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We consider theories with fermionic degrees of freedom that have a fixed point of Wilson—Fisher type in
noninteger dimension d = 4 — 2¢. Due to the presence of evanescent operators, i.e., operators that vanish in
integer dimensions, these theories contain families of infinitely many operators that can mix with each other
under renormalization. We clarify the dependence of the corresponding anomalous-dimension matrix on
the choice of renormalization scheme beyond leading order in e-expansion. In standard choices of scheme,
we find that eigenvalues at the fixed point cannot be extracted from a finite-dimensional block. We illustrate
in examples a truncation approach to compute the eigenvalues. These are observable scaling dimensions,
and, indeed, we find that the dependence on the choice of scheme cancels. As an application, we obtain the
IR scaling dimension of four-fermion operators in QED in d = 4 — 2¢ at order O(€?).
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I. INTRODUCTION

One of the tools to study conformal field theories (CFTs)
is to realize them as the endpoint of a renormalization group
(RG) flow. Starting from a description in terms of a weakly-
coupled UV Lagrangian deformed by a relevant coupling,
the dimension d of space(-time) can be continued close to
the upper-critical value d,., in which the IR and the free UV
fixed points coalesce. When d = d,. — 2¢ with € <« 1, the
observables of the IR CFT admit a systematic expansion in
the parameter ¢ [1,2]. Eventually, an extrapolation to € of
O(1) is attempted in order to estimate observables of the
original strongly-coupled CFT [3].

A known property of the dimensional continuation is that
the spectrum of operators is enlarged, i.e., in d = d,. — 2¢
there exist so-called evanescent operators that become
redundant when ¢ — 0. These operators are more than a
mere curiosity: as a consequence of their existence, the
fixed points in noninteger d have qualitatively new features
compared to the standard, integer-dimensional CFTs that
they continue. For instance, it was shown in Refs. [9,10]
that in theories of free bosons and ¢*-theories evanescent
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operators lead to negative-norm states in radial quantiza-
tion, implying that the fixed point in noninteger dimension
is not unitary. These negative norm states have large scaling
dimensions, so in the example considered in Refs. [9,10]
the evanescent operators do not affect the properties of the
light spectrum.

The departure from standard CFTs is even more pro-
nounced in theories with fermionic degrees of freedom, due
to the fact that theories with free fermions in noninteger
dimension contain infinitely many evanescent operators
with the same scaling dimension and spin. One way to
construct them is by antisymmetrizing n gamma matrices,
where n runs over the positive integers, such that they
vanish in integer d < n. The simplest example is that of the
scalar four-fermion operators

O, = (P17, ., ¥)°.

1---Hn WIth Fﬁl'“ﬂn = }/[/41 o 'yﬂn]’ (1)

where the square brackets denote antisymmetrization.
When interactions are turned on, all these operators can
mix with each other. These mixings result in an anomalous-
dimension matrix (ADM) of infinite size, which makes the
computation of the eigenvalues a considerably more
involved problem than in the bosonic case.

At leading order (LO), there is a drastic simplification,
because the operators that are not evanescent—the so-
called physical operators [11]—form a finite-dimensional
invariant subspace under mixing, i.e., the evanescent—
physical entries of the LO ADM vanish. Therefore, the
IR scaling dimensions of the physical operators at LO in ¢
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can be obtained by diagonalizing a finite-size matrix. At
next-to-leading order (NLO) and beyond, the ADM is
scheme-dependent. In the context of d =4 computations
within dimensional regularization, Refs. [12,13] introduced
a scheme choice with the attractive property that the block
form of the LO ADM is preserved at all orders. The same
scheme was proposed in Refs. [14,15] in the context of
d = 2 Gross—Neveu/Thirring models, though formulated in
a different language.

In this paper we investigate the problem of obtaining the
IR scaling dimension of physical operators beyond LO in €.
These correspond to eigenvalues of the ADM evaluated at
the fixed point of the theory and they are observables of the
4 — 2¢ dimensional theory. They must thus be independent
of the renormalization scheme and of the operator basis in
which the ADM is written. Naively, the scheme choice of
Refs. [12—15] seems to trivialize the computation, because
the eigenvalue problem appears to be reduced to the finite-
dimensional invariant subspace spanned by physical oper-
ators. However, this leads to an apparent paradox, because
both the individual entries as well as the eigenvalues of the
finite-size block of the ADM do not transform properly
under a change of basis. For instance, they depend on
arbitrary redefinitions of the evanescent operators by a
multiple of ex the physical operators [16], i.e.,

E->E8=E+¢eaq;9Q;,

where &) denotes evanescent operators, O, physical
operators, and a; are arbitrary coefficients. The fact that
the eigenvalues of the finite-dimensional invariant subspace
spanned by physical operators explicitly depend on the g;’s,
can be interpreted as a sign of renormalization-scheme
dependence. We will show that employing the scheme of
Refs. [12—15] and considering only the finite-size invariant
block is indeed not sufficient to obtain the scaling dimen-
sions in the 4 — 2¢ dimensional theory.

This issue does not invalidate the application of the
scheme [12-15] to the original problem for which it was
devised. In the original applications, in which e is set to
zero at the end of the calculation, the scheme dependence of
the physical ADM is in fact not an obstacle to obtain
scheme-independent observables [16]. More precisely, the
scheme dependence of the ADM cancels with the scheme
dependence of the couplings of the operators, and it is
always sufficient to consider only a finite number of
evanescent operators at each order in perturbation theory.
In the present setup, instead, this scheme dependence
implies that we cannot obtain the scaling dimensions solely
from the finite-size physical block of the ADM, suggesting
that the block structure is spoiled when e # 0.

In the present work, we resolve this issue by studying the
transformation rules of the ADM under a change of
scheme, keeping ¢ # 0. The general transformation rule
turns out to depend on e¢. We demonstrate how this €

dependence is important to ensure that the eigenvalues at
the fixed point are invariant under a change of scheme. In
particular, we show that going from the minimal subtrac-
tion (MS) scheme to the scheme used for evanescent
operators in Ref. [12—15] introduces terms of order ¢ in
the one-loop ADM, [17] namely

v(a.€) = a(y(0) 4 ey(=D) 4 2y20 ... (2)

where a denotes the coupling constant. The nonminimal
choice of scheme [12—15] ensures that the matrices y(!-?)
and y>0 have an invariant finite-dimensional block
spanned by the physical operators, but it also introduces
the additional term y(":~!), which does not have this block
structure.

At the fixed point, in which we set a = a* ~ ¢, the
additional term y("~!) spoils the block structure of the
ADM at O(e?). Therefore, the finite-size physical block of
the two-loop ADM y(29) is not sufficient by itself to extract
the scaling dimensions at NLO. The additional input
required is the matrix y"=!), which in turn is determined
by the full one-loop mixing of the infinite tower of
evanescent operators into the physical operators. Once this
is known, one can finally compute the finitely many
eigenvalues associated to the physical operators. This
requires a rotation or, equivalently, a further change of
scheme that completely fixes the aforementioned ambiguity
in the choice of basis for the evanescent operators. We
illustrate the procedure by carrying it out explicitly in the
example of four-fermion operators in QED in d = 4 — 2e.
After computing all the relevant entries of the ADM up to
order €%, we approximate the first two eigenvalues by
truncating to a finite number of evanescent operators. We
test that the approximations converge as we increase the
truncation and demonstrate that the scaling dimensions
indeed do not depend on arbitrary redefinitions of the
operators.

There are several examples of CFTs with fermionic
degrees of freedom that can be studied in e-expansion and
to which the method we describe here is applicable, see for
instance the recent works [18—-30] and references therein. In
our companion paper [31], we focus on 3d QED and use
the NLO eigenvalues obtained here to estimate the scaling
dimensions of four-fermion operators in d = 3.

The rest of the paper is organized as follows: in Sec. II
we review the general setup of the e-expansion, fix our
notation, and relate the CFT scaling dimensions at NLO to
renormalization constants; in Sec. III we discuss the
transformation rules of the beta function and the ADM
under a change of renormalization scheme, first to all
orders in perturbation theory and then more explicitly at the
two-loop order, illustrating the scheme-independence of the
scaling dimensions; in Sec. IV we explain the block
structure of the mixing between evanescent and physical
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operators and show that neither in MS nor in the scheme of
Refs. [12-15] does the ADM at the fixed point have an
invariant subspace at NLO; in Sec. V we work out the
example of four-fermion operators in QED and introduce
the truncation algorithm that allows us to compute the
scaling dimensions at the fixed point. Supplementary
material and formulas for the anomalous dimensions
computed in Ref. [31] are collected in the Appendices.

I1. FIXED POINTS AND SCALING
DIMENSIONS IN d=4-2¢

Consider a theory in d =4 that admits a perturbative
expansion in a classically marginal coupling a. For a = 0
the theory is free; its local operators are products of the
fields and their derivatives, and their correlators are given
by Wick contractions. When the interaction is turned on,
we can compute corrections to the correlators in a pertur-
bative expansion in a. Each order in this expansion can be
continued to a noninteger value of the dimension d [2,32].
Upon continuation to d # 4, the coupling acquires a non-

zero mass dimension. For definiteness we keep in mind the
. 2 .
example of gauge theories, where a = %5, and take this

167%’

acquired mass dimension to be 4 — d = 2e.
Correlators of local operators have poles at ¢ = 0, which
can be subtracted by defining the renormalized coupling

and the renormalized operators as
ay = Zaa(p)u*, (3)
(Oo); = (271)/0;. (4)

The subscript “0” labels bare quantities. Z, and (Z7!),/ are
the renormalization constants that subtract the divergences.
[33] We stress that here we are interested in the dynamics
for ¢ #0. Therefore, the procedure of absorbing the
divergences in Z, and (Z7!),/ is just an efficient way to
keep track of the leading behavior of correlators for ¢ < 1.
This observation also appeared recently in Ref. [34], see
also Sec. 1.35 of Ref. [35].

In the perturbative expansion of the renormalization
constants in «, each term admits an additional Laurent
expansion in e, i.e.,

Zae) =1+ a- > Mz (5)
L=1 M=-L

(o]

Z(a,e) =1+ ZaL Z eM Z(L=M) (6)
=

M=-L

Different choices of the terms that are finite for ¢ — 0
correspond to different (mass-independent) renormaliza-
tion schemes. A standard choice is the MS scheme, [36] in
which these finite terms are set to zero. When evanescent

operators are present, it is more convenient to use a
different scheme that includes some specific finite terms
Z(L0) We discuss this in detail below. For the moment, we
keep the scheme generic.

From the renormalization constants one obtains the RG
functions, namely the beta function and the ADM. The beta
function determines the running of the coupling a

da
dlogp

= —2ea + f(a.€). (7)

A convenient way to define the ADM is to consider the
theory deformed by adding new couplings proportional to
composite operators

L = L+ (Cy)(Oy);- (8)

The ADM, y, is defined as the running of the couplings C"
to linear order in them, namely

.0 (dC
ﬂa&h:@ dlogu

It then follows from Eq. (4) that the renormalized couplings
C' are related to the bare ones via

©)

Cc=0

(Co) =C'Z/. (10)

From the fact that bare quantities do not depend on the
renormalization scale u, we obtain via Egs. (7) and (9) the
standard formulas

dlogZ, =
fla,€) = —a =2a) daph, 11
(0. = a2y (1)
dlogZ )
=— = . 12
r(@e) = = e > aty (12)

=1
In schemes in which finite terms Z{“*) and 20" with
a

M < 0 are present in the renormalization constants, f and y
contain terms with positive powers of €. We shall keep track
of them in order to discuss the scheme independence of
observables in the next section. We define them via the
expansions

prr =" pret. (13)
M=0

y(L) — Z}/(L”_M)eM‘ (14)
M=0

We are interested in studying non-trivial fixed points of
the RG in d = 4 — 2¢ with € > 0. These are defined by the
condition
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da
dlog |,

= —2ea" + p(a*,e) = 0. (15)

The solution of the above condition for ¢ < 1, up to second
order in € is

. 1 2'3(2,0) — L0301

PE +0(e?).  (16)

By requiring a* > 0, we find that an IR fixed point exists
only if p19 <0, i.e., when the coupling is marginally
irrelevant in d = 4. (This is, of course, because we assumed
the mass dimension of a to be positive in d < 4; alter-
natively, one could have a marginally relevant coupling,
which acquires a negative mass dimension, and find a
perturbative UV fixed point.)

In the free UV theory, the scaling dimensions of
operators are just the sum of the canonical dimensions
of the free fields that compose them; we denote these UV
scaling dimensions by Ayy. The ADM has a block form, in
the sense that only operators with the same spin and the
same value of Ayy can mix. Within each block, the scaling
dimensions of operators at the IR fixed point are given by
the eigenvalues of

Ayl + 7., (17)

where y, is the ADM evaluated at the fixed point. This can
be derived by applying the RG equation to the two-point
correlation function [38—40]. See Appendix A for a
derivation. Up to second order in € we have that

Y =yla'e) =eyi + 627/3 + O(e), (18)
where
(1,0)
« 7
n= T 00 (19)
U0 _ g0, 010)
V= ﬂ(1,0)3
pU~Dy(10) _ g(10),(1.-1)
+ 02 (20)

All terms on the right-hand side of Egs. (19) and (20) are
fixed in terms of renormalization constants. We collect
these relations in Appendix B. The relevant aspect is that,
while y] does not depend on finite renormalization con-
stants, i.e., it is scheme independent, both terms of y5 do
depend on such finite constants.

Ayy is just a constant shift within each block, so to
obtain the IR scaling dimension up to O(e?) it is sufficient
to perturbatively diagonalize 1y, =y} + ey + O(e?). At
this order, the corresponding set of eigenvalues are

(r1); +e(Ur U™+ O(e?), (1)

where (yj); denotes the ith eigenvalue of yj, U is the
rotation to the basis of eigenvectors of yj, ie,
Uy;U™! = diag|(y}),], and (Uy3U1),! is the ith diagonal
matrix element of y; in the rotated basis. The IR scaling
dimension of the ith operator with UV dimension Ayy then
equals

(AR); = Ayy +e(A)); +€2(A,), + O(),  (22)
with the definitions

(A1), =(r}); and (A),=(UpsU™"),/.  (23)

I1II. SCHEME INDEPENDENCE OF
SCALING DIMENSIONS

The scaling dimensions are observables. Therefore, they
cannot depend on the subtraction scheme that we use to
compute the renormalization constants. This is not evident
from Egs. (22) and (23), because both the ADM and the
beta function, which are used to define y.., do depend on the
scheme. We now explain how the scheme dependence
cancels in the eigenvalues. Even though this is a well-
known result (see for instance Sec. 1.40 of Ref. [35]), it is
useful for us to review it here, because we shall make use of
it later to identify a convenient scheme for the case in which
evanescent operators are present. We first review the
general argument at all orders in perturbation theory and
then present the explicit formulas for the change of scheme
up to two-loop order.

Renormalization schemes are parametrized by the coef-

ficients of the finite terms, Z) and ZM) with M < 0.

We denote the renormalization constants of a new scheme
by Z, and Z. The definitions in Eqs. (3) and (10) imply that

aZ, (@, €) = aZy(a.€), (24)
C'Z/(a,e)=CZi(ae). (25)

The first line defines the renormalized coupling in the new
scheme, a, as a function of a and e. Since the divergent

terms agree, i.e., Z((,L’M) = Z(,L’M) for M > 0, the Laurent
expansion of @ = a(a, €) cannot contain negative powers
of €. We can then define the change of scheme to all orders
in perturbation theory via functions that depend solely on €

and q, i.e.,
a=f(a,e)a and C =C/F/(ae), (26)

where

065007-4



OPERATOR MIXING IN THE e-EXPANSION: SCHEME ...

PHYS. REV. D 97, 065007 (2018)

Fla,€) = Z(a.e)Z7 ' (a(a).¢), (27)

with the normalizations f(0,¢) = 1, and F(0,¢) = 1 and
both functions regular at € = 0.
Since

da da
T = Oulf(a.€)a)

, 28
dlogpu (28)

the fixed point in a gets mapped to the fixed point in a,

ie., a" = f(a*, e)a*.
As for the anomalous dimension, we have that

. . 0 dc
7 (<F 1>f"wd10g/’f)

c=0
. da
F—l 'ka F.i
+( )] al k dlog,u
) . da
= ((FY) lF)) + (F71) k0, F, (29
(( )_/ Yk l)+( )] al' k dlog,u ( )

In the evaluation of Eq. (29) at a*, the second term drops
out, and we see that the matrix at the fixed point is affected
by the change of scheme only through a similarity trans-
formation with the matrix F. This does not affect the
eigenvalues, thus proving that the scaling dimensions are
scheme-independent.

Next, we show which terms enter the cancellation of the
scheme dependence in perturbation theory, up to two-loop
order. To this end, we must first relate the one- and two-
loop coefficients of the beta function and ADM in the two
schemes; we list these relations in Appendix B. Using
them, we evaluate the anomalous dimensions at the fixed
point via Egs. (19) and (20) to obtain

=71 (30)

~x * 1 * 3

B=r g 2 - 219, (31)
55}/;

These equations can be understood as the perturbative
expansion of the result in Eq. (29) evaluated at the fixed
point. Since the difference, dy;, is a commutator with 7,
one readily derives that (Usy;U~!)," = 0, which means
that the IR scaling dimension of Eq. (22) does not change
with the scheme shift. This is the NLO manifestation of the
scheme independence of the scaling dimensions.

We stress that the NLO scheme independence of the
scaling dimension requires that we include the term y(1-=1)
in 73, see Eq. (20). y!=1) is the coefficient of the term linear
in € in the one-loop anomalous dimension and depends on
the scheme as shown in Eq. (B6). Clearly such a O(¢) term
would be disregarded in the computation of the anomalous
dimension in d =4, but we must retain it when we

compute observables at the fixed point in d =4 — 2e.
More generally, this applies at higher orders to all the
terms with positive powers of ¢ that appear in the beta
function and the anomalous dimensions in a generic
scheme.

IV. EVANESCENT OPERATORS

In the free theory at @ = 0 local operators can be defined
by (gauge-invariant) products of the free fields and their
derivatives. These composite operators often satisfy linear
relations that reduce the number of independent monomials
in the fields. However, many relations (in fact, infinitely
many) are satisfied when ¢ = 0 but are violated by positive
powers of €. More generally, many relations hold only if d
is integer. This implies that in noninteger dimension there
are additional independent operators, which are called
evanescent operators because they vanish when ¢ — 0.

For instance, any operator defined through the antisym-
metrization of n indices, such as the four-fermion operator
0, = (‘Pr:

ﬂl---/"nly)z’ with T} =77, (32)

U
is equal to zero for all integer values of n > d, because
there are not enough possible values for the indices
to antisymmetrize n of them. (The square brackets
denote antisymmetrization normalized as vy, ...y, =
L Z”(—l)”}/ﬂ”“) <Yy, y-) However, O, is a nontrivial oper-
ator when d is noninteger, as can be seen by considering
the associated Feynman rule, i.e., the contraction with two
¥ and two ¥ fields, which reads

Sgﬂyé & (an“.ﬂn)aﬁ(rzl...ﬂ,z)y(‘i' (33)

Using the standard rules for the Clifford algebra in d
dimensions

{ru v} = 2mu 1, (34)
with &, = d, we obtain that [41]

82 yp & Tr[[W0 407 ]

B T U L C DR
I'(d+1—n)

which is nonzero except if d is an integer smaller than n.
This demonstrates that, in general, also the structure in
Eq. (33) is nontrivial. For our purposes we consider an
expansion around d = 4 and thus we call evanescent the
operators in d = 4 — 2¢ that vanish when ¢ — 0, such as
O, for n > 5. Similarly, one can define evanescent oper-
ators relative to other integer values of d .

When interactions are turned on, physical and evanes-
cent operators can mix. In fact, evanescent operators
were first introduced for the computation of anomalous
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dimensions in d =4 in dimensional regularization in
Refs. [12,13], because this mixing affects the result for
the physical operators. (Here, by mixing between operators
we mean a corresponding nonzero entry in the renormal-
ization constant Z. In particular, the expression “O; mixes
into O,;” means that Z] # 0.)

Due to this mixing, as we flow to the IR fixed point in
d < 4, the eigenoperators, i.e., operators with definite
scaling dimensions, become linear combinations of physi-
cal and evanescent operators. Evanescent operators at the
Wilson—Fisher fixed point of a scalar field theory in d < 4
dimensions were recently studied in Ref. [10], where it was
shown that, in general, they lead to loss of unitarity if d is
not integer. There is an important difference between the
scalar theory considered in Ref. [10] and a theory with
fermions. In the scalar theory, for any fixed Ayy, there is a
finite number of evanescent operators with this value of
Ayy. In the fermionic theory, an infinite number of them
may be present, as illustrated by the operators {O,) } ,en
that all have Ayy = 2(d — 1) for a = 0.

A. Block structure of the anomalous-dimension matrix

Even before specifying the interactions, it is possible to
draw some general conclusions on the form of the mixing
between physical and evanescent operators. Consider a set
of operators with the same UV dimension, and let us split
them into physical and evanescent components, denoted
collectively by Q and &, respectively, i.e.,

0-9] 5

We add these operators to the Lagrangian with bare
couplings ((Co)g. (Co)2)

Lo L) (Co)oQ+) (Coe,  (37)

and compute the mixing matrix Z by renormalizing these
couplings.

To this end, consider the interaction vertices between the
elementary fields that are proportional to ((Cy)%. (Co)$).
Each coupling has a particular vertex structure associated to
it at the tree level

VO =3 (Co)So, + D (Co)iSe,- (38)

i

The structures S¢ vanish in the limit e — 0. For instance, in
a theory of a Dirac fermion, the four-fermion operators in
Eq. (32) give rise to the four-fermion vertices

(Vs

\V\V\p\if)aﬁya = Z

n=0

aﬁ75 + Z Co)t aﬂyﬁ’ (39)

where Sj; 5 o (@t s (T o)y

Perturbative corrections to the vertex, order by order in
the coupling «, can again be expressed as a linear
combination of the structures (SQi, Sgu). For this step, it
is important that (So,Sg ) form a complete basis of

structures. The L-loop correction to the vertex then is

V= 3o (AR50, + S Agh s
(Cor( T sa, + Sa)s:, )

(40)

where the coefficients A(L) contain poles when € — 0. [42]
These are subtracted by the renormalization constants Z
that define the renormalized couplings via Eq. (10).
Typically, the L-loop coefficients AX) have a leading
e¢7L pole and also subleading ones. However, in the
corrections to the evanescent vertices, i.e., the terms
proportional to (Cy)¢, the projection to the physical
structures Sg are always accompanied with additional
positive powers of e [13,16]. This has important conse-
quences for the structure of the matrix Z.

At one-loop, A(QI)Q A(ng and Afglg) have % poles, while A‘%
is finite due to the additional factor of ¢ coming from the
projection. This results in a block form for the one-loop

renormalization constant Z(I!) and consequently for the
one-loop ADM, with zero entries in the £Q block

(1,1) (1,1)
200 Zor

=220 =2 (41)

(1.1)
0 Zee

At two-loop order, the choice of scheme begins to affect the
mixing constants and thus the ADM. A convenient choice
is to use a slightly modified MS prescription that subtracts
the finite terms in the £Q block [13]. In this scheme, the
mixing constant Z¢o is chosen to cancel the finite term

Agé. The finite, one-loop terms then are

z80 —o, (42)
0 0
Z(1,0) _ [Zgé(” o} (43)

The motivation for choosing this scheme is that it sim-
plifies the structure of the two-loop ADM, as we shall
explain next.
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At two-loop order, Ag)g, Ag)g, and A(gzg) can contain both

% and ! poles. The coefficient of the  divergence is fixed

by the one-loop result, i.e., the renormalization constants
satisfy the RG identity

1 1
z(22) — Ez(l-l)z(l-l) _Eﬂ(l,O)g(l,l), (44)

which ensures that the ADM is free of divergences. The

subleading % divergences, Z21), determine the two-loop
ADM. In the A‘% block, the divergences are still down by a
factor of € due to the projection, but now this does not mean
that the mixing constant is finite, because a 6% divergence

from a loop integral can be multiplied with an € from the

projection resulting in 1 poles. Therefore, in the Z(1

mixing matrix all the blocks are non-trivial

VI CAY
z) = |79 e (45)

(2.1) (2.1)
Zeg' Zee
Ttis precisely b 2%V and 20 originate from 4 and

precisely because Z¢5 " and Z) " originate from - an
% loop-integral divergences, respectively, that these con-
stants are related by an analogue of the RG identity of
Eq. (44), namely,

en _ L oaoz0n 1o z00 _ 100 200
2é0' =52e0 200 t52e Ze0 _Eﬁ(lo)zsg :

(46)

A relation of this form holds in any scheme, if we replace
Zgéo) with (—1)x the finite term Ag& in the one-loop
correction to the vertex. In the scheme we are adopting,
Zgéo) is chosen to cancel Aélg), and for this reason we can
write the above identity solely in terms of renormalization
constants.

We can now appreciate the motivation for this choice of
finite terms: by inspection of formula (B2) for the two-loop

anomalous dimension, we see that Eq. (46) implies that
y(;éo) = 0! Therefore, in this scheme the block structure of
the one-loop ADM [Eq. (41)] persists also at two-loop

order, i.e.,

7/(2,0) },(21))

00 Yo

y20 = l o0 ] : (47)
0 e

For applications to d =4 physics, this scheme has the
advantage of enabling us to solve the RG flow without
specifying the actual values of Cg when d — 4 [16].
Indeed, the finite subtraction in Eq. (43) was first intro-
duced for the calculation of the QCD NLO anomalous
dimension of four-fermion operators in Refs. [12,13], and

in a different but equivalent language in the context of
d = 2 Gross—Neveu/Thirring models in Refs. [14,15]. In
the following, we shall refer to this scheme as the “flavor
scheme.”

In d =4 —2¢ on the other hand, the one-loop finite
renormalization introduces an additional term linear in € in
the one-loop ADM, namely

7/(1) :}/(1'0) +€J/(]'_l)’ (48)

with

(10)
2y 0

As we discussed in the previous section, the term y(—1)
plays a role in cancelling the scheme dependence of
the scaling dimension at the fixed point. Recall from
Eq. (18) that 7 depends also on y(=1), and it thus inherits
a non-zero off-diagonal £Q block. Therefore, as far as
scaling dimensions are concerned the simplified block
structure of Eq. (47) in 9 is not particularly helpful
because it does not persist in y5. Had we, instead, adopted
the pure MS scheme, i.e., Z(19) = 0, y(1:~1) would be zero,
but the two-loop ADM y(>9) would itself have a nonzero
£Q block.

Summarizing, we have shown that in d =4 —2¢ the
ADM at the fixed point has an invariant QQ block at order
e,i.e., (y])eo = 0, but the block is no longer invariant when
we include also ¢? terms, i.e., (73)eo # 0, neither in pure
MS nor in the flavor scheme. As such, the O(e?) correc-
tions of the scaling dimensions cannot be computed solely
from the QO entries. This is particularly problematic in
cases with infinitely many evanescent operators, as in the
example of four-fermion operators in Eq. (32). The com-
putation of the eigenvalues in this case is the topic of the
next section.

V. THE EVANESCENT TOWER

In this section, we show how to obtain the NLO IR
scaling dimensions of physical operators in the presence of
mixing with an infinite tower of evanescent operators.
Physical and evanescent operators are equally interesting
from the point of view of the fixed point in d = 4 — 2e.
Here however we focus on the physical operators because it
is much simpler to obtain the corresponding eigenvalues at
NLO, thanks to the LO block structure. Our main objec-
tives are (i) to stress that such NLO physical eigenvalues are
affected by the mixing with the evanescent operators, in a
precise sense that we explain, and (ii) to provide a method
to compute them. For concreteness, we demonstrate the
method for a specific example, which, however, should
make clear how to apply it more generally.
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We consider the example of four-fermion operators in
QED in d =4 —2e, with N, flavors of four-component
Dirac fermions ¥4, a =1, ...,.N £ namely

Q) = Tg5(P7, %) (B0, (50)

Q; = T¢(¥, I

M1M2M3Tb)(lpcr3”1ﬂ2ﬂ3lpd)’ (51)
where the sum over repeated flavor indices is implicit. For
the application of this example to the dynamics of QED in
d = 3, see Ref. [31]. The tensor T3¢ = T¢; specifies the
flavor structure. In particular, we consider the “flavor-
nonsinglet” case, for which 749 = 0 and TZZ =0, and the
“flavor-singlet” case, for which T7%¢ = 6469. Since the
interaction is flavor blind, mixing does not spoil neither
conditions on 7.

The gauge coupling a = < induces a mixing of the

167
physical operators (Q;, Q3) with the evanescent operators

Ey =T (P I

Hi---Hn

qu)(lijcrnm»..ﬂnqjd)+an€Q1 +bn€Q3,
(52)

with n running over all odd positive integers >5. The
evanescent operators with n even do not mix with the
physical operators, therefore they do not need to be
considered in this context. We have included terms propor-
tional to € with arbitrary coefficients a,,, b, as in Ref. [16].
These terms reflect an intrinsic ambiguity in the definition
of the evanescent operators. The final result for the scaling
dimensions should not depend on these coefficients. We
shall use this as a check of our computation. We do not
include pieces of the form e?x a physical operator because
they have no effect in the two-loop computation presented
here. Since the expressions for the mixing matrices in this
general basis are rather involved we set @, = b, = 0 in the
rest of this section. We give the results in the more general
basis in Appendix C. In the following we use pairs of odd
integers (n, m) as indices for matrices: the indices 1 and 3
refer to the physical operators Q; and Qj, respectively,
while indices n > 5 refer to the associated evanescent
operators &,,.

A. Flavor-nonsinglet operators

Let us consider first the flavor-nonsinglet case, i.e.
79 = 0 = T¢%. First, we present the results in the flavor
scheme and subsequently perform a change of scheme. The
one- and two-loop ADM are given in Appendix C.
Furthermore, for QED we have that f') = —4N and
B> = —4N,. Using Eq. (19) we obtain that the O(e)
anomalous dimension at the fixed point is

nn—1)(n=5)(n—-6) form=n-2

§ 3 —2(n—-1)(n=3) form=n
(YI)nm =5 X o
2Ny 1 form=n+2
0 otherwise.
(53)

The result of the one-loop ADM for this nonsinglet case is
also found in Ref. [13]. All the £Q entries in y} vanish,
in agreement with the argument of the previous section.
This means that we can compute the first two eigenvalues
of yj, corresponding to the physical operators, just by
diagonalizing the two-by-two matrix given by the entries
with 1 < n,m < 3. Note that there is no analogous sim-
plification for any of the evanescent operators, i.e. there is
no finite-dimensional invariant block that contains oper-
ators with n > 5. This means that to obtain the LO IR
dimension of the evanescent operators, one faces an
infinite-dimensional problem. We leave this problem for
the future and concentrate here on the physical operators.

At NLO in €, we obtain via Eq. (20) that the QQ block of
the anomalous dimension at the fixed point is

1 729 153 + 2N

- . (54)
8N7 |324 + 792N, -351+ 96N,

(YZ)QQ =

This result derives from a two-loop computation of the
corresponding renormalization constants. For details on the
computation we refer to Ref. [31]. In the £Q block there is
a single nonvanishing entry in the finite renormalization

Zgg, namely

1,0
z{0 = _40. (55)

It leads to a corresponding nonvanishing entry in the NLO
ADM at the fixed point

y 60
(72)53 = _N_f’ (56)

which, as we explained, hinders us from extracting the
scaling dimensions of physical operators solely from the
Q9 block.

To reduce the problem to a finite-dimensional one, we
need to set the £Q entries of the ADM to zero at NLO. This
can be achieved either by a change of basis or equivalently
by a change of scheme. We adopt the latter approach. We
denote the finite renormalization in the new scheme by

2(513) = (25111,0)’ 25113’0)). From the scheme shift in Eq. (31)
we obtain the expression for the £Q entries of y; in the new

scheme. Requiring

(73)eo =0, (57)
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we find a recurrence relation

200 =2 =) =3)Z" + n(n = 1)(n=5)(n—6) 2, | — 36215 = 14405,s. (58)

(n+2)1 2)1

5 %(1.0 %(1.0 ~(1.0) _ 160
2,05 =2n=10)(n=3)25" +n(n=1)(n=35)(n-6)2,% ; - 21" = = (12=Np)5,5 = 336057, (59)

which we need to solve to find the value of the new constants (Zf,ll'o), Z,(l3 )) The index 7 in the equations runs over the odd

integers >5. Since the recurrence relation is of second order, two boundary conditions are required. The first boundary

~(1,0>

condition is Z5;"’ = Zg;’o) = 0, which means that we do not introduce any finite renormalization in the QO block. As a

second boundary condition, we require that (Z(1 0) 25113’0)) do not grow too fast as n — oo, where “too fast” will be specified
in a moment.

In the new scheme, the computation of the physical eigenvalues is reduced to the diagonalization of the invariant QO
block. The NLO QQ block reads

9 0 0
(73)00 = (r3) 00 — (1 0 (10 . (60)
8N2 Zs7 +40
rom Egs. an we then find the IR scaling dimension of the Q operators to equa
F Egs. (22) and (23) hen find the IR scaling di i f the O 1
(Ar); =2(d = 1) + e(A)); + €2(As); + O(), (61)
with
9 3 (L0) _ ¢ %(10)
(Ay), —N—f, (Ay), = 32N2 (32N, 4156 + Z -6257), (62)
9 3 (1.0 (1.0
(Ay), = +N—, (Ay), = _32N% (160N + 1140 + 351 + 6253 ) (63)
I
o (1.0 -
By substituting the values of (Z:(Sl ) ,ZgS 0 ) that solve on Zihl) or Z( , and B(n) is an n,-dependent
the recurrence relation, we determine the value of the 2 %2 ;natnx
scaling dimension at NLO. (3) We impose the boundary condition

In practice, we use the following algorithm to solve the
recurrence relation:

(1) We truncate the recurrence relation by setting an . 53,(:1_’?)
upper cutoff n,, to the index n, i.e., we only consider n}linooB (ne) - | 1o | = 0 (65)
the equations with n < n; 20,3
(2) We solve the resulting system of linear equations,
treating (Zf:r'?), 555,:;])) as free parameters. The "l:his is the precise sense in which we require
solution depends linearly on them. Let us denote Zfl:‘f?) not to grow “too fast.”” It follows from this
the solution for (Zgll'()), Zggo)) as condition that
Z(1.0)
=(1,0 %(1,0) Zs5) . Asy(ny)
2097 145 (ny) Z0 o | = Jim { T (66)
~ (1.0> A (n + B(ntl') : ~ (1.0) (64) 253’ =00 A53 (ntl‘)
253 53\ n3
It is necessary for the consistency of the algorithm
where As;(n,) and As3(n,) are constants that and in particular for the consistency of the boundary
depend on the truncation point n, but not condition of Eq. (65), that this limit exists and is

065007-9



LORENZO DI PIETRO and EMMANUEL STAMOU

PHYS. REV. D 97, 065007 (2018)

x1074

x1076

(Az)i[nu]
(A2)i[ne+2]

S (As)s

FIG. 1.
the change between two neighboring approximations, i.e., 1 —

For the flavor-nonsinglet four-fermion operators we compute the n,, and the n, + 2 approximation to the two (A;),’s. We plot

(Ag),[n]
(A2),[n,+2]

as function of the truncation point n, for the case Ny = 1. The

left, right figure shows the truncation dependence of (A,), and (A,),, respectively.

finite. Note that B(n,) and (éfzt?>é£zt3o)) depend
on the normalization of the evanescent operators,
but this normalization dependence drops in the
product of Eq. (65). In what follows, we shall refer

to the n, approximation, (A,);[n,], as the value
of (A,); obtained substituting (2211,0)’2213,0)) with
(Asi[ny], Asz[ng]). We verify the existence of the
limit in Eq. (66) by testing the convergence
of (Ay), {1y,
In a nutshell, this algorithm simply consists in truncating
the infinite-dimensional matrix to a finite size, finding the
first two eigenvalues for the truncated matrix, and then
taking the limit in which the truncation is removed.

We implemented this algorithm for different values of
the parameter N,. Figure 1 shows how the NLO contri-
bution to the scaling dimension (A,); relaxes as we
increase the point of truncation. To demonstrate this we
plot the change in the approximation of (A,); when the n,,

only the physical-physical block in the flavor scheme, i.e.,
not accounting for evanescent operators, amounts to a
sizable numerical error. For instance, for Ny = 1 we find

that 1 — % = 51%,-21% for i = 1, 2, respectively.

In Appendix D we also include the arbitrary coefficients
a, and b, of Eq. (52). While the truncated solutions depend
linearly on a,, and b,, we show that the coefficients of the
terms proportional to a, and b, decrease to zero as we
increase n,. This is an important check that the answer we
obtain is indeed a physical observable, independent of the
choice of basis and renormalization scheme.

B. Flavor-singlet operators

We use the same approach to compute the NLO scaling
dimensions for the flavor-singlet four-fermion operators for
which T99 = 6364, i.e.,

_ (W a\2
is increased by 2, i.e., 1 — %, as a function of n,, for Q= (Far, V)% (67)
the case of N;=1. The behavior for larger N, is Q= (Y. I3 ... ¥~ (68)

analogous. The plots show that as n,, increases the solution
approaches a constant value, indicating that the limit in
Eq. (66) indeed exists. In Table I we list the values of
(Az);, for Ny =1,...,10 for a truncation point so large
that the significant digits displayed are stable. For com-
parison, we also show the LO values (A;),,. Note, that
with this choice of basis, i.e., a, = b, = 0, diagonalizing

TABLE L

Since the traces of T4 are not zero, there are more
diagrams contributing. As a result the ADM is not the
same as in the flavor-nonsinglet case, and there more
nonzero entries of the mixing matrix compared to the
flavor-nonsinglet case. In particular, while the flavor-
nonsinglet case had a single nonzero £Q entry at NLO

Three significant digits of the one-loop, (A;);, and the two-loop, (A,);, contributions to the scaling dimension of the flavor-

nonsinglet operators for various cases of N ;. To obtain the two-loop (A, ), values we implemented the algorithm to include the effect of
evanescent operators. Higher truncation of the procedure does not affect the three significant digits displayed here.

Ny 1 2 3 4 5 6 7 8 9 10
(A1), -9.00 -4.50 -3.00 -2.25 -1.80 -1.50 -1.29 —1.12 —1.00 —0.900
(A2); 35.6 8.53 3.63 1.95 1.19 0.782 0.544 0.393 0.292 0.221
(A1), 9.00 4.50 3.00 2.25 1.80 1.50 1.29 1.12 1.00 0.900
(Az), —101 -29.3 -14.9 -9.40 —6.67 -5.09 —4.08 -3.38 -2.87 -2.49
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x1073

i Ny =1

S —(A)

x10~4
1.0 T T T T
= (Ag); —(A2)y
~ osf 1
S| 5
=E
[
— —05F .
Ny
B R TR YR T

5 9 11 31 51 71 91
Tty Ttr

FIG. 2. For the flavor-singlet four-fermion operators we compute the n,, and the n,, 4+ 2 approximation to the two (A,),’s. We plot the

change between two neighbouring approximations, i.e., 1 —

(Ag),[ny]

(A2);[me+2]

as function of the truncation point n,, for the case Ny = 1. The

left, right figure shows the truncation dependence of (A,), and (A,),, respectively.

[see Eq. (56)], there are infinitely many nonzero entries in
the flavor-singlet case. In addition to the (5,3) entry of
Eq. (56), we find that

_ 24
Ny

n(n—1)

(-1

VZ (n=2)(n=35)!, (69)

where n runs over all odd positive integers >5. In
terms of the general flavor tensor, this contribution is
proportional to TZZ, which explains why it vanishes in the
flavor-nonsinglet case. To compute Eq. (69) we use the
identity [41]

|

85,3 +n(n—1)(n—-5)(n—-06)
TN+ 1)8, —=2(n—1)(n-3)

* - x
(YI)nm 2Nf 1

0

l"rl

VT -
iV T "

— () g a2

TeRTE
e;O_(_l) - 24(71 _ 2)(;1 - 5)!6}’” + O(€2>'

(70)

We collect the results for the ADM in Appendix C. The
LO ADM at the fixed point then follows from them; it
reads

form=n-2

and the physical-physical block of the NLO ADM at the fixed point is

(VZ)QQ =

Analogously to the previous section we perform a
change of scheme and fix the finite renormalization
constants by requiring that the £Q entries of y; vanish
in the new scheme. This requirement defines a recurrence
relation analogous to the one of Egs. (58) and (59), which
we solve with the same algorithm as above. Note that the
presence of infinitely many off-diagonal entries does not
change qualitatively the procedure. Also in this case we see
that the solution converges to a constant as we increase
the size of the truncation, as shown in Fig. 2, which is the
analogue of Fig. 1 for the flavor-singlet case. We list the
values of the O(e?) corrections, (A,);, for Ny =1,...,10
in Table II. For comparison we also list the LO values,

| [ 2383+224N,
" 24N3 | 1212 -2568N, —1485— 360N, |’

form=n
(71)
form=n+2
otherwise
375 + 18N
! (72)

|

(Ay);, for the respective N values. Note that with this
choice of basis, i.e., a, = b, = 0, diagonalizing only the
physical-physical block, amounts for Ny = 1 to a numeri-

cal error of 1—%:—14%, 140% for i =1, 2,

respectively. Also for this flavor-singlet case, we demon-
strate in Appendix D the independence of the scaling
dimension on the parameters a, and b, from Eq. (52).

VI. CONCLUSIONS AND FUTURE DIRECTIONS

We studied operator mixing involving an infinite family
of evanescent operators in a d-dimensional theory, showing
how to extract the scaling dimensions at the fixed point
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TABLE II. Three significant digits of the one-loop, (A;);, and the two-loop, (A,),, contributions to the scaling dimension of the
flavor-singlet operators for various cases of N ;. To obtain the two-loop (A,); values we implemented the algorithm to include the effect
of evanescent operators. Higher truncation of the procedure does not affect the three significant digits displayed here.

Ny 1 2 3 4 5 6 7 8 9 10
(Ap); ~7.39 -3.07 -172 -1.10  -0766  -0562  —0429  —0337  —0272  —0.224
(A), 46.1 14.1 743 4.84 351 2.73 221 1.86 1.59 1.39
(A1), 13.4 8.07 6.39 5.60 5.17 4.90 471 4.59 449 442
(A;),  —84.0 —235 ~11.6 ~7.12 494 -3.70 -291 ~2.37 ~1.99 -1.70

beyond leading order in €. At O(e?), the scaling dimension
is sensitive to the one-loop mixing of the whole tower of
operators. We demonstrated the independence of scaling
dimensions on the choice of basis and renormalization
scheme. We explicitly computed the O(e?) corrections in
the example of four-fermion operators in QED.

Inlight of our findings, it would be interesting to revisit the
O(e*) computation of the scaling dimension of the four-
fermion interaction in the Gross—Neveu model from
Ref. [18]. Since in this case the evanescent operators are
first generated at three loops, we expect the whole evanescent
tower to affect the O(e*) term of the scaling dimension.

In the present work we only applied our method to extract
the first few eigenvalues of the ADM, whose eigenoperators
approach the physical operators for ¢ — 0. The computation
of the eigenvalues corresponding to the evanescent oper-
ators requires more work, because the mixing matrix is
infinite-dimensional already at the LO in e. Besides com-
puting the eigenvalues, it would be interesting to study
whether the additional eigenoperators also approach the
physical operators as € — 0, or whether they are evanescent.
The first case would mean that there exist multiple contin-
uations of the physical operators to noninteger dimension
and correspondingly multiple functions that continue their
scaling dimensions. Another aspect that we have not
addressed in this work and that deserves further investiga-
tion is the loss of unitarity of the d-dimensional CFT. In
analogy to Refs. [9,10], we expect that among the tower of
evanescent operators one may find states of negative norm,
and operators of complex scaling dimensions.
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APPENDIX A: RG EQUATIONS AND SCALING
DIMENSIONS IN d=4-2¢

In this Appendix we review how to derive the expression
for the scaling dimensions in terms of the ADM at the fixed
point. This is usually done by solving the RG equation for
the renormalized two-point function [38—40]. The present
derivation will emphasize the viewpoint that the renorm-
alization constants are resumming the leading contributions
for small e. We use this to take the IR limit of the “bare”
two-point function.

Consider a set of operators (Op); that mix under the RG.
We use the subscript “0” to distinguish them from the
renormalized operators, whose correlators have a smooth
€ — 0 limit. Recall that in d = 4 — 2¢ we have a dimen-
sionful coupling a of dimension 2¢. When |k|** < a with
k the momentum of the operator insertion, we can expand
the bare two-point function as

{(O0)i(=k)(Oo) (k)

e _2e = L—M
= k220 S (g k| 2)E Y pl M. (AL
L=0 M=-L

We are interested in the IR limit of this two-point
function, namely the limit of large ag|k|™2¢. We keep
€ < 1 and fixed.

To constrain the two-point function we use input from
the renormalized theory. More precisely, we use the fact
that there exist renormalized variables a and O; defined as

ay = Zya(pu)u*, (A2)

(©o); =) (27)/0;,

J

(A3)

such that the renormalized two-point function, as a function
of the renormalized coupling, has a smooth ¢ — 0 limit.
The renormalized two-point function also has a perturba-
tive expansion, i.e.,

(Oi(=k)O;(k))

00 L
= 2= )t > o log( /),
L=0 M=0

(A4)
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where a(u) is the renormalized coupling, and u the
arbitrary renormalization scale. The negative powers of ¢
in Eq. (A1) were chosen to match the powers of log(k?/u?)
in Eq. (A4) as we take ¢ — 0.

From Egs. (11) and (12) we have that

’ dZa
—Zaﬁ(i €) _ Towa™ (0,Z,)(~2ea+B(a.€)). (AS)
. dz;7 )
_Zik},(a’ e)k] = legl[A = (a(lzij)(_zea +ﬂ(a’ (:'))
(A6)

The solution to these equations with boundary conditions
Zya=0)=1, Z/(a=0)=11is

Z,(a,€) = exp (Aa do 26’?}@_’—%), (A7)

r(d,€)

Z(a,€) = Pexp ( A " da W) (A8)

up to the addition of functions of the variable ¢ alone, which
are not important in what follows. P denotes anti-path
ordering. Note that the integral in the exponent of Eq. (A7)
is finite near the lower end a = 0, because in this
region f(a,e) = =210 + O(a).

The dimensionless parameter that becomes large in the
IR limit is

k= = Zuato) (1) (49)

Therefore, taking this IR limit while maintaining p = ||,
implies that on the right-hand side Z,a(y) must become
large. As a grows continuously on the positive real axis,
starting from the UV value a = 0, the constant Z, can
become large if a approaches a pole of the integrand
of Eq. (A7), i.e., a nontrivial fixed point a*. Close to
the solution we expand —2ea+ f(a,¢)~Cla—a*).
Substituting this in the integral, we find the leading
behavior of ay|k| =3¢ as a approaches the fixed point

aolk|™% ~ a*|a — a*| <. (A10)

B0 = —z{I
/}(2,0)

10 — o Z(11),

= 273V 4 4710 7LD

Given that ¢ < 1 we can see perturbatively that the fixed
point exists when ('Y <0 and that C > 0. The latter
inequality ensures that indeed aulk|™¢ grows as we
approach the fixed point.

Similarly to Z,, Eq. (A8) implies that as a — a* the
leading behavior of Z;/ is

y(a*.€)

Zi~la—af|T . (A11)

Using Eq. (A10), we find that in the IR limit Z,/ becomes a
power-law in |k|, namely

2 M —r(a’.€)
1 A )

where we introduced the crossover scale A, whose leading
behavior as a function of € for e <« 1 is

(A12)

1

A~ (—ﬁ“m @y. (A13)

€

Recalling that

((00)i(=k)(Og);(K)) = (271K (27") (Ox(=k) O, (),
(Al14)

and using Egs. (A12) and (A4) for u = |k| we see that in the
IR limit a new scaling behavior emerges, i.e.,

((09);(=k)(O) ;(k)) ~ |k[(Bvvtriae)=d

J [k|<A (AIS)
corresponding to the IR scaling dimension AR =
Ayy + y(a*, €). We also see that more precisely the cross-
over to the IR scaling happens when |k| ~ A, with A given
in Eq. (A13). As observed in Ref. [19], A is exponentially
enhanced for ¢ << 1 compared to the naive crossover

1
scale af.

APPENDIX B: BETA FUNCTIONS AND
ANOMALOUS DIMENSIONS

In this Appendix we collect:

(i) the one- and two-loop formulas for the beta function
and ADM from Eqgs. (11) and (12), respectively. In
terms of the renormalization-constant expansions
from Egs. (5) and (6) they read

puD = —z010)

y(-1) = 2 2(1.0),
y20) =422 _ 2z z(1.0) _ 3 z(1.0) Z(1L1) 4 74(10) 2(1.0) 4 75(1.-1) Z(L1)

(B2)
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(ii) the relations between the one- and two-loop beta function and ADM in two different, mass-independent schemes
distinguished by the superscript ““ ”. Substituting the expansion of Egs. (11) and (13) in Eq. (28) we find that

g0 = g1.0) pID = gl-1) 4 7(10) _ Z(10),
B0 = g20) B2 = g1 4 2(z20) — Z20) _ (z(L0)y2 4 (Z(10)y2), (B3)
Similarly, the expansion of Eqgs. (12) and (14) in Eq. (29) leads to
F1.0) = y(10) (B4)
gD =y (1=1) _(2(10) _ 2(1,0)) (B5)
720 = 20) 4 [,(10) Z(10) _ Q(LO)] — 2400 (Z(10) _ 2(1,0)» (B6)

APPENDIX C: ANOMALOUS DIMENSIONS OF FOUR-FERMION OPERATORS IN QED

1. Flavor-nonsinglet operators

The results for the one-loop anomalous dimension, and the one-loop finite renormalization in the flavor scheme can be
found in Ref. [13]. Including also the dependence on a,, b, the result is

2n(n—1)(n=5)(n—6) form=n-2

—4(n—1)(n-3) for m =n
7r<llr;10) = (Cl)
2 form=n+2
otherwise,

—=2n(n—1)(n-5)(n—6)a,_,

+4(n—1)(n-3)a, —2a,.» +72b,
805,

S _ ) 808 )

—2n(n—-1)(n=5)(n—6)b,_,

+4(n—1)(n-3)b, —2b,» + 2a,

0 otherwise.

form=1,n>5

form=3,n>5

We computed also the (Q;, Q3) entries of the two-loop anomalous dimension in the same scheme, finding

-162 —28—4N -2 0 0o -2
75y = ) ] 5[ } +b5{ } (C3)
¢ " [144-176N, T78-%N, ~5N, 2 72 8N,
. . . . (1,0) _ (20) _
Moreover, as explained in Sec. IV, in this scheme 75" =y¢5" = 0.
Using Egs. (19) and (20) we obtain the ADM at the fixed point
nn—=1)(n=5)(n—-6) form=n-2
. 3 —2(n—1)(n-3) form=n
(yl)nm T RS _ (C4)
2Ny 1 form=n+2
0 otherwise.
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1 729 153 + 2N,
N [324 + 792N, 351 + 96Nf]
X -3 0] 0o -3
+Wa5[—4Nf 3] +Wb5[108 —4Nf] for n,m = 1,3,
3, (=n(n=1)(n = 5)(n - 6)a,
2)um =9 Lo(n = 1)(n = 3)a, — dy.n + 36b,) for m=1,n> 5, (©5)
_2_35”5
+ﬁ (=n(n=1)(n="5)(n—6)b,_,
+2(n—1)(n=3)b, —b,» +a,) form=3,n>35,
not required otherwise.

2. Flavor-singlet operators

The one-loop anomalous dimension in the physical sector can be found in Refs. [19,43]. The one-loop £Q finite terms
and the two-loop QQ ADM in the flavor scheme are computed in Ref. [31]. The results are

166,53 +2n(n—1)(n—=5)(n—6) form=n-2
82N, +1)8,, —4(n—1)(n=3) form =
o) _ ) 3Ny 416y = 4(n=1)(n =3) form =n <o)
2 form=n+2
0 otherwise,
32(=1)" (n = 2)(n - 5)!
—2n(n—1)(n—=5)(n-6)a,,

+(3N;+ 1)+ 4= 1)(n-3) ),

ygzln’z_l) - ! —2a,,, +88b, form=1,n2>5 (C7)
—806,5
—2n(n—=1)(n—-5)(n—=6)b,_,
+4(n—1)(n-3)b, —2b, , + 2a, form=3n>5
0 otherwise,
and
20 -5 (2275+8N;) —3(49+3N/) -2 0 0o =2
00 = 80N, ] 5|:8 ]+b5[ 8 ] (C8)
16(199 4+ 107N ) 110 + 57 s(L+Ng) 2 88 —3Ny
Also in this case ygéo) = ygéo) = 0 in agreement with the general results of Sec. IV.
Using Egs. (19) and (20) we obtain the ADM at the fixed point
85,3 +n(n—1)(n—5)(n—06) form=n-2
22N+ 1)8, —2(n—=1)(n—3) form=n
D =557 %47 (C9)
2N, 1 form=n+2

0 otherwise,
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[ 2383+224N,
2] | 1212 - 2568N

43 -3 0
W aN, 143 T
(n—2)(n-15)!

(n=1)
n(n—1)(n

24
Ny

+2N<

(1)

2)
nm

—an+2 + 44bn)
_@5 5

+av (-n(n=1)(n=5)(n -

not required

APPENDIX D: a, AND b, INDEPENDENCE

In Appendix C we collected the results for the ADM for
both the flavor-singlet and flavor-nonsinglet operators
computed in the generic basis of Eq. (52). We observe
that both the £Q finite one-loop mixing and the two-loop
Q0 mixing depends linearly on the coeftficients @, and b,,.
As aresult, in this generic basis, the entries of y5, which we
use to compute the NLO scaling dimension, also depend on
a, and b,. However, the parameters a, and b,, are just a
parametrization of our freedom to choose the basis of

|

Flavor-nonsinglet case:

375 + 18N/
—1485 — 360N

+<§(2Nf +1)+2(n—-1)(n-

|

-3
—4N;

0
132

N

} for n,m=1,3,

5)(" - 6)an—2

(C10)

5))a,

form=1,n>35,

6)bn—2
—|—2(1’L - 1)(” - 3)bn - bn+2 + an)

for m=3,n>35,

otherwise.

operators. Therefore, the observables, i.e., the scaling
dimensions, cannot depend on them. In this Appendix,
we demonstrate using the algorithm from Sec. V how this
unphysical dependence indeed cancels in the observables.
This has to be contrasted with the wrong procedure of
naively diagonalizing the QQ block of the two-loop ADM
in the flavor scheme, which would lead to eigenvalues that
depend on a, and b,,.

To this end, we first generalize Egs. (62) and (63) to the
case in which the basis includes a,, and b,. The general-
izations for the two considered cases follow:

3 4
(82)1 =357 (156 + 32N, - < 0-— gNf) as + a; + (60 — 8N ;)bs — 6b7 + 2% — 621\ ) (D1)
3 4 %(1.0) _ ¢ %(10)
(82); = 57 ( 1140 = 160N + (22 = 2Ny Jas — a7 + (132 = 8N )bs = 6b; — 25,7 = 625," ). (D2)
f
Flavor-singlet case:
(80)) = Jgnze (+47552 = 7912k + (6992 + 544x)N + 2336N2 — (1350 — 108k)as + 81ay
f
— (2700 — 1728k — (1656 — 144x)N; + 144N%)bs — (54 + 108k + 108N )b,
+ 81209 — (54 + 108« + 108N ) 247, (D3)
(82); = 1gona (—47552 = 79126 + (=692 + 544x)N - 2336N2 + (1350 + 108x)as — 81ay
f
+ (2700 + 1728k — (1656 + 144k)N; + 144N%)bs + (54 — 108k + 108N ;)b
— 81209 4 (54 — 108c + 108N ) 2117, (D4)
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(As) (Ag)2
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=

1073
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FIG. 3.

19

For the case of flavor-nonsinglet operators, we plot the coefficient of the basis-dependent parameters a,, and b,, in the truncated

result for the NLO scaling dimension, as a function of the truncation number n,, for Ny = 1. We see that as we increase the number of
evanescent operators included, the dependence drops from the observable. See Eq. (D7) for more details.

where we introduced

(D5)

K

\/ N7+ Ny +25.

We see that in both cases (A,); depend linearly on a,,, b,
with n = 5, 7 and on the finite renormalization constants
é’gll’o) and 223,0)‘ By setting the £Q entries of 75 in
Egs. (C5) and (C10) to zero, we obtain a generalization
of the recurrence relation in Egs. (58) and (59) for 2(1‘0),
with additional terms linear in a,, b,. After solving the
truncated system of equations with n < n,. and substituting

back the solution for zgll,o) and é,ng,o) in terms of 2’&’9 and

Z(1.0)
z ng3
ng — 2 cancels. The n, approximation to the observable,

A,[ny], defined by

we find that the dependence on a, and b, for n <

Ay = Aglng] + 3] 20 + x5y 20Y, (D)

depends solely on higher a,’s and b,’s, namely

(Ag)

Ay [ny] = Az[ny]

a,=b,=0 + xzu_z [ntr]anu—Z
+ Xt [ntr]an" + xZﬁz [ntr]an"-&-Z
+ ler_z [Vltr]bn"_g + XZH_ [ntr]bnlr

+ xzﬁz [ntr} bn"+2’ (D7)

Here, we have suppressed for brevity the subscript i
labelling the eigenvalue. Therefore, as a final check
of the basis independence of the observable we show that
the coefficients of the terms proportional to a, _», a, .,
Ay 2> by,—2, by, and b, ., all relax to zero as n, — oo,
1.e., that

Tim x” ] = 0. (D8)
lim x5, [n] = 0. (D9)
nli_rpoon;f+2 [ne] = 0. (D10)

(A2)2

103 L

a,b

. 100
&

1073

a a a
—a—Lp 2 —k=Tp --A--Tp, 12

b b b
——Tp, -2 —%-Tp, --v--Ty 4o

T T T T T T T T
a a a
—a—Tp, 2 —a =Ty, --A--Tp, 42

r b b b 71
——ZTp, -2 —w-Tp, --v--Tp 42

106

FIG. 4. For the case of flavor-singlet operators, we plot the coefficient of the basis-dependent parameters @, and b,, in the truncated
result for the NLO scaling dimension, as a function of the truncation number n,,, for Ny = 1. We see that as we increase the number of
evanescent operators included, the dependence drops from the observable. See Eq. (D7) for more details.
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We demonstrate this in Figs. 3 and 4 for the flavor-nonsinglet
and flavor-singlet case, respectively, in which we plot the
absolute value of these coefficients as a function of n,, for the

case Ny = 1. In both cases, we observe that even after a few
steps of the algorithm the coefficients have already relaxed to
small values. The behavior for larger values of N is analogous.
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