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ABSTRACT

In a constraint satisfaction problem (CSP), we are given a set of variables and a set of
constraints over these variables and the goal is to assign the variables so that as many
constraints as possible are satisfied. Many problems in computer science can be phrased in
this language so it is of great interest to either design efficient algorithms for this task or
prove that such algorithms don’t exist.

In a breakthrough result, Raghavendra proved that for all CSPs there is a canonical semi-
definite programming (SDP) relaxation that is optimal under the famous Unique Games
Conjecture (UGC). More specifically, any integrality gap instances for this SDP relaxation
can be turned into hardness results assuming UGC (or at least that unique games is hard)
and there is a polynomial time rounding algorithm that achieves the integrality gap curve.
However, this result does not tell us how to explicitly construct integrality gap instances
for this SDP or what the optimal approximation ratio is for a given CSP. Moreover, the
rounding algorithm has a doubly exponential dependency on the error parameter, which
makes it practically infeasible.

Based on Raghavendra’s framework, we study the approximability for some classical
CSPs, including MAX DI-CUT, MAX 2-SAT and its subproblems, and MAX NAE-SAT. In
particular, assuming UGC (or at least that unique games is hard), we show that MAX DI-
CUT is strictly harder to approximate than MAX CUT and MAX NAE-SAT does not have
a 7/8-approximation algorithm. To do so, we construct explicit integrality gap instances
for the canonical SDP relaxation for these problems. For MAX 2-SAT and its subproblems,
we give tight approximability results (modulo UGC) by presenting matching approximation

algorithms and unique games hardness results.



CHAPTER 1
INTRODUCTION

We often encounter the following task, both in computer science and in real-world scenarios,
where we are given a set of variables and a list of constraints on these variables and we need
to find an assignment to these variables that satisfy all the constraints. This is known as
a constraint satisfaction problem (CSP). For example, the following problem shows up in

nearly all intro CS theory classes.

Problem 1 (3-SAT). Given a set of Boolean variables and a set of constraints of the form

xVuyV z find an assignment that satisfies all given constraints.

In the same classes where it would show up, we would also be taught that this problem is
NP-complete and there is no hope to solve it in polynomial time, unless the widely believed
P # NP conjecture should turn out to be false. This is in fact true for most CSPs that
we are interested in. We then have to ask for the next best thing: satisfying as many
given constraints as possible. This turns the 3-SAT problem into the following MAX 3-SAT

problem.

Problem 2 (MAX 3-SAT). Given a set of Boolean variables and a set of constraints of the

form =z Vy V z, find an assignment that satisfies as many given constraints as possible.

MAX 3-SAT is an example of the mazimum constraint satisfaction problems (MAX CSP).
Many more natural combinatorial optimization problems fall into this category. We mention

a few more examples below.

Problem 3 (MAX 3-LIN(q)). Given a set of linear equations over Z, with exactly 3 variables

in each equation, find an assignment that that satisfies as many given equations as possible.

Problem 4 (MAX CUT and MAX DI-CUT). MAX CUT is the problem where given a

graph G = (V| E), we are asked to find a partition of the vertices into two parts L and R
1



such that the number of edges in F with endpoints in different parts is maximized. MAX
DI-CUT is the directed version of this problem where we are given a directed graph, and we
need to maximize the number of edges in £ whose first endpoint is in . and second endpoint

in R.

One way to find an assignment for these problems is simply choosing one uniformly
at random. In the case of MAX 3-SAT, a uniformly random assignment satisfies a 7/8-
fraction of the given constraints in expectation. Of course, we are unlikely to get an optimal
assignment this way, but we do obtain a mathematical guarantee that in expectation the
number of satisfied constraint by the assignment is at least a 7/8-fraction of what the optimal
solution satisfies. This type of algorithms are called approximation algorithms, and this
guaranteed fraction is called the approzimation ratio of the algorithm.

It is then natural to ask if we can design approximation algorithms with an approximation
ratio better than the uniformly random assignment, and if so, what’s the best ratio that we

can achieve? To answer these questions, two tasks are involved:

1. Design good approximation algorithms with provable guarantees. The difficulty here
is not only coming up with the algorithm but also proving that the algorithm works

for all instances of the given problem.

2. Prove that no approximation algorithms exist beyond a certain approximation ra-
tio (under plausible complexity-theoretic assumptions). The difficulty here is proving

hardness against all polynomial-time algorithms.

The best case scenario is proving tight approximability results, namely, for some o >
0, showing that there exists a polynomial-time approximation algorithm that achieves an
approximation ratio of «, and that it is hard to achieve an approximation ratio of a + € for

any € > 0.



In addition to understanding the approximability of one problem, we are also interested in
comparing the approximability of two problems. This is usually the case when one problem
is a subproblem of the other problem. In the context of MAX CSPs, we may have two
problems A and B where problem A allows all constraint types in problem B as well as
some other constraint types that are not allowed in problem B. In this case, any instance of
problem B is automatically an instance of problem A, so any approximation algorithm for
problem A is in turn an algorithm for problem B. It is then natural to ask the following: is
problem A strictly harder to approximate than problem B due to the additional constraint
types? Or do they in fact have the same approximation ratio? To answer these questions,
we need to either present an optimal algorithm for problem B that works equally well for
problem A, or prove hardness for problem A that separates it from problem B.

In this thesis, we will investigate a few classical MAX CSPs and obtain some tight
approximability results, as well as separation results. In particular, we will present the

following results:

e In Chapter 4, we study the approximability of MAX 2-SAT and its subproblems.
For MAX 2-SAT, the best hardness result is due to Austrin [Aus07|, and the best
algorithmic result is the LLZ algorithm due to Lewin, Livnat and Zwick [LLZ02].
However, the algorithmic result is numerical and does not give a rigorous guarantee
on the approximation ratio. It is conjectured that the approximation ratio achieved
by the LLZ algorithm actually matches the hardness ratio proved by Austrin. We
present a plan to prove this conjecture in Chapter 4, which was carried out in more
details in [BHZ24]. We also give a full characterization of the subproblems of MAX
2-SAT in terms of their approximability. The characterization is obtained by giving
matching hardness constructions and algorithms for these subproblems. The results in

this chapter are based on [BHZ24].

e In Chapter 5, we study the approximability of the MAX DI-CUT problem. While
3



the approximability of MAX CUT has been well understood, the understanding for
its counterpart in directed graphs lagged woefully behind. Nothing much could be
said about MAX DI-CUT, other than the fact that its approximation ratio is between
MAX CUT and MAX 2-AND (which as we will see is a natural generalization of MAX
DI-CUT), with the possibility of attaining equality on either end. We rule out this
possibility by giving a new algorithm as well as a new hardness construction for MAX

DI-CUT. The results in this chapter are based on [BHPZ23]|.

e In Chapter 6, we study the approximability of the MAX NAE-SAT problem, in which a
constraint is satisfied if and only if its inputs are not all equal. We prove that assuming
UGC, it is NP-hard to approximate MAX NAE-{3,5}-SAT (the restriction of MAX
NAE-SAT to clauses of lengths 3 and 5) within a factor of 0.8739. This ratio improves
upon the previous hardness bound of 7/8 + ¢ for MAX NAE-SAT, which it inherits
from MAX NAE-4-SAT. Intuitively, for clauses of length 3, a good rounding algorithm
should create correlation between variables, but correlation hurts the performance of
the algorithm on clauses of length 5. We formalize this intuition by analyzing the
moment functions of the rounding schemes for MAX NAE-SAT. We believe moment
functions themselves are of independent interest. The results in this chapter are based

on |[BHPZ21].

To describe these results, we set up the formal definitions in Chapter 2. In Chapter 3,
we will give an overview on the SDP-approach to approximating MAX CSPs. In particular,
we will discuss the Basic SDP, due to Raghavendra [Rag08|, which our results rely heavily
on.

In the remainder of this chapter, we will discuss some historical background for approx-
imating MAX CSPs in Section 1.1. We conclude this chapter by surveying some adjacent

areas as well as future directions in Section 1.2.



1.1 Historical Background

The satisfiability problem (SAT), one of the prototypical CSPs, is also one of the first prob-
lems shown to be NP-complete, as well as its special case 3-SAT [Coo71]. These problems
are in Karp’s 21 NP-complete problems [Kar72|, among which the decision version of MAX
CUT is also included.

For MAX CSPs, it was observed early on that many of them have constant-factor approx-
imation algorithms. The approximation ratios are not obtained directly from, but coincides
with those obtained by a uniform assignment, for example 1/2 for MAX SAT [Joh74] and
MAX CUT [SGT76]. It was later observed that these ratios can be obtained deterministically
by derandomizing the uniform assignment using conditional expectation (see e.g. [Spe94]).
Many attempts were made to improve these ratios. For MAX SAT, Yannakakis [Yan94| gave
the first 3/4-approximation algorithm. Later, Goemans and Williamson [GW94| presented
a simpler algorithm that achieves the same ratio. The situation for MAX CUT was a bit
more embarrassing: a series of works (see e.g. [Vit81, HV91|) achieved a ratio of 1/2 + o(1)
where the o(1) term depends on various quantities in the graph, but none of them was able
to obtain a ratio that’s a constant strictly larger than 1/2.

A major algorithmic breakthrough came in the mid-90s, when Goemans and Williamson
used semi-definite programming (SDP) to give a 0.878-approximation algorithm for MAX CUT
[GW95|. This drastically improved the previous ratio of 1/2+ o(1). In the same paper, they
showed that SDP can also be used to improve the ratios for MAX DI-CUT and MAX 2-SAT.
This quickly led to an explosion of SDP-based algorithmic results for MAX CSPs, including
further improvements on MAX DI-CUT and MAX 2-SAT |[LLZ02|, MAX 3-SAT [|KZ97|,
MAX k-AND [MM14], MAX SAT and MAX NAE-SAT |[ABZ06]. The readers are referred
to [MM17] to a more detailed survey of these algorithmic results. However, due to reasons
that we will explain in the next section, many of these results are numerical and do not yield

a theoretical guarantee on the approximation ratio.

5



In terms of inapproximability results, Papadimitriou and Yannakakis, in their pioneering
work [PY91], defined the complexity class of MAX SNP and proved that MAX 3-SAT and
several other natural combinatorial optimization problems are complete for this class. Con-
sequently, MAX 3-SAT has a polynomial time approximation scheme (PTAS) if and only if
the whole class of MAX SNP does. A PTAS for a MAX CSP can be thought of as a family of
algorithms such that for any € > 0, it contains an algorithm that achieves an approximation
ratio of 1 — e. This means that if we can show that MAX 3-SAT cannot be approximated
beyond some constant bounded away from 1, then the same will hold for many other natural
combinatorial optimization problems. This was achieved with the discovery of the PCP the-
orem [AS98, ALM198]. The PCP theorem led to a flourish of inapproximability results for
combinatorial optimization problems (see e.g. [Trel4] for a survey of these results). This line
of work culminated in Hastad’s seminal paper [Ha01|, in which he showed that for any & > 3,
it is NP-hard to approximate MAX k-SAT within a ratio of (28 —1)/2 4 ¢ for any € > 0. He
also showed that it is NP-hard to approximation MAX k-LIN(2) within a ratio of 1/2+ ¢ for
any € > 0, again for k > 3. Note that since the constants (2¥ —1)/2¥ and 1/2 are the ratios
achieved by a random assignment on these problems, Hastad’s results are optimal. In the
same paper, Hastad also proved NP-hard ratios for several MAX 2-CSPs, including 16/17+¢
for MAX CUT, 11/12 4 € for MAX DI-CUT and 21/22 + € for MAX 2-SAT. However, these
ratios do not match the best SDP-based algorithms for their respective problems.

In 2002, Khot proposed the Unique Games Conjecture (UGC) |[Kho02|, which can be
thought of as a conjecture on the existence of a certain kind of PCP system. As it turned out,
UGC becomes crucial in addressing the aforementioned gap for MAX 2-CSPs. Assuming
UGC (or at least that unique games is hard), Khot, Kindler, Mossel and O’Donnell proved
that the approximation ratio achieved by the Goemans-Williamson algorithm is in fact op-
timal [KKMOO7|. Their proof used the Majority is Stablest theorem, proved by [MOO10].

Extending these techniques, Austrin improved the hardness results for some other MAX



2-CSPs, including MAX 2-SAT [Aus07] and MAX 2-AND [Aus10).

In a breakthrough result [Rag08|, Raghavendra showed that assuming Khot’s UGC (or
at least that unique games is hard), the approximation ratio of any MAX CSP is given by
the integrality gap ratio of a generic SDP relaxation for that MAX CSP. This SDP relaxation
is called the Basic SDP. Furthermore, it was shown that this integrality gap ratio can be
achieved (up to an arbitrarily small additive error €) in polynomial time by applying a generic
rounding algorithm to the Basic SDP |[Rag08, RS09]. However, this rounding algorithm is
obtained via brute-force techniques and takes time doubly exponential in 1/e, which makes
calculating integrality gap ratios using this algorithm practically infeasible. This means that,
as powerful as Raghavendra’s framework is, it does not tell us everything we want to know
about MAX CSPs, in particular the explicit approximation ratio for any given MAX CSP.
That said, the investigation for approximability of MAX CSPs has more or less stagnated

since Raghavendra’s work. We hope that this thesis will renew the interest in this area.

1.2 Future Directions and Adjacent Topics

In this section, we describe some topics that are adjacent to, but won’t be explored in this
thesis. Nonetheless, we hope that techniques introduced in this thesis could be useful for

them. They also serve as possible directions for future research.

The MAX SAT problem: The most interesting open question in this area is arguably
whether the MAX SAT problem has a 7/8-approximation algorithm. Due to the result of
Hastad [Ha01|, we know that it is NP-hard to approximate MAX 3-SAT within a factor of
7/8 4+ € for any € > 0. The question is to understand whether by allowing clauses of various
lengths we can make the problem more difficult. We suspect that the answer is affirmative
by the following intuitive reasoning. For clauses with length < 3, it is known that hyperplane

rounding achieves a ratio of 7/8 [KZ97, Zwi02|, whereas for clauses with length > 3, a simple



uniformly random assignment will give a ratio of 7/8. However, these two rounding functions
are drastically different, and it seems unlikely that there is one unified rounding function
that achieves best of both worlds.

The result on MAX NAE-SAT presented in this thesis can be thought of as some evi-
dence that there is no 7/8-algorithm for MAX SAT. However, much more work seems to be
required to actually arrive at a proof for this. In general, it seems in order to obtain tight
approximability results for MAX SAT and other higher-arity MAX CSPs we would need a
much better understanding of extremal problems involving some generalized notion of noise

stability for high-dimensional sets.

Approximation resistance and approximability: Informally, a predicate P is called
approzimation resistant if it defines a MAX CSP for which the optimal approximation ratio is
achieved by the uniform random assignment, up to an o(1) term, and approzimable otherwise.
If we are given a predicate, deciding whether it is approximation resistant is an easier task
than finding out its approximation ratio. However, here we are interested in finding a
characterization which tells us which predicates are approximation resistant and which are
approximable. Khot, Tulsiani, and Worah [KTW13] gave such a characterization based on
whether there exist certain vanishing measures over the polytope of satisfying assignments,
but their characterization is not known to be decidable. It remains an open question to
give a decidable characterization for approximation resistance, or to prove that one of the
existing characterizations is decidable.

There has also been some interest in a special case for this problem, where the predicates
are restricted to balanced linear threshold functions (balanced LTFs). These are predicates
of the form f(zq,...,x) = sign (Zle wkzvk) for some arity k& and ay,...,q; € R. It
is known that for some simple cases where wy = --- = wy, the predicate is approximable
(|[Pot18, HP20]), and it was conjectured that all balanced LTFs are approximable [ABM10)].

This conjecture was recently refuted by Potechin [Pot18] who constructed a balanced LTF
8



that is approximation resistant, assuming UGC. It is still wide open to decide which balanced

LTFs are approximation resistant and which are not.

MAX CSPs with global constraints: For some MAX CSPs it is natural to consider the
variant where there are additional constraints on the number of variables that are assigned
true. One such example is the maximum bisection (MAX BISECTION) problem, which is
the same as MAX CUT except we also require that the two parts in the partition have the
same size (same number of true variables and false variables). In contrast to the constraints
that are given by the predicates, the constraint on the number of true variables is of a global
nature, since it acts on all variables at the same time. Not many tight approximability results
are known in the presence of global constraints. Even for MAX BISECTION, it is not known
whether we can approximate it as well as MAX CUT (the current best approximation ratio
for MAX BISECTION is ~ 0.8776 [ABG16], just shy of the Goemans-Williamson ratio which
is > 0.878).

More importantly, Raghavendra’s Basic SDP no longer gives a clean dichotomy in this
case. It would be very interesting to develop a general theory for MAX CSPs with global

constraints.

Rounding schemes based on Brownian motion: Recently, inspired by tools from the
discrepancy theory, Abbasi-Zadeh, Bansal, Guruganesh, Nikolov, Schwartz and Singh pro-
posed a new framework for rounding schemes based on sticky Brownian motions [AZBG™122].
On a very high level, their algorithm assigns to each variable a Brownian motion, whose ve-
locity depends on the SDP solution as well as current location in the space; they then let the
Brownian motions evolve within the unit cube, and once a Brownian motion hits a boundary
surface, it gets absorbed and the corresponding variable gets the integral value represented
by that surface. Eldan and Naor showed that this technique can be used to achieve the

same guarantee as the Goemans-Williamson algorithm [EN19]. Their proof seems readily

9



generalizable to other 2-CSPs as well. However, when the arity of CSP is 3 or more, the

analysis of such rounding schemes seems to become much more involved.

Other optimization objectives: Finally, it is also of interest to explore other optimiza-
tion objectives for the approximation algorithms. For example, instead of trying to max-
imize the number of satisfied constraints, we can also minimize the number of unsatisfied
constraints. This may seem like an equivalent objective, but note that the notion of approx-
imation ratio is now based on the number of unsatisfied constraints: an algorithm achieves a
ratio of a > 1 if given an instance that’s (1—e)-satisfiable, it returns a solution that satisfies a
(1 — ce)-fraction of the constraints. In particular, if the input instance is perfectly satisfiable
then the algorithm has to find a satisfying assignment. This makes the problem much harder
than the maximizing version. For example, if we consider MIN 2-SAT-DELETION which is
the minimizing version of MAX 2-SAT, then it is known that assuming UGC this problem
is NP-hard to approximate within any constant factor [Kho02]. It would be interesting to

develop a more general theory for Minimizing CSPs.
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CHAPTER 2
PRELIMINARIES

2.1 Constraint Satisfaction Problems

Definition 2.1. Let D be some finite set with |D| > 2. A predicate P with domain D is a

function D¥ — {0,1}, where k € N7 is the arity of P.
We say that P is a Boolean predicate when |D| = 2.

Definition 2.2. Let ' = (D,P), where D is a finite set called the domain, and P is a
set of predicates P each with domain D. A MAX CSP(I") instance is given by a finite set
of variables V' and a finite set of constraints (sometimes also called clauses) C, where each
constraint is some predicate P € P applied to a subset of variables. Given an assignment
AV — D, we say that a constraint is satisfied if it evaluates to 1. The objective of
the problem is to find an assignment A that satisfies as many constraints as possible. We
can also consider a weighted version where the instance also specifies a weight function
w: C — RZ0, and the objective is to find an assignment that maximizes the total weight of

satisfied constraints.

In this thesis, we will only study Boolean MAX CSPs (i.e. MAX CSPs where the domain
set has size 2). We will often work with the weighted version where the weight is given by
a probability measure, i.e., the total weight is 1. To make the analysis easier, we will use
D = {—1,1}, where —1 represents TRUE and 1 represents FALSE. Since the domain has
been fixed, we will just write MAX CSP(P).

We will refer to a variable or a negated variable as a literal. For Boolean MAX CSPs, it
is often the case that we want to apply a predicate to negated variables, which isn’t allowed

in the above definition. To remedy this, for a Boolean predicate P : {—1,1}% — {0,1}, we

11



define the closure of P under negation to be the set
_ @b . _ k
CKP)—{P (xhnwxwr%}WMbey@P”,%xm|b—(hw.wmﬂé{—L1}}.

For a set of Boolean predicates P, define cl(P) = |Jpcp cl(P). Now if we want to apply a
predicate to negated variables in our CSP, we just expand the predicate set to its closure
under negation.

We now introduce the predicates that we will study in the rest of this thesis.

Definition 2.3. Let & € ZT. The OR predicate on k variables is defined as

0 ifz; =1forallielk],!
ORy(z1,...,2p) =

1 otherwise.

Let Pgat = {ORy, | k > 1}, and for any £ € ZT, Ppgar = {OR | 1 < k < (1.

The MAX SAT problem is defined as MAX CSP(cl (PgaT)). We won’t be dealing with
MAX SAT in this thesis, but we will work with MAX 2-SAT in Chapter 4, defined as MAX
CSP(cl (Po_gaT)), as well as its subproblems, namely, MAX CSP(P) where P C cl (Po.gaT)-

Definition 2.4. Let CUT : {—1,1}2 — {0, 1} be the predicate which is satisfied if and only
if the two inputs are not equal. Let DI-CUT : {—1,1}? — {0,1} be the predicate which is

satisfied if and only if the first input is 1 and the second input —1.

The MAX CUT problem is defined as MAX CSP({CUT}), the MAX DI-CUT prob-
lem is defined as MAX CSP({DI-CUT}), and the MAX 2-AND problem is defined as
MAX CSP(cI({DI-CUT})). We will study these three problems in Chapter 5.

Definition 2.5. Let k£ > 2 be an integer. The Not-All-Equal predicate on k variables is

1. Note that 1 represents FALSE in the domain, so x; = 1 means x; is FALSE.

12



defined as

0 ifxy=29=---=uxy,
NAEk($1,...,xk): F

1 otherwise.
Let PNAE = {NAEk ‘ k> 1}.

In words, an NAE predicate is satisfied if and only if the inputs are not all equal. The
MAX NAE SAT problem is defined as MAX CSP(cl (Pyag)), and the monotone MAX NAE
SAT problem is defined as MAX CSP(Pnag), where negated literals are not allowed. These

two problems will be investigated in Chapter 6.

2.2 Unique Games Conjecture

The Unique Games Conjecture (UGC), introduced by Khot [Kho02], plays a crucial role in
the study of hardness of approximation of CSPs. It concerns the hardness of the following

unique games problem, which is a CSP defined with certain permutation constraints.

Definition 2.6 (Unique Games, as stated in [BHPZ23|). In a unique games instance [ =
(G, L,1I), we are given a weighted graph G = (V(G), E(G),w), a set of labels [L] =
{1,2,..., L} and a set of permutations Il = {n? : [L] — [L] | e = {v,u} € E(G)} such
that for every e = {u,v} € E(G), 7¥ = (7%)~!. An assignment to this instance is a function
A :V(G) — [L]. We say that A satisfies an edge e = {u, v} if 7¥(A(u)) = A(v). The value of
an assignment A is the weight of satisfied edges, i.e., Val(I, A) = ZeeE(G):A satisfies e W(€),
and the value of the instance Val([) is defined to be the value of the best assignment, i.e.,

Val(I) = max 4 Val(I, A).
A version of the conjecture can be stated as follows.

Conjecture 1 (Unique Games Conjecture, as stated in [BHPZ23|). For any n,~v > 0, there
exists a sufficiently large L such that the problem of determining whether a given unique

games instance I with L labels has Val(/) > 1 —n or Val(/) < v is NP-hard.
13



We say that a problem is UG-hard if it is NP-hard assuming the UGC.

UGC is one of the more divisive conjectures in theoretical computer science. Recently,
Khot, Minzer and Safra showed that the “2-to-2” conjecture, which is a weaker version of
UGQC, is true [KMS23|. This seems to be the most convincing evidence for UGC being true
to date. That said, even if UGC should turn out to be false, it could still be the case that
solving unique games is not in polynomial time (it might be NP-intermediate for example),
and this intermediate hardness would still extend to all UG-hardness results including for
MAX CSPs.

All of the hardness results in this thesis are UG-hardness results.

2.3 Gaussian Density Functions

Let p(z) = \/%TT exp(—z2/2) be the probability density function and ®(z) = [ e(t)dt be

the cumulative probability function of the standard normal distribution N(0,1). Let

(z.) 1 < :c2—2pa:y+y2>
pp(w,y) = —F—=cxp | —
’ om\/1— p2 2(1— p?)

be the probability density function of a pair (X,Y’) of standard normal variables with cor-
relation E[XY| = p, where —1 < p < 1. (Note that ¢g(z,y) = ¢(x)¢(y).) The cumulative

distribution function of (X,Y) is then:

Ty
Qp(z,y) = ®(x,y,p) =Pr[X <2z AY <y] = / / @p(t1,t2)dt1dty .
—00 J =0

We will sometimes use the notation X,Y ~, N(0,1) to denote that the pair (X,Y) is

sampled from this distribution.
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Lemma 2.7. The partial derivatives of ®(z,y,p) = ®p(z,y) are:

00(z,y, p) y — px
—ay  — el (—2> :

1—p
0®(x,y, p) T —py
TP _ e | =L
oy e(y) 7
0b@yp) _ 1 <_:r2 — 2pzy + y2>
Op om\/1— p2 2(1 - p?)

The first two partial derivatives can be easily derived from definition and the last equation
is Equation 4 from [DW90].

The following proposition is taken from [Aus06] where a simple proof can also be found.

Proposition 2.8. For all x,y € R, p € [—1, 1], we have

Dp(z,y) — Pp(—2,—y) = @(z) + P(y) — 1.

Definition 2.9. Let t1,t> € R. Define

T,O(tlatQ) = v EN(O 1)[Tt1 (X)TtQ(Y)]
L ~p )

where Ty(z) = 1{z <t} — 1{zx > t}.

Proposition 2.10. For any t1,t9 € R,

Tp(t,t2) = 4Qp(t1, t2) — 2(D(t1) + O(t2)) + L.
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Proof. By definition we have

Tp(tl,tg) = Pr (X <t ANY <to] + Pr (X >t AY > to]
XY~ ,N(0,1) XY~ ,N(0,1)
— Pr (X <t1 AY >to] — Pr (X >t ANY <9
X,Y~,N(0,1) X,Y~,N(0,1)

= Dp(t1,t2) + (Pp(t1,t2) — B(t1) — B(t2) +1)
— (B(t1) — @p(t1,t2)) — (D(t2) — Pp(t1, t2))

= 4®)(t1,t2) — 2(D(t1) + D(t2)) + L.

Here in the second equality we used Proposition 2.8. O

2.4 Fourier Analysis of Boolean Functions

We recall some definitions and basic facts from the analysis of Boolean functions. The most
important fact that we need is the following Fourier expansion theorem which allows us to

express any Boolean function as a multilinear polynomial.

Theorem 2.11 (See e.g. Theorem 1.1 in [O’D14]). Every function f : {—1,1}"* - R can

be uniquely expressed in the form

This expression is called the Fourier expansion of f, and the coefficients f g are called Fourier

coeflicients.

One way to prove the Fourier expansion theorem is to think of the monomials as an
orthonormal basis of the space of functions {—1,1}"" — R, equipped with the expectation
norm induced by the uniform distribution over {—1,1}". This can be generalized to the

situation where instead of the uniform distribution, we have independent but biased coin
16



flips for each coordinate. More specifically, for some ¢ € (0,1), let Bg be the probability
space over {—1,1}" where each bit is independently set to —1 with probability ¢ and to 1
with probability 1 —¢. Let Uy(1) = 1/1;1(] and Uy(—1) = — 129 and for any S C [n], let

US(x1,...,xp) = [Lics Ug(z;). Then it is easy to verify (c.f., Proposition 2.7 of [Aus10])

{Uf:BZ]—HEMSQ[n]}

is an orthonormal basis for real-valued functions on Bg“ with respect to the inner product de-
fined via expectation. We can again define the Fourier coefficients as fg = £ [f (X)UqS (x)]
x~ Bl
q

(note that ¢ is implicit in the domain of f), which gives us the following decomposition:

F=>" fsUy. (2.2)

SC[n]
The decomposition (2.2) generalizes (2.1), which is a special case where we have ¢ = 1/2.
In our application, we are also interested in computing correlation of two functions with

different biases.

Definition 2.12. Let f: Bl — R and g : By, — R. The p-correlation between f and g is

defined as
Sp(f,9) == E[f(x)g(y)],

where x ~ By, y ~ By, and furthermore the i-th coordinate of x and the i-th coordinate

q2’
E[7;yi]—E[z;] E[yi]
vV (1-E[zi]?)(1-E[y]?)

of y has correlation p, i.e., = p.

Definition 2.13. Let f: B — R and k € [n]. The k-low-degree influence of coordinate i

on f is defined as

Inf=F[f] = S f2.

S:ieSCn],|S|<k
It is straightforward from the definition that Inf?k is convex.
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Proposition 2.14. Let f : B — [~1,1]. For anyn >0 and k € [n], we have

{i el | mEh1) >} <

3 |

Proof. We have

n n
S =" Y fi= Y IsIfEske Y A<k
=1 i=1 $:i€SC]n], |S|<k IS|<k

|5|<k

The proposition follows immediately. n

It turns out that for functions with small low-degree influences, the extremal behavior of

their p-correlations is characterized by threshold functions in Gaussian space.

Theorem 2.15 (Corollary 2.19, [Aus10]). For any € > 0 and p € (—1,1), there exist k € N
andn > 0 such that for ol f : By — R and g : B, — R satisfying min(Ian-Sk[f], Infigk[g]) <

n for every i € [n], we have
4 (t1,t2) — € <Sp(f, 9) — Elf] — Elg] + 1 < 4P|, (t1,12) + €,

where t] = &1 (5@) and to = d~1 <ﬁy>

We will use a restatement of the above theorem in terms of T,(t1,t2).

Corollary 2.16. For any € > 0, there exist k € N and n > 0 such that for all f: By, — R

and g : By, — R satisfying min(InfiSk[f], Infigk[g]) < n for every i € [n], we have

=T, (t1,t2) — € <Sp(f,g9) < T, (t1,t2) + €,

where t] = &1 (%EUU and ty = &1 <1%E[g]>

Proof. Follows directly from Proposition 2.10 and Theorem 2.15. O
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In the above corollary we can also take #; = &1 (%‘m) = —¢1 (%E[ﬂ> and

ty =01 (H—%E[g]) =31 (%E[g]), since Ty(z,y) = Tp(—x, —y) for any p, z,y.

2.5 Approximation Algorithms and Approximation Ratios

An approximation algorithm for an optimization problem is an efficient algorithm which
produces a solution that is provably close to the optimal solution. In the study of MAX CSPs,

“closeness” can be formalized using the notion of approximation ratios.

Definition 2.17. We say that an (possibly randomized) algorithm A achieves an approwi-
mation ratio of a for MAX CSP(P), if for every instance I of MAX CSP(P), we have

E[Val(I, A(I))] > a- OPT(I).

Here, A([) is the (possibly random) assignment that A produces given I.

We will also talk about the approximation ratio of some MAX CSP(P), by which we mean
the best approximation ratio achieved by any polynomial time algorithm for this problem.
We will sometimes denote this ratio by ap. To compare the approximation ratios between

two problems, we can use an approximation ratio preserving reduction.

Definition 2.18 (See e.g. [Vaz03|). An approzimation ratio preserving reduction from

MAX CSP(P) to MAX CSP(Q) is a pair of functions (f, g) with the following properties.

e Both f and g can be computed in polynomial time.

e f maps instances of MAX CSP(P) to instances of MAX CSP(Q), and for every instance
I of MAX CSP(P), OPT(I) < OPT(f(I)).

e Given any instance I of MAX CSP(P), and an assignment A to f(/) (which is an
instance of MAX CSP(Q), g produces an assignment g(A) to I such that Val(/, g(A)) >

Val(f(I), A).
19



Lemma 2.19. If there exists an approximation ratio preserving reduction from MAX CSP(P)
to MAX CSP(Q), then ap > ag.

Proof. Let (f,g) be an approximation ratio preserving reduction from MAX CSP(P) to
MAX CSP(Q). Let A be an approximation algorithm for MAX CSP(Q) that achieves
achieves an approximation ratio of ag. Consider the following algorithm for MAX CSP(P):
given any instance I of MAX CSP(P), we apply f on I to obtain f(I), solve f(I) using A,

and apply g on A(f(I)) to obtain an assignment for /. We have

E[Val(Z, g(A(f(1))))] = E[Val(£(I), A(F(I)))]
> ag - OPT(/(1))

> ag - OPT(I).

It follows that this algorithm achieves an approximation ratio of ag on MAX CSP(P), so

ap > ag. O]

2.6 Interval Arithmetic

A few results discussed in this thesis are proved with the help of computer assistance using
a technique called interval arithmetic. In interval arithmetic, instead of doing arithmetic
with numbers, we apply arithmetic operations to intervals of numbers. More specifically,
let op be a k-ary operation, and I, I, ..., [} intervals, then the interval arithmetic for

op(I,Ia, ..., I}) produces an interval I,, with the following guarantee:

V(g1,92,-- - 9x) € 1 x Iy X - x Iy, op(g1,92,---,9k) € Lop-

This can be used to certify inequalities of the form f > 0 where f is a function defined on some

direct product of intervals. To do this, we simply implement f using interval arithmetic, and
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if the output interval is contained in [0, +00), this will give us a computer-assisted, rigorous
proof that f > 0.

However, since the implementation of arithmetic operations are usually not exact when
floating-point numbers are involved, to maintain correctness, the interval I, usually also
contains elements that are not in the range of the operation. One way to deal with this is
using a divide-and-conquer approach. The idea is simple: if the intervals Iy, ..., I}, are all
small, then the output interval I, will also be small and the absolute error will be reduced.
This works well when we are certifying inequalities of the form f > 0 but f is actually
sufficiently bounded away from 0. Note that this does come with a price: the number of
arithmetic operations increase exponentially as the desired accuracy increases.

In the case that f actually achieves 0, we cannot hope to certify f > 0 using interval
arithmetic alone, unless we have some very special condition on f that makes exact evaluation
possible. In this scenario, we may need to check the partial derivatives of f. This may also
be combined with analytical proofs for properties of f.

The interval arithmetic proofs discussed in this thesis are implemented using the Arb

library [Joh17].
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CHAPTER 3
THE BASIC SDP AND ROUNDING SCHEMES

In this chapter, we describe the SDP framework for approximating CSPs. We describe a
generic SDP relaxation called the Basic SDP, formulated by Raghavendra [Rag08, Rag09|,
and its special case for 2-CSPs [Aus10]. We also describe optimal or conjectured optimal
rounding algorithms for these SDP relaxations, which provide the framework for the approx-

imability and inapproximability results in later chapters.

3.1 SDP-Based Approximation Algorithms: Framework and Chal-

lenges

Semi-definite programming (SDP) plays a central role in the design of approximation algo-
rithms for MAX CSP, as well as for many other combinatorial optimization problems. In
a semi-definite program, we have a set of vector-valued variables, and both the constraints
and the objective function are expressed in terms of inner products of these vector-valued
variables. For MAX CSP, a typical SDP-based approximation algorithm consists of the

following two steps:

e Relaxation. We write the given instance of MAX CSP as an integer program, where
each variable takes a value in {—1,1}. This can usually be done in a straightforward
manner. The integer program describes the original problem in an exact way, such
that if we could solve the integer program, we would be able to recover a solution
to the original problem. However, solving integer programs in general is NP-hard.
We therefore relax the integer program to a semi-definite program by replacing each

integer-valued variable with a vector-valued variable.

¢ Rounding After solving the semi-definite program, the algorithm then uses a rounding

scheme which is an algorithm that produces integer values based on the SDP vectors.
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This rounding scheme will usually be a randomized algorithm, and we will analyze its

performance in expectation.

As an illustrating example, let us consider the MAX CUT problem. Given an instance

G = (V, E), we can formulate MAX CUT using the following integer program.

. Z 1 — iz,
maximaize s —

2
{i.7}eE

subject to ?=1 VieV

7

Note that x; is restricted to being either —1 or 1, which naturally induces a cut. The
. 1—x;x; . . . . .

expression %"E] is evaluated to 1 if z; and z; have different signs, and 0 if they have the

same sign, so the objective is indeed maximizing the number of edges across the cut. This

integer program is NP-hard to solve, so we relax it to a semi-definite program, where each

variable is now vector-valued:

l—v; v;
maximize Z A
{ijler

subject to  v;-v; =1, VieV

This is the famous Goemans-Williamson SDP [GW95]. A semi-definite program can be
alternatively formulated using the moment matriz B = (b; j)1<i j<n Where b; ; = b;; =
v; - vj. In this alternative formulation, the objective function, as well as the constraints,
will be expressed as linear functions on the entries of B, and B, being a Gram matrix, has
to be positive semi-definite (hence the name of semi-definite programming). On the other
hand, as long as B is a positive semi-definite matrix, we can find vectors vy,..., vy, such
that v; - v; = b;j, so this is indeed an equivalent formulation. From this formulation it is

straightforward to see that semi-definite programming is a convex optimization problem, and
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therefore it can be solved up to any fixed additive error in polynomial time (see e.g. [VB96]).

Solving the Goemans-Williamson SDP produces a set of unit vectors vy,...,vy,. Note
that since the semi-definite program is a relaxation of the integer program, we have SDP(G) >
OPT(G), where SDP(G) is the value of the semi-definite program and OPT(G) is the value
of the integer program (i.e., the value of the maximum cut in G). We now have the task
of rounding these vectors to Boolean values 1 or —1. To do this, Goemans and Williamson

proposed the following hyperplane rounding algorithm.

Algorithm 1 Hyperplane rounding algorithm |[GW95|

Input: vq,...,v, € R™ unit vectors obtained by solving the Goemans-Williamson SDP
Output: z1,...,zy € {—1,1} rounded Boolean assignment to the variables
r < N(0,1I)

for i + 1 ton do
ti<—I‘-Vi

x; « 1if t; > 0, and x; < —1 otherwise

We will see that hyperplane rounding algorithm lies in the RPR? rounding family ([FLO6]),
which we will discuss in Chapter 6. The algorithm is called hyperplane rounding because
we can think of r as the normal vector of some random hyperplane, and variables on one
side of the hyperplane are rounded to 1, while those on the other side are rounded to —1.
Given any edge {1, j}, the probability that it is cut by the hyperplane rounding is equal to
the probability that v; and v; lie on different sides of the hyperplane, which happens with

probability %arccos(vi -vj). It then follows that

1l —x;z; 1 1-—
Z E{%}: Z %arccos 7K V] Z a - ‘; —a-SDP(G),

{ijteE {ijteE ne:
where v = minye(_q 1) %ﬁ?}gb) > 0.87856. Since SDP(G) > OPT(G), this produces the

guarantee that the output of the hyperplane rounding achieves an approximation ratio of «
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in expectation.

The crucial observation here is that the analysis for the algorithm is local in nature: a
lower bound on the ratio achieved by the algorithm on all individual constraint will give us
a lower bound on the overall approximation ratio of this algorithm. We remark that this is
true for SDP-based algorithms for MAX CSPs in general.

As it turns out, there is in fact a generic SDP relaxation, called the Basic SDP for all
MAX CSPs. Raghavendra [Rag08| showed that if UGC is true, then an algorithm optimal
up to any additive error can be obtained from rounding this SDP. We will describe this
relaxation in the next section. Raghavendra’s result takes away the “creativity” part of the
relaxation step, so to design an SDP-based approximation algorithm, it is sufficient to focus

on the rounding step. The challenge for the rounding step is two-fold:

e Find a good rounding scheme. This is a highly non-trivial task since there is a huge
space of potential rounding schemes. In the hyperplane rounding algorithm, only one
Gaussian vector r is used, and we only looked at the sign of the product r - v;, but
in general we can consider any number of Gaussian vectors and the rounding scheme
can depend arbitrarily on the numerical values of the inner products obtained from the

Gaussian vectors.

e Given a candidate good rounding scheme, certify the approximation ratio that it
achieves. This is also difficult because we need to show that the rounding scheme
works on all instances, which is again an optimization problem over a very large do-

main. In many cases, computer assisted proofs are necessary for such certification.

3.2 Formulation of the Basic SDP

Suppose we have an MAX CSP instance with variable set V' = {x1,...,zp}, constraint set

C and weight function w : C — RZY, then the basic SDP for this instance is formulated as
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follows [Rag08, Rag09]!:

maximize Z w(C) Z po(a)C(a)

subject to  v;-v; =1, Vie{0,1,2,...,n}

ViV = Z a(z;) a(zj) pola), VC €CVz,zj€C
acA(C)

ViV = Z a(z)pola), VC e€C,Vz el
acA(C)

pela) >0, YC eC,Vae A(C).

The SDP variables are the vectors vq, vy, ..., vy and non-negative real numbers {pc(«) |
C eC,ae AC)}. We can think of vg, vy,..., vy as “global variables” and {po(«) | C €
C,a € A(C)} as “local variables”. In particular, pco(«) represents the probability of choosing
the local assignment « for variables that are involved in constraint C'. Note that po(a) can
be easily expressed using vector products, by introducing some new vector-valued variables
V(o and have po(a) = v o - Vo, but for conceptual clarity we will keep them as scalars
instead.

For any constraint C', the SDP looks at the set .A(C') which contains all local assignments
to the variables which appear in C, and chooses {pc(a) | @ € A(C)} which describes
a distribution over A(C') (the first two constraints imply that ), po(a) = 1). For a local
assignment « to C', C'(«) denotes the value (satisfied /unsatisfied) of C' under this assignment,
and «a(x;) denotes the value that the local assignment « assigns to the variable z;. We use
z; to denote a literal that is either x; or the negation of z;.

As for the “global variables” v, vy, ..., vy, they correspond to the variables in the original

MAX CSP instance (vq is used as a special vector intended to be the truth value “False”),

1. In [Rag08, Rag09], the SDP is formulated for MAX CSP over general finite domains. The formulation
here is a special case for Boolean MAX CSPs.
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and are a relaxation of the one-dimensional case in which they would be assigned Boolean
values in {—1,1}. Using these variables the SDP enforces upon all local constraints the
consistency requirement that the first and second moments of the local distributions match.
Namely, if we define biases b; := v-v; and pairwise biases b; ; := v;-v;, then the second and
third constraints in the SDP require that b; = Ep.[7],b; j = Epe[7iz;] for every C. Under
this consistency requirement, the SDP searches for a distribution po of local assignments for
every clause C' € C that maximizes the probability that C' is satisfied.

We remark that in order to be able to solve this SDP in polynomial time, the number
of constraints should be a polynomial in the size of given MAX CSP. This requires that the
arity of any predicate in the given MAX CSP should be uniformly bounded by a constant.
This condition is satisfied by all MAX CSPs analyzed in this thesis.

It is natural to ask if we can strengthen the SDP by adding even more consistency
constraints. For example, what happens if we insist that the third moments also match?
This can be captured by the SOS hierarchy, also known as the Lasserre hierarchy [Las01],
which is a family of more and more powerful semi-definite programs. Raghevendra showed
that if UGC is true, then adding (polynomially many) more constraints does not help in the

worst case. To formally state his results, we introduce the notion of approximability curve.

Definition 3.1. For any MAX CSP instance ®, let SDP(®) be its objective value in the
Basic SDP2. The approximability curve of MAX CSP(T') is a function sp : [0,1] — [0,1]
defined as

sp(c) = inf{OPT(®) | ® € MAXCSP(T'), SDP(®) = c}.

Theorem 3.2 ([Rag08, Rag09, RS09|). Fizx any € > 0. Assuming UGC, then for any c it is
NP-hard to distinguish between instances of MAX CSP(T') with SDP value at least ¢ and those
with OPT wvalue at most sp(c+ €) + €. Moreover, there exists a polynomial-time algorithm

that, given an instance ® of MAX CSP(I") with SDP wvalue ¢, produces an assignment to

2. This is sometimes also called the completeness of ®.
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with value at least sp(c — €) — €.

We briefly discuss the proof ideas for Theorem 3.2. To show the hardness result, Raghaven-
dra’s construction takes any MAX CSP(I") instance with SDP value at least ¢ and OPT value
at most sp(c) (such instances are called integrality gap instances since there is a gap between
the optimal integral value and the SDP value) and converts them into dictatorship tests with
corresponding completeness and soundness values (with a loss of €). This then gives UG-
hardness results via standard machinery. We shall give a proof of the special case of this for
2-CSPs in the next section.

As for the algorithmic result, [RS09] shows that we can project the SDP vectors into some
d-dimensional space, such that if d is chosen to be a large enough constant, then most of the
SDP constraints will be approximately preserved. They then use an e-net to group those
variables together whose corresponding projected vectors are close enough and identify the
variables in the same group. This will give as an instance with constantly many variables,
which can then be solved using brute force.

Theorem 3.2 is a remarkable breakthrough result. It would appear that Theorem 3.2
completely resolves the problem of approximating MAX CSPs assuming UGC. However,

this is not the case. There are two main drawbacks.

e Theorem 3.2 does not tell us where to find the hardest instance. That is, for each ¢, we
don’t know how to quickly find ® which achieves or nearly achieves the infimum in the
definition of sp(c). It merely converts any given integrality gap instance into a UG-
hardness result. Furthermore, the rounding algorithm in Theorem 3.2 is a brute-force
algorithm and has running time that is doubly exponential in 1/e. While theoretically
for fixed € > 0 this is a polynomial time algorithm, but in practice, as soon as € is

moderately small, this algorithm quickly becomes infeasible.

e Given two MAX CSPs, this algorithm is unable to certify that the two problems have

the same approximation ratio. Indeed, if the approximation ratios are different, then
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by choosing € smaller than the difference the algorithm would be able to certify that
they have different approximation ratios. However, if the two MAX CSPs have the
same approximation ratio, then no longer how small ¢ we choose, the algorithm won’t

be able to return a definitive answer.

That said, Theorem 3.2 gives us a powerful framework for studying the approximability
of MAX CSPs. On one hand, to design approximation algorithms for MAX CSPs, it suffices
to construct clever rounding schemes for the Basic SDP. On the other hand, to obtain

inapproximability results, it is sufficient to prove limitations on rounding algorithms for the

Basic SDP.

3.3 Austrin’s Formulation for 2-CSPs

In this section, we look at the special case of the Basic SDP where all predicates in the given

MAX CSP have arity at most 2. It can be formulated as follows [Aus10].

Maximize Z w(C) - (é@ + C1vo - vi + Cavg - v+ CA’LQVi : Vj)
C(zj,xj)eC

subject to  v;-v; =1, Vie{0,1,2,...,n}

i = VilI* + v = vil* = [lvi = vill® Viojk € {0,1,2,...,n}

The most obvious difference here is that all the local variables po(a) and constraints
involving them are gone. Instead, we have the new inequalities ||v; — Vj||2 + v — vi||2 >
|v; — vi||?, which are called triangle inequalities. Note that these are not typical triangle
inequalities in the sense of the Lo norm, but it can be easily verified that any one dimensional
solution satisfies them. As for the objective, instead of having to express the value using the
local distribution, we can now take the Fourier expansion of the predicate and replace the

linear and quadratic terms with inner products between corresponding SDP vectors.
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It is clear that the global variables vq,..., Vv, in any solution to the Basic SDP satisfy
the triangle inequality. To show that this formulation is actually equivalent to the Basic
SDP in the case of 2-CSPs, it suffices to show that any vectors vy, .

triangle inequalities induce a local distribution matching the biases and pairwise biases on

any constraint involving at most 2 variables.

Proposition 3.3. Let v, vy, vo be three unit vectors such that

[vi = vil*+ Iv; = vl 2 > lvi — vl % Vi 5.k € {0,1,2}.

Then there exists a distribution over (x1,x9) € {—1,1}% such that E[z1] = v - v1, E[za] =

v - Vo, E[z129] = v - vo.

Proof. We can take the following probabilities:

Prjz) = —1,29 = —1] = 1_V0'V1_\:10‘V2+V1.V2
Prlr = —1,az = +1] = LY VIE VO Vo V1 v2
Prjzy = +1,29 = —1] = 1+VO'V1_V;10'V2—V1-V2
Priz; = +1,29 = +1] = 1+V0'V1+‘210'V2+V1-V2

By the triangle inequalities, these values are all non-negative. Since they also sum up to 1,

we obtain a valid distribution, and we indeed have E[z1] = v vy, E[z2] = vo - vo, Elx120] =

V1 - V9.

Proposition 3.3, together with the previous discussion, shows that the two SDP formu-
lations are indeed equivalent. It follows from Theorem 3.2 that it suffices to analyze the
simpler form with the triangle inequalities. It turns out that not only does the SDP become
simpler in this case, Austrin [Aus10] gave evidence that the optimal rounding scheme might

also be simpler. To state his results, we first define the notion of configurations.
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Definition 3.4. A configuration consists of biases and pairwise biases that appear in the
same constraint, as well as a predicate type which is the predicate that is used to define
this constraint. It can be represented using a tuple 0 = ((bij );‘-3:1, (bij,ig)lgjdgka P) where
P is some k-ary constraint containing variables i1,...,7;. To emphasize the arity, we will
sometimes call this a k-configuration. We will also write (b;,b;,b; j, P) in the case where
k =2 and (b;, P) where k = 1, for the sake of simplicity. We use © to denote a distribution

over configurations.

Definition 3.5. We say that a configuration is feasible, if its biases and pairwise biases can
be obtained from a local distribution. In particular, a 2-configuration is feasible if and only

if it satisfies the triangle inequalities.

Definition 3.6. For any configuration 6 = ((bi)f;l, (bij)1<i<j<k, P), let SDP(6) be the
SDP value achieved by this configuration in the Basic SDP. For 2-configurations, this can be
written as SDP(0) = Py + Pyvq - vi+ Pyvy - v+ pLQVZ' -v;. Let SDP(0) = Ey..g[SDP(0)].

For 2-CSPs, we will pay special attention to the following family of rounding schemes.

Algorithm 2 THRESH ™ rounding scheme with threshold function f:[—1,1] — [-1,1]

Input: vg,vy,..., v, € R™ unit vectors obtained by solving the Basic SDP
Output: z1,...,z, € {—1,1} rounded Boolean assignment to the variables
r < N(0,1I)
for i < 1 ton do

if |b;| # 1 then

vl Yizbivo
! \/1-b2
else

VZ-L <+ some unit vector that’s orthogonal to all other vectors seen in this algorithm
if vior > o~ 1(1E0) then

XT; < -1
else

x; 1

THRESH ™, introduced and named by Lewin, Livnat and Zwick [LLZ02|, is a small

but powerful class of rounding algorithms. They also proposed using a distribution of
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THRESH™ rounding schemes, and they called this larger family THRESH. Intuitively,
in a THRESH™ rounding scheme with threshold function f, the function f tells us how
much confidence we have in the biases produced by the SDP (recall that b; is intended to
be E[z;]), so that the expected value of any output z; is equal to E[f(b;)]. It also tries to

maximize the correlation between the output values using a threshold rounding scheme.

Definition 3.7. For any configuration 6 = ((bi)le, (bij)1<i<j<ks P), let Prob(6, f) be the
probability that the THRESH™ rounding scheme with threshold function f satisfies the

constraint represented by 6. Let Prob(O, f) = Eg..g[Prob(6, f)].

Definition 3.8. Let 0 = (b;,b;,b; j, P) be a 2-configuration. We define its relative pairwise
bi—bib;

VA0 (-03)

that 0 is a positive configuration if f’i’j -p(6) > 0.

bias to be p(0) = if (1 — b?)(l - b?) # 0, and p(f) = 0 otherwise. We say

We are now ready to state Austrin’s hardness result for 2-CSPs.

Theorem 3.9. Let MAX CSP(T") be such that any predicate in I' has arity at most 2. Let
© be a distribution of configurations for MAX CSP(T') such that any 2-configuration in the
support of © is a positive configuration. Let ¢ = SDP(©),s = sup; Prob(©, f), then it is
NP-hard to approzimate MAX CSP(T") within a factor of s/c+ € for any € > 0, assuming
UGC.

Theorem 3.9 is a slight extension of Theorem 5.1 in [Ausl0]. Austrin in his work only
considered the case where the MAX CSP is defined by one single predicate with arity 2,
and negating variables is allowed in the instances. Here we state the result for general MAX
CSPs with arity at most 2. For completeness, we include the proof, although the proof
is only a minor modification from that in [Ausl0]|. Intuitively, when all configurations are

positive, the rounding scheme should try to maximize the correlation between variables, and

this is achieved by THRESH ™ due to Theorem 2.15.
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All existing hardness constructions for MAX 2-CSPs use only positive configurations. In

fact, Austrin made the following conjecture:

Conjecture 2 (Positivity Conjecture, [Aus10]). For all 2-CSPs, the hardest distribution of

configurations consists of only positive configurations.

It would be very interesting to resolve this conjecture, since a proof for it would imply
the optimality of THRESH. We note that in the search for hardest distributions it is easy
to rule out distributions consisting of only negative configurations, since for them a uniform
random assignment will do very well. The tricky part of the conjecture is to rule out the
case where we have a distribution that contains both positive and negative configurations.

That said, we do not need to rely on this conjecture to establish hardness result for a given

2-CSP.

3.3.1 Proof of Theorem 3.9

The following proof is taken and slightly modified from Appendix A in [BHPZ23|, which is
in turn a small modification from that in [Aus10].

For any permutation 7 : [L] — [L] and vector x = (z1,...,21) € R, let 7x be the vector
(Tr(1),- -+ Tx(r))- Given a distribution of configurations © for MAX CSP(I'), consider the
PCP protocol Verifierg(I, F') shown in Algorithm 3 (c.f., Algorithm 1 in [Ausl0]).

Lemma 3.10 (Completeness, c.f., Lemma 5.2 of [Ausl0]). If Val(I) > 1 — n, then there

exists F' such that Verifierg(I, F') accepts with probability at least (1 — 2n) - SDP(O).

Proof. Since Val(I) > 1—n), there exists an assignment A such that Val(/, A) > 1—n. For any
veV(Q),let fy - {—1, 1}L — {—1, 1} be the dictatorship function (z1,z2,...,21) — T A(v)>

and let F' = {f, | v € V(G)}. If 0 has arity 1, then we have

= fu(mex) = (TeX) g(u) = Tru(A(u))) = TA(v):
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Algorithm 3 PCP protocol Verifierg ([, F)

Input: A Unique Games instance I = (G, L,II), and a set of functions F' = {f, : {~1,1} —
{11} v e V(G)}
Output: Accept or Reject
Sample v ~ V(G) > probability proportional to the weights in G
Sample 6 ~ ©.
if 0 has arity 2 then

(bl, ba, b1o, P) — 0

Sample two edges e; = {v,u1}, ea = {v,u2} incident to v

for i + 1 to L do > Independently for each i
Sample ml(-l), xz@) ~ {—1,1} such that E[xz(l)] = bl,E[a:EQ)] = bg,E[a:z(»l)xZ(-z)} = p(0)
x(D) (a;(ll),xgl), e ,x(Ll)), x(2) (x§2)7$§2)7 . ,m(Lg))

M1 < ful (ﬂ-gllx(l))a M2 fug (71'322)((2))
Accept if P(p1, pe), and reject otherwise.

else > 6 has arity 1
(b,P) «+ 6
Sample an edge e = {v,u} incident to v
for i < 1to L do > Independently for each 4
Sample x; ~ {—1,1} such that E[z;] = b
X (z1,29,...,21), p+ fu(mlx)

Accept if P(u), and reject otherwise.

and it follows that

Pr[Verifierg (I, F) accepts | 6 has arity 1]
> Pr[A satisfies e] - Pr[Verifierg (I, F') accepts | A satisfies e, and 6 has arity 1]
>(1—-n)- E [P(m ) @ has arity 1
(1—mn) JE Av)) | y
>(1—=mn)- E [P(b)]0 has arity 1]
0~0
=(1—n)- E [SDP(0) | 0 has arity 1].
0~0

Here we used the fact that Pr[A satisfies ¢] > 1 — 7 since Val(I,A) > 1 —n.
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If 6 has arity 2, then by similar computations we have pu; = I(/i()v) and po = xf()v), and
Pr[Verifierg (I, F) accepts | 6 has arity 2]

> Pr[A satisfies e, eg] - Pr[Verifierg (I, F') accepts | A satisfies eq, e, and 6 has arity 2]

— ) - (1) 2) :
> (1—2n) E@ [P (xA(U),q:A@)) | 6 has arity 2

~

>(1—=2n)- E [P(b1,b2) |0 has arity 2]
0~0

=(1—-2n)- E [SDP(0) | 0 has arity 2].
6~0

The lemma now follows from the Law of Total Expectation. O

Lemma 3.11 (Soundness, c.f., Lemma 5.3 of [Ausl0]). For any € > 0 there exists v > 0
such that, if Val(I) < =, then for any F, Verifierg(I, F) accepts with probability at most

supy, Prob(©, h) + €.

Proof. Fix some € > 0. We need to find some v > 0 with the following property: if there
exists ' = {fy | v € V(G)} such that Verifierg(I, F') accepts with probability greater than
supy, Prob(©, h) + €, then Val(I) > ~. Assume the existence of such F, it suffices to show
that Val([/) is lower-bounded by some constant only depending on e.

For v € V(G) and b € (—1,1), we define ¢) : B(Ll—b)/Q — [-1,1] as

gh(x) = E  [fu(7x)].
e={v,u}eE(G)

Notice that the family of functions { gg} naturally lead to the family of thresholds hy (b) :=

b
o1 <w), under which a variable with bias b has expected value Fx[g)(x)] after
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rounding. For each v, this gives us a THRESH ™ rounding scheme. We have

sup Prob(©, h) + € > E[Prob(0O, hy)] + €
h v

= [E [Prob(8,hy)] +e.
0~0,v

On the other hand, we can express the accepting probability of the verifier as Eg.g y,y [P ()]
where P is the predicate type of # and we used p to denote that there may be 1 or 2 inputs

to P. By our assumption, we have

E P > FE [Prob(#,hy)| + e
QN@)W[ (m)] GNG’U[ (0, ho)]

It follows that there exists #y with predicate type ) in the support of © such that

UIFJ“ Q(w)] > IE)[Prob(GO, hy)] + €.

Note that for any 6 with arity 1, we have

E [P(0)] = E_[P(fu(mx))] = E |Po+ Pi-gh(x)| = E[Prob(d, hu)]

U, 1 V,U,X v,X

so fp must be some 2-configuration (by, ba, b1 2, Q). We then have, by a similar computation,

E [Qup)l= E_|Qz+ Qg (x1)+ Q2 gl (x0) + Qua- gl (x1)g0% (x2)]
U, 41,142 U,X1,X2
=E Qo+ Q1 - Xl[ggl (x1)] + Q2 - }15[922 (x2)] + Q1.2 Sp(p) (9217932)} :

We also have

E [Prob(fp, hw)] = E [Q@ +Qr - )Ig[ggl (x1)] + Q2 - )15[922@2)] + Q1,2 T y(p)(ho(b1), hv(b2))} :
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This and the previous equation together imply that

E Q1,2-Sp(a)(ggl,gf§2)] Zlg[Qm-Tp(e)(hv(bl),hv(b2)) +e

Since both S, (921,922) and T g)(hy(b1), hy(b2)) are bounded by some absolute con-

stant, we can find C' > 0 such that for at least an e fraction of v € V(G), we have

€

Q1.2 Sy0) (90, 9%) — Q12 Tp(g) (hu(b1), hu(b2)) = -

Let Vj be the set of v € V(G) that satisfy the above inequality. Since the 2-configurations

in © are all positive, we have QLZ -p(@) > 0. Since QLQ # 0, we have either QLQ > 0 and

Sy(6)(90' 90%) = (o) (ho (1), hu(ba)) + — Z}l >

or Ql,g < 0 and

€

Sy0) (081 917) < =T (). uf02)) = o5

In either case, by Corollary 2.16, there exist n > 0 and k£ € N such that, for every v € 1}

there is some ¢ € [n] with
<kr b . <kr b <kr b
Infi—k[gvl} > mln(Infi—k[gvl], Infi—k[gf]) > 7.
Since Infigk is convex, we also have

n < Tnf=F ()] = Inf="
e={v,u}€E(G)

E [fuoﬂg]]

< E [Infif’f[ fuo wg]] .
e={v,u}€E(Q)
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Since Infigk takes value in [0, 1], there is an 1/2 fraction of u ~ v such that

If=F[f, o 7] = Inf=k ooy Lful 2 0/2.

(m¢

Now let Ly(v) = {i € [n] | Inf=F[gl!] > n} and Lo(v) = {i € [n] | Wnf=F[F] > 2},

By Proposition 2.14, we have |L(v)| <

|

and |Lo(v)| < %, and by union bound |Lq(v) U
Ly(v)| < 3k,

Now consider the following labeling strategy for I: for every v € V(G), if L1(v)U La(v) is
non-empty, then choose a label A(v) € L1(v)U Lo(v) uniformly at random, otherwise choose
A(v) € [R] uniformly at random. By our analysis above, if we choose an edge e = (u,v)
with v € Vp, then there is at least € - /2 probability such that there is some i € Lqi(v)
with 7¥(i) € Lo(u), which our strategy will then find with probability at least 1/(3k/n)2,
so Val(I, A) is at least €-7/2 - 1/(3k/n)?, which is a constant only depending on ¢, and the

lemma is proven. O
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CHAPTER 4
TIGHT INAPPROXIMABILITY RESULTS FOR MAX 2-SAT
AND ITS SUBPROBLEMS

In this chapter, we study the approximability of MAX 2-SAT and its subproblems. We will
a classification of these subproblems in terms of their approximability by giving tight ap-
proximability /inapproximability results for each of them. This chapter is based on [BHZ24|,
which appeared in SODA’24.

4.1 Overview

We summarize the results in the following table, which is taken from [BHZ24|.

Name xVy TVy TVy x z Approximation Ratio
MAX 2-SAT v O 4 O O ~ 0.94016567
MAX HORN-2-SAT v v X O v ~ 0.94615981
MAX CSP({z V y,x,Z}) v X X O 4 ~ 0.95397990
MAX CSP({z V y,x,%}) X O X O O 1
MAX CSP({z Vy,zVy,z}) O X O X 1

Table 4.1: The approximation ratios of MAX 2-SAT and its subproblems, assuming UGC.
Table taken from [BHZ24].

In this table, v indicates that the type of constraints is allowed, X indicates that the type
of constraints is not allowed, and O indicates that whether allowing the type of constraints
or not does not change the approximation ratio of the problem since it does not appear in
the hardness construction.

The first subproblem is MAX 2-SAT itself. The hardness result for the MAX 2-SAT ratio

provided in the table was proved by Austrin [Aus07|. Austrin’s proof only uses constraint
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types xVy and Z V¥, so any restriction that contains these two types is automatically as hard
as MAX 2-SAT itself. On the other hand, Lewin, Livnat and Zwick gave an algorithm for
MAX 2-SAT that has a conjectured performance matching this ratio [LLZ02|. In [BHZ24],
we proved that the LLZ algorithm is indeed tight, thereby establishing tight approximability
result for MAX 2-SAT.

Moving on to other subproblems, we disallow the constraint type Z V ¢ so that Aus-
trin’s hardness proof does not apply. The next two problems, MAX HORN-2-SAT and
MAX CSP({z V y,z,Z}), cover the case where we do not allow Z V g, but allow z V y and
7 (as it turns out, for these two cases constraints of type x do not affect the approximation
ratio). Their approximability hasn’t been studied previously in the literature. We prove
tight approximability results for them by giving matching algorithmic and hardness results,
showing that the approximation ratios slightly improve from that of MAX 2-SAT. Roughly
speaking, our strategy is first giving a conjectured optimal algorithm for the problem, and
then using the hardest configurations for the algorithm to construct a distribution that is
hard for any THRESH rounding scheme. This combined with Theorem 3.9 establishes
UG-hardness and confirms the optimality of the algorithm that we started with.

The last two of these subproblems, where we disallow the constraint type z V ¢ and
in addition disallow either x V y or z, can be solved exactly in polynomial time. For
MAX CSP({z Vy,z V y,x}), we can assign true to every variable, and this satisfies all con-
straints since there is at least one positive literal in every constraint. MAX CSP({zVy, z,z})
can be solved exactly using a reduction to the Minimum s-¢ Cut problem. Indeed, given an
instance ® of MAX CSP({ZVy, z,z}), we can construct a directed graph G whose vertex set
is the variable set of ® plus two new vertices s, ¢, and add edges (s, x) for every constraint
x, (z,t) for every constraint z, and (x,y) for every constraint = V y. If we think of variables
connected to s as those assigned true, and variables connected to ¢ as false, then it is easy to

see that any truth assignment is in 1-1 correspondence to s-t cuts in (G, and the constraints

40



violated by an assignment are exactly the edges cut by the corresponding s-t cut.

4.2 MAX 2-SAT and Simplicity Conjecture

We first take a look at MAX 2-SAT itself. Lewin, Livnat and Zwick proposed using a
linear threshold function f in the THRESH ™ rounding scheme (see Algorithm 2) for MAX
2-SAT [LLZ02|, namely, for some parameter 8 € [0,1], we have f : b — [Bb. To make
the parameter explicit, we will denote this function by fg. Given a 2-configuration 6 =

(bi, bj, b; j) whose predicate type is z V y, we have

3—bi—bj— b

SDP(0) = SDP(b;, bj, b; ;) = 1

and since the probability that both variables in this configuration are set to false (+1) is

equal to @) (@71 (H_TBb’) o1 (%)»

1+8b;\ .1 [1+pb;
Prob(6, f3) = 1 — @) <<I>—1 (JrTﬁ) i (%)) .

Note that here the quadratic coefficient in the Fourier expansion is equal to —1/4, and
therefore 0 is a positive configuration if and only if p(d) < 0. The approximation ratio

achieved by THRESH™ with fj is then equal to

Prob(#, fﬁ)

i 4.1
9:SD11131(9);£O SDP(0) (4.1)

We wish to find # that maximizes this expression. However, this is a highly nontrivial
task because finding the minimizing 0 for (4.1) which depends on three parameters is not
easy. Austrin proposed that we reduce the number of parameters by focusing on simple
configurations instead.

Definition 4.1. A 2-configuration (b;, b;, b; ;) is called simple, if b; = b; and b; ; = —1+2[b;|.
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Note that the condition b; ; = —1 + 2|b;| ensures that a simple configuration in on the

boundary of one of the triangle inequalities. It can be easily checked that for a simple

—(1-[b)?

configuration 6 = (b,b, —1+2|b|), we have p(f) = 1—p2

< 0, so simple configurations are

all positive configurations for 2-SAT. Austrin showed the following result.

Theorem 4.2 ([Aus07]). There exists 3} ; , = 0.94016567 such that

Probl®. fo,,) . Prob({, /)
= Inax

. _ f Prob(6. fs) .
6—(bbr-142ls|)  SDP(0) 5 =(bbi1+2b)) SDP(0) Prrz

This theorem shows that, surprisingly, the best ratio that can be achieved on simple
configurations by THRESH™ with fg is achieved when f3 is chosen to be this ratio itself!
Austrin proved Theorem 4.2 by looking at a distribution over two simple configurations
01 = (=bg, —bg, —1 + 2bg) and Oy = (b, by, —1 + 2bg), where by ~ 0.169. He showed that on
these two configurations, the optimal choice for 5 is equal to 3} ; ,. More specifically, for all

odd f,

. [Prob(6y, f) Prob(fs, f) _
m“{ SDP(6,) ' SDP(ds) }SBLLZ’

where the equality is achieved by taking f = f EE He then showed that among all sim-
LLZ
ple configurations, §; and fo are the two minimizers for the ratio Prob(@,fﬁ_ )/SDP(0).
LLZ
Since simple configurations are all positive configurations for MAX 2-SAT, by Theorem 3.9,

Austrin’s argument immediately implies the following theorem.

Theorem 4.3 ([Aus07|). Assuming UGC, for any € > 0, it is NP-hard to approximate MAX

2-SAT with an approzimation ratio of By , + €.

So far there remains the possibility that for THRESH ™ with f R there exist even
LLZ
harder configurations that are not simple, in which case we can hope to obtain a hardness

result with an even lower ratio. However, numerical experiments in [LLZ02| suggest that
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this is not the case, and that 61 and 69 are very likely the hardest configurations for f 5 L
LLZ

Based on this, Austrin conjectured that 5 ; , = 811z, where S, 7 is the ratio obtained by
the optimal THRESH ™ algorithm on all, not necessarily simple, configurations, and hence
on all instances of MAX 2-SAT (this conjecture is also implicit in [LLZ02|).

Our main result for MAX 2-SAT is a proof for this conjecture. More specifically, we show

the following theorem.

Theorem 4.4 (|[BHZ24]|). Let gﬁ(bivijbi,j) = Prob((bi,bj,bi,j),fﬁ) -3 SDP(bi,bj,bi,j).

We have min(bi,bj,b )gﬁsz(bi’b‘j’bi’j) = 0, where (b;,b;,b; ;) ranges over all feasible con-

i,J
figurations.
In words, this confirms the numerical evidence that #; and 69 are indeed the hardest
configurations for f L The proof of Theorem 4.4 uses both analytical tools and computer-
LLZ
assisted tools. Here we give a brief outline of how this theorem is obtained, and refer

interested readers to [BHZ24| for more detail. Our proof consists of the following steps.

e We first show that any minimizer of 957, , (b, bj,b; 5) is of the form (b;,b;, =1 + |b; +
bj|). This means that any minimizer must be on the boundary of one of the triangle
inequalities. This step is obtained by certifying that any point in the interior of the
feasible region either has gBELZ > 0 or a nonzero gradient for gBL_LZ using interval

arithmetic.

e We then restrict our attention to the boundary of triangle inequalities. We show
that if any feasible configuration is on the boundary, but still far away from the two
configurations #1 and 65, then it cannot be a minimizer. This step is similarly obtained

using interval arithmetic.

1. We remark here that in [LLZ02] a slightly different parametrization for the THRESH™ rounding
family was used, and therefore it wasn’t observed that the optimal ratio is also the optimal paramter for 5.
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e Finally, we show that for any bias b near by or —bg, the function

h (t):=Prob,_ (b+tb—t —1+2[b|)

b.BrrLz Prrz

achieves its minimum at ¢ = 0 in a large enough neighborhood of 0. This means that

the minimizer must be a simple configuration.

The first two steps were obtained using interval arithmetic, whereas the last step was
proven analytically.
Theorem 4.3 and Theorem 4.4 together settle the approximation ratio for MAX 2-SAT,

modulo UGC. We can summarize the strategy as following:

e Identify the optimal rounding scheme. For MAX 2-SAT, this is the LLZ algorithm:
THRESH ™ scheme with f EE We don’t need a proof of optimality for this step, as
LLZ

it will be confirmed later.

e Find the hardest configurations for the optimal rounding scheme. We DO require
a proof that the configuration are hardest in this step. In other words, we need to
certify the approximation ratio (but not optimality) for the candidate optimal rounding

scheme. The corresponds to proving Theorem 4.4 for MAX 2-SAT.

e Using the configurations from the last step to construct a distribution that is hard
against all THRESH ™ schemes. The corresponds to proving Theorem 4.2 for MAX
2-SAT. This gives a matching hardness result to the ratio certified in the previous
step, thereby establishing optimality of the candidate rounding scheme and pinpoint

the approximation ratio for the problem.

In the following sections, we will carry out this plan for other subproblems of MAX

2-SAT.
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4.3 MAX CSP({zVy,z,7})

This section is mostly taken from Section 4 in [BHZ24].

4.3.1 The Rounding Algorithm

Let us consider the THRESH ™ rounding scheme with f : b — —1 + (1 4+ b) for some
parameter v € [0,1]. For any Z constraint with bias b, we have that its SDP value is
equal to H'Tx, and b — —1 4+ (1 4 b) satisfies it (assigns false to x) with probability
) (CI)_l (%)) = L(prrb) For any x constraint with bias b, its SDP value is 1—}”
and b — —1 + (1 + b) satisfies it with probability

1_¢(®_1<1—1+v(1+b))) :1_7(1+b) 27(1—6)

2 2 2

where the last inequality is because v € [0,1]. This shows that the parameter ~y is also the
approximation ratio that the rounding scheme achieves on unary constraints. Note that the
function —1+ (14 b) is increasing in +y for every b, which means we are less likely to satisfy
any x V y constraints if we increase . To optimize v, it is then sufficient to find v = 7* such
that b — —1 + 7*(1 + b) achieves an approximation ratio of also v* on 2-configurations.

Similar to gg, we define hy(b;, b;,b; ;) = (1 -0, <<I>_1 (@) . p1 (M))) —
v - SDP(b;, b, b; j) where p = p(b;, bj, b; ;).

Proposition 4.5. For every feasible configuration (b;,b;,b; ;), hy(b;,b;,b; ;) monotonically
decreases with ~y. In particular min(bi,bj7bi7j) h~(bi, bj,b; ;) decreases with vy, where the mini-

mum s taken over all feasible configurations. Furthermore min(bi,bj,bij) hy*(bb bj, bz’,j) =0.

Proof. hy(b;,bj,b; ;) monotonically decreases since @), (@‘1 <M) 1 (M)) and
v - SDP(b;, bj,b; ;) are both increasing in . Note that min hy(b;, bj,; ;) > 0 implies that

—1 4+ (1 + b) achieves an approximation ratio of at least -y, and therefore for the optimal

v = ~v* the equality must be achieved. O
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The following theorem is proved with computer assistance, with a plan similar to the

Simplicity Conjecture that we discussed earlier.

Theorem 4.6. We have v* € [0.9539798,0.95398]. Furthermore, the minimum in the ex-

pression ming_, p bi) o (b, b5, b; 5) is achieved at some point (b,b,—1 — 2b) for some

J°

b e [by — €, by + €] where by = —0.1824167935 and e = 1075,

4.3.2  Matching Hardness

Let b* = b(v*) ~ —0.1824 be the hardest bias for v* from Theorem 4.6 and p1,po € [0, 1] be

some parameters to be chosen later. Consider the following distribution ©1 of configurations.

Configuration Probability | Predicate type
01 = (b*, 0%, —1 — 2b%) Pl xVy
Oy = (0%) P2 z

Table 4.2: The hardest distribution of configurations for MAX CSP({z V y, z,z})

We will prove that ©1 is hard against all THRESH ™ rounding schemes b — f(b). Since
there is only one bias involved, it is sufficient to consider the threshold for that bias. Let p =
p(01) = —%i’—g:. Recall that SDP(©1) denotes the SDP value of this distribution, and slightly
abusing the notation, let Prob(©1,t) be the probability of satisfying a configuration sampled
from O7 if f(b*) = 2®(¢t) — 1. With this parametrization, we have that the THRESH™
rounding scheme with f sets any variable with bias b* to false with probability %(b*) = d(t)

and to true with probability (1 — ®()).

Proposition 4.7. We have SDP(©1) = p1 +ps - % and Prob(01,t) = p1 - (1 —®,(t, 1)) +

p2 - D(t).
Proof. For the first configuration in ©1, we have that its SDP value is 1, and its satisfied by
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f unless both variables are set to false, which happens with probability ®,(¢,¢). The second

configuration has SDP value # and is satisfied with probability ®(¢). O
It is straightforward to find the best threshold ¢ using calculus. We have

.. e _
Proposition 4.8. Let t* = 172 o1 (%)' For every t € RU {£o0} we have

Prob(©1,t) < Prob(01,t") .
Proof. Using Lemma 2.7, we have

9, 1—
aProb(Gl,t) = —p1- go(t) ) ( —Z : t) +p2- 90(t>

Zw(t)(—m-@( ;—Z-t) +p2) :

The proposition follows since %Prob(@l,t) > 0 when ¢t < ty and %Prob(@l,t) < 0 when

t >ty [

Theorem 4.9. For every € > 0, it is UG-hard to approximate MAX CSP({xVy,x, T} within
a ratio of v* + €. Moreover, there exists a THRESH™ rounding scheme that achieves an

approzimation ratio of v* for MAX CSP({x V y,x,Z}.

Proof. Let us take % = (, / %—;g .ol (M)) Then the value of t* in Proposition 4.8

[14+p 41 (@) _ g1 (7*(1+b*)) |
I—p P1 2

and this coincides with the value given by b — —1 4+ ~4*(1 + b) at b = b*. This shows that

will be

for such p; and po, b+— —1 4+ ~v*(1 4 b) is an optimal THRESH ™ scheme on O1. Since we
already know that b — —1 4 ~*(1+ b) has approximation ratio 4* on both configurations in

this distribution, it follows that any THRESH ™ scheme has approximation ratio at most v*,
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and Theorem 3.9 immediately implies the UG-hardness. The algorithmic result is essentially

a restatement of Theorem 4.6. Il

4.4 MAX HORN-2-SAT

This section is mostly taken from Section 5 in [BHZ24].

4.4.1 The Rounding Algorithm
We consider the following THRESH rounding scheme Fi:

b—b with probability «,

b— —1 with probability 1 — a.

In other words, with some probability a we round with the odd threshold function b +— b,
and with the remaining probability 1 — a we set every variable to true. We need to find
« that maximizes the approximation ratio of F,. We have the following property for the

optimal «.

Proposition 4.10. Assume that the approzimation ratio of Fy, is mazimized when o = o,

Then the approzimation ratio of Fo« is also equal to o*.

Proof. Observe that any 1-configuration with bias b and predicate type = has SDP value lﬁ}b,
while the function b — b satisfies it with probability 1T+b as well. This implies that b — b
achieves an approximation ratio of 1 on all z constraints. On the other hand, if we set every
variable to true, then we never satisfy any  constraint. Therefore, on the 1-configurations,
F, has an overall approximation ratio « for every a.

Now, note that by setting every variable to true we satisfy all constraints of the forms

xVy and TVy, so by decreasing o we increase the approximation ratio on the 2-configurations

and vice versa. This means that for the optimal a, F}, must achieve the same approximation
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ratio on both 1-configurations and 2-configurations, otherwise we can adjust o to increase

the approximation ratio. O

For 6 = (b;, 4, b; ), we define

. 1+0;
Prob(6) = Prob(bi.bj, b; ;) = 1 — ® 4) (@1 (14;51) 3! ( . y))

and g(b;, b, b; j) = Prob(b;, b;,b; ;) — SDP(b;, b, b; j). The following lemma gives an expres-

sion for o*.

Lemma 4.11. o satisfies the following equality:

l1—— = min bi,b;,b; ),
o az(bi,bj,bm)g( i+05: bi.g)

where 0 ranges over all feasible 2-configurations.

Proof. The probability that F,« satisfies any 2-configuration (b;,b;,b; ;) is given by
1—a"+a*- Prob(b;, bj, bi,j) ,

where 1 — o* is contributed by the function b+ —1 and a* - Prob(b;, b;, b; ;) is contributed

by b+ b. Since F,+ achieves an approximation ratio of a*, we have
1—a*+a*- Proby (b, 04, 0; ;) > a* - SDP(b;, bj,b; ;) -
Rearranging, we obtain that
1~ < Prob{bi,bj, by j) — SDP(by, ba, o) -

Since this is true for every feasible configuration and equality is achieved on some configu-
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ration, we obtain that

We use interval arithmetic to prove the following theorem.

Theorem 4.12. The minimum in the expression mingz(bl’b%bw) f(b1,ba,b12) is achieved at
some point (b*, 0%, —1 + 2|b*|) for some b* with |b*| € [by — €, by + €] where by = 0.1489442

and € = 1076,

4.4.2  Matching Hardness

Let b* > 0 be a hardest bias on which f achieves its minimum as in Theorem 4.12. Using

b*, we construct the following distribution ©9.

Configuration Probability | Predicate type
01 = (—b", —b*, —1 + 2b%) D1 zVy

O = (b*, 0%, —1 + 2b™) j) xVy

O3 = (—=b*,0*, 1 — 2b*) P3 TVy

04 = (%, —b%, 1 — 2b%) D4 TVy

05 = (=b") Ps z

06 = (07) P z

Table 4.3: The hardest distribution of configurations for MAX HORN-2-SAT

Let p = p(b*) = —% be the relative pairwise bias of the configuration (—b*, —b*, —1+

20%).
Similar to the definitions in Section 4.3.2, let SDP(©2) be the SDP value of this dis-
tribution and Prob(©s,t1,t9) be the probability of a THRESH™ scheme f satisfying a

configuration sampled from Og if f(—b*) = 2®(t1) — 1 and f(b*) = 2P(t2) — 1.
20



Proposition 4.13. We have

1_b*+ 1+b*
g TP

SDP(©2) = (p1 +pa) + (p2 +p3) - (1 = b") +ps5 -

and

Prob(©2,t1,t2) = p1 - (1 — ®p(t1,t1)) +p2 - (1 — Pp(ta, t2)) + p3- (1 — Pp(—t1,t2))

+pg - (1= ®p(—t2,11)) + p5 - ®(t2) + ps - P(t1).

We also have the following partial derivatives for Prob(©9, %1, t9).

Proposition 4.14. We have

iProb(@g,tl,lfg)

oty
I—p to + ptq —to — pty
= —2p1p t1<1>( t1) +p3p(t1)® | —— | —pap(t1)® | —F/—— | + ps(t1
e\, M Wi e\ = (1)
[1—0p to + pty —to — pty
= (t1) - —2271‘1)( —t1> +p3@ | —— | P | — | + 16
(1) ( 1+p V1 —p? /1 — p?

and

0
Ip ¢
ot rob(©9,t1,t2)

[1—=0p —t1 — pto t1 + pto
= —2poyp t2‘1>( —t2>—p390 )@ | ———= | +pap(t2)® | ——= | +p5p(t2
[L—p —t1 — pty th + pta
= p(t2) - —2]92‘1)( —tz)—pg‘P —— |+t | ——= | + 5
(t2) ( L+p V1 —p? V1= p?

We have the following second derivatives for Prob(09,t1,t2).
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Proposition 4.15. We have

62
—Prob(©9,t1,1
o (©2,11,12)

to + pt1 to — ptq
= —t1(t1) - (2])1(1)( )—i—p@( 1'0 ) p@(\/ip )
p

+o ( 2p1\/? <\/:t1)+(p3 +p4) - \/— L \/L'Otl»

ﬁ

and

82

a—t%Prob(@g,tl,tg)

= —tap(ta) - (-2192(1) ( %Ztg) — pg® (—_tll_:[;t;) +pu® <—t11+_p7;22) +p5>

e (_2p2 %Z - ( %tz) MR it <t11+_,01;22>) |

and
82
8t18t2PrOb(®2’t1’t2) = (p3 +p4) - pp(t1, —t2)
= (p3 +pa) - 1;_p2 () (—tQ_;r_pj;) .
We would like to find the probabilities pq,...,pg that minimizes the maximum ratio

achieved by any THRESH ™ scheme maxy, 4, Prob(©2,11,t2)/SDP(0©2). To do this, we will
first heuristically derive a set of probabilities assuming ¢{ = —t9, and then verify that for
these probabilities Prob(©2,1,t2) is indeed maximized at a point where t| = —to.

For Prob(©9,t, —t), we have

Prob(O2,t, —t) = (p1 +pa) - (1 = @p(t, ) + (p2 +p3) - (1 = Pp(—t, 1)) + p5P(—1) + psP(t).
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We will choose ps = pg = p, which intuitively makes sense as Fj,» achieves the same ratio

o™ on all 1-configurations. Under this assumption we have

Prob(©g,t, —t) = (p1 +p4) - (1 — @p(t,1)) + (p2 + p3) - (1 — p(—t, —t)) + p,

and

%Prob(@m t,—t) = (p1+pa)- (—290(” @ (\/%0 ) +Hoatps) (Mw - (_\/%t»

Following the same strategy we used in Section 4.3.2, we want the above to attain 0 at

t=1t*=® (1 —b*)/2). This implies that

]__
p2 + 3 :q)< _p_t*> 0
P1+p2 + D3+ P4 I+p

This gives us the ratio between the probabilities of the 2-configurations, we can then
choose p so that the two THRESH ™ schemes b — b and b — 0 in F,+ achieves the same

satisfying probability on ©9, i.e.,

Prob(09, 1", —t*) = (p1 +pa) - (1 — ®p(t*,t%)) + (p2 +p3) - (1 — Pp(—t*, —1%)) +p

=p1 +p2 +p3+p4.

This implies that

p * % % % /
=1—(1—17)- (1=, —r-(1—=®,(—t", -t =,
(1) (1= B )~ (1= Byl 1)

Since we also have p1 + p2 + p3 + p4 + 2p = 1, the above gives

27

=137 Ptra=Q0-r-(1-2) pptps=r-(1-2p).

p
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Finally, by setting the partial derivatives

0 0
——Prob(©9,t*, —t*) = —Prob(09, t*, —t*) =
o (©2, 17, —t%) iy T (©2,t", —t") =0,

we obtain that p; = po = p as well. In summary, we obtain the following probabilities:

27!

Tag P=r0=2)=p pr=00-7r)-1-2p)—p.

Pi=P2=P5=P6 =P
The numeric values for these probabilities are listed as follows:

p1 = p2 = p5 = pg ~ 0.0858, p3 ~ 0.1737, py =~ 0.4831.
We remark that since we have chosen the hardest bias b*, the approximation ratio

achieved by F,+ on this distribution is exactly o*. In fact, by design, both functions in

. % _ Prob(©2,—00,—c0) _ Prob(Oa,t*,—t*)
F+ achieve exactly o™ = SDP(Oy) ~ 7 SDP(©,)

Now we prove that with the probabilities computed in the previous section, (t*, —t*) € R?
is indeed a global maximum for Prob(©9,t1,t2). To give a better sense of the function that
we are working with, we give a contour plot of Prob(©9,%1,t2) in Figure 4.1.

It can be seen that aside from (t*, —t*), there are two other critical points which are
saddle points. This creates complications for an analytic proof. We will circumvent this
difficulty by employing interval arithmetic. We first prove the following statement with

interval arithmetic.

Lemma 4.16 (Interval arithmetic). For every ti,to € R, at least one of the following is

true:
e Prob(O9,t1,t9) < Prob(©9, t*, —t*).
o t1,to < ®1(0.0001) or ty,ty > ®71(0.9999).
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o |t1 —t*|, |[ta+t*| < 0.01 and the Hessian matriz for Prob(©s, t1,to) is negative definite.

. %Prob(@z,tl,h) 70 or %Pmb(@%tl’h) 70

04

03
0.2

0.1

v i

1 I 1
0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 4.1: A contour plot of Prob(©9,%1,t2), where the x-axis is ®(¢1) and the y-axis is
D(t2)

Since the gradient of Prob(©9,t1,t) vanishes at (t*, —t*), the third item shows that
Prob(©9,t1,t2) < Prob(©9,t*, —t*) for every t1 € [t*—0.01,t*+0.01],¢5 € [—t*—0.01, —t* +
0.01].

The following proposition deals with the boundary situation that our interval arithmetic

does not certify directly.

Proposition 4.17. Let t1,ty € R? be such that t1,ts < ®1(0.0001) orty,ty > ~1(0.9999),

then we have %Prob(@g,tl,h) #0 or %Prob(@g,tl,tg) £ 0.

Proof. Assume that tq,ts < ®~1(0.0001).
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Since ¢(t1), p(ta) > 0, the partial derivatives being 0 is equivalent to
1—p to + ptq —to — pty
—2p® (\/—h) +p® | ———= | —1® | —/—= | +p=0,
1+p V1—p? /1— p?
1—p —11 — pl2 11+ pto
—2pP ( —tg) 3| —F/—m== | +® | ——== | +p=0.
Vicy Noera Vi
Using the fact that ®(z) = 1 — ®(—z), we can rewrite the above as
1—p to + ptq
—2p® (\/—t1>+ p3+p4)® | == | —pa+p=0,
1+p ( ) V1—p?
1—p t1 + pto
—2p<1>( —t2>+p3—|—p4<1> ——— | —p3+p=0.
V1+p ( ) N

to + pty t1+pty (L1 +t2)/T+p

Vi-2 Vi-g2 o Vi-p

Since

we have either
to + ptq < (t1 +t2)/T+p
V1i—p2 2Vyl-=p

or
titpta _ (it i)VI+p
Vi-p2 = 2Jyl—p

A simple estimation shows that we would then have either

o 2Pl g@((t1+t2)vl+p> <0.12
1— p? 2y1—p

or

JITo
o LEtr2 gcb((tﬁt?) +p><0.12.
1—p2 21 —p
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But in either case we would violate at least one of the equations, since we’d have either

1—p lo + ptq
—2p® (,/ t1) +(p3+pa)®| ——=——=| —Pa+p<(P3+p4)-012—-ps+p<0
1+p V11— p?

or

1—0p i1+ pta
—2p® (,/—tQ) +(P3+p1)® | == | —p3+p <(p3+p4) 012 =p3+p<0.
1+p V1—p

This shows that at least one of the partial derivatives is non-zero. The case where t1,t9 >

®~1(0.9999) can be dealt with similarly. O

Proposition 4.18. For every ti,to € RU {£o0}, we have
Prob(©9,t1,t2) < Prob(09, t*, —t*).
Proof. We first consider the infinity cases. If {; = —oo, then we have

Prob(©2,t1,t2) = p1 - (1 — ®(t1,t1)) + p2 - (1 — Pp(ta,ta)) +p3 - (1 — Pp(—t1,t2))
+p4 - (1= Pp(—ta,t1)) +p5 - P(t2) + pe - P(t1)

=p1+p2- (1= @p(te, t2)) +p3- (1 — D(t2)) + ps + p5 - (t2).

Since p3 > ps, the Prob(©9, —00, t9) is monotonically decreasing in t9, so we should choose
to = —oo as well. A similar analysis shows that if {; = +o0o, then we should also set
tg = 400, and furthermore Prob(©9, —00, —00) = Prob(02, 00, 00).

Now assume that there is a global maximum (¢1,t9) with
Prob(©9,t1,t2) > Prob(09,t*, —t*) = Prob(09, —00, —00).

Since Prob(©s,t1,t2) is a smooth function, the gradient vanishes at the global maximum,
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so by Lemma 4.16 and Proposition 4.17 we must have [t; — t*|, [t3 + t*| < 0.001. However,
the negative definiteness of the Hessian matrix in that neighborhood would then imply
that Prob(©9,%1,t9) < Prob(0Os,t*, —t*). This contradiction shows that there is no global
maximum strictly larger than Prob(©s, t*, —t*), and therefore (t*, —t*) itself must be a global

maximuin. O

The above analysis combined with Theorem 3.9 immediately implies the following theo-

rem.

Theorem 4.19. For every € > 0, it is UG-hard to approrimate MAX HORN-2-SAT within

a factor of a* + €.
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CHAPTER 5
SEPARATING MAX DI-CUT FROM MAX CUT AND MAX
2-AND

In this chapter, we study the MAX DI-CUT problem, which can be thought of a variant of
MAX CUT on directed graphs. While the approximability of MAX CUT is well understood,
the same cannot be said for MAX DI-CUT. Via a simple reduction, it can be shown that
MAX DI-CUT is at least as hard to approximate as MAX CUT, but strict separation between
the two problems was not known. Moreover, MAX 2-AND, being a generalization of MAX
DI-CUT for reasons we will see in a moment, is at least as hard as MAX DI-CUT, but here
strict separation was also unknown. The main result of this chapter is the following theorem,

which shows that there is strict separation in both cases if we assume UGC.

Theorem 5.1. Let s anp, apr.cur, @cuyr be the approximation ratios of MAX 2-AND, MAX
DI-CUT and MAX CUT respectively. Assuming UGC, we have

Qo AND < ODLCUT < QCUT-

This chapter is based on [BHPZ23| which appeared in FOCS’23.

5.1 Three Problems: MAX CUT, MAX DI-CUT and MAX 2-AND

Recall the following definitions from Section 2.1. We have predicates CUT,DI-CUT

{~1,1}%> — {0,1} where CUT is satisfied if and only if the two inputs are not equal and

DI-CUT is satisfied if and only if the first input is 1 and the second input —1. MAX CUT is

defined by MAX CSP({CUT}), MAX DI-CUT is defined by MAX CSP({DI-CUT}). Note

that if we think of 1 as false and —1 and true, then the DI-CUT predicate can be expressed as

DI-CUT(z,y) = £ Ay. This means that by allowing variable negations we can obtain 2-AND
59



constraints, and therefore MAX 2-AND can be defined as MAX CSP(cl({DI-CUT})). We

first show the following folklore proposition which explains why we are comparing them.

Proposition 5.2. Let asanp, aprovr, acyr be the approximation ratios of MAX 2-AND,

MAX DI-CUT and MAX CUT respectively. We have

Qo AND < Qprour < QouT-

Proof. 1t is clear that as axnp < aprcur since MAX DI-CUT is a subproblem of MAX 2-
AND. To show that aprcur < acyr, we exhibit an approximation ratio preserving reduction
(f,g) from MAX CUT to MAX DI-CUT as defined in Definition 2.18. Given a MAX CUT
instance I, which is an undirected graph, f simply replaces each undirected edge with two
opposing directed edges, each having the same weight as the undirected edge. ¢ is the identity
function, that is, given a solution A to f(I) which is a cut, g(A) = A is the same cut on the
original graph. It is easy to see that Val(/, A) = Val(f(I), A) for any assignment A, so all
conditions for an approximation ratio preserving reduction are satisfied. By Lemma 2.19,

we have ADI-CUT S QCUT- ]

Given Proposition 5.2, it is then natural to ask whether these two inequalities are strict.
We do know that at least one of them is strict assuming UGC: for MAX CUT, we have
acut > 0.878 due to Goemans and Williamson [GW95| as mentioned earlier, and for MAX
2-AND, Austrin showed that we have ay axp < 0.87435 assuming UGC [Aus10|. This puts
aprcur in a narrow interval [0.87435,0.878]. However, we do not know towards which end of
the interval aprcyt lies. The best hardness result for MAX DI-CUT is inherited from MAX
CUT, and the best algorithm for MAX DI-CUT, due to Lewin, Livnat and Zwick [LLZ02],
achieves an approximation ratio! of ~ 0.874 < 0.87435. This means that prior to our

work it could still be the case that equality might be achieved in one of the inequalities in

1. This result is numerical and the claimed ratio is not rigorous.
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Proposition 5.2.
In the following two sections, we will present both new algorithm and hardness results for
MAX DI-CUT. Before we proceed, let us record the following Fourier expansion of DI-CUT

which will be heavily used throughout this chapter.
Proposition 5.3. DI-CUT(z,y) = 1+—$—4w

Since the quadratic coefficient in the Fourier expansion is —1/4, a DI-CUT configuration
is positive if and only if its relative pairwise bias is not positive.

We also note that we have the following symmetry for the MAX DI-CUT problem: given
a directed graph, if we flip the direction of every edge in the graph, then an optimal solution
to this new instance can be obtained by flipping all the signs in an optimal solution to the
original instance. For configurations, this symmetry corresponds to swapping the two biases

and then changing the signs.

Definition 5.4 (Flipping a configuration). Let 6 = (b;, b;,b;;) be a DI-CUT configuration.
We define its flip to be flip(0) = (—b;, —b;, b;;).

The following proposition can be easily verified.
Proposition 5.5. Let 0 = (b;,b;,b;5) be a DI-CUT configuration. We have
1. p(0) = p(fip(0)).

2. SDP(6) = SDP(flip(6)).

5.2 Separating MAX DI-CUT and MAX CUT

In this section, we prove the following theorem, which improves the upper bound on the
approximation ratio of MAX DI-CUT and thereby separates MAX DI-CUT from MAX

CUT. The proofs presented in this section are taken from Section 3 in [BHPZ23|.
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Theorem 5.6. Assuming the Unique Games Conjecture, it is NP-hard to approximate MAX
DI-CUT within a factor of 0.87461.

To prove Theorem 5.6 we construct a distribution of positive configurations ©, compute
its completeness, and show that no THRESH™ rounding scheme can achieve an approxi-
mation ratio of 0.87461 on it. The UG-hardness result then follows from Theorem 3.9.

The distribution © used to obtain the upper bound is extremely simple. Let p,p92,b,c
be some parameters to be chosen later. We will choose them so that b,pi,po € (0,1),
c e (-1, —b2), and 2p; + pg = 1. Consider the following distribution of configurations ©

supported on {61, 0,03}:

Configuration Probability
01 = (—=b,—b, —1 + 2b) D1
Oo=( b,—=b, ¢ ) P2
O3 =( b, b, —1+2b) D1

Table 5.1: A hard distribution of configurations for MAX DI-CUT

Note that in the #1 and 03 one of the triangle inequalities is tight, while in #9 none of the
triangle inequalities are tight. This is in stark contrast to MAX 2-SAT and its subproblems:
in Chapter 4, we have seen that for them the hardest configurations lie on the boundary of
the triangle inequalities. We remark that the current best hardness construction for MAX
2-AND, given by Austrin [Ausl0], is also supported on boundary inequalities.

We remark that this distribution is symmetric with respect to flip, since flip(fy) = 63
and flip(fy) = 5.

We first verify that © satisfies the positivity condition.

Proposition 5.7. © is a distribution of positive configurations.
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—1420—b% _  1-b

Proof. In 61 and 63, the relative pairwise bias is equal to p; = — = 1 < 0. In
2
0o, the relative pairwise bias is equal to pg = ith < 0 since we choose ¢ < —bZ. O

The completeness of this instance can be easily computed.

14 2b—
Proposition 5.8. SDP(0) =py-(1—10)+ po - %
Proof. We have
SDP(©)
L+ (=b)—(=b)—(—1+2b 1+b—(=b)—c 1+b—b—(—-1+4+2b
- (=b) — (=b) — ( )+p2, (=b) pr ( )
4 4 4
2% 4%-c 22
=P 1 P2 1 p1 1
14+2b—c
:P1‘<1—b)+p2'T- O

We now give an upper bound on the performance of any 7THRESH™ rounding scheme
on this distribution. Let ¢1,%5 be the thresholds for —b, b respectively. Let s(t1,%3) be the

soundness of this rounding scheme on ©. By definition of THRESH ™, we have

s(t1,t2) = p1 - @py (t1, —t1) + D2 - Ppy(to, —t1) +p1 - Pp, (t2, —t2) ,

where p1, p2 < 0 are computed in Proposition 5.7. We first look at the case where —oo <
t1,to < co. The case where t; = 400 or t9 = +o00, which corresponds to always setting one
or both variables to 1 or —1, can be dealt with separately via a simple case analysis.

As we discussed earlier, a THRESH ™ rounding scheme for MAX DI-CUT is not nec-
essarily odd, but as the following lemma shows, the simple and symmetric structure of our
construction ensures that any finite critical point of s is necessarily symmetric around the

origin.

Lemma 5.9. Let z,y € R. If (z,y) is a critical point of s(t1,t9), then y = —x = |z|.
63



Proof. Recall that by Lemma 2.7 we have

19) to — ptq
— D (t1.to)=(t7) | =— | .
ot p(t1,t2) = (t1) < 1_p2>

The partial derivatives of s(t1,t9) are

ds 1—p to — patq
i t1) — 20(t1) - ® ) )+ —oty) @ | 2= ) )
o = (90( 1) — 2p(t1) ( s 1)> p2 | —o(t1) >

ds 1—p t1 — pato
— = to) —2p(tg) - @ t to) —p(tr) - ® | ———=
e GOREE R (e N R SN :

In the above computation, we used Lemma 2.7 and the chain rule. Since (z,y) is a critical

point of s and ¢ is strictly positive, we have

1— _

o (1=20 PLY) 4o | —0 | 2222 )] =0,
1"—/)1 1— 2
P32

p1|1—20 _ply pp|1—® T P2y =0
1+ 2

The first equation can be rewritten as

L—p1 Yy — pox
n (1—2@ (,/H—px))ngwb Eanvei i (5.1)
L1 /1_,0%

Since @ is a positive function, the right hand side of (5.1) is positive and therefore we have
1 -2 ( E%x) > 0, which implies that x < 0.
Since 1 — ®(t) = &(—t), the second equation can be rewritten as

[1—p1 —T + p2y

Pl (1—2@( y)):—pQ-CI) — | . (5.2)
1—|—p1 1 — 2
P2
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By similar logic we can deduce that y > 0. We now show that we must have |z| = |y|.

Assume for the sake of contradiction that |z| # |y|. We have two cases:
e |z| > |y|. It follows that
oo (rne)l oo (Vrehe) - (Vi)
el (i) o ()
()]

Note that here we again used 1 — ®(t) = ®(—t), as well as the fact that |®(t) — P(—1)|

is an increasing function in [¢|. On the other hand, by (5.1) and (5.2) this implies that

— P2 —r+
by - D Y—p2 : S P2;J

Since ¢ is a positive and monotone function, this implies that

Yy — pax > —T + p2y
,/1—,0% \/1—,0%

Rearranging the terms, we obtain

(I =p2)y > (1 —p2)-(—2).

But this would imply that |y| > ||, which contradicts our assumption.
e |y| > |z|. This can be dealt with in a similar manner.

We conclude that we must have y = —z = |z].
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Lemma 5.10. If p1 > po, then s(t1,t2) has a unique critical point.

Proof. Assume (z,y) is a critical point. In the previous lemma, we established that x =

—y < 0, so we can now plug y = —z into (5.1) and get

1-— -1 - 1
V1+p V1-p2

1—p%

We need to show the equation above has only one solution when p; > po. To this end, define

1—p1 [1+p2
gt:p1(1—2(1>< -t))—pg-fb(— 7 I t<0.
) L+p L —p

We have ¢(0) = —p2/2 < 0 and limy_,_~ g(t) = p1 —p2 > 0, so g(t) = 0 has at least one

solution in (—o0,0) by Intermediate Value Theorem. To show that the solution is unique,

we compute the derivative of g:

opt 1—01'90 l=-p , oy 1+p2.90 _JiEe
1+ p1 L+ p1 1 —p2 1 —p2

Plugging in the definition of ¢, we get

V1i+pr V2r 1+p 2 1—po 2rm l—py 2)°
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which is equivalent to

1—p1 1—p1  14p) # 1+ po
2p1 -exp | — - | = P2 :
L+p1 L+pr 1—=p2/) 2 1 —p2

Since p1, p2 < 0 and exp is monotone, this equation has exactly one solution t* € (—o0,0).

Furthermore, ¢'(t) > 0 for t € (—o0,t*) and ¢/(t) < 0 for t € (t*,0). It follows that g has no

root in (—oo,t*) and has a unique root in (¢*,0). ]

We now deal with the boundary cases. Since our distribution is symmetric with respect

to flip, it is sufficient to look at the case where t; = +o0.

Lemma 5.11. We have s(+00,4+00) = s(—00, —00) = s(+00, —00) = 0, s(—00, +00) = pa.
For tyg € R, we have s(—oo,ty) > s(+oo,t2). Furthermore, if p1 > pa, then s(—oo,ta) is

mi e i Rl Y e )
mazimized when to = t* = —p @ ( o1 ).

Proof. Setting a threshold to 400 corresponds to always setting a variable to false, and —oo
corresponds to always true. When (t1,t2) € {(400, +00), (—00, —00), (+00, —00) }, none of
the configurations are satisfied, giving a soundness of 0. When (¢1,t2) = (—00, +00), only
the second configuration is satisfied and this gives a soundness of po. For the second claim,

we have

s(—00,t9) = pa - D(t2) + p1 - P—py (t2, —t2) > p1 - Py (ta, —t2) = s(+o0,t2) ,

and
38(—00,152) 1- P1
—— = (t + 1—-29 t .
ots o(t2) | p2 +p1 T2
0s(—00,ta) * 0s(—o0,t9) *
When p; > po, we haveT>Oon (—o0,t )andT<00n (t*, 00). ]

With Lemma 5.10 and Lemma 5.11, it becomes very easy to determine the maximum

of s by simply computing the unique critical point and comparing it with the boundary
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cases. It turns out that when b = 0.1757079776, ¢ = —0.6876930116, p; = 0.3770580295,
the unique critical point of s(tq,t9) is at (—tq, tg) where ¢ty ~ 0.1887837358, which is also a
global maximum whose value is about 0.8746024732. It follows that with these parameters,
any THRESH™ rounding scheme achieves a ratio of at most 0.87461.

We remark that by adding more biases to ©, we seem to obtain an even harder distribu-
tion. However, analyzing this new distribution by hand seems impossible so we only have a

numerical bound.

Configuration Probability

(bo, b1, —1+ by + b9) 0.1907744673
(=b1, —ba, =1+ by +b2) | 0.1907744673
(b, by, —1 + 2b9) 0.1858539509
(—ba, —by, —1 + 2b2) 0.1858539509
(b1, —b1, —0.6874089540) | 0.2371153723
(b1, —bg, —0.6876719134) | 0.0048138957
(bo, —b1,—0.6876719134) | 0.0048138957

Table 5.2: A distribution that uses two pairs of biases that seems to yield an upper bound
aprcur < 0.8745896786, where by = 0.1644279457 and by = 0.1797733117. (Not verified
rigorously.) Table taken from [BHPZ23].

From the numerical experiments it seems that the hardness ratio of the distribution
continues to improve if we add even more biases. Based on this observation we make the

following conjecture.

Conjecture 3. The hardest distribution of configurations for MAX DI-CUT is supported

on infinitely many configurations.

Austrin made a similar observation for MAX 2-AND in [Aus10]. It would be very inter-

esting to understand why MAX DI-CUT and MAX 2-AND behave so differently from other
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MAX 2-CSPs like MAX CUT and MAX 2-SAT, for which the hardest distributions take on

very simple forms.

5.3 Separating MAX DI-CUT and MAX 2-AND

In this section, we present the following theorem. The materials in the section are taken

from Section 4 in [BHPZ23].
Theorem 5.12. aprcopr > 0.87447.

Since asanp < 0.87435 (assuming UGC), this separates MAX DI-CUT from MAX 2-
AND (again assuming UGC) and completes the other part of Theorem 5.1. Let us quickly
discuss some intuition for why this separation can be expected. To prove that asanp <
0.87435, Austrin used a family of hard distributions, the simplest (and easiest) of which is

of the following form:

Configuration | Probability

(0,—b,b—1) | 0.64612

(0,b,b— 1) 0.35388

Table 5.3: Austrin’s hard distribution of configurations for MAX 2-AND [Aus10], b = 0.33633

Harder distributions in Austrin’s construction can be obtained by adding more non-zero
biases, but the bias 0 always appears in these distributions. This is due to an important
restriction in MAX 2-AND: the threshold function used by any optimal THRESH rounding
scheme for MAX 2-AND has to be odd, since the variables can be freely negated when we
construct a MAX 2-AND instance. This restriction is absent from MAX DI-CUT, for which
negated variables are not allowed. Indeed, for the distribution in Table 5.3, we can take a
THRESH rounding scheme in which variables with bias 0 are always rounded to some fixed

truth value, and this will give an approximation ratio better than 1!
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91 92 g3 94 95 9o g7

prob 0.996902 0.000956 0.000956 0.000393 0.000393 0.000200 0.000200
—1.000000 | —1.601709 | —2.000000 —2.000000 | —0.034381 —0.430994 | —2.000000 2.000000
—0.700000 | —0.853605 | —2.000000 —2.000000 | —0.034381 —0.430994 | —2.000000 2.000000
—0.450000 | —0.517014 | —2.000000 —0.629564 | —0.440988 —0.896878 | —2.000000 2.000000
—0.300000 | —0.333109 | —1.520523 1.711824 | —1.406591 1.643936 | —2.070000 1.970000
—0.250000 | —0.274589 | —0.687582 2.019266 | —0.622399 —0.127984 | —1.629055 2.070000
—0.179515 | —0.192926 | —0.195474 —0.229007 | —0.268471 —0.339566 | —0.544957 —0.103307
—0.164720 | —0.175942 | —0.381789 —0.649998 | —0.116530 —0.073069 | —0.361234 —0.575047
—0.100000 | —0.105428 | —0.026636 —1.175439 0.066139 —0.123693 2.070000 —1.351740
0.000000 0.000000 2.046025 —2.046025 1.728858 —1.728858 2.050000 —2.050000
0.100000 0.105428 1.175439 0.026636 0.123693 —0.066139 1.351740 —2.070000
0.164720 0.175942 0.649998 0.381789 0.073069 0.116530 0.575047 0.361234
0.179515 0.192926 0.229007 0.195474 0.339566 0.268471 0.103307 0.544957
0.250000 0.274589 | —2.019266 0.687582 0.127984 0.622399 | —2.070000 1.629055
0.300000 0.333109 | —1.711824 1.520523 | —1.643936 1.406591 | —1.970000 2.070000
0.450000 0.517014 0.629564 2.000000 0.896878 0.440988 | —2.000000 2.000000
0.700000 0.853605 2.000000 2.000000 0.430994 0.034381 | —2.000000 2.000000
1.000000 1.601709 2.000000 2.000000 0.430994 0.034381 | —2.000000 2.000000

Table 5.4: A THRESH rounding scheme F that gives a rigorously verified approximation
ratio of at least 0.87447 for MAX DI-CUT. (The actual ratio is probably about 0.874502.)
This table is taken from Table 1 in [BHPZ23|.

To prove Theorem 5.12, we give a new algorithm for MAX DI-CUT from the THRESH
family that achieves the claimed ratio. The specifications for this algorithm can be found in
Table 5.3. The table describes a distribution over 7 piecewise-linear functions g, ga,..., g7
defined on 17 control points. The first column contains the control points, and the following
columns describe the value of each function at the corresponding control point. The function

g1 is odd and is very close to the function used by [LLZ02]| in their MAX DI-CUT algorithm.

The other six functions come in pairs. The two functions in each pair are flips of each other.
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Note that here the threshold function is parameterized in a slightly different way than in
Algorithm 2. For each i € [7], if we define f; : [-1,1] — [—1,1],b — 2®(g;(b)) — 1, then each
fi gives a THRESH ™ rounding scheme as defined in Algorithm 2. This distribution F is
obtained via a computer search, the details of which can be found in Section 4 of [BHPZ23|.

It should be noted that this algorithm is not optimal: by adding more functions to the
distribution, we can get a new THRESH scheme with marginally better approximation

ratio. In fact, we make the following conjecture that is similar in spirit to Conjecture 3.

Conjecture 4. The optimal THRESH rounding scheme for MAX DI-CUT is supported
on infinitely many THRESH ™ schemes.

Conjectures 3 and 4 are in some sense dual to each other. We believe understanding one
of them will also help us understand the other.

Verifying the approximation ratio of such a complicated algorithm is an impossible task by
hand. We will use a computer-assisted proof, deploying the technique of interval arithmetic

which we discussed earlier in Section 2.6. We need to prove the following inequality

EpgPobg) )

(SDP(Q) 40 SDP ()

for every configuration 6, or equivalently

fE [Prob(6, f)] — «- SDP(#) >0 .

The pseudocode of the algorithm is presented in Algorithm 4. The CHECKVALIDITY
function checks if there exists a valid configuration in [y x Iy x Ij 9 (recall that a DI-
CUT configuration is represented by a triple), i.e., a configuration that satisfies all triangle
inequalities, and returns true if it does. If CHECKVALIDITY returns false, then the algorithm
returns true, since in this case the region consists entirely of invalid configurations and there

is nothing to check. Otherwise, the algorithm continues to compute an interval I, using the
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INTERVALARITHMETICEVALUATE subroutine, such that

Vo €Iy x Iy x I 2, fE}_[Prob(Q,f)] —a-SDP(0) € 1.
The algorithm then checks if I is entirely non-negative or entirely negative, in which cases
we can decide that either the ratio is achieved over the entire region, or there exists a
valid configuration that violates the ratio, and exit the algorithm accordingly. Otherwise,
I consists of both positive and negative values, but the negative values may come from
evaluation of invalid configurations, or more intrinsically the error produced by interval
arithmetic itself. In this case, we subdivide the longest interval into two equal-length sub-
intervals and recursively apply the algorithm.

We implemented this verification algorithm in C using the interval arithmetic library
Arb [Joh17|. To speed up the computation, we split the various tasks between cores using

GNU Parallel [O11].

Remark 5.13. To further speed up the computation, we also computed partial derivatives of
E t~ F[Prob(0, )] — a-SDP(f) with respect to the biases and pairwise bias, and skip a region
entirely if we find that one of the partial derivatives is strictly positive or strictly negative.
This is justified by the fact that the minimizer of E ¢ z[Prob(0, f)] — - SDP(6) will never be
in the interior of such a region. We stress that we only perform this optimization in regions
that are within the interior of the valid region defined by the triangle inequalities, since the

minimum could appear on the boundary.
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Algorithm 4 Interval arithmetic verification algorithm

procedure CHECKRATIO(I1, I, 11 2) > Returns a Boolean value
if CHECKVALIDITY(/1, I3, 11 2) = FALSE then
return TRUE
I <~ INTERVALARITHMETICEVALUATE(I1, I2, I 2).
if 7 C[0,00) then
return TRUE
else if I C (00,0) then
return FALSE
else
if |11 = max(|1], [12], [11,2[) then
Split I into two equal-length sub-intervals I} = I { ulj.
return CHECKRATIO(I!, I, I 9) A CHECKRATIO(I], I3, I1 9)
else if |I5| = max(|I1|, |I2],|]12|) then
Split I into two equal-length sub-intervals I9 = I% ulis;.
return CHECKRATIO(I1, I}, I 9) A CHECKRATIO(I1, I3, I1 9)
else
Split I 9 into two equal-length sub-intervals I 9 = ]{72 U ]{72.

return CHECKRATIO([1, I3, I{ 9) N CHECKRATIO(I1, I2, I{ 5)

We obtain the following lemma.

Lemma 5.14. F achieves an approximation ratio of 0.87448 on all DI-CUT configurations

with completeness at least 10~4,

Note that in the lemma above there is a requirement on completeness in the next subsec-
tion. As we discussed, interval arithmetic in general cannot certify nonnegativity of a func-
tion which attains 0. Unfortunately, the function that we care about, E ¢ z[Prob(0, f)] —a-
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SDP(0), does attain 0, regardless of the choice of r, as the following proposition shows.

Proposition 5.15. Let 0 = (b;,bj,b;j) be a DI-CUT configuration with b; = b; = b and
p(0) = 1. Then for any f,
Prob(d, f) = SDP(A) = 0.

Proof. Since p(0) = 1, we have b;; = b;bj + py/1 — b%, /1 — b? =4+ (1-0b*) =1and

1—|—bi—bj—b2'j_1—|—b—b—1_
4 N 4 N

SDP() = 0.

For soundness, we have Prob(0, f) = ®_,(f(b;), —f(b;)) = ®—p(f(b), —f(b)). Since p =1,
this is equal to PTXNN(()J)[X < fh)N =X < —f(b)] = PTXNN(O,l)[X = f(b)] =0. O

Luckily, on configurations with small completeness, it is known that independent round-
ing, which assigns true to each variable independently with probability 1/2, does very well.
Indeed, this rounding scheme achieves satisfies the DI-CUT constraint with probability 1/4
on every configuration. This implies that F combined with the independent rounding will

achieve a good approximation ratio over all DI-CUT configurations.

Proof of Theorem 5.12. Consider the rounding algorithm where we use the THRESH round-
ing scheme F with probability (1 —107°) and independent rounding with probability 107°.
We show that this algorithm achieves a ratio of 0.87447 on all configurations of DI-CUT.
Let 6 be a DI-CUT configuration. If SDP() > 1075, then by Lemma 5.14, we achieve
a ratio of at least 0.87448 x (1 — 107°) > 0.87447. If SDP(6) < 1079, then independent
rounding contributes a soundness of 0.25 x 107° = 2.5 x 107 > 0.87447 - SDP(#). O

Remark 5.16. In a subsequent version of [BHPZ23|, the use of independent rounding in
the proof of Theorem 5.12 is replaced with a more careful analysis of the behavior of the
algorithm on the small-completeness configurations, and consequently we no longer lose 107°

in the verified ratio.
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CHAPTER 6
7/8-HARDNESS FOR MONOTONE MAX NAE-SAT

In this chapter, we study the MAX NAE-SAT problem, which can be thought of as a sym-
metrized and harder version of the MAX SAT problem. We prove that obtaining a 7/8-
approximation for MAX NAE-SAT is UG-hard. We then extend this result to its monotone
version, where variable negations are not allowed. This chapter is based on [BHPZ21| which

appeared in SODA’21 and its extended version.

6.1 The MAX NAE-SAT Problem

MAX NAE-SAT can be thought of as a symmetrized and harder version of MAX SAT. For
any MAX SAT constraint, the only non-satisfying assignment is the all-false assignment,
whereas for a MAX NAE-SAT constraint, there are two non-satisfying assignments: the
all-true assignment and the all-false assignment. This makes the two truth values symmetric

for MAX NAE-SAT. More concretely, we have the following well-known proposition.

Proposition 6.1. There exists an approximation-preserving reduction from MAX {k}-SAT
to MAX NAE-{k + 1}-SAT.

Proof. Let ® be a MAX {k}-SAT instance, with variable set V' = {z1, ..., 2y} and constraint
set C = {C1,...,Cp}. We construct a MAX NAE-{k + 1}-SAT instance ¥ as follows. The
variable set of ¥ will be V/ = V U {xp}. For any clause C; = ORy(li1, -4 ), we
create a clause C’Z( = NAE;1(20, 4,1, -, ;). We then take the constraint set of ¥ to be
C'={C1,...,Cy,}. Given any solution to ¥, we may assume zg = 1 (false) since NAEy ¢

is an even predicate, and with this assumption we have that

C; is satisfied <= There exists a true literal in C;

<= CZ( is satisfied.
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It follows that this reduction is approximation-preserving. O

By allowing clauses of arbitrary length, the same reduction in the above proof also implies

the following proposition.

Proposition 6.2. There exists an approximation-preserving reduction from MAX SAT to

MAX NAE-SAT.

For this reason, if there is a 7/8-approximation algorithm for MAX NAE-SAT, then
it would also imply the existence of a 7/8-approximation algorithm for MAX SAT. It is

therefore very natural to ask whether such an algorithm exists for MAX NAE-SAT.

Question: is there a 7/8-approximation algorithm for MAX NAE-SAT?

One glimmer of hope is that tight approximation algorithms are known for MAX NAE-
{k}-SAT, for every k > 2, under the assumption of Unique Games Conjecture and/or P is

not equal to NP, and all of them have approximation ratios at least 7/8:

e When k£ = 2, it is known that there is an algorithm achieving an approximation ratio of

agw ~ 0.8786 [GWI5|, but achieving agyy + € for any € > 0 is UG-hard [KKMOO7].

e When k£ = 3, it is known that there is an algorithm achieving an approximation ratio

of aNAE, =~ 0.9089, but achieving anaf, + € for any € > 0 is UG-hard [BHPZ21].

e When k£ > 4, taking a uniformly random assignment gives an approximation ratio of

1/25=1 and achieving 1/2~1 + ¢ for any € > 0 is NP-hard [Ha01].

However, it turns out that assuming UGC (or at least that unique games is hard), there

is no 7/8-approximation algorithm for MAX NAE-SAT.

Theorem 6.3. It is UG-hard to approzimate monotone MAX NAE-{3,5}-SAT (i.e., the
version of MAX NAE-SAT with clauses of length € {3,5} and no negated literals) with a

ratio better than w ~ (.8739.
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This chapter will be organized as follows. In Section 6.2, we describe the RPR? rounding
family which contains the optimal rounding algorithm for MAX NAE-SAT and monotone
MAX NAE-SAT. In Section 6.3, we introduce moment functions of RPR? rounding schemes
and prove several useful properties about them. As a warm-up, we then prove the hardness
result for MAX NAE-SAT (with negated literals) in Section 6.4. Finally, we prove the result
for monotone MAX NAE-SAT in Section 6.5. The proofs in Section 6.4 and Section 6.5 are
obtained via showing limitations of RPR? rounding schemes. We will also give a construction
for a explicit family of gap instances that achieve the same result in Section 6.6.

Before we proceed further, we recall the following Fourier expansion for not-all-equal

predicates.

Proposition 6.4. The Fourier expansion of NAEg : {—1,1}F — {0,1} is given by

NAEk(Il, .. ,xk) = Z mk(s) H Ty,
SClk] €S

where 1\TA\E]€(®) =1- 2,6%1, @k(S) =0 if |S] is odd, and @k(S) = —Qk%l if S| is
even and at least 2.

We explicitly write down the Fourier expansions when £ = 3 and k = 5, which will be

needed in the following sections.

3—T1X9—T1X3—ToX
d NAE3(£E1,:1:2,$3) = 122 41 47203

9

15— 1 <icj<5 TiTj—D_1<i< j<k<l<s TiljTETL
o NAE5(z1,29,...,25) = =15Jo 6 = .

6.2 Rounding Schemes for MAX NAE-SAT

In this section we introduce RPR? rounding schemes and argue that for MAX NAE-SAT
it is sufficient to consider these rounding schemes only. These rounding schemes were first

formulated and named (RPR2 is short for “random projection, randomized rounding”) by
7



Feige and Langberg [FL0O6]. A RPR? rounding scheme chooses a function f : R — [—1,1],

which is referred to as a rounding function, and performs the actions described in Algorithm 5.

Algorithm 5 RPR? rounding scheme with rounding function f : R — [—1,1]

Input: vq,..., v, € R™ unit vectors obtained by solving the Basic SDP
Output: z1,...,2, € {—1,1} rounded Boolean assignment to the variables
r < N(0, 1)
for i < 1 ton do

t; <1 -V;

x; = 1 with probability %(ti), and x; <~ —1 with probability %(m

It can be casily seen that RPR? generalizes hyperplane rounding, which is simply RPR?2
using the sign function as the rounding function. In fact, we can easily generalize RPR2

even further, by using a higher dimensional rounding function.

Algorithm 6 RPR2 rounding scheme with rounding function f : R% — [—1, 1]
Input: vq,...,v, € R™ unit vectors obtained by solving the Basic SDP

Output: z1,...,z, € {—1,1} rounded Boolean assignment to the variables
for j < 1tod do

for i < 1 ton do
for j < 1toddo
ti,j<_vi'rj

_f(ti,la"' 7ti,d)

byt : L1
M, and x; - —1 with probability ———5——=%.

. . 1
x; < 1 with probability *

We now compare Algorithm 6 with the brute-force rounding scheme described in Chap-
ter 3. The brute-force rounding scheme there can be thought of as a variation on Algorithm 6,

where we are allowed to choose the best f after seeing the projections ¢; ; (the dimension
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d has to be chosen beforehand). This gives the rounding algorithm extra power. Indeed,
Algorithm 6 as written does not have access to v, which is crucial for the rounding of many
problems including MAX SAT. However, if we are allowed to choose f after projecting the
vectors, then we may choose some f that has the "built-in" knowledge of v( - r; as well,
which, if d is sufficiently large, essentially give us all information on v. However, for MAX
NAE-SAT, since the predicates are even, the Basic SDP can be assumed not to be biased
toward either 1 or —1, and v does not play a role in the rounding algorithm at all. For this
reason, Algorithm 6 does capture the full power of the brute-force rounding scheme in the

case of MAX NAE-SAT. We formally prove it in the following lemma.

Lemma 6.5. Let ¢ > s >0 and ® be a MAX NAE-SAT instance with the following proper-

ties:
e SDP(®) > ¢, and

o for all f, Algorithm 6 with rounding function f satisfies at most s fraction of the

constraints in expectation,
then it is UG-hard to approzimate MAX NAE-SAT within a ratio of s/c+ € for any € > 0.

Proof. Fix ¢ > 0. Let d > 0 be a large integer to be chosen later, and vy,...,v, € R"
be an SDP solution to ® that achieves the completeness c. Let B¢ be an e-net on the unit
sphere in R ie., a partition of the unit sphere such that any two vectors that belong to the
same piece of B¢ have f9 distance at most €. Let us now construct another MAX NAE-SAT
®’ instance. The variables of ® will be the pieces in B.. The constraints of ® will be

constructed in the following way:
e sample a constraint P(z;,,...,7; )~ ®,

e sample i.i.d. standard Gaussian vectors rq,...,rgy € R"”
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e for j € [k], compute u; = \/Lg(vij Ty, Vi Ty € R?, and let pj be the piece in Be

that is closest to u;.

o if [u;-uy — Vi, -vi,| < efor every j,{ € [k], then output the constraint P(py,...,pp),

otherwise we output some dummy clause.

Note that although ®' is described using probabilistic terms, it is fully deterministic since the
probabilities translate to the weights on the clauses. Using the same arguments in [RS09|,
we can show that [SDP(®') — SDP(®)| < ¢ if d is sufficiently large. On the other hand, any
good assignment to ® automatically induces a rounding function f with which Algorithm 6

achieves the same satisfying fraction (within o(1)) on ®. O

In the following, we will refer to Algorithm 6 with function f as RPR2 scheme with
function f. The following lemma shows that when negations are allowed, we only need to

consider RPR? schemes with odd f.

Lemma 6.6. Let f : RY — [—1,1] and f°44(z) = (f(x) — f(—x))/2 be its odd part. For
any MAX CSP, the worst case performance of the RPR? scheme with f' is at least as good

as the RPR? scheme with fOdd |

Proof. Consider an arbitrary MAX CSP and let ® be a worst-case instance for Round .
Observe that the Roundy procedure is equivalent to the following: independently for every
variable x;, with probability 1/2 apply the rounding function f on v;, and with probability
1/2 apply the rounding function f on —v; and flip the result. Observe further that by
replacing v; with —v; and flipping the outcome, we are essentially applying f to a new
instance with —z; in place of z; in ®. This implies that the value of Round on @ is an
average of 2" values (n is the number of variables in ®) where each value is Round evaluated
on an instance obtained by flipping some variables in ®. It follows that in some of these

instances Round f has a value as bad as the value of Round 1 on d. O
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6.3 Moment Functions of RPR? Rounding Schemes

In this section, we define moment functions of RPR? Rounding Schemes, which will be an
indispensable tool for us to analyze the performances of these rounding algorithms. We then

state and prove a few lemmas about the moment functions that are needed in our analysis.

Definition 6.7. For any k > 2, we say that (b; j)1<;<j<k is a tuple of valid pairwise biases

if there exist unit vectors u(1>, e ,u(k) such that b; ; = u® .l for every 1 <i<j<k.

Definition 6.8. Let f : RY — [<1,1],p € [0,1], k € N*. Let (bij)1<i<j<k be a tuple of

valid pairwise biases. We define

FLlfl(b12,013,- - bp—1 ) = E [f <X(1)> o f (X(k))} :

x(1) (k)
Here x(l), e ,X(k) are d-dimensional standard Gaussian vectors such that x(9) and x() are
bm—correlatedl. When by o = b1 3=... =bp_1 = p, we will write F}.[f](p) as a short hand
for F[f](b1,2,01,3,---,bp—1). When k = 1, the moment function has no input and we have

Fi[f] = Ex~n(0,1,)lf (x)]. We will write By n(o,7,)[f (x)] as E[f] if the context is clear.

k) in the above definition is by

Note that one way to generate the vectors X(l), e ,X(
taking u(l), ceey u®) from the definition of valid pairwise biases and d independent standard
Gaussian vectors r(l), e ,r(d) and letting x(1) = (r(l) -u(i), e ,r(d) -u(i)). These are exactly
the vectors generated by the RPR? rounding scheme with function f. In other words, moment
functions describe the expected values of monomials where each variable in the monomial is
the rounded value output by the given RPR? rounding scheme.

The first lemma we need is the following simple result concerning the case in which there

is one vector that’s orthogonal to all other vectors.

1. We say that two d-dimensional standard Gaussian vectors x and y are p-correlated if the correlation

1 ply
plg 1g )’
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Lemma 6.9. Let [ : R — [-1,1],p € [0,1], k € N*. Let (bij)1<i<j<k be a tuple of valid

pairwise biases. If b; ), =0 for every 1 <i <k —1, then

Frlfl(b1,2,013, - bp—1%) = F—1[f1(b1,2,01.3, .- -, bp—2,1—1) - E[f].

Proof. By definition we have

Fr[fl(b1,2,013, -, bp—1k) = L E o [f (X(1)> o f (x(k))} .

X )X

k)

where x(l), e ,x( are d-dimensional standard Gaussian vectors such that x(©) and x(/) are

b; j-correlated. If b; ) = 0 for every 1 <4 < k — 1, then x(%) is independent from all other

vectors, and it follows that

" E o [f (X(1)> L f (X(k))} - B . [f (X(l)) L f (X(kfl)ﬂ X%) [f (X(k)ﬂ

X0,
= Fr_1[f](b1,2,013, -, bp—2 k1) - E[f]. O
The following corollary is immediate.

Corollary 6.10. Let f : R? — [~1,1],p € [0,1], k € NT. Let (b; j)1<i<j<k be a tuple of

valid pairwise biases. If [ is an odd function and b; j, = 0 for every 1 <i <k —1, then

Fr[fl(b1,2,01.3,- -, bp—14) = 0.
Proof. f being an odd function implies that E[f] = 0. The corollary then follows directly
from Lemma 6.9. O

The next lemma gives us an alternative expression for the moment function when the

input biases are all equal and non-negative.
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Lemma 6.11. Let f : RY — [—1,1],p € [0,1], k € NT. We have

Flfllp)= E ){(U\/ﬁf(x)>k].

x~N (0,1,

Proof. By definition,

Flfin= E (£ (M) p ()]

k)

where x(l), . ,x( are d-dimensional Gaussian vectors such that each x(¥) ~ N (0,1,), and

x() and xU7) are p-correlated for 1 < i < j < k. One way to generate such a distribution is

by having k + 1 independent d-dimensional standard Gaussian vectors u, 6(1), e ,(—:(k), and
setting x(0) = Voru+/1—p- e for 1 < i < k. It follows that
F, — MY... (k)
e = B () (x )]
: (2)
= f 1l—0p-€
el o [L7 (7 VI etl)
_ — . €l
; n 1m0
—E (U f (U))k - O
u [\ VP

k k
We will write Ex.n(0,1,) [(U\/ﬁf(x)> ] as E {(U\/ﬁj) ] if the context is clear.

Corollary 6.12. Let f : R% — [<1,1],p € [0,1]. We have

Fulf1(p) > Folf](p)*.

Proof. By Lemma 6.11, we have Fy[f, f,. .., fl(p) = E {(Uﬁf)‘l} and Bo[f, f,..., fl(p) =
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2
E [(U VP f) } . The corollary then follows from Jensen’s inequality. ]

Given a function f : RF — [—1,1], we will use fodd ¢4 denote its odd part, defined by
vV w, and V" its even part, defined by v — w Clearly, feven, podd .

R¥ — [~1,1] and f = feven 4 fodd,
Lemma 6.13. Let f: R — [—1,1],n € [0,1], k € N*. We have
By |k/2] I 2 o
E [(Unf) ] - z—% (22) -E |:<Unf0 > (Unfeven) .

Proof. Tt can be easily seen from the definition of Uy, that it is a linear operator, so Uy f =
Uy, fodd 4 U, [V, Lemma 6.13 is then a simple consequence of the binomial theorem, plus

the fact that any term that contains an odd power of U, Fodd will have zero expectation. [

To end this section, we remark that F5 coincides with the notion of noise stability,
which has been studied previously and is well understood. Indeed, we have the following

characterization:

Lemma 6.14 (c.f. [OWO08|). Let p € [-1,1], f : R¥ — [=1,1]. Then there exist constants

co(f),e1(f)s ... such that Fa[f](p) = 375 ¢i(f)* - p".
Corollary 6.15. Let p € [—1,1], f: RF — [=1,1]. If f is even, then Fy[f](p) > 0.

Corollary 6.16. Let p € [—-1,1], f: RF — [=1,1]. Then

B[ f](p) = Folf](|p]) + sign(p) Fa[ 24 (|p]).

Proof. By Lemma 6.14, we have Fa[f](p) = 3520 ci(£)*p", Falf*™)(p) = 32 oven €i(£)*+,
B[4 (p) = 3 gaqci(f)? - pt. The proposition follows by observing that Fp[feVe1)(p) =

Fy[f(|p|) and Fo[fo4](p) = sign(p) F[ o1 (|]). O
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6.4 7/8-Hardness for Non-Monotone MAX NAE-SAT

In this section, we present a construction of hard-to-round SDP solutions. As a warm-up, we
will first show in Theorem 6.17 that this construction is hard to round as MAX NAE-SAT
configurations, i.e., when the rounding schemes have to choose an odd f. We will show in
the next section that actually this construction is hard to round even as monotone MAX

NAE-SAT configurations, in which case f can be arbitrary.

Theorem 6.17. It is UG-hard to approximate MAX NAE-{3,5}-SAT (i.e., the version of
MAX NAE-SAT with clauses of length € {3,5}) with a ratio better than MFZL) ~ 0.8739.

We will use the following pairwise biases in the SDP solution: (—%, —%, —%) for NAEg
and <%, %, %, %, %, %, 0,0,0, 0> for NAE5. We show that these pairwise biases “fool” the Basic
SDP (has completeness 1) but are in fact very difficult to round.

Lemma 6.18. Let ® be a MAX NAE-{3,5}-SAT instance whose 3-clauses all have pairwise

biases (b1 ,2,b1,3,b23) = (—%, —%, —%) and 5-clauses all have pairwise biases (b1 2,b13,...,bsy5) =

Proof. 1t suffices to show that for every clause, there exists a distribution of satisfying as-

signments that agrees with the pairwise biases.

e 3-clauses. The uniform distribution on {(1,1,—1),(1,—1,1),(—=1,1,1)} has the same

pairwise biases.

Probability | x1 | z9 | x3
1/3 1 |-1|-1
1/3 1] 1 | -1
1/3 —1]-1] 1

e 5-clauses. The following distribution on satisfying assignments has the same pairwise

biases.
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Probability | x1 | xo | 23| x4 | x5
1/6 -1 1 1 1 1
1/6 1] -1 1 1 1
1/6 1 1] -1 1 1
1/6 1 1 1] -1 1
1/3 1 1 1 1] -1

Note that although these distribution don’t have zero biases, we can easily transform them

into ones that do by taking the negations of the assignments. O

Lemma 6.19. Let ® be a MAX NAE-{3,5}-SAT instance with completeness 1, and A a

distribution of assignments to ®. If the following conditions hold for some Fy, Fy € [0,1],

1. The expected fraction of 3-clauses satisfied by A is at most 3——515&,
. . . 15—6F>—F)
2. The expected fraction of 5-clauses satisfied by A is at most =—=——Fg—*,

3. Fy > F2,

then by possibly re-weighting the clauses in ® we can obtain another instance ® with com-
pleteness 1 such that the expected fraction of clauses satisfied by A on ®' is at most w <

0.8739.

Proof. Let p € [0, 1] be some parameter to be chosen later. We construct ® by taking the
distribution where we choose a random 3-clause from ® with probability 1 — p and choose
a random 5-clause from ® with probability p (here we think of weights on the clauses as

probability weights). Then the expected fraction of clauses in ® satisfied by A is at most

3+3F2+ 15 —6F — Fy 12+ 3p+ (12 — 18p) Fy — pFy

1 P 16 16
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Since Fy > F22, this is at most

6—9p)2 6-9p)\ 2
12+3p+(12—18p)F2—pF22_12+3p+—( p) —P(FQ——( )>

p
16 16
36
< 84p + D
- 16

Taking the derivative with respect to p, we get that this expression is minimized when

1 gq _ 36y ' — 3 3
i (84 pg) = 0, which happens when p = NoR When p = NIk

84p + 35 o  12vaT412v21 o 3(v21-4)

16 16 2 ’

and this completes the proof. O

Theorem 6.20. A 0.8739-approzimation for MAX NAE-{3,5}-SAT (clauses of size 3 and

5) is UG-hard, even when the instance has completeness 1 — €, for e > 0 arbitrarily small.

Proof. Let ® be an instance that satisfies the conditions in Lemma 6.18. Note that such an
instance always exists, since we can take one 3-clause and one 5-clause on disjoint variables.
We first analyze how an RPR? scheme with odd f performs on the SDP solution described

in Lemma 6.18. Recall that we have the Fourier expansions:

3 —x1T9 — T1T3 — ToT3
4 )
15 = 31 <icj<s TiTj — Doi<icj<k<l<s TiljTET]
16 '

NAE3(z1,z9,23) =

NAE5 (21, x9, 23, 24, 5) =

Using this, we make the following observations:

1. If we have a 3-clause NAE3 (1, 29, 23) where by o = by 3 =bg 3 = —% then

E[NAEs (21, 79, 73)] = o BFQ[i“](—l/?») 3+ 3F24[f](1/3)'
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In the second equality we used the fact that f is odd and Corollary 6.16.

2. If we have a 5-clause NAE5(z1, 29, 23, 74, 75) where by o = b1 3 =b1 g4 = by3 =bo 4 =
b3a=%and by 5 =by5=bos=bg5=by5=0then
15 — 6F3[f](1/3) — Fu[f](1/3)

E[NAE5(z1, x2, 23, 24, 25)] = T .

Here, all moments that contain the 5th variable evaluate to 0 due to Lemma 6.9.

We can now apply Lemma 6.19, with Fy = Fb[f](1/3), Fy = Fy[f](1/3), A being the distri-
bution of assignments induced by the RPR2 scheme, to obtain another instance ® such that
the expected satisfied fraction by the RPR? scheme on @ is at most w < 0.8739.

The theorem now follows from Lemma 6.5 and Lemma 6.6. O

6.5 7/8-Hardness for Monotone MAX NAE-SAT

In this section, we extend the analysis in the previous section to monotone MAX NAE-SAT,
i.e., when negated literals do not appear in the instance. The only difference here is that
now the RPR? rounding scheme doesn’t need to use an odd f.

Let p = % For the soundness of the 3-clause, we have

3 — 3F24[f] (_p>‘ (61)
For the soundness of the 5-clause, we now have
15— 6531f] (p) — 4F2[1(0) ~ Filf1(p) — 4F4[f)(p.p..0.0.0) 62)

16

We will show that both (6.1) and (6.2) increase if we replace f with its odd part f0dd.

This is spelled out in the following lemma.
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Lemma 6.21. Let f : RF — [—1,1] and p € [0,1]. Then the following inequalities hold:

(a) 3—3F2£f](—0) < 3_3F2[fzdd](_p) .

(b) 15—6F3[f](p)=4F3[f](0) = Fu[f](p) =4 F4[f](p.p.p.0.0.0) _ 15—6F3[f°I%)(p)—Fa[f*!](p)
6 = 16 :

Note that this lemma immediately implies that the analysis in the previous section works
for monotone MAX NAE-SAT as well.

The remainder of the section will be denoted to the proof of Lemma 6.21. It will be seen
that part (a) of Lemma 6.21 is straightforward to prove, but part (b) is trickier, mostly be-
cause of the term Fy[f](p, p, p,0,0,0) which can be either positive or negative. Our strategy,
roughly speaking, is to show that the gain in other terms more than compensates for what’s
potentially lost in Fy[f](p, p, p,0,0,0). To implement this, we first write down explicitly how

these terms change if we replace f with its odd part.
Proposition 6.22. Let f : R¥ — [—1,1] and p € [0,1]. We have the following equalities:
(a) Filf1(p:p:p.pp:0) = E[(U M) | +E [(U oot |46 B [(U 5002 (U preem?).
(b) 6F11] (p) + 4Fa[f](0) = 6 E [ (U 5/°4)2] + 6 [(U 5 1eve0)2] + 4RI/ 2.
(¢) Filf)(p. p:p,0,0,0) = E[f)-(E | (U /" (3))*| +3E [U ;5 (x) - (U 54 (x))?] ).
Proof. For (a), by Lemma 6.11, Fy[f)(p. p, p,p. p.p) = E | (U /5f)"]. By Lemma 6.13,

E [(Uﬁf)ﬂ ) [(U\/ﬁfodd)zl] I [(U\/ﬁfeven)él] + (;l) ‘K [(U\/ﬁfodd>2(U\/ﬁfeven)2] _

Part (b) follows directly from Lemma 6.11 and Corollary 6.16.

For part (c), by Lemma 6.9, we have
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By Lemma 6.11, we have F3[f](p) = E [(U\/ﬁf(x))ﬂ Again, by Lemma 6.13,

E|(Upf ()] = E[(U 5 0)| +3E [U 5/ %) - (U 5 x)?] . O

We now show that

Proposition 6.23. Let f : R — [—1,1] and p € [0,1]. We have

(a) E[(U 52U 52| + B2 = 2B E (U002 U prever]

(b) EL12 + Folf)(p) 2 2BIf]- B |(U, preveny?] .

Proof. For part (a), note that for any random variables X and Y we have E [X 2(y — E[Y])Q} =
E[X?Y?] + E[X?|E[Y]? — 2E [X?Y]E[Y] > 0, and by letting X = U ;!4 and ¥ =

U P FEVE we have

E (U\/pded)2(U\/pfeven)2] + E[f]Z > [(Uﬁfodd)2(U\/ﬁfeven>2] +E |:<U\//3f0dd)2:| E[f]2
> 2E(7) B [(U 5 U o]

By considering E [ X 2(v + E[Y])Q}, a similar argument shows that
E [(U\/ﬁfodd)2(U\/ﬁfeven)2} + E[f]2 > 9 E[f] ‘K [(U\/ﬁfodd)2 . U\/ﬁfeven] ‘

Thus, part (a) follows. For part (b), we have

‘E [(U\/ﬁfeven)?)} ‘ <E UUﬁfeven 3]
< & (U] < ETG
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Here we have used the fact that |U N fver < 1. It follows that

2El/]-E [(U 5] | < REIVERT0)| <Y+ BI(p). O
We are now finally ready to prove Lemma 6.21.
Proof of Lemma 6.21. The first part follows from Corollary 6.15 and Corollary 6.16:

3= 3B[f](=p) _ 3= 3B (p) + 3F(°] (p) _ 3+3R[f*1] (p)
4 4 - 4 '

For the second part, by Proposition 6.22 we have

15 — 6F5[£°4) (p) — Fy[£°49)(p)
16
15 =6F[f] (p) — 4FR[f1(0) — Fu[f](p) — 4F4[f](p, p. p,0,0,0)
16

| SE[(U /| + 4B +E (U5 + 6B [(U (U )]

1Bl7]- (E[(U o)) + 3]; G[SU\/pfeven(X) (U 5% 02 )

2E (U 57| +SE[f)? + 6 E [(UiifoddF(UﬁfeW“)?}

1l (B[(U,5 feven<x1§3] +3E [U /() - (U /" (0))?))

2B (U572 +2E[/]? + 4EL/] ~11E6[<Uﬁfeven<x>>3}

6F [(Uﬁfoddﬁ(uﬁfleien)?] +12E[f] - E U 5/ () - (U 54 (x))2] + 6 E[)2
16

+

>

+

+

> 0.

- ?

Here in the first inequality we used E [(U\/ﬁfe"en)ﬂ > E[f]? and E [(U\/ﬁfeven)ﬂ >0

while in the second inequality we used Proposition 6.23. O
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6.6 Constructing an Explicit Gap Instance

In this section, we explicitly construct a family of gap instances whose integrality ratio tends
to w ~ 0.8739. Let {e; | i € [n]} be the canonical basis of R". Consider the subset
of R™ containing vectors that have exactly three nonzero coordinates, each being 1/4/3 or

—1/\/§, namely

{ bie; + bgej + b3ey,
Vn -

bi,bo, b3 e {—1,1},1<i<j<k<ng, .
7 1,02,b3 € {—1,1} J }

Note that V}, is closed under vector negation. For every v € V,,, we assign a Boolean
variable zy € {—1,1}. In the following we will assume xy = —x_y and prove the result
for MAX NAE-SAT, but this assumption can be removed and the result strengthened to
monotone MAX NAE-SAT, as explained in Remark 6.34. We will define a MAX NAE-SAT
instance ® with variables xy such that assigning v to xy is an SDP solution with perfect

3(v/21-4)

completeness, while any integral solution has value at most ==%5— as n tends to infinity.

Definition 6.24. We define C3 to be the set of 3-clauses of the form NAE(zv,, Zv,, Zv;)

where

(s1€5, — s2€;, + 54€;,)

—_
5
I
Sl

B

1
2. vy —(Sgei2 — 53€j5 + 8582'5)
3. v3 = —(s3e;, — s1€j, + S¢ei,)
- V3 V3 3€i3 1€4q 6Cig
for some distinct indices i1, ...,ig € [n] and signs sq1,...,s6 € {—1,1}.

Definition 6.25. We define C5 to be the set of 5-clauses of the form NAE(2v,, vy, Tvy, Tv,, Tvs)

where
L. For all j € {1,2,3,4}, v; = \/Lg(sleil + s95€4y; + 32j+1ei2j+1)
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1
2. v5 = —;(s10@iy + 1180y + 512€0))
for some distinct indices i1,...,i12 € [n] and signs sq,...,s19 € {—1,1}.

Remark 6.26. These sets of clauses are designed so that the pairwise biases for the 3-clauses

Y

,—%) and the pairwise biases for the 5-clauses are (3, 3, 3, 3, 3, 3,0,0,0,0).

=
=

are (—

Definition 6.27. Let ® be the MAX NAE-{3,5}-instance with variable set {Xy | v € Vj;}
3

V2

(&

and clause set C3UCs, where every clause in C3 has weight and every clause in Cy has

: 3
weight Nk
Theorem 6.28. For any integral solution to ®, the weight of the satisfied clauses is at most

30214 4 oLy,

Proof. To analyze the weight of the satisfied constraints for a given solution, we consider the
following distributions.

Definition 6.29. For every k < n/2, we define Dy, to be the following distribution over V;¥:

1. Sample 2k + 1 distinct indices 41,42, ..., 49511 € [n] uniformly at random.

2. Sample 2k + 1 independent random coin flips by, ..., bop 1 € {—1,1}.

3. For every j € [k], let v; = %(bleil + bajeiy; + b2j+1ei2j+1). Return the k-tuple

(V1,Va,..., VL)
Informally speaking, this distribution samples k£ vectors from V}, of “sunflower shape” in

the sense that all of them share exactly one index on which they are nonzero.

Definition 6.30. Given an assignment, we let

= E [xvll'VQ] , Fy= E [xleszvsszl] :
(vi,v2)~Do (V1,v2,v3,v4)~Dy

Remark 6.31. Here Fy and Fj come from an actual assignment rather than a rounding

scheme, but they play the same role in the argument.
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Proposition 6.32. Given an assignment, the proportion of 3-clauses which are satisfied is

% and the proportion of 5-clauses which are satisfied is %.

Proof sketch. This can be shown by expanding out each constraint as a polynomial. O]

By Lemma 6.19, if we had that Fy > F22 then we would have that the total weight of
the satisfied clauses is at most w Instead, we show that Fy > F22 — O(%) Adapting
the argument in Lemma 6.19 accordingly, this implies that the total weight of the satisfied

3(v/21-4)

; 1
clauses is at most =~5—= + O().

Lemma 6.33. For any assignment,

Fy ZFQQ—()(%) .

Proof. Let k = |n/2] —1 < n/2. Sample (vq,...,vE) ~ Dj. Note that the marginal
distribution of any pair of these vectors is exactly D9 and any 4 vectors exactly Dy. Now let

X=> ;“:1 Tv;. By Jensen’s inequality
4 27\ 2
E[X™] — <E[X ]) > 0.

We have that

2 k

k
E [XQ] =k ZXW - ZE[X‘QIJ + ZE[XWXV]-] =k+k(k—1)F,.
=t =1 i#]

Here we used the fact that Xy, € {—1,1} and X‘Q,i = 1. Similarly we can compute

k 4
E [X‘*] —E | [ S Xv, | | =3k =2k + k(k — 1)(6k — 8)Fa + k(k — 1)(k — 2)(k — 3)F} .
=1
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Plugging in these two expressions to the inequality above, we get

3k% — 2k + k(k — 1)(6k — 8)Fy + k(k — 1)(k — 2)(k — 3)Fy — (k4 k(k — 1)F)% > 0.

Our lemma follows by shifting terms. dividing both sides by k(k — 1)(k — 2)(k — 3), and

using the fact that k = ©(n). O
O
Remark 6.34. As mentioned earlier, we can remove the constraint rv = —x_y and treat

the instance as a monotone MAX NAE-SAT instance. Then, the proofs in Section 6.5 will
go through with %Zle Ty, playing the role of U\/ﬁf, where (vi,...,V}) ~ D} as in the
previous lemma. The computation will stay essentially the same, with an error term that

goes to 0 as n goes to infinity.

A natural question is whether there exists an assignment such that the weight of the

3(v21-4)

satisfied constraints is at least —————=. If no such assignment exists, then it would be pos-
sible to further improve the upper bound. However, we show that for this set of constraints,

our analysis is tight and there exists an assignment such that the weight of the satisfied

3(v21-4)
ave—

constraints is at least . That said, there may be another set of constraints which

gives a better upper bound.

3(v21-4)
v

Theorem 6.35. There is an assignment that satisfies a -fraction of the clauses in

.

3(v21-4)

Proof. Tt suffices to show there exists a probability distribution that satisfies ————=-
fraction of the clauses in ® in expectation. From the proof of Lemma 6.19 it can be seen

3(v/2T-4)
3(v21-4)

that in order for a solution to achieve it suffices to have Fy = 2¢/21 — 9 and

Fy = F22 We verify this as follows: given that Fp = 24/21 — 9 and Fy = F22, on 3-clauses
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we achieve a ratio of

3+3F _3+3-(2v21-9) 3(v2l-4)

4 4 ’

and on 5-clauses we achieve a ratio of

15— 6Fy — Fy 15 —6(2v/21 —9) — (2v/21 — 9)?
16 16
15 — 6(2v/21 — 9) — (165 — 364/21)

16
3 (V21 —4)
——

Let us now consider the following rounding algorithm: if v has 3 positive coordinates, round
Xy to 1 with probability p; and —1 with probability 1 — py; if v has exactly 2 positive
coordinates, round Xy to 1 with probability po and —1 with probability 1 — ps; if v has
less than 2 positive coordinates, we let Xy = —X_y. We need to analyze the quantity
Evy,...vp~Dp [ Xvy -+ Xy ] for k=2 and k = 4.

Let (vy,...,VE) ~ D;. Recall that these vectors have a “sunflower” shape: they all share
a common non-zero coordinate and each vector has a “petal” of two non-zero coordinates.
Without loss of generality, assume that their common coordinate is positive. Then, every
vector independently has 3 positive coordinates with probability 1/4, 2 positive coordinates
with probability 1/2 and 1 positive coordinate with probability 1/4. So every variable Xy,

is rounding to 1 independently with probability

1 1 1 p1—p2+1
—. - i (lepy) =L P2
1Pt ety (1—p2) 1
So we have
—py+1 —py+1 —py—1
E[Xy,] = 21 22 _(1_271 ZQ >:p1 22?2
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and

p1—p2 —1)? p1—p2—1 4 2
= IESCE

Note that the range of F5 is [0,0.25] and 2v/21 — 9 ~ 0.165, so by setting p; and po

appropriately we can also have Fy = 24/21 — 9. This completes the proof. O
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