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ABSTRACT

Superconducting qubits, created using Josephson-based superconducting circuits, offer a
promising platform for quantum computing. These circuits have been successfully scaled to
hundreds of qubits. However, further scaling of superconducting quantum processors faces
challenges such as fabrication yield, frequency collisions, and chip-scale correlated errors
induced by cosmic rays. One potential solution is to interconnect small superconducting
quantum processors to form a quantum network, facilitating distributed quantum computing.
Several experimental results on superconducting quantum networks with various topologies
have been presented. These results pave the way for distributed quantum computing and

offer testbeds for various quantum communication protocols.
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CHAPTER 1
BUILDING BLOCKS OF SUPERCONDUCTING QUANTUM
NETWORKS

1.1 Introduction

Quantum technologies, e.g. quantum key distribution [1|, quantum computing |2, 3, 4, 5],
quantum simulation [6] and quantum sensing |7], make use of quantum mechanics to achieve
advantages in solving certain problems.

Quantum mechanics explains the behavior of nature at atomic and subatomic scales. The
state of a quantum system |[¢)) is represented as a vector in a complex Hilbert space, with
its time evolution governed by the Schrodinger equation. This evolution can be described
using a unitary operator applied to the quantum state, which is determined by the system’s
Hamiltonian. When the system is measured, the measured results will be an eigenstate of
the measurement basis.

The simplest quantum system is a two-level system, which has two eigenstates, denoted
as |0) and |1). The state of a two-level system can be written as a superposition of |0) and
I1): |¥) = «|0) + 5|1), where o and /3 are complex numbers that satisfy the normalization
condition |a|? + |82 = 1. The two-level system serves as the basic unit of information in
quantum computing, analogous to the binary bit in classical computing, and is known as a
qubit (quantum bit). By engineering the system’s Hamiltonian, various operations can be
implemented, which are treated as quantum gates. When multiple qubits are combined, the
Hilbert space of the entire system expands exponentially. By designing specific sequences of
gates, we can develop algorithms that provide significant speedup for certain computational
tasks |2, 3, 4, 5].

In practice, the system inevitably interacts with the environment, introducing noise and

causing errors in quantum gates. To protect qubits from noise, quantum error correction is
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employed, which encodes a logical qubit using multiple physical qubits [8]. To successfully
run the quantum algorithms and achieve speedup in solving practical problems (practical
quantum advantage), quantum error correction is essential.

Superconducting qubits made by Josephson-based superconducting circuits provide a
promising platform for quantum computing. These circuits have been successfully scaled
to hundreds of qubits |9, 10, 11, 12|. However, to realize a practical quantum advantage,
millions of physical qubits are needed [13, 14]. To further scale up superconducting quantum
processors, we arrive at challenges like fabrication yield, frequency collisions [15], chip-scale
correlated errors induced by cosmic rays [16, 17, 18, 19]. One potential solution is to con-
nect small superconducting quantum processors |20, 21, 22| to realize distributed quantum
computing 23, 24, 25, 26, 27|. This forms a quantum network [28], which can also be used
for multi-node quantum communication [29, 30|, distributed quantum sensing [31], etc.

Since 2018, there have been many efforts to build superconducting quantum networks,
including connecting transmon qubits 32, 33, 34, 35| or microwave cavities [36] with su-
perconducting cables, mounting superconducting quantum processors together using the
flip-chip technique [37, 38|, and converting the microwave photons to optical photons [39].
Spatially separated cryogenic systems have been built for superconducting quantum networks
[40, 41, 42]. In this thesis, we first introduce the foundational components of superconduct-
ing quantum networks and present various network topologies based on these components.
These results pave the way for distributed quantum computing and provide testbeds for
various quantum communication protocols.

In this chapter, we start with the quantization of a linear LC' circuit and introduce
the building blocks of superconducting quantum networks, i.e. quantum processing units —

transmon qubits and quantum communication channels — transmission lines.



Figure 1.1: Circuit for an LC' resonator.

1.2 LC circuit

1.2.1  Hamaltonian

Here we begin with the quantization of an LC' resonator [43]. The circuit is shown in Fig. 1.1.

Suppose the capacitor has charge ), the total Lagrangian L is

- _LQ2 0?2
L=T-U==""53

where Q = dQ /dt. The conjugate coordinate to @ is

o= a_; = LQ.
oQ
Using the canonical quantization, we have!
@, P] = ih.

By defining the creation and annihilation operators,

1. We will omit all the hats "~ on the quantum operators.

3
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The operators a and af satisfy the commutation relation:

[a,al] = 1. (1.6)
The Hamiltonian can be written as
: P2 Q2 P
_ L X Z 1.
H=3oQ - L 2L+2C' hwo(a a+2), (1.7)

where wy = 1/v/ LC, which is the same as the Hamiltonian of a harmonic oscillator.
Alternatively, we can choose the integral of the voltage at node ® in the circuit to be the

free parameter, defined as
t
O(t) = / dr V(7), (1.8)

—0oQ

which is also known as the node flux. The total Lagrangian £ becomes

0§ 92

=T — —_— . 1.
L U 5 o7 (1.9)
The conjugate coordinate to P is
oL .
=—=00. 1.10
Q=23 (1.10)

Following the same process of canonical quantization, we have

[©,Q] = in, (1.11)
o= %((%)‘l‘éﬂ(é)‘l@), (1.12)
of = \/%((%)%—i(é)‘l‘cg), (1.13)
la,al] =1, (1.14)
H_Qci>—c_§+%_mo(aw+%>. (1.15)



Figure 1.2: Circuits for coupled LC resonators: (a) capacitive and (b) inductive coupling.

From the above quantization process, we can see that the results of the quantization don’t
depend on the choice of the free parameter. For the following discussion, we will always
choose the node flux ® to be the free parameter to do the quantization, which is more

convenient for Josephson junctions.

1.2.2  Coupling

Next, we consider two coupled LC' resonators (see Fig. 1.2). We first consider capacitive
coupling where two LC' resonators are coupled with a capacitor Cy (see Fig. 1.2(a)). The

total Lagrangian L is

Olq>2 02<i>2 Cq, . P2 P2
L=—1 24 29D — $g)? - L - 2 1.16
5 T3 T3 (PP 9L, 2L (1.16)
The conjugate coordinates to ®; and 9 are
oL :
Ol _oa| _ |0t G G | (1.17)
Q2 (,foQ ~Cy O+ Cy| |Pg



The total Hamiltonian is

H=Q®1 +Qod £—1(0+C)<b2+1(0+0)<i>2 CcI><I>+(I)2+q)2
= W1¥1 22 ~ 9 1 g)*1 9 2 g)¥*2 gx1F2 2L, 2L
o qle] e e
B RARE N P T AT
- -1
L] 1{¢1+C  —Cy Q1| o 23
=5 @ SETR (1.18)
After doing the math, we have the Hamiltonian,
1 Q3 e c, 32
H= b - QQa+ -+ 2
C2C c,C
2 O + 022+Cg’g 2 Oy +57 1 gg C1C9 + C1Cq + C2Cy 211 2Lo
1 1 h Cgr/w1w09 t t
= hw aTa1+—+hw2aTa2+——— J a1 —aq)(as —a
o) el ) T e apGa oy T
1 1
= hw (a{al + 5) + hwg(agag + 5) — hg(ay — a];)(aQ - ag), (1.19)
where the coupling strength ¢ is
1 Cg/
g==2 gV 12 (1.20)

2 \/(Cl + Cy)(Ca + Og)'

Next, we consider inductive coupling where two LC' resonators are coupled with mutual
inductance M (see Fig. 1.2(b)). The total Lagrangian £ is
C192 9% 2 93 M

L= -1 _ 2 _ DDy, 1.21
> T2 9L, 2Ly Lilg %2 (1.21)




The conjugate coordinates to ®; and 9 are

oL :
1 rr C194
= %‘121 = . (1.22)
Q2 2%, Co®9
The total Hamiltonian is
2 2 9 2
. . ) ) M
H=Q1@1+Q2¢2—L‘:Q1+Q2+ 1 2 4 PPy

2C4 2CY9 204 219 L1Lo

1 1 h M.,/ wjw
= hwl(aJ{al + 5) + hwg(agag + 5) 5%(&1 + CLJ{)(CLQ + a%)
1 1
= hwl(aJ{al + 5) + hwg(agag + 5) + hg(aq + aJ{)(ag - aT), (1.23)

where the coupling strength ¢ is

1 M./ wiwy
=-——2—" 1.24
9= 53 UL, (1.24)

The mutual inductive coupling will not shift the resonator frequencies like the capacitive
coupling. If the two resonators are coupled by a shared inductor (see Figs. 1.27 and E.3),
the frequency shift will be similar to the capacitive coupling.

1 f

The capacitive coupling —g(a1 —ap)(ag —ay) has a different form from the inductive cou-
pling g(aj + aJ{) (a9 + aT). They will become the same under the rotation wave approximation
(RWA), g(ala; + a];ag), which assumes the resonator detuning |w; — ws| is much smaller
than the resonator frequencies w; and wy. Their non-RWA terms have different signs, i.e.
glajag + a];a;) for the inductive coupling and —g(ajas + a];ag) for the capacitive coupling.
When there are both types of couplings, we can engineer the non-RWA term to zero [44].

When there is only inductive coupling, by redefining the creation and annihilation oper-
ators as b = ia, b = —iaT, the inductive coupling term comes back to the form of capacitive

coupling, —g(b; — bJ{)(bQ — b;)

The coupling strengths g derived above are both positive because of the way we define



(a) (b)

Figure 1.3: Circuits for lossy resonators: (a) parallel and (b) series RLC' resonators.

the modes. When there are only two modes, the sign of g doesn’t matter since we can
always flip the sign of g by redefining the creation and annihilation operators of one mode
.I.

as by = —ayq, b]; = —a;. When there are multiple modes or different types of couplings, we

need to be careful with the signs of the couplings.

1.2.3  Lossy resonator

In reality, there are always different mechanisms causing the energy stored in the resonator
to dissipate. Two major mechanisms are dielectric loss and conductive loss, among others.
We can use the dissipation rate x and the quality factor ) to quantify this effect. The
phenomenological dissipation rate x describes the rate of energy loss in the resonator and

the quality factor () is defined as

where wy = 1/ VLC is the resonant frequency of the resonator. To model the lossy element
in a classical resonant circuit, we can add a phenomenological resistor R in the circuit (see
Fig. 1.3). Depending on how the resistor is connected, the quality factor @) and dissipation
rate x have different forms [45|. For a parallel resonator where the resistor is connected in

parallel (see Fig. 1.3(a)), its quality factor ) and dissipation rate x can be written as

Q= R\/g (1.26)
= R—lc. (1.27)



For a series resonator where the resistor is connected in series (see Fig. 1.3(b)), its quality

factor () and dissipation rate x can be written as

1 /L
oL [ 128

k=T (1.29)

In quantum mechanics, the existence of energy loss means that the system evolution is no
longer unitary and the system is coupled to the environment. The Lindblad master equation
can be used to model such processes when the noise is Markovian [46]. The time evolution

of the system density matrix p is given by
o Lyt
p=—7[H.p)+ > vi(Link] = S{LiLi.p}). (1.30)
)

where {A, B} = AB+ BA is the anticommutator, {L;} are a set of jump operators and {;}
are their corresponding damping rates. If a lossy resonator is coupled to a zero-temperature
bath, we have one jump operator L1 = a and its damping rate y; = k. We can write down
the Heisenberg equation of motion for the annihilation operator a,

dz—Wm+gM, (1.31)

from which we can verify that the total energy (H(t)) o (af(t)a(t)) in the system decays

exponentially, e .

1.2.4  Linear network

The circuits in actual experiments are not as simple as LC resonators. However, for any
resonance in a linear circuit, we can always model it as either a parallel or a series LC
resonator near its resonant frequency. If there is resonance in the circuit, its input impedance

9



parallel series
Reft 1/Re[Yin (wo)] Re[Zin(wo)]
Lt 1/W(2)Ceff %%Im[zi (w>] |w:wo
Ceft %%Im[Yl (w)] ’w:wg 1/W8Leff
K 1/RegCeft Reg / Left

Table 1.1: Effective RLC' for a linear circuit near its resonant frequency wy.

Zi, near that resonance can be written as

Zin(w) = ky + jhy——0 (1.32)
wQ

where j is the complex operator in AC circuits, k1 and k9 are all real numbers with units
of resistance and wq is the resonant frequency. Note that we assume there is always loss
in the system, so the resonant frequency wy is the zero in Im[Z;,]. Otherwise, there are
also resonant modes at the poles in Im[Z;,| (zeros in Im[Y;,]) if the system is lossless. For a
parallel LC resonator, we can write down its input impedance Zj;, near its resonant frequency

W0
B 1
"~ 1/R+ jwC +1/jwL

Zin(w) = R—2jR*C(w — wyp). (1.33)

For a series LC' resonator, we can write down its input impedance Zj, near its resonant
frequency wy,

1
Zin(w) :R+ij+jw—C = R+ 2jL(w — wy). (1.34)

Comparing Eq. 1.32 with the impedances for parallel and series resonators, we can find
that when k9 < 0, the resonant mode acts like a parallel resonator, and when ko > 0, the
resonant mode acts like a series resonator. Furthermore, we can write down the effective
capacitance Cyg, inductance Lqg, and resistance R.g of the resonant mode. Note that for
a parallel resonance, analyzing its input admittance Yj, is more convenient and we have
Re[Zin(wp)] = 1/Re[Yin(wp)]. The results are summarized in Table 1.1. Note that for a
lossless circuit, the imaginary part of its impedance always strictly monotonically increases

10
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Figure 1.4: Circuits for (a) parallel and (b) series resonators coupled to external circuits.

(Foster’s reactance theorem), which means there is always a parallel (series) resonance be-
tween two series (parallel) resonances. Depending on the boundary condition at the probe
point, we can only see certain types of resonances.

We can use the above results to analyze the circuits where a lossless LC' resonator is
weakly coupled to an external lossy circuit (see Fig. 1.4). We assume there are no resonances
in the external circuit or the resonances are far away from the bare resonant frequency of
the LC' resonator wg = 1/v/LC, which is different from the discussion in Section 1.2.2.

For a parallel LC resonator coupled to an external circuit Z, through some small ca-
pacitance Cy < C (see Fig. 1.4(a)), we can find its effective resistance Reg at the resonant

frequency wy,

jWOCg/Ze(WO) 1
R.q = 1/Re|Yiy(wg)] = 1/Re| - = , 1.35
et = 1/Rel¥iy (o)) = 1/Re[ 0 R (1.35)
with which we can get the dissipation rate x for the damped parallel LC' resonator,
22
1 wyCy
= = Rel|Z, . 1.36
Kk Reﬂ Ceﬂ C e [ € (WO )} ( )

Note that the bare resonant frequency of the full circuit will shift a little bit from wq because
of the capacitor Cy.

A similar analysis can be done for a series LC' resonator coupled to an external circuit
Ze through some small mutual inductance M < L (see Fig. 1.4). To calculate the effective

resistance Reg caused by the loading of the external circuit Z., we need to transform the

11



external impedance Ze to an impedance Z, in series with the LC circuit. This can be
calculated from Kirchhoff’s circuit laws. Assume the current in the LC' circuit is i1, the
current in the external circuit is 79 and the voltage generated by the mutual inductance in

the LC circuit is v, we have

—jwMi9 = v, (1.37)
Zetg — jwMip = 0, (1.38)
from which we can get the effective in-series impedance Z.,

2172
M
zl =2 Y7 (1.39)

Rog = Re[Z!] = Re[ } — WEM2Re[Y,], (1.40)

where Y, = 1/Z, is the admittance of the external circuit. The dissipation rate x of the

damped resonator is
Reg wiM?
Sk - i G RelY,]. 1.41
" Lo 7 RelYe] (1.41)

One example of the above circuits is two coupled resonators with large detuning (see
Fig. 1.5). We can calculate how a lossy resonator damps another lossless resonator when
their detuning is large. Assume the lossy resonator in the external circuit has resistance Re,

inductance L, capacitance Ce, resonant frequency we = 1/4/LeCe, and dissipation rate re.

12
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(c)

Figure 1.5: Circuits for a lossless resonator coupled to a lossy resonator with (a) capacitive
coupling, (b) inductive coupling, and (c) their coupled-mode representation.

In the case of capacitively coupled parallel resonators (see Fig. 1.5(a)), we have

P 22
wOCg WOCQ !
= Re[Z, =
r=—g RelZelwo)l = = Re| e T T U (1.42)
% e/ S R

'%67

((,(}2 w%)Q CC@ ReCe - p

2 _
where A = we — wq is the detuning between two resonators and g is the coupling strength

derived in Eq. 1.20 for capacitively coupled resonators. In the case of inductively coupled

series resonators (see Fig. 1.5(b)), we have

2172 2172
wOM wOM

Re[Ye] = =2 Re[

wé M? R, 92
= — = — K,
(W2 —w2)2LLe Le A2

1
1/jwCe + jwLe + Re

: (1.43)

where ¢ is the coupling strength derived in Eq. 1.24 for inductively coupled resonators. The

dissipation rates in the two cases have the same form,

2

K= %/{e, (1.44)

which is called Purcell effect [47].
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The above impedance analysis can solve most problems in linear circuit analysis. In
experiments, we only drive and probe certain resonant modes in the circuit. The resonant
modes found by the impedance are the eigenmodes of the system and might be the hybridiza-
tion of the modes we care about. In a more general scheme, the system Hamiltonian H can

be written as

N

1

Hih= 3 wjlaja; +3) + 3 ¢jrlojal +ajag), (1.45)
J=1 {3.k}

where ¢; 1 is the coupling strength between the jth and kth modes, and the rotating wave
approximation (RWA) has been applied. From the Lindblad master equation (Eq. 1.30), the

equation of motion (EOM) for {a;} can be written as

d - .
&A(t) = MA(?), (1.46)
. ,i ] .
M]k = —(ij' + 7])5]k — 1§k, (1.47)
where A(t) = [a1(t), as(t), - ,an(t)]7, #; is the dissipation rate of the jth mode. To solve

Eq. 1.46 is basically to diagonalize the N x N matrix M. The real part of the jth eigenvalue
of M gives the dissipation rate of the jth eigenmode in the system and the imaginary part
gives its resonant frequency. Using this formalism, we can also analyze how a detuned lossy
resonator damps a coupled lossless resonator (see Fig. 1.5(c)). In this case, the matrix M
can be written as

Mo |0 T (1.48)

—ig —lwe — Ke/2

from which we can find the dissipation rate for the first mode,

2
k=" _Re \/(@ A2 — 492] S — (1.49)

2 2 T R4+ AT

where A = we — wy is the detuning between two resonators and we assume /k2 + A2 > g.

14



When |A] > ke, we have

92

H:E

Ke, (1.50)
which is exactly the same as Eq. 1.44. When A = 0, we have

4 2
k=2 (1.51)

Re

which is the decay rate of the resonator when weakly coupled to a resonant lossy resonator
(e.g. a bandpass filter [48]).

When a lossless resonator is coupled to a Markovian bath, we can also use the quantum
linear response theory [46] (see Appendix A) to calculate its dissipation rate x. Fermi’s

golden rule determines its dissipation rate x:
K= 27Tg2pb(w0), (1.52)

where pp(wp) is the density of states seen by the lossless resonator at its frequency wg, and
we assume the resonator is coupled to the operator b of the environment in the form of
g(aght + agb). When coupled to a lossy resonator as we discussed above (see Fig. 1.5(c)),
the operator b becomes the annihilation operator a. of the lossy resonator and we can treat
the lossy resonator as a Markovian bath when there is no coherent swapping between two
resonators (i.e. |A| > g or ke > g¢). The density of states pq, (w) can be calculated from

the quantum linear response theory (see Appendix A),

Pacl) = %Re[/ooo dt ! ac (1) al(0))| = %Re[/ooo t et~ 5 1]
1 } _ 1 Ke/2

1
:_Re[,{e/Q—i(w—We) ;;%/44-(0)—(#@)2.

7

(1.53)
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Inserting this into the expression for x, we have

2

g
SIS R— 1.54
" /12/4+A2H6 (1.54)

which is same as Eq. 1.49. There is no surprise that the results are the same with the
two methods as the Lindblad master equation can be derived from the quantum linear
response theory combined with the Markov assumption. The density of states can be used

to characterize the properties of a bath.

1.2.5 Scattering

To experimentally study a linear network, the most common way is to measure its scattering
parameters. For a classical linear circuit, its scattering parameters can be directly calculated
from its impedance [45]. Especially for a two-port network, its transmission coefficients Sa1,
S12 and its reflection coefficients Si1, Soo can be efficiently calculated from the ABCD
matrices [45].

When we are talking about scattering in a quantum system, it means that we are driving
the system and we need to introduce the quantum input-output theory to solve the dy-
namics [49, 50| (see Appendix B). Suppose each mode in the system is only coupled to one
external port, the Heisenberg equations of motion (Eq. 1.46) will become quantum Langevin

equations,

d - o S

&A(t) = MA(t) — KA, (1), (1.55)
. K. .

M, = —(iw;j + 7])53% —iCj (1.56)

K]k = 5]/45 K?Xt, (157)

where r; = :‘i}nt + mg?Xt is the total dissipation rate for the jth mode, liijnt and H?Xt are the
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Figure 1.6: Scattering of a resonator with (a) one external port and (b) two external ports.

internal and external dissipation rates respectively, and Ay, (t) = [P (1), ai2n(t), e ,aijr\}(t)]T

is the vector of input fields. We have the input-output relation (see Appendix B),

— — —

Aout(t) = KA<t) + Ain(t)u (158)

where Agyi(t) = [0 (2), a0 (t), - - -, aQM ()]T is the vector of output fields. Assume we
drive the system with a signal of frequency w, we can Fourier transform the above equations

and get

—wA(w) = MA(w) — KA, (w), (1.59)

Aout(w) = KA(w) + Ajp (w). (1.60)

a?ut () ext .ext((; -1
Sik(w) = =1 = /KGR, [(iwIl + M) ™ g + - (1.61)
a;. (w)

A simple example is the reflection of a resonator (see Fig. 1.6(a)). The reflection coeffi-

cient Sqq is
aout (w) Kext

- =1+ -
aln(w)

Si(w) = @ —wo) = /2

(1.62)

where wq is the resonant frequency and the total dissipation rate xk = Kt 4 et Note that
the S-parameters derived from ABC'D matrices have a different sign before ¢, which comes

from the different definition of the complex operator j in AC circuits, 7 = —i. We can find
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that when <™ = 0, |S11(w)| = 1, and when ™ = £t |S;1(wg)| = 0. If we define the

ext

loaded quality factor Q; as @ = wg/k and the coupling quality factor Q. as Q. = wg/kK™",

S11 can be rewritten as
_Q 2
Qc 1 — 2iQ; =0

«wo

Si1(w) =1 (1.63)

The above analysis can also be extended to one resonator with multiple ports. Here we
give an example of a resonator coupled to two ports (see Fig. 1.6(b)). The quantum Langevin
equation and input-output relations are

iwp + Dya(t) — Vrextlgind (g) — y/gext2gi02(p), (1.64)

2
aout,1<t) = Virextla(t) + ain’l(t), (1.65)

aout,2<t) _ \/@a(t) + ain’2(t). (1.66)

alt) = —

—

The reflection coefficients S7; and S99 have the same form of Eq. 1.62 and the transmission

coefficient can be calculated as

Oy e
S21(w) a®lw)  i(w—wy) — K/2 (1.67)

We can see that |Saq(w)| reaches the maximum value at wg, which performs like a bandpass
filter with a bandwidth of x. When the two ports are equally coupled, xXt1 = xext:2 — /2,
it acts like a bandpass filter with no insertion loss (|S21(wg)| = 1).

1.3 Transmission line

In this section, we discuss transmission lines, which are commonly used as quantum com-

munication channels in superconducting quantum networks.
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dz

Figure 1.7: Lumped-element equivalent circuit for a transmission line.

1.3.1  Hamaltonian

The effective circuit for a transmission line is shown in Fig. 1.7, from which we can see that it

cannot be modeled as some lumped-element circuits and contains infinite degrees of freedom.

To quantize it, we start with its classical dynamics. For a transmission line, we have the

telegrapher equations to describe its dynamics [45],

av(z,t> _ —Rﬂ(%t) — Ll al(afz]; t)
oy v(z,t)
9z —G(z,t) — CZT

(1.68)

(1.69)

where v(z,t) and i(z,t) are the voltage and current at position z and time ¢, R; is the

distributed resistance, L; is the distributed inductance, Cj is the capacitance per length and

(G is the conductance per length. Assuming there is no loss, we have R; = G; = 0. The

telegrapher equations become

dv(z,t) iy Di(z,1t)
0z "o

iz, ) o ov(z,t)
9z ot

19
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We can define the local node flux ¢(z,t) as

o(z,t) = /t dr v(z, 1),

—0Q
which has the dynamical equation,

¢ 1 9%
o2 L,C) 022

= 0.

The Lagrangian density £; can be written as

C 1
L= (00)" ~ 2—Ll<az¢>2.

The conjugate to ¢ is

With Fourier transformation, we can write ¢ and 7 in the form,

— h dk tkz—iwyt * —ikz+iwgt
QZS(Z,t) = a/—m <CLk.€ —i—ake ),

7(z,1) \/hC’l/m T — lwpage _iszriwkt)

thz—iwgt + iwkaZe

Y

where we set aj to be dimensionless and we have the dispersion relation,

1

VLG

W = ‘k’:%’k’a
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(1.73)
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(1.75)
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where v, = 1/4/L;C} is the phase velocity in the transmission line. We can write ¢(z,t) and

7(z,t) as quantum operators,

| h dk — L
P(z,t) = a/——QW = (ake’kz Mkt—l—ale Zkzﬂwkt), (1.79)
7(z,1) \/hCl/ — iwpayeFF TR 4 iwkaTe_ikZHwkt). (1.80)
\/27r\/ k
T

The operators ay and a;, can be written in ¢ and 7 as

\/Zw /dz e’ <\/7¢ Hh—qw(z,t)>, (1.81)
aL = %\/ka /dz e_ikz< %gb(z,t) — iy hLClﬂ(Z’t)) (1.82)

Following the process of canonical quantization, we have the commutation relationship,

[0(2,1), (2, t)] = ihd(z — 2), (1.83)

T

from which we can get the commutation relation for aj and a,
[y, al,] = 6(k — k). (1.84)

We can rewrite the Hamiltonian density H; as

. 2 2
M=o L= Lo + 5002 = 1o+ G0

1.85
20, 2L (1.85)
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(a) (b) (c) (d)

Figure 1.8: Different types of transmission lines: (a) coaxial cable, (b) microstrip, (c)
stripline, and (d) coplanar waveguide (CPW).

.|.

from which we can get the total Hamiltonian H and write it in aj and a;,

2
H= /dZHl / <2q+(%2)>

/d / dkl dkg ( wklka n k1k2 1 )

- = z

2 V2r ) V2r \2wp1 2wy, V2w 2wk, LiC (1.86)
% <_ akleik‘lz—iwklt n a};le—z‘klzﬂwklt) (aerik‘zz—z’kat B aJ]LQe—ikgz—&-iw@t)

h 1

=3 /dk wp(apal + alay) = /dk heoy, (al g, + 5):

which is similar to the quantization of the Klein-Gordon field [51].

Common types of transmission lines are coaxial cable, microstrip, stripline, and coplanar
waveguide (CPW) (see Fig. 1.8). There are other types of waveguides with different struc-
tures [52, 53, 54, 55, 56, 57, 58]. Their quantization results are the same as the transmission
lines because of the translational symmetry but with different dispersion relations [59], which

will give a different phase velocity v, and group velocity vy in the waveguide [45].

1.5.2 Transmission line resonator

From the discussion above, we can see that there are an infinite number of modes in the
system. If we consider a transmission line with finite length, then we need to add some
boundary conditions to the system. We will see from the following discussion that there are
a countably infinite number of resonant modes with equal frequency spacing in the system
for certain boundary conditions.

To find the resonances in the system, we can calculate the input impedance Zj, for a
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Figure 1.9: Circuits for a transmission line terminated with (a) load impedance Z, (b) a
short end, and (c) an open end.

transmission line with length [ terminated with load impedance Zj, (see Fig. 1.9(a)). The

input impedance Z;, can be calculated as [45],

2+ Zytanh~yl
~ 0%, + Z tanhAl’

Zin(w) (1.87)

where Zy = /(R + jwL;)/(G] + jwC)) is the characteristic impedance and v = o+ j =

V(B + jwL;)(G) + jwC)). The imaginary part 3 can also be written using the phase veloc-
ity # = w/vp. When the transmission line is terminated with its characteristic impedance
Z1, = Zy, we have Zi;, = Zy. When the transmission line is low-loss and shorted at the end

(see Fig. 1.9(b)), we have al < 1 and Zj, = 0, which gives

al + j tan 5l

Z; = Zptanhvyl = Zp——————.
in () 0 tatty 07 + jal tan 5l

(1.88)

When 1l = wl/v, = nm, we have series resonances and when gl = wl /v, = (n+ %)7?, we have
parallel resonances. Their effective RLC' can be calculated from Table 1.1. A similar analysis
can also be done for open-end transmission lines (see Fig. 1.9(c)), where Zj, = 1/jwC,, with

Co — 0, which gives

1 1+ jalt l
Z _ +jq an 3 ‘
tanh ~l al + jtan 5l

Zin(w) = (1.89)

When Sl = wl/v, = nm, we have parallel resonances and when gl = wl/v, = (n + %)7?, we
have series resonances. The effective RLC', quality factors, and dissipation rates of these

modes are listed in Table 1.2. We can see that all the modes have the same dissipation rate,
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Short-end Open-end

series parallel parallel series
wn, nmup/l (n+1/2)wvy/l nwup/l (n+1/2)mvp/l
Ry Zpal Zy/al Zy/al Zoal
Ly || nnZy /2wy | 420/ (2n + 1)mwy, || 2Zg/nmwy, | (2n + 1) Zgn /4wy,
Cn | 2/nmZowy, | (2n + 1)w/4Zgwy, || nm/2Zgwn | 4/(2n + 1) Zymwy,
Qn | nr/2al (2n + 1)w/4al nm/2al (2n + 1) /4al
Kn 20y 20wy 20wy 20y

Table 1.2: Effective RLC for the resonant modes in [-long transmission lines with short and
open ends.
which is also independent of the length of the transmission line.

For microwave signals, the wavelength is comparable to the dimension of the elements,
which makes it hard to directly make LC resonators as discussed in Sec. 1.2 (but still
possible with small footprints, see e.g. Refs. [57, 58, 60]). From the above discussion, we
can use the transmission lines to make the resonators conveniently although there will be
other resonances at higher frequencies. In experiments, we usually use the CPW type of

transmission lines (see Fig. 1.8(d)) to make resonators in a planar structure [61].

Lossy transmission line resonator

In experiments, we need to drive the resonator with a drive line, which will damp the
resonator. Here we give an example of how the drive line damps a A/4 transmission line
resonator. We couple the drive line to the transmission line resonator either inductively or
capacitively as shown in Fig. 1.10.

When the drive line with resistance Z, is coupled to the \/4 transmission line resonator
inductively (see Fig. 1.10(a)), the resonator dissipation rate s (coupling to the external drive
line) can be calculated using Eq. 1.41,

w%Mz I w%MQ 4w cos® 6 B 4w8M2

Ze  Ze  Zon  ZeZyrw

= 1.90
Ls 7. (1.90)

cos? 0

R =
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Figure 1.10: Circuit for driving a A\/4 resonator with (a) inductive coupling and (b) capacitive
coupling.
where we label 5l = 6 and assume the transmission line impedance to be Zj3. Note that
the effective inductance Log seen by the drive line calculated from Table 1.1 depends on the
coupling position 6.

When the drive line is coupled to the /4 transmission line resonator capacitively (see
Fig. 1.10(b)), the resonator dissipation rate s (coupling to the external drive line) can be

calculated using Eq. 1.36,

K =

22 02
wjCr 7. - w%C,%Ze4wOZO sin“ 6 4wOC' 707

sin2
0 1.91
O - - sin” 0, (1.91)

where the effective capacitance Cyg seen by the drive line calculated from Table 1.1 also

depends on the coupling position 6.

Coupled transmission line resonators

We also need to deal with coupled transmission line resonators. Here we give an example
of coupled A/4 and A\/2 resonators. The coupled transmission lines will have both coupled
mutual inductance M and capacitance C.. Here we treat them separately as is shown in
Fig. 1.11. We label 8l = 6 and assume they have the same impedance Zj. To calculate the
coupling strength using Eqgs. 1.20 and 1.24, we need to calculate the effective RLC' at the
coupling point, which can be calculated using the results in Table 1.1 and is dependent on

the position of the coupling point. For the inductive coupling (see Fig. 1.11(a)), the effective
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Figure 1.11: Circuits for coupled A/4 (left) and A/2 (right) resonators with (a) inductive
coupling, (b) capacitive coupling and (c) combined coupling.

coupling strength g; can be calculated as

1 M 1 4wy cos2 0y | 2wq cos? By
N Tienlaen Y 27 2 \/ Zom Zom VL2
V2 M

= — —wjwo| cos b1 cos bs].

T 2y

(1.92)

For the capacitive coupling (see Fig. 1.11(b)), the effective coupling strength g. can be

calculated as

—_

Ce
2 Cl,effCQ,eff

2
= £C’CZOwle| sin 7 sin Os].
T

N
g (1.93)

Jdec =
T

o = %Oc\/élwlZo sin? 6, \/2ng0 sin? 6y

The actual coupling strength will be the combination of these two types of coupling as
shown in Fig. 1.11(c). The signs of different couplings matter here. We need to introduce

the coupled line theory to solve such a circuit. More details can be found in Appendix D.
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Figure 1.12: Circuits for a A/4 resonator coupled to a transmission line with (a) inductive
coupling, (b) capacitive coupling, (c¢) combined coupling, and (d) their coupled-mode repre-
sentation.

1.8.8  Scattering of a hanger resonator

In Fig. 1.6, we give an example of the scattering of a resonator. By measuring the S-
parameters, we can determine the coupling quality factor Q. = wy/kext and the internal
quality factor @; = wg/kint of the resonator. However, this scheme requires one external
port for each resonator, which is not efficient. Another common way is to couple many
resonators to a transmission line in a hanger-type structure. By measuring the transmission
S91 and reflection Sy, we can get the quality factors of all resonators. Here we give an
example of a A/4 resonator coupled to the transmission line inductively, capacitively, or with
combined couplings in a hanger-type structure as shown in Fig. 1.12(a-c). The S-parameters
in these circuits can be directly calculated from ABCD matrices [45]. Readers can find
detailed derivations in Refs. [62, 63, 64] and Appendix D.

Like what we did in Section 1.2.5, we can also use quantum input-output theory to
analyze this scattering process. The representation is shown in Fig. 1.12(d) and we label all

the input and output fields at each port. The quantum Langevin equation and input-output

27



relations are |65, 66|

ext ext .
a(t) = 0+g alt) = \/ 5= a™ (1) — ) - a0, (1.94)
out 1 / HeXt + aln 2 (1‘95)
ext
aout 2 [ K + am 1 (1.96)

from which we can get the reflection coefficient S7; and transmission coefficient Soq,

B aOUt71(w) - Kext/Q B _@ 1

S11(w) = ainvl(w) - k)2 — i(w — wp) - Qc1— QZ.QZW;SJO ) (1.97)
B aout,2(w> B Hext/Q B Ql 1

(W) = ainl(w) =1- k)2 —i(w—wpy) b Qc 1—2iQ;*=0 wO (1.98)

where Q; = w/k is the loaded quality factor, and x = k' + £ is the total dissipation rate.
The readers can verify that for different coupling schemes, S9; and S can always be written
in this form near the resonance. Note that the S-parameters derived from ABCD matrices
have a different sign before i, which comes from the different definition of the complex
operator j in AC circuits, j = —i, as we mentioned before. Examples of the transmission
So1 are shown in Fig. 1.13(a-b). For the inductively coupled A/4 resonator (Fig. 1.12(a)),

its K and Q. can be calculated from Eq. 1.90 by setting Z. = 2Zy and 6 = 0,

dwdM?  2wiM?

ext
= = 1.99
ZeZO']T WZ(% ’ ( )
QC - IieXt 2&)2M27 (1100)

where we assume the A/4 resonator and the transmission line have the same characteristic

impedance Zy. For the capacitively coupled \/4 resonator (Fig. 1.12(b)), its ' and Q.
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Figure 1.13: Transmission So1 (a) amplitude and (b) phase of hanger resonators with different
Qc. (c) Re 52_11 and Im 52_11 form a circle with radius @Q;/2Q.. The related parameters are

wp/2m =5 GHz and Q; = 5 x 10%.
can be calculated from Eq. 1.91 by setting Z, = Z;/2 and 6§ = 7/2,

AWiC2Z0Z.  2w3CEZ3

Hext _

(1.101)

T m
wo s

— ) 1.102
Kext 2w8 ZgC,% ( )

Qc:

When there exist both capacitive and inductive couplings (see Fig. 1.12(c)), we need to
introduce the coupled line theory to solve such a circuit. More details can be found in
Appendix D.

By placing resonators of different frequencies at different positions, we can measure their
quality factors with two ports in total. In experiments, we prefer transmission measurements
as the reflection measurements are limited by the isolation of the circulators used in the

measurement setup. We note that So; forms a circle in the complex plane, with a radius of
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Q;/2Q.. We can also write down the inverse of So1, which is

- 1
=1+ &—_7
Qe 1 — 2iQ;4=0

wo

Soit (w) (1.103)

which also forms a circle in the complex plane but with a radius of @Q;/2Q. (see Fig. 1.13(c)),
more sensitive to @);. By fitting the circle of S2_11 in the complex plane, we can extract @);
of high @ resonators from a transmission measurement [67|. Considering the background

attenuation and noise, the actual measured transmission 521 will be [68],
521 (w) = Aeiae—iw7521 (w), (1.104)

where A, «, and 7 are parameters determined by the background.

Transmission lines also enrich the physics of circuit quantum electrodynamics. For ex-
ample, we can engineer the lifetime of an artificial atom by coupling it to multiple points
on a transmission line |69, 70| or control the propagating direction of the emitted photon by

coupling multiple artificial atoms to a transmission line |71, 72].

1.4 Transmon qubit

For linear circuits, their dynamics can be efficiently simulated. Introducing non-linearity can
help us create qubits — the basic elements of quantum computing. In this section, we will

introduce the most commonly used superconducting qubit — the transmon qubit.

1.4.1  Hamiltonian

The basic transmon structure contains a Josephson junction and a capacitor [73, 74| (see

Fig. 1.14). The voltage V' (t) and current /(t) across a Josephson junction satisfy the Joseph-
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Figure 1.14: Circuit for a transmon with a Josephson junction replacing the inductor in the
LC' resonator.

son equations |75],

 hog
&) =55 (1.105)
I(t) = I.sin ¢, (1.106)

where ¢ is the Josephson phase and /. is the critical current of the junction. The phase ¢ is
related to the node flux ® as
2e P

L P 1.1
6=Fo=2rg. (1.107)

where &y = 27h/2e is the flux quantum. The energy stored in the junction is
t hoft 0
U= / dr V(n)I(1) = 2—/ dr I.sin gzﬁa—gb
—00 € J—00 T (1.108)
Rl coso (h )2 L cosé = —E, coso
=—— Sp=—|=—] —cos¢p=—
2¢ ¢ 2¢) 1, J

where Lj = ®q/271, is the Josephson inductance and Ej = LjI? = ®ql./2 is the Joseph-

son energy. The total Lagrangian for a transmon is

_ _Cg N2y
LZ—T—U—?(Q—Q) &%+ Ejcos o, (1.109)

The conjugate coordinate to ¢ is

wh=25_c (h>2q's, (1.110)



and with canonical quantization we have
[p,n] = 1. (1.111)

n can also be written as ()/2e, which is the number of Cooper pairs. We can obtain the

Hamiltonian

H =nhé — L =4Ecn® — Ejcos ¢, (1.112)

where B = ¢2/ 2Cy. In the transmon limit, £ ; > Eo. By Taylor expansion, we have

H:4Ecn2—EJ+%EJ¢2—iEJ¢4+--- (1.113)
By defining the creation and annihilation operators,
1 (¢ EBjN\t, .(8Ec\i
a:ﬁ<(%> o+ EJ) n) (1.114)
aT:%<<£C—‘;>i¢—i(iET§>in>, (1.115)
the operators n and ¢ can be written as
6 = %(f—f)i(aﬂtﬂ), (1.116)
nz—%(i}—‘é)i(a—(ﬂ), (1.117)
and the Hamiltonian H can be written as
H:m(aTa+%)—Ej—%(a+aT)4+--- (1.118)
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In leading order, the energies of the first n energy levels are

E
Epm =+/8EcEym — TC(m2 + m) + const. (1.119)

In reality, Eq. 1.106 is not accurate and the eigenenergies will shift a little bit when consid-
ering the higher harmonics in the junction [76]. We will label the ground state as |g), the
first excited state as |e), and the second excited state as |f). The frequency of a transmon

qubit wy is defined as the energy gap between the |g) and |e) states,
hwy = hwig = By — By = \/8E;Ec — Ec. (1.120)
The anharmonicity 7 is defined as
n = (E2 — Eig)/h=—Ec/h, (1.121)

which describes how atom-like the transmon is. A typical transmon Hamiltonian considering

only three energy levels is like a Duffing oscillator,
H/h = wana + gaTaTaa. (1.122)

In experiment, we usually design the transmons to have frequency wy/27m ~ 5 GHz and
anharmonicity n/2m ~ —200 MHz, which correspond to Cy ~ 90 fF and Lj ~ 8 nH. Some
commercial electromagnetic simulation software (e.g. Sonnet?, Ansys HFSS3, etc.) can be
used to simulate the circuit layout. Examples using Sonnet for transmon design can be found
in Ref. [77].

For an actual device, there is always some wiring inductance in series with the junc-

2. https://wuw.sonnetsoftware.com

3. https://www.ansys.com/products/electronics/ansys-hfss
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Figure 1.15: Circuit for a transmon with wiring inductance Ly,.

tion, which will change the anharmonicity as more linear components are introduced (see
Fig. 1.15). Assuming the wiring inductance is L, and following the black-box superconduct-

ing circuit quantization [78|, we can get the effective anharmonicity n (to first order),

Ly \3
=—|\——) Ec/h. 1.12
=g 15) Fol (1.123)

This wiring inductor L., can be used to couple circuits inductively.

1.4.2  z control

To tune the frequency of a transmon, we use a superconducting quantum interference device
(SQUID) to substitute the single Josephson junction (see Fig. 1.16). By applying the external
flux Pext = Poext/2m to the SQUID, we can change the effective Josephson energy to tune
the frequency of the transmon [73]. A SQUID consists of two Josephson junctions in parallel

which form a loop. The total energy stored in a SQUID is
U= —FEj cospy — E, cos ¢g, (1.124)
The flux quantization leads to

¢1 — 2 = 2mT + Pext. (1.125)
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Figure 1.16: Circuit for transmon z control.

U can be rewritten as

U=—(Ej, + Ey,)cos (gbe;t) \/1 + d? tan? (%) cos (w - ngO), (1.126)

where d = (B, — Ej)/(Ey, + Ej,) and ¢g = arctan(d tan(dext/2)). The parameter d

describes how asymmetric the SQUID is. When d = 0, U becomes

U= —2Fjcos <¢62Xt)cos <¢1;—¢2>. (1.127)

By changing the external flux ®eyt, we can tune the effective Ej of the SQUID loop. The
effective Josephson inductance for a symmetric SQUID becomes L /2| cos(¢ext/2)|, where
L j is the Josephson inductance of one junction.

The external flux across the SQUID loop ®eyt is determined by the mutual inductance
Mgquiq between the z-bias line and the loop (the induced current direction is shown blue in
Fig. 1.16). Assuming the current on the z-bias line is I, the external flux across the SQUID
loop is Pext = Myquig!- The typical value for Mgq,iq in experiments is around 2 pH. The
fluctuations in the current will shift the qubit frequency causing the dephasing. To get a
long qubit pure dephasing time Ty, we can place the qubit at its maximum frequency or
minimum frequency for asymmetric SQUIDs.

When we design the z-bias line, we also need to minimize the mutual inductance Mypit
between the z-bias line and the qubit mode (the induced current direction is shown red in

Fig. 1.16), which damps the qubit. The external loss introduced by the z-bias line can be
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Figure 1.17: Circuit for transmon xy control.
calculated using Eq. 1.41,

2172 4 2
Wy Mt 1 W CqM it

_ 479 qubit 1.128
Leﬁ' Ze Ze ( )

K;q:

where Z¢ is the impedance of the z-bias line. For M = 0.5 pH and Ze = 50 €2, qubit

q 1 will be limited to around 2 ms. To further minimize the damping

relaxation time 17 = k
effect of the z-bias line, some extra filtering circuits (usually a low pass filter) can be added
on the z-bias line to engineer the control line impedance Z¢(w) at the qubit frequency wy
[79, 80]. Note that this coupling Mt can be used to Rabi drive the qubit, but it will also

modulate the qubit frequency at the same time. In the following section, we will introduce

how to drive the qubit with a capacitively coupled control line.

1.4.3 xy control

To drive a transmon, we use a voltage source V;(t) coupled to the qubit by a capacitor Cy

(see Fig. 1.17). The total Lagrangian is

B B Cq h\2 9 Cd h \2
The conjugate coordinate to ¢ is
oL h\2. h
- 2 i — — 1.1
nh 29 (Cq + Ca) <2€> ¢ = CaVig,» (1.130)
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and with canonical quantization we have
[p,n] = 1. (1.131)

We can obtain the Hamiltonian

. C
H =nhd — L =4Een® — Ejcos ¢+ —2 —2neVy — STomer

%3 1.132
Cq+Cy d (1.132)

where Eg = €2/2(Cy+Cy). We can ignore the last term since it does not affect the dynamics

of the qubit. Note that the above Hamiltonian can be rewritten as
H =4Eq(n —ng)? — Ejcos ¢, (1.133)

with ng = —CyV/2e. Fluctuations in ng lead to a change in energy levels which will cause
dephasing. In the transmon limit, £ ; > E, the charge dispersion decreases exponentially
with Ej/E¢, while the decrease in anharmonicity is described by a power law [73|. Thus
transmons are insensitive to such charge fluctuations. Write the driving term H, using

creation and annihilation operators, we can get

_ Gy . CaVa, +
Hy = Cq+cd2nevdz\/(hwq+Ec)EC (ot~ a), (1.134)

where wy is the qubit frequency, as defined in Eq. 1.120. Constraining it in two energy levels,

we have

c,V,
ddg. (1.135)

Hy = \/(hwq + Ec)Ec

e

When V(t) = Vpcoswyt, we can Rabi drive the qubit, from which we can construct single
qubit zy rotations. Considering the third level of transmon |f), this on-resonance drive pulse

will excite qubit to the |f) state causing leakage errors. There are several ways to minimize
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Figure 1.18: Circuit for transmon readout: a readout resonator is coupled to the transmon
with a capacitor Cay-
the leakage by shaping the pulse envelope [81, 82|. The state-of-the-art single-qubit gate
fidelity is over 99.99%, mainly limited by qubit coherence times [83].

The external loss caused by the xy-drive line can be calculated using Eq. 1.36,

22
qud Z
Cyq ’

Kqg = (1.136)
where Zy = 50 2 is the characteristic impedance of xy-drive line. Usually, we set Cj; to
be 30 aF, which gives a 77 limit of 2 ms. Although we can make C; smaller and drive
harder, most of the driving signals will dissipate on the attenuators on the control line,
causing potential heating. We cannot directly use linear circuits to filter the zy control line
like the z line since the signals on xy lines are on resonance with the qubit unless using a
subharmonic drive (e.g. wy = wq/3) [84, 85]. There exist some filtering protocols using the

feature of Josephson junctions which saturate under high power [86].

1.4.4 Readout

Dispersive readout

A popular way to measure the state of transmon qubit is to probe the frequency shift of a
dispersively coupled readout resonator |73, 87|. The readout circuit is shown in Fig. 1.18,
where a transmon is capacitively coupled to the readout resonator like Fig. 1.2(a). We can

also do inductive coupling like Fig. 1.2(b), but transmons usually have large capacitor pads
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and short wiring length (small L,,), which is more convenient for capacitive coupling. If we
constrain the qubit to two energy levels, we can write down the qubit-oscillator coupling

Hamiltonian from Eq. 1.19 with the rotating wave approximation (RWA),

1 1
H/h = wr(aTa + 5) — 5We0: + cqr(aTa_ +ao™), (1.137)

where cgr is the qubit-resonator coupling strength. In the dispersive limit |Agr| > |cgr|,

where the detuning Ay = wg — wy, we can expand it in powers of cgr/Agr to second order

C —
A%(cﬂo —ao™)

by applying a unitary transformation U = e (see Appendix C),

3
1 1 c
H/h = wr(aTa + 5) — SWqoz + XaTaaZ + (9( ar >

2 A?]r
= WT(CLTCL + %) — %(wq — 2xaTa)aZ (1.138)

1 1
= (wr + Xaz)aTa ~ 50 + wT(aTa + 5),

where y = —cgr /Agr is the “dispersive shift”. Taking the third level |f) into account [73],

we have
2 2
Sqr U Cqr
X =— ~ — n, (1.139)
Agr Dgr +1 A2,

where 7 is the anharmonicity of the transmon, which is negative. From Eq. 1.138, we can
see that the state of transmon will change the effective frequency of the readout resonator.

When the qubit is in |g) (|e)) state, the frequency of the readout resonator is w,. |,y = wr + X

rl9)
(wr,| ¢) = Wr — X)- Measuring the state of the qubit is equivalent to measuring the frequency
shift of the readout resonator, which can be done by a scattering measurement.

In Section 1.2.5, we discussed the scattering of a resonator, and in Section 1.3.3, we
discussed the scattering of a hanger resonator. Both types of measurements can be used

to probe the frequency shift by sending a probe signal with frequency w, and measuring

its transmission So1(wp) or reflection S11(wp). To get a larger signal-to-noise ratio (SNR),
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we want to maximize the difference of S(wp) between the |g) state and |e) state, |AS(wp)],
where S can be either S7; or S91. From Eqgs. 1.63, 1.67, 1.97, and 1.98, we can see that

|AS(wp)| have similar forms no matter what types of measurements we perform,

1 1

)| ‘ 1+ 2jQi(wp — wy ) /wr gy 1+ 25Qu(wp — Wi o)) /%y o)
2@ 1 1

o wr I+ 4@%(("@ - (")7“,|g>)2/"‘)72 1+ 4@12(("}17 - wr,|e>)2/wr ’

|AS (wp

(1.140)

(1.141)

where @ = wy /K, is the loaded quality factor of the readout resonator. The difference
|AS(wp)| reaches maximum when wy = (w,. |4y + wy.|ey)/2. If we set the frequency of the

probe tone wy, to this value, the difference |AS(wp)| will be

2Q|x|/wr
AS(wp)| = |AS(wy)] x , 1.142
A8(ep)l = |AS(n| o« e (1142)
which reaches the maximum when
Wy
2|x| = = = K. 1.143
M= g = (1143)

We can get the maximum readout visibility when the readout resonator frequency shift
between |g) and |e) states 2|yx| equals the readout resonator dissipation rate x,. Ref. [88]
presents several different ways to derive this maximum visibility condition.

For direct scattering of a resonator discussed in Section 1.2.5, we usually can only mea-
sure one qubit with one readout line (see e.g. Ref. [80]), while for the scattering of a hanger
resonator discussed in Section 1.3.3, we can do multiplexed readout by placing multiple read-
out resonators with different frequencies at different positions on the readout line. However,
for the scattering of a hanger resonator, half of the scattered signal will leak through the
input port while the other half will leak through the output port, which means if we only

measure S11 or S91, we will lose half of the signal. This can be further improved by col-
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Figure 1.19: Dispersive readout of superconducting qubits using a hanger resonator. Trans-
mission So1 (a) amplitude and (b) phase for qubit |g) and |e) states, where w, /27 = 5 GHz,
x = 1.25 MHz. (c) Transmission difference |ASa1| between |g) and |e) states when wy = wy,
which reaches maximum when 2|y| = ;. (d) Readout fidelity F, changes as |x|/ky, with
Gaussian noise 30 = 0.5. (e) Repeated measured So; for |g) and |e) states with Gaussian
noise 30 = 0.5, measured at wp = wy and 2|x| = k. (f) Distribution of measured So;
projected to Im S91 axis. All calculations assume @); = 5 x 10%, Q. = 2 x 103.

lecting both signals and doing interference [89], engineering the readout resonator to have
directional decay [90, 91], or inserting a Purcell filter with a weakly coupled input port and

a strongly coupled output port [48]|, which we will discuss later in this section.
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In Fig. 1.19, we give an example of dispersive readout by measuring the transmission
S91(wp) of a hanger readout resonator. Before the signal arrives at the detector, it will
catch noises which can be typically described by two-dimensional Gaussian distribution.
Repeatedly running the measurement, the measured results will look like Fig. 1.19(e). If we
assume the noise level to be 30 = 0.5, we can extract the readout fidelity F} (see Fig. 1.19(d)),
which is defined as the average of the assigned probabilities (Fj; 4 F¢)/2, where Fy; (Fe) is
defined as the measured probability of the |g) (|e)) state when the qubit is prepared in the
corresponding state. The fidelity Fe is usually below Fj in experiments because of qubit
decay during the measurement.

The above discussion is about measuring the S-parameters, where we assume the readout
time 7 is much longer than the readout resonator lifetime ,. 1 k7> 1. For fast readout,

when 7 is only several times of s, 1, larger |x|/k, helps improve the SNR [92].

Parametric amplifier

A direct way to increase SNR is to increase the power of the input readout signals. However,
high power will drive the qubit to higher excited states [93, 94, 95, 96]. Another way is to
amplify the output signal, right after the signal comes out of the sample before it catches
any thermal noise. A common type of amplifier used for such applications is the Josephson
parametric amplifier (JPA). A good introduction can be found in Ref. [97]. Normal JPAs
are limited by gain-bandwidth constraints. By engineering the impedance, we can break this
constraint and make JPAs broadband [98, 99, 100, 101]. Another common type of amplifier
is the Josephson traveling-wave parametric amplifier (JTWPA) [102], which are transmission
lines comprised of series-connected junctions. JTWPAs usually do not have a fundamental

gain-bandwidth constraint but are noisier than JPAs.
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Purcell filter

Like other control lines, the measurement circuit also damps the qubit. We have discussed
its mechanism, the Purcell effect [47], in Section 1.2.4. The qubit lifetime T7 5y is limited

by the Purcell effect as
A2, 1
U (1.144)

Ry

—1

Tl bare = Kg = —
C

qr

Similar to the other control lines, we can also use some filtering circuits to protect the
qubit from the Purcell effect, and those filters are called Purcell filters [103]. Purcell filters
engineer the electrical environment seen by the readout resonator, which suppresses the
resonator decay at qubit frequency wy. With the Purcell filter, the qubit 77 will be limited

as [104]
noltie L g rele)
cgr K (Wq)

(1.145)

where - (w) is the resonator decay rate at frequency w.

As we discussed in Section 1.2.4, engineering x,(w) of the readout resonator is equivalent
to engineering the impedance Z(w) / admittance Y (w) of its coupled circuits. There are
many Purcell filters based on different classical filters, e.g. low pass [105], high pass [106],
bandpass [48], and bandstop [103, 107 filters.

Bandpass Purcell filters are commonly used because of their flexibility as we can put the
readout resonators in the passband and put the qubits either above or below the passband.
The simplest bandpass filter is a resonator inline [48, 108, 109] as is shown in Fig. 1.6(b)
and Eq. 1.67. However, this kind of design has limited bandwidth or isolation (see Eq. 1.53),
which limits the multiplexed readout capacity. For larger qubit numbers, one solution is to
design an individual filter for each readout resonator [110], which requires the filter frequency
to match well with the readout resonator frequency [111]. Another solution is to increase the
number of stages of the bandpass filter to make its passband broader. Refs. [112, 113, 114]

designed classical bandpass filters with small footprints. By connecting them on the readout
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Figure 1.20: (a) Coupled-mode representation of dispersive readout with an Nth-order band-
pass Purcell filter: the qubit ) is coupled to the readout resonator R with coupling ¢4, which
is further coupled to the kth stage of the bandpass filter By, with coupling ¢, ;.. k; represents
the dissipation rate for the jth resonator B;. c¢; ;i1 represents coupling between resonators
Bj and Bj11 in the filter. The values of x; and ¢; j 41 are listed in Appendix E. (b) Circuit
realization using coupled \/2 resonators as the bandpass filter and a A/4 resonator as the
readout resonator. The lengths of sections of the bandpass filter are listed in Appendix E.

line, we can get pretty good qubit protection. However, these external circuits will introduce
more insertion loss, causing the loss of readout signals. Ref. [58] designed a broadband
bandpass filter and put the readout resonator in the middle of the filter, but this filter
has equally coupled input and output ports, which will lose half of the readout signal like
scattering of a hanger resonator. In the following, we will discuss broadband bandpass
Purcell filter design based on the synthesis of classical bandpass filters.

The design flow of bandpass filters is shown in Appendix E, from which we know that a
multi-stage bandpass filter can be modeled as coupled resonators and a large insertion loss
(asymmetric) filter corresponds to a filter with a weakly coupled input port and a strongly
coupled output port (k1 < k). To realize qubit readout, we need to couple the readout
resonator to one stage of the filter as is shown in Fig. 1.20(a). Like what we have discussed

in Section 1.2.4, we can use the density of states to characterize the property of the filter,
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which serves as a Markovian bath to the readout resonator. Since we couple the readout
resonator to only one stage of the filter, the density of states becomes the local density of

states (LDOS) pj.(w), which is defined as (see Appendix A)

i) = 2Re[ [ atefay(0).al 0))] (1.146)

_1.

where we assume the readout resonator is coupled to the kth stage of the filter and ay, (a;.) is
the annihilation (creation) operator of the resonator of the kth stage. The readout resonator

decay rate x; is determined by the Fermi’s golden rule as
Kr(w) = 27r072n’kpk(w), (1.147)

where ¢, j. is the coupling strength between the readout resonator and the kth stage. The
ratio k- (wr)/kr(wg) = pr(wr)/pr(wq) quantifies the qubit protection. Depending on whether
the readout resonator is capacitively or inductively coupled to the filter stage, the LDOS
pi(w) is proportional to Re[Z).(w)] or Re[Y}.(w)] where Z}. (Y}.) is the impedance (admittance)
from the coupling point of the kth stage to ground.

The calculated LDOS of 4-stage filters with 0 dB and 20 dB insertion loss are shown in
Fig. 1.21. We can see that for the conventional filter with equally coupled input and output
ports (0 dB insertion loss), we can get better qubit protection when the readout resonator
is coupled to the middle of the filter. For the asymmetric filter (20 dB insertion loss), p1(w)
is flat in the passband and there are k£ — 1 near-zero points in pj. Similar features are found
on filters with different stages [115]. When the readout resonator is coupled to the kth filter
stage and its frequency is close to these near-zero points, it barely decays and cannot be
used to do qubit readout. We will couple the readout resonator to the first (middle) stage
of the filter with larger (zero) insertion loss.

In Fig. 1.22, we calculate the qubit 77 limit using the classical coupled resonator model

45



10° @) N=4k=1 1 o) N=4k=2 ]
/3\ _1 3 3 3 V 3
30 O M\
s ‘
107 | 1 ¢ / \ ‘
: . —— 0dB
. . 20 dB
10° k(c) N=4,k=3 { F(d) N=4k=4 !
~ N\e/)
3 107}
X
Q
o2l / \
4
Frequency w/2n (GHz) Frequency ou/2n (GHz)

Figure 1.21: Local density of states (LDOS) pp.(w) for the filter stages k =1 to 4 for N =4
order bandpass filters with 0 dB (blue) and 20 dB (orange) insertion loss. Bandpass filter
center frequency wg/2m = 6 GHz and bandwidth Aw/27 = 600 MHz.

by treating the qubit as a resonator (see Section 1.2.4). We find that adding more stages
and using larger qubit-resonator detuning gives a longer qubit lifetime. Comparing a 0 dB
with a 20 dB insertion loss filter, the higher insertion loss filter affords better protection. We
find that for symmetric filters (0 dB insertion loss) with order N = 2m or N = 2m — 1, the
qubit lifetime 77 scales as T} A2m+2. For asymmetric filters (large insertion loss) with
order N, the qubit lifetime scales as T o Ag{y +2 consistent with the single-stage bandpass
filter T7 o Agr [48]. We empirically find that these power law exponents are approximately
two times the number of resonators the qubit decays through [115]. To get qubit 77 over
1 ms, while maintaining large bandwidth (Aw = 600 MHz) and achieving fast readout
(kr/2m = 15 MHz), we only need a 4-stage filter with large insertion loss (see Fig. 1.22).
We present a circuit to realize the bandpass filter as is shown in Fig. 1.20(a). Inductively
coupled \/2 resonators act as the bandpass filter and the \/4 resonator acts as the readout
resonator. Note that we have discussed the coupling between a A\/2 and a \/4 resonator

in Egs. 1.92 and 1.93. The related parameters of the circuit are listed in Appendix E and

some alternative circuits can be found in Ref. [115]. We also experimentally demonstrate
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Figure 1.22: Qubit lifetime 77 versus qubit-resonator detuning A, for bandpass filters with
0 dB (dashed lines) and 20 dB (solid lines) insertion loss. The filter center frequency wq/27 is
6 GHz, its bandwidth Aw/27 is 600 MHz, the readout resonator frequency wy /27 is 6 GHz,
the readout resonator dissipation rate /27 is 15 MHz, and the qubit-resonator coupling
cqr/2m is 100 MHz.

the functionality of these filters with the results shown in Refs. [115, 116].

Other than the filters we discussed above, there are also some novel filters. For example,
Ref. [117] introduced an “intrinsic” Purcell filter where they used a A/4 resonator as the
readout resonator. By engineering the coupling point of the readout resonator, the emission
of the qubit mode is suppressed. Ref. [118] introduced a nonlinear Purcell filter where
Josephson junctions were added to the filter to dynamically tune the decay rate of the
readout resonator x, during the measurement by Kerr non-linearity.

The dispersive readout scheme introduced above is commonly used. There also exist
other protocols which promise faster readout. Refs. [92, 119| introduced “qubit cloaking”,
where several drive pulses are applied to the system to pump the readout resonator without
disturbing the qubit before the measurement. Ref. [120] proposed to use longitudinal qubit-
resonator coupling aac(a]L + a) to realize fast readout. Note that these novel Purcell filters
and readout schemes can be combined with the bandpass filters discussed above to achieve

better overall performance.
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Figure 1.23: Circuits for coupled transmons with (a) capacitive coupling and (d) inductive
coupling.

1.4.5 Fized coupling

The above discussion mainly focuses on the control of single qubits. To realize practical
quantum computing, two-qubit gates are necessary. To realize qubit-qubit interaction, we
need to couple two transmons. Similar to the resonator-resonator coupling schemes discussed
in Section 1.2.2, transmons can also be coupled capacitively or inductively (see Fig. 1.23).
The most common way is capacitive coupling as transmons usually have large capacitor pads
which make capacitive coupling more convenient [121]. An example of inductive coupling
can be found in Ref. [122]. Modeling the Duffing oscillators as in Eq. 1.122, the coupled

two-qubit Hamiltonian can be written as

n;
H/h = Z (wja;aj + Eja;a;ajaj) —g(ay — a];)(@ — a%), (1.148)
j=1,2

f

where a; (aj) is the creation (annihilation) operator for the jth qubit, w; and n; are frequency
and anharmonicity of the jth qubit, and ¢ is their coupling strength. The expression of ¢
can be found in Eqgs. 1.20 and 1.24. These kinds of coupling are always on. Thus the nearest-
neighbor qubits’ frequencies need to be tuned away |A| = |wy — wo| > ¢ so that they will
not “see” each other.

When two qubits ()1 and ()2 are on resonance, wi = wy, two qubits will exchange their
states as is shown in Fig. 1.24(a-b). With a duration of rigwap = 7/2¢, we can realize an

iISWAP gate, while with half of the duration, we can realize a ViSWAP gate.
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Figure 1.24: Evolution of state populations from numerical simulations for (a-b) iSWAP and
(c-d) CZ gates. For the iISWAP gate, two qubits are on resonance, wi /21 = w9 /2w = 5 GHz,
and initialized in the |eg) state. The dashed line represents the duration of an iISWAP gate.
For the CZ gate, |ee) is on resonance with |gf), wi/2m = wo/27 + no/27 = 4.8 GHz, and
qubits are initialized in the |ee) state. The dash-dotted line represents the duration of a
CZ gate. The qubit anharmonicities n; /27w = n9/27 = —200 MHz, the coupling strength
g/2m = 10 MHz, the qubit lifetimes T = 10 us and dephasing times To = 2 pus.

Furthermore, we can realize controlled-Z (CZ) gates with the | f) state. If we bring |ee) on
resonance with |gf), the state |ee) will evolve as |ee) — i|gf) — —|ee), while the other states
lgg), |ge) and |eg) will accumulate zero phase. Thus we can realize a CZ gate with a duration
of 7oy = 7/+/2g. The evolution starting with the state |ee) is shown in Fig. 1.24(c-d). Note
that by combining a CZ gate with two single qubit gates, we can construct a controlled-NOT
(CNOT) gate.

CZ gates with fidelity over 99% can be achieved with fixed coupling [121]. The fidelity is

limited not only by qubit coherence times, and leakage to higher excited states but also by
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noisy flux pulses [123]. Although the two-qubit gate fidelity above the surface code threshold
can be achieved [121, 13|, there exists residual ZZ interaction with this fixed coupling scheme,

which comes from the anharmonicity of qubits. The ZZ interaction H,, can be written as,
Hyy; = Ca{alagag. (1.149)

With this interaction, the |ee) state will accumulate extra phases during qubit idling times.
The ZZ coupling strength ¢ can be obtained from the Schrieffer-Wolff transformation (see
Appendix C) similar to what we did to get the Hamiltonian of dispersive readout. To the

second order of g/|A|, the ZZ interaction strength ¢ can be written as [121, 124],

(=2g T (1.150)

(A+m)(A—mn2)

If n9 = 0, we come back to the dispersive shift in Eq. 1.139, ( = —2y, where the factor of
—2 comes from the difference between o and a’a. For coupling strength ¢g/27 = 10 MHz,
anharmonicity /27 = —200 MHz and detuning A /27 = 400 MHz, the ZZ coupling strength
¢ /2m will be around —0.7 MHz, which is not negligible compared with qubit dissipation rates.
When two qubits are on resonance, A = 0, the ZZ interaction strength ¢ = —4¢? /n will be
around 2 MHz, which will give unwanted phase accumulation for the iSWAP gate. H;, can
be further suppressed either by engineered fixed coupling schemes [124]| or tunable couplers

which we will discuss in Section 1.5.

1.4.6 Benchmarking

Given a device with multiple qubits, we need to characterize these qubits efficiently. In this
section, we are going to introduce several methods to benchmark the quantum gates, e.g.

quantum process tomography, randomized benchmarking, and cross-entropy benchmarking.
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Gate fidelity

Here we start with the definition of gate fidelity. For an arbitrary ideal unitary operation U;

and an actual quantum process £(-), the gate fidelity Fg is defined as [125]

7y = [awtlvlewvis) (L151)

where the integral satisfies [ di) = 1. When &(-) is also a unitary operation U, i.e. £(¢) =
Ul) (1h|UT, we have [126]

1
Fy= ———(Te(MM") + |Tr(M)[?), 1.152
0= gy (DO + () (1152)
where d is the dimension of the Hilbert space, and M is defined as M = U J U. In reality,
gate fidelities are mainly limited by qubit relaxation times 77 and pure dephasing times T,
where qubit dephasing times satisfy 1/T5 = 1/211 +1/T,. When the quantum process £()
operates in the qubit computational space, e.g. single-qubit gates and iSWAP gates, the

gate fidelity can be estimated as [127]

d 1 1
Fg=1- T + : 1.153
g 2(d+1) %:(lek T(M) (1.153)

where 7 is the gate duration, d is the dimension of the Hilbert space, and Ty . (T ) is the
relaxation (pure dephasing) time of the kth qubit. The above result is up to the first order
of 7/T7 and T/T¢. For higher-order terms, the gate fidelity F; will be gate-dependent. If
the qubits leave the computational space during the quantum process £(-), e.g. CZ gates,
Ref. [128] gives an analytical expression of F, using 171, T, » and 7, which is gate-dependent
to the first order of 7/T7 and 7/Tj.
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State fidelity

Given a target quantum state described by the density matrix p;, and an actual state de-

scribed by density matrix p, the state fidelity F of p is defined as [129]

F=(T \/Ep\/E)Q. (1.154)

The ideal state p; is usually a pure sate which can be written as p; = |1;)(1;|, the above

expression can be simplified to
F =Tr(pip) = (Wilpltyi). (1.155)

Quantum state tomography

In experiments, we need to do state tomography to extract the density matrix p [125]. For
superconducting qubits, the measurement is along the z-axis in the Bloch’s sphere. We need
to apply a single qubit rotation, e.g. an X/2 or Y/2 gate before the measurement to rotate
the state on the y-axis or z-axis to the z-axis. We apply gates from the set {I, X/2,Y/2}
to each qubit after state generation, and perform simultaneous readout of all qubits to
get the probabilities on different axes. The density matrices directly calculated from these
probabilities usually are not physical because of limited readout fidelity. We will use some
convex optimization methods to reconstruct the density matrices to constrain them to be
physical, i.e. Hermitian, have a unit trace, and positive semi-definite. Note that for an N-
qubit system, we need to do k3N measurements to extract the full density matrix, where &
is the repetitions to get each probability. The number of measurements grows exponentially
with the number of qubits and does not apply to large systems.

Because of limited readout fidelity, the measured |e) state probability PeM for a single

qubit ranges from [1 — Fyy, F¢], where Fy and F. are assigned probability for |g) and |e)
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states described in Section 1.4.4. One trick is to stretch the range from [1 — Fy, F¢] to [0, 1],
which is called the readout correction [126]. Assuming the measured state probabilities are

P = [ﬁg,ﬁe]T = [1 — Py, )T, the corrected state probabilities are P = [Py, Pe] = F1p,

where F is defined as

F, 1-F
F=| 7 | (1.156)
1-F, F

For multiple qubits, we can just tensor their individual F-matrix, or we can directly measure
their total F-matrix in case of interference of simultaneous readout between different qubits.
Although this trick is widely used in the field of superconducting qubits, it assumes P = FP,

which is not strictly correct.

Quantum process tomography

Quantum process tomography, as its name implies, is the tomography of a quantum process,
which can be qubit decay, quantum gates, etc. A general quantum process £(-) can be

described using Kraus decomposition [125], which is
E(p) =Y Kipk], (1.157)
1
where {K;} are called Kraus operators, which satisfy

S KK =1. (1.158)

2

To describe an arbitrary quantum process, we usually choose a fixed set of operators {F;}.

Eq. 1.157 can be written as
d?—1

Elp) = Z anEmPE);a (1.159)

m,n=0
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where d is the dimension of the system and yx is the quantum process matrix. The process
matrix y contains d*—d? independent real parameters. For single qubit process tomography,

{E;} can be chosen as {I, X, —iY, Z}. The process matrix x can be expressed as

/ /
v=A " 24, (1.160)
P P
X _
where A = 5 , pp = E(pi), with py = [0)(0], p2 = p1X, p3 = Xpy and py = Xp1 X.
X -1

In experiments, we prepare different initial states |¢j,;) by applying gates from the set
{I,X,X/2,Y/2}, which gives the states [0) = |g), [1) = |e), |+) = (lg) + |e))/v2 and
i) = (lg) +1le))/v2. Then we apply the quantum process £(-) to these initial states and
extract the final states E(|1ini) (¥ini|) with state tomography. From the measurement results,

we can determine pg in the process matrix Yy,

o = £(10)(0)). (1.161)
y = E(I1)(1), (1.162)
py = E(LH){H) + €Y ) — (1 +0)(0 + o) /2, (1.163)
oy = E(L) () — €Y ) — (1 0)(o} + o) /2, (1.164)

with which we can extract the process matrix x for a single qubit operation. For two-qubit
operations, we choose the {F;} as {I, X, —iY, Z} ® {[, X, —iY, Z} and the process matrix
x can also be determined from the final states similar as the single qubit case. The process

fidelity Fp is defined as

Fp = Tr(XidealX); (1.165)
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Figure 1.25: Quantum circuits for randomized benchmarking (RB) of N qubits. The refer-
ence circuit is shown on the top, with m random Clifford gates C' and a recovery Clifford gate
C) which rotates all the qubits to the ground states. The bottom circuit is the circuit for
the interleaved gate GG, where G is inserted in each cycle. Their difference gives the fidelity
of gate G.

where Xjqeal is the ideal process matrix. The process fidelity ) is related to the gate fidelity

Fg as [130],
1+ dF,
F o= D , 1.166
97 144 (1.166)
where d is the dimension of the Hilbert space. Like quantum state tomography, the precision
of quantum process tomography is limited by readout and state preparation errors. For an

N-qubit operation, we need k12N measurements to get the full x matrix, where £ is the

repetitions to get each probability.

Randomized benchmarking (RB)

Quantum process tomography gives all the information of a quantum operation. However,
its performance is limited by readout and state preparation errors. For the state-of-the-art
superconducting quantum processors, the gate errors (around 1073 to 10_4) are far below
the readout and reset errors (around 1072). Thus we need to find some benchmarking
protocols that are insensitive to readout errors. One example is randomized benchmarking
(RB), which was first introduced in Ref. [131] and experimentally demonstrated in Ref. [132].

The quantum circuits for RB are shown in Fig. 1.25. We first prepare the qubits in the
ground states, which can be done by leaving the qubits to decay. Then we apply random
gates C' chosen from the Clifford group for m cycles. Finally, we apply a recovery gate C,. to
rotate all the qubit states back to ground states. Because the combination or inverse of any

Clifford gates is still a Clifford gate, C) will still be a Clifford gate. Ideally, if all the gates
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are perfect, the probability of the qubit measured in ground states will not change as we
increase the number of cycles m. However, because gate errors accumulate, the probability

measured in ground states will decay as,
Pret(m) = Apjes + B, (1.167)

where ppor is the sequence fidelity as well as the depolarization fidelity per cycle, and A and
B are limited by readout fidelities. For perfect readout and reset, we have A =1 —1/d and
B = 1/d, where d is the dimension of the Hilbert space. Note that to get P,of(m), we need to
choose different random gate sequences and average them out to depolarize the noise. The

sequence fidelity p,or gives an average error per Clifford gate e o as

d—1

Cref = T(l _pref)' (1'168)

To extract the gate fidelity of a specific Clifford gate G, we interleave the gate GG in each
cycle and apply a recovery pulse C/. to rotate the qubits to ground states (see Fig. 1.25).

The measured ground states probability decays faster as
Pyate(k) = Apgate + B, (1.169)
from which we can get the gate error of G, egate = 1 — Fy, as

d—1
egate = —(1 _ @) (1.170)
Pref

We only need the sequence decay rate p to extract the gate fidelity, thus RB is robust to
readout errors. Ref. [133| compared quantum process tomography with RB and found that
RB predicts the gate errors more precisely.

For a single qubit, there are 24 Clifford gates, and all of them can be constructed from
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Figure 1.26: Quantum circuit for cross-entropy benchmarking (XEB) of N qubits, with m
random gates R applied.
the set of single qubit rotations {I, X,Y, X/2,Y/2, —X/2,—Y/2}. For two qubits, there are
11520 Clifford gates and all of them can be constructed with the single qubit rotations and

the two-qubit CZ gate [121].

Cross-entropy benchmarking (XEB)

RB is limited to Clifford gates only, while cross-entropy benchmarking (XEB) works for an
arbitrary gate. XEB was first introduced to demonstrate the quantum supremacy [134, 135].
The quantum circuit for XEB is shown in Fig. 1.26. The qubits are initialized in ground

states, then we apply m random gates. The result state p,, will be

1
pm =P Pidealm + (1= p")1, (1.171)

where p is the depolarization fidelity per cycle, the same as the sequence fidelity per cy-
cle in RB. Finally, we perform the measurements and get the probability Pexp(x) of dif-
ferent bit strings x. Then the problem becomes estimating p"* from Pexp(x). Note that
we know what random gates we apply, so we can directly calculate piqeal , and get the
probability measured in bit string =, Pgeq (), in the ideal case. Multiply the matrix
diag(P.gea1(0), Pgeal(1), - -, Pigeal(d — 1)) on both sides of the Eq. 1.171 and take the trace,

we have

Z deal (%) Pexp (2 Z deal (1—]9) (1.172)

We can do a linear fit between (Y-, Pgeal (%) Pexp(z)) —1/d and (Y, 1deal( z)) —1/d with
different m-cycle sequences to get an estimation of p”*, written as pegt(m). Then for different

cycles m, we can get p by fitting pegt(m) and m. The average gate error e per cycle can be
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Figure 1.27: (a) Inductively coupled circuit, (b) the equivalent T-circuit with a shared
inductor M, and (c) another equivalent circuit with an extra loop with M = My Ma/ Loy,

calculated the same as RB, e = (1 — p)(1 — 1/d). Similar to the interleaved RB, we can also
do an interleaved XEB to get the gate error for an interleaved gate. Ref. [135] used both
RB and XEB to benchmark their gates, and the results are consistent. Note that RB can
be treated as a special case of XEB. With the recovery gate in RB, the ideal density matrix

becomes pideal m = |0)(0], then we have Pgeq1(0) = 1 and Eq. 1.172 becomes Eq. 1.167.

1.5 Tunable coupler

With qubits (transmons) and quantum channels (transmission lines), we are ready to build
a superconducting quantum network. However, the fixed coupling limits the functionality of
the quantum network. In this section, we are going to introduce two types of couplers based
on how they are coupled to the qubits, which can be used to realize tunable qubit-qubit or

qubit-channel interactions.

1.5.1 Inductive coupler

A Josephson junction can be treated as a non-linear inductor, which is tunable by changing
the flux through a loop (e.g. a SQUID loop) containing it. It is natural to start with a
tunable mutual inductive coupling.

Before we start, it is better to introduce some equivalent inductively coupled circuits (see
Fig. 1.27), which can help us simplify the circuits. For two circuits coupled with mutual

inductance M shown in Fig. 1.27(a), it can be transformed to a T-circuit with a shared
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Figure 1.28: Circuits for inductively coupled transmons with a shared (a) inductor and (b)
SQUID.

inductor M as is shown in Fig. 1.27(b), which can be verified by Kirchhoft’s circuit laws,
similar as what we did in Eq. 1.37. Furthermore, we can introduce an extra loop coupled
to two circuits which can mediate inductive coupling between two circuits (see Fig. 1.27(c)).
The effective mutual inductance M between the left and right circuits can be obtained from
Kirchhoft’s circuit laws,

My Mo

M = (1.173)

Lioop
Looking at the coupled transmons with inductive coupling in Fig. 1.23(b), we can directly
transform it to a circuit in Fig. 1.28(a) using the transformation introduced in Fig. 1.27(b).
A simple way to realize tunable coupling is to replace the shared inductor M in Fig. 1.28(a)
with a SQUID as is shown in Fig. 1.28(b). The SQUID can be treated as a tunable inductor,
with equivalent inductance Lsquip = L.j/2| cos(dext/2)| when it is symmetric, where L is
the Josephson inductance for one junction and ¢ext = 27 Pext /P, With Peyt the external
flux across the SQUID loop. However, Lgquip cannot be set to zero, which means that the
coupling cannot be turned off. Examples using this kind of tunable coupler can be found
in Refs. [80, 136]. This coupler also requires a galvanic connection to the shared tunable
inductor (SQUID), limiting its application.
Fig. 1.27(c) introduced a loop, where we can put a Josephson junction in the loop as
is shown in Fig. 1.29(a). This circuit can be further transformed by replacing the mutual
inductors with shared inductors, which gives the circuit shown in Fig. 1.29(b). This kind

of coupler was first introduced in Ref. [137|, where they called it gmon. For the following
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Figure 1.29: Circuits for transmons coupled with a gmon.

discussion, we will focus on the gmon circuit in Fig. 1.29(b).
In the gmon circuit, we can directly write down the effective mutual inductance M g
between two transmons from Eq. 1.173,

2
Lg

M.w = 1.174
off 2Lg + L¢/ cosd’ ( )

where ¢ is the phase difference across the coupler junction, L. is the Josephson inductance
of the coupler junction, and L is the linear inductance to ground. If we consider some stray
wiring inductance Ly, in series with the coupler junction [77], the effective mutual inductance
Mg needs to be modified as

L2
Mg = J .
¢ 2Ly + Ly + Le/ cosé

(1.175)

With the effective mutual inductance Mg, we can directly write down the coupling strength

g between two qubits using Eq. 1.24,

WelW M,
Valtg2 off (1.176)

N T B
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Figure 1.30: (a) Junction phase ¢ versus external phase ¢ext. Dashed lines show the coupling
off points. (b) dgmax (dotted lines) and ¢ (dashed lines) versus Le/Lygop, Where Liggp, is
defined as 2Lg + Lqy. Here we already extract the regime with multiple solutions of 0. The
red regime is where the coupler cannot be turned off, the orange regime is where the coupler
can be turned off but exists a regime with multiple solutions of §, and the blue regime is
where the coupler can work at any ¢ext.

When the two qubits are identical, we have

_wg Ly Ly

== : 1.177

The external phase through the coupler 1oop ¢ext = 27 Pext/Pg is related to junction

phase difference ¢ as [138]
2Ly + Ly

c

0+ Sind = Qext- (1.178)

The junction phase difference 0 versus external phase ¢eyt is shown in Fig. 1.30(a). For
Le > 2Lg+ Ly, there is always a solution for § for a given ¢ext. When Lo < 2Lg + Ly, there
are some regimes where multiple § exist for a given ¢ext, which comes from the neglect of the
junction self-capacitance. For this kind of singularity, readers can refer to Refs. [139, 140|

for more discussion. We will try to avoid such regimes in experiments. The zero coupling
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Figure 1.31: Circuit for a transmon coupled to a transmission line with a gmon.

point ¢g is at Mg = 0, which satisfies

m  2Lg+ Ly 37 2L+ Ly
d2r = (— g—,——g—>. 1.179
Goft mod 2m = {5 7 L. (1.179)
The maximum coupling point ¢gmax is at
Pgmax mod 2m = . (1.180)

When L. < 2Lg + Ly, because of the existence of multiple solutions, we cannot reach the
$gmax points. When L. < 0.725(2Lg + L), we cannot reach ¢,g, which means we cannot
turn the coupler off when the coupler junction L. is too small. The fluxes ¢og and ¢gmax
versus L¢/(2Lg + Ly) are shown in Fig. 1.30(b). The maximum coupling strength gmax is

_wg_ Ly Lg
e = Ly + Ly 2Ly + Ly — Lo

(1.181)

Introducing the coupler will change the qubit frequency. The frequency shift Aw, can be

calculated as

1 1
Awg = - ~ g. (1.182)

The gmon can also be used to couple a transmon to a transmission line [141, 142|. The

circuit is shown in Fig. 1.31. The inductive coupler only couples the series modes in the
transmission line. For the transmission line with a short end, the effective RLC for its nth

series mode can be found in Table 1.2. For the nth mode, its frequency wy, = nwggR, where
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Figure 1.32: (a) Coupling strength g, between the qubit and the transmission line mode
changes as external phase ¢yt for different L.. Dotted lines label the regime with multiple
solutions of 4. (b) Maximum and minimum coupling strength |gp| for different L¢/Lyoqp,
where Ly, is defined as 2Lg + Lyy. The different regimes are the same as Fig. 1.30. The
related parameters are wq/2m = wy, /21 = 5.0 GHz, wpgr /27 = 50 MHz, Ly, = 12y /2wpsR =

250 nH, Ly = 0.2 nH, Ly, = 0.1 nH, L; = 11 nH, C; = 90 fF.
wWrSR = mUp/l is the free spectrum range (FSR), and its effective inductance Ly, = nwZy/2wn,
where Z( is the characteristic impedance of the transmission line. The coupling strength

between the nth mode and qubit can directly be written down as

v/ Wnly Meff
2 \/(Lj+Lg)(Ln+Ly)

gn = (1.183)

The coupling strength g, versus external flux eyt is shown in Fig. 1.32(a), where we assume
wq = wp. The regime of L. < 2Ly + Ly, is not plotted. We also show the maximum coupling
strength gmax and minimum coupler strength gy,;, for different coupler junction inductance
L. in Fig. 1.32(b).

In the infinitely long line limit, L, — oo, g, — 0, and wpgr — 0. The qubit is coupled

to multiple modes, so the meaningful physical quantity is the decay rate s into the long
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Figure 1.33: (a) Qubit and (b) transmission line mode frequency shift for different L.. The
related parameters are wy /27 = wy, /27 = 5.0 GHz, wpgRr /27 = 50 MHz, Ly, = 72y/2wpsR =
250 nH, Ly = 0.2 nH, Ly, = 0.1 nH, Ly = 11 nH, C, = 90 fF.

transmission line, which can be determined by Fermi’s golden rule,

2 2 2
In 2wq Meff

~ , 1.184
WrSR 4o Lj+ Ly ( )

K= 27Tg,21p(wq) =27

where p(wq) = 1/wpgR is the density of states at the qubit frequency wq. This expression is
the same as the dissipation rate directly derived from Eq. 1.41, which is only related to the
characteristic impedance of the transmission line Zy but not the length of the transmission

line. As in the infinitely long line limit, the qubit cannot know what is happening on the

other end.

The qubit frequency shift Awy and the nth mode frequency shift Aw;, can be calculated

w Ly,+ L
Awg =~ gny |24 | 77— 1.1
wq dn wn, LJ+L97 ( 85)
A ~ Y Y B 1.1
Wn = gn Wy Ln‘f’Lg ( 86)

The qubit frequency shift Aw, is much larger than the transmission line mode frequency

similar to Eq. 1.182,
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Figure 1.34: (a) Qubit lifetime 7, and (b) transmission line mode lifetime 7 limited by the
coupler bias line changes as external flux ¢ext for different L.. The related parameters are
Wq/2m = wp /21 = 5.0 GHz, wpsr /27 = 50 MHz, L, = nZy/2wpsg = 250 nH, Ly = 0.2 nH,
Ly =0.1nH, L;=11nH, Cy =90 {F, My = 1.5 pH, where M, is the mutual inductance
between the coupler bias line and the coupler loop.

shift Aw,, because Ly, > L for long transmission lines (see Fig. 1.33). The qubit frequency
shift Awg can be compensated by an extra z-pulse when the coupler is turned on. There
are crosstalks between the gmon bias line and the qubit SQUID, and also between the qubit
z-bias line and the gmon loop in the experiment, which can be corrected by modifying the
flux pulses we send.

To tune ¢ext, a bias line needs to be introduced, which will damp the qubit similar to the
qubit z-bias line introduced in Section 1.4.2. The qubit lifetime 7} limit and the transmission
line mode lifetime 7). limit are shown in Fig. 1.34, where T}, > T, because L, > L. To
overcome this limit, extra filtering circuits can be added to the coupler bias line [143]. When
designing the filtering circuits, we need to be careful about the possible resonances that
might be introduced.

In Chapters 2 and 3, we will use gmons to couple transmon qubits to transmission lines

acting as quantum communication channels to build superconducting quantum networks.
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(a) (b)

Figure 1.35: Circuits for capacitive couplers with a (a) grounded transmon and (b) floating
transmon as the coupler to couple two transmon qubits, and (c) their coupled-mode repre-
sentation.

1.5.2  Capacitive coupler

Inductive couplers can realize CZ gates with fidelity over 99% [137]. However, it is hard to
couple multiple qubits to one qubit with inductive couplers (two at most [144, 145|, otherwise
the crosstalk will be too large). Capacitive coupling is more convenient as transmons can be
designed to have large-size capacitors for coupling. The tunable element we have in hand
is the junction, a tunable inductor. One way to realize such a capacitive coupler is to use
a tunable transmon acting as a tunable resonator bus [146] which mediates the coupling
between two transmon qubits. This scheme was first introduced in Refs. [147, 148| and
experimentally demonstrated in Ref. [149].

The scheme for this kind of coupler is shown in Fig. 1.35. Here we assume all the
transmon qubits are grounded |74 for simplicity. The circuit introduced in Ref. [148] is
shown in Fig. 1.35(a), where the coupler is also a grounded transmon. An alternative circuit
is to make the coupler floating [150, 151, 38] as is shown in Fig. 1.35(b). Both circuits can

be quantized and we can get the total Hamiltonian H by modeling the transmons as Duffing
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oscillators as in Eq. 1.122,

H/h = Z wia;-rai + %a;fa;raiai + Z gic(a;-rac + alai) + glg(a];ag + agal), (1.187)
i={1,2,¢c} i={1,2}

where wj; is the frequency for the ith qubit or coupler, n; is the corresponding anharmonicity,
and g;; is the coupling strength between the ith qubit/coupler and the jth qubit/coupler.
RWA has been applied. When the detuning between and the ith qubit and the coupler A;.
is much larger than their coupling strength g;., i.e. |A;c| > |gic|, we can do Schrieffer-Wolff
transformation (see Appendix C) to block-diagonalize the total Hamiltonian. If we ignore
the nonlinear terms in H, the Schrieffer-Wolff transformation unitary U can be simply chosen
as

U = exp Z %(a}ac - aiai), (1.188)

i=1,2 ¢
with which we can get the effective coupling strength g.g between the two dressed qubit

modes,

glcg2c< 1 1 >

+ 1.189
2 A1c AQC ( )

Jeft = 912 +

The first term is the direct coupling between two qubits and the second term comes from
the virtual exchange of photons with the coupler mode [146]. For the circuit in Fig. 1.35(a),
both qubits are coupled to the same pad of the coupler, the couplings g1, and gs. have the
same sign, g1.92. > 0. When we tune the coupler frequency above the qubit, i.e. A;. < 0,
we can find a frequency to fully turn off the coupling. While for the circuit in Fig. 1.35(b),
qubits are coupled to different pads of the coupler, which gives different signs for g;. and
92¢, 91c92¢ < 0. In this case, the coupler frequency needs to be set below the qubit frequency
to turn off the coupling. More details on the quantization of the full circuits, higher-order
corrections, and ZZ interactions can be found in Refs. [148, 149, 150, 151, 152].

This capacitive coupler can also be used to couple a transmon qubit to a transmission
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v < v

Figure 1.36: Circuit for gmon with coupler junction capacitance.

line, in which case, the coupler works as a transfer resonator between the qubit and the
transmission line [32, 40, 41].

If we consider the self-capacitance of the coupler junction in the gmon circuit (see
Fig. 1.36), the function of gmon can be understood similar to this capacitive coupler, i.e.
the coupler mode mediates the coupling between two qubits [147]. The gmon coupler can be
viewed as a capacitively-shunted rf-SQUID. When the coupler junction inductance is smaller
than the loop linear inductance, the gmon coupler works similarly as a fluxonium qubit [153].

This kind of capacitive coupler has been widely used to demonstrate high-fidelity two-
qubit gates [135, 154, 155, 156]. The coupler has also been used to couple multiple qubits
to realize selective two-qubit gates [157] and multi-qubit gates [158]. Many of its variants
have been reported [159, 160, 161, 162, 163, 164]. In Chapter 4, we will extend the circuit

in Fig. 1.35(b) to realize tunable all-to-all connectivity between four transmon qubits.

1.6 Summary

In this chapter, we discussed the building blocks of superconducting quantum networks,
including transmon qubits as quantum processing units, transmission lines as quantum com-
munication channels, and tunable couplers for qubit-qubit and qubit-channel couplings. In
the following chapters, we will integrate these elements to build quantum networks from
two nodes to four nodes, following the fabrication process introduced in Appendix G and

measuring them with the setup described in Appendix H.
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CHAPTER 2
ENTANGLEMENT PURIFICATION IN A TWO-NODE
NETWORK

2.1 Introduction

In Chapter 1, we give an introduction to the building blocks of superconducting quantum
networks. Starting with this chapter, we are going to build the networks and present the
experiments run on these setups.

In this chapter, we introduce a two-node network, where two quantum processors are
connected by a l-meter-long superconducting coaxial cable [35]. We demonstrate entangle-
ment generation between two nodes and use the entanglement purification protocol to distill
the entangled states to higher fidelities [165]. In addition, we use both dynamical decoupling
and Rabi driving to protect the entangled states from local noise, increasing the effective

qubit dephasing times.

2.2 Experimental setup

An overview of the experimental setup is shown in Fig. 2.1, with a schematic in Fig. 2.1(a)
and a full circuit in Fig. 2.1(b). The system comprises two quantum network nodes A and
B, where each node includes three capacitively-coupled transmon qubits Qf (1 =1,2,3;
k= A, B). Qubits Q‘;’B are not used in the following experiments. The central qubit QS in
each node is directly coupled to a 1-meter-long niobium-titanium (NbTi) superconducting
coaxial cable via a gmon coupler G*. The cable is connected to the coupler by aluminum
(Al) wirebonds. The packaged sample is shown in Fig. 2.2. More details can be found in
Ref. [35]. The measurement setup can be found in Appendix H.

We first turn off the couplers and benchmark the qubits. The qubit parameters are listed
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Figure 2.1: Overview of the two-node network: (a) schematic and (b) circuit. The network
comprises two nodes A and B, each with three capacitively-coupled transmon qubits. The
center qubit in each node is connected to a 1-meter-long superconducting NbTi coaxial cable
through a tunable coupler. Each qubit is measured by a A/4 readout resonator which is
further coupled to a single-stage bandpass Purcell filter.

in Table 2.1. The qubits each have a relaxation time of 77 ~ 10 us and dephasing time
15 ~ 3 us.

We use randomized benchmarking (RB) to characterize the single qubit gate performance
(see Section 1.4.6). Our single-qubit 7 gate duration is 30 ns and /2 gate duration is 20 ns,
for all rotation axes, with gate durations optimized to balance qubit lifetime with state
leakage. To minimize the effect of the second excited state |f), we use a DRAG correction
for all our single qubit gates [81]. We get an average single qubit RB gate fidelity of 99.8%.

We tune the frequency of our qubits to implement iISWAP and CZ gates as we discussed
in Section 1.4.5. To swap an excitation between Q]f and QIQc in the same node, we bring Q]f
and QIQ“ on resonance. At TigwaAp = 7r/2glf2 ~ 15 ns (k = A, B), we complete the |eg) — i|ge)

process, which forms a iISWAP gate. To measure the efficiency of the iSWAP gate, we first
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Figure 2.2: Photo of the two-node network, adapted from Ref. [35].

rotate Qg to |e) and measure the excited state population P.. Next, with QIQ“ in |g), we
prepare Q]f in |e), then swap the excitation to Qé, followed by a measurement of P, for QIQ“.
Comparing the resulting P, in the two experiments, we find a swap efficiency of ~ 99%.

To implement a CZ gate between Qlf and QIQ‘“', we bring |ee) and |¢gf) on resonance as
we discussed in Section 1.4.5. When |ee) is on resonance with |gf), the two-qubit state will
evolve as |ee) — i|gf) — —|ee), yielding a CZ gate in a time 7oz ~ 21 ns. To characterize the
gate performance, we perform process tomography (see Section 1.4.6) to obtain the process
x matrix of the CZ gate. To overcome the issue of dynamical phase accumulated during
the CZ gate, here we directly tune the phase of the tomography pulses to get the right CZ

gate process x matrix. We find process fidelities F;, for the CZ gate between Q{LQ‘; and
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Qf Q) Q4 Qf QF Q¥
wq/2m | 5.256 GHz | 5.870 GHz | 5.506 GHz | 5.302 GHz | 5.890 GHz | 5.322 GHz
n/2r | —230 MHz | —150 MHz | —230 MHz | —230 MHz | —150 MHz | —230 MHz
T 8.9 us 5.7 s 6.3 us 22.1 ps 9.2 us 21.1 ps
Ty 1.8 us 3.1 us 2.5 ps 2.2 ps 3.0 us 1.8 pus
wr/2m | 6.605 GHz | 6.550 GHz | 6.503 GHz | 6.506 GHz | 6.556 GHz | 6.608 GHz
Tr 350 ns 450 ns 300 ns 400 ns 600 ns 350 ns
Fy 96.8% 97.4% 96.2% 98.8% 96.5% 98.3%
Fe 94.0% 92.7% 92.6% 93.6% 93.9% 93.9%

Table 2.1: Qubit parameters: the qubit operating frequency is wg; the qubit anharmonicity
is n; the qubit lifetime and pure dephasing time at the operating point are 77 and Tg; the
readout resonator frequency is w;; the readout pulse duration is 7,; and the readout fidelities
of |g) and |e) states are F; and Fp.

QP -QF of 95.93% + 0.64% and 95.05% =+ 0.68%, respectively. With two /2 single qubit
gates and a CZ gate, we can implement a CNOT gate.

The coaxial cable has a free spectral range wpgr /27 = 105 MHz, which is the frequency
of its \/2 resonance. We use the qubits to benchmark the communication channel. We first
excite the qubit Qél, then turn on the coupler G4 to coupling strength g/2m = 4.3 MHz while
tuning the qubit into resonance with the 5.806 GHz communication mode (L, ~ 121 nH);
the other coupler is left off. The pulse sequence can be found in the inset of Fig. 2.3(a).
The coupler junction is around L7 = 0.62 nH. The coupler has other linear inductance
2Ly = 0.4 nH and Ly, = 0.1 nH (see Eq. 1.175). We can observe vacuum Rabi oscillations
between the qubit Q‘24 and the communication mode as is shown in Fig. 2.3(a). We also
perform the same measurement on the qubit QQB side with the results shown in Fig. 2.3(b).
Numerical simulations show that the qubit 77 and T, are shortened to around 2 ps and 1 us
respectively, likely due to losses associated with the wire-bond connection [35].

To characterize this mode, we first prepare Qg in |e) and swap the excitation to the cable,
leave the excitation in the cable mode for a time ¢, and then swap it back to QQB to measure
the remnant excitation, shown in Fig. 2.4. The swap duration used for this measurement is

30 ns. The measured 17, is 477.3 + 8.1 ns, corresponding to a quality factor () = 1.7 x 10%.
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Figure 2.3: Vacuum Rabi oscillations between the 5.806 GHz communication mode and
the qubit (a) Q’; and (b) Qg . Red circles are experimental data, gray lines are numerical
simulations with 77 in Table 2.1. Grey dashed lines are numerical simulations with shortened
Ty, which implies that T7 is affected by the coupling strength between the qubit and cable.

The full Hamiltonian of our system in the rotating frame can be written using the fol-

lowing multi-qubit, multi-mode communication channel model:

k=AB M Mol
k
H/h = Z Awk T0k+ Z (m— 5 )WFSRbInbm
1=1,2,3 m=1
k=A,B
4 Z gj2 kT k) (2.1)
7=13
M M
+ > ginlagbh +ay o) + D7 (1) gk (@Fbh + a5 ),
m=1
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Figure 2.4: Lifetime measurement of the 5.806 GHz communication mode.

where af and b, are the annihilation operators for qubit Qf and the mth cable mode
respectively, Awf is the qubit frequency detuning to the rotating frame frequency, M is
the number of standing modes considered in the simulation, wpgg is free spectral range of
the cable modes, gﬁ o 18 the coupling strength between Qé‘? and Q’g , and gﬁl is the coupling
strength between ng and the mth cable mode. The rotating frame frequency is set to the
frequency of the communication mode. The sign of g{% alternates with the mode number m
due to the parity dependence of the standing wave modes. We will use the above Hamiltonian

and measured qubit and channel coherence times to simulate the system dynamics.

2.3 Entanglement generation

In Fig. 2.5, we display the deterministic generation of a Bell state distributed between nodes
A and B. Using the tunable coupler, we swap a “half-photon” from Qﬁl to Q2B with the
communication mode C' as an intermediate bus. The pulse sequence is shown inset in Fig.
2.5(a), where we first apply a 7 pulse to bring Q‘24 from its ground state |g) to its first
excited state |e), then turn on Q?’s coupler G4 to coupling strength gA/27T = 4.3 MHz

while tuning Q’; into resonance with the communication mode C'. The swap time for a full
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Figure 2.5: Deterministic Bell state generation. (a) Inset: Pulse sequence for Bell state
generation, including the delay time ¢; that the excitation resides in the communication
mode C. Main plot shows |e) state population P in le (blue), and in QJQB for different
delay times in the cable t; = 50 ns (orange) and t; = 200 ns (red). (b) Bell state fidelity F
as a function of delay time t,4. (c¢) Bell state tomography for t; = 10 ns and (d) t; = 400 ns.
Blue dashed lines in (b) and (b), and dashed outline boxes in (c¢) and (d), are results from
numerical simulations.

photon emission (|eOg) — i|glg), representing states as ]Q‘;C’Qfﬂ is ~ 60 ns. Here we
turn on the coupling for 30 ns, which swaps a half-excitation to the cable mode (ideally,
e0g) — (|e0g) + ilg1lg))/v/2). We then turn off the coupler G4 and after a time delay t,,
set GB’s coupling strength to ¢P /27 = 4.3 MHz while tuning Qg into resonance with the

communication mode. After a 60 ns full swap, this generates a Bell state between Q‘QA and

QQB, ideally |4 7) = (leg) —|ge))/v/2 (writing the two-qubit state as |Q‘24Q]25>) In Fig. 2.5(a)
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we show the excited state probability for Q2B for two different delay times, t; = 50 ns
(orange) and 200 ns (red), along with Qé‘l (blue). These data clearly show the reduction in
Qg 's excited state probability P, with delay time ¢,.

In Fig. 2.5(b), we display the effect of the delay time in the cable ¢; on the Bell state
fidelity F, defined as F = (¢~ |p|yp™), displaying the two-qubit density matrix p measured
using state tomography (see Section 1.4.6). Numerical simulations (dashed blue line) are
in good agreement with the measurements. In Fig. 2.5(c-d) we show the measured density
matrices for the time delays t; = 10 ns and t; = 400 ns. For the data in Fig. 2.5(c),
the measured fidelity to the ideal Bell state is F = 92.89 + 0.85%, close to the numerical
simulation result 7™ = 92.01%. The data indicate that the dominant infidelity is due to
damping errors (|1) — |0)) in the cable, which increase with delay time in the cable, with a
much smaller contribution from phase errors in the qubits (|g) + |e))/v2 < (lg) — |e))/V/2.
Damping results in a larger |Tr(p|gg){(gg|)| component in the density matrix, while phase
decoherence yields smaller off-diagonal terms in p. From the data at delay ¢; = 400 ns, we
estimate that ~ 94% percent of the infidelity is due to damping errors (~ 82% from cable

loss and ~ 12% from qubit decay) and ~ 6% percent is due to qubit dephasing.

2.4 Entanglement purification

Amplitude damping of the microwave photons limits the fidelity of the entangled pairs.
Here we demonstrate the use of an entanglement purification protocol [166] to correct these
errors. Entanglement purification via distillation has been demonstrated in linear optics
[167, 168, 169, 170], as well as with trapped ions [171] and defects in diamond [172]. In
superconducting qubits, mitigating the photon loss in a communication channel has been
achieved using adiabatic methods [142] as well as through error-correctable qubits [173]. In
contrast to adiabatic protocols which require remote synchronization [174, 142], purification

protocols can achieve near unit-fidelity Bell states using only local operations. The purifica-
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Figure 2.6: Entanglement purification. (a) Circuit schematic. (b) Experimental realization
of the purification circuit in (a). The ST /2 process is a “half-photon” transfer process as in
Fig. 2.5(a). We prepare the first Bell pair |Q§4Q§) followed by swaps into |Q‘14Q119> We then

generate the second Bell pair in |Q’24Q2B ) and purify using these two pairs.

tion performance should be similar to protocols using error-correctable qubits, but with no
additional requirements for intricate qubit encoding and quantum non-demolition measure-
ments [175, 173]. Here we show that amplitude damping errors can be effectively corrected
by a purification protocol including measurement and post-selection.

The purification circuit is shown in Fig. 2.6(a), where two impure Bell pairs p(l) and
p@) are created between the two nodes, which serve as the source (p(l)) and target pairs
(p(2>). Parallel CNOT gates are performed between the qubits in each node, followed by
Z measurements of the source pair p(l), using the measurement results to post-select from
p(Q). The result is a purified Bell pair py with a higher fidelity to the purification target state
WY = (leg) + |ge))/v/2 [166]. In the following, we will discuss how this purification circuit
acts on different noise sources.

The four Bell states [¢F), |¢F) are

|w%:j%wmiwm» (2.2)
64) ::;;iugg>:t|ee>» (2.3)
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The ideal Bell state via cable-mediated entanglement is |1)7),

0 0 0 O
o 10 1 —-10
Pideal = WJ ><w | = 5 . (2-4>
0O -1 1 0
0 0 0 O

For a bit-flip error channel with error probability p, the process is represented by the oper-

ators

Ey=+/1—pl, (2.5)

By = /pX. (2.6)

If we assume only one qubit suffers from a bit-flip error, the final state will be
Dy = P\ —
p=E() =Y I®E; piear- IO E] = 1= DI W [+ 5677, (27)
1

with a fidelity F = 1 — p/2. After applying the bit-purification circuit shown in Fig. 2.6(a),

the final state fidelity will be

f2
= , 2.8
F24(1-F)? (28)
with post-selection of |gg) or |ee).
For a phase-flip error channel, the process is represented by
Eo=+/1-pl, (2.9)
Ey = \/pZ. (2.10)
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If we again assume only one qubit suffers from a phase-flip error, the final state will be

Py, =, — , P
p=E(p) = I E; pigea - I ® Bl =(1- UL §|¢+><¢+|, (2.11)
i
with a final state fidelity F = 1—p/2, where |¢7) = (|eg) +|ge))/v/2. The phase-purification
circuit shown in Fig. 2.9(b) acts similarly to the bit-flip purification circuit.

Considering an amplitude-damping error channel, the channel representation is

1 0

Ey = , (2.12)
0 V1—p
0

B = VPl (2.13)
0 0

Assuming only one qubit suffers an amplitude-damping error, the final state will be

pZZI®Ei'pidea1'f®EJ

= LV 2Py o SR (4 2 gg) (gl — g el

: ; . ] (2.14)
10 1-p —/T-p O
Cloovis 1 0|

0 0 0 0]

with fidelity

2—p+2/1—
F_2-p+ P, P

; : (2.15)

Applying the bit-purification circuit with post-selection of the |gg) state, the final state and
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its fidelity will be

p? 0 0 0
2
_ . , ,
20=p+2) 10 1-p 1 o0
0 0 0 0
]__,:—(2—]?)2 Nl_ﬁ (2.17)
4(1—p+p?) 47 '

with a success rate (1 —p + p2) /2, and only part of damping errors are corrected. If we do

the post-selection with the |ee) state, the final state and its fidelity will be

p=1) T, (2.18)
Fl=1, (2.19)

with a success rate of (1 — p)/2 and all the damping errors are corrected.
If we consider both phase and amplitude-damping errors, the state before purification

can be written as

p=01—e) )W |+ el )W +eallgg)(ggl — lge)(gel), (2.20)
Fo1-9_g, (221)
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After applying the bit-purification circuit with post-selection of |gg), the final state will be

- -
4ed 0 0 0
1 0 (1-2¢)% (1-2¢)% 0
/ p
o= 2 , (2.22)
2(]_ — 26d + 4€d) 0 (1 - 26]?)2 1 0
0 0 0 0
, 1—ed—2€p+62+26]2)
F = 5 (2.23)
1-— 2€d + 4€d

with a success rate 0.5 —eg + 265 and non-zero ground state population 26(21/(1 —2€5+ 46(21).

If we do the post-selection of |ee), the final state will be

pr=1—e) )W+ el )], (2.24)
2, — 262 — €
/ D D d
— 2.2
€ e (2.25)
F=1-6,=21+¢5— 26, (2.26)

with a success rate 0.5 — €4 and zero ground state population. Here we focus on the measure-
ment result |ee), where the damping error is fully corrected and purification yields higher
Bell state fidelities than the |gg) measurement result.

We implement the purification process as shown in Fig. 2.6(b). After generating the first
Bell pair, shared between the two nodes in ]Q?Qg ), we apply two parallel iISWAP gates that
transfer the state to \Qf@{g ), with an efficiency over 99%. We then generate the second
Bell pair in |Q§1Q§ ) using the same sequence as for the first Bell pair. We indirectly vary
the cable loss by changing the delay time t; the half-photon resides in the cable. In the
experiment, we find that the Bell state fidelity suffers if we leave the qubit frequency of Q{l
fixed. This could be due to static ZZ interaction between Q‘fl and Q‘24 during the excitation

pulse used for generating the second Bell state, as when generating the second Bell pair,
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Figure 2.7: (a) Bell state fidelity F before purification for |Q§4Q2B ) (blue) and |Q‘f1leB )
(orange), and after purification for ]Qé@g ) (green), each measured as a function of delay

time t4. The grey dashed line is for error-free purification between two identical impure Bell
states. (b) Success rate for purification, which is the probability of measuring |Q‘14Q]19 )) in
lee) with (red) and without (purple) readout correction (see Section 1.4.4).

both Qi4 and Qé‘l have a population in their |e) states. We find that when we tune Q{l
frequency from 5.25 GHz to ~ 4.9 GHz, the fidelity of the second Bell state is closer to that
of the initial state fidelity.

Pre-purification measurements of the two Bell states in |Q{1leB ) and |Q§1QQB ), represent-
ing p(l) and p(2) respectively, are shown in Fig. 2.7(a). These indicate the fidelity of the
second Bell pair in |Q§1QQB) is a few percent lower than the Bell pair in Fig. 2.5(b), due to
imperfections in the iSWAP gates and possible interference with the first Bell pair during
the second Bell pair generation. The first Bell pair’s fidelity also falls due to qubit decay
during the second Bell pair generation. The purifying CNOT gate, with |Q’24Q2B ) as the
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control, is implemented using a CZ gate combined with two single-qubit Y/2 gates applied
to |Q‘14Q{3 ). Following the CNOT gates, we perform Z measurements of Qf’B and tomog-
raphy measurements of Q’;’B. We post-select as purified states those with |Q14Q13 ) = |ee);
this purification process targets the ideal Bell state [T).

The fidelity of the purified state, representing p¢, is shown in Fig. 2.7(a) as a function of
delay t;. Larger t; shows larger purification improvement, as there is more photon loss during
cable transmission; the best fidelity of 94.09% =+ 0.98% is for the shortest delay t; = 20 ns.
The largest fractional improvement in fidelity, defined as the change in fidelity divided by
the initial (pre-purification) fidelity, is 25%, achieved for the longest delay t; = 400 ns. The
success rate, given by the probability of measuring ]Q‘f@f; ) in |ee), is shown in Fig. 2.7(b),
which falls for longer delay times, as expected: The main limitation is due to storage decay
of the first Bell pair, whose lower fidelity limits both the success rate and the purified fidelity.
The gray dashed line shows the expected purified Bell state fidelity for two identical Bell
pairs matching |Q124Q2B>

To better visualize the purification process, we present the full state tomography of the
entanglement purification results when t; = 150 ns in Fig. 2.8. When the measurement
results for |Q‘14(,)2]1B ) are not consistent, the final state of |Q§4QQB ) will be a mixed state (see
Fig. 2.8(d-e)). When \Qf@{3> = |gg), the final state of |Q’24QQB> will have both damping
and phase errors (see Fig. 2.8(c)). Only when |Q‘14QlB> = |ee), then the damping error is
corrected (see Fig. 2.8(f)), with a state fidelity 86.9 & 1.8%. The purified state has more
than 10% fidelity improvement and damping errors are mostly corrected.

There are several other entanglement purification protocols [166, 176, 177| that can be
implemented using this system. We performed numerical simulations to explore the expected
results of each protocol shown in Fig. 2.9. The bit-purification circuit has the best outcomes.
When using the phase error correction circuit, there is negligible improvement after purifi-

cation, which is as expected, as the main errors are due to amplitude damping. In the
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Figure 2.8: Full state tomography of entanglement purification results when ¢; = 150 ns.
(a-b) State tomography of (a) |Q‘14QJIB> and (b) |Q§4Q§> before purification. (c-f) State to-
mography of \Q?Qf ) for different ]Q‘f‘@? ) measurement results. Dashed lines are numerical
simulation results.

simulations, double-selection purification introduced in Ref. [176] has similar performance
to bit-purification when the cable delay ¢; is small but becomes worse when ¢, is large, re-
sulting in larger (and therefore dominant) amplitude damping errors. Here we only perform
purification that corrects damping errors, as this has the best simulated performance. More
complex purification protocols [177] can be explored if we had a better quantum memory
(e.g. larger T in the storage qubits), or if we had multiple communication channels, avoiding

the need to store the first Bell pair.
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Figure 2.9: Results of numerical simulations to evaluate different entanglement purification
protocols. (a-c) Different entanglement purification circuits used in numerical simulations:
(a) bit-error purification circuit, (b) phase-error purification circuit, (¢) double-selection
purification circuit [176]. (d) Simulated purification results for the protocols in (a-c). Blue
lines are states before purification including (lightest) and not including (darkest) state decay
during state storage. Simulated results are for the bit-purification (red), phase-purification
(green), and purification with double selection (orange). Dashed lines are purification results
with ideal Bell pairs p(o), while solid lines include state decay during storage.

2.5 Entanglement protection

The purification protocol is mostly limited by decoherence in the qubits. The dephasing
time Ty ~ 3 us of our qubits is significantly shorter than the energy relaxation time 77 ~
10 us, indicative of extra dephasing channels, possibly due to flux noise, to which frequency-
tunable transmons are particularly susceptible (see Section 1.4.2). Using either dynamical
decoupling (DD), or a simpler Rabi drive (RD), we can protect the Bell pairs from the local
noise that generates some of this decoherence. DD is a technique commonly used in spin
systems [178, 179], where periodic pulse sequences average the effective environmental noise

to near zero, yielding significantly extended qubit coherence times [180, 181, 182], as well
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Figure 2.10: Entanglement protection using either dynamical decoupling (DD) or Rabi driv-
ing (RD). (a) Pulse sequence for DD and (b) RD. The ST/2 gate corresponds to the half-
photon transfer process as shown in Fig. 2.5(b), with cable delay t; = 10 ns. (c) Bell state
fidelity as a function of time for free evolution (blue), DD (orange), and for Rabi drive
strengths /27 = 5 MHz (green) and /27 = 3.3 MHz (red). Numerical simulations are for
free evolution including amplitude and phase decay (blue dashed line) and for free evolution
with only 7 decay (grey dashed line).

as suppression of multi-qubit correlated noise [183, 184]. The quantum circuit for DD is
shown in Fig. 2.10(a), where we apply a sequence of X gates to both qubits after generating
a Bell state; the simpler RD is shown in Fig. 2.10(b). The DD X gate we use is a 7w-pulse
with an additional DRAG correction [81]. The gate fidelity, as determined by randomized
benchmarking [132], is 99.7%, with a gate duration of 30 ns. Following each X gate, we
insert 5 ns of buffer time, so that each DD cycle, comprising two X gates, takes 70 ns. To
evaluate the performance of the DD sequence, we perform state tomography after a varying
number of DD cycles, with the results shown in Fig. 2.10(c). We see that DD significantly

improves the Bell state fidelity, approaching the fidelity associated with pure 77 dephasing
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(gray dashed line). For a 1.4 us evolution time, the state fidelity improves from 57.6 + 3.0%
to 71.7 + 2.3%.

We find that for a larger drive strength 2/27 = 10.0 MHz, the state fidelity decays much
faster, which could be due to leakage to the higher excited states resulting in imperfect
control of the qubit [165]. We also tried to combine RD/DD with entanglement purification
to improve the performance of purification. However, we found in the experiment that to
preserve the fidelity of the first Bell pair in \Qf@? ) during the generation of the second
Bell pair, it is necessary to frequency-bias Q‘14 away from Q‘24. This frequency bias requires
applying a z pulse to Q‘l4. We found experimentally that the DD/RD signals did not improve
the Bell state fidelities when combined with the z pulses. It could be due to spurious noise
introduced by the z pulses, and/or imperfections in the pulse shapes. This meant we could

not successfully combine DD/RD with purification.

2.6 Outlook

With this two-node superconducting quantum network, we demonstrate that purification
protocols successfully correct amplitude-damping errors caused by the lossy communication
channel, improving the state fidelity to 94.09 + 0.98%. There are also efforts to reduce the
channel loss to directly generate entangled states with high fidelity [185]. The advantage
of purification protocols is that their performance will only be limited by local gates and

measurements, which are high-fidelity for superconducting qubits.
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CHAPTER 3
QUANTUM SECRET SHARING IN A THREE-NODE
NETWORK

3.1 Introduction

In Chapter 2, we use transmon qubits, gmon couplers, and coaxial cables to build a two-node
superconducting quantum network. This scheme can be extended to three nodes, which can
be used as a testbed for more quantum communication protocols.

Here we introduce a three-node network as is shown in Fig. 3.1. There are three nodes
connected, forming a triangle structure. Each node contains two capacitively coupled trans-
mon qubits. The transmon qubit is coupled to the communication channel through a gmon
coupler. We use coplanar waveguide (CPW) lines as our communication channels instead
of the coaxial cables used in the two-node network, which is a simpler first step towards a

more difficult multi-chip experiment with coaxial cables.

Gs2  43-meterCPWline Cc2
(B2 (

Figure 3.1: Overview of the three-node network. Three nodes form a triangle network, with
two coupled qubits (dark blue) in each node. Each qubit is connected to its communication
channel (light blue) through a tunable coupler (red).
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Figure 3.2: (a) Schematic, (b) circuit, (c) layout, and (d) photo of one node. Two capacitively
coupled transmons (dark blue) are controlled individually by zy drive lines (cyan) and z flux
lines (green). Each transmon is coupled to a communication channel (light blue) through a
gmon coupler (red), with the coupling strength tuned by a g flux line (purple).

3.2 Experimental setup

A more detailed circuit and layout of each node are shown in Fig. 3.2. In Fig. 3.2(b), we
present the circuit of each node, where two capacitively coupled transmons (dark blue) are
controlled individually by zy drive lines (cyan) and z flux lines (green). Each transmon is
coupled to a communication channel (light blue) through a gmon coupler (red), with the
coupling strength tuned by a g flux line (purple).

In Fig. 3.2(c), we present the layout of one node, where we make the capacitors of the
transmons to be a 7' shape instead of the commonly used X shape [74] to place the flux lines
of two qubits and couplers further apart, aiming to minimize the flux crosstalk. Each qubit
is dispersively coupled to a A/4 resonator (orange) for measurement. There is a A/2 single-
stage bandpass Purcell filter (yellow) in each node to protect the qubits from the readout

channel (see Section 1.4.4).
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Figure 3.3: Photo of the three-node network. The 20 mm x 20 mm sample is wire-bonded
to a PCB for measurement.

The photos of one node and the whole device are shown in Fig. 3.2(c) and Fig. 3.3 respec-
tively. There is a 1.3-meter-long CPW line between two nodes (the meandered structure),
which has a center conductor width of 8 um and a gap to the ground of 4 pym, with a char-
acteristic impedance of 50 €2. The sample is fabricated on a 4-inch sapphire wafer and diced
into a 20 mm x 20 mm die. A more detailed fabrication process of the qubits and long lines
can be found in Appendix G. The sample is wire-bonded to a printed circuit board (PCB)
with 24 SMA connectors and cooled in a dilution refrigerator for measurement. More details
on the measurement setup can be found in Appendix H.

We first turn off the couplers and characterize the qubits. All the measured parameters
are listed in Table 3.1. Each qubit has a relaxation time 77 of around 10 us and a pure
dephasing time Ty of around 800 ns. The relatively short T} is because the qubit operating
frequencies are far below (> 1 GHz) their maximum frequencies, which makes the qubits

more sensitive to flux noise. The qubit A has an unexpectedly shorter T', which a noisy DC
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Aq Ay By By Ch Co
T 13 ps T us 15 ps 12 ps 13 us 10 ps
Ty 170 ns 970 ns 700 ns 810 ns 600 ns 990 ns
wq/2m | 5.147 GHz | 4.824 GHz | 4.799 GHz | 5.119 GHz | 4.717 GHz | 5.111 GHz
n/2m —158 MHz | —167 MHz | —165 MHz | —166 MHz | —170 MHz | —171 MHz
wr/2m | 6.055 GHz | 6.008 GHz | 5.978 GHz | 6.045 GHz | 5.976 GHz | 6.049 GHz
Xge/2m | =2.1 MHz | —2.0 MHz | —4.2 MHz | —3.0 MHz | —3.6 MHz | —2.6 MHz
/27 820 ns 800 ns 720 ns 780 ns 560 ns 520 ns
Fy 98% 97% 99% 98% 99% 99%
Fe 93% 93% 95% 90% 94% 94%
F19 99.5% 99.4% 99.7% 99.6% 99.6% 99.6%
Gqq/2m 11.4 MHz 11.4 MHz 11.4 MHz
Cqq/2m 1.2 MHz 1.3 MHz 0.6 MHz
Foz N/A 95.5% 95.6%

Table 3.1: Qubit parameters: the qubit operating frequency is wq; the qubit anharmonicity
is n; the qubit lifetime and pure dephasing time at the operating point are 77 and Tj; the
readout resonator frequency is wy; the readout resonator dispersive shift between qubit |g)
and |e) states is xge; the readout pulse duration is 7,; the readout fidelities of |g) and |e)
states are Iy and Fp; the average single-qubit gate fidelity measured by RB is Fjq; the
qubit-qubit coupling strength and ZZ interaction strength are gqq and (4¢; and the CZ gate
fidelity measured by XEB is F(y.

source might cause as we observe a longer Tj;, in a measurement before the data in Table 3.1
was taken. All the qubit anharmonicities are around —170 MHz. The small anharmonicity
comes from the linear inductor in the gmon coupler (see Eq. 1.123). All the single qubit
rotations are performed by 30 ns pulses with a cosine envelope and DRAG correction [81].
We benchmark all the single-qubit gates with randomized benchmarking (RB) and get an
average gate fidelity of around 99.6% (see Section 1.4.6).

We detune the neighbor qubit away by around 300 MHz. We can realize iSWAP and
CZ gates by biasing the frequency of one qubit (see Section 1.4.5). The coupling strength
between two neighbor qubits ggq is measured by the duration of the iSWAP gate between
them, which gives an iSWAP gate duration of 22 ns and a CZ gate duration of 31 ns. The ZZ

interaction strength (4q is measured by probing the frequency shift of one qubit depending

on the state of the other qubit, which is measured by a Ramsey-type experiment. We can
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Figure 3.4: Vacuum Rabi oscillations between the qubit and communication modes: (a)
sweeping the frequency of qubit C7 and (b) interacting with the w./27m = 4.743 GHz com-
munication mode (dashed line in (a)). The coupling strength between the qubit and the
communication modes g/27 is fixed to 2.5 MHz, corresponding to a swap duration of around
100 ns.

see that the measured ZZ interactions (4q match well with Eq. 1.150. We benchmark the
CZ gates by cross-entropy benchmarking (XEB) (see Section 1.4.6) and get an average gate
fidelity of around 95.6%. We didn’t benchmark the CZ gate between qubits A; and Ay as
it is not used in the following experiments due to the short Ty of the qubit A;. All the
benchmarked qubit parameters are listed in Table 3.1.

We characterize the communication channels using the qubits. We first excite the qubit
with 7 pulse and then turn on the coupler and sweep the qubit frequency simultaneously. The
pulse sequence is shown in the inset of Fig. 3.4(b). In Fig. 3.4(a), we present the vacuum Rabi
oscillations between the qubit and multiple communication modes, from which we can see
that the 1.3-meter CPW line has a free spectrum range (FSR) wpgr /27 of around 50 MHz.
In Fig. 3.4(b), we plot the evolution of qubit excitation when interacting with the w./2m =

4.743 GHz mode (dashed line in Fig. 3.4(a)), which we will use as the communication mode.
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Figure 3.5: State transfer and entanglement generation between two nodes. (a) Pulse se-
quence. (b) Qubit |e) state populations P, versus the duration of the first swap 7. ST
stands for the state transfer process and ST /2 stands for the Bell state generation process.
(c) The density matrix of the generated Bell state.

We use the same method in Fig. 2.4 to measure the lifetime 77 of this communication mode,
which gives us a 77 of 1.2 us. We also measure the dephasing time of the communication
mode by preparing the qubit in the superposition state (|g) + |e))/v/2 using a 7/2 pulse and
swapping it to the communication mode and swapping it back, performing a Ramsey-like
measurement. We get a dephasing time 75 of 2.3 us. All the measured results for three
communication channels between three nodes are listed in Table 3.2. We can consistently
get channel lifetimes 77 of 1 us, corresponding to quality factors of 3 x 10, lower than the
long CPW lines used in Refs. [141, 186], which might be caused by the different geometry
and fabrication process. The maximum coupling strength gmax between the qubit and the
communication mode is around 10 MHz, corresponding to a coupler junction Lz of 0.7 nH
(see Fig. 1.32). The maximum coupling strength gmax is smaller than the FSR wpgr, which
means that before the photon is completely released to the communication channel, it will
bounce back from the other end. Thus we cannot use the itinerant photon to realize state
transfer [141, 187, 186].

We realize state transfer and entanglement generation between two nodes using the pulse
sequence shown in Fig. 3.5(a). We first excite one qubit @1 to its |e) state, then turn on its

coupler G; and bring the qubit on resonance with the communication mode for a duration
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Ay — (] Cy — By By — Ay
we/2m | 4.743 GHz | 5.135 GHz | 4.905 GHz
T 1.2 pus 1.0 ps 1.0 ps
b 2.3 us 2.0 us 2.0 us
Nt 88.7+0.8% | 89.0 £ 1.6% | 83.6 £ 3.0%
FBenl | 95.1+0.8% | 95.3+1.0% | 86.2 +0.5%

Table 3.2: Communication channels characterization: frequency w./2w, lifetime T, and
dephasing time 75. State transfer efficiency 7; and Bell state fidelity Fpgg-

of 71. This will give us a state cos(g171)[e0) + isin(g171)|gl), where we write the quantum
state as |@1C) and ¢ is the coupling strength between the qubit @)1 and the communication
mode. Then we turn on the coupler G9 on the other side of the channel and bring the other
qubit Q2 on resonance with the communication mode for a duration of 79 = 7/g9, which
will swap states between the communication mode and the qubit ()9, resulting in a state
cos(g171)|eg) — sin(g171)|ge), written in the form |@Q1Q2). In Fig. 3.5(b), we plot the qubit
le) state populations versus the first swap duration 71. When 7 = 7/2¢g1 (red arrow), we
generate a Bell state [1p~) = (Jeg) — |ge))/V/2 similar to what we did in Chapter 2. We will
label the Bell state generation process as ST /2. The generated Bell state between qubits Ag
and C is plotted in Fig. 3.5(c), with a fidelity Fgq; of 95.1£0.8%. When 7 = 7/g1 (green
arrow), we realize the state transfer between two nodes, which we will label as ST. We get
a state transfer efficiency n; of 88.7 & 0.8% between A9 and (', defined as the transferred
le) state populations. To get high Bell state fidelity and state transfer efficiency, we set
g1/2m to 2.5 MHz to minimize the leakage to other channel modes, and go/27 to 3.1 MHz
to maximize the swap speed.

We benchmark all three channels, with the lifetime 77, dephasing time 75, state transfer
efficiency n; and Bell state fidelity Fpg listed in Table 3.2. The lower state transfer efficiency
1t and Bell state fidelity Fpep between By and A comes from the short dephasing time of
A1 (see Table 3.1).
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3.3 Entanglement swapping

We can explore more quantum communication protocols when extending to more quantum
nodes. One example is entanglement swapping [188], with the scheme shown in Fig. 3.6(a).
In entanglement swapping, we first prepare two Bell states in AoC and C9 B>, and then do
a Bell measurement on C1C9, which maps |C1C5) to one of the Bell states. The resulting
state |A9By) will also be a Bell state. Thus we can entangle qubits Ay and B without a
direct communication channel.

Entanglement swapping can be viewed as a special case of quantum teleportation [189],
where the state of (' is teleported to B (or Cy to As). Entanglement swapping helps build
the quantum repeaters, which are key elements for long-distance quantum communication
using fiber optics [190, 191]. Furthermore, entanglement-swapping experiments are also used
to explore the bilocal correlations [192, 193, 194]. Recently, people showed the use of complex
numbers in quantum theory is a requirement using the entanglement-swapping experiments
[195, 196, 197].

In entanglement swapping, we need to perform a Bell measurement, which projects the
two-qubit states to Bell states. For superconducting qubits, the dispersive readout measures
the qubits along the z-axis. Thus we need to transform the Bell states to product states
and then perform the readout, e.g. |[¢v~) — |gg). The circuit for entanglement swapping is
shown in Fig. 3.6(b). To better visualize how the circuit works, we write down the states
after each step. The Bell state we generate between two nodes is [/ ~) = (|eg) — |ge))/v/2.

The initial state of two Bell states written in |C1C9AsBo) is

%(Igged — lgeeg) —legge) + [ecgg)). (3:1)

The —Y/2, Y/2 and CZ gates together form a CNOT gate with C] as the control qubit and
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Figure 3.6: Entanglement swapping. (a) Schematic, (b) circuit realization, and (c-f) states
of |[AsBo) after the swapping depending on the measurement results on |C1Co). The entan-
glement on A9Cy and (9B is swapped to A9 Bs.

C9 as the target qubit. After this CNOT gate, the state becomes

%(|ggee> — lgeeg) — leege) + leggyg)). (3.2)

The X/2 gate transforms |g) to (|g) —ile))/v/2 and |e) to (—i|g) + |e))/+/2, which gives us

the state,

1

Q—ﬁ(lgge@ — ilegee) — |geeg) + ileeeg) + i|gege) — |eege) — i|gggg) + |eggg))
1

=2—\/§(|gg>(lee> —ilgg)) — lge)(leg) — ilge)) + leg)(lgg) — ilee)) — lee)(|ge) — ileg))).

(3.3)

We also apply three dynamical decoupling (DD) X gates on Ay and By respectively to reduce
the dephasing effects similar to what we did in Section 2.5. After these X gates, we get the
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output states of |ABo) = |tyn) when |C1Co) is measured in |mn),

gg) = —(lag) —ilee). (3.4
ige) = —5(lge) = leg)) (3.5)
ieg) = 5(l90) -+ ilec). (3.6)
ee) = —=(19¢) + leq)). (3.7)

which are all maximally entangled states with a phase difference from the Bell states. If
we replace the X /2 gate with a Y/2 or a Hadamard H gate, all the output states will be
Bell states. We perform the state tomography (see Section 1.4.6) of all four possible output
states and get state fidelities of 77.9 + 1.6%, 81.5 + 1.5%, 80.2 + 1.2%, 81.8 £+ 1.3%, with
the density matrices plotted in Fig. 3.6(c-g). To further reduce the measurement errors, we
apply optional X gates on C7 and C9 to map |C1C9) to |ee) when doing the tomography
of the target output states. The performance is limited by gate errors, measurement errors,

and qubits A9 and By dephasing during local operations on qubits C and Cb.

3.4 GHYZ states generation

GHZ states [198] have many applications, e.g. quantum sensing [199, 7|, quantum secret
sharing (QSS) [200], etc. Here we generate GHZ states based on the Bell states between two
nodes.

The circuit to generate GHZ states is shown in Fig. 3.7(a). We first generate a Bell state
|™) = |ge) — |eg) between Ag and C7. By applying a CNOT gate between C and Cy and
three DD X gates on Ay, we obtain a GHZ-3 state on |A9C1Co) = (|ggg) — |eee))/v/2, with
a fidelity of 88.6 +0.7% and the density matrix plotted in Fig. 3.7(b). Then we transfer the

Cy state to By, which gives a GHZ-3 state on |A2C1B1) = (lggg) + |eee))/v/2 across three
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Figure 3.7: (a) Pulse sequence to generate GHZ states. The density matrix of the GHZ-3
states on qubits (b) AoC1Cy with fidelity of 88.6 £ 0.7% and (c) A2C1Bo with fidelity of
82.6 + 0.8%, and (d) the GHZ-5 state on qubits AoC1CyBo By with fidelity of 70.3 + 1.1%.
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nodes. There is a phase flip because the state transfer process is equivalent to two iISWAP
gates. Similarly, we apply four DD X gates on A9 and ' during the transfer process. We
get a state fidelity of 82.6+0.8% and the density matrix is plotted in Fig. 3.7(c). We observe
a state fidelity improvement of around 5% compared with no DD gates. We can extend this
GHZ-3 state to a GHZ-5 state by two parallel CNOT gates as is shown in Fig. 3.7(a). We
did not involve the qubit A; because of its short dephasing time T}, (see Table 3.1). The
generated GHZ-5 state on AsC1C9 By By is shown in Fig. 3.7(d), with fidelity of 70.3 +1.1%

above the threshold of 50% for genuine multipartite entanglement [201].

3.5 Quantum secret sharing

Quantum secret sharing (QSS) is secret sharing using quantum states. Secret sharing refers to
methods for distributing a secret, i.e. a bit string, among a group of n people [202, 203]. They
can reconstruct the secret only when any group of > k people combine their information.
When there are fewer than k people, they cannot extract any information about the secret.
This scheme is called the (k, n)-threshold scheme.

Quantum key distribution (QKD) ensures secure communication [1]. We can combine
QKD with secret sharing for secure communication, which is however not elegant. We
need to first establish mutual keys among different pairs of parties and then implement the
classical secret-sharing procedure, which becomes more complicated when n is large. An
alternative way is to use quantum states to split the information and ensure the security
of the communication, which is QSS. There exist many different QSS protocols [200, 204,
205, 206, 207, 208, 209, 210, 211] and QSS has been demonstrated experimentally with optics
[212, 213, 214, 215, 216] or locally connected superconducting qubits [217]. Here we introduce
the QSS protocol using GHZ states in this three-node network [200].

Here we consider the simplest case, k = n = 2. Alice wants to share a secret (a bit) with

Bob and Charlie. Only when Bob and Charlie combine their information, they can reveal
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Bob
|+z)g | |-7)p | |+tyB||-vB
[+2)c [ [+2)a | l-2)a|l-yva|l+ya
Charlie | | —x)c | [—2)a | [+2)a | |+9)a || —9)a
e | l—wall+pall-—o)a||+2)a
—yc | l+twall-wall+tz)all—2)4a

Table 3.3: States of Alice depending on the measurement results of Bob and Charlie.
the secret Alice wants to share. Alice, Bob and Charlie first share a GHZ state |¢)quz,

1
= —(|000) + |111)). 3.8
[¥)Ghz \/5(‘ )+ [111)) (3.8)
Then everyone randomly measures along the x or y axis and shares which axis they measure
along via a classical, public channel. Bob and Charlie can decode what Alice measured half
of the time. Repeating the above process many times, they can use a small fraction to detect
whether eavesdropping exists by monitoring the success rate.

To better visualize the above process, we can rewrite the GHZ state,

1

[)auz = 5 (([+2) al+2) p+ =) al =2) )|+ 2o+ (| +2) Al =) p+ ] =) al +2) B)| = 7))
(3.9)

where the subscript labels the qubit and | &+ x) are the eigenstates along the x axis
[+ ) = —=(10) + 1) (3.10)

r) = — , .
V2
1
—x) =—=(|0) —|1)). 3.11

| =) \/5(! )= 1) (3.11)

We can see that when everyone measures along the z axis, their measurement results are
correlated. When the measurement results of Alice and Bob are consistent, the measurement
result of Charlie will be | + z), while when the measurement results of Alice and Bob are

inconsistent, the result of Charlie will be | — ). We list all the possible measurement results
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Figure 3.8: Quantum secret sharing (QSS). (a) Circuit for QSS. GHZ represents the GHZ
state generation process on AsC7 By shown in Fig. 3.7(a). (b) Measured probabilities when
all the qubits are measured along the x axis. The blue bars indicate that Bob and Charlie
can successfully decode the secret. (c) Probabilities of measuring AoC'1 Bs in 000, 011, 101,
110 (blue) and 001, 010, 100, 111 (red) versus ¢ 4.

in Table 3.3, where | + y) are the eigenstates along the y axis,

1

| +y) = —=(10) +i[1)), (3.12)

Sl

2
1

|—y%=v§WD—ﬂD) (3.13)

We can see that Bob or Charlie alone cannot extract any information about the bit Alice
holds (1 for a + state and 0 for a — state). When Bob and Charlie combine their measure-
ment results and everyone’s measurement axis, they can reveal the bit Alice holds (Alice’s
measurement result) 50% of the time. Only when Bob and Charlie measure along the same
axis and Alice measures along the x axis, or Bob and Charlie measure along the different
axis and Alice measures along the y axis, Bob and Charlie can correctly decode the secret.
Otherwise, Bob and Charlie cannot get any information about the secret even when combin-
ing their results. Because everyone randomly picks the measurement axis at the beginning,
Bob and Charlie can decode what Alice measured half the time.

To demonstrate QSS, we use the circuit shown in Fig. 3.8(a). We first generate a GHZ-3
state on AoC1 By, which is labeled Alice, Charlie, and Bob. The circuit to generate the GHZ-
3 state is shown in Fig. 3.7(a) and the generated state is shown in Fig. 3.7(c). We will label

lg) as |0), and |e) as |1). To realize measurement along the qubit = or y axis, we perform a
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single-qubit /2 rotation Ry(m/2) before the measurement along the qubit z axis, where ¢ is
the angle to the z-axis on the xy plane of the Bloch sphere. When ¢ = 0, the measurement
is along the y axis. When ¢ = 7/2, the measurement is along the z axis. In Fig. 3.8(b), we
plot the measured probabilities on AoC' Bs along the = axis, i.e. ¢4 = ¢ = po = 7/2.
When the measurement results of Bob (B2) and Charlie (C) are consistent /inconsistent, the
bit Alice (Asg) holds should be 0/1, with these probabilities shown in blue bars in Fig. 3.8(b).
These measured probabilities should all be 25% in the ideal case, while we get an average
probability of 19.6 4+ 1.1% because of imperfect state generation and readout errors. We
can extract the QSS error rate of 21.5 + 1.1%, below the threshold of 25% described by
a local theory [212]. Furthermore, we sweep ¢4 and we can see the sum of probabilities
of measuring 000, 011, 101, and 110 in A9C}Bs changes proportional to 1 + cosp 4 as is
shown in Fig. 3.8(c). When ¢4 = 0, we measure along Alice’s y axis and we can see that
the probability becomes 50%, which means Bob and Charlie cannot extract any information
about the secret (50% means that it’s just a random guess).

QSS promises a secure way to share secrets, which means that it can detect whether
there is an eavesdropper. Suppose Eve wants to steal the information from Alice, Bob,
and Charlie. Eve cannot directly copy the state from one party because of the no-cloning
theorem [125]. However, she can still gain partial information using strategies like intercept-
and-resend, entangle-and-measure, etc [217]. Here we give an example of an entangle-and-
measure attack, where Eve tries to steal the secret by getting entangled with the other
parties, and we are going to show that the QSS protocol can detect such an attack and Eve
cannot gain more information about the secret than Bob and Charlie.

We use the circuit in Fig. 3.9(a) for the eavesdropper Eve (B7) to perform the entangle-
and-measure attack. We first perform a rotation Ry (fg) along the y axis of Eve, which

gives the state of Eve |¢)) p = cos(0g/2)|0) —sin(0g/2)|1). Then a CZ gate between Eve and
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Figure 3.9: Detection of eavesdropping. (a) The circuit for the eavesdropper Eve (Bj) to
perform the entangle-and-measure attack. (b-c) State tomography of AsCiBy when (b)
Op = /4 and (e) 0 = 7/2. (d-e) Probabilities of measuring AoCBs in 000, 011, 101, 110
(blue) and 001, 010, 100, 111 (red) versus ¢4 when (d) g = 7/4 and (e) O = w/2. ()
Linear entropy of Eve (B7) versus 0. (g) QSS error rate versus .
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Bob entangles them together. The full state in |A2C1BaB1) = |¢) oc B becomes
1 0 7 6 0
W) acBE = E(cos 7E|0000> + cos 7E|1110> — sin 7E|0001> + sin 7E|1111>). (3.14)

When 0 = 0 or w, Eve is not entangled with Alice, Bob, and Charlie. When 0 < 0 < 7,
Eve is entangled with the other three parties. Note that when 6 = 7/2, the entangling
operation acts as a part of a CNOT gate (see Fig. 3.7(a)). The state of AoC1Bo becomes a

mixed state, with the density matrix p 403,
1
PACB = §(|000><000| + [111)(111] + cos @|111)(000| + cos O |000)(111]). (3.15)

Its fidelity to an ideal GHZ state (|¢)qrz = (|000) £ [111))/2) becomes (1 + |cos0g|)/V/2.
In Fig. 3.9(b-c), we plot the density matrices of A9C1Bs for 0 = w/4 and 0 = /2. We
can see that the off-diagonal terms of the density matrix drop compared with Fig. 3.7(c)
and when 0 = 7/2, the off-diagonal terms are close to zero as expected. We can also write

down the density matrix of Eve pg,

_ 1+costg

1 —cosfp
pp = —Z7E|0) (0] + —"E

5 |1)(1] (3.16)
To show how entangled Eve is with the other three parties, we plot the linear entropy of
Eve’s state 1 — tr(p%) in Fig. 3.9(f). When Eve is not entangled with the other three parties
(0 = 0 or 7), the state of Eve will be a pure state 1 — tr(p%) = 0 in the ideal case.

After Eve gets entangled, the other three parties perform the QSS protocol as we de-
scribed before. The QSS error rate becomes (1 — | cosfg|)/4. In Fig. 3.9(d-e), we plot the
same quantities as in Fig. 3.8(c) for 6 = m/4 and 7/2. We can see that visibility decreases
as we increase 0 from 0 to 7/2. In Fig. 3.9(g), we plot the extracted QSS error rate versus

0. We can see that the more Eve gets entangled, i.e. the more information Eve can steal,
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the more errors will be introduced. Thus by monitoring the error rate, Alice, Bob, and
Charlie can detect whether there exists an eavesdropper.

The above argument is qualitative. We give a more quantitative analysis as follows. Here
we first introduce Holevo’s bound [218]. Considering a sender and receiver setup, where Alice
prepares quantum states py where X = 0, 1, n, with probability pg, p1,:-- ,pn, and
Bob measures the states using the positive operator-valued measure (POVM) {Ey } [125]
with measurement outcomes Y = 0, 1,--- ,m, the mutual information H(X : Y between

the sent random variable X and the measured random variable Y is bounded by
H(X :Y)<S(p) = > piSpw), (3.17)
k

where S(-) is the von Neumann entropy of a quantum state and p is the ensemble of the sent
states p = > PPk

The above process described is a prepare-and-measure protocol. In terms of QSS, we
perform an entanglement-based protocol to transfer the information, where Alice and Bob
share an entangled state first and then perform POVM to transfer the information. The
entanglement-based protocol can be understood using the prepare-and-measure protocol as
follows. Alice performs POVM {FE 4;} on her subsystem, which collapses the state of Bob
to pp;. Then the state pp; is sent to Bob, with the probability p; for Alice to obtain the
specific outcome A;. When the entangled state shared between Alice and Bob is a pure state

|1)) AR, the ensemble of the sent states p becomes

p=tra[(Ma; ® Ip)[) (Wl ap (MY, ® Ip)]

3.18
= ZUAUWWAB(ML-MM ®1Ig)] = tra(|V)(¥|aB) = pB, (318)

where M y; is the measurement operator and Fy; = MLM 4;- The mutual information
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between Alice and Bob H(X :Y) is then bounded by

H(A:B) < S(pp) sz (pBs)- (3.19)

In QSS, we want information about the secret obtained by Bob and Charlie more than
Eve. Thus Bob and Charlie can in principle utilize the excess information to extract the

shared secret. Here we consider the privacy bound P, defined as
P =sup[H(A: BC)— H(A: E)], (3.20)

where the supremum is taken over all possible strategies that Alice, Bob, and Charlie can
use. According to Holevo-Schumacher-Westmoreland theorem [219, 220], the Holevo bound

(Eq. 3.19) is achievable. Thus we have

P >H(A:BC)—sup[H(A: E)]
3.21
> S(ppc) sz ppci) = S(pE) + ) piS(pEi). 320

1
If we assume all the errors come from the eavesdropping (i.e. Eve can get the most informa-
tion) and Alice sends pure states to Bob, Charlie, and Eve every time (so that the Holevo
bound can be achieved), we have S(pg) = S(papc) and S(pg;) = S(ppci)- We get the

lower bound of P,

P > S(ppce) — S(paBo)- (3.22)

In the eavesdropping scheme introduced above, we have

1 —cosfg 1—COS€E+1+COSOE1 1+ cosfp

> 1] |
P>1+ 5 0g9 5 5 089 5 ,

(3.23)

which is always positive as shown in Fig. 3.10. Thus we prove that in the ideal case, Eve
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Figure 3.10: Lower bound of P, directly calculated using S(ppc) — S(paBc), versus Op.
The density matrix p4pc is determined by state tomography and pgc = tr4(papc)-

cannot extract more information about the secret than Bob and Charlie with this entangle-
and-measurement attack, which demonstrates the security of QSS. In experiments, we do
the state tomography of p4pc and calculate S(pgc) — S(paBc), with the results shown in
Fig. 3.10. We can see that the lower bounds are negative for some f, mainly caused by the
imperfect GHZ state generation. In reality, we can monitor the error rate to see whether

eavesdropping exists and stop QSS if the error rate is above a certain threshold.

3.6 Outlook

With this three-node superconducting quantum network, we demonstrate entanglement
swapping and quantum secret sharing with GHZ states. We show that QSS can detect
the existence of eavesdropping. We only use up to five qubits and two communication chan-
nels for these experiments. We look forward to exploring more using the whole setup (six
qubits and three communication channels), e.g. quantum network nonlocality [221, 222, 223,

quantum Byzantine agreement [224|, quantum voting [225, 226], etc.
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CHAPTER 4
REALIZING ALL-TO-ALL CONNECTIVITY IN A FOUR-NODE
NETWORK

4.1 Introduction

In previous chapters, we discussed the realization of superconducting quantum networks
using transmons as quantum processing units, transmission lines as quantum communication
channels, and gmons as tunable couplers connecting them. In this architecture, we need
N(N —1)/2 communication channels to realize all-to-all connectivity between N quantum
nodes. Furthermore, these channels have to be connected to different transmon qubits on
each node [185]. In this chapter, we are going to introduce a “quantum router” to overcome
these problems.

For Ethernet with many devices, we use an Ethernet switch to realize communication
between arbitrary devices (see Fig. 4.1). We can build a similar device for transmons to
realize signal routing between arbitrary qubit pairs [21]. This kind of central routing element
has been implemented in different ways, e.g. a resonator bus [227], a shared coupler [228, 157],
a multi-mode ring resonator [229], or multi-mode 3D microwave cavity with SNAIL couplers
[230]. For the single-mode resonator coupling scheme [227], all transmons are coupled to one
resonator with fixed coupling, where the couplings cannot be turned off. Frequency collisions

will be an issue when scaling to a larger system for the other coupling schemes [229, 230, 157].

Figure 4.1: Photo of a TP-Link 24-port Ethernet switch.
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Figure 4.2: Circuit for a microwave switch.

Here we extend the capacitive coupler design introduced in Section 1.5.2 and combine this
with a microwave switch concept [231, 232, 233] to realize a tunable multi-mode [58, 234]

coupler connecting qubits, which overcomes the issues with existing protocols.

4.2 Circuit design

We first give an introduction to the way the microwave switch in Ref. [233] works. The
schematic is shown in Fig. 4.2(a). A transmission line has a switch in the line. By turning
on or off the switch, the signal will transmit or reflect. The switch itself contains a SQUID
together with some capacitors (see Fig. 4.2(b)). The SQUID acts as a tunable inductor,
Lsquip = Lj/2| cos(¢ext/2)|, with L j the Josephson inductance of one junction. By tuning
the effective inductance of the SQUID, we can change the effective impedance of the SQUID
combined with capacitors. When ¢eyt is set to +m, the SQUID acts like an open in the
circuit, thus no signal can go through, representing a switch “off” state. When Lgquip
is set to a value that the impedance combined with those capacitors is matched with the
transmission line, the signal can go through without any reflection, representing a switch
“on” state.

Based on the microwave switch, we can simply extend it to multiple ports. In Fig. 4.3(a),
we give an example with four ports, each with a switch in line, forming a router. By selectively
choosing the pair of switches to turn on, we can route the signal as we want. Furthermore,
to couple the router to the processing unit — transmon qubit, we choose capacitive coupling
between them. Inductive coupling is also possible, while capacitive coupling is easier to

design. Then we come up with the circuit shown in Fig. 4.3(b). Instead of placing the
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Figure 4.3: (a) Schematic of a microwave router with four ports and (b) its circuit with each
port capacitively coupled to a transmon qubit.
quantum nodes meter away in previous chapters, here we focus on placing the processing
units millimeters away and linking them with the flip-chip technique. Since the quantum
channels — transmission lines are relatively short and open-ended, we can simply model them
as some capacitors to ground.

In the following section, we will try to quantize the circuit and determine the circuit

parameters.

4.3 Numerical simulation

To simplify the discussion, we start with a two-port router, with the circuit shown in Fig. 4.4.
We also add the junction capacitance in the circuit. Note that this circuit can be treated as
a two-SQUID version of the circuit in Fig. 1.35(b). Here we use a single junction to represent
a tunable SQUID to simplify the notations.
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Figure 4.4: Circuit for a router with two ports.

Like what we did in Sections 1.2 and 1.4, we start from its Lagrangian L,
L=T-U. (4.1)
The kinetic energy T' is

DoN2. . . . .
T = %(2—;) [Codh + Card + Cea(ds — d1)* + Cq1d3 + Cra(do — d3)”

(4.2)
+ Cgad5 + Coa(da — d2)? + Cgadi + Craldo — 64)?],
where ¢, = 27 ®;. /D is the Josephson phase. The potential energy U is
U= —Ej4cos¢1 — Ejgcosdy — Ejpqcos(pz — do) — E g cos(dg — ¢p), (4.3)

where Ejj, = h?/2¢?Lj;, is the Josephson energy. We can introduce the new flux variables

as

$0 = o, (4.4)
bq1 = b1, (4.5)
¢r1 = 93 — %o, (4.6)
bg2 = b2, (4.7)
Pro = ¢4 — Po. (4.8)
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The potential energy U becomes

U= —FEjqco8¢q — Ejgocosdga — E 1 cos ¢p1 — Ejpg cos dpo. (4.9)

In the basis of qz; = [¢0, Pq1, Pr1, g2, ¢T2]T, the kinetic energy T' can be rewritten as

1/d0\2= 5
T=- (—0> 6 TCo, (4.10)
2\ 27
where the capacitance matrix C is,
C—
Co+Ce1 +Cy1 +Ce2+Cya —Cpq Cq1 +Ce1 —Ce2 Cyg2 + Ce2
—Lrcl qu + Ce1 —Lecl 0 0
—Lc2 0 0 Cq2 + Ce2 —Lc2
L 092 + 002 0 0 —Ce2 002 + 092 + Cr2 i
(4.11)

From the Lagrangian £, the conjugate coordinate to gg can be written as

2 4
7= 8—6 _ a—T; _ (?) Co, (4.12)
96 00 W

where ¢ = [q0, 441, @r1, 942, ¢r2)T. We can get the Hamiltonian H,

. 1 2
-T7 ™ T —1-
H=q"¢ £—2< 0>q C ¢+ U (4.13)

We can throw away the terms associated with ¢ and ¢ because gy = 0. The charge qq gives

a uniform charge on the qubits’ and couplers’ pads. By defining n = ¢/h and calculating
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C~1, we can get the Hamiltonian H written in ¢ and n,

P P 2 2
H= 4E0q1nq1 + 4E0q2nq2 +4Ecpingg +4Ecrony
+4E0q1,g2nq1 g2 T 4ECr ronrinee + 4Ecq1 ronginee + 4E0g2 r1mg2nr1 (414)
+ 4EC’q1,T1nq1nr1 + 4E0q2,r2nq2n7"2

— Ejg1008¢q1 — Ejgo €08 pga — E g €08 op1 — Egpo €OS 2,
where E¢ j; = e?[C~ 1, and Ec) = e2[C71)i/2 with {k,1} € {q1,q0,71,72}. Note that

E¢;j can be negative. With the canonical quantization, we have the commutation relation

between ¢, and ny,

[Pk, i) = i (4.15)

The creation and annihilation operators can be defined as

o= ) o ) ) i
o= (o) oo (5E0) ) wrn

In the transmon limit (Ej; > E¢p, which doesn’t hold when L j;. is very large), we can
expand the cosine terms in the Hamiltonian, which gives us the Hamiltonian of coupled

Duffing oscillators,

q1,492,71,72 'i' ,,,’ -i-
=" (o Belfn) = Sl =0
- (4.18)

— 9q1q2(a:;1 — aql)(a:;Q - aqg) — grlrQ(ail — aTl)(an — aﬂ),
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where we have

wg = \/8E pEck/h— Ecy/h, (4.19)
n, = —Eck/h, (4.20)
1
gh = ECk,l (EJk EJl)4 . (4.21)
V2h \Ecy Ecy

The coupling strength g¢;; satisty,

9q1¢25 9qirls 9q2r2, Grir2 > 0, (4.22)
gq1r2; gq27"1 < 07 (423)
917205 |9q2r1], 9g1r1s 9g2r2: Grir2 > gq142- (4.24)

To extract the effective qubit-qubit coupling strength, we can use the Schrieffer-Wolff trans-
formation (see Appendix C) to decouple the router modes from the qubit modes, i.e. elim-
inate terms like ggp,j(ag, — aék)(arl — ail) in the Hamiltonian. We can write the total
Hamiltonian H as

We want to find a unitary transformation U = ¢ where S is anti-Hermitian so that the

transformed Hamiltonian H' will be
H' =¢5He™ = H) + H]. + H), + H),. (4.26)

We need S to satisfy

Hyp + (S, Hyg + Hy + Hgq + Hyp] = 0. (4.27)
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Here we assume S has the form
1,2

S = Z xmn(a:r]marn - aqma;[n) + ymn(afgma;[n - aqmarn)' (4.28)
m,n

To determine the coefficients x;,y, and ymy, we calculate all the commutators,

[a:[]marn - aqma:[m agmaqm] = —aj;mam - aqma:[m (4-29)

DY S SO i 130
[aqmaTn Agmarn, @rnarn] AgmQrn + QGgmGrn, ( . )
[a:[]marn - qua:[n? az]magmaqm@qm] = _QQ(Ema(ngaqmarn - ZGZmaqmaqm@ina (4-31)
[azgmarn - aqma:[m ainainarnarn] = 2a2mainarnarn + 2aqmalnainarm (4-32)

[agmam - aqma:[n, alkaql + aqkagl — alka:;l — Qgkaq]
+0 (—aJr trn — Qgpain + ab ) aly + agpa ), (4.33)
ml gktdrn gkdrn gkdrn gk@rn), .
[agmam - aqma;[na aikarl + arkaik - aj«/{;all — Ay Ciy]
+9 (aJr g, + agmal, — abmal, — agma ), (4.34)
nl\bgmUrk qmU,.p. gm%,.L. qmbrk ), .
[azr]mam - aqma;[n, aj}karl + aqkail - a:;kail — Qg Ay

_ f 1 t
= Oni(agmagy + Agmgr. — ajzmaqk — Ggmagp)

— 5mk(alnarl + ama:[l - a;[nail — Arpay), (4.35)
[al}main — QgmGrn, az[lmaqm] = —aj]ma;[n — Qgmrn, (4.36)
[a}}main — QgmGrn, ainam] = —agmain — Ggmarn, (4.37)
[agmain — Ggmrn, a}}ma};maqmaqm] = —Qazgma:gmaqmam — 2a2maqmaqmaln, (4.38)
[agmain — Ggmrn, ainainamam] = —QaZmalnainam — 2aqmainamam, (4.39)
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Tt ] [ N
lagmarn — Ggmarn, gl + Oghlyp = Quply gk aql)
- 5mk(a2;lam + aqlain — ajﬂain — agarn)
+0 (aTa +agpain — aabn — agga ), (4.40)
mi\%gr%rn qk®rn gktrmn qktrn), .
Tt T T T
[agmarn — agmarn, a,.0p + appa, ;. — arkail — appap]
- 5nk(aj]marl + aqmall — al}mall — Qgmay])
St (@hmayg + agmal, — almal, — (4.41)
+ Opi(agmary + agma, ;. — agma,;. — agmayy), (4.
[a:gmain — Agmarn; a:r]k.arl + aqkail - aj}kail - aqk'arl]
= (5nl(agmaqk + aqmagk + a};ma:;k — aqmaqk)

+ 5mk(@in@rl + amail + ainail — Qrpdyp). (4.42)

To satisfy Eq. 4.3, the coefficients z,,, and y,, need to satisfy

0 0 —gr1r2 9q1¢2 —2qir1 0 —gr1r2 —9q12 r11 9q1rl
0 0 9q1¢2  —9r1r2 0 —Xg2r2 —Gq1q2 —9rir2 929 9q2r2
—9r1r2  9qlq2 0 0 —gr1r2 —9q12 —2q1r2 O 12 9q1r2
9912 —9r1ir2 O 0 —gq12 —9r1r2 0 —Xg2r1 | 721 | gg2r1
—Agpii1 0 gr1r2  —Yqlq2z 0 0 9r1ir2  9qlq2 Y11 —9q1r1 ,
0 —Apr2 —9q1¢2  9rir2 0 0 9qlq2  9rir2 Y22 —9q2r2
grir2 —9q1g2 —Dqr2 0 9r1r2  9qlq2 0 0 Y12 —9q1r2
| —9¢1¢2  9rir2 0 —Agr1 Yq1¢2  Grir2 0 0 | [v21] | —Y¢2r1]
(4.43)
where
Ygmrn = Wgm + Wrn, (4.44)
Agmrn = Wgm — Wrn. (4.45)
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Here, we ignore the terms related to anharmonicity for simplicity. When g4142, gr1r2 <

| Agmin|, the coefficients zp, and ymp become

ITmn = Sgmrn ) (4'46>
Aqmrn
Ymn = _gqm—m7 (4.47)
qurn

which have the same form as in Ref. [148]. However, g,1,2 ~ |Agmsn| in our case. Thus, we
can only solve Eq. 4.43 numerically. The effective coupling strength g.g between two qubits
is

1
Geff = 9q1q2+§(($11+y11)9q2r1+($22+y22)9q1r2+($12+y12)9q2r2+($21+921)9q1r1)- (4.48)

The frequencies of the dressed qubit states are

Wgl = wq1 + (T11 + Y11)99101 + (¥12 + ¥12)9g172, (4.49)

Wg2 = wg2 + (221 + Y21)9g2r1 + (¥22 + ¥22)gg2r2- (4.50)

The ZZ coupling ¢ between two qubits can also be calculated by the perturbation theory
[149]. However, the analytical formula will be very complicated because more modes are
involved in our circuit.

The interaction strength g.g can also be calculated using the impedance analysis as we
discussed in Section 1.2.4 by treating the junctions as linear inductors. We can calculate the
input impedance Zj,(w) from one point to the ground. The zeros and poles of Im[Z;, (w)]
give the resonances in the circuit. If we bring the two qubits on resonance, the effective

coupling strength g.g is given by the splitting of the bare qubit frequencies,

1
Jeff = §(w1 — w), (4.51)
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where wy and w9 are the two closest frequencies to the bare qubit frequencies. This method
requires the circuit to be symmetric, i.e. the two qubits have the same bare frequency.
Otherwise, we need to scan one qubit frequency to get the energy splitting 2|g.g|, which is
time-consuming. This linear impedance analysis doesn’t consider the junction non-linearity,
which cannot be used to calculate the ZZ-interaction strength (.

Refs. [235, 236] present a way to calculate the coupling strength g.g and ZZ interaction
strength ¢ from the impedance of the coupler while considering the weak non-linearity of the
transmons. Their results are summarized in Appendix F. With their results, we can efficiently
calculate the coupling strength g.g and ZZ interaction strength ¢ from the impedance of
the circuit. Note that this method requires that all the modes work in the transmon limit
and |wg1 — wg2| > |gegr| When calculating the ZZ interaction strength ¢. We will call it
Z-method.

Furthermore, we can directly quantize the circuit numerically using Python packages like
scQubit 237, 238] and SQcircuit [239]. Similar to what we did in the impedance analysis,
we calculate all the eigenenergies of the system. When the two qubits are on resonance, the
effective coupling strength is given by the splitting of the qubit frequencies as we discussed.
Similar to the linear impedance analysis, if the two qubits have different bare frequencies, i.e.
the circuit is not symmetric, we need to scan one qubit frequency to get the energy splitting

2|gegr|, which is very time-consuming. The ZZ interaction strength ( is given by

¢ = Wlee) ~ Wlge) ~ Wleg)- (4.52)

where ZJ|Z- ) is the energy of the dressed qubit state |ij). Although direct diagonalization can
give us the exact values, the calculation times grow exponentially with the number of modes
in the system and are much slower than the other methods we mentioned above. We first
apply the other methods to determine the system parameters and then verify the results by

direct diagonalization.
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Figure 4.5: Qubit-qubit couplings with a two-port router. (a) Qubit-qubit effective coupling
strength geg and (c) ZZ interaction strength ¢ by tuning the two external fluxes ¢yt 1 and
Pext,2 simultaneously, gext,1 = Pext,2 = Pext- (b) Qubit-qubit effective coupling strength

Jeft and (d) ZZ interaction strength ¢ by fixing one switch on, ¢ext 1 = 7/2 and tuning the
other external flux ¢ext 2. Different colors label different calculation methods. The related
circuit parameters are listed in the main text.

We compare different approaches as shown in Fig. 4.5. We tune the router junction L j,.1.
by tuning the external flux @ey 5, through the SQUID loop, L1, = L,/ cos(¢ext /2)- In
Fig. 4.5(a), we tune ¢ext,1 and @ext 2 simultaneously and make the circuit symmetric. All
methods mentioned above can be used to calculate the effective coupling strength g.g. The
related parameters are Cy = 100 fF, C. = 20 {F, C, = 7.5 {F, Cy = 420 {F, Cy = 780 {F,
Ly, =4nHand L j, = 8 nH, which give the qubit frequencies wg1 /27 = wyo /27 = 4.988 GHz
and qubit anharmonicities 1741 /27 = 142/27 = —172 MHz. From Fig. 4.5(a), we can see that

the couplings calculated by the perturbation theory (Schrieffer-Wolff transformation) and

Z-method agree well with the exact values obtained by diagonalization using SQcircuit.
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Figure 4.6: Qubit-qubit couplings with a four-port router. (a) The effective coupling strength
gij and ZZ interaction strength ¢;; between the ith and jth qubits by turning off the switches
connected to qubits Q3 and Q4, Pext,3 = Pext,4 = 7, and the turn on the switches connected
to qubits Q1 and Q9 simultaneously, gext 1 = Pext,2 = Pext- All the values are calculated
using the Z-method and the related circuit parameters are listed in the main text.

To demonstrate that we can turn off the coupling by tuning one switch, we fix @ext 1 =
7/2 (switch on) and tune gext 2. Because gext1 and gext 2 are different, wy1 and wyo are
slightly detuned. To extract the effective coupling from diagonalization and linear impedance
analysis, we need to sweep one qubit frequency, which is very time-consuming. Here we
present the results calculated by the Schrieffer-Wolff transformation and Z-method shown in
Fig. 4.5(b). We can see that tuning ¢exy 2 close to m can turn off the coupling. The residual
couplings (< 15 kHz) come from the small coupler junction capacitance. The coupler junction
capacitance can be reduced by using larger L j,. (smaller junction area). However, larger L j,.
requires a larger ¢ext tuning range to get the target coupling strength.

We use the Z-method and diagonalization to calculate the ZZ interaction strength ¢. To
calculate ¢ using the Z-method, we tune the second qubit frequency wqo/27 to 5.054 GHz
by setting L j,o = 7.8 nH. In Fig. 4.5(c-d), we show that when we turn off the coupling,
the ZZ interaction ( also goes to zero. Note that if we bring two qubits on resonance, the
calculated ¢ by diagonalization is very close to the values when the two qubits are detuned.

The two-port circuit can be extended to a four-port circuit as is shown in Fig. 4.3. Here

we use the same circuit parameters as in the two-node circuit. We detune the four qubits
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Figure 4.7: (a) Schematic of the device: four qubits Q); (red) are coupled to a router R (blue);
(b) Circuit diagram: four transmons (red) are capacitively coupled to the router (blue). Each
transmon is controlled by a flux line (green) and a drive line (cyan), and dispersively readout
by a /4 resonator (orange). Each two of the readout resonators are coupled to a two-stage
bandpass Purcell filter (yellow) (see Section 1.4.4). There are four flux lines (purple) to tune
the flux across the SQUID loops in the router. (c) Layout for the motherboard with the
router and all control wires. (d) Layout for the daughterboard with two qubits and their
readout resonators.

by changing their junction inductance Lj,; = Lj,3 = 8 nH and Ly, = Ly, = 7.8 nH,
which give the qubit frequencies wy1/27 = wy3/2m = 4.988 GHz and wyo/27 = wy4 /27 =
5.054 GHz. Here to demonstrate that we can selectively turn on the coupling between the
qubit pair, we turn off the switches connected to qubits (3 and ()4 and turn on the switches
connected to qubits ()1 and Q2. The effective coupling strength g;; and ZZ interaction
strength (;; between the ith and jth qubits calculated by the Z-method are shown in Fig. 4.6.
We can see that when the coupling between ()1 and ()9 is on, the other qubits remain

uncoupled. This demonstrates the scalability of our approach.

4.4 Experimental realization

With the numerical simulation, we can determine the target parameters. The full circuit of

the device is shown in Fig. 4.7(b), where we omit the junction capacitors and include all the
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Figure 4.8: Photo of the assembled device, with two daughterboards sitting on one moth-
erboard. The motherboard is 20 mm x 20 mm and the daughterboards are 3 mm x 7 mm.
This device was fabricated by Xuntao Wu.

control lines. To determine the actual device layout, we use Sonnet to simulate the layout.
Examples using Sonnet for circuit simulation can be found in Ref. [77]. We make the qubits
and their readout resonators on a separate chip to demonstrate the modularity of our design,
with the layouts shown in Fig. 4.7(c) and (d). There are two qubits on one daughterboard.
Two daughterboards are flip-chip [240, 122] bonded on the motherboard which contains the
router and all the control lines. Note that the daughterboards are non-galvanically connected
to the motherboard. Thus their grounds are not connected. We use different colors to mark
their grounds in Fig. 4.7(b) (grey and black).

We follow the process in Appendix G to fabricate the sample. The size of the motherboard
is 20 mm x 20 mm, which is the same as the three-node sample introduced in Chapter 3. Each
daughterboard is 3 mm x 7 mm. The assembled device is shown in Fig. 4.8. The device is

wire-bonded to the sample box and cooled down in a dilution refrigerator for measurement.
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Figure 4.9: Router characterization. (a) The pulse sequence of Rabi swaps between Q9
and @3, with switch pulses shorter than qubit flux pulses. (b) By sweeping the qubit Q9
frequency, we generate a chevron pattern. (c) Effective coupling strength ¢, and parasitic
Z 7 interaction strength ¢ between ()9 and ()3, as a function of switch external fluxes ¢ext,
from on (left) to off (right).

The measurement setup can be found in Appendix H. We operate all the qubits at the
frequencies wy/27 around 4.6 GHz. All the qubits have anharmonicities 7/27 ~ —170 MHz,
relaxation times 77 ~ 30 ps and pure dephasing times Tjy ~ 800 ns.

We use the pulse sequence in Fig. 4.9(a) to calibrate the router. During the qubit idling
times, we bias all the switches to the “off” status. We excite one qubit @); to its |e) by an
X gate. Then we turn on the switches S; and S; which are connected to @; and (); and
biasing the frequencies of @; and ;. When sweeping the frequency of one qubit Q;, we
can generate a chevron pattern as is shown in Fig. 4.9(b), from which we can determine the
qubit-qubit coupling strength g. By scanning the external fluxes ¢ext across across S; and
S (Pext = Pext,i = Qbext,j)a we can get how the coupling strength g changes as ¢ext as is

shown in Fig. 4.9(c). To extract the ZZ interaction strength ¢, we perform a cross-Ramsey-

type experiment [156]. We first prepare the qubits in (leg) + |gg))/v/2 or (|ee) + |ge))/V/2
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states. By measuring the phase accumulation on the state |ee) after an iISWAP gate, we can
determine the ZZ interaction strength (. The measured ¢ versus ¢ext is shown in Fig. 4.9(c).
The measured results match well with the numerical simulations (solid lines).

As we discussed in Section 1.4.5, bringing |ee) on resonance with |gf) with a duration of
Toy = ™/ V29, we can realize a CZ gate between two qubits. We use cross-entropy bench-
marking (XEB) (see Section 1.4.6) to benchmark the CZ gates between all six qubit pairs.
We can get an average gate fidelity Fcy of 96.00 £ 0.10% with a duration of around 40 ns,
and best fidelity of 97.14 + 0.04%, mainly limited by dephasing of the qubits. If we assume
the qubit relaxation times 77 are 100 us and no extra dephasing, the simulated gate fidelity
Fcyz can be as high as 99.5%, above the surface code threshold [13|. By simultaneously
applying single qubits on the uncoupled qubits during the two-qubit gate benchmarking
sequence, we find that the gate fidelities (both single-qubit and two-qubit gates) are not

affected, indicating negligible interference when the switches are turned off.

4.5 Outlook

With this router design, we present a hardware-efficient way to link multiple quantum pro-
cessors for future fault-tolerant distributed quantum computing architectures [22|. Current
performance is mainly limited by the qubit coherence times and pulse distortions, which
can be further improved by the fabrication process [241, 242| and pulse shaping [243, 244].
When the quantum processors are placed further apart, this design can also realize the
routing of itinerant microwave photons [141, 187, 186]. In addition, when more than two
switches are turned on simultaneously, we can directly synthesize multi-qubit entangling
gates [245, 158, 246]. With enhanced connectivity, we can also perform error correction
codes with higher thresholds and lower overhead [247, 248| or investigate quantum many-

body dynamics that rely on high connectivity.
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APPENDIX A
QUANTUM LINEAR RESPONSE THEORY
Here we consider a system with Hamiltonian H applied with some external field Hext =
f(t)B, where B is an operator in the system. The total Hamiltonian is Hiot = H + Hext.

We want to study the system’s response to the external field. For an operator A in the

system, we have

0(A(t)) = —i/ dt'{[A(t), B S (), (A1)

where 0(A(t)) is the difference of (A(t)) with and without the external field and we keep

terms to first order in f(¢). The above equation can be written as

SIA(H)) = / T A GR (=) F(), (A2)

—00

where the Green’s function Gﬁ gt —1') is given by
GRplt —1) = —ib(t — ) {[A(), B)). (A.3)

Here 0(t) is the Heaviside step function. The retarded Green’s function thus gives the
system’s response to an external field. The density of states p4(w) is given by the imaginary

part of the Fourier transform of G]z A1),

+00 . “+o0o .
Giaw) = [ ateichy =i [ a i am a0), (A
paw) =~ Im[GH ()] (A.5)
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APPENDIX B
QUANTUM INPUT-OUTPUT THEORY

Here we consider a system interacting with a bosonic heat bath [49, 50], in the form

H= Hsys + Hp + Hiyt, (B'l)
Hp = h/oo dw wbl (w)b(w), (B.2)
Hipye = ih / 7 dw g(w)[b (w)e = Tb(w)], (B.3)

where b(w) are boson annihilation operators for the bath and ¢ is one of several possible
system operators. We want to study the system dynamics Solving the Heisenberg equations

of motion for b(w) and an arbitrary system operator a, we have

b(w) = —iwb(w) + g(w)e, (B.4)

i= —%[a, Hyy] + / dw g(w) (bT (w)[a, ] — [a,cT]z)(w)) , (B.5)

and we can solve the dynamics of b to obtain

. t . ,
b(w) = e_m(t_tO)bO(w) + g(w)/ dt! el >c(t/)
fo (B.6)

. t . /
_ emiwlt=t)p, () — g(w)/t g emiwltt De(t),

where by(w) is the value of b(w) at t = ¢ty and by (w) is the value of b(w) at ¢ = ¢1. Finally,

we can get the dynamics for a,

) 1
a = — %[a, Hsys]

+ [ dw gte) (008 w)la, ] = fa,clle g ) (B.7)

t . / . /
+ /dw gQ(w)/ dt’ (e’w(t_t )CT(t/)[a,c] — [a,cT]e_w(t_t )c(t/)> :
to
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Here we use the First Markov Approximation,

and define the in and out fields as

bin(f) = J% / Qe e~ =10 (),
]_ .
bout (1) = Nor: /dw e Wl=p) ().

Combining these equations, we get the quantum Langevin equation,

=~ Hags] + [t + VR 0] [0 = a,f] [Se+ vitin(®)].
a= —%[a, Hgys] — [gCT - \/Eblut(t)} [a,c] + [a, CT] [gc - \/EbOUt(t)} ’

where b;;, and byt have the relation

bout (t) = \/EC@) + bin (1),

which is called the input-output relation.
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APPENDIX C

SCHRIEFFER-WOLFF TRANSFORMATION

Here we consider a Hamiltonian,

H =Hy+¢€V. (C.1)

We want to find a unitary transformation U = ¢, where S is anti-Hermitian such that the
transformed Hamiltonian H' = e He S is block diagonal up to any desired order of e. We

set the S as a power serious of ¢,
S =Sy + €28y + 353 + O(e?). (C.2)

Using the Baker-Hausdorff formula, we have

H' = eSHe_S

1
— H+ 1S, H] + 51,5, H] + -
€
o

= Ho + e(V +[S1, Ho) + €[S, Hol + [51,V] + (1. 51, Holl

— Hy+ eV + [S, Hol + €[S, V] + %[5, 1S, Holl + 1S 1S, V] + - -

(C.3)

+ €[S, Hol + 57151, 152, Hol) + 5715, [S1, Holl + (81, [51,V]

+ 1[50, 151. 51, Hol)) + O(e!).

When we choose appropriate Sy so that V' + [S1, Hy] = 0 and Sy = 0, we have

2
H' = Hy+ %[51, V]+ 0. (C.4)
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APPENDIX D
COUPLED TRANSMISSION LINES
Here we discuss the coupled transmission lines. The effective circuit for two coupled trans-

mission lines is shown in Fig. D.1. Similar to a single transmission line, we can write down

telegrapher equations to describe their dynamics,

avla(z,t) _ _Llail(((;,t) B Lm%’ (D.1)
z
8@28(2715) _ _Llazgéj,t) B Lmaug,t)’ (D.2)
z
dia(z,t) ., Ova(z,t) vy (z, )
5.~ O tOn g .

where v (z,t) and i (z,t) are the voltage and current the kth transmission line position z
and time ¢, L; is the distributed inductance, Ly, is the distributed mutual inductance, Cj is
the capacitance per length, Cy, is the coupled capacitance per length. We already assume the
two transmission lines are identical and there is no loss in the system. The above equations

can be rearranged to

0v4(z,t) it (z,t)

20 o (g L) (D.5)
8v_a(;,t) (- Lm)ai_§:7t>7 (D.6)
P2l (g o 22D, (0.7)
—ai‘gj’ D_ ¢+ Cm)—a”‘a(f’ b (D.8)
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Figure D.1: Lumped-element equivalent circuit for coupled transmission lines with source
and load impedances.

where v+ = v1 v and i+ = i1 £i9. We can get the phase velocities v;, and phase constants

[ of the two modes,

1
Up+ = > (Dg)
3 \/(Ll + Lm)(cl - Om)
1
Up— = : (D.10)
" Vi~ La)(C + Cn)
By = w/vp+ = w\/ (L + L) (C) = Cpy), (D.11)
B =wfvp- = W\/(Ll — Lin)(Cp + Cm). (D.12)
When the two transmission lines are in a homogeneous medium, we have vy = v,— = 1/,/1€

and S+ = f— = 3, where u and € are the permeability and permittivity of the medium. Here

we assume a homogeneous medium to simplify the discussion and we can get

T _t_z D.13
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where 7 is the characteristic impedance of two uncoupled transmission lines. The effective

characteristic impedance of the two modes are

Ll + L
Jy = D.14
Z_ = D.15
We have
AV (D.16)

Similar to the single transmission line, we can get the input impedance matrix Z;,, at position
z = —d [249],
. . -1
Zin(—d) = (I + re—wd) (1 - re—wd) Zc, (D.17)

where I is the 2 x 2 identity matrix, Z is the characteristic impedance of the coupled lines,

1 Z+—|—Z_ Z_|_—Z_

Zo = 3 , (D.18)
Iy —7_ Zi+7_

and I is the reflection coefficient at the load,

T =(Z,—Z¢)(Zp+Zo) ", (D.19)
with Zp,
Z 0
7, = | 7M1 . (D.20)
0 Zo

If the lines are in an inhomogeneous medium, we have 54 # f_, and Eq. D.17 needs to be

modified [249]. When the second input port is terminated with a source impedance Zgq, we

131



have

Z1111 + Z12ig = v, (D.21)
Z2111 + Zogio + Zgoig = 0, (D.22)
where we write Z;j, as
Z11 212
Zi = . (D.23)
Zo1 422

We can get the input impedance from the first port, Z7 iy,

U1 212Z21
- — Ty — ——£ma D.24
Lin =% U oo+ Zgo (D-24)

Note that we always have Z19 = Z91 for passive circuits.

We can verify that when the two lines are uncoupled, i.e. Ly, = C), =0, Egs. D.17 and
D.24 become Eq. 1.87.

When Zj; = Z19 = Zp, we have

1 0 —(Zy —Z_
- (4= 2-) (D.25)
The input impedance matrix Z;, becomes,
14 1— 1+ 1—
7. 1 1_gZ+ + 1—|—gZ_ l—gZ+ - 1+gZ_ (D 26)
N 1- 1+ 1- ’ '
1—3Z+ - 1+gZ* 1—gZ+ + 1+gZ*
where the coefficient « satisfies,
a= (2 = 2-) e~ 2hd (D.27)

20+ 7 + 7
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When Zg9 = Zj, we have
Zl,in = ZO7 (D28>

which forms a directional coupler [45]. The coupling coefficient C' of the directional coupler
isC=(Zy—7Z)/(Z++ Z-).

When the two lines are weakly coupled, i.e. 6 = Ly,/L; = Cp,/C; < 1, we have
Lo
Jy =Zgx 02y + 55 2. (D.29)

The characteristic impedance Z of the coupled lines is

1+182 5
Zo = 2y ) (D.30)
5 14502
The reflection coeflicient I' becomes
Zin—2y  ZoZr1(Zre2—2o) 52 . 220711 S
r— |Zut20  (Zrit+Zo)*(Zia+Zo) (Z11+20)(ZL2+20) (D.31)
_ 220212 Zro—Zy  ZoZra(Zr1—2o) 52 ’
(Z11+20)(Z12+20) Zrat+Zo  (Zpo+Zo)2(Zra+2Zo)

from which we can calculate the input impedance matrix Z;, and the input impedance of
the first port Z7 j.
When Z71 = 0, the input impedance of the first port Z7 ;, becomes

02(Bd)?Z3

: (D.32)
Zio+ 259

Zn =

where we assume the coupling length gd < 1. If we let M = L,,d, the above result can be
rewritten as

(D.33)

which is the same as Eq. 1.39.
133



z,, lem2-A0-6- Zin/l— 20 —IN_ k— 60 —

(b) 1.10

Zs=2,
1.05 | Zs,=1.12,
£ 1.00 e —————— ]
0.95 |
0.90 . . . .
00 0.1 02 03 04 05

o/m

Figure D.2: (a) Circuit for a A/4 resonator coupled to a transmission line. (b) Dissipation
rate k of the A\/4 resonator versus the coupling position 6 for Z;9 = Zgy = Zy (blue)
and Zro9 = Zy and Zgg = 1.17; (orange). The solid lines are calculated using Eq. D.34
and Table 1.1 while the dashed lines are calculated using Eq. D.35. We assume § = 0.2,
Af = 0.05 and kg = 2wn(6A0)% /7 in the calculation.

Using the above results, we can calculate the dissipation rate x of a hanger resonator. The
circuit is shown in Fig. D.2(a). Here we consider a A/4 resonator coupled to a transmission
line at position #. We have Zg9 = Z19 = Zy and Z;1 = Zy/jtan6. The input impedance
Ziy from the short end of the A/4 resonator is

Z1in + jZptan(m/2 — A0 — 0)
Zo+jZy jn tan(m/2 — A0 — 6)’

Zin = 2 (D.34)
from which we can calculate the dissipation rate x and coupling quality factor Q. of the \/4
resonator using Table 1.1. Here we choose to calculate Zj, from the short end because the
resonance acts like a series resonance seen from the short end, which is more convenient to
calculate the dissipation rate from the impedance Zj, (see Table 1.1). We find that when
the coupling length is short, i.e. A = fd < 1, the dissipation rate x can be approximately

written as the sum of the dissipation rate x; from the inductive coupling (Eq. 1.90) and
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ke from capacitive coupling (Eq. 1.91) as shown in Fig. D.2(b). If we let M = L;,d and

Cx = Cyd, the dissipation rate k can be written as
4w M? 4w3C2 202197
K= K;+ Ke = 0 sin” 6 + 0T R20212252 0s2 6
©20(Zs2 + Z12) m(Zgo + Zp2) (D.35)
4w (5A6)2 Z AT '
_ dwp(6A0) ( 0 24 12252 . 2 6),
™ Zso+ Zro 20(Zs2 + Zr2)

where wy is the frequency of the A/4 resonator. Note that we have a different definition of

0 from Fig. 1.10. When Zj9 = Zg9 = Zj, the dissipation rate is

2
o 2w (dA0)

T

, (D.36)

which is independent of the coupling position . When Zj9 # Zg9 (e.g. there is some
impedance mismatch in the wiring), the dissipation rate will depend on the coupling point
(see Fig. D.2(b)). From the numerical calculation, we also find that when the coupling
length Af = Sd is not close to zero, the dissipation rate x is smaller than the approximate
expression in Eq. D.35 and is still independent of the coupling point when Zj9 = Zg9 = Z.

We can also analyze the coupling between two transmission line resonators. The circuit is
shown in Fig. D.3(a). Here we consider coupled A\/2 and A/4 resonators. The source and load
impedances become Zj1 = —jZgcot 01, Zr9 = jZptanfsy, and Zgy = jZytan(m — Af —0s),
from which we can calculate the input impedance Z;;, from the short end. We bring the two
resonators on resonance, and the coupling strength ¢ is determined by

w2 — Wi

o (D.37)

g:

where wy and w9 are the two zeroes in Im[Z;;, (w)]. There is another pole between wq and w9
at wq, which is the bare frequency of the two resonators. The numerical results are shown in

Fig. D.3(b). We find that when the coupling length is short, i.e. A = 5d < 1, the coupling
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Figure D.3: (a) Circuit for coupled A\/4 (bottom) and A\/2 (top) resonators. (b) Coupling
strength |g| versus coupling position 61 and 0y calculated using Eq. D.37 and (c¢) Eq. D.38.
We assume 0 = 0.2, A = 0.05 and gy = v2wdAf/7 in the calculation.

strength g can be approximately written as the sum of the coupling g; from the inductive

coupling (Eq. 1.92) and g, from the capacitive coupling (Eq. 1.93). If we let M = L;,d and

Ce = Cypd, the coupling strength g can be written as

2 M 2
9=9it9gec= £Z—w8 sin A1 cos f9 + £OCZOOJ8 cos #1 sin 69
T Zy m

= \/—§WQ5A9 sin(f1 + 69).
m

(D.38)

Note that the definition of #; here differs from Fig. 1.11. We need to be careful about
the signs of the couplings g; and g.. The results calculated using Eq. D.38 are shown in
Fig. D.3(c) and we can see good agreement with the numerical results in Fig. D.3(b). When
01 + 02 = 7, we have g; = —g. and g = 0. When 61 = 65, we have g; = g, and the non-
RWA terms in the coupling become zero (see Section 1.2.2). Analysis of couplings based on

S-parameters can be found in Ref. [250].
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APPENDIX E
CLASSICAL FILTER SYNTHESIS

Here we introduce the synthesis of classical filters [45]. The design flow of a bandpass filter
is shown in Fig. E.1. We start with a low-pass filter prototype, convert it to a bandpass
design, and finally convert it to a practical implementation. A low-pass filter prototype is
shown in Fig. E.1(a), where we start with normalized values and set the target 3 dB cutoff
frequency we = 1 rad/s. The coefficients {g;.} are the numbers of the circuit elements in
units of € and we set gy = 1. Different choices of {g;} give different frequency responses.
For different responses (Butterworth, Chebyshev, linear phase, etc.). The coefficients {g;. }
can be calculated using the insertion loss technique and Cauer synthesis [100]. The reflected

power at the input port of the network is given by

(E.1)

where Pr(w) is the power loss function. For a Butterworth (maximally flat) response, the

power loss function Py (w) has the form,
Pr(w) = A1 + V), (E.2)

where the parameter A controls the impedance match and N is the order of the filter. When

A =1, there is no reflection at w = 0. We will set A > 1 here. For A < 0, the filter acts as

an amplifier [100]. Labeling s = jw, and inserting the Butterworth response, we have

A-1 + (—1)NS2N
1+ (—1)Ng2N

ID(s)? = = [(s)(=s). (E.3)
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Figure E.1: Design flow of bandpass filters. (a) Low-pass prototype, using capacitors and
inductors. (b) Bandform transformation from lowpass to bandpass. (c) Bandpass filter with
admittance inverters Jp, using only parallel LC' resonators. (d) Implementation using sec-
tions of transmission lines. (e) Coupled-mode picture for an Nth order filter, with dissipation
rate r; for the jth resonator B; and coupling strength c; ;41 between resonators B; and

Bj_|_1.

Here we choose a positive sign for I'(s) and we can get

o= Bl GG — )
I'(s) = D(s) ~ T, (s — pg) (E.4)

where sj, are complex roots of R(s) and p; are complex roots of D(s), where we choose
them from the left half-plane of the complex plane. We can get the input impedance of the

network Z(s) from I'(s),
_1+T(s)  D(s)+
1-T(s) D(s)—

Z(s) g(s) . (E.5)
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Insertion loss | Order N | gog1 9192 9293 9394 9495 9596 9697
0 dB 2.000 2.000

1.414 2.000 1.414

1.000 2.000 2.000 1.000

0.765 1.414 3.414 1.414 0.765

0.618 1.000 3.236 3.236 1.000 0.618

0.518 0.732 2.732 3.732 2.732 0.732 0.518

38.97 1.026

54.40 1.026 0.716

57.45 2.035 0.678 0.504

58.50 2.445 1.730 0.420 0.385

58.97 2.645 2.366 1.249 0.279 0.311

59.22 2.755 2.755 1.882 0.919 0.198 0.260

399.0 1.003

563.6 1.003 0.708

597.5 2.003 0.668 0.500

607.6 2.417 1.709 0.415 0.383

615.2 2.621 2.344 1.237 0.277 0.309

618.3 2.734 2.734 1.868 0.911 0.196 0.259

3999 1.000

5655 1.000 0.707

5997 2.000 0.667 0.500

6120 2.415 1.707 0.414 0.383

6178 2.618 2.342 1.236 0.276 0.309

6209 2.732 2.732 1.866 0.911 0.196 0.259

—_

10 dB

20 dB

30 dB

O Ol W N RO UL W N O UL W O Ok Wi

Table E.1: g coefficients for maximally flat low-pass filter prototypes, with gg = 1.
From Cauer synthesis, we can write Z(s) using {g;.},

1

Note there is no s after gy 1. We can determine all {g;} by the above two equations. Some
calculated {gp} are listed in Table E.1.
With the low-pass prototype, we can transform it into a bandpass filter. Assuming the

bandpass filter has a passband between wy and w9, we can define its center frequency wg and
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Figure E.2: Functionality of (a) impedance and (b) admittance inverters.

bandwidth ratio A as

wp = y/wiwz, (E.7)

w2 —wi

(E.8)
wo

Then we can transform the low-pass filter prototype by replacing the inductors with series
LC resonators and capacitors with parallel LC resonators as is shown in Fig. E.1(b), with

the values,

Lok = ot (E9)
Copt1 = Agff;zlo’ (E.10)
Lokto = %, (E.11)
Cokya = ﬁ, (E.12)

where we assume the input and output circuits have the same characteristic impedance
Zg =171 = Z.

However, the circuit in Fig. E.1(b) is not easy to implement. We can further transform
the circuit to a circuit with only parallel or series LC' resonators (see Fig. E.1(c)) using

admittance or impedance inverters. The impedance/admittance inverters can convert the
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series impedance to parallel admittance or vice versa. An ideal impedance inverter K (or

admittance inverter J with J = 1/K) have the ABC'D matrix,

A B 0 K 0 j/J
- - M (E.13)
C D i/K 0 jiJ 0

When a series impedance Z is sandwiched by two impedance inverters K (see Fig. E.2(a)),
the total ABC'D matrix for this circuit becomes
A B 0 JK| |1 Z 0 JK , 1 0

= = ' , (E.14)
C D j/JK 0o 1] |j/K 0 Z/K? 1

which is the ABC'D matrix of a parallel circuit with admittance Z/K2. When a parallel
admittance Y is sandwiched by two admittance inverters J (see Fig. E.2(b)), the total ABC' D

matrix becomes

A B 0 j/Jl |1 0ol |0 4/J 1 Y/J?

— ™ : (E.15)
C D g7 0 ||y 1| |jJ o0 0 1

which is the ABC'D matrix of a series circuit with impedance Y/.J 2 In Fig. E.3, we give
examples of the impedance and admittance inverters. Comparing Fig. E.3(a) and Fig. 1.27,
we can see that the impedance inverters are just couplers for inductive coupling. Comparing
Fig. E.3(b) and Fig. 1.2(a), we can see that the admittance inverters are couplers for ca-
pacitive coupling, which compensate the frequency shifts by the negative capacitors. More
examples of inverters can be found in Ref. [45]. In practice, the inverters only work for a
certain bandwidth. Bandpass filters designed by inverters can have a bandwidth ratio A up
to around 10%.

In Fig. E.1(c), we present a circuit using only admittance inverters and parallel LC
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(b) ﬁ
! — +_C +_C J=w,C

Figure E.3: Examples of (a) impedance and (b) admittance inverters.

resonators. When the inductors and capacitors in Fig. E.1(c) have the same values,

L = %
Wy
;T
2Z0wq’
the admittance inverters need to satisfy
A
Zodn = "2 forn= 1L,N+1,
29n—19n
A
Zodn = = form=2,---,N.

2\/9n—19n

(E.16)

(E.17)

(E.18)

(E.19)

If we use the circuit in Fig. E.3(b) as the admittance inverters, the circuit in Fig. E.1(c) can

be treated as capacitively coupled parallel LC' resonators. Note that the negative capacitors

in the admittance inverter can be absorbed into its neighbor parallel LC' resonators.

In practice, we can use transmission lines instead of lumped elements to make the res-

onators. Here we present a circuit using only sections of transmission lines in Fig. E.1(d).

The grounded transmission lines act as impedance inverters, which is a variant of the circuit

in Fig. E.3(a). The whole circuit in Fig. E.1(d) can be treated as inductively coupled \/2
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Insertion loss: 0 dB

(b)
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Insertion loss: 20 dB
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Figure E.4: Transmission coefficients | S| for different orders N with insertion loss (a) 0 dB
and (b) 20 dB. All the filters have the same center frequency wg/2m = 6 GHz and bandwidth
Awg /21 = 600 MHz.

resonators. The length of each line needs to satisfy

Zo/Kn
¢p, = arctan (—1 — (OZO/Kn)2> , (E.20)
Oy, = m — arctan(Zy/ Ky) — arctan(Zy/ Kp+1), (E.21)

where ¢, and 0, represent $¢ with § the phase constant at frequency wg, and K, = 1/J,
in Egs. E.18 and E.19. We set the impedance of all the transmission lines to be 7, which
is the same as the source and load circuit impedance.

With the impedance/admittance inverters, the bandpass filters can be treated as coupled

series/parallel resonators as is shown in Fig. E.1(e) [251, 100]. The dispassion rates of the
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first and last resonators and the coupling strength between resonators are given by

~ Auwy

K1 = , (E.22)
9091
A
iy = ——20 (E.23)
ININ+1
Awy
Ckltl — 7 ——. E.24
R N (E24)

From Table E.1, we can see that for large insertion loss, k1 < k. In the infinite insertion
loss limit, we get a singly terminated filter. With this coupled-mode view, we can directly
calculate the transmission coefficients Sy from Eq. 1.61. Note that the case of N =1 has
been discussed in Section 1.2.5. The transmission coefficients Sprq for different filters with
different orders N and insertion loss are shown in Fig. E.4. We achieve flat |Sp| in the
passband as expected. From the coupled-mode view, the filter bandwidth can be broad as
long as the RWA holds. If we use coupled transmission line resonators to balance out the
non-RWA terms (see Appendix D), we can achieve a broader bandwidth.

In Fig. E.5, we give an example of a four-stage 20 dB insertion loss filter for qubit readout.
The layout is shown in Fig. E.5(a), where four readout resonators are coupled to the first
stage of the filter. The photo of the whole device is shown in Fig. E.5(b). To couple more
readout resonators to the first stage, we can use an n\/2 resonator as the first stage. To
further reduce the footprint of the filter, we can use lumped-element resonators for other

stages.
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Figure E.5: (a) Layout of a four-stage bandpass filter for qubit readout: four transmon
qubits (green) are capacitively coupled to A/4 readout resonators (blue), which are coupled
to the first stage of the filter (red). The xy drive lines and z flux lines are marked in magenta
and orange respectively. (b) Photo of the whole device, with a size of 6 mm x 6 mm. This
device was fabricated by Yash Joshi.
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APPENDIX F
IMPEDANCE RESPONSE FORMULAS FOR COUPLINGS

Exact calculation of qubit-qubit coupling strength g.g and ZZ interaction strength ¢ re-
quires full-diagonalization of the circuit Hamiltonian, which becomes very computationally
demanding when many modes/junctions are involved. Refs. [235, 236] present a way to cal-
culate the coupling strength g.g and ZZ interaction strength ¢ directly from the impedance
of the coupler while considering the weak non-linearity of the transmons. Their results are
summarized as follows.

Here we consider two transmons coupled by a two-port linear network as is shown in
Fig. F.1, where the capacitors of the transmons are absorbed in the network. The qubits’
frequencies wy, and anharmonicities 7;. are given by the capacitance matrix C as we discussed

before (see e.g. Eqgs. 4.19 and 4.20). More accurate formulas for wy, and n; are

Ecy/h
= — F.1
Wk = Wk 1 _ECk/thk7 ( )
2
« ECk‘/h

1—202, Ecy/hwg’

where wy = 1/\/L j1.C). = \/8E 1. Ecy with Cf = 2 /2E ¢y, obtained from the capacitance

matrix C and «y is the correction coefficient given by

- 1 3 Ck: 1 Ck: dek(w)‘
bk =5~ 7 LkIm[Zkk(wk)] — 1\ Lkwklm[ o w:wk]7 (F.3)

L X Z(w) XL

Figure F.1: Circuit for two transmons coupled by a two-port linear network.

146



where L) = 1/w%C’k = L. /(1 =2E¢ /hwp) is the effective inductance of the qubit and Zj,
is the diagonal term of the impedance matrix Z(w). The coefficient oy = 1 in the transmon

regime. The coupling strength g.g is given by the impedance matrix Z(w),

1 Jwiw9 Zlg(wl) Zlg(wg)
= —= Im [ ] , F4
Jeft = 74\ 1 Lo ol w (F.4)

where Z19 is the off-diagonal term of the impedance matrix Z(w). When there are junctions

in Z(w) and they work in the transmon limit E; > E¢, we can linearize them similar to
what we did to transmon qubits, i.e. replacing L with L = 1/w?C' = L;/(1 — 2Eq/hw),
where w is the frequency of the corresponding mode (see Eq. F.1). Readers can verify that
the coupling strength of fixed (Eqgs. 1.20 and 1.24) and tunable couplings (Eqs. 1.177 and
1.189) can be directly calculated from this formula.

When |geff| < |w1 — wal, the ZZ interaction ¢ can be written as

¢=Cx +¢, (F.5)

where (f is the direct ZZ coupling and (; is the ZZ coupling from the exchange coupling.

The direct ZZ coupling (g is given by

Wiy 2 W2y 2
=2m(— 29 (— F.6
CK 771(M2)0412+ 772(w1)04217 (F.6)
where ay,; are given by
Ch 1
=Ty Tm(wj; — 2w7') Z12(wy) + wiw; Z12(wp)]- (F.7)
1 2(wi —wy)

The coupling (; is similar to Eq. 1.150 but with some corrections on the interaction strength
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between the higher excited states, which is given by

JZ(n2 — A) + J3(m + A)
(A +n1)(A—=mn2)

(F.8)

where A = wy; — w9 and J}. is the effective coupling strength between the higher excited
states, i.e. Ji is the coupling strength between the |fg) and |ee) states, and Jy is the
coupling strength between the |gf) and |ee) states. When J; = Jo = geg, we come back to

Eq. 1.150. The couplings J}. are given by

Im Z12 W1) +512Z12(w2>}, (F.9)
\/ w2

Im 212 wl) 4 B Z12(w2)}’ (F.10)
\/ w2

where the correction factors 11, 512, f21 and 99 are

h

»-l>|>—‘ rl>|>—*

h

By =142 (F.11)
w1 — Wy
171 1
B1o=1-— 2m + 4w—1 (F.12)
1~ w2
war2 2
B9 =1— QW — 2 +4w (F.13)
2 1 2
ﬁﬂ_1+2J@@7. (F.14)
Wy — Wy

The above discussion can be extended to multiple transmon qubits, where the two-port

impedance matrix Z(w) becomes an N-port impedance matrix.
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APPENDIX G
FABRICATION

The fabrication of our superconducting quantum processors is done in the Pritzker Nanofabri-
cation Facility at the University of Chicago. The recipes for transmon qubits were developed
and improved by Hung-Shen Chang, Youpeng Zhong, Ming-Han Chou, and Joel Grebel.
Readers can refer to their theses [252, 77, 143, 253| for more details. The non-galvanic

flip-chip technique was developed by Kevin Satzinger and Chris Conner [240, 122].

G.1 Fabrication of superconducting qubits in 3 days

Here we will only give a rough timeline for the fabrication of a superconducting quantum
processor as the process keeps being improved. The below process can consistently achieve
qubit 77 over 10 us. For a hardworking graduate student, finishing the below process in

three days is not hard.
e Day 1
— 8:00 am, get into the cleanroom, pick a 4-inch sapphire wafer, solvent clean it,
and bake it.

— 9:00 am, Al layer deposition.
— 9:30 am, photolithography for the base layer.
— 10:30 am, Cl etch the base layer and clean the photoresist.
— 11:00 am, photolithography for the Au marker.
— 11:30 am, Ti/Au layer deposition.
— 12:00 pm, leave the wafer in 80C NMP for liftoff and go out for lunch.

— 4:00 pm, clean the wafer and do the photolithography for the SiO layer.
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4:30 pm, leave the wafer in the SiO9 deposition tool for overnight pump down.

5:00 pm, go home.

e Day 2

8:00 am, get into the cleanroom and deposit SiOs.

9:30 am, leave the wafer in 80C NMP for liftoff and go out for a cup of coffee.
1:30 pm, clean the wafer and dice it into quarters.

2:30 pm, e-beam lithography for the junction layer.

3:30 pm, leave the wafer in the junction deposition tool for overnight pumpdown.

4:00 pm, go home.

e Day 3

8:00 am, get into the cleanroom and deposit junction layers.

9:40 am, leave the wafer in 80C NMP for liftoff and go out for a cup of coffee.
2:00 pm, clean the wafer and do the photolithography for the Al bandage layer.
2:30 pm, pump down the bandage layer deposition tool.

5:00 pm, Al bandage layer deposition.

5:30 pm, leave the wafer in 80C NMP for liftoff and get out for dinner.

8:30 pm, vent the vapor HF tool and dice the quarter wafer into chips.

9:00 pm, etch out SiO9 with vapor HF.

10:00 pm, go home.

e Day 4

8:00 am, do the flip-chip assembly if needed.
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Figure G.1: (a) Short indicated by the red dashed line fixed by a second etch. (b) Open
fixed by a bandage layer. (c) Measured resistance of 36 1.3-meter-long lines on a 4-inch wafer

after the first, second, and third etch.

— 10:00 am, wire bond the sample.

— 12:00 pm, go out for lunch.

— 1:00 pm, prepare to cool down the sample and pray it will work as expected.

G.2 Fabrication of 1.3-meter-long CPW lines

In Chapter 3, we discussed a three-node sample where a 1.3-meter-long line transmission
line links every two nodes. The total length of the transmission lines is around 4 meters on
one chip and 50 meters on a 4-inch wafer. Making all of these transmission lines perfect is
challenging. To detect whether the long lines are defective, we put a test pad in the center
of the long line for resistance measurement. The long lines are shorted to ground on the two
ends which are connected to gmon couplers.

If the measured resistance from the test pad to the ground is below the expected value,
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the line is shorted to the ground somewhere, which is caused by the imperfect etch of the
base layer, e.g. some dust falls on the photoresist before the etch. These can be fixed by
a second etch as is shown in Fig. G.1(a), where we shrink the CPW line gap from 4 um to
2 pm to avoid potential misalignment by the photolithography. In Fig. G.1(c), we present
the measured resistances of 36 1.3-meter-long lines on a 4-inch wafer after the first, second,
and third etch. We can see that most of the short can be fixed with a second etch.

If the measured resistance from the test pad to the ground is above the expected value,
the line is broken somewhere which is caused by the imperfect base layer deposition, e.g.
some dust falls on the wafer before the metal deposition. We do a bandage layer deposition
to fix these breakpoints as is shown in Fig. G.1(b). The modified process for the base layer

is described as follows.
e Pick a 4-inch sapphire wafer, solvent-clean it, and bake it.
e Al layer deposition.
e Photolithography for the base layer. The long lines have 8 ym width and 4 um gap.
e (Il etch the base layer and clean the photoresist.
e Photolithography for the long lines with 2 um gaps.
e Cl etch the long lines and clean the photoresist (see Fig. G.1(a)).
e Measure the resistance of all the long lines and locate the breakpoints of the long lines.
e Photolithography for the breakpoints of the long lines.
e Al bandage layer deposition and liftoff to fix these breakpoints (see Fig. G.1(b)).

e Measure the resistance of all the long lines to detect if there are other defects and fix

them following the above process if necessary.
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e Photolithography for the links between the test pads and the center of the long lines.

e (l etch the test pads and clean the photoresist.

The above process can be extended to all the control lines, especially for multi-qubit samples.
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APPENDIX H

MEASUREMENT SETUP

H.1 Sample packaging

After the sample is fabricated, it is a die of size 6 mm x 15 mm (two-node sample in
Chapter 2) or 20 mm x 20 mm (three-node sample in Chapter 3 and four-node sample in
Chapter 4). To measure the sample, we need to wire bond it to a printed circuit board
(PCB) with aluminum wires. The PCB has no solder mask for better thermalization. The
commonly used SMA connectors are soldered on the PCB for signals in and out. Here we use
the non-magnetic connectors to minimize the effects of residual magnetic fields. We added
vias connecting the grounds of different layers in the PCB to reduce the crosstalk between
neighbor signal traces [254]. We have designed the PCBs with 12 and 24 connectors, with
examples shown in Fig. H.1. Smaller connectors like SMP, SMPM, or PkZ connectors can
be used for denser wiring. The sample sits in an aluminum cavity, which is superconducting
and offers better shielding than copper. To reduce the qubit loss from the packaging mode,
we minimize the size of the cavity to bring the cavity frequency higher. For the packaging
for 20 mm x 20 mm samples, the cavity resonance frequency is around 7.5 GHz. We place
all the qubit and readout resonator frequencies below 6 GHz. The loss from the packaging
cavity can be further minimized by the flip-chip technique, which also acts as a shield for the
qubits. Note that the substrate of the sample itself also has resonances. Like normal vias on
PCBs, through-silicon vias [60] can be used to reduce such an effect. Aluminum is a poor
conductor of heat because it is superconducting. For better thermalization of the sample,
we mount the PCB on a gold-plated oxygen-free high thermal conductivity (OFHC) copper
stand in the new design as is shown in Fig. H.1(e).

We place the aluminum package in a magnetic shield to further reduce the effects of
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Figure H.1: (a~-d) Sample packaging for 20 mm x 20 mm chip with 24 SMA connectors. The
sample is wire bonded to the PCB which is mounted on an aluminum box. The aluminum
box is placed in a mu-metal shield and mounted to the fridge. (e-i) Sample packaging for
6 mm x 6 mm chip with 12 SMA connectors. The PCB is mounted on a gold-plated copper
stand. The whole package will be placed in the cylinders with the inner one to be painted
with a black coating and the outer one to be a mu-metal shield.

fluctuations of external magnetic fields. The magnetic shields fabricated by amuneall are
made of mu-metal and hydrogen annealed for better permeabilities in low temperatures.
Some magnetic shields are shown in Fig. H.1(c) and (i).

The energy gap of aluminum is 3.4 x 10~% eV, corresponding to a frequency of 88 GHz.
Infrared photons (300 GHz to 430 THz) can break the Cooper pairs and generate quasiparti-
cles, limiting the qubit lifetimes. Absorbing materials can be painted on the shield for better
protection. One example is a black coating made of silica powder, fine carbon powder, and
1 mm silicon carbide grains in stycast epoxy [255, 256, 257]. In our new packaging design, a

separate gold-plated copper cylinder is inside the mu-metal shield for black coating as shown

in Fig. H.1(i).

1. https://www.amuneal.com
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H.2 Control line filtering

The packaged sample is mounted at the mixing chamber stage of the dilution refrigerator,
which can cool down to below 10 mK. We use a Bluefors? LD-400 dilution refrigerator in
our experiment. Before the control pulses arrive at the sample, filters need to be added at
different stages to suppress unwanted signals [258|. An example wiring diagram is shown in
Fig. H.2(a). Different input/output lines have different configurations.

For output lines that collect the readout signals, we use superconducting (NbTi) cables
between the mixing chamber and the cryogenic low noise amplifier at the 4 K stage to reduce
the cable insertion loss. To reduce the thermal noise coming down from the hot stages, three
20 dB cryo isolators are connected inline at the mixing chamber. To save space under the
mixing chamber, the cryo isolators can be mounted above the mixing chamber as shown in
Fig. H.2(b).

For qubit xy lines and read-in lines, we add 20 dB attenuation at the 4 K stage and more
than 30 dB attenuation at the mixing chamber to reduce the thermal noise coming from the
upper stages. The attenuator combination can be optimized by placing more attenuators at
the still stage to reduce the heat load of the mixing chamber as shown in Fig. H.2(b). To
better suppress unwanted signals at higher frequencies, commercial low-pass filters are added.
For signals over tens of GHz (e.g. infrared photons), the commercial low-pass filters become
transparent. Similar to the black coating mentioned above, filters filled with absorbing
materials are added inline. Commonly used commercial absorbers are from Laird Eccosorb
CR series® [259, 260, 261, 127]. The Eccosorb filters also provide better thermalization of
the signal lines compared with the coaxial cables which rely on the Teflon dielectric.

For qubit and coupler flux lines, we use a DC line (< 1 MHz) combined with a fast-flux

2. https://bluefors.com

3. https://www.laird.com/products/absorbers/structural-absorbers/castable-liquid-absor
ber/eccosorb-cr
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Figure H.2: (a) Wiring diagram for samples measured in previous chapters. (b) Optimized
wiring diagram. There are 0 dB attenuators at each stage, which are not plotted. (¢) Photo
of the inner side of a wired Bluefors LD-400 dilution refrigerator.

line (< 500 MHz) using a bias tee. There is an RC filter with 1.5 k€ resistance at the 4 K
stage and a copper powder filter on the DC line before the bias tee. The copper powder
filters were first introduced in Ref. [262] and are commonly used to filter out higher frequency
signals [263, 264, 265, 266, 267, 268|. For the fast-flux lines, we add 20 dB attenuators at the
4 K stage and 10 dB more attenuators at the mixing chamber. There is a 500 MHz/1 GHz
commercial low-pass filter before the bias tee. After the bias tee, we add a customized

Eccosorb filter with a NbTi center trace. The superconducting center trace helps block the

157



Figure H.3: Eccosorb filters. (a) NbTi wires are soldered to the SMA connectors. (b) Filters
are filled with CR-124. (c) Filters are packaged and mounted on the dilution refrigerator.

heat generated before it. The NbTi wires come with a copper jacket, which is removed
by leaving it in 40°C copper etchant CE-200 for 40 minutes. The copper at two ends is
kept for soldering the wire to the connectors. The filters are shown in Fig. H.3. Here we
choose Eccosorb CR-124 as the absorbing material, which gives a 3 dB cutoff frequency of
200 MHz. This flux line configuration can be simplified to using only one fast-flux line as
shown in Fig. H.2(b).

With all these attenuators, filters, and isolators, we need to be careful with the impedance
mismatch, which will also limit the gate fidelity [269] or affect the readout resonator dissi-

pation rate r, [270].

H.3 Control electronics

We need to generate the pulses of different frequencies to control the qubits. The block
diagrams for the pulse generation are shown in Fig. H.4.

For DC and fast flux control (0 to 300 MHz), pulses can be directly generated from a
1 Gsps speed digital-analog converter (DAC). We add a differential amplifier after the DAC
to reduce the common mode noise and a Gaussian low pass filter to filter out the clock signal

and get a smooth pulse shape [77].
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Figure H.4: Block diagrams for pulse generation. GF-250 represents a Gaussian filter with
a 3 dB cutoff frequency of 250 MHz.

For qubit xy control, we need pulses of frequency around 5 GHz. One way to generate
these pulses is to do mixing using a local oscillator (LO) and a mixer. The LO generates
continuous waves at frequency f;,0 and the DAC generates signal at frequency fir, the signal
after the mixer has two sidebands with frequencies fRp = fr.o £ fir- With proper filtering,
we can keep only one sideband. Another way to remove the unwanted sideband is to use the
in-phase quadrature (IQQ) mixer, which contains two mixers and one sideband is removed by
destructive interference. In practice, fig can be up to 300 MHz for a 1 Gsps speed DAC. For
qubits’ detuning within 600 MHz, we can use one LO for all qubits. 1QQ mixers are imperfect
in reality, thus we need to correct the LO and sideband leakage |77, 271]. Using DACs with
higher sampling rates, we can directly generate high-frequency signals without mixers [272].

The readout resonator drive (readin) is similar to the qubit zy control. Because of
the large qubit-resonator detuning, we need a separate LO. The readout signals are down-
converted by an IQ mixer and collected by an analog-digital converter (ADC), from which

we can tell the qubit state. The mixers for readin and readout share the same LO.
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