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ABSTRACT

In this thesis, we develop a scattering theory for the asymmetric transport observed at inter-
faces separating two-dimensional topological insulators. Starting from the spectral decom-
position of an unperturbed confining Hamiltonian, we present a limiting absorption principle
and construct a generalized eigenfunction expansion for perturbed systems. We then relate
the interface conductivity, a current observable quantifying the transport asymmetry, to the
scattering matrix associated to the generalized eigenfunctions. In particular, we show that
the interface conductivity is concretely expressed as a difference of transmission coefficients
and is stable against perturbations. We apply the theory to systems of perturbed Dirac
equations with asymptotically linear domain wall.

In the presence of random perturbations in the Hamiltonians, the limiting behavior of the
scattering matrix entries as the thickness L of the random medium increases gives rise to a
second order diffusion operator by the diffusion approximation theory. We call such diffusion
operator a mixed type generalized Kimura diffusion operator. We model the operator and
provide the degenerate Holder space-type estimates for model operators. With the analysis
of perturbation term we establish the existence of solutions. We also give proofs of the
existence and regularity of the global heat kernel.

We also concern the long-time asymptotics of this degenerate diffusion operators with
mixed linear and quadratic degeneracies. In one space dimension, we characterize all possible
invariant measures for such a class of operators and in all cases show exponential convergence
of the Green’s kernel to such invariant measures. We generalize the results to a class of two-
dimensional operators including those used in the analysis of topological insulators. Several

numerical simulations illustrate our theoretical findings.
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CHAPTER 1
INTRODUCTION

1.1 Background and motivation

A characteristic feature of two-dimensional topological insulators is the topologically pro-
tected asymmetric transport observed at one-dimensional interfaces separating two insulat-
ing bulks. If H is a Hamiltonian describing transport in the two-dimensional system, the

asymmetry along the edge is modeled by the following edge conductivity

or[H) = Tri[H, Py (H) (1.1)

where P = P(z) € 6[0,1] and ¢(F) € &[0,1, E_, E4] are smooth switch functions. Here,
Sla, b, ¢, d] is the set of bounded (measurable) functions on R equal to a for z < ¢ and equal
to b for x > d while S[a, b] is their union over (finite) ¢ < d.

In such a setting, an interface current is flowing in the direction of the x—axis while wave-
fields are concentrated in the vicinity of y = 0. We have 2wo; € Z an integer describing
excitations primarily moving e.g. from left to right when 27w > 0.

When H = Hj is an unperturbed operator invariant with respect to spatial translations
in z, then plane waves may be identified as generalized eigenfunctions of Hy. In

We consider H = Hy + () with Hp an operator with a well-known spectral decompo-
sition and () be a short-range perturbation, which for us will be an operator of point-wise
multiplication by Q(z,y), a function that decays sufficiently rapidly to 0 as |z| — co. The
topological protection of the asymmetric transport states that oj[Hy) = o7[Hy + Q] for a
large class of perturbations Q).

The main objective is to devise a scattering theory for H. More precisely, for an energy
E € R within the bulk band gap, we wish to show the existence of generalized plane waves

solution of Hy,, = Ey, and construct a scattering matrix S from such functions v,,. Our
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final objective is then to show 27wo; € Z is directly related to the coefficients of the scattering

matrix S.

Dirac operator with domain walls We consider the Dirac operator
H=Hy+Q, Hy :Dxal—{—Dyag—km(y)ag (1.2)

where Dy = —i0y and Dy = —idy, where o1 2 3 are the standard Pauli matrices, and where
m(y) is a domain wall that we will take the form m(y) — y equal to a bounded function to
simplify the presentation. Here, @) is the operator of multiplication by Q(x,y), which takes
values in 2 X 2 Hermitian matrices. With such perturbation, we proved that H satisfies the

following hypothesis.

Hypothesis 1.1.1 ([H1]). (o) We assume that Hy is a self-adjoint (elliptic) differential
operator with domain HP @ C4 and resolvent operator Ry(i) = (Ho — i)~! bounded from H
to HP @ C1.

(i) For each £ € R, I:IO(f) has a compact resolvent and hence purely discrete spectrum. We
assume the existence of generalized eigenfunctions in H]_)S for s > %, solutions

1

—5= e 6), (1.3)

Vi(r,y;6) =

of the eigenvalue problem (Hy—FE;(&))v; = 0 with (¢;); an orthonormal basis of L2(Ry)®CY,
i.e., (¢j,¢k)L2(Ry)®Cq = 0. Here, j € J with J ~N.

(ii) We assume that the branches of absolutely continuous spectrum j — E;(&) are smooth
and satisfy |E;(§)| — oo as |§| — oo with § — (1 + |EJ~(§)|2)_1 integrable for j € J. We

assume that for any interval [a,b], only a finite number of branches & — E;(§) cross [a, b].

For Hy an elliptic operator of order p, which is the framework we are interested in,
standard ellipticity results show that ¢;(x,y;€) defined in (2.3) is an element in HP ¢ for

2



5> % We have by assumption the spectral decomposition
Ho= 3 [ BAOW©dE L) = 06 @ vy(:¢). (1.4)
J

where I1;(§) are rank-one projectors. Associated to the above decomposition is the follow-
ing resolution of identity. Let Z = (j,€) € J x R. We define for f € L*(R?) ® C? the

(unperturbed) Fourier transform:

FE = (FNE) = [ 508 fapdody = (£.0,¢,), (1)

where (f,9) = g2 f(z,y) - g(z,y)dzdy is the inner product on H, with inverse Fourier

transform:

foy) = (F Py =3 /R FE); (., €)de. (1.6)
J

The Fourier transform is an isometry from H = L?(R?, dzdy) ® C? to L?(J x R, dZ; C), with

d= the Cartesian product of the counting measure on J and the Lebesgue measure on R.

(iii) The spectral elements E;(§) and 11;(§) are assumed to be smooth in & with a finite

number of critical values. Define
Z={E€R; E= E;(§) for some (j,€) € J x R and 0¢Ej(§) = 0}. (1.7)

We assume the set Z of critical values to be finite in each bounded interval [E—, EL].

(iv) To set up a scattering theory, we finally assume the following completeness property:
for any E € R\Z, then any solution ¢ € H?js of (Hy — E)Y = 0 is a linear combination
of the generalized eigenfunctions ;(x,y;&) for values of & such that E;(§) = E. We label

Ym(z,y) = ¥j(w,y;6m) for 1 < m < M(E) the corresponding solutions at E fized. Up to



(obvious) relabeling, we thus have

1
x,y E) = eiém(E)z 1 <m<M(E). 1.8
Ym(2,y; E) \/ﬂ Om(y; Em(E)), <m < M(E) (1.8)
We then show that for each = = (j,¢), there exist modified generalized eigenfunctions

%Q € HP _ solution of Hq/JQ = E(§)¢Q For a fixed R 5 E ¢ Z, we still denote by

—S
Q the solution of the problem (H — E)wm = 0 with @bm = wQ( §m) with Ej(§m) =
and 1 < m < M(F). Moreover, we will justify the following assumption on the spectral

decomposition
M2 H= Ao+ /R Bi(ond(©)de, (€)= v () @uP(59).  (1.9)
n J

Here, the sum over n corresponds to discrete (locally finite) spectrum with eigenvalues A, and
(rank-one) projectors I, = 1, ® 1y, for eigenfunctions 1, € H. The above decomposition
thus imposes that the branches of absolutely continuous spectrum for H and H be the same.
This is consistent with the standard result that two operators Hy and Ho = H{ + V with V
a trace-class perturbation have unitarily equivalent absolutely continuous spectrum

A final assumption on the generalized eigenfunctions is that for |z| large, then 1/17% is
approximately given by a linear combination of the unperturbed solutions ¢, for 1 < n <

M(E). More precisely, define the currents

Im = JIm(E) = agEm(§m> #0 (1.10)

which do not vanish for £ ¢ Z not being a critical value of the branches of absolutely

continuous spectrum. We then assume that for 1 < m < M(FE),

H3]  dR@y)~ Y ahute(ey) = Z aty, r%%() (1.11)

1<n<M(E) 1<n<M(E



where a ~ b means that the difference a — b converges to 0 uniformly (in z as a square-

integrable function in y € R) as x — +00 and where ot

are the corresponding coefficients
in these two limits.
With H satisfying the hypothesis above, we let S be the (ny+n_) x (n4+n_) scattering

matrix

T, R_
Ry T

We deduce from the spectral theorem and the spectral decomposition that

Proposition 1.1.1. Let F € R\Z and w% the associated perturbed generalized eigenfunc-

tions. Then:

0 .
S| B w2l PRy =y (1.12)
m
As a corollary of the preceding proposition, we obtain the final main result of this section:

Theorem 1.1.2. The conductivity may be recast as
2o =tr T{ Ty —tr T°T_ =ngy —n_.

Scattering theory and diffusion approximation For a given energy level E, a finite
number of the edge modes are propagating while the rest are evanescent. In the presence
of random fluctuations V coupling the propagating modes (see Hypothesis 4.1 in section
4), the amplitudes of said modes satisfy a closed system of equations (in the y variable).
Edge transport is then characterized by a scattering matrix composed of reflection and
transmission coefficients. Conductance in such systems is then physically proportional to the
trace of the transmission matrix. In the topologically trivial setting, Anderson localization
shows that such a conductance decays exponentially as the thickness of the slab of random
perturbations increases.

In



Example 1.1.1 (. The diffusion approximation of the 3 x 3 system gives rise to a second

order diffusion operator on the triangle T = {(x,y) : 0 < z,y,x +y < 1}:

L =712 [my(ﬁx — 9y + (y — 2)(0r — 8@/)}
+723 [y(wax +(y— 1)) + (y — 1) (205 + (y — 1)%)}

13 [#((x = 12 +y9y)* + (= = (& = 12 +0y)|

Let L be a mixed type generalized Kimura diffusion operator, defined on P, a two-
dimensional compact manifold with corners, which means that L is a second-order locally
elliptic operator in the interior P° with appropriate degeneracy conditions at boundary
points. Specifically, in the vicinity of a boundary component, the coefficients of the normal

part of the second-order term vanish to order either one or two.
Theorem 1.1.3. For 0 < v < 1, if the data f € CF*2TV(P), g € CFY(P x [0,T]), then the
imhomogeneous problem

(O — L)w=gin Px[0,T] with  w(0,z,y) = f

has a unique solution w € C*>tV(P x [0,T)).

Based on series expansion of fundamental solutions of model operators and the above
result on the heat equation, our second main result is the existence and regularity results of
a heat kernel for L. We let P9 denote the union of P and regular edge points and regular

corner points (see Definition 3.1.1).

Theorem 1.1.4. The global heat kernel Hy(dy,do,l1,l3) € C°°(P"9 x P x (0,00)) of the

full operator L exists and for f € CY(P), then

vy i=/PHt(dl,d2,11,l2)f(11,l2)d11dl2
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is the solution of (Oy — L)vy = 0 with v¢(0,-,-) = f.

Associated to the operator L is a C? semigroup Q; = et solution operator of the Cauchy

problem
Ooru = Lu

with initial conditions u(z,0) = f(x) at ¢ = 0. Our second objective is to analyze the long
time behavior of 'L, and in particular convergence to appropriately defined invariant mea-
sures. It turns out that the number of possible invariant measures and their type (absolutely
continuous with respect to one-dimensional or two-dimensional Lebesgue measures or not)
strongly depend on the structure of the coefficients at the boundary. We thus distinguish
the boundary into two types: tangent or transverse. For one dimensional case, we have the

following results in different boundary types.

Theorem 1.1.5. If there is only one tangent endpoint p, then for any non-quadratic point
x, the transition probability ps(x,-) converges exponentially to §(p) in Wasserstein distance.

If there are two tangent endpoints, then there exists Sy, satisfying So(0) = 0, Sp(1) =
1 and LSy = 0, such that for any probability measure v, Qfv converges exponentially to

fO v(l = Sp)+d(1 fO vSo wn Wasserstein distance.

Theorem 1.1.6. The invariant measure p in (4.53) satisfies a Poincaré inequality. For

f € L2(u),
ot
1017 = [ Fhlliegy < ¢ T2 IF = [ Fullpagy (1.13)
For any probability measure v = hy with h € L?(u),
N __t
10} = pll gy < € T |lh — 1|2

For L on a 2 dimensional compact manifold with corners P with only one tangent edge

7



H, we proved that the Wasserstein distance between the transition probability p¢(p, ) and

the invariant measure supported on the tangent edge converges exponentially.

Theorem 1.1.7. Fiz a point p that is not on any quadratic transverse edge. Then the
Wasserstein distance between the transition probability p(p,-) and the invariant measure

supported on the tangent edge converges exponentially:

W (p(p, ), 10 ()00 () < Me 2%t > 0. (1.14)



CHAPTER 2
SCATTERING THEORY OF TOPOLOGICALLY PROTECTED
EDGE TRANSPORT

2.1 Introduction

A characteristic feature of two-dimensional topological insulators is the topologically pro-
tected asymmetric transport observed at one-dimensional interfaces separating two insulating
bulks. Applications may be found in many areas in condensed matter physics, photonics,
and geophysical sciences

If H is a Hamiltonian describing transport in the two-dimensional system, the asymmetry

along the edge is modeled by the following edge conductivity

or[H) = Tvi[H, Py (H) (2.1)

where P = P(z) € 6[0,1] and ¢(F) € 6[0,1, E_, E4] are smooth switch functions. Here,
Sla, b, ¢, d] is the set of bounded (measurable) functions on R equal to a for z < ¢ and equal
to b for x > d while &Ja, b is their union over (finite) ¢ < d. The operator i[H, P] may be
interpreted as a current operator while 0 < ¢/(E) is a density of states. Thus o7 models
the expected value of the current operator for excitations in the system with density ¢/(E)
supported in an energy interval [E_, E}| where propagation into the bulk is suppressed. In
this paper, we consider the setting where no energy F € R is allowed to propagate in the
bulk, so that [E_, E4] is an arbitrary (bounded) interval in R. The interface conductivity
has been used in a variety of contexts

In such a setting, an interface current is flowing in the direction of the xr—axis while wave-
fields are concentrated in the vicinity of y = 0. We have 2nro; € Z an integer describing
excitations primarily moving e.g. from left to right when 2wo; > 0. We may then envision

the following scattering experiment. When H = H( is an unperturbed operator invariant
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with respect to spatial translations in x, then plane waves may be identified as generalized
eigenfunctions of Hy. We will show how o may be expressed in terms of such eigenfunctions
following

Section 2.2 presents our main framework. Under the assumption that generalized eigen-
functions associated to the problem H = E1) exist and satisfy a priori constraints, we show
that a unitary scattering matrix may be defined and that the edge conductivity (2.1) can
indeed be computed from the scattering coefficients. This justifies computations performed
in

The rest of the chapter is devoted to providing sufficient conditions for the theory of
section 2.2 to apply. This is done in section 2.3 by appealing to the spectral theorem
to obtain an appropriate decomposition of H, and in particular to a limiting absorption
principle to obtain a detailed description of the absolutely continuous spectrum and point
spectrum (and lack of singular continuous spectrum) of H. The construction of generalized
eigenfunctions for the perturbed system is given in section 2.4. Finally, section 2.5 verifies
all required hypotheses for slight generalizations of the systems of Dirac operators analyzed
numerically in

References on scattering theory, the limiting absorption principle, and generalized eigen-

function expansions that are relevant to the current work include

2.2 Current conservation and edge conductivity

This section proposes a framework to relate the asymmetric transport modeled by the edge
conductivity to spectral information on the Hamiltonian describing the system. Section 2.2.1
summarizes our main assumptions while section 2.2.2 introduces a current correlation and
defines a notion of current conservation and section 2.2.3 finally relates the edge conductivity

to a scattering matrix associated to the Hamiltonian.
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2.2.1 Assumptions on spectral decomposition of Hamiltonian

Let H = L?(R?) ® CY the space of vector-valued functions with square-integrable entries
defined on the Euclidean plane with coordinates (x,y). We define the following functional

spaces.

Definition 2.2.1. For s € R, we define Lz the weighted Hilbert space of all complex valued

functions u(x,y) defined in R? such that (z)%u(z,y) € L*(R?) with the norm

N[

fullz = ( [, (@)% lute.p)Pdady)

Let § > 0. Forp € Ny and s € R, HY denote the Hilbert space of Lg functions with

distribution derivatives in L% up to p-th order, with norm given by

(S

gy = ([, [@ @l + @ 32 10 deay)* 2:2)
lal=p
Above, (z) := V14 22. We denote HP = Hg. We also denote by HE (L2) the space
of vector-valued functions HY ® C? (L2 ® CY). The value of 8 will be equal to p in our
applications.
We start with a self-adjoint operator Hy from ©(Hgy) = HP to H that is invariant with
respect to translations in z. We then have Hy = F. | ﬁg(f)}"x_% with F,_,¢ Fourier

E—a

transform in the first variable x and R 3 ¢ — ﬁo(f) a family of self-adjoint operators on

L*(R) ® CY.

Hypothesis 2.2.1 ([H1]). (o) We assume that Hy is a self-adjoint (elliptic) differential
operator with domain HP @ C4 and resolvent operator Ry(i) = (Ho — i) ™" bounded from H
to HP @ C1.

(i) For each £ € R, [:10(5) has a compact resolvent and hence purely discrete spectrum. We

11



assume the existence of generalized eigenfunctions in Hgs for s > %, solutions

i,y &) = ——eh;(y; €), (2.3)

1
V2T
of the eigenvalue problem (Ho—FE;(§))v; = 0 with (¢;); an orthonormal basis ofLQ(]Ry)Q@(Cq,

(¢j,¢k)L2 ,)@Ca = Ojk- Here, j € J with J ~ N.
(i) We assume that the branches of absolutely continuous spectrum j — E;(&) are smooth
and satisfy |E;(§)| — oo as |§| — oo with & — (1 + |Ej(§)|2)_1 integrable for j € J. We

assume that for any interval [a,b], only a finite number of branches & — E;(§) cross [a,b].

For Hq an elliptic operator of order p, which is the framework we are interested in,
standard ellipticity results show that t;(z,y;€) defined in (2.3) is an element in H” ; for

s > . We have by assumption the spectral decomposition
Ho = Z/ §ds, L&) = ¥;(:§) ®@¥;(5€), (2.4)

where 11, (&) are rank-one projectors. Associated to the above decomposition is the follow-
ing resolution of identity. Let = = (j,€) € J x R. We define for f € L*(R?) ® C? the

(unperturbed) Fourier transform:

F@) = FNE) = [ T558  fag)dady = (£.550,0) (25)
where ( fRQ f(z,y) - g(z,y)dzdy is the inner product on H, with inverse Fourier
transform:

Fla) = (F D)= 3 [ 1@t s (2.6
J

The Fourier transform is an isometry from # = L?(R?, dzdy) ® C4 to L?(J x R, d=; C), with

d= the Cartesian product of the counting measure on J and the Lebesgue measure on R.

(i4i) The spectral elements E;(§) and 11;(§) are assumed to be smooth in & with a finite
12



number of critical values. Define
Z ={E eR; E = Ej(&) for some (j,£) € J xR and ¢ E;(£) = 0}. (2.7)

We assume the set Z of critical values to be finite in each bounded interval [E—, E4].

(iv) To set up a scattering theory, we finally assume the following completeness property:
for any E € R\Z, then any solution ¢ € H]is of (Hy — E)Y = 0 is a linear combination
of the generalized eigenfunctions 1;(x,y;§) for values of & such that E;(§) = E. We label
Um(z,y) = ¥j(w,y;§m) for 1 < m < M(E) the corresponding solutions at E fized. Up to

(obvious) relabeling, we thus have

Ym(z,; B) = #eifm<E>x¢m<y;gm<E>>, 1 <m < M(E). (2.8)

The main unperturbed operator of interest in this paper is the massive Dirac Hamiltonian

~

Hy = Dyo1 + Dyoas +m(y)oz,  Hy(§) = o1 + Dyoa + m(y)os, (2.9)

with o1 9 3 standard Pauli matrices and Dy = —id, for a € {x,y} and m(y) a domain wall,
which for concreteness, equals y up to a bounded perturbation. Then, p = =1 and ¢ = 2.
That the spectral decomposition (2.4) and all assumptions in Hypothesis [H1] applies to Hy
will be revisited in section ?77; see also

A second natural application of the theory developed here is for the Klein-Gordon oper-
ator

Ho = D? + a*a, a=0y+m(y), o =-9y+m(y) (2.10)

with then p = 8 = 2 and ¢ = 1. This operator is topologically trivial in the sense that
or[Hy + Q] = 0 for @ short range

The quantization of the interface conductivity oy for Dirac, Klein Gordon, and more
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general elliptic operators with unbounded domain walls is carried out in

The main objective of this paper is to analyze transport properties for a perturbed
operator H = Hy + () where () is a short-range operator. We consider the case where
@ is an operator of multiplication by Q(x,y) with the ¢ x g-valued (measurable) function
Q(z,y) such that (z)11¢|Q| < C for some & > 0. Here, (x) = v/1+ z2. We thus assume Q
sufficiently rapidly decaying (only) in the z variable.

We then show that for each = = (j, &), there exist modified generalized eigenfunctions

wJQ e HP _ solution of ijQ = Ej(g)@D?. For a fixed R 3 F ¢ Z, we still denote by

—S
¥ the solution of the problem (H — E)¢% = 0 with % = ¢§2 (-,&m) with Ej(¢m) = E
and 1 < m < M(E). Moreover, we will justify the following assumption on the spectral

decomposition
A VLS | Eonfod 190 vt eilte. e

Here, the sum over n corresponds to discrete (locally finite) spectrum with eigenvalues A, and
(rank-one) projectors I, = 1, ® 1y, for eigenfunctions ¢, € H. The above decomposition
thus imposes that the branches of absolutely continuous spectrum for H and H be the same.
This is consistent with the standard result that two operators H; and Ho = H1 +V with V'
a trace-class perturbation have unitarily equivalent absolutely continuous spectrum

A final assumption on the generalized eigenfunctions is that for |z| large, then w% is
approximately given by a linear combination of the unperturbed solutions ¢, for 1 < n <

M(E). More precisely, define the currents

I = Jm(E) = 0cEm (&m) # 0 (2.12)

which do not vanish for £ ¢ Z not being a critical value of the branches of absolutely
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continuous spectrum. We then assume that for 1 < m < M(FE),

13 0@~ Y oty = S b, Th(y),  (213)

amn
1<n<M(E) 1<n<M(E) V27

where a ~ b means that the difference a — b converges to 0 uniformly (in x as a square-

+

integrable function in y € R) as * — +o00 and where o™ are the corresponding coefficients

in these two limits.

2.2.2  Current correlations

Let H be a differential self-adjoint operator of order p as described in the preceding section
and so that [H2] and [H3] hold, which we assume for the rest of section 2.2. Let v, and ¢,

two generalized eigenfunctions in H” ¢ for s > %, solutions of

H¢m = Em¢ma H¢n = Enwn

with E,, and E,, in R. Define the current correlation

Imn(20) = (Yn, 2mi[H, P(- — 20)]¢m) (2.14)

Here, (-, ) denotes the inner product on H. While ¢, & H, the above integral is well-defined
since [H, P(- — zq)] is a differential operator with coefficients that vanish for x — x( outside
of a compact set and hence mapping H? s to L% for any t € R. We recall that P is a switch
function in &[0, 1]. On that compact set in the x—variable, both H1y, and v, are square

integrable.

Lemma 2.2.1. When E,, = E,,, we have the current conservation

Jon(xg) =0  forall xp€R.
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Proof. Using that P'(- — xq) (unlike P(- — zq)) is compactly supported, we obtain that

— Jin(0) = (¥, 27i[H, P'(- = 20)[om) = (n, 20i(HP'(- — wg) = P'(- = 20) H)m)

= (Hin, 27Tipl<‘ —20)¥m) — (¥n, 27TiPl<‘ —20)Hm) = (En — Em)(¥n, QWiP/(‘ —20)¥m),

which vanishes. OJ

Consider H = Hy + ) with ) rapidly decaying at infinity as described in the preceding
section. For a fixed energy E € R, the unperturbed solutions of (Hy — E)¢ = 0 in H”  are
given by ¢y (z,y) for 1 < m < M(FE) in (2.8) while the corresponding perturbed solutions
are given by 1[17%(% y). The number of propagating modes M(F) equals n4 + n_— where n4
corresponds to the number of currents +.J,,, > 0 associated to each unperturbed plane wave

and defined in (2.12). From assumption (2.13), we deduce that

(Wi, 2mi[H, P(- — xo)lof) = > aibyaik (69076, i[H, P(- — 29)]e’%%¢,)  (2.15)
1<p,q<M(E)

where & here is the same sense as above but now as x(y — £oo. All we need in the sequel
is in fact that (2.15) holds rather than the more constraining (2.13). All terms in (2.15) are
again clearly defined since [H, P(- — x()| is compactly supported in the x—vicinity of zy. We

wish to estimate the above right-hand side.

Lemma 2.2.2. Let P be a switch function in &(0,1). Then we have
(eigmx(ﬁm, ilH, P}eignx(bn) = 5mn8§En(€n) = dmndn- (2.16)

Proof. For an operator A, we denote by A(z,2) its Schwartz kernel. Let us first assume
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Em # §n- Then

(i[H, P)e"m™ ¢y, e%n¥ ) = / e~ HnT g% (y)(i[Ho, P)) (2", y, o )™ by () dwdyda' dy
= / e g (y)iHo(2, 9,y ) (P(2) = P(a/ + 2))e!Em =T () dzda dydy’
=P(€n —&m) / S (y) (e — e m)iHy (2, y, 4 Yo (v ) dzdydy’
Pl ) [ G20) ol ') = Bl ) (o'

:p<fn - fm)(En<fn) - Em(fm))(gbn, Cbm) =0

since E = Ep(&n) = Em(&m) while P, the Fourier transform of P — %, is bounded for
&n # &m (decomposing P as a Heaviside function plus an integrable function while P would
equal (&, — &)~ ! for P the Heaviside function). Note that we may not have (and do not
have in practice) (¢n, pm) = 0 for n # m since &, # &, for a fixed value of E while the
eigenfunctions ¢, are orthogonal for different values of F), at a fixed value of &.

When &, = &, we find instead

(i[H, P)e'm® oy, émT s} = / e EmT ¥ () (i[Ho, P)) (2,2, y, o )™ gy (o) dadyda dy'
_ / e~ i€zt ()iHo(z, 5,y ) (&) — P(e' + 2)) by )dzda’ dydy
_ / 0% (y)e—m* (—2)iHo (2, . )b (y)dzdydy’

- / 64 ()0 o (Em, 1,4 )om () dydy' = (6, 0 Ho(Em) ).

The modes ¢, (€) satisfy
Ho(€)ém(€) = B (€)dm(§).

Since the spectral branches £ — E,,(€) are assumed sufficiently smooth, this yields

Oc Hodm + HoOgdm = O Emdm + EmO¢dm
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from which we deduce

(Pn, agﬁ0¢m) = a{fEm<¢na Pm)

for any ¢p such that (Hy — Ep)én = 0. If n # m while Ep (&) = En(&m), then we may
choose the eigenvectors ¢, and ¢, as orthogonal so that (¢p, 8§ﬁ0¢m) = 0 then (we have
that O¢ B, # 0 since B ¢ Z is not at a critical value of the energy branches).

As a result, when &, = &, we have

(€i§m$¢n7 i[H, P]6i§m$¢m> = 5mn(¢m> afﬁO(gm)gbm) = 6m”afEm'

We used the normalization ||¢y,||? = 1. This concludes the derivation. O

We thus conclude from (2.13) and the above lemma that in the limits 2y — £oo0,
(st 2mi[H, P(- = 20)JUi¢) ~ 3 Jpoiiiy i (2.17)
p

2.2.83 Scattering matriz and edge conductivity

We next define the refection and transmission coefficients R, and Tih,, as

J,
b = |’Jm|‘ 7,5, when Jp, >0and.J, >0 (2.18)
n
_ | Il
O = 7 |Tmn when Jpy, <0 and J, <0 (2.19)
n
+ | Il —
., = T R,,, when J, <0and J, >0 (2.20)
— Sl ot
Ay = T R, when J,, >0 and J, <0, (2.21)
n

while we also have o, = 1 when Jp, > 0 and a;f,,,, = 1 when J,, < 0. All other coefficients

ozz?tj then vanish. We then have the following result:
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Lemma 2.2.3. The (n4 4+ n_) X (n4 + n—) scattering matrix

T. R_
Ry T

is unitary. Here Ty is the ny X ny matriz with coefficients Ty, , etc.

Proof. From (2.17) evaluated at (g — 400 and the current conservation in Lemma 2.2.1

stating that both limits are equal, we deduce that when J,,, > 0 and J, > 0, then
Z Tﬂr{pm}) = Omn — Z RvJ?F%pR;{p'

This shows the orthonormality of the first n4 columns of S. Considering the other cases
+J;, > 0 and £+J, > 0 provides the other orthonormality constraints and concludes the

proof. O

Lemma 2.2.4. Let S be the above scattering matriz. Then
tr 79T —tr T5T_ =ny —n_. (2.22)
Proof. From unitarity of the scattering matrix, we get

g | TETe+ Ry TER- 4 RET-
R* Ty +T Ry R*R_+T*T-

o TTEHR-RL TRRL 4 RTE

RyT: +T-R* RyR% +T_T* -

Looking at the diagonal terms, we obtain

tr T T+ + Ry Ry =tr T4 T{+R_R* =ny, ttR*R_+T*T_=tr R{RI+T_T* =n_.
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By cyclicity of the trace or explicit computation of the norm, we deduce that trR} R =
trR_R* = trR* R_ so that trT{T} — tr7*T_ = ny — n_. This may be written using
only one-sided measurements as n4 —n— = tr (T7 T4 + R* R—) —n_ =ny —tr (T*T_ +

RYRy). O
We deduce from the spectral theorem and the decomposition (2.11) the following result.

Proposition 2.2.1. Let E € R\Z and zﬁ% the associated perturbed generalized eigenfunc-

tions. Then:

0
)3 %5 |, omilH, Pl2) = my . (2.23)
Proof. We have from the above calculations and sending zg — 400
0 0
> |5 | anier. iy = S TE S hoal

=> S AT Pl + > 7 ‘<Jm+Z|R |2|Jm|>

\m!

JIm >0 Jp>0 Im <0 Jp>0
2 — 2
= Z |T77Jgn‘ —n—+ Z |Rpnl” =n4 —n—.
We use here that there are n4 modes with J,, > 0 and n_ modes with J;,, < 0. ]

As a corollary of the preceding proposition, we obtain the final main result of this section:

Theorem 2.2.2. The conductivity may be recast as
2rop =tr Ty T —tr TXT_ =ny —n_.

Proof. From (2.11), we have

) =3¢ Ol + 3 [ HE P (e
n j
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The operators i[H, P|II,, are trace-class with vanishing trace since

TY[H: P]Hn = (an» [H» P]¢n) = (¢naHP¢n>_(¢naPH¢n) = )‘n(gbnapﬁbn)_An(ﬁbnaP(bn) = 0.

Since the sum over n is finite, it does not contribute to oy[H]. Thus, from the definition of

the rank-one projectors H?, and identifying w;ﬁg(é) with w%(E) when F;(§mn) = E, we find

dmog[H] = Z | P EOWH©, 2mili, P (€))ae
_ Z / %o ()G (B), 2 H, Pl (B)aE

= / (E)(ng —n_)dE=ny —n_ =tr T7T4 —tr TFT_.
R

We used ¢ € 6[0,1] and Lemma 2.2.4 to conclude. O

2.3 Spectral analysis and limiting absorption principle

This section analyzes spectral properties of Hy and H = Hy + () for operators satisfying the
following estimates. We assume that Hj is a self-adjoint differential operator as described
in [H1](o)-(iv) above. The resolvent operator Ro(z) = (Hy — z)~! then displays different

behaviors as z approaches the real-axis with positive or negative imaginary part.

Definition 2.3.1. For a < b, we define

Ji(a,b) ={A€eCla<Red<b 0<ImA< 1},
J_(a,b)={A€C|a<Red<b —1<ImA <0},

J(a,b) = Jy(a,b) U J_(a,b).

Our objective is to prove results on the spectrum of H that will allow us to verify
hypothesis [H2| in section 2.4. We recall that the spaces Lg and HY are introduced in

Definition 2.2.1 and that Z is the set of critical values of branches of spectrum of Hy defined
21



in (2.7).

Remark 2.3.1. For s > 0, the injection HY < L? is compact
We make the following assumptions on the short-range perturbation Q) and assume the

following a priori estimates.

Hypothesis 2.3.1. We assume that Q(z,y) is a ¢ X q¢ Hermitian matriz valued function.
Moreover, |Q(z,y)| is bounded (measurable) and for some h > 1 and C = C(h) > 0,

Q(z,y)| < Clay™  (2,y) e R% (2.24)

We recall that (x) = V1 + 2.
Hypothesis 2.3.2. Let R > a < b e R. We assume the following a priori estimates.

1. Let s > % There is a constant C = C(s,a,b) > 0 such that
[ullgr < Cll(Ho = Aull 2, (2.25)

for all complex numbers \ € J(a,b) and u € HE.

2. Let s >0, € >0, and (a,b) N Z = (. There is a constant C' = C(s,a,b) > 0 such that
fulllge < Cl(Ho - Nl (2.20)

for all real numbers A € (a,b) and u € HP.

3. Let [a,b] N Z = and [a,b] not containing any eigenvalue of H. Then for h > s > %,
there exists a constant C' = C(s, a,b) such that
lull gr | < CI(H = Aull 2, (2.27)

for allu € HY and \ € J(a,b).
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The above hypotheses provide sufficient a priori estimates on H = Hy+ (@) to characterize
some of its spectral properties. We start by showing that with the above hypotheses, then H

has at most discrete point spectrum.

Proposition 2.3.1. The point spectrum of H is discrete. (In particular, every eigenvalue
has finite multiplicity.) The only possible limiting points of families of eigenvalues are in

Z U {£o0}.

Proof. We will show that if u € HP is an eigen-function corresponding to A, i.e., Hu =
\u, a < A < b, where a,b satisfies condition 2 in Hypothesis 2.3.2, then u € HE for some

s > 0 and
lull e < Cllul 2. (2.28)

with some constant C' independent of .

The proposition is a direct corollary. Indeed, suppose {uy,} is a set of eigenfunctions
with norm 1 in HY. By (2.28), |un|| 72 is bounded below by a positive constant. Also by
Remark 2.3.1, the injection map from HY into L? is compact. As {u,} is orthogonal and
bounded both below and above in L2, it must be in a finite set. This implies that H has
finite eigenvalues in [a, b] and the multiplicity of each eigenvalue is also finite.

To prove (2.28), we first show that it holds true for s = 0. Indeed, since Hu = A\u,
(Hy—i)u=\—iJu+geL?® g=—-Qu=(Hy—Nu.

Thus u = Ry(4)[(A — ¢)u + g] with Rg(¢) mapping from H to HP by ellipticity assumption
[H1(o)] and with @ bounded implies that (2.28) holds with s = 0. Now, the operator of

multiplication by Q(z,y) is a continuous operator from L? (and hence HP) into L%(RQ) by
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hypothesis 2.3.1. This implies
lgllz2 < Chllullgr < Collull 2,

with some constant Cj, Cy independent of A on a compact interval. For g € L?, we apply
condition 2 in Hypothesis 2.3.2, to deduce that u € Hﬁ—l—e for any € > 0. Choosing

0 <e<h—1, we proved (2.28). ]

The estimates we obtained in the preceding section naturally yield the following corollary,

one of the main results of this section.

Theorem 2.3.3 (Principle of limiting absorption). Let a,b € R such that [a,b]NZ = 0 and

la,b] does not contain any eigenvalue of H. For % <s<h, fe Lz and Im z # 0, define

Then for X € (a,b), there exists u™(\, f) such that
uz(f) = u= (N, f) in HY
as z — A =£ 01, respectively. Moreover, ui()\, f) are solutions of the equation

(H = Nu(z) = f(z)

and they are continuous functions of \ in the topology of Hzis.

Proof. We modify standard arguments developed in

From condition 3 in Hypothesis 2.3.2, uz, (f) is bounded in H” ;. We can then select
(using the same method as described in the proof of Theorem 2.5.2 below) a subsequence
{u. } from {u,} which converges locally in HE(|z] < R) for any R > 0 to some function

ug in H” ; and ug satisfies that (H — \)ug = 0.
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Next we wish to show that
Uy, — ug in HY
Zn 0 1m P
Assuming the contrary, we select a subsequence {Uz;{} such that
||uZ;1/ — UQHHgs >0>0. (2.29)

We then choose (by the method described in the proof of Theorem 2.5.2 below) a subse-
quence of {u} which we still denote by {u_r} such that u,» — u; for some function u; in

p .
H” . Defining

Un = Uyt — Uyn, V) = U — U1,

then v, — ug—uq in H]is, and (H — M\)vg = 0. As in Theorem 2.5.2, we show that vy € L2,
which implies that vy = 0 since vy € L. This contradicts (2.29).

We now show that the limit ug is independent of the choice of the {z,} converging to
A+ 0i. Take another sequence v, — A +0i. Then there exists ug € H? ¢ such that wug, — ug

in H? ¢- We shall show ug = ug. To prove this, define
wnZUzn_uUn, wO:U/O_u2

Then wy, — wq in HY _ and (H — A\)wy = 0 which implies wg = 0. Thus, ui (A, f) = ug is

S
well defined.
Finally we show that uy (X, f) is continuous in \. In view of the fact that the resolvent

uz(f) is a continuous function of z € Jy(a,b), it suffices to show that uy,;, converges to

uy(f) in H? ; uniformly respect to A € J4 (a,b). If we assumed the contrary, there would be
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a 01 > 0 and a sequence of 1, — 0+ such that

lun,tin, (F) = un, (Pl e = 01> 0.

On the other hand, for each n we could also select 7;, such that 7, — 0+ and

o1
ln, i, (F) = un, (Dl e < 5 >0

This implies that

01
W 4imy, (f) — UAan;l(f)HHgs 25> 0. (2.30)

Because [a,b] is compact, we can select a convergent subsequence {\,} of {\,} such that

An — Ao. This contradicts (2.30) because both wy i, uy » would converge to uy(f).

ntin

We thus proved that u4 (A, f) is continuous in A. O
Our final result is the following:
Theorem 2.3.4. H does not have singular continuous spectrum.

Proof. Let E(\) be the right-continuous resolution of the identity associated with the self-
adjoint operator H. It suffices to show that (E(\)f, f) for f € Lg is continuous when A € R
is not an eigenvalue.

First we assume that

kp <a< B <kpi

for some n € Z, and |« B] does not contain any eigenvalue, where {k; } label elements in the
union of Z defined in (2.7) and the discrete spectrum of H.

For arbitrary a,b with @ < a < b < 3, we have the following relation using, e.g.,
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2.4 Generalized eigenfunction expansion

In this section, we justify the expansion (2.11) and the corresponding hypothesis [H2| of
section 2.2. We thus need to construct generalized eigenfunctions wg’?(g €) for = = (5,¢) €
J x R.

We know that the point spectrum (A, )n of H is discrete. Define Zgp = ZU{(An)n}. Let
E € (a,b) with (a,b) N Zg = 0. We know from Theorem 2.3.3 in the preceding section that
R(z) = (H — z)~ ! is well defined on # and bounded uniformly for z € J(a,b). We may thus

define the bounded operators:
RT(\) = (H — (A +i0)) 1.

For = = (j,§) € J x R as defined in section 2.2, we defined v;(z,y;¢) in (2.3). For

z € J(a,b), it is convenient to introduce the function A= (x,y;z) defined as

Az(z) = (I = R(2)Q)¢;(8)- (2.31)

Associated is the following linear form defined for f € L? with s > %:

ALFE) = (1 A=) = [ fan) - Ao,y 2)dady, (2.32)

We now define the perturbed generalized eigenfunctions

V7 (€) = A=(Bj(€) £i0) = (I — R(Ej(€) £i0)Q)¢;(6)- (2.33)

For concreteness, we define w?(x, y; &) = w;L (x,y; &), the outgoing generalized eigenfunctions,
while ¢j_(x, y; £) corresponds to incoming generalized eigenfunctions.
Thanks to Theorem 2.3.3, we observe that wji (€) € HP (R?). For each E € (a,b), there

is a finite number of wavenumbers &y, such that £ = Ey,(&,). We denote by 17 (E) the
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corresponding generalized eigenfunctions parametrized by (m, E) rather than (j,¢).

Let f € L2 and j € J with ¢ € = so that E;(§) € (E—, E+)\Zy. We define the

generalized Fourier transform(s) by

fH(E) = AL(E;(€) £ 0i)f, (2.34)

and for any A, € (E_, E4) an eigenvalue of Hop = Apon,

fn = (f, ¢n). (2.35)

We then obtain the following results justifying the expansion [H2| in (2.11) in section 2.2.

We first verify the following estimate on the generalized Fourier transform.

Lemma 2.4.1. For % > 5> %, there exists a constant C' = C(s,a,b) such that

[Az(2)f1 < Cllfl 2 (2.36)

forallZ2€ J xR, 2z € J(a,b) and f € L2.

Proof. By construction, we have

Az(2)f = (£, A=(2)) 2 = (f, (I = R(2)Q)v(§)) L2- (2.37)

The multiplication operator Q is a continuous map from L2 ¢ to L,%_ s and by use of Hy-

pothesis 2.27, we get

(. (1 = REQ5€) 2] < 112 (T — REIQI )2
< Oy - 195@lge, < €  [0+1aD o) 151

and hence the result.
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We next state the following properties of the resolvent operator:

Proposition 2.4.1. For s > %, Imz#0 and f € Lg, we have

(H — 2)A2(=) = (B;(€) — 2)5(6). (2.38)
RAFE) = =20 (2.30)
Ei(§) -z

where f(Z) = (f, Vi (§)) is the unperturbed Fourier transform defined in (2.5).

Proof. We have by construction

Az(z) = (I = R(2)Q)¢;(¢)

so that

(H — 2)A=(2) = (Hy — 2)v= = (E;(§) — 2)¥;(8).

This is (2.38). Thus, from the definition of the (unperturbed) Fourier transform (2.5),

From this, we deduce

O

We now prove the following eigenfunction expansion result. By proposition 2.3.1, we
know that H has discrete point spectrum and each eigenvalue has a finite multiplicity. Let

{¢n} be the countable set of orthonormalized eigenfunctions of H.

Theorem 2.4.1 (Eigenfunction Expansion Theorem). For f € L2 C H, we define [ as

either one of the generalized Fourier transforms fi in (2.34). Then we have the following
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Parseval relation:

1l =n§:jo|<f,son>|2+ /]R S 1FE)de.

jeJ
Proof. For fixed &, let
Jia,)(&) =1{j € J| E;(§) € (o, B)}.

Let [o, 8] contain no eigenvalue of H. We wish to show that

(@) -BaNLn= [ Y P

RJGJ(Q,ﬁ)(ﬁ)
and for an eigenvalue A, that
k
(BN = EQ=NF ) =D 1 eni)l,
1=1

(2.40)

(2.41)

(2.42)

where {() ;} are the orthonormalized eigenfunctions of H associated with the eigenvalue \.

The second assertion (2.42) reduces to the well-known Parseval equality of Fourier series.

To prove the first assertion, we first assume that

kp <a<fp<kpiq

for some n € Z where {ky} label elements in Zp, the union of Z defined in (2.7) with the

collection of eigenvalues of H. We make use of

1 g
(E(B) - E(a))f,f) = —1lim / (Riu+in)f — R(u— in) . F)dp.

2minl0

Since (E(N)f, f) is absolutely continuous with respect to A, we have using the resolvent
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equation R(z1) — R(z9) = (21 — 22)R(21)R(z2) and (2.39), that

B
(EB) = E(a)f, f) = %hﬁ; 2in(R(pu — in)R(p +in) f, f)dp

=—lim

3 B .
R(u + in) f||%d :—lim/ R(u +in) f||%2d
i 77|| (o4 in) f|“dpe ] nl|R(p + in) f||“dp

=;%;13/ /Z”

using the Parseval identity for F in (2.5) (i.e., F is an isometry) and (2.39) for the last line

To analyze the above integral, we recall the result (see

(2.43)
>|< . 2

: /~L - “7)

= . f‘ dédp,
Ei(§) — p+in

Lemma 2.4.1 implies that |AL(p — ) f12 = |f(E)

is continuous in = and uniformly
x [0,mp]. Proposition ?? then yields

bounded on [a, (]

Lo Az P
lim — n = —f| du
=0T Jo | Ej(E) —p—in
.
o1 p n . 2 ~
=T}136;/a G 5| Az (p —in) f|"dp HfEP EBj)=aop
0, otherwise.
\
Moreover, this integral is uniformly bounded for = € R x J and (i, n) € (o, 8) x (0,1).
We split J into two parts:

Ji={j€J|dE;j(€),|o,f]) > 1, VEER}, Jy:=J\Ji.

Here, d(z, X) is Euclidean distance between a point x € R and an interval X C R. By
hypothesis 2.2.1, Jy is finite. Let j € Jy. Using (2.44) for £ such that E;(§)

S [Oé - 17 ﬁ + 1]5
and |E;(€) — p +in? > C(1 + |Ej(£)|2) otherwise, we deduce that there is a constant
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C = C(a, B) independent of &, i, such that

B At(u—in) |? Cll N 2
Z/ n‘ . . d SW. (2.45)

For j € Jy, we have by construction that |E;(§) — pu —in| > 1. Notice that

STIAE)P =) I Az(2) 2P = DI, )Q)th;(€)) 2
jeJ jed

jedJ

= 3 (U = REQL ()2 = 1T =REQS € )lIFq,

meM

Since the operator f — R(2)Qf from L2 to L2—(s+h) is uniformly bounded for z € J(«, ),
we deduce that

B
> / 0| AL (u—in) £ dp

jeg o
is also uniformly bounded for £ € R and (u,n) € («, 5) x (0,1). Thus we conclude that there

exists a constant C' = C(«, 3) independent of £, i1, n such that

2

AL(p —in) C||f||L2
= —_— 2.46
j;/ Qe e o (240

The estimates in (2.45) and (2.46) are integrable in £ by Hypothesis 2.2.1. Thus, by the
dominated convergence theorem, we deduce from (2.43) and (2.44) that

A AL(p—in) |
(B(E) - Bla)f.p) =+ [ 1m [ gn‘Ej(g)_M_mf dude

(2.47)
/ Z |f(5)|2d£.
jeJ(a

This proves the first assertion (2.41) when

kp <a < <kpir
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for some n € Z, where ky, < kyy1 are successive numbers in the union of Z defined in (2.7)

with the collection of eigenvalues of H. By monotone convergence, we deduce that

(Bllyir=) =B f )= [ 3 1f@)Pd
R .
TE€T k1) (€)
This handles the absolutely continuous part of the spectrum of H. It remains to address the
discrete set of points kj, which as in Theorem 2.3.4, carries only point spectrum. This is
taken care of by the first term on the right-hand side in (2.40) as in (2.42). This concludes

the proof of the theorem. O

2.5 Application to Dirac operators with domain walls

The theory developed in section 2.2 requires that we prove the hypotheses [H1|(o-iv), and
in particular the spectral decompositions in (2.4) and (2.11). While such a verification can
undoubtedly be performed for a large class of problems, some of the steps developed below
to analyze the spectrum of H are intricate computationally and hence restricted to systems
of Dirac operators similar to those considered in

We thus consider the Dirac operator
H=Hy+Q, Hy = Dgo1 + Dyag + m(y)ag (2.48)

where Dy = —i0; and Dy = —idy, where o1 2 3 are the standard Pauli matrices, and where
m(y) is a domain wall that we will take the form m(y) — y equal to a bounded function to
simplify the presentation. Here, @ is the operator of multiplication by Q(x,y), which takes
values in 2 x 2 Hermitian matrices.

It is convenient to recast H as UHU™ with U a unitary matrix so that UHU™, still called

33



H, takes the form H = Hy + (), where

Hy = Dyo3 — Dyoy +m(y)o1 = ; a:=dy +m(y). (2.49)

We recognize in a the annihilation operator of the quantum harmonic oscillator when m(y) =

y. We assume that the range of m is infinite, and for concreteness that:
Hypothesis 2.5.1. We assume m(y) —y is a bounded function.

Under this hypothesis, the operators H and H( are unbounded elliptic self-adjoint opera-
tors on the Hilbert space L?(R?; C?) with domains of definition ® (H) = D (Hy) the subspace
of functions (i1, 10)! € LZ(RQ;CQ) such that Vi, € L2(R%,C2) and Yy € LQ(RQ). This
was denoted by the space H! with #=1and s=01in (2.2). We assume here that @) decays
sufficiently rapidly in x as described in Hypothesis 2.3.1 for the above result to hold

We first observe that since the range of m(y) is unbounded, standard results on Sturm
Liouville operators show that a*a and aa* have a compact resolvent and hence discrete
spectrum with simple eigenvalues. It is also straightforward to observe that a admits a
kernel in L?(R) of dimension one. The positive eigenvalues of a*a and aa* are the same and
we thus get the existence of simple eigenvalues pg = 0 < p,, < ppy1 for n > 1 with p,/n
converging to 2 as n — 0o. Moreover, we have the existence of two L2(R; dy)—orthonormal

bases (vn)n>0 and (un)n>1 such that
a“avy = ppn, n>0; aa’ i, = pppin, n > 1. (2.50)

When m(y) = y, then v, and p, are both Hermite functions associated to the quantum

harmonic oscillator. We also verify that (for || - || the standard L?(R;dy) norm)
LA+ A+ 1Dy fl < Clla® L My f I+ 1Dy Il < Claf I+ [1F1)- (2.51)
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The asymmetry between the above two results stems from the fact that a* has trivial
L?—kernel while ary = 0.
Define II}) = v, ® vy, for n > 0 and Ik = fn @ iy for n > 1 (with Hg = 0 to simplify

notation). Then we observe that we have the spectral decomposition:

I1 0
m -2 =7, 3 [ de (@ m—a) | P (2.52)
n>0 0 IIy

This provides the following explicit expression for the resolvent

Ro(\) = (Ho—X\)"" = (Ho+\)(Hg — 37! (2.53)
0

= (Ho+ \) §_>IZ/d§ &2+ pn— A1 Froe.  (2.54)
n>0 0 I

Estimates on Rg(A) may thus be obtained by applying Hy+ A to the resolvent of the operator
Hg. The above construction also shows that the eigenvalues of ﬁg(f ) are given explicitly by
E2(€) = €2+ py, for n > 0. We now show that +E,,(¢) are indeed eigenvalues of Hy(¢). To
simplify notation, we introduce the set M of indices m = (£1,n) for n > 1 and 0 = (—1,0)

for n = 0. We then define the eigenvectors ¢y, (§) for m = (+,n) € M as

om=|"" |, Em= (€ 1 pn)
Y

with ¢g = (v9,0)! independent of ¢ for m = 0 and for n > 1,

Sm(€) = cn (&) &) i = 2Em(€)(Em(€) +€) >0.  (2.55)

Pnfin
We verify that ¢, is indeed defined and independent of + and hence labeled ¢;,. Since the

functions v, and uy, form an orthonormal basis, we easily deduce that the functions ¢y, also
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form an orthonormal basis of L?(R; C?).

From this completeness result, we deduce the spectral decomposition

0= 73,3 [ d Bu@Th© Fomee TS = dm(@ @0m(@). (250

This provides an explicit expression for (2.4) in hypothesis [H1| with ), defined by (2.3).

We finally turn to the construction of the generalized eigenfunctions (2.8) at a fixed energy
level E € R\Zp, where for the Dirac operator, we deduce from the explicit expression in

(2.55) that the set Z of critical values defined in (2.7) is given explicitly by

ZD:{:I:\/p_n;neN}. (2.57)

When m(y) = y is a linear domain wall, then we verify that p, = 2n. By hypothesis 2.5.1,
we deduce from

We construct a basis of L2(R;C?) called ¢,,(E) with a slight abuse of notation. The
objective is to construct a basis of solutions of (Hy(&m) — E)ém(E) = 0. The values &, are

defined explicitly by

Em = Gm(EQ - Pn)% (2.58)

where m = (¢, n) and (—1)% = 4. Thus &, is real-valued for n sufficiently small and purely

imaginary when E2 — p, < 0. Since E & Zp, E%2 — p,, # 0. We then define

vV Pnbn _
om(E) = cn ; cn? = pu+|E = &ml*. (2.59)

(B = &m(E))vn

The functions m — ¢, (y; E) form a basis of L?(R;C?) but no longer an orthonormal one.
However, the orthonormalization of this basis is a bounded operator with bounded inverse
as we now show.

When m = (n, &) while ¢ = (p, ¢q), we verify that (¢, ¢q) = 0 when n # p. This is a
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direct consequence of the orthogonality of the families v, and u,. However, for ¢ = m’ :=

(m, —€m,), then we have

oI Etém

(S br) = pnt (B — em)(E + em) _ e,
ms ) = — )
" \/pn‘l‘ |E_§m|2 ) \/Pn+ |E—|—fm|2 2_’_2|Eg;i|§72n:|2

As a consequence, |(¢m, @) < % as we verify. The functions (¢;,) are thus linearly
independent and form a basis of L2(R; (CQ) by completeness of the families v, and . The
procedure of orthonormalization of the (normalized) basis elements ¢, is therefore a operator

of norm bounded by 2.

2.5.1 Estimates for unperturbed operator

We now verify that the assumptions made in Hypothesis 2.3.2 hold for the unperturbed

Dirac operator.
Proposition 2.5.1. Estimate (1.) in Hypothesis 2.3.2 holds for the Dirac operator.
Proposition 2.5.2. Estimate (2.) in Hypothesis 2.3.2 holds for the Dirac operator.

The first proposition is useful for s > % close to % while the second estimate is useful for

s—1—¢e>0.

Proposition 2.5.1. We introduce
_ _ 2 2\—1
u=(Hyp+Nv, v=(Hj— ) "(Hy— MNu.
We want to show that

ol g2 < Cll(Ho = Null 2 = I1(HG = A)o]l 2. (2.60)
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Using (3.5.2), we find

2 2
HS—AQZ DZ +a*a— A 0
0 D? + aa* — \2

Let {vn}, {pn} be the (orthonormal basis of) eigenfunctions of a*a, aa™,
a*avy = ppvn,  aa pn = pptin.
We also have ary = 0. Consider
(D2 +a*a— 2\ = g
with the expansion

vl = Z vin(@)vn(y)

n>0

so that

(D2 + pn — N)v1n = g1

with obvious notation.
We then use

We then sum over n using the orthonormality of the families vy, and uy, to get
IDZvillp2 + lvillz2 < ClIHG = X)orll 2.
Now we use the relation
a*avy = (HZ — A?)vp + A0 — D2uy

and the above inequality to deduce from (2.51) bounds for ngl as well y2v; in weighted L2
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space. This implies that (2.60) holds for v;. We perform the same calculation for

v2 = Z van (@) (y)-

n>1

Thus, (2.60) holds. It remains to apply (Hg + A) to v, count derivatives and powers of y,

and obtain

lull g1 < Cll(Ho = Aull 2. (2.61)
This concludes the derivation. O

While the proof of Proposition 2.5.1 was based on the spectral decomposition of a*a
leading to that of Hg — A2, we now base the proof of Proposition 2.5.2 when A\ = F is
real-valued on the direct plane wave expansion of Hy — A using the eigen-elements ¢, (E) in
(2.59).

We first need the following result on the operator D:

Lemma 2.5.1. Let u € H'(R), and s > 0.

When A € iR and € > 0, there is C = C(s,¢€) such that

d
Wl =W ) oo
When A € R, there is C' = C(s) such that
C d du C(1+A]) d
< ——[— = A , ”— — [ — = A . (2.63
lullzz < NN A1) <dx )“‘ 2 d:c‘ £2 = (M A D3 <dx )“Hm (2.63)
Proof. We start with A € R. Since u € Hl, we have | l‘im u(z) = 0 and u may be expressed
T|—00
in two ways:
x _ €T _ d
u(z) = / FOr=tgr = / FOME g, fz) = (% - )\)u(:v).
—0oQ o0
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When z <0,

o< [ 1opa+eya [

—00 0

(1L+2%)7%dt < C|fllFs - (1+a%) 72

A similar estimate holds for > 0. Multiplying with (1 4+ 2)5717¢ with ¢ > 0, we have
u e L? and

lull 2 < Cllfllgz, t=s—1-¢

Together with u/ = f + \u, we obtained the inequality (2.62).

Consider now the case A € R. Denote 0, = % The second inequality in (2.63) is
a consequence of the first one and the fact that d,u = (9 — A)u + Au. We may assume
A > 0 without loss of generality as the case A < 0 then holds after x+ — —x. Let us define

= (0p — AN)u. Let € > 0 and define ws(x) = (ex)>. We find for s > 0 that
f=(0 Mu. L d defi (x) = (ex)®. We find fi h

< (Ce.

/
¢}

We

The result in L? (with norm || - ||) for § = 0 holds. Indeed in the Fourier domain,

P 1
i) = = f Il < 5150

by the Parseval equality. For s > 0 we have

W
(333 - )\)(wgu) =wef — —Ewau-
We

Thus

1
lweull < 5 (lwe £l + Cellweul)).
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Choosing ¢ so that Ce = %()\ A1), we deduce that
C
lweul] < ~llwe fll

When A 2 1, we choose € ~ 1 so that we ~ (2)® and the result is clear. When A < 1, we use
that
N (x)® ~ e%(x)® < we(x) < ().

This shows that for A < 1, ||(z)%ul| < CA7I=9)(x%) f]. O

Proposition 2.5.2. We use the basis ¢, (y; E) at a fixed a < A = E < b to decompose any

smooth function (z,y) as

u(@,y) = Y um(@)ém(y; E).

meM

We showed that ¢, formed a basis equivalent to an orthonormal one in the sense that at

each fixed =z,

IIU(%y)Ilig ~ Y Jum(@). (2.64)

m

Here a =~ b when for some constant C' > 0 we have C~lq < b < Ca. We also know that

(Ho(&m) — \)ém = 0.

Thus,

(Hy — Num®dm = (Dz — &Em)um(om, O)t — (Dz +&m)(0, 1/’m)t‘

Hence using the above

I(Ho — U||L2 ~ Z 1(Dz = &m Umlle + [1(Dz +€m)Um||L2'

NJ\»—A

Recall that &, = em()\ — An)2.
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When &, € R, we use (2.62) to deduce that for s — 1 — ¢ > 0,

lemlyr | < CIDs = Em)umll 2.

When &, € iR, we use (2.62) to deduce that

CO+ [&ml)
[Eml([&ml A 1)?

Jom g3 < [(Da — &)l

Since a < A < b and (a,b) N Zp = 0, we deduce from the definition of &, that |&, (M|
is bounded below uniformly in that interval. Note, however, that [£,(\)| tends to 0 as A
approaches Zp.

Summing these equalities over m and using (2.64), we deduce that

2 2 2
lullze — +[Dzullz < Cl(Ho = Aullfe

S—1—€ S—1—e€

for s > 0. The system (Hy — \)u = f may be recast as
a*ug = f1 — (Dz — MNuy, aup = fo+ (Dy + Nug
From the properties of a and a*, this implies that

lyuillz  +1Dyuille < CUflz+ Nl < Clfllge.

This concludes the derivation of (2.26). O

2.5.2  Perturbed Dirac operator

We now derive estimates for the resolvent of the perturbed Dirac operator H = Hy + Q).

Theorem 2.5.2. Condition (3.) in Hypothesis 2.5.2 holds for the perturbed Dirac operator
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when Q) satisfies the assumptions in Hypothesis 2.3.1.
Before proving the theorem, we state the following intermediate result:

Lemma 2.5.2. Fora <b, h > s> % and A € J(a,b), and for R > 0 sufficient large, there

exists a constant C' = C(s,a,b, R) such that

s, < O =Nl + [ futa)Ps) (2.65)

|z|<R
for allu € HY and \ € J(a,b).

Proof. From Proposition 2.5.1 and (2.25), we have for s > % and C7 > 0 that
full < Cull(Ho — Nl < Colll(H — Nullpz + [Qull ). (2.66)

It remains to estimate ||Qu| ;2. Fix R > 0. We first estimate HQ“HL2({|x|<R})' Since
S S —_

|Q(z,y)| is bounded,

1Qullp2((121<ry) < Cllullz2(fj21<R})-

We next estimate HQuHLg({m > R}). By (2.24),

1QulZy gy < (1 BV //{|x<R} Lo+ 5] dedy < (14 Rl

(2.67)

Choosing R large enough so that (1 + R)%72 < ﬁ, combined with (2.66) and (2.67), we

obtain

1
Sl <261 (10 = Nuly + CuR) [ Jute.y) Pdody).

|[z[<R

This proves (2.65). O
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We are now ready to prove the main theorem.

Theorem 2.5.2. By Lemma 2.5.2, it suffices to show that for a fixed R > 0,
lullp2ej<r) < CICH = Mull g2, (2.68)

with some constant C'. Assuming the contrary, there is a sequence {u,} of H 81 and a sequence

{A\n} of J4(a,b) such that
/I “r lun(z,y)Pdrdy =1, (H = Ap)up — 0 in L. (2.69)
z|<

Define f,, = (H — A\p)up and gp = fn — Qup. We may assume that )\, — \g where
Ao € [a,b] is a non-eigenvalue real number. Indeed, Im Ag > 1y > 0 would imply that for n
large enough, we would have |Jup/72 < 770_2||(H — An)unl| 72, which contradicts (2.69). From

Lemma 2.5.2, there exists a constant C such that

JunlZs < €1 (1CH = Maunllgs + el 2oy <)) (2.70)

Thus {uy} is bounded in H! . So by Rellich’s theorem we can select a subsequence of {uy,}
(which we still denote by {uy}) which converges in L%m <R} for any R > 0. We denote this
limit as ug. Since ) is bounded, Qu,, also converges to Qugq in L%m <R}’ This implies that
Qupn — Qug in L2 by (2.67) and the fact that {uy} is bounded in H!,. Thus g, — go in

L2, and
(Ho — MAp)un = fn — Qup = gn. (2.71)
By standard ellipticity results for the Dirac operator H(, we have that

lull 121 <) < C(R) (HUHL2(\93|§R+1) + HHOUHL2(|$|§R+1)> : (2.72)
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Then by (2.71), (2.72) and g, — g in L2, we have
up — ug in H(|z] < R). (2.73)
Applying Lemma 2.5.2, we have u, — ug in H&(|x| < R) so that

/<AWMWWM@=L (H — \o)ug = 0. (2.74)
x_

If we can show ug € L2, then ug = 0 since \g is not an eigenvalue. By (2.71),
(Ho — Ao)un = gn + (An — Ag)un. (2.75)

As constructed in section 7?7, {¢n,(Ag)} which we abbreviate as ¢, below form a basis of

L*(R,C?). For u € H} with (Hy — \g)u = f, we use the decomposition
0
w= Y tm(z)m(y).

meM

We claim that

ey i(§,,1+N) ) 0
(L it Yuntey = { S R 7 (276)

It is enough to prove the result for u € CZ° then pass to the limit since C2° is dense in H g

By recalling (Ho + A\)(Hg — \g) in (3.5.2) and that (Hy(&m) — Ag)ém = 0, it follows that

(Ho + A)(Ho — Nu =Y (=t (z) = &) bm,

m

(HO + >‘)f = (_Zf;n<x> - gmfm<x>>a3¢m-
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A linear decomposition gives that,

Em+ A

A
030m = —7—0¢m + Gty m# 05 030m = —Pm, m =0 (2.77)
Em Em
where {m,m'} = (£,n), so that &, = —&y. Since um, fm, f,y all have limit 0 at oo, we

deduce (2.76).

Applying (2.76) to (2.75), for m = 0, gives

In0 = (Un,0, 9n,0) = —Eollunoll 2 — An — Aollunoll p2-

For m # 0, we write, for m # 0,

%( Un,m >:<—i§m .0 )( Un,m )—l—A( dn,m )+(/\n_)\0)A< un,m>

Up, 1! 0 & Upy 1! Gn,m! Upy !

_i)\_[) i(_§m+/\0)

where A = ‘ &m __gmi . Each entry of A is bounded because &, is bounded
Z(£m+>\0) m
Emi &m

away from 0 and |&,| is unbounded as n grows. Thus

b (" ()

Up,m! In,m’

Up, d Up, 1€ 0 Up, Up,
SO ) )0 )0 ) = temdamal )
umm/ L un’m/ 0 ifm unvm/ un,m/

. _ Un,m Un,m
— i (3o + Nl 22) =X =20 (" )oosa( "™ ).

un,m/ umm/

Since A, — A9 and A is bounded as &, is away from 0, so for n sufficiently large, there

46



exists a positive constant U > 0 such that for all n,m,
Im g — Re Iy > U (Hun,mnig + ||un7m/||%2> . (2.78)
Summing I, y, over m,

meM, €,>0

twist
n,m dn,m . . . .

where = 03A< ), since gtVist ¢ [2 and gtvist gBWlSt in L2. Thus, by
twist

!/
In,m/ In,m

(2.78), (2.79),

2 n—00 twist twist
Ullun||72 < Im Z Inm — Re Z Inm ——Im (uo,go‘ms ) — Re (uo,gOWIS > :
meM, €,>0 meM, €,>0

(2.80)

We deduce that {uy,} is bounded in L2, which implies that ug € L? and hence ug = 0. This

concludes the proof of the theorem. n

2.5.3  Scattering matriz and conductivity

The objective of this section is to prove [H3] for the Dirac operator. Fix an energy E € R\ Zp.
We decompose the generalized eigenfunction w%(a:, y; E) in the basis of ¢, = om(y; Em(F))

as

U,y B) = Y Ag(@)dgy) = D By(a)e ™"y (y). (2.81)

qeEM qeEM
The decomposition consists of finitely many propagating modes and countably many evanes-
cent modes. We wish to show that in the limit + — +o0, w% is well approximated as a

linear combination of propagating modes.
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We define M(E) C M as the subset of propagating modes at a fixed energy E. The
cardinality of M (E) was denoted by M(E) in Hypothesis [H1](iv).

Proposition 2.5.3. The generalized eigenfunctions satisfy the following approrimate de-

composition:
Lo
%%(x,y) ~ Z O‘mqel&’%q(y)’ (2.82)
qeM(E)
with respect to norm |||ul|| = max |u(z, ')”L?(-)i see (2.86) below for a more precise state-
Tre
ment.

Proof. 1/1%@, y; F) satisfies that (Hy — E) 1/17% = —Qw,% We decompose —Qiﬁ% in the basis
Im(y;Em(E)) as

~QUR =Y ag(@)dq(y).  agle) = (~QUR. dq(u))y.
qeM
; Q 1 1 _ —h Q 2
Since 1y, € H- ¢ for s > 5 and |Q(z,y)| = O(|z|™") for some h > 1, then Qvy;, € Ly for
some t > % and hence ay(r) € L2.

Let p = (—¢4,n) be the conjugate of ¢ = (¢4,n). Then it holds that

(Ho — E) [Aq(2)dq(y) + Ap()dp(y)| = aq(x)dq(y) + ap(x)dp(y)- (2.83)

The proof is then based on a direct computation. From (2.83) and by use of (Hy(&m) —
E)é¢m(E) =0 and (2.77), we have

[—iAy (@) — EgAq()] 030q + [—id(x) — §Ap(x)] o3p = aq(2)dq(y) + ap(x)dp(y)
E E

= aq@f) EUS@] +(1 - E)‘T?»(bp} + ap(@ {(1 + _)U3¢q — —030p]| -
&q &q &q &q
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Thus

—iAg(x) — & Aq(x) =

which implies that

B)(x) = ie” %" an(:c) + (1 + g) ap(x)} .

When &, € R, since ag,ap € Lg for some s > %, then agq,ap € L', and hence By(x)

converges to two constants as z — +00, i.e.,, lim By(z) = aj,. Moreover,
" x—=oo 4
+ st
|Bg(r) — apql = O(|2]277) as z — Foo. (2.84)

When §; € iR, then by applying Lemma 2.5.1, it follows that there exists a constant
independent of ¢ such that ||Aq(x)||Ht1 < CHaqHLtz + C’||ap||L% 50 limy, o Ag(z) = 0.
Moreover, (1+ \:U])tAq (z) € H', and thus by Sobolev’s inequality, there exists a constant Cy

such that
(1+ Jz])|Aq(2)] < C1llagll2-

Together with the fact that ¢4 has L? norm 1 for all ¢, we derive that

H Z Ag HL2 = 1+|:c| t Z ||aq||L2 (2.85)

geM(E §g€iR

Therefore, by (4.30) and (4.31), we have that as © — Fo0,

1_
[eR@m = > amgeaw)||,, = Olal>™) as v — oo (2:56)
meM(E) Y
This concludes the proof of the proposition. n
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This concludes our analysis of the edge conductivity for the Dirac operator. This estab-
lishes for this model the main result of this paper, namely Theorem 2.2.2, relating the two
natural notions associated to asymmetric transport: edge conductivity and the difference of

transmissions in a scattering experiment.
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CHAPTER 3
A MIXED TYPE GENERALIZED KIMURA OPERATOR

3.1 Introduction

Let L be a mixed type generalized Kimura diffusion operator, acting on functions defined on
a 2-dimensional manifolds of corner P.

A paracompact Hausdorff topological space P is a 2-dimensional manifold with corners
if for every p € P, there is a neighborhood U}, and a homeomorphism 1, from U, to a
neighborhood of 0 in Rﬂ_ x R2~! for some | € {0, 1,2}, with ¢p(p) = 0 and the overlap maps
are diffeomorphisms. (Recall that a mapping between two relatively open sets in R x RN -7
is a diffeomorphism if it is the restriction of a diffeomorphism between two absolute open

sets in RY .) Specifically, if ¥, : Up — V) is the homeomorphism, then for p # ¢:
Up oty g (U NUp) — Wy (Ug NUp)

is a diffeomorphism. If such a map 1, exists, we say that the point p is an interior point if
[ = 0, an edge point if | = 1, a corner if | = 2. The codimension [ is well defined after imposing
smoothness structures. It is due to the fact that the wedges {(r,0) : r > 0,0 < § < A} with
various angles (acute angle, 7, obtuse angle, 27) are different diffeomorphism classes. The
definition of manifold with corners excludes the wedge with obtuse angles, hence a non-convex

polyhedron appears as the simplest counterexample.

Definition 3.1.1. Let P be a two-dimensional compact manifold with corners. A second
order operator L defined on P s called a generalized Kimura diffusion operator of second

kind if it satisfies the following set of conditions:

1. L s elliptic in the interior of P.
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2. If q is an edge point, then there are local coordinates (x,y) so that in the neighborhood
U={0<z<1, |y <1}
the operator takes one of the following two forms:

L = azd; + bxdyy + 0 + 0y + ey (2a)

L = az?07 + badyy + cOj + dzdy + €dy. (2b)

We assume that all coefficients a(x,y),b(z,y), c(z,y),d(x,y), e(z,y) lie in C°U). We

call g a reqular edge point, infinity edge point, respectively.

3. If q is a corner, then there are local coordinates (x,y) so that in the neighborhood
U={0<z<1 0<y<1}

the operator takes one of the following three forms:

L = azd; + bxydyy + cydy + 0y + ey (2¢)
L= axzﬁg + bxyOry + cy8§ + dx0y + edy (2d)
L= aw28£ + bryOry + cy28§ + dx0y + eydy. (2e)

We assume that all coefficients a(x,y),b(z,y), c(z,y),d(x,y), e(z,y) lie in C°U). We

call g a reqular reqular corner, mized corner, infinity corner, respectively.

4. The vector field is inward pointing at edge points of type (2a) and corners of type (2c),

vertical at edge points of (2b), vertical up at corners of type (2d).
5. a(x,y), c(z,y) are strictly positive on P.

When the coefficients of the normal part of the second order term vanish exactly to order
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one along all the boundary components, L is the generalized Kimura operators as introduced
by C. Epstein and R. Mazzeo in

Let E be a regular edge of P, i.e., so that all the points on E are of type 2a. We say L
is tangent to F if at any point p on F, the vector field perpendicular to the edge vanishes
at p, i.e., d(p) =0, and L is transverse to E if there exists a cg > 0 such that d(p) > cg.

The results in this chapter are derived under the following assumption:
Assumption 3.1.1. L is either tangent or transverse to any regqular edge.

In this case we say p is a tangent point if it lies on one tangent edge, otherwise we say it
is a transverse point.

As in

Based on series expansion of fundamental solutions of model operators and the above
result on the heat equation, our second main result is the existence and regularity results of
a heat kernel for L. We let P"9 denote the union of P and regular edge points and regular

corner points (see Definition 3.1.1).

Theorem 3.1.1. The global heat kernel Hy(dy,do,l1,l3) € C°(P"9 x P x (0,00)) of the

full operator L exists and for f € CY(P), then

vy 3:/PHt(dlad%ll;l2)f(l1752)dl1dl2

is the solution of (Oy — L)vy = 0 with v¢(0,-,-) = f.

This heat kernel is smooth in (dy, ds) when (dy,ds) € P"®9. In other words, this includes
source contributions at (dq, ds) any point on the regular part of bP. When (dy, d2) is on the
infinity edge, we may prove that Hy(dy,ds,l1,l2) is the product of a delta function on the
infinity edge and a one-dimensional heat kernel along that edge; we do not present the details
here. The diffusion coefficients vanishing to second order in the normal direction essentially

imply that the infinity edge as the name indicates is indeed at infinity in the following sense:
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any diffusion starting from P would never reach the infinity edge, while a diffusion starting

from infinity edge would never enter p.

Comparison with previous research. There is a rich literature addressing the funda-
mental solution of the Kimura operator. In

In

Outline of this paper. The plan of this chapter is as follows. In section ??7 we introduce
the degenerate Holder space associated with L. The operator L is modeled at different
boundary points by the model operator Lj; acting on the model spaces. In section 3.3 we
derive the explicit fundamental solutions of model operators and make a careful analysis of
the solution operator in the degenerate Holder spaces. After this, in section 3.4 we prove

the existence of solutions of the equation

(O — L)u =g in P x (0,T], u(0,p) = f(p)

with data f, ¢ in the degenerate Holder spaces. In section 3.5 we establish the existence and

regularity results of the heat kernel of L.
Notation 1. In the following we denote

o P: a compact two-dimensional manifold with corners

o Ereg: the union of reqular edge points

E~: the union of infinity edge points

Creg: the set of reqular corners

Ciniz: the set of mixed corners

Cxo: the set of infinity corners

Preg: ﬁ U Ereg U Creg
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3.2 Holder Weighted Space

In

Definition 3.2.1. We define the metric spaces

1. Sc reg: (Ri,d) equipped with the norm
d((w1,22), (7, 25)) = 2|\/a1 — (/2| + 2[\/32 — /b

2. Se_miz- (Ri,d) equipped with the norm

d((z,y), (¢',y") = 2|V& = Va! | + |iny — Iny/|.
3. Sc 0! (Ri,d) equipped with the norm
d((y1,92), (41, 2)) = [lny1 — bngfy | + [Inya — Inys).
4. Se reg: (Ry x R, d) equipped with the norm
d((x,y). («',y) = 2lVa = Val | + |y o/,
5. Se 0! (RxRy,d) equipped with the norm
d((y1,92), (1. 9)) = ly1 — y1| + lIny2 — .

We use the (z,y) notation above: L is Kimura in the direction of z, and is elliptic or

quadratic in the direction of y. To unify the notation, we make the following convention of
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first tangential derivative of y:

Oy L is elliptic in y,7.€.3
Dyu -

yOyu L is quadratic in y,i.e.1,2,4

Definition 3.2.2. Let S represents one of the metric spaces above. We denote

1. C’k(S) : the closure in C’k(S) of compactly supported smooth functions

2. C’k’Q(S) : the closure in Ck(S) of compactly supported smooth functions with respect to

the norm:
1fllk2 = 1fllch-1+  sup  [|(3x)*(Dy)” flla,
||+ 8=k
112 = llflloo + 1@ f: Dy Hllos + D 1(vx0%)*(Dy)” flloo-
la]+]8]=2
For 0 <~y <1, set the norm
f(x) = f(x)]

b= s ™ gy

oty =y + [(0xf, Dy Ny + D [(vVx0x)“(Dy)’ fl5.

|| +[5]=2

The space CF7(S), CF217(S) are the subspace of C*(S), C¥2(S) consisting of functions f
for which the norm
1llkey = 1fllgx +  sup 05Dy Ly,
laf+[B|=k

1k = 1fllor + sup  [09DY flat.
loo|+|B|=k

are finite, respectively.

Similarly we define the parabolic Holder spaces.
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Definition 3.2.3. We denote
1. Ck5 (S%[0,T]): the closure in ok (S%1[0,T)) of compactly supported smooth functions
2. C'k+2’§+1(5 x [0,T)): the closure in Ck’g(S x [0,T)) of compactly supported smooth

functions with respect to the norm:

Wl ke = Al +  sup [|(0x)*(Dy)’d] fll21,
br2gtl ChT || 41B)421i|=k

|21 5= [ lloo + [[(8¢f, Ox f, Dy [l +| iﬂg_gl!l(\/@x)a(Dy)ﬂfHoo-

For 0 <~y <1, set the norm

[f]v — sup |f(t,X)—f(8,X/)| 77
(t3)2(5:x) (o, ') + /JE = 5]

oty =[]y +[0f.0xf. Dy Ny + D [(Vx0x)“(Dy)? fl.

|| +[5]=2

The space CF7(Sx[0,T]), C*2T7(Sx[0,T]) are the subspaces ofC"k’g(SX 0,7Y)), C’k+2’§+1(5><

[0,T]) consisting of functions f for which the norm

Wfllen = fI 6+ sup  [0SDEAf),,
TN ey

1Fllk2sy =l e+ sup  [02DYO] flary
C72 Jal+|gl+27=k

are finite, respectively.

3.3 Model Operator

3.3.1 Fundamental Solutions

1. Analysis of Ly, at Crey (
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2. Analysis of L), at Ereq If the boundary point ¢ € Eyreq, then there is a neighborhood

Uq of ¢ and smooth local coordinates (x,y) centered at ¢, in terms of which L takes the form
L =202 + a(x, y)@f + b(2,y) Oy + d(x,y)0z + e(x,y)0y (3.1)
where a(0,0) = 1. We introduce the model operator in the space Se reg:
Lyy = 203 + 02 + do,.
The solution kernel of L, is

Ki(z,y,21,91) = pi(x, 21)k§ (y, 1)

~ (y—yp)?

1 —Y1 .
where kf (y,y1) = i the heat kernel.

3. Analysis of Ly, at C),,;,, If the boundary point ¢ € C),,;,, then there is a neighborhood

Uq of ¢ and smooth local coordinates (x,y) centered at ¢, in terms of which L takes the form
L = a(z, y)x@% + b(z, y)y28§ + c(x,y)ryOry + d(x,y)0r + e(z,y)y0y (3.2)
where a(0,0) = 1. We introduce the model operator in the space S¢ iz
Ly = 207 + boy, + oy + byd,
where b = b(0,0). The solution kernel of Ly, is

/
Kt(l’, Y, 21, yl) = p%l(l', xl)kgt(y7 yl)

1 _ (lny—lny1)2 1

e 4bt
47bt

/
where &, (y,y1) =
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4. Analysis of L)y at F», If the boundary point ¢ € E, then there is a neighborhood

Uq of ¢ and smooth local coordinates (x,y) centered at ¢, in terms of which L takes the form
L = a(y1,y2)02, + b(y1,y2)y305, + c(y1. Y2) Y1520,y + d(Y1,42)0y, + e(y1,y2)y20y, (3.3)
where a(0,0) = 1. We introduce the model operator in the space Se ~o:
Lyy = 92, + by302, + byady,
where b = b(0,0). The solution kernel of L,y is
Ko(y1,y2.vh.wh) = K (1, v ks (v2. ).

5. Analysis of L;; at Cx If the boundary point ¢ is in C'»,, then there is a neighborhood

Uq of ¢ and smooth local coordinates (x,y) centered at ¢, in terms of which L takes the form

L = a(y1, y2)y302, + b(y1,y2)y302, + c(y1, y2)y1929y19s + d(y1, y2)y19y, + e(y1. y2)y20y.
(3.4)

We introduce the model operator in the space S¢ oo:
_ 2492 2492
Ly = ay10y, + by30y, + ay10y, + bya0y,
where a = a(0,0),b = b(0,0). The solution kernel of L), is

! /
Ki(y1,y2, Y1, va) = ki (y1, y1) ki (y2, v3).-

Definition 3.3.1. The coordinates and forms of L introduced above are called local adapted

coordinates and local normal forms centered at q.
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3.3.2 Hoélder Estimates

Let S be one of the spaces in Creg, Cpiz: Coos Ereg, Eco-

Proposition 3.3.1. Let k € N, R > 0, and 0 < v < 1, assume that f € Ck’V(S) and f is

supported in BE(O). The solution v to

(at - LM)U(tv x,y) =0, U(Oa x,y) = f (35)

belongs to CFY(S x [0,T]), and there is a constant Chy,R 80 that

0l y < Crr RISk

If f € CF21Y(S), then

ollk24y < Crry RISk, 247

Proof. At Creg and Ejeg, these are known results in

Let f € CF7Y(Ry x R), we first decompose f as

f=f+fo=fi+ flz,—o0)x(y)

where x € C2°([—00,0)), x(—00) = 1 such that || fa[} , < 2||f||;€W Then f; € CFY(R, x
R) vanishes at infinity, for which we can apply

This leaves the Cauchy problem with initial data fo. We begin by writing

Kifoley) = /S Ky(e, . 71,51) (21, 0)x(1)der iy

_ ( / Oop?@,xl)f(m,o»dm) ( | kf(y,yox(yl)dyl) — B(t,2) - Talt,y).

—00

Since f(x,0) € CHI(Ry), x(y) € CFI(R), then Iy(t,x) € CHI(Ry x [0,T]), Ia(t,y) €
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C’kﬁ(R x [0,T]) are solutions to one-dimensional Cauchy problem respectively. Moreover,

since
ygr_noob(t,y) = x(—o0) =1,
Kt fo can be continuous extended to y = —oo by Kifo(x,—00) = I1(t,z). Moreover for

a+p+2j=Fkt>0, 8y(8§‘058g)[(tf2, ayy(aga{fag)l(tfg can also be continuously extended
to y = —oo by 0.
So Kifo € CFY(Ry x R x [0,T)) is the solution to the Cauchy problem with initial data

fo such that

1Kt folly, < Cllf2llf,, < 3CIFI -
In all, let v = v + K fo, then v satisfies (3.5) up to the quadratic boundary y = 0 and
[0l < 6C £k
Particularly along the edge y = 0, v(t,x,0) = I1(t, ) and satisfies
(8 — 202 — ddz)v(t,x,0) = 0 with v(0,z,0) = f(z,0).

If f € CF2H7Y(Ry x R), this shall be established similarly. For the remaining case when

S = Ereg, Exo, the proofs are essentially the same as above and we don’t give details here. [

Proposition 3.3.2. Let k € N, R > 0, and 0 < v < 1. Assume that g € C*7(S x [0,T))

and g is supported in BE(O) x [0, T]. The solution u to

(Or — Lap)u(t,z,y) = g(t,z,y), uw(0,z,y) =0 (3.6)
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belongs to CF217(S x [0,T)), and there is a constant Ch,,R 80 that

ullk,244 < Cry.R(L+ Tk -

The tangential first derivatives satisfy a stronger estimate: there is a constant C' so that if

T <1, then
ol
[ Dyully < CTZ|[ull 7 (3.7)

Proof. At Cyreg and Eyeg, these are known results in

Let g € CF7Y(S x [0,T]). We first decompose g as

g=g1+92=01+g(t,z,0)x(y)

where x € C2°([~00,00)), x(—o00) = 1 such that ||ga|lf, , < 2llgll},.,- Then g1 € C¥Y(Ry. x
R x [0,77]) vanishes at infinity, for which we can apply

This leaves the inhomogeneous problem with go. We begin by writing

¢
AtQQZ/O /SKt—s(l”y,l’b?ﬂ)g(&$1,0)X(y1)d961dy1d8

- /ot </oOO p(t = 5,3 00)g(s, 21, 0))de) (/_O:Q ks (y, y1)x(y1)dy1> ds

t
_ / L1t 5, 2) - Io(t, 5, y)ds.
0

If g(t,z,0) € CFY(Ry x [0,7]), x(y) € CFV(R % [0,T]), then [y I1(t, s,x)ds € CF2+7 (R4 x
0,77), fot Ir(t,s,y)ds € CF2H7(R x [0, T]) are solutions to one-dimensional inhomogeneous

problem respectively. So
t
(0r — L) Atga = g(t, 2, 0)x(y) +/0 (O = L)1 (t, s, 2) - Ia(t, s,y)ds = g(t, 2, 0)x(y).
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and
10y Atga| < VT|92]]0- (3.8)

In the following we first assume that k£ = 0, Ath,amAtg%ma%Ath can be continuously

extended to y = —oo since lim Iy(t,s,y) = x(—o0) = 1. Next we verify the holder
y—>—00

continuity condition.

¢
202 Argo — 2’02 Arga| < /o 20311 (t, 5, 7) — /0311 (t, 5,2)| - Ia(t, 5,y)ds

t
< / 20211 (t, 5, 2) — /0211 (L, 5,2)|ds < C(1+ T)|Va — Va/[||g(t, ,0)[| -
0
Similarly

t
|0y Atga — 0 Argal| < /o |0y Ia(t, s,y) — Oy Ia(t, s, y)| - 11(t, 5, y)ds (3.9)

t
i
< /0 [0y Ia(t, 5, y) — O Ia(t, s,y)lds < CT 2|y — 3/ |"|x][1y- (3.10)

When k£ > 0, for a4+ 5 + 25 = k, using the formula

(050, 0]) Argo —/ /R RP?T x, v1)kg (v, y1)(0F, 9, Ldm ar)92(71, y1)dr1dyrds
+ X

1
+Z 90, L g,

so Atga, ax(agayﬁag)Atgg, m@%(@%@zjﬁ@g)fltgg can be continuously extended to y = —oo and
holder continuity conditions hold.
Above all Azgy € CF217 (R4 x R x [0,77) is the solution to the inhomogeneous problem

with g9 such that

1429211}, 94 < C(L+D)llg2ll, < 3C(L+T)lgll} -
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Let u = uy + Atgo, then u solves the inhomogeneous problem ((3.6)) and ||u|[o4 < 6C(1 +
T)\|g||kﬁ. (3.7) follows from (3.8), (3.9). Particularly along the edge y = 0, v(t,z,0) =

fg I1(t, s, z)ds and satisfies
(0 — 202 — ddy)u(t, z,0) = g(x,0) with v(0,z,0) = 0.

This concludes the proof for S = C),,;,,. Taken together, we obtain the conclusion. The

remaining case S = Eyeg, Foo shall be treated similarly. O

3.4 Existence of Solution

We now return to our principal goal, namely the analysis of L defined on P. The estimates
proved in the previous sections allow us to prove existence of a unique solution to the

inhomogeneous problem

(O — L)w=gin P x [0,T] (3.11)

with w(0,z,y) = f. (3.12)

Definition 3.4.1. Let M = {(W;,¢;) : j = 1,---, K} be a cover of bP by normal coordinate
charts, Wy CC int P, covering P\ Ule W; and let {@; : j = 0,--- K} be a partition of
unity subordinate to this cover. A function f € Ck”V(P) provided (pjf)o¢; € Ck”V(Wj) for

each j. We define a global norm on CkW(P) by setting

K
1/ 1lke = D N2if) o d5ll12.
j=0

Theorem 3.4.1. For 0 < v < 1, if the data f € CF2TV(P),g € CEFY(P x [0,T)), then

equation (3.11) has a unique solution w € C**tY(P x [0,T)).

Uniqueness of the solution can be obtained from the following maximum principle.
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Proposition 3.4.1. (Mazimum Principle) Let u € C*217(P) be a subsolution of dyu < Lu

on P x [0,T], then

max u(t,z,y) = max u(0,x,y). 3.13
px[of{T]( y) = max u(0,z,y) (3.13)

Proof. We show that if «(0,z,y) < 0, then u(t,z,y) < 0 for 0 < ¢t < T. The standard
argument (see
For a point ¢ on infinity edge Fno, by definition, there exist local coordinates (z,y)

centered at ¢ and a neighborhood U = {0 < = < 1,|y| < 1} such that L has the form
L = az®92 + bwdyy + cO2 + V.

After a coordinate map z = —Inz, L transforms to a uniform elliptic operator L' on D =

[0,00) x [0,1]. Let v(t,z, z) = u(t,z,e?). Then (8; — L')v < 0 on D. Because u € CY(P x

[0,77]), v is bounded on [0, 00) x [0, 1], so there exists A, a > 0 such that v < Ae(@?+2%),
We use the fundamental solution of the parabolic equation constructed in

For €1,€e9 > 0, set

1
vr(t,z,z) =v(t,z, 2) — U (t,z, 2) + 621—H,

then v; is a strict subsolution of (9 — L)v; < 0. We choose 7 so that % > a. Let
Dg = (0,7'] x (D NbBg(0)),

Bpr(0) is the ball of radius of R around the origin in R? and 0 < 7/ < 7. Then with R

sufficiently large, v; is negative on Dp. Let €1,e9 — 0, we see v(¢,z,2z) < 0 on the infinity,
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therefore u(t,q) < 0 for 0 < ¢t < 7/. Therefore we proved that

max u(t,x,y) < max u(0,z,y).
PX[O’T]( y) < max u(0, z,y)

3.4.1 Parametriz construction

Let P denote the two-dimension compact manifold with corners, C; = {C;.;} the set of
regular corners, Cp, = {C, ;} the set of mix corners, Coo = {Cx ;} the set of infinity

corners, I = {E,;} the set of regular edges, Foo = {E i} the infinity edges, then

bP:CTUCmUCOOUETUEOO.

First we fix a function ¢y € C°°(P) that is equal to 1 in a neighborhood of bP. Let U be a
neighborhood of bP such that bU NintP is a smooth hypersurface in P, and U CC gol}l(l).
The subset Py = P NU® is a smooth compact manifold with boundary and L |p, is a

non-degenerate elliptic operator.
P=U| |Py,Ucce;'(1)

We can double P across its boundary to obtain 1/37], which is a compact manifold without
boundary. And the operator L can be extended to a classical elliptic operator L on ID\(/]
The classical theory of non-degenerate parabolic equations on compact manifolds without

boundary, applies to construct an exact solution operator

ui = QH(1 = pyr)g]
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to the inhomogeneous equation:

(O — Lyu; = (1 — ppr)g in Py x [0,7]

with u;(0,p) =0, p € ]3&

This operator defines bounded maps from C*7(Py x [0,T]) — C*27(Py x [0,T)) for any

0 <~v <1, keN. We set interior parametrix

Q! = vQ!(1 - py)d] (3.14)

where we choose 1 € C2°(Pyy) so that ¢ = 1 on a neighborhood of the support of (1 — ¢r).

Figure 3.1: Covering in the proof

To build the boundary parametrix, we construct the e-grid as follows. Let

U={Up,;,U14,U2,,Us3;,Us;}
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be an NCC covering of bP, where Uy ;, Uy ;, Ua; are Se-neighborhoods of i-th regular corner,
i-th mix corner, i-th infinity corner, respectively. By shrinking the neighborhoods we can
assume that Up ;, Uy ;, Uy ; are disjoint.

All of the charts in Us ;, Uy ; have coordinates lying in Ry x R. We let Z; ;, W; ; be the

points in Us ;, Uy ; with coordinates

{Zij=(0,¢j) : j € Z},{W; ;= (0,¢j) : j € Z}

respectively. And we let Ug; j, Uy j to be the Se-neighborhood of Z; ;, W ;. To simplify
notation we do not keep track of the dependence on €. We illustrate the covering in Fig 3.1.

Let (z,y) denote normal cubic coordinates in one of these neighborhoods, Uy, ; ; (if n =
0,1,2, assume j = 0). In these coordinates the operator L takes the normal form L j. We
let Ly, ; j v be the corresponding model operator and let Aﬁm- j denote the solution operator

9

for the model problem

(O = Ly jm)u = g,u(x,0) = 0.

For n = 3,4, let x, = 1in (0,2) X (—2,2) and vanishing outside (0,3) x (=3,3), ¢, = 1 in
(0,4) x (—4, 4) and vanishing outside (0,5) x (=5,5), and xn, ¢n, € C2°(Ry xR), respectively.
We define

— T Yy—e€j T Y—e€j
Xn,i,j(13>y> :Xn(€_27 c )7¢n,i,j(xay> = ¢Z(6_2’ E )

For n =0,1, 2, we let

>

s
mle&
m;l §

)an(%: f%) n = 0

Xnigs @nij = xn(L.5%).6n(2 %) n=1

o™

L X?’l(y?lay%)7¢n(y_€17y_g> n =2

where xp, = 1 in (0,2) x (0,2) vanish outside (0,3) x (0,3), ¢, = 1 in (0,4) x (0,4) vanish
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outside (0,5) x (0,5), and xp, ¢ € Cgo(Ri), respectively.
By abuse of notation, we still denote m, ¢n,i,j to indicate their pullback to P. It is

clear that there exists S > 0, independent of ¢, such that for r € P,

4

x() =2 Xnij(r) < 8.
i=0 i,j
It is clear that y(r) > 1 for r € bP. We can arrange to have ¢y = 1 on the set ye > % and
Supp ey C Xgl([l—lﬁ, S]). Based on that, ' = {U,, ; ;} together with Py; is a partition of P.
To get a partition of unity of a neighborhood of bP subordinate to U; j, we replace the

functions {xy,; j} with

—_~—

X — Xn,i,j
ng,j) — YU~ 4 —
n:o ZXT’L,'LK]

i,J

For each ¢ > 0, we define a boundary parametrix by setting

4
Qhe=D_ D _OnijAnijXnij (3.15)
n=0 ¢,j
In total we set
Qlg=Q; .9+ Qlg. (3.16)
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3.4.2  Perturbation Estimate

Next we are going to analyze the perturbation term,

( )Qt g_ at qub’nl,j n’zv‘]XnZ,jg

n=0 1,5
4 4
D> xnigo | + 1 D0 bnij(Lnijar — DAL i [Xn.ij9)
i=0 i i=0 i
ZZ Pnigs L an[Xn z,jg]

1=0 4,5

= pug+ EX(9) + E(9)

where
4
oU =D Xnigs
n=0 i,j
4
- Z Z¢?’L,i,j n,i,5,M L)An KN [XTL Z,]g]
n=0 z',j

Z Z ¢naZaJ’ n i,J [Xn,z,jg]

n=0 1,7
And

(0~ L)QLg = (1 = ¢v)g + [0, LIQU(L — 9)g] = (1 = ¢v)g + E(g).
Taken together,
(0 — L)Qlg = g+ E2(g) + EL(9) + EZ*(9). (3.17)
As ¢ = 1 on the support x, the norm of EE1 is bounded and by Ce_% as T'— 0 for some

M > 0 by
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Then we estimate EV.

n—~0

In Uy ;, under local adapted coordinates, the operator L takes the form

Ef . = ¢e(Lar — L)A'[xeg] = —de(zyb(z,y) Dy + bOr + £0y) A'[xg].
Since ¢ is supported in the set where z,y < 5¢2, we have
1D elloo < Cellxegllony < Celgllo- (3.18)

We used

[fghly < [1fglloclhly + |[flloclgly + llghlloo[f]y

and [¢ely < Ce™ 7, 50
B ey < CeMIxeglly < € gllo (3.19)
where the constant C' is independent of €. Combining (3.18) and (3.19), we conclude

1E cJlo.y < Ce* *lIgllo - (3.20)

n—3

In a neighborhood Uj of an infinity edge point, under local adapted coordinates, the operator

L takes the form

L = 20yz + 2yb(x, y) Oy + c(, y)y28yy +d(x,y)0x + e(z,y)yoy
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and the model operator:
We split

L— Ly =L" +e(x,y)ydy,

L" = zyb(x,y)Opy + ¢(, y)y28yy +d(z,y)0s.
There are two types of errors:
EYTg = —¢c L Allxeg), BY'tg = —oce(,y)ydyA'[xeg).
Then by Proposition (3.3.2) and [x¢]y = O(e™7) and since
xe(w) = xe(¥)| < Ce My —y'|7 < Ce 7|y — Iny|7,

we have

€

0, i ol o
[EVdy < CeT2||xeglloy + CT | Ixedllony < Ce T2 |gllo,y,

0,t ol 7 _
1EY lloo < CT2||Xeglloo < CT2e gl co-
Taken together

0,t Y |
1B oy < Ce®1T2|g]lo 5

(3.21)

(3.22)

(3.23)

Next we estimate the remaining term E?::g Since ¢, is supported on z < 5e2,y < 5,
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the vanishing properties of the coefficients of L" implies that the L°°-term is bounded by

0, 1—
||E1,Z(g)||oo < Cellxeglloy < Celgllo,y-

To estimate the Holder semi-norm we need to consider terms

ey, v)lloe |DayA'Dxesl ] I6ee(a )l ooy py | A'Txes]]

locd(a,9)lloo0r [A'fxesl]

and

[gbexyb(x, y)]y ||a$yAt[X€g]||OOa [¢65(I7 y)]'y ||yzayyAt[Xeg]||oo,

(bl )] 11024 [Xed]l o
The first three terms are bounded by
Cellxegllo < Ce|gllo~-
For any 0 < 7/ <7 < 1, the second three terms are bounded by
O lxello < C " lglloy-
We therefore fix a 0 < 7/ <~ so that v+ < 1, then

0, 1—y—+/
1By glloy < Ce ™77 lglloy-
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n=12,4

These cases are estimated as above. We still split L — Lj; into two parts L™ and the first
tangential parts like (3.21). The vanishing properties of coefficients of L" and the estimates

of first tangential parts give the same results as

0,t _ ol
1B oy < Ce T2 |gllo,y,

0, DV
1E L glloqy < Ce' 7 |gllo,-

Proof of Theorem 3.4.1

Case when k=0. We first prove the case when k£ = 0. We write the solution w = u + v,
where v solves the homogeneous Cauchy problem with initial data v(0,z,y) = f(z,y) and u
solves the inhomogeneous problem with u(0, z,y) = 0.

Recall the perturbation term (3.17),
(0r = L)Q'g = g+ B(9) + Ee (9) + B (9).

The support of the kernel of EX°g has a positive distance from the diagonal and therefore
this is a compact operator in the metric topology of C%Y(P x [0,7]), tending to zero as

T — 0. Using the estimations in the previous subsections,
0 1 2-2 —2ypd | 1—y—
“Ee(g)+Ee(g)||O,’y,T SO\ + e T2 47777 HQHO,%T-

Fix a § > 0, we choose € so that e2727 + el=7=7" = 5. If we choose Ty sufficiently small,
then the operator Ef = E? ty Ee1 ty E?° has norm strictly less than 1, and therefore the

operator Id 4+ E* is invertible as a map from C*7(P x [0, Ty]) to itself. Thus the operator

Q' = Q! (1d+ Et)_l
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is the right inverse to (0 — L) up to time Ty and is a bounded map
Q- CYV(P x [0, Ty)) — CV2HY(P x [0, Ty)).

After constructing C/Q\t, the solution operator for the inhomogeneous problem, we build a
similar boundary parametrix for the homogeneous Cauchy problem, which we then glue to
the exact solution operator for Py;. For each n let Q/fm\’j be the solution operator for the
homogeneous Cauchy problem defined by the model operator in U; ;. And let 656\0 be the
exact solution operator for the Cauchy problem (9 — L)u = 0 on Wy with Dirichlet data on

bWy x [0,00). For each € > 0, we define a parametrix by setting

4 _ —
i=0 i,j
Then
(O — L)Qh = E'f : CO*F1(P) — C%1(P x [0, T))
is a bounded map and a slightly stronger statement is lim;_q || EtH =0.

Finally we set ng = Ci)\gf — @tEtf, then
Qb : CV*P(P) = CV*H(P x [0, Ty))
is bounded and so is the solution operator of the Cauchy problem.

Higher order regularity. We want to establish the convergence of (Id + E*)~1 in the
operator norm defined by C*Y(P x [0, Ty]). We follow the proof in

We have proved the existence of solutions to the inhomogeneous problem and Cauchy
problem in [0, Tp], where T{y does not depend on the initial data. To show the solution exists

for all £ > 0, we can apply this proof again with initial data f(0,-) = v(Ty,-),9(t, ) =
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g(t + Tp, ). This extends the solution to [0,27p]. We can repeat this process k times until

kKlp > t.

3.5 The Heat Kernel

Now we are prepared to construct the heat kernel of the solution operator:
(O — L)Uf = 0 with Uf(o, ) = f. (3.26)

We want to show the following result:

Theorem 3.5.1. The global heat kernel Hy(dy,do,l1,l3) € C°°(P"9 x P x (0,00)) of the

full operator L exists and for f € CY(P), then

/PHt(dl,dQ,h,lQ)f(h,lQ)dlldlz

is the solution of (O — L)vy = 0 with vg(0,-,-) = f.

When (dy,ds) € P, the existence of the heat kernel follows from a standard construction
for elliptic operators and the theory developed in the preceding sections. We may indeed
construct a heat kernel Hy(dy,ds,11,12) for (I1,l3) in an open neighborhood of (dq,dy) and
obtain by standard elliptic regularity that Hy — Hy solves (3.11) with a smooth right-hand
side. A nontrivial aspect of the above result is that we also construct a heat kernel when
(di,d9) is on the regular part of bP, where elliptic regularity is not applied. Instead we
use fundamental solutions of model operators and use a series expansion to construct and

analyze the heat kernel.

3.5.1  Overview of main ideas

We continue working under the similar e—grid covering constructed in Section 3.4.1. Instead

of requiring L having normal forms in each Uy, ; ;, we require L takes the form in (3.1.1) but
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without mixed second-order derivative term. This can be achieved by taking € small enough
and through coordinate change.

To construct the global heat kernel of the full operator L, we first construct the local
heat kernel {qfl7i} in U, ;, which satisfies that for Vq € &n,ia

(O = L)ani( @) = 0, lim q;(-,q) = dg(). (3.27)

Then we patch them together to construct the global kernel parametrix.

Construction of Local heat kernel: Fix ¢ in the interior of Uy ;, we fix a smooth

compactly supported function h(x,y) € C°(Uy, ;) and h(z,y) =1 on Supp ¢, ;. Letting
L= Lo+ h(z,y)(L — Ly (3.28)

where L, ps is the model operator we choose corresponding to g. Then L equals to L on Supp
¢; j, so the problem transform to construct the Green function g; of the solution operator in

this neighborhood:

(O = L)ar(-q) = 0 with  lim gy(g.) = 3(q). (3.29)

The idea is to approximate g (-, ¢) by the kernel of the model operator Lj; modeled at ¢ and
control the perturbation term to be sufficiently smooth.

Let Kt be the fundamental solution of L, s, K¢ be the solution operator of L, s,
B; = (Z — Ly v)K¢, an observation is that for N > 1,

N-1
@ — L) [ at(q) — Ket,,0) = > KiBo | =BYs (3.30)

1=
where B6 = (L — L) K.
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3.5.2  Existence of Local Heat Kernel

Case q € U,.

We first consider the case when ¢ is in a neighborhood Uy of a regular corner. Under the

local adapted coordinates (?77?), L takes the form
L = a(w1,79)x10%, + b(x1, 22)2207, + d(21,72)0z, + €(21, 72)uy.-

Fix a point ¢ = (z2,y2) in the interior of Uy. We introduce the model operator L, js in

Sc_reg3
Lgr = a(@)e10%, +0(q)2207, + d(@)0z, + ()0, (3.31)
Then the kernel formula Ky (z,y, z1,y1) is the product of two one-dimensional kernel formula:

Ki(x,y, x2,y2) = pz(gg,{a z, x2>p§§;’§§b(q> (v, 2). (3.32)

_ 2 _ 2
Proposition 3.5.1. Denote d(t,z,y) = (\/Jga(\q/)a?) + (\/Zb(;/)g?) . Assume that for (z,y) €

2 3
R'F) J< 5
1
|9(t,$,y)| S ge_d(t,x,y)

and for some 0 < vy < 1,

(00,9 = gl )| < VB = VT (et g el ) (3.33)

|\/§ . \/_P/ ( t ac,y +e d(t’x/’y)> X (334)

lg(t,z,y) — g(t,2,y)| < ]+7
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Then there exists a constant C' > 0 such that

Vit d(tbm,y)

t
|Bg(t,l’,y)| S Cge_

and

C _d(ta.y) _d(ta’ )
Bott,2.9) ~ Bo(t.a' )] < — sV = VAl (5 g )
VT2

d(t,x,y) d(t,z' )
|\/§—\/?|7(€_ T e 2y).

|Bg(t,z,y) — By(t,z,y')| < —
It
Proof. By replacing a(q)t, b(q)t with ¢ in the kernel formula (3.32), we might as well assume

that a(q) = b(¢) = 1. Through a Taylor expansion of the coefficient of L at g, we see
L= Lgn = O((x — x2) + (y — y2)) (L + Ly) (3.35)

where L, = 202 + d(q)0y, Ly = yﬁg + €(q)9y. In the following proof we will use a number
of kernel estimates, which we present and prove in the Appendix.
First we assume that d(q) > % or d(q) =0, e(q) > % or e(q) = 0. We use the estimate of

pg(%y) (5.1.1) to see

Vae-va)?
d C
() < e 2(t—s) —
Dt 5( 1) = \/m \/x_l
so we deduce that:
(Va—V29)*+(VI—/73)*
Kg| < Ce™ 2 .

Next we turn to estimate Bg. It suffices to consider L, so that

L— Ly =06((x—x2) + (y — y2)) La- (3.36)

Since the t—regularity of (L — Lys)Ki—s is (t — s)~2 which is not integrable in s, using the
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fact that
X 24
14 205pf (x,y)dy = 0,

we split Bg into two parts
) ¢
By = (L—La) [, [, Kislooyaron) (ot ) = als..))dordnds
3 JRY
%
+(L—LM)/O /R2 Ki—s(z,y,71,9y1)9(s, 21, y1)dw1dy1ds.
+

The first term is bounded by

t

~ 1

(L_LM)ﬁ / Kt—S(x7yax17y1) _|_1|\/E_ \/"EIW
3 JRY s7T2

( (VA7) <«5—¢aﬂ2)  (IT-yT)?
-l e 2s + e 2s

e 2s dxydyyds.

We use the estimates of derivatives (5.1.3), (5.28) to see

8. (Va—va)*+°—u§)® 4

|8xpf_5(g:, 1)l |Sﬂ5§pf_5(9§, z1)| < - e 2(t—s) ‘
(t—s)2 T
By the integral
/OO 1 _(x_a:l)2 1 _(:)317:132)2 1 _(1712)2
e t—s ——ge s r] = —e
—0 VE—58 S t
and the contribution of coefficients of L — Ly
(@—a')? (@—a")?

|z —a/|- e T < Cvte 2,

we can deduce that (3.37) is integrable and

1 Va—ym)*+(Vi—vi)?
|Bg| < C’—te* 27 )

7
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Finally we turn to estimate [}y part of Bg. We consider two cases. In the first case when

: s (WE= YA
In the second case when |\/z — V2/| < V%,
Vo = Vil < Vil = | + VA,
(Va—/73)> (Val—/73)?
so that multiplying this term with (e™ i +e” i ),
(VE-y73)° (Vo' — y3)? (Vi y73)? (V' /3)?
Wz — Jfra| - (e ¢ +e i ) < CVi(em +e 2t ). (3.42)

1. If 2/ < %, it suffices to show that

0l
r2 _dzy)
tj+% e 2t

292Kyg(t, 2, y)| < C

This is obtained similarly to Bg in (3.37): we replace the estimate (3.39) with

1 (Va— D)+ (v —y;)?
Cx2 - 1
x@%p(t —s,x,x1)dr) < ’ 7€ 2(t—s) drj.
(t—s) 2

Then

‘(ZE - 552)378325Kt9(t7 xZ, y) - (lj - ZL’Q).T/a%th(t, xla y)'
< ‘('T - '7:2) - (.T/ - $2)|x8%Kt9(ta x??/)

H(:U/ — x9)| - |x8£th(t, T,y) — x’@%th(t, 2 v)|-
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_ d(z,y)
ClET

The first term is bounded by T 2t . The estimate below
2T 2

d(z,y) d(«’ y)
|x8%th(t,x,y) — :U’@Q%th(t,x/,yﬂ <C P (e_ 2 +e 57 )
3

—_ Y d(z, d(2/,
SC]\/E V| (e_ @y (Qty))

. 2t e
tit3

— d(z,y)
and (3.42) show that the second term is bounded by C' Me_ 5

t]+ )

2. We assume that § < z <z,

Since we have established the Holder continuity of the first derivative, it suffices to
establish the Hélder continuity when L — Ly; = (z — x9) (202 + dd;). We split B2g

into two parts

By(t,z,y) — By(t,2,y) = (343)
5 t
(L - LM)ﬁ /]RQ [Kt—s(xay»l‘l;yl) - Kﬁ—s(xlayvxlvyl)} g(svxlvyl)dxldylds
2 +
(3.44)
2
+<L - LM)/O /1%2 [ths(xa Y, 1, yl) - ths(xc Y, 1’1791)} g(S, xlvyl)dxldylds
+

(3.45)

=A+B. (3.46)
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With J = [a, f], Vo = M, VB = M, we have

t ~
A= / [ / (L~ Lan)Ks(@ 21, 90) (9(ss 21, 31) — 9(s,2,y1))dardyr—  (3.47)
)

[\

= Lo Kiesl o) ot =gl p)dmdn— (3.48)
| - LK) gl ) - oo, )dodn s (349
[ (= LK sto ) (3.50)

—(L = Lap) Ki—s(2', w1, 9,91) (9 (s, w1, 91) — g(s, 2", y1))dardyy ] ds (3.51)
=L+ DL+ I3+ 14 (3.52)

We first estimate I3. Based on the observation that for ¢t > 0,

Orp(t, @, x1) = La apa(t, x,21) = Ly, pa(t, v, 21),

the operator Ltm = Og, (Oz; 71 — d), so we can perform z1-integral to obtain that

¢
I3 < ﬁ [(Oz 21 — d)Kt—s(7, 0, y,y1) — (Ony 21 — d) Kt —s(, B, v, 91)]

2

(g(87 xz, yl) - g<87 xla yl))d.’ll'ldylds.

We use the Holder estimate of ¢ (3.33) and
If0<d(q) < % or 0 <e(q) < %, all the arguments are essentially similar to those above

except that we need to replace the integral (3.40) with the estimate: for 0 < d < 1,

00 1 ey 1 1 (VET—yE)?
/ de t—s ﬂ—ef ! S : dﬂfl (353)
2d
1 t— (Va—y3)*
<q, (=s)s) by (3.54)
(t —s)d\/s t
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Notice that the degree of time ¢ on the right hand side above is independent of d, so in total

the regularity of time ¢ in this case is same as that when d > % O]

Then we can show the existence of local heat kernel and analyze their behavior as t — 0.

Proposition 3.5.2. There exists a local heat kernel satisfying (3.27) in Uy. Moreover, for
any [ € Ce(Up),

(0 — L) /U qt(z, y,z1,91) f(z1,y1)dzrdyr =0, (3.55)
0

and

1. If (0,0) is a transverse point,

lim | q:(0,0,21,y1)f(21,y1)dw1dy; = £(0,0). (3.56)
t—0.Ju,

2. If (0,0) is a tangent point,

lim [ ¢(0,0,21,y1) f(z1, y1)dz1dys = 0. (3.57)
=0 Jy,
Proof. First we show that Bé = (f/ — L) K; satisfies the assumption in Proposition 3.5.1.
We begin by writing

d(z1,y1) (

Ki(z,y,x1,y1) = py (xl’yl)(

x,71)p; Y, y1)-

1. If d(0,0) > 0: by shrinking the neighborhood U, we might as well assume that d(z,y) €
[d1,dg] for some 0 < d < do. Then by the estimates in (5.1.1), (5.1.3), (5.28),

C _We—yE? oo 1
a t ) ) 82 ta ) < e 2 ! )

| (t )| < ° _(ﬁ;tmlﬂ( di-1, 1
yr,r1)| < e T
Pd(z11) V=" 1 T
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2. If d(0,0) = 0: so d(0,y) = 0 by Assumption 3.1.1. Again by shrinking Uy we may
1
» 2

assume that d(z,y) € [0, 5]. A more precise estimate is

1
(@) €

Pa(zy)(t:2,y) < | e

N

_zty —
¢ yd(l’vy) lwd(x,y)(%) when % <1

when % >1

Using the expansion of ¢4 at 0, for 0 < 2z <1,

va(z) = ©a(0) + y(c)z
for some ¢ € [0,1]. ¢/, is uniform bounded on d € (0, %] x [0,1]. Since 14(0) = ﬁ, ﬁ =0

and %ﬁ is uniformly bounded on (0, %], where I'(+) is the usual Gamma function, we have

1
= —+C@g0(y+%).

Yay (2) = Tam ) TR

In all

1 7(@—2\/@2
pd(x’y)(t,x,ml) < C\/x_lte .

Similarly we can show that the derivatives of Pd(z,y) (x,21) are bounded by

C _Wi-ym)?® ]
2 _
|axpd(x1,y1)(t7x’ l’l)|, |Iaxpd(x1,y1)(ta ZE,J}1)| S t_%e 2t \/IE_1
Above all, there exists dj,do > 0 such that
C _We—ym)?
2 Y= vl di—1
|8$pd(x1,y1)(ta z, 1), |$ampd(a:1,y1)(tv z,21)| < t_§€ 2 xll (3.58)
2
C _WEym)® g
Pa(y g1) (8 7, 21)] < 7 gt (3.59)
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and

C _WI—vm? g
2 — V2 VI do—1
|8ype(g;1’y1)<t7 Y, y1)|a |yaype(gg17y1)<t7 Y, y1)| S t_§€ 2t y12 (360)
2
C _WI—vm)? g
oyl (3.61)

|pe(x17y1)<t,y7y1>| < %6_

Finally because

L— Ly = @((m - 932) + (y - y2))(1892c + 0y + y@; + ay),

combined with the estimates above, we conclude that

C _WomymD (i-yo)® g g gy-1
=€ ° Ty
2

(3.62)

Y

(L — Ly )Kt| <

<+

so we can iterate Proposition 3.5.1 until B%§ € %7 (U x [0,T7), for which by the results in

Theorem 3.4.1, there exists the solution Q'B?§ € CV2+7(P x [0,7]). Recall that

N-1
0 — L) | at(-.q) — Ki(t,-.q) — Y K¢B's | =BYs, (3.63)
i=1
hence there exists a local heat kernel q(x,y, z2,y9) in Uy, which has the expansion
4 .
a1(z.y, 72,2) = Ky(w,y,79,50) + Y _ K¢B'6 + Q"B . (3.64)
1=1

Moreover, the derivatives of it

Ovar(x,y, 21, 11), Oy (7, y, 21, 11), 202qt (¥, 21, Y1), YOioqt (¥, 21, Y1)

are also bounded by the right hand side of (3.62).

Therefore, on (¢, t1], the integral of these derivatives converges uniformly on t € [tg, t1], (x,y) €
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Up. Hence we can exchange derivatives with integration to obtain that

(0y— L) /U qt(z,y, v1,91) f (21, 91)dr1dYy; = / (0t — L)qt(x,y, w1, y1) f (21, y1)dz1dy; = 0.
0

Uo

(3.65)

Finally we turn to prove (3.5.2). Based on the expansion (3.64), it suffices to show that

(3.5.2) holds for the fundamental solution

Kt(07 07 xz, y) = pjc}l(x’y) (07 Q?) : pf(x’y) (07 y)

(3.66)

1. If (0,0) is a transverse point, we assume that d(z,y),e(x,y) € [dy,ds] for some

0 < di < do. We denote by
(0,0 0,0
K40,0,2.4) = 5 *(0,2) - 5" 0,).

Since tlirr(l)Kg(O, 0,z,y) = 6(0,0), it is suffices to show that
%

(K¢(0,0,2,y) — K{(0,0,7,y)) = 0.

lim
t—0
We have

|Kt(0= 0,z, y) - Kg(ov 0,z, y)l

= I+ 11
By the mean value theorem, there exists ¢ € [d, e] such that

0
%, 0,y) — p°(t,0,y)| = 57et: 09l |d — el

87

(3.67)

(3.68)

<180, 2) - pf 00, 2) 1S (0, 9)] + | T 0, 5) — 70 (0, )P0 (0, )]



Since

hence

1 v, /y\%h Y\ 42 y
Py () 0:4) = Pay(0,0) (8 0,y)| < Cla + y)ge t ((;) + (;) ) [ln; + 1]

by the Taylor expansion of ds at (0,0). It is not hard to show that

o

gg% ; TP, (0,0)(t: 0, x)dz =0
[y e\NM NNy
i [ () () 4o
i ) oovye tG) TG Y

Therefore we have

lim IT- f(x1,y1)dz1dy; = 0.
=0 Ju,

Also we can obtain that

lim [ I f(z1,y1)dz1dy; =0,
t—=0.Jy,

which leads to (3.68).

2. If (0,0) is a tangent point, we assume that ¢(0,0) = 0. Then e(z,0) = 0 by the

assumption (3.1.1). We also assume that e(x,y) € [0, M]. We have

1 e(z,y),—4 1 1 e(zy)+1,_ -4
] t < (C Y t
@) 17 Tle(r,y) = gelay) 1Y ¢

< Ct(pt(0,9) + pM L0, y)).

pEE)(0,y) =
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If d(0,0) = 0, then it is also bounded by C’t(p%(O, Y) —I—piM"H(O,y)), SO
lim K¢(0,0,z,y) =0
t—0

in the sense of distribution. If d(0,0) > 0, by the estimation in the previous case,

. d(z, d(0,0
lim (pf")(0,2) — p % (0,2)) = 0,
t—0
combined with
- d(0,0) e(z,y)
| 0 0 =0,
lim p, (0,2)p, (0, y)
we obtain that
lim K4(0,0,z,y) =0 (3.69)
t—0
in the sense of distribution. O

Other cases

1. ¢ in a neighborhood of a regular edge point p. When ¢ = (z9,y9) € Ug is in a

neighborhood of a regular edge point, under local adapted coordinates, L takes the form
L = a(x, y)m@% + b(x,y)Oyy + d(x,y)0x + e(x,y)0y.

Replacing d(t, z,y) in Proposition 3.5.1 with

(VT —y32)? | (y—12)?
2a(q)t 4b(g)t

d(t,z,y) =
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we can similarly prove the existence of the local heat kernel through its series expansion

4

g1(r.y, w2, 42) = Ki(2,y,9,52) + »_K(B'6 + Q"B
i=1

where Ky¢(z,y,x9,y2) = ngggga@(:c, xg)kg(q)t(y, y2). By comparing K¢(p, q) with fundamen-

tal solution of model operator with coefficients frozen at p, we can derive the result like in
3.68, 3.69. That being said, if p is a transverse point, then thII(l) qt(p,-) = o(p), if p is a
_>

tangent point, then lim ¢(p,-) = 0.
t—0

2. ¢ in a neighborhood of a mixed corner/infinity edge point p. When ¢ =
(x9,y2) € Uy is in a neighborhood of a regular edge point, under local adapted coordinates

3.2, L takes the form
L =a(x, y)x@% + b(z, y)y28yy +d(x,y)0x + e(x,y)ydy.

We can similarly prove the existence of the local heat kernel through its series expansion

4

qt($7 Y, x2, y?) = Kt<$a Y, x2, y?) + Z Kthé =+ QtBB&
=1

1 (Iny—Iny2)? | 1
2

d .
where Ki(z,y,x9,y2) = paég;l{a x,xg)\/TTrtexp {—W —. Particularly when y =

0,

Qt<x7 07 z2, y2> = pt(xa 91:2)50(342),

where p¢(x,29) is a 1-dimensional heat kernel of Kimura operator on y = 0. This implies

that the infinity edge is isolated from 13, the diffusion starting from the Fo stay on it.
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3. when ¢ in a neighborhood of an infinity corner p. When ¢ = (29,492) € U3 is in

a neighborhood of a regular edge point, under local adapted coordinates, L takes the form
L = a(x,y)z*0F + b(x,y)y*0; + d(x, y)dy + e(z, y)ydy.

Again we can similarly prove the existence of the local heat kernel through its series expan-
sion. ¢ (z,y, z2,y2) takes the form
(Inz — Inz9)?  (Iny —Ingp)?] 1

pe(x, y, x2, y2)exp | — — ,
( ) 4a(wg, yo)t 4b(w2,y2)t | w2y2

where p¢(z,y, x9,y2) is bounded for t > 0. When x =0 or y = 0,

(]t(O, 3/79527y2) = 50(372) ’ pt(yva)

qt(z,0,22,92) = p(x, 22) - do(y2)

where p; is the 1-dimensional heat kernel on y = 0. In particular

qt(oa 07 x2, y?) = 5(0’0) <x27 312)7

which means (0,0) is an isolated point.

In all for ¢ € 15, if p € P"9, the heat kernel ¢ (p,q) is well defined and continuous at
p. In other cases, ¢:(p,q) = 0. Specifically ¢;(p,-) degenerates to a 1-dimensional along the
quadratic edge when p € Eso U Cppizy and qe(p, -) is the delta function at p when p € Cx.
On the other hand for p € P"9 we investigated the limit behavior of ¢(p, ) when ¢t — 0.
It tends to §(p) if p is a transverse point and tends to 0 in the sense distribution if p is a

tangent point. We summarize this in the following table:
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b Do

Creg transverse oy
tangent 0

Cria 0
Coo 0

Ereg transverse 9
tangent 0

Exo 0

Table 3.1: Limit of g(p,-) ast — 0
Proposition 3.5.3. Fiz o > 0 and k,l € N, there exists constants C,c > 0 depending on

a, k,l such that if |\/r — /21| > a >0, ly—y1| >a >0 and 0 < z,21,y,y1 < L, then

(92 pa(t 2, 21)| < Ce™ b=t (9y) kf (y, y1)| < e/,

Proof. For the first estimate, let A = ¥, w = L.

1. If Aw < 1, then this term is bounded by

T—./T 2
O o=Otu) ¢ € ~(A-ymp? _ € -Myml
td td td

1 d
. . . LA e2VZ
2. If Aw > 1, using the asymptotic expansion 1,4(2) RERV/ra

| 1 e 14
— e~ MWy () ~ \/Etde (VA ‘F)2()\w)‘11 .

td

The right hand side is bounded by \/%t _e=(VA=V)? it g > 1 and bounded by
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—_

14
L%T\/He_(\ﬁ_\/a)2 if0<d< % Overall,

C  We-ya)? ]

Te t —-

pa(t,z,y) <

The estimates for higher order derivatives are proved similarly.

The second estimate is not hard to get since we can repeatedly use that for Vb > 0,

3.5.83  Proof of Theorem 3.5.1

So far we have constructed the local heat kernel qu(-, q) for Vq € p. By the classical elliptic

theory, there exists the Dirichlet heat kernel th in Pr;. We patch them together by defining

the global kernel parametrix:

4 ..
gt (dy,da, 11, l2) =) 0> 5 je (dr,do) g (Lije(dr), Cijeld2), ije(ly), ije(l2))  (3.70)
=0 j
Nije (11, 12) - |dety);; (11, I2)] (3.71)
+af (d1, do, 11, 12)(1 — ¢p). (3.72)

Now set

er(dy,da.ly,l9) = (0 — L)qt (dy,da, 11, 12) .
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Again

3
et(dy,do,l1,1l2) = Z Z¢z € LZ] - L”)qz jXi.J€ + Z Z ¢Z,j € q%in,j,e

1=0 j 1=0 j

+v, Llaf' (1 = o).

By construction, e¢(dq, ds, 1, 12) is supported on Pyy x P x [0, 00). To be more precise, the
support of e(dy,ds,l1,1l2) is in an off-diagonal region' d((dy,d2),(l1,12)) > « for some a,
hence for VT > 0, in [0, 7] it is bounded and by Ce™ ¢ for some Cf, > 0 using the estimate

in Proposition 3.5.3. We let A’e; be the solution to the inhomogeneous problem
(815 — L)Atet(-, l1, l2) = et(-, l1, l2) in P x [O,T] with AO(-, Iy, l2) =0,
Thus the global heat kernel is given by

Hy (dy,do, 11,19) = gt (dy, da, 11, 1) — Aley (dy, da, 11, 12) .

Next we investigate the regularity of the heat kernel Hy. If L is Kimura operator, i.e., all
the edges of P are of Kimura type, as studied in

For Vty € (0,71, fix ¢ € ]5, the estimation in Proposition 3.5.1 shows that the local
heat kernel g, (-,¢) are in local C07 spaces, and the perturbation term Ales(-,q) is also in
C%(P). Thus Hy,(-,q) € C%7(P). We apply the regularity statement above to the Cauchy
problem with initial condition Hy,(-,q), giving that Hy(-,q) € C°°(P x (t9,T]). Letting
to — 0, T — 0o, then we have (-, t) — Hy(-,q) € C®(P x (0,00)) for Vg € P in the Kimura
case.

When L has a mixed type of boundary conditions, fix q € P , we choose a neighborhood
Ug of all the quadratic edge with ¢ ¢ Ug and x € C’OO(UEQ) so that Yy = 1 away from

Ug, x(¢) = 1. Let K be a Kimura operator on P so that the transverse/tangent boundary

94



conditions align with L. We define the new operator

such defined L is a Kimura operator, L = L away from Ug, particularly L(q) = L(q). Denote

the heat kernel of L by Hy, we have

(0 — L)(Hy — Hy)(-,q) = (L — L)Hy(+, q) (3.73)
Jim (Hy — Hy)(-, q) = 0. (3.74)

We have shown that H; € C*°(P x (0,00)). Since L = L at ¢, the support of (L — L)H(-, q)
is away from g, so (t,-) — (L — L)Hy(-,q) is smooth and its high order derivatives are
bounded by e_% for some C' > 0. Moreover since q € [3, when constructing the parametrix
3.70 of global heat kernel Hy(-,q), H¢(-,q), we can choose the same Dirichlet heat kernel in
a vicinity of g. Then the two remaining perturbation terms Ales(-, q), A'é;(-, q) are both in
CFY(P x [0,T]) for k € N. This roughly shows that (H; — Hy)(-,q) € CFY(P x [0,T7)).
Therefore by Theorem 3.5.1 Hy — H; € C°°(P x [0,T]). The argument above works for
VT > 0, so indeed we showed that (-,¢) — Hy(-,q) € C*°(P x (0,00)).

Finally for the regularity of the forward variable, for p € P9 Hy(p,-) is a solution to
the Kolmogorov forward equation (0 — L*)Hy(p,-) = 0. Therefore by standard hypoellicity

results for parabolic operators (
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CHAPTER 4
LONG-TIME BEHAVIOR OF A MIXED KIND OF KIMURA
DIFFUSION OPERATOR

4.1 Introduction

This chapter analyzes the long time behavior of diffusion processes with infinitesimal gen-
erator given by a mixed type Kimura operator L on one-dimensional and two-dimensional
manifolds with corners.

Let L be a degenerate second-order differential operator. For an edge point p, when

written in an adapted system of local coordinates on R4 x R, L takes the form:
L= CL(JI, y)xmaxl‘ + b(ZL’, y)xm_laxy + C(Z‘, ?J)ayy + d(]), y>xm—lax + G(I, ?/)aya (41)

where we assume that a, b, ¢, d, e are smooth functions and that a(x,y) > 0 and ¢(z,y) > 0.
Also m € {1,2}. When m = 1, the edge x = 0 is of Kimura type in that the coefficients
vanish linearly towards it. When m = 2, the edge = = 0 is of quadratic type as the coefficients

now vanish quadratically.

For a corner p, as an intersection point of two edges, L has the following normal form:
L = a(z,y)a™ Oy + b(w, y) 2™ y" " Oy + e, y)y" Dyy + d(w,y)2™ 0 + e(w,y)y" 10y, (4.2)

when written in an adapted system of local coordinates on RZ , where a(x,y) >0, c(z,y) > 0,
and m,n € {1,2}.
Associated to the operator L is a C? semigroup Q; = et solution operator of the Cauchy

problem
Oru = Lu
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with initial conditions u(z,0) = f(z) at t = 0. The operator e!* and some of its properties
are presented in detail in

It turns out that the number of possible invariant measures and their type (absolutely
continuous with respect to one-dimensional or two-dimensional Lebesgue measures or not)
strongly depend on the structure of the coefficients (a,b,c,d,e). We thus distinguish the

different boundary types that influence the long time asymptotics of transition probabilities.

Definition 4.1.1. A Kimura edge E is called a tangent (Kimura) edge when d(0,y) = 0 and

a transverse (Kimura) edge when d(0,y) > 0.

A quadratic edge E is called a tangent (quadratic) edge when Z%Z; < 1, a transverse
(quadratic) edge when a0y) 1, and a neutral (quadratic) edge when a0y) = 1.

We assume that:
Assumption 4.1.1. Fvery edge is either tangent, transverse, or neutral.

Note that we do not consider the setting with d(0,y) < 0 on a Kimura edge. In such a
situation, diffusive particles pushed by the drift term d(0,y) < 0 have a positive probability
of escaping the domain P. We would then need to augment the diffusion operator with
appropriate boundary conditions.

The long-time analysis in two-dimensions for a class of operators including a specific
example of interest in the field of topological insulators

To describe all invariant measure on the interval [0, 1] in one dimensional, consider

d? _ (1)1 d
L =a(z)2™(1 - x)m(l)@ + b(z)2™ O~ (1 = zymD) 1%, (4.3)
with a(z),b(z) € C*°([0,1]).

For ¢ = 0,1, we say that x = i is of Kimura type when m(i) = 1 and of quadratic type

when m(i) = 2. When = = i is of Kimura type, we assume that the vector field b(:z:)% is
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inward pointing at x = 7. For brevity, we use a and b to denote
a(z) = a(z)2™ O (1 — )™ B(z) = b(2)z™O (1 — )DL (4.4)

Definition 4.1.2. When x =0 (1 resp.) is a Kimura endpoint, we say it is a tangent point
if b(0) =0 (b(1) =0 resp.) and a transverse point if b(0) > 0 (b(1) < 0 resp.).

When x = 0 (1 resp.) is a quadratic endpoint, we say it is a tangent point if % <

( —1 resp.), a transverse point if %
0

Q — ((—)) = —1 resp.).

> 1 (% < —1 resp.), and a neutral point if

\_/

The quadratic endpoint and the tangent Kimura endpoint are sticky boundary points in
the sense that the Dirac measure supported on them is an invariant measure. When both
endpoints are transverse, there is another invariant measure p with full support on the whole
interval. By computing the index of L on an appropriate Holder space, we characterize the
kernel space of " composed of invariant measures for the diffusion L.

In both cases, starting from a point in P, the corresponding transition probability of the
diffusion converges to the invariant measure at an exponential rate. In cases with at least
one tangent boundary point, we consider a functional space of functions that vanish at the
tangent boundary points and show that L has a spectral gap on such a space. In the absence
of tangent boundary points, we prove that the invariant measure y satisfies an appropriate
Poincaré inequality so that L also admits a spectral gap in L2(,u). Our main convergence
results for Q; = etl , whose properties are described in Theorem 4.2.1, are summarized in

Theorems 4.4.1 and 4.4.2 below.

In two space dimensions, we do not consider all possible invariant measures as a function
of the nature of the drift terms d and e in the vicinity of edges or corners. Instead, we restrict

ourselves to the following case:

Assumption 4.1.2. For L on a 2 dimensional compact manifold with corners P, there is

exactly one tangent edge H, and when restricted to H, L|g is transverse to both boundary
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points.

This case involves exactly one tangent edge with two transverse boundary points so that,
applying results from the one-dimensional case, we find that L has a unique invariant measure
 fully supported on (the one-dimensional edge) H. Starting from any point p not on the
quadratic edge, we show in Theorem 4.5.2 that the transition probability converges to p at
an exponential rate in the Wasserstein distance sense. The main tool used in the convergence
is the construction of a Lyapunov function in Theorem 4.5.1.

The setting of P a triangle with two transverse Kimura edges while the third edge is
quadratic with transverse endpoints as described in Assumption 4.1.2 finds applications in

the analysis of the asymmetric transport observed at an edge separating topological insulators

There is a large literature on the analysis of the long-time behavior of etL when L is non-
degenerate and when L is of Kimura type. In the latter case, L is the generalized Kimura
operator studied in

However, in the presence of quadratic edge/point, L~ is not Fredholm. The reason is
that near such quadratic edges or points, the operator may be modeled by an elliptic (non-
degenerate) operator on an infinite domain (with thus continuous spectrum in the vicinity
of the origin). We thus need another approach that builds on the following previous works.

In

An outline of the rest of this paper is as follows. The semigroup etl

is analyzed in
section 4.2 in the one-dimensional case. The space of invariant measures associated with a
one-dimensional diffusion L, which depends on the structure of the drift term at the two
boundary points, is constructed in section 4.3; see Table 4.1 for a summary. The exponential
convergence of the kernel of e/ (the Green’s function) to an appropriate invariant measure

over long times is demonstrated in section 4.4.

The operator e!Z in the two-dimensional setting is analyzed in
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4.2 The C° Semigroup in one-space dimension

Let L be the one-dimensional mixed-type Kimura operator on [0, 1] given in (4.3). Let
Q; = et be the solution operator of the Cauchy problem for the generator L and denote by

qt(x,y) its kernel. Its main properties are summarized in the following result:

Theorem 4.2.1. The operator Q¢ defines a positivity preserving semigroup on C’O([O, 1]).
For f € CY(0,1]), the function u(z,t) = Quf(x) solves the Cauchy Problem for L with

initial condition f(x) in the sense that

i 11905 = fllen = 0. (45)

Proof. If both endpoints are of Kimura type, L is the 1D Kimura operator. By

For the remaining case, we might as well assume that x = 0 is a Kimura endpoint and
r = 1 a quadratic endpoint. We intend to build the global solution out of local solution near
the boundary. Let ([0,1 — 7], ¢9), ([1,1],¢1) for some 0 < n < %1 small be the coordinate

charts so that pulling back L to these coordinate charts gives two local operators

Lo = 202 + by + xc(2)8,  x € [0, d0(1 — 1)),

Ly =02 +d(2)0:, z € (d1(n),00).
We extend these two local operators to the whole sample space
Lo = 207 + bods + we(x)po(x)de, L1 = 07 + d(2)¢1(2)0:
where pg(z) is a smooth cutoff function so that

1 for z € [0, pg(1 — 2n)] 1 for z € [¢1(2n), )
wo(z) = p1(2) =
0 foraz> ¢p(l —n), 0 for z < ¢1(n).

100



e N,N e the solution operators o N,Nl and denote their kernels , q; respectively.
Let QY, Q} be the solut tors of Lg, L1 and denote their kernels by 9, g} tively

Define smooth cutoff functions 0 < x, ¥, ¥ < 1 so that

SUPPTPO C [07 1 - 277]7 SUPPQ/JI - [2777 1]7 ¢O|suppx = 17 w1|supp(1—x) = 1 (46)

Given f € C9([0,1]) and g € C([0,1] x [0, T]), set the homogeneous and inhomogeneous

solution operator as

Qif = Q¢ f] +v1Qi[(1 — X)f],
t
Arg = /0 Qt—sg(s)ds.

Then

(O — L)Q¢f = EY f = [o, LIQY[x f] + [¥1. LIQL[(1 — x) f],

(0 — L)Arg = (Id — E)g := g — [¢0, LIAP[xg] — [1, LIA[(1 - x)g].

Our choice of x, 1, 11 (4.6) ensures that dist(supp[ig, L], suppy) > 0, dist(supp[e1, L], supp(1—
X)) > 0, which ensures that E?, E are bounded operators with operator norms bounded by
O(e*%) for some constant ¢ > 0 as t — 0". Hence for T > 0 small enough, there exists an
inverse (Id — E;) ™1, which can be expressed as a convergent Neumann series in the operator

norm topology of C?([0, 1] x [0,7]). Finally we can express the solution operator by
Quf = Quf — A(ld — E) T ES.
Since both @g , Qv% are strongly continuous, then so is @ti

lim ||Q) f — = 0.
tgr(l)HQtf fllco

101



As (Id — E)~'EY is a bounded map from C([0, 1] to C°([0,1] x [0, T]), we have

1Ae(Td = Et) ™ Bl co(o.11)—(co(o.17).0) = ©(1)-

Therefore (4.5) holds. Let g, hy be the heat kernels of @t, (Id — Et)*lE?. We express the

heat kernel of Oy as

t rl
qt(r,y) = qt(z,y) —/0 /O Gt—s(x, 2)hs(z,y)dzds.

4.3 Invariant Measures in dimension one

In this section, we aim to find all invariant measures of L in spatial dimension one. For
convenience of computation, in this section we first choose a global coordinate ¢ so that

(Wo, @), (W1, ¢) is a cover of [0,1/3],[2/3, 1] under which L takes the following normal form:

1. In ([0,1/3],¢), Lo has two possible forms:

Lo = 202 + b(x)0;, if 0 is a Kimura endpoint

Lo = 02 + b(2)0,, if 0 is a quadratic endpoint

2. In ([2/3,1],¢), L1 has two possible forms:

Ly = (1 — )02 + b(x)0y, if 1 is a Kimura endpoint

L = 83 + b(2)0,, if 1 is a quadratic endpoint

where we use b to denote the first-order term in all cases.

Notation 2. We call the global coordinate ¢ on [0, 1] heat coordinates if Lo, L1 have forms
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above under ¢.

Let

b+ = lim b(x) or b+ = lim b(2). (4.7)

z—1,0 z—rF00
A straightforward derivation shows that, if in the original coordinate, Ly = 2202 + (b_ +

1)x0y, then after turning to heat coordinates x = e*, L takes the form 8% +b_0,.

4.3.1 Functional settings and index associated to L

Our functional setting involves local Holder spaces, which differ from the usual Holder space

(with [ - [~ to denote its norm) near the boundaries and are variations of those used in

f e C1(U) belongs to Cl+7(U) if the functions 0, f, f can be continuously extend to 2 = —o0

and local C1 norm is finite:

iy, = [ fliy,o + 110 fly,03 (4.8)

f e C?(U) belongs to C2T7(U) if the functions agf, 0. f, f extend continuously to z = —o0

and the local C217 norm is finite:

1 fll24~,0 = |Floy.r + 102 f11,0- (4.9)

For Kimura type boundaries, with U = (0, ¢],

. f € COU) belongs to DY(U) if the function zf can be continuously extend to x = 0, and the

local C7 norm is finite:

A llyo = lefly s (4.10)
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2. f e CYTU)NCYU) belongs to CY1TY(U) if the function z0xf can be continuously extend to

x =0 and vanish, and the local CYT7 norm is finite:

Hle—M/,U = |f|%U + ‘xﬁxﬂ%U; (4.11)

3. f e CYU) N C2U) belongs to C*TV(U) if the function x92 can be continuously extend to

z =0 and vanish, and the local C21Y norm is finite:

1Al 40 = [f o+ 10efly v + 202 f | (4.12)

Remark 4.3.1. At neutral quadratic endpoint, interchanging the two integral signs, we have

/: /_; f(s)sdsdz = /_Z;(ZQ — 8)f(s)ds,

so [ sf(s)ds < co.
We now build global norms on spaces of functions on [0, 1] out of the above local norms.

Definition 4.3.1. Let Wy CC (0,1) covering [0, 1]\ (WoUW7) and g, ¢1, w2 be a partition
of unity subordinate to this cover. A function [ € 02+7([0, 1)) if (pif) o ¢ € 02+7(Wi) for

each v and the global norm is

f 124~ = ZH(%’f) 0 @24, ;-

Motivated by (4.19) below, we define f € C1T7([0,1]) if ¢t (pif)od e CYY(W;) for each

1 and the global norm is

1114y = ledoé(soif) 0 G149,
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Finally f € DV([0,1]) if (gb;)2 (@i f)o e CT(W;) for each i and the global norm is

1 lly = ZI|(¢§)2(%J‘) © Bl |y, w;-

Different choices of coverings give rise to equivalent norms. Endowed with these norms,

we now show that the domains and target spaces of M are all Banach spaces.

Proposition 4.3.1. For 0 <~ < 1, all the spaces defined in Definition 4.3.1 are all Banach

spaces.

Proof. Take C?*7([0,1]) as an example. Let
it C2H([0,1]) = C*HY (W) x C*FT (W) x C*F7 (W)

be the inclusion by mapping f to ((¢of) o &, (p1f) o ¢, (p2f) o ¢). This inclusion is closed
since ¢, ©1, v is a partition of unity. Thus we need to show that each local (0,v) space
defined at the beginning of this subsection is Banach.

The cases when U = (0, ¢] are verified in

For C1Y(U),C?TV(U), the above proof applies to show that there exists a limit u €
CHY(U), C*HV(U) respectively, and 9, f,0..f € DV(U), so that these two spaces are also

Banach spaces. O

Ly - C?T7([0,1]) — a-D([0,1]), (4.13)

where a(z) = 20 (1 — 2)™1) with m(0) = 1 if = 0 is Kimura and m(0) = 0 otherwise,
while m(1) is defined similarly. We first state the main theorem of this section and leave the

proof to Section 3.3.
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Theorem 4.3.1. L~ is a Fredholm operator and its index is
ind (Ly) = kT + K~

where kT, k™ are the number of positive by and negative b_ , respectively, where by is defined

in (4.7).

4.3.2 Null Space sz*

Let L denote the C([0,1])-graph closure of L with domain C?*7([0,1]). Having obtained
the index of L, we are now able to find the null space of the adjoint operator T". We first

use the maximum principle below to find the kernel space of L.

Lemma 4.3.1 (Maximum Principle). Suppose that w € C?T7([0,1]) is a subsolution of L,
Lw > 0 in a neighborhood, U of a transverse boundary point p. If w attains a local mazimum

at p, then w s a constant on U.

Proof. The case when L is of generalized Kimura type is studied in

By subtracting v(—oc) from v, we may assume that v(—oo) = 0. Integrating (92 + b3, )v
we see that 0,v + bv > 0 in a neighborhood U of —oco. Thus 0,v > —bv > 0in U. As w is
not a constant, we can expand this neighbourhood until some 2y such that d,v > 0. Then

v(zg) = fj?)o 0,vdz > 0, which contradicts the fact that —oo is a local maximum. O

Theorem 4.3.2. dim ker Ly = 2 if and only if L~ is tangent to both endpoints; otherwise

dim ker Ly=1.

Proof. The kernel of L, is in the linear space of {1, S(x)}, where S(x) is the scale function
of the process. For

L =a(x)0pz + b(x)0y, (4.14)
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the scale function is defined as

= JUex - 77@
S(CE)—C/ p[ /15(§)d€] dn (4.15)

and has derivatives

1oy _ xg(f) neeN ol g(x)
S(:r)—exp[ / a(g)dfl, S (x) = S(:f;)a(a:).
Denote E(x) = c(f) and ¢y = ¢(0), ¢ = ¢(1). The integrand exp |— 177—5(9 dé| ~
a(x) z(1—x) L a(é)

n~, (1 —n)“l as n approaches 0+, 1— respectively, so S is integrable when ¢ < 1,¢7 > —1.
For Kimura point x = 0, if 0 < ¢y < 1, then 5" (x) ~ 27% as x — 0, which is not
finite and thus not in D7. If ¢y = 0, S” is smooth at # = 0. For a quadratic point z = 0,

1—cg)z

if ¢y < 1, turning into heat coordinates z = Inx, S(z) ~ el , it is in local C217 space.

We conclude that S is in C277([0, 1]) if and only if L is tangent to both endpoints. O

Definition 4.3.2. We define
bPyer(L) = {quadratic endpoint, P}
if L is transverse to both endpoints, otherwise we define
bPyer(L) = {quadratic endpoint, Kimura tangent endpoint}.

Here we use the notation bP;e from
We first explain that to each element of bPier([0, 1]) there is an element of the nullspace
of L. For any quadratic endpoint or Kimura tangent endpoint p, p is a sticky boundary

point so §(p) is in ker L*. For w € C2T7(]0,1]), we have

<L’7w7 5(p)> =0,
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that is to say d(p) € Ker L. This equality still holds for w € Dom(L), where L is the CY
graph closure of L. Hence §(p) € Dom(L"), and L"d(p) = 0. If L is transverse to both

endpoints, we can explicitly construct p, which is supported on the whole interval, as follows:

Construction of y We first reduce L to the standard form
1 L

with 9} = 0, +2VU(z) on a probability space (X, ). It is known that L, has an invariant

measure

where Z is a normalizing constant. We now check that p is a probability measure in the

different boundary cases.

1. Two transverse quadratic boundary. For L = 22(1 — )20, + (1 — x)b(2)0y., we

first do a coordinate change:

1 x V22
—In— 2= —r
V2 1—x 1+ eV22

so that
1
with VU = —\/Lé (b(x) + 2z — 1). Then

—2U(2) G(eﬁ(bm)_l)z)’ e
e =

@(eﬂ(b(1)+1)z), Z — 400
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Thus, Z < oo exactly when b(0) > 1,b(1) < —1, i.e. both quadratic endpoints are

transverse.

. One transverse Kimura and one quadratic boundary. For L = 22(1 — )0, +

xb(x)0;, we do a coordinate change by letting

0z 1

9r  VorI—z

so that
1
LZ == 5822 - VU<Z>827 A (_O0,0]
. 3x—2+42b
with VU = —\%(%) Then
I I e

e =
@(zil*%(l)), z—0

Thus, Z < oo exactly when b(0) > 1,b(1) < 0, i.e. both endpoints are transverse.

. Two transverse Kimura boundary. For L = z(1 — 2)0z, + b(x)0,, we do a coor-

dinate change

0z 1
Ox 2x(1 — x)

so that

1
L: = 505 = VU(2)0:, 2 € [0, %}
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with VU = —2=1/2H0@) yep)

2z(1—x)
2b(0)—1
e 2U(2) = ot h#=0 . (4.16)
O(:~172W), 2 = %

Again, Z < oo exactly when b(0) > 0,b(1) < 0, i.e. both endpoints are transverse.

Proposition 4.3.2.
dim ker L = |bPye,(L)|.

Proof. We know that dim ker L, = 2 if L is tangent to both endpoints and otherwise

dim ker L~ = 1. This is equivalent to:
dim ker L~ = max{1, |tangent points|}.

By Theorem 4.3.1, ind(Ly) = kT + k= = |tangent quadratic endpoints|, so dim ker Ly =

P L is transverse /neutral to both endpoints,
theT'(L’Y) —

Kimura tangent endpoint otherwise.

Write
CY([0,1))* = CY([0, 1])* & A*

where A* = {6(p)| p quadratic}. A* C ker L". Since @ - DY([0,1]) is dense in the subspace

08 ([0,1]), every p € ker L,* can be uniquely extended to a measure in ker 'n 08([0, 1])*,
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so there is an inclusion map
iker L' N 08([0, 1])* — ker LZ.

And codim(i) = 1 if there are one or more neutral point(s) and no tangent point, while

codim(z) = 0. This is equivalent to
codim(i) = |bPier(L)| — [bPrer(L)| + |quadratic endpoint|.
In conclusion
dim ker " = dim ker L7, — codim(i) + |quadratic point| = [bPer(L)].

]

The following table summarizes the invariant measures found in the ten different cases

of interest:

K Trans K Tan Q Trans @ Tan -

*

Kimura Transverse (K Trans) 1 01 i, 01 01
Kimura Tangent (K Tan) 00 50, 01 oo 009, 01
Quadratic Transverse (Q Trans)  pu, dg 50, 01 i, 9, 01 0o, 01
Quadratic Tangent (Q Tan)** 00 09, 01 01 09, 01

* u refers to an invariant measure supported on (0,1)

k%,
include neutral case

Table 4.1: Invariant measures for all cases of boundary types at = 0 (rows) and at z = 1
(columns).

4.3.3  Proof of Theorem 4.5.1

For convenience of computation, we fix the spatial domain as the interval [0, 3] instead of

[0, 1] whenever convenient in this subsection.
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Outline of proof

It remains to characterize the range of L. First, we turn the second-order operator L, to
a first-order system M in (4.18), with an index equal to the index of L+ (see Lemma 4.3.2
below). Next we continuously deform M to another first-order system M with constant
coefficients in the vicinity of the two endpoints. Such a deformation does not change the
index (see Proposition 4.3.3 below), so the original problem now is equivalent to the easier

linear system M. These constructions are presented in subsection 3.3.2.

1
)

In order for u to belong to the domain space, we observe that a f; has to vanish at tangent

The problem Mu = f = , given u(1) € R?, has a uniquely defined solution .

Kimura endpoints and u(1), f have to be related by
B ou(l)=If, Eshu(l) = —If. (4.17)

see the definition of Iy, Io, F+, and A in Section 3.4. Conversely if o f] vanishes at tangent
Kimura endpoints and if we can find u(1) satisfying the relation (4.17), then the uniquely
defined w is the solution of Mu = f (see Lemma 4.3.3, Lemma 4.3.4). Thus f in the range
of M is equivalent to the existence of u(1) € R? satisfying (4.17). This construction is
presented in subsection 3.3.3.

We next show in Lemma 4.3.6 that the above constraint is equivalent to
AL f+Iof € ker(E4) + A -ker(E_).

We thus define the linear map

RQ
ker(E4) + Aker(E_)’

D - Cl+7([073]) x D7([0,3]) —

by assigning f to the coset [Al{f + Iof]. Clearly the range of M lies in the kernel of
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®. A computation in Lemma 4.3.7 shows that ® is surjective and dim ker((I))/R(M) =
[kimura tangent points|. We now have all the ingredients to compute the codimension of M.

The final results and proofs are given in subsection 3.3.4.

Reduction to a first order system

To simplify notation, we consider L~ defined on the interval [0,3]. We rewrite the system

Lyu = f as a first-order system M:
M : C*([0,3]) x ¢117([0,3]) — ¢17([0,3]) x DV([0,3)). (4.18)

associated to the expression

~
|
—_

/
ug u ug Uy — Ul
= [0+ ALy | . A(Ly) =
uq (7 uq “/1 + %ul 0

<
ISy

where a, b are the coefficients of second-order and first-order term of L under heat coordinate

For a smooth coordinate change z = z(z), we let L, be the operator corresponding to L

u
under coordinate change and define A(L,) and M, as above. If M ’l = fo , then
ug fi
ug[z(z z(2))2! (2
[ ) [ sk | o
ui[z(2)]2’ () Ale(2)](2'(2))?
0 -1
In the local charts ([0,1],671), ([2,3],¢71), A(t) = when 0 is a quadratic
0 b(z)
—1
point with heat coordinate, while A(t) = o) when 0 is a Kimura point.
0o 2t



Lemma 4.3.2. Assume that M is Fredholm, then L~ is also Fredholm and
ind(L~) = ind(M). (4.20)

Proof. There is an isomorphism between ker(AM) — ker(Ly) by mapping (u,u’) to u, so

the dimensions of the kernel spaces are the same.

u -
If (fo, f1) € R(M) and M L fo , then Lyug = af) + bfo +afi. Based on this

u1 fi
observation we define the map

7 C7((0,3]) x DV([0,3]) — a - D([0, 3])

(fo. f1) = @fy+ bfo +af1.
We claim that
codim ran(m) = codim ran(Ly) — codim ran(M). (4.21)
We first show that
feran(M) & nf € ran(Ly). (4.22)

The inclusion part is straightforward. For the converse part, if 7(fy, f1) = Lyu € ran(L),

u fo
we verify that M = € ran(M). Next we show that
u' = fo fi
m(ran(M)) = ran(L-). (4.23)

Again the inclusion part is straightforward. For the converse part, if ¢ = Lyu € ran(L~),

then 7(0,£) = g € ran(L). Note that by (4.22), this implies that (0,£) € ran(M). (4.22)

Ta
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and (4.23) imply that the quotient map defined by
7 [C([0,3]) x DV([0, 3)))/ran(M) — a - DV([0,3]) /ran(L-)

is injective. So codim ran(n’) = codim ran(L,) — codim ran(M). At the same time,
m(ran(M)) = ran(L-) indicates codim ran(7’) = codim ran() so that (4.21) holds. Clearly,

7 is surjective since 7(0, %) = h. Combined with (4.21), this proves (4.20). O

Index of the model operator M Alongside M, we consider the operator M associated

with a continuous function A(t) such that

Aty =A_fort <1, A(t) = A4 fort > 2

where A_ = if 0 is a quadratic point, A_ = ) if 0 is a kimura point,
0 b_ 0 =

T

and A4 is similarly defined. Since M and M can be reduced to each other by a continuous

deformation in the class of Fredholm operators, we have

Proposition 4.3.3. The operator M is Fredholm if and only if the operator M is Fredholm

and

—~

ind(M) = ind(M). (4.24)

Proof. We need to show that M — M is a compact map since then by

Given a bounded sequence uy, in C217([0,3]) x C1+7([0, 3]), we need to show that there
exists a convergent subsequence vy, of (M — M )ug. vy convergent in C17([0, 3]) x D7(]0, 3])
is equivalent to Uk‘[071}avk’[1,2]a vk\[273] convergent in the local spaces, respectively. Thus it

suffices to show that (M — M)lg 1), (M — M)|p 3) are compact.

To check both Kimura and quadratic cases, we assume that L is Kimura type and Ly
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is of quadratic type.

At = 0, given a bounded sequence (uy, g,) in C*7([0,1]) x C1F7(]0,1]) , we have

(M — F1)(un ) = (0,20 g

b(x)—b_

Since ~

is smooth and bounded, it remains to show by definition of D7 ([0, 1]) that xqy,
has a convergent subsequence in C7(]0,1]).

Since {qn,zq,} are bounded in C7([0,1]), then {xg,} are uniformly bounded and uni-
formly equicontinuous. Therefore by the Arzela-Ascoli theorem, there exists a convergent
subsequence vy, of zq, in CY([0,1]). For the -]y part, notice that for gn(y) = vn(z) under

the coordinate change y = 27,

[on]y = O(llgnlloc)- (4.25)

Since g}, = %U%xl_V and {v},} are uniformly bounded in C7([0,1]), {g},} are uniformly
bounded and uniformly equicontinuous. Thus, there exists a subsequence of g/, convergent in
C9([0,1]). By (4.25), the corresponding subsequence of v, converges in C7([0,1]). Therefore
(M — M/)|[071] is a compact operator.

At z = 3, we prove the result using heat coordinates in [—o00,0]. Given a bounded

sequence (i, qn) in C?T7((—o0,0]) x 7Y ((—o0,0]), write
(M = M)(tn, an) = (0, (b(2) = b+)n)

Since {q},} is bounded in C7(T)for any compact set T', there exists a convergent subsequence
of {qn} in C7(T). We choose a convergent subsequence {qlf}k21 on [—1,0], and {qlg}km a
convergent subsequence of {qlf} on [—2,0]. Tteratively, we choose {¢*} 1:>1 to be a convergent
subsequence of {qﬁ_l} on [—n,0].

We show below that the diagonal sequence {(b(z) — b ) qé} }>1 converges in D7 ((—o0, 0]).
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Since ||q,’§||7 is bounded and b(z) —b_ tends to 0 as z tends to —oo, there exist N > 0, K > 0

such that

max {|(b(z) —bo)gkl, [(0(2) = b-)afls,

/222(b(z) - b_)qlgdz

1

sup
2152 <—-N

} <e€/4, on (—o0, —N]

{¢fY k> i converge in C7([—N, 0)).

So we can pick N’ such that ||(b(z) — b—)g? — (b(2) — b-)anlly, -0 <% when m,n > N’
Combining the above, we have [[(b(z) — b—)gm — (b(2) — b-)anlly (—o0,0] < € When m,n >
N’. We proved that the diagonal sequence {(b(z) — b ) qZ}kZl converged in D7 ((—o0, 0]).
Therefore (M — M/)’[273] is a compact operator. It is not hard to show that (M — M')HLQ]

is also a compact operator so that M — M is compact. 0

Representation of solutions of the modeling operator

The results in the previous subsection show that ind(L-) = ind(]T/f ) if M is Fredholm. Now

we turn to proving that M is Fredholm and computing the index of M. Recall that
M = C*H([0,3]) x C1([0,3]) — ([0, 3]) x D([0,3)) (4.26)
is associated to the expression

/
ug ug ug
— + A(t) : Aty =A_fort <1, A(t)= Ay fort>2.
/
uq uy uy

Let f € C'™7([0,3]) x DY(]0,3]) be given, and suppose u € C2+7([0,3]) x C1+7([0,3])
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solves

du
— +Au=f.
7t +Au=f

Let Y =Y (t) denote the fundamental matrix associated to M , defined in different intervals

by

% +AY(t) =0, Y(1) =TI, on [0,2)

dY
E + AY(t) = O, Y(2+) = I, on (2, 3]

Then A := Y (2—) is an invertible matrix and

2
u(2) :Au(1)+A/1 Y (s)"Lf(s)ds.

Given u(1), we can uniquely determine u(t) on [0, 3]:

1
u(t) = Y (t)u(1) — /ﬁ Y)Y (s)f(s)ds, t <1 (4.27)
2 t
u(t) = Y (t) <Au(1) +A/1 Y(s)lf(s)ds) +/2 YY) f(s)ds, ¢ > 2. (4.28)

We analyze the above solutions for different boundary points. For quadratic endpoints, we
directly assume ¢ is in heat coordinates.
-1

1. Quadratic endpoints with b+ £ 0, Ay = constant matrix. Then
0 bt

e~(t=1A- 4 ¢ (—o0, 1]
Y(t) = (4.29)
e =2 Ar ¢ [2) +00).
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A+ has two different eigenvalues 0,b1+. We let E_ be the spectral projector associated to
the set of all positive eigenvalues of A_, and F4 be the spectral projector associated to the
set of all negative eigenvalues of A4. Apply the operator F_, E4 on (4.27),(4.28), and let ¢

go to —o0, 00 to get:

E_u(l) = /1 e(s_l)A—E_f(s)ds, (4.30)

—00

2 00
E+Au(1):—E+A/1 Y(s)_lf(s)ds—/2 Ey el £(5)ds. (4.31)

Using this relation, we recast u(t) for t < 1 as:

w(t) = e~ DA (1 = B yu(1) — /

t

and for ¢ > 2 as:

u(t) = e~ VAT — BOA (1) + / 2Y() (s)ds] (4.33)
1

t o0
+/ e~ =5 A (T — B ) f( ds—/ ~(t=5)Ar B f(s)ds
2 t

2. Kimura transverse point In this case
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0 0
where F' denotes the antiderivative. We let Fy = . Multiplying by E_Y(zf)*1
01

both sides of (4.27), (4.28), and letting t — 0,¢ — 3, respectively, we obtain

1
E_u(l) = /0 E_Y(s)"Lf(s)ds, (4.34)

2 3
EyAu(1) :—E+A/1 Y(s)—lf(s)d—/2 EyY 7 Y(s)f(s)ds. (4.35)

Using this relation we recast u(t) for ¢t < 1 as:
t 1
u(t) =Y (@t)I — E-)u(l) + Y(t)/o E_Y7Y(s)f(s)ds — Y(t)/t (I —E_ )Y Ys)f(s)ds
(4.36)

and for ¢ > 2 as:

2
u(t) =Y (t)(I — E4x)A (u(l) —i—/l Y(s)_lf(s)ds> (4.37)

t 3
+/ Y(t)([—E+)Y_1(s)f(s)ds—/ Y(t)ELY ~1(s)f(s)ds.
2 t
3. Quadratic endpoints with b4 =0 In this case

1 t—-1 1 t-2
Y(t) = , te0,1], Y(t) = , t€[2,3].
0 1 0 1.

0 0
We let B+ = . Multiply by e’ on both sides of (4.27), (4.28) and let ¢ — 4-00. We
0 1

again obtain (4.34), (4.35) with the integral lower/upper points 0, 3 replaced by —oo, co. So
we can re-express u(t) as (4.36), (4.37) again with integral lower /upper points 0, 3 replaced

with —oo, co.
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0 —1
4. Kimura tangent point In this case, A+ = . We observe that if f =
0 0

(fo, f1) = M(ug,u1) € ran(M), then f; = uj, so that s(s — 3)f1(s) vanishes at Kimura
. " . 00 _
tangent endpoints by definition of C177([0,3]). We next let Ey = . Obviously

0 0
(4.34), (4.35) are true then. So we can also recast u(t) as (4.36), (4.37).

Summarizing these boundary cases, we make the following definition.

Definition 4.3.3. We define

1
If= /l E_Y(s)"Lf(s)ds.

2 r
Iyf = EA /1 Y (s)~! f(s)ds + / EoY~Y(s) f(s)ds,

2
with [, 7 = —o0, 00 at a quadratic endpoint and l,r = 0,3 at a Kimura endpoint.

In all cases, when f satisfying the corresponding boundary conditions is in the range of

]T/[/, then I f, Io f are related by
E_u(l)=1Lf, EfAu(l)=—-If. (4.38)

For f satisfying the relation (4.38), we fix a constant u(1) as in (4.38), and then define
u(t) on the whole domain by (4.36) and (4.37) (or (4.32) and (4.33) for quadratic endpoints).

We now show that such a u is indeed the solution.

Lemma 4.3.3. For U = (—oo,c] or U = [¢,0), if f = (fo, f1) € CYY(U) xDV(U) together
with some u(1) € R? satisfy (4.38), then u(t) defined by (4.32),(4.33) is in C*TV(U) x
C™Y(U) and solves

DL Au=

7 +Au=f
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Proof. When bt # 0, A+ can be diagonalized as

-1

1 -1 0 0 1 -1 1
AL = =CBLC™ .

0 bt 0 byt 0 bt

By changing a basis © — C~lu, we may assume that A4 has the diagonal form B4 and
E+ is the corresponding projector of A+. For convenience we only prove (4.32) as (4.33) is
obtained similarly.
For the solution u = (ug,u1), it is straightforward to see that uy € C2((—o0,d]),
lim J,u = hm 62u = 0 and satisfies 82u +b_0u = fl + fo + bf1. Hence the clas-

Z——00 —0oQ

sical result of elhptlc operator in Hélder spaces gives that ug € C?77((—o0,¢]). Then
wr = uh— fi € O (o0,
When b4 = 0, we explicitly express u(t) for ¢t < 1 as follows:
up(t) = ug(1) —ur (1) + tuy (t) - / [fo(s) = sf1(s)]ds, (4.39)
u(t) = ug(1 / fi(s (4.40)

Since f satisfies (4.30), by Remark 4.3.1, ug,u; are integrable up to —oco. u}(t) = f1(t) €
CY((—00,d]) so up € CH7((=o0,¢]). And

() = ur (1) + o) (/h s, uj(t) = fo(t) + (D).

uy € CY((—o0,c]) and wuy is integrable up to —oco, so uj € C1H7((=00,¢]). Thus, u €

C?((—o0, c]) x CM7Y((—o0,¢]) and solves Ccll—? + Au = f. =

Lemma 4.3.4. For U = [0,1] or U = [2,3], if f = (fo. f1) € CT(U) x DY(U) together

with some u(1) € R2satisfies (4.38) and s(s—3) f1(s) vanishes at Kimura tangent endpoints,
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then u(t) defined by (4.36),(4.37) is in C2>TV(U) x C1TY(U) and solves

du
4 Ay =
7t + Au = f.

Proof. At a transverse Kimura point, we write u(t) for t < 1 as

10 t
u(t) = u(1) —i—/o

0 sP-G(t) 11 s"G(s)
f(s)ds —
o s~ |

0 tb-sb-

where G(t) = F(t7"-) — F(1). By direct computation we have
%wzﬁ@wwt@*”/lhh@w
0
t t
uh(t) =t [P fls)ds + fo(o) ufle) = Fie) ~ bt~ [T pi(syds + g
0 0

Thus uf),«} € DV([0,1]) and by definition u € C2T(U) x C1T7(U) and solves % + Au = f.

At a tangent Kimura point, for ¢ € [0, 1], we write u(t) for t < 1 as:

ug(t) = up(1) + (¢ = Dur (1) — / [fo(s) + (t = 5)f1(s)]ds, (4.42)
up(t) = uq(1 / fi(s (4.43)

uy is integrable up to ¢t = 0 iff lirrb sfi1(s) = 0. In such a case, v} (t) = f1(t) € DV([0,1]) and
5=

so up € C17([0,1]). Since

ab(8) = w1 (1) + folt) /fldsu>:ﬁ@+ﬁ®,

u e C?HV(U) x C1HY(U) and solves Ccll—? + Au = f. For t € [2, 3], the proof is essentially the

same. O
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Proof of Theorem 4.3.1
Lemma 4.3.5. dim ker(M) = dim [ker(E_) N A~ ker(EL)).

Proof. If Mu = 0, then Au(1) € ker(E4 ) and similarly u(1) € ker(E_). On the other hand,

we set u(1) € ker(E_) N A" ker(E ), and define u at the quadratic boundary point by
fort <1:u(t)= e*(tfl)A—u(l), for t > 2:u(t) = e*(t*Q)AJ“Au(l)
and at the Kimura endpoint by
fort <1:u(t)=®@)u(l), fort>2:u(t)=>(t)Au(l)

and u(t) is uniquely characterized on [1,2] by u(1). Then, u € C%*7([0,3] x C17([0,3])
and solves Mu = 0. When such u exists, it is uniquely determined by u(1). We thus proved

that the map
N : ker(ﬁ) — ker(E_) N A" Tker(E)

by assigning u to u(1) is a bijection. Therefore dim ker(ﬁ) = dim [ker(E_) N A~ Yker(E4)].
[l

Lemma 4.3.6. The condition (4.38) is equivalent to
AL f+ Iof € ker(Ex) + A - ker(E-). (4.44)
Proof. Suppose (4.38) is satisfied, then for some vy, vy € R? we have
u(l) =N f+ U —E-)vy, Au(l)=—I(f)+ I — Ey)vr.

Multiplying the first equality by A and subtracting the second equality, we obtain (4.44).
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Conversely, suppose that (4.44) is true. Then, for some vy, vy € R2,
Lif+ALf=—-AI—-E_)vg— (I — E4)vy.
Define u(1) = I1f + (I — E_)vy. Using that B3 = Ey, E4(I — E+) = 0, we verify that

(4.38) is satisfied. O

We define the linear map

RQ

@: C1(10,8) x D(0,3) — ker(E4) + A - ker(E_)’

by assigning f to the coset [Al1f + Iof].

—~

ran(M) C ker(®) is already known and moreover

—~

ran(M) C ker(®) N {(f1, f2) : s(s — 3) f2(s) vanishes at Kimura tangent points.}

Indeed we show below that they are equal and thus obtain
Lemma 4.3.7. We have

. dim ker(®)/ran(M) = |Kimura tangent points|,

. @ s surjective.

Proof. We show that

—

ker(®) N {(f1, f2) : s(s — 3) fa(s) vanishes at Kimura tangent points} = ran(M). (4.45)

First we assume that there is no Kimura tangent endpoint. Given f € ker(®), then for
some u(1) € R?, EyAu(l) = —I1f, E_u(1) = Isf. Define u by (4.36), (4.37). Then by
Lemmas 4.3.3, 4.3.4, u € C217(]0,3]) x C1+7([0,3]) solves Mu = f, so that f € ran(M),

and hence ran(M) = ker(®).
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If there is at least one Kimura tangent point, then ker(E, ) 4+ Aker(E_) = R2, so ker(®)
is the whole space C™7([0, 3]) x D([0,3]). For f in the left hand space of (4.45), we define
u by (4.36), (4.37). Again by Lemmas 4.3.3, 4.3.4, such u is the solution of Mu = f, and
hence we proved (4.45) in this case.

Next we prove that ® is surjective. If there is at least one Kimura tangent endpoint, then
ker(E4) + Aker(E_) = R?, so the target space of ® is {0} and ® is surjective.

Now we assume that there is no Kimura tangent point. Pick z € R2. We need to find

f e c7([0,3]) x DV([0,3]) such that
ALf+ If —x €ker(Ey) + A-ker(E_).
Recall that

1 00
Lf=E:A /_ Y(s) " f(s)ds + / e=DAL B £(s)ds,

1 1
-1
If = / €(S+1)A_E_f(8>d8.
—00
We first take
ft)=0Vt<l, f(t) = —gAiz vVt > 1.
We could choose an appropriate function g € L([1,00) N CQ(R) so that
L(f)+Af—2=—(—-FEy)r

and therefore ®(f) = [z]. However f would not be continuous. Thus modifying this idea we
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set

fr(t)=0fort <1,
1
) =k —tgAyazfor 1<t <1+,

1
Ji(h) = —gApafort > 1+
We compute
L(f)+AlLf —x=—( - Ey)x+ay,

where 2, — 0 as k — oo. Since the projection map is continuous we have ®(f;) — [z] and
since the image of @ is closed we conclude that [z] € ran(®). We construct f similarly in all

other cases. O

From Lemma 3.7 we have

codim ran(M) = dim ker(®)/ran(M) + dim ran ¢

= |kimura tangent endpoints| + 2 — dim(ker(E4) + Aker(E_)).
so that

ind(L-) =ind(M) = ind(M)
—dim[ker(E_) N A" Yker(E4 )] — [2 — dim(ker(E)
+ Aker(E_))] — |kimura tangent endpoints|

=dim ker(E£) + dim ker(E_) — 2 — |Kimura tangent endpoints].
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From the definitions of E4+ we conclude that

dim ker(E4) 4+ dim ker(E_) = 1 + 1 + |[tangent endpoints|,

and hence

ind(Ly) =1 + 1 + |tangent endpoints| — 2 — |tangent kimura endpoints|

= |tangent quadratic endpoints| = kT 4+ K.

4.4 Exponential convergence to invariant measures

In this section we study the convergence rate to the invariant measure in two different cases.
First, when there is at least one tangent boundary, then the invariant measure is Dirac
measure(s) at the tangent boundary(ies) and quadratic endpoints (if any). To estimate the
convergence rate we use Lyapunov functions constructed in Section 4.4.1. These Lyapunov
functions display different asymptotic behaviors at different boundary endpoints, and turn
out to lie in the function spaces C(«, ) (see Definition 4.4.1). We show that the growth
bound of the generator of Q¢ on C(a, ) is not larger than the Lyapunov function rate
(4.48), and thus negative. From this, we conclude that the transition probability converges
exponentially to the corresponding invariant measure in a Wasserstein distance. The main
results are summarized in Theorem 4.4.1.

In the second case where both boundary points are transverse, the invariant measures in-
clude a unique invariant measure p supported on the whole domain [0, 1] and Dirac measures
at quadratic endpoints (if any). Motivated by underdamped Langevin dynamics, we wish
to prove and then apply a Poincaré inequality in LQ(,u) to show exponential convergence.

Using tools developed in
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4.4.1  Case of one/two tangent boundary points

Function Space C(a, )

When there is at least one tangent boundary point, we consider a function space isometrically

isomorphic to ([0, 1]):

Definition 4.4.1. For o, 5 € R, we define the function space
Cla, B) == 2*(1 = 2)°C°([0,1])

equipped with norm

=
(1 — )P

1l =| .

We will specify «, § in different cases later (see Sec.4.4.1 for more detail) but list their

ranges as:

€ (0,1) Kimura/quadratic tangent

a, 3= < 0 Kimura transverse

<0 quadratic transverse.

Remark 4.4.1. The solution operator Q; constructed in Theorem 4.2.1 is also the solution
operator of the Cauchy problem on C(a, ). To see this, the two local operators @?,@tl

naturally act on C(«, f) and so does the perturbation operator.

We let A be the generator of Q; on C(«, 5). We use the notation f(zg) ~ 0 in C(a, f)
if W(wo) =0and f > 0(> 0) in C(a, B) if m is strictly positive (nonnegative).

Lemma 4.4.1 (Positive Minimum Principle). For A € R, the operator B := A — X\ satisfies
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the positive minimum principle on C(a, ), i.e.
for every 0 < f € D(A) and x € [0,1], f(x) ~ 0 implies (Bf)(x) = 0.

Proof. We say f € C9([0,1]) is in D?([0, 1)) if f is twice differentiable up to Kimura endpoint
and if at quadratic endpoint if any, say x = 0, then 20, f, x2(9% f has a continuous limit 0 at

x = 0. Consider the space

D([0,1])) == (1 — )% g, g € D*([0,1),

where o = a, 8% = 3 if x=0,1 is quadratic and 0 if Kimura.

Since C?([0,1]) is dense in C?([0,1], then D?([0,1]) D C2([0,1]) is also dense in C?([0, 1],
and hence D([0, 1]) is dense in C*([0,1]). And for ¢ > 0, Q;(D([0,1])) € D([0,1]), so by

Assume f € D([0,1]) and f(xzg) = 0. If zg is an interior point, then 0. f(z¢) =
0,8:% f(zg) > 0, so Bf(zg) > 0. If z¢ is Kimura tangent, since f is twice differentiable
at xg, Bf(zg) = 0. If 2 is Kimura transverse, in this case, 9, f(z¢) > 0,202 f(xg) = 0, and
so Bf(xg) > 0.

If xg is a quadratic endpoint, locally near 0, f = x%g for g € DQ([O, 1]). As a function
g(z) > 0,9(0) = 0 where 20,9, 2202g have a continuous limit 0 at z = 0, so :%1_%% = 0.
Thus, (Bf)(xg) ~ 0.

O]

To analyze the semigroup () generated by A, we first recall the spectral bound s and

the growth bound w for A defined as

s(A) :=sup{Re A: A € 0(A)} (4.46)

wy = m%{HQt:ﬁH < Mewt||m||D(A),Vx € D(A),t > 0 for suitable M} (4.47)
we
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and let
Ao = inf {Af <Af, 0<f}. (4.48)
AeR

C(a, 8) equipped the norm || - ||, g makes it a Banach lattice as defined in
Given A > \q, by definition of \q, there exists 0 < u € C(«, ) such that Au < Au. We

define a strict half norm P, on C(«, 3):

P,(f)= sup , .= max(f,0).

x€[0,1] u(z)

Since u > 0, P, is well defined on C'(a, 8). Py gives rise to a norm

||f’|p = Pu(f) + Pu(—f)

which is equivalent to the norm on C(a, ).
Let B =L — ), then Bu < 0. We now show B is P,-dissipative (
Fix f. If f <0, define ¢y := 0. If f is positive at least at one point, denote by z( a

point such that P, (f) = %. Now consider ¢ € C(a, )’ such that

_ 9(xo)
u(xp)

Clearly such ¢ satisfies the second condition. Next we check the first condition. Let

—~

f) =0, then f < 0, so (Bf,¢r) = (Bf,0) = 0. If Pu(f) > 0, since

~

f € D(B), if P,

u(zg) = u

(z) , then

x)

—~

Pu(f)-u—f =0, (Pu(f)-u— f)lzg) = 0. (4.49)
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By the positive minimum principle Lemma 4.4.1,
Bf(zo) < Pu(f)(Bu)(zo) <0

ie. (Bf, gbf) <0.
Let Py be the semigroup generated by B. We show that P is Py,-contraction, i.e.
Py(Pif) < Pu(f),¥Yf € D(B). Let f € D(B), t >0, then

Thus for A > wq, f € C(a, ), (A= B)R(\, B)f = f, so P,(AR(\, B)f) < Py(f), then by

the formula P f = nlgrolo (% - R(%, B))n f, we have

Pu(Ptf)SPu(f)-

Thus the closure B generates a P,-contraction semigroup, hence the closure A = B + \ of
A generates a positive semigroup of type wi(A4) < . Hence we showed that \g > wq(A) =
s(A). O

Estimation of Ay and rate of convergence

In this part, we show that Ay < 0, which implies the exponential convergence to § measures
at tangent boundaries. In order to do this, we construct u that satisfies Lu < Au for some
A < 0. The strategy of construction is to first use the behavior of L in the vicinity of two
the boundary points to construct u near the boundaries and then find a connecting interior

function.
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Boundary Construction 1. Quadratic endpoint. In the vicinity of quadratic point, L =

22025 + (b(z) + 1)20, and recall b_ = b(0). Let

u= Az A > 0.
Taking ¢ = _Tb’,

= (e b))

is negative in a neighborhood of 0.

2.Kimura endpoint. In the vicinity of a Kimura point, L = 0.4 + b(x)0; with b = b(0). Let

Az, 0<e<1l b=0

u =
Al=xz)¢ ¢>0 b>0
In both cases
L
U (¢ — 1+ b(x))ea™?
u
L
“U o (1= 2) (e - Dz — b(a)(1 - z)]
u

are negative in a neighborhood of 0.

Interior Construction Suppose we have constructed u in [0, z1] and [z, 1]. We now need
to construct an interior function w that satisfies the boundary conditions. Inside [z, z2],

suppose L has the form
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where b(x) is smooth on [z, xs]. Let

x
B(x) = / b(t)dt, (4.50)
X
then B is smooth on [z, x9]. We want Lu strictly negative, that is

Uz + b(x)ugy < 0.

B(x)

It is equivalent to e uy being a decreasing function, i.e. there exists some positive function

f on [z, x9], such that
(B@uy) = —f. (4.51)

Case I: one tangent, one transverse points Without loss of generality, we assume a
tangent boundary at = 0. Now by construction of u at both boundaries, uz(x1) > 0,

ug (o) > 0. We first modify the constant A in the construction near x = 1 such that
B2y, (29) < eB(ml)ux(xl).

Next, by (4.51), f(z1) = —eB(xl)Lu(xl) >0, f(xg) = —eB(@)Lu(a:Q) > 0 are two positive

fixed constants. Then we can set f to be a positive function with f(x1), f(z2) fixed and

/I2 f(®)dt = eB(xl)ux(xl) — eB(m)ux(mQ).
T

B(z2)

Such an f guarantees that eB(@)u, (z) > e ugz(z) > 0 for x € [x1, x9] which guarantees

positiveness of u, and hence positiveness of w.

Case II: two tangent boundaries By construction of u at both boundaries, u,(z1) >

0, ug(zg) < 0. We directly get eB@2)u, (z9) < eBEy,(21).
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Denoting F(z f f(t)dt, then F(z) is a differentiable increasing function on [z, x2]

with F'(xz1) = 0. Then by considering derivatives of u
uy(z) = e~ B@) eB(xl)ux(xl) — F(a:)]

we know w is first increasing then decreasing on [z, x|, which implies u is lower bounded

by min(u(z1),u(xs)). Hence we only need to assign a positive f such that

/wQ F)dt = eBED gy (z1) — eBE2)y, (29).
a1

Theorem 4.4.1. If there is only one tangent endpoint p, then for any non-quadratic point
x, the transition probability pi(z,-) converges exponentially to d(p) in Wasserstein distance.

If there are two tangent endpoints, then there exists Sy, satisfying Sp(0) = 0, Sp(1) =
1 and LSy = 0, such that for any probability measure v, Qfv converges exponentially to

fO v(l—Sy)+d(1 fO vSp in Wasserstein distance.

Proof. 1f there is only one tangent endpoint, say x = 0, then for any f € CO([O, 1]) with

Lip(f) <1, f can be decomposed as

f=fo+ f0), fo € Cla, B).

Then by Proposition 77,

191 = FO)llc(ap) = [1Qtfollc(a.sy < M| follc(a,p)

with some constant M > 0 independent of f. Since f(0) = 0,Lip(fp) < 1 and 0 < a <

1,5 <0, then HfOHC(a,ﬁ) < Cy, g for some constant C, g > 0 only dependent on a, 3. Hence

Qi f () — F(0)] £ MC, geta®(1 — 2)P. (4.52)
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Notice that only when x = 1 is a quadratic endpoint do we have 8 < 0. Hence for any
non-quadratic point z, the transition probability g¢;(x,-) converges to §(0) in the sense of
Wasserstein distance at an exponential rate. This convergence is uniform on any compact
interval away from quadratic transverse point. If x = 1 is a quadratic point, then ¢ (z,-) =
d(1) for vVt > 0.

If both endpoints are tangent, by Theorem 4.3.2, the kernel of L is in the linear space of
{1, S}. Then we can take Sy as a linear combination of 1 and S, such that Sy(0) = 0 and

So(1) = 1. For any f € CO([O, 1]) with Lip(f) < 1, we decompose this as

f=fo+ (1 —=S80)f(0)+Spf(1), foe€C(a,p).

Again, by Proposition 77,

19t = (1= 80)£(0) = Sof Dllc(a,p) = [19tfollc(a,s) < M| follc(a,p)

with M > 0 independent of f. Since 0 < a, f < 1, fp(0) = fp(1) = 0 and Lip(fy) < 1, then

1Qef — (1= S0)f(0) = Sof (Do < Ma pl|Qef — (1= 50)f(0) = Sof(Dllc(a,8)

follc(a,) < Ca,p

for some constant M, g,C, g > 0 only dependent on «, 5. Hence,
1Q0f — (1= S0) £(0) = Sof(D)llo < MC, gM,, g,

so that the transition probability ¢:(z,-) converges uniformly on [0, 1] to (1 — Sp(z))d(0) +
So(z)0(1) at an exponential rate in Wasserstein distance. Hence starting from any probability
measure v, Qfv converges exponentially to 6(0) [v(1 — Sp) + (1) [0Sy in Wasserstein

distance. O
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Remark 4.4.2. Consider as a the first ezample the case with one tangent boundary point,

say x = 0, quadratic tangent while x = 1 is Kimura transverse. For instance,
L =2*(1 — 2)0pz + bx(a — )8, on [0,1], ab< 1, bla—1) < 0.

Consider f = x€. If we choose 0 < ¢ <1 — ab, then

— = =[(1—2)(c—=1)+bla—z)]¢c <max(c—1+ab,bla—1))c < 0.
So

A < min max(c— 14 ab,bla—1))c<0.
O<c<l—ab

As a second example, consider two tangent boundary points , for instance
L =2%(1—2)dp on [0,1].

In this case, we should expect p(t,x,-) — (1 — Sy)dg + Sod1, where Sy in this case is x. By

setting f = 2%(1 —z), 0 < c <1, then
Lf=(c(c—1)—cle+1)x)z(1 —z) < Af.

Here, A\=c(c—1) < 0. So

1
Ap < mi —1)=——.
0= B D=

4.4.2  Case with two transverse boundaries

Recall that we have constructed the invariant measure ;. when both endpoints are transverse

in Section 3.2. We first introduce a (W)-Lyapunov-Poincaré inequality that will be used to
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analyze the long time behavior of the transition probability.

(W)-Lyapunov-Poincaré inequality

Consider U(z) = [; b(s)ds with b(s) negative when s — —oo and positive when s — co.

Then U grows linearly to 400 near z = +00. L can be taken as
1 1

with 0F = 0, + 2VU(z) on a probability space (X, i), with p the invariant measure

e—2U(2)
Z

p(dz) = dz (4.53)

where the normalizing constant Z < oo due to the linear growth of U . The main advantage

of switching to L?(u) is L is self adjoint on L?(y). Indeed
[ @)0dn = [ (=00 +26VU ) = [ o0z0dn
R R R
so that
(0, Lo) p2(,) = (Lip, @) 12
For some function W € D(L) with W > 1, let Iy (t) = [ Q7 fWdpu. Then

Local Poincaré inequality In the transverse case, we can not find a global Lyapunov

function. We have to weaken the condition to define a local Lyapunov function V as
LV < —aV +p1p, V2>1 (4.54)

for some set C.
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Definition 4.4.2 (Local Poincaré inequality). Let Q be a subset of the whole space X (we
will use C C Q). We say that p satisfies a local Poincaré inequality on ) if there exists some

constant kg such that for all nice f with fX fdu =0,

/Q 2 < ny /X 1 f2dp + ﬁ ( /Q fdM)Q. (4.55)

We now show the:

Proposition 4.4.1. Assume that there is some local Lyapunov function V' > 1 under some
set C such that (4.54) holds, and p satisfies a local Poincaré inequality on Q O C with

moreover
Bu(Q%) < ap(Q). (4.56)

Then we can find A > 0 such that if W =V + X, then p satisfies a (W)-Lyapunov-Poincaré

inequality.

Proof. Multiply (4.54) by 12 and integrate to get

/X F2LVdu < —a /X FPvdu+ g /C Fdu.

Let f x fdu = 0. The local Poincaré inequality implies

2 2 1 2
/Qfd"f“ﬂfx'vf’ KRy (/Qfd")
2 L ?
S“Q/X'Vf' d”+u(9)( /ch‘“”)
2 M(QC)( 2 )
gm/x’vf’ ant 1(€2) /chd“ ’
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so that

J v savian<s [ Pan<s |

< by [ Vs +5“ (/ deu)

We re-organize the inequality as,

a(l—B“QC)/deM<6ﬁQ/|Vf] dyi — /fLVdu

< /X VAV + Ay — / ALV + Ndp
=/ VRV + Ay — /Lf (V + N)dp
X

Here we take A\ = (Bryy — 1)+ so that Sk < V 4+ A. Since,

/ PV 4 N < (14 2) / PV,
X X

then
B 1 2 2 2
a(l— W(Q)) 1+)\/Xf (V+A)du§/X(|Vf| (V 4+ X) = LAV + X)) dy
and@:a(u%)/(um. O

Long time behaviors

Let us come back to the operator L = IAN-VU -V on (X, ). We first construct the local

Lyapunov function V' with C satisfying (4.54).

Lemma 4.4.2. There exists a local Lyapunov function.
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Proof. Let X = [z, 2], —00 < 27 < xp < 00 and

eU Xy = —00

2—(z(2) —xp) x> —00.

We define V' similarly in the vicinity of x,. We check that LV < —aV, V > 1 for some
a > 0 in a neighborhood z;:

. When z; = —o0, for V = eV,

1 1
LV =V (SAU - S|VU ).
By the transverse condition, lim VU = —b_ < 0, which implies lim AU = 0. So
Z——00 Z—00
1 1 1
lim (SAU - J|VUP) = 212 <0,
Jm {5 U 2]VU\ 2b <0

2
Since lim U(z) = oo, for 0 < a < bT_, we have LV < —aV, V > 1 in a neighborhood of
Z—>—00
xy.

. When z; > —o0, for V =2 — (z(2) — ),
LV = Lz(2 —x) = —b(z).

By the transverse condition, b— > 0, so LV (0) < 0 and since V(0) =2 > 0, LV < —aV, V >
1 for some o > 0 in a neighborhood of z;.

In all cases, LV < —aV, V > 1 for some a > 0 in a neighborhood xj, x;.

After constructing V' in a neighborhood of x; and z;., we extend it to a complement C of
these two neighborhoods as a twice differentiable function with V' > 1. Since C is compact,

LV, V are bounded on C, and we can find some 5 > 0 large enough that V is a Lyapunov
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function for C:

LV < —aV + B1e.

Next we verify that p satisfies a local Poincaré inequality (4.4.2). Indeed by

We now state our main result of the section:

Theorem 4.4.2. The invariant measure p in (4.53) satisfies a Poincaré inequality. For

fer(u),

__t
101 = [ ullzzgo < €PN = [ fullzagey (457)

For any probability measure v = hy with h € L?(j),
. ot
1Qiv — pllpy < e *“LP||h — 1HL2(N)-

Proof. By construction, C is a compact set in the interior of X. We choose a larger set U
with C C U C int(X) such that Su(U¢) < ap(U). pis bounded on U, so p satisfies a local
Poincaré inequality on U. Applying Proposition 4.4.1, u satisfies a (W)-Lyapunov-Poincaré
inequality. Thus by (??), for all f such that [ f2Wu < oo and [ fu =0,

/ (Quf)PWy < ¢ Cir / AW

Since W € L(u), by
For the second assertion, we use the symmetry property Qj (hu) = (Q¢h)p and (4.57) to

derive that

ot
1Q¢v — pllrv = [1Qeh — Ul iy < N1Qeh = Ulpa(yy < e *LPIh =1 12(,,)-
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]

Remark 4.4.3. Regarding logarithmic Sobolev inequalities, which are stronger than Poincaré

inequalities, we may use a criterion on a ball of radius R (

4.5 Long time behaviour in two dimension

In this section we analyze the long time behavior of transition probability on a two-dimensional
manifold with corners. We refer to

Let P be a paracompact Hausdorff topological space. A chart of p € P is a pair (Up, Vp)
where Uy, is a neighborhood of p and vy is a homeomorphism with 1y(p) = 0 from Uy to a
neighborhood of 0 in R{k x R27L for some 1 € {0,1,2}. Two charts (Up,1by), Uy, tq) are said

to be compatible if

Wy 1/)(1_1 Uy NUy) — YpUy NU)

1s a diffeomorphism. The codimension | is well defined for p € P. We say that the point p
is an interior point if | = 0, an edge point if | = 1, a corner if |l = 2. A two dimensional
manifold with corners is paracompact Hausdorff topological space equipped with a mazximal

compatible atlas.

4.5.1  Lyapunov function

We make the following assumption:

Assumption 4.5.1. For L on a 2 dimensional compact manifold with corners P, there is
exactly one tangent edge H, and when restricted to H, L|g is transverse to both boundary

points.

We say that V is a Lyapunov function if V' is strictly positive except on H, V|g =0 and
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for some \g < 0,
LV < \gV. (4.58)

We make the following assumption:
Assumption 4.5.2. There is a twice differentiable function p(p) such that

. p>0 except on H, p|g = 0;
. Vp # 0 nowhere vanishing;
. Forp in an edge E, if Vgp(p) =0, then p = ¢ in a relative neighborhood of p along E;
. There is no local minimum point of p other than on H.
The third assumption ensures that p is constant or strictly monotonic along any edge E.
In the presence of such p, there exists a stratification of P so that:
. P is covered by the layers:
n

P= LJOP[kiaki+1] = UO{P € P:p(p) € ki, kita]}, (4.59)

0:k0<k1<---kn:m]ejmxp.

. Fach layer P[/fi,kz‘+1] is covered by a finite collection of closed sets Ui’pj , L.e.

Pk ki) = U Uipj» (4.60)
J

where p; is a point in Ui,pj and the range of p in each Ui,pj is [k;, kiaq].

We leave the construction of the stratification to Lemma 5.3.2 in the Appendix. We then

have the following result:

Theorem 4.5.1. There exists a Lyapunov function V on P.
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Proof. We first analyze the local behavior of p, L. Note that for
L = A(x,y)0zz + B(z,y)0zy + C(x,y)0yy + D(z,y)0z + E(x,y)0y,
under the new coordinates (7, p), the ordinary differential p-part L, is
Lp = (Apaz + Bpay + Cpyy)9pp + (Lp)9p. (4.61)

Given any point p € P, we discuss the local property of L at point p subject to the following

cases.

1. pis an interior point There exists a closed set including p equipped with coordinates
(z,p) that is diffeomorhic to the rectangle R := [0,1] x [p(p), p(p) + €]. In this case, L, is

elliptic of the form
LP = CL(JI, P)[app + b([L’, P)ap]a (CL’, p) < R7 (462>
where a(z, p) > 0.

2. p is an edge point Under local adapted coordinates (x,y),

. if p = p(p) along the edge y = 0, then (z,p) are local adapted coordinates. There is a

neighborhood of p that is diffeomorphic to the rectangle

R:=[0,1] x [p(p) — €, p(p)].

L, is degenerate at p(p) of the form: for (z,p) € R,

Kimura: L, = a(z, p) [(p(p) - p)@% + c(z, p)ap} (4.63)

quadratic : L, = a(z, p) [(p — p(p))*0; + d(z, p)(p(p) — p)ap} (4.64)
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where a(z, p) > 0.

. If the gradient of p along the edge Vap(p) # 0, then (y, p) are local adapted coordinates.
There is a neighborhood of p that is diffeomorphic to R := [0, 1] X [p(p), p(p) + €] for some

€ > 0. In this case L, is elliptic of the same form with (4.62) in R.

3. pis a corner Under local adapted coordinates (x,y),

. if along one (e.g. x) edge Vzp(p) = 0, then p = p(p) in a relative open neighborhood of p on
the z-edge. Since Vyp(p) # 0, then by rescaling z, (z, p) are also local adapted coordinates

at p; this case is then the same as in (4.63), (4.64). See the first picture in Figure 4.1.

I Vap(p), Vyp(p) # 0, then (x, p) are not adapted coordinates. In this case, there exists a

neighborhood of p that is diffeomorphic to an irregular area inside a rectangle

T :=A{(z,p):p = p(@)ly=0} C [0,1] x [p(p) — €1, p(p) + €2].

See the second and third pictures in Figure 4.1. L, is then degenerate when x = 0 and
elliptic when x # 0.

If p is neither a local maximum nor minimum, 7" is made up of a rectangle and an irregular
area T7, we can extend the coefficients of L, to the rectangle supplemented by the dashed

lines. Then in these two rectangles, L, are both degenerate when z = 0 and elliptic when
x # 0.
We now start the construction of V iteratively in each layer. Such V' generally depends

only on the variable p, i.e., V(p) = V(p(p)), except near the corners.
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degenerate ellipti

p attains local max p attains local max p attains neither local max
or local min

Figure 4.1: L, at a corner

Case i =0 Fyy,] is covered by finite rectangles R := [0,1] x [0, k1] where L, takes the

form

Kimura : L, = a(z, p) (pag + b(z, p)(?p) (4.65)

quadratic : L, = a(z, p) (,028?, + c(x, p)pd)) (4.66)

where a(z,p) > 0,b(z,p) < 1,¢(x,p) < 1 since H is a tangent edge. We take V = p,

where v depends on the considered case. In case (4.65), we choose 0 < v < gm% (1 —b(x,p))
z,p

so that Lyp” = av(v + b — 1)p"~1 < —\p” for some A > 0. In case (4.66), we choose

O<v< (mir;(l —c(x, p)) so that Lyp” = av(v +c—1)p" < —Ap” for some A > 0.
,p

Case i > 1 P[,% ki) is then covered by four kinds of disjoint collections of open set R as

we analyzed before, namely:

. R does not contain any corner or local maximum point, L, is elliptic for Vx of the form

(4.62);
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II. R contains an edge and p is constant along this edge, so L, takes the form (4.63), (4.64);
ITI. R contains a corner that is a strict local maximum point of p,
IV. R contains a corner that is neither a local maximum point nor local minimum point of p.

At this layer P[k2,7 kia]) Ry and Rjjj are both disconnected from the other three types. R;
may only be connected with Ryy. There maybe more than one R of type II, but since L,
takes a uniform form in these R, in our construction below we may regard these Ry as a
uniform R and for convenience of notation we still let x € [0, 1]. Rjr; will be treated in this
way as well. For Ry, we can merge these R as a uniform one as well. If there exists Ry,
we construct V separately in Ry so that it may be patched with V in Rj.

Thus, it suffices to construct V' in these four cases separately. Since k; > 0 when 7 > 1,

we assume that p(p) = 1.
Case I: Fix an arbitrary x(, we choose f(p) so that

f(p) < blzo, p) — bz, p).

Starting from p = 1, we let, V), = exp(f(p) — fp b(x, z)dz), then L{’/:)/p

= [f, - b(x()vp) +

b(z, p)] < 0.

Case II: In the Kimura case (4.63), we fix zg so that c¢(zg, 1) = m[ax] c(x,1). We choose
z€(0,1

f(p) so that

f/(p) < C—|—C(I0,p) — C([L‘,p)

- ,¢c=—c(xg,1) >0

1—z

on [1 —¢,1]. Denote H*(p) = exp [fp Mdz] ~ (1= p)~@D) and let

(1= p)cefP

= )
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L,V
Then7 ‘;}pp = [(1—p)f/—C—C($0“0)+C<I‘,p)] <0.
In the quadratic case (4.64), we fix xg so that d(zg, 1) = m[ax] d(xz,1). We choose f(p)
z€|0,1
so that

(1—p)f —(d—1)—d(zg,p) +d(x,p) <0,d—1=—d(xg,1) —1>0

on [1 —¢,1]. Denote H*(p) = exp [fp d%i’z) dz} ~ (1= p)~ @D et

(1— p)d—Lef(r)
H*o(p)

Vp -

L,V
Then, %% = (1= p)[(1 — p)f ~ (d— 1) ~ d(xo,p) + d(z,p)] < 0.
Case III: If the corner p is a strict local maximum point, we can extend the coefficients
of L, to the rectangle which is supplemented by the dashed lines so that L, is has the same

degree of degeneracy at p = p(p).

Case IV: In this case, if L has the same degeneracy type towards two edges intersecting
at the corner p. Let U be a neighborhood of p inside 7" and introduce new coordinates (z, )
so that z = pin T'\ U, z, > 0 and p attains local maximum of z. So in the (z, z)-coordinate,
L, has the same kind of degeneracy as L, in an irregular area T'. We extend the coefficients
of L, to a rectangle so that L, takes the form (4.63), (4.64). Taking the solutions V' to these
two forms which we already constructed, we see V' is infinity at the corner of two quadratic
edges.

If L has different types of degeneracy towards the two edges, then it takes the form

L= .TCL((L”p) + (IO - 1)2] app + ZL’b((L’,p)axx + C(x7p)ap + d([E, y>al‘ + ]3(,0 - 1)6<x7y)axp

(4.67)

on [0,1] x [0,1], p € [0, 1], where a,b,c,d > 0.
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When z =0, Lg = (1 —p)20pp + c(, p)0,. Clearly a decreasing linear function V' would
satisfy LgV < 0. But such V has negative derivative, which is not desired. So our strategy

is to first construct fo(p), f1(p) at © = 0,1 so that

LY fo. Lpf1 <0, fi(p) > 0.

We then patch them together with the desired boundary conditions. We choose two non-

negative functions xq(x), x1(x) so that

XO(O) > OaXO =0 in [1 — €, 1]7

x1(0) =0,x1 = x(1) in [1 —¢,1].

7 /
Suppose that max — ooty < M for some M > 0 and let ¢y, = min  ¢(z, p). We
(,p) X [0,1]%[0,1]

choose another two non-negative functions hg(p), he(p) so that

Crni Cor
ho(0) = 0, hy(0), h)(0) = 0. ho(p) = 5™ — M(1 = p) on [1 = ZHL.1]

he € G2([0,1 = 225+ €)), he(0) = 0, (0) = V' (0), h(0) = V"(0),

Cort

Cmin
Then for p € [1 — g5, 1],

(Lp +aelp = DxiOp)ho _  abxi +dx)

4.68
hg X1 (4.68)

Indeed we can rescale x1 so that the coefficient of 9, in L, + xze(p — 1)X’18p is bigger than

fmin 5o the left hand side term is no less than M, hence (4.68) is true.
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We let

Vi(z,p) = cof(z,p)ho(p) + he(p)

where f(x,p) = xo(x)folp) + x1(z) f1(p),co > 0 is a constant.

We want to ensure that L(fhg) <0 on p € [1 — S5#,1]. The coefficient of f1 in L(fhg) is

(xbx{ + dx’)ho + x1(2) Lpho + ze(w, p)(p — L)X (2)ho(p) (4.69)

through a direct computation in(4.70) below, which is positive by (4.68). So we can subtract

a positive constant from fi so that L(fhg) < 0 when p € [1 — 52, 1]. We compute:

Lf =xo(z)Lpfo+ x1(z)Lpf1 + xb(z, p) [x0.fo + X1 f1] (4.70)
+d(x,y) [xofo+ x1f1) + x(p — Ve, y) [xofo + X111

L(f (@, pYho(p)) =(Lf) - ho + - Lyho + B (p) [wel, ) fu + 2zalz, p) + 6]

Finally for ¢y > 0 small enough, V' is positive since he > 0 and Lyhe < 0 for p €

0,1 — S8 + ¢]. We adjust he so that max  Lyhe < max — Ly(cofho) and
pE[1—F5f+ 1] pE[1—F5f+ 1]

LV < 0. Such V is finite by construction, so % < 0. V satisfies the boundary conditions

at p = 0 and when = € [1 —¢,1], V only depends on p, so this V' could be extended to a
global function in this layer.

By induction, we construct V' layer by layer, and such V' is positive on P\ H while V is
oo at corners which are the intersection of two quadratic edges and on the quadratic edges
where p is constant. We have finitely many layers and each layer is covered by finite closed
rectangles or irregular areas, and we showed that % < 0 in each of this area, so V is a

Lyapunov function indeed satisfying LV < AoV for some \g < 0. [
Remark 4.5.1. The Lyapunov function V we constructed above behaves like p¢ where p is
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the distance to the tangent edge and c is some positive constant.

V' gives rise to a norm || - |[p,

ST -
I[fllp, = sup 7 + sup —.

Vi p
and we define the space CV (P) :
cv(p):=Vv.CP)
equipped with the norm || - || p,,. By saying f =0 if [|f|[p, >0, let

M= inf {Af SAf 0= f).

Clearly, \og < 0. A similar argument of Proposition 77 gives rise to the following result:

Proposition 4.5.1. There exists some M > 0 so that for f € C’V(P), t>0,

1P flp, < MI|f]]py e,

Fiz a point p € P neither on H nor any quadratic edge, we denote p(p,-) the transition

probability of the diffusion starting from p. A corollary is

Corollary 4.5.1. For f € CV(P),t >0

PO < V)Pl < MV D)If |7 e™" (4.71)

Remark 4.5.2. Consider the example in
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4.5.2  Exponential convergence to invariant measure

First, there exists a tubular neighborhood of H that is diffeomorphic to U = [0,1] x [0, 1]
with H mapped to [0,1] x {0}. We fix a non-negative function h € C.(U) satisfying hlg =

1, hly=1 = 0. Then we integrate the transition probability pt(p, v, y) with respect to h in U:

1
gn(t,z) = /O pi(py 7, y)h(y)dy. (4.72)

It can be interpreted as the marginal density with respect to coordinate along H (x) and
limited to some neighbourhood of H (specified by h).

We already know that there exists a unique invariant measure j supported on H. The to-
tal variation distance between qp,(t, ) and pig(z) can be bounded by x?-divergence or Kullback-
Leibler (KL) divergence. To show the exponential decay of the x2-divergence or the Kullback-
Leibler(KL), convergence requires a Poincaré inequality or a logarithmic Sobolev inequality,
respectively, for pg. It turns out that if L has a Kimura endpoint, then the Y2-divergence
is not finite. And if L|g has a quadratic endpoint, then po does not satisfy the logarithmic
Sobolev inequality. So in the proof of the following theorem, we employ an interpolation
divergence as constructed in

For 1 <r <2, define

5 3 9 (AN
¢(u>:3+(5_7“—1>(u_3)+7’(7"—1) [(g) —1},u>0 (4.73)
Such 1 is convez, ¥(1) =0 and p(u) ~ Wzﬂ at 4-00.

Lemma 4.5.1. On [ x [0,1], L takes the form

L = a(x,y)0zz + bz, y)y" Oy + c(w,y)yday + d(z, )0y + e(z,y)™ 0y, m € {1,2}.
(4.74)

The proofs for the cases H being a quadratic edge or Kimura edge are essentially the same.

153



So in the following proof, we assume that m = 2. In addition, we will prove below that in an

appropriate set of variables, we may choose
c(z,1) = 0. (4.75)

Regarding qy,(t, x) as the marginal density limited to neighbourhood of H , its total measure

approaches 1 at an exponential rate of A\g. Indeed

1 1
/1 an(t,)dz = /I /O pi(p, 7, y)h(y)dedy = 1 — /I /0 pr(p 2, y)[1 — h(y)ldzdy  (4.76)

>1-M Mot
for some M > 0. Moreover, it satisfies the backwards equation:

1
deq(t, v) = /0 L¥pe(p, z,y)h(y)dy = Liqy(t,x) + v(t, x) (4.77)

where by integrating by parts

1 1
Liq(t,z) 233:1;/0 a(rv,y)pt(p,x,y)h(y)dy—336/0 c(z,y)ype(p, T, y)h (y)dy

1
s /0 d(z, 1)pe(p, ) h(y)dy
—O0a (Bt )an(t, 7)) — 0n(A(t, 2)qp (1, 7))

1 1
v(t,x):/o b(fc,y)yth(pmy)h"(y)dy+/0 e(x, y)ypt (p, z, y)) (y)dy. (4.78)

We make a few remarks on these terms. First, ||v(t,z)||1 and ||[A(t, z) — d(z,0)]q(t, x)|]1

/
decay exponentially at the rate A\g. Second, c(x,1) = 0 ensures that % 18 bounded,
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so that by choosing U sufficient small we may assume that

10, [B(t, 2) — a(x,0)]| + \%(B(t, 7) — a(z,0)| + [(A(t,z) — d(z,0)| <e.  (4.79)

We are now ready to estimate ||qy(t,x) — po(x)||py. Let f(t,xz) = qh(t’;). Then by

Lemma 77,

C
lantt.2) = mo(@)llry < oy | [ (s are (4.50)

where P(t) = ||qp(t, x)||1. We differentiate the term

L p(f(t,2)). o) =W (F), Bran(t.))

dt
—(Low! (), Fr10) + (Lt — Lo)o/ (), o) + (&' (), o(t, 2))
- /I W (F) (00 f) 20 + TT + 11,

We will show below that

17 < % /I () (@ f) 20 + ¢ /I W (Fods + Me! (4.81)

IT1<e / W(f)podr + Me(l=9Aot, (4.82)
I

Therefore, we have

%(w(f(t,x)%uo) < —(1-3¢) /1 V()0 f) o + 2¢ /I W(f)po + Mt

<- [1;56 - Qe] /I (o + MM,
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As a consequence,

/I B(F (b x))po < Me (4.83)

where a = min(laz6 —2¢,—)\g). Finally combined with (4.80), we obtain that

llan(t, x) — po(z)| |y < Me™ 27,

for some constant M > 0. This only leaves the proof of (4.81), (4.82), and (4.75). We leave

the proof of (4.82) to Lemma 5.3.1 in the Appendiz.

Proof of (4.81) To see (4.81), we integrate by parts to see

11 = =" (f)@2f)? (B(t,x) — a(x,0))u0) — (C(t, )00 (f), fuo) =: [Ty + 11y

where

C(t,x) = 0x[B(t,z) — a(z,0)] + %(B(t,x) —a(z,0)) — (A(t,x) — d(z,0)).

It is easy to see that

In<e /I B () @) 10 (4.84)

since by (4.79) |B(t,x) — a(z,0)| < e. We use Hélder and Cauchy-Schwarz inequalities to

bound

1T < (C(t,2) (0" ()0 f I PP, 10) + (C(t, )| f P, o) = Ty + [T,
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Since V' (f)|f|?7P is bounded by some constant independent of €, by rescaling € = + in

(4.79) we obtain

Iy < e /I () (0 )20, (4.85)

We split 1129 into two parts

/ Ot )| P o + / O(t, )\ f Pro.
<1 >1

The first term decreases exponentially as et using lfIP < f and that (C(t,x),q(t,x)) de-
creases exponentially. The second term is bounded by [ (f)puo multiplied by some constant.

To see this, when 0 < f < 3, because of the convexity of 1,

B(f) — (1) — W) — 1) >+ min " (F)(f — 12

~ 20<f<3

and Y(f) ~ fP near oo. Thus,

(f = 1? S CO+ A P)(0(f) = (1) = ¢/ (1)(f = 1)).

Hence

_1)\2 _1\2
/ G(fmo = / =D s / V=D sm [ v (4.86)
I f

L4+ f27P"0 = Jesqg 14 f271 F>1

Gathering the above estimates,

IT<II 4 ITpy & Tlay < ¢ /I () (O f) 0 + € /I B(f)p + M, (4.87)
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Proof of (4.75) If we consider the new coordinate (t,y), then the coefficient of mized

derivative Oy 1

Az, y) = cyty + 2by2ty
To make A(x,1) =0, we choose

c(x, 1)

tp(x,1) =1, and then — ty(x,1) = 1)

Let f(z,y) = Ouyt = Oyat, we choose f(x,y) = f(x,1)h(y) and

telery) = /0 Y fe, 2)dz + g(a), ty(ay) = /O " fey)dz 4 1(y). (4.89)

Plugging (4.88) into tz,ty, we find

c(z, 1)
20(x,1)’

1 xT
/f@a?/)dwg(x):l?/ flz1)dz +1(1) = —
0 0

and hence

C\T 1
fla) =~ i o) =1- 5w ) [

Now we only need to make t, everywhere positive. Then, the coordinate change (x,y) — (t,y)

would be bijective on [0, 1]2. Now by (4.88),

0

Y 1 1
te(x,y) = fl(x, 1)/ h(z)dz + 1 — f(z, 1)/ h(y)dy =1 — f(x, 1)/ h(z)dz.
0 Y
We can choose a smooth function h(z) so that | f(x,1)|| fyl h(z)dz| < 1 for all (z,y) € [0,1].
Therefore t(x,y) exists since tyy = tyz and A(z,1) = 0.
As a consequence we have the following estimate in Wasserstein distance,

Theorem 4.5.2. Fix a point p that is not on any quadratic transverse edge. Then the

Wasserstein distance between the transition probability p(p,-) and the invariant measure
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supported on the tangent edge converges exponentially:
W (pe(p. ), o (2)do(y) < Me™2",t > 0. (4.89)

Proof. For any f € CO(P) with Lip(f) < 1,

/P for - /P Fu(x)o0(y) = /P e /U for— /U Fu()0(y).

1) P\U fpt is bounded by M e~ Motwith constant M independent of f. The second term is

/ foi(p, 2, y)dedy — / filx)do(y)
U U
1
— [ [ noa)lrtew) ~ o 0)n)dedy
1J0
1

| [ me st onsay - [ s o).

It is bounded by ||gp(t, ) — p(z)||7y. The first term also has exponential decay because

[f(x,y)—f(x,0)h(y)] € CV(P) with bounded norm independent of f. Hence the Wasserstein

distance between between pi(p,-) and u(x)dg(y) decays exponentially with the same rate

O

(\VIS]
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CHAPTER 5
APPENDIX

5.1 Kimura kernel Estimates

We now provide several kernel estimates which are crucial in the construction of the local

heat kernel at boundary points. Recall that

d (y\d _zty o oxy 1
pi(z,y) = (;) e 't ¢d(t—2)§a d >0,
_z T\ _zty zy. 1
Wlay) = 7o) + () e 7 va(Gr)y, d=0.
Lemma 5.1.1. There exists a constant Cy > 0 uniformly bounded for d € [0, B] depending

on d such that

C (V3—/5)? 1
pd(tuxvy) S \/_?;ite— 2t ) dZ 5 Ordzoay%(l (51)
1 Va—yw)? 1 (Vz—y/9)? 1
pd(ta x>y) < Cd max (t_de_ t yd_17 \/?6_ 2t ) ) d< 5 (52)

Proof. Using the kernel formula,

d T+y
ey = (5) v,

Let A = %, w = % First we treat the case when d > % and want to show that
1 (VA=vw)?
w2e~ MWy w)y < Cem 2. (5.3)

1. If Aw < 1, then thy(Aw) < Cy since 1y is smooth and e~ (M) < e_(\ﬁ‘_\/@Q, so it remains
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to show that

1 (VA=Vw)
w2 =0 2 ). (5.4)
_1 VA—vw)* f) .
Ifw<1w 2<1<e . If w > 1, then w < X since Aw < 1, so

(VA= VD)2 (Jg‘ﬁf

1
e 2 >e 2 = Q(wd_j)-

. If Aw > 1, using the asymptotic expansion ¢ (z) ~ A
wd_%e_()‘er)@/)d(/\w) =0 <€—(ﬁ—\/ﬁ)2(%)%—%> .

It remains to show that

Letk—w then AWk > 1,

1
(VA=vw)? A(VE-1)2 NG
e 2 =e 2 >e 2 = Q(k

1), (5.6)

In the remaining case when 0 < d < l,
w1, pg(t 2, y)yt 0 = e Oy () < gg(1)e(VAVEP
. If Aw > 1, again we need to show that (5.3), for which we can apply the same estimate (5.6).

In the last case when d = 0, for y # 0,

N *f (%) = AP ().
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1. If Aw <1, then the term above is bounded by
CVae~ M) = 0<6—M).
2. If Aw > 1, then
Avwe~ AW ipg (Aw) ~ (%) : e~ (VA=V)? _ O(e_M).

]

Lemma 5.1.2. There exists a constant Cy > 0 uniformly bounded for d € [0, B] such that

Cy _Wi—vu)? 1
VaOepg(t, ,y) < 76 2, d> 3 ord=0,y #0,
Cy 1 _GEvw? o 1 (Evw)? 1
0 t < — — [ S z d< =
\/E Ipd( ;I,y) — \/gmax (tde Yy ’ yte ’

Proof. Let A = ¢, w = %, then

z A ,
VEOpa(t..y) = %%)d Sy —va(y)| = %wde*“w)mwd(xw) ~ va(hw).
(5.7)
We want to show that
YA e O gt () — )] = O

\/_

1. If dw < 1, it suffices to show that
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, then w < 1 fix k,

Let k = VA

gl

Ink + 2dlnw — (VE — 1)%w (5.8)
. 1 2d 1 2d
has maximal value at mm(\/E, (\/E—I)Q)' If 7 < Y then M < k < N for some
M, N >0, so
k—1)2
Ink + 2dinw — (Vk — 1)%w < (1 — d)Ink — (k-1
Vk
is bounded above. If —-=24 then

(¢7)2_¢ﬁ

Ink + 2dinw — (Vk — 1)?w < Ink — 2din(vE — 1) + (2din2d — 2d).

The right—hand side tends to —oo as k — 0, and tends to —oo if d > % or a finite number if

d= % as k — oo, so it is bounded above.

. If Mw > 1, then

e 0 ow) )|~ (AL AR (- )
In general,
I < 1, palt, 2,y = VR OF g () — g(a)] = O™ "3 by (5.4).

. If Mw > 1, again we need to show that (5.3), for which we can apply the same estimate (5.6)

[]

Lemma 5.1.3. There exists a constant Cy > 0 uniformly bounded for d € [0, B] such that
9 d Cy _Wi—vw)? 1
$ampt($>y)§t\/ﬁ€ 2 dziordzo,y#o,

C 1 _(e—vm)? 1 (a-yi)?
x(ﬁp?(m,y) < Tdmax <t_d€_tyd_1, \/ﬁe_%)

1
d< —.
’ 2
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Proof. Let A = §,w = %, then
VittadZpa(t x,y) = w'2e OTO [ 4 w)g(hw) — 2xewily(hw) — dwdy(w)).  (5.9)

For d > %, we want to show that

_ V)2
w=3emOF (0 4w (un) — 2 ) — dons ()] = O(e 7).

. If dw < 1, it suffices to show that
Atw+ D2 =0 2).

. If Adw > 1, then

Next we treat the case when d < %

1-dyd+3 ~(x / _ WAy
I w < 1, pg(t )yt 4T = Ve OF ) !, (w) =y g(Mw)| = O(e™ 2 ) by (5.4).
. If Aw > 1, again we need to show that (5.3), for which we can apply the same estimate (5.6).

For d = 0, we want to show that

2xe= ) T30 () — v (w)| + A2e=OF0) [wdpl! () — 2w wlhy(dw) + VM?W")]
(VA—vw)?

When Mw < 1, the left hand side is O((V\ 4+ vw + )\%)6_(/\+w)) =0O(e 2 ). When
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Aw > 1, the left hand side has asymptotic

SO -V (B var)' | =03

]

Lemma 5.1.4. There exists a constant Cy > 0 uniformly bounded for d € [0, B] such that

Cy _Wi—vw)? 1
Aupa(t T, d>—-ord=0,y#0, 5.10
2pa(t, T, y) < Y , dzgor Y F (5.10)
| Vi) R W Vol 1
Oupy(t, z,y) < Cymax (td‘H Ty ’t—\/ﬁe 2 ) , d< 3 (5.11)

Proof. First compute

m+y

ytOrpa(t,z,y) = (%) e

204 — vl

Let A = %,w = % For the case d > %, we want to show that

i
w3~ (Fw) lwip(Aw) — 1hg(Aw)| < Ce \F) : (5.12)

The proof is similar to the proof above, except that we now use the asymptotic expansion

1 1 d
z4 262\[ / 2_1_562\&

Z) ~— Z)~ ——
and ?ﬁél is also continuous at 0. The case when 0 < d < % can be proved similarly. O

Lemma 5.1.5. For k € N, there exists a constant Cy > 0 depending on k uniformly bounded
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for d € [0, B] such that

C; _Wa—yy)? 1
(y0y) palt, z,y) < \/—;ite_ W, d> 5 ord=0y#0, (5.13)

1 Va—y9)? 1 (V3—y/5)* 1
=1 B > d<g.  (514)

(000t a,9) < o (g1, e

Proof. Let A = §,w = %, then (wa%)kp = (yﬁ)kp,. We first consider the case when d > %

PO w) = Jut e Oy ) = 1o
wdupf (3, w) = Tt D) — dg(w)] + (d = DR w) = i+ (d = Dy
(w0 0 10) = Tt N2 o) — 200 ()
+g(Aw)) + (2d — 1)I; — d(d — 1)1

=:Io1 +(2d — 1)} —d(d— 1)

By induction, for £ € N,

k k—1

1 7 » k e ‘

(W) 9 (2, y) = e IS (—1)E N )|+ 3 ej(wdn)pf (@)

i=0 { =0

(5.15)

so we are left to show that

i (VA V@)

[ = whzem W) 1§ gk Nt Ow) | < Cem 2
=0 1
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Use that

dk
e = (VO T T gk (2VE) = a2, (5.16)
va(2) ATEAVE (5.17)
a\z) ~ ——F—="" :
Vi

VA—w)?
1. If Aw <1, then I < C’wd_% (1 + A4+ )\k> e~ (Atw) — O(e_( 2 ) ) since d >

[N

2. If dw > 1,

=

,Q+E \/X_ o 2
1< 2T —(VAV)? — 0@~ P2 by (5.5).

1 (A)
Vir \u
The case when 0 < d < % can be proved similarly. O

5.2 Heat kernel estimates

Next we give kernel estimates for the heat kernel kf (x,x1) =

1
Vart

Lemma 5.2.1. Forc >0, 0 < s <t, there exists a constant C' > 0 such that

Oyki_ (v, y1) — Okt (v 1) - ly — |7 -e e dyy (5.18)
—0o0
C p _wmw)? (¢ -w)?
< _ aé e 4ct —|—€ 4ct . 519
< m\y v ( (5.19)

For x1 < 19, denote ae = M, Be = ?WT_"“, let J = |ae, Be).
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Lemma 5.2.2. For 0 <y < 1, there is a C' such that

(1—y (y—y2)?
B dyids < Cly — y'|Ve™ ¢, (5.20)

t
/“/W%@?A%MMW—yﬂ%
0 JJ
(v —y9)?
B (5.21)

t (1_
Qéﬁﬁﬁgmwmumm = Jyds < Cly — of e

Lemma 5.2.3. Forc >0, 0 < s <t, there exists a constant C > 0 such that

t (y1— y2
[ 13 = 3l -y =l e s,

_ (y—y)? (W —y9)? )
8t + e 8t .

SCW—MW<6

Proof. These are all corollaries of
5.3 Proof in Chapter 4

Lemma 5.3.1. Fix p € P that is not on the quadratic edge or tangent Kimura edge. For

q € H x [A, 1], the transition probability pt(p,q) has a pointwise upper bound

2
< . 22
nlpna) < € eap |6+ Coll + Cat] (5.22)
for some constant C,Cy, Cq,Cy > 0. Therefore
(5.23)

v(t, x)dx

Proof. We can follow the proof of
Firstly, unlike the setting under the usual Rimmannian measure on P, our proof in-

troduces a weighted measure dy on P. The principal symbol of L induces a Riemannian

metric dV on P. For each Kimura boundary surface H;,1 < i < 7, define p;(p) to be the
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Riemannian distance from the point p € P to H;. Then

1. o
Bilm; = ;Lpilm;

are coordinate-invariant quantities. We also let B; denote a smooth extension from H; to P

of the coefficients. Then we define the weighted measure du by

77 _
du(p) = 1L p; (p)*Pi~tav.

In an adapted system of local coordinates of a corner p, L takes the form: m +n = 2,

m m,n n
2
i=1 ij=1 j=1
m n
+ > d(z, )0 + Y _e(x,y)y;0y,.
i=1 j=1

The weighted measure dy is a multiple by a smooth function of

o diey)-1, 1
d = I day; TT —dy;.
wlay) = Iz, 7i M v

For a € R and ¢ € C°°(P) satistying |V¢| < 1 under the Riemannian metric on P,

define Hto“d)(P) on L?(11) by

1 () = e~ Hy[e" f (x).
Instead of the estimates of ||Hta’¢||2_>2 in
Proof of (7?) To see this, compute the derivative:

0 _
Gy VT3 = 2(H] 0 L O H ) .
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Taking g = Hf"¢f, to derive (77?) it is sufficient to have
(e7g, Le™Pg) < [a® + Cplal + C1](g, 9)- (5.25)
We associate a bilinear form Q(u,v) to —(Lu,v), by letting
Qu,v) = (Lu, v) p2(,y),
which can be written as
Q(u,v) = Qsym + (T'u, U)L2(du)

where Qsym(u,v) is a symmetric bilinear form and 7" is a first order vector field on P. We

need to estimate it in two cases.

Case I: In a neighborhood that is away from any Kimura edge, then L is uniformly elliptic

under du and of the form
L = ad? + 260y + c0 +V,
where V' is a vector field. Then
Qsym(u,v) = — /[CLU(L"U(I; + cuyvy + b(ugvy + uyvg)]dp.
T is a vector field with bounded smooth coefficients. Take u = eo“bg, v = e_a¢g. Then

Q(u,v) = Q(g,9) + o’ /(m;i + 2000y + cdy) g dp + a(T6, 4°) 124,
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L is uniformly parabolic so we can bound ||Q(g, g)|| by C’||g||i2(du) for some constant C' >
0. Using the fact that |[V¢| < 1, the second term and the third term are bounded by

a2||g||%2<du), Clal - ||g||%2(du) for some constant C' > 0, respectively. So we obtained (5.25).

Case II: In a neighborhood of the tangent Kimura edge, say suppose in a neighborhood
of a corner which is the intersection of two Kimura edges, L is degenerate. Under local

coordinates (5.24),
L = 20zz + yOyy + 2yb(x,y)Ory + d1(x,y)0r + da(x,y)0y.

We refer to

Take u = e*?g, v = e *®g. Then,

(Lu,v) = Q(g,9) + a® /92(56¢3; + Yy + azydzdy)dp+ (T, 9°) 12 (4,
By

Proof of (5.22) Fix p € P that is not on a quadratic edge or tangent Kimura edge,
q€ H x [A,1],r1,792 > 0 so that By, (p), Br,(q) C P. Notice that if ¢ is an edge point on a
Kimura edge, By, (q) is taken to be the semi-ball that lies in P.

Let x1, x2 be the indicatrix functions of By (p), Bry(q). Instead of deriving the mean

value inequalities from local Sobolev inequality in

Proof of (5.23) Having obtained the pointwise upper bound of p:(p, ¢), we can estimate
v(t,z).We choose ¢(q) = ¢(p) — Cox with some constant C' so that |V¢| < 1. Since
h|H><[O,A] = 1, by definition of v(t,x) (4.78), we only need to integrate y in [A,1]. We

use the pointwise upper bounded above to obtain the following estimate of v(t, z):

2

v(t,x) < C-exp T + Colz| + C1t |, (5.26)
2
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for some constant Cpy,C1,Co > 0. Next we estimate [¢/(f)v(t,z)dz. We use Holder’s

inequality with % + % =1 to obtain

'/w u(t, z)dz

First it is easy to see

1 1=L 1
<[l ()’ pH 0 B g ([0 s (5.27)

1 )‘Ot
[[oPs]lps = O(ePs") (5.28)

has exponential decay with rate %. We next estimate the first term. Since (z) ~ aP as

r — oo and taking into account that ¢ is negative only on a finite interval, we have

_p_
1170 < [ e < M [ 0t (5:29

For the second term, notice that /fl has asymptotic behavior O(ea|x|) for a > 0, and
v(t,z) decays quadratically in |z| by (5.26). So the second term is intergable while it may

have exponential growth with respect to t. Indeed after a direct calculation

2
1 q_1 -1 1
||:up’l_}1 ps||pr:0 \/%.exp 4<Oo+a(p—1)) (1__)

pSs

:o(\/Z-exp [4(Co+a)2(1—i)D

ps
. . A
since % < 1,p < 2. Regarding (5.28), for 0 < € < 1, we take 2% =1- em so that
5L =5 (1—€)Xo)
T2 ||Ups”ps—0(€ 207, (5.30)

Taken (5.27), (5.29), (5.30) and an interpolation of arithmetic-geometric mean inequality to-
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gether, we obtain

\ [t

< e/z/)u + ViEe(l=6 ot (5.31)

Lemma 5.3.2. There exists a stratification as described in (4.59).

Proof. We first take a finite covering of H by coordinate neighborhoods of the form R based at
points of H. Let k; be the minimum of the height (normal direction in the local coordinates)
of these rectangles. Then by taking the closure of these rectangles and shrinking the height,
P[ko, k1] is covered by closed rectangles that satisfy the condition 4.60. We can do the similar
job at each level of the corners. Specifically, for a corner p, the level L plp) =P = p(p) is the
disjoint union

Lyp) = Lp(p),max U Lyp),i

where L p(p) are the collection of points that attain the local maximum. L o(p) L

— max- Lp(p),i

are both compact and a disjoint union of finite points and the edges out of condition 4.5.2.c.

We cover L o(p) i by finite open sets of the form R or T'. Again, by taking the closure

max> Lp(p)
and shrinking the height of these open sets, there are €1,€e9 > 0 so that P[p(p)_q’p(p)ﬁﬂ is
covered by the closed sets that satisfy the condition 4.60. Up to now, the remaining parts
of P we have not covered are a disjoint unions of level intervals. Suppose P[a,b] is one of
level interval, we first cover P[a,b] by finite open rectangles with two sides lie on two p-levels,

then we can cut these rectangles so that P[a,b] is covered by closed rectangles that satisfy

the condition 4.60. Thus we can cover these level intervals by the desired stratification. [
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