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ABSTRACT

In this thesis, we prove existence of global solutions and scattering for systems of quadratic
nonlinear Schrodinger equations in the critical three-dimensional case, for small, localized
data. For the terms corresponding to the nonlinearity uw, we need to do an € regularization
of this part of the nonlinearity.

In order to tackle quadratic space-time resonances, after performing a Littlewood—Paley
decomposition, we use integration by parts in the Duhamel term, to take advantage of the

oscillations when space-time resonances are absent.



CHAPTER 1
INTRODUCTION

1.1 Background

The existence of a global solution for the nonlinear Schrodinger equation
i0pu + Au = P(u), (NLS)

where u(t,z) : RxR"™ — C and P is a nonlinear homogeneous function, has been extensively
studied. Many papers focused on the case of a gauge invariant nonlinearity, namely P(u) =
)\\u|p_1u for some real constant p > 1 and A # 0, where solutions satisfy several conservation
laws. In the L2-subcritical cases, i.e. 1 <p <1+ %, a global solution can be obtained by
iterations of local well-posedness results. In the energy-subcritical case, ie. 1 <p < 1+ néz,
the local result can also be extended globally in time with some smallness condition imposed
on the initial data [LP15].

The problem of global well-posedness and scattering for a general nonlinearity P, homo-
geneous of degree p, turns out to be more complicated, especially as p becomes smaller. An

important notion related to this problem is the Strauss exponent [Str81],

Vn2+12n+4+n+2

2n

derived from the positive root of np? — (n 4+ 2)p — 2 = 0. Notably, the Strauss exponent
is smaller than the mass critical exponent, 1 + % When p is above this Strauss exponent,
we can get small data global well-posedness and scattering for (NLS) using a fixed point
argument with dispersion properties of the solution to linear Schrédinger solution [Str81].
Some other works include Shatah [Sha82|, Klainerman and Ponce [KP83], and Kato [Kat96].

The Strauss exponent serves as an essential concept within the broader scope of nonlinear
1



dispersive equations. In particular, for the nonlinear wave equation, it is the positive root
of (n — 1)p2 —(n+1)p—2 = 0. For any p greater than this Strauss exponent, Lindblad
and Sogge [LS96| proved global existence for small initial data with spherical symmetry,
where the symmetry requirement can be removed when n < 8. Later in |[GLS97|, Georgiev,
Lindblad, and Sogge removed the symmetry assumption for all dimensions.

In dimension n = 3, the Strauss exponent for NLS is 2, which makes quadratic NLS in
3D an interesting case to study. Adopting the vector field method in Klainerman [Kla85|,
one can show the existence of global solutions and scattering for a quadratic nonlinearity
involving u? and @2. Relevant works using this method include Hayashi [Hay93|, Hayashi and
Naumkin [HNOO], and Kawahara [Kaw05]. In [GMS09|, Germain, Masmoudi, and Shatah
developed a more transparent proof combining the vector field and normal forms methods to
deal with the space-time resonance, which can be generalized to systems of quadratic NLS.

However, for the nonlinearity of form wu, the space-time resonance is 3-dimensional and
we only have almost global existence in Ginibre and Hayashi [GH95| and Wang [Wan17|.
Furthermore, Wang managed to prove the existence of global solutions when the quadratic
term contains “e’derivatives in the low-frequency part. But global existence remains unknown
for the general case of |u|?. In [I115], Tkeda and Inui showed that the solution blows up in
finite time if the initial data |ug(z)| > |z| =% for |z| > 1 and 3/2 < k < 2. Hence, a necessary
condition for the small data global existence in the |u|2 case is fast enough decay at spacial

infinity of the initial data.

1.2 Main Result

This work generalizes Germain, Masmoudi, and Shatah’s result [GMS09] on systems of

quadratic nonlinear Schrodinger equations, to incorporate the quadratic resonance cases

when Cll = % + % and when ¢, + ¢, = 0. The case when ¢, + ¢, = 0 is analogous to

the uu nonlinearity, where we use Wang’s idea in [Wanl7] to add an “e’derivative to the

2



low-frequency part of this quadratic nonlinear term.
We thus consider the system of quadratic nonlinear Schrédinger equations (see Section

1.3 for the unexplained notations)

Oruy = icjAuy + Zcm+cn#0 Ajpnimtn + Zcm+cn:0 Apn Q (U, up) 12,1

ugle=1 = uyg

where 1 < I,m,n < N, u(t,z) : [1,00) x R® = C, ug € HY, ¢; are nonzero real numbers,
and

Quons ) = F 1 [ a6 = )i (0.6 = n)ia(t. 1)

for q(¢,m) = q(n,&). Without loss of generality, we assume m > n for all equations in (1.2.1)
and the constants Ay, = Ajpm. As in [Wanl7|, we also impose the following condition on

the symbol of @,

sup  {IF " [a(€ — 0. (E) g, (€ = m)dry ()]l| 11+

k.k1,ko€Z
+ 2K | F [V eq(§ = 0, ) i) g, (€ = M)y (M) 1+
+ 22K V(€ — m,m)Pr (), (€ — )iy (M)l 1+
+ 2mintkr kol F2N g6 — 1, m)0p(€) gy (€ — )iy ()] | 1+
+ 22 mintkrko b 2=N20 (6 — 1, m) g (€)vr, (€ — )iy ()]l 1+

T b rmin{bu k| F1G, Vg — )b (€0, (€ — mii, ()]l 1) S 2%
(1.2.2)

Define

- 2 2 1 ¢
7l = sup 27 HH AR ARIER D fy(©)] 2 (1.2.3)
S

where f;. is the Littlewood-Paley projection at frequence 2k and a, ~ are positive real con-



stants satisfying

0<y<e/3<1 (1.2.4)

and

1/2 — /8 < o < 1/2 — /(16 — 27). (1.2.5)

The definition of k+ and Littlewood-Paley projection will be provided in Section 1.3. Note
that the weights in the Z norm guarantee |z|~2 decay as |z| — oo of the initial data. Using

the Sobolev inequality, we have

2127 @)l 2 S S IDE 2 Fr(©) 12

keZ
1/2 ;
S T N - ]
keZ

2 1 R -2
S DR IDI O f @2 < > 2Pl S Iz
keZ keZ

This rules out the blow-up possibility introduced by Tkeda and Inui [II15]. Next, we state
the main theorem, which proves global existence with scattering for (1.2.1) when the initial

data is small and localized around the origin.

Theorem 1.2.1. Fiz o, v and €. If (1.2.4) and (1.2.5) are satisfied, and for all |

—’iClA

[wioll 1o + [le™ P uoll z < eo, (1.2.6)

for a sufficiently small constant €, then there exists a unique global solution for the IVP

(1.2.1). Moreover, for all l, the following estimate holds,

_. 1
o Bt o + e~ Bt )z + Dl S0 (1:27)
te|l,oo

and the solution w; scatters.



In [GMS09|, Germain, Masmoudi, and Shatah proved global existence and scattering of
small solutions to the system (1.2.1), assuming no quadratic resonance, i.e. A, = 0 when
1

T % + % and when ¢, + ¢, = 0. They defined the quadratic space-time resonance as

Ti.m,n N Smn, where

7i,m,n ={(&n) € R3 x R3: Cm|§|2 + Cn|77|2 = ¢|§ + 77|2}

is the time resonance and

Smn = {(&,1) € R® x R?: e = ¢y}

is the space resonance. No quadratic resonance corresponds to 77, , N1 Sm.n = {(0,0)}. The
nonlinear component in Duhamel’s formula for the profile f(¢,£) = eiclt|§|2al(t,£) is given
by
/ ' / el =ali) (s, — ) o s
1 JR

Germain, Masmoudi, and Shatah used integration by parts in time and frequency to take

advantage of the oscillation due to the fact of no quadratic resonance. However, when

1

== L+ L and when ¢ +¢p = 0, the dimension of space-time resonance goes up to three,
1 Cm Cn

making it hard to apply the previous method.

It is worth noting that ¢, = 1,¢, = —1 contains the case of uu nonlinearity. Wang
[Wan17| suggested using Littlewood-Paley to decompose the frequency space, enabling one
to conduct a more detailed study to fully exploit the interplay between the time variable
and the frequency levels.

When one attempts to use Wang’s method for the case of u2, the order of derivatives in
Wang’s norm ||V§ Fut,9)|] 12 is too large and one cannot obtain enough decay in the time
variable for the estimations. Interestingly, there is a term in the norm in [GMS09| with the

2
same weights, namely ||”377E f(t,x)||;2. Nevertheless, the presence of v/¢ in the denominator
x
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effectively counteracts the substantial growth in the time variable caused by these weights.

Subsequently, work by Léger [L21] demonstrated, in particular, small data global ex-
istence and scattering for NLS with «2 nonlinearity, employing the norm Ve el 12
Léger’s work served as the inspiration to lower the order of derivatives in Wang’s norm.
However, in the uu case, the oscillation in the Duhamel’s formula, taking the form of eiZS’f'”,
does not provide enough decay when focusing on the lower frequencies. Hence, the ¢=3/2
decay brought by the etA 1 5 [ estimate played a crucial role in this case. The weights
required for bounding the L norm of f translate into at least 3/2 derivatives in fk, leading
to the DI derivatives in our Z norm. Nevertheless, taking o > 1/2 will result in excessive
powers of ¢ that we cannot control, so we required o < 1/2.

Next, we briefly outline the proof and the structure of this work.

Assuming the initial condition (1.2.6), we know by the local well-posedness (see Propo-
sition 5.0.1) that there exists some 7" > 1 so that there is a unique solution {u;} to (1.2.1)
such that

7iCltA

5/6
sup_[uy(t,2) | o + e~ Byt 2) | 7, < €1 = g °. (12.8)

te[1,1]
We use this as the bootstrap assumption and Proposition 4.0.1 shows that under (1.2.8)

—icitA

sup luy(t, )| 1o + [le w(t, @)z, < €o,

te[1,T)

which leads to a global solution for (1.2.1) and this solution also scatters and decays in time.

The detailed proof of Theorem 1.2.1 is presented in Chapter 4, while Chapter 5 contains
the proof of local well-posedness and Chapter 6 provides the detailed estimates for the boot-
strap argument (Proposition 4.0.1). For the reader’s convenience, we included some standard
inequalities in Chapter 2. Furthermore, Chapter 3 provides proofs for some estimates utilized

in Chapter 6.



1.3 Notations

We will introduce some notations used in this work. Let

- 1

Fi =€) = G [y s

and

R I (GL:

denote Fourier transfrom and inverse Fourier transform. In particular,

IF~m(,m)l 1 = /R:s /]R?’

For the Littlewood-Paley operator, we choose an increasing smooth function ¥ : RT™ — R

/RS /1%3 eix-f-i-iy-nm(&n)dédn drdy.

such that 0 < ¥(z) < 1, ¥(z) = 0 on {|z| < 1/2}, and ¥(z) = 1 on {|z| > 1}. Then,
¥ : R3 = R defined as () = ¥(2|z|) — ¥(|z|) is also smooth, nonnegative and supported
on {1/4 < |z < 1}. Let y(z) = v(x/2%), we get

1= () = > U(laf /28 — w(|z]/25).

keZ keZ

Hence, ;. forms a partition of unity on R3. For an integer a > 3 to be determined later

in (3.2.3), define another Schwartz function 1 : R3 — [0, 1] supported on {27207 < |¢] <

2073} and ¥(€) = 1 for 272 < |¢] < 29F2 50 that ¥(£)V(€) = ¥(€). Let ¥y (&) = ¥(¢/2"),
then we have 9y, (€)Uy(€) = ¥y (€) and we define

fr = F L (9).



The linear Schrodinger equation operator is defined as follows
eicltAuO _ f_le_iclt|€|2ﬂ0(§),
We say u;(t, z) solves (1.2.1) if it satisfies the following integral equation

. t
wy(t, ) :ezcl(t_l)Aulo(x)jL/ elcl(t_s)A( Z Apin @ (um (s, x), un (s, )+
1

cm~+cn=0
m>n
+ Z Almnum(s,q;)un(s,x))ds.
cmtcn#0
m>n

The fractional Sobolev spaces are defined as
HYR?) = {f € S'(®R%) : A*f(z) = FH(1 + [¢)/2F(€))(2) € L*(R?)}

and fractional derivatives

D f=F e f(€).

For any spacial norm X, the mixed norm is defined as

LHﬂHWPdﬂ, 1<p<oo
’|f(t>$)HLf([a,b])X = ( Xa

?
T

supse(qp) I/ (E @)X, =00

Lastly, in this work, we denote
k— = min{k,0}, k+ = max{k, 0},

the phase function

o(&,n) = l€> — emlé —nl? — enlnl?,

8



and xj = {(k1, ko) : [k — k1| <3, ky < ky—a}, xj = {(k1, ko) : k1 —ko| < a,k <k —a—2}

and X% = {(k1, ko) : |k1 — ko| < a, |k — k1] < a+ 2}, with a as above.



CHAPTER 2
BACKGROUND ESTIMATES

In this section, we present several fundamental results concerning the Littlewood-Paley de-
composition, fractional derivatives, linear Schrodinger equation, and bilinear estimations.
These results will play a crucial role in the subsequent proofs, providing essential tools and

techniques for our estimations.

2.1 Tools for Fractional Derivatives

The definition of the Z norm involves the L? norm of fractional derivatives, hence we will
present two interpolation-type results. Using these lemmas, we may obtain a bound for the
fractional derivative using the bounds we found for the integer order derivatives. The first

one below bounds the « fractional derivative by the function and its first derivative.

Lemma 2.1.1. For any f € H'(R3), we have

1—
1D fll g2 < 112 VAl T2,

where o € [0, 1].

Proof. This is a direct result of Holder’s inequality and Plancherel’s theorem,

11—«

. 1/2 R a ) 1-a
107l < ([ lepeisias) < ([ aepersezas) ([ e taa)

= 1EF @O = I I IV

]

However, we will not always have the 1 —« extra derivative that we may use to bound the

a derivative. In those cases, we use a variation of a special case of the Stein’s interpolation
10



theorem (see Theorem 4.1 in [SW71|) tailored for the specific problem setting in this work.

The lemma below presents the two interpolation results, whose domains of the family of
operators are different. The first one is a result on space norm, while the second one involves
mixed space-time norm. The proof is analogous to Stein’s proof and is based on the three

lines lemma (see Lemma 2.1 in [LP15]).

Lemma 2.1.2 (Interpolation). Let S = {x +iy € C: 0 < x < 1} and {T:},cq be a
family of linear operators such that (T, f)g is integrable whenever f € X and g € L?(R3).

Furthermore,

ZH/R?)(Tzf)g

s analytic in the interior of S, continuous and uniformly bounded on S. Take 0 < 51 < $9.

(a) When X = C§°(R3), if
ITiyfllzz < Mol fllgsr  and | Tiqiyfllpz < Mullfl e, (2.1.1)
for any y € R, then
1Tz < Mg~ MY IS 1015, 052

forall0 <6< 1.

(b) When X = Lo°([1, T]) H™ax{10.52}(R3)  4f

ISH

ITig 2 < Molf eyt and Ty lre < M oo g 77y 2

(2.1.2)

11



for any y € R, then

1—
1Ty fllp2 S My~ MY /]

~Y

LOO il T])H(l 0)s1+0s9

forall0 <6< 1.

Proof. We first show part (a). Define a new family of operators for z € S,
T, = T,A—s1T(51752)2
where ASf(z) = F~L1(1 4 |¢[2)%/2f(€). Then, as a result of (2.1.1),
1T}, 9ll 2 = 1Ty A1 E1=52)ig ||y < Mg AS1H(s1752) Yyl s = Mollgll 2
and
177 iy 0ll 2 = 1 Tag A1 Bs2)FWg |y < gy | A=521m52)i0g | oy = My g]| 2.
For g, h € C§°(R?) with lgllz2 = 1Al 2 = 1, define
¥e) = [ (T

Then the condition on 7% implies W(2) is analytic in the interior of S, and continuous and

uniformly bounded on S. From Holder’s inequality, we obtain

[T (iy)] < 1Tyl 21kl 2 < Mollgll 2 = Mo

and

U1+ iy)| < [T 4y9ll 212l 2 < Millgll 2 = M.

12



Hence, three lines theorem in [LP15] implies for any 6 € [0, 1]
MOIES Vs

Using duality and the density of C§° (R3) in L*(R3), we get T, - L2(R3) — L%*(R3) is

bounded with norm M&*GMle. Thus,

ITyfll g2 = [TpAs =520 )|

1-04 0 —(s1—52)0 1-04 70
< My~ M0 g = MM s
For part (b), we use the same T, as above. From (2.1.2), we get

1T}, gll 2 = Ty A=t H 1 =s2)ivg )

—s1+(51—52)1y -
< Mp||A—s1t(s1—52) I ooy msr = Mollgllee 1 )y 2
and

—s2+(s1—52

171 4iy9ll 2 = [ Tiiyh W)l 1

< My A=D1 e = Mgl ooy 2-

Then, it suffices to show the interpolation result, Ty : LY°([1,T ])L2 — L2 is bounded such

that
1-04 0
||T59||Lg < My "My ||g||L?o([1,T])L%7 (2.1.3)
for any 0 < 6 < 1, since (2.1.3) gives

Ty fll 2 =Tgas 120 g

13



1—0 1 0 —(s1—50)0 1-0 540
< Mg~ M| A (e1ms2) ez = Mo M1||f||L?o([1T])Hil—(q—sz)e-

Now, we are left to prove (2.1.3).
Take g € LO([1, T)) H™*<{10:52}(R3) and h € CF°(R3) so that lgll ooz = Ihllrz = 1.
Define U(z) same as above, we get |V (iy)| < My and |W(1 + iy)| < M;. Using three lines

theorem, we have for any 6 € [0, 1]
W (6)] < Mg~'My,

which shows (2.1.3) by duality. O

2.2 Bilinear Estimates

Since we have the quadratic nonlinear terms in (1.2.1), using Duhamel’s principle will result
in bilinear integral forms. The lemma below provides us with an estimate for such type of

integral forms with a multiplier m.

Lemma 2.2.1. For 1 < p,g < oo and 1 < r < oo, f € LP(R?), and g € LY(R3). If

m(€,n) € LYR3 x R3) and

|Fm(E )| 1 = /R3 /R?’

then the following bilinear estimates hold

/]1%3 /R?’ eix.eriyﬂm(g,n)dndg dxdy < oo,

() |F~1 fgsm(&n)f (& =mgmdnllLr < |F~ m(&n)lll g 1l zollgl o,

(0) |F~1 [gsm(&n)f(€—n)g&delpr < 1Fm(& )]l 2l flzellgll e

where 1/r =1/p+1/q.

14



Proof. Take an arbitrary test function ¢(z) € S(R3) such that ||o(z)||,,» < 1 with 1/r +

I
1/7" = 1. Suppose f,g € S(R?), then we have

/RS%O(CE)JTl/Rgm(é,n)f@—n)@(n)dnd:c
- /]R [ é"éota) / (&, m)F(€ — )at)ndcds
27r /Rg /Rg ey /Rg /R3 /Rg (€ m)e = f(2)e™ W Mg (y)dzdydndEda

=55 oo oo o oo [ T I myndo o) 1))

Perform a change of variable on x and y. In particular, we take T =+ — z and § = z — y.

Hence,
/ p(x)F~ / (& m)f (& = n)g(n)dndx
5 L Lo Lo [ e e mndeo(z + 2) 2otz — )i
(2700 Jrs Jrs )o@ + 2) f(2)g(z — §)dididz,
where

Maag) = F tmien) = [ [ et i

Using Hoélder’s in equality and Minkowski’s integral inequality, for 1/p + 1/p’ = 1 and

1/p) =1/r" +1/q, we get

/ () F! / m(Em)F (€ — ma(n)dnda
R3 R3

<| [ L L el + 206 - ididas s
<| [, [ MG 00 + 20— iz 1z
/]R 3 / Dllle(@ + 2)g(z = )y dgaa | 1o



< / / M )l 9] adgd | 1o
R3 JR3

<M @, 9l pllgllzall fllze,

which shows (a) by duality. Then, we can use the density of Schwartz space in LP to extend
the result to any f € LP(R3) and g € L4(R3) for 1 < p,q < oo.

For the case of L, we can assume without loss of generality g € L>(R3) and perform
approximation using ge(z) = e*€|x|2g(x). Take ¢, f € S(R3) and m € S(R? x R3) such that

l(x)]l ;v < 1, then

L Leseta) [ mienfis = matmandsas
= lim /Rg /Rg () /]R , m(&,n) (& —n)ge(n)dndédz.

e—0t

Following the same method as above, we can show

<Mz, 9)ll g1 llgell oo L F Nl r-

/R3 /Rg e p(x) /R (& f(§ = m)ge(n)dndéda

As we take € — 0T, we obtain

1770 [ m(€mfe = mamdnlr < 17 (el 51 ol

by duality and extend the result to any m € L1 (R?’ X R3), fe LT(R?’) by density of Schwartz
space.

The proof for statement (b) is analogous. Starting with the test function ¢, f, and ¢ in

S(R3), we have
L@ [ mienite - maeacas
R3 R3

16



- /]R /]R (@) / m(E.n)F(€ ~ )i(E)dednds
e 2(6-n) —iye
R3 /IR3 /]1%3 /]R?’ (&, m)e f(z)e 9(y)dzdyd&dndx

R3
(Y2 SR T (¢, ) dndép () f ()9 (y) dydeed=.
R3 JR3 JR3 JR3 JR3
Using £ = x + z and §y = —y — z for change of variables, we have

/ Y / (&) (€ — )i(€)deds

:(27)6 /Rg /Rg /R3 /Rg /Rg STy (& n)dndEp(F — 2) f(2)g(—i — 2)djdEdz

55 oy oo [, M2 = a3~ <)

Lastly, we obtain (b) from Hélder’s in equality and Minkowski’s integral inequality,

rF! / m(€.m) F(E ~ n)a(n)inda
/]R?’ /R5 R3 M(G,2)p(% — 2)g(—§ — 2)dydi f(z)d=z
/Rg / Dl = 2)9(=5 = 2)l| iz | v

<IM(g, )l 19l zall fll 2o,

and extend the result to LP spaces.

The next result is an immediate application of the bilinear estimates above, combined

with a duality argument. Here, we chose to estimate the term [|e?*2 fi.||foo by Bernstein’s

inequality (see Lemma 2.5.1),

itA 3k/2 itA 3k/2
€2 fill zoo < 2357218 £l 12 = 2272 £l o

However, as we will see later, there are instances where we utilize the properties of the linear

17



Schrédinger equation to obtain different bounds, for example, |[e®2 f || f0o < t_3/2||fk||L1.
The key advantage of Lemma 2.2.2 becomes evident when the magnitude of 2F is relatively

small compared to ¢ 1.

Lemma 2.2.2. For any k, ki, ko € Z. If fr,, g, € L2(R3) and m(&, n) ¢y (&) g, ()i, (€ —
n) € L' N L2(R3 x R3), then

H /1&3 (&) fiey (€ = 1)y (Mg ()l L

<gdmindkkz}/2) 7L (€ )b (), 1)1y (€ — M 1] Fiey 12119y | 12

Proof. Using Plancherel’s theorem and the bilinear estimate L2 x L — L2 in Lemma 2.2.1,

we have

| [ miensinte = manunea |

:Hf - /R m(&, )0 (E)k, (€ — 1)Wky () fry (€ — 1)G1y (€)dy

L2
SINF (&) (€)dr, (€ — )Py M o1l i |l 2119y 1 200

<22 F L€, ) r ()P, (€ — Pk ) 51 1 iy 2k 2

where the last step follows from Bernstein’s inequality in Lemma 2.5.1.
On the other hand, we use duality to estimate the L? norm. Take h € S(R3) with ||A] ;2 < 1

and we have

/ (€, 7) oy (€ = 1)y (1) (€)dh(€)de

R3 JR3

_ / (€. 0) Fi (€ — M€ h(€)dE iy, (m)dn
]R3 R3

IN

%\

€M i€ = MOOMEET, )|y

18



The use of Fubini’s theorem in the first step is justified by

/Rg/ m (& 1) fiy (€ = 1) Gk, (M) 0k (E)(E)dnde
7 = ~ 1/2
= < /Rg /Rg (& )k (E) g, (M), (€ — nwk(s)h(fn?dndg) “

; 1/2
. (/Rg /Rg [f, (€ = n)ng(n)|2dnd§>

Slm(€, )k (€) ke, (1) Pky (€ = )| 21l Fry I 21l G0y | 2

Hence, using the L2 x L% — L2 bilinear estimate again, we get

/ / (€, 1) fiy (€ — 1)k, ()5 () dh(€)de

R3 R3

<l [ miemi i - m©uiod) ol
R L2

SIF (&) bk, Mk, (€ = ) oo Fiy g2 1F (RO oo Ik, | 2
SIF & m) () k, (€ = )Py D 21 Fey 2 1B 0k ()| 1 gyl 2
SIF & m) i€k, (€ = )Py D o1 ey 2B 29k (€) | 2l gy | 2
S22 € m) ()i, (€ — mPry ) pall i 2l | 2

which finishes the proof. n

2.3 Multiplier Estimates

Recall the bilinear estimates in Lemma 2.2.1. The L! norm of the inverse Fourier transform
of the multiplier shows up on the right-hand side. In this section, we present the L1 norm

bounds on three different types of multipliers that we will encounter later in the main proof.

Lemma 2.3.1. Fiz k € Z. Suppose 7 : R3 x R3 — R is homogeneous of degree d and smooth

19



on {(&,n) cR3 XR?’:S;&O,ﬁ—n#O}. For any k,ky, kg € Z,

177 (& m)mi & mER(€) 7, (E=m)iy (Ml 1 < C2M (|~ (&, ) ebg (), (=) ey ()] 11

where the constant C' = C(7,1, k1 — k).

Proof. Note that 7(¢, n)@zk(ﬁ)@zkl (€ —n) € S(R? x R3). Using Young’s inequality, we get

17 (6 mymi& MR (87, (€ = )iy )]l 1
(|17 (&, m) P () (€ = M)y (m)] 5 F [ (&, m) g () Py (€ = )] 1
<[1F (& m) (), (€ = )iy (M| 1 1F [ (€ m) g (€) gy (€ = )] 1
= |~ m(&mPr(€) bk, (€ = m Py ()]l 2 271 F (€725, m /25 ) (€/25) (25 M1 (€ = m) /29|
= | F (& ) (), (€ = m)Pry (] 2 2% 177 (€ ()b (251 (€ = m))]l o

The last line follows from the scale-invariant property | F~1Dsf(2)||;1 = [|F~Lf(2)] 1,
where D f(x) = f(x/d). Then we are left to show,

|F (&, mp ()28 M (e — )]l 2 < C(r,3, k1 — k).

Define f(&,1) = 7(&,n) (€)Y (251 (¢ —n)). Tt suffices to show f € S(R3 x R3).
We know () is supported on {(£,1) : 272071 < |¢] < 2073} and (28 Fi(e — 7)) is

supported on {(£,7) : g~ 20— 1=k+kr < € —nl < 2a+3—k+k1}. Hence,
supp [ € {(&.m) « In] < 2T HHER g < 9055y,

Thus, f € COO(R3 X R3), since 1), 7 are smooth on the support of f. Also, f has compact

support, so f € S(R? x R3). O

Lemma 2.3.2. Suppose 11 : R3 — R is homogeneous of degree nq, T : R3 — R is homoge-
20



neous of degree ny, and 7| and 9 are both smooth on R3\ {0}, then for all k, ki, ke € Z

17 () (m)md & g (), (€ — )i, )]l 1

< ¢2mkrnek2 ) 77 (e )i (€)r, (€ — )dr, ()] 11,

where the constant C' = C(11,79,1).

Proof. Again, we use Young’s inequality,

17~ r1 (&) (m)m(&, )7 (), (€ — )7, (]l 1
= (| F~Hm(&, ) () ¥k, (€ — M)thpy ()] % F 11 () ma(0) g (€) Dy ()] 2
<||F (&, m) g () g, (€ — )y (M 1 | F 1 (€) 2 (1) 8hge () oy ()]l 1

Then, we have

I~ ()2 (m) o (€) gy (] 11

= [ L L L et im @i ands
< [ Ll e eni@inerde]| [ cmmatmie, apan]ante
= [ | L e eni@inernelas [ ] [ cmmmatarinoian/ay
= O O 1F T )
=222 F o (628 €/ 20 a1 F a0/ 2720 (n/22)] |

—gmiktnak | Z=Lim (DO 1 | F e () ()] 11

<C(1y, 1, )2k +n2k2

dxdy

where the last line follows from 71(€)¥(€), m(n)d(n) € S(R3). We know 71(€)i(€) and

T9(n)1(n) are both compactly supported on {€ € R3 ;272071 < Je) < 2a+3}, and smooth
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on their support. O

Lemma 2.3.3. Suppose 71 : R3 — R is homogeneous of degree ny, 9 : R® — R is homoge-
neous of degree no, and 11 and T are both smooth on R3\ {0}, then for all k, ki, ke € Z and
cm # 0

| F 1 (26m (€ =) — 2eam) T2 (1) Wp, (26m (€ — ) — 2enm) gy (]| 1 < C2MF1IFN2R2 (2.3 1)

where the constant C' = C(11, T2, Cm, Cn, V).

Proof. By a change of variable ¢ = 2¢;,(§ — 1) — 2¢n,

IF L1 (2em (€ = n) — 2enm) T2 (0) ¥k, (26m (€ — 0) — 2enm) P, ()] 12

Ll L L setrim@ente = n) = 2enmmatm

X g, (2m (& — 1) = 2can)ihy, (n)dédn
~Clew) [ [ e e €, (Oratadig e
=Clem) [ foa] Lo foae I S Qi oy ()
~cten) [ [ ] [ e i manfas] [ 0 ©

Clen) o

dxdy

dxdy

dxdy

Then, let 21 = CC—ZQJ +r+y, 29 = 2 and use the homogeneity of 71, m,

Cm

17 71 (2em (€ — n) — 2eum)ra () (2em (€ — ) — 2}y ()]
~Clemsen) [ || [ e mmin@ana [ | [ =@y @
~Clemyenzrtirtnake [ [ e 225 22)d

[ e i 2

X
-

=C(em, cp)2"F1T2R2 | FLD (1) || 1 | F T Doy (7200) | 1
22
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where the operator Ds denotes dilation, i.e. Dgi(z) = 1(x/d). Employing the dilation

invariant property || F~1Dsv(z)| 1 = | F 1 ()| 11, we have
|1F Doy (1) | 1 | F Doy (r2) | 1 = [IFH(md) || 2 1~ H(m0) | 11 < Ot 70, 9).

This follows from 7'1(5)12(5), 7'2(77)1;(7]) € S(R?’), since 7'1(5)1;(5) and 7'2(7])1/;(7]) are both

compactly supported and smooth on their support. Thus, we showed (2.3.1). O

2.4 Linear Schrodinger Equation

The lemma below is a well-known result for the group of operators {eitA}?i_oo, which gives

the solution to the linear initial value problem

Oru = iAu

u(z,0) = ug

when applied to the initial data ug. Using the fact that

o—l2l?/4it

itA, =1 —it|¢]? _
e"“ug =F e uo(€) (4Z't7r)3/2 * 1),

we observe that Plancherel’s theorem implies that e®2 : LZ(R3) — L2(R3) is an isometry.
Furthermore, the convolution form, in combination with Young’s inequality, shows that
FL N S S By interpolation between these two bounds, we obtain the properties of

the operator on the L? spaces for g € [1,2].

Lemma 2.4.1. Ift #0, 1/p+1/q = 1, and q € [1,2], then 2 : LY(R3) — LP(R?) is
continuous and

12 F |l 1o < J¢|73/2A/2=1/P)| £ 1. (2.4.1)
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Proof. See Lemma 4.1 in [LP15]. O

Note that in this work, we only consider ¢ > 1 to avoid singularity. This estimate will be
used to obtain decay in the time variable in the later proofs. Another important property
of the group {eim}?i_oo is its global smoothing effect, namely the Strichartz’s estimates.
Before we state the inequality, we need to introduce the definition of an admissible pair in

our case when the dimension n = 3.

Definition 2.4.1 (admissible pair). We say (q,r) is admissible, if

2 1 1
(i)

q 2 r
and 2 <r <6.

The Strichartz’s estimates encompass a family of results. Here, we will focus on stating

the specific inequality that is relevant to this work.

Lemma 2.4.2 (Strichartz’s estimate). Let I be an interval of R and ty € I. If (v, p) is an
/ /
admissible pair and [ € Lz (I)LY (R3), then for every admissible pair (q,r), there exists a

constant C' independent of I such that

t
H / ez(t—s)Af(S)ds
to

< C / / .
LI(I)LL(R3) HfHLZ (I)Lg (R3)

Proof. See Theorem 2.3.3 in [Caz03]. O

Using the Strichartz’s estimate above, we may obtain a new type of bilinear estimate.

Lemma 2.4.3. For any 2M~1 < ;1 < t5 < 2M if v (Om(&,n), F L (E)m(&,n) €

LYR? x RY), f e Lo(2M 1 2M)) HE(R?), and g € Lgo(2M 1, 2M]) LE(R?), then

i

t _ _— _—
/ 2 / ettt gy (€ym(e, m)eiemtB (1, € — m)eientDg(t, n)dndt
t; JR3
24
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S MAF O mE Ml F ()l e s )y g 1908 ) | oarrs gy 2

Proof. Let F(t,x) -1 Jr3 eicitlél U (E)mi(€, m)etemtA f(t, E—n)eicntDg(t, n)dn. We rewrite

the left hand side and use Plancherel’s theorem,

l ,

J f2 ] — —_—
:H /R?, em.%k(f)/t /]1%3 e (&, m)etemtD f (¢, € — m)eientBg(t,n)
1

t ) — —
/ 2 / eieitlely, (€ym(e, m)eiemtA f (1, € — p)eientBg(t, n)dnd
t; JR3

Using Bernstein’s inequality and the bilinear estimate L x L2 — L3/ 2 we get the following

/ /t2
R3 Jtp

<My (¢ Ollgz| #

€3] /R:% eicltmzm(&n)emf(t,i - n)emg(t,n)dn’dtdf

e € mie.n)eentB (1 € — e Rt )

Lee([2M-12M]) L3

M+E/2
<oMAR2 () 2|7

/ U(©)m(€, meiemtB f(t & — n)eientB g(t, m)dn

L5o([2M~1 2M)) 32

M2k 1 tA WA
SR F g (©mlE )l i e 2 | poo anr—1 gny 16 1€ 21l oo (2111 917y 2

Since HeicmtAfHLg S |t\_1|]f||H§1 according to Corollary 2.5.4 in [Caz03|, we know

[
R3 Jt;

S2MF o (©mlE m) ol Fll o a1 o0y 2 191 oo (2a-1 9007 2 < 0.
po(2M -1 2M)) HE 19 Lo (2M -1 2M)) 12

s /Ra ISP (g, m)etent S f(t, € — n)eientS(t, n)dn drdg

Hence,

P g (ymle, m)eTemtB £ (1, € — )t St n)dnde

to t . .
/ F(t,x)dt / elat=s)AgiasAp (g 2)ds
t1 3]

12

|

Iz L° ([t t2]) L2 (R3).
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Since (00,2) and (4, 3) are admissible pairs, we obtain from Strichartz’s estimate,

?

t o — o —
/ 2 / eitlEl yy (€mi(e, n)eiemtA f (1, € — y)eientBg(t, n)dndt
t; JR3

L2
< || fC18A
SNe2E S 2 s ) oy 132 sy

Then, plugging in the definition of F' and using the bilinear estimate LY x L2 — L3/2 give

HeiclSAF(S,I)H 4/3([1’152]) 3/2( R3)

HF / Yr(§)m(&,n) €ZCmmf(tf n)ewnm (t,n)dn

L3 ([t o)) L3P (R3)

surlwam(an>||L1H||e”mmf<uwﬂnglle“"mg@vx>”L%”L;*/3<[tl,t2n

< —1 iemtA
S @mE Ml 0D s oI008 D iz
Lastly, Corollary 2.5.4 in [Caz03] gives

||eicmmf(t’"’3)||Lf/3([t1,t2])L% s ”t_1||Lf/3([t1,tz])”fHL?([thtz])Hgl S Q_M/4||f||L?°<[t1’t2])H§'

[]

We compare this method with simply taking the L° norm in ¢ and applying the bilinear

estimate L x L2 — L2 in Lemma 2.2.1,

ta ; — —
H / / 3 U (e, m)etemtA f(t, € — n)eientBg(t,n)dndt
t1 JR

L2

§2M' m(§, n)emf(tf - n)emg(t, n)dn

Lgo([2M1,2M)) 2
§2M|\f_1m(f>U)HLlHeicmtAf(t,l’)HLgO([QMfl’zM])LgoHg(t,x)HLgO([szl,QM])L%

SEMPIF €m0 ) o a1 gany a9 )l e ne oo 2
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This other method provides a greater decay in the time variable, ¢t ~ 2M  However, bounding
the L! norm of f also requires more derivatives than || f]| g1, which we will see in the next
3

section.

2.5 Littlewood-Paley Operator

One may recall the definition of Z norm in (1.2.3), the frequency space is decomposed into
dyadic annuli by the Littlewood-Paley operator. In this section, we will present some useful
estimates as results of this decomposition. Bernstein’s inequality below is one basic result
that allows us to control higher LY norms by lower LP norms, which is due to the localization

in frequency space.

Lemma 2.5.1 (Bernstein’s inequality). For any 1 < p < g < oo,

1l e S 23FAP=1D) £l .

Proof. Since fk = f@bk = szﬂk, where . (€) = QL(f/Qk) is smooth and compactly supported,

by Young’s convolution inequality,

el = IF () = flla SUF 0@ 1 Nflle.
L1-1/p+1/q

Then the computation

ey sy )1‘1/P+1/ q
dx

[ eeriie/2as
R3

dx

17 o
T ( /,

#(L

}"_11/;(2]%)

— 1-1/p+1/q
1 1-1/p+1/q __
=23k(/ Fl(y) 2 Skdy)
R3
< 23k73k(171/p+1/q)“];-flqu )
L1-1/p+1/q
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< 93k(1/p—1/q)
implies the desired estimate.
I fillze S 22F 01D .

O

In addition, the localization allows us to control the L? norm of a function by the L2

norm of its derivative.

Lemma 2.5.2. For any fi. € H1(R3),

[FAE SQkHngkHLZ (2.5.1)

Proof. This is an immediate result of Holder’s and Sobolev’s inequality,

A R k A
||fk;||L2 < ||X2k72< <2k+1||L3||fk||L6 5 2 ||V§fk||L2-
<léI<

O

In order to use Lemma 2.4.1, it is necessary to find a bound on || f3| » for p € [1,2].
We may use Holder’s inequality to control || f||z» with p < 2 by weighted L? norms. Since
derivatives on the Fourier side can be thought of as weights on the space side, we then use

the bounds on HD? Fell 72 provided in the Z norm. This is shown in the result below.

Lemma 2.5.3. For any 0 < 5 <3/2, ifp > ﬁ, then

| xllo < 273248 D] | o (25.2)
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Furthermore, if p > W670U we have
|l S 272 e 2mdhim) g (2:5.3)
and if p > 3_1_%, we have
|F ! Vefille S 2720 =300 £ 5. (2.5.4)

Proof. By Holder’s inequality and Plancherel’s theorem,

1/p 1/p
p p
i< ([, Wara) " ([ i)

2—p

2p 3 5 1/p
< ||fk||L2( / mx) i ( [ el fk<x>|pdas>
|z|<2—Fk |z|>2—F

2—p

2
S 2P o + |||as|ﬁfk<x>||p( /| o |x|‘52—”pdm) 2
x|>2—

S 27T ) g 4 273 UPT1 240K DI f o,

the last line requires p > ﬁ in order for the integral to converge. Moreover, by Sobolev’s
inequality for 8 < 3/2
. . I .
Il g2 = il g2 < Ixgracieeorrall slfill s < 2PMIUDL fill -

[,3—28

Hence, we have

| fille S 27 3KQ/P=DH8k DI fy | .
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Thus, (2.5.3) is a direct consequence by taking 5 = 1 4 « and using the definition of || - || z,
| fill e S 27 3FO/p=1/ 2Rk 0k plter gy < om2he bk 2h=3k/p) £
If we replace f;. by ,7:71V§fk and let 5 = a, we can obtain (2.5.4)
IF Ve frllpp S 273120k DEG fi | 2 < 27 2Rtk h=3kip) )

[]

However, the lemma only gives us a bound on || f||z» for p > 1 close to 1. This is due

to the constraint, o < 1/2, imposed on the term |[D1*® f,|| ;2 in Z norm.
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CHAPTER 3
PRELIMINARY ESTIMATES

3.1 Sobolev and L? norms

There are places in Sections 2.1 and 2.4, where we have to consider the Sobolev norms of f.
The Z norm is not sufficient to bound the Sobolev norms. However, after Littlewood-Paley
decomposition, we can find a bound on the Sobolev norms of fk, given f bounded in the

HYNZ space.

Lemma 3.1.1. If || f| 10 + || fllz < a, then for all k € Z

| il e S 27 2Retvhtk/2=aky | fll g S 272 R K20 | ol priga S 27 2R t0RR 20k
(3.1.1)
In particular, the bootstrap assumption (1.2.8) implies
p ) P p P
RATEGRANZRS min{27K =2+ HR/2 9= 10k e (3.1.2)
Under the bootstrap assumption (1.2.8), we also have
f f 2k +yk+k/2—ak
D¢ fuill ooz < Wikl ey mg <2 +HvhAk/2ake
f < |If < o—2ky+vk—k/2
IVefirl pge(uayzz < Mokl ey mp <2 1, (3.1.3)

o f —2ky +vk—k/2—ak
HDg‘*‘afl,kHL?O([l,T])LgSHfl,kHLgoqLT])Hgl-i-QSQ +Hvh—k/2—ak

Proof. Since || f|| 10+ fllz < a, by the definition of || - || 7, we obtain the following L? norm
bound,

IDEF filt, )] < 27272 m0kg, (3.14)
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Then, Holder’s and Sobolev’s inequality imply

1fe(t 2) 2 S Ixok—2<iejcorrill 3 [1f I 6
x —‘ﬂ— L1+a L1—2a

¢ S (3.1.5)
< 2k+ak||D1+afk(t, g)HLg < 2'yk—2k++k‘/2a

and

IVefet. Oz S Ixgp2zig<orall slIVeftON o
¢ sKI= L 132

3 3 (3.1.6)
S 2D (1, €l p S 272

In addition,
1t @)l g S 27O ISP F @ un(©)llpz < 27 /() ggo < 27 % (31.7)
Combining (3.1.5) and (3.1.7), we get
| i(ts) | 2 < min{27F- 2R H1/2, 9710k 3,

which implies (3.1.2) since |luj(t, z)|| 10 = ||€iclAfl(t,x)||H1o = || fi(t, )| y10. Furthermore,

using also (3.1.6),

el < W fellze + 1 Ve fill 2

< min{ 2K HR/2 510Ky 4 ok ki2, < g2k k2,
and by Gagliardo-Nirenberg inequality (see [BM18|)
f AN k—2k 4 +k/2—ak
1l e S NI Nl G S 27F2heth/2=aky,

Lastly, we discuss the bound on ||fk||H1+a in two cases. For any k£ <0 and 0 < s < 3/2, we
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shall prove

15 E)llzrs S IDEfR )l p2-

It suffices to show if 0 < s1 < 59 < 3/2, then ||D81fk||L2 < ||D52fk||L2 when k£ < 0.

D* fill 2 < lIxgk—2 el s |ID%F b
D™ fill 2 < lIxgr-2< e <on+ ”Lszfsl | ’“”Lm

S 22K D2 f o < |[D%2 fy | e,

using Sobolev’s inequality with s = s9 — s and p = m

Hence, for £ <0,
1kl e S ”D?rafk”p < 9Vh—2ky—k/2-ak,
When & > 0, we use Gagliardo-Nirenberg inequality to obtain a new bound on the ' norm,

- . .
1kl < 1k Zall Fall griva

< 2—10a/€a0¢<“kaH1 + ‘|D1+Osz|’L2) < 2—1Oak+’yk—5k/2a1+a'

Since o € (1/3,1/2),

; —10k+yk-+-A5% 7 B o e
ka”Hl 52 Ok+y +2(1+a)a§2’yk 5k /2 OzkaSnyk 2k —k/2 aka.

Thus,
Vil grrse S 1l + IDE fyll o < 278 2he—k/2ak

33



finishes the proof for (3.1.1).
[

In the next lemma, we combine the results in Lemma 2.5.3 and 3.1.1 to derive some
bounds on the LP norms of the solution u;y. Later these bounds will be used when we

perform the L2 x L — L2, L4 x L* — L2, I3 x LY — L2 bilinear estimates.

Lemma 3.1.2. Under the assumption (1.2.8), for any t € [2M~1 2M]
1A £y 4l oo S min{23M/2+9M/8=2kitok—hbok/4 gyk—2kit2hy e (3.1.8)
i1 fygllgoe S 2 MRV fy gl o S 27 MR G 31)
HeicltA]:_lvgfl,kHL?’ < 2—M/2+wM/8—2k++7k—k+’yk/4€17 (3.1.10)
and
€0 fupll o S 2 MRV fy g o S 27 3R g (3.1.11)

Proof. Using Bernstein’s inequality in Lemma 2.5.1, we have
ict A k/8) JicitA
e fy gl oo S 2R g e

Then by Lemma 2.4.1,

iClt

A
fl,k||L24/7 S

e t73/2(172’y/24)”fl Wl 2s < 273M/2+7M/872k++’ykfk+’yk/8€1’
) Lm ~

since a > 1/2 — ~/8 allows us to use Lemma 2.5.3.

Another way to control HeicltA fi.kll Lo is to use Holder’s inequality directly,

€42 fillpoe = H / it L f(€)ur(€)de

LOO
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< / | (E)un(©)]de

<A BR(E)l 2 1 Xg-2pepcorll 2 < 2F Mgy,

Combining the two results above gives (3.1.8).
If we use Bernstein’s inequality with a different parameter, Lemma 2.4.1, and (2.5.2), we can

also get the following bound
icit A k| icitA k—M/2 —M/24-3k/2 P
e fy gl oo < 2000 il s < 25 M0 Syl e S 27 MRVl o

We can obtain (3.1.10) in a similar fashion using Bernstein’s inequality, Lemma 2.4.1, and

Lemma 2.5.3,

. _1 ~ ) - £
| EF Ve fi gl s S 2 ETIEF IV fy gl
L8+
k/8—M/24~yM/8) =—1 F
<27 / [2+yM/ va ngz,kHL%

< 9~ M/2HyM/8—kyk/A=2k itk

Next, Lemma 2.4.1 and Lemma 2.5.3 give

T 1 7AN —3/4 —3M/4+k/4 r —3M/4-2k k—k/4
1A f il pa S 34 frall pags S 27 3MARA G fy )2 S 273/ 2k kR4

~y Y

for t € [2M—1 oM, O

3.2 Time Derivatives Estimates

An important idea in this work is to make use of the oscillation of (&) where ¢(£,n) =

l€1? — em|€ — n|? — cn|n|? is called the phase function. To capture the oscillation, we will
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integrate by parts using the identity

(0 + @ V) EEN) — 7 (e ) eitoEn)

where P(£,n) and Z(&,n) are polynomials. This introduces time derivatives inside the
Duhamel’s term. Hence, we shall derive bounds for the time derivatives of fh k(t,6), D? fh k(t,8),
and ngl,k(t7 €) in this section.

We will use the fact that u;(t, ) = €A f(t,x) is the solution to (1.2.1) such that
fi € C([1,T]; HY' N Z) to find bounds for the time derivatives of fl’k(t,x). In addition, we

will do a further Littlewood-Paley decomposition on fy, and f;, in the nonlinear term.

Lemma 3.2.1. Under the assumption (1.2.8), the following estimate holds for any t €
[2M—1,2M]

100 fi g (8, )| 2 S minf2~ M= 2he+7ktk/2 9= 10k =(14+9/2)My 2 (3.2.1)
and
PR f; 1 (t, )| po S 272 2hatnk—R/22, (3.2.2)

Proof. Assuming (1.2.8) and using the integral equation, the quadratic nonlinearity allows

—icitA

us to write the time derivative of the profile f; =e u; as bilinear forms,

Orf1(t,€)
. 2 2 2\ A N
= 2. A /R Jettalelemie==enlil®) £ (8, € — ) fult, m)dn
cm+cn#0
m>n
+ Almn/ eitletle P =emlEP+2emEn) (¢ — ) fon(t, € = ) fu(t,m)dn.
R3
cm~+cn=0
m>n
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Next, we perform dyadic decomposition on the frequency spaces of f;, and fy,

i fy(t,€)
_ Z A Z /R3 eit(cl|£|2—Cm‘f_77‘2_0n‘77|2)fm7k1(t)5_n)fn’kz(t’n)dn

Cm~+cn#0 k1,ko€Z

m>n
. 2 2 90 ¢ N .
+ Y A Y /36%(Cz|€ eml&F2emEm) (e — . m) fip ey (8,6 = 1) Fru iy (8, ).
R ki kpeZ ? R
m>n

By a change of variable with £ —n = (, we get

; 2 2 2\ A A
[Pl el 1, =)oy )

= | etallPmemlPoeale=CP) £ (1 €)ooy (8, € = Q)G
R3

and

/Rg citlelleP=eml€P42emen) g e — oy p) fw (8,6 = ) gy ()
— /R3 eit(cz|§\2+0m|§|2_2cm£()q(§’5 _ U)fm,kl (t, C)fn,/@ (t,€ = C)d¢

The symmetry observed above allows us to reduce the problem to the cases when k1 > ko,

at.fl<t7£)
S Almn( Z/ eit(ale—emle=n=enlnP) £ (€ — ) foo o (,m)dn
S b=k VR

m>n

, 2 2 2y 4 2
n Z /R3 it(crl€]*—em|§—nl*—cn|n] )fm7k1(t’§ - U)fn,k2<ta77)d77)

k1<ko

+ > Almn( > /R ; P —emlEPt2emEn g ) (8,6 =) fo gy (8

cm+cn=0 kl 2]{;2
m>n

+ Z /R3 eit(cz|§|2_cm|§|2+2cm§-n)q(§ - U’U)fm,kl (t,&— n)fn’;@(t, n)dn)

k1<ko
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. 2 2 2\ A A
= Z Almn Z /R?’ eZt(Clm eml&=nl"=calr] )fm,k/’l(tvg_n)fn,kg(tan)dn

Cmtcn#0 k1>ko

; 2 2 ) N R
Y Ay Y /R3 et alSl =emlSFH2emen) (e — ) fr py (8.6 = 1) oy (8,1,

cm~+cn=0 k1>ko

Truncating the difference by 1.(£) and taking

0= masx, {|21ogs el +3,210g; lem/en+1].1010g; lem/1 1| 3~loga(|cr e/ |en])).

CmTCn

a#em
(3.2.3)
we have
Ocfri(t,€)
= Y A Y / etlerleP=cml&=nl*=enln®) f (8 & — ) oy ()0 (€)d
em-ten#0 kisky 'R
< 2_ 2 _ R N
Y A Y /362’*(6”5' eml§H26mEm) (€ — 0, m) fo gy (8,6 — 1) Fr gy (B )l
Cmtn=0 ke >ks Y R

= > A Y /RSeit(cl|§|2_c’"5_"2_0””|2)fm,k1(t,§—U)fn,kg(t,n)¢k(€)dn

cm+en#0 |k1—ko|<a
m>n

Y A Y /]R ctaleP=enlt PR 2emEM g (e — ) o gy (1€ = 0) fo gy (8 MR (€)

cm%—g%zo |k1—ko|<a
; 2_ 2 2\ A A
+ Z Almn Z /R?’ elt(c”g‘ cm|§ 77| Cn|77| )fm,kl (taf - n)fn,kg (tan)¢k(f)dn
cm~+cn#0 ko<ki—a
: 2 2 ) . .
+ 3 A Y /R 3 eMellel =eml€F+2emen) g (¢ ) 0 (8€ = 1) F o (8 0) 01 ()
cm+cn=0 ko<ki—a

= X A X[ Pl Pl 1, =)y (€

cm+cn#0 |k1—ko|<a

m2n k<ki+a+2
; 2_ 2 ) . R
+ Y A Y /3e”(clf| eml&FF26mEm) (& —n,0) fi gy (8, € = 1) Fou o (b 1)1k (€)
emtcn=0 |k1—kal<a R
mzn k<ki+a+2
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£ X A X[ P (6 — ) g

cm+cen#0 kot+a<ky
k—Fk1]<3
. 2 2 _ R R
+ Y A Y /3e”(cl|f| eml€2emEm) (e — 0,0 fi oy (8, € = 1) Frn sy (6 )0k (€) i,
cm+cn=0 ko+a<ky R
|k—Fk1]<3

where X;lC = {(k1,ko) : |k—k1| <3,ko < ky1—a}, X% = {(k1,ko) : |k1—ko| < a,k < k1—a—2}
and x} = {(k1, k2) : [k — ko| < @, [k — k1| < a+2}.

Thus, we have

atfl,k(t>€>: Z Almn Z Fli,kl,k2+ Z Apmn Z Fkakl,]fQ

cm+ten#0 (k‘l,k‘g)EX’lC Cm%‘in?’éo (k‘l,k‘g)EX%UX%
2) 2
+ Z Ann Z Fk,kl,k2+ Z Apmn Z Fk,k’h’@’
cm+cn=0 (k17k2)€X]1€ Cmle'gnn:O (klka)EX%UX%
(3.2.4)
where
1 it 2_c le—nl2—cn|nl?) A
Bl :/RS pit(crl€]*—em|§—nl*—cn|n] )fm,kl(t,f—n)fn,kQ(tan)de(ﬁ) (3.2.5)
and

R by = /]R ettt menle P 2enEn g (¢ — ) fo k(1€ = ) o gy (B )R (€. (3:2.6)
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By the bilinear estimate L* x L* — L? in Lemma 2.2.1 and Lemma 2.2.2,

1(3-2.5)] 2

) 2 o p ).
SH/R?’ 6zclt|§| e iemt|E—n) fm,kl(tvg_n)e ient|n) fka(t,T])wk(@dn .

Smin{ ||t f gl f gyl o, 28R 2 clemt A p o[l f g2}

Sming [[eFmB o g [ palle’ o pollpa, 22 R f ol fry 2}

(3.2.7)
Then, using the bounds in (3.1.11), (3.1.2), we get for any ¢ € 2M—1 2M]

Y. 1B25)le

(k1,k2)ExLUXG

. TN JAN icr tA 3min{k.ko}/2
< N min{llef A f g pallefnt fy gl pa, 28R 2 £ £ gl 2}
(k1,k2)exux;
s Z 2—2k17+—2k27+—|—’}//€1+’yk2 min{2_3M/2_k1/4_k2/4, 23 min{k,kg}/2+k1/2+k2/2}€%

(k1.k2)EXEUXG
S 2—2k++’}/k—M-‘rk/2€% (328)

Now, we shall show Z(kl ka)ex? 1(3.2.5)]72 < 9—m—2ky+yk+k/2¢,
, k

Recall that we defined ¢(&,n) = ¢|€]> — em|€ — n|? — caln|?. When (k1, k2) € X}ﬁ, we know
ko < k1 — a, 80 ¥p(§)Y, (§ — n)bp,(n) # 0 implies

IVno(&,m)| = [26m(E — 1) — 2cnn| > 2817172 0 | — 2F2 L 0| > ey 2172 > 2R1—27a

and

V(€ m| < 25 fem| + 2724 |en| < o[22 < 212,

if e # —cp. When (ky, ko) € x7, we have k < ky — a — 2 and 9y (§)¥g, (€ — 1)Yg, () # 0
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implies
IV d(&,m)| > 2lem + enll€ — | — 2lenl€] > |en|(2F1 70 — 2FFLy > | )2k1—a > gki—2a

and

(Vino(&,m)| < 2lem + enll€ —n + 2]en|€] < 2R1TIFa ok +lta < ghit2ta,

Therefore, when (kq, ko) € X]lg U X%

U, (Vo (€ m) g (E)Uk, (€ — Mgy (0) = V() g, (€ — )by (). (3.2.9)

So, we use the identity %aﬁm Ao(Em) = ¢ite(&n) 1 integrate by parts,

B itd(<,m) 8nm¢(5777> ; N F
<3-2-5)—/Rg‘9nme n—it’vnd)(f,n)lgfm,h(t’g 1) Sy (8 ) g (€)

. o : . )
T /Rg ezw(&n)a”mm%s%fm,kl (t.€ =) Fro oo (E Mg (€) - (3.2.10)

0
- /Rs e U)M—(gmanmfm k(66 = ) fgy (8 ) (6)  (3:2.11)

(€m)
A R (0.6 = ) s, (3212

Next, using the L* x L* — L2 bilinear estimate, Lemma 2.3.3, Lemma 2.2.2, (3.1.2) and

(3.1.11), we have

1(3.2.10) || 2

0 ) - .
<o-mF-1p, _OmdlE ")|2wkl<vn¢<s,n))%(n)ﬂp><

itA tA
2 fone palle” S f gyl o

93 min{k,ka}/2 itA

: it A
x min{]le 1€ Fo ey [ p211€" Fr g [l 2}

52—M—2/€1—2k1,++’y/€1—2k2,++’y/€2 min{2—3M/2—k‘1/4—k‘2/4’ 23 min{k7/€2}/2+k1/2+/€2/2}6%

52—2k17++7k1—2k27++7k2 min{2—5M/2—9/€1 /4:—/62/47 2—M—‘r3 min{k,kg}/2—3k1/2+k2/2}6%
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52—4]61’_;,_—&—2’}/]{;1 min{2_5M/2_5k1/2, 2—M—|—3k‘/2—k‘1 }6%,

since (k1,k9) € X% = {lk1 — ks| < a, k < k1 —a — 2}. Then, using the LYW/T % 19 5 2

bilinear estimate, Lemma 2.4.1, Lemma 2.3.3 and Lemma 2.2.2, we get

[1(3.2.11)]| 72 + [|(3.2.12) | 12

-M —1 anm¢<f,77> 7 "
<27M|F —¢t|vn¢(g,n)|2¢’“1<v"¢(5’”W”v’@(”)““X

x (mind " F Ve fo iy s/ 1€ Fr iyl 20,
min{kk2} 2| IR FZG f ok palle™ frpy o+
+min{[[e® £, 0 o lle™ F Ve f ol sy
23 min{k’kZ}/2||€itAfm,k1 ||L2 ||6itA]:_1V§fn,k2 ||L2})

—M—k . itA ——1 p itA
<2 ' (min{||e"2F Ve Tl prgs7ll€™ fuoll Lo

23min{k,k2}/2’|vgfm’k1 HL2 an,kg HL2}+

+mind || £, 1 o€ F IV e fr ol 157,
3min{k.ko}/2 A
pdmin{kkz}/2) ¢ 2V e furollr2})

—M—k . —3M/2 —1 ;
S2 1(min{273M/2)| F VeFmp sl fogoll poss:

93 min{k’kQ}/2||V£fm7k1 ||L2 “fn,kQ ||L2}+

9—3M/2

. 71 N
+ min{ | fmed [ pos I F ™ Ve fa kol 1811,

23R 2 o g 21V e foko 1 223),
where the LP norms can be bounded by Lemma 2.5.3, (3.1.2) and (3.1.6)

[1(3.2.11) | 2 + [|(3.2.12) | 72

<2—M—k‘1—2k17++’yk‘1—2k‘27++’yk‘2 ( 2—3M/2—5k1 /6—2ka/3 23 min{k,ka}/2—k; /2+k2/2}

min{
+ min{23M/2-2k1/3-5k2/6 93 min{kka}/2+k1/2_k2/2}) e
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52—4k17++2’yk‘1 min{2_5M/2_5k1/2, 2—M+3k/2—k‘1 }6%

Thus,

S G2 s Y 2tk min{2M/2-5k1/2 o= M+3k/2-k1) 2
(k1,k2)exs (k1.k2)Ex3
< 37 o2k i (- 5M/2-Bh /2 g MBk/2ky 2
k1>k
< 9 M2k 4rktk/2.2
(3.2.13)

Next, we work on the term FI? ey ey By the bilinear estimate L* x L* — L2 in Lemma 2.2.1

and condition (1.2.2) on the multiplier ¢(&, ),

13-2.6)[ 2

SIFLq(e — 0 m) (&), (€ — Mgy M L2 l€7m 2 fr iy I palle®™ fr ol pa

Soch—lefemtB g0 palle B f ol pa

‘ ) i 2. . 2 A
/R:% eltalel (e —n,mye=itemlE=nT L (€ —m)emenllTf L () (€)dn

12

Moreover, Lemma 2.2.2 gives us,

1(3-2.6) | 2

<3min{k R} 2) 7106 — )i (€)dr, (€ = )y M| 1 17 i L2 1€ Froio | 2

52614;7—5-3 miIl{k,k2}/2 Hfm,kl HLQ anJfQ HL2

Combing the results above and employ the bounds (3.1.11), (3.1.2), we get for any t €
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2M—1 oM],

> 1(3.2.6) || 12

(k1.k2)EXEUXEUXG

< 3 2= min{[lem'® £ o | palle’ ™ £ ol 4,
(k1,k2)ExiUXIUXG
gdmintkka}/2) £ o ol faollp2}
< Z otk —2k1 1 —2ka 4 +yki+vke a0 {2—3M/2—k1 JA—ko /4’
(k1,k2) ExEUxIUXS
o3 min{k,ko}/2+k1/2+ky /2} &2

<2y trh-Mtk/2.2
Thus, (3.2.8), (3.2.13), and (3.2.14) shows

10 foll 2 S 27 2Rk MAR/2 2

If we use the L2 x L — L2 bilinear estimate in Lemma 2.2.1,

k_y|[ picmtA it
13:2:5) 12 + (3:2.6)] 2 S (L +27)[le"m™ fi by [l p2lle™™ = fr gy | oc

icntA
S Mmoo 22 11€° 7 fr gl oo

By (3.1.8), (3.1.2), for any t € [2M—1 2M]

10 fr il S > 1(3.2.5)|| 2 + [1(3.2.6) | 2
(k1,k2)ExpUXZUXG
: entA
S > mind|| £ &, 201" fro eyl oo

(k1,k2)ExpUxIUXS

3min{k, ko}/2
o3 min{k ka}/ ||fm7k.1HL2||fn,k2HL2}
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< Z 2—10k}1,+—2k‘27++’}/k2 rnln{2—3]\/[/2—|—")/]\4/8—|—’)/k'2/4—]627
(k1.k2)EXEUXZUXS

3min{k,ko}/2+ko /2 2
o3 min{k.ka}/2+ka/ Yer

5 2—10k+ Z 2—2k27++7k2 mln{Q—gM/2+’YM/8+’Yk}2/4—k2’
(k1.k2) EXEUXEUXS

3min{k,kp}/2+ko /27 2
g3 min{k.ka}/2+ka /21 2

< 9 10k —M—yM/22

Next, we consider Heiclmﬁtflvk(t,ﬁ)HLG = H.F_le_iclﬂgpﬁtfl’k(t,§)HL6. Using the LY x

L>® — LY bilinear estimate, Lemma 2.4.1, Lemma 2.5.3 and (3.1.8),

|FLemiatléP (3.2.5)|| 6 + |7 e tEP (3.2.6)] 16

k_ iemtA icntA
SA 27" f gy | psll€™™ = f iy | Loo
52_M||fm,k1 ||L6/52—2k:27++’7k2 min{2—3M/2+’yM/8—k2+7k‘2/4’ 22k2}€1

52—2k17++’7k1—2k27++’7k2 min{2—5M/2+7M/8—/€2+7k2/4—k1/2’ 2—M+2/€2—k1/2}6%

Moreover, by Bernstein’s inequality, Lemma 2.2.2 and (3.1.2),

17 LemiatleP (3.2.5)[| 6 + |7 LemiatléP (3.2.6)]| o
ok (| F e e (3.2.5) || o + | F e (3.2.6)] )

5(1 4 26]67)2]{7"‘3]45/2 ”eZCmtAfm’kl HL2 HezcntAfnJ{Z ”L2

S272k1,++’yk‘1 72k2,++’yk‘2+5k/2+k‘1 /2+k2/2€% .
Thus,

U 2y f1 1. (8, )| o
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. 2 . 2
< S |F~ et (3.2.5)) o + |7~ e~ el (3.2.6) | 1o
(k1.k2)EXEUXEUXS
S Z 2—2k17++’yk1—2k27+—|—’yk’2 mln{2—5M/2+’YM/8—k‘2+’}/k}2/4—]€1/27 2—M—‘r2k’2—k1/2}6%

(k1,k2)€x},

+ Z 2—2/{317_,_—1—7]{:1—2/{3274_—1—7]{:2 Inin{2—5]\4/24—’)/]\4/8—kg—i—’)/k‘g/ﬁl—/{il/27 25k/2+k1/2+k‘2/2}6%

(k1,k2)EX2UX;

<9~ Hrk=2M—k/22

]

Based on the setup we used in Lemma 3.2.1 for 0 fl, i, we can further take one derivative

in ¢ and find bounds on the mixed derivatives of fl, k-

Lemma 3.2.2. Under the assumption (1.2.8), we have for any t € [2M~1 2M]

1DY0y fy (1, €) || g2 S 27 M2k (Imaybeh/2—ak 2 (3.2.15)
and
IVe0rfii(t,€)ll p2 S (14 2M/2HR)pm M2k k2 g, (3.2.16)

Proof. We split 0y fk = Fy j,+ Fy ), to discuss the problem differently when (k1, k2) € Xlls U X%

and when (k1, ko) € X% for F,i ki ko Recall the equation of ¢ f in (3.2.4) and define

_ 1 2 . 1
Fip= Y Fipg T > Fipk  Fok= D Fipny
(k1.k2)EXEUXE (k1.k2)EXEUXEUXS (k1.k2)ex?

(3.2.17)
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Hence, (3.2.8), (3.2.13), and (3.2.14) imply

||F1,k||L2 S 2—2k++’}/k—M—i—k/2€%

and
1F Il 12

5>

(k1,k2)exi

el 0, =)oyt (€

L2

(3.2.18)

S Z 2—2k17+—2]€27++’yk1+’}/k2 min{2_3M/2_kl/4_k:2/4, 23 mln{k,k2}/2+k1/2+k2/2}€%

(k1,k2)ex?

Next,

Wy iy gy = /]R Mt $(€m) Fin gy (8,.€ = 1) Fo ey (£ ) Aoy ()
o [ o (1.6 = st 1))

+ /1%3 eit(b(g’n)fm,kl (ta g - n)fn,]@ (t, n)dn(‘?&@bk (g)’

%F;?,kl,@ = /R , 6“¢(5’”)itagl¢(€,n)Q(§ —0,10) frnkey (6 € = ) oy (£, )i (€)
+ /Rg eit¢(§’n)8§lq<€ - n)fm,kl (tvf - 77)fn,l@ (t7 n)dn¢k(§)
n /R 3 "M (& — 0,00, Fn ey (1.6 = 1) Fou ey (£, 1) Ao (€)

+ /R3 eit¢(§,ﬁ)q(€ - U)fm,kl (tag - U)fn,kQ (t7 77>d7]3§l¢k(£),
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(3.2.19)

(3.2.20)
(3.2.21)

(3.2.22)

(3.2.23)
(3.2.24)
(3.2.25)

(3.2.26)



When ¢, + ¢ # 0 and (kq, ko) € Xllc U X%, we have (3.2.9) and may use the identity

3

Z anmd)(g? 77)

W(gﬂmeiw(am _ ite(Em)
¢ n ) T]

m=1

to integrate by parts,

(3.2.20) = — /R iemg, %b‘(é nzj)(@gn%b’(?f ),
_ / ito(n) 0 9(& My 6(E )
R3 Vo (€,m)[?
_/ 2] a£z¢(§ m)0n, (&, M) 4
R3 Vo (€,m)[?

Fondey (.6 = 1) fru o (8, ) (€) - (3.2.27)

O Frn ey (6 € = ) fon ey (8 ) A () (3.2.28)

Fondey (6 € = 1) fo ey (8 1) b, (€). (3.2.29)

For the term (3.2.23), ¢(&, 1) = (¢ + cn)|€]? — 2cn€ - 1 since ¢y 4 ¢ = 0. In this case, we

may perform integration by parts using the identity Z%z:l _W n
n

mOn,, 0 . .
229 = [ INEEED ey fo 4.6 =) plt i) (3:230)

+ /Rs ite(Em) %le—i(ém O @(€ = 11 fi oy (6 € = 1) Fon oy (£, 1) At (€)

(3.2.31)

i fma o(&,n) ; ;
n /R3 it(&.m) 2§;—|§|2 (& = 1,10) Dy Frney (6 € = 1) Fr ey (L, 1) iy (€)

(3.2.32)

i ) §m0g $(€, ) . )
+/R:3 ot 2§;|§|2 q(§ =110 F ey (8§ — 1) O o ey (8 ) db (£),

(3.2.33)

The L'/ x L9 — L? bilinear estimate in Lemma 2.2.1, Lemma 2.3.2, Lemma 2.3.3, Lemma

2.2.2; and the property of ¢(&,n) in (1.2.2) imply

1(3.2.21) | 12 + [1(3.2.28) | 12 + 11(3.2.25) | 12 + [|(3.2.32) | 12
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¢<§’n>8nm¢(€7n> ~ ~

Voo e a(VnelE s it
+ IF (€ = m,m)vn (), (€ — )iy () ;2 +

—15771851(;5(5, T])

| F R TRrEa

x ming || e’ m A F I f g sl fo gl o,

0,
S 7

+ | (€ = 1, ) UR(E)hg, (€ — Mgy (M)l 1) X

i 21 1 A +~—1 £ TN AN
gdmin{kike}/2) ieat A= £ 2l B f ol 2}
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20n|f|2

ientA\
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Next, by the L x L? — L2 bilinear estimate in Lemma 2.2.1, Lemma 2.3.2, Lemma 2.3.3,

and Lemma 2.2.2, we obtain

1(3:2:20)1 2+ 1(3:2.38) | 2
1 afl(b(Ea n)anm(b(éa 77)

m0g @(&, . . .
1 S e — ) (€ - (DO 1)

. T JAN icntA ——1 P
x min{||e" ™= f, 1 | pec | S F Ve f kol 25
3min{k.ko} /2 ictA entA ——1 A
pdmin{kka} /2| ciemtA g |||t A F IV f ol 2}
S+ 2R =Ry min{[lefemtA £, 0| oo |t A F IV f ol 2,

3min{k,ky} /2 f
2 mm{ s 2}/ ||fm,/€1||L2||V£fn7k2||L2}7

and we can obtain another bound for (3.2.31),

1(3.2.31)]| 2
mOe O, ~ S
Sl _1522—1(;17)3%61(5 =1, Vpey (§ = M)y (M V1 ()] 11 X
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Combining the results above and using Lemma 2.4.1, we have for ¢ € [2M_1, QM]

1 2
Yo IVeFpmlz + > IVEF 1y ol 22
(k1,k2)Eex)UXE (k1.k2) EXEUXEUXS

<Y 1(3.2.21) + (3.2.22) + (3.2.27) + (3.2.28) + (3.2.29)|| ;2 +
(k1,k2)extUx:
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icmtA ~—1 ; icntA
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where the LP norms are bounded using (3.1.2), (3.1.6), (2.5.3), (2.5.4), and (3.1.8).

Hence, we showed

1 2
IVeF gl 2 < > IVeFipplz+ > IVEFT, ) kol 22
(k1.k2)€XLUXR (k1.k2) EXLUXEUXR (3.2.34)

< g M=2ky—h/22
Using Lemma 2.1.1 and (3.2.18), we have

ID*Fy ol 2 S 1P gl 32 IV Py gll S
< 9= 2het(h=M-+k/2) (1=0)+(~M—k/2)ar 2 (3.2.35)

< 2—2k++(1—a)7k—M+k/2—ak€%.
Next, we need to find a bound on [|V¢Fy || 2. Immediately by (3.2.8), we get

1(3.2.22)|| 72

<[Vl oo
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R3 L2
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By the LI8/7% 19 — L2 bilinear estimate, Lemma 2.2.2, Lemma 2.4.1, Lemma 2.3.3, Lemma

2.5.3, (3.1.2), and (3.1.6), for t € [2M—1 2M]

1(3.2.20)|| 2
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and
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Thus, we showed
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By Lemma 2.1.1, we get
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When M < -2k,
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and (3.2.35) combined with (3.2.39) proves (3.2.15).

Moreover, from the computation above, we also have
IVeFy gl 2 S (14 2M/2kyp=2ke —M—k/2 2 (3.2.40)

and (3.2.16) is an immediate result of (3.2.34) and (3.2.40). O

Lastly, using parts of the estimates we obtained in Lemma 3.2.2, we may conclude this

section with the following result for the L3 norm of the mixed derivatives.
Lemma 3.2.3. Under the assumption (1.2.8), we have for any t € [2M_1, 2M]

e MR F I 0y fr (8, €) s S 27 M2+,

Proof. We will keep the definition of F j, and Fyj same as in the proof of Lemma 3.2.2,

then it suffices to show
|F e ET R g g+ | F e E Ry ) 0 g 27 MR
Using Bernstein’s inequality in Lemma 2.5.1 and (3.2.34),
|71 TR gl 2827 e P T Ry ) s 27N,
Next, from (3.2.17) we observe that
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|F et e Ry plis < 30 IF e IV s
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and
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By Bernstein’s inequality, (3.2.36), and (3.2.38), we have
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and

1(3.2.42)|| 73

<ok/? /R 3 6it¢(£,n)a& Fondey (6 € = 1) Fr e (8 ) iy ()

12
2
—2k/2||(3.2.21)| ;2

52]%‘/2—2/41174_4-’)/1@‘1—2k27++’yk2 min{2—3M/2—5]<:1/6—2k2/37 23 min{kﬁ,k‘z}/Q—kl/2+k2/2}6%

Lastly, using the L5 x L6 — L3 bilinear estimate, Lemma 2.4.1, Lemma 2.3.3 and Lemma

2.5.3, we obtain
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Summarizing the bounds above, we have

: 2
1F e PV By gl s €03 1(3.2.41) + (3.2.42) + (3.2.43) | 3
(k1,k2)ex;
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CHAPTER 4
PROOF OF THEOREM 1.2.1

Assume the initial condition |ju;g|| 10 + e~ Byl ; < €. The local well-posedness in
Proposition 5.0.1 gives the bootstrap assumption (1.2.8).

First, we perform an energy estimate to bound the term ||u; (¢, x) HH%O = |leicitAf (¢, ) ”H%O -
||fl(t,x)||H%o. Take any ¢ € [1,7T], by the initial condition (1.2.6), the assumption (1.2.8),

and the estimation in Lemma 3.2.1

t
2 2 2
||Ul(tal’)||H%o S ||U10HH%0 + ];Z/l 3s||fl,k:(57x)\|H%0d5
€

t ~
=G+ Y [ ol I s, s

keZ

t A ~
=G+ 3 [ o [ H1ER hials el )

keZ

t A ~ A~ ~
S+ Y [ 2 [ 0 ORals.€) + finls 0l s

keZ

t A A
S+ Y [P oo, 205, ) 2

keZ
2 t 20ks—10ky | 7 6%
<3+ / 2208410k | f (5, | 2 75 s
kez, 1 $

€2

t
) 1
< e+ ||fl||L§0([1,T])H};O/1 81+v/2d5

2
2 1«2, 3.2
Set ||fl”Lt°°([17T])H%07 SE€ TS e

Next, we use the result below whose proof is given in Chapter 6.

Proposition 4.0.1. Under assumption (1.2.8),

e~ B uy(t,2)| 7 = | fi(t, )| 7 S eo (4.0.1)
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for alll and t € [1,T].

Hence,

—iCltA

sup lu(t, )| grao + [le ui(t, 2z S €o-

te[1,T)

Define

T =sup{T > 1: {w;} is a solution to (1.2.1) s.t.

sup sup_[uy(t, 2)l| rao + e 7 By (t,2)| 7 < 1}
[ te[l,T]

Suppose T < oo, then

—icitA

sup - sup |luy(t, z)|| 1o + |l w(t,z)lz S e < e,

I te[l, 7]
given ¢ sufficiently small. Hence, by local well-posedness, there exists some 77 > T such
that {@;} solves (1.2.1) and

—icitA

sup sup [ig(t, 2 o + eV iy (1,2 < er.

I tel,177]

which gives a contradiction and shows 77 = oco.

Thus, we can conclude

7Z'CltA

sup luy(t, @)l a0 + le w(t,z)|z < €o, (4.0.2)

te[l,00)

which proves the existence of a global solution to the IVP (1.2.1) provided ¢ sufficiently

small. The uniqueness follows from the uniqueness for local well-posedness in Proposition
5.0.1.

Furthermore, as a result of (4.0.2) above and (3.1.8), for any integer M > 1 and ¢ €
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[QM—I, QM]

et A
lug(t,2) e S €2 £ gl poo

keZ

5 Z min{Q—SM/2+7M/8—2k++7k+7k/4—k’ 27k—2k++2k}60

keZ

< Z Q'yk—2k++2k€0 n Z 2—3M/2—|—'yM/8—2k:++7k:+7k:/4—k:60
k<—-M/2 k>—M/2

< o M+/D ) < 4=(+1/2)

which proves (1.2.7).

Lastly, we show the scattering result. Since we now have

sup fuy(t, )| grao + e Pt )]z = sup | filt, 2] g0 + Ifi(t, 2|2 S eo,
te[l,00) tell,00)

we know Hatfl,k(t? o)z S 2_10k+t_1_7/26% for all t > 1 from Lemma 3.2.1. Then for any

1<t <o,

| fi(te, ) — fz(tl,I)qum

S [ oato, s

keZ

<Z/ 020k /R3 O fui(5,€) fu(5.€) + fip(s.€)0sfy (5. )deds

keZ

<> / 22054, 4 (5, 2) | 2105 o 5 ) | 2 s

keZ
2

20k —10ky || f €
S [ g s

keZ
2
20

t2
< R © —
St Dz oopmp [ o
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w

<€_0(% _ % '
Tt ty

Thus, fu(z) = fj(n,z) forms a Cauchy sequence in H0(R3). Hence, there exists some
u*(z) € HIO(R?) so that ||f;(n,z) — uw* ()| 10 — 0 as n — oo. If [t] denote the integer

part of ¢, then
it 2) = w* @)l g0 < A1) @) — u* @)l g0 + 1i(ts) = fille), )l a0

implies [|u;(t,z) — eicltAu*(x)HH%o = |fi(t,z) — u*(w)HH%o — 0ast— oo.
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CHAPTER 5
PROOF OF LOCAL WELL-POSEDNESS

The following local well-posedness result is essential for us to make the bootstrap assumption
(1.2.8). The result indicates that if we start at any time ¢y > 1 and have initial data u

_icltoAulo bounded in the H10N Z space, we can find a unique solution to the partial

with e
differential equation that exists on the time interval [¢y, T| where T is only dependent on the
starting time t( and the size of our initial data. The proof uses Duhamel’s integral equation

and is based on the contraction mapping principle.

Proposition 5.0.1 (local well-posedness). Given tg > 1. If |lug|| grio + [le 7" 0R | 7 < ¢

for some € > 0, then there exists T = T (tg,€) > tg so that the equation

Oruyp = icjAuy + Zcm_i_cn#o Al tmn + Zcm—lrcn:() Ay Q (um,, up) (5.0.1)

upl=t, = uyp

has a unique solution uy(t,z) such that e~y (t, 2) € C([to, T); HO N Z).

Proof. Define an operator

. t . . .
U(F)(t, ) =ettoBy, 4 /t eriasd (N Qetm A, ciensA gy
0

cm+cn=0
m>n

+ Z Almn(eicmSAfm)(eiC"SAfn)> ds.

cm+cen#0
m>n

We shall show there exists some T' > ¢ty and r > 0 such that for

X ={fe]]cto. T H'ONZ) :sup sup | fill grao + 1 fil z <7},
] I telte,T] *
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v : X — X, and furthermore, ¥ is a contraction map.
Take an arbitrary f € X and ¢ € [tg, T]. Our goal is to establish bounds for H\Il(f)lHHlo and
W (fY;||z. These bounds will rely on the initial data ug, the radius 7, and the time interval

[to, T]. To proceed, we need to compute

1% (il o

SHG_chtOAulO”HlO +(T —tp) Z AlmnH@_wlSAQ(@meAfm, ewnSAf”)HLgO([tO,T])H%O—'—

cm~+cn=>0
m>n

+(T=10) Y Al (€2 Fin) (€ )l oo (10 77 10

cm+cen#0
m>n

<luoll o+ (7= 10) D7 Auuall(L+ 6127 FQUE™ fon, 0 )| e g 77 27+
cm~+cn=0

m>n
LCom, A iCn, A
(T =t0) D Aunlle’™ fnll poo 1.y 20 1= Full Lgo i, 77) 20

cm+cn#0
m>n

Using the L2 x L™ — L2 bilinear estimate in Lemma 2.2.1 and Bernstein’s inequality in

Lemma 2.5.1, we have

S Al + € FQUE™ fn, 52 )| o 1o 1) 22

Cm+Cn 0 f
m>n

1
S i X 2% [ ale - nx
R ke k1 ko €7 R
m>n

y T s 2 A
X e ZCmS‘g 77‘ fm’k1(57£—7]>€ ZCnS|77| fn’]{;Q(san)dn

DD DI ACY IR

k1,ko€Z k<max{kj,ko}+1

L3 ([to,T)) L

< Z Almn

CmtCn=
m>n

9 —nl?2 7 —1 27
X e ZCmS‘S 77\ fm,kl(s’g_n)e ZCnS|77| fn,kz(san)dn

L3 ([to.T]) L2
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< Y M| DD ST oWk temsA g oA g e

cm+cn=0 k1€Z ko<ky k<ky L ([to,17)
10k ) A 3ko /2| jicnsA
S Z Almn Z Z 277 | etom® S,k HL%2 2/ [e"n? Jnks HL%
cm+cn=0 k1€Z ko<ky Lo ([to,T7)

10k 10k
S Z Almn Z Z 210 1’+”fm,k1HL:%2 0 2’+||fn,l<:2HL%

cm~+cp=0 k1€Z ko<kq

Lge([to,T1)

S D Amnllfmllzeeqitg 77210 L Fnll Lo it 1) E10-
cm+cn=0

Hence, there is some constant C' > 0 independent of f so that

—

()il Loe ([t 7)) 20

Slluoll o+ Y AT — t0) | fimll oo (1,79 201 | Lo (10,77 2120
cm+cn=0

2
<lluoll gr10 + C(T" = to)r*.
Next, we move on to bounding the Z norm

()il z <lle™Pupllz + (T — to) sup 2k T2heTh/2rak Do Femiasi

keZ
<[ A QA fn, A f) 4
cm+cn=0
m>n
T Z Almn(eiCMSAfm)(eicnSAfn))wk(@ ’
T Lg([to,T]) ¢
m>n

where according to the computation on page 37 and (3.2.4),

}'eiCISA( ST A Qe f A )+ > Almn<e“msﬂfm>(eiCnsAm)wk@)

em~+cn=0 Cm+0n?£0
m>n m>n
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=Y A Y / HSOEN (€ — 0.0) Fo iy (516 — 1) Frey (5 )R ()l

cm+cn=0 ki,ko€Z

m>n
Y A S / SN f 1 (5,6 — 1) fo g (1 )04 (E)l

cm+§n7é0 k1,ko€Z

S A [N g (51— 1) (5. m0(€)d
Cmntggfo (k1,k2)ExUx;
Y A D / L5 fo by (5,6 = 1) gy (5.6 (E)
Cmgcﬁéo (k1.k2)EXFUX}

> A Y / L€ = 0.0) fon gy (5.6 = 1) ey (5. ()l
Cm“"cn?éo (kl,kg)EX]l€
+ Z Almn Z /3eis¢(£’n)fm,k1(37§_n)fn,kg(san)qvbk(f)dm
cm+cn=0 (kl,kg)exi

for ¢(&,m) = ;€12 = cm|€ — )% — culn|?. Since DI = DV, we look at the first derivative

3 §

in £ for each term above,
2, / GSHED f (5,6 = 1) foe (5210 ()
= [ A6, 1) g (5, = 1) oy )
b [ D0 oy (5.6 = s, ()
+ /R . SOEM f 1 (5,6 = 1) froky (5.1)e,0n(€)dn

and

agl/ eSEM (€ —0,1) Froy (506 = 1) oy (5, 1) 01 (€) el
_ /R LN isdg GE (€ = 1,1) Fon ey (5,6 = 1) oy (5.6 ()
+ /]R M (& = 1.0) Fon by (5§ = 1) F ey (5 M) ()
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(5.0.2)
(5.0.3)

(5.0.4)

(5.0.5)

(5.0.6)



+/Rg "M g€ —1,m)0g Fyn ke (5,€ = 1) by (5, MU ()l (5.0.7)
+/R3 O (& = 0.m) fon ey (5 € = 1) Fo ey (5.1) Dy g (). (5.0.8)

Split the terms in the first derivative according to the number of derivatives on fm,k1 and
define
F i jy = (5.02) + (5.0.4) + (5.0.5) + (5.0.6) + (5.0.8),

Fi ey = (5.0.3) 4 (5.0.7).

From condition (1.2.2) on the multiplier ¢, Lemma 2.3.2, and Lemma 2.3.3, we know

| F 0, 0(&, M)k (E)Uny (M| 11 + I1F 0, 0 m)a(€ — 1, )Wk (€) g, (€ — Mgy ()1 11

<ok 4 ok < ok
and
|7 a6 = n.m)dp()in, (€ = migy ()l 1 < 287"
Then, by Lemma 2.2.2,

HFJQ,kl,kQ(S?@”Lg
_— 1 2
S(T2R 4 2K Ty poo) | oty (5 @) | 2 250 FR2 2 £ 0 (5, 2) |2 (5:09)

k —k 3min{k.ko}/2
(T2 4 27R) ) £y (5, 2) | 22 ERY 2 £ (5, 2) | 2

and

1 by 5Ol 2 S IVt (€ 22 A2 £ (5.2 . (5.0.10)
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In order to bound the 1 + « derivatives, we take another derivative in £ and get

D, [(5.0.2) + (5.0.4)]
- /}R M0 D D€, 1) fny (5. = 1) o by 5, M0(E)

_ /R A 20 6(6,m) D 68 ) Fon ey (52 = 1) o ey (5. M) ()

T /R | NED 350 (6,10, Fon ey (5:€ = 1) oy (5, 1)Uk ()

9 /]R M i G(E,m) fo ey (5:€ = 1) k51, V(€D

+ /R BAEDOe b (5,6 = 1) f o5, 1) D, U (€

+ /RS €i5¢(§’n)fm,k1 (575 - n)fn,kg (5, U)agmagl@[)k(g)dn,

afm (503> = /]‘{3 €i3¢(f,ﬂ)isa§m¢(£’ n>a§lfm,k1 (875 - n)fn,k'z (87 U)wk(f)dn
+ /R LN O fn ey (5,6 = 1) oty (5 )0 ()

[ D0 f gy (o€ = 1) (5,0, (€ n,

D, [(5.0.5) + (5.0.6) + (5.0.8)]
— /R ePEN 20, 5(6, 1), HEME — 1.7) ey (5:€ = 1) Fa (5 1)U (€
+ /R €M isde, 06 6(€m)a(€ = 1.0) fon k(5. = 1) oy (5, M ()l
2 /R €M 6(6,m)0,, (€ = 1,1) F ey (5,€ = 1) oy (5 1R ()
T /]R M 50 b€ m)a(€ = 1)y F b (526 = 1) Fo by (5, W)U (€l
2 /R €M S(€,m)a(€ = 11) oy (5:€ = 1) Fo oy (5 1), Va ()

+ /R LMD, O a(€ = 1.0) Fyn gy (5.6 = 1) f ey (5.0 ()l
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+ /R DD q(€ = 1,m)g,, Fon gy (5.6 = 1) ey (5. ()l
+2/R 30N e (€ — 1,0) Fon ey (5.€ = 1) Fru ey (5,7) D, Uk (€)
o [ AN .0)0 (5, = 1) o5 1) )

+/R3 50N G(€ — 10,0 fr ey (5,€ = 1) F ey (5,7) D, O, Vr(€)d,

and

Og,, (5.0.7) = /R LM isde, (€ m)a(€ = 0.1 fon k(5,6 = 1) f iy (5. )R ()
+ /R . 3OEM e q(& —1,0)0e, Frn ey (5:€ = 1) Fru ey (5. 1)0R(€)dy
A =)0, D sy (516 = 1) oy (5 )
[ A =)0 oy (56 = 1) (5.0, i)

Using Lemma 2.3.2, Lemma 2.3.3, and (1.2.2), we have

1~ 0, 6(€, m)De,,, (&, M) (€) Py ()| 1+
+|F 10, 6(8, )0, (€, m)al€ — 0, m)k()dk, (€ — Mgy ()]l 1 S 229

and

1F IV Eq(€ = 0, )P (€ = Mgy () 1 S 2% 725,
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Hence, employing Lemma 2.2.2, we obtain

||V5F/g,k1,k2(3»5)||L§
(T + T22%1 4 TR ||Wapy || oo + T2MHER——F || W24 || oo + 2652k 4

+ 2K Lo | frnky (5, ) | 2 28 ER 2| £ (5, 2) | 2+

+ (125 + (| Vgl oo + 2K~ )| F Ve fy (5, Ol 122422 1 (5, 2) 1
ST+ 12220 4 Toki=h 4 972k £ (s,0) | pp 28R 2| £ 0 (s, 2) | 2+

+ (128 + 278 | F Ve i, (5, 22022 £ (5,20 2

(5.0.11)
and

Hvépkl,kl,kg(‘g?@”Lg
ST+ |Vl oo + 2P TV f g (5, )l g2 28R 2 (s, 2) | o+

I F I o (5, )| 2 2RI 2 (5, 2)

ST+ 270V f gy (5, O 2 2 £ (5,2 g+
F1VE oy (5, Ol 222 M2 £ g (5,2

STV iy (5, )1 22220 £ g (5, )l g+
+ (L 2792 fo gy (5 €)1 220 MR £ (521

k —k+k ¢ 3min{k,ko}/2
ST+ 27 1) oy (5, )22 MR o (5, )l g

(5.0.12)
since (2.5.1) implies Hngm’leLg < 2’“1||V§fm,k1||L§-
Using Lemma 3.1.1, f € X implies for any ¢ € [tg, T
Hfl,kHHgl < 272k FIRmR/2, Hfl,kHHgHa < 272k hmk/2mak,, (5.0.13)

and (3.1.5), (3.1.7) implies Hfl,k”Loo([to )2 < min{2_2k++7k+k/272_10k+}r'
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Thus, as a result of Lemma 2.1.1,

0 0 1— 0
||DaFk,k;1,k2(3» S)HLE < ||Fk,k1,k2(57 §)||Lga||V§Fk,k1,k2(37 5)”%27

and using (5.0.9) and (5.0.11), we have

0
> ||DaFk,k17k2(57€)||Lg
(k1.k2)Ext

S S @b o F T e T2 bR gy e ()|
(k1,k2)Ext
-1, ¢ ko /2
X NF Ve fon ke (5, 11322222 fr iy (5. 2) 2

<SS (128 4 27F £ T 7202 4 92k pinfo PRk 2ok 9Ok g
ko<k

3ko /2
x 23022 1 (5,2)| 2

<D0 (12 414 T2k 4+ 7293 4 9 Ryg etk 2mak
ko<k

X min{1, 2_4k+_7k_k/2+0‘k}7"23k2/2 | fr o (55 2) || 2

Z ’ x
k‘2<k

<92k tk—k/2—akp2y) £ I 220 (0,7 E20

and

0
> ||DaFk7k17k2(S7§)||Lg
(k1.k2)EXZUX;

< Y (T2 TR p mokmh 972y

(k1.k2)EXZUX;

X by (5, 23 I Ve fn by (5, 152 2%2 ) oy (s, 0l 2
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< Y (2R qotR oy rPehe  mokamh oy 972k

ko>k—2a—2
—2k ko+ko/2—aka,.03k/2
x 2722 dnkatha /2oy g3k 2 £ L (s, 3) | 2
ko>k—2a—2

—2k ko—ak:
x o2tk ek £ (s 2

) —k/2— 2 1
Sphetohok2abp2 N o0k £ (s, 0) 2
ko>k—2a—2

<o—2kiFrk—k/2—akq2, ¢ Il oo ([to,77) H1O-

For the estimation of F’ kl/, oy ey W€ will use the interpolation result in Lemma 2.1.2. We can

define a family of operators on the strip {z € C: 0 < R(z) < 1}

T.4(s,€) = D§ ( /R LMD g (5,6 = 1) fo ey (5, M ()l

o [~ ), (5.6 — ) g nm(s)dn) |

From (5.0.10) and (5.0.12), we know

o A i 2
1013935 €)1 2 SIVed (5 )l 1222 Y2 1 g (5,2

p in{k,ko}/2
<N9(s, )l 2R £ (5 2l

and

N k —k+k 24 in{k.ko}/2
IT1igd(s, )ll gz S(T2M 2778+ 1) VEgg, (5, €)1 2222 £ (5,21

T2+ 27 1)]1g(5, ) 2P MR 1 gy 5,0
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Thus, by the interpolation result in Lemma 2.1.2,

||DaF]§7k_1,k_2(S, g)HLg :”Ta(f/&kl)(‘s? S)HLE

§<T2k1 + 2—k5+k1 + 1)||fm,k:1 (8, g)||H51+0423m1n{k7k2}/2||fn’k2(87 x)“L%?

and (5.0.13) implies for any s € [tg, T

Z ||DaFlfl,k1,k2(3a§)||Lg
(k1.k2)EXEUX;
S Y (qpatrh g gtk 2mak g3 2 )
(k1,k2)Ex2UX;
<o-Phetakob/2oak ™ (pohatk/2 | glath/2)90-1/2=0) k)| £ (s )
ko> k—2a—2

‘3 )
k2>k:—2a—2

2

S22 FRR 2R T | | oo 11y 7 2120

For (ki, ko) € X/1€7 we need a new bound for ||VF,% ky k2||L2' Using the identity

Z anj¢ 9. cttoEm) — pitd(€n)
— it[Vyof2 " ’

we have

de, (5.0.3) = — / oM, Oty frn oy (52 € = 1) foo ey (510 (€l

R3 ’ ‘Vn¢|2
is 0 j¢ 67 0 md) 57 ) A R
—/R3 e o(&m) L ( |g)77¢§|2 ( 7 8’17ja§lfm,k1(87€ - W)fn,kz(saﬁ)¢k(f)dﬁ
is a j¢ 67 a m(b 57 P P
_/R?’e s 8 |$n¢§|2 ( n)aglfm,kl(s,f—U)anjfn,kg(s,n)wk(f)dﬁ

+ /Ra @i8¢(§,n)8§ma& fm,/ﬂ (s, — n)fn7k2(3’ mk(€)dn

73



+ /Rg Mg Fo o (5:€ = ) Fro oy (5:7) e, (),

and

de,, (5.0.7)

isoem) n O &m0, o€, m)
:_/Rge e, ot

_/ Sisd(E,m) ) O 0 m) 0, 0(E, 1)
R3 |V17¢|2

_/ Sisb(E) ) On; O(&5m)0g,,, 9(€: 1)
R3 |V77¢|2

_/ SisH(Em) ) O O(&5m)0g,,, H(€5 1)
R3 |V77¢|2

+ /R LMD q(& = 0.0 fon py (5:€ = 1) Py (5, Mg ()

+ /R e g(& = 0,1)0e,, 06, Fin ey (5:€ = 1) oy (5, M) 0k (€

+/Rg BOEM g(& = 1,m)e, Fi ey (5:€ = 1) oy (5,1) e, Uk (€

Since (3.2.9) implies

Vol

17 1o, Pk (€) gy (€ = Mgy ()l 1 S 27M

and

o(§:m)0,, 0(&,n) ~

f 1 77.7
” Tt

1/) (5)&]{:1 (5 - n)&kg (77)”1;1 5 17

and Vy,0(£, 1) = 2cp§ when ¢, + ¢, = 0 implies

o(&§ M9k, #(&,n)
Vi ¢!2

17~ 1oy, Oy q(& = 0,k ()p, (€ = ), (M)l L1+

74

Q<§ - 77)351 fm,kl (87 f - 77)fn,k‘2 (87 77)1/% <§>d77
On; (& = 1.0, Fo oy (5:& = 1) f oo (8, ) (€) iy
q(& = 0,m)00;0¢, Frn ey (5. € = 1) Fon oo (01 (E) iy

q(& = 0,m)0g, frn ey (5,€ — M) Fon oo (5,1 (E) iy



P(&, )0, #(&: M)

w2 oo O alE = 1D (€ — )iy ()1 S 247
and
I7 W(ﬂ%qﬂf@ o6 — )3k )y € — () 1 S 2,
we have

1 -
IV gy gz S+ 2752 gy (5 )22 PRI £ (5,2
oy (5 Ol 2 D2V f gy (5.1

S(L+282) | oy (5, )| 223 minikk2d 27 £ (5,60 .
3 3

Thus, by the interpolation result in Lemma 2.1.2,

1
HDO‘F,{’kl’kQ(s,f)HLg

kayil £ i 2
S22 oy (5, v 2R 2 o (5, )15 e ) 5

and (3.1.3), (5.0.13) imply that for any s € [tg, T

1
Z ||DaFk,k1,k2(S7§)||Lg
(k1,k2)ex),
ko \o—2k ki —k1/2—aky..03ke/2 1/2
S D e A [T ERO o FAPMEN: >u/
(k1,k2)ex)
52—2k++’yk—k/2—akr Z (1 + 2k2)23k2/2"fn7]€2(8,iL’)H2/222_k2’++7k2_k2/47’1/2
o<k N
2k k—k/2—ak, 3/2 5k 1/2
Sarhetakok/2maky 82 N7 gk g (s @)l
Fo<k

2y +rk—k/2—ak,3/2) ¢ 11/2
<9~ 2ki+yk—k/2-a /anHL/OO [to, 7)) Hz""

5



Summarizing the results above, we have

“D§+af6_i015A( Z Alan(eicmSAfm, eiC”SAfn)—f—

cm~+cn=0
m>n
+ D AR ) (€75 f) ) (€)
et 0 Lg([to, TN L
m>n

<o 2hstrh—h/2=akey | £ o + 2 2otk 2mak 372 12
X

Lo (1t0,17) Lge([to, T HEO

<o~ 2k tvh—k/2-akp,2

Hence, there exists some constant C’ > 0 independent of f so that

1 (F)llz <lle™Pugll 7 + C'(T — to)Tr™.

—icitgA

Since |luyg|| g0 + |le upllz < €, we can pick r = 2e and T' = T'(e,tg) > tg so that

max{C, C'}(T — tg)Tr < 1/12. Then

sup [[U(f)yll grao + 1 (Fillz < e+ C(T = to)r? + C'(T = t0)Tr* < e +r/12+47/12 < .
te[1,7) v

Thus, we proved ¥ : X — X.

Following along the same lines from page 64 to page 76, we have for arbitrary f, ge X

S Al QU™ frr, €5 g | oo o 1) 1110

cm+cn#0
m>n

SCHmeLtOO([tO,T})H%O ||9n||L;>°([t0,T])H§0

<Clfllxlgllx
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and

HDé—FOz}—e—iclsA( Z Alan(eicmSAfm7 eiC"SAgn)—i—

cm+cn=0
m>n
+ Z Almn(eiCmSAfm)(eiCnSAgn»wk(@ 5
Cm+cn?é0 Lgo([thT])Lg
m>n

<O 2R FRRP2ZOR D (| fool| oot 1) 2 + 1l 20 (1,77 H20) %

X (HQnHLg@([tO,T])Z + HQnHLgO([tO,T])H%O)

<C'27 2k tk=k/2=ak | £l ¢ |11l x,
which imply

le R0 A QU i, R )+

cm~+cn=0
m>n

+ 3 A€ ) (€52 g0)) | oo 0 2 < C'TIF Il x 19 x

cm+en#0
m>n

Now, we are ready to show V¥ is a contraction map. Suppose f, g € X, then

—;

f (g);
_ —zclsA ( Z Almn(Q@meAfm’ ezcnsAfn) . Q(ezcmsAgm’ eiC"SAgn))—l—
Cm+0n_0
m>n

+ ¥ Almn«e“msﬁfm)<ei0nsﬁfn>—<e"0ms%m><ei%sﬁgn>>)ds

cm+cn#0
m>n

:/t e—iclsA( Z Almn(Q@icmSAfm’ eicnsAfn) _ Q(eicm‘SAgm, eiC"SAfn)—l-

0 em+en=0
m>n

+ Q(emeAgm, ezcnsAfn) . Q<€zcmsAgm7 eiC"SAgn))—i—

7



D An (B frn) (€705 ) — (€5 g (9052 )+

cm+cn#0
m>n

1 (eicmsAgm)(eic”SAfn) - (eicmSAgm)(eicnSAgn»)ds

t .
- / s ( Z A (Q ZCmSA(fm — gm), ezc"SAfn)"‘
to

cm+cn=0
m>n

+Q<€icm5Ag s zcnsA<f _gn>>+

+ Z Almn((eicm5A<fm - gm))(eiCnSAfn)-i-

cmten#0
m>n

T (omsB gy (efonsD (f, — gnm)d

For any t € [tg, T,

S ApnllQE™IA (i — gim)., €55 f) +

cm+cn=0
m>n

+ Qi mB g, elnSB(f, — 9D Lo (jto, 1) H20F

+ > Al (fn = gin) ) (€52 )+

cm~+cn#0
m>n

(R ) (€2 (fn = g0) | Lo g 1 20

<C|If = glxllfllx + Cllgllxlf — gl x

and

e—iclsA( Z Alan(eicmsA(fm _ gm), eiC"SAfn)—i—

Cm+Cn:0
m>n
+ D A€ (fn = gm)) (€2 ) +
cm+cn#0 Lo ([to, 1)) Z
m>n
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+ e—iclsA( Z Alan(eiCmSAgm, eiC”SA(fn _ gn)"‘
cm+cn=0
m>n
+ Z Almn(elcmSAgm)(ewnSA(fn - gn)))
cm+cn#0 Lo ([to, 1)) Z
m>n

<C'T|f = dlxlIfllx + C'TlglxII.f - dllx.

Since f, 7€ X, we know || f]|x + ||7llx < 2r. Thus,

12 (F)r = W(@)ill ot 7y 20 S2T = 10)CULF = Gl Il fllx + 190 1L.F = dllx)

<4r(T — o)\ f - Fllx
and

19(f) = W)l e (o 17y 2 <(T — ) (C'TIF ~ GllxllFllx + CTI G x1F — lx)

<2rC'T(T — to)||f = Flx-
Since we required max{C, C'}(T — to)Tr < 1/12,

1 (f) — (§)||x <4r(T —t0)C|If — gllx +2rC'T(T —to) || — Fllx

<(4r(T = 19)C +2rC'T(T — to))|| f — gllx

with 4r(T — ty)C + 2rC"T(T — tg) < 1. This shows that ¥ : X — X is a contraction map.

Therefore, by the contraction mapping principle ¥ has a unique fixed point f € X such that

) t . )
f(t, ) :e—zcltoAulo + / e—lclsA( Z Alan(emeAfm, GZC”SAfn)—F

to em+cn=0
m>n
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+ Z Almn(eicmsAfm)(eicnsAfn)) ds.

cmtcn#0
m>n

Let w(t, z) = '@ f;(¢, ) and observe that

w(t, x) = B fi(t, z)

, t

to

eicl(t—s)A ( Z Alan(eicmSAfm, eicnsAfn)+

cm+cn=0
m>n

+ Z Almn(eicmSAfm) (eicnsAfn>> ds,

cm+cn#0
m>n

solves (5.0.1) according to Duhamel’s principle.
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CHAPTER 6
PROOF OF PROPOSITION 4.0.1

In this section, we prove the main proposition stated in Chapter 4. This is the crucial result
that shows the Z norm of the profile f;(t, z) = e "% (¢, 2) remains bounded independently
of the growth of the time variable, which leads to global well-posedness. The main goal of
the proof is to deal with the additional powers of ¢ introduced by the 1 + « derivatives in
the Z norm.

Similarly to what we did in the proof of Proposition 5.0.1 and Lemma 3.2.1, we will
employ the integral equation and use the Littlewood-Paley operator to further decompose
the frequency spaces of profiles fy,, fn in the nonlinear term.

Recall the definition of ||- || 7 in (1.2.3). We decompose the time interval [1, 7] into dyadic

intervals and observe

112(t2) |z
t
Slhuollz + | [ 9ssi(s.a)as]],

Seo+ Y sup 1 fi(ta,x) — filt1,2)| 2

1<M<log T 2M 1 <ti<to<2M

—vk+2ks+k/2+ak 1 2 1 A
REZ 1 < p<log T 2M T <ti<tp<2M

To prove

Ifit,2)|lz < eo,

for all t € [1,T1, it suffices to show for all k € Z,

< 6%,

~

sup 2_7/€+2/€++k/2+ak”Dé]:-i-afl’k(t% 5) . Dél‘—’—afl,k(tl; 5) HLZ
1§M§10gT2M71§t1<t2§2M 13

. 9 10/6
since €] =€ ' < €.

81



For 2M=1 <t <ty < 2M et

Gblit s = [ [ g 0.6 = b €

and

Gkkl ky = / /112{3 &M g(e -, U)fmkl(tf ﬁ)fnkQ(t n)x(§)dndt.

Then we have

[fit2,€) — fi(t1, ©)1vr (&)

Z Apmn Z k kl ,]{;2 Z Apmn Z G%]ﬁ ko

cm+cn 70 (k1.k2)EX2UX; cm+cn70 (k1.k2)Ex}
m>n
M 2 M2
+ Z Almn Z k kl,kg + Z Almn Z Gk,kl,kg'
Cm"‘inzo (/ﬂl,k‘g)einxk cm+cn=0 (klakQ)EX}g
m=n

(6.0.1)

. . M,1 M2 : M,i
Taking one derivative on Gk,khkg and Gk,kl,kg results in the terms ]k,kl,kz and Jk oy ey

12
Rk = [ [ 0.6 = ) g )0 €

= [ el o (6 = gt €t
2= [ 00161 o 0,6 = gt S,

Tekks = / /R LM g(0,€ =) f ey (8.6 = 1) oy (8, 1) O 0y (€) At

i /t /R?» MOt 851(1(7776 - n)fm,kl (t,€ - U)fn,kQ (t,n)(&)dndt,
1

T P My — e fo i (€ — 1) oy (6 ) (€t
kk:l,kg 1 JR3 a\m, N)0¢ Jm ki \Us N)Jn, ko \L WL nat,
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(6.0.3)

(6.0.4)

(6.0.5)

(6.0.6)



Ry = [ [0 e )01, € ~ ot (0 = )
(6.0.7)

Since

Dém[fz,k(tmf) — fip(t1,©)) =DEVe [ fi 1 (t2,€) = fri(t1,€)]

Z Almn Z Z D?Ikkl,kg

cmtcn#0 (K1, k2)€X12 0,1,2
o M,

> A Y, D, DE S o

cm+cn=0 (K1, kg)GXl'L 0,1,2
> A > D¢ kkzl,kzg

Cm+cn7é0 (k’l,kQ)EXZUXBZ 07132

m n
o +M,i

Y A ) > D¢ Sl ko

Cmpggfo (k1,k2)exiUx; 1=0,1,2

the problem is now reduced to estimating the « derivative of I]i\/[k’i ko and Jéwk’i i, Where

i=0,1,2.

We shall use the interpolation results developed in Section 2.1 to tackle the estimation
for the o derivative of the terms above. We will discuss the terms DI k. k o and DO‘J k1 ko

for i« = 0,1,2 in Sections 6.1, 6.2, 6.3 respectively.
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6.1 D“[kk ko and DO‘Jk kl,kQ

In this section, we will show

Z sup 2_’7k+2k‘++k’/2+akx
1<m<log T 2M~1<ti<tp<2M
x> A > |Dg kk1k2||L2+
i (6.1.1)
+ Z sup 2_’7k+2k++k3/2+ak><
1<m<log T 2M~1<t1<to<2M
x> A > 1DgT kkl k2||L2<€1
cmten=0 (k1,k2) EXEUXZUXG

In order to gain decay in ¢, we want to use the following identity

Gito(Em) _ ann¢—(5)3 Gitd(En)
— it Vgl P "

for integration by parts. Bounding the right hand side requires the norm of V,¢(§,n) =
2¢m (& —n) — 2¢pn to have a lower bound. However, we can only achieve a lower bound
when (kq, k) € Xllc U X;% for a general pair of ¢y, and ¢,. When ¢, + ¢, = 0, we observe
Vo€, n) = 2¢m&, whose norm is bounded from below due to the localization.

Thus, we will discuss the bounds in two different cases. The bound for HDO‘] h k‘1 ko I 12
when (kq, ko) € X% will be dealt with in Lemma 6.1.2, while the lemma below covers all the

other terms.

Lemma 6.1.1. Given t1,ty € [2M~1 2M] gnd supse(1,7] 1/1(¢, 2)l[ z < €1, we have

HDa ];];Wkok HL2 <<1 + 2—M—k—k‘1)Q—k—2k‘27++’7k2—2k17++’7k1—akl—k2/2 min{2_M/2,
1 Y

oM-+3min{kko}/2+3k1/2) 2
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when ¢y + cp # 0 and (ki, ko) € X]l{; U X%; and

||D04JM70 ||L2 SQEk‘_—Oék’—k—?kgﬂ_—l—’yk‘g—2]€17+—|—’yk‘1—k‘2/2

~ M2
k,k1,k2 ’

min{2

oM-+3min{k.ks}/2+3k1/2) 2

when ¢y + ¢ =0 and (ki, ko) € Xllc U X% U X%-

Proof. Consider the following families of operators on {z € C: 0 < R(z) < 1},

t2 . .
T, = Dz/t /R3 M) G (6,.€ = ) Fro oy (1) D 0 () e,
1

14 . " itg(&n) 5 F
T,9=D /t /R3 e PSG(E —n,m)Gpey (8, € — ) oy (£,1) O 1 (€ )dndt,
1

and

2. . (" ito(&.m) 5 f
T25=D /t /R3 " P 0, q(§ = 10, m)Gry (8§ — 1) frn ey (6 Mg (§)ddlt.
1

Since we want to estimate the « derivative, we may employ the interpolation result in
Lemma 2.1.2. The first operator 7', is used to estimate I]iwk’? iy while T} and T2 are de-

fined to handle J%ﬂ,?,kz' In this proof, we will show Ty, : L?O([2M71,2M])L§ — Lg,

Tiyiy : LR(RM12MYHE — L2 T4, 0. T8, Lfo([2M_1,2M])H£1 — Lg, Ty Thiy

¢ &
Ltoo([QM —1 oM NH 52 — Lg are bounded. Then performing interpolation will give the desired
estimates on the « derivative in the lemma.

We start with obtaining bounds for the operators when R(z) = 0. By the bilinear estimate

L* x L* — L? in Lemma 2.2.1, Lemma 2.2.2, (3.1.11), (3.1.2), and (3.1.6), we have

1 T0+iydll 2
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to ) A
_H /t /Rg H1OE) Gy (6§ = 1) f ey (£, 1) O 1 (§) dndt
1

L2

2 . . ~
SIetullooe |71 7 [ Mgy (1.6 = 1) oo 0) Tl
1

L2

MR sup minle gy | palle R gy s
te[2M—19M)

o3 min{k.ka}/2)| JicmtA

icntA
e =gy 21l = f iy 22}

<ME sup min{273M2RARRA G Ve e,
te[2M -1 2M)

23 mln{k,kZ}/2Hgk1 HLZ an’k‘g ||L2}

—h=2ka ke i (oM /2R A=k /4 1
< 247Kz i {9~ M/2+k1 /A=ka/ 61||gk1||Lgo([2M—1,2M]>H§’

M+3min{kkao}/2+k2/2 15
oM+ min{k,ka}/2+ko/ 61Hgk1”Lfo([QM*laQMDLg}.

Using the same method as above with (1.2.2), we obtain

1 - 2 -
104499l 2 + 1 To4 a9l 12
ta

=H /t /]R MM (& — 0, )y (£, € = 1) Fr oy (t,1) O 01 (€t
1

L2

+

to ) )
‘ /t /R MM D q(€ =1, m) iy (8, € = 1) Fro oy (£, 1)1 (€)

L2
§2M(||V§¢k\|Lg° 1F L a(€ — 0, )1 (€)dr, (€ — Mgy ()| 1+

+|F IV eq(€ = 1) () g, (€ — Mgy ()] 1) %

X sup  min{|[efmtA

jentA
gkIHLéHewn fn,kQHLéa
te[2M -1 2M)

gdmin{kk} /2| siemtA e |l 2 |eientA Frkall 12}

Sk —h=2ha ke i (o= M/2H R A=kafAe 15, ||L§°([2M—1,2M])H£1’

M-+3min{k.ky}/2+k2/2 1
oM+3min{k,ky}/2+ks/ engklHL?O([QM—I’QM])LE}.
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Next, we look at the operators when $(z) = 1,

1Ty +iydll 2 (6.1.2)

H% / LM (46 = 1)yt 06 dndtH

S’ /t /R 3€zt¢ S0, 3y (66 = 1) Fr ey (£ 1) D 03, (€) et p (6.1.3)
1
to ) .
ethb(fﬂl)gkﬂ (t,§ - n)fn,k’g (tan)afmagliﬂk(g)dndt” ) (6,1,4)
t2
o M0, 66 M)k (€ = 1) fo g 0 U)agﬁbk(ﬁ)dﬁdtHLQa (6.1.5)
1T 4,9l 2 (6.1.6)
SH%“/ / MM (& — 1, m)Gpy (1.6 — 1) fru ey (8,1, 0k (€ dndtH
s‘ /n /R 3 MEM (e —1,0)0g, Gry (8, € — 1) fro ey (8 1) D, V1 (E)dndt p (6.1.7)
12
+ / / MM Ae (€ — 1.1y (£, € — 1) Fi oy (£, 1) D10 (€) et . (6.1.8)

+ /t 1 /R . MM g(& —,m)gr, (1€ = 1) Fp, (t,n)agma&wk(g)dndtHLQ (6.1.9)

Y

to ) )
+ /t 1 /R 3 MM itde o€, m)a(€ — 1,m)3y (1.6 — 1) Fr gyt ), by (€)didt

12
(6.1.10)
and
17T 4 iy 90 12 (6.1.11)
t2 . .
gHagm | € aga(€ ~ nnin, (. = 8. (€
t1 R3 12
t2 . .
s‘ /t /R LMD (& — 0. m) D, Gy (8,€ = 1) o iy (£ 0)g () didt . (6.1.12)
1
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to . A
+ /t /RS ezt¢(£m)a§mc’9§lq(£ -, n)ékl (t,& — n)fn,kg(taﬁ)iﬂk(f)dndt
1

L2

f2 )t ~
" /t /Rs HOEM e q(& — 1, 1)1y (8, € — 1) Fro iy (8. 1), 1 (€)ddlt
1

L2

to ) )
* /7;1 /;%3 62t¢(£vn)ita§m¢(é" 77)8§IQ(€ - 77)% (tv 5 - n)fn,k2 (t, 77)7/% (f)dndt

(6.1.13)

(6.1.14)

12
(6.1.15)

Since (k1,k9) € XIICUX% we have (3.2.9) for ¢;;,+¢,, # 0 and are able to perform an integration

by parts on (6.1.4) and (6.1.5) using the identity efto(&mn) — Zn 1 Mﬁnneiw(f’”)’

it|Vpd(Em)[?

to ] R
/t' /R3 €Zt¢(£’n)gk1 (t7 5 - 77) f’n7k‘2 <t7 U)agm afl 1/1k- (f)dndt
1

f2 O OEm)
_ cit(Em) _Zin
= L ) R 0,6 1) o110, O

1
tz ; M 9(Em)
/ / ito(Em) g ”"m Gty (6, € = 1) frokey (£,1) 0, O, g (€)dmdt

19,
/t /R3 cité(€n) i 5”)‘23%%1(155 1) froky (£0)0,, O, Vx (€)dndt
1

it|Vyd(&,m)
Zt¢§ ) ann (7 )
/t1 /RS ' it Vo (€, )\29’“1(t§ )0 f vy (£,1) g, Oy 1 (€) dipt

and

/ / SMEMite S(€,7) 31y (8,€ — 1) F ey (8,7, U (€) et

8 0
/ / lt¢§77 fm o(&,m) ?7n¢<§ 77) ( £ n)fn kz(t U)a§l¢k(§)dndt

Vo (€,m)[?
e, &(&,1)0, 0 (&, 77)
Zt¢ £, Em n
/ /1&3 "o, V6(E )2 o (6 € = 1) foo ey (£, 1) g 03 ()t
)0, 08 M), 0(&m) X
Zt¢ f fm Mn B

(3
3 0 2
/ / eitd(€:n) 6, O DO IE 1) Gkey (6 € = 1)y, Fro oy (8 1) g g (€) et
t1 JR3 (

IVyo(&,m)|?
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(6.1.16)
(6.1.17)

(6.1.18)

(6.1.19)
(6.1.20)

(6.1.21)



For ¢, + ¢ = 0, recall that ¢(&,n) = (Cl + cn) 6> = 2¢p€ - . We thus integrate by parts

using the identity e#¢(&m) = — Zj e \5|28779 eit®(€M) on the terms (6.1.10) and (6.1.15),

t . A
| ettt o€ ma(e — 1m0, (€ ~ 1)y (1) (O
i1 R3

t )
:/t ’ L Onje eite(&m gjzi”—i(f?m (& = 0, m) Gy (8, € — ) Fou ey (8, 1) O g (€) At

1
; €0, 0(6.7) A :
/tl /R |1 (L R = 00)) (1 = 1) o0 )

(6.1.22)

ito(e.m) $5%m (&) A :
= 7 et S e )0 0,6~ gt 1Ot (61,23

to ~
- [ e S e i 0.6~ 10 gt 1O (6128

and

t . ~
/ : /R St G(E,m)Iea(€ = 0. 1)Gky (8.€ = 1) oy (1 M) () el

t ~
= [ [ aneoem SO 0 e — i s = ) oy 6 )
1

R
/ /R3 0(Eng, ( @ﬁm—‘yi('i”) e, 0(€ = 1,0)) Gk, (8, € = 1) fou ey (£, 1) 03 (€)dndlt

(6.1.25)

t o
*[ ot SO o e ),y (0.6 = 1) g )€t (5.1.26)
cnlé

/t /Ra s o |£(|62 D € — )i (€ — )00, oot )t
1

(6.1.27)

By the bilinear estimate L* x L* — L2, Lemma 2.2.2, Lemma 2.3.3, and (3.1.6)

(6.1.3) + [|(6.1.17) 12 + [|(6.1.20) || 2
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¢ (&, 1)y, 9 (€, 1)
’VU¢<£7 77)‘2

0 - -
SM Vgl o (1 + | F 715 Uiy (Vo (€, 1)k, ()l 1)+

— a Cb(éﬂ?) 7 7
V2| oo | F 22 iy (Vi (1)), ()] 1] X
INFAIE V0. ky (Vo (&.m)) o, ()1 1]
< sup  min{[[e’m A FTIV g | palle®ntB f ol s

te[2M—1 2M]
gdmin{kka}/2)|ciemt A F=1G g 2l ntB f 1l 12}
SRMF 2R s mind [ ATV g [ alle R f gyl as
te[2M—1 oM]

93 min{k,k‘z}/2||vé~gk1 |12 ||fn,/€2 2}

SQM_k(l + Q—M—k—kl) Sup min{Q—SM/2+k1/4+k2/4Hv
te[2M—1 2M)

93 min{k,ka}/2

9. A
ggkl HLQHfon,kQ “L27

Ve L2 sl 2}

M —k—ky\o—k—2k ko < o M/24k1 /A—ko /4 |l
<(142 1)2 k= 2k2 ke i fo =M/ 2k /d=ks/ €Uk Nl Zge (2211 207 2

M+3min{k.ko}/24k2/2, 1
oM+3min{k ka}/2+ka/ €1Hgk1HL?O([QMfl’QM])HEl}’

and using the condition (1.2.2) on the multiplier ¢,

(6.1.7) 4 (6.1.12) + [|(6.1.23)| 72 + [|(6.1.26)|| ;2
S2M(IV gl poo |7 (€ = mm) g (€)vk, (€ = Mg, (M)l 1+

+ IF I eq(€ = 0. m)p (€)0r, (€ = m)iy () 1+
IVl = e

0 7 ~ - 7
1@2'5;_75552%&@ — ) (E) P, (€ — )Py (1) X

x  sup  min{[lem BF gy [ palle’ R fy gl
te[2M—12M)

(& = 0,y (€ — Mgy ()| 1+

+ ||F~

3min{k.ko}/2) iemtA F-1g, ent A
9 min{k.ka}/ Hewm F VfgleL%Han fn,kg”L%}

sup min{2—3M/2+/€1/4+k:2/4||v
te[2M—12M)

M-ek +ky—2k 25 i
SJQ +er—_+k1 59k1||L2HV§fn,k2HL27
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Smin{k.k2}/2)o -
o3 min{k,ka}/ ||V€gk1||L2||fn,k2HL2}

<oth—th 2k =2k 3k pin g MIZHRAR e g1 ] e it 2M))HE

M+3min{kka}/2+k2/2¢ 115
oM+3min{k,ky}/2+ks/ €1||gk1||L?o({2M—1’2M])H€1}.

Then the bilinear estimate L? x L — L2, Lemma 2.4.1, Lemma 2.2.2, (3.1.2), (2.5.1) and
(2.5.2) imply

1(6.1.16) || ;2 + [[(6.1.19) | 2

<M [V etyl oo |70y, P EDIMOEN) 5 (G e iy () o+
Vo6 )P

P : . -
I3 710, 2 G, (730067 iy 1) 1)

% sup min{ ||6zcmtAgkl ||Loo HezcntA

fn,k2 ||L27
tE[QMil,ZM]

b min{lha} 2| ciemtAg | ol|eientS f 1|2}
bk koK . (o—3M/2

<(2 149 1) sup min{?2 / HgklﬂLlen,kQ“Lz’
te[2M—1 2M]

3min{k,ko}/2

23 minkka} 2) g0 ) ol fry 2}
SoMkmhi(y oMbk gup min{2 T M2TR2) 025, 1o fiy o
te[2M—1 2M]

3min{k,ko}/2+k J

gdmin{kka} 2K G g | 2 )

—M—k—k —k—2k k : —M/2—k1/2+ko/2 ~
5(14_2 1)2 2,417 2m1n{2 / 1/ + 2/ ElugklHL?O([2M7172M])H£27

ik} 22/ 2 | e s

and

1(6.1.21)| 72 + [[(6.1.18) | 2

—19,9(&,1)9y, $(§; 1)
SEM IV guploe |77 =G (Vo 6 )+
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aﬁn(b(fa 77)
V(&)

x  sup  min{[|e’ gy |||l AFTIV S 1ol 2
te[2M—1 oM]

+ IV e | F Uy (V(& 1)y () 1) X

Pt} 2 etemtB gy |12 n A F IV e f py 2}
<SEMF 272k sup min{ || A gy ([ | Ve fk, 12
te[2M—1 2M]

3min{k,ks}/2 f
p3mintkho} /2 0 1o |1V e fo ol 2}

—M—k—ki\oM—Fk : —3M/2+k1/2 2~ ¢
<S(1+2 12 sup min{2 [2+h/ ||V§9k1||L2||V§fn,k2||L2’
tE[QM_l,QM]

o3min{k,ka}/2+k IVedn |l 2 Hvﬁfn,kz 2}

5(1 + 2—M—k—k1)2M—k—2k2,++’yk2 sup min{z_gM/2+k1/2_k2/2€1vagklHL27
te[2M -1 2M)

g3 min{k,ka}/2+k1—k2/2 ¢ IVedn 2}

—M—k—k1\o—k—2k ko ooro—M/2+4k1/2—ka/2 |~
<142 1)2 k= 2ha ke i {9 = M/2 k1 /2= / €Ullgk [l Zge (2211 207 2

M+3min{k.ka}/2+k1—k2/2 15
oM+3min{k.ka}/2+k1—ka/ €1Hgk1”L?O([QM*l’QM])Hfl}.

Repeating the same estimates for the ¢, + ¢, = 0 case, we have

(6.1.8) + (6.1.13) + (6.1.9) + (6.1.14) + [|(6.1.22)|| 12 + [|(6.1.25)| 2
2 (Vg oo | F 1V ea(€ = 1 m)vog ()0, (€ = )iy ()l 1
+ |F IV E(E = mm) vk (€) Py (€ — m)dr, ()l 1

+ I VEkll oo |7~ (€ = 1 m) b (€)vk, (€ — MU, (M)l 1
1§00, 0, 0(€,m)
TP

+ I Vetpllpeo | F e

€0 0e (¢, . ;
157 ”3202“'2'2( n)vgq(f—n,n)@bk(@%(é“—n)@bm(’?)”Ll

+ (IVebpl poe|l (& — 0, )k (Vg (€ — Mgy, ()| 11
Vg (€ — 0, ¥r(©) g, (€ — Mgy ()| 2

+||F~
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* 2ene2 V" Vea(€ — 1.1 (€)dk, (€ — m)dry ()l 1) %
n
x osup  min{[|e"m g ool fr gyl 20 28R 2 g o1 gyl 2}
tG[QMfl’QM] £ x €

§(272k + 272]{4’]@17]{}2)26]€_72k2,++7k2 min{Q*M/2+k1/2+k2/2€l Hgkl HL?O([QM—IQM])H?

; ko}t/2+4ko/2+k b
M+ minhbal 2 Hha/2 M e 4 | o -1 v )

and

[1(6.1.24) | z2 + [|(6.1.27) || 2

1&59¢,,0(8:m)

oM (| Vel poo | F

_1&06,0(6.1) S -
| FI e 250 P Vea(€ = n,m (€, (€ = gy () 1) X
n
x sup  min{||e"m gy (| oo | Ve f eyl g2, 28R 2 g 121V f eyl 2}
te[2M—1 2M] 13 13

St th T s e min {2 MP R 2R e 4 | oo a1 o 2

i ko}/2+k1—ko/2 14
2M+3m1n{/€7 2}/2+k1—ka/ €1||gk1||L§O([2M—172M])H£1}.

Hence, for (kq,ks) € X;%; U X%,

1 T14iydll 2

<(1+ Q—M—k—k1)2—k—2k2,++’yk2 min{Q—M/2+k1/2—k2/261 “gkl HL,?O([2M7172M])H52’
M i 24+-k1—ko/2 -
9 +3min{k,ko}/2+k1—ka/ €1||gk1||L§°([2M—172M])H£1}

and

2 < 9—k=2ka 1 +7k2 min{Q_M/2+k1/4_k2/4

1To4iydll Uk [l Lo (2211 20 111
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M+3min{k ko}/24ka /2 115
9 + mln{ ) 2}/ + 2/ El”gk‘l||L§°([2M_1a2MDL?}'

For (k1,k2) € X} Ux3 U X3,

1 5
1Tyl 2 + 1Ty 9 12

ook Fh1=2k=2ka o byke i (0= M 24k [2=k2 2y 5, HL‘E"([QMAQM])HE’

M+3min{k ka}/2+k1—k2/2 |,
oM+ min{k,ko}/2+k1—ko/ €1||gk:1HL;?O([QM_laQM])HEl}

and

1 2
104991l 2 + 1 To4iy 91l 12

Sprhe R ke i (g™ MIZHRAR ey 4 o a1 g 1

M+3min{kko}/2+k2/2 11
9 + mln{ > 2}/ + 2/ €1||gk1||L?o([2M_172M])L§}‘

Now, we use the variation of the Stein’s interpolation theorem in Lemma 2.1.2, and get for

any o € [0, 1],

”TagHLQ

oM+3min{k,ka}/2+k1—ka/ EIHQHL%)O([QM_I,QM])H?}

and

1. 25
||Tag||L2 + ||Tag||L2

Sah-rolbmh) k=2 s yin o= MPHRPZR2 26 3] o orr 1 gaiy e
t ’ ¢

M+3min{kkz}/2+k1—k2/2¢. | 5
oM+3min{k,ko}/2+k1—ka/ 61||9||L§°([2M_172M])Hg}‘
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Recall the definition of Ili\?k’?,@ and J%C’?,b in (6.0.2), (6.0.5) and use the results of the
interpolation with ¢ = F~1 fmizkl- We obtain

M0
D% T e o 22

(1 4 27 Mokmbuyg=h=2ha g 4vks i o= M/24k2=ke 20 | HLgoQQM—l,zM])Hg*O“

M+3min{kka}/2+k1—k2/2_ || f
oM+ min{k,ka}/2+k1—ka/ 61||fm7k1||L§°([2M_1,2M])Hg}

5(1 + 2—M—k—k1)2—k—2k2,++7k2—2k1,++7k1 Inin{Q—J\J/Q—i—kl/2—162/2—161/2—ozk17
2M+3 min{k,k‘g}/?—l—k‘l—k2/2+k1/2—0{k1}6%
5(1 + 27M7k7k1)2*k72k2,++’yk272k17++7k17ak1fk2/2 o
x min{2~M/2 oM+3min{k.ks}/2+3k1/2) 2

and

M,0
1D T iy sl 22
SQek_m(kl—k)—k—2k2,++vk2 min{Q—M/2+k1/2—k2/2€1 ”fm’kl ||L§°([2M*1 2M)) e

M+3min{k ko }/2+k1—ka /2. | f
MBI 20 20 | o e i g 1)

<26k_+a(k1—k)—k—2k2,+—|—7k2—2k1,++7k1 x
« min{z—M/Q—kg/Q—ozk‘l 7 2M—|—3 min{k,ko}/2—ko/24+3k1 /2—ak }6%

§26k‘_—ak—k—2k27+—|—’yk‘2—2k17++’yk‘1—k2/2 miH{Q_M/z, 2M—|—3 min{k,kg}/2+3k1/2}€%7

where the bounds on the Sobolev norms are given in (3.1.3). O

Thus, as a result of Lemma 6.1.1,

—vk+2ky+k/2+ak arM,0
Z . sup M2 Z Al Z HD§ k,k17k2”L2+
1<m<log T 2"~ <t1<t2<2 Cm+cn#0 (k1,k2)ExtUX?
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- M0
+ Y o sw 2 e L S > 1Dg T el 2
1Smslog T 27 Sh<h=2 Cmten=0 (k1.k2) ExUXEUXG,
S ). N (1 2 Mok ke 2k 2k k) =2k b oka =2k gtk —he /2,

LM I8 (1 ) exfurd

x min{2~M/2 oM+3min{kks}/2+3k1/2y 2,

+ Z Z 26]{77—’yk+2]€+—k/2—2]€27++’7k2—2k’17++’7k1—kg/?X

1<M<log T (ky,k2)ExtUxIUX;

X rnin{2_M/27 oM+3 min{k7k2}/2+3k1/2}6%

Z ( Z (1 + 2—M—2k)Q—k/2—2k‘27++7k2—k2/2X

1<M<logT “ko<k—2a—2

N

- Z (1+ Q_M_k_k?)2—’Yk‘+2k‘+—k/2+a(k—k2)—4k27++27k:2—k2/2 %

k<ko+2a+2

+ Z 26k’_ —’yk+2k:+—k/2—4k:27+—|—27k2—k;2/2 «
k<ko+2a+2

« min{2—M/2 gM+3k/2+3k2/2) €%>

<2, (6.1.28)

We are left to show

—vk+2ks+k/24+ak M.,0 2
> sup o—7k+2k1+k/2+a > A Y, D¢ ks lr2 S el

1<M<log T 2M 1<t <tp<2M emen0 (kr ko) ex?

For (k1,k9) € Xz = {|k1 — ko| < a,|k — k1] < a+ 2}, we observe

(Vo (€, n)| = 12em€ — 2(em + en)n] =0
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if ¢né = (om + cp)n. Hence, in the proof above, integration by parts method using the

identity e"¢(&m) Zn 1 F&%&meitﬂfﬁ) cannot be applied to estimate (6.1.4) and
U

(6.1.5). Instead, we will take advantage of the fact that X% is a finite set with uniformly

bounded cardinality for all k. In Lemma 6.1.2, we estimate the a derivative using the

interpolation result in Lemma 2.1.1.

Lemma 6.1.2. Given ty,t9 € [2M_1,2M], (k1, ko) € Xz, and SUDe[1,7] W fillz < €1, we

have

HDa MO < o—4ky+2vk+M+3k/2—ak 2

1,k HL

when M < =2k, and

HDa 2 < 2—4k++27k—M/2—3k/2+aM+ak€%

kk1 kQHL

when M > —2k.

Proof. Since Lemma 2.1.1 implies

M0 M0
1D1 g2 < 11

oo M0
Kok ke ek l12 IV

k.k1, kQHLQ’

M,0 M.,0
we shall find bounds for HIk,kl,kgHLQ and ||ka7k17k2||L2 when (k1, ko) € X;?;-
First, using the bilinear estimate L* x L* — L? in Lemma 2.2.1, together with Lemma 2.2.2,

(3.1.11) and (3.1.2), we get

|| k k‘l k2||L2

to ) R A
_H / / 62t¢(£7n)fm,k1(t’§_n)fn,kg(t>77)a§l¢k;<€)dndt
i1 R3 .

“io w1 [ [ iteten _nf 6 (€)dnd
S| gwkHLgo s € Ty (86 = 1) o (8 1) 05 (§) dndt
1
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M-k _ . iemtA ientA
<2 min{||e"“™ fm,kl||L?o([2M—172M])L§“6wn fn,k2HL§0([2M—1,2M])L§7

3min{k,ko}/2 icmtA icptA
23R 2 temt £ b W oo (anr—1 an)y 12 €9 Fu ko | oo anr—1 907y 2}
S2M—k—2k17+—|—’y/€1—2k27++’y/{32 min{Q_SM/Q_kl/4_k2/4, 23 min{k7/{32}/2+k1/2+/{32/2}6%

given that k, k1, ko are about the same size when (k1, kg) € X%-

Next, we look at the first-order derivative,

to ) . X
O, ity =0t /t /]R MOEN fo 1y (8.6 = ) fo iy (11O 3 (€ et
to ) A A
= /t /R MM iy (1€ = 1) Fu ey (8, 1) e 3, (€l (6.1.29)
1 ' | A A
n /t /R 3 O o 1y (6.6 = 1) Fr oy (£, 1) D, O oy, (€) et (6.1.30)
1

to ] A A
+ /tl /1%3 62t¢(£,n)ita§m¢(£? U)fm,kl (t7 g - n)fnJcQ (t7 n)8§l¢k(§)dndt

(6.1.31)

By the bilinear estimate LI8/T % 19 L?, Lemma 2.4.1, Lemma 2.2.2, Lemma 2.5.3, (3.1.2)

and (3.1.6)

M.0
IV iy ol z2
<11(6.1.29)[| 2 + [1(6.1.30)[| 2 + [|(6.1.31)] 2

M et 1o 7 :
<2 sup [ Veup | rge min{[e"" S F Ve fr ey [l 1877 et £ 1y [e
te[2M—1 2M] v

93 min{k,ka}/2 HeicmtAF_lvffm,k‘l ”L% HeicntAfn,k‘g HL%}"i_
+ @M VRl + 22" IV etpll e 17~ 0g,, 6(&, mr (€)ibny () 1) %

x  sup  min{[lemt AL, |

co(oM—1 oM 18/7HeicntAfn k’QHL97
te[2M—1 aM] Lyo(2M-1 2M]) Ly w2l
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o3 min{k.ka}/2)| jicmtA

icntA
leemt £ 2l fr gl 2}

<OM—k g min{2—3M/2||]-"_1V5fm,kl||L18/11||fn,k2||L9/Sv
te[2M—1 2M]

23 min{k’kQ}/quffm,kl HLQ an,kg HLQ}

+ (2M_2k + 22M_k+k2) sup min{Z_SM/ZHfm,kl HL18/11 an,k2 HL9/87
t€[2M7172M] T z

dmintbk2d/2) £ 2l ol 2}
§2M—k—2k1,++7k1—2k2,++7k2 min {2—3M/2—5k1 /6—2ko /3, o3 min{k,ka}/2—k1/2+ks /2} 6%
+_(1%_2Al+k+%@)2A1—2k—2kL++qk1—2k;++wkgX
><Inh1{2—3A4/2+%q/6—2k2/3’23nﬁn{k%@}/2+kq/2+%a/2}6%

min{2
Thus, we have when M < —2k,

|| kk N ||L2 < 2—4/{3++2’y/{3+M+3/{3/2 2
1,~h2 ~

and

M, _
ijk k?kQHLQ S 9 4k++2’yk+M+k/2e%’

so Lemma 2.1.1 implies

M0
DI ) ko2

< o=k +2vk+M+3k/2—ak 2
In the other case when M > —2k,

” k k;l ,lg2”L2 < 2—4k++2’yk—M/2—3k/26%
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and

||v kk P ”L < 2—4k‘++2’yk‘+M/2 k:/2 2
2

Then, applying Lemma 2.1.1 gives

< o4 +29k—M/2=3k/2+aM+ak 2,

||Da kkl ko ||L2 ~

Therefore, Lemma 6.1.2 implies for any k € Z

—k+2k 4k /2+ak ag
M—1 Sup M2 ! e Z Apmn Z I1D1 k kl /<T2||L2
1<M<logT 2"~ <t1<t2<2 em+en#0 (k1,k2)Exi

S Z 2—2k++’yk+M—|—2k€% + Z 2—2k++7k—M/2—k+aM+2ake%
1<M<-2k —2k<M<logT

Set.

since @ < 1/2. This result combined with (6.1.28) gives (6.1.1).
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6.2 D“[kk ko and DO‘Jk kl,kg

In this section, we will show

Z sup 2_’7k+2k‘++k’/2+akx
1<m<log T 2M~1<ti<tp<2M
x> A > |Dg kk1k2||L2+
i (62.1)
+ Z sup 2_’7k+2k++k3/2+ak><
1<m<log T 2M~1<t1<to<2M
x> A > 1DgT kkl k2||L2<€1
em~+cn=0 (k1.k2)EXEUXEUXS

When (ky, ko) € Xllw Le. €] ~ € —n| > 2‘1_2\77|, we want to integrate by parts in the time
variable using the identity

Sito(€m) — yeltoEm).

Z¢(£ )

Recall that we defined ¢(&,7n) = ¢|€|> — emlé — 0| — cn|n|?. There is no guaranteed lower

bound on |¢(§,n)| when ¢; = ¢;,. Hence, in Lemma 6.2.1, we only look at (k, ko) € X/1€

excluding ¢; = ¢;,. The special case of (ki,k9) € )(]1C and ¢; = ¢, will be tackled later in
Lemma 6.2.2.

Now we show the lower bound on |¢(£,n)| that we will use when (kq,ks) € X;{; and

¢; # ¢m. Recall the definition of a in (3.2.3), we have

lp(&, )]
2 2
=|(c; — em)l€ = " + 2 - — (¢ + cn) 0|7
2¢; c+c
=le; — eml|l€ — 0> + ———& - — ——|n|*|
Cl_Cm CZ_Cm
_ 2 1 len]
Z Cr — c 22/€1 4 o —2k+/€2 . —22]{}2 . —n22k2
o = el T cn/el T—cnjal’ Ta—on]
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_ 1 _ 1 _ len _
> _ 22]€1 4 _ 22k1+4 a 22k1 2a _ n 22]€1 2a
2l = eml( T en/al T on/al acnl® )
Zlcl _ cm| (221{31—4 _ 22k1—6 _ 22]{31—10 o 22]€1—6)

>ep — o | (22175 — 22R1—10) > 92kt (6.2.2)

In the proof for Lemma 6.2.1, we will employ the bound above with Lemma 2.1.1 to obtain

the desired estimates.

Lemma 6.2.1. Suppose t1,ty € [2M~1 9M) gpd supei 1) 1fillz < €1 For (k1. ko) € X/1€

and c; # ¢y, we have

”Df k‘ 1, k2||L2 T HD€ k K1, k2”L2
52—2k++’yk—’yk_—2k27++'yk2 min{2_M/2_k_ak_k2/2, 2M—‘r2k2—/€/2—0zk’2}6%7

if M+ 2k <0, and

||D?Ik k1, k2”L2 + ||D§ k‘k1 ]<;2||L2
52—2k++’ykj—’ykj_—2k27+—|—’yk‘g min{2—M/2+7M/4+'yk/2—2k+ak—k2/27 2M—k+3k2/2+ak}€%’

if M+ 2k > 0.

Proof. Recall the definition of I]iwk’ll ko and Jéwk’ll oy D (6.0.3) and (6.0.6). Define

M,1

to . N N
FYE) = L 1,(©) :/t /1&3 MM e fr ey (6. € = 1) ooy (£ )01 ()t
1

and
t2 . R R
P = 1 © = [ [ e a0 € g o (0.6 =) om0t

102



By Lemma 2.1.1, we get

1 1 1
||D? kk1 k2||L2 = [|D*F ||L <[|F a”ng ||L2

||L2

and

2 2 2
||D§ kklk HLZ—HDQF HL <||F ||L2a||V£F ”L2‘

We shall find L2 bounds on F!, F2 and their derivatives.

First, by the bilinear estimate L3 x LY — L? in Lemma 2.2.1, Lemma 2.2.2, and (1.2.2),

1 2 + P2 2 S2M (0 + 15 a6 = mm)dn (€, (€ = m) iy () 1) %

x  sup  min{[le I BFTIG f s 1€ fy gy e
te[2M—1 2M)

3ko /2| jiecmtA ——1 icntA
2322 ciemt A FIG f o 2 e f gyl 2}

M : iemtA +—1 ¢ jcntA
2 sup  min{ || EFTIV f ks llef R f gyl e
te[2M—12M)

ko/2 7
22822V fon ol 2l 23}
Using Lemma 2.5.3, (3.1.2), (3.1.6), and (3.1.10), we obtain

1 2
F g2 + IE= ) 72
SQM—2k1,++’y/€1—2k2,++’yk2 min{Z_?’M/2+7M/8_k1+7kl/4_k2/2, 23/{2/2—]61/24-]62/2}6%
52—2k++'yk—2k27++7k2 mm{Q—M/2+’yM/8—k+'yk/4—k2/2, 2M+2k2—k/2}€%
(6.2.3)

However, this bound on ||[Ft + F2||;2 is not small enough when M + 2k > 0. In this case,

we integrate by parts using the identity ite(&m) — iﬁbé ) (9teit¢(f’77) to obtain another L2
bound,

FY&) + F2(€)
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& ) 7 1 A N
- /t1 /R3 e e ip(&:m) (14 q(n, € = 77)>aflfm,k1 (t, & — n)fn,k’Q (t, m)g(§)dndt

. 1 R A
= /R3 e/20(&n) O )(1 +q(0,€ = 1))0%¢ fn ey (12, € — 1) iy (L2, M)V (E) iy (6.2.4)

- /R O s (4 € = )0 F e (1€ = W (1 M0y (6:2:9)
1

—_ 3

(2 . X R
A /]R ) s (1 a1, = M) oy (156 = 1) oy (1) ()

(6.2.6)

to ; 1 A )
- /tl /R3 ‘ wm)w(& 7) (1 +q(n,§ = 1))0¢, frn ky (&, € = MOk fr ey (. m)0x ()t

(6.2.7)

Since (k1,k9) € X;1€ and ¢; # ¢,

|6(&m)| = |l = emlé = nf* = calnl?| 2 221,

ideally, we shall gain a factor of
to(em) T~ 2

through integration by parts. But given that there are only 1 + « derivatives of fk in the Z
norm for us to work with, we cannot quite achieve 2~ =2k1 This is shown in the estimations
below.

By the L3 x L% — L2 bilinear estimate, Lemma 2.2.2, Lemma 2.3.1, Lemma 2.4.1, Lemma

2.5.3, along with (3.1.2), (3.1.6), and (3.1.10),

16.2.4)|[ 2 + 1[(6.2.5) | .2

5”;—1@& g€ — )€ (€ — )y ()] 1 %

: iemtA —1 ¢ ientA
x  sup  min{||[e" I EFTIVf g s 1€ fr e
te[2M—12M)
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3ko /21 JicmtA ——1 £ et A
23R 2| ciemt A FAG fi k2 1€ f gyl 2}

<272k qup min{||€wmmf_1vﬁfm,k1 I3 e f gy 073
te[2M—1 2M]

3ko/2 A
28202V fn gl 2 e 2}
52—2k—2k17++7k1—2k27++7k2 min{2—M/2+’YM/8—]€1—|—’yk‘1/4—M—kZ2/27 231{?2/2—/@’1/2—1-/62/2}6%

52—2k—2k++’7k’—2k’27++’7k2 min{2—3M/2+’YM/8—]€+’V]€/4—/€2/27 22k2—k/2}€%

and

16.2.6)]| 2 + 1[(6-2.7) || .2

<MjF o) (14 q(1,€ =)0 () Py (€ = M)y ()] 11 %
x sup  (min{ [l AF 0V f g sl fr gy
te[2M—12M)

3ko /2 icmtA =—1 ¢ ientA
23022 eiemt & L0 f 2 €7 F iyl 2 3+
+ min [l B F e fi s €9 20k f gy 6

3ko /21 JicmtA =—1 ¢ icntA
2022t B VG fo b 2 | € R0t fr ol 2 )

Then, using the bounds on the time derivatives in Lemma 3.2.1, Lemma 3.2.2, and Lemma

3.2.3, we have

16:2.6)[| 2 + [[(6.2.7)| .2

§2M*2k*2k1,++7k1*2k2,++’7k2 <
X (min{2’M’7k1*M*k2/2, (1+ QM/2+7€1)231@2/2*M*k1/2*vk1+k2/2}+
+ min{2M/ZHYM[8—kitky [A=2M—k2/2 o3ka/2—k1/2-Mtkz/2}) 2

5(1 + 2M/2+k)2—2k—2k++7k—2k2,++7k2 min{Z—SM/Q—’yk_—k—kg/27 2—/{:/2—’yk‘_—|—2k2}6%
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Thus, we conclude

1 2
IE g2 + [[F71 2

s(l + 2M/2—|—ki)2—2k—2k’++’7k—7k‘_—2]{727++’7k2 mln{2_3M/2_k_k2/2, 2_k/2+2k2}€% (628)

Now, we deal with the terms ||V§F1||L2, ||V£F2||L2. Since we will not be able to bound
HV% fm,kl || 12, before taking the derivative in &, we perform a change of variable ( = £ — 17

on F1 + F2. As a consequence, we will have the two derivatives evenly distributed between

fm,kl and fmkg )

to ) R A
Fly F? = /t /]R LD+ g0, = 0)0g Fon gy (8,€ = 1) f iy (8, ) () dipdt

t _ ) A
N / 2 / MOEEO 1+ g(€ — ¢, Fon oy (8 C) Fr gy (8, € = Qg (€)dC .
t1 JR3

Hence,

Ont" + 05, F° (6.2.9)
t _ ) A
- /t 2 /R 3 ML (1 4 g(€ — 0,1) D ooty (81D, Fruoky (85 € — M) 3 (E)dndt (6.2.10)
1
to ) R A
+ /t1 /Rg MEETMIe (& — 10, 0)Ony Fo ey (1) For by (8, € — 1) 00g(€)dipelt (6.2.11)
to ) A )
+ /t1 /R3 ML (14 g(€ — 1,1) Dy Fraoky (61) Froy (8, € — 1), U (E)dndt — (6.2.12)

to ) ) )
" /t /R etHEEMitde o(E, € — n)(1+ (€ — 1,1y e (b 1) Foy (1€ — ) (€) et

(6.2.13)

For the term (6.2.13), after integrating by parts using the identity

Gitd(EE—n) L g eitoee—n),

(&, € —n)
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we get

(6.2.13) (6.2.14)
2 j 105, $(6,€ — 1) X A
= /t [ Ouei ) e = S (€ = 1) oy (1) oy (156 = )€
o ta0,, ¢(§, € — ) . .
:/R3 2068 2 ;(5 ey L€ m) O fin ey (F251) fo ey (F2, € = M)k (€)
(6.2.15)

1o : ;
_/R?’ it16(¢.6n) 1;??(;_5 )m( + (& = 10Dy Foney (615 1) oy (81, € = )0 (E) el

(6.2.16)

a R o
/ / th) 55 77 gm g f 77)( 1+ q(f -, n))amfm,kl (t’ n)fn,kjg (t7§ - n)lbkz(f)dﬁdt
t; JR3 5 3 )

(6.2.17)

; )10, 05, € —n) ; ;
/ /R3 roee 5 § £ — 7]) ( + Q(§ -1, U))atamfm’kl (t, n)fn,kg (taf - ﬁ)wk(f)dﬁdt

(6.2.18)

; )10, 0, € — n) ; ;
/m /R:a e 6 e ) (LA 1m0ty (1 € = ) ()t

(6.2.19)

Using the L3 x L% — L2 bilinear estimate and Lemma 2.2.2, we have
16:2.10)][ 12 <2 sup  |F L+ g(€ = )P (€) Py (M) y (€ = ) 11 %
te[2M—1 2M)
: iemtA r—1o 7 ientA 71w 7
x min{ || AF IV o g |3 1€ B F Ve friy s
222 ciemt A A f o 2 e A F I f gyl 2}

‘ , IR . IR
§2M sup m1n{||ewmtA]: Velm ||L§ ||€chm]: Ve Fnks ||Lg>
te[2M—1 2M)

2%2/2||V ¢ fr 1y 1221 Venpo 22}
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Then, by Bernstein’s inequality, (3.1.2), (3.1.6), and (3.1.10),

1(6.2.10)|| 72

M . ) Ar—1 £ 21 ieptA ——1 r
<M sup min{[|e M B F IV fo g 1252 2 B F TV f
te[2M—12M)

3ko/2 ; ;
22822V fon ol 21 Vi Fko 2}
52M—2k’17++’7k1—2k’27++’7k2 min{2—M+’yM/4+’y/€1/4—/61—1—7]62/4—]{72/2’ 23]{:2/2—/{71/2—]{:2/2}6%

52—2]€++7k—2k27++’7]€2 Inln{2")/‘1\4'/4:4"}’]{5/4:—k"f”}/kQ/4‘:—]?2/27 2M—I€/2+k2 }E% .

Next, the bilinear estimate L3 x L — L2, together with Lemma 2.3.1, Lemma 2.2.2, Lemma

2.5.3, (3.1.2), and (3.1.10) implies

1(6.2.11) + (6.2.12) + (6.2.15) + (6.2.16) + (6.2.17)]| 1
M (| F IV eq(€ =m0k (€)dn, (1) ky (€ — )| 2+

+ IF 7+ € = mm)Pr(E)0k, M)y (€ = M| 11V epll oo+

_10g,8(5,€ =) S

+|F! =T (1+ (€ = 1,0) ()P, (M) ks (€ — )l p2) %
x  sup  min{[lem BFTIG f s 1€ fy gy s
te[2M—1 oM

ko /20 icmtA 1w ¢ icntA
2322 eiemt & FTIG f o e e f kgl 2}

<M sup minf[le o BFEIV 0 palle 2 b, g o,
te[2M—1 2M)

3ko /2 —1w 7
2822\ FY fo g ol sl 22}

52—k—2k17+—2k27++’yk‘1—|—’yk2 Inin{2—]\4/2—}—’)/]\4/8—]@‘1—‘y-’yl€1/4—k2/27 2M—&—3k2/2—k‘1/2+k‘2/2}6%

52—2k+—2k2,++’7k+’yk2 min{2—M/2+’7M/8—2k‘+’yk‘/4—k2/2, 2M—‘r2k2—3k‘/2}€%’

1(6.2.18) + (6.2.19)|| ;2
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e, (&, € —n)

<M 7

(14 q(€ = 0,m) k() g, (Mg, (€ = )l 1 %

P(&.&—n)
x  sup  (min{]|e" BF Y f gl f ol 6,
te[2M—1 2M)

3ko /2| jicmtA ~—1 £ ientA
238202 emt A FTLOY f |2 €702 Fr gy 2 1+
+ min [ B F I fo s €97 20 fr gyl
3ko /2| jiecmtA m—1 § icntA
2322 clemt A FG f b 12 €780 fr | 2 )

522M—k: sup (min{”ewmtA]:_latme,kl ||L§ HelcntAfnJ62 ||Lg>
t€[2M71,2M]

3ko/2 ;
22822100 F i 2 ke 2 1+
o min{ e g g €0 00 gl g,

2R i 2108 ko2 )
and by Lemma 3.2.1, Lemma 3.2.2, Lemma 3.2.3, (3.1.2), (3.1.6), and (3.1.10),

1(6.2.18) + (6.2.19)|| 72

<22M7k72k1,++’yk172k2,++’yk2( —M—~k1—M—ko/2
~Y )

min{2
(1 4 2M/2+k1yg3ke /2= M=k 2=k +k2/2) 2 |
+ min{2~M/ZHYM/8=kityki [4=2M—ky/2 93ka/2—k1/2=M+k2/2}) 2
<ok rk—2ka ke (yyin fo—k—vh—ha/2 (1 4 M/ 2HhygM =3k/2—yhkt2ky 2 |
+ min{2~ M/2EYM/8=2htyk/A=ha/2 oM —3k/2+2k2y) (2

5(1 + 2M/2+k)2—2k‘+—|—’yk—’yk_—2/€27+—|—’yk2 min{Q_M/Q_Qk_kQ/Q, 2M—3k‘/2+2k‘2}€%

Thus, we have

1 2
IVeF | g2 + Ve | 2
5(1 + 2M/2+k)2—2k++'yk:—’yk:_—2k27++7k‘2 >
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When M + 2k < 0, using Lemma 2.1.1 and (6.2.3), we obtain

1 2
IDEFY 2+ |DEF2| 1
11— 1 21— 2
< YLV Y% + P25 VP2,

< 9= 2k trk— ko ~2ha k2 i f0~ M/2-k—ak—ka/2 oM+2ky—k/2~akay &2,

And when M + 2k > 0, we use Lemma 2.1.1 and (6.2.8) to get

1 2
IDEF N2 + 1D F7 12
52—2k++7k—7k, —2ko ko min{2—M+04M+7M/4+7k/2—2k+ak—k2/27
oM /2+aM—3K/2+ 2k +0(2h—k2)1 2

52—2k++'yk—'yk,—2k2,++7k2 min{2—M/2+7M/4+7k/2—2k+ak—k2/27 2M—k+3k2/2+ak}€%

The last line uses the fact that a(k — k9) < k/2 — ko/2, since k > ko for (ki, ko) € X;%; and

a<1/2. 0

Since the denominator in the identity

3
itolcn) — 5~ _Im@En) 5 o)
€ 2 it V(& R e

n=1

has a lower bound, |V;¢(§,1)| 2 2k1 for all (k1,ko) € X}CUX%, we will employ it to handle the
general case when (ki,k9) € X% and the exception case in Lemma 6.2.1 when (kq, ko) € Xllc

and ¢; = ¢

Lemma 6.2.2. Suppose t1,ty € [2M_1,2M] and SUPse(1,7] W fillz < er. If either (ki,ko) €
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X% or (ki, ko) € X]lﬂ and ¢; = ¢y, then

M
1Dy ey N2

<2—2k17++’yk’1—2k27++’yk2—ak—k1/2 M/4—ko/2 2M—|—3 min{k‘,kjg}/Q—i—kjg/Z}e%
~Y ) *

min{2~
If either (k1,ks) € X% U X% or (ki,ko) € Xllc and ¢; = ¢y, then

M
1D T i o L 22

<o—2k1 4 +yk1—2k, ¢ +yky—ak—ki /2 —M/4—k2/2 oM+3 min{k7k2}/2+k2/2} &
~ Y °

min{2

Proof. We will use the interpolation result in Lemma 2.1.2 to find bounds on the fractional

derivatives. For 'Y and JM! , we consider the families of operators on {z € C: 0 <
k,k1,k2 k.k1,k2

R(z) <1},
2 " .
7o = D% [ [ g (1,6 =)oy (i
1
and
2 " .
75 = D% [ [N g n)iny (0.6 = g ) (Ot
1
respectively. We shall show for each y € R,
Toyay T,y : L(2M 1 2M) 12 5 12

and

M—-1 oM 1 2
Titiy, Ti g, (277 2V D HE — L
are bounded operators.
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By Lemma 2.4.3, Lemma 2.2.2, Lemma 3.1.1, and (3.1.2), we have

I To+iydll L2 + 1175 4,911 2

to ) A
:' /t /R OEM gy (1€ =) fo o (b0 ()it | +

L2

_|_

t . n
/ ’ / FEN (¢ — 0. m)gg, (6,6 = 0) F iy (8, 0)0g(€)dndt
t1 R3

12
k— : —M/4 4 ¢
5(1+26 )mln{Q / ||gk1HL%’O([2M_1,2M])L§||fk2||L§°([2M_l,2M])H£1’

oM-+3min{k,ka} /2 icmtA

ientA
15 Gk | e (21 90y L2 1€ Py [ e (2001 2007 2}

. —M/4y 7 M+3min{k,ko}/2
<Smin{2~M/ an,kgHL?O([QM—l,QM})Hg?2 Taminikka}/ 1k | oo (21 2047 2 } X
X HQk1HL§O([2M*1,2M])L§

§2—2k‘27++'yk'2 min{Q_M/4_k2/2, 2M—‘r3 mln{k,k‘g}/?—i—kg/Q}El ”g”L?O([QM—l’QM])L?

Next, we observe

t2 . .
il <06 [ [ €M 0, 0.6 = 1)yt )
1

12

to ) )
<| [7 [ cttenagan, (.6 - sl min (6.2.20)
t; JR3 1,2
to ) )
+ / / e g (¢ € —n)fn,kg(t,n)ﬁgl@bk(ﬁ)dndtH (6.2.21)
t1 R3 1,2
to ) R
+\ ||t ot man, 6.6~ m it mvn@dnat| - (6:222)
t1 R3 1,2
and
177,90 12 (6.2.23)
t2 . R
<loa [ [ ctmate = mman, (.6 = ) gyt iin(erin]|
1
t2 . R
<| [7 [ et mate = nmogn, t.€ - it (6.2.24)
1 L
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to ) A

+ /t1 /R 3 MM e g(& = 0, M)y (t,€ = 1) Fu iy (£ 1) ()t . (6.2.25)
to ] A

+ /t 1 /R 3 M (€ — 0, )3y (1€ = ) Fr oy (£, 1) D g (€t . (6.2.26)
to ] )

- /t 1 /R 3 e itde o(¢,m)a(§ — 0,3k, (6€ — 1) Fr oy (b )0 ()t y (6.2.27)

Since we have (3.2.9) when (kq, ks) € Xllc U X%, we can perform an integration by parts using

the identity ¢@(&:1) Zn 1 M%@nneiw(&m on the term (6.2.22),

t . ~
/ i / e "M it (€, 1)y (t. € — 1) Fn ey (£, 1) 0 () et
/t2 8 Zt¢(§77 a§l¢<€ U)ann¢(§ 77)
t1

kg (6, € = 1) frukey (8, )3 (€)dndt

R Vo (&, m)[?
= [ a1t (6229
/ /Rs e X éﬁiﬁ?fg m%ékl(t,é — ) ey (£ Y1 (E)dndt  (6.2.29)
/ /Rs e % é;;énz),(z " Gty (6, € =)0, ey (8 )k ()t (6.2.30)

Furthermore, for ¢, + ¢, = 0, we get ¢(€,1) = (¢ — cm)|€|? + 2emé -n and Vo€, n) = 2cmé.
We may perform an integration by parts using the identity et (&) Zn 1 ma tS)

on the term (6.2.27) regardless of ki and ks,

t ) “
/ i / eMEM itde S(E,Ma(€ — 1 1)y (81 € — 1) Fo o (b, )0 (€t
t; JR3

t nO .
= [ [ oeeten SO OT) i (1€ — 1) ot 1) ()

1 Cm|§’2

/t /R eittcag, (&1 fﬂéé 46 = 100y (1.6 — 1) gy 1, 1) (6.2.31)
1
t nOg¢, @ .

/ : / citoln © S mi € = 1)y (6 — 1) B o () (e (6:2.32)

w0, :

/ / e OGO (1€ — ) Fo g (6 (). (6.2.33)

t; JR3 Cm’é‘
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By Lemma 2.4.3, Lemma 2.2.2, Lemma 3.1.1, Lemma 2.3.3, (3.1.2), and (2.5.1), we know

(6.2.20) + [|(6.2.29)]| 72
P&, 1), d(€,m) -

Vo (& n)|?
x min{2 M| Vegy, I e o211 007y 2 ks | g ga0-1 gy 22 i

( ||.F_1 fl

Dty (Vi d(&,0) gy () 1) X

iemtA r—1g - Cnt A
x ||eiemtA Vggkl||L?([2M—172M])L%||elcn fn,k2||L§°([2M—1,2M])L:2c}

: —M/4 ¢ M+3min{k,ko}/2
< min{2 / an,kg||L§°([2M_1,2M])H§172 +3min{k,k2}/ ||fn,k2

o (porr-1 2012}
X [ Vedr, HLtoO([QMq’QM])LE

—2k k : —M/4—ko/2 oM+3min{k,ko}/24ko/2 N
<2 Zha++7k2 pip (o~ M/4=k2/2 oM+3min{k.ka}/2+ks/ }€1||9||L§°([2M—1,2M])H£1

and

(6.2.21) + [/(6.2.28)| 2
P(&,n) 0y, d(&,m) -

Voo (&)l
oM/~ M+3min{k,ko}/2
><rn1n{2 / HgklHLtoo([QM—l’QM])HElan’kzHL?O([2M7172M])L§,2 + mln{ ) 2}/ X

SVl oo + |1F 10y, % Dy (V& (€, )y ()] 1) X

ico tA icntA
X ||e*m gkl||L§O([2M—1’2M])L%||ewn fn,k2|’L§°([2M—1,2M])L%}

Tk ok e fo— M4 :
S(E27F 4+ 277) min{2 /||gl<:1||LgO([2M—1,2M])H£1an,kg||L;>O([2M—172M])Lg7

M in{k,ka}/2/ ~
2 +3min{k,ko}/ HgklHLOO([2M_172M])L2an’kQ||L?O([2M_172M])L%}

M+3 k,ko}/2+k
oM +3 min{ 2}/+1Hf .

-k _ - 4
<27 " min{2~ M/ ankQHLOO M1 2M)) 2 HLtOO([QMfl,QM])L%}X

X ||gk1||L§°([2M—1,2M])H£1

—k—2kg ks oM /A+ka/2 oM+3min{kky}/24ky+ka/21 | 5
2 200 47K2 i {9~ M/4+ha/2 oM+3minik ko) /2 kit }€1||9||L§0([2M—1,2M])H€1‘
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When (kq, ko) € X/lg, we have ¢; = ¢y and ¢(€,1) = 2¢m& -1 — (e + cn)|7]|2, SO

1(6.2.30)]| 2

1 a§l¢(§7 n)ann¢(§7 77)
’Vﬂ(b(f? 77) ’2

ro—M/4y - f
X min{2 /HgklHLgo([QMfl’QMDHglvafn,kzHLtOO([QM*lQM})Lg’

<|F~ Upy (Vnd(&m))Wogy ()| 11 X

om+3min{k,ka}/2

i tA ientA r—1 ¢
XHezcmt gkl||L§0([2M—172M])L%Helcn F vgfn,kg||L§°([2M_172M])L%}

ke g M /4y - ;
<2k2=M min {2 /||9k1HLgO([QM—l,zM])HgHvsfnJ@||L§’°([2M‘1,2M])L§’

M in{k,k2}/2y A F
pM+3minikk2}/ 19k, | e p2n1-1 2807 121 Vi Fuokea Ml o (2111 20 1.2}

_ . ro—M/4 ]

M in{k.ko}/2+k ¢ A
2 +3min{k,ko}/2+ 1||V§fn7k2||L§0([2M—1’2M])L§}||gk1||L?O([2M—172M])H£1

S e S TR

Repeat the same estimate using (1.2.2). Since either (kq,ks) € X% or ¢(&,m) = 2cmé - n —

(em + cn)lnl?, we get

(6.2.24) + |(6.2.32)]| 2
SUIF (€ = n g, (€ — mdry (Mg ()l 1+
nO. , ~ ~ ~
1800 ) e (€ = M (TR ) %

Cm|f|2

o= M/d|o - f
X min{2 / ||V£gk1||L§o([2M71,2M])Lg||fk2||L§°([2M*1,2M])H§1’

+ || F~

: ; _ N jentA
2M+3m1n{k,k2}/2HezcmtA]_— 1v59k1HLtOO([QMflgM])L%”ewn fn,kg“Lfo(PM*vaM])L%}

5(26]6_ + 26k}_+k2—]€)2—2k27++’}/k2 <

" min{Q_M/4_k2/2, 2M—|—3 mln{k,k2}/2+/€2/2}€1 ||g||L§O([2M_1,2M])H£17
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(6.2.25) 4 (6.2.26) + [|(6.2.31) || ;2
SUIF T Veq(€ = n,m)dg, (€ = ), ) r(©)l 1+

+ | Vewgl oo |F 1 a(€ — 1,0k, (€ = m)dogy (MU (E) | 1+

Ende, &, 1)

+ | F Loy, ( cml€]? a(& = 1.1)) gy (§ = M)y (M) () 1) X

. —M/4y A F
X min{2 / ||gk1||L§o([2M—1,2M])H£1||fn,k2||L§O([2M—172M])L§’

oM+3min{k,ka} /2 jicmtA

et
1€ gy | oo 2nr-1 207y L2 1€ Fr ol poo (2111 207y 12}

52€k_7k72k27++’yk2 min{Q*M/4+k2/2, 2M+3 mln{k,k2}/2+k1+k2/2}€1 ”gHLtoo([QMfl QMDHElv

and

1(6.2.33)]] 12

W0e B(ET) - L
suf—l%éﬁ%kl@—nw@(n)wk(@uﬂx

fo—M/4 A f
X min{2 / ||gk1||L?o([2M—1’2M])H€1||v§fn,k‘2||L§o([2M_1,2M])L§’

om+3min{k,ka}/2 )| jicmtA

ientA 71 7
1€ 2 gy | oo (jane—1 gnapy 2 € S F 7 Ve f oy | Lo a1, 907) 2}

5261{:,—/{—2/{274_—1—7]{:2 min{Q_M/4+k2/2, 2M—|—3 min{k,ko}/2+k; +k2/2}€1 ||g||L§°([2M—172M])H51 )

Thus, we can conclude

| T0+iydll 12

— . —M/4—ko/2 oM in{k,kot/2+ko/2 ~
<27 B0k pin o MR /2 Y2 ey 1] oo 11 g 12

1 T14iy 9l 12

5272k27++’yk2 min{sz/Zlka/Q’ 2M+3 mln{k,kg}/2+k2/2}€1 ‘|gHL§°([2M—172M])H£1
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—2k ko - —M/4—k+ko/2 oM+3min{k,ko}/2+k1—k+ko/2 A
27 2k i (o M2 QMR 2H IR ) o a1 00y

n 2*2k27++7k2 mlﬂ{27M/47k1+k2/27 2M+3mln{k,k2}/2+k2/2}61HQHLOO([QM_l 2MDH1
t ' £

—2k ko+ki1—k - —M/4—ko/2 oM+3min{k,ka}/2+ko/2 ~
<97 2ha g tykathi—k i (9= M/A—ka/2 oM+3min{k.ky}/2+k2/ }El‘yguLgO([szl,QM])Hfla

and

178,502

526k_72k27++’yk2 min{ZfM/Zlfkg/Q, oM+3 mln{k,kg}/2+k2/2}61 HgHL?O([QM*IQM])L?

174,902

52ek_—2k27++7k2+k1—k min{z—M/él—kg/Z7 oM+3 min{k,k2}/2+k2/2}€1 ||§||Loo([2M—1 M) FL-
t ’ 3

By the variation of the Stein’s interpolation theorem in Lemma 2.1.2; for any « € (0,1),

I Tagll L2 + T84 2

52_2k27++7k2+a(k1—k) min{2_m/4_k2/2, gm+3 mln{k7k2}/2+k2/2}61 ||§||L?o([

2M=1 oM Hg-
Taking g = ]—“71V§fm(t, {)@Z)kl (&) and using (3.1.3) finish the proof. O
Now, the only case left is ||D?I]%€’117k2 |72 for (K1, ko) € X%- We will start with proving a

slightly more general result on the bilinear integrals when [¢]| ~ |n| ~ [ —n|. The proof will

use Lemma 2.1.2 to handle the fractional derivatives.

Lemma 6.2.3. Suppose my : R3 x R — R s homogeneous of degree d and smooth on
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R3 x R3\ {(0,0)}. Given (ki,ko) € X% and supyep 71 || f1ll 2 < €1, we have

t2 , ;
HDOZ /tl /R3 eltd)(gm)md(f’ U)le (t,€ - n)fn7k2 (t> n)¢k(£)dndt

L2

; —M/2—k+(1— M k/4) oM+2k -
X min{2 2=kt (L) (M8 +yk/4) M+ }EluglﬂHL;?O([ZM_IQM])H?

(6.2.34)

and

to . ~
HDOé \/t1 /R3 elt¢(€’n>md(§’ n)-fm,kl (t,€ - 77)@1@ (ta W)@Z)k(f)dndt

12

: —M/2—k+(1— M/8+~k/4) oM~+2k A
x min{2 [2=k+(1=a)y /+7/)72 * }GlugkgHLgo([QMfl,zM])Hg"

(6.2.35)

for any t1,ty € [2M—1 oM,

Proof. Consider the following two families of operators on {z € C: 0 < R(z) < 1},

1 e [P e : ;
T,9=D /t /Rge Wmg(§,m)Gr, (8 € — 1) fr ey (8, )0 (€)dndt
1

and

2. _ e [ it ; ;
T?5=D /t /R3 " S Mmg(€m) frn ey (8, € = 1)y (8 M) Y1 (§)dndt,
1

which correspond to (6.2.34) and (6.2.35).
We start with bounding T01+Z-y and T()2+iy‘ Using the bilinear estimate L2 x L® — L2

Lemma 2.3.1, Lemma 2.2.2, (3.1.2), and (3.1.8), we get
1 .
1701yl 22
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MY F g (6, 1) ()0, (€ — 1)y (1) || 11 %

to . P
/ / M g (€, 0) Gy (£ € = 1) Fro oy (b, 1) (€) et
t1 JR3

12

X sup  min{|jelmtA ientB kol Lo

Ikl p2le
te[2M—1 oM] e

o3 min{k.ka}/2)| jicmtA

ient\
leiemt gy g2 e £ 2}

M+dk : icntA in{k.,ko}/2
SoMEAR - sup il g N, 23R £ gk, N 22
te[2M—12M)

§2M+dk—2k2,++’yk2 min{z—SM/2+’yM/8—k2+”yk2/47 23 min{k,kQ}/Q—H@/Q}el >

X ||9k1“Lg<>([2M—1,2M])L%

SQdk—QkJr-i-’yk min{z—M/Q—ﬁ-’yM/S—k—i—’yk/Zl’ 2M+2k}€1 HgHL?O([QMfl,QM])L%’

since Xz = {lk1 — k2| < a, |k — k1| < a+ 2}. Similarly, we also have

2 N
1T0 49l 2
t2

:H /t L A€, 1) (06 = Wiy 8. ()
1

L2
oMY F g (&, ) g (€)r, (€ — Mgy ()| 2 %

iemtA icntA

X sup  min{|e

ot Iy |l L5e

Fullzle

3min{k.ky}/2|| icmtA ent
o3 min{k,k2}/ | e"em fm,k1||L%||ewn ngHL%}

M+dk : iemtA in{k,ko}/2
MR sup min{ el f (] pge, 28R £ e Y gy 2
te[2M—12M)

§2M+dk72k17++’yk1 min{273M/2+’yM/8*k1+’yk1/47 23 min{k’,kg}/QJrkl/Q}el «

X ||gk2||L§O([2M—1,2M])L§

<odk—2k 4k

: —M/24+~yM /8—k+~k/4 oM-+2k
min{2~ M/ZEMSRERA GMERY ¢ 9] ooy

oM-1 M) L3
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Next, we observe

1 A
17143yl L2

t2 ) .
:Hafm /t /R MM (€M), (8, = ) Fr ey (1 (€t

L2
to . .
</ /R 1), i (4.6 = ) (€ ]|
Mg €, m) i, (8:€ = 1) (1) g, V()|
1
+‘ MPEMitde (€, nYma(€,m)Gry (1€ — 1) oo (2, n)wk(ﬁ)dndtHLQ
and
T2, 4,91l 2
t ) R
=H5§m | L e o 0.6 = iy .
1
MEM (6, 0)0e, Fin iy (8, € — 1)k, (£, 1) 0R(€) dipdlt
RS L2
M 14 (6,1) Fon oy (8, € — 1)1y (8, 1), V1 (€)dipdt
R3 .2
t2

y MMt e, G(Em)mal€,n) fon ke (6 € = M)y (8, 1) g (§) et 12

(6.2.36)
(6.2.37)

(6.2.38)

(6.2.39)

(6.2.40)
(6.2.41)

(6.2.42)

By the L? x L> — L? bilinear estimate, Lemma 2.3.1, Lemma 2.2.2, (3.1.2), (2.5.1), (3.1.6),

and (3.1.9), we get

(6.2.36) + (6.2.40)

oMY F g (€, 1)y (€ — ) gy () 0k (€[] 1 %

x  sup  (min{]|e" ™ BF Vg (|2 e R gy oo
te[2M -1 2M)

23R 2| e A F T e 2 1€ f 23+
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: i tA ——1 £ ient/A
+ ming[[e"m A F e fo g 2 lle A gy | Loe
3min{k,ko} /2 icmtA 1 £ ient\
pfmin{hka} 2| iem A TG f b (sl B gy 2 })
M-+dk . ~ —M/2+3ko /2 £
<Mk sup (min{ || Vegy, |22 M2V F s,
te[2M—1 2M] 3 3

g3min{kke}/2) g g HL? e Nl 22+

9—M/2+3k2/2

+min{[Vefi, 2 Vel

PR 20 1 f 52 Ve | £2)
§2M+dk sup (min{27M/2+3k2/2HV§fn,k2||Lg’

tE[2M_1,2M]

93 mln{k,k2}/2||fn7k2 ”L%}”vggkl HL§+

. P —M/2+3koy /2
+m1n{]|V§fm’k1HL§2 /2+3ka/ :

pdmintkka} 2k g f HLE}HVgﬁ@ HLg)

52M+dk: sup (2—2k2,++7k2 min{2—M/2+/€2’ 23min{k’k2}/2+k2/2}61||V§§k1 ||L2+
t€[2M71,2M] ¢

+ 9kt VEL pin (9= M/248k2/2-k1/2 g3 min{kba}/2ke—h1/2y e, |7, g I\Lg)

<odh—2k 7k i o M/24+k oMA2k) 191] Lgo f2m—2,2007)

and the L* x L* — L? bilinear estimate, Lemma 2.2.2, (2.5.1), and (3.1.11) imply

(6.2.37) + (6.2.38) + (6.2.41) + (6.2.42)
S2M (V| poo |F L img (€, 1) Dg(€) Dy (€ — ) bgey )| 2+
+2MY FL0 o(€ m)yma(€, )b (€) b, (€ — n)ry ()l 1) X

xsup (min[|em B f gl palle B gyl a
te[2M—1 2M)

2 min{k,k2}/ ||6wm fm,k1||L%||ewn ngHL%}_’_

. iCmtA ient/A
T min{ e ge [ alle A gy s,
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o3 min{k.k2}/2)| jicmtA

icntA
leemt B gp 2 € 1y 1 123)

x sup (i L e By g
te[2M—12M)
3min{k,ko}/24+k .
2R B 1 12 | Vel 2} +
: icmtA icntA
+min{ e’ B g, [ 1 fo gyl g

3min{k.k 2+k \VoY, 2
2 mi { ’ 2}/ 1|| §9k1||zg||fn,k2||Lx})
5( M—k+dk 22M+dk+k)><

« sup (2—2k‘17++’yk1 min{Q—SM/Z—k1/4+/€2/47

te[2M—12M)
23min{k,k2}/2+k2+k1/2 €1 V g 2+
berlVedr Il 2
+ 2—2k27++’yk2 min{2—3M/2+/{:1/4—k‘2/2’

o3min{k.ka}/2+k1+k2/2Y 760 |14
Feull 59/{1”[,5)

When M < —2k, we have oM+2k < 1. Thus,

1 . 9 .
1 To1iy9ll 22 + [ T04iy 9l 12

dk=2k 47k L f9—M/24+7M /83— 4 oMz g
§2 ey m]ﬂ{? /2+vM/8—k+~k/ .2 + k}€1||g||L<t>o([2M—l72M])L§

and

1. 2 .
1T iy 9l 2 + 1Ty 9 12

52dk—2k++~yk min{Q_M/2_k, 2M+2k}61 HQHLgo(prl?QM])Hgl.
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By the interpolation result in Lemma 2.1.2, for any « € (0, 1), we get

1. 2 A
||Tag||L2 + ||Tag||L2

a2 minfg MRS OMISEIRI QMR 9] 11 00 -

In the other case when M > —2k, we have

1 A 2 A
1To+iy9ll L2 + 7541y 91 2

dk—2k k —M/24yM/8—k+~k/4 oM+2k PN
Sk 2kt [PAMISRATR MY 1] oo

m1n{2 2M71’2M])Lg

and

1 - 2 .
IT1 44yl 2 + 1Ty 91 12
§2M+2k+dk—2k++’yk min{Z_M/Z_k, 2M+2k}61 HgHLtOO([QMfl,QMDHEl‘

Lemma 2.1.2 implies that for any a € (0, 1),

1- 24
1Tadll 2 + 1759 12

<O (MA2R)+dh=2k vk i £0—M/2—ket(1=a) (YM/8+9k/4) oM+2ky 1911 poe (2011 2M]) Hg-

Therefore,

to . ~
HDa /t1 /]R{3 e”‘b(f’”)md(&,n)ékl (t, & = 1) fro ey (8, M)V (&) dndt

L2
1.~
=[Ta(9¢k, ) 2

M2k |1+
oM+ }61H9k1\!Lf([QM*1,2M])H§
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and

L2

to . o
H Do /t 1 /R LM (€, m) gy (6.6 = 1)y (8 M) () el

9, .
=[1T&(9%r) 2

M42ky, |
oM+ }61HgkgHLgO(pM*lﬂM])H?'
]

Observe HDa]%éll,kQHH for (k1,k) € X7 is special case of (6.2.34) in Lemma 6.2.3 with

g= ngm, d = 0. Employing (3.1.3), we have

M1
D% gy iy 2

o M/2—k+(1—a)(vM/8+~k/4) oM+2k ;
X min{2 2=ty /+7/)72 * }ElelqHL§0([2M—1,2M])H€1+°‘

,S(l + 20[(M+2]€))272]€++7k’*2k1’++’}/k17k1/2704k’1 >
—M/2—k+(1—a)(yM/8+7k/4) 2M+2k}6%

X min{?2

Hence,

2ky —vk+k/24+ak M1
Z Sup 2 +-7 / « Z Almn Z ||Da[]€,k1,k'2||L2
1<M<log T 2M~1<t1<ta<2M CmAcn#0 (k1 ka)ex?

< Z (1 + 20(M+28) )02kt A9k iy £o—M/2—k(1—a) (YM/8+7k/[4) oM +2ky 2

1<M<logT
< Y pREMEZ LN g0(MA) 2k M2k (L) M [/ 4) 2
M<—2k —2k<M<logT

2
56]_7
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given a + (1 — a)y/8 < 1/2,ie. a < 1/2 —~/(16 — 27).

Combining this with the result in Lemma 6.2.1 and Lemma 6.2.2, we have

2k, —vk+k/2+ak M1
sup 92k —7k+k/2+a Z Al Z | DT ok, k2HL2
1<M<log T 2M ! <ti<ty<2M cm~+cn#0 (k1.k2)Ex;
>t D )Awn Y. DY k:k1 kQHL?Jr
0 0
Tondal it ke
O A Y DL E1,L 162||L2Jr
cm+cn#0 (k1,k2)€Xk
St D A > I et
=0 -0
Tondertn (uk2)€xi
+ Z Almn Z HDa k kl kQHLZ)
cm+cn=0 (kl,kz)Ginxk
S€%+ Z Z 27’yk+2k+72k1’++’yk172k2’++’yk2+k/271€1/2X

1<M<log T (ky kz)€xpUXFUX;

x min{2~M/4=k2/2 oM+3min{k.ko}/2+ka/2y 2

+ Z Z 9= Vk——2kz 4 +7k2 min{Q—M/2—k/2—k2/27 2M+2k2+ak—ak2}€%
1<M<min{log T,—2k} ko <k
+ Z Z o—vk——2ky +yka+2ak
—2k<M<logT ko<k
x min{2~M/2HYM/4+7k/2=3k/2=k2/2 oM —k/2+3ka/2} 2

Set.

which proves (6.2.1).
6.3 DO‘] k , and DO‘Jkkth

In the current section, we examine the remaining terms, (6.0.6) and (6.0.7).

125



For Dalé\i’i@, we handle the cases where (k1, ko) € Xllc and ¢, # ¢; in Section 6.3.3. In
Section 6.3.1, we further investigate the cases where (kq, ko) € X;%;, but with the coefficients
¢m = ¢y, or the cases where (k1, ko) € Xz. Lastly, the cases where (k1, ko) € X% are addressed
in Section 6.3.4.

As for D¢ J

i k ey WE look at the cases where (k1,ks) € Xllc and ¢, # ¢; in Section 6.3.3,

while all the remaining cases, (ki, ko) € X;lf and ¢y, = ¢ or (k1, ko) € X% U X%, are estimated

in Section 6.3.2.

6.5.1 DLV, where (ki ks) € \}

Recall the lower bound |Vyé(,7)] 2 2k1 established in (3.2.9), when (k1, ko) € X,1€ Uxi. We

will frequently employ the following identity throughout this section,

Z O @(&, 1) ctoEn) — ite(En)

—8
itV o€ P
To estimate the « derivative, we will utilize the interpolation result from Lemma 2.1.2.
However, instead of immediately defining a single family of operators for ]%512 ko to apply
the lemma to, we will take a preliminary step. We will use the aforementioned identity to
expand and split Do‘ll‘iwk’f o in the following way,

o M2
DoIy 8k

=D« /t /Rg eit¢(£’n)it8§l¢(f, n)fm,/ﬂ (t7 §— n)fmkg <t7 77)@/% <€)dndt
1

o [ ; e, 0(§,1)0, 0(&5m)
=P /tl /Rzew(g’n)anm ‘ ! Py (6.€ = 1) Fr ey (8, m)0R (€)ddt (6.3.1)

Vo (€,m)]?
10 0(& MO, 0&m) R
—_ D« Zt(b &, ?7 S Im B
P /t1 /Rg V,0(E, )2 OnnFrn e (65§ = 10) Fr oo (8, )0k (E) didt (6.3.2)
) 06, 9(§, 1), 0(E,1) X
— D« Zt(b &, ?7 S Im B
b /t1 /Rz Vo€, e fm Jey (8,6 = 1) 0, fr e (£, )01 (€) dydt.

(6.3.3)
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This procedure adds flexibility to our estimation by allowing us to deal with each term

separately using Lemma 2.1.2.

Lemma 6.3.1. Suppose t1,t9 € [2M_1,2M] and SUD;e[1,7] fillz < e1. If either (ki,ko) €

X% or (k1, k) € X;%; and ¢; = ¢y, then

16.3.1)][ 2

<2—k1/2—2k1,++’yk1—2k27++’yk2—ak —M/4—k1+ko/2 2M+3 min{k,kg}/2+k2/2}€%
~ ) .

min{2

Proof. Consider the following family of operators on {z € C: 0 < R(z) < 1},

; S O & MO O(E )
— D? ito(em) gy G m
D /t1 /Rge Doy, Vooe )P by (£ € = 0) f ey (8 )03 (€) e,

First, we want to show the operator Ty, : L7° (RM—1 oM ])Hg - Lg is bounded for all
y €R.
The Strichartz’s estimate in Lemma 2.4.3, together with Lemma 2.3.3, Lemma 2.2.2, (3.1.3),

(3.1.2), and (2.5.1), provides

| T0+iydll 2
O¢,d(&,m)0n,, 4 (&, 77)
Zt¢ &, 77 & Nm
’ /tl /R?’ T V(& n)l? ey (6 € = ) fn ey (1 1) (€) el .
0 0
SHJ_——lanm fl(b(f n) ﬂm¢(€ n)¢k1(vn¢(f n))wkz( )”le

V(€ m) 2
X min{2~ /||gk1||L?o([2M—1)2M])H§1”fn,k‘gHLtOO([QM—l,QM])Lg’

oM+3min{k.ka}/2) jicmtA

icntA
le 9ky ‘|L§°([2M*1,2M])L?E €% Fr ks ||L§0([2M71,2M])L320}

—k . —M/4y £
<27" min{2 /||gk1||L%>o([2M—172M])H51||fn,k:2||L§O([2M—172M])Lg’

M43 min{k.ky}/2+k ~ 7
oM+3min{k,ka}/2+ 1||V§gk;1||L?([2M—172M])Lg”fn7k2||L%X>([2M—1’2M])L§}

—k1—2ko L +vk : —M/4+ko /2 oM+3min{k,ko}/24+k1+ko/2 ~
<o hi=2k2 k2 i (0 [4+ka/ 2 min{k.ko}/2+k1+ko/ }61”%1HL§O([2M—1’2MDH£1.
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Then, we need to prove for all y € R, the operator 77 : [/7?0([2‘]\/‘[_1,QM])Hf2 — Lg is

bounded.

Observe that

12

1T +iydll 2 (6.3.4)
g, (&, 1)y, H(E, n)
oito(&n) 59 Nm o
‘agn/ / 877’” |Vn¢(f 77)|2 ( §— n)fn kQ(t 77)%%(5) nat 12
9, (&, m) Oy, H(E, M) A
'Lt(b &, gl m N B
/t1 /Rs o, Vo0&, )2 e,y Gty (8. € = 1) fr oo (8, )0 (§)dmdt . (6.3.5)
g, (&, 1)y, H(E, n)
itp(&:n) & Nm i
+ /tl /Rse 8§n877m \Vngb(é 77)|2 (t §— 77)fn kQ(t n)Yy(§)dndt 12
(6.3.6)
g, 0(&, ), B, 77)
th) &, 7] &l Im dnd
(6.3.7)
20 elem), g O(& M) 0(E:1)
Zt¢(£77’) gl Tim
S it e T i 16— ) g
(6.3.8)
i i ; : : j S
and perform integration by parts using the identity cito(Em) Zj 1 WV )] i% eito(€m)

on the term (6.3.8) ,

ty ' g, (€, 1), O(E, 77)
it(&.m) & m,
/t1 / e n itdg, d(&, 1)y, V(. 2 ko (6,6 — 77)fn o (B )0 () dndt

/ / Zt¢§n 877 8§n (5 77)877]¢(2§ 7]) anm a§l¢<£7n>aﬂm¢(2§7n>)x
1 Jrs AEEN] V(€. m)
X Gk (6,6 = 1) froky (6001 (€)dndt (6.3.9)
/ / Jito(En) ) 92, 9(§, )0, 0 (€, 77)877 3gl¢(§,n)3nm¢(§,n)x
R3 V(€. m) 2 " V(€ )2

X Oy (£ € = 1) oo (8, )03 (€) it (6.3.10)
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/ / Sitd(€m) ) 96, 0(& 1) (&, 77)877 3gl¢(§,n)3nm¢(£,n)x
R3 Vo (€,m)[? | Vge(En))?

X Gy (6, € = 1) f oy (£, 1) 03 (€) et (6.3.11)

Using the Strichartz’s estimate in Lemma 2.4.3, Lemma 2.2.2, Lemma 2.3.3, as well as

estimations (3.1.2), (3.1.6), and (2.5.1), we have

(6.3.5) + [|(6.3.10)|| 12

Og, (&, 1) Oy (6, 1) -~
V0(6, )2 Uy (Vi (€, m)) oy ()| 1+

N ”]__A%ch(ﬁ ﬁ)anjsﬁ(ﬁm)an 9e,0(&, )0, 0(&: M) -
V(&) ? Ve n)?

- fo—M/4o - f
X min{2 /||V§gk1||L§o([2M—l72M])H£1||fn,k2||L§°([2M—1,2M])L§’

<(1F oy,

wlﬁ(vn(b(f 77))%( )”Ll)x

M+3min{k,ko}/2 icmtA T—1 -~ icptA
oM+3min{k.ky}/2) cicmtA vigkl||L§o([2M_1’2M])L%||eZCn fmkz”Lgo([QM—l,QM])L%}

ko M/do s ;
<27k min{2~ M/ IVedhy || poo(orr—1 gm Hl\lfn,kQHLoo 9M—1 9M)) 1.2,
21)) 5°([2M-1,2M)) 2

M+3 k.ko)}/2+k 24
oM+3min{k,ko}/2+ 1|V gk1||Loo [2M—1 2M] L?ankQHLOO [2M—1 oM) L2}

—ky —-M/4 ¢
<27"1 min{2 /||fn,k2||L§°([2M_1,2M])L§’

M in{k,ko}/24+k A
2 +3min{k ko }/2+ 1an k:g||L§O([2M—1,2M])Lg}||V§9k1HL§O([2M—172M])H£1

ke —2kg vk i o M/Atks/2 oM43min{k ko) 24k +ka 2y . |15
<o k1=2ha ke iy o= M/Atke/2 gMA3min{kika}/2+kithe/ }Engkl‘|L§°([2M*1,2M])H£2

and

(6.3.6) + (6.3.7) + [|(6.3.9)]| 12

P& 1) Opm @(§5 1) -
V(€ )2 Uiy (Vb (&) ()| 1+

g, P&, 1) 9§, 1) ~
V(& m)[?

(H‘F 16 877m fl

+ Vel z | F 1oy,

Dk (Vo (&) py () 1
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a§n¢(fv77)anj¢(§ﬂ7)a 9e,0(&,1)0n,, ()

~1
o R e R T Ve P

)0k, (Vb (&) gy (M 1) X

fo—M/4y 4 ]
X min{2 / ||gk1||L§O([2M—1’2M])H£1||fn,k2||L§0([2M—172M])L§’

2M—|—3 min{k,ka}/2| icmtA

icptA
le 9k:1||Lg0([2M—1,2M])L%||€ZC" fn,k2||Lg0([2M—1,2M])Lg}

- o fo—M/A+ky ) - ;
<2 M min {2~ M/ lugkl’|L§°([2M*1,2M])H§”fn,kzHL?"(PM”,?M])L%’

i 2-+2k 24
oM+3min{k,ka}/2+ 1||V§gk1||L?([2M—172M])Lg||fn,k2||L§0([2M—1’2M})L%}

g - ro—M/A+ky ) F
<27k min{2 /4+ 1||fn,k2||L§°([2M_172M])L§’

MBS minth R} 202K | £ o ani—1 o)y 12 Gy | go(panr—1 207y 2

52_76—/61—2k2,++7k2 min{Q_M/4+k1+k2/2>
M+3min{k,ko}/2+2k1+ka /21 15
oM+ min{k,ka}/ 1+k2/ }EngklHL?O([2M’1,2M])H§2'

In addition, since we either have (kq, ko) € X% or (ky,k2) € X]l€ and ¢; = ¢,

1(6.3.11) || 72

13£n¢(5’77>5’m¢(€,?7)8 g, (&, 1)y, 0(€,m)
IVao&,m2 T Ve, )2

- fo—M/4 - f
X min{2 / ||gk1||L2>o([2M—172M])H51||v§fk2||L?°([2M_1,2M])Lg’

SIF

U, (Vo (€,m)) 0k, ()| 1 %

oM+3min{k,ko} /2 jicmtA

icntA —1 ;
le 9k1||L§O([2M—1,2M])L§HGZC F v§fn7k‘2||L§°([2M—1,2M])L§}

<Sok2 =2kt i (oM /ARy, I e m=1 20 21V e fueo | o (2011 200 2

M+3min{k.ko}/2+2k1 |72 A

5 min{k,ko}/ HIVEa, ||L§o([2M—1’2M])L§H Cgfka||L§O([2M—172M])Lg}
_ in{o—M/4tki v, f

§2k2 2k min{2 /+k1|| §fn,k2”L?°([2M_172M])Lg’

in{k,ko}/2+2k ¢ i
2M+3m1n{ ka}/2+ 1HV&fan”Lgo([QMfl,QMDLg}HgklHL?O([2M7172M])H€2

§2k2—2k1—2k27++7k2 min{Z_M/4+kl_k2/2’

: 21—k /20 |1+
oM +3 min{k,ky}/2+2k —ky/ }quklHL§°([2M*1,2M])H§'
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Thus, we found
| To1 syl 2 S27F1—2k24 7k min{2~M/4+k2/2,
oM+3min{kko}/2+hki+hk2 /21 o) ”~€’||L§°([2M—1,2M])Hg
and
1T1+iy9ll 2 <o k=22 ke i oM/ Atk —k+hy /2
oM+3 min{k,kz}/2+2k1—k—i—kg/Q}El”g”Lgo([QMﬂQMDH?

By Lemma 2.1.2, for any a € (0,1)

HTO@]HLQ 52—k1—2k2,++vk2+a(k1—k) min{Q_M/4+k2/2,
M+3min{k,ko}/2+k1+ko/2 N
2 2 e }61HgHLgO([QM—l’QM])HgH-a-

As we plug in F~! fm@kl for g in the result above, we obtain

16.3.1)][ 2

527k172k2’++’yk2+a(k’171€) Inin{27M/4+,l€2/27

om+3 min{k,kg}/2+k1—|—k2/2}€1 ”fk:l ||Ltoo([2M—172MDH§1+Of

52—3k1/2—ak1—2k17++’yk1—2k27++'yk2—|—oz(k1 —k) —M/4—|—k‘2/2’

min{2
2M+3 min{k,kg}/2+k1+k2/2}€%

<2—k‘1/2—2k1,++’yk1—2k2,++7k2—ak —M/4—k:1+k‘2/2 2M—|—3 min{k,k’g}/?—l—k‘g/Q}e%

min{2

using (3.1.3).
Next, we turn to the estimation for the second term.
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Lemma 6.3.2. Suppose t1,t9 € [2M_1,2M] and SUP;e[1,7T] fillz < er. If either (ki,ko) €

X% or (k1,ks) € X;lf and ¢y, = ¢y, then

16-3.2) | 2

<2—k1/2—2k1,++’yk1—2k2,++’yk2—ak —M/4—k1+ko/2 2M+3 min{k,kg}/?—k1+3k2/2}€%
~J ) *

min{2

Proof. Consider the following family of operators on {z € C: 0 < R(z) < 1},

; ) 06 (& )0y 0(Esm) .
— D? Zth 5 gl TIm B
=D /t /RS v ’vn¢(€ n)‘Q anmgk'l (t7§ 7])fn,k2(t7n>¢k‘(§)dndt'

We want to show that for any y € R, the operators Tjy, : L?O([2M_1, 2M])Hg — L? and

Ty Lfo([ZM_l, 2M])H§ — Lg are bounded.

Employing the Strichartz’s estimate in Lemma 2.4.3, along with Lemma 2.3.3, Lemma 2.2.2,
and using (3.1.3), (3.1.2), and (2.5.1), we get

||T0+z'y§|! 12
Sto(Em) ) 9,9 (&m0, 9(&,n)
R3 Vo (€,m)]?

8 0
Sl 5l¢|<én2(g”mj§ D ey (Tl )iy )

. o—M/4 ~ F
X min{?2 / ||V§gk1||L?([2M—172M])Lg||fn7k2||L§0([2M—1,2M])H§1’

O Gty (6 € — 1) Fr ey (2, n)wk(é)dndtHLz

oM+3 min{k,ko}/2 [ eicmtAf— ieptA

1 N

v59k1|‘L§°([2M_1,2M])L%”e fn,k2||L;>°([2M—1,2M])Lg}
ko—k1 o ro—M/4) ¢

<227 R1 min {2 /an’kaHL?O([2M7172M])H£17

M+3min{k,ko} /2 ¢ N
oM+ min{k.kz}/ ||fn,k2||L§O([2M—1,2M])Lg}||V§9k1||L§O([2M—1,2M])L§

ko—k1—2k k . —M/4—ko/2 oM4+-3min{k.ko)/2+ko/2 ~
<oka—ki=2k2 1 H+vk2 i 9 [4—=ka/ oM+ min{k,ka}/2+ks/ }€1||gk:1||L§O([2M—1,2M])H£1.
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Next, we have

1 T1+iydl L2 (6.3.12)

) 06 0,y 0(Esm) :
zt(;S £n) & Im o
‘afn /t1 /Rg ’vn(b(f 77)|2 aﬁmgk‘1<t7§ U)fn,kg(tan)¢k(§)dndt

) 0, P, 1)y, (& 1) . .
ztgi) &n) fl m B dnd
/tl /R3 ‘Vn¢(£ 77)|2 afnaﬁmgh(t’g Ti)fn,kz(tm)iﬁk(é) nat

19, 0(& My d(Em) .
it(e.n) %6® T 5 B 5 Py H
i /tvl /1%3 |vn¢(§ n)|2 ﬁmgkl(taf U)fn,kg(tW) g,ﬂﬂk(f) nat o

L2

12
(6.3.13)

Sto(Em) 9e,0(€,1)0n,, ()
R3 o V(€. m)]?

O Gty (£, € = ) Fr iy (£, )00k (€) At

12
(6.3.14)

(6.3.15)

2l e, Og,6(&, M)y, &(Em) )
Zt¢(57 ) ¢ Im B
+ /t1 /R3e n itdg, d(&,n) l ‘Vn¢(§7n)|2 O Oty (€ — 1) f o (L, )1 (€) dmpdt

L2
(6.3.16)

O
;& )|2677 ete(En) on the term

Integration by parts using the identity ito(Em) Z j=1 —zt|V EN
n

(6.3.16) gives

t2 . X 6 ¢(€a 77)6 ¢(§a 77) P
itp(&,m) & fim O 0 —
/t1 / € 7 Zta Qb(f, 77) |Vn;b(£ 77) |2 MmIk1 (tv § n)fn,kg (t7 U)%Uk(f)dﬂdt

/tQ/ T % (&m0, #(&,n) B, ¢ (€, 1)y, P(E, n))x
gl V(&) Vo (&,m)]2
X O Gty (£ € = 1) Fin oy (£, )03 (§) it (6.3.17)
/ / Jito(En) ) O (1) 0e,, G(€, ) Dg, H(€, 1)y, O, 77)><
t; JR3 |Vn¢<§ 77)|2 |V77g25(§ 77)|2
X OO iy (£, € = ) Fon oy (8, 1)1 (€) it (6.3.18)

/ / Jito(&n) O (& 1) 0, 9(&,m) O &8, 1)y O(&,1)
R3 Vo (€, n)|? Vo (€, n)|?
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X Oy (6,6 = 1)y Fi oy (6 1) 0g () . (6.3.19)

Using the Strichartz’s estimate in Lemma 2.4.3, together with Lemma 2.2.2, Lemma 2.3.3,
(3.1.3), (3.1.2), (3.1.6), and (2.5.1), we obtain

(6.3.13) + [|(6.3.18)] 12

10,861 (&) - )
Voo e a(VnelE e it

|V77¢(€>77)|2 |V77¢(§777)|2

fo—M/4\o2 A F
X min{2 /||V§gk1||L2>o([2M—172M])L§||fn,k2||L§°([2M_172M])H£1’

S>F

+ H./'-'fl 7;]{;1 (Vn¢(5777))7;k2(77)”L1) X

oM+3 min{k,k2}/2HeicmtA}——lvggkl ||L§°([2M_1,2MDL% ||eicntAfn’k2 HL?O([QM—l,QM])L%}

ko—k1 | o2ka—2k1\ , : ro—M/4|
< (k21 | 92ka=2k1) i 1o /an,kg”L§°([2M*1,2M])H§1’

M~+3min{k,ka}/2 5
oM+ min{k,ka}/ ||fn’k2||L?([2M_172M])L%}||9k1||L§0([2M—172M])H52

ko—k1—2k k : —M/4—ko /2 oM+3min{k.ko}t/2+ko/2 A
<oka—ki=2k2 1 4vk2 in 9 [A=k2/2 gM+3min{kka}/2+ka/ }€1||gk‘1||L?O([2M—1’2M])H€2,

(6.3.14) + (6.3.15) + [|(6.3.17)]| 12

O, (€. 1)y, B, 7) - ;
) ’Vn¢(g77)|2 Vi (V&) ()l +

1998, m) 0y 0 (1) - -
TRl |7 g (Vo 6 ) ) .

On; 9(&:m)0¢, (&, m) Og, d(E, 1), #(€, M)
[Vad(&,m) | V(& n)?

- ro—M/A o 4 f
X min{2 / HVfgkl”Lgo([QMfl,QM])Hgl“fn,kgHL?O([ZM*I,QM])LE’

SUF 12,

+ 150y, ( )0, (Vd(&, )0y ()]l 1) X

M+3min{kko} /21 icmtA +—1o ientA
2 + mln{ 2}/ Helcm f vggklHL%)O([2M7172M])L%”62071 fn,k2’|L§O([2M7172M])L%}

ko—2k —k4ko—k ko—2k Lo~ M/4) £
<(ok2=2k1 4 g—k+ka—ki 4 oka=2k1y in o /IIfn,kQ||Lgo([2M—1,2M])L§’

134



M+3min{k,ko}/2+k .
oM-+3min{k,ka}/2+ 1an,k‘zHL?O([QM—I’QM])L%}”gkl||L?O([2M—172M])H§2

§2fk+k2*k1 —2ko 4 +vka min{2fM/4+k2/2’

and
16.3.19)[| 2
1 9n; 98 m)0g,, (&5 1) Oy D (8, 1) O(E, 1) - )
<||F 1775 &n S TIm v
= Vo (&,m) |2 IV, 0(E, )2 Uy (Vp@(&, 1) )bgey ()| 1%

in{2~M/4|v.4 ; M+3min{k.ko}/2
X min{2 / Hv’ggklHLfo([2M—172M])H51Hvﬁfn,kz||L§°([2M—1,2M])L§a2 +3min{k k2}/2

et =—1 A icntA ~—1 ¢
XN S F T Ve | o or-1 o)) p2 1€ S F T Ve fo ol o paar-1 gny 2}
ko —k . —M/4 P M+3min{k.ko}/2+k
SQ 2 1m1n{2 / vafﬂakQ||L§O([2M’1,2M])Lg’2 + mln{ ) 2}/ + 1><

X Hvﬁfn,kQ HL§O([2M71,2M])L§}H§I<:1 HL%XJ([QMfl’QM])HgQ

2ky—2k1—2ky y+vko : fo—M/4—ko/2 oM~+3min{k,ky}/2+k1—ka/21] 5
<92ka—2k1=2ky 4 +7k2 iy fo—M/4=k2/2 o min{k,ky}/2+k1—ka/ }||9k1||L§°([2M—1,2M])H§~

Thus, combining the estimates above, we found

1T0+iydll 2 52_2k27++7k2 min{Q—M/4—k1+k‘2/2’
M4-3min{k,ko }/2—k1+3ka/2 A
2 {k,ka}/2—k1+3k2/ }61|’9||L§0([2M7172M])H§1

and

Ty iy 0]l 2 S27 2R2t k2 in o= M/A—kithe /2

M4+3mind{k.ko}/2—k1+3ko /2 p
oM+3min{k ko }/2—k1+3k/ }Engkl“Lfo([QM’l,?M])ng

Ok 4tk o o M/A—ky—k+3ks /2
+ 27 2k Tk iy (o~ M/ A=k =kt 3k /2
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M-+3min{k.ka}/2—k+3k2/21 ¢ 115
oM+ min{k,ka}/ +3ka/ }61||g||L§0([2M_172M])H§2

—2k ko - —M/4—-2k1+3ko /2
+ 27 2k Tk iy (o~ M /A= 2k +3k2/2.

oM+3 min{k,kg}/27k1+3k2/2} ||gk‘1 HL?O([QM—l’QM])Hg

52—2k2,++7k2 min{Q_M/4_k+k2/2,

M43mind{k.ko}/2—k+3ko /2 P
9 +3 min{k,ko}/ +3k2/ }€1H9HL§°([2M’172M])H§2.

By the interpolation result in Lemma 2.1.2, we have

||Tag||L2 52*2k1,++7k1+a(k1*k) min{2fM/47k1+l<;2/27

2M+3 min{k7k2}/277€1+3k2/2}61 ”§||L§o([2M_1,2M])H£1+a7

for any a € (0, 1).

When we take F_lfmizkl for g and use (3.1.3), we obtain

16-3.2) | .2

<2—2k1,++’yk1+a(k1—k) —M/4—k1+ko/2
~ )

min{?2

5 min{k,ko}/2—k1+3kz/ }EIHfmJﬂ“Lf"([QM_lQM])HéHa

<2—k1/2—ak1—2k17+—|—’}//€1—2k27++’}/k2+a(k1—k) M/4—ki+ko/2
~J Y

min{2~
2M—|—3 min{k,kg}/2—k‘1+3k2/2}6%

<2—k1/2—2/€17+—|—’yk‘1 —2k;27++'yk2—al<; —M/A—k1+ko/2 2M+3 min{k‘,kg}/?—kl—FSk‘g/Q}e%

min{2

as desired. O

Now, we turn to the final term in the splitting of ]%C’f iy’

Lemma 6.3.3. Suppose t1,ty € [2M~1 2M] 4nd supsen 1) 1fill z < e1. If either (ki,k2) €
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X% or (ki, ko) € Xllc and ¢y = ¢y, then

|| (633) ||L2 <2—ak2—2k‘17++'7k1—2k‘27++'yk2—|—oz(k:1—k) min{Q_M/4+k2/2_3k1/2,

2M—|—3 min{k‘,k’g}/z—kl/Q—l—k’g/Q}e%'

Proof. We start with defining the following family of operators on {z € C: 0 < R(z) < 1},

) 96 9(§, 1), 0(E,1)
itp(€,m) fl m
/t1 /Rg Mk fm k1 (&€ = 1) ey (8, 1)y (§) did,

which we want to show Tjy 4, © L7° ([2M-1 2M])H§1 — Lg and T 44y Le([2M-1, 2M])H£2 —
L% are bounded for all y € R.

Based on the Strichartz’s estimate in Lemma 2.3.3, as well as Lemma 2.2.2, Lemma 2.4.3,

(2.5.1), (3.1.2), and (3.1.3), we can get

|T0—|—zy9||L2
) 9, (&, MO 6§, 1) &
Zt¢§77 gl m
‘/t /RB TrglE (€ = )iy (6 )0 ()]
10 0
<S|F él(b,(é?:;)( nm;b‘(f n)¢k1(vn¢(£ 1) gey ()| 11 X

o M/4 -
X min{2 Hfm,k:1 HLgo([QMfl,QM])Hg vagkgHL?O([QMfl,QM])I%?

oM+3min{kks}/2| jicm Finogen | oo (2n1—1 200y 2 1€ 2 F 7 Ve | Lo (-1 907 12}

ko—k . —M/4y ¢
<2F2R mln{2 / ||fm,k1||L?°([2M_1,2M])H§17

MA+3min{k, kot /2 7 ~
oM +3min{k.ky}/ ||fm,k1HLgongfl,QM])Lg}vagkgHLgO([QMfl,QMDLg

ko—k1—2k k . —M/4—k1/2 oM+3min{k,ko}/24+k1/2 N
<oka=hi=2k11+7k1 pin {2 [A=k1/2 oM-+3min{k,ka}/2+k1/ }51Hgkz‘|L§O([2M*1,2M])H§1'
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Next, we look at the operator T7 4y,

||T1+z'y§||L2
) 06,08 1) Opy 9§, 1) &
zt(;S £n) & m d d H
) 0, 0(&,m)0 cb(é 1) R
zt¢§n fl Im P — o dnd
/t K e ot 1€ = )0y €|
(6.3.20)
0 (€, )0, (E,m) .

R ¢ NIm

(6.3.21)

) 0 0(& )0y P&, 1)
itp(&,m) 59 Nm 5 5 o H
i /h /1%3 IVyo(E, n)|2 fm kl(tf 1) O Gy (£,1) fnwk(g) nadt o

(6.3.22)

2O asen). e, 6(&, 1)y, &(E,m)
Zt¢(57 ) ¢ m
+ /t1 /R?’e Pitde, (& n) L NI fim Jey (6€ = 1) O Gty (M) (€) dpdt

9

12

(6.3.23)

and perform an integration by parts on (6.3.23) using the identity

. 5. Oy d(E,m)
p(En) = N~ T Iy, ito(&:m)
‘ Z <tV o€ 2 ’

t2 i . 0e,0(&,1)0n,, 0(§:m) 4
Zt¢(§7 ) & Im 15,

3 SLHEN % (6.1, 016, 1) D, n)am(é n)
/ / w0 P Vo )

X oy (£ € = 1), Gy (80 1, (€) (6.3.24)

/ / Sito(E.n) ) 9, 0(&:1m)0y; 0(€, ) Dg P&, 1) Dy O, n)x
R3 Vo (€,m)|? Vo (€,m)]?

X Oy fon by (£ € = 1)y Gy (8, ) ()t (6.3.25)
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/ / o(¢.m) 96n (& m)On; (&, m) Dy P(€, 1)y, (€, 1)
R3 Vo (&, m)|? V(& m)|?

X Fongey (£:€ = 1)y, 0y 1y (£, 0 (€t (6.3.26)

Using the Strichartz’s estimate in Lemma 2.4.3, along with Lemma 2.2.2, Lemma 2.3.3,
(3.1.3), (3.1.2), (3.1.6), and (2.5.1), we get

(6.3.20) + [|(6.3.25)|| 72

10 (€ )06 1) -
S S g e Ok (Vg )iy ()l

1 e, G(& 1) A€, 1) D, d(E,m) Dy, (€, 1) -
7 MK V,0(E, )2 Vky (V@ (& 1)y ()] 1) X

. —M/4 p A M43 min{k,ka}/2
x min{2 /||vff’m,k1||L§O([2M—172M])Lg||vfgk2||L§o([2M—172M])H£1,2 +3min{kka}/2,

et =—1 7 entA\ ——1 A
X e R F TN e oy poe (2v-1 200 L2 1€ S F " Ve | oo onr-1 2007y 12 }

ka—k1 o o2ko—2k1\ s ro—M/4d|o }
<(2M27F1 4 92k 2Ry min {2 /vafm,kl”Ltoo([QM*l,QMDLg’

M+3min{k,ko}/2+k P
oM+ min{k,ko}/2+ 2||V£fm’k1||L%>o([2M—l’2M])L§}Hg/€2”L?O([QM—l’QM])Hg?

ko—k1—2k k . —M/4—k1/2 oM+3min{k kot /2+ko—k1/2 A
<oka—k1=2k1 7kt pip (9 [4=k1/2 gM-+3min{k ky}/2+ky—k1/ }61||gk2||L§O([2M—1,2MDH£27

(6.3.21) 4 (6.3.22) + [|(6.3.24) | ;2

g, (&, m)0n,, 9(&:m) ~
o U (Vo ) ()|t

1 0,08, m) Dy &€ ) -
l |vn¢(£’ )‘2 wk,l(anb(g 77))¢k:2( )||L1+

0 0 0
1 e e )i (T )

S(IF 1o,

+ Vgl e | F

—M/4n 2 N
X min{2 / ”fm’klHL?O([2M7172M])L§HV§QI€2HL;’O([2M*1,2M])H§1’

M+3min{k kol /2 tA icntA ——1 ~
oM-+3min{k.kz}/2)| e S | oo (2n1—1 200 2 1€ 2 F Ve | oo (av-1 907 12}
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ko—2k —k+ko—k ko—2k . —M/4, ¢
SJ(Q 2 149 +ko 1 4 oh2 1)m1n{2 / “fm,klHL;’O([QM_l,QM])Lg’

M+3min{k,ko}/2+k 5
oM+ min{k,kz}/2+ 2||fm’k1||L§O([2M—1,2M])L%}Hgk2HLtOO([QM_l,QM])Hg

<gktka—k1—2k1 k1 iy 0= M/ 4tk /2

oM+ min{k,ka}/2+k1/2+ 2}61Hgk:QHLE’O(PM’l,?M])Hg’

and
1(6.3.26) | 2
10, (&, )0, 8(&,m) Og, (€, m) Oy, $(§,m) - )
< 170 M & m v
. V(&) Voo (€, )2 Uiy (Vo (€, 1)) 0k ()| 1%

ro—M/4 ¢ 25
X min{2 /||fm’]€1||L§o([2M—1,2MDH£1||V€gk2||L§0([2M_1,2M])L§7

M+3min{k.ko} /2| icmtA B FIVE
MBI} 2 cfemt s a2 € S F T 2 e ot 930 12)
<2472 M min{2 / ”fm,lﬂHL?"([2M71>2M])H§1’

M+3min{k,ko}/2 P
oM+ min{k,k2}/ ||fm,k1||L§°([2M_1,2M])L%}Hgk2HLfo([QM_l,ZM])Hg

<92ho=2h1=2k1 491 iy 9= M/A=k1/2 oM +3 min{k,kQ}/2+k1/2}Hgk2 |’L§°([2M—1,2M})H§2‘
Summarizing the estimates above, we have
[ To4iydll g2 272004478 min {2~ M/AHk=8/2,
oM-+3min{kka}/2Hhy—k1/2y | §||L<t>o<[2M—1,2M])H€1
and
I T4iydll g2 27200478 min {2 MR 2ok,

oM+3min{k,ko}/2—k /2—k+ 2}61||gk2||L§0([2M—1,2M])H52'
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By the interpolation result in Lemma 2.1.2, we obtain
||Toég||L2 52—2k1,++7k1+a(kz1—k) min{Q_M/4+k2_3k‘1/2’

M i 2 —k1/2 N

for any a € (0,1).

Thus, taking F ! fnﬂkQ for g gives

1(6.3.3)|| 12 52—2k1,++7/f1+04(k1—k) min{Q—M/4+k2—3k‘1/27

M+3mintkko}/2+ko—k1/21 | §
o M-+3min{k ks}/2+ky— k1 / Yeullfall go (a1 g0y i

<2—k‘2/2—ak2—2k17++’7k‘1 —2k27++7k2+a(k:1 —k) —M/4+ko—3k1/2
~y Y

min{2

2M—‘r3 min{k,ko}/2—k1/2+ko }E%

<2—ak2—2k17++’7k1—2k27++’7k2+a(/€1 —k) M/44ko/2—3k1 /2
~ )

min{2~

2M—‘r3 min{k,kz}/2—k1/2+k‘2/2}€%7

where the bound on the Sobolev norm is provided in (3.1.3).

Combining the results in Lemma 6.3.1 and Lemma 6.3.2, we compute

3 > sup 92kt =7k+k/24ak ()1(6.3.1)| 12 + |/(6.3.2)]| 2)

M-1 M
1§M§10gT(/€1,k2)€X,1€UX%2 <t1<t9<2

5 Z Z 22k+f’yk+/€/27k1/272k17++’yk172k27++’}/k2X
1<M<logT (ky,ka)ex}Uxi

min{2~M/4—kitha/2 oM-+3min{kk2}/2+k2/2) 2

§e%
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Additionally, Lemma 6.3.3 gives us

%y —yk+k/2+ak
D BTt (T
LSM<log T (ky kg)extuy2 27 Shistes2
< Z Z 22k‘+—’yk’—|—k/2—2k‘17++’}/k1—2k27++’yk2+a(k‘1—kg) >

1<M<logT (k, JQ)EXIlsUXi

X min{Q_M/4+k2/2_3k1/2’ oM+3 min{k7k2}/2—k1/2+k2/2}6%

56%.

Therefore, we showed that

2k —vk+k/2+ak M2
DI IR (I DR SR
1<M<log T 2M 1<t <ty <2M Crmt-cn#0 (k1,k2) XL
C|=Cm ’ k
M2 2
D DR Sl
Cm+en#0 (k1,ka)exs

(6.3.27)

6.5.2 DO‘Jé\i’ikz where (k1,ks) € X3 U X3

For the term Jé\/fk’f iy recall that we restricted our consideration to only the cases when

¢m + ¢n = 0. Consequently, we have the following identity

N Sm o itg(em) _ ito(Em)
2 20n |E2 0 —° ’

m

which will serve as a key tool in this section, enabling us to perform integration by parts to
achieve decay in the time variable. Using the above identity and the definition provided in

(6.0.7), we can expand DO‘Jé\i’ikQ as follows,

t2 . A )
Do /t | /R 3 MEM it (€, m)a(€ — 1.1) Fon ey (6 € — 1) Fu by (8 )0 (€) ddt
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mO, 7 ¢
- / / Zt¢ 3 n)a??mé €l¢(£ " q(§ —n, n)fm,lﬂ (t, € — 77)fn,k2 (t, )y (§)dndt
t1 JR3

2cp €]
(6.3.28)
fm P(€,m) . R
_ N« Zt¢§n fl B B
P /tl /R3 |§|2 877mQ(€ 777n)fmak1(t’£ n)fn,kQ(tvn)wk(f)dndt
(6.3.29)
5ma o(&,m) . R
_ D« Zt¢§77 Q B B
b /tl /RS 2Cn’£|2 (5 n>77)anmfm,k1(taf n)fn,kQ(t777>¢k(§)d’l’]dt
(6.3.30)
Emd) A A
‘Da/ faee zflTs(én) (€= 1) oy (8 € = )00y oy (8. ) () iyl
(6.3.31)

The terms we derived from the expansion will be estimated separately in Lemma 6.3.4,

Lemma 6.3.5, and Lemma 6.3.6, employing the interpolation result in Lemma 2.1.2.
Lemma 6.3.4. Suppose t1,ty € [QMfl,QM] and SUP;e|1,7] \fllz < er. If either (ki, ko) €

X% U X% or (k1, ko) € X;lf and ¢; = ¢, then

1(6.3.28)| 72 + [/(6.3.29) 12

<26k‘_ —k—2k17+—2k‘27++’yk1—|—’yk2—04]42 —M/2—ko/4—Fk1/4 2M—|—3 min{k,kg}/2+k2/2+k1/2}€% '

min{2
Proof. First, we define two families of operators on {z € C: 0 < R(z) < 1},

/ / thbfn)anmfm 5l¢2(§ n)q(é“ = 1.0) Gy (£, € = 1) fou oy (£, 1) 05 ()t
t; JR3 ’£|

and

5m o(&,m) .
— N? ito(€, 13 _ R B
_D/t /Rs " e OmE ek (8 €= kg (6 ) R(E)dndt
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for (6.3.28) and (6.3.29) respectively. We want to find bounds on the operators

1 2 M-1 oM 2 2

and
1 2 M—-1 oM 1 2
Tl—l—iy?Tl—l—iy : Ltoo<[2 ;2 ])Hg - Lg
for all y € R.
Beginning with TO1 iy and TO2 iy We can employ the bilinear estimate L*x L* — L2, together

with (3.1.11) and (1.2.2) to get

1 . 2
1To4iydll 2 + 1 To4iy 91 12

0 A
H/t [ etetema, ﬁﬁf D € = 1)y 0 — 1) oy 1, 1))t
1

L2
) EmIg 9(&, m) )
gito(en) Em % o
‘ /tl /R?’ n |l€|2 aan(g G 77)gkl (t’ 5 n)fn,kg (tw U)¢k(§)dndt 1o
SQM t [2]\8/111[1) 2]\/[] ”.F_lanm&nﬁlg—j&;é-MQ(g - n)@zk(f)ijkl (5 - 77)12152 (77) ||L1 X
E - )
iemtA

ient/A
e mt A ge [ alle ™ £ gl pat
M

T )
te[2M—1 2M] i

O @(& = 1, M1 (), (€ = M) gy ()| L1 %

jCmtA icnt A
< |l gy I palle™™ = f ko Il £

k_—k—M/2+ko/4+k1 /4 f g
<o¢ [2+ka/A+k1/ sup vafn,kQHLgHvégklﬂLg

te[2M—1 2M)

k_—k—M/2—2ko + +vko—ko/4+k1/4 A
<2° / 2, ++vka—ko /44-k1/ 61”9||Lt00([2M—172MDH§1.

Combining this result with Lemma 2.2.2 and (3.1.2) leads to

1 - 2 . k_—k+M+3min{k,ko}/2 N
IT0 iyl 2 + T3 iy 9l 2 S2h- A minthkd 2 qup 1 p ol | 2
te[2M—1 2M] 3
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ki —k+M+3min{k,ka}/2—2ka 1 +vka+k2/2 15
<o min{k ko }/ 2,++7kat+ka/ €1||9||Lg0([2M_1,2M])L?

Next, for T11+iy and T12+iy7 we compute

HTll—Hyg | | L?
§md) A A
\% /t /]R ; e, & j‘gff D )iy (6 — 1) oyt )R € i .
1
J EmOg9(&, ) ) A
/tl [y, <§—n,magngkl(t,é—n)fn,k2<t,n>wk<§>dndtHL2
(6.3.32)
g 0(&, A :
+ R3 Zt¢€77 anmgfllf—P(gU)Q(f_77777))gk1<t7£_n)fn,kg(tvn)wk(g)dndt 12
(6.3.33)
" §m0g0(&, A :
¥ / [ e ena, ﬁlﬂﬁ o6 i 1€ ) o 0., .
(6.3.34)
| [ ereteminn oteman, D e — gy 6 — st i€t
1
(6.3.35)
and
172392
06 A
‘% / /Rg o’ ﬁg‘f ")%q(g—nm)gkl(t,é—n)fn,k2<t,n)%(@dndt”ﬂ
00 A A
[ et ﬁ’ﬂf "D €~ 1100, 1€ — 1) oy £ ) € .
(6.3.36)
k2 i EmOe, (€, 1) . R
+ ‘ /t | ettenag, (e Omnt € = 1)y (056 = ) gt )R ()] |
(6.3.37)
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ma £
t1 R3 L2

|€|2
(6.3.38)
2 EmOg, (€M) R ;
RIZIC) a & 2G> g _ — dndt
+ /t1 / it0g, (&, 1) ——"5—— P @& — 1,1 Gk, (8, € — 1) ko (8, )Y (€)d o
(6.3.39)
Integration by parts using the identity eite (&) Z] 1 zt?c |£‘2 Zt‘b(g’”) on the terms
(6.3.35) and (6.3.39) gives
t . ma ) A~ r
/ : / elw(f’")@'t@gﬂ(&n)anmwﬂﬁ = 1,1k, (8§ — 1) S ey (£, 1)1 (§) dpelt
t; JR3 |§‘
t2 ; §i0e, 0(&m) . EmIg d(E,m) R ;
_ itp(&m) g (S %n 9 3 _ - t dndt
/tl /R 0y (0, e (€ = 1))k (1€ = 1) o 1 )€

(6.3.40)

/tZ/ zwgnfjafn 677)8 £m<9§l</5(€,77)

2ene Om T jep 46 — 1,1)On Gty (£ € = 1) Fon oy (£, )03 (€) it

(6.3.41)

1659,0(6:m)  EmDg d(E; ) ) )
ito(e.n) 5% 9 3 B B
/t1 /Rz " 2cn|€]2 D €2 a(& = 1M gy (8, € — 1)y o (6, ) Uk (E) el

(6.3.42)

and

t rna ) ¢
/ 2/ it 1), 6 )W%ﬂ(g = 10,) 31y (6 € = 10) Fro kg (6, 1) () it

ta . £i06,9(8:m) EmOg,d(&,n)
/ / (MOEN g, ( 122 o ﬁlé“IQ

O @& = 1.1)) 1y (£, € — 1) Froopey (£, )03 (€)ddt

(6.3.43)

aan(g - U)anj§k1 (ta 5 - n)ﬁn,kg (ta TIWk (f)dndt

/tQ/ ztgb &n) 59851 5 77) fma§l¢(§ 77)
R3 2cp /€] €12

(6.3.44)
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1659 9(€,n) EmIg (€, n) . ;
itp(€,m) SI7¢E S _ _
/;1 /1%3 77 QCln|€|2 |l§|2 877mq(§ 77,77)9141 (t7£ U)an]fn,kg(taﬁ)wk(f)dndt

(6.3.45)

We now commence the estimation of all terms. Utilizing the bilinear estimate LAxIA = 12

along with Lemma 2.3.2, Lemma 2.2.2, and the bounds in (1.2.2) and (3.1.6), we find

(6.3.32) + (6.3.36) + [|(6.3.41)| 12 + |(6.3.44)|| 12

EmOe, 9(€,m)
1£]2
mO, ) - . _
1572—72(577)0%(6 =1, VR(E) Y, (€ — MV, (M)l 1
1§06, 0(8m) . &EmOgo(€,n)
F 157 fn o ]
e O e
1§]a€n¢(§ 1) fmaglﬁb(é,n)
2Cn|£’2 ’§|2

x  sup [l BF g ([ palle’ D f gyl
te[2M -1 2M)

<2M (|7 2oy, (& — 1.0k (E) Uk, (€ — )Pk, ()| 1+
+ || F~

(€ = 0, m)r (g, (€ = Mgy (M) 11

<2€k_—k—M/2+k1/4+k2/4<1 + sz—k) sup
te[2M—12M)

<26k_—k—M/2—2k’27++’7k2+k1/4—k2/4(1 + 2/{32—]6

) .
vafn,k;QHL?vagkl ||L§

)EIH.E]HLgO([QM—lQM])Hg-
Then, the bilinear estimate L x L — L2, Lemma 2.4.1, (2.5.2) and (3.1.2) give

(6.3.33) + (6.3.37) + (6.3.34) + (6.3.38) + [|(6.3.40)|| ;2 + [|(6.3.43) | ;2

Emde, B(E,m)
€2

mO ) 7, I )
OG0Ty e )Ty (€ — )il +

€2
m0e, O(E,
+ ||ngk||Lm(||f—1anm%

5 o )
+ | F Tanmq(é — 0, )k (E)Wgy (€ — MUy ()1 12) +

2M[IF 10, (9, (€ = 0,m))Up(E) g, (€ — m) gy ()| 1+
+ ||]-"_185n(

(€ = 1,y (€ — gy ()| 1+
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. a 5 ma (b ) 7 7 T
1F 1, (Y Qfgﬁ”)anmf jlﬂf 46— 1)) D€y (€ — )y

_ 0 :1) EmOg, (&, T T .

« sup || eicmtA

2

sV oy iy 1 Lge [ e Ml 22

ki —2k—M/2

<9¢ / sup | fn kol 29, [ 21
te[2M—12M)

k_—2k—M/2 ki1/2 2
<o 2 s | fagl22"2 1V Ek | 2
tE[ZM_l,QM] 3

k——2k—M/2—-2ko y +vko+ko/2+k1/2 A
<o¢ /2=2kg +kotka /24K / 61”9||L§°([2M—1,2M})H§2

and
1(6.3.42) ;2 + [[(6.3.45)|| 72
a 9 ’I’I”La ) ~ ~ ~
<2V (1 L, SEED e )€ — o+

0 , mO, ) 7 7 b
N f(ﬁ s 7’555 D € — 1O (€ — iy () 11)

et A

X sup e

9 1z IV e f, 2
A g k|l Lol Ve n,kQHLg

<otk —k—M/2+ky—k+k /2 su Vef 2| V2§ 2
~ te[QMB,QM} | gfn’kanﬁﬂ §9k1”L§

ek —2k—M/2—2ko , +vkothko/24k1/2 |
<2 / 2,4+ +7ka+ka/24+k1/ 61||g||L2>o([2M—172M])H£2.
Furthermore, employing the duality result stated in Lemma 2.2.2, we can find a new set of

bounds on the previous terms. We compute

(6.3.32) + (6.3.36) + [[(6.3.41)| 72 + [|(6.3.44) | 12

ok ket MAsmin{kko} 21 4 ok2=Rysup || f 2 Vedn Il 2
tE[QM_l,QM] ’ 13 13
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§2€k}_—k+M—|—3 min{k,kl}/2—2k27++’yk2+k2/2(1 + 2k2—/€)€1 ||g||L?o([2M—1 QM])th

(6.3.33) + (6.3.37) + (6.3.34) + (6.3.38) + [|(6.3.40)|| ;2 + [|(6.3.43) | 12

k_—2k+M-+3min{k ko) /2 f g
<o¢ +M+3min{k k}/ sup || fo kol 21190 Nl 72
te[2M—12M] ¢ ¢

§2€/€_+M+3 min{k,k1}/2—2kg { +vko+ko/2—-2k+ky €1 ”@HLgo([QMfl’QMDHEla

and

1(6.3.42) || 72 + [|(6.3.45)|| 72

k_+M in{k.ko}/2+kg—2k R N
okt M+3min{kka} 24k sup |\ Ve S ol 2119k, [l 2
tE[QM_l,QM] 13 13

oM Bmin{ld) 22 s 2k 220 | o 0s -1 g0 -

To summarize, we have

1 . 9 .
1 To1iydll 2 + (1104409l 12

ke —k—M/2—2ky 4 +vko—ko/A+ki /4
<o¢ [2=2ks, ke —ka/4+k1/ 61||9||L;go([2]‘/[—1,2]”])15[51

and

1 > .
1T iy 9l 2 + 1Ty 9 12

k_—k—M/2—2ky + +~vko—ko /4+k1/4+k1—k A
<o¢ / 2,4+ +Yk2—ka /4+k1 /44Ky €1H9HL§O([2M71,2M])HE2-

Using the interpolation result from Lemma 2.1.2, we get

1a 2~
HTagHL2 + HTagHL2
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(6.3.47)

(6.3.48)
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526k_—/€—M/2—2k27+—|—’yk‘2—k2/4+k1/4+(k‘1—k)ael ||g||L%,o([2]\/[*1,QM])HSIJFQ7

for any a € (0, 1).

If we look at a different set of bounds,

1. 2 .
10499l 2 + 1 To4iy 91l 12

k——k+M+3min{k,ko}/2—2ks 4 +vkot+ka /2. 115
<o min{k.ka}/2—2ks, 4 +vka+kz/ €1||9||Lgo([2M—1,2M])L§

and

1. 2 .
T4yl 2 + 1Ty 9l 12

<oek_ —k+M+3 min{k‘,k‘g}/2—2k2’++’yk2—|—k‘2/2+/€1—k‘ A
52 61”9HL§°([2M—1,2M])H§17

we obtain for any « € (0, 1),

1x 2 A
H,-Z—‘ongL2 + ||Tag||L2

<ok —k+M+3min{kko}/2=2hs +ykotha/2+(i—k)ag |4 Lo ([2M-1 2M]) e

Thus, combining the two bounds we got on ||[T2g]| 2 + |T24| 2, we have

2 Emg, 3(€,m) . X
o itoen)y  Sme . )
HD /t1 /Rs e Oy ch €2 q(& = 1,1) fin kg (6, € = 1) fin o (6, )0k (§) dpdt

L2

« 7 gm ¢(£ 77) " A
HD /t1 /Rs e gl cnl€2 oo g2z Omm (& =00 finky (6,6 = ) f ey ()3 (€)dndt

—M/2—ky/A+k1 /4

L2

k_—k—2k ko+(k1—k ; q
526 2,+1+7 2+( 1 )Ol mln{2 61”9k1HL;;>O([2M—1,2M])H§+0“

M-+3min{k,ko}/24ko/2 A
2 +3min{k,ko}/2+ko/ €1Hgk-1HL?O([2M—172M])H?}.

Finally, by substituting f,, for ¢ and employing the bounds on || fm,k” Ho and || fm,k” Hlta
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from equation (3.1.3), we arrive at the desired result. ]

We move on to the estimation of the next term in the splitting of J]?/‘;f iy’

Lemma 6.3.5. Suppose t1,ta € 2M~1 2M] 4pd SUP;e|1,7] \fllz < er. If either (ki,ko) €

X]% U X;?; or (k1, k) € Xllc and ¢; = ¢, then

|| (6330) ” L2 <2ek_—k—ak—2k1,++7k1—2/€2’+—|—7k2 min{z—M/2+’yM/4—k1/2+’Yk17+/4+")/k27+/4’

2M—|—3 min{k,kg}/Q—k1/2—|—3k2/2}6%'

Proof. Define a family T, of operators on {z € C: 0 < R(z) < 1},

) §mg #(&,m) A
zt¢ £, 13 B R B
/t1 /Rs " 2c;|§|2 (& = 1,1) O ey (£, € = 1) S ey (8, )0k (€ et

We want to show Ty, : L(2M 1) 2M])Hg — Lg and T 14y : Lge([2M-1 2M])H§2 - Lg

are bounded for all y € R.

We estimate the operator Ty, by employing the bilinear estimate L? x L™ — L2, along

with Lemma 2.2.2 and (3.1.8),

| To+it9l 72

ta o EmOg, d(€,m) . A
H / /RS t¢ §7I 2C€;|£|2 (5 -1, U)anmgkl (t,f - n)fn,kig (t7 n)¢k(£)dndt

52]\/[ sup H]:.,lgm §l¢<§2a n)
tE[QM_l,QM] QCn’ﬂ

12

(& = 1, )0 (E) gy (€ — n) gy ()| 1 X

x min [ m B FTIG g (| o €M fy gyl L

i 211 iemtA m—1x A icntA
pdmin{kha} 2| ciemtD F1G g || o e nA £l o}

Mtk i j ent
<geh—+Mky—k sup mln{vakl||L2||6wmf Jroll oo
te[2M-1 M) £

23 mm{k’k2}/2Hngl HL% “fn,kg HL%}
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<€k —k—2ka ko min{Q—M/2—i—’yM/8—|—fyk2/47

oM-+3min{k ko}/2+3ks/ }€1||gk1||L?o([2M—172M])H§1.

Next, for the operator 77 1, we compute

12

1T +it9ll 12
mO. R
Hagp / /R \ eito6m’ 2fji(|§g 1) q(& = 1.1) O Gky (6, € = ) fr iy (1) 003 (€) dipdlt .
) 10g, (&, M)&mg (&, ) ) )
R3 577 : 2Cn’f‘2£l (6 -, U)anmgkl (t7£ - n)fn,k‘g (ta 77)¢k(§)d7ldt
(6.3.50)
£m o(&m) ) :
ito(&, & _ _
| [ et (S )i 6 = gt
(6.3.51)
fma ¢<5 77) N p
ito (&, g _ B
+ /t1 /R3 " 2C;|§|2 (& = 1,1)0%, 0, 91y (L, € — 1) S 1oy (L, ) g (§)dpdl L
(6.3.52)
fma ¢(§ 77) A
i€, S - . B
+ /t1 /RS " 2c;!£|2 (& = 11Oy iy (6, € = 1) fro ey (6, 1) O o (€) o
(6.3.53)

Immediately, we see

106-3-53)1 2 S To+itdll 21 Vel zoo
52—2k+ek_—2k2,++7k:2 min{2—M/2+7M/8—i—7k;2/47
pM+3min{kka}/243k2/21 ¢ |15, ) Lgo([2M1 2M)) 7]
<o 2kteko—2ka kot i 9= M /24y M/8+9ks /4,
pM-+3minikiko}/243k2 /2y )| g, ||Lg°([2M—1,2M])H§7
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where the last line uses (2.5.1).

To handle the term (6.3.50), we proceed with integration by parts using

3
itp(E,m) _ 51' itp(€,
el ¢(§ 77) — _ Z it2cn’£‘28njel ¢(§ 77)_
=1

Hence, we have

to O¢ (&, m)EmOg, d(&,m)
)eito(&m o &
/ /RZ% ZZC \512877] ! 2cn€)? -

< (€ = 10,1) O Gty (8 € = 1) Frokey (8, 1)U ()t

oo £j0¢, (& 1)Em g #(€, n) . ;
= [ L oy (P S € ) (.6 — gy 6 €

(6.3.54)

53 §,n)EmOg ¢(&, .
/t | eren e D21 )y s (46 — 1) o) )
1

Ack el
(6.3.55)

q(& = 1.7) Dy 1y (£, & = 1)y For 1oy () (€) it

/ / Sitd(.m) 1639, 0(& 0)&m g #(€, )
t1 JR3 4cn‘€|4

(6.3.56)

Now, we combine similar terms and perform estimations. Employing the bilinear estimate
L*x L* — [2, Lemma 2.3.2, Lemma 2.2.2, together with estimations (1.2.2), (2.5.1), (3.1.2)

and (3.1.11), we have

1(6.3.51)||z2 + ||(6.3.54)|| 72

" Ll
M (770G, (g e al =) (€ € — il
_ £, 0(&, MmO (€, m) - -
1710, (SR = ) e (€ = )y ()12

x ming [l A FT g | palle R £y gyl s
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23 min{k,ko2}/2 HewmtA]:_lvgkl HL% “6chtAfn,k:2 HL%}

SocktMHRT2E sy min [ A F IV G | palle R fr gyl a
te[2M—1 oM]

o3min{k,ka}/2 | eZCmtA]:_lvgkl I L2 HelcntAfn,kz I L2 }

SpAMERTE sup min{2 MR O | € R fy g,
tE[QMfl’QM} 13

3min{k,ka}/29k1 |02,
9 min{k,ka}/ 2"V g]ﬂHLngn,]fQHL%}

<2€k_72k72]€2,++’)’]€2 min{ZfM/2+k1/4+3k2/4
M~+3min{k,ko}/24+k1+3ko/2 N
) +3min{k,ko}/2+k1+3k2/ }61“gk1HL;>O([2M7172M])H§2.
Applying the bilinear estimate L2 x L — L2, together with Lemma 2.3.2, Lemma 2.2.2,
bounds in (1.2.2), (3.1.2) and (3.1.8), we obtain

1(6.3.52)| 72 + [|(6.3.55)|| 2

mOg (&, S .
15221—1(;17)61(5 = 0 MYk (E) g (€ = My ()| L1+

dczlel*

<oM (|| F~

+ || F? (& — 0, )k (E)Wg, (€ = M)y ()] 1) %

< sup  min{[lemIAFTIVEg o, e A f ol oo,
te[2M—12M)

23 mm{k,kz}/ZHezcmtAJ—_-71v2gk1 HL% ||eZCntAfn,k‘2 HL%}

okt Mirhah (g ok hy - sup mind ||V 2y, |2 ll€n R gyl oe
te[2M—1 oM] ¢

9 min{k,k2}/ v gk1||L§||fn,k2HL%}

<26]€_+M+k2—]€—2]€2’++’}/k2 (1 + 2k‘2—k> mln{Q—gM/2+'YM/8—k'2+’Y/€2/47

3min{k,k}/2+ko/2 24
o3 min{k.ka}/2+ka/ te1||V 9k1||L§°([2M_1,2MDL§

<26k_7k72k2’++’)/k2(1 + 216'27]{3) mln{z*M/2+’YM/8+’Yk2/4’
M+3min{k,ko}/24+3ko/2 A
2 + Imn{ ) 2}/ + 2/ }€1||gk1||L?O([2M—172M])H£2
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<26k'_ —]{i—2]€27++7]€2+k1—k’ Inln{Q—1\4/2—%—7]\4/8—%—’)462/47

oM-+3min{k ko}/2+3ks/ }€1||gk1||L?o([2M—172M])H§2.

Lastly, we use the bilinear estimate L6 x L3 — L2 and Lemma 2.2.2 to get

16.3.50)] 12
;0 0(&,1)EmO¢, &(§, - s
oM g OGN (€ (€ — iy )
te[2M—1 2M) Acg €]

o o . s
x min{ || A F IV gp (|6l A F IV f gyl
. . L . s
93 mln{kﬁg}/?nelcmtAf 1ng1 ||L% ||elcntAJ,—_~ vfn,kz ||L%}

526/6, +M42ko—2k Sup min{ ||eicmtAf_1Vle HL?C ||ezcntA‘/—-_1vfn,k2 ||L%’
te[2M -1 2M)

93 mln{k’k2}/2”vgk1 HL% ||vfn,k2 ”Lg}

In order to estimate the L% norm, we employ Bernstein’s inequality in Lemma 2.5.1, together

with Lemma 2.4.1 and Lemma 2.5.3 to get

lem B F Vg 1o STME | A F IV o
Lyt

SOMEMME I F10g ) a0 (6.3.57)
L2~

—MA+yM/8+vk/4) 72 5
S MM 2 .

Hence, using the bound above with the estimations (3.1.6) and (3.1.10), we obtain

t6[2M71,2M] *
o3 min{k.ka}/2+k1 ”ka? ||L§}va§k1 HLg

< 2€k_72k2,++’yk2*2k M /24~y M /A+ko+~ko /4+7k1 /4
~J )

min{2~
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M+3min{kka}/2+ki1+3k2/21 115
oM+3min{k,ko}/24k1+3ks/ }€1||9k:1||L§°([2M_172MDH62.

To conclude, we have

<2€/<;_ —2k27+—|—’yk2—2k

| T14itdll 2 S ~ M2y M/Atky vk 4[4+ vk /4]

min{2
M+3min{kko}/2+k1+3k2/21 115
oM+ min{k,ka}/2+k1+3ks/ }€1||gk1||L§°([2M_172M])H§2

and

| Ty irdll 2 S26F-—F= ke tvhe i o= M/2+7M/8+yka /4.

M+3min{k,ka}/2+3k2/21 11
oM-+3min{k ka}/2+3k2/ }quklHLtOO([QM’l,QMDHgl.

By the interpolation result in Lemma 2.1.2,

<2€k_ 7k72k27++7k2+a(k17k})

HTO&g”LQ < fM/2+’yM/4+’yk17+/4+7k2,+/4,

min{2
oM+3min{kke}/2+3k2 /2 ) ||§||Loo([2M—172M])H£1+a>
for any o € (0,1). Lastly, we plug g = f_lfmz/?kl into the result above and use (3.1.3) to

get

20n|€|2
<2€k_—k—2k27++’}/k2+0{(k1— ) min{Q—M/2+’YM/4+”yk1’+/4—|—7]€2’+/47

EmO, ; ¢
Hm / / tolemEmOGOET) o b (€ = n) o (6 MRt
t; JR3 L2

oM+3min{k,ky}/2+3ka/ reill fm kl”Lfo([?M*lgM])HﬁlJra

<2€]€_ —k—ak—2k1,++’}/k1 —2k2,++’yk2 mln{z—M/2+’yM/4—k1 /2+’yk17+/4+’}/k27+/4’

oM-+3min{k.kz}/2—ki /2+3k2/2) 2.
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Now, we look at the final term in the splitting of J}%éf ky'

Lemma 6.3.6. Suppose t1,ty € [2M_1,2M] and SUDel[1,7] \fllz < er. If either (ki,ko) €

X% U X% or (k1, k) € X;%; and ¢; = ¢, then

[1(6.3.31)|| 2

<26k'_fkfakakL_‘_72k2’++’yk1+’}/k’2+a(k1sz) «
X mln{2*M/2+'YM/4*k1+k2/2+’}/k1,+/4+’yk2,+/47 2M+3 mln{k,kQ}/2+k1/2+k2/2}€%

Proof. Since we restrict ourselves to the case when ¢, + ¢, = 0 for the term Jé\/‘;’f kyr WE

indeed have 9¢,¢(£,n) = 2(¢; — cm )& + 2cmmy. As we perform a change of variable ¢ = § -1,

we can rewrite (6.3.31) into

t
(6.3.31) =D° /t ’ /R 3 Jitole.6—0) Sml(cr = em)§ + em(§ = Q)
1

Cn’£|2

< (¢, € = C) frntey (6 Q) Fon ey (8. € — Qg (€)dCalt.

Based on this observation, we define a family T, of operators on {z € C: 0 < R(2) < 1} as

follows

'
T.06) :Dz/t 2 /R3 sito(g.6—m) Em((c1 = Cﬂ;)flgpcm(& —m) .,
1 n

X Q('fhf - U)fm,kl (tv n)afmgkg (taé - U)wk(f)dﬁdt

It suffices to show that Tp,, : Lo([2M-1, 2M])H€1 — Lg and Ty : Le([2M-1, 2M])H§ —

Lg are bounded for all y € R with suitable bounds.

First, we look at the operator T ,. The L? x L — L2 bilinear estimate, Lemma 2.2.2,
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Lemma 2.3.2, bounds in (1.2.2) and (3.1.8) yields

1 To+itdl 2
:' /t2 / eitaﬁ(é,&—n) fm((cl - Cm)gl + Cm(fl - nl)) 5
t1 R3 Cn|€’2
X (0. € = 1) fn ey (8100, iy (1€ =)0t
<M s Ftémlaz et oml& = m) e )iy (€~ m)l X
te[2M-12M) cnlé|

x min{ ||’ A F IV g || 2l o gy [l oo,

pdmin{kka} /2| cientA F1G g | o em A f 1 2}

<ok MR =R up mind || Vg, |l 2 e®m R f g Nl se
te[2M—1 2M)] ¢

23m1n{k,k2}/2|lvgk2 ||L§ ”fm,kl HL%}

k_+M-+ko—k—2k k1. —3M /24~y M/8—k1+~k1/4
<gek—+M+ky L+ t7RL pip fo—3M/2Hy M/8 =Ry k1 /4.
3min{k,ko}/2+k1/2 A
k_—k—2k ki —M/24+yM/8—k1+ko++k1 /4
<9¢ 1A+ HYRL in {9~ M/247M /8= ki thatyki /4,

M+-3min{k,ka}/24k1 /2+k2 | 5
oM+3min{k,ka}/2+k1/2+ 2}”9k2HL?O([ZMA,QM])H?

Next, we perform the following computation for 77,

1T +it9| 72
to _ —
_ ito(e,6—n) Em((cr — em)§ + em(§ — m)) B
Hafp/tl fut cnlé? 10 & =

X fkey (6,10, Gk, (£,€ — ﬁ)wk(f)dndt' L

/ / Sito(€.E-n) ) 10, 0(&, € = n)&m((cr — em)§ + em(§ —m))
t; JR3

Cn|§|2

< o (100, 0.6 = (€| (6359

q(n, & —mn)x
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t2 . _ _
ito(¢e—n) o (Smlla —cem)§ +em(§ —m)) B
e [0 emeemag b . = )
< o (0100, 0,06 = ]|
t2 . _ _
ito(¢,e—n) Em(c — em)§ + em(§ — m)) B
+'/t [ o b o, € — )
X fon, ey (£:1)0e, D, Gy (8, € — )0 (€) dipdlt p
t2 . _ _
ito(e.c—m) Sml(eg = em)§ + em(§ —m)) B
+‘/t1 /R36 Cn|§|2 q(n,§ —n)x

X Fon, ey (£:1) Dy Oy (8, € — ), g (€)dipdlt .

The last term can be estimated directly using the results for Ty ;4 and (2.5.1),

1(6.3.61) | 2 IVl Lo To+itdll 2
52—k+€k_—k‘—2k‘17++’7k1 n,lin{Q—Z\4/2—|-’}/Z\4/8—k'1—I—kg—‘y—’ykl/ll7

M+3min{k,ko}/24k1/24+k N
M Smin{khal 2k /2ty gy,
<26]€_—2/{1—2/€1’+—|—’}/k‘1 min{Z—M/2+’yM/8—k‘1+2/€2+’yk1/4

M . 9 242 0
oM-+3min{kiko}/ 2k /2422y g

For the term (6.3.58), integration by parts using the identity

3
itp(&m) — _ & o)
6 le it2e, 2

gives

2071’5‘2 "

1 Cn‘fp

X q(0, & = ) frn ey (6,10, Gy (8, € — 0) g (E)dmdt
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(6.3.60)

(6.3.61)

e 2m1-1 20 1

| go(m—1, 207 2

t . . 19) - m —Om m -
/tQ/Rg(Z S g )it ) 6, (&, € — m&m (e — em)& + em(§ ﬁl))x



£i0: d(§,€ — U)fm((cl —cm)& Fem(§ —m))
itp(€,6-n) 378 _
<[] o e
X oty (6 1)0g,, Gk, (£, € — ) 1bg(€)dndt (6.3.62)
i 10 &6, € —m)&m (e — em)&y +em(§ —mp))
ite(€.6—n) 21 7Ep _
/t1 /@3 22 q(n, & —n)x
X Oy Fon ey (6:1) 0, Gy (8, € — 1)y (§) (6.3.63)
1606,9(6.€ = m)ém (1 = em)§ + em(& = m))
ite(€,.6—n) 21 76p _
/t1 /R3 22 q(n, & —n)x
X Fontey ()03 0, Gy (8, € — )y ()t (6.3.64)

Applying the L? x L — L2 bilinear estimate, along with Lemma 2.3.2, Lemma 2.2.2,
bounds in (1.2.2), (2.5.1), (3.1.2), and (3.1.8), we obtain

1(6.3.59)|| 2 + [|(6.3.62)]| ;2

<M g (||]_-_1a€p(€m((01 —cm)§) +2cm(€z - Uz))q(n’g — )
te[2M—1 2M] cnlé]

X P (E) 0k (M) y (€ = M) 1+

_ §i0¢, d(&, €& —mém((cg — em)& + em(&§ —m))
+ |F 1oy, (2 3 2Cé|§|4 l L g€ — ) x

X U (&) Ug, (Mgey (€ = M)l 1) X

x min{ | e 2 F g0 [ 2 €2 oy gy |l e,

g3min{kkz} /2 cientA F=lgg, | 22 lle ™ fr el 2}

<okt M=k(1 4 oka=Fky  gyp miH{H@iC"tAf_lV% 1.2 ||€icmmfm,k1 | oo,
te[2M—1 oM] '

23 mln{k7k2}/2||vgk2 ||L§ ||.fm,k1 ||L%}

<2€k_—|—M—k—2k1’++’yk’1 (1 + 2k‘2—k’) min{2—3M/2+’yM/8—k‘1—|—’}//€1/4—|-/€2’

3min{k,ko}/2+ka+k1/2 25
9 min{k,k2}/2+ko+k1/ rer |V ngHLOO [2M— IQM])Lg

<oeh-—2k=2k1 4tk iy (0= M/ 2y M Sk [ty
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oM+3min{k,ka}/2+ky+3k1/ }€1||9k:2||L§°([2M_1a2M])H52

and

1(6.3.60)|| ;2 + |[(6.3.64)]| 72

oM (FrlazemlGt ez m) o b b€ - il

te[2M—1 2M] cnl€f?
&9, 0(6.€ ) (e — )& + m(& — m)) o
0 = (€ () € = ) %

x min{|e" A F V2 | o e f g Nl ee

93 min{k.ka}/2 ||eic"tAf_1V2g iemtA

w2l fr g2}

Kokt ha kR mh gy min{HVZQkQ||Lg||€ic’”mfm,k1||Lgo,

te[2M—12M)

3 . k,k 2 2~
pdmin{kka}/2) ¢ gk2HL§Hfm,k1“L%}

<26k’_+M+k2—k+k1—k—2k17++’yk1 min{2—3M/2+’yM/8—k1+’yk‘1/4
3min{k,ko}/24k1/2 2 A
92 min{k.ka}/ 1/ }61||v gk2||L§o([2M_172M])Lg

<2ek_—2/<:—2/<;17+—|—7k1 min{Q—M/2+’yM/8+k2+'yk1/4

oM+ min{k,ko}/2+3k1/2+ 2}61”ngHL?O([QM_I,QM])Hg

From the bilinear estimate L% x L3 — L2 and Lemma 2.2.2, we get

1(6.3.63)|| 2

<M g H]_-fl§j3§p¢(§,§ - n)fm((CJQ - zm)ﬁz +em(§ —m)) y
te[2M—1 2M] 2¢5[¢]

% q(1, & = MUk (E)hg, Mgy (€ — 1)l L2 %
: icntA —1 - iemtA —1 ¢
x min{ || S F IV |1 € S F I fo e s
93 min{k,ko}/2 ||eicntAF—lvgk2 ||L% ||eicmtA‘F_1vfm,k1 ”L%}
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626k_+M+k2_k+kl_k Sup m]n{ ||€7'CntA]:_1vgk2 ||L6 ||62€mtA]:_1me7k1 ”L37
te[2M-1 M) * ’

23 min{k7k2}/2||vgk2 HL% vam,]ﬂ ”Lg}

Therefore, using the L5 norm result (6.3.57) obtained in the previous lemma, together with

estimations (3.1.6) and (3.1.10), we have

1(6.3.63) || 12 <€k +M=2k 4 +vk1+ko—k+k1—k min{2—3M/2+7M/4—k1+7k1/4+7k:2/47

3min{k,ky}/2+ky k1 /2 24
g3min{k.ka}/2+ka—k1/21, 17 gk2||L§°([2M—172M])L§

<2€k‘_—2k1’++’yk1—2k —M /24y M [4+ko+~k1 [4+~ka /4

min{2

M+3min{k,ko}/2+2ko+k; /2 7
oM-+3min{k,ka}/2+2ky+k1/ }ﬂ”gkzg||L?([2M_172M])H§2‘

In conclusion, we showed

I T14itd ] 12 <gek——2k=2k1 ++7k1 min{Q—M/2+VM/4+k‘2+7/€1,+/4+7k2,+/4’
oM+3 min{k,kQ}/2+k2+3k‘1/2}€1 HgHL%)O([QM—l’QM])H&?
and
||T0+itg||[,2 526/{37—]6—2]61,4_4-’)//{31 min{2—M/2+7M/8—k:1+k2—|—’yk:1/4,
oM+3min{k ka} 24kt 24k | §||L§O([2M—1,2M])H§ .

Applying the interpolation result in Lemma 2.1.2 gives us

5 < 26/{7 —k—2k17++7k1+a(k1—k) —M/24yM/4—k; +k2+'yk17+/4+’yk2,+/4’

HTaf]HL min{2

2M+3 mln{k,kQ}/2+k1/2+k2}€1 HQHL?O([QM_l’QM])HéH—a,
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for any « € (0,1).

As we plug in g = F~1 fnzsz, we obtain the desired bound

o Z ma ¢(§ 77) o ~
HD / /Rg o’ 2? ez U&= by (1€ = )0 fn ey (8 ) () iyt

<26k‘_—k—2k1,++’yk‘1 +a(ki—k)

L2
min {2~ M/2HYM/A=kitkotykr 1 /A 4 /4,

M+3min{k,ky}/2+k1 /2+k ,
oM+ min{k,ko}/2+k1/2+ 2}51”ka||L§°([2M*1,2M])H§1+a

<26k,—k—ak—2k17+—2k27++7k1+7k2+a(1f1 —ka) —M/24+yM/4—ky +k2/2+wk1,+/4+7k27+/4
~ Y

min{2

oM-+3min{k ks}/2+k1 /242 /2) 2.

]

Combine the results we obtained in Lemma 6.3.4, Lemma 6.3.5 and Lemma 6.3.6. Given

that 0 < o < 1/2 and ko < ky + 2a + 2, we have a(k1—k2) < o(k1—k2)/2 anq

||Dg k kl k2||L2

<26k‘,—k—2/€17+—2k‘27++’yk1 +vko—ak —M/2—ko/4—k1 /4
~Y Y

min{2

QM-+ min{k ko) /2ka 2k /21,2

gk —k—ak—2k1 ks —2ha 4ok i 0= M/ 24y M A=k 249k 4 A /4
M43 min{k,ko}/2—k1/2+3ko /27 2
9 {k,ka}/2—k1/2+3ka/ Yeb

+ 26/@,—k—ak—2k1’+—2k27++7k1+7k2+a(k1—Icg) —M/24yM/4—k; +k2/2+’yk1’+/4+7k27+/47

min{2

oM-+3min{kiko}/ 24k /2+k2/2) 2

<26k_7k704k772k1’+72k27++’}/k1+’}/k2 ( —M/2—ko/4—k1 /4 2M+3 min{k,kg}/2+k2/2+k1/2}
~ )

min{?2

+ min{Q*M/2+’YM/4*k1/2+7k1,+/27 oM+3min{k.ko}/2+k1 1) 6%
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if either (ki, ko) € X% U X% or (ki,ke) € X/lf and ¢; = ¢,. Therefore, we proved

2%y —vk-+k/2+ak g
DU o e (N DI P D TN
1<M<log T 2M1<t1<tp<2 em+en=0 (k1,k2)€x )
c1=Cm ’ k
O[
+ Z Atmn Z 1D kkleHLQ)
cm+cn=0 (kl,kg)GX%UXk
< ¥ S ok —k/2—yk+2k g —2k1 4 2k 4k o

1<M<log T (ky,k2)€x;UxEUX}

X ( rnin{271\4/27192/4*]91/47 2M+3 min{kakQ}/2+k2/2+k1/2}+
+ min{2~M/2HYM/A=k1 /24K 4 /2 gM+3min{k.ko}/2+ky }e2

56%.

(6.3.65)

6.3.3 DI, and D*J52, where (ki ks) € X}

In this section, we focus solely on the cases where (ki,ko) € Xllc and ¢; # ¢p. These
conditions give us the lower bound |¢(€,7)| = 2F1 according to (6.2.2) and allows us to use

the identity

ito(em) — L g ito(€m).
‘ io(&m

Recall the definition of I/:rr,ﬁ,kz and Jlrg?,ﬁ’@ in (6.0.4) and (6.0.7). We perform integration

by parts in the variable ¢ and get

D§ kkl,kg
=D¢ /Rg !0l ’”%ﬂn k1 (b2, € = 1) f ey (b2, )3, (€) (6.3.66)
- D¢ / ““b“”%fmkm,f ) oy (11, (€) (6.3.67)
- g / [ e MOE N e @ (6369
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i f n . . .
G /n /Rg (6 o) Olmin (€= gy (b)Y (©ndt - (6.3.69)

i ta& f n) .
e /t1 /RS M) 2 by (86 = M) fo ey (6.0 (€) it (6.3.70)

i$(&,m)
and
DET b,
a i ) 120g,0(€,m) A .
G /Rz o m)l(g+) q(0, € = 1) fon ey (t2:€ = 1) fro by (b2 M)Wk (E) (6.3.71)
; t10,
_D?/ Sit1d(E.m) %(f)ﬁ) (1€ =) Fon (015 € = 1) ey (b1 )0 (E)dn - (6.3.72)

i 1) . A
D¢ /t1 /R:a oien B z¢ 5 o) 108 = M (1.8 =)o (L) (E)dndt (63.73)

i ta 5 77) A .
- D¢ /t1 /Rg o) L) q(1, & = MOt frn ey (6, € — 1) o ey (8, MY (§)dndt (6.3.74)

i0(€.1)
i ta& 5 77) A .
D¢ /t /Rg ) e 01, = 1)y (006 = 1)1y (1)) .

(6.3.75)

We will divide the resulted terms into two groups, based on whether the derivative in ¢ falls
on the product fm,kl (t,&— W)fn,kg (t,€), and estimate them respectively in Lemma 6.3.7 and

6.3.8. For both groups, we will use Lemma 2.1.1 to bound the « fractional derivative.

Lemma 6.3.7. Suppose t1,to € [2M—1, 2M] and SUPte(1,7] Wfllz <er. If (k1, ko) € Xllg and

c] # cm, then

1(6.3.66) + (6.3.67) + (6.3.68)|| .2 + [|(6.3.71) + (6.3.72) + (6.3.73)]| 12

52—k—2k++7k—2k2,++7k2—ak2 min{2—M/2+7M/8_1H_]f2/2_~_Wk/47 2M—|—k/2—|—2k52}€%
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Proof. Let

r t;06,0(€,n)
Fi(E) = [ AN I (€ = gt )

. t:0¢ b (&,
i) = /R 36%“*’(&")%%“ (1€ = 1) Fon ey (6 € = W)y (L5 ) (E)el

for y =1,2 and

/ / citd(Em) 5l )fmkl(tf 1) fru kg (8 1) 0 (€)dndt,
t1 JR3 ’ )

ta : O¢,d(&,m) X X
_ ite(&.m) “€ _ _
Fj f)—/t1 /Rge g (;(5777) q(10,& = 1) Fondey (6 € — 1) o ey (6, )01 (€)ddt.

In order to apply Lemma 2.1.1, we shall obtain bounds on ||F} + Fyl| 2, ||[F{ + F§| 2,
IVe(F1+ o)l 2, and [[Ve(Ff + F3)|l 2.
First, using the bilinear estimate L x L? — [? in Lemma 2.2.1, along with Lemma 2.3.1,

Lemma 2.2.2, estimates in (1.2.2), (3.1.8), and (3.1.2), we obtain

|F1 + Follp2 + |1FY + Fl 12

(1P G 00, €~ g+

g ¢(&,m)
o(&:m)

x  sup  min{[le R L ool R fr N 2
te[2M -1 2M)

+]|F! (& = 1) (E) g, (€ — gy (M) 1) X

3ko /2 iemtA ientA
2h2/2clemt A b 2l f gyl 2}

<oM=k  qup  min{|emt®
te[2M—1 oM

3kn /2
Sy lLgo 1 ool 122 2/

Hfm,kl ”L% ||fn,k2||L%}
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52—k—2k1,++7k1—2k2,++7/€2 min{Q—M/2+7M/8—k1—&-7161/4—&-162/2’ 2M—|—k1/2+2k2 }6%

Next, we compute the derivatives and get

. t:0e (€,
- /Rs ety ¢(£’")%§)n)%fm o (85§ = 1) Fro i (85, )01 ()l (6.3.76)
| t;0
" /Rg 6th¢(§’n)a£m%fm oy (8556 = 1) gy (1) () (6.3.77)
tj0e ¢
n /R3 it (&, n)—gfégy(s)n) Fondey (652 € = 1) Frokey (£, )0g, p(€)d (6.3.78)
i, 0(&,Mt306,6(€,m)
i /Rg et na n)l Foner 5, € = 0) Froky (5, M 0p(E)dn,  (6.3.79)
O, F
. t:0c B(E,
:/R3 etiolem 2 (;é?’(s)n) (7,€ = n)aﬁmfm k1 (t]7£ n)fn kg( g1 mYr(€)dn (6.3.80)

it tj0g,0(&,m)
+/Riset]¢(§m)a§m( . 5&“7 n) q(n, € = n))fm kl( jaf n)fn kQ( g1 M (&)dn  (6.3.81)

. t50e b (€,
+/Rg Gitid(Em) J(;E?(i)ﬂ) (0, = 0) Foney (52 € = 1) ey (£, 1)0, U3 (E)dn (6.3.82)

i0g,, (&, m)1505,6(€,m)
[ttt S e S € ) (152 = 1) oy 1 (€
(6.3.83)
8 . .
/t /R ol 5’ 5”) Ot frn by (86 = 1) Fo oy (8, 1) g () (6.3.54)
1 7
t A
/ 2 / &g, d)f f)fm;ﬁ( € = 1) fo oy (1) o (€) (6.3.85)
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8
/ [ etoten fl mfmkl(tf 1) F o (1) U (€l (6.:3.86)
t; JR3

ta 9
/t /R3 ito(en) 0 ® én) 5 (&, n)fm (66— () (E)indt, (6387
1

o(&,m)
and
I, Fj
t N ~
/ 2 / eito(eon 2211 ) (n,s—n)agmfm,k1<t,s—n)fn,k2<t,n>wk<f>dndt (6.3.88)
1
it (€, M R Y
+/t1 /Rge ") é(&m) a(n, € = 1) frn ey (6€ = 1) oo (8, 0) O, Vr(§)dndt - (6.3.90)
t % 9 ) )
b 7 [ ereten e “(?n)@‘“g ) € = ) oy (1€ — 1) oy ()i ()t

(6.3.91)

Furthermore, we perform integration by parts in the space variable on the terms (6.3.79),
(6.3.83), (6.3.87), and (6.3.91) using the identity e*¢(1) =>. %%nemﬁ(&m,
(6.3.79)

_ _/ Sitid(Em) g O &€ M) 0, d(§:m)t;0,6(E:m)
R3 Ve 2o, n)

fmkl(tyg n)fnkg(]a g (§)dn

(6.3.92)

aﬁnfm kl(t_pg n)f’n kg( 557 )wk(f)

(6.3.93)

_/ Gitio(En) ) Onn @ (&, 1) g, P(€, n)t0g, 0§, 1)
R3 V(& m)[26(&,m)

_/ Sitio(Em) ) O 9 (§,1)0g, P&, )t (€ m) &
R3

0, dn,
V(& n)P6(€,m) Fon k(85 € = )9 F ey (5 M ()

(6.3.94)
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(6.3.83)
R3 n V(& m) 26, m)
X fonkey (66 = 1) Frokey (t ¥R (€)d (6.3.95)

) O (€5 )0, A€, )t 9, 9 (€, 1)
_ it d(&m) in Em & _
/Ra R B

X annfm k1 (tj7£ n)fn k2( j; )wk(f) (6396)

_ / it o) Om P& 1)V, (&, 1)1 0, P&, 1)
RS Vo (&, m P, m)

X fm k1 (t]7£ U)annfn kg( j7 Wk(f)d??y (6397>

Q(%f - 77)) X

q(n, & —n)x

(6.3.87)

/ / itoEm g, I ®(§, )0, 9(€,m)0g, (8, 77)X
t JR3 ! V(& m)Po(&,n)

X frnikey (6 € = ) ey (£, )01 (€)dndlt (6.3.98)

/ / Jita(e.n) Om P& M0, (€m0 SE,m)
t, JR3 Vo (&,m)[20(€,m)

X O Fon oy (16 = 1) Fon oy (£, 1) (€) et (6.3.99)

/ / ito(€m) Imn® (€m0, 06, Mg (&, m)
t Jr3 Vb (€ m)2o(€,n)

X fonikey (6, € = 1)y Frookey (6, 1)U ()t (6.3.100)

and

(6.3.91)

5 (&,m)0¢, d(&,m)0¢P(&, 1)
St (E, @ &m & NN
/ /Rs D o VP e )

X o ey (66 =) Fr oy (£, 0) 0k (€) it (6.3.101)
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) O @(E,1)9g,,, (1), (€, 1)
Gito (&) Y Em 59 B
/tl /R Voo e
X O frnkey (6. € = 1) fro by (6,1 (€) ddt (6.3.102)
t2 ) O P(E,1)9g,,, (€, 1), (€, 1)
Gitd(€n) em @ B
/ frae e VooE mPoE ) e
X o ey (6 € = 1)y fro by (£, )01 (€) it (6.3.103)

By the bilinear estimate L2x L™ — [2, together with Lemma 2.2.2, Lemma 2.3.1, estimates

in (1.2.2), (3.1.2), (3.1.6) and (3.1.8), we have

1(6.3.77) + (6.3.85) + (6.3.78) + (6.3.86) + (6.3.92) + (6.3.98)|| 12+

+ /(6.3.81) 4 (6.3.89) + (6.3.82) + (6.3.90) + (6.3.95) + (6.3.101)|| 72

0 ,n) ~ . -
NaM(Hflagm%wk(owkl (€ = )i, (D)l 1t

B (¢, o i
+ ||]—“_18§m(%€;7) (1.€ = m)r(€)n, (€ = Moy (M 1+

+ Vel poe (| F ngi};’)w (E)8hgy (€ = M)dopy (M) 1+

+|F ! Zé@n;ﬂ (7, & = M)W (E) Uk, (€ — My (M)l 1)+

F 1o Do, (€ =)0
_ a ¢(£;77)a (/5(5777)8 ¢(§777> 7 7 7
+ |l i ( 5 EHE ) (1, € = 1)) V() Uk, (€ = Mry () 1) X
x sup  min{[le ML (| peolle™nt R, 1| 2

te[2M—1 2M)

ko/2| iemtA icptA
282/ ciemtB | 2 lle S f gyl 2}

<oM=2h(q 4 okhey gy min{Hewmmfm,klHLgonn,k2!|L2,
te[2M—1 2M] 3

3ko /2
m,ki L2 1 n, ko 1 1.2
29202 fr 2 ol 22}

52—/€—k2—2k‘17+—2k2,++7k1 +vko min{2—M/2+’YM/8—k1—|—]€2/2—|—’7k1/4

I
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2M—|—3k‘2/2+k‘1/2—|—k‘2/2}6%

52—k—2k+—2k27++’yk‘+’yk‘2 Inin{2—M/Q—&-’y]\f/S—k‘—kg/2—|—’yk‘/47 2M+k‘2+k/2}€%

Using the bilinear estimate LS x L3 — L? instead with the estimate in (3.1.10), we get

1(6.3.76) + (6.3.84) + (6.3.93) + (6.3.99)|| 2+

+1/(6.3.80) + (6.3.88) + (6.3.96) + (6.3.102)| 72

<M (17 D G €0 (€ -yl +
1 B 6 — )€ €~ )+
it A D B DO @0 - o+
1t DO BN 1. ) €~ Ty 1)

x  sup  min{[le I BFTI f s 1€ f gyl s
te[2M—1 2M)

3ko /2| icmtA ——1 ¢ icntA
25922 temiB VG fo 2 1€ f ol 2}

<M sup min{ | A F T f g [ € f s

te[2M—1 oM
3ko/2 ;
2822V fn | 2 e 2
§2—k—2k17+—2k2’++’yk1+’yk‘2 Inin{2—]\4/2—|—’Y]\4/8—]€1~6—’yk}1/4—]€2/27 2M+3k2/2—k1/2+k‘2/2}6%

52—k—2k+—2k2,++’}//€+’}//€2 min{2—M/2—|—’yM/8—k‘—k2/2+’}/kﬁ/4’ 2M—|—2k‘2—k/2}6%

Lastly, we may bound the remaining terms by the L™ x L? — L? bilinear estimate, along

with Lemma 2.3.1, Lemma 3.2.1, Lemma 2.2.2, estimations (3.1.2), (3.1.6) and (3.1.8),

1(6.3.94) + (6.3.100)| ;2 + [|(6.3.97) + (6.3.103)]| .2

|v77¢(£7 n)|2¢(§7 77)

<M ()| 71 () ry (€ = )iy ()| 2+
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d(&, )0, H(&,m)0g,d(&, )
|v7l¢(£v 77) |2¢(§7 77)

ol iemtA entA 1w 7
x  sup  min{le" B f | peo[le" R F Velnkollrz:
te[2M—12M)

5 o i
|| a(1,§ = ) UR(€) P, (€ = M)y () 1) %

o3k2/2|| lemtA g\ 2 et FIV e fru ke Ir2}
M—k i iemtA : ko /2 s
<2 sup  min{[|e ™2 £ 1 [ 7oo | Ve fr gyl 2,27 2/ [ 122 IV e fr e Ml 23
te[2M—1 2M] 3 ¢

Sz—k—2k1’+—2k27++’yk1+’yk2 min{z—M/2+’yM/8—k1+’y/€1/4—k2/2’ 2M+3k2/2+k1/2—k2/2}6%

<o H=2ks =2k ke i (0= M2y M[S—ketyk/4—ka[2 gM-ho+k/2) 2

Thus, we showed

IVe(F1L+ Fo)ll 2 + IVe(FY + F) 12

<ok —2ka g 4kt Tk o £0 =M /24y M8 —k—ka /247K /4. 2M+k2+k:/2}6%

and

1Py + Foll g2 + | F{ + F3l 2

SQ—k—2k++7k—2k‘27++’yk2 min{2—M/2+’yM/8—k+k2/2+’yk/4, 2M—H€/2+2k‘2 }E%,

which imply

1D (F1 + Fo)|l 2 + |1 DE (FY + F3)| 2

1— _
< |IFL+ Bl 5% IVe(FL 4+ F)lI %2 + IFE + FE 2 I Ve (P + FI1

< 92kt yh—2ks yFyky—aky i 0= M2y M/8— ket /24K /4 gM+k/2+2k2) 2.

according to Lemma 2.1.1. O

The estimation for the second group of terms is more intricate, as it requires bounding
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the LP norms for the time derivatives 0y fk(t, ¢) and the mixed derivatives 0;V¢ f (t,£). We

will state our results in two cases based on the relative size of [£| ~ 2¥ compared to t ~ 2M.

Lemma 6.3.8. Giventy,ty € [2M_1,2M], (k1, ko) € X}C, c] # ¢m, and SUPte[1,7] 1fllz < e1,

we have

1(6.3.69) + (6.3.70) 72 + [|(6.3.74) + (6.3.75)| 12

5 2, 152 2 IIllIl{ / / ) / 2}617

1(6.3.69) + (6.3.70) || ;2 + ||(6.3.74) + (6.3.75)| 12

<2—2k++’yk—’yk,/2—2k27++'yk2—7k27_/2+ak —M/2—2k—ko/2 2M—k/2+/€2}6%
~ Y )

min{2
if M+ 2k > 0.

Proof. Let

10 0 . :
/ / Litd(Em) fl (5 ")atfm,kl(t,é—n)fmkg(t,n)@bk(&)dndt,
tl R?) 7 )

2 e P60 n) . )
= it (&) S _ B
/tl /Rse o 1€ MOt (1€ = ) ey (8 )Y (),

20 e g0 :
_ itg(&n) 1€ ~
5) N /tl /R?’ ¢ ! gbl(gv 77) fm’kl (t’ € T/)atfnJ{?g <t7 U)@Z)k (g)dndt7

and

8 ~ ~
/t /]R eHolem =3 (5)77)61(77,5—n)fm,/cl(tf—n)atfn,kz(t’")¢k(§)d”dt'
1 ’
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We shall use Lemma 2.1.1 to bound the L? norm of DYF}, DO‘FZ-q fori=1,2.
First, we find a bound for ||[F} + Fa|| 2 + [|[F{ + F§| 2.
Using the bilinear estimate LS x L3 — L2, along with Lemma 2.3.1, Lemma 2.2.2, Lemma

2.4.1, Lemma 2.5.3, Lemma 3.2.1, (1.2.2), and (3.1.2), we can estimate

1Fl g2 + [1FY N 2

e i
%wm% (€ = mry ()l 1+

on o
1 D €~ i €~ )

| iemtA entAA
x sup  min{[le ™0 ks 1€ Fruky 13,
te[2M—1 2M]

SQQM(HJT_-fl

ko /2 icmtA icntA
23R/ 2 | elemiB 0, £ 1 palle™ ™™ frkyll 2}

2M—k : icmtA icntA ko /2
<2 sup  min{[[em 0 £ g | 16 1€ kol s 2327210t F L2 ol 22}
te[2M -1 2M)

522M—k—2k17++’}//€1—2k27+—|—’}//€2 min{Q_QM_kl/Q_M/2, 23k2/2—M—|—/€1/2—|—/€2/2}€%

52—2k‘+—|—’yk‘—2k2’++’yk2 miIl{Q_M/Z_?)k/Q, 2M—k‘/2+2k2 }6%

Similarly, by the L% x L? — L2 bilinear estimate, Lemma 2.3.1, Lemma 2.2.2, together
with (1.2.2), (3.1.8), and (3.1.2), we have

172 2 + 175 2

_ 0, ¢(€777) n 7 7
<o?M (| F 12(6—,77)1%(5)%1 (& =, ()| 1+

B B(E. o )
+ ||]:_1%Q(7775 = M)V, (€ = ¥y () 1) %

x  sup  min{[le IR L | ool R0 fr eyl 2
te[2M—1 2M)

3ko /2| jicmtA ientA
23R/ 2ciemt A b 12| 0k f gyl 2}
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§22M—k‘ 1CmtA 23k52/2

sup  min{|e

1 Frne 2110t Friey | 22}
te[2M—12M)

Sy 1250 19 fr ey 12

52—k—2k1,++’yk1—2k2,++’yk2 min{2—M/2+’7M/8—/€1+’7k1/4+k2/2’ 2M-‘rk‘1/2+2k’2}6%

52—2k++’}/k—2k2,++’71€2 mln{2—M/2+’7M/8—2k+7k/4+k52/2’ 2M—k/2+2]€2}6%

Hence, we get

IF1 + Follp2 + |FY + Fl 12

(6.3.104)

Next, we use integration by parts with the identity %@%eiw(&n) = ¢ito(&n)
n 9

to obtain another bound for ||Fy + Fy| 2 + || F{l + F§|| ;2. We compute that

_ (" itd(€,n) a”m¢(§’n)afl¢(f’n>a f ) f o (t dndt (6.3.105
_/ /R O T (e e ) o (6 € = D R(E)dnde - (6:3.105)

) O @, )0 A€, 1) . )
zt¢ Em) N 1 9. 9 £E— : ‘ dndt
/ /Rs Vb (E Mo, 7) t iy (£ € = 1) Fi oy (8 )05 (§)

(6.3.106)

) O P(€, 1) D¢, 6 (& 1)
+/t /Rg @Wnﬁb(f Mo, ) b Frner (6 € = 1) O oo (6 ) (€) iy

(6.3.107)

t2 i 0 ¢(§7 77)6 ¢(£a T/) A R
— itp(&,m) "lm & n,&—mn)o — dnd

(6.3.108)
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) O O(€, )0, 6 (&, 1)
itg(&n) im & 9 5 ; - s
/t1 /Rg iV b (&, 0)26(E, ) @1 € = )0t fi ey (8 € = 1) Fro ey (6 1) 0k (€)

(6.3.109)

2 ) O @ (€, m)0g $(€, 1) ; )
@t¢ &m) ZMim &l — Mo (e 3 : dndt
/ / i€ 2o 1) ! 610, € = 1) Ot fin ey (€ = 1) f ey (8 )Yk (€)

(6.3.110)

) Onn 9, 1) 0 ¢(E, 1) . .
pito(Em) Z1m & RS E— oy foo (i dndt.
/t1 /Rg iV no(E, 2o, m) 91, € = 10t frn ey (8 € = 1) Fro by (1 M)V (E)

(6.3.111)

t2 O ®(&,m)0g,0(&,m) -
it g im & ) dndt  (6.3.112
/ / nmwn e i (1€ = 0o (W€t (63112)

) O P&, )0 (&) & X
pitd(&,m) Z1im &l 0, t, & —0)oLfp 1, (T, dndt
/t1 e 90(& MPa(E,n) I ma (& = 10Ty (61 (E)

(6.3.113)

2 ) Onm (&, 1) 0 8(€,m) &
Gitd(€n) Oim q o ad i
/ / iIVpo(&,m) 20 (&, )fm o (6 € = 1), Ot F oy (8, 1) 01, (€)

(6.3.114)

and

t2 O (€5 1) 0, (8, 1) : :
itoEm) i 9 S _ AY, ¢, dnt
/ /R3 77m Z’Vn¢<f 77)|2¢< ) (7775 U)fm,kl (t7£ 77) tfn,kg( 77)¢k(§) Ui

(6.3.115)

) Onm P(E, )0, 6(8, ) ; .
ite(&n) Mim & 0 — 6,& =) fr s (¢, dndt
/t1 /Rg iV o(&, 2o, 1) @05 € =) fi ey (6,6 — 10 fr ey (8, m) 05 (E)d

(6.3.116)
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(9 D(&: M), d(€,m) 2 2
wtp(E,m) Nim & —
/tl /3 Z|Vn¢(f 77)|2¢( ) q(n,§ n)aﬂmfm,kl (t,€ n)atfn,kg(tﬂ?)wk(f)dndt

(6.3.117)

) O (5 1), (€5 1) . .
ito(¢.) D 3 - B
+/t /R3 iV o€ 2o 1) ! a(1, € = 1) fm ke (6 € — 1) Oy, Ot fin ey (8, 1)1 (§) dt.

(6.3.118)

The bilinear estimate L5 x L3 — L2, Lemma 2.3.1, Lemma 2.2.2, Lemma 2.4.1, Lemma

2.5.3, Lemma 3.2.1, along with the estimates in (1.2.2) and (3.1.2) imply

1(6.3.105) + (6.3.112)| 72 + |/(6.3.108) + (6.3.115) | 12

anm¢(§7n)a§l¢(£vn) ~ ~ B -
iV ole ot ) Vi € DRt
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te[2M—1 oM]
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29202 fo 2110t F ol 22 )
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177



1(6.3.109) | 12 + [1(6.3.116)]| .2
anm¢(£7 77)3@(?5(& 77)
i|Vno(&m2o(&,m)
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255202 £k W 2110t F eyl 2 )
<2M—2k’—k2—2k1,++’yk1—2k2,++’yk2 ( min{2—2M—k1 /2+k2/2+k2/2’ 23k2/2—M+k1/2+k2/2}

+ min{2~M—k1/2tka/2=Mrka/2 g3ka/2tki /2= M-tha/2y) 2
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1(6.3.106) + (6.3.114)| 72 + |/(6.3.110) + (6.3.118)| 12
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SZM_Qk_QkL-F_PYkl_2k27++7k2 ( min{Q—QM—kl/Z-i-kg/Q—k‘g/Q’
/2= M+ 2k /21 |
+ Inin{Q—2\4/2—%-7]\4/8—161—l—’}/kjl/4—2]\4—/(32/27 23k2/2—k1/2—M—i—]€2/2})6%
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Thus, we found a new bound

| Fy + Fal|r2 + ”F{] + FgHLQ

(6.3.119)
5(1 + 2M/2+k)2—2k++7k—7k7—2/€2,++7k2 min{2—3M/2——i—3k—k2/27 2—3k/2+k2}6%
Next, we want to estimate ||V§(F1 + )|z + ||V€(F1q + FQ‘I)HL2 Observe

¢, F1

/t1 /Rs : —g(g ") Ot OtFyn o (€ = 1) F 1y (1, )03, (€) (6.3.120)
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/t1 /Rg 1otsng & o) 11 & = )k (€ = 1) oy (8, ) o ()t

(6.3.125)

ta t& R R
/ / (itd(Em) fz 5 ’7) (1§ = MOt S ey (&€ — 1) ko (8, 1) O, Vg (§)dndt

(6.3.126)
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t2 7 ta ¢(§77]> A N
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/2/ 1&g tafl & )mfm ko (6 € = )04 f oy (£, 1) (€) dipdlt (6.3.129)
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/ /Rg /o) fl 577)fmk1(f€ M0t f ey (t,1)Oe,, U () dndt (6.3.130)
t it a 0
/2/ gitoten 0 g(;)nflgb(g n)fm o (€ = ) f oy (b )0 (§)didt, (6.3.131)
and
O, Fy

) t0g, . .
/t /Rg e 1ol fl 5n) q(m, & =m0, frn iy (&€ = 1)0t ko (B, )1 (§)dndt  (6.3.132)
1

ta ) )
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1 » 1

(6.3.133)

10,0 . :
/t /R eitolen) 51 5") 4(0, & = ) fin ey (6, € — 1) fr ey (£,1) D, U () lelt
1

(6.3.134)
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t 120 19) p :
/2/‘ e &Liggﬁﬂgm<m§—mﬁmhms—m@ﬁmAtm¢M®Wﬁ-

(6.3.135)

For the terms (6.3.123), (6.3.127), (6.3.131) and (6.3.135), we perform integration by parts

in the space variable using the identity e1te(&m) => . %%neiw(&m. We get

(6.3.123)

t0n, d(&, )0, #(&,m)0g,0(§,m) . & A
cito(&m) g "In Em S 9 B dnd
/t1 /R3 In |vn¢(€ ?7)’ (b(f 77) tfm,]ﬂ(t?g n)fn,kg(tvn)¢k(€) 77 l

(6.3.136)
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X Ot fun ey (€ = 1) fro ey (8 )00k (€) it (6.3.139)

/tQ/ Sitd(E.m) ) 1, P&, 1)9g, P(€, 1) gy D (€, n)q( ¢
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X Oy Ot frn oy (£ € = 1) fro oy ()0 (E) it (6.3.140)
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(6.3.131)

/ / Gito(em tOn, d(&, )0k, H(&, M), 0(€,m)
R3 g Vo (€. n) 20 (€, n)

Funsey (6.6 = )0 fr ey (8, 1) 0g (€) it

(6.3.142)
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(6.3.143)

/t2/ cito(&m) taﬁn (€, ﬂ)a§m¢(5 U)a£l¢(€ n)

A, O f, dnd

(6.3.144)

and

(6.3.135)

// G1OEM Y, ( £, @(&,1)0g,, B(&, 1) 0, &(€,m)
n Jr a (Vo (&, m)[26(€, n)

X fnkey (6, € = 0)0¢ fro ey (8:) 0k (€) dndt (6.3.145)

) 10, 9(&5 ), (€, n) g, $(€, 1)
Gitd(&m) Em & _
.A.@s Vs nPoE ) LT

X O Frn ey (8 € = )0t fr ey (£, 1)1 (€) et (6.3.146)

to ) 0 (&, m) g, (&, 1), A€, )
Gito (&) M Em & _
oL Vool B e

X Frn oy (6 & = 1) Ot F oy (£, )3 (§) . (6.3.147)

9(7775 - 77)) X

Employing bilinear estimates L2 x L — L% and L3 x L% — L2, along with Lemma 2.2.2,

Lemma 2.3.1, Lemma 3.2.1, (1.2.2), (3.1.2), (3.1.6), and (3.1.8), we obtain

1(6.3.121) 4 (6.3.122) + (6.3.136) + (6.3.129) + (6.3.130) + (6.3.142)| 12+

+1/(6.3.125) + (6.3.126) + (6.3.139) + (6.3.133) + (6.3.134) + (6.3.145)|| 12
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9¢,9(&, )
<Z5( n)

( £ ) (0, & = 1))k, (€ — )iy ()| 1+

+ vawkum(H;—l 0 9(&n) -

H(E 1)
||f—1%q<n,g )€y (€ — )y ()0 +

anncb(&n)a§m¢(5,n)3&¢(m)~ i o
Voo EEOUR €=l

|V77¢(§, 77) |2¢(§7 T/)

x sup (min{]|e B0 f g N s 1€ Friy 23
te[2M =1 2M]

<M (| F 1o, U (E)Ppy (€ — M)y ()| 1+

+ || F 1o, (

=L () gy (€ — )y (Ml 1+

+ | F 1oy,

+ 1 F 1oy, ( a(n,€ =) () g, (€ = Mgy ()l 1)

3ko /2| jicmtA icntA

23h2/2ciemt Aoy f 2 e f gyl 2 b+
+ min [l 2 £, g | oo lle B0 fro eyl 2

3ko /2| icmtA jentA

23R/ ciemtB | 2 l|€ R0 fr 2 })

<PM=kkesup (mind]lemtRa, £, 1 !|Lg2k2/2\|ew”ﬂfn,k2 L2
te[2M—1 2M]

3ko /2
292021104 fr oy | 2 1 ol 22}

o iemtA 3hy /2
+ min{|[e?m f k2 10 Fu ol 12 232 21 iy | 2 190 Froey N 22 3)

<22M—k—k2—2k27++7k2—2k17++7kz1 ( 2—2M—k1/2+k2/2+k’2/2 2—M—|—3]€2/2—|—/€1 /2—|—/€2/2}

min{
+ min{2 SM/2HYM/[8—kitha[2Hvk1/4 9= M+3ks/2h1 /242 /21) 2
52—k—2k2,++’7k‘2—2k17++7k1 ( min{2_k1/2, 2M+k1/2+k2}
4 min{2~M/2HVM/S—ki—ka/2oka /4 M-tk /2 koY) 2

5(1 + 2M/2+k‘)2—2k2,++’yk‘2—2k++’yk min{Q_M/Q_Qk_k2/2, 2M—k’/2+k‘2}6%’

1(6.3.120) + (6.3.137) + (6.3.128) + (6.3.143)|| ;2+

+1/(6.3.124) + (6.3.140) + (6.3.132) + (6.3.146)| ;2
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P&, 1) -

<M (| F ! f;m) U (€) k(€ = )y ()| 1+
1 D 6 — )€ €~ )y )+
15 OO Gy €1 €~ )+
4 1 IO, O TGNy ¢ )€ (€ — My () 1)

Vo (&, )26, n)

x sup  (min{ || AF IV g 73 1€ fo gyl 2
te[2M—12M)

93k2/2 | gicmtA ]_-—1vg o fm,kl 2l pientA Fall 2+
 mind [ m A F e o g A0y g
93k2/2 HeicmtA}—_lvffm,kl HLg HeicntAatfn,kz ”L%})
<Q2M —k=2k1 4 ~2ha ko vk o
X (min{Q_M_Vkl—M_k2/2, 1+ 2M/2+k)23k2/2—M—k1/2—7k1+k2/2}+
© min {2—M/2+7M/87k1+’yk1 /4—2M — ks /2, o3k /2—k1/2—M-+ky /2})6%
<2—k—2k1,+72k2,++vk1+7k2(mm{zkal—kg/% 1+ 2M/2+k)2M7k1/277k1+2k2}+
+ min{2~M/2HYM/S=kitky [A=ka/2 oM—ki /2+2k2})€%

<(1 4+ M2k )9 =2k =2k k= yhtvhy i (9= M/2-2k—ka/2 oM =3k/2+2k21 2.

and

1(6.3.138) 4 (6.3.144) || ;2 + |/(6.3.141) + (6.3.147) | 12

On,$(E, Mg HE M) -
Voo OV E =l

O, @(&, )0, (€, 1) S (€, b1 (€)0) )
1 nn(b(%%(?fﬁi?& 5717?(5 ma(n,é = MUk Py (€ = Moy (M) 1) X

i iemtA entA +—1o 7
(min{||e" ™20, iy 26 €™ S F Ve fru ol 3.

SQQM(HJT_-fl

+ || F~
X sup
te[2M—12M)
3ko /2 jicmtA ientA ~—1 £
23h2/2|ciemt Aoy f 2 e A F e f eyl 2+
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: icmtA jent A +—1 ;
+ min{ [t f g g €9 B F IV 0 fo eyl 13
211 JiemtA ientA ——1 £
23h2/2|ciemtB | o lle AT I 0 oyl 2 )

) ' . 5 i tA 1 3
<2M-k  qyp (m1n{||ewmtA8tfm7kl||Lg2k2/ e’ F vgfn,k;QHL?C’

te[2M—12M)
ko /2 ;
252020t o b | 22 Ve Fok 21+
1 .Cm iCp, Ar—1 F
it ol B F T g,
3ka/2 ¢
228202 fo o 22 IV 0k 23)
<22M—k—2k1,+—2k2,+—|—'yk2+’}//€1 ( min{Q—ZM—kl/Z—l-kg/Z—kg/Q’ 23k2/2—k2/2—M—|—k1/2}+
+ Inin{Q—Z\l—kl/2—]\4—’y/€27 (1 + 2M/2+k‘2)2—M+3k‘2/2+k‘1/2—k‘2/2—’yk‘2})6%
<9—k—=2ky 4 —2k2 1 +yka+vk1 ( min{2_k1/2, 2M—|—k1/2+k2}+
+ min{Q—kl/Q—’yk‘Q’ (1 + 2M/2+k2)2M+k1/2+k2—’yk/’2})6%

<(1+ 2M/2+k)2_2k’++’y/€—2/€27++7k2—’y/€27_ min{Q_M/2_5k/2, 2M—k‘/2+k2}6%
Thus, we showed

IVe(Fr + F2)ll g2 + [ Ve(FY + Fy)ll 2

<(1 + 2M/2+k)2_2]€++’)’I€—2]€27++’7k2—’)’k2’7 mln{z—M/?—?k—kg/Q’ 2M—k/2+k2}6%
Using Lemma 2.1.1 and (6.3.104), when M + 2k <0

IDE (Fy + Fo)ll 2 + 1DE (FY + F3)lI 2

— 1—
<|Fy+ Bl Ve + Bo)lISs + I1F] + FIIRIVe(F + F)%
§272k++"}/k’72k’2’++’}/k2 mln{(l + 2’7M/8+’}/k/4)27M/273k/270&]€/270[]€2/27 2M7k/2+2k2701k2}6%

§2—2k++’yk—2k2,++’yk2—ak2 mln{Q—M/2—3k/27 2M—k/2+2]€2 }6%
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When M + 2k > 0, we use (6.3.119) and get

|Dg (Fy + Fa)l > + [ DE(FY + ) 2

<o 2k trh =k /22 +yka—rko, 2 iy g0~ MM =2kak—ky/2 oM/2+aM—k/2+ak+ky) 2

<o k= he /2= 2k g bykp— ke, /2 ek iy fo—M/2=2k—ka/2 oM —k/2+hz) 2.

since @ < 1/2. O

As a result, Lemma 6.3.7 implies

Z Z sup 2—7k+2k++k/2+ak «

L<M<log T (ky ky)exl 2" Sti<ta<2¥

% [|(6.3.66) 4 (6.3.67) + (6.3.68) + (6.3.71) + (6.3.72) + (6.3.73) | ;2
S Z Z 2—2k27++’yk2+ak—ak2 mln{2—M/2+’YM/8—k+’}/k/4’ 2M+2k2}6%
1<M<logT (ky,kz)ex;,

< Z Z272k27++7k2min{QfM/2+fyM/87k/2fk2/2+7k/4’2M+k/2+3k2/2}6%

1<M<logT ko<k
<6,
(6.3.148)
and from Lemma 6.3.8, we get
Z Z Sup 2—'yk+2k++k/2+ak %
1<M<1og T (ky,kg)€x ) 2M=1<ty <tp<2M
X ||(6.3.69) + (6.3.70) + (6.3.74) + (6.3.75>||L2
5 Z Z 272k2’++’}/k2+06k70ék2 min{z*M/2*k7 2M+2]€2}€%
1< M <min{—2k,log T} ko<k
+ Z Z 2—7k,/2—2k27++'yk2—7k27_/2+2ak mln{Q_M/Q_Sk/2_k2/2, 2M+k2}€%
—2k<M<logT ko<k
Sei.
(6.3.149)
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Lastly, combining (6.3.148) and (6.3.149) gives

2k —vk+k/2+ak
sup 92k+—7k+k/2+a Z Apnn Z HDO‘[k . k2HL2+
1<M<logT 2V sti<tr<2M emten?0  (kpk)exk
a#em
DI SR LA W
cm~+cp=0 ki k
i (k1,k2)Ex),
Sef
(6.3.150)
as desired.

6.5.4 D°Iy”, where (k. ks) € X}

Unlike the situation where we only consider ¢;,+c¢, = 0 for the term J ]i\i’i iy which allows use
to handle the cases when (k1, ko) € X% together with the cases when (k1, ko) € X% in Section
6.3.2. For Ili\i,ikf we failed to obtain a lower bound for |Vy¢(&,n)| when (K1, ko) € X%
Thus, we treat this case separately here in this section.

Similarly to Theorem 2 in [GMS09|, we define P(&,n) = %(clcm+clcn—cmcn+1)(c +Cn£—

n), then we have the identity

(0 + @ Ve itg(&.m) iZ(&,m)e't (&m). (6.3.151)

where

Z(&m) =p(&m) + P(&n) - Vyd(&,n)
_ClCm + cjcp — cmen
N Cm + Cp, ((

1+ 2)[E12 = 2em(em + en)€ -0+ (em + en)?[n)?).
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This polynomial P is chosen to ensure the Z bounded from below when (ky, ko) € X%- Since

2lem(em +cn)é - n| < 072n|§|2 + (em + Cn)2|n|27

we indeed have |Z(&,n)| = €2 ~ 22%. However, we notice that this is only true given

ciem + cjen — emen, # 0. Hence, we will assume this for now and address the case when

1

a

= % + % at the end of this section.

Now, we use the identity (6.3.151) to integrate I%f o by parts and get

M 2

Iy oy ke

/t for+ T s %fm b (1€ = 1) o (1 )R ()t
:jzzm(_l)j /Rg ' ¢(€n)%fm o (85 € = 1) Froky (65 ) 01 () (6.3.152)

- /tt L. 6““@”)%]%;@1 (1€ = 1) by (8. )0 (€l (6.3.153)

- /: /R3 ‘fiw@’")%@fm,kl (8,€ = 1) foo oo (£, 1) 03 (€) dpdit (6.3.154)

- /: /R3 ‘fiw(g’")%fm,kl(tf — 7)1 fru kg (b )3 ()t (6.3.155)

t . Po(€.0)0 ) A
_ /t 2 /Rg (g, (€, )0 6(& ) oy (6 € = 1) fooiy (b M1 (E)dndt (6.3.156)
1

Z(&,m)

_ P Z'td)(g,'r]) Pn (f? n)a€l¢(§7 T]) A B A
/tl /R3 ‘ Z(E,n) O Sim ey (66 = M) S oy (8, m) P (E)dndt— (6.3.157)
20 e Pal& 05 m) A
- /tl /R3 e Z(€, ln) Jmgey (6,€ = 1)Ony [ ey (8 ) (§)dndt. (6.3.158)

We observe that the power of ¢ in [ %@712, o is lowered by 1 while [/ %@712, ko is expanded into a

sum of terms. In the lemma below, we will first address the terms where the derivatives of

t and 7 did not fall on the product fm,kl (t,& — n)fn’kz (t,n) using Lemma 2.1.1.

Lemma 6.3.9. Giventy,tg € [2M_1,2M], (k1,ko) € Xz, Cll =+ %—1—%, andsupte[l’T] Ifll7 <
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€1, we have

|D%(6.3.152) + D(6.3.153) + D“(6.3.156)|| 12

52—4]64_—1-2’7]{5 —M/2—3k:/2+aM+o¢k:’ 2M+3k/2—ak}€%

min{2

Proof. In order to use Lemma 2.1.1, we need bounds on [[(6.3.152) 4 (6.3.153)|/;2 and
|V(6.3.152) + V(6.3.153)|| ;2 when (K1, k2) € X% ={|k1 — ko| < a, |k — k1] < a+ 2}.
First, using the bilinear estimate LA%x L* - [? in Lemma 2.2.1, Lemma 2.3.1 Lemma 2.2.2,

together with the estimations in (3.1.11), and (3.1.2), we get

1(6.3.152) + (6.3.153) + (6.3.156)| 2
Jitjoen) L% &M 5

Z(&n)
/h Joe™ -

) %
. P, 0
/t /R ctoleng,, CIOGOEN (16— ) oy (1) ()l
1

+‘ Z(E)
¢(€ n) - . 1. Palé n) ¢(€ n) -

X sup min{||e
te[2M-12M)

fm kl( jvg U)fn k‘g( j? )¢k‘(§)

l 55777)7) Fomr (€ = 1) F oy (6, 1) (€) et

L2

L2

(||.F_1 fl ¢ (n)@zk(g)HLl)X

ot f k| L4 €72 fr gy L4

3min{k,ko}/2 icmtA jentA
gimin{kha} 2 glemiB 1o e oyl o}
52M—k—2k17++7k1—2/€27++7k2 min{2_3M/2_k1/4_k2/4, 23 min{k,kz}/2+k1/2+k2/2}6%

<o~k t27k —M/2-31/2 oM+3k/2y 2

min{?2
Next, we compute

0, (6.3.152)

. t;0
05, [ e’tﬂ‘“@m%m (126 = 1) F g (15 ) ()
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L t:0¢ ¢(&,
:/]R3 €th¢(£’n)%§)ma§mfm kl(t]7£ 77)fn k2< i, )¢k(£)

t;0
Jr/]R?, s (b(gn)%ﬁnlﬂ(wf n)f”l@(” )0, Vi (£

. t;0
+/R3 e”ﬂ’(&n)agm%fm kl(tj7€ n)fn k2(]7 )wk(f)

ityo(e.n) 1 06n (& Mg HEm)
" /R3 Z(&,m)

fm kl( j?g n)fn kg( 357 g (§)dn,

0, (6.3.153)

=0 / / Sk )fm g (1€ = 1) o ey (1) 0 ()t
:/ / €Zt¢ 5;77 gl—)agmfm,kl (t7§ - n)fn,kg <t7 W)wk (£)dndt
t; JR3

/t /R?’ ol & )fmkl( £, & = 1) f ey (£,1) D, ()t
1 7

ito(€, 5 f )
/t1 /R:a 9 &m Zlg, ) fmk‘1(t5 n)fnkg(t Y (§)dndt

10 0
/t /Rg o(en) 0016 %016 77)fm ey (6.6 = 1) fru ey (8 ) O3 ()t
1

Z(&,m)
and
O, (6.3.156)
i Pu(&m)0g0(&m) ;
=0, /t 1 /R3 0y, e by (06 = 1) g (1 1))
o Pp(&n)0go&n) . .
/t1 [ 0y, TR0 (46 = 1)y (€

/t /R3 8(En) é)%Pn &m0, d(&, n)fm o (1€ = 1) Foy (1), 3 (€t
1

Z(&:m)

t .
b [0 etenag 0, DT 51 6oyt utana
t; JR3

(S, )
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(6.3.159)
(6.3.160)

(6.3.161)

(6.3.162)

(6.3.163)
(6.3.164)
(6.3.165)

(6.3.166)

(6.3.167)
(6.3.168)

(6.3.169)



f2 ito(En) . Pp(&,m)0¢,0(&m) .
+ /tl /R?) e n zt8£m¢(€7n)877n Z(ﬁ,ln) fm K1 (t & — n)fn k2(t ﬁ)wk(f)dndt.

(6.3.170)

Applying the bilinear estimate LI8/7T % 19 - L2, along with Lemma 2.3.1, Lemma 2.4.1,

Lemma 2.2.2, Lemma 2.5.3, (3.1.2), and (3.1.6), we obtain

1(6.3.159)|| 12 + [1(6.3.163) | > + [|(6.3.167)| 12

9e,0(8:m) -
A3 )

+ ||]:_1a77n

~Y

oM (| F 2Ly (€ — gy () (€) | pr+

Pp(&m)0¢,0(8,m)
Z(&m)

X sup min{Hezcmm]:_lvgfm,kl ||L18/7||€wntAfn,k‘2 ||Lg7
te[2M-12M) T

Uy (€ = Mgy (M Up ()| 1) %

3k/2 jicmtA ——1 £ ientA
23K12)| B IV fo k[ 2 €92 Fr gyl 22}

<Mk sup min(27 M2 FIVf sl faks |l o)
te[2M—1 2M] ’ '

3k/2 ¢
M2 e fon | 2l b 2}
§2M—k2—2k1,++’ykl—2k2,++’yk2 min{2_3M/2_5k1/6_2k2/3, 23k/2—k1/2+/€2/2}6%

<o~k +27k ~M/2-5k/2 M+h/2) 2

min{2
and

1(6.3.160)| 12 + [|(6.3.161)[| 12 + [|(6.3.164) || 12 + [|(6.3.165)]| .2 + [|(6.3.168)]| .2+

+11(6.3.169)|| 12 + |/(6.3.162) | 12 + [|(6.3.166)|| ;2 + [|(6.3.170) | 2

9e,0(&,m) -

Z(£ n)
I, 0(€,m) -
Sm Z(£ n)

+ 2M ||V || oo | F 10y, —

S2M Vgl oo |F ~E S, (€ — 1)y ()R ()] 1+

+2M | F1oe Sl (€ = ), () Yk(E) || 1+

Pp(&,m)0,0(8,m) -

Z(f, )
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Z(&n)
IM i —~—1 3§m¢(€>77)35 ¢(§ﬂ7)
t2rIF Z(S,nl)

+ 22 F 10 o(€,n)dy,

+2M| 7o, oy, Dty (€ = 1)k () ()| 11+

Uiy (€ = iy Mg | 1+

Z(&,m)

X sup  min{ Hew’”mfm,kl ||L18/7 HezC”tAfn,kg ||Lg>
te[2M -1 2M) v

Uiy (€ = M)y (M)l 1) X

k/2 icmtA icntA
22| eiemt A 2 lle 2 f ol 2}

- - ro—3M/2
<M M) s min{2 M f sy s
te[2M—1,2M) @ @

3k/2
23672\ £ 2 ko | 22}
T xT

5(1 + 2M+2k)2M—2k‘—2k‘1,++’Yk1—2k27++’yk2 min{2—3M/2+/€1/6—2k2/3’ 23k/2+k1/2+k2/2}6%

<(1 4 2M+2hyg—hat 29k oy (9= M/2-5k/2 9M+k/2) 2
Thus, we have when M < —2k,
1(6.3.152) + (6.3.153) + (6.3.156)|| ;2 < 2~ R+ 20K+ M+3k/2 2
and
1V(6.3.152) + V(6.3.153) + V(6.3.156)|| ;2 < 27 H+F20hMFR/22
Lemma 2.1.1 implies
|D%(6.3.152) + D®(6.3.153) + D*(6.3.156)|| ;2 < 2~ 4+ T2k M+3k/2—ak 2

Furthermore when M > —2k,

1(6.3.152) 4 (6.3.153) + (6.3.156) | 2 < 2~ W+ +20k=M/2=3k/2 2
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and
1V(6.3.152) + V(6.3.153) + V(6.3.156)|| ;2 < 2~ 4+ F20k+M/2=k/2 2
By Lemma 2.1.1, we get

|D%(6.3.152) + D®(6.3.153) + D®(6.3.156)|| ;» < 2~ 4h++27k=M/2=3k/2aM+ak 2.

As a result of Lemma 6.3.9, we have

Z Z o2kt —yk+k/2+ak

LSM<logT (k) €xi)
X sup | D[(6.3.152) + (6.3.153) + (6.3.156)] || ;2
2M=1<p) <tg<2M
1<M<logT
< Z 27k+M+2k6%+ Z 2a(M+2k)—2k++7k—M/2—ke%
M<-2k —2k<M<logT
St
(6.3.171)

For the remaining terms in the expansion of [%512 kyr WO will estimate directly by applying

Lemma 6.2.3.

N 0, ,
Let g = 0¢f; and mg = %’i?) Then, we have

||Da(6.3.154)||L2 <1+ 2(1(M—|—2k)>2—2k++’yk Inin{zM/2—2k:~¢—(1—04)(’yM/8—|—’yk/4)7

IM+k ;
92 M+ }61||3tfm,k1||L§°([2M—1,2M])H?
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and

2M+k ¢
92M+ }51||atfn,k2||L§°([2M_1,2M])Hg'

From Lemma 3.2.1 and Lemma 3.2.2, we know ||8tfl,k||Ha S 27M*2k++(1*0‘)7k+k/270‘ke%.

Thus,

|D%(6.3.154) || 12 + || D (6.3.155)|| o <2~ 2R+ +(Ima)yktk/2=ak (q | oa(M+2k))9=2ks+yk

x min{2~M/2-2k+(1-a)(yM/8+k/4) oM-+ky 3
for (k1,ko) € X%-
. Po(€m)e 6(€, ' |
Then, take § = ¢, f; and mq = ¢ ;)(;7[7?(5 77)_ Employing Lemma 6.2.3, we obtain

M+2k ;
25 et g | e a1 gy i
and

2M+2k}61 ”]En,kg ||L%>0([2M—172M])H£1+a-
Using the bound in (3.1.3) for the Sobolev norms, we have

ID*(6.3.157)| 12 + | D®(6.3.158)|| 2

min{?2
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for (k1,k9) € X% Hence, we may conclude

> S oeakER2kek g | D[(6.3.154) + (6.3.155)+
1§M§10gT(k1’k2)€X% 2M_1§t1§t2§2M

+ (6.3.157) + (6.3.158)] HL2
< Y o+ oo M+2k)y9=2k+(1=a)vk i o —M/2-k+(1-a) (yM/8+7k/4) oM+2k) 3
1<M<logT
Y (1 20 MEZR) gk i (9= M2k (1 a) (M 8k /4) g M2k y (8
1<M<logT
< )+ 007k)g(l—a)yyk+M+2k 2
M<—2k
+ 03 (14 207k 0 M2k =2k 4 (1mayh— M/ 2=k (1) (GM/849%/4) 3
M>-2k
<.
(6.3.172)
given v+ (1 —a)y/8 < 1/2,ie. ar <1/2— /(16 — 27).

Finally, we deal with the case when Cl =L 4+ L1 Since we have
1 Cm Cn

Veo(&,n) = T—EVy0(E ),

m

Cl—Cm, . M2
where B # 0, we can rewrite [ ooy ey 25

B2 = [ [ i 06 Wy (1.6 ) it ) E
kK1 ko 1 JrS P& N) Ik \Us 1) Jn, ko U )Yk

Cm

_ to ) N 2
_G = ¢Cm /tl /R M it0y, (€, ) f ey (1€ = 1) oy (8. (€) el

_ ) . . .
__a—cm /t /R 3 M iy (6 € =) Fpy (b )R (E)dndt — (6.3.173)
1

Cm

_ to ) . )
q—ctm /t /R . PN f o (€ — 1)y Fr ey (b )R (E)dndt.  (6.3.174)
m 1

C
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Furthermore, as a result of Lemma 6.2.3 and (3.1.3), we know for (ki, ko) € X%,
M2
||Da k1, k2||L2
<||DY(6.3.173)| ;2 + || DY (6.3.174)|| 1 2

X (vafm,kl||L§O([2M—1,QM])H? + ”vffn,kg||L§°([2M—172M])Hg‘)

<(1+ 2a(M+2k))2—4k‘+—|—2'yk‘—k/2—04k —M/2—k‘—|—(1—a)(’yM/8+’yk;/4), 2M—|—2k‘}€%

min{2

Hence, we obtain

> N oeakEk/2kek gy || DY](6.3.173) + (6.3.174)] || 0
1§M§10gT(k1,k2)€X% 2M_1§t1§t2§2M

< Z (1 + Qa(M+2k))2—2k3++’Yk min{Q—M/Q—k:—i—(l—a)(7M/8+'yk:/4)’ 2M—|—2k}€%

1<M<logT

Z 27k+M—|—2k‘6%+ Z 2@(M—|—2k:)—2k:++’yk:—M/2—k:+(1—a)('yM/8+’yk/4)6%
M<-2k M>—-2k
<6,

(6.3.175)
given that o + (1 — a)y/8 < 1/2.
Therefore, combining the results in (6.3.171) and (6.3.172) with (6.3.27), (6.3.65), (6.3.150),
and (6.3.175), we have

2k —vk+k/2+ak
Z sup 24h+ vh+ / ta Z Almn Z ||Da kkl k2HL2+
1<M<log T 2M~1<t1<to<2M em+cn#0 (k1,k2)Ex
S+ > A Y DL K1, k2||L2+
0 0
at megt ke
+ Z Almn Z HDajk k1, kQHLQ_'_
cm+cen#0 (klka)EXk
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cmten=0 c¢m+cp=0 1
Tgm?gcl nclm:ncl (kl’kQ)Exk
o TM2
+ Z Almn Z 1D Jk,kl,]@HL?
cmten=0 (k1,k2)ExUXG
2
NG|
as desired.
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