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ABSTRACT

This dissertation delves into statistical inverse problems with a focus on Bayesian approaches
for parameter estimation and uncertainty quantification under sparsity, nonconvexity, and
geometric constraints. The dissertation covers innovative methodologies for addressing these
challenges across various contexts, including compressed sensing, dynamical systems learn-
ing, and parameter estimation of differential equations on Euclidean space and manifolds.
The work encompasses various methodologies based on mean-field variational inference, en-
semble Kalman methods, Bayesian optimization, and graph Gaussian process to obtain point
estimates for the quantity of interest as well as comprehensive uncertainty quantification
associated with it. The dissertation effectively showcases how the introduced methods im-
prove computational efficiency and accuracy in parameter estimation and uncertainty anal-
ysis across complex models. This is achieved through a blend of theoretical insights and

numerical studies, inspired by a wide array of practical scenarios.
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CHAPTER 1
INTRODUCTION

1.1 Statistical Inverse Problems

Inverse problems are ubiquitous in the realm of scientific discovery and technological inno-
vation, presenting a set of computational and methodological challenges that stem from the
need to infer quantities of interest from indirect observations. In short, the goal of inverse
problems is to uncover underlying parameters of interest from observed outcomes, often in the
presence of noise and uncertainty. The field of statistical inverse problems [O’Sullivan, 1986,
Evans and Stark, 2002, Kaipo and Somersalo, 2006| focuses on the application of statistical
principles and computational methods to these challenges, offering a structured approach to
quantify uncertainty, incorporate prior knowledge, and derive meaningful inferences about
the latent processes governing observed data. The significance of statistical inverse problems
extends across a wide range of fields, from geophysical exploration, where they are used to
understand the subsurface properties of the Earth, to biomedical engineering, for enhanc-
ing image reconstruction techniques in medical imaging [Somersalo et al., 1992, Kaipo and
Somersalo, 2006, Stuart, 2010, Iglesias et al., 2016]. Each application not only underscores
the pervasiveness of statistical inverse problems but also highlights the critical role of statis-
tical and computational tools in advancing our understanding and capabilities within these
domains.

In this thesis, we adopt the Bayesian framework to solve statistical inverse problems
[Kaipo and Somersalo, 2006, Stuart, 2010, Dashti and Stuart, 2017]. This framework is
rooted in Bayes’ theorem, which updates prior beliefs about unknown parameters based on
observations, thereby yielding a posterior distribution that encapsulates both the uncertain-
ties in the measurements and the prior information. This approach is particularly powerful

for dealing with complex systems where direct measurements of the parameters of interest
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are not possible, and where uncertainty plays a critical role in the modeling process.

Throughout this thesis, we assume the following data-generating mechanism.

y=Gu)+n, uweld, ye),

where u is the parameter of interest, U is the parameter space, y is the observed data, )
is the data space, G is the forward map between the parameter space and the data space,
and 7 is random measurement error. Based on the data-generating mechanism given above,

Bayes’ theorem can be succinctly expressed as

m(uly) o< Ly — G(u))7(w),

where L is the data-likelihood induced by the probabilistic assumption on the measurement
errors, and 7(u), m(uly) are respectively the prior/posterior distribution of u. The Bayesian
approach to inverse problems is then characterized by providing a pointwise estimate for
the parameter of interest that reflects observed data and its comprehensive quantification
of uncertainty through the posterior distribution. Each of the following chapters in this
thesis will deal with various assumptions on the parameter u, the forward map G, and the
parameter space U. We will provide novel statistical and computational tools that exploit

imposed assumptions to facilitate statistical inversion.

1.2 Sparsity

In many scientific and engineering applications, the underlying physical phenomena can be
represented as sparse signals meaning that their significant information can be captured
with a relatively small number of non-zero coefficients (or parameters) in a suitable basis or
representation. Leveraging such sparse structures in data, fields like compressed sensing, and

high-dimensional statistics, have revolutionized the ability to recover or reconstruct these
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sparse signals from a limited number of observations [Candés and Wakin, 2008, Foucart
et al., 2013, Bithlmann and Van De Geer, 2011, Hastie et al., 2015]. This principle has found
widespread applications, ranging from medical imaging, where it enables high-resolution
reconstructions from fewer measurements, thereby reducing exposure to harmful radiation,
to genetics and genomics by enabling the identification of relevant genetic markers associated
with various traits or diseases while simultaneously handling the high-dimensional nature
of genomic data. Exploiting sparse structures not only enhances computational efficiency
and accuracy but also notably mitigates challenges coming from ill-posedness and noise in
estimating parameters (or coefficients), marking a notable advancement in the field of inverse
problems.

In the Bayesian framework, numerous priors that leverage sparse structures in data have
been introduced [Carvalho et al., 2010, Brown and Griffin, 2010, Ro¢kovéa and George, 2018,
Rockova, 2018, Calvetti et al., 2019b|. Of particular interest is the hierarchical Bayesian
model introduced in [Brown and Griffin, 2010, Calvetti et al., 2019b|. Reflecting the sparse
structures in the parameter of a linear model, they impose a zero-centered Gaussian prior
with gamma hyperpriors on the variance parameter. Through zero-mean Gaussian prior,
one is implicitly reflecting the underlying sparse structure in the parameter and the variance
parameter effectively controls the level of sparsity.

To be more specific, consider the following model,

y = Au+n,

where u is the parameter of interest, y is the observations, and 7 is a Gaussian noise with
zero mean and covariance I'. [Brown and Griffin, 2010, Calvetti et al., 2019b| assume that

u follows a zero-centered Gaussian prior with gamma hyperpriors on its variance parameter



6. Then one can show that

p(u, 0|y) (8 exp(—J(u, 0));

where ;
1 2 1,9 0; 3 0;
T(w.6) = Ly~ Aul+ Ll +;[5 ~ (8- 20, (L)

(%

Here a, 8 are parameters for the gamma hyperpriors. Although the posterior distribution is
intractable, thanks to the form of the Gibbs energy function J given in (1.1), [Calvetti et al.,
2019b] introduced a coordinate-wise optimization strategy known an Iterative Alternating
Scheme (IAS) to obtain a point estimate, the maximum a posteriori (MAP) estimate of
the parameter u. They have shown that as the parameter [ tends to %, the optimum of
(1.1) converges to the optimum of ¢;-regularized least squares solution, justifying a Bayesian
framework that subsumes Laplace prior set up, which corresponds to the famous Least
Absolute Shrinkage and Selection Operator (LASSO) [Tibshirani, 1996] algorithm in the
frequentist setup.

In the meantime, [Calvetti et al., 2019b| did not provide a full Bayesian solution, in the
sense that the uncertainty associated with their MAP estimate was not quantified. To acquire
a full Bayesian solution to parameter u, instead of utilizing Markov Chain Monte Carlo
(MCMC) algorithms like in [Brown and Griffin, 2010], in Chapter 2, we utilize techniques
from variational inference [Blei et al., 2017| to approximate target posterior distribution of
u with a tractable probability distribution that belongs to the mean-field family. Such an
approach scales better in the dimension of the parameter u and allows one to acquire both
MAP estimate and credible interval for the target parameter.

Furthermore, in Chapter 3, we extend the aforementioned hierarchical model framework
to the nonlinear forward map setting through methodologies based on ensemble Kalman filter

algorithms. Viewing variants of ensemble Kalman filter methods as particle-based stochastic



nonlinear optimization techniques, we iteratively optimize

1 1 <16, 3\, 0
I0:0) = gl =G+ gl + 3 Lo(o-Dml] ap

with respect to u and 6, like in the [AS procedure. In the setting where the forward map
is nonlinear with sparsity assumption on the parameter u, the introduced algorithms will
quantify uncertainties of the output through particles propagated according to some iterative

update rules.

1.3 Nonconvexity

In statistical inverse problems, the objective functions optimized to obtain point estimates
are often nonconvex. Nonconvexity has become increasingly common due to the surge in
the complexity of models and data in various science and engineering disciplines. This
rise is primarily driven by the need to capture the intricate relationships between variables
in real-world data, which often necessitate models with nonconvex objective functions to
accurately represent the underlying phenomena. As the ambition to solve more sophisticated
problems grows, so does the reliance on models that introduce nonconvex landscapes and
lack closed-form mathematical expressions, presenting both a challenge and an opportunity
for innovation in optimization techniques. The shift towards embracing these complicated
models is fueled by their potential to provide deeper insights, more accurate predictions, and
solutions to previously intractable problems, pushing the boundaries of what can be achieved
across scientific and engineering disciplines. Consequently, the development and refinement
of algorithms capable of effectively navigating nonconvex landscapes have become a crucial
area of research, aiming to unlock the full capabilities of these advanced models.

In numerous Bayesian inverse problems, the forward map G often involves a solution

of differential equations with various types of incomplete observations. To acquire a point



estimate, i.e., maximum a posteriori estimate, one naturally needs to seek an optimum of an
objective function with nonconvex landscapes [Cleary et al., 2021, Lan et al., 2023, Schneider

et al., 2022]. To give a concrete example, consider the following Rossler dynamical system

given by

dx

- = — — Z

dt y )

dy

— = 0.2

d

d—j =02+ z(x —u),

with an initial condition z(0) = 1,y(0) = 0, and z(0) = 1. One can attempt to estimate the
parameter u from the observed data. Following the setup in [Cleary et al., 2021, Schneider
et al., 2022|, if the available data is partial information about the solution trajectory of
the Rossler dynamical system, for instance, the first and second moments of the solution
trajectory over a time window [30, 50|, the landscape of objective functions for the parameter
can be non-convex as one can see from Figure 1.1. Furthermore, there is no closed-form
expression for the objective function, due to the lack of an analytic solution of the Rossler
dynamical system. The objective function can only be numerically evaluated based on

numerical differential equation solvers, which could be expensive.

Vanilla Objective Regularized Objective

Objective value
I
Objective value

2 3 & B 10 2 3 6 B 10
Values of initial z value Values of initial z value
Figure 1.1: Objective function: %Hy — g(u)\|§, I: estimated noise covariance (more
details in [Cleary et al., 2021, Schneider et al., 2022|), Left: with no regularization,

Right: with ¢s regularization



To address this challenge, one can leverage popular black-box global optimization tech-
niques, generically labeled as Bayesian optimization methods [Jones et al., 1998, Shahriari
et al., 2015, Frazier, 2018|. Loosely speaking, for some pre-specified number of iterations T,
the Bayesian optimization methodologies based on Gaussian process [Stein, 2012, Williams

and Rasmussen, 2006] can be summarized as follows: into the following procedures |Frazier,

2018|:
e Place a Gaussian process prior to the target objective function f.
e Fort=1,...,T:

1. Derive Gaussian process posterior using all available query locations X; 1 =

{z1,..., 241}, and function evaluations F;_1 = {f(z1),..., f(z;-1)}.

2. Obtain the next query location x+ as the maximizer of the acquisition function ay

which depends on the Gaussian process posterior.

3. Observe y; = f(x¢) or yr = f(x¢) + €4, where ¢ is a random observation noise.
4. Set Xy = Xy 1 U{ay} and Fr = Fy 1 U{f(x¢)}

5. Go back to Step 2 and repeat.

From the step-by-step description provided above, unlike many existing optimization algo-
rithms that rely on first-order or second-order information about the objective function,
Bayesian optimization algorithms do not necessarily require derivative information or for-
mulaic expressions of the objective function. The method only requires evaluative functions
and is thus a natural optimization tool for solving statistical inverse problems with com-
plex forward maps. Furthermore, even for a non-convex function, there have been numerous
asymptotic convergence results obtained for Bayesian optimization algorithms depending on
the choice of kernel function for the Gaussian process, the acquisition function, and the
assumptions placed on the objective functions [Bull, 2011, Srinivas et al., 2010, Chowdhury

and Gopalan, 2017, Vakili et al., 2021, Russo and Van Roy, 2014].
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Typically, the convergence of the algorithm is established by showing a sublinear growth
rate of the quantify known as the cumulative regret bound, given by Rp = Zthl fz*) —
f(x¢), where z* is the maximizer of f and z; is the ¢-th query location chosen by the
Bayesian optimization algorithm. As the simple regret ry = f(2*) — max;—q ... 7 f(2¢) is
bounded above by % = %Z?:l r¢, a sublinear growth rate of the Bayesian optimization
algorithm naturally translates to the convergence to the global maximum value. Most of
the aforementioned works established regret bounds through the quantity known as the
maximum information gain, which can only be defined in the setting where the function
evaluation is corrupted by some random noise. Therefore, there has been a natural gap
between theory and optimization practice. In Chapter 4 of this thesis, we introduce two
novel Bayesian optimization methodologies that nearly achieve the optimal simple regret

bound shown in [Bull, 2011].

1.4 Geometric constraints

Many real-world systems exhibit complex behavior that cannot be adequately captured by
traditional mathematical models defined on Euclidean spaces. Instead, these systems often
evolve over manifolds—geometric spaces with intrinsic curvature and structure. Mathemat-
ical models defined on manifolds offer a powerful framework for describing such systems,
enabling a more succinct representation of their underlying dynamics. Understanding these
models is essential for tackling challenges in fields such as brain imaging [Mémoli et al.,
2004], biomembranes [Elliott and Stinner, 2010], robotics [Jaquier et al., 2020, 2022|, and
liquid crystals [Virga, 2018|, where systems are inherently constrained by the geometry of
their environment. Incorporating such geometric constraints on the input of the mathemati-
cal models and parameter space, researchers can develop tailored mathematical models that
account for the manifold’s geometric properties, yielding deeper insights into the behavior

of complex systems.



For partial differential equations defined on manifolds, several works have studied how
to estimate parameters of the differential equation in Bayesian fashion [Harlim et al., 2020,
Garcia Trillos and Sanz-Alonso, 2018]. To build probabilistic tools to facilitate Bayesian
inference, a central object described in Chapther 5 and 6 is the graph Laplacian, which
encodes the underlying geometric information through a point cloud of manifold data. Given
a set of points {x1,---,zx} lying on underlying manifold M, the (unnormalized) graph
Laplacian can be constructed through N x N similarity matrix W, which measures closeness
between elements in point cloud under suitable notion of distance. The (unnormalized)
graph Laplacian Ap is then D — W, where D is a diagonal matrix whose elements are
simply the row sum of W [Von Luxburg, 2007]. Thanks to spectral convergence results of
the graph Laplacian to the Laplace-Beltrami operator on the manifold M [Burago et al.,
2015, Garcia Trillos et al., 2020al, the eigenvectors of the graph Laplacian provide a natural
basis to represent functions on a manifold.

Utilizing the graph Laplacian, [Harlim et al., 2020, Garcia Trillos and Sanz-Alonso, 2018§]
imposed a graph Laplacian-based Gaussian process prior to the parameter of interest and
leveraged graph-based discretized forward map to facilitate Bayesian inference. The strength
of these approaches is that they do not require explicit geometric information of the manifold
such as chart, tangent space, Riemannian gradient, and retraction maps. Just through the
point cloud, they implicitly learn the underlying manifold to express mathematical objects
defined on it.

Borrowing the ideas in previous works, in Chapter 5, we introduce a novel Bayesian
optimization method for objective functions defined on an unknown manifold when the only
source of available information about it is given through the point cloud. Based on the
graph Gaussian process [Sanz-Alonso and Yang, 2022a, Borovitskiy et al., 2020, 2021], we
lift the Bayesian optimization strategy described in Chapter 4 to the unknown manifold set

up and establish a cumulative regret bound of the algorithm. The algorithm is especially



useful when the objective function is expensive to evaluate, complementing the weakness of
the graph-based MCMC algorithms in previous works. We demonstrate its effectiveness in
estimating the parameter of a heat equation defined on the sphere and finding an optimum
of a function defined on a cow-shaped manifold.

Lastly, in Chapter 6, we extend the existing graph-based MCMC methodologies to the
boundary-existing manifold setup. As the differential equation models are accompanied by
boundary conditions of the solution, we introduce a novel graph-based Gaussian process
that reflects the impact of boundary conditions. We demonstrate its effectiveness in param-
eter estimation problems for elliptic and parabolic partial differential equations defined on
manifolds with boundaries. We supplement the point estimate with an MCMC-based pos-
terior credible interval, which serves as the full Bayesian inference framework for differential

equation models defined on manifolds with boundaries.

1.5 Outline and Main Contributions
We provide an outline of the upcoming chapters and summarize their main contributions.

e Chapter 2 is based on [Agrawal et al., 2022]. We first introduce the Laplace approxima-
tion approach to build credible intervals for IAS output. Next, utilizing results from the
mean-field variational inference, we propose a variational iterative alternating scheme
(VIAS), which serves as an iterative algorithm to find a probability distribution closest
to the target posterior distribution under Kullback-Leibler divergence. The effective-
ness of the VIAS algorithm over LASSO and Laplace approximation is demonstrated
in sparse regression problems, deconvolution tasks, and Lorenz 63 dynamical systems

learning.

e Chapter 3 is based on |Kim et al., 2023|. We provide an optimization perspective of

ensemble Kalman methods and utilize it within the hierarchical Bayesian framework
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introduced in Chapter 2. Through particles generated from ensemble Kalman methods,
one can build approximate credible intervals of the point estimate for the parameter
of interest, in a nonlinear forward map setup. We demonstrate its effectiveness in
a compressed sensing problem, a PDE parameter estimation with a known explicit

forward map, and an elliptic inverse problem with a numerical forward map.

Chapter 4 is based on |[Kim and Sanz-Alonso, 2024|. In this work, we explore Bayesian
optimization with noise-free observations, presenting novel algorithms that leverage
results from scattered data approximation. These algorithms incorporate a random
exploration step, ensuring a near-optimal reduction in the fill distance between query
points. The algorithms maintain the simplicity of existing Bayesian optimization meth-
ods and achieve cumulative regret bounds close to those proposed in [Vakili, 2022].
Moreover, the proposed methodologies demonstrate superior performance over other
Bayesian optimization techniques across various tasks, including optimization of bench-
mark non-convex functions, machine learning model hyperparameter tuning, and en-

gineering design challenges for garden sprinkler systems.

Chapter 5 is based on [Kim et al., 2024]. We introduce a novel Bayesian optimization
algorithm for objective functions defined on an unknown manifold. Utilizing graph
Gaussian process [Sanz-Alonso and Yang, 2022a, Borovitskiy et al., 2021], we build a
surrogate of the objective function along the point cloud and seek the optimum of the
objective function over the same point cloud. We show that as the iteration number
and the size of the point cloud grow to infinity, the algorithm successfully converges to
the global optimum of the objective function defined on the underlying true manifold.
We demonstrate the effectiveness of the proposed algorithm on benchmark functions
defined on one-dimensional manifolds, an objective function defined on a cow manifold,

and parameter estimation of the heat equation defined on a sphere.
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e Chapter 6 is based on [Harlim et al., 2022|. We provide a graph-based Bayesian ap-
proach to proceed with statistical inversion for parameters of the partial differential
equation models defined on manifolds with boundaries. Unlike the existing method-
ology [Harlim et al., 2020|, where authors assumed the underlying closed manifold is
boundary-free, we relax such assumption and augment the graph based Matefn type
Gaussian field [Sanz-Alonso and Yang, 2022a, Harlim et al., 2020] with boundary com-
ponents to reflect partial differential equations’ boundary conditions. With the help
of the Ghost point diffusion map algorithm [Jiang and Harlim, 2023], we demonstrate
the effectiveness of the proposed methodology for estimating parameters of elliptic and

parabolic partial differential equations defined on a manifold with boundaries.

12



CHAPTER 2
A VARIATIONAL INFERENCE APPROACH TO INVERSE
PROBLEMS WITH GAMMA HYPERPRIORS

2.1 Introduction

This chapter introduces a variational inference approach that enables uncertainty quantifi-
cation for hierarchical Bayesian inverse problems with gamma hyperpriors. The hierarchical
model that we consider, along with an iterative alternating scheme (IAS) to compute the
mazimum a posteriori (MAP) estimate, were introduced and analyzed in [Calvetti et al.,
2020b, 2019b, 2020a, 2019a, 2015|. These papers provide strong evidence of the flexibility of
the hierarchical model and show that the IAS algorithm is easy to implement and globally
convergent. However, despite the Bayesian motivation for the hierarchical model, previous
work has only considered MAP estimation and the potential to perform uncertainty quan-
tification has not yet been realized. Using the general framework of variational inference, we
introduce a variational iterative alternating scheme (VIAS) that shares the flexibility and
ease of implementation of [AS, while enabling uncertainty quantification and model selection.

The hierarchical Bayesian model that we consider gives a posterior density p(u, 0 |y) for
the unknown quantity of interest u € R? and parameters 6 € RY given observed data y € R".
The goal of TAS is to find the MAP estimator, that is, the pair (u*,6*) that maximizes the
posterior density. This leads to an optimization problem, which IAS solves by producing

iterates (uk, Hk), k > 1, satisfying

W = arg maxp(u, 0¥ | ),
u

(2.1)

oF 1l = arg m@axp(uk""l, 0y).

In contrast, the goal of our proposed VIAS method is to find the density ¢*(u,0) that is

13



closest to the posterior p(u, 8 | y) in Kullback-Leibler divergence, within the mean-field family
of distributions of the form ¢(u, ) = g(u) ¢(0). This leads to an optimization problem over
densities, which VIAS solves by producing iterates qk(u, 0) = qF (u) qk(G), k > 1, satisfying
M) = in iy, (4% (1) q(0 0
¢ (0) arg min (07 (w) a(0) [ p(u, 0] y)),

K (2.2)

¢ (u) = arg Iqr(lgg dic (q(w) " THO) || p(u, 0] y)),

where dy;, denotes the Kullback-Leibler divergence. Approximate Bayesian inference can then
be performed using the variational distribution ¢*(u, @), which will be shown to be tractable,
rather than the posterior p(u, 8 |y). Due to the tractability of ¢*(u, @), point estimates and
credible intervals can be efficiently computed with the variational distribution, while doing
so with the true posterior would be computationally challenging.

Central to the implementation of TAS is the fact that the maximizers w1 and 681 in
(2.1) can be obtained in closed form, by exploiting the structure of the hierarchical model
with gamma hyperpriors. A similar property is satisfied by VIAS. Indeed, our choice of
mean-field admissible densities ensures that the minimizers ¢"*+1(u) and ¢*T1(#) in (2.2)
are, respectively, Gaussian and generalized inverse Gaussian densities. We will derive closed
formulas for the iterative updating of the parameters of these distributions.

Despite their shared structure, there are some fundamental differences between IAS and
VIAS. While TAS only gives a point estimate i.e the MAP, VIAS gives a variational distribu-
tion that approximates the posterior. This variational distribution can be used to understand
the covariance structure and find credible intervals for the estimates. However, it is worth
emphasizing that VIAS only provides an approximation to the posterior, and therefore point
estimates or credible intervals constructed with VIAS will only give approximate posterior
inference. In contrast, IAS converges to the true MAP estimate. The primary advantage of

VIAS is its potential to provide meaningful uncertainty quantification. We will also show
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that the variational perspective lends itself naturally to model selection for the choice of
hyperparameters. An advantage of IAS is that it converges globally to the MAP estimate
due to the convexity of the log-posterior density, while VIAS is, in general, only guaranteed
to converge to a local maximizer of the optimization problem (2.2). We will demonstrate the
potential emergence of spurious local maxima in the VIAS objective function for extreme
data realizations and hyperparameter values, and describe how convergence to the global

maximizer can be achieved in practice by suitable initialization of the variational algorithm.

2.1.1 Related Work

This chapter, among others, introduces variational inference techniques [Bishop, 2006, Jor-
dan et al., 1999, Wainwright and Jordan, 2008, Blei et al., 2017| to Bayesian inverse problems
[Tarantola, 2015, Kaipo and Somersalo, 2006, Calvetti and Somersalo, 2007, Stuart, 2010,
Sanz-Alonso et al., 2023|, where computational approaches are often based on MAP estima-
tion |Kaipo and Somersalo, 2006], Monte Carlo and measure transport sampling |Liu, 2008,
Agapiou et al., 2017, Marzouk et al., 2016, or iterative Kalman methods [Chada et al., 2021].
Some recent works that have investigated the use of variational inference for inverse problems
include [Maestrini et al., 2021, Tonolini et al., 2020|. Variational inference has a comparable
computational cost to MAP estimation, but has two main advantages: (i) it can provide
uncertainty quantification, and (ii) it lends itself naturally to conduct model selection. In
addition, the variational distribution can be used as a proposal mechanism for Monte Carlo
sampling algorithms. A simple but popular alternate way to probe the posterior is to find
its Laplace approximation, namely the Gaussian centered at the MAP whose covariance is
given by the inverse Hessian of the negative log-posterior density. The Kullback-Leibler
accuracy of Laplace approximations was investigated in [Dehaene, 2017] and the Hellinger
accuracy in inverse problems with small noise was established in [Schillings et al., 2020].

However, Laplace approximations can be ineffective in large-noise or small-data regimes,
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where the posterior may not be well approximated by a Gaussian measure. In addition,
computing the inverse Hessian can be prohibitively expensive in high dimensional nonlin-
ear inverse problems. Monte Carlo methods can provide accurate posterior inference while
variational inference is based on an approximation to the posterior; however, Monte Carlo
methods often require a large number of samples and hence a large number of forward model
evaluations, which can be costly. In addition, tuning Monte Carlo methods and assessing
their convergence can be challenging. For hierarchical Bayesian models, the Gibbs sampler
alleviates the need of tuning [Damlen et al., 1999, but the chain may still converge slowly
for highly anisotropic target densities [Agapiou et al., 2014, Roberts and Sahu, 1997].

As mentioned above, we will consider a hierarchical Bayesian model with gamma hyper-
priors introduced and analyzed in [Calvetti et al., 2020b, 2019b, 2020a, 2019a, 2015]. The
paper [Calvetti et al., 2020b| investigates generalized gamma hyperpriors and [Calvetti et al.,
2020a] discusses hybrid solvers for MAP estimation that can improve on IAS. The hierarchi-
cal model and TAS algorithm have been shown to be successful in realistic inverse problems
including brain activity mapping from MEG [Calvetti et al., 2015, 2019a]. These papers
also emphasize the flexibility of the model and its ability to provide useful regularization
for sparse signals [Calvetti et al., 2019b, 2020b,a|. As described in [Calvetti et al., 2019b],
the TAS algorithm is inspired by classical iterative reweighted least squares |Green, 1984]
and related work [Gorodnitsky and Rao, 1997, Daubechies et al., 2010] on signal processing
with emphasis on sparsity. Sparsity-promoting algorithms and models are key in statistics
applications |[Tibshirani, 1996, Carvalho et al., 2009|. Our hierarchical approach is closely
related to empirical Bayes statistical methods [Robbins, 1992] and to bilevel and data-driven
methods for inverse problems [Bard, 2013, Arridge et al., 2019].

In a similar spirit as [AS, there is a vast literature on sparsity-promoting priors. These
priors typically yield log-posterior densities containing LP-regularization terms with p € (0, 1]

[Park and Casella, 2008, Polson et al., 2014|. A variational approximation to the posterior
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under such sparsity-promoting priors is given in [Armagan, 2009]. Alternatively, [Carvalho
et al., 2010| proposed a standard half-Cauchy prior on positive reals for standard deviations
of u, which were assumed to follow a conditional Gaussian prior centered at zero. A recent
work that utilizes a variational inference technique under the same conditional Gaussian
prior but with scale-mixtures of generalized inverse Gaussians can be found in [Law and
Zankin, 2022|. Also popular are spike and slab priors, defined by a mixture distribution with

a Dirac mass at zero and a continuous distribution, see e.g. [Rockova and George, 2018|.

2.1.2 Qutline and Main Contributions

e Section 2.2 formalizes the problem of interest and reviews the hierarchical model with

gamma hyperpriors.

e Section 2.3 describes the IAS algorithm. Building on previous work on IAS [Calvetti
et al., 2019b|, we derive and show the convergence of an iterative Laplace approximation

to the posterior, used in Section 2.5 for numerical comparisons with our proposed VIAS.

e Section 2.4 introduces the novel VIAS and discusses its convergence. We will give all

necessary background on variational inference.

e Section 2.5 demonstrates the accuracy of VIAS and its ability to provide meaningful
uncertainty quantification in four computed examples. These examples include a de-
convolution problem from [Calvetti et al., 2020b] and a new application of TAS and
VIAS for data-driven sparse identification of dynamical systems [Brunton et al., 2016|
from time series data. We also introduce and show the effectiveness of a model selec-
tion approach for the choice of hyperparameters. The Python code to reproduce our

numerical results can be found at https://github.com/Hwanwoo-Kim /VIAS.

e We close in Section 2.6 with some research directions that stem from this work.
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Notation For matrix P, we write P > 0 if P is positive definite. For P > 0, we denote
by || - H%D .= |P~1/2. |2 the squared Mahalanobis norm induced by the matrix P, where | - |

denotes the Euclidean norm.

2.2 Hierarchical Bayesian Model

In this section, we formalize the inverse problem of interest and the hierarchical model with
gamma hyperpriors. We consider the following linear discrete inverse problem of recovering

an unknown u from data y related by
y=Au+n, (2.3)

where A € R™*% is a given, possibly ill-conditioned, matrix and typically d > n. We assume
that the noise term 7 is Gaussian distributed n ~ (0,T") with given I' > 0. Following [Calvetti
et al., 2020b, 2019b, 2020a, 2019a, 2015, we adopt the following hierarchical Bayesian model,

where the prior on u is conditionally Gaussian given a prior variance vector 6 € RY:

y|lu~ (Au,T),
ul 6~ (0, Dy), Dy = diag(6), (2.4)
0; ~ Gamma(q;, 3), 1<i<d.
Here «; and 8 denote the shape and rate parameters, respectively. Our aim is to estimate z :=
(u, @) given the observed data y. In the Bayesian approach to inverse problems [Kaipo and

Somersalo, 2006, Stuart, 2010, Sanz-Alonso et al., 2023|, inference is based on the posterior

distribution which, for the hierarchical model (2.4), takes the form

p(u,0y) =2

(y | u,0)p(u|0)p(0)
)

oy o exp(—J(u,0)), (2.5)
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where (a)

N
- ™~

1 1 0; 0;
S0) = gl — Aulp + S, + S [ % - (- ) 1w ] 2o

-

(0)
Here (a) and (b) identify the two objectives that will be minimized iteratively by IAS. The
a;’s act as scale parameters that control the expected size of 6;, and, as a result, u? [Calvetti
et al., 2020b|. They can be chosen automatically using the signal to noise ratio and expected
cardinality of the support |Calvetti et al., 2019b]. Previous work [Calvetti et al., 2020Db]
has analyzed a whitening of the problem, setting all ; = 1, which simply amounts to a
change of coordinates. In contrast, in our variational algorithm we will not perform such
whitening, and the «;’s will determine the degree of shrinkage towards zero off the support
of the unknown. For simplicity, we assume «; = « for all i = 1,...,d, indicating a uniform
shrinkage effect towards zero. The hyperparameter 3 controls how sharply J(u, @) penalizes
non-sparse inputs for small but non-zero values off the support. In the limit as 5 converges
to 3/2, the MAP estimator given by the minimizer of J(u, ) converges to the solution to an
L' penalized problem [Calvetti et al., 2019b]. We refer to [Calvetti et al., 2015| for further
background and motivation on the use of hierarchical gamma hyperpriors in Bayesian inverse

problems which, contrary to common practice in statistics, do not lead to a conjugate model.

2.3 MAP Estimation and Laplace Approximation

This section is organized as follows. Subsection 2.3.1 overviews the IAS algorithm for MAP
estimation and introduces an iterative Laplace approximation method. Subsection 2.3.2
reviews a convergence result for the TAS algorithm, from which we deduce convergence of

the iterative Laplace approximation method.
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2.3.1 The Iterative Alternating Scheme and Laplace Approximation

The MAP estimate of z = (u, 0) is, by definition, the maximizer of the posterior p(z |y) or,
equivalently, the minimizer of J(z). The papers [Calvetti et al., 2020b, 2019b, 2020a, 2019a,
2015] proposed, analyzed, and implemented an Iterative Alternating Scheme (IAS) for MAP
estimation in a variety of inverse problems. The TAS consists of two separate minimization

steps:
1. Initialize 60, k = 0.
2. Iterate until convergence:

(i) Update uF*1 = arg miny, J(u, 6%).
(i) Update #**t1 = argming J(u**1,6).
(iii) & — k+ 1.

Let 2% := (uF,0%). Clearly J(2*) is monotonically decreasing in k. Under suitable assumptions
on the hyperparameters, to be made precise in Proposition 2.3.2 below, J is convex and IAS
converges to the global minimizer of J. In other words, P convereges to the MAP estimator.
In addition to this convergence guarantee, the IAS algorithm is simple to implement because
of the structure of the energy functional J. Indeed, in step (i) only the u-dependent part (a)
in (2.6) needs to be considered, and in step (ii) only the -dependent part (b) is needed. This

results in straightforward implementation of both steps, as we describe next.
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Updating u

The update of the u component boils down to solving a standard linear least-squares problem,

which admits a closed form solution

. _ 1 2 1,9
argminJ(u, ) = argmin o {ly — Aul|f + 5 [[ull, (2.7)

= (AT A+ D, tATT Ly,

In practice, when the dimension d of the unknown is much larger than the dimension n of
the data, this linear least-squares problem can be effectively solved using conjugate gradient
together with an early stopping based on Morozov’s discrepancy principle. This approach
has been applied in [Calvetti et al., 2020b, 2019b, 2020a, 2019a, 2015], and further analyzed
in |Calvetti et al., 2018]. In such underdetermined problems, inverting in d-dimensional
space can also be avoided using the Sherman-Morrison-Woodbury lemma, which gives the

following equivalent Kalman-type update
arg min J(u,0) = Gy, G := DyAT (ADgAT +T)71, (2.8)
u

where the matrix G is called the Kalman gain.

Note that (2.7) can be rewritten as

d 92
ZUi

0’
i=1 ¢

DN | —

: 1 2
arngnJ(u, 0) = arg min §||y — Aul|lt +

which shows that Dy controls the sparsity of the solution u, with smaller 6; leading to
more shrinkage of u; towards zero. Therefore, in the hierarchical Bayesian model setup, the
variance parameter € not only determines the variation of the parameter u but also the level

of sparsity of .
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Algorithm 2.3.1 Iterative Alternating Scheme (IAS)
1: Input: Data y, matrix A. Prior hyperparameters: «, (.
2: Initialize 69, k = 0.
3: For k =0,1,... until convergence do:

(i) Set Dy = diag(#"*) and update

(ii) Update

32 k+1y2 -
9§+1:a<§+ %jL%), G=p8-3/2.

4: end for
5. OQutput:  Approximation to the MAP estimator (uk+1,6’k+1) ~

argmax p(z|y).

Updating 6

As shown in |Calvetti et al., 2019b], the update of the #-component part (b) in (2.6) can be
obtained by direct computation of a critical point of J(z) as follows
B P

argmeinJ(u,G) = a(—+ —+

2 1 2a)’ B=5-3/2

A pseudo-code for the TAS algorithm is given in Algorithm 2.3.1.

Remark 2.3.1. A variety of stopping rules have been considered. For instance, the relative
change in u (or u and #) being below some threshold. As an alternative, the decrease in the
two terms (a) and (b) in (2.6) can be monitored to direct stopping. We note again that the
u update in step (i) can be implemented using conjugate gradient together with a stopping

criteria given by Morozov’s discrepancy principle.
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IAS Laplace Approximation

Here we show that the TAS iterates can be used to obtain a Laplace approximation to the
posterior. Recall that the Laplace approximation ¢p(2) = (zpp, Crp) to the posterior p(z|y)
is the Gaussian distribution whose mean z;; is the MAP estimator and whose precision C’L_Pl

is the Hessian of the objective J(z) evaluated at z.p, that is,
Zup = arg mZinJ(z), Cl = VVI(z). (2.9)

Thus, the sequence ¥ = (u¥, 6%) can be used to approximate g, (z) by the Gaussian ¢, (z) =

(zF..CE ), where

LP>

k= (ko) cfpz(vw(zfp)) . (2.10)

P

Partitioning the Hessian H(z) = VVJ(z) into four blocks of size d x d gives

Hyu(z) Hyp(z
i — @) )]

Hg,(2) Hgg(2)
with
Huu(z) = ATT7TA + diag(1/6),

Hyg(z) = —diag(u/6%),

Hyy(z) = diag(u?/0° + 5/6%),

where multiplication and division operations are defined in element-wise. This explicit char-
acterization of the Hessian, together with Algorithm 2.3.1 and (2.10) yield an iterative

Laplace approximation method.
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2.3.2  Convergence of IAS and Laplace Approximation

The following result was proved in [Calvetti et al., 2015].

Proposition 2.3.2. For > 3/2 and a; = o > 0 for all 1 < i < d, the energy functional
(2.6) defined over Rdei is strictly convez, thus has a unique global minimizer z* = (u*, 6*).

The IAS algorithm produces a sequence 2F = (uk', Hk') that converges to the global minimizer.

The convergence analysis of IAS was further developed in [Calvetti et al., 2019b|, where
rates of convergence were established. As a consequence of Proposition 2.3.2 we have the

following corollary:

Corollary 2.3.3. For § > 3/2 the IAS Laplace approzimation ¢~ (z) = (2F,,CE) given by

(2.10) converges weakly to the Laplace approximation q.p(z) = (zup, CLp) given by (2.9).

Proof. Weak convergence of Gaussians is equivalent to convergence of their means and co-
variances |Bogachev, 1998|. The result follows from Proposition 2.3.2 and continuity of the

Hessian. ]

2.4 Variational Inference

In this section, we introduce our variational approach for posterior approximation. We
provide the necessary background on variational inference in Subsection 2.4.1. The main
algorithm is described in Subsection 2.4.2, and convergence guarantees are discussed in

Subsection 2.4.3. Our presentation is parallel to that of the previous section.

2.4.1 Background and Mean-field Assumption

Variational inference is a popular technique [Bishop, 2006, Jordan et al., 1999, Wainwright
and Jordan, 2008, Blei et al., 2017, Garcia Trillos and Sanz-Alonso, 2020| for approximat-

ing the posterior distribution p(z|y) of some unknown parameter z given data y. We will
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be concerned with approximating the posterior p(z |y) given by (2.5) with z = (u,6). The
goal of variational inference is to find an approximating distribution ¢*(z) which is close to
the posterior, but tractable. Then, approximate Bayesian inference can be performed using
q*(z) rather than p(z|y). The approximating distribution ¢*(z) is defined as the (numer-
ical) solution to an optimization problem. Precisely, one specifies a family D of tractable

distributions and sets

¢"(2) = arg min dg, (a(2)llp(z ). (2.11)
qe

The above minimization can be reformulated as maximizing the evidence lower-bound (ELBO)

given by:

ELBO(q) := Eq [log p(z,y)] — Eq [log ¢(2)] (2.12)
=log p(y) — dr.(¢(2)|Ip(2 | )) (2.13)
= Eq[logp(y | 2)] — diw (¢(2)[Ip(2)). (2.14)

Note from Equation (2.12) that ELBO(q) can be evaluated without computing the evidence
p(y), which is often intractable. Since the Kullback-Leibler divergence is non-negative, Equa-
tion (2.13) shows that ELBO(g) indeed provides a lower-bound on the log-evidence. This
property can be used for model selection, since larger ELBO indicates a higher probability
of the data being generated by a particular model. Finally, Equation (2.14) shows that
the optimal ¢*(z) finds a compromise between maximizing the expected log-likelihood and
minimizing the Kullback-Leibler divergence to the prior p(z).

For reasons discussed below, we will choose the variational family to be

D= {a(=) : a(w,0) = a(w)a(0), q(6) = qui)}. (2.15)

This mean-field family is a popular choice in variational inference because it enables effi-
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cient numerical optimization of the ELBO using the coordinate ascent variational inference
(CAVI) algorithm [Bishop, 2006]. Note, however, that under the mean-field approximation
the variational distribution is unable to capture the dependence structure between u and
f. This is not an assumption on the data model, but rather is implied by the choice of the
variational family D. More flexible variational families and methods may be considered,
including structured variational inference [Saul and Jordan, 1995, Barber and Wiegerinck,
1998]. However, the resulting optimization problems do not admit the closed form updates
of our proposed approach, and the loss in computational efficiency may not be justified in
view of the successful reconstructions achieved in Section 2.5. Another potential weakness
of variational inference is that it may underestimate the marginal posterior variance. In
fact, our results in Section 2.5 indicate a slight underestimation, which may be potentially
alleviated using the ideas in |Giordano et al., 2015]. In the next subsection, we derive a
CAVTI algorithm for the hierarchical Bayesian model (2.4). We shall see that this variational

algorithm shares the ease of implementation of the TAS algorithm.

2.4.2  The Variational Iterative Alternating Scheme (VIAS)

The variational distribution ¢*(z) is, by definition, the closest distribution in D to the pos-
terior p(z|y), where closeness is quantified using the Kullback-Leibler divergence. Equiva-
lently, ¢*(2) is the distribution that maximizes the ELBO in D. Here we propose and analyze
a variational iterative alternating scheme (VIAS) to maximize the ELBO, consisting of the

following two separate maximization steps:
1. Initialize ¢°(u), k = 0.
2. Iterate until convergence:

(i) Update ¢"1(9) = arg max,g) ELBO (qk(u)q(ﬁ))

(ii) Update ¢"t1(u) = arg max,(,) ELBO (q(u)qk+1(9)).
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(iii) k — k+ 1.

Note that the structure of VIAS is identical to that of IAS, replacing the energy J(z) over
unknown u and parameters  with the energy ELBO(g(z)) over their joint distribution. Let
¢*(2) == ¢"(u)¢"(0). By construction, ELBO(¢¥(z)) is monotonically increasing with k. In
other words, the Kullback-Leibler divergence between qk (z) and the posterior decreases
monotonically.

VIAS also shares with IAS its ease of implementation. The following well-known result

[Bishop, 2006| gives a characterization for the maximizing distributions in steps (i) and (ii).

Proposition 2.4.1 (Optimization of ELBO in Mean-field Variational Inference). It holds

that
arg I;l(?;))( ELBO(q(u)q(8)) o exp <Eq(9) [log p(y, z)]), (2.16)
arg r;(aé?c ELBO(q(u)q(f)) o exp (Eq(u) [log p(v, z)]) (2.17)

We next describe how these characterizations, which are a consequence of the mean-field
assumption, imply that the maximizing distributions ¢(u) and ¢(@) in steps (i) and (ii) belong
to certain parametric families. Precisely, we shall see in Subsection 2.4.2 that (2.16) implies
that ¢(u) = N(m,C) and in Subsection 2.4.2 that (2.17) implies that ¢(6;) = GIG(b,r;, s),
where GIG denotes the generalized inverse Gaussian distribution. These considerations will
reduce the implementation of steps (i) and (ii) to an explicit recursion in the variational
parameters.

Before delving into the derivations, we recall for convenience, and later reference, that a

random variable §; ~ GIG(b, r;, s) has probability density function

b/ri)2 L bgir b
Q<91|b77q273):%9‘; 1@ (bez+ 1/01)/27 (218)
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where K¢ denotes the modified Bessel function of the second kind. Moreover, the following

identities hold

Kyo1(Vrib)
K, (\/rib)

m - (ri/b) = (By () 16:))%,

Eq ) [1/0i] = %\/\:Trb?)b) Vb/ri

Eq ) 10i] = ri/b,

Vo lbi] =

(2.19)

where V denotes the variance. The first and second identities can be used to compute credible

intervals with the variational distribution, while the third identity will be used to derive the

update for ¢(@). For further properties of the generalized inverse Gaussian distribution, we

refer to [Lemonte and Cordeiro, 2011].

Updating q(u)

To derive the update for g(u), we use (2.16). Note that

log q(u) o< Ey(g) [log p(y, u, 0)]

o E,g) [log p(y | u) + log p(u | 6) + log p(6)]

1 9 1 u%
xByp) | =5llAu =yl - 53 5
1
1 1
x —§|\Au—yu% - §uTLu,

where L = diag (Eq(9> 1/ 0]) This implies that ¢(u) is Gaussian with mean m and covariance

C given by

m=(ATT A+ 1)71ATr Yy,

C=A"T7tA+L0)" 1
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The expectations IE [1 /6;] in the diagonal of L can be obtained analytically using the fact
(derived in the next subsection) that ¢(6;) = GIG(b, r;, s), together with the third identity
n (2.19). Similar to IAS, the sparsity of the VIAS estimate of the parameter u is controlled
by the regularization coefficient matrix L. The larger the diagonal component of L is, the

smaller the corresponding component of m will be.

Updating ¢(0)
To update ¢(0) = ngl q(0;), we use independence and (2.17) to obtain updates for each

q(0;). Note that

log q(0;) o< By, [log ply | u) +log p(u | 8) + log p(8)]
~log / — L

x <a — g) log 6, — B6; — (m +sz> ,

x logp(0;) + E

where oc denotes equality up to an additive constant which does not depend on 6;. In the

last displayed line, we used that E [uﬂ = m? + Cy; for q(u) = (m,C). Recalling (2.18),

this implies that ¢(6;) = GIG(b, r;, s) where b =28, s = a — 0.5 and r; = m? + Ci;.
Together, the update rule for ¢(u) given ¢(6), and ¢(6) given q(u), specify the VIAS. A

pseudo-code for VIAS is given in Algorithm 2.4.1.

Remark 2.4.2. Using the Woodbury matrix identity, the Kalman-type expression in (2.8)
can also be used to obtain VIAS updates for m and C without computing high dimensional

matrix inversions

mftl =qgy,  G:= L—lAT(AL—lAT +1) !

CkHl = (1 - GA)L™
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Algorithm 2.4.1 Variational Iterative Alternating Scheme (VIAS)

1: Input: Data y, matrix A. Prior hyperparameters: «, (.
2. Initialize: m9, C0 k = 0. Set b =283, s = a — 0.5.
3: For k =0,1,... until convergence do:

(i) Update rf“Ll = (mf)2 + C’fl- foreach i =1,...,d.

(i) Set
K q ( rf"ﬂb) 2
L = diag(¥), l; = 4 =T (2.20)
K ( Tk+1b) T,L-+
S\V'i
and update
mFt = (ATT A+ L) tATr Yy,
Cvk-l-l _ (ATF—IA + L)_l.
4: end for
5: Output: Variational approximation p(z|y) ~ ¢"t1(2) = ¢"H1(u)gF 1),
where

¢ u) = (mFH ORY R L(g;) = GIG(b, rE T ).
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The update for m could also be implemented using conjugate gradient for least squares and

an early stopping condition.

Remark 2.4.3. The ELBO can be computed at each iteration, and the relative change in
the ELBO can be used as a stopping criteria, since this algorithm maximizes the ELBO. The
relative change in the variational parameters along VIAS iterates could also be monitored

to determine stopping. O

Variational Parameters and VIAS

On deriving the CAVI updates, we obtain that ¢(u) = (m,C) and ¢(6;) = GIG(b,r;, s), for
1=1,...,d. The parameters m, C, b, {ri}?zl, and s are known as the variational parameters.

The parameters m and C' are of the greatest interest to us, since they will determine the
prediction of the unknown quantity of interest u. While m gives the approximate posterior
mean, C' will allow us to obtain credible intervals on the prediction, and to understand the
correlation between different components of u.

In the distribution of @, the values of the parameters b and s are directly related to the
hyperparameters describing the prior gamma distribution: b = 28,s = a — 0.5. Thus, the
choice of hyperparameters directly affects the variational posterior. Note that each diagonal
component of the matrix L in (2.20) will be large if b or 8 are large. On the other hand,
each diagonal element is a decreasing function in s € (—0.5,0.5) and therefore in a € (0, 1).
As a consequence, if one expects sparse structure in the true parameter u, choosing a small
a value with a moderately large S value would lead to adequate shrinkage. Each diagonal
component of the matrix L diverges to infinity as 3 increases. So, to avoid shrinking each
component of the parameter estimate too close to zero, one should not use extremely large
B value. The mean of the prior o/ should be chosen to be close to the expected size of
the unknown 0, if prior information on this size is available. In addition to these heuris-

tics, we will illustrate in Section 2.5 how the hyperparameters can be learned by a simple
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model selection procedure. Our numerical experiments show that the reconstructions are
not sensitive to perturbation of the model hyperparameters, but that obtaining appropriate
ballpark values for the hyperparameters through model selection can substantially improve
the reconstruction.

All the information about the variational distribution is stored in the five parameters;
two of them are fixed, and the other three are interdependent. The CAVT algorithm updates

these three parameters iteratively as follows:

e Keeping m and C constant, update each r; with the formula:
2 g
ri =m; + Cjy;.

e Keeping r constant, update m and C:

C=(ATT YA+ L)~ with L; = E[el] ,
1

m= (AT A+ 1)71ATT 1y,

2.4.83 Convergence and Initialization of VIAS

The ELBO in (2.16) and (2.17) can now be written as a function of the variational parameters
rather than the variational distribution, i.e., ELBO(q(u)q(G)): ELBO(m, C,r). Then, the

CAVI updates can be rewritten

arg max ELBO (q(u)q(@)) = arg max ELBO (m, C, 7“) ,

q(0)
arg m(ao)( ELBO (q(u)q(@)) = arg max ELBO (m, C, 7").
q(u m,

As the parameters updated through VIAS are m, C and r, we will ignore terms in the ELBO

that do not depend on them. We will still denote the remaining expression as ELBO(m, C, ).
32



A straightforward calculation shows that

ELBO(m, C,7) = —%(tr(r%AC(r%A)T) + | Am — y|f ~ log detC)

+i <log2K5 (\/@) . glog b> .

‘ T3
=1 v

The following result, which follows from Theorem 2.2 of [Bezdek et al., 1987], shows local

convergence of VIAS.

Proposition 2.4.4. Suppose that ELBO(m,C,r) has a local mazimum at (m*,C* r*) and
that the Hessian of ELBO(m, C,r) is negative definite at (m*, C*,r*). Then there is a neigh-
borhood U of (m*,C*,1*) such that, for any initialization (m°,C°,r0) € U, VIAS converges

to (m*,C*,r*).

Unfortunately, the convergence to the global maximum of ELBO(m,C,r) is not guar-
anteed. This is because the function ELBO(m, C,r) can have multiple local maxima. We
illustrate this phenomenon in the univariate case u € R, where y = Au +n, n ~ (0, ).

Denoting C' = ¢ € (0,00) and setting b = 1, we then have

ATA 1
ELBO(m,c,1) = —T(m2 +e)+mlAly+ 3 logc + glogr +log (2Ks(v7)) . (2.21)

VIAS maximizes (2.21) along the manifold M given by

M = {(m,c,r)| m= cATy, r= (ATy)202 + c}.

Denoting y4 := A"y, the expression (2.21) on this manifold becomes

ATA 1 5
) (c+ yic2) + yic + 3 log ¢ + 3 log <y?402 + c) + log <2K5 (\ /yic2 + c)) . (2.22)

33




ATA=1, y,=3,5 = -0.49 ATA=2, ya=4, s = -0.499 ATA=5, y,=10, s = -0.499
0.930

0.905

=
=
&
&
=
=y
=
s
=
)
5

=
en
B
b
o
e
=S

=
=
)

=

=

=

= =

= en

& B

& =
=
I
)

0910

Univariate ELBO Value
Univariate ELBO Value
Univariate ELBO Value

0815 0.880

0905

0000 0002 0004 0.006 0008 no10 0.000 0.002 0004 0.006 0008 0010 0.0000 00002 00004 0.0006 0.0008 0.0010
C C C

ATA=1, y,=3,5=-0.49 ATA=2, y,=4, 5 = -0.499 ATA=5, y,=10, s = -0.499

=100

-125

Univariate ELBO value
Univariate ELBO Value
HoE bW oL b o L
Univariate ELBO value
&

=150

00 02 04 06 08 10 a0 02 04 0% 08 10 a0 02 04 06 08 10
c c c

Figure 2.1: Top row: plots of (2.22) near zero. Bottom row: plots of (2.22) for [0,1].

To gain a better understanding of the ELBO(m, ¢, ) on the manifold M, we provide plots
of (2.22) with n = 50 for the following three cases: 1) ATA = 1,y4 = 3,5 = —0.49; 2)
ATA=2yy=4s=—-0499; and 3) ATA =5y, = 10, s = —0.499. Figure 2.1 shows that
there are multiple local maxima, which suggests that the initialization of VIAS can have
an effect on the final point of convergence. The plots in Figure 2.1 indicate that, in each
case, the global maximizer is the local maximizer farthest away from zero. For this reason,
we recommend initializing VIAS with a covariance CY - Mg, with A > 0 far away from
zero. In addition, we expect |y4| to be large when the noise level is high. In such a case the
global maximum of (2.22) will be far from the origin, as seen in Figure 2.2, which further
justifies the suggested initialization. From the perspective of quantifying uncertainties in wu,
initializing at a large covariance ensures convergence of the VIAS iterates C¥ to a matrix C
that gives conservative credible intervals for the reconstruction.

In Section 2.5, we introduce hyperparameter tuning based on the ELBO values. Typ-

ically, the calibrated s values were near -0.5. Accordingly, we have characterized a region
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Figure 2.2: Plots of (2.22) for ya = 2,3,4 with ATA =1,5 = —0.49.

of (|yal, AT A) values where the ELBO has more than one local maximum for s = —0.499.
We used a grid-search to find a local maximum with a mesh step size of 1077 ranging from
zero to one. Multiple local maxima occurred in the beige-colored region in Figure 2.3. In
the case where multiple local maxima exist, we observed that the global maximum is the
farthest away from zero. For smaller s values, i.e., closer to -0.5, which would promote sparse
structure in the VIAS estimate, we observed a similar pattern to the one in the left plot of
Figure 2.3.

To assess if data realizations that give multiple local maxima are likely to occur, we ran
an empirical study to estimate P(|y4| > k) for k € {0,...,10}. To do so, we first sampled 6
from the gamma distribution with shape parameter 0.001 and rate parameter 1. In addition,
each component of the vector A satisfying the prespecified AT A value was obtained from
a uniform distribution. Next we generated a scalar u from the Gaussian distribution with
mean zero and variance ¢. Then we randomly sampled y = Au + 7, where n ~ N(0, I,) for
10% times and obtained the proportion of times when the event {|y4| > k} occurs. From
Figure 2.3, we can observe that such an event can occur with a zero probability.

In all our experiments, the global maximum of the ELBO was the local maximum farthest
away from zero. Based on such experiments and on the computed examples in the next
section, we believe VIAS is very likely to converge to the global maximum of the ELBO in

most practical applications, as long as it is initialized as suggested above.
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Figure 2.3: Common parameter: s = —0.499. Left: heat map of the number of local
maxima of the ELBO (black: one maximum, beige: more than one maxima). Right:
heat map of the approximated P(|ya| > k). Together, the two plots show that it is
unlikely to observe data that gives an ELBO with more than two local maxima.

2.5 Computed Examples

In this section, we report the performance of VIAS in four computed examples, assessing its
accuracy and its ability to provide meaningful uncertainty quantification. We also explore
how to exploit the variational inference framework to guide the choice of model hyperpa-

rameters.

2.5.1 Truth and Data from Hierarchical Model

We first apply VIAS to data generated from the hierarchical model (2.4). This serves to
illustrate the role of the hyperparameters in the hierarchical model, and also the application
of our proposed variational inference technique. We compare the accuracy of point estimates
constructed with VIAS and IAS, as well as the uncertainty quantification given by VIAS
and the iterative Laplace approximation in Section 2.3. Finally, we show how the ELBO can
be used to select the model hyperparameters, and we demonstrate that the accuracy of the
reconstruction obtained with this model selection approach is comparable to the accuracy

achieved using the true hyperparameters.
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Figure 2.4: First row: synthetic truth and data (Subsection 2.5.1). Second row:
computed results with VIAS and IAS. The VIAS 95% credible intervals are shorter
while providing suitable coverage.

Setting

We sample 6; values from a gamma distribution with o = 0.005, 5 = 0.05 (mean 0.1 and
variance 2). Conditional on these 6; values, we generate the synthetic truth u € RY by
sampling independently u; ~ (0,6;). The data y € R" is generated by y = Au + 7, where
A € R"4 i randomly generated with each entry being uniformly distributed between 0 and
1. We choose d = 200 and n = 50 so that the problem is severely underdetermined. The
error term 7 is sampled from a normal distribution (0,7?I5g), where ~ is chosen to be 5%
of the max-norm of Au. Figure 2.4 shows the generated synthetic truth v and data y. The

R2OO

generated u € is very sparse with only 4 distinctly large components of varying sizes.
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Numerical Results with True Hyperparameters

Here we report numerical results for VIAS and TAS. For VIAS, we set hyperparameters o and
[ to be exactly those used to generate the data, namely o = 0.005, 5 = 0.05. This determines
the choice of variational parameters s = —0.495 and b = 0.1. For IAS, as we expect sparse
structure in the parameter of interest on a unit scale, we set the parameter a = 1 with
3 = 0.00001. Figure 2.4 displays the results for VIAS and IAS. For the initializations, we
set both 9, m? € R200 o be the all-ones vector, and CV e R200%200 ¢4 he the identity
matrix. Both algorithms yielded successful reconstruction of u. The credible intervals for
the VIAS estimates are significantly shorter than the intervals from the IAS using Laplace
approximation. The implication is that IAS may not give sufficient shrinkage off the support,
while VIAS may underestimate the uncertainty in the reconstruction. Reducing the total
number of VIAS iterations alleviates the underestimation of uncertainty but leads to less
accurate reconstructions. To quantify the accuracy of these credible intervals, we conduct
repeated simulations fixing the matrix A and synthetic truth u, while resampling the error
term 7 to generate different y values. On conducting 1000 such simulations and generating
200 credible intervals for each component of u, we observe that the 95% credible interval
for the components of u covers the true values 96.06% of the time for VIAS with the true
hyperparameters, and 98.67% for IAS. Thus, VIAS maintains similar accuracy to IAS with
much narrower credible intervals.

The left and the middle plots in Figure 2.5 show the convergence of VIAS using the true
hyperparameters. The ELBO value stabilizes after 100-200 iterations. We also illustrate
the decay of the relative change in max-norm of the variational parameters along the VIAS
iterations, which can be seen in the middle plot. The number of iterations that IAS needs

to stabilize is significantly lower, of the order of 10.
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Numerical Results with Model Selection

In this subsection, we investigate the learning of the hyperparameters «, 8. For this purpose,
we use the ELBO as a model selection tool, choosing the hyperparameters which maximize
the ELBO. Since the ELBO is a lower bound for the marginal probability of the data, larger
ELBO values suggest a better fit to the data. In practice, we obtained ELBO values after 300
iterations of VIAS for each choice of (a, ) values in a two-dimensional grid. The choice of
(cv, ) value which led to the maximal ELBO value was used as our hyperparameter values.

One would expect the hyperparameters which maximize the ELBO to be close to the
true model hyperparameters. However, on conducting the model selection, we find that
this is not the case. The hyperparameters found using model selection are @ = 0.001 and
B = 1623, whose corresponding ELBO value after 1000 iterations was roughly around 3899,
a significantly larger value than the ELBO with the true hyperparameters, which is 3243,
which can be seen in Figure 2.5. Despite this large difference in the hyperparameters and the
ELBO, the resulting reconstructions are similar, as displayed in Figure 2.4. Relative to the
results obtained with the true parameters, the ELBO-selected model slightly underestimates
the signal due to overshrinkage induced by using large  value, see Figure 2.4. On conducting
repeated simulations in the manner mentioned previously, the 95% credible intervals for
this ELBO-selected model contain the true values around 91-92% of the time. The model
selected by maximizing the ELBO provides credible intervals with good accuracy. If no prior
knowledge on hyperparemeters o and 3 is available, we propose calibrating hyperparameters
based on the ELBO as a way to suitably balance between shrinkage and estimation of

parameters.

2.5.2  Fized Sparse Truth

In this second example, we consider a fixed truth which is less sparse than the one in the
previous example. Moreover, the truth is chosen rather than sampled generatively. The
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Figure 2.5: Convergence of the ELBO and the variational parameters along VIAS
iterates, with truth and data generated from the hierarchical model (Subsection 2.5.1).

model hyperparameters o and 3 are chosen according to the model selection procedure to

maximize the ELBO, which gave a = 0.0001 and 5 = 33.59.

Setting

We generate a random matrix A € R9*190 with each entry drawn uniformly between 0
and 1. The to-be-reconstructed parameter v € R0 is chosen so that only 10 components
are non-zero, see Figure 2.6. The data y is generated by multiplying A with v and adding
a randomly sampled Gaussian with standard deviation taken as 2% of the max-norm of
Au. As in the previous example, we set both 60, m0 € R0 t6 be the all-ones vector, and

CY e R100X100 ¢4 he the identity matrix.

Numerical Results

Figure 2.6 shows the VIAS results and a comparison to other techniques. The VIAS predic-
tions are close to the true values and even when the prediction was not accurate, credible
intervals successfully captured true values. Compared to IAS, VIAS point estimates are much
closer to the true values. The IAS reconstruction is less sparse than the VIAS reconstruction
and typically underestimates the non-zero components of the signal. We have also obtained

LASSO estimates with tuning parameter calibration based on cross validation (CV), Akaike
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Figure 2.6: Fixed sparse truth (Subsection 2.5.2). VIAS reconstruction and credible

intervals (left). Comparison with IAS and LASSO with cross validation (right).
information criterion, and Bayesian information criterion using Python’s LassoLarsIC and
LassoLarsCV functions. We only report in Figure 2.6 the result based on CV, which was
the most accurate. From Figure 2.6, we can observe that the VIAS estimate was superior
to TAS and LASSO in terms of estimating zero components of the parameter, while also

maintaining a good accuracy in non-zero components.

2.5.3 Deconvolution

In this example, we consider the 1D deconvolution problem in [Calvetti et al., 2020b|, where
the goal is to reconstruct a piecewise constant signal convolved with an Airy kernel. We com-
pare the results obtained with TAS and VIAS. We demonstrate the high accuracy achieved by
VIAS with ELBO-selected model hyperparameters and show that the VIAS signal covariance

provides meaningful uncertainty quantification on the reconstruction.

Setting

Let f:[0,1] — R be a piecewise constant function with f(0) = 0. The data y is generated

by the following convolution:

1 i i

41



Synthetic truth v Generated data y Sparse transformation u=B8"v

12 20 g
0,025 Rt 06
b .
10 . "
04
0.020 . .
. 02
08 . B -
0.015 . . o 00
0.6 . PR
¢ . . -02
0.010 s . . .
0.4 . . . o4
s il .
02 0.005 X . 06
’ K 0.8
00 0000 & A
00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10
VIAS results for v Comparision with IAS VIAS results for u
Truth — VIAS 0.75 T Truth
12 12 T
— VIAS — IS 1 T vias
95% CI ¥
10 N 10 050 1 '
+
08 0.8 025 L B
06 06 T m——————————————
04 04 0.5
02 02 050 T T
00 00 -0.75 t i
T T T T T T T T T T T T -1.00 T T T _ T T _ T
00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10
VIAS results for v Comparision with IAS VIAS results for u
12 Truth 12 — VIAS = Truth
— vias — s 06 T ovas
= Fs -
10 95% Cl 10 04
08 08 02
00
06 0.6
02
0.4 0.4 o4
02 0z 06
08 =
0.0 0.0 =
00 02 04 06 08 10 00 02 04 06 03 10 00 02 04 06 08 10

Figure 2.7: Deconvolution problem (Subsection 2.5.3). First row: truth, data, and
sparse representation. Second row: VIAS reconstruction of the signal and its sparse
representation with user-chosen model hyperparameters a = 0.12 and S = 50. Third
row: same as second row, but with ELBO-selected model.
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where Jj is the Bessel function of the first kind, x is a scalar controlling the width of the
kernel that we set to x = 40, and s; = (4 + j)/100. The above integral can be discretized,

leading to the linear equation
y=Av+n, Ajp=wpA(s;—tr), 1~ (0,In), (2.23)

where v € R% has components vy = f(t) with ¢, = (k —1)/(n — 1), and the wy, are
quadrature weights for discretization of the integral. The standard deviation + is set to be
1% of the max-norm of the noiseless signal.

The unknown parameter v is not a sparse vector, but can be written in sparse form in a
suitable basis. To that end, define u; = v; —v;_1 with ug = 0. Since v is piecewise constant,

u is sparse. Note that we can write v = B~ v, where

1 0 0
T e T
0 -1 1

Thus, we can rewrite (2.23) in terms of this sparse unknown vector u as follows:
y=ABu+n, 1~ (0,7°I,). (2.24)

Our inverse problem is to estimate the vector u, assumed to be sparse, from the data
vector y. Figure 2.7 shows the piecewise constant function v to be reconstructed, its sparse
transformation u, and the data y. We take d = 500 and n = 91 so that the problem is

underdetermined.
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Reconstruction Accuracy and Model Selection

The results of applying VIAS to this problem are displayed in Figure 2.7. As in the previous
example, we set mY € R0 {6 be the all-ones vector, and CY e RPO0XB00 4 he the identity
matrix. We consider two implementations of VIAS. In the first (Figure 2.7, middle row),
we use hyperparameter values @ = 0.12 and 5 = 50. In the second (Figure 2.7, bottom
row), we adopt the ELBO approach for model selection, which gives hyperparameter values
a = 0.0001 and g &~ 7742. Both VIAS implementations produce sparse solutions and the
true signal lies within the obtained credible intervals. The signal reconstructed with VIAS
has sharp jumps whereas the IAS reconstruction has much smoother jumps. For instance, the
first two jumps are treated as a smooth transition by IAS, while VIAS successfully detects
them as separate jumps. While VIAS with hyperparameters o = 0.12 and § = 50 detects the
presence of five distinct jumps, uncertainty remains in the location of the jumps. Moreover,
the reconstruction exhibits oscillatory artifacts in the constant regions, where IAS remains
accurate. The VIAS reconstruction with model selection is significantly more accurate; it

detects the five jump locations and it does not show oscillatory artifacts.

Uncertainty Quantification and Covariance Structure

The credible intervals obtained with both VIAS implementations provide additional insight
into the nature of uncertainty quantification in this problem. VIAS detects that the main
source of uncertainty is the location of the jumps. We observe in Figure 2.7 that the uncer-
tainty in the reconstruction spikes near the jumps, while it remains relatively small around
the constant regions. Moreover, the enhanced accuracy of VIAS with model selection is
accompanied by narrower confidence intervals. Notice that we have imposed the condition
vg = 0, hence we are certain that the value at 0 is 0, and uncertainty is expected to in-
crease from left to right. This overall trend is also successfully identified by both VIAS
implementations.
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An additional benefit of VIAS is that it not only gives an approximation to the component-
wise variances on the signal reconstruction, but also an approximate covariance matrix. This
matrix contains information on the dependencies in the reconstruction of various components
of the signal. To illustrate this point, Figures 2.8 and 2.9 show a principal component anal-
ysis of the covariance matrix C' obtained with the two VIAS implementations considered
above. For VIAS with user-chosen hyperparameters @ = 0.12 and g = 50, the first five
principal components each explain 15-20% of the variance, and this drops to less than 0.1%
after the 5th component. In contrast, the three principal components already explain most
of the variance for VIAS with model selection. In both VIAS implementations, each princi-
pal component is localized around a jump in the signal. With model selection, the principal
components are fully localized at the jumps, reflecting that no uncertainty remains in the lo-
cation of the jumps. On the other hand, with the first VIAS implementation the localization
of principal components at the jumps is not perfect, reflecting that there is non-negligible
uncertainty in both the location and magnitude of the jumps. Each principal component
also contains components of its nearby jumps, which suggests that nearby jumps may be
correlated. For instance, this is noticeable in the first VIAS implementation PC3 and PC5
—corresponding to the first and second jumps— likely because the first two jumps are very

close to each other and it is harder to distinguish the two. Overall, the principal components
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obtained with VIAS successfully identify that most of the variance in the signal reconstruc-
tion lies around the jumps, that nearby jumps are correlated, and that uncertainty in the
problem propagates from left to right. Finally, this example demonstrates the effect of the
hyperparameters in the reconstruction. Poor choice of the hyperparameters gives a less

accurate, more uncertain reconstruction.

2.5.4  Learning Dynamics of Lorenz-63 System

In this section, we illustrate the use of IAS and VIAS for sparse identification of dynamical

systems. Our problem setting is motivated by [Brunton et al., 2016].

Setting

Consider the Lorenz-63 system [Lorenz, 1963|

le_{: = U(y—l’),

d

d—z =z(p—2) -y, (2.25)
% :xy_cz7

with the classical parameter values o = 10, p = 28, ( = 8/3. Our goal is to recover the right-
hand side of (2.25) from time series data. We assume to have observations of a trajectory
and its derivative along 2000 equidistant time points in the time-interval [0,40]; thus the
time between observations is At = 0.02. Note that in this example y denotes the second
component of the dynamics rather than the observed data.

Following [Brunton et al., 2016|, we adopt a dictionary-learning strategy and construct,
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from the given trajectory data, a matrix of the form:

A=|x y z x2 y2 22 xy xz yz ... x° ... € R2000%55,

We then obtain, as in [Brunton et al., 2016|, synthetic data on the derivatives by setting

x=Ad, +m, @ =[-10,10,0,0,0,0,0,...,0]",
y:Aq>2+772> (I)QZ [28a_1a0707_17070a"'70]T7

z = Ads 413, &3 =1[0,0,-8/3,0,0,0,1,...,0]",

where 7; ~ N(0,0.315009) are independent. Our goal is to recover ®q, P9, 3 based on
A, x, y, z. Note that &1, P9, P3 are sparse. More generally, the data-driven learning of
dynamical systems in [Brunton et al., 2016| relies on the underlying assumption that only a
few terms of a given dictionary (in our example made of polynomials of degree five) govern
the dynamics; sparsity-promoting VIAS is hence a natural algorithm for identification of

dynamical systems.

Numerical Results

The recovery of the Lorenz-63 model via VIAS is shown in Figure 2.10. Since we expect sparse
structure in the parameter of interest, same as in our first example, we use s = —0.495 and
b = 0.1 for the variational parameters. For the initializations, we set 89, m? € R to be the
all-ones vector, and C? € R®*55 t¢ be the identity matrix. We observe that VIAS accurately
recovers the true parameter values. As VIAS can quantify uncertainties of our estimates, we
provide the true dynamics in the blue line in Figure 2.11 with the shaded regions determined

by dynamics obtained from 2.5 and 97.5 percentile credible levels of the true parameters. We
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point out that despite the chaotic behavior of the Lorenz-63 system, the uncertainty in the
dynamics remains moderate due to the high accuracy of the recovered coefficients. Moreover,
we note that the relative larger error in the coefficients of the y-trajectory in Figure 2.10
translates into wider credible intervals for the reconstructed trajectories of y in Figure 2.11.
Therefore, VIAS correctly identifies that there is more uncertainty in the reconstruction of
the y-component.

Compared to VIAS, IAS showed inferior performance in estimating parameters of the
Lorenz-63 model as one can see in Figure 2.10. Furthermore, we provide plots of true
dynamics with shaded regions determined by dynamics recovered from 95 percent credible
intervals obtained from a Laplace approximation to the posterior. As shown in Section
2.5.1, credible intervals based on Laplace approximation tend to be larger than the ones
obtained from VIAS. In the context of the Lorenz-63 model, the uncertainty in the dynamics
is amplified by the mismatch between the estimated coefficients and the true coefficients.
From Figure 2.11, we can see that quantifying uncertainty of dynamics based on Laplace
approximation gives little information as the constructed shaded regions are often too wide,

which highlights the strength of VIAS in uncertainty quantification tasks.

2.6 Conclusion and Future Directions

This chapter introduced VIAS, a variational inference computational framework for linear
inverse problems with gamma hyperpriors. The proposed VIAS shares the flexibility and
ease of implementation of IAS for MAP estimation. We have shown the accuracy of VIAS
in several computed examples, and we have explored its potential to provide meaningful
uncertainty quantification and perform model selection. There are several research directions

that stem from this work:

e We have established a local convergence result for VIAS, but we have not provided an

analysis of convergence rates. Moreover, it would be interesting to study the approxi-
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mation error between the variational distribution and the true posterior.

Combining VIAS with iterative ensemble Kalman methods [Chada et al., 2021] may
allow us to extend the current variational framework to nonlinear inverse problems, and
to enhance the scalability to high dimensional linear and nonlinear inverse problems.
In addition, we also envision that VIAS may provide a natural way to promote sparsity

in iterative ensemble Kalman methods that are based on L? penalties.

We have explored the potential of VIAS to perform approximate Bayesian inference
and provide meaningful uncertainty quantification. In future work, our variational
approach will be combined with Markov chain Monte Carlo [de Freitas et al., 2001]

and sequential Monte Carlo [Naesseth et al., 2018| for fully-Bayesian inference.

More general hyperpriors could be considered within our variational framework. In this
direction, the work [Calvetti et al., 2020b] has investigated more flexible generalized

gamma hyperpriors in the context of MAP estimation.

A consequence of the mean-field restriction on the variational family is underestimation
of the variance of the components of the unknown. An interesting and practically useful
direction for future research is to alleviate such variance underestimation phenomenon

following the ideas in [Giordano et al., 2015].
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CHAPTER 3
HIERARCHICAL ENSEMBLE KALMAN METHODS WITH
SPARSITY-PROMOTING GENERALIZED GAMMA
HYPERPRIORS

3.1 Introduction

Ensemble Kalman methods are a family of derivative-free, black-box optimization algorithms
that rely on Kalman-based formulas to propagate an ensemble of interacting particles. Prop-
agating an ensemble, rather than a single estimate, is advantageous when solving high-
dimensional inverse problems with complex forward maps: the ensemble provides precondi-
tioners and surrogate forward map derivatives to accelerate the optimization. This chapter
sets forth a new computational framework to leverage ensemble Kalman methods for the
numerical solution of nonlinear inverse problems with flexible regularizers beyond standard
lo-penalties. In order to minimize objective functions that cannot be expressed in the usual
nonlinear least-squares form, our approach introduces auxiliary variables which enable the
use of ensemble Kalman methods within a reweighted least-squares procedure. In so doing,
our framework generalizes the iterative alternating scheme (IAS), a MAP estimation strategy
for sparse linear inverse problems, to nonlinear inverse problems. We show the effectiveness
of our framework in illustrative examples, including compressed sensing and subsurface flow
inverse problems.

We will adopt a Bayesian viewpoint to derive our methodology. Specifically, the mini-
mizer approximated by our main algorithm corresponds to the mazimum a posteriori (MAP)
estimate of a hierarchical Bayesian model with conditionally Gaussian prior and generalized
gamma hyperpriors. We propose an iterative algorithm for MAP estimation, which alter-
nates between updating the unknown with an ensemble Kalman method and updating the

hyperparameters in the regularization. The resulting method imposes sparsity while pre-
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serving the computational benefits of ensemble Kalman methods. In particular, for linear
settings and under suitable conditions on the prior hyperparameters, our iterative scheme is
globally convergent. Furthermore, our algorithm can provide uncertainty quantification in
linear or mildly nonlinear settings. Moreover, our approach retains convexity of the objective
for certain nonlinear forward maps. Most importantly, numerical experiments demonstrate
the usefulness of prior hyperparameters that result in non-convex objectives but strongly

promote sparsity.

3.1.1 Related Work

Ensemble Kalman methods, overviewed in [Evensen, 2009, Chada et al., 2021|, were first
developed as scalable filtering schemes for high-dimensional state estimation in numerical
weather forecasting [Evans, 1995, Evans and Leeuwen, 1996]. Since then, they have become
popular algorithms in data assimilation, inverse problems, and machine learning. The papers
|Gu and Oliver, 2007, Li and Reynolds, 2007, Reynolds et al., 2006] pioneered the develop-
ment of ensemble Kalman methods for inverse problems in petroleum engineering and the
geophysical sciences. Similar algorithms were introduced in [Iglesias et al., 2014, Iglesias,
2016] inspired by classical regularization schemes [Hanke, 1997|. Ensemble Kalman methods
have grown into a rich family of computational tools for the numerical solution of inverse
problems; our computational framework can incorporate sparsity-promoting regularization
into any of the numerous existing variants [Chada et al., 2021]. In this chapter, we consider
two implementations based on the iterative ensemble Kalman filter (IEKF) and the iterative
ensemble Kalman filter with statistical linearization (IEKF-SL). All necessary methodologi-
cal background will be provided in Section 3.3 below. Recent theoretical work on ensemble
Kalman methods has established continuous-time and mean-field limits, as well as various
convergence results, e.g. [Schillings and Stuart, 2017, Blomker et al., 2019, Blomker et al.,
2018, Chada and Tong, 2022, Herty and Visconti, 2019, Ding and Li, 2021, Kovachki and
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Stuart, 2019, Huang et al., 2022, Al-Ghattas and Sanz-Alonso, 2024].

Despite the effectiveness of ensemble Kalman methods in high-dimensional nonlinear
inverse problems, efforts to broaden their scope by accommodating a wider range of regu-
larization techniques are only starting to emerge. The paper [Chada et al., 2020| introduced
Tikhonov {9-regularization and |Lee, 2021| generalized this idea using a transformation to
turn f9-penalties into £p-penalties. This latter work highlights the key importance of suitably
regularizing the inverse problem to achieve sparse reconstructions with ensemble Kalman
methods. Both approaches in [Chada et al., 2020, Lee, 2021] operate in an augmented space
of dimension (k + d) where k is the dimension of the data and d is the dimension of the pa-
rameter space. Our method, in contrast, operates in d-dimensional space. Furthermore, the
transformation in [Lee, 2021] involves a term that is exponential in ]%, which causes overflow
for small p and limits the choice of penalties that can be implemented; this issue prevents, in
particular, accurate approximation of {yp-regulatization, which is important in applications
[Pan et al., 2014, Louizos et al., 2017, Natarajan, 1995]. Our method is composed of bi-level
iterations where the first level is given by standard ensemble Kalman iterations, while the
second level modifies the covariance matrix of the particles to induce a regularization effect.
In a similar spirit, [Armbruster et al., 2022| proposed stabilizing ensemble Kalman methods
by modifying the ensemble covariance matrix to induce regularization and achieve a faster
convergence rate. Another approach for imposing sparsity-promoting regularization through
thresholding was introduced in [Schneider et al., 2022]. Cross-entropy loss [Kovachki and
Stuart, 2019] and logistic loss [Pidstrigach and Reich, 2022| have also been recently consid-
ered.

The hierarchical prior model used to derive our methodology, along with an iterative
alternating scheme (IAS) for MAP estimation, were introduced in [Calvetti et al., 2020b]
for sparse linear inverse problems. In fact, our computational framework builds on a series

of articles [Calvetti et al., 2019b, 2020a, 2019a, 2015| that considered (generalized) gamma
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hyperpriors for sparse solution of linear inverse problems. This line of work also developed
the TAS algorithm to compute the MAP estimate, which alternates between updating the
unknown using conjugate gradient with early stopping and updating the regularization using
closed formulas. Extensions to tackle both parameter estimation and uncertainty quantifica-
tion tasks were introduced in [Agrawal et al., 2022, Law and Zankin, 2022] using variational
inference. The TAS algorithm has been successfully implemented in applied linear inverse
problems, including brain activity mapping from magnetoencephalography and identifica-
tion of dynamics from time series data [Calvetti et al., 2015, 2019a, Agrawal et al., 2022|.
These hierarchical Bayesian techniques [Congdon, 2010, Wikle and Berliner, 2007, Gelman
et al., 1995] are rooted in a broader literature on signal processing with emphasis on spar-
sity [Gorodnitsky and Rao, 1997, Daubechies et al., 2010| and are inspired by the classical
reweighted least-squares algorithm |Green, 1984]. Our framework is reminiscent of the cen-
tered hierarchical method for ensemble Kalman inversion in [Chada et al., 2018|, but with
an additional layer of (generalized) gamma hyperprior. Sparsity-promoting algorithms and
models are also essential in statistical science [Tibshirani, 1996, Carvalho et al., 2009]; our
hierarchical approach has connections with empirical Bayes statistical methods [Robbins,
1992] and with bi-level and data-driven methods for inverse problems |Bard, 2013, Arridge

et al., 2019].

3.1.2 Main Contributions

The main contributions of this chapter can be summarized as follows:

e We introduce a flexible computational framework to incorporate regularization tech-
niques in ensemble Kalman methods, including sparsity-promoting £)-penalties with

p € (0,1).

e Our framework generalizes the IAS algorithm [Calvetti et al., 2018, 2019b, 2020b,a| to

nonlinear inverse problems.
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e For linear or mildly nonlinear inverse problems, our framework provides uncertainty
quantification; therefore, our methodology complements and generalizes variational
inference techniques [Agrawal et al., 2022] that are only applicable for linear inverse

problems with gamma hyperpriors.

e Our presentation gives a Bayesian interpretation to statistical methods that rely on /-
penalties, such as least absolute shrinkage and selection operator (LASSO) and adaptive

LASSO |[Tibshirani, 1996, Zou, 2006].

e We demonstrate the effectiveness of our methods in three computed examples: com-
pressed sensing, a PDE-constrained inverse problem with convex forward map, and an
elliptic inverse problem in subsurface flow. We present two implementations of our
framework based on IEKF and ITEKF-SL ensemble Kalman methods. The code used
to reproduce our results can be found in https://github.com /hwkim12/Lp-regularized-
IEKF.

3.1.3 QOutline

Section 3.2 overviews the hierarchical model used to derive our computational framework.
Section 3.3 introduces our methodology and discusses its theoretical underpinnings. Section

3.4 contains numerical results. Section 3.5 closes with a summary of our work.

Notation For matrix P, we write P > 0 if P is symmetric positive definite. For P > 0,
we denote by || - ||%3 .= |P~1/2 |2 the squared Mahalanobis norm induced by the matrix P,

where | - | denotes the Euclidean norm.
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3.2 Hierarchical Bayesian Model

Consider the inverse problem of reconstructing an unknown u € RY from noisy data y € RF,
related by
y=G(u)+e, e~ N(0,T). (3.1)

Here G : R? — RF is a given forward map and ¢ represents a (Gaussian measurement
error with a given covariance I' > 0. In particular, we are interested in the case when k is
substantially smaller than d. Such problem setting arises in numerous applications in data
assimilation, inverse problems, machine learning, and statistics —see, for instance, [Sanz-
Alonso et al., 2023, Chada et al., 2021, Stuart, 2010] and references therein.

To encode the prior belief that u is sparse, we adopt the hierarchical model introduced

in [Calvetti et al., 2020b]. First, let the components of u be independent random variables
U; ~ N(O,QZ’), 92' >0, 1<:1< d, (3.2)

with unknown variances ;. Then, small 6; yields shrinkage in the estimation of the corre-

sponding unknown component u;. Equation (3.2) defines a conditional Gaussian prior

1

m(ulf) x —— ex
R T

1 .
p(~3llull, ) Do = diog(tr.....00) (33)

To modulate the level of sparsity, we set a hyperprior on 6 from the generalized gamma

distribution [Korolev and Zeifman, 2019 given by

d d d Tﬂ—]. r
Il rg-1 4 7] 0; 0;

Thyper(0) 1= H ———0." Texp | -+ | = ~—— |exp|—2 ], (3.4)
v STl 9i) DB\ 9P Ui

where § € Ry, {192-}?:1 C Ryg, 7 € R\ {0}, and I'(+) is the Gamma function. Notice that

if » = 1, the hyperprior becomes a product of gamma distributions with a common shape
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parameter S and an individual scale parameter ¢;. Similarly, if » = —1, the hyperprior
becomes a product of inverse gamma distributions with a common shape parameter 5 and
an individual scale parameter 1,% We refer to r as the regularization parameter. In Section
3.3 we will demonstrate that the value of r determines the level of regularization in the

reconstruction of w.

Bayes’s formula combines the likelihood function implied by the data model (3.1)

(o 1.0) = nly ) o exp (~ 5y~ G, 35)

together with the hierarchical prior 7., (u,0) := 7(u|0)Tyype(0) defined by (3.3)—(3.4), to

give the posterior distribution

Tr(“? 0 | y) X ﬂ-(y | U, Q)ﬂ-prior<u) 9)

= 7(y |1, 0)7 (1] 0) iy (0) < exp(—J(u,0)),

where (ﬁ)

1 1 -
Iw,0) = Sy = G2 + 5 llulp, (8 - 3)

-~

(0)

The MAP estimate is the maximizer of the posterior density or, equivalently, the minimizer

0

IS

d
. or
: + 21 #i. (3.6)

7

d
log
=1

|

7

of the objective (3.6). The computational framework developed in the next section will
minimize J(u,#) iteratively, alternating between minimizing the term (a) with ensemble
Kalman methods and minimizing the term (b) using closed formulas for suitable choices of
hyperparameters.

In the following section we 1) propose a generic optimization method for the objective
function in (3.6) and build a connection with IAS [Calvetti et al., 2015, 2019b|, which is only
applicable when the forward map G is linear; 2) characterize a region of hyperparameter

values (7, B) for which the objective function is convex under suitable assumptions on G; and
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3) elucidate the relationship between the parameters (r, 3) and the regularization imposed

on the reconstruction of .

3.3 Iterative Alternating Ensemble Kalman Filters

In this section we propose an iterative optimization method to compute the MAP estimate.
Our approach attempts to minimize the objective (3.6) in a block coordinate-wise fashion.
The first term (@) can be minimized over u using ensemble Kalman methods and the second
term (b) can be easily minimized over 6 for suitable choices of hyperparameters. Motivated

by these observations, we initialize #0 and compute iteratively the following updates:

0+1 _ : 0 _ . 9 , 1,9
u = argminJ(u, 67) = argmin glly — G(u)[It + 5llullp, -

¢ ¢ 1 3y A d_pr (37
et = 56~ el £

i=

until a stopping criterion is satisfied. We will demonstrate that, for suitable choices of
(r, B, {191‘}?:1), the above iterative procedure agrees with minimizing the ¢)-penalized objec-
tive

J()Z—Ily Gt + 5 szluzl

where the regularization level p is determined by r, and the weight w; is determined by p
and the scale parameter ;. In other words, we will show that the minimizer u found by the
iterative procedure (3.7) solves an ¢)-regularized nonlinear optimization problem, provided
appropriate hyperparameters (r, [, {192-}?:1). The following two subsections describe the
numerical implementation of each update rule and the choice of hyperparameters. Subsection
3.3.3 contains the main algorithms, and Subsection 3.3.4 provides sufficient conditions on

the forward map and hyperarameters that ensure convexity of the objective (3.6).
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3.3.1 Updating u

For a generic forward map G, updating w in (3.7) requires solving a nonlinear least-squares
optimization problem. To this end, we will use ensemble Kalman methods designed to

minimize Tikhonov-Phillips (TP) objectives of the form
J ~ Ly 2 4 iy — 2 3.8
oo0) = 2y = G + S = . (3.5)

where I', P > 0, and m are given. We remark, for later reference, that minimizing (3.8) can

be interpreted as maximizing the posterior density with Gaussian likelihood and prior given

by

m(ylu) = N(G(u),T), (3.9)
7(u) = N(m, P). (3.10)

Since we are interested in the update (3.7), we will take m = 0 throughout; P = Dp, will be

iteratively updated in subsequent developments.

N

n—1, ensemble Kalman methods update the en-

Starting from an initial ensemble {u(()n)}

semble in an artificial discrete-time index ¢
n)y N n)y N
{Ug )}nzl = {ung)l}n:l

using Kalman formulas that promote fitness of the ensemble with data and with the prior
distribution (3.10) implied by the Tikhonov-Phillips regularization. The goals of fitting data
and fitting the prior are balanced using an ensemble-based Kalman gain matrix, as well
as certain additional random perturbation terms that control the long-time distribution of
the ensemble in the large N limit. We view the iteration subscript ¢ as a discrete-time

index because the evolution of the ensemble may arise from the discretization of a system
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of stochastic differential equations, coupled by the ensemble-based Kalman gain. Once the
ensemble reaches statistical equilibrium, we report the ensemble mean as an approximate
solution of the optimization problem of interest. In this subsection we introduce two types of
ensemble Kalman methods, IEKF and IEKF-SL, which we employ in the update of u. These
two algorithms differ in how they construct the Kalman gain and in how they introduce

random perturbations in the ensemble update. To formulate these algorithms we need some

notation. Given the ensemble {ugn)}nj\f:1 at time ¢, we denote ensemble empirical means by
Lg~ 0 LS g
n n
mt_Nzlut ’ gtzﬁ2g(ut )7
n= n=

N
1 n
P = S = o) = mi) T
n=1
L
Ptuy:NZ(ug D) (™)~ ar) T
n=1
1 & )
Pl = ¥ Z(Q(ug ) — gt) (9(u§ ) = 9t)
n=1

We will use repeatedly the principle of statistical linearization —see [Ungarala, 2012, Chada

et al., 2021]— which we recall briefly. Notice that if G is linear, i.e., G(u) = Gu, we have
P = pGlt,

The principle of statistical linearization is to approximate the Jacobian of a generic nonlinear

map G at time ¢ using the above identity, namely
gy~ (P T (P =GN, =1, N
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Here and henceforth, (Pt““)_1 denotes the pseudoinverse of P/*“. We next present IEKF,

IEKF-SL, and a unified framework providing more insights on these algorithms.

[terative Ensemble Kalman Filter (IEKF)

Here we present the IEKF method introduced in [Chada et al., 2021]. The pseudocode
is given in Algorithm 3.3.1. We refer to [Ungarala, 2012, Reynolds et al., 2006] for other
variants of IEKF.

Algorithm 3.3.1 Iterative Ensemble Kalman Filter (IEKF)

1: Input: Number T of iterations, step-size «, covariance P > 0.

2: Initialization: Draw initial ensemble u(()n) iid. N(,P), 1<n<N.

3: Fort=0,1,...7T do:

1. Set G = (P/)T(Ppru)~1,

. -1
2. Update the Kalman gain KI% = PG T (GN Py T +T)
3. For 1 <n < N, draw yt(n) iid N(y,oc_lF).
4. For 1 <n < N, update

ufty = uf" + o KN (" = ™) + (1 = KNG (u"” - uf™) }.

4: Output: Final ensemble mean mr.

The Kalman gain Kt% is defined using the empirical covariance Fj™ of the initial en-
semble, the approximated Jacobian GI{V of the forward map, and the covariance I" of the
measurement error. In the update of ensemble members, random perturbations are intro-
duced only to the term which measures the discrepancy between data and the image of
current ensemble members under the nonlinear map G. Furthermore, the measure of fit-
ness of ensemble members to the prior distribution is assessed by comparing each ensemble
member with the corresponding initial ensemble member, drawn from the prior.

Employing Fj" in the construction of the Kalman gain Kt]\g and u(()n) in the update of
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(n)

u; ’ implicitly regularizes the ensemble by forcing all its members to remain in the linear
span of the initial ensemble. This initial subspace property holds for several ensemble Kalman
methods [Iglesias et al., 2014, Chada et al., 2020, 2021|. In addition, [Chada et al., 2021]
has shown that, in a linear forward map setting with step-size & = 1, the ensemble mean
computed by the IEKF algorithm converges (as N — oo) in a single step (7" = 1) to the
posterior mean with likelihood and prior given by (3.9)—(3.10). The next three remarks
discuss the choice of prior covariance, stopping criteria, and step-size with pointers to the

literature.

Remark 3.3.1. In ensemble Kalman methods, the prior covariance P typically incorporates
application-specific knowledge. For instance, the initial ensemble may be drawn from a
uniform or log-normal distribution whose support reflects prior information [Iglesias and
Yang, 2021, Schneider et al., 2017|. Instead of sampling the initial ensemble, one can specify it
deterministically using the first principal components of a suitable covariance model [Iglesias
et al., 2014]. These considerations may be used to determine a suitable initialization P = Do

for our main algorithms in Subsection 3.3.3.

Remark 3.3.2. Instead of providing a total number 7' of iterations, a stopping rule can be
used. For instance, one could use Morozov’s discrepancy principle [Morozov, 1966, Groetsch,
1993]; continue the iteration until the discrepancy between the data and the forward mapping

of my falls below the noise level, i.e.,

ly = G(my)| < /tx(I).

Remark 3.3.3. For simplicity we will consider a constant and fixed step-size a. The step-

size can be chosen on-line with a line search method based on Wolfe’s condition or ad hoc

procedures introducing additional hyperparameters [Gu and Oliver, 2007]. Non-constant

and adaptive step-sizes have been employed in [Chada et al., 2020, Chada and Tong, 2022,
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Iglesias and Yang, 2021].

[terative Ensemble Kalman Filter with Statistical Linearization (IEKF-SL)

Here we present the IEKF-SL introduced in [Chada et al., 2021]. The pseudocode is provided

in Algorithm 3.3.2.

Algorithm 3.3.2 IEKF with Statistical Linearization (IEKF-SL)

1: Input: Number T of iterations, step-size «, covariance P > 0.

2: Initialization: Draw initial ensemble uén) L N(0,P), 1<n<N.

3: Fort=0,1,...7T do:

1. Set G = (P/¥)T(Ppuy=1L,

-1
2. Update the Kalman gain K}¥ = P(G]¥)T <G£VP(G£V)T + F) :
(n) iid. -1 (n) iid. 1
3. For 1 <n < N, draw y, ' "~ N(y,2a7'T), my "~ N(0,2aP).
4. For 1 <n < N, set

ufh = uf” + ol KN (4" = G(u™)) + (1 = KN GY) (m{") = uf™) }.

4: Output: Final ensemble mean mr.

Unlike IEKF, IEKF-SL constructs the Kalman gain KtN using the prior covariance P, the
approximated Jacobian Giv of the forward map, and the covariance I' of the measurement
error. Furthermore, in the update of ensemble members, it introduces random perturbations
to both the data and prior terms. The measure of fitness of ensemble members to the prior
distribution is assessed by comparing each member with a perturbed prior mean.

Although IEKF-SL does not have the initial subspace property, it has been shown to
achieve superior performance in a variety of inverse problems [Chada et al., 2021|. In contrast
to IEKF, the ensemble empirical mean and covariance of IEKF-SL converge, as a — 0 and
N, T — o0, to the true posterior mean and covariance under the likelihood and prior model

(3.9)—(3.10) when the forward map is linear. Therefore, for mildly nonlinear problems, IEKF-
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SL can be used to build approximate credible intervals for the reconstruction, allowing us to

quantify uncertainties.

Unified Framework through Stochastic Differential Equations

Both IEKF and IEKF-SL can be viewed as ensemble-based stochastic approximations of the
deterministic extended Kalman filter. The extended Kalman filter finds the minimum of the
objective function given in (3.8) by sequentially updating the initial guess ug according to

the following rule:
Upy1 = ut + Oé(Kt (y — Glw)) + (I — K;Gy)(m — Ut)>7

where a > 0 is a step-size, Gt = G'(ut) is the Jacobian of G, and K; = PGtT(GtPGtT +
I')~! is the Kalman gain matrix [Chada et al., 2021]. Setting C; = (I — K;G¢)P, we get
from Woodbury’s matrix inversion lemma that K; = CtG;r I'!. Hence we can rewrite the

preceding update rule as
upy1 = up + aCy (GtTF1 (y— Glup)) + P~ (m — ut)>, (3.11)

which agrees with a Gauss-Newton iteration applied on the Tikhonov-Phillips objective (3.8),
see |Bell and Cathey, 1993|. For small step-size «, one can view (3.11) as a discretization
of the following differential equation, which describes the continuum version of the discrete

trajectories of the iterates from the extended Kalman filter:

dus

=0 Ty = G () + P m — ).
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where Cs acts as a preconditioner. Using the identities Cy = (I — K;Gy)P and K; =

CthTF_l, one can show that
crl=a/r7lqy + P71, (3.12)

which leads, in the continuum limit, to

1

Cs = (G'(us) "T71G (ug) + P71 7" (3.13)

To give rise to an ensemble of random particles that roughly follow the continuous tra-
jectory we defined, we employ the above deterministic differential equation as our drift term

and introduce two different diffusion terms to obtain, for 1 <n < N,

dud"” = €, (G'(us) T (y = Glus)) + P~ (m — uy) )ds + €@ (us) "D 2aW (",

du" = C(0'(us) T (y = G(us) + P~ (m — ug) ) ds + v/2Csaw ",

where the first and second stochastic differential equation will respectively correspond to
IEKF and IEKF-SL. More specifically, discretization of the above stochastic differential
equations, together with ensemble-based approximation of the Jacobian of G, gives IEKF

and IEKF-SL. First, applying Euler-Maruyama we get, for 1 <n < N,

ufy =" + 0 (TN - Guf™)) + PN — uf”)) +vao,Gl T4 2,

ué?l = ugn) + aCy (G;—F_l (y — g(uin))) + P_l(m — ugn))> + o/ 2C1 Zy,
where Zy ~ N(0,1). From the form of preconditioner in (3.12), one can show that
Va/2CiZs 3 V2aCGI T2 28 +\2aC P2 2,
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Newton trajectory Continuum Newton trajectory Discrete ensemble trajectory Continuum ensemble trajectory
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Figure 3.1: Leftmost: Newton iteration. Middle-left: continuum Newton trajectory.
Middle-right: ensemble Kalman iteration. Rightmost: continuum ensemble trajectory.

where ZI%/, AL M (0,I). By introducing randomness to y through ZZy and m through

Z", we get the following update rules, for 1 <n < N,

ugi)l = ugn) + aCy (G;—Ffl (ylgn) — Q’(ugn))) + P Y (m - ugn))>, (3.14)
with yt(n) ~N(y,a~ 1),
ufh = uf™ +ac(GIT (" = ™)) + P ™ - ™)), (3.15)

with yt(n) ~ N (y, 207, mgm ~N(y,2071P).

With random ensemble updates of the form (3.14) and (3.15), one can avoid computing
the Jacobian of G by using statistical linearization, which leads to a coupling of the stochastic
dynamics. Doing so, we will derive IEKF and IEKF-SL.

We first consider (3.14). If we approximate m by ugn), P by Py and use statistical

linearization GI{V in place of the Jacobian Gy in (3.14) we have, for 1 <n < N,
iy = +aCo (G T 6" = g™)) + (B~ g — ™)),

where

—1
Cro= (G TGN +(rm )

which leads to the IEKF scheme in Algorithm 3.3.1.
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For IEKF-SL, we consider (3.15) and get, for 1 <n < N,
“gﬂ —u + aCtN((GfV)TT_l (™ = ™)) + P ™ - ufﬁ))),

where

o = (M) e+ P

which leads to the IEKF-SL scheme in Algorithm 3.3.2.

3.3.2  Updating 0: Generalized Gamma and {,-Regularization

/+1

Once we solve the optimization problem for "™+, the proposed coordinate-wise minimization

strategy updates 6 by setting

d

d

_ 1 f+12 3 z Z

_argmam2||u ||D9+<r6 2) Ell 7, g 19 (3.16)
1=

06—"-1

In this subsection we demonstrate an update rule for # based on a particular choice of
hyperparameter values in the hyperprior Whyper(Q) in (3.4). Specifically, we focus on r,
satisfying r3 = % This choice will suffice to illustrate how the prior directly relates to the
level of regularization one imposes. Then, the general form of the objective function for ¢ in

(3.16) becomes
I A
Sl + }:19—@ (3.17)

In order to minimize this function with respect to #;, we can restrict our attention to mini-

mizing

2 r

u; 0
— 4 = Nl
2; + 5, (3.18)
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For r > 0, one can observe that

u? o u? o
1; S BTG A d Ii 4 4+ L | =o0.
Gilino 20, + 9, > o Gignoo 20; + 9y >

Therefore, the update for §; amounts to solving for the first order optimality condition

which leads to the following update rule

1
AN
0; = (;—1:@> . (3.19)

For r = 1 the update precisely agrees with the update rule for IAS [Calvetti et al., 2019b]

with the sparsity parameter 7 = 0 and ith scale parameter ¢ = 1% in their notation.

Plugging the update rule (3.19) back to the objective (3.17), we get

d 2 r d 1 2 HLl
u; 0 1 [ YW
Bt T A R 1 9. - .
(3 ooz ()

By setting p := 7"2TTI € (0,2), the objective function given in (3.6) becomes

d
1 r+1 —
Jp(u) == 5”9 - g(“)”%‘ + C § wi,r|ui|p7 Cr = E )%, w; =1, + (3.20)
i=1 T

which can be viewed as an ¢,-regularized problem for any p € (0,2). By adjusting r, one can
impose different types of regularization. In particular, for r = 1, we have an ¢{-regularized
problem, whose natural Bayesian interpretation sets the gamma distribution with shape pa-
rameter 5 = % and scale parameter v; as the prior for #;. Furthermore, prior knowledge on

the units/scales of each u; is captured by the w; ;. terms, determined by the hyperparameters
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¥; and the regularization parameter r. Such hyperprior-based component reweighting resem-
bles the well-known adaptive LASSO [Zou, 2006], which includes component-wise weights
when solving /1-minimization LASSO problems to remove the bias induced from the ¢1-
regularization term. In contrast to adaptive LASSO, our reweighting is motivated as a step

towards finding the MAP estimate of a hierarchical Bayesian model.

3.3.8  Main Algorithms

Our proposed iterative methodology combines the algorithmic ideas introduced in Subsec-
tions 3.3.1 and 3.3.2 to compute the u and 6 updates in (3.7). The procedure is summarized

in Algorithm 3.3.3.

Algorithm 3.3.3 ()-1EKF and /),-IEKF-SL

1: Input: Initial 8°, hyperparameters r and {192-}?:1, step-size o, number T of inner itera-
tions.
2: Iterate (outer iteration) until convergence:

1. Update u!/*! := mqp running IEKF /IEKF-SL (inner iteration) with a step size o

and an initial covariance P := Deg.

1
2. Update 9f+1 = (%ﬁ) Ak |uf+1|p7 where p := %
3. 40— 0+1.

3: Output: Final ensemble mean mqp.

The two coordinate-wise optimization steps serve two distinct purposes. When optimiz-
ing for u, the reconstruction of the unknown is updated with a given regularization; when
optimizing for 6, the regularization is updated. The algorithm involves two nested iterations.
First, each u update runs IEKF /IEKF-SL for T iterations. Second, u and 6 are iteratively
updated, in alternating fashion, until convergence. We call the first type of iteration inner
iteration and the latter type outer iteration. As outer iterations update #, we will also refer

to them as outer regularization iterations.
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The proposed method utilizes an ensemble to minimize

1 S T
) = 3l = GOIR + gl + 3 321
1=

in a coordinate-wise fashion to obtain the minimum of the lower-dimensional objective

d

1
J,(u) = §HZ/—Q(U)H%+Crzw¢,r\w\p- (3.22)
i=1

One can show that J(u, ) agrees with J,(u) along the manifold

1
ﬂm 2
(u,0) : 0; = ———|u;|™+T
(2r)r+T

Hence by element-wise optimizing J(u, ), we can recover the minimizer of J,(u).
Algorithm 3.3.3 contains the pseudocode for £,-IEKF and ¢,-IEKF-SL. For r € [1,2)
under a linear forward map setting, the objective function in (3.21) is globally convex,
guaranteeing the existence and uniqueness of a global minimizer of (3.22). For r € (0, 1),
the objective function in (3.21) may not be convex thus may admit multiple local minimizers,
even for linear forward maps. Sufficient conditions for convexity are stated and proved in
Subsection 3.3.4. The practical efficiency of ¢,-IEKF and ¢)-IEKF-SL for r € (0,1) is

demonstrated in Section 3.4.

Remark 3.3.4. In building the Kalman gain matrix, the IEKF and IEKF-SL Algorithms
3.3.1 and 3.3.2 require the inversion of a k x k matrix, where k is the dimension of the data
y. In contrast, the implementation in [Lee, 2021] requires inversion of a (k + d) x (k + d)
matrix, where d is the dimension of the unknown u (see Remark 3.3. in [Lee, 2021] for further
details). However, the Algorithm 3.3.3 contains additional outer iterations when compared

to [Lee, 2021], which partly offset the computational gain of working with smaller matrices.
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Remark 3.3.5. In contrast to IEKF, £,-IEKF partially preserves the initial subspace prop-
erty: the output of £,-IEKF lies in the span of the initial ensemble of the last u update step,
rather than the span of the initial ensemble of the first u update step. Outer regularization
iterations can be viewed as a way to adaptively modify the prior covariance for the u update
to reflect the sparse structure of the true parameter. As each outer iteration modifies the

prior covariance, the initial subspace for each u update step will change accordingly.

Remark 3.3.6. For the u update step, one may use other ensemble Kalman methods such
as Ensemble Kalman Inversion (EKI) |Iglesias et al., 2014| or Tikhonov Ensemble Kalman
Inversion (TEKI) [Chada et al., 2020]. In contrast to IEKF and IEKF-SL, for linear forward
maps the ensemble obtained using EKI and TEKI collapse to a single point in the long
time limit [Chada et al., 2021]. Consequently, EKI and TEKI do not provide uncertainty
quantification, even in linear or mildly nonlinear settings, unless suitably stopped. The
algorithm IEKF-SL was designed so that in linear settings the empirical covariance of the
ensemble approximates the true posterior covariance in the long time asymptotic. We point
out that the method in [Lee, 2021| inherits the ensemble collapse from EKI and TEKI, as it

leverages a bijective mapping of each particle.

Remark 3.3.7. To determine when to terminate the outer iteration for /p-IEKF and £)-
[EKF-SL, one may monitor the relative change of iterates. For instance, one may set a small

tolerance 7 > 0 and terminate if

+1

UKHOO

[

<T
oo

Remark 3.3.8. Although we have focused on a particular choice of hyperparameter values,
namely r(5 = %, the general framework extends beyond this choice to r3 > %—1-5 for arbitrary
0, and to alternative r. In those cases, the update function which maximizes 6 given wu is

expressed implicitly as the solution to an initial value problem which can be easily solved
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to update # [Calvetti et al., 2020b]. One can also consider r = —1, which produces effective
penalty terms corresponding to prior distributions whose tails decay as power laws in u. For
r = —1 —which corresponds to imposing an inverse gamma prior— the objective function

for the ; update is given by

1 w? 1
= —— | L+—].
' 6+%<2 191')

Assuming ¥; =1 foralli=1,...,d with k = + %, the prior component for u is given by

d

d
m(u) o< exp | — Zlog(u? +2)F | = H
i=1

b} (u? +2)K°

1

In the limit as § — 0, i.e. kK — %, the prior distribution for each component u; approaches the
Student distribution with two degrees of freedom, a heavy-tailed distribution which favors

outliers.

3.3.4 Convexity

Proposition 3.3.9 below gives conditions on the forward map G and the parameters (7, f)
that ensure convexity of the objective function in (3.6). A concrete numerical example where
the assumptions in the following proposition hold is given in Subsection 3.4.2. For convex
objectives, our methodology can be viewed as an ensemble approximation of a coordinate

descent scheme that is globally convergent under mild assumptions [Tseng, 2001].
Proposition 3.3.9. Let 8,7 > 0. Then the following holds:

1. Ifr>1orr <0,n=rf— % > 0 and Y"1 Gi(u)V?Gi(u) = 0, then the objective

function J(u,0) in (3.6) is convex everywhere.
2. If0<r<1,n=1r8— % >0 and Y 14 Gi(uW)V2G;(u) = 0, then the objective function
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J(u,0) in (3.6) is convex provided that, for alli € {1,...,d},

i<t r>>i' &2

7

Proof. The Hessian of J(u, 0) is given by

VuVud(u,0) VoVul(u,6)
VuVQJ(U,Q) VQVQJ(U,Q)

bl

H=V?)(u,0) =

where

VuVaud(u,0) = VGVGT + 3" Gi(w)V2G;(u) + Dy,

1=1
. Usj
VuVod(u,0) = VyVyd(u, ) = diag <—9—;> ,
2

2 r—2
_ u?  r(r—1) Hi) n
VoVgd(u,0) =d L+ L.
AL 1ag(9§ 92 (ﬁi 02

()

For any vector ¢ = , we have
w
n
¢"Hg= VG 0|*  +> Gi(u)(v V?Gi(u)v)
d

= VG "wl” + ) Gilu) (v V2Gi(u)v)

1=1
d 2 d r—2
1 W W; r(r—1) [/ 6;
S X (T (R) )
— 94 9, 92-
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From the assumption, the first three terms are always non-negative and the remaining term

is non-negative if, for all i € {1,...,d},

rir—1) <@)T_2 + L >0,

2 2
ﬁi 91’

which implies the conditions of the two different cases. n

3.4 Numerical Experiments

In this section we demonstrate the effectiveness of the proposed methodology in three ex-
amples: 1) underdetermined linear inverse problem; 2) nonlinear inverse problem with an
explicit forward map that gives a convex objective for certain hyperparameter values; and
3) nonlinear elliptic inverse problem. For all three examples we assumed that only a few
components of the unknown u are nonzero and compared ¢ 5/¢1-IEKF /IEKF-SL with the
vanilla IEKF /IEKF-SL. Throughout, the step-size of ensemble Kalman methods is set to
be a = 0.5 and the scale parameters are set to be ¥; = 1 for all 1 < < d. These choices
suffice to illustrate the successful regularization achieved by our method when compared to
vanilla ensemble Kalman methods with /9-regularization. In order to clearly compare differ-
ent algorithms and regularization techniques, we report the evolution of the corresponding

ensembles instead of using a stopping criterion.

3.4.1 Linear Inverse Problem

Our first example explores the performance of our methods in two tasks: point estimation
and uncertainty quantification. For the point estimation task, we provide comparisons with
the iterative alternating scheme (IAS) |Calvetti et al., 2019b|, least absolute shrinkage and
selection operator (LASSO) |Tibshirani, 1996], and Tikhonov ensemble Kalman inversion

(TEKI) [Chada et al., 2020|. For the uncertainty quantification task, we compare credible
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intervals constructed using the empirical distribution of the ensembles produced by our algo-

rithm with credible intervals constructed using the wvariational iterative alternating scheme

(VIAS) |Agrawal et al., 2022].

Setting

Consider the linear inverse problem

y=Gu+e,

g v N(O, 0.01[30),

where each component of G € R30%300 ig independently sampled from the standard Gaussian

distribution. We assume that the true parameter u € R3% has four nonzero components.

Our goal is to recover u from y € R3Y.
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Figure 3.2: Parameter estimation and uncertainty quantification in linear example with
lo s5-regularizations on IEKF and IEKF-SL. Top row: parameter estimation. Bottom
row: uncertainty quantification via approximate credible intervals.
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Numerical Results

For point estimation, we compare results obtained with ¢y 5-IEKF, ¢y 5-IEKF-SL, IAS, and
LASSO. For both ¢y 5-IEKF and ¢ 5-IEKF-SL, a total of N = 300 ensemble members were
used with 7" = 30 inner iterations and 10 outer iterations. The particles ugn) of the initial
ensemble were independently sampled from a centered Gaussian with covariance 0.113¢(.
The sparsity parameter of IAS, denoted by 7 in [Calvetti et al., 2019b], was set to be zero.
For LASSO, the regularization coefficient was chosen based on 10-fold cross-validation (CV).

In addition to obtaining a point estimate for the parameter of interest, one can build
approximate credible intervals based on the ensemble members employed in IEKF /IEKF-
SL. Like in Markov chain Monte Carlo, after enough iterations ensemble members serve as
good proxies for samples from the true posterior distribution in linear or mildly nonlinear
settings. From these ensemble members one can obtain 2.5/97.5th sample percentiles to con-
struct approximate 95 percentile credible intervals for each component of the parameter. We
provide such approximate credible intervals for ¢ 5-IEKF /TEKF-SL with N = 300 ensemble
members. A total of eight outer iterations and 7" = 30 inner IEKF /IEKF-SL iterations were
run. In order to demonstrate the effectiveness of these approximate credible intervals, we
also present approximate credible intervals based on VIAS [Agrawal et al., 2022| in Figure
3.2. The parameters of VIAS, were set to be b = 0.1 and s = —0.495, with a total of 40
iterations.

From Figure 3.2, we can observe the effectiveness of our regularized methods in estimat-
ing the true parameter. The proposed ¢ 5-IEKF /IEKF-SL clearly outperforms the vanilla
IEKF /IEKF-SL in the estimation task. It is shown to be competitive with LASSO and IAS,
which are only applicable in linear settings. Although the convexity of (3.6) is not guaran-
teed for p = 0.5, the numerical result in Figure 3.2 demonstrates successful regularization.
In terms of uncertainty quantification, ¢y 5-IEKF /IEKF-SL showed comparable performance

in constructing approximate credible intervals to the recently proposed VIAS. These results
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clearly show that ¢y 5-IEKF/IEKF-SL can preserve desirable properties of ensemble-based
derivative-free optimization methods and ITAS. To further investigate the convergence and
the regularization effect of the parameter r, we also conducted extensive simulations using
a less severely underdetermined system with y € R0 to avoid possible instabilities caused
by a small number of observations. To evaluate the regularization effect, we varied r values
ranging from 0.1 to 2 and computed the ¢o-norm of the ¢;-IEKF /IEKF-SL estimates whose

indices correspond to entries off the support of the true signal.

L2-error Zero-component estimation
16
—— LOS-EKF 067 jexr
14 = LO5-IEKF-5L — |EKF-5L
05
12
10 0.4
0.8
03
0.6
0.4 0.2 N\/
0.2 0.1
DO 25 50 75 100 125 150 175 025 050 075 100 125 150 175 2.00

Number of outer iterations r

Figure 3.3: Left: fs-convergence comparison. Right: regularization effect of r.

The left plot in Figure 3.3 shows the £ norm of the error [uf — u*| between the true
parameter u* and the estimates obtained by ¢1-IEKF/IEKF-SL over 30 outer iterations.
From the plot, ¢;-IEKF-SL is more accurate than ¢1-IEKF. The right plot in Figure 3.3

clearly demonstrates stronger regularization at small r values, as expected.

3.4.2  Nonlinear Inverse Problem with Explicit Forward Map

Here we study a nonlinear inverse problem introduced in [Kabanikhin, 2008|, which has
a closed-form forward map that satisfies the condition in Proposition 3.3.9. Our results
demonstrate that strongly sparsity-promoting regularization techniques, for which convexity

of the objective is lost, provide more accurate reconstruction.
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Setting

Consider the following first-order partial differential equation (PDE)

Oy v — Ozyv — u(x1)v =0, (x1,22) € (0,1) x (0,1),
(3.24)

v(z1,0) = p(z1), z1 €[0,1].

If w is continuous and ¢ is continuously differentiable, then (3.24) admits the solution

T

v(x1,x9) = p(x1 + 2) exp </x u(z)dz) , (x1,29) €[0,1] x [0, 1].

1+x9

For a given ¢, the data y is sampled according to
y(r1,29) = v(21,79) +2, €~N(0,0.1%), (21,29) € [0,1] x [0,1].

The domain of interest, [0,1] x [0,1], was discretized with a 21 x 21 uniform grid. The
solution of the PDE was observed on the grid. Our goal is to recover the function u given

the data y € R21*21 We further assume that « admits a representation

30 30
u(z) = Z ujsin(jrr) + Zﬁj cos(jmx), = € [0,1],

j=1 j=1
which reduces the function recovery problem to a parameter estimation problem. Therefore,

for each (x1,x9) € [0, 1] x [0, 1], the forward map is given by

g: (uj,ﬂj)gozl eRY v e ]R441,
which is convex/concave if the function ¢ is positive/negative. Hence, from the proposition
(3.3.9), the objective function given in (3.6) is convex for > 1. The following simulations

illustrate the effectiveness of the proposed methodology for r = % —which amounts to
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imposing an ¢ 5-regularization— despite the possible loss of convexity for r € (0,1). For
the numerical simulation, we set ¢(z) = cos(x) and assumed that only three components of

each u; and u; are nonzero. Specifically, we set

u(x) = 1.2(sin(rz) + sin(3wz) — sin(6rz) — cos(3wz)) — 0.6(cos(mz) — cos(6mz)).

Numerical Results

We compared the performance of IEKF, IEKF-SL, ¢y 5-IEKF, ¢4 5-IEKF-SL, ¢1-IEKF, and
(1-IEKF-SL in terms of their accuracy. For all of our methods, we used N = 100 ensemble
members with three outer regularization iterations and 7" = 20 inner iterations of ensemble
Kalman methods. The initial ensemble members u(()n) were sampled from a centered Gaussian
with covariance matrix 0.047g5. We compare the reconstructions to the true target function
u.

In both Figures 3.4 and 3.5, the top and bottom rows correspond to /1 and ¢( 5-regularization,
respectively. The blue curves represent our function recovery based on the corresponding
ensemble Kalman method. The shaded regions represent elementwise 2.5/97.5 percentile val-
ues of the recovery results. The recovery improves with additional outer iterations. As in the
linear example, ¢( 5-regularization worked as effectively as, or better than, ¢{-regularization.

In particular, ¢y 5-IEKF-SL recovered the true function almost perfectly after three outer

iterations.
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# of outer iteration # of outer iteration
Method Oth 1st 3rd Method Oth 1st 3rd
(1-IEKF 0.238 | 0.168 | 0.094 (1-IEKF 3.678 | 5.371 | 4.228
lo5-IEKF | 0.238 | 0.148 | 0.057 (o 5-IEKFEF | 3.678 | 4.945 | 2.959
(1-IEKF-SL | 0.205 | 0.141 | 0.067 (1-IEKF-SL | 4.660 | 3.649 | 2.898
(o 5-IEKF-SL | 0.205 | 0.132 | 0.037 {y.5-IEKF-SL | 4.660 | 3.060 | 2.400
Table 3.4.1: fs-error between parameter Table 3.4.2: Average width of credible
estimate and true value. intervals for recovery.

Table 3.4.1 shows the fo-norm error between the parameter estimate and the truth.
The results demonstrate the effectiveness of sparsity-promoting regularization. In all four
methods, the ¢o-error decreased with additional outer iterations. In both IEKF and IEKF-
SL, ¢y 5-regularization produced more accurate (¢9) recovery than ¢1-regularization.

Table 3.4.2 contains the average widths of the credible intervals along the number of outer
iterations. The widths of the credible intervals tend to decrease as more outer iterations are
performed. This is expected since, as regularization effects accumulate, ensembles are more
likely to center about their mean and credible bands around the target function become
narrower. We can also see the stronger regularizing effect by comparing the width of the

credible intervals corresponding to ¢ 5-regularization and that of /1-regularization.

3.4.83 2D-FElliptic Inverse Problem

Finally, following |Lee, 2021] we consider a two-dimensional elliptic inverse problem under
a sparsity assumption. We show that our methodology can achieve accurate reconstruc-
tions with ¢,-regularization with p = 0.5, while the approach in [Lee, 2021] could not be

implemented with p < 0.7.
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Figure 3.4: Example in Subsection 3.4.2. Red: target function to recover. Blue: £,-
IEKF recovery. Top row: ¢1-IEKF. Bottom row: ¢y 5-IEKF. Left column: vanilla IEKF.
Middle column: ¢,-IEKF after one outer iteration. Right column: /,-IEKF after three
outer iterations. Shaded: 2.5/97.5 percentile of the recovery.
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Figure 3.5: Example in Subsection 3.4.2. Red: target function to recover. Blue: ¢,-
IEKF-SL recovery. Top row: {;-IEKF-SL. Bottom row: £y5-IEKF-SL. Left column:
vanilla IEKF-SL. Middle column: /£,-IEKF-SL after one outer iteration. Right column:
¢,-IEKF-SL after three outer iterations. Shaded: 2.5/97.5 percentile of the recovery.
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Setting

Consider the elliptic PDE
—div(e"@Vo(z)) = f(z), # = (x1,79) € [0,1] x [0, 1]
with boundary conditions
v(z1,0) = 100, @(1, 29) =0, —e™®) (0, 29) = 500, — (21,1) =0,
011 0xq Oxg

and source term

flx) = fler,02) = §137 4 < a9

IN
S

274 F<ay <1

\

Following [Lee, 2021|, the equation is discretized in a uniform 15 x 15 grid in [0, 1] x [0, 1].

We assumed that the log diffusion coefficient can be expressed as

19 19

1}1,1‘2 ZZUZJSOZ] l’l,l‘g

=0 75=0

where @;;(z1,79) = cos(imry) cos(jmry). Using the first boundary condition, the forward
map is given by

R400 R14X 15’

G: {“w}w 0 € v E

which we implemented using the five-point stencil finite-difference method. To ensure spar-
sity, only six of the 400 components of {u; J}z “j=0 Were chosen to be nonzero. We aim to

recover {u; ]}Z =0 € R0 from the data

y(xy,m9) = g(u(xl, Ig)) +e=v(r1,29) +¢, e ~N(0, 0.12).
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Numerical Results

We compare the performance of IEKF, IEKF-SL, ¢y 5-IEKF, ¢y 5-IEKF-SL, ¢1-IEKF, and
(1-IEKF-SL in terms of their parameter estimation accuracy. For all our methods, we used
N = 400 ensemble members with six outer regularization iterations and 7' = 30 inner

(n)

iterations. The initial ensemble u;"" was sampled from a centered Gaussian with covariance

19
i,j=0"

matrix 0.174099. We present comparisons to the true parameters {ui, j}

In Figures 3.6 and 3.7, the top and bottom rows respectively correspond to ¢; and ¢ 5-
regularization. We also provide approximate credible intervals, constructed from elementwise
2.5/97.5 percentile values of the empirical distribution of the ensemble. In both figures, we
observe that estimates improve with more outer iterations. In addition, £ 5-regularization
acted more strongly off the support than ¢1-regularization. Within three outer regularization
iterations, both ¢( 5-IEKF /TEKF-SL yielded parameter estimates very close to the true value.

As in the previous numerical example, Table 3.4.3 provides the f9-norm errors. In all
cases, errors decreased with the additional outer iterations. Note that (g 5-regularization is
an order of magnitude more accurate than ¢1-regularization whether using IEKF or IEKF-SL.
Table 3.4.4 shows that the length of approximate credible intervals decreased with the number

of outer iterations. After only six iterations, credible intervals produced by ¢ 5-regularization

are an order of magnitude or more smaller than those produced by ¢;-regularization.
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Figure 3.6: Parameter recovery for 2D-elliptic inverse problem based on ¢; /¢y 5-IEKF.
Red: Truth. Blue: (,-IEKF estimate. Left column: vanilla (non-regularized) IEKF.
Middle column: £,-IEKF after three outer iterations. Right column: /,-IEKF after six
outer iterations. Shaded: elementwise 2.5/97.5 percentile for parameter estimate.

# of outer iteration # of outer iteration
Method Oth 3rd 6th Method Oth 3rd 6th
(1-IEKF 0.030 | 0.014 | 0.012 {1-IEKF 1.211 | 0.198 | 0.211
lo5-IEKF | 0.030 | 0.004 | 0.002 lo5-IEKF | 1.211 | 0.055 | 0.017
¢1-IEKF-SL | 0.030 | 0.020 | 0.014 (1-IEKF-SL | 1.399 | 0.259 | 0.169
(y.5-IEKF-SL | 0.030 | 0.008 | 0.007 ly.5-IEKF-SL | 1.399 | 0.041 | 0.007
Table 3.4.3: fs-error between parameter Table 3.4.4: Average width of credible
estimate and true value. intervals for recovery.
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Figure 3.7: Parameter recovery for 2D-elliptic inverse problem based on ¢1 /¢y 5-IEKF-
SL. Red: Truth. Blue: £,-IEKF-SL estimate. Left column: vanilla (non-regularized)
IEKF-SL. Middle column: ¢,-IEKF-SL after three outer iterations. Right column:

(p,-IEKF-SL after six outer iterations.

parameter estimate.
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3.5 Conclusion

This chapter introduced a flexible and computationally efficient framework to incorporate a
wide range of regularization techniques in ensemble Kalman methods. We have adopted a hi-
erarchical Bayesian perspective to derive our methodology and shown that suitable choices of
hyperparameters yield sparsity-promoting regularization. The effectiveness of our procedure
was demonstrated in three numerical examples. While we have focused on sparsity-promoting
{p-penalties, our framework extends beyond sparse models. In particular, heavy-tailed Stu-
dent prior regularization and relaxed {p-penalties with r5 > 3/2 could be considered for
applications in nonlinear regression and in learning dynamical systems from time-averaged
data [Schneider et al., 2022]. Finally, this chapter focused on ensemble Kalman methods
for inverse problems; future work will investigate regularization of ensemble Kalman filters

[Sanz-Alonso et al., 2023, Chen et al., 2022] in data assimilation.
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CHAPTER 4
BAYESIAN OPTIMIZATION WITH NOISE-FREE
OBSERVATIONS: IMPROVED REGRET BOUNDS VIA
RANDOM EXPLORATION

4.1 Introduction

Bayesian optimization [Jones et al., 1998, Mockus, 1998, Frazier, 2018| is an attractive strat-
egy for global optimization of black-box objective functions. Bayesian optimization algo-
rithms sequentially acquire information on the objective by observing its value at carefully
selected query points. In some applications, these observations are noisy, but in many oth-
ers the objective can be noiselessly observed; examples include hyperparameter tuning for
machine learning algorithms [Burges and Scholkopf, 1996], parameter estimation for com-
puter models [Clark Jr et al., 2016, Pourmohamad, 2020|, goal-driven dynamics learning
[Bansal et al., 2017], and alignment of density maps in Wasserstein distance [Singer and
Yang, 2023]. While most Bayesian optimization algorithms can be implemented with either
noisy or noise-free observations, few methods and theoretical analyses are tailored to the
noise-free setting.

This paper introduces two new algorithms rooted in scattered data approximation for
Bayesian optimization with noise-free observations. The first algorithm, which we call GP-
UCB-+, supplements query points obtained via the classical GP-UCB algorithm [Srinivas
et al., 2010] with randomly sampled query points. The second algorithm, which we call
EXPLOIT+, supplements query points obtained by maximizing the posterior mean of a
Gaussian process surrogate model with randomly sampled query points. Both algorithms
retain the simplicity and ease of implementation of the GP-UCB algorithm, but introduce
an additional random exploration step to ensure that the fill-distance of query points decays

at a near-optimal rate, thus enhancing the accuracy of surrogate models for the objective
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function. The new random exploration step has a profound impact on both theoretical
guarantees and empirical performance. On the one hand, the convergence rate of GP-
UCB+ and EXPLOIT+ improve upon existing and refined rates for the GP-UCB algorithm.
Indeed, the new algorithms nearly achieve the optimal convergence rate in [Bull, 2011] and
the decaying rate of simple regret implied by the conjectured cumulative regret bounds in
[Vakili, 2022]. On the other hand, GP-UCB+ and EXPLOIT+ explore the state space faster,
which leads to an improvement in numerical performance across a range of benchmark and

real-world examples.

4.1.1  Main Contributions

e We introduce two new algorithms, GP-UCB+ and EXPLOIT+, whose simple regret
convergence rate nearly matches with the optimal minimax convergence rate in [Bull,
2011]. The proposed algorithms far improve existing and refined rates for the classical
GP-UCB algorithm. En route to comparing the cumulative regret bounds for our new
algorithms with those for GP-UCB, we establish in Theorem 4.3.1 a regret bound for

GP-UCB with squared exponential kernels that refines the one in [Lyu et al., 2019].

e We numerically demonstrate that GP-UCB+ and EXPLOIT+ outperform GP-UCB
and other popular Bayesian optimization algorithms across many examples, including
optimization of several 10-dimensional benchmark objective functions, hyperparameter
tuning for random forests, and optimal parameter estimation of a garden sprinkler

computer model.

e We showcase that both GP-UCB+ and EXPLOIT+ share the simplicity and ease of
implementation of the GP-UCB algorithm. In addition, EXPLOIT+ requires fewer
input parameters than GP-UCB or GP-UCB+, and achieves competitive empirical

performance without any tuning.
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4.1.2  Outline

Section 4.2 formalizes the problem of interest and provides necessary background. We review
related work in Section 4.3. Our new algorithms are introduced in Section 4.4, where we
establish regret bounds under a deterministic assumption on the objective function. Section
4.5 contains numerical examples, and we close in Section 4.6. Proofs and additional numerical

experiments are deferred to an appendix.

4.2 Preliminaries

4.2.1 Problem Statement

We want to find the global maximizer of an objective function f : X — R by leveraging the
observed values of f at carefully chosen query points. We are interested in the setting where
the observations of the objective are noise-free, i.e. for query points X3 = {zq,..., 2} we
can access observations Fy = [f(z1), ..., f(z)] . The functional form of f is not assumed to
be known. For simplicity, we assume throughout that X C R< is a d-dimensional hypercube.
We assume that f € H;(X) belongs to the Reproducing Kernel Hilbert Space (RKHS)

associated with a kernel k: X x X — R.

4.2.2  Gaussian Processes and Bayesian Optimization

Many Bayesian optimization algorithms, including the ones introduced in this paper, rely
on a Gaussian process surrogate model of the objective function to guide the choice of query
points. Here, we review the main ideas. Denote generic query locations by X = {x1, ..., x¢}
and the corresponding noise-free observations by Fy = [f(z1),..., f (xt)]—r. Gaussian process

interpolation with a prior GP(0, k) yields the following posterior predictive mean and vari-
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ance:

peo(r) = k() K Fy,

oto(x) = k(z,z) — ky(z) Ky (),

where ki(z) = [k(a:,a:l),...,k(x,a:t)]T and Ky is a t X ¢t matrix with entries (Ky);; =
k(x;, xj).

Our interest lies in Bayesian optimization with noise-free observations. However, we
recall for later reference that if the observations are noisy and take the form y; = f(x;) +n;,
1 <@ <t, where 7, i N(0,)), then the posterior predictive mean and variance are given

by

() = ke(z) " (Kye + M)y,

of () = k(z,2) — k() T (Kyg + M)~y (),

where Y; = [yq,. .. ,yt]T.

To perform Bayesian optimization, one can sequentially select query points by optimizing
a Gaussian Process Upper Confidence Bound (GP-UCB) acquisition function. Let X; 1 =
{z1,...,2¢_1} denote the query points at the (¢ — 1)-th iteration of the algorithm. Then, at

the ¢-th iteration, the classical GP-UCB algorithm [Srinivas et al., 2010] sets

1
xp = argmax py 1 A\(z) + B oy_1 A(2), (4.1)
zeX

where [ is a user-chosen positive parameter. The posterior predictive mean provides a
surrogate model for the objective; hence, one expects the maximum of f to be achieved
at a point z € X’ where ;1 \(7) is large. However, the surrogate model j;_1 y(7) may

not be accurate at points x € X where 0?_1 )\(x) is large, and selecting query points with

91



large predictive variance helps improve the accuracy of the surrogate model. The GP-UCB
algorithm finds a compromise between exploitation (maximizing the mean) and exploration
(maximizing the variance). The weight parameter 3y balances this exploitation-exploration
trade-off. For later discussion, Algorithm 4.2.1 below summarizes the approach with noise-

free observations F; and A = 0.

Algorithm 4.2.1 GP-UCB with noise-free observations.

1: Input: Kernel k; Total number of iterations T'; Initial design points X; Initial noise-free
observations Fp. Weights {Bt}thl.
2: Construct pg o(z) and o (x) using Xo and Fj.
3: Fort=1,...,T do:
1. Set

1
Tt = argmax pt-1,0(2) + Bor-10().
2. Set Xy = Xy 1 U{x} and Fy = Fr_1 U{f(z1)}.
3. Update uo(x) and oy g(z) using Xy and Fy.
4: Output: optimization iterates {x1,xs,...,xp}.

4.2.8  Performance Metric

The performance of Bayesian optimization algorithms is often analyzed through bounds on

their simple regret, ST, given by

Sp=f*—
T=1rf t:rrlliffo(xt)

or their cumulative regret, Ry, given by

T
Rp=> r,  re=f*—f(z),
=1

where f* is the maximum of the objective f, z; is the t-th iterate of the optimization
algorithm, and r; is called the instantaneous regret. Notice that from the definition, we

observe Sp < % and Sp < rp. Naturally an upper bound on % or 7 serves as an upper
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bound for S7 and the convergence of algorithm is implied by showing Sp — 0 as T" — oc.
Several convergence results have been established directly through bounding the simple
regret or the instantaneous regret [Bull, 2011, De Freitas et al., 2012|. On the other hand,
the goal of theoretical analyses of optimization algorithms based on the cumulative regret
R is to show sublinear growth rate of Ry to ensure convergence to the global maximum. A
bound on the rate of convergence (with respect to simple regret) is then given by the decaying
rate of Rp/T. In this context, Ry serves as a useful intermediate quantity to establish
convergence rates for popular Bayesian optimization strategies including algorithms based
on upper confidence bounds [Srinivas et al., 2010, Chowdhury and Gopalan, 2017, Bogunovic
and Krause, 2021] and Thompson sampling [Chowdhury and Gopalan, 2017|. As noted in
[Bull, 2011], a caveat of using Ry to analyze Bayesian optimization algorithms is that the
fastest rate of convergence one can obtain is 771, In addition, Ry accounts for costs that are
not incurred by the optimization algorithm. For these reasons, we analyze our new algorithms
using simple and instantaneous regret, and additionally compare our simple regret bounds

with those implied by existing bounds on Rp.

4.2.4  Choice of Kernel

We will consider the well-specified setting where Gaussian process interpolation for surro-
gate modeling is implemented using the same kernel k which specifies the deterministic or
probabilistic assumptions on f, namely f € Hj or f ~ GP(0,k). The impact of kernel
misspecification on Bayesian optimization algorithms is studied in [Bogunovic and Krause,
2021, Kim et al., 2024|.

For concreteness, we focus on Matérn kernels with smoothness parameter v and length-

scale parameter ¢, given by

o) = e (B1) 2 ().
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where By is a modified Bessel function of the second kind, and on squared exponential kernels
with lengthscale parameter ¢, given by

12
k(z,2") = exp (—%) :

We recall that the Matérn kernel converges to the squared exponential kernel in the large v
asymptotic. Both types of kernel are widely used in practice, and we refer to [Williams and

Rasmussen, 2006, Wendland, 2004, Stein, 2012| for further background.

4.3 Related Work

4.3.1 Existing Regret Bounds: Noisy Observations

Numerous works have established cumulative regret bounds for Bayesian optimization with
noisy observations under both deterministic assumption on the objective function [Srinivas
et al., 2010, Chowdhury and Gopalan, 2017, Vakili et al., 2021, Bogunovic and Krause,
2021, Russo and Van Roy, 2014, Kandasamy et al., 2018]. These bounds involve a quantity
known as the mazimum information gain, which under a Gaussian noise assumption is given
by v = %log |I + A_tht|, where A > 0 represents the noise level. In particular, under
a deterministic objective function assumption, [Chowdhury and Gopalan, 2017| showed a
cumulative regret bound for GP-UCB of the form O (VT\/T >, which improves the one
obtained in [Srinivas et al., 2010| by a factor of O(log3/ 2(T)). By tightening existing upper
bounds on the maximum information gain, [Vakili et al., 2021] established a cumulative

regret bound for GP-UCB of the form

2v+4-3d 2v
O (T4V+2d logQV-‘rd T) ,
Ry =

@ <T% log@+1 T) ,
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for Matérn and squared exponential kernels.

4.3.2  Emnisting Regret Bounds: Noise-Free Observations

In contrast to the noisy setting, few works have obtained regret bounds with noise-free ob-
servations. With an expected improvement acquisition function and Matérn kernel, [Bull,
2011] provided a simple regret bound of the form O (T_ min{,1}/ d), where O suppresses
logarithmic factors, under deterministic objective function assumption. On the other hand,
[De Freitas et al., 2012] introduced a branch and bound algorithm that achieves an expo-
nential rate of convergence for the instantaneous regret, under the probabilistic assumption
on the objective function. However, unlike the standard GP-UCB algorithm, the algorithm
in [De Freitas et al., 2012| requires many observations in each iteration to reduce the search
space, and it further requires solving a constrained optimization problem in the reduced
search space.

To the best of our knowledge, [Lyu et al., 2019] presents the only cumulative regret bound
available for GP-UCB with noise-free observations under a deterministic assumption on the
objective. Specifically, they consider Algorithm 4.2.1, and, noticing that oz o(z) < oy \()
for any A > 0, they deduce that existing cumulative regret bounds for Bayesian optimization
with noisy observations remain valid with noise-free observations. Furthermore, in the noise-
free setting, the cumulative regret bound is improved by a factor of /37, which comes from
using a constant weight parameter Sy := || f ||3_[’C () given by the squared RKHS norm of the

objective. This leads to a cumulative regret bound with rate O(y/y7T), which gives

v+d v
@) (T2u+d 10g21/+d T) ,
Ry = (4.2)
1 d+1
@) (T? log 2~ T) ,

for Matérn and squared exponential kernels.
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4.3.8  Tighter Cumulative Regret Bound for Squared Exponential Kernels

[Vakili, 2022| sets as an open problem whether one can improve the cumulative regret bounds
in (4.2) for the GP-UCB algorithm with noise-free observations. For squared exponential

kernels, we claim that one can further improve the cumulative regret bound in (4.2) by a

factor of v/logT.

Theorem 4.3.1. Let f € Hj(X), where k is a squared exponential kernel. GP-UCB with

noise-free observations and Py := HfH%_[k satisfies the cumulative regret bound
1 d
RT:O(T§10g5T>,
which yields the convergence rate of
1. d
Sp=0 (Tﬁf log2 T) .

Remark 4.3.2. Our improvement in the bound comes from a constant term m,
which was ignored in existing analyses with noisy observations. By letting A — 0, the

constant offsets a v/logT" growth in the cumulative regret bound.

Remark 4.3.3. For Matérn kernels, a similar approach to improve the rate is not feasible. A
state-of-the-art, near-optimal upper bound on the maximum information gain with Matérn
kernels obtained in [Vakili et al., 2021] introduces a polynomial growth factor as the noise
variance A decreases to zero. Minimizing the rate of an upper bound in [Vakili et al., 2021]

one can match the rate obtained in [Lyu et al., 2019].

Remark 4.3.4. Unlike cumulative regret bounds with noisy observations, Theorem 4.3.1

and the results in [Lyu et al., 2019] are deterministic.
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4.3.4  Optimal Simple Regret Bounds

Under the deterministic objective function assumption, Theorem 4.3.1 refines the rate bound
in (4.2) for GP-UCB with noise-free observations using squared exponential kernels. In the
rest of the paper, we will design new algorithms that achieve drastically faster convergence
rates. In particular, for Matérn kernels, our algorithms nearly achieve the optimal con-
vergence rate in [Bull, 2011] of the form Sp = © <T_%> . Furthermore, our algorithms’
convergence rate is competitive to algorithms that satisfy the conjectured cumulative regret

bound in [Vakili, 2022] of the form

(

d—v
O a), ford>v

=y
N
I

O(logT), ford=v

O(1), ford <v

\

which translates to the convergence rate of

(

@ (T_%> , for d > v

4
I

(@] (T_1 logT), ford=v

@ (Tﬁl) , for d < v.

\

Our new algorithms nearly achieve the optimal convergence rate while preserving the ease of
implementation of GP-UCB algorithms. The recent preprint [Salgia et al., 2023| proposes an
alternative batch-based approach, which combines random sampling with domain shrinking

to attain the conjectured cumulative regret bounds for d > v with a high probability.
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4.4 Exploitation with Accelerated Exploration

4.4.1 How Well Does GP-UCB Explore?

The GP-UCB algorithm selects query points by optimizing an acquisition function which
incorporates the posterior mean to promote exploitation and the posterior standard devi-
ation to promote exploration. Our new algorithms are inspired by the desire to improve
the exploration of GP-UCB. Before introducing the algorithms in the next subsection, we
heuristically explain why such an improvement may be possible.

A natural way to quantify how well data Xy = {x1,...,2¢} cover the search space X is

via the fill-distance, given by

h(X,Xt) = sup inf |z — x|
reX Ti€Xt

The fill-distance appears in error bounds for Gaussian process interpolation and regression
[Wendland, 2004, Teckentrup, 2020, Stuart and Teckentrup, 2018, Tuo and Wang, 2020]|. For
quasi-uniform points, it holds that h(X, Xy) = © (t_$>, which is the fastest possible decay
rate for any sequence of design points. The fill-distance of the query points selected by our
new Bayesian optimization algorithms will (nearly) decay at this rate.

[Wenzel et al., 2021] introduced a stabilized greedy algorithm to obtain query points by
maximizing the posterior predictive standard deviation at each iteration. Their algorithm
sequentially generates a set of query points whose fill-distance decays at a rate © (t_é>
by sequentially solving constrained optimization problems, which can be computationally
demanding. Since GP-UCB simply promotes exploration through the posterior predictive
standard deviation term in the UCB acquisition function, one may heuristically expect the
fill-distance of query points selected by the standard GP-UCB algorithm to decay at a slower
rate. On the other hand, a straightforward online approach to obtain a set of query points

1
whose fill-distance nearly decays at a rate © (t*3> is to sample randomly from a probability
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Figure 4.1: Average fill-distance of a set of query points obtained using four different al-
gorithms over 100 independent experiments. The results are based on a 10-dimensional
Rastrigin function. The discrete subset X'p consists of 100 Latin hypercube samples.

measure P with a strictly positive Lebesgue density on X. Specifically, [Oates et al., 2019]
shows that, in expectation, the fill-distance of independent samples from such a measure
decays at a near-optimal rate: for any € > 0, Ep[h(X, X})] = O(t_é+€).

Figure 4.1 compares the decay of the fill-distance for query points selected using four
strategies. For a 10-dimensional Rastrigin function, we consider: (i) GP-UCB; (ii) EXPLOIT
(i.e., maximizing the posterior mean at each iteration); (iii) EXPLORE (i.e., maximizing the
posterior variance); and (iv) UNIFORM (i.e. independent uniform random samples on X).
The results were averaged over 100 independent experiments. The fill-distance for GP-
UCB lies in between those for EXPLORE and EXPLOIT; whether it lies closer to one or
the other depends on the choice of weight parameter, which here we choose based on a
numerical approximation of the max-norm of the objective, ﬁt% = maxgey,, |f(z)| where
Xp is a discretization of the search space X. Note that UNIFORM yields a drastically
smaller fill-distance even when compared with EXPLORE. Our new algorithms will leverage
random sampling to enhance exploration in Bayesian optimization and achieve improved

regret bounds.
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4.4.2  Improved Ezxploration via Random Sampling

In this subsection, we introduce two Bayesian optimization algorithms that leverage random
sampling as a tool to facilitate efficient exploration of the search space and enhance the ac-
curacy of surrogate models of the objective function with which to acquire new optimization
iterates. While the GP-UCB algorithm selects a single query point x; per iteration, our
algorithms select two query points {z¢, Z;} to produce a single optimization iterate z;.

The first algorithm we introduce, which we call GP-UCB+, selects a query point x;
using the GP-UCB acquisition function and another query point Z; by random sampling.
We outline the pseudocode in Algorithm 4.4.1. The second algorithm we introduce, which we
call EXPLOIT+, decouples the exploitation and exploration goals, selecting one query point
¢ by maximizing the posterior mean to promote exploitation, and another query point ¢
by random sampling to promote exploration. We outline the pseudocode in Algorithm 4.4.2.
As noted above, both GP-UCB+ and EXPLOIT+ produce a single optimization iterate xy;
the role of the additional query point Z; is to enhance the surrogate model of the objective
with which x4 is acquired. Since our new algorithms require two query points per iteration,
in our numerical experiments in Section 4.5 we ensure a fair comparison by running them
for has as many iterations as used for algorithms that require one query point per iteration.
For the convergence rate analysis in Subsection 4.4.3, the fact that our algorithms require
twice as many iterations is inconsequential, since halving the number of iterations does not
affect the convergence rate.

Notably, EXPLOIT+ does not require input weight parameters {5t}tT:1- As mentioned
in Section 4.3, many regret bounds for GP-UCB algorithms rely on choosing the weight
parameters as the squared RKHS norm of the objective or in terms of a bound on it. The
performance of GP-UCB and GP-UCB+ can be sensitive to this choice, which in practice
is often based on empirical tuning or heuristic arguments rather than guided by the theory.

In contrast, EXPLOIT+ achieves the same regret bounds as GP-UCB+ and drastically
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Algorithm 4.4.1 GP-UCB+.

1: Input: Kernel k; Total number of iterations T’ Initial design points X full. Thitial noise-
free observations Ff“11 Probability distribution P on X. Weights {ﬁt}t 1
2: Construct posterior mean ufuu( ) and standard deviation 06‘%1( ) using X full and F full

3: Fort=1,...,T do:
1. Exploitation 4+ Exploration: Set

vt — argmavs i (@) + 820 | (a).
reX ’

2. Exploration: Sample 14 ~ P.

3. Set
Xl xRl e

F = BT O {f(a0), f(30)}.

4. Update quull( ) and afu(}l( ) using thull and thull‘
4: Output: optimization iterates {x1,x9,...,xp}.

Algorithm 4.4.2 EXPLOIT+.

1: Input: Kernel k; Total number of iterations 7T'; Initial design points X full. ; Initial noise-
free observations Fj full, ; Probability distribution P on X.

2: Construct posterior mean ufuu( ) and standard deviation a(f)u(l)l( ) using X full and Féuu.

3: Fort=1,...,T do:
1. Exploitation: Set z; = argmax,cy uguul ol@).

2. Exploration: Sample 74 ~ P.

3. Set
thull Xfull U {th, It}

Fil = FR G {f (), f(E0))

4. Update quull( ) using thull and thull.
4: Output: optimization iterates {x1,x9,..., 27}
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faster rates than GP-UCB without requiring the practitioner to specify weight parameters.

Additionally, EXPLORE+ shows competitive empirical performance.

Remark 4.4.1. In the exploration step, one can acquire a batch of points to further enhance
the exploration of GP-UCB-+ and EXPLOIT+. As long as the number of points sampled at
each iteration does not grow with respect to the iteration index ¢, the regret bounds stated

in Theorem 4.4.4 below remain valid.

Remark 4.4.2. A common heuristic strategy to expedite the performance of Bayesian op-
timization algorithms is to acquire a moderate number of initial design points by uniformly
sampling the search space. Since the order of the exploration and exploitation steps can
be swapped in our algorithms, such heuristic strategy can be interpreted as an initial batch

exploration step.

Remark 4.4.3. A natural choice for P is the uniform distribution on the search space X.
Our theory, which utilizes bounds on the fill-distance of randomly sampled query points from
[Oates et al., 2019], holds as long as P has a strictly positive Lebesgue density on X. In what

follows, we assume throughout that P satisfies this condition.

4.4.3  Regret Bounds

We now obtain regret bounds under the deterministic assumption that f belongs to the
RKHS of a kernel k. Our algorithms are random due to sampling from P, and we show

cumulative regret bounds in expectation with respect to such randomness.

Theorem 4.4.4. Let [ € H;.(X). Suppose t € N is large enough. GP-UCB+ with By :=
Hf“?Hk(X) and EXPLOIT+ attain the following instantaneous regret bounds. For Matérn

kernels with parameter v > 0,

Eplr] =0 (t_5+6)
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where € > 0 can be arbitrarily small. For squared exponential kernels,

Ep[r] =0 (exp (—C’té_5>> ,

for some constant C' > 0 with an arbitrarily small € > 0.

Remark 4.4.5. In particular, these results imply that

@) (T_%+E> , for Matérn kernel
EplSt] = X
(@) (exp (—C’TE_5>> , for square exponential kernel

Remark 4.4.6. For Matérn kernels, in expectation, the proposed algorithms nearly attain
the optimal convergence rate established by [Bull, 2011] and the convergence rate implied by
the cumulative regret bound conjectured in [Vakili, 2022|. Moreover, one can further obtain
the exact optimal convergence rate by replacing the random sampling step in GP-UCB+

and EXPLOIT+ with a more computationally expensive quasi-uniform sampling scheme.

Remark 4.4.7. Compared with the GP-UCB algorithm with noise-free observations, the
proposed algorithms attain improved convergence rates in expectation for both Matérn and
squared exponential kernels. For the Matérn kernel, the new convergence rate has a faster
polynomial decaying factor with a removal of the logarithmic growth factor. For the squared
exponential kernel, the proposed algorithms have an exponential convergence rate, whereas
the improved bound for the GP-UCB algorithm in Theorem 4.3.1 has a convergence rate of
O(T~7 log?(T)).

Remark 4.4.8. For Matérn kernels, compared with the recent preprint [Salgia et al., 2023,
3

which attains O(T~!log2 T') convergence rate when d < v, our algorithms attains exponen-

tial convergence rate. When d > v, [Salgia et al., 2023| attains the convergence rate implied

by the conjecture in [Vakili, 2022] up to a logarithmic factor, while we attain the implied
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convergence rate up to a factor of O(7°), for arbitrarily small ¢ > 0. Compared to existing

works, we additionally establish exponential convergence rates with the squared exponential

kernel.
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Figure 4.2: Simple regret vs number of noise-free observations.

4.5 Numerical Experiments

This section explores the empirical performance of our methods on three benchmark objec-
tive functions, on hyperparameter tuning for a machine learning model, and on optimizing
a black-box objective function designed to guide engineering decisions. We compare the
new algorithms (GP-UCB+, EXPLOIT+) with GP-UCB and two other popular Bayesian
optimization strategies: Expected Improvement (EI) and Probability of Improvement (PI).
We also compare with the EXPLOIT approach outlined in Subsection 4.4.1, but not with
EXPLORE as this method did not achieve competitive performance. Throughout, we choose
the distribution P which governs random exploration in the new algorithms to be uniform
on X. For the weight parameter of UCB acquisition functions, we considered a well-tuned
constant value 5751 2 _ 2 that achieves good performance in our examples, and the ap-
proach in [Chowdhury and Gopalan, 2019|, which sets ﬁtl /2 - max,cy, |f(z)| where Xp
is a discretization of the search space. All the hyperparameters of the kernel function were
iteratively updated through maximum likelihood estimation. Since the new algorithms need
two noise-free observations per iteration but the methods we compare with only need one,

we run the new algorithms for half as many iterations to ensure a fair comparison.
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4.5.1 Benchmark Objective Functions

We consider three 10-dimensional benchmark objective functions: Ackley, Rastrigin, and
Levy. Each of them has a unique global maximizer but many local optima, posing a challenge
to standard first and second-order convex optimization algorithms. Following the virtual li-
brary of simulation experiments: https://www.sfu.ca/ ssurjano/, we respectively set the
search space to be [—32.768,32.768]10, [—5.12,5.12]'0, and [—10,10]'Y. We used a Matérn
kernel with the default initial smoothness parameter v = 2.5 and initial length scale parame-
ter £ = 1. For each method and objective, we obtain 400 noise-free observations and average
the results over 20 independent experiments. For GP-UCB and GP-UCB+, we set Btl /2 _ 2.
Figure 4.2 shows the average simple regrets, given by f* —max,—; 7 f(x¢). We report the
regret as a function of the number of observations rather than the number of iterations to
ensure a fair comparison. For all three benchmark functions, GP-UCB+ and EXPLOIT-+
outperform the other methods. To further demonstrate the strength of the proposed algo-
rithms, Table 4.5.1 shows the average simple regret at the last iteration, normalized so that
for each benchmark objective the worst-performing algorithm has unit simple regret. Table
4.7.1 in Appendix 4.7.3 shows results for the standard deviation, indicating that the new
methods are not only more accurate, but also more precise.

To illustrate the sensitivity of UCB algorithms to the choice of weight parameters, we in-
clude numerical results with 53 /2 _ max,cy,, |f(z)] in Appendix 4.7.3. In particular, since
GP-UCB+ has an additional exploration step through random sampling, using a smaller
weight parameter for GP-UCB+ than for GP-UCB tends to work more effectively. Remark-
ably, the parameter-free EXPLOIT+ algorithm achieves competitive performance compared

with UCB algorithms with well-tuned weight parameters.
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Table 4.5.1: Normalized average simple regret with 400 function evaluations for bench-
mark objectives in dimension d = 10.

METHOD ACKLEY RASTRIGIN LEVY
GP-UCB+ 0.222 0.576 0.146
GP-UCB 0.583 0.930 0.768
EXPLOIT+ 0.342 0.505 0.126
EXPLOIT 1.000 1.000 1.000
EI 0.832 0.644 0.142
PI 0.891 0.698 0.507

4.5.2  Random Forest Hyperparameter Tuning

Here we use Bayesian optimization to tune four hyperparameters of a random forest re-
gression model for the California housing dataset [Pace and Barry, 1997]. The parameters
of interest are (i) three integer-valued quantities: the number of trees in the forest, the
maximum depth of the tree, and the minimum number of samples required to split the inter-
nal node; and (ii) a real-valued quantity between zero and one: the transformed maximum
number of features to consider when looking for the best split. For the discrete quantities,
instead of optimizing over a discrete search space, we performed the optimization over a con-
tinuous domain and truncated the decimal values when evaluating the objective function.
We split the dataset into training (80%) and testing (20%) sets. To define a deterministic
objective function, we fixed the random state parameter for the RandomForestRegressor
function from the Python scikit-learn package and built the model using the training set.
We then defined our objective function to be the negative mean-squared test error of the
built model. We used a Matérn kernel with initial smoothness parameter v = 2.5 and
initial lengthscale parameter ¢ = 1. For the GP-UCB and GP-UCB+ algorithms, we set
5251 /2 _ max,cy, | f(z)| where Xp consists of 40 Latin hypercube samples. We conducted 20
independent experiments with 80 noise-free observations. From Table 4.5.2 and Figure 4.3,

we see that both GP-UCB+ and EXPLOIT+ algorithms led to smaller cumulative test er-
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rors. An instantaneous test error plot with implementation details can be found in Appendix

4.7.3.

Table 4.5.2: Cumulative test error averaged over 20 experiments.

Test Error

35

25

20

15

10

METHOD MEAN £+ SD

GP-UCB+ 28.552 +1.971
GP-UCB 35.226 + 1.467
EXPLOIT+ 26.346 +1.404
EXPLOIT 35.026 + 1.092
EI 34.294 + 0.987
PI 33.438 + 1.085
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Figure 4.3: Cumulative test error vs number of noise-free observations.

4.5.8  Garden Sprinkler Computer Model

The Garden Sprinkler computer model simulates the range of a garden sprinkler that sprays

water. The model contains eight physical parameters that represent vertical nozzle angle,

tangential nozzle angle, nozzle profile, diameter of the sprinkler head, dynamic friction mo-

ment, static friction moment, entrance pressure, and diameter flow line. First introduced in

[Siebertz et al., 2010] and later formulated into a deterministic black-box model by [Pour-
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mohamad, 2020|, the goal is to maximize the accessible range of a garden sprinkler over the
domain of the eight-dimensional parameter space. In this problem, the observations of the
objective are noise-free. Following [Pourmohamad and Lee, 2021], for GP-UCB and GP-
UCB+ we set ﬁtl /2 _ 2 and used a squared exponential kernel with an initial lengthscale
parameter (2 = 50. We ran 30 independent experiments, each with 100 noise-free obser-
vations. The results in Table 4.5.3 and Figure 4.4 demonstrate that the new algorithms
achieve competitive performance. In particular, EXPLOIT+ attains on average the largest

maximum value, while also retaining a moderate standard deviation across experiments.

Table 4.5.3: Maximum attained value of the garden sprinkler objective function aver-
aged over 30 experiments.

METHOD MEAN £+ SD

GP-UCB+ 17.511 £+ 1.603
GP-UCB 18.038 + 2.026
EXPLOIT+ 18.427 4+ 1.825
EXPLOIT 17.352 £ 2.537
EI 18.061 £+ 1.657
PI 17.105 + 2.329
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Figure 4.4: Maximum attained value of the garden sprinkler objective function vs
number of noise-free observations.
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4.6 Conclusion

This chapter has introduced two Bayesian optimization algorithms, GP-UCB+ and EX-
PLOIT+, that supplement query points obtained via UCB or posterior mean maximization
with query points obtained via random sampling. The additional sampling step in our al-
gorithms promotes search space exploration and ensures that the fill-distance of the query
points decays at a nearly optimal rate. From a theoretical viewpoint, we have shown that
GP-UCB+ and EXPLOIT+ satisfy near-optimal convergence rate that improve upon ex-
isting and refined rates for the classical GP-UCB algorithm with noise-free observations.
Indeed, at the price of a higher computational cost, one can obtain the optimal convergence
rate from [Bull, 2011] as well as the convergence rate implied by the conjectured cumulative
regret bound in [Vakili, 2022] by replacing the random sampling step in GP-UCB+ and
EXPLOIT+ with a quasi-uniform sampling scheme. From an implementation viewpoint,
both GP-UCB+ and EXPLOIT+ retain the appealing simplicity of the GP-UCB algorithm;
moreover, EXPLOIT+ does not require specifying input weight parameters. From an em-
pirical viewpoint, we have demonstrated that the new algorithms outperform existing ones

in a wide range of examples.
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4.7 Appendix

4.7.1 Proof of Theorem 4.3.1

Let f* = f(z*) = max,cyx f(x) and let ry = f* — f(z¢) be the instantaneous regret. Then,

re = f* = pe—1,0(2%) + pe—1,0(27) = m—1,0(@e) + p—1,0(xe) — f(24)

(i)
< | Flla, (x)yot—1,0(2") + pe—1,0(2") = pe—1,0(z¢) + || fllgg, 20y ot—1,0(2t) (43)

< [ fllpx)ot—1,0(@e) + pe—1.0(2e) — pe—1,0(xe) + [ fllag, 2y 0t —1,0(2t)

= 2| f g, 20y ot=1,0(8),

where for (i) we use twice that, for any x € X, it holds that [ f(z) —pz—1.0(x)| < [[fl3, (x)ot-1,0(2)
—see for instance Corollary 3.11 in [Kanagawa et al., 2018]— and for (ii) we use the definition

of x4 in the GP-UCB algorithm. Thus, for any A > 0,

T

IR ) (i) a
R < T rf < AT|fI3, ) D ot-10(z) < ATNFIF, 0y D or-1a(x0),
t=1 t=1 t=1

where (i) follows by the Cauchy-Schwarz inequality, (ii) from the bound on ¢, and (iii) from

the fact that oy—1 () < 041 \(2¢) for any A > 0. Since the function ; ( is strictly

L
og(1l+x)
increasing in x and for the squared exponential kernel it holds that )\_10?_1 )\(It) <\ L

we have that A_la?_L)\(xt) log(1 + )\_10?_17>\(xt)). Therefore,

<At
= log(1+X~1)

ST, 0 (18 T2,
R2 < —k() — 1 1 )\*1 2 < Hi (X) 44
T = log(1 + )\—1> 92 Z og( + Ut—l,/\(:l:t)> > —log(l n )\—1)77?/\’ (4.4)
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where the last inequality follows from Lemma 5.3 in [Srinivas et al., 2010]. Since (4.4) holds

for any A > 0, by plugging A = T~%, for some a > 0, we conclude that

2
, ST, )

—_— —a. 4.5
T = log(l + Ta) VT,T ( )

For squared exponential kernels, Corollary 1 in [Vakili et al., 2021] implies that

Vpp-a < <(2(1 +a)logT + é(d))d + 1) log (1 n THO‘) < log®(T) log (1 v THO‘) ,

log(14+7+1) a+1
log(147%) — «

where C(d) = O(dlogd) is independent of T and . Hence, using that

for a« > 0,7 > 1, we obtain

log(1 + T1+)
log(1 4 T%)

R} < Tlog!(T) < Tlog(D),

concluding the proof.

4.7.2  Proof of Theorem 4.4.4

We first prove the cumulative regret bound for GP-UCB+. As in (4.3), one can show that

full full
rt < 2\ f gy, 0)00-1,0@1) < 20 f ll3g,,x) sup o1 0(2).
S

For Matérn kernels, for large ¢t € N, [Wu and Schaback, 1993| shows that sup,.c y 0'71;11111 olx) <

h(x, XU see also Lemma 2 in [Wang et al., 2020]. Moreover, we have the trivial bound

X, XY < hy(X)=sup  inf |z — .
xGXjZE{i'lavit}
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Hence, for any € > 0,

)
Ep[rd SEp [Sup 0’?1111’0(17)} <Ep [ht(z\f’)y} < t_d""E7

reX

where (x) follows from Proposition 4 in [Helin et al., 2023] —see also Lemma 2 in [Oates
et al., 2019].

For squared exponential kernels, Theorem 11.22 in [Wendland, 2004] shows that, for some

C >0, supgex cr?iul olr) < exp(—C’/h(X,X{uu)). Hence, for any ¢ <

2d>

Eplr] S Ep|sup o o(@)] S Bpexp(=C/hu())| e (~cta=),

where (x) follows from Proposition 4 in [Helin et al., 2023] —see also Lemma 2 in [Oates
et al., 2019].

For the EXPLOIT+ algorithm, we have that

re = f* — f(x)

full full full full
= f" = 2 o) + 7 o(2") = i o) + gy o) — f (@)

i)
full full full full
< Hf||7-lk0t111,0(37*) + Mtlil,o(if*) - Mtlil,o(fft) + ||f||7-tk0t111,0(33t)

(i)
< 1 f g ()0t 0(@") + 1F 1120, ()0t ™0 ()

full
< 2| fllgg,, () sup, o1 0(@),
X

where for (i) we use twice that, for any = € X, [f(z) — pe—1,0(2)] < | fllgg,x)0t-1,0()

holds, and for (ii) we use the definition of z; in the EXPLOIT+ algorithm. The rest of the

proof proceeds exactly as the one for GP-UCB-+, and we hence omit the details.
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4.7.8  Additional Experiments and Implementation Details

Benchmark Functions

This appendix provides detailed descriptions of the numerical experiments conducted in
Section 4.5.1. The functional forms of the three objective functions we considered and their
respective search space are provided below. For all three benchmark functions we denote

= (2!, 2% and set d = 10.

e Ackley function: for z € [—32.768, 32.768]d,

f(z) = —20exp —%

d d
Z(:cl)Q — exp EZCOS(?W.%'l) + 20 + exp(1).
1=1 1=1
e Rastrigin function: for z € [—5.12,5.12]%,
d . .
f(z) =10d + Z[(mZ)Q — 10 cos(2ma")].
1=1

e Levy function: With w; = 1+ 2L forall i € {1,...,d}, for = € [~10,10],
d—1
fz) = sin®(rwy) + Z(wZ — 1)2[1 + 10sin® (rw; + 1)] 4 (wg — 1)?[1 + sin?(27wy)).
=1

Recall that Figure 4.2 portrayed the average simple regret of the six Bayesian optimization
strategies we consider: GP-UCB+ (proposed algorithm), GP-UCB ([Srinivas et al., 2010])
(both with the choice of 5y = 2), EXPLOIT+ (proposed algorithm), EXPLOIT (GP-UCB
with f; = 0), EI (Expected Improvement), and PI (Probability of Improvement). The
simple regret values at the last iteration were displayed in Table 4.5.1. Furthermore, Table
4.7.1 shows the standard deviations of the last simple regret values over 20 independent

experiments. From Figure 4.2 and Table 4.7.1, one can see that not only were the proposed
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Table 4.7.1: Normalized average standard deviation of simple regret with 400 function
evaluations for different benchmark objectives in dimension d = 10.

METHOD ACKLEY RASTRIGIN LEVY
GP-UCB+ 0.075 0.797 0.131
GP-UCB 1.000 1.000 0.719
EXPLOIT+ 0.306 0.577 0.127
EXPLOIT 0.733 0.976 1.000
EI 0.466 0.609 0.160
PI 0.329 0.360 0.312

methods (GP-UCB+ and EXPLOIT+) able to yield superior simple regret performance, but
also their standard deviations were substantially smaller than those of the other methods,
indicating superior stability.

Additionally, Figure 4.5 shows the cumulative regret for GP-UCB+ and GP-UCB with
different choices of fB¢. All results were averaged over 20 independent experiments. We
considered 5751/2 =2 and 6751/2 = maxgex, | f(z)| where Xp is a set of 100 Latin hypercube
samples. In all experiments, max,ecy,, |f(7)| was significantly larger than 2. Figure 4.5
demonstrates that the choice of §; can significantly influence the cumulative regret. In
particular, we have observed that the GP-UCB+ algorithm tends to work better with smaller
B¢ values, as the algorithm contains additional exploration steps through random sampling;
this behavior can also be seen in Figure 4.5. In all three benchmark functions, GP-UCB
exhibits sensitivity to the choice of parameter f;; in contrast, our EXPLOIT+ algorithm does
not require specifying weight parameters and consistently achieves competitive or improved

performance across all our experiments.

Hyperparameter Tuning

To train the random forest regression model for California housing dataset [Pace and Barry,

1997|, we first divided the dataset into test and train datasets. 80 percent of (feature vector,
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Figure 4.5: Simple regret plots for benchmark functions with ﬁtl 2 _ 9 (TWO) and
)/ = maxeex, |f()] (SUP).

response) pairs were assigned to be the training set, while the remaining 20 percent were
treated as a test set. In constructing the deterministic objective function, we defined it
to be a mapping from the vector of four hyperparameters to a negative test error of the
model built based on the input and training set. As the model construction may involve
randomness coming from the bootstrapped samples, we fixed the random state parameter
to remove any such randomness in the definition of the objective. We tuned the following

four hyperparameters:

Number of trees in the forest € [10, 200].

Maximum depth of the tree € [1,20].

Minimum number of samples requires to split the internal node € [2,10].

e Maximum proportion of the number of features to consider when looking for the best

split € [0.1,0.999].

For the first three parameters we conducted the optimization task in the continuous domain
and rounded down to the nearest integers. Figure 4.6 shows that the proposed algorithms

attained smaller cumulative and instantaneous test errors.
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Figure 4.6: Test errors vs number of noise-free observations.

Garden Sprinkler Computer Model

For the Garden Sprinkler computer model, the eight-dimensional search space we considered

was given by:

e Vertical nozzle angle € [0, 90].

Tangential nozzle angle € [0, 90].

Nozzle profile € [2 x 1076,4 x 1079].

Diameter of the sprinkler head € [0.1,0.2].

Dynamic friction moment € [0.01, 0.02].

Static friction moment € [0.01,0.02].

Entrance pressure € [1,2].

Diameter flow line € [5, 10].
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CHAPTER 5
OPTIMIZATION ON MANIFOLDS VIA GRAPH GAUSSIAN
PROCESSES

5.1 Introduction

Optimization problems on manifolds are ubiquitous in science and engineering. For in-
stance, low-rank matrix completion and rotational alignment of 3D bodies can be formu-
lated as optimization problems over spaces of matrices that are naturally endowed with
manifold structures. These matrix manifolds belong to agreeable families [Ye et al., 2022]
for which Riemannian gradients, geodesics, and other geometric quantities have closed-form
expressions that facilitate the use of Riemannian optimization algorithms [Edelman et al.,
1998, Absil et al., 2009, Boumal, 2020]. In contrast, this chapter is motivated by optimiza-
tion problems where the search space is a manifold that the practitioner can only access
through a discrete point cloud representation, preventing direct use of Riemannian opti-
mization algorithms. Moreover, the hidden manifold may not belong to an agreeable family,
further hindering the use of classical methods. Illustrative examples where manifolds are
represented by point cloud data include computer vision, robotics, and shape analysis of
geometric morphometrics [Hein and Audibert, 2005, Gao et al., 2019, Garcia Trillos et al.,
2019]. Additionally, across many applications in data science, high-dimensional point cloud
data contains low-dimensional structure that can be modeled as a manifold for algorithmic
design and theoretical analysis [Coifman and Lafon, 2006, Belkin et al., 2006, Garcia Trillos
et al., 2020b]. Motivated by these problems, this chapter introduces a Bayesian optimiza-
tion method with convergence guarantees to optimize an expensive-to-evaluate function on

a point cloud of manifold samples.
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To formalize our setting, consider the optimization problem
maximize f(x), r € My, (5.1)

where My = {xl}f\i 1 is a collection of samples from a compact manifold M C R, We
assume that the manifold M is unknown to the practitioner, but that they have access
to the samples M. The objective function f in (5.1) is defined on the hidden manifold
M; however, since M is unknown, we restrict the search domain to the given point cloud
M. Motivating examples include locating the portion of busiest traffic along a highway
(idealized as a one-dimensional manifold), or finding the point of highest temperature on an
artificial surface for material design. In these and other applications, the search domains are
manifolds for which only a discrete representation may be available. As a result, Riemannian
optimization methods [Edelman et al., 1998, Absil et al., 2009, Boumal, 2020, Hu et al., 2020,
Ye et al., 2022] that require Riemannian gradients or geodesics are not directly applicable.
While being discrete, the optimization problem (5.1) is challenging when the objective
function f is expensive to evaluate due to computational, monetary, or opportunity costs.
For instance, querying f may involve numerically solving a system of partial differential
equations, placing a sensor at a new location, or time-consuming human labor. In such cases,
solving (5.1) by exhaustive search over M is unfeasible for large N, and it is important
to design optimization algorithms that provably require fewer evaluations of the objective
than the size N of the point cloud. Solving (5.1) is also challenging in applications where
the objective function does not satisfy structural assumptions (e.g. concavity or linearity)
other than a sufficient degree of smoothness, and in applications where f is a black-box in
that one has only access to noisy output from f rather than to an analytic expression of this
function. We refer to |Frazier, 2018| for a survey of problems where these conditions arise.
Motivated by these geometric and computational challenges, we introduce an approach

to solve (5.1) that works directly on the point cloud My and necessitates few evaluations of
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the objective. In particular, we show that in the large N limit and under suitable smoothness
assumptions, our method provably requires far fewer evaluations of the objective than the size
N of the point cloud. Our algorithm falls in the general framework of Bayesian optimization
and is specifically designed to achieve such a convergence guarantee. The main focus will
be on the mathematical analysis of the proposed approach, but we also present simulation

studies to illustrate and complement our theory.

5.1.1 QOverview of our Approach

We adopt a Bayesian optimization (BO) approach to solve (5.1) because the problem fea-
tures that gradients are not available and evaluation of the objective is expensive. BO is
an iterative procedure that relies on solving a sequence of surrogate optimization problems
to sidestep the need of gradient information on f. At each iteration, the surrogate problem
is to optimize an acquisition function defined using a probabilistic model of the objective
function conditioned to previous iterates. The acquisition function should be inexpensive
to evaluate and optimize, and at the same time provide useful information about where
the optimizer of f is most likely to lie. The probabilistic model should be sufficiently rich
to adequately represent the objective function. Many choices of acquisition function have
been proposed in the literature, including expected improvement, entropy search, and knowl-
edge gradient (see |Frazier, 2018| for a review). Popular probabilistic models for f include
Gaussian processes |[Williams and Rasmussen, 2006, Gramacy, 2020] and Bayesian additive
regression trees [Chipman et al., 2010]. Adequately choosing the acquisition function and
the probabilistic model is essential to the success of BO algorithms.

The BO method that we propose and analyze has the distinctive feature that both the
probabilistic model and the acquisition function are carefully chosen to ensure convergence
of the returned solution to a global maximizer of f under suitable smoothness assumptions.

A natural way to characterize the smoothness of f is to assume it is a sample path from
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a Gaussian process (GP) defined on M. Under this smoothness assumption, we adopt a
graph GP model [Sanz-Alonso and Yang, 2022a, Borovitskiy et al., 2021] for f|xq,,, the
restriction of f to the point cloud. The graph GP is designed to be a discretely indexed
GP that approximates a Matérn or squared exponential GP on the hidden manifold M as
the size of the point cloud grows to infinity. Applications of graph GPs in Bayesian inverse
problems, spatial statistics, and semi-supervised learning are discussed in [Sanz-Alonso and
Yang, 2022a, Garcia Trillos et al., 2022, Harlim et al., 2020, 2022]|. In this chapter, we extend
the convergence analysis for Matérn graph GP models in [Sanz-Alonso and Yang, 2022a,b,
Garcia Trillos et al., 2020b, Garcia Trillos and Sanz-Alonso, 2018| to also cover squared
exponential kernels, see Proposition 5.2.3.

Such error analysis is important since it allows us to quantify the misspecification error
when modeling f| 4 n With a graph GP. In particular, the model that we use for computation
does not necessarily match the true distribution of f|aq n due to the missing information
about M; to obtain convergence guarantees, this geometric misspecification needs to be
corrected by suitably choosing the acquisition function. We accomplish this goal by applying
the framework developed in [Bogunovic and Krause, 2021|. In so doing, we adapt their
formulation to cover our problem setting, where f is a sample path from a GP instead of an

element of a reproducing kernel Hilbert space.

5.1.2 Contributions and Related Work

Our careful choice of probabilistic model and acquisition function allows us to establish a
bound on the simple regret (see (5.4) for its definition) that converges to zero as the number
L of evaluations of the objective and the size IV of the point cloud converge to infinity while
keeping the relation L < N (see Theorem 5.2.5, Remark 5.2.6, and Corollary 5.2.7). In other
words, our algorithm can provably find a global maximizer of f as we acquire more samples

from the compact manifold M while still keeping the number of evaluations of the objective
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much smaller than the size of the point cloud. We are not aware of an existing algorithm
to solve (5.1) that enjoys a similar convergence guarantee. Synthetic computed examples
will complement the theory, illustrate the applicability of our method, and showcase the
importance of incorporating geometric information in the probabilistic model.

As noted in |Frazier, 2018], BO algorithms have been most popular in continuous Eu-
clidean domains. Methods that are tailored to manifold settings [Jaquier et al., 2020, 2022]
and discrete spaces |[Baptista and Poloczek, 2018, Luong et al., 2019, Swersky et al., 2020,
Deshwal et al., 2021] have received less attention. On the one hand, the search domain in
our setting (5.1) is a discrete subset of a manifold, but naive application of discrete BO (e.g.
using a standard Euclidean GP on the ambient space Rd) would fail to adequately exploit
the geometric information contained in the point cloud; in particular, it would fail to suitably
encode smoothness of the probabilistic model for f along the hidden manifold M. The em-
pirical advantage of our graph GPs over Euclidean kernels will be illustrated in our numerical
experiments (see Subsection 5.4.2). On the other hand, the manifold in our setting is only
available as a point cloud, which precludes the use of manifold BO approaches [Jaquier et al.,
2020, 2022| that require access to geodesic distances and eigenpairs of the Laplace-Beltrami
operator on M for modeling f, and to Riemannian gradients for optimizing the acquisi-
tion function. Therefore, our algorithm solves a practical problem for which limited tools
with theoretical guarantees are available. In the context of Riemannian optimization, our
algorithm is still applicable when the differential geometric quantities necessary for gradient-
based methods are not readily available. A closely related work in this direction is [Shustin
et al., 2022|, which also assumes a point cloud representation of the manifold but instead
reconstructs from it tangent spaces, gradients, and retractions, followed by an approximate
Riemannian gradient descent. This chapter differs from [Shustin et al., 2022| in that our
algorithm is based on Bayesian optimization and no gradient approximation is carried out,

as a result of which we do not need to assume the point cloud to be quasi-uniform. Going
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beyond manifold constraints, optimization of functions with low effective dimensionality has
been addressed in [Wang et al., 2016, Kirschner et al., 2019, Cartis et al., 2023a,b| employing

subspace methods (see also the references therein).

5.1.3  QOutline

e Section 5.2 introduces the graph Gaussian process upper confidence bound (GGP-UCB)
algorithm and describes the choice of surrogate model and acquisition function. Our

main result, Theorem 5.2.5, establishes convergence rates.

e Section 5.3 discusses important practical considerations such as estimating the param-

eters of the surrogate model and tuning the acquisition function.
e Section 5.4 contains numerical examples that illustrate and complement the theory.
e Section 5.5 closes with a summary of this chapter and directions for further research.

e The proofs of our main results can be found in the appendices.

5.1.4 Notation

For a,b two real numbers, we denote a A b = min{a, b} and a V b = max{a, b}. The symbol
< will denote less than or equal to up to a universal constant. For two real sequences {a;}
and {b;}, we denote (i) a; < b; if lim;(a;/b;) = 0; (ii) a; = O(b;) if limsup;(a;/b;) < C for
some positive constant C; and (iii) a; < b; if ¢; < liminf;(a;/b;) < limsup;(a;/b;) < co for

some positive constants cy, co.

5.2 The GGP-UCB Algorithm

In this section we introduce our algorithm and establish convergence guarantees. We start

in Subsection 5.2.1 by formalizing the problem setting. Subsection 5.2.2 describes the main
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GGP-UCB algorithm. The choice of surrogate model and acquisition function are discussed
in Subsections 5.2.3 and 5.2.4, respectively. Finally, Subsection 5.2.5 presents our main

theoretical result, Theorem 5.2.5.

5.2.1 Problem Formulation

Let f be a function defined over a compact Riemannian submanifold M C R? of dimension
m. Suppose that a full representation of M is not available and we are only given the
dimension m and a point cloud of manifold samples {xl}i\i 1 = My C M. We are interested

in solving the optimization problem

A f(z) (5.2)

in applications where the objective f is expensive to evaluate and we may only collect L < N

noisy measurements yy of the form
i.4.d. 2
ye=f(ze) +ne,  mg ~ N(0,0%), 1<l<L, (5.3)

where {Zg}ngl are query points and o is a given noise level. The goal is then to solve (5.2)
with L < N queries of f.

Let Z; = {Zg}£:1 C M denote the query points sequentially found by our algorithm,
introduced in Subsection 5.2.2 below. We shall quantify the performance of our approach

using the simple regret, defined as

IN.L = f(zj‘MN) — f(=7), Zj\/lN = argmax f(z), 2] =argmax f(2). (5.4)
zEMpN ZEZ],

Note that the simple regret depends both on the number L of queries and on the size N of

the point cloud, since Z;k\/lN and z7 both depend implicitly on N. One should interpret N as
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a large fixed number and L as the running index. The dependence on N of the query points

zp’s will be omitted for notational simplicity.

Remark 5.2.1. The optimizer Zj\/lN over the point cloud My is not necessarily the global
optimizer of f over M. Since we only have access to My, finding the maximizer over My
is the best we can hope for without reconstructing or estimating the hidden manifold M.

Nevertheless, we will show in Corollary 5.2.7 that the continuum regret, defined as

T?\??Lt = f(Zjvl) - f(Zz)7 Zj\/l = argmax f(z2), zz = argmax f(z), (5.5)
zeEM ZEZ],

also converges to zero as both N and L approach infinity while keeping L < N if the z;’s
satisfy Assumption 5.2.2. In other words, the maximizer 22 returned by our algorithm is an

approximate global maximizer of f over M despite the fact that zz e My. O

5.2.2  Main Algorithm

The Bayesian approach to optimization starts by constructing a GP model for the function
to be optimized. We recall that a GP with mean p(-) and covariance ¢(-,-) is a stochastic
process where the joint distribution over any finite set of indices s1, ..., s, is a multivariate
Gaussian with mean vector [u(s;)]?_ ; and covariance matrix [c(s;, Sj)]ln’ =1 [Williams and
Rasmussen, 2006]. The mean and covariance functions together encode information about
the values of the function, their correlation, and their uncertainty.

In our setting, we need to construct a GP surrogate prior model 7y for fy, where 7y
would simply be an N-dimensional multivariate Gaussian. A natural requirement is that, for
un ~ 7N, un(z;) and upy(z;) should be highly correlated iff z; and x; are close along the
manifold, that is, if the geodesic distance dq(z;, ;) is small. We shall discuss in Subsection
5.2.3 prior models 7y that fulfill this requirement. Defining the covariance matrix of 7 by

using a standard covariance function in the Euclidean space R? would in general fail to meet
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this requirement, since two points may be close in Euclidean space but far apart in terms of
the geodesic distance d 4 in M.
Once a choice of surrogate prior model is made, the next step is to sequentially find query

points by maximizing an acquisition function [Srinivas et al., 2010]. Suppose we have picked

query points z1,...,zy_q1 in the first £ — 1 iterations and obtained noisy measurements
ve=S) 4o KEN(O,0Y), 1<k<e-1 (5.6)

At the (-th iteration, we will pick the next query point zy by maximizing an upper confidence

bound acquisition function [Srinivas et al., 2010, Bogunovic and Krause, 2021] of the form

Ano(2) = pno—1(2) + Byoone-1(2), 2z € My, (5.7)

where By ¢ is a user-chosen parameter, and puy¢_1, oy ¢—1 are the mean and standard
deviation of the posterior distribution 7 (- |1, - .., ys_1). Denoting by ¢ (+, -) the covariance
function of the surrogate prior 7y, i.e., cy(z;,7;) is the covariance between upy(7;) and

un(x;) for upn ~ 7, we have the expressions

uno—1(2) = enp1(2) T (Cy o1 + 021 71Y
ze My, (5.8)

0% i_1(2) = en(z,2) — eny1(2) T (C o1 + 021 ey o1 (2),

where Y;_1 = (y1,...,yp—1)" € R, cN—1(2) € R is a vector whose i-th entry is
cn(z,2), and Cy g1 € R g 4 matrix with entries (Cnye—1)ij = en (2, 2j)-

The GGP-UCB method is summarized in Algorithm 5.2.1. The intuition is that maximiz-
ing the acquisition function (5.7) represents a compromise between choosing points where
the mean of the surrogate is large (exploitation) and where the variance is large (explo-
ration). The parameter By ¢ balances these two competing goals and its choice is crucial to

the performance of the algorithm. In particular, we will discuss in Subsection 5.2.4 a choice
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Algorithm 5.2.1 The GGP-UCB Algorithm

Require: Point cloud M;; prior 7p; initialization zg; total iterations L; parameters

{Bn ot ;.
for /=1,...,L do

Observe yy_1 = f(z_1) +ne_1, with gp_1 =" N(0,02).
Compute p 1 and o g1 based on {(zk,yk)}f;_l

:O‘
Choose zy = arg max {,uN,gfl(Z) + BN,EUN,éfl(Z)}'
zZEMpy

end for
Ensure: zq,...,2r.

of By ¢ that helps correct for misspecification arising from the point cloud representation of
M, and we will discuss in Subsection 5.3.3 a practical approach for tuning By ¢ empirically.
Finally, we point out that in practice one may choose to return as output of the algorithm
the candidate z, that leads to the largest observation y, when the noise is small, or, other-

wise, the 2y that maximizes the posterior mean at the L-th iteration, i.e., the mean ppy r, of

(Y1, yL)-

5.2.8 Choice of Prior: Graph Gaussian Processes (GGPs)

In this subsection we review the construction of GGP models for fp, the restriction of f to
the x;’s. We first give a brief overview of manifold GPs before describing GGPs. Manifold
GPs will be used in our theoretical analysis, but are not implementable in our setting since
the manifold M is unknown to the practitioner. The presentation in this subsection follows
[Sanz-Alonso and Yang, 2022a, Borovitskiy et al., 2020| and readers familiar with manifold

GPs and GGPs can skip to Proposition 5.2.3.

Manifold GP Models

Since f is a function over M, it will be useful to start by recalling the construction of GPs

over M. A naive approach would be to simply use geodesic distances instead of Euclidean

126



ones in covariance functions such as the Matérn and squared exponential (SE)

y ( ~) 21 : ( | ~|)I/ ( | ~|) SE( N) |x 5:’2 (5 9)
C r,xr) = R|T x Z( R|T xr C r,r) =exX .
v,k 9 F(l/) 14 ) T ) p 4 )
where | . | denotes the Euclidean distance, P 18 the gamima function, and Kl, 18 the modlﬁed

Bessel function of the second kind. The parameters v and « in the Matérn covariance control
the smoothness of sample paths and the inverse length scale of the field, while the parameter
7 in the squared exponential covariance controls the length scale. (Note that we are not
including the variance parameter that usually appears as a multiplicative constant in the
covariances.) Unfortunately, the naive idea of plugging in geodesic distances often leads to
failure of positive definiteness of the resulting covariance matrix |Gneiting, 2013, Feragen
et al., 2015].

To circumvent this challenge, the seminal paper [Lindgren et al., 2011] exploits the
stochastic partial differential equation (SPDE) representation of Euclidean GPs with the
Matérn covariance function. More precisely, it is shown in [Whittle, 1963] that the GP with

Ma

covariance function c}f%. over a Euclidean space R is the unique stationary solution to the
)

following equation (up to a multiplicative constant independent of k)

~3

(K2 = A2 Tu(x) = ¥W(x), z€R™, (5.10)

where A is the usual Laplacian on R”" and W is a spatial white noise with unit variance.
The equation (5.10) can then be lifted to the manifold case to construct Matérn GPs over
manifolds |Lindgren et al., 2011]. Based on this idea, the papers [Sanz-Alonso and Yang,

2022a, Borovitskiy et al., 2020| study the following series definition of GPs over compact

manifolds:
m w s . . d
(Matérn manifold-GP) ™M = "2 Z(/{2 + X\) 7280, & RUN(0,1),  (5.11)
=1



where ()\;,1;)’s are eigenvalue-eigenfunction pairs of the negative Laplace-Beltrami operator
—A g on M. Compactness of M ensures that A, admits a countable eigenbasis so that
the solution to the analog equation of (5.10) over M can be represented as the series (5.11).
The parameters s, £ > 0 in (5.11) control the smoothness and the inverse length scale as in
the Euclidean case: s = v+m/2 controls the spectrum decay, while k acts as a cutoff on the
essential frequencies. The scaling factor k572 ensures that samples from different x’s have
L?-norms on the same order (see. e.g. [Sanz-Alonso and Yang, 2022a, Remark 2.1|), which
is essential in applications where x needs to be inferred.

As the smoothness parameter v — 00, it can be shown that the Matérn covariance
converges (after a suitable normalization) to the SE covariance (see e.g. [Williams and Ras-
mussen, 2006, Section 4.2]). Accordingly, there is a similar SPDE to (5.10) that characterizes

the SE GP on a Euclidean space R™ |Borovitskiy et al., 2020]:

e_%u(x) = T%W<I>, reR™,

which motivates its manifold analog as the series expansion

(SE manifold-GP) w** =71 Y e F gy, & "% N (0,1), (5.12)

where (\;,1;)’s are eigenvalue-eigenfunction pairs of —A . Here the factor 7T s again
interpreted as balancing the magnitude of samples from different 7’s (see Lemma 5.6.4).

Furthermore, the induced covariance function has the form

oo

P, T) =72 Y e M) (@) (5.13)

1=1

Notice that this is also known as the heat kernel (up to the scaling factor rm/ 2), which is a

natural generalization of the SE kernel over the manifold. A similar expression holds for the
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induced covariance function of wM?:
(o]
M, &) = KPTY (62 4 N) T ()i (2). (5.14)
=1

Besides the connection with their Euclidean counterparts, notice that the random fields
(5.11) and (5.12) are series expansions of the eigenfunctions of the Laplace-Beltrami operator,
which form an orthonormal basis for L2(/\/l) and carry rich information about the geometry
of M; therefore, (5.11) and (5.12) are natural GP models for functions over M. However,
computing the pairwise covariances (5.13) and (5.14) between any two points would require
knowledge of the Laplace-Beltrami eigenvalues and eigenfunctions, which are only known
analytically for a few manifolds such as the sphere and the torus, and can otherwise be
expensive to approximate. More importantly, in applications where only a point cloud
representation of M is available we need an empirical way to approximate the manifold GPs
(5.11) and (5.12). To that end, we will adopt a manifold learning approach using graph

Laplacians.

GGP Models

The construction in this subsection follows [Sanz-Alonso and Yang, 2022a]. Given a point
cloud My = {z1,...,zny} C M, recall that our goal is to build a GP model for fy, the
restriction of f to the z;’s. It then suffices to construct an N-dimensional Gaussian that
approximates the manifold GPs (5.11) and (5.12); in particular, we need to construct a
suitable covariance matrix.

To start with, observe that the manifold Matérn GP (5.11) can be seen as the Karhunen-

Loéve expansion of the Gaussian measure [Bogachev, 1998| (the infinite-dimensional analog
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of multivariate Gaussian) N (0,C), where C is the covariance operator
C — Ii28_m(li2] . AM)_S7

with I denoting the identity operator. Therefore a natural candidate for an N-dimensional

approximation is to consider the multivariate Gaussian N (0,Cp ), where
Cny = Iizs_m(li2fN +AN)° (5.15)

for some Ay € RN*N constructed with the z;’s that approximates —A M With Iy denoting
the N-dimensional identity matrix. We shall set Ay to be a suitable graph Laplacian, as we
describe next.

Let My = {xz}f\; 1 be a collection of points on M. One can construct a weighted graph
over the x;’s by introducing a weight matrix W &€ RY*N whose entry W;; represents the
similarity between points z; and ;. The unnormalized graph Laplacian is then defined as
Ay =D — W, where D is a diagonal matrix whose entries are D;; = Z;VZI W;j. One can

immediately check that A is symmetric and positive semi-definite using the relation

- 1 N N
v Anv = 5 ZZWUM — vj]2, veRY,

i=1j=1
implying that Ay admits a spectral decomposition with nonnegative eigenvalues { N,i}';\; 1
(ordered increasingly) and the associated eigenvectors {¢ N,i}ij\i | form an orthonormal basis
for R . Several normalizations of A N have also been considered, including the random walk
graph Laplacian AW = D_lAN and symmetric graph Laplacian A?,’m = D_1/2AND_1/2,
see [Von Luxburg, 2007]. We focus on the unnormalized version due to its symmetry, which
makes it a valid choice in the covariance matrix (5.15), and its convergence properties that

we will describe now.
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As its name suggests, Ay approximates the Laplace-Beltrami operator in a suitable

sense. Indeed, if we set the pairwise similarity to be

Wi — 2(m + 2)

i = Wl{\xi —zj| <hpn}, (5.16)

where | - | denotes the Euclidean distance, vy, is the volume of the m—dimensional unit ball
and hjpy is a graph connectivity parameter, then for suitable choices of hp; it can be shown
(see e.g. [Garcia Trillos et al., 2020a] or Proposition 5.6.2) that the eigenpair (Ay;,¥n ;)
of Ay approximates the corresponding eigenpair (), ;) of —vol(M)~1A M- Based on this

fact, we shall now define two GGPs as follows

kn N
(Matérn GGP)  uhy = 5% 2 > (52 + Ani) 260w & (0, 1), (5.17)
=1
m kN ANGT id
(SEGGP) ulf =71 e 2 &y, & RN, (5.18)
=1

where ky < N is a truncation level to be determined. Notice that Matérn and SE GGPs can
be interpreted as discretely indexed GPs over the graph (M, W), hence the name GGP.
Similar objects have also been studied by [Sanz-Alonso and Yang, 2022a, Borovitskiy et al.,
2021, Dunson et al., 2022|. When ky = N, we see that (5.17) is nothing but the multi-
variate Gaussian N (0, K25 (2 + Ap) ™), matching our goal (5.15) at the beginning.
The motivation for introducing the truncation is that the spectral approximation accuracy
degrades quickly when we go to higher modes (see e.g. Proposition 5.6.2), where the error
bounds are only meaningful when hpy+/\; < 1. Therefore (5.17) can be seen as a low rank
approximation of (5.15) that keeps only the low and accurate frequencies. By Weyl’s law (see
e.g. |Canzani, 2013, Theorem 72|), \; < i2/™M and in particular \; — oo, which suggests a

necessary condition ky < h]*\,m In Subsection 5.3.2 we discuss an empirical way of choosing
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kp. The induced covariance functions take the form

kn
N (1, 8) = 257 (62 4 AN) Ui (2) YN (E),
i=1

x,T € Mpy. (5.19)
kn
N, @) =72y e Wiy ()N, (F),
1=1
Notice that the definitions (5.17) and (5.18) are completely parallel with (5.11) and
(5.12); hence the spectral convergence of Ay leads to convergence of GGPs to their manifold

counterparts. We will rely on the following assumption:

Assumption 5.2.2. M is a smooth, compact and connected submanifold of dimension
m > 2 in R? that has no boundary and bounded sectional curvature, normalized so that

vol(M) = 1. Assume the z;’s are i.i.d. samples from the uniform distribution on M.

The following result provides a simplified statement of the convergence analysis for
Matérn GGPs in [Sanz-Alonso and Yang, 2022a,b| and in addition covers SE GGPs. The

proof can be found in the Appendix 5.6.1.

Proposition 5.2.3. Let 0 < ¢ < 1 be arbitrary. Define ay, = (m + 4+ 1) V (2m) and

— 1 1
5m,s _ 2s5=3m+ 3 3

emie 1. Let pm = % when m = 2 and py, = % otherwise. For s > 5m — 3, set

1 m ___mPmys _ mpmPm.s_
(Matérn GGP)  hy = N am (log N)'2", ky = N@-smtham (log N) [s—6m+2)

m __m_
2

UL mpm
pT < kN < N Bm+3)am (10g N)_6m+6 )

1

(SE GGP) hy <N em(logN)2, (logN)
Under Assumption 5.2.2, with probability 1 — O(N~C) for some ¢ > 0, there exists T :
M = {xq,...,en} satisfying T (x;) = x; such that

ﬂm,spm

Bm.s
Ellup o Ty — u™oc S N~ 2om (log N) ™1

. ) =:epN. (5.20)
Ellu o Ty — uloe < N~ %7 (log N)
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The fact that we can study L°°-norms of these random fields follows from their almost
sure continuity established in [Sanz-Alonso and Yang, 2022b, Lemma 3| and Lemma 5.6.4.

Proposition 5.2.3 will be a key ingredient in establishing regret bounds for GGP-UCB.

5.2.4  Choice of Acquisition Function

When the GGP prior 7y matches the truth fy, i.e., when fp is a sample from 7, [Srinivas
et al., 2010] gives a choice of By , for the acquisition function (5.7) that ensures vanishing
regret. However, this is not necessarily true in our case since fp is the restriction of a
function f over M whereas the GGP 7 is only constructed with M. A mismatch is
possible and below we address this issue following ideas in [Bogunovic and Krause, 2021].
Suppose that the function f to be optimized is a sample from the manifold GP (5.11)
(or (5.12)) and we adopt the corresponding GGP prior my given by (5.17) (resp. (5.18)) for

fn- Proposition 5.2.3 then imples that if up ~ 7, we have with probability 1 — ¢

lun = fnlloo < 0 ten, (5.21)

where here || - || denotes the entry-wise maximum and ey is a placeholder for the ap-
proximation error defined in (5.20). In other words, there is potentially a misspecification
error coming from the fact that we are using an approximate GP to model fp. With the
understanding of such error obtained in Proposition 5.2.3, we can follow the approach in

[Bogunovic and Krause, 2021] and set

w202 N envi—1
BW:\/zlog( - )+ Naa , (5.22)

where we recall that o is the noise standard deviation. Notice that this differs from the plain
GP-UCB in [Srinivas et al., 2010] by the additional term ep+/¢ — 1/do that aims to correct

for the misspecification. Intuitively, such correction leads to an increase of the weight on
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the posterior standard deviation, which accounts for the increased uncertainty due to the

approximate modeling. Therefore at the ¢-th iteration, we shall pick the candidate z, as

\/2 log (WZEN) + GN\gi_—l] aw_l(z)}, (5.23)

zg = argmax {ﬂN,E—l(Z) +
zEMpy

where i g1 and oy g_1 are defined as in (5.8) but with cj (-, ) being the graph covariance

functions (5.19).

Remark 5.2.4. In our setting we do not have access to the underlying manifold M and
hence continuous optimization is not applicable. As a result, (5.23) is optimized over the
discrete set M v and would require evaluation of the acquisition function over the entire point
cloud. If N is large and evaluating the acquisition function over the full point cloud is costly,
then one can, for practical purposes, approximately optimize (5.23) using a subsample of the
point cloud M ;. Optimizing the acquisition function approximately is common practice in
BO. It is important to emphasize, however, that in the applications that motivate our work

the objective function f is much more expensive to evaluate than the acquisition function.

O

5.2.5 Main Result: Regret Bounds

Now we are ready to state our main result. Its proof can be found in Appendix 5.6.2.

Theorem 5.2.5. Suppose f is a sample from the Matérn manifold-GP (5.11) with parame-
ters k,s (resp. SE manifold-GP (5.12) with parameter 7). Let wn be the Matérn (resp. SE)
GGP constructed as in Proposition 5.2.3 with the same parameters. Apply Algorithm 5.2.1

with wy and with By ¢ given by (5.22). Under Assumption 5.2.2, for N large enough, we

134



have with probability 1 — 25 — O(N~°) that

21 2[2N
TNLSC \/ Og(ir/Z /65)_{_2_.7\7 /k’NlOgL, VLZL
’ o

where ¢, C' > 0 are universal constants. Here we recall that o is the observation noise standard
deviation, ky 1is the truncation parameter in Proposition 5.2.3, and € s the approzimation

error as in (5.20).

Remark 5.2.6. By plugging the scaling in Proposition 5.2.3, we get

1 mpBm,s _ (2s—4m+1)Bm,s
L 2 N (@s—6m+2)am 4 [N (4s—6m+2)am (Matérn)

TN,L = O((L_% + EN)\/E> =0

D=

[} 4+ N Zam (SE)

(5.24)

Here the notation 6() means that we have dropped all dependence on logarithmic factors.
The regret goes to zero as both N and L approach infinity in both cases (when s > ;lm + %
for the Matérn case), although we recall that N should be treated as a fixed large number
and L is the running index. The two terms in the above upper bound can be understood
as the error incurred by Bayesian optimization and by misspecification, respectively. For a
fixed N, the regret will decrease as L — oo to a threshold imposed by the misspecification
error, which itself will go to zero with more data points from M as N — oo. Notice that
the two terms are balanced at L = NPms/@m for the Matérn case and L < N1/@m for the
SE case. Since 3, s < 1, for a fixed large enough N, number of queries of the order L < N
would be sufficient in both cases because otherwise the error coming from misspecification
will dominate. We shall demonstrate by simulations in Section 5.4 that the algorithm is able
to find the optimizer (or an almost optimizer) after a number L of queries that is significantly
smaller than the size N of the point cloud. 0

We end this section with a bound on the continuum regret rf\?r}f (see its definition in
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(5.5)).

Corollary 5.2.7. Under the same assumptions as in Theorem 5.2.5, 7‘]‘3\?% follows the same

bound as (5.24).

Therefore we can recover a global maximizer of f over M as both N and L tend to

infinity while keeping L < N.

5.3 Estimation and Tuning of GGP-UCB Parameters

This section discusses important considerations for the practical implementation of the GGP-
UCB algorithm. Subsections 5.3.1, 5.3.2 and 5.3.3 describe respectively the estimation of
prior GGP parameters, the choice of graph connectivity hp and truncation level kpr, and

the empirical tuning of the acquisition function.

5.3.1 Parameter Estimation

Theorem 5.2.5 holds under the assumption that the GGP model uses the same parameters
Kk, s, T as those for the truth. However, these parameters are typically unavailable in practice
and need to be estimated. In this subsection we give a possible empirical solution.

Recall that at the ¢-th iteration we pick the next query point zy based on (5.23) and

observe a noisy function value

ye = f(2¢) + g,

where f is assumed to be a sample from the manifold GP (5.11) or (5.12) with parameter 6

(0 = (K, s) for the Matérn case and 6 = 7 for the SE case). We shall obtain an estimate 6, of
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f in each iteration of the above procedure using a maximum likelihood estimation approach:
0y = argmax P(Y, | 6), (5.25)
0

where Y; = (y1,...,9) . Exact maximization of (5.25) would require knowing the covari-
ance structure of the underlying manifold GP, in particular the eigenpairs of the Laplace-
Beltrami operator, the lack of which is precisely the reason why we introduced our graph-
based approach. However, since the GGPs (5.17) and (5.18) are what we actually use for
modeling f, a natural idea is then to seek for parameters of these surrogate models that
can best fit the data. Therefore we shall consider the following “surrogate” data model by

pretending that the y,’s are generated from the GGPs:

i,
yp = un(zp) F o RON(0,0%),  k=1,...,4

uy ~ N(0,C%),

where Cg[ is the covariance matrix associated with (5.19). It follows that
Y, ~N(©0,3%), 2% =A4AckAT + %1, (5.26)

where A € RN is a matrix of 0’s and 1’s whose entries indicate the indices of the 2p’s
among My = {xz}i\; |- Maximization of the likelihood of Y, under (5.26) gives the estimate
6.

5.3.2  Determining the Truncation Level kxn and the Graph Connectivity hy

As mentioned in Subsection 5.2.3, the truncation level kp is crucial in that the higher
frequencies obtained from the graph Laplacian give poor approximations to their manifold

counterparts and can have a negative impact on approximating manifold GPs. Proposition
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5.2.3 gives a scaling for £y that is based on the asymptotic behavior of the graph Laplacian.

Empirically, one can simply choose kp by plotting the spectrum of A .

700 250 ‘

— AN —_— AN
- _A/\A 200" _A/\/l

500

400

300 100

200

100

-100 - L . . -50

Figure 5.1: Spectrum of Ay versus spectrum of —A y for the unit circle (left) and the
unit sphere (right).

Proposition 5.6.2 in the appendix gives an upper bound on the eigenvalue approximation,
where the error is small only when hj+/A; < 1. In practice, what we usually observe is
not only such poor spectral approximation for large i’s, but also a “saturation” of the graph
Laplacian eigenvalues after certain threshold. Figure 5.1 shows the first several eigenvalues
of the Laplace-Beltrami operator —A y and the graph Laplacian Ay constructed with (a)
N = 500 points from the unit circle; and (b) N = 3000 points from the unit sphere. We
can see from both plots that for small index 4, the eigenvalues Ay ; of Ay approximate
well the eigenvalues \; of —A \; however, the spectrum of Ay is essentially flat for large
i. Therefore one can choose ky to be around the point of saturation in the spectrum
of Ap. Such saturation phenomenon, noted for instance in [Garcia Trillos et al., 2020b,
Garcia Trillos and Sanz-Alonso, 2018, Garcia Trillos et al., 2019], also helps to explain the
need for truncation. Indeed, the eigenvalues Ay ; determine the decay of the coefficients
in the series (5.17) and (5.18) defining our GGPs. Without a truncation, too much weight
would be given to the high frequencies, which would lead to overly rough sample paths.

Another key parameter in the construction of our GGPs is the graph connectivity hp
in the definition of the weights (5.16). A common choice |Garcia Trillos et al., 2020a, Sanz-

Alonso and Yang, 2022b| is hy o /pn, where pn defined in (5.36) can be interpreted as the
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maximum distance between any two nearby z;’s or the “resolution” of M. In particular,
the choice h oc \/py ensures that the neighborhood of each x; in the graph is local but
rich enough to capture the local geometry. Moreover, this choice balances the two terms
in the error bound py/hy + hyv/A; in Proposition 5.6.2. The scaling of py is shown in
[Garcia Trillos et al., 2020a, Theorem 2| and recorded in Proposition 5.6.1, which leads to
the choice hy = CN —1/2m (the logarithmic factor can be absorbed into the proportion
constant). The proportion constant can be determined again by plotting the corresponding
spectrum of Ajpr. Starting with a large C', one can keep decreasing the value of C' while
observing the point of saturation becoming larger, until one hits a point where the spectrum
is no longer meaningful. This latter case will happen when Ay is too small so that the graph

is disconnected and the graph Laplacian has repeated zero eigenvalues.

5.3.3  Empirical Tuning of the Acquisition Function

Recall that the selection rule (5.23) incorporates information on the level of misspecification
ey incurred by the GGPs. Proposition 5.2.3 gives such a bound on €y, which goes to zero
as N — oo. However, for practical considerations, the upper bound may not be small for
certain ranges of 6 and NN, especially since there is a possibly non-sharp proportion constant
in ey. Therefore this could cause the term ey+/¢ —1/60 in B N ¢ to be overly large, so
that the acquisition function puts too much weight on the posterior standard deviation, as
a result of which exploration overwhelms exploitation. For this reason, we shall consider

instead setting By ¢ as

22
Bys=a \/2 log (” ééN) , (5.27)

with a tuning parameter a > 0. As noticed in the simulation studies in [Srinivas et al.,

2010], setting a = 1/5 in practice leads to the best performance in well-specified cases, i.e.,
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when ey = 0 (although their theoretical results are proved for a = 1). Motivated by this
observation, we shall set @ = 1/2 throughout for our simulation studies in Section 5.4 to

account for the case ey # 0. The idea is that the original correction term epn+/¢ — 1/do for

misspecification is now absorbed as the increment (1/2 — 1/5)1/2log(72(2N/66).

Finally, the selection rule (5.23) searches for the query points over the entire My at each
iteration, which could return points that have already been picked and get stuck at local
optima in practice. We shall modify (5.23) slightly by maximizing it over M n\{z1,...,2/_1}
at the (-th iteration, i.e., by asking the algorithm to output a query point that has not been

chosen in previous iterations.

5.4 Numerical Examples

This section contains preliminary numerical experiments that complement the theory. The
main focus will be to illustrate the performance of our method within the scope of Bayesian
optimization rather than conduct an exhaustive comparison with existing discrete optimiza-
tion algorithms.

In Subsection 5.4.1 we give a detailed investigation of our approach over the unit cir-
cle, where eigenvalues and eigenfunctions of the Laplace-Beltrami operator are analytically
known and manifold GPs are computable. The goal of this example is to show that our
discrete GGP-UCB algorithm, which only requires point cloud data from the unit circle,
achieves comparable performance to a UCB algorithm with manifold GPs. We also illus-
trate the parameter estimation technique discussed in Subsection 5.3.1. In Subsection 5.4.2
we consider an artificial manifold for which the spectrum of its Laplace-Beltrami operator is
not available, showcasing a typical application of our framework when the manifold is only
accessed through a point cloud. The goal of this example is to show the empirical advantage
of using our geometry-informed GGPs over Euclidean GPs. Finally, in Subsection 5.4.3 we

apply Algorithm 5.2.1 to solve an inverse problem —heat source detection over the sphere,
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which is only represented as a point cloud. Here the objective function is defined in terms
of a partial differential equation that needs to be numerically solved. The goal of this ex-
ample is to illustrate the applicability of our algorithm with expensive-to-evaluate objective
functions that need to be approximated using graph-based techniques.

Throughout all the examples in Subsections 5.4.1 and 5.4.2, we set o = 0.05- || fx|l2/V'N,
which corresponds to a noise level of roughly 5%. We adopt the selection rule (5.27) and set

0 = 0.1 in the choice of By y.

5.4.1 The Unit Circle

Let M be the unit circle in R? and My = {%}f\i 7500 be i.i.d. samples from the uniform dis-
tribution over M. The fact that the eigenvalues and eigenfunctions of the Laplace-Beltrami
operator are available in closed form allows us to carry out —for comparison purposes— com-
putation on the continuum level. In particular, we can compute the manifold GP covariance
functions defined in (5.13) and (5.14).

To start with, suppose first that f is a sample from the manifold Matérn GP (5.11) with
parameters 7y and s, which can be generated from (5.11) with a sufficiently high truncation.
We shall compare the performance of Algorithm 5.2.1 with three different choices of the prior:
(i) (5.11) with true parameters, (ii) (5.17) with true parameters, and (iii) (5.17) with inferred

parameters, 1.e.,

n K N
(MGP-UCB) oM =&l 23 (24 M) Fgun, & R N0, D), (5.28)
=1
m kN -
(GGP-UCB) uMV = kT2 (6 4 M) T 2 G (0, 1), (5.29)
=1
m FN o -
(GGP-UCB-ML) M = ,fjf_? Z(ﬁ% +ANG) T ZEGYNG, & L. N(0,1), (5.30)
=1
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M

where K = 100 is a truncation for computing v’**, and xy and sy are the estimated parameters

as discussed in Subsection 5.3.1. Specifically, we shall view MGP-UCB as an oracle algorithm

whose performance serves as a benchmark, since for the graph-based algorithms we assume

} V=500
1=

to be only given the point cloud {z; and to have no access to the \;’s and ;’s. We

set ky =20 and hyy =4 X N—1/2 in the construction of Ap.

—MGP-UCB —MGP-UCB —MGP-UCB
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Figure 5.2: Comparisons of the simple regrets obtained from MGP-UCB (prior with
(5.28)), GGP-UCB (prior with (5.29)), and GGP-UCB-ML (prior with (5.30)) when f
is a Matérn GP (5.11). The curves represent the average regrets over 50 trials and the
shaded regions represent the 10% ~ 90% percentiles.

Figure 5.2 shows the comparison for three sets of parameters (rky, Sx), representing in-
creasingly oscillatory true objective f. In all cases, the oracle MGP-UCB approach achieves
the smallest regret, which is expected since it assumes complete knowledge of the unit circle.
Meanwhile, the other two approaches show competitive performance and find the maximizer
in less than L = 50 iterations, which is much smaller than the size N = 500 of the point
cloud. In particular, incorporating maximum likelihood estimation of the parameters gives
similar performance compared to the case when the parameters are assumed to be known.
In a parallel setting, we also perform a similar comparison when the truth is a SE GP (5.12),
where the graph SE GP (5.18) is used for modeling. Figure 5.3 shows the comparison, which
is qualitatively similar to the Matérn case except that the approach incorporating maximum
likelihood gives a slightly worse performance. Nevertheless, it is still able to find a near

optimizer within 50 iterations.
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Figure 5.3: Comparisons of the simple regrets obtained from MGP-UCB (prior with
(5.28)), GGP-UCB (prior with (5.29)), and GGP-UCB-ML (prior with (5.30)) when
fis a SE GP (5.12). The curves represent the average regrets over 50 trials and the
shaded regions represent the 10% ~ 90% percentiles.

Next, we investigate the effect of the number N of point cloud samples on the algorith-
mic performance. We generate the truth from (5.28) as before and apply our graph-based
algorithms with N=100, 300, 500 uniform samples from the unit circle. Figure 5.4 shows the

results, suggesting improved performance as N increases, in agreement with the qualitative

behavior predicted by our regret bounds in (5.24).

o4 —MGP-UCB wal —MGP-UCB o018 —MGP-UCB
038 —GGP-UCB —GGP-UCB 0.16 —GGP-UCB
-’»;:1 03 GGP-UCB-ML ;Sms— GGP-UCB-ML QS 0.14 GGP-UCB-ML
~~ 025 ~ 2 o
= 0.2 \2 \\ “\‘ 0.1
/L 0.15 ’L o \ ’L 008 \
= =, 0.05 Z 004 \\
= 005 “~ “~
0.02
0 — ol \¥ . \\ .
-0.05 ‘ -0.02
5 10 15 20 25 30 35 40 45 50 5 10 15 20 25 30 35 40 45 50 10 20 30 40 50 60 70
iterations L iterations L iterations L
(a) N = 100. (b) N = 300. (c) N = 500.

Figure 5.4: Comparisons of the simple regrets obtained from MGP-UCB (prior with
(5.28)), GGP-UCB (prior with (5.29)), and GGP-UCB-ML (prior with (5.30)) with
different size N of the point cloud when f is a Matérn GP (5.11) with parameters
k2 =15 and s, = 2. The curves represent the average regrets over 50 trials and the
shaded regions represent the 10% ~ 90% percentiles.

Finally, to further investigate the performance of our GGP-UCB algorithm, we consider
optimizing three benchmark functions —the Levy, Ackley, and Rastrigin functions defined
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over the circle (with suitable rescaling):

fr(6) = (%)2 (1 + sin? (@)), 0 € l—mmn), (Levy)

fANY(0) = —20 exp(—0.16) — exp(cos(270)) + 20 + exp(1), 0 €[—m ), (Ackley)

fresien(9) = 2 4 92 — 2cos(2n), 6 € [~m, ), (Rastrigin)

where we identify points on the circle with their angle § € [—m, ). The top row of Figure 5.5
shows plots of the functions ftev, fA%e and fRestisin all of which admit many sharp local
minima. These benchmark functions will serve as examples where the truth to be optimized
is not generated from a GP. As before, we shall compare the performance of Algorithm
5.2.1 with three different choices of prior (5.28), (5.29), (5.30), by manually setting ks« = 15
and sy = 1 for the first two. The results are shown in the bottom row of Figure 5.5,
where all algorithms can find the global optimizer with very few iterations (much fewer than
the total number N = 500 of the point cloud), including GGP-UCB-ML which infers the
covariance parameters. This illustrates the applicability of our algorithm when the truth is

not necessarily a sample path from the same GP model that we use for the algorithm.

Remark 5.4.1. We end this example with a remark on inferring the GP parameters with
maximum likelihood. For the Matérn case, our experience suggests that joint estimation of
kg, sp for (5.30) turns out to be unstable, and hence in the simulations above we have fixed
kg to be 1 throughout and only estimated sy. Such an observation may be related to the fact
that not all parameters for the Matérn model but only a certain combination of them are
identifiable (see e.g. |Zhang, 2004, Bolin and Kirchner, 2020, Li et al., 2023]). This issue may
be exacerbated by the fact that the graph Matérn GP we adopt is only an approximation of
the Matérn model, and similarly for the squared exponential model. A detailed investigation
of maximum likelihood for GGPs is an interesting direction for future research. Our focus
on the remaining experiments will be however on illustrating other important aspects of our
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Figure 5.5: Top row: plots of the Levy, Ackley, and Rastrigin functions. Bottom
row: Comparisons of the simple regrets obtained from MGP-UCB (prior with (5.28)),
GGP-UCB (prior with (5.29)), and GGP-UCB-ML (prior with (5.30)) for optimizing
the three functions respectively. The curves represent the average regrets over 50 trials
and the shaded regions represent the 10% ~ 90% percentiles.
GGP-UCB algorithm, and for this reason we henceforth assume the GP parameters to be

known or tune them empirically. U

5.4.2  Two-Dimensional Artificial Manifold

In this subsection we consider an artificial two-dimensional manifold, whose point cloud
representation—taken from Keenan Crane’s 3D repository |Crane|—is shown in Figure 5.6a.
This example is motivated by an application to locate the point of highest temperature
[Srinivas et al., 2010] on a surface where an explicit parameterization is not given. Unlike
the unit circle case in Subsection 5.4.1, the eigenvalues and eigenfunctions of the Laplace-
Beltrami operator over this new manifold are no longer known analytically, which prevents

us from computing manifold GP covariances. The goal of this example is to demonstrate
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the superior performance of GGPs over Euclidean GPs.

First, we shall generate our truth using a finer point cloud than the one given for opti-
mization. More precisely, the original dataset M 5 provided by [Crane| consists of N = 2930
points, but we only assume to be given a subsample of N = 2000 points as our M. The

truth is then generated as a sample defined on the finer point cloud M :

ky
*_m __S%x .9.d.
fy=ra 2Y (HAR) Thtys &G RTN(O), (5.31)
1=1

where A N.i and 1 N,i’s are the eigenpairs of the graph Laplacian Ay constructed with all
N points. Here the graph connectivity is taken to be hy =4 X% N—Y2 and ky is set to be
50 based on the eigenvalue saturation of A 5. Figure 5.6b shows one realization of fz with
parameters lﬁz =5 and sy = 2.5

Since the manifold GP is not available in this example, we shall compare the performance
of Algorithm 5.2.1 with prior taken as a GGP (cf.(5.29) with graph connectivity hy =
4 x N~Y2 and truncation ky = 50) or a Euclidean GP (EGP). As the truth (5.31) is
of Matérn type, it is natural to take the EGP as defined by the usual Matérn covariance
function (5.9) by viewing points in My as elements of R3. As discussed in Remark 5.4.1,
we shall use the true parameters in GGP modeling, but point out that the true parameters
are not necessarily the ones that lead to the best performance since the truth is generated
based on Ay, whose eigenpairs are only close to but different from those of Ay used for
computation. For EGP modeling, we tune the parameters empirically and report the one
that leads to the smallest regret. The results are presented in Figure 5.6c, suggesting that
GGP modeling outperforms EGP and can find the optimizer with far fewer queries than
the size N = 2000 of the given point cloud. In a parallel setup, Figure 5.7b compares the
performance of GGP-UCB with EGP-UCB when the truth and the associated prior models

are of squared exponential type (cf. (5.18) and (5.9)), where qualitatively similar behavior
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is observed.
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Figure 5.6: (a) Point cloud. (b) A random sample fy defined as (5.31) with x2 = 5, s, =
2.5; values of fg vary smoothly along the point cloud. (c¢) Comparison of simple regrets
as a function of L between GGP-UCB and EGP-UCB. The curves represent the average
regrets over 50 trials and the shaded regions represent the 10% ~ 90% percentiles.
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Figure 5.7: (a) A random sample from (5.18) based on the graph Laplacian Ay with
7 = 0.05. (b) Comparison of simple regrets as a function of L between GGP-UCB
and EGP-UCB. The curves represent the average regrets over 50 trials and the shaded
regions represent the 10% ~ 90% percentiles.

5.4.3 Heat Source Detection on the Sphere

In this subsection we employ Algorithm 5.2.1 on a heat source detection problem on the two-
dimensional unit sphere S2, which is given only as a point cloud. The goal of this example

is to demonstrate the applicability of our BO framework in inverse problem settings, where
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the objective function to be optimized involves an expensive-to-evaluate forward map that
usually needs to be approximated.

Consider the heat equation

Yt = A5280> (l‘,t) € S2 X [0,00),
(5.32)

o(z,0) = ¢o(z), x €S2

where Ago is the Laplace-Beltrami operator on 52 and o is an initial heat configuration.

The solution of the heat equation for some time ¢ > 0 is given by

(e.¢]

plx,t) =D (g0, i) gz e Mlyy(z), z €82 (5.33)
1=1
where {();,1;)}7° are the eigenpairs of —A g2 and (-, -) g2 is the Riemannian inner product

associated to S2. The initial heat configuration is given by

wo(x) = exp (Cz*T:U) . (>0, z€8% (5.34)

which can be viewed as an unnormalized density of the von-Mises Fisher distribution [Fisher,
1953] on 52 A larger concentration parameter ¢ leads to more probability mass centered
around its mean z*.
Our goal is to recover the center z* of the initial heat configuration, assuming we are only
N=3000

given a point cloud My = {z;};'7 but not M directly, and noisy heat measurements

at some positive time ¢ of the form

d=p(x)+n  px) = (pla11),...p(en.1)

where n ~ N(0,0.011y). To generate p(z,t), we truncate (5.33) at i = 36, by keeping only

the terms with A\; < 30 (the sixth repeated eigenvalue of —Ag2). Figure 5.8 contains plots
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(b) t = 0.25.

Figure 5.8: (a) Initial heat over the point cloud. (b) Noisy evaluation of heat at

t =0.25. (c) Noisy evaluation of heat at ¢t = 0.4.
of an example of initial heat configuration with ¢ = 2 and the corresponding noisy data for
times t = 0.25 and ¢t = 0.4. Assuming that the center z* € M/, we adopt an optimization
perspective to this inverse problem [Sanz-Alonso et al., 2023| and attempt to maximize the

objective function
f(z) = —log[ld = G(2)[|ec, 2z € My,
along the point cloud My, where G(z) € RY is the forward map given by
(0]

Gk = (9f. i ge - e Muyi(ay),  x) € My, (5.35)
i=1

with of(z) = exp (C sz> for z € S2. However, since M is only known through My, the
eigenvalue and eigenfunctions should be also treated as unknown to us. Therefore, we shall

instead maximize the approximate objective function

fn(z) = —loglld = Gn(2)]loe, 2z € My,

where
X A T T T
GNn(2) =D (P ni) - e NN, ofy = (eXp(CZ x1), - exp((z IN))
i=1
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with the hope that the optimizer of fj agrees with, or at least is close to, that of f. Here,
as before, {(An ;, % N,i)}i]\i | are eigenpairs of the unnormalized graph Laplacian and (-, -) is
the standard Fuclidean inner product. For the truncation level, we set kp = 70 to account
for the discrepancy —shown in Figure 5.1— between the spectrum of the graph Laplacian
and that of the negative Laplace-Beltrami operator.

To optimize f, we apply Algorithm 5.2.1 with a graph Matérn prior (5.29) with param-
eters s = 4, k = 1. There is no observation noise in this case since fp can be computed
exactly, so that py, and oy in the acquisition function will be computed using (5.8)
with o = 0 and Yy = (fn(21),--- , fn(2¢)) |. Since we are interested in the recovery of z*,
we shall report the distance measure |[z* — 27 ||2, where 27 is the query point returned by
GGP-UCB or random sampling that maximizes fp; in the first L iterations. The results are
shown in Figure 5.9 for observations d collected at two different times ¢ = 0.25 and t = 0.4.
Qualitatively similar performance as in previous examples is achieved. However, notice that
in Figure 5.9b the recovery is not exact, as the distance [|z* — 2} || does not decrease to
zero. This is because we are searching for the maximizer of the approximate objective fy,
which differs from the true heat source z* when t is large due to the approximation error of
Gy to G. In other words, the attainable discrepancy, defined as the distance between z* and
the maximizer of fjy, is nonzero in this case. Besides this effect caused by an error in the
approximation of the objective, the simulation results suggest that our GGP-UCB algorithm
correctly finds the maximizer of the approximate objective fp with a significantly smaller
number L of queries than the total number N of points in M.

We remark that there are two intertwined aspects which make source detection difficult
for intermediate to large ¢ values. The smoothing effect of the forward map G implies that a
larger observation time will lead to a more flattened (homogeneous) temperature configura-
tion, as shown in Figure 5.8. In other words, two rather different initial heat configurations

will yield almost identical heat configurations after a large time ¢ > 0. Such ill-posedness
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Figure 5.9: Recovery error ||z* — 27 ||2, where z* is the true source in (5.34) and 2z}

is the query point returned by GGP-UCB or random sampling that maximizes fy in

the first L iterations. Heat measurements are collected at times (a) ¢ = 0.25 and (b)

t = 0.4. The curves represent the average regrets over 50 trials and the shaded regions

represent the 10% ~ 90% percentiles.
hinders the recovery of the true heat source location for large t. In addition, the forward
map G and its approximation Gy are defined in terms of an exponential transformation of
the eigenvalues of the Laplace-Beltrami operator and the graph Laplacian. Therefore, for
moderate ¢, any small inaccuracy in the eigenvalue estimation can lead to significantly dif-

ferent forward models G and Gy, so that fp is a poor approximation to f. If one had access

to the true forward map, this issue would not be present.

5.5 Discussion

This chapter introduced GGP-UCB, a manifold learning technique to optimize an objective
function on a hidden compact manifold. Our regret bounds and numerical experiments

demonstrate the effectiveness of our method.

Curse of Dimensionality Similar to other Bayesian nonparametric techniques, we expect
GGP-UCB to be particularly effective when the dimension m of the manifold M C RY is
small or moderate. In particular, our regret bounds in Theorem 5.2.5 suffer from the standard

curse of dimension with m, while they do not depend on the dimension d of the ambient
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space.

Estimating the Intrinsic Dimension For simplicity, we have assumed that the dimen-
sion m of M is known, that we have access to clean samples from M, and that M has no
boundary. If the dimension of M is unknown, classical manifold learning techniques can be
used to estimate it [Hein and Audibert, 2005, Harlim et al., 2020]. Similarly, if the given
point cloud is noisy in that it consists of random perturbations of points sampled from M, a
denoising method can be employed to uncover the underlying geometry |Garcia Trillos et al.,
2019]. Finally, if M has a boundary, our GGP-UCB method may be combined with a ghost
point diffusion map algorithm to remove boundary artifacts [Harlim et al., 2022, Peoples and

Harlim, 2021, Jiang and Harlim, 2023].

Other Acquisition Functions Our focus on UCB acquisition functions was motivated
by the desire to establish convergence guarantees under misspecification, as well as by their
simplicity and successful empirical performance. However, there is no algorithmic roadblock
to employ other acquisition functions such as expected improvement and Thompson sam-
pling. An interesting direction for future research is to investigate how to provably correct

for geometric misspecification when using these alternative acquisition functions.

Beyond the Manifold Setting We have focused on GGP surrogate models defined via
a specific choice of unnormalized graph-Laplacian; other graph constructions (e.g. based on
nearest neighbors or self-tuning kernels) and graph-Laplacian (e.g. symmetric and random
walk) could be considered [Von Luxburg, 2007]. Furthermore, the proposed BO framework
can be extended beyond the manifold setting. In particular, similar constructions of the
GGPs can be carried out over any point cloud (not necessarily embedded in a Euclidean
space) as long as a graph Laplacian encoding pairwise similarities of the point cloud can

be formed [Sanz-Alonso and Yang, 2022a, Borovitskiy et al., 2021]. Together with suit-

152



able choices of acquisition functions, the resulting framework can be used to solve discrete
optimization problems by endowing the search space with a graph structure, which could

facilitate the search of optimizers. This is an interesting direction for future research.

5.6 Appendix

These appendices contain the proofs of Proposition 5.2.3, Theorem 5.2.5, and Corollary
5.2.7. The proofs build on the theory of spectral convergence of graph Laplacians and regret
analysis of Bayesian optimization algorithms. To make our presentation self-contained, we

will introduce necessary background and previous results whenever needed.

5.6.1 Proof of Proposition 5.2.3

Let My be ii.d. samples from a distribution p supported on a smooth, connected, and
compact m-dimensional submanifold M C R without boundary. For simplicity, we shall
assume that p is the uniform distribution on M. The first result |Garcia Trillos et al.,
2020a, Theorem 2| states that with high probability, the x;’s form a py-net over M and

characterizes py.

Proposition 5.6.1. For any ¢ > 1, with probability 1—O(N ~€), there ezists a transportation

map Ty - M — {x1, -+ ,xnN} so that

log N)Pm
pn = sup dy(z, T (2)) < {log V)P

sup T (5.36)

where py, = 3/4 when m = 2 and py, = 1/m otherwise. We recall that d g is the geodesic

distance on M.

Proposition 5.6.1 implies that the point cloud My is “well-structured” with high prob-

ability and is the building block for the spectral approximation results below [Sanz-Alonso
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and Yang, 2022b, Proposition 10 and Lemma 15]. Recall that the graph-Laplacian Ay
constructed in Subsection 5.2.3 admits a spectral decomposition, in analogy to the Laplace-

Beltrami operator A 4.

Proposition 5.6.2. Suppose there exists 0 > 0 such that, for N sufficiently large,

<1 (5.37)

23

1 )
hN 2 N m+a+s kN 5 NW’ hNk

Then with probability 1—O(N ~€) for some ¢ > 0, there ezists orthonormalized eigenfunctions
(NN for A, {i}30, for Apg, and Ty : M — {z1,...,2x} satisfying Ty (z;) = ;
so that, fori=1,... ky,

AN — Nl SN (Z—Z +hnv >\i> 7

3
[N 0o TN — Yilloo S AZT-”HZ?\/Z—JZ\V[ +hnV A

We also need a result on the growth of the L°°-norm of the Laplace-Beltrami eigen-
functions and their gradients from [Donnelly, 2006, Theorem 1.2| and [Xu, 2006, equation
(2.10)].

Proposition 5.6.3. Let ¢ be an L%-normalized eigenfunction of —Apq associated with A #

0. Then ||¢]|oo < CA=D/A 4nd |[Vip|loo < CAHD/2 for o universal constant C.

Lemma 5.6.4. The random field u®* defined in (5.12) satisfies ]E||uSE||%2 = 1 and has a
modification that is locally Holder continuous of order a for all a < % The random field
uM* defined in (5.11) has a modification that is locally Hélder continuous of order ~ for all

25—2m+1 5 1
T< T N
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2
Proof. By Weyl’s law that \; < im (see e.g. [Canzani, 2013, Theorem 72|), we have

oo

> 67%@’%

1=1

E

2 00 00 00
2 m, 2/m
= E E / / e CT T o

By a change of variable, the last expression is equal to

m *OT?E 1d:l: @ F( ) va%
2 (CT)m/2 B .

For the second claim, by |[Lang et al., 2016, Corollary 4.5] it suffices to show that

Elu*(x) — u(y)* < Cdp(,y)"

for all n € (0,1), C > 0, and for all z,y satisfying d (x,y) < 1. Notice that

BJu®(2) - o _ma]z (i) — i)
:’”; e N |y () — iy) |
s’”i_o‘; N e (5, )°
< OrE S N ),
i=1

where we have used Proposition 5.6.3 in the last step. Now by Weyl’s law,

(0]

m 2m+1) m  2(m+1)
St o3 et o [T e g o
1

1=1 1=1
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Therefore,
E[u™(z) — v (y)|* < Cdpy(w,y)* < Cdpq(w, )"

for any 1 € (0,1) when dpq(x,y) < 1, thereby verifying (5.38).

Ma,

To show local Holder continuity of u™*, we need a more careful analysis. Similarly as

above, we have
o0 s 2
Blu®(2) = w (o) = 65| 306+ 0) Beii(e) — ity
=1
= RPN (62 4 N) (@) — ()
1=1

Now by Proposition 5.6.3, we shall control |¢;(z) — w(y)| by the smaller quantity of the

following two bounds

() — i(y)| < CA, T

m—+41

[i(z) —i(y)] < CX; 2 dpag(z,y).

Precisely, we have

E|UM1( ) Ma( |2 < C’Z /{ —{-A) mln{)\ T >\m+1d,/\/l(x>y)2}
1=1

o0
2s m—1  2m+2
SC’Zi_ﬁmin{iT,i - dM(:U,y)Q}

1= 1
2s 2m+2 °© 2s m—1
<C’Zz mitm o dpy(zy)?+C Y iTmi (5.39)
1=K+1
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2m
where K = dq(x,y)” m+3. Therefore we have

K —ZS8 m o0 —28+Mm—
(5.39) < CdM(x,y)Q/ S +2dz+0/ P
1 K

4s5—4m—+2
< Cdp(z,y) ™3 < Cdpy(z,y).

The result follows again by |[Lang et al., 2016, Corollary 4.5].
O

Now we are ready to prove Proposition 5.2.3. The first statement on the approximation
error of ¢ follows from [Sanz-Alonso and Yang, 2022b, Theorem 4.6]. To show the second,

recall that

m )‘Nl i.4.d.
W=t e T Gung, &R N(0,1),
i=1
oM~ AT iid.
u =71 e Ly, &~ N(0,1),
i=1

and introduce two intermediate random processes

%=t Z Feuws & E O,

kN AT y
U =74y e TGy, & " N0, 1),
i=1

We then have

Elluy o Ty — u™|loo < Ellujy o Ty — uly © Tiv[loe + El[uy o Ty — Uyl + Elluly — u™[loo
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and we shall proceed by bounding each of the three terms on the right. First, note that

oo

AT
E|a% — vl =E|rT Y e T &y
i=kny—+1 S
0 0
T _yr mrl
S Y e TEGIIille S D ez AT (5.40)
i=kn+1 i=kn+1

where we have used Proposition 5.6.3 in the last step. Now by Weyl’s law, \; < i2/™M g0 that

we can further bound

xC o0
-2 2 m—1 2 —1
Gays Y emtlmEn < / =
i=kn+1 kn

00 -
:/ L e P (5.41)

k_2/m

N

after a change of variable, where c( is a universal constant. Notice that the rightmost term

2/m)

(5.41) is equal up to a multiplicative constant to P(X > k with X being a Gamma

3m—1 1 :
=— and scale parameter o7 Now by the tail

random variable with shape parameter
bound of sum-Gamma distributions (cf. [Zhang and Chen, 2020, Lemma 5.1]) applied to

X -EX e subF(T, Cl ) we have

0T

2/m
Elluy — v™|oo S (5.41) SP(X —EX > k?v/m —EX) < e~ Cky (5.42)
for some constant C' when k ]\{ >EX = 71? Similarly, we have
N )‘N’i‘r )\,L'T
Elluff o Ty — i o Twlloo S Y e 7 =™ F [unio Tl (5.43)

By the mean value theorem, we have that |e™* —e Y| = e S|z —y| < max{e %, e Y}z —y|
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for some ( € (min(x, y),max(w,y)) where z,y > 0. Thus, we have

_)\N,iT AZ'T

_NT )‘N,Z'T
)e 2 —e 2

AT AT
Smax{e_ 2 ,6_7}1|)\Ni—)\2-|§ze_T/\i p—N+hN\/)\Z~ :
2 ’ 2 hN

where in the last step we have used Proposition 5.6.2 which also implies Ay ; > A;/2 when

N is large. Moreover, Proposition 5.6.2 implies that, for i = 1,..., ky,

[N o TNlloo < 1UNi 0 T — Yilloo + 1Yo

3 |p P .Im+5
5A¢+1zz\/ﬁ+hm/xi+uwiuo@ < (%MN)Z Bt illoo. (5.44)

m—1 m—1

Proposition 5.6.3 implies that [[¢)]lec S A; # < i2m . Therefore we would like to set hy
and kp to satisfy
PN\ B
<E + hN>kN2 Sk (5.45)

so that (5.44) grows like ||1;]|o0 for all ¢ = 1,..., kn. We shall keep (5.45) in mind together
with those conditions in (5.37) and proceed by assuming that we have made such choices.

Now we can bound

PN X nT omis oy
(— + hN) e TNt <L+ hy, (5.46)

kn kn
\; 7 m+b . 5 S 5
B D VERES Ze_sz/m’i 2 ,S/ e CTM LB 4y < o0
1
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Lastly, we have by Proposition 5.6.2

kn
EHNSEOTN—ASEHOO<Z€ 2 ”¢NZOTN Yilloo
1=1
<Z LG amtlis PN N S P oy (5.47)
hn ~\V hy

Combining (5.42), (5.46),(5.47), we get

2/m
SEHOO 5 e—CkN + /ON + hN-

Elluyf o Ty —u
hy

Now it remains to set h)y and k) and we remark that the approximation error will be
dominated by the second term +/pyn/hn + by when N is large. It can be checked that the

following scaling satisfies the conditions imposed by (5.37) and (5.45).

Case 1: m <4 Setting for some arbitrarily small § > 0

m — um
2

< kN &< N(m+4+5)(3m+3 (lOg N)

hy = N~ 55 (log )3, (log N)
we obtain that, for large NN,
ElJusf o Ty — [0 S N 0059 (log ) ¥
Case 2: m > 5 Setting

m 1 _ mpm
2

hy = N"2m(log N)~ 8, (log N)% < ky < N&m#s (log N) ™~ Garto,
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we obtain

1 m
E||uE o Ty — u%*||oo < N~ m (log N) 4"

5.6.2  Proof of Theorem 5.2.5

We start by introducing the key ingredients of the regret analysis of Bayesian optimization
algorithms, in particular the GGP-UCB algorithm. Most of the preliminary results in this
section can be found in [Srinivas et al., 2010, Bogunovic and Krause, 2021].

Recall that our goal is to bound the simple regret defined as in (5.4). But a typical

strategy in the BO literature is to look at the cumulative regret, defined as

L

Ry =Y (f(") = f(z), =" =argmax f(2). (5.48)

Then using the fact that

L
G2 TG, = angmax f(2)

(=1 ZE{Z@}%’:l

one can bound the simple regret as

rp = ) = £ < S fe) = TNk, (5.49)

(=1

The key to bounding the cumulative regret consists of two steps. The first is a concentration-
type result that constructs confidence bands which f lies in with high probability based on

the observed samples. More precisely, we have the following result.

Lemma 5.6.5. Let 6 € (0,1) and setby ¢ = V/21og(m202N/66). Then with probability 1 -,
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we have

lun(2) = in—1(2)| S by oy e-1(2) Vze My, V=1,

where

~ T 2n\—1+v-
ane(z) =cnp(z) (Cne+0o°l)" Yy

and ?N,g e RY is vector with entry (?Nj)i = upn(z;) +1;. See (5.8) for the definition of cy 4

and Cp .

Proof. This is [Srinivas et al., 2010, Lemma 5.1] applied to the graph GP wp;, with the

“surrogate” data ?N, /- ]

Here and below, we shall use ¢y (-, -) as a placeholder for either the Matérn or SE graph-
based covariance function (5.19). Notice that the “surrogate” data ?N’g is introduced only
for the purpose of analysis and the algorithm only has access to the real data yp, = f(zp) +ny.
An important follow-up question is on the difference between the surrogate-data posterior
mean iy ¢ and the true posterior mean jipy , = cN7g(m)T(CN7g + 021)~1Y} that is actually

used in the algorithm, answered by the following result.

Lemma 5.6.6. In the event of (5.21), we have

EN\/Z

nve(2) = fine(2)] < =s—ony(z), V2 My VO,

where we recall o is the standard deviation of the noise 1y and o ¢ is defined in (5.8).

Proof. This follows by setting the misspecification error to be ep/d in [Bogunovic and

Krause, 2021, Lemma 2|. ]
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Now with these preparations, we are ready to start the proof of Theorem 5.2.5. In the

event of (5.21) that

max [uy(z) = f(2)] <0 ey,
zEMp

which holds with probability 1 — ¢ by Proposition 5.2.3 (with €y the corresponding error

bounds (5.20)), we can shift our focus to the following cumulative regret

L
Ry =) un(z")—un(z),  z*=argmaxf(2),
(=1 zeEMp

which differs from Ry, (5.48) at most by 2¢)yL/6. Under the further event where Lemma

5.6.5 holds, we have by Lemma 5.6.6 that for all 2 € My,

eyvl—1
1) = (et DL o (9) < e

eyvl—1
uy(e) < e () + (e + D0 = Y oy o).

Therefore

L
_ envVil—1
Ry < Z (MN,£—1(Z*) + (bN,£ + NT> on,—1(2%)

- {/W,zq(zz) - (bN,e + @) 0N,f—1(ze)D

where in the second step we have used our definition of 2z, in (5.23) that for all z € My
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including z*

envVil—1 envVil—1
BN —1(20) + (bN,E + T) on—1(20) = pne—1(2) + (bN,Z T oN—1(2)-

Therefore we have arrived at the conclusion that

L
2en L envL —1
Ry < é\r +2(5N,L+—N 5o ) > "o e—1(20). (5.50)
=

Here comes the second key ingredient in the regret analysis, which is to relate the sum of
posterior standard deviations ZéLzl on,—1(z¢) to the so-called mazimum information gain.

The following result is taken from [Srinivas et al., 2010, Lemma 5.3].

Lemma 5.6.7. Let I(y;v) denote the mutual information between two random vectors y and

v of the same size. We have

L

I(Yn, i {un(z0)Hq) Zlog (1407 %0k 01(20)),
213

where ?N,L 18 the surrogate data defined in Lemma 5.6.5.
As a corollary, we have the following result.

Lemma 5.6.8. For N large, there exists a universal constant B such that cy(x,Z) < B.

Moreover,

ZUNE 1(2¢) \/2 2+ B?) Ly,
where

max I(Y cupn (S
L = o (Y siun(9))
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is the mazimum information gain. Here up(S) denotes the vector {un(s)}ses and ?N,S is

the associated vector of observations as in Lemma 5.6.5.

Proof. The first statement can be proved in a similar fashion as Proposition 5.2.3 by bounding
the difference |cpn (21, 22) — c(21, 22)| between the graph and manifold covariance functions,
and using the fact that the manifold covariance function c(-,-) is uniformly upper bounded
(which follows by the control of growth of the Laplace-Beltrami eigenfunctions in Proposition
5.6.3).

For the second statement, notice that oy ¢_1(2¢) < en(24,2¢) < B. Using the fact that

(14 072B?)log(1 + z) > z over [0, 0~ 2B?], we have

L
2 2 2
ZO’N’K_l(Zg) cr + B7) Zlog l—l—a UN€ 1(2’5))
= /=

= 2(0” + B)I({yeh iy v (o)} ey) < 2(0% + B,

where the equality in the second step follows from Lemma 5.6.7. Finally, by Cauchy-Schwarz

inequality we have that 24 1N 0—1(20) \/L ZZ 1 0N, r—1(2¢)? and the result follows. [

Applying Lemma 5.6.8 to (5.50), we get

Ryp <C (bNL\F+ NL) VL (5.51)

where C' is a universal constant. Upper bounds on 77, have been studied extensively in the
literature and by [Vakili et al., 2021, Theorem 3 or equation (7)] with D = ky and 6p =0

in our case (which holds because our graph kernel only has kp nonzero eigenvalues), we get

L
Egv ) VEnlog L.
g

RN.L SC(

165



Finally, we return to bounding the simple regret using (5.49):

<SPt eo (g ) vinemL

5.6.3 Proof of Corollary 5.2.7

Denote 2}, = argmin, e v, drq(27, 2), i.e., the point in My closest to z*. Then by Propo-

sition 5.6.1 we necessarily have
dpm(" 2y) < dp (25, TN (27)) < o
Now notice that
FE) = fen) = [F () = FENI+ [FEN) — FN)] < F(27) = f(2N)

since 2y, being the maximizer of f over My implies f(23;) — f(z3y) < 0. By local a-Holder

continuity of f at z*, we conclude that
f(25) = fEN) < Crdpm (2%, 23) < Cpy.

By Lemma 5.6.4 and (5.36), we get

(Matérn)
f) = fzy) =0 ) (5.52)
N7 2m (SE)
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where we have dropped all dependence on logarithmic factors in the notation O. The results

follows by the identity

FE) = fp) = () = fGN) +re

and the observation that the error in (5.52) would be absorbed by that of 7 j, as shown in

(5.24).
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CHAPTER 6
GRAPH-BASED PRIOR AND FORWARD MODELS FOR
INVERSE PROBLEMS ON MANIFOLDS WITH BOUNDARIES

6.1 Introduction

This chapter develops manifold learning techniques to address two tasks in the numerical so-
lution of PDE-constrained Bayesian inverse problems on manifolds with boundaries: (1) the
design and approximation of Gaussian field priors for spatially-distributed PDE parameters;
and (2) the approximation of forward maps from PDE parameters to PDE solutions. We
introduce graph-based approximations of prior and forward models and numerically show
their effectiveness in two test problems. The first one concerns the recovery of the diffusion
coefficient of an elliptic PDE from pointwise noisy measurements of the PDE solution; the
second one concerns the recovery of the initial condition of a heat equation from noisy mea-
surements of the PDE solution at some positive time. Both of these problems have been
widely used as test cases for Bayesian inversion on manifolds and Euclidean domains [Stuart,
2010, Franklin, 1970, Garcia Trillos and Sanz-Alonso, 2017, Harlim et al., 2020, Garcia Trillos
et al., 2020b, Chada et al., 2021, Bigoni et al., 2020], but previous work has largely ignored
the boundary effects that are the focus of this chapter. The applied significance of elliptic
and heat inverse problems is exemplified by [Zimmerman et al., 1998, Beck et al., 1985] and
references therein. PDEs on manifolds arise in many applications, including granular flow
[Rauter and Tukovi¢, 2018|, liquid crystals [Virga, 2018|, biomembranes |Elliott and Stinner,
2010], computer graphics [Bertalmio et al., 2001, Macdonald and Ruuth, 2010|, and brain
imaging [Mémoli et al., 2004].

In the Bayesian approach to inverse problems [Tarantola, 2015, Kaipo and Somersalo,
2006, Stuart, 2010], overviewed in Section 6.2 below, inference on the PDE parameters

is performed using a posterior distribution obtained by conditioning a user-chosen prior
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distribution to observed data. When the parameter of interest is a function, employing an
adequate choice of prior is crucial: the prior determines the support of the posterior, and
hence the space of parameters that can be recovered given sufficient data. In this work, we
will focus on Matérn-type Gaussian field priors [Matérn, 2013, Stein, 2012] that have been
widely adopted in inverse problems, statistics and machine learning due to their flexibility
and computational efficiency, e.g. [Lindgren et al., 2011, Bolin and Kirchner, 2019, Bolin
et al., 2020, 2018, Roininen et al., 2019, Wiens et al., 2020, Bolin, 2014]. We consider
Matérn-type models on manifolds [Lindgren et al., 2011] and investigate their discretization
using graphs, as well ass their generalization to enhance flexibility near the boundaries. To
our knowledge, all previous work on graph-based Matérn models, e.g. [Bertozzi et al., 2018,
Sanz-Alonso and Yang, 2022a, Garcia Trillos et al., 2020b, Sanz-Alonso and Yang, 2022b],
disregarded boundary effects, despite their importance in the discretization of Gaussian
field priors in Euclidean settings [Khristenko et al., 2019, Daon and Stadler, 2018, Calvetti
et al., 2006]. Our numerical results will confirm that accounting for boundary conditions
is important in the design of priors and in their graph-based approximation. While our
emphasis is on PDE-constrained inverse problems, we expect that the boundary-aware graph-
based Matérn priors that we introduce will also find applications in graph-based machine
learning [Sanz-Alonso and Yang, 2022b.

Approximation of the forward map requires solving PDEs on manifolds with a range of
PDE parameters. There are numerous techniques to solve PDEs on manifolds, including the
finite element method [Dziuk and Elliott, 2013, the level set method [Bertalmio et al., 2001],
closest point representation [Ruuth and Merriman, 2008|, and the mesh-free radial basis
function method [Fuselier and Wright, 2013]. In contrast to all of these methods, the kernel
approach we will consider avoids the need to have some parameterization on the manifolds; we
refer to [Jiang and Harlim, 2023| for a detailed discussion of the advantages and disadvantages

of these PDE solvers. In this work, we introduce graph-based forward map approximations
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for elliptic and heat inversion on manifolds with boundaries. Our graph-based approach
leverages the ghost point diffusion map (GPDM) algorithm [Jiang and Harlim, 2023] to
approximate second-order elliptic operators with classical boundary conditions, which are
used to define elliptic and heat forward models, and also the Matérn prior covariance. The
main idea behind the GPDM algorithm is to extend the domain of the PDE through a set
of artificially constructed ghost points. By extending the underlying manifold where the
PDE was defined, one can treat the boundary of the original manifold as the interior of the
extended manifold. The implication is that the kernel-based approximations that underpin
the design of the GPDM method remain valid close to the boundary. The GPDM algorithm
has been generalized to solve time-dependent advection-diffusion equations on manifolds
[Yan et al., 2023|.

We close this introduction with an outline of the chapter and a summary of our contri-

butions.

e In Section 6.2, we overview the Bayesian approach to inverse problems and provide a
high-level summary of the proposed procedure. We also review the Bayesian approach
in [Harlim et al., 2020] for elliptic inversion on a closed (i.e. boundary-free and compact)
manifold, and we lay out the forward map discretization for the heat inverse problem.
We present elliptic and heat inverse problems in a parallel way, emphasizing that both
can be treated in the same way under the proposed approach except for the necessary

distinction in the discretization of the forward map.

e In Section 6.3, we review the GPDM algorithm and introduce our boundary-aware

Matérn-type priors and forward map approximations for elliptic and heat inversion.

e In Section 6.4, we showcase implementations of the proposed methodology for elliptic
and heat inversion on one and two-dimensional manifolds with boundaries. In addition,
we demonstrate the enhanced flexibility of our proposed prior relative to existing graph-

based approaches that ignore boundary effects.
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e In Section 6.5, we provide conclusions and some open directions for future work.

6.2 Background

In this section, we first give the necessary background on the Bayesian formulation of inverse
problems [Tarantola, 2015, Kaipo and Somersalo, 2006, Sanz-Alonso et al., 2023] and the
function space perspective [Stuart, 2010, Dashti and Stuart, 2017]. Next, we formulate the
problem of interest, namely, PDE-constrained Bayesian inversion on manifolds. Lastly, we
review the graph-based approach in [Harlim et al., 2020] which is only applicable for closed

manifolds.

6.2.1 Bayesian Formulation of Inverse Problems

Suppose we have a parameter of interest 6 € O, observed data y € RM and a forward model
g, satisfying

y=6(0)+n, (6.1)

where n € RM is an observation noise. Our goal is to study the inverse problem of recovering
0 from the observed data y. In the Bayesian framework, one endows probabilistic structure to
any unknown quantity. Here this involves specifying a prior distribution u for the parameter
0 and a distribution p for the noise 1. To facilitate our presentation, we assume throughout
that 7 ~ p = N(0,T), where I' € RM*M ig 4 given positive-definite covariance matrix.
We also assume that 6 and n are independent random variables. The solution of the inverse
problem under the Bayesian framework is then the posterior distribution of € given y, denoted
Y. The posterior distribution allows uncertainty quantification in the parameters in addition
to point estimates of the parameters. In practice, this often requires to resort to sampling
techniques such as Markov chain Monte Carlo (MCMC).

If the parameter space is finite-dimensional, i.e. © C RV, and the prior i has Lebesgue
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density 7, then the posterior ¥ has Lebesgue-density 7% given by

1
w(0) = 5ol - 9O)7O). 2= [ ply—9(0))x(6) . (6.2)
where p(y — Q(u)) is the data likelihood. Under suitable assumptions [Stuart, 2010], the
characterization (6.2) of the posterior can be generalized to infinite dimensional parameter

space © by writing the posterior as a change of measure with respect to the prior:

%(9) = %p(y — g(e)) o exp(—(I)(é’; y)), (6.3)

where we have defined ®(0;y) := %Hy - Q(@)H% and we set || - [|p = ||F*% .

6.2.2 General Setting and Approach

We are interested in the inverse problem of recovering a parameter function # € © of a PDE
defined on a manifold M C R from noisy measurements of the PDE solution v € U at
given locations {fm}%zl C M. Here both © and U are suitable function spaces. The data

model (6.1) is therefore given by
ym = w(@m) + 1, m=1,...,M,  n={nm}_| ~N(0,T), (6.4)

with the forward model G : 6 — (u(Z1),...,u(Z))) defined as the composition of a forward
map F : 6 — u from PDE input to PDE solution with an observation map O : u >
(w(Z1),...,u(Z)s)) from PDE solution to observed quantities. In this chapter, we solely
focus on pointwise observations and tacitly assume throughout that the solutions to the
PDEs we consider can be evaluated pointwise. However, our methodology can deal with
other types of observation map, e.g. defined by bounded linear functionals in L2 [Harlim

et al., 2020]. We will discretize the forward map using a point cloud in M, which is denoted by
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{xn}nN:1 D {:%m}%zl, where M < N. Our approach for the computational implementation

of the inverse problem is then summarized in the following four steps:

(i) Prior Specification: Specify a prior distribution for the infinite dimensional param-

eter 6 € O.
(ii) Prior and Forward Model Discretization:

e Discretize using graph-based techniques the prior distribution p to obtain pp;, a
prior distribution over 6 := (0(:61), e ,H(xN)) e RN, Note that py is a prior

distribution over discrete functions 65 defined on the point cloud {azn}nNzl.

e Discretize using graph-based techniques the given forward map F : § — u to ob-
tain Fy : Oy — uy = Fn(0y) € RY, where uy is an approximation to the so-
lution of the PDE evaluated along the point cloud, i.e., uy = (u(xl), . ,u(xN)).
Furthermore, we define Gy (0y) == (un(Z1),...,un(Zp)) € RM where up(;)

denotes the component of the vector up € RV that corresponds to Zi € {xn}nNzl.

(iii) Sampling: Use an MCMC algorithm to obtain samples from the posterior distribution
over Oy, given by

d/f]/\,

1
e (On) o< exp(—=Pn(0n;y)), where Oy (On;y) = §||y —Gn(ON)E. (6.5)

(iv) Interpolation: If desired, extend the samples to functions on M with an interpolation

map.

This four-step approach was introduced in [Garcia Trillos et al., 2020b, Garcia Trillos
and Sanz-Alonso, 2018] and previous works on the discretization process include [Harlim
et al., 2020]. The primary focus of this chapter is to contribute to the specification and

discretization steps for PDE-constrained inverse problems on manifolds with boundaries.
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We propose (1) priors that accommodate for prescribed boundary conditions, (2) graph-
based discretizations of such priors; and (3) graph-based discretizations of the forward PDEs
supplemented with boundary conditions. These procedures will be introduced in Section 6.3.
In the remainder of this section, we address the sampling and interpolation steps, which are
based on existing methodologies that are applicable in wide generality.

For the sampling step, we will use the graph pCN method [Bertozzi et al., 2018, Gar-

cia Trillos et al., 2020b], summarized in Algorithm 6.2.1.

Algorithm 6.2.1 Graph pCN
(0)

1: Input: initial value 0, number of samples J, parameter value ¢ € (0,1).

2: For j=1,...,J do:

1. Propose ég\j]) =(1- CQ)%Q%) + Cf%), where 5%) ~ N(0,Vy).

2. Set
G(H%)v é%)) ‘= min {1,exp (CDN(Q%); y) . (I)N(é%); y)>} ’
and let
Q(j +1) é%) with probability a(@%), é%)%

N =

9%) with probability 1 — a(@%), é%))

3: Output: Samples of discrete functions {9%) }}']:1'

The covariance matrix Vjy in the pCN proposal is tightly connected with the prior construc-
tion. In fact, this matrix will be precisely the covariance matrix of the discretized prior
distribution. The parameter ( controls the size of the proposed moves of the chain. For a
large ¢ value, we explore a wider region of the state space with higher number of rejections.
The motivation for using the graph pCN method is that it shows robustness with respect

to the level of discretization refinement determined by the value of N. We refer to [Beskos
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et al., 2008, Cotter et al., 2010, Bertozzi et al., 2018, Garcia Trillos et al., 2020b| for the
theoretical and empirical justification of this robustness.

For the interpolation step, once we obtain finite-dimensional samples 6 € RY represent-

N

n—1, we can extend the samples

ing a parameter function evaluated on the point cloud {z}

into functions on M using the K-NN interpolation map defined by

9(1’) = % Z QN(QTZ’), reEM, x ¢ {l‘n}q{y:p

;€N (.73)

where Nk (x) is the set of K-nearest points in the point cloud {xn}flvzl to the point z. To
find the K-nearest points, one can use the Euclidean distance in RP or the geodesic distance
on M C RP_if available. We refer to |Garcia Trillos et al., 2020b| for more details and we

note that other interpolation methods are possible.

6.2.3 Elliptic Inverse Problems and Heat Inversion on Closed Manifolds

In this section, we overview existing procedures for the prior specification and the discretiza-
tion of prior and forward models on closed (i.e. compact and boundary-free) manifolds. We
start by describing the two inverse problems used as running examples. Throughout this
section, M will denote a d-dimensional smooth closed manifold isometrically embedded in

RP.
Elliptic Inverse Problem Consider the elliptic PDE
Lu = —div(kVu) = f, v € M, (6.6)

where the divergence and gradient operators are defined with respect to the Riemannian
metric inherited by M from RP. The goal of the elliptic inverse problem is to recover the
diffusion coefficient x given the right-hand side f (assumed to be smooth) and noisy point-
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wise observation of the solution w at M spatial locations {fm}n]\f{zl C M. The data are
therefore given by {ym}%:1 = {u(Zm,) + nm}]\m/lzl. We cast this problem into the general
framework (6.1) defining the forward map F : 6 — u, where 0 := logk € (—o0,00). Pre-
vious kernel-based methods for elliptic inverse problems on manifolds [Harlim et al., 2020]
assumed M to be closed so that the elliptic PDE given in (6.6) is not supplemented with
a boundary condition. Bayesian elliptic inverse problems on Euclidean domains are one of
the standard model problems in uncertainty quantification [Stuart, 2010, Dashti and Stuart,
2017, Garcia Trillos and Sanz-Alonso, 2017]. We will refer to the operator £ as the weighted

Laplacian operator.

Heat Inversion Consider the heat equation

up = —Apu, (x,t) € M x [0, 00),
(6.7)
u(z,0) = 6(x), reEM,
where Ajpq = —div(V-) is the Laplace-Beltrami operator on M, which reduces to the

negative of the conventional Laplace operator in Euclidean space. The goal of the inverse
heat problem is to recover the initial heat 6 defined on M from noisy pointwise observation
of the heat at time t* > 0 along M spatial locations {fm}%zl C M. The data are therefore
given by {ym}%zl = {u(Zm, t*) —I—nm}%zl where u( -, t*) is the solution of the heat equation
(6.7) at time t*. The corresponding forward map is a heat equation solver, namely F : 6 — u,
where u(x) := wu(z,t*) and € is the initial condition. The function space formulation of
Bayesian heat inversion was introduced in [Franklin, 1970| on Euclidean domains, and graph-
based formulations on closed manifolds were studied in [Garcia Trillos et al., 2020b|. Other
than its natural physical interpretation, this inverse problem can also be viewed as a standard

deconvolution problem arising in imaging applications.
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Prior Specification and Discretization

Here we describe the specification of Matérn Gaussian field priors for the log-diffusion co-
efficient and the initial heat on closed manifolds. We will also overview their graph-based
discretization. Recall that the Matérn model on a closed manifold M is defined [Lindgren

et al., 2011] as the Gaussian measure
p=NQO,V), V=crl+Apm)"" (6.8)

where Ay = —div(V-) is the Laplace-Beltrami operator on M and 7 > 0,s > % are two

free parameters. The choice of normalizing constant

1
DI RE

C

where (A;)?2; are the increasingly ordered eigenvalues of A4, ensures that 6 ~ p has unit

marginal variance. Samples can be represented using the Karhunen-Loéve (KL) expansion

00

ba) = Ve ) _(r+X) 2Gpilr), weM, (6.9)

=1

where ((;)92, are i.i.d. standard normal random variables and (y;)72; are eigenfunctions
of Ay with corresponding eigenvalues (A;)5°,. The parameter T% represents the inverse
length-scale and allows to discern the significant terms in the KL expansion (6.9). The
parameter s characterizes the almost-sure regularity of the samples. The requirement s > %l
is motivated by Weyl’s law, see [Canzani, 2013, Theorem 72| and [Colbois et al., 2015|, which
asserts that \; < z%, i.e., the asymptotic behavior of \; is equivalent to that of z%. Thus,
5 > %l ensures that p is a well-defined Gaussian measure in L?(M). Further increasing s

allows to ensure higher-order sample path differentiability and Sobolev regularity [Stuart,

2010, Sanz-Alonso and Yang, 2022¢|, and thereby the well-posedness of elliptic and heat
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inverse problems [Stuart, 2010, Harlim et al., 2020|. The flexibility of the Matérn model can
be enhanced by letting the inverse length-scale be a spatially varying function rather than a
scalar parameter |Lindgren et al., 2011, Sanz-Alonso and Yang, 2022a].

To define a prior distribution over discrete functions defined along the point cloud
{xn}gzl C M, the paper [Harlim et al., 2020| proposed to replace the Laplace-Betrami
operator A\ in (6.8) by a graph Laplacian Ay constructed using the point cloud {mn}fl\f:l.

To be more specific, the discretized prior distribution is given by

py =N, Vy), VN =cn(TI+AN)"",

where Ay € RV*N is a graph Laplacian constructed using {xn}fl\le and 7 > 0, s > ‘71

are two free parameters. The role of the parameters 7 and s is analogous to the infinite-
dimensional case and these can be manually tuned, or learned from data using a hierarchical
Bayesian approach [Harlim et al., 2020, Sanz-Alonso and Yang, 2022a]. In practice, among
different choices of graph Laplacian [Von Luxburg, 2007|, the use of self-tuning graph Lapla-
cian [Zelnik-Manor and Perona, 2005 was recommended in [Harlim et al., 2020]. More

specifically, in our numerical experiments we use a symmetric graph Laplacian given by
_1 _1
AN:[N—A 2S5A7 2. (610)

Here S is a similarity matrix and A is a diagonal matrix whose entries are respectively given

by
i — ) al
Sij=exp | ———2— |, A= Sij,
20, =

where d; is the distance between x; and its k-th closest neighbor. Same definition applies for
dj. Typically, the parameter k is tuned empirically. We refer to [Von Luxburg, 2007] for a

review of graph Laplacians and to [Sanz-Alonso and Yang, 2022a| for generalizations of this
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graph-based prior model and its connection to the Matérn family [Stein, 2012]. To obtain

samples whose variance per node is one, the normalizing constant cp can be set to be

N
CN = )
Sali(r+ )
where ()\%N))szzl are the increasingly ordered eigenvalues of A . Samples 6 from this prior

can be represented via the KL expansion

N
N)\—2 N .
On (i) = var S (r+ M) Gl (), 1<i< N, (6.11)
n=1
N .. . (N)\N .
where ((p);_; are i.i.d. standard normal random variables and (¢y, ’),'_; are eigenvectors
of Ay with corresponding eigenvalues (A%N))flvzl.

Forward Map Discretization

Elliptic Inverse Problem For the discretization of the elliptic forward map, one can
approximate the operator £ in equation (6.6) by an integral operator [Harlim et al., 2020,

which can be subsequently approximated using a Monte Carlo sum. To be more specific, let

o) =t [ (L) i v,

€

where h(s) = o—dr—% exp(—s) and V denotes the volume form inherited by M from the

ambient space RY. For a smooth u, it was shown in [Coifman and Lafon, 2006] that
Ge(u(z)) = u(z) + e(wu(z) — Apqu(z)) + O(?), z e M, (6.12)
where w is a function that depends only on the parametrization of the manifold M.

179



Recall that A g = —div(V-) and from (6.6),

Lu = —div(kVu)=rkApu—Vu-Vk (6.13)
= Vi(ApmluvE) - udp(VR)). (6.14)
Use (6.12) on v/ and u\/k to obtain,
uGevk = u/k + e(wu K — uAM\/E) + (’)(62),
Ge(uvk) = uvk + e(wu\/_ — A pm (u\/ﬁ)) + 0(62).
This yields
uGevk — Ge(uv/k) = e(AM (uv/k) — uAM(\/E)> +0O(&2) = %L’u + O(é%).
Motivated from this equation, we define
Lauta) = YO (@) (/r(a) — Celul) /().
which can be rewritten as the following integral operator
T — 2
cat) =g [ 0 (UL ) VEIR ) —u) ) 615)

satisfying
Leu(z) = Lu(z) + Oe), v € M.

The kernel operator L. can be approximated by Monte Carlo viewing the point cloud

{$n}£LV:1 as manifold samples. Using importance sampling with approximate density ¢e, we
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have an approximation of L¢ given by, forv=1,..., N,

L. yu(z;) = ——
€, 1 €%+

1 NZ (m xﬂ) w(ai)r(ey) gele)) " (ulz;) —ulz)) | |
(6.16)

Y —
Ge(xj) = 2%2]\76% g p( " )
is a kernel estimator of the density of the point cloud. One can write the discretized weighted
Laplacian operator in (6.16) in a matrix form. Specifically, define a kernel matrix H with
entries H;j := exp (—'"T—ZZCLP) and define a vector () with entries ); = 25\21 H;j. Set the
matrix W with entries W;; =  /r(2;)r(7;) Hiij_l and the diagonal matrix D with diagonal

entries D;; = Zévzl W;;. Then the discretized weighted Laplacian L. y can be written as

1
L.ny=-(D-W). (6.17)
' €
For practical implementation, the bandwith parameter ¢ can be empirically chosen so that

it lies in the region where
N,K ND)
’ | — x;(i)]
log (T =1 - 6.18
og( (e)) og g exp ( 5 ( )

is approximately linear [Harlim et al., 2020]. Here (xj(z))f(: 1 are the K closest points to the
point x;. In practice, it was further observed that the maximum slope of log (T'(¢)) often
coincided with %, where d is the dimension of the underlying manifold M (see [Berry and
Harlim, 2016]).

Using the above discretization, one can obtain a discretized forward map, F, v, which
maps 0y = (log(m(xl)), o ,log(/f(a:N))) to an N-dimensional vector u,;, which represents

an approximate solution to (6.6) restricted to the point cloud. In other words, uy is the
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minimal norm least-squares solution of

Lenun = [N,

where fy = ( flxy),--, flz N)) Therefore, the discretized forward map is given by

1
Fen 0N = un =L NIN,

where EE_}V denotes the pseudo-inverse. This allows us to write the discretized posterior

distribution “?\/’ as a change of measure with respect to the discretized prior distribution p

in the following way:

dILLz]JV 1 2

M(QN) X exp <—§|y — ge,N(gN”I‘) :
where G, N(0n) = (un(Z1),...,un(Zpr)). The Lebesgue density of the posterior is given
by W?V(HN) x p(y — GeN(ON))mN(On), where p and 7y are Gaussian densities N'(0,T') and
N(0,Vy) in RM and R, respectively. The graph pCN algorithm can then be used to obtain

samples O ~ ﬂ?\, that can be extended into the underlying manifold using a K-NN map.

Heat Inversion To discretize the heat forward map, we replace the Laplace-Beltrami

operator in (6.7) with the graph Laplacian Ay in (6.10) and solve

%U’N = _ANUN7 te [07 OO),
un(0) = O,

where 05 € RY represents the initial heat function restricted to the point cloud. Then the

solution upy = upn(t*) at time ¢* can be expressed as

(N ()
U’N = Z<9N74Pn >€ " SOTL ]
n=1
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where (/\7(1N), cp%N))ﬁle are the ordered eigenpairs of the graph Laplacian A . From this, we

naturally obtain a discretization of the forward map given by

N
N _ (N)* N
FNZQNHUN:ZWN#P% Nye=Ant o (N,

n=1
We can then write the discretized posterior distribution /[;JV as a change of measure with
respect to the prior distribution pp

du?\]

1
X 03) o exp (3l - O (OwR).

where G (0n) = (un(Z1), ..., un(Zps)). The Lebesgue density of the posterior is given by
w?\,(é’N) x p(y — Gn(0N)) 7N (), and sampling and interpolation can be performed with

the general methodology described previously.

6.3 Bayesian Inverse Problems on Manifolds with Boundaries

In this section, we propose a novel methodology for Bayesian inversion on manifolds with
boundaries, addressing the design of priors that can reflect the given boundary conditions,
the graph-based discretization of these priors, and the graph-based approximation of PDE-
constrained forward maps supplemented with boundary conditions. To be concrete, we
will focus on the following elliptic and heat inverse problems on one and two-dimensional
manifolds with Dirichlet boundary conditions. Throughout this section and the rest of this
chapter, M will denote a smooth compact d-dimensional manifold isometrically embedded

in R? with boundary M. We denote M° = M \ OM.
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Elliptic Inverse Problem Consider the following elliptic PDE with Dirichlet boundary

conditions,

Lu = —div(kVu) = f, x € M°,
(6.19)

u(z) = h(z), =€ oM,

where the divergence and gradient operators are defined with respect to the Riemannian
metric inherited by the manifold M from RP. In our numerical examples, we will consider a
one-dimensional semi-ellipse where OM = {z¢, x5} and a two-dimensional semi-torus where
OM = B1 U By and B;, i = 1,2 are circles. We will then denote by hi and hy the Dirichlet
boundary conditions at By and Bs.

The goal of the elliptic inverse problem is to recover the diffusion coefficient x given the
right-hand side f and noisy pointwise observation of the solution u at M spatial locations
{fm}%zl C M. The data are given by {ym}%zl = {u(zm) + nm}%zl with the forward
map F : 0 — u, where § := logrk € (—o00,00). We refer to [Jiang and Harlim, 2023]

for sufficient conditions on M, k, f and h to guarantee that the solution to (6.19) can be

evaluated pointwise.

Heat Inversion Consider the following heat equation with Dirichlet boundary conditions,

(

ut(z,t) = —Apqu(z,t), e M°t>0,
w(z,t) = h(z), z€dM,t>0, (6.20)

u(z,0) =0(x), =€ M,

\

Again the goal of the inverse heat problem is to recover the initial heat 6 defined on
M from noisy pointwise observation of the heat at time t* > 0 along M spatial locations
{fm}%zl C M. The data are therefore given by {ym}%zl = {u(Zm, t*) + nm}%zl. The
corresponding forward map is a heat equation solver, namely F : 6 +— u, where u(z) =

u(z,t*) denotes the solution of (6.20) at time ¢t* and 6 is the initial condition. For our
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numerical examples we will use a one-dimensional semi-ellipse and a two-dimensional semi-

torus, and we will adopt the same notations as in the elliptic inverse problem.

6.3.1 Ghost Point Diffusion Maps for Dirichlet Boundary Conditions

In this section, we give a short discussion on the construction of ghost points and the ghost
point diffusion map (GPDM) algorithm, which will be used in the discretizations of the prior
and forward models. In this chapter, we focus on a specific GPDM algorithm to approximate
the weighted Laplacian operator, £ = —div(kV-) whose inputs are functions v : M — R
that satisfy the Dirichlet boundary condition, u(xz) = h(z), for all x € OM. The discussion
will focus on the algorithmic aspect that will be used in the forward map discretization.
For other types of (possibly non-symmetric) second-order diffusion operators and boundary
conditions, and the convergence analysis, we refer to [Jiang and Harlim, 2023, Yan et al.,
2023].

The key idea of the GPDM algorithm comes from the classical ghost point method |[LeV-
eque, 2007| for solving PDEs with Neumann boundary condition using the finite-difference
method. Particularly, the ghost points are constructed to improve the convergence rate in
approximating the normal derivative at the boundary points. In the context of the GPDM
algorithm, the ghost points are employed to overcome the biases induced by the graph
Laplacian discretization near the boundary. Numerically, solving PDEs with the ghost point
method requires the following two steps: (1) specification of ghost points; and (2) specifi-
cation of function values at the ghost points. While these two steps are trivial when the
geometry is Euclidean or known, they require nontrivial numerical algorithms and theoret-
ical justification when the manifold is unknown in the sense that it can only be identified
with finitely sampled point cloud data.

The GPDM algorithm addresses step (1) above by augmenting the sampled point cloud

data on the manifold with a set of ghost points specified on the outer normal collar of the
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Figure 6.1: Construction of ghost points.

boundary. Theoretically, the GPDM algorithm extends the embedded manifold M < RD
with its collar neighbor AM of a sufficiently large radius, such that the extended manifold
MUAM <i> RP is isometrically embedded and does not change the geometry of M, i.e.,
Ilpm = ¢ (see Lemma 3.5 in [Jiang and Harlim, 2023|). With this modification, the graph
Laplacian construction in (6.16) is a consistent pointwise estimator of £ for all points in M,
even for the points that are very close to the boundary M since they are sufficiently far
away from the boundary of the extended manifold, (M U AM), as illustrated in Figure
6.1. Since our goal is to construct a forward map on the manifold M, we need to specify
the additional unknowns (the function values at these ghost points as we noted in the step
(2)) by adding more equations. Specifically, we will impose a set of linear extrapolation
equations, whose solution specifies the function values on the ghost points through function
values on the point cloud.

While there are various ways to realize the two steps above, in the following we will
provide a simple numerical procedure for well-ordered data that is used in the numerical
examples in this chapter. For randomly sampled data or a higher convergence rate method,
we refer interested readers to |[Jiang and Harlim, 2023]. We should also point out that the
presentation below uses much simpler notations compared to those in [Jiang and Harlim,

2023, Yan et al., 2023] since we are only interested in the algorithmic aspect of the GPDM
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method. Given a point cloud {xn}nN:1 C M, the GPDM estimator for £ is constructed as

follows:
1. Specification of the ghost points. At each boundary point, x; € OM:

(a) Apply the secant line to approximate the normal vector at each boundary point.
Following the notation in the illustration in Figure 6.1, the unit normal vector is

estimated via
Ty — Tp0

vp = ————.
|2y — 2p 0l

(b) We specify K ghost points along the normal vector at each boundary point, x; €
OM N {zp Y

n=1’

Ib,k' :xb+5kvb7 k:].,...7K7
where 0 = |z, — 2,0 and zy, ¢ is the closest point to zj, in M N {wn}fy:y

2. Specification of the function values at the ghost points. For each boundary point xy,

we impose the following extrapolation condition,

u(wy,1) — 2u(wy) + u(zp ) =0,
u(wp ) — 2u(wy 1) + ulzy) =0, (6.21)

u(zy ) — 2u(rp p—1) + u(rp p—2) = 0, k=3,...,K.

These algebraic equations are discrete analogs of matching the first-order derivatives

along the estimated normal direction, vy,.

3. Construction of the GPDM discrete estimator. Construct the graph Laplacian estima-
tor as in (6.16) for the extended points, {xn}nNzl U {xb,k}f}fiy We point out that we
also use a set of algebraic equations identical to (6.21) to determine the function value
of k at the ghost points {wb,k}fi};}il- Let N = N + BK and obtain the correspond-

ing weighted Laplacian matrix, £_ 5, whose construction is analogous to (6.17). The
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weighted Laplacian matrix can be rewritten as

e RV, (6.22)

We will construct the GPDM matrix based on the sub-matrices ££1Z)V e RVxN ,

whose entries are constructed based on the affinity between pairs of the point cloud
points in {xn}fl\le C M, and £’£2])V e RV*BK  whose entries represent the affin-
, L B.K

ity between an element of {xn}fyzl and a ghost point in {xb,k}b,l’gzl' Let ug =

e RBK and uy = (u(x1),. .. ,u(p0), - u(ry)) € RY. Then

(u(z1,1),... u(rp K))
we can write the solution of (6.21) in a compact form as ug = Gup such that
ESJ)VUN + ESJ)VUG = (ESJ)V + ESJ)VG)U ~- Based on this observation, we define the

GPDM estimator without boundary condition as

Lo =L+ P a e RNV, (6.23)

Denoting

! (6.24)
Le Bx(N—-B) LeBxB

and splitting upy := (uny_p,up) into function values at the interior and boundary points,
respectively, the GPDM algorithm discretizes the Dirichlet problem in (6.19) as follows:

E _ _ UN_B‘F[: — up = fN—_B,
6,(N—B)x(N—B) &,(N—-B)xB (6.25)

up = hB-

Here, the components of the vector fy_p € RN =E are the function values at the interior

points, whereas the components of the vector hp € RB are the function values at the
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boundary points.

6.3.2  Prior Specification and Discretization

In this section, we propose novel prior constructions to facilitate elliptic and heat Bayesian
inversion on manifolds with boundaries. The priors we propose contain two terms. The
first one is a Matérn-type Gaussian field with Dirichlet homogeneous boundary conditions,
whose primary role is to capture the uncertainty on the parameter of interest in the interior
of the manifold. The second term accounts for prior uncertainty along the boundary of the
manifold, and can be omitted if the boundary values of the parameter are known.

For a one-dimensional manifold M with boundary OM = {x1,x}, i.e. a semi-ellipse in

our numerical experiments, we propose using a prior defined as the law of

1 > s
0 = T+ M) 2Gw; + p1vg + pads . 6.26
TS T e ety (6.26)
N — _  Boundary term

Interior term

In the interior term, 7, s, and ({;);2; play the same role as in (6.9), but now (A;, ¢;)7; are
the ordered eigenpairs of the Laplace-Beltrami operator A, equipped with homogeneous
Dirichlet boundary conditions, so that ¢;(z1) = ¢;(xx) = 0 for all i. Nonhomogeneous
Dirichlet boundary conditions could also be considered. In the boundary term, py, ug ~

N(0,1) are independent of all other randomness and 1,19 are harmonic functions defined

by
Apihr =0, Appg =0,
U1(z1) =1, and Wo(z1) =0, (6.27)
Y1(zn) =0, Yolxy) = 1.

\ \

Thus the random coefficients p1 and po in (6.26) respectively represent the uncertainty on
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the parameter value of interest at the two boundary points 1 and zp. Overall, the prior
defined by (6.26) combines the flexibility of the Matérn model with homogeneous Dirichlet
boundary conditions for interior reconstruction with additional flexibility in the boundary
reconstruction. A simulation study that illustrates the increased flexibility afforded by the
boundary term and our prior construction is given in Section 6.4.

Following the same idea, for a two-dimensional manifold M with boundary OM = By U
By, where By and By are disjoint regular closed curves, e.g. in our numerical examples By

and By are boundary circles of a semi-torus, we define a prior as the law of

L L
1 > _s
0= — — D (TN TG0+ > e+ Y pa oy (6.28)
Vit (T + M) (=1 (=1
InteriZ); term Bound;?y term

The interior term is defined analogously as in the one-dimensional case, using the spectrum
of the Laplace-Beltrami operator with homogeneous Dirichlet boundary conditions. For the
boundary term, pq ¢, pig ¢ ~ N(0, 1) are independent of all other randomness, and {w1,4}£:1

and {1&275}{2;1 are harmonic functions on M defined by

4 (

Ay, =0, Apih e =0,

wl’g(a:) = 2/;175(:@, x € By, and 1/12,g($) =0, x¢€ By, for{=1,...,L,
k@/11,8(96) =0, z€bBy, \102,2(55) =9 (x), x€ By,

(6.29)

where 1;1’5@3) and 1/;275@) are ordered eigenfunctions of the Laplace-Beltrami operator de-
fined on the closed curves By and Ba, respectively. The number L of basis-type functions for
each boundary controls the flexibility of the prior along the boundary. Larger L allows to
recover more frequencies of the parameter of interest along the boundary, but at the expense

of introducing additional model parameters.
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To discretize the prior defined in (6.26), we simply replace the role of the Laplace-Betrami
operator A with a graph Laplacian as we did in Subsection 6.2.3, but now taking care
of boundary conditions. Specifically, for one-dimensional inverse problems, our discretized

prior distribution would have samples of the form

6

N
N .
N~ ——> (r+ AN =360 4 ™ 4 e (6.30)
VIV (r+A)=s T

where ()\%N),QO%N)) are ordered eigenpairs of A n defined as the N x N submatrix corre-
sponding to the point cloud portion of the graph Laplacian (6.10) constructed using both
the point cloud {:Un}flvzl and ghost points {xb,k}flﬁl' From now on, we will refer to Ay as
a truncated graph Laplacian. More specifically, given the point cloud and ghost points, we
define Ay as an N x N submatrix of the N x N matrix Ay with N := N + BK. Indices of
the submatrix A correspond to that of the elements in the point cloud. We have observed
such a construction provided an effective approximation to the Laplace-Beltrami operator
on M with homogeneous Dirichlet boundary conditions in our numerical experiments. This
construction avoids any potential idiosyncratic boundary behavior of eigenvectors when us-
ing a graph Laplacian constructed solely with point cloud data. Indeed, in our numerical
experiments (see Figure 6.6 and the associated discussion in Section 6.4 below) we note that
the eigenvectors of the self-tuned graph Laplacian (6.10) have spikes and oscillations near
the boundary. Finally, ng) and ng) are the solutions of (6.27) evaluated along the point
cloud. These solutions can be obtained by the GPDM algorithm as described in Section
6.3.1.

An alternative attempt to discretize the homogeneous Dirichlet boundary condition was
introduced in [Thiede et al., 2019] where they employed truncation on the original point
clouds without adding ghost points. In fact, the spectral convergence of the truncated graph

Laplacian to the Dirichlet Laplacian on manifold with boundaries has recently been reported
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[Peoples and Harlim, 2021]. We should also point out that there were two discretizations
of the Laplace-Beltrami operator introduced in this chapter: 1) self-tuned normalized sym-
metric graph Laplacian given in (6.10) and 2) ghost point diffusion map(GPDM) matrix
given in (6.23). The eigenvectors of the former are orthogonal as the matrix is symmetric,
whereas the eigensolutions of the latter are not the case since the GPDM matrix in (6.23) is
not symmetric. With this fact, we clarify that we only use GPDM to solve linear problems
(6.27) and do not use the eigenvectors of the corresponding GPDM matrix elsewhere.

For the two-dimensional graph-based prior discretization, we obtain a finite number of
discretized functions for each boundary, denoted by {wg\é) }ngl and {@/)g\p}éL:l, by solving
(6.29) along the point cloud. One can again use the GPDM algorithm to obtain {wg}f)}%:l
and {wgz) }l%:l where the boundary basis functions {’l[]ljg}ngl and {1/727g}£:1 are discretized
using a self-tuned graph Laplacian constructed with all the point cloud elements that lie on
the boundaries, which are two disjoint closed curves in our numerical examples. For instance,
to obtain {151,(}%:1 one can construct the self-tuned graph Laplacian solely using points in
BN {xn}évzl, where {xn}flvzl C M is the point cloud of the manifold. Then {1/?174}£L:1 can
be chosen to be the first L eigenvectors of this self-tuned graph Laplacian. To summarize,

in the two-dimensional case, samples from the proposed graph-based prior are defined by

0 A ) B - 3 i 13 i, 631
N~ ~ ™ Z(T+ n )" 2Cnen +Z,u1’g¢17€ + 'u27£¢2,€ , (6.31)
\/anl(T +An ) n=l =1 =1

where (/\7(1N), @%N))évzl are ordered eigenpairs of a truncated graph Laplacian.

6.3.3 Forward Map Discretization

Using the tools introduced in previous sections, here we propose graph-based discretizations
of forward maps for elliptic and heat inverse problems on one and two-dimensional manifolds

with boundary.
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Elliptic Inverse Problem For the inversion problem involving the elliptic PDE in (6.19),
our goal is to learn the diffusion coefficient x on M. Correspondingly, analogous to the
boundary-free setting, a forward map was given by F : 6 +— u, where 6 = log k € (—00, 00)
and u solves (6.19). In this case, we can use the GPDM algorithm introduced in Section
6.3.1 to obtain the discretization of the forward map. Precisely, the discretized forward map

is given by

FeN 0N —uy = (uy_p,up) = <£~;(1N,B)X(N,B)(fN—B — L. (N-B)xBB); hB) :

1

where 0 = (log(k(z1)),...,log(k(zy))) and Z;(NfB)x(N—B)

denotes the pseudo-inverse.

From this discretization process, we arrive at the relationship between the discretized pos-
terior distribution /f]/\, and the discretized prior distribution gy, which is given by

Y

dpy

1
TN 0) x xp (3l — Gex O

where G, y(0n) = (uN(il), . ,uN(fM)). For the sampling and interpolation steps, we

follow the general methodology in Section 6.2.2.

Heat Inversion Consider first the one-dimensional heat equation with Dirichlet boundary
conditions given by (6.20) with OM = {x1,x}. Analogous to the prior construction, we

introduce two time-independent functions ; and 19 defined on M satisfying

Ay =0, Apihg = 0,
Y1(z1) =1, and Yo(z1) =0,
Y1(ry) =0, Yo(ryN) =

\ \
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Then we can obtain the solution of (6.20) by solving for w that satisfies,

(

we(x,t) = —Apw(x,t), =e Mo t>D0,

w(zy,t) =0, w(zy,t) =0, t>0, (6.32)

w(z,0) = 0(z) — h(z)1(r) = Men)Pa(z), =M.

To see this, notice that the function
u(z,1) = w(z,t) + h(z1)¥1(2) + h(z )b (z) (6.33)

is the solution of (6.20).
For the two-dimensional heat equation, let 1;1’5 and @2,4 be ordered eigenfunctions of the

Laplace-Beltrami operator defined on By and Bs, respectively. We can then write
o0

0
hi(z)=> aphyp(z), z€B), and hy(x) = bpby(x), =€ By,
=1 =1

for some real coefficients {a,}72, and {by}7° ;. The solution to (6.20) is then given by

u(z,t) = w(a,t) + Y aph p(r) + Y bptdg o), (6.34)
=1 =1

where w is the solution of

(

wi(z,t) = —Apqw(x,t), e M t>0,

w(z,t) =0, ze€bBy, t>0, ( )
6.35

w(z,t) =0, x € By, >0,

| w(z,0) = 0(x) = 202 apprp(z) = 1721 b p(x), € M.

194



Here, ¢y ¢ is the harmonic function with boundary condition 7])1’[ in By and 0 in By, while
9 ¢ is the harmonic function with boundary condition 0 in By and 1;2’ ¢ in By. We have hence
expressed the solution of the heat equation with non-homogeneous boundary conditions as
a linear superposition of basis-like functions and the solution of homogeneous heat equation.
Such a decomposition will play a key role in the discretization procedures.

Now suppose that in the one-dimensional case we are given an N-dimensional discrete

representation € of the initial heat distribution of the form

N L L) VN (Vs (V)
On = @ng +M17/)1 +M2w2 , Where @03 Z(T+)‘n )" 2Cnen s
V SN+ M) st

which reflects our prior construction given in the previous section. To discretize the forward

map of the one-dimensional heat equation, we replace the Laplace-Beltrami operator A 4

by Ay and solve for w) = (w1, ..., wy) satisfying
9 wN) = _A vw®)
w NW s
o (6.36)
w0 = ™),

This equation can be viewed as a discrete analog of (6.32) as the eigenvectors of Ay ap-
proximate those of the Laplace-Beltrami operator with homogeneous Dirichlet boundary
condition. Given an initial condition wéN) =0y — ,uld)gN) — M2¢§N), the solution of the
above initial value problem can be expressed as a linear combination of the eigenvectors of

A ~- In other words, the solution at time ¢ is given by

N W) (N ()
W) =S on ) wy e )
n=1

From this, and the previous observations we made in (6.33), we naturally obtain the discrete
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approximation for the solution of (6.20) given by
N N
uy = w4 M1¢§ )4 Mz@ﬁé )7

which defines the discretized forward map Fy : O — up.
Using the same argument, we can discretize the forward map for the two-dimensional
heat equation. Suppose we are given an N-dimensional discrete representation of the initial

heat function for two-dimensional heat inverse problem, denoted by 6, of the form

L L
On = ¢§N) + Z Ml,wg\g[) + Z MQ,W%{Z),
=1 =1

N
v N s
S+ A el

(V)
h —
where @/)3 \/ZN—1<T n A%N))_S o

Similarly as in the one-dimensional case, with the observation (6.34), the discrete approxi-

mation for the solution of (6.20) in the two-dimensional case is given by
ST IR WY
N
un = w®) + Z Ml,éwl’g + Z M2,€w2’g )
(=1 (=1

where w(™) denotes the solution of (6.36). Accordingly, the discretized forward map is given
by Fn : Oy +— up. In both the one and two-dimensional cases the discretized posterior
distribution ;fjjv and the discretized prior distribution pp satisfy the relationship

dugjlv

1
X 03) s oxp (~ 31— w (03B )

where Gy (0y) = (un (1), ..., un(Zpr)). For the sampling and interpolation steps, we again

follow the general methodology described in Section 6.2.2.

196



6.4 Numerical Results

In this section, we provide simulation results for the numerical solution of Bayesian in-
verse problems on manifolds with boundaries. We showcase our methodology for the elliptic
inverse problem in Section 6.4.1 and for the heat inverse problem in Section 6.4.2. For
each inverse problem, we consider one-dimensional and two-dimensional examples. In addi-
tion to validating our approach and providing implementation details, our numerical results
will demonstrate the enhanced flexibility of our proposed priors near the boundary when
compared with previous graph representations of Matérn priors. Specifically, we show the
improved reconstruction achieved by our prior in a one-dimensional elliptic inverse problem,
and we illustrate in a two-dimensional setting the emergence of artifacts near the boundary
for the eigenfunctions of the graph Laplacian (6.10) used to define graph Matérn priors on
closed manifolds in [Harlim et al., 2020].

Our one-dimensional examples are set on a semi-ellipse and the two-dimensional examples

are set on a semi-torus. For the semi-ellipse the embedding was given by

cos «
va) = , a € (0,7, (6.37)
Jsin o
with Riemannian metric
g = sin?(a) + 9 cos?(a). (6.38)

The embedding for the semi-torus was given by

(24 cos ) cos B
va,B) = | (24 cosa)sing |, a €10,2x], B €[0,7], (6.39)

sin «

where (a, ) are the intrinsic coordinates and the corresponding Riemannian metric is given
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1 0
g= : (6.40)
0 (24 cosa)?

We use uniform grids to define point clouds over the given manifolds. For the one-
dimensional semi-ellipse we used N = 630 points and for the two-dimensional semi-torus
N = Np x N9 = 1296 points in a 36 by 36 grid. The boundary of the semi-ellipse corresponds
to @ = 0 or « = 7, which necessitates to model boundary values of the parameter on o = 0, 7.
For the semi-torus the boundary corresponds to § = 0 or § = 7, which implies the need to
model boundary values of the parameter along two boundary curves. In all of our numerical
experiments we choose N = M, that is, we assume to have observations along the entire

point cloud.

6.4.1 FElliptic Inverse Problem

For the one-dimensional elliptic inverse problem, we set the true PDE solution ul to be
ul (@) = sin(a),
and for the two-dimensional elliptic inverse problem, the true PDE solution was given by
ul (o, B) = 10sin(2a) cos(f).

While the one-dimensional solution satisfies homogeneous Dirichlet boundary condition at
a = 0, m, the two-dimensional solution has non-trivial Dirichlet boundary condition at 5 =0

and 7. According to the above true solution, the observations were given by

Yn = uT(an) + N, ap = L_l(In), n=1,...,N,
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where 7, iLd. N(0,0.01). We consider several choices of true input parameter , and for

each choice we define the right-hand side of the PDE using the identity

f=—=div(kVu) = —ﬁ@i (ﬁgijﬁju\/detg> .

Note that here and henceforth we abuse notation by referring to ul o as ul.

One-dimensional Manifold

For the one-dimensional elliptic inverse problem, we first augmented the given manifold
point cloud data, adding 10 ghost points at each boundary point. To model the interior
term from the proposed prior, we constructed a self-tuned graph Laplacian using both the
manifold point cloud and ghost points. After obtaining the graph Laplacian, we truncated it
to obtain a submatrix whose indices correspond to the manifold point cloud elements. Recall
that this matrix was referred to as a truncated graph Laplacian in Section 6.3.2. We used
two nearest neighbors to construct the self-tuned graph Laplacian. For the two boundary
terms, we used the GPDM algorithm to obtain two harmonic functions whose boundary
values were either one or zero. These harmonic functions will allow us to model boundary
values, i.e. values at a = 0,7, of the diffusion coefficient. When constructing the weighted
Laplacian matrix, we used 51 closest points in (6.18) and chose the value of € which attained
the maximum slope of log(T'(¢)) =~ %

We set the smoothness prior parameter to be s = 4, and the inverse length-scale parame-
ter to be 7 = 0.2, where the choice of these values is based on empirical experiments. Hierar-
chical Bayesian formulations to learn these parameters could be considered [Sanz-Alonso and
Yang, 2022al. In practice, instead of using all eigenvectors of the truncated graph Laplacian,
one can use a sufficiently large subset of eigenvectors. In our simulation study, we used 20

eigenvectors of the truncated graph Laplacian to represent the interior term. Furthermore,
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to attain an acceptance rate between 40 and 60 percent, we used ¢ = 0.01 for the graph
pCN algorithm. We computed a total of 10000 MCMC iterations with an initial 5000 burn-
in period. The results are shown in Figure 6.2, where three different choices of diffusion
coefficients are considered.

Observe from Figure 6.2 that the three true diffusion coefficients considered lie, for the
most part, inside of the 95 percent credible intervals. Moreover, the PDE solutions obtained
using the recovered coefficients were all very close to the PDE solution with the true coeffi-
cients. To showcase the flexibility of our prior compared to the one proposed in [Harlim et al.,
2020], additional numerical experiments were conducted. While using the same forward map
approximation given by the GPDM algorithm, we employed priors proposed in [Harlim et al.,
2020] where the graph Laplacian is constructed solely from the point cloud on the manifold.
We first present the recovery results for r1(a) = 2 4 cos(3a) and ka(a) = 1 + cos?(a) with
the same semi-ellipse manifold as in Figure 6.2. All the parameter values for priors and pCN
algorithms were set to be identical as before. The results are shown in Figure 6.3.

Figures 6.3a and 6.3b show that the recovered diffusion coefficients using the priors in
[Harlim et al., 2020] have artificial spikes near the boundary. The prior in [Harlim et al.,
2020] is only effective when the underlying manifold is closed, in which case the graph
Laplacian used in [Harlim et al., 2020] approximates the Laplace-Beltrami operator on the
underlying manifold. However, when the underlying manifold has a boundary, the prior
in [Harlim et al., 2020] leads to the formation of spikes near the boundaries and it does
not allow for flexible modeling of boundary conditions. To illustrate this point further, we
performed the Bayesian inversion procedure for the one-dimensional elliptic equation on an
ellipse restricted to the first quadrant (i.e. a € [0, %]) instead of the semi-ellipse. The true
diffusion coefficient was set to be k = 2 4 cos(3«). All the parameter values were again
the same as before. Figure 6.4 demonstrates the flexibility of our proposed prior, while the

reconstruction using the prior in [Harlim et al., 2020] exhibits artifacts near the boundary
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(a) Recovery of k1(a) =2+ cos(3a) (b) Recovery of ka(a) =1+ cos?(a)  (c) Recovery of k3 =1 + @
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Figure 6.2: One-dimensional elliptic inverse problem on a semi-ellipse: Top row: recon-
struction of k. Bottom row: solution of an elliptic PDE corresponding to the x given
right above.

(a) Recovery of k1(a) = 2 + cos(3a) (b) Recovery of so(a) = 1 4 cos?(a)
s “ s
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— )

Figure 6.3: Elliptic inverse problem on a semi-ellipse with Matérn-type prior in [Harlim
et al., 2020].
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and appears to incorrectly suggest a homogeneous Neumann boundary condition for . In
the next subsection we provide further understanding of these phenomena by illustrating the
different terms involved in the definition of our prior and the one in [Harlim et al., 2020] in

a two-dimensional setting.

| o 24 \

!:\ e & \\
Jﬂl“l\; — e 2 \

) B :

/ o e 55
12 R, . % 12 \.\\:\:‘* :///

Figure 6.4: Comparison of the performance of two priors in the reconstruction of

k1(a) = 2 + cos(3a) with « € [0, F]. Left: using the prior proposed in [Harlim et al.,
2020]. Middle: zoom-in of the left figure near the boundary. Right: using our proposed

prior.

Two-dimensional Manifold

Similarly, as in the one-dimensional elliptic PDE, we augmented the given point cloud with
216 ghost points for each boundary. To define the boundary part of our prior, for each
boundary (which is a circle in this example) we construct a self-tuned graph Laplacian
using only the observations on the boundary with two-nearest neighbors. Then we obtain
the 10 eigenvectors corresponding to the smallest 10 eigenvalues for each boundary. These
eigenvectors will serve the role of discretized basis functions for each boundary. Solving
20 different Laplace-type equations in (6.29) using the GPDM algorithm, one can obtain 10
basis-like functions for each boundary, which would correspond to {wg)}}gl and {z/;;fz)};gl
in (6.31). These basis-like functions allow flexible model of functions in the vicinity of each
boundary curve. In particular, in our example the true diffusion coefficient was set to

k(a, B) = 10 + 8sin(«) cos(f). Therefore, the values we would like to capture along each
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boundary would be x(«,0) = 10 + 8sin(a) and x(a, ) = 10 — 8sin(«). When constructing
the weighted Laplacian matrix, we used 128 closest points in (6.18) and chose the value of €
which attained the maximum slope of log(T'(¢)) ~ 1.

For the interior part of the proposed prior, analogously to the one-dimensional case,
we truncated a self-tuned graph Laplacian constructed using the augmented dataset and
obtained a submatrix whose indices correspond to the elements in the point cloud. Taking
eigenvalues and eigenvectors of this truncated graph Laplacian would give (A%N), goglN)) in
(6.31). We used four-nearest neighbors to construct the self-tuned graph Laplacian. We set
the smoothness prior parameter to be s = 4, and the inverse length-scale parameter to be
7 = 0.24, where the choice of these values is based on empirical experiments. To attain an
acceptance rate between 40 and 60 percent, we used ( = 0.001 for the graph pCN algorithm.
A total of 150000 MCMC iterations with initial 75000 burn-in iterations were run to obtain
our results.

Starting from the top row of Figure 6.5, the panels in the first row represent the true
diffusion coefficient and the solution of the elliptic PDE based on the true diffusion coefficient.
The second row represents, from left to right, the posterior mean of the MCMC samples,
2.5 percentile of MCMC samples and 97.5 percentile of MCMC samples. In other words,
the second row portrays the credible interval for the true diffusion coefficient function. The
third row corresponds to the solution of the elliptic PDE equation based on the diffusion
coefficients given in the second row. The last two plots in the fourth row depict the difference
between the true diffusion coefficient and the posterior mean of the MCMC samples, and
the difference between the true solution with the one based on the posterior mean of the
MCMC samples.

For the two-dimensional elliptic inverse problem, there is a larger error in the recovery
of the true diffusion coefficient. This is unsurprising, since as one can see from the solutions

corresponding to the MCMC samples of the diffusion coefficients, one can find several differ-
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ent diffusion coefficients that lead to approximate solutions that are close to the solution of
the elliptic PDE, which is a manifestation of the ill-posedness of this elliptic inverse problem.

To illustrate the strength of the proposed prior relative to [Harlim et al., 2020], Figure 6.6
includes surface plots of (i) the first two eigenfunctions of graph Laplacian used to define the
prior in [Harlim et al., 2020]; (ii) the first two eigenfunctions, i.e., gojlv , gpév of the truncated
graph Laplacian used to define the interior term of our prior; and (iii) the boundary terms
¢{Y2’ 1/1{\,[3 in (6.31). As one can see in the leftmost column in Figure 6.6 the graph Laplacian
used in the prior construction in [Harlim et al., 2020] is not appropriate for manifolds with
boundary. In particular, the spikes in the first eigenfunction can be explained by the use of
a symmetric graph Laplacian and the fact that the degree of nodes close to the boundary
is significantly different than the degree of nodes in the interior. However, the samples we
propose do not possess such undesirable behavior as the boundary values are solely modeled
by boundary components which are in the middle column of Figure 6.6. The interior term is
modeled by superposition of eigenfunctions of the homogeneous Dirichlet eigenvalue problem

(rightmost column in Figure 6.6) approximated using a truncated graph Laplacian.

6.4.2 Heat Inverse Problem

For the one-dimensional numerical simulations of heat inversion, given an initial heat function

u(, observations were obtained by
yn = G(an, t*) + 1, an =1 Yan), n=1,...,N,

where 7y, iLd. N(0,0.01) and @ represents an approximate solution of the heat equation given
in (6.20). We assume that the boundary is given by {z1, 2z }. For the one-dimensional semi-

ellipse, we used the following explicit formula to compute the approximate solution over the
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(a) True diffusion coefficient & (b) True PDE solution u

(c) Posterior mean for x (d) 2.5% post. percentile for £ (e) 97.5% post. percentile for &

Figure 6.5: Elliptic inverse problem on a semi-torus for x(«, 8) = 10 4 8sin(a) cos(f3).
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(a) First eigenfunction (b) First boundary component (c) First interior component
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(d) Second eigenfunction (e) Second boundary component

Figure 6.6: Representation of terms used to define prior draws on a semi-torus. Left
column: first two eigenfunctions of the covariance matrix for the prior proposed by
[Harlim et al., 2020]. Middle column: first two (excluding the constant one) boundary
components in our proposed prior. Right column: first two interior terms in our pro-
posed prior.
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point cloud at time t* > 0, denoted by uy = (u(aq,t*), - u(ay,t)),

N
(N)
Uy = Z%N),wém)e’“ "o 4 uo(a1)w§N) + uo(OéNWéN)a
n=1

where ()\%N), @%N))év | are eigenpairs of the truncated graph Laplacian constructed using
p01nt cloud {xn} _, with two boundary points {xl, x N} The definitions of @/Jl , ¢;N)
1/13 are given in Section 6.3.2. Recall that 2/11 , wQ are responsible for modelling values
of the parameter at {z1, 2} while @DéN) determines the interior values of the parameter.

Similarly, for the two-dimensional semi-torus, given an initial heat function ug, observa-

tions were obtained by

Yn = ﬂ((anlaﬁng)at*) + M, (Oénlaﬂnz) = L_l(l’n); n = 17 e 7N>

where 7y, Lid N(0,0.01) and @ represents the approximate solution for (6.20). For the

two-dimensional setting, the approximate solution

uy = (ﬂ(al,ﬁl,t*), T aa(ava/BNyt*))

over the point cloud at time t* > 0, with N = Ny x Ny, is given by

i S A, A ) S ZL
un = (on "3 e Ton 4 Nl,ﬂ/’lg 2£¢2g )

where the leftmost term in the right-hand side is defined similarly as in the one-dimensional
manifold setting. The remaining finite summation terms involving {apn }n 1> {wg;[)}lL:l
and {1/)2,1 } j—; are responsible for modelling parameter values along each boundary curve.
For the implementation, the true coefficients {,&1 g}lL | and {/Zl,f}lel were obtained by re-

gressing ul") = (ug(x1), -~ ug(en)) on {oi Yy VM, and (o)} T ow
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numerical experiments, we constructed 10 basis-like functions for each boundary of the two-
dimensional semi-torus, i.e., L = 10, and used 20 eigenvectors of the truncated graph Lapla-

clan.

One-dimensional Manifold

The prior construction was exactly the same as in the one-dimensional elliptic problem. And
hence, the boundary values were only defined on two points i.e. values at a = 0, 7. We set
the smoothness prior parameter to be s = 6, and the inverse length-scale parameter to be
7 = 0.3, where the choice of these values is based on empirical experiments. Furthermore,
to attain an MCMC acceptance rate of roughly 50 percent, we used ¢ = 0.005 for the graph
pCN algorithm. A total of 20000 MCMC iterations with initial 10000 burn-in iterations were
run to obtain our results. For the heat equation, the degree of ill-posedness of the inverse
problem is closely related to the time t* > 0 at which we observe the data. The smaller the
time ¢t* > 0 is, the easier the inversion.

We considered three different choices of initial heat functions. Starting from the left-most
column of Figure 6.7, plots in each column respectively represent initial heat function with
observed data, true initial function with the posterior mean/2.5th and 97.5th percentile of
MCMC samples, and the true solution with the solutions corresponding to the posterior
mean, 2.5th and 97.5 percentile of MCMC samples. Specifically, the leftmost column in
Figure 6.7 represents the initial heat function ug with its corresponding noise-free observation
u and noisy observation y. The middle column represents the true initial function ug; with the
posterior mean estimate g, 2.5th percentile u8'025, and 97.5th percentile u8'975 of MCMC
samples. The rightmost column portrays the approximate solution based on the true initial

T

heat function at time ¢, denoted by wu; with approximate solutions based on the posterior

mean estimate, 2.5th percentile and 97.5th percentile, respectively denoted by uy, u?'025 and
0.975
ug .

208



(a) up = 10sin(a) + 2 (b) Recovery of up = 10sin(a) +2  (c) Solution u(t) at t = 10
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(h) Recovery of ug = 10 cos(a) + 2 (i) Solution u(t) at t =5
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Figure 6.7: Heat inverse problem on a semi-ellipse.
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Figure 6.7 shows that all of the true initial heat functions were captured inside of the
95 percent credible intervals for all three cases. Moreover, the corresponding solutions were

very close to the true solution.

Two-dimensional Manifold

The practical implementation of the two-dimensional prior was analogous to that of the two-
dimensional elliptic inverse problem. We set the smoothness prior parameter to be s = 4,
and the inverse length-scale parameter to be 7 = 0.3 or 0.012, where the choice of these
values is based on empirical experiments. Furthermore, to attain an MCMC acceptance rate
of roughly 50 percent, we used ¢ = 0.006 for the graph pCN algorithm. A total of 100000
number of MCMC iterations with initial 50000 burn-in iterations were run to obtain these
results. We considered two initial heat functions: ug(c, 8) = 10sin(a) cos(25) in Figure
6.8 and ug(a, ) = 2 + sin(a) cos(f) in Figure 6.9. For ug(a, ) = 10sin(a) cos(23), the
initial heat function values along each boundary curve we would like to recover is 10 sin(a).
Similarly for ug(c, 8) = 2+ sin(a) cos(f), our goal is to recover an initial heat function with
values 2 + sin(a) or 2 — sin(a) corresponding to each boundary.

Starting from the top row of Figures 6.8 and 6.9, the panels in the first row represent, from
left to right, the true initial heat function, approximate solution of the heat equation based
on the true heat initial function, noise-incorporated approximate solution, i.e. observation
data. The second row represents from left to right, posterior mean of the MCMC samples,
2.5 percentile of MCMC samples, and 97.5 percentile of MCMC samples. In other words,
the second row portrays the credible interval for the true initial heat function. The third
row corresponds to the approximate solution of the heat equation based on the initial heat
functions given in the second row. Finally, the last two plots in the fourth row depict the
difference between the true initial function and the posterior mean of the MCMC samples,

and the difference between the approximate solution based on the true initial function with
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the one based on the posterior mean of the MCMC samples. Figures 6.8 and Figure 6.9
show that our proposed methodology led to reasonably successful recovery of the parameter

of interest.

6.5 Conclusions and Open Directions

In this chapter, we developed graph-based Matérn priors for solving Bayesian inverse prob-
lems on manifolds with boundaries. Our idea is to extend the Matérn priors introduced
in [Harlim et al., 2020], developed for elliptic PDEs on closed manifolds, by representing
the boundary conditions via a set of functions obtained from solving Laplace equations on
manifolds with appropriate Dirichlet boundary conditions. To solve PDEs on manifolds
with boundaries, we employed the recently developed GPDM algorithm [Jiang and Harlim,
2023], which uses fictitious ghost points to remove the bias induced by integrating radial
type kernels near the boundaries.

We validated this approach on two test problems. The first problem is an inversion of
the diffusion coefficient of an elliptic PDE from the solution of the PDE corrupted by noise.
The second problem is an inversion of the initial condition of a heat equation from noisy
observation of the solution at a positive time. Based on our numerical simulations, we found
positive results given the ill-posedness of the inverse problems we considered.

While the proposed method produces encouraging results, there are many open questions.
First, we should point out that while the computational cost is independent of the ambient
dimension, it scales exponentially as a function of intrinsic dimension (see [Jiang and Harlim,
2023| for detailed convergence rates for the forward maps). Since Bayesian inversion often
requires to evaluate the forward map numerous times, it is of interest to improve on our
graph-based approximations of the forward map by using computationally cheaper surrogate
forward models and/or faster numerical solvers. Second, the method represents the hidden

variables by a vector whose components are the function values of the variable of interest
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(a) True initial heat wug (b) PDE solution u(t*) based on ug (c) Observed data y

(d) Posterior mean for ug (e) 2.5% post. percentile for uy  (f) 97.5% post. percentile for g

Figure 6.8: Heat inverse problem on a semi-torus: wug(a, ) = 10sin(a) cos(28) with
=03, t* = 5.
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(a) True initial heat wug (b) PDE solution u(t*) based on ug

(c) Observed data y

2.5% post. percentile for ug

0.2

0.15

0.1

Figure 6.9: Heat inverse problem on a semi-torus: ug(c, 8) = 2 + sin(«a) cos(f) with
7 =0.012, t* = 5.
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(e.g., diffusion coefficients) on the given point clouds. How to extend this to other points on
the domain is of practical interest. Beyond these practical considerations, it is also of interest
to understand the theoretical aspect of such an approach, especially the effects of boundaries,

extending the theoretical convergence result for closed manifolds in [Harlim et al., 2020].
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