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2.1

2.2

LIST OF FIGURES

NV sensing at megabar pressures. (a) Schematic of the sample loading
showing CeHg compressed between two opposing anvils. The top anvil contains
a shallow layer of NV centers (~ 1 ppm density) approximately 50 nm below the
culet surface. For ODMR measurements, a platinum wire is placed on the top
culet to deliver microwaves. (b) The quantization axis (2) of the NV center defines
its local frame. The crystal cut of the diamond anvil determines the projection
of culet stresses in the NV frame. For a [100]-cut anvil (top), the dominant culet
stresses (077 and 0| ) break the Cgy-symmetry of all four NV subgroups. For a
[111]-cut anvil (bottom), these stresses preserve the Cgy-symmetry of the specific
NV subgroup whose quantization axis is coincident with the loading axis (shown).
For this particular NV subgroup, we observe excellent ODMR contrast up to
pressure of ~ 140 GPa. (c) Schematic depiction of the NV’s spin sublevels in the
presence of stress and magnetic field. Symmetry preserving stresses, quantified
by 11, directly add to the zero field splitting, Dgg, while symmetry breaking
stresses induce a splitting, 211 ;. An axial magnetic field B, induces a Zeeman
splitting that adds in quadrature to the stress splitting. (d) A continuous wave
ODMR measurement on a [111]-cut anvil (sample S1) showing ~ 6% contrast
at ~ 118 GPa and a splitting, 2I1| ~ (27) x 78 MHz (blue data points). For
comparison, the ODMR contrast in a [100]-cut anvil at &~ 90 GPa is ~ 0.01%
(purple data points). (e) A spin echo (i.e. pulsed) measurement on sample S2 at
137 GPa yields an NV coherence time, T;Cho = 2.04(4) ps. We demonstrate Rabi
frequencies of up to ~ (27) x 25 MHz (inset). . . . . . . . .. ... ... .. ..
Pushing NV sensing to megabar pressures. (a) ODMR measurements
under pressure in a [100]-cut anvil exhibit a drastic reduction in contrast with
increase in pressure. The dominant culet stresses {o77,0 |} have degenerate
symmetry-preserving and symmetry-breaking projections on each NV subgroup,
thereby inducing both a shift, II., and a splitting, 2II | , with increasing pressure.
(b) In a [100]-cut anvil, we see a surprising inversion of contrast for one of the
ODMR peaks at pressures above ~ 50 GPa. (c) In a [100]-cut anvil, we see
good agreement between the values of the loading stress o7 extracted from NV
measurements (blue points) and values of the sample pressure calibrated via a
combination of ruby and culet Raman spectra |7, 307]. For comparison, 2 = y line
is plotted in grey. We also measure an increase in the o stress (green points)
consistent to cupping of the diamond culet [184]. (d) In a [111]-cut culet, we
show ~ 15% contrast at 137 GPa pressure for the [111] NV subgroup. . . . . . .
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2.3

24

NV’s inter-system crossing model. (a) A detailed schematic of the inter-
system crossing (ISC) reproduced from Ref. [101]. T'4, and I'g, , represent the

transition rates from the sublevels of the 3E excited manifold to the |'A4;) sin-
glet state. Goldman et al. [101] modeled the former transition as a first-order
process mediated by transverse spin-orbit coupling A ;. The latter transition
occurs at second order due to the electron-phonon mixing within the 3F mani-
fold and subsequent spin-orbit transition to the |1 A1) state. (b) The channel to
the singlet state was modeled as a resonant transition from the 3 E manifold to
the phononic excitations of the |1 A1) state (shown here as a vibrational overlap
function F'(A) approximated by the photoluminescence lineshape between |3E>
and [3A45)). A decrease in A increases the density of states on resonance and
enhances the ISC transition. (c) The vibrational overlap function between |3E)
and |1 A1) computed from TDDFT [150] confirms that using the experimentally
measured photoluminescence is a good approximation. Note: Images (a) and (b)
are reproduced from Ref. [101]. . . . . ... ..o 0oL
NV’s ODMR simulation results. We computed the ODMR spectrum with its
required parameters under hydrostatic stress, uniaxial [111] stress and an mixture
of these two with a ~ 73% hydrostatic component. The stress tensor is defined
in the local NV frame with a diagonal form. (a) An effective seven-orbit model
describing the optical cycle of NV center under only symmetry-preserving stress
at room temperature. The 3E excited manifold is experiencing strong orbital
averaging. The |0) and |4) sublevels in the triplet states are now separated by
zero-field splitting (D). The upper inter-system crossing (ISC) only happens be-

tween the spin |£) sublevels at 3E and I'jgc = zlg <F A, + 2T g, 2). The singlet

states |1 A1), |1 E) is now approximated by a single shelving state. (b) The com-
puted transverse spin-orbit coupling (SOC) A using the cluster model of NV
center. Under hydrostatic stress, A | will increase with larger stress. While for
[111], A, roughly stays unchanged. (c) The computed detuning A between 3E
and |1A1>. Under hydrostatic stress, A will increase with larger stress leading to
smaller vibrational overlap. While for [111] it’s the other way around. (d) The
simulated (upper) ISC rates with varying stress by plugging in the computed
SOC and detuning parameters computed from first principle. (e) The computed
ODMR spectrum by computing Eq. 2.9 by solving the steady-state of the rate
equations 2.11. The lower ISC rates take the experimental value from Ref. [312]
and are assumed to stay unchanged, as they show no state selectivity. . . . . . .
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3.1 Temperature dependence of optically detected magnetic resonance spec-

3.2

3.3

3.4

tra of Vg . (a) Schematic representation of a single V5 center (red spin) in the
hBN honeycomb lattice. Z is defined as the out-of-plane direction, while £ and
g live in the lattice plane. (b) The Vg electronic ground state energy level dia-

gram with the presence of three nearest I5N nuclear spins in isotopically purified
h1OBI5N flakes. The |ms = 1) is separated from |mgs = 0) by a zero-field split-
ting D. The hyperfine interaction further divides each spin transition into four
transitions with spacing A, and degeneracy of {1, 3, 3, 1}. (¢) ODMR spectrum
of Vg in h!1OBISN flakes under magnetic field B, ~ 90 G at temperatures ranging
from 10 K to 350 K. The normalized fluorescence (FL) contrast is marked in the
colobar. The bottom panels of (¢) and (d) display the ODMR spectrum at 300 K,
corresponding to the black dashed line on the top panels. The spectrum is fitted
with two groups of equally spaced Lorentzians to extract the values of ZFS and
hyperfine splitting. (d) ODMR spectrum of Vi in hBNy,¢ flakes in the 10-350 K
temperature range. . . . . .. L0 L0 Lo
Temperature-dependent properties of V5 in different hBN samples. (a)

The temperature dependence of the ZF'S D(T') of V5 in the range 10-350 K. The
solid lines represent a fit to a physically motivated model using Eq. 3.2. Inset:
hyperfine interaction A.(7) of Vg in h!19BISN within the same temperature
range, fitted by the same model with one fixed phonon energy 18.4 meV extracted
from the fit of the ZF'S. (b) Spin relaxation rate 1/77 of Vg in the temperature
range 10-350 K. Setting the phonon energy at hwexp, the dotted lines qualitatively
reproduce the 77 temperature-dependence by the model Eq. 3.3. In the high
temperature regime, the relaxation rate is approximated by a power-law scaling

1/T T2. The experimental 7T} pulse sequence is given in the inset. . . . . . .
2

aanZZZ ﬁ as a function of phonon

frequencies of the nearest 1°N in hBN (blue) and 3C in diamond (orange) to the

vacancy, respectively. The first peak of Vi in hBN is identified as an out-of-plane

vibrational mode (inset). (b) The computed A,,(T) of the nearest 1°N in hBN
(blue) from both the first and second order vibrational contribution, respectively.
We also plotted the computed A, (T) of the nearest ¥C in NV~ in diamond
(orange) from the second-order vibrational contribution as a comparison. . . . .
Dynamic nuclear polarization at low temperature (a) Near esLAC level
ODMR Spectra of the |mg = 0) <> |mgs = —1) transition at 10 K and 300 K.
The spectra both exhibit similar asymmetry toward the left peaks, indicating
a polarization of nuclear spins. (b) Polarization level of the three nearest N
nuclear spins near esLAC level as a function of the normalized laser power under
room/cryogenic temperature. Inset: schematic representation of the polarization
process. The strong spin-conserving optical polarization (green arrow) contin-
uously pumps state from |mgs = —1) to |ms = 0), and the two hybridization
processes (red arrow and dashed blue arrow) differ in strength, resulting in the
polarization of |my =7) state. . . . . .. ..o Lo

(a) The second-order vibrational coupling, i.e.,
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30

35



3.5

3.6

4.1

4.2

4.3

Temperature dependence of the full hyperfine tensor of three nearest 5N com-
puted from the second-order spin-phonon coupling. . . . . . .. ... ... ...
Temperature dependence of the zero field splitting of both h'9B1PN and hBN ¢
(right), computed from the cluster model (left) by only considering the second-
order coupling between spin and local phonon modes near the defect. Here, we

aligned the two curves at around 400 K for a better comparison with experiments. 41

Strained SnV in diamond membrane heterostructures. (a) Schematics of the
diamond-fused silica heterostructure. The static, tensile strain inside the mem-
brane is generated from the disparity of thermal expansion ratios of diamond
and fused silica. (b) The microscope image of the diamond membrane (dashed
cyan region) bonded to the fused silica substrate. A trench (dashed green region)
was fabricated prior to bonding. The gold coplanar waveguide is fabricated post
bonding to introduce microwave signals. The location of the SnV center used
in this study is highlighted by a red star. (c) Energy level of strained SnVs.
Unstrained centers, strained centers and strained centers in the presence of a
magnetic field are colored in purple, blue and green, respectively. (d) The PL
spectrum of a strained SnV center (orange), showing a red-shifted zero-phonon
line (ZPL) wavelength with a much larger ground-state splitting compared with
the values in bulk diamond (purple). (e) The statistics of the SnV ground-state
splitting. Two different devices with identical layout were measured. Device 1
(orange) was used for all-optical spin control (discussed in the SI) and device 2
(purple) was used for microwave spin control. . . . . ... ... 0L
Optical properties of the strained SnV center under applied magnetic fields at
1.7K. (a) The energy splitting rate between the A1-B2 spin conserving transi-
tions with respect to the polar angle 6 of the applied magnetic field at different
azimuthal angle ¢. The aligned field is highlighted with a black arrow. (b) PLE
scan, averaged over 20s, of the {Al, B2} transitions at an aligned B-field with
a magnitude of 81.5mT. The average linewidth for both transitions are below
48 MHz, which is less than 1.5 times of the lifetime limited value (32.26(19) MHz).
(c) The initialization curve of the Al transition, showing a time constant of
24.2(3) ps and an initialization fidelity of 98.82%. . . . . . .. .. ... ... ..
MW control of the strained SnV center at 1.7 K. (a) Pulsed ODMR spectrum with
scanned MW frequency. The data (purple dots) is fitted with two Lorentzian func-
tions (dashed line) split by 628(182) kHz and with a linewidth of 1047(208) kHz
and 891(197) kHz, respectively. (b) Rabi oscillation of the SnV at zero detuning,
indicating a Rabi frequency Q /27 of 4.50(2) MHz with a fidelity of 99.36(9) %.
(c) Rabi oscillation as a function of the MW driving frequency. (d) Randomized
benchmarking at 1.7 K, showing an average gate fidelity of 97.7(1) %. The Rabi
frequency is set to 2.8 MHz to avoid excess heating effects. . . . . . . . .. . ..



4.4

4.5

4.6

6.1

Spin coherence of the strained SnV at 1.7K. (a) 75 Ramsey of the SnV center,
showing a dephasing time of 2.5(1) ps. The extra beating pattern of 554(5) kHz
is estimated to be an interaction with the electron or nuclear spin in the vicinity.
(b) Dynamical decoupling of the SnV via CPMG pulses. The CPMG-1 (spin-
echo) returns a T ocpo of 100(1) s, while the CPMG-128 reaches a T cpnmG128
of 1.57(8) ms. (c) The scaling of T» with the number of CPMG and XY pulses,
showing a sub-linear dependence. . . . . . . . .. .. ... ... ... ... ...
Performance of the strained SnV center at 4 K. (a) Rabi oscillation of the SnV
center, showing a gate fidelity of 97.7(5) % (b) Randomized benchmarking at
4K, showing an average gate fidelity of 95.7(3) %. (c¢) Temperature dependence
of the spin decay time 777", dephasing times T, T3 echos and 15 oxys. (d) ZPL
linewidths of the two spin conserving transitions (Al, B2) with respect to the
temperature, showing negligible broadening with the maximum linewidth below
52.0(8) MHz. The transform-limited linewidth is shown with a dashed line. . . .
Experimental measured and simulations of the spin-conserving optical transitions
Al, B2 with varying external magnetic field B. (a) Scanning of the splittings
of Al, B2 transitions with varying B field directions. The magnitude of B is
set to 0.2T. The z,y axis represents the azimuthal (¢) and polar angle (0) of
the B field in the Lab frame. The two poles on the plot represent directions
along the quantization axis of the SnV~ and the belt represents the equator.
(b) Simulated splittings of the Al, B2 transitions by diagonalizing the system
Hamiltonian along a chosen path of varying B fields, where the path is depicted
as a red arrow in (a). The z axis represents the polar angle of the B field
in the defect frame. Simulation agrees qualitatively with experiments with the
magnitude of splitting underestimated by 0.4 GHz. (c) The differences between
the A1, B2 splittings at #g = 0 and g = 7/2 with varying Steven’s reduction
factor. The white region corresponds to pairs of Steven’s reduction factor for
ground and excited states, when taken into the diagonalized Hamiltonian, that
match the experimental observations. . . . . . . . . . .. ... ... ... ...

Workflow used to simulate the ground and excited state energies of spin defects,
with operations executed on a quantum computer indicated in green. The trans-
formation from a second quantized to a qubit Hamiltonian may be obtained with
a Jordan-Wigner (JW), Bravyi-Kitaev (BK) or parity transformation. DFT and
QDET denotes calculations carried out using Density Functional Theory and the
quantum defect embedding theory, respectively. VQE and QSE denotes the vari-
ational quantum eigensolver and quantum subspace expansion algorithms used
for ground and excited state calculations, respectively. See text for definition of
the equations. . . . . . . . . ..
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6.2

6.3

6.4

6.5

6.6

Spin defects studied in this work: the NV~ center in diamond and the VV in 4H-
SiC. Panels A and D show a ball-and-stick representation of the defects, where
orange iso-surfaces are total spin densities. Panels B and E show single particle
states obtained by solving the Kohn-Sham equations for the entire periodic solid,
where gray and green shaded areas represent the conduction (CB) and valence
band (VB), respectively; the single particles states shown as black lines were used
to build the (4e, 30) and the (6e, 40) minimum models for the active spaces of
the NV~ and VV centers, respectively. Panels C and F show the low-lying many-
body energy levels obtained by solving the effective Hamiltonians using the FCI
method on classical hardware. . . . . . . . . . ... Lo
Optimization of the ’3142, mg = 0> state of the NV~ center using the variational
quantum eigensolver (VQE) on ibmg casablanca and on a noiseless simulator
using four qubits. The strongly-correlated \%(!alalexéy) + |a1aiézey)) state is
obtained starting from: the |a1aje,€;) state, or the |ajajeséy) state. We used the
parity transformation to obtain the qubit Hamiltonian acting on four qubits; the
optimization was carried out with the COBYLA algorithm [251]. The noiseless
simulation was performed with the QASM simulator [64]. The zero of energy is
the result obtained on classical hardware with the full configuration interaction
(FCI) method. In the inset we compare the converged energies obtained from the
two chosen trial states. . . . . . . . ..o
Quantum circuit executed on four qubits (gyp to ¢g3): I, and M represent the
state initialization and measurement blocks, respectively. The measurement block
includes Pauli correlators so as to enable the measurement of observables, e.g.,
the energy and the electron number. The symbol H represents a Hadamard gate;
Ry () represents the rotation of the variational parameter 6 (see text) around
the x,z axis. . . . . . . .
Optimization of the ground state energy of the NV~ in diamond A and VV(hh)
in 4H-SiC B carried out with the variational quantum eigensolver (VQE) algo-
rithm using four and six qubits respectively on ibmg casablanca, with (orange
dots) and without (blue dots) post-selection of states (see text). The full config-
uration interaction (FCI) energy is reported for reference. In panel C we show
the variation of the parameter 6 (see Eq. 6.7) in the VQE optimization; the value
is obtained from averaging the parameter at the end of the VQE optimization.
The dashed line corresponds to the exact solution, i.e., 0 = 5. . . . .. ... ..
Energy variation of the ground state of the NV~ center in diamond as a function
of the parameter 6 (see Eq. 6.7 in text) using ibmq_casablanca. We show results
with (orange) and without post-selection of states (blue). The straight black line
(ref) indicates the energy obtained with a noiseless simulator. Inset: difference
between the energy evaluated on quantum and classical hardware. . . . . . ..
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6.7

7.1

7.2

7.3

7.4

The upper panel shows the ground state energy of the NV~ center and the VV
in 4H-SiC as a function of number of replicas used in the zero-noise extrapolation
(see text). The reference, noiseless result has been set at 0. The lower panel shows
the total energy of the NV~ center as a function of the parameter 6 (Eq. 6.7 in
text). The different colors correspond to using n = [1,2, 3,4, 5] replicas of expo-
nential blocks and the red dots denote the linearly extrapolated energy (n — 0).
In the inset we show the difference between noisy energies (n = 1) or extrapolated
values (n — 0) and the noiseless reference energy. Both panels are obtained using
tbmq_casablanca. . . . . . Lo L

Workflow used to simulate the ground and excited state energies of spin defects
on a quantum computer. a The effective Hamiltonian in second quantization
describing the electronic structure of spin defects is obtained from a quantum
defect embedding theory (QDET), see Sec 7.3.1 for detail. b The Slater deter-
minants are mapped onto qubits using a qubit-efficient encoding scheme, where
the molecular orbitals represent a Slater Determinant. ¢ The ground state of the
effective Hamiltonian is obtained using a variational quantum eigensolver (VQE)
and a qubit coupled-cluster (QCC) ansatz. d The excited states of the effective

Hamiltonian are obtained using a quantum subspace expansion (QSE) algorithm. 99

The upper panel shows a representative quantum circuit representing the qubit
coupled-cluster ansatz with 4 qubits. The box circled by the dashed line shows
the qubit mean-field (QMF) part of the circuit, which enables the construction
of any product states. The circuit component following the QMF part enbales
the construction of the exponential of entangler X X XY, and it is built with
the CNOT gate ladders. The lower panel shows a circuit representative of the
modified ansatz, where the three entanglers are II11Y, IYII, XX XY as defined
in the pre-screening process. . . . . . . . . . ...
Spin defects studied in this work: the NV~ center in diamond, the VV? and
Vg; in 4H-SiC. Panels a, ¢ and e show a ball-and-stick representation of the
defects. Panels b, d and e show single particle states obtained by solving the
Kohn-Sham equations for the entire periodic solid, where gray and green shaded
areas represent the conduction (CB) and valence band (VB), respectively; the
single particles states are shown as black lines. . . . . . . ... ... ... ....
The left, middle and right panel show computed vertical excitation energies for
the NV~ center in diamond, VV? and Vg; in 4H-SiC as a function of the chosen
localization threshold. States are labeled using the irreducible representation of
the C3, point group. We note that the largest threshold corresponds to a (4e,
30), (8e, o) or (5e, 40) active space for the three defects, respectively, and the
smallest threshold corresponds to a (26e, 140), (64e, 330) or (57e, 300) active
space, respectively. . . . ...
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7.5

7.6

7.7

7.8

8.1

The upper, middle and bottom panel show the total energy as a function of the
number of iterations during an optimization of the ground state energy of the
VV0 in 4H-SiC, the NV~ in diamond and the Vg; in 4H-SiC carried out with the
variational quantum eigensolver (VQE) algorithm on ibmg guadalupe (quantum
hardware); the variation of parameters associated with each entangler of the
qubit coupled cluster (QCC) ansatz is plotted in the inset. The full configuration
interaction (FCI) energy is reported for reference. . . . . . . . ... ... .. ..
Total energy as a function of the number of iterations used to optimize the ground
state energy of Vg; in 4H-SiC using the variational quantum eigensolver (VQE)
algorithm on a noiseless simulator, with a unitary coupled cluster (UCC) ansatz
and the COByLA optimizer [251]. The blue and orange curves represent results
using two variants of the ansatz circuit with different levels of approximation; see
text. The inset shows the error of different VQE optimizations relative to the
reference energy. The full configuration interaction (FCI) energy (dashed black
line) is reported for reference. . . . . .. ...
The ground state energy of the NV~ center and the VVY and Vg; in 4H-SiC
as a function of the number of replicas used in the zero-noise extrapolation (see
text), obtained using ibmq guadalupe. The x axis is scaled with the number of
CNOT gates used in the quantum circuit for clarity of comparison. The reference,
noiseless result has beenset to 0. . . . . . . . .. ..o
The upper and bottom panel show the error in the excitation energies (eV) of the
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ABSTRACT

Recent years have witnessed exponential growth in the development of quantum technologies
for computation, sensing, and communication. Much of this progress stems not only from
new experimental fabrication and characterization tools but also from a better and deeper
theoretical understanding of hardware platforms. In particular, ab initio calculations can
be used to predict materials’ properties and even guide experimental realizations of more
advanced quantum technologies. This dissertation explores the interplay between theory,
first-principles calculations, and experiments for quantum technology applications, with a
particular emphasis on solid-state spins. We address several questions: What makes solid-
state spins better quantum sensors than their classical counterparts? How can we interpret
the response of spin defects to environmental perturbations? From a complementary per-
spective, how can we harness the power of quantum computation to improve the prediction
of properties of solid-state spins? By investigating these questions, this dissertation sheds
light on connecting a rich variety of topics—including electronic structure theory, condensed
matter physics, and quantum information science. More broadly, it showcases first-principle

simulations as powerful frameworks for guiding our exploration of quantum physics.
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CHAPTER 1
INTRODUCTION

This dissertation introduces efforts in realizing quantum technologies, ranging from sens-
ing, and communication to computing from a computational perspective. In this Chapter,
we start by introducing the potential benefits of quantum technology applications and de-
scribe the status of their realizations using various platforms. We then focus on one specific
realization, e.g., spin qubits, which are widely acknowledged as promising candidates for
quantum sensing and communication. We further introduce the theoretical foundation for
first-principle simulations, which serves as the working horse for all the works presented in
this dissertation.

In Chapter 2, we investigate the negatively charged nitrogen-vacancy (NV) center in
diamond, as a high-pressure quantum sensor. We combine computational condensed matter
and computational chemistry methods to accurately estimate the intersystem crossing rates
under various stress conditions at room temperature. Finally, we employ a rate model
to simulate the optically detected magnetic resonance (ODMR) spectrum and predict the
optimal NV orientation for sensing purposes.

In Chapter 3, we study the temperature dependence of the spin properties, e.g., zero-
field splitting (ZF'S) tensor and the hyperfine tensor, of the negatively charged boron vacancy
(Vg) in hexagonal boron nitride with different isotopes. We pinpoint its microscopic origin
to second-order spin-phonon coupling and identify representative phonon modes responsible
for its spin properties and also spin relaxation time 77. The experiments suggest that this
defect would be a perfect candidate for temperature sensing.

In Chapter 4, we predict the strain-dependent energy susceptibilities of the Tin-vacancy
in diamond, which stands out among all the group IV vacancies as a promising candidate
for quantum communications. Strain turns out to be a viable solution to greatly extend its

coherence time.



In Chapter 5, we switch gears and discuss quantum computations. Our discussion in-
cludes working knowledge of quantum operations/gates, circuits, and measurements, which
is crucial for understanding quantum algorithms, and in seeking the ultimate goal of realizing
quantum advantages over classical computations.

Chapters 6-8 summarize our efforts in performing proof of principle simulations of both
molecular and solid-state systems on near-term quantum computers. We improve state-of-
the-art fermion-to-qubit mapping and circuit design for solving the eigenvalue problem in the
context of electronic structure and develop various noise mitigation techniques to mitigate
hardware errors.

Finally, Chapter 9 provides a summary of all my work presented in this dissertation.

1.1 Where do we stand with quantum technologies?

The last century witnessed the revolution of information technologies based on semiconduc-
tors. Smartphones and personal computers, which significantly transformed our lives are
all built on “bits” to store and transmit information. For communication technologies, bits
are encoded in electromagnetic waves. In computer memories, bits are magnetic domains
on a ferromagnet. These bits encode information in binary form, and combined with simple
Boolean logical operations, they can process complicated computational functions.

Despite amazing achievements, the information technology built on bits also faces some
fundamental limits. For example, classical sensing is limited by the sensitivity /resolution of
sensors and the scale they can probe. Classical communication is constantly threatened by
hackers and requires better encryption. Classical computation is cursed by the exponential
scaling of many existing algorithms for certain problems and thus requires an exponentially
increasing number of resources to solve these problems. We also witnessed in recent years a
steady deviation from Moore’s law [313|. These limitations and obstacles faced by classical

information technology triggered the investigation of quantum technologies, for example
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based on spin-qubits.

Spin is an intrinsic property of quantum objects related to their angular momentum.
Different particles could have different spins. Fermions, e.g., electrons and protons, have
half-integer spins while bosons, e.g., photons and phonons have integer spins. Quantum
systems that can be in one of two quantum states are the analog of systems that can make
a “bit”. These quantum bits or “qubits” are not always in a definite |0) or |1) state, but
they can be in an arbitrary superposition state [0) = «|0) 4+ 8|1). It turns out that, as we’ll
discuss in more detail later, using these qubits to build information technologies has great

potential to solve many problems we're facing today.

1.1.1  Quantum sensing

The microscopic world is properly described by quantum mechanics. As such, exquisite
control and readout of qubit states could provide a window into the qubit’s surrounding
environment. Furthermore, entangled quantum states have phases sensitive to external per-
turbations. Translating these phases into variations in the amplitudes of qubit readout allows
for the design of readout procedures and sensing capabilities [73]. In particular, qubits with
narrow transitions allow for small changes to be detected. Sometimes one reads that “A bad
qubit is a good sensor”, which illustrates the need for a qubit to couple well enough with
the environment to detect the specific degree of freedom while reducing its coherence. The
applications of quantum sensing are wide-ranging, from nanoscale bio-sensing [15|, probing
phase transition of condensed matter [138], transport phenomenon on surfaces [194], and
dark matter detection [49]. Strictly speaking, quantum sensing has already entered our
lives! A magnetic resonance imaging (MRI) scan in a hospital is a rudimentary quantum
sensing technology that performs electron spin manipulation and measures the relaxation
and coherence of the hydrogen spins in our body. As you can tell, the definition of what is

a quantum sensor may greatly vary.



Unlike quantum computation, which is going to be introduced below, quantum sensing
doesn’t typically require a large number of qubits, error correction, or even fancy algorithms.
As such, there are already many near-term technologies to realize it. One important exam-
ple is the superconducting quantum interference device (SQUID) detectors/magnetometers.
More related to this dissertation, solid-state spins are excellent quantum sensors and have
been used as gyroscopes and as nanoscale sensors of temperature [107], stress [138], electri-

cal [166] and magnetic fields [119] even in living organisms [246].

1.1.2  Quantum communication

In a classical communication channel, an eavesdropper can tap off a tiny fraction of the
communications signal and listen in. However, quantum communication can prevent that
from happening. The reason is i). observing quantum states necessarily collapses them to
eigenstates; ii). the “no cloning” theorem prevents making copies of quantum states. The
net result is that quantum communication can be used to create a key for encryption that
is secured by the law of quantum physics. Interestingly, quantum technologies provide a
double-edged sword for security. Quantum computers, as will be discussed later, can break
the (classical) encryption we all use today, but on the other hand, quantum communications
provide us with a new way to ensure information security. These quantum communication
channels are commonly achieved using telecommunication fibers which offer low signal loss
around 1550 nm of light [186]. Quantum communications can also be achieved with free
space optics: entangled particles have even been sent from a “quantum satellite” hundreds
of kilometers above the earth to two telescope-based ground stations [340)].

Current efforts to build quantum networks have achieved major advances [289, 323, but
lack one key component: a quantum memory. Entangled particles can be distributed to
different stations, where the entanglement can be verified by measurement. However, the

distributed entanglement cannot be stored without a memory. Holding onto entanglement



is necessary to send quantum states over long distances and to generate entanglement over
many nodes. Sending an information-encoded photon through practical distances, e.g., from
Chicago to Beijing, requires a quantum memory to keep the quantum information on the
order of milliseconds [20], which is beyond the coherence time of most qubit candidates.
Systems that have interfaces to photons but have long-lived quantum memories are then
ideal candidates. The system investigated in Chapter 4 of this dissertation provides one

such candidate.

1.1.3  Quantum computing

Quantum computers are perhaps the most well-known quantum technology. The pursuit
of a quantum computer today can be dated back to Richard Feynman, who said back in
the 1980s: “Nature isn’t classical, dammit, and if you want to make a simulation of nature,
you’d better make it quantum”. Although originally proposed for analog simulations of
quantum systems, several problems beyond the pure domain of quantum mechanics have
been identified where quantum computers can provide an exponential /polynomial advantage
over the classical hardware [113, 163, 288|. We’ll discuss the topic of quantum simulations
for Fermionic systems in more detail in Chapter 5. However, it’s worth emphasizing that
quantum computers will not improve every aspect of our lives! They only perform certain
problems better than their classical counterparts.

The major issues in building a quantum computer lie in scaling to large qubit num-
bers while keeping errors within a threshold, reaching better connectivity, longer coherence
times, finer control, and more accurate calibration, among others. A metric often quoted
is “quantum supremacy/advantage”’, which is the critical point where a quantum computer
performs a task that is not possible to perform efficiently on any classical machines. Claims
of quantum supremacy have been made [11] and later disputed [243], along with arguments

about the proper metrics to aim for measuring the performance of a quantum computer.



That being said, quantum computers (based on superconducting technology) are already
being developed commercially. The solid-state spin systems on which we focus on in this
dissertation, however, cannot (at least for the moment) scale to the qubit number needed

for useful computations.

1.2 Why spin qubits?

As we learned from the previous sections, a qubit could be built from any two-level system
(TLS). In general, systems for quantum computation and communications need to meet
the so-called DiVincenzo’s criteria [75]. There are a few candidate platforms, e.g., super-
conducting circuits [172], trapped ions [41], neutral atoms [127], quantum dots [198], spin
defects [335], etc., that are considered promising for realizing quantum technologies. These
candidates typically have more than two levels, but as long as two levels can be well separated
in energy, they may be good candidates. Most of these candidate systems have demonstrated
excellent single-qubit control, but the major difference in maturity lies in two-qubit gates and
scaling, with other differences being operation temperature and initialization and readout
schemes.

In this dissertation, we mainly focus on employing defects in wide band-gap semicon-
ductors for quantum technologies. Strictly speaking, no crystal is exactly perfect and is
always riddled with defects. These defects can range from mesoscopic defects such as do-
main walls, stacking faults, and screw dislocations to individual single missing atoms or
substitutional impurities in the crystal structure. For quantum technologies, it turns out
that the second type of defects, e.g., single vacancy, impurity along with vacancy-impurity
or vacancy-vacancy complexes at the atomic scale, offers the best opportunities.

Point defects in semiconductor and insulators can exhibit single-particle levels inside the
band gap of the hosting material. Proper charge states of defects can be tuned or controlled

by doping the material. Furthermore, certain defects can be “optically active” and are
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typically called “color centers”. These color centers cause absorption and emission (within
the defect levels) in the semiconductor that differs from what is expected from the crystal
alone, giving rise to specific color. These optical transitions are useful for controlling qubits.
The interest this dissertation is in optically active color centers.

In general, spin defects may display long coherence times, i.e., spin-phonon relaxation
time T and spin-spin relaxation time 75, up to milli-seconds [24, 130]. With some systems
displaying nanoscale and room temperature operation, they are good quantum sensors and

communicators but are harder to scale into quantum computers.

1.3 Theoretical background of first-principle simulations

In this section, we provide the theoretical background for the first-principle calculations we’re

going to use throughout this dissertation.

1.3.1 Born-Oppenheimer approzimation

The behavior of a microscopic system, i.e., molecules or solids, consisting of N electrons
and Npye nuclei, is described by the many-body Schrodinger equation H |Piot) = Etot|Ptot),
where Fiot, |Ptot) is the eigenvalue and eigenvector, respectively, and H is the Hamil-
tonian under the non-relativistic approximation H = TN + To + Up—o + ffe—N + ﬁN—N-
Here Ue_e, Ue_N, and UN—N represent the electron-electron, electron-nuclei, nuclei-nuclei
Coulomb interactions, which are defined as Ue—c({r}) = Zf\% ﬁ, Uso_n({r},{R}) =

Ne Nnuc ZI Nnuc ZIZJ
_ Zzzll > ———— Un_n({R}) = ZI<J m Here, {r} and {R} represent

= e = Ry[’
coordinates of all electrons and nuclei, respectively. T and Te are the kinetic operators of
nucleus and electron. Since the mass of the nucleus is at least 3 orders of magnitude larger

than the mass of the electron, the motion of the nucleus is much slower than that of the elec-

trons. We can therefore treat TN as a perturbation. Under the zeroth-order approximation,



the Schrodinger equation for electrons reduces to

Hy({R)|¥;({R})) = Ei({R})|¥;({R})), (1.1)

where Hy({R}) = Te+ Us e + Us_x + Un_ is the Hamiltonian of electrons which depends

on the nuclear coordinates {R}, and E;({R}) is the energy of the many-electron state
Wi({R}).

In the coordinate representation, for given nuclear coordinates {R}, the total wave-
function ®yot({r}, {R}) can be expanded using {V;({r},{R})} as basis functions |Pot) =
> 1©i)|¥;), which is called Born-Oppenheimer expansion [37]. |©;) can be computed by

solving the eigenvalue equation

[TN + E;({R}) ] ) Ay = Ftot]|0;), (1.2)

J

where /A\ij is the nonadiabatic coupling operator. By assuming that the coupling terms Aij

are approximately zero, we arrive at the Born-Oppenheimer adiabatic approximation
I+ Ei({R})| 16:) = Etot|0;). (1.3)

Here, E;({R}) is the i-th adiabatic potential energy surface (PES), which can be obtained
by solving Eq 1.1, the Schrodinger equation for the electrons, at fixed nuclear coordinates

{R}. Within the Born-Oppenheimer approximation, nuclei move on adiabatic PES.

1.3.2  Density Functional Theory (DFT)

DFT is probably the most widely applied electronic structure theory so far. The seminal
work by Hohenberg and Kohn demonstrated [137] that all the ground and excited state

properties of a system of interacting electrons are completely determined by its ground state
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electron density and that the ground state electron density can be obtained by minimizing

the total energy functional:
Eln] = / Vit (0)n(x)dr + Fn] (1.4)

where F'[n| is a universal functional of the electron density n. Most DFT calculations per-
formed today are based on the Kohn-Sham scheme [169], which casts the solution of the
above equation into the solution of the Kohn-Sham equation Hyg|d;) = &i|¢;). The Kohn-
Sham equation is a Schrodinger equation for independent electrons with density equal to
that of the physical system, governed by the Hamiltonian lfIKS =T+ Vion + VH + Vie,
where T’ denotes the kinetic energy operator and Vion, VH,VXC denote ionic, Hartree and
exchange-correlation potential, respectively. The exchange-correlation potential Ve is de-

fined as the functional derivative of the so-called exchange-correlation functional Fy. with

respect to electron density n Ve = TéEX;[n]~

The exact form of the exchange-correlation functional is unknown, and approximate
forms are required to perform practical DFT calculations. The development of exchange-
correlation functionals is one of the central topics of DFT research. In the past decades, more
than 200 approximate forms of Fx. has been proposed, which are sometimes classified using
the Jacob’s ladder for DFT. The first rung of the Jacob’s ladder denotes the local density
approximation (LDA), where Ex. is a functional of the electron density only. Higher rungs
of Jacob’s ladder correspond to more sophisticated functionals where Fy. depends also on
derivatives of the electron density and contains non-local terms derived from wavefunction
theory.

DFT is a mean-field theory. The Kohn-Sham formulation of DFT solves the Kohn-Sham
equation that describes the Kohn-Sham reference system of non-interacting electrons, and
yields the exact energy and electron density of the system if the exact exchange-correlation

functional were used. The eigenvalues and eigenvectors of the Kohn-Sham reference system,
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in principle, do not have any physical meaning. In practical calculations, however, one often
associates Kohn-Sham eigenvalues and their differences to various excitation energies of the
physical system, which in many cases lead to reasonable predictions and provide valuable
insights to the physical system. However, such association is not theoretically rigorous, and
by using it one is attaching physical meaning to the mean-field solutions of the Kohn-Sham

reference system.

1.3.3 Fermi’s golden rule

In studying spin defects, we’re not only interested in the eigenvalues and eigenstates of their
time-independent Hamiltonian but also in dynamical properties, e.g., various transition rates,
since the spin defects need to be operated to perform sensing and communication tasks.
In general conceptual terms, a transition rate depends upon the strength of the coupling
between the initial and final state of a system and upon the number of ways the transition
can happen (i.e., the density of the final states). The Fermi’s golden rule is a formula that
describes the transition rate from one energy eigenstate of a quantum system to a number of
energy eigenstates in a continuum, as a result of a weak perturbation. This transition rate is
effectively independent of time, as long as the strength of the perturbation is independent of
time, and is proportional to the strength of the coupling between the initial and final states

of the system, as well as the density of states.
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CHAPTER 2
ELUCIDATING THE ELECTRON PARAMAGNETIC
RESONANCE OF NITROGEN-VACANCY CENTERS UNDER
MEGABAR PRESSURE

This chapter is in part adapted with permission from P. Bhattacharyya, W. Chen, X. Huang,
S. Chatterjee, B. Huang, B. Kobrin, Y. Lyu, T. Smart, M. Block, E. Wang, Z. Wang, W.
Wu, S. Hsieh, H. Ma, S. Mandyam, B. Chen, E. Davis, Z. Geballe, C. Zu, V. Struzhkin, R.
Jeanloz, J. Moore, T. Cui, G. Galli, B. Halperin, C. Laumann, N. Yao. Nature (2024): 1-7.
Copyright (2024) by Springer Nature. https://doi.org/10.1038/s41586-024-07026-7. It also
contains content from B. Huang, S. Mandyam, B. Kobrin, P. Bhattacharyya, W. Wu, Y.
Jin, M. Block, E. Wang, Z. Wang, B. Chen, C. Zu, N. Yao, and G. Galli. “Elucidating the
optically detected magnetic resonance of nitrogen-vacancy centers under megabar pressure”
(in preparation, 2024).

By directly altering microscopic interactions, pressure provides a powerful tuning knob for
the exploration of condensed phases and geophysical phenomena [209]. The megabar regime
represents an exciting frontier, where recent discoveries include novel high-temperature su-
perconductors, as well as structural and electronic phase transitions {199, 333]. However,
at such high pressures, many conventional measurement techniques fail. Recently, Bhat-
tacharyya et al. [35] have demonstrated the ability to perform local magnetometry inside of
a diamond anvil cell with sub-micron spatial resolution at megabar pressures. This approach
utilizes a shallow layer of Nitrogen-Vacancy (NV) color centers implanted directly within the
anvil [138, 183, 300]; crucially, a crystal cut compatible with the intrinsic symmetries of the
NV center is chosen to enable functionality at megabar pressures. A recently discovered

hydride superconductor, CeHg [55] has also been characterized by this newly developed tool.
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2.1 Introduction

The recent proliferation of work on superhydride materials—hydrogen-rich compounds con-
taining rare-earth or actinide elements—is part of a long-standing search for superconductiv-
ity at room temperature |79, 80, 205|. The intuition underlying this search dates back nearly
half a century [13|: hydrogen’s minimal mass and covalent bonding lead to the presence of
both high-frequency phonons and strong electron-phonon interactions. The combination
of these features is predicted to favor the formation of Cooper pairs, and thus supercon-
ductivity, at relatively high temperatures [14]. This strategy has been fruitful, leading to
the discovery and characterization of nearly a dozen superconducting hydrides in the last
decade [190, 328]. The synthesis of these materials relies upon the application of megabar
(~ 100 GPa) pressures using diamond anvil cells (DACs). This requirement naturally con-
strains the size and homogeneity of the samples, significantly complicating attempts at in
situ characterization. For example, it is extremely challenging for conventional probes to
image the geometry of superconducting grains or to measure local properties.

This challenge is particularly acute for studying the magnetic signatures of supercon-
ductivity [90, 135]. Typical probes of magnetism average over the entire DAC geometry
thereby discarding information encoded in local spatial features. The ability to perform
spatially-resolved magnetometry near the hydride sample would overcome these challenges
and enable both enhanced field sensitivities, as well as local measurements of the Meissner
effect and flux trapping. Doing so together with resistance measurements would allow one
to simultaneously probe the key electrical and magnetic signatures of superconductivity.

In Ref. [35], Bhattacharyya et al. developed a novel platform for metrology at megabar
pressures based upon the nitrogen-vacancy (NV) color center in diamond [138, 183, 300, 341].
By instrumenting diamond anvils with shallow ensembles of NV centers, they directly imaged
both the local diamagnetic response and flux trapping with sub-micron resolution in a cerium

superhydride (CeHg). Specifically, by utilizing NVs embedded in a [111]-crystal cut anvil
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Figure 2.1: NV sensing at megabar pressures. (a) Schematic of the sample loading
showing CeHg compressed between two opposing anvils. The top anvil contains a shallow
layer of NV centers (~ 1 ppm density) approximately 50 nm below the culet surface. For
ODMR measurements, a platinum wire is placed on the top culet to deliver microwaves.
(b) The quantization axis (Z) of the NV center defines its local frame. The crystal cut
of the diamond anvil determines the projection of culet stresses in the NV frame. For a
[100]-cut anvil (top), the dominant culet stresses (077 and o) break the Cgy-symmetry
of all four NV subgroups. For a [111]-cut anvil (bottom), these stresses preserve the Csy-
symmetry of the specific NV subgroup whose quantization axis is coincident with the loading
axis (shown). For this particular NV subgroup, we observe excellent ODMR contrast up to
pressure of ~ 140 GPa. (c¢) Schematic depiction of the NV’s spin sublevels in the presence
of stress and magnetic field. Symmetry preserving stresses, quantified by II,, directly add
to the zero field splitting, Dgs, while symmetry breaking stresses induce a splitting, 211 .
An axial magnetic field B, induces a Zeeman splitting that adds in quadrature to the stress
splitting. (d) A continuous wave ODMR measurement on a [111]-cut anvil (sample S1)
showing ~ 6% contrast at ~ 118 GPa and a splitting, 2I1| ~ (27) x 78 MHz (blue data
points). For comparison, the ODMR contrast in a [100]-cut anvil at ~ 90 GPa is ~ 0.01%
(purple data points). (e) A spin echo (i.e. pulsed) measurement on sample S2 at 137 GPa
yields an NV coherence time, TQQChO = 2.04(4) ps. We demonstrate Rabi frequencies of up
to ~ (2m) x 25 MHz (inset).

[Fig. 2.1], they demonstrated the ability to perform both DC and AC magnetometry at

pressures up to ~ 140 GPa.
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The extension of NV sensing to megabar pressures has been a long-standing challenge
due to several factors: reduction in NV fluorescence, inhomogeneous broadening of ODMR
spectra, and significant loss of ODMR contrast [65, 77]. We compare NV measurements
under pressure for [100]-cut and [111]-cut anvils, shown in Fig. 2.2. We refer to the lab frame
by {X,Y,Z} where Z is the loading axis, and to the local frame of the NV subgroups by
{z,y, z}. For the [100]-cut anvil, Ref. [35] observed a significant loss in the ODMR contrast
with increasing pressure as shown in Fig. 2.2(a). In addition, at pressures above ~ 50 GPa,
they observed a surprising inversion of ODMR contrast for one of the resonances shown in
Fig. 2.2(b). However, for the [111]-cut anvil, neither of these effects is observed. Notably,
for this anvil cut, the ODMR contrast at pressures up to ~ 140 GPa remains comparable to
that typically achieved under ambient conditions as shown in Fig. 2.2(d).

A microscopic understanding of the observed changes in the ODMR, contrast requires a
careful analysis of the NV center’s ISC mechanism in the presence of stress [101]. In this
work, we develop a physical model of the ODMR experiment based on group theory analysis
and perturbation theory. Combining with parameters computed from ab initio calculations,

we're able to explain the observed contrast change under various stress conditions.

2.2 Theory of NV’s optical cycle

The NV center in diamond is a crystallographic defect comprising a substitutional nitro-
gen atom adjacent to a lattice vacancy [76]. The electronic ground state of the negatively
charged NV center is a spin triplet (S = 1). In the absence of external perturbations, the
ground-state spin Hamiltonian is given by H = DgsS7, where Dgs = (27) x 2.87 GHz is
a temperature-dependent zero-field splitting between the |mg = 0) spin sub-level and the
degenerate |ms = £1) spin sub-levels, and {Sz, Sy, S:} are spin-1 operators quantized along

the NV axis (z). While for the (triplet) excited state, the Hamiltonian becomes much more
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Figure 2.2: Pushing NV sensing to megabar pressures. (a) ODMR measurements
under pressure in a [100]-cut anvil exhibit a drastic reduction in contrast with increase in
pressure. The dominant culet stresses {07 7,0 | } have degenerate symmetry-preserving and
symmetry-breaking projections on each NV subgroup, thereby inducing both a shift, II.,
and a splitting, 2I1 | , with increasing pressure. (b) In a [100]-cut anvil, we see a surprising
inversion of contrast for one of the ODMR peaks at pressures above ~ 50 GPa. (c) In a
[100]-cut anvil, we see good agreement between the values of the loading stress o, extracted
from NV measurements (blue points) and values of the sample pressure calibrated via a
combination of ruby and culet Raman spectra |7, 307]. For comparison, = = y line is plotted
in grey. We also measure an increase in the o stress (green points) consistent to cupping
of the diamond culet [184]. (d) In a [111]-cut culet, we show ~ 15% contrast at 137 GPa

pressure for the [111] NV subgroup.
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complicated and the effect of spin-orbit coupling (SOC) can’t be ignored. We have

where A\, A\ | are the diagonal and transverse SOC due to the C3y-symmetry of the system
and L,S are the NV’s orbital and spin angular momentum operators. The quantization
axis may be oriented along any of the diamond bonds resulting in four subgroups of NV
centers. A magnetic field B couples with the Hamiltonian H B = VBB .S, where YB =
(27) x 2.8 MHz/G is the NV’s gyromagnetic ratio and B is expressed in the local frame of
the NV center |76, 212].

A stress tensor, o, couples with the Hamiltonian [26, 138,
Hy = T1.5% + 1, (Sg — S2) + Iy (Se Sy + SySe). (2.2)

where II; = I1;(0) are functions of the stress tensor:

I, =aq (Ua:x + Uyy) + 1022 (23)
Iy = ag (Uyy - U:m:) + B2 (209[:,2) (2~4)
I, = az(204y) + B2(20y:) (2.5)

and they are expressed in terms of the stress components in the NV’s local frame. Here,
{at, b1, a9, P2} = (27) x {8.6(2), —2.5(4), —1.95(9), —4.50(8)} MHz/GPa are the stress sus-
ceptibilities. Stress components that preserve the Cs,-symmetry of the NV center maintain
the degeneracy of the |mg = +1) spin-sublevels and induce an overall energy shift of TI,.
Stress components that break Cgy-symmetry lift the degeneracy between the |mg = +1) spin-
sublevels and induce a splitting 211 = 2, /TI2 + HZ. In addition, symmetry breaking stress

components mix the |mg = £1) states into eigenstates |+) = (|mg = 1)£e'1 |mg = —1))/v/2,
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where ¢p7 = arctan(IL, /I1;).

In the experiments, electronic transitions in the NV center were excited using laser light
with wavelength A = 532 nm. Radiative transitions involved in electronic excitation and
fluorescent relaxation are spin-conserving processes |76, 101]. In addition to these radiative
transitions, the NV center also shows a non-radiative inter-system crossing (ISC) mechanism,
whereby the |mg = 1) spin sub-levels of the electronic excited state can transition into the
singlet manifold. Further non-radiative relaxation from the singlet manifold back to the
electronic ground state is not highly spin selective |76, 101]. This leads to two important
consequences. First, it enables optical polarization to the |mg = 0) spin sub-level under
continuous laser excitation. Second, it causes a reduction in the fluorescence rates of the
|ms = £1) spin sub-levels compared to the |mg = 0) spin sublevel. Indeed, the signal contrast
of an optical detected magnetic resonance (ODMR) measurement depends on the difference
between the fluorescence intensity of these spin sub-levels. As we will discuss in the next
section, the ISC mechanism — and thus the ODMR contrast — is sensitive to the applied
stress and can be significantly altered at high pressures.

In addition to ODMR measurements, where one measures direct-current (DC) magnetic
fields through the Zeeman splitting of the ODMR resonances, the NV center can also be
used to measure alternating-current (AC) magnetic fields. Here, protocols inspired by pulsed
nuclear magnetic resonance (NMR) techniques can be translated to the case of electron spin
resonance of the NV center [278|. The main idea of these AC magnetometry techniques is to
first, create a coherent superposition of spin states and subsequently, use pulse sequences to
lock the evolution of the NV’s electron spin to a specific frequency w. A fluorescence contrast
measurement is used to read out the final state of the NV, allowing for the determination
for AC magnetic fields of the form Be?. Ref. [35] demonstrated a spin echo measurement

at megabar pressures, as shown in Fig. 2.1(e).
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2.2.1 Inter-system crossing

The spin dynamics of the NV center under optical pumping are driven by radiative transitions
between states of the same spin multiplicity as well as nonradiative ISCs between states of
different spin multiplicity, see Fig. 2.3(a). ISCs can be spin-selective and thus vital for the
observed ODMR contrast and optical initialization of NV as a qubit. There are two distinct
ISCs in the optical cycle of the NV: i). from the optically excited 3 F manifold to the singlet
I1A1), and ii). from the |['E) back to the ground state 3 Ay manifold.

The former may occur from either [Ay) with rate I'y, or from |Ej2) with rates I'p ,.
These two rates have quite different mechanisms. The I' 4, process occurs in two stages: (1)
an energy-conserving transition from the initial state within the 3 manifold to a resonant
excited vibrational level of the |1 A1) state, and (2) relaxation of the excited vibrational level
to the ground of |1A1>. The first stage requires a change in both the electron spin and
orbital states as well as the lattice vibrational state, and is thus mediated by a combination
of SOC and electron-phonon interactions. The second stage is mediated by phonon-phonon
interactions, which enable the vibrational excitation to dissipate into propagating phonon
modes. The vibrational overlap F(A) between the 3E manifold and the |*A;) state has
been approximated by the phonon sideband band between the 3E and 3 A manifolds in the
past [101] since the | A1) state belongs to the same electronic configuration as the ground 3 Ay
manifold, and their electron densities should be similar. We verified this approximation by
explicitly computing the (artificial) sideband between 3F and ['A;) using Time-Dependent
Density Functional Theory (TDDFT) [150] and the results are shown in Fig. 2.3(c). We note
that electron-phonon interactions with A;-symmetric phonon modes do not couple electronic
states, but allow transitions between the vibrational levels of each electronic state. According

to first-order Fermi’s golden rule, we have

T, = 4h|A L [PF(A). (2.6)
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A first-order ISC process cannot describe the ISC transition from |Ej 9) because there
is no SOC connecting it to |1 A1). Although A could couple |E,2) to ILE), the actual rate
of this transition should still be negligible because the energy spacing between |Ej 2) and
ILE), ie., 1190 meV [4] is too large compared to the energy scale of the phonon sideband.
Instead, the ISC decay from |Ej o) is the result of a second-order process wherein phonons
of E symmetry couple |E7 2) to [Aq) and |Aq) is SOC coupled to I1A1). These rates from

|EJ1,2) using second-order Fermi’s golden rule are defined as
9 Q
T, =8h2AL | 77/ w{[n(w) + 1] F(A — w) 4+ n(w) F(A + w)} dw, (2.7)
’ 0

where n(w) = (ehw kT _ 1) ! is the thermal occupation of a phonon mode with frequency
w and Q = 80meV [101] is the phonon cutoff energy.

Direct ISCs from |Ey ) and |Ag) are forbidden up to second order, and their rates are
therefore negligible compared to I'4,, T’ By, at cryogenic temperatures [101]. The ISC from
the 3F manifold is thus highly spin-selective.

The ISC to the 3 Ay manifold occurs from |1 E) to either |0) with rate Ty or |+£) with rate
I'+. The underlying mechanisms of the lower ISCs are more complicated than the upper
case. For Ty, it comes from the pseudo Jahn-Teller effect that couples |'E) with |' A1), while
11 A1) couple to 3A8 via \,. For I'y, it stems from the Coulomb repulsion that connects |17 )
to the higher |'E’) singlet state which can couple to ]3A§t> via A | . These two mechanisms
are of similar strength and the ratio I'g/T'+ appears to vary between centers with observed
values in the range 1.1 ~ 2 [261, 312|. While further investigations are required, it is clear
that there is no strong spin selectivity of the ISC to the 3 Ay manifold.

Temperature dependence— Extension of the ISC model to higher temperatures requires
two modifications to the ISC calculation: i). Because of phonon-induced orbital averag-
ing [91, 263], which is significant even at T ~ 20K [78], the observed ISC rate will be the

average ISC rate from all 3 states with |mg| = 1. ii). The Aj-symmetric phonon modes that
19



@) ') ()

|Az> (0]
—_—y) )
: l4)) ---i--- 1 I£)
: N4 i
E By P - IE)
IE,2) U £,
——'4) ) ¥ Fo
C
H ( ) Phonon Sideband from 3E state
ZPL at 637 nm i ZPL at 1042 nm
|_|]E1‘3>
: ril ,"E
y , S
2 . . '
2 T,
[0) «---+--- - . : . :
L. . : N 0 200 400 600 800
Spin triplet i Spin singlet Energy Gap [meV]

Figure 2.3: NV’s inter-system crossing model. (a) A detailed schematic of the intersys-
tem crossing (ISC) reproduced from Ref. [101]. T'4, and I'g, , represent the transition rates

from the sublevels of the 3F excited manifold to the |1 A7) singlet state. Goldman et al. [101]
modeled the former transition as a first-order process mediated by transverse spin-orbit cou-
pling A ;. The latter transition occurs at second order due to the electron-phonon mixing
within the 3E manifold and subsequent spin-orbit transition to the |'A;) state. (b) The
channel to the singlet state was modeled as a resonant transition from the 3 E manifold to the
phononic excitations of the |1 A;) state (shown here as a vibrational overlap function F(A)
approximated by the photoluminescence lineshape between |>E) and [3A45)). A decrease in
A increases the density of states on resonance and enhances the ISC transition. (c) The
vibrational overlap function between [3E) and |'A1) computed from TDDFT [150] confirms
that using the experimentally measured photoluminescence is a good approximation. Note:
Images (a) and (b) are reproduced from Ref. [101].
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are primarily responsible for shifting the lattice have non-negligible thermal occupations, so
the vibrational overlap function F'(A) becomes broader and flatter at higher temperatures.

To address these two modifications, we calculate the orbital-averaged ISC rate

(T, + 2T, ,) (2.8)

=~ =

l'gc =

and computed the temperature-dependent phonon sideband within the above rates using the
Huang-Rhys theory [149].

Stress dependence— The above analysis applies not only to the ambient conditions but
also to the situations when the system is experiencing non-negligible symmetry-preserving
stress, e.g., hydrostatic or the uniaxial [111] stress. However, symmetry-breaking stress could
completely alter the aforementioned model, by introducing new upper and lower ISC routes
and therefore, modifying the spin selectivity. In this Chapter, we only explore the modeling
of ISC rates under the symmetry-preserving case and the discussion of symmetry-breaking

situations is described in the paper.

2.2.2  Rate model for ODMR spectrum

The full model of the ODMR spectrum at room temperature can be well described by
classical rate equations |91], which integrate all transition rates and allow the simulation of

the dynamics of state populations. The ODMR contrast is defined as

C—1_ 1 (Prow)

](me = O) 7 (2.9>

where 'y indicates whether the microwave driving the transitions between |0) and |+)

sublevels at the ground state is turned on or not, and I is the steady-state photoluminescence
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(PL) intensity defined as

ITow =0)=7>_ Y Tyn (2.10)

i€3E je3 Ag
where 7 is the collection coefficient dependent on the experimental setup, and I';; denotes
the transition rate from state ¢ to j. To determine the steady-state solution, we solve the

classical rate equations

dn;
d_tl = Z (F]Zn] - F”nl) . (2'11)
J

Under symmetry-preserving stress at room temperature, the optical cycle of the NV center
can be well approximated by a seven-orbit model [312], as shown in Fig. 2.4(a). Estimating
these rates, i.e., ISC rates and spontaneous emission rates require having access to parameters

that can be obtained by ab initio calculations.

2.3 Simulation results

In this section, we discuss how we performed first principle calculations to estimate the SOC,
energy detuning, vibrational overlap and transitional dipole moment to obtain different rates

and to finally simulate the ODMR contrast.

2.3.1 Spin-orbit coupling

Computing the spin-orbit coupling of the NV center poses a technical challenge for con-
ventional materials’ simulation software packages with periodic boundary conditions. We
instead adopt a cluster model for the NV center, and terminating the surface of the cluster
with hydrogen atoms. Specifically, we considered both a 70-atom and a 162-atom cluster [32],
with the diamond structure optimized with the SCAN functional [304] using DFT. The effect

of stress was modeled with supercell at the DFT level.
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Figure 2.4: NV’s ODMR simulation results. We computed the ODMR spectrum with
its required parameters under hydrostatic stress, uniaxial [111]| stress and an mixture of
these two with o ~ 73% hydrostatic component. The stress tensor is defined in the local
NV frame with a diagonal form. (a) An effective seven-orbit model describing the optical
cycle of NV center under only symmetry-preserving stress at room temperature. The 3E
excited manifold is experiencing strong orbital averaging. The |0) and |£) sublevels in the
triplet states are now separated by zero-field splitting (D). The upper inter-system crossing

(ISC) only happens between the spin |+) sublevels at 3E and I'go = zle (FAl + QFELQ).

The singlet states |1A1),|'E) is now approximated by a single shelving state. (b) The
computed transverse spin-orbit coupling (SOC) A | using the cluster model of NV center.
Under hydrostatic stress, A | will increase with larger stress. While for [111], A | roughly
stays unchanged. (c) The computed detuning A between 3E and |*A;). Under hydrostatic
stress, A will increase with larger stress leading to smaller vibrational overlap. While for
[111] it’s the other way around. (d) The simulated (upper) ISC rates with varying stress by
plugging in the computed SOC and detuning parameters computed from first principle. (e)
The computed ODMR spectrum by computing Eq. 2.9 by solving the steady-state of the
rate equations 2.11. The lower ISC rates take the experimental value from Ref. [312] and
are assumed to stay unchanged, as they show no state selectivity.

Once the cluster is obtained, we used the complete active space self-consistent field
(CASSCF) [265] method with the Douglas-Kroll-Hess (DKH) relativistic correction [230]
to compute the SOC. We choose a (6e, 60) active space [32] and the cc-pVDZ-DK basis set

implemented in the ORCA software package [233]. The A\ | at ambient condition is estimated
23



as 6.4,6.8 GHz from the 70-atom and 162-atom cluster, respectively, which is in reasonable
agreement with the 7.5 GHz prediction from Ref. [213]. We also found that the computed
SOC’s stress susceptibilities have little dependence on the size of the cluster, and the results

from the 162-atom cluster are plotted in Fig. 2.4(b).

2.3.2  Detuning between °F and 'A;

The spacing between triplet and singlet states of the NV center has been controversial for
a long time, with different levels of theories [32, 151, 185, 285| giving different predictions
and a lack of direct experimental approach to validate the theory. The detuning between
3E and 1Ay has been indirectly estimated from experiments [101] to be 321 ~ 414 meV
with a central value of Ag = 376 meV. In our calculations, we use the detuning at ambient
condition as A estimated from experiment (see below).

However, the stress susceptibilities necessitate first principle calculations. Ideally, we
have to consider the geometry relaxation of both the 3E manifold and |'A4;) state. Since
|1A1> state has the same electronic configuration as the 3A4s ground manifold, we’ll ignore
its geometry relaxation and use the vertical excitation energy instead. For E, however,
its relaxation can’t be ignored and has a ~ 200 meV difference compared to the vertical
excitation energy even at the ambient condition. The relaxation of 3E can be estimated by
using the constrained DFT approach applied to a 511-atom supercell (which gives perfect
agreement with experiment [68]), while the vertical excitation energy of |'A1) can be esti-
mated by either CASSCF or QDET [285]. Therefore the energy detuning between 3E and

I1A1) is computed as

CASSCF/QDET
A= EZDIEI:F - E|1A1> /Q + Ecorrectiom (2-12)

where the last term represents a correction to align the computed detuning to Ag at am-
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bient condition. The results with E|1 A1) computed with a 162-atom supercell is plotted in
Fig. 2.4(c).

2.3.8  Comparison with experiments

By using the parameters we computed from first principle, we solve for the steady states of
the rate equations and plot the simulated ODMR spectrum, as shown in Fig. 2.4(e). Under
symmetry-preserving stress, the contrast is due to ISC, especially the upper one since it’s
spin-selective. Since the ISC rate is determined by the joint effect of SOC and vibrational
overlap, its stress dependence is a combination of those two effects. For hydrostatic and
uniaxial [111] stress, it’s interesting that the effects of SOC and vibrational overlap are
competing with each other. Specifically, for the hydrostatic case, the SOC dominates at
small stress and reaches the largest contrast around 20 GPa, then vibrational overlap takes
over, and the contrast gradually decays. We also simulated a mixture of 73% hydrostatic
and 27% [111] stress, to better mimic the conditions of experiment.

For symmetry-preserving stress, the contrast has been measured from various experi-
ments [65, 77, 134]. Fig. S7(c) of Ref. [134] gave the contrast change under increasing
hydrostatic pressure, where a critical point around 25 ~ 50 GPa can be seen. Ref. [329] on
the other hand provided 6 times enhanced contrast [Fig. 2(f)] under a mixture of hydrostatic
and [111] stress with loading stress going from 1.5 GPa to 128.6 GPa. Our prediction gave
qualitatively good agreement with those reported measured data, and the deviation might
be due to having neglected the Jahn-Teller effects when computing the upper ISC rates or
overestimating the Ag. We also direct the interested reader to the paper for more detailed
comparisons with ongoing experiments performed by our collaborators from Prof. Norman

Yao’s group.
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2.4 Conclusions

In summary, we provided a detailed physical picture of the ISC effects of NV center under
symmetry-preserving stress at room temperature, compared to previous work [101]|. Uniaxial
[111] stress has been confirmed to be the “winning strategy” for sensing at high pressures.
However, the application of stress comes at the cost of sacrificing signals from the remaining
three NV groups that are not oriented along the loading axis. With our ability to measure just
two numbers (shift and splitting of the [111] NV group), it is only possible to get an estimate
of the combined symmetry-preserving stresses (07,0 ) and symmetry breaking stresses.
In the case of magnetometry, it will only be possible to measure the axial and transverse
components of the magnetic field (By, B ). The latter component is suppressed by the zero-
field splitting Dgg and the magnitude of the symmetry-preserving stress. Nevertheless, for
most of the experiments at megabar pressures, this may be a sufficient approach to probing
both magnetism and stress.

The other cuts of NV are still useful. Uniaxial [100] stress leads to reduction and in-
version of contrast, but the degeneracy of the four NV groups under stress can simplify the
interpretation of the ODMR spectrum. In this case, a direct measurement of the {o,7,0, }
stress components provides a clean technique for pressure calibration. This can be advan-
tageous for experiments up to ~ 50 GPa, where a thorough measurement of the full stress
tensor using carefully applied magnetic fields is unnecessary.

We also comment on the case of uniaxial [110] stress, although we didn’t investigate this
case in detail. There are two sets of doubly degenerate NV groups, with their behaviors
dramatically different. For two NV groups with their z axes lying in the plane of the culet,
the stress is wholly transverse. In this set of NV groups, both branches of the 3E manifold
are blue-shifted and this leads to a consequent loss in contrast. However, for the other set,
comprising two NV groups with their z axes lying in the plane perpendicular to the culet,

the 3 E manifold gets red-shifted. The measured contrasts are consistent with this picture;
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wherein at high pressures (> 30 GPa), we see nearly degenerate resonances stemming from
two NV groups (from the second set). This ability to measure four numbers (shift and
splitting of two NV groups) with better SNR than in [100] cut culets affords the ability
to perform vector magnetometry at high pressures. In addition, with a little work and
knowledge of the orientation of the NV groups relative to the lab frame, it may also be
feasible to extract all three diagonal stress components and some measure of the shear stress
in the culet.

Despite the success of recent efforts in pushing NV sensing to megabar pressures, many
open questions remain. Most importantly, a physical picture of the electronic excited state
under stress that leads to contrast inversion still needs to be completed. We believe there
is much opportunity for further work in high-pressure sensing based on NV centers (and
more broadly using other color centers) [136]. NV sensing up to megabar pressures enables
studies of crystal stress for different culet cuts and pressure media on the one hand, and
measurements of magnetism in various condensed matter systems on the other. The ability
to do pulsed measurements up to these pressures lends access to a vast array of quantum

sensing protocols!
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CHAPTER 3
TEMPERATURE DEPENDENT SPIN-PHONON COUPLING
OF BORON-VACANCY CENTERS IN HEXAGONAL BORON
NITRIDE

This Chapter is adapted from Z. Liu, R. Gong, B. Huang, Y. Jin, X. Du, G. He, E.
Janzen, L. Yang, E. Henriksen, J. Edgar, G. Galli, C. Zu. “Temperature Dependent Spin-
Phonon Coupling of Boron-Vacancy Centers in Hexagonal Boron Nitride.” arXiv preprint
arXiv:2404.15493 (2024).

The negatively charged boron vacancy center (V) in hexagonal boron nitride (hBN) has
recently emerged as a highly promising quantum sensor. Compared to the nitrogen-vacancy
(NV) center in diamond, the change with temperature of the spin transition energy of Vg is
more than an order of magnitude larger, making it a potential nanoscale thermometer with
superior sensitivity. In this work, using isotopically purified h1®BI9N | we systematically
characterize the temperature dependent zero-field splitting, hyperfine interaction and spin
relaxation time of Vg from 10 to 350 K. We carry out first-principle calculations of the
Vg spin-phonon interaction and we show that a second-order effect from finite-temperature
phonon excitations is responsible for the observed changes in experiments. By fitting our
experimental results to a physically motivated model, we extract the dominant phonon mode
which agrees well with our simulations. Finally, we investigate the dynamic nuclear spin
polarization process at cryogenic temperatures. Our results provide key insights in Vg

centers and their utilization as nanoscale thermometers and phonon sensors.

3.1 Introduction

Optically-addressable solid state spin defects are promising platforms for quantum applica-

tions [6, 17, 19, 69, 73, 76, 122, 128, 138, 167, 229, 249, 255, 314, 317, 335, 348, and when
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residing in atomically-thin van der Waals materials they may exhibit properties superior to
those of their conterparts in three-dimensional materials[21, 44, 259]. Among a wide-range
of contestants, the negatively charged boron vacancy center, Vg, in hexagonal boron nitride
(hBN) is one of the defects that has attracted much growing interest [102, 106, 108|. Several
interesting properties of the host material, including the large bandgap and excellent stabil-
ity, as well as the readily controllable spin degree of freedom at room temperature, makes
Vg in h-BN well-suited as a platform for technologies[228].

When compared with its three-dimensional counterparts, for example the Nitrogen-
Vacancy (NV) center in diamond, the ground state zero-field splitting (ZFS) of V5 exhibits
a ~ 25 times larger variation from cryogenic to room temperatures, placing it in an ad-
vantageous position for nanoscale thermometery [107, 196, 322|. However, the underlying
mechanism of such a large temperature response remains an open question. In particular, in
hBN the first-order lattice displacement with temperature can account only partially for the
changes in the measured ZFS of Vg [46, 107, 309]; higher-order spin-phonon interactions
should be included to quantitatively capture the experimental results.

In this letter, we experimentally characterize the temperature dependence of the ZFS,
hyperfine interaction, and spin relaxation time 77 of Vg in isotopically purified h10BI5N,
showing much narrower Vg spin transitions and substantially improved measurement res-
olution [60, 103, 148|, compared to conventional hBN. We then carry out first-principle
calculations of the temperature-induced phonon-mediated interaction of Vi , motivated by
recent investigations of the NV centers in diamond [46, 309]. Our combined experimen-
tal and theoretical study allows for the identification of the main mechanism responsible
for the observed temperature dependence of the properties of Vi , namely a second-order
spin-phonon coupling with a characteristic phonon mode energy around 18 meV. We also
investigate the dynamic nuclear spin polarization of the nearest three 1°N and find that the

polarization persists down to 10 K. This is in contrast to the case of NV centers in diamond,

29



(a)

(c) FL (a.u.)

(d)

(a

.u.)

FL
4000 1.000 4000 i 1.000
- !
2 _ . - = : 5
3800 %_ 0995 T 3800 0.995
2 " 2 — =
y 5 3600 0990 3 3600 ! 0.990
5 5 !
= z :
§ 00 - 0985 3400 E 0.985
b mg = +1)." 2 - | — 2
(b} o = = 3200 ~— | O8O = 50 0.980
R 0.975 ! 0.975
mg = 1) 2veB; Zm, = +3/2) 3000,5 100 200 300 350 30005 100 200 300 350
o i S [Em, = +1/2) Temperature, T (K) Temperature, T (K)
| 1) — |Zm; = -1/2) 1.000 — — i, 1.000 g B
ms =—1) " Em; =-3/2) = =
b ° Ays [Zm; 2) 3 0995 3 0995
—} 0.990 j 0.990
s t Vg in hB*N = &/t Vg inhBNpat
|mg = 0) 0.985 0.985 "
3000 3200 3400 3600 3800 4000 3000 3200 3400 3600 3800 4000
B,=0 B, =90G Frequency (MHz) Frequency (MHz)

Figure 3.1: Temperature dependence of optically detected magnetic resonance
spectra of V; . (a) Schematic representation of a single V center (red spin) in the hBN
honeycomb lattice. 2 is defined as the out-of-plane direction, while & and g live in the
lattice plane. (b) The Vg electronic ground state energy level diagram with the presence

of three nearest N nuclear spins in isotopically purified h!°BI°N flakes. The |mg = +1)
is separated from |mg = 0) by a zero-field splitting D. The hyperfine interaction further
divides each spin transition into four transitions with spacing A,, and degeneracy of {1,
3, 3, 1}. (c) ODMR spectrum of Vg in h1OBI5N flakes under magnetic field B, ~ 90 G
at temperatures ranging from 10 K to 350 K. The normalized fluorescence (FL) contrast is
marked in the colobar. The bottom panels of (c¢) and (d) display the ODMR spectrum at
300 K, corresponding to the black dashed line on the top panels. The spectrum is fitted
with two groups of equally spaced Lorentzians to extract the values of ZFS and hyperfine
splitting. (d) ODMR spectrum of Vg in hBNyj,¢ flakes in the 10-350 K temperature range.

where the nuclear polarization vanishes at low temperatures |94, 166].

3.2 Experimental results

To investigate the temperature-dependent spin properties of Vg, we load the samples into a
closed-cycle optical cryostat (Fournine Design) for temperature control from 10 — 350 K. A
small external magnetic field B, =~ 90 G is used to lift the degeneracy between |mgs = +1).
Figure 1c,d show the ODMR spectra as a function of temperature. We fit the spectra
with two groups of equally spaced Lorentzians, corresponding to |ms =) < |ms = +1)

transition respectively. The ZFS, D(T), can be extracted from the average frequency of

the two transition groups, while the hyperfine splitting, A,.(7"), is obtained from the fitted
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spacing between adjacent resonances in each group (Fig. 3.2a). In addition, we also perform
spin relaxation measurements and extract the T timescale for different temperatures of the
sample (Fig. 3.2b).

We find that the ZFS of V5 exhibits a dramatic change of more than 200 MHz from 10 to
350 K, which is around 30 times larger than the change observed for NV centers [46]. We de-
termine the susceptibility of V5 at room temperature, x (7" = 300 K), to be —880+65 kHz/K
for hBNpa¢, and —784 + 35 kHz /K for h1OBI5N. These results highlight the potential use of
Vg as an ultra-sensitive nanoscale thermometer. Furthermore, within our measured temper-
ature range, we observe a slightly smaller change of ZFS in h19BN compared to hBNpat,
which can be ascribed to the fact that the heavier nuclei in h'B19N lead to atomic dis-
placements less sensitive to the temperature change. The isotope effect is further evidenced
by the measured T} timescales, limited by spin-phonon interaction [45, 82, 108]: for heavier
nuclei and thus weaker spin-phonon coupling strength, the T} of Vg in h1OBI5N is further
extended at lower temperatures. We also note that while it remains a challenge to resolve the
hyperfine interaction strength from the broad ODMR spectra of conventional hBNy,¢ [103],
the substantially better resolved resonances of h!9BI9N enable an accurate characterization
of A,.(T) (see Supplementary Materials). The measured amplitude of A,,(T") displays a
noticeable increase from 64 MHz to 67 MHz with decreasing temperature, whereas the hy-
perfine interaction of NV centers to the nearby nuclear spins has been measured to be nearly
constant with temperature [27, 337]. Finally, we observe that the ODMR contrast of Vg
in both hBN samples reaches a maximum around 210 K and persists to low temperatures,
without any substantial quenching. This behaviour is again in opposite to that of the NV
center in diamond, whose contrast suffers from a significant drop below 90 K [94], hindering

its sensing performance at cryogenic temperatures.
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Figure 3.2: Temperature-dependent properties of V5 in different hBN samples. (a)

The temperature dependence of the ZF'S D(T') of V5 in the range 10-350 K. The solid lines
represent a fit to a physically motivated model using Eq. 3.2. Inset: hyperfine interaction
Azz(T) of Vg in h19BN within the same temperature range, fitted by the same model with
one fixed phonon energy 18.4 meV extracted from the fit of the ZFS. (b) Spin relaxation rate
1/T7 of Vg in the temperature range 10-350 K. Setting the phonon energy at hwexp, the
dotted lines qualitatively reproduce the T} temperature-dependence by the model Eq. 3.3.
In the high temperature regime, the relaxation rate is approximated by a power-law scaling
1/T7 T2. The experimental T pulse sequence is given in the inset.
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3.3 Theoretical model

To understand the observed temperature dependence of Vg spin properties, we adopt a
theoretical model which was originally developed to study NV centers in diamond [309]. In

particular, we write the electronic and nuclear spin transitions as the sum of two terms,

1 9%y h 1 1
v =wy(a(T)) + 3 > o0 Mo (emi/kBT — 2) , (3.1)

1
where v is the transition frequency (e.g., ZFS and hyperfine interaction) and a(7") is the
lattice constant of hBN as a function of temperature [107], ¢;, M;,w; are the normal mode
of the crystal, mode-specific effective mass, and frequency, respectively. Here the first-
order term, vg(a(T')), corresponds to the thermal expansion of the hBN lattice, while the
second-order term represents vibrational contributions caused by finite-temperature phonon
excitations near the equilibrium geometry.

We carry out first-principle simulations using density functional theory (DFT) [169] with
the Perdew-Burke-Ernzerhof (PBE) functional [244| to compute the temperature-dependent
hyperfine interaction, A..(T'), between V5 and the nearest three 15N nuclei. Interestingly, we
find that the variation of the lattice constant with temperature only results in an extremely
small change in the magnitude of A, (7). On the other hand, the second-order term accounts
for the observed effect of temperature on the value of A,,(T") observed experimentally.

Figure 3.3a shows the calculated second-order derivative of the energy of the crystal for
each phonon mode. We find a phonon mode with the largest amplitude at energy around
Table 3.1: Zero field splitting fitting parameters. For each isotope, the extracted

parameters are averaged over four sets of data in different sample spacial positions, fitted
with same model as Eq. 3.2.

Isotopes Dy (MHz) ¢ (MHz)  Awexp (meV)

N 3742 +£10 —1754+13 18.4+1.0
4N 3777426 —201+£42 18.842.8
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hwiy, =~ 16 meV, corresponding to an out-of-plane vibration shown in the inset. The computed
temperature dependence of A, (T") agrees well with our experimental results (Fig. 3.3b). For
a direct comparison with the NV center, we also investigate the phonon mode associated
with the hyperfine coupling between the NV center and its first shell 13C nuclear spin [309)].
In the case of the NV center, the dominant phonon-mode energy is ~ 70 meV [45, 195],
requiring a much higher activation temperature than Vi . Hence the variation of A, with
temperature is much larger for the V center than that observed for the NV center within
the range (10 — 350 K) investigated in our experiment.

The dominant phonon mode found theoretically at Awy;, ~ 16 meV can also be inde-
pendently determined by fitting the experimentally measured spin properties to a physically

motivated model [46],
1 1
T) = _— = 2
v(T) V0+Cy(ehw/k:T_1+2>’ (3:2)

where v(T =0) = vy + %cy is the transition energy (e.g. ZFS D and hyperfine A,,) at 0 K

/KT _ 1)_1 is the occupation number of the phonon mode.

and n = (

We apply this model to the measured ZFS and hyperfine interaction of V. For ZF'S, the
observed temperature dependence of D(T') for both h19BN and hBN,,; samples can be
accurately fitted using our model, from which we extract the characteristic phonon energy
to be Mwexp = 18.4 £ 1.0 meV and 18.8 £ 2.8 meV respectively (Fig. 3.2a and Table 3.1), in
agreement with our theoretical results. The measured hyperfine interaction, A,,(T'), shows
a temperature dependence that is also consistent with the model with phonon energy set to
18.4meV (Fig. 2a Inset). Interestingly, the agreement between hwexp and the calculated fwyy,
suggests that the temperature dependence of ZFS and of the hyperfine interaction originate
from the coupling of the electronic spin to the same vibrational phonon mode.

We now turn to investigate the temperature dependence of the spin relaxation time 77.
Within the temperature range (10—350 K) considered here, T7 of Vg is dominated by Raman

scattering processes, where the energy difference between phonon absorption/emission is
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Figure 3.3: (a) The second-order vibrational coupling, i.e., o M 258 function of phonon

frequencies of the nearest 1N in hBN (blue) and 13C in diamond (orange) to the vacancy,
respectively. The first peak of V5 in hBN is identified as an out-of-plane vibrational mode

(inset). (b) The computed A, (T) of the nearest >N in hBN (blue) from both the first and
second order vibrational contribution, respectively. We also plotted the computed A, (7)) of
the nearest 13C in NV~ in diamond (orange) from the second-order vibrational contribution
as a comparison.

equal to the ZFS of Vg, leading to spin depolarization (see Supplementary Materials) [45].

Therefore the spin relaxation rate of Vg can be approximated as [45]
I(T)=1/Ty = An(n+ 1) + Ag, (3.3)
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where n = (ew/kT' _ 1)1

and A are the phonon occupation number and coupling coefficient
associated with the effective mode, and Ag is a sample-related constant that might vary
slightly between experiments. Using the phonon energy fwexp = 18.4 (18.8) determined
above, the model of Eq. 3.3 faithfully reproduces the experimentally measured spin relaxation
rates from 50 — 350 K (Fig. 3.2b). The small discrepancy below 50 K may be due to the
activation of lower-energy phonon modes as well as processes beyond Raman scattering. We

note that a prior theoretical study has predicted a power-law scaling of 77 ~ T2 [224],

which is consistent with our experimental results in the high temperature regime (Fig. 3.2b).

3.4 Dynamic nuclear polarization at low temperature

With the temperature-dependent Vg spin properties in hand, we now turn to investigate the
dynamical polarization of the three nearest-neighbor 1°N nuclear spins at low temperatures.
Nuclear spins feature exceptional isolation from noisy environments, making them ideal
candidates for quantum storage applications [38]. At room temperature, several prior works
have demonstrated the polarization of proximate N or N with an upper limit of ~
30 %; however how to further improve the polarization fidelity remains an open question
[96, 103, 267|. Low temperature offers two potential advantages: ~ 100x longer Vg electronic
spin lifetime 77 and stronger hyperfine interaction strength.

To enable resonant spin exchange between electronic and nuclear spins (known as elec-
tronic spin level anti-crossing, esLAC) [96, 103, 211], we apply an external magnetic field
B ~ 760 under which the energy levels corresponding to Vg excited state [ms = 0) and
|ms = —1) are nearly degenerate (see Supplementary Materials). We fit the measured hy-
perfine resonances between Vg |ms = 0) <> |ms = +1) in the ODMR spectra as a function
of the laser power to extract the nuclear spin polarization fidelity (Fig.3.4a). We find that
the nuclear spin polarization at both 10 K and 300 K saturate around 30% with similar

laser powers (~ 10 mW) (Fig.3.4b), suggesting that the Vg spin lifetime 77 and hyperfine

36



—
Q
'

1 & ~ "vwg(ém’ (e
3 1S A M
S0995 18 g} '
%82 % & &
qé 0.99} %823%?; tﬁgq : |
g LETS IR At
® 0,985 f 9 4+ 10K -
S o i ¢ 300K
T o098} % l

5400 5600 5800 6000
Frequency (MHz) Laser power (mW)

Figure 3.4: Dynamic nuclear polarization at low temperature (a) Near esLAC level
ODMR Spectra of the |mg = 0) <> |mg = —1) transition at 10 K and 300 K. The spectra
both exhibit similar asymmetry toward the left peaks, indicating a polarization of nuclear
spins. (b) Polarization level of the three nearest 1°N nuclear spins near esLAC level as a
function of the normalized laser power under room/cryogenic temperature. Inset: schematic
representation of the polarization process. The strong spin-conserving optical polarization
(green arrow) continuously pumps state from |mgs = —1) to |ms = 0), and the two hy-
bridization processes (red arrow and dashed blue arrow) differ in strength, resulting in the
polarization of |mj =1) state.

interaction strength are not the limiting sources for nuclear polarization.

The spin polarization may be limited from the spin non-conserving terms in the hyperfine
interaction (see Supplementary Materials), which are temperature insensitive. In addition,
the observed nuclear spin polarization of Vg persists down to 10 K, in sharp contrast to the
case of NV centers where the dynamic nuclear polarization process is substantially suppressed
at T' < 50 K, due to the lack of thermal averaging between NV excited states originating from
different orbitals [94]. For Vg , the lifting of the double degeneracy of excited states leads
to a sufficiently large energy gap between the states, which renders the system insensitive to

dynamic Jahn-Teller distortions [211].

37



3.5 Conclusion and Outlook

In summary, our research offers a comprehensive investigation of the temperature-dependent
spin-phonon interaction of Vi centers in isotopically purified hYBION. Our results will
be of critical importance in designing experiments to make use of Vg centers as nanoscale
thermometers and phonon sensors. Moreover, although we focus on Vg, the methodologies
developed here can be readily applied to a broad family of spin defects in two-dimensional

materials.

3.6 Computational technical details

3.6.1 FElectronic structure

The electronic structure calculations employ the projector-augmented-wave (PAW) method
implemented in the open-source plane-wave-based Quantum ESPRESSO software package
(QE) |97, 98] with a kinetic energy cutoff of 75 Ry. Spin-unrestricted calculations are per-
formed using the Perdew-Burke-Ernzerhof (PBE) functional [244] in the computation of
relaxed atomic geometries, phonons from the frozen-phonon approach [52], and hyperfine
tensor A. The threshold of energy convergence is set to 107 ¢V, and that for force on atoms
is set to 0.005 eV / A for geometry optimization calculations.

As discussed in the main text, the temperature dependence can be captured via phonons.
We note that for Eq. (3.2) in the main text, only diagonal terms are considered for the
second-order contributions, leaving out the off-diagonal terms. This simplification proves to
be good for the study of NV center in diamond [309] and V}3™ in hBN.

The phonon calculation for V5" in hBN is performed using a 287-atom supercell with only
[-point sampling. The lattice parameters are taken from experiments at 0 K [242]. A total of
861 phonon modes are obtained, including 3 trivial modes corresponding to translations with
no contribution to the temperature dependence. Therefore, all the 858 non-trivial phonon
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modes are then used to calculate the second-order derivative according to Eq. (2) in the

main text, with the step of displacement dg; set to 0.1 A.

3.6.2  Hyperfine tensor

The hyperfine interaction between nuclear spin and electron spin includes the isotropic (Fermi
contact) term at the nucleus site NV and the anisotropic dipole-dipole interaction term near

the nucleus site N

2410
Ajso(N) = B_QBHeQNMNPspin(R)7 (3.4)
2
140 3cos“f —1
Aaniso(N) = 7 GeltegN 1IN / d?’mspm(r)—%g ) (3.5)

where pq is the permeability of vacuum, ge, gn is the electron and nuclear Landé g-factor,
Le, 4y is the Bohr and nuclear magneton. r is the displacement between the electron and
the nucleus at R. pgpiy denotes the electronic spin density computed from DFT, and 6 is
the angle between r and z axis.

The temperature dependence of the full hyperfine tensor of the three nearest I5N atoms
computed via the method discussed in the previous subsection are plotted in Fig. 3.5. Only
second-order contribution is considered since the lattice expansion effect is negligible. Note

that Ay, = Azx = 0 due to the point group symmetry of the defect center.

3.6.3  Zero field splitting

The ZFS originates from the dipolar spin-spin interaction between electrons and can be

computed as
7”25ab — 3ramy

109212 =
Dop = —5—+ szj<‘1’z’j ;

4 —
1<)

qf,]> (3.6)
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Figure 3.5: Temperature dependence of the full hyperfine tensor of three nearest >N com-
puted from the second-order spin-phonon coupling.

where [W;;) represents a two-particle Slater determinant constructed from the Kohn-Sham
ground state and x;; = &1 when 4, j have the same/different spins. And the summation
runs over all the possible electron pairs.

It has been noted by Ivady et al. [145] that it’s necessary to apply hybrid functionals [132]
to a 971-atom supercell, together with a post-correction for spin contamination [36], to
obtain a reasonable estimation of ZFS. This calculation is computationally expensive and
impractical for the investigation of temperature dependencies, which involves hundreds of
single point calculations.

To qualitatively understand this temperature dependence, we focus on the coupling be-
tween spin and local phonon modes around the Vi center. Specifically, we cut a cluster
(passivated with hydrogen atoms) with 7.5 A radius [224] from the supercell, and apply local
phonon displacements on top of it. Then we performed DFT calculations with the PBEO [5]
functional and the def2-SVP basis set to compute the ground state and the ZFS using the
ORCA package [233], and the results are shown in Fig. 3.6. It can be noticed that the
absolute values of the computed ZFS and the magnitude of the variation as a function of
temperature are underestimated compared to the experiments. This discrepancy could be
attributed to i). ignoring the contributions of a large number of non-local phonon modes,

and ii). approximating the supercell using the cluster model in the calculation of the ZF'S.
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Despite these deficiencies, the decreasing trend in D with increasing temperature is cor-
rectly captured by our present calculations, and the difference between the two isotopes is
also well reproduced, which again solidifies the phenomenological model that we’ve been

fitting throughout this work.
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Figure 3.6: Temperature dependence of the zero field splitting of both h!®B1°N and hBNya¢
(right), computed from the cluster model (left) by only considering the second-order coupling
between spin and local phonon modes near the defect. Here, we aligned the two curves at
around 400 K for a better comparison with experiments.

We also note that Péter et al. [320] have studied the effects of lattice strain on the ZFS.
From Supplementary Fig. 2 of Ref. [320], we can extract that the first-order contribution
to the ZFS’s temperature dependence is also negligible, which aligns with our expectations.
Their supplementary Fig. 4b also corroborates our conclusion that the first-order contribu-

tion to the hyperfine tensor is negligible.

3.60.4 Spin relaxation time

The spin relaxation of a defect could be credited to multiple possible mechanisms. Different
mechanisms could play important roles in different temperature ranges. Since the ZFS of
V5 in hBN is ~ 3.5 GHz, it’s well below the typical phonon energies of hBN [224]. For tem-

peratures well above 0 K, the one-phonon (direct) process can be safely ignored. Therefore,

we mainly focus on the two-phonon processes. For the standard Orbach process [239], it’s
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also unlikely to happen for V', because the lowest-lying excited state is ~ 800 meV higher
than the triplet ground state [258], well beyond the phonon cutoff frequency which is ~ 200
meV in hBN [256].

One other possible two-phonon process is the Raman scattering process and it could be
driven by either first-order or second-order spin-phonon interactions. Ref. [45] proposed a
criterion to distinguish which of the two is dominant, namely the ratio between these two
contributions, i.e., (2rD/w)?, where D is the ZFS and w is the acoustic phonon energy.
Ref. [45] also showed that for NV~ center in diamond, (27D/w)? ~ 1077 and therefore
the dominant driving force is second-order spin-phonon interactions. For V5 in hBN, we
can also estimate its value as 107°, where we’ve taken the acoustic phonon energy as ~
26 meV [174]. We can, therefore, conclude safely that the major mechanism responsible
for the spin relaxation in V is the Raman scattering driven by second-order spin-phonon
interactions, and our analysis is corroborated by Ref. [224].

In this scenario, the spin relaxation rate can be modeled as
D(T)=1/Ty =Y Am;(n; + 1) + Ag, (3.7)
7

which is a more general form than Eq. 4 in the main text. Since we only identified a single
representative phonon mode for the temperature dependence of ZFS, we only fit a single set

of A, n.
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CHAPTER 4
MICROWAVE-BASED QUANTUM CONTROL AND
COHERENCE PROTECTION OF TIN-VACANCY SPIN
QUBITS IN A STRAIN-TUNED DIAMOND MEMBRANE
HETEROSTRUCTURE

This chapter is adapted with permission from X. Guo, A. Stramma, Z. Li, W. Roth, B.
Huang, Y. Jin, R. Parker, J. Martinez, N. Shofer, C. Michaels, C. Purser, M. Appel, E.
Alexeev, T. Liu, A. Ferrari, D. Awschalom, N. Delegan, B. Pingault, G. Galli, F. Heremans,
M. Atatiire, A. High. Physical Review X 13.4 (2023): 041037. Copyright (2023) by the
American Physical Society.

https://doi.org/10.1103/PhysRevX.13.041037.

Robust spin-photon interfaces in solids are essential components in quantum networking
and sensing technologies. Ideally, these interfaces combine a long-lived spin memory, coher-
ent optical transitions, fast and high-fidelity spin manipulation, and straightforward device
integration and scaling. The tin-vacancy center (SnV) in diamond is a promising spin-photon
interface with desirable optical and spin properties at 1.7 K. However, the SnV spin lacks
efficient microwave control and its spin coherence degrades with higher temperature. In
this work, we introduce a new platform that overcomes these challenges — SnV centers in
uniformly strained thin diamond membranes. The controlled generation of crystal strain in-
troduces orbital mixing that allows microwave control of the spin state with 99.36(9) % gate
fidelity and spin coherence protection beyond a millisecond. Moreover, the presence of crystal
strain suppresses temperature dependent dephasing processes, leading to a considerable im-
provement of the coherence time up to 223(10) ps at 4 K, a widely accessible temperature in
common cryogenic systems. Critically, the coherence of optical transitions is unaffected by

the elevated temperature, exhibiting nearly lifetime-limited optical linewidths. Combined
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with the compatibility of diamond membranes with device integration, the demonstrated

platform is an ideal spin-photon interface for future quantum technologies.

4.1 Introduction

Color centers in diamond are a leading platform in quantum technologies, key achievements
such as the demonstration of a quantum register [299|, distant entanglement generation
between three nodes [249|, quantum teleportation [131], along with myriad landmarks in
quantum sensing [175, 287|. In recent years, group IV centers have gained much attention
due to their excellent optical properties [33, 146, 165, 210, 232, 269, 327|. Their D3, symme-
try renders optical transitions insensitive to first-order charge noise |71, 129]. Additionally, a
favorable Debye Waller factor leads to the majority of photons being emitted into the zero-
phonon line, critical for spin-photon entanglement [290]. However, the electronic structure
of group IV centers — a spin 1/2 system with two ground state orbital branches — renders
the electron spin susceptible to phonon-driven transitions between the two branches [147].
This temperature-dependent spin dephasing can be mitigated by operating at millikelvin
temperatures |30, 303| or by engineering the local phonon density of states through nanos-
tructuring [221, 294]. Alternatively, dephasing can be mitigated by qubit engineering such as
working with group IV centers with high spin-orbit coupling and thus large orbital splitting
[319], or by leveraging spin-strain interaction in randomly-, or controllably strained group
IV centers|[294, 299|. With a spin-orbit coupling significantly higher than those of the silicon
vacancy (SiV) and the germanium vacancy (GeV) centers, the SnV center has the highest
reported spin coherence time at 1.7K [72]. However, efficient microwave (MW) control of
group IV spins requires the magnitude of spin-strain interaction to be comparable with the
spin-orbit interaction, which for SnV necessitates strain approaching 0.1 %. This degree of
strain is challenging to achieve in microelectrical mechanical structures (MEMS) such as dia-

mond cantilevers, with reported values on the order of 0.015 % [221]. Therefore, a controlled
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Figure 4.1: Strained SnV in diamond membrane heterostructures. (a) Schematics of the
diamond-fused silica heterostructure. The static, tensile strain inside the membrane is gen-
erated from the disparity of thermal expansion ratios of diamond and fused silica. (b) The
microscope image of the diamond membrane (dashed cyan region) bonded to the fused silica
substrate. A trench (dashed green region) was fabricated prior to bonding. The gold copla-
nar waveguide is fabricated post bonding to introduce microwave signals. The location of
the SnV center used in this study is highlighted by a red star. (c) Energy level of strained
SnVs. Unstrained centers, strained centers and strained centers in the presence of a magnetic
field are colored in purple, blue and green, respectively. (d) The PL spectrum of a strained
SnV center (orange), showing a red-shifted zero-phonon line (ZPL) wavelength with a much
larger ground-state splitting compared with the values in bulk diamond (purple). (e) The
statistics of the SnV ground-state splitting. Two different devices with identical layout were
measured. Device 1 (orange) was used for all-optical spin control (discussed in the SI) and
device 2 (purple) was used for microwave spin control.

process to generate ~0.1 % strain in diamond is desired to improve SnV qubit performance
by both increasing the operational temperature and enabling efficient MW driving.

In this work, we utilize heterogeneous integration of diamond membranes to to generate
strain-tuned SnVs. By bonding SnV incorporated pristine diamond membranes to a glass
substrate, we leverage the heterogeneous thermal expansion coefficients of the two materials
to generate a uniform, in-plane strain in the diamond to the order of 0.1%. This strain
greatly increases the energy splitting between the two orbital levels of the SnV and induces

orbital mixing in the spin ground state. We demonstrate MW manipulation of the spin
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with 99.36(9) % Rabi fidelity at 4.50(2) MHz for 24 dBm MW input power. At 1.7K, the
implementation of dynamical decoupling allows the SnV to reach millisecond coherence time,
which is largely preserved even at 4 K, owing to the strain-induced increased ground state
orbital splitting. In combination with near lifetime-limited optical linewidths up to 7K,
our spin-photon interface is compatible with broadly utilized low-infrastructure and cost-
effective portable cryogenic systems. Additionally, the demonstrated strained-membrane
heterostructure maintains robustness and flexibility for additional photonic, electronic, and
micro-electro-mechanical systems (MEMS) integration. Our SnV-based diamond membrane
platform greatly reduces the technological barrier for establishing quantum nodes for net-

working.

4.2 Results

4.2.1 SnVs in strained diamond

This work relies on strain engineering to improve SnV qubit performance. First, we demon-
strate that heterogeneous thermal expansion disparities between diamond and glass in a
diamond-membrane heterostructure are sufficient to generate uniform strain of the mag-
nitude necessary to beneficially impact SnV. The diamond membranes used in this work
were generated via the “smart-cut” method combined with isotopically purified (120) over-
growth. The membrane thickness is nominally 150 nm, with pristine crystal quality and
atomically smooth surfaces [116]. To introduce a positive tensile strain inside the diamond
membrane, we bond them onto 500 pm-thick fused silica substrates—a material with a low
thermal expansion coefficient (< 1 X 10_6K_1) — using a layer of hydrogen silsesquioxane
(HSQ). The schematic of this strain generation method is shown in Figure 4.1 (a). The
device is then annealed at 600°C, beyond the temperature at which the HSQ solidifies to

glass, bonding the heterostructure in a “zero-strain” condition. Due to the mismatch in
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thermal contraction between diamond and fused silica and the negligible thickness of the
diamond membrane compared to that of the fused silica substrate, cooling down the device
to cryogenic temperature regime generates a positive (tensile), static strain profile in the
diamond membrane with an estimated magnitude of 0.05% to 0.1 %. This passive, uniform,
and membrane-compatible strain generation is complimentary to recent demonstrations of
electro-mechanically-induced strain on suspended diamond beams [67, 294].

Figure 4.1 (b) is the microscope image showing the layout of our diamond-membrane
heterostructure device. Prior to the membrane bonding, we patterned and etched a 5pm
deep trench on the fused silica to suspend part of the membrane and mitigate background
fluorescence from the HSQ resist. To study MW control of the SnV centers, we patterned
and deposited gold coplanar waveguides following membrane bonding.

The strain monotonically increases the orbital splitting of the SnV centers in the mem-
branes, which can be directly verified in the photoluminescence (PL) spectra at 1.7K. The
energy level diagram of the strained SnV is shown in Figure 4.1 (¢), highlighting the ground
state orbital splitting (Ags) and the respective contributions of spin-orbit coupling, strain,
and magnetic Zeeman interaction in purple, blue, and green boxes. Figure 4.1 (d) compares
the spectra of a strained (unstrained) SnV center in a diamond membrane (bulk diamond)
with Ags ~1300(850) GHz. This particular strained center is used in further optical, mi-
crowave and spin characterizations in this work. Remarkably, we note that all color centers
in the membrane are comparably strained. As shown in Figure 4.1 (e), we observed a dis-
tribution of the orbital branches splitting centered around 1500 GHz across different devices
with a minimum (maximum) value of 1200(1800) GHz. We carried out density functional
theory (DFT) calculations to compute strain-susceptibilities and characterize the SnV spin-
strain interaction; our results show that the increase of the splitting between orbital branches
from 850 GHz to 1500 GHz due to strain, corresponds to a diamond membrane strain mag-

nitude of 0.075 %(see section 1.2 in the SI for details). The consistent strain generation, in
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combination with our ability to perform additional integration and nanofabrication following

membrane bonding [43, 117], highlights the robustness and versatility of our platform.

4.2.2  Optical properties of SnV under strain

To investigate the potential of strained SnV as a spin-photon interface, we first verify that
the symmetry of the defect is preserved even under considerable strain by characterizing
the optical transitions as a function of the magnetic (B) field orientation. Using the (111)
crystallographic axis — the high symmetry axis of the SnV as the reference, we rotate the B
field in both polar () and azimuthal (¢) angles at the same magnitude (0.2T). The absolute
energy splitting between the two spin-conserving transitions (A1-B2) with respect to 6 and
¢ is shown in Figure 4.2 (a), indicating that large splittings at moderate values of magnetic
field are achievable which is ideal for later SnV spin initialization and control. Similarly to
the unstrained case, we observe a ¢ rotational symmetry of the splitting with respect to
(111), which corresponds to the intrinsic spin quantization axis. We further verify that the
polarization of the SnV transitions (i.e. dipole operator matrix elements) remain along the
(111) direction, as in the unstrained case [129].

From the B-field scan of the strained SnV, we note that besides the normal A1-B2 splitting
maximum along the quantization axis, an additional local maximum at # =90° — the equator
plane perpendicular to the quantization axis — is observed, with the relative A1-B2 position
being inverted, as verified by coherent population trapping measurements. This differs from
the unstrained case. The novel feature arises from the moderate crystal strain (comparable
in magnitude to the spin-orbit coupling) which increases the difference in effective Zeeman
shift between ground and excited states, mostly visible for a magnetic field orthogonal to the
spin-orbit-dictated quantization axis. As is the case for moderately strained SiV centers [303]
for MW-based control, we roughly align the B-field towards the quantization axis to achieve

highly cycling optical transitions with cyclicity reaching n ~ 2500. We note that n can
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Figure 4.2: Optical properties of the strained SnV center under applied magnetic fields at
1.7K. (a) The energy splitting rate between the A1-B2 spin conserving transitions with
respect to the polar angle 6 of the applied magnetic field at different azimuthal angle ¢.
The aligned field is highlighted with a black arrow. (b) PLE scan, averaged over 20s, of
the {A1, B2} transitions at an aligned B-field with a magnitude of 81.5mT. The average
linewidth for both transitions are below 48 MHz, which is less than 1.5 times of the lifetime
limited value (32.26(19) MHz). (c¢) The initialization curve of the Al transition, showing a
time constant of 24.2(3) us and an initialization fidelity of 98.82 %.

be as low as 6 when the B field is perpendicular to the quantization axis, which is ideal
for Raman-based all-optical control of strained SnV. We provide a theoretical justification
for the observed phenomenon by constructing and diagonalizing the total Hamiltonian with
varying B-field orientations in Sec. 4.4. Moreover, by comparing the dependence on 6 of
the A1-B2 splitting with calculated results, we are able to determine the Stevens reduction
factor gy, for ground and excited states mentioned in [315]. This model is then used to
explain the optically detected magnetic resonance (ODMR) frequency of the strained SnV

discussed below.
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Additionally, our measurements reveal near-transform limited optical linewidths, thereby
showing that the application of strain does not alter the excellent coherence properties of the
optical transitions, as previously demonstrated with unstrained centers [232, 319]. As shown
in Figure 4.2 (b), the 20s average scan returns a mean linewidth of 47.4(16) MHz, only 40 %
more than the lifetime-limited value of 32.26(19) MHz (4.933(190) ns optical lifetime). The
long term frequency stability of the {A1, B2} transitions returns a center frequency standard
deviation of o, =23.8(1) MHz and a A1-B2 splitting standard deviation of o5 =13.28(6) MHz.
This linewidth and peak stability is comparable to that of other measurements of group IV
color centers in nanostructures [270, 299, 327| and thus confirms the excellent potential of
these defects for quantum photonic applications.

The resolvable splitting and narrow optical transitions are crucial for the spin initializa-
tion and readout of the SnV qubit. The spin initialization curve with subtracted background
is shown in Figure 4.2 (c), indicating a fitted exponential decay constant of 24.2(3) pus. The
initialization pulse duration was set to 200 ps allowing us to reach a fidelity of 98.8 %. We
note that with a cyclicity of over 2500, this platform is a prime candidate for single shot
readout if the signal counts can be improved via on-chip structures (nanophotonics, fiber
couplers or grating couplers, solid immersion lenses) [34, 115, 176, 270] or external methods

(microcavities) [260, 268, 318|.

4.2.3  Efficient MW control of the Sn'V spin

A critical component of a spin-photon interface is high-fidelity spin control, commonly
achieved through MW driving of the electron spin. In the case of group IV centers, a
MW field can only drive the spin transition in the presence of strain [221, 248]. This arises
due to the orthogonality of orbital states associated with the electron spin qubit of group
IV centers [129]. Strain that is comparable in strength to spin-orbit coupling relaxes this

orthogonality, enabling microwave control. SnV, with larger spin-orbit coupling (850 GHz)
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Figure 4.3: MW control of the strained SnV center at 1.7K. (a) Pulsed ODMR spectrum
with scanned MW frequency. The data (purple dots) is fitted with two Lorentzian functions
(dashed line) split by 628(182) kHz and with a linewidth of 1047(208) kHz and 891(197) kHz,
respectively. (b) Rabi oscillation of the SnV at zero detuning, indicating a Rabi frequency
/27 of 4.50(2) MHz with a fidelity of 99.36(9) %. (c) Rabi oscillation as a function of the
MW driving frequency. (d) Randomized benchmarking at 1.7 K, showing an average gate
fidelity of 97.7(1) %. The Rabi frequency is set to 2.8 MHz to avoid excess heating effects.
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and smaller strain susceptibility than SiV and GeV, requires large crystal strain to meet this
criteria. This strain requirement goes beyond the achievable magnitude demonstrated via
active strain tuning [221] or implantation-induced strain [299].

To demonstrate efficient MW control, we utilize the nominal 0.1 % crystal strain in the
diamond membrane. We estimate an effective Landé factor g of 1.62 for the transverse
microwave field with the external magnetic field roughly aligned to the SnV quantization
axis. This value is relatively high compared with spin-orbit-dominated regime for unstrained
centers (<0.3) and is close to the free electron value (¢ = 2). In addition, we tapered the
MW waveguide around the measurement area by shrinking its width to 6 pm to enhance the
microwave amplitude, as shown in Figure 4.1 (b). The distance between the target SnV and
the waveguide is &4 pm, ensuring an efficient exposure to the MW driving field.

We begin the MW control characterization by initializing the spin via optical pumping
and scan the frequency of a MW field across the expected spin resonance while monitoring the
fluorescence intensity of the spin readout at 1.7 K. In Figure 4.3 (a) we observe clear signature
of optically detected magnetic resonance (ODMR) for the target SnV center. The 81.5mT
external magnetic field is aligned to the quantization axis by polarisation measurements
and 3D field scan. The ODMR shows a profile with two overlapping peaks separated by
628(182) kHz, indicating an interaction between the electronic spin of the SnV with another
system in the vicinity, likely a 13¢ nuclear spin or the electron spin of a P1 center. Further
investigation is needed to understand the nature of this interaction. By driving both power-
broadened ODMR transitions, we are able to resonantly manipulate the spin state of the SnV
with a Rabi frequency /27 of 4.50(2) MHz. The Rabi oscillation curve and the chevrons
(Rabi oscillations with varied driving frequency) are shown in Figure 4.3 (b) and (c). We
observe a long-time averaged Rabi 7-gate fidelity of 99.36(9) %, improving significantly from
previously demonstrated optical Raman-based spin control value [72]. We note that the MW

power delivered to the device is approximately 24 dBm (250 mW) which is comparable to
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previous demonstrations on strained SiV [299]. We also characterized the power dependence
of the Rabi rate. Starting from a linear dependence, the Rabi rate deviates to sub-linear
when the power surpasses 24 dBm due to excessive heating, which could be optimized by
replacing gold with superconducting metals (such as niobium or NbTiN) to deliver the MW
signal.

We further characterize the single qubit gate fidelity of MW control via randomized
benchmarking. For this, we use the following set of Clifford gates: {I, 7y, my, 72/2, —72/2,
my/2, —my/2} (see section 5.1 in SI). To prevent excessive heating effect during benchmark-
ing which would lead to undesired spin decoherence, we apply a slightly slower Rabi rate
(2.8 MHz, 18 dBm) which requires no time buffer between gates. The benchmarking result is
shown in Figure 4.3 (d). We extract an average Clifford gate fidelity of 97.7(1) %, indicating

power efficient MW control with high fidelity under stringent randomized benchmarking.

4.2.4  SnV spin coherence properties

We next utilize microwave control to characterize the SnV coherence at 1.7 K. We perform
a Ramsey measurement as shown in Figure 4.4 (a). The Gaussian envelope of the Ramsey
oscillations corresponds to a spin dephasing time T3 of 2.5(1)ps. Similar to ODMR, we
observe interaction with a proximal spin in the Ramsey measurement, and we verify that
this does not originate from the detuning of the MW signal via phase dependent readout
(see section 5.2 in SI). Possible decoherence sources could be nearby vacancies and defects
in the diamond membrane, as well as surface spins from both sides of the membrane [274].
Advanced pulse sequences, such as dynamical decoupling via CPMG (Carr-Purcell-Meiboom-
Gill) and XY pulse sequences |70, 295], allow us to extend the spin coherence to millisecond
timescales. The CPMG results are shown in Figure 4.4 (b). The Tj oo returns a value
of 100(1) ps, which is already longer than 35.5(30) ps measured using all-optical spin echo

process, in the absence of optically induced dephasing mechanisms. The T5 cpymGi2s, com-
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Figure 4.4: Spin coherence of the strained SnV at 1.7K. (a) T Ramsey of the SnV center,
showing a dephasing time of 2.5(1) ps. The extra beating pattern of 554(5) kHz is estimated
to be an interaction with the electron or nuclear spin in the vicinity. (b) Dynamical decou-
pling of the SnV via CPMG pulses. The CPMG-1 (spin-echo) returns a T ¢, of 100(1) s,
while the CPMG-128 reaches a Ty cpymai2s of 1.57(8) ms. (c) The scaling of T with the
number of CPMG and XY pulses, showing a sub-linear dependence.

prising 128 refocusing microwave pulses, prolongs the SnV spin coherence to 1.57(8) ms. We
note that with no signal normalization being applied, the CPMG figure indicates a high
signal fidelity of ~80% for up to 128 pulses. Future developments on the MW driving
fidelity including superconducting metals and faster Rabi pulses can further improve the
signal fidelity to higher numbers of pulses. We plot the relationship between the T5 and the
number of CPMG or XY pulses N in Figure 4.4 (¢) and fit it with T ~ NP The fitting
curve returns a sub-linear dependence with a 8 factor of 0.593(8). We observed minimal 75

differences between CPMG and XY sequences. XY sequences are more resilient to control
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pulse errors compared to CPMG [295], verifying that the observed coherence is not limited

by our control.

4.2.5  Spin-photon interface at 4 K

Finally, we demonstrate that our strained SnV platform shows state-of-the-art spin coher-
ence for Group IV color centers at 4 K. For Group IVs, the dominant decoherence source of
the electronic spin is the electron-phonon interaction (phonon-mediated decay) between or-
bital branches [147, 248|. The electron-phonon interaction rate depends on the temperature-
dependent phonon population and the energy splitting Ags between orbital branches. There-
fore, enhanced coherence of the group IV centers can be achieved via either cooling down
to millikelvin temperature [30, 303|, increased energy splitting by using heavier group IV
elements [319], engineering of the phonon density of states [177], or strain engineering [294].
Here we utilize both a heavy element (Sn as compared to Si and Ge) and crystal strain in
diamond to improve electron spin coherence at elevated temperatures.

The Rabi oscillation of the SnV at 4K is shown in Figure 4.5 (a). The fidelity is char-
acterized to be 97.7(5) %, only slightly lower than the value at 1.7K due to background
heating limitations. We characterize the average gate fidelity via randomized benchmarking
at 4K using the same 2.8 MHz Rabi rate, returning a gate fidelity of 95.7(3) %, confirming
the maintained high performance spin manipulation of the strained SnV at 4 K.

Equipped with high fidelity Rabi control, we investigate the spin coherence of the SnV
centers at elevated temperatures. Due to the much larger splitting Ags of the strained
SnV (/1300 GHz) compared with bulk SnV (/850 GHz), electron-phonon dephasing onsets
at higher temperatures. Figure 4.5 (c) shows the 77" in, 15, Ty echo and T 9xysg versus
temperature. Fitting the same 8 factor in 75 ~ N p using Hahn-echo and XY4 coherence
times returns a value of 0.391(8) at 4K and 0.014 at 4.5 K, indicating that the dominant

decoherence mechanism becomes phonon-induced orbital transitions instead of the spin bath.
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Figure 4.5: Performance of the strained SnV center at 4 K. (a) Rabi oscillation of the SnV
center, showing a gate fidelity of 97.7(5) % (b) Randomized benchmarking at 4 K, showing an
average gate fidelity of 95.7(3) %. (c) Temperature dependence of the spin decay time 7' fpm,
dephasing times T3, T ccho, and Th oxys. (d) ZPL linewidths of the two spin conserving
transitions (A1, B2) with respect to the temperature, showing negligible broadening with
the maximum linewidth below 52.0(8) MHz. The transform-limited linewidth is shown with

a dashed line.

From Figure 4.5 (¢) we notice a much lower dephasing time compared with the decay

time Tls’p n [262|. This feature originates from the fact that only spin-flipping transitions
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between the lower and upper orbital branch drive Tlspin, whereas T5 is sensitive to dephas-
ing by the spin-conserving transitions due to different precession frequencies in the orbital
branches [221]. In our case, the phonon transitions are highly cycling due to the aligned
magnetic field. Nevertheless, 73 at 4 K remains at 2.7(1) ps — comparable to the 1.7 K value,
and T ocpo only decreases slightly to 74(2) ps, with T5 9 xys reaching the depolarization-
limited 7h — 223(10) ps. It is worth emphasizing that all of these are record high values for
all group IV spin qubits at 4 K to date.

To demonstrate the potential of the strained SnV center as a promising spin-photon
interface at elevated temperature, we investigate the temperature dependence of the SnV
optical coherence. As shown in Figure 4.5 (d), we observe that the ZPL linewidth remains
unchanged for both A1 and B2 transitions up to 7 K with the maximum linewidth remaining
below 52.0(8) MHz—only 60 % higher than lifetime-limited values. In the future, modest
Purcell enhancement of SnV emission rates with on-chip nanophotonics or microcavities can

generate fully lifetime-limited photons suitable for efficient entanglement generation.

4.3 Conclusions

In this work, we demonstrate that SnV in strained diamond membranes is a promising plat-
form for quantum technologies. We create simple heterostructures that leverage differences
in thermal expansion to passively generate significant strain of 0.05% to 0.1 % in diamond,
enabling efficient, high fidelity microwave control of the SnV spin. The presence of the strain
also suppresses the phonon-mediated decay and improves the spin coherence of the SnV at
4K, which greatly reduces the technological barrier for quantum networking applications.
We reach a Rabi 7 gate fidelity of 99.36(9) % (97.7(5) %) with a randomized single qubit
gate fidelity of 97.7(1) % (95.7(3) %) at 1.7K (4K). Dynamical decoupling sequences allow
the SnV spin coherence to reach 1.57(8) ms at 1.7K and 223(10) ps at 4K. In the future

this value can be further enhanced by generating higher strain through heterostructure op-
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timization and/or additional active tuning. Our platform, derived from scalable diamond
membrane generation, is compatible with further on-chip integration, such as microwave
coplanar waveguides, integrated photonics [117], and MEMS. Finally, 4 K cryostats are rela-
tively affordable and less infrastructure-intensive in comparison to cryogen-free 1.7 K and mK
dilution-fridge systems. Therefore, the demonstrated spin-photon interface at 4 K can reduce

barriers to widespread utilization and deployment of solid-state quantum technologies.

4.4 Computational technical details

In this section, we outline the basics of SnV , present our calculation on its strain suscepti-
bility and conclude by explaining what happened between the Al, B2 transitions during the

B-field scanning.

4.4.1  Hamiltonian of the strained SnV-

The SnV  center is a spin-1/2 system. In a mean-field orbital picture, the system has

three electrons in four spin orbitals ({|ex 1), lex 1), |ey 1), |ey {)}). Both its electronic
ground and excited states are doubly-degenerate; the degeneracy may be lifted by applying
strain and/or by spin-orbit interaction. We write the spin Hamiltonian of the system in the
minimum model of 4 electrons and 3 orbitals, for the ground (g) and excited (u) state Hy y,
as the sum of four terms: spin-orbit (SO) interaction (Hgq); electron-phonon interaction
due to the Jahn-Teller effect; strain field, and interaction with an external, static magnetic
field B (Zeeman effect, H). Following Ref [129], we write the term arising from Jahn-Teller

distortions in the same form as that describing the strain interaction. Below we merge the

two terms into one, that for simplicity we call Hyyaiy. Hence the Hamiltonian is written as:
Hsys = Hgo + Hgtrain + Hz- (4.1)
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In the following three subsections, we discuss each term of the Hamiltonian.

Spin-orbit coupling

The component of the orbital angular momentum operator L. [A/y vanish for the Hamiltonian

)} basis [129] and only the following term is non-zero: L, =

expressed in the {|ey),

0 —1
, where we have set h to 1. Therefore, using the {le; 1), |es J) |ey T> ‘ey ¢>}
0

basis, the SO Hamiltonian can be represented as:

0 0 —i\/2 0

0 0 0 QA2
® = . (4.2)
i 0 0 —1 iN2 0 0 0

fsp = MG, =

N | >~
. o
|
~
[S—
o

0 —iA/2 0 0

Strain field

The term of the Hamiltonian representing the presence of a strain field can be written as:

~ EAl_gEx €Ey

Hgtrain = ® . (4.3)

€E, €4, T€E,

The elements {c4,,¢F,,¢€ Ey} represent the energy response induced by strain belonging to
the different irreducible representations Ay, Ey;, Ey of the D3, point group of the defect, and
are expressed in the SnV  center’s local frame, where the z-axis corresponds to the high sym-
metry axis of the SnV" which is the quantization axis. For example, ¢4, = (V|(H — Hy)|¥),
where H is the electronic Hamiltonian in the absence of strain and H is the electronic Hamil-
tonian, which includes the strain field applied to the supercell by changing the lattice parame-
ters. Here | W) represents a Slater determinant expressed in the {|ez 1), e 1), ey 1), ey 1)}

basis.
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We can write each term of the above equation as a linear combination of the components

of the strain tensor (e€):

€A1 — tJ_ (ﬁxx + ny) + t||62;2;,
e, = d(ezz — eyy) + feza, (4.4)

gEy — _QdExy + fﬁyz,

where €z, €yy, €22 represent the diagonal components of the strain tensor in the z,y, z di-

rections and €zy, €z, €, represent the shear strain components; ¢ L,t”,d, and f are par-

Oe Ay Oe Aq e, Oeg,
€xateyy)’ Oz’ O(egz—eyy)’ Ofza

tial derivatives written as o , respectively. These four strain-
susceptibility parameters completely describe the strain-response of the ground and excited
electronic states. In the following, we ignore the diagonal term e4,, which amounts to a

global emission wavelength shift. Hence, the strain Hamiltonian has the following form:

—€F, 0 EEy 0
A —€E, €E 0 —€E, 0 €E
Hgtrain = T elh= ! (4'5)
&?Ey €F, 5Ey 0 €E, 0
0 €Ey 0 €E,

Zeeman effect

Due to the D3y symmetry of the defect, the orbital component Hy j, of the Hamiltonian Hy
only includes a term LB, [129], with a pre-factor ¢ [315], called in the literature effective
reduction factor, accounting for: (i) electron-phonon interaction (so-called Ham term), and
(ii) the symmetry of the defect being lower than O(3) (so-called Steven’s factor). Note that
both terms have different values for the ground and excited states and hence the ¢ parameter

is different in the ground and excited states. The H, Hamiltonian is written as the sum of
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an orbital Hz j and spin component Hy g
Hy=Hyp+Hyg=qupypL.B: + gupS B — 2ups;S. B, (4.6)

where pp is the Bohr magneton and By, By, B, are the components of the external, static
magnetic field along the crystal frame x,y, z directions, respectively. The last term on the
right hand side of Eq. 4.6 originates from correcting with a factor § the electronic Landé g
factor to account for spin-phonon interaction mediated by spin-orbit coupling [315]. For all
the experimental interpretations, we’ll only use the Ham factor and set the Steven’s factor

as 1 except section 4.4.3 where we gave estimates on the possible values of Steven’s factor.

4.4.2  Strain susceptibility

In the presence of a strain field, the degeneracy of the ground (gs) and excited (es) states is
lifted and we call Ags(es) the energy difference between the two states split by the degeneracy.

By diagonalizing the strain Hamiltonian defined in Eq. 4.5, we obtain:

Ags(es) - 2\/[dgs(es) (€zz — eyy) + fgs(es)62$]2 + [_2dgs(es)€l’y + fgs(es)eyZPv (4.7)

where the strain-susceptibilities are computed from density functional theory (DFT) calcula-

tions. We performed DFT calculations employing both the PBE [244] and SCAN [304] func-

ey 1)
orbitals. We approximated the splittings by the energy difference of the corresponding Kohn-

tionals, and a 511-atom supercell with a [0.5, 0.5] occupation number for the |e; |),

Sham (KS) orbitals. The strain susceptibilities dgg, des, fgs, fes can be obtained from Eq. 4.7
by varying the lattice parameters of the supercell to generate (e;; — €yy) and €, strain, re-
spectively. Our results are summarized in Table. 4.1. Note the similarity of results obtained

with the two different functionals.
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Functional  dgg des Jes fes
PBE 0.787 0.956 -0.562 -2.555
SCAN 0.834 0.921 -0.563 -2.592

Table 4.1: Computed strain susceptibilities (see text) of the SnV~ defect in diamond, in
units of PHz/strain, obtained with the PBE and SCAN functionals.

4.4.83 Optical splitting with external B field

We scan the magnetic field over the whole sphere at fixed magnitude. The path between the
approximately equidistant points is numerically minimised. The hysteresis of the B-field is
on the order of 10 % as estimated from linear sweeps along a single magnet axis.

The splitting of the Al, B2 optical transitions with varying B fields can be computed by
diagonalizing the system Hamiltonian Hgys of Eq. 4.1, and the results are shown in Fig 4.6
(b) and (c). When constructing the Hamiltonian, we considered the Steven’s term gy, in the
reduction factor ¢ as a free parameter. The Steven’s term, as discussed in subsection 4.4.1,
originates from the defect symmetry being lower than O(3). Here we determined the range
of g7, by matching the experiments. We plot the difference of the splitting when the B
field is aligned with the defect quantization axis (0 = 0), and aligned along the equator
(g = 7/2) with varying gy, € [0,1] in Fig 4.6 (c¢). The white region in the plot (values close
to zero) corresponds to the two splittings being close in energy, matching the experimental
observations. Therefore our calculations enabled the narrowing down of the the possible

values of Steven’s factor to gr o5 € [0.5,1.0] and g, o5 ~ 297 g5 — 1.

62



(@ m 1.35
1.20

3mr/4 1.05
_ 0.90
g /2 A 0.75
g 0.60

0.45
/41 0.30
0.15
0 ' - ' 0.00
0 n/2 nm 3mn/2 2
¢ (rad)
(b) (€) 10

| o~ J== ja1-B2|] -

0.8 \‘\ ]// 0.8 1.0
N \\ I, 0.5
had \ / 0 0.6 '
= \ / f
2 \ / 4 0.0
g v/ ~0.5

0.2 v 0.2 10

v
0.0t = e e o o o o e o e o e e 0.0 T
0 n/8 n/4 3n/8 n/2 0.0 0.5 1.0
65 [rad] 9iL,gs

Figure 4.6: Experimental measured and simulations of the spin-conserving optical transitions
Al, B2 with varying external magnetic field B. (a) Scanning of the splittings of Al, B2
transitions with varying B field directions. The magnitude of B is set to 0.2'T. The x, y axis
represents the azimuthal (¢) and polar angle (0) of the B field in the Lab frame. The two
poles on the plot represent directions along the quantization axis of the SnV™ and the belt
represents the equator. (b) Simulated splittings of the Al, B2 transitions by diagonalizing
the system Hamiltonian along a chosen path of varying B fields, where the path is depicted
as a red arrow in (a). The z axis represents the polar angle of the B field in the defect
frame. Simulation agrees qualitatively with experiments with the magnitude of splitting
underestimated by 0.4 GHz. (c) The differences between the A1, B2 splittings at 5 = 0 and
Op = /2 with varying Steven’s reduction factor. The white region corresponds to pairs of
Steven’s reduction factor for ground and excited states, when taken into the diagonalized
Hamiltonian, that match the experimental observations.
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CHAPTER 5
BASICS OF QUANTUM SIMULATIONS FOR FERMIONIC
HAMILTONIANS

5.1 Motivations

As we’ve learned from the previous Chapters, accurately estimating the energy gaps of many-
body electronic states of spin defects is crucial for understanding its mechanical/optical
properties and subsequent engineering processes for realizing various quantum technologies.
However, DFT as a mean-field theory doesn’t always provide a quantitatively accurate pre-
diction of these gaps, especially for systems beyond the weak correlation limit. In classical
computational chemistry, several higher-level of methods have been developed to provide
better accuracy, namely the coupled-cluster theory [28], configuration interaction [234] and
multi-reference theories [265], with more expensive computational costs. The most accurate
method given a certain basis set is the full configuration interaction (FCI) method. As its
name suggests, its idea is to expand the total wavefunction to not only include the ground
state Slater determinant configuration but also singly-excited, doubly-excited, up to those
with all-electron excited configurations and finally diagonalize the FCI Hamiltonian matrix.
This expansion is important to describe systems with strong correlations whose ground state
wavefunction is highly entangled. However, the shortcoming of this approach is that it scales
exponentially with system sizes.

The eigenvalue problem of the electronic structure is not the only problem where the
curse of dimensionality exists. Turning to the dynamics problem, the textbook example of
a separable wave function in terms of time and spatial domain points to an exponential
dependence on the time variable, which holds in the adiabatic approximation (assuming the
Hamiltonian stays constant in time). Thus, in simple terms, configuration interaction meth-

ods are amenable only for implementation within a computing paradigm where information

64



can be stored and processed exponentially with the number of resources available.
Quantum computing is an emerging technology with the potential to revolutionize compu-
tational studies in chemistry and materials science. The initial idea for quantum computing
came from Richard Feynman, who is often credited for conceiving the idea that a computing
device working under the laws of quantum mechanics could be exponentially faster than a
classical machine for certain classes of problems, an idea which was independently reached
by Manin. One of the most immediate and natural applications of a quantum computer en-
visioned by Feynman was the simulation of other quantum systems. This opens the door to
the solution of many problems that would otherwise be “practically impossible”. The phrase
“practically impossible” means that problems whose resource demands do not scale polyno-
mially with the size/time of the simulation. The question of which problems are practically
possible is addressed in a rich field of theoretical computer science known as computational
complexity theory. However, such questions are beyond this dissertation and will not be
addressed here. In light of Feynman’s proposal and keeping in mind that chemistry is also
governed by the laws of quantum mechanics, quantum chemistry has been seen by many as
one of the first fields to showcase a tangible advantage from the employment of quantum
computers, which comes from the superposition and entanglement found among qubits. In
recent, years, there has been a growing interest in exploring new ways to apply quantum
computing to chemistry. In this Chapter, we’ll review the basics of quantum computing,

which will pave the way for subsequent discussions on more advanced topics.

5.2 The basics

5.2.1  Quantum gates and operations

In Chapter 1, we have introduced the basic processing units of quantum computers—the

qubits, the next question is: How do we make them compute? From quantum mechanics,
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we learned that the evolution of any (closed) quantum system is unitary. That is, suppose
a quantum computation starts with an initial state [iipiia1), then the final state of the
computation |¢g,1) must be the result of a unitary transformation U, which gives |1gn.1) =
Ultinitial)- In classical computing, the basic components of a circuit that transforms a
string 0,1%" to another string are called gates. Analogously, in quantum computing, a
unitary transformation U that transforms a system from |Yipitial) tO |¥final) can also be
decomposed into sequential applications of basic unitary operations called quantum gates.
Experimentally, the implementation of a quantum gate largely depends on the device and
technique used for representing a qubit. For example, if a qubit is physically represented
by the state of a trapped ion, then the quantum gate is executed by an incident laser pulse
that perturbs the trapped atom(s) and alters its state; if the qubit states are encoded in
the polarization states of photons, then a quantum gate consists of optical components
that interact with photons and alter their polarization states as they travel through the
components.

A number of widely used quantum gates include Pauli gates:

7= , (5.1)

where we have X|0) = [1), X|1) = |0). Therefore, the sheer effect of applying X to a qubit
is to flip its state from |0) to |1). Other commonly used gates include the Hadamard gate

H, Z rotation gate, phase gate S, and g gate T":

L) o fro) [0 52
V2 iy 4] 0 il 0 /4] '

If a quantum gate involves two qubits, it can be represented by a 4 x 4 matrix. For example,
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in matrix form, the CNOT gate is defined as

UcnNoT = : (5.3)

Hence, the effect of a CNOT gate is equivalent to a conditional X gate. In classical com-
puting, an arbitrary mapping from bits to bits can be executed by a sequence of basic gates
such as AND, OR, NOT, and so on. Similarly in quantum computing, an arbitrary unitary
transformation U can also be decomposed as a product of basic quantum gates. A complete

set of such basic quantum gates is called a universal gate set.

5.2.2  Quantum measurements

The laws of quantum mechanics state that we cannot directly observe a state or wavefunc-
tion, but are restricted to performing measurements of these observables and that these
measurements in turn collapse the state onto one of the eigenstates of the measured ob-
servable. Closely related in quantum information is the famous no-cloning theorem, which
states that it is impossible to make copies of quantum states. This is an immediate conse-
quence of how quantum measurement works, and it has drastic consequences for quantum
computing. Specifically, the measurement of an observable O is given by the expectation
value (O) = (¥|O). Unless |¢)) is prepared as an eigenstate of O, a series of measurements
are needed to probe the distribution of eigenstates that compose [1)), with each of the eigen-
vectors being associated with a probability of being measured. We can represent the state
by [¥) = > ci|or), with probability p;. that the state will collapse onto |¢y). Projecting [i)

along |¢z) with the projector P, = |¢p) (¢ leads to pr. = [(dp|0)]2.

It is important to note here that, although these are basic principles that guide quantum
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measurement in general, qubit states do not comprise a perfect closed system, thus projective
measurements like the ones shown above are largely pedagogical and, even though they serve
as the basis for how measurement is performed in quantum computers, operation of these
devices require more elaborate strategies—-the projectors P can be replaced by more general
measurement, operators which still follow the basic premises above, but are not necessarily
unitary. Also, one needs to choose the basis on which the measurement will take place, with

the Z basis often being an obvious choice.

5.2.3  Quantum noise

The current age of quantum computing is typically referred to as the “noisy intermediate
scale quantum” (NISQ) era [252], in which the best quantum processors have a few tens
to a few hundred noisy qubits (although IBM recently proposed the concept of “quantum
utility” era [157], with advancements in scaling the number of qubits beyond 1000). The
most important character of NISQ is quantum noise. Noise refers to the multiple factors
that can affect the accuracy of the calculations performed on a quantum computer. The
noise has various sources, for example, fluctuations in magnetic field, local charge noises,
cosmic rays, and even the influence of neighboring qubits (crosstalk) exerted on each other
by mere proximity. These disruptions cause the information a qubit holds to fade away.
Lastly, during a quantum operation, qubits can also suffer from errors that cause them to
change by the wrong amount. In all cases, the final state of the quantum computer is not
precisely the state one expects in the absense of noise. Unless one can reverse the action
of the noise (which is termed coherent noise), the information in the quantum system can
become random or erased. This phenomenon is known as decoherence.

Noise effects on quantum computing are typically described by the theory of open quan-
tum systems and Kraus operators [59]. Prototypical noise channels that have been exten-

sively studied include but are not restricted to depolarizing, bit-flip, and phase-flip chan-
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nels [236]. Since quantum information is highly prone to decoherence, the outlook for quan-
tum computing may appear confusing. Fortunately, a powerful technique known as quantum
error correction [105] (QEC) provides a path forward: information is redundantly encoded
into multiple physical qubits such that the effects of noise on the system can be, as the name
suggests, corrected. QEC is a rich subject, but a key difficulty to reaching fault-tolerant
quantum computing (wherein the probability of logical errors can be made arbitrarily small)
is that current schemes require a large overhead in the total number of qubits and the error
rate for individual physical qubit needs to be kept within a certain threshold beyond current

physical platforms.

5.2.4  Quantum circuit and algorithms

A quantum circuit is a sequence of quantum gates. When an algorithm needs to be im-
plemented on a quantum computer, it must first be translated to a quantum circuit to be

executed on the quantum hardware.

Quantum phase estimation

The quantum phase estimation (QPE) algorithm is a general quantum routine that targets
a certain eigenvalue in the spectrum of an observable. This can be readily identified with the
problem of finding the ground state energy of a given molecule, that is, the QPE algorithm
can be used to target the lowest energy eigenvalue of molecular Hamiltonians. The problem
that the QPE algorithm attempts to solve can be stated as follows: for an arbitrary unitary
U, one of its eigenvalues can be estimated as the phase U introduces into a given state.
Mathematically U i) = 270 |q).

A set of qubits is designated for state preparation purposes, while a second qubit register
is used to tune in the precision of the measured phase. QPE makes extensive use of controlled

operations. The phase is thus imparted via phase kickback, where the state of the control, not
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the target, is modified by a controlled operation. Upon an inverse quantum Fourier transform
onto the control qubits, the phase can be estimated by measurement on the computational
basis of the second qubit register. QPE is a very demanding algorithm, as the precision
is determined by the number of times the oracle U is applied to |¢), each one requiring
an extra control qubit and adding to the depth of the circuit. To achieve a precision of
¢, QPE requires O(log(1/¢€)) control qubits, limiting its application to small systems. A
more widespread adoption would require a large number of qubits for increased precision
and proper error correction. While QPE is often relegated to a coming fault-tolerant regime,
a considerable amount of work has been done in the estimation of resources to enable QPE

simulations in chemistry [22, 302].

Hamiltonian simulation

Unitary time evolution can be thought of as a natural application of quantum computers
for the simulation of Hamiltonian dynamics. The task of Hamiltonian simulation is to
approximately compile the evolution under a Hamiltonian H(t), for time ¢, into a sequence
of quantum gates. For a time-independent Hamiltonian, solving the Schrodinger equation
yields a time evolution operator U(t) = et More generally, the unitary that describes the
dynamics at time ¢ (assuming it starts at ¢ = 0) has the form U(t) = exp <—i fg H(t’)dt’).
The hamiltonian simulation does not give full access to the amplitudes of the wavefunction
during the simulation, unlike classical approaches based on exact diagonalization (or similar
methods). Instead, we are only able to measure observables with respect to the time-evolved
state, or use the state as an input to other quantum subroutines. Nevertheless, there are no
known efficient classical methods that achieve this for general local or sparse Hamiltonians,
suggesting an exponential quantum speedup. In fact, as a quantum computation can be
expressed as a time evolution under a sequence of local (time-dependent) Hamiltonians,

quantum simulation (i.e. time evolution and measurement of a given observable) is a BQP
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(bounded-error quantum polynomial time)-complete problem [66]. Hamiltonian simulation
algorithms require access to the Hamiltonian. Typically the Hamiltonian is given classically
as a sum of products of Pauli operators, e.g. H = ), g Hy,, where g, are coefficients and
Hj. are multi-qubit Pauli products.

A few different algorithms for Hamiltonian simulation purposes have been proposed,
ranging from Trotterization [197], Linear combination of unitaries [31|, gDRIFT [47], and

quantum signal processing [201], each algorithm has its advantages and disadvantages.

Variational quantum algorithms

So far we talked about quantum algorithms aimed at fault-tolerant quantum computing,
which is beyond the hardware we have access to today. In the current NISQ era, one
does not have enough qubits or low enough error rates to carry out fault-tolerant quantum
computation, and so one is limited to running low-depth quantum circuits. Under these con-
straints, structured quantum algorithms with prescribed circuits and provable guarantees
are unknown. In light of this, variational quantum algorithms (VQAs) have been proposed,
which could also be run on fault-tolerant devices. Whilst many VQAs have been proposed
for a wide range of applications, they all share a similar core primitive. The main idea
is to encode the target problem into an optimization task of minimizing the expectation
value of some parametrized quantum circuit, or a function thereof. In each optimization
step, a quantum computer is used to evaluate expectation values at chosen parameter val-
ues, which are read by a classical optimizer that updates the parameters for the next step.
The motivation for this framework is to offload some of the computational complexity onto
the classical optimization algorithm, with an aim for the quantum subroutines to perform

classically intractable calculations.
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CHAPTER 6
SIMULATING THE ELECTRONIC STRUCTURE OF SPIN
DEFECTS ON QUANTUM COMPUTERS

This chapter is adapted with permission from B. Huang, M. Govoni, and G. Galli. Physical
Review X Quantum 3.1 (2022): 010339. Copyright (2022) by the American Physical Society.
https://doi.org/10.1103/PRXQuantum.3.010339.

In this chapter, we present calculations of both the ground and excited state energies of
spin defects in solids carried out on a quantum computer, using a hybrid classical /quantum
protocol. We focus on the negatively charged nitrogen vacancy center in diamond and on the
double vacancy in 4H-SiC, which are of interest for the realization of quantum technologies.
We employ a recently developed first-principle quantum embedding theory to describe point
defects embedded in a periodic crystal, and to derive an effective Hamiltonian, which is
then transformed to a qubit Hamiltonian by means of a parity transformation. We use
the variational quantum eigensolver (VQE) and quantum subspace expansion methods to
obtain the ground and excited states of spin qubits, respectively, and we propose a promising
strategy for noise mitigation. We show that by combining zero-noise extrapolation techniques
and constraints on electron occupation to overcome the unphysical state problem of the VQE
algorithm, one can obtain reasonably accurate results on near-term-noisy architectures for

ground and excited state properties of spin defects.

6.1 Introduction

Quantum simulations of the physical and chemical properties of molecules and solids [152]
are crucial to gain insight into a wide range of complex problems, for example catalytic
reactions [120] and the search for optimal materials for sustainable energy sources [180] and

quantum technologies [332, 335]. One of the essential ingredients of quantum simulations
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is the solution of the electronic structure problem for molecules and solids, namely the
time-independent Schrédinger equation of interacting electrons in the field of atomic nuclei.
Such solution provides the basis for the evaluation of numerous ground and excited state
properties of matter. However, the algorithms used at present on classical computers to
solve the electronic structure problem, especially those based on wavefunction methods, face
serious computational bottlenecks due to the exponential growth of the dimension of the
many-body wavefunction as a function of system size [48].

Quantum computers hold promise to drastically improve our ability to carry out quantum
simulations of many-electron systems by taking advantage of superposition and entanglement
principles offered at the hardware level by quantum bits (qubits) [29, 48, 123|. N qubits
can represent oV complex numbers, which would require 2N+ its to be represented in
double precision on classical computers, and some problems, such as the solution of the
Schrodinger equation, may benefit from the memory scaling. Whether one can achieve
quantum advantage in solving useful chemistry and physics problems on quantum computers
is still under debate. However, efforts to develop algorithms to simulate molecules and solids
on quantum computers |16, 126, 154, 241, 254] have been flourishing in the last decade, and
several interesting results on ground and excited states of small molecular systems (containing
up to a dozen atoms) have appeared in the literature [188, 231, 275, 292].

The number of degrees of freedom and hence the number of atoms that can be handled at
present on near intermediate scale quantum (NISQ) computers is limited, due to the avail-
ability of hardware architectures with only a small number of low-fidelity qubits (a 127-qubit
device was recently announced but devices used for most calculations appeared in the liter-
ature have few tens of qubits). In particular, the hardware limitation poses a challenge for
quantum simulations of heterogeneous solids which require the use of supercells with hun-
dreds of atoms. Recent studies have focused on two fronts: (i) reducing the complexity of the

simulations of condensed phases by using an effective Hamiltonian to represent a fragment (or
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active part) of a solid [203], thus effectively reducing the number of degrees of freedom; and
(ii) developing techniques to mitigate the noise present in NISQ hardware [88] which affects
the results of calculations on quantum computers. These techniques are based on different
methods, including zero-noise extrapolation (ZNE) [187], symmetry verification [273|, quasi-
probability methods [87, 311], or stochastic error mitigation [305]. An alternative strategy to
complexity reduction is the use of model Hamiltonians, e.g., Hubbard, Heisenberg [164, 321].

Recently, we proposed a computational framework [325] to carry out the calculation of the
electronic structure of an active site in a periodic system using a quantum embedding theory
which we call here quantum defect embedding theory (QDET) [203, 204] that is suitable,
for example, for the study of spin-defects. Spin-defects in semiconductors and insulators are
promising candidates for the realization of quantum technologies 138, 332, 335], including
quantum sensing and communication. The electronic states of spin-defects usually exhibit
a multi-reference nature, which requires methods beyond mean-field theories for a proper
description.

In this work, we present calculations of both ground and excited states of two spin-
defects, i.e., the NV~ center in diamond and the double vacancy (VV) in 4H-SiC described
by QDET using a hybrid classical /quantum protocol on a real quantum computer. To the
best of our knowledge, the calculations of excited state are reported here for the first time.
In addition, we present the application of a correction scheme to impose physical constraints
on the output of quantum simulations, and we propose an extrapolation strategy to carry
out error mitigation.

The rest of this chapter is organized as follows: in chapter 6.2 we present the classical
and quantum algorithms used in this work and in chapter 6.3 the results of our calculations,
including error analysis and mitigation techniques. Chapter 6.4 concludes the work with a

summary and outlook.
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6.2 Methods

As mentioned in the introduction, there are numerous problems in condensed matter physics
and chemistry, including point defects in semiconductors, that can be naturally formulated
in terms of active regions surrounded by a host medium. These problems can be addressed
using embedding theories [189] where the electronic structure of the host and the active region
are described at different levels of theory, in particular a higher level of theory is chosen for
the active region, which can describe the multi-reference character of wavefunctions. The
QDET proposed in Ref [203, 204] is an example of embedding theories formulated in terms in
Green’s functions, and it has been shown to accurately describe the low-lying excitations of
several spin-defects in insulators [203]. The computational strategy of our work is centered on
QDET and on calculations of the electronic structure of spin defects on quantum computers.
Fig. 6.1 summarizes the methods adopted in this work to carry out mean-field calculations
for a chosen supercell, followed by QDET calculations for a defect, and the definition of
an effective Hamiltonian for the active space of the defect. The calculation of the ground
and excited states of the effective Hamiltonian are carried out on a quantum computer
with a variational quantum eigensolver (VQE) and the quantum subspace expansion (QSE),

respectively. These methods, starting with QDET, are briefly summarized below.

6.2.1 Quantum Defect Embedding Theory to obtain effective Hamiltonians

We first define a periodically repeated arrangement of several hundreds of atoms (or su-
percell) representing the point-defect of interest within a given solid, and we compute the
electronic structure of the supercell from first principles with Density Functional Theory
(DFT) or hybrid-DFT. We then select a sub-set of single particle wave-functions which are
localized around the defect and physically represent its electronic states. This sub-set defines
an active space whose excitations are described by an effective Hamiltonian H,yr. The ef-

fective potential entering H, s is evaluated by computing the effect of the environment onto
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the active space with many-body perturbation theory techniques; two-body interactions are
evaluated using constrained DFT either within the constrained random-phase approximation
(cRPA) [12] or by including explicitly exchange-correlation effects [202, 235]. The effective
Hamiltonian includes correlation effects between the electronic states of the active space. In
this work we use QDET to describe strongly correlated electronic states of point-defects that
are not properly described by single-determinant wavefunctions, and hence by DFT.

In essence, using QDET one can reduce the complexity of evaluating many-body states of
a small guest region embedded in a large host system: the problem is reduced to diagonalizing
a many-body Hamiltonian simply defined on an active space, where the number of degrees of
freedom is smaller than that required to describe the entire supercell of hundreds of atoms.

The active spaces of the systems discussed in this work contain less than ten electrons,
and Hyr can be solved using the full configuration interaction (FCI) [124] method on a
classical computer. However FCI scales exponentially with system size and it has so far
been limited to active spaces with up to 22 electrons and 22 orbitals [324]|. Hence, in order
to solve more complex problems, the opportunity offered by quantum computers appears
worth exploring, as the overall scaling of FCI may eventually be overcome with quantum

architectures.

6.2.2  Variational Quantum FEigensolver to obtain ground state energies

As mentioned in the introduction, quantum computers have an exponential memory advan-
tage over classical hardware, which in principle may be harnessed to compute the eigenstates
of a Fermionic Hamiltonian representing a many-body system of electrons. For example, the
quantum phase estimation (QPE) [16] algorithm has been proven to be exponentially faster
in finding eigenvalues of unitary operators than any available algorithm on a classical com-
puter [2, 3, 163]. However, calculations using QPE are still impractical in the absence of

error correction and require quantum resources that exceed the current capability of NISQ
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hardware [85]. An alternative algorithm to QPE is the variational quantum eigensolver
(VQE) [245], where the properties of many-body states are measured on a quantum device,
but the parameters that define such states are stored on a classical computer. Therefore,
VQE allows one to use shallower circuits than QPE and hence to perform calculations on
non fault-tolerant quantum computers [50].

In the last decade VQE has been successfully applied to several quantum chemistry
problems [126, 154, 241, 245, 254], including the calculation of the total energies of small
molecules, the evaluation of forces by finite differences from Hartree-Fock total energies for
the Hy molecule [92], and the calculations of the zero-field NMR spectrum of the methyl
group of acetonitrile on a trapped-ion quantum computer [281].

When using VQE, the ground state of the Hamiltonian is approximated by a normalized
trial state |¥(A)) = U()|¥), where the unitary operator U(f) is constructed using a set of
classical parameters § = (A1, ...,6,) and |¥g) is a (usually unentangled) initial state. The
expectation value (E(8)) = (U(6)|H|¥(6)) provides an upper bound to the ground state
energy of the system. The energy expectation value is optimized on a classical computer
by variationally optimizing the parameters 5, with all inputs (energy values) evaluated on a
quantum computer. Here we used VQE to find the ground state energy and corresponding
eigenvector of effective Hamiltonians obtained using the QDET.

The physical Hamiltonian (H, ¥ f) is mapped onto a qubit Hamiltonian I:Iq, e.g., by using
the Jordan-Wigner [334], Bravyi-Kitaev [40], or parity [39] mapping: Hy = >, g;P;, where
g; are coefficients determined by one and two-electron integrals, and ]5Z ={,X,Y,Z }®N
are Pauli correlators acting on N qubits. In general, the mapping from H, ¢ to flq does not
insure that the Hilbert space of the qubit Hamiltonian is the same as that of the original
Hamiltonian and hence it is necessary to impose constraints on the many-body wavefunction
through an ansatz to avoid introducing “unphysical states” in the space of FIq, i.e., states

that are not present in the Hilbert space of Hry. Furthermore, a proper ansatz should
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satisfy additional, multiple requirements. It is of course important to choose variational
parameters spanning a manifold of states that can accurately approximate the ground state
of the system. In addition, the chosen unitary operator U (5) should be constructed in such
a way that it can be implemented with the current capacity of gates and qubit connectivity
of NISQ computers. There are two classes of ansétze explored in the literature: hardware
efficient ones, designed specifically by taking into account the hardware characteristics [154],
and chemistry-inspired ones. The former class usually enables the use of short depth quantum
circuits at the expense of including a large number of variational parameters, while chemical
inspired ones attempt to minimize the number of variational parameters, leading to the need
for deeper circuits.

In this work, we chose the Unitary Coupled Cluster Singles and Doubles (UCCSD)
ansatz [245, 264, which belongs to the chemically inspired class and originates from coupled
cluster theory [28, 124]. The UCCSD ansatz involves the definition of a unitary operator

through the exponential of a couple cluster operator that contains pertinent single and double

electronic excitations:

o), T= Y @aha; + ;1 3 933%2@2@% (6.1)
i€ A,acV 1,j€A; a,beV

where 7, j are occupied single particle orbitals (belonging to subspace A), a, b are virtual or-

bitals (belonging to subspace V), dT, a are the fermionic creation and annihilation operators,

and 0, 92’;’ are variational parameters. A straightforward implementation of Eq. 6.1 is chal-

lenging as the operators describing electronic excitations may not commute. A numerically

manageable solution may be obtained by introducing a so called “trotterized” version of the

unitary operator defining the UCC ansatz. We consider two electronic excitation operators
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A and B that do not commute and the Trotter-Suzuki formula:

n—oo

PN A B n
eAtB = lim (eneg) . (6.2)

The evaluation of the right-hand side of Eq. 6.2 requires large values of n, which is expected

not to be practical for NISQ computers as it would require long circuits. An approximation

widely adopted in the literature is to use n = 1 i.e., eAtB n oAeB (one-step first-order

Trotter-Suzuki approximation). Such an approximation introduces an error (Trotter error)
and we notice that the ordering of A and B on the right-hand side could have an impact on

this error, as discussed in Ref. [110].

6.2.3  Quantum Subspace Expansion to obtain excited state energies

We now turn to the discussion of the calculations of excited states, for which different algo-
rithms are required. The excited states of a fermionic Hamiltonian may be computed on a
quantum computer starting from the output of VQE optimizations by using, e.g., the vari-
ational quantum deflation (VQD) [133] or quantum subspace expansion (QSE) algorithms.
The former is a constrained variational approach where a penalty term (U;|¥) is added
to the energy expectation value to enforce orthogonality among states. A prerequisite for
using VQD is that the target excited states should be included in the manifold of states
spanned by the variational wavefunction defined by the chosen ansatz; such a requirement
is not straightforward to insure. The QSE is an alternative strategy to VQD and can be
viewed as a quantum analog of FCI. Once a reference wavefunction |¥) is prepared, a set
of expansion operators {O;} is chosen, which act on |¥) to form a basis given by {O; |¥)},
where O € {d:rl&i, dg&;g&jdﬂi,j € A; a,b € V}. We evaluate the Hamiltonian and overlap

matrix elements using such basis:

SE At oA A SE At oA
HPP = (w|OfHO; ), SPF = (v|0[0; |w). (6.3)
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Using the matrices defined above, we then solve the generalized eigenvalue problem in the

well conditioned subspace given by
HYBEC = sQECe, (6.4)

where (' is the matrix of eigenvectors and € the diagonal matrix of eigenvalues. As mentioned
in section 6.2.2, the Fermion-to-qubit mapping is used to transform the Fermion operators
d;f,dj into Pauli operators acting on N qubits, and the matrix elements are evaluated as
weighted sums of the expectation values of Pauli correlators. The reference |¥) is usu-
ally taken to be the ground state. The effectiveness of the QSE relies on a careful choice
of creation and annihilation operators which should enable the description of the desired
excitations.

In our work, we use QSE to compute excited states for two reasons: (i) the construction
of the Hamiltonian HYSE and overlap matrix S99 elements may be carried out using
the same quantum circuit as those used for VQE [217] calculations of the ground state,
and (ii) the procedure does not require additional quantum resources, but only additional

measurements [61].

6.3 Results

In this section we describe the results for the many-body ground and excited states of the
NV~ center in diamond and VV in 4H-SiC obtained using the IBM Qiskit package [253] on

the ibmq_ casablanca quantum computer.

6.3.1 Reference results on classical hardware

The single particle electronic structure of the NV~ center in diamond and the VV in 4H-SiC

is computed with hybrid DFT using 216-atom and 200-atom periodic supercells, respectively.
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Figure 6.1: Workflow used to simulate the ground and excited state energies of spin defects,
with operations executed on a quantum computer indicated in green. The transformation
from a second quantized to a qubit Hamiltonian may be obtained with a Jordan-Wigner
(JW), Bravyi-Kitaev (BK) or parity transformation. DFT and QDET denotes calculations
carried out using Density Functional Theory and the quantum defect embedding theory,
respectively. VQE and QSE denotes the variational quantum eigensolver and quantum
subspace expansion algorithms used for ground and excited state calculations, respectively.
See text for definition of the equations.

We use the plane-wave pseudopotential method as implemented in the Quantum Espresso
code [97], dielectric-dependent hybrid functionals (DDH) [291], and a kinetic energy cutoff

of 50 Ry. For both systems the active space contains the single particle states localized at
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Figure 6.2: Spin defects studied in this work: the NV~ center in diamond and the VV in
4H-SiC. Panels A and D show a ball-and-stick representation of the defects, where orange
iso-surfaces are total spin densities. Panels B and E show single particle states obtained by
solving the Kohn-Sham equations for the entire periodic solid, where gray and green shaded
areas represent the conduction (CB) and valence band (VB), respectively; the single particles
states shown as black lines were used to build the (4e, 30) and the (6e, 40) minimum models
for the active spaces of the NV~ and VV centers, respectively. Panels C and F show the
low-lying many-body energy levels obtained by solving the effective Hamiltonians using the
FCI method on classical hardware.

the defect site and we refer to the use of this active space as the “minimum model”, which
at present represents the best compromise between accuracy and efficiency (see Fig. 6.2).
We adopt the QDET embedding scheme as implemented in the WEST [109] code and we
evaluate the dielectric screening beyond the random-phase approximation by coupling the
WEST and Qbox [118] codes, as in Ref. [204]. The effective Hamiltonian is diagonalized
with FCI using the PySCF code [306] on a classical hardware and the eigenvalues obtained
in this way are considered as reference results for our calculations on a quantum computer.
The atomic and electronic structures of the defects studied here, chosen active spaces, and

FCI results are summarized in Fig. 6.2.
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6.3.2 Calculation of the ground state using a quantum computer

The ground state of the effective Hamiltonian constructed for both the NV center in dia-
mond and the VV in 4H-SiC is a 3Ay triplet state. Using the minimum models described
above (see Fig. 6.2), the mg = 0 component may be written as a linear superposition of two

Slater determinants [203]:

1
1
‘SAQ,ms — 0;VV> =% (|atatararesey) + |ayaiararezey)), (6.6)

for the NV and the VV center, respectively. In Eq.s 6.5-6.6, a’l, ai, ez, ey (spin-up) and
ay, a1, €z, €y (spin-down) denote the single particle orbitals.

We first focus on the NV~ center and consider two initial states that are used as trial
wavefunctions for the VQE algorithm: (a) |ajajezéz), or (b) |aj@iezéy). The UCCSD
expression of Eq. 6.1 is used as an ansatz for the unitary operator applied to the trial state.
In case (a) the ansatz leads to a trial wavefunction with six variational parameters, whereas in

€x

g, 38 variational parameter (for convenience

case (b) the trail wavefunction contains only 9:3
of notation, we refer to this parameter as # since all additional parameters may be set to
zero to enforce from the start a triplet solution). The effective Hamiltonian of both systems
is transformed onto a qubit representation using the parity mapping [39].

Fig. 6.3 shows the convergence of the ground state energy as a function of the number of
VQE iterations, starting from either trial states. We obtain convergence to the same results
as obtained with FCI when using a quantum simulator (i.e., in the absence of noise) for both
trial states; however, we obtain two different values when using ibmgq_ casablanca, due to the
presence of hardware noise. Not surprisingly the impact of noise on the results depends on
the choice of the initial state. In case (a), where there are six variational parameters and

the circuit depth is 26, we obtain a ~0.07 eV error, while in case (b), where there is only
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one variational parameter and the circuit depth is 6, the error is smaller (~0.02 V). For
case (b), i.e., when the initial state |Wg) = |alalexéy>, the variational wavefunction in the

UCCSD ansatz reads:

|W(0)) = cos (g) |a1(z16xéy> + sin (g) !aldléxey> : (6.7)
As expected, the energy has a minimum when ¢ = 3, i.e., for ‘\IJ(%» = |3A27m3 = 0; NV>.
In the following, we choose the initial state as in (b) above, and use a simultaneous perturba-
tion stochastic approximation (SPSA) [297] optimizer, which has been shown to be robust to
noise [154]. The corresponding quantum circuit is depicted in Fig. 6.4. We choose physical
qubits such that the mapping leads to a qubit configuration minimizing faulty CNOT gates.

The energy obtained with VQE as a function of the number of iterations is reported
in Fig. 6.5 A and B (blue dots). We find that several measurements of the energy yield
a value smaller than the FCI result, and the number of occurrences is larger for the VV
than the NV~ center. These incorrect results are a manifestation of the so called unphysical
state problem [216, 276], where in some cases quantum circuits yield states with an incorrect
number of electrons causing an inaccurate evaluation of the energy. The unphysical state
problem was first pointed out by Sawaya et al. [276] using simple noise models to study second
row dimers, and several methods to correct for unphysical states were recently proposed,
including error detection using ancilla qubits [216].

We found that the apparent violation of the variational principle does pose a serious
problem to the applicability of the VQE algorithm to the calculations of the electronic
properties of spin defects in materials. The severity of this problem also depends on the
chosen Fermion-to-qubit transformation, which in turn determines the extent to which the
qubit Hilbert space differs from the configuration state space spanned by the Fermionic
Hamiltonian [284].

We adopt a post-selection method to enforce the validity of the variational principle
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Figure 6.3: Optimization of the }3A2, mg = O> state of the NV~ center using the variational
quantum eigensolver (VQE) on ibmg casablanca and on a noiseless simulator using four
qubits. The strongly-correlated \%(\al@l@xég) +|a1aiézey)) state is obtained starting from:

the |ajajeze;) state, or the |ajajez€y) state. We used the parity transformation to obtain the
qubit Hamiltonian acting on four qubits; the optimization was carried out with the COBYLA
algorithm [251]. The noiseless simulation was performed with the QASM simulator [64].
The zero of energy is the result obtained on classical hardware with the full configuration
interaction (FCI) method. In the inset we compare the converged energies obtained from
the two chosen trial states.

q0— —
41— H H —
I M
2= —
w— HPR.(-%) —b— r.(0) b R(DHH

Figure 6.4: Quantum circuit executed on four qubits (gg to ¢3): I, and M represent the state
initialization and measurement blocks, respectively. The measurement block includes Pauli
correlators so as to enable the measurement of observables, e.g., the energy and the electron
number. The symbol H represents a Hadamard gate; R, () represents the rotation of the
variational parameter 6 (see text) around the x, z axis.
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Figure 6.5: Optimization of the ground state energy of the NV~ in diamond A and VV(hh)
in 4H-SiC B carried out with the variational quantum eigensolver (VQE) algorithm using
four and six qubits respectively on ibmq casablanca, with (orange dots) and without (blue
dots) post-selection of states (see text). The full configuration interaction (FCI) energy is
reported for reference. In panel C we show the variation of the parameter 6 (see Eq. 6.7) in
the VQE optimization; the value is obtained from averaging the parameter at the end of the
VQE optimization. The dashed line corresponds to the exact solution, i.e., 8 = 7.
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during the VQE optimization. After using the Fermion-to-qubit transformation, the energy
is evaluated on the quantum hardware as the weighted sum of the expectation values of Pauli
correlators, i.e., E = 3, g;(P;). The expectation values of all Pauli correlators were obtained
by measuring 8192 times N, independent circuits, where NN, is the number of groups of Pauli
correlators that contain commuting operators. The number of electrons may be determined
simultaneously from the group of operators that only contains diagonal Pauli correlators
(those with only I and Z gates) [86]. In our calculations we discard all measurement outcomes
that do not conserve the number of electrons. Interestingly, the weights g; of diagonal Pauli
correlators lead to the dominant contribution to the energy. The orange curves in Fig. 6.5 A
and B show the convergence of the VQE algorithm when energy measurements are obtained
with the post-selection method, and Fig. 6.5 C shows the convergence of the variational
parameter 6 with a relative error of less than 2%. Upon enforcement of the post-selection
rule all measured energies turn out to be higher than the reference value for the ground
state. Interestingly, the same post-selection method has also been adopted in the calculation
of the total energy of LiH [86], yielding a notable improvement in the accuracy of energy
measurements, with a small overall error of about 1 kcal/mol.

In Fig. 6.6 we further analyze the effects of noise on the results by scanning the total
energy as a function of §: E( = %) is the energy of the ground state and E (6 = —%) that
of an excited state. In the region close to the minimum (ground state) the values obtained
with post selection (orange curve) are higher than the noiseless reference values (dashed black
curve): indeed the post-selection process removes states that, due to the presence of noise,
do not correspond to the correct number of electrons; hence, in virtue of the variational
principle, one obtains an energy higher than the reference value. However in the region
close to § = —% (excited state) where the variational principle does not hold, even after

post-selection one may obtain errors of different signs. Therefore a spurious cancellation of

errors may occur and the overall error on the energy for 6 < 0 appears to be smaller than in
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Figure 6.6: Energy variation of the ground state of the NV~ center in diamond as a function
of the parameter 6 (see Eq. 6.7 in text) using ibmgq_ casablanca. We show results with (orange)
and without post-selection of states (blue). The straight black line (ref) indicates the energy
obtained with a noiseless simulator. Inset: difference between the energy evaluated on
quantum and classical hardware.

proximity of the ground state (7)).

To improve the accuracy of energy measurements, numerous mitigation schemes have
been developed, including the quasi-probability method [87, 311|, individual error reduc-
tion [240], and learning-based error mitigation [301]. These methods require complete in-
formation of the noise channel or a large number of quantum measurements. We note that
quantum noise is usually described using the language of open quantum systems and Kraus
operators, and exact forms of the these operators [88] are required in order to obtain a
complete information of the noise channel, which is a difficult task for realistic hardware
architectures. Here, we adopt the zero-noise extrapolation (ZNE) method, which is straight-
forward to implement and does not require additional qubits. The essence of the method

is the expansion of the expectation value of an observable, for instance the energy F, as a
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power series of noise around its zero-noise value E* [88, 155]:

n
EQ\) =E*+ Y apAF + o). (6.8)
k=1

Here \ is an appropriately small (A < 1) noise parameter, and the coefficients in the ex-
pansion aj, depend on specific details of the noise (i.e., on the unknown form of the Kraus
operators describing the specific noise channels). The basic idea of ZNE is to amplify the
noise of the circuit to various controllable levels and obtain the zero noise limit by extrap-
olation. Error mitigation via ZNE has been explored in several pioneering papers [81, 155]
investigating small molecules and Ising Hamiltonians. Popular ways to artificially boost the
error include identity insertions [121], unitary folding [99], and re-scaling of the Hamilto-

nian [155, 311].
Here, we propose a simple technique to boost the error for the ZNE, which we call expo-
nential block replication. The method is applicable to all cases where the UCC ansatz 93,

181, 193] is used. As discussed in Chapter 6.2.2, UCC ansétze are typically implemented

using the approximation eATB ~ ¢A4eB . In this case multiple consecutive applications of n

exponential blocks lead to the following expression: eAJFB R~ eAeB = (eé) ' (ef)n. This
expression is different from that obtained with a n-step first-order Trotter decomposition,
where eAJFB = (efl1 eg)n. By adopting this procedure we successfully increase the overall
depth of the circuit by integer multiples of the original block and we artificially amplify the
noise level without modifying the expression of the many-body wave-function or affecting
the Trotter error.

Our extrapolation procedure is shown in Fig. 6.7. We considered n = [1,2,3,4,5], and
for each value of n we repeated the 8192 measurements of each circuit 50 times (for a total
of 508192 = 409,600 measurements), in order to improve the stability of the extrapolation

procedure. Repeating the measurement of each circuit 25 times instead of 50 leads to a

small difference of ~0.012 meV in the computed energy. The difference between the ground
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state energy obtained with 50 repetitions and the reference value obtained on a quantum
simulator is ~0.002 eV for the NV~ center and ~0.005 eV for the VV in SiC, one order of
magnitude smaller than in the case where ZNE is not applied.

Fig. 6.7 also shows the results of ZNE for the energy of the NV~ center as a function
of #. The extrapolation is performed considering an increasing number of replicas (n),
and averaging over 24 repetitions of 8192 measurements for each replica. The choice of 24
instead of 50 repetitions is a compromise between efficiency and accuracy: scanning E(0)
(i.e., computing 12 values of the energy with a 50 time repetition rate) would require a
time to completion during which we could not insure a constant noise level on the available
hardware. Since we showed earlier that 25 repetitions yielded an acceptable result for the
ground state, we used a similar number for the calculation of the function E(#). The inset of
Fig. 6.7 shows the difference between noisy results (n = 1) and extrapolated values (n — 0)
and the noiseless reference. Overall we see that results obtained with ZNE are in closer

agreement with the reference results.

6.3.3 Calculation of the excited states using a quantum computer

We computed excited states of the NV~ and VV centers using the QSE algorithm. To avoid
propagating the errors introduced by VQE, we used the exact energy of the 3 A5 state with
mg = 0 as ground state energy.

We constructed a quantum subspace that is identical to the configuration state space, so
the dimension of the QSE matrices is the same as that of their classical FCI counterpart.
The QSE matrix is built by evaluating, on the quantum hardware, the expectation values
of all Pauli correlators; in addition we adopted the post-selection and the ZNE techniques
described above. To perform ZNE we used a linear extrapolation for the off-diagonal elements
of the QSE matrix and we computed diagonal elements with linear, quadratic, or exponential

extrapolations. The number of repetition of the same circuit with 8192 measurements was
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reduced from 50 to 10 for the VV due to the computational cost. The QSE matrix was
diagonalized on a classical computer.

The results are summarized in Table 6.1. The accuracy of the energy of non-degenerate
excitations is in general improved when using the ZNE, with the only exception being the
3 Ay <+ 3E transition of NV~ in diamond obtained with a quadratic extrapolation scheme.
We note that overall different choices of extrapolation functions lead to similar results, and
hence linear extrapolation is a desirable choice, since a smaller number of parameters is ex-
pected to lead to a more stable fit. Unfortunately, we find that the degeneracy of states is
spuriously lifted on the quantum hardware due to the presence of noise, even after applying
the ZNE, showing that it is not possible to resolve energy differences smaller than the stan-
dard deviation (o) associated to the mean of our measurements. In our calculations with 50

repetitions ¢ ~ 3 meV.

6.4 Conclusions

In summary, we presented electronic structure calculations of strongly correlated ground
states and, for the first time, of excited electronic states of point defects in semiconductors
on a near-term quantum computer. We focused on two spin-defects, i.e., the NV~ center in
diamond and the VV in SiC. Our computational protocol includes first principles calculations
of the electronic structure of a spin defect in a solid containing hundreds of atoms using hybrid
DFT, followed by the use of the quantum defect embedding theory to define an effective
Hamiltonian that represents electronic excitations localized within the point-defect. The
Hamiltonian is then mapped into a qubit Hamiltonian which is solved using VQE and QSE
hybrid quantum /classical algorithms to obtain the ground and excited many-body electronic
states of the defect, respectively. We discussed the merits of these algorithms in the case of
spin qubits; however, establishing which algorithms are better suited to obtain, in general,

many-body energies of electronic states in solids on NISQ hardware remains an open area of
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Table 6.1: Excitation energies [eV] of the NV~ and VV centers calculated using the quan-
tum subspace expansion (QSE) method. The first column shows transition between states
labeled using the representation of the point group Cf,, following [203]. The second column
shows results obtained with a noiseless simulator that are identical to those of classical full
configuration interaction (FCI) calculations on a classical computer. The 3rd to 6th columns
display results obtained using QSE on the quantum hardware, and using post-selection of
states with different extrapolation strategies and the zero noise extrapolation technique.

NV~ center FCI/noiseless No extrap. Linear! Quadratic® Exponential®

349 > 1E4 0.512 0.470 0.511 0.508 0.509
L oRESY ok 0.000 0.076 0.074 0.084 0.080
349 ¢ 1Ay 1.380 1.282 1.391 1.373 1.378
349 &3 4 2.008 1.964 1.989 1.946 1.974
3E &3 9 0.000 0.177 0.119 0.059 0.091
VVin SiC  FCI/noiseless No extrap. Linear! Quadratic’ Exponential?
349 & 1E 4 0.378 0.338 0.367 0.363 0.365
lpolp 9 0.002 0.083 0.069 0.065 0.067
349 > 14 1.228 1.141 1.212 1.207 1.202
349 > 3E 4 1.348 1.313 1.337 1.333 1.334
3E«3E 9 0.002 0.010 0.080 0.079 0.078

I inear extrapolation of both diagonal and off-diagonal elements of the QSE matrix
(Eq. 6.8 in the text).

?Quadratic extrapolation of the diagonal, and linear of the off-diagonal elements of the
QSE matrix.

9 Exponential extrapolation of the diagonal, and linear of the off-diagonal elements of the
QSE matrix.

4Energy of the degenerate states is computed as the average of the two energies obtained
on quantum hardware.

9Energy gap between two states which should be degenerate, due to the presence of noise.

research [29]. For example, recent papers have proposed methods to find the eigenstates of a
Fermionic Hamiltonian that are not based on the variational principle and therefore do not
require the definition of an ansatz or involve an optimization procedure [227]. In particular,
Ref [171] proposed an algorithm to prepare approximate ground states with shallow circuit
and just one parameter.

We also discussed two main problems arising from the presence of noise on quantum
hardware: (i) the apparent violation of the variational principle in VQE calculations due to

unphysical states arising when the number of electrons is not conserved, and (ii) the presence
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of persisting errors on energies obtained on quantum computers even after correcting for the
presence of unphysical states. We successfully applied a post-selection method based on
partial constraints on the number of electrons to correct for problem (i) and we proposed an
error mitigation technique within the ZNE scheme to reduce the effect of quantum errors.
The technique uses an exponential block repetition to boost the quantum error of UCC type
ansatze in a controllable fashion. The error mitigation protocol adopted here has several
advantages: (1) it is readily applicable without any knowledge of the source of hardware
noise and without increasing the number of qubits; (2) it does not affect the scaling of the
quantum algorithm, although it may affect the prefactor. However, the UCC type ansétze
require the use of relatively deep circuits thus limiting the applicability of ZNE strategies
with a large number of replicas. As a proof of principle of the strategies adopted here to solve
useful materials problems, we obtained results with small active spaces and shallow circuits.
Work is in progress to expand the applicability of the method to systems that require larger
active spaces appropriate to investigate, for example, adsorbates on surfaces and ions or
nanostructures in solution. Based on our work, we further envision a feedback loop, where
quantum simulations of materials properties on a quantum device lead to the prediction of
new materials and properties for the design of improved quantum computers, which will in
turn result in enhanced property predictions and applications, therefore establishing a tight

connection between quantum computations and materials’ predictions.

94



CHAPTER 7
QUANTUM SIMULATIONS OF FERMIONIC HAMILTONIANS
WITH EFFICIENT ENCODING AND ANSATZ SCHEMES

This chapter is adapted with permission from B. Huang, N. Sheng, M. Govoni, and G.
Galli. Journal of Chemical Theory and Computation 19.5 (2023): 1487-1498. Copyright
(2023) by the American Chemical Society. https://doi.org/10.1021/acs.jctc.2¢01119.

In this chapter, we propose a computational protocol for quantum simulations of Fermionic
Hamiltonians on a quantum computer, enabling calculations on spin defect systems which
were previously not feasible using conventional encodings and unitary coupled-cluster ansatz
of variational quantum eigensolvers. We combine a qubit-efficient encoding scheme mapping
Slater determinants onto qubits with a modified qubit-coupled cluster ansatz and noise-
mitigation techniques. Our strategy leads to a substantial improvement in the scaling of
circuit gate counts and in the number of required qubits, and to a decrease in the number of
required variational parameters, thus increasing the resilience to noise. We present results
for spin defects of interest for quantum technologies, going beyond minimum models for the
negatively charged nitrogen-vacancy center in diamond and the double vacancy in 4H silicon
carbide (4H-SiC) and tackling a defect as complex as negatively charged silicon vacancy in

4H-SiC for the first time.

7.1 Introduction

Obtaining accurate solutions of the electronic structure of many-body systems is a major
challenge in computational science, and an important endeavor that may benefit problems
in several fields, ranging from catalysis [120] and drug discovery [153| to quantum technolo-
gies [73, 178|. In addition to steady efforts in the development of algorithms to solve the

electronic structure problem on classical computers, research into the use of quantum com-
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puters to solve the time-independent Schrodinger equation has been flourishing in the past
decades [16, 144, 191, 227, 245|. The motivation behind this trend is the promise that a
fault-tolerant quantum computer may be able to solve the electronic structure problem for
many-body systems [48] in polynomial time, for example using a quantum phase estimation
(QPE) [2, 3, 163] algorithm. The latter is a probabilistic method to obtain the eigenstate
of a unitary operator that assumes that the initial state of a given system, prepared on a
quantum computer, has a non-vanishing overlap with the target state.

The possibility of reaching exponential quantum advantage for quantum chemistry prob-
lems remains controversial [182|. However, it is interesting to explore whether quantum
computers may in fact turn out to be advantageous over classical ones, even in the ab-
sence of exact polynomial scaling, and in particular whether even today’s noisy interme-
diate scale quantum (NISQ) platforms may be utilized for interesting problems. Recent
efforts [144, 338, 345] to incorporate quantum computations into quantum Monte Carlo
methods [226] suggest new route for such benefits to be achieved, in practice, even with
noisy hardware. Specifically, Ref [144] reported a calculation of the atomization energy
of the strongly correlated square Hy molecule, using a quantum-classical hybrid quantum
Monte Carlo method on the Sycamore quantum processor [11], which achieved accuracy that
is competitive with state-of-the-art classical methods. The algorithm relies on the prepara-
tion of a so called a prior: quantum trial state on the quantum hardware, which is considered
as an approximation to the target ground state. Therefore it appears that one strategy to
obtain computational advantage on both NISQ and fault-tolerant quantum devices, relies on
the efficient preparation of an accurate initial state; this strategy has been explored for both
molecular [83, 126, 142, 154, 155, 241, 245, 254, 292| and condensed systems {139, 203].

An appealing and popular protocol to obtain the ground state of Fermionic systems is
that of writing the Hamiltonian in second quantization and using a variational quantum

eigensolver (VQE) [218, 245]. This algorithm parameterizes the many-body wavefunction
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through a quantum circuit, and the energy is measured on a noisy hardware. Upon opti-
mization of the parameters on classical hardware, one obtains a variational upper bound on
the ground state energy. The efficiency and reliability of VQE depend on the number of
available qubits on the quantum hardware, on the qubit coherence time and usually VQE
faces optimization challenges due to the hardware noise. However, despite theses challenges,
this algorithm has been successfully applied to study systems with up to 12 electrons [254].

In a recent paper, we utilized VQE to solve the electronic structure of the minimum
model of realistic solid-state systems with strongly correlated states, and we carried out cal-
culations on a quantum computer. In particular we considered spin-defects in solids, i.e. the
negatively charged nitrogen-vacancy center (NV ) in diamond and the neutral di-vacancy
(VVO) in 4H-SiC [139], which are of interest for quantum information applications [332, 335,
including quantum sensing [138|, communication [9] and bioimaging [286]. Although we ob-
tained encouraging results, we also identified several problems awaiting for more efficient
and accurate solutions. For example, the so called unphysical state problem [276], caused by
an imperfect conservation of the number of particles on a noisy hardware, leads to values of
the energy that lie below the exact classical reference value. We solved this problem by post
selecting [143] the measured values of the energy and considering only those corresponding
to the correct number of particles. The combination of post-selection and zero-noise extrap-
olation (ZNE) techniques [87, 88, 187, 311] led us to solve the electronic structure of realistic
spin-defects. However, we could do so only for minimum models, as the ansatz circuit used
in VQE usually leads to a large gate count and hence calculations are hard to scale.

Here we propose a computational strategy leading to an improved scaling with gate
counts of VQE optimizations, thus enabling electronic structure calculations of complex
spin-defects previously not feasible with conventional VQE algorithms. In particular, we
combine a qubit-efficient encoding (QEE) scheme [284] with a modified qubit-coupled cluster

(QCC) ansatz [271] and noise-mitigation techniques. Such a protocol leads to a substantial
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decrease in the number of required variational parameters in VQE calculations, thus increas-
ing the resilience to noise and enabling calculations of spin defects beyond the minimum
model [139]. The rest of the paper is organized as follows. In Chapter 7.2 we discuss the
quantum algorithms adopted to solve the electronic structure of systems whose parametrized
Hamiltonian is expressed in second quantization. In Chapter 7.3, we present calculations
on a real quantum computer of three spin defect systems, i.e. NV~ in diamond, VV? and
a new defect-negatively charged silicon vacancy (Vg;) in 4H-SiC, which for some applica-
tions [173, 296] is a promising alternative to NV centers. Chapter 7.4 concludes our work

with a summary and outlook.

7.2 Methods

The workflow adopted here to obtain the ground and excited states of a Fermionic Hamilto-
nian Helec on a quantum computer is summarized in Fig. 7.1 and consists of the following
steps: (i) define a Fermionic Hamiltonian using a quantum defect embedding theory (QDET),
(ii) derive a qubit Hamiltonian by mapping selected electronic configurations (Slater deter-
minants) of the Fermionic Hamiltonian onto qubits, (iii) compute the ground state energy
of the qubit Hamiltonian using VQE, (iv) compute the excited states using the quantum
subspace expansion (QSE) algorithm. The qubit Hamiltonian Hq = gipi contains coef-
ficients g; obtained from the one- and two- body terms of Helec multiplied by Pauli strings,
ie., ]—2’Z e {[,X,Y, Z}®Nq, where N is the number of qubits and I, X, Y, Z are Pauli
operators. When using a VQE algorithm, an ansatz circuit, usually a parametrized unitary
operator U (5), is defined and applied to a chosen initial state |¥(). Finally, the ground state
energy Fj is variationally obtained by optimizing the parameters f of the ansatz such that

Ey = min§<W0|UT(§)]€lU(9)|\DO). As mentioned above, excited states are obtained with the

QSE algorithm.

For a detailed discussion of the derivation of a Fermionic Hamiltonian describing spin
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Figure 7.1: Workflow used to simulate the ground and excited state energies of spin defects
on a quantum computer. a The effective Hamiltonian in second quantization describing the
electronic structure of spin defects is obtained from a quantum defect embedding theory
(QDET), see Sec 7.3.1 for detail. b The Slater determinants are mapped onto qubits using a
qubit-efficient encoding scheme, where the molecular orbitals represent a Slater Determinant.
¢ The ground state of the effective Hamiltonian is obtained using a variational quantum
eigensolver (VQE) and a qubit coupled-cluster (QCC) ansatz. d The excited states of the
effective Hamiltonian are obtained using a quantum subspace expansion (QSE) algorithm.

99



defects in solids using QDET we refer the reader to Ref. [203, 204, 285, 325|. Below we

discuss in details steps (ii-iv: see panels b-d of Fig. 7.1).

7.2.1  Qubit Efficient Encoding for Fermionic Mapping

The Fermion to qubit encoding is an isometry € : Heee — Hq [39], where Hyjee and Hq
represent the physical and qubit Hilbert space spanned by the eigenvectors of I:Ielec and
ﬁq, respectively. Commonly used encoding schemes such as the Jordan—-Wigner (JW) [334],
Bravyi-Kitaev (BK) [40] and parity encoding methods [39] require Ny = N qubits for a
system with /N spin-orbitals, and generate a 2V _dimensional Hq. However, our goal is to
compute the eigenvectors and eigenvalues of Helec subject to specific physical constraint
on the number of electrons in the two spin channels (m4,m|). In practice this constraint
can be enforced by restricting the solutions of the VQE or QSE algorithms to a subspace
of the qubit Hilbert space with dimension ) = (ﬁ{f) X (ﬁf{f) < 2NV However, the JW
and BK encoding maps do not enforce such a physical constraint and thus lead to a qubit
Hilbert space that is larger than the physical one [276], e.g., the former contains all Fock
states, some corresponding to a number of electrons different from those of the physical
system. In principle, on a fault-tolerant computer the VQE algorithm should preserve the
initial number of electrons throughout the optimization process; however, the noise present
in NISQ devices does not guarantee the preservation of the physical constraints [86], leading
to errors in ground state energies that in Ref. [139] we have mitigated with a post-selection
procedure. Note that other symmetry constraints, e.g., point group symmetry [282| could
also be taken into account when choosing relevant Slater determinants, which would be
interesting to explore in future works.

Here we adopt instead the QEE scheme [284], a compact Fermion to qubit encoding

map [51, 159, 161] that by definition excludes from the qubit Hilbert space all Fock states

with nonphysical number of electrons, leading to a robust solution of the unphysical state
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problem. The QEE encoding has also the benefit of requiring a smaller number of qubits than
the conventional encoding maps. The use of QEE has already been shown to be beneficial
on quantum hardware [284] for molecules such as Ho and LiH; here we show that its use
is crucial in the case of spin-defects, where the number of qubits required to go beyond
minimum models by conventional encodings would be impractical on NISQ devices.

In the QEE scheme, one pre-selects all the electronic configurations F = {|f);||f); €
Helee } that satisfy the required set of physical constraints, e.g., fixed number of particles and
fixed spin projection S.. The implementation of the QEE scheme requires Ny = [logQQ-‘ <
N qubits. Using the QEE isometry, configurations in F are mapped to @ = {|0)q, |1>q}®N‘1,
the computational basis states of a Ng-qubit system. To reduce the state preparation er-
ror [284], a good practice in defining the QEE isometry £ is to first sort both F and Q in
ascending order according to the electronic energy of |f); and the decimal number associated
to the binary string representing the qubit state. By doing so, a correspondence E|f); = |q);
is established. We note that in general the size () is not necessarily a power of 2. To fit the
requirements of quantum circuits, unphysical states may therefore be included in QEE so
as to build a Hilbert space with a size that is a power of 2. In this case, post-selection of
measurement results may be helpful to exclude results involving unphysical states.

In common Fermionic-to-qubit encoding schemes, there is a one to one correspondence
of both creation and annihilation operators (d;;, aq) with qubit operators. In QEE, where
by definition only states with fixed number of particles are considered, there is a one to
one correspondence between the excitation operator qu = &;dq and a qubit operator
L%pq, where the excitation operators are first rewritten as a sum of projection of Slater
determinants |f;) <fj‘ and then transformed into qubit space through four entry operators:
%(X+iY), %(X—iY), %(I—Z), %(_H—Z), see Ref [284] for detail. The qubit Hamiltonian can
then be constructed using E’pq. For a generic Hamiltonian, where the projection operators

would lead to a linear combination of up to an exponential number of Pauli operators, and
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in principle one needs to consider an exponentially large number of determinants, no quan-
tum advantage would be achieved. QEE therefore should be considered as an intermediate
solution for NISQ hardware. However, we note that both the size of the qubit Hamiltonian
and the total number of Slater determinants scale polynomially as a function of N for the

systems considered in our study, as we explain in the Section 7.3.1.

7.2.2  Qubit Coupled-Cluster Ansatz for Variational Quantum FEigensolvers

After constructing a qubit Hamiltonian using the QEE encoding, we discuss the choice of the
wavefunction ansatz. One popular ansatz used in the literature is the unitary coupled-cluster
(UCC) ansatz [110, 245, 264], inspired by coupled-cluster theory [124]. Such an ansatz can
yield accurate results for many-body systems, but it leads to calculations suffering from poor
scaling as a function of the number of gates, due to the inclusion of all possible electronic
excitations. A typical implementation of the UCC ansatz on quantum computers leads to

~

the following expression in terms of Pauli strings (entanglers) Py

Uuoe = [[ 0k = [[e /2, By e {1, X, Y, 2%, (7.1)
k k
The number of entanglers required when using the UCC ansatz may be large even for inter-
mediate scale systems with 4 ~ 6 electrons. The QCC ansatz [271] bypasses the formulation
of the ansatz in physical space, and instead directly implements Eq. 7.1 in the qubit space.
In particular, the QCC method proposed in Ref. [271] implements a screening process to
select and retain the entanglers that contribute the most to the evaluation of the energy.
In QCC, the variation of the energy induced by each entangler is evaluated by expanding
the energy to second order in the parameter 6}.:

dE[6); Py 03 d*E[0); By

(7.2)
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where E[0); P.] = (\D0|Uliflﬁk\\llo> and Ey = (Ug|H|¥g). The first derivative in Eq. 7.2 can
be efficiently computed through quantum measurements as

dE[0y; Py

oy, 2

o <qfo ! [H 15,4 ‘\1/0> (7.3)

which results from the similarity-transformed Hamiltonian being in closed form [179]

o sinf
UyHU, = H — i

7]+ % (1~ costy) By [ 11, By] (7.4)

The expression of the second order derivative can be found in Ref. [271].

The implementation of the QCC method proceeds by ranking the entanglers according to
the magnitude of their first-order derivative and sign of the second-order derivative, and by
considering only the entanglers with highest rank. This amounts to screening the value of the
first and second derivative of the energy for each of the ~ 4V entanglers and choosing those
with values of the first derivatives substantially different from zero or second derivatives
substantially smaller than zero. By using a qubit basis state as |¥p) we can reduce the
dependency of the total number of ISk with respect to the number of qubits from exponential
to polynomial. The reduction is achieved by grouping the terms in the Hamiltonian and
performing the pre-screening within each group; see Ref. [272] for detail. In practice, the
second derivatives could also be neglected to decrease computational cost [272], as we did in
this work.

The quantum circuit is finally constructed using a ladder-like block procedure [25], as
shown in Fig. 7.2. As pointed out by Ref. [271], for molecules like LiH and HoO, the two-
qubit gate count is greatly reduced compared to that of the UCC ansatz by bypassing any
explicit Fermionic construction of electronic excitations and thus saving as many quantum
resources as possible.

In the original proposal of the QCC [271] method, only entanglers with more than one
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Figure 7.2: The upper panel shows a representative quantum circuit representing the
qubit coupled-cluster ansatz with 4 qubits. The box circled by the dashed line shows the
qubit mean-field (QMF) part of the circuit, which enables the construction of any prod-
uct states. The circuit component following the QMF part enbales the construction of the
exponential of entangler X X XY, and it is built with the CNOT gate ladders. The lower
panel shows a circuit representative of the modified ansatz, where the three entanglers are
IITY, IYII, XX XY, as defined in the pre-screening process.

non-identity gate (X,Y,Z) were considered, and the quantum circuit was started with a
qubit mean-field (QMF) component, as shown in Fig. 7.2. This QMF component consists
of single R, and R, rotations on each qubit, allowing for access to any point on the Bloch
sphere. Although it remains to be investigated whether such an implementation suffers from
the Barren plateau problem [220], the QMF component resembles the hardware-efficient
ansatz [154] and might pose optimization challenges [330] due to the large number of required
variational parameters (2Ny). In addition, R, and R, rotations are likely redundant degrees
of freedom, since often times both the Hamiltonian and wavefunction of many-body systems
of interest are real.

To solve the potential optimization challenges introduced by the QMF component, we
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propose a modification of the original QCC ansatz. We simply discard the QMF component,
and consider all the possible entanglers when performing the screening operation, regardless
of the number of qubits that the entangler involves. In this way, the number of necessary vari-
ational parameters are reduced and eventually a quantum circuit only contains exponentials
of entanglers, as shown in the bottom panel of Fig. 7.2.

The QCC ansatz is suitable for NISQ devices, where a trade off between circuit depth
and number of quantum measurements is desirable. We note that similar ideas to con-
struct efficient ansatz circuits using gradient methods have been explored in recent years,
including iterative QCC [272], ADAPT-VQE and its several variants [111, 310], e.g. Cluster-
VQE [344], factorized-form of UCC [53], and projective quantum eigensolver [298|. Besides
being hardware friendly, an additional benefit of the QCC ansatz is that it leads to differen-
tiable potential energy surfaces given its functional dependence on the entanglers, and the
gradients can be estimated using the parameter-shift rule |63, 280|. The QCC ansatz has
shown the correct size-consistent behavior when applied to study the dissociation of Hg, LiH
and H9O in Ref [271]. However, there is no guarantee that it will always yield the correct
behavior for any systems since it depends on how the entanglers are truncated when the
circuit is constructed. We also speculate that in general size-extensivity may be satisfied as

entanglers for noninteracting fragments act only on each fragment, and, therefore, commute

and we thus have E(2A4) = 2E(A).

7.2.3  Quantum Subspace Expansion for Ezcitation Energies

We now turn to the discussion of the calculations of excitation energies, for which sub-
space type methods [61, 62, 89, 160, 219, 316] are suitable. These methods can be viewed
as a quantum analog of CI and its variants, e.g., selected CI approach [42|. Here we
choose the quantum subspace expansion (QSE) algorithm [61, 217, 219], which uses the

same quantum circuit as the one to obtain the ground state and involves only additional
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quantum measurements [61]. Specifically for the ground state |¥), a set of expansion
operators {O;} is chosen, which act on |¥) to form a basis given by {O;|¥)}, where
Oe {d;&di, dZd};djdﬂi,j € A; a,b € V}. We use this basis to evaluate the Hamiltonian and

overlap matrix elements:
SE At oA A SE At oA
HP = w0110, 1wy, s = (v 0]0;|v). 75)

Note that the expansion operators are not limited to double excitations, and we did not
include additional excitations as double ones are sufficient to obtain the FCI spectrum of
our systems. Using the matrices defined above, we then solve the generalized eigenvalue
problem in the well-conditioned subspace given by H QSEC = ¢ QSEC’&, where C'is the matrix

of eigenvectors and e the diagonal matrix of eigenvalues. As mentioned in section 7.2.1, the

.|.

QEE encoding is used to transform the excitation operators a;a; into Pauli strings acting
on Ny qubits, and the matrix elements are evaluated as weighted sums of the expectation
values of these Pauli strings. The cost of QSE has two components: i) determining the
matrix elements through measurements, and ii) solving the generalized eigenvalue problem.
In the QEE-QCC scheme adopted in this work, the measurement cost is negligible since the
majority of Pauli operators have been measured already when computing the ground state.
Therefore the cost of the QSE calculations mainly comes from ii). We also note that the
effectiveness of QSE is achieved with a careful choice of creation and annihilation operators,

which would be facilitated by using chemical intuition, e.g., by identifying the most dominant

excitations.

7.3 Results

In this section we present results for the many-body ground and excited states of the NV~

center in diamond, VV? and Vg; in 4H-SiC. Using the methods described in Sec. 7.2, we
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performed calculations on the ibmg guadalupe quantum computer using the IBM Qiskit
package [253]. We have applied measurement error mitigation |74, 206] to all the measure-

ments.

7.3.1 Reference results on classical hardware

We use QDET to obtain the effective second quantized Hamiltonian, which is then used as
input for our quantum computations [204, 285, 325|. As a first step we define a periodic
supercell with hundreds of atoms, representing a crystal with a defect center embedded in
it, and we compute its electronic structure using Kohn-Sham (KS) density functional theory
(DFT) with the PBE functional, the Gy approximation, and the Quantum Espresso [97,
98] and WEST [109] codes. A subset of KS orbitals localized around the defect is then
chosen based on the localization criterion defined in Ref. [285]. This subset constitutes the

so-called active space A spanned by the second quantized effective Fermionic Hamiltonian

Tata eff

Heloo = ZZ] thfa J0j+ 5 ZZ]M Uzgkl& a:ajay. The effective two-body matrix elements v ikl

are computed using the constrained random-phase approximation (cRPA) method. The

tfjﬁ are computed from the GoWy Hamiltonian removing

effective one-body matrix elements
a double counting term. Notably, in Ref. [285] we rigorously derived an expression of the
double counting term within the GoW( approximation.

We computed the electronic structure of NV~, VV? and Vg; using a 215-, 198- and 127-
atom supercell, respectively. We performed restricted closed-shell plane wave DFT calcula-
tions with the optimized structure from unrestricted open-shell calculations. We used the
PBE [244] exchange-correlation functional, SG15 norm-conserving pseudopotentials [279],
and a 50 Ry kinetic energy cutoff for the plane wave basis set. The active space was defined
considering all KS orbitals with highest localization factor Ly (¢KS) = Iy K8 (x) [2dx,

where the integration is performed on a predefined volume V around the defect center (see

Fig. 7.4), as originally defined in Ref. [285]. In our full-frequency GoW)) calculations we used
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Figure 7.3: Spin defects studied in this work: the NV~ center in diamond, the VV! and Vg
in 4H-SiC. Panels a, ¢ and e show a ball-and-stick representation of the defects. Panels b,
d and e show single particle states obtained by solving the Kohn-Sham equations for the
entire periodic solid, where gray and green shaded areas represent the conduction (CB) and
valence band (VB), respectively; the single particles states are shown as black lines.

512 projective dielectric eigenpotentials (PDEPs) to represent the dielectric response. The
QDET method is implemented in the WEST code [109, 342].

In Fig. 7.4 we show the convergence of vertical excitation energies of the three defects
w.r.t. the localization threshold, which sets a lower bound for the KS orbitals to be included
in the active spaces. We note that the energies are relatively well converged at 10%, 10% and
20% threshold in the three cases, corresponding to (14e, 80), (22e, 120) and (9e, 60) active
spaces, respectively. Due to the limitation in quantum resources, a compromise had to be
made in selecting the active space to generate the effective Hamiltonians for the three defects:
we chose the (14e, 80) active space for VV? and NV~. For NV, the convergence threshold
for the (14e, 80) active space lies between 20% and 10% and its excitation energies differ by
approximately 0.1 eV from those obtained with a 10% localization threshold. Considering
the complexity of the Vg;, for this defect we had to resort to a 30% localization threshold,
leading to a (5e, 40) active space, which we refer to as the “minimum model”.

We also note that when the localization threshold is lowered, the size of the active space
N is increased by the inclusion of additional occupied orbitals. The total number of Slater
determinants with a constant number of holes in each spin channel, ) = % — my());

scales polynomially as O(N (et+¢1) . This leads to an encoded effective Hamiltonian which is
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Figure 7.4: The left, middle and right panel show computed vertical excitation energies for
the NV~ center in diamond, VVY and Vg; in 4H-SiC as a function of the chosen localization
threshold. States are labeled using the irreducible representation of the C'3, point group.
We note that the largest threshold corresponds to a (4e, 30), (8¢, 50) or (5e, 40) active space
for the three defects, respectively, and the smallest threshold corresponds to a (26e, 140),
(64e, 330) or (57e, 300) active space, respectively.

expressed as a linear combination of up to O(N 2(ertey) pauli operators. The size of the QEE
Hamiltonian and its corresponding classical preprocessing step do not pose a computational

challenge for the systems considered here, where cry) < 2.

7.3.2  Calculation of the ground state using a quantum computer

VVY in 4H-SiC and NV in diamond

The ground state of the effective Hamiltonian constructed for both the VV? in 4H-SiC and
the NV center in diamond is a SAQ triplet state, whose mg = 0 state has a multi-reference
character. To obtain such a state on quantum computers using VQE, a good guess for the
initial wavefunction is key to achieving fast convergence [139]. These systems are open-shell
with the highest occupied molecular orbitals (HOMOs) in the active space being e orbitals;
hence it is wise to use |W() = |..aja1ez€y) due to Hund’s Rule, where aj, ez, ey (spin-up)
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and a1, €z, €y (spin-down) denote the single-particle orbitals in the active space, as shown
in Fig. 7.3.

As mentioned above, we choose the (14e, 80) active space for both defects, leading to a
total of 64 Slater determinants, and requiring the use of 6 qubits to span the full qubit Hilbert
space, i.e., Heg € Hq. To construct the QCC ansatz, we first measure the energy gradients
of different entanglers using Eq. 7.3. The amplitude of these gradients are obtained both on
a real quantum device (noisy) and on a simulator (noiseless). They are listed in Tab. 7.1 for
VVO. We find that the difference between noisy and noiseless results is negligible (within
1 ~ 2%). This is due to the fact that the measurement circuits does not contain two-qubit
gates, which are major sources of error in NISQ devices. We also note that the four entanglers
with top rank correspond to entanglers with the identity gate I at the two left-most qubit
indices. Because of the chosen QEE scheme, the two left-most qubit indices control Slater
determinants with the highest excitation energy, and originate from transitions from the
lowest four occupied single particle orbitals. This suggests that we can use the frozen core
approximation [266] to reduce the computational cost without sacrificing accuracy. Therefore
we freeze the lowest four occupied orbital and in practice we work with 4 qubits, 4 entanglers,
and a qubit Hamiltonian with 136 terms. The QCC circuit is constructed using 14 CNOT
gates in total. The UCC counterpart, however, would require ~ 400 CNOT gates, indicating
the critical advantage of the QCC method. For NV, the same logic applies and its circuit
has 10 CNOT gates. Note that in the interest of generality, during the construction of the
QCC ansatz, we did not take into consideration the point group symmetry of the ground
state so as to design calculations that would be viable also for systems under strain or for
moderately disordered lattices. If symmetry is invoked, both UCC and QCC can be reduced
to a simple circuit with a single parameter and only two CNOT gates [139].

Results from the VQE optimization of VV? and NV~ are shown in the upper and middle

panel of Fig. 7.5. The energy is evaluated on the quantum hardware as the weighted sum
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Table 7.1: Top entanglers for the electronic structure calculation of VV? and Vg; from
Eqn. 7.3 before the frozen core approximation is carried out, with their magnitude computed
using a noiseless simulator and a quantum hardware ibmq_guadalupe (Atomic units)

Rank VVY Vg

Entanglers | Noiseless | Noisy | Entanglers | Noiseless | Noisy
ITTIXY | 0.009243 | 0.009170 | IXYII | 0.006969 | 0.006754
ITXIYZ | 0.008177 | 0.008100 1111 0.006693 | 0.006601
ITXXITY | 0.008165 | 0.008065 1111y 0.004352 | 0.004352
ITXIXY | 0.006587 | 0.006529 | [IIXY | 0.004350 | 0.004350

=~ W N

of the expectation values of Pauli strings, i.e., B = ), g;(P;). The expectation values of
all Pauli strings were obtained by measuring 8192 times N, independent circuits so that the
standard deviation (o) of measurement is within 15 meV, where N, is the number of groups
that contain mutually commuting strings. In the case of VAV (NV7), we find that the
VQE calculation converges to a state that is ~ 0.5 (0.4) eV higher than the FCI reference
energy obtained on a classical computer. The fluctuations are more pronounced for the
NV~ center because our calculations were carried out at different times and the hardware
environment was not identical for each measurement. The insets in Fig. 7.5, where the
reference values are from noiseless simulations, show that in our optimization procedure we
indeed converge to the ground state of the system. We find that for both VVY and NV,
only the parameter associated with entangler I7XY is nonzero (7/2), indicating that the
other ones are negligible in determining the ground state, thus reducing the circuit to one
exponential block of 77 XY . This simplified circuit is exactly what we obtained in Ref. [139]
by taking into consideration the point group symmetry of the lattice.

To obtain an accurate estimate of the ground state energy, error mitigation is required
and here we adopted the ZNE method. The latter is straightforward to implement and
does not require additional qubits. The basic idea of ZNE is to amplify the noise of the
circuit to various controllable levels and obtain the zero noise limit by extrapolation. The
key to success of ZNE lies in how noise is artificially boosted. We employ a split exponential

technique that we originally proposed in Ref. [139] to artificially increase the circuit depth
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of each exponential block eiekl5 k of the QCC quantum ansatz, i.e., n replicas are generated
with <ei%p k)n. We note that this technique is suitable for both UCC and QCC-type
of ansatzes [93, 181, 193, 222, 271] and it does not affect the Trotter error [139]. The
extrapolation procedure is shown in Fig. 7.7. We worked with the reduced circuit with only
one entangler I7XY, and considered n = [1,2, 3,4, 5]. For each value of n, we increased the
measurements to 320000, so ¢ is kept within 2.5 meV and the stability of the extrapolation
procedure is improved. A quadratic function is used for extrapolation and the difference
between the ground state energy and the reference value obtained on a quantum simulator

is one order of magnitude smaller than in the absence of ZNE.

Vg, in 4H-SiC

We now turn to the discussion of the Vg spin defect in 4H-SiC, which has a ‘4A2> ground
state, with multi-reference character for my = :l:% [296]. The HOMOs of Vg, consists of
three quasi-degenerate orbitals: aj, ez, ey that are all singly occupied in the ground state, as
shown in Fig. 7.3. Therefore the mg = ﬁ:% spin manifold is considerably more complicated
than those of VV? and NV . We use only a minimal model of (5e, 40) for the active space
to describe this system, which is adequate to demonstrate the advantages of QCC over UCC
in terms of finding the ground state with a shallow circuit depth. In this minimal model,

the mg = % component of the ground state wavefunction consists of 6 Slater determinants

[Vg) = a (|d\ar'aiesey) + |a1a1 arezey) + |arar’ aresey)) 78

+ 0 (‘a_llala_lexew + ‘a’lalalexey> + |a/1a1a_1€x@>) ,
where we have only used two coefficients, a and 3 because of symmetry. From the FCI
solutions on a classical computer we know that the first three configurations with doubly

occupied @ are dominant (Ja| = 0.576, || = 0.0391), hence we use one of them as the

initial state of our VQE optimization. Specifically, we use |¥) = |a'1a_1’ a_lemey>.
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When adopting the UCCSD ansatz, one needs to explicitly construct the relevant elec-
tronic excitations, whose associated parameters are 03,1, 92;%, GZ;Z:‘;’, 92;2:91”,, GZ;S:?,. The re-
sulting circuit requires ~200 CNOT gates, and with the UCCSD ansatz we only obtained
the exact ground state on a noiseless simulator. A reasonable approximation is to assume
£ = 0, which would require only the first two parameters with a corresponding reduction of
the number of CNOT gates to ~80. This approximation leads to an error of ~11 meV, as
shown in 7.6. However, both circuits are beyond the capability of NISQ quantum devices.

Here the QCC ansatz presents a remarkable advantage and we were able to simulate the
Vyg; defects on a real quantum processor. The screening of entanglers are summarized in
Tab. 7.1. We selected the entanglers with top rank to construct the circuit for the ansatz,
which contains only a total of 4 CNOT gates. The VQE optimization on a real quantum
processor is shown in Fig. 7.5, where the error due to noise is about ~0.2 eV. We note that

also in this case the ZNE is applied at the end of the VQE optimization to obtain a more

accurate ground state energy, as shown in Fig. 7.7.

7.3.8  Calculation of the excited states using a quantum computer

As mentioned earlier, we computed excited states of the VVY and NV~ using the QSE
algorithm. To avoid propagating the errors introduced by VQE, we used the exact energy
of the 345 state with ms = 0 as the ground state energy.

We constructed a quantum subspace that is identical to the configuration state space, so
the dimension of the QSE matrices is the same as that of their classical FCI counterpart.
The QSE matrix is built by evaluating, on the quantum hardware, the expectation values
of all Pauli strings. In our zero noise mitigation, we used a linear extrapolation for the off-
diagonal elements of the QSE matrix and we computed diagonal elements with linear and
quadratic extrapolations. The number of measurements was 320000 for both defects. The

QSE matrix was finally diagonalized on a classical computer.
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Figure 7.5: The upper, middle and bottom panel show the total energy as a function of
the number of iterations during an optimization of the ground state energy of the VV? in
4H-SiC, the NV in diamond and the Vg; in 4H-SiC carried out with the variational quan-
tum eigensolver (VQE) algorithm on ibmq guadalupe (quantum hardware); the variation
of parameters associated with each entangler of the qubit coupled cluster (QCC) ansatz is
plotted in the inset. The full configuration interaction (FCI) energy is reported for reference.
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Figure 7.6: Total energy as a function of the number of iterations used to optimize the
ground state energy of Vg; in 4H-SiC using the variational quantum eigensolver (VQE)
algorithm on a noiseless simulator, with a unitary coupled cluster (UCC) ansatz and the
COByLA optimizer [251]. The blue and orange curves represent results using two variants
of the ansatz circuit with different levels of approximation; see text. The inset shows the
error of different VQE optimizations relative to the reference energy. The full configuration
interaction (FCI) energy (dashed black line) is reported for reference.

The errors of excitation energies with and without extrapolation are summarized in
Fig. 7.8. The accuracy of the energy of non-degenerate excitations is in general improved
when using the ZNE. We note that overall different choices of extrapolation functions lead to
similar results, and hence linear extrapolation is a desirable choice, since a smaller number
of parameters is expected to lead to a more stable fit. The degeneracy of states is spuriously

lifted on the quantum hardware due to the presence of noise, though it is slightly mitigated

after applying the linear ZNE.

115



0.4
¢ FCl ,p
¢ VS—iO ///

0.31 . W %
NV~ | 4
P d

30.2 ’( ’//

‘Cl_J // /’

C -

L 4 g

// /’
H -
0.1 APt ¢
A
/[V;a'
"
0.0{ %
0 4 8 12 16 20

Number of CNOTs

Figure 7.7: The ground state energy of the NV~ center and the VV? and Vg; in 4H-SiC as
a function of the number of replicas used in the zero-noise extrapolation (see text), obtained
using ibmq_guadalupe. The z axis is scaled with the number of CNOT gates used in the
quantum circuit for clarity of comparison. The reference, noiseless result has been set to 0.

7.4 Conclusions

In summary, we presented a computational protocol to diagonalize Fermionic Hamiltonians
on noisy-intermediate-quantum computers, which combines the QEE scheme to map elec-
tronic excitations onto qubits, a modified QCC ansatz for VQE optimizations of the ground
state and noise mitigation techniques. The QEE mapping offers a robust solution to the
unphysical state problem and the QCC ansatz provides a relatively short quantum circuit
suitable for calculations on near-term intermediate-size quantum devices. We applied our
protocol on quantum hardware to compute the electronic structure of strongly correlated
ground and excited states of three spin defects, i.e., the NV~ center in diamond, the VV?

and Vg; in 4H-SiC, and we presented calculations that would have been unfeasible with con-
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Figure 7.8: The upper and bottom panel show the error in the excitation energies (eV) of
the VV? and NV~ defects calculated using the quantum subspace expansion (QSE) method
on ibmq_ guadalupe. The x axis shows transitions between states labeled using the represen-
tation of the point group C3,, following Ref. [203]. A'E and A3E indicate the breaking of
degeneracy due to noise (see text). The reference values are obtained with a noiseless sim-
ulator and are identical to those of classical full configuration interaction (FCI) calculations
on a classical computer. The blue, orange and green bar represent results obtained using no
extrapolation, linear and quadratic zero-noise extrapolation techniques, respectively. For the
results labeled with “quadratic extrapolation”, we only carried out a quadratic extrapolation
for the diagonal elements of the QSE matrix elements, and a linear extrapolation was applied
to the off-diagonal elements.
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ventional algorithms. In particular, we could go beyond the minimum models for the NV~
and VVY and tackle a complex defects such as Vg; for the first time. Work is in progress
to improve the efficiency of the measurements of (H) on quantum architectures, for exam-
ple by adopting advanced measurement techniques with different term groupings [114, 339,
fragmentation procedures [57, 58] and classical shadows [141], and to extend the applica-
bility of our protocol to larger active spaces appropriate, e.g. to investigate adsorbates on
surfaces or ions and nanostructures in solution. We finally note that establishing which al-
gorithms are better suited to achieve quantum advantage in electronic structure calculations
remains an open area of research. For example, recent papers have argued that simulations
in first quantization offer some important advantages over approaches in second quantiza-
tion including faster convergence to the continuum limit and the opportunity for practical
simulations beyond the Born-Oppenheimer approximation [302]. Interestingly, in addition
to efforts towards reaching a practical advantage with quantum computers, the development
of algorithms for quantum computations is having a positive impact on the development of
classical algorithms in various fields, e.g., machine learning [308] and computational spec-

troscopy [238].
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CHAPTER 8
EVALUATING A QUANTUM-CLASSICAL QUANTUM MONTE
CARLO ALGORITHM WITH MATCHGATE SHADOWS

This chapter is adapted from B. Huang, Y. Chen, B. Gupt, M. Suchara, A. Tran, S.
McArdle, and G. Galli. “Evaluating a quantum-classical quantum Monte Carlo algorithm
with Matchgate shadows.” arXiv preprint arXiv:2404.18303 (2024).

Solving the electronic structure problem of molecules and solids to high accuracy is a
major challenge in quantum chemistry and condensed matter physics. The rapid emergence
and development of quantum computers offer a promising route to systematically tackle this
problem. Recent work by Huggins, et al. [144] proposed a hybrid quantum-classical quantum
Monte Carlo (QC-QMC) algorithm using Clifford shadows to determine the ground state of a
Fermionic Hamiltonian. This approach displayed inherent noise resilience and the potential
for improved accuracy compared to its purely classical counterpart. Nevertheless, the use
of Clifford shadows introduces an exponentially scaling post-processing cost. In this work,
we investigate an improved QC-QMC scheme utilizing the recently developed Matchgate
shadows technique [326], which removes the aforementioned exponential bottleneck. We
observe from experiments on quantum hardware that the use of Matchgate shadows in QC-
QMC is still noise resilient - and show that this noise resilience has a more subtle origin
than in the case of Clifford shadows. Nevertheless, we find that classical post-processing,
while asymptotically efficient, requires hours of runtime on thousands of classical CPUs for
even the smallest chemical systems, presenting a major challenge to the scalability of the

algorithm.
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8.1 Introduction

The ability to accurately solve the Schrodinger equation for interacting electrons will help
tackle a multitude of problems in physics, chemistry and materials science, relevant to ap-
plications ranging from drug discovery [192] to the design of functional materials [120, 158].
In the past century, multiple efforts have been devoted to solving the Schrédinger equation
on classical computers, either by using suitable approximations and mean-field theories [170]
or by employing nearly exact methods such as full configuration interaction (FCI) [124] and
quantum Monte Carlo (QMC) [18, 95]. However, known algorithms for FCI scale exponen-
tially on classical computers, while scalable solutions using QMC often suffer from the sign
problem and other numerical instabilities. In essence, highly entangled many-body wave-
functions of interacting electrons are hard to represent and optimize on classical computers.

The advent of quantum computers offers a promising route to tackle the interacting elec-
tron problem. Quantum computers use quantum bits (qubits) as processing units, and have
advantages over classical computers for simulating entangled states. Therefore, research
in developing quantum [16] or hybrid quantum-classical algorithms [227, 245] to tackle the
electronic structure problem has flourished in the past decade. One popular algorithm to
compute Fermionic ground states is the variational quantum eigensolver (VQE) and its vari-
ants [23, 112, 223, 293|, where a parameterized quantum circuit is used to represent the
wavefunction, and its optimization is off-loaded to classical hardware. Nevertheless, current
noisy intermediate-scale quantum (NISQ) hardware is limited by the depth of quantum cir-
cuits that it can implement. Moreover, VQE faces optimization challenges resulting from
ansatz— or noise-induced barren plateaus in energy landscapes [330], as well as large mea-
surement overheads.

Recently Huggins, et al. [144] proposed a hybrid quantum-classical algorithm for quan-
tum Monte Carlo (QC-QMC) and applied it to study the dissociation of diatomic molecules

on Google’s Sycamore quantum processor. The Monte Carlo algorithm is driven by sam-
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pling from a trial state |U7) prepared on the quantum computer, with the aim of producing
smaller bias and better accuracy than its purely classical counterpart. The algorithm uses
classical shadows [141] with random Clifford circuits to avoid iterative communication be-
tween classical and quantum hardware, which is desirable on near-term quantum devices
as it minimizes latency from quantum-classical communication. Surprisingly, an inherent
noise resilience was observed [144| — spurring both academic and industrial interest in the
technique [8, 156, 214, 225, 338, 345|. Nevertheless, the cost of classically post-processing
the Clifford shadows was proven to scale exponentially with system size, providing a barrier
to achieving quantum advantage.

The inefficiencies of Clifford shadows for QC-QMC were recently addressed in Refs. [200,
326] by replacing the Clifford circuits with Matchgate circuits [347]. The two proposals
were theoretical in nature, and have not yet been numerically or experimentally evaluated
in the literature. In particular, it is unclear whether these scalable methods exhibit the
noise resilience that underpinned the success of the original (unscalable) Clifford shadows
approach [144|, as the theoretical justification for the noise resilience of Clifford shadows
does not immediately extend to the Matchgate case. In addition, while these proposals are
formally efficient, their practicality for studying realistic systems has yet to be established.

In this work, we numerically and experimentally study the QC-QMC algorithm, incor-
porating Matchgate shadows. In particular, we probe the noise resilience of the algorithm
on real quantum devices. We observe a similar noise resilience to the Clifford shadows case,
but with a more subtle microscopic origin. Nevertheless, while the Matchgate shadows ap-
proach reduces the classical post-processing cost from exponential to formally polynomial, it
has a sufficiently high degree polynomial scaling and large constant factors that we require
hours of post-processing runtime for even the smallest chemical systems, using thousands of
CPUs. This fundamentally challenges the scalability of the approach. We thus validate the

persistence of one of the major strengths of QC-QMC, as well as elucidate the challenges
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Figure 8.1: Workflow for the hybrid quantum-classical quantum Monte Carlo (QC-QMC)
algorithm: (a). An equal superposition of the all-zero state |0), and the quantum trial
state |WUp) is prepared on a quantum computer, followed by the twirling of random unitary
circuits Ug and measurements; (b). The measurement outcomes {|b;)} and the random cir-
cuit unitary Ug—which together constitute the information required to reconstruct classical
shadows—are communicated to the classical computers; (¢). The QMC procedure is carried
out on a classical computer, where the walker states |¢;) evolve on the potential energy
surface from the initial state |¥j) towards the target ground state |U).

that must be overcome if the technique is to provide practical quantum advantage.

The rest of the paper is organized as follows. In Sec. 8.2 we discuss how QC-QMC is
performed and the basics of classical shadows, which serve as prerequisites for subsequent
discussions. In Sec. 8.3, we first discuss prior work on noise robust classical shadows |54, 168]
(and their recently developed Matchgate variants [336, 346]) and give an extension to these
methods that mitigate state preparation noise in QC-QMC. Second, we experimentally verify
the natural noise resilience of the Matchgate shadow protocol as used in QC-QMC. Finally,
we apply QC-QMC to simulate the dissociation of hydrogen, and the ground state energy of
a solid-state spin defect system, on different quantum hardware systems. These calculations
reach agreement with the reference values even in the absence of error mitigation. In Sec. 8.4,
we discuss the merits and shortcomings of QC-QMC and how it is related to other quantum-
classical hybrid algorithms and purely classical QMC methods. Finally, Sec. 8.5 concludes

our work with a summary.
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8.2 Preliminaries

The workflow of the QC-QMC method is shown in Fig. 8.1, where the computation on quan-
tum and classical hardware is partitioned by classical shadows. In this section, we first pro-
vide a brief overview of the auxiliary-field quantum Monte Carlo (AFQMC) algorithm [226]
used in the QC-QMC method. Then we introduce the classical shadows formalism and dis-
cuss its use in QC-QMC. Readers familiar with this background material can skip to the

summary of our results in Sec. 8.3.

8.2.1 Auziliary-field quantum Monte Carlo

Within the electronic structure community, QMC refers to a family of methods that bypass
the explicit optimization of the many-body wavefunction in an exponentially large Hilbert
space. Specifically, probabilistic sampling is applied in a subspace of the full Hilbert space,
resulting in a polynomial scaling of the memory required for the evaluation of the ground
state energy of a given system. The auxiliary-field quantum Monte Carlo (AFQMC) method
is one example of projector QMC methods where a stochastic imaginary time evolution of the
wavefunction is carried out by propagating samples on a manifold of nonorthogonal Slater
determinants. Each sample {|¢;)} is usually called a “walker”. The ground state energy is

estimated as
1607 1
_ ZZ wlel ZEZOC loc _ <\I/T|H|¢l>
Sywpeite 7 (Wrlgr)

where E'lloC is the local energy of each walker, w;,#; are its weight and phase, H is the

E (8.1)

electronic structure Hamiltonian, and |Wp) is a trial state defined as an approximation to

the true ground state. The walker wavefunction and its weight and phase are updated every

(Ur|di)

time step according to functions of Wrl6) that perform the imaginary time evolution.
j
For a generic Hamiltonian, however, similar to other projector QMC methods, AFQMC

suffers from the sign problem, or more precisely, the phase problem where the phases 6; of
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the walkers are evenly distributed in [0, 27) [226, 343]. It leads to the ground state energy
estimator, i.e., Eq. 8.1 (computed from the ensemble average of all the walkers) experiencing
an exponentially fast decay of the signal-to-noise ratio and a large statistical error. To remedy
the phase problem, a common solution is the so-called phaseless approximation (ph) [226],
where 0; = 0 is enforced by a modified update rule, thus constraining the evolution of the
walkers. Such an approximation, while controlling the phase problem, introduces a bias to
the estimated ground state energy. The magnitude of the bias is largely determined by how
well the trial state |W7) represents the exact ground state. On classical computers, |¥r)
is usually chosen as either a single Slater determinant, e.g., the Hartree-Fock state, or a
linear combination of Slater determinants, to ensure a polynomial scaling in computational
time [208].

The insight of Ref. [144] is that on a quantum computer, one may efficiently compute
overlaps between Slater determinant walker states and a much wider range of trial states,
e.g., the unitary coupled cluster (UCC) state [218, 245]. We refer to implementing AFQMC
in this way as QC-AFQMC. Such states are potentially “closer” to the target ground state
than those adopted as classical trials, and could lead to more accurate ground state energy
estimations. It is currently unclear what are the best AFQMC trial states that can be
prepared on a quantum computer, in low circuit depth. This is a similar issue to that of
choosing a well-motivated and implementable ansatz circuit in VQE. We will discuss this
problem in Sec. 8.4, and assume for now that a suitable AFQMC trial state can be efficiently
prepared on a quantum computer. Then, the central issue for the QC-AFQMC scheme lies
in how to evaluate the overlap amplitude (WUp|¢) for each walker, at each timestep. Efforts
in the literature have branched out in two directions: Xu and Li [338] designed circuits
based on the Hadamard test [84] to efficiently compute the overlap between the walker
states and the trial state. On the other hand, Huggins, et al. [144] computed the amplitude

by using the classical shadows technique applied to |¥7). The former approach suffers a
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significant overhead in quantum computation due to the large number of walkers typically
used in AFQMC. In addition, it requires iterative communication between the classical and
quantum hardware, since |Wr) is queried at every time step during the time evolution. We
therefore followed the approach of Huggins et al. in this work, and we provide a detailed

scaling comparison of the two approaches in Section 8.4.

8.2.2 C(Classical shadows

As mentioned in the previous subsection, the need to evaluate (Up|¢p) for all walkers at
each time step is a key consideration for the practicality of the algorithm. In Ref. [144] it
was shown that the measurements required in QC-AFQMC can be recast into the following
framework. Let p denote the density matrix of an n-qubit quantum state that we know how
to prepare, and {O;} denote a collection of M observables whose expectation values, i.e.,
tr(O;p) we wish to estimate. Classical shadow tomography [141] provides a way to estimate
these quantities with a cost that only scales logarithmically with M. Specifically, it estimates
each tr(O;p) up to some error e by the following procedure: i) choose a distribution D of
unitary transformations; ii) sample random unitaries U € D from the chosen distribution
and iii) measure the state UpUT in the computational basis {|b)} (we refer to the tensor
products of {|0), |1)} of each qubit as the computational basis, i.e., {|b)}pc(o,1yn) to obtain
the measurement outcome |b)(b|. Consider the state UT|b)(b|U; in expectation, the mapping

from p to UT|b)(b|U defines a quantum channel,

— Y _ T T
Mip) = E |15 (U] UIEDbe{zo:l}n<b|UpU U B) BT, (8.2)

where E denotes the operation of averaging, and the hat represents a statistical estimator.
In the classical shadows framework, we require M to be invertible, which is true if and

only if the collection of measurement operators defined by drawing U € D and measuring
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in the computational basis is tomographically complete. Assuming that these conditions are
satisfied, we can apply M ™1 to both sides of above equation, yielding

p= E [j] =M <U1§D [UT|6><6|UD - E E e AT ICIZ T

We call the collection {M~H(UT|b)(b|U)} the classical shadows of p. These shadows can be

used to estimate the expectation values tr(O;p),
N — ML (UTIB)
(0) = E tr [OZM (U \b)(b\Uﬂ , (8.4)

each within error € with probability at least 1 — §, with a number of samples that scales as:

Nsample = O (bg(ew 123{\4 Var[éﬂ) ) (8.5)
In the above equation, we define 6; as an estimator of tr(O;p) and Var[o;] represents the vari-
ance of estimator 6;, which could be bounded by the shadow norm of O; [141]. Importantly
for QC-AFQMC, Ngample only scales logarithmically with the number of target observables
Mt
Formally, the condition that the measurement channel is invertible is sufficient for per-
forming the classical shadows protocol. In practice, it is desirable that the protocol is
efficient both in terms of quantum and classical resources. This means that there should
be an efficient procedure to sample unitaries U from D and implement them on a quan-
tum computer, and in addition the variance of the estimates 0; is polynomial in system

size. Moreover, it should be efficient to compute the expectation values with respect to the

shadows, tr [Oi./\/l_l (UT|6><E|U>], on a classical computer.

1. We note that the scaling in Eq. 8.5 was rigorously proven in Ref. [141] using a median-of-means
estimator. For Matchgate shadows, however, it is proven in Ref. [347] that a mean estimator suffices, which
we use in this work.
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In QC-AFQMC, the overlap amplitude (U7 |¢) is not a physical observable. Nevertheless,

it can be measured within the framework of classical shadows by rewriting it as [144]

(o) = 2r (18)(0]p) =2 E_tr|[6) (1M~ (UT1B)(0IU)] (8.6)

where p is the density matrix corresponding to the state \/Lﬁ (|0) + [7)) and |0) = |0)®".
Here |¢) (0] plays the role of the operator O.
Ref. [144] used random Clifford circuits to perform classical shadows, where the overlap

amplitude is post-processed as

_or—1 TI2\ /7
(Urlg) =2/~ & [0 601 87)

In the above equation, f = (2" 4 1)1 is the only (non-trivial) eigenvalue of M, since the
Clifford group has only one non-trivial irreducible representation (irrep). The first term
(0|UT|b) can be efficiently computed using the Gottesman-Knill theorem [1], but the second
term (b|U|¢), in general, cannot be efficiently estimated due to |¢) being a random Slater
determinant. As noted in Ref. [144], the method of Ref. [308] could be used to efficiently
estimate this quantity up to an additive error. Nevertheless, the f —1 prefactor exponentially
amplifies this error, eliminating the efficiency of the proposed scheme.

Another interesting observation of Ref. [144] is that the evaluation of overlap ratios, which
drives the AFQMC algorithm, is resilient to quantum hardware noise. This phenomenon can
be understood by first noting that noise will change the prefactor f to a modified prefactor
f (as explained in detail in Sec. 8.3.1). This prefactor cancels out when taking the ratio,
recovering the noiseless result without requiring any additional error mitigation. We refer
to this as having an inherent noise resilience.

Refs. [200, 326] overcame the post-processing limitations of Clifford shadows by replacing

the Clifford unitaries with random Matchgate circuits. The Matchgate circuit is the qubit
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representation of the Fermionic Gaussian transformation assuming the Jordan-Wigner (JW)
transformation [334] is used. We therefore adopt the JW mapping throughout this work.
Unlike the Clifford group, the Matchgate group has (n + 1) (even) irreps. The overlap

amplitude can be computed as [326]

(Wrlo) = 2%53 o Bt [l9) 001 (U510 610 )] (8.8)

where the random Matchgate circuits U are prepared by sampling random signed per-
mutation matrices @ (QQ € B(2n), where B represents the Borel group). In Eq. 8.8, TIy
is the projector associated with the [-th even irrep, and its eigenvalue fo; is (227)_1 (7).
Importantly, Eq. 8.8 can be efficiently solved using the matrix Pfaffian, with a scaling of
O((n—¢/ 2)4) by polynomial interpolation [326], where ¢ denotes the number of electrons.
As such, the exponential post-processing bottleneck present in the Clifford shadows approach
is eliminated through the use of Matchgate shadows.

Inherent noise resilience, analogous to that observed for overlap ratios computed via
Clifford shadows, has not yet been established for overlap ratios computed via Matchgate
shadows. One sufficient but not necessary condition, (following from the Clifford case),
would be ]721 = afy, 1 €{0,1,...,n}, where « is a proportionality constant. In Sec. 8.3.2
we investigate the noise resilience of overlap ratios computed via Matchgate shadows. While
our experimental results do not display a universal proportionality constant between each
fQZ and fo;, we nevertheless find that the computed ratios are inherently robust to noise,

and provide justification for this observation.

8.3 Results

In this section, we present our results, divided into three parts. We first introduce prior

work on noise robust classical shadows, and provide an improvement that mitigates state

128



preparation noise in QC-AFQMC. Second, we experimentally test for noise resilience of both
overlap amplitudes and ratios of overlap amplitudes, evaluated via the Matchgate shadow
technique. Notably, we observe that the ratios are resilient to the effects of noise (as was
previously observed for Clifford shadows [144]). We provide a theoretical explanation for
the observed noise resilience and its limitations, which has more subtle origins than in the
Clifford case. Third, we apply the QC-AFQMC algorithm to compute i) the dissociation
curve of the hydrogen molecule on an IBM superconducting device; and ii) the ground state
of a negatively charged nitrogen-vacancy (NV) center in diamond on an IonQ trapped ion
quantum computer.

We use the following notation in this section: we denote overlap amplitudes obtained

from noiseless shadows with an ordinary bracket, (Up|¢), quantities subject to quantum

noise with a tilde bracket, (¥p|¢), and we use a tilde plus subscript r to denote quantities

obtained from a robust shadow protocol, (U7|®),.

8.3.1 Robust Matchgate shadow protocol

Refs. [54, 168] developed a “robust shadow protocol”, showing that when the quantum noise
is gate-independent, time-stationary, and Markovian (GTM), and the state preparation of p
is perfect, a noise-free expectation value can be obtained. The protocol works by replacing
the eigenvalue(s) f of M with modified value(s) fthat compensates for the effect of noise.
The robust scheme uses additional shadow-like circuits to estimate the value(s) of ]7 It
can be viewed as passive error mitigation, as the updates are made purely in the classical
post-processing of the shadow expectation value. The framework was originally applied to
global and local Clifford shadows. Recently, two separate works extended the robust shadow
protocol to the Matchgate setting [336, 346]. The latter of these works observed a close
connection between the circuit used for the robust Matchgate shadow protocol and prior

work on Matchgate randomized benchmarking [125].
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The robust Matchgate shadows protocol [336] estimates {fo;} using the following steps:
i) prepare the all-zero state |0) on a quantum computer; ii) sample ) € B(2n) and apply the
Matchgate circuit Ug to |0); iii) measure in the computational basis and collect measurement
outcomes |b). The expressions used to calculate {fo;} from these measurement outcomes are
given in the appendix of the paper. The sample complexity is asymptotically equivalent to
that used in the noiseless case [336].

The established robust shadow scheme focuses on mnoise in the shadow unitary (Ug
in Fig. 8.1a), and does not mitigate any noise occurring during state preparation (Vp in
Fig. 8.1a). We extend the method to (partly) account for noise that occurs during the state
preparation unitary. In QC-AFQMC, we evaluate the overlap amplitudes by measuring clas-
sical shadows of an equal superposition state \%(WT) + ]0)). This state is prepared via
a circuit that first generates a superposition of the Hartree-Fock state with |0) state, and
then applies a unitary Vi, such that Vp|Ugp) = |¥7) and Vp|0) = |0) [237]. As discussed
above, to estimate the values of {j;l} required in the robust Matchgate protocol, we apply
a Matchgate shadow circuit to the initial state |0). We can partially account for the noise
in the state preparation circuit in the following way. We minimally alter the QC-AFQMC
circuit in Fig. 8.1a, such that it measures {f;l}, by removing the initial Hadamard gate. In
a noiseless setting, this modified version of Vi would still result in p = |0) (0|, as required.
In the noisy setting, we can treat the noise as originating in the Matchgate circuit, which
is then mitigated by the robust protocol. While we do not yet have a full mathematical
characterization of the noise models that can be mitigated by our enhanced robust Match-
gate shadows technique, we demonstrate the efficacy of this approach through numerical

simulations and experiments on quantum hardware, presented in the following subsection.
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8.3.2  Noise resilience of overlap amplitudes and their ratios

As discussed previously, all of the key quantities used in the AFQMC algorithm, e.g., the local
(Ur|di)

energy, can be expressed as linear combinations of the ratio of overlaps Trlo Hence we
J

can view the propagation in imaginary time as being driven by these overlap ratios. We can
estimate the individual overlaps from Matchgate shadows. In this section, we experimentally
probe the impact of noise on both the overlap amplitudes, and their ratios by measuring
these quantities via Matchgate shadows implemented on the IBM Hanoi superconducting
quantum computer. As a test system, we consider the hydrogen molecule in its minimal
STO-3G basis, mapped to four qubits via the Jordan-Wigner transform. We use a trial state
of the form |¥7) = «|1100) 4+ £]0011), which is a linear combination of the Hartree-Fock

configuration and double excited state, respectively.

Evaluating the overlap amplitudes

We compute the overlaps (¥p|p;) between the trial state and 16 randomly sampled Slater
determinants, using Eq. 8.8, as a function of the number of Matchgate shadows used. We
consider both noisy Matchgate shadows, and those corrected using the robust Matchgate
shadow protocol introduced in Sec. 8.3.1.

In Fig. 8.2 (upper panel) we show the mean absolute error (MAE) of the noisy and
noise-robust overlaps, with respect to the ideal noiseless value. We observe that the noisy
results differ significantly from the true values, and their accuracy is limited by the effects of
noise. The two robust shadow approaches (accounting for state preparation error (SP) and
not accounting for it) mitigate the impact of hardware noise. In particular, compensating
for the effects of state preparation noise results in a much smaller deviation from the ideal
noiseless values than the standard robust approach. This observation signifies the importance

of considering the state preparation noise when using robust shadows on quantum hardware.
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Figure 8.2: The mean absolute error (MAE) of overlap amplitudes (U7|¢;) and overlap ratios

gz—m w.r.t. the number of Matchgate circuits, varying from 40 to 10,000. A total of 16,000
]
Matchgate shadow circuits are used in this experiment, each using 1024 measurement shots.
The raw experimental results (“Exp.”) and noiseless simulation (“Noiseless”) are plotted in
orange circles and blue crosses, respectively. For the two robust protocols (“RShadow” and
“RShadow (SP)”), we allocated another 16,000 Matchgate circuits for each to determine the

coeflicients fo;, thus doubling the measurement cost.
Noise resilience in the evaluation of overlap ratios

Using the results presented in the previous section for {(Up|#;)}, we can compute the 120

possible ratios of overlaps originating from the 16 Slater determinants sampled. In Fig. 8.2
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(lower panel) we show the MAE of these overlap ratios with respect to the ideal values. We

observe the following behavior

(Uplo))  (Yrlen), _ (Ul

~

(Urlo;) ~ (Urlog),  (Prle))

, (8.9)

when the number of shadow circuits exceeds 100. This is an indication of noise resilience
in evaluating the overlap ratios, suggesting that the robust shadow protocol may not be
required for QC-AFQMC. We provide theoretical justification for these observations below.

The first (approximate) equality in Eq. 8.9 will not hold for all noise models, as the
robust Matchgate shadow protocol is only guaranteed to correct the effects of noise if its
assumptions (GTM noise, noiseless state preparation) are satisfied. Nevertheless, for cases
where the robust Matchgate protocol is able to correct the effects of noise the equality of
the ratios follows directly. In our experiments, we found that the robust Matchgate protocol
was able to correct the individual overlaps up to a small residual error attributed to residual
state preparation noise. This leads to the approximate equality between the ratios.

The second (approximate) equality shows that the ratio of any two uncorrected overlap
amplitudes (which are themselves inaccurate, see Fig. 8.2 (upper panel)) yields the same
results as ratios of overlaps computed via the robust Matchgate protocol. To understand

this result, we first restate Eq. 8.8 for computing the overlap in the absence of noise

n
Uplp) =25 71 R tr[ 0|11 (UTZ)BU)],
(rle) ;f% 0oy T LI} Ol (U ) bl
and observe that |¢) (0] is an eigen-operator of Ily; in a subspace spanned by (-electron basis
states and the vacuum state with II9;(|¢)(0]) = bg;|#)(0]. The reason we restrict to this
subspace is that p is an equal superposition of |0) and |¥U7), and therefore the trace of p with
operators outside this subspace will necessarily be zero. This will still hold approximately

true when p is reconstructed from a finite number of classical shadows. This operator only
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appears in the classical post-processing step and is therefore not affected by noise. Therefore,

the noisy overlap amplitude can be expanded as

)i

where in deriving this equation, we have used tr (A./\/l_l(B)) = tr (./\/l_l(A)B), where

(\I!T|q§>%2< 3 f2l1b21> E_[{o|ufp){(b|tgle)] (8.10)
=0

Q~DB(2n)

operators A, B are in the subspace where M is invertible [326]. This expression, being very
similar to Eq. 8.7 of the Clifford case, has the sum over the channel index [ and walker
state |¢) separated into a product. In order to mitigate the effects of noise with the robust

Matchgate shadows approach, we could replace f,, 1 with fil

b

)

If the noise satisfies GTM assumptions (and state preparation is noise-free), Eq. 8.11 is able

Z><I§ from ‘ZA)><ZA)

these assumptions on the noise are not satisfied, robust Matchgate shadows may not be able

(U [6), ~ 2 <§ Elb%) 0-Eo KO‘UCE UQ’¢>] . (8.11)

to correct the effect of noise that manifests from the deviation of If

to perfectly recover the noiseless value. We can now observe that regardless of whether the

robust procedure is used, the terms corresponding to the sum over [ in Eq. 8.10 and Eq. 8.11
<%>” and <%>

(Yrloj), (Urlo;)
the prefactor will cancel between the numerator and denominator, leaving behind a ratio of

are both independent of |¢). As such, when computing the ratios

I

estimators o Igl(? )[. . ] that is identical for the robust case and the non-robust case. As
~ n

such, if the ratio of overlaps evaluated via robust Matchgate shadows is able to approximately

recover the noiseless results (as observed in our data), we conclude that the ratio of overlaps

evaluated via regular Matchgate shadows is also able to approximately recover the noiseless

value. This explains the data shown in Fig. 8.2 (lower panel).

We emphasize that the cancellation of the pre-factor found here, i.e., Z?:O f;llb% should

not be mistaken with that of the Clifford case, although they have a very similar form. This
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prefactor of Matchgate shadows, as a sum, contains the noise information of all (n+ 1) even
subspaces of the Matchgate channel. From the Clifford case, one might naturally think that
the cancellation for the Matchgate shadow is due to j;l = afy; where « is independent of /.
We verified that this is not the case by experimentally determining fgl. We observed that
a; could differ by up to 20% for different . Therefore, this cancellation should be credited
to the structure of |¢)(0|, namely being an eigen-operator of Ily;. If another observable,
without this property, were chosen, any observed noise resilience would have an alternative
origin. For example, Ref. [277] shows a similar contractive property in evaluating the ratios,
but only for noise models that ensure (0|ppoise|®) is zero, where ppgise 18 the noise corrupted
part of the density matrix.

As discussed above, robust shadows have been shown to correct for noise in the shadow
circuit, assuming noiseless state preparation [54|, or state preparation affected by global
depolarizing noise [144, 277]. In a realistic setting, the state preparation step may suffer
from more complicated noise which may prevent the technique from recovering the noiseless
result. We performed numerical simulations to compute overlap ratios for the water molecule
in a (4e, 40) active space (8 qubits). We employed asymmetric Pauli errors as the noise model
in this simulation (including in the state preparation circuit). The results, shown in Fig. 8.3

corroborate the analysis provided above. Specifically, we observe from the upper panel that

when computing (U|¢;) the results differ significantly from the noiseless value. In contrast,

when computing (¥r|¢;), using the robust Matchgate protocol (with compensation for state
preparation error) we are able to almost recover the noise-free value. We attribute the
deviation from the noiseless value to the presence of some residual state preparation error,
which violates the assumptions of the robust shadow protocol. In contrast, from the lower
panel we observe that the ratios of overlaps evaluated via the robust Matchgate shadow
protocol are no more accurate than those evaluated using the regular Matchgate shadow

protocol. Moreover, both of these values deviate from the noiseless value by a small error
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Figure 8.3: The MAE of estimating overlap amplitudes and overlap ratios w.r.t. the number
of Matchgate shadow circuits for the water molecule (8 qubits). These results were obtained
through numerical simulations under single-qubit asymmetric Pauli noise, where the Pauli-
X, Z and Y error rates are set to 1, 3, 2%, respectively.

due to residual (uncorrectable) state preparation noise. In the case of coherent errors during

state preparation, we effectively prepare ‘{IVIT> = U |¥p) for some unitary U. As such, while

<\£T\|/¢i> ~ <\£T\|/¢i>r , neither ratio would likely recover the noiseless
(Urlo;)  (Prlo;),

we would still observe that
value.

Overall, the results of this subsection highlight a limitation of the robust Matchgate
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protocol, and its use in QC-AFQMC. Nevertheless, these results should be seen as an attrac-
tive feature of QC-AFQMC, as they suggest that the algorithm, driven by overlap ratios, is

naturally resilient to the impact of many types of noise.

8.3.8  Computing ground states with QC-AFQMC

Having established the inherent noise resilience of the overlap ratios that drive the AFQMC
algorithm, we demonstrate that this property contributes to noise resilience in the overall
algorithm. We first compute the dissociation curve of the four-qubit hydrogen molecule
studied in the previous subsections using the QC-AFQMC algorithm implemented on the
IBM Hanoi superconducting quantum processor. We then apply the QC-AFQMC algorithm
to compute the ground state of an NV center in diamond, using the Aria trapped ion quantum
processor from IonQ. In both settings, we emulate practical applications of QC-AFQMC by
assuming a trial state generated by an imperfect VQE calculation. In both cases, we use a
tailored UCCSD ansatz, which was optimized until the energy was approximately 30 ~ 80

mHa higher than the FCI reference.

Hydrogen molecule dissociation

In Fig. 8.4 (upper panel) we show the ground state energies obtained from QC-AFQMC at 5
different molecular geometries. If we target an error e = 10™2 on any overlap, with > 99.99%
confidence, the rigorous sample complexity bounds presented in Eq. 8.5 imply the need to use
~ 1.1 x 10° shadow circuits (with one measurement shot per circuit). As shown in Fig. 8.2,
it was sufficient to use only 16000 circuits for each bond length, suggesting the bounds of
Eq. 8.5 are overly pessimistic for the small system studied here. Given the noise resilience
observed in evaluating the overlap ratios, the use of robust shadows was not necessary. In
our AFQMC calculations, we used 4800 walkers for all numerical data presented here to

1

ensure a negligible variance, and a time step A7 = 0.005 H.a.”" resulting in a negligible
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error. We chose the initial walker state to be the Hartree-Fock state, for each of the five
distances studied here. The calculation was parallelized across 4800 CPU cores, as discussed
in more detail below.

In the interest of conserving computational resources, only two of the five data points
(solid points) were obtained using the scalable Matchgate shadows approach outlined above.
The remaining three data points were obtained using an exponentially scaling approach
used in Ref. [144], that is ultimately more efficient than the scalable Matchgate approach
for small system sizes. We verified that the two schemes give the same results for overlap
amplitudes. Thus, the two Matchgate-obtained points are used as a complete evaluation
of the practicality of the algorithm, while the remaining three points are only presented to
confirm the accuracy of the algorithm in the presence of hardware noise.

We observe that all five QC-AFQMC calculations converge to within chemical accuracy
of the FCI reference value, even without the use of the robust shadow protocol. In Fig. 8.4
(lower panel) we show the variation in energy as a function of imaginary time for the 0.75
A geometry. There is little observable difference (~ 0.1 mHa) between the noisy experiment
and its noiseless classical emulation.

We further note that even when the state preparation suffers from coherent errors, the
QC-AFQMC algorithm is still able to recover accurate ground state energies, providing
the effective quantum trial state |{IVIT>7 reconstructed from the noisy shadows, does not
appreciably deviate from |Wp). This is a result of the dissipative nature of the imaginary
time process emulated by AFQMC, which will drive any initial state towards the ground
state. This further enhances the inherent noise resilience of the QC-AFQMC algorithm.

We emphasize that even for the hydrogen molecule in a minimal basis set, executing the
QC-AFQMC algorithm using Matchgate shadows requires a substantial amount of resources,

with classical computation dominating over the quantum subroutine. It was necessary to
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Figure 8.4: Estimations of the ground state energy of the hydrogen molecule at 5 differ-
ent bond distances (upper). The QC-AFQMC calculation run on the IBM Hanoi quantum
computer (solid and hollow orange circles labeled “exp.”) converges within chemical accuracy
for all distances (see inset), with a difference of ~ 107% H.a. from its simulated noiseless
counterpart (blue crosses). As discussed in the main text, filled circles denote results ob-
tained with the scalable Matchgate shadows approach, while the empty circles denote results
obtained with the non-scalable approach. The quantum trial state is obtained from a noisy
VQE simulation (purple diamond). An imaginary time evolution at 0.75 A is plotted in the
lower panel, where the auxiliary fields sampled at each time step are synchronized between
the raw noisy experiment and noiseless reference.

perfectly parallelize the classical AFQMC propagation, with one walker per CPU core? (this

2. Intel Xeon Platinum Processor.
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is only possible when not using population control). For each walker, it took approximately
1 minute to post-process the shadows from 16000 circuits in each timestep. As each step
of the AFQMC algorithm must be performed sequentially, it could take up to hours or
even days to complete the full evolution. This total runtime partly comes from the large
number of shadows, which plays the role of a pre-factor and could be further improved
by implementing additional parallelization among the shadows, for example, processing the
shadows corresponding to a single walker in parallel across a number of cores, rather than
sequentially on the same core. The total runtime also stems from a scaling as high as O(nS)
to evaluate the local energy of each walker. This high cost presents a practical concern for

scaling this algorithm to larger systems of practical interest.

Nitrogen-vacancy center ground state

We applied the QC-AFQMC algorithm to study the electronic states of a point defect in a
solid. We chose the NV center in diamond, which is widely considered a promising candidate
for quantum sensing and has recently been applied to imaging high-pressure phase transi-
tions [138] and superconducting systems [35]. To obtain multireference states we employed
a quantum defect embedding theory (QDET) [285], which allows us to derive an effective
Hamiltonian H.g, by defining an active space. This effective Hamiltonian is used as the
starting point of the QC-AFQMC calculation.

Although it has been shown [140] that a rather large active space is needed to fully
converge the computed neutral excitation energies, here we only chose a minimum model of
(4e, 30) to carry out the QC-AFQMC calculations, as a proof of principle. The ground state
has a 3Ay irrep due to the C3, symmetry of the defect and its wavefunction can be written

as

13 45) = % (|araresey) + |a1aresey)) (8.12)

where a7, e denotes the irrep of the single-particle orbital and the bar symbol represents the
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Figure 8.5: The QC-AFQMC calculation of an NV center in diamond using a noiseless
quantum simulator (blue crosses), and the Ion(Q) Aria quantum computer (orange circles).
Converged results of both have an error in the order of 1 meV compared to classical reference.
The inset shows an atomistic model of the defect center. Note that the y axis scale is now
in eV due to the effective Hamiltonian being downfolded.

spin-down channel. In Ref. [139], a subset of the current authors investigated this system
using VQE and found that error mitigation techniques were necessary to obtain an accurate
ground state energy. Here, we use the tailored UCCSD ansatz as the quantum trial state for
our QC-AFQMC calculations.

In QC-AFQMC, we used 4000 shadow circuits (with 100 shots each), 4800 walkers and an
imaginary time step of A7 = 0.4 H.a.”1. As can be seen from Fig. 8.5, the results obtained
on quantum hardware (orange curve) agree with the noiseless reference (blue curve), which
is within our expectation, given the noise resilience discussed in Sec. 8.3.2. Both curves
converge to the classical reference FCI limit, which has been renormalized to zero.

The computation was again fully parallelized, with one walker per physical CPU core
(4800 physical cores total). The total runtime required for 400 time steps was approximately
1.5 hours.
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8.4 Discussion

As we discussed in Sec. 8.1, variational algorithms like VQE have been the methods of
choice for quantum chemistry problems on near-term quantum computers. The QC-AFQMC
scheme discussed here is complementary to VQE. Specifically, QC-AFQMC could be viewed
as an error mitigation technique for VQE, where both the inaccuracy of the ansatz used and
the noise effects would in principle be corrected by imaginary time evolution. In turn, the
quantum trial state used in the QC-AFQMC algorithm could come from VQE calculations
(in a smaller subspace, or for a reduced problem size). However, one notable difference from
the VQE ansatz is that the quantum trial preparation circuit needs to satisfy Vp|0) = |0),
if following the approach used in this work. This additional constraint prevents the use
of some popular ansatz circuits in VQE, such as qubit coupled cluster [271], and circuit
simplification techniques [126]. For some ansatz circuits it may be possible to circumvent
this limitation by introducing another ancilla qubit, and controlling the implementation of
the ansatz (which can often be done by controlling select gates, rather than every gate),
following the procedure in App. E of Ref. [336].

The possibility of achieving exponential quantum advantage in solving quantum chem-
istry problems remains controversial [182]. This is arguably not the direct aim of QC-
AFQMC, given that phaselesssAFQMC is already a polynomially scaling method. Instead,
the motivation of ph-QC-AFQMC is that the trial state used may provide energies with
smaller biases than the purely classical algorithm. A full comparison requires an improved
understanding of the advantages offered by quantum trial states over classical trial states.
As a proxy for this, we could compare the cost of classical methods using state-of-the-art
techniques [56, 247, 283, 331], such as Multi-Slater trial states. Two popular implemen-
tations using Wick’s theorem have the following scaling for evaluating the local energy,
O(MXn? + MXN,) [208] and O(MXn* + MN,) [207], where M, X, N, are the number

of walkers, Cholesky vectors, and Slater determinants in the trial, respectively. This can
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Figure 8.6: Prediction of the runtime estimation of classical post-processing for a single
time step in the QC-AFQMC algorithm performed on a single CPU core. These results
were extrapolated from the runtime of post-processing results from hydrogen. We make
the optimistic assumptions that the error thresholds ¢,0 in classical shadows do not need
to decrease, and that the number of walkers does not need to increase, as the system size
increases. The scaling is dominated by the local energy estimation. The system sizes are
quantified using active spaces, taken from literature [10, 100, 217, 257, 271].

be compared against the complexities of the quantum algorithm, which is summarized in
Table. 8.1 for the three different proposed approaches for measuring the overlap amplitudes.
We see that the classical algorithms are more efficient in n than the classical shadows-based
quantum algorithms, which scale as (’)(n8). As such, the quantum trial state would need
to lead to a much smaller bias than a classical multi-Slater trial state with a large number
of determinants to be practically advantageous. It is currently an open question as to what
kind of quantum trial state is best suited for QC-AFQMC. The only criterion adopted so far
is the trial state energy (Vp|H|¥7), but there might exist other, better-suited criteria.
While Matchgate classical shadows are formally efficient, they introduce a large post-
processing cost. This presents a practical challenge for scaling up the QC-AFQMC algorithm

to larger system sizes. To highlight this, in Fig. 8.6 we present the classical runtime for
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post-processing a single timestep of the QC-AFQMC algorithm. Numerical results were
obtained for hydrogen and then extrapolated to larger system sizes using the scaling of
the QC-AFQMC algorithm. The results show that our implementation of the algorithm is
only realistic up to four spin-orbitals (water). The numerical results assume a fixed number
of walkers (4800), and allocate 1 physical CPU core to each walker. Within each CPU,
computation associated with postprocessing the results of each of the shadow circuits can
be further parallelized. While not investigated in this paper, parallelization between shadow
circuits can potentially speed up the classical runtime. For example, using one million CPU
cores [250] would drive the classical post-processing of benzene toward a realistic regime,
of around 6 hours per time step. Nevertheless, for larger systems such as FeMoco, further
optimizations in the algorithm and/or classical post-processing are still required to become
practical. Compared to the classical shadows approach, the Hadamard-test based approach
of Ref. [338| reduces the cost of classical post-processing. However, this comes at a price
of an increased number of quantum circuit repetitions (scaling linearly with the number of
walkers), leading to similar measurement bottlenecks as observed for VQE methods [104].
In addition, this approach requires iterative communication between quantum and classical
processors, which may be subject to latencies. As such, despite the higher classical post-
processing costs of the classical shadow based approach, we currently view it as the more

promising approach to QC-AFQMC.
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Finally, it has been acknowledged [144] and highlighted [215] that the overlap ampli-
tudes (Up|¢) are expected to decay exponentially with system size. Although it remains
to be explored how inaccuracies in evaluating each overlap would affect the accuracy of
AFQMC [162|, this generally means an exponentially large number of measurements is
needed to control the uncertainty in estimating these overlaps. Establishing the practi-
cal viability of QC-AFQMC will require developing an improved understanding of these

challenges, and their possible solutions.

8.5 Conclusions

In this work, we carried out the first end-to-end experimental evaluation of the recently
proposed Matchgate shadows [200, 326] powered QC-AFQMC algorithm for quantum chem-
istry [144|. We observed that the algorithm is inherently noise robust, which we find to
be a consequence of the natural noise resilience of evaluating overlap ratios via Matchgate
shadows. We provided a theoretical explanation for this observed phenomenon, which also
elucidates limitations in recently proposed robust Matchgate shadow protocols. We also
developed improvements to those protocols which can mitigate state preparation noise, and
may be of independent interest. Nevertheless, despite the tantalizing noise resilience of the
algorithm, our optimized practical implementations have uncovered a number of challenges
to the scalability of the algorithm. Most prominently, while the Matchgate shadows protocol
is asymptotically efficient, its high degree polynomial scaling for evaluating the local energy
necessitates significant parallel compute resources for classical post-processing. We estimate
that for larger molecules, we would require significant amounts of classical post-processing,
as shown in Fig. 8.6. As such, future work should focus on developing new methods for effi-
ciently computing the local energy in QC-AFQMC, with lower post-processing costs. Many
open questions remain about the best trial states to use for QC-AFQMC, and how to ensure

non-vanishing overlaps between the trial state and walker states. The merits of QC-AFQMC
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found in this work, together with these open research questions, motivate the importance of

further study of this algorithm applied to larger system sizes, on real quantum devices.
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CHAPTER 9
CONCLUSIONS

In this dissertation, we presented research projects that fall within two interwoven themes:
i). first-principles studies of the electronic, optical, and mechanical properties of spin defects
in semiconductors for the realization of quantum technologies; ii). development of quantum
algorithms for solving the electronic structure problem of molecules and materials on near-
term quantum computers.

The research presented in this dissertation heavily focused on solving real-world physical,
chemical, and material problems using spin defects, which directly impact their application
for quantum information technologies. Specifically, we studied the inter-system crossing
of NV centers under various stresses, combining state-of-the-art computational chemistry
and computational material science methods, to elucidate the defect’s ODMR resolution
for quantum sensing at high pressure and room temperature. We also verified for the first
time several assumptions regarding NV’s energy susceptibilities and optical spectrum widely
adopted by experimentalists. As different spin defects have dramatically different responses
to different environmental changes, we also studied the temperature dependence of the spin
properties of Vg in hBN, which has been experimentally demonstrated to be much more
sensitive than the NV center in diamond. We identified the underlying mechanism for
the temperature dependence to be second-order spin-phonon coupling and discussed the
isotope effects. We also went beyond quantum sensing applications and predicted that proper
strain could significantly increase the coherence time of group-IV vacancies by lifting the
degeneracy of ground and excited states and thus suppressing the spin-phonon relaxations.
The theoretical interpretation of experiment and our predictions for potential improvements
in the performance of spin defects as quantum information candidates greatly validate their
applicability and deepen our understanding of their physical properties.

Despite the success we’ve achieved, there are open problems in the current computational
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tools. For instance, the energy gaps predicted with conventional DFT are not always to
satisfactory accuracy, while more accurate methods have much worse scaling and can’t be
applied to large supercells or clusters. This inspired us to explore the use of quantum
algorithms on quantum computers to solve the electronic structure problem. We mostly
focused on using the variational quantum eigensolver method and test different fermion-to-
qubit mappings and ansatz schemes. An error mitigation technique called exponential-block
replication based on zero-noise extrapolation was developed that is compatible with all the
unitary coupled-cluster type quantum circuits. This technique can also be used in excited
state calculations. Although widely assumed to be fit for NISQ hardware, we realized that
even VQE suffers from serious noise problems. This promoted us to explore the use of
quantum Monte Carlo on quantum computers leveraging its stochastic nature to suppress
the effects of noise. We indeed witnessed a noise resilience in this approach but also were
confronted with a steep scaling in terms of classical post-processing. Therefore, there is still
a long way to go in the pursuit of realizing quantum advantage for application in the areas
of physics and chemistry.

Looking into the future, critical problems are awaiting to be solved to realize quantum

computational advantages in solving the electronic structure problem, including:

e Computing excited states: Lee et al. [182] cast shadows in achieving exponen-
tial quantum advantages in solving the ground state problem on quantum computers.
However, there is still hope for the solution of excited states. Current efforts in devel-
oping quantum computational chemistry algorithms mainly focus on the ground state
properties. Therefore, investing efforts to compute the excited state properties might

lead to better advantage of the power of quantum computation.

e Developing more efficient /universal circuits for state preparation: One com-
ponent connecting the NISQ era and fault-tolerant quantum computing (FTQC) in

terms of solving the eigenvalue problem is state preparation. Algorithms like quantum
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phase estimation executed in FTQC are widely acknowledged to have a polynomial
scaling. But to achieve this scaling, the initial input state should have a decent overlap
with the true eigenstate solution. This however is not trivial to realize and we don’t
yet have a universal ansatz to prepare (correlated) states for quantum chemistry, nor

a good metric for that.

Solving hybrid fermion-boson systems: The memory advantages in representing
correlated wavefunctions using a linearly scaling number of qubits would benefit not
only fermionic systems but also hybrid fermion-boson systems. However, a mapping

between the bosonic degrees of freedom and qubits needs to be carefully designed.
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