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ABSTRACT

Superconducting qubits, created using Josephson-based superconducting circuits, offer a

promising platform for quantum computing. These circuits have been successfully scaled to

hundreds of qubits. However, further scaling of superconducting quantum processors faces

challenges such as fabrication yield, frequency collisions, and chip-scale correlated errors

induced by cosmic rays. One potential solution is to interconnect small superconducting

quantum processors to form a quantum network, facilitating distributed quantum computing.

Several experimental results on superconducting quantum networks with various topologies

have been presented. These results pave the way for distributed quantum computing and

offer testbeds for various quantum communication protocols.
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CHAPTER 1

BUILDING BLOCKS OF SUPERCONDUCTING QUANTUM

NETWORKS

1.1 Introduction

Quantum technologies, e.g. quantum key distribution [1], quantum computing [2, 3, 4, 5],

quantum simulation [6] and quantum sensing [7], make use of quantum mechanics to achieve

advantages in solving certain problems.

Quantum mechanics explains the behavior of nature at atomic and subatomic scales. The

state of a quantum system |ψ⟩ is represented as a vector in a complex Hilbert space, with

its time evolution governed by the Schrödinger equation. This evolution can be described

using a unitary operator applied to the quantum state, which is determined by the system’s

Hamiltonian. When the system is measured, the measured results will be an eigenstate of

the measurement basis.

The simplest quantum system is a two-level system, which has two eigenstates, denoted

as |0⟩ and |1⟩. The state of a two-level system can be written as a superposition of |0⟩ and

|1⟩: |ψ⟩ = α|0⟩ + β|1⟩, where α and β are complex numbers that satisfy the normalization

condition |α|2 + |β|2 = 1. The two-level system serves as the basic unit of information in

quantum computing, analogous to the binary bit in classical computing, and is known as a

qubit (quantum bit). By engineering the system’s Hamiltonian, various operations can be

implemented, which are treated as quantum gates. When multiple qubits are combined, the

Hilbert space of the entire system expands exponentially. By designing specific sequences of

gates, we can develop algorithms that provide significant speedup for certain computational

tasks [2, 3, 4, 5].

In practice, the system inevitably interacts with the environment, introducing noise and

causing errors in quantum gates. To protect qubits from noise, quantum error correction is

1



employed, which encodes a logical qubit using multiple physical qubits [8]. To successfully

run the quantum algorithms and achieve speedup in solving practical problems (practical

quantum advantage), quantum error correction is essential.

Superconducting qubits made by Josephson-based superconducting circuits provide a

promising platform for quantum computing. These circuits have been successfully scaled

to hundreds of qubits [9, 10, 11, 12]. However, to realize a practical quantum advantage,

millions of physical qubits are needed [13, 14]. To further scale up superconducting quantum

processors, we arrive at challenges like fabrication yield, frequency collisions [15], chip-scale

correlated errors induced by cosmic rays [16, 17, 18, 19]. One potential solution is to con-

nect small superconducting quantum processors [20, 21, 22] to realize distributed quantum

computing [23, 24, 25, 26, 27]. This forms a quantum network [28], which can also be used

for multi-node quantum communication [29, 30], distributed quantum sensing [31], etc.

Since 2018, there have been many efforts to build superconducting quantum networks,

including connecting transmon qubits [32, 33, 34, 35] or microwave cavities [36] with su-

perconducting cables, mounting superconducting quantum processors together using the

flip-chip technique [37, 38], and converting the microwave photons to optical photons [39].

Spatially separated cryogenic systems have been built for superconducting quantum networks

[40, 41, 42]. In this thesis, we first introduce the foundational components of superconduct-

ing quantum networks and present various network topologies based on these components.

These results pave the way for distributed quantum computing and provide testbeds for

various quantum communication protocols.

In this chapter, we start with the quantization of a linear LC circuit and introduce

the building blocks of superconducting quantum networks, i.e. quantum processing units –

transmon qubits and quantum communication channels – transmission lines.

2



C L

Φ

Figure 1.1: Circuit for an LC resonator.

1.2 LC circuit

1.2.1 Hamiltonian

Here we begin with the quantization of an LC resonator [43]. The circuit is shown in Fig. 1.1.

Suppose the capacitor has charge Q, the total Lagrangian L is

L = T − U =
LQ̇2

2
− Q2

2C
, (1.1)

where Q̇ = dQ/dt. The conjugate coordinate to Q is

Φ =
∂L
∂Q̇

= LQ̇. (1.2)

Using the canonical quantization, we have1

[Q,Φ] = iℏ. (1.3)

By defining the creation and annihilation operators,

a =
1√
2ℏ

((L
C

)1
4
Q+ i

(C
L

)1
4
Φ

)
, (1.4)

a† =
1√
2ℏ

((L
C

)1
4
Q− i

(C
L

)1
4
Φ

)
. (1.5)

1. We will omit all the hatsˆon the quantum operators.
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The operators a and a† satisfy the commutation relation:

[a, a†] = 1. (1.6)

The Hamiltonian can be written as

H = ΦQ̇− L =
Φ2

2L
+
Q2

2C
= ℏω0(a†a+

1

2
), (1.7)

where ω0 = 1/
√
LC, which is the same as the Hamiltonian of a harmonic oscillator.

Alternatively, we can choose the integral of the voltage at node Φ in the circuit to be the

free parameter, defined as

Φ(t) =

∫ t

−∞
dτ V (τ), (1.8)

which is also known as the node flux. The total Lagrangian L becomes

L = T − U =
CΦ̇2

2
− Φ2

2L
. (1.9)

The conjugate coordinate to Φ is

Q =
∂L
∂Φ̇

= CΦ̇. (1.10)

Following the same process of canonical quantization, we have

[Φ, Q] = iℏ, (1.11)

a =
1√
2ℏ

((C
L

)1
4
Φ + i

(L
C

)1
4
Q

)
, (1.12)

a† =
1√
2ℏ

((C
L

)1
4
Φ− i

(L
C

)1
4
Q

)
, (1.13)

[a, a†] = 1, (1.14)

H = QΦ̇− L =
Φ2

2L
+
Q2

2C
= ℏω0(a†a+

1

2
). (1.15)
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C1 L1 C2L2

Cg

C1 L1 C2 L2

Φ1 Φ2
(a) (b)

M

Φ1 Φ2

Figure 1.2: Circuits for coupled LC resonators: (a) capacitive and (b) inductive coupling.

From the above quantization process, we can see that the results of the quantization don’t

depend on the choice of the free parameter. For the following discussion, we will always

choose the node flux Φ to be the free parameter to do the quantization, which is more

convenient for Josephson junctions.

1.2.2 Coupling

Next, we consider two coupled LC resonators (see Fig. 1.2). We first consider capacitive

coupling where two LC resonators are coupled with a capacitor Cg (see Fig. 1.2(a)). The

total Lagrangian L is

L =
C1Φ̇

2
1

2
+
C2Φ̇

2
2

2
+
Cg

2
(Φ̇1 − Φ̇2)

2 −
Φ2
1

2L1
−

Φ2
2

2L2
. (1.16)

The conjugate coordinates to Φ1 and Φ2 are

Q1

Q2

 =

 ∂L
∂Φ̇1

∂L
∂Φ̇2

 =

C1 + Cg −Cg

−Cg C2 + Cg


Φ̇1

Φ̇2

 . (1.17)
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The total Hamiltonian is

H = Q1Φ̇1 +Q2Φ̇2 − L =
1

2
(C1 + Cg)Φ̇

2
1 +

1

2
(C2 + Cg)Φ̇

2
2 − CgΦ̇1Φ̇2 +

Φ2
1

2L1
+

Φ2
2

2L2

=
1

2

[
Q1 Q2

]Φ̇1

Φ̇2

+
Φ2
1

2L1
+

Φ2
2

2L2

=
1

2

[
Q1 Q2

]C1 + Cg −Cg

−Cg C2 + Cg


−1 Q1

Q2

+
Φ2
1

2L1
+

Φ2
2

2L2
. (1.18)

After doing the math, we have the Hamiltonian,

H =
1

2

Q2
1

C1 +
C2Cg
C2+Cg

+
1

2

Q2
2

C2 +
C1Cg
C1+Cg

+
Cg

C1C2 + C1Cg + C2Cg
Q1Q2 +

Φ2
1

2L1
+

Φ2
2

2L2

= ℏω1(a
†
1a1 +

1

2
) + ℏω2(a

†
2a2 +

1

2
)− ℏ

2

Cg
√
ω1ω2√

(C1 + Cg)(C2 + Cg)
(a1 − a

†
1)(a2 − a

†
2)

= ℏω1(a
†
1a1 +

1

2
) + ℏω2(a

†
2a2 +

1

2
)− ℏg(a1 − a

†
1)(a2 − a

†
2), (1.19)

where the coupling strength g is

g =
1

2

Cg
√
ω1ω2√

(C1 + Cg)(C2 + Cg)
. (1.20)

Next, we consider inductive coupling where two LC resonators are coupled with mutual

inductance M (see Fig. 1.2(b)). The total Lagrangian L is

L =
C1Φ̇

2
1

2
+
C2Φ̇

2
2

2
−

Φ2
1

2L1
−

Φ2
2

2L2
− M

L1L2
Φ1Φ2. (1.21)
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The conjugate coordinates to Φ1 and Φ2 are

Q1

Q2

 =

 ∂L
∂Φ̇1

∂L
∂Φ̇2

 =

C1Φ̇1

C2Φ̇2

 . (1.22)

The total Hamiltonian is

H = Q1Φ̇1 +Q2Φ̇2 − L =
Q2
1

2C1
+

Q2
2

2C2
+

Φ2
1

2L1
+

Φ2
2

2L2
+

M

L1L2
Φ1Φ2

= ℏω1(a
†
1a1 +

1

2
) + ℏω2(a

†
2a2 +

1

2
) +

ℏ
2

M
√
ω1ω2√
L1L2

(a1 + a
†
1)(a2 + a

†
2)

= ℏω1(a
†
1a1 +

1

2
) + ℏω2(a

†
2a2 +

1

2
) + ℏg(a1 + a

†
1)(a2 + a

†
2), (1.23)

where the coupling strength g is

g =
1

2

M
√
ω1ω2√
L1L2

. (1.24)

The mutual inductive coupling will not shift the resonator frequencies like the capacitive

coupling. If the two resonators are coupled by a shared inductor (see Figs. 1.27 and E.3),

the frequency shift will be similar to the capacitive coupling.

The capacitive coupling −g(a1−a
†
1)(a2−a

†
2) has a different form from the inductive cou-

pling g(a1+a
†
1)(a2+a

†
2). They will become the same under the rotation wave approximation

(RWA), g(a1a
†
2 + a

†
1a2), which assumes the resonator detuning |ω1 − ω2| is much smaller

than the resonator frequencies ω1 and ω2. Their non-RWA terms have different signs, i.e.

g(a1a2 + a
†
1a

†
2) for the inductive coupling and −g(a1a2 + a

†
1a

†
2) for the capacitive coupling.

When there are both types of couplings, we can engineer the non-RWA term to zero [44].

When there is only inductive coupling, by redefining the creation and annihilation oper-

ators as b = ia, b† = −ia†, the inductive coupling term comes back to the form of capacitive

coupling, −g(b1 − b
†
1)(b2 − b

†
2).

The coupling strengths g derived above are both positive because of the way we define

7



(a) (b)

C RL C R

L

Figure 1.3: Circuits for lossy resonators: (a) parallel and (b) series RLC resonators.

the modes. When there are only two modes, the sign of g doesn’t matter since we can

always flip the sign of g by redefining the creation and annihilation operators of one mode

as b1 = −a1, b
†
1 = −a†1. When there are multiple modes or different types of couplings, we

need to be careful with the signs of the couplings.

1.2.3 Lossy resonator

In reality, there are always different mechanisms causing the energy stored in the resonator

to dissipate. Two major mechanisms are dielectric loss and conductive loss, among others.

We can use the dissipation rate κ and the quality factor Q to quantify this effect. The

phenomenological dissipation rate κ describes the rate of energy loss in the resonator and

the quality factor Q is defined as

Q =
ω0
κ
, (1.25)

where ω0 = 1/
√
LC is the resonant frequency of the resonator. To model the lossy element

in a classical resonant circuit, we can add a phenomenological resistor R in the circuit (see

Fig. 1.3). Depending on how the resistor is connected, the quality factor Q and dissipation

rate κ have different forms [45]. For a parallel resonator where the resistor is connected in

parallel (see Fig. 1.3(a)), its quality factor Q and dissipation rate κ can be written as

Q = R

√
C

L
, (1.26)

κ =
1

RC
. (1.27)

8



For a series resonator where the resistor is connected in series (see Fig. 1.3(b)), its quality

factor Q and dissipation rate κ can be written as

Q =
1

R

√
L

C
, (1.28)

κ =
R

L
. (1.29)

In quantum mechanics, the existence of energy loss means that the system evolution is no

longer unitary and the system is coupled to the environment. The Lindblad master equation

can be used to model such processes when the noise is Markovian [46]. The time evolution

of the system density matrix ρ is given by

ρ̇ = − i

ℏ
[H, ρ] +

∑
i

γi

(
LiρL

†
i −

1

2

{
L
†
iLi, ρ

})
, (1.30)

where {A,B} = AB+BA is the anticommutator, {Li} are a set of jump operators and {γi}

are their corresponding damping rates. If a lossy resonator is coupled to a zero-temperature

bath, we have one jump operator L1 = a and its damping rate γ1 = κ. We can write down

the Heisenberg equation of motion for the annihilation operator a,

ȧ = −(iω0 +
κ

2
)a, (1.31)

from which we can verify that the total energy ⟨H(t)⟩ ∝ ⟨a†(t)a(t)⟩ in the system decays

exponentially, e−κt.

1.2.4 Linear network

The circuits in actual experiments are not as simple as LC resonators. However, for any

resonance in a linear circuit, we can always model it as either a parallel or a series LC

resonator near its resonant frequency. If there is resonance in the circuit, its input impedance

9



parallel series
Reff 1/Re[Yin(ω0)] Re[Zin(ω0)]

Leff 1/ω20Ceff
1
2

d
dω Im[Zin(ω)]|ω=ω0

Ceff
1
2

d
dω Im[Yin(ω)]|ω=ω0 1/ω20Leff

κ 1/ReffCeff Reff/Leff

Table 1.1: Effective RLC for a linear circuit near its resonant frequency ω0.

Zin near that resonance can be written as

Zin(ω) = k1 + jk2
ω − ω0
ω0

, (1.32)

where j is the complex operator in AC circuits, k1 and k2 are all real numbers with units

of resistance and ω0 is the resonant frequency. Note that we assume there is always loss

in the system, so the resonant frequency ω0 is the zero in Im[Zin]. Otherwise, there are

also resonant modes at the poles in Im[Zin] (zeros in Im[Yin]) if the system is lossless. For a

parallel LC resonator, we can write down its input impedance Zin near its resonant frequency

ω0,

Zin(ω) =
1

1/R + jωC + 1/jωL
= R− 2jR2C(ω − ω0). (1.33)

For a series LC resonator, we can write down its input impedance Zin near its resonant

frequency ω0,

Zin(ω) = R + jωL+
1

jωC
= R + 2jL(ω − ω0). (1.34)

Comparing Eq. 1.32 with the impedances for parallel and series resonators, we can find

that when k2 < 0, the resonant mode acts like a parallel resonator, and when k2 > 0, the

resonant mode acts like a series resonator. Furthermore, we can write down the effective

capacitance Ceff , inductance Leff , and resistance Reff of the resonant mode. Note that for

a parallel resonance, analyzing its input admittance Yin is more convenient and we have

Re[Zin(ω0)] = 1/Re[Yin(ω0)]. The results are summarized in Table 1.1. Note that for a

lossless circuit, the imaginary part of its impedance always strictly monotonically increases

10



(a) (b)

C L ZeZe

M
Cg

C L

Figure 1.4: Circuits for (a) parallel and (b) series resonators coupled to external circuits.

(Foster’s reactance theorem), which means there is always a parallel (series) resonance be-

tween two series (parallel) resonances. Depending on the boundary condition at the probe

point, we can only see certain types of resonances.

We can use the above results to analyze the circuits where a lossless LC resonator is

weakly coupled to an external lossy circuit (see Fig. 1.4). We assume there are no resonances

in the external circuit or the resonances are far away from the bare resonant frequency of

the LC resonator ω0 = 1/
√
LC, which is different from the discussion in Section 1.2.2.

For a parallel LC resonator coupled to an external circuit Ze through some small ca-

pacitance Cg ≪ C (see Fig. 1.4(a)), we can find its effective resistance Reff at the resonant

frequency ω0,

Reff = 1/Re[Yin(ω0)] = 1/Re
[ jω0Cg/Ze(ω0)

jω0Cg + 1/Ze(ω0)

]
=

1

ω20C
2
gRe[Ze(ω0)]

, (1.35)

with which we can get the dissipation rate κ for the damped parallel LC resonator,

κ =
1

ReffCeff
=
ω20C

2
g

C
Re[Ze(ω0)]. (1.36)

Note that the bare resonant frequency of the full circuit will shift a little bit from ω0 because

of the capacitor Cg.

A similar analysis can be done for a series LC resonator coupled to an external circuit

Ze through some small mutual inductance M ≪ L (see Fig. 1.4). To calculate the effective

resistance Reff caused by the loading of the external circuit Ze, we need to transform the
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external impedance Ze to an impedance Z ′
e in series with the LC circuit. This can be

calculated from Kirchhoff’s circuit laws. Assume the current in the LC circuit is i1, the

current in the external circuit is i2 and the voltage generated by the mutual inductance in

the LC circuit is v, we have

−jωMi2 = v, (1.37)

Zei2 − jωMi1 = 0, (1.38)

from which we can get the effective in-series impedance Z ′
e,

Z ′
e =

v

i1
=
ω2M2

Ze
. (1.39)

The effective resistance Reff for this damped LC resonator is

Reff = Re[Z ′
e] = Re

[ω20M2

Ze

]
= ω20M

2Re[Ye], (1.40)

where Ye = 1/Ze is the admittance of the external circuit. The dissipation rate κ of the

damped resonator is

κ =
Reff

Leff
=
ω20M

2

L
Re[Ye]. (1.41)

One example of the above circuits is two coupled resonators with large detuning (see

Fig. 1.5). We can calculate how a lossy resonator damps another lossless resonator when

their detuning is large. Assume the lossy resonator in the external circuit has resistance Re,

inductance Le, capacitance Ce, resonant frequency ωe = 1/
√
LeCe, and dissipation rate κe.
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(a)

Cg

C L Ce Le Re C L CeLe

(b)
M

(c)

κe
g

ω0 ωe

Re

Figure 1.5: Circuits for a lossless resonator coupled to a lossy resonator with (a) capacitive
coupling, (b) inductive coupling, and (c) their coupled-mode representation.

In the case of capacitively coupled parallel resonators (see Fig. 1.5(a)), we have

κ =
ω20C

2
g

C
Re[Ze(ω0)] =

ω20C
2
g

C
Re
[ 1

jω0Ce + 1/jω0Le + 1/Re

]
=

ω40
(ω2e − ω20)

2

C2
g

CCe

1

ReCe
=

g2

∆2
κe,

(1.42)

where ∆ = ωe − ω0 is the detuning between two resonators and g is the coupling strength

derived in Eq. 1.20 for capacitively coupled resonators. In the case of inductively coupled

series resonators (see Fig. 1.5(b)), we have

κ =
ω20M

2

L
Re[Ye] =

ω20M
2

L
Re
[ 1

1/jωCe + jωLe +Re

]
=

ω40
(ω2e − ω20)

2

M2

LLe

Re

Le
=

g2

∆2
κe,

(1.43)

where g is the coupling strength derived in Eq. 1.24 for inductively coupled resonators. The

dissipation rates in the two cases have the same form,

κ =
g2

∆2
κe, (1.44)

which is called Purcell effect [47].
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The above impedance analysis can solve most problems in linear circuit analysis. In

experiments, we only drive and probe certain resonant modes in the circuit. The resonant

modes found by the impedance are the eigenmodes of the system and might be the hybridiza-

tion of the modes we care about. In a more general scheme, the system Hamiltonian H can

be written as

H/ℏ =
N∑
j=1

ωj(a
†
jaj +

1

2
) +

∑
{j,k}

cj,k(aja
†
k + a

†
jak), (1.45)

where cj,k is the coupling strength between the jth and kth modes, and the rotating wave

approximation (RWA) has been applied. From the Lindblad master equation (Eq. 1.30), the

equation of motion (EOM) for {aj} can be written as

d

dt
A⃗(t) = MA⃗(t), (1.46)

Mjk = −(iωj +
κj
2
)δjk − icj,k, (1.47)

where A⃗(t) = [a1(t), a2(t), · · · , aN (t)]T , κj is the dissipation rate of the jth mode. To solve

Eq. 1.46 is basically to diagonalize the N ×N matrix M. The real part of the jth eigenvalue

of M gives the dissipation rate of the jth eigenmode in the system and the imaginary part

gives its resonant frequency. Using this formalism, we can also analyze how a detuned lossy

resonator damps a coupled lossless resonator (see Fig. 1.5(c)). In this case, the matrix M

can be written as

M =

−iω0 −ig

−ig −iωe − κe/2

 , (1.48)

from which we can find the dissipation rate for the first mode,

κ =
κe
2

− Re

[√
(
κe
2

+ i∆)2 − 4g2

]
=

g2

κ2e/4 + ∆2
κe, (1.49)

where ∆ = ωe − ω0 is the detuning between two resonators and we assume
√
κ2e +∆2 ≫ g.
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When |∆| ≫ κe, we have

κ =
g2

∆2
κe, (1.50)

which is exactly the same as Eq. 1.44. When ∆ = 0, we have

κ =
4g2

κe
, (1.51)

which is the decay rate of the resonator when weakly coupled to a resonant lossy resonator

(e.g. a bandpass filter [48]).

When a lossless resonator is coupled to a Markovian bath, we can also use the quantum

linear response theory [46] (see Appendix A) to calculate its dissipation rate κ. Fermi’s

golden rule determines its dissipation rate κ:

κ = 2πg2ρb(ω0), (1.52)

where ρb(ω0) is the density of states seen by the lossless resonator at its frequency ω0, and

we assume the resonator is coupled to the operator b of the environment in the form of

g(a0b
† + a

†
0b). When coupled to a lossy resonator as we discussed above (see Fig. 1.5(c)),

the operator b becomes the annihilation operator ae of the lossy resonator and we can treat

the lossy resonator as a Markovian bath when there is no coherent swapping between two

resonators (i.e. |∆| ≫ g or κe ≫ g). The density of states ρae(ω) can be calculated from

the quantum linear response theory (see Appendix A),

ρae(ω) =
1

π
Re
[ ∫ ∞

0
dt eiωt⟨[ae(t), a†e(0)]⟩

]
=

1

π
Re
[ ∫ ∞

0
dt eiωte−iωet−κe

2 t
]

=
1

π
Re
[ 1

κe/2− i(ω − ωe)

]
=

1

π

κe/2

κ2e/4 + (ω − ωe)2
.

(1.53)

15



Inserting this into the expression for κ, we have

κ =
g2

κ2e/4 + ∆2
κe, (1.54)

which is same as Eq. 1.49. There is no surprise that the results are the same with the

two methods as the Lindblad master equation can be derived from the quantum linear

response theory combined with the Markov assumption. The density of states can be used

to characterize the properties of a bath.

1.2.5 Scattering

To experimentally study a linear network, the most common way is to measure its scattering

parameters. For a classical linear circuit, its scattering parameters can be directly calculated

from its impedance [45]. Especially for a two-port network, its transmission coefficients S21,

S12 and its reflection coefficients S11, S22 can be efficiently calculated from the ABCD

matrices [45].

When we are talking about scattering in a quantum system, it means that we are driving

the system and we need to introduce the quantum input-output theory to solve the dy-

namics [49, 50] (see Appendix B). Suppose each mode in the system is only coupled to one

external port, the Heisenberg equations of motion (Eq. 1.46) will become quantum Langevin

equations,

d

dt
A⃗(t) = MA⃗(t)−KA⃗in(t), (1.55)

Mjk = −(iωj +
κj
2
)δjk − icj,k, (1.56)

Kjk = δjk

√
κextj , (1.57)

where κj = κintj + κextj is the total dissipation rate for the jth mode, κintj and κextj are the
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Figure 1.6: Scattering of a resonator with (a) one external port and (b) two external ports.

internal and external dissipation rates respectively, and A⃗in(t) = [ain1 (t), ain2 (t), · · · , ainN (t)]T

is the vector of input fields. We have the input-output relation (see Appendix B),

A⃗out(t) = KA⃗(t) + A⃗in(t), (1.58)

where A⃗out(t) = [aout1 (t), aout2 (t), · · · , aoutN (t)]T is the vector of output fields. Assume we

drive the system with a signal of frequency ω, we can Fourier transform the above equations

and get

− iωA⃗(ω) = MA⃗(ω)−KA⃗in(ω), (1.59)

A⃗out(ω) = KA⃗(ω) + A⃗in(ω). (1.60)

The S-parameters Sjk can be calculated as

Sjk(ω) =
aoutj (ω)

aink (ω)
=
√
κextj κextk [(iωI+M)−1]jk + δjk. (1.61)

A simple example is the reflection of a resonator (see Fig. 1.6(a)). The reflection coeffi-

cient S11 is

S11(ω) =
aout(ω)

ain(ω)
= 1 +

κext

i(ω − ω0)− κ/2
, (1.62)

where ω0 is the resonant frequency and the total dissipation rate κ = κint + κext. Note that

the S-parameters derived from ABCD matrices have a different sign before i, which comes

from the different definition of the complex operator j in AC circuits, j = −i. We can find
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that when κint = 0, |S11(ω)| = 1, and when κint = κext, |S11(ω0)| = 0. If we define the

loaded quality factor Ql as Ql = ω0/κ and the coupling quality factor Qc as Qc = ω0/κ
ext,

S11 can be rewritten as

S11(ω) = 1− Ql

Qc

2

1− 2iQl
ω−ω0
ω0

. (1.63)

The above analysis can also be extended to one resonator with multiple ports. Here we

give an example of a resonator coupled to two ports (see Fig. 1.6(b)). The quantum Langevin

equation and input-output relations are

ȧ(t) = −(iω0 +
κ

2
)a(t)−

√
κext,1ain,1(t)−

√
κext,2ain,2(t), (1.64)

aout,1(t) =
√
κext,1a(t) + ain,1(t), (1.65)

aout,2(t) =
√
κext,2a(t) + ain,2(t). (1.66)

The reflection coefficients S11 and S22 have the same form of Eq. 1.62 and the transmission

coefficient can be calculated as

S21(ω) =
aout,2(ω)

ain,1(ω)
=

√
κext,1κext,2

i(ω − ω0)− κ/2
. (1.67)

We can see that |S21(ω)| reaches the maximum value at ω0, which performs like a bandpass

filter with a bandwidth of κ. When the two ports are equally coupled, κext,1 = κext,2 = κ/2,

it acts like a bandpass filter with no insertion loss (|S21(ω0)| = 1).

1.3 Transmission line

In this section, we discuss transmission lines, which are commonly used as quantum com-

munication channels in superconducting quantum networks.
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Rl dz Ll dz

dz

Cl dz Gl dz

Figure 1.7: Lumped-element equivalent circuit for a transmission line.

1.3.1 Hamiltonian

The effective circuit for a transmission line is shown in Fig. 1.7, from which we can see that it

cannot be modeled as some lumped-element circuits and contains infinite degrees of freedom.

To quantize it, we start with its classical dynamics. For a transmission line, we have the

telegrapher equations to describe its dynamics [45],

∂v(z, t)

∂z
= −Rli(z, t)− Ll

∂i(z, t)

∂t
, (1.68)

∂i(z, t)

∂z
= −Glv(z, t)− Cl

∂v(z, t)

∂t
, (1.69)

where v(z, t) and i(z, t) are the voltage and current at position z and time t, Rl is the

distributed resistance, Ll is the distributed inductance, Cl is the capacitance per length and

Gl is the conductance per length. Assuming there is no loss, we have Rl = Gl = 0. The

telegrapher equations become

∂v(z, t)

∂z
= −Ll

∂i(z, t)

∂t
, (1.70)

∂i(z, t)

∂z
= −Cl

∂v(z, t)

∂t
. (1.71)
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We can define the local node flux ϕ(z, t) as

ϕ(z, t) =

∫ t

−∞
dτ v(z, τ), (1.72)

which has the dynamical equation,

∂2ϕ

∂t2
− 1

LlCl

∂2ϕ

∂z2
= 0. (1.73)

The Lagrangian density Ll can be written as

Ll =
Cl

2
(∂tϕ)

2 − 1

2Ll
(∂zϕ)

2. (1.74)

The conjugate to ϕ is

π =
∂Ll

∂ϕ̇
= Clϕ̇. (1.75)

With Fourier transformation, we can write ϕ and π in the form,

ϕ(z, t) =

√
ℏ
Cl

∫
dk√

2π
√
2ωk

(
ake

ikz−iωkt + a∗ke
−ikz+iωkt

)
, (1.76)

π(z, t) =
√

ℏCl

∫
dk√

2π
√
2ωk

(
− iωkake

ikz−iωkt + iωka
∗
ke

−ikz+iωkt
)
, (1.77)

where we set ak to be dimensionless and we have the dispersion relation,

ωk =
1√
LlCl

|k| = vp|k|, (1.78)
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where vp = 1/
√
LlCl is the phase velocity in the transmission line. We can write ϕ(z, t) and

π(z, t) as quantum operators,

ϕ(z, t) =

√
ℏ
Cl

∫
dk√

2π
√
2ωk

(
ake

ikz−iωkt + a
†
ke

−ikz+iωkt
)
, (1.79)

π(z, t) =
√

ℏCl

∫
dk√

2π
√
2ωk

(
− iωkake

ikz−iωkt + iωka
†
ke

−ikz+iωkt
)
. (1.80)

The operators ak and a†k can be written in ϕ and π as

ak =
1

2

√
2ωk

∫
dz eikz

(√
Cl

ℏ
ϕ(z, t) + i

√
1

ℏCl
π(z, t)

)
, (1.81)

a
†
k =

1

2

√
2ωk

∫
dz e−ikz

(√
Cl

ℏ
ϕ(z, t)− i

√
1

ℏCl
π(z, t)

)
. (1.82)

Following the process of canonical quantization, we have the commutation relationship,

[ϕ(z, t), π(z′, t)] = iℏδ(z − z′), (1.83)

from which we can get the commutation relation for ak and a†k,

[ak, a
†
k′ ] = δ(k − k′). (1.84)

We can rewrite the Hamiltonian density Hl as

Hl = πϕ̇− Ll =
Cl

2
(∂tϕ)

2 +
1

2Ll
(∂zϕ)

2 =
π2

2Cl
+

(∂zϕ)
2

2Ll
, (1.85)
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(a) (b) (c) (d)

Figure 1.8: Different types of transmission lines: (a) coaxial cable, (b) microstrip, (c)
stripline, and (d) coplanar waveguide (CPW).

from which we can get the total Hamiltonian H and write it in ak and a†k,

H =

∫
dzHl =

∫
dz
( π2
2Cl

+
(∂zϕ)

2

2Ll

)
=

ℏ
2

∫
dz

∫
dk1√
2π

∫
dk2√
2π

( ωk1ωk2√
2ωk1

√
2ωk2

+
k1k2√

2ωk1
√
2ωk2

1

LlCl

)
×
(
− ak1e

ik1z−iωk1t + a
†
k1
e−ik1z+iωk1t

)(
ak2e

ik2z−iωk2t − a
†
k2
e−ik2z+iωk2t

)
=

ℏ
2

∫
dk ωk

(
aka

†
k + a

†
kak
)
=

∫
dk ℏωk

(
a
†
kak +

1

2

)
,

(1.86)

which is similar to the quantization of the Klein-Gordon field [51].

Common types of transmission lines are coaxial cable, microstrip, stripline, and coplanar

waveguide (CPW) (see Fig. 1.8). There are other types of waveguides with different struc-

tures [52, 53, 54, 55, 56, 57, 58]. Their quantization results are the same as the transmission

lines because of the translational symmetry but with different dispersion relations [59], which

will give a different phase velocity vp and group velocity vg in the waveguide [45].

1.3.2 Transmission line resonator

From the discussion above, we can see that there are an infinite number of modes in the

system. If we consider a transmission line with finite length, then we need to add some

boundary conditions to the system. We will see from the following discussion that there are

a countably infinite number of resonant modes with equal frequency spacing in the system

for certain boundary conditions.

To find the resonances in the system, we can calculate the input impedance Zin for a
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Figure 1.9: Circuits for a transmission line terminated with (a) load impedance ZL, (b) a
short end, and (c) an open end.

transmission line with length l terminated with load impedance ZL (see Fig. 1.9(a)). The

input impedance Zin can be calculated as [45],

Zin(ω) = Z0
ZL + Z0 tanh γl

Z0 + ZL tanh γl
, (1.87)

where Z0 =
√

(Rl + jωLl)/(Gl + jωCl) is the characteristic impedance and γ = α + jβ =√
(Rl + jωLl)(Gl + jωCl). The imaginary part β can also be written using the phase veloc-

ity β = ω/vp. When the transmission line is terminated with its characteristic impedance

ZL = Z0, we have Zin = Z0. When the transmission line is low-loss and shorted at the end

(see Fig. 1.9(b)), we have αl ≪ 1 and ZL = 0, which gives

Zin(ω) = Z0 tanh γl = Z0
αl + j tan βl

1 + jαl tan βl
. (1.88)

When βl = ωl/vp = nπ, we have series resonances and when βl = ωl/vp = (n+ 1
2)π, we have

parallel resonances. Their effective RLC can be calculated from Table 1.1. A similar analysis

can also be done for open-end transmission lines (see Fig. 1.9(c)), where ZL = 1/jωCo, with

Co → 0, which gives

Zin(ω) = Z0
1

tanh γl
= Z0

1 + jαl tan βl

αl + j tan βl
. (1.89)

When βl = ωl/vp = nπ, we have parallel resonances and when βl = ωl/vp = (n + 1
2)π, we

have series resonances. The effective RLC, quality factors, and dissipation rates of these

modes are listed in Table 1.2. We can see that all the modes have the same dissipation rate,
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Short-end Open-end
series parallel parallel series

ωn nπvp/l (n+ 1/2)πvp/l nπvp/l (n+ 1/2)πvp/l
Rn Z0αl Z0/αl Z0/αl Z0αl
Ln nπZ0/2ωn 4Z0/(2n+ 1)πωn 2Z0/nπωn (2n+ 1)Z0π/4ωn
Cn 2/nπZ0ωn (2n+ 1)π/4Z0ωn nπ/2Z0ωn 4/(2n+ 1)Z0πωn
Qn nπ/2αl (2n+ 1)π/4αl nπ/2αl (2n+ 1)π/4αl
κn 2αvp 2αvp 2αvp 2αvp

Table 1.2: Effective RLC for the resonant modes in l-long transmission lines with short and
open ends.

which is also independent of the length of the transmission line.

For microwave signals, the wavelength is comparable to the dimension of the elements,

which makes it hard to directly make LC resonators as discussed in Sec. 1.2 (but still

possible with small footprints, see e.g. Refs. [57, 58, 60]). From the above discussion, we

can use the transmission lines to make the resonators conveniently although there will be

other resonances at higher frequencies. In experiments, we usually use the CPW type of

transmission lines (see Fig. 1.8(d)) to make resonators in a planar structure [61].

Lossy transmission line resonator

In experiments, we need to drive the resonator with a drive line, which will damp the

resonator. Here we give an example of how the drive line damps a λ/4 transmission line

resonator. We couple the drive line to the transmission line resonator either inductively or

capacitively as shown in Fig. 1.10.

When the drive line with resistance Ze is coupled to the λ/4 transmission line resonator

inductively (see Fig. 1.10(a)), the resonator dissipation rate κ (coupling to the external drive

line) can be calculated using Eq. 1.41,

κ =
ω20M

2

Leff

1

Ze
=
ω20M

2

Ze

4ω0 cos
2 θ

Z0π
=

4ω30M
2

ZeZ0π
cos2 θ (1.90)
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M

θ

(a) (b)
π/2 − θ π/2 − θ

Cκ

θ

Ze

Ze

Figure 1.10: Circuit for driving a λ/4 resonator with (a) inductive coupling and (b) capacitive
coupling.

where we label βl = θ and assume the transmission line impedance to be Z0. Note that

the effective inductance Leff seen by the drive line calculated from Table 1.1 depends on the

coupling position θ.

When the drive line is coupled to the λ/4 transmission line resonator capacitively (see

Fig. 1.10(b)), the resonator dissipation rate κ (coupling to the external drive line) can be

calculated using Eq. 1.36,

κ =
ω20C

2
κ

Ceff
Ze = ω20C

2
κZe

4ω0Z0 sin
2 θ

π
=

4ω30C
2
κZ0Ze

π
sin2 θ, (1.91)

where the effective capacitance Ceff seen by the drive line calculated from Table 1.1 also

depends on the coupling position θ.

Coupled transmission line resonators

We also need to deal with coupled transmission line resonators. Here we give an example

of coupled λ/4 and λ/2 resonators. The coupled transmission lines will have both coupled

mutual inductance M and capacitance Cc. Here we treat them separately as is shown in

Fig. 1.11. We label βl = θ and assume they have the same impedance Z0. To calculate the

coupling strength using Eqs. 1.20 and 1.24, we need to calculate the effective RLC at the

coupling point, which can be calculated using the results in Table 1.1 and is dependent on

the position of the coupling point. For the inductive coupling (see Fig. 1.11(a)), the effective
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π − θ2π/2 − θ1

θ2
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Cc

π − θ2

θ1
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(c)
π − θ2π/2 − θ1

Figure 1.11: Circuits for coupled λ/4 (left) and λ/2 (right) resonators with (a) inductive
coupling, (b) capacitive coupling and (c) combined coupling.

coupling strength gi can be calculated as

gi =
1

2

M√
L1,effL2,eff

√
ω1ω2 =

1

2
M

√
4ω1 cos2 θ1

Z0π

√
2ω2 cos2 θ2

Z0π

√
ω1ω2

=

√
2

π

M

Z0
ω1ω2| cos θ1 cos θ2|.

(1.92)

For the capacitive coupling (see Fig. 1.11(b)), the effective coupling strength gc can be

calculated as

gc =
1

2

Cc√
C1,effC2,eff

√
ω1ω2 =

1

2
Cc

√
4ω1Z0 sin

2 θ1
π

√
2ω2Z0 sin

2 θ2
π

√
ω1ω2

=

√
2

π
CcZ0ω1ω2| sin θ1 sin θ2|.

(1.93)

The actual coupling strength will be the combination of these two types of coupling as

shown in Fig. 1.11(c). The signs of different couplings matter here. We need to introduce

the coupled line theory to solve such a circuit. More details can be found in Appendix D.
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Figure 1.12: Circuits for a λ/4 resonator coupled to a transmission line with (a) inductive
coupling, (b) capacitive coupling, (c) combined coupling, and (d) their coupled-mode repre-
sentation.

1.3.3 Scattering of a hanger resonator

In Fig. 1.6, we give an example of the scattering of a resonator. By measuring the S-

parameters, we can determine the coupling quality factor Qc = ω0/κext and the internal

quality factor Qi = ω0/κint of the resonator. However, this scheme requires one external

port for each resonator, which is not efficient. Another common way is to couple many

resonators to a transmission line in a hanger-type structure. By measuring the transmission

S21 and reflection S11, we can get the quality factors of all resonators. Here we give an

example of a λ/4 resonator coupled to the transmission line inductively, capacitively, or with

combined couplings in a hanger-type structure as shown in Fig. 1.12(a-c). The S-parameters

in these circuits can be directly calculated from ABCD matrices [45]. Readers can find

detailed derivations in Refs. [62, 63, 64] and Appendix D.

Like what we did in Section 1.2.5, we can also use quantum input-output theory to

analyze this scattering process. The representation is shown in Fig. 1.12(d) and we label all

the input and output fields at each port. The quantum Langevin equation and input-output
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relations are [65, 66]

ȧ(t) = −(iω0 +
κ

2
)a(t)−

√
κext

2
ain,1(t)−

√
κext

2
ain,2(t), (1.94)

aout,1(t) =

√
κext

2
a(t) + ain,2(t), (1.95)

aout,2(t) =

√
κext

2
a(t) + ain,1(t), (1.96)

from which we can get the reflection coefficient S11 and transmission coefficient S21,

S11(ω) =
aout,1(ω)

ain,1(ω)
= − κext/2

κ/2− i(ω − ω0)
= −Ql

Qc

1

1− 2iQl
ω−ω0
ω0

, (1.97)

S21(ω) =
aout,2(ω)

ain,1(ω)
= 1− κext/2

κ/2− i(ω − ω0)
= 1− Ql

Qc

1

1− 2iQl
ω−ω0
ω0

, (1.98)

where Ql = ω/κ is the loaded quality factor, and κ = κext+κint is the total dissipation rate.

The readers can verify that for different coupling schemes, S21 and S11 can always be written

in this form near the resonance. Note that the S-parameters derived from ABCD matrices

have a different sign before i, which comes from the different definition of the complex

operator j in AC circuits, j = −i, as we mentioned before. Examples of the transmission

S21 are shown in Fig. 1.13(a-b). For the inductively coupled λ/4 resonator (Fig. 1.12(a)),

its κext and Qc can be calculated from Eq. 1.90 by setting Ze = 2Z0 and θ = 0,

κext =
4ω30M

2

ZeZ0π
=

2ω30M
2

πZ2
0

, (1.99)

Qc =
ω0
κext

=
πZ2

0

2ω20M
2
, (1.100)

where we assume the λ/4 resonator and the transmission line have the same characteristic

impedance Z0. For the capacitively coupled λ/4 resonator (Fig. 1.12(b)), its κext and Qc
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Figure 1.13: Transmission S21 (a) amplitude and (b) phase of hanger resonators with different
Qc. (c) ReS−1

21 and ImS−1
21 form a circle with radius Qi/2Qc. The related parameters are

ω0/2π = 5 GHz and Qi = 5× 104.

can be calculated from Eq. 1.91 by setting Ze = Z0/2 and θ = π/2,

κext =
4ω30C

2
κZ0Ze

π
=

2ω30C
2
κZ

2
0

π
, (1.101)

Qc =
ω0
κext

=
π

2ω20Z
2
0C

2
κ
. (1.102)

When there exist both capacitive and inductive couplings (see Fig. 1.12(c)), we need to

introduce the coupled line theory to solve such a circuit. More details can be found in

Appendix D.

By placing resonators of different frequencies at different positions, we can measure their

quality factors with two ports in total. In experiments, we prefer transmission measurements

as the reflection measurements are limited by the isolation of the circulators used in the

measurement setup. We note that S21 forms a circle in the complex plane, with a radius of
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Ql/2Qc. We can also write down the inverse of S21, which is

S−1
21 (ω) = 1 +

Qi

Qc

1

1− 2iQi
ω−ω0
ω0

, (1.103)

which also forms a circle in the complex plane but with a radius of Qi/2Qc (see Fig. 1.13(c)),

more sensitive to Qi. By fitting the circle of S−1
21 in the complex plane, we can extract Qi

of high Q resonators from a transmission measurement [67]. Considering the background

attenuation and noise, the actual measured transmission S̃21 will be [68],

S̃21(ω) = Aeiαe−iωτS21(ω), (1.104)

where A, α, and τ are parameters determined by the background.

Transmission lines also enrich the physics of circuit quantum electrodynamics. For ex-

ample, we can engineer the lifetime of an artificial atom by coupling it to multiple points

on a transmission line [69, 70] or control the propagating direction of the emitted photon by

coupling multiple artificial atoms to a transmission line [71, 72].

1.4 Transmon qubit

For linear circuits, their dynamics can be efficiently simulated. Introducing non-linearity can

help us create qubits – the basic elements of quantum computing. In this section, we will

introduce the most commonly used superconducting qubit – the transmon qubit.

1.4.1 Hamiltonian

The basic transmon structure contains a Josephson junction and a capacitor [73, 74] (see

Fig. 1.14). The voltage V (t) and current I(t) across a Josephson junction satisfy the Joseph-
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Cq LJ

Figure 1.14: Circuit for a transmon with a Josephson junction replacing the inductor in the
LC resonator.

son equations [75],

V (t) =
ℏ
2e

∂ϕ

∂t
, (1.105)

I(t) = Ic sinϕ, (1.106)

where ϕ is the Josephson phase and Ic is the critical current of the junction. The phase ϕ is

related to the node flux Φ as

ϕ =
2e

ℏ
Φ = 2π

Φ

Φ0
, (1.107)

where Φ0 = 2πℏ/2e is the flux quantum. The energy stored in the junction is

U =

∫ t

−∞
dτ V (τ)I(τ) =

ℏ
2e

∫ t

−∞
dτ Ic sinϕ

∂ϕ

∂τ

= − ℏ
2e
Ic cosϕ = −

( ℏ
2e

)2 1

LJ
cosϕ = −EJ cosϕ

(1.108)

where LJ = Φ0/2πIc is the Josephson inductance and EJ = LJI
2
c = Φ0Ic/2π is the Joseph-

son energy. The total Lagrangian for a transmon is

L = T − U =
Cq

2

( ℏ
2e

)2
ϕ̇2 + EJ cosϕ. (1.109)

The conjugate coordinate to ϕ is

nℏ =
∂L
∂ϕ̇

= Cq

( ℏ
2e

)2
ϕ̇, (1.110)
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and with canonical quantization we have

[ϕ, n] = i. (1.111)

n can also be written as Q/2e, which is the number of Cooper pairs. We can obtain the

Hamiltonian

H = nℏϕ̇− L = 4ECn
2 − EJ cosϕ, (1.112)

where EC = e2/2Cq. In the transmon limit, EJ ≫ EC . By Taylor expansion, we have

H = 4ECn
2 − EJ +

1

2
EJϕ

2 − 1

24
EJϕ

4 + · · · (1.113)

By defining the creation and annihilation operators,

a =
1√
2

(( EJ

8EC

)1
4
ϕ+ i

(8EC

EJ

)1
4
n

)
, (1.114)

a† =
1√
2

(( EJ

8EC

)1
4
ϕ− i

(8EC

8EJ

)1
4
n

)
, (1.115)

the operators n and ϕ can be written as

ϕ =
1√
2

(8EC

EJ

)1
4
(a+ a†), (1.116)

n = − i√
2

( EJ

8EC

)1
4
(a− a†), (1.117)

and the Hamiltonian H can be written as

H =
√

8ECEJ (a
†a+

1

2
)− EJ − EC

12
(a+ a†)4 + · · · (1.118)
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In leading order, the energies of the first n energy levels are

Em =
√

8ECEJm− EC

2
(m2 +m) + const. (1.119)

In reality, Eq. 1.106 is not accurate and the eigenenergies will shift a little bit when consid-

ering the higher harmonics in the junction [76]. We will label the ground state as |g⟩, the

first excited state as |e⟩, and the second excited state as |f⟩. The frequency of a transmon

qubit ωq is defined as the energy gap between the |g⟩ and |e⟩ states,

ℏωq = ℏω10 = E1 − E0 =
√
8EJEC − EC . (1.120)

The anharmonicity η is defined as

η = (E21 − E10)/ℏ = −EC/ℏ, (1.121)

which describes how atom-like the transmon is. A typical transmon Hamiltonian considering

only three energy levels is like a Duffing oscillator,

H/ℏ = ωqa
†a+

η

2
a†a†aa. (1.122)

In experiment, we usually design the transmons to have frequency ωq/2π ∼ 5 GHz and

anharmonicity η/2π ∼ −200 MHz, which correspond to Cq ∼ 90 fF and LJ ∼ 8 nH. Some

commercial electromagnetic simulation software (e.g. Sonnet2, Ansys HFSS3, etc.) can be

used to simulate the circuit layout. Examples using Sonnet for transmon design can be found

in Ref. [77].

For an actual device, there is always some wiring inductance in series with the junc-

2. https://www.sonnetsoftware.com

3. https://www.ansys.com/products/electronics/ansys-hfss
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Figure 1.15: Circuit for a transmon with wiring inductance Lw.

tion, which will change the anharmonicity as more linear components are introduced (see

Fig. 1.15). Assuming the wiring inductance is Lw and following the black-box superconduct-

ing circuit quantization [78], we can get the effective anharmonicity η (to first order),

η = −
( LJ
LJ + Lw

)3
EC/ℏ. (1.123)

This wiring inductor Lw can be used to couple circuits inductively.

1.4.2 z control

To tune the frequency of a transmon, we use a superconducting quantum interference device

(SQUID) to substitute the single Josephson junction (see Fig. 1.16). By applying the external

flux Φext = Φ0ϕext/2π to the SQUID, we can change the effective Josephson energy to tune

the frequency of the transmon [73]. A SQUID consists of two Josephson junctions in parallel

which form a loop. The total energy stored in a SQUID is

U = −EJ1 cosϕ1 − EJ2 cosϕ2, (1.124)

The flux quantization leads to

ϕ1 − ϕ2 = 2mπ + ϕext. (1.125)
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Figure 1.16: Circuit for transmon z control.

U can be rewritten as

U = −(EJ1 + EJ2) cos
(ϕext

2

)√
1 + d2 tan2

(ϕext
2

)
cos
(ϕ1 + ϕ2

2
− ϕ0

)
, (1.126)

where d = (EJ2 − EJ1)/(EJ2 + EJ1) and ϕ0 = arctan(d tan(ϕext/2)). The parameter d

describes how asymmetric the SQUID is. When d = 0, U becomes

U = −2EJ cos
(ϕext

2

)
cos
(ϕ1 + ϕ2

2

)
. (1.127)

By changing the external flux Φext, we can tune the effective EJ of the SQUID loop. The

effective Josephson inductance for a symmetric SQUID becomes LJ/2| cos(ϕext/2)|, where

LJ is the Josephson inductance of one junction.

The external flux across the SQUID loop Φext is determined by the mutual inductance

Msquid between the z-bias line and the loop (the induced current direction is shown blue in

Fig. 1.16). Assuming the current on the z-bias line is I, the external flux across the SQUID

loop is Φext = MsquidI. The typical value for Msquid in experiments is around 2 pH. The

fluctuations in the current will shift the qubit frequency causing the dephasing. To get a

long qubit pure dephasing time Tϕ, we can place the qubit at its maximum frequency or

minimum frequency for asymmetric SQUIDs.

When we design the z-bias line, we also need to minimize the mutual inductance Mqubit

between the z-bias line and the qubit mode (the induced current direction is shown red in

Fig. 1.16), which damps the qubit. The external loss introduced by the z-bias line can be
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Figure 1.17: Circuit for transmon xy control.

calculated using Eq. 1.41,

κq =
ω2qM

2
qubit

Leff

1

Ze
=
ω4qCqM

2
qubit

Ze
, (1.128)

where Ze is the impedance of the z-bias line. For Mqubit = 0.5 pH and Ze = 50 Ω, qubit

relaxation time T1 = κ−1
q will be limited to around 2 ms. To further minimize the damping

effect of the z-bias line, some extra filtering circuits (usually a low pass filter) can be added

on the z-bias line to engineer the control line impedance Ze(ω) at the qubit frequency ωq

[79, 80]. Note that this coupling Mqubit can be used to Rabi drive the qubit, but it will also

modulate the qubit frequency at the same time. In the following section, we will introduce

how to drive the qubit with a capacitively coupled control line.

1.4.3 xy control

To drive a transmon, we use a voltage source Vd(t) coupled to the qubit by a capacitor Cd

(see Fig. 1.17). The total Lagrangian is

L = T − U =
Cq

2

( ℏ
2e

)2
ϕ̇2 +

Cd

2

(
Vd −

ℏ
2e
ϕ̇
)2

+ EJ cosϕ. (1.129)

The conjugate coordinate to ϕ is

nℏ =
∂L
∂ϕ̇

= (Cq + Cd)
( ℏ
2e

)2
ϕ̇− CdVd

ℏ
2e
, (1.130)
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and with canonical quantization we have

[ϕ, n] = i. (1.131)

We can obtain the Hamiltonian

H = nℏϕ̇− L = 4ECn
2 − EJ cosϕ+

Cd

Cq + Cd
2neVd −

1

2

CqCd

Cq + Cd
V 2
d , (1.132)

where EC = e2/2(Cq+Cd). We can ignore the last term since it does not affect the dynamics

of the qubit. Note that the above Hamiltonian can be rewritten as

H = 4EC(n− ng)
2 − EJ cosϕ, (1.133)

with ng = −CdVd/2e. Fluctuations in ng lead to a change in energy levels which will cause

dephasing. In the transmon limit, EJ ≫ EC , the charge dispersion decreases exponentially

with EJ/EC , while the decrease in anharmonicity is described by a power law [73]. Thus

transmons are insensitive to such charge fluctuations. Write the driving term Hd using

creation and annihilation operators, we can get

Hd =
Cd

Cq + Cd
2neVd = i

√
(ℏωq + EC)EC

CdVd
e

(a† − a), (1.134)

where ωq is the qubit frequency, as defined in Eq. 1.120. Constraining it in two energy levels,

we have

Hd =
√

(ℏωq + EC)EC
CdVd
e

σy. (1.135)

When Vd(t) = V0 cosωqt, we can Rabi drive the qubit, from which we can construct single

qubit xy rotations. Considering the third level of transmon |f⟩, this on-resonance drive pulse

will excite qubit to the |f⟩ state causing leakage errors. There are several ways to minimize
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Figure 1.18: Circuit for transmon readout: a readout resonator is coupled to the transmon
with a capacitor Cclaw.

the leakage by shaping the pulse envelope [81, 82]. The state-of-the-art single-qubit gate

fidelity is over 99.99%, mainly limited by qubit coherence times [83].

The external loss caused by the xy-drive line can be calculated using Eq. 1.36,

κq =
ω2qC

2
d

Cq
Z0, (1.136)

where Z0 = 50 Ω is the characteristic impedance of xy-drive line. Usually, we set Cd to

be 30 aF, which gives a T1 limit of 2 ms. Although we can make Cd smaller and drive

harder, most of the driving signals will dissipate on the attenuators on the control line,

causing potential heating. We cannot directly use linear circuits to filter the xy control line

like the z line since the signals on xy lines are on resonance with the qubit unless using a

subharmonic drive (e.g. ωd = ωq/3) [84, 85]. There exist some filtering protocols using the

feature of Josephson junctions which saturate under high power [86].

1.4.4 Readout

Dispersive readout

A popular way to measure the state of transmon qubit is to probe the frequency shift of a

dispersively coupled readout resonator [73, 87]. The readout circuit is shown in Fig. 1.18,

where a transmon is capacitively coupled to the readout resonator like Fig. 1.2(a). We can

also do inductive coupling like Fig. 1.2(b), but transmons usually have large capacitor pads
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and short wiring length (small Lw), which is more convenient for capacitive coupling. If we

constrain the qubit to two energy levels, we can write down the qubit-oscillator coupling

Hamiltonian from Eq. 1.19 with the rotating wave approximation (RWA),

H/ℏ = ωr(a
†a+

1

2
)− 1

2
ωqσz + cqr(a

†σ− + aσ+), (1.137)

where cqr is the qubit-resonator coupling strength. In the dispersive limit |∆qr| ≫ |cqr|,

where the detuning ∆qr = ωq − ωr, we can expand it in powers of cqr/∆qr to second order

by applying a unitary transformation U = e
cqr
∆qr

(a†σ−−aσ+) (see Appendix C),

H/ℏ = ωr(a
†a+

1

2
)− 1

2
ωqσz + χa†aσz +O

( c3qr
∆2
qr

)
= ωr(a

†a+
1

2
)− 1

2
(ωq − 2χa†a)σz

= (ωr + χσz)a
†a− 1

2
ωqσz + ωr(a

†a+
1

2
),

(1.138)

where χ = −c2qr/∆qr is the “dispersive shift”. Taking the third level |f⟩ into account [73],

we have

χ = −
c2qr
∆qr

η

∆qr + η
≃ −

c2qr

∆2
qr
η, (1.139)

where η is the anharmonicity of the transmon, which is negative. From Eq. 1.138, we can

see that the state of transmon will change the effective frequency of the readout resonator.

When the qubit is in |g⟩ (|e⟩) state, the frequency of the readout resonator is ωr,|g⟩ = ωr+χ

(ωr,|e⟩ = ωr − χ). Measuring the state of the qubit is equivalent to measuring the frequency

shift of the readout resonator, which can be done by a scattering measurement.

In Section 1.2.5, we discussed the scattering of a resonator, and in Section 1.3.3, we

discussed the scattering of a hanger resonator. Both types of measurements can be used

to probe the frequency shift by sending a probe signal with frequency ωp and measuring

its transmission S21(ωp) or reflection S11(ωp). To get a larger signal-to-noise ratio (SNR),
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we want to maximize the difference of S(ωp) between the |g⟩ state and |e⟩ state, |∆S(ωp)|,

where S can be either S11 or S21. From Eqs. 1.63, 1.67, 1.97, and 1.98, we can see that

|∆S(ωp)| have similar forms no matter what types of measurements we perform,

|∆S(ωp)| ∝
∣∣∣ 1

1 + 2jQl(ωp − ωr,|g⟩)/ωr,|g⟩
− 1

1 + 2jQl(ωp − ωr,|e⟩)/ωr,|e⟩

∣∣∣ (1.140)

≃ 2Ql|χ|
ωr

√
1

1 + 4Q2
l (ωp − ωr,|g⟩)

2/ω2r

1

1 + 4Q2
l (ωp − ωr,|e⟩)

2/ω2r
, (1.141)

where Ql = ωr/κr is the loaded quality factor of the readout resonator. The difference

|∆S(ωp)| reaches maximum when ωp = (ωr,|g⟩ + ωr,|e⟩)/2. If we set the frequency of the

probe tone ωp to this value, the difference |∆S(ωp)| will be

|∆S(ωp)| = |∆S(ωr)| ∝
2Ql|χ|/ωr

1 + 4Q2
l χ

2/ω2r
, (1.142)

which reaches the maximum when

2|χ| = ωr
Ql

= κr. (1.143)

We can get the maximum readout visibility when the readout resonator frequency shift

between |g⟩ and |e⟩ states 2|χ| equals the readout resonator dissipation rate κr. Ref. [88]

presents several different ways to derive this maximum visibility condition.

For direct scattering of a resonator discussed in Section 1.2.5, we usually can only mea-

sure one qubit with one readout line (see e.g. Ref. [80]), while for the scattering of a hanger

resonator discussed in Section 1.3.3, we can do multiplexed readout by placing multiple read-

out resonators with different frequencies at different positions on the readout line. However,

for the scattering of a hanger resonator, half of the scattered signal will leak through the

input port while the other half will leak through the output port, which means if we only

measure S11 or S21, we will lose half of the signal. This can be further improved by col-
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Figure 1.19: Dispersive readout of superconducting qubits using a hanger resonator. Trans-
mission S21 (a) amplitude and (b) phase for qubit |g⟩ and |e⟩ states, where ωr/2π = 5 GHz,
χ = 1.25 MHz. (c) Transmission difference |∆S21| between |g⟩ and |e⟩ states when ωp = ωr,
which reaches maximum when 2|χ| = κr. (d) Readout fidelity Fr changes as |χ|/κr, with
Gaussian noise 3σ = 0.5. (e) Repeated measured S21 for |g⟩ and |e⟩ states with Gaussian
noise 3σ = 0.5, measured at ωp = ωr and 2|χ| = κr. (f) Distribution of measured S21
projected to Im S21 axis. All calculations assume Qi = 5× 104, Qc = 2× 103.

lecting both signals and doing interference [89], engineering the readout resonator to have

directional decay [90, 91], or inserting a Purcell filter with a weakly coupled input port and

a strongly coupled output port [48], which we will discuss later in this section.
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In Fig. 1.19, we give an example of dispersive readout by measuring the transmission

S21(ωp) of a hanger readout resonator. Before the signal arrives at the detector, it will

catch noises which can be typically described by two-dimensional Gaussian distribution.

Repeatedly running the measurement, the measured results will look like Fig. 1.19(e). If we

assume the noise level to be 3σ = 0.5, we can extract the readout fidelity Fr (see Fig. 1.19(d)),

which is defined as the average of the assigned probabilities (Fg + Fe)/2, where Fg (Fe) is

defined as the measured probability of the |g⟩ (|e⟩) state when the qubit is prepared in the

corresponding state. The fidelity Fe is usually below Fg in experiments because of qubit

decay during the measurement.

The above discussion is about measuring the S-parameters, where we assume the readout

time τ is much longer than the readout resonator lifetime κ−1
r , κrτ ≫ 1. For fast readout,

when τ is only several times of κ−1
r , larger |χ|/κr helps improve the SNR [92].

Parametric amplifier

A direct way to increase SNR is to increase the power of the input readout signals. However,

high power will drive the qubit to higher excited states [93, 94, 95, 96]. Another way is to

amplify the output signal, right after the signal comes out of the sample before it catches

any thermal noise. A common type of amplifier used for such applications is the Josephson

parametric amplifier (JPA). A good introduction can be found in Ref. [97]. Normal JPAs

are limited by gain-bandwidth constraints. By engineering the impedance, we can break this

constraint and make JPAs broadband [98, 99, 100, 101]. Another common type of amplifier

is the Josephson traveling-wave parametric amplifier (JTWPA) [102], which are transmission

lines comprised of series-connected junctions. JTWPAs usually do not have a fundamental

gain-bandwidth constraint but are noisier than JPAs.
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Purcell filter

Like other control lines, the measurement circuit also damps the qubit. We have discussed

its mechanism, the Purcell effect [47], in Section 1.2.4. The qubit lifetime T1,bare is limited

by the Purcell effect as

T1,bare = κ−1
q =

∆2
qr

c2qr

1

κr
. (1.144)

Similar to the other control lines, we can also use some filtering circuits to protect the

qubit from the Purcell effect, and those filters are called Purcell filters [103]. Purcell filters

engineer the electrical environment seen by the readout resonator, which suppresses the

resonator decay at qubit frequency ωq. With the Purcell filter, the qubit T1 will be limited

as [104]

T1 =
∆2
qr

c2qr

1

κr(ωq)
= T1,bare

κr(ωr)

κr(ωq)
, (1.145)

where κr(ω) is the resonator decay rate at frequency ω.

As we discussed in Section 1.2.4, engineering κr(ω) of the readout resonator is equivalent

to engineering the impedance Z(ω) / admittance Y (ω) of its coupled circuits. There are

many Purcell filters based on different classical filters, e.g. low pass [105], high pass [106],

bandpass [48], and bandstop [103, 107] filters.

Bandpass Purcell filters are commonly used because of their flexibility as we can put the

readout resonators in the passband and put the qubits either above or below the passband.

The simplest bandpass filter is a resonator inline [48, 108, 109] as is shown in Fig. 1.6(b)

and Eq. 1.67. However, this kind of design has limited bandwidth or isolation (see Eq. 1.53),

which limits the multiplexed readout capacity. For larger qubit numbers, one solution is to

design an individual filter for each readout resonator [110], which requires the filter frequency

to match well with the readout resonator frequency [111]. Another solution is to increase the

number of stages of the bandpass filter to make its passband broader. Refs. [112, 113, 114]

designed classical bandpass filters with small footprints. By connecting them on the readout
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Figure 1.20: (a) Coupled-mode representation of dispersive readout with an Nth-order band-
pass Purcell filter: the qubit Q is coupled to the readout resonator R with coupling cqr, which
is further coupled to the kth stage of the bandpass filter Bk with coupling cr,k. κj represents
the dissipation rate for the jth resonator Bj . cj,j+1 represents coupling between resonators
Bj and Bj+1 in the filter. The values of κj and cj,j+1 are listed in Appendix E. (b) Circuit
realization using coupled λ/2 resonators as the bandpass filter and a λ/4 resonator as the
readout resonator. The lengths of sections of the bandpass filter are listed in Appendix E.

line, we can get pretty good qubit protection. However, these external circuits will introduce

more insertion loss, causing the loss of readout signals. Ref. [58] designed a broadband

bandpass filter and put the readout resonator in the middle of the filter, but this filter

has equally coupled input and output ports, which will lose half of the readout signal like

scattering of a hanger resonator. In the following, we will discuss broadband bandpass

Purcell filter design based on the synthesis of classical bandpass filters.

The design flow of bandpass filters is shown in Appendix E, from which we know that a

multi-stage bandpass filter can be modeled as coupled resonators and a large insertion loss

(asymmetric) filter corresponds to a filter with a weakly coupled input port and a strongly

coupled output port (κ1 ≪ κN ). To realize qubit readout, we need to couple the readout

resonator to one stage of the filter as is shown in Fig. 1.20(a). Like what we have discussed

in Section 1.2.4, we can use the density of states to characterize the property of the filter,
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which serves as a Markovian bath to the readout resonator. Since we couple the readout

resonator to only one stage of the filter, the density of states becomes the local density of

states (LDOS) ρk(ω), which is defined as (see Appendix A)

ρk(ω) =
1

π
Re
[ ∫ ∞

0
dt eiωt⟨[ak(t), a

†
k(0)]⟩

]
, (1.146)

where we assume the readout resonator is coupled to the kth stage of the filter and ak (a†k) is

the annihilation (creation) operator of the resonator of the kth stage. The readout resonator

decay rate κr is determined by the Fermi’s golden rule as

κr(ω) = 2πc2r,kρk(ω), (1.147)

where cr,k is the coupling strength between the readout resonator and the kth stage. The

ratio κr(ωr)/κr(ωq) = ρk(ωr)/ρk(ωq) quantifies the qubit protection. Depending on whether

the readout resonator is capacitively or inductively coupled to the filter stage, the LDOS

ρk(ω) is proportional to Re[Zk(ω)] or Re[Yk(ω)] where Zk (Yk) is the impedance (admittance)

from the coupling point of the kth stage to ground.

The calculated LDOS of 4-stage filters with 0 dB and 20 dB insertion loss are shown in

Fig. 1.21. We can see that for the conventional filter with equally coupled input and output

ports (0 dB insertion loss), we can get better qubit protection when the readout resonator

is coupled to the middle of the filter. For the asymmetric filter (20 dB insertion loss), ρ1(ω)

is flat in the passband and there are k− 1 near-zero points in ρk. Similar features are found

on filters with different stages [115]. When the readout resonator is coupled to the kth filter

stage and its frequency is close to these near-zero points, it barely decays and cannot be

used to do qubit readout. We will couple the readout resonator to the first (middle) stage

of the filter with larger (zero) insertion loss.

In Fig. 1.22, we calculate the qubit T1 limit using the classical coupled resonator model
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Figure 1.21: Local density of states (LDOS) ρk(ω) for the filter stages k = 1 to 4 for N = 4
order bandpass filters with 0 dB (blue) and 20 dB (orange) insertion loss. Bandpass filter
center frequency ω0/2π = 6 GHz and bandwidth ∆ω/2π = 600 MHz.

by treating the qubit as a resonator (see Section 1.2.4). We find that adding more stages

and using larger qubit-resonator detuning gives a longer qubit lifetime. Comparing a 0 dB

with a 20 dB insertion loss filter, the higher insertion loss filter affords better protection. We

find that for symmetric filters (0 dB insertion loss) with order N = 2m or N = 2m− 1, the

qubit lifetime T1 scales as T1 ∝ ∆2m+2
qr . For asymmetric filters (large insertion loss) with

order N , the qubit lifetime scales as T1 ∝ ∆2N+2
qr , consistent with the single-stage bandpass

filter T1 ∝ ∆4
qr [48]. We empirically find that these power law exponents are approximately

two times the number of resonators the qubit decays through [115]. To get qubit T1 over

1 ms, while maintaining large bandwidth (∆ω = 600 MHz) and achieving fast readout

(κr/2π = 15 MHz), we only need a 4-stage filter with large insertion loss (see Fig. 1.22).

We present a circuit to realize the bandpass filter as is shown in Fig. 1.20(a). Inductively

coupled λ/2 resonators act as the bandpass filter and the λ/4 resonator acts as the readout

resonator. Note that we have discussed the coupling between a λ/2 and a λ/4 resonator

in Eqs. 1.92 and 1.93. The related parameters of the circuit are listed in Appendix E and

some alternative circuits can be found in Ref. [115]. We also experimentally demonstrate
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Figure 1.22: Qubit lifetime T1 versus qubit-resonator detuning ∆qr for bandpass filters with
0 dB (dashed lines) and 20 dB (solid lines) insertion loss. The filter center frequency ω0/2π is
6 GHz, its bandwidth ∆ω/2π is 600 MHz, the readout resonator frequency ωr/2π is 6 GHz,
the readout resonator dissipation rate κr/2π is 15 MHz, and the qubit-resonator coupling
cqr/2π is 100 MHz.

the functionality of these filters with the results shown in Refs. [115, 116].

Other than the filters we discussed above, there are also some novel filters. For example,

Ref. [117] introduced an “intrinsic” Purcell filter where they used a λ/4 resonator as the

readout resonator. By engineering the coupling point of the readout resonator, the emission

of the qubit mode is suppressed. Ref. [118] introduced a nonlinear Purcell filter where

Josephson junctions were added to the filter to dynamically tune the decay rate of the

readout resonator κr during the measurement by Kerr non-linearity.

The dispersive readout scheme introduced above is commonly used. There also exist

other protocols which promise faster readout. Refs. [92, 119] introduced “qubit cloaking”,

where several drive pulses are applied to the system to pump the readout resonator without

disturbing the qubit before the measurement. Ref. [120] proposed to use longitudinal qubit-

resonator coupling σx(a† + a) to realize fast readout. Note that these novel Purcell filters

and readout schemes can be combined with the bandpass filters discussed above to achieve

better overall performance.
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Figure 1.23: Circuits for coupled transmons with (a) capacitive coupling and (d) inductive
coupling.

1.4.5 Fixed coupling

The above discussion mainly focuses on the control of single qubits. To realize practical

quantum computing, two-qubit gates are necessary. To realize qubit-qubit interaction, we

need to couple two transmons. Similar to the resonator-resonator coupling schemes discussed

in Section 1.2.2, transmons can also be coupled capacitively or inductively (see Fig. 1.23).

The most common way is capacitive coupling as transmons usually have large capacitor pads

which make capacitive coupling more convenient [121]. An example of inductive coupling

can be found in Ref. [122]. Modeling the Duffing oscillators as in Eq. 1.122, the coupled

two-qubit Hamiltonian can be written as

H/ℏ =
∑
j=1,2

(
ωja

†
jaj +

ηj
2
a
†
ja

†
jajaj

)
− g(a1 − a

†
1)(a2 − a

†
2), (1.148)

where a†j (aj) is the creation (annihilation) operator for the jth qubit, ωj and ηj are frequency

and anharmonicity of the jth qubit, and g is their coupling strength. The expression of g

can be found in Eqs. 1.20 and 1.24. These kinds of coupling are always on. Thus the nearest-

neighbor qubits’ frequencies need to be tuned away |∆| = |ω1 − ω2| ≫ g so that they will

not “see” each other.

When two qubits Q1 and Q2 are on resonance, ω1 = ω2, two qubits will exchange their

states as is shown in Fig. 1.24(a-b). With a duration of τiSWAP = π/2g, we can realize an

iSWAP gate, while with half of the duration, we can realize a
√
iSWAP gate.
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Figure 1.24: Evolution of state populations from numerical simulations for (a-b) iSWAP and
(c-d) CZ gates. For the iSWAP gate, two qubits are on resonance, ω1/2π = ω2/2π = 5 GHz,
and initialized in the |eg⟩ state. The dashed line represents the duration of an iSWAP gate.
For the CZ gate, |ee⟩ is on resonance with |gf⟩, ω1/2π = ω2/2π + η2/2π = 4.8 GHz, and
qubits are initialized in the |ee⟩ state. The dash-dotted line represents the duration of a
CZ gate. The qubit anharmonicities η1/2π = η2/2π = −200 MHz, the coupling strength
g/2π = 10 MHz, the qubit lifetimes T1 = 10 µs and dephasing times T2 = 2 µs.

Furthermore, we can realize controlled-Z (CZ) gates with the |f⟩ state. If we bring |ee⟩ on

resonance with |gf⟩, the state |ee⟩ will evolve as |ee⟩ → i|gf⟩ → −|ee⟩, while the other states

|gg⟩, |ge⟩ and |eg⟩ will accumulate zero phase. Thus we can realize a CZ gate with a duration

of τCZ = π/
√
2g. The evolution starting with the state |ee⟩ is shown in Fig. 1.24(c-d). Note

that by combining a CZ gate with two single qubit gates, we can construct a controlled-NOT

(CNOT) gate.

CZ gates with fidelity over 99% can be achieved with fixed coupling [121]. The fidelity is

limited not only by qubit coherence times, and leakage to higher excited states but also by
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noisy flux pulses [123]. Although the two-qubit gate fidelity above the surface code threshold

can be achieved [121, 13], there exists residual ZZ interaction with this fixed coupling scheme,

which comes from the anharmonicity of qubits. The ZZ interaction HZZ can be written as,

HZZ = ζa
†
1a1a

†
2a2. (1.149)

With this interaction, the |ee⟩ state will accumulate extra phases during qubit idling times.

The ZZ coupling strength ζ can be obtained from the Schrieffer-Wolff transformation (see

Appendix C) similar to what we did to get the Hamiltonian of dispersive readout. To the

second order of g/|∆|, the ZZ interaction strength ζ can be written as [121, 124],

ζ = 2g2
η1 + η2

(∆ + η1)(∆− η2)
. (1.150)

If η2 = 0, we come back to the dispersive shift in Eq. 1.139, ζ = −2χ, where the factor of

−2 comes from the difference between σz and a†a. For coupling strength g/2π = 10 MHz,

anharmonicity η/2π = −200 MHz and detuning ∆/2π = 400 MHz, the ZZ coupling strength

ζ/2π will be around −0.7 MHz, which is not negligible compared with qubit dissipation rates.

When two qubits are on resonance, ∆ = 0, the ZZ interaction strength ζ = −4g2/η will be

around 2 MHz, which will give unwanted phase accumulation for the iSWAP gate. HZZ can

be further suppressed either by engineered fixed coupling schemes [124] or tunable couplers

which we will discuss in Section 1.5.

1.4.6 Benchmarking

Given a device with multiple qubits, we need to characterize these qubits efficiently. In this

section, we are going to introduce several methods to benchmark the quantum gates, e.g.

quantum process tomography, randomized benchmarking, and cross-entropy benchmarking.
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Gate fidelity

Here we start with the definition of gate fidelity. For an arbitrary ideal unitary operation Ui

and an actual quantum process E(·), the gate fidelity Fg is defined as [125]

Fg =

∫
dψ⟨ψ|U†

i E(ψ)Ui|ψ⟩, (1.151)

where the integral satisfies
∫
dψ = 1. When E(·) is also a unitary operation U , i.e. E(ψ) =

U |ψ⟩⟨ψ|U†, we have [126]

Fg =
1

d(d+ 1)

(
Tr(MM†) + |Tr(M)|2

)
, (1.152)

where d is the dimension of the Hilbert space, and M is defined as M = U
†
i U . In reality,

gate fidelities are mainly limited by qubit relaxation times T1 and pure dephasing times Tϕ,

where qubit dephasing times satisfy 1/T2 = 1/2T1 + 1/Tϕ. When the quantum process E(·)

operates in the qubit computational space, e.g. single-qubit gates and iSWAP gates, the

gate fidelity can be estimated as [127]

Fg = 1− d

2(d+ 1)
τ
∑
k

( 1

T1,k
+

1

Tϕ,k

)
, (1.153)

where τ is the gate duration, d is the dimension of the Hilbert space, and T1,k (Tϕ,k) is the

relaxation (pure dephasing) time of the kth qubit. The above result is up to the first order

of τ/T1 and τ/Tϕ. For higher-order terms, the gate fidelity Fg will be gate-dependent. If

the qubits leave the computational space during the quantum process E(·), e.g. CZ gates,

Ref. [128] gives an analytical expression of Fg using T1, Tϕ and τ , which is gate-dependent

to the first order of τ/T1 and τ/Tϕ.
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State fidelity

Given a target quantum state described by the density matrix ρi, and an actual state de-

scribed by density matrix ρ, the state fidelity F of ρ is defined as [129]

F =
(
Tr
√√

ρiρ
√
ρi

)2
. (1.154)

The ideal state ρi is usually a pure sate which can be written as ρi = |ψi⟩⟨ψi|, the above

expression can be simplified to

F = Tr(ρiρ) = ⟨ψi|ρ|ψi⟩. (1.155)

Quantum state tomography

In experiments, we need to do state tomography to extract the density matrix ρ [125]. For

superconducting qubits, the measurement is along the z-axis in the Bloch’s sphere. We need

to apply a single qubit rotation, e.g. an X/2 or Y/2 gate before the measurement to rotate

the state on the y-axis or x-axis to the z-axis. We apply gates from the set {I,X/2, Y/2}

to each qubit after state generation, and perform simultaneous readout of all qubits to

get the probabilities on different axes. The density matrices directly calculated from these

probabilities usually are not physical because of limited readout fidelity. We will use some

convex optimization methods to reconstruct the density matrices to constrain them to be

physical, i.e. Hermitian, have a unit trace, and positive semi-definite. Note that for an N -

qubit system, we need to do k3N measurements to extract the full density matrix, where k

is the repetitions to get each probability. The number of measurements grows exponentially

with the number of qubits and does not apply to large systems.

Because of limited readout fidelity, the measured |e⟩ state probability PM
e for a single

qubit ranges from [1 − Fg, Fe], where Fg and Fe are assigned probability for |g⟩ and |e⟩
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states described in Section 1.4.4. One trick is to stretch the range from [1−Fg, Fe] to [0, 1],

which is called the readout correction [126]. Assuming the measured state probabilities are

P̃ = [P̃g, P̃e]
T = [1 − P̃e, P̃e]

T , the corrected state probabilities are P = [Pg, Pe] = F−1P̃,

where F is defined as

F =

 Fg 1− Fe

1− Fg Fe

 . (1.156)

For multiple qubits, we can just tensor their individual F-matrix, or we can directly measure

their total F-matrix in case of interference of simultaneous readout between different qubits.

Although this trick is widely used in the field of superconducting qubits, it assumes P̃ = FP,

which is not strictly correct.

Quantum process tomography

Quantum process tomography, as its name implies, is the tomography of a quantum process,

which can be qubit decay, quantum gates, etc. A general quantum process E(·) can be

described using Kraus decomposition [125], which is

E(ρ) =
∑
i

KiρK
†
i , (1.157)

where {Ki} are called Kraus operators, which satisfy

∑
i

K
†
iKi = I. (1.158)

To describe an arbitrary quantum process, we usually choose a fixed set of operators {Ei}.

Eq. 1.157 can be written as

E(ρ) =
d2−1∑
m,n=0

χmnEmρE
†
n, (1.159)
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where d is the dimension of the system and χ is the quantum process matrix. The process

matrix χ contains d4−d2 independent real parameters. For single qubit process tomography,

{Ei} can be chosen as {I,X,−iY, Z}. The process matrix χ can be expressed as

χ = Λ

ρ′1 ρ′2

ρ′3 ρ′4

Λ, (1.160)

where Λ = 1
2

 I X

X −I

, ρ′i = E(ρi), with ρ1 = |0⟩⟨0|, ρ2 = ρ1X, ρ3 = Xρ1 and ρ4 = Xρ1X.

In experiments, we prepare different initial states |ψini⟩ by applying gates from the set

{I,X,X/2, Y/2}, which gives the states |0⟩ = |g⟩, |1⟩ = |e⟩, |+⟩ = (|g⟩ + |e⟩)/
√
2 and

|i⟩ = (|g⟩ + i|e⟩)/
√
2. Then we apply the quantum process E(·) to these initial states and

extract the final states E(|ψini⟩⟨ψini|) with state tomography. From the measurement results,

we can determine ρ′i in the process matrix χ,

ρ′1 = E(|0⟩⟨0|), (1.161)

ρ′4 = E(|1⟩⟨1|), (1.162)

ρ′2 = E(|+⟩⟨+|) + iE(|i⟩⟨i|)− (1 + i)(ρ′1 + ρ′4)/2, (1.163)

ρ′3 = E(|+⟩⟨+|)− iE(|i⟩⟨i|)− (1− i)(ρ′1 + ρ′4)/2, (1.164)

with which we can extract the process matrix χ for a single qubit operation. For two-qubit

operations, we choose the {Ei} as {I,X,−iY, Z} ⊗ {I,X,−iY, Z} and the process matrix

χ can also be determined from the final states similar as the single qubit case. The process

fidelity Fp is defined as

Fp = Tr(χidealχ), (1.165)
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Figure 1.25: Quantum circuits for randomized benchmarking (RB) of N qubits. The refer-
ence circuit is shown on the top, with m random Clifford gates C and a recovery Clifford gate
Cr which rotates all the qubits to the ground states. The bottom circuit is the circuit for
the interleaved gate G, where G is inserted in each cycle. Their difference gives the fidelity
of gate G.

where χideal is the ideal process matrix. The process fidelity Fp is related to the gate fidelity

Fg as [130],

Fg =
1 + dFp

1 + d
, (1.166)

where d is the dimension of the Hilbert space. Like quantum state tomography, the precision

of quantum process tomography is limited by readout and state preparation errors. For an

N -qubit operation, we need k12N measurements to get the full χ matrix, where k is the

repetitions to get each probability.

Randomized benchmarking (RB)

Quantum process tomography gives all the information of a quantum operation. However,

its performance is limited by readout and state preparation errors. For the state-of-the-art

superconducting quantum processors, the gate errors (around 10−3 to 10−4) are far below

the readout and reset errors (around 10−2). Thus we need to find some benchmarking

protocols that are insensitive to readout errors. One example is randomized benchmarking

(RB), which was first introduced in Ref. [131] and experimentally demonstrated in Ref. [132].

The quantum circuits for RB are shown in Fig. 1.25. We first prepare the qubits in the

ground states, which can be done by leaving the qubits to decay. Then we apply random

gates C chosen from the Clifford group for m cycles. Finally, we apply a recovery gate Cr to

rotate all the qubit states back to ground states. Because the combination or inverse of any

Clifford gates is still a Clifford gate, Cr will still be a Clifford gate. Ideally, if all the gates
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are perfect, the probability of the qubit measured in ground states will not change as we

increase the number of cycles m. However, because gate errors accumulate, the probability

measured in ground states will decay as,

Pref(m) = Apmref +B, (1.167)

where pref is the sequence fidelity as well as the depolarization fidelity per cycle, and A and

B are limited by readout fidelities. For perfect readout and reset, we have A = 1− 1/d and

B = 1/d, where d is the dimension of the Hilbert space. Note that to get Pref(m), we need to

choose different random gate sequences and average them out to depolarize the noise. The

sequence fidelity pref gives an average error per Clifford gate eref as

eref =
d− 1

d
(1− pref). (1.168)

To extract the gate fidelity of a specific Clifford gate G, we interleave the gate G in each

cycle and apply a recovery pulse C ′
r to rotate the qubits to ground states (see Fig. 1.25).

The measured ground states probability decays faster as

Pgate(k) = Apmgate +B, (1.169)

from which we can get the gate error of G, egate = 1−Fg, as

egate =
d− 1

d

(
1−

pgate
pref

)
. (1.170)

We only need the sequence decay rate p to extract the gate fidelity, thus RB is robust to

readout errors. Ref. [133] compared quantum process tomography with RB and found that

RB predicts the gate errors more precisely.

For a single qubit, there are 24 Clifford gates, and all of them can be constructed from
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Figure 1.26: Quantum circuit for cross-entropy benchmarking (XEB) of N qubits, with m
random gates R applied.

the set of single qubit rotations {I,X, Y,X/2, Y/2,−X/2,−Y/2}. For two qubits, there are

11520 Clifford gates and all of them can be constructed with the single qubit rotations and

the two-qubit CZ gate [121].

Cross-entropy benchmarking (XEB)

RB is limited to Clifford gates only, while cross-entropy benchmarking (XEB) works for an

arbitrary gate. XEB was first introduced to demonstrate the quantum supremacy [134, 135].

The quantum circuit for XEB is shown in Fig. 1.26. The qubits are initialized in ground

states, then we apply m random gates. The result state ρm will be

ρm = pmρideal,m +
1

d
(1− pm)I, (1.171)

where p is the depolarization fidelity per cycle, the same as the sequence fidelity per cy-

cle in RB. Finally, we perform the measurements and get the probability Pexp(x) of dif-

ferent bit strings x. Then the problem becomes estimating pm from Pexp(x). Note that

we know what random gates we apply, so we can directly calculate ρideal,m and get the

probability measured in bit string x, Pideal(x), in the ideal case. Multiply the matrix

diag(Pideal(0), Pideal(1), · · · , Pideal(d− 1)) on both sides of the Eq. 1.171 and take the trace,

we have
d−1∑
x=0

Pideal(x)Pexp(x) = pm
d−1∑
x=0

P 2
ideal(x) +

1

d
(1− pm). (1.172)

We can do a linear fit between
(∑

x Pideal(x)Pexp(x)
)
− 1/d and

(∑
x P

2
ideal(x)

)
− 1/d with

different m-cycle sequences to get an estimation of pm, written as pest(m). Then for different

cycles m, we can get p by fitting pest(m) and m. The average gate error e per cycle can be
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Figure 1.27: (a) Inductively coupled circuit, (b) the equivalent T -circuit with a shared
inductor M , and (c) another equivalent circuit with an extra loop with M =M1M2/Lloop.

calculated the same as RB, e = (1− p)(1− 1/d). Similar to the interleaved RB, we can also

do an interleaved XEB to get the gate error for an interleaved gate. Ref. [135] used both

RB and XEB to benchmark their gates, and the results are consistent. Note that RB can

be treated as a special case of XEB. With the recovery gate in RB, the ideal density matrix

becomes ρideal,m = |0⟩⟨0|, then we have Pideal(0) = 1 and Eq. 1.172 becomes Eq. 1.167.

1.5 Tunable coupler

With qubits (transmons) and quantum channels (transmission lines), we are ready to build

a superconducting quantum network. However, the fixed coupling limits the functionality of

the quantum network. In this section, we are going to introduce two types of couplers based

on how they are coupled to the qubits, which can be used to realize tunable qubit-qubit or

qubit-channel interactions.

1.5.1 Inductive coupler

A Josephson junction can be treated as a non-linear inductor, which is tunable by changing

the flux through a loop (e.g. a SQUID loop) containing it. It is natural to start with a

tunable mutual inductive coupling.

Before we start, it is better to introduce some equivalent inductively coupled circuits (see

Fig. 1.27), which can help us simplify the circuits. For two circuits coupled with mutual

inductance M shown in Fig. 1.27(a), it can be transformed to a T -circuit with a shared
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Figure 1.28: Circuits for inductively coupled transmons with a shared (a) inductor and (b)
SQUID.

inductor M as is shown in Fig. 1.27(b), which can be verified by Kirchhoff’s circuit laws,

similar as what we did in Eq. 1.37. Furthermore, we can introduce an extra loop coupled

to two circuits which can mediate inductive coupling between two circuits (see Fig. 1.27(c)).

The effective mutual inductance M between the left and right circuits can be obtained from

Kirchhoff’s circuit laws,

M =
M1M2

Lloop
. (1.173)

Looking at the coupled transmons with inductive coupling in Fig. 1.23(b), we can directly

transform it to a circuit in Fig. 1.28(a) using the transformation introduced in Fig. 1.27(b).

A simple way to realize tunable coupling is to replace the shared inductor M in Fig. 1.28(a)

with a SQUID as is shown in Fig. 1.28(b). The SQUID can be treated as a tunable inductor,

with equivalent inductance LSQUID = LJ/2| cos(ϕext/2)| when it is symmetric, where LJ is

the Josephson inductance for one junction and ϕext = 2πΦext/Φ0, with Φext the external

flux across the SQUID loop. However, LSQUID cannot be set to zero, which means that the

coupling cannot be turned off. Examples using this kind of tunable coupler can be found

in Refs. [80, 136]. This coupler also requires a galvanic connection to the shared tunable

inductor (SQUID), limiting its application.

Fig. 1.27(c) introduced a loop, where we can put a Josephson junction in the loop as

is shown in Fig. 1.29(a). This circuit can be further transformed by replacing the mutual

inductors with shared inductors, which gives the circuit shown in Fig. 1.29(b). This kind

of coupler was first introduced in Ref. [137], where they called it gmon. For the following
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Figure 1.29: Circuits for transmons coupled with a gmon.

discussion, we will focus on the gmon circuit in Fig. 1.29(b).

In the gmon circuit, we can directly write down the effective mutual inductance Meff

between two transmons from Eq. 1.173,

Meff =
L2g

2Lg + Lc/ cos δ
, (1.174)

where δ is the phase difference across the coupler junction, Lc is the Josephson inductance

of the coupler junction, and Lg is the linear inductance to ground. If we consider some stray

wiring inductance Lw in series with the coupler junction [77], the effective mutual inductance

Meff needs to be modified as

Meff =
L2g

2Lg + Lw + Lc/ cos δ
. (1.175)

With the effective mutual inductance Meff , we can directly write down the coupling strength

g between two qubits using Eq. 1.24,

g =

√
ωq1ωq2

2

Meff√
(LJ1 + Lg)(LJ2 + Lg)

. (1.176)
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Figure 1.30: (a) Junction phase δ versus external phase ϕext. Dashed lines show the coupling
off points. (b) ϕgmax (dotted lines) and ϕoff (dashed lines) versus Lc/Lloop, where Lloop is
defined as 2Lg + Lw. Here we already extract the regime with multiple solutions of δ. The
red regime is where the coupler cannot be turned off, the orange regime is where the coupler
can be turned off but exists a regime with multiple solutions of δ, and the blue regime is
where the coupler can work at any ϕext.

When the two qubits are identical, we have

g =
ωq
2

Lg
LJ + Lg

Lg
2Lg + Lw + Lc/ cos δ

. (1.177)

The external phase through the coupler loop ϕext = 2πΦext/Φ0 is related to junction

phase difference δ as [138]

δ +
2Lg + Lw

Lc
sin δ = ϕext. (1.178)

The junction phase difference δ versus external phase ϕext is shown in Fig. 1.30(a). For

Lc > 2Lg+Lw, there is always a solution for δ for a given ϕext. When Lc < 2Lg+Lw, there

are some regimes where multiple δ exist for a given ϕext, which comes from the neglect of the

junction self-capacitance. For this kind of singularity, readers can refer to Refs. [139, 140]

for more discussion. We will try to avoid such regimes in experiments. The zero coupling
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Figure 1.31: Circuit for a transmon coupled to a transmission line with a gmon.

point ϕoff is at Meff = 0, which satisfies

ϕoff mod 2π =
(π
2
+

2Lg + Lw
Lc

,
3π

2
−

2Lg + Lw
Lc

)
. (1.179)

The maximum coupling point ϕgmax is at

ϕgmax mod 2π = π. (1.180)

When Lc < 2Lg + Lw, because of the existence of multiple solutions, we cannot reach the

ϕgmax points. When Lc < 0.725(2Lg + Lw), we cannot reach ϕoff , which means we cannot

turn the coupler off when the coupler junction Lc is too small. The fluxes ϕoff and ϕgmax

versus Lc/(2Lg + Lw) are shown in Fig. 1.30(b). The maximum coupling strength gmax is

gmax =
ωq
2

Lg
LJ + Lg

Lg
2Lg + Lw − Lc

. (1.181)

Introducing the coupler will change the qubit frequency. The frequency shift ∆ωq can be

calculated as

∆ωq =
1√

(LJ + Lg −Meff)Cq
− 1√

(LJ + Lg)Cq
≃ g. (1.182)

The gmon can also be used to couple a transmon to a transmission line [141, 142]. The

circuit is shown in Fig. 1.31. The inductive coupler only couples the series modes in the

transmission line. For the transmission line with a short end, the effective RLC for its nth

series mode can be found in Table 1.2. For the nth mode, its frequency ωn = nωFSR, where
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Figure 1.32: (a) Coupling strength gn between the qubit and the transmission line mode
changes as external phase ϕext for different Lc. Dotted lines label the regime with multiple
solutions of δ. (b) Maximum and minimum coupling strength |gn| for different Lc/Lloop,
where Lloop is defined as 2Lg + Lw. The different regimes are the same as Fig. 1.30. The
related parameters are ωq/2π = ωn/2π = 5.0 GHz, ωFSR/2π = 50 MHz, Ln = πZ0/2ωFSR =
250 nH, Lg = 0.2 nH, Lw = 0.1 nH, LJ = 11 nH, Cq = 90 fF.

ωFSR = πvp/l is the free spectrum range (FSR), and its effective inductance Ln = nπZ0/2ωn,

where Z0 is the characteristic impedance of the transmission line. The coupling strength

between the nth mode and qubit can directly be written down as

gn =

√
ωnωq

2

Meff√
(LJ + Lg)(Ln + Lg)

. (1.183)

The coupling strength gn versus external flux ϕext is shown in Fig. 1.32(a), where we assume

ωq = ωn. The regime of Lc < 2Lg+Lw is not plotted. We also show the maximum coupling

strength gmax and minimum coupler strength gmin for different coupler junction inductance

Lc in Fig. 1.32(b).

In the infinitely long line limit, Ln → ∞, gn → 0, and ωFSR → 0. The qubit is coupled

to multiple modes, so the meaningful physical quantity is the decay rate κ into the long
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Figure 1.33: (a) Qubit and (b) transmission line mode frequency shift for different Lc. The
related parameters are ωq/2π = ωn/2π = 5.0 GHz, ωFSR/2π = 50 MHz, Ln = πZ0/2ωFSR =
250 nH, Lg = 0.2 nH, Lw = 0.1 nH, LJ = 11 nH, Cq = 90 fF.

transmission line, which can be determined by Fermi’s golden rule,

κ = 2πg2nρ(ωq) = 2π
g2n
ωFSR

≃
2ω2q
Z0

M2
eff

LJ + Lg
, (1.184)

where ρ(ωq) = 1/ωFSR is the density of states at the qubit frequency ωq. This expression is

the same as the dissipation rate directly derived from Eq. 1.41, which is only related to the

characteristic impedance of the transmission line Z0 but not the length of the transmission

line. As in the infinitely long line limit, the qubit cannot know what is happening on the

other end.

The qubit frequency shift ∆ωq and the nth mode frequency shift ∆ωn can be calculated

similar to Eq. 1.182,

∆ωq ≃ gn

√
ωq
ωn

√
Ln + Lg
LJ + Lg

, (1.185)

∆ωn ≃ gn

√
ωn
ωq

√
LJ + Lg
Ln + Lg

. (1.186)

The qubit frequency shift ∆ωq is much larger than the transmission line mode frequency

64



0 π 2π

ϕext

10
1

10
2

10
3

10
4

10
5

T
q
(μ
s)

(a)

Lc = 0.55 nH

Lc = 0.65 nH

Lc = 0.75 nH

0 π 2π

ϕext

10
2

10
3

10
4

10
5

10
6

T
r
(μ
s)

(b)

Figure 1.34: (a) Qubit lifetime Tq and (b) transmission line mode lifetime Tr limited by the
coupler bias line changes as external flux ϕext for different Lc. The related parameters are
ωq/2π = ωn/2π = 5.0 GHz, ωFSR/2π = 50 MHz, Ln = πZ0/2ωFSR = 250 nH, Lg = 0.2 nH,
Lw = 0.1 nH, LJ = 11 nH, Cq = 90 fF, Mg = 1.5 pH, where Mg is the mutual inductance
between the coupler bias line and the coupler loop.

shift ∆ωn because Ln ≫ LJ for long transmission lines (see Fig. 1.33). The qubit frequency

shift ∆ωq can be compensated by an extra z-pulse when the coupler is turned on. There

are crosstalks between the gmon bias line and the qubit SQUID, and also between the qubit

z-bias line and the gmon loop in the experiment, which can be corrected by modifying the

flux pulses we send.

To tune ϕext, a bias line needs to be introduced, which will damp the qubit similar to the

qubit z-bias line introduced in Section 1.4.2. The qubit lifetime Tq limit and the transmission

line mode lifetime Tr limit are shown in Fig. 1.34, where Tr ≫ Tq because Ln ≫ LJ . To

overcome this limit, extra filtering circuits can be added to the coupler bias line [143]. When

designing the filtering circuits, we need to be careful about the possible resonances that

might be introduced.

In Chapters 2 and 3, we will use gmons to couple transmon qubits to transmission lines

acting as quantum communication channels to build superconducting quantum networks.
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(a) (b)
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g1c g2cQ1 C Q2

g12

Figure 1.35: Circuits for capacitive couplers with a (a) grounded transmon and (b) floating
transmon as the coupler to couple two transmon qubits, and (c) their coupled-mode repre-
sentation.

1.5.2 Capacitive coupler

Inductive couplers can realize CZ gates with fidelity over 99% [137]. However, it is hard to

couple multiple qubits to one qubit with inductive couplers (two at most [144, 145], otherwise

the crosstalk will be too large). Capacitive coupling is more convenient as transmons can be

designed to have large-size capacitors for coupling. The tunable element we have in hand

is the junction, a tunable inductor. One way to realize such a capacitive coupler is to use

a tunable transmon acting as a tunable resonator bus [146] which mediates the coupling

between two transmon qubits. This scheme was first introduced in Refs. [147, 148] and

experimentally demonstrated in Ref. [149].

The scheme for this kind of coupler is shown in Fig. 1.35. Here we assume all the

transmon qubits are grounded [74] for simplicity. The circuit introduced in Ref. [148] is

shown in Fig. 1.35(a), where the coupler is also a grounded transmon. An alternative circuit

is to make the coupler floating [150, 151, 38] as is shown in Fig. 1.35(b). Both circuits can

be quantized and we can get the total Hamiltonian H by modeling the transmons as Duffing
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oscillators as in Eq. 1.122,

H/ℏ =
∑

i={1,2,c}
ωia

†
iai +

ηi
2
a
†
ia

†
iaiai +

∑
i={1,2}

gic(a
†
iac + a

†
cai) + g12(a

†
1a2 + a

†
2a1), (1.187)

where ωi is the frequency for the ith qubit or coupler, ηi is the corresponding anharmonicity,

and gij is the coupling strength between the ith qubit/coupler and the jth qubit/coupler.

RWA has been applied. When the detuning between and the ith qubit and the coupler ∆ic

is much larger than their coupling strength gic, i.e. |∆ic| ≫ |gic|, we can do Schrieffer-Wolff

transformation (see Appendix C) to block-diagonalize the total Hamiltonian. If we ignore

the nonlinear terms in H, the Schrieffer-Wolff transformation unitary U can be simply chosen

as

U = exp
∑
i=1,2

gic
∆ic

(a
†
iac − a

†
cai), (1.188)

with which we can get the effective coupling strength geff between the two dressed qubit

modes,

geff = g12 +
g1cg2c

2

( 1

∆1c
+

1

∆2c

)
. (1.189)

The first term is the direct coupling between two qubits and the second term comes from

the virtual exchange of photons with the coupler mode [146]. For the circuit in Fig. 1.35(a),

both qubits are coupled to the same pad of the coupler, the couplings g1c and g2c have the

same sign, g1cg2c > 0. When we tune the coupler frequency above the qubit, i.e. ∆ic < 0,

we can find a frequency to fully turn off the coupling. While for the circuit in Fig. 1.35(b),

qubits are coupled to different pads of the coupler, which gives different signs for g1c and

g2c, g1cg2c < 0. In this case, the coupler frequency needs to be set below the qubit frequency

to turn off the coupling. More details on the quantization of the full circuits, higher-order

corrections, and ZZ interactions can be found in Refs. [148, 149, 150, 151, 152].

This capacitive coupler can also be used to couple a transmon qubit to a transmission
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ϕext

Figure 1.36: Circuit for gmon with coupler junction capacitance.

line, in which case, the coupler works as a transfer resonator between the qubit and the

transmission line [32, 40, 41].

If we consider the self-capacitance of the coupler junction in the gmon circuit (see

Fig. 1.36), the function of gmon can be understood similar to this capacitive coupler, i.e.

the coupler mode mediates the coupling between two qubits [147]. The gmon coupler can be

viewed as a capacitively-shunted rf-SQUID. When the coupler junction inductance is smaller

than the loop linear inductance, the gmon coupler works similarly as a fluxonium qubit [153].

This kind of capacitive coupler has been widely used to demonstrate high-fidelity two-

qubit gates [135, 154, 155, 156]. The coupler has also been used to couple multiple qubits

to realize selective two-qubit gates [157] and multi-qubit gates [158]. Many of its variants

have been reported [159, 160, 161, 162, 163, 164]. In Chapter 4, we will extend the circuit

in Fig. 1.35(b) to realize tunable all-to-all connectivity between four transmon qubits.

1.6 Summary

In this chapter, we discussed the building blocks of superconducting quantum networks,

including transmon qubits as quantum processing units, transmission lines as quantum com-

munication channels, and tunable couplers for qubit-qubit and qubit-channel couplings. In

the following chapters, we will integrate these elements to build quantum networks from

two nodes to four nodes, following the fabrication process introduced in Appendix G and

measuring them with the setup described in Appendix H.
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CHAPTER 2

ENTANGLEMENT PURIFICATION IN A TWO-NODE

NETWORK

2.1 Introduction

In Chapter 1, we give an introduction to the building blocks of superconducting quantum

networks. Starting with this chapter, we are going to build the networks and present the

experiments run on these setups.

In this chapter, we introduce a two-node network, where two quantum processors are

connected by a 1-meter-long superconducting coaxial cable [35]. We demonstrate entangle-

ment generation between two nodes and use the entanglement purification protocol to distill

the entangled states to higher fidelities [165]. In addition, we use both dynamical decoupling

and Rabi driving to protect the entangled states from local noise, increasing the effective

qubit dephasing times.

2.2 Experimental setup

An overview of the experimental setup is shown in Fig. 2.1, with a schematic in Fig. 2.1(a)

and a full circuit in Fig. 2.1(b). The system comprises two quantum network nodes A and

B, where each node includes three capacitively-coupled transmon qubits Qk
i (i = 1, 2, 3;

k = A,B). Qubits QA,B
3 are not used in the following experiments. The central qubit Qk

2 in

each node is directly coupled to a 1-meter-long niobium-titanium (NbTi) superconducting

coaxial cable via a gmon coupler Gk. The cable is connected to the coupler by aluminum

(Al) wirebonds. The packaged sample is shown in Fig. 2.2. More details can be found in

Ref. [35]. The measurement setup can be found in Appendix H.

We first turn off the couplers and benchmark the qubits. The qubit parameters are listed
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Figure 2.1: Overview of the two-node network: (a) schematic and (b) circuit. The network
comprises two nodes A and B, each with three capacitively-coupled transmon qubits. The
center qubit in each node is connected to a 1-meter-long superconducting NbTi coaxial cable
through a tunable coupler. Each qubit is measured by a λ/4 readout resonator which is
further coupled to a single-stage bandpass Purcell filter.

in Table 2.1. The qubits each have a relaxation time of T1 ≈ 10 µs and dephasing time

T2 ≈ 3 µs.

We use randomized benchmarking (RB) to characterize the single qubit gate performance

(see Section 1.4.6). Our single-qubit π gate duration is 30 ns and π/2 gate duration is 20 ns,

for all rotation axes, with gate durations optimized to balance qubit lifetime with state

leakage. To minimize the effect of the second excited state |f⟩, we use a DRAG correction

for all our single qubit gates [81]. We get an average single qubit RB gate fidelity of 99.8%.

We tune the frequency of our qubits to implement iSWAP and CZ gates as we discussed

in Section 1.4.5. To swap an excitation between Qk
1 and Qk

2 in the same node, we bring Qk
1

and Qk
2 on resonance. At τiSWAP = π/2gk12 ≈ 15 ns (k = A,B), we complete the |eg⟩ → i|ge⟩

process, which forms a iSWAP gate. To measure the efficiency of the iSWAP gate, we first
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Figure 2.2: Photo of the two-node network, adapted from Ref. [35].

rotate Qk
2 to |e⟩ and measure the excited state population Pe. Next, with Qk

2 in |g⟩, we

prepare Qk
1 in |e⟩, then swap the excitation to Qk

2 , followed by a measurement of Pe for Qk
2 .

Comparing the resulting Pe in the two experiments, we find a swap efficiency of ∼ 99%.

To implement a CZ gate between Qk
1 and Qk

2 , we bring |ee⟩ and |gf⟩ on resonance as

we discussed in Section 1.4.5. When |ee⟩ is on resonance with |gf⟩, the two-qubit state will

evolve as |ee⟩ → i|gf⟩ → −|ee⟩, yielding a CZ gate in a time τCZ ≈ 21 ns. To characterize the

gate performance, we perform process tomography (see Section 1.4.6) to obtain the process

χ matrix of the CZ gate. To overcome the issue of dynamical phase accumulated during

the CZ gate, here we directly tune the phase of the tomography pulses to get the right CZ

gate process χ matrix. We find process fidelities Fp for the CZ gate between QA
1 –QA

2 and
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QA
1 QA

2 QA
3 QB

1 QB
2 QB

3
ωq/2π 5.256 GHz 5.870 GHz 5.506 GHz 5.302 GHz 5.890 GHz 5.322 GHz
η/2π −230 MHz −150 MHz −230 MHz −230 MHz −150 MHz −230 MHz
T1 8.9 µs 5.7 µs 6.3 µs 22.1 µs 9.2 µs 21.1 µs
Tϕ 1.8 µs 3.1 µs 2.5 µs 2.2 µs 3.0 µs 1.8 µs
ωr/2π 6.605 GHz 6.550 GHz 6.503 GHz 6.506 GHz 6.556 GHz 6.608 GHz
τr 350 ns 450 ns 300 ns 400 ns 600 ns 350 ns
Fg 96.8% 97.4% 96.2% 98.8% 96.5% 98.3%
Fe 94.0% 92.7% 92.6% 93.6% 93.9% 93.9%

Table 2.1: Qubit parameters: the qubit operating frequency is ωq; the qubit anharmonicity
is η; the qubit lifetime and pure dephasing time at the operating point are T1 and Tϕ; the
readout resonator frequency is ωr; the readout pulse duration is τr; and the readout fidelities
of |g⟩ and |e⟩ states are Fg and Fe.

QB
1 –QB

2 of 95.93% ± 0.64% and 95.05% ± 0.68%, respectively. With two π/2 single qubit

gates and a CZ gate, we can implement a CNOT gate.

The coaxial cable has a free spectral range ωFSR/2π = 105 MHz, which is the frequency

of its λ/2 resonance. We use the qubits to benchmark the communication channel. We first

excite the qubit QA
2 , then turn on the coupler GA to coupling strength g/2π = 4.3 MHz while

tuning the qubit into resonance with the 5.806 GHz communication mode (Ln ∼ 121 nH);

the other coupler is left off. The pulse sequence can be found in the inset of Fig. 2.3(a).

The coupler junction is around LT ≈ 0.62 nH. The coupler has other linear inductance

2Lg = 0.4 nH and Lw = 0.1 nH (see Eq. 1.175). We can observe vacuum Rabi oscillations

between the qubit QA
2 and the communication mode as is shown in Fig. 2.3(a). We also

perform the same measurement on the qubit QB
2 side with the results shown in Fig. 2.3(b).

Numerical simulations show that the qubit T1 and Tϕ are shortened to around 2 µs and 1 µs

respectively, likely due to losses associated with the wire-bond connection [35].

To characterize this mode, we first prepare QB
2 in |e⟩ and swap the excitation to the cable,

leave the excitation in the cable mode for a time t, and then swap it back to QB
2 to measure

the remnant excitation, shown in Fig. 2.4. The swap duration used for this measurement is

30 ns. The measured T1r is 477.3± 8.1 ns, corresponding to a quality factor Q = 1.7× 104.
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Figure 2.3: Vacuum Rabi oscillations between the 5.806 GHz communication mode and
the qubit (a) QA

2 and (b) QB
2 . Red circles are experimental data, gray lines are numerical

simulations with T1 in Table 2.1. Grey dashed lines are numerical simulations with shortened
T1, which implies that T1 is affected by the coupling strength between the qubit and cable.

The full Hamiltonian of our system in the rotating frame can be written using the fol-

lowing multi-qubit, multi-mode communication channel model:

H/ℏ =

k=A,B∑
i=1,2,3

∆ωki a
k†
i σ

k
i +

M∑
m=1

(
m− M + 1

2

)
ωFSRb

†
mbm

+

k=A,B∑
j=1,3

gkj,2(a
k
2a

k†
j + a

k†
2 a

k
j )

+
M∑

m=1

gAm(aA2 b
†
m + a

A†
2 bm) +

M∑
m=1

(−1)mgBm(aB2 b
†
m + a

B†
2 bm),

(2.1)
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Figure 2.4: Lifetime measurement of the 5.806 GHz communication mode.

where aki and bm are the annihilation operators for qubit Qk
i and the mth cable mode

respectively, ∆ωki is the qubit frequency detuning to the rotating frame frequency, M is

the number of standing modes considered in the simulation, ωFSR is free spectral range of

the cable modes, gkj,2 is the coupling strength between Qk
j and Qk

2 , and gkm is the coupling

strength between Qk
2 and the mth cable mode. The rotating frame frequency is set to the

frequency of the communication mode. The sign of gBm alternates with the mode number m

due to the parity dependence of the standing wave modes. We will use the above Hamiltonian

and measured qubit and channel coherence times to simulate the system dynamics.

2.3 Entanglement generation

In Fig. 2.5, we display the deterministic generation of a Bell state distributed between nodes

A and B. Using the tunable coupler, we swap a “half-photon” from QA
2 to QB

2 with the

communication mode C as an intermediate bus. The pulse sequence is shown inset in Fig.

2.5(a), where we first apply a π pulse to bring QA
2 from its ground state |g⟩ to its first

excited state |e⟩, then turn on QA
2 ’s coupler GA to coupling strength gA/2π = 4.3 MHz

while tuning QA
2 into resonance with the communication mode C. The swap time for a full
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Figure 2.5: Deterministic Bell state generation. (a) Inset: Pulse sequence for Bell state
generation, including the delay time td that the excitation resides in the communication
mode C. Main plot shows |e⟩ state population Pe in QA

2 (blue), and in QB
2 for different

delay times in the cable td = 50 ns (orange) and td = 200 ns (red). (b) Bell state fidelity F
as a function of delay time td. (c) Bell state tomography for td = 10 ns and (d) td = 400 ns.
Blue dashed lines in (b) and (b), and dashed outline boxes in (c) and (d), are results from
numerical simulations.

photon emission (|e0g⟩ → i|g1g⟩, representing states as |QA
2 CQ

B
2 ⟩) is ∼ 60 ns. Here we

turn on the coupling for 30 ns, which swaps a half-excitation to the cable mode (ideally,

|e0g⟩ → (|e0g⟩ + i|g1g⟩)/
√
2). We then turn off the coupler GA and after a time delay td,

set GB ’s coupling strength to gB/2π = 4.3 MHz while tuning QB
2 into resonance with the

communication mode. After a 60 ns full swap, this generates a Bell state between QA
2 and

QB
2 , ideally |ψ−⟩ = (|eg⟩−|ge⟩)/

√
2 (writing the two-qubit state as |QA

2 Q
B
2 ⟩). In Fig. 2.5(a)
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we show the excited state probability for QB
2 for two different delay times, td = 50 ns

(orange) and 200 ns (red), along with QA
2 (blue). These data clearly show the reduction in

QB
2 ’s excited state probability Pe with delay time td.

In Fig. 2.5(b), we display the effect of the delay time in the cable td on the Bell state

fidelity F , defined as F = ⟨ψ−|ρ|ψ−⟩, displaying the two-qubit density matrix ρ measured

using state tomography (see Section 1.4.6). Numerical simulations (dashed blue line) are

in good agreement with the measurements. In Fig. 2.5(c-d) we show the measured density

matrices for the time delays td = 10 ns and td = 400 ns. For the data in Fig. 2.5(c),

the measured fidelity to the ideal Bell state is F = 92.89 ± 0.85%, close to the numerical

simulation result F sim = 92.01%. The data indicate that the dominant infidelity is due to

damping errors (|1⟩ → |0⟩) in the cable, which increase with delay time in the cable, with a

much smaller contribution from phase errors in the qubits (|g⟩+ |e⟩)/
√
2 ↔ (|g⟩ − |e⟩)/

√
2.

Damping results in a larger |Tr(ρ|gg⟩⟨gg|)| component in the density matrix, while phase

decoherence yields smaller off-diagonal terms in ρ. From the data at delay td = 400 ns, we

estimate that ∼ 94% percent of the infidelity is due to damping errors (∼ 82% from cable

loss and ∼ 12% from qubit decay) and ∼ 6% percent is due to qubit dephasing.

2.4 Entanglement purification

Amplitude damping of the microwave photons limits the fidelity of the entangled pairs.

Here we demonstrate the use of an entanglement purification protocol [166] to correct these

errors. Entanglement purification via distillation has been demonstrated in linear optics

[167, 168, 169, 170], as well as with trapped ions [171] and defects in diamond [172]. In

superconducting qubits, mitigating the photon loss in a communication channel has been

achieved using adiabatic methods [142] as well as through error-correctable qubits [173]. In

contrast to adiabatic protocols which require remote synchronization [174, 142], purification

protocols can achieve near unit-fidelity Bell states using only local operations. The purifica-
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Figure 2.6: Entanglement purification. (a) Circuit schematic. (b) Experimental realization
of the purification circuit in (a). The ST/2 process is a “half-photon” transfer process as in
Fig. 2.5(a). We prepare the first Bell pair |QA

2 Q
B
2 ⟩ followed by swaps into |QA

1 Q
B
1 ⟩. We then

generate the second Bell pair in |QA
2 Q

B
2 ⟩ and purify using these two pairs.

tion performance should be similar to protocols using error-correctable qubits, but with no

additional requirements for intricate qubit encoding and quantum non-demolition measure-

ments [175, 173]. Here we show that amplitude damping errors can be effectively corrected

by a purification protocol including measurement and post-selection.

The purification circuit is shown in Fig. 2.6(a), where two impure Bell pairs ρ(1) and

ρ(2) are created between the two nodes, which serve as the source (ρ(1)) and target pairs

(ρ(2)). Parallel CNOT gates are performed between the qubits in each node, followed by

Z measurements of the source pair ρ(1), using the measurement results to post-select from

ρ(2). The result is a purified Bell pair ρf with a higher fidelity to the purification target state

|ψ+⟩ = (|eg⟩+ |ge⟩)/
√
2 [166]. In the following, we will discuss how this purification circuit

acts on different noise sources.

The four Bell states |ψ±⟩, |ϕ±⟩ are

|ψ±⟩ = 1√
2
(|eg⟩ ± |eg⟩), (2.2)

|ϕ±⟩ = 1√
2
(|gg⟩ ± |ee⟩). (2.3)
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The ideal Bell state via cable-mediated entanglement is |ψ−⟩,

ρideal = |ψ−⟩⟨ψ−| = 1

2



0 0 0 0

0 1 −1 0

0 −1 1 0

0 0 0 0


. (2.4)

For a bit-flip error channel with error probability p, the process is represented by the oper-

ators

E0 =
√

1− pI, (2.5)

E1 =
√
pX. (2.6)

If we assume only one qubit suffers from a bit-flip error, the final state will be

ρ = E(ρ) =
∑
i

I ⊗ Ei · ρideal · I ⊗ E
†
i = (1− p

2
)|ψ−⟩⟨ψ−|+ p

2
|ϕ−⟩⟨ϕ−|, (2.7)

with a fidelity F = 1− p/2. After applying the bit-purification circuit shown in Fig. 2.6(a),

the final state fidelity will be

F ′ =
F2

F2 + (1−F)2
, (2.8)

with post-selection of |gg⟩ or |ee⟩.

For a phase-flip error channel, the process is represented by

E0 =
√
1− pI, (2.9)

E1 =
√
pZ. (2.10)
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If we again assume only one qubit suffers from a phase-flip error, the final state will be

ρ = E(ρ) =
∑
i

I ⊗ Ei · ρideal · I ⊗ E
†
i = (1− p

2
)|ψ−⟩⟨ψ−|+ p

2
|ψ+⟩⟨ψ+|, (2.11)

with a final state fidelity F = 1−p/2, where |ψ+⟩ = (|eg⟩+|ge⟩)/
√
2. The phase-purification

circuit shown in Fig. 2.9(b) acts similarly to the bit-flip purification circuit.

Considering an amplitude-damping error channel, the channel representation is

E0 =

1 0

0
√
1− p

 , (2.12)

E1 =

0 √
p

0 0

 . (2.13)

Assuming only one qubit suffers an amplitude-damping error, the final state will be

ρ =
∑
i

I ⊗ Ei · ρideal · I ⊗ E
†
i

=
1 +

√
1− p

2
|ψ−⟩⟨ψ−|+ 1−

√
1− p

2
|ψ+⟩⟨ψ+|+ p

2
(|gg⟩⟨gg| − |ge⟩⟨ge|)

=
1

2



p 0 0 0

0 1− p −
√
1− p 0

0 −
√
1− p 1 0

0 0 0 0


,

(2.14)

with fidelity

F =
2− p+ 2

√
1− p

4
∼ 1− p

2
. (2.15)

Applying the bit-purification circuit with post-selection of the |gg⟩ state, the final state and
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its fidelity will be

ρ′ =
1

2(1− p+ p2)



p2 0 0 0

0 (1− p)2 1− p 0

0 1− p 1 0

0 0 0 0


, (2.16)

F ′ =
(2− p)2

4(1− p+ p2)
∼ 1− 3p2

4
, (2.17)

with a success rate (1− p + p2)/2, and only part of damping errors are corrected. If we do

the post-selection with the |ee⟩ state, the final state and its fidelity will be

ρ′ = |ψ+⟩⟨ψ+|, (2.18)

F ′ = 1, (2.19)

with a success rate of (1− p)/2 and all the damping errors are corrected.

If we consider both phase and amplitude-damping errors, the state before purification

can be written as

ρ = (1− ϵp)|ψ−⟩⟨ψ−|+ ϵp|ψ+⟩⟨ψ+|+ ϵd(|gg⟩⟨gg| − |ge⟩⟨ge|), (2.20)

F = 1− ϵd
2

− ϵp. (2.21)

80



After applying the bit-purification circuit with post-selection of |gg⟩, the final state will be

ρ′ =
1

2(1− 2ϵd + 4ϵ2d)



4ϵ2d 0 0 0

0 (1− 2ϵd)
2 (1− 2ϵp)

2 0

0 (1− 2ϵp)
2 1 0

0 0 0 0


, (2.22)

F ′ =
1− ϵd − 2ϵp + ϵ2d + 2ϵ2p

1− 2ϵd + 4ϵ2d
(2.23)

with a success rate 0.5− ϵd+2ϵ2d and non-zero ground state population 2ϵ2d/(1− 2ϵd+4ϵ2d).

If we do the post-selection of |ee⟩, the final state will be

ρ′ = (1− ϵ′p)|ψ+⟩⟨ψ+|+ ϵ′p|ψ−⟩⟨ψ−|, (2.24)

ϵ′p =
2ϵp − 2ϵ2p − ϵd

1− 2ϵd
, (2.25)

F ′ = 1− ϵ′p ∼= 1 + ϵd − 2ϵp, (2.26)

with a success rate 0.5−ϵd and zero ground state population. Here we focus on the measure-

ment result |ee⟩, where the damping error is fully corrected and purification yields higher

Bell state fidelities than the |gg⟩ measurement result.

We implement the purification process as shown in Fig. 2.6(b). After generating the first

Bell pair, shared between the two nodes in |QA
2 Q

B
2 ⟩, we apply two parallel iSWAP gates that

transfer the state to |QA
1 Q

B
1 ⟩, with an efficiency over 99%. We then generate the second

Bell pair in |QA
2 Q

B
2 ⟩ using the same sequence as for the first Bell pair. We indirectly vary

the cable loss by changing the delay time td the half-photon resides in the cable. In the

experiment, we find that the Bell state fidelity suffers if we leave the qubit frequency of QA
1

fixed. This could be due to static ZZ interaction between QA
1 and QA

2 during the excitation

pulse used for generating the second Bell state, as when generating the second Bell pair,
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Figure 2.7: (a) Bell state fidelity F before purification for |QA
2 Q

B
2 ⟩ (blue) and |QA

1 Q
B
1 ⟩

(orange), and after purification for |QA
2 Q

B
2 ⟩ (green), each measured as a function of delay

time td. The grey dashed line is for error-free purification between two identical impure Bell
states. (b) Success rate for purification, which is the probability of measuring |QA

1 Q
B
1 ⟩⟩ in

|ee⟩ with (red) and without (purple) readout correction (see Section 1.4.4).

both QA
1 and QA

2 have a population in their |e⟩ states. We find that when we tune QA
1

frequency from 5.25 GHz to ∼ 4.9 GHz, the fidelity of the second Bell state is closer to that

of the initial state fidelity.

Pre-purification measurements of the two Bell states in |QA
1 Q

B
1 ⟩ and |QA

2 Q
B
2 ⟩, represent-

ing ρ(1) and ρ(2) respectively, are shown in Fig. 2.7(a). These indicate the fidelity of the

second Bell pair in |QA
2 Q

B
2 ⟩ is a few percent lower than the Bell pair in Fig. 2.5(b), due to

imperfections in the iSWAP gates and possible interference with the first Bell pair during

the second Bell pair generation. The first Bell pair’s fidelity also falls due to qubit decay

during the second Bell pair generation. The purifying CNOT gate, with |QA
2 Q

B
2 ⟩ as the
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control, is implemented using a CZ gate combined with two single-qubit Y/2 gates applied

to |QA
1 Q

B
1 ⟩. Following the CNOT gates, we perform Z measurements of QA,B

1 and tomog-

raphy measurements of QA,B
2 . We post-select as purified states those with |QA

1 Q
B
1 ⟩ = |ee⟩;

this purification process targets the ideal Bell state |ψ+⟩.

The fidelity of the purified state, representing ρf , is shown in Fig. 2.7(a) as a function of

delay td. Larger td shows larger purification improvement, as there is more photon loss during

cable transmission; the best fidelity of 94.09% ± 0.98% is for the shortest delay td = 20 ns.

The largest fractional improvement in fidelity, defined as the change in fidelity divided by

the initial (pre-purification) fidelity, is 25%, achieved for the longest delay td = 400 ns. The

success rate, given by the probability of measuring |QA
1 Q

B
1 ⟩ in |ee⟩, is shown in Fig. 2.7(b),

which falls for longer delay times, as expected: The main limitation is due to storage decay

of the first Bell pair, whose lower fidelity limits both the success rate and the purified fidelity.

The gray dashed line shows the expected purified Bell state fidelity for two identical Bell

pairs matching |QA
2 Q

B
2 ⟩.

To better visualize the purification process, we present the full state tomography of the

entanglement purification results when td = 150 ns in Fig. 2.8. When the measurement

results for |QA
1 Q

B
1 ⟩ are not consistent, the final state of |QA

2 Q
B
2 ⟩ will be a mixed state (see

Fig. 2.8(d-e)). When |QA
1 Q

B
1 ⟩ = |gg⟩, the final state of |QA

2 Q
B
2 ⟩ will have both damping

and phase errors (see Fig. 2.8(c)). Only when |QA
1 Q

B
1 ⟩ = |ee⟩, then the damping error is

corrected (see Fig. 2.8(f)), with a state fidelity 86.9 ± 1.8%. The purified state has more

than 10% fidelity improvement and damping errors are mostly corrected.

There are several other entanglement purification protocols [166, 176, 177] that can be

implemented using this system. We performed numerical simulations to explore the expected

results of each protocol shown in Fig. 2.9. The bit-purification circuit has the best outcomes.

When using the phase error correction circuit, there is negligible improvement after purifi-

cation, which is as expected, as the main errors are due to amplitude damping. In the
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Figure 2.8: Full state tomography of entanglement purification results when td = 150 ns.
(a-b) State tomography of (a) |QA

1 Q
B
1 ⟩ and (b) |QA

2 Q
B
2 ⟩ before purification. (c-f) State to-

mography of |QA
2 Q

B
2 ⟩ for different |QA

1 Q
B
1 ⟩ measurement results. Dashed lines are numerical

simulation results.

simulations, double-selection purification introduced in Ref. [176] has similar performance

to bit-purification when the cable delay td is small but becomes worse when td is large, re-

sulting in larger (and therefore dominant) amplitude damping errors. Here we only perform

purification that corrects damping errors, as this has the best simulated performance. More

complex purification protocols [177] can be explored if we had a better quantum memory

(e.g. larger T1 in the storage qubits), or if we had multiple communication channels, avoiding

the need to store the first Bell pair.
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Figure 2.9: Results of numerical simulations to evaluate different entanglement purification
protocols. (a-c) Different entanglement purification circuits used in numerical simulations:
(a) bit-error purification circuit, (b) phase-error purification circuit, (c) double-selection
purification circuit [176]. (d) Simulated purification results for the protocols in (a-c). Blue
lines are states before purification including (lightest) and not including (darkest) state decay
during state storage. Simulated results are for the bit-purification (red), phase-purification
(green), and purification with double selection (orange). Dashed lines are purification results
with ideal Bell pairs ρ(0), while solid lines include state decay during storage.

2.5 Entanglement protection

The purification protocol is mostly limited by decoherence in the qubits. The dephasing

time T2 ∼ 3 µs of our qubits is significantly shorter than the energy relaxation time T1 ∼

10 µs, indicative of extra dephasing channels, possibly due to flux noise, to which frequency-

tunable transmons are particularly susceptible (see Section 1.4.2). Using either dynamical

decoupling (DD), or a simpler Rabi drive (RD), we can protect the Bell pairs from the local

noise that generates some of this decoherence. DD is a technique commonly used in spin

systems [178, 179], where periodic pulse sequences average the effective environmental noise

to near zero, yielding significantly extended qubit coherence times [180, 181, 182], as well
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Figure 2.10: Entanglement protection using either dynamical decoupling (DD) or Rabi driv-
ing (RD). (a) Pulse sequence for DD and (b) RD. The ST/2 gate corresponds to the half-
photon transfer process as shown in Fig. 2.5(b), with cable delay td = 10 ns. (c) Bell state
fidelity as a function of time for free evolution (blue), DD (orange), and for Rabi drive
strengths Ω/2π = 5 MHz (green) and Ω/2π = 3.3 MHz (red). Numerical simulations are for
free evolution including amplitude and phase decay (blue dashed line) and for free evolution
with only T1 decay (grey dashed line).

as suppression of multi-qubit correlated noise [183, 184]. The quantum circuit for DD is

shown in Fig. 2.10(a), where we apply a sequence of X gates to both qubits after generating

a Bell state; the simpler RD is shown in Fig. 2.10(b). The DD X gate we use is a π-pulse

with an additional DRAG correction [81]. The gate fidelity, as determined by randomized

benchmarking [132], is 99.7%, with a gate duration of 30 ns. Following each X gate, we

insert 5 ns of buffer time, so that each DD cycle, comprising two X gates, takes 70 ns. To

evaluate the performance of the DD sequence, we perform state tomography after a varying

number of DD cycles, with the results shown in Fig. 2.10(c). We see that DD significantly

improves the Bell state fidelity, approaching the fidelity associated with pure T1 dephasing
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(gray dashed line). For a 1.4 µs evolution time, the state fidelity improves from 57.6± 3.0%

to 71.7± 2.3%.

We find that for a larger drive strength Ω/2π = 10.0 MHz, the state fidelity decays much

faster, which could be due to leakage to the higher excited states resulting in imperfect

control of the qubit [165]. We also tried to combine RD/DD with entanglement purification

to improve the performance of purification. However, we found in the experiment that to

preserve the fidelity of the first Bell pair in |QA
1 Q

B
1 ⟩ during the generation of the second

Bell pair, it is necessary to frequency-bias QA
1 away from QA

2 . This frequency bias requires

applying a z pulse to QA
1 . We found experimentally that the DD/RD signals did not improve

the Bell state fidelities when combined with the z pulses. It could be due to spurious noise

introduced by the z pulses, and/or imperfections in the pulse shapes. This meant we could

not successfully combine DD/RD with purification.

2.6 Outlook

With this two-node superconducting quantum network, we demonstrate that purification

protocols successfully correct amplitude-damping errors caused by the lossy communication

channel, improving the state fidelity to 94.09 ± 0.98%. There are also efforts to reduce the

channel loss to directly generate entangled states with high fidelity [185]. The advantage

of purification protocols is that their performance will only be limited by local gates and

measurements, which are high-fidelity for superconducting qubits.
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CHAPTER 3

QUANTUM SECRET SHARING IN A THREE-NODE

NETWORK

3.1 Introduction

In Chapter 2, we use transmon qubits, gmon couplers, and coaxial cables to build a two-node

superconducting quantum network. This scheme can be extended to three nodes, which can

be used as a testbed for more quantum communication protocols.

Here we introduce a three-node network as is shown in Fig. 3.1. There are three nodes

connected, forming a triangle structure. Each node contains two capacitively coupled trans-

mon qubits. The transmon qubit is coupled to the communication channel through a gmon

coupler. We use coplanar waveguide (CPW) lines as our communication channels instead

of the coaxial cables used in the two-node network, which is a simpler first step towards a

more difficult multi-chip experiment with coaxial cables.

A1 A2

GA2GA1

GC1GB1

GB2 GC21.3-meter CPW line
B2

B1

C2

C1

Figure 3.1: Overview of the three-node network. Three nodes form a triangle network, with
two coupled qubits (dark blue) in each node. Each qubit is connected to its communication
channel (light blue) through a tunable coupler (red).

88



(c)

λ\
2

λ/4

A1

A2

in

out

GA2

GA1

xy z

xy z g

g

channel A-B

channel A-C

channel A-B

channel A-C

A1

A2

GA1

GA2

(a) (b)

(d)

500 μm

Figure 3.2: (a) Schematic, (b) circuit, (c) layout, and (d) photo of one node. Two capacitively
coupled transmons (dark blue) are controlled individually by xy drive lines (cyan) and z flux
lines (green). Each transmon is coupled to a communication channel (light blue) through a
gmon coupler (red), with the coupling strength tuned by a g flux line (purple).

3.2 Experimental setup

A more detailed circuit and layout of each node are shown in Fig. 3.2. In Fig. 3.2(b), we

present the circuit of each node, where two capacitively coupled transmons (dark blue) are

controlled individually by xy drive lines (cyan) and z flux lines (green). Each transmon is

coupled to a communication channel (light blue) through a gmon coupler (red), with the

coupling strength tuned by a g flux line (purple).

In Fig. 3.2(c), we present the layout of one node, where we make the capacitors of the

transmons to be a T shape instead of the commonly used X shape [74] to place the flux lines

of two qubits and couplers further apart, aiming to minimize the flux crosstalk. Each qubit

is dispersively coupled to a λ/4 resonator (orange) for measurement. There is a λ/2 single-

stage bandpass Purcell filter (yellow) in each node to protect the qubits from the readout

channel (see Section 1.4.4).
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5 mm

Figure 3.3: Photo of the three-node network. The 20 mm × 20 mm sample is wire-bonded
to a PCB for measurement.

The photos of one node and the whole device are shown in Fig. 3.2(c) and Fig. 3.3 respec-

tively. There is a 1.3-meter-long CPW line between two nodes (the meandered structure),

which has a center conductor width of 8 µm and a gap to the ground of 4 µm, with a char-

acteristic impedance of 50 Ω. The sample is fabricated on a 4-inch sapphire wafer and diced

into a 20 mm× 20 mm die. A more detailed fabrication process of the qubits and long lines

can be found in Appendix G. The sample is wire-bonded to a printed circuit board (PCB)

with 24 SMA connectors and cooled in a dilution refrigerator for measurement. More details

on the measurement setup can be found in Appendix H.

We first turn off the couplers and characterize the qubits. All the measured parameters

are listed in Table 3.1. Each qubit has a relaxation time T1 of around 10 µs and a pure

dephasing time Tϕ of around 800 ns. The relatively short Tϕ is because the qubit operating

frequencies are far below (> 1 GHz) their maximum frequencies, which makes the qubits

more sensitive to flux noise. The qubit A1 has an unexpectedly shorter Tϕ, which a noisy DC
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A1 A2 B1 B2 C1 C2

T1 13 µs 7 µs 15 µs 12 µs 13 µs 10 µs
Tϕ 170 ns 970 ns 700 ns 810 ns 600 ns 990 ns
ωq/2π 5.147 GHz 4.824 GHz 4.799 GHz 5.119 GHz 4.717 GHz 5.111 GHz
η/2π −158 MHz −167 MHz −165 MHz −166 MHz −170 MHz −171 MHz
ωr/2π 6.055 GHz 6.008 GHz 5.978 GHz 6.045 GHz 5.976 GHz 6.049 GHz
χge/2π −2.1 MHz −2.0 MHz −4.2 MHz −3.0 MHz −3.6 MHz −2.6 MHz
τr/2π 820 ns 800 ns 720 ns 780 ns 560 ns 520 ns
Fg 98% 97% 99% 98% 99% 99%
Fe 93% 93% 95% 90% 94% 94%
F1Q 99.5% 99.4% 99.7% 99.6% 99.6% 99.6%

gqq/2π 11.4 MHz 11.4 MHz 11.4 MHz
ζqq/2π 1.2 MHz 1.3 MHz 0.6 MHz
FCZ N/A 95.5% 95.6%

Table 3.1: Qubit parameters: the qubit operating frequency is ωq; the qubit anharmonicity
is η; the qubit lifetime and pure dephasing time at the operating point are T1 and Tϕ; the
readout resonator frequency is ωr; the readout resonator dispersive shift between qubit |g⟩
and |e⟩ states is χge; the readout pulse duration is τr; the readout fidelities of |g⟩ and |e⟩
states are Fg and Fe; the average single-qubit gate fidelity measured by RB is F1Q; the
qubit-qubit coupling strength and ZZ interaction strength are gqq and ζqq; and the CZ gate
fidelity measured by XEB is FCZ.

source might cause as we observe a longer Tϕ in a measurement before the data in Table 3.1

was taken. All the qubit anharmonicities are around −170 MHz. The small anharmonicity

comes from the linear inductor in the gmon coupler (see Eq. 1.123). All the single qubit

rotations are performed by 30 ns pulses with a cosine envelope and DRAG correction [81].

We benchmark all the single-qubit gates with randomized benchmarking (RB) and get an

average gate fidelity of around 99.6% (see Section 1.4.6).

We detune the neighbor qubit away by around 300 MHz. We can realize iSWAP and

CZ gates by biasing the frequency of one qubit (see Section 1.4.5). The coupling strength

between two neighbor qubits gqq is measured by the duration of the iSWAP gate between

them, which gives an iSWAP gate duration of 22 ns and a CZ gate duration of 31 ns. The ZZ

interaction strength ζqq is measured by probing the frequency shift of one qubit depending

on the state of the other qubit, which is measured by a Ramsey-type experiment. We can
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Figure 3.4: Vacuum Rabi oscillations between the qubit and communication modes: (a)
sweeping the frequency of qubit C1 and (b) interacting with the ωc/2π = 4.743 GHz com-
munication mode (dashed line in (a)). The coupling strength between the qubit and the
communication modes g/2π is fixed to 2.5 MHz, corresponding to a swap duration of around
100 ns.

see that the measured ZZ interactions ζqq match well with Eq. 1.150. We benchmark the

CZ gates by cross-entropy benchmarking (XEB) (see Section 1.4.6) and get an average gate

fidelity of around 95.6%. We didn’t benchmark the CZ gate between qubits A1 and A2 as

it is not used in the following experiments due to the short Tϕ of the qubit A1. All the

benchmarked qubit parameters are listed in Table 3.1.

We characterize the communication channels using the qubits. We first excite the qubit

with π pulse and then turn on the coupler and sweep the qubit frequency simultaneously. The

pulse sequence is shown in the inset of Fig. 3.4(b). In Fig. 3.4(a), we present the vacuum Rabi

oscillations between the qubit and multiple communication modes, from which we can see

that the 1.3-meter CPW line has a free spectrum range (FSR) ωFSR/2π of around 50 MHz.

In Fig. 3.4(b), we plot the evolution of qubit excitation when interacting with the ωc/2π =

4.743 GHz mode (dashed line in Fig. 3.4(a)), which we will use as the communication mode.
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Figure 3.5: State transfer and entanglement generation between two nodes. (a) Pulse se-
quence. (b) Qubit |e⟩ state populations Pe versus the duration of the first swap τ1. ST
stands for the state transfer process and ST/2 stands for the Bell state generation process.
(c) The density matrix of the generated Bell state.

We use the same method in Fig. 2.4 to measure the lifetime T1 of this communication mode,

which gives us a T1 of 1.2 µs. We also measure the dephasing time of the communication

mode by preparing the qubit in the superposition state (|g⟩+ |e⟩)/
√
2 using a π/2 pulse and

swapping it to the communication mode and swapping it back, performing a Ramsey-like

measurement. We get a dephasing time T2 of 2.3 µs. All the measured results for three

communication channels between three nodes are listed in Table 3.2. We can consistently

get channel lifetimes T1 of 1 µs, corresponding to quality factors of 3× 104, lower than the

long CPW lines used in Refs. [141, 186], which might be caused by the different geometry

and fabrication process. The maximum coupling strength gmax between the qubit and the

communication mode is around 10 MHz, corresponding to a coupler junction LT of 0.7 nH

(see Fig. 1.32). The maximum coupling strength gmax is smaller than the FSR ωFSR, which

means that before the photon is completely released to the communication channel, it will

bounce back from the other end. Thus we cannot use the itinerant photon to realize state

transfer [141, 187, 186].

We realize state transfer and entanglement generation between two nodes using the pulse

sequence shown in Fig. 3.5(a). We first excite one qubit Q1 to its |e⟩ state, then turn on its

coupler G1 and bring the qubit on resonance with the communication mode for a duration
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A2 − C1 C2 −B2 B1 − A1

ωc/2π 4.743 GHz 5.135 GHz 4.905 GHz
T1 1.2 µs 1.0 µs 1.0 µs
T2 2.3 µs 2.0 µs 2.0 µs
ηt 88.7± 0.8% 89.0± 1.6% 83.6± 3.0%
FBell 95.1± 0.8% 95.3± 1.0% 86.2± 0.5%

Table 3.2: Communication channels characterization: frequency ωc/2π, lifetime T1, and
dephasing time T2. State transfer efficiency ηt and Bell state fidelity FBell.

of τ1. This will give us a state cos(g1τ1)|e0⟩ + i sin(g1τ1)|g1⟩, where we write the quantum

state as |Q1C⟩ and g1 is the coupling strength between the qubit Q1 and the communication

mode. Then we turn on the coupler G2 on the other side of the channel and bring the other

qubit Q2 on resonance with the communication mode for a duration of τ2 = π/g2, which

will swap states between the communication mode and the qubit Q2, resulting in a state

cos(g1τ1)|eg⟩ − sin(g1τ1)|ge⟩, written in the form |Q1Q2⟩. In Fig. 3.5(b), we plot the qubit

|e⟩ state populations versus the first swap duration τ1. When τ1 = π/2g1 (red arrow), we

generate a Bell state |ψ−⟩ = (|eg⟩ − |ge⟩)/
√
2 similar to what we did in Chapter 2. We will

label the Bell state generation process as ST/2. The generated Bell state between qubits A2

and C1 is plotted in Fig. 3.5(c), with a fidelity FBell of 95.1± 0.8%. When τ1 = π/g1 (green

arrow), we realize the state transfer between two nodes, which we will label as ST. We get

a state transfer efficiency ηt of 88.7 ± 0.8% between A2 and C1, defined as the transferred

|e⟩ state populations. To get high Bell state fidelity and state transfer efficiency, we set

g1/2π to 2.5 MHz to minimize the leakage to other channel modes, and g2/2π to 3.1 MHz

to maximize the swap speed.

We benchmark all three channels, with the lifetime T1, dephasing time T2, state transfer

efficiency ηt and Bell state fidelity FBell listed in Table 3.2. The lower state transfer efficiency

ηt and Bell state fidelity FBell between B1 and A1 comes from the short dephasing time of

A1 (see Table 3.1).

94



3.3 Entanglement swapping

We can explore more quantum communication protocols when extending to more quantum

nodes. One example is entanglement swapping [188], with the scheme shown in Fig. 3.6(a).

In entanglement swapping, we first prepare two Bell states in A2C1 and C2B2, and then do

a Bell measurement on C1C2, which maps |C1C2⟩ to one of the Bell states. The resulting

state |A2B2⟩ will also be a Bell state. Thus we can entangle qubits A2 and B2 without a

direct communication channel.

Entanglement swapping can be viewed as a special case of quantum teleportation [189],

where the state of C1 is teleported to B2 (or C2 to A2). Entanglement swapping helps build

the quantum repeaters, which are key elements for long-distance quantum communication

using fiber optics [190, 191]. Furthermore, entanglement-swapping experiments are also used

to explore the bilocal correlations [192, 193, 194]. Recently, people showed the use of complex

numbers in quantum theory is a requirement using the entanglement-swapping experiments

[195, 196, 197].

In entanglement swapping, we need to perform a Bell measurement, which projects the

two-qubit states to Bell states. For superconducting qubits, the dispersive readout measures

the qubits along the z-axis. Thus we need to transform the Bell states to product states

and then perform the readout, e.g. |ψ−⟩ → |gg⟩. The circuit for entanglement swapping is

shown in Fig. 3.6(b). To better visualize how the circuit works, we write down the states

after each step. The Bell state we generate between two nodes is |ψ−⟩ = (|eg⟩ − |ge⟩)/
√
2.

The initial state of two Bell states written in |C1C2A2B2⟩ is

1

2
(|ggee⟩ − |geeg⟩ − |egge⟩+ |eegg⟩). (3.1)

The −Y/2, Y/2 and CZ gates together form a CNOT gate with C1 as the control qubit and

95



(a)

(c) (e) (f)

ST/2

ST/2

X

−Y/2 Y/2

X/2

X

X

X

X

X

X

X X X

Bell states Bell measurement

(     )

(     )

|C1C2⟩ in |gg⟩ |C1C2⟩ in |ge⟩
(d)

|C1C2⟩ in |ee⟩

(b)

A2

C1

C2

B2

A2

C1

C2

B2

|C1C2⟩ in |eg⟩

Figure 3.6: Entanglement swapping. (a) Schematic, (b) circuit realization, and (c-f) states
of |A2B2⟩ after the swapping depending on the measurement results on |C1C2⟩. The entan-
glement on A2C1 and C2B2 is swapped to A2B2.

C2 as the target qubit. After this CNOT gate, the state becomes

1

2
(|ggee⟩ − |geeg⟩ − |eege⟩+ |eggg⟩). (3.2)

The X/2 gate transforms |g⟩ to (|g⟩ − i|e⟩)/
√
2 and |e⟩ to (−i|g⟩+ |e⟩)/

√
2, which gives us

the state,

1

2
√
2
(|ggee⟩ − i|egee⟩ − |geeg⟩+ i|eeeg⟩+ i|gege⟩ − |eege⟩ − i|gggg⟩+ |eggg⟩)

=
1

2
√
2

(
|gg⟩(|ee⟩ − i|gg⟩)− |ge⟩(|eg⟩ − i|ge⟩) + |eg⟩(|gg⟩ − i|ee⟩)− |ee⟩(|ge⟩ − i|eg⟩)

)
.

(3.3)

We also apply three dynamical decoupling (DD) X gates on A2 and B2 respectively to reduce

the dephasing effects similar to what we did in Section 2.5. After these X gates, we get the
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output states of |A2B2⟩ = |ψmn⟩ when |C1C2⟩ is measured in |mn⟩,

|ψgg⟩ =
1√
2
(|gg⟩ − i|ee⟩), (3.4)

|ψge⟩ =
1√
2
(|ge⟩ − i|eg⟩), (3.5)

|ψeg⟩ =
1√
2
(|gg⟩+ i|ee⟩), (3.6)

|ψee⟩ =
1√
2
(|ge⟩+ i|eg⟩), (3.7)

which are all maximally entangled states with a phase difference from the Bell states. If

we replace the X/2 gate with a Y/2 or a Hadamard H gate, all the output states will be

Bell states. We perform the state tomography (see Section 1.4.6) of all four possible output

states and get state fidelities of 77.9 ± 1.6%, 81.5 ± 1.5%, 80.2 ± 1.2%, 81.8 ± 1.3%, with

the density matrices plotted in Fig. 3.6(c-g). To further reduce the measurement errors, we

apply optional X gates on C1 and C2 to map |C1C2⟩ to |ee⟩ when doing the tomography

of the target output states. The performance is limited by gate errors, measurement errors,

and qubits A2 and B2 dephasing during local operations on qubits C1 and C2.

3.4 GHZ states generation

GHZ states [198] have many applications, e.g. quantum sensing [199, 7], quantum secret

sharing (QSS) [200], etc. Here we generate GHZ states based on the Bell states between two

nodes.

The circuit to generate GHZ states is shown in Fig. 3.7(a). We first generate a Bell state

|ψ−⟩ = |ge⟩ − |eg⟩ between A2 and C1. By applying a CNOT gate between C1 and C2 and

three DD X gates on A2, we obtain a GHZ-3 state on |A2C1C2⟩ = (|ggg⟩ − |eee⟩)/
√
2, with

a fidelity of 88.6± 0.7% and the density matrix plotted in Fig. 3.7(b). Then we transfer the

C2 state to B1, which gives a GHZ-3 state on |A2C1B1⟩ = (|ggg⟩ + |eee⟩)/
√
2 across three
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Figure 3.7: (a) Pulse sequence to generate GHZ states. The density matrix of the GHZ-3
states on qubits (b) A2C1C2 with fidelity of 88.6 ± 0.7% and (c) A2C1B2 with fidelity of
82.6± 0.8%, and (d) the GHZ-5 state on qubits A2C1C2B2B1 with fidelity of 70.3± 1.1%.
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nodes. There is a phase flip because the state transfer process is equivalent to two iSWAP

gates. Similarly, we apply four DD X gates on A2 and C1 during the transfer process. We

get a state fidelity of 82.6±0.8% and the density matrix is plotted in Fig. 3.7(c). We observe

a state fidelity improvement of around 5% compared with no DD gates. We can extend this

GHZ-3 state to a GHZ-5 state by two parallel CNOT gates as is shown in Fig. 3.7(a). We

did not involve the qubit A1 because of its short dephasing time Tϕ (see Table 3.1). The

generated GHZ-5 state on A2C1C2B2B1 is shown in Fig. 3.7(d), with fidelity of 70.3± 1.1%

above the threshold of 50% for genuine multipartite entanglement [201].

3.5 Quantum secret sharing

Quantum secret sharing (QSS) is secret sharing using quantum states. Secret sharing refers to

methods for distributing a secret, i.e. a bit string, among a group of n people [202, 203]. They

can reconstruct the secret only when any group of ≥ k people combine their information.

When there are fewer than k people, they cannot extract any information about the secret.

This scheme is called the (k, n)-threshold scheme.

Quantum key distribution (QKD) ensures secure communication [1]. We can combine

QKD with secret sharing for secure communication, which is however not elegant. We

need to first establish mutual keys among different pairs of parties and then implement the

classical secret-sharing procedure, which becomes more complicated when n is large. An

alternative way is to use quantum states to split the information and ensure the security

of the communication, which is QSS. There exist many different QSS protocols [200, 204,

205, 206, 207, 208, 209, 210, 211] and QSS has been demonstrated experimentally with optics

[212, 213, 214, 215, 216] or locally connected superconducting qubits [217]. Here we introduce

the QSS protocol using GHZ states in this three-node network [200].

Here we consider the simplest case, k = n = 2. Alice wants to share a secret (a bit) with

Bob and Charlie. Only when Bob and Charlie combine their information, they can reveal
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Bob

Charlie

|+ x⟩B | − x⟩B |+ y⟩B | − y⟩B
|+ x⟩C |+ x⟩A | − x⟩A | − y⟩A |+ y⟩A
| − x⟩C | − x⟩A |+ x⟩A |+ y⟩A | − y⟩A
|+ y⟩C | − y⟩A |+ y⟩A | − x⟩A |+ x⟩A
| − y⟩C |+ y⟩A | − y⟩A |+ x⟩A | − x⟩A

Table 3.3: States of Alice depending on the measurement results of Bob and Charlie.

the secret Alice wants to share. Alice, Bob and Charlie first share a GHZ state |ψ⟩GHZ,

|ψ⟩GHZ =
1√
2
(|000⟩+ |111⟩). (3.8)

Then everyone randomly measures along the x or y axis and shares which axis they measure

along via a classical, public channel. Bob and Charlie can decode what Alice measured half

of the time. Repeating the above process many times, they can use a small fraction to detect

whether eavesdropping exists by monitoring the success rate.

To better visualize the above process, we can rewrite the GHZ state,

|ψ⟩GHZ =
1

2

(
(|+x⟩A|+x⟩B+|−x⟩A|−x⟩B)|+x⟩C+(|+x⟩A|−x⟩B+|−x⟩A|+x⟩B)|−x⟩C

)
,

(3.9)

where the subscript labels the qubit and | ± x⟩ are the eigenstates along the x axis

|+ x⟩ = 1√
2
(|0⟩+ |1⟩), (3.10)

| − x⟩ = 1√
2
(|0⟩ − |1⟩). (3.11)

We can see that when everyone measures along the x axis, their measurement results are

correlated. When the measurement results of Alice and Bob are consistent, the measurement

result of Charlie will be | + x⟩, while when the measurement results of Alice and Bob are

inconsistent, the result of Charlie will be |−x⟩. We list all the possible measurement results
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Figure 3.8: Quantum secret sharing (QSS). (a) Circuit for QSS. GHZ represents the GHZ
state generation process on A2C1B2 shown in Fig. 3.7(a). (b) Measured probabilities when
all the qubits are measured along the x axis. The blue bars indicate that Bob and Charlie
can successfully decode the secret. (c) Probabilities of measuring A2C1B2 in 000, 011, 101,
110 (blue) and 001, 010, 100, 111 (red) versus φA.

in Table 3.3, where | ± y⟩ are the eigenstates along the y axis,

|+ y⟩ = 1√
2
(|0⟩+ i|1⟩), (3.12)

| − y⟩ = 1√
2
(|0⟩ − i|1⟩). (3.13)

We can see that Bob or Charlie alone cannot extract any information about the bit Alice

holds (1 for a + state and 0 for a − state). When Bob and Charlie combine their measure-

ment results and everyone’s measurement axis, they can reveal the bit Alice holds (Alice’s

measurement result) 50% of the time. Only when Bob and Charlie measure along the same

axis and Alice measures along the x axis, or Bob and Charlie measure along the different

axis and Alice measures along the y axis, Bob and Charlie can correctly decode the secret.

Otherwise, Bob and Charlie cannot get any information about the secret even when combin-

ing their results. Because everyone randomly picks the measurement axis at the beginning,

Bob and Charlie can decode what Alice measured half the time.

To demonstrate QSS, we use the circuit shown in Fig. 3.8(a). We first generate a GHZ-3

state on A2C1B2, which is labeled Alice, Charlie, and Bob. The circuit to generate the GHZ-

3 state is shown in Fig. 3.7(a) and the generated state is shown in Fig. 3.7(c). We will label

|g⟩ as |0⟩, and |e⟩ as |1⟩. To realize measurement along the qubit x or y axis, we perform a
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single-qubit π/2 rotation Rφ(π/2) before the measurement along the qubit z axis, where φ is

the angle to the x-axis on the xy plane of the Bloch sphere. When φ = 0, the measurement

is along the y axis. When φ = π/2, the measurement is along the x axis. In Fig. 3.8(b), we

plot the measured probabilities on A2C1B2 along the x axis, i.e. φA = φB = φC = π/2.

When the measurement results of Bob (B2) and Charlie (C1) are consistent/inconsistent, the

bit Alice (A2) holds should be 0/1, with these probabilities shown in blue bars in Fig. 3.8(b).

These measured probabilities should all be 25% in the ideal case, while we get an average

probability of 19.6 ± 1.1% because of imperfect state generation and readout errors. We

can extract the QSS error rate of 21.5 ± 1.1%, below the threshold of 25% described by

a local theory [212]. Furthermore, we sweep φA and we can see the sum of probabilities

of measuring 000, 011, 101, and 110 in A2C1B2 changes proportional to 1 + cosφA as is

shown in Fig. 3.8(c). When φA = 0, we measure along Alice’s y axis and we can see that

the probability becomes 50%, which means Bob and Charlie cannot extract any information

about the secret (50% means that it’s just a random guess).

QSS promises a secure way to share secrets, which means that it can detect whether

there is an eavesdropper. Suppose Eve wants to steal the information from Alice, Bob,

and Charlie. Eve cannot directly copy the state from one party because of the no-cloning

theorem [125]. However, she can still gain partial information using strategies like intercept-

and-resend, entangle-and-measure, etc [217]. Here we give an example of an entangle-and-

measure attack, where Eve tries to steal the secret by getting entangled with the other

parties, and we are going to show that the QSS protocol can detect such an attack and Eve

cannot gain more information about the secret than Bob and Charlie.

We use the circuit in Fig. 3.9(a) for the eavesdropper Eve (B1) to perform the entangle-

and-measure attack. We first perform a rotation RY (θE) along the y axis of Eve, which

gives the state of Eve |ψ⟩E = cos(θE/2)|0⟩− sin(θE/2)|1⟩. Then a CZ gate between Eve and
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Figure 3.9: Detection of eavesdropping. (a) The circuit for the eavesdropper Eve (B1) to
perform the entangle-and-measure attack. (b-c) State tomography of A2C1B2 when (b)
θE = π/4 and (e) θE = π/2. (d-e) Probabilities of measuring A2C1B2 in 000, 011, 101, 110
(blue) and 001, 010, 100, 111 (red) versus φA when (d) θE = π/4 and (e) θE = π/2. (f)
Linear entropy of Eve (B1) versus θE . (g) QSS error rate versus θE .
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Bob entangles them together. The full state in |A2C1B2B1⟩ = |ψ⟩ACBE becomes

|ψ⟩ACBE =
1√
2

(
cos

θE
2
|0000⟩+ cos

θE
2
|1110⟩ − sin

θE
2
|0001⟩+ sin

θE
2
|1111⟩

)
. (3.14)

When θE = 0 or π, Eve is not entangled with Alice, Bob, and Charlie. When 0 < θE < π,

Eve is entangled with the other three parties. Note that when θE = π/2, the entangling

operation acts as a part of a CNOT gate (see Fig. 3.7(a)). The state of A2C1B2 becomes a

mixed state, with the density matrix ρACB ,

ρACB =
1

2
(|000⟩⟨000|+ |111⟩⟨111|+ cos θE |111⟩⟨000|+ cos θE |000⟩⟨111|). (3.15)

Its fidelity to an ideal GHZ state (|ψ⟩GHZ = (|000⟩ ± |111⟩)/2) becomes (1 + | cos θE |)/
√
2.

In Fig. 3.9(b-c), we plot the density matrices of A2C1B2 for θE = π/4 and θE = π/2. We

can see that the off-diagonal terms of the density matrix drop compared with Fig. 3.7(c)

and when θE = π/2, the off-diagonal terms are close to zero as expected. We can also write

down the density matrix of Eve ρE ,

ρE =
1 + cos θE

2
|0⟩⟨0|+ 1− cos θE

2
|1⟩⟨1| (3.16)

To show how entangled Eve is with the other three parties, we plot the linear entropy of

Eve’s state 1− tr(ρ2E) in Fig. 3.9(f). When Eve is not entangled with the other three parties

(θE = 0 or π), the state of Eve will be a pure state 1− tr(ρ2E) = 0 in the ideal case.

After Eve gets entangled, the other three parties perform the QSS protocol as we de-

scribed before. The QSS error rate becomes (1 − | cos θE |)/4. In Fig. 3.9(d-e), we plot the

same quantities as in Fig. 3.8(c) for θE = π/4 and π/2. We can see that visibility decreases

as we increase θE from 0 to π/2. In Fig. 3.9(g), we plot the extracted QSS error rate versus

θE . We can see that the more Eve gets entangled, i.e. the more information Eve can steal,
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the more errors will be introduced. Thus by monitoring the error rate, Alice, Bob, and

Charlie can detect whether there exists an eavesdropper.

The above argument is qualitative. We give a more quantitative analysis as follows. Here

we first introduce Holevo’s bound [218]. Considering a sender and receiver setup, where Alice

prepares quantum states ρX where X = 0, 1, · · · , n, with probability p0, p1, · · · , pn, and

Bob measures the states using the positive operator-valued measure (POVM) {EY } [125]

with measurement outcomes Y = 0, 1, · · · ,m, the mutual information H(X : Y ) between

the sent random variable X and the measured random variable Y is bounded by

H(X : Y ) ≤ S(ρ)−
∑
k

pkS(ρk), (3.17)

where S(·) is the von Neumann entropy of a quantum state and ρ is the ensemble of the sent

states ρ =
∑
pkρk.

The above process described is a prepare-and-measure protocol. In terms of QSS, we

perform an entanglement-based protocol to transfer the information, where Alice and Bob

share an entangled state first and then perform POVM to transfer the information. The

entanglement-based protocol can be understood using the prepare-and-measure protocol as

follows. Alice performs POVM {EAi} on her subsystem, which collapses the state of Bob

to ρBi. Then the state ρBi is sent to Bob, with the probability pi for Alice to obtain the

specific outcome Ai. When the entangled state shared between Alice and Bob is a pure state

|ψ⟩AB , the ensemble of the sent states ρ becomes

ρ = trA
[
(MAi ⊗ IB)|ψ⟩⟨ψ|AB(M

†
Ai ⊗ IB)

]
=
∑
i

trA
[
|ψ⟩⟨ψ|AB(M

†
AiMAi ⊗ IB)

]
= trA(|ψ⟩⟨ψ|AB) = ρB ,

(3.18)

where MAi is the measurement operator and EAi = M
†
AiMAi. The mutual information
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between Alice and Bob H(X : Y ) is then bounded by

H(A : B) ≤ S(ρB)−
∑
i

piS(ρBi). (3.19)

In QSS, we want information about the secret obtained by Bob and Charlie more than

Eve. Thus Bob and Charlie can in principle utilize the excess information to extract the

shared secret. Here we consider the privacy bound P , defined as

P = sup[H(A : BC)−H(A : E)], (3.20)

where the supremum is taken over all possible strategies that Alice, Bob, and Charlie can

use. According to Holevo-Schumacher-Westmoreland theorem [219, 220], the Holevo bound

(Eq. 3.19) is achievable. Thus we have

P ≥ H(A : BC)− sup[H(A : E)]

≥ S(ρBC)−
∑
i

piS(ρBCi)− S(ρE) +
∑
i

piS(ρEi).
(3.21)

If we assume all the errors come from the eavesdropping (i.e. Eve can get the most informa-

tion) and Alice sends pure states to Bob, Charlie, and Eve every time (so that the Holevo

bound can be achieved), we have S(ρE) = S(ρABC) and S(ρEi) = S(ρBCi). We get the

lower bound of P ,

P ≥ S(ρBC)− S(ρABC). (3.22)

In the eavesdropping scheme introduced above, we have

P ≥ 1 +
1− cos θE

2
log2

1− cos θE
2

+
1 + cos θE

2
log2

1 + cos θE
2

, (3.23)

which is always positive as shown in Fig. 3.10. Thus we prove that in the ideal case, Eve
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Figure 3.10: Lower bound of P , directly calculated using S(ρBC) − S(ρABC), versus θE .
The density matrix ρABC is determined by state tomography and ρBC = trA(ρABC).

cannot extract more information about the secret than Bob and Charlie with this entangle-

and-measurement attack, which demonstrates the security of QSS. In experiments, we do

the state tomography of ρABC and calculate S(ρBC)− S(ρABC), with the results shown in

Fig. 3.10. We can see that the lower bounds are negative for some θE , mainly caused by the

imperfect GHZ state generation. In reality, we can monitor the error rate to see whether

eavesdropping exists and stop QSS if the error rate is above a certain threshold.

3.6 Outlook

With this three-node superconducting quantum network, we demonstrate entanglement

swapping and quantum secret sharing with GHZ states. We show that QSS can detect

the existence of eavesdropping. We only use up to five qubits and two communication chan-

nels for these experiments. We look forward to exploring more using the whole setup (six

qubits and three communication channels), e.g. quantum network nonlocality [221, 222, 223],

quantum Byzantine agreement [224], quantum voting [225, 226], etc.
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CHAPTER 4

REALIZING ALL-TO-ALL CONNECTIVITY IN A FOUR-NODE

NETWORK

4.1 Introduction

In previous chapters, we discussed the realization of superconducting quantum networks

using transmons as quantum processing units, transmission lines as quantum communication

channels, and gmons as tunable couplers connecting them. In this architecture, we need

N(N − 1)/2 communication channels to realize all-to-all connectivity between N quantum

nodes. Furthermore, these channels have to be connected to different transmon qubits on

each node [185]. In this chapter, we are going to introduce a “quantum router” to overcome

these problems.

For Ethernet with many devices, we use an Ethernet switch to realize communication

between arbitrary devices (see Fig. 4.1). We can build a similar device for transmons to

realize signal routing between arbitrary qubit pairs [21]. This kind of central routing element

has been implemented in different ways, e.g. a resonator bus [227], a shared coupler [228, 157],

a multi-mode ring resonator [229], or multi-mode 3D microwave cavity with SNAIL couplers

[230]. For the single-mode resonator coupling scheme [227], all transmons are coupled to one

resonator with fixed coupling, where the couplings cannot be turned off. Frequency collisions

will be an issue when scaling to a larger system for the other coupling schemes [229, 230, 157].

Figure 4.1: Photo of a TP-Link 24-port Ethernet switch.
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(a) (b)

Figure 4.2: Circuit for a microwave switch.

Here we extend the capacitive coupler design introduced in Section 1.5.2 and combine this

with a microwave switch concept [231, 232, 233] to realize a tunable multi-mode [58, 234]

coupler connecting qubits, which overcomes the issues with existing protocols.

4.2 Circuit design

We first give an introduction to the way the microwave switch in Ref. [233] works. The

schematic is shown in Fig. 4.2(a). A transmission line has a switch in the line. By turning

on or off the switch, the signal will transmit or reflect. The switch itself contains a SQUID

together with some capacitors (see Fig. 4.2(b)). The SQUID acts as a tunable inductor,

LSQUID = LJ/2| cos(ϕext/2)|, with LJ the Josephson inductance of one junction. By tuning

the effective inductance of the SQUID, we can change the effective impedance of the SQUID

combined with capacitors. When ϕext is set to ±π, the SQUID acts like an open in the

circuit, thus no signal can go through, representing a switch “off” state. When LSQUID

is set to a value that the impedance combined with those capacitors is matched with the

transmission line, the signal can go through without any reflection, representing a switch

“on” state.

Based on the microwave switch, we can simply extend it to multiple ports. In Fig. 4.3(a),

we give an example with four ports, each with a switch in line, forming a router. By selectively

choosing the pair of switches to turn on, we can route the signal as we want. Furthermore,

to couple the router to the processing unit – transmon qubit, we choose capacitive coupling

between them. Inductive coupling is also possible, while capacitive coupling is easier to

design. Then we come up with the circuit shown in Fig. 4.3(b). Instead of placing the
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(a)

(b)

Figure 4.3: (a) Schematic of a microwave router with four ports and (b) its circuit with each
port capacitively coupled to a transmon qubit.

quantum nodes meter away in previous chapters, here we focus on placing the processing

units millimeters away and linking them with the flip-chip technique. Since the quantum

channels – transmission lines are relatively short and open-ended, we can simply model them

as some capacitors to ground.

In the following section, we will try to quantize the circuit and determine the circuit

parameters.

4.3 Numerical simulation

To simplify the discussion, we start with a two-port router, with the circuit shown in Fig. 4.4.

We also add the junction capacitance in the circuit. Note that this circuit can be treated as

a two-SQUID version of the circuit in Fig. 1.35(b). Here we use a single junction to represent

a tunable SQUID to simplify the notations.
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LJr2LJr1
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Φ1 Φ3 Φ0 Φ4 Φ2

Figure 4.4: Circuit for a router with two ports.

Like what we did in Sections 1.2 and 1.4, we start from its Lagrangian L,

L = T − U. (4.1)

The kinetic energy T is

T =
1

2

(Φ0

2π

)2[
C0ϕ̇

2
0 + Cq1ϕ̇

2
1 + Cc1(ϕ̇3 − ϕ̇1)

2 + Cg1ϕ̇
2
3 + Cr1(ϕ̇0 − ϕ̇3)

2

+ Cq2ϕ̇
2
2 + Cc2(ϕ̇4 − ϕ̇2)

2 + Cg2ϕ̇
2
4 + Cr2(ϕ̇0 − ϕ̇4)

2], (4.2)

where ϕk = 2πΦk/Φ0 is the Josephson phase. The potential energy U is

U = −EJq1 cosϕ1 − EJq2 cosϕ2 − EJr1 cos(ϕ3 − ϕ0)− EJr2 cos(ϕ4 − ϕ0), (4.3)

where EJk = ℏ2/2e2LJk is the Josephson energy. We can introduce the new flux variables

as

ϕ0 = ϕ0, (4.4)

ϕq1 = ϕ1, (4.5)

ϕr1 = ϕ3 − ϕ0, (4.6)

ϕq2 = ϕ2, (4.7)

ϕr2 = ϕ4 − ϕ0. (4.8)
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The potential energy U becomes

U = −EJq1 cosϕq1 − EJq2 cosϕq2 − EJr1 cosϕr1 − EJr2 cosϕr2. (4.9)

In the basis of ϕ⃗ = [ϕ0, ϕq1, ϕr1, ϕq2, ϕr2]
T , the kinetic energy T can be rewritten as

T =
1

2

(Φ0

2π

)2 ˙⃗
ϕ TC

˙⃗
ϕ, (4.10)

where the capacitance matrix C is,

C =

C0 + Cc1 + Cg1 + Cc2 + Cg2 −Cc1 Cg1 + Cc1 −Cc2 Cg2 + Cc2

−Cc1 Cq1 + Cc1 −Cc1 0 0

Cg1 + Cc1 −Cc1 Cc1 + Cg1 + Cr1 0 0

−Cc2 0 0 Cq2 + Cc2 −Cc2

Cg2 + Cc2 0 0 −Cc2 Cc2 + Cg2 + Cr2


.

(4.11)

From the Lagrangian L, the conjugate coordinate to ϕ⃗ can be written as

q⃗ =
∂L

∂
˙⃗
ϕ

=
∂T

∂
˙⃗
ϕ

=
(Φ0

2π

)2
C

˙⃗
ϕ, (4.12)

where q⃗ = [q0, qq1, qr1, qq2, qr2]
T . We can get the Hamiltonian H,

H = q⃗ T ˙⃗
ϕ− L =

1

2

(2π
Φ0

)
q⃗ TC−1q⃗ + U. (4.13)

We can throw away the terms associated with q0 and ϕ0 because q̇0 = 0. The charge q0 gives

a uniform charge on the qubits’ and couplers’ pads. By defining n = q/ℏ and calculating
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C−1, we can get the Hamiltonian H written in ϕ and n,

H = 4ECq1n
2
q1 + 4ECq2n

2
q2 + 4ECr1n

2
r1 + 4ECr2n

2
r2

+ 4ECq1,q2nq1nq2 + 4ECr1,r2nr1nr2 + 4ECq1,r2nq1nr2 + 4ECq2,r1nq2nr1

+ 4ECq1,r1nq1nr1 + 4ECq2,r2nq2nr2

− EJq1 cosϕq1 − EJq2 cosϕq2 − EJr1 cosϕr1 − EJr2 cosϕr2,

(4.14)

where EC,kl = e2[C−1]kl and EC,k = e2[C−1]kk/2 with {k, l} ∈ {q1, q2, r1, r2}. Note that

EC,ij can be negative. With the canonical quantization, we have the commutation relation

between ϕk and nk,

[ϕk, nk] = i. (4.15)

The creation and annihilation operators can be defined as

ak =
1√
2

(( EJk

8ECk

)1
4
ϕk + i

(8ECk

EJk

)1
4
nk

)
, (4.16)

a
†
k =

1√
2

(( EJk

8ECk

)1
4
ϕk − i

(8ECk

8EJk

)1
4
nk

)
. (4.17)

In the transmon limit (EJk ≫ ECk, which doesn’t hold when LJk is very large), we can

expand the cosine terms in the Hamiltonian, which gives us the Hamiltonian of coupled

Duffing oscillators,

H/ℏ =

q1,q2,r1,r2∑
k

(
ωka

†
kak +

ηk
2
a
†
ka

†
kakak

)
−

1,2∑
k,l

gqkrl(a
†
qk − aqk)(a

†
rl − arl)

− gq1q2(a
†
q1 − aq1)(a

†
q2 − aq2)− gr1r2(a

†
r1 − ar1)(a

†
r2 − ar2),

(4.18)
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where we have

ωk =
√

8EJkECk/ℏ− ECk/ℏ, (4.19)

ηk = −ECk/ℏ, (4.20)

gkl =
ECk,l√

2ℏ

(
EJk

ECk

EJl

ECl

)1
4

. (4.21)

The coupling strength gkl satisfy,

gq1q2, gq1r1, gq2r2, gr1r2 > 0, (4.22)

gq1r2, gq2r1 < 0, (4.23)

|gq1r2|, |gq2r1|, gq1r1, gq2r2, gr1r2 ≫ gq1q2. (4.24)

To extract the effective qubit-qubit coupling strength, we can use the Schrieffer-Wolff trans-

formation (see Appendix C) to decouple the router modes from the qubit modes, i.e. elim-

inate terms like gqkrl(aqk − a
†
qk)(arl − a

†
rl) in the Hamiltonian. We can write the total

Hamiltonian H as

H = Hq +Hr +Hqq +Hrr +Hqr. (4.25)

We want to find a unitary transformation U = eS where S is anti-Hermitian so that the

transformed Hamiltonian H ′ will be

H ′ = eSHe−S = H ′
q +H ′

r +H ′
qq +H ′

rr. (4.26)

We need S to satisfy

Hqr + [S,Hq +Hr +Hqq +Hrr] = 0. (4.27)
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Here we assume S has the form

S =

1,2∑
m,n

xmn(a
†
qmarn − aqma

†
rn) + ymn(a

†
qma

†
rn − aqmarn). (4.28)

To determine the coefficients xmn and ymn, we calculate all the commutators,

[a
†
qmarn − aqma

†
rn, a

†
qmaqm] = −a†qmarn − aqma

†
rn, (4.29)

[a
†
qmarn − aqma

†
rn, a

†
rnarn] = a

†
qmarn + aqma

†
rn, (4.30)

[a
†
qmarn − aqma

†
rn, a

†
qma

†
qmaqmaqm] = −2a

†
qma

†
qmaqmarn − 2a

†
qmaqmaqma

†
rn, (4.31)

[a
†
qmarn − aqma

†
rn, a

†
rna

†
rnarnarn] = 2a

†
qma

†
rnarnarn + 2aqma

†
rna

†
rnarn, (4.32)

[a
†
qmarn − aqma

†
rn, a

†
qkaql + aqka

†
ql − a

†
qka

†
ql − aqkaql]

= δmk(−a
†
qlarn − aqla

†
rn + a

†
qla

†
rn + aqlarn)

+ δml(−a
†
qkarn − aqka

†
rn + a

†
qka

†
rn + aqkarn), (4.33)

[a
†
qmarn − aqma

†
rn, a

†
rkarl + arka

†
rk − a

†
rka

†
rl − arkarl]

= δnk(a
†
qmarl + aqma

†
rl − a

†
qma

†
rl − aqmarl)

+ δnl(a
†
qmark + aqma

†
rk − a

†
qma

†
rk − aqmark), (4.34)

[a
†
qmarn − aqma

†
rn, a

†
qkarl + aqka

†
rl − a

†
qka

†
rl − aqkarl]

= δnl(a
†
qmaqk + aqma

†
qk − a

†
qma

†
qk − aqmaqk)

− δmk(a
†
rnarl + arna

†
rl − a

†
rna

†
rl − arnarl), (4.35)

[a
†
qma

†
rn − aqmarn, a

†
qmaqm] = −a†qma†rn − aqmarn, (4.36)

[a
†
qma

†
rn − aqmarn, a

†
rnarn] = −a†qma†rn − aqmarn, (4.37)

[a
†
qma

†
rn − aqmarn, a

†
qma

†
qmaqmaqm] = −2a

†
qma

†
qmaqmarn − 2a

†
qmaqmaqma

†
rn, (4.38)

[a
†
qma

†
rn − aqmarn, a

†
rna

†
rnarnarn] = −2a

†
qma

†
rna

†
rnarn − 2aqma

†
rnarnarn, (4.39)
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[a
†
qma

†
rn − aqmarn, a

†
qkaql + aqka

†
qk − a

†
qka

†
ql − aqkaql]

= δmk(a
†
qlarn + aqla

†
rn − a

†
qla

†
rn − aqlarn)

+ δml(a
†
qkarn + aqka

†
rn − a

†
qka

†
rn − aqkarn), (4.40)

[a
†
qma

†
rn − aqmarn, a

†
rkarl + arka

†
rk − a

†
rka

†
rl − arkarl]

= δnk(a
†
qmarl + aqma

†
rl − a

†
qma

†
rl − aqmarl)

+ δnl(a
†
qmark + aqma

†
rk − a

†
qma

†
rk − aqmark), (4.41)

[a
†
qma

†
rn − aqmarn, a

†
qkarl + aqka

†
rl − a

†
qka

†
rl − aqkarl]

= δnl(a
†
qmaqk + aqma

†
qk + a

†
qma

†
qk − aqmaqk)

+ δmk(a
†
rnarl + arna

†
rl + a

†
rna

†
rl − arnarl). (4.42)

To satisfy Eq. 4.3, the coefficients xmn and ymn need to satisfy



0 0 −gr1r2 gq1q2 −Σq1r1 0 −gr1r2 −gq1q2

0 0 gq1q2 −gr1r2 0 −Σq2r2 −gq1q2 −gr1r2

−gr1r2 gq1q2 0 0 −gr1r2 −gq1q2 −Σq1r2 0

gq1q2 −gr1r2 0 0 −gq1q2 −gr1r2 0 −Σq2r1

−∆q1r1 0 gr1r2 −gq1q2 0 0 gr1r2 gq1q2

0 −∆q2r2 −gq1q2 gr1r2 0 0 gq1q2 gr1r2

gr1r2 −gq1q2 −∆q1r2 0 gr1r2 gq1q2 0 0

−gq1q2 gr1r2 0 −∆q2r1 gq1q2 gr1r2 0 0





x11

x22

x12

x21

y11

y22

y12

y21



=



gq1r1

gq2r2

gq1r2

gq2r1

−gq1r1

−gq2r2

−gq1r2

−gq2r1



,

(4.43)

where

Σqmrn = ωqm + ωrn, (4.44)

∆qmrn = ωqm − ωrn. (4.45)
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Here, we ignore the terms related to anharmonicity for simplicity. When gq1q2, gr1r2 ≪

|∆qmrn|, the coefficients xmn and ymn become

xmn =
gqmrn

∆qmrn
, (4.46)

ymn = −
gqmrn

Σqmrn
, (4.47)

which have the same form as in Ref. [148]. However, gr1r2 ∼ |∆qmrn| in our case. Thus, we

can only solve Eq. 4.43 numerically. The effective coupling strength geff between two qubits

is

geff = gq1q2+
1

2

(
(x11+y11)gq2r1+(x22+y22)gq1r2+(x12+y12)gq2r2+(x21+y21)gq1r1

)
. (4.48)

The frequencies of the dressed qubit states are

ω̃q1 = ωq1 + (x11 + y11)gq1r1 + (x12 + y12)gq1r2, (4.49)

ω̃q2 = ωq2 + (x21 + y21)gq2r1 + (x22 + y22)gq2r2. (4.50)

The ZZ coupling ζ between two qubits can also be calculated by the perturbation theory

[149]. However, the analytical formula will be very complicated because more modes are

involved in our circuit.

The interaction strength geff can also be calculated using the impedance analysis as we

discussed in Section 1.2.4 by treating the junctions as linear inductors. We can calculate the

input impedance Zin(ω) from one point to the ground. The zeros and poles of Im[Zin(ω)]

give the resonances in the circuit. If we bring the two qubits on resonance, the effective

coupling strength geff is given by the splitting of the bare qubit frequencies,

geff =
1

2
(ω1 − ω2), (4.51)
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where ω1 and ω2 are the two closest frequencies to the bare qubit frequencies. This method

requires the circuit to be symmetric, i.e. the two qubits have the same bare frequency.

Otherwise, we need to scan one qubit frequency to get the energy splitting 2|geff |, which is

time-consuming. This linear impedance analysis doesn’t consider the junction non-linearity,

which cannot be used to calculate the ZZ-interaction strength ζ.

Refs. [235, 236] present a way to calculate the coupling strength geff and ZZ interaction

strength ζ from the impedance of the coupler while considering the weak non-linearity of the

transmons. Their results are summarized in Appendix F. With their results, we can efficiently

calculate the coupling strength geff and ZZ interaction strength ζ from the impedance of

the circuit. Note that this method requires that all the modes work in the transmon limit

and |ωq1 − ωq2| ≫ |geff | when calculating the ZZ interaction strength ζ. We will call it

Z-method.

Furthermore, we can directly quantize the circuit numerically using Python packages like

scQubit [237, 238] and SQcircuit [239]. Similar to what we did in the impedance analysis,

we calculate all the eigenenergies of the system. When the two qubits are on resonance, the

effective coupling strength is given by the splitting of the qubit frequencies as we discussed.

Similar to the linear impedance analysis, if the two qubits have different bare frequencies, i.e.

the circuit is not symmetric, we need to scan one qubit frequency to get the energy splitting

2|geff |, which is very time-consuming. The ZZ interaction strength ζ is given by

ζ = ω̃|ee⟩ − ω̃|ge⟩ − ω̃|eg⟩, (4.52)

where ω̃|ij⟩ is the energy of the dressed qubit state |ij⟩. Although direct diagonalization can

give us the exact values, the calculation times grow exponentially with the number of modes

in the system and are much slower than the other methods we mentioned above. We first

apply the other methods to determine the system parameters and then verify the results by

direct diagonalization.
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ϕext/π ϕext,2/π

(a) (b)

(c) (d)

ϕext,1 = π/2

ϕext,1 = ϕext,2 

ϕext,1 = ϕext,2 

ϕext,1 = π/2

ϕext,2/πϕext/π

ωq1 = ωq2 ωq1 ≈ ωq2

ωq2 − ωq1 = 66 MHz ωq2 − ωq1 = 66 MHz

Figure 4.5: Qubit-qubit couplings with a two-port router. (a) Qubit-qubit effective coupling
strength geff and (c) ZZ interaction strength ζ by tuning the two external fluxes ϕext,1 and
ϕext,2 simultaneously, ϕext,1 = ϕext,2 = ϕext. (b) Qubit-qubit effective coupling strength
geff and (d) ZZ interaction strength ζ by fixing one switch on, ϕext,1 = π/2 and tuning the
other external flux ϕext,2. Different colors label different calculation methods. The related
circuit parameters are listed in the main text.

We compare different approaches as shown in Fig. 4.5. We tune the router junction LJrk

by tuning the external flux ϕext,k through the SQUID loop, LJrk = LJr/ cos(ϕext,k/2). In

Fig. 4.5(a), we tune ϕext,1 and ϕext,2 simultaneously and make the circuit symmetric. All

methods mentioned above can be used to calculate the effective coupling strength geff . The

related parameters are Cq = 100 fF, Cc = 20 fF, Cr = 7.5 fF, Cg = 420 fF, C0 = 780 fF,

LJr = 4 nH and LJq = 8 nH, which give the qubit frequencies ωq1/2π = ωq2/2π = 4.988 GHz

and qubit anharmonicities ηq1/2π = ηq2/2π = −172 MHz. From Fig. 4.5(a), we can see that

the couplings calculated by the perturbation theory (Schrieffer-Wolff transformation) and

Z-method agree well with the exact values obtained by diagonalization using SQcircuit.
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(a) (b)

ϕext,1 = ϕext,2 = ϕext

ϕext,3 = ϕext,4 = π

ϕext,1 = ϕext,2 = ϕext

ϕext,3 = ϕext,4 = π

Figure 4.6: Qubit-qubit couplings with a four-port router. (a) The effective coupling strength
gij and ZZ interaction strength ζij between the ith and jth qubits by turning off the switches
connected to qubits Q3 and Q4, ϕext,3 = ϕext,4 = π, and the turn on the switches connected
to qubits Q1 and Q2 simultaneously, ϕext,1 = ϕext,2 = ϕext. All the values are calculated
using the Z-method and the related circuit parameters are listed in the main text.

To demonstrate that we can turn off the coupling by tuning one switch, we fix ϕext,1 =

π/2 (switch on) and tune ϕext,2. Because ϕext,1 and ϕext,2 are different, ωq1 and ωq2 are

slightly detuned. To extract the effective coupling from diagonalization and linear impedance

analysis, we need to sweep one qubit frequency, which is very time-consuming. Here we

present the results calculated by the Schrieffer-Wolff transformation and Z-method shown in

Fig. 4.5(b). We can see that tuning ϕext,2 close to π can turn off the coupling. The residual

couplings (< 15 kHz) come from the small coupler junction capacitance. The coupler junction

capacitance can be reduced by using larger LJr (smaller junction area). However, larger LJr

requires a larger ϕext tuning range to get the target coupling strength.

We use the Z-method and diagonalization to calculate the ZZ interaction strength ζ. To

calculate ζ using the Z-method, we tune the second qubit frequency ωq2/2π to 5.054 GHz

by setting LJq2 = 7.8 nH. In Fig. 4.5(c-d), we show that when we turn off the coupling,

the ZZ interaction ζ also goes to zero. Note that if we bring two qubits on resonance, the

calculated ζ by diagonalization is very close to the values when the two qubits are detuned.

The two-port circuit can be extended to a four-port circuit as is shown in Fig. 4.3. Here

we use the same circuit parameters as in the two-node circuit. We detune the four qubits
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Figure 4.7: (a) Schematic of the device: four qubits Qi (red) are coupled to a router R (blue);
(b) Circuit diagram: four transmons (red) are capacitively coupled to the router (blue). Each
transmon is controlled by a flux line (green) and a drive line (cyan), and dispersively readout
by a λ/4 resonator (orange). Each two of the readout resonators are coupled to a two-stage
bandpass Purcell filter (yellow) (see Section 1.4.4). There are four flux lines (purple) to tune
the flux across the SQUID loops in the router. (c) Layout for the motherboard with the
router and all control wires. (d) Layout for the daughterboard with two qubits and their
readout resonators.

by changing their junction inductance LJq1 = LJq3 = 8 nH and LJq2 = LJq4 = 7.8 nH,

which give the qubit frequencies ωq1/2π = ωq3/2π = 4.988 GHz and ωq2/2π = ωq4/2π =

5.054 GHz. Here to demonstrate that we can selectively turn on the coupling between the

qubit pair, we turn off the switches connected to qubits Q3 and Q4 and turn on the switches

connected to qubits Q1 and Q2. The effective coupling strength gij and ZZ interaction

strength ζij between the ith and jth qubits calculated by the Z-method are shown in Fig. 4.6.

We can see that when the coupling between Q1 and Q2 is on, the other qubits remain

uncoupled. This demonstrates the scalability of our approach.

4.4 Experimental realization

With the numerical simulation, we can determine the target parameters. The full circuit of

the device is shown in Fig. 4.7(b), where we omit the junction capacitors and include all the
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Figure 4.8: Photo of the assembled device, with two daughterboards sitting on one moth-
erboard. The motherboard is 20 mm × 20 mm and the daughterboards are 3 mm × 7 mm.
This device was fabricated by Xuntao Wu.

control lines. To determine the actual device layout, we use Sonnet to simulate the layout.

Examples using Sonnet for circuit simulation can be found in Ref. [77]. We make the qubits

and their readout resonators on a separate chip to demonstrate the modularity of our design,

with the layouts shown in Fig. 4.7(c) and (d). There are two qubits on one daughterboard.

Two daughterboards are flip-chip [240, 122] bonded on the motherboard which contains the

router and all the control lines. Note that the daughterboards are non-galvanically connected

to the motherboard. Thus their grounds are not connected. We use different colors to mark

their grounds in Fig. 4.7(b) (grey and black).

We follow the process in Appendix G to fabricate the sample. The size of the motherboard

is 20 mm×20 mm, which is the same as the three-node sample introduced in Chapter 3. Each

daughterboard is 3 mm × 7 mm. The assembled device is shown in Fig. 4.8. The device is

wire-bonded to the sample box and cooled down in a dilution refrigerator for measurement.
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Figure 4.9: Router characterization. (a) The pulse sequence of Rabi swaps between Q2
and Q3, with switch pulses shorter than qubit flux pulses. (b) By sweeping the qubit Q2
frequency, we generate a chevron pattern. (c) Effective coupling strength g, and parasitic
ZZ interaction strength ζ between Q2 and Q3, as a function of switch external fluxes ϕext,
from on (left) to off (right).

The measurement setup can be found in Appendix H. We operate all the qubits at the

frequencies ωq/2π around 4.6 GHz. All the qubits have anharmonicities η/2π ∼ −170 MHz,

relaxation times T1 ∼ 30 µs and pure dephasing times Tϕ ∼ 800 ns.

We use the pulse sequence in Fig. 4.9(a) to calibrate the router. During the qubit idling

times, we bias all the switches to the “off” status. We excite one qubit Qi to its |e⟩ by an

X gate. Then we turn on the switches Si and Sj which are connected to Qi and Qj and

biasing the frequencies of Qi and Qj . When sweeping the frequency of one qubit Qi, we

can generate a chevron pattern as is shown in Fig. 4.9(b), from which we can determine the

qubit-qubit coupling strength g. By scanning the external fluxes ϕext across across Si and

Sj (ϕext = ϕext,i = ϕext,j), we can get how the coupling strength g changes as ϕext as is

shown in Fig. 4.9(c). To extract the ZZ interaction strength ζ, we perform a cross-Ramsey-

type experiment [156]. We first prepare the qubits in (|eg⟩ + |gg⟩)/
√
2 or (|ee⟩ + |ge⟩)/

√
2
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states. By measuring the phase accumulation on the state |ee⟩ after an iSWAP gate, we can

determine the ZZ interaction strength ζ. The measured ζ versus ϕext is shown in Fig. 4.9(c).

The measured results match well with the numerical simulations (solid lines).

As we discussed in Section 1.4.5, bringing |ee⟩ on resonance with |gf⟩ with a duration of

τCZ = π/
√
2g, we can realize a CZ gate between two qubits. We use cross-entropy bench-

marking (XEB) (see Section 1.4.6) to benchmark the CZ gates between all six qubit pairs.

We can get an average gate fidelity FCZ of 96.00± 0.10% with a duration of around 40 ns,

and best fidelity of 97.14± 0.04%, mainly limited by dephasing of the qubits. If we assume

the qubit relaxation times T1 are 100 µs and no extra dephasing, the simulated gate fidelity

FCZ can be as high as 99.5%, above the surface code threshold [13]. By simultaneously

applying single qubits on the uncoupled qubits during the two-qubit gate benchmarking

sequence, we find that the gate fidelities (both single-qubit and two-qubit gates) are not

affected, indicating negligible interference when the switches are turned off.

4.5 Outlook

With this router design, we present a hardware-efficient way to link multiple quantum pro-

cessors for future fault-tolerant distributed quantum computing architectures [22]. Current

performance is mainly limited by the qubit coherence times and pulse distortions, which

can be further improved by the fabrication process [241, 242] and pulse shaping [243, 244].

When the quantum processors are placed further apart, this design can also realize the

routing of itinerant microwave photons [141, 187, 186]. In addition, when more than two

switches are turned on simultaneously, we can directly synthesize multi-qubit entangling

gates [245, 158, 246]. With enhanced connectivity, we can also perform error correction

codes with higher thresholds and lower overhead [247, 248] or investigate quantum many-

body dynamics that rely on high connectivity.
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APPENDIX A

QUANTUM LINEAR RESPONSE THEORY

Here we consider a system with Hamiltonian H applied with some external field Hext =

f(t)B, where B is an operator in the system. The total Hamiltonian is Htot = H + Hext.

We want to study the system’s response to the external field. For an operator A in the

system, we have

δ⟨A(t)⟩ = −i
∫ t

−∞
dt′⟨[A(t), B(t′)]⟩f(t′), (A.1)

where δ⟨A(t)⟩ is the difference of ⟨A(t)⟩ with and without the external field and we keep

terms to first order in f(t). The above equation can be written as

δ⟨A(t)⟩ =
∫ ∞

−∞
dt′GR

AB(t− t′)f(t′), (A.2)

where the Green’s function GR
AB(t− t′) is given by

GR
AB(t− t′) = −iθ(t− t′)⟨[A(t), B(t′)]⟩. (A.3)

Here θ(t) is the Heaviside step function. The retarded Green’s function thus gives the

system’s response to an external field. The density of states ρA(ω) is given by the imaginary

part of the Fourier transform of GR
AA(t),

GR
AA(ω) =

∫ +∞

−∞
dt eiωtGR

AA(t) = −i
∫ +∞

0
dt eiωt⟨[A(t), A(0)]⟩, (A.4)

ρA(ω) = − 1

π
Im[GR

AA(ω)]. (A.5)

125



APPENDIX B

QUANTUM INPUT-OUTPUT THEORY

Here we consider a system interacting with a bosonic heat bath [49, 50], in the form

H = Hsys +HB +Hint, (B.1)

HB = ℏ
∫ ∞

−∞
dω ωb†(ω)b(ω), (B.2)

Hint = iℏ
∫ ∞

−∞
dω g(ω)[b†(ω)c− c†b(ω)], (B.3)

where b(ω) are boson annihilation operators for the bath and c is one of several possible

system operators. We want to study the system dynamics Solving the Heisenberg equations

of motion for b(ω) and an arbitrary system operator a, we have

ḃ(ω) = −iωb(ω) + g(ω)c, (B.4)

ȧ = − i

ℏ
[a,Hsys] +

∫
dω g(ω)

(
b†(ω)[a, c]− [a, c†]b(ω)

)
, (B.5)

and we can solve the dynamics of b to obtain

b(ω) = e−iω(t−t0)b0(ω) + g(ω)

∫ t

t0

dt′ e−iω(t−t′)c(t′)

= e−iω(t−t1)b1(ω)− g(ω)

∫ t1

t
dt′ e−iω(t−t′)c(t′),

(B.6)

where b0(ω) is the value of b(ω) at t = t0 and b1(ω) is the value of b(ω) at t = t1. Finally,

we can get the dynamics for a,

ȧ =− i

ℏ
[a,Hsys]

+

∫
dω g(ω)

(
eiω(t−t0)b

†
0(ω)[a, c]− [a, c†]e−iω(t−t0)b0(ω)

)
+

∫
dω g2(ω)

∫ t

t0

dt′
(
eiω(t−t′)c†(t′)[a, c]− [a, c†]e−iω(t−t′)c(t′)

)
.

(B.7)
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Here we use the First Markov Approximation,

g(ω) =

√
κ

2π
, (B.8)

and define the in and out fields as

bin(t) =
1√
2π

∫
dω e−iω(t−t0)b0(ω), (B.9)

bout(t) =
1√
2π

∫
dω e−iω(t−t1)b1(ω). (B.10)

Combining these equations, we get the quantum Langevin equation,

ȧ = − i

ℏ
[a,Hsys] +

[κ
2
c† +

√
κb

†
in(t)

]
[a, c]− [a, c†]

[κ
2
c+

√
κbin(t)

]
, (B.11)

ȧ = − i

ℏ
[a,Hsys]−

[κ
2
c† −

√
κb

†
out(t)

]
[a, c] + [a, c†]

[κ
2
c−

√
κbout(t)

]
, (B.12)

where bin and bout have the relation

bout(t) =
√
κc(t) + bin(t), (B.13)

which is called the input-output relation.
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APPENDIX C

SCHRIEFFER-WOLFF TRANSFORMATION

Here we consider a Hamiltonian,

H = H0 + ϵV. (C.1)

We want to find a unitary transformation U = eS , where S is anti-Hermitian such that the

transformed Hamiltonian H ′ = eSHe−S is block diagonal up to any desired order of ϵ. We

set the S as a power serious of ϵ,

S = ϵS1 + ϵ2S2 + ϵ3S3 +O(ϵ4). (C.2)

Using the Baker-Hausdorff formula, we have

H ′ = eSHe−S

= H + [S,H] +
1

2!
[S, [S,H]] + · · ·

= H0 + ϵV + [S,H0] + ϵ[S, V ] +
1

2!
[S, [S,H0]] +

ϵ

2!
[S, [S, V ]] + · · ·

= H0 + ϵ
(
V + [S1, H0

)
+ ϵ2

(
[S2, H0] + [S1, V ] +

1

2!
[S1, [S1, H0]]

)
+ ϵ3

(
[S3, H0] +

1

2!
[S1, [S2, H0]] +

1

2!
[S2, [S1, H0]] +

1

2!
[S1, [S1, V ]]

+
1

3!
[S1, [S1, [S1, H0]]

)
+O(ϵ4).

(C.3)

When we choose appropriate S1 so that V + [S1, H0] = 0 and S2 = 0, we have

H ′ = H0 +
ϵ2

2
[S1, V ] +O(ϵ3). (C.4)
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APPENDIX D

COUPLED TRANSMISSION LINES

Here we discuss the coupled transmission lines. The effective circuit for two coupled trans-

mission lines is shown in Fig. D.1. Similar to a single transmission line, we can write down

telegrapher equations to describe their dynamics,

∂v1(z, t)

∂z
= −Ll

∂i1(z, t)

∂t
− Lm

∂i2(z, t)

∂t
, (D.1)

∂v2(z, t)

∂z
= −Ll

∂i2(z, t)

∂t
− Lm

∂i1(z, t)

∂t
, (D.2)

∂i1(z, t)

∂z
= −Cl

∂v1(z, t)

∂t
+ Cm

∂v2(z, t)

∂t
, (D.3)

∂i2(z, t)

∂z
= −Cl

∂v2(z, t)

∂t
+ Cm

∂v1(z, t)

∂t
, (D.4)

where vk(z, t) and ik(z, t) are the voltage and current the kth transmission line position z

and time t, Ll is the distributed inductance, Lm is the distributed mutual inductance, Cl is

the capacitance per length, Cm is the coupled capacitance per length. We already assume the

two transmission lines are identical and there is no loss in the system. The above equations

can be rearranged to

∂v+(z, t)

∂z
= −(Ll + Lm)

∂i+(z, t)

∂t
, (D.5)

∂v−(z, t)
∂z

= −(Ll − Lm)
∂i−(z, t)

∂t
, (D.6)

∂i+(z, t)

∂z
= −(Cl − Cm)

∂v+(z, t)

∂t
, (D.7)

∂i−(z, t)
∂z

= −(Cl + Cm)
∂v−(z, t)

∂t
, (D.8)
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ZS2

Z1,in

ZL2

ZL1

Zin

dz

Ll dz

(Cl−Cm) dz

Cm dzLm dz

v2(−d)

v1(−d) v1(0)

v2(0)

Figure D.1: Lumped-element equivalent circuit for coupled transmission lines with source
and load impedances.

where v± = v1±v2 and i± = i1± i2. We can get the phase velocities vp and phase constants

β of the two modes,

vp+ =
1√

(Ll + Lm)(Cl − Cm)
, (D.9)

vp− =
1√

(Ll − Lm)(Cl + Cm)
, (D.10)

β+ = ω/vp+ = ω
√

(Ll + Lm)(Cl − Cm), (D.11)

β− = ω/vp− = ω
√

(Ll − Lm)(Cl + Cm). (D.12)

When the two transmission lines are in a homogeneous medium, we have vp+ = vp− = 1/
√
µϵ

and β+ = β− = β, where µ and ϵ are the permeability and permittivity of the medium. Here

we assume a homogeneous medium to simplify the discussion and we can get

Lm
Cm

=
Ll
Cl

= Z2
0 , (D.13)
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where Z0 is the characteristic impedance of two uncoupled transmission lines. The effective

characteristic impedance of the two modes are

Z+ =

√
Ll + Lm
Cl − Cm

, (D.14)

Z− =

√
Ll − Lm
Cl + Cm

. (D.15)

We have

Z+Z− = Z2
0 . (D.16)

Similar to the single transmission line, we can get the input impedance matrix Zin at position

z = −d [249],

Zin(−d) =
(
I+ Γe−2jβd

)(
I− Γe−2jβd

)−1
ZC , (D.17)

where I is the 2× 2 identity matrix, ZC is the characteristic impedance of the coupled lines,

ZC =
1

2

Z+ + Z− Z+ − Z−

Z+ − Z− Z+ + Z−

 , (D.18)

and Γ is the reflection coefficient at the load,

Γ = (ZL − ZC)(ZL + ZC)
−1, (D.19)

with ZL,

ZL =

ZL1 0

0 ZL2

 . (D.20)

If the lines are in an inhomogeneous medium, we have β+ ̸= β−, and Eq. D.17 needs to be

modified [249]. When the second input port is terminated with a source impedance ZS2, we
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have

Z11i1 + Z12i2 = v1, (D.21)

Z21i1 + Z22i2 + ZS2i2 = 0, (D.22)

where we write Zin as

Zin =

Z11 Z12

Z21 Z22

 . (D.23)

We can get the input impedance from the first port, Z1,in,

Z1,in =
v1
i1

= Z11 −
Z12Z21

Z22 + ZS2
. (D.24)

Note that we always have Z12 = Z21 for passive circuits.

We can verify that when the two lines are uncoupled, i.e. Lm = Cm = 0, Eqs. D.17 and

D.24 become Eq. 1.87.

When ZL1 = ZL2 = Z0, we have

Γ =
1

2Z0 + Z+ + Z−

 0 −(Z+ − Z−)

−(Z+ − Z−) 0

 . (D.25)

The input impedance matrix Zin becomes,

Zin =
1

2

1+α
1−αZ+ + 1−α

1+αZ−
1+α
1−αZ+ − 1−α

1+αZ−

1+α
1−αZ+ − 1−α

1+αZ−
1+α
1−αZ+ + 1−α

1+αZ−

 , (D.26)

where the coefficient α satisfies,

α = − (Z+ − Z−)
2Z0 + Z+ + Z−

e−2jβd. (D.27)
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When ZS2 = Z0, we have

Z1,in = Z0, (D.28)

which forms a directional coupler [45]. The coupling coefficient C of the directional coupler

is C = (Z+ − Z−)/(Z+ + Z−).

When the two lines are weakly coupled, i.e. δ = Lm/Ll = Cm/Cl ≪ 1, we have

Z± = Z0 ± δZ0 +
1

2
δ2Z0. (D.29)

The characteristic impedance ZC of the coupled lines is

ZC = Z0

1 + 1
2δ

2 δ

δ 1 + 1
2δ

2

 . (D.30)

The reflection coefficient Γ becomes

Γ =

ZL1−Z0
ZL1+Z0

− Z0ZL1(ZL2−Z0)
(ZL1+Z0)2(ZL2+Z0)

δ2 − 2Z0ZL1
(ZL1+Z0)(ZL2+Z0)

δ

− 2Z0ZL2
(ZL1+Z0)(ZL2+Z0)

δ ZL2−Z0
ZL2+Z0

− Z0ZL2(ZL1−Z0)
(ZL2+Z0)2(ZL1+Z0)

δ2

 , (D.31)

from which we can calculate the input impedance matrix Zin and the input impedance of

the first port Z1,in.

When ZL1 = 0, the input impedance of the first port Z1,in becomes

Z1,in =
δ2(βd)2Z2

0

ZL2 + ZS2
, (D.32)

where we assume the coupling length βd ≪ 1. If we let M = Lmd, the above result can be

rewritten as

Z1,in =
ω2M2

ZL2 + ZS2
, (D.33)

which is the same as Eq. 1.39.
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ZS2

Z1,in

ZL2

θΔθπ/2 − Δθ − θZin

θ/π

κ/
κ 0

(b)

(a)

ZS2 = Z0

ZS2 = 1.1Z0

Figure D.2: (a) Circuit for a λ/4 resonator coupled to a transmission line. (b) Dissipation
rate κ of the λ/4 resonator versus the coupling position θ for ZL2 = ZS2 = Z0 (blue)
and ZL2 = Z0 and ZS2 = 1.1Z0 (orange). The solid lines are calculated using Eq. D.34
and Table 1.1 while the dashed lines are calculated using Eq. D.35. We assume δ = 0.2,
∆θ = 0.05 and κ0 = 2ω0(δ∆θ)

2/π in the calculation.

Using the above results, we can calculate the dissipation rate κ of a hanger resonator. The

circuit is shown in Fig. D.2(a). Here we consider a λ/4 resonator coupled to a transmission

line at position θ. We have ZS2 = ZL2 = Z0 and ZL1 = Z0/j tan θ. The input impedance

Zin from the short end of the λ/4 resonator is

Zin = Z0
Z1,in + jZ0 tan(π/2−∆θ − θ)

Z0 + jZ1,in tan(π/2−∆θ − θ)
, (D.34)

from which we can calculate the dissipation rate κ and coupling quality factor Qc of the λ/4

resonator using Table 1.1. Here we choose to calculate Zin from the short end because the

resonance acts like a series resonance seen from the short end, which is more convenient to

calculate the dissipation rate from the impedance Zin (see Table 1.1). We find that when

the coupling length is short, i.e. ∆θ = βd≪ 1, the dissipation rate κ can be approximately

written as the sum of the dissipation rate κi from the inductive coupling (Eq. 1.90) and
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κc from capacitive coupling (Eq. 1.91) as shown in Fig. D.2(b). If we let M = Lmd and

Cκ = Cmd, the dissipation rate κ can be written as

κ = κi + κc =
4ω30M

2

πZ0(ZS2 + ZL2)
sin2 θ +

4ω30C
2
κZ0ZL2ZS2

π(ZS2 + ZL2)
cos2 θ

=
4ω0(δ∆θ)

2

π

( Z0
ZS2 + ZL2

sin2 θ +
ZL2ZS2

Z0(ZS2 + ZL2)
cos2 θ

)
,

(D.35)

where ω0 is the frequency of the λ/4 resonator. Note that we have a different definition of

θ from Fig. 1.10. When ZL2 = ZS2 = Z0, the dissipation rate is

κ =
2ω0(δ∆θ)

2

π
, (D.36)

which is independent of the coupling position θ. When ZL2 ̸= ZS2 (e.g. there is some

impedance mismatch in the wiring), the dissipation rate will depend on the coupling point

(see Fig. D.2(b)). From the numerical calculation, we also find that when the coupling

length ∆θ = βd is not close to zero, the dissipation rate κ is smaller than the approximate

expression in Eq. D.35 and is still independent of the coupling point when ZL2 = ZS2 = Z0.

We can also analyze the coupling between two transmission line resonators. The circuit is

shown in Fig. D.3(a). Here we consider coupled λ/2 and λ/4 resonators. The source and load

impedances become ZL1 = −jZ0 cot θ1, ZL2 = jZ0 tan θ2, and ZS2 = jZ0 tan(π−∆θ− θ2),

from which we can calculate the input impedance Zin from the short end. We bring the two

resonators on resonance, and the coupling strength g is determined by

g =
ω2 − ω1

2
, (D.37)

where ω1 and ω2 are the two zeroes in Im[Zin(ω)]. There is another pole between ω1 and ω2

at ω0, which is the bare frequency of the two resonators. The numerical results are shown in

Fig. D.3(b). We find that when the coupling length is short, i.e. ∆θ = βd≪ 1, the coupling
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Z1,in θ1Δθπ/2 − Δθ − θ1Zin

θ2π − Δθ − θ2

θ2 /π θ2 /π

(b) (c)

(a)

θ 1
 /π

|g
|/g

0

Figure D.3: (a) Circuit for coupled λ/4 (bottom) and λ/2 (top) resonators. (b) Coupling
strength |g| versus coupling position θ1 and θ2 calculated using Eq. D.37 and (c) Eq. D.38.
We assume δ = 0.2, ∆θ = 0.05 and g0 =

√
2ω0δ∆θ/π in the calculation.

strength g can be approximately written as the sum of the coupling gi from the inductive

coupling (Eq. 1.92) and gc from the capacitive coupling (Eq. 1.93). If we let M = Lmd and

Cc = Cmd, the coupling strength g can be written as

g = gi + gc =

√
2

π

M

Z0
ω20 sin θ1 cos θ2 +

√
2

π
CcZ0ω

2
0 cos θ1 sin θ2

=

√
2

π
ω0δ∆θ sin(θ1 + θ2).

(D.38)

Note that the definition of θ1 here differs from Fig. 1.11. We need to be careful about

the signs of the couplings gi and gc. The results calculated using Eq. D.38 are shown in

Fig. D.3(c) and we can see good agreement with the numerical results in Fig. D.3(b). When

θ1 + θ2 = π, we have gi = −gc and g = 0. When θ1 = θ2, we have gi = gc and the non-

RWA terms in the coupling become zero (see Section 1.2.2). Analysis of couplings based on

S-parameters can be found in Ref. [250].
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APPENDIX E

CLASSICAL FILTER SYNTHESIS

Here we introduce the synthesis of classical filters [45]. The design flow of a bandpass filter

is shown in Fig. E.1. We start with a low-pass filter prototype, convert it to a bandpass

design, and finally convert it to a practical implementation. A low-pass filter prototype is

shown in Fig. E.1(a), where we start with normalized values and set the target 3 dB cutoff

frequency ωc = 1 rad/s. The coefficients {gk} are the numbers of the circuit elements in

units of Ω and we set g0 = 1. Different choices of {gk} give different frequency responses.

For different responses (Butterworth, Chebyshev, linear phase, etc.). The coefficients {gk}

can be calculated using the insertion loss technique and Cauer synthesis [100]. The reflected

power at the input port of the network is given by

|Γ(ω)|2 = 1− 1

PL(ω)
=
PL(ω)− 1

PL(ω)
, (E.1)

where PL(ω) is the power loss function. For a Butterworth (maximally flat) response, the

power loss function PL(ω) has the form,

PL(ω) = A(1 + ω2N ), (E.2)

where the parameter A controls the impedance match and N is the order of the filter. When

A = 1, there is no reflection at ω = 0. We will set A ≥ 1 here. For A < 0, the filter acts as

an amplifier [100]. Labeling s = jω, and inserting the Butterworth response, we have

|Γ(s)|2 =
A−1
A + (−1)Ns2N

1 + (−1)Ns2N
= Γ(s)Γ(−s). (E.3)
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(a)

(b)

(c)

(e)

(d)

g1 g3

g2g0

ZS L2 ZL

gN+1

Z0 Z0J1 J2

L1 L3

C2

C1 C3

C' C'L' C'L'J3 J4L'

B1 B2 B3 BN
c1,2 κNκ 1

c2,3

θ1 θ2 θN

ϕ1 ϕ2 ϕ3 ϕN+1

θ3

ϕ4Z0 Z0

Figure E.1: Design flow of bandpass filters. (a) Low-pass prototype, using capacitors and
inductors. (b) Bandform transformation from lowpass to bandpass. (c) Bandpass filter with
admittance inverters Jn, using only parallel LC resonators. (d) Implementation using sec-
tions of transmission lines. (e) Coupled-mode picture for an Nth order filter, with dissipation
rate κj for the jth resonator Bj and coupling strength cj,j+1 between resonators Bj and
Bj+1.

Here we choose a positive sign for Γ(s) and we can get

Γ(s) =
R(s)

D(s)
=

ΠN
k=1(s− zk)

ΠN
k=1(s− pk)

, (E.4)

where sk are complex roots of R(s) and pk are complex roots of D(s), where we choose

them from the left half-plane of the complex plane. We can get the input impedance of the

network Z(s) from Γ(s),

Z(s) =
1 + Γ(s)

1− Γ(s)
=
D(s) +R(s)

D(s)−R(s)
. (E.5)
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Insertion loss Order N g0g1 g1g2 g2g3 g3g4 g4g5 g5g6 g6g7
0 dB 1 2.000 2.000

2 1.414 2.000 1.414
3 1.000 2.000 2.000 1.000
4 0.765 1.414 3.414 1.414 0.765
5 0.618 1.000 3.236 3.236 1.000 0.618
6 0.518 0.732 2.732 3.732 2.732 0.732 0.518

10 dB 1 38.97 1.026
2 54.40 1.026 0.716
3 57.45 2.035 0.678 0.504
4 58.50 2.445 1.730 0.420 0.385
5 58.97 2.645 2.366 1.249 0.279 0.311
6 59.22 2.755 2.755 1.882 0.919 0.198 0.260

20 dB 1 399.0 1.003
2 563.6 1.003 0.708
3 597.5 2.003 0.668 0.500
4 607.6 2.417 1.709 0.415 0.383
5 615.2 2.621 2.344 1.237 0.277 0.309
6 618.3 2.734 2.734 1.868 0.911 0.196 0.259

30 dB 1 3999 1.000
2 5655 1.000 0.707
3 5997 2.000 0.667 0.500
4 6120 2.415 1.707 0.414 0.383
5 6178 2.618 2.342 1.236 0.276 0.309
6 6209 2.732 2.732 1.866 0.911 0.196 0.259

Table E.1: g coefficients for maximally flat low-pass filter prototypes, with g0 = 1.

From Cauer synthesis, we can write Z(s) using {gk},

Z(s) = g1s+
1

g2s+
1

g3s+···
. (E.6)

Note there is no s after gN+1. We can determine all {gk} by the above two equations. Some

calculated {gk} are listed in Table E.1.

With the low-pass prototype, we can transform it into a bandpass filter. Assuming the

bandpass filter has a passband between ω1 and ω2, we can define its center frequency ω0 and
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Figure E.2: Functionality of (a) impedance and (b) admittance inverters.

bandwidth ratio ∆ as

ω0 =
√
ω1ω2, (E.7)

∆ =
ω2 − ω1
ω0

. (E.8)

Then we can transform the low-pass filter prototype by replacing the inductors with series

LC resonators and capacitors with parallel LC resonators as is shown in Fig. E.1(b), with

the values,

L2k+1 =
∆Z0

ω0g2k+1
, (E.9)

C2k+1 =
g2k+1

∆ω0Z0
, (E.10)

L2k+2 =
g2k+2Z0
∆ω0

, (E.11)

C2k+2 =
∆

ω0g2k+1Z0
, (E.12)

where we assume the input and output circuits have the same characteristic impedance

ZS = ZL = Z0.

However, the circuit in Fig. E.1(b) is not easy to implement. We can further transform

the circuit to a circuit with only parallel or series LC resonators (see Fig. E.1(c)) using

admittance or impedance inverters. The impedance/admittance inverters can convert the
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series impedance to parallel admittance or vice versa. An ideal impedance inverter K (or

admittance inverter J with J = 1/K) have the ABCD matrix,

A B

C D

 =

 0 jK

j/K 0

 =

 0 j/J

jJ 0

 . (E.13)

When a series impedance Z is sandwiched by two impedance inverters K (see Fig. E.2(a)),

the total ABCD matrix for this circuit becomesA B

C D

 =

 0 jK

j/K 0


1 Z

0 1


 0 jK

j/K 0

 = eiπ

 1 0

Z/K2 1

 , (E.14)

which is the ABCD matrix of a parallel circuit with admittance Z/K2. When a parallel

admittance Y is sandwiched by two admittance inverters J (see Fig. E.2(b)), the total ABCD

matrix becomesA B

C D

 =

 0 j/J

jJ 0


 1 0

Y 1


 0 j/J

jJ 0

 = eiπ

1 Y/J2

0 1

 , (E.15)

which is the ABCD matrix of a series circuit with impedance Y/J2. In Fig. E.3, we give

examples of the impedance and admittance inverters. Comparing Fig. E.3(a) and Fig. 1.27,

we can see that the impedance inverters are just couplers for inductive coupling. Comparing

Fig. E.3(b) and Fig. 1.2(a), we can see that the admittance inverters are couplers for ca-

pacitive coupling, which compensate the frequency shifts by the negative capacitors. More

examples of inverters can be found in Ref. [45]. In practice, the inverters only work for a

certain bandwidth. Bandpass filters designed by inverters can have a bandwidth ratio ∆ up

to around 10%.

In Fig. E.1(c), we present a circuit using only admittance inverters and parallel LC
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Figure E.3: Examples of (a) impedance and (b) admittance inverters.

resonators. When the inductors and capacitors in Fig. E.1(c) have the same values,

L′ =
2Z0
πω0

, (E.16)

C ′ =
π

2Z0ω0
, (E.17)

the admittance inverters need to satisfy

Z0Jn =

√
π∆

2gn−1gn
for n = 1, N + 1, (E.18)

Z0Jn =
π∆

2
√
gn−1gn

for n = 2, · · · , N. (E.19)

If we use the circuit in Fig. E.3(b) as the admittance inverters, the circuit in Fig. E.1(c) can

be treated as capacitively coupled parallel LC resonators. Note that the negative capacitors

in the admittance inverter can be absorbed into its neighbor parallel LC resonators.

In practice, we can use transmission lines instead of lumped elements to make the res-

onators. Here we present a circuit using only sections of transmission lines in Fig. E.1(d).

The grounded transmission lines act as impedance inverters, which is a variant of the circuit

in Fig. E.3(a). The whole circuit in Fig. E.1(d) can be treated as inductively coupled λ/2
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Figure E.4: Transmission coefficients |SN1| for different orders N with insertion loss (a) 0 dB
and (b) 20 dB. All the filters have the same center frequency ω0/2π = 6 GHz and bandwidth
∆ω0/2π = 600 MHz.

resonators. The length of each line needs to satisfy

ϕn = arctan

(
Z0/Kn

1− (Z0/Kn)2

)
, (E.20)

θn = π − arctan(Z0/Kn)− arctan(Z0/Kn+1), (E.21)

where ϕn and θn represent βℓ with β the phase constant at frequency ω0, and Kn = 1/Jn

in Eqs. E.18 and E.19. We set the impedance of all the transmission lines to be Z0, which

is the same as the source and load circuit impedance.

With the impedance/admittance inverters, the bandpass filters can be treated as coupled

series/parallel resonators as is shown in Fig. E.1(e) [251, 100]. The dispassion rates of the
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first and last resonators and the coupling strength between resonators are given by

κ1 =
∆ω0
g0g1

, (E.22)

κN =
∆ω0

gNgN+1
, (E.23)

ck,k+1 =
∆ω0

2
√
gkgk+1

. (E.24)

From Table E.1, we can see that for large insertion loss, κ1 ≪ κN . In the infinite insertion

loss limit, we get a singly terminated filter. With this coupled-mode view, we can directly

calculate the transmission coefficients SN1 from Eq. 1.61. Note that the case of N = 1 has

been discussed in Section 1.2.5. The transmission coefficients SN1 for different filters with

different orders N and insertion loss are shown in Fig. E.4. We achieve flat |SN1| in the

passband as expected. From the coupled-mode view, the filter bandwidth can be broad as

long as the RWA holds. If we use coupled transmission line resonators to balance out the

non-RWA terms (see Appendix D), we can achieve a broader bandwidth.

In Fig. E.5, we give an example of a four-stage 20 dB insertion loss filter for qubit readout.

The layout is shown in Fig. E.5(a), where four readout resonators are coupled to the first

stage of the filter. The photo of the whole device is shown in Fig. E.5(b). To couple more

readout resonators to the first stage, we can use an nλ/2 resonator as the first stage. To

further reduce the footprint of the filter, we can use lumped-element resonators for other

stages.
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(a)

(b)

600 μm

Input

Output

Figure E.5: (a) Layout of a four-stage bandpass filter for qubit readout: four transmon
qubits (green) are capacitively coupled to λ/4 readout resonators (blue), which are coupled
to the first stage of the filter (red). The xy drive lines and z flux lines are marked in magenta
and orange respectively. (b) Photo of the whole device, with a size of 6 mm × 6 mm. This
device was fabricated by Yash Joshi.
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APPENDIX F

IMPEDANCE RESPONSE FORMULAS FOR COUPLINGS

Exact calculation of qubit-qubit coupling strength geff and ZZ interaction strength ζ re-

quires full-diagonalization of the circuit Hamiltonian, which becomes very computationally

demanding when many modes/junctions are involved. Refs. [235, 236] present a way to cal-

culate the coupling strength geff and ZZ interaction strength ζ directly from the impedance

of the coupler while considering the weak non-linearity of the transmons. Their results are

summarized as follows.

Here we consider two transmons coupled by a two-port linear network as is shown in

Fig. F.1, where the capacitors of the transmons are absorbed in the network. The qubits’

frequencies ωk and anharmonicities ηk are given by the capacitance matrix C as we discussed

before (see e.g. Eqs. 4.19 and 4.20). More accurate formulas for ωk and ηk are

ωk = ωJk −
ECk/ℏ

1− ECk/ℏωJk
, (F.1)

ηk = −
α2kkECk/ℏ

1− 2α2kkECk/ℏωk
, (F.2)

where ωJk = 1/
√
LJkCk =

√
8EJkECk with Ck = e2/2ECk obtained from the capacitance

matrix C and αkk is the correction coefficient given by

αkk =
1

2
− 3

4

√
Ck

Lk
Im[Zkk(ωk)]−

1

4

√
Ck

Lk
ωkIm

[dZkk(ω)
dω

∣∣∣
ω=ωk

]
, (F.3)

LJ1 LJ2Z(ω)

Figure F.1: Circuit for two transmons coupled by a two-port linear network.
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where Lk = 1/ω2kCk = LJk/(1−2ECk/ℏωk) is the effective inductance of the qubit and Zkk

is the diagonal term of the impedance matrix Z(ω). The coefficient αkk ∼= 1 in the transmon

regime. The coupling strength geff is given by the impedance matrix Z(ω),

geff = −1

4

√
ω1ω2
L1L2

Im
[Z12(ω1)

ω1
+
Z12(ω2)

ω2

]
, (F.4)

where Z12 is the off-diagonal term of the impedance matrix Z(ω). When there are junctions

in Z(ω) and they work in the transmon limit EJ ≫ EC , we can linearize them similar to

what we did to transmon qubits, i.e. replacing LJ with L = 1/ω2C = LJ/(1 − 2EC/ℏω),

where ω is the frequency of the corresponding mode (see Eq. F.1). Readers can verify that

the coupling strength of fixed (Eqs. 1.20 and 1.24) and tunable couplings (Eqs. 1.177 and

1.189) can be directly calculated from this formula.

When |geff | ≪ |ω1 − ω2|, the ZZ interaction ζ can be written as

ζ = ζK + ζJ , (F.5)

where ζK is the direct ZZ coupling and ζJ is the ZZ coupling from the exchange coupling.

The direct ZZ coupling ζK is given by

ζK = 2η1
(ω1
ω2

)
α212 + 2η2

(ω2
ω1

)
α221, (F.6)

where αkl are given by

αkl =

√
Ck

Ll

1

2(ω2k − ω2l )
Im[(ω2k − 2ω2l )Z12(ωl) + ωkωlZ12(ωk)]. (F.7)

The coupling ζJ is similar to Eq. 1.150 but with some corrections on the interaction strength
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between the higher excited states, which is given by

ζJ = 2
J21 (η2 −∆) + J22 (η1 +∆)

(∆ + η1)(∆− η2)
, (F.8)

where ∆ = ω1 − ω2 and Jk is the effective coupling strength between the higher excited

states, i.e. J1 is the coupling strength between the |fg⟩ and |ee⟩ states, and J2 is the

coupling strength between the |gf⟩ and |ee⟩ states. When J1 = J2 = geff , we come back to

Eq. 1.150. The couplings Jk are given by

J1 = −1

4

√
ω1ω2
L1L2

Im
[
β11

Z12(ω1)

ω1
+ β12

Z12(ω2)

ω2

]
, (F.9)

J2 = −1

4

√
ω1ω2
L1L2

Im
[
β21

Z12(ω1)

ω1
+ β22

Z12(ω2)

ω2

]
, (F.10)

where the correction factors β11, β12, β21 and β22 are

β11 = 1 + 2
ω1η1

ω21 − ω22
, (F.11)

β12 = 1− 2
ω1η1

ω21 − ω22
+ 4

η1
ω1
, (F.12)

β21 = 1− 2
ω2η2

ω22 − ω21
+ 4

η2
ω2
, (F.13)

β11 = 1 + 2
ω2η2

ω22 − ω21
. (F.14)

The above discussion can be extended to multiple transmon qubits, where the two-port

impedance matrix Z(ω) becomes an N -port impedance matrix.
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APPENDIX G

FABRICATION

The fabrication of our superconducting quantum processors is done in the Pritzker Nanofabri-

cation Facility at the University of Chicago. The recipes for transmon qubits were developed

and improved by Hung-Shen Chang, Youpeng Zhong, Ming-Han Chou, and Joel Grebel.

Readers can refer to their theses [252, 77, 143, 253] for more details. The non-galvanic

flip-chip technique was developed by Kevin Satzinger and Chris Conner [240, 122].

G.1 Fabrication of superconducting qubits in 3 days

Here we will only give a rough timeline for the fabrication of a superconducting quantum

processor as the process keeps being improved. The below process can consistently achieve

qubit T1 over 10 µs. For a hardworking graduate student, finishing the below process in

three days is not hard.

• Day 1

– 8:00 am, get into the cleanroom, pick a 4-inch sapphire wafer, solvent clean it,

and bake it.

– 9:00 am, Al layer deposition.

– 9:30 am, photolithography for the base layer.

– 10:30 am, Cl etch the base layer and clean the photoresist.

– 11:00 am, photolithography for the Au marker.

– 11:30 am, Ti/Au layer deposition.

– 12:00 pm, leave the wafer in 80C NMP for liftoff and go out for lunch.

– 4:00 pm, clean the wafer and do the photolithography for the SiO2 layer.
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– 4:30 pm, leave the wafer in the SiO2 deposition tool for overnight pump down.

– 5:00 pm, go home.

• Day 2

– 8:00 am, get into the cleanroom and deposit SiO2.

– 9:30 am, leave the wafer in 80C NMP for liftoff and go out for a cup of coffee.

– 1:30 pm, clean the wafer and dice it into quarters.

– 2:30 pm, e-beam lithography for the junction layer.

– 3:30 pm, leave the wafer in the junction deposition tool for overnight pumpdown.

– 4:00 pm, go home.

• Day 3

– 8:00 am, get into the cleanroom and deposit junction layers.

– 9:40 am, leave the wafer in 80C NMP for liftoff and go out for a cup of coffee.

– 2:00 pm, clean the wafer and do the photolithography for the Al bandage layer.

– 2:30 pm, pump down the bandage layer deposition tool.

– 5:00 pm, Al bandage layer deposition.

– 5:30 pm, leave the wafer in 80C NMP for liftoff and get out for dinner.

– 8:30 pm, vent the vapor HF tool and dice the quarter wafer into chips.

– 9:00 pm, etch out SiO2 with vapor HF.

– 10:00 pm, go home.

• Day 4

– 8:00 am, do the flip-chip assembly if needed.
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Figure G.1: (a) Short indicated by the red dashed line fixed by a second etch. (b) Open
fixed by a bandage layer. (c) Measured resistance of 36 1.3-meter-long lines on a 4-inch wafer
after the first, second, and third etch.

– 10:00 am, wire bond the sample.

– 12:00 pm, go out for lunch.

– 1:00 pm, prepare to cool down the sample and pray it will work as expected.

G.2 Fabrication of 1.3-meter-long CPW lines

In Chapter 3, we discussed a three-node sample where a 1.3-meter-long line transmission

line links every two nodes. The total length of the transmission lines is around 4 meters on

one chip and 50 meters on a 4-inch wafer. Making all of these transmission lines perfect is

challenging. To detect whether the long lines are defective, we put a test pad in the center

of the long line for resistance measurement. The long lines are shorted to ground on the two

ends which are connected to gmon couplers.

If the measured resistance from the test pad to the ground is below the expected value,
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the line is shorted to the ground somewhere, which is caused by the imperfect etch of the

base layer, e.g. some dust falls on the photoresist before the etch. These can be fixed by

a second etch as is shown in Fig. G.1(a), where we shrink the CPW line gap from 4 µm to

2 µm to avoid potential misalignment by the photolithography. In Fig. G.1(c), we present

the measured resistances of 36 1.3-meter-long lines on a 4-inch wafer after the first, second,

and third etch. We can see that most of the short can be fixed with a second etch.

If the measured resistance from the test pad to the ground is above the expected value,

the line is broken somewhere which is caused by the imperfect base layer deposition, e.g.

some dust falls on the wafer before the metal deposition. We do a bandage layer deposition

to fix these breakpoints as is shown in Fig. G.1(b). The modified process for the base layer

is described as follows.

• Pick a 4-inch sapphire wafer, solvent-clean it, and bake it.

• Al layer deposition.

• Photolithography for the base layer. The long lines have 8 µm width and 4 µm gap.

• Cl etch the base layer and clean the photoresist.

• Photolithography for the long lines with 2 µm gaps.

• Cl etch the long lines and clean the photoresist (see Fig. G.1(a)).

• Measure the resistance of all the long lines and locate the breakpoints of the long lines.

• Photolithography for the breakpoints of the long lines.

• Al bandage layer deposition and liftoff to fix these breakpoints (see Fig. G.1(b)).

• Measure the resistance of all the long lines to detect if there are other defects and fix

them following the above process if necessary.
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• Photolithography for the links between the test pads and the center of the long lines.

• Cl etch the test pads and clean the photoresist.

The above process can be extended to all the control lines, especially for multi-qubit samples.
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APPENDIX H

MEASUREMENT SETUP

H.1 Sample packaging

After the sample is fabricated, it is a die of size 6 mm × 15 mm (two-node sample in

Chapter 2) or 20 mm × 20 mm (three-node sample in Chapter 3 and four-node sample in

Chapter 4). To measure the sample, we need to wire bond it to a printed circuit board

(PCB) with aluminum wires. The PCB has no solder mask for better thermalization. The

commonly used SMA connectors are soldered on the PCB for signals in and out. Here we use

the non-magnetic connectors to minimize the effects of residual magnetic fields. We added

vias connecting the grounds of different layers in the PCB to reduce the crosstalk between

neighbor signal traces [254]. We have designed the PCBs with 12 and 24 connectors, with

examples shown in Fig. H.1. Smaller connectors like SMP, SMPM, or PkZ connectors can

be used for denser wiring. The sample sits in an aluminum cavity, which is superconducting

and offers better shielding than copper. To reduce the qubit loss from the packaging mode,

we minimize the size of the cavity to bring the cavity frequency higher. For the packaging

for 20 mm × 20 mm samples, the cavity resonance frequency is around 7.5 GHz. We place

all the qubit and readout resonator frequencies below 6 GHz. The loss from the packaging

cavity can be further minimized by the flip-chip technique, which also acts as a shield for the

qubits. Note that the substrate of the sample itself also has resonances. Like normal vias on

PCBs, through-silicon vias [60] can be used to reduce such an effect. Aluminum is a poor

conductor of heat because it is superconducting. For better thermalization of the sample,

we mount the PCB on a gold-plated oxygen-free high thermal conductivity (OFHC) copper

stand in the new design as is shown in Fig. H.1(e).

We place the aluminum package in a magnetic shield to further reduce the effects of
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Figure H.1: (a-d) Sample packaging for 20 mm× 20 mm chip with 24 SMA connectors. The
sample is wire bonded to the PCB which is mounted on an aluminum box. The aluminum
box is placed in a mu-metal shield and mounted to the fridge. (e-i) Sample packaging for
6 mm× 6 mm chip with 12 SMA connectors. The PCB is mounted on a gold-plated copper
stand. The whole package will be placed in the cylinders with the inner one to be painted
with a black coating and the outer one to be a mu-metal shield.

fluctuations of external magnetic fields. The magnetic shields fabricated by amuneal1 are

made of mu-metal and hydrogen annealed for better permeabilities in low temperatures.

Some magnetic shields are shown in Fig. H.1(c) and (i).

The energy gap of aluminum is 3.4× 10−4 eV, corresponding to a frequency of 88 GHz.

Infrared photons (300 GHz to 430 THz) can break the Cooper pairs and generate quasiparti-

cles, limiting the qubit lifetimes. Absorbing materials can be painted on the shield for better

protection. One example is a black coating made of silica powder, fine carbon powder, and

1 mm silicon carbide grains in stycast epoxy [255, 256, 257]. In our new packaging design, a

separate gold-plated copper cylinder is inside the mu-metal shield for black coating as shown

in Fig. H.1(i).

1. https://www.amuneal.com
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H.2 Control line filtering

The packaged sample is mounted at the mixing chamber stage of the dilution refrigerator,

which can cool down to below 10 mK. We use a Bluefors2 LD-400 dilution refrigerator in

our experiment. Before the control pulses arrive at the sample, filters need to be added at

different stages to suppress unwanted signals [258]. An example wiring diagram is shown in

Fig. H.2(a). Different input/output lines have different configurations.

For output lines that collect the readout signals, we use superconducting (NbTi) cables

between the mixing chamber and the cryogenic low noise amplifier at the 4 K stage to reduce

the cable insertion loss. To reduce the thermal noise coming down from the hot stages, three

20 dB cryo isolators are connected inline at the mixing chamber. To save space under the

mixing chamber, the cryo isolators can be mounted above the mixing chamber as shown in

Fig. H.2(b).

For qubit xy lines and read-in lines, we add 20 dB attenuation at the 4 K stage and more

than 30 dB attenuation at the mixing chamber to reduce the thermal noise coming from the

upper stages. The attenuator combination can be optimized by placing more attenuators at

the still stage to reduce the heat load of the mixing chamber as shown in Fig. H.2(b). To

better suppress unwanted signals at higher frequencies, commercial low-pass filters are added.

For signals over tens of GHz (e.g. infrared photons), the commercial low-pass filters become

transparent. Similar to the black coating mentioned above, filters filled with absorbing

materials are added inline. Commonly used commercial absorbers are from Laird Eccosorb

CR series3 [259, 260, 261, 127]. The Eccosorb filters also provide better thermalization of

the signal lines compared with the coaxial cables which rely on the Teflon dielectric.

For qubit and coupler flux lines, we use a DC line (< 1 MHz) combined with a fast-flux

2. https://bluefors.com

3. https://www.laird.com/products/absorbers/structural-absorbers/castable-liquid-absor
ber/eccosorb-cr
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Figure H.2: (a) Wiring diagram for samples measured in previous chapters. (b) Optimized
wiring diagram. There are 0 dB attenuators at each stage, which are not plotted. (c) Photo
of the inner side of a wired Bluefors LD-400 dilution refrigerator.

line (< 500 MHz) using a bias tee. There is an RC filter with 1.5 kΩ resistance at the 4 K

stage and a copper powder filter on the DC line before the bias tee. The copper powder

filters were first introduced in Ref. [262] and are commonly used to filter out higher frequency

signals [263, 264, 265, 266, 267, 268]. For the fast-flux lines, we add 20 dB attenuators at the

4 K stage and 10 dB more attenuators at the mixing chamber. There is a 500 MHz/1 GHz

commercial low-pass filter before the bias tee. After the bias tee, we add a customized

Eccosorb filter with a NbTi center trace. The superconducting center trace helps block the
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(b)

(c)

2 cm(a)

Figure H.3: Eccosorb filters. (a) NbTi wires are soldered to the SMA connectors. (b) Filters
are filled with CR-124. (c) Filters are packaged and mounted on the dilution refrigerator.

heat generated before it. The NbTi wires come with a copper jacket, which is removed

by leaving it in 40◦C copper etchant CE-200 for 40 minutes. The copper at two ends is

kept for soldering the wire to the connectors. The filters are shown in Fig. H.3. Here we

choose Eccosorb CR-124 as the absorbing material, which gives a 3 dB cutoff frequency of

200 MHz. This flux line configuration can be simplified to using only one fast-flux line as

shown in Fig. H.2(b).

With all these attenuators, filters, and isolators, we need to be careful with the impedance

mismatch, which will also limit the gate fidelity [269] or affect the readout resonator dissi-

pation rate κr [270].

H.3 Control electronics

We need to generate the pulses of different frequencies to control the qubits. The block

diagrams for the pulse generation are shown in Fig. H.4.

For DC and fast flux control (0 to 300 MHz), pulses can be directly generated from a

1 Gsps speed digital-analog converter (DAC). We add a differential amplifier after the DAC

to reduce the common mode noise and a Gaussian low pass filter to filter out the clock signal

and get a smooth pulse shape [77].
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Figure H.4: Block diagrams for pulse generation. GF-250 represents a Gaussian filter with
a 3 dB cutoff frequency of 250 MHz.

For qubit xy control, we need pulses of frequency around 5 GHz. One way to generate

these pulses is to do mixing using a local oscillator (LO) and a mixer. The LO generates

continuous waves at frequency fLO and the DAC generates signal at frequency fIR, the signal

after the mixer has two sidebands with frequencies fRF = fLO ± fIR. With proper filtering,

we can keep only one sideband. Another way to remove the unwanted sideband is to use the

in-phase quadrature (IQ) mixer, which contains two mixers and one sideband is removed by

destructive interference. In practice, fIR can be up to 300 MHz for a 1 Gsps speed DAC. For

qubits’ detuning within 600 MHz, we can use one LO for all qubits. IQ mixers are imperfect

in reality, thus we need to correct the LO and sideband leakage [77, 271]. Using DACs with

higher sampling rates, we can directly generate high-frequency signals without mixers [272].

The readout resonator drive (readin) is similar to the qubit xy control. Because of

the large qubit-resonator detuning, we need a separate LO. The readout signals are down-

converted by an IQ mixer and collected by an analog-digital converter (ADC), from which

we can tell the qubit state. The mixers for readin and readout share the same LO.
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