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ABSTRACT

Fix a prime number p > 2. Let 7 : Gal(Q,/Qp) — GLa(F}) be an absolutely irreducible
residual representation. In this paper, we describe an algorithm to compute arbitrarily close
approximations to the non-framed fixed-determinant crystalline deformation ring R? of ¥
whose Qp—points parametrize crystalline representations with Hodge-Tate weights (0, k — 1)
using the Taylor-Wiles-Kisin patching. We give an implementation of this algorithm in
Magma and Python (with Sagemath imported). Based on the data we have collected, we
formulate a conjecture on the Hilbert series of the special fiber of R§ when £k =2+n(p—1)
for some non-negative integer n. The conjectural formula implies that the Hilbert series goes
to (1 — x)_3 as n tends to oo. This aligns with the expectation that, as n grows, the special
fiber of Ré gradually “fills out" that of the universal fixed-determinant deformation ring of
7, which is a formal power series ring in three variables. We also formulate a conjecture on

when Rﬁ is Gorenstein.



CHAPTER 1

THESIS

1.1 Introduction

Throughout this paper, we fix a prime number p > 2 and a finite extension L of Q, with
its ring of integers O, a uniformizer A\, and the residue field F. Let 7 be a two dimensional
representation of the absolute Galois group GQp of Qp over F that is Schur, i.e. End(T ®
F,) = F,

In Kisin [2008], Kisin constructed a quotient R? of the fixed-determinant universal de-
formation ring R;éniv of 7, that is called the non-framed fixed-determinant crystalline defor-
mation O-algebra of 7. It is characterized by the property that its Qp—points parametrize
crystalline deformations of 7 with Hodge-Tate weights (0,k — 1) and a fixed determinant.

For example, consider the Galois representation

,Of : GQ — GLQ(QP>

of the absolute Galois group Gq of Q attached to a newform f of level N and weight .
If p N, then the restriction of p ¢ to GQp is a crystalline representation of Hodge-Tate
weights (0,k — 1). It gives rise to an aforementioned crystalline deformation of 7 if its
reduction modulo p is isomorphic to 7.

Crystalline deformation rings play an important role in Kisin’s proof of the Fontaine—

Mazur conjecture Fontaine and Mazur [1995] in Kisin [2009a).

Theorem 1.1.0.1 (Kisin, Emerton, Pan). Fiz p > 5. An irreducible Galois representation

p:Gq— GL2(Qy) that is
e odd, i.e. det(p(c)) = —1 where c is the complex conjugation,

e almost everywhere unramified, and



e crystalline at p with distinct Hodge—Tate weights
comes from a modular form up to a twist.

Remark 1.1.0.2. Kisin first proved the conjecture assuming that p > 3, 5|a Qe is absolutely
D

)
irreducible (known as the Taylor-Wiles condition) and that mGQp is not a twist of the exten-
sion of the trivial character by the mod-p cyclotomic character. Emerton gave another proof

in Emerton [2011] in many cases using completed cohomology and local-global compatibility

results. Lue Pan treated the other cases in Pan [2022].

Remark 1.1.0.3. The Fontaine-Mazur conjecture is stated for representations that are de
Rham, or equivalently, potentially semistable, at p. In this paper, we only focus on the

crystalline condition.

A crucial step in Kisin’s argument is apply patching to reduce the problem to proving
that the Hilbert-Samuel multiplicity of the special fiber of the crystalline deformation ring
R is equal to a certain automorphic multiplicity, which is closely related to the following

theorem.

Theorem 1.1.0.4 (Kisin, Paskunas, Hu-Tan, Sander, Tung). The Hilbert-Samuel multi-
plicity of Ré ® F is equal to the (weighted) sum of the multiplicities of the Serre weights in

the semisimplification of the GLo(F))-representation Sym”F—2F2.

Remark 1.1.0.5. The theorem is referred to as the Breuil-Mézard conjecture Breuil and
Mézard [2002| in the literature. Kisin first proved most cases in Kisin [2009a| by using
the Taylor-Wiles—Kisin patching and the p-adic local Langlands correspondence. Paskunas
Paskunas [2015]| gave a purely local proof. The remaining cases were proved in Hu and Tan

[2013],Sander [2012],Tung [2021a] and Tung [2021b].

Denote by m the maximal ideal of R§ ® F. Since R§ has relative of dimension one over

O Kisin [2008], the theorem is equivalent to saying that the limit

lim m"/m"*!
n—00
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is equal to some number which can be explicitly understood by the representation theory of
GLo(Fyp).

We are interested in some other limits of these dimensions. Assume that 7 has a crystalline
lift of Hodge—Tate weights (0,ky — 1) for some integer ky in the Fontaine-Laffaille range
2, p]. For k > 2, given that R§ is nonzero if and only if £k = kg (mod p — 1), we consider the
family of special fibers of crystalline deformation rings {Rﬁ ®@F}i=ky mod p—1 and form the

following table of dimensions.

dimmY/m! | dimm!/m? | dimm?/m3 | dimm?/m* | dim m*/m°

ko 1
ko+p—1 1
ko +2(p—1) 1
ko+3(p—1) 1

As previously mentioned, for a fixed k = kg + i(p — 1), as n approaches oo, the limit of the

numbers in the corresponding row is explicitly predicted by the Breuil-Mézard conjecture.

Question. For a fixed n, as ¢ goes to oo, do the limits of the numbers in the corresponding

column exist? If so, what are they?

The main difficulty of tackling this problem is that the presentation of Rﬁ remains largely
unknown when k£ > 2p. For 2 < k < p + 1, the Fontaine-Laffaille theory Fontaine and
Laffaille [1982] provides a of comprehensive understanding. Beyond the Fontaine-Laffaille
range, Kisin computed the explicit presentation of R§ lap] for p+2 <k < 2p—1 when 7
is absolutely irreducible, using Breuil-Kisin modules based on previous works Berger et al.
[2003], Berger and Breuil [2005]. While the Breuil-Kisin theory is applicable to general
weights k, a monodromy condition, which grows increasingly complicated as £ increases,

hinders us from obtaining explicit presentations via this method.
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In this paper, we present an explicit algorithm to compute arbitrarily close approxima-
tions to the non-framed fixed-determinant crystalline deformation ring Rg. Our approach is
to use the global method: the Taylor-Wiles—Kisin patching. Essentially, suppose that we can
choose a sufficiently nice global representation p whose restriction to GQp is isomorphic to
7. The Taylor—-Wiles—Kisin patching generates a patched Hecke algebra which is isomorphic
to a power series ring over the crystalline deformation ring Ré. Therefore, by computing the

local Hecke algebras, we get arbitrarily close approximations to the ring Ré.

Theorem 1.1.0.6 (Corollary 1.3.2.17). Suppose that T is unobstructed, which implies that
RY is a quotient of Ofxq,wo,x3]. If T can be globalized to a global Galois representation
p: Gq — GLo(F) satisfying Assumption 1.3.2.4, then the dimension of the cotangent space

0fR§®F is equal to three when k > ko +2p> +p—3 and k = kg mod p — 1.
Remark 1.1.0.7.

1. Whether 7 is unobstructed can be checked by using Proposition 1.2.2.9. This condi-
tion is very mild and is satisfied by most residual representations 7, whether they are

irreducible or not.

2. All conditions in Assumption 1.3.2.4 but the last one are standard for applying the
minimal level Taylor-Wiles—Kisin patching. The final condition is most restrictive. It

is imposed for optimal implementation of the algorithm.

3. Given that Rﬁ is a quotient of Ofx1, x9,x3], we have Flx1, x9, 23] — R§ ® F. Thus
dimm/ m? is always bounded by three. Our theorem implies that this upper bound is

achieved as k tends to oo for k = ky mod p — 1.

We implement the algorithm in Magma Bosma et al. [1997] and Python (with Sagemath
The Sage Developers [2023] imported) and we have collected some data when p = 3 and

p = 5. Based on these, we are mostly interested in exploring a conjectural formula of the
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Hilbert series Hj(x) of R§ ® F defined below

o0
Hyp(z) == Zdim(mi/miJrl)xi.
1=0
Conjecture 1.1.0.8. When kg = 2 and T is absolutely irreducible, the Hilbert series of
REQF is
Hy(z)= Y Shy(x),
2<i<k

p—1i—2

where the definition of the shift function Sh;(x) is given in §1.5.

Corollary 1.1.0.9. Assume that the conjecture above is true. Then all of the following

statements hold.

1. The sequence {Hg(2)}gp—o4n(p—1) s an increasing sequence in k, i.e.

p—1

Hi(x) = Hy (- 1)(2).

2. The limit of Hj.(x) as k goes to oo is the Hilbert—Samuel function of R%niv QF &
Flz1, 29, 23], i.c.
. 1 = (i42\

k—o00 ¢
p—1|k—2 i=0

3. The speed of convergence: Let m be a positive number with its unique p-adic expansion
Soitola; + 2b;)p" such that 0 < a; + 2b; < p with a; € {0,1} and b; a non-negative

integer. Set k to be the integer

o (0.¢]
k:=2+(p° — 1)(2 a;p®’ + Zbip%‘q).
1=0 1=0



Then k is the smallest integer such that the m-th coefficient of Hy(x) is equal to (m;Q).
Remark 1.1.0.10.

1. Suppose that p: Gg — GLo(F) is a modular Galois representation whose restriction to
GQp is isomorphic to the local representation 7. Multiplication by the Hasse invariant
gives rise to a greater number of eigenforms of weight & whose associated p-adic Galois
representations reduce to p modulo p, compared to those of weight k— (p—1). This ob-
servation heuristically suggested that Spf (Rﬁ) has more O-points than Spf (Rif(p 71))
does. Part (1) of the corollary states that from the viewpoint of the Hilbert series, the

ring R? does exhibit a greater degree of “complexity" in comparison to Ri_(p -1,

2. The question of whether the crystalline locus Spf(R%) can “fill out" the universal
deformation space Spf(R%niV) as k grows has been of particular interest. For the
generic fiber, Colmez Colmez [2008| and Kisin Kisin [2010] showed that the points of
Spec(R%miV[l /p]) corresponding to crystalline representations are dense in the Zariski
topology. Part (2) of the corollary serves as an analogy for this phenomenon in the

context of special fibers from the perspective of Hilbert functions.

We formulate another conjecture on when the crystalline deformation ring Rﬁ is Goren-
stein. By the fact [Eisenbud, 2013, Corollary 21.20|, for dimension reason, the ring Rﬁ is a

complete intersection when it is Gorenstein.

w2

Conjecture 1.1.0.11. When F|[p ~ , the ring R? 1s Gorenstein if and only if

0 w‘g
k:k1+(p2—1)(apN—1>

for some integers 2p < kq <p?—p+2suchthatk;=2 modp—1, N>0and1<a<p
with the exception that k = 2 and k = p+ 1, in which cases the crystalline deformation ring

k -
R is formally smooth over O.



In particular, the conjecture implies that there are infinitely many weights k£ for which

R§ is Gorenstein. Take p = 5 and k1 = 2p = 10 for an example. A list of weights k is

10, 34, 58, 82, 106, 226, 346, 466, 586, 1186, 1786, 2386, 2986, . . ..

Overview of the algorithm

Given the local Galois representation 7, assume that we can choose a global Galois represen-
tation p : G — GL2(F) whose restriction to GQp is isomorphic to 7 such that we can apply
the minimal level Taylor-Wiles—Kisin patching. This patching process generates a patched
module, denoted as Mé“o, whose support is the patched Hecke algebra T’éo. The algebra is
isomorphic to a formal power series ring over Rﬁ.

Specifically, the module Mffo is approximated by the localized modules, denoted as
M'(k,Q) (see Definition 1.2.3.8), which are certain submodules of H! (Lo, SymF—202) for
certain congruence subgroups I'g depending on a set ) of Taylor-Wiles primes. Denote
by T(k,Q) the support of M'(k,Q). We use Serre’s conjecture to determine the conditions
defining the submodule M’(k, Q) in §1.3.1. In §1.3.2, we utilize Jochnowitz’s theory to iden-
tify a finite set of Hecke operators, independent of k, whose images generate T(k, Q). We
then compute M’(k, Q) and the relations among these generators using linear algebra over
O in §1.3.3. Finally, we approximate the Hecke algebra ']Tlgo with T(k, Q).

The primary challenge lies in the computation of M’(k,Q), which involves the multipli-
cation of matrices of large size, which can be up to 100,000 by 100,000. When the set @
of Taylor—Wiles primes remains fixed, our algorithm exhibits a computational complexity of
O(k4) without using parallelization. This computational demand becomes notably burden-
some as the value of k grows considerably. We discuss the parallel implementation of the

algorithm in §1.3.5.



Organization of the paper

In Section 2, we provide an overview of key inputs. We begin by reviewing fundamental
facts about the cohomology of congruence subgroups, which will be used in computing the
submodule M’(k, Q). We then review some Galois deformation theory with a focus on the
tangent spaces, which will be used heavily in §1.3.2. Additionally, we review the setup and
construction of Taylor—Wiles—Kisin patching, a foundation for our algorithm. By leveraging
the Breuil-Mézard conjecture, we provide an exact formula for the rank of M’(k, Q). Section
3 is dedicated to describing the algorithm and implementation in details. In Section 4,
we present our work as follows: §1.4.1 provides a summarized prototype for computing
an example. In §1.4.2, we present a detailed analysis of a specific example that we have
successfully computed. Additionally, in §1.4.3, we gather other interesting examples for
future exploration and research. Moving on to Section 5, we formulate conjectures based
on the data we have collected. We conclude the paper by discussing our plans for future

research in the final section.

Notation and Conventions

Throughout this paper, we make the assumption that the prime p is an odd integer, and the
initial weight kg satisfies the condition 2 < kg < p.

We denote the absolute Galois group of a field F' by Gp. When F'is a global field, and S
is a finite set of places of F', we write G g for the Galois group of the maximal extension of
F' that is unramified outside S over F. Its abelianization is denoted as G%E’S. For a place v
of F, let Fy be the local field at v and fix an embedding G < Gp. The inertia subgroup
of G, is denoted by I.

We use the notation w for the mod-p cyclotomic character and wy for the fundamental
character of level two. Additionally, we denote xcyc as the cyclotomic character of Gq.

We let vy be the normalized p-adic valuation such that v,(p) = 1.

8



In all the deformation problems we consider in this paper, we fix the determinant. We

also refer to adoﬁ as the trace 0 adjoint representation.
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1.2 Preliminaries

1.2.1 Cohomology of congruence subgroups

As mentioned in the introduction, computing a certain submodule M’(k, Q) (see Definition
1.2.3.8) of the cohomology of some congruence subgroup of Sly(Z) is a crucial step in our
algorithm. This subsection is dedicated to review the group cohomology of such groups
and its equipped Hecke action and Galois action. We put an emphasis on explicit formulas
rather than conceptual definitions because our ultimate goal is to develop an algorithm. The
discussions presented are mostly based on results in Ash and Stevens [1986a], and we follow

their notation.



If T is an arbitrary group and M is an O-module with a I'-action. By taking the long
exact sequence on cohomology of the short exact sequence 0 — M —/\> M—-MepF —0,

we obtain the following.
Proposition 1.2.1.1. The A-torsion of HY(I', M) is Im (H(I', M ® F) — H\(I', M)).

Let I" be a congruence subgroup of GG of level N where G is either SLo or PSLo. We list

some basic properties of the cohomology groups of I' when it is torsion free.

Lemma 1.2.1.2 (Borel Serre). If I' is torsion free, then the cohomology groups H'(T', M)

vanish for all T'-modules M and integers i > 2, i.e. the cohomological dimension of I' is one.

Remark 1.2.1.3. This is a special case of [Borel and Serre, 1973, Corollary 11.4.3] where we
take the algebraic group G to be SLo or PSLg whose rank rq(G) is one, and X to be the
upper half plane which has real dimension 2. Then the cohomological dimension of IT" is

2—1=1.
Corollary 1.2.1.4.
1. IfT' C G 1is torsion free, then Hl(F,M) F & Hl(F,M ®F).

2. When G = SLa(Z) and the only torsion element of T is —I, then H'(T,M) @ F =
HYT,M @ F).

Proof. The first assertion follows directly from taking the long exact sequence on cohomology

and applying the lemma above. By the inflation restriction sequence
0— HY(PD, M) — HYD, M) — HY(Z/2Z, M) — .. .,
where PT" is the image of I' in PSLy(Z), we have the isomorphism

HY(pr, M) = HY(T, M),
10



whenever M is a Zp-module. Then we can apply (1) to H'(PT, M) and get

HYT,M)®F = HY(PT,M)®F = HY(PT,M @ F) = HY(I', M @ F).

Now let M be a finite free @O-module on which I' acts.

Proposition 1.2.1.5. If I" is torsion free, then the O-module Zl(F, M) of cochains is finite
free and

ZYD, M) @0 F = 210, M @0 F).

Proof. Since T is torsion free, the quotient space C/T" is a holomorphic punctured curve and
thus it has free fundamental group. On the other hand, it is a K (T, 1) space; so we have T" is
free. Let {s1,...,s,} be a minimal set of generators of I" and let {eq,...,en} be an O-basis

of M. Suppose that R is either O or F. Let f; j : I' = M ® R be a cochain such that

It is not hard to verify that {f; j}1<i<n,1<j<m i3 an R-basis of Z1(', M ® R). Using the

basis, it is straightforward to construct the isomorphism in the statement. O

From now on we let G = SL9 and review the Hecke action on the group cohomology.

Denote by S the subsemigroup of GL2(Q) such that

1. T C S, and
2. I and ¢~ T'g are commensurable for every ¢ € S.

When M is an S-module, there is a Hecke action on H*(T', M) for all integers i. For the sake

of this paper, we only discuss the definition for ¢ = 0 and ¢« = 1. Let g be an element of
11



S. Then the double coset I'gI" is a finite disjoint union LI'g; for some g; € S. Suppose that

a b d —b
g = . We denote by ¢* the element . Define the double coset operator

c d —Cc a

[TgT] to act on HO(I', M) by the formula

m[Tgl] = Zgém for me HY(T, M).
1
One can check the definition does not depend on the choice of the set of representatives {g;}.
We now explain the double coset action on H(I', M). Let ¢ be a cochain in Z1(G, M) that
defines a cohomology class [c]. With respect to a fixed choice of representatives {g;}, the

double coset operator [I'gI'] acts on Z1(T', M) by the following formula
_ L 3 —1 1
(c[CgTl) (h) = Zgic(glhgah(i)) for ce Z*(I',M)and h €T (1.2.1.6)
(3

where oy, is a permutation defined by I'g;h = Fg0h<i). The formula induces an action of [I'gI’|
on HY(T', M) that is independent of the choice of representatives {g;}. One can check that
choosing another set of representatives {~;g;} for some v;’s in I results in the difference by
a coboundary defined by >, gic(7; e

Let H be a subgroup of (Z/NZ)* and let I'gy be the subgroup of I'g(/N) that consists of

a b
matrices € I'g(N) where a,d € H. Let ¢ be a prime dividing N and consider the
c d
10
double coset operator [['ggl' | where g = . We denote [I'ggI'y] by Uy. Then
0 ¢
-1 _ 0
g TpgnTyg=TygnI7(g).
1
Thus g; == ¢ for e =0,...,q — 1 form a set of representatives of this double coset
01

12



operator and we fix this choice when computing the action of Uy on Zl(FH, Symk_Q(’)Q).
We take M to be Sym* =202, by which we mean the finite free O-module of polynomials in
Olu,v] of total degree k — 2, equipped with the action of the semigroup GL2(Q) N M2 (Z)
given by

a b

P | (u,v) = P(au + cv, bu + dv).
c d

When O is replaced with a general ring R, the action of the semigroup on Sym*~2R2 follows

a similar definition.

Proposition 1.2.1.7. If k > 2, the module Syml‘ﬁ_ZO2 has no nontrivial fived points by ' g,
i.e. HY(Tg,SymF—202) = 0.
1

1
. Since e 'y, we
01

Proof. Let P(u,v) be a homogeneous polynomial in Sym*—2(2

have P(u,v) = P(u,u+ v). Thus the polynomial P(u,v) equals "2 up to a scalar because

1 0
char © = 0. Note that is also in I'f7. By the same reasoning, we deduce P(u,v) =

N 1
0. [l

Proposition 1.2.1.8. If ¢ € Z is an integer that is congruent to 1 modulo p, then the

eigenvalue of Uy on Bl(FH, Symk_2(92) ®F is 1.

Proof. We point out that ¢ = 1 (mod \) because ¢ is A-adically close to 1 if and only it is
p-adically close to 1.

Note that the map Sym*~202 — BYT, Symk_202) given by
P(U,U) = (/7 = (’)/P)(U,U) - P(U,U))
defines an isomorphism. To see this, it suffices to show that the image of the basis

e
A VI
13



is still linearly independent, which then follows from Proposition 1.2.1.7.
Suppose that b is a coboundary such that b(y) = (vP)(u,v) — P(u,v) for some P(u,v) €

Symk’202. With respect to our choice of representatives, we have

q—1 q—1
(BU)() = D 9iblging, o) = D ok (9379, oy P, v) = Plu,v))
1=0 1=0
q—1 q—1 q—1
— . —]. _ L A
=D det(9:)19, ;) P(uv) = 3 giP(u,v) = 3 ydet(g)g Zg P(u,v)
1=0 1=0 1=0
q—1 q—1
1=0 1=0
1 —i q 0
Since g;P(u,v) = P(u,v) = P(qu,v — iqu), we have
0 1 01

q—1
Z g; P(u,v) Z P(qu,v —iqu).
1=0

Define the Uy action on Symk_2(92 by

q—1

(PUg)(u,v) = Z P(qu,v — iqu).
1=0

Then the aforementioned isomorphism is Ug-equivariant.

If bU; = ab mod ABL(T, Sym*~20?) for some number a € O, then

q—1 q—1
aP(u,v) = Z P(qu,v —iqu) = Z P(u,v —iu) mod ASym*~20?
1=0 1=0

where the second congruence holds because ¢ = 1 (mod \). Write P(u,v) = ap(u)v" + ...+

at(u)v + ag(u) for some a;(u) € Ofu] with ap(u) Z 0 (mod A) and integer 0 < n < k — 2.

14



Compare the coefficients of v" on both sides and we conclude that cap,(u) = gan(u) (mod ).
Thus a =1 (mod \).
[l

Remark 1.2.1.9. The O-module H! Ty, Symk*QOQ) can have torsion even when I'f is tor-

sion free. For example, when p =5, k = 14 and 'y = I'1(11) N Tg(14), the I'-fixed points

of Sym*~2F?2 is spanned by y2z19 + 3y520 + y1922. By Proposition 1.2.1.1, we have

HO(T, Sym* 20 [\ = Im (H(T, Sym*2F?) — H'(T', Sym*~20?)).

Since ker(H)(, Sym*~2F2) — H(T,Sym*202)) = HY(I, Sym*20%) @ F = 0 by the

long exact sequence on cohomology and Proposition 1.2.1.7, we conclude that
HYID,Sym"20%)[\] & HO(T, Sym*2F?) = F - (y?2'0 + 39520 + y102%),

which is nontrivial.

To equip the group cohomology with a Galois action, we use the comparison theorem
between the group cohomology and étale cohomology. Let I' C SLo(Z) be a p-torsion free
congruence subgroup and let M be a finite free O-module on which I" acts continuously. Let
b be the upper half plane and let Y be the algebraic modular curve whose set of C-points
Yr(C) is h/I'. Then M @ O/A" (resp. M) defines a locally constant sheaf on Yy, which we

—_~—

denote by M @ O/\" (resp. M ). Given that I' is p-torsion free, there is the isomorphism

e~

H' (Yp(C),M @ O/ ") = H{(T, M @ O/\")

for every integer ¢ > 0 and n > 1. (See for example [Ash and Stevens, 1986a, §1.4|.) By

the comparison theorem between the torsion-coefficient singular cohomology and the étale

15



cohomology, we have

—_— —_—

H'(Yr(C), M @ O/x™) =5 HY (Y, g M@0/

for every integer ¢ > 0 and n > 1. These isomorphisms are Hecke equivariant where the

Hecke action on the cohomology of modular curve is defined via correspondence.

Proposition 1.2.1.10. Taking the inverse limit commutes with group cohomology, i.e.,
H'(T, M) = lim H'(T, M @ O/\")
n

for all integers © > 0.

Proof. When i = 0, it is straightforward to check that the isomorphism holds. When i > 1,
by the corollary to [Tate, 1976, Proposition 2.2|, it suffices to check the groups H Z‘*1(1“, M ®
O/\™) are finite for each n and i > 1, which is equivalent to showing that they are finitely

generated. This then follows from the fact that I' is finitely presented. n

Corollary 1.2.1.11. We have H (Vi g, M) = HU(T, M).

Proof. This is because

—_—

Hi (Vo 1) = i B (Vg M 50/ )
n

—_——

= lim H'(Yp(C), M ® O/A") = lim H'(T, M ® O/\") = H'(T', M),
n n

where the last step follows from the proposition above. n

By doing so, we equip H Z.(F, M) with a continuous Galois action of G, which commutes
with the Hecke action. It is not hard to check that all the homomorphisms above preserve
both actions. The Galois action on the group cohomology is rather simple in the following

case [Buzzard et al., 2010, Lemma 2.2(a)|.
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Lemma 1.2.1.12 (Buzzard-Diamond-Jarvis). Let V' be a finite dimensional vector space

equipped with a I'-action. The Galois action on Hi(F, V') is abelian for i € {0,2}.

Lemma 1.2.1.13. If ' is a p-torsion free congruence subgroup and n is a non-Eisenstein
mazimal ideal of the Hecke algebra, then the functor H1 (T', —)n is an exact functor from the

category of finite representations of GLa(Fy) to the category of abelian groups.

Proof. Suppose that

0=V =Vo =130

is a short exact sequence of finite representations of GLo(F)p) over Fp. Then we have the

long exact sequence
oo 5 HOTg, V3)n — H (T, Vi)n — H Tz, Va)n — H Tz, Va)n — H*(Tg, Vi)n — -+ -

By Lemma 1.2.1.12, the Galois action on HY and H? are abelian. If we assume n is non-
Eisenstein, then the image of H(I'y, V3)n in HY Ty, V1)n is trivial and so is the image of

HY (T, V3)n in H2(g, V7). O

1.2.2  Galois deformation theory

In this subsection, we review Galois deformation theory, which is essential for the discussion
on patching in the sequel.

We fix a continuous representation p : G — GLg(F) of some profinite group G and a
character y : G — O such that x mod A = det(p). Let Cp be the category of complete
local Noetherian O-algebras with residue field F. By a lifting of p to a complete local
Noetherian O-algebra A, we mean a representation p : G — GLg(A) such that p reduces to
p modulo the maximal ideal of A. Consider the functor D from Cp to the category of sets
that sends A to an equivalence class of liftings p : G — GLo(A) and det(p) = x where p ~ o/

if and only if p/ = gpg—! for some g € 1 + My(A).
17



Theorem 1.2.2.1 (Mazur). If p is Schur and G satisfies Mazur’s p-finiteness condition ®p,
then the functor D is represented by an O-algebra R%ni", which we refer to as the universal

deformation O-algebra of p.

Remark 1.2.2.2. Recall that G satisfies @, if for every open subgroup H of G, there are only
finitely many continuous homomorphisms from H to Z;,. For example, Mazur’s p-finiteness
condition is satisfied when G is the absolute Galois group of a local field or G g for some

global field F' and set S of finitely many places of F.

The tangent space of D is defined to be the set D(F[e]/(e?)), which coincides with the no-
tion of the Zariski tangent space of Spec(R%niV ®F) and the group cohomology H1(G,ad"p).
Suppose that dimp H!(G, adoﬁ) = d. Then R%niv is a quotient of the power series ring
O[xz1,...,z4] by Nakayama’s lemma.

We list some theorems that we use to compute the Galois cohomology with coefficients

in adoﬁ.

Theorem 1.2.2.3 (Local Tate duality). Suppose that G = G, for a prime number £. Then

there is a perfect pairing
HY(@,ad") x H>7Y(@,ad"(1)) — F, for i=0,1,2

where adoﬁ(l) stands for the module adoﬁ on which the G-action is twisted by w, the mod-p

cyclotomic character.
For a proof, see [Milne, 2006, Theorem 2.1].

Theorem 1.2.2.4 (Local Euler characteristic formula). Suppose that G = GQp. Then

dim HY(G, ad"p) = dim H)(G, adp) + dim H%(G, adp) + 3.
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By the local Tate duality, this can be written into
dim H(G, ad%) = dim HY(G, ad’p) + dim H°(@, ad"5(1)) + 3.

For a proof, see [Milne, 2006, Theorem 2.8].

Theorem 1.2.2.5 (Global Euler characteristic formula). Suppose that G = Gq g for some

finite set S of places of Q that contains p. Then
dim H(@, ad%p) = dim H%(G, ad%p) + dim H(G, ad’p) + 3 — dimp H(GR, 2d"p).

For a proof, see [Milne, 2006, Theorem 5.1].

For a place v of Q, we let I;, be the inertia subgroup of G, when v is finite and let
I, be the trivial group when v is infinite. Let £ = {L;} be a collection of subspaces L, C
Hl(GQU, ad’p) where v runs over all the places of Q such that L, = H! (Gq,/Iv; (ad%p)1v)
for almost all v. Set £* = {L}} where Li- is the annihilator of L, under the Tate pairing,
satisfies that L = H! (Gq, /v, (ad%%(1))v) for almost all v. We define the Selmer group
Hp(Gq; ad’p) to be the subgroup of H! (Gq, ad’p) that is the preimage of [, £, under the
restriction map

HY(Gq,ad"p) — [[ H'(Gq,.ad"p).
v
For example, the cohomology group H I(GQ7 s, adoﬁ) equals HE(GQ’ g,ad%) for £ = {Ly}
where L, = Hl(GQU/Iv, (ad%B(1))v) if v ¢ S and L, = Hl(GQU, ad’p) otherwise.

Theorem 1.2.2.6 (Greenberg—Wiles). We have the formula

dim H}(Gq, ad"p) — dim H}. (G g, ad’5(1)) = dim(ad’5)¢Q — dim(ad’5(1))¢Q

+ Z (dim Ly, — dim(adoﬁ)GQ”> )

<00
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and we say HE(GQ, ad"p) and H}:*(GQ, adYs(1)) are dual Selmer groups to each other.

For a proof, see [Darmon et al., 1995, Theorem 2.18|.

Remark 1.2.2.7. When v is a finite place of Q and L, = Hl(GQv/Iv, (ad%p)!v), we have that

dim L, = dim(adoﬁ)GQv. Thus the sum in the theorem above is a finite sum.

The obstruction space of D is parametrized by H?(G, adoﬁ). When H?(G, adoﬁ) =0,
we say this deformation problem is unobstructed. In this case, the deformation ring R%niv

is isomorphic to the formal power series ring Ofx1, ..., z4].

Remark 1.2.2.8. If p is not Schur, we can consider the functor D= from Cp to the category
of sets that sends A to a lifting p : G — GLa(A) with det(p) = x. This functor is represented
by an O-algebra RﬁD, which we refer to as the universal lifting ring. The Zariski tangent
space of Spec(RﬁD) is isomorphic to Z1(G, adoﬁ). The obstruction space is still parametrized
by H 2(G, adoﬁ). We can discuss whether a deformation functor is unobstructed, regardless

of whether p is Schur.

Let 7 : G, — GL2(F) be a local Galois representation. If 7 is irreducible, we assume
Wit~y by

0 (&

for some unramified characters v and x and b a cochain in Z 1(GQp’ who=1yp=2y).

= GQp ko—1 . . . _
T~ IndGK Wy up to some twist. If 7 is reducible, we assume 7 ~

Proposition 1.2.2.9. For the local Galois representation 7 as described, the deformation

problem of T is unobstructed in the following cases:
o if T is irreducible and either p # 3 or kg # 3.

e if T is reducible and ko # p — 1.

Proof. By definition of an unobstructed deformation problem and the Tate local duality, it

suffices to compute when

dim H*(Gq,,ad"’F) = dim H(Gq,,ad"7(1)) = 0.
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If 7 is irreducible, it follows from a direct computation that

G _ _
ad'F =n o IndGipwép 1)(ko—1)

where 7 is the unramified character 7 : Gq, = Gal(K/Qp) = {1} C F, . Since n(1) is
G — —
a nontrivial character, it has no nontrivial fixed points. If (IndG?’ wép L) (ko 1)> (1) has

nontrivial fixed points by GQp, it is reducible and thus

AP D0=1) _ ~(p=1)ko=1),

Given that we is cyclic of order p2 — 1, the equality above is equivalent to
2(kg—1)=0 (mod p+1).
We deduce that kg = (p+1)/2 + 1 because 2 < kg < p. Therefore, we have

(Indg[‘ipwépl)(kol)) (1) = (Indggpw(pl)ﬂ) (1) = w2 g (P12 g

Since w(@P+1)/2 g 1 has no fixed points, the only fixed points of the induced representation
are those of the character w®+1)/2_ The condition w®T1)/2 = 1 is true only when p = 3,
which, in turn, implies that kg = 3.

If 7 is reducible, we want to find when the following equation in x,y,z € F only has

trivial solution.

who=ly=hy b} [z y vy | (W bwe

0 Y z —x z - 0 w
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The above equation of matrices is equivalent to the set of equations

;

wko_lw_lxx + bz = wkow_lxx
ko—1,,—1 _ _

w Y xy — br = bwir + wiy

Yz = ka@/J*lxz

—x = bwipz — wx

It follows from the third equation that (wko — w2x_1)z = 0. Since p — 1 # kg and w is cyclic

1 is unramified.

of order p — 1, the character wh0 is ramified. Hence, z = 0 because ¢2y~
Now we have z(w — 1) = 0 by the first equation. Thus z is also 0. We conclude from the
second equation that (wk0_2 —1/J2X_1)y = 0. But kg —2 < p—1 because kg < p. By a similar

reasoning as with the third equation, we deduce that y = 0 and the proof is complete. [

For a finite extension £ of Qp with ring of integers O, an Opg-point of Spec(R%niV)
corresponds to an equivalence class of representations rg : GQp — GLo(OF). After invert-
ing p, we can say whether the deformation represented by rp is crystalline of Hodge-Tate
weights (a,b) for some integers a and b. Kisin defined R% to be the quotient of R%mv by
the intersection of the kernels of the Op-points R%niv — Op such that the corresponding
deformation rg is crystalline of Hodge-Tate weights (0, k — 1). Kisin proved the following in
[Kisin, 2008, (3.3.8)]

Proposition 1.2.2.10 (Kisin). The ring R? is relative of dimension one over O. Its generic

fiber Ré[l/p] is formally smooth and equidimensional of dimension one.

Example 1.2.2.11. The presentation of Rﬁ is known when 7 is Schur and 2 < kK < p+1

by Fontaine-Laffaille theory Fontaine and Laffaille [1982]:

RE = O[a].
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When 7 is absolutely irreducible and p + 2 < k < 2p — 1, Kisin computed in Kisin [2007]
that
RE =5 Ofz,y]/(ay — ).

We now introduce notation for some global deformation rings. Let p: Gq — GL2(F) be
an odd Galois representation that has the minimal ramification among all of its twists and
satisfies the conditions outlined in Theorem 1.2.3.1. Denote by 7 and its restriction ,6|GQP
is 7. Let S be the set {¢,p, OO}€|N(p)- For a finite set () of primes of Q, we define R¢) as
the global deformation (O-algebra that parametrizes deformations of p that are unramified
outside S U @, of types (A), (B), and (C) (for a detailed definition, refer to [Wiles, 1995,
Chapter 1, Section 1]), at primes ¢ € S, and with a fixed determinant. We denote by Réé
the completed tensor product of R* and Rg over R%ni".

We can still make sense of the tangent space for these deformation rings. For a ring
R= Ré, Rg or RIEQ’ we denote by Tan(R) the F[e]/(e?)-points of R, i.e., Homp (R, Fle]/(¢2)).
We refer to Tan(R) the tangent space of R. The linear dual of Tan(R) is isomorphic to m/m?
where m is the maximal ideal of R®QF. We call this the cotangent space of R and denote it by
Cot(R). As before, the ring R is generated by dimg Tan(R) = dimp Cot(R) many elements

as an algebra over O.
Proposition 1.2.2.12.

1. The tangent space Tan(R) is isomorphic to the Selmer group H1<GQ,{p,oo}UQ7 ad’p).

2. The tangent space Tan(ngg) is Tan(R)) X Tan( R%n-w)Tan( RF). In particular, when R;gniv

surjects onto Rg, i.e. Tan(Rg) C Tan(RlFmiV), we have Tan(Rg) = Tan(Rg) N
Tan(R¥).

Proof. Assertion (1) is proved by Wiles in [Wiles, 1995, (1.5)]. Assertion (2) follows from
a general fact from the category theory that the covariant Hom functor turns a pushout

diagram into a pullback diagram. O
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1.2.3  Minimal level Taylor—Wiles—Kisin patching

In this subsection, we begin by outlining Theorem 1.2.3.1 which enables us to compute the
crystalline deformation ring R§ by a certain Hecke algebra. We then review the setup and
construction of the Taylor-Wiles—Kisin patching in the minimal level setting that will later
be used in the algorithm’s design.

Let p : G — GL2(F) be an odd absolutely irreducible Galois representation that has
least ramification among all of its twists. Suppose that 7 := ﬁ|GQp is Schur and takes
the form we have described in the previous subsection. We further assume when 7 is the
extension of 1 by the cyclotomic character w, the extension class is peu ramifié. By Serre’s
conjecture Serre [1987], Khare and Wintenberger [2009a,b], 7 is the reduction of the p-adic
Galois representation attached to some newform fy. Let N(p) be the conductor of p. The

newform fy can be chosen so that it has level subgroup I' := H@ép I'y where

@ AN and ae@l, =
g:

Ly(€") if £7||N(p) and r > 2 or det(p)|;, # 1
and weight 2 < kg < p. Then the Nebentypus character x of fq satisfies x|g, = 1 if £||N(p)
and x|g, =1 (mod \).

Theorem 1.2.3.1 (Taylor—Wiles—Kisin). Assume that 7 is Schur. If both of the following

conditions hold:
1. p|GQ(cp) is absolutely irreducible and

2. if ¢t = —1 mod p divides N(p), then either ﬁ|GQ€ is reducible over the algebraic closure

or ﬁ’[z 15 absolutely irreducible,

then the Taylor-Wiles—Kisin patching generates some patched module Mclfo, whose support

']I']go 15 a formal power series ring over the crystalline deformation ring R%.
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Remark 1.2.3.2. The theorem holds true without the assumption that 7 is Schur. In that
case, the crystalline deformation ring Ré is replaced with the framed crystalline deformation
ring RFD ’k, which is constructed by Kisin in a similar manner as explained in the previous
subsection with the universal deformation ring R%ni" substituted with the universal lifting
ring RE (see Remark 1.2.2.8). However, the framed deformation ring has a larger tangent
space compared to the non-framed one. Currently we lack a way to identify the generators

of the framed rings, unlike the method outlined in §1.3.2.

Let us briefly explain the two conditions in the theorem. The first condition is referred to
as the Taylor-Wiles condition in the literature. It guarantees the adequacy of Taylor-Wiles
primes (see Lemma 1.2.3.6), which is crucial for the construction of patching in Theorem
1.2.3.11. The second condition ensures that all the local deformation rings at places away
from p are smooth. Without imposing condition (2), patching would yield a power series
ring over the completed tensor product of all non-smooth local framed deformation rings,
preventing us from obtaining a formal power series ring that is only over R?.

In practice, there are criteria to check when the Taylor-Wiles conditions hold. When
the projective image of p contains PSLy(F)p) and p > 5, then (1) in (1.2.3.1) holds. But if
the image happens to be small, there is a criterion [Calegari and Talebizadeh Sardari, 2021,
Lemma 2.1.2(2)] to determine when this holds.

Lemma 1.2.3.3 (Calegari-Sardari). Assume that the local representation T is isomorphic to

Qp ko—1
0
Indg

s up to a tuist. The representation ﬁ|GQ(< 15 absolutely vrreducible if kg — 1 is
P

)
not divisible by (p+1)/2.

For condition (2), if none of the prime divisors of N(p) are congruent to —1 module p,

then it automatically holds. There is also the following criterion from Wiles [1995]:
Lemma 1.2.3.4 (Wiles). If N is square-free, then (2) holds.

We now review the construction of patching in more details, which is important in de-

signing the algorithm. From now on we assume that 7 is Schur.
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Definition 1.2.3.5. Define the following two Selmer groups.

e Denote by H%(GQ, ad’p) the subspace of H 1(GQ, ad"p) that consists of cohomology

classes that are unramified outside p and split at p.

e Denote by H%Q(GQ, ad%p) the subspace of H1 (Gq, ad"p) that consists of cohomology

classes that are unramified outside QU {p, oo} and split at p for a finite set @) of primes.

It is immediate from the definition that H%:(GQ, ad’p) C H%Q(GQ, ad"p).
A set of level n Taylor—Wiles primes is a finite set @y, of #@Q,, primes ¢ such that all of

the following conditions hold:
1. if ¢ € @y, then g does not divide Np;
2. the cardinality of @y, is #Qy, = dim Hl(GQ’{ppo}, adoﬁ(l));
3. for all ¢ € Qp, we have ¢ =1 mod p";
4. the element p(Frobg) has distinct eigenvalues @, and Bq;

5. the Selmer groups H%:(GQ, adoﬁ) and H %Q (Gq, adoﬁ) have the same dimension, which

we denote as h.
It follows from Greenberg—Wiles formula that #),, = h + 1.

Lemma 1.2.3.6 (Kisin [2009b]). For each positive integer n, there is a set Qn as above if
condition (1) in Theorem 1.2.5.1 holds.

We now introduce the notation for the Hecke algebras and modules that patch to ']I‘]go
and ME | respectively. Recall that 7 comes from a newform fy of weight kg, level N(p)
and Nebentypus character x. Let TULY he the polynomial ring O[T}, (¢)] g in the indicated
variables and let T"Y be the sub-algebra of Tuniv generated by all the variables but 7},. For
a set () of Taylor-Wiles primes, let N¢) be the product of all the primes ¢ in Q. If Q = &, we
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set Ng = 1. Denote by ') the intersection of the level group I' of fp with the congruence
subgroup I'1(Ng). We have the maximal ideal mg (resp. mq) of TV (resp. TUMV) that
is generated by A\, Ty — ay(f), (€) — x(£), Ty — aq, Tp for £ 1 N(p)Ngp and ¢ € Q (resp. by
ATy —ap(f), {€) — x(£), Tqg — ag, for £1 N(p)Ngp and q € Q), where T acts by Uy and aq
is a lift of @, that is an eigenvalue of p(Froby). Since @y and Bq are distinct, we may and do
assume that o, # 1.

The choice of modules we patch can vary. The general idea is to patch modules on which
Hecke algebras act faithfully. We consider (at least) two types of modules: the space of clas-
sical modular forms Sk(FQ,Qp) and the space of group cohomology H 1(FQ, Symk_26p2).

The Hecke algebra Z[Ty, (€)]¢ prime acts on both modules by the double coset operators:

10 a b
T, = |Tg Lol and (£):= [T 1)
0 ¢ c d
a b
where €'y(NNg)andd = ¢ (mod N). Let g € GL2(Q) such that ¢ Tgand T are
c d
a; b
commensurable. Then I'ggl'¢ is the finite disjoint union L;I'g; for some g; = €
¢ d

GL2(Q). The double coset operator [Logl'g] acts on Si(T', Q) by the following formula:
fICQoTql =D flgil for f e Sp(T,Q,) where (flgi])(z) = det(g:)" " (ciz+di) " f(g:2).
1

The Hecke action on H 1(FQ, Symk*QQZQ,) has been discussed in §1.2.1. We fix a field iso-

morphism C = Qp. Over C, the two modules are related by the following theorem.

Theorem 1.2.3.7 (Eichler-Shimura). Let I' be a congruence subgroup of SLo(Z) and k > 2
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an integer. The map
YZ20

[ (v — (2)(zu + v)F=2) dz)

20

mduces an isomorphism
M (T, C) ® S,(T,C) = HY(I, Sym*~2C?)

that respects the Hecke action.

On both sides, the Hecke action is faithful. Thus in the process of patching, we can
either use the module Si.(I'g,O) of classical modular forms of weight k, level I'g with
coefficients in O or the module Hl(FQ, Sym*=202). The localizations of Sk(T'g,O) (resp.
H 1(FQ, SymF—20?)) at mg and at mg are the same when 7 is irreducible because T}, is
automatically nilpotent modulo A\. When 7 is reducible, the module Sk(FQ,(’))mQ splits
into the direct sum Sy (T, O)ng ® Sk(Tg, O){ﬁl@ where ﬁﬁ’Q is the maximal ideal of T2V
generated by A\, Ty — a(f), (¢) — x(€),Tq — aq for all £1 N(p)Ng.

Definition 1.2.3.8. Let M(k, Q) be the localization Si(I'g, O)m,, and let M'(k, Q) be the
localization Hl(FQ, Symk_2(92)mQ. Denote by ﬁ‘(k, @) the image of ’]T%rgv in the endomor-
phism ring of M (k,Q) or M'(k,Q) and by T(k, Q) the image of ']I‘ﬁ{gv in the endomorphism
ring of M(k, Q) or M'(k, Q).

Remark 1.2.3.9. Concretely, M (k, Q) is the direct summand of S.(I'g, O) determined by the
condition that the action of T € tT‘LQ is topologically nilpotent. A similar characterization

holds for M’(k,Q) C H' (T, Sym*~20?).

Let us recall the construction of the map from a formal power series ring over the crys-

talline deformation ring to Hecke algebras:

RE[t1, - th] = T(k, Q).
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First of all, since h is the dimension of the Selmer group
H%JQ (GQ, adOﬁ) = ker(Hl(Gq,SuQ, adoﬁ) — Hl (GQP’ adoﬁ)) — ker(Tan(RQ) — Tan(R%niV)),

there is a surjection

R%niv[[tl, oo ty] RQ

and therefore a surjection

RE[ty,... 1] — RY.

Note that h is independent of ) by the construction of Q.

It remains to construct the homomorphism ¢ : ngg — T(k, Q). Since the algebra T(k, Q)
is finite free over O, given a minimal prime ideal p of T(k,Q), the quotient T(k,Q)/p is
embedded in the ring of integers of a finite extension of L. Such an embedding corresponds
to a system of Hecke eigenvalues, or equivalently, a Galois orbit of an eigenform f and
thus a Galois representation py by Deligne’s construction Deligne [1969]. Let S be the set

containing p, oo and primes dividing N(p). There is the representation

pngd 1 G500 — H GLa(T(k, Q) /p),

p minimal
with the trace of Froby being T; € T(k, Q) where ¢ is a prime not in S U Q. It follows from
Chebotarev’s density theorem that the trace of plgijd lands in T(k, Q). Since p is absolutely
irreducible, by Carayol’s lemma Carayol [1994], we may and do assume that pngd has its
image in GLa(T(k, @)). We then obtain a homomorphism ¢ : R]g? — T(k, Q) by the universal

property of RIEQ'

Lemma 1.2.3.10. The Hecke operator Uq is in Im (@) for every prime q € Q.

Proof. Let f be an eigenform in its Galois orbit corresponding to a minimal prime ideal

p of T(k,Q). Then by construction of T(k,Q), the eigenform f is either new at ¢ € Q
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of conductor 1 or an old form with trivial conductor because the level group at ¢ € @ is
I'1(q). It follows from [LOEFFLER and WEINSTEIN, 2012, Table 1] that the g-component
automorphic representation 7, of f is a principal series m(xf1,%f4/X 1) Where xy1 is
an unramified character of Q; and 9y, is the g-component of the Nebentypus character
of f. When f is new at ¢, x 71 sends g to aq(f)q_(k_l)/2. When f is an old form, x1(q)

sends ¢ to ozqq*(kfl)/2

where oy is determined by U, f = a4 f. Again, by construction of
T(k,Q), the numbers aq(f) and aq are congruent to @, modulo A, which is equivalent to
saying Uy is congruent to a; modulo mg. By the classical local Langlands correspondence

and Grothendieck’s monodromy theorem, the Galois representation attached to f has trace

(xXf1+ wf’q/xf’l)xglf,gl)ﬂ. Thus for a lift o € Gq, of Frobg, we have

LW g(0) g B
Uy N

Uy + A for some A € Im (),

where we note that (17 ,(0))r is also in Im (p) as it comes from the determinant of prémd.

Now we have a quadratic equation
X2~ AX +¢" W 4(0)) =0

with two distinct roots ag and Bq after modulo mg. By Hensel’s lemma, the equation has
a unique root in T(k, Q) which is Uy and a unique root in Im (¢) C T(k, Q). Therefor
Uq is in Im (¢). (Since Im (p) is the image of R%Q, it is automatically a complete local
Noetherian ring with maximal ideal being the quotient of the maximal ideal m of R%,Q.
On the other hand, the map ¢ comes from universal property, and thus it is a local map,
meaning that the preimage of m¢ is m. Thus the subspace topology on Im () coincided
with the quotient topology on Im (), so there is no ambiguity with applying Hensel’s lemma
to Im () here.) O

As a result of the lemma, the composition Rﬁ [t1,...,ty] — R% 0~ T(k, Q) is surjective.
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There are no canonical maps between T(k, Q) and T(k, Q") when Q and Q' are two distinct
non-empty sets of Taylor—Wiles primes. However, patching gives identification on some finite
quotients of T(k, Q). Using the notation above, there is a reformulation of Theorem 1.2.3.1

as follows.

Theorem 1.2.3.11 (Reformulation of Theorem 1.2.3.1). Under the assumption of (1.2.5.1),

there exists a sequence {Qn} of sets of Taylor-Wiles primes such that
ME, =5 Jim M (k,Qn) © O/X" and - M'S, 25 lim M/ (k, Qn) ® O/A"
n n

and both modules have support

TS, = ImT(k, Q) ® O/N" = RE[t1, -, 1]

n

for some mon-canonical surjective transition maps between the Hecke modules and Hecke

algebras.

The homomorphisms above all preserve the action of an Iwasawa algebra, which we now
describe. Let A4 be the maximal p-power quotient of FE; and denote by Ag the product of
Ay for g in aset Q of Taylor-Wiles primes. There is a ring homomorphism O[Ag] — ng? that
comes from the Taylor-Wiles deformation ring. Since A is a group of diamond operators
of p-power order, it embeds in the Hecke algebra T(k, Q). By [Gee, 2013, Proposition 5.8|,
¢ is an O[Ag|-homomorphism. Let O[Ax] := O[dy, ..., duq] be the formal power series

ring over O in #() variables. We have a commutative diagram

RE[ty, ... tp] —=— Tk
P l l (1.2.3.12)
OlAs] » Rg » T(k,Q)

The dotted map exists because O[Ax] is formally smooth. Denote by ag the kernel of
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O[Ax] — O[Ag]. Then we have
RE = RE[t1, ... ty]/agRE[t, .. 1]

On the finite level, Kisin proved the following in Kisin [2009a].

Corollary 1.2.3.13 (R[1/p] = T[1/p], Taylor-Wiles—Kisin). The surjection Rg — T(k,Q)

induces an isomorphism Rg[1/p] — T(k,Q)[1/p).

Remark 1.2.3.14. Let @ be a set of level n Taylor-Wiles primes. The images of A, (14dy )pn —

1,..., (1+d#Q)pn—1 in Ré[[tl, ..., tp,] form a system of parameters of Ré[[tl, ..., tp,] because
RERty, ]/ (L +d)P" =1, (L4 dy)? —1) 5 R @F

is Artinian. The ring R§ [t1,...,ty] is Cohen-Macaulay if and only if A, (1—|—d1)pn—1, o (14

d#Q)pn — 1 is a regular sequence. The latter implies that
RE = RE[ty, . ] /(L 4+ d)”" =1, (1 +dyo)?” — 1)

is A-torsion free. We can then upgrade the R[1/p] = T[1/p] in the corollary above to an
R = T theorem. For instance, the R = T theorem holds in the situations described in

Example 1.2.2.11.

Proposition 1.2.3.15. Under assumptions in Theorem 1.2.5.1, the following are equivalent:
1. R? 1s Cohen—Macaulay;
2. R?[[tl, s tp] @ F s finite free over F[dy, . .., dug].

The same statement holds true for Rﬁ[ap].

Proof. If (2) holds, then (A, dy,...,dug) is a regular sequence of R%[[tl,...,th]] and (1)

follows. Conversely, if Ré is Cohen—Macaulay, then the system of parameters (A, dq, . . ., d#Q)
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is a regular sequence of the Cohen—Macaulay ring Rﬁ[[tl, ..., tp]. Thus Ré [t1,...,rp] ®F is
Cohen—-Macaulay with a regular sequence (dq, ... ,d#Q). As a result, R§ [t1,...,rp] @ F is
a Cohen-Macaulay module over F[dy, ... ,d#Q]]. Apply the Auslander—-Buchsbaum formula
to Rﬁ[[tl, ...,rp] ® F and we see that the projective dimension of Rg[[tl, coorp] @ F s
0. Thus R%[[tl, ..,rp] ® F is projective as an F[dy, ..., dyg]-module and therefore free

because F[dy, ..., dyq] is local. O

We can also patch 'f(k, ()) to get a power series ring over a ring slightly different from
the crystalline deformation ring R§ which we now explain. Recall that GQp—crystalline
representations are classified by weakly adimissible filtered ¢-modules. Let (R?)an be the
ring of rigid analytic functions on the generic fiber of the rigid analytic space associated to
Spf (Rﬁ) Over (Rﬁ)an, we may consider the universal filtered p-module and the universal
Weil group representation (obtained by forgetting the filtration). The trace of ¢ determines
an element in Rg which we will denote by «y. The following theorem follows from Caraiani

et al. [2018]. All the homomorphisms here also respect the O[Ax]-action.

Theorem 1.2.3.16 (Caraiani-Emerton-Gee-Geraghty—Paskunas—Shin). Under the assump-

tion of (1.2.3.1), there is a sequence {Qn} of sets of Taylor-Wiles primes such that

lim T(k, Qn) ® O/X" = RE[ap][t1, .-, 1]

n

The element oy 1s mapped to Ty € 'Tf(k‘, Qn) under this identification. The ring Rﬁ[ap] 15 in

the normalization of RE in RE[1/p].
In particular, we have

R% = Ré [ap]

when 7 is absolutely irreducible and 2 < k£ < 2p — 1 because the crystalline deformation ring

k -
R is normal by Example 1.2.2.11.
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The key idea of the algorithm is to apply the patching theorems to compute arbitrarily

close approximations of the rings R* and R? lap] by computing T(k, Qp) and ﬁ‘(k, Qn)-

1.2.4  The Breuil-Mézard conjecture and the rank of M (k,Q) and M'(k, Q)

In this subsection, we study the rank of M(k, Q) and M'(k, Q) using the geometric Breuil-
Mézard conjecture.

The Eichler—Shimura isomorphism 1.2.3.7 does not preserve the integral structure of both
sides. The space of classical modular forms S (T, O) is a finite free O-module and it follows
that M(k,Q) C Si(Tg,O) is automatically finite free over O. But Hl(FQ,Symk*QOz)
usually contains torsion, as we pointed out in Remark 1.2.1.9; so it is not clear whether

M’ (k,Q) is torsion-free.
Proposition 1.2.4.1.
1. If T is p-torsion free, then M'(k,Q) is a free O-module;
2. 2rank oM (k, Q) = rank o M’ (k, Q).
Proof. Recall from Remark 1.2.3.9 that M’'(k,Q) is a submodule of Hl(FQ,Symk_2(’)2).
Thus by Proposition 1.2.1.1, we have

M'(k, Q)N € H' (D, Sym*20%) ] = Im (HO (D, Sym* ~2F?) — H (T, Sym* ~20?)).

The Galois action on HO(FQ,Symk_QFQ) is abelian by Lemma 1.2.1.12 and therefore re-
ducible. However, the Galois action on M’(k, Q) is absolutely irreducible because it is
obtained from localization at a non-Eisenstein maximal ideal m¢g. Thus M'(k,Q)[A] = 0
and (1) is proved. Assertion (2) follows directly from the Eichler-Shimura isomorphism and

the assumption that m¢ is non-Eisenstein. O
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The rank of M(k,Q) or M'(k,Q) can be described using the geometric Breuil-Mézard
conjecture studied by Emerton-Gee in Emerton and Gee [2014]. In the rest of the subsection,
we will work with 7 not necessarily Schur and we switch to the framed crystalline deformation
ring RFD ' Denote by Z (Spec(R?D ke F)) the four-dimensional algebraic cycle of the special
fiber of RFD k. Suppose that the semisimplification of the GLo(F))-representation SymF—2F2

decomposes into the direct sum of irreducible representations

ss
<Symk_2F2> — @(detm ® SymnFQ)@bmv”
m,n
where 0 < m < p—2and 0 < n < p—1 are integers and by, s are multiplicities. Emerton and
Gee formulated the geometric Breuil-Mézard conjecture [Emerton and Gee, 2014, Conjecture

3.1.4] and proved it in many cases(|Emerton and Gee, 2014, Theorem 3.1.6|):

wy *
Theorem 1.2.4.2 (Emerton-Gee). If T for any character x, then for each

0 X
0<m<p—-2and0<n<p-—1, there is a cycle Cy, n depending only on m,n and T such

that

Z(SpeC(R?D ®F)) = Z amnCmn,

m,n

where amn equals by, if det” ®Sym"2F2 is a Serre weight of T and vanishes otherwise.

We now can describe the O-rank of the module M'(Q, k).

Lemma 1.2.4.3. Assume that the torsion of the initial level group 'y is a subgroup of {£1}.
Then

rank OM/<Q7 k) = #AQ ) Z am,n dimp Hl (F®> SymnFQ)mg[—m]>

m,n

where mg[—m] stands for the mazimal ideal (X, Ty — "™ ay(f), {€) — x(£)) gy of Tuniv,

Proof. Since M'(Q, k) is finite free over O[A] of rank equal to the O-rank of M (@,k) , it

35



suffices to show

rank o M’ (2, k) = Z am,n dimp ot (I'z, SymnFQ)mg[f

m,n

m]-
Since M'(2, k) is torsion free by Proposition 1.2.4.1 (1), we have
rank oM’ (2, k) = dimp M’ (2, k) @ F = dimp H' (I'g, Symk_2(’)2)m® ®F.
It follows from Corollary 1.2.1.4 that
HY (g, Sym" 20, @ F = HY (g, Sym" 2F?) .
By Lemma 1.2.1.13, the dimensions satisfy

dim H' (g, Sym* 2F?)n, = > " by dimp H' (I, det™ @ Sym"F?)p,,

m,n

Since dimp H (T, det™ ®Sym”F2)mQ = 0 unless det” @Sym"F?2 is a Serre weight of 7, the

quantity above is equal to

Z am,p dimp HI(F@, det” ® SymnFQ)mg = Z am,p dimp H! Ty, Sym”Fz)mZ[_m},

m,n m,n
and we conclude the equality in the lemma. O

Remark 1.2.4.4. In all the examples in the paper, the dimension of H!(I'g, detm®Sym"F2)m®

is always 2 if det” @Sym"F? is a Serre weight of .

Proposition 1.2.4.5. The multiplicity v of the component of Spec(Rﬁ ® F) corresponding

toT is3 whenk=rko+p?—1 and p=2 whenkg+p—1<k < ky+p® —1.

Proof. For simplicity, we write Sym‘ for Sym‘F2.
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Let ng = p+1—kq. For any integer n € [0, p—2], the Serre weights of Symk0_2+n(p+1) are
Symlk0—2+2n] anq detlFo—2+2n] @ §ymp—1-[ko—2+2n] ywhere [z] € {0,1,...,p—2} represents
the residue class of 2 in Z/(p — 1). The factor det™ ® Sym*0—2 appears as a Serre weight of
Symk0_2+“(p+1) only if

n = lky— 2+ 2n]
n+kyp—2=p-—1

It follows that this can only happen when n = ny.
Suppose that ky > 3. We first show that when 0 < n < ng—1, the factor Symko_2 @ det™
appears with multiplicity 1 in the semisimplification of Symk0*2+”(p+1). This is clear when

n = 0 and then we proceed by induction on n. We have the recurrence relation

SymF0=2+n(p+1) |, qet @Symko—2+ (=1 P+1) 4 gypylko—2+2n]

1 detlko=2+(n=1)(p+1)] g Gyyp—1-[ko—2+(n-1)(p+1)]

Since Symko_2 ® det” ! appears with multiplicity 1 in Symk0_2+(”_1)(p+1) and Symko_2 ®

ko—2+n(p—1)

det” is not a Serre weight of Sym , the conclusion follows. It follows from a similar

argument that the factor Symk0_2®det" appears with multiplicity 2 in the semisimplification

k0*2+”(p+1), when ng < n < p — 2. And once again by the recurrence relation, the

of Sym
factor Symko_2 appears with multiplicity 3 in the semisimplification of Sym]‘m_2+pz_1 and we
have proved the first half of the statement when 3 < kg < p. For the second half, by a similar
argument, when 0 < n < p — kg — 1, the factor det”t! ®@Sym#0—2 appears in Symk0+”(p+1)
with multiplicity 0; when p — kg < n < p — 3, the factor det 1 ®Syml‘“0_2 appears in
Symk0+”(p+1) with multiplicity 1; and the factor Sym*0—2 appears in Symk0+(p—2)(p+1) =
Symk0_2+p(p_1) with multiplicity 2.

In the case where kg = 2, the Serre weights are 1 and Sym? 1F2. We show that for

1 <i<p-—2,i€Z, the semisimplification of Sym(erl)i*(p*l) does not contain the factors
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det’ or det’ ®SymP~!. When 7 = 1, this is obvious. For 2 < i < p — 2, we have

Sym P Di=0-1) ot @Sym P+ =1 =F—1) | gy P+ 4 qot (il gy gy (p—D—[+1)i]

where [r] € {0,1,...,p — 2} is the representative of the image of r in Z/(p — 1)Z. Since 1 <
i <p—2,wehavei#0and (p+1)i Zi (mod p—1). Hence det? # 1 and det’ # det/(P+1)1 |
By induction on 7, we are done. In the same way, we show that for 0 < ¢ < p— 2,7 €
Z, the semisimplification of Sym(p"Hﬁ contains det’ with multiplicity 1 and contains no

det’ ®SymP~1. Now
Symp(pfl) ~ det ®Sym(p+1)(p*2)*(p*1) +1 4 SymP~1
contains 1 and Symp_1 with multiplicity 1 and
Sym@*+DE=1)  det @SymP+DP=2) 1 1 4 Gymp-1

contains 1 with multiplicity 2 and SymP~! with multiplicity 1. [

1.3 The Algorithm

Let 7 : Gg, — GLa(F) be a local residual representation as described in §1.2.2 that is
Schur and the deformation problem of 7 is unobstructed. Assume the extension class to be
peu ramifié if 7 is the extension of 1 by the cyclotomic character w. Suppose that we can
choose an odd global representation p : Gq — GLo(F) such that 7 = mGQp‘ Assume that
p has the least ramification among all of its twists and it satisfies the conditions in Theorem
1.2.3.1. The representation p comes from a newform f of level I', Nebentypus character x
and weight 2 < kg < p as described in §1.2.3. Given p as an input, we present an algorithm

to compute the presentations of local Hecke algebras T(k, Q) and 'TF(]{;, Qn) with arbitrary
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p-adic precision for every weight k& and every set @), of level n Taylor-Wiles primes. The
algorithm consists of three steps. First, we determine the local conditions that cut out
M(k,Q) from S(Tg,x,O0) or M'(k,Q) from Hl(FQ,Symk*QOz). Next, we determine a
set of generators for T(k,Qn) and T(k, Q) as O-algebras using classical modular forms
M(k,Q). At last, we compute the relations among these generators using cohomological
modular forms M’(k, Q). We require extra assumptions on p in the second step, but the

third step involves purely linear algebra and relies solely on the output of the first two steps.

1.3.1 Local conditions

This step is to determine the local conditions that cut out M(k,Q) from Si(Tg,x, O) or
M'(k,Q) from H 1 (T, Symk_QOQ). It is equivalent to computing a finite set of the generators
of the image of the maximal ideal mg in Endp(Si(Tg,x, O)). We start with assuming
Q = @. Denote by T}, the image of T"™V in Endep(S;(I'g, X, O)).

Remark 1.3.1.1. The generators of mg T}, can be different from the those of mgT(k, @). This
is because after localization, the number of generators usually goes down. A typical example
is the localization of the ring of integers of a number field. This ring is usually not a principal

ideal domain, but its localization at every maximal ideal is a discrete valuation ring.

Proposition 1.3.1.2. A set of generators of mgT}, is determined by the generators of mgT}.

for some 2 < k' < p? —1.

Proof. Note that the generators of mg depend only on p. By the weight part of Serre’s
conjecture, there are only finitely many residual representations that come from eigenforms
of Si(T, x,F) for all k. And they all appear when k < p? — 1. Now for these eigenforms of
weight k < p2 — 1, there exists a constant integer C' > 0 depending only on p such that the
first C' Fourier coefficients determine an eigenform. Thus given 7, we find 2 < &/ < p? — 1
such that p comes from a form of weight &’. Then the first C Hecke operators together with

the Fourier coefficients determine the generators of mgTy. O]
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In general, the image of the maximal ideal m() is generated by generators of mgTy, and

Uq — ag for ¢ € Q). So there is a finite generating set of the image of the maximal ideal mg).

1.3.2  Generators and the Zariski tangent spaces

In the subsection, we assume k to be a positive integer that is congruent to kg unless otherwise
noted. Since 7 is Schur and unobstructed, the deformation ring R%niv is formally smooth
and it follows from the local Euler characteristic formula that dimpg Tan(Rl?miV) = 3. Thus

R%niv — O[x1,x9,x3] is a formal power series ring in three variables.

Recall from §1.2.3 that the Hecke algebras T(k, @) is a quotient of
RE[t1, ... th] = Ofw1, w9, 23,11, ..., tp].

In order to minimize the number of generators of T(k, @), we would like h = 0 in practice,

which is equivalent to R%ni" — Ry.

Proposition 1.3.2.1. If M(ky,@) = Ofy, then R%niv surjects onto Rg. In this case,

Tan(Rg) has dimension 2.

Proof. Extending the coefficient ring O if necessary, we assume that O O Zy[an(fo)]ln>0-
By Nakayama’s lemma, the ring homomorphism R%mv — Ry is a surjection if and only if
the ring homomorphism induces a surjection on the cotangent spaces of their special fibers,
or equivalently, an injection on the tangent spaces Tan(Rg) — Tan(R%niV). Suppose for the
sake of contradiction that v is a nontrivial tangent vector in ker(Tan(Rg) — Tan(R%niV)). By
Proposition 1.2.2.12; the vector (v,0) € Tan(Rg) X Tan(Runiv) Tan( Réo) defines a nontrivial
tangent vector in Tan(Rgo) which is isomorphic to Tan(T (@, kg)) by the R = T theorem
as remarked in Remark 1.2.3.14. But since M (kg, @) = Ofy, the Hecke algebra T(kg, @) is
isomorphic to O, which has a trivial tangent space, a contradiction.

For the second assertion, by Proposition 1.2.2.12, the tangent space of Rg is the co-
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homology group H 1(GQ7 {(p,oo}s adoﬁ). Since p is odd and absolutely irreducible, we deduce

from the global Euler characteristic formula
dim H'(Gq (.00}, 2d°p) = dim H*(Gq () o)) +2 > 2.

On the other hand, as pointed out above, the vector space Tan(Rg) intersects with Tan(RiO)
trivially in a three dimensional vector space Tan(R}%niV). Given that the tangent space
Tan(RéO) is one-dimensional because Rgo is isomorphic to Ofz] by Example 1.2.2.11, we
have

dim Tan(Rg) < 2.

Combining the two inequalities, we obtain the desired statement.

O

Proposition 1.3.2.2. If h = dim H%(GQ,adOﬁ) is zero, i.e. if R%niv surjects onto Ry,
then #Q) = 1.

Proof. Recall from §1.2.3 that the size of @) is equal to the dimension of the Selmer group
Hl(GQ{p’OO},adOﬁ(l)), which has dual Selmer group Hé(GQ,adO,B) of dimension h. It

follows from the Greenberg-Wiles formula from §1.2.2 that

#Q — h = dim H'(Gq 1 00}, ad"p(1)) — dim Hy; (G, ad’p)
= dim(ad"5(1))Q — dim(ad"p)“Q + dim H* (G, , ad"5(1)) — dim(ad®5(1)) %@

+ dim H' (G, ads(1)) — dim(ad’5(1))R.

Since ﬁ’GQ(Cp) is Schur, we have dim(ad’5(1))9Q@ = dim(ad’)%@ = 0. The local Euler

characteristics formula gives

dim H'(Gq,,ad"p(1)) — dim(ad’5(1)) %% = dim(ad"p)“ + 3 = 3,
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where the second equality follows from the assumption that 7 is Schur. The term H!(Gg, ad’5(1))
is trivial because the order of GR is 2, which is coprime to p > 2. Since p is modular, it is
an odd representation, meaning that the determinant of the complex conjugation is —1. Up

to change of basis, the action of complex conjugation 7 on adoﬁ(l) is given by

a b 10 a b 1 0
T =—
c —a 0 -1 c —a 0 —1
0 _
The fixed points of 7 are for b,c € F, which form a two-dimensional vector space.
c 0

Combining the computation above, we conclude

#Q=h+3-2=0+1=1.

Remark 1.3.2.3. In this case, Diagram 1.2.3.12 becomes

k ~ k
RE —~ Tk

T

ow};—+35——+w@¢m

For simplicity, we refer to the diamond operator as d though it is actually 1+d. When k = kg
is within the Fontaine-Laffaille range, by Example 1.2.2.11, the crystalline deformation ring
Rio is isomorphic to a formal power series ring over O in one variable. Thus the dotted map

is an isomorphism and the cotangent space of Ré is spanned by the image of d.
From now on we make the following assumption unless otherwise specified.

Assumption 1.3.2.4. Suppose that p : Gq — GLo(F) is a modular Galois representation

such that
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1. the restriction ﬁ|GQp = 7 takes the form described in §1.2.2 and is Schur; and its

universal deformation problem is unobstructed;

2. when 7 is the extension of 1 by the cyclotomic character, the extension class is peu

ramifié;
3. the universal deformation problem of 7 is unobstructed;

4. the representation p|g Qe is absolutely irreducible;
P

)

5. if £ = —1 mod p divides N(p), then either ﬁ|GQz is reducible over the algebraic closure

or p| 1, 1s absolutely irreducible.
6. the torsion of the level group I' defined in §1.2.3 is a subset of {£1};
7. M(ko,@) = Ofy for some eigenform fy € Si.(I'1(N(p)), x, O).

When the assumption holds, the Hecke algebra T(k, Q) is generated by at most three
elements over O as an (O-algebra because it is a quotient of R}éniv = O[x1, 29, 23] by
Proposition 1.3.2.1. It follows that the set () consists of only one Taylor-Wiles prime ¢ by
Proposition 1.3.2.2. The Hecke algebra T(k, Q) = T(k, Q)[T}p] is then generated by at most

four elements as an O-algebra.

Remark 1.3.2.5. By Assumption 1.3.2.4 (1) and the weight part of Serre’s conjecture Edix-
hoven [1992], we have M (1, @) = 0.

Remark 1.3.2.6. We have M(2,2) ® F = M(p+1,2) ® F by a theorem in Bao [2023a]
under Assumption 1.3.2.4 and so there is no form of filtration p+ 1. In fact, this is even true

without (7) in Assumption 1.3.2.4. By Lemma 1.2.4.3, we conclude that

dim M(k,2) ® F = e(RE @ F) - dim M (ko, @),
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where e(Rﬁ ® F) is the Hilbert-Samuel multiplicity of Rﬁ ® F. If we also assume (7), then
dim M(k,2) @ F = e(RE @ F).

Proposition 1.3.2.7. Under Assumption 1.3.2.4 (6), for every integer k > ko that is con-

gruent to kg modulo p — 1 and every set of Taylor-Wiles primes @), the surjection
T(k Q) @F — T(ky, Q) ©F

constructed in Bao [2023a] induces a surjection
Tk, Q)®F — T(ky, Q) @ F.

Proof. The assumption 1.3.2.4 (6) is used so that T(k, Q) is the linear dual of the space of
mod-p modular forms M (k,Q) ® F, which is an essential step in the construction of the

surjection 'ﬁ'(k‘, Q)RF —» 'ﬁ'(ko, Q) ® F. We have the composition of maps
T(k,Q) ®F —» T(k,Q) ® F — T(ko, Q) © F

and the image of T(k, Q)®F in 'f(ko, Q)®F equals the image of T(kg, Q)RF in ﬁ'(ko, Q)RF.

Therefore, it suffices to show that
T(ko, Q) © F — T(ko, Q) ® F

is a surjection. Taking the linear dual, by [Jochnowitz, 1982b, Lemma 6.5|, this is equivalent
to

M(ky, Q) @ F — M(ko, Q) @ F/(Im V)

being an injection, i.e., ImV = 0, where V is the operator on the space of mod-p modu-
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lar forms that sends Y o7 ang” to Y poq ang"P. The mod-p modular forms in Im V' have
filtration at least p by [Jochnowitz, 1982a, Fact 1.7]. When 2 < kg < p— 1, ImV is then
automatically trivial. It remains to prove ImV = 0 for kg = p. Suppose that there is some
g € S1(I'g, F) such that Vg € M(p, Q) ® F. Since V' is Hecke equivariant, g is an eigenform
in the subspace M(1,Q) ® F C S1(I'g, F), which means that 1 is a Serre weight of p. This is
not possible by the weight part of Serre’s conjecture [Edixhoven, 1992, Theorem 4.5| when
7 is Schur. O

Remark 1.3.2.8. When Assumption 1.3.2.4 holds and Q) # &, the Hecke algebra T(kg, Q) is
a quotient of O[d] that is not isomorphic to O and so Cot(T(kg, Q)) is generated by d. Since
the map in the proposition above sends the diamond operator d in T(k,Q) ® F to that in

T(kg, Q) ® F, d spans a nontrivial one-dimensional subspace of Cot(T(k, Q)).

Proposition 1.3.2.9. Under Assumption 1.3.2.4, the tangent spaces of the Hecke algebras
satisfy
dim Tan(T(k, @)) > dim Tan(T(k, @)) + 1

for all k = ko mod p — 1 and sets of Taylor-Wiles primes () # &.

Proof. When k = kq is the initial weight, since M (kg, @) = O fy, the Hecke algebra T (kg, @)

is isomorphic to O. It follows that dim Tan(T(kq, @)) = 0. We have
rank 0T (kg, Q) = rank (’)T(k(b Q) = rank 9 M (ko, Q) = #Agrank o M (ko, &) = #A¢g > 1.

Thus Tan(T(kg,Q)) is at least one-dimensional and the statement holds for kg. For k con-

gruent to kg modulo p — 1, by Proposition 1.3.2.7, we have
Tan(T(kg, @)) C Tan(T(k,2)) and Tan(T(kg, Q)) C Tan(T(k, Q)).

Since the Hecke algebras are the quotients of Galois deformation rings, the intersection
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Tan(T(kg, Q)) N Tan(T(k, @)) is contained in Tan(Rgo) N Tan(Rg). We apply Proposition

1.2.2.12 to write the latter as

Tan(RgJ) NTan(Ry) = (Tan(Rgo) N Tan(RQ)> NTan(Ry) = Tan(RiO) N Tan(Ry)

= Tan(RX0) = Tan(T(k, @)) = 0,

where the second line follows from Remark 1.3.2.3. Hence, Tan(T(kg, @)) N Tan(T(k, @)) =0

and we have
coker (Tan(T(kg, @)) — Tan(T(kg, Q)) < coker (Tan(T(k,@)) < Tan(T(k,Q)) .
It then follows from the case of k = kg that
dim Tan(T(k, @)) — dim Tan(T(k, @)) > dim Tan(T(kg, Q)) — dim Tan(T(kg, @)) > 1

and the proof is complete. O]
Theorem 1.3.2.10 (Jochnowitz). If T(k, @) @ F is not an exceptional component, i.c. if
k # 2 (mod p—1), then

dim Tan(T(k, @)) > 2

when k > ko +2p*> +p — 3 and

dim Tan(T(k,@)) > 3

when k > k0p2.

Proof. For the original proof in the case N(p) = 1, see [Jochnowitz, 1982b, Theorem 8.1,
Theorem 8.1°] where the filtration w(f) automatically could not be 1,2 or 3. By Remark

1.3.2.5, we still do not have any mod-p modular form f such that w(f) = 1. Jochnowitz’s
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proof still works for general level N(p) that is coprime to p when w(f) # 2. Jochnowitz
did not include the lower bounds for k in her original statement, so we follow her proof and
make these explicit here. When k > ko + p% — 1, we have P71y € M (k,2) ® F, where
Ffo=M(ky, @) ®F.

If ap(fo) = 0 € F, Jochnowitz constructed modular forms g, h € ker U, N M©2(p* 1) +

ko, @) ® F where
ko+2p° +p—3 = max{(ko+ Dp+1+(p—2)(p+1), p+4—ko)p+1+(p—1+ko—3)(p+1)}

It follows from [Jochnowitz, 1982b, Lemma | that the image Cj, of T(k, @)@ F in T(k, @)@ F
has tangent space of dimension at least two. In fact, the algebra C}/(ker Up)* has tangent
space of dimension two from the proof of [Jochnowitz, 1982b, Lemma 8.2]. (We have ker U,N
ImV = 0 thus ker U, < S, with her notation.) When k > ko + 2(p? — 1) > p?, we have

Vo€ M(k,o)®@F. Let T be an operator in C}.. Then
(T —MT)Vfo=0 and UZVfo=Upyfo=0.
Denote by m the maximal ideal of T(k, @) @ F. If there exist ¢; € F such that
n
coUp+ Y ci(T; = N(T;)) € m?,
i=1

then

cofo = (COUp +) (T - /\(Tz‘))> Vfo € mfy =0.

1=1

Hence, we have ¢y = 0 and

S (T - AT) € m.

i=1

Now restrict this to ker U, and combine with the result that Cj,/(ker Up)® has tangent space
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of dimension two, the proof is complete when a,(fp) = 0.

If ap(fo) € F, the first assertion holds when £ is at least
ko+2(p° —1) = max{(ko + \)p+ 1+ (p—2)(p+1), (p+2 = ko)p+ 1+ (p—1+ko —2)(p+ 1)}

The rest of the argument works the same except that we replace V fo by V fo —ap(fo)V2fo €
ker Ug which has filtration p2k0 < p3.
Since kg + 2> +p—3> ko + 2(p2 — 1) and k’op2 > kop, we obtain the lower bounds for

k as in the statement. O

Proposition 1.3.2.11. If k = 2 (mod p — 1), under Assumption 1.3.2.4, the conclusion

above holds true for T(k, @) when k > p*> +2p — 1 and for 'ﬁ'(k, @) when k > 2p>.

Proof. In this proof, by abuse of notation, when we say a Hecke operator, we mean its
image in Endg (M (k, @) ® F) for some weight k. The T}, operator in T(k, &) acts as Up in
characteristic p. As pointed out in Remark 1.3.2.6, there are no forms of filtration p+ 1; thus
it suffices to prove the statement when fy has filtration 2. We first analyze the filtration
given by multiplication by the Hasse invariant on the space M (p2 +2p—1,0) ® F and
M (2p?, @) ® F. We have

Ffo=M(2,2)9F = M(p+1,9)®F.
By Proposition 1.2.4.5 and Remark 1.3.2.6, it follows that
dim M(2p,2) @ F =dimM@3p—1,2)F = ... =dimM(p?> —p+2) @ F =2

and

dmM(p?+1,2)@F = dim M (> + p, @) @ F = 3.

The space M (2p, @) ® F is spanned by fo and V fy because w(V fy) = pw(fy) = 2p; and
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there is some ¢ of filtration p? 4 1 such that Upg =V fo. Indeed, since

w(g)

—1
w(Upg) = v +p=2p

by [Jochnowitz, 1982b, Lemma 1.9], there exists a € F and b € F* such that Uyg =

afo+ bV fo. Now

Up((g —aV fo)/b) = a/b- fo+Vfo—a/b-UpVfo=a/b- fo+Vfo—a/b-fo =V
and we may replace g by (¢ — afy)/b. It follows from Proposition 1.3.4.8 that
dim M(p?+2p—1,2)QF = dim M(p*>+3p—2,2)®F = ... = dim M(2p> —p+10)®F =4
and
dim M (2p?, @) @ F = 5.

Hence, there exists a modular form h of filtration p? 4+ 2p — 1 and {fo, V fo, g, h} is a basis
of M(p? 4+ 2p — 1,@) @ F. Tt follows that {fy,V fo, 9, h, V2 fo} is a basis of M(2p?, @) @ F.
Note that

w(h)

1 2
w(Uph)<T+p:2p+2—]—?<p2—|—l.

Thus
Uph = a1f0 + CLQVfO

for some ag,as € F. Denote by A(T) the eigenvalue of T € T(2p?, @) @ F on M (2p?, @) @ F.
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With respect to this basis, the operator Uy and T" have matrices

ap(fo) 1 0 a1 0 NT) 0 b (T) b3(T) 0O
0 01 ag 1 0 MT) bo(T) by(T) O
Up = 0 00 0 Of and T'=1] 0 0 XNT) b5(T) 0
0 00 0 0 0 0 0 XNT) 0
0 00 0 0 0 0 0 0 XD
for some b;(T) € F for i = 1,2,...,5. Since U, and T' commute, we conclude that

bo(T) = —ap(fo)b1(T), ba(T) = —ap(fo)b3(T) and bs5(T) = 0.

If ay(fo) = 0 € F, then T(2p?, @) ®F is the matrix subalgebra generated by the matrices
for U, and T as above. Note that ImV N M(p?> +2p — 1,9) @ F = FV fy. In M(p? + 2p —
1,2) ®F, we obviously have h ¢ T(p?+2p—1,2)g+FV f; for filtration reason. Conversely,

if there is T' € T(p® 4+ 2p — 1, @) such that
g=Th+aV fg=XT)h+b3(T)fo+ aV fy

for some a € F, then the filtration of the right hand side is either p% + 2p — 1 or 2p or 2
while the filtration of the left hand side is p® + 1, a contradiction. By [Jochnowitz, 1982b,
Lemma 8.2|, the image of T(p? + 2p — 1,@) in ‘:Iﬁ‘(p2 +2p — 1,2) ® F has tangent space of
dimension at least two. For k = 2p2, we then let T} and T be the two Hecke operators
in T(2p2, @) such that they span a two dimensional vector space in the cotangent space of
Im (T(2p2, o) — 'ﬁ‘(2p2, @) ® F). In particular, the matrices of 77 — A(T7) and Ty — A(T>)
acting on M (2p?, @) are linearly independent. We now show 71 — A(T}), T — A\(T») and Up

span a three dimensional vector space in the cotangent space of 'ﬁ'(2p2, )@ F. Indeed, from
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the matrices of these operators as above, we directly calculate that
Up = Up(T = X)) = (T = X(T))* = (T = XNT)(T" = \(T")) = 0

for all T, T" € T(2p?, @), which implies that the square of maximal ideal of 1NI'(2p2, @) is just

FUg. If there are cq, c9, cg € F such that
c1(Ty = MT1)) + co(Ty — A(T2)) + c3Up € FUS,
then
csV fo = clVA(Ty — MT1)) fo + c2VA(Ty — M(T2)) fo + esV fo € FUSVZ fy = F fy

because fj is an eigenform in characteristic p. Compare the filtration on both sides and we
have c3 = 0. Hence,

c1(Ty = AN(T)) + co(To — N(Ty)) = aUj

for some a € F. Again by using the matrices of 77,7y and Uy, we see that a = 0 and
c1 = co = 0 because of the linear independence assumption.
If ap(fo) € F*, then T(2p?, @) ® F is the matrix subalgebra generated by the lower

diagonal block matrices for Uy, and 1"

0 1 ap 1 MT)  —ap(fo)br(T) —ap(fo)bs(T) 0

00 0 0 0 A(T) 0 0
Up = and 1T =

00 0 0 0 0 AT) 0

00 0 0 0 0 0 AT)

The rest of the proof works the same as in the case ay(fy) = 0 € F except that in ']ﬂf(2p2, DR
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F. we check that
U2 = U(T = X(T)) = (T = NT))2 = (T = \T))(T’ = \(T)) = 0

for all T,T" € T(2p?, @), which implies that the square of maximal ideal of T(2p?, @) is 0.

If there are cq, c9, cg € F such that
c1(Ty = MT1)) + ca(To = M(T2)) + e3Up = 0,

then c3 = 0 by comparing the entries on both sides. Then T} — A(T7) and Tp — A(T») are

linearly dependent, which contradicts our assumption on 77 and 7T5. O

Corollary 1.3.2.12. Under Assumption 1.3.2.4, we have
dim Tan(T(k, @)) = 2

when k > 2p® +p+ ko — 3 and

dim Tan(T(k, @)) = 3

when k > /{:OpQ.

Proof. By Jochnowitz’s theorem and the proposition above, it suffices to give upper bounds
of the dimensions. Since Ry — T(k, @), we have dim Tan(T(k, @)) < dim Tan(Rg) = 2
by Proposition 1.3.2.1. For the full Hecke algebra T(k, @) = T(k,@)[Tp), it follows that

dim Tan(T(k, @)) < dim Tan(T(k,@)) +1 <241 = 3. O

Now we outline the algorithm for determining the generators of T(k, ) under assumption
1.3.2.4. By the Sturm bound [Stein, 2007, Theorem 9.23|, the Hecke algebra ’ﬁ‘(k, o) is

generated by Ty, for n < r where r = % - %T_ﬁl) and m := [SLa(Z) : T']. It then follows
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from the corollary above that for some k; > lcop2 there are Ty, ,Ty,, Ty, for some primes
(1,09, 03 < r such that they form a minimal set of generators of the Hecke algebra ’ﬁ“(kl, Q).
If none of the three primes equal p, then T(ky, o) = T(k1, @), which is a contradiction

because the dimensions of the tangent spaces are not the same. We assume that /3 = p

Proposition 1.3.2.13. Under assumption 1.3.2.4, the Hecke algebra T(ky, D) is generated

by Ty, and Ty,.

Proof. Let T be the subalgebra of T(kq, @) generated by Ty, and Ty, over O. Since {1}, Ty, }

is a minimal set of generators for T/, the commutative diagram

induces a commutative diagram on the cotangent spaces

Cot(T(ky, @) — FTy, ® FT,, & FT,

[ /

FT; &FT,

It is immediate that the vertical map is an injection as well. But by the corollary above,
we have dim Cot(T(k1, @) ® F) = dim Tan(T(k1,@)) = 2. The vertical map is then also a
surjection. It follows from Nakayama’s lemma that the inclusion T/ C T(kq, @) is actually a

surjection. 0

Proposition 1.3.2.14. Under assumption 1.3.2.4, the Hecke algebra T(k, @) is generated

by Ty, and Ty, for all weights k = ko mod p — 1.

Proof. If {; does not divide N(p), then Ty, = tr (plé’mOd(Frobgi)). If ¢; divides N(p), then
there are three cases from the proof of a lemma in Bao [2023a] . The only case where

1y, = Uy, is not a scalar is when the conductor at ¢; is one and the ¢;-component y,, of the
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Nebentypus character is ramified at ¢;. In this case, we have made the choice of o1 and o9
which is independent of k. Thus we have the set of linear equations in 7, and T[l
k—
tr (" (01) = Ty, + 2P
k,mod ok
tr (o™ (02)) = Ty, + M
Recall the construction of Ry —» ng —» T(k1, @) from §1.2.3. Then tr (pg(Froby,))’s when
l; + N(p) and tr (pg(oq)) and tr(pg(o2)) when ¢;|N(p) span a subspace in Cot(Rg) of
dimension at least dim Cot(T(k1, @)) = 2. Since dim Cot(Rg) = 2, these elements generate
Rg. When k # k1, the image of these trace elements under the map Ry — T(k, @) are still
the linear combinations of the corresponding Hecke operators. Thus Ty, and Tj, generate

T(k, @) for all k that are congruent to kg modulo p — 1. ]

Lemma 1.3.2.15. Let r = ki—Qm - m—_pl and m := [SLa(Z) : T]. Under assumption 1.3.2.4,
for every k = kg mod p — 1 and every set QQ of Taylor—Wiles primes, the Hecke algebra

T(k, Q) is generated by Ty, Ty, and the diamond operator d for some primes {1,y <.

Proof. By Proposition 1.3.2.9, the dimension of Tan(T(k{,Q)) is at least 3. But since
R%niv — Rg — T(k1, @), the dimension of Tan(T(ky, Q)) is at most 3. So dim Cot(T(k1, Q)) =
dim Tan(T(k1,@)) = 3. The kernel of Cot(T(k1,Q)) — Cot(T(k1,2)) is then one dimen-
sional and is spanned by the diamond operator d. To see this, note that d is in the kernel
and it spans a nontrivial direction in the cotangent space as explained in Remark 1.3.2.8.

The statement now follows from Proposition 1.3.2.14. O]

Using this lemma, the generators of T(k, Q) is the Hecke operators {Ty ,Ty,,d, Ug}qe
where ¢; and ¢9 are determined by the generators of the Hecke algebra T(ki, @) by using

the Sturm bound r for some ki > kop?2.
Remark 1.3.2.16. In fact, any ki such that dim Tan'f(kl,@) = 3 works. But having the
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bound kgp? improves the stability of implementation of the algorithm. Note that any com-

putation at the initial level is relatively light. So this is practical.

We can apply the patching functor discussed in §1.2.3 to the Hecke algebras and obtain

the following.
Corollary 1.3.2.17. Under assumption (1.3.2.4), we have the following.

1. For every integer k > 2 that is congruent to ko modulo p — 1, there is a surjection
RE — R,

2. We have

lim dim Tan(RE) = dim Tan(RY™Y) = 3
n—oo
k=ko+n(p—1)

and the limit is achieved when k > kg + 2% +p — 3.

3. We have

i dim Tan((Rrfop]) (ra,) = 4
k=ko+n(p—1)

Proof. Assertion (1) follows from Proposition 1.3.2.9 and Theorem 1.2.3.1. Assertion (2)
follows from Proposition 1.3.2.9, Corollary 1.3.2.12 and Theorem 1.2.3.1. To see (3), it
suffices to show that dim Tan(T(k,Q)) = 4 and then we apply Theorem 1.2.3.16. Since we
have proved that dim Tan(T(k,@)) = 3 when k is large enough, we only need to establish
dim Tan(T(k, Q)) = dim Tan(T(k, Q)) + 1, which is proved in [Jochnowitz, 1982b, Reduction
to Theorem 8.1|. O

Remark 1.3.2.18. We actually expect the limit in (2) to be achieved when k > kg + p? — 1
as predicted by Corollary 1.5.0.1, which will be discussed in more details in §1.5. But this
result guarantees that the algorithm can determine the generators of the Hecke algebras

within finitely many steps.
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1.3.3 Relations

In this subsection, we describe an algorithm to compute the presentation of the Hecke algebra
T(k, Q) (resp. 'ﬁ‘(k,@)) modulo arbitrary power of A when () is nonempty. The input is
assumed to be a finite set T of generators of mgT). (determined in §1.3.1) and generators
of T(k,Q) (resp. ﬁ‘(k, Q)). For example, when Assumption 1.3.2.4 is satisfied, the set of
generators of T(k,Q) is {4, Ty,, Ty,,Uq} (vesp. {6,Ty,,Ty,,Uq, Tp} ) where 1 and ¢y are
prime numbers determined in the previous subsection. Note that the set 7 is independent
of k or Q.

The algorithm involves three main steps. We first compute how the Hecke operators in 7
act on cohomology group H 1(FQ, Sym#~202). Then we restrict the action to the O-module
M'(k, Q) that consists of integral cohomology classes localized at the global residual Galois
representation p. At last, we compute the relations of the finite F-algebra T(k, Q)/\ (resp.
ﬁ‘(k, @)/A) from computing the relations among the matrices previously computed. We will
use some basic propositions and lemmas on linear algebra over O. We claim no originality

of the proofs but we include them for the sake of completeness.

Step 1: Hecke action on H'(T'g, Sym""20?)

The action of Hecke operators on H' (T, Sym*~20?) can be computed by formula (1.2.1.6).
But as we point out in Remark 1.2.1.9, the O-module Hl(FQ, Sym*~20?2) can have non-
trivial torsion even though ' C I'1(Ng) is torsion free because Ng > 7. Thus we cannot
simply pick a basis of H1 (Lo, Symk_2(92) and compute the corresponding matrices of the
Hecke operators.

Instead, we work with cochains and coboundaries. Since I'g is torsion free, the O-module
of cochains Z 1(FQ, Symk_2(’)2) is free and has a basis indexed by a set of free generators
of T'g by the proof of Proposition 1.2.1.5. Both MAGMA Bosma et al. [1997] and SageMath
The Sage Developers [2023] can compute a set of free generators of PT' = I'g. Thus we
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can compute the matrices of the Hecke operators with respect to the aforementioned basis of
Zl(FQ, Sym*~202). On the other hand, the @-module of coboundaries Bl(FQ, SymF—20?)
is either trivial when k& = 2 or a finite free O-module when k£ > 3 by the proof of Proposition
1.2.1.8. We record Bl(FQ,Symk_2O2) as a submodule of Zl(FQ, Sym*F~2(?). This way,
we keep track of the Hecke action on

Zl T'o,S k—202
(Lo, Sym-202) = 2 L@ S —O)
BY(T'g, Sym*~202)

using matrices with coefficients in O.

Step 2: Localization

We then need to compute the O-submodule M’(k, Q) of HY(T Q,Symk_Q(’)Q) and restrict

the Hecke action to M'(k, Q).

Definition 1.3.3.1. Suppose that M is a finitely generated O-module and let T" be an
O-linear endomorphism of M. We say that T acts topologically nilpotently on an O[T]-
submodule M if for every integer m > 0, there exists an integer NV;;, > 0 such that for all

n > Ny, we have

T"My C My N M.

Remark 1.3.3.2. By Artin—Rees lemma, we can replace the subspace topology with the A-adic

topology of M7 in the definition above.

Since M is a Noetherian O-module, there exists a maximal O[T]-submodule Mp of M
such that the T action on My is topologically nilpotent. Recall that the module M’(k, Q) is
exactly the intersection of all the maximal O[T]-submodule of H! (Lo, Sym*~20?) on which
the T action is topologically nilpotent as T" runs through all the Hecke operators in mgT (k).
Therefore, in the process of computing M’ (k, Q), we will repeatedly compute the maximal

sub-module M7 where the T-action is topologically nilpotent for some suitable modules M
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as T runs through the finite set 7 of certain Hecke operators. In the rest of the subsection,
we will first explain how to find the submodule M7 for a general finite free O-module M and
an O-endomorphism 7" of M. Then we will outline how to adapt the method to the case of
computing M’(k, Q) because Hl(FQ, Symk_Q(’)z) is not always a free O-module as we point

out in the previous step.

Lemma 1.3.3.3. Suppose that M is a finite free O-module and T is an endomorphism of
M. Let py,...,pum € Fp denote the nonzero eigenvalues of the operator T when it acts on
the reduction M @ ¥ and let v be some integer such that uz =1 for all i. Then the limit

E := lim (Tv)pi

1—00
exists and it acts as an idempotent on M. The submodule M is the image of (1 —E) on M.

Proof. Denote T7 by A. It is immediate that A has eigenvalues 0 and 1 when it acts on
M ®F. By considering its Jordan canonical form in characteristic p, we conclude that AP s
semisimple and therefore is an idempotent when it acts on M @ F. Without loss of generality,

we may and do assume A itself is an idempotent in characteristic p. It follows that

AP — A =00

in characteristic 0. Suppose that AP AT = O(X\'). Then

AP g (Api)p _ (Api‘l)p = (a4 O(Ai))p - (Api‘l)p — pO(N) = O,

By induction on i, we see that {Api} forms a Cauchy sequence and thus it converges to some
limit that defines an O[T-linear operator F : M — M. To check E that FE is an idempotent,
we suppose that
(AP')2 = AP' 4 O(ND).
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Then
() ™ = (2 () = (o) - (4)) = o) = o),

Again by induction on i, we conclude that E? = E.

At last, we need to verify that (1 — E)M = Mp. The decomposition
M=EM®&(1—EM

respects the T-action because E and T commute. The operator T is invertible when it

restricts to EM because in characteristic p,
TEM =TAM

and A is the idempotent that singles out the generalized eigenspaces for all the nonzero
eigenvalues fi1, ..., muy,, of T in characteristic p. Suppose for the sake of contradiction that
v € Mp\ (1 — E)M. Then we write v = v] + v for some v1 € EM and vy € (1 — E)M.
Now v; = v — vg is also in Myp. But the intersection of My and EM is trivial. Thus

My = (1— E)M. 0

We now describe how to compute M’(k, Q). We first take M to be the finite free O-
module Z 1(FQ, Symk_2(92) and we let the operator be Uy — aq for some Taylor-Wiles prime

q € . By the lemma above, we can find the maximal submodule MUq—aq- Now we consider

the O[U; — ag]-module
W= BY(G, Sym*20%) + My, _q, .

Though Hecke operators do not commute when they act on the space of cochains, we still
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have the following.
Proposition 1.3.3.4. Every operator T' € T preserves W.

Proof. Since Uy — 1 acts topologically nilpotently on Bl(FQ, Symk_2(92) by Proposition
1.2.1.8 and a4 is not congruent to 1 modulo A by our choice, the module MUq—aq intersects

BY(T' g, Sym*~20?) trivially. Thus
W/BY (g, Sym"20%) & My, _q,

is the maximal submodule of H 1(FQ, Symk_2(92) on which Uy — aq acts topologically nilpo-
tently. For every operator T' € T, the operator U; — o acts on T(W/Bl(FQ, Symk*2(92))
topologically nilpotently because Uy and T' commute when they act on the group cohomology

HY(T, Sym*~20?). Thus
T(W/B Ig,Sym*20%)) € W/BY (g, Sym"20?)

and therefore TW C W. O

Thus we are able to compute the matrices representing the action of each 7" € T when
restricted to the free module W and thus on W/B 1(FQ, Sym*~20?2), which is isomorphic to
another finite free module My, . We now set M = W/Bl(FQ, Sym*~20?) and choose
a Hecke operator T' € T other than U; — aq. Again by Lemma 1.3.3.3, we find Mp_, C
Hl(FQ, Symk_2(’)2) for some a € O such that T"— a € mg and we restrict the Hecke action
to Mp_,. Given that 7 is a finite set, this iterative process concludes after a limited number
of steps. The resulting finite free O-module is M’(k, Q) that we desire and we also obtain

the finite set S of matrices of Hecke operators in 7 when they act on M’(k, Q).
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Step 3: Presentation of the Hecke algebras

We outline the algorithm to compute the presentation of the finite O-algebra T(k, Q)) with
the input being the finite set S of matrices obtained from the last step. The process for
T(k, Q) is identical. The rough idea is to view T(k, Q) as a finite free O-module and write
products of matrices in S into linear combinations of products of lower degree terms.
Theoretically, the matrices S € S are in M,(O) where r is the rank of M’'(k,Q) as
predicted by (1.2.4.3). But the computer stores data only up to a certain precision. That is

to say, using a computer, we are actually computing
T(k,Q.1) = Im (T(k. Q) — My(O/N))
for some finite precision [ instead of T(k, Q). The following lemma justifies that to study

T(k,Q) ® F, it is enough to understand T(k, @, [) as long as [ is big enough.

Proposition 1.3.3.5. There is a positive integer prec such that
T(k,Q)®F — T(k,Q,l) @ F

or all l > prec.
[ p

Proof. Since the transition maps among {T(k,@Q,[)}; are surjective, the projective limit

commutes with mod A-reduction:

lim (T(k, Q1) ® F) = (@ T(k, Q, 1)> ®F = T(k,Q) ® F.

l l

Note that the right hand side is a finite dimensional F-vector space. There exists some [ on
the left hand side so that dim(T(k, @,1)/\) = dim(T(k,Q)/)\). We can take prec to be the

smallest such [ because the dimension of T(k, @, 1)/ is monotone in /. O
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As one can see, the proof of the proposition is not effective; it does not construct prec

explicitly. But we know that [ is enough precision if and only if
dimg T(k,Q,1) ® F = dimg T(k,Q) @ F = r/2.
Since T(k, @, 1) is a finitely generated torsion module over O, it is isomorphic to
O/ Ny e (Ot g e (0/A)™,

and we have l

dimp T(k, Q1) @ F = > "n;.
=1

Once we can determine the O-module structure of T(k, @, 1), we can tell whether [ is a large
enough precision, and furthermore, we will be able to compute from the module structure
the presentation of the O-algebra T(k,Q,!). In order to do this, we first recall some basis
propositions on finite O-algebras.

Let M be a finitely generated O-module that is isomorphic to
(O e (O/NTH" @@ (0/A)M

for some non-negative integers n; for 1 < <|[.

Proposition 1.3.3.6. Suppose that {vy,...,vs} where s = n;+...4+nq is a set of generators
of M that corresponds to the decomposition as above. Then there is an algorithm to write

every v € M as an explicit linear combination of v;’s.

Proof. Suppose that we have found explicit a; € O such that v — S°7_; a;v; € M[A0] for
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some integer 1 < tg < [. Then

Afo—1 (v - iaivi) € MI\.

Since M[A] is a vector space with basis {)\l_lvl, ..., Ug}, we can find b; € O such that

Afo—1 (v - Z%%’) = bi(ord(vy)/N)v; = Y by (ord(vy)/A) v;

i=1 i=1 ord(v;) <A

+ ) b (ord(v)/A) v

ord(v;)>\t0
Thus
S
v— Z a;v; — Z bi(ord(v;)/A0)v; € MO~
i=1 ord(v;) >0
By induction on t, we can eventually write v as an explicit linear combination of vy, ..., vs.

]

Proposition 1.3.3.7. If for some integer 0 < m <,
AP S (O™ g (O/NTIEM -1 g g (O )
such that the corresponding generators are Ny, ..., N\ vg where s = Zi’:m—i—l n;. Then
S
> 0v S (0 ) g (0N -1 g e (O Nyt
1=1

Proof. Tt is straightforward that if A™v; has order A", then v; has order AT, We need to

justify that the sum on the left hand side is a direct sum. Suppose that

S/

Zaivi =0

i=1
63



for some a; € O/ord(v;) and some integer 1 < s’ < s such that ay # 0. Then

s’ s’
Zai()\mvi) =" ZCLZ’UZ' =0.
1=1 i=1

Thus a; = 0 € O/ord(v;)A\"" for all 1 < i < s’ because Y ;1 ON"v; = @;_; ON"v; by our
assumption. Since ord(v;) > ord(vy) for all 1 < i < s/, we have a; = 0 € O/ord(vyg)A™™
for all 1 <i < 8. Thus ord(vg)A™™|a; for all 1 < i < s'. In particular, A a;. Now if m > 1,

we have

S/

S
w:
Z XZXmUZ' = )\m—l Z a;V; = 0.
=1 =1
By the same argument, we conclude that ord(vs/)/\*m+1|ai for all i. Repeat this argument

and we see that ord(vy)|a; for every 1 <i < s’. Thus ay = 0, which contradicts the choice

of s’. Hence, there is no such linear combination and the proof is complete. O

From now on we assume M is also a finite O-algebra generated by my, ..., my. For every

non-negative integer d, denote by M, the O-submodule generated by the set

d d
{mi' - mt s di<a-

Suppose that {/\tovl, e ,/\tOUS/} is a set of @-module generators of N0 M for some 1 <
to <land s = Nty+1 + - - -+ ny such that
S/
MM = P Ov; = MNoM =5 (O/A 710y @ (O/NTH oyt 6 g (O/A)" 0+, (1.3.3.8)

1=1

By Proposition 1.3.3.7, we have
S/
M =" 0v; 5 (0N & (0Nt g e (O/A0 )Mot
1=1
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In particular,
Sl
Aot =3 " oaohy, S (oot (O /AT L ey e (O/A7) Mo
=1

Consider the finite dimensional F-vector space (AP0~1M)[A]. It has a subspace V with a basis

{x\lilvl, Aoy

Proposition 1.3.3.9. If we can extend the basis of V to a basis
-1 t to—1 to—1
{)\ vl,...,)\ovsz,)\o US/+1,...,)\0 US/-HLtO}
of NO=1AN[N], then

Aoy = Moty g ooy, e 0Ny (1.3.3.10)

S/+nt0 .

Proof. Denote by W the F-vector space spanned by {)\to_lvsl+1, e ,/\t0_1v81+nt0}. For

every polynomial f in M, by our assumption, we have A0 f = Zflzl a;\0v;. Thus
S,
NOTHLF =N "ap; | € (AT
=1

Therefore, N0~1A7 = No=1 a7/ + (No=1A)[A] = No=tar + ONo— Ly, oL +ON0~ Loy, gy
It suffices to show that it is a direct sum. If
nto
AL/ — Zai)\to_lvs/ﬂ-
1=1
for some m/ € M’ and a; € O, then Ao~/ € Xo= 1A' AW = VN W = 0 and the proof is

complete. O

Definition 1.3.3.11. For a fixed choice of a family of compatible lifting maps {O/\f0 —
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O}4y>1 such that 0 and 1 are lifted to 0 and 1 respectively and a choice of generators of
Mo)f that correspond to a decomposition as in (1.3.3.8), we define a map D1 : M —

(A=A [N to be

S,

D(f) = N7l (f = ajvy)

=1
for f € M if Ao f = \lo Zflzl a;v;. Here the a; is an element in O that is determined by the

family of lifting maps.

Remark 1.3.3.12. The map D is not linear because the lifting maps O/\" — O are not
linear, but it becomes linear after we compose it with the quotient map (A0~TM)[A] —
(A0~ AN)[N]/V. To see this, let f and g be elements in M. Then there exist a;,b; and ¢; in

O such that
s s’
D(f) =N = a; |, D(g) =N g = by |
1=1 =1
S/
D(f+g) =X f =D civ
=1
We have
S/
D(f +g) = D(f) = D(g) = X071y “(a; + b — ci)o; € X~ M n (Ao~ T M)A = V.
=1
For every non-negative integer d, we denote by K, the F-subspace spanned by
S/
Ao F =N "a
1=1

for all f that are monomials in M.

Proposition 1.3.3.13. Suppose that {vy,...,vy} is contained in My for some integer d' >
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1. Dyy—1(Mg) € Kq+ V.
2. If No=bf e (No=ID)[N), then Dyy—1(f) = Ao~ L f.
3. Ifd>d, then Kj C MNo—1My,.

Proof.

1. Since Dyy—1 : M — (Mo=LAN)[N] is O-linear after we quotient out V, we have

Dt0,1<Md)/V = K and thus Dt()fl(Md) CKy+V.

2. Let f € M be an element such that N0=1f € (A'0=1A7)[\]. Then A0 f = 0 and thus
Dyy-1(f) = A0 f =0 =201t

because we fix the lifting maps so that 0 is always lifted to 0.

3. Let f be a monomial in M, such that Mo f = Zf,:1 a;\0v;. Then
S/
Dig-1(f) = A07H{ f =D Jajui | € NOTHMy + 0TIy = A0TEA,
=1

since d > d'.
O

Proposition 1.3.3.14. If for some dy > d’, the vector spaces Kgy +V = Kgy41 +V, then
(N0 IM)N] = Ky + V-
Proof. By Proposition 1.3.3.13 (1), it is enough to establish Kg+V = Ky, +V for all d > dj

and so it suffices to prove the case where d = dy + 2. Let f be a monomial of degree dg + 2.
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Without loss of generality, we may and do assume that f = mj f; for some monomial f; of

degree dy + 1. Suppose that

s' s'

Diy—1(f) = Ao~ | f— Zaivi and Dy, (fi) = N0 f - Zbivi

=1 =1
Now we have

/ /

S S
Dyg1(f) =N £ =) ag | =N [ mafi =) aw

s s
to—1 to—1
= m1Dyy—1(f1) + NN " bimyoy — AT Cagy
i=1 i=1

€ ml(KdO—f—l +V)+ )\to_lMd/_H C ml(Kdo +V)+ )\to_lMdO_H.

We have

Kgy € N0t My,

by Proposition 1.3.3.13 (3) and V' is obviously a submodule of )\tO*lMd/ C )\toflMdO. Thus
Diy—1(f) € mi(Kgy + V) + NNy o € MO~ himy My + Moty = Ao~y 4.

Let g be an element of Mgy, 1 such that Diy—1(f) = Mo—lg Then ¢ is an element that

satisfies the condition in Proposition 1.3.3.13 (3) and thus Dy, _1(g) = Ao~lg Now we have
Diy—1(f) = Ao"tg = Dy _1(g) € Dyy—1(Mgy41) € Kggr1 +V = Kgy + V.

O

Proposition 1.3.3.15. There is an algorithm to find a set {vy,...,vs} of O-module gener-
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ators of M that corresponds to the decomposition
M= 0/ g (O/NYu-1 g e (0/))™M

in terms of polynomials in mq,...,my. Here s =n1+ ...+ ny.

Proof. Suppose that we have found a set {vy,...,vy} such that a decomposition of Mo s
as in (1.3.3.8) holds for some 1 < ¢y <l and s’ = ny,11 +...+n;. By Proposition 1.3.3.9, it
suffices to extend the basis of V to a basis of (A'0~1M)[)A]. Note that the morphism Dyy—1
is computable by Proposition 1.3.3.6. We can then calculate the dimension of K;+ V for
d > d'. Whenever the sequence stabilizes, we have extended the basis by Proposition 1.3.3.14.

By induction on ¢y we are done. [

Suppose that {vy,...,vs} is the set of O-module generators we have found from the
proposition above and the set is in Mg, for some positive integer dy. We denote by ¢; a
polynomial of degree at most dy in Olzy,...,zy] such that ¢;(my,...,my) = v;. For an

element f € M, we apply Proposition 1.3.3.6 to find a;(f) € O such that
S
=Y ai(f).
=1
Lemma 1.3.3.16. The finite O-algebra M has presentation
M = Ofzy, ..., 0] /1

where I is generated by

ord(v;)¢;
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fori=1,... s together with

gb(ml?"'?mn) - al(¢(m17amn))¢z

=1
for all monomials ¢ € Olxy,...,xy| of degree at most dy + 1.

Proof. Suppose that M = O[z1,...,z,]/I. Denote by I4y+1 the ideal generated by

S(my,...,mp) = ai(¢(m,...,mp))d;
=1

for all monomials ¢ € O[z1,...,xy] of degree at most dy + 1. We want to show I = I 1.
It is clear that I;,11 € I. We now prove the other inclusion. Let ¢(x1,...,25) € I be
a polynomial of degree d > dy + 2. We write ¢ = p(zq,...,2n) + ¥1(21,...,2y) where
w(xy, ..., xy) is the sum of the highest degree terms of ¢ and 1 has degree at most d —1 >
dg + 1. By analyzing p(zq,...,xy) term by term, we have p(zy,...,zy) is congruent to a
polynomial of degree at most dy+ 1 modulo Iy, 1. By induction on d, we can and do assume
that ¢ has degree at most dg + 1. Modulo I, 1, we can replace every single term of ¢ by a

linear combination of ¢;. Thus we can further assume that
S
= aig;
i=1
for some a; € O. Since ¢ € I, we have

S S
> aigi(my, ... xn) =D ajv; =0,
i=1 i—1

But because M — @7_; Ov;, we have ord(v;)|a; for all 4. Thus ord(v;)¢;|a;¢; and 1 is in

Ido-l—l‘ U
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1.5.4 Data processing

In this subsection, we record propositions that we use in analyzing the data we collect from
the algorithm.

We are interested in whether the crystalline deformation ring Rﬁ is Cohen—Macaulay;,
which by Proposition 1.2.3.15 and Remark 1.3.2.3 is equivalent to Rﬁ ® F being a finite free
F[d]-algebra. This implies that T(k, Q) ® F is finite free over F[d]/dP", which we can check

by the following proposition.

Proposition 1.3.4.1. A finitely generated F[d]/dP" -module M is free if and only if the

dP" 1M has dimension (dimg M)/p™.

Proof. Let vq,...,v, be a basis of the image of dP"~1M. Then there exists w; such that

v; = dpn_lwi. Suppose that Zi,j ai’jdjwi = 0 for some q; ; € F. Then

0= dp -1 Zai,jdjwi = Zai70dp _1w2~ = ZGL()UZ'.

0J i i
This implies that a; o = 0 for all 2. By multiplying by lower powers of d, we can show that
a; j = 0 for all i, j. Thus {d7w;} is a linearly independent set of p"(dimg M)/p" = dimp M
elements. It is an F-basis of M and so {w;} is an F[d]-basis of M, showing that M is free

over F[d]/dP". O

If we assume that R§ is Cohen—Macaulay, it is natural to ask when it is Gorenstein or a
complete intersection. The two properties are in fact equivalent for Rﬁ by [Hu and Paskunas,

2019, Proposition 7.8].

Lemma 1.3.4.2 (Hu-Paskunas). The crystalline deformation ring R? 1s Gorenstein if and

only if it is a complete intersection.
Thus we have the following.
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Proposition 1.3.4.3. If (\,d) is a reqular sequence, Rﬁ/()\, d) = T(k,2)®F is a complete

intersection ring if and only if dimp (T(k, @) @ F) [mg] = 1.

Apart from the ring theoretic properties of the crystalline deformation ring Ré for a
fixed k, we are interested in the family {Rﬁ ®F} =ty (mod p—1) & we have mentioned in the
introduction. Since there is an injection induced by multiplication by the Hasse invariant
Mk—(p—l)(k’ Q)F — M(k,Q)®F for all weights k and sets @ of Taylor—Wiles primes,
heuristically, the Hecke algebra T(k, Q) @ F is more “complicated" than T(k—(p—1),Q)®F.
After patching, we expect the same phenomenon for the crystalline deformation rings R%.

(p—1)

One can ask whether there is a map Rﬁ QF — Ri_ ® F and moreover whether the

map is surjective. If such a surjection exists, it will induce a surjection on the Hecke algebras
Tk, Q)®F — T(k—(p—1),Q)®F. We can check this by computing if the ideal of relations
of T(k,Q) ® F is contained in that of T(k — (p — 1), Q) ® F. Furthermore, we can measure
the “complexity" by using the Hilbert series Hj.(x) of R% ® F. Recall that the Hilbert series

H(z) of a Noetherian local ring (R, m) is defined to be the formal power series
w . . .
H(z) = Zdim(mz/m”l)xz.
1=0

We can compute the Hilbert series of T(k, Q) ® F to approximate Hp(x).

The discussion above mostly applies to R% [ap].
Proposition 1.3.4.4. Under assumption 1.3.2.4 (1)-(5), we have the following.
1. The ring Rﬁ[ap] is Cohen—Macaulay.
2. The ring Ré[ozp] can be Gorenstein but not a complete intersection.
3. There is a surjection RE[ap] @ F — Ri_(p_l)[ap] ®@ F for all weights k > 2.

Proof. By construction, the ring R§ [apl[t1, -, tp] @F is finite free over F[dy, . .., dug] The

first assertion then follows from Proposition 1.2.3.15. We provide an example to assertion
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(2). When p = 5,k = 106, the Hecke algebra T(106, @) @ F is isomorphic to
Fsla,y, 2] /(2% + 2y2®, 2y + dya®, 2o + 2y2®, y? + dya® + 3y + 23 + 222, 2?),

which is not a complete intersection ring. But it is Gorenstein because dim <'INF(1O6, ) ® F) m] =

1. Assertion (3) is a result from Bao [2023a]. O

We are also interested in the relation between R§ and Rﬁ[ap]. Since Rﬁ[ap} is in the

integral closure of R% in R§[1 /p]. It is natural to ask whether R? [ap] is the normalization.

Proposition 1.3.4.5. The ring Rﬁ[ap] is the normalization of R$ in Rﬁ[l/p] if and only if

Rﬁ [ap] is normal.

Proof. The ring Rﬁ[ap] is reduced because it is a subring of the reduced ring Rﬁ[l /p]. A
reduced Noetherian ring R is normal if and only if it is integrally closed in its total ring of

fractions Frac(R). If R§ [avp] is normal, then it is integrally closed in
RE[1/p] = RE[ay)[1/p] C Frac(RE
r(1/p] rlap][1/p] € Frac(Ry|op]).

Hence it is the integral closure of R? in R§[1 /p]. Conversely, suppose that Rﬁ[ap] is the
integral closure of R§ in Rﬁ[l /p]. In order to show it is normal, by Serre’s criterion, it
suffices to check R1 + S2. Since Ré lap] is reduced and Cohen-Macaulay, Sk is true all all
positive integers k£ and RO is true. It remains to show R§ [aplp is a regular local ring for all

the prime ideals p of R§ lap] that are of height one. There are two cases. If p ¢ p, then

RE[ay]p = RE[ay][1/plp-

Kisin showed that Rﬁ lap][1/p] = Ré[l /p] is formally smooth, and thus its localizations are
regular local. So let’s assume p € p. We note that Rﬁ[ap]p has Krull dimensional one; it

is regular local if and only if it is normal, i.e. it is integrally closed in its total ring of
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fractions. Since localization preserves integral closure, we still have Rﬁ[ap]p is integrally
closed in R§[1 /plp = R]; [ap][1/plp. Since p € p and we are inverting p, the only prime ideals
of R%[ap][l /plp are the minimal prime ideals that are contained in p. Thus this ring is
Artinian and it is a product of its localizations at minimal prime ideals which are fields since
the ring is reduced) and this is exactly the total ring of fractions of Rﬁ[ap]p (it is easy to
see that it is contained in the total ring of fractions; but then it is not hard to show we have

already inverted every non-zerodivisor in this ring.) The proof is complete. O]

From the proof we see that to check R§ [ap] is the normalization, it is enough to check
whether R% [aplp is regular local for every p that contains p. If p ¢ p2, then this is equivalent

to checking whether Rﬁ [aplp ® F is regular.

Remark 1.3.4.6. If we assume a Breuil-Mézard conjecture for R§ [ap] ® F, then the Hilbert—
Samuel multiplicity of Rﬁ[ap]p ® F is equal to the Jordan—Ho6lder multiplicity of one of
the Serre weights of p in the semisimplification of Symk_Q, which is apparently not equal
to 1 when k£ is large. This leads to the discussion in §??7. One can start to compute the
Hilbert—Samuel multiplicity of R? lap] ® F by computing the Hilbert series of T(k,Q) ® F

and compare this number with that of R§ ®QF.

Given that Rg [ap] has many nice properties that we expect R§ to have, we are interested

in how different the two rings are from each other. Therefore, we study the cokernel ok .=
R?[ozp]/Rg which can be obtained by patching C(k, Q) := T(k,Q)/T(k,Q). Consider the

short exact sequence of finitely generated O-modules
0— T(k,Q) — T(k,Q) = C(k,Q) — 0.
Tensor the sequence with F and we get the exact sequence

0— C(k,Q)N = Tk, Q ®&F =Tk, ,Q)®F — C(k,Q) @ F — 0.
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Apply the patching functor and we have
0— CF\ = RE[ty,..., )] ® F = RE[a)[t1,...,.t,] ©F = C* @ F — 0.

We can prove that C'(k, Q) ® F has the desired property and we can compute the rank.

Lemma 1.3.4.7. Under Assumption 1.8.2.4 (1)-(5), the module C(k,Qyn) @ F is finite free

over F[dq, ... ,d#Qn]]/(dIfn, ce gn) The kernel of the surjection

ClhQ@F > Clk—(p-1),Q) & F
has dimension equal to that of
W (5, Qn) = M(5,Qn) @ F/M(j = (p—1),Qn) O F.
Proof. Consider the g-expansion map
Sk(T't(N), L) — Llq]

that maps a modular form f over the fraction field F' of O to its ¢g-expansion at co. By the
g-expansion principal (see for example [Diamond and Im, 1995, Theorem 12.3.4]), this map
is injective and the preimage of O[q] C L[q] is Si(I'1(N),O). By [Ribet, 1983, (1.6) and

(2.2)], the following pairing is perfect:

T x S,(T'1(N),0) = O

(T, f) = ar(T'f),
where T is the O-subalgebra of Endp(Si(I'1(N)), L) generated by all the Hecke operators.

5



Now consider the anemic g-expansion map
Sp(T1(N),0) = P Lq"
pin

that maps a modular form f to its ¢g-expansion away from p. This map is still injective by
[Diamond and Shurman, 2005, Theorem 5.7.1] and we have Si.(I'1(N), O) is a submodule of

the preimage M of @p;m Oq"™. We have the pairing

Tx M- 0O

(T f) = ar(T'f),

where T is the O-subalgebra of End g (S (I'1 (N)), L) generated by Hecke operators away from
p. Let f be a modular form such that a1 (7'f) =0 for all 7' € T. Then ay,(f) = a1 (T, f) =0

for all n such that ged(n,p) = 1. Thus f = 0 and we have an injection
M — HomO(T, O)

Therefore, M is a finitely generated O-module and there is some integer A > 0 such that
AM C Si(T1(N),O). Thus we have

~ ~

rank (M) = rank 0 S (' (IV), O) = rank »(T) = rank o (T).

To show that M Homp (T, O) is an isomorphism, it suffices to prove that the cokernel
is torsion free. Let ¢ : T — O be a map such that np(T) = a1 (Tf) for some f € M and
integer n. Then f/n is in M by the definition of M. Thus @ itself is in the image of M.

Hence, we have the isomorphism

M = Homp(T, O).
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Conversely, we want to show the injection
T — Homp (M, O)
is also a surjection. It suffices to show
T® F — Homp(M,0) ® F = Homp(M @ F, F)

is an injection. If not, then there is a 7' € T \ AT such that a1(T(f)) € AO for all f € M.
Then an(Tf) = a1(TTyf) is in AO. Thus T'f is in AM, which implies that T ® F does not
act faithfully on M @ F. But M ® F = Homp(T,0) ® F = Hom(T ® F, F) on which T® F
acts faithfully, a contradiction. Therefore, T and M are dual to each other. We have a short

exact sequence

0>M—=M—=>Q—=0

where (), is the cokernel M /M. Tensoring with F, we get
0> QN > MOF - MeF - QaF —0.
Now taking the F-dual we get
05 (QoF)Y 5 TOF -T®F — (Qi[\) — 0.

Thus we have the identification C, @ F = (Q1[\])V. Note that Q[)] is the kernel of M @ F —

M® F, we have

Qr\ ={f € M @ F : g—expansion has only ¢"" terms} = kerf = Im V.
k
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Let j be the largest integer such that V(M; ® F) C M. Then
V
M; @ F — Qp[A]

is an isomorphism. Since w(V f) = pw(f) for every mod-p modular form f, the map above
is an injection. Suppose that f is a mod-p cusp form such that V' f € M. Then pw(f) =
w(Vf) <kandsow(f)<|k/p|. Ilfw(f)> j, then VM(py © M, contradicting the choice

of 7. This map then induces an isomorphism

Wj = M /My, 1)~ QuN/Qpp) )

For filtration reason, we see that Qx[A]/Q_(,—1)[A is trivial unless k = jp.

Note that all of our discussions above are compatible with the Hecke action; hence, they
still hold true after we localize at a maximal ideal of the Hecke algebra. It follows that
(Q\)my,, is finite free over F[dy, ..., dyo, 1/(d] ,...,df;éQn) because M (j, Q) is. Then
C(k, Q) ®F = (Q; ®F)V is an injective module. Since the group algebra of a finite group

is a Frobenius algebra, an injective module is also projective and therefore finite free over

Fldi,....dgo,1/(d} 7...,@@”). O

Since Rﬁ[ozp] [t1,...,tp] @F is finite free over F[dy, ..., dxq], so is the image of R$®F in
R? [a]p @F. If we can show that C*[)] is finite free over F[d], then we can conclude that Rﬁ
is Cohen-Macaulay. Thus it is interesting to see if C'(k, Qn)[)] is finite free over F[d]/(dP")

and if so, what rank it has.

Proposition 1.3.4.8. Under the assumption so that the minimal level patching works, we
always have dim W,, — dim Wn_<p2_1) for all integers n > p2 — 1. When kg = 2, we have

dim Wy, = dim Wy # 0 for all n = 2,2p mod p? —1 and 0 otherwise.
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Proof. By Lemma 1.2.4.3, it suffices to show the cycles satisfy

D eF) - z(R V0D g ),

r

Z(RM @ F) — Z(R PV g F) = z(R2
By the geometric Breuil-Mézard conjecture, this is equivalent to
[Sym”F?] — [Sym"~ P~ DF?) = [Sym~ 7" DF?] - [Sym"~ " D-(-Dp2),

where [V] means taking the semisimplification of a GLg(Fy)-representation V. This follows

from the equation from [Reduzzi, 2015, §2.3]
[Sym"F?] — [Sym"~ P VF?] = [det] ([Sym"~ W VF?] — [Sym"~ (P~ D= FFUE?),

]

Remark 1.3.4.9. The proof works in general. It is just when ky = 2, we have worked out the

structure of W,.

1.3.5 Implementation of matriz multiplication

The hard part of the implementation is to find an effective way to deal with large matrix

multiplication. The rank of ZI(FQ, Symk_QOQ) is

where Sq) is a minimal set of free generators of I'gy. The cardinality of S¢) can be estimated

by the Riemann-Roch theorem:

d

#SQNE
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where d is the degree of X(I'g) — X (1) and this is growing at the speed of [[ ¢, ¢ and

g =1 (mod p™). So the size of the matrix is roughly

12(k=1) I «
q€Qn
On the other hand, we would like to see the behavior of T(k, Q;) when k is large, at least
p3. For example, if p = 5,n = 1,¢ = 11, then we are multiplying matrices of size 16,000 by
16, 000.
We use NumPy to handle matrix multiplication. This library is fast with handling arrays,
including matrix multiplication.

A few (but not all) reasons why NumPy is fast:

1. Underlying parallelization (which is great since from a high performance cluster we

can ask for as many cores as we want)
2. Using machine-native datatype

I do not really understand this second bullet-point I put here. But one result of this is that
NumPy is only fast when the datatype is < float64. The datatype float64 has 1 sign bit, 11
bits exponent, and 52 bits mantissas. So we can only store integers up to 252 using a float64;
otherwise, overflow happens. When we multiply two s by s matrices A and B, we need to

compute ¢; ; = >l a; by ;. For ¢; j to be within 252 we need the size of a;; and by ; to be

252 226
Vs s

In practice, we have s = #Sg - (k — 1). But as k grows, we need higher p-adic precision to

bounded by

compute T(k, Q) @ F, which grows linearly dependent on k. This is to say

k
ajp~byj~p
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and we want this to be bounded by

926
#Qn(k —1)
First year calculus tells us that this is unlikely to happen as k grows larger.
We choose the integer ng depending on k such that p"0 < %. Then we write

A=Ap+A1p"+... and B=By+Bip"+....

Now

A-B=AyBy+p"(A1By+ AgB1) + .. ..

This way we can do matrix multiplication without overflow. This method takes slightly more
time in decomposing A into its p-adic expansion. We can use parallelization to carry out

multiple matrix multiplication and assemble them in the end.

1.4 Examples

1.4.1 Prototype

This is a prototype of applying the algorithm in the previous section to specific examples.
We start with some Schur residual representation 7 : GQp — GLo(F) that takes the form
described in §1.2.2.

1. Find a newform f that has the minimal level and minimal weight up to twist such

that p attached to fy is isomorphic to 7.

2. Verify the two conditions in Theorem 1.2.3.1 by studying the global residual represen-

tation p attached to fy using criteria from §1.2.3.

3. Find a finite set of Hecke operators that generate the local conditions in §1.3.1. We
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check, up to weight p2—1, that the residual representations are all determined by certain
Hecke operators by searching in LMFDB LMFDB Collaboration [2022]. It suffices
to look for all the eigenforms of the same level as f; whose Nebentypus character
is congruent to that of fy. It is important to note that, when we are searching for
eigenforms in LMFDB LMFDB Collaboration [2022|, only new cuspidal forms are

listed.We also need to consider oldforms as well as Eisenstein series.

4. Find a set of Hecke operators that span the tangent space. By §1.3.2, it suffices to find
in the initial level, the generators of the tangent space of T(k,d) for some k > k;opz.

We are given the Sturm bound kl—gl — %T_ﬁl) where m := [SL9(Z) : I'] so that it suffices

to compute the Hecke operators up to this number.
5. Compute the relations by the algorithm in §1.3.3.

After we obtain the presentations of Hecke algebras T(k, @,[) and ﬁf‘(/{, Q,1) for some

integer [ > prec as in Proposition 1.3.3.5, we can do the following verification.

1. Check whether the associated graded algebra of T(k, Q) ® F = T(k,Qp,1) ® F is

free over F[d]/dP" by Proposition 1.3.4.1.
2. Calculate dimp(T(k, @) ® F)[mg].
3. Check if there are surjections T(k,Q) ® F — T(k— (p —1),Q) ® F.

4. Calculate the Hilbert series of T(k, Q) ® F and T(k,Q) ® F.

1.4.2 Ezample p =5 and ko = 2

This is the example that we have collected most data of. Here TW1 and TW2 refer to the

two conditions in the theorem of Taylor-Wiles—Kisin patching 1.2.3.1.
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Modular form fj

Image Pp

Field of Pp
TW1
TW2

Taylor Wiles prime
Localization Operators
Sturm bound

Generators of cotangent space

Remark 1.4.2.1 (On the table above).

14.2.a.a
PGLy(F5) = S5
Galois closure of 5.1.4802000.1
Lemma (1.2.3.3)
2,7# —1 mod 5
qg=11
T3+ 2 and Uy — 2
m = 24, k = 50, and bound is 99
T3+2,U11 —2,(—13) — 1

1. Note that the projective image of ﬁ|GQ5 is isomorphic to the dihedral group Dg of

8 elements. The element Pp(Frobgg) has order 3. Among all transitive subgroups of

PGLy(F5) = S5, the only one that contains a subgroup isomorphic to Dg and an

element of order 3 has to be Sy itself.

2. We justify why ¢ = 11 is a Taylor-Wiles prime.

Frobyq is

The characteristic polynomial of

X241=X2-4=(X-2)(X+2)

has two distinct roots. We need to check the Selmer group

H%Q (Gq,ad"p) = ker(H (G q (pooyuq8d’p) = H' (Gp,ad"p))

is trivial for @ = {11}. A nontrivial class [¢] in the Selmer group gives rise to a

surjective ring homomorphism

¢ :T(ko, Q) = R

& — Flz)/ (%)
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such that when we compose it with R%niv — Rko, the image of R%niv under

50— Fla]/(2?)

R — RS

is F. Since R%mv — Rgo factors through the crystalline deformation ring Rio = O[z],
the variable x is mapped to 0. Note that this x can be taken to be the function ay
within the Fontaine-Laffaille range and the map Rio — Rg) = T(ko, Q) maps ap to
T by [Caraiani et al., 2018, Proposition 2.9]. This implies that (7)) = 0. However, by
a direct computation, we see that T} spans the one-dimensional space Cot(T(kg, @)),

a contradiction. Thus the Selmer group H%;Q(Gq, adoﬁ) is trivial.

We have computed the presentations of T(k, {11}, prec) and T(k, {11}, prec) for 2 < k <
122 and the presentations of T(k, @, prec) and 'ﬁ'(k‘, @, prec) for 2 < k < 622 such that k& = 2

(mod p — 1) and prec determined from Proposition 1.3.3.5.
Fact 1.4.2.2. The following hold true for the data we have collected.
1. The associated graded algebra of T(k,{11}) ® F is finite free over Fp[d]/(d?).

2. The Hecke algebra T(k, @) ® F is Gorenstein if and only if

= 10,14, 18,22, 34, 38, 42, 46, 58, 62, 66, 70, 82, 86, 90, 94, 106, 110, 114, 118,

226,230,234, 238, 346, 350, 354, 358, 466, 470, 474,478, 586, 590, 594, 598.

3. There is a surjection from T(k,{11}) ® F to T(k — (p — 1), {11}) for 6 < k < 122 and
k=2 (mod 4).

Example 1.4.2.3. When 10 < k < 30, the Hecke algebra 'ﬁ‘(k,{ll},l) is isomorphic to

Zp[z,d]/I(k,1) where please email me to see; the formulas do not in this thesis template.
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and
.

5 10<k<22

l=96 k=26

10 k=30
\
Using the presentation of T(k, {11}, 1) for 10 < k < 30 and the results from [Rozensztajn,
2020, Example 6.2.1], we can compute the presentation of R? [ap)].

Proposition 1.4.2.4. When p = 5, there are isomorphisms

(

Zp[z,d)/(zd — p) k =10,14,18,22

R¥[ap] = S Z,[2,d] /(= — p2d)(22 + (ur(d)d + o)z + pPug(d)) K = 26

Kzp[[z, d]/(z — p*d) (22 + (v1(d)d + do)z + prg(d)) k=30

where u;(d) and vi(d) in Zy[d] are some units and co and dy are some constants in pZy.

The variable z is mapped to oup.

Proof. By our computation, when 2 < k < 30, the ring Rﬁ[ap] is a complete intersection.
When 10 < k < 30, we further have that the cotangent space of Rﬁ[ap] is two dimensional,
generated by preimages of the diamond operator and T5. Thus it is a quotient of the algebra
Zs[z,d] by one element F(z,d) such that z is mapped to oy, and d is mapped to the diamond

operator. By the Weierstrass preparation theorem, we assume that
Fi(z,d) = (2" + Ap1(d)2" " + .+ Ag(d)z + Ag(d)) - up (2, d)

where A;(d) is in the maximal ideal of Zp[d] and ug(z,d) is a unit in Zy[z,d]. It is clear

that (Fi(z,d),p!, (d+ 1)? — 1) C I(k,1). The other inclusion does not need to be true. For
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example, when k£ = 30, this is obviously not correct. But we still have the inclusions
(F30(2,d),p'", (d+1)° — 1) C 1(30,10) C (F30(2,d),p", (d +1)° = 1),
To see the second inclusion, we need to show
T(30, {11}, 10) — Zy[2,d]/(F30(z,d), p%, (d + 1)° — 1).

Since

Zplz,d]/(F3o(z,d),p°, (d +1)° = 1) = RPO[a,)]/(p", (d +1)° — 1)

= T(30,{11})/(p") = T(30,{11}) ® Z/p"Z,

it suffices to show

T(30, {11},9) — T(30, {11}) ® Z/p"Z.

We have computed directly that
_ N 10
T(30, {11},9) = (2/510) @ (Z/5%)%5

as a Z-module. Thus the claim follows.
When k = 10, by the presentation of ﬁ‘(l(), {11},5), we have ug(z,d) =1 mod (p°, (1 +
d)p - 1)a

A1 (d) = 487d* 4 2614d3 + 1736d? + 2697d + 2730 mod (p°, (1 + d)P — 1)

and

Ag(d) = 5(319d* + 201d3 + 604d> + 156d + 594) mod (p°, (1 + d)P —1).
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When we specialize d to different values in Zp, F(d, z) defines a quadratic equation in z.
By [Berger et al., 2003, Theorem 1.1.1], we see that the solution should satisfy v(z) =
v(Tp) = v(ap) < 2 because the reduction type of crystalline representations with v(z) >
2 is Ind%’ wé:_l rather than 7 = Ind%’ w9 up to an unramified twist. This implies that

v(Ag(d)) < 4. We write
Ao(d) = ag(d) + 5a; (d) + 5%as(d) + . . .,

where a;(d) € Zp[d] and the nonzero coefficients in a;(d) are all in Z;. By comparing the
coefficients of powers of d, we see that the lowest degree term of ag(d) degree ng > 5 if

ap(d) # 0 and that a1(0) is always a unit. Now consider the power series in d
G(d) = ag(d) + 5a1(d) + 5%as(d) + 53a3(d) + 5*as(d).

Its Newton polygon has a segment of length ng of slope —1/nq if ag(d) # 0. In particular,

this implies that G(d) has a root « in Zj,. Then
Ap(e) = G(a) + 5%as(a)
has valuation at least 5, a contradiction. Therefore, we conclude that ag(d) = 0 and thus
Ap(d) = dbug(d) =5(4+...) € Zy[d].
We let b(d) be the square root of ug(d) and let 2’ = z/b(d). Then

Fi.(d. 2)/ug(d) = 2% + (A1 (d)/b(d)) - #' + 5.
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Now let

w = —(2' 4+ A1(d)/b(d)).

Note that A1 (d) is a linear transform of d; the change of variables that we have made are all
invertible. Thus

RYay] = Zy[2' w] /(2w - 5).

Since v(z) = v(z’), we see that this is the annulus {z : 0 < v(z) < 1}. This argument gives
the same result for R1*ay], R18[ay), RZ[ap).

When k = 26, by the presentation of T(26, {11},6), we have uj(z,d) =1 mod (p%, (1 +
d)P = 1),

Ao (d) = 11927d* + 12064d% + 12026d° + 12867d + 13065 mod (p%, (1 4 d)P — 1),

Aj(d) = 25(334d* + 61d3 + 549d? + d + 109) mod (p°, (1 +d)P — 1)

and

Ag(d) = 54(13d* + 164 + 13d +10) mod (p%, (1 + d)P —1).

By [Rozensztajn, 2020, Example 6.2.1], the power series Fog(d, 2) is reducible in Zy[z, d]|[1/p]
and it factors into a linear factor and an irreducible quadratic factor. By Gauss’ lemma, this

factorization holds in Zp[z,d]. Thus we have
Fog(z,d) = (= + By(d))(z* + C1(d)z + Cp(d))

for some By(d),C1(d) and Cy(d) in Zp[d] and the linear factor corresponds to the disk

{z 1 v(z) > 2} and the second factor corresponds to the annulus {z : 0 < v(z) < 2}. By
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coefficient comparison, we have
Bo(d) = —25(317d* 4 566d> + 251d% + 572d 4+ 140) mod (p5, (1 + d)P — 1),

C1(d) = 4002d* + 13539d> + 5751d? + 14192d + 9565 mod (%, (1 + d)P — 1)

and

Co(d) = 25(83d* + 32d3 + 240d2 + 106d + 384) mod (p5, (1 + d)P — 1).

(I found a unique root —By(d) modulo 5 and then I lifted the root by Hensel’s lemma.) We
write

Bo(d) = bo(d) + 5by(d) + 5%ba(d) + . . .,

where b;(d) € Zp[d] and the nonzero coefficients in b;(d) are all in Z;. If by(d) # 0, then

it has lowest degree term of degree ng > 5. Choose a p-adic number s € Zp such that
0 <v(s) < 1/ng. Then

v(Bo(s)) = v(bo(s)) = nov(s) <1,

which contradicts the fact that v(Bgy(d)) > 2. Thus by(d) = 1. In the same way, we can show

that b1(d) = 0. Thus
Bo(d) = —25(140 + 572d + 251d® + 566d> + 317d* + .. ).

By a similar argument as in the case where k = 10, we conclude that 25|Cy(d). Now by a

suitable change of variable, we have
R2[ay] = Zp[2',d']/ (7 — 25d) (2 + (ur (d)d + cp)2" + 25up(d))),
where v(z) = v(z’), u;(d') € Zp[d'] is a unit for i = 0,1 and ¢q is a constant in pZ,.

When k = 30, by the presentation of T(30, {11},9), we have uj(z,d) =1 mod (p?, (1 +
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d)p - 1)7
Ay(d) = 1420662d* + 198114d + 330661d> + 887347d + 1342055 mod (p°, (1 + d)P — 1),

Ay (d) = 5(927714d* + 1024406d> + 1742774d? 4 808961d + 805239) mod (p”, (1 + d)P? — 1)

and
Ap(d) = 3125(2518d* 4 2590d> + 451d? + 2168d + 800) mod (p°, (1 + d)? — 1).
By a similar reasoning as in the case where & = 26, we have
F3y(d, ) = (z + By(d))(z* + C1(d)z + Co(d))

for some By(d),C1(d) and Cy(d) in Zp[d] and the linear factor corresponds to the disk
{z 1 v(z) > 4} and the second factor corresponds to the annulus {z : 0 < v(z) < 1}. By

comparing the coefficients, we have
By(d) = —625(1818d* + 2506d> + 589d> + 484 4 925) mod (p°, (1 4 d)P — 1),

C1(d) = 603787d* + 1764364d> + 698786d2 + 917347d + 1920180 mod (p°, (1 + d)P — 1)

and
Co(d) = 5(344339d* + 368906d> + 122274d> + 348961d + 133364) mod (p”, (1 +d)? — 1).

By using a similar argument as in the case where k = 26, we can make a suitable change of
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variable so that
FO%ay] S Zy[d, '1/(2 — 625¢) (=2 + (ur (&) + o)’ + 5ug(d))

where v(z) = v(z’), u;(d') € Zp[d'] is a unit for i = 0,1 and ¢ is a constant in pZ,. O
Proposition 1.4.2.5. The proposition above gives examples to the following statements.

1. The number of irreducible components of Spec(Rﬁ ® F) and Spec(R]; lap] @ F) can be
different.

2. The ring Ré[ap] need not be the normalization of Rﬁ in Rﬁ[l/p].

Proof. For (1), we take the rings R%O and R%O [ap]. By the geometric Breuil-Mézard con-
jecture, the space Spec(R%O ® Fyp) has only one component which is isomorphic to that of
Spec(R2 ® Fp) = Spec(Fp[d]). But it is straightforward from the presentation of R1%[a)]
that Spec(R%0 [ap] ®F)p) has two distinct irreducible components. The topology is illustrated

in the following picture.
[pecial-fiber. jpeg

For (2), we take the rings R2® and R2%[a). The ring R2%[) is computed to be
Zs([2,d]]/(z — 25d)(=* + (u1(d)d + co)z + 25ug(d)).

Let p be image of the prime ideal (5, z) modulo (z — 25d)(22 + (u1(d)d + ¢g)z + 25ug(d)).
Then

(R®[ay] @ Fp)p = <Fp[[z, d]/22(z + u (d)d + co)> o it <Fp[[z, d] /22) .
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is not regular local. Note also
(5,202 + (= — 25d) (= + (w1 (d)d + co) = + 25u0(d))) = (25,52, 22).
Thus 5 € p\ p2. It now follows from the discussion after Proposition 1.3.4.5 that R%G laplp is

not regular and so R2%[a,] is not the normalization of R2% in its generic fiber. O

Based on the data, we propose conjectures in §1.5.

1.4.83  Future examples

We list here the examples we would like to study in the future. In all these examples, the
residual representation 7 is absolutely irreducible and p = 3 or 5. We will look for reducible
7 that are Schur in the future.

When 7 is absolutely irreducible, it suffices to consider 2 < kg < (p + 3)/2 because

GQp ko—1 ko—27. GQp pt+2—k
_ 0 p, D 0
IndGK Wy =w IndGK Wy

Example p = 3 and ky = 2

By (1.2.2.9), in order for the universal deformation problem of 7 to be unobstructed, the

initial weight kg has to be 2.
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Modular form fq 20.2.e.a
Image Pp Dg
Field of Pp 8.0.2916000000.2
TW1 Lemma 1.2.3.3
TW2 Im (ﬁ\GQQ) = Z/2 and Im (E\GQS) = Z/4 are reducible
Taylor Wiles prime q=19
Localization Operators Tog — 1 and Uyjg — 1@
Sturm bound m = 144, k = 26, and bound is 302
Generators of cotangent space Thg — 1 and Uj9 — ¢ and a diamond operator

Remark 1.4.3.1 (For the table above).

1. The form f; is CM, so the projective image is a dihedral subgroup of PGLg(F5) — Sj.

p+1
ged(kg—1,p+1)

Dg is the only dihedral subgroup of S5 whose order is divisible by 4, the projective

Since the order of the projective image of I3 is cyclic of order = 4 and

image of p has to be Dg.

. As a semisimple Dg representation, adoﬁ =x1D XD where Y1 is the nontrivial character
of Dg that vanishes on Z/4 < Dg and XD is the unique two dimensional irreducible

character of Dg. Note that the projective image of Gp, is also Dg. We have

adoppr —nd Indgﬁpwgfl,
where K is the unique unramified quadratic extension of Q; and
n:Gq, - Gal(K/Qp) — {£1} C F*
is the corresponding character. The induced representation is two dimensional irre-

ducible and thus it is 5. The character 7 is trivial when restricted to Cy < Dg and
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so it is 1.

. We need to check @ = {19} satisfies HéQ(GQ, adp) = 0. By the inflation-restriction

sequence, this Selmer group is identified with

Hong( aJF},)Q/37 adoﬁ)a

where F' is the number field cut out by the projective image of p. By class field theory,

ab

the group G% (19

) /3 is the Galois group of the maximal abelian 3-elementary extension
of F' that is unramified away from 19. Since 3 and 19 are coprime, such an extension
is tamely ramified at 19 and unramified elsewhere; therefore, it has conductor 19 and
the group GaFlf{lg} /3 can be identified with the 3-elementary part of the ray class
group RCI(F,19)/3. In RCI(F, q)/3 there is always one copy of Z/3 that is a trivial
representation of Dg and it corresponds to the pro-3 part of the cyclotomic extension
Q(¢y) of Q. The character x1 corresponds to pro-3 part of the anti-cyclotomic extension
ramified at ¢. In order that there is not such an anti-cyclotomic extension, we want g to
be inert in FZ/4 = Q(7) by the class field theory of Q(i). Using Magma Bosma et al.
[1997], we see that the ray class group RCI(F,19°°)/3 has dimension 2 and ¢ = 19 is
inert in Q(¢). Thus RCI(F,19°°)/3 is isomorphic to 1@ y; for ¢ = 2 or 3. Indeed, denote
by x2 and x3 the other two nontrivial irreducible characters of Dg. They correspond to
the non-cyclotomic pro-3 part of extensions of FX2 = Q(v/15) and FX3 = Q(v/—15),
respectively, that are only ramified above ¢. By checking in Magma Bosma et al. [1997],

we conclude that

RCI(F,19%°)/3 = 1 & 3.
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Example p =5 and ky = 3

There are two interesting examples but we only need to compute one. I am not sure which

is easier at this point.

Modular form 12.3.c.a
Field of Pp 6.0.270000.1
TWI1 Lemma 1.2.3.3
TW?2 2.3% —1 mod 5
Taylor-Wiles prime q=11
Localization primes T7; —2and Uy + 1 And (5) + 1
Sturm bound m = 24,k = 51, and bound is 102
Generators of cotangent space | Ty — 2,Uy1 + 1, (d) — 1 (T% if for the full Hecke algebra)

Remark 1.4.3.2 (For the table above).

1. The form f; is CM, so the projective image is a dihedral subgroup of PGLg(F5) = Sj.
Since the order of the projective image of I5 is cyclic of order WM = 3 and S5
is the only dihedral subgroup of S5 whose order is divisible by 3, the projective image

of p has to be Ss.

2. The representation adoﬁ is sgn @ XA as an Ss-representation, where sgn is the sign
character of S3 and Y2 is the two-dimensional irreducible character of Ss. Since the
residual representation p is exceptional, every element in the image is semi-simple.
Let p(g) be a matrix in the image. Suppose that p(g) has eigenvalues « and /3. Then

adoﬁ(g) is also semisimple and has eigenvalues 1, a1 and S~ a. Thus
Tr(ad’s(9)) =1+ a 18+ g La.

Since Pp(g) has order 1,2 or 3, the eigenvalue a 18 = +1 or (3. Hence, the trace
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of identity is 3, the trace of a two-cycle is —1 and trace of a 3-cycle is 0. From this

calculation and the character table of Sg, we conclude that ad’p = sgn & XA.

3. To find the Taylor—Wiles prime, as in the example 20.2.e.a, we use
Homg, (RCI(F, q)/5,5gn & y*)

to control HéQ(GQ7 ad’p). There is always a trivial sub-representation of RC1(F, q)/5
that comes from the pro-5 part of Q(¢4)/Q. The character sgn corresponds to pro-5
part of the anti-cyclotomic extension ramified at ¢. In order that there is not such
an anti-cyclotomic extension, we want ¢ to be inert in F®8" which is the quadratic
imaginary field that fy has CM by. Using Magma Bosma et al. [1997], we can directly
check that RCI(F,11)/5 =1 and 11 is a Taylor—Wiles prime.

Example p =5 and ky =4

Modular form fy One embedding of 13.4.c.b
Image Pp Ay
Field of Pp 12.0.12745792515625.1
TW1 P,B|GQ(<5) has image Ay
TW2 Lemma 1.2.3.4
Taylor Wiles prime q=11
Localization Operators Ty — (34 2C3), U + (3
Sturm bound m = 14, k = 52, and bound is 59
Generators of cotangent space | To — (3 + 2(3), U1 + (3 and (79) — 1

Remark 1.4.3.3 (For the table above).

1. For those left blank, I have not worked out but I will work out after application.
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2. The modular form 13.4.c.b has coefficients in Q[v/—3,/17]. There are 4 eigenforms
that are conjugate to each other over Q. Let’s say they are f1, fa, f3 and f4. Over Qs,
the Galois orbit over Q splits into two over Q5: f1 and fo are conjugate and f3 and
f4 are conjugate. By checking the ag-coefficient, we see that they are not congruent
to each other nor the two forms labeled 13.4.c.a. Without loss of generality, we pick

fo = f1. We have ag(f3) is a root of 22 4+ z + 2 in characteristic 5.

3. We verify TW1 by the following reasoning. Since 7 is absolutely irreducible, the global
representation p is, as well. The image of Pp either contains PSLo(F'5) or is exceptional.
If it contains PSLy(F'5), then we are done. So we assume that Im Pp is exceptional, i.e.
dihedral, A4 or Sy. (In this case, As is not an exceptional image because p = 5.) The
group Pp(Gq¢;)) contains the derived subgroup of Pp(Gq) and it has index divisible
by 4 inside Pp(Gq). If Pp(Gq) = Ay, then Pp(Gq(¢;)) is a subgroup that contains
V4 and has index divisible by 4, which forces Pﬁ(GQ(CS)) = Ay4. Hence, TW1 holds in
this case. The same reasoning works for the case Pp(Gq) = Sy. Therefore, the only
possible situation that p|4 a(G) is reducible is when Im Pp is dihedral Dy, of order 2r.
Let ¢ # 5,13 be a prime number. Suppose that p(Frob,) has eigenvalues A1 and \s.
Since we assume p has exceptional image, p(Froby) is semisimple and thus Pp(Froby)
is the ratio A Ay L By calculating the ratios of the eigenvalues of Frobenius elements

(up to primes ¢ < 2000), which are roots of

2 (aé((g)oe); _ 2) z+1=0,

we see that the orders of the ratios are 1 or 2 or 3. So the dihedral group must be S5
assuming that 2000 is enough for Chebotarev’s density theorem. However, since the
projective image of Gq, is Dy, this is not possible. In conclusion, the TW1 condition

is satisfied.
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4. On the other hand, our computations strongly suggest that if p is exceptional, the
projective image of p is Ay. Looking up in LMFDB LMFDB Collaboration [2022],
there is a unique number field 12.0.12745792515625.1 whose Galois group is A4 and
is tamely ramified at 5 and 13. By Serre [1986], the projective Galois representation
whose image is A4 can be lifted to an actual Galois representation without introducing
more ramification, and by Serre’s conjecture should come from a modular form f of
level 13. Since the image of GQP is V4 < Ay, this implies the local representation
at 5 is induced and thus a5(f) = 0. Furthermore, the weight & of f is such that
wgp_l)(k_l) has order 2 because Iq, has image Z/2 < Vj. This together with the
Fontaine-Laffaille bound on k forces k = 4. The image of Gq,, is Z/3 and 13 is totally
ramified. Thus the Nebentypus character of f has order divisible by 3. With all these
conditions combined, we deduce that this f is one embedding of 13.4.c.b. The question
is whether it is coming from the Galois orbit of fi or f3. These two forms have the
same Nebentypus character (after choosing an embedding of (3 € Qs.) By checking
their Fourier coefficients at prime number ¢ < 2000, we conclude that fi and fg differ

2

by a twist of the Legendre symbol (-/5) = w® in characteristic p. Thus they give rise

to the same projective image which has to be Ay.

5. Using a similar argument as in the example 12.3.c.a, we conclude that ad’p = yTetra,

Tetra

where x is the three dimensional irreducible representation of Ay.

6. The prime ¢ = 11 is a Taylor—Wiles prime. The element 5(Froby1) has characteristic
polynomial

22+ (G + 1) + G,

which has distinct roots 1 and (3. Since p has exceptional image, using the inflation—
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restriction sequence, we need to verify that
Hom 4, (RCI(F, 11)/5,ad"p) = 0.

Using Magma Bosma et al. [1997], we directly compute that RCI(F,11)/5 is one-
dimensional. This is the trivial representation of A4, which corresponds to the pro-5
part of the cyclotomic extension Q((11)/Q. Hence the Selmer group vanishes and

q = 11 is indeed a Taylor—Wiles prime.

1.5 Conjectures

We formulate conjectures when ky = 2, based on the data we have collected from §1.4.2.

Let Shi(x) be the shift function that is a formal power series in the variable x:
w .
Shy(z) == (k) Zaz’ = x'“(k)(l — )t
1=0

where the function u(k) depends on the p-adic expansion of k as follows. The weight &k can
be uniquely written in the form k = 2+ a(p — 1) 4+ b(p?> — 1) where a and b are non-negative
integers with 0 <a < p. Let b= )2, bip® be the p-adic expansion of b with 0 < b; < p—1.

We define the p-adic function ¢(b) in b to be

o0 ) o0 )
Y(b) =) baip' +2)  boip,
i=0 i=0
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and we let p(k) be the quantity

p(k) =91+ 4(b) a=2

+00 otherwise
\

When p(k) = 400, the series Shy(z) is understood to be 0.

Conjecture 1.5.0.1. If F|]p ~ , then the Hilbert series of RF @ F is

D
sz

Hp(x) = Z Shi(z).
2<i<k
p—1|i—2

Remark 1.5.0.2. Based on Fact 1.4.2.2(1), we assume that the associated graded algebra
GT(R$ ® F) of Rﬁ ® F is finite free over F[d]]. Using the following proposition, it then
suffices to conjecture the Hilbert series of Rg ® F/(d). The Artinian algebra is isomorphic
to T(k,2) ® F by Remark 1.2.3.14.

Proposition 1.5.0.3. Let R be a graded algebra and a € R a homogeneous element of degree

d which is not a zero divisor. Then

Hpo()
Hpla) = =3,

where Hp(x) and Hp () are the Hilbert series of R and R/a, respectively.

Corollary 1.5.0.4 (Bao [2023b]). Assume that Conjecture 1.5.0.1 is true. Then the follow-

ing holds.
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1. The sequence {Hk:(x)}k:2+n(p—1) s an increasing sequence in k, i.e.
Hi(x) > Hy_(1)().

2. The limit of Hy(z) as k goes to oo is the Hilbert-Samuel function of R%niv ® Fp =

Fylx1, x9, 23], i.e

lim Hy(z) = ﬁ = i (Z J; 2):1:2'.

k—oo ‘
p—1[k—2 i=0

3. The effectiveness of the limit: Let n be a positive number with its unique p-adic expan-
sion S27° o (a; +2b;)p" such that 0 < a; +2b; < p with a; € {0,1} and b; a non-negative

integer. Set k to be the integer
m . m .
k=24 " = DO ap™ + Y bip* ™).
=0 =0

Then k is the smallest integer such that the n-th coefficient of H}.(x) is equal to (n'Q"Q)

Proof.

1. This follows from directly from the conjectural form of Hy(z).

2. Note that

lim HS(k)= > Shi)=0a-17)"" S 10,

pfﬂfiQ i>2 i>2

p—1[i—2 p—1]i—2
To prove (1), it suffices to show

1

> T”(i):m:Z(ijl)Tj,
i>2 >0
p—1[i—2 =
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which is equivalent to
Blipli)=ji>2,p—1li—2} = j+ 1.
By definition of (i), we see that the above is equivalent to
b eZ:pb)=jorj—1,b>0}=j+1,
Now if we set A=}~ boip', B = 2250 62i+1pi, then by definition of 1), we have
#H{beZ Yb)=4jb>0}=#{(A,B)€ZxZ:A+2B=j A B>0}=1j/2]+1.

Thus

B EZ () = b= 0} + #beZ:w(b) = j— 1,b> 0}

=L+ G-/ + 1= - 142 = +1

. We have
(S 3o ) =3 ot 2
1=0 1=0 1=0
For k' > k, we will show that p(k") > u(k). We first let
m .
K =2+ (p* - 1)( Za’ 2t Zb’ 2l =24 (p* = 1) _(aj + bip)p™)
1=0

: / / : / sl . .
for integers 0 < a; < p and 0 < b; < p. Since k and k' are positive integers, the p-adic
expansions above all have finitely many terms. Since &’ > k, there exists a biggest

integer i such that ago + bgop > a;, + bjyp. Then either b;o > bj, or b;o = b;, and

20
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a: > a;,. Now we have
10 0

Wk = (k) = v (Z ' 22+Zb/ 2z+1) (Zaip%JeripziH)

i=0 i=0 i=0
10 o .
= (af +20)p" = (a; +2b;)p’
i=0 i=0
. Z.Oi]‘ .
= (af, + 20, — azy — 2bjg )0 + Y (af + 26} — a; — 2b;)p’.
i=0

Since 0 < a; <1 and 0 < a; + 2b; < p, we have

aéo + ngo — ajy — 20, 21

and
a; + 20, — a; — 2b; > —(p — 1).
Thus
201 1_p20
K'Y — p(k —(p—1) = p'0 =1.
(k') — p(k) > p’ Zp =p0+(1 )1p

In the case when &’ = 2p mod p? — 1, by the proposition below, we have (k') >
(k' + p® — 2p — 1). Thus HSy(x) is the smallest integer whose m-th coefficient that
is the largest among all weights. But since the limit of HSj(z) is (1 — )3, the m-th

coefficient is equal to (m; 2).

Proposition 1.5.0.5. If k = 2p mod (p? — 1), then u(k) > p(k +p? — 1 — 2p).

Proof. We have

k=2+2p—1)+b(p>—1)
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for some positive integer b. Then
k+p?—1—2p=2+(b+1)p*-1).

Suppose that
ng—1

b=(p—1) Zp—i—szp

Z’rLo

for some integer N and 0 < b; < p — 2. Then b+ 1 has p-adic expansion

b+1=(bpy+1)p"0+ > bip'.

i=ng+1
If ng is odd, then
nO 1) 2 (n() 3)/2 .
L+ (b)) —p(b+1) = Z pr+2p-1) > pi—plnoTh/2
i=0
(no—3)/2
=1430p-1) > p'>1
1=0
If ng is even, then
(no—=2)/2
L+o(0) —g(b+1) =1+3(p—1) > p —p"/?
1=0

= 1+3(p"0/% — 1) = p"0/2 = 2(p™0/2 — 1) > 0.

Based on Fact 1.4.2.2(1), we also make the following conjecture.
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Conjecture 1.5.0.6. When kg = 2, the ring R* is Gorenstein if and only if

k:k1+(p2—1)<apN—1>

for some integers 2p < k1 < p® —p—+2 such that ki =ky modp—1, N>0and1<a<p

with the exception that k =2 and k = p+ 1, in which case Rg 1s formally smooth over O.

1.6 Future plan

The following are things we are working on now and want to explore in the future.

1.6.1 Horizontal Breuil-Mézard conjecture

We are currently computing the ky = 3 example in Python. We plan to compute all other
examples from §1.4.3 to validate and explore variations of conjectures 1.5.0.1 and 1.5.0.6 in
different cases. We will also look for examples where 7 is reducible and Schur and carry out
the computations.

We are eventually interested in interpreting the conjectural form of Hy(x) on the auto-

morphic side. We hope to find the corresponding invariant from the representation theory

of GLy(Qp).

1.6.2  Components of the crystalline deformation rings

Since we are able to compute the matrices of the T}, operator acting on M (k, Q) up to some p-
adic precision, we have access to analyzing the a;, values of the crystalline representations that
come from modular forms on the crystalline deformation rings. Combined with Rozensztajn’s
work Rozensztajn [2020], we can analyze the distribution of the modular points on different
components of the crystalline deformation rings. There are many open questions on these

components. How many components are there? Are modular points evenly distributed on
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the components? Are there corresponding automorphic invariant that can be linked to the

number of components of Rﬁ?

1.6.8 The cokernel C*

We wonder if M is finite free over the Iwasawa algebra as M is from Lemma 1.3.4.7. The
freeness of M comes from geometry while M is something less straightforward to understand.
This is related to understanding how divisible ap is by p. One idea is to check out Conrad

[2007|. But this is all very vague.
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