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ABSTRACT

High-dimensional statistics focuses on data whose ambient dimension is extremely large
relative to the number of data points. In such regimes, classical asymptotic theory and
traditional estimators often break down. This thesis proposes and analyzes new estimation
procedures for two statistical settings where the number of parameters to be estimated is
large but there exist special sparsity structures that can be exploited.

Part I of this thesis studies the estimation of the topic-word matrix under the probabilistic
Latent Semantic Indexing model. Here, we assume that the ordered entries of the topic-word
matrix’s columns rapidly decay to zero; this assumption is partly motivated by the empirical
observation that word frequencies in a text often follow Zipf’s law. We introduce a new
spectral estimation procedure that thresholds words based on their corpus frequencies, and
show that its ¢ error rate depends on the vocabulary size p only via a logarithmic term.
The vocabulary size p is typically very large in practice, and prior works have not adequately
addressed this high-dimensional data regime.

Part II of this thesis studies regression problems where the feature vectors are indexed
by the vertices of a given graph. We propose a generalization of the Elastic Net penalty
that is applicable when the true signal is believed to be smooth or piecewise constant with
respect to the given graph. We derive the estimation and prediction error bounds under
the assumptions of correlated Gaussian design and network alignment, and also provide a
coordinate descent procedure based on the Lagrange dual objective to facilitate computations

for large-scale problems.



CHAPTER 1
SPARSE TOPIC MODELING

1.1 Introduction

Topic modeling has proven to be a useful tool for dimensionality reduction and exploratory
analysis in natural language processing. Beyond text analysis, it has also been successfully
applied in areas such as population genetics [Pritchard et al., 2000, Bicego et al., 2012|, social

networks [Curiskis et al., 2020] and image analysis [Li et al., 2010].

1.1.1 The statistical model

In this project, we focus on the probabilistic Latent Semantic Indexing (pLSI) model intro-
duced in Hofmann [1999]. This simple bag-of-words model involves three variables, namely
topics (which are unobserved), words and documents.

Suppose we observe n documents written using a vocabulary of p words. For each 1 <
i < n, let N; denote the length of document i. The corpus matrix D € RP*™ which is a
sufficient statistic under the pLLSI model and which records the empirical frequency of each

word in each document, is defined by

count of word j in document % , ,
Dji = N forall1<i:<n,1<j<p
1

Let {D,; : 1 <i < n} denote the columns of D, each of which contains only non-negative
entries that sum up to 1. The pLSI model specifies that the raw word counts for each

document {N;D,; : 1 <i < n} are independently generated, with

N;D,; ~ Multinomial(N;, [Dg«;) (1.1)

for some matrix Dy € RP*"™ whose columns are {[Dgly; : 1 < i < n}. Here, the columns
1



of Dg specify how words are assigned to documents, and these columns are required to
be probability vectors with non-negative entries summing up to 1. Note that (1.1) implies
E(D) = Dq. If we let Z := D — Dy, we can write the observation model in a “signal plus
noise” form:

D=Dy+ 7 (1.2)

The pLSI model further assumes that, for some unobserved K € N (which denotes the

number of topics), we can factorize Dy as
E(D) = Dy = AW (1.3)

for some matrices A € RP*E and W e REX" Like Dy, the columns of A and W are
required to be probability vectors, so that they can only contain non-negative entries that
sum up to 1. A assigns words to topics, while W assigns topics to documents. In this project,
we focus more specifically on estimating the topic-word matrix A.

One can think of (1.3) as equivalent to requiring that the following Bayes formula holds

for any word j and document :

K
P(word j| document i) = Z P(word j| topic k) - P(topic k| document i) (1.4)

k=1
In most applications, K < min(n,p) and thus (1.3) impose a low-rank structure on
E(D). We note that the number of topics K plays a role similar to that of the number of
principal components in principal component analysis. For technical reasons, we will assume

throughout that K is fixed as n, p and the document lengths N;’s vary. This is reasonable if

one expects a priori that the number of topics covered by the corpus is small and bounded.



1.1.2 Related works and unaddressed issues

Before outlining our contributions in Section 1.1.3, it is important to provide context by
discussing previous works that are relevant to the estimation of A under the pLSI model. In
particular, we want to highlight some of the unaddressed issues from prior papers that our

work aims to resolve.

1.1.2.1 The separability condition

We first present the definition of anchor words and the separability condition.

Definition 1 (Anchor words and separability). We call word j an anchor word for topic k
if row j of A has exactly one nonzero entry at column k. The separability condition is said

to be satisfied if there exists at least one anchor word for each topic k € {1,..., K}.

Observe that the decomposition Dy = AW in general may not be unique, but under the
separability condition, A is identifiable. The separability condition was first introduced in
Donoho and Stodden [2003] to ensure uniqueness in the Non-negative Matrix Factorization
(NMF) framework. The interpretation in our context is that, for each topic, there exist some
words which act as unique signatures for that topic.

The separability condition greatly simplifies the problem of estimating A, as one can
identify the anchor words for each topic as a first step. Prior works exploiting anchor words
mainly differ in how anchor words are used to estimate the remaining non-anchor rows of A.
Arora et al. [2012] start from the word co-occurrence matriz DDT and apply a successive
projection algorithm to rows of DDT to find one anchor word per topic. The matrix DDT is
then re-arranged into four blocks where the top left K x K block corresponds to the anchor
words identified, and A is estimated by taking advantage of the special structure of this block
partition. More recently, Bing et al. [2020b] consider a matrix B € RP*X obtained from

A via multiplication by diagonal matrices. Unlike A, all rows of B sum up to 1, so anchor

3



rows of B are simply canonical basis vectors in RX. The non-anchor rows of B are then
obtained via regression given the anchor rows of B. The topic matrix A can subsequently
be recovered through an appropriate normalization of B.

A major drawback of these methods is that they rely heavily on the separability as-
sumption, which suffices for uniqueness of the decomposition (1.3) but is far from necessary.
This issue is related to the following question, which is of central importance in the NMF
literature: given a collection of points {ry,...,rm} C RE—1 presumed to lie within the
convex hull of unobserved vertices {v], ..., v} }, when is recovery of these vertices possible?
In the NMF context, separability means that each vertex coincides with a point in the ob-
served point cloud, in which case we only need to identify which of the r;’s correspond to
simplex vertices. However, this is a very strong assumption and several efforts have been
made to relax it. Javadi and Montanari [2020] show that vertex recovery is still possible
under a uniqueness assumption that generalizes separability. Ge and Zou [2015] introduce
the notion of subset separability which is also much weaker than separability. We note that
many of the separability-based methods proposed in topic modeling, such as those in Arora
et al. [2012], Bing et al. [2020a| and Bing et al. [2020b], have no obvious extension if the
separability assumption is relaxed. This may not be important if the given corpus contains
many specialized words and the topics are sufficiently distinct (an example is a collection of
research papers), but may matter more if the topics overlap significantly and the vocabulary

is generic (for instance, a collection of high school English essays).

1.1.2.2 The SVD-based approach in Ke and Wang [2022]

Ke and Wang [2022] are the first to establish the minimax-optimal rate of /-t for the
(1-loss ||A — Al = ?:1 Zé{:l |Ajk — Ajj| where, for simplicity, all document lengths
are assumed to be equal to N. Their procedure links topic estimation to the NMF setting

discussed in the previous subsection and is summarized as follows. Let M := diag(n~1D1,,)

4



where 1, := (1,1,..., 1)T € R™. Given K, the approach proposed in Ke and Wang [2022]
considers the first K left singular vectors &1, ..., & € RP of M ~1/2D. Elementwise division
of &,...,Ex by & (also known as SCORE normalization [Jin, 2015]) yields a matrix R €
Rpx(K—l), whose rows 71,...,7) € RE-1 can be shown to form a point cloud contained in
a K-vertex simplex (up to stochastic errors). Since this corresponds precisely to the NMF
setup discussed in the previous subsection, the simplex vertices can now easily be recovered
using a suitable vertex hunting algorithm. Once these vertices are identified, A can then be
estimated via a series of normalizations.

The work by Ke and Wang [2022] is an important contribution that motivates several
other methods for topic modeling, including ours. However, this method was developed using
strong assumptions on the parameter regimes and the behavior of word frequencies. More
specifically, Corollary 3.1 of Ke and Wang [2022| states that the error upper bound %
is only applicable if we assume N > p4/3 orp< N < p4/3 and n > maX(sz,ps, N2p5). As
the vocabulary size p is typically large, these are highly unrealistic assumptions on (n, N, p).
For example, the Associated Press (AP) dataset used in Ke and Wang [2022| (a corpus of
news articles frequently used for topic model evaluation) has n = 2,134 and p = 7,000.
A typical AP article has between 300 and 700 words, so it is clear that none of the above
assumptions holds. The error bound provided without these assumptions is % %,
which, when p is large and grows with n, may not necessarily converge to zero. Several other
works that claim to establish minimax-optimal rates also do so by assuming N > p; see
Theorem 4.1 of Wu et al. [2022] and Remark 10 of Bing et al. [2020a).

In this project, we do not seek to re-establish the rate \/% . Rather, we aim to pro-
vide a consistent error bound valid for all realistic parameter regimes (especially when
p > max(n, N)). We propose to resolve some of the outstanding issues of the estimator

in Ke and Wang [2022] by leveraging a sparsity structure that is often empirically observed

in text documents, resulting in:



1. Improved error bounds: We observe that even the minimax-optimal rate /%

p

of Ke and Wang [2022] scales significantly with p. As the number of documents n
increases, we can expect several previously unobserved words to be added to the corpus,
whereas the average document length N may not change by much. However, many of
these words may occur rarely, so the effective dimension of the parameter space may
be quite small compared to the observed vocabulary size. This motivates us to restrict
the parameter space by imposing a suitable column-wise sparsity assumption on A,

which enables an error bound that does not scale with p except for log factors.

. An increased signal-to-noise ratio: The approach in Ke and Wang [2022]| may not
be suitable if many words in the corpus occur with low frequency. If for each word j
we define h; = Zle Ajj, the theoretical guarantees in Ke and Wang [2022] require
ming<j<phj > % for some ¢ € (0,1). Note that since the columns of A sum up to 1,
we always have 2% ?:1 hj = %. Therefore, since h; roughly indicates the frequency

of word j in the corpus, this assumption restricts the frequencies of the least frequent

words to be of the same order as the average frequency of all words.

Such a restrictive assumption is needed in Ke and Wang [2022| because when many
low-frequency words exist in the corpus, their procedure involves division by small
and noisy numbers. This is a problem with their pre-SVD normalization step where

D is pre-multiplied by the p x p diagonal matrix M —1/2

, as the diagonal entries of
M = diag(n‘lDln) corresponding to infrequent words are usually small. This is
also an issue with their elementwise division step, thus leading to higher errors from
infrequent words in the point cloud obtained from their procedure (see Figures 1.8

and 1.17 for illustration). Although we also use SCORE normalization |Jin, 2015], our

removal of infrequent words leads to a point cloud with a higher signal-to-noise ratio.



1.1.2.3 Sparse topic modeling approaches

To our knowledge, Bing et al. [2020b] and Wu et al. [2022| are the only two prior works that,
like ours, impose additional sparsity constraints on A. However, the sparsity assumptions
proposed in these papers are not appropriate for dealing with large p; rather, they are more

suitable for dealing with large K.

1. Bing et al. [2020b]| assume that A is elementwise sparse, in the sense that the total
number of nonzero entries of A (denoted as ||A||p) is small. Their proposed procedure

is then shown to satisfy the error upper bound

~ Allglog(pV n
14— Ay 5 &y LA lER V) (15)

We note here that ||A||p can still be very large. Indeed, let p denote the number of
words whose corresponding rows in A are not entirely zero. Technically we can have
p > p, but words corresponding to zero rows of A are not observed with probability

one, so p covers the entire set of all distinct words observed in the corpus. We have

p<|[Allo < Kp (1.6)

In fact, one can see that their error bound depends on p from the error decomposition

|A — All; < T+1I+ I in Theorem 2 of Bing et al. [2020b]. For example, I =

K /plog(nVp) s log(pVn)

v niN N

that the bound (1.5) is not very different from the rate |/ -t in Ke and Wang [2022],

for some constant 7. This, together with (1.6), shows

except for possibly better dependence on K. Moreover, their theoretical results depend
on several strong assumptions on the frequency of anchor words selected by their
procedure. In contrast, our procedure is less affected by the frequency of anchor words,

both in theory and in practice.



2. Wu et al. [2022] assume that each row of A has at most s4 nonzero entries. Since A
has K columns, this sparsity assumption is only useful if K is large. Theorem 4.1 of
Wu et al. [2022] then shows that their proposed estimator of A satisfies

54 logn

A— Al <K
| 1 < "~

(1.7)

However, upon close examination of their proof, the /1 bound they achieve is actually
K,/ ”m'r?# (similar to (1.5)) so (1.7) is only possible by assuming that p = O(1)
and using ||A||g < ps4. Furthermore, their result assumes N3/4 > p which, as we have

noted in our discussion of Ke and Wang [2022], is highly restrictive.

In comparison with these two papers, our sparsity assumption is more compatible with the

“large p” setting, and we do not assume p = O(1) as in Wu et al. [2022].

1.1.8  Our contributions

We summarize the main contributions of this project below.

e We propose a new spectral procedure (Definition 5) for estimating A. This procedure
takes into account the observation that, in most text datasets, the vocabulary size
p is often large but many words occur very infrequently in the corpus. When K is

unknown, a new estimator of K is also proposed (see Lemma 8).

e We introduce a new column-wise {4-sparsity assumption (Assumption 5) for A. This
assumption is motivated by Zipf’s law [Zipf, 1936] and links a word’s frequency of
occurrence in a topic to its rank. Our proposed procedure is then shown to be adaptive

to the unknown sparsity level s in the {4-sparsity definition (1.19).

e We provide an error bound for our procedure using the ¢1 loss ||121 — Al|1 in Theorem
7. Under our sparsity assumption (1.19), our error bound is shown to be valid for

8



all parameter regimes and only depends on p via weak factors. The common pre-
processing step of removing infrequent words is incorporated into our procedure and

accounted for in our analysis.

e Finally, in Section 1.2.4, we show that our theoretical results may still hold when the
separability assumption is relaxed if we choose a suitable vertex hunting procedure for

non-separable point clouds in Definition 5.

Extensive experiments with synthetic datasets to confirm the effectiveness of our esti-
mation procedure under a wide variety of parameter regimes are presented in Section 1.3.
Furthermore, we also demonstrate the usefulness of our method for text analysis, as well as

for other applications where the pLSI model is also relevant, in Section 1.4.

1.1.4 Notations

For any set S, let |S| denote its cardinality, and let S¢ denote its complement if it is clear
in context with respect to which superset. For any k € N, let [k] denote the index set
{1,...,k}. We use 1, to denote the vector in R? with all entries equal to 1. For a general
vector v € R?, let ||v]|;- denote the vector ¢, norm, for 7 = 0,1,..., 0o, and let diag(v) denote
the d x d diagonal matrix with diagonal entries equal to entries of v. For any a,b € R, let
a Vb :=max(a,b) and a A b := min(a, b).

Let I, denote the m x m identity matrix. For a general matrix ) € R™* and r =
0,1,...,00, let ||Q]|; denote the vector ¢,-norm of @ if one treats ) as a vector. Let || Q| r
and ||@||op denote the Frobenius (i.e. ||Q|r = ||@]|2) and operator norms of ) respectively.
For any index j € [m] and i € [I], let Q;; or Q(j,) denote the (j, 7)-entry of Q. For index sets
J C [m] and I C [l], let @ j; denote the submatrix of () obtained by selecting only rows in
J and columns in [ (in particular, either J or I can be a single index). Also, let @ s, denote
the submatrix of () obtained by selecting rows in J and all columns of @); Q, is similarly

defined. This means @, and ()4; denote the jth row and i column of @ respectively. For
9



an integer k < m A [, let v,.(Q) denote the fth largest singular value of @), and if @) is a
square matrix then, if applicable, let A\;.(Q)) denote the | th largest eigenvalue of Q). If m =1,
then tr(@)) denotes the trace of Q.

Let C, ¢ > 0 denote absolute constants that may depend on K and ¢; we assume that K
and ¢ are fixed, unobserved constants. Let C*,¢* > 0 denote numerical constants that do
not depend on the unobserved quantities like K and ¢ (this only matters when we discuss
the estimation of K'). The constants C, ¢, C*, ¢* may change from line to line.

In our paper, for ease of presentation, we assume Ny = --- = N, = N. Our results
also hold if we assume the document lengths satisfy max;cp,) V; < c* min;ep,) Ny (i.e. if

Ny =< --- =< Np), in which case N = % i 1 N; denotes the average document length.

1.2 Owur procedure for estimating A and its theoretical properties

For simplicity, we will first assume separability in order to explain our procedure. A discus-

sion of possible relaxations of this condition will be deferred to Section 1.2.4.

1.2.1 The oracle procedure to estimate A given Dy

Our oracle procedure concerns how A can be estimated if the non-stochastic matrix Dy,
rather than D, is observed. Let J C [p] be an arbitrary collection of words in our vocabulary.
We first need the definition of a vertex hunting procedure, which is relevant to the NMF

setup discussed in Section 1.1.2.1.

Definition 2 (Vertex hunting). Given K, a vertez hunting procedure is a function that takes

a collection of points in RE-L and returns K points in RE-1L,

Remark 1. A good vertex hunting procedure should return the vertices of the smallest

K-simplex containing the given point cloud. We will use V(+) to denote such a procedure.

10



The following definition of an ideal point cloud is based on the separability assumption.
Any reasonable vertex hunting procedure should be able to successfully recover the simplex

vertices from an ideal point cloud.

Definition 3 (Ideal point cloud). Given K, an ideal point cloud is a collection of points in

RE-L contained in the simplex defined by K wvertices, such that the K wvertices themselves

belong to the point cloud.
We are now ready to define the oracle procedure.

Definition 4 (Oracle procedure). Given inputs K, Dy, vertex hunting procedure V(-) and a

set of words J C [p], the oracle procedure returns A e RP*E defined as follows:

1. (SVD) Perform SVD on [Dg] s to obtain = = [£1,..., k] € RIJIxK containing the

first K left singular vectors of [Dg)] jy.

2. (Elementwise division) Divide o, ..., { elementwise by & to obtain R € RIJI>*(E-1),

This means Rjj, = &p41(5)/61(j), fork=1,...,. K =1 and j € J.

3. (Vertex hunting) Treat the rows {r; : j € J} of R as a point cloud in RE=L Apply

the vertex hunting procedure V(-) on this point cloud to obtain vertices vy,. .., v} .

4. (Recovery of I1) For each j € J, solve for 7; € RE from the linear equation

1 1 1
= (1.8)
vy vk 7]

In other words, m; satisfies Zé(:l mij(k) =1 andr; = Zé(:l mj(k)vy, for each j € J.

Let 1T € RIVIXK be the matriz whose rows are {mjjeJ}.

5. (Normalization) Normalize the columns of diag(€1) -1 € RIVIXEK so that the entries of

each column sum up to 1. This yields AJ*. Set AJC* =0 to obtain A.
11



Our oracle procedure makes use of the SCORE normalization idea which was originally
proposed for network data analysis [Jin, 2015|. The elementwise division step (Step 2) is
the most important step, as it provides a connection between singular vectors of Dy (or
associated variables) and the NMF setup described in Section 1.1.2.1. The words in J are
represented by the point cloud {rj : j € J}, which can be shown to be contained entirely
in some K-vertex simplex. If the simplex vertices are identifiable and the vertex hunting
procedure is successful in recovering them in Step 3, then (1.8) allows us to exactly recover
the probabilistic weights {7; : j € J} associated with each word in J, which are connected
to A via the relation

diag(&1) - II = Ay, - diag(V1) (1.9)

for some vector V| € RE containing only positive entries. This explains the column nor-
malization step (Step 5), which essentially reverses the elementwise division step. For more
details, we refer the reader to the proof of Lemma 13.

Based on the relation (1.9), we can show the following result.

Lemma 1. Suppose the set J contains at least one anchor word for each topic k € [K], and
the vertex hunting procedure V(-) can successfully recover the simplex vertices from any ideal

point cloud. The oracle procedure in Definition J then returns A satisfying AJC* =0 and

Az = Az diag(| Al - AR T (1.10)

The proof of Lemma 1 is identical to that of Lemma 13. The sole difference is that in

Lemma 13, the set J is chosen as in (1.11) and we use Assumption 3.

Remark 2. Our oracle procedure differs from that of Ke and Wang [2022] in two important
ways. First, note that Step 1 only requires SVD to be performed on a submatrix of D.
In general, we want the set J to contain words that occur with sufficiently high frequencies

in the corpus so that the point cloud generated from our procedure has a higher signal-to-
12



noise ratio. When p is large, we can often expect the corpus to contain many infrequently
occurring words whose corresponding rows in A should be estimated as zero. Our oracle
procedure yields A which is a good oracle approximation of A if ||A je,||1 is small, as in that
case the diagonal matrix in (1.10) is close to the identity matrix.

Second, note that we consider the SVD of a submatrix of Dy and not M, 1/ 2D0 as in Ke
and Wang [2022|, where M := diag(nilDO 1,). This simplifies some parts of our theoretical

analysis and allows us to obtain error bounds that depend less strongly on p.

1.2.2  Estimation procedure for A given D

Our procedure to estimate A below is designed to closely approximate the oracle procedure.
Here we first assume K is known. The estimation of K is deferred to Section 1.2.5, and the
choice of the vertex hunting procedure will be discussed in conjunction with identifiability

assumptions on A.

Definition 5 (Estimation procedure for A). Given inputs K, observation matriz D and

vertex hunting procedure V(-), our estimation procedure returns A defined as follows:

1. (Thresholding) Let M := diag(n~'D1,,) and pp := p\V n. Compute the set of words

J = {j efpl: M(j,j) = a long]@"} (L.11)

Here, o is a user-specified universal constant (see Remark 3).

2. (Spectral decomposition) Compute the first K eigenvectors él, e ,éK € RV of the

submatriz Gy of the p x p matrix G, where
n
G:=DDT — —M 1.12
i (112

Here, we assume all entries of &1 are of the same sign, in which case we can choose &1
13



to have all positive entries. If some entries of él are negative, choose él such that the

magjority of entries are positive, and apply Remark 4.

. (Elementwise division) Divide £, ... ,éK elementwise by &1 to obtain R € R|J|X(K—1),

with rows {7 : j € J}. This means Rjk = ékJrl(j)/él(j), forke[K —1] and j € J.

. (Vertex hunting) Treat the rows of R as a point cloud in RE-L, Apply the vertex

hunting procedure V(-) to this point cloud to obtain vertices 07, ..., 0% .

. (Estimation of 11) For each j € J, solve for 7%;? e RE from

1 .1 1
7O = (1.13)

o

J
/\* /\* /\’
v UK ’I“]

Obtain 7; from 7%;? by first setting any negative entries to 0 and then normalizing so

that the entries of w; sum up to 1. Let I1 be the matriz whose rows are {75 €J}.

. (Normalization) Normalize all columns of diag(él) 11 so that they have unit {1-norm.

This yields AJ*. Set all entries of AJC* to zero to obtain A.

As Steps 3-5 are also based on the SCORE normalization idea [Jin, 2015], we call this

procedure the Thresholded Topic-SCORE (TTS). However, Step 1, Step 2 and Step 6 contain

significant differences when compared with Topic-SCORE in Ke and Wang [2022].

Remark 3 (Choice of «). The set J in (1.11) is chosen by examining the row sums of

the observation matrix D, which indicate how frequently the words occur in the corpus.

In (1.11), o is meant to be a universal constant and thus does not affect our error rates,

which are not optimized over constants. In our theoretical discussion, we choose o = 8 for

convenience, but for most datasets this value of a may result in too many words not meeting

the threshold.

14



In practice, a good choice of « is important for obtaining a good estimator of A. Based
on our experiments, we recommend a smaller value of «, such as o = 0.005. This choice of
a should produce reasonable results for commonly observed values of (n, N,p). Based on
what we observe from experiments, if n € [1000, 5000], N € [300, 700], p € [5000, 10000], we

can typically expect around 10-40% of words to be removed.

Remark 4 (Signs of él’s entries). In the oracle procedure, £ is the first left singular vector
of [Dyl s« and so by Perron’s theorem, the entries of £; are all positive. In Step 2, él is
the first eigenvector of Gjj which is not necessary a Perron matrix, so €1 technically may
contain negative entries. Any word j for which 51 (7) is negative should have corresponding
rows of A set to zero after Step 2, and then in Step 3 we form the point cloud by computing
E1(7)/61(7) for k € [K — 1] and j € J with £1(j) > 0 only.

In our theoretical analysis as well as in practice, however, this scenario will not happen
with high probability. This is because G is chosen so that max;e ]él (7) — &€1(7)] is small.
Since any word j that meets our threshold occurs with sufficiently high frequency, &;(j)
will also be sufficiently large for any j € J, which implies €1 (j) — &1(j)| < €1(j) and thus

~

£1(5) > €1(5)/2 for all j € J.

The set J as defined in (1.11) is data-dependent. It is quite useful to note that J can
be approximated by the non-stochastic sets (1.14) with high probability. The proof of the

lemma below can be found under Theorem 11(b).

Lemma 2. Let My = diag(n"'Dgl,), and let

). ) .. log pn
Jy = {J € [p]: Mo(4,7) > axa — } (1.14)

where a is from the definition of J in (1.11) and a— > 1 and a4 € (0,1) are some suitably
chosen constants depending on « (for example if « = 8, we can let oy = %, a— =2). Then

the event € == {J_ C J C J1} occurs with probability at least 1 — o(py; 1).
15



The following lemma bounds the size of J, and is obtained by bounding |J4| and using

Lemma 2.

Lemma 3 (Size of .J). With probability at least 1 — o(p;; 1),

| < (i N )Ap (1.15)

aay |\ logpp

Our procedure requires the eigenvalue decomposition of a symmetric |.J| x |J| matrix. The
bound (1.15) can be significantly smaller than min(n,p) if nN < p? and N < n (ignoring
weak factors), which are reasonable assumptions for many text datasets. We can there-
fore expect the eigenvalue decomposition step in our procedure to be more computationally

scalable than the SVD step (on a p X n matrix) in Ke and Wang [2022].

1.2.3  Error bounds for A under separability

We first discuss our theoretical results under separability, which is assumed in all of our

proofs in Section 1.5. We begin by listing the assumptions underlying our analysis.

Assumption 1 (A and W are well-conditioned). Let Yy := n~YWWT. For some constant
ce (0,1),
o (A) > VK and op(Sw)>c (1.16)

Assumption 2 (The topic-topic correlation matrix is regular). The entries of AT A satisfy

the following for some constant ¢ > 0:

min = ATA(k, 1) > ¢ (1.17)
1<kI<K

Assumption 3 (Separability). Fach topic k € [K] has at least one associated anchor word

J belonging to the set J_ defined in (1.14).
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Assumption 4 (Vertex hunting efficiency). Given K and an ideal point cloud defined in

Definition 3, the vertex hunting function V() recovers the K vertices correctly. Furthermore,

whenever V(-) is given as inputs two point clouds {x1,...,xm} and {2],...,2},}, the out-
puts {v1,...,vg} and {v],... ,U/K} satisfy for some absolute constant C > 0 (up to a label
permutation)
/ /
max ||v — vl < C max ||x; — 2|2 1.18
i o = < C ma [ — 5] (1.15)

Assumption 5 (Column-wise (4-sparsity). Let the entries of each column A,y of A be
ordered as A(l)k > > A(p)k' For some q € (0,1) and s > 0, the columns of A satisfy

kelk] \jelpl” Wk

max (maxqu‘ ) <s (1.19)

Here, we assume that q is a fixed constant, whereas s is allowed to grow with n.
Remark 5. We justify why Assumptions 1, 2 and 3 are reasonable below.

1. Equation (1.16) assumes the topic vectors in A are not too correlated. The assumption
on W in (1.16) is necessary even when W is known, as its role is similar to that of the
design matrix in the regression setting. Note that since the columns of A and W sum

up to 1, we always have 07(A) < VK and 01(Zy) < 1 (see Lemma 12(a)).

2. The matrix AT 4 € REXE can be thought of as the topic-topic correlation matrix, since
its entries are inner products of the columns of A. Therefore, (1.17) is especially true if
the K topics are related to one another. However, even if the corpus covers unrelated
topics, we expect all columns of A to assign significant weights to grammatical function
words (such as ‘and’, ‘the’ in English) and filler words, which occur frequently in all

documents regardless of the topics involved.

3. In light of Lemma 2, Assumption 3 requires that each topic has at least one anchor

word that occurs in the corpus frequently enough so that it is included in J. Such an
17



assumption on the frequency of anchor words is also commonly seen in other works that
exploit the separability condition, and Assumption 3 is not strong since the threshold
level of order 4/ lof# in the definition of J_ is quite low. For comparison, Bing
et al. [2020b] makes the same assumption but with the threshold level of order log%,

which may be higher than ours if the number of documents n far exceeds the average

document length N.

Remark 6 (Vertex hunting for separable point clouds). Ke and Wang [2022| mentions two
vertex hunting algorithms which are suitable for separable point clouds, namely Successive
Projection (SP) [Aratjo et al., 2001| and Sketched Vertex Search (SVS) [Jin et al., 2017].

Given a point cloud ry, ..., rpy, SP starts by finding the point r; whose Euclidean norm
is the largest and sets this as the first estimated vertex v1. Then, for each 2 < k < K, we can
obtain 9y, from 91, ...,9,_; by setting 0, as the point r; that maximizes ||(I — Pj_1)7;|l2,
where Pj._; denotes the projection matrix on the linear span of 01,...,0;_1. SP can be
shown to satisfy Assumption 4 when the volume of the true simplex is lower bounded by a
constant |Gillis and Vavasis, 2013|, which is a simple consequence of Theorem 12(f).

On the other hand, SVS starts by applying k-means clustering on the point cloud
{r1,...,rm} to obtain cluster centers ¢y, ...,¢r, where L is a tuning parameter that is
much larger than K. These clusters are meant to reduce the noise levels in the point cloud.
Next, SVS exhaustively searches for all simplexes whose K vertices are located on these
cluster centers, in order to find the simplex S such that the maximum distance from any ¢
to S is minimized. In comparison to SP, SVS is more robust to noise in the point cloud but
is computationally much slower if K is not small. SVS satisfies Assumption 4 under mild
regularity conditions [Jin et al., 2017].

Note that these vertex hunting algorithms are only meant for separable point clouds, as
the simplex vertices they produce are designed to belong to the convex hull of the point

cloud. For more implementation details of SVS and SP, we refer the reader to Section A of
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Ke and Wang [2022].

Remark 7 ({4-sparsity). To our knowledge, our work is the first to consider the {4-sparsity
assumption (1.19) in the topic modeling context, although similar assumptions have been
adopted in other statistical settings such as sparse PCA and sparse covariance estimation
(see for example Ma [2013] and Cai and Zhou [2012]). (1.19) imposes an assumption on the
decay rate of the ordered entries of the columns of A, but does not restrict how small (or
large) the smallest (or largest, assuming s > 1) entries of A’s columns can be. Thus, our
theoretical results are valid even in the presence of severe word frequency heterogeneity.

Note that if columns A, has s nonzero entries, then we always have max;c <s.

1A

However, in light of (1.6) where we observe that ||A|lg > p, there exists at least one column

[p

of A with at least |p/K | nonzero entries, and so s in (1.19) cannot be much smaller than p if
we impose hard sparsity (¢ = 0) on all columns of A. Therefore, the £4-sparsity assumption
(1.19) gives us more flexibility as it allows for the possibility that most entries of A are
small but nonzero. When ¢ ~ 0, we can approximate the assumption of hard sparsity on all
columns of A, whereas when ¢ is close to 1, then (1.19) with s = O(1) corresponds to Zipf’s
law, which is the empirical observation that word frequency in text data is often inversely
proportional to word rank.

The restriction that ¢ € (0, 1) is primarily due to the fact that we use the £1 loss |A—A]1.
Since the columns of A sum up to 1, the columns of A already satisfy (4-sparsity with
g = s = 1, but this alone is not sufficient to control the error term || A je||; resulting from

our thresholding step.

We are now ready to discuss our main theoretical results. Let == [51, e ,EK] € RIJIXK
contains the first K eigenvectors of G jj where G is defined as in (1.12). Recall its oracle
counterpart = = [£1,..., k] € RIVIXE which contains the first K left singular vectors of
[Dol j«- Let {E;:j € J} and {éj . j € J} denote the rows of 2 and = respectively.

Lemma 4 (Row-wise error bounds for Z). For all j € [p], let h; = Zszl Ajp. With
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probability 1 — o(p; 1), there exist w € {£1} and a (K — 1) x (K — 1) orthonormal matriz

Q* such that, if we define Q = diag(w, Q*) € REXK e have

. [ h;log py,
=D J ;
||QHJ — H]HQ S C T fOT’ all] € J (120)

The proof can be found in Lemma 25 and is an application of the well-known Davis-
Kahan theorem (more specifically, we need to use the row-wise perturbation version of the
theorem as proven in Lemma F.1 of Ke and Wang [2022]). We note here that the bound
(1.20) depends on p only via the log term, and the h;’s, which indicates how frequently one
may encounter word j in the corpus, determines the magnitude of the bound (1.20).

As a consequence of the above lemma, one can provide error bounds for the point cloud
obtained from our procedure. Again, recall that {rj : j € J} is the oracle point cloud from

Step 3 of Definition 4, and {fj : j € J} is the point cloud from Step 4 of Definition 5.

Corollary 5 (Error bounds for the point cloud). With probability 1 — o(p,, DY there exists a

(K —1) x (K — 1) orthonormal matriz Q* such that

1/4
logp”> (1.21)

max ||[Q*F: —r.llo < C
jeg || 7 ]||2— (nN

The proof can be found in Lemma 26. To elaborate further on (1.21), we can show that

with high probability,

log pp,

forall j € J (1.22)

|27 —7i]la < C

Observe that unlike (1.20), the bound (1.22) is inversely proportional to \/h; due to the
fact that the point cloud is obtained from the elementwise division step. Since we do not
restrict how small min<;<;, h; can be, the error bound (1.22) may be uncontrollable without

appropriate thresholding of infrequent words. However, with the choice of J as in (1.11),
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one can show min;e y hj > ¢ % with high probability, which when combined with (1.22)
leads to (1.21).

From (1.22), we can also obtain bounds on how much the probabilistic weights {frj 1J €
J} from Step 5 of Definition 5 deviate from the oracle weights {7; : j € J} from Step 4 of

Definition 4). The proof of the following corollary can be found under Lemma 27.

Corollary 6 (Error bounds for II). With probability 1 — o(p,, 1),

1/4
bgp”) (1.23)

a7 = 75l < € (58

Note that while {Z; : j € J} and {r; : j € J} can be recovered only up to an orthonormal

transformation Q*, the bound (1.23) does not depend on Q*. We also note that the bounds

(1.20), (1.21) and (1.23) are derived without using the ¢4-sparsity assumption (Assumption
5).

The next theorem is our main result, which provides the error rate for estimating A using

the ¢1 loss ||A — Al|;. Recall the definition of A in Lemma 1.

Theorem 7 (Estimation error for A) Suppose Assumptions 1-4 are satisfied. Then with

probability 1 — 0(p771),

i bt log pp, 1/4
.~ gl < € (2E0) (1.24)
1—q
If we further assume the {y-sparsity assumption (Assumption 5) and s (%) e o(1),

we also have with probability 1 — o(p; 1),

1—

q
~ lo P 2
1452 = Al = el < Cs (582 (1.25)
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and therefore with probability 1 — o(pT_Ll),

1—¢q

. 1 1/4 1 o
IA— Allp <C ( ng”) +s ( ng”) (1.26)

niN nN

for some constant C' that may depend on K and q.
The proof of the above statements can be found in Section 1.5.5.

Remark 8. The bounds (1.24) and (1.25) can be interpreted as the estimation error and the
approximation error respectively for using an estimator of A whose row support is contained
in the set J. Note that the approximation error (1.25) is smaller if ¢ is closer to 0; here
we assume s does not grow too quickly relative to n/N. In the most favorable setting where
s = O(1) and 0 < ¢ < 1/2 (strong sparsity regime), the aggregate error (1.26) is of the
order <107§%> 1/4, which clearly converges to zero as nlN — oo. On the other hand, if

s > 1and 1/2 < g < 1 (weak sparsity regime), the bound (1.26) is dominated by the term
1—¢

NS
Remark 9. We note again that the bound (1.26), which does not depend on p except for log
terms, is valid for all parameter regimes and in particular for the high-dimensional setting
where p > max(n, V). This justifies the use of our method for many text datasets where the
number of unique words observed across all documents is extremely large. Also, the bound
(1.26) does not depend on Maxc (] h; or minje[p] h; and is thus completely unaffected by
variations in word frequencies. In these regards, our result improves upon the theoretical
guarantees presented in prior works such as Ke and Wang [2022], Bing et al. [2020a], Arora
et al. [2012] and Wu et al. [2022].

1.2.4  Relazation of the separability condition

Our main result (Theorem 7) may also hold under alternative identifiability assumptions on

A if we use a suitable vertex hunting procedure that is effective even for non-separable point
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clouds. Recall v], ... ,v;( are the simplex vertices from the oracle point cloud {Tj :j€J}in
Definition 4 and 07, . . ., 0} are the estimated vertices based on the point cloud {7; : j € J} in
Definition 5. The assumptions we made concerning separability and vertex hunting efficiency,
namely Assumptions 3 and 4, are only useful in our analysis insofar as they allow the following

bound to hold with high probability:

max ||0} — villo < max ||[F; — 7, 1.27
i 5 = 2 < masx 7y = (127
oracle SVSs

Figure 1.1: Top left: a non-separable point cloud (blue) contained in a simplex (black) with
3 vertices. Top right: Estimated vertices from SVS (red). Bottom left: Estimated vertices
from SP (red). Bottom right: Estimated vertices from AA (red).

However, this bound may also hold if we adopt the identifiability assumption and the
Archetype Analysis (AA) vertex hunting procedure proposed in Javadi and Montanari [2020].
Figure 1.1 provides an example of a non-separable point cloud where AA recovers the simplex
vertices much more effectively than SP and SVS, which only search for possible vertices within

the point cloud itself or its convex hull. Section 1.5.6 summarizes important results from
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Javadi and Montanari [2020] that are relevant to this project. In our estimation procedure
for A, once we obtain the matrix R whose rows are {#j :j € J} from Step 3 of Definition 5,
the estimated simplex vertices can be obtained via AA by solving the following minimization

problem:

minimize 2(V; R) over V s.t. PD(1j; V) < 52 for all j € J (1.28)

Here the rows of V' represent the simplex vertices; see Section 1.5.6 for the definition of
the distance function Z(-,-). The main theoretical result of Javadi and Montanari [2020]
(Theorem 31) is that the AA algorithm is robust to noise in the point cloud under certain

conditions. In particular, if we replace Assumptions 3 and 4 by the following assumptions:

(i) The matrix R from Step 2 of the oracle procedure (Definition 4) satisfies a-uniqueness
for some absolute constant > 0. Here, a-uniqueness (described in Definition 6) is an

identifiability assumption on the simplex vertices that is more general than separability.
(ii) The convex hull of the rows of R contains a (K — 1)-dimensional ball of radius > 0

1/4
(iii) The vertex hunting procedure V(-) is defined by (1.28) with § =< (%) / . This

value of 9 is chosen based on Corollary 5 and Theorem 31.

then, in light of Theorem 31, (1.27) continues to hold and our main result, Theorem 7,
remains valid. Alternatively, if we do not wish to use the a-uniqueness condition for identi-
fiability, we can also assume that the distance from the oracle simplex vertices {v7,..., vy}
to the convex hull of the oracle point cloud {r; : j € J} is not larger than 6. In light of
Theorem 32, this assumption can also be used to obtain (1.27).

Beside from Javadi and Montanari [2020], Ge and Zou [2015] also discusses an alternative
identifiability assumption called subset separability. This notion can be illustrated by the
point cloud in Figure 1.1 (top left), with K = 3. The point cloud (in blue) is contained in

a triangle but is not separable as none of the triangle’s vertices belongs to the point cloud.
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However, each edge of the triangle contains several blue points and thus can clearly be
identified from the point cloud. The vertices can then be identified by taking intersections of
the edges. Ge and Zou [2015] also provides a vertex hunting procedure which, under subset
separability and additional regularity assumptions, can also be shown to be robust to noise
in the point cloud, in the sense of (1.27).

In terms of computation, Javadi and Montanari [2020] describes two algorithms to solve

the following Lagrangian variant of (1.28):
Vy = argmin[2(R; V) + A\2(V; R)] (1.29)
14

Note that the objective function in (1.29) is non-convex and thus may have multiple minima.
While AA may significantly reduce statistical error in the vertex hunting step when separa-
bility is not applicable, the trade-off is that its computational cost may be higher than that

of the SP algorithm for separable point clouds.

1.2.5 FEstimation of K

Our discussion so far assumes K is known. When K needs to be estimated, it is natural to

examine the spectrum of any matrix that should be of rank K under the pLSI model.
Recall the definition of G' in (1.12), and define Gy := (1 — %) DODE. From Lemma

21, with probability 1 — o(p,,; 1) we have (here C* is a numerical constant not dependent on

unobserved constants but may depend on the choice of a)

nlog pr,

(G = Go) jsllop < C*EVK (1.30)

Furthermore one can show |G| ys has rank K with high probability. By a simple application

of Weyl’s inequality, we then obtain the estimator (1.32) for K.
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Lemma 8. Let g, be a quantity satisfying

¢/ NS > CRVE (1.31)
log pn

where C* in (1.31) is the constant from (1.30) and c is another constant that may depend

on K. If

. 1
K = max {k M (Grg) > gn n (Xg[pn} (1.32)

then K = K with probability 1 — o(pgl).

The proof can be found under Corollary 22. In (1.31), the quantity g, needs to be chosen
to override the term C*K+/K but cannot converge to +0o too quickly. Without any prior
information on K, one can choose g, to be a quantity that slowly converges to +oo, such as
gn = 8log py,. If one has prior knowledge on an upper bound for K (for example if K < 30),
the quantity g, can be determined more specifically.

The estimator (1.32) is based on the bound (1.30), which depends on K and so we need

1

to assume g, > C* K+ K. However, one can also show that with probability at least 1— W

nlog(n + p)

(D = Do)ellop < 49/ =55

(1.33)

(see Lemma 4 of Klopp et al. [2021]). This bound does not depend on K. Under similar

assumptions on o (A) and o (W), we can consider the following estimator

. 1
K= max{k:ak(DJ*) > 4 %p—i—n)} (1.34)

and also show that, based on (1.33), K’ = K with high probability. The advantage of (1.32)
over (1.34) is computational: both Step 2 of Definition 5 and (1.32) use the eigendecompo-

sition of G 7, whereas (1.34) requires us to additionally perform SVD on D j,.
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Figure 1.2: Scree plots of the eigenvalues of GG for three synthetic datasets, with K €
{3,5,10}, n = N = 500 and p = 5,000. The x-axis is log-scaled. The red dots represent
the largest K eigenvalues (excluding the largest one), while the blue dots represent all other
eigenvalues.

There are many choices of the quantity g, that may satisfy (1.31) when n/V is sufficiently
large. In practice, the estimation of K may be sensitive to the choice of the eigenvalue cutoff,
and moreover real datasets may not always adhere to our assumptions. As Lemma 8 suggests
the spectrum of GG ;5 is useful for estimating K, we note that it is often possible to determine
the eigenvalue cutoff by inspecting the scree plot of G ;’s eigenvalues. Figure 1.2 displays
the scree plots for several synthetic datasets with different values of K. In some situations,
the top K eigenvalues of G jj are separated from the other eigenvalues by a discernible gap,
thus helping one to visually determine K. When such a gap is unavailable, one can use
the Kneedle algorithm [Satopaa et al., 2011] to find the point of maximum curvature of the
scree plot; this is a common technique to determine the number of principal components in

principal component analysis.
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1.3 Experiments with synthetic data

In this section, we assess the empirical performance of our estimator through a series of
synthetic experiments!. The controlled environment provided by these experiments allows
us to better understand the behavior of our method in different parameter regimes.
Throughout this section, we benchmark our estimator’s performance against the following
well-established methods: (a) Latent Dirichlet Allocation [Blei et al., 2003|; (b) the anchor
word recovery (AWR) approach in Arora et al. [2012], a procedure based on the non-negative
factorization of the second-order moment DDT’; (¢) the Topic-SCORE procedure in Ke and
Wang [2022[; and (d) the Sparse Topic Model solver proposed in Bing et al. [2020b]. We

note the following regarding the procedure in Bing et al. [2020b]:

e This procedure removes infrequently occurring words in the same manner as ours, but
with the threshold ay/ 1222 in (1.11) replaced by “24Pn. This threshold is lower than

ours if k;%" is sufficiently small. In practice, however, the constant 7 used in their

threshold is quite large and thus leads to excessive thresholding in some of our datasets,

especially when the word frequencies decay according to Zipf’s law.

e This procedure requires a list of anchor words for each topic k € [K]| as input, rather
than just the number of topics K. We therefore need to estimate a partition of anchor
words using a special procedure which is included in their original implementation.
Clearly, whether the anchor words are estimated and partitioned correctly has an

impact on the overall estimation of A.

We therefore caution the reader that these factors put the Sparse Topic Model solver of Bing

et al. [2020b] at a comparative disadvantage in our experiments.

1. The code for our method and all the experiments presented in this section can be found on Github at
the following link: https://github.com/yatingliu2548/topic-modeling
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Data generation mechanism. For simplicity, we ensure all documents are of the same
length N. For each experiment, we create a document-to-topic matrix W € RExn by
independently drawing the columns W,; € R® i = 1,... n from the Dirichlet distribution
with parameter o = 1. We generate the matrix A € RP*X either without anchor words
or with 5 anchor words per topic, in which case whenever word 7 is an anchor word for topic
k, we set Ajf. = Sanchor Where dapchor € {0.0001,0.001,0.01}. In order to mimic the behavior
of real text data, the entries of column k of A corresponding to non-anchor words are then
chosen such that they decay according to Zipf’s law. This means for each column & of A, we

ensure that the frequency f(j) of the jth most frequent non-anchor word follows the pattern

f(j) x m (1.35)
where a,;n¢ = 1, by = 2.7. Each column of A is subsequently normalized to unit ¢1-norm.
The pattern (1.35) has indeed been empirically shown to hold approximatively for word
frequencies in real datasets; see Zipf [1936] and Piantadosi [2014]. Figure 1.12a in Section
1.5.7 illustrates the distribution of word frequencies generated under our data generation
mechanism.

Having specified both A and W, the observation matrix D is then generated according to
the pLSI model described in Section 1.1.1. We fit our method and the four benchmarks while
varying the values of n,p, N, and K. In all of our experiments, unless otherwise specified,

the constant « in the threshold (1.11) is fixed at @ = 0.005. We evaluate the estimation

error of all methods relative to the true underlying A by computing the ¢; loss per topic
£1(A, A) = min —||ATI - A]
= min — —
LA ep K 1

where P denotes the set of all K x K permutation matrices.
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Varying (p, N, K). We first provide a snapshot of our method’s relative performance in
different parameter regimes by fixing n = 500 and varying (p, NV, K'). Here we specify 5 anchor
words per topic and set the anchor word frequency to duycnor = 1072, The median £4 (121, A)-
errors over 50 trials are plotted in Figure 1.3. As Figure 1.3 shows, our method (in blue)
outperforms all other methods in most parameter regimes considered here. Interestingly, the
estimation errors of AWR and LDA often appear constant as a function of document length
N. As N increases, the errors from both Topic-SCORE and our method display a clearer
pattern of consistency relative to AWR and LDA; this observation is also made by Ke and
Wang [2022] in a similar experimental setup. However, our method’s errors decay to zero
much faster than all other benchmarks when the vocabulary size is large (p € {5000, 10000}).

We note that in these experiments, the approach proposed by Bing et al. [2020b]| does
not perform very well. In particular, for small p and small N, the number of topics re-
turned by this method is smaller than the expected number of topics K, which prevents us
from comparing its results with all four other methods. On inspection, we find that this is
due to over-thresholding of the vocabulary, which leaves too few words to reliably estimate
the matrix A. To provide a fair comparison with Bing et al. [2020b], we also compare all
five methods using the data generation mechanism proposed in Bing et al. [2020b]. This
means that the non-anchor entries of each column of A no longer display the Zipf’s law
pattern (1.35), but instead are generated from a Uniform distribution. We note that this
data generation mechanism ensures all the non-anchor words for each topic are of roughly
equal frequency and is thus also favorable to Topic-SCORE [Ke and Wang, 2022|, which
assumes min ¢, hj > ch where h := % Z?Zl hj. The results are displayed in Figure 1.14 of
Section 1.5.7. Under this uniform data generation mechanism, our method (with oz = 0.005)
displays identical performance relative to Topic-SCORE, and both SCORE-based methods
still perform well relative to other benchmarks in most parameter regimes. As expected,

we also find that fewer words are removed by thresholding, in comparison with the Zipf’s
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Figure 1.3: Median Ll(A, A) errors for all methods based on 50 independent trials. Here the
number of documents is fixed (n = 500). In each panel, the errors are plotted as a function
of document length N (log-scaled on the x-axis). The panels display results for different
values of (p, K), as specified by row and column labels.

law setting where our (4-sparsity assumption (1.19) is more likely to hold with small s and
many more words occur infrequently. These experiments empirically suggest that 1) TTS
improves upon the performance of Topic-SCORE when the columns of A exhibit a Zipf’s
law (or {g4-sparsity) decay pattern, and 2) our procedure’s performance remains reasonable

and is similar to that of Topic-SCORE when the ¢4-sparsity assumption (1.19) is violated.

Varying the number of documents n. We now focus on the effect of varying n on the es-
timation error. Fixing this time N = 500 and p = 10, 000, the El(fl, A)-errors are presented

in Figure 1.4 with K = 5 and K = 10. Our method (in blue) consistently outperforms other
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methods and also displays a clear trend of consistency as n increases. When K increases, the
estimation problem becomes more difficult due to the larger number of parameters, and so
more documents are needed to achieve a reasonable performance. Nonetheless, our method
still performs well when K = 10 and n is reasonably large, whereas the error from Topic-

SCORE decays to zero very slowly with this larger value of K.
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Figure 1.4: El(fl, A)-errors from all methods as a function of n, for K € {5, 10} with p and N
fixed. Vertical error bars centered about the median errors indicate the errors’ interquartile
ranges computed based on 50 independent trials.

Varying the dictionary size p. Figure 1.5a shows how the £1(/1, A)-errors vary as the
vocabulary size p increases, with N = 500, K = 5 and n € {1000,5000,10000}. We do
not include the errors from the procedure in Bing et al. [2020b] as they are higher than
those of LDA. As expected, the errors for all methods increase with the dictionary size
p. However, our method mostly outperforms the other benchmarks, even in some high-
dimensional parameter regimes where p > max(n, N). The performance of Topic-SCORE
only converges to ours when p is too large relative to n, a setting which is challenging for all
methods.

Additionally, our method also outperforms most other benchmarks in terms of compu-
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tational runtime when p is large. Our method’s runtime is similar to that of AWR and is
consistently better than that of Topic-SCORE, primarily due to our thresholding of infre-

quent words before performing eigendecomposition.
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(a) L1(A, A)-errors as a function of p, with K = (b) £1(A, A)-errors as a function of K, with n =
5 and N = 500. Results are obtained based on  p = 103 and N = 500. Results are obtained
15 independent trials. based on 50 independent trials.

Figure 1.5: £1(A, A)-errors as a function of the dictionary size p (left) and the number of
topics K (right). Vertical bars around median errors indicate interquartile ranges.

Varying the number of topics K. Figure 1.5b shows how the El(/l, A)-errors vary as K
increases, with n = p = 1000 and N = 500. The main observation here is that LDA and
AWR may be preferable to our method if K is a priori known to be large while the dataset
we possess is relatively small. As Figure 1.5b illustrates, the SCORE-based methods perform
worse than LDA and AWR when K > 15, but this is because the number of documents is
quite small in this experiment (n = 1000). If n and N are large enough, one can expect our

method to accommodate a larger number of topics; see Figure 1.4 for an illustration.

Relaxation of the separability assumption. Section 1.2.4 suggests that the vertex hunt-
ing algorithm from Javadi and Montanari [2020] may reduce the vertex hunting error in some

situations when separability fails to hold. Figure 1.6 compares the overall £ (121, A)-errors
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Figure 1.6: £4 (121, A)-errors as a function of n when we use three different vertex hunting
algorithms in the vertex hunting step of TTS. Here, p = 10* and N = 500 are fixed, and
K € {5,10,15}. The number of topics per document is either 0, 1 or 5. Results are averaged
over 50 independent experiments.

as a function of n when we use Successive Projection (SP), Sketched Vertex Analysis (SVS)
and Archetype Analysis (AA) in the vertex hunting step of TTS. As expected, when there
are no anchor words, using the AA algorithm rather than SP/SVS can significantly improve
the estimation of A, especially when K is large. Again, this is because SP and SVS are not
designed for non-separable point clouds and also perform better with small K. In fact, the
AA algorithm also often works well under separability, since the a-uniqueness condition in
Javadi and Montanari [2020] is satisfied. The main trade-off for this stronger statistical per-
formance is the computational cost of solving the non-convex optimization problem required
by AA. Nonetheless, the fact that our method accommodates non-separable datasets makes
TTS more widely applicable compared to methods based on anchor words identification,

such as those proposed in Bing et al. [2020b] and Arora et al. [2012].

The importance of appropriate thresholding. Figure 1.7a shows how the £1(A, A)-

error varies as the threshold level in (1.11) increases from zero, and Figure 1.7b shows the
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corresponding percentage of words removed. For this dataset, the performance of our method
when a = 0 (no thresholding) is not too different from Topic-SCORE. As the threshold level
increases, infrequent words that contribute noise to the point cloud are removed, thus leading
to an improvement in the estimation of A j,. However, an excessively high threshold means
we set too many rows of A to zero, and so the error from estimating A jc, becomes higher.
This explains the pattern observed in Figure 1.7a, which demonstrates the importance of

choosing a balanced threshold in our procedure.
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Figure 1.7: El(fl, A)-error averaged over 20 independent trials and the percentage of words
removed as « increases, for a synthetic dataset with p = 5000, n = N = 500.

As we mentioned, the universal parameter o should be independent of (p,n, N, K). Our
recommended value of o = 0.005 is obtained based on numerous such experiments with
synthetic data where we vary the values of (p,n, N, K'). This choice of v also works well in

all real data applications of Section 1.4, where several parameter regimes are involved.

Additional experiments and conclusion. We also evaluate the impact of other aspects
of the data generation mechanism on our estimator’s performance. We find that changing
danchor, Which controls the frequency of anchor words, does not significantly impact the

overall performance of TTS. This is an advantage of SCORE-based methods over methods
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that rely on anchor words identification, which are often affected by the frequency of anchor
words both in theory and in practice. Additionally, when we increase the parameter a,;,¢ in
(1.35), we find that our estimator’s performance improves significantly. This is not surprising
as a larger a,,r means the ordered entries of A’s columns decay to zero faster, and our
theoretical results also show that a strong sparsity regime (when ¢ is close to 0 in Assumption
5) is favorable to our method. Further details about these experiments are deferred to Section
1.5.7. Finally, we check the performance of our method on a set of semi-synthetic experiments
based on the Associated Press dataset (included in the R package tm [Feinerer et al., 2015]),
thereby allowing us to test a different data generating mechanism. The results are also
presented in Section 1.5.7.

Overall, we have illustrated that our method (a) performs well in a wide variety of
parameter regimes, and notably in the high-dimensional setting where p is large, and (b)
performs well even if our sparsity assumption is violated (see the discussion on the uniform
data generation mechanism, and also note that we use a weak sparsity regime with a;,r ~ 1
in most of our experiments). This makes our method applicable to the vast majority of
real-world text datasets, which often are high-dimensional and exhibit Zipf’s law decay.
However, alternative methods such as LDA and AWR may still be competitive in some
settings, especially when the pLSI model fails to hold or if the number of documents n and

the document length N are unusually small relative to the number of topics K.

1.4 Practical applications in text analysis and beyond

In this section, we deploy our method on real-world datasets. Given the results of the
previous section, we focus here on the comparison of our method with Topic-SCORE [Ke
and Wang, 2022| and LDA |Blei et al., 2003].

Real datasets seldom have ground truth for A, and some may even lack an obvious

choice for the number of topics K. Consequently, in this section we evaluate the estimators’

36



performance using, when appropriate, the following metrics:

(a)

Topic Resolution as a measure of topic consistency. We fit each estimator on two disjoint
halves of the data and report the cosine similarity between estimated topics (after an
appropriate permutation of the columns of A). Mathematically, letting /Al(i),i e {1,2}
denote the estimated topic-word matrices obtained for each half of the data, we define
the “average topic resolution” 1 as the mean cosine similarity (a classical similarity metric
in natural language processing) between aligned topics:

| K ADT 4(2)

. xk o (k)
— — D a2
ol K =~ HAik)HQHAia)

, (1.36)
(@H?

where ITg denotes the set of all permutations of [K]. Thus, higher resolution indicates
better-defined and more consistent topic vectors (although this does not necessarily mean

better ¢1-error).

Multiscale Topic Refinement and Coherence (Fukuyama et al. [2021]): In the absence
of an obvious number of topics K, we fit the method for multiple values of K and an-
alyze the resulting topic hierarchy to check the stability of our estimator. We follow
in particular the methodology of Fukuyama et al. [2021], which was developed to guide
the choice of an appropriate number of topics K for LDA [Blei et al., 2003] by inves-
tigating the relationships among topics of increasing granularity. Given a hierarchy of
topics, the method evaluates which topics consistently appear, constantly split, or are
merely transient. We use these tools here (and its associated package alto [Fukuyama
et al., 2021]) to analyze our estimator. The method of Fukuyama et al. [2021] starts by
computing the alignment of topics across the hierarchy using the transport distance: for
each K, this method computes how the mass of topic j € {1,---, K} is split amongst
the K 4 1 topics at the next level of the hierarchy. We refer the reader to the original

work by Fukuyama et al. [2021] for a more detailed explanation of topic transport align-
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ment. Once the relationships between consecutive topic models have been established,
the method of Fukuyama et al. [2021] allows visualization of (a) topic refinement (i.e.,
whether topics increase in granularity, as indicated by a small number of ancestors in
the hierarchy; or conversely, whether topics are perpetually recombined from one level
of the hierarchy to the next); and (b) topic coherence (whether a topic appears across
multiple values of K'). We choose here to favour methods with improved topic coherence

and topic refinement, since there are markers of topic stability.

We explore the comparison between our method, LDA and Topic-SCORE under diverse

parameter regimes (with varying n, N and p).

1.4.1 Research articles (high p, high n, low N)

For our first experiment, we consider a corpus of 20,140 research abstracts belonging to
(at least) one of four categories: Computer Science, Mathematics, Physics and Statistics?.
After pre-processing of the data (including the removal of standard stop words, numbers,
and punctuation), our dataset involves a dictionary of size p = 81,649 and n = 20,140
documents with an average document size of N = 157 words.

We first evaluate the topic consistency of all methods in estimating the topic-word matrix
A using the mean topic resolution defined in equation (1.36). Table 1.1 displays the average

topic resolution over 25 random splits of the data. As highlighted in the introductory para-

Methods Average Topic Resolution(n) Interquantile range
LDA (Blei et al) 0.304 (0.270,0.330)
TTS (this paper) 0.332 (0.310,0.360)
Topic-SCORE (Ke et al) 0.145 (0.093,0.179)

Table 1.1: Average Topic Resolution on research article data. The interquartile range for
the average topic resolution was computed over 25 random splits of the data.

2. The data is available on Kaggle at this link. Although the original data set comprises six topics (with
the addition of Quantitative Biology and Finance), due to the low representation of these last two topics
(< 4% of the data), we drop them from our analysis.
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graph to this section, topic resolution can be taken as an indicator of the stability of the
estimator of A between two separate portions of the data. A method that produces higher
topic resolution with a narrower interquartile range indicates a more stable estimation of
the topic-word matrix A. As shown in Table 1.1, our approach consistently outperforms
LDA and Topic-SCORE on this metric; it offers the highest average topic resolution score.
Topic-SCORE’s performance exhibits more significant fluctuations, as indicated by its larger
interquartile range.

Taking a closer look at the estimation of A, we consider the 10 most representative
words generated by each of the three methods for every topic (obtained by selecting the
top 10 largest entries in each column of 121) The results are presented in Tables 1.2, 1.3,
and 1.4. For the topics of Computer Science and Statistics, the top 10 most representative
words produced by our method agree with 70% of LDA’s most representative words in the
corresponding topics. There is much less agreement for the topic of Physics, but upon closer
inspection we find that some of the words produced by our method in that category (such
as ‘magnetic’, ‘energy’) are more indicative of the topic of Physics, whereas all of the top 10
words for Physics produced by LDA are generic words that can appear in other categories.

In contrast, the results of Topic-SCORE (Table 1.4) seem to diverge substantially from
those of LDA and our method. It appears that the top 10 most representative words for
Physics, Mathematics and Statistics from Topic-SCORE are dominated by infrequently oc-
curing words and foreign words; the foreign words can be traced back to a few rare abstracts
written in English and followed by a foreign language translation. This supports our hy-
pothesis that Topic-SCORE amplifies the effects of infrequent words, unless significant ad
hoc data pre-processing (removal or merger of rare words, and removal of documents with
significant numbers of rare words) is applied.

In order to further investigate the performance gap between TTS and Topic-SCORE, we

visualize the point cloud from both methods in Figure 1.8. As expected, we observe that the
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Top 10 most representative words per topic
Computer Science | “learning" “network" “networks" “model" "can" “neural"

“deep" “using" "models" “data"

Physics “model" “can" “system" “field" “energy" “systems"
“magnetic" “models" “using" “phase"

Mathematics “problem" “can" “algorithm" “show" “method" “paper"

“results" “also" “time" “using"

Statistics “data" “model" “can" “learning" “using" “models"
“method" “approach" “based" “paper"

Table 1.2: Most common words found by our method

Top 10 most representative words per topic
Computer Science | “data" “network" “learning" “networks" “can" “model"
“using" “new" “paper" “based"

Physics “show" “data" “analysis" “two" “can" “problem"
“results" “field" “system" “performance"
Mathematics “can" “used" “models" “using" “model" “paper"

“number" “method" “proposed" “approach"
Statistics “model" “results" “show" “can" “learning" “method"
“using" “based" “data" “also"

Table 1.3: Most common words found by LDA

Topic-SCORE point cloud is severely stretched by a set of low-frequency words that include
several foreign words. Again, with the presence of many rare words in the dataset, the lack
of thresholding and the use of the pre-SVD multiplication step in Topic-SCORE contribute
to a significant distortion of the point cloud. In comparison, the thresholding approach we
adopt yields a more compact point cloud. As demonstrated in Figure 1.8b, our method
effectively recaptures the essential vertices of the point cloud simplex. A closer look at the
words surrounding each vertex, as shown in Figure 1.8b, allows us to easily identify which
simplex vertex belongs to which topic (Physics, Math, Computer Science and Statistics when
moving in the anticlockwise direction). Under this “large p” regime and in the presence of a
myriad of rare words that may introduce significant noise, our method not only distinguishes
words effectively but also clusters them into well-defined topics.

We note that this dataset comes with manually curated topic labels for each document.
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Top 10 most representative words per topic
Computer Science | “data" “can" “model" “using" "learning" “show"
“results" “method" “paper" “also"

Physics “della" “quantum" “theory" “del" “year" “teoria"

“quantistica" “per" “nel" “delle"
Mathematics “die" “der" “collectors" “problem" “able" “assumptions" “coupon"
“wir" “based" “one"
Statistics “der" “und" “music" “automatischen" “learning" “sheet"

I

“die" “musikverfolgung" “deep" “algorithms"

Table 1.4: Most common words found by Topic SCORE

® aderenza
204 ®teoria 6
¢luce e °
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154 *dei archive
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10 magnt.stism
o . &.spin
magnetoelectric
54
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(a) Point cloud for K = 4 from Topic- X1
SCORE (b) Point cloud for K = 4 from our method

Figure 1.8: Comparison of the 3-dimensional point clouds from TTS (right) and Topic-
SCORE (left), projected on the first two axes for visualization. Estimated vertices are
colored red, and the point clouds are represented by gray dots. Most outlying words in
Topic-SCORE’s point cloud are thresholded away by T'TS, thus contributing to higher point
cloud stability for our method.

As a final verification, we analyze the performance of the different methods when used for
recovering the ground truth labels for each document. Having estimated A, it is quite natural
in light of the pLSI model to perform regression of D against A in order to yield an estimator
of W. To this end, we use the estimation procedure for W in Ke and Wang [2022], where
the problem of estimating W given A is reduced to a weighted constrained linear regression

problem:

A

p K
. . 1 Z 1 Z 2
Vi € [n], W*Z = argmlnwe[ovl]fgz—) M_(D']Z — Ajkwki)2 (137)
j=1 J1J k=1

We strongly emphasize that the aim of this experiment is to evaluate the estimation of A,
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and we do not claim here that our method provides state-of-the-art results in the estimation
of W. Other potentially better estimation procedures are available for W, many of which do
not require estimating A first. Rather, as topic labels are available for this dataset, we use
this simple estimation procedure for W via A as another way of comparing the quality of A
obtained from TTS, Topic-SCORE and LDA. Since the W obtained from (1.37) depends on
A as input, it stands to reason that a better estimation procedure for A may be reflected in
a better agreement between W and the provided topic labels for each document, if we use
(1.37) to estimate .

Let yz; = 1 if document i is labeled as belonging to topic k (and y;; = 0 otherwise).
We compute the average [ distance D(W, y) and cosine similarity S;. between the permuted

matrix W and the provided labels y for each topic £k as follows:

; 1 : St Wo()iYki
D(W,y) :== min — Wity — Ykil, Sk = max —
7 2 Woi = o€l W, (oyall2 | e 2

(1.38)

Here, a smaller value of the [; distance or a larger value of the cosine similarity score between

y and W indicate greater alignment with the provided topic labels. The results are displayed

in Table 1.5.
Methods Scs SPhys SMath  SStat S D(W,y)
LDA(Blei et al) 0.671 0.576 0.534 0.493 0.569 0.403
TTS(this paper) 0.610 0.748 0.636 0.494 0.622 0.305
Topic SCORE(Ke et al) | 0.670 0.545 0.588 0.373 0.544 0.348

Table 1.5: The evaluation of W obtained via estimating A first by using the three methods.
S is the average cosine similarity across all K topics

Table 1.5 indicates that our method improves the estimation of W overall and provides
the best topic alignment on average, when using (1.37) to estimate W. This suggests that

our procedure yields a more accurate estimator of A.
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1.4.2  Single cell analysis (low p, high n, low N)

In this subsection, we consider a different application area for our methodology: the analysis
of single-cell data. We revisit the mouse spleen dataset presented by Goltsev et al. [2018].
This dataset consists of a set of images from both healthy and diseased mouse spleens. Each
sample undergoes staining with 30 different antibodies via the CODEX process, as detailed
in Goltsev et al. [2018]. In Chen et al. [2020], each spleen sample is divided into a set of
non-overlapping Voronoi bins, and the count of immune cell types is recorded in each bin. In
this framework, each bin can be viewed as a document and cell types correspond to words.
It is of interest to determine appropriate groupings of cell types (topics), as this may help
one study the interactions between cells.

Since this dataset does not come with ground-truth labels, we sample two disjoint sets
of size n = 10,000 out of the 100,840 Voronoi tessellations across all spleen samples (where
10,000 is a number chosen to be large enough to ensure a “high n” regime while still allowing
all methods to have reasonable computational runtimes). On the contrary, there are only
24 different cell types (p = 24), while the average “document” length is N = 11.2 with an
interquartile range of (6,16). While Chen et al. [2020] focus on evaluating estimators of the
matrix W, here we repurpose the use of this dataset to study our estimator of A. In this
dataset, the precise number of topics K is unknown. We thus apply the three methods for
different values of K and use the metrics introduced at the beginning of this section (topic
resolution, topic coherence and refinement) to compare the three methods. The results are

presented in Figures 1.9 and 1.10.

Discussion of the results. Due to the structured nature of this dataset, all methods
perform remarkably well, exhibiting an average topic similarity above 0.95. Going into more
details, we see that our method outperforms Topic-SCORE in terms of topic resolution. In

particular, Topic-SCORE (in red) appears to have more variable performance, as reflected
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in its larger interquartile ranges and its jittery resolution as a function of K. Interestingly,
in this specific instance, LDA seems to score higher on topic resolution (although we again
emphasize that all methods perform very well on this metric). Additionally, Figure 1.10a
shows the refinement and coherence of the topics for our method as K increases, in contrast
to those of LDA in Figure 1.10b. In this data example, our method seems to provide topics
with higher refinement (fewer ancestors per topic) and higher coherence (note in particular
the stability of topic 1, 2, and 18) compared to LDA. In Figure 1.10b, it can be observed
that topics 1, 2, and 18 are dispersed across different branches within the refinement plot as

K wvaries.
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Figure 1.9: Median Topic Resolution as a function of K on the Mouse Spleen Data |Goltsev
et al., 2018, Chen et al., 2020|. Vertical error bars represent the interquartile range for the
average topic resolution scores over 25 trials.

1.4.3  Microbiome examples (low p, low n, high N)

We finish our discussion with an application of our method to microbiome data analysis.
In particular, we reanalyze two datasets that have been previously analyzed through topic
modeling: the colon dataset of Yachida et al. [2019] and the vaginal microbiome example
of Callahan et al. [2017], which was re-analyzed in Fukuyama et al. [2021] using LDA.
Microbiome data are represented in the form of a count matrix. In this matrix, each column

corresponds to a different sample, while each row represents various taxa of bacteria. The
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(a) Topic refinement for our method as K varies, (b) Topic refinement for LDA [Blei et al., 2003|
provided by the package alto [Fukuyama et al., as K wvaries, provided by the package alto
2021]. [Fukuyama et al., 2021].

Figure 1.10: Comparison of the refinement and coherence of topics recovered using our
method (left) and LDA (right).

entries within the matrix represent the abundance of each bacteria in a given sample. Taking
samples to be documents and bacteria as words, topic modeling offers an interesting way of
exploring communities of bacteria (“topics”) [Sankaran and Holmes, 2019|. For the sake of
conciseness, we present the results here for the colon dataset of Yachida et al. [2019], and
refere the reader to Section 1.5.8 for the results on the other dataset.

After pre-processing and eliminating species with a relative abundance below 0.001%,
this dataset contains microbiome counts for p = 541 distinct taxa from n = 503 samples.
In contrast, the length of each “document” is extremely high, with around N = 43 million
bacteria per sample. We test all three methods for different values of K and display the
average topic resolution in Figure 1.11. On this metric, our method exhibits significantly
better results than both LDA and Topic SCORE for up to 15 topics. After 15 topics, LDA
outperforms all SCORE-based methods in terms of topic resolutions. However, this comes

at a much higher computational cost: while each of the SCORE methods in this example
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could be fitted in under a minute, each of the LDA fits took on the order of tens of minutes.
Note that LDA’s high topic resolution could also be due to the higher weight of the prior
in the estimation of the topic-word matrix A, which, due to the relatively small size of the
dataset, could have a stabilizing effect on estimation. On the other hand, the performance
of Topic-SCORE quickly drops to 0.65 as K increases, before reaching a plateau at around
K = 10. By contrast, for small K, our method exhibits a resolution up to 40% higher than

Topic Score (for K = 10) before also decreasing as the number of topics increases.
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Figure 1.11: Topic resolution (measured by the average cosine similarity between halves of
the data) of our method (in blue) and Topic-SCORE (red) on the microbiome dataset of
Yachida et al. [2019]. Topic resolution is averaged over 25 random splits of the data.

To understand the gap in performance between Topic-SCORE and our method, we again
visualize the point clouds obtained by both methods. The visualization can be found in
Figure 1.17 in Section 1.5.8. Similarly to our first example with text analysis, we observe

that the point cloud of Topic-SCORE is heavily distorted; in contrast, ours is more compact.

1.5 Proofs and supplementary materials

All proofs make use of notations described in Section 1.1.4. Assumptions 1-4 (which include
separability) are assumed from Section 1.5.1 to Section 1.5.4, whereas the sparsity assumption

(Assumption 5) is further imposed in Section 1.5.5.
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1.5.1 Properties of the set J

Lemma 9 (Weak sparsity of A). Order the {5 row norms of A so that

[Ay«ll2 = -+ = 1Apll2

Then the matriz A satisfies max e[, j||A(j)*||2 <K.

Proof. Observe that for any j € [p],

P P
AAGll2 <D A2 <D 1Ak = K
=1 =1

since A contains only non-negative entries and each column sums up to 1.
Lemma 10. If My := diag(n"'Dg1,) and hj = ||Ajll1, then for any j € [p],
o (Ew)h; < Mo(j,7) < hj

Proof. Note that

and observe that h; := Z]If:l Ajj, and for each k € [K] (recall Xy := %WWT),

n

1 1 &
o (Xw) < Bw(k, k) = EZW;% < EZWM <1
i=1 i=1

Theorem 11. Define p, :==pVn, 1, := loj%%. Let
Ji={j€p]: M(j.j) >am},  Jr:={j€lpl:Myj,j) > aram}
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for some suitably chosen a >0 and 0 < a4 <1 < a—. The following statements hold:

(a) For a fized j € [p], we have
B(IM(j,§) — Mo(j, )| > £) < 2exp (—nNt2/2)

(b) The event

g={J_CJCJ}

occurs with probability at least 1 — O(pgl). Here, we can select o = 8,4 = %, a_ = 2.

Note that this implies that on €, minje y hj > aqamy,.

(c) We have
[4ge ol < [2K(Br) ™" A) (Ba)® = o(1)
o a_x . 16 . 9
where = ) = o) < O, and the same is true of [|A jes||% on event €.

-1 1
(d) |J+] < Igg’: Ap= KZ” Ap, and the same is true of |J| on event E.

(¢) o (As) > VK for some absolute constant ¢ > 0 on event . This implies |J| > K
and [Dg] j« have rank K on £.

(f) There exists an absolute constant ¢ € (0,1) such that the entries of Ag*AJ* are all

greater than c on event £.

Proof. (a) Denote Z := D — Dy. We introduce the set of p-dimensional one-hot vectors
{Tip,:1<i<n,1<m< N}

for each word in the dataset; note that Tj,, ~ Multinomial(1, [Dg];) and these one-hot
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vectors are mutually independent. It follows that each column of Z satisfies

N
1
Z)si =5 > (Tim — ElTim)) (1.39)
m=1
Note that for a given j € [p]:
1 1 & N
MG = M5 = 3 2= iy 32 5 (i) BT (L0
i=1 i=1 mzl

and since |Tj, (7)) — E[T;,(5)]] < 1, we can apply Hoeffding’s inequality to conclude
P(1M () = Mo(i. )| = 1) < 2exp (—nNi2/2)
(b) Note that a— > 1. We have

P(J- Z=])=4P<LUGJ,{A4(%j)EZaTn}>

< Y P(M(,4) < am)
jes-

> P(M(G.j) — Mo j) < am — a—am)

IN

where in the last step we used |J—| < p. We want to choose 1 — (a%l)h < —lor

equivalently (a— — 1)a > 2.
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Note that 0 < a4 < 1. We further have

P(J £ J2) =P (Ujese {M(3,5) > am})

< Y P(M(j,§) = Mo(j,§) > (o — aay)m)

jese
y - logp
<> P (IM(J,J) — Mo(5,5)] > (1 = at)a nNn)
jegs
Nn(1 —ai)%a?logpn
< 2 —
< 3 2o (-G
JEJS
2.2
< 2p}l—(1—a+) a®/2
2.2
Again, we want to choose 1— W < —1 or equivalently (1 — a4 )a > 2. A suitable
choice is @ = 8, a4 = %,a_ =2.
(¢) From Lemma 10, we have
Mo(5,7) = o (Ew)l[Ajsllr = o g (Zw)[[Ajsll2
and so if we define
a_o 16

Li={j €l [Ajullz > Bra} where §:= =0 5=~ >

then L C J_ by definition of J_, and thus ||Aje,||p < [|Ares||p. Now, if we order the
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ly row norms [|A¢pyll2 = -+ = [[A(,)«l2 and apply Lemma 9,

[Aredz =D A5 = min(||Ajlf5, 8277)
j<7‘£L JEL
2 62,2) L K% 5 5
< Zmln ||A ”2’6 < Zmln (j_Qaﬁ Tn)
j=1

/ min(3%72, K% 72)dt
Let t( satisfies 6273 = K% 2ortg= 5% We continue:

(0 ¢
|Apesl|% < to5%72 + K2/t t2dt
0

= toB%m2 + K2ty = 2t05° 12

1
— 9K B, = 2K 3 Oj%]p” = o(1)
n

given our assumption that o (Xy7) > ¢ for some absolute constant ¢ > 0. Moreover, it

is also clear from the definition of L that
1AL F < p(Bn)?

(d) For all j € J4 = {j € [p] : My(j,j) > aatm}, note that h; > My(j,j) > ayamy.

Then observe that

p
= Zhj > Z hj > |J+|a&+7‘n = 4|J+|7‘n
j=1 icJ

(e) Here we use the assumption that o (A) > ¢V K for some absolute constant ¢ > 0.
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Observe that by Weyl’s inequality for singular values, on event £ we have

K(As) > ok (A) = [[Ajesllop
> o (A) = || Ajesll 7

> VK —o(1) > eVEK /2

1/4
when n/V is sufficiently large, since in part (c) we have shown ||Aje . ||p < C (10gp"> .

Hence, A, has rank K on &, and by Sylvester’s rank inequality,

K =rank(Aj,) + rank(W) — K < rank([Dg]j4) < rank(Aj,) = K

(f) Here we use the assumption that the entries of AT A are bounded below by an absolute
constant. For any k,[ € [K], since ATA = A%;AJ* + A?;C*AJC*, on event & the (k,)-

entry of Ag*A J« satisfies

(AT, A7) (k1) = (AT A) (k1) = Y AjpAy
J¢J

> c— [|[Aell2l|Agello

> c— | AjedlF = c—o(1) > ¢/2

when nN is sufficiently large.

1.5.2  Properties of unobserved quantities

Lemma 12. The following statements are true:

(a) 01(A) < VK and o1(Zy) < 1, where Sy = %WWT.
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b) If = € RVIXE contains the first K left singular vectors of (Dol 7., then =L Ay, is in-
J J
vertible. If V = (ETAJ*)_l € REXE then V satisfies the following:
(Z) E=A45V
(i) The singular values of V' are the inverses of the singular values of A,

(iii) The columns Vi,..., Vi of V are eigenvectors of the matriz © = EWA?;*AJ*,

associated with the eigenvalues

(¢) The matriz Oy := Sy AT A € REXK satisfies the following:

(i) The entries of ©q are all positive and bounded below by an absolute constant ¢y > 0.

(ii) The gap between its first two eigenvalues is bounded below by an absolute constant
co > 0.

(iii) The entries of the unit-norm leading positive eigenvector of ©q are all bounded

below by an absolute constant c3 > 0.

(d) On event &, the results of part (c) also apply to ©, possibly with smaller absolute con-

stants c1,c9,c3 > 0.

(e) There exist absolute constants c,C > 0 such that on &, the entries of the first column of

V' satisfy
€ < min Vi(k) < max Vi (k) < =
—— < min max —
VE ~kelr] 7 T keik) N T VK
and if &1, ..., & are the columns of =, then for any j € J, its first column satisfies
ch; Ch;
N &1(J) <
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(f) Let Q € REXEK pe defined by QT = [diag(V1)] ™1V, and note that the entries of the first

row of Q are all equal to 1. Ifvy,... v} € RE=L are defined by the relation

1 ... 1
Q: * *
Ul UK

then we have

c<og(Q) <o(Q)<C

Consequently, vy, ... ,v;{ are affinely independent (which means the simplex defined by

their convex hull is non-degenerate) and maxycg [[vgll2 < C.

Proof. (a) The k'™ diagonal entry of AT A is ||A*k||% < || Ayl =1, so tr(ATA) < K which
implies 01(A) < VK. Similarly,

o WIW) _ te(WIW) ST IWailld _ S8y IWaill

n n n n

1

o1(Xw) =

(b) By singular value decomposition, we have

[Dolj. = EABT

where A = diag(1,...,0x) € REXK contains the singular values of [Dg], and B €

R™ K contains its right singular vectors. Here =12 = BIB =T k- Then

==EAB"BAT! = [Dg] ;. BAT! = Ap,WBAT!

If we let V= WBA™L € REXK then = = Aj,V. Furthermore, since

slz==TA,V =1
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we can see that V can be defined as the inverse of 27 A, thus proving (i). Also, since
o T AT
===V AJ*AJ*V:]K

we have VVTA?;*AJ*VVT = VVT, which implies VVT = (A?;*AJ*)*I and (ii) follows.
Now let £1,...,&x be the columns of =, and let V1, ..., Vi be the columns of V. Note
that &, = A, Vj. Since [Dg] 4 [Do]g*ﬁk = agfk and Xy = %WWT, we have

2

2
1 o o
(Do) 7+ (Do) &k = fﬁk = ;kAJ*Vk

Ay Sw AL ALYy = ApSwALLE, = n

Multiplying both sides by (AYJj*AJ*)ilA?;* on the left, we have

2
g
SwAL Ap V= f‘/k

and so Vq,..., Vi are eigenvectors (not necessarily orthonormal) of © := EWAg*A T

associated with eigenvalues 0,% /n for k=1,..., K. This proves (iii).

(c) For any 1 < k,l < K, (i) follows from our assumptions:

K
Oo(k,1) =Y Sy (k, ) - (AT A)(s,1)
s=1
. T
> min (A74)(tw)- > Sk, )

> min (ATA)(t,v) - Sy (k, k)
t,u€[K]

> min (ATA)(t,u) - ox(Sw) > ¢
t,ue[K]

Let v(0g) := A\ (0g) — A2(Og) > 0 denote the gap between the first two eigenvalues of

Og. The proof of (ii) is an asymptotic argument. If we consider a sequence {@(()n)} that
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varies with n as n — oo, then (ii) follows if we can establish that

lim infy(@(()n)) >0

n—oo

(n)

Assume to the contrary that lim inf,—s~o 7(@0 ) = 0. Then there exists a subsequence

{@(()nm)}%zl such that the gap between the first two eigenvalues decays to zero. Since
2
165 op < IS5 lop A2, < ¢

and K is fixed as n varies, there must exist a further subsequence that converges to

some matrix @(()OO). By part (i), this matrix @800) has entries that are bounded below by

some absolute constant ¢ > 0, and yet its first two eigenvalues are equal (by eigenvalue
continuity). By Perron’s theorem (see Section 8.2 of Horn and Johnson [2012] for a

(c0)

reference), such a matrix ©’ cannot exist.

(n)

iii) is also proven in a similar manner. Let € RE denote the leading unit-norm
Mo g

positive eigenvector of @gn); its entries are all positive by Perron’s theorem. Suppose

there exists some k € [K] such that

lim inf n(()n)(k) =0

n—oo

REXK with strictly positive entries to its

Note that the mapping from a matrix in

leading unit-norm positive eigenvector is continuous (this will be further elaborated in

part (d)). Again, this implies that there exists a subsequence {@énm)} that converges
(c0)

to some Oy " having strictly positive entries, and yet its leading eigenvector contains a

zero entry. This contradicts Perron’s theorem.

In light of Theorem 11(f) which shows A§*A J+ has entries bounded below by ¢ > 0 on
&, (i) is proven similarly as in part (c).
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We will first show (iii). Note that we refrain from applying the asymptotic arguments
of part (c) directly to © since, unlike O, © depends on J which is random. Also, the
sin # theorem is not applicable to eigenvectors of ® and ©q as these matrices are not

symmetric. Hence, we opt for the approach presented below.

Define the open domain
E={U e RN . w(k 1) > 0 for all k,1 € [K]}

and define f : E — RE as the function mapping a matrix in E to its leading unit-norm
positive eigenvector. Also, fix Wy € F and 1 < k,I < K. For any real-valued ¢ in a

neighborhood of zero, consider the function
YO(t) := £(Ug + teye]
fkl(>'_ (Po + teye; )

where e, and e; are the k™ and 1™ canonical basis vectors of R¥ respectively.

Since the algebraic multiplicity of the first eigenvalue of any matrix in £ is 1 (Perron’s
theorem), by Theorem 2 of Greenbaum et al. [2020], for any ¥y € E and any k,l €
[K], the function fk\go(-) is continuously differentiable around 0 (more specifically, one
can write f]gzo(t) = % for some eigenvector function x(¢) that is analytic in a
neighborhood of 0). Therefore, the function f itself is continuously differentiable on
E, and we can define its derivative f'(¥) as a matrix in REXK containing all the

partial derivatives of f at W € FE. Since these partial derivatives are all continuous,

2 . . .
£ B — RE“XK ig 5 continuous function.

Now if ¢ > 0 is an absolute constant such that all the entries of ©y and © are greater

than ¢ (the latter on event &), then © and ©( belong to the set

E = {U e REXE . w(k, 1) > ¢ for all k,1 € [K] and ||¥]op < K}
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which is a compact subset of E. Let 1 and 7y be the unit-norm positive first eigenvectors

of © and ©g respectively. On event £, by Theorem 9.19 of Rudin et al. [1976],

I = mnoll2 = [£(8) — £(80)ll2 < max [[f'(¥)]lop]© — B0l
VeF
< CHEWHOI)HATA - AF*AJ*’\F

= ClIZwllopllATe, A esll < CllA yeal % = o(1)
where we note that ATA4 = A§*AJ* + Agc*AJC*. Hence, for any k € [K],

n(k) > no(k) = [In —noll2 > ¢ —o(1) > ¢/2

if nN is sufficiently large. We have shown ming n(k) > ¢/2 > 0 on €£.

As for (ii), we have shown in (b)(iii) for © (and the proof is similar for ©) that

A(©) = o2([Do) Js) M(Op) = o2(Dy)

Note that since ||Alop < VK and ||[W]lop < /7,
max|oy,([Dol.7«), ox(Do)] < [|Allop[Wlop < VKR

and by Weyl’s inequality for singular values (which can be applied after appending zero

rows to the matrix A, so as to match the dimension of A),

AL (0) — Ap(00)] < 17:LP0Lr+) = 9k(Do)llow([Dols.) + k(Do)

n
||AJC*||0p||W||op(2V Kn)

n

< 2VEK||Ajexllop = 0(1)

<
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(f)

on event &£, so

IAM(0) = X2(0)| > [A1(Og) — A2(O0)| — o(1)

>c—o(l) >c¢/2

if nN is sufficiently large, for some absolute constant ¢ > 0.

Since we assume o (A) > ¢v/K for some ¢ € (0, 1),

C
Vik) < IVilla < o1 (V) =01 (A ) < o (A) < —
kﬂel[% 1(k) < [[Ville € 01(V) =05 (Ayy) S0 (A) < =
and since
1
—1 ~1
IVillo > ox(V) =7 (Az) 2 071 (4) 2

and mvl is the unit-norm leading positive eigenvector of ©, on event £ we have

. . Vl(k)} c
Vi(k) = ||V >
oy e = 1”2526%{!\%”2 =R

Since {1 = A, V1, it follows that on event &£, for any j € J,

ch; , Ch
—Z <&(j) < =

VK

It can be seen by the definition of ) that

> okV)
4 o maxke[K} Vl(k) =6
and
1(Q) < a1(V) <C




for some ¢, C' > 0. Thus, MaXpe (K] |[vpllo < C and @ has independent columns, which
implies v, ..., v} are affinely independent.

[]

Lemma 13. Let Ay, ..., Ay be the columns of Ay,. Under Assumption 4 on the vertex

hunting function V(-), the oracle procedure in Definition (4) returns
T : 1 1
Ay = Ay diag([Anlly - 1Akl (1.41)

on event .

Proof. Note that from Lemma 12(b)(i), we have = = A, V. Let 1 be the vector of size |J|

with entries all equal to 1. Now, by the definition of R,

17, R] = [diag(&1)] 'S = [diag(&1)] TA LV

T
1 ... 1
Recall from Lemma 12(f) the definition Q7 := [diag(V7)] =1V = . Then
v U
T
. . ' . 1.1
[17, R] = [diag(&1)] " Ay - diag(V1)Q" =11 (1.42)
U1 Vi
where II is defined as follows:
I := [diag(&1)] L Ay, - diag(Vh) € RIVIXE (1.43)

From (1.42) and (1.43), we can see that II contains only non-negative entries and the
rows of IT sum up to 1. This means the rows of R (the point cloud) lie inside the convex hull
of simplex vertices {v],..., v} C RE-T,
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By Assumption 3, for each topic there exists at least an anchor word for that topic in
the set J on event £. This means that the point cloud contains at least one point on each
vertex vy,...,vy. By Assumption 4, the vertex hunting procedure V(-) returns precisely
the vertices v}, ..., v} Now let {m; :j € J} C RE denote the rows of II. From taking the

transpose of (1.42), IT is then estimated correctly by solving

1 1 1
v vk E r
1 K J

Now, by the definition of IT in (1.43),
diag(&1) - T = Ay, - diag(V1) (1.44)
and thus (1.41) follows if we normalize diag(&;) - IT to ensure its columns sum up to 1. [

1.5.8  Concentration inequalities involving Z = D — Dy

Remark 10. This section contains all the concentration inequalities necessary for our anal-
ysis, and is comparable to Section E in the appendix of Ke and Wang [2022].

Lemma 15 and Lemma 16 are similar to Lemmas E.1 and E.2 of Ke and Wang [2022] in
that they are simple applications of Bernstein’s inequality. However, it is crucial to note that
our results are applicable even when minje[p] hj is extremely small, as we only restrict our
attention to j € J4 (where J4 is defined in Section A). In contrast, Lemmas E.1 and E.2 of
Ke and Wang [2022] require min ;) hj = cK/p (or at least mincp, hj > (Nn)~1logn).

Lemma 17 in our paper is based on standard techniques for deriving concentration in-
equalities for U-statistics. Our results here can be compared to Lemmas E.3-E.6 of Ke and
Wang [2022|, which use a truncation argument and the fact that the product of two sub-

Gaussian variables is sub-exponential. Our bounds do not depend on p except for log factors
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and are applicable to all parameter regimes (in particular when p > n Vv N), whereas the

bounds in Lemmas E.3-E.6 Ke and Wang [2022] depend heavily on p and minje[p] h;.

Lemma 14 (Bernstein’s inequality). Let Xq,..., X, be independent random variables with

E(X;) =0 and Var(X;) < 022 for alli. Let 02 :=n~1 S o2. Then for any t > 0,

Z’.
P <n_1

nt?/2
2] =20 "

Lemma 15. Denote ilj i= h; A 1. With probability at least 1 — o(pgl),

n

> Xi

1=1

h;lo
(M) = Moo )l < /= forall j € J (1.45)
Proof. Similar to (1.40), for a fixed j € J4 we have
1 n 1 n N
M(5,7) = Mo(3.5) = > Zji= N N (Tim() = ElTim ()
=1 =1 m=1

Note that since Tj;,,(7) ~ Bernoulli(Dy(7,1)), |Tim (7)) — E[Tjm(j)]| < 1 and

K K
Var(Tym (7)) < Do(j,i) = > AjWi <Y Ajj = h; (1.46)
k=1 k=1
(and also Var(7j,,(j)) < 1). We apply Bernstein’s inequality to conclude for any ¢ > 0:
nNt2/2

P(IM(j,7) — Mo(j,7)] > t) < 2exp <—m>
J

[ ;1 * _ -
One can choose t = C* %ﬁ,p” ort = % depending on whether h; > % holds.
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Thus with probability at least 1 — o(p,, 2),

lo 1
M5, ) = Mo, )| < C* max | | ngpn o8
/ logpn

since if j € J4, then l~zj > o/ lc;lg]{'}" > & i?]g\,p” when n/N is sufficiently large so that

105% < 1. We then take union bound over j € J. O]

Lemma 16. Denote {Z; : j € J+} CR" as the rows of Z in J4, and {W}, : k € [K]} CR"

as the rows of W. With probability at least 1 — o(pgl),
T . nizj log pn, ,
1Z; Wi| < C —N forall j € J4 and k € [K] (1.47)

N
Zji= + 3 (Tinti) = EfTin(7)]) (1.45)

Proof. Note that

and so for any j € J4 and k € [K],
n 1 n N
ZIWy =Y ZiWy, = N SO aWii(Tym (G) — BT (7))
)= i=1m=1

We note that [nW;(Tjn, (7)) — [T, ()])] < n and Var[nWi;(Tin, () — E[T5()])] < n?hy,

so by Bernstein inequality, for any ¢ > 0,

Nt?/2
PZTWy| > 1) < 2exp | —— /2
J n2hj +nt/3

[nhjl . . 5 / -
We can let t = C* w and again by noting that h; > ato long]e” > c* 1Ong]€” if
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J € J4, we obtain (1.47).

Lemma 17. With probability at least 1 — o(p,; 1),

hihl
21z~ (27 2))| < ¢y % for all j,1 € Jy with j # 1 (1.49)
T T N ”il? logpn, % nizj log pp, .
2 2 —B(Z] Z))| < C\| —x—+ | = Jorallje /s (1.50)

Proof. Denote X;p,(7) := Ty (7)) — E[T(4)]. Fix j, 1 € J4+. By (1.48), note that

n 1 n N N
Z]TZI = Z 'iZli = WZ Z Zsz(])X

1=1m=1s=1

1
Zl n N
Z—QZZ NQZ > Xim()Xis(D)
i=1m=1 1=11<m,s<N

m;és

N -1
:£V1+

v
N N 2

where we define

Note that E(V5) = 0, and we need an upper bound on |V — E(V7)] and |Va|. We will deal
with V5 first. Define Sy as the set of permutations on {1,..., N} and N’ := | N/2|. Also

define
N/

Wi(Xi1, .. Xin) - N’ > Xiom—1()Xi 2m(1)

m=1
Then by symmetry (note that the inner sum over m, s in the definition of V5 has N(N — 1)
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summands), .
e 2resy WilXin1ys - Xim(y)

Vo N

Define, for a given m € Sy,

n

QW = Z N/Wi(Xw(l)v cee ’X’JT(N))
=1
so that N'Vp = Wl,fzﬂeSN Qr. For arbitrary t,s > 0, by Markov’s inequality and the

convexity of the exponential function,

_ / gt resy B(e9r)
]P)(N/V2 Zt) S e StE(esN V2> S e st e 1\;\“

Also, define ) = @ for 7 being the identity permutation. Observe that

n N’

Q=Y Qim where Qi = X;2m-1()Xi2m()

i=1m=1

so @ is a (double) summation of mutually independent variables. We have |Q;,| < 1,
E(Qim) = 0 and E(Q%m) < ﬁjﬁl. The rest of the proof for V5 is similar to the standard

proof for the usual Bernstein’s inequality and one can skip to the conclusion (1.51).

If we denote G(z) = ex;%*x , observe G(x) is increasing. Hence,

212
E(eSQim):E<1+sQim+%+...>

=E[1 + 5°Q2,G(sQim)]

<E[1+ s%Q2,G(s)]
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Hence,

e E(e%9) = exp(—st + N’nﬁjﬁls2G(s))

Since this bound is applicable to all the other () and not just 7w being equal to the identity

permutation, we have

P(N'Vy > t) < exp(—st + N’nﬁjizZSQG(s)) = exp (—st + N’nﬁjﬁl(es —-1- s))

_ t
Now we choose s = log (1 + N’TLiLjiLl) > (. Then

| / - / /
i N’nhjhl N’nhjhl N’nhjhl

= exp —N’nﬁ‘ﬁlH %
J N’nhjhl

where we define the function H(x) = (1+z)log(1+ z) —x. Note that we have the inequality

3 2
H(z) > -~

for all z > 0. Hence,

t2/2
P(N,VQ Zt) <exp| — - ~/
N’nhjhl-l—t/?)

or by rescaling,
N'nt? /2
PNV, > N'nt) < exp | — /2 (1.51)
hih; +t/3

We can choose 2 = C]\%lhl log pp, and note that ﬁjﬁl > (a+a)2k;§% if 5,1 € J4. Hence,

with probability 1 — o(p;; 1) (even after taking union bound over j,1 € Jy),

nizizl log pn,
< o¥y L=
Vol < €7y I
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As for V7, we can just apply the usual Bernstein’s inequality. Let p;; = E[T;n(5)] =

and define p;; similarly; note j;; < ﬁj. Since X, (7)) = Tim (J) — pij
Xim (3) Xim () = Timn () Tim (1) — pigTim (1) — pirTim (7) + pajhil
If 7 # 1 then Ty, (5)Tipn (1) = 0 and so

Var[ Xy, () Xim ()] = Var [ Tim (1) + 131 Tim (5)]
< Euii Tim (1) + it Tin (7))
= Mzzj:uil + M?lﬂij = pijtvir(pij =+ 1)

< pijpin < hjhy
since p;j + p; < 1. Hence, by Bernstein’s inequality,

—nNtZ/2
B (Vi —E(V)] > 1) < 2exp | — /2
hjhy +1/3

which is similar to (1.51), so we obtain with probability 1 — o(p,; 1) that

n c* [nh le log pp, nh ';Ll log pn
— Vi —E(W)| < =) == < oy L —2=20
N| 1 V)l < N N ¢ N

and (1.49) is proven.
If j = then since Tﬁn(j) = Tim (), (1.52) leads to

X20,(7) = Tym () (1 = 2ui5) +
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and since |1 — 2u;;| < 1 and Var(Tj,(5)) = pi(1 — pij),
Var[XZZm(j)] < i < ilj
and so we obtain (1.50) since with probability 1 — o(p;; 1)

n C* nﬁ'logpn
~\Vi —F < e
- EWVI = N

Corollary 18. With probability 1 — o(pgl), the following statements hold:

K1
ZWil s, |12 < C*,/% foralll <k <K (1.53)

hiK1
Iz2" —EzZ"))j;, |12 < C*Y w forall j € Jy (1.54)
nlogp
zz" —E(zZ")];, 5, \lF < CT K Tn (1.55)

Proof. This follows from (1.47), (1.49) and (1.50) after squaring the error bounds and sum-

ming them up. We note that Zjeh fzj < Z§:1 hj =K. ]

1.5.4 FEstimation errors for singular vectors and the point cloud

We will use the following theorem (a row-wise perturbation bound for eigenvectors) from Ke

and Wang [2022].

Lemma 19 (Lemma F.1 of Ke and Wang [2022|). Let By and B be m x m symmetric
matrices with rank(By) = K, and assume By is positive semi-definite. For 1 < k < K, let
52 and oy, be the fth largest eigenvalues of By and B respectively, and let uz and uy, be the

kth eigenvectors of By and B. Fix 1 < s < k < K. If for some ¢ € (0,1), suppose (by
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default, if s =1 then 52_1 — 52 =00)
min(0yy =050} =0k y1. 1min 5) = el Bollop. 1B = Bollep < (c/3)]| Bolloy

Write Uy = [u, . .. ,ug], U =lus,...u] and = = [u(l), . ,u(}(] There exists an orthonormal

matriz O such that for all 1 < j <p,

5
(U0 —Up)julle < (1B = Bollopl|Zjell2 + VEI(B — By)jxll2)
c||Bollop
If we define
=ppT — N
G N

1 T
Go:=|1—— | DygD
' ( N) oD

then the above lemma can be applied to the submatrices G j; and [Gy] s (see Lemma 25).

Lemma 20. With probability 1 — o(pfll), we have

nkK logp
(G = Go)gyillop < CTK Y Tn

and for any j € Jy, row j of (G — Go) , j. has la norm satisfying

nh;logp
(G = Go)js,ll2 < CT KA JTn

Proof. From basic properties of the multinomial distribution, we can show that

1
E(zzT) = Zcov i) Zcov y) = MO—NDODO
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and therefore

n 1
—Go=DDT ——M —(1——) DyD

1
= (Do + 2)(Dy+ 2)T — %M - (1 - —) DyD¥

N
1
= 2D + DyzT + 22T — ZM + —DoDT
NT N
n
= 2zDL + Dozt + (22T —E[zZ7)) + (Mo — M)

and so we can write (G — Go) y,j, = E1+ E2 + E3 where
By = (ZD§ + DoZ") s, g,

T T
By = (22" ~E[2Z"));, ;.

n

By = (Mo = M)y, g,

We can deal with E3 first. From (1.45), with probability 1 — o(p,, 1) we have

C’*n\/(maxjej+ ilj)Ingn<C* nlog pn

< i

and for any j € J4,

C* niLj log pn,

n
e <
1[E3]l2 NIM(J,J) Moy(5,5)] < N N

From (1.54) and (1.55), with probability 1 — o(p;, 1)

nlogp
1 Eallop < | Ballp < €1\ 220"
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nﬁ-Klogp
[[Ea]jxll2 < C*\/]Tn

If we denote Ay, ..., Ax as the columns of A and W1,..., W}, as the rows of W,

K
Doz" =" Ap(zwy)"
k=1
and so from (1.53) and the fact that Zszl | AL]l2 < Z?:l AL < K,
K nKlogp
1Erllop < 21D0Z" g, 7, llop <23 [ Akll2|Zr, s Wall2 < CFK [ ==

k=1

Let Z1,. .., Zy denote the rows of Z. From (1.47), (1.53) and the fact that Zszl Ap(j) = h;

and h; < K, for any j € J4:

K

K
Bl <7 A Zr s Willa + > 127 Wil Agll2
=1 k=1

InK log py, /anl log pp
<C hj N + CTK N
Inh;log pp
< *K ]—
=C N

Since the bounds for || £ [|op and ||[£1]|l2 dominate those for Fy and E3, our result follows.

]

Lemma 21. With probability 1 — o(pgl), we also have

G = Golyyllop < CF Ky 1B 1.56
P N
hil
(G = Go)islla < CFEy | 080 (1.57)
J N
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Proof. This is simply a consequence of the previous lemma and the fact that J C Jy with
probability 1—o(p,,; 1), which implies that (G'— Gp) sy is a submatrix of (G — Go)y,J, - Note
that we refrain from applying the argument of the previous lemma directly to (G — Gg) .1,

since J and Z are not independent (whereas J4 is a non-random index set). O

Corollary 22. Let g, be a quantity satisfying

[ nN
e > g > CPRVE (1.58)
log pn

where C* in (1.58) is the constant from (1.56) and c is another constant to be determined.

If

. 1
K:ZmaX{k’Z)\k<GJJ)>gn n (ngpn}

then K = K with probability 1 — o(p;;1).

Proof. We have shown in Lemma A.3(e) that [Gg] ;s has rank K on €. By Weyl’s inequality,

nlogp nlogp
M 1(G ) < (G = Go)gsllop < CEVE Y I = < gny/ N =

This implies K < K. On the other hand, again by Weyl’s inequality,

nlo nlo
Ak (G ) = Ak ([Golyg)l < C*Kﬁ\/% < gn\/ %

and since G := <1 — %) DOD(:)F, by our assumption that o (A4) > ¢v/K and o (Zy) > c,

1 nlo
Ac((Golag) 2 (1= 7 ) ok (AR () 2 citn > 29,8

when nN is sufficiently large and ¢ in (1.58) is chosen appropriately. Hence,

A (Grg) > Ag([Golyg) — 1Ak (Grg) — Ak ([Golyp)| > gn nliigfpn
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and thus K < K with probability 1 — o(p;, 1). O

Recall that = contains the first K eigenvectors of G 7J and = contains the first K left
singular vectors of [Dg] s, or equivalently the first K eigenvectors of [G] 7. We will provide

a coordinate-wise error bound for = in Lemma 25. First we need a few lemmas.
Lemma 23. For any j € J, [|[Zj«2 < Chj.

Proof. Note == A,V so Ej, = A, V. Hence,
- 1
1Zj4ll2 < IV llopllAjslle < IVlopllAjills < 0f (A)h; < Chy

since we have shown before that the singular values of V' are just the inverses of the singular

values of Aj,. m

Note that on event &£, [Dy)] s, and hence [Gg] ;s has rank K.

Lemma 24. On event &,
enl < Ap([Golyg) < nK for all k € [K] and A ([Golys) = en + 0 Ak([Gol g )
Proof. We note that [DgD{ ;5 = A WWT AL =nA; Sy AT . Hence,
M ((Golyg) < nllAllgy I Sw llop < nK

Mg ([Golg) = nlog (Ap)Pog (Sw) = nlog (A)Pok (Sw) > enK

We also note that for any two matrices P and @), the nonzero eigenvalues of P() are the same
as those of QP. Thus the nonzero eigenvalues of [DODg ] 77 are the same as the nonzero
eigenvalues of WWTAF*A J+ =: n©. We have already shown in Lemma 12(d) that the gap
between the first two eigenvalues of © are at least an absolute constant on £. Hence, our

result follows.
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]

Lemma 25 (Row-wise estimation error for é) Denote {Z; : j € J} as the rows of = and
{éj :j € JY as the rows of =. With probability 1 — o(p; 1), there ezist w € {1} and an

orthonormal matriz Q* € RE—DXE=1) guch that, if Q = diag(w, Q") € REXK we have

. h;lo
192; = Zlls < C\| <L 2E porattje J

Proof. Let &1 and & be the first eigenvectors of (G y; and [Ggl sy respectively. The gap

between the first two eigenvalues of [Gp]y; is at least c¢n, which is much greater than

C* K/ M(l# (the high-probability bound on |(G — Go)ssllop)- By applying Lemma
19, there exists w € {£1} such that with probability 1 — o(p,;1), for all j € .J,

hill(G = Go)gsllop + VEII(G = Go)jll2

wer(d) &) < C -
log pr, nh;logpn
<C%vl%&+v_%T_

- n

hjlog pn
nN

<C

where we applied h; < K.
Let 2% = [£9,...,{k] contain the other (K — 1) eigenvectors of [Ggl s, and define =
similarly. Again, since the smallest nonzero eigenvalue of [Gg] s is at least cn K, there exists

an orthonormal matrix Q* € RUEE=1)X(E=1) qych that for all J€ed,

. h;log pn
= -2l < Oy L
I ol < €y
We then define Q2 = diag(w, 2*) and combine the above results. O

Lemma 26 (Estimation error for the point cloud). With probability 1 — o(p; '), all entries

(K—-1)x(K-1)

of fl have the same sign and there exists an orthonormal matriz Q* € R such
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that

log pn ) 1/4

max ||[Q*F: —r:llo < C
jeg || 7 j||2— (nN

Proof. First, we note that WLOG, we can assume w = 1. This is because from the previous

. . lo
lemma, for any j € J, since hj > ¢y/ =5,

w . [ hjlog pp log pn \ /4

whereas we also know from Lemma 12(e) that

&1(j) > chj >0

We can see that [wé(j) — &1(5)] < &1(j) with high probability as nN is sufficiently large,
and this implies wé; () > £1(j)/2. If & is defined such that the majority of its entries are
positive (and in fact its entries are all of the same sign with high probability), we can simply
assume w = 1 from now on.

Denote {Z; : j € J} as the rows of = and {EJ . j € J} as the rows of Z. Now, since by

definition,
1 N—T1— 1 2N —1 A
= [&1()] "=y, = [6&1(5)] " QZ;
7“] Q*fj
it follows that
1 A 1
1277 — rjll2 = Ej— s =E
! g 51(]) ’ 51(‘7) ’ 2
|z o=y @@ -au),
£1(5) ! aG) 7y

< 1G9 = Zill2 + Irjll216G) — &)
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We have noted in Lemma 13 that the point cloud {r; : j € J} lies entirely in the convex
hull of v7,..., v}, and Lemma 12(f) shows that maxcig[lugllz < €, so we also have
max;c y [|[7j]l2 < C. We have also noted before that

: S16)

§1(4) > BN > Chj

with high probability. Therefore, with probability 1 — o(p,, 1y for all j € J:

R log p
|7 —74]l2 < C =

hjnN
log pp, 1/4
<C
- ( nN
since minje s hj > ¢ long% with probability 1 — o(pgl). L

Lemma 27. If we denote the rows off[ from our proposed procedure as {7; : j € J} and

the rows of I1 from the oracle procedure as {m; : j € J}, then with probability 1 — O(pfll),

log pp, ) 1/4

mo 7 = w5l < € (55

JE€

Proof. Recall that 7%;? e RE is the unnormalized vector solving

1.1 (1 R 1
R R A R R i~ R
o7 ... Uk 7 O O Q7
Therefore,
N . 1 1
Aj =qQ where @ :=
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We also have

1
T = Q_l where @) =
T Vi UK
Consequently,
. N} A Al -1
175 = milla < 1Q  lopl2*75 = rjlle + Q7" = Q™ lopy/ 751l + 1
Note that max;c s [|rjlla < C since the 7;’s are in the convex hull of v], ..., v} Also, since

QT = [diag(V1)] "1V, we have ||Q*1||Op < C since
C -1
max Vi(k) < —= and ||V |op = 01(A) < VK

ke[K] VK

Now, we note that with probability 1 — o(p,, 1),

1Q = Qllop < 1Q = QllF < \/fknel% 19%05, — w12

R log pp, 1/4
<VvK QO —rilp < C =o(1
> ?Q}H Ty 7”]”2 = ( N ) o(1)

where we used Assumption 4, since in the oracle procedure the vertex hunting algorithm

correctly returns v¥, ..., v% . Therefore
y 1> y VK I

A A A A ) log py, \ /4
HQ*—Q”mm=W¢%Q—erw®sHQ4MMQ—QMMQMSSC<fﬁ)

Here we note o (Q) > ox(Q) — ||Q — Qllop = ¢ —o(1) > ¢/2 if nN is large enough, so

Q7 lop < C. Therefore, we obtain

N log pp, 1/4
<&
I~ il < ¢ (<55

7



<
J

Now if we define 7; = where 77 (k) = max(#7(k),0), then since [|7;[1 = [|m;[1 =1,

17511 J

175 —milln < 17y — 751l + 175 — 75l
=1 =175l 7l + 175 — 75l
= [llmjlr = I751] + 175 — 7l
<2|m; — 75l

< 2w — 2l < 2VE|ES — 7l

log pp, 1/4
<
_c( 51 )

1.5.5 Estimation error offl

In this section, we will additionally impose the {4-sparsity assumption (1.19) for ¢ € (0,1).

Lemma 28. Under Assumption 5, if 5 := U;(’E?/V) and Ty =/ 107,;5&, on event &

K

[A el < 1_ qs(ﬁTn)l_q (1.59)

Remark 11. We assume from now on that s does not grow too quickly relative to n/N so

that the RHS of (1.59) is o(1).

Proof. On event € we have J_ C J, so j ¢ J implies My(7,7) < a—ar, where 7, := 4/ log pn

n

Since o (X )hj < Mo(4,5), j ¢ J implies Aj, < h; < By for any k € [K] on €. Then
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with probability 1 — o(p; 1), for any k € [K],

p
[Agerlln =Y min(Ajg, B7a) <> min(Ajy, B7a)
J¢J J=1

p 00
< g min(sl/qj_l/q,ﬁm) < / min(sl/qt_l/qaﬁTn)dt
j=1 ’

Now, let tg := s(87,) 7 so that sl/qtgl/q = [71p. Then continuing from the above display,

0
lAgerlls < tofm + /4 / gy
to

_ 1
=tofBm + 4 Sl/qt(l) Va _ —tofBn
l—g¢q 1—g¢q

and the result follows by summing up this bound across k € [K]. Note that the assumption

q € (0,1) ensures the integrals above converge. O
Lemma 29. On event &, if Ay, is defined as in (1.41),

K
S
1—g¢q

1Az — Asilll = [|[Agesll1 < (Brn)t 4 (1.60)

Proof. We note that the columns of A J+ sum up to 1, the columns of A sum up to 1, and

as a result of the definition of A, in (1.41),

Aj — Ay = Ay, - diag(|Agerlln, - - |Asex )

Then || Ay, — Asill1 = ||Ajesll1 and our result follows from the previous lemma. O

Theorem 30. With probability 1 — o(pgl), for some constant C' that may depend on K and
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q, we have
1—q

A 1/4 Lo
|A— Ay <C (10gp”) +s(1ogp“) i

nN nN

Proof. Consider the unnormalized matrices
AOJ* = diag(£;)II  and flf}* = diag(&)11
Then with probability 1 — o(pgl), for any j € J,

I(A® — A% el = 1E10)7j — &) mjlh

<|a()xj =il +1&G) — &Gl

log pn, 1/4 hjlog pn
<C hj ( N ) + —nN
) 1/4
< Ch; ( Ogﬁ”) (1.61)
n

where again we note that on event &, h; > ajay/ % if j € J. Since Z§:1 h; = K, with

probability 1 — o(p;; 1),

A ~ log p 1/4
|AG, — AJl < C ( nN") =o(1) (1.62)

Now, A J« and A J« are defined by normalizing the columns of 1213 , and fli} 4> 50 we have

for each j € J and k € [K]

- -
Ajp = ik Aji = i
1A%, 111 1A, I Akl
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Therefore, for each j € J and k € [K],

- AO Aok
|Aji — Ajrl = 7o AJ
|| k”l H k”l
\A —AG 1 1
S — ik =
[ TEIAS, A
|A<> — A1+ Al AG) = AG
B A5l
_ | A%k _AO Kl Akl Ak — A%l (1.63)
IAS k||1 Akl A% 1
Now,
1 _
Akl =1~ - qs(ﬁfn)l 7>

for some absolute constant ¢ € (0,1) as n/N becomes sufficiently large. Furthermore, since

by definition of IT we have A?k = diag(&1)IT = A, - diag(V1) and mingc () Vi(k) = \F’

1A% = Vi(B)|| Akl > ¢

and thus

1/4
Al > 145 B e s e o (s,
14Tkl = 14T, = 145, = Agpli = e = O —7 ) = ¢/

as nIN becomes sufficiently large. Hence, we have from (1.63), (1.61) and (1.62) that

log pn, ) 1/4

|Aje — Aji| < Chy ( N

and so for any j € J,

i i log pn 1/4
I4j. = Ayl <y (2202
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which, since Z];:l h;j = K, implies

i bt log pp, 1/4
Aj,— A <C 1.64
45, = Aplh < 0 (2202) (164)
We combine (1.59), (1.60) and (1.64) to obtain what we need to prove. O

1.5.6  Results on Archetype Analysis [Javadi and Montanari, 2020]

To facilitate our discussion on relaxing the separability assumption, we summarize the results
of Javadi and Montanari [2020] in this section.

We first introduce the notations in this paper. For a point u € R? and a matrix V €
R™M¥d et

P(u; V) := min{|lu — V7|3 : 7 € A™}, where
A™:={zeR"™: 271, =1and x; >0 for all j € [m]}

In words, Z(u; V) is the square of the distance between u and conv(V'), where conv(V)
denotes the convex hull of the rows of V. If U € RP*? is a matrix with rows Uy, ..., Up € Rd,

we generalized the above definition by letting

PU; V) = i@(ul;‘/) (1.65)
=1

Now, consider a factorization of the form Xg = WyH(, where the rows of X € Rm* (K-1)

Rme

form a point cloud, Wy € is a matrix of weights whose rows are in AE and the rows

of Hy € RE*(E=1) are the K simplex vertices.

Definition 6 (a-uniqueness). We say that the point cloud Xog = WyH( satisfies uniqueness

with parameter o > 0 (or a-uniqueness) if for all H € REXE=1) with conv(Xg) C conv(H),
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we have

D(H; X0)'/? > 9(Ho; X0)'/? + o 2(H; Ho)'/? + 9(Ho; H)'/?] (1.66)

The motivation behind this assumption is quite clear. Any H with conv(X() C conv(H)
is a plausible explanation of the data. For Hy to be identifiable, we want Z(H; Xg) >
P(Hy; Xg) if H # Hp, and so (1.66) is a quantitative formulation of this requirement.
Note that if Xg = WyH( is a separable factorization, then it always satisfies uniqueness
with @ = 1. Indeed, whenever conv(H() = conv(Xy), one has Z(H; X() = Z(H; Hy) and
9 (Hy; Xo) = Z(Hop; H) = 0.

The vertex hunting procedure considered in Javadi and Montanari [2020] is as follows.

Suppose we observe X which is a noisy version of Xj:
X=Xg+2Z=WoHo+ 2 (1.67)

Let z1,...,zm be the rows of X. We can obtain an estimator H of Hy by solving the

following optimization problem (Archetype Analysis):
minimize Z(H; X) s.t. D(x;; H) < 62 for all i € [m] (1.68)

where § > maxc(,, [| Zix/l2- In light of Corollary 5, we want to choose § > C (%)1/4
in our context, where C' is the constant in (1.21) (replace X in (1.67) with the point cloud
matrix R from out oracle procedure, and X with the point cloud matrix R from Definition
5).

The main theoretical result of Javadi and Montanari [2020] is that their vertex hunting

procedure is robust to noise in the point cloud.

Theorem 31 (Theorem 1 of Javadi and Montanari [2020]). Suppose X satisfies the a-

uniqueness assumption, and conv(Xq) contains a (K — 1)-dimensional ball of radius > 0.
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Consider the vertex hunting procedure defined by (1.68), with § = max;c(,, || Zix|[2- If

CQfh
max || Z; < —0
then
. C2K>
| = Hollf < —5—0° (1.69)

Here, the constant C' may depend on p and the mazimum/minimum singular values of Hy,

and we ignore the vertezx label permutation (by redefining H if necessary).

Using similar proof techniques as in the above theorem, we can also show the following
robustness result for Archetype Analysis without using the a-uniqueness condition (the proof
is omitted for brevity). In (1.70), we do not need to assume separability (in which case one
has Z(Hp; Xg) = 0), but we want the distance from the vertices in Hy to the convex hull of
the point cloud X to be no larger than §. Again, § < (%) i when applied to our topic

modeling setup.

Theorem 32. Using the same assumptions as in Theorem 31 except the a-uniqueness condi-
tion, if max;e () [| Zixl2 <6 < ﬁ(%, the vertez hunting procedure (1.68) satisfies for some
constants C1,Co9 > 0:

|H — Ho|% < C12(Hy; Xo) + C262 (1.70)

In practice, the vertex hunting procedure defined (1.68) is difficult to use. When applied

on real dataset, one may prefer to work with the Lagrangian form of (1.68):

~

Hy =argmin[Z(X;H) + \2(H; X)] (1.71)
H

Algorithms to solve this non-convex optimization problem are available in Section 4 of Javadi

and Montanari [2020].

84



1.5.7 Further details on experiments with synthetic data

1.5.7.1 Zipt’s law: illustrations and comparisons

Most of the synthetic experiments we use in this paper rely on the generation of documents
where word frequencies follow a Zipf’s law distribution (see Equation 1.35). Figure 1.12a
illustrates instances of such frequency distributions for a dictionary of size p = 10, 000 words
as we vary the parameters of this distribution (namely, the values of a;pr and Bp¢). Fig-
ure 1.12b compares the frequency heterogeneity resulting from sampling frequencies f(j)’s
from a Zipf’s law distribution (Equation 1.35) to frequencies sampled from a Uniform dis-
tribution:

fj) o< Uniform(0, 1).

These two figures illustrate the fast decay in word frequencies under Zipf’s law. With a;,f =

1 and b,;

sipt = 2.7 (a choice of parameters empirically observed to fit the behavior of real text

data), only 10% of words have frequencies above 0.001. The rate of decay increases rapidly as
the parameter ;) r increases (Figure 1.12a). By comparison, under the uniform distribution
often assumed in other papers, all word frequencies are of the same order of magnitude. Our
weak sparsity assumption, imposed on the row sums of the topic matrix A, is well-aligned

with the empirically observed Zipf’s law.

1.5.7.2  Synthetic data from the uniform distribution of non-anchor words

For experiments involving the uniform distribution, the data generation mechanism is as

follows:
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(a) Ilustrations of word frequency distributions (b) Word frequencies generated under the Uni-
under Zip’s law. As aips increases, the frequencies form distribution (red) and the Zipf’s law dis-
decay faster. tribution (blue) with azips = 1 and byips = 2.7.

Figure 1.12: Comparisons between word frequencies from different generation mechanisms.
Both axes are log-scaled.

Vi € [n], Wy; ~ Dirichlet(1g)

Vi€ {5K +1,---p} and k € [K], Ajj ~ Uniform(0, 1) (1.72)

and for j € [5K], each topic k € [K] has 5 anchor words, with A;; = danchor if word j is
an anchor word of topic k and Ajj = 0 otherwise. This setup is identical to the main text,
except for the uniform distribution used to generate word frequencies. As noted before, the
assumption that word frequencies all have roughly the same amplitude does not align with
our weak sparsity assumption (Assumption 5) or the behavior of word frequencies in real
text data [Corral et al., 2015|. Nonetheless, we also perform experiments in this setting and
report the results in Figure 1.13a. Results are averaged over 50 experiments. We use K = 5,

Qdirichlet = 1, and 5 anchor words with intensity 0,pch0r = 0.001.

86



N = 300 N = 500 N = 750 N = 2,000
0.6
1 : | i
0.44 =
8
0.21 \_‘_’\‘
204 Method
= TTS (this paper)
5 197 ©  Topic SCBRE
5 101 o Keetal) o
= § parse Topic Estimation
0.51 \\\_\ g?,inlg et al)
WR (Arora et al)
201 LDA (Blei et al)
1.51 ®
1.013 . . 5
8
0'5‘\‘\\0 ‘\\ “\\_‘ \.\_’
PP P L O PV O O OOV O OO OO O O O O
LT VLIRSS O OO O
FEPES FPPEF FELEE €88
n (Corpus Size)
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Figure 1.13: Performance of the different methods under the uniform frequency generation
mechanism detailed in Equation 1.72. For small vocabulary size p, the method of Bing et al.
[2020b] does not appear as the number of topics it estimated was less than the true value

K = 5; therefore, we were unable to evaluate its performance.
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Figure 1.14: Same experiments as those in Figure 1.13. Results here are plotted as a function

of N

We note that Topic-SCORE [Ke and Wang, 2022] and our method perform similarly
under the uniform generating distribution. As shown in Figure 1.13b, our method does not
threshold much in this regime, which is expected since all word frequencies are roughly of
the same order. While our method is mainly designed to leverage the weak sparsity of the
matrix A, experiments suggest that it performs well even if the weak sparsity assumption is

violated.

1.5.7.3 Varying additional parameters

We also examine the effects of the anchor word frequency 0, chor and the Zipt’s law parameter
Qipf On the performance of our estimator.

As observed in Figure 1.15, the frequency of the anchor words does not appear to have
a great impact on the results of the SCORE-based methods; this suggests SCORE-based
methods are less dependent on the presence of anchor words. Increasing the frequency of
anchor words seems to improve the performance of LDA [Blei et al., 2003] and the method

of Bing et al. [2020a].
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Figure 1.16: Performance of various estimators as ay;p¢ varies. The number of topics is fixed
to K = 5 and the dictionary has size p = 10,000. Each topic has 5 anchor words with

frequency dapnchor = 0.001.

As observed in Figure 1.16, our method offers significant improvement over others when

the word frequency decay rate is higher. In comparison, Topic-SCORE’s performance does

not vary much when ay;,r increases. This suggests that our method is able to leverage the

sparsity structure to improve estimation.
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1.5.8 Further details on real-data experiments

In this section, we provide additional discussions of how our method can be applied to
microbiome data analysis. We focus on two microbiome datasets; one is the colon dataset
of Yachida et al. [2019] from before (with low p, low n, high N) and the other is the vaginal

microbiome data of Callahan et al. [2017] (with medium p, medium n, high N).

1.5.8.1 Microbiome dataset from Yachida et al. [2019]

As depicted in Figure 1.11, our approach consistently produces a higher average topic reso-
lution score compared to Topic SCORE [Ke and Wang, 2022|. To understand the reasons for
the gap in performance between Topic-SCORE and our method, we compare the point clouds
produced by both (illustrated in Figures 1.17a and 1.17b). It is evident that low-frequency
words (words with small ;) heavily distort the point cloud obtain from Topic-SCORE, thus
leading to higher errors in the subsequent vertex hunting step. In comparison, the point
cloud obtained from our method is much less distorted. This suggests that the threshold-
ing step in our method, which is not present in the Topic-SCORE algorithm, is helpful in

improving the signal-to-noise ratio of the point cloud.

. .o"%. 5 :':'. o o

. . ‘:::.:‘:t’:‘ ‘f.... %e ";b k)

°

X2
X2
L]
.
[

o 15
° °

-4 2 0 2 4 6 5 4 3 2 A 0
X1 X1

(a) Point cloud produced by Topic-SCORE (b) Point cloud from our method

Figure 1.17: Comparison of the point clouds obtained by our method (right) and Topic-
SCORE (left), with K = 3. Simplex vertices are colored red. Note that the point cloud from
Topic-SCORE is heavily distorted by a few outliers.
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1.5.8.2 Microbiome dataset from Callahan et al. [2017]

We also revisit the dataset of Callahan et al. [2017], which serves as an example in Fukuyama
et al. [2021] to justify their topic refinement procedure. This dataset comprises amplicon
sequence variant (ASV) counts for 2,699 different bacterial species from 2,179 longitudinal
samples collected throughout pregnancy in 135 individuals [Callahan et al., 2017]. In this
case, the average sample length is around N = 157,500. In Fukuyama et al. [2021], based
on the refinement results of the LDA, the authors conclude that the topic analysis should
be done using K = 7 topics, or with up to K = 12 if one allows for the possibility of
spurious topics. We thus fit up to 12 topics and plot the average resolution (Figure 1.18)
and refinement from various methods in Figure 1.19. We find that our method performs
better than Topic-SCORE and similarly to LDA in terms of average resolution. For a small
number of topics (K < 7), our method seems preferable to LDA in terms of topic resolution,

achieving better resolution at a lower computational cost.

& 1.01
5~
52091 -‘ ' x«.
Q@ Method
®E 0.8 -
o.= Y < TTS (this paper
A <+ Topic SCORE (Ke et al)
S 2071 « LDA
o® (Blei et al)
28 0.61
g _
Z 051, I i f —
2.5 5.0 7.5 10.0 12.5

Number of Topics

Figure 1.18: Topic resolution scores for our method, Topic-SCORE, and LDA as K varies.

LDA seems to perform better with topic coherence at K = 7 (the recommended choice
of K by Fukuyama et al. [2021]), although for small K our method also compares favorably.
For K > 8, when compared with LDA, our method seems to yield topics that are often
recombined from one hierarchy level to the next (lower topic coherence). This suggests that
the choice K = 7 by the authors is appropriate, and also suggests that for large K and

datasets of moderate size, LDA seems to be a preferable choice.
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[2021]) from Topic-SCORE, our method and LDA (in that order) for the vaginal microbiome
data of Callahan et al. [2017]. Topics are colored by coherence.
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CHAPTER 2

THE GENERALIZED ELASTIC NET PENALTY

2.1 Introduction

In this project, we propose a novel ¢ + f9-penalty, which we refer to as the Generalized
FElastic Net, for regression problems where the feature vectors are indexed by vertices of a
given graph and the true signal is believed to be smooth or piecewise constant with respect to
this graph. Under the assumption of correlated Gaussian design, we derive upper bounds for
the prediction and estimation errors, which are graph-dependent and consist of a parametric
rate for the unpenalized portion of the regression vector and another term that depends on
our network alignment assumption. We also provide a coordinate descent procedure based
on the Lagrange dual objective to compute this estimator for large-scale problems. Finally,
we compare our proposed estimator to existing regularized estimators on a number of real

and synthetic datasets and discuss its potential limitations.

2.1.1 Problem formulation and the proposed penalty

Consider the usual linear regression model

Y =XB*+e (2.1)

where the design matrix X € R"*P is random with independent and identically distributed

T

(ii.d.) rows, f* € RP is the unknown true parameter, and ¢ = (eq,...,€,)" € R"™ are

2 and are independent of the

i.i.d. zero-mean Gaussian variables with (unknown) variance o
design matrix X. In addition to observing the responses y = (y1, ... ,yn)T € R", we also
observe an undirected simple graph G = (V| E) with p vertices and m edges. Here, the p

vertices index the entries of 5* as well as the columns of X (which we can think of as feature
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vectors). This situation typically entails significant correlation between feature vectors, thus
leading to an ill-conditioned design matrix. For simplicity, we assume throughout this paper
that the rows of X are i.i.d. N(0, X)-distributed. In our setting, the minimum eigenvalue of
¥ € RP*P may be very small and 8* might be nearly unidentifiable. Although the addition
of an unpenalized intercept should present no difficulty, we assume no intercept in our model
to simplify the theoretical analysis.

We further assume that 5* is structured with respect to the graph G so that prediction
and estimation can be done with small error, even in the high-dimensional setting where
p > n. As the entries of * are indexed by the vertices of (G, a natural assumption is
that 3 and ﬁ;‘ should be similar if 7 and j are adjacent vertices on the graph G. This
assumption is related to the notion of network cohesion as discussed in Chapter 4 of Kolaczyk
[2009]: vertices may display similar characteristics because they are connected (contagion),
or they may be connected because they have similar characteristics (homophily). Note that,
however, many prior works such as Li et al. [2019] discuss network cohesion in the context
where observations (the responses y1, ...,y and the rows z1, ...,z of X) are indexed by
a graph’s vertices and thus may no longer be i.i.d., whereas we focus on the case where the
features (the columns of X') are indexed by the graph’s vertices. Following Li et al. [2019],
we also use the term network cohesion to cover both homophily and contagion, without
distinguishing the difference in causal direction between them.

More specifically, the notion of network cohesion encourages us to assume either that
the number of edges (i,j) € E where 3; # 3; is small (sparse signal jumps), or that 5* is
smooth enough so that I'8* lies in an {4-ball, where I' is the edge-incidence matrix of the
graph G and 0 < ¢ <1 (note that when ¢ € (0,1), an 4-ball is not convex - see Figure 7.1
of Wainwright [2019] for an illustration of what this "ball" looks like). Mathematically, in

our theoretical analysis we assume either

T8 o < s (2.2)
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or

D I, < Ry (2.3)

j=1
for some s < m or some Ry > 0, respectively (see Section 2.1.4 for the precise definition of
any mathematical symbol). Assumption (2.2) means that the number of edges with nonzero
signal jumps is small and the true signal has several piecewise constant regions on the graph,
whereas Assumption (2.3) means the signal is smooth over the graph in the {4-sense. We
use the term network alignment to refer to either Assumption (2.2) or Assumption (2.3). In
our experiments, we sometimes also consider the notion that 5* is smooth over the graph
in the sense that ||I'8%||so is small. We emphasize that we allow for the possibility that the
entries §* are all nonzero, as long as §* satisfies (or can be well approximated by an oracle
§ that satisfies) either Assumption (2.2) or Assumption (2.3).
Under Model (2.1) and either Assumption (2.2) or (2.3), we study the prediction and

estimation errors of the following estimator
~ 1
B :=arg min —[|Y = XB|[5 + A [TB1 + X2l|ITA]3 (2.4)
BERP N
which can also be rewritten as

Bomang min LIV = XBIF+ N 3 W—gltde 3 (B8P (25)

(i,j)eE (i,5)eE
Note that our focus is mainly on the penalty A1 [|[T'8]|1 +2||[T'8]|3 where T is the incidence
matrix of a general graph. Following the naming conventions in Zou and Hastie [2005] and
Tibshirani and Taylor [2011], we refer to this penalty as the Generalized Elastic Net (GEN)
penalty. The estimator (2.4) can be easily extended to the generalized linear model (GLM)
setting, by replacing the term %HY—X I5; H% with another negative log-likelihood function from

an exponential family distribution (see Chapter 9 of Wainwright [2019] for more examples).
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For instance, if we have binary responses that can be modeled with the logistic GLM, then

using the logistic log-likelihood function gives

Blogistic = Zlog (I+e zl,ﬁ < Zyzxw > + A1 T8l + )‘QHFBH% (2.6)

where x1,...,z, are the rows of X and 1, ...,y are the entries of Y which are binary. For
simplicity, we only focus on analyzing the estimator (2.4) under Model (2.1), but analogous
theoretical results for the GLM setting should follow by adapting the theoretical framework

of Chapter 6 of Bithlmann and van de Geer [2011].

2.1.2  Motwating applications

As network-linked features are quite common and we do not restrict our attention to any
particular type of graph, our proposed penalty is potentially applicable to a wide variety of
settings. We provide below a non-exhaustive list of concrete examples where our penalty

may be relevant.

Example 1: Structural MRI analysis. We consider the use of structural magnetic reso-
nance images (sSMRI) of the brain in diagnosing Alzheimer’s disease, as in Xin et al. [2014].
In this case, the rows x1,...,x, of X might represent sMRI features of n human subjects
and the responses 1, ...,yy are binary variables indicating each subject’s disease status.
The estimator (2.6) can thus be applied using a 3D grid graph representing contiguous brain
voxels. In Xin et al. [2014], the Generalized Fused Lasso penalty Ap||5]|1 + A1||TB]|1 is used,
and this penalty leads to a solution that is both sparse and smooth. However, it may be
more reasonable to assume only that the true signal aligns with the graph, in which case the

estimator (2.6) may fare better for the purpose of predicting Alzheimer’s disease.
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Example 2: Microarray analysis with prior information. Following Segal et al. [2003],
we can also consider a microarray dataset with X = [z;;] where x;; is the expression level
of the jth gene for the it test subject, and y; is an outcome measure for subject ¢ which
can be continuous or discrete. Often, we have prior knowledge from previous biomedical
research in the form of gene regulatory pathways which can serve as our graph G (see Li
and Li [2008] for specific examples). We can incorporate this prior information using our
GEN penalty. In Li and Li [2008], the penalty Az||8]/1 + A2AT LG is used instead, where L is
the normalized Laplacian matrix. Assuming the vast majority of genes has no effect on the
outcome may make it easier to interpret the estimated parameters (in terms of which genes
may be responsible for the outcome). However, if many of these genes can be grouped into
clusters with small (but nonzero) baseline effects on the outcome, using our penalty may

lead to better predictions.

Example 3: Microarray analysis without prior information. In the previous exam-
ple, without any prior information about gene regulatory pathways, we can take G to be the
complete graph in our GEN penalty. The penalty A ||5|[1+A1]|T3]|1, where I is the incidence

matrix of a complete graph, has been studied in She [2008] under the name Clustered LASSO.

Example 4: Temporal data. Given a time series {X;};cn, we consider fitting an au-
toregressive model of the form Xy = Z§:1 BjXi—j + €. If the time points ¢ are sampled
sufficiently far apart such that our data points (X;, X;_1,...,X;_p) can be considered inde-
pendent across t, it may be reasonable to apply our method with G being a p-vertex chain

graph.
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2.1.3  Comparison with related works

The standalone ¢; penalty Aq||I'5]|1, which is often known as the total variation penalty
on graphs, has been studied extensively in the context of the graph trend filtering problem
where the design matrix is the identity. More precisely, given the model Y = * + ¢, the

trend filtering estimator for 5* is

R 1 5
= —Y = BI13+ M|T 2.7
B argﬂnelﬁlnnH Bllz + ATl (2.7)

This estimator is also known as the analysis estimator, in the terminology of Elad et al.
[2007]; see Hiitter and Rigollet [2016], Wang et al. [2015], Ortelli and van de Geer [2021] and
Guntuboyina et al. [2020] for results on prediction error bounds for the estimator (2.7) and
its constrained form when I'5* is sparse. The graph considered in the trend filtering problem
is usually a chain or grid graph due to applications such as image denoising, but results for
other types of graphs such as trees and star graphs are also available in the literature. The
analysis matrix I' in (2.7) can be generalized to higher order total variation operators (as
defined in Wang et al. [2015]). In comparison, we focus solely on the case where I' is the
incidence matrix defined in (2.9), and our design matrix X is random with i.i.d. rows rather
than a pre-specified matrix consisting of fixed vectors from some dictionary.

When the design matrix is general, the estimator
3 ' —1 1Y — ||2 A[ITB| (2.8)
Bay, i= arg min Y — X35 + ['p .
GL g 2 T A 1

has been proposed by Tibshirani and Taylor [2011] (under the name Generalized LASSO
estimator) as well as Land and Friedman [1997] (where the penalty is called variable fusion).
These works mainly address computational techniques for the estimator (2.8), rather than
theoretical guarantees when S* aligns with the graph. The idea of working with the dual

objective to derive our algorithms comes from Kim et al. [2009] and Tibshirani and Taylor
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[2011]. Our analysis of the prediction and estimation errors for the estimator (2.4) is also
applicable to (2.8), and to our knowledge no similar analysis with random design is available
in the literature. However, the error bounds for our estimator (2.4) are better due to the
improved minimum eigenvalue in the denominator of the bounds in Theorem 33.

Two previously introduced penalties which involve the Lasso penalty to induce sparsity
but are closely related to GEN have also been studied in the context where the design matrix
can be non-identity; they serve as the main benchmarks in both our theoretical results and
our experiments. The Smooth Lasso penalty Af||8]|1+ A2||I'5 H% was first proposed by Hebiri
and van de Geer [2011], in which the theoretical analysis assumes fixed design and thus relies
on a restricted eigenvalue assumption (Assumption B(©) in Hebiri and van de Geer [2011])
on the expanded Gram matrix n~ ' X7 X (see Section 2.1.4 for definition of X). The Fused
Lasso penalty Ar |81 + A1]|T'8]|1 was first proposed by Tibshirani et al. [2005] for the chain
graph. These two methods implicitly assume that the true signal is both sparse and aligned
with the graph. Such an assumption can be overly restrictive, and sparsity of * may not
always be a natural assumption in the general graph setting. When ||3*||g = p, error bounds
proven for these estimators usually involve the term %. In comparison, our penalty only
assumes network alignment and should also work well in the sparse-and-smooth case when
the zero entries of §* form large contiguous blocks on the graph. The Fused Lasso and the
Smooth Lasso should only perform better than ours when sparsity holds but the network
alignment assumption is significantly violated. Empirically, when §* aligns with the graph
but is not sparse, choosing the tuning parameters by cross-validation often results in Aj,
being set to almost zero for both the Fused Lasso and the Smooth Lasso.

In Li et al. [2018], the penalty )\QHf‘ﬁH% + M |TB|l1 4+ AzlIB]l1 is introduced and referred
to as the Graph Total Variation (GTV) method, which involves three hyperparameters that
require tuning. Unlike our penalty, the incidence matrix [ is obtained by first estimating

with 3 (which can depend on the design X or side information) and then treating 3 as the
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adjacency matrix of a graph G with weighted edges. Note that this is a two-step process,
and the graph G here also differs from our setting in that we do not consider non-binary edge
weights, since in many applications only a graph structure is provided. Computationally,
since we need to use 3D grid search for hyperparameter tuning and the matrix [ is very
dense, the estimator introduced in Li et al. [2018] does not scale well. Furthermore, even
when we use the true covariance ¥ to form I, the performance of GTV in most of our
synthetic experiments does not compare favorably with that of our method, Fused Lasso or
Smooth Lasso. The theoretical analysis in Li et al. [2018] does not account for the error in

estimating > with 32, which we believe cannot be overlooked.

2.1.4 Notations and definitions

For any positive integer n, we denote [n] as the set {1,...,n}. For any matrix A, we denote
by Af the Moore-Penrose inverse of A. For any vector v, ||v||o refers to the number of nonzero
entries of v, and ||v||p for 1 < p < oo refers to the usual £)-norm of v. We write 1(-) for the
indicator function. For a vector v € R¥ and any set S C [k], we denote by vg € R to be
the vector with the j' coordinate given by (rg); = xj1(j € S). For any vector § € R™, we
write Sy to refer to the support {j € [m] : 8; # 0} of 6. We use s to denote ||[['3*[|o. For
any positive semi-definite matrix M, let ymax(M) and vy (M) denote its maximum and
minimum eigenvalues respectively, and ker(M) the null space of M. I} denotes the identity
matrix of size k-by-k.

The notation < means that the left-hand side (LHS) is bounded by the right-hand side
(RHS) multiplied by an absolute constant (not dependent on any parameter of interest) that
is omitted. The notation 2 is similarly defined. The notation =< means that both < and 2
hold. The constants C, ¢, ¢, co are absolute constants which are allowed to change line by
line.

Throughout this project, the graph G = (V| E) we consider is undirected and has no
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self-loops. We identify the set of vertices V' with [p] and the set of edges E with [m]; note
that m < p2, and p < m if the graph has no isolated vertices. We also denote the maximum
degree of the graph G by d and the number of connected components of G by n. (which is
also the dimension of the null space of T'). The edge-vertex incidence matrix of the graph
G is denoted by T' € {—1,0,1}""*P_ which is defined as follows: each edge e = (i,j) € E is

represented by a row I'c. € {—1,0,1}P of I" whose kth entry is given by

1 if £ = min(¢, j)
Lep =94 —1 if k=max(i, ) (2.9)

0 otherwise.

The unnormalized Laplacian matrix of the graph G (see Chung and Graham [1997]) is then
defined by L := I'TT. We denote by II € RP*P the projection matrix onto the kernel of T.
Note that we will use the facts IT = 17, 12 = IT and II + [T = I, throughout the proofs.
In our theoretical analysis, we frequently make use of some definitions and conventions
from Hiitter and Rigollet [2016]. We denote sq,..., sy, to be the columns of rf e rpxm,

The inverse scaling factor of I' is defined as

p(T) = max ||s; |2 (2.10)
j€[m]

while the compatibility factor of T' for a nonempty set .S C [m] is defined as

g VSIS
kg = inf —um—7m" :
57 ser ITB)s]h 24

Following Hebiri and van de Geer [2011], we also employ the notations

X = , €:= (2.12)



Note that Y = X 8* + € and we can write our estimator as

. 1o .09
= in —||Y — X + M| 2.13
b= arg min [V~ X853 + M8l (213

2.2 Theoretical results

In this section, we aim to provide non-asymptotic bounds showing that the estimator (2.4) is
consistent in prediction and estimation under a network alignment assumption, even in the
high-dimensional setting where p > n. We also show that the /9 component of the penalty
helps alleviate the effects of an ill-conditioned covariance matrix . Note that the tuning
parameters A1 and A9 in our theoretical analysis are dependent on unobserved quantities
B*, ¥ and o; therefore, we cannot use the theoretical values for A\j and A9 in practice and
must in general rely on cross-validation. We do not attempt to optimize the constants in
our bounds, as our focus is on understanding how the performance of our estimator depends

on the quantities n, p, s (or Ry), ¥ and the graph G.

2.2.1 Main theorem

We begin by introducing bounds for the prediction and estimation errors that are applicable
to all graphs. However, these bounds may not be optimal for some graphs, especially the
p-vertex chain graph as in that case p(I') = /p. The proof of Theorem 33 relies on the
projection argument used in Hiitter and Rigollet [2016] to derive error bounds for the trend
filtering estimator (2.7). For simplicity, in the discussion of our theoretical results, we assume
that ymax(X2), ne and o2 are of constant order as n goes to infinity. Recall that n. is the
dimension of ker(T'), d is the maximum degree of all vertices of G, L := I''T, and kg is

defined in (2.11).

Theorem 33 (Main theorem). Fiz § > 0 and choose A\ = 320p(T") W, Ao <
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A : L
STF = Given any set S satisfying both

144yman(D) (Ve +6)2 36M2|Slkg? 1 1
Ymaz(3)(y/ne + 96) i 1l 2’ S < i [ =% 4 ML (2.14)
n o 2 64
and
MITA)-slh < 5 (2.15)
with probability at least 1 — c1 exp(—ncy) — % — e=%/2 we have

o2 Ymaz(S) nc+52+ A%|syk§2

IS12(8-6%)113 < : - .
min (S + AoL) i (G5 + Aol

>+/\1||(F5*)S||1 (2.16)

Cyman(®)  ne+8” MISkgT  MITE)-slh

5 2
18513 5 27 A { 1
Tmin (mz + AQL) Vmin (mz + )‘2L> Ymin (mz + )\2L>

(2.17)

Note that Theorem 33 is actually valid for any matrix I'. However, if I' is the incidence
matrix of the graph G, we can further bound k§2 by applying Lemma 3 of Hiitter and
Rigollet [2016], which states that kgz < min(d, |S]).

Denote §* = 7 + B35, where 5] € ker(I') and 35 € ker(I')+. Note that the first term
in the RHS of (2.17) represents the error from estimating 37, which is the unpenalized
component of $*. The latter two terms represent the error from estimating the penalized
component (35, and given a particular graph G' we need to further bound p(I") and k§2 for
that graph.

The estimation error bound (2.17) is only different from the prediction error bound
(2.16) by a factor of Ypin (éE + )ng) in the denominator. This means we have to make a
stronger assumption about how fast vy, (&E + )\2L> may decay to zero in order to ensure
the estimation error, rather than just the prediction error, is also small. For example, when
we specialize our bounds for the 3D grid with p vertices, the prediction error bound (2.30)

only requires Vpin <6112 + )\2L> > % but the estimation error bound for this graph
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requires Ymin (6%[2 + )\QL) > 4/ %.

The conditions (2.14) and (2.15) on S are the result of using Lemma 34. They are
equivalent to requiring that the RHS of (2.16) is sufficiently small (smaller than Co? for some
absolute constant C' > 0). Assuming Yin <6112 + )\QL) is not too small, it is reasonable to
expect the prediction error to converge to zero as n become sufficiently large.

Theorem 2.1 is applicable to the estimator Sgp, in (1.50) (which corresponds to setting
A9 = 0). However, when 7,i,(2) is small, we may not have a meaningful error bound for
BGL' Generally, we want Ao to be as large as possible to improve the minimum eigenvalue
term without introducing additional errors, and thus the choice Ao = SHF;TI*IIOO is appropriate.
When ||I'5*||o0, the maximum signal difference between adjacent vertices, is small (which is
reasonable under the assumption of network cohesion on §*) and vy, (2) is very close to
zero, the improvement of the minimum eigenvalue term can be significant. In contrast, in
Theorem 3 of Hebiri and van de Geer [2011] and Theorem 1 of Li et al. [2018], similar proof
ideas are used but the dependence between the fo and ¢ tuning parameters is such that
A9 X ”Lé‘% Since L is the second-order graph difference operator (see Wang et al. [2015] for
the definitions of higher-order total variation operators), the quantity ||L3*|loo = ||[TTT5*||00
is not as related to Assumption (2.2) or (2.3) and can be much larger than ||I'8* || for graphs
with some high-degree nodes. For example, for the star graph with p nodes where the entries
of f* are 0 at the central node and 1 at the leaves, ||I'8*||cc = 1 but ||LS*||co is of order
p. The choice of A9 in Theorem 33, however, suggests that the regularization effects of the
{5 component of the penalty may be diminished if ||['5*|| is large. This is consistent with
what we observe in our synthetic experiments: when ||I'5*||« is large, cross-validation often
yields A9 ~ 0.

The proof of Theorem 33 relies on the following lemma to relate the empirical quadratic
form %HX v||3 to the corresponding theoretical quantity [Rs 2|3, uniformly for all v € RP.

This lemma is an extension of the main result in Raskutti et al. [2010] for our setting and
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may be of independent interest.

Lemma 34 (Restricted eigenvalue property for random Gaussian design). If X € R™*P has

i.i.d. N(0,%) rows and m > 2, n > 10, then the event

X 1 by )1
Vo € RP - [ Xvl|2 > Z||2H20)5 — 34 /MWD — 6v2p(D) /anvul
Vn 4 n n

holds with probability at least 1 — c1 exp(—nca), for some universal constants c1,co > 0.

By setting S = Spg« and applying k‘§2 < min(d, |S]), we obtain the following bounds
which are applicable when §* is piecewise constant on the graph G. When p(I") 2 1, the

second term in (2.18) and (2.19) should dominate.

2 —52/2
m € /

Corollary 35. If ||I'5%||g = s, with probability at least 1 — ¢y exp(—ncg) — we

have

2 2
9125 - )1 5 — e (PR 2y mina, ) TER ) (2

Ymin (61?12 + /\QL) " "

2 2
. o Ymaz(2 Ne + 0
13— 87113 < maa(%) ( g

772m'n <6_142 + )‘2[’) " "
provided that the RHS of (2.18) is smaller than Co?.
On the other hand, if we set S = (), we obtain the following bounds that are applicable

when ||[I'8*||; is small. When g* is smoothly varying over G and ||I'8*||g is large, these

bounds are more helpful in explaining our estimator’s good performance.

Corollary 36. With probability at least 1 — ¢ exp(—ncg) — % - 6_52/2;
92 2
. % Ymaz(2 ne+ 0 Ymaz(2) log p
IS2(5 - g3 < narl®) et 074 ooy 28R gy (2.00)

Ymin <6_14Z + )‘2L> n
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5 2
18-8%I2 <

UQ’Ymaa:(Z) Ne + 52 N op(F) ’Ymaa:(z) log p ||F5*||1 (2 21)
n

772m-n ((}42 + /\2L> n Ymin (61712 + )ng)

provided that the RHS of (2.20) is smaller than Co?.

We can also consider the notion that I'6* is {4-sparse (0 < ¢ < 1), in the sense that
Z;-nzl |(T5%)17 < Rg (Assumption (2.3)). This notion of weak sparsity has been considered
in Raskutti et al. [2011] (where 3* is assumed to lie in an /4-ball) and Cai and Zhou [2012]
(where, in the context of covariance estimation, the columns of the covariance matrix are as-
sumed to lie in an £4-ball). In contrast, Hebiri and van de Geer [2011] defines the smoothness
of the true signal using fo-norm, in the sense that ZTzl |(FB*)j|2 < Ry for some Ry > 0. If
there exists an edge with a large signal difference, Ro can be very large. For smaller values
of ¢, we can more easily accommodate the occasional large signal jump with a reasonably
small Ry, which appears in the bound (2.22).

By choosing S to trade off the last two terms in the RHS of (2.16), we obtain the following

bound for the prediction error. The proof is routine and is thus omitted.

Corollary 37. With probability at least 1 — cq exp(—nca) 2 _ 6_52/2, if Assumption (2.3)

T m

holds for some q € (0,1), we have

0'27ma1’(2) ne + 52
Ymin (6_142 + )\2L> "

ISY2(5 - 8913 <

1—q/2 2 A2

. [O',O(F)]Q_q <M> q/ qul—q [O’p(F)] T+q ('Ymax(%) Ing) 1+q R(}Jrq
o [Ymi <1E+A L)]l—q ’ . =
TYmin \ 64 2 [%m’n <67IE + )\QL)} q

(2.22)

provided that the RHS of (2.22) is smaller than Co?.
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2.2.2  Discussion of the quantity Ymin (6%12 + )\QL)

When I'' = I, our penalty is just the original Elastic Net penalty. In that case, since p(I') = 1

and k§2 < 1, the corresponding estimator BEN satisfies with high probability

2 *
A 0" Ymax (X 5o logp
2B - 7)1 § — w177 (2.23)
Ymin (mz + /\21p>

Here, it is clear the minimum eigenvalue term is bounded below by Ao. When I' is an
incidence matrix of a graph, however, I' has a nontrivial kernel and so the behavior of the
quantity Ymin <&E + )\QL) is less clear.

We conjecture that under reasonable assumptions about (X, L), Ymin (G%IE + )\2L> is
bounded below by cA\9 for some absolute constant ¢, at least when A9 is in a neighborhood
of zero. We emphasize that the proof of Theorem 33 makes no assumption about how ¥ is
related to the graph G or its Laplacian L. When we only have y,in <6L42 + )\QL) > cAa,
(2.18) yields

Y25 — 82 < ov/vmax (205 "C—+52+ Iy min(d, s)s1 /222 | (2.24
127208 = B892 S oV max () IT87] s PN, p(I') min(d, s) - (2.24)

but we fail to obtain any theoretical guarantee of consistency in estimation when I'8* is

sparse. If we can assume Ypip <6_142 + )\2L> > ¢4/ A9, however, we obtain from (2.19) that

A %12 * n0+62 . logp
18 = 8112 < o v/ Ymax(Z) TS| 0o (P(F)W + p(I') min(d, s)s4/ — ) (2.25)

The bounds (2.24) and (2.25) may be more applicable when ¥ is ill-conditioned and
Ymin (%) cannot be assumed to be bounded away from zero. Unfortunately, characterizing
the spectrum of the sum of two symmetric matrices in terms of the spectra of the sum-

mands is known to be a difficult problem, and we leave as an open problem the question
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of identifying a reasonable assumption on (3, L) (which may both have nontrivial kernels)
under which v (6%12 + )\2L> > c¢A9 holds. In comparison to our work, Corollary 1 of
Hebiri and van de Geer [2011] (which assumes fixed design) assumes that its restricted
eigenvalue constant ¢, , defined with respect to the matrix XTx /n, may be greater than
Hn Or /fin without further justification; here py plays a similar role as our Ag. In order
to prove Ymin <&E + )\QL) > cho, Lemma 1 of Li et al. [2018] assumes that, for some ab-
solute constant ¢; > 0, min;cp, 22:1 Xkl = ¢ and max;c, Zzzl \fljk =ikl < /4
again, note that 3 acts as the adjacency matrix of the graph considered in Li et al. [2018].
Such assumptions may be too restrictive as the same absolute constant ¢; is used in both
assumptions.

In Section 2.4.2, we provide empirical evidence to show that, in many situations where
the true covariance matrix ¥ reflects the structure of the graph G (that is, features indexed
by adjacent or nearby nodes are more correlated) and ¥ is degenerate, the improvement of

the minimum eigenvalue term is significant and can be better than ey (or even ¢v/\g).

2.2.8  Error bounds for specific types of graphs

In this section, we apply our results to some specific graph structures that are also explored
in Hiitter and Rigollet [2016]. Throughout this section, s denotes |I'5*||p and Ry denotes the
bound on Z;n:l [(T8%);|7. We only present prediction error bounds here as the estimation

error bounds are different only by a factor of vy (&E + )\2L> in the denominator. We

U2'Ymax(2)
Ymin (g7 Z+A2L)

assuming Ymin (6%12 + AgL) 2 Ao for the case when I'§* is sparse to illustrate the effects of

mainly assume is of constant order, but we also specialize the bound (2.24)

the fo component in our penalty when i, (2) is very small. In that situation, the bounds

for the standalone ¢ penalty provide no control on the errors.

The 2D grid. From Proposition 4 of Hiitter and Rigollet [2016] as well as our lower bound
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result on p(T") for the 2D grid (proven in the Appendix), we have the following lemma.

Lemma 38. If " is the incidence matriz of the 2D grid with p vertices, then

15 p(l) S vlogp

We therefore obtain the following corollary for the 2D grid.

Corollary 39. Let I' be the incidence matriz of the 2D grid with p vertices. With the same

choice of &, \1 and Xy as in Theorem 33, with high probability we have

A 2 2 2

I51/2(5 - )1 5 — e (1 soerk) (2.26)
Ymin <m2 + )\2L> n n
2 2 2
- o by 140 >)(lo
”21/2(5 . B*)”% 5 ”Ylma:v( ) + 0\/7max( )( gp) ||Fﬁ*||1 (227)
Ymin (mz + )\2L> " "
9 1—q/2

5 5 0'2_qRq ('Ymax(ET)L(lng)

=23 - g g — a1+ 1 (2.28)
Tmin (mz + )‘2L> " [Ymin (mz + )‘2L>]1_q

provided that the RHS of the bounds above are smaller than Co2. If Yoin (6_142 + )ng) 2 Ao,

we also have

1/2 1+ 62 slogp)
52 = )18 5 o AN oo s + (2.29)

The rates obtained in (2.26) and (2.29) are good if s is of small order relative to n.
For example, if there is a small island of size k-by-k where 5* attains a value distinct from

its background value outside that island (this situation can correspond to finding abnormal

2 2
spots on an MRI scan), then (2.26) gives us the rate @, provided that —2Z V{na"(z)
Vmin(@2+>\2L)

is of constant order. This can be compared with the rate obtained by the Lasso estimator,

2
which is % if the background value outside the island is zero (but it fails to achieve this
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rate if the background value is nonzero). However, in the situation where the 2D grid can
be divided in the middle into a left island and a right island and * is constant on each of

these islands, then s < ,/p and our rates are meaningful only in the p < n setting.

The r-dimensional grid (r > 3). From Proposition 6 of Hiitter and Rigollet [2016] as well
as our lower bound result on p(I") for the r-dimensional grid, we can conclude that p(I') in

this case is of constant order, assuming r is fixed.
Lemma 40. IfT" is the incidence matriz of the r-dimensional grid with p vertices and r > 3,
then
c(r) < p(l') < C(r)
for some constants c(r), C(r) that only depend on r.
We obtain the following corollary for the r-dimensional grid.

Corollary 41. Let I' be the incidence matrix of the r-dimensional grid with p vertices, where

r > 3 is fivzed. With the same choice of , A1 and Ao as in Theorem 33, with high probability

we have
2 2
- Y 1446 1
I5/2(5 - 5y 5 — et (130 soEr) (2.30)
Tmin (G + ML) N T
2 2
A o Y 1+0 ) lo
=208 - g3 g — 2 el _LHOT o Jmar B0 gy, ()
min (G5 + AoL)
2—q Ymaz(E) logp 1-q/2
/204 _ p*\12 < U2’Ymam(2) 1+6% © Hq ( n )
12728 =892 S N - - 1 (2.32)
min (&S + AoL) min (5 + AL )]14

provided the RHS of the bounds above are smaller than Co?. If Ymin (6%12 + )\2L> 2 Ao, we

also have

1/2/4 _ a%\(2 « 1+ 4 logp
1577208 = B892 £ oV ¥maa(E)|T8™ oo (—erS - (2.33)
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If we consider r = 3 and there is a small island of size k-by-k-by-k where 5* attains a
value distinct from its background value outside that island, then (2.30) gives us the rate
@, whereas the Lasso gives us the rate % if we further assume the background
value is zero. This suggests that if the signal is both sparse and smooth over the graph, in
some situations using our estimator is preferable to using the Lasso. More generally, if the
island is not cubic but rather has an arbitrary shape, ||[I'8*||p should be the island’s surface

area, whereas ||5*|o should be the island’s volume.

The complete graph. As previously mentioned, we can consider regularization with the
complete graph when there is no prior structural information available.

Lemma 42. [fT' is the incidence matriz of the complete graph with p vertices, p(I") < ]lg.
Proof. In Proposition 10 of Hiitter and Rigollet [2016], replace any ‘<’ sign with ‘=" O

If we replace the term min(d, s) by p (since d < p), we obtain the following corollary:

Corollary 43. Let I' be the incidence matrix of the complete graph with p vertices. With

the same choice of 6, A1 and Ao as in Theorem 33, with high probability we have

2 2
I51/2(5 - )1 5 — e (1 o) (234

i (T +2L) N M m

2 2
2205 - gl 5 — et LF Ty 0 [ imaal BB ey, (0.3
- TYmin <é[2 + )‘QL) " p "

0_2—(]& ('Ymax(z) Ing> 1-q/2
p n

azvmaI(Z) 1+ 62

I=Y2(8 - 913 <
Tmin (6_142 + )‘2L> " ['Ymin (6_14E + >‘2L>]1_q

(2.36)

provided that the RHS of the above bounds are smaller than Co2. If Ymin (61712 + )\QL) 2 A,
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we also have

. 1+ 62 1
25~ 513 < o Amaa DTS m(&%}jﬂ\/%) (2.37)

In the case when the signal takes k < p different values, with & — 1 of those attained on

small islands of size | < p, s is of order klp, and (2.34) yields the rate %7 provided that

a 2'7max(z)
Ynin (g7 S+A2L
complement of the small islands has value zero. However, if there are two large components

) is of constant order. This is the same as the rate we obtain for the Lasso if the

with two different values, s is of order p? and so (2.34) only guarantees some control when
p < n. If yin (6—142 + )\2L> is of order Ao, then (2.37) only gives us a meaningful bound

when p < v/n, provided that ||I'5*|| is of constant order.

The star graph. Here, we consider the graph with p nodes and with one center node
connected to p— 1 leaves. A similar penalty has been considered by Ollier and Viallon [2017]
to model stratified data, and this penalty is useful particularly when most outer nodes share

the same value as the central node.
Lemma 44. IfT is the incidence matriz of the star graph with p vertices, then p(T') < 1.

Proof. From Proposition 12 in Hiitter and Rigollet [2016], any column s; of 't has ||s]||% =

1
1—p. [

Corollary 45. Let I be the incidence matriz of the star graph with p vertices. With the

same choice of 6, A1 and Ay as in Theorem 33, with high probability we have

2 2 2
I51/25 - )1 5 — 7 meeEL_s (10, ) (2.38)
Ymin (mE + )‘2L> n n
2 2
N o > 1+6 lo
123 - g3 < — & masl®) + oy L ENOBR gy (5.50)

min (5 + ML) "
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1

) ) (Unymam(Z)Rg logp) T+q
. y 1 n
1725 - )1 s — A S 1o o (240)
Ymin (6?12 + >‘2L> " ['Vmin <6_142 + )\2L>] I+q

provided that the RHS of the above bounds are smaller than Co2. If Ymin (61712 + )\QL) 2 Ao,

we also have

1204 _ aky2 = |1 g 1+06* 5 [logp

For the star graph, we obtain meaningful bounds for the prediction error, even in the

high-dimensional setting where p > n.

The chain graph. When I is the p-vertex chain graph (1D grid graph), p(I') = /p and
Theorem 33 does not yield an error bound that is meaningful in the p > n setting. We
modify the proof of Theorem 33 using an idea in Theorem 6 of Wang et al. [2015] to obtain

the following bound when [|[I'8*||1 is small.

Theorem 46. Let I' be the incidence matriz of the p-vertex chain graph, and fiz 6 > 0. With

an appropriate choice of \i and Ay < W, with high probability we have
[o.¢]

'Ymin(mz +A2L) n 1/3 (6_142 + /\2L> n

Tmin
provided that the bound above is smaller than Co>.

The bound above is meaningful when n > \/plog p and thus sufficient to justify the use of
our estimator when I" is the chain graph. Optimal error bounds under the assumption of hard
sparsity on I'8* are available in the literature if X is identity (see for example Ortelli and
van de Geer [2021] and Guntuboyina et al. [2020]). However, such bounds are often derived

under a “minimum length” condition, which requires that the distances between jumps for
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the true signal are roughly of the same order. The bound (2.42), on the other hand, requires
minimal assumptions. We leave open for future work the analysis of our estimator (2.4)

under the assumption of hard sparsity on I'5*.

2.3 Computation

In this section, we describe our coordinate descent procedure to compute the estimator (2.4).
For convenience, we will work with the following definition of 3 where we replace the loss
%HY — XBH% in (2.4) by %HY - Xﬁ||% Note that this simply corresponds to a different

scaling of A1 and Ao.

; 1 2 2
=a Y —-X + A ||T + Ao||T 2.43
B rgéﬁ%@z” Bllz + MlITBl + X205l (2.43)
N Y -
Again, let Y := eRMM X = € R(MM)XD g4 that we can write

~ 1 ~ ~ 9
= min —~||Y — X3]||5 + A ||T 2.44
B argﬁeﬁlmll Bll3 + A [TB|1 (2.44)

If we fix A9, the solution path in terms of \; for (2.44) as well as its dual objective
is piecewise linear, and a path-finding algorithm for the dual objective yielding the entire
solution path in terms of A; has been proposed in Tibshirani and Taylor [2011]. However,
for the purpose of selecting tuning parameters, this is of limited usefulness since A9 needs
to be fixed. The solution path in terms of A9 is not piecewise linear, and so we cannot use
a LARS-like algorithm to get the entire path in terms of both (A1, Ag). Also, as mentioned
in Tibshirani and Taylor [2011], the set of knots in the solution path becomes very large as
the problem size increases, and at each knot we must solve a large least squares problem

(especially at the regularized end of the path, which is typically the region of interest in this
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paper) in order to compute the whole path. If we want to compute (2.44) for a small set of
candidate (A1, A2) values, then the path algorithm in Tibshirani and Taylor [2011] is unlikely

to be the most efficient.

2.3.1 Coordinate descent on the dual objective

Our coordinate descent algorithm builds upon the dual problem derived in Tibshirani and
Taylor [2011] for the Generalized Lasso. Tibshirani and Taylor [2011] suggests, without
explicit derivations, that we can use coordinate descent on the dual problem to compute the
solution of (2.44) for a fixed value of (A1, Ag). Coordinate descent cannot be directly applied
to the primal objective (2.44) as the ¢;-penalty here is not separable in terms of /3; in such
a situation, coordinate descent does not necessarily converge. However, the dual objective
(2.47) has a non-smooth component that is separable, and thus convergence is guaranteed
(since conditions (A1), (B1)-(B3) and (C2) from Tseng [2001] hold). For completeness,
we fully derive this coordinate descent algorithm on the dual and provide experiments to
convince the reader that our estimator can be efficiently computed.

Define YV := XXy € Rt .= T XT € R™*(m+7)  From Equation (36) of Tibshirani

and Taylor [2011], the dual problem is:

1. -
U= argurélﬂi%r%l §||Y — FTu||% subject to |[ulloo < A1, T u € row(X) (2.45)

and the primal-dual relation, as in Equation (37) of Tibshirani and Taylor [2011], is:
B=X(v-1Ta) + 2 (2.46)

- - X
where z € ker(X). In most situations, the augmented matrix X := has a

V2 oI

trivial kernel, in which case row(X) = RP and we can ignore z as well as the constraint
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'y € row(X). Now if we let Q := I'TT € R™*™ and b := I'Y € R™, then we can write

the dual objective as:

1
@ = arg min EuTQu —bTu subject to |lulloe < M (2.47)

ueR™

We denote the projection map from R onto [—\, A] by T (-):

Aifx> A
Ty(z):={ a if —A<z<A (2.48)
-\ ifr< =\

Our coordinate descent algorithm is presented below.

Algorithm 1: Coordinate descent on the dual objective
Input: A\, Ao, I, Y, X, tolerance €

Output: 3 as defined in (2.43)
Compute Q = I'TT = (TXT)(TXNT and b =TY = TXTY
(0)

1

=

Initialize 4; ' < 0 for all i € [m]

[

w

while || — a*=D |y > ¢ do
~(k+1 ~(k
L A T (bi_ZKi Q"J'ug' - )_Ej>i Qijué )>
7 1 ;

Qiz

Compute 3 + XT(Y — f‘Tﬁ)

<))

Return /5’

(=]

For general GLM loss functions, we can also derive the dual problem with a separable non-
smooth constraint; however, we may not be able to write the coordinate descent updates in
closed form (we can only do so in Algorithm 1 because the dual objective (2.47) is quadratic).
In this case, we can use coordinate proximal gradient descent, in which we apply the projection
operator to the gradient descent update for each coordinate.

In the Appendix, we also provide an alternative algorithm to compute (2.43), based on

the interior point method applied to the dual objective (as in Kim et al. [2009]). This
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algorithm will be denoted as IP in the following section.

2.3.2  Runtime comparisons

We compare the runtimes for computing the estimator (2.4) using Algorithm 1 (CD), IP,
ADMM, and the Embedded Conic Solver (ECOS) from Domahidi et al. [2013] applied to
the primal objective. ECOS is a generic solver for second-order cone programs (SOCP)
that performs well for small or medium-sized problems. We use the highly optimized ECOS
implementation in the Python package CVXPY to serve as a benchmark for comparing the
runtimes of our algorithms. Figure 2.1 shows the growth of empirical runtimes as n or p
increases for signals over the chain graph (where m = p — 1) with ||I'8*||cc = 0.3 fixed; here,
the hyperparameters A1, Ay are chosen according to our theory so as to satisfy \g = 8”&%

As we can see from Figure 2.1, our coordinate descent algorithm scales well as n and p
increase, and its runtime does not exceed 10 seconds if n and p are both smaller than 1,000.
More generally, when A is not too close to zero, the matrix Q@ = I'T is not ill-conditioned
and our coordinate descent algorithm performs quite well. We note that this is the setting
where our estimator (2.4) should be preferred over the Generalized Lasso estimator BGL in
(1.50), whose accuracy is impeded by the ill-conditioned nature of the matrix () when A9 is
equal to zero. While our estimator requires a two-dimensional grid search to choose (A1, A2),
Algorithm 1 can significantly reduce the time it takes to perform hyperparameter tuning,
even for large-scale problems where p and n are both in the thousands. Note that when both
n and p are not too large, the generic SOCP solver ECOS can also be competitive.

As for our interior point method, the main computational bottleneck is the cost of solv-
ing a linear equation involving the Hessian matrix; in other words, we need to solve the
problem Ax = b for each iteration, where A is an m-by-m matrix. Solving it requires O(m3)
operations, and thus IP can do well only if the number of iterations required is small. Figure

2.1(b) shows that in the case of the chain graph, when we fix n and increase p, IP still
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performs better than the generic solver ECOS and scales well with p.

—e— ECOS —e— ECOS
—e— ADMM —e— ADMM
—— P 102{ —— IP
1024 D / D
) %)
o o 10
£ =
L -
101.
100_
200 400 600 800 1000 1200 200 400 600 800 1000 1200
n p
(a) p = 2000 (b) n = 2000

Figure 2.1: Runtimes of different algorithms (reported on the log scale) when (a) p is fixed
but n increases, or (b) n is fixed but p increases. The tolerance levels for IP, CD, and ECOS
are set at 10~%. The tolerance level for ADMM is 1073, Signals are defined on a 1D chain

graph with p vertices. In both situations, CD has the best runtime scaling, and IP scales
better than ECOS.

2]
10 102.
= T 10%
£ £
i 10t = 1004
/ —e— ECOS —e— ECOS
—e— ADMM —e— ADMM
—— P 10714 —— P
CD CD
200 400 600 800 1000 1200 0 200 400 600 800 1000 1200

p p

(a) n = 2000, 2D grid (b) n = 2000, star graph

Figure 2.2: Runtimes of different algorithms (reported on the log scale) when n is fixed
but p increases. (a) Signals are defined on a p-vertex 2D grid graph (m = 2p — 2,/p)
with ||I'8*||cc = 0.66. (b) Signals are defined on a p-vertex star graph (m = p — 1) with
ITB*|loc = 0.5. The tolerance levels for IP, CD, and ECOS are set at 1074, The tolerance

level for ADMM is 1073. As before, (A1, A2) are chosen according to theory. In both
situations, CD has the best runtime scaling.

We also examine the runtimes for the 2D grid as well as the star graph when n is fixed

but p increases. For these graphs, IP no longer scales well with p whereas CD still has the
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best scaling, and ECOS is also competitive for small problem sizes.

2.4 Experiments

In this section, we present the empirical performance of our penalty \{||T'5]1 + )\2||Fﬁ||%
and compare with some existing penalized M-estimators in the literature, under several syn-
thetic settings where we vary the true signal structure and graph topology. Particularly,
we focus on the case where 5 is not sparse but aligns with the graph G. The design ma-
trix is also allowed to be correlated in a way such that two vertices have more correlated
feature vectors if they are adjacent or nearby on the graph G. Such a covariance structure
is natural for node-indexed feature vectors and is in line with the notion of network cohe-

ston discussed in Section 2.1. We list the methods to which we compare our estimator below.

Graph-independent methods that do not take into account the graph provided. These
methods usually do not perform well in the setting we describe above, and they mainly serve

as benchmarks for comparison.

1. The ordinary least squares (OLS) estimator, which is a standard method in the setting
when p < n and the underlying signal is dense. It often does not perform well when
we are in the high-dimensional setting (p > n) or the design is highly correlated and

Ymin (%) is close to zero.

2. The Lasso (L) penalty Az||5]|1 from Tibshirani [1996], which can perform well in the
p > n setting if the true signal is known to be sparse. In the p > n case, however, it
has been shown to select at most n variables before it saturates. As discussed in Zou
and Hastie [2005], the Lasso lacks the ability to select groups of correlated variables,
and it is empirically observed to suffer from unstable selections in the presence of high

correlation between features.

120



3. The Elastic Net (EN) penalty Az||8|l1 + Ag||B]|3, which was developed in Zou and
Hastie [2005] to deal with highly correlated predictors. The Elastic Net tends to
encourage strongly correlated predictors to be in or out of the model together while
also preserving sparsity of representation like the Lasso. It is a suitable candidate in

our setting due to our assumption of highly correlated design.

Graph-based methods that utilizes information from the given graph G (except for pos-

sibly the GTV method). We have described these methods in Section 2.1.3.

4. The Fused Lasso (FL) penalty A\1||[I'5||1 + Ar||3]]1 proposed in Tibshirani et al. [2005]
encourages the resulting estimate to be both sparse and piecewise constant with respect
to GG. This penalty may be suitable if we believe the true signal is sparse and also forms
clusters on G (that is, in each cluster the true signal attains a single value). When
the true signal is not sparse, the tuning parameter \j is often set to zero if we use
cross-validation (CV) for hyperparameter selection, and FL degenerates into our GEN

penalty with Ao = 0.

5. The Smooth Lasso (SL) penalty )\2||1"B||% + AzllB|l1 in Hebiri and van de Geer [2011]
results in an estimate that is smooth, in the sense that ||[fgy[|oc is small. Tt is useful
when * is sparse and we also believe ||[I'8*|| is small. When the true signal is not
sparse and we use CV for hyperparameter selection, Ay, for SL is often set to zero, in

which case SL also degenerates into our GEN penalty with A\; = 0.

6. The Graph Total Variation (GTV) penalty A [|T8]l1 + Ao||TB[13 + Az ||8]]1 in Li et al.
[2018] estimates ¥ with some covariance estimator 3 and then treats 3 as the weighted
adjacency matrix of some graph G with incidence matrix I'. In our experiments, as
suggested by Li et al. [2018], the estimator 3 is obtained by hard-thresholding the
sample covariance matrix (see Bickel and Levina [2008| for details). This choice of

A

Y, means that we also need to tune the covariance threshold in addition to the 3
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hyperparameters that appear in the GTV penalty. In general, however, 3 can be any
covariance estimator and can also incorporate side information such as the graph G

provided in our setting.

7. We also denote by GTV-oracle the GTV penalty based on using the unobserved co-
variance matrix ¥ (rather than i) to construct the corresponding incidence matrix
foracle- Using the true covariance matrix should eliminate any error from covariance
estimation. However, if all entries of ¥ are nonzero, computation of the GTV-oracle

estimator can be especially challenging, since the graph used in the GTV penalty here

is a weighted complete graph.

2.4.1 FExperiments on synthetic data

We repeatedly generate training and testing data from the model y = X 8* + ¢, where the
rows of X are generated i.i.d. from N(0,%) and independent of e which is generated from
N(0, 02In). Hyperparameter selection via CV is performed using a separate validation data
set. We report the estimation error |3 — 8*||2, as well as the prediction error %HXtest(B -

B*) ||% computed using the testing data.

2.4.1.1 Choices of X and the graph G

We consider the chain graph, the 2D grid graph and the barbell graph in our experiments.
The first two graphs allow for easier visualization of the true and estimated signals defined
on them. The barbell graph, which consists of two non-overlapping cliques connected by a
single path that has an endpoint in each clique, allows us to test the performance of our
method on a denser graph with a less homogenous degree distribution.

As previously mentioned, ¥ is constructed so that nearby nodes have more correlated
feature vectors. For the chain graph, we use the Toeplitz covariance structure with ¥;; =

p|i*j | where, if not stated otherwise, we typically choose p = 0.5 (moderate correlation). For
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the 2D grid and barbell graph, we construct ¥ by inverting the matrix L + 0.5, (recall that
L denotes the Laplacian of the graph () and then normalize ¥ so that all covariates have
unit variance. The resulting covariance matrices obtained from this process are illustrated
in Figure 2.3.

1.0 1.0

- 0.5 - 0.4

-0.4

-0.3 -0.2

(3,3)(3,2)(3,1)(2,3)(2,2)(2,1)(1,3)(1,2)(1,1)

-0.2

(LD (1L2) (13) 21 2.2) 23) 3.1 (3,2) (3.3)
node index node index

Figure 2.3: Left: the covariance matrix obtained for a 2D grid graph with p = 3 x 3 vertices.
Right: the covariance matrix obtained for a barbell graph with two cliques {1,2,3} and
{7,8,9} connected by the path {3,4,5,6,7}. Note that correlation is higher for adjacent or
nearby vertices.

2.4.1.2 Hyperparameter selection and tuning time

We select hyperparameters based on 5-fold CV using a fine grid search, where each hyper-
parameter is chosen from a list of at least 20 values. The scorer for CV is the negative mean
squared error (MSE) —%HY - X B||%, which tends to select for hyperparameters with better
prediction performance.

Hyperparameter tuning for GEN is computationally manageable. When G is a chain
graph, the tuning time for GEN is comparable to that of other methods with two hyperpa-
rameters, namely the Elastic Net, the Fused Lasso and the Smooth Lasso. If we disregard the
covariance thresholding parameter, the GTV penalty still involves three hyperparameters,
and the graph [ used in the GTV penalty, computed using the covariance estimate ﬁ], has

more nonzero weighted edges compared to the given graph I'. These factors contribute to
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longer tuning time for the GTV penalty. The tuning time is much worse for the GTV-oracle
penalty since the true covariance matrix ¥ is denser than 3, and so forade has many more
nonzero weighted edges than ' does. We present the tuning times for a toy example where
each hyperparameter is selected from a small grid search in Table 2.1. Here, since n and p

are both not too large, we use the SOCP solver ECOS (see Section 2.3.2) for all methods.

Table 2.1: Tuning times with ECOS when G is the chain graph. p = 110,m = 109,n =
210,0 = 1, and ¥ is constructed as in Section 2.4.1.1. The GTV penalty is based on I’ which
has around 200 nonzero weighted edges. The GTV-oracle penalty is based on I’y s Which
has almost 6000 nonzero weighted edges. 5-fold CV is performed for each method on a small
grid with 5 candidate values [0, 0.1, 1, 10, 100] for each hyperparameter.

L EN FL SL GTV GTV- GEN
oracle
# hyperparameters 1 2 2 2 3 3 2

time [seconds] 0.45 3.22 2.85 2.30 14.31  134.08 2.46

When the graph G contains more edges, we can expect the tuning time for GEN to
increase relative to other two-hypterparameter methods, as both the /1 and /9 components
of the GEN penalty depend on I'. Table 2.2 repeats the above experiment but with G being
the barbell graph and ¥ reflecting the structure of this graph. The tuning time with ECOS
for GEN is roughly double that of FL or SL, whose penalties contain only one component

depending on T'.

Table 2.2: Tuning times with ECOS when G is the barbell graph. p = 110, m = 2461,n =
210,0 = 1, and X is constructed as in Section 2.4.1.1. The GTV penalty is based on I’ which
has around 2500 nonzero weighted edges. As X for the barbell graph is denser than X in
Table 2.1, S here is also denser than 3 in Table 2.1.

L EN FL SL GTV GTV- GEN
oracle
7# hyperparameters 1 2 2 2 3 3 2

time [seconds] 0.44 2.51 4.62 4.57 02.47 13191  9.68
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2.4.1.3 Comparisons between GEN, FL and SL when * is dense but aligns

with G

In this section, we focus on the case when 3* is not sparse but I'3* is sparse or 5* is otherwise
smooth with respect to G. As all parts of the true signals constructed in this section are
far from zero, the component Ay ||5]|1 in the FL and SL penalties is of little use, and setting
A7, > 0 worsens both prediction and estimation errors in this setting. Consequently, CV
yields Ay, values that are almost identically zero for both FL and SL. Essentially, in this
section, FL refers to the standalone A{||I'5||; penalty, whereas SL refers to the standalone
2|13 penalty.

We observe that FL performs well when 5* has few signal jumps on G, regardless of
whether there exists large jumps (i.e. ||[I'8*| is large). SL, on the other hand, tends
to perform well when the signal is smooth with respect to G, in the sense that ||I'8%| o
is small, even if the number of signal jumps ||I'8*||p might be large. To demonstrate these
observations, we construct signals with varying smoothness (||I'8*||s) and numbers of jumps
(IITB*|lo)- Figure 2.4 illustrates the true signals on the 1D chain graph, whereas Figure 2.5
illustrates the true signals on the 2D grid graph (note that p is fixed for these graphs). For
the barbell graph, we let the signal values be constant (at 5 and 20 respectively) on each
clique. The lengths of the path connecting the two cliques are chosen from {1,4,7,10, 13,16}
(and so p has to vary), and we let the signal decrease from 20 to 5 gradually on the connecting
path, so that ||I'8%||oc decreases from 15 to 1.46 while ||I'8%||g increases from 1 to 16.

Figure 2.6 illustrates the performances of FL, SL and GEN in terms of estimation and
prediction errors. When ||[I'8*||so is small, CV yields Ao values that are larger relative to
A1, which is consistent with our theory in that A9 can be chosen up to % without
incurring additional errors. As can be seen from Figure 2.6, our GEN penalty adapts well to
true signals of various smoothness levels, thus demonstrating the importance of having both
the A\1||TB]1 and A||T'8||3 components in our penalty. From the performances of FL and
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Figure 2.4: True signals defined on the chain graph with p = 110. The top left signal is piece-
wise constant and has the smallest ||[I'3*||g = 3 but the largest |[I'8*||c = 5. The bottom
right signal is the smoothest with the largest ||[['8*|/g = 99 and the smallest ||[I'5*||oc = 0.24.
The intermediate signals are constructed such that ||[['5%||g decreases but ||I'8*||~ increases
gradually. All 6 signals have ||I'5*[|; = 15.

Figure 2.5: True signals defined on the 2D grid with p = 15 x 15. The top left signal
is piecewise constant and has the smallest |[I'5%||gp = 28 but the largest ||I'6%||cc = 3.
The bottom right signal is the smoothest with the largest |T'5*||g = 412 and the smallest
IT8*|loo = 0.24. All 6 signals have ||[I'8%||; between 84 and 120.
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Figure 2.6: Prediction and estimation errors for three graphs as ||I'6*||c and ||[T'8*||o vary.

Results are based on 500 resamplings. Vertical bars for each true signal connect the 25

and 75th percentiles. The lines labeled by FL, SL and GEN connect the medians of errors.
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SL, we can see that the \{||T'5||; penalty ensures good performance when the true signal is
piecewise constant, whereas the \o||T'8||3 penalty ensures good performance when the true
signal is smooth over G.

Note again that FL. and SL in this setting correspond to the GEN penalty with Ay or Ay
set to zero, respectively. Therefore, GEN’s superior performance over FL and SL in terms of
prediction error is not surprising, given that the scorer used for CV —% Y —X§ ||% selects for
hyperparameters with stronger prediction performance. However, GEN is also consistently
better than FL or SL in terms of estimation error. This can be understood better by
examining the signal estimates obtained from the three procedures. Figure 2.7 compare
the estimated signals with the true signals defined on the 1D chain graph. FL recovers
the constant regions well but struggles with the smoothly increasing region, whereas the
SL estimate is better in the smoothly increasing region but cannot reproduce the constant
regions of the true signal. GEN, on the other hand, is able to recover the true signal in all
regions. We can also make the same observations when G is the 2D grid graph (but they

are harder to visualize).
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Figure 2.7: Left: estimated signals obtained from FL, SL and GEN. Right: true signal. GEN
recovers the true signal well in both the constant and the smoothly increasing regions.

We also examine the performances of FL, SL and GEN as features become more correlated
and thus Y becomes more ill-conditioned. Figure 2.8 shows the estimation errors for the

chain graph when Y is the identity matrix (which is the limit of the Toeplitz covariance
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matrix as p — 0) and when X is the Toeplitz covariance matrix with p = 0.95. From our
theoretical results, we expect that when the features are highly correlated, the performance
of the standalone A1 ||T'3||; penalty (FL) should be negatively affected by the ill-conditioned
nature of ¥. However, the \o|'5 ||% penalty should improve the minimum eigenvalue term
in the denominators of our error bounds, especially when ||I'f*||~ is small and Ay can be
chosen to be larger. Such an improvement is not as noticeable when ¥ is the identity, which

is already well-conditioned.
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Figure 2.8: Side-by-side comparison of the estimation errors for the chain graph when X
is the identity matrix (left) and when ¥ has the Toeplitz structure with p = 0.95 (right).
ITB* |1 is fixed at 15. Note the greater divergence between the estimation errors of FL and
GEN when there is higher correlation.

2.4.1.4 Performance comparisons as n and p vary

This section examines the performance of GEN relative to all other methods as n is fixed
and p increases, or as p is fixed and n increases. The covariance matrix X is constructed
as in Section 2.4.1.1, and the graphs we use are again the chain graph, the 2D grid and
the barbell graph. The true signal §* is again not sparse, but contains a mix of piecewise
constant regions and smoothly varying regions on the graph G (similar to the true signals

with intermediate values of ||['5*||s and |[|[I'5*||g in Figure 2.4 and Figure 2.5). Note that we
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do include the high-dimensional setting when n is smaller than p. As described in Section
2.4.1.2, hyperparameters for all methods are chosen based on the best prediction scores in
cross-validation. We only report the estimation errors in Figure 2.9, since the prediction
errors for all methods show the same trends.

As we can see from Figure 2.9, GEN consistently has the best performance in terms of
estimation errors (except for the barbell graph when GTV-oracle performs slightly better
for some values of (n,p)). With regard to graph-independent methods, OLS and the Lasso
clearly fail to perform well in our setting, and EN only provides limited improvements in
terms of estimation errors. FL and SL, whose penalties do take into account the graph G,
perform significantly better than the previous three methods but never better than GEN. The
performance of GTV, whose penalty depends on the covariance estimate 3, is not consistent;
it can be reasonable for the barbell graph but, for the other two graphs, is not very different
from OLS, EN and the Lasso for certain values of (n,p). Interestingly, the performance of
GTV-oracle can surpass that of GEN for the barbell graph; this can be attributed to the
fact that ¥ is constructed to reflect the graph structure and hence is a good estimate for
the graph G itself. The divergence between the estimation errors of GTV and GTV-oracle
therefore suggests that the covariance estimation error is not negligible, especially when p
is small relative to n. Note that GTV requires much more time than other methods for

hyperparameter selection and model training, as we have discussed in Section 2.4.1.2.

2.4.1.5 Performance comparisons when 5* is both sparse and smooth over G

In Section 2.4.1.3 and Section 2.4.1.4, we have compared the performances of various esti-
mators when S* is dense. We now consider the case when G is the chain graph, and §*
is sparse and has small variations in its successive entries, as illustrated in the left plot of
Figure 2.10. Such a signal structure should be more favorable to either FL or SL, and we

expect at least one of them to outperform GEN in this case.
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Figure 2.9: Estimation errors (reported on the log scale) based on 500 resamplings for all
estimators as p is fixed (p = 110 for chain graph, p = 121 for 2D grid, p = 66 for barbell
graph) but n increases (left), and as n = 90 is fixed but p increases (right). o = 1 is fixed,
and in each plot ||I'8*||x is kept roughly constant. CV yields Aj, identically equal to zero
for the Lasso estimator, and thus its performance coincides with that of OLS.
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However, as can be seen in Table 2.3, GEN still has the best performance compared to all
other estimators. FL and SL perform better than the Lasso estimator, which in turn is better
than OLS as expected. Certainly, such a strong performance relative to the other estimators
may depend on the smoothness and sparsity levels of the true signal. Nonetheless, this
example clearly demonstrates that effectively leveraging the true signal’s smoothness over
GG can be more important in reducing prediction and estimation errors than exploiting its

sparsity structure.
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Figure 2.10: Left: Sparse and smooth signal with p = 100, ||5*[|o = 40, ||I'6*|c = 0.39.
Right: The left signal is modified to include a spike, so that |I'3*||oc increases to 5. We use
o = 1,n = 80 and the Toeplitz covariance matrix with p = 0.5 for ¥ in this section.

We also consider a slight modification to the previous example, so that we have a sharp
spike in the zero region of the signal. Adding a single spike should not significantly change the
radius Ry of the {4-ball to which I'5* belongs. However, since ||I'3*||o is now much larger,
CV yields A9 identically equal to zero, and GEN degenerates into FL with A\ = 0. As a
result, FL performs better than GEN (and so does GTV-oracle), although the deterioration
of GEN’s performance is not drastic and GEN still performs better than EN, SL, GTV and
the Lasso. It is therefore a question of interest for future research whether we can replace
the ¢9 component of GEN with another penalty that is more robust to signal spikes, while

retaining the benefits of having the fo component as discussed in Section 2.4.1.3.
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Table 2.3: Prediction and estimation errors for the true signals in Figure 2.10; ‘L’ and
‘R’ denote errors for the left and right true signals respectively. The mean and standard
deviation of the errors based on 500 resamplings are shown below. Errors better than GEN’s

errors are shown in orange.

OLS L EN FL SL GTV | GTV- | GEN
oracle
L: Est. 692+ | 1984+ | 198+ | 056+ | 040+ | 087+ | 038+ | 0.27%
errors 1.05 0.36 0.36 0.08 0.06 0.13 0.06 0.05
L: 3812+ | 2944+ | 294+ | 028+ | 0334+ | 0.72£ | 021+ | 0.15 %
Pred. 15.33 1.35 1.35 0.12 0.14 0.26 0.11 0.08
errors
R: Est. 725+ | 2954+ | 295+ 1.75+ | 1.31 % 097 +
errors 1.10 0.59 0.59 0.30 0.22 0.18
R: 4175+ | 6.194& | 6.19+ 237+ | 144+ 0.87 £
Pred. 15.95 2.93 2.93 0.93 0.50 0.32
errors

2.4.2  Empirical study of the quantity vmin (6—142 + >\2L)

In Section 2.2, if ¥ is ill-conditioned and we cannot assume i, (2) is bounded away from
zero, then we assume that i (é{E + /\2L> may be greater than c\y or ¢y/Ag. These as-
sumptions lead to the bounds (2.24) and (2.25), which may allow for consistency in prediction
and estimation respectively.

We conjecture that vy, (61—42 + )\2L> > (}4/\2 holds for all Ay € [0, 1] under reasonable
assumptions about (3, L); this implies Ymin <6—142+)\2L) > 6l4min()\2,1). Figure 2.11
shows the growth of the quantity i <6_142 + )\2L> as a function of A9, for the various types
of graphs and covariance matrices we have considered in Section 2.4. When G is the chain
graph and X has the Toeplitz structure, we generally have ~y,ip <6_142 + )\QL) > 6%\/)‘_2 for
all Ao € [0, 1] unless p > 0.99. When G is the 2D grid or barbell graph and ¥ is constructed
accordingly as in Section 2.4.1.1, we can also observe the same trends. Overall, when ¥ is
ill-conditioned and A9 can be chosen to be sufficiently large, the /9 component of the GEN

penalty can significantly improve our error upper bounds.
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Figure 2.11: Growth of vmin(éil + A9 L) as a function of Ay for various choices of ¥ and G
(p = 100 for all plots). In (a), (b) and (c), G is the chain graph and X has Toeplitz structure
with varying p. In (d), G is the complete graph and ¥ has Toeplitz structure. In (e) and (f),
we use the 2D grid and barbell graph, with corresponding (and highly correlated) covariance
structures as in Section 2.4.1.1.
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2.4.3 Real data analysis

2.4.3.1 COVID-19 trend prediction

We consider the problem of predicting the number of COVID-19 cases 14 days in advance
for a given county in California, using a New York Times-curated COVID-19 dataset. This
problem may be of importance for hospitals and local authorities, as they may wish to
anticipate potential spikes in COVID-19 cases based on current, local data. It is reasonable
to assume that the number of cases Y;. on day ¢ in county c¢ is Poisson-distributed, as in
Agosto and Giudici [2020], Bu et al. [2021] and Cori et al. [2013]. In this case, we can
apply the variance-stabilizing Anscombe transform z +— 24/ + % to form Yj.. Following the

modeling approach in Cori et al. [2013], we may then consider the Gaussian model

21
Yie = Z asYi—sc+ €t (2.49)

s=14

where €, ~ N(0, 02). In order to reduce temporal correlation between observations, the
days t are sampled such that consecutive time points are at least 7 days apart. We restrict
our analysis (a) to the period from June 2020 to July 2021 to avoid non-stationary effects in
the evolution of the pandemic due to the appearance of new virus strains, and (b) to the 25
densest counties in California where linear models are typically a better fit. As in Ngonghala
et al. [2022], we use cross-validation to evaluate the accuracy of our model; 6/7 of our data
is used for fitting and the remaining data is for performance evaluation (i.e. 2 months of
data). Fitting an OLS model based on (2.49) usually results in a satisfactory fit with an R?
score above 0.8 (see the Appendix).

We hypothesize that for densely populated counties, rising cases in neighboring counties
may further explain a significant fraction of the remaining variance in the data due to
population movements between counties. To test this hypothesis, we consider a model that

incorporates the number of cases from nearby counties within a two-hop radius of the given
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county c:
21

Y/tc = Z Z O‘sk’Yt—s,k + €¢c (2.50)

Table 2.4: Median RMSE achieved by various methods for 25 counties. OLS is fitted based
on model (2.49), and all other methods are based on (2.50). The best performances for each
county are highlighted in bold.

County OLS L EN FL SL GEN
Alameda 1.08 1.18 1.14 096 0.85 0.99
Butte 3.20 181 1.83 1.46 188 2.10
Contra Costa  1.21 1.79 1.69 347 249 3.35
Fresno 822 7.06 9.77 5.25 7.71 5.95
Los Angeles 492 6.92 734 528 6.06 4.56
Marin 6.11 392 549 547 3.38 4.18
Merced 794 975 9.03 9.26 9.68 6.08
Napa 3.93 397 553 392 390 2.96
Orange 1.84 444 397 334 2.08 256
Placer 220 135 1.89 1.27 155 1.53
Riverside 3.46 332 3.62 321 2.79 3.73
Sacramento 223 3.11 253 3.61 231 1.66
San Diego 1.43 1.67 1.00 098 0.88 0091

San Francisco 1.41 2.23 1.05 123 133 1.39
San Joaquin 3.64 3.43 3.43 393 524 541
San Mateo 1.44 234 245 168 156 1.75
Santa Barbara 2.84 202 2.02 202 2.01 3.71
Santa Clara 1.14 204 185 1.05 1.10 1.03
Santa Cruz 6.56 3.86 4.62 3.55 4.17 4.59

Solano 210 3.86 3.72 2.03 2.93 2.62
Sonoma 1.74 347 360 278 262 267
Stanislaus 9.29 6.41 9.17 4.55 4.76 4.88
Sutter 4.07 751 751 433 258 1.94
Ventura 202 122 120 123 1.16 1.36
Yolo 3.43 5.13 454 193 245 1.79

Fitting model (2.50) is a high-dimensional problem, where the number of parameters p
can be up to 3 times the number of observations n, depending on the county. OLS therefore
is not a suitable method for model (2.50). Consequently, in this experiment we fit the
penalty-based methods (except GTV) based on (2.50) and compare with the performance

of OLS computed based on (2.49). The graph G we consider here is such that two feature
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vectors are connected if they are indexed by the same day t and by two adjacent counties,
or if they are indexed by the same county k and two consecutive time points.

We perform this prediction task for each of 25 most densely populated counties in Cal-
ifornia. For each county, we report the median root mean square error (RMSE) computed
on the test set in Table 2.4. As expected, incorporating the numbers of cases in neighbor-
ing counties allows us to outperform OLS based on (2.49) in 21 out of 25 counties. The
graph-dependent methods FL, SL and GEN perform better than other methods in 19 out
of 25 counties. Among these 19 counties, GEN has the best performance in 7 of them and
is therefore a competitive candidate for this prediction task. The improvement it yields can
be quite substantial; for the county Sutter in particular, GEN reduces the RMSE by 50%

compared to OLS and at least 25% compared to FL and SL.

2.4.3.2 Detection of Alzheimer’s disease

We test the GEN penalty’s performance in detecting Alzheimer’s disease, using an MRI
dataset available on Kaggle. The task is to classify whether the MRI images in the dataset
show signs of dementia. Since the responses are binary, we need to consider the logistic
extension (2.6) of our method as well as that of all other methods. The original dataset
has images labeled with moderate, mild, very mild and no dementia, but we exclude the
moderate cases due to the small number of training samples. We also exclude the very mild
cases since the images may be too similar to those with no dementia, thus leading to lower
prediction accuracy for all methods.

Since the features are 2D MRI images, it is natural to use the 2D grid graph as our graph
G, which is of size p = 32 x 32 = 1024 (we compress the original images to this size for
computational convenience). We use the first 800 images with no dementia and 400 images
with mild dementia in the original dataset. Out of these 1200 images, n = 480 images are

used as training data (note that n < p), 480 images are use for hyperparameter tuning,
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and the other 240 images constitute our testing data. For computation, we use ECOS for
all methods. Since GTV requires at least a 3D grid search for hyperparameter tuning, it is
too slow to be considered for this experiment. All other methods take at most 5 seconds of
training time.

The classification accuracies for all methods except GTV are reported in Table 2.5. As

expected, GEN shows better prediction performance than all other methods in consideration.

Table 2.5: Prediction accuracies for classification of Alzhemer’s disease status. Here, OLS is
replaced by logistic regression (LR), and the logistic extensions of all penalty-based methods
(except GTV) are used.

LR L EN FL SL GEN
Accuracy 82.08% 90.0 % 92.50% 91.25% 92.08% 92.92%

2.4.3.3 Estimation of crime patterns in Chicago

Consider the task of uncovering crime trends over time across the 77 communities of Chicago
(which we denote by the set C). Statistics on the number of crimes per community between
2004 and 2022 are available on the city’s data portal. The monthly crime rates (which are
defined here as the number of crimes per 100,000 inhabitants) vary over the years and across
the communities, and they are also subject to significant seasonal effects. Additional details
on the nature of the data and preprocessing are provided in the Appendix.

Let Yn(fﬁ denote the crime rate for community ¢ € C, month m and year y. Since we are
working with count data, it is reasonable to pre-process the data by applying the Anscombe

() c)

transform to Yy to form fﬁgw. We then consider the following additive Gaussian model

12 2022
V=S aidm=i+ Y Bialy=4+ wllk=d +en (2.51)
i=1 7=2004 ceC

where 67(7% ~ N(0, 02). While our design matrix here is not equal to identity as in the trend
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filtering case, note that it contains “one-hot” encoding rather than i.i.d. rows from some
distribution IP. The parameters («, 5) naturally exhibit temporal smoothness, since we expect
them to vary smoothly over time. The community offset parameter v, on the other hand,
should exhibit spatial smoothness, as we expect neighboring communities to have similar
offsets. To define our GEN penalty, we encode these prior beliefs in a regularizing graph
GG with 3 disconnected components: one chain graph reinforcing the temporal smoothness
of the month coefficients, another chain graph for that of the years, and a third component
encoding neighborhood adjacency. We compare our method’s performance with all other

methods except GTV.
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Figure 2.12: RMSE achieved by different estimators as the proportion a of data used for
training varies.

Figure 2.12 compares the prediction performance (reported using RMSE computed on
held-out data across 40 independent trials) for all methods. Here, performance is assessed
for different data regimes: while the original dataset contains 17,094 observations, we use
a fraction o € {0.5%, 1%, 2%, 5%} of data for estimation of the p = 108 parameters in our
model (« = 0.5% and o = 1% correspond to p > n and p ~ n respectively). As shown
in Figure 2.12, GEN performs consistently better than all other methods, especially in the
data-sparse regime. While in this example we are more interested in the estimation of crime

patterns rather than prediction (note that the model (2.51) cannot be used to predict crime
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rates beyond 2022), Figure 2.12 provides evidence for GEN’s superior performance and can

be of interest if we are given a dataset with many missing values that require data imputation.
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Figure 2.13: Visualization of the community offsets v produced by different estimators. Note
that GEN produces smoother estimates with greater magnitudes.

Figure 2.13 and Figure 2.14 visualize the estimates of the community offsets v and the

temporal parameters (o, ) respectively. Note that the estimate of v obtained from GEN

contains fewer zero entries and is significantly smoother when compared with other methods.

We can clearly see that GEN divides the communities into clusters with similar community

offsets. Only Smooth Lasso provides an estimate of v that is close to GEN’s, but interestingly

the estimates obtained by GEN tend to be greater in magnitude. From Figure 2.14, we can

see that GEN, FL and SL produce smooth estimates to show that crime rates tend to decrease

in the colder months and that there is a general reduction in crime rates between 2002 and

2022.
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Figure 2.14: Visualization of the estimates of the monthly parameters o and the yearly
parameters s produced by different methods. GEN, FL and SL produce smoother estimates
relative to graph-independent methods.

2.5 Proofs and supplementary materials

2.5.1 Proofs of theoretical results

We restate our theorems in this appendix for convenience.

Theorem 47 (Theorem 33). Fiz 6 > 0 and choose A\ = 320p(I) M, Ay <

n

A . L
STA = Given any set S satisfying both

1447 maz(S 5)2  36A7S|k? 1 1
’Ymaa:( )(\/n_c+ ) 4 1| 2| S < Amin | =2 + Ao L (2.52)
n o 2 64
and
* 02
M(D6%) sl < T (253)
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2 —5%/2

with probability at least 1 — c1 exp(—ncg) — 55 — e we have

2 _
02V man(Z) 2+ 23Sk g2
TYmin <é{2 + )‘2L>

ISY2(8 - 8413 < + A (T8 _slh

and

C 62 -
o ma(D) MG + AISks® | Aall(05%) sl

18- 7 5 T 1
. (mz n AQL) — (mz n AQL)

Proof. By definition,
A 1
B = avgmin Y = XI5 + MUl + A ITSI2

We can also rewrite our estimator as:

A R S
B = axgmin _|[Y = X85 + A ITAIl

Using subdifferential calculus, we can see that B must satisfy

2XT (Y — X5 2
( 5) = M T sign(T3)
n
where
1 if x; > 0,
[sign(x)]; = { any value in [—1,1] if z; =0,
—1 if T, < 0.

Hence, we obtain

% FTXT (Y — XB) = MG sign(T8) = M |TBI
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and for any 8 € RP,
%QTXT(Y/ — XB) = BT sign(IB) < M08
By subtracting the previous equality from the inequality above, for any 5 € RP we have
%w —BTXT(Y - XB) < M(ITBlly — IITAll)
Since Y = X3* + ¢,

< 2R (G- 6)+ M(IT8lh - IT6h)

= 2T (3 - B) — 229(8"TTTT(3 — B) + M(ITBIL — DAl

n
< ZTX( = B) + 2alTF o IT(3 — 47l + MBI — [T5)
< 2 (3~ )+ 2L - )l + M(IT8lh ~ 1Al

where the last inequality follows if we choose Ay < W
We wish to bound %ETX(B — ). As IT € RP*P denotes the projection matrix onto the

kernel of I', we have I, = II + rir. Hence,

2N~ ) = 2TXN(G — ) + " XTID(G - ) (2.54)

IN

2 A 2 A
X T ell2]l5 = Bll2 + DT X elloo|[D(5 = £)lly

IA

2 - A .
X ell2llf ~ Bllz + T — Bl

where the last inequality follows if we choose A\ > %H(FT)TX T¢|lso (with high probability).
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We obtain the bound:

25— HTXTR(B - 6) <2 IIX el ~ Bl + SHITG - )y

+ M8 — MDA

(2.55)

R P R A . R
25— T XTR (3 - 5) < 2 X elall ~ Bllo + ZHIT(E — )l + MBIl — MITAL

For any S C [m]:

SHIEGB = )l + M8l — MlIr3l,

< 208 ~ T8)slh + L ITA) sl + SHNTH) st + MBI AITAl
< 205 - 18)slh + 51T sl - I sl

L0 - T8)slh + 20 (DB) sl — 22 (0 ~ ) sl
< 201[[(08 ~ D)l + 20 I(T8)_sll — LT3 — T8l

<

and so we have

26— BT XTR(B - 5) + 2Lrp - Tl
< 2IXTela )13 ~ Bll2 + 2040 ~ TH)sy + 2 l(TB) sl
A S A
<> (%HHXTEHz n 1k—”> 18— Blla + 22 (T8) s
S
c+Fo A S A
<> ( 2a2vmax<z>“”_¢; " 1,{?) 18— Bllz + 27 I(T8) sl

with high probability, where we used the definition of kg and Lemma 52. If we set 5 = 5%,
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we obtain

1, ~ - A A cto A S 5 *
;nxw—ﬁ*)u%fum—m*nls(x/za%m(m“”;g + 1,{?) 13- 5l

+ M (%) —slh

(2.56)

which implies

~ C 5 )\ S ~ * *
Alnr/ﬁ—rﬁ*nlszx( 202 (2L 4 2 ’>||5—5||2+4A1||(F6 )-slh
n s

or that

576 )\2

A2 B S
<13 ;( 202 pan(5) L m) 16 - 5718+ 18251 05") o1l

max 1
s76,2(0) s B8P gy gy

o Av/n
“46 A2[S|kS
< (72%&}((2)””_ RUSVANE )Hﬂ 513 + 182505 _s 1

.+ 0)2 A28k -
< <7zvmax<z><“”_ O g s )Hﬂ—ﬁ*u%mr(w*)_sul 2:57)

where we used the condition (2.53). Now if we apply Corollary 51 to (2.56), we have

: : i+ VST s
3= (= + L) (B—ﬂ*)§< 207 () V22 + %ﬂ) 1851

. ¥)lo -
18— 13 + 576,2(r) e ENOBR g pge

72 ¥n
Mgy + e
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2
which, by (2.57) and the inequality 2¢ < M, implies

n

64 NG
(144vmax<z>wn—c+ 0?2 | 36A%!S\k§2>
2
n g

i . oo VIS s
(- 5T (iEwL) (5—5*)3( 202 (2) V0 %ﬂ) 18 - 8*1s

+ oM (08" —glli + 13 - 8113

If we now apply the condition (2.52), we obtain

. . 46 MVIETY L
(3" (imAzL)(ﬁ—ﬁ*)s( 202 pma(5) Y0 %ﬂ) 13— 8%l

64 Jn

1 1 R
F2AIOE)slh + min (g + L ) 13 = 13

which, by using Jin (= + ML) 18 = 8413 < (3= BT (&S + ML) (B — 5, implies
both

1 X ne+0  Ay/|S .
i (= + oL ||ﬁ—ﬁ*u%s2< 205 Y220 4 2L |>||ﬁ—6*\|z

64 v (2.58)

+4M (T8 —slh

and

~

(3= 07" (= +daL ) (6- %) < aMIT5)-sll
po 7 VIR \/(B—B*)T(

\/ymm (61712 + AQL)

The error bounds follow from (2.58) and (2.59) if we note that z2 — bz — ¢ < 0 implies

(2.59)

1 .
6_42 + /\2L) (B —p%)

2% < 4max(b?,¢) < 4(b% + ¢), for b,c > 0. O

Theorem 48 (Theorem 46). Let T' be the incidence matriz of the p-vertex chain graph, and
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fix 6 > 0. With an appropriate choice of A1 and Ay < W, with high probability we have

UQ”Ymax(E) 1+ 62 (UZ’Ymax(Z)Hrﬁ*Hl)z/?) (p Ing)1/3

125 - )3 s — 22 1 »
Ymin(gzs + XoL) 1 ’Ym/m (61 o )\2L> 2
15 = 5113 < P ymaa(S) 1402 (0 yma(D)|DF*|1)*? (plogp) '/ (2.61)
Tmin(G1>= T A2L) N Vm/z'n <6121'E + )\QL) n2/

provided that the RHS of (2.60) is smaller than Co?.

Proof. The proof is identical to that of Theorem 47 up to (2.54). However, we need to bound
%ETXFTF(B — p) differently.

Let T = UZVT be the singular value decomposition of I', and let &;,...,§,—1 be the
nonzero singular values of I'. Let uy, ..., um and vy, ..., v, denote the columns of U and V.
Denote by V[k] € RP* the matrix containing the first k& columns of V' (k is to be specified
later) and V_ k] € RP*(P—F) the matrix containing the other p — k columns of V. Define the
projection matrix Py = Vi V[g] € RP¥P,

Noting that I'Iis a projection matrix, we have:

2IXTIT(3 - )

n

= %ETXP[HFTF(B —B)+ %eTX (Ip — Py)TT(3 - B)

2 n 2 R
< S|P XTell2 TT0(E = B)llz + ST (L — P X T elloo IT(E ~ 8)1
2 R A R
< =[Py X ell2ll8 — Bllz + ST ~ )l (2.62)

if we choose A; > B||(I")'(1, — Pyy) X7 el|oo with high probability.
In order to choose k, we need to bound %||(FT)T(]p — P[k})XTeHOO. Let s),...,sp, be

ySm

the columns of (1}, — P[k])FT. Let ej, j € [m], denote the 4™ canonical basis element. As in
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the proof of Theorem 6 of Wang et al. [2015], we have:

IS0 = 1(Zp = Vig Vil VETU 5113

= [0 v_[k]] =07 ;)13 = Zs (ui ej)v

2

p—1
= Y & ugej) s— Z &

i=k+1 z k+1

where we made use of the fact that the left singular vectors {u;}!"; of I', when I' is the
incidence matrix of the chain graph with p vertices, satisfy Vi € [m] : [|uj]|lco < \/; :

For the chain graph, the nonzero singular values §; are such that

f?z4sin2 (;T—;) :2—2COS<%), fore=1,...,p—1

Hence, as in Wang et al. [2015],

max ||/13 zjg- }jsm (_)

JE€m] P o P

k
COS(WT 4
<—/ 81n2( )d:c— d < P

(kT w2k
7rsm<2p>

where we used sin(z) > x/2 and cos(x) < 1 for z € [0, 7/2].

Similar to Lemma 53, we can then select \{ = 64 p/k\/ w. We also have
%HP[MXTEHZ < 44/ % with probability at least 1 — e~"/8 — e_k2/2, as in Lemma
52. The rest of the proof is again identical to that of Theorem 33, and we obtain for any S

that

2 _
UQW&HaX(zD [1tf +-%] +—A%L§|k52

7mh1<é%zj+'A2L>

ISY2(8 - 893 < + A (T8 _slh
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with high probability. By setting S = () and choosing % such that

2
o ) P Y)logp
e gy = oy PR e
“Ymin <67[E + /\2L> n
we obtain

1/3
plogplT5* 322, (13 + Aol ) n

U2'7max(z)

~
—~

and with this choice of k

?ymax(Dk (0P max(Z)|T8*[1)*? (plog p)'/3

- 1/3 2/3
_—_— (éz + /\2L> no 43 (6—142 + )\2L> n2/

We will often use the following lemma to compare probabilities involving two Gaussian

vectors.

Lemma 49 (Anderson’s Gaussian comparison inequality Anderson [1955]). Let X and Y

be two zero-mean Gaussian vectors with covariance ¥x and Xy respectively. If Xy — X x is

positive semi-definite, then for any convex set C satisfying C = —C,

P(X eC)>PY €C)

Lemma 50 (Lemma 34). If X € R™*P has i.i.d. N(0,%) rows and m > 2, n > 10, then

the event

1 (X)n (X)logp
D . Lis1/2 . TYmaz c _ Ymaz
{werr 102 5 Jystiagy, -\ f0mmEey, — g5y [Tl DI0E iy,

holds with probability at least 1 — ¢y exp(—nca), for some universal constants c1,co > 0.

Proof. We follow the proof outline of Raskutti et al. [2010|. First note that we can restrict
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our attention to v € RP satisfying ||[$Y/2v||y = 1, as the inequality that defines the event

above is invariant to scaling of v. Define
Vir,s) = {v €R?: [S!2ully = L||Delly <, o]}z < 5}

and

IIXU||2)
M(r,s, X):= sup (1 - —
( ) veV(r,s) vn

Bounding the expectation E(M (r, s, X)): By an application of Gordon’s inequality (see Sec-

tion 4.2 of Raskutti et al. [2010] for the details),

E sup (—||Xv|]2) | = E sup inf wI'Xv|<E sup inf gTu+hT§]1/2U
veV (r,s) VeV (1,3) uesn—1 veV (r,s) ueSn—1

= —Elgl/l2+E| sup hI's1/2y
veV(r,s)

where g ~ N(0, I;;) independent of h ~ N(0, I)). We know that E||g|2 > % n when n > 10,

so we just need to upper bound E (Squev(r,s) hTEl/%).

Since I+ I'MT" = I,
KT 2y = pTSV2(1 4 D0 < [IEY20)0)lvls + (P20 00| Doy
and by definition of V(r, s) we have |[v||o < s and ||T'v||; < r for all v € V(r,s), so we obtain

E( sup nTSY2y ) < sE|ISY 20|y + 7B (TH T2 o
veV(r,s)

Note that the spectral decomposition of II = UAUL, where U is an orthogonal matrix,

is such that A is a diagonal matrix with n. ones and p — n. zeros on the diagonal. Since
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Ymax(2)II — IIXII is positive semi-definite, by Lemma 49 we know that ||y/Ymax(Z)IIA||2

stochastically dominates ||[TTSY/2h]|2, and hence

E[[TIY 2|9 < v/Ymax(Z)E| A2
= Vmax(S)E[UAUT A2
= \/Tmax(Z)E|[ AR 2
- mE\/h%Jr---Jrh%c

< v/ Ymax (E)nc

where we have used Jensen’s inequality and the rotational invariance of the standard Gaus-

sian distribution in the above derivations.

By Exercise 2.12 b) of Wainwright [2019], we also have for m > 2:

E[|(THTSY 20 = E max (s, 21/2p))
jem

< 2/ A (D)D) V/Iog m < 2V2/Aman(S)p(1) /108

since {(s;, Zl/Qh) :j=1,---,m} is a collection of m zero-mean Gaussian variables with
variance at most Ymax () max;e ) ||s]||% = Ymax(2)p(I)? (and in the last inequality we

used m < p?).

We can therefore conclude

veV(r,s

E (— inf )HXUHQ) < —Z\/ﬁ—i—s\/’ymax(z)nc—l—%/ﬁr Ymax (2)p(I)+/log p
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Dividing by y/n and adding 1 on both sides, we obtain

vmax( ne log p

E(M(r,5, X)) < { +5 © 4 2V3r (DT

n

Concentration around the mean for M(r,s, X): As M(r,s, X) is a Lipschitz function of a

Gaussian vector (see Section 4.3 of Raskutti et al. [2010] for details), for all £ > 0 we have:

P(|M(r,s,X) —EM(r,s, X)| > t/2) < 2exp(—nt>/8)

Substituting t = t(r, s) := 21[ + 51/ %HE“‘T(E)HC 4+ 2v/2r /Ymax (X) p(T)

P (M(r, s, X) > W) < 2exp(—nt(r,s)?/8)

logp , we obtain

Peeling: This part is adapted from Section 4.4 of Raskutti et al. [2010]. We have shown that

X 3 3 ]
P sup <1 I U||2> _+_\/'anT V(T \/m
vll2<s,|[Tv[|y <r 8 2

|54/20]]3=1
2
n 3 3 '}/max( ) \/’Ymax(z) ].ng
<9 ——[=+= —_—
< 2exp 18(8+23 € +3v2p(1)r -

n

rewrite the above as

Xvl|9 n
Pl s (120 o 0 ) | < 20w (< il + 0a0P)
[0]l2<s,[[Tv][y<r "
[DREEPE
Note that g1 > p and g9 > p where p : % Fori=1,2,---,and j = 1,2,---, we
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define the sets
Ajj ={veRP: 1SY20]l2 = 1,277 < gr(lolla) < 20, 2771 < ga(|IT0ll) < 2734}

Also, we define the events

[ Xvll2
Vn

&y={3v€Am:1— z2wﬂmm>+mwrwn@

as well as the event

Xvllg

8:{%emﬂu?ﬂwrﬂaM1—”ﬁizz@wwg+mwmmn}

Note that £ = U2, U(j?il &;j- Our goal is to prove that P(£) < ¢ exp(—ncg), from which

the lemma follows.

If we have v € A;; such that 1— ”)\(/%”2 > 2[g1(|lv]l2)+g2(||Tv]|1)] holds, then by definition
of Aij>
Xuly - - . L e
1 I oot g 27y = 21t 990 = a7 (2F0) + anly ' (20

n

Again by definition of A;:, g1(|[v]l2) < 2t and go(||Tv||;) < 27, and so
J

loll2 < gy '(2'0)  and Dol < g5 (27p)
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Therefore, we must have

n

=107 (@) + ga(oy @ w)P)

— 2exp (—3=(2+ 27)%2)
exp (—15(2 +27)%%

< 2exp (—%2%#2> exp (—%Qqu2>

P(&;j) < 2exp (

Hence,

Corollary 51. Under the settings of Lemma 50,

T2 1 72 maa(E)n 2)lo
2ol o <6—42+>\2L) - PmarlEWey 3 sz (ry e V08D 2

holds for all v € RP with probability at least 1 — c1 exp(—nca)

Proof. We argue in a manner similar to the proof of Theorem 7.16 in Wainwright [2019].
For any real numbers a, b, ¢ such that ¢ > max(a — b,0), we claim that 2> (1-— 5)2a2 — g—z
for any § € (0,1). This is because if b > ad, then (1 — §)2a? — g—i <ad?[(1-0)?-1<0<e¢,

and if b < ad, then since ¢ > a — b, we have ¢ > a — ad = (1 — d)a.
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. X max C maXZI
Letting c = X212 g — 4/51/20 5, b = 3/ 2maxne o)1, 1 6/5p(r) |/ 2mxCIBD

and § = %, we obtain for all v € RP with probability at least 1 — ¢j exp(—nca):

X 2 1 [Ymax (E)ne / Tmax(3) log p

Lisi1/2,12 _ 7o (2)" 2 27 (Z)logp p
> ISPl — 72 S 03— 576p(T)% RS S E  T

4>

By adding )\QUTL'U to both sides, we obtain what we need to prove. O

Lemma 52 (High-probability bound on ||[IIXT€||5). For any 6 > 0,

HHXTEHQ < 202n7max(2)<\/n_c +6)

with probability at least 1 — en/8 _ o=0/2,

Proof. We make use of the fact that X and e are independent. Note that XTI has i.i.d.

N(0,IIX1T) rows, which we denote by &1, - ,Zy. Then

n

E €;T;

1=1

n

1 .
el 2 5% )

1=1

ITLX el = = [lell2

2

which has the same distribution as ||¢||2]|Z||2, where & ~ N(0,II¥II) is independent of e.
Since ymax ()11 — IIXII is positive semi-definite, by Lemma 49, ||Z||2 is stochastically dom-
inated by /Ymax(2)|/lIh|l2 (where h ~ N(0,I,)), which in turn has the same distribution

as \/Ymax(Z)||W||l2 where ' ~ N(0, I,,.).

By an application of a concentration inequality for Lipschitz functions of Gaussian vec-
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tors, we have for any 0 > 0 (see Example 2.28 of Wainwright [2019]):

P(|H[la > v/ng +8) < e=5/2

and we also have ||l < ov/2n with probability at least 1 — e~"/3 (see Example 2.11 of

Wainwright [2019]). Combining all the pieces yields the result. O

Lemma 53 (Choice of \1). With probability at least 1 — % — e /8 we have

1T XTe|l 0o < 40p(T) v/ Ymaz(E)nlog p

and hence A1 should be chosen such that A\ > 320p(I") Ymas(%) log p

n

Proof. Recall that the columns of [T € RPX™ are denoted as S1,°** ,8m, and let the rows

of X be x1,--- ,xy, which by assumption are i.i.d. N(0,%) vectors.

For any t > 0:

P(|(CHT X e)|oe > t)

=P max

Using the same trick as in Lemma 52, x := m S €x; ~ N(0,%) independent of
e. Also, we note again that P(|lelly > 0v2n) < e~™8. Hence, P(||(T)TXTe||oo > ¢) is
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bounded above by
P v2no max |(sj, )] >t | + e <P 2nYmax(X)o max [(sj, )| >t | + e—/8
jelm) J€[m]

where g ~ N (0, Ip) and we used Lemma 49 in the last inequality. Since {(s;, g) : j € [m]} are
Normal variables with variance at most p(I')?, by applying the union bound, the expression

above can be bounded above by

t2
2 exp (—
4'Ymax(z)n‘72p(r)

If ¢ is chosen such that t? = 8log(m)ymax(X)no?p(I')2, we can conclude that

n/8

5 —Hogm) +e

ICHT X €]l < 2v20p(0)\/Amax(Z)nlogm < 40p(0)y/ Amax(Z)n log p

with probability at least 1 — % — e/ 8 where we used m < p2. O
Lemma 54 (Lemma 3 of Hiitter and Rigollet [2016]). If I" is the incidence matriz of a graph
G = (V, E) with maximum degree d and ) # S C E, then
—9 .
kg® < 4min(d, |S])
Lemma 55 (Lower bound in Lemma 38). If T is the incidence matriz of the 2D grid, then
p(l) 2 1.

Proof. Let N := /p. In the proof of Proposition 4 of Hiitter and Rigollet [2016], it was

shown that T'T has 2N(N — 1) columns ((sl(-lj))iew_l],((352]-))3-6[]\;_1]), each of which has
JE[N] i€[N]
column norm such that
(o) N—-1N-1 1
)2 2 2
s: 5 = —(v;,dj) (v, €5
51 = 3 X g o)
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where o € {1,2}, A\, = 2 — 2005% for 0 < k < N — 1 (these are the eigenvalues of
the Laplacian of the one-dimensional chain graph with N vertices), d; is the i column of
D{ where D; is the incidence matrix of the chain graph with N vertices, eq,...,e, are
the canonical basis vectors of RV, and v, € RN (0 < k < N — 1) are the orthonormal

eigenvectors of the Laplacian of the one-dimensional chain graph with N vertices:

2 (j+1/2)kn ,
(Uk)j:\/NCOS<T for0<j<N-1,1<k<N-1

Since p(T") is defined as the maximum column norm of I'f, we can bound it below by the

(0)

column norm of 8; | where ¢ = j = o = 1. We have:

sE=3 % ! (o dy)2 (g, e1)?

k=0 [=1 (4 2COSW—2COSN

Using the inequality 2 — 2cos(z) < 22, we have 4 — 2 cos £Z N — 2cos % <z (k2 +12).

Furthermore, note that

2 2)1 3/2)ir\ 2
(v, d1)? = N (COS <5/N) T cos ( /N) 7T)
2[2 2
= Ng sin?(2/)

for some 2’ € [%, %}, by the mean value theorem. Given the inequality sin(z) >
z/2 for x € [0,7/2], we can conclude that sin®(z') > (2/)2/4 > 196 l]\;g if we assume [ < %,

and so

(v, d)?2 > ——
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if | < N/5. Moreover, (vj, e1)% = % if k = 0, and if we assume k < %N, then 1— 2 k212 >
2

and an application of 1 — cos(z) < %~ gives

(0., e1)2 = % [cos (i’“iﬂ C_

Since m is a decreasing function of k,

N
IS8 2 foxz 2 [ s
PEEZ6N? &0 o (a2 + 12)?
[eN)

9 4 (12 + N?) arctan(ecN/1) + ¢NlI
= E l
23(12 + ¢2N?2)

=1
N
9 L) (12 + 2N?) arctan(cN/1) + ¢Nl
- 32N? & 12+ c2N?
[eN]

Z W Zl larctan(c)
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]

Lemma 56 (Lower bound in Lemma 40). If T is the incidence matriz of the r-dimensional

grid for r > 3, then p(I') > c(r), where ¢(r) is a constant depending only on r.

Proof. Note that the 2 sign is used in this proof to omit constant multipliers that may

depend on r. Similarly to the previous lemma, it is sufficient to lower bound

12 = s ' (v, dy) 21_[3 1(% e1)?
||31 2= Z (A
D D0 koo i A)?
where di,eq as well as Ag,...A\y_1 and vq,...,vy_1 are defined in relation to the chain

graph with N vertices as in the previous lemma.

By applying the inequality 2 — 2 cos(z) < 22, we have

2 2 2
r—1 ja- 4 r—1
)\H—Z)\k <|2—2cos—+ (2—2008#) < 12+Zk:]2
j=1 j=1

4 4
Also, k < %N implies (v, e1)? > ﬁ, and | < N/5 implies (v}, d1)? > 9%% Hence,

if we define ¢ = min(%, %) = % as in the previous lemma,

. |eN| [eN] leN| l4
1513 2 Z Z Z 5
NT =1 o 0 (12 + 1kj)2
leN|
1 / 14
> — —dx
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> — —55dx
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where we changed to polar coordinates in the last equality; here, S,._9 is the unit sphere in
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R"™1 and or_9 is a measure on S,_9 such that, if A C S,_o is a Borel set and A is the set
of all points 7u with 0 < 7 < 1 and u € A, then o,_9(A) = (1 — 1)m,_1(A), where m,_1 is

the Lebesgue measure on R" ! (see Exercise 6, Chapter 8 of Rudin [1974]). We continue:
Z4RT 2
/ 12 1 p2\2 dR
(I + R?)
4 pr—2
/ s
/2 (I + R?)
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2
H51 2 Z

/N/2 12 —I—R2

- 4
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where we used the fact that » > 3. Note that f ; (TTJEWCZR = %Tb;%;) and hence

leN]
1513 2 5 Z sl / TP
e~ — (12 + N2)2 “NJo  @rnNee

where we used the fact that m is increasing in [. Since
N0 g2 151 — 1515 arctan(1/10)
5 Fodl = N
0 (I + N4) 1010
and 151 — 1515 arctan(1/10) > 0, the proof is complete. O

2.5.2  The intertor point method on the dual objective

For the special case where the design matrix is the identity and Ao = 0, Kim et al. [2009]
applies the interior point method on the dual objective. Similarly, we can apply interior

point method to solve our more general dual objective

. 1o o 9
= in —||Y — X + M ||IT 2.63
e argﬁrrelﬁlpzl\ Bllz + MlTB (2.63)
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We will specify the update directions, update step size, and measure of suboptimality.
Let 1,, denote the vector in R with all entries equal to 1. The dual problem only has
inequality constraints fi(u) = v — A1y < 0 and fo(u) = —u — M1, < 0. Let pg, uo be
the dual variables corresponding to f1, fo. We apply the standard Newton’s updates on the
perturbed KKT conditions (by parameter ¢) of this dual problem. That is, the directions of
the updates (Au, Apq, Apo) are solutions of the following linear system:

The residuals are:

Tl —TY + 1 — [
re(u, 1, p2) = | —diag(pe1) f1(u) — T1m, (2.64)

—diag(p2) fo(u) — 11,

By Newton’s method, we need to solve:

Au
vrﬁ(“?”l?ﬂ@) A,ul = _rt(ua:u:[a:UQ) (265)

Ao

That simplifies to 3 linear equations below, where divisions between vectors are element-

wise:

IT7 — diag(p1/ f1.(u) — diag(u2/f2(u))] Au=— [T u —TY tfllTu) i tflsz
(2.66)
Ap = — {diagwmu)mu T tf%] (2.67)
App = — [—diag(m/fa(U))Au T fz’g@u)] (2.68)
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The step size for each update are computed in a standard way as Section 11.7.3 of Boyd et al.
[2004]. We apply standard backtracking line search to find the step size s for the updates.
Choose parameters «,y € (0,1) for backtracking. Denote the updates as (qu,,uf,p;).
For example, u = u + sAu. To ensure the updates to be feasible, we first make sure that
,uir, u; > 0. That is, we set spax = min{1, min{—p1;/Ap1;|Apq; < 0}, min{—po; /Apg;| Apo; <
0}}. Next, continuously set s = «s until fi(u™), fo(u™) < 0. Finally, set s = ~s until
et ot 1)z < (1= as)lireCas o, )l

As a standard measure of suboptimality, the surrogate duality gap (see Section 11.7.2 of

Boyd et al. [2004] for details) at the k™ iteration is:
1® = —n @@l — @)l (2.69)
And the residual at the k™ iteration is:
r®) = py(®) )80y (2.70)

Our interior point algorithm is presented below.
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Algorithm 2: Interior point method on the dual objective
Input: A\, A9, I',Y, X, tolerance €

Output: J as defined in (2.63)
1 Initialize u(0) = 0, ugo),,ug)) >0, 7>1
2 while r%) > ¢ or n(k) > e do
3 Set ¢ = 27rm/n(*)
4 Compute update direction (Au, Auq, Apg) as in (2.66), (2.67), (2.68)

5 Determine step size s by using «, vy backtracking line search

6 Update:

k) — (k) 4 gAy

k+1 k

;Lg ) = ug ) + SA{Ll
k+1 k

ﬂé ) = ,ug ) + SA/LQ

7 Compute 3 < XT(V —TTy)

8 Return B

2.5.8 Additional details on data processing

Chicago Crime Data. As per the main text, statistics on the number of crimes per
community between 2001 and 2022 are available on the city’s data portal. For the purpose
of our analysis, we consider the data between 2004 and 2022, since by preliminary inspection
of the data, the first years of collection seem to have more missing data (see Figure 2.15a).
We define the monthly crime rates as the number of crimes per 100,000 inhabitants. The
latter are computed from the raw crime data by aggregating crime counts over neighborhoods
and dividing by neighborhood population estimates found at the following link. These crime
rates are usually modeled by Poisson distributions (see Osgood [2000]), which we transform

here into a normal distribution through the use of an Anscombe transform. Examples of
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the resulting estimates are displayed on Figure 2.15b. We note that the crime rates vary

substantially over the years and across the communities, and are also subject to significant

seasonal effects.
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(a) Temporal evolution of the Anscombe trans- (b) Crime rate across neighborhoods, coloured by
formed crime rate (per 100,000) as a function of month of the year to highlight seasonal effects.
time across 6 specific neighborhoods.

Figure 2.15: Anscombe transform of the number of crimes per month per 100,000 inhabitants
in a few neighborhoods of Chicago. Note the seasonal effect in the crime rate and the
consistent drop across neighborhoods during the coldest months of the year.

COVID Data. We consider the problem of predicting the number of COVID-19 cases 14
days in advance for a given county in California. As decribed in the main text, this could
be an interesting use case for local public health decisions, such as for instance, trying to
plan 2 weeks in advance appropriate resources at a local clinic. To this end, we used the
New York Times-curated COVID database. The NYT COVID data provides a description
of the total number of cases across all US counties, from January 2020 to October 2022 (time
of writing). For the purpose of our analysis, we focus more specifically on analyzing new
cases in the 25 densest California counties using data from June 15%, 2020 to July 15¢, 2021.
This time window was selected to provide more consistency in the epidemics dynamics: by
June 2020, all counties in California had non zero daily incidence data. On the other hand,
restricting the analysis to before July 2021 allows selecting a more cohesive window of time

where the epidemic propagation was not dominated by (other unobserved) covariates, such
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as the advent of new contagious strains of the virus (Delta in Summer 2021, and subsequently
Omicron in Winter 2022). We pre-process the data and make it amenable to data analysis

through the following steps:

1. Conversion of cumulative case counts to incidence data

2. Correction of aberrations and smoothing: we fix data aberrations (e.g. negative in-
cidences, due to small errors in the reporting) by imposing the lower bound on the
number of new cases to be 0. We further transform the incidence data using a seven-
day rolling average so as to get rid of known spurious phenomena (e.g. the “weekend
effect”, by which the number of new cases is lower over the weekend but typically

followed by a spike on the following Monday).
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Figure 2.16: R2 for the simple autoregressive model of Equation 2.49 on the seven different
folds (see main text). Note that most models have R? of over 0.8, thus indicating the validity
of the model.

3. Anscombe transform: We apply a variance stabilizing transform to transform incidence
data (here modeled as a Poisson process, as per Agosto and Giudici [2020], Bu et al.

[2021], Cori et al. [2013], Toharudin et al. [2020]): Z < 24/z + %
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