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Scattering amplitudes of massless particles in Minkowski space can be expressed in a conformal basis by
Mellin transforming the momentum space amplitudes to correlation functions on the celestial sphere at null
infinity. In this paper, we study celestial amplitudes of loop-level gluons and gravitons. We focus on the
rational amplitudes that carry all-plus and single-minus external helicities. Because these amplitudes are
finite, they provide a concrete example of celestial amplitudes of Yang- Mills and gravity theory beyond
tree level. We give explicit examples of four- and five-point functions and comment on higher point
amplitudes.
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I. INTRODUCTION

The scattering amplitudes in Minkowski space can be
mapped to the celestial sphere at lightlike infinity, where
they are encoded in terms of conformal correlators [1].
These correlation functions go by the ethereal name of
celestial amplitudes and they exhibit conformal symmetry
at the boundary for bulk observables. This observation
provides a complementary representation of scattering
amplitudes where they are beheld as a holographically
dual conformal field theory residing in the celestial sphere.
Thus, the holographic nature of celestial amplitudes in
principle can shine light on an outstanding problem,
i.e., what is a concrete holographic formulation for flat
spacetime?1 More terrestrially, one can view celestial
amplitude much in the same way as twistors, momentum
twistors, and scattering equations, which may help in
illuminating hidden mathematical structures in quantum
field theory that were not previously accessible from
traditional calculations [11].
In the last couple years, celestial amplitudes have gar-

nered a lot of interest. Conformal primary wave function
bases for various spins in different dimensions were con-
structed by Pasterski and Shao in [12]. Soft theorems were

connected to the conserved currents on the celestial sphere in
[13,14]. Explicit examples of tree-level celestial amplitudes
of gluons were computed in [15,16]. Examples of scalar
scattering have been shown in [17–19]. Other variant maps
have been constructed recently in [20–22]. The investigation
of the factorization singularities of celestial amplitudes was
done in [23]. Progress has also been made in the celestial
four-point superstring amplitudes as well as graviton tree
amplitudes [24–26]. Recently, conformal soft theorems have
been studied in [19,25–32]. The authors in [33] construct the
generators of Poincaré and conformal groups in the celestial
representation. Translating an optical theorem in the con-
formal basis was addressed in [17] and this work was
followed by [19] where conformal partial wave decom-
position of celestial amplitudes was further discussed. The
operator product expansion of the celestial sphere has been
carried out in [34–38].
While scalar loops have been studied in [18], most

construction of celestial amplitudes have occurred at tree
level. In this work, we provide the first explicit construction
of loop-level celestial transform for external gluons and
gravitons. More concretely, we focus on loop amplitudes
where all external gluons and gravitons carry positive
helicity (all-plus) and the ones where all but one external
particles carry positive helicity (one-minus). These loop
amplitudes are interesting for many reasons. It is a well
known result that gluon aswell as graviton amplitudes at tree
level vanish for all-positive and one-minus external states
[39]. This statement can be proved using supersymmetric
Ward identity, but nonetheless holds for quantum field
theory with or without supersymmetry at tree level.
However, the story of loops is different and very interesting:
for supersymmetric field theories, such vanishing occurs for
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1Flat space holography was already proposed in [2] where
Minkowski space was foliated along the Euclidean anti–de Sitter
and de Sitter slices. For other related approach, please refer to
[3–10].
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all-plus and one-minus amplitudes at any loop order; in
contrast, for pure Yang-Mills and Einstein gravity, such
amplitudes receive leading contributions at one loop (for
gluons see [40–42] and gravitons [43–48]).2 Similarly, for
one loop, one cannot construct such amplitudes using
unitarity cuts in four dimensions as a two particle cut leads
to tree-level expressions with at least one vanishing piece.
Furthermore, these one-loop amplitudeswhen integrated are
relatively simple rational functions and contain no loga-
rithmic divergences in four dimensions.3 The simplicity and
subtleties of these amplitudes make them ideal candidates to
study spinning celestial amplitudes beyond tree level.
We have organized this paper in the following way. In

Sec. II we present a detailed review of conformal primary
wave functions and celestial amplitudes, which is followed
by the rederivation of tree-level celestial amplitudes in our
conventions. Thereafter, we switch to computation of loop-
level amplitudes in Sec. III where we considered explicit
four- and five-point results and discussed the structure of
the higher point amplitudes. We end with future directions
and a conclusion, and collected several technical details in
the Appendix A.

II. REVIEW

A. Conformal primary wave functions
and celestial amplitudes

We know that scattering amplitudes in 4d have the
Poincaré symmetry ISOð1; 3Þ which can be written as the
semidirect product of translation and special orthogonal
groups: ISOð1; 3Þ ¼ Tð1; 3Þ ⊗s SOð1; 3Þ. The standard
momentum space enables us to work with irreducible
representations of the translation group, which means
translations act only by phases. SOð1; 3Þ on the other hand
acts in a quite complicated manner.
We can try to relate the 4d momentum space to some

basis of SOð1; 3Þ, or its universal covering group SLð2;CÞ.
As SLð2;CÞ is isomorphic to the global conformal group in
2d, it is intriguing to expand the 4d amplitudes in terms of
conformal primary wave functions, objects that transform
covariantly as 2d conformal primary operators and satisfy
relevant 4d equations of motion.
Before analyzing conformal primary wave functions in

more detail, let us first set our notations. We will use the
standard coordinates z, z̄ with z̄ ¼ z� to parametrize R2,
and the 2d conformal field theories (CFT) lives at the
compactification of this space, i.e., the Riemann sphere

C∞. We can then view this Riemann sphere as the boundary
of a hyperbolic space H3 via AdS holography. We para-
metrize H3 with the coordinates yi with i ¼ 0, 1, 2 for
y0 > 0 where the H3 metric is

ds2H3 ¼ dy20 þ dy21 þ dy22
y20

: ð2:1Þ

We can then embed H3 as the upper branch of the unit
hyperboloid in R1;3 for which we will use lightcone
coordinates xμ ¼ ðxþ; x−; x1; x2Þ with the metric

gμν ¼

0
BBB@

0 1
2

0 0

1
2

0 0 0

0 0 1 0

0 0 0 1

1
CCCA ð2:2Þ

where we define the lightcone coordinates in terms of the
Cartesian ones as x� ¼ x3 � x0. We then embed yi ∈ H3 in
yμ ∈ R1;3 as

yμ ≡ 1

y0
ð1;−yiyi; y1; y2Þ ð2:3Þ

where yiyi ≡ y20 þ y21 þ y22 and where we see that yμyμ ¼
−1 as required.
Just as we embedded yi → yμ, we can embed z → xμðzÞ

because d-dimensional conformal groups can be param-
terized with the null rays in dþ 2 dimensions.4 In other
words, the celestial sphere can be parametrized in R1;3 as
fxμðzÞ ∈ R1;3jxμðzÞxμðzÞ ¼ 0; xμðzÞ ∼ λxμðzÞ; λ ∈ Rþg
where we choose

xμðzÞ≡ 2

�
1;−zz̄;

zþ z̄
2

;
z − z̄
2i

�
ð2:4Þ

for later convenience.
Below, we will write yμ to denote a point in R1;3

constrained to lie on the upper branch of the unit hyper-
boloid, and xμðzÞ to denote a null vector in R1;3 whereas xμ

denotes any point in R1;3. In summary, yμyμ ¼ −1,
xμðzÞxμðzÞ ¼ 0 with xþðzÞ ¼ 2, and xμxμ ∈ R.
With our notations set, we can view conformal primary

wave functions as maps from xμ ∈ R1;3 to z ∈ C∞, where
these particular maps satisfy two conditions:

(i) They satisfy the equation of motion in R1;3

(ii) They transform as conformal primary operators
under the action of SLð2;CÞ

2While we will restrict ourselves to one loop in this work, there
has been a number of works on higher loops for the external states
we are considering. Please see [49–56].

3Moreover, these loop amplitudes have interesting factoriza-
tion properties and have been studied using Britto-Cachazo-
Feng-Witten (BCFW) recursion relation [40,57,58] and using a
Berends-Giele type of recursion [59] and more recently con-
formally invariant structure was investigated in [60].

4The idea goes back to Dirac who realized that a conformal
group in Rp;q dimensions being SOðqþ 1; qþ 1Þ can most
naturally be described in the embedding Rpþ1;qþ1 space [61].
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A particularly transparent way to construct these objects
for massive scalars can be roughly described as follows:
we decompose the map R1;3 → C∞ into R1;3 → H3 and
H3 → C∞, compose these maps, and integrate over whole
H3. Indeed, the necessary ingredients for each map are
relatively straightforward: the first map is simply a restric-
tion to the paraboloid whereas the second map is the
familiar bulk to the boundary propagator in H3. Hence, we
can immediately define the massive scalar conformal
primary wave function ϕ�

Δ;mðxμ; zÞ as

ϕ�
Δ;mðxμ; zÞ ¼

Z
H3

½dyi�GΔðyi; zÞe�imxμyμ : ð2:5Þ

Here, e�imxμyμ makes sure that the equation of motion
is satisfied, i.e., ð∂μ∂μ −m2Þϕ�

Δ;mðxμ; zÞ ¼ 0, whereas
GΔðyi; zÞ ensures the correct transformation under the
SLð2;CÞ action [note that e�imxμyμ is invariant under
SLð2;CÞ].
The closed form expression for ϕ�

Δ;mðxμ; zÞ in R1;dþ1

reads as

ϕ�
Δ;mðxμ; zÞ ¼

2
dþ2
2 π

d
2

ðimÞd2
ð ffiffiffiffiffiffiffiffiffiffiffiffi

−xμxμ
p ÞΔ−d

2

ð−xμxμðzÞ ∓ iϵÞΔ KΔ−d
2
ðm ffiffiffiffiffiffiffiffiffi

xμxμ
p Þ:

ð2:6Þ
One can similarly write down the massless spin-0,1,2
conformal primary wave functions ϕ�

Δðxμ; zÞ, AΔ;�
μ;a ðxμ; zÞ

and hΔ;�μ1;μ2;a1;a2ðxμ; zÞ as

ϕ�
Δðxμ; zÞ ¼

ð∓ iÞΔΓðΔÞ
ð−xμxμðzÞ ∓ iϵÞΔ ; ð2:7aÞ

AΔ;�
μ;a ðxμ; zÞ ¼ −

1

ð−xμxμðzÞ ∓ iϵÞΔ−1 T
�
μ;aðxμ; zÞ; ð2:7bÞ

hΔ;�μ1;μ2;a1;a2ðxμ; zÞ

¼
δb1ða1δ

b2
a2Þ −

1
d δa1a2δ

b1b2

ð−xμxμðzÞ ∓ iϵÞΔ−2 T�
μ1;b1

ðxμ; z; z̄ÞT�
μ2;b2

ðxμ; zÞ

ð2:7cÞ
for

T�
μ;aðxμ; zÞ≡ ∂

∂xμ
∂
∂za log ð−xμx

μðzÞ ∓ iϵÞ ð2:8Þ

where za ≡ z1;2 for z1 ≡ zþz̄
2

and z2 ≡ z−z̄
2i .

Conformal primary wave functions, as interesting as they
may be, would not be so much of usage if they did not form
a complete basis for on-shell wave functions in R1;dþ1.
Indeed, as shown in [12], we can identify on-shell momenta
pμ as pμ ¼ myμ which satisfies pμpμ ¼ −m2 as required.
With this identification, we can rewrite Eq. (2.5) as

ϕ�
Δ;mðxμ; z; z̄Þ ¼

Z
H3

½dyi�GΔðyi; z; z̄Þe�ixμpμ ð2:9Þ

which can be seen as a basis transformation from momen-
tum space spanned by fe�ixμpμg to a new basis spanned
by ϕ�

Δ;mðxμ; zÞ. The original basis was labeled with fpμ ∈
R1;3jpμpμ ¼ −m2g whereas the new basis is labeled
with fðΔ; zÞ ∈ ðC;C∞ÞjΔ ¼ 1þ iRg.5,6
The basis transformation for massless scalars is far more

intuitive. To see that, we first write the momentum vector as

pμ ¼ ϵωxμðzÞ ð2:10Þ

where ϵ ¼ 1ð−1Þ for outgoing (incoming) momentum. We
can interpret the z coordinate trivially: it just parametrizes the
direction of the momentum vector on the celestial sphere.
Now,we only need to relate themagnitude of themomentum,
ω, to the scaling dimension of the conformal primary wave
function, i.e., Δ. We can see this relation between the basis
vectors in the form of a Mellin transformation

ϕ�
Δðxμ; z; z̄Þ ¼

Z
∞

0

dωωΔ−1e�iðxμpμ�iϵÞ ð2:11Þ

which follows from Eq. (2.7a) and pμ ¼ ωxμðzÞ. Physically,
this means that the Lorentz boosts, which act as
xμpμ → λxμpμ, become the dilatation in conformal primary
wave function bases, i.e., ϕ�

Δðxμ; zÞ → λ−Δϕ�
Δðxμ; zÞ.

We can see that the relation between plane waves and
massless conformal primary wave functions is imple-
mented by a Mellin transformation for spin 1 and 2 cases
as well, though there are subtleties of gauge and diffeo-
morphism invariances.7 We refer the reader to [12] for
further details.
With the bases of conformal primary wave functions set

up, we can now construct celestial amplitudes. The tradi-
tional amplitudes with external particles being momentum
eigenstates can be cast into the form

5The restriction of Δ to principal series, i.e., Δ ¼ d
2
þ iR, is a

necessary condition for the conformal quadratic Casimir operator
to be self-adjoint, which ensures by the spectral theorem that it
has an orthonormal basis of eigenvectors; thus ϕ�

1þiR;m form an
orthonormal basis. For m ≠ 0, shadow symmetry6 makes d

2
� iν

linearly dependent, hence we only take half of the principal
series, i.e., Δ ¼ d

2
þ iR≥0.

6Shadow transformation is an interwining map from an
operator in representation ðΔ; ρÞ to another operator in repre-
sentation ðd − Δ; ρRÞ where ρ is an SOðdÞ irrep and where ρR

denotes the reflected representation. In odd dimensions, one can
take ρR ≃ ρ hence shadow transformation amounts to Δ → d − Δ
which relates the principal series representations Δ ¼ d

2
� iν.

7For example, AΔ;�
μ;a ðxμ; z; z̄Þ can be related to plane waves with

a Mellin transformation only ifΔ ≠ 1 in d ¼ 4. This follows from
the fact that A1;�

μ;a ðxμ; z; z̄Þ is simply a pure gauge term in d ¼ 4,
hence it cannot be related to the physical plane wave solution.
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Aðp1;…; pnÞ ¼
Z Yn

i¼1

d4xie
iðpiÞμxμi aðx1;…xnÞ ð2:12Þ

where pi are outgoing momenta of external scalars and where aðx1;…xnÞ is the rest of the amplitude. The celestial
amplitude Ã requires all external wave functions to be conformal primary wave functions instead, hence

ÃΔ1;…;Δnðz1;…; znÞ ¼
Z Yn

i¼1

d4xiϕ
þ
Δi
ðxμi ; ziÞaðx1;…xnÞ: ð2:13Þ

For example, for cubic vertex interaction L ∼ λϕ1ϕ2ϕ3, we can compare the three-point scattering amplitudes as follows:

Aðp1; p2; p3Þ ¼
Z Y3

i¼1

d4xie
iðpiÞμxμi ðiλÞ ¼ iλð2πÞ4δ4ðp⃗1 þ p⃗2 þ p⃗3Þ; ð2:14aÞ

ÃΔ1;Δ2;Δ3ðz1; z2; z3Þ ¼
Z Y3

i¼1

d4xiϕ
þ
Δi
ðxμi ; ziÞðiλÞ ∼

λ

jz12jΔ123 jz23jΔ231 jz31jΔ312
ð2:14bÞ

for zij ≡ zi − zj and Δijk ≡ Δi þ Δj − Δk. As expected by the conformal covariance of Ã, the three-point celestial
amplitude in 4d takes the form of the three-point CFT correlator in 2d.
By using the basis change in Eq. (2.9) for massive scalars or Eq. (2.11) for massless scalars, we can relate AðpiÞ and

ÃΔiðziÞ. In fact, for all massless spin-0,1,2 external particles, the transition from A to Ã takes the form of a Mellin
transformation, which implements the map from momentum eigenstates to boost eigenstates:

ÃΔ1;…;Δn
J1…Jn

ðz1;…; znÞ ¼
�Yn

i¼1

Z
∞

0

dωiω
Δi−1
i

�
Aj1…jnðω1;…;ωn; z1;…; znÞ ð2:15Þ

where we used pμ ¼ ωxμðz; z̄Þ ¼ ωð2;−2zz̄; zþ z̄;−iðz − z̄ÞÞ and where 2d spin Ji is identified with 4d helicity ji: Ji ¼ ji.
n-successive Mellin transforms are relatively straightforward; however, we can simplify it further via the exploitation of

the covariance of Ã under boosts (dilations in the celestial sphere) by switching to simplex variables

s≡Xn
i¼1

ωi; σi ≡ ωi

s
ð2:16Þ

under which Eq. (2.15) becomes

ÃΔ1;…;Δn
J1…Jn

ðz1;…; znÞ ¼ 2πδ

�
iðκ − nÞ þ

Xn
i¼1

λi

�Yn
k¼1

�Z
1

0

dσkσ
iλk
k

�
δ4
�Xn

i¼1

qμi σi

�
δ

�Xn
i¼1

σi − 1

�
Aj1…jn

�
σ1…σn

z1…zn

�
ð2:17Þ

where we wrote down Δ on the principal series as

Δ ¼ 1þ iλ; λ ∈ R ð2:18Þ

and where we define the stripped amplitude Aj1…jn ½σ1…σn
z1…zn

� as

Aj1…jnðω1;…;ωn; zi;…; znÞ ¼ s−κAj1…jn

�
σ1…σn

z1…zn

�
δ4
�Xn

i¼1

qμi σi

�
: ð2:19Þ

Here κ is the overall momentum scaling of the amplitude,8 i.e.,

8For example, for tree-level Maximal-Helicity-Violating (MHV) amplitudes, κ ¼ n as we can easily see from Eq. (2.32).
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Aj1…jnðΛω1;…;Λωn; zi;…; znÞ ¼ Λ−κAj1…jnðω1;…;ωn; zi;…; znÞ ð2:20Þ

and we defined

qμi ≡ ϵixμðziÞ ð2:21Þ

for brevity.
One can leverage the covariance of celestial amplitudes under the conformal group by going to a conformal framewhere

we choose9

z1 ¼ 0; z2 ¼ ∞; z3 ¼ 1: ð2:22Þ

As the dilation acts inversely at infinity, a correct procedure to put an operator at z ¼ ∞ is by the limit

Oð∞Þ ¼ lim
L→∞

L2ΔOOðLÞ; ð2:23Þ

hence we define the celestial amplitude in this conformal frame as10

ÃΔ1;…;Δn
J1…Jn

ð0;∞;1; z4;…; znÞ ¼
π

2
δ

�
iðκ − nÞ þ

Xn
i¼1

λi

�Yn
k¼3

�Z
1

0

dσkσ
iλk
k

��
1−

Xn
i¼3

σi

�
iλ1

×

�
−
Xn
i¼3

ϵ2ϵiσið1þ ziz̄iÞ
�

iλ2
δ

�Xn
i¼3

ϵiσizi

�
δ

�Xn
i¼3

ϵiσiz̄i

�

× δ

�
1þ

Xn
i¼3

ðϵ1ϵi − 1Þσi
�
lim
L→∞

Aj1…jn

�
1−

P
n
i¼3 σi;−L−2Pn

i¼3 ϵ2ϵiσið1þ ziz̄iÞ;σ3;…;σn
0;L;1; z4;…; zn

�

ð2:25Þ

where delta functions of momentum conservation along the lightcone coordinates were immediately employed to remove
σ1;2 integrations via the use of Eq. (2.4) in Eq. (2.17), hence the delta functions above are due to the momentum
conservation along transverse directions and due to the normalization condition of the simplex variables, i.e.,

P
n
i¼1 σi ¼ 1.

9Given any three points, we can first use translations to fix z1 ¼ 0, then special conformal transformation to take z2 → ∞, then
dilation to bring z3 to a unit circle, and finally rotation to get z3 ¼ 1. As this exhausts all conformal transformations, zn>3 remains
unfixed. By applying these transformations in reverse, we can get any amplitude Ãðz1; z2; z3; z4;…; znÞ from Ãð0;∞; 1; z04;…; z0nÞ.
See Appendix A 1 for further details.

10We use

lim
L→∞

Yn
k¼1

�Z
1

0

dσk

�
δ4
�Xn

i¼1

qμi σi

�
δ

�Xn
i¼1

σi − 1

�
fðσ1; σ2; σ3;…; σn; ziÞ

¼
Yn
k¼3

�Z
1

0

dσk

�
δ

�
1þ

Xn
i¼3

ðϵ1ϵi − 1Þσi
�

× δ

�Xn
i¼3

ϵiσizi

�
δ

�Xn
i¼3

ϵiσiz̄i

�
lim
L→∞

1

4L2
f

�
1 −

Xn
i¼3

σi;−
1

L2

Xn
i¼3

ϵ2ϵiσið1þ ziz̄iÞ; σ3;…; σn; zi

�
ð2:24Þ

which follows from the conformal frame we choose and qμi ¼ ϵixμðziÞ with our choice of xμðzÞ in Eq. (2.4).
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By using Eq. (A13), we can rewrite this equation as

ÃΔ1;…;Δn
J1…Jn

ð0;∞;1;z4;…;znÞ

¼ π

2

UðβiÞ
jM1;2;3j

δ

�
iðκ−nÞþ

Xn
i¼1

λi

�Yn
k¼6

�Z
1

0

dσkσ
iλk
k

�
βiλ31 βiλ42 βiλ53

×

�
1−

X3
i¼1

βi−
Xn
i¼6

σi

�
iλ1
�
−
X3
i¼1

ϵ2ϵiþ2βið1þ ziþ2z̄iþ2Þ−
Xn
i¼6

ϵ2ϵiσið1þ ziz̄iÞ
�

iλ2

× lim
L→∞

Aj1…jn

2
641−

P
3
i¼1βi−

P
n
i¼6 σi;−L−2

�P
3
i¼1 ϵ2ϵiþ2βið1þ ziþ2z̄iþ2Þþ

P
n
i¼6 ϵ2ϵiσið1þ ziz̄iÞ

�
;β1;β2;β3;σ6;…;σn

0;L;1;z4;…;zn

3
75

ð2:26aÞ

for n > 4; in particular, we do not have any integrals left for n ¼ 5:

ÃΔ1;…;Δ5

J1…J5
ð0;∞; 1; z4; z5Þ

¼ π

2

UðβiÞ
jM1;2;3j

δ

�
iðκ − 5Þ þ

X5
i¼1

λi

�
βiλ31 βiλ42 βiλ53

�
1 −

X3
i¼1

βi

�
iλ1

×

�
−
X3
i¼1

ϵ2ϵiþ2βið1þ ziþ2z̄iþ2Þ
�

iλ2
lim
L→∞

Aj1…jn

�
1 −

P
3
i¼1 βi;−L−2P3

i¼1 ϵ2ϵiþ2βið1þ ziþ2z̄iþ2Þ; β1; β2; β3
0; L; 1; z4; z5

�
:

ð2:26bÞ

For n ¼ 4, we instead use Eq. (A18), with which Eq. (2.25) becomes

ÃΔ1;…;Δ4

J1…J4
ð0;∞; 1; z4Þ ¼

π

2
UðβiÞδðz̄4 − z4Þδ

�
iðκ − 4Þ þ

X4
i¼1

λi

�
βiλ31 βiλ42

�
1 −

X2
i¼1

βi

�iλ1�
−
X2
i¼1

ϵ2ϵiþ2βið1þ ziþ2z̄iþ2Þ
�iλ2

× lim
L→∞

Aj1…j4

�
1 −

P
2
i¼1 βi;−L−2 P2

i¼1 ϵ2ϵiþ2βið1þ ziþ2z̄iþ2Þ; β1; β2
0; L; 1; z4

�
: ð2:26cÞ

For details regarding the coefficients β, M1;2;3, and the function U in Eq. (2.26), please see Appendix A 2. One curious
observation regarding Eq. (2.26) is that the celestial amplitudes are on the principal series (i.e., λ ∈ R) only if κ ¼ n; in
other words, we need to analytically continue off the principal series if the amplitude Aj1…jnðpiÞ does not have the mass

dimension −n. The celestial amplitude Ã being off the principal series means that the CFT operators are no longer in the
unitary representation of the group11; and in particular, it means that the conformal primary wave functions would not
constitute an orthonormal basis for these amplitudes.12 Nevertheless, the procedure of doing harmonic analysis for the CFT
correlators on the principal series and then analytically continuing them to the regions of interest is relatively well known
and has been extensively used to extract CFT data through a Euclidean inversion formula [63–66].13 We should also note
that the generalized soft limit on a celestial sphere may relate amplitudes on principal series to amplitudes off principal
series as we have

11One should not confuse the unitarity of the group representation, which has to do with the self-adjointness of the Casimir operator,
with the unitarity of the field theory, which is the requirement that norms of the states in Hilbert space are non-negative. Indeed, unitarity
of the CFT actually requires other conditions for Δ than it being on the principal series (i.e., Δ ¼ 1þ iR); for example, we need
Δ ≥ lþ d − 1 − d

2
δl;0 for a CFTd operator in symmetric traceless tensor representation for the CFT to be unitary.

12Principal series representations are actually not the only unitary representations for conformal groups, but they are the only tempered
unitary representation that appears in 2d [62].

13For possible subtleties regarding the analytic continuation, see [67] and references therein.
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lim
λm→0

λmÃ
Δ1;…;Δn
J1…Jn

ðz1;…; znÞ ¼ −2i
X
a

fsofta;Jm
ðziÞÃΔðaÞ

1
;…;ΔðaÞ

m−1;Δ
ðaÞ
mþ1

;…;ΔðaÞ
n

J1;…;Jm−1;Jmþ1;…;Jn
ðz1;…; zm−1; zmþ1;…; znÞ ð2:27aÞ

for

Δk ¼ 1þ iλk; ΔðaÞ
k ¼ 1þ iλk þ nðaÞk ; ð2:27bÞ

thus in the rest of the paper we will not dwell on the appearance of δðiðκ − nÞ þP
n
i¼1 λiÞ in Eq. (2.26).14

B. Tree-level gluon celestial amplitudes

In this section, we will review some tree-level results before we move on to computing loop-level gluon celestial
amplitudes in the body.
One of the simplest tree-level examples that we can consider is a color-ordered MHVamplitude, which in spinor helicity

notation takes the form

AMHV
−−þ���þðpiÞ ¼

h12i3
h23i…hn1i δ

4

�Xn
i¼1

pμ
i

�
ð2:30Þ

where we are following the notation of [15] for spinor helicity formalism. In particular,

½ij� ¼ 2
ffiffiffiffiffiffiffiffiffiffi
ωiωj

p
z̄ij; hiji ¼ −2ϵiϵj

ffiffiffiffiffiffiffiffiffiffi
ωiωj

p
zij; ð2:31Þ

hence

AMHV
−−þ���þðω1;…;ωn; z1;…; znÞ ¼ ð−2Þ4−n z412

z12z23…zn1

ω2
1ω

2
2

ω1ω2…ωn
δ4
�Xn

i¼1

ϵiωixμðziÞ
�
: ð2:32Þ

Clearly, κ ¼ n for this amplitude and we can write down

AMHV
−−þ���þ

�
σ1…σn

z1…zn

�
¼ ð−2Þ4−n z412

z12z23…zn1

σ21σ
2
2

σ1σ2…σn
ð2:33Þ

for which we have

14We can take the soft limit in momentum space as

lim
ωm→0

ωmAJ1…Jnðω1;…;ωn; z1;…; znÞ ¼
�X

a

fsofta;Jm
ðziÞ

Y
k¼1;…;m−1;mþ1;…;n

ðωkÞn
ðaÞ
k

�

×AJ1…Jm−1;Jmþ1;…;Jnðω1;…;ωm−1;ωmþ1;…;ωn; z1;…; zm−1; zmþ1;…; znÞ ð2:28Þ

for the soft factor fsofta;Jm
ðziÞ and the coefficients nðaÞk which depend on the amplitude under consideration. We can then derive Eq. (2.27)

with this equation and the representation of delta distribution as

δðxÞ ¼ i
2
lim
λm→0

λmω
iλm−1
m : ð2:29Þ

For example, in the case of an n point graviton amplitude with the choice of m ¼ n, we have fsofta;Jn¼þðziÞ ¼ 1
ϵaϵn

z̄nazxazya
znazxnzyn

and nðaÞk ¼ δak for
a ¼ 1;…; n − 1 where x and y are properly chosen reference points [25].
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lim
L→∞

AMHV
−−þ���þ

�
1−

P
3
i¼1 βi −

P
n
i¼6 σi;−L−2

�P
3
i¼1 ϵ2ϵiþ2βið1þ ziþ2z̄iþ2Þ þ

P
n
i¼6 ϵ2ϵiσið1þ ziz̄iÞ

�
;β1;β2;β3;σ6;…;σn

0;L;1; z4;…; zn

�

¼ ð−2Þ4−n 1

ð1− z4Þz45z56…zðn−1Þnzn

1

β1β2β3

1

σ6…σn

�
1−

X3
i¼1

βi −
Xn
i¼6

σi

�

×

�X3
i¼1

ϵ2ϵiþ2βið1þ ziþ2z̄iþ2Þ þ
Xn
i¼6

ϵ2ϵiσið1þ ziz̄iÞ
�
: ð2:34Þ

Therefore, Eq. (2.26a) becomes

ðÃMHVÞΔ1;…;Δn
−−þ���þ ð0;∞; 1; z4;…; znÞ

¼ πð−2Þ3−n
ð1 − z4Þz45z56…zðn−1Þnzn

UðβiÞ
jM1;2;3j

δ

�Xn
i¼1

λi

�Yn
k¼6

�Z
1

0

dσkσ
iλk−1
k

�

× βiλ3−11 βiλ4−12 βiλ5−13

�
1 −

X3
i¼1

βi −
Xn
i¼6

σi

�
iλ1þ1

�
−
X3
i¼1

ϵ2ϵiþ2βið1þ ziþ2z̄iþ2Þ −
Xn
i¼6

ϵ2ϵiσið1þ ziz̄iÞ
�

iλ2þ1

ð2:35Þ

where n ¼ 5 case can be straightforwardly written as

ðÃMHVÞΔ1;…;Δn
−−þ���þ ð0;∞; 1; z4; z5Þ ¼

π

4ð1 − z4Þz45z5
UðβiÞ
jM1;2;3j

δ

�X5
i¼1

λi

�
βiλ3−11 βiλ4−12 βiλ5−13

×

�
1 −

X3
i¼1

βi

�
iλ1þ1

�
−
X3
i¼1

ϵ2ϵiþ2βið1þ ziþ2z̄iþ2Þ
�

iλ2þ1

: ð2:36Þ

By using the prescription detailed in Appendix A 2, we can compute βi and write down the explicit expression for any
given momenta; for example, we have

ðÃMHVÞΔ1;…;Δn
−−þ���þ ð0;∞; 1; z4;…; znÞj p2;3∶ incoming

p1;k≥4∶ outgoing

¼ πð−2Þ3−n
ð1 − z4Þz45z56…zðn−1Þnzn

UðβiÞ
jχ45j

δ

�Xn
i¼1

λi

�

×
Yn
k¼6

�Z
1

0

dσkσ
iλk−1
k

��
χ34 þ χ53 þ χ45ð1 − 2

P
n
k¼6 σkÞ − 2

P
n
k¼6ðχ4k − χ5kÞσk

χ45

�
iλ1þ1

×

�
χ34χ5 þ χ45ðχ3 − 2

P
n
k¼6 χkσkÞ þ χ53χ4

χ54

�
iλ2þ1

�
χ53 þ 2

P
n
k¼6 χ5kσk

χ54

�
iλ4−1

�
χ43 þ 2

P
n
k¼6 χ4kσk

χ45

�
iλ5−1 ð2:37Þ

for

χi ≡ 1þ ziz̄i; χij ≡ ziz̄j − zjz̄i for z3 ¼ z̄3 ¼ 1 ð2:38Þ

where UðβiÞ ¼ 0, 1 and it should be understood as a reminder that the expression is nonzero only for certain regions of zi,
regions whose explicit description we will not provide for the most generic case.
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For n ¼ 5, the expression significantly simplifies; in particular,

ðÃMHVÞΔ1;…;Δn
−−þþþ ð0;∞;1;z4;z5Þj p2;3∶ incoming

p1;4;5∶ outgoing

¼−
πUðβiÞ

4ð1−z4Þz45z5
δ

�X5
i¼1

λi

�
×ðχ43þχ35þχ54Þiλ1þ1ðχ34χ5þχ45χ3þχ53χ4Þiλ2þ1ðχ54Þiλ3−1ðχ53Þiλ4−1ðχ34Þiλ5−1 ð2:39Þ

if we restrict to χ54 ∈ Rþ.
Of course, there is nothing specific about choosing second and third momenta to be outgoing and the rest incoming;

for example,

ðÃMHVÞΔ1;…;Δn
−−þþþ ð0;∞; 1; z4; z5Þj p4;5∶ incoming

p1;2;3∶ outgoing

¼ −
πUðβiÞ

4ð1 − z4Þz45z5
δ

�X5
i¼1

λi

�
ð−χ43 − χ35 − χ54Þiλ1þ1ðχ34χ5 þ χ45χ3 þ χ53χ4Þiλ2þ1ðχ54Þiλ3−1ðχ53Þiλ4−1ðχ34Þiλ5−1 ð2:40Þ

if we restrict to χ53 þ χ34 ∈ Rþ.

III. LOOP AMPLITUDES ON THE
CELESTIAL SPHERE

In this section, we will consider gluon and graviton
loop amplitudes with all-plus helicity (all external particles
have positive helicity) and one-minus helicity (all but one
external particles have positive helicity). These helicity
configurations are particularly interesting choices as their
tree-level counterparts vanish as shown in [39]. These
rational amplitudes are also interesting for other reasons;
for instance, they are not cut-constructible through unitarity

cuts in four dimensions. In addition their expressions take
surprisingly compact forms, reminiscent of tree-level
amplitudes. Finally, they are free of logarithmic divergen-
ces, which make them ideal candidates for celestial
amplitudes beyond tree level.

A. Four-point amplitudes

Let us start with the four-point celestial amplitudes for
gluons and gravitons. We have seen that a generic four-
point celestial amplitude can be computed from
Eq. (2.26c), which becomes

ÃΔ1;…;Δ4

J1…J4
ð0;∞;1; z4Þ ¼

π

2
UðβiÞδðz̄4 − z4Þδ

�
iðκ − 4Þ þ

X4
i¼1

λi

��
z4 − 1

−z4ðϵ1;3 − 1Þ þ ϵ1;4 − 1

�
iλ1

×

�
−

z4ðz4 − 2Þ þ 1

ðz4 − 1Þϵ1;2 − z4ϵ2;3 þ ϵ2;4

�
iλ2
�

z4
z4ð−ϵ1;3Þ þ ϵ1;3 − ϵ3;4 þ z4

�
iλ3
�

1

ðz4 − 1Þϵ1;4 − z4ϵ3;4 þ 1

�
iλ4

× lim
L→∞

Aj1…j4

� z4−1
−z4ðϵ1;3−1Þþϵ1;4−1

;−L−2 z4ðz4−2Þþ1

ðz4−1Þϵ1;2−z4ϵ2;3þϵ2;4
; z4
z4ð−ϵ1;3Þþϵ1;3−ϵ3;4þz4

; 1
ðz4−1Þϵ1;4−z4ϵ3;4þ1

0;L;1; z4

�
ð3:1Þ

where we defined the shorthand notation

ϵi1;i2…in ≡ ϵi1ϵi2 � � � ϵin ð3:2Þ

and where we have used the prescription detailed in
Appendix A 2 to compute βi. With βi, we can also compute
UðβiÞ explicitly as can be seen in Table I.
The computation of the last term in Eq. (3.1) is

straightforward, but we can simplify it even further with
the following prescription. Given any four-point amplitude
of the form

TABLE I. The breakdown of the support of the four-point
celestial amplitude on R depending on which momenta lie on
future lightcone (ϵ ¼ 1) and which momenta lie on past lightcone
(ϵ ¼ −1).

Case Region UðβiÞ is 1
ϵ1 ¼ ϵ4 ¼ −ϵ3 z4 >

1
2

ϵ1 ¼ ϵ3 ¼ −ϵ4 2 ≥ z4 ≥ 0
ϵ3 ¼ ϵ4 ¼ −ϵ1 0 > z4
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Aj1…j4ðpiÞ ¼
X

1≤i<j≤4
hijimij ½ij�nijδ4

�Xn
i¼1

pμ
i

�
ð3:3Þ

we can immediately write

lim
L→∞

Aj1…j4

� z4−1
−z4ðϵ1;3−1Þþϵ1;4−1

;−L−2 z4ðz4−2Þþ1

ðz4−1Þϵ1;2−z4ϵ2;3þϵ2;4
; z4
z4ð−ϵ1;3Þþϵ1;3−ϵ3;4þz4

; 1
ðz4−1Þϵ1;4−z4ϵ3;4þ1

0; L; 1; z4

�

¼
X

1≤i<j≤4
ð−ϵi;jÞmijð2að4Þij Þmijþnij ð3:4Þ

for

að4Þ12 ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−

ðz4 − 1Þ3ϵ1;2
ððz4 − 1Þϵ4;1;3 − z4ϵ4 þ ϵ3Þ2

s
; að4Þ13 ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−

ðz4 − 1Þz4ϵ1;3
ððz4 − 1Þϵ4;1;3 − z4ϵ4 þ ϵ3Þ2

s
;

að4Þ23 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðz4 − 1Þ2z4ϵ2;3
ððz4 − 1Þϵ4;1;3 − z4ϵ4 þ ϵ3Þ2

s
; að4Þ14 ¼ −z4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðz4 − 1Þϵ1;4

ððz4 − 1Þϵ4;1;3 − z4ϵ4 þ ϵ3Þ2
s

;

að4Þ24 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−

ðz4 − 1Þ2ϵ2;4
ððz4 − 1Þϵ4;1;3 − z4ϵ4 þ ϵ3Þ2

s
; að4Þ34 ¼ ð1 − z4Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−

z4ϵ3;4
ððz4 − 1Þϵ4;1;3 − z4ϵ4 þ ϵ3Þ2

r
: ð3:5Þ

This prescription is valid for any amplitude as it simply follows from the kinematics. For example, the color-ordered
gluon four-point one-loop amplitudes for all-plus and single-minus helicities in pure Yang-Mills theory can be written as

Agluon
þþþþðpiÞ ¼ −c

½23�½41�
h23ih41i δ

4

�Xn
i¼1

pμ
i

�
; Agluon

−þþþðpiÞ ¼ c
h24i½24�3

½12�h23ih34i½41� δ
4

�Xn
i¼1

pμ
i

�
ð3:6Þ

as seen in [40–42].15 With the prescription above, we get

lim
L→∞

Agluon
þþþþ

� z4−1
−z4ðϵ1;3−1Þþϵ1;4−1

;−L−2 z4ðz4−2Þþ1

ðz4−1Þϵ1;2−z4ϵ2;3þϵ2;4
; z4
z4ð−ϵ1;3Þþϵ1;3−ϵ3;4þz4

; 1
ðz4−1Þϵ1;4−z4ϵ3;4þ1

0; L; 1; z4

�
¼ −

c
ϵ1;2;3;4

; ð3:7aÞ

lim
L→∞

Agluon
−þþþ

� z4−1
−z4ðϵ1;3−1Þþϵ1;4−1

;−L−2 z4ðz4−2Þþ1

ðz4−1Þϵ1;2−z4ϵ2;3þϵ2;4
; z4
z4ð−ϵ1;3Þþϵ1;3−ϵ3;4þz4

; 1
ðz4−1Þϵ1;4−z4ϵ3;4þ1

0; L; 1; z4

�
¼ csgnðz4ð1 − z4ÞÞ

z24
: ð3:7bÞ

We can also consider one-loop gravity amplitudes for both all-positive and one-minus cases. These amplitudes have been
computed using string based methods [43–45]. Also, it is interesting to note that the four-point all-plus one-loop gravity
amplitude can be calculated using the Bern-Carrasco-Johansson (BCJ) double copy construction and we refer the readers to
[48] for more details. In spinor helicity formalism, they can be written in a compact form [46,48]16:

Agraviton
þþþþ ðpiÞ ¼ −

i
ð4πÞ2

s2 þ t2 þ u2

120

�
st

h12ih23ih34ih41i
�

2

δ4
�Xn

i¼1

pμ
i

�
;

Agraviton
−þþþ ðpiÞ ¼ 4

�
st
u

�
2
�
s2 þ stþ t2

5760

�
2
� ½24�2
½12�h23ih34i½41�

�
2

δ4
�Xn

i¼1

pμ
i

�
: ð3:8Þ

With the prescription above, we get

15Here, the coefficient c ¼ i Np

96π2
where Np is the net number of states circulating in the loop.

16The parameters s, t, and u are the standard Mandelstam variables, e.g., s ¼ h12i½12�.
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lim
L→∞

Agraviton
þþþþ

� z4−1
−z4ðϵ1;3−1Þþϵ1;4−1

;−L−2 z4ðz4−2Þþ1

ðz4−1Þϵ1;2−z4ϵ2;3þϵ2;4
; z4
z4ð−ϵ1;3Þþϵ1;3−ϵ3;4þz4

; 1
ðz4−1Þϵ1;4−z4ϵ3;4þ1

0; L; 1; z4

�

¼ −
2i

15ð4πÞ2
ðz4 − 1Þ2ðz4ðz4ð2ðz4 − 2Þz4 þ 7Þ − 4Þ þ 1Þ

z24ððz4 − 1Þϵ1;3;4 − z4ϵ4 þ ϵ3Þ4
; ð3:9aÞ

lim
L→∞

Agraviton
−þþþ

� z4−1
−z4ðϵ1;3−1Þþϵ1;4−1

;−L−2 z4ðz4−2Þþ1

ðz4−1Þϵ1;2−z4ϵ2;3þϵ2;4
; z4
z4ð−ϵ1;3Þþϵ1;3−ϵ3;4þz4

; 1
ðz4−1Þϵ1;4−z4ϵ3;4þ1

0; L; 1; z4

�

¼ 25

604
ðz4 − 1Þ4ððz4 − 1Þ2ϵ2;3jz4j þ z4ððz4 − 3Þz4 þ 4Þðz4 − 1Þ þ 1Þ

z64ððz4 − 1Þϵ1;3;4 − z4ϵ4 þ ϵ3Þ4
: ð3:9bÞ

We obtain the full celestial amplitudes by inserting Eq. (3.7) and Eq. (3.9) into Eq. (3.1). For example,

ðÃgluonÞΔ1;…;Δ4þþþþ ð0;∞; 1; z4Þ ¼ −
πc

2ϵ1;2;3;4
UðβiÞδðz̄4 − z4Þδ

�X4
i¼1

λi

�

×

�
z4 − 1

−z4ðϵ1;3 − 1Þ þ ϵ1;4 − 1

�
iλ1
�
−

z4ðz4 − 2Þ þ 1

ðz4 − 1Þϵ1;2 − z4ϵ2;3 þ ϵ2;4

�
iλ2

×

�
z4

z4ð−ϵ1;3Þ þ ϵ1;3 − ϵ3;4 þ z4

�
iλ3
�

1

ðz4 − 1Þϵ1;4 − z4ϵ3;4 þ 1

�
iλ4
: ð3:10Þ

For specific choices of incoming/outgoing momenta, the expression simplifies significantly; i.e.,

ðÃgluonÞΔ1;…;Δ4þþþþ ð0;∞; 1; z4Þjp2;3∶ incoming
p1;4∶ outgoing

¼
8<
:

− πc
2
ðz4 − 1Þiðλ1þ2λ2Þziλ34 δðz̄4 − z4Þδ

�P
4
i¼1 λi

�
z4 ≥ 1

− πc
2
ðz4 − 1Þiðλ1þ2λ2Þziλ34 δðz̄4 − z4Þδ

�P
4
i¼1 λi

�
e2πλ2 1 > z4 ≥ 1

2
:

ð3:11Þ

Wewould like to remind the reader that one can get the standard form of the amplitude, i.e., ðÃgluonÞΔ1;…;Δ4þþþþ ðχ1; χ2; χ3; χ4Þ,
from its form in the conformal frame using Eq. (A6).

B. Five-point amplitudes

After considering four points, we would like to extend the computation of celestial amplitudes to five points. Again, we
will focus our attention to all-plus and single-minus results. We have seen that a generic five-point celestial amplitude can be
computed from Eq. (2.26b), which becomes

ÃΔ1;…;Δ5

J1…J5
ð0;∞; 1; z4; z5Þ

¼ π

2

UðβiÞ
jφj δ

�
iðκ − 5Þ þ

X5
i¼1

λi

��ð−z5z̄4 þ z̄4 þ ðz4 − 1Þz̄5 − z4 þ z5Þϵ1;3;4;5
φ

�
iλ1

×

�ðz̄4 þ z5ðz̄4ðz̄5 − 2Þ þ 1Þ − z̄5 þ z4ðz5z̄4 − ðz̄4 þ z5 − 2Þz̄5 − 1ÞÞϵ2;3;4;5
φ

�
iλ2
�ðz5z̄4 − z4z̄5Þϵ4;5

φ

�
iλ3

×

�ðz̄5 − z5Þϵ3;5
φ

�
iλ4
�ðz4 − z̄4Þϵ3;4

φ

�
iλ5

lim
L→∞

Aj1…jn

�
1 −

P
3
i¼1 βi;−L−2 P3

i¼1 ϵ2ϵiþ2βið1þ ziþ2z̄iþ2Þ; β1; β2; β3
0; L; 1; z4; z5

�

ð3:12Þ

for

φ≡ ðz̄5 − z5Þðϵ3;5 − ϵ1;3;4;5Þ þ z̄4ðz5ϵ4;5 − ðz5 − 1Þϵ1;3;4;5 − ϵ3;4Þ þ z4ð−z̄5ϵ4;5 þ ðz̄5 − 1Þϵ1;3;4;5 þ ϵ3;4Þ ð3:13Þ
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where we have used the prescription detailed in Appendix A 2 to compute βi. With βi, we can also compute UðβiÞ explicitly
as can be seen in Table II.
We can provide a prescription to compute the last term in Eq. (3.12), similar to what we did for four-point amplitudes in

Eq. (3.5). Given any five-point amplitude of the form

Aj1…j5ðpiÞ ¼
X

1≤i<j≤5
hijimij ½ij�nijδ4

�Xn
i¼1

pμ
i

�
ð3:14Þ

we have

lim
L→∞

Aj1…jn

�
1 −

P
3
i¼1 βi;−L−2 P3

i¼1 ϵ2ϵiþ2βið1þ ziþ2z̄iþ2Þ; β1; β2; β3
0; L; 1; z4; z5

�
¼

X
1≤i<j≤5

�
−
ϵi;jzij
z̄ij

�
mijð2að5Þij Þmijþnij ð3:15Þ

for the coefficients að5Þij given in Eq. (A20).
By inserting limL→∞Aj1…jn ½������� into Eq. (3.12), we can obtain the celestial form of any amplitude. As an example, we

know that the color-ordered gluon five-point amplitude in pure Yang-Mills theory reads in spinor helicity variables as

Agluon
þþþþþðpiÞ ¼ −c

P
1≤i<j<k<l≤5hiji½jk�hkli½li�
h12ih23ih34ih45ih51i δ4

�Xn
i¼1

pμ
i

�
;

Agluon
−þþþþðpiÞ ¼

c
h34i2

�
−

½25�3
½12�½51� þ

h14i3½45�h35i
h12ih23ih45i2 −

h13i3½32�h42i
h15ih54ih32i2

�
δ4
�Xn

i¼1

pμ
i

�
; ð3:16Þ

where c is given in footnote 15. With the prescription above, we can find the full expression as given in Eq. (A21).
For special configurations, the expressions simplify; for example,

lim
L→∞

Agluon
−þþþþ

�
1 −

P
3
i¼1 βi;−L−2P3

i¼1 ϵ2ϵiþ2βið1þ ziþ2z̄iþ2Þ; β1; β2; β3
0; L; 1; z4; z5

�
p1;2∶ incoming
p3;4;5∶ outgoing

¼
2
			 z5 z̄4−z4 z̄52z4−2z̄4

			
z5ðz5 − z4Þ

þ

			 ðz4−z̄4Þðz̄4ðz̄5−2Þz5þz5þz̄4−z̄5þz4ðz5ðz̄4−z̄5Þ−ðz̄4−2Þz̄5−1ÞÞ
ð−z̄4z5þz5þz̄4þz4ðz̄5−1Þ−z̄5Þ2

			
z̄5

−
ðz5 − 1Þz34ðz̄4 − z̄5Þ

			 z̄5−z5
z̄4ðz̄5−2Þz5þz5þz̄4−z̄5þz4ðz5ðz̄4−z̄5Þ−ðz̄4−2Þz̄5−1Þ

			
ðz4 − z5Þ2

ð3:17Þ

with which the full result in Eq. (3.12) becomes

TABLE II. The breakdown of the support of the five-point celestial amplitude on fðx4; y4; x5; yzÞ ∈ R4jz4 ¼ x4 þ iy4; z5 ¼ x5 þ iy5g
depending on which momenta lie on future lightcone (ϵ ¼ 1) and which momenta lie on past lightcone (ϵ ¼ −1).

Case Region UðβiÞ is 1
ϵ1 ¼ ϵ3 ¼ ϵ4 ¼ −ϵ5 x4 <

x5y4
y5

∧ ðx5−2Þy4
y5

< x4 ∧ ðð2y4 < y5 ∧ y5 < 0Þ∨ð2y4 > y5 ∧ y5 > 0ÞÞ
ϵ1 ¼ ϵ3 ¼ −ϵ4 ¼ ϵ5

x5y4
y5

< x4 ∧ x4 <
x5y4
y5

þ 2 ∧ ððy4 > 0 ∧ y4 < 2y5Þ∨ðy4 < 0 ∧ 2y5 < y4ÞÞ
ϵ1 ¼ ϵ3 ¼ −ϵ4 ¼ −ϵ5 x4 <

ðx5−2Þy4
y5

þ 2 ∧ x5y4
y5

< x4 ∧ ððy5 > 0 ∧ y4 < 0Þ∨ðy4 > 0 ∧ y5 < 0ÞÞ
ϵ1 ¼ −ϵ3 ¼ ϵ4 ¼ ϵ5 ðx4 > x5y4

y5
þ 1

2
∧ ððy4 > 0 ∧ y4 þ y5 ≤ 0Þ∨ðy4 < 0 ∧ y4 þ y5 ≥ 0ÞÞÞ

∨ðy5ð−2x5y4 þ 2x4y5 þ y4Þ > 0 ∧ ððy4 þ y5 > 0 ∧ y5 < 0Þ∨ðy5 > 0 ∧ y4 þ y5 < 0ÞÞÞ
ϵ1 ¼ −ϵ3 ¼ ϵ4 ¼ −ϵ5 ððy4 < 0∨2y4 ≤ y5Þ ∧ x4 >

ðx5−1Þy4
y5

þ 1
2
∧ ðy4 > 0∨2y4 > y5ÞÞ

∨ððy5 < 0∨2y4 > y5Þ ∧ x4 >
x5y4
y5

∧ ð2y4 ≤ y5∨y5 > 0ÞÞ
ϵ1 ¼ −ϵ3 ¼ −ϵ4 ¼ ϵ5 ðx4 < x5y4

y5
∧ ððy4 > 0 ∧ y4 < 2y5Þ∨ðy4 < 0 ∧ 2y5 < y4ÞÞÞ

∨ðx4 < ð2x5−1Þy4
2y5

þ 1 ∧ ððy5 > 0 ∧ y4 ≥ 2y5Þ∨ðy5 < 0 ∧ y4 ≤ 2y5ÞÞÞ
ϵ1 ¼ −ϵ3 ¼ −ϵ4 ¼ −ϵ5 x4 <

x5y4
y5

∧ ððy5 > 0 ∧ y4 < 0Þ∨ðy4 > 0 ∧ y5 < 0ÞÞ
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ðÃgluonÞΔ1;…;Δ5
−þþþþð0;∞; 1; z4; z5Þj p1;2∶ incoming

p3;4;5∶ outgoing

¼ π

4

UðβiÞ
jz5ðz̄4 − 1Þ − z̄4 − z4ðz̄5 − 1Þ þ z̄5j

δ

�X5
i¼1

λi

�

×

�
z̄4 þ z5ðz̄4ðz̄5 − 2Þ þ 1Þ − z̄5 þ z4ðz5z̄4 − ðz̄4 þ z5 − 2Þz̄5 − 1Þ

−z5z̄4 þ z̄4 þ ðz4 − 1Þz̄5 − z4 þ z5

�
iλ2
�

z4z̄5 − z5z̄4
−z5z̄4 þ z̄4 þ ðz4 − 1Þz̄5 − z4 þ z5

�
iλ3

×

�
z5 − z̄5

−z5z̄4 þ z̄4 þ ðz4 − 1Þz̄5 − z4 þ z5

�
iλ4
�

z̄4 − z4
−z5z̄4 þ z̄4 þ ðz4 − 1Þz̄5 − z4 þ z5

�
iλ5

×

�
2j z5 z̄4−z4 z̄5

2z4−2z̄4
j

z5ðz5 − z4Þ
þ
j ðz4−z̄4Þðz̄4ðz̄5−2Þz5þz5þz̄4−z̄5þz4ðz5ðz̄4−z̄5Þ−ðz̄4−2Þz̄5−1ÞÞ

ð−z̄4z5þz5þz̄4þz4ðz̄5−1Þ−z̄5Þ2 j
z̄5

−
ðz5 − 1Þz34ðz̄4 − z̄5Þj z̄5−z5

z̄4ðz̄5−2Þz5þz5þz̄4−z̄5þz4ðz5ðz̄4−z̄5Þ−ðz̄4−2Þz̄5−1Þ j
ðz4 − z5Þ2

�
: ð3:18Þ

As another explicit example, we can consider a five-point graviton amplitude. For the all-plus rational-loop amplitude,
we have

Agraviton
þþþþþ ðpiÞ

¼ i
960ð4πÞ2

0
B@½45�

�
h12i½12�h34i½34� − ð2 ↔ 3Þ þ ð2 ↔ 4Þ þ ð4 ↔ 5Þ −

�
4 ↔ 5

2 ↔ 3

�
þ
�
2 → 5

4 → 2

��
3

h12i2h23i2h45ih34ih41ih35ih51i þ permutations

1
CA

× δ4
�Xn

i¼1

pμ
i

�
ð3:19Þ

where there are 30 distinct permutations in total. Below, we will consider this term alone; one can analogously repeat the
computation for permuted terms; for details of the derivation of Eq. (3.19) and for further information on the other
permutations, see Eq. (4.23) of [46].
For generic ϵi, the expression limL→∞A

graviton
þþþþþ ½������� takes a rather complicated form; however, it becomes manageable if

we switch to real parameters fðxk; ykÞ ∈ R2jzi ¼ xk þ iykg:

lim
L→∞

Agraviton
−þþþþ

�
1 −

P
3
i¼1 βi;−L−2 P3

i¼1 ϵ2ϵiþ2βið1þ x2iþ2 þ y2iþ2Þ; β1; β2; β3
0; L; 1; x4 þ iy4; x5 þ iy5

�

¼ −
128ϵ4;5ðx4 − x5 − iðy4 − y5ÞÞðy5ðx4ðϵ4;5 − ϵ1;3;4;5Þ − ϵ3;5 þ ϵ1;3;4;5Þ þ y4ðx5ðϵ1;3;4;5 − ϵ4;5Þ þ ϵ3;4 − ϵ1;3;4;5ÞÞ8

jy4y5jðx4 þ iy4 − 1Þðx4 þ iy4Þðx4 − x5 þ iðy4 − y5ÞÞðx5 þ iy5 − 1Þðx5 þ iy5Þððx5 − 1Þy4 − ðx4 − 1Þy5Þ2ðx5y4 − x4y5Þ2

×
ðϵ1;2;3;4ðx24−x4þy2

4
Þjy5ððx5−1Þy4−ðx4−1Þy5Þðx5y4−x4y5Þðy5ðx4−1Þ2þy2

4
y5−y4ðx25−2x5þy2

5
þ1ÞÞj

ðy5ðx4ðϵ4;5−ϵ1;3;4;5Þ−ϵ3;5þϵ1;3;4;5Þþy4ðx5ðϵ1;3;4;5−ϵ4;5Þþϵ3;4−ϵ1;3;4;5ÞÞ4 þ ϵ1;2;3;5ðx25−x5þy2
5
Þjy4ððx5−1Þy4−ðx4−1Þy5Þðx5y4−x4y5Þðy5ðx4−1Þ2þy2

4
y5−y4ðx25−2x5þy2

5
þ1ÞÞj

ðy5ðx4ðϵ4;5−ϵ1;3;4;5Þ−ϵ3;5þϵ1;3;4;5Þþy4ðx5ðϵ1;3;4;5−ϵ4;5Þþϵ3;4−ϵ1;3;4;5ÞÞ4 Þ3

ððx4 − 1Þ2y5 − y4ðx25 − 2x5 þ y25 þ 1Þ þ y24y5Þ2
þ contributions due to permuted terms: ð3:20Þ

If we consider a specific configuration of incoming/outgoing momenta, the expression simplifies enough so that we can
write it again in terms of zi and z̄i; for instance,

lim
L→∞

Agraviton
−þþþþ

�
1 −

P
3
i¼1 βi;−L−2 P3

i¼1 ϵ2ϵiþ2βið1þ ziþ2z̄iþ2Þ; β1; β2; β3
0; L; 1; z4; z5

�
p1;2∶ incoming
p3;4;5∶ outgoing

¼ −
ðz̄4 − z̄5Þj 1

ðz4−z̄4Þðz5−z̄5Þ j
ðz4 − 1Þz4ðz4 − z5Þðz5 − 1Þz5ðz5ð−z̄4Þ þ z̄4 þ z4ðz̄5 − 1Þ − z̄5 þ z5Þ3ðz5z̄4 − z4z̄5Þ2ðz5z̄4ðz̄5 − 2Þ þ z̄4 − z̄5 þ z4ðz5ðz̄4 − z̄5Þ − ðz̄4 − 2Þz̄5 − 1Þ þ z5Þ2

× ððz4ð2z̄4 − 1Þ − z̄4Þjðz5 − z̄5Þðz5z̄4 − z4z̄5Þðz̄4ðz̄5 − 2Þz5 þ z5 þ z̄4 − z̄5 þ z4ðz5ðz̄4 − z̄5Þ − ðz̄4 − 2Þz̄5 − 1ÞÞj
þ ðz5ð2z̄5 − 1Þ − z̄5Þjðz4 − z̄4Þðz5z̄4 − z4z̄5Þðz̄4ðz̄5 − 2Þz5 þ z5 þ z̄4 − z̄5 þ z4ðz5ðz̄4 − z̄5Þ − ðz̄4 − 2Þz̄5 − 1ÞÞjÞ3

þ contributions due to permuted terms ð3:21Þ
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with which the celestial amplitude becomes

ðÃgravitonÞΔ1 ;…;Δ5
−þþþþð0;∞; 1; z4; z5Þj p1;2∶ incoming

p3;4;5∶ outgoing

¼ −
π

4

UðβiÞ
jz5ðz̄4 − 1Þ − z̄4 − z4ðz̄5 − 1Þ þ z̄5j

δ

�X5
i¼1

λi

��
z5 − z̄5

−z5z̄4 þ z̄4 þ ðz4 − 1Þz̄5 − z4 þ z5

�
iλ4

×

�
z̄4 þ z5ðz̄4ðz̄5 − 2Þ þ 1Þ − z̄5 þ z4ðz5z̄4 − ðz̄4 þ z5 − 2Þz̄5 − 1Þ

−z5z̄4 þ z̄4 þ ðz4 − 1Þz̄5 − z4 þ z5

�
iλ2
�

z4z̄5 − z5z̄4
−z5z̄4 þ z̄4 þ ðz4 − 1Þz̄5 − z4 þ z5

�
iλ3
�

z̄4 − z4
−z5z̄4 þ z̄4 þ ðz4 − 1Þz̄5 − z4 þ z5

�
iλ5

×
ðz̄4 − z̄5Þj 1

ðz4−z̄4Þðz5−z̄5Þ j
ðz4 − 1Þz4ðz4 − z5Þðz5 − 1Þz5ðz5ð−z̄4Þ þ z̄4 þ z4ðz̄5 − 1Þ − z̄5 þ z5Þ3ðz5z̄4 − z4z̄5Þ2ðz5z̄4ðz̄5 − 2Þ þ z̄4 − z̄5 þ z4ðz5ðz̄4 − z̄5Þ − ðz̄4 − 2Þz̄5 − 1Þ þ z5Þ2

× ððz4ð2z̄4 − 1Þ − z̄4Þjðz5 − z̄5Þðz5z̄4 − z4z̄5Þðz̄4ðz̄5 − 2Þz5 þ z5 þ z̄4 − z̄5 þ z4ðz5ðz̄4 − z̄5Þ − ðz̄4 − 2Þz̄5 − 1ÞÞj
þ ðz5ð2z̄5 − 1Þ − z̄5Þjðz4 − z̄4Þðz5z̄4 − z4z̄5Þðz̄4ðz̄5 − 2Þz5 þ z5 þ z̄4 − z̄5 þ z4ðz5ðz̄4 − z̄5Þ − ðz̄4 − 2Þz̄5 − 1ÞÞjÞ3

þ contributions due to permuted terms: ð3:22Þ

With Eq. (3.22), we have concluded our series of explicit gluon and graviton celestial amplitude results. As we can see in
Eq. (2.26a), there are complicated integrations that need to be carried out beyond five points, hence it is not practical to
provide the full explicit answers for higher point amplitudes. Nevertheless, in the next section, we will discuss their generic
forms and provide an explicit integrand for an all-plus one-loop gluon amplitude.

C. Higher point amplitudes

We have seen that a generic higher point celestial amplitude can be computed from Eq. (2.26a), which becomes

ÃΔ1;…;Δn
J1…Jn

ð0;∞; 1; z4;…; znÞ

¼ π

2

UðβiÞ
jφj δ

�
iðκ − nÞ þ

Xn
i¼1

λi

�Yn
k¼6

�Z
1

0

dσkσ
iλk
k

�
βiλ31 βiλ42 βiλ53

×

�
1 −

X3
i¼1

βi −
Xn
i¼6

σi

�
iλ1
�
−
X3
i¼1

ϵ2ϵiþ2βið1þ ziþ2z̄iþ2Þ −
Xn
i¼6

ϵ2ϵiσið1þ ziz̄iÞ
�

iλ2

× lim
L→∞

Aj1…jn

�
1 −

P
3
i¼1 βi −

P
n
i¼6 σi;−L−2

�P
3
i¼1 ϵ2ϵiþ2βið1þ ziþ2z̄iþ2Þ þ

P
n
i¼6 ϵ2ϵiσið1þ ziz̄iÞ

�
; β1; β2; β3; σ6;…; σn

0; L; 1; z4;…; zn

�

ð3:23Þ

where φ is defined in Eq. (3.13). One can also compute βi straightforwardly as explained in Appendix A 2; for the reader’s
convenience, we provide the explicit results:

φβ1 ¼ ðz5z̄4 − z4z̄5Þϵ4;5 þ
Xn
i¼6

σiðz4ðz̄iðϵ4;i − ϵ1;4;5;iÞ þ z̄5ðϵ1;4;5;i − ϵ4;5ÞÞ þ ziðz̄5ðϵ5;i − ϵ1;4;5;iÞ

þ z̄4ðϵ1;4;5;i − ϵ4;iÞÞ þ z5ðz̄4ðϵ4;5 − ϵ1;4;5;iÞ þ z̄iðϵ1;4;5;i − ϵ5;iÞÞÞ; ð3:24aÞ

φβ2 ¼ ðz̄5 − z5Þϵ3;5 þ
Xn
i¼6

σiðz̄5ðϵ3;5 − ϵ1;3;5;iÞ þ z̄iðϵ1;3;5;i − ϵ3;iÞ þ z5ðz̄iðϵ5;i − ϵ1;3;5;iÞ þ ϵ1;3;5;i − ϵ3;5Þ

þ ziðz̄5ðϵ1;3;5;i − ϵ5;iÞ þ ϵ3;i − ϵ1;3;5;iÞÞ; ð3:24bÞ

φβ3 ¼ ðz4 − z̄4Þϵ3;4 þ
Xn
i¼6

σiðz̄iðϵ3;i − ϵ1;3;4;iÞ þ z̄4ðϵ1;3;4;i − ϵ3;4Þ þ ziðz̄4ðϵ4;i − ϵ1;3;4;iÞ − ϵ3;i þ ϵ1;3;4;iÞ

þ z4ðz̄iðϵ1;3;4;i − ϵ4;iÞ − ϵ1;3;4;i þ ϵ3;4ÞÞ: ð3:24cÞ

By inserting these into Eq. (3.23), we obtain the most generic form with the kinematic constraints applied.
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As the most generic form is rather complicated, let us specialize into the situation where the first two momenta are
incoming and the rest are outgoing. Indeed, we can show that

ÃΔ1;…;Δn
J1…Jn

ð0;∞; 1; z4;…; znÞj p1;2∶ incoming
p3;…;n∶ outgoing

¼ π

2

UðβiÞ
j − 2ðz5ð−z̄4Þ þ z̄4 þ z4ðz̄5 − 1Þ − z̄5 þ z5Þj

δ

�
iðκ − nÞ þ

Xn
i¼1

λi

�

×
Yn
k¼6

�Z
1

0

dσkσ
iλk
k

��
z5z̄4 − z4z̄5 þ

P
n
i¼6 2σiððz̄5 − z̄4Þzi þ ðz4 − z5Þz̄i þ z5z̄4 − z4z̄5Þ

2ðz5ðz̄4 − 1Þ − z̄4 − z4ðz̄5 − 1Þ þ z̄5Þ
�

iλ3

×

�
z̄5 − z5 þ

P
n
i¼6 2σið−z̄5zi þ ðz5 − 1Þz̄i þ z̄5 þ zi − z5Þ

2ðz5ðz̄4 − 1Þ − z̄4 − z4ðz̄5 − 1Þ þ z̄5Þ
�

iλ4
�
−
−z̄4 þ z4 þ

P
n
i¼6 2σiðz4ð−z̄iÞ þ ðz̄4 − 1Þzi þ z̄i − z̄4 þ z4Þ

2ðz5ð−z̄4Þ þ z̄4 þ z4ðz̄5 − 1Þ − z̄5 þ z5Þ
�

iλ5

×

�
1

2
−
P

n
i¼6 4ðz5ð−z̄4Þ þ z̄4 þ z4ðz̄5 − 1Þ − z̄5 þ z5Þσi
2ðz5ð−z̄4Þ þ z̄4 þ z4ðz̄5 − 1Þ − z̄5 þ z5Þ

�
iλ1

×

�
1

2ðz5ðz̄4 − 1Þ − z̄4 − z4ðz̄5 − 1Þ þ z̄5Þ
�
−z̄4 − z5ðz̄4ðz̄5 − 2Þ þ 1Þ þ z̄5 þ z4ð−z5z̄4 þ ðz̄4 þ z5 − 2Þz̄5 þ 1Þ

þ
Xn
i¼6

2σiðððz4 − 1Þz̄4 þ ðz5ðz̄4 − 1Þ − z4z̄4 þ 1Þz̄5Þzi þ ðz5ðz̄5 − 1Þ þ z4ððz5 − 1Þz̄4 − z5z̄5 þ 1ÞÞz̄i

− 2z̄4 þ 2z̄5 þ z5ðz̄25 − z5z̄5 þ z̄4ððz5 − 2Þz̄5 þ 3Þ − 2Þ þ z4ððz̄4 − 3Þz̄5 − z5ðz̄4 þ ðz̄5 − 2Þz̄5Þ þ 2ÞÞ
��

iλ2

× lim
L→∞

Aj1…jn

�
1 −

P
3
i¼1 βi −

P
n
i¼6 σi;−L−2

�P
3
i¼1 ϵ2ϵiþ2βið1þ ziþ2z̄iþ2Þ þ

P
n
i¼6 ϵ2ϵiσið1þ ziz̄iÞ

�
; β1; β2; β3; σ6;…; σn

0; L; 1; z4;…; zn

�
:

ð3:25Þ

With the equation above, we can consider several higher point amplitudes for this momentum configuration. Below, we
will only focus on one simple case: all-plus gluon rational amplitude:

Agluon
þ���þ ðpiÞ ¼ −c

P
1≤i<j<k<l≤nhiji½jk�hkli½li�

h12ih23i � � � hðn − 1Þnihn1i δ
4

�Xn
i¼1

pμ
i

�
ð3:26Þ

where c is given in footnote 15 [40]. This leads to

Agluon
þ���þ ðω1;…;ωn; z1;…; znÞ ¼ −cð−2Þ4−n

P
1≤i<j<k<l≤nϵi;j;k;lzijz̄jkzklz̄liωiωjωkωl

z12z23 � � � zn1ω1ω2…ωn
δ4
�Xn

i¼1

pμ
i

�
ð3:27Þ

for which we can immediately write

Agluon
þ���þ

�
σ1…σn

z1…zn

�
¼ −cð−2Þ4−n

P
1≤i<j<k<l≤nϵi;j;k;lzijz̄jkzklz̄liσiσjσkσl

z12z23 � � � zn1σ1σ2…σn
ð3:28Þ

where we also see that κ ¼ n.
Let us focus on the first term, i.e.,

Agluon
þ���þ

�
σ1…σn

z1…zn

�
¼ −ϵ1;2;3;4cð−2Þ4−n

z̄23z̄41
z23z45 � � � zn1

Yn
i¼5

σ−1i þ other terms: ð3:29Þ

We can immediately insert this into Eq. (3.30) and obtain
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ðÃgluonÞΔ1;…;Δnþ���þ ð0;∞; 1; z4;…; znÞj p1;2∶ incoming
p3;…;n∶ outgoing

¼ πcð−2Þ3−n UðβiÞ
j − 2ðz5ð−z̄4Þ þ z̄4 þ z4ðz̄5 − 1Þ − z̄5 þ z5Þj

z̄23z̄41
z23z45 � � � zn1

× δ

�Xn
i¼1

λi

�Yn
k¼6

�Z
1

0

dσkσ
iλk−1
k

��
z5z̄4 − z4z̄5 þ

P
n
i¼6 2σiððz̄5 − z̄4Þzi þ ðz4 − z5Þz̄i þ z5z̄4 − z4z̄5Þ

2ðz5ðz̄4 − 1Þ − z̄4 − z4ðz̄5 − 1Þ þ z̄5Þ
�

iλ3

×

�
z̄5 − z5 þ

P
n
i¼6 2σið−z̄5zi þ ðz5 − 1Þz̄i þ z̄5 þ zi − z5Þ

2ðz5ðz̄4 − 1Þ − z̄4 − z4ðz̄5 − 1Þ þ z̄5Þ
�

iλ4

×

�
−
−z̄4 þ z4 þ

P
n
i¼6 2σiðz4ð−z̄iÞ þ ðz̄4 − 1Þzi þ z̄i − z̄4 þ z4Þ

2ðz5ð−z̄4Þ þ z̄4 þ z4ðz̄5 − 1Þ − z̄5 þ z5Þ
�

iλ5−1

×

�
1

2
−
P

n
i¼6 4ðz5ð−z̄4Þ þ z̄4 þ z4ðz̄5 − 1Þ − z̄5 þ z5Þσi
2ðz5ð−z̄4Þ þ z̄4 þ z4ðz̄5 − 1Þ − z̄5 þ z5Þ

�
iλ1

×

�
1

2ðz5ðz̄4 − 1Þ − z̄4 − z4ðz̄5 − 1Þ þ z̄5Þ
�
−z̄4 − z5ðz̄4ðz̄5 − 2Þ þ 1Þ þ z̄5 þ z4ð−z5z̄4 þ ðz̄4 þ z5 − 2Þz̄5 þ 1Þ

þ
Xn
i¼6

2σiðððz4 − 1Þz̄4 þ ðz5ðz̄4 − 1Þ − z4z̄4 þ 1Þz̄5Þzi þ ðz5ðz̄5 − 1Þ þ z4ððz5 − 1Þz̄4 − z5z̄5 þ 1ÞÞz̄i

− 2z̄4 þ 2z̄5 þ z5ðz̄25 − z5z̄5 þ z̄4ððz5 − 2Þz̄5 þ 3Þ − 2Þ þ z4ððz̄4 − 3Þz̄5 − z5ðz̄4 þ ðz̄5 − 2Þz̄5Þ þ 2ÞÞ
��

iλ2

þ other terms: ð3:30Þ

As we can see, insertion of the first term in Eq. (3.29) into
Eq. (3.30) simply shifted λk≥5 by i and included an overall
prefactor fðz; z̄Þ. The other terms in the final result have the
sameproperty: all but four of λk are shifted by i and they have
relative factors fðz; z̄Þ which can be read from Eq. (3.29).
Therefore, for all-plus one-loop gluon amplitudes,we have a
summation of n!

4!ðn−4Þ! terms where the first term is given

above and the others are almost the same, the difference
being shifts in different λk and the overall factor of zk’s in the
first line which can be extracted from Eq. (3.29).

IV. CONCLUSION

In this paper, we have provided explicit construction of
loop-level celestial amplitudes for gluons and gravitons.
We believe examples of celestial scattering amplitudes at
loop level is of deep theoretical interest.
As they are rational and without any divergences, the

one-loop all-plus and single-minus amplitudes for Yang-
Mills and gravity are natural candidates that will help in
understanding the holographic properties of scattering
amplitudes beyond tree level. The simplicity and subtleties
of these amplitudes made them excellent candidates to
study spinning celestial amplitudes beyond tree level. We
computed explicit examples of four and five points of
such amplitudes, and provided the integrand for a particular
n-point amplitude.
There are many interesting future directions that one can

consider. The study of pure Yang-Mills and gravity theory

at one loop may have interesting implications for N ¼ 4
Yang-Mills and N ¼ 8 supergravity theories. In particular,
all positive helicity amplitudes that we considered in pure
Yang-Mills is related to MHV amplitude in N ¼ 4 super-
Yang-Mills and similarly, all positive helicity amplitudes in
Einstein gravity is related to N ¼ 8 supergravity theories
[68]. It would be interesting to investigate these connec-
tions with the usage of celestial amplitudes technology. On
a related note, it is known that there are interesting relations
between scattering amplitudes of gravity and of gauge
theories (see [69]). Such dualities have been checked for
many cases but a fundamental origin of this relation is still
lacking. From a practical point of view, such dualities’most
powerful applications are expected at loop-level computa-
tions and it is intriguing to study such relations using
celestial technology.
Another specific goal is to generalize our one-loop

amplitudes in pure Yang-Mills theory and gravity beyond
the cases we have considered in this paper to provide more
concrete examples of the celestial CFTs. We leave all of
these exciting investigations to future work.
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APPENDIX A: TECHNICAL DETAILS

1. Conventions for conformal frame

It is well known that a conformal correlator can be
rewritten in terms of conformally invariant cross ratios; for
example, one can write the four-point correlator as17

hO1ðx1ÞO2ðx2ÞO3ðx3ÞO4ðx4Þi

¼ ðx212ÞΔ31þΔ42ðx223ÞΔ12−ðΔ3þΔ4Þ=2ðx231ÞΔ21þΔ43

ðx214ÞΔ4
gðu; vÞ

ðA1aÞ

whereΔi are the scaling dimensions of the operatorsOi and
where the conformal cross ratios are given as

u ¼ x212x
2
34

x213x
2
24

; v ¼ x214x
2
23

x213x
2
24

ðA1bÞ

for xij ≡ xi − xj and 2Δij ≡ Δi − Δj. Here, the function
gðu; vÞ is not fixed by the conformal symmetry.18

For higher point correlators there are multiple cross
ratios; the conformal moduli space of n points in d
dimensions is given as

# of cross ratios ¼ mðm − 3Þ
2

þ dðn −mÞ
for m ¼ minðn; dþ 2Þ ðA2Þ

which becomes

# of cross ratios for ÃΔ1;…;Δn
J1…Jn

¼ 2ðn − 3Þ ðA3Þ

as we are interested in celestial amplitudes of n ≥ 4 gluons.
We can intuitively understand this by the following argu-
ment: given any three points, we can first use translations to
fix z1 ¼ 0, then special conformal transformation to take
z2 → ∞, then dilation to bring z3 to unit circle, and finally
rotation to get z3 ¼ 1. As this exhausts all conformal
transformations, zn>3 remains unfixed, hence we have
2ðn − 3Þ real degrees of freedom.19

For higher point correlators, we can generalize
Eq. (A1) as

hO1ðx1ÞO2ðx2Þ � � �OnðxnÞi

¼ ðx212Þσ12ðx223Þσ23ðx231Þσ31Q
n
k¼4 ðx21kÞΔk

gðu4; v4;u5; v5;…; un; vnÞ

ðA4aÞ

for

σ12 ≡ 1

2

�
−Δ1 − Δ2 þ

Xn
i¼3

Δi

�
;

σ23 ≡ 1

2

�
Δ1 −

Xn
i¼2

Δi

�
;

σ31 ≡ 1

2

�
−Δ1 þ Δ2 − Δ3 þ

Xn
i¼4

Δi

�
ðA4bÞ

where the conformal cross ratios are given as

uk ≡ x21kx
2
23

x213x
2
2k

; vk ≡ x212x
2
3k

x213x
2
2k

: ðA4cÞ

We note that, for n ¼ 4, we get back Eq. (A1) from
Eq. (A4) with the identification u4 ¼ v and v4 ¼ u.20

As we mentioned above, conformal transformations
allow us to fix fx1; x2; x3g → f0;∞; 1g. In higher dimen-
sions, we can further constrain remaining points; in 2d,
they remain as unfixed variables. Thus Eq. (A4a) becomes

hO1ð0ÞO2ð∞ÞO2ð1ÞO4ðω4Þ � � �OnðωnÞi

¼
Yn
k¼4

jωkj−2Δkgðu4; v4;u5; v5;…; un; vnÞ ðA5Þ

where we implicitly used Eq. (2.23). Extracting the
function g from the equation above and inserting it back
into Eq. (A4a) we obtain

hO1ðz1ÞO2ðz2Þ���OnðznÞi
¼ jz12j2σ12 jz23j2σ23 jz31j2σ31

×
Yn
k¼4

jωkj2Δk

jz1kj2Δk
hO1ð0ÞO2ð∞ÞO2ð1ÞO4ðω4Þ���OnðωnÞi

ðA6Þ

for

17This follows from the homogeneity of the correlator in
the embedding space, i.e., hO1ðX1Þ � � �OkðλXkÞ � � �OnðXnÞi ¼
λ−ΔkhO1ðX1Þ � � �OkðXkÞ � � �OnðXnÞi.

18Other information about the theory or general assumptions
does constrain gðu; vÞ; for example, the whole program of
conformal bootstrap is based on determining/constraining this
function using (among other ingredients) operator product ex-
pansion associativity and unitarity [70].

19To understand where Eq. (A2) comes from, we recommend
the nice discussion in [71].

20The reason for this inverted notation is our choice of
conformal frame: as we will see below, we put the second
operator at infinity whereas the fourth operator is put at infinity
for the standard conformal frame of four points. Our choice of uk,
vk in our conformal frame matches the form of u, v in the
standard conformal frame.
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ωkω
�
k ¼

jz1kj2jz23j2
jz13j2jz2kj2

; ð1 − ωkÞð1 − ω�
kÞ ¼

jz12j2jz3kj2
jz13j2jz2kj2

:

ðA7Þ

2. Generalized Cramer’s rule

In this section, we will review the generalized Cramer’s
rule as derived in [72]. Let us consider a system of
equations of the form


Xn
i¼1

a1;ixi ¼ a1;nþ1;
Xn
i¼1

a2;ixi ¼ a2;nþ1;…;

Xn
i¼1

am;ixi ¼ am;nþ1

�
; n ≥ m ðA8Þ

for which we can define the order-m minors of the
augmented matrix as

Mj1;j2;…;jm ≡ det

0
BBB@

a1;j1 a1;j2 … a1;jm
a2;j1 a2;j2 … a2;jm
… … … …

am;j1 am;j2 … am;jm

1
CCCA ðA9Þ

we can then write down x1;…;m in terms of aij and
xmþ1;…;n as

xi ¼ αi;nþ1 þ
Xn

j¼mþ1

αi;jxj; 1 ≤ i ≤ m ðA10Þ

for

αi;j ≡M1;2…;i−1;j;iþ1;…;m−1;m

M1;2;…;m−1;m
: ðA11Þ

We hence have

Ym
k¼1

δ

�Xn
i¼1

ak;ixi − ak;nþ1

�

¼
Q

m
i¼1 δðxi − αi;nþ1 −

P
n
j¼mþ1 αi;jxjÞ

jM1;2;…;mj
: ðA12Þ

With Eq. (2.25) in mind, we can use the equation above
to write down

�Yn
k¼3

Z
1

0

dσk

�
δ

�Xn
i¼3

ϵiσizi

�
δ

�Xn
i¼3

ϵiσiz̄i

�
δ

�
1þ

Xn
i¼3

ðϵ1ϵi − 1Þσi
�
fðσ3;…; σnÞ

¼ UðβiÞ
jM1;2;3j

�Yn
k¼6

Z
1

0

dσk

�
fðβ1; β2; β3; σ6;…; σnÞ ðA13Þ

for

βk ≡


αk;n−1 þ

P
n−2
j¼4 αk;jσj n ≥ 6

αk;n−1 5 ≥ n ≥ 3
ðA14Þ

and

UðβiÞ≡


1 0 ≤ βi ≤ 1

0 otherwise
ðA15Þ

where α and M are given in Eqs. (A11) and (A9) for



a1;i ¼ ϵiþ2ziþ2; a2;i ¼ ϵiþ2z̄iþ2; a3;i ¼ ðϵ1ϵiþ2 − 1Þ for 1 ≤ i ≤ n − 2

a1;n−1 ¼ 0; a2;n−1 ¼ 0; a3;n−1 ¼ −1

�
; n > 4: ðA16Þ

When n ¼ 5 all integrals are taken care of by the Dirac-delta functions, so Eq. (A13) becomes quite simple:

�Y5
k¼3

Z
1

0

dσk

�
δ

�X5
i¼3

ϵiσizi

�
δ

�X5
i¼3

ϵiσiz̄i

�
δ

�
1þ

X5
i¼3

ðϵ1ϵi − 1Þσi
�
fðσ3;…; σnÞ ¼

UðβiÞ
jM1;2;3j

fðβ1; β2; β3Þ: ðA17Þ
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Fo n ¼ 4, we cannot exhaust all delta functions hence we cannot use Eq. (A13).21 We instead have

�Y4
k¼3

Z
1

0

dσk

�
δ

�X4
i¼3

ϵiσizi

�
δ

�X4
i¼3

ϵiσiz̄i

�
δ

�
1þ

X4
i¼3

ðϵ1ϵi − 1Þσi
�
fðσ3; σ4Þ ¼ UðβiÞδðz3z̄4 − z4z̄3Þfðβ1; β2Þ ðA18Þ

where α and M are given in Eqs. (A11) and (A9) for



a1;i ¼ ϵiþ2ziþ2; a2;i ¼ ðϵ1ϵiþ2 − 1Þ for 1 ≤ i ≤ 2

a1;3 ¼ 0; a2;3 ¼ −1

�
; n ¼ 4: ðA19Þ

3. Details for the five-point amplitudes

The coefficients of the prescription given in Eq. (3.15) read as

að5Þ12 ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð−z5z̄4 þ z̄4 þ ðz4 − 1Þz̄5 − z4 þ z5Þðz̄4 þ z5ðz̄4ðz̄5 − 2Þ þ 1Þ − z̄5 þ z4ðz5z̄4 − ðz̄4 þ z5 − 2Þz̄5 − 1ÞÞϵ1;2
ðϵ5ðϵ4ðð−z5ðz̄4 − 1Þ þ z̄4 þ ðz4 − 1Þz̄5Þϵ1;3 − z4ðz̄5 þ ϵ1;3Þ þ z5z̄4Þ þ ϵ3ðz̄5 − z5ÞÞ þ ðz4 − z̄4Þϵ3;4Þ2

s
;

að5Þ13 ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−

ðz5ðz̄4 − 1Þ − z̄4 − z4ðz̄5 − 1Þ þ z̄5Þðz5z̄4 − z4z̄5Þϵ1;3
ðϵ5ðϵ4ðð−z5ðz̄4 − 1Þ þ z̄4 þ ðz4 − 1Þz̄5Þϵ1;3 − z4ðz̄5 þ ϵ1;3Þ þ z5z̄4Þ þ ϵ3ðz̄5 − z5ÞÞ þ ðz4 − z̄4Þϵ3;4Þ2

s
;

að5Þ23 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðz5z̄4 − z4z̄5Þðz̄4 þ z5ðz̄4ðz̄5 − 2Þ þ 1Þ − z̄5 þ z4ðz5z̄4 − ðz̄4 þ z5 − 2Þz̄5 − 1ÞÞϵ2;3
ðϵ5ðϵ4ðð−z5ðz̄4 − 1Þ þ z̄4 þ ðz4 − 1Þz̄5Þϵ1;3 − z4ðz̄5 þ ϵ1;3Þ þ z5z̄4Þ þ ϵ3ðz̄5 − z5ÞÞ þ ðz4 − z̄4Þϵ3;4Þ2

s
;

að5Þ14 ¼ −z̄4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðz5 − z̄5Þðz5ðz̄4 − 1Þ − z̄4 − z4ðz̄5 − 1Þ þ z̄5Þϵ1;4

ðϵ5ðϵ4ðð−z5ðz̄4 − 1Þ þ z̄4 þ ðz4 − 1Þz̄5Þϵ1;3 − z4ðz̄5 þ ϵ1;3Þ þ z5z̄4Þ þ ϵ3ðz̄5 − z5ÞÞ þ ðz4 − z̄4Þϵ3;4Þ2
s

;

að5Þ24 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðz5 − z̄5Þð−z̄4 − z5ðz̄4ðz̄5 − 2Þ þ 1Þ þ z̄5 þ z4ð−z5z̄4 þ ðz̄4 þ z5 − 2Þz̄5 þ 1ÞÞϵ2;4
ðϵ5ðϵ4ðð−z5ðz̄4 − 1Þ þ z̄4 þ ðz4 − 1Þz̄5Þϵ1;3 − z4ðz̄5 þ ϵ1;3Þ þ z5z̄4Þ þ ϵ3ðz̄5 − z5ÞÞ þ ðz4 − z̄4Þϵ3;4Þ2

s
;

að5Þ34 ¼ −ðz̄4 − 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−

ðz5 − z̄5Þðz5z̄4 − z4z̄5Þϵ3;4
ðϵ5ðϵ4ðð−z5ðz̄4 − 1Þ þ z̄4 þ ðz4 − 1Þz̄5Þϵ1;3 − z4ðz̄5 þ ϵ1;3Þ þ z5z̄4Þ þ ϵ3ðz̄5 − z5ÞÞ þ ðz4 − z̄4Þϵ3;4Þ2

s
;

að5Þ15 ¼ −z̄5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðz4 − z̄4Þð−z5z̄4 þ z̄4 þ ðz4 − 1Þz̄5 − z4 þ z5Þϵ1;5

ðϵ5ðϵ4ðð−z5ðz̄4 − 1Þ þ z̄4 þ ðz4 − 1Þz̄5Þϵ1;3 − z4ðz̄5 þ ϵ1;3Þ þ z5z̄4Þ þ ϵ3ðz̄5 − z5ÞÞ þ ðz4 − z̄4Þϵ3;4Þ2
s

;

að5Þ25 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðz4 − z̄4Þðz̄4 þ z5ðz̄4ðz̄5 − 2Þ þ 1Þ − z̄5 þ z4ðz5z̄4 − ðz̄4 þ z5 − 2Þz̄5 − 1ÞÞϵ2;5
ðϵ5ðϵ4ðð−z5ðz̄4 − 1Þ þ z̄4 þ ðz4 − 1Þz̄5Þϵ1;3 − z4ðz̄5 þ ϵ1;3Þ þ z5z̄4Þ þ ϵ3ðz̄5 − z5ÞÞ þ ðz4 − z̄4Þϵ3;4Þ2

s
;

að5Þ35 ¼ −ðz̄5 − 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−

ðz4 − z̄4Þðz4z̄5 − z5z̄4Þϵ3;5
ðϵ5ðϵ4ðð−z5ðz̄4 − 1Þ þ z̄4 þ ðz4 − 1Þz̄5Þϵ1;3 − z4ðz̄5 þ ϵ1;3Þ þ z5z̄4Þ þ ϵ3ðz̄5 − z5ÞÞ þ ðz4 − z̄4Þϵ3;4Þ2

s
;

að5Þ45 ¼ ðz̄4 − z̄5Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−

ðz4 − z̄4Þðz5 − z̄5Þϵ4;5
ðϵ5ðϵ4ðð−z5ðz̄4 − 1Þ þ z̄4 þ ðz4 − 1Þz̄5Þϵ1;3 − z4ðz̄5 þ ϵ1;3Þ þ z5z̄4Þ þ ϵ3ðz̄5 − z5ÞÞ þ ðz4 − z̄4Þϵ3;4Þ2

s
:

ðA20Þ

21The situation is similar in the n ¼ 3 case; however it needs to be treated separately due to kinematics of massless scattering. As
pi · pj ¼ 0, which follows from ðpi þ pjÞ2 ¼ p2

k and p2
i ¼ 0 for i ≠ j ≠ k ∈ f1; 2; 3g, we get hiji½ij� ¼ 2pi · pj ¼ 0. In the standard

ð−;þ;þ;þÞ metric with real momenta, ½ij� and hiji are related to each other by complex conjugation as ½ij� ∝ z̄ij and hiji ∝ zij;
therefore the only consistent solution is if hiji ¼ ½ij� ¼ 0. To circumvent this issue, one either complexifies the momenta or uses the
metric ð−;þ;−;þÞ for which z and z̄ are real and independent variables, allowing a nontrivial solution for hiji½ij� ¼ 0. In this paper, we
focus on n > 3 amplitudes and do not deal with such subtleties.
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By using these coefficients in the prescription of Eq. (3.15) for the five-point gluon amplitudes given in Eq. (3.16),
we obtain

lim
L→∞

Agluon
þþþþþ

�
1 −

P
3
i¼1 βi;−L−2P3

i¼1 ϵ2ϵiþ2βið1þ ziþ2z̄iþ2Þ; β1; β2; β3
0; L; 1; z4; z5

�

¼
z̄4ϵ1;2;3;4j ðz̄4−z4Þðϵ1;5−1Þϵ3;4þðz5−z̄5Þðϵ1;4−1Þϵ3;5þðz4 z̄5−z5 z̄4Þðϵ1;3−1Þϵ4;5

z4−z̄4
j

2z4z5 − 2z25

þ
ðz̄4 − 1Þϵ2;3;4;5j ðz5−z̄5Þðϵ3;5−ϵ1;3;4;5Þþz4ð−ϵ3;4þz̄5ðϵ4;5−ϵ1;3;4;5Þþϵ1;3;4;5Þþz̄4ðϵ3;4−ϵ1;3;4;5þz5ðϵ1;3;4;5−ϵ4;5ÞÞ

−z̄4z5þz5þz̄4þz4ðz̄5−1Þ−z̄5 j
2ðz4 − 1Þz5

þ
ðz̄4 − 1Þz̄5ϵ1;3;4;5j ðz5−z̄5Þðϵ3;5−ϵ1;3;4;5Þþz4ð−ϵ3;4þz̄5ðϵ4;5−ϵ1;3;4;5Þþϵ1;3;4;5Þþz̄4ðϵ3;4−ϵ1;3;4;5þz5ðϵ1;3;4;5−ϵ4;5ÞÞ

z̄4ðz̄5−2Þz5þz5þz̄4−z̄5þz4ðz5ðz̄4−z̄5Þ−ðz̄4−2Þz̄5−1Þ j
2ðz4 − 1Þz5

þ
ðz5 − 1Þz̄5ϵ1;2;3;5j ðz̄4−z4Þðϵ1;5−1Þϵ3;4þðz5−z̄5Þðϵ1;4−1Þϵ3;5þðz4 z̄5−z5 z̄4Þðϵ1;3−1Þϵ4;5

z5−z̄5
j

2ðz4 − 1Þðz4 − z5Þz5

þ
z̄5ϵ1;2;4;5j ðz̄4−z4Þðϵ1;5−1Þϵ3;4þðz5−z̄5Þðϵ1;4−1Þϵ3;5þðz4 z̄5−z5 z̄4Þðϵ1;3−1Þϵ4;5

z5 z̄4−z4 z̄5
j

2z5 − 2z4z5
; ðA21aÞ

and

lim
L→∞

Agluon
−þþþþ

�
1 −

P
3
i¼1 βi;−L−2 P3

i¼1 ϵ2ϵiþ2βið1þ ziþ2z̄iþ2Þ; β1; β2; β3
0; L; 1; z4; z5

�

¼ −
2ϵ2;3j ðz5ðz̄4−1Þ−z̄4−z4ðz̄5−1Þþz̄5Þðz5 z̄4−z4 z̄5Þ

ðz4−z̄4Þððz̄5−z5Þðϵ3;5−ϵ1;3;4;5Þþz̄4ð−ϵ3;4þz5ðϵ4;5−ϵ1;3;4;5Þþϵ1;3;4;5Þþz4ðϵ3;4−ϵ1;3;4;5þz̄5ðϵ1;3;4;5−ϵ4;5ÞÞÞ j
z5ðz5 − z4Þ

þ
2j ðz4−z̄4Þðz̄4ðz̄5−2Þz5þz5þz̄4−z̄5þz4ðz5ðz̄4−z̄5Þ−ðz̄4−2Þz̄5−1ÞÞ

ð−z̄4z5þz5þz̄4þz4ðz̄5−1Þ−z̄5Þððz5−z̄5Þðϵ3;5−ϵ1;3;4;5Þþz4ð−ϵ3;4þz̄5ðϵ4;5−ϵ1;3;4;5Þþϵ1;3;4;5Þþz̄4ðϵ3;4−ϵ1;3;4;5þz5ðϵ1;3;4;5−ϵ4;5ÞÞÞ j
z̄5

−
2z34ðz5 − 1Þðz̄4 − z̄5Þϵ4;5j ðz5−z̄5Þðz5ðz̄4−1Þ−z̄4−z4ðz̄5−1Þþz̄5Þ

ðz̄4ðz̄5−2Þz5þz5þz̄4−z̄5þz4ðz5ðz̄4−z̄5Þ−ðz̄4−2Þz̄5−1ÞÞððz5−z̄5Þðϵ3;5−ϵ1;3;4;5Þþz4ð−ϵ3;4þz̄5ðϵ4;5−ϵ1;3;4;5Þþϵ1;3;4;5Þþz̄4ðϵ3;4−ϵ1;3;4;5þz5ðϵ1;3;4;5−ϵ4;5ÞÞÞ j
ðz4 − z5Þ2

:

ðA21bÞ

One can insert these expressions into Eq. (3.12) to get the full celestial amplitude.
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