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ABSTRACT

This thesis consists of two chapters: The first and primary component is dedicated to the
Hitchin morphism for symmetric spaces, which is joint work with B. Morrissey. We introduce
and describe the “regular quotient” and explain some basic consequences for Higgs bundles.
We include an invariant theoretic approach to spectral covers in this setting for the space
GLay, / GLy, x GL;,. We also include some work towards an enhanced Grothendieck-Springer
style correspondence in for quasi-split pairs, which classifies certain parabolics of H rather
than Borels of G. We study the component groups of such covers, including their importance
in describing regular centralizers.

In the second chapter, we recount some joint work with B.C. Ng6 on companion matrices
for clssical groups and Go. We use the companion matrix construction for GL, to build
canonical sections of the Chevalley map [g/G] — g//G for classical groups G as well as the
group Go. To do so, we construct canonical tensors on the associated spectral covers. As an
application, we make explicit lattice descriptions of affine Springer fibers and Hitchin fibers

for classical groups and Go.



CHAPTER 1
THE HITCHIN FIBRATION FOR SYMMETRIC SPACES

1.1 Introduction

Let G be a reductive group over an algebraically closed field k. Fix a smooth, projective
curve C over k and a line bundle D on C' whose degree is greater than twice the genus. To

such data, one can associate the moduli stack of G Higgs bundles

Mg = Maps(C,gp/G)

where gp = g ® D is the twisted bundle of Lie algebras and gp/G is the stack quotient.
When D is the canonical bundle of C' and k£ = C, this space was introduced by Corlette
and Simpson to classify reductive representations of the fundamental group 71 (C') in G(C)

[9, 46|. In [20], Hitchin introduced a beautiful fibration

hg: Mg — Ag

where Aq is an affine space of half the dimension of M, which is a global analogue of the
characteristic polynomial map, and whose generic fiber is an abelian variety. Since its intro-
duction, the Hitchin fibration has found applications across a wide range of mathematics.
Among its remarkable properties: Over C, it is a Lagrangian torus fibration with a known
mirror dual (in the sense of SYZ mirror symmetry); it exhibits aesthetic duality phenomina
which relate to Geometric Langlands; and it provides a geometric framework for the theory
of endoscopy leading to Ngo’s proof of the Fundamental Lemma [35].

In this paper, we study a generalized Hitchin fibration associated to a symmetric pair.
In particular, we let

0: G — G



be an algebraic involution of GG, and let K = (GQ)O be the connected component of the fixed

points of # on G. Fix a smooth, closed subgroup H of GG such that
K C H C Ng(K).
The involution # induces a Cartan decomposition
g=todp

where £ and p are the (+1) and (—1) eigenspaces, respectively, of 6 on g. To the G-variety

X = G/H we associate a moduli space of relative Higgs bundles

My =Maps(C,pp/H)

For k = C and D the canonical bundle, Gracia-Prada, Gothen, and Riera introduced these
relative Higgs bundles to study reductive representations of 71(C') in real forms of G [15].

One still has a relative Hitchin fibration

hx: Mx — Ax

with Ax = Maps(X, (p/H)p) the affine space classifying maps to the twisted GIT quotient
p//H = Spec k[p]H. The geometry of fibers of these Hitchin systems were studied extensively
using spectral covers in [41, 43, 42, 23] among others, and a theory of cameral covers was
initiated in |36, 16].

The generic fibers of the Hitchin fibration for symmetric spaces involve two novel geomet-
ric behaviors: First, there may be exceptional components. For example, in Schapostnik’s
thesis work [41] for the symmetric space X = GLg, /(GLy, x GLy;,), fibers are generically
identified with a disjoint union of 2¢ copies of the Picard stack classifying line bundles on a
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spectral curve for an explicit £. Worse, the connected components may still fail to be abelian
varieties. For example, Hitchin and Schapostnik give a symmetric pair for which the fibers
of hx over a generic a are identified with the space of rank two vector bundles on a spectral
curve [23].

In this work, we describe in greater detail the geometry of the Hitchin fibration for
symmetric spaces, providing invariant theoretic explanations for the anomalous behavior of
the fibers and giving descriptions of the fibration hx in families. Our results will restrict to
the regular locus. That is, we let p'®J denote the set of x € p whose centralizer in H is of
minimal dimension. We will restrict to the sub-locus Mg?g of M x consisting of maps from
C valued in the open substack prgg /H. We will make use of new tools provided by the work

[33].1 Following loc. cit., the basic structure theorem can be expressed as follows.

Theorem 1.1.1. There is a factorization of hx into
A/
Mx — Ay — Ax

such that, over a dense open locus A?( of Ax, the map ¢ is étale and the space Mx is

1somorphic to a space of torsors for a prescribed band over Ag(.

The above theorem is a reflection of some new constructions in invariant theory. Namely,

consider the Chevalley style morphism

x:p/H —p|H

from the stack quotient of H acting on p to the corresponding GIT quotient. This map
fails to be a gerbe; indeed, there may be multiple regular, nilpotent H orbits in p. In [16],

they suggest studying an intermediate quotient obtained by rigidifying the stack p*®9/H by

1. As [33] is not yet public, care will be taken to ensure this thesis is self-contained. The reader will note,
therefore, that Subsection 1.3.1 exposits work on which the author was not a collaborator.
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inertia. This intermediate quotient, which we will denote by p*J JH and call the reqular

quotient, is a coarse moduli space for regular H-orbits in p. The map y factors
p*I/H =" JH = p|H

where the first map is a gerbe and the second is a non-separated cover. Motivted by the
study of generalized Hitchin systems, [33] gives a construction of such quotients in large
generality, but it should be noted that this construction in general returns a DM stack.

Our main result is a completely explicit description of the regular quotient.
Theorem 1.1.2. Let (G, 0, H) be a symmetric pair with G simple.

1. If (G,0,H) is not the split form on G = SOy, then there is a Zariski closed subset

Z C ¢ such that

b9 1 ~ [T ¢
A

consists of two copies of ¢ glued along Z. Moreover, this closed subset Z can be com-

puted explicitly via an inductive procedure.

2. The split form on G = SOy, can be explicitly described as well, but involves gluing

patterns for four sheets. See FExample 1.3.48.

3. The case of general G can be reduced to the simple case via a compatibility with z-

extensions.

The gerbe
preg/H N preg iH

is banded by the group scheme 'Y — p™®9 whose fiber over x C p'®J is the centralizer of x
in H
LY ={he H: Ad(h) -z = z}.
4



Any question of the behaviour of the map W must, therefore, be inextricably linked to the
question of describing the regular centralizer group scheme I'®Y. For technical reasons, we
restrict our attention in this work to quasi-split symmetric pairs, which is to say, those for
which I'%Y is abelian. For quasisplit symmetric pairs, 1'¢ descends to a smooth, commuta-
tive group scheme J over the GIT quotient, which we will denote by ¢ :=p/H.

Let a C p be a maximal abelian subalgebra. The abelian algebra a comes equipped with
a natural root system (the “restricted root system” of the symmetric space), and we denote
the corresponding Weyl group by Wy,. Let C' = Cg(a). Following the perspective taken in
[10] and [35], we seek a flat cover

c—c

with a group Wy acting on ¢ and C' over ¢ such that J is an open subgroup scheme of the
WEeil restriction

JE = Res{(C x )%

Attempts to describe J have been made in [16, 29] using the flat cover
a— C.

arising from the Chevalley style isomorphism p/H ~ a/W,. However, this is not sufficient
to describe regular centralizers in general: In particular, there are natural examples where
the action of Wy on the centralizer group scheme C' = Cg(a) is trivial while J is not. We
describe an enhanced cameral cover

T—c

which is a reducible, ramified W5 cover. We do so in two steps. First, we build a map ¢ — ¢
using a generalized Grothendieck-Springer map as follows

Let M = Cg(C°) be the Levi subgroup of H determined by possibly non-maximal torus



C. Fix parabolic @ with Levi factor M. We define p'® to be the reduced incidence variety
parametrizing pairs

(x,P) € p™ x H/Q

such that Cyy(Cy(x)) C Lie(P).

The following is verified with some explicit computations.

Theorem 1.1.3. Assume that (G, 0, H) is a quasisplit symmetric pair with no simple factors
giving the non-split, quasisplit form on Eg. Then, there exists a cover ¢ — ¢ fitting into a
Cartesian diagram
pred — ¢
|

pred ¢

The space ¢ is reducible, with each irreducible component isomorphic to a cover ¢y — ¢ which

s a subcover of a — ¢.

The cover ¢ is sufficient for describing connected regular centralizers, but not those with

disconnected regular centralizers. For this we inflate the components by setting

We summarize the main result.

Theorem 1.1.4. Let (G,0, H) be a quasisplit symmetric pair with the quasisplit form on Eg
not appearing as a simple factor. Let C' = Cg(a) be the centralizer subgroup of a mazimal

abelian subalgebra a € p. Then, there is a group homomorphism
J — ResE(C' x OWe

which is an open embedding. Here, W acts diagonally.
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If G is simply connected, then the map above is an isomorphism.

We remark that in the above, the restriction on Fg is likely not necessary. The argument
relies on some explicit computations, which are not feasible for the form Eg (see Lemma
1.3.65).

As a consequence, we can describe the morphism W of Theorem 1.1.1.

Corollary 1.1.5. Let .//AIX be the base change of the diagram

AX —>ED

]

AXi)CD

and j&, MX the respective base changes to ,ZX. Then, there is an open dense subset JZ?(
such that over jo, the map ./T/l/X — VZ@( 1s a torsor for the action of the abelian group

scheme Bun(j(.,zfg() where by Bungo we mean the bundles for the constant group scheme C.

Finally, we make these results more concrete in the case of a particularly nice form
X = GLy, /(GL;, x GLy,). This was one of the original forms studied by Schapostnik [41],
and is the subject of some of our in-progress work on a version of relative Dolbeault Geometric
Langlands. The following is an invariant theoretic version of Schapostnik’s results on spectral

covers.

Theorem 1.1.6. Consider the symmetric pair on GLa, with involution

A B A -B
C D -C D

and H = GL,, x GLy, embedded block diagonally. Then, there is a spectral cover

§—¢C



which 1s a degree n, irreducible cover such that
J >~ Resi(Gp)

Let C — C x Ag( be the pullpack of the spectral cover s. With notation as in 1.1.1, we have

a (noncanonical) identification
re el
M ~ PlC(C/.Aé).
In fact, in this example we can also be explicit about the cover A@( — Ax over a large

locus. Indeed, we have

Theorem 1.1.7. We remain in the case of the particular symmetric pair (GLay, GLy, x GLy,)
above. Let D" = D [[px D denote the line bundle D with a doubled zero section, i.e. D™ is
a bundle on C with fiber an affine line with doubled origin. The map Agf — Ax s identified
with the map of sections

(C,D"$) — T(C, D).

In particular, let A?( denote those sections which meet the zero section of D transversely.

Then, there is a decomposition into components
5o _ 1T 4
AT = H Aj
1=0
and there is a Cartesian diagram

Al (I D) /85 % (CFI\ A) /S,

l |

AL (C9\ A)/Sy




where A denotes the pairwise diagonal and d = deg(D).

1.2 Background on Symmetric Pairs

In this section, we review the main results on symmetric pairs that will be used in the study

of Hitchin systems appearing in the rest of this paper.

1.2.1  Involutions and the Restricted Root System

Let G be a reductive group over an algebraically closed field k, and g its Lie algebra. We
assume throughout that p = char(k) is good for G. Namely, if we let A be a basis for the root
system ® of G and if we express the longest element of ® relative to A as @ =) BeA mgp3,
then p is good for G if and only if p > mg for all § € A.

Let #: G — G be an algebraic involutive group automorphism. Let K = (G'g)o de-
note the neutral component of the 6 fixed points in G. The involution # induces a Cartan
decomposition

g=tdp,

where £ and p denote the (4+1) and (—1) eigenspaces of 6, respectively. In particular, € is
the Lie algebra of K.

A complicating fact in the theory of symmetric pairs is that, although all maximal tori
of G are conjugate, conjugation does not respect the action of the involution 6 on a 6-stable
torus. It is essential, therefore, to specify the action of # on a maximal torus of G when
studying root systems. We will mainly restrict our attention to f-stable tori of G for which

the 8 fixed subtorus is minimal. We introduce this notion now.
Definition 1.2.1. A #-split torus A of G is a torus of G such that 6(a) = a~! for all a € A.

Let A be a fixed 6-split torus of G which is maximal among such tori. The Lie algbera

a = Lie(A) is a maximal abelian subalgebra of p. These subalgebras are important enough
9



to warrant their own name.
Definition 1.2.2. A 6-Cartan of p is a maximal, abelian subalgebra a in p.

We will frequently fix a maximal split torus A with Cartan a C p in the sequel. This

choice is justified by the following standard proposition.

Proposition 1.2.3. (/48/, Lem 26.15) All mazimal 0-split tori A are K conjugate. Likewise,

all 0-Cartans of p are K conjugate.

Definition 1.2.4. The rank ry of an involution 6 is the dimension

rg = dim(a)

In general rg is less than than the rank of G. When A is a maximal torus of G, we call
the involution 0 split. Every group GG has a unique split involution.

We will call a maximal torus T of G mazimally split if T' contains a maximal #-split torus
A.

We now introduce a root system associated to the symmetric space G/ K. Fix a maximally
split torus 7' containing a maximal 6-split torus A C T. Let ® be the set of roots of G with

respect to T', viewed as functions on t = Lie(T).

Definition 1.2.5. The set of restricted roots is

O, :={alg€a*:aed, alg #1}.

We denote by 7: & — &, U {0} the restriction map taking o +— o/q.

It is shown in Lemma 26.16 of [48]| that ®, forms a (possibly nonreduced) root system.
Let Wy, referred to as the little Weyl group, be the Weyl group associated to this root system.

We can alternatively describe Wy as a quotient.

10



Proposition 1.2.6. ([48], Prop. 26.19) There is an isomorphism Wq ~ Ng(a)/Cq(a) ~

Ny (a)/Cg(a). In particular, the latter acts as a reflection group on a.

We note that the Weyl group Wy associated to @, is the same as the Weyl group of the
reduced root system ®red.

It is useful to note that that the root system @ﬁed on a can be seen as the root system
associated to a reductive algebraic group. In fact, such a group is given by the Gaitsgory-
Nadler group, introduced for symmetric varieties in [34] and generalized in [14| and [25].
This dual group plays an important role in Langlands duality phenomena, for example as
in [40]. For convenience, we state the existence of this dual group below, as we will use its

existence in the sequel.

Proposition 1.2.7. ([/0], Theorem 3.3.1 and [26], Thoerem 6.7) To any spherical variety,
there exists a subgroup G}/( C GV called the dual group of X with maximal torus the canonical
torus A%, , canonical up to conjugation by the canonical torus TV C GV.

Fiz a Killing form identifying g ~ g*. In the special case of a symmetric variety X =

H\G, we can take A% such that the killing form identifies Lie(A% ) C g* with a C g.

1.2.2  Symmetric Pairs and the GIT Quotient

We now introduce the notion of symmetric pair, introducing the data of a subgroup H.

Definition 1.2.8. A symmetric pair is the data of a triple (G, 0, H) where

0: G- G

is an algebraic involutive group homomorphism on G and H is a smooth, closed subgroup
H C G such that
K C H C Ng(K).

11



The adjoint action of G on g restricts to an action of H on the (—1) eigenspace p C g.

The following result helps characterize such subgroups H.
Proposition 1.2.9. Choose a maximal 6 split torus A.

(a) The normalizer is given explicitly by
Na(K)={g€ G: g8(g~") € Z(G)}

(b) We have Ng(K) = F* - K where F* = {a € A: a®> € Z(G)}. Note that F* depends on

the choice of A. Furthermore, (F*)° = Z_ is the connected component of the subgroup

of Z(G) on which 0 acts by inversion, i.e. 0(z) =z 1.

(c) There is a short exact sequence
1- G = No(K) 5 (F)? - 1

where 7(g) = g0(g™1) and (F*)? = {a®: a € F*}.
(d) The group G /K = ng(GY) is a discrete group.

e) For any symmetric pair (G, 0, H), the identity component H® is reductive.
(e) Y sy p ,0,H), y comp

Proof. Part (a) follows from the proof of Lemma 1.1 of [44]. Part (b) is Lemma 8.1 in [38].
Part (c) follows immediately from (b). Part (d) is clear as G is finite type. Part (e) is

directly from Lemma 8.1 of [38]. O

We have a Chevalley-style result on the GIT quotient p//H := Spec k[p] .

Theorem 1.2.10. (/31], Theorem 4.9 and Corollary 4.10) Fixz a §-Cartan a C p. The natu-
ral inclusion map a — p induces a isomorphisms af/Wq ~p /K ~p/Nqa(K). In particular,
for any closed K C H C Ng(K), we have afWy ~ p//H. Note that, by construction, that

this map is G, -equivariant under the homothety actions on both a and p.
12



Corollary 1.2.11. Let G}/( be the dual group of Proposition 1.2.7. There is a natural Gy, -

equivariant identification of the GIT quotients p)J K ~ g}/(//G\)/(.

Proof. The lefthand side is isomorphic to a/Wq by Theorem 1.2.10 while the righthand side
is isomorphic to a% /Wg, where a’, C g\)/( is a Cartan of G x. By Proposition 1.2.7, we can
choose a Killing form on g that identifies a3 C g}/( C g and a C g. Since Gy by definition
has its root system the dual of ®X°?, there is a canonical isomorphism W « = Wa. The

identification above now follows. O]

The invariant theory of this GIT quotient is well studied. We will make use of the

following fact.

Lemma 1.2.12. (/31], Lemma 4.11) We can write k[a)Ve = k[f1,..., fr] for r = dim(a)
algebraically independent homogeneous polynomials fi, ..., fr or degrees mq, ..., m,, respec-
tively, which we will call the exponents of the root system ®,.. Moreover, the sum of these

exponents can be computed as

e
;mz—r—i- 5

Proof. Follows from taking degree of the left hand and right hand side of the equality in [31],

Lemma 4.11, noting that the length of the longest element in Wy is given by the number of

positive roots in the reduced root system. O

1.2.3  Regularity and the Quasi-Split Condition

In [35], the notion of regularity was leveraged to study properties of the Hitchin fibration.
In so doing, the regular centralizer group scheme was cemented as a central object in the
geometry of Hitchin type systems. In [16], this point of view was explored, and certain
cameral covers were introduced with the goal of understanding regular centralizers. In this
section, we review these constructions. We will improve on descriptions of regular centralizers

in Section 1.3.4.
13



Definition 1.2.13. We denote by I = Iy C p x H the group scheme of centralizers over p,
ie.

I={(x,h): h-x=ux}.

An element x € p is called regular if dim(7;) is the minimal possible2. Let p*®9 C p denote

the open subscheme of regular elements in p.

Remark 1.2.14. By Proposition 1.2.9, H an extension of K by a group Fy - Zf where Fgg
is finite and Z C Z is a subgroup of the center. Hence, the notion of regularity does not

depend on the choice of subgroup H-only on the involution 6.

Note that x € p*®9 is not in general regular with respect to the action of G on g. These
two notions of regularity agree with the symmetric pair is quasi-split, a condition we will
return to shortly. In spite of this, regularity for elements of p can still be detected by the

following dimension criteria with respect to its centralizer in G.
Proposition 1.2.15. (/31], Lemma 4.3) For any x € p, x is reqular if and only if dim Cq(z) =
dima+ dim Cg(A).

We call an element z € p semisimple if x is semisimple in g. That this definition is

correct is motivated in part by the following two results on Jordan decompositions in p.

Lemma 1.2.16. ([31], Lemma 2.1) Any x € p admits a decomposition x = s+n fors,n € p,

s semisimple, n nilpotent, and n € Zg(s).

Proposition 1.2.17. Let x € p have decomposition x = s+ n as in Lemma 1.2.16, and put
L= ZG(S>0, [ = Lie(L), and p;, = INp. Then L is O-stable and x is reqular in p if and only

if nis reqular as an element of py,.

Proof. We follow an identical argument to the proof of Proposition 9.12 in [38]. We assume

without loss of generality that s € a so that A C L. By Proposition 1.2.15, z is regular if

2. We note that this is not quite the same as the definition of [33]. However under the assumptions we
make on the characteristic of our field this is equivalent to the definition in loc cit.
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and only if dim Zg () = dim Zx(A) and n is regular in L if and only if dim Zg~(n) =
dim Zg A (A). We have Zg () = (Zg(s) N Zg(n)) = Zgnr(n)?, so that dim Zg (z) =

dim Zgnr(n). Since x € A, Zi(A) = Zgqr(x), so the result follows. O
As in the Lie algebra g, the regular, semisimple locus is dense and easy to understand.

Lemma 1.2.18. Let p"® C p denote the subscheme of reqular, semisimple elements in p.

(a) Let x € p. Then, x is semisimple if and only if x is contained in a Cartan of p.

(b) The regular, semisimple locus p"® is dense in p.

(c) If x € a is regular, semisimple, then 3q4(x) = 34(a).

Proof. (a) and (b) follow immediately from [31], Corollary 2.10 and Theorem 2.11. (c) follows
from [31]|, Lemma 4.3. O

Let I*®9 = I|preg be the restriction of the centralizer group scheme to the regular locus
of p. In contrast with regular centralizers for the adjoint action of GG, the group scheme
1"°Y need not be commutative. A special role in the literature is played by those symmetric
pairs for which commutativity holds. This class coincides with the those whose notion of

regularity agrees with that of the group GG acting on g. We make the following definition.

Definition 1.2.19. We say a symmetric pair (p, H) is quasi-split if p'® C g'®Y; that is, the

notion of regularity in p under the action of H and g under the action of GG coincide.

Remark 1.2.20. The quasi-split condition does not depend on the choice of subgroup H, only
on the involution 6.
As the author found it difficult to locate a proof in the literature, we include here a proof

of several equivalent characterizations for the quasi-split condition.

Proposition 1.2.21. The following are equivalent:
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1. (p, H) is quasi-split;
2. Zq(A) =T is a mazimal (mazimally 6-split) torus;
3. I'°9 is a commutative group scheme;

Proof. The centralizer Z(A) includes a maximal € split torus 77 it is abelian if and only if

Za(A) =T. The pair (p, H) is quasi-split if and only if for all x € a™Y, we have

dim Zg(z) =r

where 7 is the rank of G, so that all inclusions in 7" C Z5(A) C Zg(z) are equalities. Hence,
(1) and (2) are equivalent.

Assume (1) and (2) hold now. Then if z € p™®9, I, is contained in the regular centralizer
group scheme of = in G, which is abelian. Hence, (3) holds.

Conversely, if (3) holds, then by Lemma 1.2.18, there exists € p*®J such that 34(A) =
3g(x). Then dim 34(A) = dim 34(x) = and by Lemma 4.2 of [31], we conclude that Zg(A)

is a maximal torus. OJ

Proposition 1.2.22. (/29/, Lemma 1.6) For 0 quasi-split, the little Weyl group Wy is nat-

urally a subgroup Wq C W.

Let T be a maximal 6-split torus, ® the root system of G with respect to T', and ®,. the

restricted root system with restriction map

T‘D—)CI)TU{O}

Roots of G may, a priori, restrict to zero in a C t. For quasi-split forms, this does not

happen.

Lemma 1.2.23. For (G, #) quasi-split, the set r—1(0) is empty; that is, no root in ® restricts

to zero on a.
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Proof. Fix #-stable Cartan t = tg@®a where tg C tx is the (+1) eigenspace of 6 on t. Suppose
that o € ® restricts to zero on a. Let (z,y) € €dp = g be an eigenvector with eigencharacter
a. Then, using the compatibility of the bracket on g with the Cartan decomposition, we

have, for all ¢t € tg and a € a,

a(t)(@,y) = a(t + a)(z,y) = (ad(t)(z) + ad(a)(y), ad(a)(z) + ad(t)(y))- (1.2.1)

In particular, ad(a)(y) is independent of a, so y € ¢p(a). But since the form is quasi-split,
cp(a) = a C cp(tp). [c.f. Levy, Lemma 2.3] Hence, ad(t)(y) = 0 and equation 1.2.1 implies

that

ad(a)(z) = a(t)y

for all ¢ € tg and a € a. This can only be true if both sides of the expression are uniformly

zero, so o = 0 is not in ®, a contradiction. O
We record here an identity that will be important for dimension counts later.

Lemma 1.2.24. (/38], Lemmas 3.1 and 3.2) We have the identity

dim¢ — dimp = dim Cx (a) — dim a.

In particular, if the form is quasi-split, then

dim€ —dimp =7 — 2ry

where r s the rank of the group G and rp = dim a s the rank of the involution.
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1.2./  FExamples
We state in this section some illustrative examples of symmetric pairs. We will test the main

results of this work against this list.

Example 1.2.25. The Diagonal Case. Let Gi be a reductive group, and consider G =

G1 x (G1 with the swapping involution

0(g,h) = (h,g)

Put, H = K = (G the diagonal copy of G1 in G| x GG;. The Cartan decomposition is given
by

g={(z,2): v egm@{(z,—x): zem}
Then, the action of H = G; on p ~ g; is simply the adjoint representation of GG, and the
restricted root system of (G7 x G1,G1) is given by the root system for Gj.

FExample 1.2.26. The Case GL,, x GL,, C GL9,,. Let G = GL9,, and consider the involution

I’n O
0(x) = Innxlnn, where I, =

0 —Iy

Let H=K = GY = GL, xGL,, C GL9,, embedded block diagonally. The Cartan decom-

position is

A O 0 C
g=tdp= &5
D 0
A Cartan in p is rank n, given by
4]
a= : 0 is diagonal
o 0

18



The restricted root system is the type By, root system computed explicitly as
o, = {:i:(é; +6)j #kand 1 <j,k<n}U {j:25;7|1 <j<n}

where 5;5 denotes the dual basis element to the j-th coordinate of 4 in a.

Ezxample 1.2.27. The Case SO, x SO,, C SO9,,. Let G = SO9,, with the involution

In O
0(x) = Innxlnn where I, =
0 _In

(compare with Example 1.2.26). Let H = K = SO, x SO,, C SOs3,, embedded block diago-

nally. Note that this is an index 2 subgroup in G = S(O,, x Oy,). The Cartan decomposition

A 0 0 C
g=tdp= A, B €so, @
0 B —ct 0

We fix a Cartan in p

0 o
a= : 0 is diagonal

-0 0
The restricted root system is the type D, root system

©p = {i(£0} £67): 1< j <k <n}

where 5; denotes the dual basis element to the j-th coordinate of § in a and ¢ is the imaginary

unit.

Example 1.2.28. The Case SO, x SO9y, s, C SO9y,, m < n. Fix m < n, and consider the
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case of G = SOg,, with the involution

In 0
0(r) = m72n—mx1m,2n—m where Im,2n—m =
0 _Ianm

Let H = K = SOy, x SO9,,_,, C SO9,, be embedded block diagonally. The Cartan decom-

position is

A 0 A € 504y, 0o C Cisa2mx2n—m
g=top= : S :
0 B B € 509, —ct 0 matrix
We choose
4 )
Omxn—m 6 Omxn—m
On—mxm . .
a= : 0 is diagonal m x m
—0
\ On—mxm )

Note that this extends to a Cartan of SO9,, given by

0 o
t= : 0 is diagonal n x n » |

-5 0

and that the root system for SO9,, with respect to t is
® = {i(+0; £0p): 1 <j <k <n}
As m < n the restricted root system is the type B, root system

Oy = {i(£0; £0p): 1 < j <k <m}U{£id;: 1< j<m}.
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Ezample 1.2.29. The Case SOy, X SO9y,—p+1 C SO2,41, m < n. Fix m < n and consider

the case of G = SO9,,+1 with the involution

I 0
0(x) = m2n—m+1%Im 2n—m+1  where I op—mi1 =
0 _[2n—m+1

Then, H = K = SOy, X SO92p,—m+1 C SO2y,41 is embedded block diagonally, and the Cartan

decomposition is

A 0 A € 50y, 0o C
g=tdp= : ® :Clis2m x (2n—m+1)
0 B B € 509 —m+1 —-ct 0
We choose
( \
Omx(n—m) 0 0m><(n—m+1)
0
a= (n=m)>xm : ¢ is diagonal m x m
—0
L 0(n—m+1)><m J

which sits inside the Cartan of SOg),41

0 (5 Omx]_

t= -5 0 : 0 is diagonal n x n

O1xm

The root system with respect to the Cartan t is

= {i(£d; £0): 1 <j <k <npU{£idj: 1<j<n}
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In particular, we conclude that the restricted root system is the type B, root system
¢, = {i(:l:é;:l:é;): 1<j< k:gm}u{j:ié;f: 1<j<m}.

Ezample 1.2.30. The Case GL;, C Spg,,. Let G = Spy,, with the involution

I, 0
6(:6) = [n’nx[nvn where In,n =
0 _In
We take )
g
H=K-= : g € GLy, p C Spy,
g
\
We fix a Cartan in p
(
a= < : 0 is diagonal
o 0

\

Note that a is also a Cartan of Spy,,, making this a “split” symmetric pair. The restricted

root system is thus equal to the root system of Spy,,, namely
<I>T:{:|:<5;f:|:5;;: 1§j<k§n}u{:|:25;: 1<j<n}
where 5; denotes the dual basis element to the j-th coordinate of ¢ in a.

1.2.5  Nilpotent Orbits

In sharp contrast to the case of G acting on g'®Y, a symmetric pair may have several distinct
H orbits of regular, nilpotent elements. In fact, this will, to a large extend, govern the
geometry of the Hitchin fibration for symmetric pairs. In this section, we review results of

[27], [44], and [31] on regular nilpotent K-orbits.

22



Recall that K acts on the nilpotent cone Ny = N Np of p. Kostant and Rallis in [27]
showed that in characteristic zero, although the nilpotent cone is not necessarily irreducible,
it has finite many comonents, each of which contains a unique open orbit for the action of

K. Levy extended this result to positive characteristic.

Theorem 1.2.31. (/31], Theorem 5.1) Each irreducible component of Ny contains a unique
regular K -orbit as an open, dense subset. In particular, irreducible components of Ny are in

1-1 correspondence with connected components of/\/geg.
Corollary 1.2.32. The space Np\/\fgeg is of codimension > 1 in Ny.

The number of K-conjugacy classes of regular nilpotents was studied and classified by
Sekiguchi over C [44] and by Levy in positive characteristic [31]. To state the result, we

make the following definition.

Definition 1.2.33. An isogeny of symmetric pairs
(G"0'.H") — (G,0,H)

is an isogeny G’ — G restricting to an isogeny H' — H such that the following diagram
commutes

o

|, |

G—G
We say that two symmetric pairs (G, 0, H) and (G’,6', H') are isogeneous if there exists

an isogeny of symmetric pairs between them.
We will make frequent use of the following classification result in computations.

Proposition 1.2.34. (/31], Proposition 6.21) Let G be a simple group, and 0 an involution

on G. The number of reqular nilpotent K orbits (and hence the number of irreducible com-
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ponents of the nilpotent cone) is exactly two if and only if (G,0, H = K) is isogenous to one

on the following list (listed as pairs (G, K) with involution implied):

(SLap, SO25);

(SLap, S(GLp, x GLp));

(SO204 1,502 X SOs( ) 11)s 2m < 2(n —m) + 1;
(Sp2n, GLn);

(SO2y,, SO9,y, X SOQ(n—m)): m#n/2;
(SO4p, GLa2y,);

(SO4n+2, 502541 X SO2p,41);
(G,SLg), for G simple of type Fr;
(

G, G x Gy), for G simple of type By and G’ simple of type Eg;

In addition, the split form (SO4p,SOs, X SO9,) has exactly 4 reqular nilpotent orbits.
All other symmetric pairs with G simple and H = K have irreducible nilpotent cone in p,

and hence a single regular nilpotent orbit.

Remark 1.2.35. Among the above involutions, only the following are quasi-split:

SLZn: So2n>
SLoy, S(GLy x GLy));

G,SLg), for G simple of type Er;

(
(
(SO2,+1,80n x SO11);
(
(

SO4p, SO9,, x SO9,) (which has 4, not 2, nilpotent orbits)

Remark 1.2.36. Note that the center acts trivially on Ngeg . Hence, for any symmetric pair

(G,0, H), by Proposition 1.2.9 the H-orbits on N,/ are given by (N /K)/m(H).

If one sets H = Ng(K), then the classification of regular, nilpotent orbits becomes trivial.

Theorem 1.2.37. (/27], Proposition 4; [31], Theorem 5.16) The normalizer group Ng(K)

acts transitively on the set of reqular nilpotents.
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In particular, mo(Ng(K)) acts transitively on Ngeg/K.
The above classifies nilpotent orbits for involutions on simple G. For our purposes later,

we will also need the classification of nilpotent orbits for the diagonal case, which is trivial.

Lemma 1.2.38. The diagonal case G1 C G x G1 of Example 1.2.25 has a single nilpotent

K orbit on /\/geg.

Proof. There is an isomorphism of stacks p/K ~ g1/G1 given by projecting onto the first
variable. In particular, this map preserves regularity and induces an isomorphism Ngeg /K ~
N feg /G1 where N is the nilpotent cone in g;. Since any algebraic group G has a unique

regular nilpotent Gy orbit in A7, the lemma follows. O

1.2.6 Generalities on Kostant-Rallis Sections

In this subsection, we review the theory of Kostant-Rallis sections, as introduced in [27] and
generalized in [31]. We work in the generality of [31]; in particular, in this section, it is
essential that p = char(k) is good for G.

In positive characteristic, associated characters replace the slo triples used in [27]. As this
paper will only rely on the existence of sections, we leave the theory of associated characters

and their relationship to the more explicit sl triples to the Appendix in Section 1.6.
Lemma 1.2.39. (/31], Corollary 6.29) Let e € /\/geg be a reqular nilpotent. Then there
exists a slice e + v C p'Y contained in the regular locus of p such that the map

et+o—=p/K

is an isomorphism whose fiber over 0 € p//K is e.

Remark 1.2.40. In general, the space v C p is constructed by taking a normal associated
character \ to e (see Definition 1.6.6) and then constructing a certain 6 stable Lie subalgebra

25



g* C g with corresponding Cartan decomposition g* = £* @ p*. The slice is given by taking
b to be an Ad()\) graded complement to [£*, e] inside of p*.

If we suppose that the characteristic of k is either zero or greater than the Coxeter number
of G, then the results of Appendix 1.6 gives a bijection between H-conjugacy classes of
associated characters and H-conjugacy classes of sl triples. In this case, we can complete e €
/\/geg to a normal sly triple (e, h, f) (see Definition 1.6.1) uniquely up to Ci(e)° conjugacy,

and we can take e + v = e + ¢p(f) as in [27], Theorem 11.

Fix a Kostant-Rallis section & = e + v. For later applications to smoothness, we will

need a bit more on the differential of the action map
H xS —p". (1.2.2)

We record here the following Lemma.
Lemma 1.2.41. The differential of the action map (1.2.2) at (1,e) is surjective.

Proof. The differential of the above map is identified with the map
hdo—p, (z,y)—lea]+y

Since e is regular, the codimension of [¢,¢| in p is equal to the dimension of a #-Cartan,
which by Lemma 1.2.39 is exactly the dimension of v. Moreover, by the construction of v, it
is orthogonal to [, e]. Hence by a dimension count, we have p = [h, e] + v, and we conclude

that the map above is surjective. O]

We will study the map p — a/Wq produced by Theorem 1.2.10 in some detail; it will
provide the underlying structure of the Hitchin fibration for symmetric pairs. In this spirit,
we now prove this map’s flatness.

Lemma 1.2.42. The map p — pJ/K ~ aWy is flat, as is the map p"9 — pJ K.
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Proof. This is a morphism between two smooth schemes. Hence, by miracle flatness, it
suffices to show that the fibers are equidimensional. Let U C a//Wq be the subset of z €
a//Wq whose fiber in p is dim(K') — ry dimensional, with ry = dim(a) the rank of the group.
Then U contains 0 € a/Wy as Theorem 1.2.31 guarantees dim(Ny) = dim(K) — ry, and U
is stable under the action of Gy, as the map is G, equivariant. Moreover, U contains the
open complement of the image of the root hyperplanes Uy H, C a.Hence, U = a//W, and

the map is flat. n

1.3 The regular quotient

1.3.1 Motivation and Generalities

Many facts about the (usual) Hitchin fibration can be abstracted to basic properties in

invariant theory. Principally among these is that the morphism

g —g/G

is a gerbe banded by the regular centralizer group scheme. For example, this property is the
invariant theoretic shadow of why generic fibers of the Hitchin fibration are Picard stacks.
However, this is plainly not the case for symmetric pairs, as observed in [16]. We illustrate
with an example.
Ezample 1.3.1. Let G = SLo with involution conjugating by the matrix diag(1, —1). Then,
H = S(Gpy, x Gpp) =~ Gy, acts on p ~ A2 by the hyperbolic action z - (a,b) = (za,z~1b).
The regular locus is p¢9 = A2\ {0}, and we see that there are two regular orbits lying over
the closed orbit 0 € p/J/ H, see Figure 1.

To solve this problem, [16] proposed a rigidification p*® J H of the stack p*®9/H such

that there is a factorization

P H = " JH — pH
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pred JH = :

| |

p/H =

Figure 1.1: (Left) The orbits of H = S(G,, x G,,) acting on p® ~ A2\ {0} for the symmetric space
X =8SLy /S(G,, X Gyy,). Note the two orbits, drawn in blue and red, whose closure includes the (non-regular)
closed orbit {0}. The regular quotient for this symmetric pair (pictured right) is the affine line with doubled
origin.

with the first map being a gerbe and the second a (nonseparated) cover. To illustrate, in
Example 1.3.1, p/H ~ Al is an affine line while p™9 JH is an affine line with doubled origin.

In unpublished work [33] of Ng6 and Morrissey, such quotients are introduced in the far
greater generality of a reductive group G acting on an affine normal scheme M. Examples
of these generalized Hitchin systems include the multiplicative Hitchin system studied most
thoroughly in [49], Hitchin systems associated to spherical varieties, and Hitchin systems for
higher dimensional varieties in [7]. While it will turn out that p'® JH will be a scheme,
the resulting quotients M™Y JJG are, in general, Deligne-Mumford stacks. For the sake
of completeness, we review the general construction of Morrissey and Ngo here. However,
the construction is not important for understanding the resulting geometry in our case of
interest, and the uninterested reader can safely skip to Section 1.3.2.

Let M be an affine variety acted on by a reductive algebraic group H. Let Iy C M x H
be the group scheme over M of stabilizers of the H-action. Following [33] the regular locus is
the maximal open subscheme M" C M such that Lie(Ipsreg) — M"Y is a vector bundle.
Theorem 1.3.11 shows that under our assumptions on the characteristic, this definition agrees

with our definition of regularity.
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Definition 1.3.2 (The Regular Quotient [33]). We define the regular quotient M9 JJH to

be the stack quotient of the groupoid in algebraic spaces
(M"9 x H) /I = M"9

where the two right arrows are the projection and action maps.

Assuming smoothness of If\zg — M"™9 (see Theorem 1.3.11), loc. cit. proves that the
quotient above exists and the resulting quotient M'9 JH is a Deligne-Mumford stack.

The following result is contained in [33].

Proposition 1.3.3 (Properties of Regular Quotient from [33]). The regular quotient has the

following properties:
o If I;"\Zg is abelian then it descends to a group scheme J — M"Y JJH.
. I]r\jg descends to a band in the sense of Giraud [19] Jygng — M"Y [JH.

o The map M /H — M"Y [JH is a gerbe banded by Jyund; when ]Rjg 15 abelian it 1s a

J-gerbe.

o [f there are compatible Gy, actions on 'Y and p*©9, then there is a canonical Gy,

action on p*9 [JH and the morphism M9 /H — M™9 [JH is Gy, equivariant.
The second property is in fact a defining property of the regular quotient:

Proposition 1.3.4 ([33]). Let V be a scheme such that each fiber of M"9 — V' consists of
a single G-orbit. Then V. = M"% JJG.

We will use this property to describe p™®9 JH.
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1.3.2  The regular quotient and smoothness of stabilizer group schemes via

Kostant—Rallis Sections

In this section we describe the regular locus p”“J as the union of the H-orbits of potentially
multiple Kostant—Rallis sections. We use this to deduce smoothness of several of the group
schemes considered in the previous section in a way completely analogous to the case of
the adjoint action of G on g as considered in [18, 39]. We will deduce that the regular
quotient can be obtained by gluing together multiple copies of the GIT quotient together.
In particular, we show the regular quotient for the action of H on p'®J is a (nonseparated)
scheme. An explicit description of the gluing will be described in the Section 1.3.3. This is
a modification of an argument for the case of the Vinberg monoid found in Proposition 2.12
of [3] and Equation 2.7 and Lemma 2.2.8 of [8]. We will then give a direct argument that
1"°9 descends to the regular quotient.

The key technical input is the following.

Lemma 1.3.5 (Analogue of Lemma 2.2.8 of [8], see also Proposition 2.12 of [3|). Let U C
p"9 be stable under the H X Gp,-action. If U NNy = Ngeg then U = p9.

The following proof is identical to that of 8], we provide it here for completeness.

Proof. We let ' := p"®\U. By assumption this is a Gy, x H subscheme of p. Let x|p
denote the restriction of y : p — a/W, to F.

We let V' C F be the inverse image under y|p of the subset
{z € afW,|dim(x 5 (2)) < dim(H) — dim(a)}.

This is an open subscheme of F' by upper semicontinuity. Furthermore, it includes 0 € p by
Lemma 1.2.32. As V is preserved by G,, and 0 is in the closure of every Gy,-orbit of F' we
have that V = F.
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By Lemma 1.2.42 we have that each fiber of x is of dimension dim(p) — dim(a). Suppose
that X € p"®9 N F, then as F is stable under H, the dimension of the orbit of X (which is

inside F') is dim(p) — dim(a). This contradicts F' being of codimension > 1 in each fiber. [J

Remark 1.3.6. Note that Lemma 1.3.5 does note hold for general homogeneous spherical
varieties. In particular, for X = G//H, it relies on the equidimensionality of h~ — h-/H.

This will fail for general homogeneous spherical varieties X.

We now recall that, by Theorem 1.2.31, for each irreducible component S € Irr(Np)
there is a unique regular K-orbit Og of p in S. Furthermore, by Lemma 1.2.39, there is a
(non-unique) Kostant-Rallis section g : a/W, — p"® such that kg(0) € Og.

Let Z denote the set of H orbits on ./\/;r “ . For each representative pick a Kostant-Rallis
section x; whose image at 0 is in the regular nilpotent H orbit + € Z. Let S; be the image
as used to define the Kostant-Rallis section in section 1.2.6. For ¢ € Z, we then have a
morphism

(H x &) /1" — p",

which is quasifinite and an isomorphism over the regular semisimple locus p"*. Hence it is

birational. As p"®Y is normal, Zariski’s main theorem implies that this morphism is an open

Ki, reg

embedding. Hence we can define p H 4 be the open subscheme of p" Y which is the image

of this morphism.

Proposition 1.3.7.

preg _ U plii,H‘
1€

Proof. This is an immediate consequence of Lemma 1.3.5 applied to U = Uiezp’iivH . O

Application to smoothness of 1"

We start by proving a Lemma.
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Lemma 1.3.8. We keep notation as in the previous section. If H is smooth and i € Z, then

the morphism

H x 8 — prill (1.3.1)

18 smooth and surjective.

HZ',H

Proof. The morphism (1.3.1) is surjective by definition of p and is evidently H-equivariant

and Gyp-equivariant. Moreover, by Lemma 1.2.41, the differential of (1.3.1) at (1, ;(0)) is

surjective. The only such neighbourhood is H x &;, hence the morphism is smooth. O]

Proposition 1.3.9. For any i € Z, the composition X|p’%’ﬂH cptiefl g p/ H is smooth

and surjective.

Proof. This is identical to the proof of Proposition 3.3.3 of [39], namely the composition
H xS, — phiH — p/H = §; is identified with the projection to S;. Hence [2] Tag 02K5

implies x| pis is smooth and surjective. O]
We denote by Ig, := I;;g Xypreg S; the restriction of I;[eg to ;.

Proposition 1.3.10. The map Is, — S; is smooth.

Proof. This proof of Proposition 3.3.5 of [39] carries over to this setting. For completeness

we summarize: As schemes over §; we have isomorphisms

Is; = Si Xpxs; (H X 8;) = 8 Xy, (H X i) = Sj xp (H X Sj).

Hence as H x §; — p"“J — p is smooth we have that I, — S; is smooth. O
Theorem 1.3.11. If H is smooth then 1" — p"®Y is smooth.

Note that for (G, 0) quasisplit in characteristic 0 this is proved for [ gzgg in [17]. In Theorem

4.7 of [29] this is generalized to the case where the characteristic is p > 2 and p is such that
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1 geg — ¢"% (that is to say the regular centralizers for the adjoint action of G on g) is smooth

(see condition (C3) of [39] for such conditions).

Proof. By Proposition 1.3.7 it is sufficient to show that for each i € Z (recall this denoted the
represented the representatives of the mo(H)-orbits in Irr(Np)) the morphism 1" preicH =

H is smooth. The proof is now identical to Corollary 3.6 in [39], we provide it only for

p"{’iu
completeness. The diagram
HxlIs, — Ireg’pni,H

| |

H x Si e p“ivH

is Cartesian. Hence Lemma 1.3.8 implies that H X Is, — I]r{eg is smooth and surjective.
Furthermore the Lemma 1.3.8 and Proposition 1.3.10 tell us that the composition H x Ig, —

H

poft is smooth. Hence ITeg’pni,H — pfif is smooth by Tag 0K25 of [2]. O

Application to the regular quotient

Let p///\P/[ be the union of Z copies of p//H where we glue the copies labelled by ¢ and j
on the subscheme U C a/W, where the sections x; and r; are conjugate. This notation
conflicts with the use of tildes in Section 1.3.4, but as it will not appear outside these next
two subsections, we hope it will not cause any confusion. Note that a priori it is not clear
that the gluing is done in a fashion compatible with the Gy,-action, and thus it is not clear

that p///\l/{ has a Gy,-action coming from the Gy,-actions on a//W,.

Theorem 1.3.12. Assuming that H is smooth we have a Gy,-equivariant isomorphism of
schemes

pJH = p"*9 [IH,

—~—

where the Gy, -action comes on pJ/H comes from the Gy, -action on each copy of pJ/H. Fur-

thermore this isomorphism commutes with the Gy, -equivariant morphisms to p ) H.
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Remark 1.3.13. Note that the left hand side is definable regardless of whether or not H is

smooth while the right hand side is only known to be definable when H is smooth.

Proof. This argument is essentially identical to a similar argument in the Vinberg monoid
case found in [33]. The non-equivariant version isomorphism follows immediately from Propo-
sition 1.3.4 and the fact that the map p — p/K = a)JW, is Gy,-equivariant.

These identifications commute with the morphism to p/ H, because these are the unique

morphisms to p/H such that the diagrams

prd ———yp prd ———p
L]
prIJH —— pJH p/H —— pH

commute.
We hence have a Gy,-action on p//H via the identification with the regular quotient.
Because the morphism p/H — p/JH is Gp-equivariant we hence must have that this G,

action comes from the G;,-action on each copy of p/H.

The equivariant isomorphism now follows immediately. O

Direct Proof of Gerbe Structure

We now prove some of the results of Proposition 1.3.3 without the use of results from [33].
We also note that the proofs of these results are identical to those of both the Lie algebra
case (e.g. [35]) and to those for regular quotients in [33] as such we only include these for

completeness.

Proposition 1.3.14. The maps
b9/ H — p[H =" [ H
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and

("0 /H) /G = (2 H)/Gim = (379 JH) /G
are smooth gerbes.

Proof. Tt is enough to show this for the case of (p"*9/H)/G, — (]%)/Gm; the remaining

case will follow by pullback to p¢9/H. Consider the pullback off this map along p"®Y —

(];/71{1 )/Gyn. We have a section of the pullback given by the diagonal section

Teg Teg o Teg ’I"eg o Teg
P X e P P s, P D

This gives an identification of p"¢J Xp//7]/{ /G (p"®9/H) with BI'®9, concluding the proof. [

Proposition 1.3.15. If (p, H) is quasisplit then 1" descends to a smooth group scheme
J = pH = p" JH,
and descends further to a smooth group scheme
I— (p/H)/Gm = (7" [H)/Cm.

The proof used to define the group scheme of regular centralizers (this can be found in
e.g. [35]) for a Lie algebra generalizes immediately to this setting, and indeed to the general

setting of regular quotients with If\f[g abelian.

Proposition 1.3.16. If (G,0, H) is a symmetric pair and H is smooth, then the map

pr9JH — p[H = p"9 JH
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1s a J-gerbe. Similarly the map
(b"°9/H) /G = (0 H) /G = (579 [ H) /G

1s a J-gerbe.

Proof. 1t has already been shown that these spaces are gerbes. We have identifications
X*J =2 1™ and X¥*J & " for the maps x : p"*Y — };/71{], and Y : p"Y — (%)/Gm

Therefore, we have that these are J and J gerbes, respectively. O

Remark 1.3.17. It is important to note that generalizations and refinements of several of the
above results are expected. We point out a few of these now.

If p///\f-/[ = p//H (or equivalently there is only one regular nilpotent H-orbit), then we can
use a Kostant—Rallis section x to pull back 1" to get a group scheme x*I"¢9 on p///\f[ CIf
the symmeric pair is quasisplit, but we do not assume that H is smooth, we can still get
that p*(k*1; %) = 179 (for p: p™9 — p///\f[)

Secondly, under the same assumption that there is one regular nilpotent H-orbit, we
can consider k*I" when H is smooth, but the symmetric pair is not quasisplit. Note that
we can also use Gﬁ]—equivariance (that is to say we consider the usual Gy,-action, but we
precompose by the squaring map G, — Gy,) to get a group scheme on [(];/7]? )/ GL%]].

In this case p*(k*I"%Y) is I"®9. This in particular provides a group that [p"®9/H x G,[%]] —
(p/H)/G] is a gerbe for.

As such it is an important question to see whether there are sections of p"®9 — };ﬁ{
and [p"®9/ GL%]] — [p///\f[ / GE] which would allow generalization of these considerations to
arbitrary symmetric pairs (with H smooth).

Finally one could ask whether there are then descriptions of the group scheme £*I"¢9 via

Weil restriction. We note that the work of Hitchin-Schaposnik [23] and Branco [5] strongly

suggests that in certain examples, one can describe the Weil restriction of S L9 from a spectral
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cover.

In the sequel, we will drop the notation p///\[/{ and only write p*® JH. In particular, as
the former is defined when H is not smooth while the latter is not, we will define p*® JH

to be p///\[/{ when H is not smooth.

1.3.3  FEaxplicit Description of the Regqular Quotient

Overview

We now turn to an explicit description of the geometry of the regular quotient p™¢9 JH. We
ultimately provide two different descriptions.

The first appears in Theorem 1.3.20, where we describe the regular quotient in terms of
certain quotients of component groups. This perspective reduces to computing the differences
between certain regular centralizer groups schemes as the group varies.

The second is done by the following multistep procedure:

e Firstly, we reduce to the case of simply connected simple groups and the diagonal case

H =G <—A—> G1 x G1 of Example 1.2.25, using Theorem 1.3.24.

e Secondly, we reduce understanding the orbits above a point in a/W, to the case of
nilpotent cones of certain Levis, that we call distinguished Levis, in Theorem 1.3.34
and Proposition 1.3.37. This is a Lie algebra version of taking “descendants” described

in Section 5.1.1 of [30].

e We use the immediately preceding point to describe the structure for simple, simply
connected groups (and the diagonal case, example 1.2.25). Except for the case of
SO(n) x SO(n) < SO(2n) (considered in Example 1.3.48) this is not complicated
due to the fact that there are at most 2 regular H-orbits in the nilpotent cone. The

resulting explicit description of the regular quotient is included as Theorem 1.3.38. For
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such cases, we get a description p*®J JH = a /W, [ [y a)W, for an explicitly described
open U C a)/Wj,.

In Section 1.3.3 we explicitly compute the regular quotient in several cases of interest.

Description of the Regular Quotient via Comparison of Regular Centralizers

In this section, we give a first description of the regular quotient using a comparison of
regular centralizer group schemes for H and for the full normalizer Ng(K'). Throughout this
section, we will use subscripts to indicate in which group centralizers are taken; for example,
Igfg will denote the centralizers in the group H.

Let A C G x p™®* be the family over p*® whose fiber over x € p"* is the maximal -split
torus A, such that Lie(Az) = 39() Np. (Note, the existence and uniqueness of such a torus
A C G is given in [31], Lemma 0.1.)

Moreover, we let F* C A denote the family over p™® whose fiber over x € p”* is the

subgroup
{aeA:d® e Z(Q)} C Ay

Recall from part (a) of Proposition 1.2.9 that, for a given choice of A, we have Ng(K) =

F* - K where F'* is chosen with respect to A. We use this to determine the structure of
reg reg
Lemma 1.3.18. Fiz a choice of x € p*® determining A and F* C A. Moreover, let Z_

denote the subgroup of the center Z(G) on which 0 acts by inversion.

1. We have an isomorphism over p**

j7- 1)

~ 1T p*s (1.3.2)

a€F*|Z_-(F*NK)

reg
(INg(K) prs
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2. The isomorphism (1.3.2) extends to an isomorphism

I}"\?g(K)/Z_ Y~ 1T Uy, (1.3.3)
aeF*)7Z_-(F*nNK)

where Uy — p*®9 is the inclusion map for an open set p'® C Uy C p*eY.

Proof. The inclusion I]r\(;g C Ng(K) x p*® defines a map

(K)

Inecoy/ %= 1" = (Na(K) /2 - K) > p* (1.3.4)

with target a constant group scheme with discrete fiber. For any fixed y € p"*%, let Ay be
the fiber of A at y and Fy C Ay be the fiber of the group scheme F* over y. Then, it is
clear from Proposition 1.2.9 that ]]r\ng(K)W = F,lj /a ]ﬁg’%. Therefore, the fiber of the map
(1.3.4) at y is identified with the identity map

Fi/Z- - (FinK)— F/Z_ - (Ff N K)

In particular, (1.3.4) is an isomorphism over the regular, semisimple locus, proving part (1).
For (2), we claim that the map (1.3.4) remains an injection over p*®. In particular, this
amounts to the following claim:

Claim: Let y € p*®J. For any g1,99 € IF\% if g1 = hgo for h € K, then in fact

(K)y’

req
h e IK,y'

Proof of Claim. Since g1 and g9 centralize y, we have

y = ad(hgs) -y = ad(h)y

Hence, h € I, N K = I;¢%. O

. . reg reg e
It follows that the map (1.3.4) describes the quotient [ Ne(K) /Z— - I} as the disjoint
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union of open subsets of p*®Y extending the sheets (Ng(K)/Z_ - K) x p"*. O
Lemma 1.3.19. The group Ng(K) acts transitively on the fibers of the map p*®9 — p /K.

Proof. Theorem 1.3.12 reduces this to the Ng(K) action on the zero fiber ./\/geg . Theorem

1.2.37 proves this case. O

Theorem 1.3.20. Consider the natural action of the constant group scheme Ng(K) :=
Na(K) xp)JK on p*©I over p /K.

1. A choice of Kostant-Rallis section k: pJ K — p™©9 gives an identification

-~ reg
pred ~ NG(K)/K*ING(K)’

as schemes over p /K.
2. The regular quotient p™©9 JJ H is identified with the quotient

ey 1l o~ Ng(K)/H _ Ng(K)/Z--H
~ ,g*([;\‘;g(K)/];;g) K*<I§\?Cg;(K)/Z* , ]§g>

Proof. By acting on the image of the Kostant—Rallis section x we gain a surjective morphism

Nq(K) — p"©9. This clearly factors through an isomorphism Ng(K)//@*IJr\?g(K) — p"ey.

Part (2) then follows by considering the transitive Ng(K') action on the right hand side

of the description of p*®J JH given in Theorem 1.3.12. O

Remark 1.3.21. Since I};g and I]r\?(g; are affine over p/H, it is tempting to think that

(K)
Theorem 1.3.20 implies that the map p™ JH — p/H is affine. However, this is not the
case: As the Example 1.3.45 illustrates, nonseparated behavior can occur in codimension

greater strictly than 1.
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Reduction to the Simple, Simply Connected Case

We begin by reducing to the case of G simple, simply connected. The author is thankful to
S. Leslie for his theory of f-compatible z-extensions (see Section 5 of [30], which dramatically
simplifies the exposition.

We begin by recalling the definition and existence of #-compatible z-extensions. Recall

that a z-extension is a surjective homomorphism «: G — G such that
o Gis connected, reductive over k with derived group simply connected, and

e ker(a) is a central, split torus in G.

Proposition 1.3.22. (/30] Prop. 5.3) There exists a z-extension a: G — G together with

an involution 0: G — G such that

1. There is a commutative diagram
G-.a
G—CG

2. Let Z = Z(G) and Z = Z(G). Let N denote the kernel of the surjection

4= 7
The restriction a: G¥ — GY is surjective and its restriction
a N K) = K

is a z-extension with kernel NY.

3. For every symmetric pair (G,0,H) on (G,0), put H := o~ L(H). There is an ezact
sequence

1—>NH—>}~I—>H—>1
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for Ny = HN N connected, and (CNJ, 5, ﬁ) is a symmetric pair on G.

4. Let G%¢ be the simply connected cover of G with maximal torus T*¢ C G*¢. Then, one
can take G = T3¢ xZ(G*) G5¢ i the above parts. Moreover, for this choice of é, there

1s a decomposition

s t
G=17x [¢G: = H(G; x GY) (1.3.5)
i1 j=1

where 7 = Z(é) = T%¢ is the (0 stable) center of G, each G; and G; is simple, and
0 restricts to an involution on each of the G; for 1 < i < s and acts by the swapping

involution 0(g1, g2) = (g2, 91) on each product G; X G} for1<j<t.
Following [30], we refer to z-extensions satisfying the conditions above as “f-compatible
z-extensions.”

Remark 1.3.23. Note that the statement in [30] works rationally, e.g. it is not assumed that

k is algebraically closed.

We now give an application of the above to the regular quotient.

Theorem 1.3.24. Let (G,0, H) be a symmetric pair. Let G be as in Equation 1.3.5. For
each 1 <i<s, let H; =G; N ofl(H). We denote with subscript i the corresponding daata

for the symmetric pair (G;,0;, H;). Then there is a Gy, -equivariant isomorphism
(P79 JH) = ((Lie(Z(G)°) np) (e (H) N Z(G)°) x [ [ i 7 Hi x [] 651G
i J

Proof. Since the action of H on p factors through H with finite quotient, the regular locus of
these two actions agree. Furthermore, the group scheme of centralizers Iin H decomposes

as a product of centralizers in the subgroups H;, so p™® = 3(g) x [[; pgeg X Hj (g})reg. This

42



gives a decomposition of stacks
b9/ = (3(9)/(H 0 Z(G)°) x [T o /H; x [](65)°/G;) /N m.
i J
where N acts trivially, and moreover,
P/ =~ 53(0)/(H 0 Z(Q)°) x [ [/ Hi < [ [(d))7/ G5
i J

The result now follows as the regular quotient respects products and is invariant under trivial

actions. O

Reduction to Levi Subgroups

From now on, we assume that G is simple, simply connected. We describe in this section the
process of Levi induction needed to compute the gluing loci for the regular quotient. The
Levi induction we use is closely related to the degeneration used by S. Leslie in Section 5.1.1
of [30] termed the “descendant” of an element X € a. We will first recall this definition and
give a root theoretic description of the Lie algebra of this Levi subgroup. Then, we will prove

a reduction result, see Proposition 1.3.37, which will prove invaluable for computations.

Definition 1.3.25. Fix a #-Cartan a C p. For an element X € a, the descendant of X is

the tuple (G5, 9|G§(= HNGS) where G is the connected component of the stabilizer of X
in G.

Proposition 1.3.26. For X € a, the descendant at X is a symmetric pair.

Proof. First, note that G is a Levi of G and hence is reductive. Since the adjoint action
preserves the Cartan decomposition, G is stable by the action of f. It is trivial that HNGS,

contains the connected component of the fixed point scheme Kgq := [(G})e]o. Moreover,
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for any h € HNGS, Ad(h) by definition lies in Ng(K) = Ng(G?) and so preserves (Gg()‘g.
Hence, H N G% is contained in the normalizer NG%((G%)G) = Ngs, (KG%).

Finally, we note that G is smooth as it is a Levi of G and the characteristic is assumed
to be good for GG. For Hy, take a character A whose Lie algebra is the span of X. The
subgroup Hx is the fixed points of the image of A, which is a subgroup of multiplicative
type. Hence, by Proposition R.1.1 of [13]|, Hx is smooth, and therefore any union of its

components is smooth. In particular, so is H N G- O

We now give a root theoretic description of the descendant construction. Fix a maximally
0 split torus T' of G containing maximal #-split torus A. For X € a, we define the subset of
restricted roots S C ®,- by
S={rved,:vX)=0}

Note that the subset S is constant with respect to the stratification on a defined by inclusion

in root hyperplanes of a.

Definition 1.3.27. Let L = Lx be the connected Levi subgroup of G whose Lie algebra is

the sum

[=lxy=t+ Y gg
per—1(9)

where 7 is the restriction map r: & — @, U {0} as in definition 1.2.5. We refer to L as a

distinguished Levi.
Proposition 1.3.28. The Levi L defined above is equal to G .

Proof. The action of Ad(X) on the root space gg for 3 € ® is given by the restricted root
r(f). In particular, the centralizer gx of X in g is the sum of the root spaces g for which

r(B) € ker(X) = S. L

We denote Kg,py,ar, Ay, etc. for the corresponding objects in the Levi L = G5, and

H; = HN L. Note that T C L, so that A;, = A and aj, = a. Furthermore,we have
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Wa., C Wy is generated by the reflections across roots in 5, and @, =5 C ®,. We will

relate the structure of the stack p/H to the stack p;/H,.

Remark 1.3.29. Note that if one takes H = K, it is not true in general that Hy, = K7, For ex-
ample, consider the symmetric pair corresponding to the diagonally embedded SLo x SLg C
SLy (see example 1.2.26). Then, one choice of Levi L of the above form corresponds to the

Lie algebra

[= :Tr(A) =0
B A

One computes

KNL= g : det(g) = £1
g

In particular, K N L is disconnected. By definition, K = (L?)° = (K NL)° is the digaonally

embedded copy of SLo.

We relate the Weyl groups and GIT quotients as follows.

Proposition 1.3.30. The little Weyl group Wy 1, of the Levi L 1is a subgroup of Wq. Let
Dy, C a be the union of hyperplanes b in a such that o & @, 1, and let 7: a — a/Wq be the

projection map. The map of GIT quotients

or: afWar — afWq

is étale away from w(Dy) C aj/Wy.

Proof. Recall that Wy is generated by reflections given by roots in the restricted root system
®;, and similarly for Wy ; with the restricted roots system for the Levi, ®, 1. [See Richard-
son, Lemma 4.5.] We claim that @, 1, is a subroot system of ®; corresponding to roots in

L. Indeed, by construction a; = a, and the root system of L with respect to a maximally
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f-split torus T is a subroot system of G with respect to T'. Therefore, restricting to a gives
a subroot system @ 1, of ®q. It follow that W, 1, C Wy is a subgroup.

Now, consider the map ¢, as above. The projection 7 factors through ¢, giving covers
m and 77, as below.

a

afWa,L —7+afWa

As both sides are quotients of a, the ramification locus of ¢y, is exactly those images w(X) €
a/Wy such that X € a* for some w € Wy \ Wy 1. But for any w € Wq with minimal
presentation w = s1...sy for simple reflections s;, the fixed locus is a* = [h; where b;
is the hyperplane fixed by s;. In particular, from our earlier description of Wy, r,, it follows

that ¢y, is ramified exactly on those m(a) such that a € ho for some o € &, \ @, .. O

Definition 1.3.31. Let ¢y, m, 71, and Dy, be as above. Let Uy, C a be the complement of
Dr, in a, and let V7, denote the image of Uy, in a /W, ..

Let iy, : p;, — p be the inclusion map and let

p:p—=pJ/H and pp:pp—vr/HL

be the projection maps. For any scheme S over a/Wg, we denote S|y, =S Xa )W, UL

Lemma 1.3.32. The map iy, restricts to a Hy, equivariant map
. re
L pLg|UL - preg|UL

In particular, there is a morphism

Xt v JHLlu, = " [Hly, .
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Proof. For any X € pzl(UL), (Ig)x = (I)x and hence (I, )x = (Ig)x N (I)x. Hence
the map 7y, sends regular elements of pil(ﬂ(U 1)) C pr, to regular elements of p. The result

follows. O

Lemma 1.3.33. We have a canonical isomorphism i*LIreglUL ~ Izeg\UL. In particular,

X1/ v, = Jrlv, -

Proof. Now, there is a map JL|UL — X7 J from the inclusion Hy, C H. To show this is an
isomorphism on Uy, it suffices to check on fibers. Let y € Uy, have preimage = € pzl (7(Ug))-

Then, we can identify (J7,)y = (I, )z and (¢*J)y = (Ig)z, where the result now follows. [

Theorem 1.3.34. The morphism X, induces an isomorphism

pL! THL|y, = 9" [H|y,
Proof. This follows from the description of the regular quotient in Theorem 1.3.20 combined
with the isomorphism of regular centralizers over U, in Lemma 1.3.33. ]

Theorem 1.3.35. There is a canonical isomorphism of stacks

:p Y Hly, — "/ Hly,

Proof. Recall that p*®9/H is a gerbe over p*® / H banded by J, and similarly, pfg J/Hrp, is
a gerbe over prLeg J/H, banded by Jr,. Hence, to conclude, it suffices to note that the map

Y|y, is a map of Jp ~ ¢*J gerbes over prLeg JH,. O

To conclude, we will reduce to computations of regular nilpotent orbits. To do this we

will use Proposition 1.3.37.

Lemma 1.3.36. Let (G,0) be a semisimple group with involution 0. Then the intersection
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of all root hyperplanes of the restricted root system is

ﬂ H, =0 € a.
acd,

Proof. For every root hyperplane H,, in a, let S, denote the set of all hyperplanes of t which
restrict to H,. Let S denote the set of all hyperplanes in t which contain a. Note that for
every root hyperplane H C t, H N a is either a root hyperplane in a or is all of a. Hence, S

and S, as « varies gives a partition of all root hyperplanes of t. We conclude that

() Ha=an [V Hac [ (VE|N| [) H| = N H={0} O

acd, acd, HeS a \HeS, HcCt: root hyperplane

Proposition 1.3.37. Let (p, H) be a symmetric pair associated with (G,0) for G a reductive
group. LetY = NgHy C a be the intersection of all root hyperplanes in a. There is then an

isomorphism of stacks over p(Y'):
p/H xqpw, p(Y) = Np/H x p(Y)
Restricting to regular elements gives:
PrVH Xy, p(Y) = NG JH x p(Y)

Proof. Let G = T5¢ xZ™ G5¢ be the f-compatible z-extension as in part 3 of Proposition
1.3.22 with center Z = Z(G) and symmetric pair structure (G, 0, H). We will denote by p
the (—1) cigenspace of § on § = Lie(G). Likewise, we let (G5¢,65¢, H5¢) denote the induced

symmetric pair structure on G*¢ with p5¢ the corresponding (—1) eigenspace in g*. Then,
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from the proof of Theorem 1.3.24, we have
p/H =~ ((Lie(Z(G)°) np) (o~ (H) N Z(G)%) x p**/H*

Therefore, by Lemma 1.3.36, we have p(Y) ~ ((Lie(Z(G)Y) Np)J(a"Y(H) N Z(G)Y) x {0}

and the result follows. O]

We conclude the description of the enhanced quotient p*©9 JH for G simple. Recall from
Theorem 1.3.12 that it suffices to describe the gluing on p///\I/{ explicitly. To describe the
gluing on the intersection of some hyperplanes N;H;, we take the Levi L associated to the
H;. Then, by Theorem 1.3.34 and Proposition 1.3.37 the number of sheets of p///\[/{ over M; H;
is determined by the regular K-orbits of the nilpotent cone for L. This is determined by
the list in Proposition 1.2.34. For all simple groups except SO, x SO, C SO9,,, there are at
most 2 regular nilpotent orbits, so it suffices to describe only the number of sheets in fibers
of the map p*9 JH — p'®I JH. For the SO, x SO, C SOy, case, one also needs to compute
the gluing pattern of the 4 sheets at the origin as it degenerates. Some results on this case
are given in Example 1.3.48.

More formally:

Theorem 1.3.38. Let (p, H) be a symmetric pair corresponding to a simple group G,such
that (K,G) # (SO(n) x SO(n) C SO(2n)). Let U = UpUy, where Uy, as in Definition
1.3.31 and L ranges over the subgroups L of the form in Definition 1.3.27, such that Ngzg
has a single reqular Hp-orbit3. We then have that p*®9 JH = afWo ]y afWa, and this

wdentification is Gy, -equivariant.

Remark 1.3.39. We note that if NV has one irreducible component by Proposition 1.2.34 we

can just directly state that p™® JH = aJW,.

3. We note that this can be worked out using Proposition 1.2.34, together with, if necessary, computing
mo(Hy) and its action on irreducible components of N, .
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Proof of Theorem 1.3.38. This follows immediately from Theorem 1.3.12. [

We note that the remaining case of (K,G) = (G1,G1 X G1) there is no nonseparrated
structure as shown in Example 1.3.42. Finally the following proposition show that the regular

semisimple locus is always in the open set U of Theorem 1.3.38

Proposition 1.3.40. The map p*9 JH — p'"“9)H ~ a)/Wq is an isomorphism on the

complement of the image of all root hyperplanes in a.

Proof. The complement of hyperplanes in a/Wj is the space of semisimple, regular elements
a8 C a. Let z € p'® lie over the image of s € a”* in a"¥ /W,. Then by Lemma 1.2.16 we
have the Jordan decomposition x = s+ n. Since s is regular and n is regular nilpotent in its
centralizer, by Proposition 1.2.17 we must have n = 0. Then, the result follows as there is a

unique (closed) orbit of semisimple elements in each fiber of the map p*®J — aJWj. O

Theorem 1.3.41. Let (p, H) be a symmetric pair corresponding to a simple group G,such
that (K,G) # (SO(n) x SO(n), SO(2n)).
Then p JH = afWo [y afWq where U is the complement of a closed subvariety which

1s the union of intersections of root hyperplanes.

Proof. This follows immediately from Theorem 1.3.38 and Proposition 1.3.40. O

Examples

A
Example 1.3.42. Consider the diagonal case G1 C G x G from Example 1.2.25. In this

case, we have an isomorphism of stacks

p/G1 — 91/G1

20



by projecting onto the first factor. The latter quotient is well studied over the regular locus.

In particular, it is shown in [10, 35| that the map

9,7/G1 — o7 JG1

reg

is a gerbe for the descent of [ G, to gieg //G1. The regular quotient ggeg //G1 is therefore just
the GIT quotient gieg J/G1. We verify below that this agrees with our inductive construction.

Fix a maximal torus 7" in G and recall that a Cartan in p is given by
a={(X,-X): X €t}

while the restricted root system agrees with the root system on 1. The distinguished Levi
subgroup associated to the sub root system (a;, —c;) is of the form L ~ Ly x Ly for Ly the

connected Levi of G with

[1 =t Z(gl)al
i

The involution # acts on L x Li by swapping factors. But by Lemma 1.2.38, there is a
single regular nilpotent Hj orbit for this form. Hence, there is no non-separated structure

anywhere on p*®J JH.

Fxample 1.3.43. We revisit Example 1.2.26. Recall H = K = GL,, x GL,, C GLg,, = G,
a= : 0 is diagonal » C =p
and

o, = {j:((F;‘ +6)j #kand 1 <j,k<n}U {i25;'7|1 <j<n}

is a simple root system of type Cj,. The little Weyl group has the form Wy = {+1}" x Sy,

with S;, permuting the dual basis 6}‘ and {£1}" acting by changing the sign of the coordinates
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5;.

Note also that if 2(5; = 26, = 0, then also j:é; + 6, = 0. Hence, we need only deal with
distinguished Levis associated to subroot systems S C &, satisfying:

(%) For every distinct 1 < j < k < n, either {i25}‘, +207} ¢ S orelse {125;, +207, ié}‘ﬂ:
o} CS.

Now we see that any simple subroot system of @, satisfying condition (x) is Wy conjugate

to one of the following:

1. The subroot system &, = {jzé;f +6;:1 <5,k <nqp} for some ny < n. In this case,

——— | : ¢’ and %’ and diagonal (n — n1) x (n — nq) matrices

5/ 77/
so that L ~ GLy, xT" for a torus T” of rank 2(n — ny).

2. The subroot system ®, = {:I:(5;-‘ —6;): 1 <j <k <mny}for someny < n. In this case,

A B

% s
[= : 8" and " are diagonal (n —n1) x (n — n1) matrices

5// /"

so that L ~ (GLyp, x GLy,)xT" for T" a torus and the involution acting on GLg x GLgy

by swapping factors. There is a unique nilpotent orbit in this case.

For an arbitrary subroot system S C ®, satisfying condition (x), S is a product S1 X - - X

Sa X Si X e X SI/) where S; is Wy conjugate to a root system of type (1) and Sg- is Wy
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conjugate to a root system of type (2). However, we note that condition (x) immediately
implies that a = 1. Hence, we reduce to distinguished Levis associated with S7 x Si XX S(')

For such a root system, we have
L ~ GLgp, X(GLyy X GLyn,) X -+ X (GLyny X GLy, ) x T’

for T" a torus of rank 2(n — 2_inj — 2 my). We can see easily that

b
Hp, = (GLn, x GLp;) x [] GLin, x(77)°
k=1
where (T7)? is a (connected) torus of rank (n — >_inj — 2ok my). In particular, we see
that |./\/g§g/HL| = 2 by comparing with the list in Proposition 1.2.34 for the first factor of

We hence conclude with a description of the regular quotient p"® /K in this case.

Proposition 1.3.44. For H, p, and K as in this example, let V C a be the subscheme that is
the complement of all root hyperplanes for roots of the form 267 . Then, we have p"* JK =
a/Wely afWa, where U =V Wy C afW,.

Proof. Follows immediately from the above computations and Theorem 1.3.41. [

Example 1.3.45. Consider the split form SO,, C SL;,. If n is odd, there is only one nilpotent
orbit and the regular quotient and GIT quotient agree. We will assume therefore that n is
even. We have a = t is the diagonal Cartan inside p = sym,, (symmetric n X n matrices).
The restricted root system agrees with the root system for SL,, and so is type A,_1. Any

distinguished Levi is W = W conjugate to a block diagonal Levi
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where n; > 1 and Zj nj = n. It is easy to see that
Hyp = S(Opy x -+ x Op,)

Recall that the symmetric pair SOnj c GLy i has 2 regular nilpotent orbits in the case where
n; is even and 1 when n; is odd (see Proposition 1.2.34). Without loss of generality, suppose
that ny,...,n, are even while ng41,...,n; are odd.

If I > a (i.e. some n; is odd), then the quotient map
L = S(GLyp, x -+ x GLy,;) = GLpy x -+ x GLy, =: Ly
is surjective and carries Hj, to the subgroup
Hy :=Opy x -+ x Op,

(L1, Hp) is a symmetric pair, and one checks that my(H7) acts freely on components of /\/gzi] )

In particular, comparing with list of Proposition 1.2.34, we see that
BNGES [ HL) = #NGE9 /1) = 24/2° = 1,

If | = a (i.e. all indices are even), then my(Hp,) acts freely on the components of /\/gzg

and comparing with the list in Proposition 1.2.34 gives
BNt ) = 2020t =2

We conclude:

Proposition 1.3.46. Let n be even, and let €1,...,€e, be coordinates for diagonal matrices,

so that a = t is the locus Zj €j = 0. Let EvenPary, denote the set of even partitions of
54



{1,...,n}, i.e. the set of decompositions {1,...,n} =Sy U---USy with each |S;| even. Put

Zji gy =€y =€y ="""=¢€,}Ca

and Zg = NimZg, for S € EvenPary,.

Define V' to be the complement of

USGEvenParn ZS ca

and let U =V Wy C afWq. Then in this example, we have p*9 [JK ~ a/Wq [l afWa.
Proof. This follows by Theorem 1.3.41 and the computations above. [

Remark 1.3.47. In the statement of Proposition 1.3.46, one can replace Even Par, with only
those partitions {1,...,n} = S; U---US; for which #5; = 2 for all j. The open set U in
the Proposition has complement of codimension n — (n/2). Hence this gives an example of

a symmetric pair for which the gluing does not occur along the complement of a divisor.

Example 1.3.48. Consider the split form SO9, x SOg,, C SOy, of Example 1.2.27. Recall

that restricted roots are of the form
o, = {z'(ié;f +67):j#k1<jk<2n}

This gives the root system of type Dg,,, which is simple and simply-laced when n > 2 and is
the product D9 = Ay x A; when n = 1. Recall that for n > 2 this is the unique family of
simple symmetric pairs up to isogeny for which there are 4 regular nilpotent orbits.

For inductive purposes, we will need to describe the case when n = 1: When n = 1, the

root system Do is not simple, and the isogeny of Theorem 1.3.24 is the map

&: Sk x SLo — SOy
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with @ lifting to the involution §(g) = ¢! on each copy of SLo, and
¢~ 1(S09 x SO3) = SOy x SOy C SLy x SLy .

In particular, the regular quotient can be described as a product:

Proposition 1.3.49. The form SO9 x SO9 C SOy has reqular quotient given by the product of

reqular quotients

pJK =p1 K1 xp1[JKy
where (G1,01, Hy) = (SLa, g — g~ *,502).

Now, consider the case SOg,, X SO9,, C SOy, for n > 2. In this case, the root system is
type Doy, is simple, and is simply laced. The little Weyl group is Wg = {jzl}”_1 X Sy, where
Sy, acts on the coordinates 5;-‘ by permuting the indices j and {£1}"! acts by changing an
even number of signs on the 5}‘. Any simple root subsystem of @, is Wy conjugate to one of

the following:
1S = {i(£d7 £6;): 1 < j <k < my} for some my < 2n. The Levi associated to this

root subsystem is

A B

02— 5 ' A € 50y, and ¢’ is a diagonal

— Bt A (2n —my) X (2n — m1) matrix

—0 02n—m1

giving L = SOg;;,, XT" for T" a split torus and ¢ acting on SOgy,, by conjugation by

2. §= {j:i(é;-‘ —07): 1 <j <k <mq} for some my < 2n. The Levi associated to this S
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02— m; Y . A € sop,, B esym,, , and 0’

-B A is a diagonal (2n —m1) X (2n — mq) matrix

_5/ OQn—ml

giving L ~ GLyy,, xT" for T" a split torus and 6 acting on GLy,, by g gt

3.8 = {j:i(é;‘ +067): 1 < j <k <mq} for some odd m; < 2n. The Levi associated to

this root subsystem is

A B
02—, o ' A€soy,, B= B¥ and ¢ is

—B A a diagonal (2n — mq) x (2n — my) matrix

= 02n—m1

where B = ((_1)ijbji)1§i,j§m1' This again gives L ~ GLy,, xT".

Any arbitrary subroot system of @y is a product S = Sy x- - - S; where each S; is conjugate
to one of the three above root subsystems. Of the above, types (2) [when mq is even| and

(1) can contribute nontrivial regular nilpotent orbits. Suppose that

c

b
s=TIs" = [15% = I 51"

J=1 J=1 J=1

where Sj(-k) has rank mgk).

Let H(L2) = H?’:l Om@) and H(Lg) = H?’:l Om(g). Then, we compute
j j

2 3 2 3
Hy, = (H;H 0 mxS$ (H%_1 O ) x H? x Hy )>> n <5 <H?1 0 X H x Hj )> x Il 0m<1>>
k J k

J
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with the intersection being taken inside

a
2 3
(Om§1) X Omgl)) X Hé) X HZ<L)

7=1

We recall that SOmj C GLmj has 1 regular, nilpotent K orbit when m; is odd and 2 when
mj is even, and that SOp,; X SOp; C SOgmj has 2 regular nilpotent orbits when m; is odd
and 4 when m; is even. Define the following invariants:

Let N be the number of Levis of type (1) with m; even and N{ the number of Levis of
type (1) with m; odd. Let N§ and N§ be defined similarly for type (2) Levis, and N3 the
number of type (3) Levis. Let €1 be zero if both N = 0 and N{ # 0 and 1 otherwise, and
let €9 be zero if Zj m; = 2n and Ny = N3 = 0 and 1 otherwise. Then, we can count the
nilpotent orbits by studying the components of Hy. We find:

#(N;EQ/HL> _ 22N1€+N10+N2€/(2N1€+61—1 . 2N16+Nf+N26+62—1) _ 92—€e1—e€
L

For example, for SO4 x SO4 C SOg, we have:

1. There are 4 sheets over the loci:

(i) Fix an ordering i; of {1,2,3,4}. {67 =47 =0, 5;."3 = £0; }, Le. strata corre-

sponding to distinguished Levis Hy C L that are W conjugate to (SO9 x SO9) X
SO9 C SO4 x GLo.

(ii) The origin {0; = 0 for all i}, i.e. the strata corresponding to the distinguished
Levi SOg.

2. There are 2 sheets over the loci:

(i) Fix an ordering 7; of {1,2,3,4}, and fix signs ¢; € {£1}. {6;; =€0f 1 j=

j+1

1,2,3}, i.e. strata corresponding to distinguished Levis H; C L which are W-

conjugate to SO4 C GL4.
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(ii) Fixi; an ordering of {1,2,3,4} and signs €1, €9 € {£1}. {5;-“1 = 61(5;;, 5;3 = 625;4},
i.e. strata corresponding to distinguished Levis Hy, C L which are W conjugate

to S(O9 x O9) C GLo x GLo.
3. 1 sheet over all other strata.

Note that the above list allows us to reduce to only Levis conjugate to (SO2 x SO9) x SO9 C
SO4 x GLg. Note that the regular quotient of this symmetric pair is given by the regular

quotient of SO9 x SO9 C SOy, whose gluing pattern was studied above.

Example 1.3.50. Consider the more general case of SOy, x SO9,,_,, C SO9, from Example
1.2.28. Note that this is split for m = n (see previous example for this case with m even)
and quasi-split for m = n — 1. Note furthermore that if m were odd, then there would be a
single regular, nilpotent orbit for this pair, and the regular quotient would be equal to the
GIT quotient. We will therefore consider only the case where m is even. The restricted root

system for this pair is given by
o, = {i(:l:é;:l:é;;): 1<j< kgm}u{:lzz'é;-‘: 1 <j<m}.

This is a simple root system of type By,, and the little Weyl group Wy = {£1}"" x Sy,
acts by permutations and sign changes on the 5;, 1 < 7 < m. Note that we again have a
condition on subroot systems of ®, that can arise as the set of roots vanishing a collection
of hyperplanes in a. Namely,

(%) For every distinct 1 < j < k < m, either {j:z'é;, +id;} ¢ Sorelse {j:ié;‘, +id}, i(j:(i;j:
6p)rCS.

A simple root subsystem S C &, satisfying condition (k) is Wy conjugate to one of the

following:

1. {i(ﬂ:é}‘ +6p):1<j<k<m}U {i(ié;): 1 < j < my} for some my < m. This has

distinguished Levi given by L ~ SOQ( ) xT" where T" is a (not split) torus, and

mi+n—m
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0 acts on SOQ(mlJrnfm) by conjugation by diag(l,,, 2n—2m—m;)-

2. {j:i(5;-‘ —07): 1 < j <k < mq} for some m; < m. This has associated Levi given
by L = GLy,, xT" where T is a (nonsplit) torus and @ acts on GLy,, by the split

involution #(g) = g~*.

An arbitrary subroot system satisfying (x) is a product of at most one Levi of type (1) and

an arbitrary number of Levis of type (2). There are two sheets over the strata:

e Fix my,...,my such that each my is even and > ; m; = 2n. The Wy orbit of {53k =

0: 1< j <m} N {07 =65 my+1<j<k<mq},

e Fixmy, ..., my such that each my, is even and ) ; m; = 2n. The W orbit of ﬂlrz_ll{éj =

5Z:ml—|—1§j<k§ml+1}.

and map p /K — p//K is an isomorphism elsewhere.

Ezample 1.3.51. Consider the case of SOy, X SO2,41—m C SO2,41, m < n, of Example

1.2.29. Recall that the root system is the simple type B, root system
o, = {i(jzé;fi(ﬁ;): 1<j< k:gm}u{iié;f: 1 <j<m}.

The little Weyl group Wy = {£1}"™ x Sj;, acts on @, by permutation and sign change on the
5;. Note that by Proposition 1.2.34, there is a unique regular, nilpotent K orbit in p when
m is odd and two when m is even. We therefore restrict to the case when m is even.

Note also that if ié;f = i0;, = 0, then also z'(:l:é? +67) = 0. Hence, we need only deal with
distinguished Levis associated to subroot systems S C &, satisfying:

(%) For every distinct 1 < j < k < n, either {iiéf;, +id;} ¢ Sorelse {iié;, +idy, i(jzé;-‘ﬂ:
0p)f C S,

Any simple subroot system of @, is Wy conjugate to one of the following:
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1. {i(:l:5;-‘ + 57;),j:i5;: 1 < j < k < mq} for some m; < m. The associated Levi

for this subroot system is L ~ SOQ< )+1 xT" for T" a torus and # acting on

mi1+n—m

SO2(my +n—m)41 by conjugation by the matrix

]m17m1—|—2(n—m)—|—1 = diag([ml, _[m1—|—2(n—m)—|—1)-

2. {z’(:i:5;-‘ —0;): 1 < j <k <my} for some m; < m. The associated Levi for this subroot

system is L o~ GLy,, xT" for T a torus, and § acting on GLy,, by 0(g) = g ".

An arbitrary subroot system of @, is a product of Levis of type (1) and (2) with at most

one type (1) Levi appearing. There are 2 sheets precisely over the following strata in a//Wg:

e Fix my,...,my such that each my is even and > ; m; = 2n. The Wy orbit of {5;k =

0:1<j<m} ({07 =df:m+1<j<k<m}

e Fixmy,..., my such that each my, is even and ) ; m; = 2n. The Wy orbit of ﬂ}:ll{éj =

Oprmy+1<j<k<mq}

and the map p /K — p/ K is an isomorphism elsewhere.

Example 1.3.52. Consider the split form GL,, C Spsy,, of example 1.2.30. The restricted root

system agrees with the usual root system, which is type C),. We use the presentation
CIDT:{:M;:I:(SZ: 1§j<kz§n}u{j:25;: 1<j<n}

for the root system, where the dual basis 5;.‘ is chosen with respect to the coordinate vectors
for the Cartan a in example 1.2.30. The little Weyl group Wy = W = {£1}" x S, acts on
®, by letting S, act by permuting the (5;? and {£1}" act by sign changes on the (5;-‘.

Note also that if 25;? = 207, = 0, then also :I:(S;-‘ + 5;‘; = 0. Hence, we need only deal with

distinguished Levis associated to subroot systems S C ®, satisfying:
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(%) For every distinct 1 < j < k < n, either {i25;f, +207} ¢ S orelse {125;, 247, ié;fj:
w1 CS.
Now we see that any simple subroot system S of &, satisfying condition (x) is Wy

conjugate to one of the following:

1. {j:cs;-‘ j:5;;: 1<j<k<n}u {j:2(5j: 1 < j < nq} for some n; < n. The associated

Levi has

. 8 is a diagonal (n — n1) x (n —nq) matrix

5 0
giving L ~ Spg,, xT" for T' a split torus and @ acting on Spop, by conjugation by
diag(Inp _[nl)-

2. {i(é}‘ —0;): 1 <j <k <nq} for some ny <n. The associated Levi has

A B

On—n, Y . A € sopy, Besym, , and & is

B — Al a diagonal (n —nq) X (n —ny) matrix

5/ On_nl

giving L ~ GLy, xT" where T” is a split torus and 6 acts on GLj, by the split form

g gt

An arbitrary root subsystem of @, satisfying (%) is a product of the above types, with at

most one factor of type (1) appearing. In particular, the strata of a /Wy with two sheets are

the following:
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1. For any subset 7' C {1,...,n}, {5; = 0: j € T}. These are the strata corresponding

to Levis of type (1).

2. Fix the following data: Even integers nj, such that ) ;. nj = n; an ordering i; of the

numbers {1,...,n}; signs ¢; € {1}. Then, consider the strata

k k+1
« __ex 2 : . 2 :

ﬂ 5’L] - 6] L1 ny + 1 S J § ny
k =1 =1

This corresponds to Levis which are products of type (2) Levis L ~ [];. GLy, where

all the n;, are even.

1.3.4  Galois Description of J for Quasi-split Symmetric Pairs

For the results of this section, we restrict to the case of quasisplit symmetric pairs. We will
denote ¢ = p//H ~ a//Wy,. In particular, by Proposition 1.2.21, we assume that the regular

centralizer group scheme [ = I;;g

— p"®J is abelian, and hence descends to a smooth,
commutative group scheme J — ¢. Our goal in this section is a Galois description of the
regular centralizer group scheme J for quasisplit symmetric pairs. More precisely, following

the skeleton of Section 2.4 in [35], we seek a flat cover

T:C—C,

which is with group W; acting on the centralizer group scheme C' = Cp(a), such that
J embeds as an open subgroup scheme of the Weyl restriction Resg(f X CH)W?. Such a
description was the objective of Section 5.1 of [16] and Section 4 of [29] using cameral covers
modeled on the flat cover a — ¢, which is generically Galois with group Wq. However, this

point of view is inadequate for general results on regular centralizers, as illustrated by the

following example.
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Example 1.3.53. Consider the symmetric pair on G = SL3 given by the involution € conju-

1
gating by with H = S(Gy, x GL9) embedded block diagonally. We choose

_I2

0 0
a= 5 o€k p~ Al7
0
so that its centralizer is
T
Cy = Ch(a) = e | aty=1
Yy

One can verify that Wy ~ {£1} acts trivially on C. Hence, Res®(C' x a)a = C' x ¢ is the
constant group scheme. It is trivial to compute the fiber of my(Jg) at 0 is ug while the fiber
of Res¢(C' x a) Wa — €' x ¢ is connected everywhere. Hence, J 7 cannot be an open subscheme
of Res?(C' x a)We.

To produce a more descriptive cover, we will work with a fundamentally different object:
Instead of modeling our cover off a Grothendieck-Springer resolution that classifies certain
Borels of the group GG, we work with a “parabolic cover” classifying certain parabolics of the

subgroup H.

Relations Between Weyl groups

We begin by discussing some various Weyl groups that will emerge in later sections and the
relationships between them. Fix a fixed maximal #-split torus 7' containing a maximally
0-split torus A. We define C' = C'y(A). The connected component C° is a (not necessarily

maximal) torus of H. Let W = Ny (C°)/Zg(C®) be the Weyl group of C° in H.
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Lemma 1.3.54. (1) There are inclusions Ng(A) C Ng(C) and Cy(A) C Cy(C).
(2) There is a canonical map &: W4 — We.

Proof. Since the form is quasisplit, Proposition 1.2.21 implies that C° C Cyx(A) C T. In

particular, C(C°) is abelian and since C° C C(A), we have

Cu(A) C Cy(Ch(A)) C Cy(0O).

Moreover, it is elementary to see that Ny (A) C Ny (Cg(A)°). Since conjugation preserves
the identity component of Cg(A), we conclude that N (A) C Ny (C).

The above implies that there is a well-defined map £: W4 — W ]

Remark 1.3.55. We will denote the image of the morphism & above by W;,, C W, In all
classical cases, W;,,, = W; that is, £ is surjective. The author conjectures that this is true

in general, though it has not been checked for exceptional types.

Definition 1.3.56. Let Wiy, C W4 be the kernel of the map £: W, — W constructed

above.

Lemma 1.3.57. The projection map w: a — ¢ as well as its subcover a /Wi, — ¢ are finite

and flat.

Proof. By the assumption on the characteristic, the characteristic p of the field does not
divide |Wyer| and so a)/Wyg, is Cohen-Macaulay, see 6.4.6 of [6]. Since ¢ is regular, both

claims follow by Miracle Flatness. ]

Definition and Geometry of Parabolic Covers

We begin with a preliminary lemma relating borels/parabolics of H to those of G.
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Lemma 1.3.58. Any Borel B of H is the intersection Bg N H for some 0-stable Borel By
of G. Moreover, suppose we have a Levi M C H of H and suppose that there exists a Levi
Mg C G such that Mg N H = M. Then, there exists parabolics ) C H with Levi M and
Qa C G with Levi Mg such that for any parabolic P of H conjugate to @), there exists a

parabolic Pg of G conjugate to Q¢ such that P = Po N H.

Proof. We begin with the statement on Borels, first showing that the intersection any #-stable
Borel of G with H is a Borel of H. Let Bg be a #-stable Borel of G and put B = BN H.
It is clear that B is solvable; we must show that H/B is projective, or equivalently that
H/B ~ H - B¢ C G/Bg is a closed embedding. We claim that, in fact, H - Bo = (G/Bg)?.
Let B’G be another f-stable Borel of GG, and let g € G be such that g - Bg = B’G. Applying

0 gives 0(g) - Bg = By, so that g 10(g9) € Ng(Bg) = Bg and further
97 '0(g) € {b€ Bg: 0(b) = b~ '}

Recall that the image of the morphism G — G sending g — g~ 16(g) is precisely those ¢ in G
such that 6(g) = g~!. As Bg is f-stable, the image of the morphism Bg — B is therefore

the intersection
{9€G:0(9)=g '} NBg={be Bg: 0(b) =b""},
and so there exists b € B so that g~ 10(g) = b=10(b). We have gb~! - Bg = By, while also
(g6~ 1) 7 0(gb™") = (g~ 0(9))0() " = b(b~ 0(B)H() ! = 1.

We conclude that B and By, are GY conjugate. Hence, GY - By = (G/Bg)? and since the
flag variety is invariant under central isogeny, also H - Bg = (G/Bg)?. Now, since the fixed

locus of an algebraic involution is closed, we conclude that B; N H is Borel.
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Since all Borels of H are conjugate under K, and since K conjugacy preserves #-stability,
we conclude that every Borel of H is the intersection of a Borel of G with H.

Now, suppose we have a Levi M C H of H and suppose that there exists a Levi My C G
such that My N H = M. Choose any parabolic ) of G with Levi factor My, and put
Q = Qg N H. We must show first that @) is a parabolic with Levi M. Let Bg C Qg be a
Borel in Q¢ and B = B; N H the corresponding Borel of H. Since we have a commutative
diagram

H/B—— H/Q

L

G/Bg—G/Qq
with the horizontal arrows being surjective and the left vertical arrow being a closed immer-
sion, it follows that H/Q is a closed subvariety of G/Q¢. In particular, H/Q is projective,
and () is a parabolic in H. That the Levi factor of ) is M follows from intersecting the
decomposition Qg = M - Ug where Ug is the unipotent radical of Qg.
Now, for any parabolic P of H conjugate to () by h € H, we may take the corresponding

conjugate parabolic h - Q¢ of G. The result follows. m
We now introduce the central object of study; the parabolic cameral cover.

Definition 1.3.59. Define the Levi subgroup M := Cg(C°)° of H and Mg := Z5(C°)°
denote the analoguous Levi of G.

Let () and Q¢ be parabolics of H and G, respectively, satisfying the conditions of Lemma
1.3.58 for the Levis M C Mg.

Remark 1.3.60. Note that M, Mg are well defined up to conjugation by H. The parabolics
@ and Q¢ may involve further choice as parabolics with fixed Levi type are not necessarily

conjugate.
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Definition 1.3.61. Fix the data of Definition 1.3.59. Then, let

N X € p' Lie(P) D C¢(Ce(X)) and P is a
o _ | py, X P LielP) 5 GG(X)
parabolic of H which is H conjugate to )

and denote by 7p: pY — p' the projection map. We denote by p' = pJ|prs.

Proposition 1.3.62. Let Wy yy = Ny (M)/M denote the relative Weyl group of M. There

is a map P — aWier XWa/Wiw WH.M = & Xy, W pp fitting into a Cartesian diagram

pr »axyw, Wh n
p¥ —— p/H = a/Wy

Proof. Let a" = m, 1(ar€9 ) be the closed subscheme of p*©J over the subscheme a'®9 C p*s.
Then, we have a projection map a*®y — a9,

The relative Weyl group Wy py acts on the set of all parabolics of H with Levi M, and
the set of such parabolics conjugate to () is a Wy py torsor under this action.

The map a9 x Wy pr — a' sending (X, w) = (X, w - @) is an isomorphism, and the

resulting diagram

ar®y —— a'®d x WH,M — a Xy, WH,M

| |

a9 — p/H — = a/We

with the top right arrow given by quotienting by the diagonal action of Wy, is commutative
and Cartesian.

Recall from Lemma 1.2.18 that H - a™¥ = p"®. The H-orbit H - (a"®) — p*® is therefore
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a surjective Wy py cover. Since there is an inclusion of Wy 3y covers

H. (areg) N Erss

we conclude that this map is an isomorphism. In particular, since the map a" — a xyy

Wy is Z(a™9) equivariant, it extends to a map

prS: grs —a XWa WH,M

by taking
PR y) =P ().
This map is H invariant, and hence the diagram
ﬁrs > a XWa WH,M
p’ —— pJH = a/We

is a Cartesian square.

]

We now seek to extend Proposition 1.3.62 over the regular locus. For this, we will need

Lemma 1.3.65, which demonstrates the structure of the parabolic cover over the regular

nilpotent locus. We begin with some preliminary lemmas.

First, let us set some notation. Fix e € Ngeg . We will be interested in the fiber of my

over e. Let B be the unique Borel in G such that e € Lie(Bg), and let T C Bg be the

unique maximal torus of By. Note that B¢ is necessarily € stable, and hence T; contains

a maximal torus T of H. Choose a so that C' = Cg(a) C Ty, and let Si denote the set

of simple roots of H with respect to Ty and the Borel B N H (which is Borel by the proof

of Lemma 1.3.58). Denote by V' C Sp the set of simple roots of H which are trivial on C.
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We furthermore fix pinnings {e3 },eq and {e!} of the groups G' and H with respect to

the choice of tori Tz D Ty, respectively.

Lemma 1.3.63. For all simple quasisplit forms except possibly the quasisplit form on Eg,

we have:

1. The nilpotent

a€Sa

lies in p.

2. Consider the nilpotent element

aESH\V
The nilpotents € € p and € € b commute.

Proof. We proceed case-by-case through the classification of quasisplit simple symmetric
pairs and some explicit computations. As the definitions of e, e’ do not depend on isogeny
class or center, we further assume that all pairs are of the form (G,6, K) for G simple
semisimple.

In the case of any split pair (G, 60, K), we have that C = Z(G) N K, and so V = Sk.
Hence, ¢/ = 0 and the result is trivial.

In the case of (G, 0, K) = (SLoy,, 0, S(GL,, x GLy,)) from example 1.2.26, we have T the

set of diagonal matrices, and

€= where N, = 1 0 iIsnxn
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On the other hand, V = () and

It is easy to check [¢,e’] = 0.
In the case of (G, 0, K) = (SLap11,0, S(GLy x GLj,41)), we have T is again the diagonal

matrices, and

e= 11, where 0 is the n x 1 zero vector.

Then, again V = () and

Nn—H

It is again an easy check that [¢,¢'] = 0.

Now consider the case (G, 0, K) = (SO2p,+2,6, S0, x SO,42) of example 1.2.28, with 6

given by
0 A B A -B
-B! D B! D
In this case, we take
\
ay
—ay
az
TG — —ay Daj ek
An+1
L —Aan+1 )

When n is even, this gives T = Tz while when n is odd, Tk is the n — 1 dimensional

subtorus given by Uny1)/2 = 0. We divide into cases based on the parity of n: If n is even,
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we get:

where B =

i —1
1 7
7 1 i —1

Moreover, V' consists of all but two roots of SO,, 41, i.e.

So that [e, e’] = 0.

On

07172

In the case of n odd, we instead get

0 =
0 -1

where B =

0 2
0 2

-2 =2

) 1 i
-1 i 1
2
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Again, V consists of all but two roots of SO,,;1, and we have

0,
Op—2
0 2 1
e = 0 2 12

We can again verify the commuting property.
The only remaining simple, semisimple quasisplit involution is the quasisplit form on

Eg. 0

Lemma 1.3.64. Lete' = ZaGSH\V eg € Ny for Sgr a set of simple roots of H and V' C Spy.
Then one can choose an associated cocharacter X' (See Definition 1.6.3 and Lemma 1.6.5.)

such that Cg(\') = Cy(h') for

h = Z a€eb

aESH\V
In each H conjugacy class of parabolics P of H, there is a unique parabolic P such that

Lie(P) D Cy(€') and P has Levi factor Cg(X).

Proof. First, we note that h/ satisfies the sly relation
(W, €] = 2¢

Similarly, it is elementary to check that the cocharacter N = [Toe Sp\V is associated to
¢/, and that Cy(\N) = Cy(K).

A parabolic P in each conjugacy class of parabolics of H with Levi factor L = Cg()) is
determined by a choice of polarization of the root system generated by Sg\ V. In particular,
we note that for the choice of polarization agreeing with the polarization determining Sz C
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® 7, we have Lie(P) D Cy(e’) and this P is unique with this property. O

Lemma 1.3.65. We keep notation as in Definition 1.3.59. Let G satisfy condition (x).
For any regular, nilpotent element e € ./\/geg, there exists a parabolic P of H so that P is
conjugate to @ and Lie(P) D Cy(Cy(e)). Moreover, there are finitely many parabolics P

satisfying these properties.

Proof. We may assume that G is simple of type not Eg. Moreover, as the fibers of 7y are
invariant with respect to the H action, we may reduce to the case e = € in the notation of
Lemma 1.3.63. For such elements, we have ¢’ € Cy(€), and so Cy(€') D Cy(Cy(€)). Now, by
Lemma 1.3.64 applied for H, there is a unique parabolic P of H containing Cj, (¢/) with the

Levi factor Cpy()'). But we can compute

CyN)=Cy | Y a|=0CyC®) =M
aeSy\V
So the existence is proved.

For the finiteness condition, we note that we can also apply the above argument to
show that there exist parabolics Py of G which are H conjugate to () and which contain
Cg(Cy(e)). By Lemma 1.3.58, each parabolic P of H is obtained by intersecting one of these
Pg with H. In particular, the number of parabolics P of H satisfying the conditions of the
Lemma is bounded by the number of parabolics Py of G satisfying the conditions of the
Lemma. Since e € Lie(Pg) for any such Pg, it follows that each Py contains the unique
Borel B whose Lie algebra contains e. As there are finitely many parabolics of fixed type

extending a Borel, finiteness follows. m

Theorem 1.3.66. The map p*®9 — p'Y is quasifinite, and there is an action of H on p*¢J
such that the GIT quotient
T=p"Y)H
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fits into a Cartesian diagram

Ereg N

l

pred — ¢

and the map ¢ — ¢ is finite with the components of ¢ indexed by WH,M/WCU each isomorphic

to the finite flat cover aj/Wie — c.

Proof. We first prove the map p*®d — p'® is quasifinite. Let x € p'I and consider the
Jordan decomposition # = s+ n as in Lemma 1.2.16. Let L be the distinguished Levi G§.
Then, there exists a minimal parabolic Py C L such that Py, is conjugate to a fixed parabolic

Qr 2 Cy, (C)° by Corollary 1.3.65. In particular, the Levi factor for P, has
Lie(ML) = ChL(CbL(n)) = CIJL (C’h(s) N Cb(n)) = ChL(CfJ (.1')) C Cb(cb<l‘)) = Lie(M)

and since there exist finitely many parabolics P conjugate to @) extending the parabolic Py,
we conclude the fiber over z is finite.

Observe also that pr® — p'®Y factors through
Ereg C preg x H/Q . preg

and so is projective. In particular, we also deduce that the map p*®9 — p™®9 is finite. In

particular, we deduce a unique extension of the morphism

(areg X, WH,M) Xa//Wa prs . 'ﬁrs

constructed in Proposition 1.3.62 to a surjective map

E: (a Xy, Wr ) Xapw, P79 — p'?
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By Zariski’s Main Theorem, this map induces isomorphisms on each irreducible component

(a Xy, W) X P = (@) Wier) X w, P = By,

In particular, the map & constructed above is equivariant with respect the action of the group
H, and hence, the GIT quotient p*J/H is a cover of ¢. We will denote ¢ := p*®J /H. The
resulting properties of the map

c—¢c

are now immediate. 0

Galois Description of Regular Centralizers.

For the purposes of this section, we restrict to the setting of quasisplit symmetric pairs
with connected regular centralizers. Due to the reliance on Lemma 1.3.65, we exclude the
quasisplit form on FEjg, though we expect the results of this section should extend to this
case.

Let Par — p*©9 denote the universal parabolic over p'® whose fiber over a k-point (z, P)
of p'® is the parabolic P. For each parabolic P, we have a projection P — Mp := P/Up

to its Levi quotient. Let M — p'® be the universal Levi and
m: Par - M

the projection map.

Lemma 1.3.67. Let Z(M) denote the subgroup scheme of M whose fiber over (z, P) € p*¢9
consists of the center of the corresponding Levi quotient Z(Mp). Then, Z(M) ~ Z (M) x p*®J

is a constant group scheme over p 9.

Proof. For any two parabolics P, P’ which are H conjugate to @, and any element h € H
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conjugating P’ = h - P, there is an induced map on the quotients
h: Mp — Mp/

and hence also on the corresponding centers. The choice of such an h € H conjugating P to
P’ is unique only up to right multiplication by elements of P. However, for any g € P, the
induced map

g:Mp—)Mp

is multiplication by an element of Mp and hence the induced map on Z(Mp) is the identity.
We conclude that the isomorphism h: Z(Mp) — Z(Mps) is canonical, and the lemma

follows. u

For every [w] € Wy pr/We, let Cf, denote the embedding w - C' C Z (M), where w - C
is the conjugation of C' by any lift @ € Npy(M). Recall the decomposition of p'®Y into
components

sreg Hreg
per= U
[w]eWn pm/We

Proposition 1.3.68. There is a canonical Wy py equivariant map
v "9 — Z (M) x p™d

which restricts to a map

L[w} : W;(Iregygreg — C[w] X Ef;‘il

[w]
for every [w] € Wy p/We.
Proof. We describe the map ¢ first. For this, we need the following claim.

Claim. For every (z, P) € p", there is an inclusion 7y LY9cP.

Proof of Claim. This follows from the definition of p*®J and the assumption that the form
7



be quasi-split. O

For h € IYY and (x, P) € p"9, we consider its image
h  mod [Lie(P), Lie(P)] € Mp =M, p).

This defines a map ¢: "9 — M. Note that when & is regular semisimple, its image
lies in the center Z(Mp) and moreover h € Zpr,(h), where the latter is identified with
Cly] € Z(M). Hence, the image of ¢ lands in Z(M) ~ Z(M) x p'®, while the image of its
restriction ¢, lies in C’M X El[fﬁ . The Wy s equivariance follows from the construction of

L. O

Let w,w’ € Wy pr/We. We can lift identification ﬁfiﬁ ~ ﬁf;’i] to an isomorphism of the
constant group schemes C[w] X ﬁfﬁ o~ C’[w/] X ﬁ?;% which is well defined up to action by W.

Therefore, we can descend ¢ to a morphism
Let J = Res$(C x €9 Wi.m (1.3.6)

To prove that ¢¢ is an embedding, we will introduce a notion of Levi induction for the
parabolic cover. For x € a, let L = G3. be the distinguished Levi introduced in section 1.3.3.
We use a subscript L to denote corresponding objects for the symmetric pair (L, 0, Hy), e.g.
Wa 1, We p, ete. Note that since C = Cy(a)® C L, we have C' = C, and so it is immediate

that We 1 C We. Moreover, since W, 1, C Wq, we get an inclusion of exact sequences

1 —Wyer, — W —Wo L,

!

1 Wier Wq Weo

Moreover, we have an inclusion of relative Weyl groups given as follows.
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Lemma 1.3.69. For L the distinguished Levi associated to x € a as above, there is a

canonical inclusion Wy, v, C Wiy

Proof. Let 3 = 3(M), respectively 31, be the Lie algebra of the center of M. We have identities

Wa .y = Nu(Z(M))/Cr(Z(M)) = N (3)/Cr(3)

and likewise for Wy, 1y, = Ny, (31,)/Cr, (31). Consider the action of Ad(z) on 3. There

is an eigen-decomposition
3 =P
A

where 3 is the A weight space for the action of Ad(z) and 30 = 37, Suppose that h € Hj =

H N G5 normalizes 3. Then, for any A and y € 3),
[z, Ad(h) - y] = [Ad(h) - 2, Ad(h) - y] = Ad(h) - [z,y] = A -y

where we used in the first equality that Ad(h)-x = x. Therefore, Ad(h) preserves 3, and we

conclude that Ng, (31) C Ny (3). The desired inclusion now holds. O

Let ¢ =¢ x, Wi & The induced map ¢ — ¢ is a reducible W := Wy Wi pm cover.

Let N(¢) be the normalization of t. N(¢) is a disjoint union

N(¢) ~ H a

[w]eWr v /We

Then, for any choice of [w] € Wi r/W(, we have a natural embedding N (cz,) < N(c) from

Lemma 1.3.69. This map descends to embeddings

§u L= and g e T
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Recall the notation ¢ : ¢ — ¢. We have a commutative diagram

S
(—
ﬁ(—g

Let 07, C ¢7, and 0 C ¢ denote the ramification divisor of ¢ : ¢;, — ¢ and its preimage.
(Recall that an explicit description of these divisors pulled back to a was given in Section
1.3.3.) Let Uy, C ¢g, and U C ¢ be the complement of 07 and ?, respectively, and let ﬁL and

U denote the preimages of Uy and U in p Y and p'®Y, respectively.

Proposition 1.3.70. The map i of Proposition 1.3.68 is an inclusion. Moreover, it induces

an isomorphism when G is simply connected.
Proof. Let L be a distinguished Levi of G associated to x € a. Over Uy, C ¢y, the map §[w]

induces a commutative diagram

go*LResE(C x ©)Wee— RescE (C' x ?L)W?L

] LL]

©7J — Jr

with the top arrow being an injection as the map ¢ — ¢ is a W;L equivariant embedding
which is an isomorphism onto a union oc components of ¢ and the bottom arrow being an
isomorphism by Lemma 1.3.33. Hence, ¢ is an injection on U C c¢ if and only if ¢;, is an
injection on Uj,.

For the first claim, it suffices to check away from a codimension 2 locus. Hence, it suffices
to check for Levis L such that the associated symmetric pair (L,8, Hy) is of rank 1 in the

sense that

dim(a) — dim(Lie(Zg)?="1) = 1.
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Such forms can be classified easily: in particular, the restricted roots systems must be rank
1, and there are only 3 isogeny classes of semisimple symmetric pairs. We may then do a
simple computation to verify ¢, is an injection.

Now, note that if ¢; is an isomorphism on U7, then ¢« must also be an isomorphism on U.
Therefore, to check the second statement, it suffices to check for simply connected symmetric

pairs of rank 1. This follows from the computations above. O

It is important that the Galois comparison group scheme J! = ResE(C’ X¢) Weis sufficiently

well behaved. For this, we prove the following.

Lemma 1.3.71. The map ¢ — ¢ is Cohen-Macaulay over an open set of ¢ whose complement
has codimension at least 2.
In particular, the space J is smooth on an open set whose complement has codimension

at least 2.

Proof. By Levi induction, it suffices to check for rank one Levis. If ¢ — ¢ is irreducible, then
it agrees with the map a)/Wy. — ¢, which is flat by Lemma 1.3.57. That leaves only the

case (SL3, S(Gy, x GLg)). For this case, let S C p"® denote the Kostant-Rallis section

Then, after identifying S ~ Al and H /B ~ Pl, we may write p9 — p'®Y as
P’ ~ {(a,+a) € Al x P1} = Al

In particular, it is a complete intersection and so Cohen-Macaulay. We conclude that p*9 —

p is flat in this case by Miracle Flatness. O
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1.4 General Structure of the Hitchin Fibration

In this section, we introduce the Hitchin morphism and prove the basic structure Theorems
1.4.2 and 1.4.3. Our discussion here will be very limited. Describing the geometry in a more
comprehensive way similar to that of [35] and [49] is the subject of ongoing work.

Fix a smooth projective curve C' of genus at least 2 and a line bundle D on C' of degree
deg(D) > 2¢g. Taking D = K the canonical bundle will also suffice. Also fix a symmetric
pair (G,0, H), and let M = Maps(C,pp/H) denote the stack of maps from the curve C to

the twisted stack quotient pp/H = p/H @ D. On k-points, M classifies pairs
M(k) = {(Tg,0): Ty is a H torsor and o € T(C, Ty A pp)}

We have a Hitchin base A = Maps(C, c¢p) classifying maps from C' to the twisted GIT
quotient ¢p = (p/H)p. In particular, by Theorem 1.2.10, there is a Gy, equivariant isomor-
phism ¢ ~ A" where the Gy, action on A" is given by exponents (eq,...,e;). This induces

an identification of affine spaces
A=~ @] H(C,D¥%)
There is a natural Hitchin morphism
h: M— A

induced by the Chevalley map p/H — ¢. We restrict our attention to the regular locus in M;
namely, we let M9 = Maps(C, pgg /H) be the substack of M classifying maps C' — pp/H
which factor through the open substack pgg /H C pp/H. We abuse notation to denote

h: M™ — A.
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To study the geometry of h over the regular locus, we introduce the space
A= Maps(C. (0" [ H) p).
The factorization p*®9/H — p"® JH — ¢ induces a factorization
aees 2 4l 2 4

Let © C ¢ be the divisor defined by the function [],cq, da € kla]. Following the notation

of [35], we will restrict to the following dense open subset of A.

Definition 1.4.1. Let AY C A denote the locus of maps C — ¢ p whose image intersects

transversely with ©.

We will denote by A denote the base change Al x A AC. We prove the first part of

the structure theorem now.
Theorem 1.4.2. The map ¢: Al — A is étale when restricted to A°.

Proof. 1t suffices to prove the étale lifting property. Fix a henselian scheme D. Then, the

lifting property is equivalent to proving that, for any diagram

C—— ("9 /JH)p

|

CxD———>¢p

there is exists a unique lift C' x D — (p* J/H)p. This lift can be constructed locally on
C: By the assumption that we work over A/, the intersection of the preimage of ® under
C x D — ¢p is a disjoint collection of maps D — ¢p. For each such map, there is a unique
lift lying in the sheet of (p™9 JJH)p dictated by the map C' — (p*® J/H)p. We conclude

that the map is étale. O
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In addition, we have a general result on the structure of the map W, Namely, for a: S x
C — (p'9 JJH)p, we put Jg := a*J for J the band on p'® [/ H of Lemma 1.3.3. We may
define a scheme over A/ whose values over a A/ scheme S x X — (p'®d JH)p are given by

the space of J, torsors on S x C,
P(S) = (Jq torsors on S x C).

Note that although J, is in general a band and not a group scheme, the notion of a .J, torsor
is well defined as the space of torsors of is invariant under inner automorphisms. When

(G, 0, H) is quasisplit, P is a commutative group scheme over A.

Theorem 1.4.3. Given a section [e]: AT — pMreg of h/, there is an identification

Mreg’AﬂO = P’Aﬂo

Proof. The proof follows immediately form the fact that p™®/H — p*®J JJH is a gerbe banded

by J. O]

1.5 The Symmetric Pair (GLs,, GL, x GL,)

In this section, we provide a spectral description of J and the gerbe p"®9/K — p"®I JK for
the example of the symmetric pair (GLoy,, GL;, x GL;,). This is very closely related to the

description of Hitchin fiber in [42].

1.5.1 The Spectral Cover

The map a/Wy — t/W (here t and W are for the group GL(2n)) is an embedding by Lemma
??. Over t/W, there is a natural spectral cover caL(2n) — t//W given by CaL(2n) = t/ Son—1

for S9,,_1 C So, = W the index 2n subgroup which is the stabilizer of a fixed element in
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{1,2,...,2n}. Explicitly, we have k[t/W] = k[aq,...,a9,] where the a; are the degree i

elementary symmetric polynomials in k[t], and
kearLim) = F/W][2)/ (2" + a1~ 4 -+ agy).

The map a/W, — tJ/W corresponds to the map k[aq, ..., a9,] — k[ag, ..., ag;,] which sends
a;4+1 — 0 for each 0 <1 < n.

Let © =Tqr20) X¢yw a//Wq be the restriction of this spectral cover to a//Wg. Explicitly,
we have

K[e] = Ko/ Walle] /(@™ + aga® "2 4 - + agn—92” + agy)

The map kla)Wq|[z] — k[a)Wa][z]/(2®™ + agx®™ 2 + -+ + a9,_22? + agy,) gives a G-
equivariant embedding ¢ < (a/W,) x Al, where G, acts with weight one on Al.

The involution # on GL(2n) acts on t and also on the quotient t//S,,_1. Explicitly, this
action takes = — —x and a; — (—1)"a;. The spectral cover ¢ C t//So,_1 is preserved by
this action, and so we have an involution i: © — ¢ defined over a/W, taking z — —z. We
denote by

p:c/i — afWq

the quotient of the cover ¢ — a//Wy. We will refer to the map p as the (generic) spectral

cover of a/W,. We note that p corresponds to the inclusion
kla)Wa] < kla/Wally)/ (" + agy™ ™" + ... + an).

The map

Kla/Wally] = kla/Wally)/ (" + agy™ " + ... + ap)
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gives a Gy,-equivariant embedding
t/i = cx Al

where G, acts on Al with weight two.
Finally we want to note that there is a particularly nice description of the set U of

Proposition 1.3.44 via the spectral cover.

Proposition 1.5.1. The set U of proposition 1.3.44 is k[aJW,] [az_nl], that is to say it is the

complement of the vanishing locus of aoy,.

The interpretation of this in terms of the spectral cover is that the vanishing locus of a9,
is precisely the image in a//W, of the intersection ((a/W) x {0}) X (af/Wa)x Al c/i
Proof. This is immediate from the definition of U in proposition 1.3.44. n

Recall that the regular centralizer group scheme ];?g — p'®I descends to a smooth group
scheme J on the GIT quotient p*®9 J(GLy, x GLy) ~ a//Wy since the form is quasi-split. We

give a description of J using the spectral cover above.

Proposition 1.5.2. There is a natural map J — Resz///iwa(Gm) where Resz///iWG(Gm) de-

notes the Weil restriction of Gy, along the map p: €/i — ¢. This map is an isomorphism.

Proof. Note that one has the description of regular centralizers of the adjoint action of G
on g as the Weil restriction of G, along the spectral cover EGL(Qn) — t/W. In particular,

restricting to a /Wy C tJ/W, it follows that there is an isomorphism
J = Resi//Wa(Gm)i
of J with the i-invariant locus in Resg//Wa(Gm)i. Since

Resg//wa(Gm)i = Resz///iwu (Resg/i(Gm))
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it therefore suffices to show that
Res%/i((@m)i ~ G-
Note that we have a map
&Gy — Res%/i(Gm)i.

Namely, an S-point S — G, x ¢/i has image givn by the base change

S—— Gy x¢/i

I

S xg¢——Gm xc

We claim this map is an isomorphism. Let D C ¢/i be the ramification locus of the map
¢ — ¢/i, i.e. the image of the fixed point locus of i in ¢/i. For x € (¢/i) \ D, we have the
stalk

with ¢ acting by swapping the two factors. As the preimage of such an x is two points,
it is easy to see that the map &,: G, — Gy, x Gy, is the diagonal map. Hence, £ is an

isomorphism away from D. For x € D, we have the fiber
Resg/z(Gm>x = Gm X Ga

with i acting by (y, z) — (y, —2). The map &;: Gy, — Gy, X G is the inclusion into the

first factor, and we conclude that the map & is an isomorphism. O

87



1.5.2  Applications to the Hitchin Fibration for (GLs,, GL, x GL,)

The regular quotient for the case of (GLa,, GLy x GL;) was computed in Example 1.3.43.
Now that we have constructed spectral covers, we give an alternate description. This recovers
the work of Schapostnik on spectral covers [41].

We will make use of the notation from Section 1.4; in particular, we fix a smooth projective
curve C of genus at least 2 and a line bundle D on C' of degree at lest 2g. For any S point

S x C'— ¢p, we define the spectral cover at a to be the base change

6@ E— (E/i>D

|

SXC—)CD

In particular, we will set C' to be the base change along the evaluation map A x C — ¢p.
We can realize C; as a subvariety of the total space Tot(D) by considering the vanishing
locus of the characteristic polynomial equation.

It is immediate from the Weil restriciton description of Proposition 1.5.2 that we have

the following description of fibers.

Corollary 1.5.3. A section [e]: A = M9 induces an isomorphism of schemes over AL
M| 1 = Pic(¢*C /AN,

We note that such a section [¢] is induced by the Kostant-Rallis sections of Section 1.2.6.

We denote by ©"% C ¢ the locus over which the map
p" 9 JH — ¢

has 2 preimages. In general, we have shown that ©™% is a Zariski closed subset, but for the
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example (GLg,, GL, x GLy,), ©™ is a divisor.

Corollary 1.5.4. For any point a € A(S), the image of the map a: S x C — c¢p meets the

nonseparated divisor D™ exactly at the image of the zero section of Cy in Tot(D).

Proof. As the nonseparated locus was found to be given exactly by the coordinate axes

0* =0 in a, the claim is immediate. ]

We now derive the basic geometry of the map ¢: AP 5 AC. We do so in families,

generalizing the earlier work that focused on studying fibers.
Lemma 1.5.5. Let d = deg(D). The map ¢: AP = A is an étale map of degree d.

Proof. This follows from Theorem 1.4.2 and the fact that d is the self intersection number

of the zero divisor in Tot(D), see Proposition 9.16 of [11]. O

Let S'(C) = (C"\ A)/S; where A is the pairwise diagonal in C*. Note that S*(C) is an

open subscheme of the i-th symmetric power of C'. We have an evaluation map
AC = 59(0)

sending a point a of A9 to the preimage under a of the nonseperated divisor D%,

Let Z1, Z5 be the two distinct sheets of p™®9 JH over ©"%. There is a decomposition

d
23
AP0 —TT AL
1=0

where the closed points of A{’O classify maaps a: C' — (p'®9 JH)p for which Z; has i

preimages. Then, we can define
AL~ S0 x ST

by sending a point a of AL to the preimage under a of Z1 and Zs, respectively.
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Theorem 1.5.6. For every 0 < i < d, there is a Cartesian diagram

AP 510y x §9-1(0)

(3

| |

A 5d(C)

where both vertical arrows are étale (CZZ) covers.

Proof. 1t is immediate that the map AP 5 A9 is an étale (CZZ) cover and the diagram
above commutes. As the right vertical arrow is also étale of degree (CZ)7 this implies that the

diagram is Cartesian. O

1.6 Appendix to Chapter 1: Sections from sl; Triples

In this appendix, we review the construction of [27| and note an extension of those results to
positive characteristic when p is greater than the Coxeter number of GG based on the results
of [37], [31], [47], and [32]. In particular, we review the theory of normal sly triples, and
derive the Kostant-Rallis section from the construction of the Kostant section. We compare

this with the results of [31], reviewed in Section 1.2.6.

Definition 1.6.1. We say an sl triple (e, h, f) is normal if e, f € p and h € £. We say that

an slo-triple is principal if e is regular as an element of p.

Remark 1.6.2. Note that a principal, normal sly triple in the sense of Definition 1.6.1 is a

principal sly triple of g in the usual sense only in the case of a quasi-split involution.

In the characteristic p case, we will need to pass to associated characters.

Definition 1.6.3. Fix a nilpotent ¢ € N. An associated character of e is a character
A: Gy, — G such that e € g(2;\) (where g(k; \) is the k-th graded piece of g under the
grading induced by A) and there is a Levi subgroup L C G such that A(G,,) € LI and e

is distinguished in Lie(L), i.e. Z der(e)® is unipotent.
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Lemma 1.6.4. (/37], Prop. 4) Given an associated character \ to a nilpotent e, one can

extend e to a unique sly triple (e, h, f) with h € Lie(image(X)) and f € g(—2; \).
We recall the following facts about associated characters and sly of G up to conjugation.

Lemma 1.6.5. (/32/, Prop 18 and [47], Theorem 1.1) Consider the projection

{(e,\): e € N and X is an associated character for e} /G — N /G

where G acts by conjugation on each set.

1. This map s a bijection in good characteristic.

2. The bijection above factors through

{(e,\): e € N and X is an associated character for e} /G — {sla-triples} /G — N /G

where the first map comes from Lemma 1.6.4. The map from G-orbits of slo-triples
to N /G is a bijection if and only if the characteristic of the field is greater than the

Coxeter number.

Proof. Part (1) follows from Prop. 18, part 2, of [32]. Part 2 follows from Thoerem 1.1 of
[47]. O

We will demand, in addition, that associated characters be compatible with the involution

on G in the following sense.

Definition 1.6.6. We say that a character X\ is a normal associated character with respect

to a nilpotent e € N} of p if it is an associated character or e and Image()\) C K.

Lemma 1.6.7. (/31], Cor. 5.4) For any e € Ny, there exists a normal associated character
A for e. Moreover, such a character is unique up to conjugation by the connected component

of the centralizer Z g (e)°.
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We now deduce the results on sly triples relevant to our paper.

Lemma 1.6.8. The map
{H -orbits of normal sly triples} — {H-orbits of nilpotents in p}

is surjective, i.e. for any e € Ny, there exists a normal sly triple (e, h, f) extending e.
Assuming that the characteristic of the field is greater than the Coxeter number, this map is

a bijection.

Proof. Tt suffices to prove this Lemma for H = K. In characteristic zero, this follows from
[27], Proposition 4.

In characteristic p > 0, surjectivity follows from Lemma 1.6.4 and Lemma 1.6.7. Now
assume the characteristic is greater than the Coxeter number. Then, we have a sequence of
maps

{ K-orbits of pairs (e,\) for } ¢ {K—orbits of normal

A associated to e, valued in K sly-triples } {K-orbits of nilpotents in p}

~

Since the composite map is an isomorphism, the map ¢ is injective. We claim that it is
also surjective. Suppose that a normal sly triple (e, h, f) is not in the image of ¢. Then,
by Lemma 1.6.7, there is a character A valued in K associated to e. Moreover, by Lemma
1.6.5, any two associated characters of e are conjugate by an element of Z;(e)°, and there
is a unique character \' associated to e for which (e, h, f) is the corresponding sly triple.
Let g € Zg(e)® conjugate N and ), so that g also conjugates (e, h, f) to a normal sly triple
(e, ', f'). Since this g preserves normality of the sly triple, Lie(image g- \) C £ Since g - A
is a one-parameter subgroup, it is connected and hence has image in K. We conclude that

g - A is an associated character to e valued in K whose associated sl triple is (e, h, f). O

Now let e € ./\/geg be a regular nilpotent. From a principal, normal sl triple (e, h, f),
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one produces a Kostant-Rallis section by considering the slice e 4 ¢p(f).

Theorem 1.6.9. The map e+ cp(f) — afWq is an isomorphism. We will call its inverse a
Kostant-Rallis section associated to e.
Moreover, for a given reqular nilpotent e in p, this section is unique up to conjugation by

Zi(e)°. In particular, this gives a bijection

{K-orbits of Kostant-Rallis sections} — {K-orbits of reqular nilpotents in p}.

Proof. In characteristic zero, this is the content of [27]|, Theorem 11.

In characteristic p > 0, by [31], Lemma 6.29, it suffices to check that e4cp(f) is an Ad(\)-
graded complement of [¢ e], where X\: k* — K is an associated character to e. Certainly
the slice is Ad(\) graded as e and f are homogeneous with respect to the grading. To show

that the slice gives a complement, it suffices to show

p= (e—l—cp(f)) D[t €]

By the proof of Lemma 3.1.3 of [39], we have that

g=(e+cg(f) @l gl

Intersecting this with p and using the fact that e € p gives this result. O]

Corollary 1.6.10. Let s = e + c¢p(f) be the Kostant-Rallis slice in p. Then, p = s + [e, p].
In particular, if

a: Hxs— p'
1s the action map. Then the differential of a at 0 € s is surjective.

Proof. The first claim follows from the proof of Theorem 1.6.9. For the second, we note that
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the differential is identified with the map

hxs—h (x5 —[xe]+s.

By the first claim together with the observation that b = &, this is surjective.
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CHAPTER 2
COMPANION MATRIX CONSTRUCTIONS

In this chapter, the author covers some of the joint work with B.C. Ng6 on Companion
Matrix Constructions. This work is independent of the previous chapter and is related only

in the broader heading of Hitchin systems.

2.1 Introduction

Let G be a reductive group over k, and denote by g its Lie algebra. The Chevalley map

x:9—9/G,

where g//G = Spec(k’[g}G) denotes the invariant theoretic quotient of g by the adjoint
action of G, is of fundamental importance in the construction of the Hitchin system [20]. In
particular, for g = gl,,, x sends a matrix to its characteristic polynomial.

In [28], Kostant exhibited a section of the Chevalley map for a general reductive group G
under the assumption that the characteristic of k does not divide the order of the Weyl group.
Kostant’s section was generalized in [4] and [1], including the case of characteristics p > 2 for
classical groups and the group Ga. As explained in [35], this section can be used to construct
sections of the Hitchin fibration and affine Springer fibers. However, Kostant’s construction
can be counter-intuitive for computations. To illustrate this latter point, consider the case
G = GL3(k), in which case g/G = A3 is the 3-dimensional affine space. The Kostant section

is the map sending

2
a; @ a da aila
3 Gy oo
2
(a1,a9,a3) € )G+ 1 3 F+% €8
al
0 1 5
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If you introduced this problem to an undergraduate student of linear algebra, of course, they

would not give you the answer above; they might instead suggest the map:

0 0 —ag
(a1,a9,a3) € gJ/G +— 1 0 —ag| €9

01 —a

sending a characteristic polynomial to its companion matriz. The section to the Hitchin
map that Hitchin constructed in [20] is not strictly the same as the one of [35] in the sense
that he does not rely on the Kostant section but another section that feels more like a
generalization of the companion matrix. Instead of the companion matrix, a map g/G — g,
we will construct a map g/G — [g/G], where [g/G] is the quotient of g by the adjoint action
of GG in the sense of algebraic stack. This section will be called the companion section, which
is free of any choice. The present note aims to explicitly construct the companion section for
classical groups, including the symplectic and orthogonal groups and Go. As an application
of the companion sections, we will give elementary descriptions of affine Springer fibers and
Hitchin fibers for classical groups similar to the description of the Hitchin fibers in the linear
case due to Beauville-Narasimhan-Ramanan.

The emphasis of this work is on providing case-by-case explicit formulas for the companion
section for classical groups. It is also possible to construct the companion section uniformly.

This will be the subject of our subsequent work.

2.2 Tensors defining classical groups

We will recall the standard definition of classical groups as the subgroup of the linear groups
fixing certain tensors. This is very well known for symplectic and orthogonal groups but a
bit less known for GG9, which in a certain respect could qualify as a classical group as well.

Let V be a 2n-dimensional vector space over a base field k, V* its dual vector space.
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The linear group GL(V) acts on the space A?V* of alternating bilinear forms on V' with
an open orbit. An alternating bilinear form pu € A2V* is considered non-degenerate if it
lies in this open orbit. This is equivalent to requiring the induced map u : V. — V* to
be an isomorphism. The stabilizer of such a non-degenerate alternating bilinear form is a
symplectic group GG. We note that pu € A2V* is non-degenerate if AN € AZV* s a non-
zero vector of the 1-dimensional vector space A2"V* and as a result, G is contained in the
special linear group SL(V'). Then, a G-bundle over a k-scheme S consists of a locally free
Og-module V of rank 2n equipped with an alternating bilinear form /\%V — Og which is
non-degenerate fiberwise. Although the embedding of G = Spy,, into GL9,, may differ by
conjugation by an element of GLsg,,, as we are more concerned with G-bundles than G itself,
the specific choice of non-degenerate alternating form p € AZV* is immaterial. We will write
G = Spay.

Let V' be a n-dimensional vector space over a base field k, V* its dual vector space. The
linear group GL(V') acts on the space S 2y of symmetric bilinear forms on V' with an open
orbit. A symmetric bilinear form p € S2V* is considered non-degenerate if it lies in this
open orbit. This is also equivalent to the induced map p : V' — V* being an isomorphism,
which in turn is equivalent to the induced map A" : A"V — A"V™* being an isomorphism of
1-dimensional vector spaces. We note that A"V and A"V* are dual as vector spaces so that
for every choice of a basis vector w € A"V, we have a dual basis vector w* € A"V*. A basis
vector w € A"V is said to be compatible with p if the equation A" pu(w) = w* is satisfied. This
equation has exactly two non-zero solutions w € A"V, which differ by a sign. The stabilizer
of a non-degenerate symmetric bilinear form p € S?V* is an orthogonal group O(u). The
stabilizer of a pair (u,w) consisting of a non-degenerate symmetric bilinear form p € S2y*
and a compatible basis vector w € A"V is the special orthogonal group SO(u,w) which is
the neutral component of O(u). We note that SO(u,w) = O(u) N SL(V') so that the special

orthogonal group can also be defined as the stabilizer of a pair (i, w) as above but without
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requiring w being compatible with u. The stabilizer of any such pair is a special orthogonal
group GG. A G-bundle over a k-scheme S consists then in a locally free Og-module V of
rank n equipped a symmetric bilinear form /\%V — Og which is non-degenerate fiberwise.
The embedding of G = SOy, into GL,;, depends on the form p and is well defined only up
to conjugation by GL;. However, as we are more concerned with G-bundles than G itself,
choosing a specific non-degenerate symmetric form p € AZV* is immaterial. We will write
G = SOy,

There is a simple tensor definition of Go due to Engel [12]. Let V be a 7-dimensional
vector space. The linear group GL(V') acts on the space A3V* of non-degenerate trilinear
forms on V' with an open orbit. We will follow Hitchin’s [21] in formulating the equation
defining this open orbit . We will denote the contraction ASV* x V' — A2V* by [ty for

pe AN2V* and v e V. For vy,vg € V and p € A3V*, we then have
Pog A foy A JL € ATV,

By choosing a non-zero vector ¢ of the determinant A7V, u gives rise to a symmetric bilinear

form v € S2V*

v(v1,v2) = (6 poy A pog A ) (2:2.1)

which is non-degenerate if and only if u lies in the open orbit of A3V*. We will say that
1 is a non-degenerate 3-form on V. The stabilizer of a non-degenerate 3-form is a group
Ga x pg(k) where pg(k) is the group of 3rd roots of unity in k; We obtain the connected
component, a group of type Go, by taking the intersection with SL(V). A Ga-bundle over
a k-scheme S is thus a locally free Og-module V of rank 7 equipped with an alternating
trilinear form u € A3V* which is non-degenerate fiberwise together with a trivialization
of the determinant. Again, a different choice of nondegenerate 3-form p may give a GL7

conjugate embedding of GG9 into GL7. However, such a choice is immaterial for us.
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2.3 Spectral cover and the companion matrix

For all groups G discussed previously, including symplectic, special orthogonal, and Go, G
is defined as a subgroup of GL,, fixing certain tensors. We call the inclusion G — GL,, the
standard representation of G. We also have the induced inclusion of Lie algebras g — gl,,
compatible with the adjoint actions of G and GL,,. We derive a morphism between invariant

theoretic quotients

c=g9/G — gl,) GL, = ¢,

which is a closed embedding for symplectic groups, odd special orthogonal groups, and G,
but not for even orthogonal groups. For GL,,, we have a spectral cover s, — ¢, defined in
Section 2.3.1, which is a finite flat morphism of degree n so that Os, is a locally free O, -
module of rank n given with a canonical endomorphism [z| which is the usual companion

matrix. The main result of this work can be formulated as follows:

Theorem 2.3.1. Let G be a symplectic group, odd special orthogonal group, or Go group
and G — GLy, its standard representation. Let ¢ — ¢y be the induced map of Chevalley

quotients which is a closed embedding in these cases. Then the restriction Os, to ¢

V — Oc ®Ocn 0571

as locally free O¢-module affords a canonical tensor defining a G-reduction and the companion
matriz for GLy, defines a canonical map g/J/G — [g/G| which is a section of the natural map
g/G] — g//G. This statement remains valid for even orthogonal groups after replacing

¢ X¢, Sn by its normalization.

We prove the theorem by a case-by-case analysis. In particular, we will construct the

explicit tensors required in each case.
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2.3.1 Linear groups

We first recall how the companion matrix is connected to the universal spectral cover in the
case GLy,. In this case, the Chevalley quotient g/ G is the n-dimensional affine space A" and
the map x : g — g/ G is given by the characteristic polynomial x(v) = (a1(7),-..,an(y))
where v € g and a;(y) = (—1)? tr(A%y). In this case we have ¢, = Spec(Ay) where A, =

klay,...,an]. The spectral cover s,, = Spec(By,) where By, is the Ay-algebra

By, = Apla]/ (2" + a2z L+ 4 ap)

which is a free A,-module of rank n as the images of 1,z, ..., 2" ! form an A,-basis of By,.
We also note that B, is a regular k-algebra as it is isomorphic to the polynomial algebra
of variables aj,...,a,—1,r. On the other hand, B), is equipped with an Ajy-linear operator
[z] : By, — By, given by b — bx. To give a map ¢, — [gl,,/ GLy] is equivalent to the data
of a rank n vector bundle & — ¢;, together with a an Og,,-linear endomorphism of £; that
is, at the level of modules, a free, rank n A, module with an A,, linear endomorphism.
Hence, By, with the operator [z] provides us with an A,-point of [gl,,/ GL;,], and we have

thus constructed a map [z] : ¢, — [gl,,/ GLy] which is a section of y : [gl,,/ GLy] = ¢;. In

term of matrices with respect to the Ay-basis of By, given by 1,z,...,2" "1, [x] is given by
the usual companion matrix
0 _an
1 0 e —Up—1
Te = € gl,(A) (2.3.1)
.0
0 1 —aq

The companion matrix thus gives us a map ze : ¢ — g in the case G = GL,, taking a point

a=(ay,...,ayn) of ¢ to the matrix above. This construction is a section to the characteristic
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polynomial map. However, it is often more useful to think of [z] as a map [z] : ¢ — [g/G] in
the case G = GL,,.

Let g come equipped with the homothety action of Gy, and ¢ with the induced action
t-a; = t'a;. There is an issue with using the companion matrix to construct a section to the
Hitchin map as the companion map ze : ¢ — g is not Gy -equivariant. We note, however,
that the stack-valued map [z] : ¢ — [g/G] is almost Gp-equivariant in the sense that after
a base change by the isogeny G — G, given by t — ¢2, it becomes equivariant because of

the identity

0 0 -  —tng,
1 0 .- —t22q, 4

ad(diag(t" 1, "3 T (y) = 72 S (2.3.2)
0 1 —t2a;

This explains why we have a section to the Hitchin map after choosing a square root of the
canonical bundle as in [20].

As we intend to use the companion matrix (2.3.1) to construct a canonical section to
the Chevalley map x : [g/G] — ¢ for classical groups, it is useful to further investigate the
linear algebraic structure of By, as an Aj,-module. We have a symmetric Ajy-bilinear map

§: Bn ®4, Bn — Ap given by

(b1 ®a, b2) =trp, /4, (b1b2)

thus an element & € 5124” B}. Because this element induces degenerate forms over the ramifi-
cation locus of By, over A,,, we need a correction term to get a symmetric bilinear form that is
non-degenerate fiberwise. We will describe this correction and the associated nondegenerate
form in Lemma 2.3.2.

The pairing ¢ defines an Ap-linear map p : By, — Bj, where Bj, = Homy (Bp, Ap)
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and p(b1)(b2) = £(by,b2). We note that the Ap-module B is naturally a Bp-module and
i : By — B is By linear; thus, it is uniquely determined by the image of 1 € B,, that we
will also denote by p € B;;. We will show that B}, is a free Bj-module of rank 1, construct

a generator of B and find an explicit formula for u € B} as a multiple of this generator.

Lemma 2.3.2. Let us denote by vy, ...,v,_1 the basis of By, given by the images of 1,z, ...,

*
n—1

n—1

x in By and v, ..., v the dual basis of B),. Then 3* = vy _ is a generator of By, as

a Bp-module. Let us denote f' € By = Aplx]/(f) the image of the derivative

2

na" '+ (n— a1z 2+ +ap_1 € Apla]

of the universal polynomial f = " + a1z L+ +ay € Aplz]. Then we have = f'*.

Proof. First, the discriminant d of the universal polynomial f, defined as the resultant
between f and its derivative, is a nonzero element of the polynomial ring A,,. Indeed, d
defines the ramification divisor of the finite flat covering s — ¢, which is generically étale for
there exist separable polynomials in k’[z] of degree n with coefficients in any infinite field
k' containing k. We denote A’ = A,[d™!] the localization of A, obtained by inverting d,
and B' = B, ®4, A'. By construction, f’ is an invertible element of B’. The trace map

trprar B' — A’ of B’ as free A’-module of rank n is now given by the Euler formula (cf.

ok 0 ifk<n—1
trB’/A’ F =

I11.6, Lemma 2 in [45])

1 ifk=n-1
If vg,...,v,_1 denote the basis of B’ given by the images of 1,z,...,2" 1 in B, and
vy, - - - Uy _q the dual basis of (B")*, then we derive from the Euler formula that the identities
/ /
plo)) = f [ opogi + D dl jon1 (2.3.3)

j<i
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hold in B}, ®4, A’ for some a;j e A'. In particular, we have pu(vg) = f'v}_;. As the
localization map B, — By, ® 4 A’ is injective, this identity also holds in B;;. It follows that

= f’v;'fb_l as desired. O

As a consequence, we have a canonical nondegenerate bilinear form §* : B,,® 4, Bp — Ap
which is symmetric with respect to which the Aj-linear operator [z] : By, — By, is anti-self-

adjoint; that is, for all v, v9 € B,,, we have

B*(xv1,v9) 4+ (v, wvg) = 0.

For G = SL,, the Lie algebra g = sl is the space of traceless matrices. We have
¢ = Spec(A) where A = kfao,...,ay]. We note that for a; = 0, the companion matrix
(2.3.1) is traceless and thus gives rise to a A-point on sl,. The companion map vy : ¢ — g
induces a map [y] : ¢ — [g/G]|. The latter lays over the point of BG with values in A
corresponding to the SLj-bundle corresponding to rank n vector bundle B equipped with
the trivialization of the determinant given by the basis 1,,..., 2"~ The formula (2.3.2)
shows that the map [y] : ¢ — [g/G] is equivariant with respect to the isogeny Gy, — Gp,

given by t — t2 for the diagonal matrix diag( belonging to SLy,.

2.3.2  Symplectic groups

In the case G = Spy,,, we have ¢ = Spec(A) with A = kfas, ..., a9,]. The spectral cover
s = Spec(B) where

B = Alz]/(z®" + agx®™ 2 + -+ + agy)

is a free A-module of rank 2n, is equipped with an involution 7 : B — B given 7(x) = —=x.
The companion matrix (2.3.1) gives a A-linear endomorphism of B as a free A-module. For
the companion matrix to produce a section to the Chevalley map [g/G]| — ¢ in the symplectic

case, we need to construct a canonical nondegenerate symplectic form w on the A-module B
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for which ~ is anti-self-adjoint in the sense that

w(yv1,v2) +w(vi,yv2) =0

for all v,v9 € B.

The standard representation Spy,, — GLo, induces a map on Chevalley bases ¢ —
o, = Spec(Agy,) where Agy, = klay, ..., as,] which identidies ¢ with the closed subscheme
of ¢9,, defined by the ideal generated by aq,as,...,a2,—1. We have B = A ®4, Bo,
where By, is the finite free A9y, -algebra defining the spectral covering of ¢9,,. If we denote
B* = Homy4(B, A) then we have B* = A®4, B3, where By = Homy, (B, A2,). The
generator (35 of the free By,-module B5 defined in Lemma 2.3.2 then induces a generator
5% of B* as a free B-module of rank one which can also be viewed as the bilinear form
f*: B®y B — A given by by @4 by = trB/A(f/_lblbg) after localization.

The bilinear form w: B®4 B — A

w(by,ba) = B*(b1,7(b2)) = trB/A(flilblT(bﬁ)

with the second identity only making sense after localization of A making f’ invertible, is a

non-degenerate symplectic form for which [z] is anti-self-adjoint. Indeed, we have

w(by,bg) = —w(b,b1)

because 7(f’) = —f/ for f’ € Alz] is an odd polynomial as f € A[z] is an even polynomial.
The equation w(xby, by) + w(by, xby) = 0 can be derived from 7(z) = —z.

It follows that we have a morphism
[z] : ¢ = [g/G]
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which deserves to be called the companion map for the symplectic group. To obtain a com-
panion matrix xe : ¢ — g, it is enough to find a trivialization of the G-bundle associated with
the non-degenerate symplectic form w : B ® 4 B — A. For most applications, particularly

the Hitchin fibration, we only need the section [z] : ¢ — [g/G].

2.3.8 Odd special orthogonal groups

In the case G = SOg),4+1, we have ¢ = Spec(A) with A = klag, a4, ...,as,]. The spectral
cover is defined as s = Spec(B) where B = Alz]/(f) with f = zfy and fy = 22" +agz® 2 +
-+ 4 a9y,. B is a free A-module of rank 2n + 1. As in the symplectic case, we will define a
symmetric non-degenerate bilinear form B ® 4 B — A for which the multiplication by x is
anti-self-adjoint.

The standard representation SOg9,41 — GLagj,41 gives rise to a map ¢ — c9p41 =
Spec(k[aq, ..., a2p+1]) which is a closed embedding defined by the ideal generated by the
functions ay,as, ..., agp+1. We have B = A®4,, | Bapt1 where Bayy is the finite free
Agp+1-module of rank 2n 4 1 defining the spectral cover in the case GLo,+1. We also have
B* = A®a,, ., Bj, 1 where B* = Homy(B, A) and B3, | = Homa, . (Bop+1, A2nt1)-
Following the discussion in the linear case B3, 11 Is a free By generated by the element
Boni1 = (f") "L where p is the trace form pu(by ® 4 bg) = tr(bibe). It induces a generator
p* of B* as a B-module. We define the bilinear form w: B ®4 B — A by

(b, bp) = B*(b1, 7(b)) = tr (S 17(bo)). (2.3.4)

The bilinear form w is a nondegenerate bilinear form because £* is. It is symmetric because
7(f) = f" as f’ is an even polynomial. The equation w(xby,bs) + w(by, zby) can be derived
from the fact 7(z) = —x.

By choosing a trivialization of the determinant, we obtain a companion map [z] : ¢ —
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[g/G] for G = 802n+1.

2.3.4  FEven special orthogonal groups

The case G = SOg9,, is slightly more difficult for the map ¢ — ¢9,, induced by the standard
representation of SO9,, is not a closed embedding. Indeed, we have c9,, = Spec(Ag,,) where
A9y = klay, ..., ay] but ¢ = Spec(A) where A = klasg, ..., a2,—2, pn| where py, is the Pfaffian
satisfying p% = ag, does not lie in the image of Ay, — A. If By, is the spectral cover of

Agp and B = A ®4, Bop then we have
B = Alz]/(2*" + apa™ % + -+ + agp_o2® + ).

As indicated by Hitchin [20], the true spectral cover for even special orthogonal groups is
not B but its blowup B along the singular locus defined by . We have

R 2n—4

B = Alz,pp-1)/(app—1 — pn, 22" + ag +otagng P2 ))

which is a free A-module of rank 2n and smooth as a k-algebra. We have an involution 7 on
B and B given by 7(z) = —z and 7(p,—1) = —pn_1-

The dualizing sheaf w B/A is a free rank-one E—module, canonically isomorphic to B away
from the ramification locus. As a B-submodule of Fr(é) it is generated by the inverse of the

different © B/A which is given by the formula

—Pn-1 f/
E/A det
- 2pn—1

= (n—12%0"Y 4 (n = 2)agx® ™2 4o ag,_0a® + 2.
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In other words, the bilinear form B® A B— A given by

-1
b1 ®4 ba — tré/A(@é/Ablbg)

is non-degenerate. As in the symplectic and odd special orthogonal cases, we now consider

the symmetric bilinear form

w(b, bg) = tfg/A(@;;}AblT(bQ))

Then w is a non-degenerate symmetric bilinear form because 7(D 3 / 1) = D5 4 and it
satisfies

w(aby, bg) = —w(by, wby).

After a choice of trivialization of the determinant of B as a free A-module of rank n, the
multiplication by x gives rise to the companion section [z] : g/G — [g/G] for the odd special

orthogonal group G = SO9y,41.

2.3.5 The group G

In the case G, the invariant quotient is A = kle, ¢] with deg(e) = 2 and deg(q) = 6. The

spectral cover s = Spec(B) of ¢ = Spec(A) given by

2

B = Alz]/ (zfy) for fo=a" —ew4+%x2+q

is a reducible cover of A with two components corresponding to the quotient maps

B — B = A[z]/(fy) and B — A= A[x]/(z).
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The cover s’ = Spec(B’) of A is finite, flat of degree 6, and factors through two subcovers,

of degrees 2 and 3, corresponding to the sub-A-algebras

2
AcC Alyl/ (1/3 —ey® + %y + Q) c B' where y = 2°

AC Alz)/ (z2+q> C B" where z =z <x2 - g)

Let € € Blg~1]* := HomA[q_1](B[q71], Alg™1]) be dual to fy; 6; € Blg~1]* be dual to z*;
and n; € Blg~]* be dual to 2’z for i = 1,2,3. Let tr, denote the skew-symmetric bilinear

form on B given by
trz(g,h) = Trivac(B) /Frac(A) (W
We will denote by p the 3-form on B[q_l] given by
p:=01 N AN+ ANy ANd3+n1 ANdg ANd3 —q-ng An1 Ang+eANtry (2.3.5)

A priori, the 3-form above is valued in A[q_l]. The next proposition tells us that it restricts

to an element of /\f’4 B*.

Proposition 2.3.3. Restricting the 3-form p to B — Blq™1] induces a 3-form p € /\?4 B*.

In other words, p takes values in A when restricted to B.

Proof. Consider the A-basis of B given by
{1,2",2'2:i=1,2,3)}.
This differs from the A[g~!]-basis

{fo,xi,xiz: i=1,2,3}
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of B[q_l] only by scaling fy. As p is valued in A on the A-linear span of the latter basis, it

suffices to check the contraction ¢1p of p along 1 € B is valued in A. We compute

e 1 e . €.
up=mnm /\7]2 — 57]2 /\773 + 5(’51“2 — (51 /\(52 + 5(52 A (53 — Zx‘g,ztl'z N €+ §thrz VAN 6)

e 1 e
=M /\7]2—57]2/\773-1— g(trz—51/\52+§62/\63)—L1trz/\e

Rewriting the latter in terms of a dual basis &, i =0, ..., 6 for the A-basis {xl i=0,...,6}

of B, we see that the expression in square brackets above is
3e
Llp:€3/\€6+64/\€5—?65/\66

whose image lies in A. m

As the previous proposition illustrates, working with the form p requires significantly
more computational effort. As such, Propositions 2.3.4 and 2.3.5 will be checked primarily
with computer algebra packages. These computations were done in Macaulay2; explicit code

for each calculation is referred to in Appendix 2.7.

Proposition 2.3.4. Let v be the bilinear form associated to p as in equation (2.2.1) and
let w € 51248* be the symmetric, nondegenerate form given by the formula (2.3.4). Then,

v =—2432u.
Proposition 2.3.5. The form p is compatible with the endomorphism |x|, in the sense that
p(xby, by, bg) + p(b1, wb, b3) + p(by, b, xb3) = 0.
As such, the form p together with a trivialization of the determinant gives a map [z]: ¢ —

[92/Ga).
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2.4 Special components

In the previous section, we gave explicit formulas for the tensors defining the reduction of the
vector bundle Ocx,, s, to G so that the companion section for GLj induces the companion
section for classical group GG. These explicit formulas may feel like miracles, especially in the
(G9 case where a computer algebra system is needed. In this section, we will derive them from
the geometry of spectral covers, which makes the construction more conceptual, especially in
the (G9 case. In subsequent work, we use this approach to construct the companion section

uniformly.

2.4.1 Special form and component associated with a subcover

Let A be a k-algebra, B a finite flat A-algebra of degree n generated by one element b € B,
and A’ C B an A-subalgebra of B such that A’ is finite flat of degree m over A generated by
one element o’ € A’ and B is a finite flat A’-algebra of degree d generated by b. Under these
assumptions, we have B ~ Alz|/P(x) where P(z) is the characteristic polynomial of the
A-linear b : B — B defined as the multiplication by b. Similarly we have A’ ~ A[x]/(P;(z))
where Pj(z) is the the characteristic polynomial of the A-linear operator o’ : A" — A’
and B ~ A'[x]/Py(x) where Py(z) is the characteristic polynomial of the A’-linear operator
b: B— B.

Assuming that the characteristic of £ is greater than d, we want to construct an alter-
nating d-form

wA/:Afl43—>A

supported on a special component of Spec(Sfle) isomorphic to Spec(A4’). We explain what
this means. As far as we know, the concept of non-degeneracy for d-forms is not yet defined
for d > 3 and thus we can prove the it only for d = 1 or d = 2. However, we expect that the

form we construct is non-degenerate for a reasonable definition of this concept. As to the
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special component, /\?4 B is a module over the ring of symmetric tensors (®i B)®d. We
will construct a surjective homomomorphism of A-algebras (®ii4 B)Gd — A" which realizes
Spec(A’) as an irreducible component of Spec((®fl4 B)S4) if B is generically étale over A
and A’ is a domain.

The homomorphism of A-algebras (®dA B)®%d — A’ is constructed as follows. Let
Py(x) = z? + a'lxd_l + e+ ail be the characteristic polynomial of the A’-linear map

b: B — B. Then we have
B=Alz]/(z% + allxd_l o tal).

We consider the polynomial ring R = k[z1, ..., x4] and the subring S of invariant polynomials

under the symmetric group &,;. We have
_ Sy _
S =k[xy,...,zq]7% =klag, ..., qq]

with

ai:(—l)l Z Ozjl...ozjd.

1<j1<-<ji<d
Since R and S are regular, and R is a finite generated S-module, R is a finite flat S-algebra
of degree d!. We consider the homomorphism of algebras S — A’ given by «; a; and
the base change A’ ®g¢ R which is a finite flat A’-algebra of degree d! equipped with an
action of &4. We have (4’ ®g R)Gd = A’. Moreover, for every i € {1,...,d} we have a
homomorphism of A’-algebras B — R ®g A’ given by = + z; which together give rise to a
surjective homomorphism of A’-algebras ®% B — A’ ®¢ R, which is &-equivariant. We

derive a & -equivariant surjective homomorphism of A-algebras

d d
X)B— QR B— A ®gR. (2.4.1)
A Al
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By taking the & -invariant, we obtain the desired homomorphism of algebras

d
S4B =(Q)B)% — A/,
A
which is surjective because taking & j-invariants is an exact functor under the characteristic

assumption.

We will now construct a special d-form on B

d

wAlt/\B—>A
A

supported on the special component. As above, we have a surjective homomorphism of
algebras G j-equivariant surjective homomorphisms of A-algebras ®fl4B — ®fl4,B — A'®gR
which induces a surjective A-linear maps of the alternating parts /\dA B — /\ffl, B — Al®g
R™8™ where R°8" is the direct factor of R as S-module in which &, acts as the sign character.
It is known that R*" is a free S-module generated by [;<;.j<4(2; —2;). We thus obtains
a surjective A-linear map /\fl4 B — A’. By composing it with the generator of Hom 4(A’, A)
constructed in 2.3.2 we obtain the special d-form wy/ : /\% B — A which is supported by
the special by construction.

Let us discuss the non-degeneracy of the special d-form w 4 : /\ffl B — A. For d =1, this
follows from Lemma 2.3.2. We can check that it is also non-degenerate everywhere for d = 2.
For d > 3, we don’t know a general definition of non-degeneracy but it easy to see that the
special form w 4/ is everywhere non-zero. In dimension 6 and 7 where the definition of non-
degeneracy is available, we will check that the special d-form is everywhere non-degenerate

by direct calculation.

112



2.4.2  Sps, case

We recall in the case G = Spy,,, we have ¢ = Spec(A) with A = klas, ..., as,]. The spectral

cover § = Spec(B) where
B = Alz]/(a® + aga™ % + - + agy,)

is a free A-module of rank 2n, is equipped with an involution 7 : B — B given 7(x) = —x.

We consider the subalgebra A’ of B consisting of elements fixed under 7
A= AWl (" + agy™ ™ + - 4 azp).

We then have B = A'[z]/(z? — y).
The construction of the special form and special component in 2.4.1 gives rise to an
alternating form

wA/:/\iB—>A

supported in the special component ¢ = Spec(A’) of (s x 5)/ Sy where s = Spec(B)
and ¢ = Spec(A). The homomorphism (2.4.1) Symi(B) — A’ can be explicitly computed
elements of the form:

b®A1+1®Ab’_>trB/A/(b)-

In particular, x ® 4 1 + 1 ® 4 « be long to the kernel of Symi(B) — A, and in fact on can

verify that it is a generator of the kernel. Since z ®4 1 + 1 ® 4 = annihilates w4, we have
wr(wb1, bg) +war(b1, wbg) = 0

for every by,by € B. By Lemma 2.3.2, the 2-form w 4/ is everywhere non-degenerate. We can

also see by explicit calculation that the form w4/ is the same as the 2-form we constructed
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in subsection 2.3.2 by means of the FEuler formula.

2.4.3 Gy case

In the case G, the invariant quotient is A = k[e, g] with deg(e) = 2 and deg(q) = 6. The

spectral cover s = Spec(B) with

2

B=Alz]/ (zfy) for fo=a® —ex4+ezx2+q

is a reducible cover of A with two components corresponding to the quotient maps
B — B'=Alz]/(fy) and B — A

We will define a canonical 3-form on B out of a 3-form and a 2-form on B’ associated to

subalgebras
Ac A=A (P +q) =Hey c B =]/ - co=2)
62
Ac A" = Aly)/ (y3 —eyt+ Lyt Q> = kle,z] C B'=A"[a]/(2" —y).

Since both A’ and A” are regular algebras, they are finite flat A-modules of rank 2 and 3,
respectively, whereas B are finite flat A’-module and A”-module of rank 3 and 2, respectively.

The construction of the special form associated with a subcover gives rise to
A3 ! A2 !
U.)A/./\AB —>Aande//./\AB — A

3
supported on the special components ¢/ = Spec(A’) and ¢/ = Spec(A4”) of s*¢ /&3 and
5% /G2, respectively. By arguing as in the symplectic case, we see that w4 is annihilated

by 1®A1®41+1®04020414+1041 @42z andwy byz®41+1®4 2. It follows that
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as alternating forms, they satisfy the relations:

u)A/(:Ebl,bg,bg) —i—wA/(bl,wa, bg) + wA/(bl,bg,l’bg) = 0

wA//(CUbl,bQ)+wA//(b1,$b2) = 0

for all b1, b9,b3 € B.
The form wys agrees with the restriction of the form p calculated by Macaulay 2 when
restricted to B’ — B, with the inclusion given by multiplication by z: Indeed, the restriction

of p takes value 1 on each of:

z/\m/\x2, x/\zx/\xz, 1Az A za?

2

and —q on z A zx A zx®. This exactly detects the coefficient of z when these wedges are

written in terms of the A’ basis 1 A z A 22 for A?/)l’B/ , which matches w 4/ since the generator
of Hom 4(A’, A) as an A” module detects the coefficient of A’.
We now build a 3-form on B out of the 3-form wy and 2-form wyr on B’. Since

B = Alz]/(zfy), B' = Alx]/(fy) we have exact sequences of free A-modules
0+A—-B—B —-0and0—>B - B—-A—0

where the map A — B in the first sequence is given by 1+ fy and the map B’ — B in the

second sequence is given by 1 +— x. It follows an exact sequences
0—>A®B - B—-Q—0and0 B —-A®B - Q—0
where Q = A/(q) = B'/(z). Tt follows an exact sequence

0 = A3 B* = A3(B))* @ A4 (B — A2(B')*/(q) = 0
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where the map /\124(3’)* — A%(B")*/(q) is the reduction modulo ¢, and the map /\E)’4(B’)* —

A2(B")*/(q) is obtained by the composition
3 [ p/x* 3 p* 2 p* 2 l\* 2 ([ pl\*
NY(B)* = AyB* = NGB — NY(B)" = AN (B)"/(q)

where the first map is induced by the projection B — B’, the second is given by contraction
with fj, the third map is induced by the inclusion B’ — B sending 1 + z, and the final
map is the quotient map. Since g A2 (B')* ~ /\Q(B’)* is a free, rank 1 module over the
special component of S,%l(Bl ), there is a unique generator as an A” module. The 3-form w 4/
and the 2-form w4~ do not have the same image in /\124(3’)* /(q); however, the form zw 4n
is and it gives a generator for the A” submodule of 2-forms compatible with w 4. The pair
(wyr, 2wgn) comes from an element of /\?43* which agrees with the 3-form calculated by

Macaulay2.

2.5 Lattice description of affine Springer fibers of classical groups

Let us recall Kazhdan-Lusztig’s definition [24] of affine Springer fibers. Let G be a split
reductive group defined over a field k£ and g its Lie algebra. Let F' = k((w)) the field
of Laurent formal series and O = k[[w]] its ring of integers. Let v € g(F') be a regular
semisimple element. The affine Springer fiber associated with + is an ind-scheme defined

over k whose set of k-points is
My (k) = {g € G(F)/G(O)[ad(9) "7 € 9(0)}.

We note that M- is non-empty only if the image a € ¢(F) lies in ¢(O) where ¢ = g/G is
the invariant theoretic quotient of g by the adjoint action of G. As argued in [35], using the
Kostant section, we can define an affine Springer fiber M, depending only on a instead of

7, which is isomorphic to M.
116



For G = GL,,, the affine Springer fiber M, has a well-known lattice description. In this

case, c = A" If a = (ay,...,ap) € Oy, we form the finite flat O-algebra

Bq = Olxl/(fa)

where f, = 2" + aj2" ! + ... + a;, by the base change from the universal spectral cover.
As v € g(F) is a regular semisimple element, B, ®» F' is finite and étale over F'. We have

a well-known lattice description of the affine Springer fiber M, in this case.

Theorem 2.5.1. For G = GLy, and a € ¢"*(F)N¢c(O), the set My (k) consists of lattices V

m the n-dimensional vector space V = By ® F which are also Bg-modules.

See for example, Section 2 of [50] for an exposition.

For computational purposes, it is desirable to have a lattice description of affine Springer
fibers similar to Theorem 2.5.1 for classical groups, which is as simple as in the linear case.
This is possible due to the construction of the companion matrix, and in fact, this was our
original motivation.

In the cases we have investigated in the paper, i.e., symplectic, special orthogonal, and
G9, we have constructed a finite, flat spectral cover s = Spec(B) of the invariant theoretic
quotient ¢ = Spec(A) which is étale over the regular semisimple locus of ¢. The degree
d = deg(B/A) is the degree of the standard representation which is 2n for Sps,,, 2n + 1 for
SO92,,41, 2n for SO9,, and 7 for Go. In the case SO(2n), we must consider the normalization

B of B. In each of these cases, we constructed a form w, which is

e a non-degenerate symplectic form w : B x B — A satisfying w(zby, bs) +w(b1, zbg) =0

for Spoy,,

e a non-degenerate symmetric form w : B x B — A satisfying w(zby, bo) + w(by, zbs) = 0

for SOQn+1
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e a non-degenerate symmetric form w : B x B — A satisfying w(xby, bg) +w(by, xbo) =0

for SO9,,

e a non-degenerate alternating form w : B x B x B — A satisfying
w(xby, ba,b3) + w(by, zba, b3) + w(by, bg, xb3) = 0

for Go

We also constructed a trivialization of the determinant /\dA B = A in all these cases.

For every a € ¢(O)N¢"¥(F), we construct a finite flat O-algebra B, by base change from
the spectral cover s — ¢. Because a € ¢"*(F), the generic fiber V, = B, ®p F' is a finite
étale F-algebra of degree d. By pulling back w, we get a form w, which is a non-degenerate
alternating F-bilinear form on V, in the symplectic case, a non-degenerate symmetric F-
bilinear form on V, in the orthogonal case, and a non-degenerate alternating F-trilinear form
on Vg in the Go case. Moreover, it extends to a non-degenerate form valued in O on B, in

Spons 902,41 and G9 cases and on B, in the SO9,-case.

Theorem 2.5.2. The set of k-points of the affine Springer fiber M, is the set of O-lattices
V of Vg, which are Bg-modules, such that the restriction of wq has value in O and such that

deg(V : By) = 0 in Spy,,, SO9y, 11, Go cases and deg(V : By) = 0 in the SOq,, case.

The proof of this result follows immediately from the proof of Theorem 2.5.1, as lattices
preserved by the nondegenerate form w, constructed above are exactly those for which there

is a reduction of structure to the classical group G.

2.6 Application to the Hitchin fibration

Let X be a smooth, projective curve over an algebraically closed field £ and let G be a

reductive group over k with Lie algebra g. Fix a line bundle L on X such that either
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deg(L) > 2g — 2 or L = K is the canonical bundle. Denote by M the moduli stack of Higgs

bundles on X, whose k points are given by the set of Higgs bundles
M(k)={(E,¢): E— X is a G bundle, ¢ € I'(X,ad(E£) ® L)}

More succinctly, M is the mapping stack M = Maps(X, [g1,/G]) where g = g A®m L is the
twisted bundle of Lie algebras on X.
Recall that under mild hypotheses on the characteristic of k (char(k) > 2 for G = SOy,

and Spg,, and char(k) > 3 for G = (G9), the Chevalley isomorphism shows
g/G =~ tJW ~ A"
is an affine space with Gy, action by weights dy, ..., d,. Let
A = Maps(X,g7,/G) ~ @ (X, L®%)

Hitchin, in [20], studied the space M, with appropriate stability conditions imposed, through

the fibration that now bears his name:
h: M — A, (E,¢)+— char(¢)

where char(¢) is given by composition with the quotient map [g/G] — g/G. Let M,
denote the fiber of the map h over a point a € A. In the case that G = GLj, d; = i and
char(¢) = >, a;z" is the characteristic polynomial of ¢, whose coefficients are then sections
a; € T(X, L®Y).

The companion section [z] : g/G — [g/G] can be used to construct an explicit section
to the Hitchin map after extracting a square root of L. This section in many cases is almost
the same as the section constructed by Hitchin [20] and [22], but can be different from the
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section constructed in [35] which is based on the Kostant section. In every case, the Higgs
bundle constructed from the companion section will be built out of the structural sheaf of
the spectral curve. Note that the following assumes basic Gy, equivariance properties of
the relevant forms. For example, in the case of G = Spy,,, we have constructed a canonical
alternating form w: /\124 B — A which satisfies w(A) = M 72w(€) for any A € Gy, and
¢ € NYyB.

In [35], it is shown that over a large open subset of A, there is a close connection,
depending on a choice of section, between Hitchin fibers and affine Springer fibers given by
the Product Formula. More precisely, let © = J,, t°¢ /W be the divisor consisting of the
union of the image of each root hyperplane in t; in particular, the complement of ® in ¢ is
the regular, semisimple locus ¢*. Fix a € A such that a(X) ¢ ©, and let U C X be the
preimage of ¢"® in X. Given trivialization of the line bundle D on some neighborhood of

each point v € X \ U, we have a map

H Mg.q = Ma.
veX\U
from the product of affine Springer fibers at the points z € X \ U to the Hitchin fiber,
which consists of gluing with the companion section restricted to U. It it induces a universal

homeomorphism

H M'y’a /\1_1’Y P’Y(Ja) Pa — Ma.
~veX\U

The groups Py(Jq) and P, are discussed in detail in [35]; we will not describe them here.
This is proved in [35] under the assumption that mg(Pg) is finite, and by Bouthier and
Cesnavicius in [4] under the only assumption that a(X) ¢ D.

As Section 2.5 describes the affine springer fibers M, 4, the product formula above gives
an explicit description of Hitchin fibers in the case that a(X) ¢ ©. Namely, we have the
following descriptions for Hitchin fibers under this assumption.
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e for G = GLy, and a € A we have a spectral cover p, : Y, — X embedded in the total
space |L| of L. We then associate with a the Higgs bundle E; = pq«Oy, and the Higgs

fields ¢ : Eq — Eq ® L given by the structure of Oy, as an O| L|-module.

e for G = Spy,, and a € A, we have a spectral cover p, : Y, — X embedded in
the total space |L| of L. If Ey = pe«Oy, then we have a canonical symplectic form
NE, — LO0A=2n) [f[/isa square root of L then B!, = Ea®L’®1_2n will be equipped
with a canonical symplectic form with value in Ox and also equipped with a Higgs

fields derived from the the structure of Oy, as a O| L|—module.

o for G = SO9,4+1, and a € A, we have a spectral cover p, : Y, — X embedded in
the total space |L| of L. If E; = paxOy, then we have a canonical non-degenerate
symmetric form SQEa — L®(=21) 45 that the vector bundle E('l = E, ® L®" affords a
canonical no-degenerate symmetric form with value in Oy, and also equipped with a
Higgs fields derived from the the structure of Oy, as a (9| L‘—module. It also affords a

trivialization of the determinant depending on the choice of a square root of L.

e for G = SO9,, and a € A, we have a spectral cover p, : Y, — X embedded in
the total space |L| of L. Using the normalization of the universal spectral cover, we
obtain a partial normalization Y, of Y. If E, = pa*Of,a then we have a canonical
non-degenerate symmetric form S2E, — L®(2=21) 54 that the vector bundle E! =
E, ® L®1=" affords a canonical non-degenerate symmetric form with values in O X,
and also equipped with a Higgs fields derived from the the structure of Oy, as a (9| L
module. It also affords a canonical trivialization of the determinant depending on the

choice of a square root of L.

e for G = G9, and a € A, we have a spectral cover p; : Y, — X embedded in the
total space [L| of L. If Eq = pa«Oy then we have a canonical non-degenerate 3-form

/\3Ea — L9 so that the vector bundle Eél = F, ® L®3 affords a canonical non-

121



degenerate 3-form with value in O x, and also equipped with a Higgs fields derived from
the the structure of Oy, as a (’)| L|—module. It also affords a canonical trivialization of

the determinant depending on the choice of a square root of L.

2.7 Appendix to Chapter 3: Computer algebra code and G-

computations

In this appendix, we give the computer code used to compute the 3-form p in Section 2.3.5.

2.7.1 Construction of p

To construct p, we will use the connection between nondegenerate alternating 3-forms and

cross products. Let V' be a vector space with a nondegenerate, symmetric bilinear form v.

Definition 2.7.1. A cross product on (V,v) is a bilinear map

c:VeV-oV

satisfying the following three properties for all v{,vy € V:
1. (Skew symmetry) c(vy,vo) = —c(va,v1);
2. (Orthogonality) v(c(vy,v2),v1) = 0;

v(vy, v1 v{v1,v9

3. (Normalization) V(C(Ul,U2>,C(U1,7}2)) = det ( ) )
v(vi,v2) v(ve,v2)

The data of a cross product on (V) is equivalent to the data of a nondegenerate 3-form

on V whose associated symmetric bilinear form (see equation (2.2.1)) is a scalar multiple of

v. Indeed, to a cross product ¢, one associates the 3-form

p(v1,v2,v3) = v(c(v1, v2), v3) (2.7.1)
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while for any non-degenerate 3-form p, there is a unique cross product c satisfying equation
(2.7.1).
Now, consider the free, rank 7 A-module B as in Section 2.3.5 equipped with the sym-

metric, nondegenerate form w defined by the formula

917(92))

w(g1,92) =trp/a ( 7

as in the SO7 case. Here, 7(x) = —x is the natural involution on B, and the trace is taken
after inverting f’ in A. To construct a 3-form on B which is nondegenerate over every k

point of A, it suffices to construct a cross product
c: B4 B— B
for (B,w). Moreover, the equation

p(xg1,92,93) + p(91, 292, 93) + p(91, 92, 293) = 0

is equivalent to the condition

c(zg1, 92) + c(g1,292) = wc(g1, 92)- (2.7.2)

To simplify computations further, we note that any form c: B ® 4 B — B satisfying the

conditions of Definition 2.7.1 and equation (2.7.2) can be recovered from its trace:

te: BogB— A, (91,92) = trpra(c(or 92))

Indeed, if we express



then CZ((? = te(2t, 29) and

l
trB/A(xlc(xi,xj)) = Z (l)tc(xi+r,xj+l—7’)

r=0 "

can be expressed in terms of CET;.L) for 6 —1 < m < 6. This allows us to recover the coefficients

Z(.lj). by downward induction on /.

c

This idea is implemented in the following Macaulay2 code. There is a one-dimensional
solution space, which is specialized at a particular point to give the form stated in equation
(2.3.5). Note that it is immediate from the computer calculation that the form p is valued

in B and satisfies the conclusion of Proposition 2.3.5.

S=QQle,q];
F=frac(S);
R=F[p_(0,0) .. p_(6,6)]; -- ring with p_(i,j)=tc(x"1,x"j),

O\leq i,j\leq 6

-- The following three commands define tc(x~i,x"j) for i or j between
7 and 12 using the relation x"7-e*x~5+e~4/4*x~3+q*x=0.
for 1 from O to 5 do [for k from O to 6 do p_(k,7+1)=exp_(k,5+1)-
(1/4)*e~2*p_(k,3+1) -q*p_(k,1+1)];
for 1 from O to 5 do [for k from O to 6 do p_(7+1,k)=exp_(5+1,k)-
(1/4)*e~2%p_(3+1,k) -q*p_(1+1,k)];
for 1 from O to 5 do [for k from 7 to 12 do p_(k,7+1)=e*xp_(k,5+1)-

(1/4)*e~2%p_(k,3+1) -q*p_(k,1+1)];

-- I encodes orthogonality:

I = ideal(flatten for a from O to 6 list for k from O to 6 list
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sum(0. .k, j->binomial (k, j)*p_(k+j,a+k-3)));

-- J encodes skew symmetry:
J = ideal( flatten for a from O to 6 list for b from 0 to 6 list

p_(a,b)+p_(b,a) );

-- The following encodes the normalization condition:

B=R[x]/(x~7-e*x~5+(1/4)*e~2%x"3+q*x) ;

-- determinant of norms of x7i,x"j:

f = (i,j) -> coefficient(x"6,(-1) i*x~(2*i))*coefficient(x~6,(-1)"j*
x~(2%j)) -coefficient (x~6, (-1)~j*x~(i+j))*coefficient(x~6,(-1)"j*
x~(i+3));

-- norm of c(x~i,x"j):

g = (i,j) -> coefficient(x"6, (p_(i,j)*(x~6-e*xx~4+(1/4)*e~2*x~2+q)+
sum(0..1,1->binomial (1,1)*p_(i+1,j+1-1))*(x~5-e*x~3+(1/4)*e"~2*x)+
sum(0..2,1->binomial (2,1) *p_(i+1l, j+2-1))*(x~4-e*x~2+(1/4)*e~2)+
sum(0..3,1->binomial (3,1)*p_(i+1l, j+3-1))*(x~3-e*x)+sum(0..4,1->
binomial(4,1)*p_(i+l,j+4-1))*(x~2-e)+sum(0..5,1->binomial(5,1)*
p_(i+1l,j+5-1))*(x)+sum(0..6,1->binomial (6,1)*p_(i+1,j+6-1)))
*(p_(i,j)*((-x)"6-ex(-x)~4+(1/4)*e~2x(-x)~2+q)+sum(0..1,1->
binomial (1,1)*p_(i+1l,j+1-1))*((-x)~5-ex(-x)~3+(1/4)*e~2x(-x))+
sum(0..2,1->binomial (2,1) *p_(i+1l, j+2-1))*((-x)~4-e*x(-x) ~2+(1/4)*
e~2)+sum(0. .3,1->binomial (3,1)*p_(i+1, j+3-1))*((-x)~3-e*x(-x))+
sum(0..4,1->binomial (4,1)*p_(i+1l,j+4-1))*((-x)~2-e)+sum(0..5,1->
binomial(5,1)*p_(i+l,j+5-1))*(-x)+sum(0..6,1->binomial(6,1)*

p_(i+l,j+6-1))) );
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-- K encodes the normalization condition:

K = ideal(flatten for i from O to 6 list for j from O to 6 list

£f(1,7)-g(1,3));

Q=R/(I+J+K); -- imposing the relations on our ring of variables
Q2=Q/ideal(p_(6,3)-1,p_(6,4) ,p_(6,5)-5%e/2); -- specializes to our

particular form rho

-- Computation of c from tc:

P=Q2[x]/(x~7-exx~5+e~2/4*x"3+q) ;

C=table(for k from 0 to 6 list k, for k from 0 to 6 list k, (i,j) ->
(p_(i,j)*(x"6-exx~4+(1/4)*e~2xx~2+q) +sum(0. .1,1->binomial (1,1)*
p_(i+1l,j+1-1)) *(x"5-exx~3+(1/4)*e~2*x)+sum(0. .2,1->binomial (2,1)*
p_(i+1l,j+2-1)) *(x~4-exx~2+(1/4)*e~2)+sum(0. .3,1->binomial (3,1)*
p_(i+1l,j+3-1))*(x~3-e*x)+sum(0. .4,1->binomial (4,1) *p_(i+1l,j+4-1))*
(x~2-e)+sum(0..5,1->binomial (5,1)*p_(i+1,j+5-1))*(x)+sum(0..6,1->
binomial(6,1)*p_(i+1l,j+6-1))));

-- This is the matrix for c¢ with respect to the basis x~i, i=0,..,6

netList C -- displays C

2.7.2  Nondegeneracy of p

Let p be the form computed in the previous section, stated explicitly in equation (2.3.5).

Note that since we specialized to a particular form in the previous section, it is not yet

clear that this form is nondegenerate. For this, we produce the following code in Macaulay?2

to explicitly compute the associated bilinear form is as in Proposition 2.3.4. The following

uses some basic operations on permutations from the package SpechtModule authored by
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Jonathan Nino in Macaulay?2.

T=permutations {0,1,2,3,4,5,6};

n = (v,w) -> sum(0..7!-1, k-> permutationSign(T_k)*coefficient(x"6,
v* (C_((T_k)_0))_((T_k)_1))*coefficient (x~6,w*(C_((T_k)_2))_((T_k)_3))
*xcoefficient (x76, (-x)~((T_k)_4)*(C_((T_k)_5))_((T_k)_6)) );

S=table(for k from 0 to 6 list k, for k from 0 to 6 list k, (i,j) ->
n((-x)"1,(-x)"7);

netlList S
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