R > 27, where T is the constant of Proposition 4.3.6. In view of (4.3.20)
from Lemma 4.3.8, the constant C' of Proposition 4.3.5 may be chosen independently of e.
In particular, from (4.3.13), we may choose the solutions (u®, m®) of Proposition 4.3.5 in
such a way that ||u®||cc < C. Therefore, due to the bounds (4.3.11) and (4.3.12), the family

{(us,ms)}ge(o’l) is bounded and equicontinuous, and we may extract a subsequence and
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conclude that (uf,m¢) — (u,m) € WH([=R, R] x [0, T]) x C([—R, R] x [0, T}]), with (u,m)
satisfying the required estimates.

Moreover, if (z,t) € {m > 0}, by the equicontinuity of {m5}€€(071), there exists an open
set V containing (z,t) such that f/(m®)m® > 0, so that u® satisfies a uniformly elliptic
equation in V' (recall (4.2.1)). As a result, if 0 < ¢t < T, the standard interior C'1® estimates
followed by the Schauder estimates (see [25, Thm. 13.6] and |25, Thm. 6.2], respectively)
imply that (u,m) € C%%x C1@ in a neighborhood of (z,t). On the other hand, if t € {0,7},
by proceeding as in the proof of Theorem 4.2.11, through the CH® estimates for oblique
problems, followed by Fiorenza’s convergence argument (as detailed in the proof of Theorem
4.2.11), we see that (u,m) € C%® x C@ in a neighborhood of (z,t). In particular, this
shows that u solves the HJ equation in the pointwise sense at (x,t).

Now, we claim that m € C.(R x [0,77]), with supp(m) C [-7,7] x [0,T]. Indeed, this
follows from the fact that, for each t € [0, 7], m(-,¢) has mass 1 and, by Lemma 4.2.3 and
Proposition 4.3.6,

T T bo bo
m(-,t) = lim m®(-,t) > lim mg = mo = 1.
/7‘ el0 J—7 el0 ag ap

On the other hand, we can extend u to W1H(R x (0,7)) in the following way:

u(—R,t) ifzr<—-R
u(z,t) =

u(R,t) ifzx>R.

Notice that, since u5.(£R,-) =0,

—uj (£R,t) = f(m®(£R,t)) — f(0) uniformly in ¢,
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and, thus,

u(£R,t) = f(O)(T —t) + u(£R,T) in CH1([0,T7)).

In particular, we see that, for |z| > R,

~up+ g = £(0) = f(m).

It is then straightforward to verify, by using the basic stability property of viscosity solutions
under uniform convergence (see [17]), that this extension (u, m) is a solution to (MFGP), in
the sense of Definition 4.3.1, which satisfies all the necessary estimates.

Now, to prove uniqueness, we assume that (a,m) is another solution. Since the function
4 is a viscosity solution to the HJ equation, and it is almost everywhere differentiable, it
must also satisfy the equation pointwise almost everywhere. Therefore, it also solves the
equation in the distributional sense. Noting that the pairs (u,m), (@, m) € WHR(R x
(0,7)) x Cp(R x [0,T7]) are sufficiently regular to serve as test functions, we may apply the

standard Lasry-Lions computation to the pair (u,m) and (@, m), obtaining

T ;4 N o, ) o
/0 /R§(m+m)|ux—ux| + (m —m)(f(m) — f(m)) = 0.

Therefore, since the left hand side is non-negative, we conclude that m = m, and u, = u,
in {m > 0}. Finally, since m is continuous, {m > 0} is an open set, and thus u and
@ at most differ by a constant on each connected component of {m > 0}. For the case of
(MFG), the proof is completely analogous, noting that in applying Proposition 4.3.5, we take
gc(m) = g(m) + em, to satisfy the strict monotonicity assumption. We note that, unless
g' > 0, the Lieberman and oblique Schauder estimates may not be applied at t = T, hence the
weaker conclusion (u, f(m)) € Co¥(Rx[0,T)) N {m > 0}) x C.Y(Rx[0,T)) N {m > 0}).

However, in the special case ¢ = 0, u satisfies a smooth Dirichlet boundary condition at

t =T, and thus we may apply the Ladyzhenskaya-Uralt’seva and Schauder estimates for the
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Dirichlet problem (see [25, Thm 13.7, Thm 6.19]) to the limiting function u to still obtain
the C’lzo’f((Rx[O,T]) N {m > 0}) regularity. Note that global uniqueness follows because,

since m is unique, the terminal value u(-,T") = g(m(-,T)) is uniquely determined. O

4.3.2  Analysis of the free boundary

Having established the existence and uniqueness of solutions, with compactly supported
density, we now study the set d({m > 0}), where (u, m) is the solution to (MFG) or (MFGP).

Henceforth, we restrict our analysis to the case that, for some given constant 6 > 0, we have
fm)y=m?,  6>0. (4.3.28)

We will focus on the setting in which the initial distribution mg (and possibly myp, in case of

problem (MFGP)) are each supported exactly on an interval. That is, we will assume that
{mo > 0} = (ag, by) and {mp > 0} = (a1,b1), (4.3.29)

for some finite ag, bg, ay,b1. Moreover, we will assume that mqg and mp decay like powers

near the endpoints of these intervals. In other words, there exist numbers «g, a; > 0 such

that
1
O—dist(:c, {ag, bp})0 < mg(x) < Codist(z, {ag, bg})™, x € |ag, by), (4.3.30)
0
1
C—dist(x, {a1,01 )™ < myp(z) < Crdist(x, {ay, b1 })?, x € [ay, by]. (4.3.31)
1

For concreteness, we will also assume here that

ap > oq, (4.3.32)
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but we remark that the opposite case can be studied, with analogous results, by simply
considering the time-reversed functions (—u(x,T — t),m(z,T — t)), which solve (MFGP),
but with the roles of mg and mp reversed.

Correspondingly, in case of problem (MFG), we assume that the coupling function g at

final time satisfies, for some given constants 67 > 0, ¢y > 0, with 61 > 0,
g(m) = c;Tm1. (4.3.33)

Remark 4.3.9. The factor of T in the definition of g is made explicit in order to adequately
state the sharp long time behavior result, Theorem 4.3.15. This is the natural scaling for
the final pay-off which is consistent with the behavior of the self-similar solution, see Section
2. However we also note that our assumptions include, in particular, the case of terminal

condition u(-,7") = 0.

Characterization of the free boundary through the equation satisfied by the

flow

In this subsection, we properly establish the existence of the free boundary curves together
with their basic characterization. Our main tool will be the elliptic equation satisfied by the
flow 7 of optimal characteristics (see (4.2.12)). We recall from Section 4.1 that o € (0,1) is

defined by
2

Theorem 4.3.10 (Characterization of the free boundary and the flow). Let f be given by
(4.3.28). Assume that (4.3.3)—(4.3.5) and (4.3.29)—(4.3.33) hold, and that f(mq) is semi-

convex. Let (u,m) be a solution to (MFG) or (MFGP). Then there exist two functions
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v <R € WHe(0,T), such that

{m >0} ={(z,t) e Rx [0, T] : vp(t) < x < vg(t)}. (4.3.34)
Moreover, the flow v of optimal trajectories is well defined on (ag,bg) x [0,T], we have
v € Wh((ag, bo) x (0, T))NCiee (a0, bo) < [0, T1), 4w > 0, v (t) =3(ao, ), va(t) = 7(bo, 1),

and 7y is a classical solution in (ag, bg) x (0,T) to the elliptic equation

0f(mg)  f(mg)a

e (’Y:c)2+9%m a ('Vm)l—w' (4'3'35>
Moreover, there exists a constant
_ _ 9 .
e (m s mo) e 15 mo)z o 8,5 1) if (u,m) solves (MFG),

C (T, T, Co, Cr, | f(mo)llyyr.oo, I (mr) o0, 1 (m0)zzlloc, 6) - if (u,m) solves (MFGP),

such that

||7||le°°([a0,b0]><[0,T]) <C, (4.3.36)

and, for each (z,t) € (ag,by) x [0,T],

—mo(z) < m(y(z,t),t). (4.3.37)

Proof. Throughout this proof, as usual, the constant C' > 0 may increase at each step. We
will first treat the case in which (u, m) solves (MFGP). As in the proof of Theorem 4.3.3, we
let (u®, m®) be the solution to (4.3.9) given by Proposition 4.3.5, corresponding to the choices

of m{, m7, given by (4.3.17). We may normalize the solution to satisfy [ppu®(-,T) = 0. We
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also fix R large enough that (—R, R) contains both [ag — 2, by + 2] and [a1 — 2, b1 + 2]. With

this choice, we see from (4.3.17) and (4.3.19) that

ao ay R R
/ mg = / m%, and mg = ms, (4.3.38)
“R “R bo by

which guarantees that v(ag,T) = ay, and *(by, T') = by, or, equivalently, that (-, T) is a
bijection between supp mq and supp mp. We are now interested in a Lipschitz bound for +©.
Recall that 77 = —ug (v (2, 1), 1), 50 |19 [| oo ((ag,bo) x[0,7]) i bounded due to Proposition 4.3.5
(we emphasize that our choice of R is already fixed). Moreover, we have 1¢ € C?([—R, R] x
[0, 7]) and, by Lemma 4.2.3 we know that it satisfies (4.2.12); for the case f(m) = m?, this

equation may be rewritten as

0f(mg) o f(mf)a

7§-+-Z§§55;gwau,::Z;ggfig. (4.3.39)
For K > 0, we set
v=nE w=v— Kt and ki = | f(mo)sslleo:
We now want to show that, if K is chosen sufficiently large,
max w < max w. (4.3.40)

[ag,bo] x[0,T]  d([ao,bo] x[0,T7)

For this purpose we assume first that mg, m7 are smooth. Then 7 is smooth as well, and
differentiating (4.3.39) with respect to x, we get, for some function b(z,t), and sufficiently

small € > 0,

0f(mp)

w210

f(mﬁ)m —2ky
IO = 1407

Vg + Vg + b(2, 1) vy = (4.3.41)

where equation (4.3.23) from Lemma 4.3.8 was used in the last inequality. Recalling the
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definition of w, this yields

0.f(mg)

Wit + ——15—
v2+0

—2k
Wag + bz, wy > —2 + Ka(l — a)t*2. (4.3.42)
plto

Let (xq,tg) be an interior maximum point of w. Then the right hand side of (4.3.42) must

be non-positive, which may be rewritten as

1 1
2k1 T+0 3% 2k1 +0
to) < | ————— ta? = —— tg . 4.3.43
Since max(,, pi15j0,7] W = 0, we have v(zg,t9) = Ktj. Hence inequality (4.3.43) is impossi-

—a)

remove the assumption that mg, m%, are sufficiently smooth to perform the above computa-

1
ble if we choose K sufficiently large, namely if K > (%) % This shows (4.3.40). To

tions, we approximate them first with convolutions, as was done in (4.2.33) (but without any
need to regularize f), and we simply note that (4.3.40) is stable under such an approximation.

In view of (4.3.40), it now suffices to bound w at the boundary points. When ¢ = 0,
we have w = v = 1, and when = = ag or x = by, m§(r) = € = minm?®, so that, recalling
(4.2.10),

w(z,t) <wv(x,t) =

Therefore, we are only left with estimating v(z,T), for = € (ag,by). We will assume that
x € (ag, %(ao + b)), since the converse case is completely symmetric. We first observe that
the explicit form of the approximations (4.3.17), where f(s) = s, together with (4.3.30) and
(4.3.31), imply, for some constants ¢, c1:

1

- (dist(z, {ag, bo})0 +¢) < mg(x) < co(dist(x, {ag, bo})* + ¢), z € (ag,by), (4.3.44)
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and

%(dist(x, {ar1,01 ) +¢) <mG(x) < ¢q(dist(z, {a1,b1})* +¢), z € (ay,by). (4.3.45)

Let us set T = +°(z,T); since we have

T X
/ mgz/ ma (4.3.46)
ag al

we deduce from (4.3.44)—(4.3.45) that x — aq if and only if T — a;. Hence we can assume

that 7 < a—ﬁrbl and we estimate

1 T r _ _
a0 el —a) < [ m= [ g <@ o) et o)
€0 ap al
In particular, this implies that
1 ap+1 = o1+1 1 =
—(x —ag)™" <c(T—a)MT or —e(z —ag) < c1e(T —ay),
€0 €0

and since ag > a1 we deduce, for some constant C', that

(x —ag)™ < C(T—a)™.

As a result, using (4.3.44)—(4.3.45), we have, for € small enough,

mé(z) co(x —ap)® + ¢
v(z,T) = 0 < <C.
e = e @) c@—a)M +e

We thus conclude that w < C', hence

Ve(z,1) < C(L+1%). (4.3.47)
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This finally establishes that

||7€||W17°°([a0,b0]><[O,T]) <, (4.3.48)
and, in particular,
1
Mo(@) < m* (7 (@, 8), 1), (4.3.49)

Now, recalling the proof of Theorem 4.3.3, we see that m® converges uniformly to the unique
weak solution m of (MFGP). Moreover, v — + uniformly in [ag, by] x [0,T], and (4.3.36),
(4.3.37) follow. Now, assume that xg < ~v(ag,tg). We have, for € small enough, =y <

v (ag, tg), so Lemma 4.2.3 yields

o ao T ao
/ mfg/ m%,:>/ mg/ mg = 0,
-R -R -R -R
and, thus, m(zg,ty) = 0. Similarly, m(xg,ty) = 0 whenever zy > ~(bg,tg). On the other

hand, if v(ag,tg) < z¢g < 7v(bo,to), we have, by continuity, v(ag,ty) = 7v(co,tg) for some

ag < c¢g < by. As a result, (4.3.37) yields

1
m(zo,t0) = m(y(co,t0), to) > Emo(co) >0,

and this proves (4.3.34). We now recall from the proof of Theorem 4.3.3 that (u®, f(m®))
is bounded in C>%(([=R, R] x [0,T]) N {m > 0}) x C%(([~=R, R] x [0,T]) N {m > 0}),

loc loc

independently of e. Thus, for (z,t) € (ag,by) x [0, 7], letting € — 0 in the relations
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shows that v — 7 in Cl%)c((a(% bog) x [0,TY),

mo(z)

B sst (4.3.50)

Tt = —U,x(”}/(I,t),t), Yr =

and, in particular, v € Cfo’ca((ao, bg) x[0,T]). Finally, letting ¢ — 0 in (4.3.39) yields (4.3.35).

We now explain the necessary changes in the above proof to deal with the case that (u, m)
solves (MFG). We initially assume that ¢; > 0. The first modification lies in the proof of
(4.3.47), since our previous argument to estimate 7z (-, 7") does not apply if m®(-, T') # m=..
Assume then that the function w achieves its maximum value at a point (xg,T'), with ag <

xg < bg. We first observe that

so that

/
g 1 0,—0
(-, T) = vat(',T) = Tclg(ma) L%

Differentiating this relation with respect to x once more yields

0 _ 0 o
Tclgl(m‘g)(91 evtt = —u — Tclgl(ﬁl — 9)(m€)91 o 1(m§)27xf/(m€) < —uy.

Now, evaluating this at x(, and using the fact that wy > 0 at (zg,T), we get

0
Tq?l(ms)ﬁ—%tt < —KaT® 1.
On the other hand, using w; = vy = 0 and wyy = vz < 0, (4.3.41) yields vy > —1}21%.
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Hence we get

2]{?1 01 e\01—0 OéTa_2
1+09<m) <K 1

Using the uniform bound on m (see (4.3.10)) we obtain, for € sufficiently small,

1 2—a
2k1c161 T8 7190 7179 T
v < (—H oll%- —C (4.3.51)
af K150 KT K150

If we choose K > C%TJFZ, then the right hand side of (4.3.51) is bounded above by KT,
which yields w(x,T) < 0, completing the proof of (4.3.47). We also observe that g = clea
satisfies ¢’ > 0, which, as seen in the proof of Theorem 4.3.3, is still sufficient to obtain
uniform bounds of (u®, f(m®)) in

CEO(([=R, R x [0,T]) N {m > 0}) x CLT (=R, R] x [0,T)) N {m > 0}).  (4.3.52)

loc

When ¢; = 0, we can repeat the present proof for ¢5(m) = em?. The functions (u€, f(mF))
may still be estimated in CIQO’Ca X Cllo’ca away from ¢t = T, and we conclude as before, except
that we are only able to obtain that v € C’lzo’f ((ag,by) x [0,7T)). However, since we know
from Theorem 4.3.3 that u € Cﬁf((R x [0,T]) N {m > 0}), the regularity of y up tot =T
follows from (4.3.50). O

We now obtain the optimal upper bound for the time evolution of the quantity ~,., which

is attained by the self-similar solutions of Section 4.1.

Corollary 4.3.11 (Upper bound on ;). Under the assumptions of Theorem 4.8.10, let
(u,m) be a solution to (MFG) or (MFGP), let ~v be the flow of optimal trajectories for
(u,m), and define

t if u solves (MFG),
d(t) = (4.3.53)

dist(¢,{0,T}) if u solves (MFGP).
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Then there exists a constant C' > 0, with

o C (Co, 1 (m0) 22 | Loo ({mg>01) %1’01> ifu solves (MFG), (4.3.54)

C (C()7 C1, ”f(m());xHLoo({mo>O})> if u solves (MFGP),

independent of T', such that
Ye(z,t) < C(1+d(8)").

Proof. In the proof of Theorem 4.3.10, we showed (4.3.47). In fact, by simply following the
proof, one readily sees that the constant C' in (4.3.47) may be chosen independently of T,
and depending only on the quantities specified in (4.3.54). This observation applies for both
(MFG) and (MFGP). Thus, for (MFG) there is nothing left to prove. As for (MFGP),

repeating exactly the same argument for the function w = v — K(T — t)® yields
Yo(z,t) < C(1 4+ (T —)%).
Thus, combining this with (4.3.47), we conclude that, for (u, m) solving (MFGP)

Ye(z,t) < C(1 4+ min(t®, (T — 1)) = C(1 4+ 4(1)?).

Ob! regularity, strict convexity, strict monotonicity, and long time behavior

In this subsection we obtain, under adequate compatibility and non-degeneracy assumptions
on the data, uniform W2 (0,T) estimates for the free boundary. Additionally, we obtain
strict convexity and strict concavity for the left and right free boundary curves, respectively,
and prove that for the terminal cost problem, (MFG), the boundary is spreading outward.
Finally, we quantify the exact rate of propagation of the support and the exact rate of
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decay in time for the density, which are the ones exhibited by the self-similar solutions of
Proposition 4.1.1.

To obtain these extra properties on the free boundary, we strengthen the assumptions of
the previous subsection. In particular, we will require the following compatibility condition

between terminal and initial data, namely that
ag=aq, 01 =10. (4.3.55)

where o, a1, 67 are defined in (4.3.30)—(4.3.33). This kind of assumption will guarantee
that the function ~, is well-behaved at ¢t = T. We will also strengthen the nondegeneracy

assumption on f(mg) by requiring
f(mg)zz <0 in {x € (ag,by) : dist(x, {ag,bg}) < d} for some § > 0. (4.3.56)

We observe that, since f(my) is Lipschitz, (4.3.56) necessarily implies that oy = % in (4.3.30),

and

f(mO)x(ba) <0< f(mo)m(a(—)i_) (4.3.57)
We begin by obtaining a uniform lower bound on (-, T") for solutions to (MFGP).

Lemma 4.3.12. Under the assumptions of Theorem 4.3.10, let (u,m) be a solution to
(MFGP), and assume that ag = aq. Then there ezists a constant C = C(Cy,Cq), such
that, for x € (ag, by),

1
T) > —.
’Yx(xa >_ C

Proof. With no loss of generality, we assume that = € (ag, % (ag + bg)), and that x is close

enough to ag to guarantee that vy(z,T) € (aq, %(al +b1)). We have, by conservation of mass,

x y(x,T)
/ o = / mp(y(,T)).
ao al
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Thus, in view of (4.3.30) and (4.3.31),

1 (Fy(xa T) B al)O‘O Ty
— an)0t1 — )01 ag+1
Colw = an)®™" = 5-(v(@, T) —a1) ~ G _aga S (CoCyp)eott.

This, combined with (4.3.30) and (4.3.31) once more, implies that

_ 4n) @0 (1. _C0_
(’Y((me)aE)m)ao > (CoCh) (5o,

mo(x)
mT(’Y(:U? T)> T)

Yo (2, T) = > (CoCy)

[]

Next we obtain a global lower bound on ;. We also show that when (4.3.56) is strength-
ened to be both strict and global, as occurs in the self-similar solution, this bound can be

improved to yield the optimal rate at which v, may grow in time, complementing the upper

bound of Corollary 4.3.11.

Theorem 4.3.13. (Lower bounds on 7;) Under the assumptions of Theorem 4.3.10, let
(u,m) be a solution to (MFG) or (MFGP). Assume that (4.3.55) and (4.3.56) hold. Then

we have:

(i) There exists a constant C > 0 such that, for (x,t) € (ag,bg) x [0,T], m(vy(z,t),t) <

Cmg(x), that is,

(4.3.58)

and

C(Cp, o7 1) if u solves (MFG),
C= (4.3.59)

0(00,01,5_1) if u solves (MFGP).

it) Assume, in addition, that f(mg)ze < —L <o ag, bg), and that ¢y > 0 in (4.3.33),
K

and let d be defined as in (4.3.53). Then there exists a constant C > 0 such that the
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sharp estimate

ol 1) > éa + (%) (4.3.60)
holds, and

C (C’O,cl_1> if u solves (MFG),

C = (4.3.61)

C(Cp,C1,K) if u solves (MFGP).

Proof. We first treat the case in which (u,m) solves (MFGP). Observe that, since f €
(C°°(0, 00), the interior Schauder estimates applied to (4.2.1) imply that the solution (u, m)

is C° in the set {m > 0} N {0 <t < T}, and so by Lemma 4.2.5 the function

U(Z[Z,t) = f(m(’)/(xv t)7t))

solves, for (z,t) € [ag, bp] x [0, T,

Ov Ov 0+1 _
—Utt — 5 Uzz + Vz g Vaz + vt = 0. (4.3.62)
gl Vi 0

xT

Since v = f(TZO) (by (4.2.10)), using (4.3.35) and 74 = —2% (by (4.2.9)) we deduce

Vz
—Utt — H—ZUm = _U_g (9f<77;())7xx) - - 1U_1Ut2 =2 (f(mO)I - Tw 'Ytt) - Ev_lvg
2 2\ At 0 2\ A 0
Uz (f(mo)a: —v )
= B\ A A
(4.3.63)

Now, given 0 < € < 1, for each (x,t) € [ag, by] x [0,T], we let

w(z,t) = v(z,t) = Cf(mo)(z) — et,

where C' > 1 is a constant large enough to guarantee that w(z,T) < 0, and w < 0 on the
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set {(x,t) : dist(x, {ag,bg}) > 0}. Such a constant exists because of Lemma 4.3.12, and
because, by (4.3.30), mgy > %050‘0 on {x : dist(z, {ag,bg}) > 0}. Observe that, as a result of

(4.3.56) and (4.3.57), we must have
f(mg)e # 0 on {z: 0 < dist(z, {ag,bg}) < 0}. (4.3.64)
Let (zq,tp) be an interior maximum of w on the set
S = {w > —et} N {dist(z, {ag,by}) < 0}.

We note that, in S, v(x,t) > C'f(mg). Moreover, at (xg,tg), vz = C'f(mg)z and D?*w < 0.

Therefore, in view of (4.3.56), (4.3.63), and (4.3.64), we infer that

—1 _,f(mg)2 o
0< —wy — W—Eéwm <€ f(m)) (v — C'f(mg)) + 7%“ F(mo)zaz < 0. (4.3.65)

This is a contradiction, so the maximum of w in S is achieved at 0S. At such a point, we
have either w = —et, t = 0, t = T, or dist(z, {ag,bp}) = §. By our choice of C, in each of

these cases we have w < 0. Therefore, w < 0 on all of [ag, by] x [0, 7], that is,

fm(y(z,1),1)) < Cf(mo(z)) + et,

and the result follows by letting ¢ — 0.

Now, to modify this for the terminal cost problem u(-,7) = 1T f(m(-,T)) (recall that
(4.3.55) holds), the only issue we must address is that we do not know a priori that w < 0
at t = T. It is therefore enough to prove that w cannot achieve a maximum in S at some

(x0,T), where zg € (ag,bg). Assume otherwise. On one hand, we have, by (4.2.8) and the
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continuity equation,

ve(z, T) = f'(m)(m¢ + maye) (v(2, T), T) = f'(m)(my — mgug)(y(, T))

= f(m)muge(y(2,T),T) = Ov(x, Tugs(Y(z,T),T). (4.3.66)
On the other hand, by the definition of v and the chain rule,
(4.3.67)

Differentiating the terminal condition implies that uz.(-,T) = 1T f(m) gz (-, T), so that, in
view of (4.3.66) and (4.3.67), we obtain

1 1
v = Ovugg (y(xg, T),T) = 0c1Tvf(m) gz (y(x9, T),T) = Oc1Tw (—2vm - vx$”ym> .
X X
(4.3.68)
Now, notice that wgz (g, T) = vze — Cf (M) zz < 0 and f(mg)zz(zg) < 0, s0 vz < 0.

Hence, in view of (4.3.35) and (4.2.9), we obtain

v < —HclTvx%’ym = —c1Tvy ( (4.3.69)
X

f(mo)z U_x) .

AN

As a result, since wy > 0 and w, = 0, that is, vy > € and v, = C f(myg),, recalling (4.3.64)

and the definition of S, we get

1 f(mg)2

e<y < —qTC—
72 f(mo)

(v—Cf(mg)) <0.

This is a contradiction, which proves (4.3.58).
To prove part (ii), we now assume that f(mg)zz < —%, where K > 0, and again we focus

first on the case where (u,m) solves (MFGP). We repeat the above argument, but with a
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different choice for the function w, namely

w(z,t) =v(x,t) — ((t)f(mg)(xz), where ((t)=C (ﬂ% + m> (4.3.70)

Since f(mg) is now globally concave, we may also redefine S to be simply
S :={w > 0}.

Then, instead of (4.3.65), we obtain

f(mg)?
f(mgp)

< fmo)~ 8 (£(mo) " (o) + C(10)0f (mo) a7

w+ " (t0) f(mp) + C(tjf“ﬂmo)m

v —1
0 < —wy — Wz < _QC(tO)
X Yz

(4.3.71)

1
where we used that v, = <M>9 due to (4.2.10). Since f(mg)ez < —%, and v >

v

¢(t) f(mg) because w > 0, we estimate the right hand side of (4.3.71) obtaining

0.5 = fmo) (=" (t0) + 0 (007 F).

It is straightforward to check that, choosing C' sufficiently large, independently of T', (
satisfies

_M) + e%g(t)“% -0,

Therefore, with this choice of (, we obtain a contradiction. Moreover, since w(-,0) =

w(-, T) = —oo, we conclude that the set S must be empty. That is,

U(ZL’,t) < g(t)f(mO)(x)’ (:L‘,t) S (a0>b0) X (O’T>7

which, combined with (4.3.58), readily implies (4.3.60). Finally, we prove (4.3.60) for the
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case in which (u,m) solves (MFG). We again define w according to (4.3.70), but this time
( is defined by
C(t) =—, t€ (OaT)

We may now follow the same proof as for (MFGP), with the only issue being that we no
longer have w(-,T") = —o0, and, thus, we must consider the case of a maximum point (zq,T)
of w. We begin by noticing that, since wyy = vy — ((T) f(mg)zz < 0, wy =0, and wy > 0,

(4.3.68) implies

fOciTv 1 1 2 Oc1T
/(1) fma) < v < ~L 2 0() — T L0y < AR L),

This may be rearranged as

0
aK )\ 2+

o(2p, T) < ( ) 7709 £ (1) (x0) = CoT " f(mo) (o).

C1
Therefore, if we choose C' > Cy, we conclude that v(zg,T) < {(T)f(mg)(xg), as wanted. [
We can now establish our main regularity result for the free boundary.

Theorem 4.3.14 (Regularity and convexity of the free boundary). Under the assumptions
of Theorem 4.3.10, let (u,m) be a solution to (MFG) or (MFGP). Assume that (4.3.55)
and (4.53.56) hold. Let vi, = ~(ag,-), vyr = Y(bg,-) be, respectively, the left and right free

boundary curves. Then vyr,VYr € WQ’OO(O, T), and there exist constants K1, Ko, with

K1 = K1(Co, |z lloc, | f(mo)a(ag )|~ 1 £ (mo)2 (b)), (4.3.72)

and

Ky = Ka(Co, [1vz lsos | £ (mo)a(ad)], | £ (m0)a by )]) (4.3.73)
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such that, for a.e. t € [0,T],
— <AL(t) < Ko, and — Ko <Hp(t) < ——. (4.3.74)
Moreover, when (u,m) solves (MFG), we have, fort € [0,T],

—Ko(rT + (T — 1)) < 4 (t) < —Ki1<c1T (T - 1)), (4.3.75)

and

Kilw (T = 1) < AR() < Ko(e1T + (T — ). (4.3.76)

Proof. By symmetry, it is enough to show the estimates for v7,. Let t € (0,7, and let h > 0

be such that (¢t — h,t + h) C (0,7). We begin by noting that (4.3.35) may be written as

= 1 (f(ﬂ;o)) '
Va Yz x

We therefore have, for (zg,7) € (ag, Cﬁﬁ) x [0,T7,

o Y01 f(m) f(mo) T 1N f(mo)
/ao et (z, T)dx = /ao 7—93( ’ygo )xdx: %%Jr% (z0) —/ao <7_:1:)x Pygo dx, (4.3.77)

where in the last step we integrated by parts and used the fact that v, is bounded below

and f(mg)(ag) = 0. Using the identity

() e GO, )
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we infer from (4.3.77) that

o 1\ f(mog) L[ /1 f( ) 1% f(mo)a

Multiplying this equality by 6 and adding to (4.3.77) yields

T 0 N )
/(loﬁtt(I,T)dx:ﬁM(xo)+ 1 /aoo f(mp) "

0 1 ’Y%Jre 0+1 %%+9

Recalling that f(mg) is Lipschitz, with f(mg)(ag) = 0, and that 7, is bounded above and

below, we conclude that, for z( sufficiently close to ag,

1 0
(0 —a0) < / it (7)< Koo — ag). (4.3.78)
ag

Next, observe that, for = € (ag, xg),

t+s
Y(x, t+ h) +vy(x, t —h) —2y(z,t) = / / Yt (x, T)dTds,
t

and, therefore, integrating both sides,

0 t+s pxg
/ Y(x, t + h) +vy(x, t — h) — 2v(x, t)dx —/ / / et (x, T)dxdrds.
a t ag

0

Using (4.3.78), we see that this yields

1 70
?@0 - aO)h2 S / 7(Qf,t + h) + 7($at - h’) - 27(1‘,t)d$ S K2(:U0 - aO)h27
1

ao
so, dividing by (zg — ag) and letting zg — aar , we obtain

1
?h2 < Ap(t+h) +yp(t —h) — 297 (t) < Koh?,
1
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which yields (4.3.74).
Now assume that (u,m) solves (MFG). Recall that, since u(-,T) = 1T f(m(-,T)), we
have

’715('7 T) = _ClT’ytt('u T) (4379>
We observe that, by Taylor’s theorem, for x € (ag, bg) and small h > 0, we have

T

Yz, T —h)=~(z,T) = hy(z, T) + /Th(s — (T = h)yee(, s)ds.

Thus, integrating from ag to xg and using (4.3.79), we obtain

z0 z0 T x0
/ Y(z, T —h)—~(x,T)dx = hclT/ Yt (z, T)dx +/ / (s = (T — h))y(x, s)dsdx,
a T—hJag

0 ao

so we infer from (4.3.78) that, for x( sufficiently close to ay,

T 1 7o 1
L h(wg—ag)+5 ~h*(zo—ap) < / Y&, T—h)—(z, T)dz < Kocy Th(zg—ag)+5Ch?(zg—ap).
K 2C a0 2

Dividing by (zg — ag) and letting zg — &ar, we see that

ClT 1 2 1 2
—h+—h"< T—h)— T) < Koc1Th + =Ch”.
xS vL.( ) =L(T) < KzerTh + 5

Finally, dividing by h and letting h — 07 yields

—c1T
— Ky T < A(T) < ==
K1

Thus, in view of (4.3.74), and noting that 47 (t) = y1(T") — ftT 41.(s)ds, we obtain (4.3.75).
[

Finally, we show that the support grows with algebraic rate o = ﬁ, and the density
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decays to 0 with algebraic rate —a;, as is expected from the model case of Section 4.1.

Theorem 4.3.15 (Optimal rate of propagation and long time decay). Under the assumptions
of Theorem 4.3.10, let (u,m) be a solution to (MFG) or (MFGP), let v be the associated
flow of optimal trajectories, and let d : [0, T] — [0,00) be defined by (4.3.53). Assume also
that — K < f(mg)zz < —% in (ag,bg) for some K > 0. Then there exists a constant C' > 0,
with

C (Co,cl,cl_l, lag|, |b0],K) if u solves (MFG),
C = (4.3.80)

C (Co, C1,laol, bol, |a1], |b1], K)  if u solves (MFGP),

such that, for every (x,t) € [ag, by] x [0,T],

SO0 < lsupp(m(, )] < CO+(0)Y), w0 < CO+A0Y), (1381

L__mo(z) mo(z)
Ch+dn™ <m(y(z,t),t) < CW' (4.3.82)

Proof. Recalling (4.2.10), we observe that (4.3.82) is simply obtained from combining the
upper bound on 7, from Corollary 4.3.11 and the lower bound on 7, from Proposition 4.3.13,

SO0 < et < CO+ ). (4.3.83)

Now, integrating (4.3.83) between ag and by immediately yields the first inequality of
(4.3.81). Moreover, for the second inequality of (4.3.81), it suffices to show that, for each
tg € [0,T], there exists at least one xg € [ag, by] such that |y(zg,tp)] < C. When (u,m)
solves (MFG), this follows from the fact that, by Theorem 4.3.14, supp(m(-, t)) is expanding,
and, thus, in particular, v(xg,tg) = ag for some xg € [ag,by]. On the other hand, if (u, m)
solves (MFGP), Theorem 4.3.14 implies that supp(m) is a convex set. Therefore, we may
choose y(z, tg) to be the first coordinate of the intersection between R x {to} and the line
segment {(1 — s)(ag,0) + s(a1,T):0<s<1}.
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4.3.8  Reqularity of the solution up to the free boundary

Intrinsic scaling and Holder continuity of m

In this subsection, we show how the bounds on v, and the intrinsic scaling of the problem
allow us to improve the logarithmic modulus of continuity for m to a Hélder one. Throughout
the section, we continue to assume that f is given by (4.3.28) , and we will assume the
conditions of Theorem 4.3.14, namely (4.3.29)—(4.3.33) together with (4.3.55) and (4.3.56).

We will focus on obtaining Holder regularity estimates for the function
o, t) = Fm(v(@,0),8),  (2,2) € [ap, bo] X [0, 7). (4.3.81)

This is equivalent to obtaining Holder estimates for m(x,t), in view of (4.3.36) and (4.3.58).
Our first result is a simple corollary of the bounds on 7,, stated in the form of a Harnack

inequality (cf. [20, Thm 11.1]).

Theorem 4.3.16 (Harnack inequality). Let the assumptions of Theorem 4.3.14 be in place,
and let (u,m) be a solution to (MFG) or (MFGP), and let v be defined by (4.3.84). There

exists a constant

C = C(Co, |nzllos: 1Nz Hloc: 0)

such that the following alternative holds. Let xog € (ag,bg), and let p > 0 be such that

(xg — p,x0+ p) C (ag,by). Then either p > %dist(a:o, {ag,bo}) and SUD (39— p,zo+-p) x[0,7] ¥ <
Cp, orp < %dist(:vg, {ap,bp}) and
sup v<C inf . (4.3.85)

(xo—p,z0+p)x[0,T) (zo—p,z0+p)x[0,T]

Proof. For simplicity, we normalize ag = 0, and by symmetry we may assume that xg < %0.
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Then, in view of (4.3.30) (where, we recall, ag = % under the current assumptions), and the
1
fact that v, = mgv™ 9 is bounded above and below, we have, for some constant C', and every

(2,1) € (xo — p,z0 + p) x [0,T7,

1
rokd <w(z,t) < Crx. (4.3.86)

Case 1: p < %:1:0. Then (4.3.86) implies

sup v< (C (ﬁ) — 302 (l (1350)) < 302 inf V.
(zo—pzo+p)x[0.T] 2 ¢ \2 (wo—pzo+p)x[0,T]

Case 2: %xo < p. Then, in view of (4.3.86)

sup v < C(zg+ p) <3Ch.
(zo—psz0+p)x[0,T]

]

We note that, unlike in the linear theory, the above Harnack inequality is not yet sufficient
to obtain Holder regularity, because the result does not hold for, say, translations of the
solution. Instead, we will proceed by obtaining analogues of the Caccioppoli inequality and
De Giorgi type lemmas, adapted to the scaling of the equation satisfied by v (recall (4.2.16)),

which is much more diffusive in time than in space near the free boundary.

Lemma 4.3.17 (Intrinsic Caccioppoli inequality). Let the assumptions of Theorem 4.5.1/
hold, and let (u, m) be a solution to (MFG) or (MFGP). There exists a universal constant

C > 0 such that, for each ¢ € C°((ag, bg) x (0,T)), and each k > 0, we have

bo T bo T
/ / (W W)2 + (00) (W) dtde < C / / SE2(C2 + (Bv) " Pydtdr,
ag 40 ag J0
(4.3.87)
where = (v) = (v — k).
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Proof. In view of Lemma 4.2.5, and recalling that v is smooth in (ag, bg) x (0,7"), we know

that v satisfies

— <7;1"0x>x - ('yx(ev)_lvt)t =0. (4.3.88)
Testing this equation against the function ¢ (v)*¢? yields
oot 1o L2y () T s 1 1
A AGEr SRR - [ | 20 05 e+ 30(00) o).
aop ag

(4.3.89)

We may estimate the right hand side as follows:

/a /T§2 Ve 03+ 2 (0v) o)

/ / GEO2 (512 1 a(00)LD). (43.90)

b T
/ O/ QC@Z’i( Y UxC:B —{—795(9?) UtCt
ag J0

We also notice that (1))’ (v) = £ X+ (v—k)>0, SO that, as a result of (4.3.89) and (4.3.90),

bo rT bo rT
/ / i (W ()2 + 7o (00) LW E0))2) < 4 / / SE2(051C 4 e (00) 1),
ag J0 ag J0

The result now follows from the fact that 7, is bounded above and below by positive con-
stants.

]

Our De Giorgi type lemma will be proved for the following special domains, adapted to

the scaling of the equation (4.3.88).

Definition 4.3.18. Given (zq,tg) € (ag,bg) x (0,7) and p > 0, we define the intrinsic

rectangle R,(zq, o) of radius p centered at (xq,tg) by

1 1
Ry(zo,tg) := (zo — p, 20 + p) X (to — (Ov(z0,t0))” 2p,t0 + (Ov(z0,t0)) " 2p).
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Lemma 4.3.19 (De Giorgi type lemma on intrinsic rectangles). Let the assumptions of
Theorem 4.3.14 hold, and let (u,m) be a solution to (MFG) or (MFGP). There exists a

positive constant v, with

—1 —1 -1
v = v (Cos [zlloo, 17 Mloo),

such that the following holds. Let (xq,ty) € (ag,bg) x (0,7), 0 <r < zle,

— . + _l’_ —
- = min v, = max v, w=pu" —pu =osc (v),
Ryp(0,t0) Ryp(z0,t0) Rap(@oto)
and
1
p < < min (dist(xo, (a0, bo}), (Bu(zo. to)) 2dist (g, {0, T})) . (4.3.91)
Then

{+(v—(pTF2rw)) > 0}N R, (w0, tg)| < v|Rop(wo,to)| implies that +v < +(pFFrw) in Ry(x0,to)-

Proof. We begin by noting that, in view of (4.3.91) and Proposition 4.3.16, Ry,(z0,tp) C

(ag, bg) x (0,T) and, for some constant kq > 0,

max o<k min o. (4.3.92)
Ryp(z0,t0) Ryp(z0,t0)
We now define, for n > 0,
1 1 + +
Tn:T+2_nr7 Pn:p+2_npa kn:/l + rpWw.
and we choose non-negative functions ¢, € CZ°((ag,by) x [0,7]) such that ¢, = 1 on

Ry, 1 (70,t0), Cn = 0 outside of Ry, (g, tp), and

Doj—

el < S i) < 0D,
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As a result of Lemma 4.3.17, (4.3.87) holds when taking ¢ = (;, and

V() =y (v) = (v = ky)+

On (z,t) € Q2 := (x0 —2p, x9+2p) X (to —2p, o +2p), we now define the rescaled functions

wTM C_TL: by

wb—‘
L\D\»—\

wyy (@, 8) = ¥y (v, to+(O(z0.0)) 2 (t=t0))), ) = Cul, to+(Gu(0, t0)) 2 (t—tp))-

We see that (4.3.87) may be written as

/Q ()2 + v(ag, to)o~ L w)P) < © PG} ol o™ )

In view of (4.3.92), up to increasing the constant C', we thus obtain

D 2<C D 2<Oin +12 4
Cnl wy | | Cal( <2 (wy)*. (4.3.93)

2p

This is now the usual (rather than intrinsic) Caccioppoli inequality, and thus by the standard
De Giorgi iteration argument (e.g. see [53, Lem. 5]), writing wL = lim;,, 00w, we see that

there exists v > 0 such that
|{w€)—L > 0} N Q2| < v|Q9,| implies that wE =0in Qp- (4.3.94)

Now, writing

vEW) = (v — (1F Frw))s+

we have wX = L (v(z, to + (Qv (o, to))_% (t —tp))). Scaling back the time variable we have
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[Qapl = (Bu(xo,10))2| Ry (g, to)| and
[{wy > 03N Qapl = (Bu(o. t0))2[{G (v) > 0} N Rap(0, to)].
Thus, we conclude the proof by noticing that (4.3.94) may be equivalently written as:
{0 (v) > 0} N Rop(o, to)| < v|Rap(wo, to)| implies that = (v) = 0 in Ry(x0,t0)-

]

Corollary 4.3.20 (Reduction of oscillation). Let the assumptions of Theorem 4.3.14 be
in place. Assume that the intrinsic rectangle R,(xo,to) satisfies (4.8.91). There exists a

constant 0 < o < 1, independent of the choice of xg,tg and p, such that

OSCRp(x07t0)U < UOSCR4p(z0,t0)U' (4.3.95)

Proof. The proof of this corollary, included for the reader’s convenience, will be a standard
application of the classical arguments that yield interior Holder continuity for functions
that satisfy the Caccioppoli inequality (originally due to E. De Giorgi [18]|. See also, for
instance, [53]). Let v,7,u", ", and w be as in Lemma 4.3.19. To simplify notation, we
write R, := Ry(zo, tp)-

We begin by defining zq : [-2,2] x [-2,2] — [-1,1] as
_ _1 _
20(x, 1) = 2w (U(iﬂo + p(x — 20), o + (Gv(z0,t0)) " 2p(t — to)) — 1 ) -1
Notice that, since 16 = |[—2,2] x [—2,2]|, we must have

|z0 < 0| >8or |z > 0] >8. (4.3.96)
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We assume the former, and remark that the proof in the alternative case is completely

analogous. We define, for n > 1, z;, : [-2,2] x [-2,2] — (—o0, 1] by

an(@ ) = —— (20 — (1 — 4™)). (4.3.97)

4

Notice that z, is nonincreasing, and we have
2 >0 <= v >pt — 2w,

and, thus, by a change of variables,

2

Dzt :][ P 2 )~ Ly2
]f—272]><[—2,2] Dz Ropn{v>pt—2riw} 4r2ngy? (vz + (0v(zo, to)) ™ v)

2

o f ()2 + (Bu(ro.10) " 0(0)). (4.3.98)
R

 4p2ny,2 9
p

where ¥(v) = (v — p+ + 2r"w) ™. By Proposition 4.3.16, we thus infer that

Cp? B
/[—2 2)x[~2,2] Dzl < rQ”paﬂ ]f% ($(0)z + (B0) "' (v)7) (4.3.99)

2p

where, as usual, C' is a generic constant that could be increased line by line. On the other

hand, Proposition 4.3.16 and Lemma 4.3.17 imply that

/ W2 + (00 w0} < 5 / $(v)? < Cwr® (Bu(wo, t9) /7. (4.3.100)
R R

2p P 4p

Thus, we deduce from the last two inequalities that

/ 1Dzt < C, (4.3.101)
[~2,.2)x[~2.2]
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where C' is independent of n. Now, assume that, for some § > 0 and some n > 1, we have

2n_1 < 0| > 8+ (n—1)d. (4.3.102)

We will show that, as long as
|zn > 0| > v, (4.3.103)

then (4.3.102) must also hold when n is replaced by n + 1. Observe that, since we have

g —(1-
2y = 0=l T( r (4.3.104)

then (4.3.103) may be rewritten as
lzp—1> 1 —r)>v. (4.3.105)
On the other hand, since the first alternative in (4.3.96) was assumed to hold, we have
121 < 0] > |20 < 0] > 8. (4.3.106)

We recall that r < % A straightforward compactness argument2 then shows that, in view
of (4.3.101), (4.3.105), and (4.3.106), if 6 > 0 is chosen sufficiently small, depending only on
v~ and C, then

0<zp_1<1—r|>0.

Thus, we deduce from (4.3.102) and (4.3.104) that

’Zn§0|Z‘zn—1§0|+‘0<2n—1<1_r|28+n5'

2. The explicit form of this estimate is known as the De Giorgi isoperimetric inequality (see [53, Lem.
10)).
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Since the left hand side is bounded above by 16, this recursive process must fail after finitely
many steps, and, therefore, there exists n > 1, depending only on »~1 and C, such that

(4.3.103) does not hold. Rewritten in terms of v, this means that
[{v > pt —2r"w} N Ryy| < v| Ryl
Thus, by Lemma 4.3.19, v < ™ — r"w in Rp. In particular,

oscR,(v) < pt = — T =1 —rMw=(1- r'*)oscp,,(v).

We may now prove our main regularity result for the density.

Theorem 4.3.21 (Holder continuity of the density up to the free boundary). Let the assump-
tions of Theorem 4.3.14 be in place, and let (u,m) be a solution to (MFG) or (MFGP). Let
0 < g < min (1, %T), and let o be the constant of Corollary 4.3.20. There exist constants

C>0,0<s<1, with

C = C (6" Co, Inzlloos 1z Hlows 6, (1=0) 1), 571 = s7H(CO, 17z lloos 7 oo, (1 =) 71,
such that

1P ) Dl (ano o)) < €
In particular, m is Hélder continuous on R x [0g, T — dg).

Proof. Let (zg,tg), (x1,t1) € (ag, by) X [6g, T —dp], where x1 < xg. As usual, we will consider
intrinsic rectangles centered at (xq,tp), so we abbreviate R, := R,(zp,%p). As in the proof

of Proposition 4.3.16, we may assume that ag = 0 and zg < %min (by, 1), and write, for
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some constant k1 > 1, and each (z,t) € Ryp,

1
7 <w(z,t) < kz. (4.3.107)
1

Therefore, xg < /Ty < \/k1v(x,tg). Hence, letting

|
P (1 + o)

000,

we see that, in particular, pg satisfies (4.3.91). Setting now

a = max(|x1 — xgl, /Ov(x0, t0)|t1 — tol)

we distinguish two alternative cases.
Case 1. (z1,11) € Ryp,- Equivalently, we have a < 4pg. Let n > 0 be the unique integer

such that

1
—po < a<

4n 4n—1'00'

Iterating Corollary 4.3.20, we see that, in view of (4.3.107),

0SCR, (v) < anoscR4p0 (v) < 0" k1(zg + 4pg) < Canpo(So_l.

_(n_l)po

Moreover, by increasing the value of o if necessary, we may assume that ¢ > }1 , so that
s = —logo(log4)~! satisfies 0 < s < 1. Thus, observing that (z1,t) € R4,(n,1)p0 and
n > —log (pala> (log4)~!, we have

[o(z1,t1) — v(@o, )| < Clpgta)®pody ! < Cpy~*05  (Jla1 — zol® + (Bu(wo, t0)) 2[t1 — tol®).
Case 2. (71,t1) ¢ Rap,- Then a > 4pg, and so, since 21 < x(, appealing to the lower

1
bound on v = (f(mo(x))v(z,t)~1)?, and allowing the constant C' to increase at each step,
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we have

[o(21,t1) — v(z0,t0)| < C(f(mo)(z1) + f(mo)(0)) < 2CCHzo < Oy po

< 065 ta < Coy  (Joy — wol + v/Bu(wo, to) [t — to)-

Finally, to see that m itself is also Holder continuous, we simply observe that, by (4.3.36)
and Proposition 4.3.13, the inverse of the map (z,t) — I'(z,t) := (y(x,t),t) is Lipschitz.

Therefore, since =1 : [0, 00) — [0, 00) is Holder continuous on bounded sets,
m=f"tovol ™ :supp(m) N (R x [6y, T — dp]) = R

is the composition of Hélder continuous functions. O

Remark 4.3.22. The result of Theorem 4.3.21 may be improved to obtain Hoélder continuity
up to the initial time ¢t = 0, by working with one-sided (in time) analogues of the intrinsic
rectangles R,. Moreover, in the case of (MFGP), the Holder regularity may be established
up to t =T as well, by simply imposing on mp the same assumptions as those of mg, and

applying the continuity result at ¢ = 0 to the reflected functions (—u(x, T —t), m(z,T —t)).

Holder continuity of Du

We now address the regularity of u in view of the Holder regularity of m. For (MFGP), since
the solution is not unique outside of {m > 0}, we choose to work with the specific u that was
constructed in the proof of Theorem 4.3.3. With this choice, for both (MFG) and (MFGP),
we observe that u is the unique BUC(R X [0, T) viscosity solution to the HJ equation with

terminal condition (-, T"). This implies that u satisfies the representation formula

B . T1. o
u(z, t) = em ((t,lil})f),y(t):m /t S+ f(m(v(s),5)) ds +u(x(T), T).
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We also note that, from the proof of Theorem 4.3.3, the function —u(z,T — t) is also the
unique viscosity solution to the HJ equation with terminal condition —u(-,0), and, therefore,

also satisfies the representation formula.
B SN
Theorem 4.3.23. Assume that f(m) is in C|_ .. Then the map u is Cy/? in R x (0,T).

Proof. In view of the proof of Theorem 4.3.3, we know that wu, is globally bounded. Let us
first check that u is locally semiconcave with a semiconcavity modulus of the form w(r) =
CrPB/2. The argument is known and goes back to [6]. Fix (x,t) € R x I, where I is a fixed

compact sub-interval of (0, 7). Let 7 be optimal for u(x,t) and 0 < |h|, h’ < 7 small. We set
Y+ (s) = 'y(ﬁlis+92i)+9§t(s—(t+7)) Vs € [t+h t+ 7],

+ + + + +h
where 01 = #, 92 =t — 61 (t:i: h/), (93 = —m Note that

OEt )+ 05 =t, 0F(t+7)+05 =t +71, yo(t£h)=x+h, vt +7)=7(t+71),
so that

u(z + h,t + b)) +ulz — ht —h') — 2u(x,t)

t+T1 .9 t+71 1 9 t+T1 19
< [ SRl fmtreshds+ [ SR fomtyeshds =2 [ S+ fm(.)ds
t+h h t

t+7 gt
< [T IR 0 TP e () + 0 (s = 0)/6 — (1 7)) (s — )67 s
1

t+1
+ /t %m 05 /071 + %f(m(v(s) +05 (s = 65)/6) = (£+7)), (s = 05)/6;))ds

t+71
—2 [ S+ fm(a(). 5
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Using the Hoélder regularity of f(m) and the fact that u is bounded we find

w(x + h,t + ') +ulz —ht —h') — 2u(x,t)

t+71
t+71
+ /t (/07 +1/67 = 2)F(m((s), 5))ds

t+1
e /t %qe;((s )67 — (t+ )P+ (s — 65)/67) — s|%)ds

t+1
vy [ (05 (s = 03)/67 (e )P +1((s — 6)/0) - o)
t 1
7(h')? 7(h)?
(0=

5 + Cr(nPr + |h’\57)>

where C' = C(||ug||s0), since 4] = |uz|. We choose 7 = (|h| + #')? with § = 1 — 3/2, which
leads to

8
w(x + hyt+ h') +u(x — bt — h') = 2u(z, t) < C(|h| + K) 2.

This inequality implies the local semiconcavity of u with modulus w(r) = Crb/2 [5, Thm.
2.1.10].

We now set w(z,t) = —u(z,T —t). Then, as above, w is locally semiconcave with a
modulus w(r) = CrP/2 since the semiconcavity property does not rely on the regularity of
the terminal value. Hence u is semiconcave and semiconvex with modulus w. Following [5,

Thm. 3.3.7|, the derivatives of u are therefore locally 5/2—Holder continuous. O

4.4 Infinite speed of propagation: the case of entropic coupling

This section is devoted to the special case of so-called entropic coupling, namely when f(m) =
logm. We will show that, in this case, the evolution of m has the property of infinite speed

of propagation; marginals with compact support evolve into positive, smooth densities.
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4.4.1 The periodic case

As before, we start by considering periodic solutions defined on the torus RT, for arbitrarily

large R:
—uy + uZ =log(m) (z,t) € RT x (0,7),
(4.4.1)
m¢ — (mug)y =0 (x,t) € RT x (0,7,
complemented either with prescribed marginals
m(z,0) = mg(x), m(x,T) =mp(z), x € RT. (4.4.2)
or with final pay-off condition
u(z,T) = g(m(z,T)), = € RT. (4.4.3)

We define solutions which are smooth in (0,7), with traces at ¢ = 0,¢ = T in the space of
measures. For this purpose, we denote by P(RT) the set of Borel probability measure on

RT, endowed with the weak—* convergence.

Definition 4.4.1. We say that (u,m) is a (classical) solution of (4.4.1) if (u,m) € C%(RT x
(0,7)) x CYRT x (0,T)), m > 0 in RT x (0,T) and the equations are satisfied in a classi-
cal sense. For mg,mp € P(RT), we say that (4.4.2) is satisfied if m € C([0,7]; P(RT))
and m(0) = mg,m(T) = mp. Respectively, we say that (4.4.3) is satisfied, if m €
C([0,T); P(RT)), m(T) € LY(RT) and lim,_,;— u(z,t) = g(m(z, T)) for every x € RT.

The main result of this subsection is the following theorem.

Theorem 4.4.2. Assume that my, mp € Co(RT). Then the following holds:

1. There exists a unique (up to addition of a constant to u) solution (u,m) of (4.4.1)-

(4.4.2) such that m € L*°(RT x (0,T)). In addition, u,m € C*°(RT x (0,T)).
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2. Assume that g(s) = cplog(s), for some cp > 0. Then there exists a unique solution
(u,m) of (4.4.1)~(4.4.3) such thatm € L°°(RTx(0,T)). In addition, u,m € C*°(RTx
(0,7]) and m > 0 in (0,T).

We recall (see Theorem 4.2.11) that, if mg,mp € CL¥(RT) and are strictly positive,
then the problems (4.4.1)—(4.4.2) and (4.4.1)—(4.4.3) admit a unique classical solution (u,m)
(up to addition of a constant to w, in case of planning conditions (4.4.2)). Therefore, for
the proof of Theorem 4.4.2, we will proceed by approximating mg, mp with strictly positive
smooth measures.

As a first step, we derive estimates which are independent of lower bounds of mq, mp
as well as independent of R. We denote by Wo(u,r) the 2-Wasserstein distance between
measures 1, v € P(RT), and, for a single measure € L'(RT), we denote the entropy of p

by E(u) = [prplog pdr and by Ma(p) = [pr |z|2 dp its second order moment.

Theorem 4.4.3. Let (u,m) be a solution of (4.4.1), and assume that u,m are continuous

in RT x [0,T].

1. If (u,m) solves (4.4.1)—(4.4.2), there exists a constant K, only depending on T', £(my),
E(mp), May(mg), Ma(mp) (and independent of R) such that

T T
/ / m |ug|? dadt —i—/ / |mlog(m)|dxdt < K, (4.4.4)
0 JRT 0 JRT
sup / m(t)|z>dz < K, (4.4.5)
te(0,T) JRT
and
sup / m(t)u2 dz + sup ‘/ t) logm( )‘ <K. (4.4.6)
te(0,1) JRT te(0,1) |JRT

As a consequence, it also holds that

Wa(m(t),m(s) < K|t —s|2 Vit se(0,T). (4.4.7)
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2. If (u,m) solves (4.4.1)~(4.4.3) (with g(m) = cplog(m)), then the estimates (4.4.4),
(4.4.5), (4.4.7) hold, for some K only depending on T, E(myg), Ma(mg). If cp > 0, then

(4.4.6) holds true as well, with K depending also on (cp) L.

Proof. We first consider the case of problem (4.4.1)-(4.4.2). Using the equation of m, we

compute

d1 1
——/ m\:r;]Qd:r;——/ m¢ ]x\de——/ T muyg
dt2 JRrr 2 JRr RT

1 1
§—/ m|x|2dx—|——/ m |ug|? dz .
2 JRr 2 JRT

Hence, Gronwall’s lemma implies that, for some constant depending only on 7',

T
/m(t)|x|2dx§C'T / / m|ug;|2dx—|—/ mo |z>dz | . (4.4.8)
RT 0 JRT RT

On the other hand, we know that (m, u;) is the optimizer of the functional

m¢ — (vm); = 0in RT x (0,7

T T
1
B(m,v) = / / = |v|2dm+/ / mlog(m)dxdt, subject to
0 JRT 2 0 JRT
m(0) = mg,m(T) = myp.

This means that

T T T 1 T
/ / m|ug|? dudt +/ mlog(m) dxdt < / / ~ Jol?dp +/ / plog(p) dzdt
0 JRT 0 JRT 0 JRT 2 0 JRT

for any (u,v) such that puy = (uv)z, with ©(0) = mg, u(7) = myp. Let us take p as the
Wasserstein geodesic connecting mg, mp. By McCann’s classical displacement convexity

result for Wasserstein geodesics [41], we know that [py pulog(p) d is convex, hence

/ wlog(s) da < max (E(mg) , E(mr))
RT
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We deduce that

T T
/ / m|ug|? dedt +/ / mlog(m) dxdt < Cp Wa(mg, mp) + max (E(mg) , E(mT)) .
0 JRT 0 JRT

This yields, for some constant C' independent of R,

T T T
/ / m |ug|? dodt +/ / (mlog(m))y dzdt < C +/ / (mlogm)_dzxdt. (4.4.9)
0 JRT 0 JRT 0 JRT

Here and below, the constants will be independent of R, although they may depend on T,
E(my), E(myp), Ma(myg), Ma(my). Since (slogs)— < c¢/s we have

T T
/ / (mlogm)_dzdt < c / / Vm dadt
0 JRT 0 JRT

T T
1
< C'—l—a/ / m(]a:|2+1)da:dt—|—05/ / —5 dxdt
0 JRT o Jrr1+|2]

(4.4.10)

by Young’s inequality. Then (4.4.9) yields

T T T
/ / m |ug|? dadt —l—/ / (mlog(m))+ dxdt < C + 5/ / m (|z|? + 1)dadt
0 JRT 0 JRT 0 JRT

T
1

+c/ / b edt. (4411

“Jo Jrr1+|z? ( )

From (4.4.8), after integration we deduce

T T
/ / m (|z]? + 1)dzdt STC’T/ / m |ug|? dadt + Cp Mo(myg)
0 JRT 0 JRT
T
S&?TC’T/ / m (|z|? + 1)dzdt + C(e, T, my) .
0 JRT
Choosing ¢ suitably small, we get an estimate for fOT Jprm (Jz|> + 1)dzdt. In turn, from

(4.4.10) and (4.4.11), we deduce (4.4.4). Now, the right-hand side in (4.4.8) is controlled,
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and we get the estimate (4.4.5). Moreover, from the equation satisfied by m and the estimate
(4.4.4), we immediately deduce (4.4.7).

We are left with the pointwise estimate of [ RT mu% dz. For this purpose, we observe that

d
— [ mu? dz — mlogmdw} = 0. (4.4.12)
dt |JRr RT
Therefore,
1 T
mu%dw— mlogmdx:—/ { mugdx— mlogmdx}dt.
RT RT T Jo \JRT RT

We deduce that

1 T T
< = / / m|ux\2dxdt+/ / |mlog(m)|dxdt ; < C'.
T |Jo Jrr 0 JRT

(4.4.13)

' mu% dr — m logm dx
RT RT

Since, by the displacement convexity formula (4.2.27), we have

mlogmdx < max (E(mg),E(mp)),
RT

we conclude by (4.4.13) that URT mlogm dm| is bounded, so [pyp mu% dz is bounded above,
uniformly in ¢. This yields (4.4.6).
In case of problem (4.4.1)—(4.4.3), the only difference is in the first estimate, (4.4.4). By

the optimality condition, using that g(s) = eplog(s), we know that

1 T T
/ u(z,0)mgyde < —/ / u|v|2 dzds +/ / w log pdrds + CT/ pr log(py) dx
RT 2Jo JRT 0 JRT RT

for any curve u(t) such that p(0) = mg and u(T') = pp, with g = (Lv),.

It is enough to choose some p7 with finite entropy to obtain a global estimate of the right-
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hand side. Since we also have, by duality,

T T
/ / m|ug|? dxdt—l—/ / mlog(m) dxdt+cT/ m(T)log(m(T))dx = / u(z,0) mgdx
0 JRT 0 JRT RT RT

we get immediately (4.4.9) if ¢p = 0. If e > 0, we estimate the term at ¢ = 7" in a similar

way as in (4.4.10), (4.4.11), and we end up with

T T
/ / m|ux|2d:vdt—|—/ / |m10g(m)|dxdt+cT/ |m(T) log(m(T))| dx
0 JRT 0 JRT RT
T
< (J+s/ / m(|x|2+1)dxdt+5/ m(T) (2|2 + 1)da
0 JRT RT

1
+C 1+T/ — — dzdt.
3 ) RT 1+ |z|? !

Using (4.4.8) and choosing ¢ suitably small, the estimates (4.4.4), (4.4.5) and (4.4.7) follow
as before. Notice that, if cp > 0, we also estimate £(m(7)) and then we are back to the

previous case, obtaining (4.4.6) as well. O

Now we show a local bound on the value function w, which is independent of the period

R.

Theorem 4.4.4. Let (u,m) be a solution of (4.4.1), and assume that u,m are continuous

in RT x [0,T].

1. If (u,m) solves (4.4.1)~(4.4.2), there exists a constant C' > 0, depending on ||mg||sc, ||m7] oo,
May(myg), Ma(my), but independent of R, such that, if we normalize u such that [ w(T)mp =

0, then we have

—%(1 +|z?) < ulz,t) < Ti—t(l +]z|>)  vte(0,T),zeR. (4.4.14)

2. If (u,m) solves (4.4.1)~(4.4.3) (with g(m) = crlog(m)), then the estimate (4.4.14)
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holds for some C' only depending on ||mg||sc, Ma(mg), cp.

Proof. First we consider the case of (4.4.1)—(4.4.2), and we adapt a similar proof given in
[48, Lemma 4.2| for bounded domains.

We observe that, from the standard duality between u, m we have

T T
/ / m |ug|? dedt + / mlog(m) dxdt = / u(x,0)mgy — / w(x, T)mp
0 JRT 0 JRT RT RT

which implies, using Proposition 4.4.3 and [ w(T)mp = 0, that

/ u(z,0)my > —K . (4.4.15)
RT

Notice that the constant depends on mg, mp through the entropy, by Proposition 4.4.3;
however, for bounded functions, £(m) is itself estimated in terms of My(m) and ||m||sc-
Now, let us consider the Wasserstein geodesic p(-) which connects, in time (0,t), mg
with any measure A, supposed to be compactly supported in (—R/2, R/2). This means that
wu(t) = A, u(0) = mg and pg = (pv) in (0,t), for some v such that fot [T v/2dp < 0o. By

duality with the equation satisfied by u, we have

1 t 4
—/ u(m,t)d)\+/ u(z,0) modx—l——/ / |ux|2,udxds:/ / p logmdzds
RT RT 2Jo JRr 0 JRT

t T t
1 1
—|—// ,uvumdacdsg—/ / ]uz|2,udxds+—// ,u\v]2dxds+Tlog(||mHoo\/1)
0 JRT 2Jt JRT 2 Jo JRT

which yields

1 t
/ u(z, t)d\ > / u(z,0) mgydx — —/ / plv]? dzds — Tlog(||ml|ee V 1)
RT RT 2 Jo JRT

C
> =K — - Wa(\,mp)* = Tlog([[ml|oc V 1),

where we used (4.4.15) and the scaling of Wasserstein geodesic. If we let A converge (in the
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weak-* topology) towards a Dirac mass 0,, we get

C
o t) = =K =5 [ oo = sPdmoly) = Tog(ml v 1),

We recall that, by Corollary 4.2.7, ||m(t)||co is controlled by the initial-terminal values.
Hence, there exists a constant C, depending on |[mg||co, ||m7||cc, T and Ma(mg), Ma(my),
such that

C
u(xg, 1) 2 ——(1+ |z

A similar argument (instead of (4.4.15) we simply use that [pypu(z,T)mg = 0) shows the
upper bound u(xg,t) < %(1 + |xg|?) and concludes the proof of (4.4.14).

In the case of (4.4.3), the duality equality takes the form

T T
/ / m ]ux|2dxdt+/ mlog(m) dxdt = / u(a;,O)mo—cT/ m(T)log(m(T))dx
0 JRT 0 JRT RT RT

and (4.4.15) follows again from Proposition 4.4.3. We also recall that the L° bound on m
is given by Proposition 4.2.9. Then we obtain as before the lower estimate of u. For the
upper estimate, we just observe that [pru(T)m(T)dz = cp [ppm(T) log(m(T))dz and this
is bounded above (uniformly with respect to R) if either ¢ = 0 or ¢p > 0 (from Proposition
4.4.3). Hence we repeat the argument above using any geodesic connecting m(7T') with a

Dirac mass. O

In the next step we aim at showing that, if (u,m) is a solution of (4.4.1), then m(t)
becomes positive for ¢ > 0 even if starting from a compactly supported initial measure. For
this purpose, we use in a key way the displacement convexity estimates. However, we warn
the reader that, while the estimates of Proposition 4.4.3 and 4.4.4 were all independent of

the period R, this will not be the case for the following bounds on log(m).

Lemma 4.4.5. Let (u,m) be a solution to (4.4.1), where mg, mp > 0. Set K = max(||mg||co,
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|mpllec). Then, for each integer p > 1,

d? m\ |P
— — > 0. 4.
L G e

Moreover, there exists a constant C > 0, depending on ||mgl|co, ||m7||cc, such that, for each

m(t)\||? d?
7 < R
log<K> oo_Rdt2/RT

Proof. Letting h(m) = log(% )P, we obtain

tel0,T],
m(t)

log <7> ‘ +C (4.4.17)

i = i (2 L W o1t (7)o () L

We observe that, by Corollary 4.2.7 and by definition of K, we have % < 1. Hence, in the
range of m, h is positive and convex when p is even, and negative and concave when p is

odd. The displacement convexity formula (4.2.27) yields

d2
G [ hm) = [ ), ),

which, in particular, shows (4.4.16), and, setting p = 1, we obtain

[ (o ())<= 5 [ Jioe ()]

On the other hand, by the fundamental theorem of calculus, and the fact that m is a density,

Jioe () —10a () [ < (1o (32),)"

and (4.4.17) follows. O

we have
2

e.¢]

We can now state the (local in time) uniform bound from below, which is independent

-1 -1
of lmg oo, llmap™ oo
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Theorem 4.4.6. Let (u,m) be a solution to (4.4.1), where mg, mp > 0. There exists a

constant C'g > 0, only depending on ||mg||co, ||m7]lec and R, such that, for each t € (0,T),

Proof. Let tg € [0, %] In view of (4.4.16), we have, for integers p > 1 and s € (0, %),

Tl

(am ) e GO
(o8 f
< (o (M=) < (.

Thus, integrating in s, we infer that

—_

log. (m(T —KtoJrS))

2p> P

log <m(T —to + s))

K

1
217) P

1 1 ¢
A I A (
og |\ — S —
to RT K to ] RT

and letting p — oo yields
¢
m (12 9 (T3 m(t)
ez (%) S G
K L>®(RTx[tg,T—to]) to 7%0 K
to

Now, integrating (4.4.17) against a test function ¢ supported in [, 7T — %0], satisfying 0 <

2
dt.

oo

— 1t t
(<L ¢=1in[3,T—3] and |("] < %,We get

)
my |2 CR (T3 m C
1 —H <_/ /‘1 —‘dt =
HOg<K> Lo(RTx[to o) — £ Jio  Jrrl (K) T
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(1+R )

Finally, by Proposition 4.4.4, u is bounded by on [tg, T — tp], and, hence, by the

HJ equation, we estimate

T—— CR3
/ / ‘log :
RT

2
Hlog (?) HLOO(RTx[tO,T—tO]) <50

This yields

9

2
£
which implies the result. [

Finally, we have all the ingredients for the proof of Theorem 4.4.2.

Proof of Theorem 4.4.2.  We start with the case of problem (4.4.1)—(4.4.2). Let
mg, m7. be two sequences of functions such that mg, m%. € CLO(RT), mg, mg > 0 in RT x
[0, T'] and mg, m%, converge uniformly to mq, m respectively. Such an approximation can be
readily built by convolution, for instance. By Theorem 4.2.11, there exists a smooth positive

solution (u®, m®) of (4.4.1), where we normalize u° such that

/ u*(T)mapde = 0.
RT

By Corollary 4.2.7, we know that m® is uniformly bounded. Then, from Proposition 4.4.4,
we deduce that u® is locally bounded in (0,7). It also follows from Proposition 4.4.6 that
log(m®) is locally bounded in (0,7") (i.e. m® is locally uniformly bounded below). In turn,
this implies that wu, is locally bounded in (0, 7); one can use for example [48, Thm 6.5] which
shows? that ‘%'—2 +log(m®) < Cy for every x € RT,t € (a+9,b—0), where Cs only depends

on 0 and the bound on u® in (a,b). Since u® satisfies

—Upt + QU Upt — (ug + Dugy =0, (4.4.18)

3. The proof in [48] is given for Neumann boundary conditions, but applies identically to periodic solutions
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once (u®)z is locally bounded then the above equation becomes a quasilinear equation which
has bounded uniformly elliptic coefficients in any compact subset of RT x (0,7"). By a stan-
dard bootstrap regularity from Schauder’s estimates, we deduce that u® is locally bounded
in CH@ (for every k € N,a € (0,1)). Hence, uf converges in RT x (0,T) towards a func-
tion u which is C°. Since m® = exp(—(u®); + |(u%)z|?/2), we also have m® converging to
some m € C*°(RT x (0,7)). But the global estimates also imply that m € L>®(Q7). In
addition, by (4.4.7), we also have that m®(¢) is equi-continuous in the Wasserstein space of
measures, hence it uniformly converges in [0, T]. We deduce that m e C%([0, T]; P(RT)) and
m(0) = mg, m(T) = mp. This concludes the proof that (u, m) is a solution of (4.4.1), which
is classical inside (0,7").

In case of problem (4.4.1)—(4.4.3), the proof is similar, except that we only approximate
mg. The L° bound on m® follows from Proposition 4.2.9, then we argue as before to
deduce that m€ is locally uniformly bounded below, and u®, m® are locally bounded in
CF@ . Applying Propositions 4.2.9 and 4.2.10 to problem (4.4.1)(4.4.3) for t € (T/2,T), we
conclude that us, Du® are uniformly bounded up to t = T, and m*® is bounded below up to
t = T. By regularity of equation (4.4.18) up to the boundary ¢t = T, we conclude that u, m
are smooth up to t = T and u(T') = cplog(m(T)).

For the uniqueness of solutions, we use some argument which was already developed for
much weaker notions of solutions (|7], [15], [47]). Let (u,m) be a solution which is classical
inside, as in Definition 4.4.1, and such that m € L°°(RT x (0,7)). First we notice that,
from (4.4.12), the bound on m implies that mu2 € L' (RT x (0,T)). Next we observe that u
satisfies —uy + %u% < log(|lm||so), so (up to a time translation) we can assume that u(-, )
is nondecreasing. this implies that u(t) admits one-sided traces at t = 0, ¢t = T', namely two
measurable functions (not necessarily finite) defined as u(z,0") = ltl%l u(z,t) € RU{—o0},

u(z, T™) = ltiT%lu(x,t) € RU {400}. We first show that u(0") € L (dmy); indeed, since
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(u,m) is smooth in RT x (0,7), we know that

/ u(to)m(to)—/ u(ty)m(ty) = /tl mu§+/tl mlog(m), VO0<tg<t; <T.
RT RT to JRT to JRT

(4.4.19)
Choosing, for instance, t] = %, it follows that [pru(to)m(tp) is bounded below, for every
arbitrarily small ¢. Since u is nondecreasing, we deduce [ppu(s)m(ty) > —C for any s > ty;
letting tg — 0 (and using that m € C([0,T]; P(RT))) yields [ppu(s)mg > —C. Then by
monotone convergence we deduce, as s — 07, that i) RT u(07)mg > —C. Since the opposite
inequality is clear by monotonicity and Proposition 4.4.4, we find that w(0%) € L (dmy).
Similarly we reason to show that u(T~) € L(dmyp) (in case of problem (4.4.2)) or that
m(T)log(m(T)) € L*(RT) (in case of (4.4.3) with ¢z > 0).

Now, with a truncation argument, from the equality (4.4.19) we will show that (u,m)

satisfies
T T
/ u(0+)dm0—/ u(T™)dm(T) :/ mu:25+/ mlog(m) . (4.4.20)
RT RT 0 JRT 0 JRT
Indeed, we first replace u by truncations wuj := min(k, max(u,—k)), we multiply the HJ

equation by m and we integrate in (tg,%1); next we can let tg — 07,#; — T~ (using the
weak-* convergence of m and the strong L' convergence of up at t = 0,t = T'). Then we
finally let k — oo (thanks to u(0") € L (dmg), w(T™) € L' (dm(T))) and we obtain (4.4.20).

In a similar way, one can prove that, for any couple of solutions (u,m), (@, m), it holds

/RT u(0)dmg _/RTU(T_)dm<T) < /OT /RTm <ux Uy — %u%) +/OT RTThlog(m).
(4.4.21)

The proof of (4.4.21) can be done, as before, replacing first u with its truncation u; and
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integrating in (¢q,t1):

t1 1
[ msteayito~ [ wteyieny < [ (@edeie = 5002 )+ [ [ st 1 -
RT RT RT to JRT

The right-hand side integrand is easily dominated from above. Once more, we can let first
to — 0,t1 — T and then k — oo, in order to get (4.4.21).

From (4.4.20), (4.4.21), the uniqueness follows as in the classical Lasry-Lions mono-
tonicity argument. For problem (4.4.1)—(4.4.2), we take two solutions normalized such that
Jprw(T™)dmy = [prp (T~ )dmy = 0. Using (4.4.20), (4.4.21) for both couples we obtain

that

1, o T 1o 1o
ux - —ux (ugp — Ug) Uy | + m | =ty — —us — (g — ug) Uy
R’H‘ o JRT 2 2

/ (mlog(m) — mlog(m))(m —m) <0,

which implies m = m and u; = u,. From the HJ equation we deduce that v — @ = C', and
this concludes the proof. For the problem (4.4.1)—(4.4.3), we proceed similarly and we get

uniqueness using the coupled condition u(7) = g(m(T)). O

4.4.2  Preservation of monotonicity of the solutions

In this subsection, we show that the MFG system preserves a certain monotonicity property.
As the phenomenon does not depend on the specific form of the coupling functions f and
g, we suppose here that f and g are smooth and nondecreasing on (0,00). We work in the

periodic setting and assume the structure condition:

the densities mg, mp : RT — R are even,
(4.4.22)

nonincreasing on [0, R/2] and nondecreasing on [—R/2,0].
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Lemma 4.4.7. Assume that (u,m) € C?(RT x [0,T]) x C*((RT x [0,T))) is the unique
classical solution to (4.2.20)—(4.2.21) or (4.2.20)—(4.2.22), such that m is positive on RT X

[0,T] and (4.4.22) holds. Then

Vvt € [0,7], m(-,t) : RT — R is even, nonincreasing on [0, R/2] and nondecreasing on [—R/2,0].
(4.4.23)

In addition any optimal trajectory ~v(z,-) starting from x € [0, R/2] is concave in time.

Finally, for the MFG problem (4.2.20)—(4.2.21), ~v(z,-) is nondecreasing in time for any

x € [0, R/2] and uy is nonpositive in [0, R/2] x [0,T].

Of course, par approximation, this preservation of the structure also holds in the whole
space: in the next subsection, we shall use it in the case f(m) = log(m) to build classical
solutions in the whole space. In the case f(m) = m?, it shows that, if mg, M7 are even on
R and nonincreasing on [0, +00), then any trajectory starting from z € [0, R/2] is concave

in time: compare with Theorem 4.3.14.

Proof. We do the proof in the MFG case, i.e., when (u, m) solves (4.2.20)—(4.2.21), with the
proof for the planning problem (4.2.20)—(4.2.22) being similar and simpler. By the symmetry
assumption and the uniqueness of the solution, m(-,t), u(+, t) are even for any ¢ € [0, 7. Thus

mg(0,t) = uy(0,t) = 0. Let us set

M(z,t)=1/2— /Ox m(y,t)dy, (x,t) € [0, R/2] x [0,T].

We first note that M is a classical solution to

My My
Ty M]\i My D;%,tM + fo/(_Mx)Mxx =0 in [O, R/Q] X (O, T) (4424)
My
My
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with boundary condition, for (z,t) € [0, R/2] x [0,T],

M(0,t) =1/2, M(R/2,t) =0, M(x,0) = My(x), where My(x) =1/2 — /096 mo(y)dy,
(4.4.25)
and

My(z,T) + My (2, T)g'(— My (2, T)) My (2, T) = 0. (4.4.26)

The elliptic equation (4.4.24) was proved in Lemma 4.2.4 (where we also explained that
ugy = My/My). The boundary conditions (4.4.25) at © = 0 and ¢t = 0 hold by definition. For
x = R/2, it comes from the fact that m is a probability measure and from the symmetry.
The boundary condition (4.4.26) at t = T' comes from the boundary condition for u, which

implies that
(M/Mz)(2,T) = ug(2,T) = (¢'(m)ma) (2, T) = ¢' (= Ma (2, T)) (= Mz (2, T)).

The main part of the proof consists in showing that + — M (x,t) is convex on [0, R/2]

for any ¢ € [0, 7). For this we consider the map

M(x,t) = inf AM (y,t) + (1 — A\)M(z,t).
Ay+(1—Nz=uz,

y,z € 10,R/2], A € ]0,1]

Note that M < M and that M is continuous and satisfies the boundary condition (4.4.25)
by our assumption on mg. We now prove that M is a viscosity supersolution to the elliptic
equation (4.4.24) and satisfies the boundary condition (4.4.26) in the viscosity sense.

Assume that ¢ is a test function touching M from below at (zq,t) € (0, R/2) x (0,T].
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If tg < T, we have to check that ¢ (zq,tg) # 0 and that

9 _d

Tr ﬁ % | D240 | + duf (~02)dus =0 at (wo,tp). (4.4.27)
o
ba

If ty =T, we have to prove that

ot(0, T) + ¢u(20, T)g' (= da (20, T)) bz (20, T) > 0. (4.4.28)

Note that, if M (zq,ty) = M (zq,ty), these inequalities hold because M satisfies (4.4.24) and
(4.4.26). Thus, we assume from now on that M (xg,ty) < M (zq,tg). Let yo < zp < zg and

Ao € (0,1) be optimal in the definition of M (z, tg).

In this step we assume that ty < T. By optimality of (yg, zg, Ag), and the fact that, by
symmetry, My, (0,tg) = mg(0,t0) = Myx(R/2,tg) = my(R/2,tg) = 0, we have that

M (z0.t0)—M (yo.t
du (20, t0) = (20 gg_yo(yo 0

dx(20,t0) = My(yo, to) or yo =0, ¢z(wo,to) = My(20,t9) or 29 = R/2,  (4.4.29)

Gxz(0,t0) <0, Myz(yo,to) > 0, Myx(20,t9) > 0.

Fix 0,01,09 € R such that \gf; + (1 — A\g)fo = 0, with 6 = 0 if yg = 0 and 0y = 0 if

29 = R/2. For h and s small, we have

G(zo+ho,tg+8) < M(zg+h,to+s) < XM (yo+ 01k, to+ ) + (1 — Xo) M (20 + O2h, to + 5),

with an equality at h = s = 0. This implies that

ot(x0,to) = XoM¢(yo, to) + (1 — Xo) My (20, o), (4.4.30)
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and

92¢xm oz Q%me 0 My Q%Mxx O My
(z0,t0) < Ao (%0, to)+(1=20) (20, t0)-
0ort  Out OoMyt My OoMz My
1 —
Multiplying the previous inequality by > 0 and taking the trace gives
-1 1

(‘92¢J;J¢ — 2005t + ¢tt> (I07 tO)

< Ao (9%Mm — 201 My + Mtt) (o, to) + (1 = Ao) (9%Mxx — 209 Myt + Mtt> (20, t0)-
(4.4.31)

Let us choose 6 = ¢¢(20, to)/ ¢ (20, t0), 01 = Me(yo, to) /M (yo, to) and 02 = M (20, t0)) /M (20, to):
this choice is licit because, if yg = 0, the boundary conditions (4.4.25) imply that M;(0,tg) =
0, and thus #; = 0. We obtain in the same way that 03 = 0 if 29 = R/2. Then (4.4.29) and
(4.4.30) imply that A\gf1 + (1 — Ag)f2 = 6 holds. With this choice of 6, 61 and 65, (4.4.31)

becomes
7 Pt
<—§¢m — 2yt + ¢tt> (0, t0)
€T ¢.T
2 2 2 2
< Ao (%Mxx - Q%Mxt + Mtt) (yo,to) + (1 — Ao) (ﬂMm — 2L My + Mtt) (20, t0)
=0\ 2 M2 M3 M

= )\O(M:rf/<_Mx)Mxx)(y07tO) +(1— /\O)(fo/(_Mx)sz)(ZOa to),

where we used the equation satisfied by M for the last equality. Recalling that M, < 0, that
f' > 0 and that Mz (yg,t9) > 0 and My (20,t9) > 0 while ¢z (g, t9) < 0 (by (4.4.29))
gives (4.4.27).

We now assume that to = T and check the boundary condition (4.4.28). To fix the ideas,

we assume that yg > 0 and zg < R/2, the other cases being similar. Note that (4.4.29) still
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holds in this case. Moreover, as, for any s < 0 small we have
G0, T +5) < M(x0, T+ 5) < MoM(yo, T +5) + (1 — A)M (20, T + 5),

we get

¢t(‘r07T) > )‘OMt(y07T) + (1 - )‘O)Mt('ZO? T)

Thus, as ¢z (g, T) <0, ¢ > 0 and ¢z (g, T) < 0 while Myz(yo, T) > 0 and My (20, T) >
0,

¢t($0,T> + (bx(x(), T>g/<_¢x(x07T))¢$l’($OvT) > /\OMt(y()?T) + (1 - )‘O)Mt(207 T)
> Mo(M(yo, T) + M (yo, T)g' (= Mz (yo, T)) Maa(y0, T))

+ (1= X0)(My(20,T) + My (20, T)g' (— Mz (20, T)) Mz (20, T)) = 0,

which is (4.4.28).

Conclusion. We have proved that M is a viscosity supersolution to the elliptic equation
satisfied by M (including the boundary conditions). Using the regularity of M, we can
choose A > 0 (large) and £ > 0 (arbitrarily small) such that the map ]\;[5’)\(90, t) = M(x,t) —
2e + cexp{—At} is a classical strict subsolution of this equation (including the boundary
conditions). This implies that Mg)\ < M. Then, letting ¢ — 0, we get M < M. As
by construction, M < M, we conclude that M = M; hence M is convex with respect
to the x variable, and then m = —M, is nonincreasing with respect to the x variable on
[0, R/2] x[0,T]. Fix now x € [0, R/2] and let y(x,-) be optimal solution starting from (z,0),
i.e. the solution to

v = —ugx(7,1t), ¥(z,0) = z.

By symmetry and periodicity, uz(0,t) = ugz(R/2,t) = 0 for t € [0,T]. Therefore y(z,t) €
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[0, R/2] for (z,t) € [0,R/2] x [0,T] and, in view of the Euler equation (4.2.9) and the
monotonicity of m, 7 is concave in ¢. Differentiating the terminal condition (4.2.21) with

respect to the space variable implies that

’Yt(x’T) = _g,(m(’y(x’T)7T))m$(7(x>T)vT) > 0.

As 7(z,-) is concave, we infer that y:(z,-) is nonnegative on [0,7]. As v = —uz(y) and

x +— y(x,t) is onto from [0, R/2| to itself, this implies that u; is nonpositive. O

4.4.8 Solutions in the whole space

We now work in the whole space, returning to the entropic coupling function f(m) = log(m)
(and g(m) = cplog(m(T))). Our main result is the existence of a classical solution to
(MFG) or to (MFGP) under the structure condition (4.4.22). We adapt Definition 4.4.1
to the case that x belongs to the whole space. In what follows, Ps(R) will denote the set
of Borel probability measures on R with a finite second order moment, equipped with the

2-Wasserstein distance.

Definition 4.4.8. We say that (u,m) is a (classical) solution to (MFG) if (u,m) € C?(R x
(0,7)) x CY(R x (0,T)), with m > 0 in R x (0,77, if m € C([0, T]; Po(R)) with m(0) = my,
if the equations are satisfied in the classical sense for ¢ € (0,T) and, finally, if m(7T") € L'(R)
and lim, ,p— u(z,t) = g(m(z,T)) for every z € R.

Similarly, we say that (u,m) is a (classical) solution to (MFGP) if (u,m) € C?*(R x
(0,7)) x CH(R x (0,7)), with m > 0 in R x (0,7T), if m € C(]0, T]; P2(R)) with m(0) = mq

and m(7T) = mp, and if the equations are satisfied in the classical sense for ¢ € (0,7).

Let us notice that, whenever (4.4.22) holds, in view of the preservation of symmetry
property of Lemma 4.4.7, the solutions to the MFG system with periodic and Neumann

boundary conditions coincide. For this reason, we will not require the analysis of Subsection
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4.3.1 in this case.
Theorem 4.4.9. Assume that f(m) = log(m).

1. Assume that mq, mp are continuous, compactly supported densities on R, even, non-

increasing on [0,00), with my € C’lldca({mo > 0}). Then there exists a unique (up

to addition of a constant to u) solution (u,m) € C?>(R x (0,T)) x CY(R x (0,T)) of

(MFGP) such that m is continuous and bounded on R x [0,T] and (1i(|tx)|2) € L*°(R),

for every t € (0,T).

2. Assume that mgq is a continuous, compactly supported density on R, even, nonincreasing
on [0, 00), with with mg € C’llo’?({mo > 0}), and g(s) = cplog(s), for some cp > 0.
Then there exists a unique solution (u,m) € C?(R x (0,T]) x C1(R x (0,T]) of (MFQ)
such that m is continuous and bounded on R x [0,T) and ﬁy) € L*°(R), for every

te(0,7).
Let us start with a priori estimates for positive periodic solutions:

Lemma 4.4.10. Suppose that (4.4.22) holds and that (u,m) € C*(RT x [0, T]) x C*(RT x
[0,T7) is a classical solution to (4.4.1)~(4.4.2) or to (4.4.1)~(4.4.3) on RT x (0,T) with m

positive in RT x[0,T]. Let~y : RTx[0,T] — RT be the associated flow of optimal trajectories.

1. (Global estimates) There exists Cy > 0 depending only on T, E(myg), E(mp), Ma(my)

(and Mo(my) for the planning problem), such that:

sup / 2?m(z, t)dz < Cp, Wa(m(t), m(s)) < Cplt — 5]1/2 Vs, t € [0,T].
t€l0,T]J RT
(4.4.32)

and

~O2 ) <ule ) < () (44.33)
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Moreover, for any (x,t) € (—R/2,R/2) x [0,T],

m(z.f) < max{||mgllco, |[m7llcc} if (u,m) satisfies (4.4.1)—(4.4.2) (4.4.30)

lmo|loo if (u,m) satisfies (4.4.1)—(4.4.3)

and

R/2 3/2
(800)*1/2 (/ mo(y)dy> < m(y(z,t),1). (4.4.35)

z|

. (Interior estimates) Fix any § € (0,(1/2) AN(T/4)) and a € (1,(R/2—1)), with R > 4.
For anyn € (0,R/2) and 0 € (n, R/2) such that

R/2 1/2
53/2(8CH) /2 |log ( / mo(y)dy> > 2a, (4.4.36)
0—n
one has
i 0 —nt)> 4.4.37
te[{g}lTrl_é]v( n,t) >a ( )
and
I, 1/ mll e a5y < CO L0~ Imolloos lmzlloe, Kp, o),
where
, R/2 -1
Ky = ||m6 ||Loo((_6079)) + ||TTL0||CL6((_9’9)) + /9 mo(y)dy . (4.4.38)

Proof. Estimates (4.4.32) and (4.4.33) are given in Proposition 4.4.3. By Lemma 4.4.7 the

solution (u, m) satisfies (4.4.23), and © — 7(z,t) is increasing on [0, R/2], with v(0,¢) =0

and y(R/2,t) = R/2 for any t € [0,T].

Step 1: Bounds on the density. The upper bounds on m in (4.4.34) hold by Propo-
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sition 4.2.9. Let us now prove the lower bound (4.4.35). Let z € [0,R/2) and k =
(200)1/2(ff/2 mo(y)dy) V2. We first assume that k < R/2. Then, by (4.4.23) (for the

second inequality) and (4.4.32) and the choice of k (for the last one), we have

R/2 R/2 k R/2
/ mo(y)dyz/ m(y,t)dyé/ m(y,t)der/k m(y,t)dy

’Y(l‘,t) ’7($,t)/\/{3
R/2

<m(kAvy(x,t),t)(k —k Ay(x,t)) + k:_2/k z?m(y, t)dy

1 R/2
< mlk A, 1),k — b A, 0) + 5 / mo(y)dy.

This implies that y(z,t) < k and (4.4.35) in this case. Next we suppose that £ > R/2. Then

the same computation shows that

R/2 R/2 3/2
m(y(z,t),t) > (2/3)/ mo(y)dy > (2Cp)~1/2 (/x mo(y)dy> :

T

where the last inequality holds because & > R/2. Thus we have proved (4.4.35) for = €

[0, R/2). The result for negative z holds by symmetry.

Step 2: Elliptic estimates. We now prove C>® estimates for 4, and w = log(m(7)). Recalling
from (4.2.10) that ~v;(z,t) = mg(x)/m(y(x,t),t), we note that (4.4.34) and (4.4.35) imply

that v, is locally bounded above and below:

(8C0) 1/ 2my(x)
2
(55 mo(w)dy)”

mo() < 1) <

max{||mo|loo, [mrlloc} ~ V(@ t) € (=1/2,R/2)x|0,T].

(4.4.39)

Let w(x,t) = log(m(y(z,t),t)). Then w solves the elliptic equation in divergence form (see

(4.2.17)):
~(pwp)t — (viw””) —0 in(—R/2,R/2) x (0,T). (4.4.40)

T
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Fix n € (0, R/2) and 0 € (0,7/4). Let 6 € (n, R/2) and Ky be defined by (4.4.38). As, by
(4.4.34), (4.4.35) and (4.4.39),

wl + [ve| + [1/72] < C(Ky, [[molloc; [mpllec, Co) - on [=6,6] x [0,T],
we infer by elliptic regularity that
w0l cos((—1n/3.0-n/31x(6/3.0—5/3) < CT 567 Kp, [Imollos, [Imllsc, Co).
Recalling that v, = mg/m(y) = mge™", this implies that

||7$’ 1/’7%||Co’a([—9+7’7/3,9—77/3]X[5/3,T—5/3]) < C(n_la 5_17 K97 ||m0||007 HmT||007 OO)

On the other hand (see (4.2.12) with f(s) = logs), v solves the elliptic equation

= o on (—R/2,R/2) x (0,T), v(z,0) =z on [-R/2, R/2].

1 (m
it + W_QIE (mo)z
X

Using the Schauder estimates, we therefore have

Ml c2a((psn/2.0-n/2x6/27—5/2) < CO1~ 871 Ko, Imolloc, [Imllso, Co). (4.4.41)

Returning to (4.4.40), we obtain, again by the Schauder estimates,

HwHCQva([—H—}—nﬁ—n]><[(57T—5]) S 0(77_17 6_17 KQ? ”m0||007 HmTHOOa OO) (4442)
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Step 3: Lower bound on ~y. We claim that, for any ¢ € (0, (1/2)A(T/4)) and any = € [0, R/2),

R/2
log ( / mo(y)dy>

Proof of (4.4.43): Fix x € [0,R/2), t € [§,T — 6] and set

1/2
: _ 3/2 ~1/2 _
teﬁf}n_(;ﬂ(””’t) = (L=0) | (R/2) A | 67/%(C) 1

(4.4.43)

a= max Y(z,s) + 1.
SE[t—82 t+62] (,9)

Since we want a lower bound for a, we can assume that a < R/2. Then, recalling (4.2.11)

and the fact that m(-,¢) is nonincreasing, we have for any s € [t — 62t + (52],

R/2 R/2 a
/ mo(y)dy = / EREUE / ) = (@ =@ 9mass) 2 mlas)
xT Y\L,S Y\T,s

Using the previous inequality together with the HJ equation, and integrating in (t—d2, t+62),

we get

R/2 t+62 t+62
26% log / mo(y)dy 2/ log(m(a,s))dSZ/ —u(a, s)ds
T t—42 t—42

Co Co 9 2~ -1
> 1) > —8a” Cpd
(t_62+T_t_52)(a+ ) > —8a” ()

where we used (4.4.33) and the fact that ¢ > 1 and 6/2 <t — 62 <t + 6> < T — §/2. Thus,

up to increasing the value of Cj, we obtain

R/2
log < / mo(y)dy>

1/2
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This proves that

1/2

3/2(1 \—1/2
Se[t$g§+52]v(x, s) = (R/2) A | 6777(Ch)

— 1.

R/2
log ( / mo(y)dy>

As ~y(x, ) is nonnegative and concave, letting sg be a maximum point of y(z, -) in [t—52, t—1—62],

t T—1

(1) 2 (_1soe[t,t+52] R

5 et ) 160)

. t T —t
me{wz,T_MQ}wSo) > (1— )(s0)

Using our estimate on y(x, sg) = maxp_s2 ;4 52)7 gives (4.4.43).

Step 4: Interior estimate of m. Fix 6 € (0,(1/2) AT/4) and a € (1,(R/2 — 1)), with R > 4.
Now assume that n € (0, R/2) and 6 € (n, R/2) are such that (4.4.36) holds. Then

R/ 1/2
log ( / MO(y)dy>
0—n

(1=06) [ (R/2) A | 63/2(Cy)~1/2 —1|>a+1.  (4.4.44)

We claim that

||m,m_l|’02,a((_a7a)x(57T_5)) < C(n~ 671 Ky, lmollss, [[mz |0, Co)-

Indeed, let v~ 1(-,t) : (~R/2, R/2) — (—R/2, R/2) denote the inverse in space of ¥(-,t). We
first claim that v~ ([—a,a] x [6,T — 6]) C (=0 +n,0 —n) x [6,T — 5. Indeed, otherwise,
there exists t € [0, — 4] and = € [—a, a] such that (z,t) & v((=0 +n,0 —n) x [6,T — 4]).
This means that = ¢ v((—0 + 1,0 —n),t). As (-, t) is continuous, vanishes at z = 0 and is
increasing, this implies that a > |z| > v(6 —n, t), which, by (4.4.43), contradicts (4.4.44). In

particular, (4.4.37) holds. Recalling (4.4.41), v~ is bounded in C?® in [—a,a] x [0, T — 0]

201



and then (4.4.42) implies the C%>® bound on log(m) = w o v~ 1. This implies that m and

1/m are bounded in C*® in [—a,a] x [0, T — 4]. O

Proof of Theorem 4.4.9. (i) We prove the existence of a classical solution. We start with the
planning problem (MFGP) and explain at the end of the proof the necessary changes for the
(MFG) problem.

Let [—bg,bg] (resp. [—br,br]) be the support of mq (resp. of mp). For R > R :=
max{bg, by}, let ThOR and Th% be the continuous periodic map of period R such that ThOR =my
and 'rh]zi =mp on (—R/2,R/2). We let mé%’e = rhOR * e and m?’g = m% % 1z where 7° is a
standard mollifier, smooth, even and positive on R. Then, for R > R and € > 0, mOR’6 and
mg’g are smooth, positive and satisfy (4.4.22). Let (u/%¢, mf€) be the classical solution to
(4.2.20)—(4.2.22) given by Theorem 4.2.11. By Lemma 4.4.7, m1e satisfies (4.4.23).

We now prove an interior estimate for mf¢. Fixa > 1 and 6 € (0, (1/2)A(T/4)). Choose

Rg > 4 such that (Rg/2 — 1) > a + 1. Fix also rg € (0,b") large enough such that

bo
log mo(y)dy
0

This is possible as 7?00 mo(y)dy — 0 as rg — (b9)~. We then set § = (rg + bg)/2 and

1/2
> 2a + 1.

n = (bg —r9)/2. We finally choose ¢g € (0,7/4) such that, for € € (0,¢q),

bo
R
log < my ’E(y)dy>
T

0

1/2

R/2 R/2
53/2(86'0)_1/2 >2a and / mOR’E(y)dy > %/ mo(y)dy.
0 0

Then, for any R > Ry, € € (0,&0), condition (4.4.36) holds for mg. By Lemma 4.4.10,

R R —1 1 - R R
Im ™=, /™ 2 ((—ga)x (5,7—5)) < O 07 Ko, [lmg lloo, , 177 ]loo, Cf)

= O~ 1,67 K. [lmoloos [me oo, CF),  (4.4.45)
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where Cj depends only on T, 5(m§), E(fng), My (), Mg(fn%), and thus only on T,

E(myg), E(mr), Ma(mg), Ma(mr), and
Re\—1 Re R/2 Re -
Ky = 1(mgy™) " llzee((—a.0)) + g Ncrag—g.0)) + (/9 gy (y)dy>

1
S||m01”L°°((—9—€079+50))+HmOH(}La((—H—so,H—i—eo))+2(/b n/2mo(y)dy> , (4.4.46)
.

which is finite since 6 4+ g = by — 1. This shows that

-1
I/ m o g ayx(sr—sy) < Cla, 6=, Tymo, my).

R,E)

Since log(m is uniformly Lipschitz continuous in (—a,a) X (4,7 — ¢) and since the map

uRaE R,E)’ R

is a locally uniformly bounded solution of a HJ equation with r.h.s. log(m u'te s
uniformly Lipschitz continuous in (—a/2,a/2) x (26,7 —20). By (4.2.1) (with f = log s), we

know that u!'¢ satisfies the elliptic equation
—upt + 2ugtigt — (U2 + Duge = 0. (4.4.47)
Hence, by elliptic regularity, we obtain

||UR7E||CQ,E((_Q/2,Q/2)><(25,T—25)) S C((l, 6_17 mo, mr, OO)

We can now use the estimates above and the first part of Lemma 4.4.10 to find (a subse-
quence) of (uR’E, mR’E) which converges, as ¢ — 0" and then R — oo, to a pair (u, m) which
is a 0@ solution of the MFG system (4.0.1) in R x (0,7 with f(m) = log(m) and such
that:

m € C°([0,T], Po(R)), m(0) = mg, m(T) = mrp,.
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Moreover, by construction, m(-,t) is even and x — m(x,t) is nonincreasing on [0, 4+00) for
any t € [0,7].

Let us finally check the continuity of m at ¢ = 0 (the case t = T' being symmetric). Let
tn — 0F. Then the maps m(-,t,) are nonincreasing on [0,00) and converge weakly-* (as

measures) to mq which has a continuous density: this limit is therefore locally uniform.

We now consider the (MFG) problem. We regularize mOR’E as above and let (uft€ mfe)
be the classical solution to (4.4.1)—(4.4.3). Let 7€ be the associated flow of optimal trajecto-
ries. Let us recall that, under our structure condition, /¢ (z,-) is concave and nondecreasing
in time for any = € [0, R/2].

Fix a > 1 and 6 € (0, (1/2) A (T'/4)). We can choose Ry, 0, n and ¢ > 0 as in the first

part of the proof such that, for R > Ry and ¢ € (0, ),

Rj2 1 [R/2
/9 my " (y)dy > 5/9 mo(y)dy > 0

and

—1
I, 1/ m "l oz g aye(ar—sy) < Cla, 6=, T,mo, me).

With this choice we also have (estimate (4.4.43) in Lemma 4.4.10)

min 0—n,t)>a.
te[é,T—d]W( 1)

Recall also that, by (4.4.34) and (4.4.35), for any (x,t) € (—R/2, R/2) x [0,T],

R, 3/2 .
(8Co)~ /2 </| | m ’g(y)d?/> <m(y(x,1),) < [my oo < molloo:
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Hence for any (y,t) € [0, a] x[6, T], there exists = € [0,0—n] with 4/ (z, ) = y and therefore

) R/2 3/2
Imolloe > mI (y, t) = mPe(y(x,t),t) > 5(800)_1/2 (/9 mo(y)dy> :

R is bounded above and below in [—a,a] x [0, T]. Next we show a

which proves that m
Lipschitz bound for uf%€ in [0, a] x [§, T]. For any (y,t) € [0, a] x [§, T, there exists z € [0, y]
such that ¢ (z, ) = y. Recall that yﬁ’g(x, t) = —uz(y,t). On the other hand, by concavity
of v1<(x, ),

0< ’)/R’E($,S> < y+7f”’5($,t)(3 — t) Vs € [O,T]

Thus (choosing s = 0 and using that y < a and ¢t > §)
0 <", 1) = —up = (y,1) < y/t < afd.
By symmetry, this proves that

"\ oo (|—aa] x[5.77) < 0/0:

Let us finally check a local bound for €. We already have a bound below (Lemma 4.4.10).

As u'¢ (. t) is nonincreasing on [0, R/2] and (0, -) = 0, we have, for (x,t) € [0,a] x [5,T]:

T
1
(1) < uf9(0,1) = /t S (0,8) 2 + (P (1 R4(0,5)) ds + oy In(m T (42 0, T), 7))

< Cfm™= 1 /m" | ooy o) < Cla, 671,

R, Re

We have proved positive upper and lower bounds for m*"* and Lipschitz bounds for u
independent of R, e on [—a,a] x [0, T]. By the elliptic equation (4.4.47) satisfied by ufte we
can infer that
6"l com((—aj2,a/2)xp0.) < Cla, 67 1),
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We can then conclude as before.

(ii) The uniqueness of solutions is proved with the same kind of argument used in Theorem
4.4.2. First of all, we observe that, since m(t) € Po(R) and u(t)/(1 + |z|2) € L®°(R), then
we have u(t)m(t) € LY(R) for any ¢ € (0,T). This implies that a similar equality as (4.4.19)

holds, namely

/Ru(to)m(to)—/Ru(tl)m(tl) :/t:l/Rmu?c—i-/t:/leog(m) WO <tyg<t, <T.
(4.4.48)

As in the proof of Theorem 4.4.2, we deduce from (4.4.48) (and the time-monotonicity of w)
that u(07) € L' (dmg) and w(T~) € LY(dm(T)). Then, using a truncation argument for u
and the continuity of m, inequality (4.4.48) is extended up to tg = 0 and ¢; = T, obtaining
the equivalent of (4.4.20) but integrated for x € R. Notice that the same truncation argument
for u as in Theorem 4.4.2 works here, because m has finite moments (uniformly in time),
so actually [p ug(t)m(t) ends up being continuous in [0,7] for fixed k. In a similar way,
we obtain the equivalent of (4.4.21) for x € R, and we conclude from the Lasry-Lions

monotonicity argument as in the compact case.
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APPENDIX

4.A Construction of the self-similar solutions

The goal of this appendix is to prove the statements made in Proposition 4.1.1 regarding
the construction of the self-similar solution, as well as to provide a precise analysis of the
regularity of the value function u. We begin by showing that, inside the support of m, the

system is solved in the classical sense.

Lemma 4.A.1. Let u,m be defined as in Proposition 4.1.1. Then m is a weak solution of

the continuity equation, u is C in the support of m, and u satisfies, in the classical sense,

O in {m >0}

1
—up + = |ug|? =m
2
o _9n1/2a
Proof. We set v5(t) = £(2R/(av — ®))*/“t%, and we note that

{m(t,)) >0} = {(z,t), v~ () <z <" (1)}

Here we have, according to (4.1.5) and if m(x,t) > 0, :

T x? _op/(2+0) , 1 o7” N —20/(246
—ut+§]ux\ :—Oé@—i‘Rt /( )+§C¥ ﬁ:—(@—a)ﬁ—FRt /( )
while
—af 1 2 T \2 —ab 1 9, a7
f(m(x,t)) =t R-Sla-a”)(3)" )| =t R-gla-a )—ta9+20f

By the definition of «, we have o = 20/(2 + 6), and af + 2« = 2. Thus we conclude that

g+ %ug ~ fm(z,t)) i {m >0}
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On the other hand, for any test function ¢ € CZ°(R x (0,77)), we have

d gy — d ’7+(t) —a o g
i Jypw mnte = [ oo 0ot
(1)

- L D o OB 1) + ()~ (/1) 4 a0 (2 /1))

~(@)

where

) , )
/ o, )2 (@ /19)dz = @ / (ule D)z + ola, )dlx/t)dr.
0 (t)

So

)
a / o, tym(z, t)dx = / (e, ) D(2/1%) — pulas ) (—at~ " Dao(e/t%)))de
R (1)

= [ (or(e.t) = ol s, )l )
R

This shows that m solves the continuity equation. O]

We now extend the definition of u outside the support of m, and analyze its behavior

near the interface. We recall that the free boundary is the set {A = 0}, where A =

2R ta
a(l—a)

x| =
Lemma 4.A.2. For each (z,t)e {A > 0}, the equation (4.1.4) has a unique positive solution
S € (0,t), and S is a smooth function of (z,t). Furthermore, the function S = S(x,t) extends

continuously to {A > 0}, S(z,t) =t on A =0, and one has the estimates

(4.A.1)

a
8
N
vV
o
S
N
=
+ | =+
>
N——
]
Q

It — Sz, 1) < Cot! 5 A (4.A.2)
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1

_1 1
where ¢y = <%f;g> 2070) and Cp = <—Ra(%—a)> *.
Proof. Let us set Cp := 2R__. hence the interface A = 0 is the curve |z| = Crt®. We
a(l—a)
define
F(z,t,s) = —|a|s' =% + Cr(at + (1 — a)s). (4.A.3)
Then, we have
OF
a—(x, t,s) =—(1—a)s (x| — Crs®). (4.A.4)
s

Notice that, since A(x,t) > 0, %—Z(x, t,s) <0 for s € [0,t]. Moreover, F'(z,t,0) = aCgt > 0,
and F(z,t,t) = —t'=*A < 0. Hence there exists a unique S € (0,t) with F(z,t,S) = 0.

Now, since %—];(:c, t,S) < 0, the implicit function theorem guarantees that the function S is

1
smooth in {A > 0}. We now show a lower bound on S, by taking s = (@ﬁfg) "% First

we note that, since a < 1, we have

1
I—«
3<(@) <t in {A > 0}.

|z]
Hence s € (0,t). Moreover, we have

7]
lz| + A

F(z,t,s) = — aCpt+ Cgr(at+ (1 —a)s) > 0.

Consequently, since %—1; < 0on (0,t), and F(z,t,S) =0, we have S > s, that is,

1

OéCRt T-a
t) > .
ﬂ%)_<m+A)

This is (4.A.1). Finally, we are now concerned with the continuous extension to A = 0. First
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of all, we rewrite (4.1.4) as

aCpr(t —S) = S17%(|z| — CrSY) (4.A.5)
which yields
1 1— ta - SO{ 1—
— 1—— @ = “A. 4.A.
aCp(t S)( aS P— ) S ( 6)

We can then use the elementary inequality

L=a) )< (1—1w1—a1_wa>,

2 a 1—w

valid for all real numbers w € (0,1). Using this inequality with w = % we deduce from

(4.A.6)
aCr(1 — )

(- 92 < gt=an < ¢l-ap,

which reduces to

a 1
It — S| < Cpt' 2 A2

ST

by setting Cy = (#—@)) . From this estimate, one sees that if (z,,t,) € {A > 0} is

such that (zp,t,) — (xg,tg) € {A = 0}, then |S(x,t) —t| — 0. O
We can now establish the Holder regularity of Du.

Theorem 4.A.3. There exists 0 < s < 1 such that the function u (defined in (4.1.2) or
(4.1.3)) is smooth away from A = 0, and is uniformly C** on compact subsets of R x (0,T).

Moreover, it is a classical solution of

1
—ut + §u§ =m?

in R x (0,7).

210



Proof. Given (z,t) € {A > 0}, u(x,t) has been defined through the method of character-

istics; outside the support of m, the characteristics are straight lines that join (z,t) to a

unique point (z, S) belonging to the curve {A = 0}. This means that

r=A\Nt—-S)+z,
u(z,t) = u(z,S) + %(t — A=,

T = CRSa

which leads to the value S = S(x,t) defined by (4.A.5) and, correspondingly to the formulas

(4.1.2) or (4.1.3). By construction, relying on the method of characteristics, it follows that

u satisfies —uy + %u% = 0 in {A>0}, and w is actually a viscosity solution in the whole

R x (0,7).

Let us now look at the regularity of u. Since S is smooth away from A = 0, so is u. More

precisely, recalling that S is given by the equation
aCpt = S17%z| — (1 — a)CRS

we have, by implicit differentiation,

—sgn(z)S

= T a) (] — Opd)

Suppose that 6 # 2, so u is given by (4.1.3), which simplifies into

2(1/R 20—1 OéR 200—2
= 2 a1 O 202
S YR | 1—a

Therefore,

t
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and from (4.A.8) and (4.A.5) we see that this simplifies to:

2R

Cr(1—a) 5 sgn(z) _—

ul‘:_

By Proposition 4.A.2, we deduce that u € Cl(R x (0,7)); in fact, we can see that u € cbs,
if we prove a uniform C* bound for S on compact subsets near A = 0. To this purpose,
let K be a compact subset of A > 0, and let (z,t),(Z,t) be two points in K. We write
S = S(7,%). With no loss of generality, we may assume that S > S. By formula (4.A.7), we
have

Sz — S17z| — (1 — @)CR(S — §) = CR(t - ¥)

which yields, by using S~ > S1=% 4 (1 — a)S~%(S — S)

(15_aa) (lz| — CrS™) (S — 8) < Cplt — | + SV — 7).

By definition of A, and Proposition 4.A.2, we deduce

(Jz — 2| + [t — 1)

_ g9l < _
S = 8] < Kyp—

Suppose now that A > (|z — 7| + |t —#|)7, for some o € (0,1). Then we get
S =8| < Kyj (le—al+ [t —7)' "7 .
On the other hand, if A < (Jz —Z| + [t —#|)”, then we also have
A< (o= +[t =) +|A =A< Cpj(le—z|+ [t —17])7
because A is a Lipschitz function of (x,t) far from ¢ = 0 (it is also globally a-Hoélder, as
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well). Hence we estimate, using (4.A.2)

_ _ = «a 1 —1 _ ~ -\Z
15—5| < |S—t|+|t—t|+]i—5| < Comax(t, )12 (A? + A§>+|t—t| <Cii(lz =7+t —#)2 .
This concludes with the Holder bound of S(z,t), and therefore with the C'1'% regularity of w.
Finally, for the case § = 2, we argue in the same way by using formula (4.1.2); notice that

u is explicit in this case, because (4.1.4) is a quadratic equation in VS.

]

Remark 4.A.4. We observe that the solution u found above is not W2 In fact, by differ-

entiating once more (4.A.9) one gets

2R« sa—l

Pl - a5

Now, as A — 0, S — t, and thus the denominator |z| — 1/()[&—JEQ)SO‘ — 0. Hence uyy is

unbounded.

The same holds for the case 6 = 2, since we have

4R 4R

Up = ————=—= —

So gy is again unbounded as A — 0 .
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