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ABSTRACT

Statistical inference plays a crucial role in realizing large-scale intelligent systems that can
learn safely and efficiently. This thesis presents two interesting yet challenging problems of
modern statistical inference.

In the first part, we consider statistical inference for estimation in online settings. Model
parameter estimation through optimization is a classical problem in statistics and machine
learning. Algorithms based on stochastic approximation, particularly stochastic gradient
descent (SGD) and its variants, have emerged as the workhorses for solving such problems
in modern statistical and machine learning. Despite SGD’s tremendous success in practical
applications, one cost of the SGD algorithm is the uncertainty of solutions. A crucial aspect
of this thesis is to understand the variability inherent in these solutions and perform practical
statistical inference. We will discuss both theoretical aspects of inference as well as methods
to conduct practical inference. From the theoretical perspective, topics include studying the
limiting distribution, where we extend the classic asymptotic normality results for averaged
SGD to a general case of weighted averaged SGD. Beyond asymptotic distribution, we also
study the concentration properties of SGD solutions under heavy-tailed noise settings. To
provide a practical methodology, we introduce an approach to estimate the limiting covari-
ance matrix of SGD estimates in an online fashion and construct confidence intervals as
a byproduct. When only confidence intervals are of interest, we further introduce a more
computationally efficient way to construct confidence intervals directly without estimating
the covariance matrix and enable testing related to high-level confidence.

In the second part, we consider the problem of goodness-of-fit (GoF) testing for paramet-
ric models. This testing problem involves a composite null hypothesis, due to the unknown
values of the model parameters. In some special cases, co-sufficient sampling (CSS) can
remove the influence of these unknown parameters via conditioning on a sufficient statis-
tic—often, the maximum likelihood estimator (MLE) of the unknown parameters. And the

xiil



recent approximate co-sufficient sampling (aCSS) framework replacing sufficiency with an
approximately sufficient statistic (namely, a noisy version of the MLE) to recovers power in
a range of settings where CSS leads to a powerless test, but can only be applied in settings
where the unconstrained MLE is well-defined and well-behaved, which implicitly assumes a
low-dimensional regime. We extend aCSS to the setting of constrained and penalized maxi-
mum likelihood estimation, so that more complex estimation problems can now be handled

within the aCSS framework, including those in high-dimensional settings.

Xiv



CHAPTER 1
INTRODUCTION

In this thesis, we present two problems of modern statistical inference: statistical inference
in online settings using stochastic gradient descent and goodness-of-fit testing in a high-

dimensional setting.

1.1 Statistical inference using stochastic gradient descent.

In the first part, we consider statistical inference for estimation in online settings. Model
parameter estimation through optimization of an objective function is a fundamental problem
in statistics and machine learning. Here we consider the classic setting where the true model
parameter z* € R? can be characterized as the minimizer of a convex objective function
F:RY SR, e,

*

" = argmin F(z). (1.1)
zeR?

The objective function F(z) is defined as F(z) = E¢opf(7,§), where f(z,§) is a noisy
measurement of F'(z) and ¢ is a random variable following the distribution II. For example,
in linear regression, the coefficient can be modeled as the minimizer of the expected squared
loss. In logistic regression, a linear classifier is derived by minimizing the expected log loss.

In recent years, huge data sets and streaming data arise frequently. Classic deterministic
optimization methods that require storing all the data are not appealing due to expensive
memory cost and computational inefficiency. To resolve these issues, one can apply the
Robbins-Monro algorithm [Robbins and Monro, 1951|, also known as Stochastic Gradient
Descent (SGD), especially for online learning [Bottou, 1998, Mairal et al., 2010, Hoffman
et al., 2010]. Setting x( as the initial point, the i-th iteration of the SGD algorithm takes
the following form

v =xi_1 —n;Vf(r;-1,§), 1 > 1, (1.2)
1



where {£;};>1 is a sequence of i.i.d samples from the distribution II, Vf is the gradient
of f(x,&) with respect to the first argument x, and 7; is the step size at the i-th step.
This recursive adaptive algorithm performs one update at a time and does not need to
remember outcomes in previous iterations. Therefore, it is computationally efficient, memory
friendly, and able to process data on the fly. Despite SGD’s tremendous success in practical
applications, one cost of the SGD algorithm is the uncertainty of solutions. A crucial aspect
of the research in this thesis is to understand the variability inherent in these solutions and
perform uncertainty quantification.

The first natural question pertains to characterizing the distribution of SGD solutions.
In Chapter 2, we establish the asymptotic normality of generalized weighted averaged SGD
solutions under a set of mild assumptions. This extends and refines the results in the seminal
work associated with Polyak-Ruppert averaging.! In addition to asymptotic distributional
guarantees, practitioners often seek assurances regarding the performance stability of a single
trial of an algorithm. This underpins the research in Chapter 3, where we explore the
concentration properties of SGD solutions.? Traditional concentration analyses often impose
restrictive conditions on the gradient noise, such as boundedness or sub-Gaussian traits.
We consider a broader class of noise where only finitely many moments are required, thus
accommodating heavy-tailed noise.

The next question is how to perform practical inference leveraging theoretical distribution
characteristics. In Chapter 4, we discuss the estimation of the asymptotic covariance.? This
task is particularly challenging due to the dependencies between SGD iterates and the goal
of maintaining computational and memory efficiency in a fully online context. We introduce

a fully online estimator for the asymptotic covariance of the averaged SGD (ASGD), which

1. The paper corresponding to the work discussed in this chapter is available on arXiv:2307.06915

2. The paper corresponding to the work discussed in this chapter was published in Journal of Machine
Learning Research 23 (46), 1-22

3. The paper corresponding to the work discussed in this chapter was published in Journal of the American
Statistical Association 118 (541), 393-404



is also extendable to other SGD variants. This method possesses two key attributes. First,
it utilizes solely the SGD iterates without the need for additional information. Second, it
updates recursively with the arrival of new data, thereby aligning with the online nature of
SGD while maintaining desired computational and memory efficiencies. With the estimated
covariance matrix and asymptotic normality results, one can construct asymptotically ex-
act confidence intervals. In tasks where only a confidence interval is needed and not the
covariance matrix, we introduce a more computationally efficient method in Chapter 5.4
The approach involves dividing the original SGD path into K independent and identically
distributed runs. Based on the final estimates from these sequences, a t-statistic and t-based
confidence interval is constructed. This method is free from covariance matrix estimation,
requires minimal extra computation and memory beyond SGD updates, and provides valid

coverage at exceedingly high confidence levels.

1.2 Goodness-of-fit testing.

In the second part, we will study Goodness-of-fit (GoF) testing. GoF testing is an essential
statistical method, widely used in various fields such as biology, economics, engineering, and
finance, to assess whether the observed data follows a certain pattern or distribution that is
expected based on theoretical assumptions. Given data X belonging to some sample space

X, the fundamental problem addressed by GoF is the question of testing the null hypothesis

Hy : X ~ Py for some 0 € O, (1.3)

where {Fy : 0 € © C Rd} is a parametric family, versus a more complex (usually higher-
dimensional) model. For example, we may be interested in testing whether a logistic regres-

sion model is appropriate for our binary data X = (Xi,...,Xy) (in the presence of some

4. The paper corresponding to the work discussed in this chapter is available on arXiv:2401.09346



covariates), or whether a more complex—perhaps even nonparametric—model is needed.
In Chapter 6, we will reduce the testing problem to a sampling problem How can
we generate copies X(l),...,X(M) of the observed data X such that, if Hq is true, then
X, X(l), - XM gre (approximately) exchangeable?5 The difficulty of the problem lies in
the composite null or unknown true parameter. We will provide an overview of related
sampling techniques including co-sufficient sampling (CSS) and approximate co-sufficient
sampling (aCSS). These methods avoid this issue by conditioning on a sufficient (or approx-
imately sufficient) statistic for the unknown 6, but are not suited for addressing challenges
such as high dimensionality. We will then introduce an extended version of aCSS that can
accommodate more complex problems where robust and accurate parameter estimation is

needed, particularly in high-dimensional settings.

1.3 Notation

Here we list notations that we will use throughout the thesis. For notations that will be
used only in a specific chapter, we will introduce them therein. For a vector v, ||v||g denotes
the ¢p norm (the number of nonzero entries), and ||v||; denotes the usual ¢; norm for 1 <
q < co. For a matrix A = (a;;) € R | A|p denotes its Frobenius norm ||Al|p =
<Z§i:1 Z;-lzl a%)l/Q, |All2 denotes its operator norm [[Allz = max),,<1 [[Azll2, tr(A)
denotes its trace, Amax(A4) and Apin(A) denotes its largest and smallest eigenvalues. We
use I; to denote a d x d identity matrix, and 1, to denote the vector in R with all entries
1. We use 1{&} to denote the indicator variable for event £. For ¢ € R, |t] is the largest
integer less than or equal to ¢, and [¢] is the smallest integer greater than or equal to t.
For positive sequences {an},cn and {bn},cn: an S bp means there exists some constant
C such that a, < Cb, for all large n, and a, =< b, if both a,, < b, and b, < a, hold.

For notational simplicity, we use notation C' for constants which can take different values

5. The paper corresponding to the work discussed in this chapter is available on arXiv:2309.08063
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in different equations. For a sequence of i.i.d. sample {¢;};>1 from some distribution II, we
define conditional expectation E,,(-) = E(-|F;,) and conditional probability P, (-) = P(:|Fp).
, where F, is o-algebra generated by {&;}i<y,. Moreover, we use = to denote convergence

in distribution. Lastly, we use O to denote the Big-O notation.



CHAPTER 2
ASYMPTOTIC NORMALITY FOR WEIGHTED AVERAGED
STOCHASTIC GRADIENT DESCENT

2.1 Introduction

The asymptotic convergence of SGD iterates has been studied extensively in the early years
[Blum, 1954, Dvoretzky, 1956, Sacks, 1958, Fabian, 1968, Robbins and Siegmund, 1971,
Ljung, 1977, Lai, 2003]. To further investigate the asymptotic distribution of SGD, Polyak
and Juditsky [1992] and Ruppert [1988| introduced the averaged SGD (ASGD), a simple
modification where iterates are averaged, and established the asymptotic normality of the
obtained estimate. It is known that ASGD estimates achieve the optimal central limit the-
orem rate O(1/4/n) by running SGD for n iterations under certain regularity conditions.
However, it is not optimal from a non-asymptotic perspective [Moulines and Bach, 2011,
Needell et al., 2014]. Moreover, for non-smooth objective functions, neither the final iterate
nor ASGD can achieve the optimal convergence rate. To address these issues, various modi-
fied versions of ASGD have been proposed, such as suffix averaging [Rakhlin et al., 2012] and
polynomial-decay averaging [Shamir and Zhang, 2013] for non-smooth problems, exponential
weighted moving average (EWMA) for capturing time variation, elastic averaging in parallel
computing environments [Zhang et al., 2015] and a simple weight proportional to O(n) for
the projected stochastic subgradient method [Lacoste-Julien et al., 2012].

As mentioned earlier, employing a suitable averaging scheme in specific settings can help
accelerate convergence and necessitates only a straightforward modification to the original
SGD algorithm. In this chapter, we will delve deeper into the characteristics of averaging by
examining a comprehensive averaging scheme. Our main objectives include understanding
the variability and statistical efficiency of a general weighted averaged SGD. Under certain

mild assumptions, we establish the asymptotic normality of these general weighted averaged
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SGD solutions. This result is applicable to a wide range of existing algorithms, including the
polynomial-decay and suffix averaged SGD. Beyond asymptotic normality, we also investigate
finite sample convergence. When considering finite sample MSE, it is challenging to identify
a single averaging scheme that is optimal for all objective functions. To gain insights, we
examine the linear model to derive adaptively weighted SGD iterates that minimize the finite
sample MSE. Our findings indicate that the optimal weight derived from the linear model
not only achieves the optimal statistical rate but also exhibits favorable non-asymptotic

convergence on other models.

2.2 Main results: asymptotic normality

Recall the problem in (1.1), i.e.,

¥ = argmin F(z),
zeRY

where F'(z) is defined as F'(z) = E¢ o1 f (2, ), f(2,€) is a noisy measurement of F'(z) and § is
a random variable following the distribution II. The SGD sequence {z;};>1 is defined in (1.2).
Denote 7y, as the uniform average, i.e., &, = (1/n) > ;" ;. Under certain assumptions and

conditions, Polyak and Juditsky [1992] shows that
V(zn — %) = N(0,A71547 1), (2.1)

where A = V2F(z*),S = E([Vf(z*, O)|[Vf(z*,€)]T). In this chapter, one of our goals is to

establish the asymptotic normality for the general weighted average

n
IS E W ;%4
i=1



where wy, ; denotes the weight of z; after the n-th update, 1 < ¢ < n. Define gradient noise
¢, = VF(zj_1) — Vf(x;_1,&). We leverage the martingale CLT on /n Y 1, wnyiA_lei to

obtain the conclusion: under certain assumptions, we have
Vi@, — %) = N(0,wA~1SA™T),

where w = limy, 00 nngzl(wn’i)z. This result holds for many existing averaging schemes,
as well as the adaptive averaging in Section 2.4.2.

We begin by introducing several assumptions.

Assumption 2.2.1. The objective function F(x) is continuously differentiable and strongly

convexr with parameter p > 0. That is, for any r1 and xa,
1
F(x2) 2 F(x1) +(VF(21), 22 — 21) + 5|21 — wall3.

Further assume that V2F (x*) exists and VF(x) is Lipschitz continuous with parameter L,

i.e., for any x1 and xo we have,
IVE(z1) = VF(x2)|l2 < Ll|z1 — x2[|2.

Assumption 2.2.2. The function f(x,§) is continuous differentiable with respect to x for

any & and ||V f(x,€)||a is uniformly integrable for any .

Assumption 2.2.1 requires strong convexity and Lipschitz continuity, which are needed
to derive the asymptotic normality of ASGD solutions. These properties are also important
for obtaining the desired error bounds on SGD iterates and the asymptotic properties of
weighted averaged SGD. Assumption 2.2.2 ensures that Leibniz’s integration rule holds.

Consequently, ¢, = VF(zy_1) — Vf(x,—1,&n) is a martingale difference, i.e., E,_1(e,) = 0.



Assumption 2.2.3. Recall the gradient noise ¢, = VF(x;_1) — Vf(x;_1,&;). There exists

a constant C1 such that the fourth conditional moment of ey, is bounded as:
E 3) < O1(1+ [|6,-1]]3
n—1(llenll2) < C1(1 +[|6p-1l]2),

where 0, = xp — x* is the error sequence. In addition, the conditional covariance of €y
satisfies

1En—1(eneh) = Sll2 < Co(lldn-1ll2 + [|5n-1113),
for some constant Coy.

Assumption 2.2.3 is a mild condition concerning the boundedness of the loss function.
It holds when the (matrix norm of the) Hessian of f(z,¢) is bounded by some random
function H(¢) with a bounded fourth moment. Easily verified examples include linear and
logistic regression. Similar assumptions are proposed in Polyak and Juditsky [1992] for the
asymptotic normality of ASGD. We will also use these assumptions in later chapters.

With the aforementioned assumptions in place, we will now present our main results

regarding the asymptotic normality for a general weighted averaging scheme.

Theorem 2.2.4. Given SGD iterates in (1.2) with step size n; = ni~ < for some n > 0 and

0.5 < a <1, we consider a general averaging scheme:
n
Fo= ) wp i, (2.2)
1=1

where the weight wy, ; satisfies the following conditions:
LY qwp =1, Jwy ] < Cn~1 for some constant C'.

2. w=limy—oon Z?Zl(wn’iy erists.



Ly,

3. smoothness condition: for A = min(Apin (A)

21
n n k
dm > Y fwng = wnlniexp(=X 3 m) =0.
i=1 k=i+1 t=i+1

Then under Assumptions 2.2.1-2.2.3, the weighted averaged SGD is asymptotically normal
Vn(in — %) = N(0,wA~15471),

where A = V2F(z%), and S = E([V f(a*, ][V f(z*, €)]T).

The asymptotic covariance of the weighted average T, here is composed of a prefactor
w and the sandwich form A~'SA™1 (A71SA~! is the asymptotic covariance matrix of
ASGD). In the context of ASGD, where wy,; = 1/n, the prefactor w = 1, which aligns
with our results. The smoothness condition requires that the majority of weights should not
undergo drastic changes. A slightly stronger yet simpler condition is |wy, j11 —wp, ;| < Cn=2

for some constant C' > 0, as shown in the appendix.

2.3 Examples

In this section, we apply our results to two specific examples of averaging schemes: polynomial-
decay averaging [Shamir and Zhang, 2013| and suffix averaging [Rakhlin et al., 2012|. We also
modify suffix averaging to an online fashion. While these schemes are known for achieving
O(1/n) convergence rates in non-smooth settings, we will show that they are not statistically

optimal, with a constant prefactor that is strictly greater than unity.
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2.3.1 Polynomial-decay averaging

With a small number v > 1, the polynomial-decay averaging [Shamir and Zhang, 2013] is
defined as follows: given iterates {z;}:°,, define 21 = x1, and for any n > 1,
vy+1, . v+1

Tp—1+
7+n)n1 Y+n

Tn=(1- Tn. (2.3)

The recursion form in (2.3) can be rewritten as the weighted average &, = > ;' 1 wy, j2; with

weight wy, ; = 6, ; and

y+1 f[j—1_7+1Fw+i+DHn+U

Oni )
i g+ n Tly+n+10GE+1)

v i
v j=i+1

where I'(x) = fooo t*“le=tdt, z > 0, is the Gamma function. The weight wy, ; = 0y, ; satisfies

conditions in Theorem 2.2.4. Moreover,

+1)2
li 2 D7
im n Y (wy;) T

Therefore we have the following asymptotic normality:

Corollary 2.3.1. Consider SGD iterates in (1.2) with step size n; = ni~% for n > 0,
0.5 < a < 1, and polynomial-decay averaging Ty, defined in (2.3). Under Assumptions

2.2.1-2.2.3, we have

~ * (7 + 1)2 -1 -1

Since (7 +1)2/(2y 4 1) > 1, the covariance of polynomial-decay averaged SGD is larger
than that of ASGD.
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2.3.2  Suffix averaging

The r-suffix averaging in Rakhlin et al. [2012] is defined as the average of the last [rn]

iterates of {x;}7°, for 0 < k < 1,

Bp = Pflnl | > (2.4)

For k-suffix averaging, the weight wy, ; = 1/[kn] for i > (1 — k)n otherwise 0. The weight

satisfies conditions in Theorem 2.2.4 with

Therefore the r-suffix averaged SGD is also asymptotically normal.

Corollary 2.3.2. Consider SGD iterates in (1.2) with step size n; = ni~% for n > 0,

0.5 < a <1, and T, defined in (2.4). Under Assumptions 2.2.1-2.2.3, we have
1
Vi(E, — %) = N(0, EA_lsA_l).

Since 1/k > 1, the covariance of k-suffix averaged SGD is larger than that of ASGD.

Remark 2.3.3 (Online algorithm for suffix averaging). Since (1 — k)n depends on n, the k-
suffiz averaging cannot be computed on-the-fly. To enable online update, we modify the suffix
averaging procedure to an online method. We employ the concept of online batch scheme:
divide the rounds into blocks and track iterations within the current block (or the most recent
blocks). The block sizes are pre-defined based on various objectives and training parameters.
For a pre-defined sequence (am)m>0, we treat xq,, as the start of the m-th block. Let my
denote the block index for the t-th iteration, satisfying am, <t < am,41-

In the online suffiz averaging procedure, we partition the rounds into exponentially in-
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Average

ByiB, | B, B, , B,

Iterations

Figure 2.1: Realizations of online suffix averaging. Here ay,,m > 0, is the index of the
staring point of the m-th block.

creasing blocks, and maintain the average of the last two blocks; see Figure 2.1 for an
example of possible realizations. In particular, we set ay = |27 1] +1,m > 0. Then
By = {x1},B1 = {x2},By = {x3,24},Bs = {x5,26,27,28},..., and the end index of
the m-th block is 2™. We have my = [logat], i.e., 2™~ 1] < t < 2™ Given the se-
quence of SGD iterates x1,x9..., the online suffiz averaging procedure is defined as follows:

T1 = 1,29 = (21 + x9)/2, and for any t > 2

] 9[logy t]-1 t
T = W Z T + Z x| - (2.5)
k=2llos2t1-2 41 k=2lloga t]1-1 41

Note that 1/2 < (t — 2108281=2) /t < 3/4 for t > 3. Therefore, the online suffiz averaging
is a form of robust suffix averaging with 1/2 < k < 3/4, i.e., the average would always
correspond to a constant-portion suffix of all iterates. The online suffiz average Ty in (2.5)

can be updated recursively; see Algorithm 1.
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Algorithm 1: Online suffix averaging

Input: step sizes {n;}¢>1, initialization xg,m = 0,59 = 0,51 = 0;
fort=1,2,..., do

wt = a1 — V[ (-1,&);

if £ > 2 then

m=m+1, Sg =51, S1 =x¢;

else

S1 =51+ x¢;

end

Output (if necessary): iy = (So + S1)/(t — |2772))

end

2.4 Non-asymptotic mean squared error

In addition to the asymptotic distribution and statistical convergence rates, it is also im-
portant to consider finite sample performance when dealing with finite data problems or
when early stopping is desired. In this section, we will examine the optimal weight for a
linear model in terms of finite sample mean squared error (MSE), building upon the concept
of best linear unbiased estimation (BLUE). Furthermore, we will introduce a novel adaptive
averaging scheme based on insights from the mean estimation model. This particular scheme
is both statistically efficient with optimal variance, and has a fast finite sample convergence
rate, outperforming existing averaging schemes in the mean estimation model.

Given an SGD estimate 7, we can evaluate its non-asymptotic performance through its
MSE, i.e.,

MSE(&) = B[, — z*|3.

Consider the general weighted average Z, = Y 1 ; wy, ;. To find the optimal weight with
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respect to the finite sample MSE, we solve the following problem:

n
min E ciri — x¥|2. 2.6
I L DY R (26)

Given the “covariance” matrix X of the SGD sequence with ¥; ; = E((z; — x*)T(xj —a%)),

the solution to the above constrained optimization problem is

Zilld

c=-—7 -9 (2.7)
1Ty-11,

The solution depends on the correlation between SGD iterates and can vary across different
models. In this section, we examine the linear regression model, which provides insights into

the properties of an optimal weight in a generalized form.

2.4.1 Linear model

Consider the following linear regression model:
b; = a;x" + ¢ (2.8)

where x* denotes the unknown parameter of interest, ¢; across ¢ = 1,2, ... are i.i.d. from
standard normal distribution, and {& = (a;,b;)} denote the observed streaming data. To

solve the above linear regression problem, we consider the squared loss function
1 2
F(z) = E(f(2,&)) = E5(aw — b)7,
and SGD sequence with step size n; at the i-th iteration:

v = xi_1 — njai(a;z;—1 — b;). (2.9)
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Proposition 2.4.1. Consider the linear model in (2.8) and SGD sequence x; defined in

2

(2.9) with step size n1 = a; © and general n;,i > 1. The unique solution to the optimization

problem (2.6) is given by
eTp-lei,
c= ,
1feTD-1e1,

where D is a diagonal matriz with D; ; = (02%27712) and

1 0 0
2
noas —1 1 0 0
o=|""
0 0 0 mnpaz—1 1
More explicitly, . .
2 — —
a4 +n. ~—n.
e =~ n§ Bl <i<n-1,
n

where Sy =311 a2. And
1
MSE(Z Cn,ixi) = E
=1
The weights in Proposition 2.4.1 are adjusted by learning rate n; and data a;. However,

one characteristic of these weights is that the last weight is significantly larger than the

preceding ones.

2.4.2 A new averaging scheme: adaptive weighted averaging

In the special case of the mean estimation model, where a; = 1,Vi > 1, and if we choose a

polynomially decaying step size n; = i~ %, then the weights are given by:

Cni = +1 n(z+ ) 71§i§n—1,0n7n:na_l- (210)
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The weighted averaged SGD z,, with above optimal weights can also be easily computed

on-the-fly. When the number of iteration increases from n to n 4+ 1, we have

n
c =0y, 1 <i1<n-1.
n+1,1 nl b=t

Therefore we can obtain 7,41 through

n 1—(n+1)*

n—l—lxn n—+1

Tpal = an+ 4+ 1)1, (2.11)

The newly introduced averaging scheme, referred to as adaptive weighted averaging, effec-
tively decreases the weight of earlier iterates in comparison to the later ones.

From the definition of the optimal weight, the weight in (2.10) minimizes the finite sample
MSE among all possible weights for the mean estimation model. On the other hand, this
optimal weight (2.10) also satisfies the conditions in Theorem 2.2.4, except for the last weight
n® ! which is much greater than O(1/n). However, we have z,, — z* = O(n~%/2), so the
last weighted error term /ncpp(zn, — 2*) = O(n(@=1/2) will vanish as n — co. As a
result, the corresponding weighted averaged SGD still exhibits ideal asymptotic normality,
with the asymptotic covariance matrix being the same as that of ASGD estimates; see the
following Corollary 2.4.2. Thus, the proposed adaptive weighted average achieves both fast

finite sample convergence rates and the optimal statistical rate.

Corollary 2.4.2. Under the settings in Theorem 2.2.4, let Tp, = 1"y CpiT; with ¢y ; defined

in (2.10). Then we have
Vi(in —2%) = N(0,4715471),

where A = V2F(x*), S = E([Vf(x*,f)][Vf(x*,f)]T)

Connection with uniform averaging. It is interesting to compare the adaptive weighted
17



average in (2.11) with uniform average (ASGD). The recursion of ASGD Z,, takes the fol-

lowing form

_ noo_ 1

To build the connection between (2.11) and (2.12), we rewrite (2.11) as

n_so 1 +(n+1)a—1
X X _—
n+1 Tyt n+ 1

i.nJrl = ($n+1 — l’n) (213)

Thus we can consider the proposed adaptive weighted average as a modified ASGD with
a correction term, where the correction term reduces the weight of earlier iterates and in-
creases the weight of the latest iteration. This modification bears a certain similarity with
other existing variance-reduced modifications on SGD where a correction term is applied on

stochastic gradients, such as SGD with momentum.

2.5 Numerical experiment

In this section, we check the asymptotic normality property of the general weighted aver-
aged SGD and investigate the non-asymptotic performance of various averaging schemes in

different settings.

2.5.1 Asymptotic normality for different averaging schemes

To verify the asymptotic normality and the limiting covariance matrix derived in Theorem
2.2.4, we consider three averaging schemes: polynomial-decay, suffix averaging (as described
in Section 2.3), and the adaptive averaging scheme proposed in (2.11).

We focus on two classes of loss functions: squared loss f(z, (a,b)) = (al = — b)2/2 for the
linear regression model, and logit loss: f(z, (a,b)) = log(1 4 exp(—bal z)) for the logistic
regression model. In both models, we assume that the data & = (a;,b;), ¢ = 1,2,...,n, are

independent, where a; represents the explanatory variable generated from N(0,1;), and b;
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represents the response variable generated from two different distributions correspondingly.
For linear regression, we assume b; ~ N (CLZTJJ*, 1), while for logistic regression, b; € {1, —1}
is generated from a Bernoulli distribution, where P(b;|a;) = 1/(1 + exp(—bia;fr:v*)). Recall

the asymptotic normality we are going to verify in Theorem 2.2.4:
Vn(iy — %) = N(0,wV)

where V = A7154~7T is the sandwich form matrix. For squared loss, it is easy to derive
that A =S = I; and therefore V' = 1I;. For logit loss, since the explicit forms for A and S
are difficult to obtain, we use Monte-Carlo simulation to numerically compute the sandwich
form matrix V.

In simulations, we set d = 5 and the true parameter z* = (1, —-2,0,0, 4)T for both mod-
els. We generate SGD sequences with n; = i~% a = 0.505, and apply different averaging
schemes. The number of iterations n = 100000, and all the measurements are averaged over
450 independent runs. For the polynomial-decay averaging, we choose v = 3 [Shamir and
Zhang, 2013|, and for the suffix averaging we choose x = 0.5 [Rakhlin et al., 2012]. Then
the prefactors w for polynomial-decay and suffix averaging schemes are 16/7 and 2. For
polynomial decay and suffix averaged SGD, we plot the density of the standardized error
with and without prefactor w, i.e., w1V ~1\/n(&, —2*) and V=1\/n(&, —z*). For adaptive
weighted SGD, the prefactor is 1 according to Theorem 2.4.2, so we only plot the density
of the standardized error V~1\/n(i, — 2*). As shown in Figure 2.2, the standardized error
(scaled with the prefactor w) exhibits an approximate standard normal distribution for all
three averaging schemes. However, for the polynomial decay and suffix averaging schemes,
the standardized error without the prefactor w has a significantly different density compared
to the standard normal distribution. These findings support the conclusion stated in Theo-
rem 2.2.4, affirming the validity of the asymptotic normality of weighted SGD solutions and

the correctness of the limiting covariance matrix.
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0.5-suffix (with prefactor) — Polynomial-Decay (with prefactor) 0.5-suffix (with prefactor) — Polynomial-Decay (with prefactor)
0.5-suffix (without prefactor) - - Polynomial-Decay (without prefactor) 0.5-suffix (without prefactor) - - Polynomial-Decay (without prefactor)
— Adaptive + = Std Normal — Adaptive + = Std Normal

(a) Squared Loss (b) Logit Loss

Figure 2.2: Density plot for the standardized error with and without prefactor w. The red
line denotes a standard normal distribution.

2.5.2  Non-asymptotic performance of different averaging schemes

In this section, we will show that the adaptive weighted averaging scheme in (2.11) has good

non-asymptotic performances in different cases.

Linear model: optimal MSE

We first validate the optimality in terms of finite sample MSE in the linear regression model,
which is a generalization of the mean estimation model. The linear regression model we
examine employs identical simulation settings as described in Section 2.5.1. Additionally, we
incorporate a specific scenario of the mean estimation model with a; = 1 and z* = 0.

We present coordinate-averaged MSE at certain steps in Figure 2.3. Here the step size
n; = 798 and all the measurements are averaged over 400 independent runs. We can
see that the adaptive weighted averaging outperforms other averaging schemes. When n

is large enough ASGD has a similar performance with adaptive weighted SGD. It is also

consistent with our conclusion that adaptive weighted SGD and ASGD have the same limiting
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Figure 2.3: Left: log-log plots for MSE. Right: the curves stand for the ratio of MSE
between different averaging schemes and adaptive weighted averaging at each step. The
baseline (black line) is for the adaptive weighted averaging.

covariance. For the linear regression model, MSE of the optimal weighted SGD is always
smaller than that of ASGD. It indicates that adaptive weighted SGD has the potential to
beat ASGD for not only the mean estimation model but also a more general optimization

problem.
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Figure 2.4: Comparison of different weights under expectile regression model with p =
0.8. The oracle weights are numerically computed via Monte-Carlo simulation with 50000
repetitions.

Expectile regression: trend of optimal weight

We next explore the example of Expectile regression, which has a non-smooth objective

function,

F(x) = Eynt(lp — Lyen) (v — 2,0 < p < 1.

Expectiles have important applications in finance and risk management. They are closely
associated with two commonly adopted measures: Value at Risk (VaR) and Conditional
Expected Shortfall (CES). Expectile regression was proposed by Newey and Powell [1987],
and has been widely used and researched in statistical and economic literature [Efron, 1991,
Taylor, 2008]. For the expectile estimation problem, the optimal weights in Section 2.4 do
not have a closed-form solution. Therefore we use Monte-Carlo simulation to numerically
compute the inverse of the covariance matrix and obtain the oracle weights based on equation
(2.7). We then compare these oracle weights with all the weighting schemes that we studied
previously.

The weights for different averaging schemes are plotted in Figure 2.4 with the total
iteration n = 50 and step size n = i 999, The most remarkable feature of the oracle weight

is its highest weight assigned to the last iterate. The adaptive weight we proposed in Section

22



2.4.2 is able to capture this characteristic, while the other averaging schemes fail to recover
it. This observation shows that our adaptive weighted averaging scheme is also promising
for the non-smooth optimization problem as it aligns the closest with the trend of the oracle

weights.

2.6 Summary

In this paper, we present the asymptotic normality results for a broad range of weighted av-
eraged SGD solutions, demonstrating that the limiting covariance matrix adopts a sandwich
form—that of ASGD’s limiting covariance matrix with an additional prefactor. This marks
the first asymptotic distribution result for general weighted averaged SGD and holds signif-
icant importance for statistical inference. We note that although certain existing weighted
averaged SGD methods exhibit faster convergence than ASGD in non-asymptotic views or
specific settings without strong assumptions, they may also incur larger variance, indicating
a trade-off. Additionally, we explore the non-asymptotic MSE of weighted averaged SGD in
the linear regression model and propose a novel averaging scheme—adaptive averaged SGD.
This scheme exhibits asymptotic normality, achieves optimal limiting covariance, and offers

favorable finite sample MSE.
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CHAPTER 3
SHARP CONCENTRATION ANALYSIS FOR STOCHASTIC
GRADIENT DESCENT

As mentioned in the previous chapter, there have been extensive studies on the theoretical
properties of SGD since 1951, from consistency to distributions/inference and from asymp-
totic to non-asymptotic investigations [Blum, 1954, Dvoretzky, 1956, Moulines and Bach,
2011, Rakhlin et al., 2012, Bach and Moulines, 2013, Toulis and Airoldi, 2017, Anastasiou
et al., 2019a|. However, there are still gaps between the theory of SGD and applications,
especially with heavy-tailed stochastic gradient noise which commonly arises in practice. In
this chapter, we will focus on the concentration property of the SGD estimates. We obtain
a nearly sharp high-probability error bound for SGD estimates with heavy-tailed noise in
the linear model. We show that the tail behaviors of SGD estimates are quite different in
heavy-tailed noise cases compared to those in sub-Gaussian noise cases.

For consistency with the notation used in the paper Lou et al. [2022], which is relevant
to this chapter, we will use # to denote the parameter of interest instead of x, and X,Y
to represent data instead of £&. To be more specific, we consider the convex optimization
problem mingerp F(0), where F': RP — R, and SGD updates the estimate of the minimum
0* based on the stochastic gradient §() at some 6, which is a noisy measurement of the
gradient/subgradient ¢g(f) = VF(#). It is important to note that this change in notation is

specific to this chapter.

3.1 Introduction

Most of the literature on the quality of SGD estimates focuses on the expected error rate.
Polyak and Juditsky [1992] and Ruppert [1988| introduced the averaged SGD (ASGD), a

simple modification where iterates are averaged, and established the asymptotic normality of
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the obtained estimate. It is known that ASGD estimates achieve the optimal rate O(1/v/T)
due to the central limit theorem (CLT), after T' steps of SGD, under certain regularity
conditions. Further analyses on the error rate show that the expected squared error of the
SGD estimate (with average if necessary) is O(1/T") for strongly convex objective functions,
and O(1/+/T) for smooth convex and non-smooth Lipschitz objective functions [Nemirovski
et al., 2009, Rakhlin et al., 2012, Shamir and Zhang, 2013, Lacoste-Julien et al., 2012].

Besides the guarantees in expectation, practitioners usually want to ensure that the
output of a single trial of the algorithm is well behaved and may ask: how many iterations
are needed in a single trial of the algorithm to achieve the desired accuracy? In other words,
they would prefer high confidence guarantees, i.e., high-probability error bounds in the form
of

P(|6 — 6*[I3 > €) <6,

where € > 0, § € (0,1) can be arbitrarily small, and 0 is the estimate of 6*. These high-
probability guarantees are usually adopted in statistical learning theory [Valiant, 1984, where
a tight sample complexity bound is of great interest. Note that bounds in expectation are
generally too conservative to derive high-probability guarantees. Specifically, if one has
E||6p — %13 = O(T~2/1) [Chung, 1954], by Markov’s inequality, one can only guarantee

with probability at least 1 — 9,
|67 — "3 < (59T,

Then, the resulting sample complexity

()
T(e,8) = O (3.1)

€

can be very high for a small . Also, the confidence intervals obtained from the CLT only

hold asymptotically when the number of samples goes to infinity and cannot be used to
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rigorously compute sample complexity when § — 0. Thus, additional non-asymptotic tail
probability results are needed.

High-probability bounds on SGD are much less explored than the bounds in expectation.
Some known high-probability results under light-tailed noise assumptions include Rakhlin
et al. [2012], who showed that for the strongly convex setting and suffix averaging éT, with

probability at least 1 — 4,
16 — 6*]13 < O (log(log(T) /6)/T).

Recently, Harvey et al. [2019a] improved the above bound to O (log(1/9)/T). Other similar
results can be found in Hazan and Kale [2014], Cardot et al. [2017], Jain et al. [2019], Harvey
et al. [2019b|, Feldman and Vondrak [2019], Mou et al. [2020]. These high-probability bounds

depend logarithmically on 1/§, and the resulting sample complexity is

T(e.0) =0 (),

€
substantially improving T'(¢, ) = O(6~2/%¢1) in (3.1) when 4 is small. Such bounds with
a dependence on log(1/4) are often called sub-Gaussian bounds or with sub-Gaussian per-
formance. Harvey et al. [2019a] also remark that a dependence on log(1/d) is necessary,
which indicates that SGD can not achieve a better performance than this one under sub-
Gaussianity.

The aforementioned high-probability results all rely on the light-tailed assumption on
the gradient noise z = g — g, such as boundedness or sub-Gaussianity. However, such
assumptions can be violated in practice. The heavy-tailed phenomenon is not uncommon in
applications [Simsekli et al., 2019]. Tt is also more likely to get a bad output in a single trail of
SGD due to the more frequent outliers with heavy-tailed stochastic gradients. Thus, a high-

probability guarantee is especially needed. Then a natural question is: Can SGD achieve the
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sub-Gaussian performance with log(1/6) tail behavior in the case of heavy-tailed stochastic
noise? This paper answers this question by delivering a nearly tight high-probability bound
in a linear model with heavy-tailed stochastic noise. In particular, with probability at least

1—9, for any ¢ € (0,1),

; log(1/3) , (1/8)*/4
O —0*3 <O
where 0* is the true parameter and 67 is the ASGD estimate (¢ > 2 controls the tail of the
stochastic noise). As a result, the sample complexity bound, with tolerance error ¢ > 0 and

failure probability ¢ € (0, 1), is

_ q/(2(¢—1))
s — o [ 1080/ (5 2M) | 5.

€ €

It is better than the T(¢,8) = O(6~2/9¢~1) in (3.1). Besides the advantage of the logarith-
mical term, the polynomial term O((6~2/2¢=1)4/(2(¢=1))) is sharper than O(6~2/%¢~1) since
q > 2. We also compare the logarithmical term and the polynomial term in (3.2) numeri-
cally. Figure 3.1 shows that, when ¢ is big, the logarithmical dependence dominates, and
therefore the sample complexity is the same as that in the sub-Gaussian case. While when o
is small, which is more of interest in most cases, the polynomial dependence term dominates,
showing that the polynomial dependence on ¢ is unavoidable. Thus, one cannot achieve the
sub-Gaussian performance when the gradient noise exhibits heavy-tailed distribution.
There has recently been renewed interest in obtaining robust guarantees for SGD without
the light-tailed assumption. Robust modifications of SGD (or GD), such as gradient clipping
and using the geometric median of stochastic gradients, are studied to accommodate heavy-
tailed noise [Nazin et al., 2019, Holland and Ikeda, 2019, Davis and Drusvyatskiy, 2020,

Gorbunov et al., 2020]. The question of whether these robust modifications are necessary
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Figure 3.1: Compare the two terms in sample complexity (3.2). Here X axis repre-
sents failure probability §; the solid line denotes e !log(1/§), the dashed line denotes
(5_2/(16_1)(1/(2((1_1)). We choose ¢ = 0.01 and ¢ = 2.5.

is vital since using SGD is a common heuristic in modern learning tasks and is easier to
implement and more widely used than its modified versions. Our lower bound answers this

question and indicates that such modifications are necessary when heavy-tailed noise exists.

3.2 Upper bound

3.2.1 Linear model setting

Assume that we observe data (X;,y;) € RP x R, ¢ > 1, from the following linear regression
model:

yi=X; 0"+, i>1,

where 0* € RP is the unknown true parameter. The random draws (Xj,¢;) across i =
1,2, ... are i.i.d. from Py X P.. Here we assume that Py is a distribution on R? such that
E(XZ'XZ.T) — %, while P is a distribution on R such that E(e;) = 0 and Var(e;) = 02, Note
that, we consider a much richer class of gradient noise beyond sub-Gaussian, where only
finitely-many moments are required allowing heavy-tailed noise. More detailed assumptions

are included in Section 3.2.2.
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To solve the above linear regression problem, we consider the optimization problem

: 1 T 2
FO)=E —(y — X ' 0)°.
Join, (0) X,yz(y )

We apply the mini-batch SGD, which is a popular parallelization technique reducing the
communication costs [Li et al., 2014, Reddi et al., 2016, Jain et al., 2017|. Mini-batching is
efficient in practice and brings convenience in later proofs. Initialized at 6, the t-th iteration

with step size n; is given by:

O = Or—1 —mtge(0s—1), t>1,

1B . (3.3)
9t(0-1) = 5 X (Xi Or—1 — yz> ,
i=(t—1)B+1

where B is the mini-batch size and step sizes 1 will be discussed in later analysis. In
this chapter, we are interested in the high-probability bound of the averaged iterate 7 =
71 Z,‘trzl 0; with T iterations (n = T'B samples) in total.

For (X;,v;);>1 in above linear regression model, let

1 tB 1 tB
T
At = E Z XiXi and bt = E Z AXZyZ
i=(t—1)B+1 i=(t—1)B+1

We can rewrite the ¢-th iteration from the mini-batch SGD as:

O = 0r_1 — ne(Aebp—1 —by), t > 1.

Note that E(4;) = E(XX ") = %, and b = E(b;) = £0*. We can see that solving the linear
regression problem through mini-batch SGD (3.3) is equivalent to solving the linear system

of the form:
Y0* = b,
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through stochastic approximation [Mou et al., 2020].

3.2.2  Assumptions

Assumption 3.2.1. For distribution P, assume that for some constant q > 2,
pg = Ele]? < oo,

< 00, for some con-

. o\ 1/2¢
Assumption 3.2.2. Assume that My, := maxj<y<, <E|XM| ¢>

stant v > max{4, q}. Let Apin(X) > 0, assume that the mini-batch size satisfy
4 2 2
B > 16(y — 1)wa /Amin ()"

Remark 3.2.3. In existing works, light-tailed assumptions of the gradient noise are required,
i.e., finite exponential moments (e.g. bounded, sub-Gaussian, sub-exponential). While in
our assumptions, the noise conditions are more general. We only require finite polynomial
moments in Assumption 3.2.1, in which case heavy-tailed noise is allowed. Assumption 3.2.2

15 a fairly mild condition on Px and the mini-batch size B. It ensures that
1/
(B4 = 215) " < Amin(2)/2. (3.4)

which is shown in Lemma B.1.3 and is a useful condition for controlling the correlation
between SGD iterates in later proofs. On the other hand, if X; is Gaussian, Corollary 2
in Koltchinskii and Lounici [2017] implies that a weaker assumption for (3.4) is, for come
constant Cty,

B > Cyr(S)K(2)?,

where (X)) = tr(X)/Amax(X) is the effective rank of ¥, and K(X) = Amax(2)/Amin(2) is
the condition number. It is worth mentioning that the linear system Y.0* = b becomes more
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unstable when the condition number of ¥ grows. Therefore, it is reasonable to require a
larger mini-batch size B when the condition number is larger. For more discussion about
concentration inequality and expectation inequality of the operator norm ||Ay — 3o, we refer

to Vershynin [2010], Koltchinskii and Lounici [2017], Tropp [2012] and the references therein.

3.2.3 Nagaev type upper bound

The step size sequence (7;);>1 controls the convergence of the SGD algorithm. In this section,
we focus on two commonly used step size regimes: polynomial decay step size n = not ™~ ¢
with o € (0,1) and constant step size with 7 = g for any ¢ > 1.

We analyze the tail probability of the error 7 — %, after T steps of SGD, in the linear

model setting. In what follows, we denote A\g = A\pin(2)/2, \* = Amax(2),

Kq= sup Elv’ X4,
vesp—1

and

(0.] V4
Yo = / exp (—w/ xo‘dx> dz.
1 1

Theorem 3.2.4 (polynomial decay step size). Let Assumptions 3.2.1 and 3.2.2 hold. As-

sume that ng < 1/\* and

2q — 4o
2—a

Y >

Then, for any w € sP—1 and x > 0, we have

_ Colldg — 0*|1Y W,
T _px 011Y0 2 1YVq
P (T (0 — )| > z) < T . (3.5)

_ CQTZE2
Wo ’

+C’exp(
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where Wy = uqqu)\anl_q, Wy = 02/\*)\623_1, Co = (QT)\O,?()’a)w, C, C1 and Cy are

constants depending only on q, ¢ and .

Remark 3.2.5. The first term on the RHS of (3.5) characterizes the effect of the initial
point 0y on the tail probability of Op — 0*. The influence of Oy decays quickly, note that for

any x 2 T_I/Q, we have
Collbo — 6"l _ C1Wq
(Tz)Y  — Ta-1za’

as long as |6y — 6* 4 < CLCT W, T (=012 which is a fairly mild condition on 6y as
2 0 q

¥ > q. Consequently, in this case, Theorem 3.2.4 implies that

_ 2
P (\wT(QT —60%)| > m) < iy

CQT.I’Q
=~ Tq_l.’L'q - )

+C’exp< W
2

which, together with P(||0p — 0%||9 > z) < Z?:l P(|07,; — 0;| > x/\/p), imply that

2p1+q/QClwq

) *
P (llor = 0%ll2 > 7) £ —m =

CéT@Q). (3.6)

+ pC'exp <—
pWa

Theorem 3.2.6 (Constant step size). Let Assumptions 3.2.1 and 3.2.2 hold. Assume that

ny < 1/A* and

> (log T)(3¢—4)/(¢—4)
0 & =g /(0=4)

Then, for any vector w € SP~1 and © > 0, we have

_ Collbo — %1%

B CoT a2
- (Tx)d’ T4 1yq ’

—|—C’exp< W
2

where Wy = uqqu)\qulfq , Wy = 02)\*)\623*1,00 = (2/)\0770)1/’, C, C1 and Cy are

constants depending only on q and 1.

Remark 3.2.7. Both inequalities with different step size regimes imply two types of bounds:
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Gaussian type tail and polynomial type tail. When x is small, i.e., for small deviations, the
Gaussian type tail is the dominating term for the tail of the estimation error. While for large
x, the polynomial type tail dominates. A combination of these two types of tail approximation
calibrates the tail behavior of SGD solutions more accurately in the case of heavy-tailed noise.

After elementary calculations, we can translate the tail probability results as following.

For any 6 € (0,1), with probability at least 1 — 0,

5 o log(1/9)  (1/8)"/4
||9T—9H2§O< eyl B

For large or moderate failure probability 6 > 6%,

) * log(1/9)
iy 0 H2§O< T)

where &* is the solution of the equation /T~ Tlog(1/8) = T~ 1*V4(1/6)1/9 and has the
asymptotic form 6* < T 1-q/ 2(log T)_Q/ 2. This high probability error rate matches existing
results considering sub-Gaussian/bounded gradient noise [Mou et al., 2020]. While for small

failure probability 6 < &*, which is more of interest in most applications, we have

_ (1/9)"/4
16 — 0%[l2 < O (W :

3.2.4  Technical overview and proof sketch for main results

Let Ay =0; — 0* and & = B! Zg(t_l)BJrl X;€;. At the t-th step, the gradient g and the

stochastic gradient §; can be written with X, A¢, &, A notations as follows:

g(0i—1) =201, Gi(0p—1) = A1 — &
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Let z¢(0;—1) = g¢+(6—1) — g(0s—1) denote the gradient noise. Note that it is a martingale
difference sequence since E;_1(2¢(0;—1)) = 0. The recursion of A; is usually represented

using martingales as follows

A= Ip = mX)Ar1 —me2e(Op-1), t > 1. (3.7)

Then, the classic analysis uses properties of martingales, such as Freedman and Azuma in-
equalities. The high-probability bounds obtained from those general martingale inequalities
are sharp only when finite exponential moments of the noise z¢|F;_1 exists. Therefore, ex-
isting studies require the gradient noise z; (or equivalently A; and b in linear stochastic
approximation) to be sub-Gaussian or to be bounded. In our work, we extend the noise
condition to a more general case, where heavy-tailed noise is allowed. To obtain sharp high-
probability bounds for heavy-tailed noise, we study the detailed structure of the martingale
differences and use inequalities which are nearly sharp under polynomial moment conditions.

We can see that the martingale difference z; at 6;_1 can be decomposed as

2(0p-1) = (At = X)Ar 1 =&, t>1,

which is the sum of two parts, one related to the noise from A; and the other part &. Note
that the dependence between {z:(0;_1)}¢>1 comes from the dependence between (6;)s>1,
and (&;)¢>1 are independent. Then leveraging the structure of z;, we study the recursion

with a different representation:

Ar = (I — neAg) Ay + s, t> 1. (3.8)

Compared with the form in (3.7), although more considerations are needed for the correlation

term (I, — 7 A¢) as variability is introduced (we now have (I, —n;A;) instead of (I, — X)),
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the remaining independent structure makes it possible to obtain a tight tail bound under
heavy-tailed noise assumptions.

In the following, we sketch the proof of our main results under the step size regime
e = not~* with a € (0,1). Proof for the constant step size regime shares the same spirit
with minor modifications. We defer the complete proof to Section B.1. From (3.8) we can

see that (A¢)¢>1 has a closed form expression

t
A =] - £A£A0+Z H — e A mEm.
/=1

m=1/{=m-+1

Let Sp =T (07 —0) = Zle Ay which is further decomposed as Sp = S7 + S7,, where

T t T t t
S => 110 —mA)Ag and ST =>" > [ @ —mA)nmEn.

=1/=1 t=1 m=1/=m—+1

~

To bound the target w ' Sp/T for any w € SP~1 in Section 3.2.3, we deal with St and S7,

separately.

Lemma 3.2.8. Under Assumption 3.2.2, for any vector w € SP~1 and 2 > 0, we have

160 — 6*115 ¢
T A0N0,0
IP’<|w S%|>x>< g 070,
Next, we observe that for any w € sp—1
T t
w! Sk = Z Z Nmw | HpXiei, where Hy, = Z H (Ip — neAyp),
m 1i=(m—1)B+1 t=m {=m+1

which means wTS; is a sum of independent zero-mean random variables conditional on
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Fxn=0{X1,Xo,...,Xpn}. Hence, for z > 0, by Lemma B.1.2 (Nagaev inequality),

C,1Dp C, o B2z?
]P) ( T aox ) < q, q 2 _ q,
w' ST > 2| Fxp) < —(B:B)q + 2exp —Dn,2 ,

where Cy 1 and Cj o are constants depending only on ¢ and

T mB
Drg=mng Y min >, o' HuXil
m=1  i=(m—1)B+1

We bound the conditional variance Dy 9 in Lemma B.1.4, which is a main technical step,

and obtain the following results for S7.

Lemma 3.2.9. Under the conditions of Theorem 3.2.4, we have

C1WyT Coz?
T ax 1"q _>2
P<|w ST|>ZE> ST+OGXP< TWQ)’

Consequently, Theorem 3.2.4 directly follows from Lemma 3.2.8 and Lemma 3.2.9.

3.3 Tightness of the upper bound

This section shows that the Nagaev type upper bound obtained in the above section is tight
through the example of the mean estimation model. Therefore, the polynomial term in
the upper bounds in Section 3.2.3 is unavoidable, and the sub-Gaussian performance with
log(1/9) tail behavior cannot be achieved through SGD with heavy-tailed gradient noise. In

particular, we consider the model
yi =0+ ¢, i>1, (3.9)
where 0% € R is the mean we want to estimate and {¢;};>1 are i.i.d. generated from a ¢-

distribution with degree of freedom v > 2. For initial value 6y, the ¢t-th iterate 8¢ from SGD
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algorithm, with mini-batch size B = 1, takes the following form:
Or =01 +me(ye — Op—1), t>1, (3.10)

where 7 is the step size at the ¢-th iteration.

The gradient noise z; = €; is heavy-tailed. The mean estimation model (3.9) is a special
case of the linear regression model. Assumptions 3.2.1 and 3.2.2 can be easily verified since
A+ = 1 with no randomness here. Then we can apply theorems in Section 3.2.3 and get the
upper bounds for the estimation error 7 — * when there are 7T iterations in total. We focus
on the polynomial decay step size regime, i.e., ny = not~ %, with ng = 0.1, = 0.55 in the
rest of this section. We modify the upper bound (3.6) in Section 3.2.3 as follows.

Nagaev type upper bound: We have for all x > 0,

] C
P (|fy — %] > 1) < — g + exp (—CQTQF) , (3.11)

for some constant C', Cy. Then, with probability at least 1 — ¢,

0 o 1 log(1/9)
br =<0 (((5Tq—1)1/q * T ) '

Next, we will show that the Nagaev type upper bound for the estimation error O — 6* is
tight by taking advantage of the simple structure of the mean estimation model. First, we

introduce the following notation

k=1 (3.12)
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Then, 7 — 0* has the closed form as follows:

~ 1 T 1 T T .
Or = 0" == Vido+ > > Vime,
1=1 t=1 i=t

where Ag is the initialization error 6y — 6*. Since {e;}¢>1 is a sequence of ii.d. random
errors, the estimation error above (deducted by the initialization error) can be view as the
weighted sum of 7" i.i.d. random variables with mean 0. We can then further analyze the
estimation error based on existing studies about deviations and tail probabilities of linear

processes.

3.3.1  Upper bound from Nagaev inequality

The Nagaev inequality [Nagaev, 1979] for tail probability is a useful result in probability
theory. It is known that the performance bounds obtained from Nagaev inequality are

nearly sharp under polynomial moment conditions.

Proposition 3.3.1. Consider the mean estimation model in (3.9) and the SGD iterates

{0t}i=1,.. T defined in (3.10). For any x >0 and 2 < q < v, we have

2 ClAo| (1+2/q)7E[e|® 2
P <|9T A= —7 + x) < —Ta-T + 2exp <—cqx T) : (3.13)

where cqg = 2e”9(q + 1)72/E|e|?, and C = 322, V;, V; is defined in (3.12).

While the Nagaev inequality gives more precise constants, the upper bound in (3.13) is
of the same order as that in (3.11). Thus, the tightness of Nagaev inequality implies that

our proposed Nagaev type upper bound is also tight.
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3.3.2 Exact deviation

Furthermore, instead of an upper bound, we give the exact asymptotic tail probability of
the estimation error in the mean estimation model. Inspired by Peligrad et al. [2014], which

studied the exact moderate and large deviation of linear processes, we obtain Proposition

3.3.2.

Proposition 3.3.2. Consider the mean estimation model (3.9) and the SGD iterates {0 }4—1, ..

defined in (3.10). Define

T T _ 2
o =Bl | Yo Vim/T
t=1 \i=t
Forx > op,
- A
P (‘HT — 0 — % > :)3) =(2+0))(1—=®(x/op)+ R(T, x)), (3.14)

where yp = ZiTzl Vi, Vi is defined in (3.12), and

T T
R(T,z) =Y P|e>Tx/> Vin
t=1 1=t

The right-hand-side (RHS) of (3.14) comprises two parts: Gaussian approximation 1 —
®(z/op) and tail approximation R(T,z). Note that 0% = 1/T as discussed in Section B.1.6

. Then the Gaussian approximation refines the term exp(—CyTz2) in (3.11). Also,
Pler > y) ~a/y”’,y — oo,

where ¢, = v3/277 12 ((v 4+ 1)/2)/T'(v/2) according to the property of ¢, distribution,

and Y270, Viiny = O(1) as discussed in Section B.1.6. Then the tail approximation

R(T,z) < 1/(zVT"™1),
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1.2

Ratio

Figure 3.2: Ratio of approximated and true tail probability. Here X axis represents deviation
x. Red curves represent Gaussian approximation: (1 — P(z/, /HT,2>> J/P(St > z); blue

curves represent tail approximation: R(T,z)/P(Sp > x) ; black curves represent their sum:

(1 — d(z/ /i72) + R(T, :(:)) /B(St > ).

matching the polynomial term in our proposed Nagaev type upper bound (3.11). Therefore,
we can see that the tail probability polynomial dependence on 1/4 is necessary in the tail

bound of SGD and sub-Gaussian tails cannot be achieved under heavy-tailed assumptions.

3.3.3 A numerical study

We conduct a numerical study of the accuracy of the exact tail probability in (3.14) for
v = 3. The true tail probability of the estimation error (LHS of (3.14)) can be calculated

through the inversion formula. Let
T

T T
_ 1 :
Sp=0p—0" = 5> Vibo=> | D Vim/T | e
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Then the characteristic function of St is

T

T
dsp@) =TJo | | D Vim/T| 2],
t=1

1=t
where ¢ is the characteristic function of a t3-distribution. By the inversion formula,

1[0 eVl
P(S7 <) —P (57 <0) = W%*T(y)dy-
—00

Since Sp is symmetric, P (Sp < 0) = % In our numerical study, we use the above formula to
compute the probability P(Sp > x). In figure 3.2, we report the ratios R(T,x)/P(St > z)
, (1 — @(x/\/m)) JP(S7 > ) and <1 — ®(z/ /i 2) + R(T, x)) JP(S7 > ). We can see
that the Gaussian approximation is good for small deviations, while the tail approximation
is better when the deviation is moderate or large. The numerical study confirms that the
polynomial term in the upper bound (3.11) is necessary in the case of heavy-tailed gradient

noise, especially for moderate and large deviations.

3.4 Summary

In this paper, we established nearly tight tail probabilities for SGD errors with heavy-tailed
noises in linear models. The resulting high probability error bounds and sample complex-
ity are quite different from those obtained in light-tailed noise cases. In particular, with
probability at least 1 — d, we have [|f — 6*[|3 < O (T_1 log(1/6) + (6T‘1_1)_2/q)7 where
the polynomial dependence on the failure probability ¢ is generally unavoidable. For future
directions, it is interesting to extend our concentration analysis under heavy-tailed noise as-
sumptions to other examples of SA. Also, the robust modification of SGD can be a promising

topic to accommodate the heavy-tailed noise.
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CHAPTER 4
ONLINE COVARIANCE MATRIX ESTIMATION IN
STOCHASTIC GRADIENT DESCENT

From this chapter, we consider the problem of practical inference in the online setting where
data can arrive sequentially. In this section, we focus on the estimation of the limiting co-
variance matrix, which appears in the asymptotic normality results discussed in the previous
chapter. In particular, we introduce a fully online approach to estimate the covariance ma-
trix using only the iterates from SGD. We can then construct confidence intervals for model

parameters based on the estimated covariance matrix and asymptotic normality results.

4.1 Introduction

Recall that applying vanilla SGD algorithm (1.2) to solve the problem (1.1), we obtain

iterates {«;};>1. In this chapter, we will use the ASGD iterate

n
Ty = nt Z T;
1=1

as the final estimate for the model parameter at the n-th step, and set step size n; =
i~ (i > 1) with n > 0 and « € (0.5,1) as suggested by Polyak and Juditsky [1992]|. Recall
the definition

A=V?F(@@"), § =E(IVf@", )V " o"). (4.1)

From Polyak and Juditsky [1992], under suitable conditions, Z;, has the asymptotic normal-
ity:
Vn(zy — %) = N(0,%), (4.2)

where ¥ = A715A471 which is known as the “sandwich” form of the covariance ma-

trix. To leverage the asymptotic normality result for inference, it is critical to estimate
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the limiting covariance matrix . Intuitively, one can estimate S with a simple sam-
ple average Sy, = n LS [V f(xi_1,&)][Vf(xi-1,&)]T, and similarly estimate A with
Ay, =n1 S V2f(x;_1,&). Then the limiting covariance matrix ¥ can be estimated by
the consistent plug-in estimator A 1S, A1 (see Chen et al. [2020]). However, computation
of the Hessian matrix of the loss function is not always available, e.g., certain computations
are not available in many existing codebases that only adopt SGD for optimization and in
cases such as quantile regression, the Hessian matrix does not even exist. Also, the plug-in
estimator may be computationally costly when d is large since it involves matrix inversion
with O(d®) time complexity in general.

Our goal is to obtain an online estimate of the covariance matrix of \/nZ,, only through
the SGD iterates {x1,z9,...,xn}. Our approach is attractive in situations where the com-
putation for A~1 and S are difficult, which is quite typical in practice. Also, the approach
is efficient in both computation and memory due to its recursive property, i.e., the estimate
at n-th step 3, can be updated from in—l within O(dQ) computation. With the estimate,
we can perform uncertainty quantification and statistical inference with desirable computa-
tion and memory efficiency. The approach is useful for online learning, where the data is
constantly arriving over time, such as streaming data.

For the time-homogeneous Markov chain, {z;};c7 is a stationary process. Under certain

short-range dependence conditions, we have
Vi (&n — Ex;) = N(0,07),

where
[ee]

2 _ 1 =\ .
o —nlgréo\/ar(\/ﬁxn) = Z cov(zg, 7;)

1=—00
is the long-run variance, and it plays a fundamental role in the statistical inference of sta-

tionary processes. To estimate the long-run variance, one can apply the batch-means method
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[Glynn and Whitt, 1991, Flegal and Jones, 2010, Politis et al., 1999, Lahiri, 2003, Kitamura
et al., 1997]. Given x1,...,xp, let 1 < I, < n be the batch size. Based on batch-means

Z;;lln /Iy, — T, for 1 <i <n— I, + 1, one can estimate o2 by

n—lp+1 [fi+l,—1

l

1=1 k=1

As an alternative, one can use the non-overlapping batch-means Z;;ZZ" xp/lp — Ty for i =
1,1+ 1,14 2l,, ..., to construct a similar estimate. Properties of overlapping and non-
overlapping batch-means estimators are discussed in Politis et al. [1999] and Lahiri [2003].
In our problem, estimation of ¥ in (4.2) becomes more complicated since SGD iterates form
a non-stationary Markov Chain.

To apply to SGD, Chen et al. [2020] modified the classic non-overlapping batch-means
by allowing increasing batch sizes and showed that the modified batch-means estimator is
consistent. However, their approach is not in line along with the spirit of SGD, the fully
online fashion. Their construction of covariance estimator 3, requires the information on the
total number of iterations n a priori. There is no simple algebraic relation between 3, and
in+1. In other words, when a new data point x,, 1 arrives later, their algorithm needs to re-
compute their estimate from the beginning and cannot perform efficient sequential updating.
So the approach is computationally expensive for online learning, where the dynamic training
data is arriving over time, and the goal is to make sequential predictions; see Remark 4.2.1
for a detailed discussion of Chen et al. [2020].

To address the above problems, we develop a fully online approach for asymptotic covari-
ance matrix estimation, which we refer to as online batch means method. The construction
does not require prior knowledge of the total sample size. Immediate updates from 3, to

Yp+1 can be performed recursively as new data is coming in, which fits our online setting.

To achieve this goal, we design a novel construction of batches with time-varying size, which
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substantially extends the one in Chen et al. [2020]. Similar to the recursive nature of SGD,
our algorithm is also recursive and it updates the covariance matrix estimate once at a time
only through the stochastic gradient within O(d2) computation. Note that since we are
learning a d x d covariance matrix, it requires at least O(d2) computation to update the
covariance matrix estimates. In the important special case of marginal inference of each
coordinate of the parameter vector, our online batch means estimator only needs to compute
and store diagonals of the covariance matrix estimate, which only require O(d) computation
and O(d) memory. The idea of online estimation is motivated by Wu [2009], who studied the
estimation of long-run variances of stationary and ergodic processes. As mentioned above,
the SGD iterates in (1.2) form a non-homogeneous (non-stationary) Markov Chain since the
step size 1y, decays as k increases, for example 1, = nk~* for a € (1/2,1) as suggested by
Polyak and Juditsky [1992]. Hence, the asymptotic behaviors of SGD and stationary pro-
cesses are fundamentally different. The construction, which is associated with batch sizes,
is novel and different for SGD iterates and stationary sequences. This non-stationarity also
brings substantial difficulties in technical analysis. The convergence of our estimator is far
from being trivial. We formally establish the consistency result and obtain the convergence

rate of our online estimator in Section 6.4.

4.2 Online approach

We first introduce a time varying batch scheme used in our online approach. Consider infinite
sequentially arriving SGD iterates {x;};—1 2, in (1.2). Let {am}nen be a strictly increasing
integer-valued sequence with a1 = 1. For the ¢-th iterate x;, we consider a data block B;

including iterates from past iterations ¢; to i, i.e.,

Bi = {.’L‘ti, ceey :L’Z'},

45



where t; is the index of iterate we trace back to at the i-th step. The value of ¢; is determined
by the sequence {am }men through t; = ay, when @ € [am, aypmq1). For example, ¢; = L\/Ef
if a,, = m2. In this case we have:

By = {z1}, By = {1, 22}, By = {x1, 29, 23},

By ={aa}, Bs = {x4, 25}, Be = {w4, v5,26}, Br = {x4, w5, 26, 27}, Bs = {w4, 5, 6, 27, 78},
By ={z9}, Bio = {z9,z10}, Bi1 = {9, 210, 211}, - -

We can see that the batch sizes are time-varying. The blocks {B; : amm < @ < ay,41} can also
be viewed as the so-called “forward scans” in block subsampling [McElroy et al., 2007, Nord-
man et al., 2013]. That is, given non-overlapping blocks {zq,,, ..., Z4,, 11}, the forward

scans are overlapping blocks of sequentially increasing length starting from zg,, .

4.2.1  Online covariance matrix estimator based on batch means

Based on blocks {B;};cn, the covariance matrix estimator is defined as the sum of squared

block sums (centered) divided by the sum of block lengths, i.e., at the n-th step

) . T
o _ T (Shormk — bion) (Shoy, o0~ linn)

n
i1 li

, (4.3)

where l; = |B;| = i — t; + 1 denotes the length of B;. The novel idea of constructing data
block B;, which only includes past iterates, is the key to make the algorithm fully online.
Next, we will show that the estimate ¥, can be computed recursively. Let W, denote the

sum of the block B; = {zy,,...,x;}, i.e.

)
W=y (4.4)
k=t

=l
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When t; 11 = t; = ay, for some m, B;1 1 = B; U{z;11} and
Wipi =Wit+ i1, iy =14+ 1.
When ;1 = ay,41 for some m, we start a new block B; 1 = {x;11} and
Wiv1 = xiq1, lip1 = 1.

We can see that both the batch sum W; and the batch length /; can be updated recursively.

With the notation of W;, the estimator in (4.3) can be expressed as

_ o T
o S WWE S Braal — (U W) &L — 20 (T W),

= (4.5)
! >ie1li
To further simplify the form, we introduce
n n
Vo=Y WWl, Py=>"1W;

n n
vn:Zli, and qn:Zl?.
=1 1=1

They can be computed recursively since both W; and [; can be updated recursively. Now,

S, in (4.3) can be finally rewritten as

S Vi + Qni’nfg - Pnj;; — jnp??

S = (4.7)

Un

All five components in (4.7): Vi, qn, Pn, vn, Ty can be updated recursively. Thus, 3, can
be updated through results in the (n — 1)-th step and the new iterate z; within O(d?)
computation.

To summarize, we propose Algorithm 2. As shown in Algorithm 2, the five components
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Algorithm 2: Update ASGD iterate and covariance matrix estimate recursively

Input: function f(-), parameter (o, n), step size n; = ni~ for ¢ > 1, pre-defined
sequence {am }men-
Initialize: mgy = lo = O, vy = PQ =4q0 = VQ = WO == 0, Zo;
Forn =0,1, 2, 3, ...
Receive: new data &1
Do the following update:

L zpi1 = 2n — M1V (@n, §ni1);
2. Tpy1 = (Zn + 2p11)/(n+1);
3. if n+1=ay;,+1, then:
Mpt1 =mn + 1 g1 =1 Whiq = Tpga;
else:
Mpt+1 = Mn; lpg1 =ln +1; Wy =Wy + 25415
In1 = an + 12, 5;
Upt1 = Un + lpat;
Vn+1 =Vn+ Wn—f—le;l;
Ppi1=Pp+ L1 Wiyt
8. 5 =Vpp1+ qn+1fn+1i’£+1 — Pn+157f71;+1 — fn+1pg+1;

~

Output: ASGD estimator Z,, 1, estimated covariance ¥, 11 = S/vp41

N O

of in—kl can be easily updated from their values in the n-th step. There is no need to store
all the outcomes in the previous steps. The memory complexity is O(d2), independent of the
sample size n. In the update step, the computational complexity is also O(d2). The total
computational cost scales linearly in n. The algorithm is much more efficient compared to

non-recursive methods and naturally fits online learning scenarios.

An alternative version

The estimate 3, in (4.3) includes squared block sums from all n blocks {Bi}i=1,2,...n- Block
B; and Bj are overlapped when ay, < i < j < apq41 for some m. So S, in (4.3) is a
full overlapping version of the online batch means estimator. We also introduce an alter-
native non-overlapping version with a slightly simpler form which has a comparable perfor-
mance. As data arriving sequentially, we follow the same batch scheme above to construct

{B;}i=1,2,..., while only include a few squared block sums. At the n-th step, define set
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Algorithm 3: Update ASGD estimator and covariance matrix estimate (non-
overlapping version) recursively

Input: function f(-), parameter («,n), step size n; = ni® for i > 1, pre-defined
sequence {am }meN-
Initialize: mgy = lo = O, vy = PQ =4q0 = VQ = WO == 0, Zo;
Forn =0,1, 2, 3, ...
Receive: new data &1
Do the following update:
L zpi1 = 2n — M1V (@n, §pi1);
2. Tpy1 = (Zn + 2p11)/(n+1);
4. if n+1 = ay, 41, then:
Mpt1 =mn + 1 g1 =1 Wigq = Zpga;
n+1 = qn + l%% Vb1 =Vo + anrr% Poy1= P+ 1 Wh
else:
Mpt1 = Mp; lpp1 =ln + 1, Wy = Wn + 2415
In+1 = qn; Vo1 = Vs Ppy1 = P
5.8 =Wy WL + 2 %017 — by i W1 Ty — lnp1 @ WL s
6. S="Vpyr1+ qn+1fn+1f£+1 - Pn+1f£+1 — i’n+1PnT+1 + 5

~

Output: ASGD estimator Z,, 1, estimated covariance %, 1 yor, = S/(n+1)

Sp ={n}U{a; —1:i>1,a; < n}. Consider a set of non-overlapping blocks {B;};cg , i.e.,

Hzays s Tag—1}s s ATam_10- Tap—11 {1 apm - Tnt}-

By 1 Ba,, -1 B

The alternative non-overlapping estimate at the n-th step includes squared block sums of

{Bi}ics, It is then defined as

T

A 1 ! _ ! _
Yn.NOL = - Z Z xp — LTy Z rp —lLiTn | . (4.8)
k=t;

1€S, \k=t;

The non-overlapping version estimator is also recursive and can perform a real-time update.
The algorithm is almost the same as the overlapping one with same computational and

memory complexity. One can follow the derivation of Algorithm 2 to get Algorithm 3.
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In the stationary process case, Lahiri [2003, 1999] showed that the mean squared error
of the classic (non-recursive) non-overlapping batch-means estimate is 33% larger than that
of its overlapping version, while the convergence rates are the same. The comparison be-
tween the full overlapping version and the non-overlapping version of our online estimators
is more complicated in the non-stationary case. In Section 4.3.3, we provide upper bounds
for estimation errors for both overlapping and non-overlapping estimators. The two upper
bounds are of the same order. The non-overlapping version is easier to analyze theoretically,
given its simpler structure. In the mean estimation model, we can obtain the precise order of
the mean squared error for the non-overlapping one; see Section 4.3.1. We also compare the
empirical performance of the two versions in Section 4.4.1. However, it is hard to tell which
one is more efficient based on the simulation results. We leave the rigorous comparison as a

future research problem by extending Lahiri [2003| to non-stationary processes.

Remark 4.2.1 (Comparison with the non-recursive batch-means covariance matrix estima-
tor). The non-overlapping version (4.8) appears similar to the batch-means estimator [Chen
et al., 2020]. However, the batch schemes of the two methods are fundamentally different.
Chen et al. [2020] split n iterates of SGD into M + 1 non-overlapping blocks, where M and
batch sizes by (m = 0,..., M) are chosen based on n for desired convergence. With em pn

denoting the ending index of the k-th block, the covariance matrixz estimator at n-th iteration

in Chen et al. [2020] is defined as

1 M €m,n €m,n T
m=1 k=em—1n+1 k=em—1n+1

where epp, = n. The optimal batch size setting as suggested in Chen et al. [2020] is e p =
(m+1)/(M+ 1))1/(1_a) n with the number of batches M = n1=®/2_ Since em,n must
depend on n to ensure the desired convergence rate at the n-th iteration, there is no simple

algebraic relation between in,BM and f]nJrl’BM. So the batch-means estimator [Chen et al.,
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2020/ is only suitable for offline tasks requiring final prediction/inference given the pre-
specified total sample size n. In contrast, our fully online estimator can sequentially improve

over each iteration. Also, n does not need to be specified beforehand.

Remark 4.2.2 (Choice of batch-sizes when n is unknown). Chen et al. [2020] also propose
an approach based on a target error tolerance to apply the batch-means estimator when n is
unknown. In particular, given the pre-specified error e, Chen et al. [2020] propose to set the
ending index of the k-th batch by e, = ((k + 1)0672)1/(1_60, where C' is a constant. The
approach indeed enables an online updating, thus achieve the goal of recursive processing.
However, choosing the constant C' can be difficult or arbitrary in online settings. Moreover,
there is a fundamental difference. The approach in Chen et al. [2020] only ensures that the
expected spectrum norm loss of the covariance matrixz is smaller than € (up to a constant)
for large n, rather than goes to 0. In other words, the covariance matrixz estimator is not
necessarily consistent. While our online method constantly improves the covariance matrix

estimate as n — oo, and the estimation error goes to 0.

Choice of batch sizes

The remaining question is to specify the sequence {am },en. This pre-defined sequence does
not depend on n. This ensures that we can construct batches even if the total number of data
is unknown (which is a typical situation), and the incoming data will not affect the recursive
estimation process. In Section 4.3.3, we show that ay, is required to take a polynomial form
so that the estimator is consistent. Next, we shall give some intuitive explanation and one
example of choice.

The formula in (4.3) bears a certain similarity to the sample covariance matrix S, =
n~t 2w — Tp) (2 — Zn)T. On the other hand, in contrast to the standard sample

covariance matrix where {x;};>; are independent, our SGD iterates in (4.3) are highly cor-

related. In other words, we cannot ignore the covariance between data as in the construction
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of the sample covariance matrix. According to (1.2), the correlation between z; and ; di-
minishes as the distance |j — ¢| becomes larger, while the correlation between x; and ;4
becomes stronger as ¢ goes to infinity. The idea of online estimation is to choose sequence
(am)men and form non-overlapping blocks {B,, —1}m>1 as mentioned above such that the
correlation between z; and z; is sufficiently small when they are in different non-overlapping
blocks. So when considering the effect of z;, we trace back to the starting point of the
non-overlapping block x; belongs to, i.e., construct data block B; = {xy,, ..., z;}. Recall that

the ¢-th iterate x; through SGD takes the form
wi = xi1 — iV f(2i-1,&).
Let §; = x; — x™ be the error sequence, where * is the minimizer in (1.1). Then
0i = 0;—1 — ni VF(xi—1) + njei, (4.10)

where ¢, = VF(z;_1) — Vf(z;_1,&). Note that VF(z*) = 0 since x* is the minimizer of
F(z). By Taylor’s expansion of VF(z;_1) around z*, we have VF(z;_1) ~ VA;_1, where
A = V2F(z*). Thus, by modifying equation (4.10) with VF(z;_1) approximated by Ad;_1,

for large ¢
0; = (Ig —n; A)d;—1 + nie;. (4.11)

Then for the i-th iterate z; and the j-th iterate x; (assume j < i), the strength of correlation

between them is roughly

H}g:j+1 1Tg — meAllg < (1 — niai— )", (4.12)

when 7, = nk™® and A4 is the smallest eigenvalue of A. To make the correlation small,
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one can choose 1 — j ~ K jlat1)/ 2 where K is a constant. Then the correlation is less than
s (1-a)/2

(1—nA Ai_O‘)K’al( )/ , which goes to zero as i goes to infinity. Combining the correlation

between w;, r; and the form of i — j, a reasonable setting is that the sequence {am }yen

satisfies

A — Q1 = Ka§3+1)/2. (4.13)

Let ayy, increase polynomially, i.e., am, = Cm? for some constant C. We obtain 3 = 2 /(1—a)
by solving equation (4.13). Thus a natural choice of ay, is

m = {CmQ/ <1—0‘>J . (4.14)

This is also the best choice in the general setting, as discussed in Section 4.3.3. However,

the best choice of § may change considering specific objective functions.

4.2.2  Statistical inference

Now the limiting covariance matrix > can be approximated through the online estimation
proposed above. Let 0 < ¢ < 1. Based on the asymptotic normality of ASGD in (4.2), the

(1 —¢)100% confidence interval for z7, the i-th coordinate of 2, can be constructed as

Tn,i — #1—q/2V 0ii/Ts Tnji+ 21_g/2V fm/n} : (4.15)

where Zp, ; is the i-th coordinate of Zn, 21_ /9 is the (1 — ¢/2)-th percentile of the standard
Gaussian distribution and 6;; is the i-th diagonal of the covariance matrix estimate. The
confidence interval is constructed in a fully online fashion since both 7, ; and 6 can be
computed recursively. Joint confidence regions and general form of confidence intervals are

discussed in Section 4.3.4.
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Relation to empirical likelihood

As pointed out by a reviewer, the construction of the non-overlapping version estimator
shares a similar spirit with the blocking scheme and covariance estimator by Kim et al. [2013],
who developed a progressive block empirical likelihood (PBEL) method. They consider a
stationary, weakly dependent sequence (X1, ..., X;,) with mean p such that the CLT /n(X;, —
1) = N(0,02) holds. The variance estimator 5772% Noy, in Kim et al. [2013] matches our scheme
in Section 4.2.1 with a,, = (m — 1)m/2 + 1 (or the i-th block has length ) and is shown to
be a consistent variance estimator. The chi-squared limit of the log-likelihood ratio based
on PBEL is established following the consistency of &7%’ Nor- 1t would be interesting to see
if one can obtain similar results as the PBEL ratio and establish a limiting distribution that

can be used to calibrate confidence regions in the SGD case here.

4.3 Theoretical results

4.3.1 Preamble: mean estimation model

Before investigating the convergence property of the online batch means estimators in the
general setting, we shall look at the simple mean estimation example. Taking advantage
of the simpler structure of the non-overlapping version, we can obtain the exact order of

convergence. Consider the mean estimation model:
*
y=ux +e,

where z* € R is the mean we want to estimate, e is the random error with mean 0. Let
{yi}ien be a sequence of i.i.d sample from the model. Consider the squared loss function at

z, F(z) = (y — 2)%/2. The i-th SGD iterate takes the form

rp =21 +n;i(y; — xi—1),4 > 1, (4.16)
H4



where we choose the step size n; = ni~%, « € (1/2,1). Then the error ¢; = z; — x* takes the

form

0 = (1 —m;)0;—1 + njie;.

In this case, one can have an explicit form of var(y/nZy) and 2,% NoIL- Additionally, we can
have an explicit form for the order of magnitude of the mean squared error of in, NoL- Let

the variance var(y/n,) = o2. We have the following proposition.

Proposition 4.3.1. For m > 2, let ay, = Lcmﬁj, where > 1 and ¢ > 0 are constants.

Given the SGD iterates defined in (4.16), we have
E(S, nop — 02)} = n P 4 p202/5-2, (4.17)

Choose 8 = 3/(2(1 — «)). In the mean estimation model, the above proposition asserts
that the convergence rate of the mean squared error of our recursive non-overlapping variance
estimate is n21=9)/3 For a close to 1/2, the latter rate approaches n~1/3. This rate
is faster than that of the batch-means estimator in Chen et al. [2020], which approaches
n~1/4, So, besides the advantage of the recursive property, our estimator may improve the
convergence rate.

In the general setting, the analysis is much more complicated due to the nonlinearity.
Upper bounds for the convergence rates of online estimators for both overlapping and non-

overlapping versions are given in Section 4.3.3.

4.3.2  Assumptions and existing convergence results

In the work of Polyak and Juditsky [1992], assumptions on the objective function F'(x) and
the gradient difference are proposed to prove the asymptotic normality of ASGD estimate.
Those assumptions are necessary for our problem since we adopt the ASGD as the point

estimator and require the asymptotic normality for statistical inference. Those assumptions,
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as well as some error bounds, are also proposed in other literature. We impose similar

assumptions and review some existing results in this section.
Assumption 4.3.2. Assume that the objective function F(x) is continuously differentiable
and strongly convex with parameter > 0. That is, for any x1 and x9,

F(rz) > F(a1) + (VF(a1),23 — v1) + S a1 — a3

Furthermore, assume that V2F(x*) exists and VF(x) is Lipschitz continuous in the sense

that there exist L > 0 such that,
IVE(z1) = VE(z2)lg < Lijz1 — x2]l2.
Assumption 4.3.3. For the n-th iteration, define error oy, = xp—2x* and gradient difference

en =VEF(rp—1) — Vf(xn_1,&). Recall that E,(-) = E(-|&n, En—1, ...). The following hold:

1). The function f(x,§) is continuously differentiable with respect to x for any & and |V f(x,€)||2
is uniformly integrable for any x. So E,_1 [V f(zn—-1,&n)] = VF(x,—1), which implies
that E,,_1 (en) = 0.

2). The conditional covariance of €, has an expansion around S which satisfies

[Ba-1 (cneh) = S|, < € (Wn-1lla + 16n-113) . (4.18)

where C' > 0 is some constant. Here S is defined in (4.1).

3). There exists a constant C > 0 such that the fourth conditional moment of €, is bounded
by
Bt (llealld) <€ (14 160-101)
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Assumption 4.3.2 imposes strong convexity of the objective function F(z) and Lipschitz
continuity of its gradient. Assumption 4.3.3 asserts the regularity and the bound of the noisy
gradient. These assumptions are widely used in SGD literature |[Ruppert, 1988, Polyak and
Juditsky, 1992, Moulines and Bach, 2011, Rakhlin et al., 2012]. With these assumptions, we
have the asymptotic normality for averaged SGD iterates by Polyak and Juditsky [1992]| and

Ruppert [1988]. We also review the error bound for SGD iterates in Lemma 4.3.4.

Lemma 4.3.4. Under Assumptions 4.3.2 and 4.3.3, for some constant C' > 0 and ng € N,

we have for any n > ng, the sequence of error éy, = xy, — x* satisfies

E(||0n]l2) < Cn~%2(1 4 ||00]2),
E([|6n13) < Cn=(1 + [|60]13),
E([|8,3) < Cn=2%(1 + ||60]13),

when the step size is chosen to be ny, =™ with 1/2 < a < 1.

4.3.83  Convergence properties for the online estimator

Theorem 4.3.5. Under Assumptions 4.3.2 and 4.3.3, let ay = {Cmﬁj, where C' > 0 is a
constant, 3 > (1 — )~ L. Set step size at the i-th iteration as n; = ni~® with 1/2 < a < 1.

Then for ¥y, defined in (4.3)

E £ — ||, 501/ 4 nlo-1/241/29) (4.19)

Theorem 4.3.5 shows that as n — oo, the estimator 3, converges to the limiting covari-
ance matrix of the averaged SGD iterates in terms of operator norm loss. The convergence
rate is associated with the parameters a and 3. We state the following Corollary 4.3.6 to

suggest the best choice of (.
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Corollary 4.3.6. Under conditions in Theorem 4.3.5 and let f =2/(1 — «), we have
E Hzn - 2”2 < p~(1-a)/4 (4.20)

Remark 4.3.7. This convergence rate is the same as that of the non-recursive batch-means
estimator in Chen et al. [2020]. According to Corollary 4.5 in Chen et al. [2020], the upper
bound of the batch means estimator is also O(n_(l_a)/4) with the prior knowledge of the
sample size n. So we make it possible that online estimation of covariance matriz achieves
the same efficiency as offline methods. The plug-in approach in Chen et al. [2020] achieves
the rate of O(nfo‘/Q) when the i-th step size is chosen to be i~ %. As a tradeoff, the online
estimator enjoys efficient computation without the necessity of accessing Hessian information

but pays the price in terms of the slower convergence rate.

Next, we will show in Theorem 4.3.8 that the alternative version in, NoOI shares the same

upper bound.

Theorem 4.3.8. Under conditions in Theorem 4.5.5, the alternative version in,NOL defined
in (4.8) satisfies

E HimNOL _ 2H2 < 1/(28) 4 pla=1)/2+1/(26), (4.21)

4.8.4  Asymptotically accurate confidence intervals/regions

The next corollary shows that the confidence interval /region based on the online estimator

achieves asymptotically correct coverage level 1 — ¢ for a pre-specified ¢ with 0 < g < 1.

Corollary 4.3.9. Under conditions in Theorem 4.3.5, as n goes to infinity

P(af € Clypni) — 1—0q, (4.22)
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where

ClI,

g = |Tnji = Z1—g/2V 0ii /Ny Tni+ 21_q/2V %’/”]

and ;; 1s the i-th diagonal of the online batch-means estimator S (or in,NOL)' We can

also construct joint confidence regions as follows:
P (z* € Cgn) = 1—q, (4.23)

where

~

Cyn = {x eRY:n (T — )t S (@0 —2) < X?i,l—2/q} '

Corollary 4.3.9 constructs asymptotic valid confidence intervals for each coordinate of z*
and joint confidence regions for z* € R, More generally, for any unit length vector w € R

(i.e., ||w||2 = 1), we have by Theorem 4.3.5 and Slutsky’s theorem,

Vi (@ —a7) N(0, 1). (4.24)

V walnw

Therefore, the (1 — ¢)100% confidence interval for w’ z* can be constructed as

{wTEn = 21_q/2\ wa]nw/n, wT:En +21_¢/2\ wTinw/nl ) (4.25)

Stopping rule

In principle, SGD constantly improves the quality of Z,, and our method constantly improves
the covariance estimate 3, as n grows. A natural questions is when can we stop updating z,
and 2,7 There are several heuristics of stopping rules widely used in machine learning. For
example, an online algorithm can stop when the neighboring estimates become sufficiently
close. Or a more widely used approach in stopping SGD is to evaluate the error on a separate

validation dataset and stops the SGD when the error becomes stable.
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We can better answer this question and assess the SGD error based on the inference
results, inspired by stopping rules for Markov Chain Monte Carlo (MCMC) that rely on a
Markov chain central limit theorem. Especially, one can apply the fixed-width sequential
stopping rule in Jones et al. [2006], where the updating is terminated the first time when
the width of the confidence interval for each component is small enough. More formally,
for a desired tolerance of ¢; for the i-th coordinate, the rule terminates updating the first

time after the n-th iteration when the following condition is satisfied for all the coordinates

i=1,....d

A

G s
ti—2t fp 7l < €55
n

where 7, ; is the i-th diagonal of the online estimator S (or in, NOL), and ty is an ap-
propriate t-distribution quantile. For the joint inference, one may consider simplifying the
relative standard deviation fixed-volume sequential stopping rule in Vats et al. [2019], where
updating is terminated the first time when the volume of the confidence region Cy, (4.23) is
small enough. For a desired tolerance of €, the rule terminates updating the first time after
the n-th iteration when

Vol(Cp) V8 4 =1 < e,

where Vol(C,) = 2 (sz/n) 4/2 1550)/2/(dT(d/2)), | - | denotes determinant, x2 is an appro-
priate chi-square distribution quantile, and 3, is our online estimator. We also include a

simple simulation study of the stopping rule in the last section of the Supplement.

Remark 4.3.10. The original stopping rule in Vats et al. [2019] avoids the practical issue of
choosing € with the idea of effective sample size (ESS). They consider an F-invariant Harris
recurrent Markov chain and define a multivariate approach to ESS. The stopping rule in Vats
et al. [2019] terminates the MCMC simulation the first time the estimated ESS is larger than
a pre-specified lower bound. However, we need to re-define ESS in the non-stationary case,

which requires more careful considerations. We will leave it as a future research direction.

60



4.4 Simulation studies

In this section, we evaluate the empirical performance of the proposed online approach.
We focus on two classes of examples: linear regression and logistic regression. Let {& =
(aj,b;)}i=1,2,.. denotes an i.i.d sequence of pairs, and z* denote the true parameter in the
models. In both linear regression and logistic regression cases, a; € RY is generated from
N(0,I;). In the former case, b; = a;frx* + ¢;, where ¢; is independently generated from
N(0,1). In the latter case, b;|a; ~ Bernoulli((1 + exp(—aiTx*))_l). The loss function f(-)

is defined as the negative log likelihood function, so we have

—_

—(a;fpx — b;)? linear regression

]

f(xa ag, bl) =
(1-— bi)aZTx + log(1 + eXp(—aZTx)) logistic regression.

The true coefficient 2* is a d-dimensional vector linearly spaced between 0 and 1. In the SGD

@ and the parameter « is chosen to be 0.505.

procedure, the step size 7); is set to be 0.55~
The sequence {a};>1 in our online approach is chosen in the form of a;, = {C’mw (I*O‘)J ,
for some constant C'. All the measurements in the following discussions are averaged over

200 independent runs.

4.4.1  Empirical performance of the proposed online approach

Convergence of the recursive estimator. We focus on linear regression here since the
true limiting covariance matrix is easy to compute. In the linear regression model described
above,

A=E [V2f(x*)} =E (aaT) =1y,

$ =E (V" IVf@" )T ) = E(PE (ad”) =1
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Figure 4.1: Linear regression: Log loss (operator norm) of the estimated covariance ma-
trix against the log of total number of steps. Here F denotes the full overlapping ver-
sion (4.3), NOL denotes the non-overlapping version (4.8), and C' denotes the constant in

m = LCmWO_OOJ.

Then the limiting covariance matrix
»=A"lsa =1,

We check the convergence of our proposed online estimators, both the full overlapping and
the non-overlapping versions, by computing the operator norm loss of the covariance matrix
estimate, i.e., |$, — 3|2. Figure 4.1 shows that the log loss of the online estimators are
approximately linear with the log number of steps and the slopes are about —1/8 for the large
total number of steps. It suggests that both the full overlapping and the non-overlapping
versions converge to the limiting covariance matrix with the same convergence rate, about
O(n=1/8). We also compute the relative efficiency (MSE of the full overlapping version (4.3)
divided by MSE of the non-overlapping version (4.8)); see Figure 4.2. Their performances
are comparable. Also, the performance is relatively insensitive to the choice of C' in ay, =
{CmQ/ (l_o‘)J. Therefore, we will implement the non-overlapping version and set C' = 1 in

the subsequent simulations without any specification.
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Figure 4.2: Relative efficiency (ratio of MSE) of the full overlapping version (4.3) and non-
overlapping version (4.8). We set d = 5 in linear regression. Here C' denotes the constant in

m = L0m2/(1_a)J.

Asymptotic normality and CI coverage. With the covariance matrix estimates, we

construct 95% confidence intervals for the averaged coefficient p = 151;* according to (4.25),

[1Ta;n — 21 g2\ 110 1g/n, 1Tz, + zl_q/Q\/1dTin1d/n] .

We also compute the oracle 95% confidence intervals based on the true limiting covariance

ie.,

matrix. Figure 4.3 shows that for both overlapping and non-overlapping versions, the em-
pirical coverage rate converges to 95%, and the standardized error \/ﬁldT(fc —z*)/ 1£f3n1d
is approximately standard normal. Also, the estimated CI length converges to the oracle

length.

4.4.2  Comparison with other methods

In this section, we compare the performance of the proposed online estimator, which we
refer to as online-BM in the subsequent numerical experiments, with other estimators for
marginal inference of each individual regression coefficient. We consider both linear and
logistic regression examples. The nominal coverage probability is set to 95%.

We first compare the empirical coverage rates of the proposed estimator with the plug-in
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Figure 4.3: Linear regression with d = 5: (a): Empirical coverage rate against the number of
steps. Red dashed line denotes the nominal coverage rate of 0.95. (b): Length of confidence
intervals. (c): Density plot for the standardized error. Red curve denotes the standard
normal density.

estimator in Chen et al. [2020]. As we mentioned in the introduction, the plug-in estimator
requires the computation of the Hessian matrix (of the loss function) and its inverse. Figure
4.4 shows that our online estimator (online-BM) has a comparable performance as the plug-

in estimator when the number of iterations is large enough. Although the online-BM has a
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Table 4.1: Empirical coverage rates: the average coverage rate for the nominal coverage

probability 95%. Standard errors are reported in the brackets.

linear model

(d =5) n = 50000 n = 80000 n = 100000 n—= 125000
online-BM | 0.894 (0.02177) 0.901 (0.02114) 0.917 (0.01951) 0.935 (0.01746)
BM 0.894 (0.02177) 0.904 (0.02085) 0.910 (0.02022) 0.928 (0.01831)
(d = 20) n= 50000 n= 100000 n= 150000 n= 200000
online-BM | 0.904 (0.02078) 0.907 (0.02050) 0.910 (0.02022) 0.914 (0.01986)
BM 0.878 (0.02312) 0.901 (0.02121) 0.908 (0.02043) 0.910 (0.02029)
logistic model
(d = b) n = 100000 n = 200000 n = 300000 n = 400000
online-BM | 0.828 (0.01011) 0.844 (0.00933) 0.875 (0.00770) 0.889 (0.00700)
BM 0.822 (0.01032) 0.847 (0.00919) 0.875 (0.00771) 0.885 (0.00721)
(d = 20) n = 100000 n = 300000 n = 500000 n = 700000
online-BM | 0.791 (0.01167) 0.829 (0.01004) 0.845 (0.00926) 0.864 (0.00834)
BM 0.787 (0.01188) 0.827 (0.01011) 0.839 (0.00955) 0.859 (0.00856)

slower convergence rate, it has an advantage in computational efficiency since it only uses the
iterates from SGD. The online-BM is more desirable for practitioners when the computation
is limited or only stochastic gradient information is available.

Next, we compare the finite sample coverage rate of the proposed online-BM estimator
and the batch means covariance matrix estimator from Chen et al. [2020], which we refer
to as BM. Table 4.1 shows that the finite sample coverage rates of the two estimators are
close to each other in all cases, and the finite sample performance of our method slightly
outperforms Chen et al. [2020] when 7 is large. In fact, this is not a totally fair comparison
for us since we implement the method in Chen et al. [2020] based on the prior knowledge of

the exact sample size.

4.5 Summary

We propose a fully online approach to estimate the asymptotic covariance matrix of the
ASGD solution and conduct statistical inference. The fully online fashion allows efficient
sequentially updating. It is important for online learning, where data comes in a stream and
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Figure 4.4: Comparison of online-BM and Plug-in estimators. First/Middle row: Empirical
coverage rate against the number of steps in linear/logistic model. Red dashed line denotes
the nominal coverage rate of 0.95. Third row: total computation time for updating covariance
estimate and confidence intervals in SGD.
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real-time update of predictions is needed before seeing future data. Our method is efficient
in both computation and memory. In particular, the computational and memory complexity
at the update step is O(d2), and the total computational cost only scales linearly in n. In
terms of theoretical merits, the proposed estimator is the first fully online fashion estimator
with rigorous convergence property for asymptotic covariance of ASGD. We show that the

convergence rate of our online estimator is comparable to the offline counterparts.
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CHAPTER 5
HIGH CONFIDENCE LEVEL INFERENCE IS ALMOST FREE
USING PARALLEL STOCHASTIC OPTIMIZATION

This chapter will continue with practical inference. As observed in the previous chapter, the
convergence of the covariance matrix estimator is slow, as is the coverage of the confidence
interval. Given the complexities inherent in estimating the covariance matrix, one may
wonder if, for certain tasks, we can bypass the need for the covariance matrix and focus
solely on the confidence interval to achieve better results. By “better”, we mean improved
coverage of the confidence interval and enhanced computational efficiency, without the need

for matrix updating at each iteration. This motivates our work in this chapter.

5.1 Introduction

We still consider the problem in (1.1). With streaming data {&;};>1, and assuming we
obtain iterates/outputs of a stochastic approximation (SA) algorithm, the primary goal of
this chapter is to enhance statistical inference by constructing confidence intervals based on
these iterates in an online setting. Specifically, for a given vector v € ]Rd, we aim to construct

a valid (1 — ) x 100% confidence interval CI for the linear functional v ' z*, that is
P(v'z* e Cl)— (1—a)=a—P'z* ¢ CI) ~ 0, (5.1)

where o € (0,1). To fit in an online setting, the proposed confidence interval can be updated
recursively as new data becomes available. It utilize only previous SA iterates, requiring
minimal extra computation for the inference purpose beyond the original computation, thus
allowing for easy integration into existing codebases.

We consider a high level of confidence, i.e., a = 0, as uncertainty quantification is partic-

ularly important in applications involving high-stakes decisions, where a nearly 100% confi-
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dence interval is required. Moreover, with datasets growing increasingly large, the demand
for higher-level confidence intervals becomes more prevalent. Additionally, in applications
involving multiple simultaneous tests, such as high-dimensional parameter analysis, correc-
tion techniques like the Bonferroni method are employed. This leads to each individual test
maintaining a sufficiently high confidence level (related to dimension). In such cases, the
guarantee in (5.1) may not be sufficient. In particular, we shall construct confidence intervals
CI such that the relative error

P(vz* ¢ CI)

(07

Pv'z* e CI) — (1 —a)
o

Ay = -1 (5.2)

is small. Note that (5.2) offers a much more refined assessment than (5.1). For example,
if @ =107% and P(vTz* ¢ CI) = 1073, then (5.1) is not severely violated, while A in
(5.2) is very different from 0. In this context, it is crucial to recognize that even a slight
undercoverage can be significant due to low tolerance for error. Conversely, an extremely wide
confidence interval that nearly always covers can become uninformative, underscoring the
importance of precision in interval construction. Hence, employing a method that provides
confidence intervals with rapid convergence to the desired coverage level is essential. We
derive the upper bound (with explicit rate) of the relative error of coverage for the constructed
confidence intervals and explicitly detail the dependence on « in the upper bound. The results
indicate that our method remains valid even when « is potentially very small or decreases

with the total sample size or the number of hypotheses.
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5.1.1 Background: existing confidence interval construction

Practical inference methods are based on the limiting distribution of SA solutions. Recall

that the vanilla SGD iterates with the recursion form:

v =xi—1 —n;Vf(r;i—1,§), i=12,...,

where V f(z,£) is the gradient vector of f(x, &) with respect to the first variable x, and 7; is
the step size at the i-th step. Consider the average of all past iterations z, = n~! Yo In
the celebrated work of Polyak and Juditsky [1992], it is shown that, under suitable conditions,

the averaged SGD (ASGD) exhibits asymptotic normality, that is,
Vn(zn — %) = N(0,3), (5.3)

where ¥ = A71SA™1 is the sandwich form covariance matrix with A = V2F(z*) and S =
E ([V f@®, O]V f(z* ¢ )]T> . Similar asymptotic normality results have been established for
other variants of SGD with adjusted asymptotic covariance matrices |Li et al., 2022a, Wei
et al., 2023, Na and Mahoney, 2022]. These asymptotic normality results form the foundation
of statistical inference in an online setting. As the limiting covariance matrix is unknown in
practice, to perform practical inference, there are three primary methods for constructing

confidence intervals.

e The first method relies on recursively estimating the asymptotic covariance matrix
Y. Chen et al. [2020] proposes the plug-in method to estimate A and S separately
using sample averages and then applying them in the sandwich form. Zhu et al. [2023|
proposed the online batch-means method, which only utilizes SGD iterates and is
more computationally efficient. Both methods provide consistent estimators for the

asymptotic covariance matrix ¥ of ASGD solutions. With a consistent covariance
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estimate ), one can construct confidence intervals for v ! z* as

[oTS 1D
~ T- v nU T = v nvU
CIn,COV = |V ITp — z].*a/Q n , U In —I— Z].*O[/Q n s

where 21_, /9 is the (1 — a/2) x 100% percentile of the standard normal distribution.

The second method takes advantage of statistical pivotal statistics. One example is
the random scaling method. Instead of consistently estimating the asymptotic covari-
ance matrix, Lee et al. [2022] leverages the asymptotic normality result by construct-
ing asymptotic pivotal statistics after self-normalization. Specifically, they studentize

Vn(Zy — x*) via the random scaling matrix

n S S T
~ 1 1 _ 1 s
‘/7’8,% = 5 3:1 { \/ﬁ i§:1<xi - -Tn>} {\/ﬁ i§:1($l n)} :

The resulting statistic is asymptotically pivotal and the confidence interval for v ' z*
is then constructed as
[T,
A T v VrsnU T
Clpps = |v Tn — Qrs,1—a/2 n s U T+ Qg 1-a/2 ,  (54)

where q,., 1, /9 Is the (1—a/2)x100% percentile for Wl(l)/[fol{Wl(r)—rwl (1)}2dr]1/2

with Wy (r) stands for a standard Brownian motion.

An alternative method for inference is via bootstrap. One can apply bootstrap per-
turbations and modify the original SGD path. Then, the asymptotic distribution of
the online estimate as well as other quantities such as variance or quantiles can be
estimated using a large number of bootstrapped sequences [Fang et al., 2018, Li et al.,

2018, Su and Zhu, 2023].
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Same ideas have also been applied for inference when using different algorithms or dealing
with online decision-making problems [Luo et al., 2022, Li et al., 2022b, Chen et al., 2021,
Ramprasad et al., 2022, Su and Zhu, 2023|. Note that all the three methods above have their
advantages and applicable use cases. The first and third methods can provide consistent
estimators of the limiting covariance matrix. However, the cost of using bootstrap (the
third method) involves heavy computation or complicated modification to existing code
base, and we will not consider this method. The online covariance matrix estimation (the
second method) is a difficult task in SGD settings. The plug-in estimator requires Hessian
information which is typically unavailable, and involves matrix computation that requires
an O(d%) computational cost, which is not desirable for large dimensions. The online batch-
means methods do not require extra information such as the Hessian and are computationally
efficient, but they come at the cost of slow convergence. The random scaling method does
not provide a consistent covariance matrix estimator, yet in terms of confidence interval
construction, it is computationally comparable to the online batch-means method while
offering better coverage. However, the critical values of the self-normalized statistics are not
easy to obtain for arbitrary «, we simulate the value via MCMC in Section 5.4.

In terms of theoretical guarantees, although all three methods demonstrate asymptoti-
cally valid coverage of confidence intervals, the convergence guarantee without a specific rate
and without explicit dependence on « is not sufficient, as demonstrated above and in Section
5.3. This limitation is not significant at moderate confidence levels but becomes substantial
at higher levels, leading to unstable coverage. This may result in either undercoverage (fail-
ing to meet the standard) or overcoverage (producing an excessively wide confidence interval,
thereby diminishing the interval’s meaningfulness). A detailed comparison and discussion of
these methods can be found in Lee et al. [2022]. We also make a brief summary in Table 5.1
comparing the above online inference methods.

We propose a new method that utilizes a small number of parallel runs to effectively
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Method Plug-In Online BM Random Scale This paper

consistent covariance estimator? v v / /
to avoid Hessian? / v v v
CI coverage convergence rate? / / / v
empirical CI coverage * % % * ok * kK
computation time * *ok *ok * * K

Table 5.1: Comparison of methods for online statistical inference: This table compares
various methods including Plug-In [Chen et al., 2020|, Online BM [Zhu et al., 2023], and
Random Scale |Lee et al., 2022|. The symbol ‘v"* indicates that the method can achieve the
goal, while ‘/’ signifies that it cannot. The rating symbols ‘x x *", ‘xx’, and ‘*” denote the
best, moderate, and lowest advantage, respectively.

acquire information about the distribution, while maintaining a fully online status. We
demonstrate that the confidence intervals constructed via the parallel inference method pro-
vide asymptotically exact coverage with more rigorous theoretical guarantees than existing
methods, featuring an explicit convergence rate of the relative error of coverage. Additionally,
this method offers better coverage compared to other methods, as demonstrated in Section
5.4. Tt is also the most computationally efficient among all considered inference methods.
Our approach avoids the heavy cost of resampling. Unlike methods based on covariance ma-
trix estimation or the random scaling method, our method does not require updating a d x d
matrix at each iteration. Additional computation or memory for inference beyond running
SGD is required only when necessary at specific steps and is minimal, making the inference
almost free. Another advantage of our method is its suitability for settings where parallel
computing is needed, which can further accelerate computation. This is particularly relevant
in scenarios such as processing extremely large and high-frequency datasets, or in federated
learning scenarios where data are distributed across different clients |Zinkevich et al., 2010,
Dean et al., 2012, Li et al., 2020b, Karimireddy et al., 2020, McMahan et al., 2017, Ghosh
et al., 2020]. In our work, the requirement for parallel processing is seen not as a burden but

as a beneficial tool.
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5.2 Inference with parallel runs of stochastic algorithms

In this section, we introduce the parallel run inference method for constructing confidence
intervals. The method involves K parallel runs of a predetermined stochastic algorithm,
calculating the sample variance of the linear functional of interest from K parallel runs, and
self-normalizing to obtain asymptotic pivotal ¢-statistics and the corresponding confidence

interval.

5.2.1 Parallel computing

Consider a general stochastic algorithm characterized by the update rule h; at the i-th step
and K parallel run sequences. For each of the k-th sequence where k = 1,..., K, we begin

with a random initialization i(()k). The estimate for the k-th machine at the i-th iterate is

()

denoted by z;"". The recursive update is given by

i =™ ER =12, (5.5)

where F (ﬁ)l = o(& .(ﬁ)l,ﬁﬁé, ...) encapsulates information from the previous step, such as

(3 (3
igli)l or other intermediate estimates according to the algorithm. For example, in the case

of ASGD, we have

1

(5.6)
i = (- el + 2Py,

where V f (xz(.@l, fz(m) is the derivative of the objective function f with respect to the first
variable, and step size is usually chosen as n; = nx i~P for some B € (0.5,1]. If we seek output
for estimation or inference at the n-th step (with N = nK total samples), we can aggregate

the results from the K machines by averaging the estimates or predictions. Specifically, we
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define the parallel average of the K sequences as

1 < (k)
T =72 > (5.7)
k=1

In a practical online setting, sequential data {&;};—12 . can be distributed across K
different machines, with §Z(k) = &y K(i—1)- Alternatively, in an offline setting, the dataset
can be randomly divided into K batches. Note that when the initialization i:ék) is the same
for all K =1,..., K, the output from K sequences :i:l(.k), kE=1,..., K, will be independent
and identically distributed (i.i.d.), given that the data components §§k) are i.i.d..

Note that, unlike local /federated SGD as discussed in Yu et al. [2019], Li et al. [2022b],
Woodworth et al. [2020], we do not communicate local solutions/gradients to obtain a com-
mon averaged iterate for parallel runs at intermediate iterations. Our method is more akin
to model averaging, often referred to as one-shot averaging |Zinkevich et al., 2010]. On one
hand, model averaging without communication costs can still achieve good convergence when
K is small or moderate. On the other hand, it ensures the K sequences are i.i.d. and enables
us to construct a asymptotically pivotal ¢t-statistic and demonstrate strong convergence in a
later section. Additionally, the straightforward parallel running and model averaging make
it easier to apply to different stochastic algorithms. In some cases, local updates with more
frequent periodic averaging would improve statistical efficiency of the algorithm and com-
munication costs may not be a problem. The inference procedure may still hold with refined

proof. However, discussing the difference between vanilla SGD, parallel SGD and local SGD

is beyond the scope of this thesis.

5.2.2  Asymptotic t-distribution

In this context, various stochastic approximation algorithms can be employed to run parallel

sequences. To derive a valid t-distribution, it is essential to consider cases where asymptotic
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()

normality is applicable for the estimate Z;,’ in each sequence. Specifically, for each k =

\/ﬁ(s%;k) — ") = N(0,%), as n — oc.

In the case of ASGD as denoted in (5.6), the celebrate work of Polyak and Juditsky Polyak
and Juditsky [1992] demonstrated the asymptotic normality with the sandwich form ¥ as
mentioned before. Other algorithms, such as various versions of weighted-averaged SGD
[Wei et al., 2023], Root-SGD |[Li et al., 2022a|, and StoSQP |[Na and Mahoney, 2022, have
also been shown to possess this asymptotic normality property, albeit with adjusted limiting
covariance matrices.

For any vector v € R, considering inference for the linear functional v 2* at the n-th

iteration (with N = nK total samples), define the sample variance 612) as

where Zf ,, is the sample average defined in (5.7). It is worth noting that 62 is not a
consistent estimator for the variance of v’ z*. However, we can studentize v K (v'z Kn —
v z*) with &, to obtain a t-statistic which is asymptotically pivotal. Assuming the validity
of the asymptotic normality result, together with the i.i.d. property of {;;:ﬁl’“)}kzlw K, We

can infer a t-type distribution, that is,

ty = ’ =t 1. (5.8)

T

Based on (5.8), we can construct a (1 — a)) x 100% confidence interval for v ' z* as follows,

t_a/2. k100 T t1—a/2,K—10v

, U T + ,
\/K Kn \/E
76
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where ty_, /9 j¢_1 is the (1—a/2) x 100% percentile for the ¢ jr_1 distribution. The proposed
confidence interval in (5.9) is fairly easy and efficient to construct. In particular, when
K = 2, t, is asymptotically distributed as the standard Cauchy distribution with upper

quantile t;_, 9 1 = tan((1 — a)m/2). The entire procedure is summarized in Algorithm 4.

Remark 5.2.1 (Almost cost-free). We observe that the inference step in our method can be
performed whenever necessary with minimal calculation and memory requirements, without
needing any modifications to existing stochastic algorithms. This makes it almost cost-free
and can be easily integrated into existing codebases. In contrast, all other methods typically
demand considerable extra effort for inference. This may involve complex modifications, as
seen in Su and Zhu [2023], or entail storing and updating a matriz at each iteration, as
required by covariance-matriz-estimation-based methods or the random scaling method. In
these cases, the computing and memory costs for inference purposes usually far exceed those

inwvolved in the SGD update itself.

Remark 5.2.2 (Choice of K). A larger K brings more stable and usually shorter (in ex-
pectation) confidence intervals, as indicated in (5.9). And a smaller K will decrease the
effect of sample splitting and lead to better convergence of the estimate in a single run. As
demonstrated in Section 5.4, the performance of inference is not that sensitive to the choice
of K when K is in a reasonable range, and K = 6 is a good choice in practice. Users can
opt for a smaller K when dealing with a moderate dataset to ensure sufficient sample size
and faster convergence in a single trial. If parallel computing resources are available and pre-
ferred, especially when dealing with very large datasets or high data acquisition rates, users

are encouraged to utilize more machines.
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Algorithm 4: Online Parallel Inference

Input: stochastic algorithm h, number of parallel runs K
fori=1,2,...do
for k=1,...,K do
Update igk) = hi(@(k),fﬂ) (flgk) is data received);
end
Output if necessary:
TR T e B
6% 1 i (UTflm - UT$K,i>23

ClL, « [UTfK,i — uty_a2.k—1/VE, v I+ vt _gjo x—1/VE

end

5.3 Theoretical guarantee

In this section, we provide a theoretical foundation for the confidence interval (5.9) con-
structed using the ¢-distribution. Recall that we consider a high level of confidence where
the noncoverage level a can be potentially very small or decrease with the total sample
size (or dimension). This level of validation requires a more stringent guarantee than just

showing that
P(v'2* € CI) — (1 —a) — 0, (5.10)

which can be derived from the convergence of relevant statistics in distribution as shown in
other works. Our focus is to establish the bound of the relative error of coverage
P(v'z* € CI) — (1 —a)

Ay :=  sup ,
a(N)<a<l @

78



where o(N) goes to zero at an appropriate rate. Compared with (5.10), this bound offers
a more rigorous assessment. It is critical in cases where we require high precision in our
confidence assessments, ensuring that the constructed interval genuinely reflects the desired
confidence level. For example, suppose we use Bonferroni method to construct simultaneous
confidence intervals for m parameters at overall level 0.95 with large m, then the CI for each
individual parameter should be at level 1 — 0.05/m. In this case @ = 0.05/m and a small
Ay is needed, while (5.10) is not sufficient. Also, it is important to make the dependence
on level a explicit since we may consider a decreasing «.

To derive the upper bound of the relative error, it is important to obtain the rate of
convergence of the t-statistic. In the rest of this section, we will first explore the application
of ASGD in each parallel run and then extend our results to a broader class of stochastic

algorithms that meet certain mild assumptions.

5.3.1 Convergence characterization for ASGD

Among various stochastic approximation algorithms, SGD is notably convenient and popular.
Its variant, ASGD, is also widely used and has been the subject of extensive study. Beyond
the well-known asymptotic normality results related to convergence in distribution, the rate
of convergence to normality is of growing interest and has been studied in the literature.
Notably, Anastasiou et al. [2019b] derived the non-asymptotic rate of convergence to normal
using non-asymptotic rates of the martingale Central Limit Theorem (CLT), and Shao and
Zhang [2022] established a Berry-Esseen type bound for the Kolmogorov distance between
the cumulative distribution functions of the ASGD estimator and its Gaussian analogue.
In this subsection, to better characterize the distributional approximation of the ASGD
estimator, we develop a new Gaussian approximation of which the asymptotic normality is
a direct consequence. Before presenting the main approximation result, we first introduce

some regularity assumptions on the objective function and basic definitions.
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Assumption 5.3.1. There exist positive constants T and L such that

(¢ — ") (VF(z) = VF(2')) = 7|z — 2|3,

IVF(z) = VF(2')]l2 < L]z - 2/[l2.

Assumption 5.3.2. Denote Az, &) = VE(z) — Vf(z,€) for v € R and £ ~ II. Given
q > 4, we have Eg”A(m*,ﬁ)H% < oo and there exists some positive constant v such that for

any x, 7' € Rd,
(Eel A, &) = AW, O < lle =22
Assumption 5.3.3. There exists some positive constant L such that for x € Rd,
IVF(z) = V2F(a*)(z — 2*) |2 < L]z — 2*[}5.

Assumptions 5.3.1-5.3.3 are common and fairly mild in the context of convex optimization
based on the SGD algorithm and its variants [Chen et al., 2020, Zhu et al., 2023|. For n > 1,

we define

r,=-— U,.SU h U, = Y 5.11
n %Zlk ) » Where Uj, 2/{77/4 (5.11)
= 1=

with Ykl~C =1, Y]g = H%:kurl(ld — mV2F(z*)),i > k. In the following theorem, we establish

a Gaussian approximation result for the ASGD estimator.

Theorem 5.3.4. Assume that {x;}}" | is a SGD sequence defined by:

Ty = Tj_1 — me(xz-_l,fi), 7 = 1,2, ceey

where n; = n % i~ P for some constant § € (1/2,1). Let &, = n~ 1 S x;. Under As-

sumptions 5.3.1-5.3.3, on a sufficiently rich probability space, there exist a random vector
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9

Wn = /n(Zn — %) and a centered Gaussian random vector Zp ~ N(0,Ty,), where Ty, is

defined in (5.11), such that

o5 logn [lzo — 2*|3
E(|W,, — Zy||2 < 1-28 2. 5.12

Remark 5.3.5. Theorem 5.3.4 reveals that the ASGD estimator can be approximated by
a centered Gaussian random vector with approximately the same covariance matriz with-
out tmposing additional structural and moment assumptions and the approximation error
is asymptotically negligible as long as B > 1/2 and |lzg — z*|a < n'/2. To the best of
our knowledge, this is the first Gaussian approzimation result for online estimators based
on the SGD algorithm. It is worth noting the SGD iterates x; € Rd,i =1,2,..., are nei-
ther independent nor stationary. Hence the existing strong invariance principle results for
the partial sums of independent random elements [Komlds et al., 1975, 1976, Csorgd and
Révész, 1975, Einmahl, 1987] or general stationary sequences [Wu, 2007, Liu and Lin, 20009,
Berkes et al., 2014] are not applicable here. To handle the nonstationary property of the
sequence {x;};>1, we shall invoke the recently established strong approximation result for
non-stationary time series [Mies and Steland, 2023]. The detailed proof of Theorem 5.5.4 is

given in the Appendiz.

Remark 5.3.6. It is worth noting the covariance matriz Ty, defined in (5.11) and hence
the distribution of the coupled Gaussian vector Zy do not depend on the initial estimate xg.
Therefore, our result in (5.12) can also be viewed as a quenched Gaussian approximation
in the semse that the impact of the initial point xy diminishes, as asserted by the third
term ||z —x*H%/n in the upper bound (5.12). As a direct consequence, the distribution
of the random vector \/n(Tn — x*) can be approzimated by that of N(0,Ty,). Moreover, the

multivariate central limit theorem (5.3) can be easily derived as I'y, converges to the sandwich

form covariance matriz ¥ = A"LSA™L; see, for example Polyak and Juditsky [1992]. It is
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important to mention that our procedure does not rely on the convergence of I'y, to 3, which
can be slow and introduce additional approzimation error in practical itmplementations. QOur
constructed t-statistic is asymptotically pivotal as long as (5.12) holds. Particularly, the
simulation studies in Section 5.4 demonstrate that our procedure has better finite-sample
performance than the oracle procedure based on the multivariate central limit theorem (5.3)

with the population covariance matrix 3 given.

The rate of convergence to normality plays a crucial role in assessing the approximation
of the t-distribution. As we will discuss in a later section through a general theorem, the con-
vergence of the t-statistic and the upper bound of the relative error relies on the convergence

rate (of a single parallel run sequence) to normality.

5.3.2 Main results

As discussed above, there are many variants of SGD exhibiting asymptotic normality results,
and the specific convergence rate to normality may vary across different algorithms. We will
not study those rates for other algorithms rigorously since they are beyond the scope of this
paper. To derive general results with the potential to be applied to different algorithms, we

propose the following assumption.

Assumption 5.3.7 (Convergence rate to normality). For a chosen stochastic algorithm and
number of parallel runs K, let f,(lk)(k: = 1,..., K) denote the result at the n-th iteration of
the k-th parallel run used in calculating the parallel average T ,, in (5.7). There exists a

centered Gaussian random vector Zp, ~ N(0,%y,) (for some Xy, € R¥9) such that
Ak 1/2
(BIVAGEs —2%) = Z)I3) " < o),

where the approximation rate 6(n) — 0.

Theorem 5.3.4 demonstrates that if we employ ASGD as defined in (5.6), Assumption
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5.3.7 is satisfied with 3, = T'), defined in (5.11) and

_ 1/2-p _Vlogn
d(n) = max <n " 2-1q
With this assumption, we are ready to show that the statistic in (5.8) is asymptotically

pivotal with a specific convergence rate.

Theorem 5.3.8. Suppose we run Algorithm 4 and Assumption 5.3.7 holds. For any v and
ty defined in (5.8) we have

sup [P (f 2 2) = P(Tic—1 2 2)] 5 (6(N/K)) Y,

where Ty _q is a random variable following t distribution with degree of freedom K —1, N s
the total sample size and K is the number of parallel runs. Consequently, for any confidence

level a € (0, 1),

P <|5u| > 751*@/2,1(71)

«

— 1| S a sV )V,

where ty_ /9 fr—1 15 the (1—a/2)x100% percentile for the tjc 1 distribution and the constant
in < does not depend on . For a(N) goes to zero with §(N/K)Y/* < «(N), the relative
error of coverage goes to zero when o > a(N), i.e.,

P(vTz* € CI) — (1 — o)

Ay = sup — 0.
a(N)<a<l @

The results suggest that any stochastic algorithm demonstrating appropriate convergence
in certain scenarios can be selected, provided its single sequence exhibits convergence towards
normality. The convergence of the t-statistic, as well as the relative error in the coverage

of the confidence interval, can be bounded based on the rate of convergence to normality.
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Furthermore, this study comprehensively examines the reliance on the value of a. The

uniform convergence of Ay indicates that an extremely small «, or decreasing «, is feasible.

5.4 Experiment

5.4.1 Simulation

In this section, we investigate the empirical performance of our proposed parallel inference
under the linear regression model and logistic regression model. The true coefficient of
interest z* is a d-dimensional vector with z* = (0,1/d,2/d,...,(d — 1)/d). We generate a
sequence of i.i.d. random samples {(a;, b;)}?'_;, where a; stands for the explanatory variable
generated from N (0,1;), and b; stands for the response variable. In the linear regression
model, we have

b; = aZTx* + €,

where ¢; follows AV (0, 1) independently. The corresponding loss function is f(z,&;) = (a;fpx —

b;)?/2. In the logistic regression model, b; € {0,1} is generated from a Bernoulli distribution,

where
1

1+ exp(—ale*)’

P(b; = 1]a;) =

and the loss function is logit loss as f(z,&;) = (1— bi)asz +log(1 +exp(—aiT:U)). We employ
ASGD for our parallel method, with § = 0.505, and n = 0.5, consistent with the settings
used in Lee et al. [2022], Zhu et al. [2023]. We consider the case of marginal inference of
coordinates, that is the vector v in linear functional is chosen as the canonical basis. To
analyze the empirical performance, we record the coverage of the constructed confidence
intervals, the relative error of coverage A, as defined in (5.2), the length of the confidence
intervals, and the running time. All reported results are the average of 10000 independent

trials.
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Figure 5.1: Effect of K. Plot (a): relative error of coverage; plot (b): the length of confidence
interval. The nominal coverage probability is 0.99. The total sample size N is 60000 for
linear models and 200000 for logistic models.

Choice of K. We first examine the effect of K. We construct 99% confidence intervals
(o = 0.01) with a total sample size of 60000 (N = nK = 60000) for linear regression,
and with a total sample size of 200000 (N = nK = 200000) for logistic regression. From
Figure 5.1, we observe that a small K may decrease the bias of coverage in some challenging
scenarios, such as logistic regression with d = 20. On the other side, it will result in longer
confidence intervals. However, when K falls within a reasonable range, say between 2 to
11, the results appear satisfactory and are not overly sensitive to the choice of K. In the

following simulation results, we will use K = 6.

Compare to another method. We compare the finite sample performance of our proposed
inference method, referred to as the parallel method, with that of the state-of-the-art method:
the random scaling method [Lee et al., 2022|, which also leverages an asymptotic pivotal
statistic. The confidence interval constructed by the random scaling method is given in
(5.4), and we obtain critical values through Monte Carlo simulation as tabulated in Table
D.1. We did not include comparisons with other methods such as the Plug-in [Chen et al.,
2020] or Online Batch-means [Zhu et al., 2023|, as the random scaling method has already
demonstrated comparable coverage to the Plug-in method, superior coverage compared to
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Online Batch-means, and faster computing times. For both methods, we apply the ASGD
algorithm with 8 = 0.505 and n = 0.5. The number of parallel runs, K, is set to 6 for the
parallel method. We consider constructing confidence intervals every 600 samples. Overall,
the performance of the parallel method is satisfactory and better than that of the random
scaling method, with faster convergence, comparable confidence interval lengths, and less
computation.

In Figures 5.2 and 5.3, we present results for confidence intervals where the nominal
coverage probability is set at 0.95, 0.99, and 0.999, i.e., & = 0.05,0.01,0.001 for both linear
regression and logistic regression. We plot the relative error of coverage, the empirical
coverage rate, and the length of the confidence intervals. We also compare the running time
of a single trial in Figure 5.4. More results are summarized in Table 7?7 and Appendix. The
relative error of our parallel method converges to zero faster than that of the random scaling
method in all cases. The advantage becomes more obvious as confidence levels increase. Note
that in logistic regression with d = 20, both methods exhibit relatively large errors when
the sample size is small. In this case, the parallel method converges more slowly, which can
be attributed to the fact that data splitting in the parallel run exacerbates the issue of a
small sample size. However, as the sample size increases, the convergence rate of the parallel
method improves and eventually surpasses that of the random scaling method. The lengths
of the confidence intervals are comparable between the two methods, with those derived
from the parallel method being slightly larger. We also observe that our parallel method
has a distinct advantage in terms of computing time, as it does not necessitate additional
computations at each iteration, such as updating a d by d matrix, which is required by
the random scaling method. Apart from the SGD update, the only additional computation
needed for inference is calculating a sample covariance matrix or a sample variance (for
the linear functional). This computation is minimal, making the inference process almost

cost-free. The advantage in computing becomes even more significant when utilizing parallel
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Figure 5.2: Linear Regression d = 20: Left: relative error of coverage; Middle: empirical
coverage; Right: length of confidence intervals.
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Figure 5.4: Computation time: d = 20
computing across different cores.

Compare to oracle. We also compare our method to the oracle approach, which con-
structs confidence intervals using the true limiting covariance matrix 3 and the principles of

asymptotic normality. The oracle method is given by:

[vTS s
. T v'¥v T TADYY
CLyoracle = [V Tn — “1—a/2 n U TptZ1_q/2 n .

In the linear regression model described above, the limiting covariance matrix ¥ = I;. We

focus on linear regression here since the true limiting covariance matrix is straightforward
to compute. As illustrated in Figure 5.2 the coverage achieved by the parallel method
surpasses that of the oracle method. This could be attributed to a discrepancy between
the finite sample covariance matrix of ASGD and the limiting covariance ¥. Employing
an asymptotic pivotal statistic helps to mitigate the impact of this difference. For further

details and discussion on this topic, refer to Section 5.3.1.
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5.4.2  Hand-written digit dataset

To further explore the application of confidence intervals, we consider the task of estimating
the mean image for each digit in the MNIST handwritten digit dataset.

The MNIST dataset comprises 60000 training images, each each measuring 28 x 28 pixels
in dimension and labeled with digits ranging from 0 and 9. For each label m = 0,1,...,9,
we hypothesize the existence of a mean image 2™ € R% d = 28 x 28, and individual image

M and an unknown

instances {égm)} sampled from a normal distribution with mean z
variance. Our goal is to estimate these mean images. The objective function is defined as
f(z, &) = %Hf - x||% We employ the online parallel algorithm (4) with K = 6 and ASGD

n=0-505 " The parallel means computed from

with a step size at the n-th iteration n, =
this process serve as our final mean estimates. We construct coordinate-wise confidence
intervals based on Algorithm 4, choosing vectors v = e;,7 = 1,...,784. We visualize the
mean images in Figure 5.5 (a), noting that in the grayscale representation, 0 denotes gray,
—1 denotes black, and 1 denotes white. Our approach further includes denoising; that is,
truncating (or ‘shrinking’) values below a certain threshold to —1 to make the mean image
sharper. Traditionally, this threshold lacks formal guidance. We first try a one-size-fits-
all threshold. In Figure 5.5 (b) , the uniform threshold is set at 0. The results are not
satisfactory; significant portions of the digit 5 were missing, and it did not make sense to
shrink the upper part of 6. Changing the uniform threshold to a smaller number, —0.5, as
shown in Figure 5.5 (c), the denoising step has no effect. It remains unclear which threshold
is effective, and it is uncertain if a single, uniform threshold is appropriate. Then, we refined
the denoising step by leveraging confidence intervals constructed by the parallel method:
a mean value is set to 0 if its coordinate-wise upper confidence bound is below 0. Given
the desire to preserve sufficient pixel detail, we opt for a high confidence level, adjusted for

the number of parameters. Thus, we set our confidence level to 1 — «/d with o« = 0.001,

effectively achieving a 99.9% confidence interval across all coordinates simultaneously. The
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(a) Original mean (byt=0 (c) t=-0.5 (d) Adaptive

Figure 5.5: Mean image before and after denoising. (a) shows the original estimated mean
before denoising; (b) uses a uniform threshold ¢ = 0; (c) uses a uniform threshold ¢t = —0.5;
(d) applies an adaptive threshold based on the upper bound of the confidence interval.

results in Figure 5.5 (d) demonstrate that using confidence intervals yields more accurate

and visually coherent mean images.

5.5 Summary

In this chapter, we introduce a novel inference framework designed to construct confidence in-
tervals for model parameters by employing stochastic algorithms in an online environment.
This method stands out for its simplicity and ease of implementation, offering flexibility
across various algorithms. The construction of confidence intervals is the most computation-
ally efficient among all existing online methods and incurs almost no cost post-SGD update.
Furthermore, we bolster our approach with rigorous theoretical guarantees, demonstrating

its capability to facilitate inference at a high confidence level.
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CHAPTER 6
APPROXIMATE CO-SUFFICIENT SAMPLING WITH
REGULARIZATION

In previous chapters, we discussed inference for parameter estimation in a model. In this
chapter, we turn to the second part of this thesis: goodness-of-fit (GoF) testing, which
assesses whether observed data follows a specific pattern or distribution. GoF testing is
an essential statistical method, widely used across various fields such as biology, economics,
engineering, and finance. Here, we will focus on scenarios where the null distribution is only
partially known—Ilimited to a parameterized family of distributions—rather than known
exactly. We will approach this question through resampling and address challenges in a

high-dimensional setting.

6.1 Introduction

Consider the GoF testing

Hy: X ~ Py for some § € O, (6.1)

where {Py : §# € © C R%} is a parametric family, versus a more complex (usually higher-
dimensional) model. As for any standard hypothesis testing problem, our approach to GoF
testing involves two core ingredients: finding a test statistic that captures the important
trends in the data (with the convention that large values of T' = T'(X) indicate evidence
against H), and deriving the null distribution of this test statistic 7'(X) so that we can
appropriately calibrate our test to make sure we do not exceed the allowable Type I error
level. In many settings, this second component often poses the larger challenge; it is often
the case that the null distribution of 7'(X) cannot be computed exactly or even estimated
accurately. An alternative approach, common in many statistical problems, is to mimic this

null distribution with some form of resampling—e.g., methods based on permutations, on
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bootstrapping, or on knockoffs [Barber and Candés, 2015, Barber et al., 2020, Beran, 1988,
Berrett et al., 2020, Candes et al., 2018, Davidson and MacKinnon, 2007, Efron, 1979, Ernst,
2004, Lehmann et al., 1986, Welch, 1990, Wu, 1986] all have this flavor. At a high level, we
can consider sampling copies of the observed data, X (1), o X (M ), and using the empirical
distribution of the statistic, given by the corresponding values T' (X' (1)), ...,T(f( (M )), as a
null distribution against which we compare the evidence T'(X). More concretely, given these
sampled copies, we can define a p-value corresponding to the observed evidence T'(X) as

M
pval = pvalp(X, X1, (D) — M1+ e {rE ol ) 62
m=1

If it holds that the real data and its copies X, X (1), o X (M) are exchangeable under the
null, then it follows immediately that this p-value is valid under the null, P, (pval < o) < «
(for any rejection threshold «). The core challenge for this type of approach is therefore

reduced to the following question:

How can we generate copies X(l), - X M) of the observed data X such that, if

Hy is true, then X, X(l), o XM) are (approximately) exchangeable?

Now we consider this question specifically for the GoF testing problem. Of course, in the
case that © = {6y} is a singleton set, the problem is trivial—we can simply draw the
X (M)’s from the known null distribution Fy,, so that X, X(l), e XM) are iid. (and thus,
exchangeable). Beyond this trivial case, however, this simple strategy can no longer be
used. For example, drawing X (m)>g from Pé for a plug-in estimate é, which is often called
the parametric bootstrap |Efron, 2012, Efron and Tibshirani, 1994, Hall and Maiti, 2006,
Singh, 1981], may work well in some settings but has the potential to substantially inflate
the Type I error rate [Barber and Janson, 2022, Section 1]. The co-sufficient sampling (CSS)
and approximate co-sufficient sampling (aCSS) approaches, which we will describe in detail

below, avoid this issue by conditioning on a sufficient (or approximately sufficient) statistic
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for the unknown 6. aCSS in particular can be applied to a range of models, but is not suited
for addressing challenges such as high dimensionality.

In this chapter, our aim is to extend the aCSS approach to the setting where 6 can-
not be estimated via unconstrained maximum likelihood estimation—for example, a high-
dimensional sparse linear regression problem, where unconstrained estimation is not consis-
tent but adding ¢1 regularization restores consistency. We develop a form of aCSS that is
able to handle constrained maximum likelihood estimation (and will also extend to the penal-
ized case). Consequently, this new approach allows for aCSS to accommodate more robust
and accurate parameter estimation in complex problems, particularly in high-dimensional
settings.

Notation of the Chapter. For an integer n > 1, [n]| denotes the set {1,...,n}. We write

Ey and Py to denote expectation or probability taken with respect to the distribution Fy.

6.2 Background: goodness-of-fit testing via CSS and aCSS

First, we recall the general framework for GoF testing. Our goal is to test the null hypothesis
Hy (6.1) that the data X is drawn from Py, for some (unknown) 6 € ©. We begin by designing
a statistic T : X — R that tests this null, with the convention that a larger value T'(X) will
indicate more evidence against this null. We then need to choose a rejection threshold: can
we find a value t4 such that, under the null, 7(X) > ¢« occurs with probability at most «,
while under the alternative, T'(X) > ¢4 is much more likely?

Since the null hypothesis H( is composite (aside from the trivial case that © is a singleton
set), we cannot compute an exact null distribution for 7'(X), and thus instead we aim to
sample copies X (1), e ,f( (M) that are approximately exchangeable with the observed data
X under the null Hy, so that we can then assess T'(X) via the p-value defined in (6.2) above.
Of course, we can trivially achieve exchangeability by simply taking X (m) — X for each copy

m—but this would lead to zero power for testing any alternative, since the p-value defined
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in (6.2) would be equal to 1 regardless of the choice of test statistic.

In the remainder of this section, we will give background on the CSS and aCSS methods
for producing these copies, the X (m)’s, along with some examples to illustrate the types of
settings where these methods may be applied. From this point on, we will write 6y € © to

denote the unknown true value of the parameter.

6.2.1 Co-sufficient sampling (CSS)

We cannot sample the copies X (M) from the distribution Py, of the data X, because of its
dependence on the unknown 6. To remove this dependence we can condition on a sufficient
statistic S(X). To be precise, S(X) is a sufficient statistic if the conditional distribution of
X no longer depends on #—that is, we can construct a conditional distribution P(X | S)

such that, for any 6 € O,
If X ~ Py, then X | S(X) has distribution P(- | S(X)).

Co-sufficient sampling (see, e.g., Agresti [1992], Engen and Lillegard [1997], Stephens [2012])

leverages this property to sample the copies:
CSS method: after observing X, sample XM ... X(M) jid. from P(- | S(X)).

By construction, X, X (1), X (M) are exchangeable when X ~ Py, for any 6—and thus,
the p-value constructed in (6.2) is valid under the null Hy (6.1).

As a concrete example, suppose that X = (Xq,..., X) follows a Gaussian linear model,

X ~ N (20,/°1,),

2

for known covariates Z € R"*d (assumed to have full column rank), known variance v* > 0,
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and unknown coefficients § € © = R?. Then S (X) = ZT X is a sufficient statistic for this

parametric family, and we can calculate the conditional distribution
X|8(X) ~N(2(2"2)718(X),*Py),

where 73% e R4 is the projection matrix for the subspace orthogonal to the column span
of Z. Aslong as d < n, then, the copies X (M) are distinct from X (and from each other), and
we may be able to achieve high power under a suitable alternative hypothesis. Additional

background and discussion of CSS can be found in [Barber and Janson, 2022, Section 1].

6.2.2  Approzimate co-sufficient sampling (aCSS)

While the CSS method performs well for certain goodness-of-fit problems, there are many
settings where CSS leads to a degenerate method and consequently zero power. Barber and
Janson [2022| consider the example of logistic regression: suppose X = (X1, ..., Xy follows

a logistic regression model, where
-
X; ~ Bernoulli(1/(1 + e i 9))

independently for each i € [n], where again Z1,...,72, € R? are known covariate vectors,
while §# € © = R? is unknown. In this case, for generic values of the Z;’s (for instance,
if these covariates are drawn from some continuous distribution), the minimal sufficient
statistic S(X) = ZT X uniquely determines X (Z € R™*? is the matrix with rows Z;)—that
is, the conditional distribution of X | S(X) is simply a point mass. Consequently, applying
CSS to this problem would lead to zero power since we would have X = XW =... = x(M),

To address this type of degenerate scenario, Barber and Janson [2022] propose approxi-
mate co-sufficient sampling (aCSS). The idea of aCSS is to condition on less information (to
restore power), while ensuring that the sampled copies are approximately exchangeable (to

96



retain Type I error control). (We refer the reader to [Barber and Janson, 2022, Section 1]
for a more comprehensive discussion on the comparison between bootstrap, CSS, and aCSS
methods.)

Concretely, consider an approximate maximum likelihood estimator,
0= 0(X,W) = argmingeo {— log f(X;0) + R(9) + UWTQ} :

where f(-;0) is the density for distribution Py (with respect to some base measure), R(f) is an
optional twice-differentiable regularizer (e.g., a ridge penalty), W ~ N (0, éId) is Gaussian
noise that adds a perturbation to the maximum likelihood estimation problem, and o > 0
is a parameter that controls the magnitude of this perturbation. For each 6 € ©, define
Py(- | 6) as the conditional distribution of X | §, when X ~ Py and § = (X, W) is defined
as above.

Now we return to the GoF problem, where X ~ Py for an unknown . Note that, even if
the unperturbed MLE were a sufficient statistic (as would be the case for a Gaussian linear
model, for example), the perturbed MLE 0 is no longer a sufficient statistic in the exact
sense, and so the conditional distribution Py, (- | é) does depend on the unknown parameter
0p. However, it turns out that 0 is approximately sufficient, meaning that Py (- | é) depends
only weakly on 6. In particular, Barber and Janson [2022]’s method proposes replacing 6

with 6 as a plug-in estimate:

aCSS method: after observing X, draw W ~ N(0, éId), compute 0 = é(X, W), then
sample X(1) ... X(M) i d. from Py(- | 0).

Of course, these copies are no longer exactly exchangeable with X under the null, since in

general we will have Py(- | 0) # Pay (- | 0). To quantify this issue, Barber and Janson [2022)
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define the “distance to exchangeability”,
doxen (A1, - .., Ag) = inf {dpy((41,...,AL), (B1,...,BL)) : Bi,..., B are exchangeable}

where dpy denotes the total variation distance. The p-value defined in (6.2) is then approx-

imately valid with

P(pvalp(X, XD, X)) <o) < a4 dgen (X, XD, XD,

where dyge, (X, XD, .. X)) can be bounded under certain conditions on the parametric
family {Py : 6 € ©}.

While aCSS is able to handle a far broader range of models and problems than the CSS
framework, there are nonetheless limitations to this method that motivate our present work.
In particular, Barber and Janson [2022]’s work assumes a bound on ||§ — fg||o, i.e., consis-
tency of the perturbed MLE é, which may not be possible to achieve in high dimensional
settings unless we regularize using constraints or non-smooth penalization. Moreover, com-
puting Py(- | é), which is a key step in the aCSS procedure, relies heavily on the fact that
0 is the solution to an unconstrained, differentiable optimization problem over a conver,
open parameter space © C R (as these assumptions allow for using first-order optimality

conditions on @ to derive this conditional distribution), and consequently, aCSS is not able

to handle optimization under constraints or under a non-differentiable penalty.

The role of o

Here we pause to discuss the role of the noise parameter ¢ in the aCSS method, and the
tradeoffs inherent in choosing the value of . The aCSS method requires choosing a parameter
o > 0 that controls the amount by which the MLE is perturbed. As discussed by Barber and
Janson [2022|, the choice of o represents a tradeoff between Type I error control, and the
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statistical and computational efficiency of the method. A smaller o leads to a lower inflation
of the Type I error (that is, Barber and Janson [2022]’s bound on deye, (X, X1, ... X (1))
increases with ¢). On the other hand, choosing o to be too small can lead to low power—
if the perturbed MLE 0 reveals too much information about X , the copies X (m) may be
extremely similar to X and therefore, our power to reject the null is low. Moreover, a small
value of o makes it more challenging to sample the X (m)g from the conditional distribution
of X | 0, since this distribution becomes more concentrated as o tends to zero.

As we will see later on, these considerations will play an important role in our constrained
version of aCSS, as well. We will return to a discussion of this parameter in Section 6.4.1

below, after defining our new methods and presenting theoretical results.

6.2.3 Additional related work

The literature on GoF testing is extensive, particularly in low-dimensional settings, and giv-
ing an overview of this broad field is beyond the scope of the present work. Here we discuss
some challenges faced in the high-dimensional regime. A crucial prerequisite for valid testing
is the reliable estimation of underlying parameters. In high-dimensional settings, achieving
consistent parameter estimation is impossible without additional structural assumptions.
Constraints serve as an effective tool for incorporating prior knowledge about the structure
into the estimation process. The most common illustration of this is the application of
LASSO [Tibshirani, 1996] and the Dantzig selector [Candés and Tao, 2007| under specific
sparsity assumptions. These techniques, linked with ¢{-regularization, have been demon-
strated to be consistent [Bickel et al., 2009, Zhang and Huang, 2008, Zhao and Yu, 2006|.
When applied to GoF' testing, there has been much work on inference and testing in high
dimensional generalized linear models (GLM) considering lasso and sparse models (see, e.g.,
Jankova et al. [2020], Van de Geer et al. [2014], Zhang and Zhang [2014]). For two-sample

test in high dimensions, Srivastava et al. [2016] focus on projecting the high-dimensional
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data onto a lower-dimensional subspace and Li et al. [2020a| propose a test based on a ridge-
regularized Hotelling’s 72. While much of the aforementioned work centers on simple null
settings, the methods used to manage high-dimensional data provide valuable insights for

our scenarios.

6.3 The aCSS method with linear constraints

Our constrained aCSS method will address the problem of goodness-of-fit testing for the
hypothesis
Hy: X ~ Py for some 0 € O,

where as before, {Fy : 6 € ©} is a parametric family, indexed by a convex and open subset
© C RY. For Barber and Janson [2022]’s aCSS method to provide approximate Type I error
control, we need consistency of the (perturbed) MLE, i.e., a bound on || — 6p|l2. Many
important problems are therefore excluded from this framework. In particular, consistency
of the MLE cannot be assumed for problems where the unconstrained MLE is not well-
defined—for example, a mixture of two Gaussians with unknown means and variances, due
to the degenerate behavior of the likelihood as we take one component’s variance to zero.
In addition, consistency of the MLE will not hold for high-dimensional problems, such as
Gaussian linear regression with dimension d larger than the sample size n—even if we add a
ridge regularizer R(6) so that the solution  is unique, in general § will not be a consistent
estimator of #. In contrast to aCSS, however, where we need to be able to estimate the true
parameter 0 accurately with the unconstrained MLE solution é, here we are interested in
settings where 6 can only be accurately estimated with a constrained optimization problem.

To this end, we now introduce constraints,

Af < b,
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for a fixed and known matrix 4 € R"*? and vector b € R". The inequality should be
interpreted elementwise, i.e., we are requiring (Af); < b; for each ¢ = 1,...,r. (Of course,
in the special case 7 = 0, this reduces to the earlier, unconstrained setting.) At a high level,
to run aCSS in this setting, we first need to compute a constrained MLE (with a random

perturbation),

0 =0(X,W) = argmingee {(6; X, W) : A9 < b}, (6.3)

where

(6; X, W) = —log f(X:0) + R(6) +cW 0.

As before, f(+;0) is the density for distribution Py, R(#) is an optional twice-differentiable
regularizer, W ~ N (0, %Id) is independent Gaussian noise, and ¢ > 0 is a parameter that
controls the magnitude of this perturbation. We then compute the conditional distribution
of X given 6, and sample the copies X (1), ¢ (M) from this conditional distribution (or

rather, sample from an approximation, since f is unknown). Defining
)= g(X, W) = Vg(O(X,W); X, W), (6.4)

we can see that we would trivially have ¢ = 0 in the unconstrained setting but may in general
have g # 0 now that constraints have been introduced. We will see that, in the constrained
optimization setting, while 0 on its own does not carry enough information to serve as an
approximately sufficient statistic, instead the pair (é, g) now plays this role.

For each 0 € O, we will define Py(- | 6,) as the conditional distribution of X | (6, §)
if we assume that X was drawn as X ~ Fy. Using g as a plug-in for the true parameter
0o, we will use Py(- | 0,§) as the distribution from which the copies X (™) are drawn. The

constrained aCSS algorithm is then defined via the following steps:

Constrained aCSS algorithm (informal version):
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1. Observe data X ~ Fp,.
2. Draw noise W ~ N(0, éId).

3. Solve for a constrained perturbed MLE 6 = (X, W) as in (6.3), and com-

pute the corresponding gradient § = §(X, W) as in (6.4).
4. Sample the copies X (1), ¢ (M) from the approximate conditional distri-
bution Fy(- | 6, 9).

5. Compute the p-value defined in (6.2) for our choice of test statistic 7'

As compared to (unconstrained) aCSS, the difference lies in the fact that 0 is computed via
a constrained optimization problem, and as a result, the conditional distribution Py(- | é, J)
is now more challenging to compute; we will return to this question shortly.

When running constrained aCSS, we note that we are not assuming explicitly that the true
parameter 6 itself satisfies the constraints—that is, we do not assume A6y < b must hold.
However, in order for the method to retain approximate Type I error control, 6 = é(X W)
will need to be an accurate estimator of y; this implicitly requires that Afy < b must at
least approximately hold.

The choice of o controls the amount of perturbation in the constrained MLE 0. This
choice represents a tradeoff between Type I error, which is better for small o, versus statistical
power and computational efficiency, which tend to improve with larger o—this tradeoff
occurs for unconstrained aCSS as well (see Section 6.2.2). For constrained aCSS, additional
challenges can arise since we may now be working in a high-dimensional setting—we will
discuss these questions more in Section 6.4 below, when presenting our theoretical results,

and will explore the role of o empirically in our simulations in Section 6.6.
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6.3.1 FExamples of constraints

Before defining the method more formally, we present several key examples of constraints

Af < b to motivate this method.

e Nonnegativity constraint: if we believe 6y has only nonnegative entries, we can choose

A=-1, b=0y,

to enforce #; > 0 for all i.

e Bounding away from zero: if we believe the entries of 6 cannot be too close to zero,
we can choose

AZ—Id, b:—c-ld,

for a small constant ¢ > 0 (or we can take a submatrix of the identity, if we want
to place a lower bound on only certain entries of ), to enforce 6; > ¢ for all i (or
for certain entries). For example, for a Gaussian mixture model, we need to place a

positive lower bound on the variance of each component in order for the MLE to be

well-defined.

e Monotonicity constraint: if we believe #j has entries that appear in nondecreasing

order, i.e., (fg); < --- < (6py)g, we can choose

1 -1 0 0 0
0o 1 -1 0 O
A= , b=0,
0 0 0 1 -1
to enforce the monoticity constraint 61 < --- < 6,.
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e /o constraint: if we believe fy has bounded entries, we can choose
A= , b=C-19,,

to enforce the constraint ||6]|oc < C.

e /1 constraint: if we believe that 6 is sparse or approximately sparse, such as in a

high-dimensional regression problem, we can choose
d
A e {£1}?"*? (with rows given by the set of sign vectors of length d), b= C - 1od

in order to enforce the constraint ||0||; < C. (Note that, in high-dimensional statistics,
it is more common to use an ¢ penalty—i.e., the lasso—rather than an ¢ constraint,
when defining the regularized MLE. We will define a penalized version of our method

later on, in Section 6.5.)

e Fused /1 norm constraint: if we believe 6 is locally constant (or is smooth and there-
fore can be well approximated by a locally constant vector), we can choose to constrain
|D6||; < C, where D € {—1,0,+1}4=1*d i defined with first row (+1,—1,0,...,0),
second row (0,+1,—1,0,...,0), etc, so that ||D0|; = Zg:_ll |0; — 0;+1]. This corre-
sponds to choosing A € R2% ! xd given by A = A" D, where A’ € {:|:1}2d_1x(d_1) has

rows given by all possible sign vectors of length d — 1, and b = C' - 194-1.

6.3.2 Formally defining the method

We now turn to the details of the method and its implementation, including questions of opti-
mization and sampling, then combine all these ingredients to formally define the constrained

aCSS method.

104



The second-order stationary condition

First we consider the question of optimization. In certain settings, it may be the case that
we cannot reliably solve for the global minimizer of (6; X, W), or, that this global minimizer
may not be well-defined or may not be unique—for example, the negative log-likelihood

might be nonconvex. Formally, we define
f:x xR~ 0

to be any measurable function, which represents the output of our solver when we input
the constrained optimization problem (6.3). For each subset Z C [r| of constraints, define
a matrix Uz that forms an orthonormal basis for subspace orthogonal to span{A4; : i € Z}

(where A; € R? is the vector given by the ith row of A), that is,

Ur € RA* (d—rank(span{A;}ieT)) gatisfies UIUEr —pt

span{4;}icz’ (6.5)

so that UIU; projects to the subspace orthogonal to the span of constraints indexed by Z.

Definition 6.3.1 (SSOSP). A parameter 0 € © is a strict second-order stationary point
(SSOSP) of the optimization problem (6.3) if it satisfies all of the following:

1. Feasibility:
Af <b.

2. First-order necessary conditions, i.e., Karush—Kuhn—Tucker (KKT) conditions:

0(0: X, W) Z/\A—O

where \j > 0 for all i, and \; = 0 for alli € [r\Z(0), where Z(0) = {i € [r] : AiTG =0b;}

15 the set of active constraints.
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3. Second-order sufficient condition:
T 20n. W

that s, the Hessian Vg(Q;X, W) is strictly positive definite when restricted to the

subspace orthogonal to the active constraints.

As in the unconstrained aCSS algorithm [Barber and Janson, 2022|, to allow for the
possibility that our solver might fail to find a valid solution, if é(X , W) fails the SSOSP
condition then we will set X(1) = ... = X(M) = X to trivially obtain a p-value of 1 (i.e., to

avoid the possibility of a rejection in this scenario where our estimate 6 of 0o is unreliable).

The conditional distribution

With the SSOSP condition in place, we are now ready to define the conditional distribution

Py(- | 0, §). We first need some regularity conditions.

Assumption 6.3.2. Assume the family {Py : 0 € ©} and regularization function R(0)

satisfy:
e O CR? s a convex and open set;
e [oreach 6 € O, Py has density f(x;0) > 0 with respect to a common base measure vy ;

o for each x € X, the function  — (0;x) = —log f(x;0) + R(0) is continuously twice

differentiable.

This first assumption is the same as Assumption 1 of Barber and Janson [2022], for
the unconstrained aCSS setting. The following result, however, is a strict generalization of
[Barber and Janson, 2022, Lemma 1|, computing the conditional density of X after solving

for 0 under linear constraints (with the unconstrained setting as a special case).
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Lemma 6.3.3 (Conditional density). Suppose Assumption 6.3.2 holds. For A € R™*d

beR", fir any Oy € © and let (X, W,0,§) be drawn from the joint model

(

X ~ Py,
W~ N(0, 315),

o (6.6)
o=0(X,W),

Fiz any T C [r], and assume that the event that 0(X, W) is a SSOSP of (6.3) with active

A

set Z(O(X,W)) =T has positive probability. Then, conditional on this event, the conditional

distribution of X|0,§ has density

19 — Vg(6; )13
202 /d

poo -1 8.9) o f(x:00) - exp {— } det (U V3(0:0)U7) Lycy, . (67)

with respect to the base measure vy, where Ur is defined in (6.5) and

Xy, = {x € X : for some w € R?, 6 = f(x,w) is a SSOSP of (6.3), and g = V(G;x,w)} .

g

The four terms of the conditional density reflect, respectively, the original distribution
of X in the first term; the Gaussian distribution of the noise W in the second term; the
determinant term, which captures a change-of-variables type calculation relating (X, W)
with (X ,é, g); and the final indicator term, which accounts for possible failure to find a
SSOSP. In the case where Z = (), i.e., no active constraints, we have § = 0 (by first-order
optimality) and the conditional density then coincides with the calculations in Barber and
Janson [2022] for the unconstrained case.

With this calculation in place, we can now specify the estimated conditional distribution
Pé(- | 0, g), from which we would like to sample the copies X (1), ¢ (M) for the constrained

aCSS algorithm: it is the distribution obtained by plugging in 6 in place of the unknown 6o,
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in the conditional distribution computed in Lemma 6.3.3, namely,1

o i Vy(6
p@('|9,9)0<f(a:;9)-exp{ lo= Val0 } det (U] Va0sa)Ug ) ey - (69

Sampling strategies

In the informal version of the algorithm defined above, we require that the copies X (M) are
drawn i.i.d. from the conditional density p;(- | 0,§), as calculated in (6.8). In other words,
conditional on X, é, g, the collection of copies is drawn from a product distribution,

(X, XDy (X,0,8) ~pi(- | 6,9) x -+ x ps(.

i 5(16.9). (6.9)

In some settings, this may be computationally very easy—we will see some examples of
this type below when the parametric family {FPy} is Gaussian. In more complex settings,
however, sampling directly from pé(- | é, g) may be infeasible, and we will instead turn to
approximations, such as MCMC-based strategies. Of course, without analyzing complex
conditions such as the mixing time of the Markov chain, we cannot ensure that theoretical
guarantees enjoyed by the algorithm would be preserved when sampling directly from pé(- |
é, g) is replaced with an approximation—particularly as this approximation might induce
additional dependence among the copies.

In the unconstrained aCSS setting, Barber and Janson [2022] describe several exchange-
able MCMC strategies, based on the work of Besag and Clifford [1989], that avoid these dif-
ficulties. For completeness, we will describe these schemes in more detail in Appendix E.4.1.

In general, following Barber and Janson [2022], we can generalize the sampling strategy (6.9),

1. For this to result in a well defined density, we need to verify that the right-hand side integrates to a
positive and finite value; in fact, this holds almost surely on the event that § = (X, W) is a SSOSP, as we
will verify in Appendix E.2.1.
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drawing the copies as
(X0, XOD) [ (X,0,9) ~ Py X,0,9)

where the family of conditional distributions {Pys(-;x,0,¢)} is required to satisfy the fol-

lowing condition:

If X ~pg(-|0,g) and (X(l);---,X(M)) | X ~ PM(~;X,8,g), then (6.10)

the random vector (X, XM, ,X(M)) is exchangeable.

In particular, we note that choosing

Pr(52,60,9) =pg(- | 0,9) x -+ xpy(-|0,9),

i.e., sampling the copies i.i.d. from py(- | 6, g), will trivially always satisfy the exchangeability
condition (6.10). More generally, however, if sampling the copies directly from py(- | 6, 9)
is computationally infeasible, the MCMC based strategy described in Appendix E.4.1 will
also satisfy (6.10) while allowing for more complex problems where direct sampling is not

achievable.

Combining everything

With all our formal calculations and definitions in place, we can now state the full version

of the constrained aCSS algorithm.
Constrained aCSS algorithm:

1. Observe data X ~ Py, .

2. Draw noise W ~ N(0, %Id).
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3. Solve for a constrained perturbed MLE 6 = é(X, W) as in (6.3), and com-

pute the corresponding gradient ¢ = §(X, W) as in (6.4).

4. 1f 6 is not a SSOSP of (6.3), then set X(1) = ... = X(M) — X Otherwise,
sample copies (f((l),...,X'(M)) | (X,é,g) ~ ﬁM(-;X,é,g), where Py is
chosen to satisfy property (6.10) relative to the conditional density pé(- |

0,9) as computed in (6.8).

5. Compute the p-value defined in (6.2) for our choice of test statistic 7'

This more general form of the constrained aCSS algorithm is more flexible than our orig-
inal informal definition: it allows us to handle settings where solving for the (perturbed,
constrained) MLE is more challenging (e.g., convergence may not be guaranteed), as well
as settings where sampling directly from the estimated conditional density (6.8) may be

computationally infeasible.

6.4 Theoretical results

In this section, we provide theoretical guarantees for the constrained aCSS procedures, es-
tablishing an upper bound on the Type I error level of the test. First, in Section 6.4.1, we
give a general result that holds for any problem where constrained aCSS can be applied. We
will then refine the result to provide a stronger bound for two special cases: Section 6.4.2
addresses the setting where g is sparse in some basis, and Section 6.4.3 considers the setting

of (potentially high-dimensional) Gaussian data.

6.4.1 Main result: Type I error control

In order to establish a bound on the Type I error level of the constrained aCSS procedure, we
first need several assumptions (in addition to the regularity conditions of Assumption 6.3.2).
The following assumption ensures that, with high probability, we successfully find a strict
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second-order stationary point (SSOSP) 0 of the optimization problem (6.3), and this solution

g is a good approximation to the true parameter 6.

Assumption 6.4.1. For any 0y € © in Assumption 6.5.2, the estimator 0 : X x RY — ©

satisfies

~

G(X, W) is a SSOSP of the constrained optimization problem (6.3),
100X, W) = boll2 < r(60),

with probability at least 1—0(6y), where the probability is taken with respect to the distribution
(X, W) ~ Py, x N(0,31,).

Next, we need an assumption on the Hessian of the log-likelihood. Define H(#;x) =

—V2log f(z;0), and let H(0) = Eg, [H(0;)].

Assumption 6.4.2. For any 0y € O, the expectation H(0) exists for all 6 € B(0y,(6p))NO,

and furthermore

]Eeo sSup 7"(‘90)2 (/\max (H(Q) - H(é’; X>>)+

9B (00,7(60))NO

< (6p), (6.11)

log E90

exp{ sup r(00)? - max(H(0; X) — H(9))) +H < ¢(fp). (6.12)
0eB(6p,r(00))NO

Here r(0) is the same constant as that appears in Assumption 6.4.1.

These two assumptions are analogous to Assumptions 2 and 3 in Barber and Janson
[2022]’s theoretical results for unconstrained aCSS. However, in the present work 6 is defined
as the solution to the constrained, rather than unconstrained, perturbed maximum likelihood
estimation problem. Since constraints allow for more accurate estimation in many settings,
we can expect that the error || — 6p||o might be substantially smaller in this constrained

setting, making these assumptions more realistic for a broader range of problems.
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Theorem 6.4.3. Suppose Assumptions 6.53.2, 6.4.1, 6.4.2 hold, and the data is generated as
X ~ Py,. Then the copies )E'(D, e ,f((M) generated by the constrained aCSS procedure are

approximately exchangeable with X, satisfying
dexen(X, X, XOD) < 307(0y) + €(60) + 3(00),

where 7(0p), €(6p), 5(0g) are defined in Assumptions 6.4.1 and 6.4.2. In particular, this im-
plies that for any predefined test statistic T : X — R and rejection threshold o € [0, 1], the

p-value defined in (6.2) satisfies

P <pvalT(X,X(1), o ,X(M)) < a> < a+3o0r(fy) + €(0y) + 0(6p).

The above upper bound on the Type I error appears identical to the result of [Barber and
Janson, 2022, Theorem 1|, but in fact this new result offers important contributions. Firstly,
this new result holds for the more complex setting of a constrained optimization problem,
which requires a more technical analysis. Moreover, as mentioned above, the estimation error
16 — g |2 may be much smaller for the constrained optimization problem, since constraints
can reduce the effective dimensionality of the statistical problem; consequently, the value of
r(0p) can be much smaller in the constrained setting, leading to a tighter bound on Type
I error control. (We will see that our empirical results, shown in Section 6.6, support this

intuition.)

Revisiting the role of o

As discussed earlier in Section 6.2.2, the choice of ¢ plays an important role in the perfor-
mance of the method, typically with better Type I error control when o is smaller versus
better power when o is larger. Now we return to this question in the context of constrained
aCSS. The upper bound on Type I error shown in Theorem 6.4.3 suggests that ¢ should not

112



be too large—in particular, for most statistical settings with sample size n, we can expect

r(6p) < n~1/2 at best, suggesting that we need to choose 0 < n'/2 to ensure a meaningful
bound on Type I error. On the other hand, recalling that the noise W in the perturbed
maximum likelihood estimation problem (6.3) is generated as W ~ N(0, (%Id), in a high-
dimensional setting where d > n the perturbation term oW 6 in (6.3) may therefore be
negligible. This might lead to extremely low power and/or to computational challenges in
sampling the copies X (M) " This issue leads us to our next question: are there any settings

where we can improve the result of Theorem 6.4.3, and allow for a larger value of o?

6.4.2 Special case: sparse structure

We next turn to the special case where, due to the constraints imposed on the estimate é,
we can assume that the error § — o is likely to be sparse, relative to some basis. We will
see that, in this setting, the upper bound on Type I error given in Theorem 6.4.3 can be
improved to account for the lower effective dimension of 6, and that we are therefore free to
use a substantially larger value of ¢ in the constrained aCSS procedure—leading downstream
to higher power and easier computation.

To formalize this idea, consider a fixed set of vectors vy,...,vp € R?, We are interested
in settings where the solution 6 to the perturbed constrained maximum likelihood estimation
problem (6.3) is likely to lie in the span of a small subset of v;’s. To motivate this setting,

we can revisit several examples that we considered in Section 6.3.1:

e Sparsity: in a setting where we believe 6 is sparse, we might use an ¢1 constraint for
the optimization problem, requiring ||0]); < C, which is likely to lead to a solution 0
that is sparse as well. In this setting, we can take p = d and choose the set of vectors
to be the canonical basis, i.e., v; = €; for i € [d], reflecting our belief that the error

6 — 0o will itself be sparse.

e Locally constant signal: if we believe 6 is locally constant, we might choose the
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constraint Zg;ll 0; — 01| < C. This constraint often leads to solutions 6 that are
piecewise constant, with QAZ = HAZ-_H for many indices ¢ € [d — 1], and therefore the error
0 — 6o will also be piecewise constant. Consequently, we can take p = d, and choose
v; = €] + ... + e; for i € [d]. (This choice of vectors {v;} means that, for any w € R?,
if w has ¢ many changepoints—that is, w; # w;41 for ¢ many indices 7—then w can

be written as a linear combination of at most ¢ + 1 many v;’s.)

e Monotonicity: in a setting where we believe  is monotone nondecreasing, we might
use the isotonic constraint, choosing A and b to constrain /1 < --- < ;. This constraint
often leads to solutions 6 that are piecewise constant, with él = éiJrl for many indices
i € [d—1]. If the true parameter 6 is also piecewise constant, we therefore again have
an error 0 — fp that is likely to be piecewise constant, and we can then choose the same

v;’s as for the preceding example.

Notation and definitions

For a given choice of vectors {v;};c|,), we define

ol min {|5] : 5 C [p],w € span({v;}ies)}, w € span({vi}icpy)),
Wllp,0 =
~+00, otherwise.

for any w € R?. In other words, |w]]y,0 is the minimum number of vectors v; needed so that
w lies in their span. Note that, despite the notation, the function w + ||w||, ¢ is not a norm.
We choose this notation to agree with the commonly used “fy norm”, ||w||g, the number of
nonzero elements of the vector w; in particular, in the first example where v; = €;, i € [d],

we have [[wl[ly,0 = [[wlo-
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Next, for each k =0, ..., d, we define

2
ho(k) = Ez o (0,1y) ng];]lﬁg'SkllPus(Z)llz :

where P4 denotes projection to span({v;};cs). This quantity will play an important role
in our theory below. We can think of h, (k) as describing the “effective dimension” of vectors
that can be written as a k-sparse combination of the vectors vy, ..., vp. In particular, we can
see that for any k, we have hy(k) < EZNN(O,Id)[HZ”%] = d. On the other hand, if ¥ < d,

the following result shows that h, (k) can be substantially smaller:

Lemma 6.4.4. For each k it holds that hy(k) < min{4klog(4p/k), d}.

Theoretical result

For this setting, our main result given in Theorem 6.4.3 can be strengthened to the following

tighter bound.

Theorem 6.4.5. Under the notation and assumptions of Theorem 6.4.3, suppose it also
holds that
P{|I0(X, W) = Oplv,0 < k(00)} > 1 — 5(b).

for a fized set of vectors vq,...,vp € Re. Then the copies X(l), ...,X(M) generated by the

constrained aCSS procedure are approrimately exchangeable with X, satisfying

. . hy(K(00))

dexen(X, XU, ., XY < 3ov(By) - | =22 + e(6p) + 6(0) + 5(60).

In particular, this implies that for any predefined test statistic T : X — R and rejection

threshold o € [0, 1], the p-value defined in (6.2) satisfies

P (pvalT(X,X(l), ...,X'(M)) < a> < a+3or(f) - w + €(Bg) + 6(6g) + 6(6p).
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As discussed above, a small value of k(6j) indicates that the error vector, f— Oy, typically
lies in a region of R? that is characterized by a lower effective dimension. As another
interpretation, we can think of k() as capturing the effective degrees of freedom in our
estimation problem.

The result of Theorem 6.4.5 is strictly stronger than that of Theorem 6.4.3. In particular,
Theorem 6.4.3 can be derived as a special case, by taking v; = eq,...,v; = e4 and k(fy) =
d—then the additional condition of Theorem 6.4.5 holds trivially with §(6y) = 0, and so the
two theorems give the same bound (since hy(d) = d). On the other hand, if the constrained
estimation problem exhibits sparsity relative to the chosen set of vectors {v;}, we may be able
to choose a value k() < d that allows for a low value of 6(fy); in this setting, hy(k(6p)) < d
by Lemma 6.4.4, and consequently, we see that we can afford to choose a much larger value
of the perturbation noise parameter o while still retaining approximate Type I error control.
Of course, to have k(fy) < d (or equivalently, h,(k(fy)) < d), we need to choose a suitable
set {v;} that corresponds well to the structure induced by the constraints A9 < b, as in the

examples given above.

Remark 6.4.6. As we will see in the proof, the result of Theorem 6.4.5 holds even if we

replace Assumption 6.4.2 with a weaker condition: defining

©9=1{0 €010 —0bpll2 <), |0 —Oollvo < k(6o)},

and writing 0y = (1 — )0 + t0 for any 0, it suffices to assume

Eqg,

sup <(9 —00) " (H(6¢) — H(0 X)) (6 — 90)) ] < €(6p),
0€0O,t[0,1] +

and

log Eg,

exp { sup <(9 —00) " (H(0;; X) — H(6r)) (6 — 90)%}] < €(p)-

0€0g,t€[0,1]
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in place of conditions (6.11) and (6.12), respectively. That is, we only need to establish
concentration of the error in the Hessian along directions 0 — 0y that have sparse structure
with respect to the chosen vectors {v;}, which may be a much more realistic condition in

high-dimensional settings.

6.4.3 Special case: Gaussian linear model

In this section, we turn to another setting where the scaling of our result has a much more
favorable dependence on dimension d, for the special case of a Gaussian linear model. Unlike
the result in Theorem 6.4.5 above, here we do not need to assume an underlying sparse
structure.

For this special case, we assume that the parametric family {Fy} is given by
Py: X ~N(Z6,0°1,) (6.13)

where both the covariate matrix Z € R™*% and the variance v2 > 0 are fixed and known.
This model is parametrized by the coefficient vector, § € © = RY. In this setting, as
described earlier in Section 6.2.1, co-sufficient sampling (CSS) can be directly applied to
sample copies X (M) that are exactly exchangeable with X. Concretely, we can consider the
sufficient statistic Pz X, where Py, € R " denotes the projection matrix to the column

span of Z, and sample the copies as
X | pyx B APy X 2PE).

Then, under the null, (X, X(l), e X(M)) is exchangeable, and so the p-value defined in (6.2)
is exactly valid for any test statistic 7.

In a low-dimensional regime where n > d, the copies X (™) are distinet from X , and
the resulting test can have high power against the alternative for a suitably chosen statistic
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T. However, in the high-dimensional setting with d > n, we will have P, = I,,, leading to
copies X (M) that are identical to X and, therefore, a powerless test. In the high-dimensional
setting, therefore, we turn to aCSS as a practical alternative that can offer nontrivial power,
while sacrificing some Type I error control.

The challenge for applying aCSS is that, as we are in a high-dimensional setting, the
estimator 0 may have low accuracy—but we need a tight bound () on its error in order to
achieve approximate Type I error control. In many settings, the accuracy of the estimator
6 will be greatly improved by adding constraints that reflect structure in the problem (e.g.,
an {1 constraint if we believe 6 is sparse), and so we would expect that constrained aCSS
can offer a strong advantage in this setting.

However, the power of the method will rely on being able to choose a sufficiently large
value of ¢ in the implementation. We are therefore motivated to develop a theoretical
guarantee that is stronger than the general result of Theorem 6.4.3, so that we can choose a
higher value of o and, consequently, achieve higher power. We will now see that the Gaussian
case offers both computational and theoretical advantages.

First, we will assume that R is chosen to ensure that the loss has strongly positive definite

Hessian, i.e.,
1

ﬁZTZ + VgR(@) > ¢l for all 6 € RY, for some ¢ > 0. (6.14)

For example, if n > d and Z has full rank d, then this holds with R(f) = 0. More generally, for
any d,n and any Z, a ridge penalty R(0) = %H@H% (for some positive penalty parameter
Aridge > 0) will ensure that this condition holds.

Then 6 is defined by the optimization problem

0=0(X,W)= argming pa {Q%HX —Z0|3+R(O)+ oW 0 : A9 < b} :
v
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and we compute the gradient as

1 A .
§=—2"(Z0— X)+ VyR(0) + oW.

14

Note that, by our assumptions on R, this optimization problem is guaranteed to have a unique
minimizer, and moreover, this minimizer is guaranteed to be a SSOSP. In other words, we
can assume that the event X & Xé p holds almost surely. Then, applying Lemma 6.3.3, we

can compute the distribution pj(- | 9,9) as
5, d d N\ Ay 2 d N\t

This means that it is possible to draw the copies X (1), ¢ (M) directly as i.i.d. draws from
pi(-10.9).
Next we turn to our theoretical guarantee, which shows an O(v/d) improvement in the

excess Type I error for the Gaussian case.

Theorem 6.4.7. Consider the Gaussian linear model (6.13), and assume that R(0) is chosen
so that condition (6.14) is satisfied. Assume also that P{||0(X, W) — 0yl < r(6p)} >
1 —=46(0g). Then the copies )E'(D, ...,X(M) generated by the constrained aCSS procedure are

approximately exchangeable with X, satisfying

Ao (X, XD XDy < 7 _1(60) + 6(6p).
eXCh( I ) I )—2\/ar( 0)+ (0)

In particular, this implies that for any predefined test statistic T : X — R and rejection

threshold o € [0, 1], the p-value defined in (6.2) satisfies

P (pvalT(X,X(l),...,X(M)) < a) <a+ -2

< 2\/81“(00) +d(6p).
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The Type I error inflation described above offers an improvement by a factor of O(v/d) in
terms of dependence on ¢, when compared to Theorem 6.4.3. In other words, we see that we
are free to choose a substantially larger o in this Gaussian setting to increase power without

losing the guarantee of approximate Type I error control.

6.5 Generalization of linear constraint: /; penalty

Thus far, we have considered settings where the estimator 6 is obtained via a constrained
optimization problem. Section 6.4 shows that the constraints introduced can improve the
estimation of unknown parameters, thereby leading to a tighter bound on Type I error
control. One important example is placing a bound on ||f]|1 to encourage sparsity, a technique
that is popular in high-dimensional settings. However, in many statistical applications, it is
more common—and more effective—to use a ¢ penalty rather than a constraint. Therefore,
in this section, we will consider a f1-penalized, rather than constrained, form of aCSS.

We consider replacing the constrained optimization problem
Oc = argmingeo{(0; X, W) : [|0]; < C}
with its penalized version,
0 = argmingee{(6; X, W) + |61}, (6.16)

(i.e., the lasso | Tibshirani, 1996], but with an added perturbation term due to ). The penal-
ized and constrained forms of the optimization problem have a natural correspondence—for
{1 regularization, each constrained solution é(; corresponds to some penalized solution é)\
for some data-dependent A, and vice versa. However, in a statistical analysis, these two
versions of the problem often behave very differently: for ¢1 regularization, the fact that the

correspondence between C' and ) is data-dependent means that theoretical results obtained
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for 6 \ at a fixed A do not transfer over to a theoretical guarantee for éC for a fixed C, and
vice versa. Therefore, proper modification is needed for the /;-penalized aCSS.
Before state the modified method, we first define SSOSP for the penalized problem. For

0 € RY, we will write S(8) = {j € [d] : 6; # 0} to denote the support of 6.

Definition 6.5.1 (SSOSP for the ¢q-penalized problem). A parameter § € © is a strict

second-order stationary point (SSOSP) of the optimization problem (6.16) if it satisfies all
of the following:

1. First-order necessary conditions, i.e., Karush-Kuhn—Tucker (KKT) conditions:

S5 = Slgn<0])a JE 8(0),
V(0; X, W)+ As =0, where

2. Second-order sufficient condition:
V5 (05 X,W)g(9) > 0,

where for a matrix M € RI*d gnd q nonempty subset J C [d], M € RIVIXII denotes
the submatriz of M restricted to row and column subsets J. That s, the Hessian

Vg(@;X, W) is strictly positive definite when restricted to the support of 6.

6.5.1 The conditional density in the penalized case

Next we compute the conditional density of X given (é, G). We will see that this calculation

looks quite similar to the constrained case (which was addressed in Lemma 6.3.3).

Lemma 6.5.2 (Conditional density for the ¢i-penalized case). Suppose Assumption 6.5.2
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holds. Fiz any 0y € © and let (X, W, é,g) be drawn from the joint model

Let S C [d]. Assume that the event that O(X, W) is a SSOSP of (6.16) with support

S(é(X, W)) = S has positive probability. Then, conditional on this event, the conditional

distribution of X|é,§ has density

1§ — Vo (8;2)|3
202/d

pay (10, 9) o f(z:60) exp {— } dot (V3(6:0)5) 1,eq,  (617)

with respect to the base measure vy X Leb, and

/f'g’g = {x € X : for some w € Rd, 0= é(x,w) is a SSOSP of (6.16), and g = V(@;a:,w)} )

Comparing to the analogous result given in Lemma 6.3.3 for the constrained case, we
see that the only difference is in the det(-) term: the density involves the determinant of
a different matrix (namely, U; Vg(é;x)UI in the constrained case, and Vg(é,x) s in the
penalized case). This is not merely a difference in notation: the matrices will actually
have different dimension in the f1-constrained and ¢;-penalized settings, because under the
constrained setting, if we know the support is S, the solution 0 effectively has |S| —1 degrees
of freedom (due to the ¢1 constraint which specifies the sum of the terms), in contrast to |S]

for the /{-penalized setting.
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6.5.2 The aCSS method in the penalized case

To implement an ¢1-penalized version of aCSS, we can modify the constrained aCSS method
in a straightforward way: we simply replace the constrained optimization problem (6.3) with
the /1-penalized optimization problem (6.16), and then proceed as before, using our new
calculation for the conditional density as given in Lemma 6.5.2. In particular, the copies

X (M) will be sampled as
(XM, XODY(X,0,9) ~ Pyy(5X.6,9)

where {Pys(;x,6,9)} is required to satisfy (6.10), the same property as before, but now

relative to the conditional density p;(- | 0,9) calculated as

g = Vo6 2)113
202/d

pg(- 16.9) o< f(x6) -eXp{ } det (V3(B:2) g5 ) - Lreny - (618)

As a special case, if computationally feasible, we can choose

i.e., sampling the copies i.i.d. from the conditional density py(- | 0,§) defined in (6.18).
Formally, the algorithm is defined as follows. The bold text highlights the only modifi-

cations in the algorithm, relative to constrained aCSS.

(1-penalized aCSS algorithm:

1. Observe data X ~ Py, .
2. Draw noise W ~ N(0, %Id).

3. Solve for an /;-penalized perturbed MLE 6 = (X, W) as in (6.16).

Compute the corresponding gradient g = (X, W) as in (6.4).
123



4. 1f 6 is not a SSOSP of (6.3), then set X(1) = ... = X(M) = X Otherwise,
sample copies (X(l),...,X(M)) | (X,é,g) ~ ﬁM(-;X,é,g), where Py is
chosen to satisfy property (6.10) relative to the conditional density

pi(- | 0,§) as computed in (6.18).

5. Compute the p-value defined in (6.2) for our choice of test statistic 7'

In contrast to the typical challenges for translating results between the constrained and
penalized form of a regularized estimation problem, in the context of aCSS, both the con-
ditional density in Lemma 6.5.2 and our next result establish that the exact same results
can be obtained for the ¢1-penalized case. This unusually favorable behavior is due to the
fact that aCSS operates conditionally on the solution é—effectively, once we condition on é,
we no longer face the challenge of the data-dependent correspondence between the penalty

parameter A versus the constraint parameter C', since both values are revealed by 0 itself.

Theorem 6.5.3. The results of Theorems 6.4.3, 6.4.5, and 6.4.7 all hold for the {1-penalized
form of aCSS in place of constrained aCSS.

In the context of utilizing the /1 penalty, it is commonly the case that the parameter is
high-dimensional and sparse. This naturally directs our attention towards Theorem 6.4.5,
which offers the most relevant insights for this scenario. Specifically, we can select the set
of vectors {v;} as the canonical basis {e;};—1 4. Then we have |[w|, 0 = [[w[o (i-e., the
cardinality of the support of w). The result of Theorem 6.4.5 then gives a much stronger

bound on the excess Type I error rate, as long as we can assume that
16— ollo < k(6o)

holds with high probability. This is very favorable for the ¢; penalized setting: if 6 itself is
sparse, then the sparsity of 0 (which is ensured by the ¢; penalty) means that the difference

- By will also be sparse.
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6.6 Numerical experiments

In this section, we will study the performance of aCSS with regularization on three simulated
examples.? The first, Example 1, is a Gaussian mixture model, which showcases a scenario
where constraints on the parameters being estimated are essential to ensure the existence of a
well-defined MLE. In the remaining examples, Example 2 (isotonic regression) and Example
3 (sparse regression), we shift our focus to a high-dimensional Gaussian linear model, where
the imposition of suitable constraints or penalties can allow for accurate estimation despite

high dimensionality.

6.6.1 Necessary constraints: the Gaussian mizture model

In this section, we will examine the Gaussian mixture model example, where constraints are

needed for ensuring the existence of a well-defined MLE.

Example 1 (Gaussian mixture model). Suppose we observe data from the Gaussian mizture

model with a known number of components J,

J
iid.
Xl,...,XnI}v ﬂjN(ﬂj,O‘?),

J=1

where {Wj}jE[J] are the weights on the components, with w; > 0 and Zj m; = 1. The family

of distributions {Py}gpecg is parameterized by 6 = (71, ..., T j_1, 41,01, ..., b7, 07) € © where

O={teR ) <1} x (RxRy)’.

7

Consequently we have © C RY with d = 3J — 1. The density of Py, the distribution on the

2. Code for reproducing all experiments is available at http://rinafb.github.io/code/reg_acss.zip.
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data X = (X1,...,Xy), is thus given by

n J

F:0) =[] D mio(isng 03), (6.19)

i=1j=1

where ¢(+; u, 02) is the density of the normal distribution with mean i and variance o2.

Why is constrained aCSS useful for this example? The Gaussian mixture model does
not possess straightforward, compact sufficient statistics due to the presence of unobserved
latent variables (i.e., identifying which of the J components corresponds to the draw of each
data point Xj;). Any sufficient statistic would reveal essentially all the information about
the data X. However, if we attempt to apply aCSS (without constraints), we are faced with
a fundamental challenge: the MLE does not exist for this model, because the likelihood
approaches infinity if, for any component j, we take p; = X; for some observation i € [n]
and take o; — 0. To prevent this divergence of the likelihood, one can impose a lower
bound on the component variances, requiring o; > ¢ for each j € [J], where ¢ > 0 is some
small constant. Under this restriction, it can be shown that MLE is strongly consistent if
the true parameter lies within the restricted parameter space Tanaka and Takemura [2006].
Then the constrained aCSS framework is indeed suitable when generating sampling copies in
the context of this example. As we will show in Appendix E.3, for an appropriately-chosen
initial estimator this example satisfies Assumptions 6.3.2, 6.4.1, and 6.4.2 with r(fy) =
O(\/logn/n), §(6y) = O(n™1), and €(6y) = O( lo%jn), as long as we assume (u1)g #

(12)0, i.e., the two components have distinct means under the true parameter 6y. Therefore,

Theorem 6.4.3 implies that constrained aCSS will have approximate Type I error control for

this example.
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Simulation: setting

We next examine the empirical performance of constrained aCSS for the Gaussian mixture
model (Example 1). For this setting, we will compare the null hypothesis of a Gaussian mix-
ture model with J = 2 components, against an alternative where there are more (specifically,

3) components. The setup of the simulation is summarized as follows:

e To generate data, we take n = 200, and draw the data points Xq,..., X, from a

mixture of Gaussians

1- 1
2”“N(0.4,0.01) +—

TN (0,0.01) + "OA(~0.4,0.01).
e Our null hypothesis is a mixture of two Gaussians (i.e., a density of the form (6.19)
with J = 2). The data generating distribution above therefore corresponds to the null

hypothesis (6.19) with parameter
0y = (m1, p1, 01, p2,02) = (0.5, 0.4, 0.1, —0.4, 0.1)

in the case that mg = 0, while if g > 0 then the null hypothesis is not true.

e The test statistic 7' (used both for aCSS and for the oracle) is chosen as the decrease
in total within-cluster sum of squares of the k-means algorithm, when the number of

estimated clusters is increased from 2 to 3.

e We enforce r = 2 constraints, given by o; > 0.098, j = 1,2. (We choose the lower
bound to be only slightly smaller than the true value o; = 0.1, so that there will
be a reasonable proportion of constraints being active—this way, running our con-
strained aCSS procedure is meaningfully different than running unconstrained aCSS.)

Constrained aCSS is then run with perturbation noise level o = 8, and with M = 300
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copies X (M) The copies are sampled using an MCMC sampler (additional details are

provided in Appendix E.4.1).

e We compare constrained aCSS to the oracle method, which uses the same test statistic
T but is given full knowledge of the distribution of X under null hypothesis, i.e., Py, =
0.5M(0.4,0.01) + 0.5M(—0.4,0.01), and can therefore sample the copies X(m) iid.
from the known null distribution. (Note that, for this experiment, we cannot compare
to unconstrained aCSS, because the unconstrained MLE problem is degenerate, as

described above.)

Simulation: results

The results of the simulation are shown in Figure 6.1. We see that the constrained aCSS
method is empirically valid as a test of Hy, since the rejection probability when 7y = 0
(i.e., when Hy is true) closely matches the nominal level o = 0.05. Of course, the power of
constrained aCSS is lower than that of the oracle method, as is expected since the oracle is
given knowledge of the true null parameter 6y; nonetheless, constrained aCSS shows a good

increase in power as the signal strength my grows.

6.6.2 High dimensional setting: structured Gaussian linear model

We will now turn to the high-dimensional setting, where the data is distributed according

to a Gaussian linear model with dimension d > n,
X ~N(Z6, VQIn), with Z € R"*? 12 > 0 known,

as in (6.13). The family of distributions {Pp}gcg is parameterized by # € © = R? and has

density
1 le—2013

- 2
(27ry2)n/26 2
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method

- oracle
— reg-aCSS

Figure 6.1: Power of the regularized (i.e., constrained) aCSS method, denoted as reg-aCSS
in the plot, as compared to the oracle method. The oracle method knows the true parameter
and samples (unconditionally) from the simple null. The constrained aCSS method controls
the Type I error at the nominal 5% level (red dotted line) under the null. All tests are
repeated for 500 independent trials.

In Section 6.4.3, we examined the limitations of CSS testing, which will be powerless for this
problem when d > n, as the copies X (M) will be identically equal to X. We can instead
run the aCSS method; however, the results of Barber and Janson [2022] indicate that the
inflation in Type I error will scale with our estimation error || — 6|2, which will in general
be large when d > n, since the estimator # is computed with an unregularized maximum
likelihood estimation problem. (More precisely, aCSS does allow for a smooth regularizer
R(#), such as a ridge penalty; however, it is challenging to achieve accurate estimation in a
high-dimensional setting unless we use nonsmooth regularization, e.g., the ¢; norm).

In contrast, our proposed version of aCSS allows for constraints (or penalties) that allow
us to achieve an accurate estimator 6, and consequently low Type I error, in the high-
dimensional setting. We now consider two specific examples where the application of appro-

priate regularization assists in the estimation process.

Example 2 (Isotonic regression). In the isotonic regression model, we are given a noisy
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observation X € R™ of some monotone increasing signal 6y € R"™ with

(B0)1 < -+ < (60)n.

If the noise is Gaussian, with X ~ N(HO,VZIn), then this model 1s a special case of the

Gaussian linear model with d =n and Z =1,,.

To run constrained aCSS, the perturbed isotonic (least squares) regression is given by

~

Oiso = arg min {(6; X, W) : 01 <--- < 0Op}
fcR”

to estimate the underlying signal. Zhang [2002| demonstrated that the isotonic least squares
estimator (LSE), which is given by minimizing ||§ — X||2 subject to the constraints ; <
+++ < 0y, has an error rate scaling as ||§ — 6p||2 = O(n!/%) (and choosing a sufficiently small
o means that the perturbation will not substantially inflate this rate). This rate matches
the minimax rate over the class of monotone and Lipschitz signals [Chatterjee et al., 2015].
Thus, adding the monotonicity constraint will substantially reduce the error ||é—90||2, which
can help control the excess Type I error for our setting. In Appendix E.3, we will see that
this example satisfies Assumptions 6.3.2, 6.4.1, and 6.4.2 with r(6y) = O <n1/6(10g n)1/3>,
3(0p) = 1/n, and €(6y) = 0, if we choose o = O(1). Therefore, Theorem 6.4.7 implies that
constrained aCSS will have approximate Type I error control for this example.

Next, we examine a high-dimensional setting with a sparse parameter.

Example 3 (Sparse regression). Let d > n, and let Z € R be g fized covariate matriz.

We assume the model

X ~ N(20,0°1,),

for a known noise level v2. This model is unidentifiable without further assumptions, but
becomes identifiable once we assume Oy is sparse—specifically, as long as Z satisfies some
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standard conditions (e.g., a restricted eigenvalue assumption). We will assume that the

underlying parameter 6y is sparse, with
1Bollo < &

for some sparsity bound k.

To address the problem of estimating a sparse 6y in a linear model, the Lasso estimator
[Tibshirani, 1996], which combines the least squares loss with an ¢; penalty, is frequently
employed. Under certain conditions, the error rate of the Lasso estimator can be on the
order of O(y/klog(d)/n) [Bickel et al., 2009, Hastie et al., 2015]. Thus the perturbed Lasso
is a suitable candidate for the estimator in this context: for a given penalty level A > 0, we
define

Blasso = arg min {(0; X, W) + A[|6]1}.
HeRd

In Appendix E.3, we will see that this example satisfies Assumptions 6.3.2, 6.4.1, and 6.4.2
with 7(0y) = O(\/klogd/n), 6(6y) = 1/n, and €(fy) = 0, under suitable conditions. There-
fore, Theorem 6.5.3 implies that constrained aCSS will have approximate Type I error control

for this example.

Simulation: setting

In this section, we demonstrate the advantage of regularized aCSS in high-dimensional set-
tings. Specifically, we will compare against the (unconstrained) aCSS method of Barber and
Janson [2022], to see how adding regularization allows for better estimation—consequently,
we can allow a high value of ¢ without losing (approximate) Type I error control, which in
turn leads to higher power.

For the isotonic regression setting (Example 2), we will compare the null hypothesis that

X is given by an isotonic signal 6y plus Gaussian noise, against the alternative where X
131



also has dependence on an additional random variable Y. (Equivalently, we can take our
covariate matrix Z to be the identity, Z = I;, with d = n.) The setup of the simulation for

isotonic regression is as follows:

e To generate data, we take n = 100, v = 1, and set the signal 6 as

with each value 0.1,0.2,0.3, ..., 1 appearing 10 times. We then generate X ~ N (6, V2In).

The additional random vector Y is then drawn as

where Sy € {0,0.05,0.1,...,0.5}, with Sy = 0 corresponding to the null hypothesis.
Formally, our null hypothesis is given by assuming that X | Y ~ N (6, 1/2In) for some

0 € ©® =R", i.e., that the Gaussian model for X is true even after conditioning on Y.

If By # 0, then this null hypothesis does not hold.

e For Barber and Janson [2022|’s aCSS method, 0 is computed via perturbed and un-

constrained maximum likelihood estimation,
A _ 4 - 1 2 T
0 = o1, = argmingcgn §||X — 05 +cW 6,
For our proposed constrained aCSS method, 0 is computed with the isotonic constraint,
b = iy = argmi Lix 24 owTe -
= Oiso = argmingepn §||X 0l54+cW 0 : 0 <---<0pop.

For both methods, we sample the copies X (m) directly from the conditional distribution

(6.15) (additional details provided in Appendix E.4.2).
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e For the oracle method, we assume oracle knowledge of the parameter 6y that defines

the null distribution, and sample the copies X (m) §id. from Fy, = N (09, 1,,).

e For all methods, the test statistic T is given by the absolute value of the sample

correlation between X and Y.

For the sparse regression setting (Example 3), we will compare the null hypothesis that
X | Z follows a (sparse) Gaussian linear model, against the alternative where X also has
dependence on an additional random variable Y. The setup of the simulation for sparse

regression is as follows:

e To generate data, we set n = 50, d = 100, v = 1, and 0y = (5,5,5,5,5,0,...,0). The
covariate matrix Z € R"*? is generated with i.i.d. N'(0,1/d) entries, and we draw
X | Z ~ N(Z6y,v*1,). The random vector Y € R” is then generated with each entry

Y; drawn as
)

Yi | Xi, Zi ~ N(BoXi + ) Zij, 1)
=1

We consider gy € {0,0.1,0.2,...,1} with 8y corresponding to the setting where ¥ 1L
X | Z. Formally, our null hypothesis is given by assuming that X | Y, Z ~ N(Z6, %1,
for some # € © = RZ. If By # 0, then this null does not hold.

e For Barber and Janson [2022]’s aCSS method, we will use a ridge regularizer, R(0) =

p . .
%HGH%, for parameter estimation. We define

~

A ‘ 1
0 = Oridge = argming pa {§HX — 703 +

)\ .
fglgeueu% +aWT9}.

Adding ridge regularization allows for a unique solution é, achieving strict second-order
stationarity conditions, to avoid a trivial result where the method achieves zero power
(as would be the case if the SSOSP conditions are never satisfied). For our proposed

¢1-penalized aCSS method, in order to be more comparable to aCSS, we also add the
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regularizer R(6). This means that our estimator is given by the elastic net |Zou and

Hastie, 2005], incorporating both ¢; and ¢ penalization:
i _§ : 1 o Aridge )12 T
0 = eelastic—net = argmlneeRd §HX — Z¢9||2 + THQHZ -+ /\”9”1 -+ oW '05.

For both methods, we sample the copies X (m) directly from the conditional distribution

(6.15) (additional details provided in Appendix E.4.2).

e For the oracle method, we assume oracle knowledge of the parameter 6y that defines

the null distribution, and sample the copies X (™) i.i.d. from Py = N(Z00,1p).

e For all methods, the test statistic 1" is given by the absolute value of the estimate of
the coefficient on X, when Y is regressed on X, Z with elastic net for penalization on

the coefficients on Z—specifically, the fitted coefficient 3 x in the optimization problem

o , 1 3
(3 ) = axgminy o { 51 = Xx = 2813 + S1518 + 71311 |

Simulation: results

Next, we turn to the results of this simulation. In Figure 6.2, we show the power of the
methods for isotonic regression (left) and sparse regression (right). We see that aCSS (in its
original unconstrained form as proposed by Barber and Janson [2022]) quickly loses Type I
error control as o increases—this is exactly as expected from the theory, since the excess Type
[ error rate is characterized by a term scaling as or(6y), where r(6) bounds the estimation
error || — 6pl|2 and therefore is high in the unconstrained setting. This means that, to
maintain (approximate) Type I error control with aCSS, we would need to use a small value
of o, which in turn leads to low power under the alternative. On the other hand, for our
proposed methods—constrained aCSS in the isotonic example, and ¢1-penalized aCSS in the

sparse example—we see that approximate Type I error control is well maintained even for
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Figure 6.2: Power of aCSS, regularized (i.e., constrained or penalized) aCSS (denoted as reg-
aCSS in the plot), and the oracle method, for isotonic regression (left) and sparse regression
(right), with different values of the parameter o, over 5000 independent trials. The dotted
red line denotes the nominal 10% level (i.e., a = 0.1). For both settings, 8y = 0 corresponds
to the null hypothesis being true.

larger values of o, which allows for fairly high power without losing validity. Of course, in
each case, the power of the oracle method is higher, as the oracle is given access to the true
parameter 6y for the null distribution.

To better understand the difference in performance in terms of Type I error rate, in
Figure 6.3 we show the Type I error as a function of the parameter o. For both settings,
we see that aCSS suffers a rapid increase in Type I error rate, thus necessitating a very
small value of o to maintain validity, while constrained or penalized aCSS maintains Type
I error control across a broad range of values of o. Finally, Figure 6.4 illustrates the issue
of Type I error in more detail for the specific choice ¢ = 7 for both examples (chosen to be
large enough so that the methods can achieve substantial power). This figure shows a highly
nonuniform distribution of the p-values for aCSS, in contrast to the approximately uniform

distribution for constrained or penalized aCSS.
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(denoted as reg-aCSS in the plot), and the oracle method, for isotonic regression (left) and
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denote standard error for each method.
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Figure 6.4: Histogram of p-values under the null, for aCSS and for regularized (i.e., con-
strained or penalized) aCSS, for isotonic regression (left) and sparse regression (right), over
5000 independent trials. The parameter ¢ is chosen as o = 7 for both examples.
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6.7 Summary

In this chapter, we discuss how to extend the aCSS algorithm to cases where linear con-
straints, such as an ¢; constraint or an isotonicity constraint, are applied to enable better
accuracy in the estimator 6. We also extend to the case of an {1 penalty (e.g., the lasso).
This methodology addresses one of the primary open questions proposed in Barber and Jan-
son [2022|, who pose the problem of “Relaxing regularity conditions and extending to high
dimensions". We demonstrate that this extension of the aCSS algorithm can accommodate
complex estimators 6, which may be more stable and accurate in high-dimensional settings.
Moreover, we show that the regularized aCSS testing has theoretical guarantees for high di-
mensions when the estimator exhibits a low-dimensional structure. A remaining challenge is
the problem of efficient sampling for aCSS: as for Barber and Janson [2022]’s earlier work in
the unconstrained setting, aside from special cases such as a Gaussian linear model, overcom-
ing computational challenges for sampling the copies X (m) will greatly increase the practical

utility of this methodology, and remains an important issue to address in future work.
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APPENDIX A
APPENDIX FOR CHAPTER 2

A.1 Technical Lemmas and Proofs

We will use F, ; = F;, 1 <i < n to denote the nested o-algebra generated by {£1,...,§;}.

Before we start, we also present a lemma in Polyak and Juditsky [1992] as follows:

Lemma A.1.1. Choose the step size as n; = ni~® withn > 0 and 0.5 < a < 1. For a real

symmetric positive definite matriz A, define a matrices sequence Ylk YZZ =1, and for any

k>a:
k
Vi = [ @—n4).
j=i+1
We also define }72” and ¢;' as follows,
n
Y/ =y Y n>i,
k=i
no__ A—l . Yn
¢2 - 7

Then 4 0 < K < oo such thatV j and i > j

o5 12 < K,

n

.1
lim — [|¢}[2 = 0.

n—00 1N, 4
=1

Lemma A.1.1 is a simple reduction of Lemma 1 in Polyak and Juditsky [1992|. The term

Y." appears frequently in the explicit form of weighted SGD solutions.
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A.1.1  Technical Overview and Proof Sketch of the Main Theorem

The error sequence ¢; = z; — x* takes the following form
i = 0i—1 — i VF(xi-1) + mie;, i > 1, (A1)

where ¢, = VF(x; 1) =V f(z;_1,&). Since VF(z*) = 0, by Taylor’s expansion of F' around
x* we have VF'(zy,) ~ Ady, which inspires the idea to approximate the general SGD sequence
with a corresponding linear sequence.

Consider a linear sequence:
(5§ = (] — nz-A)ch_l + n;€;, 56 = dp. (A.Q)
The following lemma shows the asymptotic normality for the weighted average of the linear

/
sequence 0;.

Lemma A.1.2. Let 6; be defined in (C.8). Then under the settings in Theorem 2.2.4, for
o = S| wy, ;6! we have

Vndl = N(0,wA=1sA™1),

where w = limn%oonzyzl(wn’i)% A = V2F(z*), and S = E([Vf(z*,O)][Vf(z* &)]T).
Furthermore, we can weaken the constraints so that we do not require y ;g wy; =1 in this

lemma, and the conclusion still holds.

To prove Lemma A.1.2, we decompose \/557’1 into four terms:

n n
\/581/1 = \/ﬁzwn,iA_lﬁi + \/ﬁz wn,iYOZ(SO
i=1 i=1

n n
+/n Z Wy, ;a5 €; + \/ﬁz bile;,
i=1 =1
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where a' = S0, (Yin; — A71), 00 = S04y (g — wy )Yy, and

k
k : oyl
Y; = H (Id—njA),k > Z,Y;Z :Id'
j=i+1
The last three terms in (A.3) vanish as n goes to infinity. The first term \/ny ;¢ wn,iA_leZ-
is a linear combination of martingale differences and the following lemma shows that it is

asymptotic normal.

Lemma A.1.3 (Martingale difference asymptotic normality). Under the settings in Theorem
2.2.4,

n
vn Z wnJ'AilEZ' = N(0, wAilsAiT).
1=1

Once Lemma A.1.2 is established, we can prove Theorem 2.2.4 using the well-known

linear approximation technique.

A.1.2  Proof of Theorem 2.2.4

*

Proof. Recall the error sequence of SGD iterates 6, = z, — z*. It also takes the form

on = 0p—1—mmVF(xp_1)+nnen. The weighted averaged error sequence is on = S Wy, ;0;-

Since > 1wy ; = 1, we have 0, = T, — 2. We have also defined the linear error sequence
=1 ¥n )

5;1 - 5711—1 - nTLA(S;z—]_ + Mné€n, 56 =0 — .I*,

n
N !/
=1

We claim that Lemma A.1.2 is true, i.e.,

Vnol = N(0,wA~1sA™T),
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then it suffices to prove that \/ﬁ& and \/ﬁgn are asymptotically equally distributed. Let
sp, be the difference between the nonlinear and linear sequence. It also takes the following

recursion form:

Sn=0p — 01, = 0p_1 — MV F(x,_1) — (1 - 777114)57/1_1
=T —nnA)(0n-1—0h_1) — m(VF(zp_1) — Adp_1) (A.4)

= (I - 77nA)5n—1 - nn(VF<In—1) - Aén—1>‘
Recall the definition of YZn

k
vi= [ @u—nd).k>6Y] =1,
j=it1

We can use Y;" to rewrite sy, as
n
sn=»_ Y{"ni[As;i_y — VF(x;_1)].
1=1
Define the weighted average difference between the nonlinear and linear sequence:
n n ? _
Sn= ) wnisi= > wni» Yini[Ad;_y — VF(z;_1)].
i=1 i=1 j=1
Note that v/nd, = \/né, + /ndl, and \/ndl, B N(0,wA=LSA™T). To prove
Vndn = /n(@n — ) = N(0,wA T SA™T),

it is suffice to prove y/ns, converges to 0 in probability.
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n )
13nll2 <D wni > IY7 ll2njl|Adj_1 = VF(zj_1)l]2
i=1 =1

1 & noo
S 1A% = VF(y)llang (Y 1Y 1l
j=1 i=j
1 & _ .
Sz > [1AGj_1 — VF(zj—1)ll2i (1 + (G + 1)) (A.5)
j=1

A

1 n
- > [1Adj_1 — VF(zj-1)]l2
=

1 n
p
S EZH(Sj—lHQ‘
=1

The second inequality is obtained by upper bounding w, ; and exchange the order of summa-
tions. The third inequality comes from Lemma A.2 in Zhu et al. [2023]|. The last inequality

is from Taylor’s expansion around z*. From Lemma 3.2 in Zhu et al. [2023] we know that
2 . _
Elloj1llz S (G -1~

So there exists a constant C' > 0 such that

n

1 ) 1. - -—0.5—
> FEIGalES Y =G-1DT Sy i<
j:1\/} ||] ||2 \/—( ) :

By Kronecker’s lemma,
1 n
—= > Ell§j-1lf3 = 0.

As a result, for any fixed h > 0,
(1 y > 1 y
P(vnllnll2 > h) <P(—= > 116113 > ) < —=E > [l6;-1]3 — 0.
\/ﬁjzl V/nh st

Thus we proved that \/ns, converges to 0 in probability, and the theorem is proved.
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A.1.3  Proof of Lemma A.1.2

Proof. By definition of the linear error term, we have

o, H(Id—m 50+Z H (Tg — nj A)mie,

i1=1 j=1+1

where the matrix sequence Yik, k > 1 is defined as

k
= [ @Qu—njd). k> Y] =1,
j=it1
Here we also use the convention that H;’:n +1(Ig —n;A) = I. Then the weighted averaged

error sequence 0), takes the form:

n
S;z Zme(Id—% 50+ank2 H Id_n] )ni€i
=1 j=1 =1 j=i+1
—anZY050+ZankY i€
1= lk; 1
_anZY050+anZZY 772524‘2 Z W,k — wnz)Y i€
i=1 i=1 k= H—l (A.6)

I
M= I

A
wy ;A Ez + Z Wnp, ZYO o0 + Z Wi ( Z Yknz Jei+
1=1

n

k
D (W — wng)Yimies
1=1 k=1+1

1

~.
S

M

BT IT+TII+1V
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By Lemma A.2 in Zhu et al. [2023],

n
STOvE S G+ e

k=i+1
So we have,
i ||\/ﬁz;wn,iyoz5o|l2 < Jim EH\/ﬁz;Yole L
1= 1=
Recall ¢ = >, Ykm A~L. Then by Lemma A.1.1,
n n
: —1 2 : 2
nlgr;OEH\/_Zwmkz o= A7e3 = J BN ol
=3 1=
1 n
S CAL:
i1=1
1 n
< = e = 0.
<ol -

The last inequality is because ||¢}'||s < K. The result shows that \/nII and \/nI1I converge
to 0 in L? norm. For \/nIV, let a? = D b1 (W — wn’i)Yikm. By Lemma A.2 in Zhu

et al. [2023], we have
k

1Vl < exp(=x Y ),
t=1+1

and

1 & 1
n - YEon, < =
llaille < - > Y] llomi <

k=i+1

Under the smoothness condition,

k
hm ZH%HQ < hm Z Z ’wnk W 2‘772 exp(—A Z ne) = 0.
1=1 k=i+1 t=1+1
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As a result,

n
) p
E|lVaIV|[ =EllVn) alell3
i=1

1 n
2
<5 InallB
=1
1 n n
<3 Ml = 3 flafll2 0
=1 =1

So we only need to show the asymptotic normality of the first term. By Lemma A.1.3 we

have
n
\/ﬁz wn’iA_lei = N(0,wA~tsA™).
i=1
Thus we have proved Lemma A.1.2. O

A.1.4 Proof of Lemma A.1.3

Proof. Let X,,; = \/ﬁwn’iAflei (1 <i < n) denote a martingale difference array. Then we

need to prove
n
D Xpi = N(0,wAISA™).
1=1

We first check the conditional Lindeberg condition: Vr > 0

Ei 1 (|1 Xl PL(1X il | > 7)) < \/Eifl[HXniHll]\/Eifl[ﬂ(HXniH > 1)

< o2 (@) Bl Pioa(1Xul > 1) (A7)

K
< \/—2(1 + ||5i71||4)\/ﬂbi71<||€i||4 > K§n2rd)
n

The first inequality is Cauchy-Schwarz. The third inequality is from Assumption 2.2.3. By

Markov’s inequality,

Ks(1+[[6;-1])
2

Y

P 1(|le;][* > KanPrt) <
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We get the following bound

By |1 Xl PL( [ Xl | > )] < —5(1+ |16 |1*).

zw| N

As a result

n

Ky
E B [[| Xl IPL(| X | > 7)] <—+ E 16; 1% (A.8)
i1

By Lemma 3.2 in Zhu et al. [2023], we have

Ky
lim E—+ ZH@ s

n—oo

So both sides of equation (A.8) also L1 converges to 0, which implies the conditional Linde-

berg condition: Vr > 0,

n

P
> B[ X 1| Xl | > 7)|Fia] = 0.
i=1

The next step is to show that:

n
> En(wy ) A eed AT Fy o] = wAT AT
=1

Since n limy, 00 Zﬁzl(wn,i)Q = w,

n

wATISATT = 1im Y “n(w, )?A7IsATT
n—>ooZ 1

We estimate the difference

n
A= n(w,;)?A"tsA™ ZE [n(wni)2A el AT\ F i)
=1 1=1
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using Assumption 2.2.3 :

n n
AllE =11 Eii[n(wn,)? A el AT = " n(wy )2 A~ 1S4 T p
i=1 i=1
n
< n(wn ) IIATHE 166 — S)AT|p
o (A.9)
<> nlwn )| AT[FIEi 16l — S]lo
i=1
C’

n
= " (6i—1ll2 + ll6i—113)
=1

n

By Lemma 3.2 in Zhu et al. [2023], we have

n—oo

O
lim E[— Z 1651112 + 116i-1113)] =
So the Frobenius norm of A also L! converges to 0. With triangle inequality it implies that
n
1D Eialn(wni)*A el AT —wA™tSA™ | p
n

<[|Allp + [[wATTSA™T = " n(w, ;)2 A7ESATT .
=1

And both terms on the right hand side L' converge to 0. As a result,

n—oo

n
lim ]E‘H ZEi,l[n(wn’i)QA_leieiTA_T] —wA T SATT || = 0.
i=
Since L1 convergence implies convergence in probability, we have
& P
1Y Eimiln(wn)* A e A7 —wA SA™ | p =0,
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which implies
n

ZEi_l[n(’wn?i)QAilEiElTAiT] £> wAilsAiT
=1

at every entries. Then all conditions of Corollary 3.1 in Hall and Heyde [2014] hold. By
Theorem 3.3 in Hall and Heyde [2014],

n n
VY X =ny wy AT e = N(0,wATISATY).
=1 =1

A.1.5 Proof of Corollary 2.3.1

Proof. Recall the definition of ), ;:

n .
v+ 1 Jg—1
oni=—— 1l 70—
T ST

1Ty +i+D)I(n+1)
n I'(y+n+1I@GE+1)

Lemma A.1.4. The weight wy, ; = 0, ; satisfies Y ;' wp; =1, wy; < (y+1)/n and

n

. N2
nll)lrolon . 1(wn,z)
1=

(v+1)
2y+1

Now we only have to verify the smoothness condition. We first show that there exists a

constant C' = y(y + 1) such that for all 1 < i < n,

|wy, ;11 — wpi| < Cn2.
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Notice for any n € NT,

01 meg — 0 |:(7+1)(7+n)—n(7+1): vy +1) S0+
SR (tntDlr+n)  (rntDl+n) T (0D
and )
+
|9n+17n - 9n+1,n—1| - (1 - L)(Qn,n - Qn,n—l)
vrn (A.10)
1y +1) n

(v+n)(y+n—-1)y+n+1
Since n > 1, we have (0,11 — Opy1n—1] < |0nt1,n+1 — Onpn|. Similarly we can prove
that [0n 11,01 — Ont1il < 10ns1nt1 — Onpl for any 1 <4 < n. So 041,41 — Onr1il <
v(v+1)/(n+1)? for any 1 < i < n, or equivalently, W, j41 —wp, ;| < Cn=2foralll <i<n.

Then we claim the following lemma holds, and the conclusion follows.

Lemma A.1.5. If |wy, j41 —wy ;| < Cn=2 for some constant C > 0 and all 1 < i < n, then

the smoothness condition in Theorem 2.2.4 holds.

To prove the lemma, we need the following 3 steps:

Step 1: Define mg =0 and for any k£ > 1,

Then our goal is to prove Y ity D p i q |wy  — Wy 40 eXp(—)\mf) — 0. Recall that A =

min(Apin(A),1/(2n)). Let = |1/A] + 1. Choose an N € N* such that Vk >i > N,

k
mfj > ulog .

Since mf > n(kl=® —i1=%) /(1 — a), we can always find such an N.

Step 2: Let b} = Y71 |wpp — wniln; exp(—AmF). We decompose -7 ; b into two
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n n
Zb? = Zm Z (Wp ks — Wn7) exp(—)\mf)

=1 =1 k=i+1
N n
SZU Z |wnk W, i| exp(— )‘m )+ Z Up Z ’wnk Wy, i| exp(— Am)
i=1 k=i+1 i=N+1 k=i+1
éfl—l-fg

(A.11)

Step 3: Show that each term goes to 0 when n — oco. For the first term we have

n

N N
< E 2 E exp(—AmF) < 1 E (i+1)% <
— 771 n p 7 ~ n ~
i=1 k=i+1 i=1

S|

The second inequality is due to Lemma A.1 and Lemma A.2 in Zhu et al. [2023]. Now there

exists a constant C' such that [wp, 141 — W t| < C/n?. So for the second term we have

n n k—1 .
S 3 A st - wadl)e
i=N+1 k=i+1 t=i
n

k—1
I _\m
ZWZZ—Q
1N+1 k=i+1 t=1

a—2 - S L mkb A.12
n Z i Z Zt—ae : (A.12)

1=N+1 k=i+1t=i

n n A
na—2 Z n; Z mi_se—)\mi

1= N—H k=i+1

=2 Z me—/\m( k mi_ﬂ—l)

i=N+1k=i+1
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The second inequality is because t% < n®. Notice that % < % <e # by step 2,
n n 1 \ k
Ir < n®2 Z Z mfe(ﬁ_ )m; (mf — mf_l)
1=N+1k=i+1
n +00
<ne? Y / el Nm g (A.13)
i=N+1"0
<n® 1 0.
We have showed that
n
Z b < n* 1t = o0.
1=1

So Lemma A.1.5 and Corollary 2.3.1 is proved.

A.1.6 Proof of Corollary 2.3.2

We first propose a lemma which bounds some exponential series.
Lemma A.1.6. Let a € (0.5,1) and v > 0. For alli < j <n,

J
D i exp(r(i+ 1)) Sexp(vitT?),
i=1

n
> exp(—vk' ™) S exp(—vj' )5
k=j

Proof. Let wy; = 1/[kn] for i > (1 — k)n otherwise 0. It’s clear that Y ' jw,; = 1,
[wy, ;| < 1/kn, and limp—00 1 Z?:l(wn,i)2 = 1/k. So we only need to verify the smoothness

condition. By Lemma A.1. in Zhu et al. [2023] we have

k
A _ , _
exp(—A Z nt) < exp (— T a _na (k‘l @ (i+1)! O‘)>.
t=i+1
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Therefore

n n k
Sni Y lwng — wnglexp(=A > )
=1 k=i+1 t=i+1
& - 1 A7) -« l-«
SZnZ Z —exp | — 7 a(k (i+1)"~7)
i=1  k=[rn]
k] n (A.14)
1 A
< - i “exp <1 —(i+ 1)! O‘> Z exp < _nakl O‘>
i=1 k=[rn]
< 1 A1) 1-a . Ui 11—« «a
< —exp |kn | exp [kn] [kn]
n «
< [kn]®
n

So the smoothness condition limy—00 D 51 17 i1 |Wn k — Wn il exp(—A Zf:z#l ne) =0

holds, and the Corollary is proved.

A.1.7 Proof of Proposition 2.4.1

Instead of requiring ng = a1_2 in Proposition 2.4.1, we first consider a general step size.

e H)2
M7 and SGD

Recall that we have the squared loss function f(z,& = (a;,b;)) = 5

iterates

r; = ri1 — nai(ajvi—1 — b;). (A.15)
Here n; = gt~ with 0.5 < a < 1.

Proposition A.1.7. The unique solution to the optimization problem

min E| ch 29|

c=(cq, , cp):cT1=1
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with x; defined in (A.15) is given by

where
(zg — z*)? 0 0
0 aza%n% 0 0
D= 0 0  o2a3n3 0
0 0 0 - oain?
1 0 0
ma? — 1 1 0 0
O = 0 a3 —1 1 0
0 0 0 npa2—1 1
More explicitly,
g 2, 2 1
. B (950 _ Z‘*) + a7 N
n,O Sn ’

g

where Sp, = ( 243, a?.

ro — ¥

Proof. The SGD error sequence x; — z* takes the recursion form

9
z; —x" = (1 —na7)(xi—1 — =*) + nia;(b; — a;x™)
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Let

1 0 0
ma? — 1 1 0 0
0= 0 ma3—1 1 e 0
0 0 0 npa?—1 1
Then we have
xg—x* xg—x*
ry — o m (b1 — a1z*)ay
Ol zg—a* | = | ma(by —agz™)ay

(A.16)

We further treat a; as fixed and denote © as the matrix in the left hand side above.

Similar as the mean estimation model, here the optimal weights solution is also determined

by ¥ = (E(z;x;)); i>0, the “covariance” matrix of (xg, x1, x9, - -
y iLj))i,j>0 0

We further define

xg—x*
m (b1 — ajz*)ay

D= | no(by — agx™)ay

Un(bn - @nf*)an Ty — T

x9 —x*
x1 — ¥

, X = | 29 —2*
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and

(zg — z*)2 0 0

0 oa?n? 0 - 0

D= 0 0 0%%77% e 0
0 0 0 - oaln?

Then ©X = & implies that EOXXT0T = 0EXXT0T = 026! = E®dL. By the
fact that E(z; — 2*)(z; — 2*) = 0 for all i # j, we have E®dT = D. Thus we have a

diagonalization of ¥ as 0261 = D.

Using the Lagrangian multiplier method, we can obtain the closed-form solution as

E_lld
1Is-11,
and it remains to show that the solution
»11, eT’p-le1,

1711, 17eTp-lei,

is the form of Proposition A.1.7. Here we give the closed form of the matrix ©7' D10,

oD le =
1 (maf-1)> mai—1 0 0 ... 0
(wo—2%)? , Uit o?aint o )
nray—1 1 + (772@2_1) n2a2—1 0 . 0
cr2a§17712 o2ain? o2a3n3 Uzagng
0 a5 -1 1 (1az-1)* . . 0
oazn; olagny — olagng
nna%—l
TPal
21
1
0 0 . 0 TGy
T T
and the conclusion can be easily verified. O
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The optimal weight of the initialization term ¢, o in Proposition A.1.7 depends on o2

and the initial error xg — x*, both of which can not be observed. To solve this problem, we
may consider the two-step estimation: first estimate o and z* using ASGD or other averaged
schemes with a small batch of SGD iterates, then plug them in to obtain the optimal weights.
Another approach is to modify the structure of © and equation A.16. Choosing n; = a1_2,

we can exclude zg — 2* from (A.16) and reduce it to

1 0 e 0 x] —x* n (b — a1x™)ay
772&% -1 1 . 0 x9 — ¥ B n2(by — agx™)as
0 0 nna% -1 1 Ty — " N (bn — apz™)ay,

In other words, if we plug n; = a1_2 in Proposition A.1.7, we have x1 = n;b;a; and all SGD
iterates will be free of xg — x™*.

Denote © as this reduced matrix in the left hand side above, and we can perform a
diagonalization of ¥_o = (Ex;z;); j>1, the “covariance” matrix of SGD sequence without

xq, as follows

0%%77% 0 e 0
- . 0 0'2@2772 e 0
oy 67 =D_ = 212
0 0 e J2a72m%

Instead of the optimization problem in proposition 2.4.1, the decomposition of ¥_( enables

us to solve a reduced problem excluding the weight on x

n
min E|Y ei(zi — )|,
i=1

C:(Cl7 Tt Cn)ICTldzl
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and get the minimizer in the form of

-1 AN =13

St e'pren
Ty—1 ToTp—191.,°
1Ix~t1, 17eTp-leyy,

The o2 terms in D_g cancel out. Finally, the weighting scheme with 7 = a1_2 is

1, 2 1
S A
Cn,g = s
n

1 <i<n—1,

where S, = 31" a?.

A.1.8 Proof of Corollary 2.4.2

We start with a lemma describing the rate of the last error term of SGD, which can be found

in Lemma 3.2 in Chen et al. [2020].

Lemma A.1.8. Under the setting in Theorem 2.2.4, we have
n?2 (z, —z*) = Op(1).

Proof. First of all, define ], = ?:_11 cp,irj. Notice that

D[ =
—~
8
3
8
*
~—

Vi(in = 2*) = (@, = (1= n®"Ha*) = n”

By Lemma A.1.8,
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distribution. Define the linear error term
8 =00 1 — A8, 1 + Men, 0y =z — ¥,

and 5’ ZZ 1 Cn,i0;. Previously we have showed that the weighted averaged linear error
term can well approximate the weighted averaged original error term (see Subsection A.1.2

for details). So it suffices to prove that
Vndl = N(0,A715A1),

Notice that ¢, ; < O(1/n) holds for i = 1,...,n — 1. By Lemma A.1.2, we only need to verify

the smoothness and limitation condition. For the smoothness condition, Define

n—1 n—1 . .
i k¢ — (k+1D)* =i+ 0+ D)% _y,,i
7_2_71 =T Z ‘Cn,k - Cn,i‘e A, = Uo Z 0 € )\mk7
k=it 1 k=it+1

where m?c = Zfzz 11 Mt as we previously defined.

Since i — (i + 1)¥] < i*"1, we have ||77||3 < 1/n. Let N = |\/n], then

:Lz:;l ZT+ZT

i=N+1

We estimate the two terms respectively.

1 N n-—1 )
IEE I IRRLY
i=1 1=1 k=1+1
N
1 A7
< _Z(Z+ 1)oz -« ( )
" 1=1
SJ E S n_%
n

169



The second inequality is due to Lemma A.1. and Lemma A.2. in Zhu et al. [2023].

n—1

Z 7-”< Z Z Lo~ 1+Zo¢ 1 _)\m%m

1=N+1 1=N+1 k=i+1
a 1 n—-1

Z i+ 1 afa

i=N+1

As a result,

lim g 7'
n—oo

and the smoothness condition holds. Then we compute the limitation. Notice that

n—1 1 n—1
(=1 D (R = =5) = (1=1) D (e = )emi + )
i=1 1=1
n—1r,. a_ s i
:(”—1)2{(H1L H(Jrl)n +2
=1
SJ n—1 (Z + 1)@ _ 4o - na_17
=1 "

we have

By Lemma A.1.2,
V=16, = N(0,A7tsAa™1).

Finally by Slutsky’s theorem,

bl =, /%\/n 18, = N(0,A7ESATL).
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A.1.9 Proof of Lemma A.1.4

Proof. Since I'(y+i+ 1)I'(n+1) < T'(y+n+ 1)I'(¢ + 1), we have
v+1
|Onjil < ——.

n

From the recursive form of polynomial decay averaged SGD, it is easy to see > ;-4 Oni=1.

The last step is to prove the limitation holds. Define

no N n*n!
o) = [0 = Dyt = S s

where the last equality is from integration by parts. It’s well known that (1 — %)” <

(1-— ni_i_l)”Jrl and limy,—00(1 — %)” = ¢! for any t. So I'y(x) < T'(z). Meanwhile we have

an equivalent definition of I'(x):

n*n!
I'(z) = Ii = lim Typ(2).
(z) = Jim 2@+ D)@ +2) - (xtn) nooo n(7)

So for any 7 > 0, there exists an N > 0 such that for all n > N,

n'n!
R L S ) By s R

. T'(y+i+1 I'(y+n+1
Asaresult,fornZzEN,wehaveOS%—1§F(7)7and0§%—1§

[()7, which implies

Cy+n+l) T+i+l)
C(n+1)Y B T(i 4 1)i7 < 2T'(y)T.
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Furthermore we have

i P(7+¢+1)F(n+1)' _ | T (n+1) ’T(7+n+1) CPly+i+1)
nY T(y+n+1)I(+1) L(y+n+1)|| T(n+1)iY L(i+ 1)
nIT(n+1)
< 2U(v)T m‘ (A.20)
< 2T (v)T.

Now we estimate the following summation

n .

LS+ D) 0]
i1=1

n-<

N . N n . .
1 i v+1 i F(y+i+1)I'(n+1)
<= 1) (=) 0, —_— )7 —
e S S B Sl o N
N 1 N — N
HOHD Ay v+ Ny
n n n
N
< — .
_(7+1)(2n+7)
Let 7 — 0 and n — oo,
1 & i
— vy N —
i 3+ DG = 10} =0 (A22)
1=

Since

[+ DA = 026,02 = [+ D) = B D[+ D) + (6 )

n Z, n (A.23)
<201+ DI+ D) = (6 )],
we have
T -3+ D22 20,00 < 23+ 1) Tim S [+ ()T = n(6,)] =0
i=1 1=1

(A.24)
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Finally, notice that

n

lim >+ 2Ly = /1(7 +1)%2Pde = +1?

n—>ooni71 n 0 2y +1 ’

We have proved the limitation in Theorem 2.2.4 holds with

n 2
1
N—00 P J 2v+1

A.1.10 Proof of Lemma A.1.6
Proof. First we have exp(v(i + 1)1=%) < exp(vil %), so
J J
Zi_o‘ exp(v(i + 1)) < Zi_a exp(vit~?).

Let () = =% exp(ral~®). It’s an increasing function when z > (o/(1 — a)v)/ (1= So

we can further bound our target term as,

zjj i exp(v(i+1)17) < XJ: i exp(ril ™)
S, U(x)de (A.25)
— e+ 1))

S exp(vj' ™).
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For the second inequality, similarly we have
n n
Zexp(—ykl_a) 5/ exp(—va! =%))dx
k=j j—1

o0 sl—a _Sd
- /V(jl)la v(l— oz)6 i (A.26)
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APPENDIX B
APPENDIX FOR CHAPTER 3

B.1 Proofs

We first introduce some notations. For a random variable X and ¢ > 0, we write || X||; =
(E|X|7)1/7 if E|X|7 < 0o. Moreover, for any random matrix A, we write lAllg = (E||A||%)1/q
by convention. From this point on, abusing notation, depending on context we may write
| - |2 to denote the matrix operator norm, or may also write || - ||o to denote the random

matrix norm discussed here.

B.1.1 Some useful lemmas

In Lemma B.1.1, the case 1 < g < 2 follows from Burkholder [1988] and the other case g > 2

is due to Rio [2009]. Lemma B.1.2 follows from Corollary 1.8 of Nagaev [1979].

Lemma B.1.1 (Burkholder). Let ¢ > 1 and ¢ = min{q,2}. Let (D¢)icz be martingale
differences with E|Dy|? < oo for every t € Z. Write My, = 11 Dy. Then

' r / (q—l)_l, 1<q<2
IMll§ < CF D IDellf, where Cq =

t=1 vg—1, q> 2.

Lemma B.1.2 (Nagaev). Let (et);eyz be independent zero-mean random variables with
supsez Elet|? < oo for some ¢ > 2. Let Sp = S.pqer and ¢g = 2¢79(q +2)72. Then,

for x >0, we have

n_ E‘e'|q C, IQ
(15nl 2 w) < (14 2/q)P ===+ 2oxp |~ o
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Lemma B.1.3 (Moment bounds for sample covariance operators). Under Assumption 3.2.2,

we have
/¢
<]E\|At - z||;”) <.

Proof. For simplicity, write

B
Ap k=Y (XijXip — k)
i=1

for 1 < j,k <p. By Lemma B.1.1, it follows that
B
1B j1ll7 < (0 = 1) 11Xi; X — S < 4B — 1M,

1=1

Consequently, under Assumption 3.2.2, we have

V2 oy

p
) ”AB,J‘k”?/) = Bl/2 < o
Jk=1

)1/w

(Bl -3)5) ™ <

@~

B.1.2  Proof of Lemma 3.2.8

By Lemma B.1.3, triangle inequality and the fact that ng < 1/||%]|2, we have for each ¢ > 1,

1p = neAelly < [ p —meXlly +mell Ap — B[y <1 =2Agmp + Aome = 1 = Aony-
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Consequently, by the triangle inequality, it follows that

T t
-
lw " STy < 1160 — *ll2) H (1= Xoe) < 18 = *ll2 T rgg 0 (B.1)
t: :
Then Lemma 3.2.8 is obtained through Markov’s inequality.

B.1.3  Proof of Lemma 3.2.9

We first introduce the following lemma, providing a concentration inequality for Dp 9, where

T
Dpo= Bo? Z 772 THmAmHTw =: Bo? Z n%fm.

m=1

Lemma B.1.4 (Main Technical Lemma). Under Assumption 3.2.2, for z > 0, we have

P(|D7 9 — E(Dro)| > 2)

< G S Ol 2/BAS
= €x )
A (z/B)¥/2 T(%l35

where Cy, o, and qup,a are positive constants depending only on ¢ and o, and

T BT Tl-l—a
L= log “ ”22 . (B.2)
Aomo AG

Proof. For any k > 1, define F4 j, = 0{A1, Ag,..., A;} and the projection operator

Par() =E([Far) —ECIFar-1)

Denote Hy, = H(Apm+1, Am+2, - -, Ap). For any h > 1, define

Hm,{m+h} = H(Am—i—la Am—i—?: ce ,Am+h_1, A;;H—h? Am—i—h—i—h .. ,AT).
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where (A});cz are ii.d. random matrix with A} D A;. Note that

T k m+h—1
Hyp = Hy tminy = > 11 =m0 mmsn(Amen — An) 1T @ —nedp).
k=m-+h {=m-+h+1 f=m+1

Hence, by Assumption 3.2.2, we have ||A4,,,,, — X[, < Ag and consequently

T k
1Hm=Hypy il S D mmanllAmsn =Sl [T (1= Aome)
k=m-+h f=m+1

oo

z
< )‘077m+h/ exp (—/\0770/ :z;o‘da:> dz.
m-+h m—+1

Therefore, together with the fact that ||Apmlly, < [[Am — S|y + |22 < 2[|X]|2, we have

1P AmmtnEm)lly o < 20 Amllyll Him = Hpy g py gl Hmlly

0 z
S Mol Wil Hls [ e (—)\0?70 / | cz) n
m m

Define the L-approximation of D9 as

T T T—h
2
Dror=Bo® Y mnEm|Pamrr) = Drz—Bo® > 1 Y Pamen(m).
m=1 m=1 h=L+1

Note that E(Dr2) = E(Dr 2 1,). Hence, by Lemma B.1.1 and (B.2),

T-1 (T-h 1/2
IDr2=Dropllyje < CypBo® Y > Uf%HPA,erh(im)H?/,/g
h=L+1 | m=1

Cyp.oBo?||S|| T AonoL —1/2

Now we bound [Dp o 1, — E(Dr29 )| By Lemma B.1.2 and a similar argument as that of
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P(|Dra, 1, —E(Dr2) > 2) <

CoaTLIZIE | Cale/ PPN
X _
o (z/B)/? A

Consequently, Lemma B.1.4 follows in view of
P(|Dro —E(Dr2)| > 2z) <P(|Dra — Dra | > 2/2) + P(|Dra, — E(Dra1)| > 2/2).

O

Remaining proof: As discussed in Section 3.2.4, it suffices to bound Dp , and D 9. By

Assumption 3.2.2 and a similar argument as (B.1),

(.¢]

z
[Hmllg < 1+/ exp (—)\0770/ xo‘da:) dz,
m+1 m+1

which leads to

T T
Cy.anpgC
E(Drg) = Bug Y nhElw " HynX;|? < BugKy > bl Hmll§ < % (B.3)
Hence, by Lemma B.1.4, we have
2 Cy o TLYA-1|5) Y2 B/ Ol (@ /log 2)2 ]
P\ Dy > E(Drp) + < 7 pq— 53
log = Ao (xQ/logx)WQ T\%[5B

As ¢ > (2¢ — 4a)/(2 — ), for any z > /T, we have

TLY/ 4 Yloga)¥/2 (T
xw =0 .
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Consequently, as E(Dp o) < CganWs, we have

CLTW, Cox? CLTW, Cox?
P(|w'S% < i14c - < 14 —
<|w Tl > x) - a2d e ( TWs + xz/logac) - ad T Cexp TWy )’

where C'1 and C9 are positive constants depending only on ¢, o and .

B.1.4  Proof of Theorems 3.2.4, 3.2.6

As discussed in Section 3.2.4, Theorem 3.2.4 directly follows from Lemma 3.2.8 and Lemma 3.2.9.

The proof of Theorem 3.2.6 is similar to that of Theorem 3.2.4 and thus omitted.

B.1.5 Proof of Proposition 3.53.1

Proof. Let

T q

T
HTq = Z Vine/T
t=1 \i=t

Note that

- 1 T 1 T T .
Op — 0 _T;VZAOI T;Ztvtlntt?t.
1= =] 1=

Since {e;}4>1 are 1.i.d. , according to Corollary 1.8 in Nagaev [1979] we have

_ 1 & pr g Elel? cqr?
P HT—Q*—?Z‘/;AO >z | <(1+2/¢) 01— "— +2exp [ —L— | .

— xt pr 2Bl el
Then all we need to show is that pp, =< T4 for 2 < ¢ < v, and Zz‘Tzl V; = O(1). Since
there’s no randomness in p , and V5, we can check the order through numerical computation;
see figure B.1. Also, according to Lemma A.2 in Zhu et al. [2023], Zz’T:t Vi = O(t®) for

a € (1/2,1), which implies that up , = O(T1~9). O
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-5.8
1

log(ki2)
log(V)

T T T T T T T T T T T T
6.9 7.0 7.1 7.2 73 7.4 75 7.6 0 2 4 6

log(t) log(t)

Figure B.1: Left: Check the order of u7 9. The X axis represents log(t); the Y axis represents

log(pt,2). The slop of the log-log curve is about —1, which implies that pp o < T-1. Right:
Check the order of V;. The X axis represents log(t); the Y axis represents log(V;). The slop
of the log-log curve is much less than —1 when t is large, which means V4 is summable and

Sim1Vi=0(1).
B.1.6 Proof of Proposition 3.3.2

Proof. Let

- . 1 T 1 T T i
Sp=0r—0"— 2> Vibo=—> > Vimer
=1 t=1 1=t

To apply Theorem 1 in Peligrad et al. [2014], we need to verify the basic assumption, the

uniform asymptotic negligibility of the variance of individual summands, that is

2 2

T T T

>V > 1DV 0. B.4
m?X 'ttm /t1 .tt77t — (B.4)

1= = 1=

Since Lemma A.2 in Zhu et al. [2023] shows ZzT:t Vi =t as T — oo and n; = ngt %, the
above limit is of order T~1. ( Note that a% = E]e|2uT72 = T71) We can also verify (B.4)

from numerical computation; see Figure B.2. Then, according to Theorem 1 in Peligrad
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Figure B.2: Check the uniform asymptotic negligibility of the variance of individual sum-
mands. The X axis represents ¢; the Y axis represents the ratio of the largest individual
variance and variance of individual summands.

et al. [2014], we have

T T
P(Sp>a)=(1+0(1) [1-@/op)+ > P[> Vime/T >z |,
t=1 1=t

which naturally yields (3.14).
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APPENDIX C
APPENDIX FOR CHAPTER 4

This chapter is organized as follows: In section C.1, we introduce some technical lemmas,
which are useful for our proofs later. In section C.2, we prove the convergence of our proposed
online estimator in the special case of linear processes, i.e., Lemma C.2.1. We break down
the proof of Lemma C.2.1 into several parts: C.2.2, C.2.3, C.2.4, and C.2.5 in the rest of this
section. Based on the results for the special case, we prove in section C.3 the convergence
in general cases, i.e., Theorems 4.3.5 and 4.3.8. We provide proof of Proposition 4.3.1 in
section C.4. We also include a simple simulation study applying the fixed-width sequential

stopping rule in Section C.5. We use I to denote a d x d identity matrix.

C.1 Technical Lemmas

Lemma C.1.1. Assume that A is a positive definite matriz. For any i € N, define the
matriz sequence {YZ‘]} with YZZ =1 and for any j > i
‘ J

k=i+1

where n, is chosen to be nk=% for a € (1/2,1). Then we have

, j
1Y [l2 < exp _sz;rlk_a < exp {—17_77(1 (jl_o‘ —(i+ 1)1_0‘” ,
=1

where v = min(A\pin(A), 1/(2n)).

Proof. Since A is positive definite, there exists an orthonormal matrix ¢ and a diagonal
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matrix A such that A = QAQT. We have

J

J
1Y/ [|2 < H C—mA)lly = J[ 1T=m)lla < I (@ —mk™).

k=i+1 k=i+1

k=i+1

Note that 1 — z < exp(—z) for any x € [0, 1]. So ||Y{7||2 can be further bounded as

, j
Y lle <exp [ = > mk™®

k=i+1
The lemma can be verified using the fact that
j j+1
>k z/ k= —— ((; +1)
k=i+1 i+l -

Lemma C.1.2. With Yij defined in Lemma C.1.1, let Sg =

Sf = 0. Then we have

Jj .
15112 < (@ + 1)

Proof. Through triangle inequality and Lemma C.1.1,

—

J
k=i+1

]

Yk for any 5 > i and

15712 < i 1V1lz < i exp [—lﬂ(kl—a—@ﬂﬂ—a)] (C1)

k=i+1 k=i+1

Note that exp (—%kl_a> is decreasing with k, so

k=i+1
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For any 1 < a < b and any 1 < 3, we have by elementary manipulation that
b 00
/ e TrPdr < / e TP dy < aﬂe_acﬂ,
a a

where Cj is a constant depending only on 5. Then we have

J
0 1) < o 1-a) (s «
Zexp( —1—ak >Nexp< 1_@(@—4—1) )(z—i—l). (C.2)
k=i+1
Combining (C.1) and (C.2),

' m 1 d Mmoo

J ; e -« : Q
153 |2 < exp (m(l—f—l) )k;_lexp (_l—ak ) S i+ 1)%

=1

]
Lemma C.1.3. With definition of Y;j in Lemma C.1.1, sequence Uy, can be rewritten as
k
Up = L= A)U_1 + ey, = YeUs + Y Yiinpep.
p=s+1

According to Lemma B.3 in Chen et al. [2020], we have
92 _
E[[Ukllz S k.
Lemma C.1.4. Let ay, = {C’mﬁJ ,m > 2 (ap = 1), for some constant C > 0 and § >

1/(1—a). Forapy <n <apryq, define nm = ami1—am, 1 <m < M, andnyr = n—aps+1.
We have



_ 2 ad
]\(;MJrl an) 5 <M~ and M 0. (C4)
Zm:l(am—‘rl - am) M
Proof. Since n > ajs, we have
n ap—1 M—1am4+1—1 -1
1
=) L= (z—am+1):Z”m(”g“r )
=1 1=1 m=1 i=am m=1
Also,
-1
AM+1 M R (i + 1)
D, =) T
1=1 m=1
Then according to the choice of aj, we have
2l 1
lim % >1- M”M("M+ ) m a—M =1 ()
M=voo 37 M > m=1nm(nm +1)  M=00

Since Y it l; < Z?flﬂil l;, the limit is 1. Equation (C.4) is easy to verify by using the

form of ay.. O

C.2 The Linear Case

Recall that the error 0, = x,, — 2™ takes the form:
On = Op—1 — UnvF(xn—l) + Mnén, (C-6)

where €, = VF(z,_1)—V f(z,-1,&n). The sequence {e,} is a martingale difference sequence
since

Ep—16n = VF(2p—1) = Ep 1V f(25-1,8n) = 0. (C.7)

Note that VF(z*) = 0 since 2* is the minimizer of F'(x). By Taylor’s expansion of VF(z,,_1)

around z*, we have VF(z,,_1) ~ VAS,_1, where A = V2F(z*). Thus, modifying equation
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(C.6) with VF(x,,_1) approximated by Ad,_1, we have for large n
on & (I =npA)op—1 + mmen. (C.8)

Inspired by (C.8), we define the linear sequence (Up,),cn as follows:
Un = (I =npA)Up—1 + mnen, Uy = do. (C.9)

Now we define a new estimator 3, based on Up,:

T
n

1 i ) i )
Sy = ST ; k; Uy, — ;Up ]; U, — LU, | . (C.10)

In certain cases when VF(z,_1) = VA, 1, such as mean estimation model and linear
regression model, error §, exactly takes the form of U,,. Then we have Sp=Sp. In general
cases, we can use Uy, to approximate J,, since the difference between them is small. In other
words, studying covariance matrix of U, can give us insight into the covariance matrix of
Tn. Next lemma shows that the estimator f]n is consistent. It can be viewed as a special

case of linear processes.

Lemma C.2.1. Let ay, = {Cmﬂj, where C > 0 and f > 1/(1 — «). Set step size at the

i-th iteration n; = ni~% with % < a < 1. Then under Assumptions 4.3.2 and 4.3.3,
E Hzn - ZH < MB/2 4 p1/2 4 ppl(e-D)5+1)/2 (C.11)
2™ ’ ‘

where M is the number of batches such that ayy <n < apryq.
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Proof. Recall that

B n -1 5 ) ~ ) ~ T
f-(3) (S o-un) (Lo
i=1 i=1 \k=t; k=t
Using triangle inequality we have
n -1 5 1 ) T
EHin—zH2gE (le> SAXu] | X -®
1=1 1=1 \k=t; k=t;
2
-1 5 o n -1 5 ) o
+E (Zzi) 2U,0F| + 2R (ZZZ) S U | ()
i=1 i=1 9 i=1 i=1 \k=t; 9
(C.12)

By Lemmas C.2.3, C.2.4 and C.2.5 (proved in the rest of this section), all these three terms

in (C.12) are bounded, which implies Lemma C.2.1. O

Let
T

n -1 p ) )
5= (2] 3 (xa) (e
=1 1=1 \k=t; k=t;
In Lemma C.2.2, we show that S, converges to S, the covariance matrix of V f (x*,€). Using

this fact, we have Lemma C.2.3, which provides an upper bound for the first term in (C.12).

The other two terms in (C.12) are bounded by Lemma C.2.4 and C.2.5 respectively.

Lemma C.2.2. Let apy < n < aprq1. Under conditions in Lemma C.2.1, we have
EHSn—SHQ < MOB/2 4 12, (C.13)
Proof. Here we introduce sequence {¢;} as follows

€ =VF(@*) = Vf(z*, &) = -Vf(a* &),n> 1.
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Note that {€}} is a sequence of i.i.d variables with mean 0, and therefore {e, — €}, } is still

a martingale difference sequence. We further define

n -1 n 1 1 T
- () 3 (xa) (2
1=1 1=1 \k=t; k=t;

Then we can bound E||S;, — S||o through triangle inequality

E[Sn — Sll2 < E||S; — Sz + EllSh — S5 la- (C.14)
Step 1: Bound E| S} — 5.
Since S — S is symmetric,

EHS’; - SHQ = E|/\max(g;kz - S)| = ]E\//\max(gﬁ - 5)2‘ (0'15)

Note that (S”;‘; — S)2 is positive semidefinite. For any positive semidefinite matrix C' we
have Anaz(C) < tr(C) < d||Cl2. So Amaz (S — )% < tr(S — S)2. Further using Jensen’s

inequality, we have

B[S — Slla < Ey/tr(Sg — 9)2 < \JuB(S5 — 8)2 < \/dE(S5 — 5)2]la. (C.16)

Note that by definition of .S,

_l’l’L )

E(SF) = (Z zi> Y Eqgel =

i=1k=t;

Then
IE(S; — S)%[l2 = [ESi? — S?|)s.

189



Note that E(epIE;QT €€ ;;4T) is nonzero if and only if for any r there exist 7’ # r such that
pr = py, r,r' € {1,2,3,4}. There are two cases we can consider. The first case is p; = pg #
P2 = p4 O p1 = p4 # po = p3. This requires ¢ and j in the same block. The second case is

p1 = p2 and p3 = pg. We can expand ES;’? and rewrite it into two parts,

-9 . . T . . T
n ) 1 J J
G%2 . * * * *
sss(yn) X (Ya)(Xa) (xa) (s
1=1 1<i,5<n \k=t; k=t; k=t; k=t; (Cl?)
n -2 " -2
= (Z z,-) I+ (Z zl-) 11,
=1 =1
where
M—-1amy1—1 —
_ T *T * T
[=E Z Z Z Z (m €p2 p1p2 +€p1 p2 “p2€ pl)
m=1 i=am J=am am<p1#p2<j
* *T * T x *T
T Z <p1 €p2 1 P2 s + €12 617261)1>
am <p1#p2<i
n i—1
*T % *T * T
+E Z 2 Z Z <p16p2 €12 , + €1 P2 €p2€p1>
i=ap; | j=an ap<p1#p2<j
*T x *T *T * T
T Z (P1€p2 €pr1€pa + €p1pa po€ p1> ’
ap <p1#p2<i
and

i

n o n J
1=3> 2 D ElGgg qq)

=1 j=1p=t; g=t;

Let [|E(ep, ;g“ €3 7)||2 be bounded by constant C' for any pr € {1,2,3,4}. Then we can
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bound I as follows,

M aerlf]- i—1

<> Y 12)Y Y (©+o+ > (C+0)

m=1i=am J=am am<p1#p2<j am<p1#p2<i
M amt1—1
SY ) (x242x34+ 4 —1) x 1) (C.18)

m=1 i=am
Am+1—1

M m-+ M
S B
m

Since Y 11 1; < Zm_ Z?;";;_l l; < Z%:l n2, and n%w/ Z%le n2, <M~ we have

n —2 M 4 )
(Z lz-) 12 < (Zm:lnm < TELSmEM Tm <y p-1 (C.19)
=1

M ~o
> om=11%)? M n2,

Next, note that > ;" 4 377 4 Z]io:t,- Zé:tj 1= (37, 1;)% Then,

(51) s <(£1) EEE S leaataan-s,

1=1 j=1p=t; q=t (CQO)
aprii-1 \ 2 M M ampi—lag—1 '

(] XYY S S fgraan- <],
=1 m=1k=1 i=a,, j=ap P=0m q=ag
We consider two cases here. One is when p and ¢ are in the same block. Let
M amy1—lapy1—1

III—Z Z Z ZZHEEETGET 52H

m=1 i=ay, jJ=ap D=0m ¢=am
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Here ||E(€;€;T€ZEZT)H2 is still bounded by constant C. Then we have

-2 ay 171 —

apr+1—1 M amt1—lampr—1

=1 m=1 i=ay, j=am DP=0m =am
ap+1—1 2 M famii—1 0\ 2
S ED DI D DN B DN’
i=1 m=1 1=0m

M 4 2
< Z]\n}ﬂ 'm < maxj<m<M Mm <M 1
(Zmzl n?n)2 Zm 1 n

The other case is when p and ¢ are in different blocks. Let

agr1—lamer—1 j

1V = Z Z Z ZiHEeeTGET SQH

m#k j=ap i=am 9= DP=0am

S| i< Zl Z >y EJJ@*HSQH)

(C.21)

Note that E(e%eXT) = S by definition of S and €pe *T is independent of ¢X¢*T", Vp > ¢. Then

q q ’
for p > q,
HE(E;;E;TEZ;EZT) - S2H2 = HE(EZEZT)E(GZEZT) - S2H2 =0.
Then we have 5
ap+1—1 \
L) Iv=o0
1=1

Combining (C.20), (C.21) and (C.23), we have

-2 -2

CLM+171

n -2 ap1—1
(ZZZ) m-s2 <. u| o mr+ | Y | wsMmh

i=1 5 i=1 i=1
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Further combining (C.17), (C.19) and (C.24), we have

n

-2 n -2
|ESE2 — §2|| < (Z zz-) 71— 8% + (Z zi) 1)y <ML (C.25)

1=1

Therefore

E|I5: — Slla < \/dIE(S; — 9)2[la = \/dIES;2 — $2]lp < M~ V2.

Step 2: Bound E||S;, — S|

Let vg = e — e5, k > 1. We can expand E||S;, — Sj[|a as

n —1n i i r ' i T
=5, S5l -2|(36) 3 (z) (z) ( k> ( k)
=1 i=1 k=t; k=t; k=t; k=t;
n -1 5 1 i T n -1 p i 1 T
i=1 i=1 \k=t; k=t; 5 =1 1=1 \k=t; k=t; 9

~

(C.26)
Apply Cauchy’s inequality
-1 . . T
n n (3 7
=1 i=1 \k=t; k=t;
2
(C.27)
-1 . . T
- n 1 (3
< VE[Silz |E (Zh) > ve | [ D2 o :
i—1 i—1 \ k=t h—t,
2
n -1 7 { T :
Then we only need to bound E |[(> 7 ;) i (Zk:ti vk) <Zk:ti vk> . By triangle
2

193



inequality and the fact ||C||2 < tr(C) for any positive semi-definite matrix C,

n -1 9 { 1 r n -1 9 7 1
s () (xa) (xn) | =(n) el (Xu) (X
i=1 i=1 \k=t; k=t; ) i=1 i=1 k=t; k=t;
n -1 n 7
-(34) 3
=1 =1 k=t; 9
(C.28)
Note that the sequence {v;.} is still a martingale difference sequence since
Epqvk = Egp1ep — Egp 16, = 0.
Then we have _ .
2 2
2 2
Ell Y uils = D Ellugliz
k=t; k=t;
We also have
Ellvgl3 = Elle, — cill3 = EIIVF(zg_1) = VF(@") = (Vf(eg_1,6) — V(2" &))I13
< 2E|VF(ay1) = VE(@)|3 + 2BV f(2g1,6) — V(2" &3
SEllzgo =23 S (k=17
(C.29)

The second last inequality comes from Lipschitz continuity of objective function (here we also

assume f(x,§) is Lipschitz continuous with respect to the first argument z). Last inequality
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comes from Lemma 4.3.4. Then we have

(50 5 (50 (3 <("2)1” eS|

i=1 \k=t; k=ti ||

n -1 5 ) n -1 5 )
<() Sy ez () 3 c:30
=1 1=1 k=t; i=1 1= 1k:t,
n -1 M am+1_1
<(32) 3% wen-v
i=1 m=1 i1=am,
Since
n M M amy1—1 M
le = Z n2, Z Lilam —1)7% < Z n2a-
1=1 m=1 m=1 i=am m=1
we have
n -1 5 ) 1 T
2 () S(Tu)(u) | s
i=1 i=1 \k=t; k=t;
2
Then

B[Sy — Slla S MO0/,

Finally, we reach the result

El|Sy — Slla SEIS; — Slla + ElISn — Silla S M2 4+ m~1/2, (C.31)

Lemma C.2.3. Under conditions in Lemma C.2.1, we have

n -1 n ) ) T
<Z zi) S Yo [ o] —5| <y of2 g2 g pylle-Di+n2,
i=1 i=1 \k=t; k—t; ,
(C.32)

where ayy <n < apryq.
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Proof. With the formula of Uy, in Lemma C.1.3, for k € [t;,i] we have

k
Up = Yt]:—lUti—l + Z Y})knpep.
p=ti

With definition of S}“ , we have

) ) k 7
Yo U= |\ YU+ D> Yymep | = ShoqUy1+ > T+ Sp)npep.
k=t; k=t; p=t; p=t;

Then we have the following expansion:

T

(£ £(5w) (5o

=1 1=1 =t;
-1 i i T
= (Z li) Mo StoaUa+ D @+ Spmpep | | StoaUt—1+ > T+ Sp)mpep
i=1 i=1 p=t; =1,
—1 ; i T
_ (Z zl-) S [a (S0 ) (S| atenar«asr 567,
i=1 i=1 p=t; p=t;
(C.33)
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where A; = Z;:ti A_lep and B; = Sti,;—lUti—l + Zj,:ti(npsf, +npl — A_l)ep. We then have

n -1 n 1 i T
= () (xa)(xa) -
i=1 i=1 \k=t; j—y
2
n -1 n (3 (3 r
we|(30) (o (To) (To) 4
1=1 1=1 p=t; p=t; 5 (0-34)
+B (Z zz) S Bl +E (Z zz> S
i=1 i=1 5 i=1 i=1 5
=+ 11+1I1.
It is suffices to show that all three parts above can be bounded. Recall that
n -1 p ) 1 T
si- (2] (el (Xa)
i=1 i=1 \k=t; j—y
and ¥ = A715471 We can bound I using Lemma C.2.2.
I <|A7YBE|S, - Sla S M2 4 p1/2, (C.35)

For the third part 111, since BZ'BZ.T is positive semi-definite, we have
E||B;B] |l2 < Etr(B;B] ) = tr(E(B; B] ) < d|E(B;B] )||2.

Since €, are martingale differences, we have E(Uam_leg) = 0 for any p > a;, and E(ep, (—:]1;2) =
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0 for any p; # po2. So,

. LT
|E@:BD)|, =||5%, 1 EWan-1Uar1")SE, -1
i
+ Z (pSy + npl — Ail)E(GpGg)(UpSIZa +npl—ATHT
p=am 2
= ) am—ng HE(Uam—anm—l)Hz + Z ansp tnpl —A Hz HE(EPGP )H2'
p=am

(C.36)

. 2
St _1H < 2% and

am 2N m

From Lemmas C.1.2 and C.1.3, we can see that )

IE(Ua,,—1UL _Dllo S E(Us,,—1UL 1) S Etr(Uy,,—1UL 1) S EUq,-1013 < (am — 1)

m—1

So we have

. 2
Sém_le “E<Uam—1Ugm—l>’)2 S .-

|

For the remaining part in (C.36),

E(epeg)H2 is bounded and

) 1
> lmpSprml-AES S (InpSp— AT B+ Impll3) . (C37)

pb=am pb=am

Next, we need to bound ||77p51io — A*1||%. When n; =7~ and am < p < i < apqr,

based on Lemma D.2 (3) in Chen et al. [2020], we have

)
InpSp, — A7 S P72 exp | 29>
J=p

198



Also,

Z exp —27277] < Z exp —2vn(i — p) Zexp 2’y77z'_0‘k).

b=am b=am

Note that fooo e~ dy = q~1. Then we can use integration to bound the summation above

as

(0. ¢]
> exp (~2ymi k) < /O exp (—2ymi~“k) < i%.

—2«

Furthermore, p2¢=2 > p since o > 1/2. So

i 1 -1 2 200—2 -
Z anSp—kan—A H2§liam +1
b=am

Recall the definition of B;, when t; = ay,
IE(B;BY )|l2 < i® + ljape 2. (C.38)

Now since Y i 1; < 2%21 n2,, we can bound I1T as follows:

-1 am+1—1

M
> X u|msl],

()=
S
SN

117 <

m=1 m=1 i=am,
M -1y am+1—1

<Y X (5 + tiade2) (C.39)
m=1 m=1 i1=am

-1

M
Z (n?na%? 24 nma%> :

m=1

N

(M=
3

S

3
[N

Recall that aq, < m? and Ny < mb _1, we then have

11 S a2 4 M i < plo—DB+L (C.40)
nyg
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For the second part, using Cauchy’s inequality we have

1 ExllEHAVQW2§321E”£%B?Hz

n n
i=11li i=1li

17 <

(C.41)

We already have the bound for (377 1) S E HBiBiT )

To finish the proof, the

only term remained to bound is (3 7 li)f1 S E ‘

AiAzTHQ' Recall the definition of A; =

Z;:am A_lep when ap, <4 < apy41. Since AiA? is positive semi-definite, we have

E||A; ATy < Btr(A; A7) = tr (E(AZ-Af)) = tr (AlE (( ZZ: ep> ( 22: e]?)) AT> .
e o (C.42)

When ¢ # ¢, we have ]E(epeg) = 0. Furthermore, Let En_l(eneg) — S =%1(dp-1) - Then,

1
E[|A;AT ||y < tr (Al ( > s +E21(5p_1)) AT>

b=am
)
= Etr (A—l (zis + ) 21(5p_1)> A_T>
o (C.43)
<E|47! (zis+ > 21(5p_1)> AT
p=am 2

7
SEISlz+ ) E(S106p-1)]5-

p=am

In Assumption 4.3.3, we have ||21(0)|lo < C(]|d]|2+ ||5||%) for any 0. Also Lemma 4.3.4 shows

that E||6,]l2 < n=%2(1+||dg||2) and E[[6n]3 < n=%(1+|60]|3). Then we can further bound

1. Apply Cauchy’s inequality twice: E| 33/, x| < Ey/(3011, #7) (0, v7) < Vi) Baf 0L, By
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E|A;AT(|2 as

7
Bl 4T 2 S LISl + - (E [l6pally + E|5p-13)

p=am

<t Y (po1)er (C44)

p=am

< Ui+ lilam —1)"2 < 1,

Then we can bound the remaining term as

, SOQ). (C.45)

n -1 n
<Z zi> S E HAZ-AZ-T
=1 =1

Combining (C.45) and the bound of I11, we have IT < M{(e=1)8+1)/2
Now, all three parts I, 11,11 are bounded by M—eB/2 4 y=1/2 4 y(e-1)B+1)/2 - O
Lemma C.2.4. Under the same conditions in Lemma C.2.1, we have
n -1 n
E (Z zi> S BEULL | S M (C.46)
i=1 i=1 5
where ayy <n < aprqq.

Proof. Since ﬁnUnT is positive semi-definite, we have
n n T
= 75T = 7T -2
E HUnUn H2 < Etr <UnUn> —n 2t |E (Z Ui) (Z UZ-) . (C.47)

Recall that U; = YUy + Y51 Yyinpep, then



Note that €, are martingale differences. We have the following inequality after plugging in

the expansion above:

T
n n
E(0u07 |, <n 2 | E | | S50+ Y (T4 S5) mpey | | S50+ Y (T+55) mpey
p=1 p=1
= n~%r | SPE (UoUg ) s5” Z (T4 S2) 2B (eped) (T1+52)T
n
=72 | ISPIBEITO N3 + D 1T+ Sp) I3 npEllepl3
p=1
(C.48)
In Lemma C.1.2 we show that ||SZJ||2 < (2+ 1) So here we have ||S6L||% = O(1) and
= 2
2
2@+l mp S Ow).
p=1
Since E||Up||3 and E||ep||3 are bounded, we have
E) UnU,fHZ < o). (C.49)
Note that
no2 no. _
e T i) ZmannSM;.akH ) S - (C.50)
’L:1 ] Z:l 1

Since nj; = MP=1 and n =< Ml/ﬁ, we have

(ZZZ) S 2o,0r) < @ 1 ZEHUHUTH <yt = ML
=1 =1 9
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Lemma C.2.5. Under conditions in Lemma C.2.1, for apy < n < apsi1, we have

n _1 n
(Zzz) > ZUk 10)7|| < M2 (C.51)
=1

i=1 \k=t; 9

Proof. Apply Cauchy’s inequality twice we have

n -1 n
2 () 3o e
i=1 i=1 \k=t; 5 52
n i i T '
P EHZz‘l (Zk:ti Uk) (Zk:ti Uk:) LE|[S lenUTH2
=\ Sk S

In Lemma C.2.4, we already have E|| (337, ;) 327, 2U,UF|2 < M~ Moreover, the
Lo norm of (Z};:am Uk)(zz:am Up)T is less than or equal to its trace since it is positive

semi-definite. Then we have LHS of the above equation bounded by

T

n -1 n ) 1
<le> ZE’CI Z U Z U
k=t; k=t;

1=1

Let

n -1 5 i )
I= (Z zi> DB [ [ DU | D] Uk
=1 =1 k=t;

k=t;

To show Lemma C.2.5, it is suffices to show I < O(1). Note that

ap—1

A}inooZ” 2 =1

2. Apply Cauchy’s inequality twice: E| Y1 ziy| <E/ (O, 22) iy v2) < /Do Ex2 > Ey2.
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and tr((Z%:ti Uk:)(Z?;:ti U)T) > 0. Plug U, = YOkUO + ngzl anknpep into I, we have

apr1—1 Y ama1—1 i i T
(e ) RS [ ) e 2w
=1 m=1 1=am k=am k=am
ap+1—1 Y am+1—1 4 i i T
k T k 2
2 DR D DD DD 1 WIS 1l R CEDN B SRS 3 N K
i=1 m=1 i=ay, p=1 k=(amVp) k=(amVp)

=TT+ 111,

(C.53)

where (anm, V p) = max(am,p). Next we shall show that both /] and 1] are bounded by
O(1). The first term

_ -1 . . T
ap+1 1 M am+1—1 7 4
= > u] >N u| | YW EwU | D Y8
=1 m=1 i=apm k=am k=am,
It can be bounded using tr(C') < d||C]|2 as follows
app1-1 \ T M amar-1 i 2
us| Y w3y Sy HE(UOUOT)HQ. (C.54)
i=1 m=1 i=ap k=am, 9
From Lemma C.1.2,
. 2
~ i caml||? < || qi|® L || qam |2 <
> Y :‘50_50 IQN)SOQJFHSO I, 5 00).
I{/’:CLm 2
Also note that ]E(UOUOT)H2 < O(1). Then
apry1—1 Y am+1—1
msi > Y Y o =0(1). (C.55)
i=1 m=1 1=am
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The term I1] can be bounded as:

apr+1—1

2.

1=1

111 =

o~

1

ap+1—1

>

i=1

A

apf4+1 -1

>

=1

IN

-1

-1

M am+1_1 )

2. 2 2.

m=1 i=a, p=1

M am+1_1 7

2. 2 2

m=1 i1=a,;, p=1

M ami1—1 4

ZZZ

m=1 1=a;,, p=1

) , 2
Let IV =37 (Z%zm&x(am’p) HkaHQ) 77]%. From Lemma C.1.1,

1Yl < exp {—

Then for an, <@ < ap41, we have

7
[ng

1

p=l1

. . T
7 7
k T k 2
Z Yy | Elepep) Z Yy Mp
k=(amVp) k=(amVp)
. 2
1
k 2
Z Yo mp
k=(amVp) 2
. 2
1
Sl
k:(am\/p)
(C.56)
I (jl—oz N (Z + 1)101):| .
—«
) 2
ki 9 2 pl-a
Z exp (—nfyl — a) npet- T-aP (C.57)

k=max(am,p)
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Using the integration, we can further bound IV as

2
kl—a o
1V < E (/ exp (_7771 )dk‘) p—2a61nzypl
max(awup) —a

! i m ? 2y 1
o «
S / e l—attl—a dt p_2a61 oP
— max (ay,,p) L=

(C.58)

(C.60)

p=1
‘ 21y - 21y 11—«
5 e—l—max(am,p) max(am,p)%‘p—mel =D
p=1
am—1 2¢
2 _ _
< 3 el ) (a—m> 11
p=1 b
Then I11 is bounded by
apr+1—1 -1 M amt1—lay,—1 2m —— 20
11T < l; ¢~ 16 (O P (—m) +1.
SNBSS :
=1 m=1 i=a, p=1
To show I11 is also bounded by O(1), it is suffices to show that
M ami1—Llap—1 20, an41—1
BB IS () s %
p -
m=1 i1=am, =1
Using partial integration we have the following:
am—1 o 2 (am—1)170 2y 1
/ B S p2%dp = /1 o e“ufﬁduge%amﬁ(am— 1)~
1 T
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Then we have

M am41—1 2y 1w am—1 2 1—a
SY. > e Tty / eTmal " p=2gp (C.61)
m=1 1=am 1
M
S Z Nma,
m=1

Note that af, < ny, since 8 > 1/(1 — «), so we have the following

M amt+1—1lay,—1 oy (1ol (a 20 M M apy1—1
IS M o P ek >(_m) <Yl k= Y 0
m=1 i1=am p m=1 m=1 =1

(C.62)

C.3 Proof of Main Theorems

C.3.1 Proof of Theorem 4.3.5

Proof. In Lemma C.2.1, we demonstrate the convergence property of the estimator 3, which
is constructed based on linear process {Up },en. Let sp = 0y, — Uy, be the difference between

the error sequence ¢, and the linear sequence U,. It has the following recursion form:

sp = 0p—1 — MV EF(xp_1) — (T =0 A)Up_1
=1 =1 A)(0n—1—Un-1) — m(VF(zy_1) — Adp_1) (C.63)

= (I - nnA)Sn—l - nn(VF<In—1) - A5n_1).
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When n is big enough, x,_1 is close to the minimizer z*. Based on Taylor’s expansion

around x*, VF(x,_1) ~ Ad,_1 since VF(x*) is zero. So

sp~ (I—npA)sy_1. (C.64)

It takes a similar linear form as U), and its value is small especially when ¢, is small. So the
difference between U, and 6y, i.e., z, — 2™, decays quickly as n — co. We expect that the
covariance matrix estimator ¥ and the recursive estimator 3 are asymptotically close.

To show Theorem 4.3.5, it is suffices to show that E|[¥, — 3y |2 can be bounded with

the same order as E||i)n — X||2. Note that &, = xz,, — 2™ and 3, can be rewritten as
T

R n -1 n { - { -
S = (Z zz-) DD ok —lidn | | D 0% — lidn
=1

=1 \k=t; k=t;

Plug in the difference s, = d,, — Uy, we can expand E||Z~]n — 2n||2 as

n -1y 7 1 T
B||Sn — Enll2 < 2E (Z zz-) DA Do ULl | | D sk~ lisn
(C.65)
n -1 5 ) 1 T
+E (Z lz> Z Z Sp — lisn Z Sp — l;5n
2
We further claim that
n -1 5 ) 1 T
E (Z lz) Z Z s — l;isSp Z S — l;Sp < ML (C.66)
i=1 i=1 \ k=t k=t; )
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Apply Cauchy’s inequality twice, the first part in LHS of (C.65) can be bounded as following;:

n -1 7 1 - 1 T
. n -1 n i i r (C.67)
<AE|Znll2 |E (Z zi> DD se—lisa | | D sk —lisn
i=1 i=1 \k=t; k=t;

S M2,

since 1/E||Sy |2 is bounded by some constant. Then E||S, — Spllo < M~Y/2 and we have

Theorem 4.3.5. All we need to prove now is the claim in (C.66). By triangle inequality and

the fact |C||2 < tr(C) for any positive semi-definite matrix C,

n -1 n 1 1 r
E (Z zl> S se—bisa | [ D sk —lisn
=1 1=1 \k=t,; k=t; 9
n -1 n (3 (3 T
< (Z lz> ZEtr Z s — l;isn Z s — l;is5n
i=1 i=1 k=t; k=t; (C.68)
n -1 n 1 2
= (Z li) ZE Z s — l;i3n
i=1 =1 |[k=t; 5

A

n -1 5 ) 2 n -1 5
(Z zi) STE|D sl + (Z zi) > EE I3
' =1 ||k=t; |9 i=1 i=1

Note that s, takes the form

Sp = (I - 777114>5n—1 - nn(vF(xn—l) - A(Sn—l)a dp = 0.
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First, we shall prove that

n 71 n
(zzZ) S 2E 5,03 = O 1).
1=1 =1

Based on the definition of ka we have

k
sp =Y YynplAd,_1 — VF(z,_1)],
p=1

and

S nt Z Z NplAdp—1 — VF(xp_1)]

k=1p=1
n
=n" 1> (T4 S)) plAdy—1 — VF(z,-1)].
p=1

By Cauchy’s inequality

2
n

E ||5,]13 = n2E Z (I+ S2) 1p[A0y—1 — VF(xp-1)]
p=1 2

n
<n’E Z ||I + SgHQ "lp HA‘Sp—l - VF(%—I)”Q (C.69)
p=1

n
Z T+ Splamp | | Do EAG-1 — VE@y-1)l5
—1

From Lemma C.1.2, [|S}[l2 S (p + 1)®, and therefore 377 4 HI+S” O(n). By

Hz M S
Taylor’s expansion around z*, ||Ady — VF(zp) ||, = O( (16p/13). Then using Lemma 4.3.4

n

S E|[Ady—1 — VF(zp_1)|; = ZEHép 1113 Z (C.70)

p:l :

Since v > 1/2, 370 4 (p— 1)72% = O(1). Then E ||§n||% < n~1. Recall that ny = CkP~1land
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n = MYP We then have,

n -1 n
(Z zi) > EE||55 S n gy < ML (C.71)
=1

1=1

. 2
Next we shall prove (S, ;) "' S| E Hz%:ti Sk ‘2 is bounded by O(M~1). For t; < k <

1, where t; is defined in Section 4.2, we have

k Eo ok
se= 1 @=mpA)stm1+ > I @=mA)mp (Ap-1 = VF(x,1))
p=t; p=t; i=p+1

k
=YF s+ Yoy (401 — VF(zp-1))
p=t;

and

1 1
Z Sp = SZ—lsti—l + Z (I + SZ,) mp (Adp—1 — VF(xp-1)).
k=t; p=t;

Using triangle inequality and Cauchy’s inequality ,

. 2 . 2
1 ) 92 2 )
E Zsk S]E HS;z‘—lsti_lHZ—i_ Z HI—FSZZ) 27]p||A5p_1—VF(xp_1)H2
k=t; 9 p=t;
7 19 7
< i | e sil,m | | 2 EllAd-1 - VEG,-0)|3
=t; p=t;

(C.72)

From Lemma C.1.2 HS;,HQ < (p+ 1), therefore we have

Z [+ S5l <1

According to Taylor’s expansion around z*, VF(xp)H2 = O(||5p||%). Then using

211



Lemma 4.3.4 we have,
Z E||Ab,—1 — VF(xp_1)|5 = Z 6,13 < lit; 2. (C.73)
p=t;

Note that s = 6 — Up. From Lemma 4.3.4 and C.1.3, E||0x ||y < E||Ug|ls S k™. So,
2 2
E |lskll3 < 2E |63 + 2E [|Ug 15 S k2

Thus,
; 2

B\ sl 62+ 32 = 14 17
k=t; 2

: n -1 M 2\ 1
Since (> ;1) " = ( me1 nm> and a > 1/2, we have

n -1y 1 2 M - M ams1—1
(Z li) ZE Z spll < Z n?n Z Z (1+ l2a77120‘)
1=1 1=1 k=t; 9 m=1 m=1 i=ap

(C.74)

M 1 M
-1 2 3 2«
Soap+ | 2w || 2 miman
m=1 m=1
<ML

The claim is proved through (C.68), (C.71) and (C.74).

Finally, using the fact M = O(nl/ p ), we can obtain the upper bound in terms of n. [

C.3.2  Proof of Theorem 4.53.8

The proof for the non-overlapping version is slightly simpler than but almost the same as
that for the overlapping version. Instead of writing down the similar long proof, we will
provide a high level clarification when changes are needed.

In the proof of Theorem 4.3.5, we break down the estimation error into several parts in

212



the following form:

M am41—1 -1 M am+1—1
> Y oml Y Y n (©.75)
m=1 i=am m=1 i=am,

where 7; is the term associated with batch B;, the explicit formula may vary from parts to
parts. In the proof for the non-overlapping version, we break down the estimation error into

similar parts as above but in the form:

M M
Z ‘Baerl—l’ Z TamH—l- (0-76)
m=1 m=1

So, in comparison with the proof for the overlapping version, fewer terms are needed to bound

in the non-overlapping version proof. As we can see from previous proof, for large m, T;’s for

m4-1—

1
i—a T; are

i € [am, am+1 — 1] are usually bounded by the same order, in other words

proportion to T 1. That means the upper bound for 2%21 T4,,.1—1 can be easily gen-

mA1—
erated from the upper bound for Z 1 ZamH_ T;. Since ay, are polynomially increasing,
term in (C.76) and term in (C.75) are of the same order.

Next, we shall give an example to show how we can leverage pervious proofs. Define

M-1 am—l—lf1 am—l—lf1 T n n T

& -1

Sanvor=n"{ Y| D e Soa] D e | D oe| |- (€
m=1 k=an, k=am, k=aps k=aps

We shall follow the same proof of Lemma C.2.2 to show the corresponding result

E||S, noL — Sl < M~ 4 M2, (C.78)
Proof. We define
M-1 fam+1—1 am41—1 T n n T
5 -1
nNoL =1 oGl X oa) rl Gl X
m=1 k=am k=am k=aps k=ayr



Then we can bound E||5Yn, ~NorL — S|l2 through triangle inequality

E|S, nvor — Sll2 < IElllﬁ;i?]\mL — Sll2 + EllS, nor — Sg vorll2- (C.79)

Step 1: Bound E“S;,NOL —Sl2.

Same as in the proof of Lemma C.2.2, we have

E|IS; nor — Sll2 < \JdIESE yop, — 522 (C.80)

Note that by definition of S,

M—-1amy1—1 n
T T
E(SnNOL Z Z E(erer” ) + Z E(erer” )| = S.
m=1 k=a,, k=aps

Then
2
IE(S: vor, — S)?ll2 = IES:2vor, — S°[l2-
Note that E(ep, 6$2€p3€]%:1) is nonzero if and only if for any r there exist 7/ # r such that
Dr =Dyt T, r' e {1,2,3,4}. There are two cases we can consider. The first case is p; = pg #

P2 = P4 O p1 = pg # po = p3. This requires ¢ and j in the same block. The second case is

p1 = p2 and p3 = pg. So we can expand ES’% NOL and rewrite it into two parts,
ES;*vor =n T +n 211, (C.81)

where

— T % * T x T
I=E Z (101]92 P1P2+€p1p2 p2p1)
m=1 am<p1#p2<am+1—1

*T * *T %7
+E Z <€p1 €p2 1 D2 s+ €p1€p2 P21 )
ap <p17#p2<n
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i
Z Z ZE E;;GZTE?]ﬁZT),(SETn:{ag—l,ag—1,...,CZM—1}U{TL}).

1€SET, jeSET, p=t; ¢=t;

Let [|E(ep, ;2T €€ ;‘)4T)||2 be bounded by constant C' for any p,,r € {1,2,3,4}. Then we

can bound I as follows,

M M
1l < > (CH+O)| S D n (C.82)

m=1 | am<p1#p2<am+1—1 m=1

Since n =< MP , we have,

2
w21y < SmeLl < -1, (C.83)
TL

Next, notice that ZiGSETn ZjGSETn Z;):ti é:t]‘ 1= nz, Then,

anQII — 52H2 —n 2 Z Z Z Z €;€;T€26 Ty 52
=t;

1€SET, jeSET, p=t; 9

M M amyr1—lagpr—1 (C.84)

_QZZ Z Z HEGETEGT S2H

m=1k=1 p=am ¢=a

—n 2117 +n 21V,

We consider two cases here. One is when p and ¢ are in the same block. Let

M amt1—lamp1—1

=3 % > |Egalaa" -5,

m=1 p=am qG=am
Here HE(E;EZTEZEZT)HQ is still bounded by constant C'. Then we have

ami1—1lamp1—1

2[[[<n_22 >y (C+HS2H>

m=1 p=am (J=am (085)
= Z 02, < M

215



The other case is when p and ¢ are in different blocks. Let
agy1—1lami1—1
T T 2
VoY Y Y [EeTaan -5,

m#k q=ap pP=am

For p > q, we have

T T 2| _ T T 2| _
HE(e;e; €a€q ) — S H2 = HE(e;e;; JE(egeq ) — S H2 =0. (C.86)
Therefore IV = 0. Combining above results, we have
Hn*QU - 52H2 <n I +n 2V <ML (C.87)

Thus,

E|S; vor = Sll2 < \/dEHS* vor — Sll2 S \/n_2 ]|y + |[n=211 — 82|, < M~Y2,

Step 2: Bound EHgn,NOL - SA;:,NOLHQ'

Let v, = €, — €z, k > 1. We can expand E||S), yor, — S:;NOL”Q as

EllSh,nvoL = Sp.vorll2

T B} T 1 ?
=E ||n~! Z Zek €L — Zez €.
i€SET, | \k=t; k=t; k=t; k=t;
) 7 T 7 T
<2E |In~! Z ka €. +E|nt Z ka ka
i€SET, \k=t; k=t; ) i€SET, \k=t; k=t; )

(C.88)
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Apply Cauchy’s inequality

. ) T
1 7

E|[n~? Z ka Zez

1€SET, \k=t; k=t; 9

) )
<VEIS vorlz [E[nt > [ w ] [ X w
k=t;

i€SET, \k=t;

T

By triangle inequality and the fact |C||2 < tr(C) for any positive semi-definite matrix C,

} . T . ) T
i i i i
et 2 (2o (] | < 5w [2u) (5w
1€SET,, \k=t; k=t; 9 1€SET, k=t; k=t;
7 ) M amr1—1 M
—n~! Z E ka gn_lz Z ]EHvk\|%§n_1an(am—1)_o‘.
1€SET, k=t; 9 m=1 k=ay, m=1
(C.89)

The last inequality comes from the fact E||vk||% < (k—1)"% Since am =< mP ny, < mP-1

and n =< Mg, we have

T

Eln™" > Z_:Uk Do || SMP

2

Then

A A —aB)2
E|Sn oL = Spnorlls S M2,

Finally, we reach the result

E|S, nor — Sl SEIS: yor — Slz + EllSanor — Siyorlls S M™% + M—1/2,

(C.90)
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C.4 Proof of Proposition 4.3.1

Without loss of generality, we assume x* = 0. Then in the mean estimation model, the SGD
ietrate x; takes the form

z; = (1 —mn)wi—1 + nie;, (C.91)

where n; =i7%,1/2 < o < 1. And ¢; are i.i.d from N(0,1). Let xg = 0, then

T = Z H (1—k%)p “ep. (C.92)

p=1k=p+1
-1 .
Let W), = Z;li’;; 2, 1 <k<M-—1,and Wy, = Z?:aM x; where M satisfies apy < n <

apr+1- We can rewrite the covariance of /nZy, as

Var(yizy) = EVIH -+ Wap)® (C.93)

n

We can rewrite the estimator as

2 2 2
_WE AW W

n

(C.94)

X NOL

For simplicity, we ignore the z, term in the estimator since z, converge to 0 at rate of

O(n_l/ 2), which is much faster than the convergence rate of the variance estimator. Then

nBias(X, yor) =2 Y Cov(Wy, W), (C.95)
1<f<g<M
and
M
n*Var(S, nor) = »_ Var(WF)+2 Y Cov(W7,W7). (C.96)
=1 I<f<gsM
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Next, we shall approximate Var(Wp) and Cov(Wy, Wy), f < g.

api1—1 agr1—1 j—1
Var(W;) = Z Var(z;) + Z ZCOV(l‘i,l‘j)
i=ay J=ar+li=ay
. apy1—1 apy1—1 Jj—ar—1 .
D DA D D A Y I W ()
i=af j=as+1 k=0 (C.97)
ap+1-1 afi1-1
S IRE DT
i=ay J=as+1

=ary1 —1—ay.

—Q

The second line * in (C.97) follows from some simple calculations with Var(z;) < i~% and

Cov(z;,vj) < j~(1 — 7" for i < j. Then,

afy1—lagii—1
Cov(Wy, Wy) = Z Z Cov(z;, xj)
i=ay j=ag
afyr1—1 ag+1—1 .
= D ag® ) (l—ag®)™
i=af Jj=aq

(C.98)

af+171 ag+1—1—i

_ Z ag—a(l o ag—a)ag—i Z (1 N ag—a)l

i:af (=0
afp41—1
_ i _ _ 1, —
= Z (1—ag")% " = (1—a, )t a1t [agir-

i:af
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Since Wy is normal, we have Var(WJ%) = 2Var(Wf)2 and COV(WJ%, WQQ) = 2Cov(Wy, Wg)Q.

Then,

m o] —q 97!

nBias(S, vor) < Y ——t Y (1 - ag )
g=2 %g+1 =1

m e’ m _
—a_a = E —faﬂ = = .
g=2 g+l =2 7

Also the variance

M
n2Var(f3n7NOL) = Z(af+1 —ay— 1)%2+2 Z (1-— a;a)ag_aﬂﬁl/a;ﬁl
I<f<g<M

S %
O
= =

1

Z 262 p2-1/8

/=1

Then we have the mean squared error

MSE(SyyoL) = Bias® (5, vor) + Var(S, yor) = n~ V0 4 n20t2/072

C.5 Simulation for stopping rule

(C.99)

(C.100)

(C.101)

In this section, we include a simple simulation study applying the fixed-width sequential

stopping rule. We set the tolerance ¢;, = 0.01 for ¢ = 1,...,d. The rule is applied to

our online approach SGD inference procedure for both linear and logistic regressions with

same settings discussed in Section 4.4. We present termination iterations and coverage

probabilities at termination in Table C.1.
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Table C.1: Apply fixed-width sequential stopping rule with the tolerance 0.01 (discussed in
Section 4.3.4). We present termination iterations and coverage probabilities at termination.
Standard errors are reported in the brackets.

Linear

d=5

d=20

Termination iteration
Coverage probabilities

47,737 (13,594)
0.881 (0.022)

08,644 (52,424)
0.906 (0.020)

Logistic

d=5

d=20

Termination iteration
Coverage probabilities

249,962 (63,507)
0.865 (0.024)

446,016 (84,910)
0.843 (0.025)
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APPENDIX D
APPENDIX FOR CHAPTER 5

D.1 Proof

For notaton simplicity in this section, for any vector v = (vq,...,vm)! € R™, we use
vl = />0 1/? to denote its Euclidean norm. For any random vector X € R™ and

constant ¢ > 0, we write || X ||, = (E|X|)Y/7 if B|X|? < oo,

D.1.1  Proof of Theorem 5.3.4

Proof. Without loss of generality, we assume xz* = 0. Observe that

x; =1 — i VE(xi—1) + ni{VF(z;—1) = Vf(z;—1,&)}

=x;_1 — i VF(xi_1) + i A(zi-1, &),

where {A(z;_1,&;) }ien is a sequence of martingale differences with respect to the filtration

Fi=0(&,...,&), i > 1. Then, by Assumption 5.3.1, we have

212 < |21 — mVF(@i—1)ll2 + (¢ — Dnfl|A(zi—1,&) 12
< (1= mien) i1l +2(q — Dn2 (1A, )11 + 2 [lwi-1]|2)

< (1= mica)llwiallz +2(q — DnZ [ A0,&)]17,

where x and kK are positive constants depending only on v, ¢ and 1. Consequently, it follows

that

7 7
|12 < H 1 — ngea)|zol® + 2(q — 1| A0, )12 an IT @ =mea).

k=1 I=k+1
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Let yg = 0 and

Yi = yi—1 — %iVF(yi—1) +n,A00,&), i=1,2,....

Then, by Assumption 5.3.2,

i — yilla < (1= miea)lwiz1 — yim1lla + (@ — DnFllA(zi—1,&) — A©0,&)]7

2 2.2 2
< (1 —miea)llwi—1 — yiallg + (@ — Dniv7llzi—allg:

Similar to Lemma 14 in Gadat and Panloup [2023], it is straightforward to derive that

_ _ |zg —z*| 1
o=l S max (22221, 1Y, D.1)

where g, = n =1 32" 1 y;. Let wy = 0 and

w; = wi—1 — i VEF(0)w;—1 + A0, &)

=t Ajwi—1 + 3 A0,&), i=1,2,...,

where A; = I; — n;V2F(0). Let A\g = Apin{ V2F(0)} > 0 denote the minimal eigenvalue of

the Hessian matrix V2F(0). By Assumption 5.3.3, we have

lyi — will 2 = 1 Ai (i1 — wi—1) + ni{ V2F(0)yi—1 — VF(yi—1)}l, /2
/ /
< (L= ndo)llgi-1 — wi-1llgs2 +mil V2F(O)gi—1 = V(i) 2

< (L= m2o)lli—1 — wiz1llgja + Lnillyi-1ll;-
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Let @y, = n~'>°" ; w;. Then, similar to (D.1), it follows that

5 — @l 2 S max (L2 =2] 1

Now it remains to derive the strong Gaussian approximation for w,. Notice that

n n 1 )
> wi=> > T AmA.&)
=1 1=1k=11=k+1
n o n )
=) T Amkao,&)
k=1i=kl=k+1
n
=y
k=1
where Dy, ..., Dy, are independent and for each k € {1,...,n}, we have

IDgllg < me - TT @ = mr)IA©0.&)lq

1=k l=k+1
n ?
< nkZexp —ck° Z =h 1A0, ) lg-
i=k I=k+1

Elementary calculations imply that Y j_; HDng < n for any g € (1/2,1). Consequently,
by Theorem 2.1 in Mies and Steland [2023], on a sufficiently rich probability space, there

exist independent random vectors W, D V/nwy, and Z, ~ N(0,T),) such that
HWn - Zn”2 N nl/qil/Q V logn.

Putting all these pieces together, we obtain (5.12). O

224



D.1.2  Proof of Theorem 5.3.8

Proof. Let n = N/K. Under Assumption 5.3.7, we have Znkyk =1,.., K, which are i.i.d
Gaussian N (0, X,,) such that

(Eln(@) —2*) = Z, )Y = 0(3(n)).

For notation simplicity we use Zj, to denote Z,, i in the rest of the proof. Define

K K
1 T 1 _
S \/FZU ko and R K—lZ(U (Zk — Zk))
k=1 k=1
It can be shown that
S
Further define
A 1 & (k) ; 1« (k)
Sn = \/_F I;l UT\/E(JA,’n — x*)’ and R’I’L = m ;(UT\/E(JA]TL - j}K’n))Q.

Then ¢, can be rewritten as , = S’n / Rn Now it is suffice to show
S S

P2 >t —P<—2t>
Ry, R

Step 1: Bound E(S,, — S)? and E(R,, — R)?. We first show that S, — S and R, — R have

sup < 1 (n)/4,

t

the same convergence rate in Assumption 5.3.7.

Using Cauchy—Schwarz inequality and Assumption 5.3.7, we have

K
E(Sn - 8)% < Y Ela(iy) - %) - 2)2 = 6%,
k=1
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where § = O(d§(n)), which converges to 0. Similarly, applying triangle inequality

K -
(= 17 < 0 3 |07 WG = o) = 20) + (50— 7]
k=1"*
2 & k)« 2, 1 2
< 2 (WA -t - 2P + (s - 5P
k=1

So for R, we still have

Step 2: Bound P(|S,,/R;, — S/R| > €). Our next step is to bound the tail of the difference
between Sy, /Ry, and S/R. P(|Sn /Ry — S/R| > €) can be decompose as

P k?n_§2€ <P bjn—&ZG +P &—§26
R, R R, R R R
To deal with the first term in the above inequality, we first look at - %‘ For any

a>0,y>0z>0,

"

1 1
~ __‘ZGJ|R|2yJ

L) =
_ — = a
R, R~ )7 \|R, R

+P(R| <y) +P(|Ry — R| > 2)

}?in—R Zz)

<P(|Rn — R| > ay(y — 2)) + P(|R| < y) + P(|Ry, — R| > 2)
K K

S+t
(ay(y — 2))? 2

The last line is derived from Markov’s inequality and the probability density function (pdf)
of the chi-square distribution. By choosing y = (5/a)2/5, z =1y/2, when a < 52/3 we have
52 52 462 462 (5) 2/5

syt =S atvt 33|,

(ay(y — 2)) y y a
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Then we have

S S 11 11
P ?—&Ze §IP’(|S”] - ——‘_E,A———’Za)

R, R, R R, R

R 1 11

+p(|5|A___'ze A___‘ga)
"R, R R, R
11 )
SIP’(A - ’2a>+P(|Sn!zf)
Ry, a

R
2/5
<(G) ()

Similarly, for any b > 0,
p ( Sn S

R R

The last step is derived from Markov’s inequality and the probability density function (pdf)
of the chi-square distribution. Then combine everything we have

26)
NP an2 82
< | = _ _—
~ (a) N (e) +b2€2+b'

Step 3: Bound [P((S,,/R,) >t) —P((S/R) > t)|. Let ftje_, denote the pdf of tf_ 1, then

Sn_S

R R

Sn_g

R, R

for any ¢t and 0 < € < ¢,

Blt_1 >t —¢) ~Bltg_1 1) < cfip_,(t—) S e
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Then we can bound |P((S,/Rp) > t) — P((S/R) > t)| as following

o [ _p(ﬁzt)
fn R

S
<SPlg-12>2t—€ —Pltg Zt)+P< .

n
S\ san2 62
< _ _
Ne—i—(a) +<€> + g b

Choose a = (6¢®)1/6, b= (5/€)2/3, € < 61/4, we obtain

5N\ 2/5 9 52 s\1/3 5\2/3
e () () e
a € b4e € €

We therefore have
P S” >t —P(§2t>
Ry, R

sup

D.2 Additional numerical results

In Table D.1, we provide critical values used in the random scaling method. In Figure D.1,
D.2 and D.3, we provide results for linear regression and logistic regression when d = 5 with

same settings as described in Section 5.4.

Probability | 97.5% | 99.5% 99.95%
Critical Value | 6.474 | 10.0544 | 14.76972

Table D.1: Asymptotic one-sided critical values for asymptotic pivotal statistic in the random
scaling method (5.4) via Monte Carlo simulation with 1,000,000 samples.

228



2.00- 0.98- 0.30
—— parallel —— parallel —— parallel
1.75- —— random scale 0.97- —— random scale —— random scale
—— oracle —— oracle 0.25- —— oracle
1.50- 0.96-
. \ 0.20
g1.25 0.95 -
5 g =
21.00 §0.94- $0.15
2 g o
© g o
20.75- ©0.93-
= 0.10-
0.50- 0.92-
0.05
0.25 0.91-
0.00- . n . ; n . : 0.90- . . : : . 0.00- . . .
0 10000 20000 30000 40000 50000 60000 0 10000 20000 30000 40000 50000 60000 0 10000 20000 30000 40000 50000 60000
sample size sample size sample size
(a) a =0.05
2.00- 1.00- 0.30
—— parallel —— parallel
1.75- —— random scale —— random scale
~—— oracle 0.99 0.25- —— oracle
1.50-
= 0.20
2125 ©0.98- <
7} o B
21.00 5 $0.15
> [ @
8 g 5
2 0,754 8097 s}
= 0.10-
0.50
0.96- —— parallel 0.05-
0.25 —— random scale
—— oracle
0.00- . : n N : ' g 0.95- . : : : : : . 0.00- . : . : :
0 10000 20000 30000 40000 50000 60000 0 10000 20000 30000 40000 50000 60000 0 10000 20000 30000 40000 50000 60000
sample size sample size sample size
(b) = 0.01
2.00- 1.000 0.30
—— parallel —— parallel
1.75 —— random scale —— random scale
~—— oracle 0.999 0.25- —— oracle
1507 0.998
= 0.20
g1.25- ° -
@ ©0.997 B
21.00 g $0.15
2 [ a0
& 30.996 S
20.75 -
° 0.995 0107
0.50 :
—— parallel 0.05-
0.25- 0.994- —— random scale
—— oracle
0.00- . ‘ ! ; / ; " 0.993- . ; ! " ; ; 0.00- . , i ; ; ;
0 10000 20000 30000 40000 50000 60000 0 10000 20000 30000 40000 50000 60000 0 10000 20000 30000 40000 50000 60000
sample size sample size sample size

(¢) o = 0.001

Figure D.1: Linear Regression d = 5: Left: relative error of coverage; Middle: empirical
coverage; Right: length of confidence intervals.
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Figure D.2: Logistic Regression d = 5: Left: relative error of coverage; Middle: empirical
coverage; Right: length of confidence intervals.
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APPENDIX E
APPENDIX FOR CHAPTER 6

E.1 Proofs of main results

In this section, we provide proofs for our main results: Theorems 6.4.3, 6.4.5, 6.4.7, 6.5.3
for establishing Type I error control, and Lemmas 6.3.3, 6.5.2 for computing the conditional
density. For simplicity, we will write || - || to denote the usual Euclidean norm on vectors,

and the operator norm on matrices.

E.1.1 Proof of Theorems 6.4.3, 6.4.5: error control for constrained aCSS

Proof. As mentioned in Section 6.4, Theorem 6.4.3 is a special case of Theorem 6.4.5,
achieved by taking k(0y) = d and taking v; = e; for ¢ = 1,...,d. Therefore, it is sufficient
to prove Theorem 6.4.5. Moreover, it is sufficient to bound the distance to exchangeability,

since as argued in Barber and Janson [2022] we have

P (pvalT(X,)N((l), ...,X(M)) < a) <« +deXCh(X,)~((1), ...,X(M>).

From this point on, then, we only need to establish the bound on dgyp, (X, X(l), o X(M)).

Step 1: reduce to total variation distance

We first show that we can obtain the upper bound of the distance to exchangeability through
the total variation distance between Py (- | 0,§) and its plug-in version. This part of the
proof follows the same arguments as the analogous part of the proof of [Barber and Janson,

2022, Theorem 1] for unconstrained aCSS. Let

Qgs0sp = {(w,w) € X xR?: f(z,w) is a SSOSP of (6.3)} )
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and Pﬁ*o be the distribution of (X, W) ~ Py, x N(0, %Id) conditional on the event (X, W) €

Qg50sp- Consider the joint distribution (a)

(Xa W) ~ Pékov
Distrib. (a) S 6 = 0(X, W), §=V(0; X,W) = V(0: X) + oW
X, XD X,5,0 ~ Py(5X,6,9),

which is equivalent to the aCSS procedure conditional on the event (X, W) € Qggosp-
On the other hand, if (X, W) ¢ Qggogp, then X)) = ... = X(M) — X according to
definition and therefore (X, X @, xWM )) is exchangeable. Thus, the exchangeability is
violated only on the event (X, W) € Qggogp. Combined with convex property of distance-

to-exchangeability, we have

doxen (X, x® ,X(M)) < dexen (Distribution of X, xW X)) ynder Distrib. (a)),

Let on be the joint distribution of (é(X, W), g(X,W)) under (X,W) ~ P9*o . Define

distribution (b)

0.9) ~ Q.
Distrib. (b) ¢ X | 0,5 ~ po, (- 10, 9),
XWX X0, g~ Py(5X,0,9),
where pg, (- | 0,9) is defined in Lemma 6.3.3. By definition of P, (- | 0,9), it is clear that

Distrib. (b) is equivalent to Distrib. (a), and then

doxen (X, xM ,)E'(M)) < dexen (Distribution of X XM XM ynder Distrib. (b)),

233



Further let pj(- | 0,§) be the plug-in version of P, (| 0,§) and define

Distrib. (¢) X [ 8,9 ~ py(-10, ),
) (

From the definition of Py, (X, x@ ,X(M)) is exchangeable under Distrib. (¢). Then,
doxen (Distribution of X, xW ., XM) ynder Distrib. (b)) < dpy(Distrib. (b), Distrib. (c)).

Since the only difference between Distrib. (b) and Distrib. (¢) lies in the conditional distri-
bution X]é, g,

dry (Distrib. (b), Distrib. (c)) = EQ;O drv(pg, (- 16,9),p5(- 16,9)) ]

Therefore we can bound the distance to exchangeability as

dexen (X, XD XMy < EQ;() [dTv(peo(' 16,9),py(- | é,g))] : (E.1)

i.e., the distance to exchangeability of X, X (1), X (M) from the constrained aCSS pro-
cedure is bounded by the expected total variation distance between the true conditional

distribution and the plug-in conditional distribution.

Step 2: bound the total variation distance

Our next step is to bound this expected total variation distance. Here our arguments will
need to address a more challenging setting than the corresponding part of the proof of [Barber
and Janson, 2022, Theorem 1], as we need to handle constrained rather than unconstrained

optimization, as well as the issue of the sparse structure reflected by k(6p).
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To begin, we calculate

o 6.5 py(X 16.9)
vy (o, 16,9).55( 10.9) =, 150 1_9_“

Pé I Poo(X 16,9)
f(Xé) (EQ)
_ R B f(X560)
=B g | |1 g ||

\ g ha 700 /|

where (z)4+ = max{z,0}. Here the first step holds by properties of the total variation

distance, while the second step holds by the density calculation in (6.7). To bound this
f(X30) j

quantity, we first want to show that X0 S almost a constant over py, (- | ¢, g). For any

x,0, we take a Taylor series for the function § — log f(z;6):

1
g (a360) ~log f(136) = (80 =) Vglog f(2.6) + [ 0=60) V3log 1 (a:6)(6 - 00) &,

where we write 0; = (1 — t)0y + t0. Therefore, we have

f(w' 9)

= exp {log f(x;0) —log f(x;00)}
1
= exp{ (g — 0) " Vglog f(x:60) — / t(0 — 6p) " V3 log f(x;0¢) (6 — 6p) dt}
t=0
1
—exp {60~ 0) (Valas6) =)+ [ 100 00)T (H(0ix) — H60) (6 - o) o
1
(600 (g~ Vo) + [ 10— o) H00)0 ~ ) at |,
where the last step holds for any fixed value g € RY (which will be chosen later), using the
fact that —Vglog f(z;0) = Vy(x;0) — VyoR(6) by definition of .
Next let ©g = B(6p, 7(6p)) NO© N {0 : |6 — bpllv,0 < k(0p)}. If 0 € O, then by definition

of ||6 — 6plly,0, there exists a subset S(0,60p) C [p] with |S(6,6p)| < k(fp), such that (6 —

00) € span({vi}ic5(p,9,))- Recall that for any set S C [p], Pyg denotes the projection to
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span({v; };cg). Then we have

(09— )T (Vo(:6) = )| = |00 — ) Pugiy g (Tola:0) ~ 9)

<6y — 6 Poe(Vo(0;2) — g)|| < (60 Poe (Vo0 2) — g)|.
<10 =0l max  [Pus(Vo(0:0) ~ )l < rlb)  mas [Pus(Vi(8i) o)l

We also calculate, for 6 € O,

1
/t:ot(e — 90)T (H(0y;2) — H(6y)) (0 — ) dt

1
< /t 0= B0l D H (6155) = H(60)

1
<= sup (Amax(H(0';2) — H(6"))) , - 16 — 6ol
0O
0 2
< 7"(20) sup (Amax(H(0'52) — H(@))) .,
9’6@0

and similarly,

1 r 2
10— 00T (B0 — 160 (0~ 0) 6t > =" 25 sup (B ) — H(0':2))
t=0 SO

Combining all these calculations, for any 6 € g we have

f(z;0) N
S < exp{rib) e [Po(Ta(0:5) = )|
r 2
BIRAC g, (Amax(H(¢'52) — H(9)))
9’6@0
1
#6000 g = VoRO) + [ o0 00)T HO)0 - 80) .
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and similarly,

)
f(x:;6)) = eXp{ — () S |§T1<a?90 [Pos (Vo (0:) = 9)

r(6o)? ) ',
20 G’S;l(go (Amax(H(0") — H(0'; 2)))

1
(60~ 0)Tta ~ ToRE) + [ 10— 00) H G0~ 00) at .

Now let

T(GO)Z / /
A1(0,g;2) =r(6 Poe(Vo(0; + A H(O;z)— H(O ,
10,0:0) =00 o [Pos(Vo(0:2)-0) [+ 75 sup (o (H(F52) = H(E)

and

Xi(0.:) = r00) e [P Val0i) =)+ P s (e (16 = 107))..

Then in our work above, we have shown that

A O0.g7) < % - e—(00=0)T (g=VgR(0)— [, t0—00) T H(6,) (0—00) dt  ,A1(0.g:7)
500

holds for all z, all g, and all # € ©. This means that, for all z, 2’ € X, all g, and all § € Oy,

J{((m.m/”g())) < eAl(eaQQx/)
f(:0) = —AY0.9:2)
J(2:60)

In particular, on the event that 0 Op, plugging in g = ¢, we have
f(a:0) j o
T 00) cA1(0,g:2")

0) < —
fl@0) — —AY0.9:)
f(a:00)
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again for all z,2’ € X. Taking an expected value with respect to X’ ~ pgo(-; é, g), then,

f(X/;é) X';0
B o 10.0) {f( )} s
f(x:0) Py (+16,9) f(2:0)
f(x;00) f(@300)
5 R A é,A;X’
<E . eAl(e’g’X) . Ep00(|0ag) |:e 1( ! )]
- pGO('WvQ) e—A’I(é,g;x) N e—All(é,g;x)
Therefore, on the event that g e Og, we have shown that
0 P
iz e S1(0.0:)
- ra ]| =T E A1(0.4:X7)
B gy (16.4) [f(X’;,Ho)] oy (10-4) 0]

(Note that the right-hand side is always nonnegative, since the functions Ay, All both return

only nonnegative values.) In particular, on the event that 6 e Og,

. Aoy ) 9
drv(po, (- 10:9): 05 10.9)) =E, (155
peo 10.9)
<E . |1- :
Do (10,4) ) [emw,g;X’)}
p90<'|9ag>
Combining both cases (i.e., 0e Op and 0 Z ©p), we see that
d N o o 1 oA (0,6:X)
v (Pa (- 10.9):25(10:9) < Lyge, + Ljco By (16g) |1 [0
o, (110,9)
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Therefore,

Eg; |drv(vay(- 16.9).p4(-19.9))]
<Py {0 ¢ O} +Ep: |E 1 eXi(09:)
< P 107 G0k + Bop By gy |17 Bz
i o, (+16,9
. i 1A A 1
< Po; {0 # ©0} +Eqy [E,, (1) [210.6:X >H - ’

R A é,A;X
B, {Epeoueg) (09 )H

)

where the last step follows the same calculation as in the analogous part of the proof of
[Barber and Janson, 2022, Theorem 1]. Next, by definition, (6, §) ~ QEO and X | 0,9 ~ P, (- |
0,9) is equivalent to the joint distribution of (X,0(X, W), §(X,W)) when (X, W) ~ P9*o'

Therefore

Eq; [drv(vu(-16.9).55( 10.9))

SP@ﬁé€@M*W%%[AH

2>
Is
=
=
Is
=
s
_l_
|

Now define
Bofw.w) = rbp)o max [Puswll + "0 (nay (H@:2) — HE)))
’ S:IS|<k(60) = ° 2 geoy ’ +
and
r(6)>

Ab(z,w) =r(fp)c  max ) | Pogw] +

S:15| <k (8 sup (Amax (H(0') — H(0';2))) , -

9’6@0

Observe that §(X, W) = V(0; X,W) = V(0; X) + cW by definition, and so we must have

Al(é(X’ W):Q(‘X? W)7X> = AQ(X’ W)? All(é(Xv W)u@(X’ W)vX) = AIQ(Xv W)
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Consequently,

EQ;() [dTV(peo(‘ 16,3),py(

1

B, [e420W)]

< Ppgo{é 7 Oo} +Epy [ASX, W)+ | 1—

Next let Eggogp be the event that (X, W) € Qggogp- Recall that Pgo is the distribution
of (X, W) ~ Py, x N(0, cllId) conditional on £ggogp. Then, following the exact same steps

as the analogous part of the proof of [Barber and Janson, 2022, Theorem 1|, it holds that

Eq;. [drv(oa,(-16.9).94(-10,9))]
P{{0 ¢ ©0} N Essosp} + E [A4(X,W)] + log E [eﬁz(XW)]

1~ P{E50sp)
(60) + 8(60) — P(E§s0sp) + E [AH(X, )] + logE [eAQ(X’W)]

1 - P{E&s05p}

<

)

where now probability and expectation are taken with respect to (X, W) ~ Py, x N(0, cllld)’
and where the last step holds by Assumption 6.4.1, together with the assumption in the
theorem.
Next, for a standard normal vector Z ~ N(0,I;) and 1-Lipschitz function f, we have
log EeM(Z) < )‘72 + AE[f(Z)] for all A [Boucheron et al., 2013]. We can verify that f(z) =
max )||73vsz|| is a 1-Lipschitz function, and by definition of A, we have E[f(Z)?] =

SC[pl:SI<k(fo
hy(k(6p)). Then, since v/dW is a standard normal random vector, we have

2r(0g)o
log E [27(00)7 maxs.si<k(ap) ||73USW||] _1ogE |e e f(ﬂw)]
2r(0p)20> h
< T(QSZ) +27”(80)0' U(kcge()))
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Next, we can assume that 207(6y) < d w. (To see why, observe that hy(k(6y)) >

hy(1) > 1. If this inequality fails, then 3o7r(6)) h”(lfl(eo) > 30\7}(&90) > 1, and so the bound

in the theorem holds trivially since total variation distance can never exceed 1.) Then we

have

log E [62’"@0)"1““3:\3\9(90) ||7’vszl} < 3r(8g)ory | (B0

Next, combining Cauchy—Schwarz and Assumption 6.4.2 we have

< 15r(6y)0 hv(k?é@o)) N E(ZO)'

Similarly, by Jensen’s inequality, we have
E [25(xX, )]

1
=K
+2

=K

r(0p)c max Py W
(B0 g [PV

7"(90)2 sup (/\maX (H(Ql) — H(H’;x)))_J
9’6@0

VAN

%ng [ewwo maxs;|s|<k(6y) ||PUSW||] N %E

r(90)2 sup ()\max (H(@l) - H(@l;:p)))+]
9’6@0

< 15r(0y)0 hv(/ffo)) N E(Zo).

Therefore,

Eg; [drv(va(-16.9).p4(19.9)]

_ 0(6) + 5(60) — P(8gogp) + 3or(6)y/ ) | (g
1 - P{E&05p}

< 3or(fy)

w + €(fy) + 6(60) + 0(6p),
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where to verify the last step, we can apply the fact that ‘f%g < a for any a € [0,1] and
b€ [0,1) (note that we can assume that 3o7(6y) w + €(Bg) + 6(6p) + 0(fp) < 1, as
otherwise the bound holds trivially since total variation distance can never exceed 1). This

completes the proof. O

FE.1.2  Proof of Theorem 6.4.7: constrained aCSS for the Gaussian linear

model

Following the same reasoning as in the proof of Theorem 6.4.5, we only need to bound

By [drvion,(10.8).05(10.9)].

~

where, as in that proof, Q;O is the joint distribution of (9(X, W), g(X, W)) under (X, W) ~
P9*07 where Pé"0 is the distribution of (X, W) ~ Py, x N(0, %Id) conditional on the event
(X, W) € Qggosp- For the Gaussian case, by our assumption (6.14) on R(6), the event
(X, W) € Qggosp holds almost surely, and so Q;O is in fact the joint distribution of
(O(X, W), §(X,W)) under (X, W) ~ N (Zby, v*1,) x N(0, 51,).

Next, applying Lemma 6.3.3, we calculate

2
- 1 S T (TR :
P@o(x|9,9)0<6‘Xp{—ﬁ||17—290|| T %027d 9—(ﬁZ (Z9—$)+V6R(9)) }
and
. 1 s 1 | (1 Nk
py(z | 0,9) o< exp —ﬁ”x—Z@H “ 202 |9 e (26 — z) + VyR(0) :

which simplifies to the normal distributions

; d “d ; ; d -
N (Ze + (In + WZZT) [—QZ(VgR(Q) —§)+ Z(6 - 9)] % (In + WZZT) )
o°v o gV
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and
) d ,t\'[d a2 d .\
ocv o ocv

respectively. For any p, i/ € R" and any positive definite ¥ € R"*",

v (M 9, N, ) < 4 S (VG DG, )

= T g = D 2 )

where d7, is the Kullback-Leibler divergence, and the first step holds by Pinsker’s inequality.

~

Applying this calculation to the distributions py, (- | 6,9) and p,(- | 0,§) computed above,

we have

~

) - | d . 1/2 d A
inyom (10,0050 10.0) < o | (1t 5555227 ) - (1 55227 ) 20~

A
|

1 d .\ Y2 A
< — |1 ——247 Z\ -0 —
< o (1t 5227 16 - 6ol
2,2 —1/2
o o°v T - o ~
I,.+2Z Z| -0 —0gl| < —=- 1|0 — O]
— 2 (S z27) 16— 60ll < 5= 16 = o

On the event that ||§ — 6p|| < r(fy) we therefore have dry (pg, (- | é,g),pé(‘ 1 0,4)) <

ﬁr(@o). Since total variation distance is always bounded by 1, and we therefore have

g

2V/d

<

r(0o) 'PQ;O{Hé —boll <7(f0)} + PQ;O{Hé —boll > 7(60)}

< f;arww +8(6o),

since ||6 — 6| < r(6p) holds with probability at least 1 — 6(fp) by assumption.
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E.1.3 Proof of Lemma 6.5.3: conditional density

We begin by introducing some notation for remaining proofs. For A € R"*? p € R, define

a subset of © with active set Z C [r] as follows:
Oapr=1{0€0: A/ 0="b;,VieT; A0 <b;,Vie [/|\I},

where A; is the ith row of A. We will write ©7 = © 4, 7 when A, b are fixed. As before,
we define Z(0) = {i € [r] : AZTH = b;}, the active set for a given 6 € O, so that we have
S ®A,b7I(9) by definition.

Before proving Lemma 6.3.3, we need a preliminary result, which we will prove below.

Lemma E.1.1. For indez set Z € [r], define
Qgs0sP,7 = {(:v,w) € X xR?: 0(z,w) is a SSOSP of (6.3), and Z(A(z, w)) = I} :

and

Vss0sp,z = {(m, 0,9) € X x O X R% : Jw € R such that

0 = 0(x,w) is a SSOSP of (6.3), and g = g(m,w)}.

Define a map g from Qgssosp 7 as

~

v (2, w) — (w,@(z,w),f](aj,w)) .

Then v is a bijection between Qgsosp.7 and Vgsosp,z with inverse

U7 (2.0.9) = ( L@“’)> |

o
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To give intuition for this result, the bijection between {2ggogp 7 and Wgsosp 7 helps us see
why we need to condition on both # and §, rather than on 6 alone as for the (unconditional)
aCSS of Barber and Janson [2022]. Intuitively, the estimator 6 itself cannot reflect enough
information for data (z,w) when constraints appear in the optimization step, because 0 may
have lower effective dimension (e.g., if one constraint is active, then the value of 0 has d — 1
degrees of freedom; this means that (z, 9) cannot contain sufficient information to recover
(x,w), since w is d-dimensional). In the unconstrained case, § = 0 due to the first-order
optimality conditions, so conditioning on (é, g) is equivalent to simply conditioning on 0, in
that case.

With this result in place, we are now ready to prove Lemma 6.3.3, which calculates the

conditional density.

Proof of Lemma 6.3.3. Consider the joint distribution (X, W) ~ Py, x N(0, éld). By as-
sumption in the lemma, the event (X, W) € Qg50gp 7 has positive probability. Then the
joint density of (X, W), conditioning on the event that é(X, W) is a SSOSP of (6.3) with

active set Z, i.e., (X, W) € Qgs0sp 7, is proportional to the function

d
heg(xa w) = f(ZL‘, 00) eXp {—5”11}”2} ]]'(xaw)GQSSOSP,I'

By Lemma E.1.1, 97 is a bijection between Qggosp 7 and ¥ggogp 7. For any measurable

set I C \IJSSOSP,Ia define

Y71 (I7) = {(z,w) € Qssosp 1 : ¥r(z,w) € I7)}.

245



Then, we calculate

A

P{(x. ;
=F {<X W) e wfl(II) | (X, W) € Qssosp I} Lemma E.1.1
Sz (1) Tt (@ w) dvp () duw
fXde heo(l‘ ,wh) dvy (o) dw!
f¢fl(fz) f($7 90) exp {_% |w”2} ﬂ(fvw)GQSSOSP,I dl/X(ZL‘) dw N
N I w! 7 7 by definition of hg, (7, w)
S xmd hoy (2, ') dvy (2') dw
Vo (0(z,w):z)|2
f’(/)El(II) f(x 90)6 QUZHQ(I U)) 9( (93 ’LU) I’)“ ]l(x,w)GQSSOSP;Z dl/X(x) dw
Jxxra b, (@', ") dvy (') du’
Vo(b(w,w);z)|?
f?( ;0p) Jpa e — 557 19(z.w) =V (b(z.w):w)| H(I,w)ewfl(fz) dw dvy(z)
S xwa b, (27, ") dvy (') du’

(X, W), §(X, W) € Iz | (X, 60X, W), (X, W)) € Yssosp 1 |

)

where the last step holds since @Z)I_l(lz) C Qs508P,7-

Next, we need to reparameterize 6 and g, since given the active set Z, these variables must
lie in lower-dimensional subspaces of © and of R?, respectively. Let k = rank(span(Az)~+),
let U7 € R%¥ be an orthonormal basis for span(Az)% as before, and let V7 € RE&X(4=F) pe
an orthonormal basis for span(A7), so that (Ur Vz) € R4 is an orthogonal matrix. Define
0 = {U;Q 10 €01} C R, Then ¢ = U;Q and ¢’ = VITg are a reparametrization of (6, g),
which now take values in © and Rd_k, respectively. To see why, let 0, € RI* be the unique
value such that 6, = VIT 0 for all 8 € Of, i.e., 04 is determined by the active constraints
(specifically, if Ay = MDVIT is a singular value decomposition, then 6, = D_lMTbI).
Then 6§ = Uz0' + V70, and g = Vzg', whenever (6, g) corresponds to a SSOSP with active
set Z (i.e., for any # € ©7 and g € span(A7)).

Next, for § € ©7 and g € span(Az), if (2,0, 9) € Ygsosp 7 then by the SSOSP conditions

we must have some w such that § = 0(z,w) is a SSOSP of (6.3), and g = §(x,w) =
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Vy(0; 2, w) = Vy(0;x) + ocw. Combining with the work above, we can write

! / .
w = 6u(0g') where 650/ ') = 29— VoUI8 + Vibsiw)

g

and so

0 =0(zx,w) =0 (z,0:(0',9)), 9= g(z,0) =g (z,0:(0',9)).

Therefore,

9/ = U;é (I’, ¢I<9,7g/)) ’ g/ = VZTg (I, (bﬂf(e/?g,)) '

We can also calculate
Voot g) = —o WL V3(UL0 + V16, x)

and

Va0, g) =01V,
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Therefore,

v0/¢$(9/7 g/)

det (Ve (0',g')) = det
ngbx (9/, g/)

\V/ ‘9/7 /
— det 000, 9") Uz V)

Vg’¢1’(917 g/>

Vg de(0'.9"\Ur Voo (0,9 )1

= det
Vg/QSx(Q/, g’)UI Vg/¢x(9/7 g')VI
U V(U0 +V70.2) Uz UJ V2(U70'+Vbs52)Vr
= det B 7 B g
o WUz o Wovr
U V(U0 +Vi0.2)Ur U V3(U70'+Vb.52) V1
= det B 7 a g
0 ) P

— (—=1)ko= . det (UIT V(U0 + Viby; x)UI> .

From this point on, following similar arguments as [Barber and Janson, 2022, Section B.4] to

verify the validity of applying the change-of-variables formula for integration, we calculate

() vy (1z) 9V

d / / 2
—d — 552 1Vzg' =V (U0 +V10.:2)|| 40
20 . . _

where we write detz g, = det (Uir Vg(UIQ/ + VIG*;x)UI> (note that this determinant

must be positive, by the SSOSP conditions). We can also verify from our definitions that
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IL(Z b2 (0".0)) e N (Ip) = Il(x U0+ V10, Vig')elz With this calculation in place we then have
P \V T ’ *3

P{(X,0(X, W), §(X, W) € I7 | (X,0(X, W), (X, W) € Uss0sp 7

-1
= (/){ n hgo(x’,w/) dvy (o) dw/>
X

o / F(:60) / o202 IV2g' = Vo (U0 +Vrb.o) |2
X O’ xRd—k

/ /
) detI,&’,x ) ﬂ(x,U10’+V10*,VIg’)eII dg de dl/X(ZL'),

In particular, this verifies that

d ! / 2
—d (. — 55 1Vzg' =V (Uzt' +Vz0.:2) |
g f(xa 90) € 202 : detIﬁ,JJ ’ l(x,UIQ,—I—VIQ*,VIg,)E\IISSOSRI

S smd hoy (2!, ") dvy (2) du’

is the joint density of (X, U;é, VITQ) = (X, U;é(X, VV),VITQ(X7 W)), conditional on the

event (X,0(X, W), (X, W)) e VUssosp,z- Therefore, the conditional density of
X | (Uz0,V7 9)
(again conditioning on this same event) can be written as

— 45 | V29 =V o(Uz6'+V1bs;7) 2
X f(xa 00) -e 202 ) detIﬁ/,I ) IL(x7U19/+V19*,VIg/)G\Ifssospl'
Moreover, U%— 6 and VIT ¢ uniquely determine 6 and g on the event that Z is the active set,
as described earlier, so we can equivalently condition on (é, g) and can rewrite this density

as

19—V o (6:2)]?

A . S To2/4.
Pay (- 10,9) o f(x:60) - ¢ 20 -det (U7 V3(0;2)U7) - 1 (E:3)

(.0,9)€Vss0sp 1
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Finally, by definition, (z, 0, 9) € ¥ssosp 7 if and only if 0 e Oz and r € & g 50

1, - =1 .
(2,0,9)€V¥ssosp,z rE€Xp 4

for 6 € O7. O

E.1.4 Proof of Theorem 6.5.3: error control for aCSS with an 1 penalty

At a high level, the strategies underlying the proofs of Theorems 6.4.3, 6.4.5, and 6.4.7 are
fundamentally the same. In the constrained case, first Lemma 6.3.3 is applied to calculate
the conditional density of X given (0, §) as the expression Py (- | 0,§) given in the lemma.

(m)

This then justifies the sampling distribution used for the copies X (™), i.e., pé(- | 0, g), and
the distance to exchangeability is then bounded by bounding drv (pg, (- | 0, 9),p4(- | 6, 9))-
In examining the ¢q-penalized case, the arguments are exactly identical. First, by ap-
plying Lemma 6.5.2 in place of Lemma 6.3.3, the reasoning of Section E.1.1 verifies that it
suffices to bound EQ; [dTV(pGO(‘ | é,g),pé(~ ] é,g))], where QZO is now defined as the dis-
0

tribution of (é(X, W), g(X,W)) conditioning on the event that (X, W) € Qggr(l)SP & Where
le)gl(l)sp = {(a:,w) € X xR%: é(:v,w) is a SSOSP of (6.16)} ,

i.e., we are conditioning on the event of finding a SSOSP for the ¢{-penalized (rather than
constrained) optimization problem. The calculation of the bound on this expected total

variation distance is then identical to the constrained case.

250



E.1.5 Proof of Lemma 6.5.2: conditional density for aCSS with an €1 penalty

Now we revisit the proof of Lemma 6.3.3 and revise it for the /;-penalized case. Define a

subset of © with support S as
Og={0€06:50) =S5}
Further define

Qggr(l)sp g= {(x,w) € X x R?: 0(z,w) is a SSOSP of (6.16), and S(f(z,w)) = S} :

By a result analogous to Lemma E.1.1, we have a bijection between QIS)EIE)SP, g and \Ilggr(l)sp’ g

where

WIS)S%SP S — {(x7979) € X x0Og X R? : 3w € RY such that

0 = O(z,w) is a SSOSP of (6.16), and ¢ = §(z, w)},

which is defined by the map ¢ g : (z,w) — (x, 0(x,w), §(x, w)), with inverse wgl : (z,0,9) —
<x7 g—Vg(9;w)> _

Consider the joint distribution (X, W) ~ Py x N(0, CliId). By assumption, the event
(X, W) € QIS)SI(I)SP, g has positive probability. Then the joint density of (X, W), conditioning
on the event that é(X, W) is a SSOSP of (6.16) with support S, i.e., (X, W) € Qggl(l)SP,S’ is
proportional to the function

pen .
SSOSP,S

d
hg, (z,w) = f(x;00) exp {—§||w||2} L w)en
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For any measurable set /g C \I/ggl(l)sp, g define
Y '(Ig) = {(z,w) € Qg50sp,s * Y5z w) € Is)}.
Then, following the same calculation for
P{ (X, 00X, W), §(X, W) € Iz | (X,0(X, W), (X, W) € Usgosp 1 }

as in the proof of Lemma 6.3.3 (with Qggogp 7 replaced by Qggr(l)SP, g), we have

P{ (X, 00X, W), §(X, W) € Is | (X,0(X, W), §(X, W)) € Wtep o }

— A g(2w)— )(z,w);z)||2
B S f(2:00) [pae 5oz 19(zw)=Ve(0(z,w);2)|| 1($7w)6¢§1(15) dw dvy(z)

S b, (2, w'") dvy (') dw’

Next we need to reparametrize (é, g), since, as in the constrained case, these parameters,
which each have dimension d, actually contain only d degrees of freedom in total (i.e.,
since there is a bijection between (z,w) and (x,é,g), and w € Rd). In fact, in the /-
penalized setting, this is simple: once we condition on the event that S (é) = S, this implies
that éSC = 04_|g|, and that gg = Asign(fg). In other words, (és,gsg) captures the full
information contained in (é, g)—which agrees with our calculation of degrees of freedom
since |S| + \SC] = d. For convenience, we now define Ig as the d-by-|S| matrix obtained by

taking the d-by-d identity and extracting columns corresponding to S, and I g0 similarly for

SC. Then, for (2,0, g) € Vgg0sp,5, we have calculated

0 =1g0g, g =1g- Asign(fg) + I - g

Next, if (7,0, g) € Ygsosp,g then by the SSOSP conditions we must have some w such
that 6§ = 0(z,w) is a SSOSP of (6.16), and g = §(z,w) = Vg(0;2,w) = Vp(0; ) + ow.
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Combining with the work above, we can write

Lg - Asign(0g) + 1o - gg0 — Vo(Ists: )

w = ¢x(0s,94c) where ¢ (03, 940) = > )

and so

0 = é(x,w) —0 (x, ¢1’(95’QSC>) , 9=g(x,w) =g (%Qba:(eSagSE)) :

Therefore,

05 =140 (ﬂf ¢x(357gsn)> s g6t =Tigd (w ¢x(057953)> :

We can also calculate

Vogtz(0s,950) = —0 ' TgV5(Ts0s;v)

and

Vg oalfs,9g0) =0 gg.
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Therefore,

\Y Og,
dot <V¢x(95,g c)) et 05Pz(0s,940)
° Vo005, 94t)
v 0,
Vgsg¢w(957gsﬂ)
et Vos0z(0s,940)ls  Vogdz(bs, 9504t
Vo905, 950)ls Vg 02(0s,940) g
et —o M VE(Ig0g;2)lg —o 'I{VE(Is0g;2) g
19T 19T
et —o M VE(Ig0s;2)lg —o 'IEVE(Is0g;2) g
0 O_lld_‘5|

= (—1)‘S|U_d - det (Ing(ISQS; m)15>

= (=1)I5l5=4 . det (Vg(ISQS§$)S> :

From this point on, following similar arguments as [Barber and Janson, 2022, Section B.4] to

verify the validity of applying the change-of-variables formula for integration, we calculate

e 20

— = |g(2,w) ~ Vo (0 (z,w)5)||?
/Rd i (w)evs’ (15) 9

d

_ 5 / o 22 1T Asign(05)+T g9 (o~ Vo (Tsbsia) |
fgxRd—k

. 2 . .
et (V3(I505:2)5) 100, (900 0110 1) 9950 905

where we note that det (Vg(ISQS; ZL‘)S) must be positive, by the SSOSP conditions. We can

also verify from our definitions that ]l(%%wsﬂsc))@/}gl(fs) = IL(33,1595,IS'ASigH(HS)JrIS[;gS[:)EIS'
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With this calculation in place we then have

P{ (X, 00X, W), (X, W) € Ig | (X,0(X, W), 4(X, W) € Uss0sp 5 |

—1
= (ad/ hgo(:v/,w’) dvy(2) dw/)
X xR

, / F(z; 90)/ 6—20%||IS'Asign(95)+IchS[:—Ve(ls9s;x)||2
X g x RIS
2 .
- det (vo(ISQS’ $>S> '1(%ISQS,IS‘ASigH(%)+ISE95L‘)GIS dgge dbs dvy(z).
In particular, this verifies that

— 525 115 -Xsign(0s)+1 g 940 — Vo (Is0sio)l|? 2
f(x;00) - e 202 56950 -det (V3(Is0s;2)g) - ]1(1,1595715')\5ign(9s)+lscgsc)G‘I’ssosp,s

09 [y ga hoy (&', w') dvx (z') dw’

is the joint density of (X, és,gsg) = (X,0(X,W)g, (X, W)gt), conditional on the event
(X,0(X, W), q(X,W)) e Vssosp,s- Therefore, the conditional density of X | (éS,QSE)

(again conditioning on this same event) can be written as

—_d_|ITq-Asi — ) |2
o f(x:00) - ¢ 27 s 5i8005)H g0 0= Vo(Usbsiol e (Vg(l $0g: ) S)

' ]1(%1595715-Asign(9s)+15[:gsc)G‘I’ssosp,s‘

Moreover, és and QSE uniquely determine 6 and g on the event that S is the support, as
described earlier, so we can equivalently condition on (é, ¢) and can rewrite this density as

19—V o (0:2)]?

poy (- | 6, 9) o f(w;60) - ¢ 2 (E.4)

. 2 A' . ~
det (VG(G’ x)5> 1(9379,51)6‘1’550513,5'

Finally, by definition, (z,0,§) € VYssosp,s if and only if 0 € Og and z € Xé,g’ SO

1 :ﬂxexégforée@g.

(2.0,9)€¥ss0sp 5
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E.2 Additional proofs

E.2.1 Verifying that the plug-in version of pg,(- | é,g) defines a density

To ensure that our procedure is well-defined in both constrained and ¢;-penalized cases, we
need to verify that the plug-in version of the conditional density

(-1 6.4 un

defines a valid density with respect to vy, where pblr; (x) represents the unnormalized density,
namely,

—-L||g—Vg(0;2)|?
plelf;(x) = f(z;0)-e 27 o=V et (Ug(e)vz(@% x)UI(9)> ' H(LG,Q)E‘I’SSOSP,Z@)

in the constrained case as in (6.8); and

by llg—Vo(0:2)]?

Pyg(x) = f(:0) - e 27 et (ViOia)s0))  L(ap e

pen
SSOSP,S(0)

in the ¢1-penalized case as in (6.18). To verify this we only need to check that this unnormal-
ized density integrates to a finite and positive value (the analogous result for aCSS appears

in [Barber and Janson, 2022, Section B.3]).

Lemma E.2.1. If Assumption 6.3.2 and 6.4.2 hold, then for 0 € © and g € Rd, the
unnormalized density pb”é(m) is nonnegative and integrable with respect to vy . Furthermore,
if the event 0 = é(X, W) is a SSOSP has positive probability, then conditional on this event,

[x pg%(as)dux(x) > 0 holds almost surely.

Proof. Constrained case: We first check nonnegativity. For any 6 € © and any x, we have
f(x;6) > 0 by Assumption 6.3.2. Furthermore, if z € &y ; then det <UIT(9)V3(9;$)UI(Q)) >

0 by definition of &y , and the SSOSP conditions. This verifies the nonnegativity for p‘gng(a:)
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for any (0, g,z). Next we check integrability.

/ pgg( 2)dvy(z / f(xz;0) - det (UI( )V (0; fE)UI( )) UIT(H
< [ 500 (o (VR T30:0Vm0)) ) 107
> e ) max I(Q) ANE I(H) UI

()
< /X f(:L’;Q) . (/\max <Vg(97$>>>i dVX(x)

)vg(e;m)Uz(9)>0dVX(“’)

Vz (e,l')UI(e) >—Odl/‘)( <:C>

i [
exp {0 Cona (H(0.2) — H(O)1 + () Conas (H(60) ~ VIRO))): g (0)
_ NZ_)!Mexp{rw)?(Amax( () = V3R ) +
Ep, [oxp {r(6) (max (H(0,7) — H))+ }]
B A e )

where the third-to-last step holds since t¢ < dle? for any t > 0, and the last step holds by

applying Assumption 6.4.2. This verifies that [ Py pgg(x)dyx (x) is finite. Finally, we check
f(x.0)
f (@)
6.3.2. Combined with the fact that pE“{ (x) is nonnegative as proved above, it is therefore
(z 90)

9)

P (7 | 0,9) x %pé,g( x) is the conditional density of X |6, §.

Iv pgng(:p)dygg(x) > 0 holds almost surely. For any x, we have > 0 by Assumption

equivalent to verify that f X L pt 6. ( )dvy(x) > 0. This last claim must hold since

¢1-penalized case: The proof for this case mirrors that for the constrained case. For any 6 €

© and z, we have f(z;6) > 0 by Assumption 6.3.2. Furthermore, if (2,0, g) € \I/ggr(l)sp S(0)

then det (Vg(&; x)5(9)> > 0 by definition of \I/IS)SIS)SP 5(0) and the SSOSP conditions. This
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verifies the nonnegativity of pun (x) for any (0, g, x). To check integrability, we have

/ng,g( ) dvy(z / f(w;0) - det (V3(65.2) <>)'1vg(e;x)5(9)>odyx($)
< /X f(l’ﬂ)'(kmax (Ve(ﬁsfﬁ)sw)))d']lvg(o;x)s(g)>odVX(x)
< [ 10 (s (Vg(&w)»idw(ﬂc)

d'2d ] 70w:0)exp {r(0)2 e (11(0,2) = H(©) 4+ (0 e (H(0) = V3RO) )+

T(@)Qde )exp{ (9) (Amax < (9) — Vg'R(Q))M.} .

Finally, [y pg% (x)dvy(z) > 0 holds almost surely for the same reason as in the constrained

case. O

E.2.2  Proof of Lemma FE.1.1

Proof. First we check that 7 is injective on Qggogp 7. For any (21, ws), (22, w2) € Qs50sP 7
if 7 (1, w1) = Yz(x9,we) = (,6, g), then by definition of ¢z, we have 1 = z9 = z trivially.

By definition of ¥ and g,

Vo(0;2) + owy = §(x1,w1) = g = §(x2, wa) = Vy(0; ) + ows,

M This establishes that W7 is injective and that the inverse

therefore wy = w9 =
function (on the image of 1) is given as claimed above.

Then we verify that Wggogp 7 is the image of 17. Suppose (z,0,9) € ¥7(Qs50sp 1),
i.e, for some w such that (z,w) € Qg50sp 7, we have 0 = 0(x,w), which is a SSOSP with
active set Z, and g = Vp(0(z, w); z,w) = §(z,w). Then for this w, § = 0(z,w) € O, and
g = g(w,w). Therefore, (r,0,9) € ¥sgosp,z, and so we have shown that ¢7(Qgs0sp.7) €

Yssosp,z-

258



Conversely suppose that (z,0, g) € Wsgogp,z- By definition of Wggogp 7, there exists w
such that 0 = 0(x,w) is a SSOSP of (6.3) with active set Z, and ¢ = §(z,w). Therefore,
for this w we have (z,w) € Qgsgosp,z- Then (z,0,9) = (2,0(z,w), §(x,w)) = pr(z,w) €
¥7(Qssosp,z)- This verifies that Wgsosp 7 € ¥7(Q2s50sp,z), and thus completes the proof.

[l

E.2.3  Proof of Lemma 6.4.4

}

<Ey. A Pug(2)]?
<Ez.n01y) _eXp{ ng;]ljtglgkﬂ vs(Z)] }

Proof. Fix any A € (0,1/2). We calculate

AMolk) = exp {AEZNN (0.1) [sjﬁ% i 1Pus (2)11%

by Jensen’s inequality

_ 2
= BzN0t) scpllsi<k {M'P”S(Z)” }

<Ez w01y > e {AIPUS(Z)IQ}]

LSC[pl,|S|=F

= X Bz [0 {AIPs )]
SC[pl,|S|=k

Since HPUS(Z)H2 ~ X?lim( , we have

span({v; }ies))

Molk) < 37 (1 — gy sdimGspan({uidies))
SClpl,|Sl=k

< Y -2yhR- (Z) (1—20) k2 < (%)k (1—2\) k2,

SCIlS|=k

Therefore,

, -1 ep\k k/?}}zﬁ : {210g(ep/k)—10g(1—2)\)}
ho (k) gmﬁm{x log [( k) (1—2)\) er(lagm . .

259



Taking A\ = 1/4,
ho(k) < 2k (2log(ep/k) —log(1/2)) < 4klog(4p/k).

Finally, we have maxgc(,] |s|< ||73US(Z)||2 < ||Z||?, and therefore,

ho(k) = Ez.ono1,) 1Pus(2)I2| < Ezniony [I1217) = d

Sc[p] |S|<k

since ||Z]|? ~ X?l'

E.3 Checking assumptions for examples

In this section, we verify that Assumptions 6.3.2, 6.4.1, and 6.4.2 hold for the three examples
considered in Section 6.6: the Gaussian mixture model (Example 1), isotonic Gaussian linear

regression (Example 2), and sparse high-dimensional Gaussian linear regression (Example 3).

E.3.1 Verifying assumptions for Examples 2 (isotonic regression) and 3

(sparse regression)

We first verify the assumptions for the two examples in the Gaussian linear model set-
ting, since these are more straightforwards. First, Assumption 6.3.2 holds trivially by
construction—we have © = Rd, and twice-differentiability of (0;z) holds both with and
without the ridge penalty.

Next we check Assumption 6.4.1. In both examples, the optimization problem that defines
é(X , W) is strongly convex, meaning that we can define é(X ,W) as the unique minimizer,
and the SSOSP conditions then hold surely. Next we need to verify a high probability bound
on ||0(X, W) — bg|. First, for isotonic regression, we see that (X, W) can equivalently be
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written as

~

0(X, W) = arg min {lHﬁ— (X — O'W)H% 10 < < Qn},
feRrd ( 2

i.e., the isotonic projection of X —gW. Since X —oW ~ N (6, (v +02/n)1,,), applying the
result of [Yang and Barber, 2019, Theorem 5 and Appendix A.1] we have a high-probability

bound on the error,
10(X, W) — 6| <O <n1/6(10g )31 + 02)2/3> with probability > 1 — 1/n.

If we choose 0 = O(1), we can therefore take r(6y) = O (nl/ﬁ(log n)1/3> and 6(6g) = 1/n.
Next, for sparse regression, the calculation is a bit more complex. Our argument closely
follows the framework developed in [Negahban et al., 2012, Theorem 1]. Let A = (X, W) —

0p. Then by optimality of é(X , W) we have

1 Arid
521X = 2 (00 + A3+ (6o +A) "W + —5 100+ All3 + A6 + Ally

1 Aid
< 5allX - 20013 + o W+ =% 100]13 + Ao 1.

Rearranging terms, and writing v = X — Z6y ~ N (0, szn),

1 ANA AR
§AT (7 + /\ridgeId> A-AT ( 5 — oW — )\ridge90> < A([l0oll1 — 160 + All1)

14

< M)~ Mgl

-
Then, if the penalty parameter satisfies A > 2 H % — oW — )\ridgeQOH , it holds that
0]

1. 1(2"2
§A 2 Midgeld | A < LOAAg(g)ll1 — 0'5)‘HAS(90)CH1'

Standard assumptions on Z (namely, a restricted eigenvalue type property [Negahban et al.,
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2012]) will then ensure

1A < O( |5(90)|10gd>

with probability > 1 — 1/n, when we take v = O(1), [|p|loc = O(1), Aridge S VvV logd, and
o < Vnd. Therefore, we can take r(6y) = O < W) and 6(6g) = 1/n.
Finally, we check Assumption 6.4.2. For isotonic regression, we have H(6;x) = I/_QId,

and for sparse regression, H(0;x) = v 22" Z + Aridgelq- In both cases, H(0;x) does not

depend on x, and therefore, Assumption 6.4.2 holds trivially with €(6y) = 0.

E.3.2  Verifying assumptions for Example 1 (Gaussian mizture model)

In this section, we verify that the assumptions of Theorem 6.4.3 hold for the Gaussian
mixture model setting, specifically in the case of J = 2 components as implemented in our

simulation. Assumption 6.3.2 holds trivially by construction. For Assumption 6.4.1, the

accuracy of (X, W) can be established with r(fy) = \/@ and 6(fp) =< n~! via known
results in the literature. For instance, [Hardt and Price, 2015, Corollary 1.4] show this
accuracy level obtained via the EM algorithm, and we can then use the EM solution as an
initialization for gradient descent within a O(r(fp))-radius neighborhood, to find an FOSP;
since the expected Hessian is positive definite, with high probability this FOSP is also a
SSOSP. We omit the details.

Finally, we check Assumption 6.4.2, which will require some substantial calculations. To

verify Assumption 6.4.2, we will check the following stronger condition

Eg, < eclbo)

eXp{ sup r(0p)% - | H(0; X) — H(Q)H}
0B (6p,r(6p))NO

for any r(6g) = o(n~ %) and €(6g) = r(09)2n'/% +r(8y)3n. We first calculate, for parameter
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0 = (m1, 1,01, 2, 02),

—> log <771¢($i§,ul70%) +(1- 7?1)¢($i;u2,0%)> ,

=1
where ¢(t; 1, 02) = —L—e~(t=1)?/20% i3 the density of th I distribution. Aft
NN = We 1S € aensity o € norma 1stripution. €r some

calculations, we can verify that the Hessian takes the form

n 2
H(0;x) =) [ > af <a1,m(9)f1(5€z';9) + ag,m(0) f2(x4; 0)

i=1 Lm=0

4
+ 01 (0) f1(50)% + bo  (0) fo (430 ) + >t em(0) f(wi0) fa (i 6) |

m=0

where we define
Tt 1, 07)

ht:0) = Tt p1,0%) + (1 — m1)o(t; pa, 03)

and
(1 — m1)p(t; pa, 03)
md(t 1, 03) + (1 — m1)(t; po, 03)

fa(t;0) =

and where ay p, a2, m,01.m;b2.m,cm * © — R®*® are continuously differentiable functions

(whose details we omit for brevity). We can rewrite this as

n
H(0;2) =Y go(wi; 0) + g1 (23 0) + 27 ga (w5 0)
i=1

where

90(t;0) = a1.0(0) f1(t;0) + az.0(0) f2(t; 0) + b1.0(0) f1(t; 0)% + bao(6) fa(t; 0)

4
+ ) em(O) f1(8:0) f2(1:0)

m=0

263



and

gm (t:0) = a1, (0) f1(t;0) + ag.m (0) f2(t: 0) + b1 (0) f1(t; 0)% + bo 1 () fa(t; 0)

for m = 1,2. Some additional calculations prove that we can find finite Cy, (), CJ,(6p) such

that, as long as r(fy) is bounded by some appropriately chosen constant,

sup sup lgm (t; O)|| < Crn (o)
teR 0B (6, (60))NO

and

sup sup IVagm (t:0)|| < Cu(90).
teR 96B(90,T(90))ﬂ@

(To give some intuition for this—for example, for the zeroth-order term, i.e., finding Cy, (),
it is trivial to see that supscg fo(t;6) < 1 for each ¢ = 1,2; what is more subtle is the
observation that sup;cg t" f1(t; 0) f2(¢; ) is also finite, as long as p11 # po—and this condition
is ensured as long as we enforce (u1)g # (u2)o, i-e., the means are unequal in the true
parameter 0, and () is taken to be sufficiently small.)

We then calculate

[1H(6;x) — H(O)|| < [[H(0;x) — H(bo; )l + [|H(0o; ©) — H(0o)|| + || H(0) — H(bo)]| -
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For the first term, for all 8 € B(6y,r(6g)) N O,

[H(6; 2) — H(6p; =)

n
Z g0 (55 0) — go(i; 00) || + ol 91 (w33 0) — g1(xs; 00)|| + 27 [l g2 (55 ) — gals: 6o)l

Z 90(x550) — go(w500)) + 7 (g1 (245 0) — g1 (x5 00)) + 27 (g2(x50) — g2 (w45 6p))

IN

CH(00)7(00) + |24 C (B0)r(80) + 2 Ch(00)r(6o)

M=T

1

r(00)

~.
I

) +03ci ) + 342 (chim) +05i) .
=1

Similarly, for the third term,

1H () — H(6o)ll < r(60) |n (Co(00) + 0.5C1 (b)) + ZEeo 1 (C3(00) + 0. 501(90))]

=1

By Cauchy—-Schwarz, then,

log Eg, |exp { sup r(00)® - | H(0; X) — H(O)| }]
QEB(Qo,T(QQ))ﬂ@

< %logEQO [exp {27"(«90)2 | H (0p; X) — H(QO)H}]

1
+ - log Eg,

5 exp{2 sup r(90)2-(HH(9;X)—H(Go;X)HH!H(@)—H(%)H)H
OeB(

90,T(90))ﬂ@

< 3 loaEg, [exp {2r(00)” - 1 (60: X) — H(60)|}] + c(60) - nr(6)®,

for an appropriate function ¢(6y), since the X Z-z’s are subexponential under F, .

Next we bound the remaining term. Since the Hessian is a 5 x 5 matrix, for any ¢ > 0
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we have

Eg, lexp{c- [|H(6o; X) — H(00)]|}]
< Eg, lexp {5¢ - [|H(6o; X) — H(00)l| 0 }]

= Ky, [exp{f)c- m?x75kmax5maX{H Qo,X)jk H(QO)jk’H(QO)jk — H(0p; X ]k}}}

5 5
< Z > Eg, [exp {5¢|H(00; X) j, — H(60) i |}]

j=1k=1
5
< Z Z EQO [eXp {50 90a )]k - (90)j/€>}]
j=1k=1
5 b
+ZZ]E90 [exp{5c HO)Jk—H(QO,X) )H
j=1k=1

Now we handle each term individually. We have

Eg, [exp {5¢(H (00; X) ji, — H(00) 1) }]

exp {502 Z i gm (Xi;00) 1 — Eg, [Xz??lgm(Xi?@O)ij }]

i=1 m=0

2

< HE9O

m=0

. 1/3
exp {1502 [Ximgm(Xi; 90)jk — Eg, (X7 g (X 90)3‘/4:]] }] :
=1

Since X" is subexponential for each m = 0, 1,2 while g, (X;; 0p) jk 1s bounded, and the prod-
uct of a bounded random variable and a subexponential random variable is subexponential,

we have

n
2 0
exp {1502 (X" gm (X5 00) i — Eeo[Ximgm(Xi%@o)jk” }] < ¢ 1,k (00)
1=1

Ey,

0

assuming ¢ < c’ - (90) for some positive-valued functions ¢’ " ] - The same type of

m ]k;’
calculation holds for the terms of the form Eg, [exp {5c(H (6) ik — H(0p; X) jk)}], for some
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positive-valued functions ¢ c m.j s C m, j ;.- Combining everything,

5 2 5 5 2 ,
Eg, [exp {c - |H(60; X) — H(0)|}] gzzn 3500 L 5§ T e eman(®),

=1k j=1k=1m=0

for 0 < ¢ < (fp) = miny, ;  min{c, ]k(é?o), m]k(QO)} Letting

d(6o) = m%max{c k(00), ¢, £ (60)},

then,

Eg, lexp {c - |[H(60: X) — H(6o)[}}] < 50¢<7¢ @),

Choosing ¢ > 7(fp)2, then, by Jensen’s inequality,

Eg, [exp {r(60)2 - [ H(00: X) — H(O0)II }| < By lexp {c- | H(0p; X) — H(@p)||}]" /e

, 2
< (5Oec2nc (90))T(90)2/C = exp {T(QCO) log 50 + r(90)2cnc/(90)} :

Choosing ¢ = % then, which (for sufficiently large n) satisfies ¢ > r(90) and ¢ <

"(6p),
Eg, |exp {r(00)* - [ H(00; X) ~ H(00)|| }| < exp {r(80)? - 20/nd'(00)Tog 50 } .

Combining everything, the assumption holds with r(6y) = o(n~Y4) and e(6g) = r(6p)%n/2+

r(6p)3n

E.4 Sampling details

For Example 1, we use MCMC to generate the copies X (m); see details in Section E.4.1. For
Example 2 and 3, the conditional distribution is tractable, and we sample directly from the
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conditional distribution; see details in Section E.4.2.

E.4.1 Implementation details for Example 1 (Gaussian mixture model

For the Gaussian mixture model, the copies X (M) are sampled via MCMC. Here we give the
details for this process.

When sampling directly from pj(- | 0,§) is infeasible, Barber and Janson [2022] discusses
two schemes for constructing copies with MCMC sampling: the Hub-and-spoke sampler and
the Permuted serial sampler. In our simulation for Example 1, aCSS (with and without
constraints) is run with the hub-and-spoke sampler. Given X and é, g, we sample the copies

as follows:

e Initialize at X, and run the Markov chain (specified below) for L steps to define the
uhubll Xv’*

e Independently for m = 1,..., M, initialize at X* and run the Markov chain (specified

below) for L steps to define the “spoke” X

Similar to Barber and Janson [2022]|, we can use use the Metropolis—Hastings (MH) to
construct an efficient sampling scheme. Given é, the reversible MCMC is given by the

following:

e Starting at state 2/, generate a proposal = according to a properly chosen proposal

distribution g;(z | z').

. - A N qy(2'|) py(]0,9)
e With probability A;(z | 2) = min {1, 3T py(a' )

Otherwise, the next state is set to equal 2.

}, set the next state to equal z.

Next, we will describe the proposal distribution and MH acceptance probability; we also

refer to [Barber and Janson, 2022, Appendix D.2| for more details.
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Proposal distribution g,(z | ')

In Example 1, the model Fp is a product distribution with density
foe) = T fo=i).

We then use the same proposal distribution as [Barber and Janson, 2022, Examples 1,2,4].

For s € [n], define qé(x|x’ ) as follows:
e Draw a subset S C {1,...,n} of size s, uniformly at random.
e Foreachi=1,...,n,
— Set mi:x;, ifi ¢S,
— Draw z; ~ féi), itieS.
Here s controls the tradeoff between two goals: (1) the acceptance probability A é($|x’ ) should
not be too close to zero; (2) the proposed state should not be too similar to the previous state.

Note that we can tune this MCMC hyperparameter after looking at 0 without violating any

of our theoretical assumptions. We can then choose s based on the following simulation:
e Let H(S)im = 4.
e Draw XSim ~ Py, W~ N(0,21y); calculate 05 = @ (XS™ 1), and g*im =
V(ésjm; Xsim opp),
e For cach candidate of s , run one step of Metropolis-Hasting initialized at XS™ to

generate XMW,

e Repeat for 100 draws of XS™  discarding any draws for which 5™ is not a SSOSP,
to get an average acceptance probability A5 . Among all values of s where A5 > 0.05,

choose s that maximizes sAg.
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Note that this choice of s only depends on é, and completing our #-dependent definition of
the proposal distribution gj(z | 2"). Then we choose L = min{2000, 27”} to ensure that
SAg

most entries will be resampled within L steps.

MH acceptance probability

Given é, g, and a properly chosen proposal distribution qé(:c | 2'), the MH acceptance prob-

ability Aj(z | 2') can be written as

Ay | 2') = min {1,

where

. . g — V(0; )| .
pé(mw?g) x f(:L‘,Q) exp {_ Hg 20-2(/dx)H }det (U;(é)vg(e,l‘ﬂfl(é)) ]1336.)(79

The ratio in the MH acceptance probability without the indicator variables are straightfor-
ward to calculate. The ratio with indicator variables 1, X, [Le x; . requires more careful
4 9
consideration. First, we will always have 1,/ X = 1 since 2’ is sampled from (6.7) with
7g

, ~
WS Xeg. To check ]lxe;(ég, we have

~

lyex. =1 {Elw eRYs.t. 6 =6(x,w) is a SSOSP of (6.3), and § = V(G;x,w)}

07‘@
(i Vel S T o204 A
1 {9 (a: I0EE ) = band U], V30:0)Ug s = 01

This means given proposed x, we only need to verify (1) UZT(é)vg(é; x)UI(é) >~ 0 and (2) the
algorithm 6 (x, %(9;:5)) returns value 6.
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E.4.2  Implementation details for Examples 2 (isotonic regression) and 3

(sparse regression,)

In this section, we derive the sampling distribution for the copies X (M) for the two Gaussian
linear model examples.

Recall that the objective function (0;z,w) is defined as

(0;2,w) = Z0||? + R(0) + ow ' 0,

ﬁ”x—

and
0
§=52"1(20 — X) + VgR(B) + oW,

0(X, W),

where 6(X, W) is the minimizer of (8; X, W) subject to arbitrary linear constraints or ¢
penalty. Note that the original aCSS is a special case of the constrained aCSS with no
constraints and ¢ = 0. When (0;z,w) is strictly convex (like if we add ridge penalty),
a unique SSOSP exists (and is computationally efficient to find), and we can then define
0(x, w) to be equal to this unique SSOSP. Based on the conditional density derived in (6.7),
we can efficiently compute the conditional distribution pg (- | 0,9) as

~ d -1 R d . d —1
N <Z9 + (In + WZZT> Z(00 — 0+ —(VoR(O) — §)),v° (In + ZZT) ) .

o2 02?2
The plug-in conditional distribution X, i.e., pé(- | é,g), is

~ ~ d -1 d R d -1
X~ N (ze + (In + ﬂZZT) Z—(VoR(0) — g),v* (In + ﬂZZT> ) .
oV g oV

In Example 2, we choose R(#) = 0, Z = I, and v2 = 1. Details of sampling using the

aCSS method, with and without constraints, are as follows:
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e For Barber and Janson [2022|’s aCSS method, 0 is computed via perturbed and un-

constrained maximum likelihood estimation,
5 G — - Lo _ o2 Tol _ v _
0 = o1, = argmingcpn §HX 0+ oW '8 =X — oW,
and then the copies X (™) are sampled directly from py(- | 0) via the distribution

XN (6, (1 5) )

e For our proposed constrained aCSS method, 0 is computed with the isotonic constraint,

D>

R ] 1
= Oigo = argmin ycpn {_||X_9H2+‘7WT0}7

the gradient is given by
G=0—X+oW,

and then the copies X (™) are sampled directly from py(- | 0,§) via the distribution

- 2 -1
o (m) iid. s njot n
X N(e e (1+—02) L, ).

In Example 3, we choose R(f) = %HQHZ as a ridge penalization with Ajjgee = 0.01,
v2 = 1. Details of sampling using the aCSS method, with and without an ¢ penalty, are as

follows:

e For Barber and Janson [2022]’s aCSS method, we will use a ridge regularizer. The
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method is then defined by setting

A ) 1 Ari
0 = byiqge = argming pa {§||X — 26| + =5 0] + o—WTe}

1
— (Mviagela + 272) (27X = oW),

and then sampling the copies X (™) directly from pi(- | 0) via the distribution

o

o = Avideed -t -
x (m) iLd N(ze+ ridge (In+%ZZT) Z0, (In+%ZZT) )
o o

For our proposed penalized aCSS method, in order to be more comparable to aCSS,
we also add the regularizer R(6). This means that our estimator is given by the elastic

net, incorporating both ¢ and ¢ penalization:
A A . 1 2 )‘ridge 2 T
0 = Oclastic-net = argmilly -pd §||X — Z0||” + T”QH +A0]1 + oW 0,
with A = 2, and the gradient is then computed as
- ST h A
Gg=7"(Z0 — X) + oW + Ariqget-

We then sample the copies X (m) directly from pé(- | 0, g) via the distribution

o (m) Lid. s d d T -1 L d 1 —1
X NN Z0+ = | In+ 527 Z(Mvidget — 9); (In + 5272 .
g o g
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