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ABSTRACT

In this thesis, we prove existence of global solutions and scattering for systems of quadratic

nonlinear Schrödinger equations in the critical three-dimensional case, for small, localized

data. For the terms corresponding to the nonlinearity uū, we need to do an ϵ regularization

of this part of the nonlinearity.

In order to tackle quadratic space-time resonances, after performing a Littlewood–Paley

decomposition, we use integration by parts in the Duhamel term, to take advantage of the

oscillations when space-time resonances are absent.
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CHAPTER 1

INTRODUCTION

1.1 Background

The existence of a global solution for the nonlinear Schrödinger equation

i∂tu+∆u = P (u), (NLS)

where u(t, x) : R×Rn → C and P is a nonlinear homogeneous function, has been extensively

studied. Many papers focused on the case of a gauge invariant nonlinearity, namely P (u) =

λ|u|p−1u for some real constant p > 1 and λ ̸= 0, where solutions satisfy several conservation

laws. In the L2-subcritical cases, i.e. 1 < p < 1 + 4
n , a global solution can be obtained by

iterations of local well-posedness results. In the energy-subcritical case, i.e. 1 < p < 1+ 4
n−2 ,

the local result can also be extended globally in time with some smallness condition imposed

on the initial data [LP15].

The problem of global well-posedness and scattering for a general nonlinearity P , homo-

geneous of degree p, turns out to be more complicated, especially as p becomes smaller. An

important notion related to this problem is the Strauss exponent [Str81],

√
n2 + 12n+ 4 + n+ 2

2n
,

derived from the positive root of np2 − (n + 2)p − 2 = 0. Notably, the Strauss exponent

is smaller than the mass critical exponent, 1 + 4
n . When p is above this Strauss exponent,

we can get small data global well-posedness and scattering for (NLS) using a fixed point

argument with dispersion properties of the solution to linear Schrödinger solution [Str81].

Some other works include Shatah [Sha82], Klainerman and Ponce [KP83], and Kato [Kat96].

The Strauss exponent serves as an essential concept within the broader scope of nonlinear
1



dispersive equations. In particular, for the nonlinear wave equation, it is the positive root

of (n − 1)p2 − (n + 1)p − 2 = 0. For any p greater than this Strauss exponent, Lindblad

and Sogge [LS96] proved global existence for small initial data with spherical symmetry,

where the symmetry requirement can be removed when n ≤ 8. Later in [GLS97], Georgiev,

Lindblad, and Sogge removed the symmetry assumption for all dimensions.

In dimension n = 3, the Strauss exponent for NLS is 2, which makes quadratic NLS in

3D an interesting case to study. Adopting the vector field method in Klainerman [Kla85],

one can show the existence of global solutions and scattering for a quadratic nonlinearity

involving u2 and ū2. Relevant works using this method include Hayashi [Hay93], Hayashi and

Naumkin [HN00], and Kawahara [Kaw05]. In [GMS09], Germain, Masmoudi, and Shatah

developed a more transparent proof combining the vector field and normal forms methods to

deal with the space-time resonance, which can be generalized to systems of quadratic NLS.

However, for the nonlinearity of form uū, the space-time resonance is 3-dimensional and

we only have almost global existence in Ginibre and Hayashi [GH95] and Wang [Wan17].

Furthermore, Wang managed to prove the existence of global solutions when the quadratic

term contains “ϵ”derivatives in the low-frequency part. But global existence remains unknown

for the general case of |u|2. In [II15], Ikeda and Inui showed that the solution blows up in

finite time if the initial data |u0(x)| ≥ |x|−k for |x| > 1 and 3/2 < k < 2. Hence, a necessary

condition for the small data global existence in the |u|2 case is fast enough decay at spacial

infinity of the initial data.

1.2 Main Result

This work generalizes Germain, Masmoudi, and Shatah’s result [GMS09] on systems of

quadratic nonlinear Schrödinger equations, to incorporate the quadratic resonance cases

when 1
cl

= 1
cm

+ 1
cn

and when cm + cn = 0. The case when cm + cn = 0 is analogous to

the uū nonlinearity, where we use Wang’s idea in [Wan17] to add an “ϵ”derivative to the

2



low-frequency part of this quadratic nonlinear term.

We thus consider the system of quadratic nonlinear Schrödinger equations (see Section

1.3 for the unexplained notations)


∂tul = icl∆ul +

∑
cm+cn ̸=0Almnumun +

∑
cm+cn=0AlmnQ(um, un)

ul|t=1 = ul0

, (1.2.1)

where 1 ≤ l,m, n ≤ N , ul(t, x) : [1,∞) × R3 → C, u0 ∈ H10, cl are nonzero real numbers,

and

Q(um, un) = F−1
∫
R3
q(ξ − η, η)ûm(t, ξ − η)ûn(t, η)dη,

for q(ξ, η) = q(η, ξ). Without loss of generality, we assume m ≥ n for all equations in (1.2.1)

and the constants Almn = Alnm. As in [Wan17], we also impose the following condition on

the symbol of Q,

sup
k,k1,k2∈Z

{∥F−1[q(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)]∥L1+

+ 2k∥F−1[∇ξq(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)]∥L1+

+ 22k∥F−1[∇2
ξq(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)]∥L1+

+ 2min{k1,k2}∥F−1[∇ηq(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)]∥L1+

+ 22min{k1,k2}∥F−1[∇2
ηq(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)]∥L1+

+ 2k+min{k1,k2}∥F−1[∇η∇ξq(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)]∥L1} ≲ 2ϵk− .

(1.2.2)

Define

∥f∥Z = sup
k∈Z

2−γk+2k++k/2+αk∥D1+α
ξ f̂k(ξ)∥L2 , (1.2.3)

where fk is the Littlewood-Paley projection at frequence 2k and α, γ are positive real con-

3



stants satisfying

0 < γ < ϵ/3 ≪ 1 (1.2.4)

and

1/2− γ/8 < α < 1/2− γ/(16− 2γ). (1.2.5)

The definition of k± and Littlewood-Paley projection will be provided in Section 1.3. Note

that the weights in the Z norm guarantee |x|−2 decay as |x| → ∞ of the initial data. Using

the Sobolev inequality, we have

∥|x|1/2f(x)∥L2 ≲
∑
k∈Z

∥D1/2
ξ f̂k(ξ)∥L2

≲
∑
k∈Z

∥χ2k−2≤|ξ|≤2k∥
L

6
1+2α

∥D1/2
ξ f̂k(ξ)∥

L
6

5−2α

≲
∑
k∈Z

2k/2+αk∥D1+α
ξ f̂k(ξ)∥L2 ≤

∑
k∈Z

2γk−2k+∥f∥Z ≲ ∥f∥Z .

This rules out the blow-up possibility introduced by Ikeda and Inui [II15]. Next, we state

the main theorem, which proves global existence with scattering for (1.2.1) when the initial

data is small and localized around the origin.

Theorem 1.2.1. Fix α, γ and ϵ. If (1.2.4) and (1.2.5) are satisfied, and for all l

∥ul0∥H10 + ∥e−icl∆ul0∥Z ≤ ϵ0, (1.2.6)

for a sufficiently small constant ϵ0, then there exists a unique global solution for the IVP

(1.2.1). Moreover, for all l, the following estimate holds,

sup
t∈[1,∞)

∥ul(t, x)∥H10
x

+ ∥e−iclt∆ul(t, x)∥Zx
+ t1+γ/2∥ul(t, x)∥L∞

x
≲ ϵ0, (1.2.7)

and the solution ul scatters.

4



In [GMS09], Germain, Masmoudi, and Shatah proved global existence and scattering of

small solutions to the system (1.2.1), assuming no quadratic resonance, i.e. Almn = 0 when

1
cl

= 1
cm

+ 1
cn

and when cm + cn = 0. They defined the quadratic space-time resonance as

Tl,m,n ∩ Sm,n, where

Tl,m,n = {(ξ, η) ∈ R3 × R3 : cm|ξ|2 + cn|η|2 = cl|ξ + η|2}

is the time resonance and

Sm,n = {(ξ, η) ∈ R3 × R3 : cmξ = cnη}

is the space resonance. No quadratic resonance corresponds to Tl,m,n∩Sm,n = {(0, 0)}. The

nonlinear component in Duhamel’s formula for the profile f̂l(t, ξ) = eiclt|ξ|
2
ûl(t, ξ) is given

by ∫ t

1

∫
R3
eis(cl|ξ|

2−cm|ξ−η|2−cn|η|2)f̂m(s, ξ − η)f̂n(s, η)dηds.

Germain, Masmoudi, and Shatah used integration by parts in time and frequency to take

advantage of the oscillation due to the fact of no quadratic resonance. However, when

1
cl
= 1

cm
+ 1

cn
and when cm+cn = 0, the dimension of space-time resonance goes up to three,

making it hard to apply the previous method.

It is worth noting that cm = 1, cn = −1 contains the case of uū nonlinearity. Wang

[Wan17] suggested using Littlewood-Paley to decompose the frequency space, enabling one

to conduct a more detailed study to fully exploit the interplay between the time variable

and the frequency levels.

When one attempts to use Wang’s method for the case of u2, the order of derivatives in

Wang’s norm ∥∇2
ξ f̂k(t, ξ)∥L2

ξ
is too large and one cannot obtain enough decay in the time

variable for the estimations. Interestingly, there is a term in the norm in [GMS09] with the

same weights, namely ∥ x2√
t
f(t, x)∥L2

x
. Nevertheless, the presence of

√
t in the denominator

5



effectively counteracts the substantial growth in the time variable caused by these weights.

Subsequently, work by Léger [L2́1] demonstrated, in particular, small data global ex-

istence and scattering for NLS with u2 nonlinearity, employing the norm ∥∇ξ f̂k(t, ξ)∥L2 .

Léger’s work served as the inspiration to lower the order of derivatives in Wang’s norm.

However, in the uū case, the oscillation in the Duhamel’s formula, taking the form of ei2sξ·η,

does not provide enough decay when focusing on the lower frequencies. Hence, the t−3/2

decay brought by the eit∆ : L1 → L∞ estimate played a crucial role in this case. The weights

required for bounding the L1 norm of fk translate into at least 3/2 derivatives in f̂k, leading

to the D1+α derivatives in our Z norm. Nevertheless, taking α ≥ 1/2 will result in excessive

powers of t that we cannot control, so we required α < 1/2.

Next, we briefly outline the proof and the structure of this work.

Assuming the initial condition (1.2.6), we know by the local well-posedness (see Propo-

sition 5.0.1) that there exists some T > 1 so that there is a unique solution {ul} to (1.2.1)

such that

sup
t∈[1,T ]

∥ul(t, x)∥H10
x

+ ∥e−iclt∆ul(t, x)∥Zx
≤ ϵ1 := ϵ

5/6
0 . (1.2.8)

We use this as the bootstrap assumption and Proposition 4.0.1 shows that under (1.2.8)

sup
t∈[1,T ]

∥ul(t, x)∥H10
x

+ ∥e−iclt∆ul(t, x)∥Zx
≲ ϵ0,

which leads to a global solution for (1.2.1) and this solution also scatters and decays in time.

The detailed proof of Theorem 1.2.1 is presented in Chapter 4, while Chapter 5 contains

the proof of local well-posedness and Chapter 6 provides the detailed estimates for the boot-

strap argument (Proposition 4.0.1). For the reader’s convenience, we included some standard

inequalities in Chapter 2. Furthermore, Chapter 3 provides proofs for some estimates utilized

in Chapter 6.

6



1.3 Notations

We will introduce some notations used in this work. Let

Ff = f̂(ξ) =
1

(2π)3

∫
R3
e−ix·ξf(x)dx

and

F−1f =

∫
R3
eix·ξf(ξ)dξ

denote Fourier transfrom and inverse Fourier transform. In particular,

∥F−1m(ξ, η)∥L1 =

∫
R3

∫
R3

∣∣∣∣ ∫R3

∫
R3
eix·ξ+iy·ηm(ξ, η)dξdη

∣∣∣∣dxdy.
For the Littlewood-Paley operator, we choose an increasing smooth function Ψ : R+ → R

such that 0 ≤ Ψ(x) ≤ 1, Ψ(x) = 0 on {|x| < 1/2}, and Ψ(x) = 1 on {|x| ≥ 1}. Then,

ψ : R3 → R defined as ψ(x) = Ψ(2|x|) − Ψ(|x|) is also smooth, nonnegative and supported

on {1/4 ≤ |x| ≤ 1}. Let ψk(x) = ψ(x/2k), we get

1 ≡
∑
k∈Z

ψk(x) =
∑
k∈Z

Ψ(|x|/2k−1)−Ψ(|x|/2k).

Hence, ψk forms a partition of unity on R3. For an integer a ≥ 3 to be determined later

in (3.2.3), define another Schwartz function ψ̃ : R3 → [0, 1] supported on {2−2a−1 ≤ |ξ| ≤

2a+3} and ψ̃(ξ) = 1 for 2−2a ≤ |ξ| ≤ 2a+2, so that ψ(ξ)ψ̃(ξ) = ψ(ξ). Let ψ̃k(ξ) = ψ̃(ξ/2k),

then we have ψk(ξ)ψ̃k(ξ) = ψk(ξ) and we define

fk = F−1f̂(ξ)ψk(ξ).

7



The linear Schrödinger equation operator is defined as follows

eiclt∆u0 = F−1e−iclt|ξ|2û0(ξ).

We say ul(t, x) solves (1.2.1) if it satisfies the following integral equation

ul(t, x) =e
icl(t−1)∆ul0(x) +

∫ t

1
eicl(t−s)∆

( ∑
cm+cn=0

m≥n

AlmnQ(um(s, x), un(s, x))+

+
∑

cm+cn ̸=0
m≥n

Almnum(s, x)un(s, x)

)
ds.

The fractional Sobolev spaces are defined as

Hs(R3) = {f ∈ S ′(R3) : Λsf(x) = F−1((1 + |ξ|2)s/2f̂(ξ))(x) ∈ L2(R3)}

and fractional derivatives

Dsf = F−1|ξ|sf̂(ξ).

For any spacial norm X, the mixed norm is defined as

∥f(t, x)∥Lp
t ([a,b])Xx

=


(∫ b

a ∥f(t, x)∥pXx
dt

)1
p

, 1 ≤ p <∞

supt∈[a,b] ∥f(t, x)∥Xx
, p = ∞

,

Lastly, in this work, we denote

k− = min{k, 0}, k+ = max{k, 0},

the phase function

ϕ(ξ, η) = cl|ξ|2 − cm|ξ − η|2 − cn|η|2,

8



and χ1k = {(k1, k2) : |k−k1| ≤ 3, k2 ≤ k1−a}, χ2k = {(k1, k2) : |k1−k2| < a, k < k1−a−2}

and χ3k = {(k1, k2) : |k1 − k2| < a, |k − k1| ≤ a+ 2}, with a as above.

9



CHAPTER 2

BACKGROUND ESTIMATES

In this section, we present several fundamental results concerning the Littlewood-Paley de-

composition, fractional derivatives, linear Schrödinger equation, and bilinear estimations.

These results will play a crucial role in the subsequent proofs, providing essential tools and

techniques for our estimations.

2.1 Tools for Fractional Derivatives

The definition of the Z norm involves the L2 norm of fractional derivatives, hence we will

present two interpolation-type results. Using these lemmas, we may obtain a bound for the

fractional derivative using the bounds we found for the integer order derivatives. The first

one below bounds the α fractional derivative by the function and its first derivative.

Lemma 2.1.1. For any f ∈ H1(R3), we have

∥Dαf∥L2 ≤ ∥f∥1−α
L2 ∥∇f∥α

L2 ,

where α ∈ [0, 1].

Proof. This is a direct result of Hölder’s inequality and Plancherel’s theorem,

∥Dαf∥L2 ≤
(∫

R3
|ξ|2α|f̂ |2dξ

)1/2

≤
(∫

R3
(|ξ|2α|f̂ |2α)

1
αdξ

)α
2
(∫

R3
(|f̂ |2−2α)

1
1−αdξ

)1−α
2

= ∥ξf̂(ξ)∥α
L2∥f̂(ξ)∥1−α

L2 = ∥f∥1−α
L2 ∥∇f∥α

L2

However, we will not always have the 1−α extra derivative that we may use to bound the

α derivative. In those cases, we use a variation of a special case of the Stein’s interpolation
10



theorem (see Theorem 4.1 in [SW71]) tailored for the specific problem setting in this work.

The lemma below presents the two interpolation results, whose domains of the family of

operators are different. The first one is a result on space norm, while the second one involves

mixed space-time norm. The proof is analogous to Stein’s proof and is based on the three

lines lemma (see Lemma 2.1 in [LP15]).

Lemma 2.1.2 (Interpolation). Let S = {x + iy ∈ C : 0 ≤ x ≤ 1} and {Tz}z∈S be a

family of linear operators such that (Tzf)g is integrable whenever f ∈ X and g ∈ L2(R3).

Furthermore,

z 7→
∫
R3

(Tzf)g

is analytic in the interior of S, continuous and uniformly bounded on S. Take 0 ≤ s1 ≤ s2.

(a) When X = C∞
0 (R3), if

∥Tiyf∥L2
x
≤M0∥f∥Hs1

x
and ∥T1+iyf∥L2

x
≤M1∥f∥Hs2

x
, (2.1.1)

for any y ∈ R, then

∥Tθf∥L2
x
≲M1−θ

0 Mθ
1∥f∥H(1−θ)s1+θs2

x
,

for all 0 ≤ θ ≤ 1.

(b) When X = L∞([1, T ])Hmax{10,s2}(R3), if

∥Tiyf∥L2
x
≤M0∥f∥L∞

t ([1,T ])H
s1
x

and ∥T1+iyf∥L2
x
≤M1∥f∥L∞

t ([1,T ])H
s2
x
,

(2.1.2)

11



for any y ∈ R, then

∥Tθf∥L2
x
≲M1−θ

0 Mθ
1∥f∥L∞

t ([1,T ])H
(1−θ)s1+θs2
x

,

for all 0 ≤ θ ≤ 1.

Proof. We first show part (a). Define a new family of operators for z ∈ S,

T ′
z = TzΛ

−s1+(s1−s2)z,

where Λsf(x) = F−1(1 + |ξ|2)s/2f̂(ξ). Then, as a result of (2.1.1),

∥T ′
iyg∥L2

x
= ∥TiyΛ−s1+(s1−s2)iyg∥L2

x
≤M0∥Λ−s1+(s1−s2)iyg∥

H
s1
x

=M0∥g∥L2
x

and

∥T ′
1+iyg∥L2

x
= ∥T1+iyΛ

−s1+(s1−s2)(1+iy)g∥L2
x
≤M1∥Λ−s2+(s1−s2)iyg∥

H
s2
x

=M1∥g∥L2
x
.

For g, h ∈ C∞
0 (R3) with ∥g∥L2

x
= ∥h∥L2

x
= 1, define

Ψ(z) =

∫
R3

(T ′
zg)(x)h(x)dx.

Then the condition on Tz implies Ψ(z) is analytic in the interior of S, and continuous and

uniformly bounded on S. From Hölder’s inequality, we obtain

|Ψ(iy)| ≤ ∥T ′
iyg∥L2

x
∥h∥L2

x
≤M0∥g∥L2

x
=M0

and

|Ψ(1 + iy)| ≤ ∥T ′
1+iyg∥L2

x
∥h∥L2

x
≤M1∥g∥L2

x
=M1.
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Hence, three lines theorem in [LP15] implies for any θ ∈ [0, 1]

|Ψ(θ)| ≤M1−θ
0 Mθ

1 .

Using duality and the density of C∞
0 (R3) in L2(R3), we get T ′

θ : L2(R3) → L2(R3) is

bounded with norm M1−θ
0 Mθ

1 . Thus,

∥Tθf∥L2
x
= ∥T ′

θΛ
s1−(s1−s2)θf∥L2

x

≲M1−θ
0 Mθ

1∥Λ
s1−(s1−s2)θf∥L2

x
=M1−θ

0 Mθ
1∥f∥Hs1−(s1−s2)θ

x
.

For part (b), we use the same T ′
z as above. From (2.1.2), we get

∥T ′
iyg∥L2

x
= ∥TiyΛ−s1+(s1−s2)iyg∥L2

x

≤M0∥Λ−s1+(s1−s2)iyg∥
L∞
t ([1,T ])H

s1
x

=M0∥g∥L∞
t ([1,T ])L2

x

and

∥T ′
1+iyg∥L2

x
= ∥T1+iyΛ

−s2+(s1−s2)iyg∥L2
x

≤M1∥Λ−s2+(s1−s2)iyg∥
L∞
t ([1,T ])H

s2
x

=M1∥g∥L∞
t ([1,T ])L2

x
.

Then, it suffices to show the interpolation result, T ′
θ : L∞t ([1, T ])L2x → L2x is bounded such

that

∥T ′
θg∥L2

x
≤M1−θ

0 Mθ
1∥g∥L∞

t ([1,T ])L2
x
, (2.1.3)

for any 0 ≤ θ ≤ 1, since (2.1.3) gives

∥Tθf∥L2
x
=∥T ′

θΛ
s1−(s1−s2)θf∥L2

x

13



≤M1−θ
0 Mθ

1∥Λ
s1−(s1−s2)θf∥L∞

t ([1,T ])L2
x
=M1−θ

0 Mθ
1∥f∥L∞

t ([1,T ])H
s1−(s1−s2)θ
x

.

Now, we are left to prove (2.1.3).

Take g ∈ L∞t ([1, T ])Hmax{10,s2}(R3) and h ∈ C∞
0 (R3) so that ∥g∥L∞

t ([1,T ])L2
x
= ∥h∥L2

x
= 1.

Define Ψ(z) same as above, we get |Ψ(iy)| ≤ M0 and |Ψ(1 + iy)| ≤ M1. Using three lines

theorem, we have for any θ ∈ [0, 1]

|Ψ(θ)| ≤M1−θ
0 Mθ

1 ,

which shows (2.1.3) by duality.

2.2 Bilinear Estimates

Since we have the quadratic nonlinear terms in (1.2.1), using Duhamel’s principle will result

in bilinear integral forms. The lemma below provides us with an estimate for such type of

integral forms with a multiplier m.

Lemma 2.2.1. For 1 ≤ p, q ≤ ∞ and 1 ≤ r < ∞, f ∈ Lp(R3), and g ∈ Lq(R3). If

m(ξ, η) ∈ L1(R3 × R3) and

∥F−1m(ξ, η)∥L1 =

∫
R3

∫
R3

∣∣∣∣ ∫R3

∫
R3
eix·ξ+iy·ηm(ξ, η)dηdξ

∣∣∣∣dxdy <∞,

then the following bilinear estimates hold

(a) ∥F−1
∫
R3 m(ξ, η)f̂(ξ − η)ĝ(η)dη∥Lr ≤ ∥F−1[m(ξ, η)]∥L1∥f∥Lp∥g∥Lq ,

(b) ∥F−1
∫
R3 m(ξ, η)f̂(ξ − η)ĝ(ξ)dξ∥Lr ≤ ∥F−1[m(ξ, η)]∥L1∥f∥Lp∥g∥Lq ,

where 1/r = 1/p+ 1/q.
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Proof. Take an arbitrary test function φ(x) ∈ S(R3) such that ∥φ(x)∥
Lr′ ≤ 1 with 1/r +

1/r′ = 1. Suppose f, g ∈ S(R3), then we have

∫
R3
φ(x)F−1

∫
R3
m(ξ, η)f̂(ξ − η)ĝ(η)dηdx

=

∫
R3

∫
R3
eix·ξφ(x)

∫
R3
m(ξ, η)f̂(ξ − η)ĝ(η)dηdξdx

=
1

(2π)6

∫
R3

∫
R3
eix·ξφ(x)

∫
R3

∫
R3

∫
R3
m(ξ, η)e−iz·(ξ−η)f(z)e−iy·ηg(y)dzdydηdξdx

=
1

(2π)6

∫
R3

∫
R3

∫
R3

∫
R3

∫
R3
ei(x−z)·ξ+i(z−y)·ηm(ξ, η)dηdξφ(x)f(z)g(y)dydxdz.

Perform a change of variable on x and y. In particular, we take x̃ = x − z and ỹ = z − y.

Hence,

∫
R3
φ(x)F−1

∫
R3
m(ξ, η)f̂(ξ − η)ĝ(η)dηdx

=
1

(2π)6

∫
R3

∫
R3

∫
R3

∫
R3

∫
R3
eix̃·ξ+iỹ·ηm(ξ, η)dηdξφ(x̃+ z)f(z)g(z − ỹ)dỹdx̃dz

=
1

(2π)6

∫
R3

∫
R3

∫
R3
M(x̃, ỹ)φ(x̃+ z)f(z)g(z − ỹ)dỹdx̃dz,

where

M(x, y) = F−1m(ξ, η) =

∫
R3

∫
R3
eix·ξ+iy·ηm(ξ, η)dηdξ.

Using Hölder’s in equality and Minkowski’s integral inequality, for 1/p + 1/p′ = 1 and

1/p′ = 1/r′ + 1/q, we get

∣∣∣∣ ∫R3
φ(x)F−1

∫
R3
m(ξ, η)f̂(ξ − η)ĝ(η)dηdx

∣∣∣∣
≤
∣∣∣∣ ∫R3

∫
R3

∫
R3
M(x̃, ỹ)φ(x̃+ z)g(z − ỹ)dỹdx̃f(z)dz

∣∣∣∣
≤
∥∥∥∥∫R3

∫
R3
M(x̃, ỹ)φ(x̃+ z)g(z − ỹ)dỹdx̃

∥∥∥∥
L
p′
z

∥f∥Lp

≤
∫
R3

∫
R3

|M(x̃, ỹ)|∥φ(x̃+ z)g(z − ỹ)∥
Lp′
z
dỹdx̃∥f∥Lp
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≤
∫
R3

∫
R3

|M(x̃, ỹ)|∥φ∥
Lr′∥g∥Lqdỹdx̃∥f∥Lp

≤∥M(x̃, ỹ)∥L1∥g∥Lq∥f∥Lp ,

which shows (a) by duality. Then, we can use the density of Schwartz space in Lp to extend

the result to any f ∈ Lp(R3) and g ∈ Lq(R3) for 1 ≤ p, q <∞.

For the case of L∞, we can assume without loss of generality g ∈ L∞(R3) and perform

approximation using gϵ(x) = e−ϵ|x|2g(x). Take φ, f ∈ S(R3) and m ∈ S(R3×R3) such that

∥φ(x)∥
Lr′ ≤ 1, then

∫
R3

∫
R3
eix·ξφ(x)

∫
R3
m(ξ, η)f̂(ξ − η)ĝ(η)dηdξdx

= lim
ϵ→0+

∫
R3

∫
R3
eix·ξφ(x)

∫
R3
m(ξ, η)f̂(ξ − η)ĝϵ(η)dηdξdx.

Following the same method as above, we can show

∣∣∣∣ ∫R3

∫
R3
eix·ξφ(x)

∫
R3
m(ξ, η)f̂(ξ − η)ĝϵ(η)dηdξdx

∣∣∣∣ ≤∥M(x̃, ỹ)∥L1∥gϵ∥L∞∥f∥Lr .

As we take ϵ→ 0+, we obtain

∥F−1
∫
R3
m(ξ, η)f̂(ξ − η)ĝ(η)dη∥Lr ≤ ∥F−1[m(ξ, η)]∥L1∥f∥Lr∥g∥L∞

by duality and extend the result to any m ∈ L1(R3×R3), f ∈ Lr(R3) by density of Schwartz

space.

The proof for statement (b) is analogous. Starting with the test function φ, f , and g in

S(R3), we have

∫
R3
φ(x)F−1

∫
R3
m(ξ, η)f̂(ξ − η)ĝ(ξ)dξdx
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=

∫
R3

∫
R3
eix·ηφ(x)

∫
R3
m(ξ, η)f̂(ξ − η)ĝ(ξ)dξdηdx

=
1

(2π)6

∫
R3

∫
R3
eix·ηφ(x)

∫
R3

∫
R3

∫
R3
m(ξ, η)e−iz·(ξ−η)f(z)e−iy·ξg(y)dzdydξdηdx

=
1

(2π)6

∫
R3

∫
R3

∫
R3

∫
R3

∫
R3
ei(−y−z)·ξ+i(x+z)·ηm(ξ, η)dηdξφ(x)f(z)g(y)dydxdz.

Using x̃ = x+ z and ỹ = −y − z for change of variables, we have

∫
R3
φ(x)F−1

∫
R3
m(ξ, η)f̂(ξ − η)ĝ(ξ)dξdx

=
1

(2π)6

∫
R3

∫
R3

∫
R3

∫
R3

∫
R3
eiỹ·ξ+ix̃·ηm(ξ, η)dηdξφ(x̃− z)f(z)g(−ỹ − z)dỹdx̃dz

=
1

(2π)6

∫
R3

∫
R3

∫
R3
M(ỹ, x̃)φ(x̃− z)f(z)g(−ỹ − z)dỹdx̃dz.

Lastly, we obtain (b) from Hölder’s in equality and Minkowski’s integral inequality,

∣∣∣∣ ∫R3
φ(x)F−1

∫
R3
m(ξ, η)f̂(ξ − η)ĝ(η)dηdx

∣∣∣∣
≤
∣∣∣∣ ∫R3

∫
R3

∫
R3
M(ỹ, x̃)φ(x̃− z)g(−ỹ − z)dỹdx̃f(z)dz

∣∣∣∣
≤
∫
R3

∫
R3

|M(ỹ, x̃)|∥φ(x̃− z)g(−ỹ − z)∥
Lp′
z
dỹdx̃∥f∥Lp

≤∥M(ỹ, x̃)∥L1∥g∥Lq∥f∥Lp ,

and extend the result to Lp spaces.

The next result is an immediate application of the bilinear estimates above, combined

with a duality argument. Here, we chose to estimate the term ∥eit∆fk∥L∞ by Bernstein’s

inequality (see Lemma 2.5.1),

∥eit∆fk∥L∞ ≲ 23k/2∥eit∆fk∥L2 = 23k/2∥fk∥L2 .

However, as we will see later, there are instances where we utilize the properties of the linear
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Schrödinger equation to obtain different bounds, for example, ∥eit∆fk∥L∞ ≲ t−3/2∥fk∥L1 .

The key advantage of Lemma 2.2.2 becomes evident when the magnitude of 2k is relatively

small compared to t−1.

Lemma 2.2.2. For any k, k1, k2 ∈ Z. If fk1 , gk2 ∈ L2(R3) and m(ξ, η)ψ̃k(ξ)ψ̃k1(η)ψ̃k2(ξ −

η) ∈ L1 ∩ L2(R3 × R3), then

∥∥∥∥∫R3
m(ξ, η)f̂k1(ξ − η)ĝk2(η)ψk(ξ)dη

∥∥∥∥
L2

≲23min{k,k2}/2∥F−1m(ξ, η)ψ̃k(ξ)ψ̃k1(η)ψ̃k2(ξ − η)∥L1∥fk1∥L2∥gk2∥L2 .

Proof. Using Plancherel’s theorem and the bilinear estimate L2×L∞ → L2 in Lemma 2.2.1,

we have

∥∥∥∥∫R3
m(ξ, η)f̂k1(ξ − η)ĝk2(η)ψk(ξ)dη

∥∥∥∥
L2

=

∥∥∥∥F−1
∫
R3
m(ξ, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)f̂k1(ξ − η)ĝk2(ξ)dη

∥∥∥∥
L2

≲∥F−1m(ξ, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1∥fk1∥L2∥gk2∥L∞

≲23k2/2∥F−1m(ξ, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1∥fk1∥L2∥gk2∥L2 ,

where the last step follows from Bernstein’s inequality in Lemma 2.5.1.

On the other hand, we use duality to estimate the L2 norm. Take h ∈ S(R3) with ∥h∥L2 ≤ 1

and we have

∫
R3

∫
R3
m(ξ, η)f̂k1(ξ − η)ĝk2(η)ψk(ξ)dηh(ξ)dξ

=

∫
R3

∫
R3
m(ξ, η)f̂k1(ξ − η)ψk(ξ)h(ξ)dξĝk2(η)dη

≤
∥∥∥∥∫R3

m(ξ, η)f̂k1(ξ − η)ψk(ξ)h(ξ)dξψ̃k2(η)

∥∥∥∥
L2

∥ĝk2(η)∥L2 .
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The use of Fubini’s theorem in the first step is justified by

∫
R3

∫
R3

|m(ξ, η)f̂k1(ξ − η)ĝk2(η)ψk(ξ)h(ξ)|dηdξ

≤
(∫

R3

∫
R3

|m(ξ, η)ψ̃k(ξ)ψ̃k1(η)ψ̃k2(ξ − η)ψk(ξ)h(ξ)|2dηdξ
)1/2

×

×
(∫

R3

∫
R3

|f̂k1(ξ − η)ĝk2(η)|
2dηdξ

)1/2

≲∥m(ξ, η)ψ̃k(ξ)ψ̃k1(η)ψ̃k2(ξ − η)∥L2∥f̂k1∥L2∥ĝk2∥L2 .

Hence, using the L2 × L∞ → L2 bilinear estimate again, we get

∫
R3

∫
R3
m(ξ, η)f̂k1(ξ − η)ĝk2(η)ψk(ξ)dηh(ξ)dξ

≤
∥∥∥∥F−1

∫
R3
m(ξ, η)ψ̃k2(η)f̂k1(ξ − η)h(ξ)ψk(ξ)dξ

∥∥∥∥
L2

∥gk2∥L2

≲∥F−1m(ξ, η)ψ̃k(ξ)ψ̃k1(η)ψ̃k2(ξ − η)∥L1∥fk1∥L2∥F−1h(ξ)ψk(ξ)∥L∞∥gk2∥L2

≲∥F−1m(ξ, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1∥fk1∥L2∥h(ξ)ψk(ξ)∥L1∥gk2∥L2

≲∥F−1m(ξ, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1∥fk1∥L2∥h(ξ)∥L2∥ψk(ξ)∥L2∥gk2∥L2

≲23k/2∥F−1m(ξ, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1∥fk1∥L2∥gk2∥L2 ,

which finishes the proof.

2.3 Multiplier Estimates

Recall the bilinear estimates in Lemma 2.2.1. The L1 norm of the inverse Fourier transform

of the multiplier shows up on the right-hand side. In this section, we present the L1 norm

bounds on three different types of multipliers that we will encounter later in the main proof.

Lemma 2.3.1. Fix k ∈ Z. Suppose τ : R3×R3 → R is homogeneous of degree d and smooth
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on {(ξ, η) ∈ R3 × R3 : ξ ̸= 0, ξ − η ̸= 0}. For any k, k1, k2 ∈ Z,

∥F−1[τ(ξ, η)m(ξ, η)ψ̃2k(ξ)ψ̃
2
k1
(ξ−η)ψ̃k2(η)]∥L1 ≤ C2dk∥F−1[m(ξ, η)ψ̃k(ξ)ψ̃k1(ξ−η)ψ̃k2(η)]∥L1 ,

where the constant C = C(τ, ψ̃, k1 − k).

Proof. Note that τ(ξ, η)ψ̃k(ξ)ψ̃k1(ξ − η) ∈ S(R3 × R3). Using Young’s inequality, we get

∥F−1[τ(ξ, η)m(ξ, η)ψ̃2k(ξ)ψ̃
2
k1
(ξ − η)ψ̃k2(η)]∥L1

=∥F−1[m(ξ, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)] ∗ F
−1[τ(ξ, η)ψ̃k(ξ)ψ̃k1(ξ − η)]∥L1

≤∥F−1[m(ξ, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)]∥L1∥F−1[τ(ξ, η)ψ̃k(ξ)ψ̃k1(ξ − η)]∥L1

=∥F−1[m(ξ, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)]∥L12dk∥F−1[τ(ξ/2k, η/2k)ψ̃(ξ/2k)ψ̃(2k−k1(ξ − η)/2k)]∥L1

=∥F−1[m(ξ, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)]∥L12dk∥F−1[τ(ξ, η)ψ̃(ξ)ψ̃(2k−k1(ξ − η))]∥L1 .

The last line follows from the scale-invariant property ∥F−1Dδf(x)∥L1 = ∥F−1f(x)∥L1 ,

where Dδf(x) = f(x/δ). Then we are left to show,

∥F−1[τ(ξ, η)ψ̃(ξ)ψ̃(2k−k1(ξ − η))]∥L1 ≤ C(τ, ψ̃, k1 − k).

Define f(ξ, η) = τ(ξ, η)ψ̃(ξ)ψ̃(2k−k1(ξ − η)). It suffices to show f ∈ S(R3 × R3).

We know ψ̃(ξ) is supported on {(ξ, η) : 2−2a−1 ≤ |ξ| ≤ 2a+3} and ψ̃(2k−k1(ξ − η)) is

supported on {(ξ, η) : 2−2a−1−k+k1 ≤ |ξ − η| ≤ 2a+3−k+k1}. Hence,

supp f ⊂ {(ξ, η) : |η| ≤ 2a+4+|k−k1|, |ξ| ≤ 2a+3}.

Thus, f ∈ C∞(R3 × R3), since ψ̃, τ are smooth on the support of f . Also, f has compact

support, so f ∈ S(R3 × R3).

Lemma 2.3.2. Suppose τ1 : R3 → R is homogeneous of degree n1, τ2 : R3 → R is homoge-
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neous of degree n2, and τ1 and τ2 are both smooth on R3 \ {0}, then for all k, k1, k2 ∈ Z

∥F−1[τ1(ξ)τ2(η)m(ξ, η)ψ̃2k(ξ)ψ̃k1(ξ − η)ψ̃2k2(η)]∥L1

≤ C2n1k+n2k2∥F−1[m(ξ, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)]∥L1 ,

where the constant C = C(τ1, τ2, ψ̃).

Proof. Again, we use Young’s inequality,

∥F−1[τ1(ξ)τ2(η)m(ξ, η)ψ̃2k(ξ)ψ̃k1(ξ − η)ψ̃2k2(η)]∥L1

=∥F−1[m(ξ, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)] ∗ F
−1[τ1(ξ)τ2(η)ψ̃k(ξ)ψ̃k2(η)]∥L1

≤∥F−1[m(ξ, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)]∥L1∥F−1[τ1(ξ)τ2(η)ψ̃k(ξ)ψ̃k2(η)]∥L1 .

Then, we have

∥F−1[τ1(ξ)τ2(η)ψ̃k(ξ)ψ̃k2(η)]∥L1

=

∫
R3

∫
R3

∣∣∣∣ ∫R3

∫
R3
eix·ξeiy·ητ1(ξ)τ2(η)ψ̃k(ξ)ψ̃k2(η)dηdξ

∣∣∣∣dxdy
≤
∫
R3

∫
R3

∣∣∣∣ ∫R3
eix·ξτ1(ξ)ψ̃k(ξ)dξ

∣∣∣∣∣∣∣∣ ∫R3
eiy·ητ2(η)ψ̃k2(η)dη

∣∣∣∣dydx
=

∫
R3

∣∣∣∣ ∫R3
eix·ξτ1(ξ)ψ̃k(ξ)dξ

∣∣∣∣dx∫R3

∣∣∣∣ ∫R3
eiy·ητ2(η)ψ̃k2(η)dη

∣∣∣∣dy
=∥F−1[τ1(ξ)ψ̃k(ξ)]∥L1∥F−1[τ2(η)ψ̃k2(η)]∥L1

=2n1k+n2k2∥F−1[τ1(ξ/2
k)ψ̃(ξ/2k)]∥L1∥F−1[τ2(η/2

k2)ψ̃(η/2k2)]∥L1

=2n1k+n2k2∥F−1[τ1(ξ)ψ̃(ξ)]∥L1∥F−1[τ2(η)ψ̃(η)]∥L1

≤C(τ1, τ2, ψ̃)2n1k+n2k2 ,

where the last line follows from τ1(ξ)ψ̃(ξ), τ2(η)ψ̃(η) ∈ S(R3). We know τ1(ξ)ψ̃(ξ) and

τ2(η)ψ̃(η) are both compactly supported on {ξ ∈ R3 : 2−2a−1 ≤ |ξ| ≤ 2a+3}, and smooth
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on their support.

Lemma 2.3.3. Suppose τ1 : R3 → R is homogeneous of degree n1, τ2 : R3 → R is homoge-

neous of degree n2, and τ1 and τ2 are both smooth on R3 \ {0}, then for all k, k1, k2 ∈ Z and

cm ̸= 0

∥F−1[τ1(2cm(ξ−η)−2cnη)τ2(η)ψ̃k1(2cm(ξ−η)−2cnη)ψ̃k2(η)]∥L1 ≤ C2n1k1+n2k2 , (2.3.1)

where the constant C = C(τ1, τ2, cm, cn, ψ̃).

Proof. By a change of variable ζ = 2cm(ξ − η)− 2cnη,

∥F−1[τ1(2cm(ξ − η)− 2cnη)τ2(η)ψ̃k1(2cm(ξ − η)− 2cnη)ψ̃k2(η)]∥L1

=C(cm)

∫
R3

∫
R3

∣∣∣∣ ∫R3

∫
R3
eix·ξeiy·ητ1(2cm(ξ − η)− 2cnη)τ2(η)×

× ψ̃k1(2cm(ξ − η)− 2cnη)ψ̃k2(η)dξdη

∣∣∣∣dxdy
=C(cm)

∫
R3

∫
R3

∣∣∣∣ ∫R3

∫
R3
eix·(

ζ
2cm

+ cn
cm

η+η)eiy·ητ1(ζ)ψ̃k1(ζ)τ2(η)ψ̃k2(η)dζdη

∣∣∣∣dxdy
=C(cm)

∫
R3

∫
R3

∣∣∣∣ ∫R3

∫
R3
ei(

cn
cm

x+x+y)·ηeix·
ζ

2cm τ1(ζ)ψ̃k1(ζ)τ2(η)ψ̃k2(η)dζdη

∣∣∣∣dxdy
=C(cm)

∫
R3

∫
R3

∣∣∣∣ ∫R3
ei(

cn
cm

x+x+y)·ητ2(η)ψ̃k2(η)dη

∣∣∣∣dy∣∣∣∣ ∫R3
ei

x
2cm

·ζτ1(ζ)ψ̃k1(ζ)dζ

∣∣∣∣dx.
Then, let z1 = cn

cm
x+ x+ y, z2 = x

2cm
and use the homogeneity of τ1, τ2,

∥F−1[τ1(2cm(ξ − η)− 2cnη)τ2(η)ψ̃k1(2cm(ξ − η)− 2cnη)ψ̃k2(η)]∥L1

=C(cm, cn)

∫
R3

∣∣∣∣ ∫R3
eiz1·ητ2(η)ψ̃k2(η)dη

∣∣∣∣dz1 ∫R3

∣∣∣∣ ∫R3
eiz2·ζτ1(ζ)ψ̃k1(ζ)dζ

∣∣∣∣dz2
=C(cm, cn)2

n1k1+n2k2

∫
R3

∣∣∣∣ ∫R3
eiz1·ητ2(η/2

k2)ψ̃(η/2k2)dη

∣∣∣∣dz1×
×

∫
R3

∣∣∣∣ ∫R3
eiz2·ζτ1(ζ/2

k1)ψ̃(ζ/2k1)dζ

∣∣∣∣dz2
=C(cm, cn)2

n1k1+n2k2∥F−1D2k1 (τ1ψ̃)∥L1∥F−1D2k2 (τ2ψ̃)∥L1 ,
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where the operator Dδ denotes dilation, i.e. Dδψ(x) = ψ(x/δ). Employing the dilation

invariant property ∥F−1Dδψ(x)∥L1 = ∥F−1ψ(x)∥L1 , we have

∥F−1D2k1 (τ1ψ̃)∥L1∥F−1D2k2 (τ2ψ̃)∥L1 = ∥F−1(τ1ψ̃)∥L1∥F−1(τ2ψ̃)∥L1 ≤ C(τ1, τ2, ψ̃).

This follows from τ1(ξ)ψ̃(ξ), τ2(η)ψ̃(η) ∈ S(R3), since τ1(ξ)ψ̃(ξ) and τ2(η)ψ̃(η) are both

compactly supported and smooth on their support. Thus, we showed (2.3.1).

2.4 Linear Schrödinger Equation

The lemma below is a well-known result for the group of operators {eit∆}∞t=−∞, which gives

the solution to the linear initial value problem


∂tu = i∆u

u(x, 0) = u0

,

when applied to the initial data u0. Using the fact that

eit∆u0 = F−1e−it|ξ|2û0(ξ) =
e−|x|2/4it

(4itπ)3/2
∗ u0,

we observe that Plancherel’s theorem implies that eit∆ : L2(R3) → L2(R3) is an isometry.

Furthermore, the convolution form, in combination with Young’s inequality, shows that

eit∆ : L1 → L∞. By interpolation between these two bounds, we obtain the properties of

the operator on the Lq spaces for q ∈ [1, 2].

Lemma 2.4.1. If t ̸= 0, 1/p + 1/q = 1, and q ∈ [1, 2], then eit∆ : Lq(R3) → Lp(R3) is

continuous and

∥eit∆f∥Lp ≲ |t|−3/2(1/q−1/p)∥f∥Lq . (2.4.1)
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Proof. See Lemma 4.1 in [LP15].

Note that in this work, we only consider t ≥ 1 to avoid singularity. This estimate will be

used to obtain decay in the time variable in the later proofs. Another important property

of the group {eit∆}∞t=−∞ is its global smoothing effect, namely the Strichartz’s estimates.

Before we state the inequality, we need to introduce the definition of an admissible pair in

our case when the dimension n = 3.

Definition 2.4.1 (admissible pair). We say (q, r) is admissible, if

2

q
= 3

(
1

2
− 1

r

)

and 2 ≤ r ≤ 6.

The Strichartz’s estimates encompass a family of results. Here, we will focus on stating

the specific inequality that is relevant to this work.

Lemma 2.4.2 (Strichartz’s estimate). Let I be an interval of R and t0 ∈ Ī. If (γ, ρ) is an

admissible pair and f ∈ L
γ′
t (I)L

ρ′
x (R3), then for every admissible pair (q, r), there exists a

constant C independent of I such that

∥∥∥∥∫ t

t0

ei(t−s)∆f(s)ds

∥∥∥∥
L
q
t (I)L

r
x(R3)

≤ C∥f∥
L
γ′
t (I)L

ρ′
x (R3)

.

Proof. See Theorem 2.3.3 in [Caz03].

Using the Strichartz’s estimate above, we may obtain a new type of bilinear estimate.

Lemma 2.4.3. For any 2M−1 ≤ t1 ≤ t2 ≤ 2M , if ψk(ξ)m(ξ, η),F−1ψk(ξ)m(ξ, η) ∈

L1(R3 × R3), f̂ ∈ L∞t ([2M−1, 2M ])H1
ξ (R

3), and g ∈ L∞t ([2M−1, 2M ])L2x(R3), then

∥∥∥∥∫ t2

t1

∫
R3
eiclt|ξ|

2
ψk(ξ)m(ξ, η) ̂eicmt∆f(t, ξ − η) ̂eicnt∆g(t, η)dηdt

∥∥∥∥
L2
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≲2−M/4∥F−1ψk(ξ)m(ξ, η)∥L1∥f̂(t, ξ)∥L∞
t ([2M−1,2M ])H1

ξ
∥ĝ(t, ξ)∥L∞

t ([2M−1,2M ])L2
ξ
.

Proof. Let F (t, x) = F−1
∫
R3 eiclt|ξ|

2
ψk(ξ)m(ξ, η) ̂eicmt∆f(t, ξ−η) ̂eicnt∆g(t, η)dη. We rewrite

the left hand side and use Plancherel’s theorem,

∥∥∥∥∫ t2

t1

∫
R3
eiclt|ξ|

2
ψk(ξ)m(ξ, η) ̂eicmt∆f(t, ξ − η) ̂eicnt∆g(t, η)dηdt

∥∥∥∥
L2

=

∥∥∥∥∫R3
eix·ξψk(ξ)

∫ t2

t1

∫
R3
eiclt|ξ|

2
m(ξ, η) ̂eicmt∆f(t, ξ − η) ̂eicnt∆g(t, η)dηdtdξ

∥∥∥∥
L2
.

Using Bernstein’s inequality and the bilinear estimate L6×L2 → L3/2, we get the following

∫
R3

∫ t2

t1

∣∣∣∣ψk(ξ)∫R3
eiclt|ξ|

2
m(ξ, η) ̂eicmt∆f(t, ξ − η) ̂eicnt∆g(t, η)dη

∣∣∣∣dtdξ
≤2M−1∥ψ̃k(ξ)∥L2

ξ

∥∥∥∥F−1
∫
R3
eiclt|ξ|

2
ψk(ξ)m(ξ, η) ̂eicmt∆f(t, ξ − η) ̂eicnt∆g(t, η)dη

∥∥∥∥
L∞
t ([2M−1,2M ])L2

x

≲2M+k/2∥ψ̃k(ξ)∥L2
ξ

∥∥∥∥F−1
∫
R3
ψk(ξ)m(ξ, η) ̂eicmt∆f(t, ξ − η) ̂eicnt∆g(t, η)dη

∥∥∥∥
L∞
t ([2M−1,2M ])L

3/2
x

≲2M+2k∥F−1ψk(ξ)m(ξ, η)∥L1∥eicmt∆f∥L∞
t ([2M−1,2M ])L6

x
∥eicnt∆g∥L∞

t ([2M−1,2M ])L2
x
.

Since ∥eicmt∆f∥L6
x
≲ |t|−1∥f̂∥H1

ξ
according to Corollary 2.5.4 in [Caz03], we know

∫
R3

∫ t2

t1

∣∣∣∣ψk(ξ)∫R3
eiclt|ξ|

2
m(ξ, η) ̂eicmt∆f(t, ξ − η) ̂eicnt∆g(t, η)dη

∣∣∣∣dtdξ
≲22k∥F−1ψk(ξ)m(ξ, η)∥L1∥f̂∥L∞

t ([2M−1,2M ])H1
ξ
∥g∥L∞

t ([2M−1,2M ])L2
x
<∞.

Hence,

∥∥∥∥∫ t2

t1

∫
R3
eiclt|ξ|

2
ψk(ξ)m(ξ, η) ̂eicmt∆f(t, ξ − η) ̂eicnt∆g(t, η)dηdt

∥∥∥∥
L2

=

∥∥∥∥∫ t2

t1

F (t, x)dt

∥∥∥∥
L2

≤
∥∥∥∥∫ t

t1

eicl(t−s)∆eicls∆F (s, x)ds

∥∥∥∥
L∞
t ([t1,t2])L2

x(R3)
.
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Since (∞, 2) and (4, 3) are admissible pairs, we obtain from Strichartz’s estimate,

∥∥∥∥∫ t2

t1

∫
R3
eiclt|ξ|

2
ψk(ξ)m(ξ, η) ̂eicmt∆f(t, ξ − η) ̂eicnt∆g(t, η)dηdt

∥∥∥∥
L2

≲ ∥eicls∆F (s, x)∥
L
4/3
s ([t1,t2])L

3/2
x (R3)

.

Then, plugging in the definition of F and using the bilinear estimate L6 × L2 → L3/2 give

∥eicls∆F (s, x)∥
L
4/3
s ([t1,t2])L

3/2
x (R3)

=

∥∥∥∥F−1
∫
R3
ψk(ξ)m(ξ, η) ̂eicmt∆f(t, ξ − η) ̂eicnt∆g(t, η)dη

∥∥∥∥
L
4/3
t ([t1,t2])L

3/2
x (R3)

≲∥F−1ψk(ξ)m(ξ, η)∥L1

∥∥∥eicmt∆f(t, x)∥L6
x
∥eicnt∆g(t, x)∥L2

x

∥∥
L
4/3
t ([t1,t2])

≲∥F−1ψk(ξ)m(ξ, η)∥L1∥eicmt∆f(t, x)∥
L
4/3
t ([t1,t2])L6

x
∥g(t, x)∥L∞

t ([t1,t2])L2
x
.

Lastly, Corollary 2.5.4 in [Caz03] gives

∥eicmt∆f(t, x)∥
L
4/3
t ([t1,t2])L6

x
≲ ∥t−1∥

L
4/3
t ([t1,t2])

∥f̂∥L∞
t ([t1,t2])H

1
ξ
≲ 2−M/4∥f̂∥L∞

t ([t1,t2])H
1
ξ
.

We compare this method with simply taking the L∞ norm in t and applying the bilinear

estimate L∞ × L2 → L2 in Lemma 2.2.1,

∥∥∥∥∫ t2

t1

∫
R3
eiclt|ξ|

2
m(ξ, η) ̂eicmt∆f(t, ξ − η) ̂eicnt∆g(t, η)dηdt

∥∥∥∥
L2

≤2M
∥∥∥∥∫R3

m(ξ, η) ̂eicmt∆f(t, ξ − η) ̂eicnt∆g(t, η)dη
∥∥∥∥
L∞
t ([2M−1,2M ])L2

ξ

≲2M∥F−1m(ξ, η)∥L1∥eicmt∆f(t, x)∥L∞
t ([2M−1,2M ])L∞

x
∥g(t, x)∥L∞

t ([2M−1,2M ])L2
x

≲2−M/2∥F−1m(ξ, η)∥L1∥f(t, x)∥L∞
t ([2M−1,2M ])L1

x
∥g(t, x)∥L∞

t ([2M−1,2M ])L2
x
.
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This other method provides a greater decay in the time variable, t ∼ 2M . However, bounding

the L1 norm of f also requires more derivatives than ∥f̂∥H1
ξ
, which we will see in the next

section.

2.5 Littlewood-Paley Operator

One may recall the definition of Z norm in (1.2.3), the frequency space is decomposed into

dyadic annuli by the Littlewood-Paley operator. In this section, we will present some useful

estimates as results of this decomposition. Bernstein’s inequality below is one basic result

that allows us to control higher Lq norms by lower Lp norms, which is due to the localization

in frequency space.

Lemma 2.5.1 (Bernstein’s inequality). For any 1 ≤ p ≤ q ≤ ∞,

∥fk∥Lq ≲ 23k(1/p−1/q)∥fk∥Lp .

Proof. Since f̂k = f̂ψk = f̂kψ̃k, where ψ̃k(ξ) = ψ̃(ξ/2k) is smooth and compactly supported,

by Young’s convolution inequality,

∥fk∥Lq = ∥F−1ψ̃k(ξ) ∗ fk∥Lq ≲ ∥F−1ψ̃k(ξ)∥
L

1
1−1/p+1/q

∥fk∥Lp .

Then the computation

∥F−1ψ̃k(ξ)∥
L

1
1−1/p+1/q

=

(∫
R3

∣∣∣∣ ∫R3
eitξ·xψ̃(ξ/2k)dx

∣∣∣∣ 1
1−1/p+1/q

dx

)1−1/p+1/q

= 23k
(∫

R3

∣∣∣∣F−1ψ̃(2kx)

∣∣∣∣ 1
1−1/p+1/q

dx

)1−1/p+1/q

= 23k
(∫

R3

∣∣∣∣F−1ψ̃(y)

∣∣∣∣ 1
1−1/p+1/q

2−3kdy

)1−1/p+1/q

≲ 23k−3k(1−1/p+1/q)∥F−1ψ̃∥
L

1
1−1/p+1/q
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≲ 23k(1/p−1/q)

implies the desired estimate.

∥fk∥Lq ≲ 23k(1/p−1/q)∥fk∥Lp .

In addition, the localization allows us to control the L2 norm of a function by the L2

norm of its derivative.

Lemma 2.5.2. For any f̂k ∈ H1(R3),

∥f̂k∥L2 ≲ 2k∥∇ξ f̂k∥L2 . (2.5.1)

Proof. This is an immediate result of Hölder’s and Sobolev’s inequality,

∥f̂k∥L2 ≤ ∥χ2k−2≤|ξ|≤2k+1∥L3∥f̂k∥L6 ≲ 2k∥∇ξ f̂k∥L2 .

In order to use Lemma 2.4.1, it is necessary to find a bound on ∥fk∥Lp for p ∈ [1, 2].

We may use Hölder’s inequality to control ∥fk∥Lp with p < 2 by weighted L2 norms. Since

derivatives on the Fourier side can be thought of as weights on the space side, we then use

the bounds on ∥Dβ
ξ f̂k∥L2 provided in the Z norm. This is shown in the result below.

Lemma 2.5.3. For any 0 ≤ β < 3/2, if p > 6
3+2β , then

∥fk∥Lp ≲ 2−3k(1/p−1/2)+βk∥Dβ
ξ f̂k∥L2 . (2.5.2)
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Furthermore, if p > 6
5+2α , we have

∥fk∥Lp ≲ 2−2k++γk+2k−3k/p∥f∥Z , (2.5.3)

and if p > 6
3+2α , we have

∥F−1∇ξ f̂k∥Lp ≲ 2−2k++γk+k−3k/p∥f∥Z . (2.5.4)

Proof. By Hölder’s inequality and Plancherel’s theorem,

∥fk∥Lp ≤
(∫

|x|≤2−k
|fk(x)|pdx

)1/p

+

(∫
|x|≥2−k

|fk(x)|pdx
)1/p

≤ ∥fk∥L2

(∫
|x|≤2−k

1dx

)2−p
2p

+

(∫
|x|≥2−k

|x|−βp||x|βfk(x)|pdx
)1/p

≲ 2−3k(1/p−1/2)∥fk∥L2 + ∥|x|βfk(x)∥L2

(∫
|x|≥2−k

|x|−β 2p
2−pdx

)2−p
2p

≲ 2−3k(1/p−1/2)∥fk∥L2 + 2−3k(1/p−1/2)+βk∥Dβ
ξ f̂k∥L2 ,

the last line requires p > 6
3+2β in order for the integral to converge. Moreover, by Sobolev’s

inequality for β < 3/2

∥fk∥L2 = ∥f̂k∥L2 ≤ ∥χ2k−2≤|ξ|≤2k+2∥
L

3
β
∥f̂k∥

L
6

3−2β
≲ 2βk∥Dβ

ξ f̂k∥L2 .

Hence, we have

∥fk∥Lp ≲ 2−3k(1/p−1/2)+βk∥Dβ
ξ f̂k∥L2 .
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Thus, (2.5.3) is a direct consequence by taking β = 1 + α and using the definition of ∥ · ∥Z ,

∥fk∥Lp ≲ 2−3k(1/p−1/2)+(1+α)k∥D1+α
ξ f̂k∥L2 ≤ 2−2k++γk+2k−3k/p∥f∥Z .

If we replace fk by F−1∇ξ f̂k and let β = α, we can obtain (2.5.4)

∥F−1∇ξ f̂k∥Lp ≲ 2−3k(1/p−1/2)+αk∥Dα
ξ ∇ξ f̂k∥L2 ≤ 2−2k++γk+k−3k/p∥f∥Z .

However, the lemma only gives us a bound on ∥fk∥Lp for p > 1 close to 1. This is due

to the constraint, α < 1/2, imposed on the term ∥D1+αf̂k∥L2 in Z norm.
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CHAPTER 3

PRELIMINARY ESTIMATES

3.1 Sobolev and Lp norms

There are places in Sections 2.1 and 2.4, where we have to consider the Sobolev norms of f̂ .

The Z norm is not sufficient to bound the Sobolev norms. However, after Littlewood-Paley

decomposition, we can find a bound on the Sobolev norms of f̂k, given f bounded in the

H10 ∩ Z space.

Lemma 3.1.1. If ∥f∥H10 + ∥f∥Z ≤ a, then for all k ∈ Z

∥f̂k∥Hα ≲ 2−2k++γk+k/2−αka, ∥f̂k∥H1 ≲ 2−2k++γk−k/2a, ∥f̂k∥H1+α ≲ 2−2k++γk−k/2−αka.

(3.1.1)

In particular, the bootstrap assumption (1.2.8) implies

∥fl,k∥L∞
t ([1,T ])L2

x
≲ min{2γk−2k++k/2, 2−10k+}ϵ1. (3.1.2)

Under the bootstrap assumption (1.2.8), we also have

∥Dα
ξ f̂l,k∥L∞

t ([1,T ])L2
ξ
≤ ∥f̂l,k∥L∞

t ([1,T ])Hα
ξ
≲ 2−2k++γk+k/2−αkϵ1,

∥∇ξ f̂l,k∥L∞
t ([1,T ])L2

ξ
≤ ∥f̂l,k∥L∞

t ([1,T ])H1
ξ
≲ 2−2k++γk−k/2ϵ1,

∥D1+α
ξ f̂l,k∥L∞

t ([1,T ])L2
ξ
≤ ∥f̂l,k∥L∞

t ([1,T ])H1+α
ξ

≲ 2−2k++γk−k/2−αkϵ1.

(3.1.3)

Proof. Since ∥f∥H10+∥f∥Z ≤ a, by the definition of ∥ ·∥Z , we obtain the following L2 norm

bound,

∥D1+α
ξ f̂k(t, ξ)∥L2

ξ
≲ 2γk−2k+−k/2−αka. (3.1.4)
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Then, Hölder’s and Sobolev’s inequality imply

∥fk(t, x)∥L2
x
≲ ∥χ2k−2≤|ξ|≤2k+1∥

L
3

1+α
ξ

∥f̂k(t, ξ)∥
L

6
1−2α
ξ

≲ 2k+αk∥D1+αf̂k(t, ξ)∥L2
ξ
≲ 2γk−2k++k/2a

(3.1.5)

and
∥∇ξ f̂k(t, ξ)∥L2

ξ
≲ ∥χ2k−2≤|ξ|≤2k+1∥

L
3
α
ξ

∥∇ξ f̂k(t, ξ)∥
L

6
3−2α
ξ

≲ 2αk∥D1+αf̂k(t, ξ)∥L2
ξ
≲ 2γk−2k+−k/2a.

(3.1.6)

In addition,

∥fk(t, x)∥L2
x
≲ 2−10k+∥(1+|ξ|2)5f̂(t, ξ)ψk(ξ)∥L2

ξ
≤ 2−10k+∥f(t, x)∥H10

x
≤ 2−10k+a. (3.1.7)

Combining (3.1.5) and (3.1.7), we get

∥fk(t, x)∥L2
x
≲ min{2γk−2k++k/2, 2−10k+}a,

which implies (3.1.2) since ∥ul(t, x)∥H10
x

= ∥eicl∆fl(t, x)∥H10
x

= ∥fl(t, x)∥H10
x

. Furthermore,

using also (3.1.6),

∥f̂k∥H1 ≤ ∥fk∥L2 + ∥∇ξ f̂k∥L2

≲ min{2γk−2k++k/2, 2−10k+}a+ 2γk−2k+−k/2a ≲ 2γk−2k+−k/2a

and by Gagliardo-Nirenberg inequality (see [BM18])

∥f̂k∥Hα ≲ ∥f̂∥1−α
L2 ∥f̂k∥αH1 ≲ 2γk−2k++k/2−αka.

Lastly, we discuss the bound on ∥f̂k∥H1+α in two cases. For any k ≤ 0 and 0 ≤ s < 3/2, we
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shall prove

∥f̂k(ξ)∥Hs ≲ ∥Ds
ξ f̂k(ξ)∥L2 .

It suffices to show if 0 ≤ s1 ≤ s2 < 3/2, then ∥Ds1 f̂k∥L2 ≲ ∥Ds2 f̂k∥L2 when k ≤ 0.

∥Ds1 f̂k∥L2 ≤ ∥χ2k−2≤|ξ|≤2k+1∥
L

3
s2−s1

∥Ds1 f̂k∥
L

6
3−2(s2−s1)

≲ 2(s2−s1)k∥Ds2 f̂k∥L2 ≤ ∥Ds2 f̂k∥L2 ,

using Sobolev’s inequality with s = s2 − s1 and p = 6
3−2(s2−s1)

.

Hence, for k ≤ 0,

∥f̂k∥H1+α ≲ ∥D1+α
ξ f̂k∥L2 ≲ 2γk−2k+−k/2−αka.

When k > 0, we use Gagliardo-Nirenberg inequality to obtain a new bound on the H1 norm,

∥f̂k∥1+α
H1 ≲ ∥f̂k∥αL2∥f̂k∥H1+α

≲ 2−10αkaα(∥f̂k∥H1 + ∥D1+αf̂k∥L2) ≲ 2−10αk+γk−5k/2a1+α.

Since α ∈ (1/3, 1/2),

∥f̂k∥H1 ≲ 2
−10k+γk+ 15k

2(1+α)a ≤ 2γk−5k/2−αka ≤ 2γk−2k+−k/2−αka.

Thus,

∥f̂k∥H1+α ≲ ∥f̂k∥H1 + ∥D1+α
ξ f̂k∥L2 ≲ 2γk−2k+−k/2−αka
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finishes the proof for (3.1.1).

In the next lemma, we combine the results in Lemma 2.5.3 and 3.1.1 to derive some

bounds on the Lp norms of the solution ul,k. Later these bounds will be used when we

perform the L2 × L∞ → L2, L4 × L4 → L2, L3 × L6 → L2 bilinear estimates.

Lemma 3.1.2. Under the assumption (1.2.8), for any t ∈ [2M−1, 2M ]

∥eiclt∆fl,k∥L∞ ≲ min{2−3M/2+γM/8−2k++γk−k+γk/4, 2γk−2k++2k}ϵ1, (3.1.8)

∥eiclt∆fl,k∥L∞ ≲ 2−M/2+3k/2∥∇ξ f̂l,k∥L2 ≲ 2−M/2−2k++γk+kϵ1, (3.1.9)

∥eiclt∆F−1∇ξ f̂l,k∥L3 ≲ 2−M/2+γM/8−2k++γk−k+γk/4ϵ1, (3.1.10)

and

∥eiclt∆fl,k∥L4 ≲ 2−3M/4+k/4∥∇ξ f̂l,k∥L2 ≲ 2−3M/4−2k++γk−k/4ϵ1. (3.1.11)

Proof. Using Bernstein’s inequality in Lemma 2.5.1, we have

∥eiclt∆fl,k∥L∞ ≲ 2γk/8∥eiclt∆fl,k∥L24/γ .

Then by Lemma 2.4.1,

∥eiclt∆fl,k∥L24/γ ≲ t−3/2(1−2γ/24)∥fl,k∥
L

24
24−γ

≲ 2−3M/2+γM/8−2k++γk−k+γk/8ϵ1,

since α > 1/2− γ/8 allows us to use Lemma 2.5.3.

Another way to control ∥eiclt∆fl,k∥L∞ is to use Hölder’s inequality directly,

∥eiclt∆fl,k∥L∞ =

∥∥∥∥∫ eix·ξe−iclt|ξ|2 f̂l(ξ)ψk(ξ)dξ

∥∥∥∥
L∞
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≤
∫

|f̂l(ξ)ψk(ξ)|dξ

≤ ∥f̂l(ξ)ψk(ξ)∥L2∥χ2k−2≤|ξ|≤2k∥L2 ≤ 2γk−2k++2kϵ1.

Combining the two results above gives (3.1.8).

If we use Bernstein’s inequality with a different parameter, Lemma 2.4.1, and (2.5.2), we can

also get the following bound

∥eiclt∆fl,k∥L∞ ≲ 2k∥eiclt∆fl,k∥L3 ≲ 2k−M/2∥fl,k∥L3/2 ≲ 2−M/2+3k/2∥∇ξ f̂l,k∥L2 .

We can obtain (3.1.10) in a similar fashion using Bernstein’s inequality, Lemma 2.4.1, and

Lemma 2.5.3,

∥eiclt∆F−1∇ξ f̂l,k∥L3 ≲ 2γk/8∥eiclt∆F−1∇ξ f̂l,k∥
L

24
8+γ

≲ 2γk/8−M/2+γM/8∥F−1∇ξ f̂l,k∥
L

24
16−γ

≲ 2−M/2+γM/8−k+γk/4−2k++γkϵ1.

Next, Lemma 2.4.1 and Lemma 2.5.3 give

∥eiclt∆fl,k∥L4 ≲ t−3/4∥fl,k∥L4/3 ≲ 2−3M/4+k/4∥∇ξ f̂l,k∥L2 ≲ 2−3M/4−2k++γk−k/4ϵ1,

for t ∈ [2M−1, 2M ].

3.2 Time Derivatives Estimates

An important idea in this work is to make use of the oscillation of eitϕ(ξ,η), where ϕ(ξ, η) =

cl|ξ|2 − cm|ξ − η|2 − cn|η|2 is called the phase function. To capture the oscillation, we will
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integrate by parts using the identity

(∂t +
P (ξ, η)

t
· ∇η)e

itϕ(ξ,η) = iZ(ξ, η)eitϕ(ξ,η)

where P (ξ, η) and Z(ξ, η) are polynomials. This introduces time derivatives inside the

Duhamel’s term. Hence, we shall derive bounds for the time derivatives of f̂l,k(t, ξ),Dα
ξ f̂l,k(t, ξ),

and ∇ξ f̂l,k(t, ξ) in this section.

We will use the fact that ul(t, x) = eiclt∆fl(t, x) is the solution to (1.2.1) such that

fl ∈ C([1, T ];H10 ∩ Z) to find bounds for the time derivatives of f̂l,k(t, x). In addition, we

will do a further Littlewood-Paley decomposition on fm and fn in the nonlinear term.

Lemma 3.2.1. Under the assumption (1.2.8), the following estimate holds for any t ∈

[2M−1, 2M ]

∥∂tf̂l,k(t, ξ)∥L2 ≲ min{2−M−2k++γk+k/2, 2−10k+−(1+γ/2)M}ϵ21 (3.2.1)

and

∥eiclt∆∂tfl,k(t, ξ)∥L6 ≲ 2−2M−2k++γk−k/2ϵ21. (3.2.2)

Proof. Assuming (1.2.8) and using the integral equation, the quadratic nonlinearity allows

us to write the time derivative of the profile fl = e−iclt∆ul as bilinear forms,

∂tf̂l(t, ξ)

=
∑

cm+cn ̸=0
m≥n

Almn

∫
R3
eit(cl|ξ|

2−cm|ξ−η|2−cn|η|2)f̂m(t, ξ − η)f̂n(t, η)dη

+
∑

cm+cn=0
m≥n

Almn

∫
R3
eit(cl|ξ|

2−cm|ξ|2+2cmξ·η)q(ξ − η, η)f̂m(t, ξ − η)f̂n(t, η)dη.
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Next, we perform dyadic decomposition on the frequency spaces of fm and fn,

∂tf̂l(t, ξ)

=
∑

cm+cn ̸=0
m≥n

Almn

∑
k1,k2∈Z

∫
R3
eit(cl|ξ|

2−cm|ξ−η|2−cn|η|2)f̂m,k1(t, ξ − η)f̂n,k2(t, η)dη

+
∑

cm+cn=0
m≥n

Almn

∑
k1,k2∈Z

∫
R3
eit(cl|ξ|

2−cm|ξ|2+2cmξ·η)q(ξ − η, η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)dη.

By a change of variable with ξ − η = ζ, we get

∫
R3
eit(cl|ξ|

2−cm|ξ−η|2−cn|η|2)f̂m,k1(t, ξ − η)f̂n,k2(t, η)dη

=

∫
R3
eit(cl|ξ|

2−cm|ζ|2−cn|ξ−ζ|2)f̂m,k1(t, ζ)f̂n,k2(t, ξ − ζ)dζ

and ∫
R3
eit(cl|ξ|

2−cm|ξ|2+2cmξ·η)q(ξ − η, η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)dη

=

∫
R3
eit(cl|ξ|

2+cm|ξ|2−2cmξ·ζ)q(ζ, ξ − η)f̂m,k1(t, ζ)f̂n,k2(t, ξ − ζ)dζ

The symmetry observed above allows us to reduce the problem to the cases when k1 ≥ k2,

∂tf̂l(t, ξ)

=
∑

cm+cn ̸=0
m≥n

Almn

( ∑
k1≥k2

∫
R3
eit(cl|ξ|

2−cm|ξ−η|2−cn|η|2)f̂m,k1(t, ξ − η)f̂n,k2(t, η)dη

+
∑

k1<k2

∫
R3
eit(cl|ξ|

2−cm|ξ−η|2−cn|η|2)f̂m,k1(t, ξ − η)f̂n,k2(t, η)dη

)

+
∑

cm+cn=0
m≥n

Almn

( ∑
k1≥k2

∫
R3
eit(cl|ξ|

2−cm|ξ|2+2cmξ·η)q(ξ − η, η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)dη

+
∑

k1<k2

∫
R3
eit(cl|ξ|

2−cm|ξ|2+2cmξ·η)q(ξ − η, η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)dη

)
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=
∑

cm+cn ̸=0

Almn

∑
k1≥k2

∫
R3
eit(cl|ξ|

2−cm|ξ−η|2−cn|η|2)f̂m,k1(t, ξ − η)f̂n,k2(t, η)dη

+
∑

cm+cn=0

Almn

∑
k1≥k2

∫
R3
eit(cl|ξ|

2−cm|ξ|2+2cmξ·η)q(ξ − η, η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)dη.

Truncating the difference by ψk(ξ) and taking

a = max
cm+cn ̸=0
cl ̸=cm

{
∣∣2 log2 |cl|∣∣+3, 2−log2 |cm/cn+1|, 10−log2 |cm/cl−1|, 3−log2(|cl−cm|/|cn|)},

(3.2.3)

we have

∂tf̂l,k(t, ξ)

=
∑

cm+cn ̸=0

Almn

∑
k1≥k2

∫
R3
eit(cl|ξ|

2−cm|ξ−η|2−cn|η|2)f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dη

+
∑

cm+cn=0

Almn

∑
k1≥k2

∫
R3
eit(cl|ξ|

2−cm|ξ|2+2cmξ·η)q(ξ − η, η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)dη

=
∑

cm+cn ̸=0
m≥n

Almn

∑
|k1−k2|<a

∫
R3
eit(cl|ξ|

2−cm|ξ−η|2−cn|η|2)f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dη

+
∑

cm+cn=0
m≥n

Almn

∑
|k1−k2|<a

∫
R3
eit(cl|ξ|

2−cm|ξ|2+2cmξ·η)q(ξ − η, η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dη

+
∑

cm+cn ̸=0

Almn

∑
k2≤k1−a

∫
R3
eit(cl|ξ|

2−cm|ξ−η|2−cn|η|2)f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dη

+
∑

cm+cn=0

Almn

∑
k2≤k1−a

∫
R3
eit(cl|ξ|

2−cm|ξ|2+2cmξ·η)q(ξ − η, η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dη

=
∑

cm+cn ̸=0
m≥n

Almn

∑
|k1−k2|<a
k≤k1+a+2

∫
R3
eit(cl|ξ|

2−cm|ξ−η|2−cn|η|2)f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dη

+
∑

cm+cn=0
m≥n

Almn

∑
|k1−k2|<a
k≤k1+a+2

∫
R3
eit(cl|ξ|

2−cm|ξ|2+2cmξ·η)q(ξ − η, η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dη
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+
∑

cm+cn ̸=0

Almn

∑
k2+a≤k1
|k−k1|≤3

∫
R3
eit(cl|ξ|

2−cm|ξ−η|2−cn|η|2)f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dη

+
∑

cm+cn=0

Almn

∑
k2+a≤k1
|k−k1|≤3

∫
R3
eit(cl|ξ|

2−cm|ξ|2+2cmξ·η)q(ξ − η, η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dη,

where χ1k = {(k1, k2) : |k−k1| ≤ 3, k2 ≤ k1−a}, χ2k = {(k1, k2) : |k1−k2| < a, k < k1−a−2}

and χ3k = {(k1, k2) : |k1 − k2| < a, |k − k1| ≤ a+ 2}.

Thus, we have

∂tf̂l,k(t, ξ) =
∑

cm+cn ̸=0

Almn

∑
(k1,k2)∈χ1

k

F 1
k,k1,k2

+
∑

cm+cn ̸=0
m≥n

Almn

∑
(k1,k2)∈χ2

k∪χ
3
k

F 1
k,k1,k2

+
∑

cm+cn=0

Almn

∑
(k1,k2)∈χ1

k

F 2
k,k1,k2

+
∑

cm+cn=0
m≥n

Almn

∑
(k1,k2)∈χ2

k∪χ
3
k

F 2
k,k1,k2

,

(3.2.4)

where

F 1
k,k1,k2

=

∫
R3
eit(cl|ξ|

2−cm|ξ−η|2−cn|η|2)f̂m,k1(t, ξ − η)f̂n,k2(t, η)dηψk(ξ) (3.2.5)

and

F 2
k,k1,k2

=

∫
R3
eit(cl|ξ|

2−cm|ξ|2+2cmξ·η)q(ξ − η, η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dη. (3.2.6)
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By the bilinear estimate L4 × L4 → L2 in Lemma 2.2.1 and Lemma 2.2.2,

∥(3.2.5)∥L2

≤
∥∥∥∥∫R3

eiclt|ξ|
2
e−icmt|ξ−η|2 f̂m,k1(t, ξ − η)e−icnt|η|2 f̂n,k2(t, η)ψk(ξ)dη

∥∥∥∥
L2

≲min{∥eicmt∆fm,k1∥L4∥eicnt∆fn,k2∥L4 , 23min{k,k2}/2∥eicmt∆fm,k1∥L2∥eicnt∆fn,k2∥L2}

≲min{∥eicmt∆fm,k1∥L4∥eicnt∆fn,k2∥L4 , 23min{k,k2}/2∥fm,k1∥L2∥fn,k2∥L2}.
(3.2.7)

Then, using the bounds in (3.1.11), (3.1.2), we get for any t ∈ [2M−1, 2M ],

∑
(k1,k2)∈χ1

k∪χ
3
k

∥(3.2.5)∥L2

≲
∑

(k1,k2)∈χ1
k∪χ

3
k

min{∥eicmt∆fm,k1∥L4∥eicnt∆fn,k2∥L4 , 23min{k,k2}/2∥fm,k1∥L2∥fn,k2∥L2}

≲
∑

(k1,k2)∈χ1
k∪χ

3
k

2−2k1,+−2k2,++γk1+γk2 min{2−3M/2−k1/4−k2/4, 23min{k,k2}/2+k1/2+k2/2}ϵ21

≲ 2−2k++γk−M+k/2ϵ21. (3.2.8)

Now, we shall show
∑

(k1,k2)∈χ2
k
∥(3.2.5)∥L2 ≲ 2−m−2k++γk+k/2ϵ1.

Recall that we defined ϕ(ξ, η) = cl|ξ|2 − cm|ξ − η|2 − cn|η|2. When (k1, k2) ∈ χ1k, we know

k2 ≤ k1 − a, so ψk(ξ)ψk1(ξ − η)ψk2(η) ̸= 0 implies

|∇ηϕ(ξ, η)| = |2cm(ξ − η)− 2cnη| ≥ 2k1+1−2|cm| − 2k2+1|cn| ≥ |cm|2k1−2 ≥ 2k1−2−a

and

|∇ηϕ(ξ, η)| ≤ 2k1+1|cm|+ 2k2+1|cn| ≤ |cm|2k1+2 ≤ 2k1+2+a,

if cm ̸= −cn. When (k1, k2) ∈ χ2k, we have k ≤ k1 − a − 2 and ψk(ξ)ψk1(ξ − η)ψk2(η) ̸= 0
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implies

|∇ηϕ(ξ, η)| ≥ 2|cm + cn||ξ − η| − 2|cn||ξ| ≥ |cn|(2k1+1−a − 2k+1) ≥ |cn|2k1−a ≥ 2k1−2a

and

|∇ηϕ(ξ, η)| ≤ 2|cm + cn||ξ − η|+ 2|cn||ξ| ≤ 2k1+1+a + 2k+1+a ≤ 2k1+2+a.

Therefore, when (k1, k2) ∈ χ1k ∪ χ
2
k

ψ̃k1(∇ηϕ(ξ, η))ψk(ξ)ψk1(ξ − η)ψk2(η) = ψk(ξ)ψk1(ξ − η)ψk2(η). (3.2.9)

So, we use the identity
∑

m
∂ηmϕ(ξ,η)

it|∇ηϕ(ξ,η)|2
∂ηme

itϕ(ξ,η) = eitϕ(ξ,η) to integrate by parts,

(3.2.5) =
∫
R3
∂ηme

itϕ(ξ,η) ∂ηmϕ(ξ, η)

it|∇ηϕ(ξ, η)|2
f̂m,k1(t, ξ − η)f̂n,k2(t, η)dηψk(ξ)

=−
∫
R3
eitϕ(ξ,η)∂ηm

∂ηmϕ(ξ, η)

it|∇ηϕ(ξ, η)|2
f̂m,k1(t, ξ − η)f̂n,k2(t, η)dηψk(ξ) (3.2.10)

−
∫
R3
eitϕ(ξ,η)

∂ηmϕ(ξ, η)

it|∇ηϕ(ξ, η)|2
∂ηm f̂m,k1(t, ξ − η)f̂n,k2(t, η)dηψk(ξ) (3.2.11)

−
∫
R3
eitϕ(ξ,η)

∂ηmϕ(ξ, η)

it|∇ηϕ(ξ, η)|2
f̂m,k1(t, ξ − η)∂ηm f̂n,k2(t, η)dηψk(ξ). (3.2.12)

Next, using the L4 × L4 → L2 bilinear estimate, Lemma 2.3.3, Lemma 2.2.2, (3.1.2) and

(3.1.11), we have

∥(3.2.10)∥L2

≲2−m∥F−1∂ηm
∂ηmϕ(ξ, η)

it|∇ηϕ(ξ, η)|2
ψ̃k1(∇ηϕ(ξ, η))ψ̃k2(η)∥L1×

×min{∥eit∆fm,k1∥L4∥eit∆fn,k2∥L4 , 23min{k,k2}/2∥eit∆fm,k1∥L2∥eit∆fn,k2∥L2}

≲2−M−2k1−2k1,++γk1−2k2,++γk2 min{2−3M/2−k1/4−k2/4, 23min{k,k2}/2+k1/2+k2/2}ϵ21

≲2−2k1,++γk1−2k2,++γk2 min{2−5M/2−9k1/4−k2/4, 2−M+3min{k,k2}/2−3k1/2+k2/2}ϵ21
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≲2−4k1,++2γk1 min{2−5M/2−5k1/2, 2−M+3k/2−k1}ϵ21,

since (k1, k2) ∈ χ2k = {|k1 − k2| < a, k < k1 − a − 2}. Then, using the L18/7 × L9 → L2

bilinear estimate, Lemma 2.4.1, Lemma 2.3.3 and Lemma 2.2.2, we get

∥(3.2.11)∥L2 + ∥(3.2.12)∥L2

≲2−M∥F−1 ∂ηmϕ(ξ, η)

it|∇ηϕ(ξ, η)|2
ψ̃k1(∇ηϕ(ξ, η))ψ̃n,k2(η)∥L1×

×
(
min{∥eit∆F−1∇ξ f̂m,k1∥L18/7∥eit∆fn,k2∥L9 ,

23min{k,k2}/2∥eit∆F−1∇ξ f̂m,k1∥L2∥eit∆fn,k2∥L2}+

+min{∥eit∆fm,k1∥L9∥eit∆F−1∇ξ f̂n,k2∥L18/7 ,

23min{k,k2}/2∥eit∆fm,k1∥L2∥eit∆F−1∇ξ f̂n,k2∥L2}
)

≲2−M−k1
(
min{∥eit∆F−1∇ξ f̂m,k1∥L18/7∥eit∆fn,k2∥L9 ,

23min{k,k2}/2∥∇ξ f̂m,k1∥L2∥fn,k2∥L2}+

+min{∥eit∆fm,k1∥L9∥eit∆F−1∇ξ f̂n,k2∥L18/7 ,

23min{k,k2}/2∥fm,k1∥L2∥∇ξ f̂n,k2∥L2}
)

≲2−M−k1
(
min{2−3M/2∥F−1∇ξ f̂m,k1∥L18/11∥fn,k2∥L9/8 ,

23min{k,k2}/2∥∇ξ f̂m,k1∥L2∥fn,k2∥L2}+

+min{2−3M/2∥fm,k1∥L9/8∥F−1∇ξ f̂n,k2∥L18/11 ,

23min{k,k2}/2∥fm,k1∥L2∥∇ξ f̂n,k2∥L2}
)
,

where the Lp norms can be bounded by Lemma 2.5.3, (3.1.2) and (3.1.6)

∥(3.2.11)∥L2 + ∥(3.2.12)∥L2

≲2−M−k1−2k1,++γk1−2k2,++γk2
(
min{2−3M/2−5k1/6−2k2/3, 23min{k,k2}/2−k1/2+k2/2}

+min{2−3M/2−2k1/3−5k2/6, 23min{k,k2}/2+k1/2−k2/2}
)
ϵ21
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≲2−4k1,++2γk1 min{2−5M/2−5k1/2, 2−M+3k/2−k1}ϵ21.

Thus,

∑
(k1,k2)∈χ2

k

∥(3.2.5)∥L2 ≲
∑

(k1,k2)∈χ2
k

2−4k1,++2γk1 min{2−5M/2−5k1/2, 2−M+3k/2−k1}ϵ21

≲
∑
k1≥k

2−4k1,++2γk1 min{2−5M/2−5k1/2, 2−M+3k/2−k1}ϵ21

≲ 2−M−2k++γk+k/2ϵ21.

(3.2.13)

Next, we work on the term F 2
k,k1,k2

. By the bilinear estimate L4×L4 → L2 in Lemma 2.2.1

and condition (1.2.2) on the multiplier q(ξ, η),

∥(3.2.6)∥L2

=

∥∥∥∥∫R3
eitcl|ξ|

2
q(ξ − η, η)e−itcm|ξ−η|2 f̂m,k1(t, ξ − η)e−itcn|η|2 f̂n,k2(t, η)ψk(ξ)dη

∥∥∥∥
L2

≲∥F−1q(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1∥eicmt∆fm,k1∥L4∥eicnt∆fn,k2∥L4

≲2ϵk−∥eicmt∆fm,k1∥L4∥eicnt∆fn,k2∥L4

Moreover, Lemma 2.2.2 gives us,

∥(3.2.6)∥L2

≲23min{k,k2}/2∥F−1q(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1∥eicmt∆fm,k1∥L2∥eicnt∆fn,k2∥L2

≲2ϵk−+3min{k,k2}/2∥fm,k1∥L2∥fn,k2∥L2

Combing the results above and employ the bounds (3.1.11), (3.1.2), we get for any t ∈
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[2M−1, 2M ],

∑
(k1,k2)∈χ1

k∪χ
2
k∪χ

3
k

∥(3.2.6)∥L2

≲
∑

(k1,k2)∈χ1
k∪χ

2
k∪χ

3
k

2ϵk− min{∥eicmt∆fm,k1∥L4∥eicnt∆fn,k2∥L4 ,

23min{k,k2}/2∥fm,k1∥L2∥fn,k2∥L2}

≲
∑

(k1,k2)∈χ1
k∪χ

2
k∪χ

3
k

2ϵk−−2k1,+−2k2,++γk1+γk2 min{2−3M/2−k1/4−k2/4,

23min{k,k2}/2+k1/2+k2/2}ϵ21

≲2−2k++γk−M+k/2ϵ21.

(3.2.14)

Thus, (3.2.8), (3.2.13), and (3.2.14) shows

∥∂tf̂k∥L2 ≲ 2−2k++γk−M+k/2ϵ21.

If we use the L2 × L∞ → L2 bilinear estimate in Lemma 2.2.1,

∥(3.2.5)∥L2 + ∥(3.2.6)∥L2 ≲ (1 + 2ϵk−)∥eicmt∆fm,k1∥L2∥eicnt∆fn,k2∥L∞

≲ ∥fm,k1∥L2∥eicnt∆fn,k2∥L∞ .

By (3.1.8), (3.1.2), for any t ∈ [2M−1, 2M ]

∥∂tf̂l,k∥L2 ≲
∑

(k1,k2)∈χ1
k∪χ

2
k∪χ

3
k

∥(3.2.5)∥L2 + ∥(3.2.6)∥L2

≲
∑

(k1,k2)∈χ1
k∪χ

2
k∪χ

3
k

min{∥fm,k1∥L2∥eicnt∆fn,k2∥L∞ ,

23min{k,k2}/2∥fm,k1∥L2∥fn,k2∥L2}
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≲
∑

(k1,k2)∈χ1
k∪χ

2
k∪χ

3
k

2−10k1,+−2k2,++γk2 min{2−3M/2+γM/8+γk2/4−k2 ,

23min{k,k2}/2+k2/2}ϵ21

≲ 2−10k+
∑

(k1,k2)∈χ1
k∪χ

2
k∪χ

3
k

2−2k2,++γk2 min{2−3M/2+γM/8+γk2/4−k2 ,

23min{k,k2}/2+k2/2}ϵ21

≲ 2−10k+−M−γM/2ϵ21.

Next, we consider ∥eiclt∆∂tfl,k(t, ξ)∥L6 = ∥F−1e−iclt|ξ|2∂tf̂l,k(t, ξ)∥L6 . Using the L6 ×

L∞ → L6 bilinear estimate, Lemma 2.4.1, Lemma 2.5.3 and (3.1.8),

∥F−1e−iclt|ξ|2(3.2.5)∥L6 + ∥F−1e−iclt|ξ|2(3.2.6)∥L6

≲(1 + 2ϵk−)∥eicmt∆fm,k1∥L6∥eicnt∆fn,k2∥L∞

≲2−M∥fm,k1∥L6/52
−2k2,++γk2 min{2−3M/2+γM/8−k2+γk2/4, 22k2}ϵ1

≲2−2k1,++γk1−2k2,++γk2 min{2−5M/2+γM/8−k2+γk2/4−k1/2, 2−M+2k2−k1/2}ϵ21.

Moreover, by Bernstein’s inequality, Lemma 2.2.2 and (3.1.2),

∥F−1e−iclt|ξ|2(3.2.5)∥L6 + ∥F−1e−iclt|ξ|2(3.2.6)∥L6

≲2k
(
∥F−1e−it|ξ|2(3.2.5)∥L2 + ∥F−1e−it|ξ|2(3.2.6)∥L2

)
≲(1 + 2ϵk−)2k+3k/2∥eicmt∆fm,k1∥L2∥eicnt∆fn,k2∥L2

≲2−2k1,++γk1−2k2,++γk2+5k/2+k1/2+k2/2ϵ21.

Thus,

∥eiclt∆∂tfl,k(t, ξ)∥L6
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≤
∑

(k1,k2)∈χ1
k∪χ

2
k∪χ

3
k

∥F−1e−iclt|ξ|2(3.2.5)∥L6 + ∥F−1e−iclt|ξ|2(3.2.6)∥L6

≤
∑

(k1,k2)∈χ1
k

2−2k1,++γk1−2k2,++γk2 min{2−5M/2+γM/8−k2+γk2/4−k1/2, 2−M+2k2−k1/2}ϵ21

+
∑

(k1,k2)∈χ2
k∪χ

3
k

2−2k1,++γk1−2k2,++γk2 min{2−5M/2+γM/8−k2+γk2/4−k1/2, 25k/2+k1/2+k2/2}ϵ21

≲2−2k++γk−2M−k/2ϵ21.

Based on the setup we used in Lemma 3.2.1 for ∂tf̂l,k, we can further take one derivative

in ξ and find bounds on the mixed derivatives of f̂l,k.

Lemma 3.2.2. Under the assumption (1.2.8), we have for any t ∈ [2M−1, 2M ]

∥Dα∂tf̂l,k(t, ξ)∥L2 ≲ 2−M−2k++(1−α)γk+k/2−αkϵ21 (3.2.15)

and

∥∇ξ∂tf̂l,k(t, ξ)∥L2 ≲ (1 + 2M/2+k)2−M−2k+−k/2ϵ21. (3.2.16)

Proof. We split ∂tf̂k = F1,k+F2,k to discuss the problem differently when (k1, k2) ∈ χ1k∪χ
2
k

and when (k1, k2) ∈ χ3k for F 1
k,k1,k2

. Recall the equation of ∂tfk in (3.2.4) and define

F1,k =
∑

(k1,k2)∈χ1
k∪χ

2
k

F 1
k,k1,k2

+
∑

(k1,k2)∈χ1
k∪χ

2
k∪χ

3
k

F 2
k,k1,k2

, F2,k =
∑

(k1,k2)∈χ3
k

F 1
k,k1,k2

.

(3.2.17)
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Hence, (3.2.8), (3.2.13), and (3.2.14) imply

∥F1,k∥L2 ≲ 2−2k++γk−M+k/2ϵ21 (3.2.18)

and

∥F2,k∥L2

≤
∑

(k1,k2)∈χ3
k

∥∥∥∥∫R3
eit(cl|ξ|

2−cm|ξ−η|2−cn|η|2)f̂m,k1(t, ξ − η)f̂n,k2(t, η)dηψk(ξ)

∥∥∥∥
L2

≤
∑

(k1,k2)∈χ3
k

2−2k1,+−2k2,++γk1+γk2 min{2−3M/2−k1/4−k2/4, 23min{k,k2}/2+k1/2+k2/2}ϵ21

≲2−4k++2γk min{2−3M/2−k/2, 25k/2}ϵ21.
(3.2.19)

Next,

∂ξlF
1
k,k1,k2

=

∫
R3
eitϕ(ξ,η)it∂ξlϕ(ξ, η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)dηψk(ξ) (3.2.20)

+

∫
R3
eitϕ(ξ,η)∂ξl f̂m,k1(t, ξ − η)f̂n,k2(t, η)dηψk(ξ) (3.2.21)

+

∫
R3
eitϕ(ξ,η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)dη∂ξlψk(ξ), (3.2.22)

∂ξlF
2
k,k1,k2

=

∫
R3
eitϕ(ξ,η)it∂ξlϕ(ξ, η)q(ξ − η, η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)dηψk(ξ) (3.2.23)

+

∫
R3
eitϕ(ξ,η)∂ξlq(ξ − η, η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)dηψk(ξ) (3.2.24)

+

∫
R3
eitϕ(ξ,η)q(ξ − η, η)∂ξl f̂m,k1(t, ξ − η)f̂n,k2(t, η)dηψk(ξ) (3.2.25)

+

∫
R3
eitϕ(ξ,η)q(ξ − η, η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)dη∂ξlψk(ξ), (3.2.26)

47



When cm + cn ̸= 0 and (k1, k2) ∈ χ1k ∪ χ
2
k, we have (3.2.9) and may use the identity

3∑
m=1

∂ηmϕ(ξ, η)

it|∇ηϕ(ξ, η)|2
∂ηme

itϕ(ξ,η) = eitϕ(ξ,η)

to integrate by parts,

(3.2.20) =−
∫
R3
eitϕ(ξ,η)∂ηm

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
f̂m,k1(t, ξ − η)f̂n,k2(t, η)dηψk(ξ) (3.2.27)

−
∫
R3
eitϕ(ξ,η)

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
∂ηm f̂m,k1(t, ξ − η)f̂n,k2(t, η)dηψk(ξ) (3.2.28)

−
∫
R3
eitϕ(ξ,η)

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
f̂m,k1(t, ξ − η)∂ηm f̂n,k2(t, η)dηψk(ξ). (3.2.29)

For the term (3.2.23), ϕ(ξ, η) = (cl + cn)|ξ|2 − 2cnξ · η since cm + cn = 0. In this case, we

may perform integration by parts using the identity
∑3

m=1−
ξm

it2cn|ξ|2
∂ηme

itϕ(ξ,η) = eitϕ(ξ,η)

(3.2.23) =
∫
R3
eitϕ(ξ,η)

ξm∂ηm∂ξlϕ(ξ, η)

2cn|ξ|2
q(ξ − η, η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)dηψk(ξ) (3.2.30)

+

∫
R3
eitϕ(ξ,η)

ξm∂ξlϕ(ξ, η)

2cn|ξ|2
∂ηmq(ξ − η, η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)dηψk(ξ)

(3.2.31)

+

∫
R3
eitϕ(ξ,η)

ξm∂ξlϕ(ξ, η)

2cn|ξ|2
q(ξ − η, η)∂ηm f̂m,k1(t, ξ − η)f̂n,k2(t, η)dηψk(ξ)

(3.2.32)

+

∫
R3
eitϕ(ξ,η)

ξm∂ξlϕ(ξ, η)

2cn|ξ|2
q(ξ − η, η)f̂m,k1(t, ξ − η)∂ηm f̂n,k2(t, η)dηψk(ξ),

(3.2.33)

The L18/7×L9 → L2 bilinear estimate in Lemma 2.2.1, Lemma 2.3.2, Lemma 2.3.3, Lemma

2.2.2, and the property of q(ξ, η) in (1.2.2) imply

∥(3.2.21)∥L2 + ∥(3.2.28)∥L2 + ∥(3.2.25)∥L2 + ∥(3.2.32)∥L2
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≲
(
1 + ∥F−1∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ψ̃k1(∇ηϕ(ξ, η))ψ̃k2(η)∥L1+

+ ∥F−1q(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1+

+ ∥F−1 ξm∂ξlϕ(ξ, η)

2cn|ξ|2
q(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1

)
×

×min{∥eicmt∆F−1∇ξ f̂m,k1∥L18/7∥eicnt∆fn,k2∥L9 ,

23min{k,k2}/2∥eicmt∆F−1∇ξ f̂m,k1∥L2∥eicnt∆fn,k2∥L2}

≲(1 + 2ϵk− + 2ϵk−+k2−k)min{∥eicmt∆F−1∇ξ f̂m,k1∥L18/7∥eicnt∆fn,k2∥L9 ,

23min{k,k2}/2∥∇ξ f̂m,k1∥L2∥fn,k2∥L2},

∥(3.2.22)∥L2 + ∥(3.2.24)∥L2 + ∥(3.2.26)∥L2

≲
(
∥∂ξlψk(ξ)∥L∞ + ∥F−1∂ξlq(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1+

+ ∥∂ξlψk(ξ)∥L∞∥F−1q(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1

)
×

×min{∥eicmt∆fm,k1∥L18/7∥eicnt∆fn,k2∥L9 ,

23min{k,k2}/2∥eicmt∆fm,k1∥L2∥eicnt∆fn,k2∥L2}

≲(2−k + 2ϵk−−k)min{∥eicmt∆fm,k1∥L18/7∥eicnt∆fn,k2∥L9 ,

23min{k,k2}/2∥eicmt∆fm,k1∥L2∥eicnt∆fn,k2∥L2}

≲2−k min{∥eicmt∆fm,k1∥L18/7∥eicnt∆fn,k2∥L9 , 23min{k,k2}/2∥fm,k1∥L2∥fn,k2∥L2},

and

∥(3.2.27)∥L2 + ∥(3.2.30)∥L2 + ∥(3.2.31)∥L2

≲
(
∥F−1∂ηm

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ψ̃k1(∇ηϕ(ξ, η))ψ̃k2(η)∥L1+

+ ∥F−1 ξm∂ηm∂ξlϕ(ξ, η)

2cn|ξ|2
q(ξ − η, η)ψ̃k1(ξ − η)ψ̃k2(η)ψ̃k(ξ)∥L1+
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+ ∥F−1 ξm∂ξlϕ(ξ, η)

2cn|ξ|2
∂ηmq(ξ − η, η)ψ̃k1(ξ − η)ψ̃k2(η)ψ̃k(ξ)∥L1)×

×min{∥eicmt∆fm,k1∥L18/7∥eicnt∆fn,k2∥L9 ,

23min{k,k2}/2∥eicmt∆fm,k1∥L2∥eicnt∆fn,k2∥L2}

≲(2−k1 + 2ϵk−−k + 2ϵk−−k2)min{∥eicmt∆fm,k1∥L18/7∥eicnt∆fn,k2∥L9 ,

23min{k,k2}/2∥fm,k1∥L2∥fn,k2∥L2}.

Next, by the L∞ × L2 → L2 bilinear estimate in Lemma 2.2.1, Lemma 2.3.2, Lemma 2.3.3,

and Lemma 2.2.2, we obtain

∥(3.2.29)∥L2 + ∥(3.2.33)∥L2

≲
(
∥F−1∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ψ̃k1(∇ηϕ(ξ, η))ψ̃k2(η)∥L1+

+ ∥F−1 ξm∂ξlϕ(ξ, η)

2cn|ξ|2
q(ξ − η, η)ψ̃k1(ξ − η)ψ̃k2(η)ψ̃k(ξ)∥L1

)
×

×min{∥eicmt∆fm,k1∥L∞∥eicnt∆F−1∇ξ f̂n,k2∥L2 ,

23min{k,k2}/2∥eicmt∆fm,k1∥L2∥eicnt∆F−1∇ξ f̂n,k2∥L2}

≲(1 + 2ϵk−+k2−k)min{∥eicmt∆fm,k1∥L∞∥eicnt∆F−1∇ξ f̂n,k2∥L2 ,

23min{k,k2}/2∥fm,k1∥L2∥∇ξ f̂n,k2∥L2},

and we can obtain another bound for (3.2.31),

∥(3.2.31)∥L2

≲∥F−1 ξm∂ξlϕ(ξ, η)

2cn|ξ|2
∂ηmq(ξ − η, η)ψ̃k1(ξ − η)ψ̃k2(η)ψ̃k(ξ)∥L1×

×min{∥eicmt∆fm,k1∥L∞∥eicnt∆fn,k2∥L2 , 23min{k,k2}/2∥eicmt∆fm,k1∥L2∥eicnt∆fn,k2∥L2}

≲(2ϵk−−k + 2ϵk−−k2)min{∥eicmt∆fm,k1∥L∞∥fn,k2∥L2 , 23min{k,k2}/2∥fm,k1∥L2∥fn,k2∥L2}.
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Combining the results above and using Lemma 2.4.1, we have for t ∈ [2M−1, 2M ]

∑
(k1,k2)∈χ1

k∪χ
2
k

∥∇ξF
1
k,k1,k2

∥L2 +
∑

(k1,k2)∈χ1
k∪χ

2
k∪χ

3
k

∥∇ξF
2
k,k1,k2

∥L2

≲
∑

(k1,k2)∈χ1
k∪χ

2
k

∥(3.2.21) + (3.2.22) + (3.2.27) + (3.2.28) + (3.2.29)∥L2+

+
∑

(k1,k2)∈χ1
k∪χ

2
k∪χ

3
k

∥(3.2.24) + (3.2.25) + (3.2.26) + (3.2.30)+

+ (3.2.31) + (3.2.32) + (3.2.33)∥L2

≲
∑

(k1,k2)∈χ1
k∪χ

2
k∪χ

3
k

min{(2−k∥eicmt∆fm,k1∥L18/7 + (1 + 2ϵk−+k2−k)×

× ∥eicmt∆F−1∇ξ f̂m,k1∥L18/7)∥eicnt∆fn,k2∥L9 ,

23min{k,k2}/2(2−k∥fm,k1∥L2 + (1 + 2ϵk−+k2−k)∥∇ξ f̂m,k1∥L2)∥fn,k2∥L2}+

+
∑

(k1,k2)∈χ1
k∪χ

2
k∪χ

3
k

(2k2−k1 + 1 + 2ϵk−+k2−k)min{∥eicmt∆fm,k1∥L∞∥∇ξ f̂n,k2∥L2 ,

23min{k,k2}/2∥fm,k1∥L2∥∇ξ f̂n,k2∥L2}+

+
∑

(k1,k2)∈χ1
k

2ϵk−−k2 min{∥eicmt∆fm,k1∥L∞∥fn,k2∥L2 , 23min{k,k2}/2∥fm,k1∥L2∥fn,k2∥L2}

≲
∑

(k1,k2)∈χ1
k∪χ

2
k∪χ

3
k

min{(2−kt−1/3∥fm,k1∥L18/11 + (1 + 2ϵk−+k2−k)t−1/3×

× ∥F−1∇ξ f̂m,k1∥L18/11)t
−7/6∥fn,k2∥L9/8 , 2

3min{k,k2}/2×

× (2−k∥fm,k1∥L2 + (1 + 2ϵk−+k2−k)∥∇ξ f̂m,k1∥L2)∥fn,k2∥L2}+

+
∑

(k1,k2)∈χ1
k∪χ

2
k∪χ

3
k

(1 + 2ϵk−+k2−k)min{∥eicmt∆fm,k1∥L∞∥∇ξ f̂n,k2∥L2 ,

23min{k,k2}/2∥fm,k1∥L2∥∇ξ f̂n,k2∥L2}+

+
∑

(k1,k2)∈χ1
k

2ϵk−−k2 min{∥eicmt∆fm,k1∥L∞∥fn,k2∥L2 , 23k2/2∥fm,k1∥L2∥fn,k2∥L2}
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≲
∑

(k1,k2)∈χ1
k∪χ

2
k∪χ

3
k

min{2−3M/2(2−k∥fm,k1∥L18/11 + (1 + 2ϵk−+k2−k)×

× ∥F−1∇ξ f̂m,k1∥L18/11)∥fn,k2∥L9/8 , 2
3min{k,k2}/2×

× (2−k∥fm,k1∥L2 + (1 + 2ϵk−+k2−k)∥∇ξ f̂m,k1∥L2)∥fn,k2∥L2}+

+
∑

(k1,k2)∈χ1
k∪χ

2
k∪χ

3
k

(1 + 2ϵk−+k2−k)min{∥eicmt∆fm,k1∥L∞∥∇ξ f̂n,k2∥L2 ,

23min{k,k2}/2∥fm,k1∥L2∥∇ξ f̂n,k2∥L2}+

+
∑

(k1,k2)∈χ1
k

2ϵk−−k2 min{∥eicmt∆fm,k1∥L∞∥fn,k2∥L2 , 23k2/2∥fm,k1∥L2∥fn,k2∥L2}

≲
∑

(k1,k2)∈χ1
k∪χ

2
k∪χ

3
k

2−2k1,++γk1−2k2,++γk2 min{2−3M/2(2−k+2k1−11k1/6+

+ (1 + 2ϵk−+k2−k)2k1−11k1/6)22k2−8k2/3, 23min{k,k2}/2×

× (2−k+k1/2 + (1 + 2ϵk−+k2−k)2−k1/2)2k2/2}ϵ21+

+
∑

(k1,k2)∈χ1
k∪χ

2
k∪χ

3
k

(1 + 2ϵk−+k2−k)2−2k1,++γk1−2k2,++γk2×

×min{2−3M/2+γM/8−k1+γk1/4−k2/2, 23min{k,k2}/2+k1/2−k2/2}ϵ21+

+
∑

(k1,k2)∈χ1
k

2ϵk−−k2−2k1,++γk1−2k2,++γk2×

×min{2−3M/2+γM/8−k1+γk1/4+k2/2, 23k2/2+k1/2+k2/2}ϵ21

≲
∑

(k1,k2)∈χ1
k∪χ

2
k∪χ

3
k

2−k−2k1,++γk1−2k2,++γk2×

×min{2−3M/2+k1/6−2k2/3, 23min{k,k2}/2+k1/2+k2/2}ϵ21+

+
∑

(k1,k2)∈χ1
k∪χ

2
k∪χ

3
k

(1 + 2ϵk−+k2−k)2−2k1,++γk1−2k2,++γk2×

×min{2−3M/2+γM/8−k1+γk1/4−k2/2, 23min{k,k2}/2+k1/2−k2/2}ϵ21

≲2−M−2k+−k/2ϵ21,
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where the Lp norms are bounded using (3.1.2), (3.1.6), (2.5.3), (2.5.4), and (3.1.8).

Hence, we showed

∥∇ξF1,k∥L2 ≤
∑

(k1,k2)∈χ1
k∪χ

2
k

∥∇ξF
1
k,k1,k2

∥L2 +
∑

(k1,k2)∈χ1
k∪χ

2
k∪χ

3
k

∥∇ξF
2
k,k1,k2

∥L2

≲ 2−M−2k+−k/2ϵ21.

(3.2.34)

Using Lemma 2.1.1 and (3.2.18), we have

∥DαF1,k∥L2 ≲ ∥F1,k∥1−α
L2 ∥∇F1,k∥αL2

≲ 2−2k++(γk−M+k/2)(1−α)+(−M−k/2)αϵ21

≲ 2−2k++(1−α)γk−M+k/2−αkϵ21.

(3.2.35)

Next, we need to find a bound on ∥∇ξF2,k∥L2 . Immediately by (3.2.8), we get

∥(3.2.22)∥L2

≤∥∇ψk∥L∞

∥∥∥∥∫R3
eitϕ(ξ,η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)dηψ̃k(ξ)

∥∥∥∥
L2

≲2−k−2k1,++γk1−2k2,++γk2 min{2−3M/2−k1/4−k2/4, 23min{k,k2}/2+k1/2+k2/2}ϵ21.

(3.2.36)

By the L18/7×L9 → L2 bilinear estimate, Lemma 2.2.2, Lemma 2.4.1, Lemma 2.3.3, Lemma

2.5.3, (3.1.2), and (3.1.6), for t ∈ [2M−1, 2M ]

∥(3.2.20)∥L2

≲2M∥F−1∂ξlϕ(ξ, η)ψ̃k(ξ)ψ̃k2(η)∥L1 min{∥eicmt∆fm,k1∥L18/7∥eicnt∆fn,k2∥L9 ,

23min{k,k2}/2∥eicmt∆fm,k1∥L2∥eicnt∆fn,k2∥L2}

≲2M+k2 min{2−3M/2∥fm,k1∥L18/11∥fn,k2∥L9/8 , 2
3min{k,k2}/2∥fm,k1∥L2∥fn,k2∥L2}

≲2M+k2−2k1,++γk1−2k2,++γk2 min{2−3M/2+k1/6−2k2/3, 23min{k,k2}/2+k1/2+k2/2}ϵ21
(3.2.37)
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and

∥(3.2.21)∥L2

≲min{∥eicmt∆F−1∇ξ f̂m,k1∥L18/7∥eicnt∆fn,k2∥L9 ,

23min{k,k2}/2∥eicmt∆F−1∇ξ f̂m,k1∥L2∥eicnt∆fn,k2∥L2}

≲min{2−3M/2∥F−1∇ξ f̂m,k1∥L18/11∥fn,k2∥L9/8 , 2
3min{k,k2}/2∥F−1∇ξ f̂m,k1∥L2∥fn,k2∥L2}

≲2−2k1,++γk1−2k2,++γk2 min{2−3M/2−5k1/6−2k2/3, 23min{k,k2}/2−k1/2+k2/2}ϵ21.
(3.2.38)

Thus, we showed

∥∇ξF2,k∥L2

≲
∑

(k1,k2)∈χ3
k

∥∇ξF
1
k,k1,k2

∥L2

≲
∑

(k1,k2)∈χ3
k

∥(3.2.20) + (3.2.21) + (3.2.22)∥L2

≲2M+k−4k++2γk min{2−3M/2−k/2, 23k/2+k}ϵ21 + 2−4k++2γk min{2−3M/2−3k/2, 23k/2}ϵ21

≲2−4k++2γk(1 + 2M+2k)min{2−3M/2−3k/2, 23k/2}ϵ21.

Recall the estimate in (3.2.19), when M > −2k,

∥F2,k∥L2 ≲ 2−4k++2γk−3M/2−k/2ϵ21

and

∥∇ξF2,k∥L2 ≲ 2−4k++2γk(2−3M/2−3k/2 + 2−M/2+k/2)ϵ21 ≲ 2−4k++2γk−M/2+k/2ϵ21.
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By Lemma 2.1.1, we get

∥DαF2,k∥L2 ≲ ∥F2,k∥1−α
L2 ∥∇F2,k∥αL2

≲ 2−4k++2γk+(−3M/2−k/2)(1−α)+(−M/2+k/2)αϵ21

≲ 2−4k++2γk−3M/2+αM−k/2+αkϵ21

≲ 2−4k++2γk−M−(1/2−α)M−k/2+αkϵ21

≲ 2−4k++2γk−M+k−2αk−k/2+αkϵ21

= 2−4k++2γk−M+k/2−αkϵ21.

When M ≤ −2k,

∥F2,k∥L2 ≲ 2−4k++2γk+5k/2ϵ21

and

∥∇ξF2,k∥L2 ≲ 2−4k++2γk(23k/2 + 2M+7k/2)ϵ21 ≲ 2−4k++2γk+3k/2ϵ21,

hence

∥DαF2,k∥L2 ≲ ∥F2,k∥1−α
L2 ∥∇F2,k∥αL2

≲ 2−4k++2γk+5k/2(1−α)+α3k/2ϵ21

≲ 2−4k++2γk+5k/2−αkϵ21

≲ 2−4k++2γk−M+k/2−αkϵ21.

Therefore,

∥DαF2,k∥L2 ≲ 2−4k++2γk−M+k/2−αkϵ21 ≤ 2−2k++(1−α)γk−M+k/2−αkϵ21, (3.2.39)
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and (3.2.35) combined with (3.2.39) proves (3.2.15).

Moreover, from the computation above, we also have

∥∇ξF2,k∥L2 ≲ (1 + 2M/2+k)2−2k+−M−k/2ϵ21, (3.2.40)

and (3.2.16) is an immediate result of (3.2.34) and (3.2.40).

Lastly, using parts of the estimates we obtained in Lemma 3.2.2, we may conclude this

section with the following result for the L3 norm of the mixed derivatives.

Lemma 3.2.3. Under the assumption (1.2.8), we have for any t ∈ [2M−1, 2M ]

∥eiclt∆F−1∇ξ∂tf̂l,k(t, ξ)∥L3 ≲ 2−M−2k+ϵ21.

Proof. We will keep the definition of F1,k and F2,k same as in the proof of Lemma 3.2.2,

then it suffices to show

∥F−1e−iclt|ξ|2∇ξF1,k∥L3 + ∥F−1e−iclt|ξ|2∇ξF2,k∥L3 ≲ 2−M−2k+ϵ21.

Using Bernstein’s inequality in Lemma 2.5.1 and (3.2.34),

∥F−1e−iclt|ξ|2∇ξF1,k∥L3 ≲ 2k/2∥F−1e−iclt|ξ|2∇ξF1,k∥L2 ≲ 2−M−2k+ϵ21.

Next, from (3.2.17) we observe that

∥F−1e−iclt|ξ|2∇ξF2,k∥L3 ≤
∑

(k1,k2)∈χ3
k

∥F−1e−iclt|ξ|2∇ξF
1
k,k1,k2

∥L3
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and

F−1e−iclt|ξ|2∂ξlF
1
k,k1,k2

=F−1
∫
R3
e−icmt|ξ−η|2−icnt|η|2it∂ξlϕ(ξ, η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)dηψk(ξ) (3.2.41)

+ F−1
∫
R3
e−icmt|ξ−η|2−icnt|η|2∂ξl f̂m,k1(t, ξ − η)f̂n,k2(t, η)dηψk(ξ) (3.2.42)

+ F−1
∫
R3
e−icmt|ξ−η|2−icnt|η|2 f̂m,k1(t, ξ − η)f̂n,k2(t, η)dη∂ξlψk(ξ). (3.2.43)

By Bernstein’s inequality, (3.2.36), and (3.2.38), we have

∥(3.2.43)∥L3

≲2k/2
∥∥∥∥∫R3

eitϕ(ξ,η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)dη∂ξlψk(ξ)

∥∥∥∥
L2

=2k/2∥(3.2.22)∥L2

≲2−k/2−2k1,++γk1−2k2,++γk2 min{2−3M/2−k1/4−k2/4, 23min{k,k2}/2+k1/2+k2/2}ϵ21

and

∥(3.2.42)∥L3

≲2k/2
∥∥∥∥∫R3

eitϕ(ξ,η)∂ξl f̂m,k1(t, ξ − η)f̂n,k2(t, η)dηψk(ξ)

∥∥∥∥
L2

=2k/2∥(3.2.21)∥L2

≲2k/2−2k1,++γk1−2k2,++γk2 min{2−3M/2−5k1/6−2k2/3, 23min{k,k2}/2−k1/2+k2/2}ϵ21.

Lastly, using the L6 × L6 → L3 bilinear estimate, Lemma 2.4.1, Lemma 2.3.3 and Lemma

2.5.3, we obtain

∥(3.2.41)∥L3
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≲2M∥F−1∂ξlϕ(ξ, η)ψ̃k(ξ)ψ̃k2(η)∥L1∥eicmt∆fm,k1∥L6∥eicnt∆fn,k2∥L6

≲2M+k−2M∥fm,k1∥L6/5∥fn,k2∥L6/5 ≲ 2−M+k2−2k1,++γk1−2k2,++γk2−k1/2−k2/2ϵ21.

Summarizing the bounds above, we have

∥F−1e−iclt|ξ|2∇ξF2,k∥L3 ≲
∑

(k1,k2)∈χ3
k

∥(3.2.41) + (3.2.42) + (3.2.43)∥L3

≲2−M−4k++2γkϵ21 + 2−4k++2γk min{2−3M/2−k, 22k}ϵ21

≲2−M−4k++2γkϵ21

≲2−M−2k+ϵ21.
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CHAPTER 4

PROOF OF THEOREM 1.2.1

Assume the initial condition ∥ul0∥H10 + ∥e−icl∆ul0∥Z ≤ ϵ0. The local well-posedness in

Proposition 5.0.1 gives the bootstrap assumption (1.2.8).

First, we perform an energy estimate to bound the term ∥ul(t, x)∥H10
x

= ∥eiclt∆fl(t, x)∥H10
x

=

∥fl(t, x)∥H10
x

. Take any t ∈ [1, T ], by the initial condition (1.2.6), the assumption (1.2.8),

and the estimation in Lemma 3.2.1

∥ul(t, x)∥2H10
x

≲ ∥ul0∥2H10
x

+
∑
k∈Z

∫ t

1
∂s∥fl,k(s, x)∥2H10

x
ds

= ϵ20 +
∑
k∈Z

∫ t

1
∂s∥(1 + |ξ|2)5f̂l,k(s, ξ)∥2L2

ξ
ds

= ϵ20 +
∑
k∈Z

∫ t

1
∂s

∫
R3

(1 + |ξ|2)10f̂l,k(s, ξ)
¯̂
fl,k(s, ξ)dξds

≲ ϵ20 +
∑
k∈Z

∫ t

1
220k+

∫
R3
∂sf̂l,k(s, ξ)

¯̂
fl,k(s, ξ) + f̂l,k(s, ξ)∂s

¯̂
fl,k(s, ξ)dξds

≲ ϵ20 +
∑
k∈Z

∫ t

1
220k+∥f̂l,k(s, ξ)∥L2

ξ
∥∂sf̂l,k(s, ξ)∥L2

ξ
ds

≲ ϵ20 +
∑
k∈Z

∫ t

1
220k+−10k+∥f̂l,k(s, ξ)∥L2

ξ

ϵ21
s1+γ/2

ds

≲ ϵ20 + ∥fl∥L∞
t ([1,T ])H10

x

∫ t

1

ϵ21
s1+γ/2

ds

≲ ϵ20 + ∥fl∥L∞
t ([1,T ])H10

x

ϵ21
γ

≲ ϵ20 + ϵ31 ≲ ϵ20.

Next, we use the result below whose proof is given in Chapter 6.

Proposition 4.0.1. Under assumption (1.2.8),

∥e−iclt∆ul(t, x)∥Z = ∥fl(t, x)∥Z ≲ ϵ0 (4.0.1)
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for all l and t ∈ [1, T ].

Hence,

sup
t∈[1,T ]

∥ul(t, x)∥H10
x

+ ∥e−iclt∆ul(t, x)∥Z ≲ ϵ0.

Define

T+ =sup{T > 1 : {ul} is a solution to (1.2.1) s.t.

sup
l

sup
t∈[1,T ]

∥ul(t, x)∥H10
x

+ ∥e−iclt∆ul(t, x)∥Z ≤ ϵ1}.

Suppose T+ <∞, then

sup
l

sup
t∈[1,T+]

∥ul(t, x)∥H10
x

+ ∥e−iclt∆ul(t, x)∥Z ≲ ϵ0 < ϵ1,

given ϵ0 sufficiently small. Hence, by local well-posedness, there exists some T ′ > T+ such

that {ũl} solves (1.2.1) and

sup
l

sup
t∈[1,T ′]

∥ũl(t, x)∥H10
x

+ ∥e−iclt∆ũl(t, x)∥Z ≤ ϵ1,

which gives a contradiction and shows T+ = ∞.

Thus, we can conclude

sup
t∈[1,∞)

∥ul(t, x)∥H10
x

+ ∥e−iclt∆ul(t, x)∥Z ≲ ϵ0, (4.0.2)

which proves the existence of a global solution to the IVP (1.2.1) provided ϵ0 sufficiently

small. The uniqueness follows from the uniqueness for local well-posedness in Proposition

5.0.1.

Furthermore, as a result of (4.0.2) above and (3.1.8), for any integer M ≥ 1 and t ∈
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[2M−1, 2M ]

∥ul(t, x)∥L∞
x

≲
∑
k∈Z

∥eiclt∆fl,k∥L∞
x

≲
∑
k∈Z

min{2−3M/2+γM/8−2k++γk+γk/4−k, 2γk−2k++2k}ϵ0

≲
∑

k≤−M/2

2γk−2k++2kϵ0 +
∑

k>−M/2

2−3M/2+γM/8−2k++γk+γk/4−kϵ0

≲ 2−M(1+γ/2)ϵ0 ≲ t−(1+γ/2)ϵ0,

which proves (1.2.7).

Lastly, we show the scattering result. Since we now have

sup
t∈[1,∞)

∥ul(t, x)∥H10
x

+ ∥e−iclt∆ul(t, x)∥Z = sup
t∈[1,∞)

∥fl(t, x)∥H10
x

+ ∥fl(t, x)∥Z ≲ ϵ0,

we know ∥∂tf̂l,k(t, x)∥L2
x
≲ 2−10k+t−1−γ/2ϵ20 for all t ≥ 1 from Lemma 3.2.1. Then for any

1 ≤ t1 < t2,

∥fl(t2, x)− fl(t1, x)∥2H10
x

≲
∑
k∈Z

∫ t2

t1

∂s∥fl,k(s, x)∥2H10
x
ds

≲
∑
k∈Z

∫ t2

t1

220k+
∫
R3
∂sf̂l,k(s, ξ)

¯̂
fl,k(s, ξ) + f̂l,k(s, ξ)∂s

¯̂
fl,k(s, ξ)dξds

≲
∑
k∈Z

∫ t2

t1

220k+∥f̂l,k(s, x)∥L2
x
∥∂sf̂l,k(s, x)∥L2

x
ds

≲
∑
k∈Z

∫ t2

t1

220k+−10k+∥f̂l,k(s, x)∥L2
ϵ20

s1+γ/2
ds

≲∥fl(t, x)∥L∞
t ([1,∞))H10

x

∫ t2

t1

ϵ20
s1+γ/2

ds
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≲
ϵ30
γ
(

1

t
γ/2
1

− 1

t
γ/2
2

).

Thus, f̃n(x) = fl(n, x) forms a Cauchy sequence in H10(R3). Hence, there exists some

u∗(x) ∈ H10(R3) so that ∥fl(n, x) − u∗(x)∥H10 → 0 as n → ∞. If ⌊t⌋ denote the integer

part of t, then

∥fl(t, x)− u∗(x)∥H10
x

≤ ∥fl(⌊t⌋, x)− u∗(x)∥H10
x

+ ∥fl(t, x)− fl(⌊t⌋, x)∥H10
x

implies ∥ul(t, x)− eiclt∆u∗(x)∥H10
x

= ∥fl(t, x)− u∗(x)∥H10
x

→ 0 as t→ ∞.
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CHAPTER 5

PROOF OF LOCAL WELL-POSEDNESS

The following local well-posedness result is essential for us to make the bootstrap assumption

(1.2.8). The result indicates that if we start at any time t0 > 1 and have initial data ul0

with e−iclt0∆ul0 bounded in the H10 ∩Z space, we can find a unique solution to the partial

differential equation that exists on the time interval [t0, T ] where T is only dependent on the

starting time t0 and the size of our initial data. The proof uses Duhamel’s integral equation

and is based on the contraction mapping principle.

Proposition 5.0.1 (local well-posedness). Given t0 ≥ 1. If ∥ul0∥H10 + ∥e−iclt0∆ul0∥Z ≤ ϵ

for some ϵ > 0, then there exists T = T (t0, ϵ) > t0 so that the equation


∂tul = icl∆ul +

∑
cm+cn ̸=0Almnumun +

∑
cm+cn=0AlmnQ(um, un)

ul|t=t0 = ul0

, (5.0.1)

has a unique solution ul(t, x) such that e−iclt∆ul(t, x) ∈ C([t0, T ];H10 ∩ Z).

Proof. Define an operator

Ψ(f⃗)l(t, x) =e
−iclt0∆ul0 +

∫ t

t0

e−icls∆
( ∑

cm+cn=0
m≥n

AlmnQ(e
icms∆fm, e

icns∆fn)+

+
∑

cm+cn ̸=0
m≥n

Almn(e
icms∆fm)(eicns∆fn)

)
ds.

We shall show there exists some T > t0 and r > 0 such that for

X = {f⃗ ∈
∏
l

C([t0, T ];H10 ∩ Z) : sup
l

sup
t∈[t0,T ]

∥fl∥H10
x

+ ∥fl∥Z ≤ r},
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Ψ : X → X, and furthermore, Ψ is a contraction map.

Take an arbitrary f⃗ ∈ X and t ∈ [t0, T ]. Our goal is to establish bounds for ∥Ψ(f⃗)l∥H10
x

and

∥Ψ(f⃗)l∥Z . These bounds will rely on the initial data u0, the radius r, and the time interval

[t0, T ]. To proceed, we need to compute

∥Ψ(f⃗)l∥H10
x

≤∥e−iclt0∆ul0∥H10 + (T − t0)
∑

cm+cn=0
m≥n

Almn∥e−icls∆Q(eicms∆fm, e
icns∆fn)∥L∞

s ([t0,T ])H10
x
+

+ (T − t0)
∑

cm+cn ̸=0
m≥n

Almn∥(eicms∆fm)(eicns∆fn)∥L∞
s ([t0,T ])H10

x

≤∥ul0∥H10 + (T − t0)
∑

cm+cn=0
m≥n

Almn∥(1 + |ξ|2)5FQ(eicms∆fm, e
icns∆fn)∥L∞

s ([t0,T ])L
2
ξ
+

+ (T − t0)
∑

cm+cn ̸=0
m≥n

Almn∥eicms∆fm∥L∞
s ([1,T ])H10

x
∥eicns∆fn∥L∞

s ([t0,T ])H10
x
.

Using the L2 × L∞ → L2 bilinear estimate in Lemma 2.2.1 and Bernstein’s inequality in

Lemma 2.5.1, we have

∑
cm+cn=0

m≥n

Almn∥(1 + |ξ|2)5FQ(eicms∆fm, e
icns∆fn)∥L∞

s ([t0,T ])L
2
ξ

≤
∑

cm+cn=0
m≥n

Almn

∥∥∥∥ ∑
k,k1,k2∈Z

210k+ψk(ξ)

∫
R3
q(ξ − η, η)×

× e−icms|ξ−η|2 f̂m,k1(s, ξ − η)e−icns|η|2 f̂n,k2(s, η)dη

∥∥∥∥
L∞
s ([t0,T ])L

2
ξ

≤
∑

cm+cn=0
m≥n

Almn

∥∥∥∥ ∑
k1,k2∈Z

∑
k≤max{k1,k2}+1

210k+ψk(ξ)

∫
R3
q(ξ − η, η)×

× e−icms|ξ−η|2 f̂m,k1(s, ξ − η)e−icns|η|2 f̂n,k2(s, η)dη

∥∥∥∥
L∞
s ([t0,T ])L

2
ξ
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≤
∑

cm+cn=0

Almn

∥∥∥∥ ∑
k1∈Z

∑
k2≤k1

∑
k≤k1

210k++ϵk−∥eicms∆fm,k1∥L2
x
∥eicns∆fn,k2∥L∞

x

∥∥∥∥
L∞
s ([t0,T ])

≲
∑

cm+cn=0

Almn

∥∥∥∥ ∑
k1∈Z

∑
k2≤k1

210k1,+∥eicms∆fm,k1∥L2
x
23k2/2∥eicns∆fn,k2∥L2

x

∥∥∥∥
L∞
s ([t0,T ])

≲
∑

cm+cn=0

Almn

∥∥∥∥ ∑
k1∈Z

∑
k2≤k1

210k1,+∥fm,k1∥L2
x
210k2,+∥fn,k2∥L2

x

∥∥∥∥
L∞
s ([t0,T ])

≲
∑

cm+cn=0

Almn∥fm∥L∞
s ([t0,T ])H10

x
∥fn∥L∞

s ([t0,T ])H10
x
.

Hence, there is some constant C > 0 independent of f so that

∥Ψ(f⃗)l∥L∞
t ([t0,T ])H10

x

≲∥ul0∥H10 +
∑

cm+cn=0

Almn(T − t0)∥fm∥L∞
t ([1,T ])H10

x
∥fn∥L∞

t ([t0,T ])H10
x

≤∥ul0∥H10 + C(T − t0)r
2.

Next, we move on to bounding the Z norm

∥Ψ(f⃗)l∥Z ≤∥e−i∆ul0∥Z + (T − t0) sup
k∈Z

2−γk+2k++k/2+αk
∥∥∥∥D1+α

ξ Fe−icls∆×

×
( ∑

cm+cn=0
m≥n

AlmnQ(e
icms∆fm, e

icns∆fn)+

+
∑

cm+cn ̸=0
m≥n

Almn(e
icms∆fm)(eicns∆fn)

)
ψk(ξ)

∥∥∥∥
L∞
s ([t0,T ])L

2
ξ

,

where according to the computation on page 37 and (3.2.4),

Fe−icls∆
( ∑

cm+cn=0
m≥n

AlmnQ(e
icms∆fm, e

icns∆fn) +
∑

cm+cn ̸=0
m≥n

Almn(e
icms∆fm)(eicns∆fn)

)
ψk(ξ)
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=
∑

cm+cn=0
m≥n

Almn

∑
k1,k2∈Z

∫
R3
eisϕ(ξ,η)q(ξ − η, η)f̂m,k1(s, ξ − η)f̂n,k2(s, η)ψk(ξ)dη

+
∑

cm+cn ̸=0
m≥n

Almn

∑
k1,k2∈Z

∫
R3
eisϕ(ξ,η)f̂m,k1(s, ξ − η)f̂n,k2(x, η)ψk(ξ)dη

=
∑

cm+cn=0
m≥n

Almn

∑
(k1,k2)∈χ2

k∪χ
3
k

∫
R3
eisϕ(ξ,η)q(ξ − η, η)f̂m,k1(s, ξ − η)f̂n,k2(s, η)ψk(ξ)dη

+
∑

cm+cn ̸=0
m≥n

Almn

∑
(k1,k2)∈χ2

k∪χ
3
k

∫
R3
eisϕ(ξ,η)f̂m,k1(s, ξ − η)f̂n,k2(s, η)ψk(ξ)dη

+
∑

cm+cn ̸=0

Almn

∑
(k1,k2)∈χ1

k

∫
R3
eisϕ(ξ,η)q(ξ − η, η)f̂m,k1(s, ξ − η)f̂n,k2(s, η)ψk(ξ)dη

+
∑

cm+cn=0

Almn

∑
(k1,k2)∈χ1

k

∫
R3
eisϕ(ξ,η)f̂m,k1(s, ξ − η)f̂n,k2(s, η)ψk(ξ)dη,

for ϕ(ξ, η) = cl|ξ|2−cm|ξ−η|2−cn|η|2. Since D1+α
ξ = Dα

ξ ∇ξ, we look at the first derivative

in ξ for each term above,

∂ξl

∫
R3
eisϕ(ξ,η)f̂m,k1(s, ξ − η)f̂n,k2(s, η)ψk(ξ)dη

=

∫
R3
eisϕ(ξ,η)is∂ξlϕ(ξ, η)f̂m,k1(s, ξ − η)f̂n,k2(s, η)ψk(ξ)dη (5.0.2)

+

∫
R3
eisϕ(ξ,η)∂ξl f̂m,k1(s, ξ − η)f̂n,k2(s, η)ψk(ξ)dη (5.0.3)

+

∫
R3
eisϕ(ξ,η)f̂m,k1(s, ξ − η)f̂n,k2(s, η)∂ξlψk(ξ)dη (5.0.4)

and

∂ξl

∫
R3
eisϕ(ξ,η)q(ξ − η, η)f̂m,k1(s, ξ − η)f̂n,k2(s, η)ψk(ξ)dη

=

∫
R3
eisϕ(ξ,η)is∂ξlϕ(ξ, η)q(ξ − η, η)f̂m,k1(s, ξ − η)f̂n,k2(s, η)ψk(ξ)dη (5.0.5)

+

∫
R3
eisϕ(ξ,η)∂ξlq(ξ − η, η)f̂m,k1(s, ξ − η)f̂n,k2(s, η)ψk(ξ)dη (5.0.6)

66



+

∫
R3
eisϕ(ξ,η)q(ξ − η, η)∂ξl f̂m,k1(s, ξ − η)f̂n,k2(s, η)ψk(ξ)dη (5.0.7)

+

∫
R3
eisϕ(ξ,η)q(ξ − η, η)f̂m,k1(s, ξ − η)f̂n,k2(s, η)∂ξlψk(ξ)dη. (5.0.8)

Split the terms in the first derivative according to the number of derivatives on fm,k1 and

define

F 0
k,k1,k2

= (5.0.2) + (5.0.4) + (5.0.5) + (5.0.6) + (5.0.8),

F 1
k,k1,k2

= (5.0.3) + (5.0.7).

From condition (1.2.2) on the multiplier q, Lemma 2.3.2, and Lemma 2.3.3, we know

∥F−1∂ξlϕ(ξ, η)ψ̃k(ξ)ψ̃k2(η)∥L1 + ∥F−1∂ξlϕ(ξ, η)q(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1

≲2k + 2k2 ≲ 2k1

and

∥F−1∇ξq(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1 ≲ 2ϵk−−k.

Then, by Lemma 2.2.2,

∥F 0
k,k1,k2

(s, ξ)∥L2
ξ

≲(T2k1 + 2ϵk−−k + ∥∇ψk∥L∞)∥fm,k1(s, x)∥L2
x
23min{k,k2}/2∥fn,k2(s, x)∥L2

x

≲(T2k1 + 2−k)∥fm,k1(s, x)∥L2
x
23min{k,k2}/2∥fn,k2(s, x)∥L2

x

(5.0.9)

and

∥F 1
k,k1,k2

(s, ξ)∥L2
ξ
≲ ∥∇ξ f̂m,k1(s, ξ)∥L2

ξ
23min{k,k2}/2∥fn,k2(s, x)∥L2

x
. (5.0.10)
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In order to bound the 1 + α derivatives, we take another derivative in ξ and get

∂ξm [(5.0.2) + (5.0.4)]

=

∫
R3
eisϕ(ξ,η)is∂ξm∂ξlϕ(ξ, η)f̂m,k1(s, ξ − η)f̂n,k2(s, η)ψk(ξ)dη

−
∫
R3
eisϕ(ξ,η)s2∂ξlϕ(ξ, η)∂ξmϕ(ξ, η)f̂m,k1(s, ξ − η)f̂n,k2(s, η)ψk(ξ)dη

+

∫
R3
eisϕ(ξ,η)is∂ξlϕ(ξ, η)∂ξm f̂m,k1(s, ξ − η)f̂n,k2(s, η)ψk(ξ)dη

+ 2

∫
R3
eisϕ(ξ,η)is∂ξlϕ(ξ, η)f̂m,k1(s, ξ − η)f̂n,k2(s, η)∂ξmψk(ξ)dη

+

∫
R3
eisϕ(ξ,η)∂ξm f̂m,k1(s, ξ − η)f̂n,k2(s, η)∂ξlψk(ξ)dη

+

∫
R3
eisϕ(ξ,η)f̂m,k1(s, ξ − η)f̂n,k2(s, η)∂ξm∂ξlψk(ξ)dη,

∂ξm(5.0.3) =
∫
R3
eisϕ(ξ,η)is∂ξmϕ(ξ, η)∂ξl f̂m,k1(s, ξ − η)f̂n,k2(s, η)ψk(ξ)dη

+

∫
R3
eisϕ(ξ,η)∂ξm∂ξl f̂m,k1(s, ξ − η)f̂n,k2(s, η)ψk(ξ)dη

+

∫
R3
eisϕ(ξ,η)∂ξl f̂m,k1(s, ξ − η)f̂n,k2(s, η)∂ξmψk(ξ)dη,

∂ξm [(5.0.5) + (5.0.6) + (5.0.8)]

=−
∫
R3
eisϕ(ξ,η)s2∂ξlϕ(ξ, η)∂ξmϕ(ξ, η)q(ξ − η, η)f̂m,k1(s, ξ − η)f̂n,k2(s, η)ψk(ξ)dη

+

∫
R3
eisϕ(ξ,η)is∂ξm∂ξlϕ(ξ, η)q(ξ − η, η)f̂m,k1(s, ξ − η)f̂n,k2(s, η)ψk(ξ)dη

+ 2

∫
R3
eisϕ(ξ,η)is∂ξlϕ(ξ, η)∂ξmq(ξ − η, η)f̂m,k1(s, ξ − η)f̂n,k2(s, η)ψk(ξ)dη

+

∫
R3
eisϕ(ξ,η)is∂ξlϕ(ξ, η)q(ξ − η, η)∂ξm f̂m,k1(s, ξ − η)f̂n,k2(s, η)ψk(ξ)dη

+ 2

∫
R3
eisϕ(ξ,η)is∂ξlϕ(ξ, η)q(ξ − η, η)f̂m,k1(s, ξ − η)f̂n,k2(s, η)∂ξmψk(ξ)dη

+

∫
R3
eisϕ(ξ,η)∂ξm∂ξlq(ξ − η, η)f̂m,k1(s, ξ − η)f̂n,k2(s, η)ψk(ξ)dη
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+

∫
R3
eisϕ(ξ,η)∂ξlq(ξ − η, η)∂ξm f̂m,k1(s, ξ − η)f̂n,k2(s, η)ψk(ξ)dη

+ 2

∫
R3
eisϕ(ξ,η)∂ξlq(ξ − η, η)f̂m,k1(s, ξ − η)f̂n,k2(s, η)∂ξmψk(ξ)dη

+

∫
R3
eisϕ(ξ,η)q(ξ − η, η)∂ξm f̂m,k1(s, ξ − η)f̂n,k2(s, η)∂ξlψk(ξ)dη

+

∫
R3
eisϕ(ξ,η)q(ξ − η, η)f̂m,k1(s, ξ − η)f̂n,k2(s, η)∂ξl∂ξmψk(ξ)dη,

and

∂ξm(5.0.7) =
∫
R3
eisϕ(ξ,η)is∂ξmϕ(ξ, η)q(ξ − η, η)∂ξl f̂m,k1(s, ξ − η)f̂n,k2(s, η)ψk(ξ)dη

+

∫
R3
eisϕ(ξ,η)∂ξmq(ξ − η, η)∂ξl f̂m,k1(s, ξ − η)f̂n,k2(s, η)ψk(ξ)dη

+

∫
R3
eisϕ(ξ,η)q(ξ − η, η)∂ξm∂ξl f̂m,k1(s, ξ − η)f̂n,k2(s, η)ψk(ξ)dη

+

∫
R3
eisϕ(ξ,η)q(ξ − η, η)∂ξl f̂m,k1(s, ξ − η)f̂n,k2(s, η)∂ξmψk(ξ)dη.

Using Lemma 2.3.2, Lemma 2.3.3, and (1.2.2), we have

∥F−1∂ξlϕ(ξ, η)∂ξmϕ(ξ, η)ψ̃k(ξ)ψ̃k2(η)∥L1+

+ ∥F−1∂ξlϕ(ξ, η)∂ξmϕ(ξ, η)q(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1 ≲ 22k1

and

∥F−1∇2
ξq(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1 ≲ 2ϵk−−2k.
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Hence, employing Lemma 2.2.2, we obtain

∥∇ξF
0
k,k1,k2

(s, ξ)∥L2
ξ

≲(T + T 222k1 + T2k1∥∇ψk∥L∞ + T2k1+ϵk−−k + ∥∇2ψk∥L∞ + 2ϵk−−2k+

+ 2ϵk−−k∥∇ψk∥L∞)∥fm,k1(s, x)∥L2
x
23min{k,k2}/2∥fn,k2(s, x)∥L2

x
+

+ (T2k1 + ∥∇ψk∥L∞ + 2ϵk−−k)∥F−1∇ξ f̂m,k1(s, ξ)∥L2
x
23min{k,k2}/2∥fn,k2(s, x)∥L2

x

≲(T + T 222k1 + T2k1−k + 2−2k)∥fm,k1(s, x)∥L2
x
23min{k,k2}/2∥fn,k2(s, x)∥L2

x
+

+ (T2k1 + 2−k)∥F−1∇ξ f̂m,k1(s, ξ)∥L2
x
23min{k,k2}/2∥fn,k2(s, x)∥L2

x

(5.0.11)

and

∥∇ξF
1
k,k1,k2

(s, ξ)∥L2
ξ

≲(T2k1 + ∥∇ψk∥L∞ + 2ϵk−−k)∥F−1∇ξ f̂m,k1(s, ξ)∥L2
x
23min{k,k2}/2∥fn,k2(s, x)∥L2

x
+

+ ∥F−1∇2
ξ f̂m,k1(s, ξ)∥L2

x
23min{k,k2}/2∥fn,k2(s, x)∥L2

x

≲(T2k1 + 2−k)∥∇ξ f̂m,k1(s, ξ)∥L2
ξ
23min{k,k2}/2∥fn,k2(s, x)∥L2

x
+

+ ∥∇2
ξ f̂m,k1(s, ξ)∥L2

ξ
23min{k,k2}/2∥fn,k2(s, x)∥L2

x

≲T2k1∥∇ξ f̂m,k1(s, ξ)∥L2
ξ
23min{k,k2}/2∥fn,k2(s, x)∥L2

x
+

+ (1 + 2−k+k1)∥∇2
ξ f̂m,k1(s, ξ)∥L2

ξ
23min{k,k2}/2∥fn,k2(s, x)∥L2

x

≲(T2k1 + 2−k+k1 + 1)∥f̂m,k1(s, ξ)∥H2
ξ
23min{k,k2}/2∥fn,k2(s, x)∥L2

x
.

(5.0.12)

since (2.5.1) implies ∥∇ξ f̂m,k1∥L2
ξ
≲ 2k1∥∇2

ξ f̂m,k1∥L2
ξ
.

Using Lemma 3.1.1, f ∈ X implies for any t ∈ [t0, T ]

∥f̂l,k∥H1
ξ
≲ 2−2k++γk−k/2r, ∥f̂l,k∥H1+α

ξ
≲ 2−2k++γk−k/2−αkr, (5.0.13)

and (3.1.5), (3.1.7) implies ∥fl,k∥L∞
s ([t0,T ])L2

x
≲ min{2−2k++γk+k/2, 2−10k+}r.
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Thus, as a result of Lemma 2.1.1,

∥DαF 0
k,k1,k2

(s, ξ)∥L2
ξ
≤ ∥F 0

k,k1,k2
(s, ξ)∥1−α

L2
ξ

∥∇ξF
0
k,k1,k2

(s, ξ)∥α
L2
ξ
,

and using (5.0.9) and (5.0.11), we have

∑
(k1,k2)∈χ1

k

∥DαF 0
k,k1,k2

(s, ξ)∥L2
ξ

≲
∑

(k1,k2)∈χ1
k

(T2k1 + 2−k + T + T 222k1 + T2k1−k + 2−2k)∥fm,k1(s, x)∥
1−α
L2
x

×

× ∥F−1∇ξ f̂m,k1(s, ξ)∥
α
L2
x
23k2/2∥fn,k2(s, x)∥L2

x

≲
∑
k2≤k

(T2k + 2−k + T + T 222k + 2−2k)min{2−2k++γk+k/2−αk, 2−6k+}r×

× 23k2/2∥fn,k2(s, x)∥L2
x

≲
∑
k2≤k

(T22k + 1 + T2k + T 223k + 2−k)2−2k++γk−k/2−αk×

×min{1, 2−4k+−γk−k/2+αk}r23k2/2∥fn,k2(s, x)∥L2
x

≲2−2k++γk−k/2−αk(1 + T2k + T22k + T 223k)×

×min{1, 2−4k+−γk−k/2+αk}r
∑
k2≤k

210k2,+∥fn,k2(s, x)∥L2
x

≲2−2k++γk−k/2−αkT 2r∥fn∥L∞
s ([t0,T ])H10

x

and

∑
(k1,k2)∈χ2

k∪χ
3
k

∥DαF 0
k,k1,k2

(s, ξ)∥L2
ξ

≲
∑

(k1,k2)∈χ2
k∪χ

3
k

(T2k2 + 2−k + T + T 222k2 + T2k2−k + 2−2k)×

× ∥fm,k1(s, x)∥
1−α
L2
x

∥F−1∇ξ f̂m,k1(s, ξ)∥
α
L2
x
23k/2∥fn,k2(s, x)∥L2

x
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≲
∑

k2≥k−2a−2

(T2k2 + 2−k + T 222k2 + T2k2−k + 2−2k)×

× 2−2k2,++γk2+k2/2−αk2r23k/2∥fn,k2(s, x)∥L2
x

=2−k/2
∑

k2≥k−2a−2

(T23k2/2+2k + 2k+k2/2 + T 225k2/2+2k + T23k2/2+k + 2k2/2)×

× 2−2k2,++γk2−αk2r∥fn,k2(s, x)∥L2
x

≲2−2k++γk−k/2−αkT 2r
∑

k2≥k−2a−2

210k2,+∥fn,k2(s, x)∥L2
x

≲2−2k++γk−k/2−αkT 2r∥fn∥L∞
s ([t0,T ])H10

x
.

For the estimation of F 1
k,k1,k2

, we will use the interpolation result in Lemma 2.1.2. We can

define a family of operators on the strip {z ∈ C : 0 ≤ ℜ(z) ≤ 1}

Tz ĝ(s, ξ) = Dz
ξ

(∫
R3
eisϕ(ξ,η)∂ξl ĝk1(s, ξ − η)f̂n,k2(s, η)ψk(ξ)dη

+

∫
R3
eisϕ(ξ,η)q(ξ − η, η)∂ξl ĝk1(s, ξ − η)f̂n,k2(s, η)ψk(ξ)dη

)
.

From (5.0.10) and (5.0.12), we know

∥T0+iy ĝ(s, ξ)∥L2
ξ
≲∥∇ξ ĝk1(s, ξ)∥L2

ξ
23min{k,k2}/2∥fn,k2(s, x)∥L2

x

≤∥ĝ(s, ξ)∥H1
ξ
23min{k,k2}/2∥fn,k2(s, x)∥L2

x

and

∥T1+iy ĝ(s, ξ)∥L2
ξ
≲(T2k1 + 2−k+k1 + 1)∥∇2

ξ ĝk1(s, ξ)∥L2
ξ
23min{k,k2}/2∥fn,k2(s, x)∥L2

x

≤(T2k1 + 2−k+k1 + 1)∥ĝ(s, ξ)∥H2
ξ
23min{k,k2}/2∥fn,k2(s, x)∥L2

x
.
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Thus, by the interpolation result in Lemma 2.1.2,

∥DαF 1
k,k1,k2

(s, ξ)∥L2
ξ
=∥Tα(f̂ ψ̃k1)(s, ξ)∥L2

ξ

≲(T2k1 + 2−k+k1 + 1)∥f̂m,k1(s, ξ)∥H1+α
ξ

23min{k,k2}/2∥fn,k2(s, x)∥L2
x
,

and (5.0.13) implies for any s ∈ [t0, T ]

∑
(k1,k2)∈χ2

k∪χ
3
k

∥DαF 1
k,k1,k2

(s, ξ)∥L2
ξ

≲
∑

(k1,k2)∈χ2
k∪χ

3
k

(T2k2 + 2−k+k1 + 1)2−2k1,++γk1−k1/2−αk1r23k/2∥fn,k2(s, x)∥L2
x

≲2−2k++γk−k/2−αk
∑

k2≥k−2a−2

(T2k2+3k/2 + 2k2+k/2)2(γ−1/2−α)(k2−k)r∥fn,k2(s, x)∥L2
x

≲2−2k++γk−k/2−αkTr
∑

k2≥k−2a−2

210k2,+∥fn,k2(s, x)∥L2
x

≲2−2k++γk−k/2−αkTr∥fn∥L∞
s ([t0,T ])H10

x
.

For (k1, k2) ∈ χ1k, we need a new bound for ∥∇F 1
k,k1,k2

∥L2 . Using the identity

∑
j

∂ηjϕ

it|∇ηϕ|2
∂ηje

itϕ(ξ,η) = eitϕ(ξ,η),

we have

∂ξm(5.0.3) = −
∫
R3
eisϕ(ξ,η)∂ηj

∂ηjϕ(ξ, η)∂ξmϕ(ξ, η)

|∇ηϕ|2
∂ξl f̂m,k1(s, ξ − η)f̂n,k2(s, η)ψk(ξ)dη

−
∫
R3
eisϕ(ξ,η)

∂ηjϕ(ξ, η)∂ξmϕ(ξ, η)

|∇ηϕ|2
∂ηj∂ξl f̂m,k1(s, ξ − η)f̂n,k2(s, η)ψk(ξ)dη

−
∫
R3
eisϕ(ξ,η)

∂ηjϕ(ξ, η)∂ξmϕ(ξ, η)

|∇ηϕ|2
∂ξl f̂m,k1(s, ξ − η)∂ηj f̂n,k2(s, η)ψk(ξ)dη

+

∫
R3
eisϕ(ξ,η)∂ξm∂ξl f̂m,k1(s, ξ − η)f̂n,k2(s, η)ψk(ξ)dη
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+

∫
R3
eisϕ(ξ,η)∂ξl f̂m,k1(s, ξ − η)f̂n,k2(s, η)∂ξmψk(ξ)dη,

and

∂ξm(5.0.7)

=−
∫
R3
eisϕ(ξ,η)∂ηj

∂ηjϕ(ξ, η)∂ξmϕ(ξ, η)

|∇ηϕ|2
q(ξ − η, η)∂ξl f̂m,k1(s, ξ − η)f̂n,k2(s, η)ψk(ξ)dη

−
∫
R3
eisϕ(ξ,η)

∂ηjϕ(ξ, η)∂ξmϕ(ξ, η)

|∇ηϕ|2
∂ηjq(ξ − η, η)∂ξl f̂m,k1(s, ξ − η)f̂n,k2(s, η)ψk(ξ)dη

−
∫
R3
eisϕ(ξ,η)

∂ηjϕ(ξ, η)∂ξmϕ(ξ, η)

|∇ηϕ|2
q(ξ − η, η)∂ηj∂ξl f̂m,k1(s, ξ − η)f̂n,k2(s, η)ψk(ξ)dη

−
∫
R3
eisϕ(ξ,η)

∂ηjϕ(ξ, η)∂ξmϕ(ξ, η)

|∇ηϕ|2
q(ξ − η, η)∂ξl f̂m,k1(s, ξ − η)∂ηj f̂n,k2(s, η)ψk(ξ)dη

+

∫
R3
eisϕ(ξ,η)∂ξmq(ξ − η, η)∂ξl f̂m,k1(s, ξ − η)f̂n,k2(s, η)ψk(ξ)dη

+

∫
R3
eisϕ(ξ,η)q(ξ − η, η)∂ξm∂ξl f̂m,k1(s, ξ − η)f̂n,k2(s, η)ψk(ξ)dη

+

∫
R3
eisϕ(ξ,η)q(ξ − η, η)∂ξl f̂m,k1(s, ξ − η)f̂n,k2(s, η)∂ξmψk(ξ)dη.

Since (3.2.9) implies

∥F−1∂ηj
∂ηjϕ(ξ, η)∂ξmϕ(ξ, η)

|∇ηϕ|2
ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1 ≲ 2−k1

and

∥F−1∂ηjϕ(ξ, η)∂ξmϕ(ξ, η)

|∇ηϕ|2
ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1 ≲ 1,

and ∇ηϕ(ξ, η) = 2cnξ when cn + cm = 0 implies

∥F−1∂ηj
∂ηjϕ(ξ, η)∂ξmϕ(ξ, η)

|∇ηϕ|2
q(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1+
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+ ∥F−1∂ηjϕ(ξ, η)∂ξmϕ(ξ, η)

|∇ηϕ|2
∂ηjq(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1 ≲ 2ϵk−−k2

and

∥F−1∂ηjϕ(ξ, η)∂ξmϕ(ξ, η)

|∇ηϕ|2
q(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1 ≲ 2ϵk− ,

we have

∥∇F 1
k,k1,k2

∥L2
ξ
≲(1 + 2−k2)∥f̂m,k1(s, ξ)∥H2

ξ
23min{k,k2}/2∥fn,k2(s, x)∥L2

x

+ ∥f̂m,k1(s, ξ)∥H2
ξ
23min{k,k2}/2∥∇ξ f̂n,k2(s, ξ)∥L2

ξ

≲(1 + 2k2)∥f̂m,k1(s, ξ)∥H2
ξ
23min{k,k2}/2∥∇ξ f̂n,k2(s, ξ)∥L2

ξ
.

Thus, by the interpolation result in Lemma 2.1.2,

∥DαF 1
k,k1,k2

(s, ξ)∥L2
ξ

≲(1 + 2k2)∥f̂m,k1(s, ξ)∥H1+α
ξ

23min{k,k2}/2∥fn,k2(s, x)∥
1−α
L2
x

∥f̂n,k2(s, ξ)∥
α
H1

ξ
,

and (3.1.3), (5.0.13) imply that for any s ∈ [t0, T ]

∑
(k1,k2)∈χ1

k

∥DαF 1
k,k1,k2

(s, ξ)∥L2
ξ

≲
∑

(k1,k2)∈χ1
k

(1 + 2k2)2−2k1,++γk1−k1/2−αk1r23k2/2∥fk2(s, x)∥
1/2
L2
x
∥f̂n,k2(s, ξ)∥

1/2

H1
ξ

≲2−2k++γk−k/2−αkr
∑
k2≤k

(1 + 2k2)23k2/2∥fn,k2(s, x)∥
1/2
L2
x
2−k2,++γk2−k2/4r1/2

≲2−2k++γk−k/2−αkr3/2
∑
k2≤k

25k2,+∥fn,k2(s, x)∥
1/2
L2
x

≲2−2k++γk−k/2−αkr3/2∥fn∥
1/2
L∞
s ([t0,T ])H10

x
.
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Summarizing the results above, we have

∥∥∥∥D1+α
ξ Fe−icls∆

( ∑
cm+cn=0

m≥n

AlmnQ(e
icms∆fm, e

icns∆fn)+

+
∑

cm+cn ̸=0
m≥n

Almn(e
icms∆fm)(eicns∆fn)

)
ψk(ξ)

∥∥∥∥
L∞
s ([t0,T ])L

2
ξ

≲2−2k++γk−k/2−αkTr∥fn∥L∞
s ([t0,T ])H10

x
+ 2−2k++γk−k/2−αkr3/2∥fn∥

1/2
L∞
s ([t0,T ])H10

x

≲2−2k++γk−k/2−αkTr2.

Hence, there exists some constant C ′ > 0 independent of f so that

∥Ψ(f⃗)l∥Z ≤∥e−icl∆ul0∥Z + C ′(T − t0)Tr
2.

Since ∥ul0∥H10 + ∥e−iclt0∆ul0∥Z ≤ ϵ, we can pick r = 2ϵ and T = T (ϵ, t0) > t0 so that

max{C,C ′}(T − t0)Tr < 1/12. Then

sup
t∈[1,T ]

∥Ψ(f⃗)l∥H10
x

+ ∥Ψ(f⃗)l∥Z ≤ ϵ+ C(T − t0)r
2 + C ′(T − t0)Tr

2 ≤ ϵ+ r/12 + r/12 ≤ r.

Thus, we proved Ψ : X → X.

Following along the same lines from page 64 to page 76, we have for arbitrary f⃗ , g⃗ ∈ X

∑
cm+cn ̸=0

m≥n

Almn∥Q(eicms∆fm, e
icns∆gn)∥L∞

s ([t0,T ])H10
x

≤C∥fm∥L∞
t ([t0,T ])H10

x
∥gn∥L∞

t ([t0,T ])H10
x

≤C∥f⃗∥X∥g⃗∥X
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and

∥∥∥∥D1+α
ξ Fe−icls∆

( ∑
cm+cn=0

m≥n

AlmnQ(e
icms∆fm, e

icns∆gn)+

+
∑

cm+cn ̸=0
m≥n

Almn(e
icms∆fm)(eicns∆gn)

)
ψk(ξ)

∥∥∥∥
L∞
s ([t0,T ])L

2
ξ

≤C ′2−2k++γk−k/2−αkT (∥fm∥L∞
s ([t0,T ])Z

+ ∥fm∥L∞
s ([t0,T ])H10

x
)×

× (∥gn∥L∞
s ([t0,T ])Z

+ ∥gn∥L∞
s ([t0,T ])H10

x
)

≤C ′2−2k++γk−k/2−αkT∥f⃗∥X∥g⃗∥X ,

which imply

∥e−icls∆
( ∑
cm+cn=0

m≥n

AlmnQ(e
icms∆fm, e

icns∆gn)+

+
∑

cm+cn ̸=0
m≥n

Almn(e
icms∆fm)(eicns∆gn)

)
∥L∞

s ([t0,T ])Z
≤ C ′T∥f⃗∥X∥g⃗∥X .

Now, we are ready to show Ψ is a contraction map. Suppose f⃗ , g⃗ ∈ X, then

Ψ(f⃗)l −Ψ(g⃗)l

=

∫ t

t0

e−icls∆
( ∑

cm+cn=0
m≥n

Almn(Q(e
icms∆fm, e

icns∆fn)−Q(eicms∆gm, e
icns∆gn))+

+
∑

cm+cn ̸=0
m≥n

Almn((e
icms∆fm)(eicns∆fn)− (eicms∆gm)(eicns∆gn))

)
ds

=

∫ t

t0

e−icls∆
( ∑

cm+cn=0
m≥n

Almn(Q(e
icms∆fm, e

icns∆fn)−Q(eicms∆gm, e
icns∆fn)+

+Q(eicms∆gm, e
icns∆fn)−Q(eicms∆gm, e

icns∆gn))+
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+
∑

cm+cn ̸=0
m≥n

Almn((e
icms∆fm)(eicns∆fn)− (eicms∆gm)(eicns∆fn)+

+ (eicms∆gm)(eicns∆fn)− (eicms∆gm)(eicns∆gn))

)
ds

=

∫ t

t0

e−icls∆
( ∑

cm+cn=0
m≥n

Almn(Q(e
icms∆(fm − gm), eicns∆fn)+

+Q(eicms∆gm, e
icns∆(fn − gn))+

+
∑

cm+cn ̸=0
m≥n

Almn((e
icms∆(fm − gm))(eicns∆fn)+

+ (eicms∆gm)(eicns∆(fn − gn)))

)
ds.

For any t ∈ [t0, T ],

∑
cm+cn=0

m≥n

Almn∥Q(eicms∆(fm − gm), eicns∆fn)+

+Q(eicms∆gm, e
icns∆(fn − gn))∥L∞

s ([t0,T ])H10
x
+

+
∑

cm+cn ̸=0
m≥n

Almn∥(eicms∆(fm − gm))(eicns∆fn)+

+ (eicms∆gm)(eicns∆(fn − gn)∥L∞
s ([t0,T ])H10

x

≤C∥f⃗ − g⃗∥X∥f⃗∥X + C∥g⃗∥X∥f⃗ − g⃗∥X

and

∥∥∥∥e−icls∆
( ∑
cm+cn=0

m≥n

AlmnQ(e
icms∆(fm − gm), eicns∆fn)+

+
∑

cm+cn ̸=0
m≥n

Almn(e
icms∆(fm − gm))(eicns∆fn)

)∥∥∥∥
L∞
s ([t0,T ])Z

+
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+

∥∥∥∥e−icls∆
( ∑
cm+cn=0

m≥n

AlmnQ(e
icms∆gm, e

icns∆(fn − gn)+

+
∑

cm+cn ̸=0
m≥n

Almn(e
icms∆gm)(eicns∆(fn − gn))

)∥∥∥∥
L∞
s ([t0,T ])Z

≤C ′T∥f⃗ − g⃗∥X∥f⃗∥X + C ′T∥g⃗∥X∥f⃗ − g⃗∥X .

Since f⃗ , g⃗ ∈ X, we know ∥f⃗∥X + ∥g⃗∥X ≤ 2r. Thus,

∥Ψ(f⃗)l −Ψ(g⃗)l∥L∞
t ([t0,T ])H10

x
≤2(T − t0)C(∥f⃗ − g⃗∥X∥f⃗∥X + ∥g⃗∥X∥f⃗ − g⃗∥X)

≤4r(T − t0)C∥f⃗ − g⃗∥X

and

∥Ψ(f)−Ψ(g)∥L∞
t ([t0,T ])Z

≤(T − t0)(C
′T∥f⃗ − g⃗∥X∥f⃗∥X + C ′T∥g⃗∥X∥f⃗ − g⃗∥X)

≤2rC ′T (T − t0)∥f⃗ − g⃗∥X .

Since we required max{C,C ′}(T − t0)Tr < 1/12,

∥Ψ(f⃗)−Ψ(g⃗)∥X ≤4r(T − t0)C∥f⃗ − g⃗∥X + 2rC ′T (T − t0)∥f⃗ − g⃗∥X

≤(4r(T − t0)C + 2rC ′T (T − t0))∥f⃗ − g⃗∥X

with 4r(T − t0)C + 2rC ′T (T − t0) < 1. This shows that Ψ : X → X is a contraction map.

Therefore, by the contraction mapping principle Ψ has a unique fixed point f⃗ ∈ X such that

fl(t, x) =e
−iclt0∆ul0 +

∫ t

t0

e−icls∆
( ∑

cm+cn=0
m≥n

AlmnQ(e
icms∆fm, e

icns∆fn)+
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+
∑

cm+cn ̸=0
m≥n

Almn(e
icms∆fm)(eicns∆fn)

)
ds.

Let ul(t, x) = eiclt∆fl(t, x) and observe that

ul(t, x) = eiclt∆fl(t, x)

= eicl(t−t0)∆ul0 +

∫ t

t0

eicl(t−s)∆
( ∑

cm+cn=0
m≥n

AlmnQ(e
icms∆fm, e

icns∆fn)+

+
∑

cm+cn ̸=0
m≥n

Almn(e
icms∆fm)(eicns∆fn)

)
ds,

solves (5.0.1) according to Duhamel’s principle.
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CHAPTER 6

PROOF OF PROPOSITION 4.0.1

In this section, we prove the main proposition stated in Chapter 4. This is the crucial result

that shows the Z norm of the profile fl(t, x) = e−iclt∆ul(t, x) remains bounded independently

of the growth of the time variable, which leads to global well-posedness. The main goal of

the proof is to deal with the additional powers of t introduced by the 1 + α derivatives in

the Z norm.

Similarly to what we did in the proof of Proposition 5.0.1 and Lemma 3.2.1, we will

employ the integral equation and use the Littlewood-Paley operator to further decompose

the frequency spaces of profiles fm, fn in the nonlinear term.

Recall the definition of ∥·∥Z in (1.2.3). We decompose the time interval [1, T ] into dyadic

intervals and observe

∥fl(t, x)∥Z

≲∥ul0∥Z +
∥∥∫ t

1
∂sfl(s, x)ds

∥∥
Z

≲ϵ0 +
∑

1≤M≤log T

sup
2M−1≤t1<t2≤2M

∥fl(t2, x)− fl(t1, x)∥Z

≲ϵ0 + sup
k∈Z

∑
1≤M≤log T

sup
2M−1≤t1<t2≤2M

2−γk+2k++k/2+αk∥D1+α
ξ f̂l,k(t2, ξ)−D1+α

ξ f̂l,k(t1, ξ)∥L2
ξ
.

To prove

∥fl(t, x)∥Z ≲ ϵ0,

for all t ∈ [1, T ], it suffices to show for all k ∈ Z,

∑
1≤M≤log T

sup
2M−1≤t1<t2≤2M

2−γk+2k++k/2+αk∥D1+α
ξ f̂l,k(t2, ξ)−D1+α

ξ f̂l,k(t1, ξ)∥L2
ξ
≲ ϵ21,

since ϵ21 = ϵ
10/6
0 ≤ ϵ0.
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For 2M−1 ≤ t1 < t2 ≤ 2M , let

G
M,1
k,k1,k2

=

∫ t2

t1

∫
R3
eitϕ(ξ,η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

and

G
M,2
k,k1,k2

=

∫ t2

t1

∫
R3
eitϕ(ξ,η)q(ξ − η, η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt.

Then we have

[f̂l(t2, ξ)− f̂l(t1, ξ)]ψk(ξ)

=
∑

cm+cn ̸=0
m≥n

Almn

∑
(k1,k2)∈χ2

k∪χ
3
k

G
M,1
k,k1,k2

+
∑

cm+cn ̸=0

Almn

∑
(k1,k2)∈χ1

k

G
M,1
k,k1,k2

+
∑

cm+cn=0
m≥n

Almn

∑
(k1,k2)∈χ2

k∪χ
3
k

G
M,2
k,k1,k2

+
∑

cm+cn=0

Almn

∑
(k1,k2)∈χ1

k

G
M,2
k,k1,k2

.

(6.0.1)

Taking one derivative on GM,1
k,k1,k2

and GM,2
k,k1,k2

results in the terms IM,i
k,k1,k2

and JM,i
k,k1,k2

,

I
M,0
k,k1,k2

=

∫ t2

t1

∫
R3
eitϕ(ξ,η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)∂ξlψk(ξ)dηdt, (6.0.2)

I
M,1
k,k1,k2

=

∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ξl f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt, (6.0.3)

I
M,2
k,k1,k2

=

∫ t2

t1

∫
R3
eitϕ(ξ,η)it∂ξlϕ(ξ, η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt, (6.0.4)

J
M,0
k,k1,k2

=

∫ t2

t1

∫
R3
eitϕ(ξ,η)q(η, ξ − η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)∂ξlψk(ξ)dηdt

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ξlq(η, ξ − η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt,

(6.0.5)

J
M,1
k,k1,k2

=

∫ t2

t1

∫
R3
eitϕ(ξ,η)q(η, ξ − η)∂ξl f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt, (6.0.6)
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J
M,2
k,k1,k2

=

∫ t2

t1

∫
R3
eitϕ(ξ,η)it∂ξlϕ(ξ, η)q(η, ξ − η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt.

(6.0.7)

Since

D1+α
ξ [f̂l,k(t2, ξ)− f̂l,k(t1, ξ)] =D

α
ξ ∇ξ[f̂l,k(t2, ξ)− f̂l,k(t1, ξ)]

=
∑

cm+cn ̸=0

Almn

∑
(k1,k2)∈χ1

k

∑
i=0,1,2

Dα
ξ I

M,i
k,k1,k2

+

+
∑

cm+cn=0

Almn

∑
(k1,k2)∈χ1

k

∑
i=0,1,2

Dα
ξ J

M,i
k,k1,k2

+
∑

cm+cn ̸=0
m≥n

Almn

∑
(k1,k2)∈χ2

k∪χ
3
k

∑
i=0,1,2

Dα
ξ I

M,i
k,k1,k2

+

+
∑

cm+cn=0
m≥n

Almn

∑
(k1,k2)∈χ2

k∪χ
3
k

∑
i=0,1,2

Dα
ξ J

M,i
k,k1,k2

,

the problem is now reduced to estimating the α derivative of IM,i
k,k1,k2

and J
M,i
k,k1,k2

, where

i = 0, 1, 2.

We shall use the interpolation results developed in Section 2.1 to tackle the estimation

for the α derivative of the terms above. We will discuss the terms DαI
M,i
k,k1,k2

and DαJ
M,i
k,k1,k2

for i = 0, 1, 2 in Sections 6.1, 6.2, 6.3 respectively.
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6.1 DαIM,0
k,k1,k2

and DαJM,0
k,k1,k2

In this section, we will show

∑
1≤m≤log T

sup
2M−1≤t1<t2≤2M

2−γk+2k++k/2+αk×

×
∑

cm+cn ̸=0

Almn

∑
(k1,k2)∈χ1

k∪χ
2
k∪χ

3
k

∥Dα
ξ I

M,0
k,k1,k2

∥L2+

+
∑

1≤m≤log T

sup
2M−1≤t1<t2≤2M

2−γk+2k++k/2+αk×

×
∑

cm+cn=0

Almn

∑
(k1,k2)∈χ1

k∪χ
2
k∪χ

3
k

∥Dα
ξ J

M,0
k,k1,k2

∥L2 ≲ ϵ21

(6.1.1)

In order to gain decay in t, we want to use the following identity

eitϕ(ξ,η) =
3∑

n=1

∂ηnϕ(ξ, η)

it|∇ηϕ(ξ, η)|2
∂ηne

itϕ(ξ,η)

for integration by parts. Bounding the right hand side requires the norm of ∇ηϕ(ξ, η) =

2cm(ξ − η) − 2cnη to have a lower bound. However, we can only achieve a lower bound

when (k1, k2) ∈ χ1k ∪ χ2k for a general pair of cm and cn. When cm + cn = 0, we observe

∇ηϕ(ξ, η) = 2cmξ, whose norm is bounded from below due to the localization.

Thus, we will discuss the bounds in two different cases. The bound for ∥DαI
M,0
k,k1,k2

∥L2
ξ

when (k1, k2) ∈ χ3k will be dealt with in Lemma 6.1.2, while the lemma below covers all the

other terms.

Lemma 6.1.1. Given t1, t2 ∈ [2M−1, 2M ] and supt∈[1,T ] ∥fl(t, x)∥Z ≤ ϵ1, we have

∥DαI
M,0
k,k1,k2

∥L2 ≲(1 + 2−M−k−k1)2−k−2k2,++γk2−2k1,++γk1−αk1−k2/2min{2−M/2,

2M+3min{k,k2}/2+3k1/2}ϵ21,
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when cm + cn ̸= 0 and (k1, k2) ∈ χ1k ∪ χ
2
k, and

∥DαJ
M,0
k,k1,k2

∥L2 ≲2ϵk−−αk−k−2k2,++γk2−2k1,++γk1−k2/2min{2−M/2,

2M+3min{k,k2}/2+3k1/2}ϵ21,

when cm + cn = 0 and (k1, k2) ∈ χ1k ∪ χ
2
k ∪ χ

3
k.

Proof. Consider the following families of operators on {z ∈ C : 0 ≤ ℜ(z) ≤ 1},

Tz ĝ = Dz
∫ t2

t1

∫
R3
eitϕ(ξ,η)ĝk1(t, ξ − η)f̂n,k2(t, η)∂ξlψk(ξ)dηdt,

T 1
z ĝ = Dz

∫ t2

t1

∫
R3
eitϕ(ξ,η)q(ξ − η, η)ĝk1(t, ξ − η)f̂n,k2(t, η)∂ξlψk(ξ)dηdt,

and

T 2
z ĝ = Dz

∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ξlq(ξ − η, η)ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt.

Since we want to estimate the α derivative, we may employ the interpolation result in

Lemma 2.1.2. The first operator Tz is used to estimate IM,0
k,k1,k2

, while T 1
z and T 2

z are de-

fined to handle J
M,0
k,k1,k2

. In this proof, we will show T0+iy : L∞t ([2M−1, 2M ])L2ξ → L2ξ ,

T1+iy : L∞t ([2M−1, 2M ])H1
ξ → L2ξ , T

1
0+iy, T

2
0+iy : L∞t ([2M−1, 2M ])H1

ξ → L2ξ , T
1
1+iy, T

2
1+iy :

L∞t ([2M−1, 2M ])H2
ξ → L2ξ are bounded. Then performing interpolation will give the desired

estimates on the α derivative in the lemma.

We start with obtaining bounds for the operators when ℜ(z) = 0. By the bilinear estimate

L4 × L4 → L2 in Lemma 2.2.1, Lemma 2.2.2, (3.1.11), (3.1.2), and (3.1.6), we have

∥T0+iy ĝ∥L2
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=

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)ĝk1(t, ξ − η)f̂n,k2(t, η)∂ξlψk(ξ)dηdt

∥∥∥∥
L2

≲∥∇ξψk∥L∞

∥∥∥∥F−1
∫ t2

t1

∫
R3
eitϕ(ξ,η)ĝk1(t, ξ − η)f̂n,k2(t, η)ψ̃k(ξ)dηdt

∥∥∥∥
L2

≲2M−k sup
t∈[2M−1,2M ]

min{∥eicmt∆gk1∥L4∥eicnt∆fn,k2∥L4 ,

23min{k,k2}/2∥eicmt∆gk1∥L2∥eicnt∆fn,k2∥L2}

≲2M−k sup
t∈[2M−1,2M ]

min{2−3M/2+k1/4+k2/4∥∇ξ f̂n,k2∥L2∥∇ξ ĝk1∥L2 ,

23min{k,k2}/2∥gk1∥L2∥fn,k2∥L2}

≲2−k−2k2,++γk2 min{2−M/2+k1/4−k2/4ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])H1

ξ
,

2M+3min{k,k2}/2+k2/2ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])L2

ξ
}.

Using the same method as above with (1.2.2), we obtain

∥T 1
0+iy ĝ∥L2 + ∥T 2

0+iy ĝ∥L2

=

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)q(ξ − η, η)ĝk1(t, ξ − η)f̂n,k2(t, η)∂ξlψk(ξ)dηdt

∥∥∥∥
L2

+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ξlq(ξ − η, η)ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

≲2M
(
∥∇ξψk∥L∞

ξ
∥F−1q(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1+

+ ∥F−1∇ξq(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1

)
×

× sup
t∈[2M−1,2M ]

min{∥eicmt∆gk1∥L4
x
∥eicnt∆fn,k2∥L4

x
,

23min{k,k2}/2∥eicmt∆gk1∥L2∥eicnt∆fn,k2∥L2}

≲2ϵk−−k−2k2,++γk2 min{2−M/2+k1/4−k2/4ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])H1

ξ
,

2M+3min{k,k2}/2+k2/2ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])L2

ξ
}.
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Next, we look at the operators when ℜ(z) = 1,

∥T1+iy ĝ∥L2 (6.1.2)

≤
∥∥∥∥∂ξm ∫ t2

t1

∫
R3
eitϕ(ξ,η)ĝk1(t, ξ − η)f̂n,k2(t, η)∂ξlψk(ξ)dηdt

∥∥∥∥
L2

≤
∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ξm ĝk1(t, ξ − η)f̂n,k2(t, η)∂ξlψk(ξ)dηdt

∥∥∥∥
L2

(6.1.3)

+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)ĝk1(t, ξ − η)f̂n,k2(t, η)∂ξm∂ξlψk(ξ)dηdt

∥∥∥∥
L2

(6.1.4)

+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)it∂ξmϕ(ξ, η)ĝk1(t, ξ − η)f̂n,k2(t, η)∂ξlψk(ξ)dηdt

∥∥∥∥
L2
, (6.1.5)

∥T 1
1+iy ĝ∥L2 (6.1.6)

≤
∥∥∥∥∂ξm ∫ t2

t1

∫
R3
eitϕ(ξ,η)q(ξ − η, η)ĝk1(t, ξ − η)f̂n,k2(t, η)∂ξlψk(ξ)dηdt

∥∥∥∥
L2

≤
∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)q(ξ − η, η)∂ξm ĝk1(t, ξ − η)f̂n,k2(t, η)∂ξlψk(ξ)dηdt

∥∥∥∥
L2

(6.1.7)

+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ξmq(ξ − η, η)ĝk1(t, ξ − η)f̂n,k2(t, η)∂ξlψk(ξ)dηdt

∥∥∥∥
L2

(6.1.8)

+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)q(ξ − η, η)ĝk1(t, ξ − η)f̂n,k2(t, η)∂ξm∂ξlψk(ξ)dηdt

∥∥∥∥
L2

(6.1.9)

+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)it∂ξmϕ(ξ, η)q(ξ − η, η)ĝk1(t, ξ − η)f̂n,k2(t, η)∂ξlψk(ξ)dηdt

∥∥∥∥
L2
,

(6.1.10)

and

∥T 2
1+iy ĝ∥L2 (6.1.11)

≤
∥∥∥∥∂ξm ∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ξlq(ξ − η, η)ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

≤
∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ξlq(ξ − η, η)∂ξm ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

(6.1.12)
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+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ξm∂ξlq(ξ − η, η)ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

(6.1.13)

+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ξlq(ξ − η, η)ĝk1(t, ξ − η)f̂n,k2(t, η)∂ξmψk(ξ)dηdt

∥∥∥∥
L2

(6.1.14)

+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)it∂ξmϕ(ξ, η)∂ξlq(ξ − η, η)ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2
.

(6.1.15)

Since (k1, k2) ∈ χ1k∪χ
2
k, we have (3.2.9) for cm+cn ̸= 0 and are able to perform an integration

by parts on (6.1.4) and (6.1.5) using the identity eitϕ(ξ,η) =
∑3

n=1
∂ηnϕ(ξ,η)

it|∇ηϕ(ξ,η)|2
∂ηne

itϕ(ξ,η),

∫ t2

t1

∫
R3
eitϕ(ξ,η)ĝk1(t, ξ − η)f̂n,k2(t, η)∂ξm∂ξlψk(ξ)dηdt

=

∫ t2

t1

∫
R3
∂ηne

itϕ(ξ,η) ∂ηnϕ(ξ, η)

it|∇ηϕ(ξ, η)|2
ĝk1(t, ξ − η)f̂n,k2(t, η)∂ξm∂ξlψk(ξ)dηdt

=−
∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηn

∂ηnϕ(ξ, η)

it|∇ηϕ(ξ, η)|2
ĝk1(t, ξ − η)f̂n,k2(t, η)∂ξm∂ξlψk(ξ)dηdt (6.1.16)

−
∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ηnϕ(ξ, η)

it|∇ηϕ(ξ, η)|2
∂ηn ĝk1(t, ξ − η)f̂n,k2(t, η)∂ξm∂ξlψk(ξ)dηdt (6.1.17)

−
∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ηnϕ(ξ, η)

it|∇ηϕ(ξ, η)|2
ĝk1(t, ξ − η)∂ηn f̂n,k2(t, η)∂ξm∂ξlψk(ξ)dηdt (6.1.18)

and

∫ t2

t1

∫
R3
eitϕ(ξ,η)it∂ξmϕ(ξ, η)ĝk1(t, ξ − η)f̂n,k2(t, η)∂ξlψk(ξ)dηdt

=

∫ t2

t1

∫
R3
∂ηne

itϕ(ξ,η)∂ξmϕ(ξ, η)∂ηnϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ĝk1(t, ξ − η)f̂n,k2(t, η)∂ξlψk(ξ)dηdt

=−
∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηn

∂ξmϕ(ξ, η)∂ηnϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ĝk1(t, ξ − η)f̂n,k2(t, η)∂ξlψk(ξ)dηdt (6.1.19)

−
∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ξmϕ(ξ, η)∂ηnϕ(ξ, η)

|∇ηϕ(ξ, η)|2
∂ηn ĝk1(t, ξ − η)f̂n,k2(t, η)∂ξlψk(ξ)dηdt (6.1.20)

−
∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ξmϕ(ξ, η)∂ηnϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ĝk1(t, ξ − η)∂ηn f̂n,k2(t, η)∂ξlψk(ξ)dηdt. (6.1.21)
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For cm + cn = 0, recall that ϕ(ξ, η) = (cl + cn)|ξ|2 − 2cnξ · η. We thus integrate by parts

using the identity eitϕ(ξ,η) = −
∑3

j=1
ξj

it2cn|ξ|2
∂ηje

itϕ(ξ,η) on the terms (6.1.10) and (6.1.15),

∫ t2

t1

∫
R3
eitϕ(ξ,η)it∂ξmϕ(ξ, η)q(ξ − η, η)ĝk1(t, ξ − η)f̂n,k2(t, η)∂ξlψk(ξ)dηdt

=

∫ t2

t1

∫
R3
∂ηje

itϕ(ξ,η) ξj∂ξmϕ(ξ, η)

2cn|ξ|2
q(ξ − η, η)ĝk1(t, ξ − η)f̂n,k2(t, η)∂ξlψk(ξ)dηdt

=−
∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηj

(ξj∂ξmϕ(ξ, η)
2cn|ξ|2

q(ξ − η, η)
)
ĝk1(t, ξ − η)f̂n,k2(t, η)∂ξlψk(ξ)dηdt

(6.1.22)

−
∫ t2

t1

∫
R3
eitϕ(ξ,η)

ξj∂ξmϕ(ξ, η)

2cn|ξ|2
q(ξ − η, η)∂ηj ĝk1(t, ξ − η)f̂n,k2(t, η)∂ξlψk(ξ)dηdt (6.1.23)

−
∫ t2

t1

∫
R3
eitϕ(ξ,η)

ξj∂ξmϕ(ξ, η)

2cn|ξ|2
q(ξ − η, η)ĝk1(t, ξ − η)∂ηj f̂n,k2(t, η)∂ξlψk(ξ)dηdt (6.1.24)

and

∫ t2

t1

∫
R3
eitϕ(ξ,η)it∂ξmϕ(ξ, η)∂ξlq(ξ − η, η)ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

=

∫ t2

t1

∫
R3
∂ηje

itϕ(ξ,η) ξj∂ξmϕ(ξ, η)

2cn|ξ|2
∂ξlq(ξ − η, η)ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

=−
∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηj

(ξj∂ξmϕ(ξ, η)
2cn|ξ|2

∂ξlq(ξ − η, η)
)
ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

(6.1.25)

−
∫ t2

t1

∫
R3
eitϕ(ξ,η)

ξj∂ξmϕ(ξ, η)

2cn|ξ|2
∂ξlq(ξ − η, η)∂ηj ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt (6.1.26)

−
∫ t2

t1

∫
R3
eitϕ(ξ,η)

ξj∂ξmϕ(ξ, η)

2cn|ξ|2
∂ξlq(ξ − η, η)ĝk1(t, ξ − η)∂ηj f̂n,k2(t, η)ψk(ξ)dηdt,

(6.1.27)

By the bilinear estimate L4 × L4 → L2, Lemma 2.2.2, Lemma 2.3.3, and (3.1.6)

(6.1.3) + ∥(6.1.17)∥L2 + ∥(6.1.20)∥L2
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≲
[
2M∥∇ξψk∥L∞(1 + ∥F−1∂ξmϕ(ξ, η)∂ηnϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ψ̃k1(∇ηϕ(ξ, η))ψ̃k2(η)∥L1)+

+ ∥∇2
ξψk∥L∞∥F−1 ∂ηnϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ψ̃k1(∇ηϕ(ξ, η))ψ̃k2(η)∥L1

]
×

× sup
t∈[2M−1,2M ]

min{∥eicmt∆F−1∇ξ ĝk1∥L4∥eicnt∆fn,k2∥L4 ,

23min{k,k2}/2∥eicmt∆F−1∇ξ ĝk1∥L2∥eicnt∆fn,k2∥L2}

≲[2M−k + 2−2k−k1 ] sup
t∈[2M−1,2M ]

min{∥eicmt∆F−1∇ξ ĝk1∥L4∥eicnt∆fn,k2∥L4 ,

23min{k,k2}/2∥∇ξ ĝk1∥L2∥fn,k2∥L2}

≲2M−k(1 + 2−M−k−k1) sup
t∈[2M−1,2M ]

min{2−3M/2+k1/4+k2/4∥∇2
ξ ĝk1∥L2∥∇ξ f̂n,k2∥L2 ,

23min{k,k2}/2∥∇ξ ĝk1∥L2∥fn,k2∥L2}

≲(1 + 2−M−k−k1)2−k−2k2,++γk2 min{2−M/2+k1/4−k2/4ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])H2

ξ
,

2M+3min{k,k2}/2+k2/2ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])H1

ξ
},

and using the condition (1.2.2) on the multiplier q,

(6.1.7) + (6.1.12) + ∥(6.1.23)∥L2 + ∥(6.1.26)∥L2

≲2M
(
∥∇ξψk∥L∞∥F−1q(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1+

+ ∥F−1∇ξq(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1+

+ ∥∇ξψk∥L∞∥F−1 ξj∂ξmϕ(ξ, η)

2cn|ξ|2
q(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1+

+ ∥F−1 ξj∂ξmϕ(ξ, η)

2cn|ξ|2
∇ξq(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1

)
×

× sup
t∈[2M−1,2M ]

min{∥eicmt∆F−1∇ξ ĝk1∥L4
x
∥eicnt∆fn,k2∥L4

x
,

23min{k,k2}/2∥eicmt∆F−1∇ξ ĝk1∥L2
x
∥eicnt∆fn,k2∥L2

x
}

≲2M+ϵk−+k1−2k sup
t∈[2M−1,2M ]

min{2−3M/2+k1/4+k2/4∥∇2
ξ ĝk1∥L2∥∇ξ f̂n,k2∥L2 ,
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23min{k,k2}/2∥∇ξ ĝk1∥L2∥fn,k2∥L2}

≤2ϵk−+k1−2k−2k2,++γk2 min{2−M/2+k1/4−k2/4ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])H2

ξ
,

2M+3min{k,k2}/2+k2/2ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])H1

ξ
}.

Then the bilinear estimate L2 × L∞ → L2, Lemma 2.4.1, Lemma 2.2.2, (3.1.2), (2.5.1) and

(2.5.2) imply

∥(6.1.16)∥L2 + ∥(6.1.19)∥L2

≲
(
2M∥∇ξψk∥L∞∥F−1∂ηn

∂ξmϕ(ξ, η)∂ηnϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ψ̃k1(∇ηϕ(ξ, η))ψ̃k2(η)∥L1+

+ ∥∇2
ξψk∥L∞∥F−1∂ηn

∂ηnϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ψ̃k1(∇ηϕ(ξ, η))ψ̃k2(η)∥L1

)
×

× sup
t∈[2M−1,2M ]

min{∥eicmt∆gk1∥L∞∥eicnt∆fn,k2∥L2 ,

23min{k,k2}/2∥eicmt∆gk1∥L2∥eicnt∆fn,k2∥L2}

≲(2M−k−k1 + 2−2k−2k1) sup
t∈[2M−1,2M ]

min{2−3M/2∥gk1∥L1∥fn,k2∥L2 ,

23min{k,k2}/2∥gk1∥L2∥fn,k2∥L2}

≲2M−k−k1(1 + 2−M−k−k1) sup
t∈[2M−1,2M ]

min{2−3M/2+k1/2∥∇2
ξ ĝk1∥L2∥fk2∥L2 ,

23min{k,k2}/2+k1∥∇ξ ĝk1∥L2∥fk2∥L2}

≲(1 + 2−M−k−k1)2−k−2k2,++γk2 min{2−M/2−k1/2+k2/2ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])H2

ξ
,

2M+3min{k,k2}/2+k2/2ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])H1

ξ
}

and

∥(6.1.21)∥L2 + ∥(6.1.18)∥L2

≲
(
2M∥∇ξψk∥L∞∥F−1∂ξmϕ(ξ, η)∂ηnϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ψ̃k1(∇ηϕ(ξ, η))ψ̃k2(η)∥L1+
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+ ∥∇2
ξψk∥L∞∥F−1 ∂ηnϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ψ̃k1(∇ηϕ(ξ, η))ψ̃k2(η)∥L1

)
×

× sup
t∈[2M−1,2M ]

min{∥eicmt∆gk1∥L∞∥eicnt∆F−1∇ξ f̂n,k2∥L2 ,

23min{k,k2}/2∥eicmt∆gk1∥L2∥eicnt∆F−1∇ξ f̂n,k2∥L2}

≲(2M−k + 2−2k−k1) sup
t∈[2M−1,2M ]

min{∥eicmt∆gk1∥L∞∥∇ξ f̂n,k2∥L2 ,

23min{k,k2}/2∥gk1∥L2∥∇ξ f̂n,k2∥L2}

≲(1 + 2−M−k−k1)2M−k sup
t∈[2M−1,2M ]

min{2−3M/2+k1/2∥∇2
ξ ĝk1∥L2∥∇ξ f̂n,k2∥L2 ,

23min{k,k2}/2+k1∥∇ξ ĝk1∥L2∥∇ξ f̂n,k2∥L2}

≲(1 + 2−M−k−k1)2M−k−2k2,++γk2 sup
t∈[2M−1,2M ]

min{2−3M/2+k1/2−k2/2ϵ1∥∇2
ξ ĝk1∥L2 ,

23min{k,k2}/2+k1−k2/2ϵ1∥∇ξ ĝk1∥L2}

≲(1 + 2−M−k−k1)2−k−2k2,++γk2 min{2−M/2+k1/2−k2/2ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])H2

ξ
,

2M+3min{k,k2}/2+k1−k2/2ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])H1

ξ
}.

Repeating the same estimates for the cm + cn = 0 case, we have

(6.1.8) + (6.1.13) + (6.1.9) + (6.1.14) + ∥(6.1.22)∥L2 + ∥(6.1.25)∥L2

≲2M
(
∥∇ξψk∥L∞∥F−1∇ξq(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1

+ ∥F−1∇2
ξq(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1

+ ∥∇2
ξψk∥L∞∥F−1q(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1

+ ∥∇ξψk∥L∞∥F−1 ξj∂ηj∂ξmϕ(ξ, η)

2cn|ξ|2
q(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1

+ ∥∇ξψk∥L∞∥F−1 ξj∂ξmϕ(ξ, η)

2cn|ξ|2
∇ηq(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1

+ ∥F−1 ξj∂ηj∂ξmϕ(ξ, η)

2cn|ξ|2
∇ξq(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1
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+ ∥F−1 ξj∂ξmϕ(ξ, η)

2cn|ξ|2
∇η∇ξq(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1

)
×

× sup
t∈[2M−1,2M ]

min{∥eicmt∆gk1∥L∞
x
∥f̂n,k2∥L2

ξ
, 23min{k,k2}/2∥gk1∥L2

x
∥f̂n,k2∥L2

ξ
}

≲(2−2k + 2−2k+k1−k2)2ϵk−−2k2,++γk2 min{2−M/2+k1/2+k2/2ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])H2

ξ
,

2M+3min{k,k2}/2+k2/2+k1ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])H1

ξ
}

and

∥(6.1.24)∥L2 + ∥(6.1.27)∥L2

≲2M
(
∥∇ξψk∥L∞∥F−1 ξj∂ξmϕ(ξ, η)

2cn|ξ|2
q(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1

+ ∥F−1 ξj∂ξmϕ(ξ, η)

2cn|ξ|2
∇ξq(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1

)
×

× sup
t∈[2M−1,2M ]

min{∥eicmt∆gk1∥L∞
x
∥∇ξ f̂n,k2∥L2

ξ
, 23min{k,k2}/2∥gk1∥L2

x
∥∇ξ f̂n,k2∥L2

ξ
}

≲2ϵk−+k1−2k−2k2,++γk2ϵ1min{2−M/2+k1/2−k2/2ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])H2

ξ
,

2M+3min{k,k2}/2+k1−k2/2ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])H1

ξ
}.

Hence, for (k1, k2) ∈ χ1k ∪ χ
2
k,

∥T1+iy ĝ∥L2

≲(1 + 2−M−k−k1)2−k−2k2,++γk2 min{2−M/2+k1/2−k2/2ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])H2

ξ
,

2M+3min{k,k2}/2+k1−k2/2ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])H1

ξ
}

and

∥T0+iy ĝ∥L2 ≲ 2−k−2k2,++γk2 min{2−M/2+k1/4−k2/4ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])H1

ξ
,
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2M+3min{k,k2}/2+k2/2ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])L2

ξ
}.

For (k1, k2) ∈ χ1k ∪ χ
2
k ∪ χ

3
k,

∥T 1
1+iy ĝ∥L2 + ∥T 2

1+iy ĝ∥L2

≲2ϵk−+k1−2k−2k2,++γk2 min{2−M/2+k1/2−k2/2ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])H2

ξ
,

2M+3min{k,k2}/2+k1−k2/2ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])H1

ξ
}

and

∥T 1
0+iy ĝ∥L2 + ∥T 2

0+iy ĝ∥L2

≲2ϵk−−k−2k2,++γk2 min{2−M/2+k1/4−k2/4ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])H1

ξ
,

2M+3min{k,k2}/2+k2/2ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])L2

ξ
}.

Now, we use the variation of the Stein’s interpolation theorem in Lemma 2.1.2, and get for

any α ∈ [0, 1],

∥Tαĝ∥L2

≲(1 + 2−M−k−k1)2−k−2k2,++γk2 min{2−M/2+k1/2−k2/2ϵ1∥ĝ∥L∞
t ([2M−1,2M ])H1+α

ξ
,

2M+3min{k,k2}/2+k1−k2/2ϵ1∥ĝ∥L∞
t ([2M−1,2M ])Hα

ξ
}

and

∥T 1
αĝ∥L2 + ∥T 2

αĝ∥L2

≲2ϵk−+α(k1−k)−k−2k2,++γk2 min{2−M/2+k1/2−k2/2ϵ1∥ĝ∥L∞
t ([2M−1,2M ])H1+α

ξ
,

2M+3min{k,k2}/2+k1−k2/2ϵ1∥ĝ∥L∞
t ([2M−1,2M ])Hα

ξ
}.
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Recall the definition of IM,0
k,k1,k2

and J
M,0
k,k1,k2

in (6.0.2), (6.0.5) and use the results of the

interpolation with g = F−1f̂mψ̃k1 . We obtain

∥DαI
M,0
k,k1,k2

∥L2

≲(1 + 2−M−k−k1)2−k−2k2,++γk2 min{2−M/2+k1/2−k2/2ϵ1∥f̂m,k1∥L∞
t ([2M−1,2M ])H1+α

ξ
,

2M+3min{k,k2}/2+k1−k2/2ϵ1∥f̂m,k1∥L∞
t ([2M−1,2M ])Hα

ξ
}

≲(1 + 2−M−k−k1)2−k−2k2,++γk2−2k1,++γk1 min{2−M/2+k1/2−k2/2−k1/2−αk1 ,

2M+3min{k,k2}/2+k1−k2/2+k1/2−αk1}ϵ21

≲(1 + 2−M−k−k1)2−k−2k2,++γk2−2k1,++γk1−αk1−k2/2×

×min{2−M/2, 2M+3min{k,k2}/2+3k1/2}ϵ21

and

∥DαJ
M,0
k,k1,k2

∥L2

≲2ϵk−+α(k1−k)−k−2k2,++γk2 min{2−M/2+k1/2−k2/2ϵ1∥f̂m,k1∥L∞
t ([2M−1,2M ])H1+α

ξ
,

2M+3min{k,k2}/2+k1−k2/2ϵ1∥f̂m,k1∥L∞
t ([2M−1,2M ])Hα

ξ
}

≲2ϵk−+α(k1−k)−k−2k2,++γk2−2k1,++γk1×

×min{2−M/2−k2/2−αk1 , 2M+3min{k,k2}/2−k2/2+3k1/2−αk1}ϵ21

≲2ϵk−−αk−k−2k2,++γk2−2k1,++γk1−k2/2min{2−M/2, 2M+3min{k,k2}/2+3k1/2}ϵ21,

where the bounds on the Sobolev norms are given in (3.1.3).

Thus, as a result of Lemma 6.1.1,

∑
1≤m≤log T

sup
2M−1≤t1<t2≤2M

2−γk+2k++k/2+αk
∑

cm+cn ̸=0

Almn

∑
(k1,k2)∈χ1

k∪χ
2
k

∥Dα
ξ I

M,0
k,k1,k2

∥L2+
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+
∑

1≤m≤log T

sup
2M−1≤t1<t2≤2M

2−γk+2k++k/2+αk
∑

cm+cn=0

Almn

∑
(k1,k2)∈χ1

k∪χ
2
k∪χ

3
k

∥Dα
ξ J

M,0
k,k1,k2

∥L2

≲
∑

1≤M≤log T

∑
(k1,k2)∈χ1

k∪χ
2
k

(1 + 2−M−k−k1)2−γk+2k+−k/2+α(k−k1)−2k2,++γk2−2k1,++γk1−k2/2×

×min{2−M/2, 2M+3min{k,k2}/2+3k1/2}ϵ21+

+
∑

1≤M≤log T

∑
(k1,k2)∈χ1

k∪χ
2
k∪χ

3
k

2ϵk−−γk+2k+−k/2−2k2,++γk2−2k1,++γk1−k2/2×

×min{2−M/2, 2M+3min{k,k2}/2+3k1/2}ϵ21

≲
∑

1≤M≤log T

( ∑
k2≤k−2a−2

(1 + 2−M−2k)2−k/2−2k2,++γk2−k2/2×

×min{2−M/2, 2M+3k2/2+3k/2}ϵ21+

+
∑

k≤k2+2a+2

(1 + 2−M−k−k2)2−γk+2k+−k/2+α(k−k2)−4k2,++2γk2−k2/2×

×min{2−M/2, 2M+3k/2+3k2/2}ϵ21+

+
∑

k≤k2+2a+2

2ϵk−−γk+2k+−k/2−4k2,++2γk2−k2/2×

×min{2−M/2, 2M+3k/2+3k2/2}ϵ21
)

≲ϵ21. (6.1.28)

We are left to show

∑
1≤M≤log T

sup
2M−1≤t1<t2≤2M

2−γk+2k++k/2+αk
∑

cm+cn ̸=0

Almn

∑
(k1,k2)∈χ3

k

∥Dα
ξ I

M,0
k,k1,k2

∥L2 ≲ ϵ21.

For (k1, k2) ∈ χ3k = {|k1 − k2| ≤ a, |k − k1| ≤ a+ 2}, we observe

|∇ηϕ(ξ, η)| = |2cmξ − 2(cm + cn)η| = 0
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if cmξ = (cm + cn)η. Hence, in the proof above, integration by parts method using the

identity eitϕ(ξ,η) =
∑3

n=1
∂ηnϕ(ξ,η)

it|∇ηϕ(ξ,η)|2
∂ηne

itϕ(ξ,η) cannot be applied to estimate (6.1.4) and

(6.1.5). Instead, we will take advantage of the fact that χ3k is a finite set with uniformly

bounded cardinality for all k. In Lemma 6.1.2, we estimate the α derivative using the

interpolation result in Lemma 2.1.1.

Lemma 6.1.2. Given t1, t2 ∈ [2M−1, 2M ], (k1, k2) ∈ χ3k, and supt∈[1,T ] ∥fl∥Z ≤ ϵ1, we

have

∥DαI
M,0
k,k1,k2

∥L2 ≲ 2−4k++2γk+M+3k/2−αkϵ21

when M ≤ −2k, and

∥DαI
M,0
k,k1,k2

∥L2 ≲ 2−4k++2γk−M/2−3k/2+αM+αkϵ21

when M > −2k.

Proof. Since Lemma 2.1.1 implies

∥DαI
M,0
k,k1,k2

∥L2 ≤ ∥IM,0
k,k1,k2

∥1−α
L2 ∥∇IM,0

k,k1,k2
∥α
L2 ,

we shall find bounds for ∥IM,0
k,k1,k2

∥L2 and ∥∇IM,0
k,k1,k2

∥L2 when (k1, k2) ∈ χ3k.

First, using the bilinear estimate L4×L4 → L2 in Lemma 2.2.1, together with Lemma 2.2.2,

(3.1.11) and (3.1.2), we get

∥IM,0
k,k1,k2

∥L2

=

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)∂ξlψk(ξ)dηdt

∥∥∥∥
L2

≲∥∇ξψk∥L∞
ξ

∥∥∥∥F−1
∫ t2

t1

∫
R3
eitϕ(ξ,η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψ̃k(ξ)dηdt

∥∥∥∥
L2
x
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≲2M−k min{∥eicmt∆fm,k1∥L∞
t ([2M−1,2M ])L4

x
∥eicnt∆fn,k2∥L∞

t ([2M−1,2M ])L4
x
,

23min{k,k2}/2∥eicmt∆fm,k1∥L∞
t ([2M−1,2M ])L2

x
∥eicnt∆fn,k2∥L∞

t ([2M−1,2M ])L2
x
}

≲2M−k−2k1,++γk1−2k2,++γk2 min{2−3M/2−k1/4−k2/4, 23min{k,k2}/2+k1/2+k2/2}ϵ21

≲2−4k++2γk min{2−M/2−3k/2, 2M+3k/2}ϵ21,

given that k, k1, k2 are about the same size when (k1, k2) ∈ χ3k.

Next, we look at the first-order derivative,

∂ξmI
M,0
k,k1,k2

=∂ξm

∫ t2

t1

∫
R3
eitϕ(ξ,η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)∂ξlψk(ξ)dηdt

=

∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ξm f̂m,k1(t, ξ − η)f̂n,k2(t, η)∂ξlψk(ξ)dηdt (6.1.29)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)∂ξm∂ξlψk(ξ)dηdt (6.1.30)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)it∂ξmϕ(ξ, η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)∂ξlψk(ξ)dηdt.

(6.1.31)

By the bilinear estimate L18/7×L9 → L2, Lemma 2.4.1, Lemma 2.2.2, Lemma 2.5.3, (3.1.2)

and (3.1.6)

∥∇IM,0
k,k1,k2

∥L2

≤∥(6.1.29)∥L2 + ∥(6.1.30)∥L2 + ∥(6.1.31)∥L2

≲2M sup
t∈[2M−1,2M ]

∥∇ξψk∥L∞
ξ
min{∥eicmt∆F−1∇ξ f̂m,k1∥L18/7

x
∥eicnt∆fn,k2∥L9

x
,

23min{k,k2}/2∥eicmt∆F−1∇ξ f̂m,k1∥L2
x
∥eicnt∆fn,k2∥L2

x
}+

+
(
2M∥∇2

ξψk∥L∞
ξ

+ 22m∥∇ξψk∥L∞
ξ
∥F−1∂ξmϕ(ξ, η)ψ̃k(ξ)ψ̃k2(η)∥L1

)
×

× sup
t∈[2M−1,2M ]

min{∥eicmt∆fm,k1∥L∞
t ([2M−1,2M ])L

18/7
x

∥eicnt∆fn,k2∥L9
x
,
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23min{k,k2}/2∥eicmt∆fm,k1∥L2
x
∥eicnt∆fn,k2∥L2

x
}

≲2M−k sup
t∈[2M−1,2M ]

min{2−3M/2∥F−1∇ξ f̂m,k1∥L18/11∥fn,k2∥L9/8 ,

23min{k,k2}/2∥∇ξ f̂m,k1∥L2∥fn,k2∥L2}

+ (2M−2k + 22M−k+k2) sup
t∈[2M−1,2M ]

min{2−3M/2∥fm,k1∥L18/11
x

∥fn,k2∥L9/8
x
,

23min{k,k2}/2∥fm,k1∥L2
x
∥fn,k2∥L2

x
}

≲2M−k−2k1,++γk1−2k2,++γk2 min{2−3M/2−5k1/6−2k2/3, 23min{k,k2}/2−k1/2+k2/2}ϵ21

+ (1 + 2M+k+k2)2M−2k−2k1,++γk1−2k2,++γk2×

×min{2−3M/2+k1/6−2k2/3, 23min{k,k2}/2+k1/2+k2/2}ϵ21

≲(1 + 2M+2k)2−4k++2γk min{2−M/2−5k/2, 2M+k/2}ϵ21.

Thus, we have when M ≤ −2k,

∥IM,0
k,k1,k2

∥L2 ≲ 2−4k++2γk+M+3k/2ϵ21

and

∥∇IM,0
k,k1,k2

∥L2 ≲ 2−4k++2γk+M+k/2ϵ21,

so Lemma 2.1.1 implies

∥DαI
M,0
k,k1,k2

∥L2 ≲ 2−4k++2γk+M+3k/2−αkϵ21.

In the other case when M > −2k,

∥IM,0
k,k1,k2

∥L2 ≲ 2−4k++2γk−M/2−3k/2ϵ21
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and

∥∇IM,0
k,k1,k2

∥L2 ≲ 2−4k++2γk+M/2−k/2ϵ21.

Then, applying Lemma 2.1.1 gives

∥DαI
M,0
k,k1,k2

∥L2 ≲ 2−4k++2γk−M/2−3k/2+αM+αkϵ21.

Therefore, Lemma 6.1.2 implies for any k ∈ Z

∑
1≤M≤log T

sup
2M−1≤t1≤t2≤2M

2−γk+2k++k/2+αk
∑

cm+cn ̸=0

Almn

∑
(k1,k2)∈χ3

k

∥DαI
M,0
k,k1,k2

∥L2

≲
∑

1≤M≤−2k

2−2k++γk+M+2kϵ21 +
∑

−2k<M≤log T

2−2k++γk−M/2−k+αM+2αkϵ21

≲ϵ21,

since α < 1/2. This result combined with (6.1.28) gives (6.1.1).
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6.2 DαIM,1
k,k1,k2

and DαJM,1
k,k1,k2

In this section, we will show

∑
1≤m≤log T

sup
2M−1≤t1<t2≤2M

2−γk+2k++k/2+αk×

×
∑

cm+cn ̸=0

Almn

∑
(k1,k2)∈χ1

k∪χ
2
k∪χ

3
k

∥Dα
ξ I

M,1
k,k1,k2

∥L2+

+
∑

1≤m≤log T

sup
2M−1≤t1<t2≤2M

2−γk+2k++k/2+αk×

×
∑

cm+cn=0

Almn

∑
(k1,k2)∈χ1

k∪χ
2
k∪χ

3
k

∥Dα
ξ J

M,1
k,k1,k2

∥L2 ≲ ϵ21

(6.2.1)

When (k1, k2) ∈ χ1k, i.e. |ξ| ∼ |ξ − η| ≥ 2a−2|η|, we want to integrate by parts in the time

variable using the identity

eitϕ(ξ,η) =
1

iϕ(ξ, η)
∂te

itϕ(ξ,η).

Recall that we defined ϕ(ξ, η) = cl|ξ|2 − cm|ξ − η|2 − cn|η|2. There is no guaranteed lower

bound on |ϕ(ξ, η)| when cl = cm. Hence, in Lemma 6.2.1, we only look at (k1, k2) ∈ χ1k

excluding cl = cm. The special case of (k1, k2) ∈ χ1k and cl = cm will be tackled later in

Lemma 6.2.2.

Now we show the lower bound on |ϕ(ξ, η)| that we will use when (k1, k2) ∈ χ1k and

cl ̸= cm. Recall the definition of a in (3.2.3), we have

|ϕ(ξ, η)|

=
∣∣(cl − cm)|ξ − η|2 + 2clξ · η − (cl + cn)|η|2

∣∣
=|cl − cm|

∣∣|ξ − η|2 + 2cl
cl − cm

ξ · η − cl + cn
cl − cm

|η|2
∣∣

≥|cl − cm|
(
22k1−4 − 2

|1− cm/cl|
2k+k2 − 1

|1− cm/cl|
22k2 − |cn|

|cl − cm|
22k2

)
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≥|cl − cm|
(
22k1−4 − 1

|1− cm/cl|
22k1+4−a − 1

|1− cm/cl|
22k1−2a − |cn|

|cl − cm|
22k1−2a)

≥|cl − cm|
(
22k1−4 − 22k1−6 − 22k1−10 − 22k1−6)

≥|cl − cm|
(
22k1−5 − 22k1−10) ≳ 22k1 . (6.2.2)

In the proof for Lemma 6.2.1, we will employ the bound above with Lemma 2.1.1 to obtain

the desired estimates.

Lemma 6.2.1. Suppose t1, t2 ∈ [2M−1, 2M ] and supt∈[1,T ] ∥fl∥Z ≤ ϵ1. For (k1, k2) ∈ χ1k

and cl ̸= cm, we have

∥Dα
ξ I

M,1
k,k1,k2

∥L2 + ∥Dα
ξ J

M,1
k,k1,k2

∥L2

≲2−2k++γk−γk−−2k2,++γk2 min{2−M/2−k−αk−k2/2, 2M+2k2−k/2−αk2}ϵ21,

if M + 2k ≤ 0, and

∥Dα
ξ I

M,1
k,k1,k2

∥L2 + ∥Dα
ξ J

M,1
k,k1,k2

∥L2

≲2−2k++γk−γk−−2k2,++γk2 min{2−M/2+γM/4+γk/2−2k+αk−k2/2, 2M−k+3k2/2+αk}ϵ21,

if M + 2k > 0.

Proof. Recall the definition of IM,1
k,k1,k2

and JM,1
k,k1,k2

in (6.0.3) and (6.0.6). Define

F 1(ξ) = I
M,1
k,k1,k2

(ξ) =

∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ξl f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

and

F 2(ξ) = J
M,1
k,k1,k2

(ξ) =

∫ t2

t1

∫
R3
eitϕ(ξ,η)q(η, ξ − η)∂ξl f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt.
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By Lemma 2.1.1, we get

∥Dα
ξ I

M,1
k,k1,k2

∥L2 = ∥DαF 1∥L2 ≤ ∥F 1∥1−α
L2 ∥∇ξF

1∥α
L2

and

∥Dα
ξ J

M,1
k,k1,k2

∥L2 = ∥DαF 2∥L2 ≤ ∥F 2∥1−α
L2 ∥∇ξF

2∥α
L2 .

We shall find L2 bounds on F 1, F 2 and their derivatives.

First, by the bilinear estimate L3 ×L6 → L2 in Lemma 2.2.1, Lemma 2.2.2, and (1.2.2),

∥F 1∥L2 + ∥F 2∥L2 ≲2M (1 + ∥F−1q(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1)×

× sup
t∈[2M−1,2M ]

min{∥eicmt∆F−1∇f̂m,k1∥L3
x
∥eicnt∆fn,k2∥L6

x
,

23k2/2∥eicmt∆F−1∇ξfm,k1∥L2
x
∥eicnt∆fn,k2∥L2

x
}

≲2M sup
t∈[2M−1,2M ]

min{∥eicmt∆F−1∇f̂m,k1∥L3
x
∥eicnt∆fn,k2∥L6

x
,

23k2/2∥∇ξ f̂m,k1∥L2
ξ
∥fn,k2∥L2

x
}.

Using Lemma 2.5.3, (3.1.2), (3.1.6), and (3.1.10), we obtain

∥F 1∥L2 + ∥F 2∥L2

≲2M−2k1,++γk1−2k2,++γk2 min{2−3M/2+γM/8−k1+γk1/4−k2/2, 23k2/2−k1/2+k2/2}ϵ21

≲2−2k++γk−2k2,++γk2 min{2−M/2+γM/8−k+γk/4−k2/2, 2M+2k2−k/2}ϵ21.
(6.2.3)

However, this bound on ∥F 1 + F 2∥L2 is not small enough when M + 2k > 0. In this case,

we integrate by parts using the identity eitϕ(ξ,η) = 1
iϕ(ξ,η)

∂te
itϕ(ξ,η) to obtain another L2

bound,

F 1(ξ) + F 2(ξ)
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=

∫ t2

t1

∫
R3
∂te

itϕ(ξ,η) 1

iϕ(ξ, η)
(1 + q(η, ξ − η))∂ξl f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

=

∫
R3
eit2ϕ(ξ,η)

1

iϕ(ξ, η)
(1 + q(η, ξ − η))∂ξl f̂m,k1(t2, ξ − η)f̂n,k2(t2, η)ψk(ξ)dη (6.2.4)

−
∫
R3
eit1ϕ(ξ,η)

1

iϕ(ξ, η)
(1 + q(η, ξ − η))∂ξl f̂m,k1(t1, ξ − η)f̂n,k2(t1, η)ψk(ξ)dη (6.2.5)

−
∫ t2

t1

∫
R3
eitϕ(ξ,η)

1

iϕ(ξ, η)
(1 + q(η, ξ − η))∂t∂ξl f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

(6.2.6)

−
∫ t2

t1

∫
R3
eitϕ(ξ,η)

1

iϕ(ξ, η)
(1 + q(η, ξ − η))∂ξl f̂m,k1(t, ξ − η)∂tf̂n,k2(t, η)ψk(ξ)dηdt.

(6.2.7)

Since (k1, k2) ∈ χ1k and cl ̸= cm,

∣∣ϕ(ξ, η)∣∣ = ∣∣cl|ξ|2 − cm|ξ − η|2 − cn|η|2
∣∣ ≳ 22k1 ,

ideally, we shall gain a factor of

t−1|ϕ(ξ, η)|−1 ∼ 2−M−2k1

through integration by parts. But given that there are only 1 + α derivatives of f̂k in the Z

norm for us to work with, we cannot quite achieve 2−M−2k1 . This is shown in the estimations

below.

By the L3 × L6 → L2 bilinear estimate, Lemma 2.2.2, Lemma 2.3.1, Lemma 2.4.1, Lemma

2.5.3, along with (3.1.2), (3.1.6), and (3.1.10),

∥(6.2.4)∥L2 + ∥(6.2.5)∥L2

≲∥F−1 1

ϕ(ξ, η)
(1 + q(η, ξ − η))ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1×

× sup
t∈[2M−1,2M ]

min{∥eicmt∆F−1∇ξ f̂m,k1∥L3
x
∥eicnt∆fn,k2∥L6

x
,
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23k2/2∥eicmt∆F−1∇ξ f̂m,k1∥L2
x
∥eicnt∆fn,k2∥L2

x
}

≲2−2k sup
t∈[2M−1,2M ]

min{∥eicmt∆F−1∇ξ f̂m,k1∥L3
x
∥eicnt∆fn,k2∥L6

x
,

23k2/2∥∇ξ f̂m,k1∥L2
ξ
∥fn,k2∥L2

x
}

≲2−2k−2k1,++γk1−2k2,++γk2 min{2−M/2+γM/8−k1+γk1/4−M−k2/2, 23k2/2−k1/2+k2/2}ϵ21

≲2−2k−2k++γk−2k2,++γk2 min{2−3M/2+γM/8−k+γk/4−k2/2, 22k2−k/2}ϵ21

and

∥(6.2.6)∥L2 + ∥(6.2.7)∥L2

≲2M∥F−1 1

ϕ(ξ, η)
(1 + q(η, ξ − η))ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1×

× sup
t∈[2M−1,2M ]

(
min{∥eicmt∆F−1∂t∇ξ f̂m,k1∥L3

x
∥eicnt∆fn,k2∥L6

x
,

23k2/2∥eicmt∆F−1∂t∇ξ f̂m,k1∥L2
x
∥eicnt∆fn,k2∥L2

x
}+

+min{∥eicmt∆F−1∇ξ f̂m,k1∥L3
x
∥eicnt∆∂tfn,k2∥L6

x
,

23k2/2∥eicmt∆F−1∇ξ f̂m,k1∥L2
x
∥eicnt∆∂tfn,k2∥L2

x
}
)
.

Then, using the bounds on the time derivatives in Lemma 3.2.1, Lemma 3.2.2, and Lemma

3.2.3, we have

∥(6.2.6)∥L2 + ∥(6.2.7)∥L2

≲2M−2k−2k1,++γk1−2k2,++γk2×

×
(
min{2−M−γk1−M−k2/2, (1 + 2M/2+k1)23k2/2−M−k1/2−γk1+k2/2}+

+min{2−M/2+γM/8−k1+γk1/4−2M−k2/2, 23k2/2−k1/2−M+k2/2}
)
ϵ21

≲(1 + 2M/2+k)2−2k−2k++γk−2k2,++γk2 min{2−3M/2−γk−−k−k2/2, 2−k/2−γk−+2k2}ϵ21.
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Thus, we conclude

∥F 1∥L2 + ∥F 2∥L2

≲(1 + 2M/2+k)2−2k−2k++γk−γk−−2k2,++γk2 min{2−3M/2−k−k2/2, 2−k/2+2k2}ϵ21. (6.2.8)

Now, we deal with the terms ∥∇ξF
1∥L2 , ∥∇ξF

2∥L2 . Since we will not be able to bound

∥∇2
ξ f̂m,k1∥L2 , before taking the derivative in ξ, we perform a change of variable ζ = ξ − η

on F 1 + F 2. As a consequence, we will have the two derivatives evenly distributed between

f̂m,k1 and f̂n,k2 ,

F 1 + F 2 =

∫ t2

t1

∫
R3
eitϕ(ξ,η)(1 + q(η, ξ − η))∂ξl f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

=

∫ t2

t1

∫
R3
eitϕ(ξ,ξ−ζ)(1 + q(ξ − ζ, ζ))∂ζl f̂m,k1(t, ζ)f̂n,k2(t, ξ − ζ)ψk(ξ)dζdt.

Hence,

∂ξmF
1 + ∂ξmF

2 (6.2.9)

=

∫ t2

t1

∫
R3
eitϕ(ξ,ξ−η)(1 + q(ξ − η, η))∂ηl f̂m,k1(t, η)∂ξm f̂n,k2(t, ξ − η)ψk(ξ)dηdt (6.2.10)

+

∫ t2

t1

∫
R3
eitϕ(ξ,ξ−η)∂ξmq(ξ − η, η)∂ηl f̂m,k1(t, η)f̂n,k2(t, ξ − η)ψk(ξ)dηdt (6.2.11)

+

∫ t2

t1

∫
R3
eitϕ(ξ,ξ−η)(1 + q(ξ − η, η))∂ηl f̂m,k1(t, η)f̂n,k2(t, ξ − η)∂ξmψk(ξ)dηdt (6.2.12)

+

∫ t2

t1

∫
R3
eitϕ(ξ,ξ−η)it∂ξmϕ(ξ, ξ − η)(1 + q(ξ − η, η))∂ηl f̂m,k1(t, η)f̂n,k2(t, ξ − η)ψk(ξ)dηdt.

(6.2.13)

For the term (6.2.13), after integrating by parts using the identity

eitϕ(ξ,ξ−η) =
1

iϕ(ξ, ξ − η)
∂te

itϕ(ξ,ξ−η),
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we get

(6.2.13) (6.2.14)

=

∫ t2

t1

∫
R3
∂te

itϕ(ξ,ξ−η) t∂ξmϕ(ξ, ξ − η)

ϕ(ξ, ξ − η)
(1 + q(ξ − η, η))∂ηl f̂m,k1(t, η)f̂n,k2(t, ξ − η)ψk(ξ)dηdt

=

∫
R3
eit2ϕ(ξ,ξ−η) t2∂ξmϕ(ξ, ξ − η)

ϕ(ξ, ξ − η)
(1 + q(ξ − η, η))∂ηl f̂m,k1(t2, η)f̂n,k2(t2, ξ − η)ψk(ξ)dη

(6.2.15)

−
∫
R3
eit1ϕ(ξ,ξ−η) t1∂ξmϕ(ξ, ξ − η)

ϕ(ξ, ξ − η)
(1 + q(ξ − η, η))∂ηl f̂m,k1(t1, η)f̂n,k2(t1, ξ − η)ψk(ξ)dη

(6.2.16)

−
∫ t2

t1

∫
R3
eitϕ(ξ,ξ−η)∂ξmϕ(ξ, ξ − η)

ϕ(ξ, ξ − η)
(1 + q(ξ − η, η))∂ηl f̂m,k1(t, η)f̂n,k2(t, ξ − η)ψk(ξ)dηdt

(6.2.17)

−
∫ t2

t1

∫
R3
eitϕ(ξ,ξ−η) t∂ξmϕ(ξ, ξ − η)

ϕ(ξ, ξ − η)
(1 + q(ξ − η, η))∂t∂ηl f̂m,k1(t, η)f̂n,k2(t, ξ − η)ψk(ξ)dηdt

(6.2.18)

−
∫ t2

t1

∫
R3
eitϕ(ξ,ξ−η) t∂ξmϕ(ξ, ξ − η)

ϕ(ξ, ξ − η)
(1 + q(ξ − η, η))∂ηl f̂m,k1(t, η)∂tf̂n,k2(t, ξ − η)ψk(ξ)dηdt.

(6.2.19)

Using the L3 × L6 → L2 bilinear estimate and Lemma 2.2.2, we have

∥(6.2.10)∥L2 ≲2M sup
t∈[2M−1,2M ]

∥F−1(1 + q(ξ − η, η))ψ̃k(ξ)ψ̃k1(η)ψ̃k2(ξ − η)∥L1×

×min{∥eicmt∆F−1∇ξ f̂m,k1∥L3
x
∥eicnt∆F−1∇ξ f̂n,k2∥L6

x
,

23k2/2∥eicmt∆F−1∇ξ f̂m,k1∥L2
x
∥eicnt∆F−1∇ξ f̂n,k2∥L2

x
}

≲2M sup
t∈[2M−1,2M ]

min{∥eicmt∆F−1∇ξ f̂m,k1∥L3
x
∥eicnt∆F−1∇ξ f̂n,k2∥L6

x
,

23k2/2∥∇ξ f̂m,k1∥L2
ξ
∥∇ξ f̂n,k2∥L2

ξ
}.
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Then, by Bernstein’s inequality, (3.1.2), (3.1.6), and (3.1.10),

∥(6.2.10)∥L2

≲2M sup
t∈[2M−1,2M ]

min{∥eicmt∆F−1∇ξ f̂m,k1∥L3
x
2k2/2∥eicnt∆F−1∇ξ f̂n,k2∥L3

x
,

23k2/2∥∇ξ f̂m,k1∥L2
ξ
∥∇ξ f̂n,k2∥L2

ξ
}

≲2M−2k1,++γk1−2k2,++γk2 min{2−M+γM/4+γk1/4−k1+γk2/4−k2/2, 23k2/2−k1/2−k2/2}ϵ21

≲2−2k++γk−2k2,++γk2 min{2γM/4+γk/4−k+γk2/4−k2/2, 2M−k/2+k2}ϵ21.

Next, the bilinear estimate L3×L6 → L2, together with Lemma 2.3.1, Lemma 2.2.2, Lemma

2.5.3, (3.1.2), and (3.1.10) implies

∥(6.2.11) + (6.2.12) + (6.2.15) + (6.2.16) + (6.2.17)∥L2

≲2M
(
∥F−1∇ξq(ξ − η, η)ψ̃k(ξ)ψ̃k1(η)ψ̃k2(ξ − η)∥L1+

+ ∥F−1(1 + q(ξ − η, η))ψ̃k(ξ)ψ̃k1(η)ψ̃k2(ξ − η)∥L1∥∇ξψk∥L∞+

+ ∥F−1∂ξmϕ(ξ, ξ − η)

ϕ(ξ, ξ − η)
(1 + q(ξ − η, η))ψ̃k(ξ)ψ̃k1(η)ψ̃k2(ξ − η)∥L1

)
×

× sup
t∈[2M−1,2M ]

min{∥eicmt∆F−1∇f̂m,k1∥L3
x
∥eicnt∆fn,k2∥L6

x
,

23k2/2∥eicmt∆F−1∇f̂m,k1∥L2
x
∥eicnt∆fn,k2∥L2

x
}

≲2M−k sup
t∈[2M−1,2M ]

min{∥eicmt∆F−1∇f̂m,k1∥L3
x
∥eicnt∆fn,k2∥L6

x
,

23k2/2∥F−1∇f̂m,k1∥L2
x
∥fn,k2∥L2

x
}

≲2−k−2k1,+−2k2,++γk1+γk2 min{2−M/2+γM/8−k1+γk1/4−k2/2, 2M+3k2/2−k1/2+k2/2}ϵ21

≲2−2k+−2k2,++γk+γk2 min{2−M/2+γM/8−2k+γk/4−k2/2, 2M+2k2−3k/2}ϵ21,

∥(6.2.18) + (6.2.19)∥L2
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≲22M∥F−1∂ξmϕ(ξ, ξ − η)

ϕ(ξ, ξ − η)
(1 + q(ξ − η, η))ψ̃k(ξ)ψ̃k1(η)ψ̃k2(ξ − η)∥L1×

× sup
t∈[2M−1,2M ]

(
min{∥eicmt∆F−1∂t∇f̂m,k1∥L3

x
∥eicnt∆fn,k2∥L6

x
,

23k2/2∥eicmt∆F−1∂t∇f̂m,k1∥L2
x
∥eicnt∆fn,k2∥L2

x
}+

+min{∥eicmt∆F−1∇f̂m,k1∥L3
x
∥eicnt∆∂tfn,k2∥L6

x
,

23k2/2∥eicmt∆F−1∇f̂m,k1∥L2
x
∥eicnt∆∂tfn,k2∥L2

x
}
)

≲22M−k sup
t∈[2M−1,2M ]

(
min{∥eicmt∆F−1∂t∇f̂m,k1∥L3

x
∥eicnt∆fn,k2∥L6

x
,

23k2/2∥∂t∇f̂m,k1∥L2
ξ
∥fn,k2∥L2

x
}+

+min{∥eicmt∆F−1∇f̂m,k1∥L3
x
∥eicnt∆∂tfn,k2∥L6

x
,

23k2/2∥∇f̂m,k1∥L2
ξ
∥∂tfn,k2∥L2

x
}
)
,

and by Lemma 3.2.1, Lemma 3.2.2, Lemma 3.2.3, (3.1.2), (3.1.6), and (3.1.10),

∥(6.2.18) + (6.2.19)∥L2

≲22M−k−2k1,++γk1−2k2,++γk2
(
min{2−M−γk1−M−k2/2,

(1 + 2M/2+k1)23k2/2−M−k1/2−γk1+k2/2}ϵ21+

+min{2−M/2+γM/8−k1+γk1/4−2M−k2/2, 23k2/2−k1/2−M+k2/2}
)
ϵ21

≲2−2k++γk−2k2,++γk2
(
min{2−k−γk−k2/2, (1 + 2M/2+k)2M−3k/2−γk+2k2}ϵ21+

+min{2−M/2+γM/8−2k+γk/4−k2/2, 2M−3k/2+2k2}
)
ϵ21

≲(1 + 2M/2+k)2−2k++γk−γk−−2k2,++γk2 min{2−M/2−2k−k2/2, 2M−3k/2+2k2}ϵ21.

Thus, we have

∥∇ξF
1∥L2 + ∥∇ξF

2∥L2

≲(1 + 2M/2+k)2−2k++γk−γk−−2k2,++γk2×
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×min{(1 + 2γM/4+γk/2)2−M/2−2k−k2/2, 2M−k/2+k2}ϵ21.

When M + 2k ≤ 0, using Lemma 2.1.1 and (6.2.3), we obtain

∥Dα
ξ F

1∥L2 + ∥Dα
ξ F

2∥L2

≤ ∥F 1∥1−α
L2 ∥∇ξF

1∥α
L2 + ∥F 2∥1−α

L2 ∥∇ξF
2∥α

L2

≲ 2−2k++γk−γk−−2k2,++γk2 min{2−M/2−k−αk−k2/2, 2M+2k2−k/2−αk2}ϵ21.

And when M + 2k > 0, we use Lemma 2.1.1 and (6.2.8) to get

∥Dα
ξ F

1∥L2 + ∥Dα
ξ F

2∥L2

≲2−2k++γk−γk−−2k2,++γk2 min{2−M+αM+γM/4+γk/2−2k+αk−k2/2,

2M/2+αM−3k/2+2k2+α(2k−k2)}ϵ21

≲2−2k++γk−γk−−2k2,++γk2 min{2−M/2+γM/4+γk/2−2k+αk−k2/2, 2M−k+3k2/2+αk}ϵ21.

The last line uses the fact that α(k − k2) ≤ k/2 − k2/2, since k > k2 for (k1, k2) ∈ χ1k and

α < 1/2.

Since the denominator in the identity

eitϕ(ξ,η) =
3∑

n=1

∂ηnϕ(ξ, η)

it|∇ηϕ(ξ, η)|2
∂ηne

itϕ(ξ,η)

has a lower bound, |∇ηϕ(ξ, η)| ≳ 2k1 , for all (k1, k2) ∈ χ1k∪χ
2
k, we will employ it to handle the

general case when (k1, k2) ∈ χ2k and the exception case in Lemma 6.2.1 when (k1, k2) ∈ χ1k

and cl = cm.

Lemma 6.2.2. Suppose t1, t2 ∈ [2M−1, 2M ] and supt∈[1,T ] ∥fl∥Z ≤ ϵ1. If either (k1, k2) ∈
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χ2k or (k1, k2) ∈ χ1k and cl = cm, then

∥DαI
M,1
k,k1,k2

∥L2

≲2−2k1,++γk1−2k2,++γk2−αk−k1/2min{2−M/4−k2/2, 2M+3min{k,k2}/2+k2/2}ϵ21.

If either (k1, k2) ∈ χ2k ∪ χ
3
k or (k1, k2) ∈ χ1k and cl = cm, then

∥DαJ
M,1
k,k1,k2

∥L2

≲2−2k1,++γk1−2k2,++γk2−αk−k1/2min{2−M/4−k2/2, 2M+3min{k,k2}/2+k2/2}ϵ21.

Proof. We will use the interpolation result in Lemma 2.1.2 to find bounds on the fractional

derivatives. For IM,1
k,k1,k2

and J
M,1
k,k1,k2

, we consider the families of operators on {z ∈ C : 0 ≤

ℜ(z) ≤ 1},

Tz ĝ = Dz
∫ t2

t1

∫
R3
eitϕ(ξ,η)ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

and

T
q
z ĝ = Dz

∫ t2

t1

∫
R3
eitϕ(ξ,η)q(ξ − η, η)ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt,

respectively. We shall show for each y ∈ R,

T0+iy, T
q
0+iy : L∞t ([2M−1, 2M ])L2ξ → L2ξ

and

T1+iy, T
q
1+iy : L∞t ([2M−1, 2M ])H1

ξ → L2ξ

are bounded operators.
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By Lemma 2.4.3, Lemma 2.2.2, Lemma 3.1.1, and (3.1.2), we have

∥T0+iy ĝ∥L2 + ∥T q
0+iy ĝ∥L2

=

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

+

+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)q(ξ − η, η)ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

≲(1 + 2ϵk−)min{2−M/4∥ĝk1∥L∞
t ([2M−1,2M ])L2

ξ
∥f̂k2∥L∞

t ([2M−1,2M ])H1
ξ
,

2M+3min{k,k2}/2∥eicmt∆gk1∥L∞
t ([2M−1,2M ])L2

x
∥eicnt∆fn,k2∥L∞

t ([2M−1,2M ])L2
x
}

≲min{2−M/4∥f̂n,k2∥L∞
t ([2M−1,2M ])H1

ξ
, 2M+3min{k,k2}/2∥fn,k2∥L∞

t ([2M−1,2M ])L2
x
}×

× ∥ĝk1∥L∞
t ([2M−1,2M ])L2

ξ

≲2−2k2,++γk2 min{2−M/4−k2/2, 2M+3min{k,k2}/2+k2/2}ϵ1∥ĝ∥L∞
t ([2M−1,2M ])L2

ξ
.

Next, we observe

∥T1+iy ĝ∥L2 ≤
∥∥∥∥∂ξl ∫ t2

t1

∫
R3
eitϕ(ξ,η)ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

≤
∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ξl ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

(6.2.20)

+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)ĝk1(t, ξ − η)f̂n,k2(t, η)∂ξlψk(ξ)dηdt

∥∥∥∥
L2

(6.2.21)

+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)it∂ξlϕ(ξ, η)ĝk1(t, ξ − η)f̂k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

(6.2.22)

and

∥T q
1+iy ĝ∥L2 (6.2.23)

≤
∥∥∥∥∂ξl ∫ t2

t1

∫
R3
eitϕ(ξ,η)q(ξ − η, η)ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

≤
∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)q(ξ − η, η)∂ξl ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

(6.2.24)
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+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ξlq(ξ − η, η)ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

(6.2.25)

+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)q(ξ − η, η)ĝk1(t, ξ − η)f̂n,k2(t, η)∂ξlψk(ξ)dηdt

∥∥∥∥
L2

(6.2.26)

+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)it∂ξlϕ(ξ, η)q(ξ − η, η)ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2
. (6.2.27)

Since we have (3.2.9) when (k1, k2) ∈ χ1k ∪χ
2
k, we can perform an integration by parts using

the identity eitϕ(ξ,η) =
∑3

n=1
∂ηnϕ(ξ,η)

it|∇ηϕ(ξ,η)|2
∂ηne

itϕ(ξ,η) on the term (6.2.22),

∫ t2

t1

∫
R3
eitϕ(ξ,η)it∂ξlϕ(ξ, η)ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

=

∫ t2

t1

∫
R3
∂ηne

itϕ(ξ,η)∂ξlϕ(ξ, η)∂ηnϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

=−
∫ t2

t1

∫
R3
eit2η·(ξ−η)∂ηn

∂ξlϕ(ξ, η)∂ηnϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt (6.2.28)

−
∫ t2

t1

∫
R3
eit2η·(ξ−η)∂ξlϕ(ξ, η)∂ηnϕ(ξ, η)

|∇ηϕ(ξ, η)|2
∂ηn ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt (6.2.29)

−
∫ t2

t1

∫
R3
eit2η·(ξ−η)∂ξlϕ(ξ, η)∂ηnϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ĝk1(t, ξ − η)∂ηn f̂n,k2(t, η)ψk(ξ)dηdt. (6.2.30)

Furthermore, for cm+cn = 0, we get ϕ(ξ, η) = (cl−cm)|ξ|2+2cmξ ·η and ∇ηϕ(ξ, η) = 2cmξ.

We may perform an integration by parts using the identity eitϕ(ξ,η) =
∑3

n=1
ξn

it2cm|ξ|2∂ηne
itϕ(ξ,η)

on the term (6.2.27) regardless of k1 and k2,

∫ t2

t1

∫
R3
eitϕ(ξ,η)it∂ξlϕ(ξ, η)q(ξ − η, η)ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

=

∫ t2

t1

∫
R3
∂ηne

itϕ(ξ,η) ξn∂ξlϕ(ξ, η)

cm|ξ|2
q(ξ − η, η)ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

=−
∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηn

(ξn∂ξlϕ(ξ, η)
cm|ξ|2

q(ξ − η, η)
)
ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt (6.2.31)

−
∫ t2

t1

∫
R3
eitϕ(ξ,η)

ξn∂ξlϕ(ξ, η)

cm|ξ|2
q(ξ − η, η)∂ηn ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt (6.2.32)

−
∫ t2

t1

∫
R3
eitϕ(ξ,η)

ξn∂ξlϕ(ξ, η)

cm|ξ|2
q(ξ − η, η)ĝk1(t, ξ − η)∂ηn f̂n,k2(t, η)ψk(ξ)dηdt. (6.2.33)
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By Lemma 2.4.3, Lemma 2.2.2, Lemma 3.1.1, Lemma 2.3.3, (3.1.2), and (2.5.1), we know

(6.2.20) + ∥(6.2.29)∥L2

≲
(
1 + ∥F−1∂ξlϕ(ξ, η)∂ηnϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ψ̃k1(∇ηϕ(ξ, η))ψ̃k2(η)∥L1

)
×

×min{2−M/4∥∇ξ ĝk1∥L∞
t ([2M−1,2M ])L2

ξ
∥f̂k2∥L∞

t ([2M−1,2M ])H1
ξ
, 2M+3min{k,k2}/2×

× ∥eicmt∆F−1∇ξ ĝk1∥L∞
t ([2M−1,2M ])L2

x
∥eicnt∆fn,k2∥L∞

t ([2M−1,2M ])L2
x
}

≲min{2−M/4∥f̂n,k2∥L∞
t ([2M−1,2M ])H1

ξ
, 2M+3min{k,k2}/2∥fn,k2∥L∞

t ([2M−1,2M ])L2
x
}×

× ∥∇ξ ĝk1∥L∞
t ([2M−1,2M ])L2

ξ

≤2−2k2,++γk2 min{2−M/4−k2/2, 2M+3min{k,k2}/2+k2/2}ϵ1∥ĝ∥L∞
t ([2M−1,2M ])H1

ξ

and

(6.2.21) + ∥(6.2.28)∥L2

≲
(
∥∇ξψk∥L∞ + ∥F−1∂ηn

∂ξlϕ(ξ, η)∂ηnϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ψ̃k1(∇ηϕ(ξ, η))ψ̃k2(η)∥L1

)
×

×min{2−M/4∥ĝk1∥L∞
t ([2M−1,2M ])H1

ξ
∥f̂n,k2∥L∞

t ([2M−1,2M ])L2
ξ
, 2M+3min{k,k2}/2×

× ∥eicmt∆gk1∥L∞
t ([2M−1,2M ])L2

x
∥eicnt∆fn,k2∥L∞

t ([2M−1,2M ])L2
x
}

≲(2−k + 2−k1)min{2−M/4∥ĝk1∥L∞
t ([2M−1,2M ])H1

ξ
∥f̂n,k2∥L∞

t ([2M−1,2M ])L2
ξ
,

2M+3min{k,k2}/2∥ĝk1∥L∞
t ([2M−1,2M ])L2

ξ
∥fn,k2∥L∞

t ([2M−1,2M ])L2
x
}

≲2−k min{2−M/4∥f̂n,k2∥L∞
t ([2M−1,2M ])L2

ξ
, 2M+3min{k,k2}/2+k1∥fn,k2∥L∞

t ([2M−1,2M ])L2
x
}×

× ∥ĝk1∥L∞
t ([2M−1,2M ])H1

ξ

≲2−k−2k2,++γk2 min{2−M/4+k2/2, 2M+3min{k,k2}/2+k1+k2/2}ϵ1∥ĝ∥L∞
t ([2M−1,2M ])H1

ξ
.
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When (k1, k2) ∈ χ1k, we have cl = cm and ϕ(ξ, η) = 2cmξ · η − (cm + cn)|η|2, so

∥(6.2.30)∥L2

≲∥F−1∂ξlϕ(ξ, η)∂ηnϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ψ̃k1(∇ηϕ(ξ, η))ψ̃k2(η)∥L1×

×min{2−M/4∥ĝk1∥L∞
t ([2M−1,2M ])H1

ξ
∥∇ξ f̂n,k2∥L∞

t ([2M−1,2M ])L2
ξ
, 2m+3min{k,k2}/2×

× ∥eicmt∆gk1∥L∞
t ([2M−1,2M ])L2

x
∥eicnt∆F−1∇ξ f̂n,k2∥L∞

t ([2M−1,2M ])L2
x
}

≲2k2−k1 min{2−M/4∥ĝk1∥L∞
t ([2M−1,2M ])H1

ξ
∥∇ξ f̂n,k2∥L∞

t ([2M−1,2M ])L2
ξ
,

2M+3min{k,k2}/2∥ĝk1∥L∞
t ([2M−1,2M ])L2

ξ
∥∇ξ f̂n,k2∥L∞

t ([2M−1,2M ])L2
ξ
}

≲2k2−k1 min{2−M/4∥∇ξ f̂n,k2∥L∞
t ([2M−1,2M ])L2

ξ
,

2M+3min{k,k2}/2+k1∥∇ξ f̂n,k2∥L∞
t ([2M−1,2M ])L2

ξ
}∥ĝk1∥L∞

t ([2M−1,2M ])H1
ξ

≲2−2k2,++γk2 min{2−M/4−k1+k2/2, 2M+3min{k,k2}/2+k2/2}ϵ1∥ĝ∥L∞
t ([2M−1,2M ])H1

ξ
.

Repeat the same estimate using (1.2.2). Since either (k1, k2) ∈ χ2k or ϕ(ξ, η) = 2cmξ · η −

(cm + cn)|η|2, we get

(6.2.24) + ∥(6.2.32)∥L2

≲
(
∥F−1q(ξ − η, η)ψ̃k1(ξ − η)ψ̃k2(η)ψ̃k(ξ)∥L1+

+ ∥F−1 ξn∂ξlϕ(ξ, η)

cm|ξ|2
q(ξ − η, η)ψ̃k1(ξ − η)ψ̃k2(η)ψ̃k(ξ)∥L1

)
×

×min{2−M/4∥∇ξ ĝk1∥L∞
t ([2M−1,2M ])L2

ξ
∥f̂k2∥L∞

t ([2M−1,2M ])H1
ξ
,

2M+3min{k,k2}/2∥eicmt∆F−1∇ξ ĝk1∥L∞
t ([2M−1,2M ])L2

x
∥eicnt∆fn,k2∥L∞

t ([2M−1,2M ])L2
x
}

≲(2ϵk− + 2ϵk−+k2−k)2−2k2,++γk2×

×min{2−M/4−k2/2, 2M+3min{k,k2}/2+k2/2}ϵ1∥ĝ∥L∞
t ([2M−1,2M ])H1

ξ
,
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(6.2.25) + (6.2.26) + ∥(6.2.31)∥L2

≲
(
∥F−1∇ξq(ξ − η, η)ψ̃k1(ξ − η)ψ̃k2(η)ψ̃k(ξ)∥L1+

+ ∥∇ξψk∥L∞∥F−1q(ξ − η, η)ψ̃k1(ξ − η)ψ̃k2(η)ψ̃k(ξ)∥L1+

+ ∥F−1∂ηn
(ξn∂ξlϕ(ξ, η)

cm|ξ|2
q(ξ − η, η)

)
ψ̃k1(ξ − η)ψ̃k2(η)ψ̃k(ξ)∥L1

)
×

×min{2−M/4∥ĝk1∥L∞
t ([2M−1,2M ])H1

ξ
∥f̂n,k2∥L∞

t ([2M−1,2M ])L2
ξ
,

2M+3min{k,k2}/2∥eicmt∆gk1∥L∞
t ([2M−1,2M ])L2

x
∥eicnt∆fn,k2∥L∞

t ([2M−1,2M ])L2
x
}

≲2ϵk−−k−2k2,++γk2 min{2−M/4+k2/2, 2M+3min{k,k2}/2+k1+k2/2}ϵ1∥ĝ∥L∞
t ([2M−1,2M ])H1

ξ
,

and

∥(6.2.33)∥L2

≲∥F−1 ξn∂ξlϕ(ξ, η)

cm|ξ|2
ψ̃k1(ξ − η)ψ̃k2(η)ψ̃k(ξ)∥L1×

×min{2−M/4∥ĝk1∥L∞
t ([2M−1,2M ])H1

ξ
∥∇ξ f̂n,k2∥L∞

t ([2M−1,2M ])L2
ξ
,

2m+3min{k,k2}/2∥eicmt∆gk1∥L∞
t ([2M−1,2M ])L2

x
∥eicnt∆F−1∇ξ f̂n,k2∥L∞

t ([2M−1,2M ])L2
x
}

≲2ϵk−−k−2k2,++γk2 min{2−M/4+k2/2, 2M+3min{k,k2}/2+k1+k2/2}ϵ1∥ĝ∥L∞
t ([2M−1,2M ])H1

ξ
.

Thus, we can conclude

∥T0+iy ĝ∥L2

≲2−2k2,++γk2 min{2−M/4−k2/2, 2M+3min{k,k2}/2+k2/2}ϵ1∥ĝ∥L∞
t ([2M−1,2M ])L2

ξ
,

∥T1+iy ĝ∥L2

≲2−2k2,++γk2 min{2−M/4−k2/2, 2M+3min{k,k2}/2+k2/2}ϵ1∥ĝ∥L∞
t ([2M−1,2M ])H1

ξ
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+ 2−2k2,++γk2 min{2−M/4−k+k2/2, 2M+3min{k,k2}/2+k1−k+k2/2}ϵ1∥ĝ∥L∞
t ([2M−1,2M ])H1

ξ

+ 2−2k2,++γk2 min{2−M/4−k1+k2/2, 2M+3min{k,k2}/2+k2/2}ϵ1∥ĝ∥L∞
t ([2M−1,2M ])H1

ξ

≲2−2k2,++γk2+k1−k min{2−M/4−k2/2, 2M+3min{k,k2}/2+k2/2}ϵ1∥ĝ∥L∞
t ([2M−1,2M ])H1

ξ
,

and

∥T q
0+iy ĝ∥L2

≲2ϵk−−2k2,++γk2 min{2−M/4−k2/2, 2M+3min{k,k2}/2+k2/2}ϵ1∥ĝ∥L∞
t ([2M−1,2M ])L2

ξ
,

∥T q
1+iy ĝ∥L2

≲2ϵk−−2k2,++γk2+k1−k min{2−M/4−k2/2, 2M+3min{k,k2}/2+k2/2}ϵ1∥ĝ∥L∞
t ([2M−1,2M ])H1

ξ
.

By the variation of the Stein’s interpolation theorem in Lemma 2.1.2, for any α ∈ (0, 1),

∥Tαĝ∥L2 + ∥T q
αĝ∥L2

≲2−2k2,++γk2+α(k1−k)min{2−m/4−k2/2, 2m+3min{k,k2}/2+k2/2}ϵ1∥ĝ∥L∞
t ([2M−1,2M ])Hα

ξ
.

Taking g = F−1∇ξ f̂m(t, ξ)ψ̃k1(ξ) and using (3.1.3) finish the proof.

Now, the only case left is ∥Dα
ξ I

M,1
k,k1,k2

∥L2 for (k1, k2) ∈ χ3k. We will start with proving a

slightly more general result on the bilinear integrals when |ξ| ∼ |η| ∼ |ξ − η|. The proof will

use Lemma 2.1.2 to handle the fractional derivatives.

Lemma 6.2.3. Suppose md : R3 × R3 → R is homogeneous of degree d and smooth on
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R3 × R3 \ {(0, 0)}. Given (k1, k2) ∈ χ3k and supt∈[1,T ] ∥fl∥Z ≤ ϵ1, we have

∥∥∥∥Dα
∫ t2

t1

∫
R3
eitϕ(ξ,η)md(ξ, η)ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

≲(1 + 2α(M+2k))2dk−2k++γk×

×min{2−M/2−k+(1−α)(γM/8+γk/4), 2M+2k}ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])Hα

ξ

(6.2.34)

and∥∥∥∥Dα
∫ t2

t1

∫
R3
eitϕ(ξ,η)md(ξ, η)f̂m,k1(t, ξ − η)ĝk2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

≲(1 + 2α(M+2k))2dk−2k++γk×

×min{2−M/2−k+(1−α)(γM/8+γk/4), 2M+2k}ϵ1∥ĝk2∥L∞
t ([2M−1,2M ])Hα

ξ
,

(6.2.35)

for any t1, t2 ∈ [2M−1, 2M ].

Proof. Consider the following two families of operators on {z ∈ C : 0 ≤ ℜ(z) ≤ 1},

T 1
z ĝ = Dz

∫ t2

t1

∫
R3
eitϕ(ξ,η)md(ξ, η)ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

and

T 2
z ĝ = Dz

∫ t2

t1

∫
R3
eitϕ(ξ,η)md(ξ, η)f̂m,k1(t, ξ − η)ĝk2(t, η)ψk(ξ)dηdt,

which correspond to (6.2.34) and (6.2.35).

We start with bounding T 1
0+iy and T 2

0+iy. Using the bilinear estimate L2 × L∞ → L2,

Lemma 2.3.1, Lemma 2.2.2, (3.1.2), and (3.1.8), we get

∥T 1
0+iy ĝ∥L2
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=

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)md(ξ, η)ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

≲2M∥F−1md(ξ, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1×

× sup
t∈[2M−1,2M ]

min{∥eicmt∆gk1∥L2
x
∥eicnt∆fn,k2∥L∞

x
,

23min{k,k2}/2∥eicmt∆gk1∥L2
x
∥eicnt∆fn,k2∥L2

x
}

≲2M+dk sup
t∈[2M−1,2M ]

min{∥eicnt∆fn,k2∥L∞
x
, 23min{k,k2}/2∥fn,k2∥L2

x
}∥gk1∥L2

x

≲2M+dk−2k2,++γk2 min{2−3M/2+γM/8−k2+γk2/4, 23min{k,k2}/2+k2/2}ϵ1×

× ∥gk1∥L∞
t ([2M−1,2M ])L2

x

≲2dk−2k++γk min{2−M/2+γM/8−k+γk/4, 2M+2k}ϵ1∥g∥L∞
t ([2M−1,2M ])L2

x
,

since χ3k = {|k1 − k2| ≤ a, |k − k1| ≤ a+ 2}. Similarly, we also have

∥T 2
0+iy ĝ∥L2

=

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)md(ξ, η)f̂m,k1(t, ξ − η)ĝk2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

≲2M∥F−1md(ξ, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1×

× sup
t∈[2M−1,2M ]

min{∥eicmt∆fm,k1∥L2
x
∥eicnt∆gk2∥L∞

x
,

23min{k,k2}/2∥eicmt∆fm,k1∥L2
x
∥eicnt∆gk2∥L2

x
}

≲2M+dk sup
t∈[2M−1,2M ]

min{∥eicmt∆fm,k1∥L∞
x
, 23min{k,k2}/2∥fm,k1∥L2

x
}∥gk2∥L2

x

≲2M+dk−2k1,++γk1 min{2−3M/2+γM/8−k1+γk1/4, 23min{k,k2}/2+k1/2}ϵ1×

× ∥gk2∥L∞
t ([2M−1,2M ])L2

x

≲2dk−2k++γk min{2−M/2+γM/8−k+γk/4, 2M+2k}ϵ1∥g∥L∞
t ([2M−1,2M ])L2

x
.
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Next, we observe

∥T 1
1+iy ĝ∥L2

=

∥∥∥∥∂ξm ∫ t2

t1

∫
R3
eitϕ(ξ,η)md(ξ, η)ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

≤
∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)md(ξ, η)∂ξm ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

(6.2.36)

+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)md(ξ, η)ĝk1(t, ξ − η)f̂n,k2(t, η)∂ξmψk(ξ)dηdt

∥∥∥∥
L2

(6.2.37)

+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)it∂ξmϕ(ξ, η)md(ξ, η)ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

(6.2.38)

and

∥T 2
1+iy ĝ∥L2 (6.2.39)

=

∥∥∥∥∂ξm ∫ t2

t1

∫
R3
eitϕ(ξ,η)md(ξ, η)f̂m,k1(t, ξ − η)ĝk2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

≤
∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)md(ξ, η)∂ξm f̂m,k1(t, ξ − η)ĝk2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

(6.2.40)

+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)md(ξ, η)f̂m,k1(t, ξ − η)ĝk2(t, η)∂ξmψk(ξ)dηdt

∥∥∥∥
L2

(6.2.41)

+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)it∂ξmϕ(ξ, η)md(ξ, η)f̂m,k1(t, ξ − η)ĝk2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2
. (6.2.42)

By the L2×L∞ → L2 bilinear estimate, Lemma 2.3.1, Lemma 2.2.2, (3.1.2), (2.5.1), (3.1.6),

and (3.1.9), we get

(6.2.36) + (6.2.40)

≲2M∥F−1md(ξ, η)ψ̃k1(ξ − η)ψ̃k2(η)ψ̃k(ξ)∥L1×

× sup
t∈[2M−1,2M ]

(
min{∥eicmt∆F−1∇ξ ĝk1∥L2

x
∥eicnt∆fn,k2∥L∞

x
,

23min{k,k2}/2∥eicmt∆F−1∇ξ ĝk1∥L2
x
∥eicnt∆fn,k2∥L2

x
}+
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+min{∥eicmt∆F−1∇ξ f̂m,k1∥L2
x
∥eicnt∆gk2∥L∞

x
,

23min{k,k2}/2∥eicmt∆F−1∇ξ f̂m,k1∥L2
x
∥eicnt∆gk2∥L2

x
}
)

≲2M+dk sup
t∈[2M−1,2M ]

(
min{∥∇ξ ĝk1∥L2

ξ
2−M/2+3k2/2∥∇ξ f̂n,k2∥L2

ξ
,

23min{k,k2}/2∥∇ξ ĝk1∥L2
ξ
∥fn,k2∥L2

x
+

+min{∥∇ξ f̂k1∥L2
ξ
2−M/2+3k2/2∥∇ξ ĝk2∥L2

ξ
,

23min{k,k2}/2+k2∥∇ξ f̂m,k1∥L2
ξ
∥∇ξ ĝk2∥L2

ξ
}
)

≲2M+dk sup
t∈[2M−1,2M ]

(
min{2−M/2+3k2/2∥∇ξ f̂n,k2∥L2

ξ
,

23min{k,k2}/2∥fn,k2∥L2
x
}∥∇ξ ĝk1∥L2

ξ
+

+min{∥∇ξ f̂m,k1∥L2
ξ
2−M/2+3k2/2,

23min{k,k2}/2+k2∥∇ξ f̂m,k1∥L2
ξ
}∥∇ξ ĝk2∥L2

ξ

)
≲2M+dk sup

t∈[2M−1,2M ]

(
2−2k2,++γk2 min{2−M/2+k2 , 23min{k,k2}/2+k2/2}ϵ1∥∇ξ ĝk1∥L2

ξ
+

+ 2−2k1,++γk1 min{2−M/2+3k2/2−k1/2, 23min{k,k2}/2+k2−k1/2}ϵ1∥∇ξ ĝk2∥L2
ξ

)
≲2dk−2k++γk min{2M/2+k, 2M+2k}ϵ1∥ĝ∥L∞

t ([2m−2,2M ])H1
ξ
,

and the L4 × L4 → L2 bilinear estimate, Lemma 2.2.2, (2.5.1), and (3.1.11) imply

(6.2.37) + (6.2.38) + (6.2.41) + (6.2.42)

≲2M
(
∥∇ξψk∥L∞∥F−1md(ξ, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1+

+ 2M∥F−1∂ξmϕ(ξ, η)md(ξ, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1

)
×

× sup
t∈[2M−1,2M ]

(
min{∥eicmt∆fm,k1∥L4

x
∥eicnt∆gk2∥L4

x
,

23min{k,k2}/2∥eicmt∆fm,k1∥L2
x
∥eicnt∆gk2∥L2

x
}+

+min{∥eicmt∆gk1∥L4
x
∥eicnt∆fn,k2∥L4

x
,
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23min{k,k2}/2∥eicmt∆gk1∥L2
x
∥eicnt∆fn,k2∥L2

x
}
)

≲(2M−k+dk + 22M+dk+k)×

× sup
t∈[2M−1,2M ]

(
min{∥eicmt∆fm,k1∥L4

x
∥eicnt∆gk2∥L4

x
,

23min{k,k2}/2+k2∥fm,k1∥L2
x
∥∇ξ ĝk2∥L2

ξ
}+

+min{∥eicmt∆gk1∥L4
x
∥eicnt∆fn,k2∥L4

x
,

23min{k,k2}/2+k1∥∇ξ ĝk1∥L2
ξ
∥fn,k2∥L2

x
}
)

≲(2M−k+dk + 22M+dk+k)×

× sup
t∈[2M−1,2M ]

(
2−2k1,++γk1 min{2−3M/2−k1/4+k2/4,

23min{k,k2}/2+k2+k1/2}ϵ1∥∇ξ ĝk2∥L2
ξ
+

+ 2−2k2,++γk2 min{2−3M/2+k1/4−k2/2,

23min{k,k2}/2+k1+k2/2}ϵ1∥∇ξ ĝk1∥L2
ξ

)
≲(1 + 2M+2k)2dk−2k++γk min{2−M/2−k, 2M+2k}ϵ1∥ĝ∥L∞

t ([2M−1,2M ])H1
ξ
.

When M ≤ −2k, we have 2M+2k ≤ 1. Thus,

∥T 1
0+iy ĝ∥L2 + ∥T 2

0+iy ĝ∥L2

≲2dk−2k++γk min{2−M/2+γM/8−k+γk/4, 2M+2k}ϵ1∥ĝ∥L∞
t ([2M−1,2M ])L2

ξ

and

∥T 1
1+iy ĝ∥L2 + ∥T 2

1+iy ĝ∥L2

≲2dk−2k++γk min{2−M/2−k, 2M+2k}ϵ1∥ĝ∥L∞
t ([2M−1,2M ])H1

ξ
.
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By the interpolation result in Lemma 2.1.2, for any α ∈ (0, 1), we get

∥T 1
αĝ∥L2 + ∥T 2

αĝ∥L2

≲2dk−2k++γk min{2−M/2−k+(1−α)(γM/8+γk/4), 2M+k}ϵ1∥ĝ∥L∞
t ([2M−1,2M ])Hα

ξ
.

In the other case when M > −2k, we have

∥T 1
0+iy ĝ∥L2 + ∥T 2

0+iy ĝ∥L2

≲2dk−2k++γk min{2−M/2+γM/8−k+γk/4, 2M+2k}ϵ1∥ĝ∥L∞
t ([2M−1,2M ])L2

ξ

and

∥T 1
1+iy ĝ∥L2 + ∥T 2

1+iy ĝ∥L2

≲2M+2k+dk−2k++γk min{2−M/2−k, 2M+2k}ϵ1∥ĝ∥L∞
t ([2M−1,2M ])H1

ξ
.

Lemma 2.1.2 implies that for any α ∈ (0, 1),

∥T 1
αĝ∥L2 + ∥T 2

αĝ∥L2

≲2α(M+2k)+dk−2k++γk min{2−M/2−k+(1−α)(γM/8+γk/4), 2M+2k}ϵ1∥ĝ∥L∞
t ([2M−1,2M ])Hα

ξ
.

Therefore,

∥∥∥∥Dα
∫ t2

t1

∫
R3
eitϕ(ξ,η)md(ξ, η)ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

=∥T 1
α(ĝψ̃k1)∥L2

≲(1 + 2α(M+2k))2dk−2k++γk min{2−M/2−k+(1−α)(γM/8+γk/4),

2M+2k}ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])Hα

ξ
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and

∥∥∥∥Dα
∫ t2

t1

∫
R3
eitϕ(ξ,η)md(ξ, η)f̂m,k1(t, ξ − η)ĝk2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

=∥T 2
α(ĝψ̃k2)∥L2

≲(1 + 2α(M+2k))2dk−2k++γk min{2−M/2−k+(1−α)(γM/8+γk/4),

2M+2k}ϵ1∥ĝk2∥L∞
t ([2M−1,2M ])Hα

ξ
.

Observe ∥DαI
M,1
k,k1,k2

∥L2 for (k1, k2) ∈ χ3k is special case of (6.2.34) in Lemma 6.2.3 with

ĝ = ∇ξ f̂m, d = 0. Employing (3.1.3), we have

∥DαI
M,1
k,k1,k2

∥L2

≲(1 + 2α(M+2k))2−2k++γk×

×min{2−M/2−k+(1−α)(γM/8+γk/4), 2M+2k}ϵ1∥f̂k1∥L∞
t ([2M−1,2M ])H1+α

ξ

≲(1 + 2α(M+2k))2−2k++γk−2k1,++γk1−k1/2−αk1×

×min{2−M/2−k+(1−α)(γM/8+γk/4), 2M+2k}ϵ21.

Hence,

∑
1≤M≤log T

sup
2M−1≤t1≤t2≤2M

22k+−γk+k/2+αk
∑

cm+cn ̸=0

Almn

∑
(k1,k2)∈χ3

k

∥DαI
M,1
k,k1,k2

∥L2

≲
∑

1≤M≤log T

(1 + 2α(M+2k))2−2k++γk min{2−M/2−k+(1−α)(γM/8+γk/4), 2M+2k}ϵ21

≲
∑

M≤−2k

2γk+M+2kϵ21 +
∑

−2k<M≤log T

2α(M+2k)−2k++γk−M/2−k+(1−α)(γM/8+γk/4)ϵ21

≲ϵ21,
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given α + (1− α)γ/8 < 1/2, i.e. α < 1/2− γ/(16− 2γ).

Combining this with the result in Lemma 6.2.1 and Lemma 6.2.2, we have

∑
1≤M≤log T

sup
2M−1≤t1≤t2≤2M

22k+−γk+k/2+αk
( ∑

cm+cn ̸=0

Almn

∑
(k1,k2)∈χ3

k

∥DαI
M,1
k,k1,k2

∥L2

+
( ∑
cm+cn ̸=0
cm ̸=cl

+
∑

cm+cn ̸=0
cm=cl

)
Almn

∑
(k1,k2)∈χ1

k

∥DαI
M,1
k,k1,k2

∥L2+

+
∑

cm+cn ̸=0

Almn

∑
(k1,k2)∈χ2

k

∥DαI
M,1
k,k1,k2

∥L2+

+
( ∑
cm+cn=0
cm ̸=cl

+
∑

cm+cn=0
cm=cl

)
Almn

∑
(k1,k2)∈χ1

k

∥DαJ
M,1
k,k1,k2

∥L2+

+
∑

cm+cn=0

Almn

∑
(k1,k2)∈χ2

k∪χ
3
k

∥DαJ
M,1
k,k1,k2

∥L2

)

≲ϵ21 +
∑

1≤M≤log T

∑
(k1,k2)∈χ1

k∪χ
2
k∪χ

3
k

2−γk+2k+−2k1,++γk1−2k2,++γk2+k/2−k1/2×

×min{2−M/4−k2/2, 2M+3min{k,k2}/2+k2/2}ϵ21

+
∑

1≤M≤min{log T,−2k}

∑
k2≤k

2−γk−−2k2,++γk2 min{2−M/2−k/2−k2/2, 2M+2k2+αk−αk2}ϵ21

+
∑

−2k≤M≤log T

∑
k2≤k

2−γk−−2k2,++γk2+2αk×

×min{2−M/2+γM/4+γk/2−3k/2−k2/2, 2M−k/2+3k2/2}ϵ21

≲ϵ21,

which proves (6.2.1).

6.3 DαIM,2
k,k1,k2

and DαJM,2
k,k1,k2

In the current section, we examine the remaining terms, (6.0.6) and (6.0.7).
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For DαI
M,2
k,k1,k2

, we handle the cases where (k1, k2) ∈ χ1k and cm ̸= cl in Section 6.3.3. In

Section 6.3.1, we further investigate the cases where (k1, k2) ∈ χ1k, but with the coefficients

cm = cl, or the cases where (k1, k2) ∈ χ2k. Lastly, the cases where (k1, k2) ∈ χ3k are addressed

in Section 6.3.4.

As for DαJ
M,2
k,k1,k2

, we look at the cases where (k1, k2) ∈ χ1k and cm ̸= cl in Section 6.3.3,

while all the remaining cases, (k1, k2) ∈ χ1k and cm = cl or (k1, k2) ∈ χ2k ∪χ
3
k, are estimated

in Section 6.3.2.

6.3.1 DαIM,2
k,k1,k2

where (k1, k2) ∈ χ2
k

Recall the lower bound |∇ηϕ(ξ, η)| ≳ 2k1 established in (3.2.9), when (k1, k2) ∈ χ1k∪χ
2
k. We

will frequently employ the following identity throughout this section,

∑
m

∂ηmϕ(ξ, η)

it|∇ηϕ(ξ, η)|2
∂ηme

itϕ(ξ,η) = eitϕ(ξ,η).

To estimate the α derivative, we will utilize the interpolation result from Lemma 2.1.2.

However, instead of immediately defining a single family of operators for IM,2
k,k1,k2

to apply

the lemma to, we will take a preliminary step. We will use the aforementioned identity to

expand and split DαI
M,2
k,k1,k2

in the following way,

DαI
M,2
k,k1,k2

=Dα
∫ t2

t1

∫
R3
eitϕ(ξ,η)it∂ξlϕ(ξ, η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

=−Dα
∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηm

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt (6.3.1)

−Dα
∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
∂ηm f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt (6.3.2)

−Dα
∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
f̂m,k1(t, ξ − η)∂ηm f̂n,k2(t, η)ψk(ξ)dηdt.

(6.3.3)
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This procedure adds flexibility to our estimation by allowing us to deal with each term

separately using Lemma 2.1.2.

Lemma 6.3.1. Suppose t1, t2 ∈ [2M−1, 2M ] and supt∈[1,T ] ∥fl∥Z ≤ ϵ1. If either (k1, k2) ∈

χ2k or (k1, k2) ∈ χ1k and cl = cm, then

∥(6.3.1)∥L2

≲2−k1/2−2k1,++γk1−2k2,++γk2−αk min{2−M/4−k1+k2/2, 2M+3min{k,k2}/2+k2/2}ϵ21.

Proof. Consider the following family of operators on {z ∈ C : 0 ≤ ℜ(z) ≤ 1},

Tz ĝ = Dz
∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηm

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt.

First, we want to show the operator T0+iy : L∞t ([2M−1, 2M ])H1
ξ → L2ξ is bounded for all

y ∈ R.

The Strichartz’s estimate in Lemma 2.4.3, together with Lemma 2.3.3, Lemma 2.2.2, (3.1.3),

(3.1.2), and (2.5.1), provides

∥T0+iy ĝ∥L2

=

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηm

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

≲∥F−1∂ηm
∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ψ̃k1(∇ηϕ(ξ, η))ψ̃k2(η)∥L1×

×min{2−M/4∥ĝk1∥L∞
t ([2M−1,2M ])H1

ξ
∥f̂n,k2∥L∞

t ([2M−1,2M ])L2
ξ
,

2M+3min{k,k2}/2∥eicmt∆gk1∥L∞
t ([2M−1,2M ])L2

x
∥eicnt∆fn,k2∥L∞

t ([2M−1,2M ])L2
x
}

≲2−k1 min{2−M/4∥ĝk1∥L∞
t ([2M−1,2M ])H1

ξ
∥f̂n,k2∥L∞

t ([2M−1,2M ])L2
ξ
,

2M+3min{k,k2}/2+k1∥∇ξ ĝk1∥L∞
t ([2M−1,2M ])L2

ξ
∥f̂n,k2∥L∞

t ([2M−1,2M ])L2
ξ
}

≲2−k1−2k2,++γk2 min{2−M/4+k2/2, 2M+3min{k,k2}/2+k1+k2/2}ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])H1

ξ
.
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Then, we need to prove for all y ∈ R, the operator T1+iy : L∞t ([2M−1, 2M ])H2
ξ → L2ξ is

bounded.

Observe that

∥T1+iy ĝ∥L2 (6.3.4)

≤
∥∥∥∥∂ξn ∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηm

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

≤
∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηm

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
∂ξn ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

(6.3.5)

+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ξn∂ηm

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

(6.3.6)

+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηm

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ĝk1(t, ξ − η)f̂n,k2(t, η)∂ξnψk(ξ)dηdt

∥∥∥∥
L2

(6.3.7)

+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)it∂ξnϕ(ξ, η)∂ηm

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2
,

(6.3.8)

and perform integration by parts using the identity eitϕ(ξ,η) =
∑3

j=1

∂ηjϕ(ξ,η)

it|∇ηϕ(ξ,η)|2
∂ηje

itϕ(ξ,η)

on the term (6.3.8) ,

∫ t2

t1

∫
R3
eitϕ(ξ,η)it∂ξnϕ(ξ, η)∂ηm

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

=−
∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηj

(∂ξnϕ(ξ, η)∂ηjϕ(ξ, η)
|∇ηϕ(ξ, η)|2

∂ηm
∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
)
×

× ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt (6.3.9)

−
∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ξnϕ(ξ, η)∂ηjϕ(ξ, η)

|∇ηϕ(ξ, η)|2
∂ηm

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
×

× ∂ηj ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt (6.3.10)
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−
∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ξnϕ(ξ, η)∂ηjϕ(ξ, η)

|∇ηϕ(ξ, η)|2
∂ηm

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
×

× ĝk1(t, ξ − η)∂ηj f̂n,k2(t, η)ψk(ξ)dηdt. (6.3.11)

Using the Strichartz’s estimate in Lemma 2.4.3, Lemma 2.2.2, Lemma 2.3.3, as well as

estimations (3.1.2), (3.1.6), and (2.5.1), we have

(6.3.5) + ∥(6.3.10)∥L2

≲
(
∥F−1∂ηm

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ψ̃k1(∇ηϕ(ξ, η))ψ̃k2(η)∥L1+

+ ∥F−1∂ξnϕ(ξ, η)∂ηjϕ(ξ, η)

|∇ηϕ(ξ, η)|2
∂ηm

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ψ̃k1(∇ηϕ(ξ, η))ψ̃k2(η)∥L1

)
×

×min{2−M/4∥∇ξ ĝk1∥L∞
t ([2M−1,2M ])H1

ξ
∥f̂n,k2∥L∞

t ([2M−1,2M ])L2
ξ
,

2M+3min{k,k2}/2∥eicmt∆F−1∇ξ ĝk1∥L∞
t ([2M−1,2M ])L2

x
∥eicnt∆fn,k2∥L∞

t ([2M−1,2M ])L2
x
}

≲2−k1 min{2−M/4∥∇ξ ĝk1∥L∞
t ([2M−1,2M ])H1

ξ
∥f̂n,k2∥L∞

t ([2M−1,2M ])L2
ξ
,

2M+3min{k,k2}/2+k1∥∇2
ξ ĝk1∥L∞

t ([2M−1,2M ])L2
ξ
∥fn,k2∥L∞

t ([2M−1,2M ])L2
x
}

≲2−k1 min{2−M/4∥f̂n,k2∥L∞
t ([2M−1,2M ])L2

ξ
,

2M+3min{k,k2}/2+k1∥fn,k2∥L∞
t ([2M−1,2M ])L2

x
}∥∇ξ ĝk1∥L∞

t ([2M−1,2M ])H1
ξ

≲2−k1−2k2,++γk2 min{2−M/4+k2/2, 2M+3min{k,k2}/2+k1+k2/2}ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])H2

ξ

and

(6.3.6) + (6.3.7) + ∥(6.3.9)∥L2

≲
(
∥F−1∂ξn∂ηm

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ψ̃k1(∇ηϕ(ξ, η))ψ̃k2(η)∥L1+

+ ∥∇ψk∥L∞∥F−1∂ηm
∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ψ̃k1(∇ηϕ(ξ, η))ψ̃k2(η)∥L1
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+ ∥F−1∂ηj
(∂ξnϕ(ξ, η)∂ηjϕ(ξ, η)

|∇ηϕ(ξ, η)|2
∂ηm

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
)
ψ̃k1(∇ηϕ(ξ, η))ψ̃k2(η)∥L1

)
×

×min{2−M/4∥ĝk1∥L∞
t ([2M−1,2M ])H1

ξ
∥f̂n,k2∥L∞

t ([2M−1,2M ])L2
ξ
,

2M+3min{k,k2}/2∥eicmt∆gk1∥L∞
t ([2M−1,2M ])L2

x
∥eicnt∆fn,k2∥L∞

t ([2M−1,2M ])L2
x
}

≲2−2k1 min{2−M/4+k1∥ĝk1∥L∞
t ([2M−1,2M ])H2

ξ
∥f̂n,k2∥L∞

t ([2M−1,2M ])L2
ξ
,

2M+3min{k,k2}/2+2k1∥∇2
ξ ĝk1∥L∞

t ([2M−1,2M ])L2
ξ
∥fn,k2∥L∞

t ([2M−1,2M ])L2
x
}

≲2−k−k1 min{2−M/4+k1∥f̂n,k2∥L∞
t ([2M−1,2M ])L2

ξ
,

2M+3min{k,k2}/2+2k1∥fn,k2∥L∞
t ([2M−1,2M ])L2

x
}∥ĝk1∥L∞

t ([2M−1,2M ])H2
ξ

≲2−k−k1−2k2,++γk2 min{2−M/4+k1+k2/2,

2M+3min{k,k2}/2+2k1+k2/2}ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])H2

ξ
.

In addition, since we either have (k1, k2) ∈ χ2k or (k1, k2) ∈ χ1k and cl = cm,

∥(6.3.11)∥L2

≲∥F−1∂ξnϕ(ξ, η)∂ηjϕ(ξ, η)

|∇ηϕ(ξ, η)|2
∂ηm

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ψ̃k1(∇ηϕ(ξ, η))ψ̃k2(η)∥L1×

×min{2−M/4∥ĝk1∥L∞
t ([2M−1,2M ])H1

ξ
∥∇ξ f̂k2∥L∞

t ([2M−1,2M ])L2
ξ
,

2M+3min{k,k2}/2∥eicmt∆gk1∥L∞
t ([2M−1,2M ])L2

x
∥eicnt∆F−1∇ξ f̂n,k2∥L∞

t ([2M−1,2M ])L2
x
}

≲2k2−2k1 min{2−M/4+k1∥ĝk1∥L∞
t ([2M−1,2M ])H2

ξ
∥∇ξ f̂n,k2∥L∞

t ([2M−1,2M ])L2
ξ
,

2M+3min{k,k2}/2+2k1∥∇2
ξgk1∥L∞

t ([2M−1,2M ])L2
ξ
∥∇ξ f̂n,k2∥L∞

t ([2M−1,2M ])L2
ξ
}

≲2k2−2k1 min{2−M/4+k1∥∇ξ f̂n,k2∥L∞
t ([2M−1,2M ])L2

ξ
,

2M+3min{k,k2}/2+2k1∥∇ξ f̂n,k2∥L∞
t ([2M−1,2M ])L2

ξ
}∥ĝk1∥L∞

t ([2M−1,2M ])H2
ξ

≲2k2−2k1−2k2,++γk2 min{2−M/4+k1−k2/2,

2M+3min{k,k2}/2+2k1−k2/2}ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])H2

ξ
.
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Thus, we found

∥T0+iy ĝ∥L2 ≲2−k1−2k2,++γk2 min{2−M/4+k2/2,

2M+3min{k,k2}/2+k1+k2/2}ϵ1∥ĝ∥L∞
t ([2M−1,2M ])H1

ξ

and

∥T1+iy ĝ∥L2 ≲2−k1−2k2,++γk2 min{2−M/4+k1−k+k2/2,

2M+3min{k,k2}/2+2k1−k+k2/2}ϵ1∥ĝ∥L∞
t ([2M−1,2M ])H2

ξ
.

By Lemma 2.1.2, for any α ∈ (0, 1)

∥Tαĝ∥L2 ≲2−k1−2k2,++γk2+α(k1−k)min{2−M/4+k2/2,

2M+3min{k,k2}/2+k1+k2/2}ϵ1∥ĝ∥L∞
t ([2M−1,2M ])H1+α

ξ
.

As we plug in F−1f̂mψ̃k1 for g in the result above, we obtain

∥(6.3.1)∥L2

≲2−k1−2k2,++γk2+α(k1−k)min{2−M/4+k2/2,

2m+3min{k,k2}/2+k1+k2/2}ϵ1∥f̂k1∥L∞
t ([2M−1,2M ])H1+α

ξ

≲2−3k1/2−αk1−2k1,++γk1−2k2,++γk2+α(k1−k)min{2−M/4+k2/2,

2M+3min{k,k2}/2+k1+k2/2}ϵ21

≲2−k1/2−2k1,++γk1−2k2,++γk2−αk min{2−M/4−k1+k2/2, 2M+3min{k,k2}/2+k2/2}ϵ21,

using (3.1.3).

Next, we turn to the estimation for the second term.
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Lemma 6.3.2. Suppose t1, t2 ∈ [2M−1, 2M ] and supt∈[1,T ] ∥fl∥Z ≤ ϵ1. If either (k1, k2) ∈

χ2k or (k1, k2) ∈ χ1k and cm = cl, then

∥(6.3.2)∥L2

≲2−k1/2−2k1,++γk1−2k2,++γk2−αk min{2−M/4−k1+k2/2, 2M+3min{k,k2}/2−k1+3k2/2}ϵ21.

Proof. Consider the following family of operators on {z ∈ C : 0 ≤ ℜ(z) ≤ 1},

Tz ĝ = Dz
∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
∂ηm ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt.

We want to show that for any y ∈ R, the operators T0+iy : L∞t ([2M−1, 2M ])H1
ξ → L2ξ and

T1+iy : L∞t ([2M−1, 2M ])H2
ξ → L2ξ are bounded.

Employing the Strichartz’s estimate in Lemma 2.4.3, along with Lemma 2.3.3, Lemma 2.2.2,

and using (3.1.3), (3.1.2), and (2.5.1), we get

∥T0+iy ĝ∥L2

=

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
∂ηm ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

≲∥F−1∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ψ̃k1(∇ηϕ(ξ, η))ψ̃k2(η)∥L1×

×min{2−M/4∥∇ξ ĝk1∥L∞
t ([2M−1,2M ])L2

ξ
∥f̂n,k2∥L∞

t ([2M−1,2M ])H1
ξ
,

2M+3min{k,k2}/2∥eicmt∆F−1∇ξ ĝk1∥L∞
t ([2M−1,2M ])L2

x
∥eicnt∆fn,k2∥L∞

t ([2M−1,2M ])L2
x
}

≲2k2−k1 min{2−M/4∥f̂n,k2∥L∞
t ([2M−1,2M ])H1

ξ
,

2M+3min{k,k2}/2∥f̂n,k2∥L∞
t ([2M−1,2M ])L2

ξ
}∥∇ξ ĝk1∥L∞

t ([2M−1,2M ])L2
ξ

≲2k2−k1−2k2,++γk2 min{2−M/4−k2/2, 2M+3min{k,k2}/2+k2/2}ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])H1

ξ
.
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Next, we have

∥T1+iy ĝ∥L2 (6.3.12)

≤
∥∥∥∥∂ξn ∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
∂ηm ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

≤
∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
∂ξn∂ηm ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

(6.3.13)

+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ξn

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
∂ηm ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

(6.3.14)

+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
∂ηm ĝk1(t, ξ − η)f̂n,k2(t, η)∂ξnψk(ξ)dηdt

∥∥∥∥
L2

(6.3.15)

+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)it∂ξnϕ(ξ, η)

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
∂ηm ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2
.

(6.3.16)

Integration by parts using the identity eitϕ(ξ,η) =
∑3

j=1

∂ηjϕ(ξ,η)

it|∇ηϕ(ξ,η)|2
∂ηje

itϕ(ξ,η) on the term

(6.3.16) gives

∫ t2

t1

∫
R3
eitϕ(ξ,η)it∂ξnϕ(ξ, η)

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
∂ηm ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

=−
∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηj

(∂ηjϕ(ξ, η)∂ξnϕ(ξ, η)
|∇ηϕ(ξ, η)|2

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
)
×

× ∂ηm ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt (6.3.17)

−
∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ηjϕ(ξ, η)∂ξnϕ(ξ, η)

|∇ηϕ(ξ, η)|2
∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
×

× ∂ηj∂ηm ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt (6.3.18)

−
∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ηjϕ(ξ, η)∂ξnϕ(ξ, η)

|∇ηϕ(ξ, η)|2
∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
×
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× ∂ηm ĝk1(t, ξ − η)∂ηj f̂n,k2(t, η)ψk(ξ)dηdt. (6.3.19)

Using the Strichartz’s estimate in Lemma 2.4.3, together with Lemma 2.2.2, Lemma 2.3.3,

(3.1.3), (3.1.2), (3.1.6), and (2.5.1), we obtain

(6.3.13) + ∥(6.3.18)∥L2

≲
(
∥F−1∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ψ̃k1(∇ηϕ(ξ, η))ψ̃k2(η)∥L1+

+ ∥F−1∂ηjϕ(ξ, η)∂ξnϕ(ξ, η)

|∇ηϕ(ξ, η)|2
∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ψ̃k1(∇ηϕ(ξ, η))ψ̃k2(η)∥L1

)
×

×min{2−M/4∥∇2
ξ ĝk1∥L∞

t ([2M−1,2M ])L2
ξ
∥f̂n,k2∥L∞

t ([2M−1,2M ])H1
ξ
,

2M+3min{k,k2}/2∥eicmt∆F−1∇2
ξ ĝk1∥L∞

t ([2M−1,2M ])L2
x
∥eicnt∆fn,k2∥L∞

t ([2M−1,2M ])L2
x
}

≲(2k2−k1 + 22k2−2k1)min{2−M/4∥f̂n,k2∥L∞
t ([2M−1,2M ])H1

ξ
,

2M+3min{k,k2}/2∥fn,k2∥L∞
t ([2M−1,2M ])L2

x
}∥ĝk1∥L∞

t ([2M−1,2M ])H2
ξ

≲2k2−k1−2k2,++γk2 min{2−M/4−k2/2, 2M+3min{k,k2}/2+k2/2}ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])H2

ξ
,

(6.3.14) + (6.3.15) + ∥(6.3.17)∥L2

≲
(
∥F−1∂ξn

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ψ̃k1(∇ηϕ(ξ, η))ψ̃k2(η)∥L1+

+ ∥∇ψk∥L∞∥F−1∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ψ̃k1(∇ηϕ(ξ, η))ψ̃k2(η)∥L1

+ ∥F−1∂ηj
(∂ηjϕ(ξ, η)∂ξnϕ(ξ, η)

|∇ηϕ(ξ, η)|2
∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
)
ψ̃k1(∇ηϕ(ξ, η))ψ̃k2(η)∥L1

)
×

×min{2−M/4∥∇ξ ĝk1∥L∞
t ([2M−1,2M ])H1

ξ
∥f̂n,k2∥L∞

t ([2M−1,2M ])L2
ξ
,

2M+3min{k,k2}/2∥eicmt∆F−1∇ξ ĝk1∥L∞
t ([2M−1,2M ])L2

x
∥eicnt∆fn,k2∥L∞

t ([2M−1,2M ])L2
x
}

≲(2k2−2k1 + 2−k+k2−k1 + 2k2−2k1)min{2−M/4∥f̂n,k2∥L∞
t ([2M−1,2M ])L2

ξ
,
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2M+3min{k,k2}/2+k1∥fn,k2∥L∞
t ([2M−1,2M ])L2

x
}∥ĝk1∥L∞

t ([2M−1,2M ])H2
ξ

≲2−k+k2−k1−2k2,++γk2 min{2−M/4+k2/2,

2M+3min{k,k2}/2+k2/2+k1}ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])H2

ξ
,

and

∥(6.3.19)∥L2

≲∥F−1∂ηjϕ(ξ, η)∂ξnϕ(ξ, η)

|∇ηϕ(ξ, η)|2
∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ψ̃k1(∇ηϕ(ξ, η))ψ̃k2(η)∥L1×

×min{2−M/4∥∇ξ ĝk1∥L∞
t ([2M−1,2M ])H1

ξ
∥∇ξ f̂n,k2∥L∞

t ([2M−1,2M ])L2
ξ
, 2M+3min{k,k2}/2×

× ∥eicmt∆F−1∇ξ ĝk1∥L∞
t ([2M−1,2M ])L2

x
∥eicnt∆F−1∇ξ f̂n,k2∥L∞

t ([2M−1,2M ])L2
x
}

≲22k2−2k1 min{2−M/4∥∇ξ f̂n,k2∥L∞
t ([2M−1,2M ])L2

ξ
, 2M+3min{k,k2}/2+k1×

× ∥∇ξ f̂n,k2∥L∞
t ([2M−1,2M ])L2

ξ
}∥ĝk1∥L∞

t ([2M−1,2M ])H2
ξ

≲22k2−2k1−2k2,++γk2 min{2−M/4−k2/2, 2M+3min{k,k2}/2+k1−k2/2}∥ĝk1∥L∞
t ([2M−1,2M ])H2

ξ
.

Thus, combining the estimates above, we found

∥T0+iy ĝ∥L2 ≲2−2k2,++γk2 min{2−M/4−k1+k2/2,

2M+3min{k,k2}/2−k1+3k2/2}ϵ1∥ĝ∥L∞
t ([2M−1,2M ])H1

ξ

and

∥T1+iy ĝ∥L2 ≲2−2k2,++γk2 min{2−M/4−k1+k2/2,

2M+3min{k,k2}/2−k1+3k2/2}ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])H2

ξ

+ 2−2k2,++γk2 min{2−M/4−k1−k+3k2/2,
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2M+3min{k,k2}/2−k+3k2/2}ϵ1∥ĝ∥L∞
t ([2M−1,2M ])H2

ξ

+ 2−2k2,++γk2 min{2−M/4−2k1+3k2/2,

2M+3min{k,k2}/2−k1+3k2/2}∥ĝk1∥L∞
t ([2M−1,2M ])H2

ξ

≲2−2k2,++γk2 min{2−M/4−k+k2/2,

2M+3min{k,k2}/2−k+3k2/2}ϵ1∥ĝ∥L∞
t ([2M−1,2M ])H2

ξ
.

By the interpolation result in Lemma 2.1.2, we have

∥Tαĝ∥L2 ≲2−2k1,++γk1+α(k1−k)min{2−M/4−k1+k2/2,

2M+3min{k,k2}/2−k1+3k2/2}ϵ1∥ĝ∥L∞
t ([2M−1,2M ])H1+α

ξ
,

for any α ∈ (0, 1).

When we take F−1f̂mψ̃k1 for g and use (3.1.3), we obtain

∥(6.3.2)∥L2

≲2−2k1,++γk1+α(k1−k)min{2−M/4−k1+k2/2,

2M+3min{k,k2}/2−k1+3k2/2}ϵ1∥f̂m,k1∥L∞
t ([2M−1,2M ])H1+α

ξ

≲2−k1/2−αk1−2k1,++γk1−2k2,++γk2+α(k1−k)min{2−M/4−k1+k2/2,

2M+3min{k,k2}/2−k1+3k2/2}ϵ21

≲2−k1/2−2k1,++γk1−2k2,++γk2−αk min{2−M/4−k1+k2/2, 2M+3min{k,k2}/2−k1+3k2/2}ϵ21

as desired.

Now, we turn to the final term in the splitting of IM,2
k,k1,k2

.

Lemma 6.3.3. Suppose t1, t2 ∈ [2M−1, 2M ] and supt∈[1,T ] ∥fl∥Z ≤ ϵ1. If either (k1, k2) ∈
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χ2k or (k1, k2) ∈ χ1k and cm = cl, then

∥(6.3.3)∥L2 ≲2−αk2−2k1,++γk1−2k2,++γk2+α(k1−k)min{2−M/4+k2/2−3k1/2,

2M+3min{k,k2}/2−k1/2+k2/2}ϵ21.

Proof. We start with defining the following family of operators on {z ∈ C : 0 ≤ ℜ(z) ≤ 1},

Tz ĝ = Dz
∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
f̂m,k1(t, ξ − η)∂ηm ĝk2(t, η)ψk(ξ)dηdt,

which we want to show T0+iy : L∞t ([2M−1, 2M ])H1
ξ → L2ξ and T1+iy : L∞t ([2M−1, 2M ])H2

ξ →

L2ξ are bounded for all y ∈ R.

Based on the Strichartz’s estimate in Lemma 2.3.3, as well as Lemma 2.2.2, Lemma 2.4.3,

(2.5.1), (3.1.2), and (3.1.3), we can get

∥T0+iy ĝ∥L2

=

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
f̂m,k1(t, ξ − η)∂ηm ĝk2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

≲∥F−1∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ψ̃k1(∇ηϕ(ξ, η))ψ̃k2(η)∥L1×

×min{2−M/4∥f̂m,k1∥L∞
t ([2M−1,2M ])H1

ξ
∥∇ξ ĝk2∥L∞

t ([2M−1,2M ])L2
ξ
,

2M+3min{k,k2}/2∥eicmt∆fm,k1∥L∞
t ([2M−1,2M ])L2

x
∥eicnt∆F−1∇ξ ĝk2∥L∞

t ([2M−1,2M ])L2
x
}

≲2k2−k1 min{2−M/4∥f̂m,k1∥L∞
t ([2M−1,2M ])H1

ξ
,

2M+3min{k,k2}/2∥f̂m,k1∥L∞
t ([2M−1,2M ])L2

ξ
}∥∇ξ ĝk2∥L∞

t ([2M−1,2M ])L2
ξ

≲2k2−k1−2k1,++γk1 min{2−M/4−k1/2, 2M+3min{k,k2}/2+k1/2}ϵ1∥ĝk2∥L∞
t ([2M−1,2M ])H1

ξ
.
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Next, we look at the operator T1+iy,

∥T1+iy ĝ∥L2

≤
∥∥∥∥∂ξn ∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
f̂m,k1(t, ξ − η)∂ηm ĝk2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

≤
∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
∂ξn f̂m,k1(t, ξ − η)∂ηm ĝk2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

(6.3.20)

+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ξn

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
f̂m,k1(t, ξ − η)∂ηm ĝk2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

(6.3.21)

+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
f̂m,k1(t, ξ − η)∂ηm ĝk2(t, η)∂ξnψk(ξ)dηdt

∥∥∥∥
L2

(6.3.22)

+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)it∂ξnϕ(ξ, η)

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
f̂m,k1(t, ξ − η)∂ηm ĝk2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2
,

(6.3.23)

and perform an integration by parts on (6.3.23) using the identity

eitϕ(ξ,η) =
3∑

j=1

∂ηjϕ(ξ, η)

it|∇ηϕ(ξ, η)|2
∂ηje

itϕ(ξ,η),

∫ t2

t1

∫
R3
eitϕ(ξ,η)it∂ξnϕ(ξ, η)

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
f̂m,k1(t, ξ − η)∂ηm ĝk2(t, η)ψk(ξ)dηdt

=−
∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηj

(∂ξnϕ(ξ, η)∂ηjϕ(ξ, η)
|∇ηϕ(ξ, η)|2

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
)
×

× f̂m,k1(t, ξ − η)∂ηm ĝk2(t, η)ψk(ξ)dηdt (6.3.24)

−
∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ξnϕ(ξ, η)∂ηjϕ(ξ, η)

|∇ηϕ(ξ, η)|2
∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
×

× ∂ηj f̂m,k1(t, ξ − η)∂ηm ĝk2(t, η)ψk(ξ)dηdt (6.3.25)
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−
∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ξnϕ(ξ, η)∂ηjϕ(ξ, η)

|∇ηϕ(ξ, η)|2
∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
×

× f̂m,k1(t, ξ − η)∂ηj∂ηm ĝk2(t, η)ψk(ξ)dηdt. (6.3.26)

Using the Strichartz’s estimate in Lemma 2.4.3, along with Lemma 2.2.2, Lemma 2.3.3,

(3.1.3), (3.1.2), (3.1.6), and (2.5.1), we get

(6.3.20) + ∥(6.3.25)∥L2

≲
(
∥F−1∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ψ̃k1(∇ηϕ(ξ, η))ψ̃k2(η)∥L1+

+ ∥F−1∂ξnϕ(ξ, η)∂ηjϕ(ξ, η)

|∇ηϕ(ξ, η)|2
∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ψ̃k1(∇ηϕ(ξ, η))ψ̃k2(η)∥L1

)
×

×min{2−M/4∥∇ξ f̂m,k1∥L∞
t ([2M−1,2M ])L2

ξ
∥∇ξ ĝk2∥L∞

t ([2M−1,2M ])H1
ξ
, 2M+3min{k,k2}/2×

× ∥eicmt∆F−1∇ξ f̂m,k1∥L∞
t ([2M−1,2M ])L2

x
∥eicnt∆F−1∇ξ ĝk2∥L∞

t ([2M−1,2M ])L2
x
}

≲(2k2−k1 + 22k2−2k1)min{2−M/4∥∇ξ f̂m,k1∥L∞
t ([2M−1,2M ])L2

ξ
,

2M+3min{k,k2}/2+k2∥∇ξfm,k1∥L∞
t ([2M−1,2M ])L2

ξ
}∥ĝk2∥L∞

t ([2M−1,2M ])H2
ξ

≲2k2−k1−2k1,++γk1 min{2−M/4−k1/2, 2M+3min{k,k2}/2+k2−k1/2}ϵ1∥ĝk2∥L∞
t ([2M−1,2M ])H2

ξ
,

(6.3.21) + (6.3.22) + ∥(6.3.24)∥L2

≲
(
∥F−1∂ξn

∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ψ̃k1(∇ηϕ(ξ, η))ψ̃k2(η)∥L1+

+ ∥∇ψk∥L∞∥F−1∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ψ̃k1(∇ηϕ(ξ, η))ψ̃k2(η)∥L1+

+ ∥F−1∂ηj
(∂ξnϕ(ξ, η)∂ηjϕ(ξ, η)

|∇ηϕ(ξ, η)|2
∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
)
ψ̃k1(∇ηϕ(ξ, η))ψ̃k2(η)∥L1

)
×

×min{2−M/4∥f̂m,k1∥L∞
t ([2M−1,2M ])L2

ξ
∥∇ξ ĝk2∥L∞

t ([2M−1,2M ])H1
ξ
,

2M+3min{k,k2}/2∥eicmt∆fm,k1∥L∞
t ([2M−1,2M ])L2

x
∥eicnt∆F−1∇ξ ĝk2∥L∞

t ([2M−1,2M ])L2
x
}

139



≲(2k2−2k1 + 2−k+k2−k1 + 2k2−2k1)min{2−M/4∥f̂m,k1∥L∞
t ([2M−1,2M ])L2

ξ
,

2M+3min{k,k2}/2+k2∥fm,k1∥L∞
t ([2M−1,2M ])L2

x
}∥ĝk2∥L∞

t ([2M−1,2M ])H2
ξ

≲2−k+k2−k1−2k1,++γk1 min{2−M/4+k1/2,

2M+3min{k,k2}/2+k1/2+k2}ϵ1∥ĝk2∥L∞
t ([2M−1,2M ])H2

ξ
,

and

∥(6.3.26)∥L2

≲∥F−1∂ξnϕ(ξ, η)∂ηjϕ(ξ, η)

|∇ηϕ(ξ, η)|2
∂ξlϕ(ξ, η)∂ηmϕ(ξ, η)

|∇ηϕ(ξ, η)|2
ψ̃k1(∇ηϕ(ξ, η))ψ̃k2(η)∥L1×

×min{2−M/4∥f̂m,k1∥L∞
t ([2M−1,2M ])H1

ξ
∥∇2

ξ ĝk2∥L∞
t ([2M−1,2M ])L2

ξ
,

2M+3min{k,k2}/2∥eicmt∆fm,k1∥L∞
t ([2M−1,2M ])L2

x
∥eicnt∆F−1∇2

ξ ĝk2∥L∞
t ([2M−1,2M ])L2

x
}

≲22k2−2k1 min{2−M/4∥f̂m,k1∥L∞
t ([2M−1,2M ])H1

ξ
,

2M+3min{k,k2}/2∥fm,k1∥L∞
t ([2M−1,2M ])L2

x
}∥ĝk2∥L∞

t ([2M−1,2M ])H2
ξ

≲22k2−2k1−2k1,++γk1 min{2−M/4−k1/2, 2M+3min{k,k2}/2+k1/2}∥ĝk2∥L∞
t ([2M−1,2M ])H2

ξ
.

Summarizing the estimates above, we have

∥T0+iy ĝ∥L2 ≲2−2k1,++γk1 min{2−M/4+k2−3k1/2,

2M+3min{k,k2}/2+k2−k1/2}ϵ1∥ĝ∥L∞
t ([2M−1,2M ])H1

ξ

and

∥T1+iy ĝ∥L2 ≲2−2k1,++γk1 min{2−M/4−k1/2−k+k2 ,

2M+3min{k,k2}/2−k1/2−k+2k2}ϵ1∥ĝk2∥L∞
t ([2M−1,2M ])H2

ξ
.
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By the interpolation result in Lemma 2.1.2, we obtain

∥Tαĝ∥L2 ≲2−2k1,++γk1+α(k1−k)min{2−M/4+k2−3k1/2,

2M+3min{k,k2}/2+k2−k1/2}ϵ1∥ĝ∥L∞
t ([2M−1,2M ])H1+α

ξ
,

for any α ∈ (0, 1).

Thus, taking F−1f̂nψ̃k2 for g gives

∥(6.3.3)∥L2 ≲2−2k1,++γk1+α(k1−k)min{2−M/4+k2−3k1/2,

2M+3min{k,k2}/2+k2−k1/2}ϵ1∥f̂k2∥L∞
t ([2M−1,2M ])H1+α

ξ

≲2−k2/2−αk2−2k1,++γk1−2k2,++γk2+α(k1−k)min{2−M/4+k2−3k1/2,

2M+3min{k,k2}/2−k1/2+k2}ϵ21

≲2−αk2−2k1,++γk1−2k2,++γk2+α(k1−k)min{2−M/4+k2/2−3k1/2,

2M+3min{k,k2}/2−k1/2+k2/2}ϵ21,

where the bound on the Sobolev norm is provided in (3.1.3).

Combining the results in Lemma 6.3.1 and Lemma 6.3.2, we compute

∑
1≤M≤log T

∑
(k1,k2)∈χ1

k∪χ
2
k

sup
2M−1≤t1≤t2≤2M

22k+−γk+k/2+αk(∥(6.3.1)∥L2 + ∥(6.3.2)∥L2

)
≲

∑
1≤M≤log T

∑
(k1,k2)∈χ1

k∪χ
2
k

22k+−γk+k/2−k1/2−2k1,++γk1−2k2,++γk2×

min{2−M/4−k1+k2/2, 2M+3min{k,k2}/2+k2/2}ϵ21

≲ϵ21.
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Additionally, Lemma 6.3.3 gives us

∑
1≤M≤log T

∑
(k1,k2)∈χ1

k∪χ
2
k

sup
2M−1≤t1≤t2≤2M

22k+−γk+k/2+αk∥(6.3.3)∥L2

≲
∑

1≤M≤log T

∑
(k1,k2)∈χ1

k∪χ
2
k

22k+−γk+k/2−2k1,++γk1−2k2,++γk2+α(k1−k2)×

×min{2−M/4+k2/2−3k1/2, 2M+3min{k,k2}/2−k1/2+k2/2}ϵ21

≲ϵ21.

Therefore, we showed that

∑
1≤M≤log T

sup
2M−1≤t1≤t2≤2M

22k+−γk+k/2+αk
( ∑

cm+cn ̸=0
cl=cm

Almn

∑
(k1,k2)∈χ1

k

∥DαI
M,2
k,k1,k2

∥L2+

+
∑

cm+cn ̸=0

Almn

∑
(k1,k2)∈χ2

k

∥DαI
M,2
k,k1,k2

∥L2

)
≲ ϵ21.

(6.3.27)

6.3.2 DαJM,2
k,k1,k2

where (k1, k2) ∈ χ2
k ∪ χ3

k

For the term J
M,2
k,k1,k2

, recall that we restricted our consideration to only the cases when

cm + cn = 0. Consequently, we have the following identity

−
∑
m

ξm
it2cn|ξ|2

∂ηme
itϕ(ξ,η) = eitϕ(ξ,η),

which will serve as a key tool in this section, enabling us to perform integration by parts to

achieve decay in the time variable. Using the above identity and the definition provided in

(6.0.7), we can expand DαJ
M,2
k,k1,k2

as follows,

Dα
∫ t2

t1

∫
R3
eitϕ(ξ,η)it∂ξlϕ(ξ, η)q(ξ − η, η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt
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=−Dα
∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηm

ξm∂ξlϕ(ξ, η)

2cn|ξ|2
q(ξ − η, η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

(6.3.28)

−Dα
∫ t2

t1

∫
R3
eitϕ(ξ,η)

ξm∂ξlϕ(ξ, η)

2cn|ξ|2
∂ηmq(ξ − η, η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

(6.3.29)

−Dα
∫ t2

t1

∫
R3
eitϕ(ξ,η)

ξm∂ξlϕ(ξ, η)

2cn|ξ|2
q(ξ − η, η)∂ηm f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

(6.3.30)

−Dα
∫ t2

t1

∫
R3
eitϕ(ξ,η)

ξm∂ξlϕ(ξ, η)

2cn|ξ|2
q(ξ − η, η)f̂m,k1(t, ξ − η)∂ηm f̂n,k2(t, η)ψk(ξ)dηdt.

(6.3.31)

The terms we derived from the expansion will be estimated separately in Lemma 6.3.4,

Lemma 6.3.5, and Lemma 6.3.6, employing the interpolation result in Lemma 2.1.2.

Lemma 6.3.4. Suppose t1, t2 ∈ [2M−1, 2M ] and supt∈[1,T ] ∥f∥Z ≤ ϵ1. If either (k1, k2) ∈

χ2k ∪ χ
3
k or (k1, k2) ∈ χ1k and cl = cm, then

∥(6.3.28)∥L2 + ∥(6.3.29)∥L2

≲2ϵk−−k−2k1,+−2k2,++γk1+γk2−αk min{2−M/2−k2/4−k1/4, 2M+3min{k,k2}/2+k2/2+k1/2}ϵ21.

Proof. First, we define two families of operators on {z ∈ C : 0 ≤ ℜ(z) ≤ 1},

T 1
z ĝ = Dz

∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηm

ξm∂ξlϕ(ξ, η)

|ξ|2
q(ξ − η, η)ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

and

T 2
z ĝ = Dz

∫ t2

t1

∫
R3
eitϕ(ξ,η)

ξm∂ξlϕ(ξ, η)

|ξ|2
∂ηmq(ξ − η, η)ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt,
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for (6.3.28) and (6.3.29) respectively. We want to find bounds on the operators

T 1
0+iy, T

2
0+iy : L∞t ([2M−1, 2M ])L2ξ → L2ξ

and

T 1
1+iy, T

2
1+iy : L∞t ([2M−1, 2M ])H1

ξ → L2ξ

for all y ∈ R.

Beginning with T 1
0+iy and T 2

0+iy, we can employ the bilinear estimate L4×L4 → L2, together

with (3.1.11) and (1.2.2) to get

∥T 1
0+iy ĝ∥L2 + ∥T 2

0+iy ĝ∥L2

=

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηm

ξm∂ξlϕ(ξ, η)

|ξ|2
q(ξ − η, η)ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)

ξm∂ξlϕ(ξ, η)

|ξ|2
∂ηmq(ξ − η, η)ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

≲2M sup
t∈[2M−1,2M ]

∥F−1∂ηm
ξm∂ξlϕ(ξ, η)

|ξ|2
q(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1×

× ∥eicmt∆gk1∥L4
x
∥eicnt∆fn,k2∥L4

x
+

+ 2M sup
t∈[2M−1,2M ]

∥F−1 ξm∂ξlϕ(ξ, η)

|ξ|2
∂ηmq(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1×

× ∥eicmt∆gk1∥L4
x
∥eicnt∆fn,k2∥L4

x

≲2ϵk−−k−M/2+k2/4+k1/4 sup
t∈[2M−1,2M ]

∥∇ξ f̂n,k2∥L2
ξ
∥∇ξ ĝk1∥L2

ξ

≲2ϵk−−k−M/2−2k2,++γk2−k2/4+k1/4ϵ1∥ĝ∥L∞
t ([2M−1,2M ])H1

ξ
.

Combining this result with Lemma 2.2.2 and (3.1.2) leads to

∥T 1
0+iy ĝ∥L2 + ∥T 2

0+iy ĝ∥L2 ≲2ϵk−−k+M+3min{k,k2}/2 sup
t∈[2M−1,2M ]

∥fn,k2∥L2
x
∥ĝk1∥L2

ξ
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≲2ϵk−−k+M+3min{k,k2}/2−2k2,++γk2+k2/2ϵ1∥ĝ∥L∞
t ([2M−1,2M ])L2

ξ
.

Next, for T 1
1+iy and T 2

1+iy, we compute

∥T 1
1+iy ĝ∥L2

≤
∥∥∥∥∂ξn ∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηm

ξm∂ξlϕ(ξ, η)

|ξ|2
q(ξ − η, η)ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

≤
∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηm

ξm∂ξlϕ(ξ, η)

|ξ|2
q(ξ − η, η)∂ξn ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

(6.3.32)

+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ξn

(
∂ηm

ξm∂ξlϕ(ξ, η)

|ξ|2
q(ξ − η, η)

)
ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

(6.3.33)

+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηm

ξm∂ξlϕ(ξ, η)

|ξ|2
q(ξ − η, η)ĝk1(t, ξ − η)f̂n,k2(t, η)∂ξnψk(ξ)dηdt

∥∥∥∥
L2

(6.3.34)

+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)it∂ξnϕ(ξ, η)∂ηm

ξm∂ξlϕ(ξ, η)

|ξ|2
q(ξ − η, η)ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

(6.3.35)

and

∥T 2
1+iy ĝ∥L2

≤
∥∥∥∥∂ξn ∫ t2

t1

∫
R3
eitϕ(ξ,η)

ξm∂ξlϕ(ξ, η)

|ξ|2
∂ηmq(ξ − η, η)ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

≤
∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)

ξm∂ξlϕ(ξ, η)

|ξ|2
∂ηmq(ξ − η, η)∂ξn ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

(6.3.36)

+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ξn

(ξm∂ξlϕ(ξ, η)
|ξ|2

∂ηmq(ξ − η, η)
)
ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

(6.3.37)
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+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)

ξm∂ξlϕ(ξ, η)

|ξ|2
∂ηmq(ξ − η, η)ĝk1(t, ξ − η)f̂n,k2(t, η)∂ξnψk(ξ)dηdt

∥∥∥∥
L2

(6.3.38)

+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)it∂ξlϕ(ξ, η)

ξm∂ξlϕ(ξ, η)

|ξ|2
∂ηmq(ξ − η, η)ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2
.

(6.3.39)

Integration by parts using the identity eitϕ(ξ,η) = −
∑3

j=1
ξj

it2cn|ξ|2
∂ηje

itϕ(ξ,η) on the terms

(6.3.35) and (6.3.39) gives

∫ t2

t1

∫
R3
eitϕ(ξ,η)it∂ξnϕ(ξ, η)∂ηm

ξm∂ξlϕ(ξ, η)

|ξ|2
q(ξ − η, η)ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

=

∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηj

(ξj∂ξnϕ(ξ, η)
2cn|ξ|2

∂ηm
ξm∂ξlϕ(ξ, η)

|ξ|2
q(ξ − η, η)

)
ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

(6.3.40)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)

ξj∂ξnϕ(ξ, η)

2cn|ξ|2
∂ηm

ξm∂ξlϕ(ξ, η)

|ξ|2
q(ξ − η, η)∂ηj ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

(6.3.41)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)

ξj∂ξnϕ(ξ, η)

2cn|ξ|2
∂ηm

ξm∂ξlϕ(ξ, η)

|ξ|2
q(ξ − η, η)ĝk1(t, ξ − η)∂ηj f̂n,k2(t, η)ψk(ξ)dηdt

(6.3.42)

and

∫ t2

t1

∫
R3
eitϕ(ξ,η)it∂ξlϕ(ξ, η)

ξm∂ξlϕ(ξ, η)

|ξ|2
∂ηmq(ξ − η, η)ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

=

∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηj

(ξj∂ξlϕ(ξ, η)
2cn|ξ|2

ξm∂ξlϕ(ξ, η)

|ξ|2
∂ηmq(ξ − η, η)

)
ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

(6.3.43)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)

ξj∂ξlϕ(ξ, η)

2cn|ξ|2
ξm∂ξlϕ(ξ, η)

|ξ|2
∂ηmq(ξ − η, η)∂ηj ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

(6.3.44)

146



+

∫ t2

t1

∫
R3
eitϕ(ξ,η)

ξj∂ξlϕ(ξ, η)

2cn|ξ|2
ξm∂ξlϕ(ξ, η)

|ξ|2
∂ηmq(ξ − η, η)ĝk1(t, ξ − η)∂ηj f̂n,k2(t, η)ψk(ξ)dηdt.

(6.3.45)

We now commence the estimation of all terms. Utilizing the bilinear estimate L4×L4 → L2,

along with Lemma 2.3.2, Lemma 2.2.2, and the bounds in (1.2.2) and (3.1.6), we find

(6.3.32) + (6.3.36) + ∥(6.3.41)∥L2 + ∥(6.3.44)∥L2

≲2M
(
∥F−1∂ηm

ξm∂ξlϕ(ξ, η)

|ξ|2
q(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1+

+ ∥F−1 ξm∂ξlϕ(ξ, η)

|ξ|2
∂ηmq(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1

+ ∥F−1 ξj∂ξnϕ(ξ, η)

2cn|ξ|2
∂ηm

ξm∂ξlϕ(ξ, η)

|ξ|2
q(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1

+ ∥F−1 ξj∂ξnϕ(ξ, η)

2cn|ξ|2
ξm∂ξlϕ(ξ, η)

|ξ|2
∂ηmq(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1

)
×

× sup
t∈[2M−1,2M ]

∥eicmt∆F−1∇ξ ĝk1∥L4
x
∥eicnt∆fn,k2∥L4

x

≲2ϵk−−k−M/2+k1/4+k2/4(1 + 2k2−k) sup
t∈[2M−1,2M ]

∥∇ξ f̂n,k2∥L2
ξ
∥∇2

ξ ĝk1∥L2
ξ

≤2ϵk−−k−M/2−2k2,++γk2+k1/4−k2/4(1 + 2k2−k)ϵ1∥ĝ∥L∞
t ([2M−1,2M ])H2

ξ
.

Then, the bilinear estimate L2 × L∞ → L2, Lemma 2.4.1, (2.5.2) and (3.1.2) give

(6.3.33) + (6.3.37) + (6.3.34) + (6.3.38) + ∥(6.3.40)∥L2 + ∥(6.3.43)∥L2

≲2M
[
∥F−1∂ξn

(
∂ηm

ξm∂ξlϕ(ξ, η)

|ξ|2
q(ξ − η, η)

)
ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1+

+ ∥F−1∂ξn
(ξm∂ξlϕ(ξ, η)

|ξ|2
∂ηmq(ξ − η, η)

)
ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1+

+ ∥∇ξψk∥L∞
(
∥F−1∂ηm

ξm∂ξlϕ(ξ, η)

|ξ|2
q(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1+

+ ∥F−1 ξm∂ξlϕ(ξ, η)

|ξ|2
∂ηmq(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1

)
+

147



+ ∥F−1∂ηj
(ξj∂ξnϕ(ξ, η)

2cn|ξ|2
∂ηm

ξm∂ξlϕ(ξ, η)

|ξ|2
q(ξ − η, η)

)
ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1

+ ∥F−1∂ηj
(ξj∂ξnϕ(ξ, η)

2cn|ξ|2
ξm∂ξlϕ(ξ, η)

|ξ|2
∂ηmq(ξ − η, η)

)
ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1

]
×

× sup
t∈[2M−1,2M ]

∥eicmt∆gk1∥L∞
x
∥fn,k2∥L2

x

≲2ϵk−−2k−M/2 sup
t∈[2M−1,2M ]

∥fn,k2∥L2
x
∥gk1∥L1

x

≲2ϵk−−2k−M/2 sup
t∈[2M−1,2M ]

∥fn,k2∥L2
x
2k1/2∥∇2

ξ ĝk1∥L2
ξ

≲2ϵk−−2k−M/2−2k2,++γk2+k2/2+k1/2ϵ1∥ĝ∥L∞
t ([2M−1,2M ])H2

ξ

and

∥(6.3.42)∥L2 + ∥(6.3.45)∥L2

≲2M
(
∥F−1 ξj∂ξnϕ(ξ, η)

2cn|ξ|2
∂ηm

ξm∂ξlϕ(ξ, η)

|ξ|2
q(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1+

+ ∥F−1 ξj∂ξnϕ(ξ, η)

2cn|ξ|2
ξm∂ξlϕ(ξ, η)

|ξ|2
∂ηmq(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1

)
×

× sup
t∈[2M−1,2M ]

∥eicmt∆gk1∥L∞
x
∥∇ξ f̂n,k2∥L2

ξ

≲2ϵk−−k−M/2+k2−k+k1/2 sup
t∈[2M−1,2M ]

∥∇ξ f̂n,k2∥L2
ξ
∥∇2

ξ ĝk1∥L2
ξ

≲2ϵk−−2k−M/2−2k2,++γk2+k2/2+k1/2ϵ1∥ĝ∥L∞
t ([2M−1,2M ])H2

ξ
.

Furthermore, employing the duality result stated in Lemma 2.2.2, we can find a new set of

bounds on the previous terms. We compute

(6.3.32) + (6.3.36) + ∥(6.3.41)∥L2 + ∥(6.3.44)∥L2

≲2ϵk−−k+M+3min{k,k2}/2(1 + 2k2−k) sup
t∈[2M−1,2M ]

∥f̂n,k2∥L2
ξ
∥∇ξ ĝk1∥L2

ξ
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≲2ϵk−−k+M+3min{k,k1}/2−2k2,++γk2+k2/2(1 + 2k2−k)ϵ1∥ĝ∥L∞
t ([2M−1,2M ])H1

ξ
,

(6.3.33) + (6.3.37) + (6.3.34) + (6.3.38) + ∥(6.3.40)∥L2 + ∥(6.3.43)∥L2

≲2ϵk−−2k+M+3min{k,k2}/2 sup
t∈[2M−1,2M ]

∥f̂n,k2∥L2
ξ
∥ĝk1∥L2

ξ

≲2ϵk−+M+3min{k,k1}/2−2k2,++γk2+k2/2−2k+k1ϵ1∥ĝ∥L∞
t ([2M−1,2M ])H1

ξ
,

and

∥(6.3.42)∥L2 + ∥(6.3.45)∥L2

≲2ϵk−+M+3min{k,k2}/2+k2−2k sup
t∈[2M−1,2M ]

∥∇ξ f̂n,k2∥L2
ξ
∥ĝk1∥L2

ξ

≲2ϵk−+M+3min{k,k1}/2−2k2,++γk2+k2/2−2k+k1ϵ1∥ĝ∥L∞
t ([2M−1,2M ])H1

ξ
.

To summarize, we have

∥T 1
0+iy ĝ∥L2 + ∥T 2

0+iy ĝ∥L2 (6.3.46)

≲2ϵk−−k−M/2−2k2,++γk2−k2/4+k1/4ϵ1∥ĝ∥L∞
t ([2M−1,2M ])H1

ξ
(6.3.47)

and

∥T 1
1+iy ĝ∥L2 + ∥T 2

1+iy ĝ∥L2 (6.3.48)

≲2ϵk−−k−M/2−2k2,++γk2−k2/4+k1/4+k1−kϵ1∥ĝ∥L∞
t ([2M−1,2M ])H2

ξ
. (6.3.49)

Using the interpolation result from Lemma 2.1.2, we get

∥T 1
αĝ∥L2 + ∥T 2

αĝ∥L2
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≲2ϵk−−k−M/2−2k2,++γk2−k2/4+k1/4+(k1−k)αϵ1∥ĝ∥L∞
t ([2M−1,2M ])H1+α

ξ
,

for any α ∈ (0, 1).

If we look at a different set of bounds,

∥T 1
0+iy ĝ∥L2 + ∥T 2

0+iy ĝ∥L2

≲2ϵk−−k+M+3min{k,k2}/2−2k2,++γk2+k2/2ϵ1∥ĝ∥L∞
t ([2M−1,2M ])L2

ξ

and

∥T 1
1+iy ĝ∥L2 + ∥T 2

1+iy ĝ∥L2

≲2ϵk−−k+M+3min{k,k2}/2−2k2,++γk2+k2/2+k1−kϵ1∥ĝ∥L∞
t ([2M−1,2M ])H1

ξ
,

we obtain for any α ∈ (0, 1),

∥T 1
αĝ∥L2 + ∥T 2

αĝ∥L2

≲2ϵk−−k+M+3min{k,k2}/2−2k2,++γk2+k2/2+(k1−k)αϵ1∥ĝ∥L∞
t ([2M−1,2M ])Hα

ξ
.

Thus, combining the two bounds we got on ∥T 1
αĝ∥L2 + ∥T 2

αĝ∥L2 , we have

∥∥∥∥Dα
∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηm

ξm∂ξlϕ(ξ, η)

2cn|ξ|2
q(ξ − η, η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

+

∥∥∥∥Dα
∫ t2

t1

∫
R3
eitϕ(ξ,η)

ξm∂ξlϕ(ξ, η)

2cn|ξ|2
∂ηmq(ξ − η, η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

≲2ϵk−−k−2k2,++γk2+(k1−k)αmin{2−M/2−k2/4+k1/4ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])H1+α

ξ
,

2M+3min{k,k2}/2+k2/2ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])Hα

ξ
}.

Finally, by substituting fm for g and employing the bounds on ∥f̂m,k∥Hα and ∥f̂m,k∥H1+α
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from equation (3.1.3), we arrive at the desired result.

We move on to the estimation of the next term in the splitting of JM,2
k,k1,k2

.

Lemma 6.3.5. Suppose t1, t2 ∈ [2M−1, 2M ] and supt∈[1,T ] ∥f∥Z ≤ ϵ1. If either (k1, k2) ∈

χ2k ∪ χ
3
k or (k1, k2) ∈ χ1k and cl = cm, then

∥(6.3.30)∥L2 ≲2ϵk−−k−αk−2k1,++γk1−2k2,++γk2 min{2−M/2+γM/4−k1/2+γk1,+/4+γk2,+/4,

2M+3min{k,k2}/2−k1/2+3k2/2}ϵ21.

Proof. Define a family Tz of operators on {z ∈ C : 0 ≤ ℜ(z) ≤ 1},

Tz ĝ(ξ) = Dz
∫ t2

t1

∫
R3
eitϕ(ξ,η)

ξm∂ξlϕ(ξ, η)

2cn|ξ|2
q(ξ − η, η)∂ηm ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt.

We want to show T0+iy : L∞t ([2M−1, 2M ])H1
ξ → L2ξ and T1+iy : L∞t ([2M−1, 2M ])H2

ξ → L2ξ

are bounded for all y ∈ R.

We estimate the operator T0+iy by employing the bilinear estimate L2 × L∞ → L2, along

with Lemma 2.2.2 and (3.1.8),

∥T0+itĝ∥L2

=

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)

ξm∂ξlϕ(ξ, η)

2cn|ξ|2
q(ξ − η, η)∂ηm ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

≲2M sup
t∈[2M−1,2M ]

∥F−1 ξm∂ξlϕ(ξ, η)

2cn|ξ|2
q(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1×

×min{∥eicmt∆F−1∇ĝk1∥L2
x
∥eicnt∆fn,k2∥L∞

x
,

23min{k,k2}/2∥eicmt∆F−1∇ĝk1∥L2
x
∥eicnt∆fn,k2∥L2

x
}

≲2ϵk−+M+k2−k sup
t∈[2M−1,2M ]

min{∥∇ĝk1∥L2
ξ
∥eicnt∆fk2∥L∞

x
,

23min{k,k2}/2∥∇ĝk1∥L2
x
∥fn,k2∥L2

x
}
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≲2ϵk−−k−2k2,++γk2 min{2−M/2+γM/8+γk2/4,

2M+3min{k,k2}/2+3k2/2}ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])H1

ξ
.

Next, for the operator T1+iy, we compute

∥T1+itĝ∥L2

=

∥∥∥∥∂ξp ∫ t2

t1

∫
R3
eitϕ(ξ,η)

ξm∂ξlϕ(ξ, η)

2cn|ξ|2
q(ξ − η, η)∂ηm ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

≤
∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)

it∂ξpϕ(ξ, η)ξm∂ξlϕ(ξ, η)

2cn|ξ|2
q(ξ − η, η)∂ηm ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

(6.3.50)

+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ξp

(ξm∂ξlϕ(ξ, η)
2cn|ξ|2

q(ξ − η, η)
)
∂ηm ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

(6.3.51)

+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)

ξm∂ξlϕ(ξ, η)

2cn|ξ|2
q(ξ − η, η)∂ξp∂ηm ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

(6.3.52)

+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)

ξm∂ξlϕ(ξ, η)

2cn|ξ|2
q(ξ − η, η)∂ηm ĝk1(t, ξ − η)f̂n,k2(t, η)∂ξpψk(ξ)dηdt

∥∥∥∥
L2
.

(6.3.53)

Immediately, we see

∥(6.3.53)∥L2 ≲∥T0+itĝ∥L2∥∇ξψk∥L∞

≲2−2k+ϵk−−2k2,++γk2 min{2−M/2+γM/8+γk2/4,

2M+3min{k,k2}/2+3k2/2}ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])H1

ξ

≲2−2k+ϵk−−2k2,++γk2+k1 min{2−M/2+γM/8+γk2/4,

2M+3min{k,k2}/2+3k2/2}ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])H2

ξ
,

152



where the last line uses (2.5.1).

To handle the term (6.3.50), we proceed with integration by parts using

eitϕ(ξ,η) = −
3∑

j=1

ξj

it2cn|ξ|2
∂ηje

itϕ(ξ,η).

Hence, we have

∫ t2

t1

∫
R3

(
−

∑
j

ξj

2cn|ξ|2
∂ηj

)
eitϕ(ξ,η)

∂ξpϕ(ξ, η)ξm∂ξlϕ(ξ, η)

2cn|ξ|2
×

× q(ξ − η, η)∂ηm ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

=

∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηj

(ξj∂ξpϕ(ξ, η)ξm∂ξlϕ(ξ, η)
4c2n|ξ|4

q(ξ − η, η)
)
∂ηm ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

(6.3.54)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)

ξj∂ξpϕ(ξ, η)ξm∂ξlϕ(ξ, η)

4c2n|ξ|4
q(ξ − η, η)∂ηj∂ηm ĝk1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

(6.3.55)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)

ξj∂ξpϕ(ξ, η)ξm∂ξlϕ(ξ, η)

4c2n|ξ|4
q(ξ − η, η)∂ηm ĝk1(t, ξ − η)∂ηj f̂n,k2(t, η)ψk(ξ)dηdt.

(6.3.56)

Now, we combine similar terms and perform estimations. Employing the bilinear estimate

L4×L4 → L2, Lemma 2.3.2, Lemma 2.2.2, together with estimations (1.2.2), (2.5.1), (3.1.2)

and (3.1.11), we have

∥(6.3.51)∥L2 + ∥(6.3.54)∥L2

≲2M sup
t∈[2M−1,2M ]

(
∥F−1∂ξp

(ξm∂ξlϕ(ξ, η)
2cn|ξ|2

q(ξ − η, η)
)
ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1+

+ ∥F−1∂ηj
(ξj∂ξpϕ(ξ, η)ξm∂ξlϕ(ξ, η)

4c2n|ξ|4
q(ξ − η, η)

)
ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1

)
×

×min{∥eicmt∆F−1∇ĝk1∥L4
x
∥eicnt∆fn,k2∥L4

x
,
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23min{k,k2}/2∥eicmt∆F−1∇ĝk1∥L2
x
∥eicnt∆fn,k2∥L2

x
}

≲2ϵk−+M+k2−2k sup
t∈[2M−1,2M ]

min{∥eicmt∆F−1∇ĝk1∥L4
x
∥eicnt∆fn,k2∥L4

x
,

23min{k,k2}/2∥eicmt∆F−1∇ĝk1∥L2
x
∥eicnt∆fn,k2∥L2

x
}

≲2ϵk−+M+k2−2k sup
t∈[2M−1,2M ]

min{2−3M/4+k1/4∥∇2ĝk1∥L2
ξ
∥eicnt∆fn,k2∥L4

x
,

23min{k,k2}/22k1∥∇2ĝk1∥L2
ξ
∥fn,k2∥L2

x
}

≲2ϵk−−2k−2k2,++γk2 min{2−M/2+k1/4+3k2/4,

2M+3min{k,k2}/2+k1+3k2/2}ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])H2

ξ
.

Applying the bilinear estimate L2 × L∞ → L2, together with Lemma 2.3.2, Lemma 2.2.2,

bounds in (1.2.2), (3.1.2) and (3.1.8), we obtain

∥(6.3.52)∥L2 + ∥(6.3.55)∥L2

≲2M
(
∥F−1 ξm∂ξlϕ(ξ, η)

2cn|ξ|2
q(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1+

+ ∥F−1
ξj∂ξpϕ(ξ, η)ξm∂ξlϕ(ξ, η)

4c2n|ξ|4
q(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1

)
×

× sup
t∈[2M−1,2M ]

min{∥eicmt∆F−1∇2ĝk1∥L2x∥eicnt∆fn,k2∥L∞
x
,

23min{k,k2}/2∥eicmt∆F−1∇2ĝk1∥L2
x
∥eicnt∆fn,k2∥L2

x
}

≲2ϵk−+M+k2−k(1 + 2k2−k) sup
t∈[2M−1,2M ]

min{∥∇2ĝk1∥L2
ξ
∥eicnt∆fn,k2∥L∞

x
,

23min{k,k2}/2∥∇2ĝk1∥L2
ξ
∥fn,k2∥L2

x
}

≲2ϵk−+M+k2−k−2k2,++γk2(1 + 2k2−k)min{2−3M/2+γM/8−k2+γk2/4,

23min{k,k2}/2+k2/2}ϵ1∥∇2ĝk1∥L∞
t ([2M−1,2M ])L2

ξ

≲2ϵk−−k−2k2,++γk2(1 + 2k2−k)min{2−M/2+γM/8+γk2/4,

2M+3min{k,k2}/2+3k2/2}ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])H2

ξ
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≲2ϵk−−k−2k2,++γk2+k1−k min{2−M/2+γM/8+γk2/4,

2M+3min{k,k2}/2+3k2/2}ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])H2

ξ
.

Lastly, we use the bilinear estimate L6 × L3 → L2 and Lemma 2.2.2 to get

∥(6.3.56)∥L2

≲2M sup
t∈[2M−1,2M ]

∥F−1
ξj∂ξpϕ(ξ, η)ξm∂ξlϕ(ξ, η)

4c2n|ξ|4
q(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1×

×min{∥eicmt∆F−1∇ĝk1∥L6
x
∥eicnt∆F−1∇f̂n,k2∥L3

x
,

23min{k,k2}/2∥eicmt∆F−1∇ĝk1∥L2
x
∥eicnt∆F−1∇f̂n,k2∥L2

x
}

≲2ϵk−+M+2k2−2k sup
t∈[2M−1,2M ]

min{∥eicmt∆F−1∇ĝk1∥L6
x
∥eicnt∆F−1∇f̂n,k2∥L3

x
,

23min{k,k2}/2∥∇ĝk1∥L2
ξ
∥∇f̂n,k2∥L2

ξ
}.

In order to estimate the L6 norm, we employ Bernstein’s inequality in Lemma 2.5.1, together

with Lemma 2.4.1 and Lemma 2.5.3 to get

∥eicmt∆F−1∇ĝk∥L6
x
≲2γk/8∥eicmt∆F−1∇ĝk∥

L
24
γ+4
x

≲2γk/8−M+γM/8∥F−1∇ĝk∥
L

24
20−γ
x

≲2−M+γM/8+γk/4∥∇2ĝk∥L2
ξ
.

(6.3.57)

Hence, using the bound above with the estimations (3.1.6) and (3.1.10), we obtain

∥(6.3.56)∥L2 ≲ 2ϵk−+M+2k2−2k sup
t∈[2M−1,2M ]

min{2−M+γM/8+γk1/4∥eit∆F−1∇f̂k2∥L3
x
,

23min{k,k2}/2+k1∥∇f̂k2∥L2
ξ
}∥∇2

ξ ĝk1∥L2
ξ

≲ 2ϵk−−2k2,++γk2−2k min{2−M/2+γM/4+k2+γk2/4+γk1/4,
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2M+3min{k,k2}/2+k1+3k2/2}ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])H2

ξ
.

To conclude, we have

∥T1+itĝ∥L2 ≲2ϵk−−2k2,++γk2−2k min{2−M/2+γM/4+k1+γk2,+/4+γk1,+/4,

2M+3min{k,k2}/2+k1+3k2/2}ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])H2

ξ

and

∥T0+itĝ∥L2 ≲2ϵk−−k−2k2,++γk2 min{2−M/2+γM/8+γk2/4,

2M+3min{k,k2}/2+3k2/2}ϵ1∥ĝk1∥L∞
t ([2M−1,2M ])H1

ξ
.

By the interpolation result in Lemma 2.1.2,

∥Tαĝ∥L2 ≲2ϵk−−k−2k2,++γk2+α(k1−k)min{2−M/2+γM/4+γk1,+/4+γk2,+/4,

2M+3min{k,k2}/2+3k2/2}ϵ1∥ĝ∥L∞
t ([2M−1,2M ])H1+α

ξ
,

for any α ∈ (0, 1). Lastly, we plug g = F−1f̂mψ̃k1 into the result above and use (3.1.3) to

get

∥∥∥∥Dα
∫ t2

t1

∫
R3
eitϕ(ξ,η)

ξm∂ξlϕ(ξ, η)

2cn|ξ|2
q(ξ − η, η)∂ηm f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

≲2ϵk−−k−2k2,++γk2+α(k1−k)min{2−M/2+γM/4+γk1,+/4+γk2,+/4,

2M+3min{k,k2}/2+3k2/2}ϵ1∥f̂m,k1∥L∞
t ([2M−1,2M ])H1+α

ξ

≲2ϵk−−k−αk−2k1,++γk1−2k2,++γk2 min{2−M/2+γM/4−k1/2+γk1,+/4+γk2,+/4,

2M+3min{k,k2}/2−k1/2+3k2/2}ϵ21.
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Now, we look at the final term in the splitting of JM,2
k,k1,k2

.

Lemma 6.3.6. Suppose t1, t2 ∈ [2M−1, 2M ] and supt∈[1,T ] ∥f∥Z ≤ ϵ1. If either (k1, k2) ∈

χ2k ∪ χ
3
k or (k1, k2) ∈ χ1k and cl = cm, then

∥(6.3.31)∥L2

≲2ϵk−−k−αk−2k1,+−2k2,++γk1+γk2+α(k1−k2)×

×min{2−M/2+γM/4−k1+k2/2+γk1,+/4+γk2,+/4, 2M+3min{k,k2}/2+k1/2+k2/2}ϵ21.

Proof. Since we restrict ourselves to the case when cn + cm = 0 for the term J
M,2
k,k1,k2

, we

indeed have ∂ξlϕ(ξ, η) = 2(cl− cm)ξl+2cmηl. As we perform a change of variable ζ = ξ− η,

we can rewrite (6.3.31) into

(6.3.31) =Dα
∫ t2

t1

∫
R3
eitϕ(ξ,ξ−ζ) ξm((cl − cm)ξl + cm(ξl − ζl))

cn|ξ|2
×

× q(ζ, ξ − ζ)f̂m,k1(t, ζ)∂ηm f̂n,k2(t, ξ − ζ)ψk(ξ)dζdt.

Based on this observation, we define a family Tz of operators on {z ∈ C : 0 ≤ ℜ(z) ≤ 1} as

follows

Tz ĝ(ξ) =D
z
∫ t2

t1

∫
R3
eitϕ(ξ,ξ−η) ξm((cl − cm)ξl + cm(ξl − ηl))

2cn|ξ|2
×

× q(η, ξ − η)f̂m,k1(t, η)∂ξm ĝk2(t, ξ − η)ψk(ξ)dηdt.

It suffices to show that T0+iy : L∞t ([2M−1, 2M ])H1
ξ → L2ξ and T1+iy : L∞t ([2M−1, 2M ])H2

ξ →

L2ξ are bounded for all y ∈ R with suitable bounds.

First, we look at the operator T0+iy. The L2 × L∞ → L2 bilinear estimate, Lemma 2.2.2,
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Lemma 2.3.2, bounds in (1.2.2) and (3.1.8) yields

∥T0+itĝ∥L2

=

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,ξ−η) ξm((cl − cm)ξl + cm(ξl − ηl))

cn|ξ|2
×

× q(η, ξ − η)f̂m,k1(t, η)∂ξm ĝk2(t, ξ − η)ψk(ξ)dηdt

∥∥∥∥
L2

≲2M sup
t∈[2M−1,2M ]

∥F−1 ξm((cl − cm)ξl + cm(ξl − ηl))

cn|ξ|2
q(η, ξ − η)ψ̃k(ξ)ψ̃k1(η)ψ̃k2(ξ − η)∥L1×

×min{∥eicnt∆F−1∇ĝk2∥L2
x
∥eicmt∆fm,k1∥L∞

x
,

23min{k,k2}/2∥eicnt∆F−1∇ĝk2∥L2
x
∥ecmit∆fm,k1∥L2

x
}

≲2ϵk−+M+k2−k sup
t∈[2M−1,2M ]

min{∥∇ĝk2∥L2
ξ
∥eicmt∆fm,k1∥L∞

x
,

23min{k,k2}/2∥∇ĝk2∥L2
ξ
∥fm,k1∥L2

x
}

≲2ϵk−+M+k2−k−2k1,++γk1 min{2−3M/2+γM/8−k1+γk1/4,

23min{k,k2}/2+k1/2}∥∇ĝk2∥L∞
t ([2M−1,2M ])L2

ξ

≲2ϵk−−k−2k1,++γk1 min{2−M/2+γM/8−k1+k2+γk1/4,

2M+3min{k,k2}/2+k1/2+k2}∥ĝk2∥L∞
t ([2M−1,2M ])H1

ξ
.

Next, we perform the following computation for T1+iy,

∥T1+itĝ∥L2

=

∥∥∥∥∂ξp ∫ t2

t1

∫
R3
eitϕ(ξ,ξ−η) ξm((cl − cm)ξl + cm(ξl − ηl))

cn|ξ|2
q(η, ξ − η)×

× f̂m,k1(t, η)∂ξm ĝk2(t, ξ − η)ψk(ξ)dηdt

∥∥∥∥
L2

≤
∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,ξ−η)

it∂ξpϕ(ξ, ξ − η)ξm((cl − cm)ξl + cm(ξl − ηl))

cn|ξ|2
q(η, ξ − η)×

× f̂m,k1(t, η)∂ξm ĝk2(t, ξ − η)ψk(ξ)dηdt

∥∥∥∥
L2

(6.3.58)
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+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,ξ−η)∂ξp

(ξm((cl − cm)ξl + cm(ξl − ηl))

cn|ξ|2
q(η, ξ − η)

)
×

× f̂m,k1(t, η)∂ξm ĝk2(t, ξ − η)ψk(ξ)dηdt

∥∥∥∥
L2

(6.3.59)

+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,ξ−η) ξm((cl − cm)ξl + cm(ξl − ηl))

cn|ξ|2
q(η, ξ − η)×

× f̂m,k1(t, η)∂ξp∂ξm ĝk2(t, ξ − η)ψk(ξ)dηdt

∥∥∥∥
L2

(6.3.60)

+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,ξ−η) ξm((cl − cm)ξl + cm(ξl − ηl))

cn|ξ|2
q(η, ξ − η)×

× f̂m,k1(t, η)∂ξm ĝk2(t, ξ − η)∂ξpψk(ξ)dηdt

∥∥∥∥
L2
. (6.3.61)

The last term can be estimated directly using the results for T0+it and (2.5.1),

∥(6.3.61)∥L2 ≲∥∇ψk∥L∞∥T0+itĝ∥L2

≲2−k+ϵk−−k−2k1,++γk1 min{2−M/2+γM/8−k1+k2+γk1/4,

2M+3min{k,k2}/2+k1/2+k2}∥ĝk2∥L∞
t ([2M−1,2M ])H1

ξ

≲2ϵk−−2k−2k1,++γk1 min{2−M/2+γM/8−k1+2k2+γk1/4,

2M+3min{k,k2}/2+k1/2+2k2}∥ĝk2∥L∞
t ([2M−1,2M ])H2

ξ
.

For the term (6.3.58), integration by parts using the identity

eitϕ(ξ,η) = −
3∑

j=1

ξj

it2cn|ξ|2
∂ηje

itϕ(ξ,η)

gives

∫ t2

t1

∫
R3

(∑
j

ξj

2cn|ξ|2
∂ηj

)
eitϕ(ξ,ξ−η)

∂ξpϕ(ξ, ξ − η)ξm((cl − cm)ξl + cm(ξl − ηl))

cn|ξ|2
×

× q(η, ξ − η)f̂m,k1(t, η)∂ξm ĝk2(t, ξ − η)ψk(ξ)dηdt
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=−
∫ t2

t1

∫
R3
eitϕ(ξ,ξ−η)∂ηj

(ξj∂ξpϕ(ξ, ξ − η)ξm((cl − cm)ξl + cm(ξl − ηl))

2c2n|ξ|4
q(η, ξ − η)

)
×

× f̂m,k1(t, η)∂ξm ĝk2(t, ξ − η)ψk(ξ)dηdt (6.3.62)

−
∫ t2

t1

∫
R3
eitϕ(ξ,ξ−η)

ξj∂ξpϕ(ξ, ξ − η)ξm((cl − cm)ξl + cm(ξl − ηl))

2c2n|ξ|4
q(η, ξ − η)×

× ∂ηj f̂m,k1(t, η)∂ξm ĝk2(t, ξ − η)ψk(ξ)dηdt (6.3.63)

−
∫ t2

t1

∫
R3
eitϕ(ξ,ξ−η)

ξj∂ξpϕ(ξ, ξ − η)ξm((cl − cm)ξl + cm(ξl − ηl))

2c2n|ξ|4
q(η, ξ − η)×

× f̂m,k1(t, η)∂ηj∂ξm ĝk2(t, ξ − η)ψk(ξ)dηdt. (6.3.64)

Applying the L2 × L∞ → L2 bilinear estimate, along with Lemma 2.3.2, Lemma 2.2.2,

bounds in (1.2.2), (2.5.1), (3.1.2), and (3.1.8), we obtain

∥(6.3.59)∥L2 + ∥(6.3.62)∥L2

≲2M sup
t∈[2M−1,2M ]

(
∥F−1∂ξp

(ξm((cl − cm)ξl + cm(ξl − ηl))

cn|ξ|2
q(η, ξ − η)

)
×

× ψ̃k(ξ)ψ̃k1(η)ψ̃k2(ξ − η)∥L1+

+ ∥F−1∂ηj
(ξj∂ξpϕ(ξ, ξ − η)ξm((cl − cm)ξl + cm(ξl − ηl))

2c2n|ξ|4
q(η, ξ − η)

)
×

× ψ̃k(ξ)ψ̃k1(η)ψ̃k2(ξ − η)∥L1

)
×

×min{∥eicnt∆F−1∇ĝk2∥L2
x
∥eicmt∆fm,k1∥L∞

x
,

23min{k,k2}/2∥eicnt∆F−1∇ĝk2∥L2
x
∥eicmt∆fm,k1∥L2

x
}

≲2ϵk−+M−k(1 + 2k2−k) sup
t∈[2M−1,2M ]

min{∥eicnt∆F−1∇ĝk2∥L2
x
∥eicmt∆fm,k1∥L∞

x
,

23min{k,k2}/2∥∇ĝk2∥L2
ξ
∥fm,k1∥L2

x
}

≲2ϵk−+M−k−2k1,++γk1(1 + 2k2−k)min{2−3M/2+γM/8−k1+γk1/4+k2 ,

23min{k,k2}/2+k2+k1/2}ϵ1∥∇2ĝk2∥L∞
t ([2M−1,2M ])L2

ξ

≲2ϵk−−2k−2k1,++γk1 min{2−M/2+γM/8+γk1/4+k2 ,
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2M+3min{k,k2}/2+k2+3k1/2}ϵ1∥ĝk2∥L∞
t ([2M−1,2M ])H2

ξ

and

∥(6.3.60)∥L2 + ∥(6.3.64)∥L2

≲2M sup
t∈[2M−1,2M ]

(
∥F−1 ξm((cl − cm)ξl + cm(ξl − ηl))

cn|ξ|2
q(η, ξ − η)ψ̃k(ξ)ψ̃k1(η)ψ̃k2(ξ − η)∥L1

+ ∥F−1
ξj∂ξpϕ(ξ, ξ − η)ξm((cl − cm)ξl + cm(ξl − ηl))

2c2n|ξ|4
q(η, ξ − η)ψ̃k(ξ)ψ̃k1(η)ψ̃k2(ξ − η)∥L1

)
×

×min{∥eicnt∆F−1∇2ĝk2∥L2
x
∥eicmt∆fm,k1∥L∞

x
,

23min{k,k2}/2∥eicnt∆F−1∇2ĝk2∥L2
x
∥eicmt∆fm,k1∥L2

x
}

≲2ϵk−+M+k2−k+k1−k sup
t∈[2M−1,2M ]

min{∥∇2ĝk2∥L2
ξ
∥eicmt∆fm,k1∥L∞

x
,

23min{k,k2}/2∥∇2ĝk2∥L2
ξ
∥fm,k1∥L2

x
}

≲2ϵk−+M+k2−k+k1−k−2k1,++γk1 min{2−3M/2+γM/8−k1+γk1/4,

23min{k,k2}/2+k1/2}ϵ1∥∇2ĝk2∥L∞
t ([2M−1,2M ])L2

ξ

≲2ϵk−−2k−2k1,++γk1 min{2−M/2+γM/8+k2+γk1/4,

2M+3min{k,k2}/2+3k1/2+k2}ϵ1∥ĝk2∥L∞
t ([2M−1,2M ])H2

ξ
.

From the bilinear estimate L6 × L3 → L2 and Lemma 2.2.2, we get

∥(6.3.63)∥L2

≲2M sup
t∈[2M−1,2M ]

∥F−1
ξj∂ξpϕ(ξ, ξ − η)ξm((cl − cm)ξl + cm(ξl − ηl))

2c2n|ξ|4
×

× q(η, ξ − η)ψ̃k(ξ)ψ̃k1(η)ψ̃k2(ξ − η)∥L1×

×min{∥eicnt∆F−1∇ĝk2∥L6
x
∥eicmt∆F−1∇f̂m,k1∥L3

x
,

23min{k,k2}/2∥eicnt∆F−1∇ĝk2∥L2
x
∥eicmt∆F−1∇f̂m,k1∥L2

x
}
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≲2ϵk−+M+k2−k+k1−k sup
t∈[2M−1,2M ]

min{∥eicnt∆F−1∇ĝk2∥L6
x
∥eicmt∆F−1∇f̂m,k1∥L3

x
,

23min{k,k2}/2∥∇ĝk2∥L2
ξ
∥∇f̂m,k1∥L2

ξ
}.

Therefore, using the L6 norm result (6.3.57) obtained in the previous lemma, together with

estimations (3.1.6) and (3.1.10), we have

∥(6.3.63)∥L2 ≲2ϵk−+M−2k1,++γk1+k2−k+k1−k min{2−3M/2+γM/4−k1+γk1/4+γk2/4,

23min{k,k2}/2+k2−k1/2}ϵ1∥∇2ĝk2∥L∞
t ([2M−1,2M ])L2

ξ

≲2ϵk−−2k1,++γk1−2k min{2−M/2+γM/4+k2+γk1/4+γk2/4,

2M+3min{k,k2}/2+2k2+k1/2}ϵ1∥ĝk2∥L∞
t ([2M−1,2M ])H2

ξ
.

In conclusion, we showed

∥T1+itĝ∥L2 ≲2ϵk−−2k−2k1,++γk1 min{2−M/2+γM/4+k2+γk1,+/4+γk2,+/4,

2M+3min{k,k2}/2+k2+3k1/2}ϵ1∥ĝ∥L∞
t ([2M−1,2M ])H2

ξ

and

∥T0+itĝ∥L2 ≲2ϵk−−k−2k1,++γk1 min{2−M/2+γM/8−k1+k2+γk1/4,

2M+3min{k,k2}/2+k1/2+k2}∥ĝ∥L∞
t ([2M−1,2M ])H1

ξ
.

Applying the interpolation result in Lemma 2.1.2 gives us

∥Tαĝ∥L2 ≲ 2ϵk−−k−2k1,++γk1+α(k1−k)min{2−M/2+γM/4−k1+k2+γk1,+/4+γk2,+/4,

2M+3min{k,k2}/2+k1/2+k2}ϵ1∥ĝ∥L∞
t ([2M−1,2M ])H1+α

ξ
,
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for any α ∈ (0, 1).

As we plug in g = F−1f̂nψ̃k2 , we obtain the desired bound

∥∥∥∥Dα
∫ t2

t1

∫
R3
eitϕ(ξ,η)

ξm∂ξlϕ(ξ, η)

2cn|ξ|2
q(ξ − η, η)f̂m,k1(t, ξ − η)∂ηm f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

≲2ϵk−−k−2k1,++γk1+α(k1−k)min{2−M/2+γM/4−k1+k2+γk1,+/4+γk2,+/4,

2M+3min{k,k2}/2+k1/2+k2}ϵ1∥f̂k2∥L∞
t ([2M−1,2M ])H1+α

ξ

≲2ϵk−−k−αk−2k1,+−2k2,++γk1+γk2+α(k1−k2)min{2−M/2+γM/4−k1+k2/2+γk1,+/4+γk2,+/4,

2M+3min{k,k2}/2+k1/2+k2/2}ϵ21.

Combine the results we obtained in Lemma 6.3.4, Lemma 6.3.5 and Lemma 6.3.6. Given

that 0 < α < 1/2 and k2 ≤ k1 + 2a+ 2, we have 2α(k1−k2) ≲ 2(k1−k2)/2 and

∥Dα
ξ J

M,2
k,k1,k2

∥L2

≲2ϵk−−k−2k1,+−2k2,++γk1+γk2−αk min{2−M/2−k2/4−k1/4,

2M+3min{k,k2}/2+k2/2+k1/2}ϵ21

+ 2ϵk−−k−αk−2k1,++γk1−2k2,++γk2 min{2−M/2+γM/4−k1/2+γk1,+/4+γk2,+/4,

2M+3min{k,k2}/2−k1/2+3k2/2}ϵ21

+ 2ϵk−−k−αk−2k1,+−2k2,++γk1+γk2+α(k1−k2)min{2−M/2+γM/4−k1+k2/2+γk1,+/4+γk2,+/4,

2M+3min{k,k2}/2+k1/2+k2/2}ϵ21

≲2ϵk−−k−αk−2k1,+−2k2,++γk1+γk2
(
min{2−M/2−k2/4−k1/4, 2M+3min{k,k2}/2+k2/2+k1/2}

+min{2−M/2+γM/4−k1/2+γk1,+/2, 2M+3min{k,k2}/2+k1}
)
ϵ21,
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if either (k1, k2) ∈ χ2k ∪ χ
3
k or (k1, k2) ∈ χ1k and cl = cm. Therefore, we proved

∑
1≤M≤log T

sup
2M−1≤t1≤t2≤2M

22k+−γk+k/2+αk
( ∑

cm+cn=0
cl=cm

Almn

∑
(k1,k2)∈χ1

k

∥DαJ
M,2
k,k1,k2

∥L2+

+
∑

cm+cn=0

Almn

∑
(k1,k2)∈χ2

k∪χ
3
k

∥DαJ
M,2
k,k1,k2

∥L2

)

≲
∑

1≤M≤log T

∑
(k1,k2)∈χ1

k∪χ
2
k∪χ

3
k

2ϵk−−k/2−γk+2k+−2k1,+−2k2,++γk1+γk2×

×
(
min{2−M/2−k2/4−k1/4, 2M+3min{k,k2}/2+k2/2+k1/2}+

+min{2−M/2+γM/4−k1/2+γk1,+/2, 2M+3min{k,k2}/2+k1}
)
ϵ21

≲ϵ21.

(6.3.65)

6.3.3 DαIM,2
k,k1,k2

and DαJM,2
k,k1,k2

where (k1, k2) ∈ χ1
k

In this section, we focus solely on the cases where (k1, k2) ∈ χ1k and cl ̸= cm. These

conditions give us the lower bound |ϕ(ξ, η)| ≳ 2k1 according to (6.2.2) and allows us to use

the identity

eitϕ(ξ,η) =
1

iϕ(ξ, η)
∂te

itϕ(ξ,η).

Recall the definition of Im,2
k,k1,k2

and J
m,2
k,k1,k2

in (6.0.4) and (6.0.7). We perform integration

by parts in the variable t and get

Dα
ξ I

m,2
k,k1,k2

=Dα
ξ

∫
R3
eit2ϕ(ξ,η)

t2∂ξlϕ(ξ, η)

iϕ(ξ, η)
f̂m,k1(t2, ξ − η)f̂n,k2(t2, η)ψk(ξ)dη (6.3.66)

−Dα
ξ

∫
R3
eit1ϕ(ξ,η)

t1∂ξlϕ(ξ, η)

iϕ(ξ, η)
f̂m,k1(t1, ξ − η)f̂n,k2(t1, η)ψk(ξ)dη (6.3.67)

−Dα
ξ

∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ξlϕ(ξ, η)

iϕ(ξ, η)
f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt (6.3.68)
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−Dα
ξ

∫ t2

t1

∫
R3
eitϕ(ξ,η)

t∂ξlϕ(ξ, η)

iϕ(ξ, η)
∂tf̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt (6.3.69)

−Dα
ξ

∫ t2

t1

∫
R3
eitϕ(ξ,η)

t∂ξlϕ(ξ, η)

iϕ(ξ, η)
f̂m,k1(t, ξ − η)∂tf̂n,k2(t, η)ψk(ξ)dηdt (6.3.70)

and

Dα
ξ J

m,2
k,k1,k2

=Dα
ξ

∫
R3
eit2ϕ(ξ,η)

t2∂ξlϕ(ξ, η)

iϕ(ξ, η)
q(η, ξ − η)f̂m,k1(t2, ξ − η)f̂n,k2(t2, η)ψk(ξ)dη (6.3.71)

−Dα
ξ

∫
R3
eit1ϕ(ξ,η)

t1∂ξlϕ(ξ, η)

iϕ(ξ, η)
q(η, ξ − η)f̂m,k1(t1, ξ − η)f̂n,k2(t1, η)ψk(ξ)dη (6.3.72)

−Dα
ξ

∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ξlϕ(ξ, η)

iϕ(ξ, η)
q(η, ξ − η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt (6.3.73)

−Dα
ξ

∫ t2

t1

∫
R3
eitϕ(ξ,η)

t∂ξlϕ(ξ, η)

iϕ(ξ, η)
q(η, ξ − η)∂tf̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt (6.3.74)

−Dα
ξ

∫ t2

t1

∫
R3
eitϕ(ξ,η)

t∂ξlϕ(ξ, η)

iϕ(ξ, η)
q(η, ξ − η)f̂m,k1(t, ξ − η)∂tf̂n,k2(t, η)ψk(ξ)dηdt.

(6.3.75)

We will divide the resulted terms into two groups, based on whether the derivative in t falls

on the product f̂m,k1(t, ξ−η)f̂n,k2(t, ξ), and estimate them respectively in Lemma 6.3.7 and

6.3.8. For both groups, we will use Lemma 2.1.1 to bound the α fractional derivative.

Lemma 6.3.7. Suppose t1, t2 ∈ [2M−1, 2M ] and supt∈[1,T ] ∥f∥Z ≤ ϵ1. If (k1, k2) ∈ χ1k and

cl ̸= cm, then

∥(6.3.66) + (6.3.67) + (6.3.68)∥L2 + ∥(6.3.71) + (6.3.72) + (6.3.73)∥L2

≲2−k−2k++γk−2k2,++γk2−αk2 min{2−M/2+γM/8−k+k2/2+γk/4, 2M+k/2+2k2}ϵ21.
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Proof. Let

F1(ξ) =

∫
R3
eitjϕ(ξ,η)

tj∂ξlϕ(ξ, η)

ϕ(ξ, η)
f̂m,k1(tj , ξ − η)f̂n,k2(tj , η)ψk(ξ)dη,

F
q
1 (ξ) =

∫
R3
eitjϕ(ξ,η)

tj∂ξlϕ(ξ, η)

ϕ(ξ, η)
q(η, ξ − η)f̂m,k1(tj , ξ − η)f̂n,k2(tj , η)ψk(ξ)dη

for j = 1, 2 and

F2(ξ) =

∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ξlϕ(ξ, η)

ϕ(ξ, η)
f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt,

F
q
2 (ξ) =

∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ξlϕ(ξ, η)

ϕ(ξ, η)
q(η, ξ − η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt.

In order to apply Lemma 2.1.1, we shall obtain bounds on ∥F1 + F2∥L2 , ∥F q
1 + F

q
2 ∥L2 ,

∥∇ξ(F1 + F2)∥L2 , and ∥∇ξ(F
q
1 + F

q
2 )∥L2 .

First, using the bilinear estimate L∞ × L2 → L2 in Lemma 2.2.1, along with Lemma 2.3.1,

Lemma 2.2.2, estimates in (1.2.2), (3.1.8), and (3.1.2), we obtain

∥F1 + F2∥L2 + ∥F q
1 + F

q
2 ∥L2

≲2M
(
∥F−1∂ξlϕ(ξ, η)

ϕ(ξ, η)
ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1+

+ ∥F−1∂ξlϕ(ξ, η)

ϕ(ξ, η)
q(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1

)
×

× sup
t∈[2M−1,2M ]

min{∥eicmt∆fm,k1∥L∞
x
∥eicnt∆fn,k2∥L2

x
,

23k2/2∥eicmt∆fm,k1∥L2
x
∥eicnt∆fn,k2∥L2

x
}

≲2M−k sup
t∈[2M−1,2M ]

min{∥eicmt∆fm,k1∥L∞
x
∥fn,k2∥L2

x
, 23k2/2∥fm,k1∥L2

x
∥fn,k2∥L2

x
}
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≲2−k−2k1,++γk1−2k2,++γk2 min{2−M/2+γM/8−k1+γk1/4+k2/2, 2M+k1/2+2k2}ϵ21.

Next, we compute the derivatives and get

∂ξmF1

=

∫
R3
eitjϕ(ξ,η)

tj∂ξlϕ(ξ, η)

ϕ(ξ, η)
∂ξm f̂m,k1(tj , ξ − η)f̂n,k2(tj , η)ψk(ξ)dη (6.3.76)

+

∫
R3
eitjϕ(ξ,η)∂ξm

tj∂ξlϕ(ξ, η)

ϕ(ξ, η)
f̂m,k1(tj , ξ − η)f̂n,k2(tj , η)ψk(ξ)dη (6.3.77)

+

∫
R3
eitjϕ(ξ,η)

tj∂ξlϕ(ξ, η)

ϕ(ξ, η)
f̂m,k1(tj , ξ − η)f̂n,k2(tj , η)∂ξmψk(ξ)dη (6.3.78)

+

∫
R3
eitjϕ(ξ,η)

i∂ξmϕ(ξ, η)t
2
j∂ξlϕ(ξ, η)

ϕ(ξ, η)
f̂m,k1(tj , ξ − η)f̂n,k2(tj , η)ψk(ξ)dη, (6.3.79)

∂ξmF
q
1

=

∫
R3
eitjϕ(ξ,η)

tj∂ξlϕ(ξ, η)

ϕ(ξ, η)
q(η, ξ − η)∂ξm f̂m,k1(tj , ξ − η)f̂n,k2(tj , η)ψk(ξ)dη (6.3.80)

+

∫
R3
eitjϕ(ξ,η)∂ξm

(tj∂ξlϕ(ξ, η)
ϕ(ξ, η)

q(η, ξ − η)
)
f̂m,k1(tj , ξ − η)f̂n,k2(tj , η)ψk(ξ)dη (6.3.81)

+

∫
R3
eitjϕ(ξ,η)

tj∂ξlϕ(ξ, η)

ϕ(ξ, η)
q(η, ξ − η)f̂m,k1(tj , ξ − η)f̂n,k2(tj , η)∂ξmψk(ξ)dη (6.3.82)

+

∫
R3
eitjϕ(ξ,η)

i∂ξmϕ(ξ, η)t
2
j∂ξlϕ(ξ, η)

ϕ(ξ, η)
q(η, ξ − η)f̂m,k1(tj , ξ − η)f̂n,k2(tj , η)ψk(ξ)dη,

(6.3.83)

∂ξmF2

=

∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ξlϕ(ξ, η)

ϕ(ξ, η)
∂ξm f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt (6.3.84)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ξm

∂ξlϕ(ξ, η)

ϕ(ξ, η)
f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt (6.3.85)
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+

∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ξlϕ(ξ, η)

ϕ(ξ, η)
f̂m,k1(t, ξ − η)f̂n,k2(t, η)∂ξmψk(ξ)dηdt (6.3.86)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)

it∂ξmϕ(ξ, η)∂ξlϕ(ξ, η)

ϕ(ξ, η)
f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt, (6.3.87)

and

∂ξmF
q
2

=

∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ξlϕ(ξ, η)

ϕ(ξ, η)
q(η, ξ − η)∂ξm f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt (6.3.88)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ξm

(∂ξlϕ(ξ, η)
ϕ(ξ, η)

q(η, ξ − η)
)
f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt (6.3.89)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ξlϕ(ξ, η)

ϕ(ξ, η)
q(η, ξ − η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)∂ξmψk(ξ)dηdt (6.3.90)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)

it∂ξmϕ(ξ, η)∂ξlϕ(ξ, η)

ϕ(ξ, η)
q(η, ξ − η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt.

(6.3.91)

Furthermore, we perform integration by parts in the space variable on the terms (6.3.79),

(6.3.83), (6.3.87), and (6.3.91) using the identity eitϕ(ξ,η) =
∑

n
∂ηnϕ(ξ,η)

it|∇ηϕ(ξ,η)|2
∂ηne

itϕ(ξ,η),

(6.3.79)

=−
∫
R3
eitjϕ(ξ,η)∂ηn

∂ηnϕ(ξ, η)∂ξmϕ(ξ, η)tj∂ξlϕ(ξ, η)

|∇ηϕ(ξ, η)|2ϕ(ξ, η)
f̂m,k1(tj , ξ − η)f̂n,k2(tj , η)ψk(ξ)dη

(6.3.92)

−
∫
R3
eitjϕ(ξ,η)

∂ηnϕ(ξ, η)∂ξmϕ(ξ, η)tj∂ξlϕ(ξ, η)

|∇ηϕ(ξ, η)|2ϕ(ξ, η)
∂ηn f̂m,k1(tj , ξ − η)f̂n,k2(tj , η)ψk(ξ)dη

(6.3.93)

−
∫
R3
eitjϕ(ξ,η)

∂ηnϕ(ξ, η)∂ξmϕ(ξ, η)tj∂ξlϕ(ξ, η)

|∇ηϕ(ξ, η)|2ϕ(ξ, η)
f̂m,k1(tj , ξ − η)∂ηn f̂n,k2(tj , η)ψk(ξ)dη,

(6.3.94)
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(6.3.83)

=−
∫
R3
eitjϕ(ξ,η)∂ηn

(∂ηnϕ(ξ, η)∂ξmϕ(ξ, η)tj∂ξlϕ(ξ, η)
|∇ηϕ(ξ, η)|2ϕ(ξ, η)

q(η, ξ − η)
)
×

× f̂m,k1(tj , ξ − η)f̂n,k2(tj , η)ψk(ξ)dη (6.3.95)

−
∫
R3
eitjϕ(ξ,η)

∂ηnϕ(ξ, η)∂ξmϕ(ξ, η)tj∂ξlϕ(ξ, η)

|∇ηϕ(ξ, η)|2ϕ(ξ, η)
q(η, ξ − η)×

× ∂ηn f̂m,k1(tj , ξ − η)f̂n,k2(tj , η)ψk(ξ)dη (6.3.96)

−
∫
R3
eitjϕ(ξ,η)

∂ηnϕ(ξ, η)∂ξmϕ(ξ, η)tj∂ξlϕ(ξ, η)

|∇ηϕ(ξ, η)|2ϕ(ξ, η)
q(η, ξ − η)×

× f̂m,k1(tj , ξ − η)∂ηn f̂n,k2(tj , η)ψk(ξ)dη, (6.3.97)

(6.3.87)

=−
∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηn

∂ηnϕ(ξ, η)∂ξmϕ(ξ, η)∂ξlϕ(ξ, η)

|∇ηϕ(ξ, η)|2ϕ(ξ, η)
×

× f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt (6.3.98)

−
∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ηnϕ(ξ, η)∂ξmϕ(ξ, η)∂ξlϕ(ξ, η)

|∇ηϕ(ξ, η)|2ϕ(ξ, η)
×

× ∂ηn f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt (6.3.99)

−
∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ηnϕ(ξ, η)∂ξmϕ(ξ, η)∂ξlϕ(ξ, η)

|∇ηϕ(ξ, η)|2ϕ(ξ, η)
×

× f̂m,k1(t, ξ − η)∂ηn f̂n,k2(t, η)ψk(ξ)dηdt, (6.3.100)

and

(6.3.91)

=−
∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηn

(∂ηnϕ(ξ, η)∂ξmϕ(ξ, η)∂ξlϕ(ξ, η)
|∇ηϕ(ξ, η)|2ϕ(ξ, η)

q(η, ξ − η)
)
×

× f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt (6.3.101)
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−
∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ηnϕ(ξ, η)∂ξmϕ(ξ, η)∂ξlϕ(ξ, η)

|∇ηϕ(ξ, η)|2ϕ(ξ, η)
q(η, ξ − η)×

× ∂ηn f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt (6.3.102)

−
∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ηnϕ(ξ, η)∂ξmϕ(ξ, η)∂ξlϕ(ξ, η)

|∇ηϕ(ξ, η)|2ϕ(ξ, η)
q(η, ξ − η)×

× f̂m,k1(t, ξ − η)∂ηn f̂n,k2(t, η)ψk(ξ)dηdt. (6.3.103)

By the bilinear estimate L2×L∞ → L2, together with Lemma 2.2.2, Lemma 2.3.1, estimates

in (1.2.2), (3.1.2), (3.1.6) and (3.1.8), we have

∥(6.3.77) + (6.3.85) + (6.3.78) + (6.3.86) + (6.3.92) + (6.3.98)∥L2+

+ ∥(6.3.81) + (6.3.89) + (6.3.82) + (6.3.90) + (6.3.95) + (6.3.101)∥L2

≲2M
(
∥F−1∂ξm

∂ξlϕ(ξ, η)

ϕ(ξ, η)
ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1+

+ ∥F−1∂ξm
(∂ξlϕ(ξ, η)
ϕ(ξ, η)

q(η, ξ − η)
)
ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1+

+ ∥∇ξψk∥L∞(∥F−1∂ξlϕ(ξ, η)

ϕ(ξ, η)
ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1+

+ ∥F−1∂ξlϕ(ξ, η)

ϕ(ξ, η)
q(η, ξ − η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1)+

+ ∥F−1∂ηn
∂ηnϕ(ξ, η)∂ξmϕ(ξ, η)∂ξlϕ(ξ, η)

|∇ηϕ(ξ, η)|2ϕ(ξ, η)
ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1+

+ ∥F−1∂ηn
(∂ηnϕ(ξ, η)∂ξmϕ(ξ, η)∂ξlϕ(ξ, η)

|∇ηϕ(ξ, η)|2ϕ(ξ, η)
q(η, ξ − η)

)
ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1

)
×

× sup
t∈[2M−1,2M ]

min{∥eicmt∆fm,k1∥L∞
x
∥eicnt∆fn,k2∥L2

x
,

23k2/2∥eicmt∆fm,k1∥L2
x
∥eicnt∆fn,k2∥L2

x
}

≲2M−2k(1 + 2k−k2) sup
t∈[2M−1,2M ]

min{∥eicmt∆fm,k1∥L∞
x
∥f̂n,k2∥L2

ξ
,

23k2/2∥fm,k1∥L2
x
∥fn,k2∥L2

x
}

≲2−k−k2−2k1,+−2k2,++γk1+γk2 min{2−M/2+γM/8−k1+k2/2+γk1/4,
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2M+3k2/2+k1/2+k2/2}ϵ21

≲2−k−2k+−2k2,++γk+γk2 min{2−M/2+γM/8−k−k2/2+γk/4, 2M+k2+k/2}ϵ21.

Using the bilinear estimate L6 × L3 → L2 instead with the estimate in (3.1.10), we get

∥(6.3.76) + (6.3.84) + (6.3.93) + (6.3.99)∥L2+

+ ∥(6.3.80) + (6.3.88) + (6.3.96) + (6.3.102)∥L2

≲2M
(
∥F−1∂ξlϕ(ξ, η)

ϕ(ξ, η)
ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1+

+ ∥F−1∂ξlϕ(ξ, η)

ϕ(ξ, η)
q(η, ξ − η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1+

+ ∥F−1∂ηnϕ(ξ, η)∂ξmϕ(ξ, η)∂ξlϕ(ξ, η)

|∇ηϕ(ξ, η)|2ϕ(ξ, η)
ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1+

+ ∥F−1∂ηnϕ(ξ, η)∂ξmϕ(ξ, η)∂ξlϕ(ξ, η)

|∇ηϕ(ξ, η)|2ϕ(ξ, η)
q(η, ξ − η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1

)
×

× sup
t∈[2M−1,2M ]

min{∥eicmt∆F−1∇ξ f̂m,k1∥L3
x
∥eicnt∆fn,k2∥L6

x
,

23k2/2∥eicmt∆F−1∇ξ f̂m,k1∥L2
x
∥eicnt∆fn,k2∥L2

x
}

≲2M−k sup
t∈[2M−1,2M ]

min{∥eicmt∆F−1∇ξ f̂m,k1∥L3
x
∥eicnt∆fn,k2∥L6

x
,

23k2/2∥∇ξ f̂m,k1∥L2
ξ
∥fn,k2∥L2

x
}

≲2−k−2k1,+−2k2,++γk1+γk2 min{2−M/2+γM/8−k1+γk1/4−k2/2, 2M+3k2/2−k1/2+k2/2}ϵ21

≲2−k−2k+−2k2,++γk+γk2 min{2−M/2+γM/8−k−k2/2+γk/4, 2M+2k2−k/2}ϵ21.

Lastly, we may bound the remaining terms by the L∞ × L2 → L2 bilinear estimate, along

with Lemma 2.3.1, Lemma 3.2.1, Lemma 2.2.2, estimations (3.1.2), (3.1.6) and (3.1.8),

∥(6.3.94) + (6.3.100)∥L2 + ∥(6.3.97) + (6.3.103)∥L2

≲2M
(
∥F−1∂ηnϕ(ξ, η)∂ξmϕ(ξ, η)∂ξlϕ(ξ, η)

|∇ηϕ(ξ, η)|2ϕ(ξ, η)
ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1+
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+ ∥F−1∂ηnϕ(ξ, η)∂ξmϕ(ξ, η)∂ξlϕ(ξ, η)

|∇ηϕ(ξ, η)|2ϕ(ξ, η)
q(η, ξ − η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1

)
×

× sup
t∈[2M−1,2M ]

min{∥eicmt∆fm,k1∥L∞
x
∥eicnt∆F−1∇ξ f̂n,k2∥L2

x
,

23k2/2∥eicmt∆fm,k1∥L2
x
∥eicnt∆F−1∇ξ f̂n,k2∥L2

x
}

≲2M−k sup
t∈[2M−1,2M ]

min{∥eicmt∆fm,k1∥L∞
x
∥∇ξ f̂n,k2∥L2

ξ
, 23k2/2∥fm,k1∥L2

x
∥∇ξ f̂n,k2∥L2

ξ
}

≲2−k−2k1,+−2k2,++γk1+γk2 min{2−M/2+γM/8−k1+γk1/4−k2/2, 2M+3k2/2+k1/2−k2/2}ϵ21

≲2−k−2k+−2k2,++γk+γk2 min{2−M/2+γM/8−k+γk/4−k2/2, 2M+k2+k/2}ϵ21.

Thus, we showed

∥∇ξ(F1 + F2)∥L2 + ∥∇ξ(F
q
1 + F

q
2 )∥L2

≲2−k−2k+−2k2,++γk+γk2 min{2−M/2+γM/8−k−k2/2+γk/4, 2M+k2+k/2}ϵ21

and

∥F1 + F2∥L2 + ∥F q
1 + F

q
2 ∥L2

≲2−k−2k++γk−2k2,++γk2 min{2−M/2+γM/8−k+k2/2+γk/4, 2M+k/2+2k2}ϵ21,

which imply

∥Dα
ξ (F1 + F2)∥L2 + ∥Dα

ξ (F
q
1 + F

q
2 )∥L2

≤ ∥F1 + F2∥1−α
L2 ∥∇ξ(F1 + F2)∥αL2 + ∥F q

1 + F
q
2 ∥

1−α
L2 ∥∇ξ(F

q
1 + F

q
2 )∥

α
L2

≲ 2−k−2k++γk−2k2,++γk2−αk2 min{2−M/2+γM/8−k+k2/2+γk/4, 2M+k/2+2k2}ϵ21,

according to Lemma 2.1.1.

The estimation for the second group of terms is more intricate, as it requires bounding
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the Lp norms for the time derivatives ∂tf̂k(t, ξ) and the mixed derivatives ∂t∇ξ f̂(t, ξ). We

will state our results in two cases based on the relative size of |ξ| ∼ 2k compared to t ∼ 2M .

Lemma 6.3.8. Given t1, t2 ∈ [2M−1, 2M ], (k1, k2) ∈ χ1k, cl ̸= cm, and supt∈[1,T ] ∥f∥Z ≤ ϵ1,

we have

∥(6.3.69) + (6.3.70)∥L2 + ∥(6.3.74) + (6.3.75)∥L2

≲2−2k++γk−2k2,++γk2−αk2 min{2−M/2−3k/2, 2M−k/2+2k2}ϵ21,

if M + 2k ≤ 0, and

∥(6.3.69) + (6.3.70)∥L2 + ∥(6.3.74) + (6.3.75)∥L2

≲2−2k++γk−γk−/2−2k2,++γk2−γk2,−/2+αk min{2−M/2−2k−k2/2, 2M−k/2+k2}ϵ21,

if M + 2k > 0.

Proof. Let

F1(ξ) =

∫ t2

t1

∫
R3
eitϕ(ξ,η)

t∂ξlϕ(ξ, η)

ϕ(ξ, η)
∂tf̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt,

F
q
1 (ξ) =

∫ t2

t1

∫
R3
eitϕ(ξ,η)

t∂ξlϕ(ξ, η)

ϕ(ξ, η)
q(η, ξ − η)∂tf̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt,

F2(ξ) =

∫ t2

t1

∫
R3
eitϕ(ξ,η)

t∂ξlϕ(ξ, η)

ϕ(ξ, η)
f̂m,k1(t, ξ − η)∂tf̂n,k2(t, η)ψk(ξ)dηdt,

and

F
q
2 (ξ) =

∫ t2

t1

∫
R3
eitϕ(ξ,η)

t∂ξlϕ(ξ, η)

ϕ(ξ, η)
q(η, ξ − η)f̂m,k1(t, ξ − η)∂tf̂n,k2(t, η)ψk(ξ)dηdt.
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We shall use Lemma 2.1.1 to bound the L2 norm of DαFi, D
αF

q
i for i = 1, 2.

First, we find a bound for ∥F1 + F2∥L2 + ∥F q
1 + F

q
2 ∥L2 .

Using the bilinear estimate L6 × L3 → L2, along with Lemma 2.3.1, Lemma 2.2.2, Lemma

2.4.1, Lemma 2.5.3, Lemma 3.2.1, (1.2.2), and (3.1.2), we can estimate

∥F1∥L2 + ∥F q
1 ∥L2

≲22M
(
∥F−1∂ξlϕ(ξ, η)

ϕ(ξ, η)
ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1+

+ ∥F−1∂ξlϕ(ξ, η)

ϕ(ξ, η)
q(η, ξ − η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1

)
×

× sup
t∈[2M−1,2M ]

min{∥eicmt∆∂tfm,k1∥L6
x
∥eicnt∆fn,k2∥L3

x
,

23k2/2∥eicmt∆∂tfm,k1∥L2
x
∥eicnt∆fn,k2∥L2

x
}

≲22M−k sup
t∈[2M−1,2M ]

min{∥eicmt∆∂tfm,k1∥L6
x
∥eicnt∆fn,k2∥L3

x
, 23k2/2∥∂tfm,k1∥L2

x
∥fn,k2∥L2

x
}

≲22M−k−2k1,++γk1−2k2,++γk2 min{2−2M−k1/2−M/2, 23k2/2−M+k1/2+k2/2}ϵ21

≲2−2k++γk−2k2,++γk2 min{2−M/2−3k/2, 2M−k/2+2k2}ϵ21.

Similarly, by the L∞ × L2 → L2 bilinear estimate, Lemma 2.3.1, Lemma 2.2.2, together

with (1.2.2), (3.1.8), and (3.1.2), we have

∥F2∥L2 + ∥F q
2 ∥L2

≲22M
(
∥F−1∂ξlϕ(ξ, η)

ϕ(ξ, η)
ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1+

+ ∥F−1∂ξlϕ(ξ, η)

ϕ(ξ, η)
q(η, ξ − η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1

)
×

× sup
t∈[2M−1,2M ]

min{∥eicmt∆fm,k1∥L∞
x
∥eicnt∆∂tfn,k2∥L2

x
,

23k2/2∥eicmt∆fm,k1∥L2
x
∥eicnt∆∂tfn,k2∥L2

x
}
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≲22M−k sup
t∈[2M−1,2M ]

min{∥eicmt∆fm,k1∥L∞
x
∥∂tfn,k2∥L2

x
, 23k2/2∥fm,k1∥L2

x
∥∂tfn,k2∥L2

x
}

≲2−k−2k1,++γk1−2k2,++γk2 min{2−M/2+γM/8−k1+γk1/4+k2/2, 2M+k1/2+2k2}ϵ21

≲2−2k++γk−2k2,++γk2 min{2−M/2+γM/8−2k+γk/4+k2/2, 2M−k/2+2k2}ϵ21.

Hence, we get

∥F1 + F2∥L2 + ∥F q
1 + F

q
2 ∥L2

≲2−2k++γk−2k2,++γk2 min{(1 + 2γM/8+γk/4)2−M/2−3k/2, 2M−k/2+2k2}ϵ21.
(6.3.104)

Next, we use integration by parts with the identity
∑

m
∂ηmϕ(ξ,η)

it|∇ηϕ(ξ,η)|2
∂ηme

itϕ(ξ,η) = eitϕ(ξ,η)

to obtain another bound for ∥F1 + F2∥L2 + ∥F q
1 + F

q
2 ∥L2 . We compute that

F1(ξ)

=

∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηm

∂ηmϕ(ξ, η)∂ξlϕ(ξ, η)

i|∇ηϕ(ξ, η)|2ϕ(ξ, η)
∂tf̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt (6.3.105)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ηmϕ(ξ, η)∂ξlϕ(ξ, η)

i|∇ηϕ(ξ, η)|2ϕ(ξ, η)
∂ηm∂tf̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

(6.3.106)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ηmϕ(ξ, η)∂ξlϕ(ξ, η)

i|∇ηϕ(ξ, η)|2ϕ(ξ, η)
∂tf̂m,k1(t, ξ − η)∂ηm f̂n,k2(t, η)ψk(ξ)dηdt,

(6.3.107)

F
q
1 (ξ)

=

∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηm

∂ηmϕ(ξ, η)∂ξlϕ(ξ, η)

i|∇ηϕ(ξ, η)|2ϕ(ξ, η)
q(η, ξ − η)∂tf̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

(6.3.108)
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+

∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ηmϕ(ξ, η)∂ξlϕ(ξ, η)

i|∇ηϕ(ξ, η)|2ϕ(ξ, η)
∂ηmq(η, ξ − η)∂tf̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

(6.3.109)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ηmϕ(ξ, η)∂ξlϕ(ξ, η)

i|∇ηϕ(ξ, η)|2ϕ(ξ, η)
q(η, ξ − η)∂ηm∂tf̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

(6.3.110)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ηmϕ(ξ, η)∂ξlϕ(ξ, η)

i|∇ηϕ(ξ, η)|2ϕ(ξ, η)
q(η, ξ − η)∂tf̂m,k1(t, ξ − η)∂ηm f̂n,k2(t, η)ψk(ξ)dηdt,

(6.3.111)

F2(ξ)

=

∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηm

∂ηmϕ(ξ, η)∂ξlϕ(ξ, η)

i|∇ηϕ(ξ, η)|2ϕ(ξ, η)
f̂m,k1(t, ξ − η)∂tf̂n,k2(t, η)ψk(ξ)dηdt (6.3.112)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ηmϕ(ξ, η)∂ξlϕ(ξ, η)

i|∇ηϕ(ξ, η)|2ϕ(ξ, η)
∂ηm f̂m,k1(t, ξ − η)∂tf̂n,k2(t, η)ψk(ξ)dηdt

(6.3.113)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ηmϕ(ξ, η)∂ξlϕ(ξ, η)

i|∇ηϕ(ξ, η)|2ϕ(ξ, η)
f̂m,k1(t, ξ − η)∂ηm∂tf̂n,k2(t, η)ψk(ξ)dηdt,

(6.3.114)

and

F
q
2 (ξ)

=

∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηm

∂ηmϕ(ξ, η)∂ξlϕ(ξ, η)

i|∇ηϕ(ξ, η)|2ϕ(ξ, η)
q(η, ξ − η)f̂m,k1(t, ξ − η)∂tf̂n,k2(t, η)ψk(ξ)dηdt

(6.3.115)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ηmϕ(ξ, η)∂ξlϕ(ξ, η)

i|∇ηϕ(ξ, η)|2ϕ(ξ, η)
∂ηmq(η, ξ − η)f̂m,k1(t, ξ − η)∂tf̂n,k2(t, η)ψk(ξ)dηdt

(6.3.116)
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+

∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ηmϕ(ξ, η)∂ξlϕ(ξ, η)

i|∇ηϕ(ξ, η)|2ϕ(ξ, η)
q(η, ξ − η)∂ηm f̂m,k1(t, ξ − η)∂tf̂n,k2(t, η)ψk(ξ)dηdt

(6.3.117)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ηmϕ(ξ, η)∂ξlϕ(ξ, η)

i|∇ηϕ(ξ, η)|2ϕ(ξ, η)
q(η, ξ − η)f̂m,k1(t, ξ − η)∂ηm∂tf̂n,k2(t, η)ψk(ξ)dηdt.

(6.3.118)

The bilinear estimate L6 × L3 → L2, Lemma 2.3.1, Lemma 2.2.2, Lemma 2.4.1, Lemma

2.5.3, Lemma 3.2.1, along with the estimates in (1.2.2) and (3.1.2) imply

∥(6.3.105) + (6.3.112)∥L2 + ∥(6.3.108) + (6.3.115)∥L2

≲2M
(
∥F−1∂ηm

∂ηmϕ(ξ, η)∂ξlϕ(ξ, η)

i|∇ηϕ(ξ, η)|2ϕ(ξ, η)
ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1+

+ ∥F−1∂ηm
∂ηmϕ(ξ, η)∂ξlϕ(ξ, η)

i|∇ηϕ(ξ, η)|2ϕ(ξ, η)
q(η, ξ − η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1

)
×

× sup
t∈[2M−1,2M ]

(
min{∥eicmt∆∂tfm,k1∥L6

x
∥eicnt∆fn,k2∥L3

x
,

23k2/2∥eicmt∆∂tfm,k1∥L2
x
∥eicnt∆fn,k2∥L2

x
}+

+min{∥eicmt∆fm,k1∥L6
x
∥eicnt∆∂tfn,k2∥L3

x
,

23k2/2∥eicmt∆fm,k1∥L2
x
∥eicnt∆∂tfn,k2∥L2

x
}
)

≲2M−3k sup
t∈[2M−1,2M ]

(
min{∥eicmt∆∂tfm,k1∥L6

x
∥eicnt∆fn,k2∥L3

x
,

23k2/2∥∂tfm,k1∥L2
x
∥fn,k2∥L2

x
}+

+min{∥eicmt∆fm,k1∥L6
x
2k2/2∥eicnt∆∂tfn,k2∥L2

x
,

23k2/2∥fm,k1∥L2
x
∥∂tfn,k2∥L2

x
}
)

≲2M−3k−2k1,++γk1−2k2,++γk2
(
min{2−2M−k1/2−M/2, 23k2/2−M+k1/2+k2/2}+

+min{2−M−k1/2+k2/2−M+k2/2, 23k2/2+k1/2−M+k2/2}
)
ϵ21

≲(1 + 2M/2+k)2ϵk−−2k++γk−2k2,++γk2 min{2−3M/2−7k/2, 2−5k/2+2k2}ϵ21,
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∥(6.3.109)∥L2 + ∥(6.3.116)∥L2

≲2M∥F−1∂ηmϕ(ξ, η)∂ξlϕ(ξ, η)

i|∇ηϕ(ξ, η)|2ϕ(ξ, η)
∂ηmq(η, ξ − η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1×

× sup
t∈[2M−1,2M ]

(
min{∥eicmt∆∂tfm,k1∥L6

x
∥eicnt∆fn,k2∥L3

x
,

23k2/2∥eicmt∆∂tfm,k1∥L2
x
∥eicnt∆fn,k2∥L2

x
}+

+min{∥eicmt∆fm,k1∥L6
x
∥eicnt∆∂tfn,k2∥L3

x
,

23k2/2∥eicmt∆fm,k1∥L2
x
∥eicnt∆∂tfn,k2∥L2

x
}
)

≲2M−2k−k2 sup
t∈[2M−1,2M ]

(
min{∥eicmt∆∂tfm,k1∥L6

x
2k2/2∥eicnt∆fn,k2∥L2

x
,

23k2/2∥∂tfm,k1∥L2
x
∥fn,k2∥L2

x
}+

+min{∥eicmt∆fm,k1∥L6
x
2k2/2∥eicnt∆∂tfn,k2∥L2

x
,

23k2/2∥fm,k1∥L2
x
∥∂tfn,k2∥L2

x
}
)

≲2M−2k−k2−2k1,++γk1−2k2,++γk2
(
min{2−2M−k1/2+k2/2+k2/2, 23k2/2−M+k1/2+k2/2}

+min{2−M−k1/2+k2/2−M+k2/2, 23k2/2+k1/2−M+k2/2}
)
ϵ21

≲2−2k++γk−2k2,++γk2 min{2−M−5k/2, 2−3k/2+k2}ϵ21,

∥(6.3.106) + (6.3.114)∥L2 + ∥(6.3.110) + (6.3.118)∥L2

≲2M
(
∥F−1∂ηmϕ(ξ, η)∂ξlϕ(ξ, η)

i|∇ηϕ(ξ, η)|2ϕ(ξ, η)
ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1+

+ ∥F−1∂ηmϕ(ξ, η)∂ξlϕ(ξ, η)

i|∇ηϕ(ξ, η)|2ϕ(ξ, η)
q(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1

)
×

× sup
t∈[2M−1,2M ]

(
min{∥eicmt∆F−1∇ξ∂tf̂m,k1∥L3

x
∥eicnt∆fn,k2∥L6

x
,

23k2/2∥eicmt∆F−1∇ξ∂tf̂m,k1∥L2
x
∥eicnt∆fn,k2∥L2

x
}+

+min{∥eicmt∆fm,k1∥L6
x
∥eicnt∆F−1∇ξ∂tf̂n,k2∥L3

x
,

23k2/2∥eicmt∆fm,k1∥L2
x
∥eicnt∆F−1∇ξ∂tf̂n,k2∥L2

x
}
)
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≲2M−2k sup
t∈[2M−1,2M ]

(
min{∥eicmt∆F−1∇ξ∂tf̂m,k1∥L3

x
∥eicnt∆fn,k2∥L6

x
,

23k2/2∥∇ξ∂tf̂m,k1∥L2
ξ
∥fn,k2∥L2

x
}+

+min{∥eicmt∆fm,k1∥L6
x
∥eicnt∆F−1∇ξ∂tf̂n,k2∥L3

x
,

23k2/2∥fm,k1∥L2
x
∥∇ξ∂tf̂n,k2∥L2

ξ
}
)

≲2M−2k−2k1,++γk1−2k2,++γk2
(
min{2−M−γk1−M−k2/2,

(1 + 2M/2+k)23k2/2−M−k1/2−γk1+k2/2}+

+min{2−M−k1/2−M−γk2 , (1 + 2M/2+k2)23k2/2+k1/2−M−k2/2}
)
ϵ21

≲(1 + 2M/2+k)2−2k++γk−2k2,++γk2 min{2−3M/2−3k−γk−−k2/2, 2−3k/2−γk−+k2}ϵ21,

and

∥(6.3.107) + (6.3.113)∥L2 + ∥(6.3.111) + (6.3.117)∥L2

≲2M
(
∥F−1∂ηmϕ(ξ, η)∂ξlϕ(ξ, η)

i|∇ηϕ(ξ, η)|2ϕ(ξ, η)
ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1+

+ ∥F−1∂ηmϕ(ξ, η)∂ξlϕ(ξ, η)

i|∇ηϕ(ξ, η)|2ϕ(ξ, η)
q(ξ − η, η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1

)
×

× sup
t∈[2M−1,2M ]

(
min{∥eicmt∆∂tfm,k1∥L6

x
∥eicnt∆F−1∇ξ f̂n,k2∥L3

x
,

23k2/2∥eicmt∆∂tfm,k1∥L2
x
∥eicnt∆F−1∇ξ f̂n,k2∥L2

x
}+

+min{∥eicmt∆F−1∇ξ f̂m,k1∥L3
x
∥eicnt∆∂tfn,k2∥L6

x
,

23k2/2∥eicmt∆F−1∇ξ f̂m,k1∥L2
x
∥eicnt∆∂tfn,k2∥L2

x
}
)

≲2M−2k sup
t∈[2M−1,2M ]

(
min{∥eicmt∆∂tfm,k1∥L6

x
2k2/2∥eicnt∆F−1∇ξ f̂n,k2∥L2

x
,

23k2/2∥∂tfm,k1∥L2
x
∥∇ξ f̂n,k2∥L2

ξ
}+

+min{∥eicmt∆F−1∇ξ f̂m,k1∥L3
x
∥eicnt∆∂tfn,k2∥L6

x
,

23k2/2∥∇ξ f̂m,k1∥L2
ξ
∥∂tfn,k2∥L2

x
}
)
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≲2M−2k−2k1,++γk1−2k2,++γk2
(
min{2−2M−k1/2+k2/2−k2/2,

23k2/2−M+k1/2−k2/2}+

+min{2−M/2+γM/8−k1+γk1/4−2M−k2/2, 23k2/2−k1/2−M+k2/2}
)
ϵ21

≲2−2k++γk−2k2,++γk2
(
min{2−M−5k/2, 2−3k/2+k2}+

+min{2−3M/2+γM/8−3k+γk/4−k2/2, 2−5k/2+2k2}
)
ϵ21

≲(1 + 2M/2+k)2−2k++γk−2k2,++γk2 min{2−3M/2−3k−k2/2, 2−3k/2+k2}ϵ21.

Thus, we found a new bound

∥F1 + F2∥L2 + ∥F q
1 + F

q
2 ∥L2

≲(1 + 2M/2+k)2−2k++γk−γk−−2k2,++γk2 min{2−3M/2−+3k−k2/2, 2−3k/2+k2}ϵ21.
(6.3.119)

Next, we want to estimate ∥∇ξ(F1 + F2)∥L2 + ∥∇ξ(F
q
1 + F

q
2 )∥L2 . Observe

∂ξmF1

=

∫ t2

t1

∫
R3
eitϕ(ξ,η)

t∂ξlϕ(ξ, η)

ϕ(ξ, η)
∂ξm∂tf̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt (6.3.120)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ξm

t∂ξlϕ(ξ, η)

ϕ(ξ, η)
∂tf̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt (6.3.121)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)

t∂ξlϕ(ξ, η)

ϕ(ξ, η)
∂tf̂m,k1(t, ξ − η)f̂n,k2(t, η)∂ξmψk(ξ)dηdt (6.3.122)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)

it2∂ξmϕ(ξ, η)∂ξlϕ(ξ, η)

ϕ(ξ, η)
∂tf̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt, (6.3.123)

∂ξmF
q
1

=

∫ t2

t1

∫
R3
eitϕ(ξ,η)

t∂ξlϕ(ξ, η)

ϕ(ξ, η)
q(η, ξ − η)∂ξm∂tf̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt (6.3.124)
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+

∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ξm

(t∂ξlϕ(ξ, η)
ϕ(ξ, η)

q(η, ξ − η)
)
∂tf̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

(6.3.125)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)

t∂ξlϕ(ξ, η)

ϕ(ξ, η)
q(η, ξ − η)∂tf̂m,k1(t, ξ − η)f̂n,k2(t, η)∂ξmψk(ξ)dηdt

(6.3.126)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)

it2∂ξmϕ(ξ, η)∂ξlϕ(ξ, η)

ϕ(ξ, η)
q(η, ξ − η)∂tf̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt,

(6.3.127)

∂ξmF2

=

∫ t2

t1

∫
R3
eitϕ(ξ,η)

t∂ξlϕ(ξ, η)

ϕ(ξ, η)
∂ξm f̂m,k1(t, ξ − η)∂tf̂n,k2(t, η)ψk(ξ)dηdt (6.3.128)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ξm

t∂ξlϕ(ξ, η)

ϕ(ξ, η)
f̂m,k1(t, ξ − η)∂tf̂n,k2(t, η)ψk(ξ)dηdt (6.3.129)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)

t∂ξlϕ(ξ, η)

ϕ(ξ, η)
f̂m,k1(t, ξ − η)∂tf̂n,k2(t, η)∂ξmψk(ξ)dηdt (6.3.130)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)

it2∂ξmϕ(ξ, η)∂ξlϕ(ξ, η)

ϕ(ξ, η)
f̂m,k1(t, ξ − η)∂tf̂n,k2(t, η)ψk(ξ)dηdt, (6.3.131)

and

∂ξmF
q
2

=

∫ t2

t1

∫
R3
eitϕ(ξ,η)

t∂ξlϕ(ξ, η)

ϕ(ξ, η)
q(η, ξ − η)∂ξm f̂m,k1(t, ξ − η)∂tf̂n,k2(t, η)ψk(ξ)dηdt (6.3.132)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ξm

(t∂ξlϕ(ξ, η)
ϕ(ξ, η)

q(η, ξ − η)
)
f̂m,k1(t, ξ − η)∂tf̂n,k2(t, η)ψk(ξ)dηdt

(6.3.133)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)

t∂ξlϕ(ξ, η)

ϕ(ξ, η)
q(η, ξ − η)f̂m,k1(t, ξ − η)∂tf̂n,k2(t, η)∂ξmψk(ξ)dηdt

(6.3.134)
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+

∫ t2

t1

∫
R3
eitϕ(ξ,η)

it2∂ξmϕ(ξ, η)∂ξlϕ(ξ, η)

ϕ(ξ, η)
q(η, ξ − η)f̂m,k1(t, ξ − η)∂tf̂n,k2(t, η)ψk(ξ)dηdt.

(6.3.135)

For the terms (6.3.123), (6.3.127), (6.3.131) and (6.3.135), we perform integration by parts

in the space variable using the identity eitϕ(ξ,η) =
∑

n
∂ηnϕ(ξ,η)

it|∇ηϕ(ξ,η)|2
∂ηne

itϕ(ξ,η). We get

(6.3.123)

=

∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηn

t∂ηnϕ(ξ, η)∂ξmϕ(ξ, η)∂ξlϕ(ξ, η)

|∇ηϕ(ξ, η)|2ϕ(ξ, η)
∂tf̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

(6.3.136)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)

t∂ηnϕ(ξ, η)∂ξmϕ(ξ, η)∂ξlϕ(ξ, η)

|∇ηϕ(ξ, η)|2ϕ(ξ, η)
∂ηn∂tf̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

(6.3.137)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)

t∂ηnϕ(ξ, η)∂ξmϕ(ξ, η)∂ξlϕ(ξ, η)

|∇ηϕ(ξ, η)|2ϕ(ξ, η)
∂tf̂m,k1(t, ξ − η)∂ηn f̂n,k2(t, η)ψk(ξ)dηdt,

(6.3.138)

(6.3.127)

=

∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηn

(t∂ηnϕ(ξ, η)∂ξmϕ(ξ, η)∂ξlϕ(ξ, η)
|∇ηϕ(ξ, η)|2ϕ(ξ, η)

q(η, ξ − η)
)
×

× ∂tf̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt (6.3.139)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)

t∂ηnϕ(ξ, η)∂ξmϕ(ξ, η)∂ξlϕ(ξ, η)

|∇ηϕ(ξ, η)|2ϕ(ξ, η)
q(η, ξ − η)×

× ∂ηn∂tf̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt (6.3.140)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)

t∂ηnϕ(ξ, η)∂ξmϕ(ξ, η)∂ξlϕ(ξ, η)

|∇ηϕ(ξ, η)|2ϕ(ξ, η)
q(η, ξ − η)×

× ∂tf̂m,k1(t, ξ − η)∂ηn f̂n,k2(t, η)ψk(ξ)dηdt, (6.3.141)
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(6.3.131)

=

∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηn

t∂ηnϕ(ξ, η)∂ξmϕ(ξ, η)∂ξlϕ(ξ, η)

|∇ηϕ(ξ, η)|2ϕ(ξ, η)
f̂m,k1(t, ξ − η)∂tf̂n,k2(t, η)ψk(ξ)dηdt

(6.3.142)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)

t∂ηnϕ(ξ, η)∂ξmϕ(ξ, η)∂ξlϕ(ξ, η)

|∇ηϕ(ξ, η)|2ϕ(ξ, η)
∂ηn f̂m,k1(t, ξ − η)∂tf̂n,k2(t, η)ψk(ξ)dηdt

(6.3.143)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)

t∂ηnϕ(ξ, η)∂ξmϕ(ξ, η)∂ξlϕ(ξ, η)

|∇ηϕ(ξ, η)|2ϕ(ξ, η)
f̂m,k1(t, ξ − η)∂ηn∂tf̂n,k2(t, η)ψk(ξ)dηdt,

(6.3.144)

and

(6.3.135)

=

∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηn

(t∂ηnϕ(ξ, η)∂ξmϕ(ξ, η)∂ξlϕ(ξ, η)
|∇ηϕ(ξ, η)|2ϕ(ξ, η)

q(η, ξ − η)
)
×

× f̂m,k1(t, ξ − η)∂tf̂n,k2(t, η)ψk(ξ)dηdt (6.3.145)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)

t∂ηnϕ(ξ, η)∂ξmϕ(ξ, η)∂ξlϕ(ξ, η)

|∇ηϕ(ξ, η)|2ϕ(ξ, η)
q(η, ξ − η)×

× ∂ηn f̂m,k1(t, ξ − η)∂tf̂n,k2(t, η)ψk(ξ)dηdt (6.3.146)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)

t∂ηnϕ(ξ, η)∂ξmϕ(ξ, η)∂ξlϕ(ξ, η)

|∇ηϕ(ξ, η)|2ϕ(ξ, η)
q(η, ξ − η)×

× f̂m,k1(t, ξ − η)∂ηn∂tf̂n,k2(t, η)ψk(ξ)dηdt. (6.3.147)

Employing bilinear estimates L2 × L∞ → L2 and L3 × L6 → L2, along with Lemma 2.2.2,

Lemma 2.3.1, Lemma 3.2.1, (1.2.2), (3.1.2), (3.1.6), and (3.1.8), we obtain

∥(6.3.121) + (6.3.122) + (6.3.136) + (6.3.129) + (6.3.130) + (6.3.142)∥L2+

+ ∥(6.3.125) + (6.3.126) + (6.3.139) + (6.3.133) + (6.3.134) + (6.3.145)∥L2
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≲22M
(
∥F−1∂ξm

∂ξlϕ(ξ, η)

ϕ(ξ, η)
ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1+

+ ∥F−1∂ξm
(∂ξlϕ(ξ, η)
ϕ(ξ, η)

q(η, ξ − η)
)
ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1+

+ ∥∇ξψk∥L∞
(
∥F−1∂ξlϕ(ξ, η)

ϕ(ξ, η)
ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1+

+ ∥F−1∂ξlϕ(ξ, η)

ϕ(ξ, η)
q(η, ξ − η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1

)
+

+ ∥F−1∂ηn
∂ηnϕ(ξ, η)∂ξmϕ(ξ, η)∂ξlϕ(ξ, η)

|∇ηϕ(ξ, η)|2ϕ(ξ, η)
ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1+

+ ∥F−1∂ηn
(∂ηnϕ(ξ, η)∂ξmϕ(ξ, η)∂ξlϕ(ξ, η)

|∇ηϕ(ξ, η)|2ϕ(ξ, η)
q(η, ξ − η)

)
ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1

)
×

× sup
t∈[2M−1,2M ]

(
min{∥eicmt∆∂tfm,k1∥L6

x
∥eicnt∆fn,k2∥L3

x
,

23k2/2∥eicmt∆∂tfm,k1∥L2
x
∥eicnt∆fn,k2∥L2

x
}+

+min{∥eicmt∆fm,k1∥L∞
x
∥eicnt∆∂tfn,k2∥L2

x
,

23k2/2∥eicmt∆fm,k1∥L2
x
∥eicnt∆∂tfn,k2∥L2

x
}
)

≲22M−k−k2 sup
t∈[2M−1,2M ]

(
min{∥eicmt∆∂tfm,k1∥L6

x
2k2/2∥eicnt∆fn,k2∥L2

x
,

23k2/2∥∂tfm,k1∥L2
x
∥fn,k2∥L2

x
}

+min{∥eicmt∆fm,k1∥L∞
x
∥∂tfn,k2∥L2

x
, 23k2/2∥fm,k1∥L2

x
∥∂tfn,k2∥L2

x
}
)

≲22M−k−k2−2k2,++γk2−2k1,++γk1
(
min{2−2M−k1/2+k2/2+k2/2, 2−M+3k2/2+k1/2+k2/2}

+min{2−5M/2+γM/8−k1+k2/2+γk1/4, 2−M+3k2/2+k1/2+k2/2}
)
ϵ21

≲2−k−2k2,++γk2−2k1,++γk1
(
min{2−k1/2, 2M+k1/2+k2}

+min{2−M/2+γM/8−k1−k2/2+γk1/4, 2M+k1/2+k2}
)
ϵ21

≲(1 + 2M/2+k)2−2k2,++γk2−2k++γk min{2−M/2−2k−k2/2, 2M−k/2+k2}ϵ21,

∥(6.3.120) + (6.3.137) + (6.3.128) + (6.3.143)∥L2+

+ ∥(6.3.124) + (6.3.140) + (6.3.132) + (6.3.146)∥L2
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≲22M
(
∥F−1∂ξlϕ(ξ, η)

ϕ(ξ, η)
ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1+

+ ∥F−1∂ξlϕ(ξ, η)

ϕ(ξ, η)
q(η, ξ − η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1+

+ ∥F−1∂ηnϕ(ξ, η)∂ξmϕ(ξ, η)∂ξlϕ(ξ, η)

|∇ηϕ(ξ, η)|2ϕ(ξ, η)
ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1+

+ ∥F−1∂ηnϕ(ξ, η)∂ξmϕ(ξ, η)∂ξlϕ(ξ, η)

|∇ηϕ(ξ, η)|2ϕ(ξ, η)
q(η, ξ − η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1

)
×

× sup
t∈[2M−1,2M ]

(
min{∥eicmt∆F−1∇ξ∂tf̂m,k1∥L3

x
∥eicnt∆fn,k2∥L6

x
,

23k2/2∥eicmt∆F−1∇ξ∂tf̂m,k1∥L2
x
∥eicnt∆fn,k2∥L2

x
}+

+min{∥eicmt∆F−1∇ξ f̂m,k1∥L3
x
∥eicnt∆∂tfn,k2∥L6

x
,

23k2/2∥eicmt∆F−1∇ξ f̂m,k1∥L2
x
∥eicnt∆∂tfn,k2∥L2

x
}
)

≲22M−k−2k1,+−2k2,++γk2+γk1×

×
(
min{2−M−γk1−M−k2/2, (1 + 2M/2+k)23k2/2−M−k1/2−γk1+k2/2}+

+min{2−M/2+γM/8−k1+γk1/4−2M−k2/2, 23k2/2−k1/2−M+k2/2}
)
ϵ21

≲2−k−2k1,+−2k2,++γk1+γk2
(
min{2−γk1−k2/2, (1 + 2M/2+k)2M−k1/2−γk1+2k2}+

+min{2−M/2+γM/8−k1+γk1/4−k2/2, 2M−k1/2+2k2}
)
ϵ21

≲(1 + 2M/2+k)2−2k+−2k2,++γk−γk−+γk2 min{2−M/2−2k−k2/2, 2M−3k/2+2k2}ϵ21,

and

∥(6.3.138) + (6.3.144)∥L2 + ∥(6.3.141) + (6.3.147)∥L2

≲22M
(
∥F−1∂ηnϕ(ξ, η)∂ξmϕ(ξ, η)∂ξlϕ(ξ, η)

|∇ηϕ(ξ, η)|2ϕ(ξ, η)
ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1+

+ ∥F−1∂ηnϕ(ξ, η)∂ξmϕ(ξ, η)∂ξlϕ(ξ, η)

|∇ηϕ(ξ, η)|2ϕ(ξ, η)
q(η, ξ − η)ψ̃k(ξ)ψ̃k1(ξ − η)ψ̃k2(η)∥L1

)
×

× sup
t∈[2M−1,2M ]

(
min{∥eicmt∆∂tfm,k1∥L6

x
∥eicnt∆F−1∇ξ f̂n,k2∥L3

x
,

23k2/2∥eicmt∆∂tfm,k1∥L2
x
∥eicnt∆F−1∇ξ f̂n,k2∥L2

x
}+
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+min{∥eicmt∆fm,k1∥L6
x
∥eicnt∆F−1∇ξ∂tf̂n,k2∥L3

x
,

23k2/2∥eicmt∆fm,k1∥L2
x
∥eicnt∆F−1∇ξ∂tf̂n,k2∥L2

x
}
)

≲22M−k sup
t∈[2M−1,2M ]

(
min{∥eicmt∆∂tfm,k1∥L6

x
2k2/2∥eicnt∆F−1∇ξ f̂n,k2∥L2

x
,

23k2/2∥∂tfm,k1∥L2
x
∥∇ξ f̂n,k2∥L2

ξ
}+

+min{∥eicmt∆fm,k1∥L6
x
∥eicnt∆F−1∇ξ∂tf̂n,k2∥L3

x
,

23k2/2∥fm,k1∥L2
x
∥∇ξ∂tf̂n,k2∥L2

ξ
}
)

≲22M−k−2k1,+−2k2,++γk2+γk1
(
min{2−2M−k1/2+k2/2−k2/2, 23k2/2−k2/2−M+k1/2}+

+min{2−M−k1/2−M−γk2 , (1 + 2M/2+k2)2−M+3k2/2+k1/2−k2/2−γk2}
)
ϵ21

≲2−k−2k1,+−2k2,++γk2+γk1
(
min{2−k1/2, 2M+k1/2+k2}+

+min{2−k1/2−γk2 , (1 + 2M/2+k2)2M+k1/2+k2−γk2}
)
ϵ21

≲(1 + 2M/2+k)2−2k++γk−2k2,++γk2−γk2,− min{2−M/2−5k/2, 2M−k/2+k2}ϵ21.

Thus, we showed

∥∇ξ(F1 + F2)∥L2 + ∥∇ξ(F
q
1 + F

q
2 )∥L2

≲(1 + 2M/2+k)2−2k++γk−2k2,++γk2−γk2,− min{2−M/2−2k−k2/2, 2M−k/2+k2}ϵ21.

Using Lemma 2.1.1 and (6.3.104), when M + 2k ≤ 0

∥Dα
ξ (F1 + F2)∥L2 + ∥Dα

ξ (F
q
1 + F

q
2 )∥L2

≤∥F1 + F2∥1−α
L2 ∥∇ξ(F1 + F2)∥αL2 + ∥F q

1 + F
q
2 ∥

1−α
L2 ∥∇ξ(F

q
1 + F

q
2 )∥

α
L2

≲2−2k++γk−2k2,++γk2 min{(1 + 2γM/8+γk/4)2−M/2−3k/2−αk/2−αk2/2, 2M−k/2+2k2−αk2}ϵ21

≲2−2k++γk−2k2,++γk2−αk2 min{2−M/2−3k/2, 2M−k/2+2k2}ϵ21.

186



When M + 2k > 0, we use (6.3.119) and get

∥Dα
ξ (F1 + F2)∥L2 + ∥Dα

ξ (F
q
1 + F

q
2 )∥L2

≲2−2k++γk−γk−/2−2k2,++γk2−γk2,−/2min{2−M+αM−2k+αk−k2/2, 2M/2+αM−k/2+αk+k2}ϵ21

≲2−2k++γk−γk−/2−2k2,++γk2−γk2,−/2+αk min{2−M/2−2k−k2/2, 2M−k/2+k2}ϵ21,

since α < 1/2.

As a result, Lemma 6.3.7 implies

∑
1≤M≤log T

∑
(k1,k2)∈χ1

k

sup
2M−1≤t1<t2≤2M

2−γk+2k++k/2+αk×

× ∥(6.3.66) + (6.3.67) + (6.3.68) + (6.3.71) + (6.3.72) + (6.3.73)∥L2

≲
∑

1≤M≤log T

∑
(k1,k2)∈χ1

k

2−2k2,++γk2+αk−αk2 min{2−M/2+γM/8−k+γk/4, 2M+2k2}ϵ21

≲
∑

1≤M≤log T

∑
k2≤k

2−2k2,++γk2 min{2−M/2+γM/8−k/2−k2/2+γk/4, 2M+k/2+3k2/2}ϵ21

≲ϵ21,

(6.3.148)

and from Lemma 6.3.8, we get

∑
1≤M≤log T

∑
(k1,k2)∈χ1

k

sup
2M−1≤t1<t2≤2M

2−γk+2k++k/2+αk×

× ∥(6.3.69) + (6.3.70) + (6.3.74) + (6.3.75)∥L2

≲
∑

1≤M≤min{−2k,log T}

∑
k2≤k

2−2k2,++γk2+αk−αk2 min{2−M/2−k, 2M+2k2}ϵ21

+
∑

−2k≤M≤log T

∑
k2≤k

2−γk−/2−2k2,++γk2−γk2,−/2+2αk min{2−M/2−3k/2−k2/2, 2M+k2}ϵ21

≲ϵ21.

(6.3.149)
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Lastly, combining (6.3.148) and (6.3.149) gives

∑
1≤M≤log T

sup
2M−1≤t1≤t2≤2M

22k+−γk+k/2+αk
( ∑

cm+cn ̸=0
cl ̸=cm

Almn

∑
(k1,k2)∈χ1

k

∥DαI
M,2
k,k1,k2

∥L2+

+
∑

cm+cn=0
cl ̸=cm

Almn

∑
(k1,k2)∈χ1

k

∥DαJ
M,2
k,k1,k2

∥L2

)

≲ϵ21
(6.3.150)

as desired.

6.3.4 DαIM,2
k,k1,k2

where (k1, k2) ∈ χ3
k

Unlike the situation where we only consider cm+cn = 0 for the term J
M,2
k,k1,k2

, which allows use

to handle the cases when (k1, k2) ∈ χ3k together with the cases when (k1, k2) ∈ χ2k in Section

6.3.2. For IM,2
k,k1,k2

, we failed to obtain a lower bound for |∇ηϕ(ξ, η)| when (k1, k2) ∈ χ3k.

Thus, we treat this case separately here in this section.

Similarly to Theorem 2 in [GMS09], we define P (ξ, η) = 1
2(clcm+clcn−cmcn+1)( cm

cm+cn
ξ−

η), then we have the identity

(∂t +
P (ξ, η)

t
· ∇η)e

itϕ(ξ,η) = iZ(ξ, η)eitϕ(ξ,η), (6.3.151)

where

Z(ξ, η) =ϕ(ξ, η) + P (ξ, η) · ∇ηϕ(ξ, η)

=
clcm + clcn − cmcn

cm + cn

(
(1 + c2m)|ξ|2 − 2cm(cm + cn)ξ · η + (cm + cn)

2|η|2
)
.
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This polynomial P is chosen to ensure the Z bounded from below when (k1, k2) ∈ χ3k. Since

2|cm(cm + cn)ξ · η| ≤ c2m|ξ|2 + (cm + cn)
2|η|2,

we indeed have |Z(ξ, η)| ≳ |ξ|2 ∼ 22k. However, we notice that this is only true given

clcm + clcn − cmcn ̸= 0. Hence, we will assume this for now and address the case when

1
cl
= 1

cm
+ 1

cn
at the end of this section.

Now, we use the identity (6.3.151) to integrate IM,2
k,k1,k2

by parts and get

I
M,2
k,k1,k2

=

∫ t2

t1

∫
R3

(∂t +
P (ξ, η)

t
· ∇η)e

itϕ(ξ,η) t∂ξlϕ(ξ, η)

Z(ξ, η)
f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

=
∑
j=1,2

(−1)j
∫
R3
eitjϕ(ξ,η)

tj∂ξlϕ(ξ, η)

Z(ξ, η)
f̂m,k1(tj , ξ − η)f̂n,k2(tj , η)ψk(ξ)dη (6.3.152)

−
∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ξlϕ(ξ, η)

Z(ξ, η)
f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt (6.3.153)

−
∫ t2

t1

∫
R3
eitϕ(ξ,η)

t∂ξlϕ(ξ, η)

Z(ξ, η)
∂tf̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt (6.3.154)

−
∫ t2

t1

∫
R3
eitϕ(ξ,η)

t∂ξlϕ(ξ, η)

Z(ξ, η)
f̂m,k1(t, ξ − η)∂tf̂n,k2(t, η)ψk(ξ)dηdt (6.3.155)

−
∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηn

Pn(ξ, η)∂ξlϕ(ξ, η)

Z(ξ, η)
f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt (6.3.156)

−
∫ t2

t1

∫
R3
eitϕ(ξ,η)

Pn(ξ, η)∂ξlϕ(ξ, η)

Z(ξ, η)
∂ηn f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt (6.3.157)

−
∫ t2

t1

∫
R3
eitϕ(ξ,η)

Pn(ξ, η)∂ξlϕ(ξ, η)

Z(ξ, η)
f̂m,k1(t, ξ − η)∂ηn f̂n,k2(t, η)ψk(ξ)dηdt. (6.3.158)

We observe that the power of t in I
M,2
k,k1,k2

is lowered by 1 while IM,2
k,k1,k2

is expanded into a

sum of terms. In the lemma below, we will first address the terms where the derivatives of

t and η did not fall on the product f̂m,k1(t, ξ − η)f̂n,k2(t, η) using Lemma 2.1.1.

Lemma 6.3.9. Given t1, t2 ∈ [2M−1, 2M ], (k1, k2) ∈ χ3k,
1
cl
̸= 1

cm
+ 1

cn
, and supt∈[1,T ] ∥f∥Z ≤
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ϵ1, we have

∥Dα(6.3.152) +Dα(6.3.153) +Dα(6.3.156)∥L2

≲2−4k++2γk min{2−M/2−3k/2+αM+αk, 2M+3k/2−αk}ϵ21.

Proof. In order to use Lemma 2.1.1, we need bounds on ∥(6.3.152) + (6.3.153)∥L2 and

∥∇(6.3.152) +∇(6.3.153)∥L2 when (k1, k2) ∈ χ3k = {|k1 − k2| ≤ a, |k − k1| ≤ a+ 2}.

First, using the bilinear estimate L4×L4 → L2 in Lemma 2.2.1, Lemma 2.3.1 Lemma 2.2.2,

together with the estimations in (3.1.11), and (3.1.2), we get

∥(6.3.152) + (6.3.153) + (6.3.156)∥L2

=

∥∥∥∥∫R3
eitjϕ(ξ,η)

tj∂ξlϕ(ξ, η)

Z(ξ, η)
f̂m,k1(tj , ξ − η)f̂n,k2(tj , η)ψk(ξ)dη

∥∥∥∥
L2

+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ξlϕ(ξ, η)

Z(ξ, η)
f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

+

∥∥∥∥∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηn

Pn(ξ, η)∂ξlϕ(ξ, η)

Z(ξ, η)
f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

∥∥∥∥
L2

≲2M
(
∥F−1∂ξlϕ(ξ, η)

Z(ξ, η)
ψ̃k2(η)ψ̃k(ξ)∥L1 + ∥F−1∂ηn

Pn(ξ, η)∂ξlϕ(ξ, η)

Z(ξ, η)
ψ̃k2(η)ψ̃k(ξ)∥L1

)
×

× sup
t∈[2M−1,2M ]

min{∥eicmt∆fm,k1∥L4
x
∥eicnt∆fn,k2∥L4

x
,

23min{k,k2}/2∥eicmt∆fm,k1∥L2
x
∥eicnt∆fn,k2∥L2

x
}

≲2M−k−2k1,++γk1−2k2,++γk2 min{2−3M/2−k1/4−k2/4, 23min{k,k2}/2+k1/2+k2/2}ϵ21

≲2−4k++2γk min{2−M/2−3k/2, 2M+3k/2}ϵ21.

Next, we compute

∂ξm(6.3.152)

=∂ξm

∫
R3
eitjϕ(ξ,η)

tj∂ξlϕ(ξ, η)

Z(ξ, η)
f̂m,k1(tj , ξ − η)f̂n,k2(tj , η)ψk(ξ)dη
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=

∫
R3
eitjϕ(ξ,η)

tj∂ξlϕ(ξ, η)

Z(ξ, η)
∂ξm f̂m,k1(tj , ξ − η)f̂n,k2(tj , η)ψk(ξ)dη (6.3.159)

+

∫
R3
eitjϕ(ξ,η)

tj∂ξlϕ(ξ, η)

Z(ξ, η)
f̂m,k1(tj , ξ − η)f̂n,k2(tj , η)∂ξmψk(ξ)dη (6.3.160)

+

∫
R3
eitjϕ(ξ,η)∂ξm

tj∂ξlϕ(ξ, η)

Z(ξ, η)
f̂m,k1(tj , ξ − η)f̂n,k2(tj , η)ψk(ξ)dη (6.3.161)

+

∫
R3
eitjϕ(ξ,η)

it2j∂ξmϕ(ξ, η)∂ξlϕ(ξ, η)

Z(ξ, η)
f̂m,k1(tj , ξ − η)f̂n,k2(tj , η)ψk(ξ)dη, (6.3.162)

∂ξm(6.3.153)

=∂ξm

∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ξlϕ(ξ, η)

Z(ξ, η)
f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

=

∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ξlϕ(ξ, η)

Z(ξ, η)
∂ξm f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt (6.3.163)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)

∂ξlϕ(ξ, η)

Z(ξ, η)
f̂m,k1(t, ξ − η)f̂n,k2(t, η)∂ξmψk(ξ)dηdt (6.3.164)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ξm

∂ξlϕ(ξ, η)

Z(ξ, η)
f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt (6.3.165)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)

it∂ξmϕ(ξ, η)∂ξlϕ(ξ, η)

Z(ξ, η)
f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt, (6.3.166)

and

∂ξm(6.3.156)

=∂ξm

∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηn

Pn(ξ, η)∂ξlϕ(ξ, η)

Z(ξ, η)
f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

=

∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηn

Pn(ξ, η)∂ξlϕ(ξ, η)

Z(ξ, η)
∂ξm f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt (6.3.167)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηn

Pn(ξ, η)∂ξlϕ(ξ, η)

Z(ξ, η)
f̂m,k1(t, ξ − η)f̂n,k2(t, η)∂ξmψk(ξ)dηdt (6.3.168)

+

∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ξm∂ηn

Pn(ξ, η)∂ξlϕ(ξ, η)

Z(ξ, η)
f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt (6.3.169)
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+

∫ t2

t1

∫
R3
eitϕ(ξ,η)it∂ξmϕ(ξ, η)∂ηn

Pn(ξ, η)∂ξlϕ(ξ, η)

Z(ξ, η)
f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt.

(6.3.170)

Applying the bilinear estimate L18/7 × L9 → L2, along with Lemma 2.3.1, Lemma 2.4.1,

Lemma 2.2.2, Lemma 2.5.3, (3.1.2), and (3.1.6), we obtain

∥(6.3.159)∥L2 + ∥(6.3.163)∥L2 + ∥(6.3.167)∥L2

≲2M
(
∥F−1∂ξlϕ(ξ, η)

Z(ξ, η)
ψ̃k1(ξ − η)ψ̃k2(η)ψ̃k(ξ)∥L1+

+ ∥F−1∂ηn
Pn(ξ, η)∂ξlϕ(ξ, η)

Z(ξ, η)
ψ̃k1(ξ − η)ψ̃k2(η)ψ̃k(ξ)∥L1

)
×

× sup
t∈[2M−1,2M ]

min{∥eicmt∆F−1∇ξ f̂m,k1∥L18/7
x

∥eicnt∆fn,k2∥L9
x
,

23k/2∥eicmt∆F−1∇ξ f̂m,k1∥L2
x
∥eicnt∆fn,k2∥L2

x
}

≲2M−k sup
t∈[2M−1,2M ]

min{2−3M/2∥F−1∇ξ f̂m,k1∥L18/11
x

∥fn,k2∥L9/8
x
,

23k/2∥∇ξ f̂m,k1∥L2
ξ
∥fn,k2∥L2

x
}

≲2M−k2−2k1,++γk1−2k2,++γk2 min{2−3M/2−5k1/6−2k2/3, 23k/2−k1/2+k2/2}ϵ21

≲2−4k++2γk min{2−M/2−5k/2, 2M+k/2}ϵ21

and

∥(6.3.160)∥L2 + ∥(6.3.161)∥L2 + ∥(6.3.164)∥L2 + ∥(6.3.165)∥L2 + ∥(6.3.168)∥L2+

+ ∥(6.3.169)∥L2 + ∥(6.3.162)∥L2 + ∥(6.3.166)∥L2 + ∥(6.3.170)∥L2

≲
(
2M∥∇ψk∥L∞∥F−1∂ξlϕ(ξ, η)

Z(ξ, η)
ψ̃k1(ξ − η)ψ̃k2(η)ψ̃k(ξ)∥L1+

+ 2M∥F−1∂ξm
∂ξlϕ(ξ, η)

Z(ξ, η)
ψ̃k1(ξ − η)ψ̃k2(η)ψ̃k(ξ)∥L1+

+ 2M∥∇ψk∥L∞∥F−1∂ηn
Pn(ξ, η)∂ξlϕ(ξ, η)

Z(ξ, η)
ψ̃k1(ξ − η)ψ̃k2(η)ψ̃k(ξ)∥L1+
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+ 2M∥F−1∂ξm∂ηn
Pn(ξ, η)∂ξlϕ(ξ, η)

Z(ξ, η)
ψ̃k1(ξ − η)ψ̃k2(η)ψ̃k(ξ)∥L1+

+ 22M∥F−1∂ξmϕ(ξ, η)∂ξlϕ(ξ, η)

Z(ξ, η)
ψ̃k1(ξ − η)ψ̃k2(η)ψ̃k(ξ)∥L1+

+ 22M∥F−1∂ξmϕ(ξ, η)∂ηn
Pn(ξ, η)∂ξlϕ(ξ, η)

Z(ξ, η)
ψ̃k1(ξ − η)ψ̃k2(η)ψ̃k(ξ)∥L1

)
×

× sup
t∈[2M−1,2M ]

min{∥eicmt∆fm,k1∥L18/7
x

∥eicnt∆fn,k2∥L9
x
,

23k/2∥eicmt∆fm,k1∥L2
x
∥eicnt∆fn,k2∥L2

x
}

≲(2M−2k + 22M ) sup
t∈[2M−1,2M ]

min{2−3M/2∥fm,k1∥L18/11
x

∥fn,k2∥L9/8
x
,

23k/2∥fm,k1∥L2
x
∥fn,k2∥L2

x
}

≲(1 + 2M+2k)2M−2k−2k1,++γk1−2k2,++γk2 min{2−3M/2+k1/6−2k2/3, 23k/2+k1/2+k2/2}ϵ21

≲(1 + 2M+2k)2−4k++2γk min{2−M/2−5k/2, 2M+k/2}ϵ21.

Thus, we have when M ≤ −2k,

∥(6.3.152) + (6.3.153) + (6.3.156)∥L2 ≲ 2−4k++2γk+M+3k/2ϵ21

and

∥∇(6.3.152) +∇(6.3.153) +∇(6.3.156)∥L2 ≲ 2−4k++2γk+M+k/2ϵ21.

Lemma 2.1.1 implies

∥Dα(6.3.152) +Dα(6.3.153) +Dα(6.3.156)∥L2 ≲ 2−4k++2γk+M+3k/2−αkϵ21.

Furthermore when M > −2k,

∥(6.3.152) + (6.3.153) + (6.3.156)∥L2 ≲ 2−4k++2γk−M/2−3k/2ϵ21
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and

∥∇(6.3.152) +∇(6.3.153) +∇(6.3.156)∥L2 ≲ 2−4k++2γk+M/2−k/2ϵ21.

By Lemma 2.1.1, we get

∥Dα(6.3.152) +Dα(6.3.153) +Dα(6.3.156)∥L2 ≲ 2−4k++2γk−M/2−3k/2+αM+αkϵ21.

As a result of Lemma 6.3.9, we have

∑
1≤M≤log T

∑
(k1,k2)∈χ3

k

22k+−γk+k/2+αk×

× sup
2M−1≤t1≤t2≤2M

∥∥Dα[(6.3.152) + (6.3.153) + (6.3.156)
]∥∥

L2

≲
∑

1≤M≤log T

2−2k++γk min{2−M/2−k+αM+2αk, 2M+2k}ϵ21

≲
∑

M≤−2k

2γk+M+2kϵ21 +
∑

−2k<M≤log T

2α(M+2k)−2k++γk−M/2−kϵ21

≲ϵ21.

(6.3.171)

For the remaining terms in the expansion of IM,2
k,k1,k2

, we will estimate directly by applying

Lemma 6.2.3.

Let ĝ = ∂tf̂l and md =
∂ξlϕ(ξ,η)

Z(ξ,η)
. Then, we have

∥Dα(6.3.154)∥L2 ≲(1 + 2α(M+2k))2−2k++γk min{2M/2−2k+(1−α)(γM/8+γk/4),

22M+k}ϵ1∥∂tf̂m,k1∥L∞
t ([2M−1,2M ])Hα

ξ
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and

∥Dα(6.3.155)∥L2 ≲(1 + 2α(M+2k))2−2k++γk min{2M/2−2k+(1−α)(γM/8+γk/4),

22M+k}ϵ1∥∂tf̂n,k2∥L∞
t ([2M−1,2M ])Hα

ξ
.

From Lemma 3.2.1 and Lemma 3.2.2, we know ∥∂tf̂l,k∥Hα ≲ 2−M−2k++(1−α)γk+k/2−αkϵ21.

Thus,

∥Dα(6.3.154)∥L2 + ∥Dα(6.3.155)∥L2 ≲2−2k++(1−α)γk+k/2−αk(1 + 2α(M+2k))2−2k++γk×

×min{2−M/2−2k+(1−α)(γM/8+γk/4), 2M+k}ϵ31,

for (k1, k2) ∈ χ3k.

Then, take ĝ = ∂ξn f̂l and md =
Pn(ξ,η)∂ξlϕ(ξ,η)

Z(ξ,η)
. Employing Lemma 6.2.3, we obtain

∥Dα(6.3.157)∥L2 ≲(1 + 2α(M+2k))2−2k++γk min{2−M/2−k+(1−α)(γM/8+γk/4),

2M+2k}ϵ1∥f̂m,k1∥L∞
t ([2M−1,2M ])H1+α

ξ

and

∥Dα(6.3.158)∥L2 ≲(1 + 2α(M+2k))2−2k++γk min{2−M/2−k+(1−α)(γM/8+γk/4),

2M+2k}ϵ1∥f̂n,k2∥L∞
t ([2M−1,2M ])H1+α

ξ
.

Using the bound in (3.1.3) for the Sobolev norms, we have

∥Dα(6.3.157)∥L2 + ∥Dα(6.3.158)∥L2

≲2−2k++γk−k/2−αk(1 + 2α(M+2k))2−2k++γk min{2−M/2−k+(1−α)(γM/8+γk/4), 2M+2k}ϵ31,
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for (k1, k2) ∈ χ3k. Hence, we may conclude

∑
1≤M≤log T

∑
(k1,k2)∈χ3

k

22k+−γk+k/2+αk sup
2M−1≤t1≤t2≤2M

∥∥Dα[(6.3.154) + (6.3.155)+

+ (6.3.157) + (6.3.158)
]∥∥

L2

≲
∑

1≤M≤log T

(1 + 2α(M+2k))2−2k++(1−α)γk min{2−M/2−k+(1−α)(γM/8+γk/4), 2M+2k}ϵ31

+
∑

1≤M≤log T

(1 + 2α(M+2k))2−2k++γk min{2−M/2−k+(1−α)(γM/8+γk/4), 2M+2k}ϵ31

≲
∑

M≤−2k

(1 + 2αγk)2(1−α)γk+M+2kϵ21+

+
∑

M>−2k

(1 + 2αγk)2α(M+2k)−2k++(1−α)γk−M/2−k+(1−α)(γM/8+γk/4)ϵ21

≲ϵ21,

(6.3.172)

given α + (1− α)γ/8 < 1/2, i.e. α < 1/2− γ/(16− 2γ).

Finally, we deal with the case when 1
cl
= 1

cm
+ 1

cn
. Since we have

∇ξϕ(ξ, η) =
cl − cm
cm

∇ηϕ(ξ, η),

where cl−cm
cm

̸= 0, we can rewrite IM,2
k,k1,k2

as

I
M,2
k,k1,k2

=

∫ t2

t1

∫
R3
eitϕ(ξ,η)it∂ξlϕ(ξ, η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

=
cl − cm
cm

∫ t2

t1

∫
R3
eitϕ(ξ,η)it∂ηlϕ(ξ, η)f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt

=− cl − cm
cm

∫ t2

t1

∫
R3
eitϕ(ξ,η)∂ηl f̂m,k1(t, ξ − η)f̂n,k2(t, η)ψk(ξ)dηdt (6.3.173)

− cl − cm
cm

∫ t2

t1

∫
R3
eitϕ(ξ,η)f̂m,k1(t, ξ − η)∂ηl f̂n,k2(t, η)ψk(ξ)dηdt. (6.3.174)
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Furthermore, as a result of Lemma 6.2.3 and (3.1.3), we know for (k1, k2) ∈ χ3k,

∥DαI
M,2
k,k1,k2

∥L2

≤∥Dα(6.3.173)∥L2 + ∥Dα(6.3.174)∥L2

≲(1 + 2α(M+2k))2−2k++γk min{2−M/2−k+(1−α)(γM/8+γk/4), 2M+2k}ϵ1×

× (∥∇ξ f̂m,k1∥L∞
t ([2M−1,2M ])Hα

ξ
+ ∥∇ξ f̂n,k2∥L∞

t ([2M−1,2M ])Hα
ξ
)

≲(1 + 2α(M+2k))2−4k++2γk−k/2−αk min{2−M/2−k+(1−α)(γM/8+γk/4), 2M+2k}ϵ21.

Hence, we obtain

∑
1≤M≤log T

∑
(k1,k2)∈χ3

k

22k+−γk+k/2+αk sup
2M−1≤t1≤t2≤2M

∥∥Dα[(6.3.173) + (6.3.174)
]∥∥

L2

≲
∑

1≤M≤log T

(1 + 2α(M+2k))2−2k++γk min{2−M/2−k+(1−α)(γM/8+γk/4), 2M+2k}ϵ21

≲
∑

M≤−2k

2γk+M+2kϵ21 +
∑

M>−2k

2α(M+2k)−2k++γk−M/2−k+(1−α)(γM/8+γk/4)ϵ21

≲ϵ21,

(6.3.175)

given that α + (1− α)γ/8 < 1/2.

Therefore, combining the results in (6.3.171) and (6.3.172) with (6.3.27), (6.3.65), (6.3.150),

and (6.3.175), we have

∑
1≤M≤log T

sup
2M−1≤t1≤t2≤2M

22k+−γk+k/2+αk
( ∑

cm+cn ̸=0

Almn

∑
(k1,k2)∈χ3

k

∥DαI
M,2
k,k1,k2

∥L2+

+
( ∑
cm+cn ̸=0
cm ̸=cl

+
∑

cm+cn ̸=0
cm=cl

)
Almn

∑
(k1,k2)∈χ1

k

∥DαI
M,2
k,k1,k2

∥L2+

+
∑

cm+cn ̸=0

Almn

∑
(k1,k2)∈χ2

k

∥DαI
M,2
k,k1,k2

∥L2+
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+
( ∑
cm+cn=0
cm ̸=cl

+
∑

cm+cn=0
cm=cl

)
Almn

∑
(k1,k2)∈χ1

k

∥DαJ
M,2
k,k1,k2

∥L2+

+
∑

cm+cn=0

Almn

∑
(k1,k2)∈χ2

k∪χ
3
k

∥DαJ
M,2
k,k1,k2

∥L2

≲ϵ21

as desired.
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