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In this work we present a systematic study of AdSdþ1 loop amplitudes for gluons and gravitons using
momentum space techniques. Inspired by the recent progress in tree-level computation, we construct a
differential operator that can act on a scalar factor in order to generate gluon and graviton loop integrands:
this systematizes the computation for any given loop level Witten diagram. We then give a general
prescription in this formalism, and discuss it for bubble, triangle, and box diagrams.
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I. INTRODUCTION

The gauge gravity duality or the AdS=CFT is the
correspondence between weakly coupled theories of grav-
ity in anti–de Sitter space and conformal field theories with
large N. This correspondence provides a powerful frame-
work to study quantum gravity on anti–de Sitter space
[1–3]. Given the importance of this duality, a lot of effort
has been invested to compute tree-level AdS scattering
amplitudes in configuration space and Mellin space [4–18].
In the recent years, there has been some renewed interest in
computing conformal field theory (CFT) correlators in
momentum space [19–43].1
However, most of the progress is largely focused on tree-

level results. AdS loop amplitudes pose difficult technical
problems.2 In addition to the standard loop integrals, one
performs bulk integrals whose complexity is already
comparable to loop integrals in flat space. For a long time,
there were very few loop-level results; however, some
progress has occurred in the last few years. In [11,58],
Mellin amplitudes corresponding to loop Witten diagrams
in AdS were used to study analytical properties of such
amplitudes.3 These papers inspired the usage of CFT
crossing symmetry [60] which lead to progress in

computing loops in AdS5 × S5 [61–64].4 Progress in the
computation of scalar loop diagrams was performed
recently in [26,66–68]. Some progress in studying unitarity
in the context of AdS was carried out in [58] and more
recently in [69–71]. In [72], it was shown that higher-point
diagrams at one loop may be written in terms of the 6j
symbols of the conformal group. Similarly, Mellin space
preamplitudes and the pole structure of the result was
investigated in [73,74]. In [75,76], one-loop bubble dia-
gram in spectral representation for a ϕ4 scalar was
performed. An algorithm which computes the one-loop
Mellin amplitudes for AdS supergravity was demonstrated
in [77].5 Similarly Cutkosky rules in CFT’s at both strong
and weak coupling is studied in [79].
Despite the aforementioned progress, work in loop

amplitudes is still in a developing stage. It was shown in
[23–25] that higher point gravity and gauge theory tree
amplitude takes a simplified form with the judicious use of
momentum space formalism. We view our work as the
natural extension of tree-level results in gauge and gravity
theory with the usage of momentum space. We are inspired
by the stunning progress in the study of flat space S-matrix
at loop level which has revealed powerful mathematical
structures and remarkable physical insight. Many of the
results in flat space loop calculations have shown the
connection between trees and loops [80,81] and gravita-
tional theories to gauge theories [82], and the loop
amplitudes also correspond to geometric structures [83].
Many of these deep connections and powerful mathemati-
cal structures have occurred in the context of gauge and
gravity theory and with the usage of momentum space. We
initiated this investigation as we are interested in exploring
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1There have also been recent results in p-adic space [44–46].
Additionally, because of translation invariance, momentum space
is a natural choice for cosmological correlators. For some related
recent papers, see [47–55].

2It is interesting to note that de Sitter loops are also concep-
tually difficult. For instance it was pointed out in [56] that scale
factor aðtÞ enters the logarithmic divergence. For some recent
progress in de Sitter loops, see [57].

3See also [59] for an analysis of loop Witten diagrams for two-
point functions.

4See [65] for progress in AdS7 × S4 as well.
5Also, for string theory corrections to such one-loop ampli-

tudes, see [18,78].
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whether the AdS loop level gauge and gravity theory
scattering amplitudes encodes analogous rich structures
to flat space scattering amplitudes.
Here is the organization of the paper. In Sec. II, we

review the AdS momentum space formalism on tree-level
amplitudes for gauge and gravity theory and discuss the
necessary modifications to extend them beyond tree-level
computations. In particular, we manage to write any loop-
level Witten diagram as a differential operator acting on a
scalar factor. In Sec. III, we further discuss these scalar
factors by providing implicit results for gluon triangle and
box diagrams and by going over the explicit computation of
a gluon bubble diagram. We then conclude with future
directions. Many technical details are collected in the
Appendix.

II. MOMENTUM SPACE FORMALISM: REVIEW
OF TREE-LEVEL TECHNOLOGY AND

EXTENSION TO LOOPS

We start by defining the bulk to boundary propagators6

tμðz; kiÞ≡ ϵiμϕd−2
d−2ðki; zÞ; tμνðz; kiÞ≡ ϵiμνϕd−4

d ðki; zÞ
ð2:1Þ

where i labels different external legs and where we define

ϕμ
νðk; zÞ≡

ffiffiffi
2

π

r
z
μ
2k

ν
2Kν

2
ðkzÞ ð2:2Þ

for convenience. We note that all propagators in this paper
are in axial gauge, similar to our previous work [23–25].
The bulk to bulk propagators read as

Gμνðk; z; z0Þ ¼ Πð1Þk
μν

Z
∞

0

pdpΦd−2
d−2

�
k; p

z; z0

�
þ Πð2Þk

μν

Z
∞

0

pdp
k2 þ p2

p2
Φd−2

d−2

�
k; p

z; z0

�
;

Gμνρσðk; z; z0Þ ¼ Πð1Þk
μνρσ

Z
pdpΦd−4

d

�
k; p

z; z0

�
þ Πð2Þk

μνρσ

Z
pdp

k2 þ p2

p2
Φd−4

d

�
k; p

z; z0

�
þ Πð3Þk

μνρσ

Z
pdp

k2ðk2 þ p2Þ
p4

Φd−4
d

�
k; p

z; z0

�

ð2:3Þ
where we define the shorthand notation

Φμ
ν

�
k; p

z; z0

�
≡ ðzz0Þμ2Jν

2
ðpzÞJν

2
ðpz0Þ

k2 þ p2 − iϵ
ð2:4Þ

for brevity and where Π are projectors that depend on the vector kμ and the boundary metric ημν; we refer the reader to
Appendix A 1 for the explicit form of any object without definition in this section. We also note that we are working in the
Poincaré patch of the AdS with the metric ds2 ¼ z−2ðdz2 þ ημνdxμdxνÞ.
The relevant three- and four-point vertex factors for gluons and three-point vertex factor for gravitons are as

follows7:

Vμνρ
k1;k2;k3

≡ iz4ffiffiffi
2

p ðημνðk1 − k2Þρ þ ηνρðk2 − k3Þμ þ ηρμðk3 − k1ÞνÞ;

Vμνρσ ≡ iz4

2
ð2ημρηνσ − ημνηρσ − ημσηνρÞ;

Vμνρσλκ
k1;k2;k3

≡ z8

4
½ðkμ2kν3ηρλησκ − 2kμ2k

ρ
3η

νλησκÞ þ permutations� ð2:5Þ

where the permutations in the graviton vertex are generated by the permutation group element ðk1k2k3ÞðikmÞðjlnÞ in cycle
notation.8

At tree level, the expression for a gluon/graviton Witten diagram ofm-external, n-propagators, r three-point vertices, and
s four-point vertices reads as9,10

6The polarization vector ϵiμ also has color dependence but we suppress it and we work with color-ordered gluon diagrams throughout
the paper.

7The overall z4;8 factors follow from the inverse metrics that needed to be contracted with to write V in contravariant form.
8See Sec. 3.2.1. of [20] for the full contracted expression.
9At tree level, these quantities are not all independent and satisfy the equality mþ 2n − 3r − 4s ¼ 0.
10One can modify the graviton Witten diagram by adding higher point interactions as well, yet in this paper we stick to three-point

graviton interactions only.
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WTree
gluon ¼

Z
∞

0

dz1
zdþ1
1

…
dzrþs

zdþ1
rþs

Ym
a¼1

tμaðz̃a; kaÞ
Yn
b¼1

Gν2b−1ν2bðẑ2b−1; ẑ2b; qbÞ
Y1þ3ðr−1Þ

c¼1;4;7;…

Vρcρcþ1ρcþ2

q0c;q0cþ1
;q0cþ2

Y1þ4ðs−1Þ

d¼1;5;9;…

Vρdρdþ1ρdþ2ρdþ3 ; ð2:6aÞ

WTree
graviton ¼

Z
∞

0

dz1
zdþ1
1

…
dzr
zdþ1
r

Ym
a¼1

tμ2a−1μ2aðz̃a; kaÞ
Yn
b¼1

Gν4b−3ν4b−2ν4b−1ν4bðẑ2b−1; ẑ2b; qbÞ
Y1þ3ðr−1Þ

c¼1;4;7;…

Vρ2c−1ρ2cρ2cþ1ρ2cþ2ρ2cþ3ρ2cþ4

q0c;q0cþ1
;q0cþ2

;

ð2:6bÞ

where z̃i; ẑi ∈ fz1;…; zrþsg is determined by the topology of the diagram and where qi and q0i are linear combinations of
vectors ki, again determined by the topology. Also, the sets fμg ∪ fνg and fρg are equivalent and they are contracted; the
way which pairs are contracted depends on the topology of the diagram too.
For loop diagrams, the only new ingredient is the integration of the loop momenta l at which the propagator momenta q

and q0 are now implicitly dependent; for a Witten diagram of u loops, the expression simply reads as

WLoop
gluon ¼

Ym
a¼1

Yn
b¼1

Y1þ3ðr−1Þ

c¼1;4;7;…

Y1þ4ðs−1Þ

e¼1;5;9;…

Vρeρeþ1ρeþ2ρeþ3

Z
∞

0

dz1
zdþ1
1

…
dzrþs

zdþ1
rþs

tμaðz̃a; kaÞ
Yu
f¼1

Z
ddlfGν2b−1ν2bðẑ2b−1; ẑ2b; qbÞVρcρcþ1ρcþ2

q0c;q0cþ1
;q0cþ2

;

ð2:7aÞ

WLoop
graviton ¼

Ym
a¼1

Yn
b¼1

Y1þ3ðr−1Þ

c¼1;4;7;…

Z
∞

0

dz1
zdþ1
1

…
dzr
zdþ1
r

tμ2a−1μ2aðz̃a; kaÞ

×
Yu
f¼1

Z
ddlfGμ4b−3μ4b−2μ4b−1μ4bðẑ2b−1; ẑ2b; qbÞVν2c−1ν2cν2cþ1ν2cþ2ν2cþ3ν2cþ4

q0c;q0cþ1
;q0cþ2

: ð2:7bÞ

In [24,25], one insight to simplify the computation was to rewrite the propagators as differential operators acting on
simpler propagators. Indeed, we observe that

Gμνðk; z; z0Þ ¼ Dk
μν

Z
pdpΦd−2

d−2

�
k; p

z; z0

�
; Gμνρσðk; z; z0Þ ¼ Dk

μνρσ

Z
pdpΦd−4

d

�
k; p

z; z0

�
ð2:8Þ

for

Dk
μν ≡ Πð1Þk

μν þ ðΠð2Þk
μν lim

k→0
Þ; Dk

μνρσ ≡ Πð1Þk
μνρσ þ ðΠð2Þk

μνρσ lim
k→0

Þ þ ðΠð3Þk
μνρσ lim

k→0
∂k2Þ ð2:9Þ

with which Eqs. (2.6) become

WTree
gluon ∼ Dm;n;r

gluon

Z
∞

0

dz1
zdþ1
1

…
dzrþs

zdþ1
rþs

�Yr
c¼1

z4c

��Ym
a¼1

ϕd−2
d−2ðka; z̃aÞ

��Yn
b¼1

Z
pbdpbΦd−2

d−2

�
qb; pb

ẑ2b−1; ẑ2b

��
;

WTree
graviton ∼ Dm;n;r

graviton

Z
∞

0

dz1
zdþ1
1

…
dzr
zdþ1
r

�Yr
c¼1

z8c

��Ym
a¼1

ϕd−4
d ðka; z̃aÞ

��Yn
b¼1

Z
pbdpbΦd−4

d

�
qb; pb

ẑ2b−1; ẑ2b

��
ð2:10Þ

where we also used Eq. (2.1). Here the additional z4;8 factors come from the z dependence of three-point vertices where the
rest of the relevant factors are included in Dm;n;r.
The operator D above consists of contraction of tensor structures in the Witten diagram but its details are not really

important. The real importance of this form of the Witten diagram is that it drastically reduces the number of integrations

SPINNING LOOP AMPLITUDES IN ANTI–DE SITTER SPACE PHYS. REV. D 103, 026004 (2021)

026004-3



because it generates the full Witten diagram by acting on a
scalar factor with a differential operator whose action
simply consists of derivatives, limits, and contractions, all
of which can be easily automated in a computer algebra
program. In contrast, symbolic integrations of interest here
are computationally costly and reducing the total number of
integrations enables the computations of higher order
Witten diagrams in practice (see [23–26] for further details
with explicit results).
Once we move beyond tree level, the momenta q

dependence of Dq
μν and Dq

μνρσ spoils the nice separation
of the scalar factor from the rest because we cannot take the
differential operator outside the loop momenta l integral
due to l dependence of q. To circumvent this problem,
we present here an alternative representation for the
propagators:

Gμνðk; z; z0Þ

¼ D̃ðaÞv
μν

�ðk · vÞ2
2!k2

Z
pdp

�
k2 þ p2

p2

�
a

Φd−2
d−2

�
k; p

z; z0

��
;

Gμνρσðk; z; z0Þ

¼ D̃ðaÞv
μνρσ

�ðk · vÞ4
4!k4

Z
pdp

�
k2 þ p2

p2

�
a

Φd−4
d

�
k; p

z; z0

��

ð2:11Þ

for auxiliary polarization vectors v, where we define

D̃ðnÞv
μν ≡ ðΠ̃ð1Þv

μν lim
n→0

Þ þ ðΠ̃ð2Þv
μν lim

n→1
Þ;

D̃ðnÞv
μνρσ ≡ ðΠ̃ð1Þv

μνρσ lim
n→0

Þ þ ðΠ̃ð2Þv
μνρσ lim

n→1
Þ þ ðΠ̃ð3Þv

μνρσ lim
n→2

Þ ð2:12Þ

in terms of the modified projectors Π̃. Likewise, we use
these auxiliary vectors to rewrite the tensor structure of
three-point vertex factors to be independent of q:

Vμνρ
k1;k2;k3

≡ Ṽμνρ
v0
1
;v0
2
;v0
3

�
iz4ffiffiffi
2

p
X3
i¼1

ðki · v0iÞ
�
;

Vμνρσλκ
k1;k2;k3

≡ Ṽμνρσλκ
v0
1
;v0
2
;v0
3

�
z8

4

X
i¼1;2;3

j¼i mod 3

ðki · v0iÞðkjþ1 · v0jþ1Þ
�
: ð2:13Þ

We note that both v and v0 are auxiliary vectors, albeit
different (e.g.. vi ≠ v0i). We use the primes to keep track of
which auxiliary vectors come from the propagators and
which ones from the vertex factors.
With these ingredients, we can rewrite (2.7a) and (2.7b)

in a form similar to (2.10):

WLoop
gluon ¼ D̃m;n;r;s

gluon Mm;n;r;s
gluon ; WLoop

graviton ¼ D̃m;n;r
gravitonM

m;n;r
graviton

ð2:14Þ

where D̃ carries all tensor structure information and where
M is simply a scalar factor. As D̃ consists of derivatives,
limits, and algebraic manipulations, it can be straightfor-
wardly and efficiently applied once the scalar factor is
known. On the other hand, the scalar factor has all the
integrations which are particularly challenging for sym-
bolic arguments unless carried out at specific conditions
(such as gluons in AdS4). Therefore, in the rest of the paper,
we will focus on scalar factors.

III. SCALAR FACTORS FOR SPINNING
WITTEN DIAGRAMS

The scalar factors for loop level Witten diagrams defined
in (2.14) read as

Mm;n;r;s
gluon ≡Yu

f¼1

Z
ddlf

Z
∞

0

dz1
zdþ1
1

…
dzrþs

zdþ1
rþs

� Y1þ3ðr−1Þ

c¼1;4;7;…

iz̄4cffiffiffi
2

p
Xcþ2

i¼c

ðq0i · v0iÞ
��Ym

a¼1

ϕd−2
d−2ðka; z̃aÞ

�

×

�Yn
b¼1

ðqb · vbÞ2
2!q2b

Z
pbdpb

�
q2b þ p2

b

p2
b

�
ab
Φd−2

d−2

�
qb; pb

ẑ2b−1; ẑ2b

��
ð3:1aÞ

for gluons and

Mm;n;r
graviton ≡

Yu
f¼1

Z
ddlf

Z
∞

0

dz1
zdþ1
1

…
dzr
zdþ1
r

� Y1þ3ðr−1Þ

c¼1;4;7;…

z̄8c
4

X
i¼0;1;2

j¼ðiþ1Þmod 3

ðq0cþi · v
0
cþiÞðq0cþj · v

0
cþjÞ

�

×

�Ym
a¼1

ϕd−4
d ðka; z̃aÞ

��Yn
b¼1

ðqb · vbÞ4
4!q4b

Z
pbdpb

�
q2b þ p2

b

p2
b

�
ab
Φd−4

d

�
qb; pb

ẑ2b−1; ẑ2b

��
ð3:1bÞ

for gravitons, where qa (or q0a) is the momenta of the propagator a whose dependence on the external momenta kb and the
loop momenta lc is determined by the topology of the diagram at hand. Likewise, ẑa, z̃a, and z̄a are one of bulk points zi,
where topology determines which ones they are.

SONER ALBAYRAK and SAVAN KHAREL PHYS. REV. D 103, 026004 (2021)

026004-4



A. Examples: Bubble, triangle, and box gluon diagrams

Despite the complicated look of the general form in (3.1), the scalar factors become simple for particular Witten
diagrams; for example, for the bubble diagram in Fig. 1, we have

M gluon
bubble
diagram

¼ M2;2;2;0
gluon ≡

Z
ddl

Z
∞

0

dz1
zdþ1
1

dz2
zdþ1
2

iz41ffiffiffi
2

p iz42ffiffiffi
2

p
�X3

i¼1

ðq0i · v0iÞ
��X6

i¼4

ðq0i · v0iÞ
�
ϕd−2
d−2ðk; z1Þϕd−2

d−2ðk; z2Þ

×

�ðl · v1Þ2
2!l2

Z
p1dp1

�
l2 þ p2

1

p2
1

�
a1
Φd−2

d−2

�
l; p1

z1; z2

��

×

�ððkþ lÞ · v2Þ2
2!jkþ lj2

Z
p2dp2

�jkþ lj2 þ p2
2

p2
2

�
a2
Φd−2

d−2

� jkþ lj; p2

z1; z2

��
ð3:2Þ

which can be reorganized as

M gluon
bubble
diagram

¼ −
1

8

Z
∞

0

p1dp1p2dp2

�Z
∞

0

z1dz1ϕd−2
d−2ðk; z1ÞJd−2

2
ðp1z1ÞJd−2

2
ðp2z1Þ

�

×
�Z

∞

0

z2dz2ϕd−2
d−2ðk; z2ÞJd−2

2
ðp1z2ÞJd−2

2
ðp2z2Þ

�

×

�Z
ddl

ðl · v1Þ2ððkþ lÞ · v2Þ2ð
P

3
i¼1ðq0i · v0iÞÞð

P
6
i¼4ðq0i · v0iÞÞ

l2jkþ lj2ðl2 þ p2
1 − iϵÞðjkþ lj2 þ p2

2 − iϵÞ
�
l2 þ p2

1

p2
1

�
a1
�jkþ lj2 þ p2

2

p2
2

�
a2
�

ð3:3Þ

where we can take

q01 ¼ q04 ¼ k; q02 ¼ q05 ¼ l; q03 ¼ q06 ¼ kþ l: ð3:4Þ

Similarly, we can write down the scalar factors associated with the triangle and box diagrams as follows:

FIG. 1. Example of various gluon loop diagrams.
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M gluon
triangle
diagram

¼ M3;3;3;0
gluon ¼

�
iffiffiffi
2

p
�

3
Z

ddlf

Z
∞

0

dz1dz2dz3
ðz1z2z3Þd−3

�X3
i¼1

ðq0i · v0iÞ
�

×

�X6
i¼4

ðq0i · v0iÞ
��X9

i¼7

ðq0i · v0iÞ
��Y3

i¼1

ϕd−2
d−2ðki; ziÞ

�

×

�ððk2 þ lÞ · v1Þ2
2!jk2 þ lj2

Z
p1dp1

�jk2 þ lj2 þ p2
1

p2
1

�
a1
Φd−2

d−2

� jk2 þ lj; p1

z1; z2

��

×

�ðl · v2Þ2
2!l2

Z
p2dp2

�
l2 þ p2

2

p2
2

�
a2
Φd−2

d−2

�
l; p2

z2; z3

��

×

�ððk1 þ k2 þ lÞ · v3Þ2
2!jk1 þ k2 þ lj2

Z
p3dp3

�jk1 þ k2 þ lj2 þ p2
3

p2
3

�
a3
Φd−2

d−2

� jk1 þ k2 þ lj; p3

z3; z1

��
ð3:5aÞ

for

q01 ¼ k1; q05 ¼ q08 ¼ l; q04 ¼ k2; q02 ¼ q06 ¼ k2 þ l; q07 ¼ k3; q03 ¼ q09 ¼ k1 þ k2 þ l ð3:5bÞ

and

M gluon
box

diagram

¼ M4;4;4;0
gluon ¼

�
iffiffiffi
2

p
�

4
Z

ddlf

Z
∞

0

dz1dz2dz3dz4
ðz1z2z3z4Þd−3

�X3
i¼1

ðq0i · v0iÞ
�

×

�X6
i¼4

ðq0i · v0iÞ
��X9

i¼7

ðq0i · v0iÞ
��X12

i¼10

ðq0i · v0iÞ
��Y4

i¼1

ϕd−2
d−2ðki; ziÞ

�

×

�ððk2 þ lÞ · v1Þ2
2!jk2 þ lj2

Z
p1dp1

�jk2 þ lj2 þ p2
1

p2
1

�
a1
Φd−2

d−2

� jk2 þ lj; p1

z1; z2

��

×

�ðl · v2Þ2
2!l2

Z
p2dp2

�
l2 þ p2

2

p2
2

�
a2
Φd−2

d−2

�
l; p2

z2; z3

��

×

�ððl − k3Þ · v3Þ2
2!jl − k3j2

Z
p3dp3

�jl − k3j2 þ p2
3

p2
3

�
a3
Φd−2

d−2

� jl − k3j; p3

z3; z4

��

×

�ððk1 þ k2 þ lÞ · v4Þ2
2!jk1 þ k2 þ lj2

Z
p4dp4

�jk1 þ k2 þ lj2 þ p2
4

p2
4

�
a4
Φd−2

d−2

� jk1 þ k2 þ lj; p4

z4; z1

��
ð3:6aÞ

for

q01 ¼ k1; q05 ¼ q08 ¼ l; q04 ¼ k2; q02 ¼ q06 ¼ k2 þ l; q07 ¼ k3;

q09 ¼ q011 ¼ l − k3; q010 ¼ k4; q03 ¼ q012 ¼ k1 þ k2 þ l: ð3:6bÞ

B. Computing bubble diagram

Let us recall the scalar factor for a bubble diagram from (3.3):

M gluon
bubble
diagram

¼ −
1

8

Z
∞

0

p1dp1p2dp2

�Z
∞

0

zdzϕd−2
d−2ðk; zÞJd−2

2
ðp1zÞJd−2

2
ðp2zÞ

�
2

×

�Z
ddl

ðl · v1Þ2ððkþ lÞ · v2Þ2ð
P

3
i¼1ðq0i · v0iÞÞð

P
6
i¼4ðq0i · v0iÞÞ

l2jkþ lj2ðl2 þ p2
1 − iϵÞðjkþ lj2 þ p2

2 − iϵÞ
�
l2 þ p2

1

p2
1

�
a1
�jkþ lj2 þ p2

2

p2
2

�
a2
�

ð3:7Þ

for
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q01 ¼ q04 ¼ k; q02 ¼ q05 ¼ l; q03 ¼ q06 ¼ kþ l: ð3:8Þ

The first piece in (3.7) can be computed analytically in terms of Appell’s hypergeometric functions11:

Z
∞

0

zdzϕd−2
d−2ðk; zÞJd−2

2
ðp1zÞJd−2

2
ðp2zÞ ¼

2
3d−5
2 Γðd−1

2
Þðp1p2

k2 Þd−22
πk2

F4

�
d
2
; d − 1;

d
2
;
d
2
;−

p2
1

k2
;−

p2
2

k2

�
; ð3:9Þ

hence we have

M gluon
bubble
diagram

¼ −
23d−8Γðd−1

2
Þ2

π2k2d

Z
∞

0

dp1dp2p
d−1−2a1
1 pd−1−2a2

2

�
F4

�
d
2
; d − 1;

d
2
;
d
2
;−

p2
1

k2
;−

p2
2

k2

��
2

×

�Z
ddl

ðl · v1Þ2ððkþ lÞ · v2Þ2ð
P

3
i¼1ðq0i · v0iÞÞð

P
6
i¼4ðq0i · v0iÞÞ

l2jkþ lj2ðl2 þ p2
1 − iϵÞ1−a1ðjkþ lj2 þ p2

2 − iϵÞ1−a2
�

ð3:10Þ

which we can rewrite using the definition of q0 above as

M gluon
bubble
diagram

¼ −
23d−8Γðd−1

2
Þ2

π2k2d

Z
∞

0

dp1dp2p
d−1−2a1
1 pd−1−2a2

2

�
F4

�
d
2
; d − 1;

d
2
;
d
2
;−

p2
1

k2
;−

p2
2

k2

��
2

× ðJ v0
1
;v0

4
;v0

3
;v0

6
;v2;v2

v1;v1;v02;v
0
5

þ f2J v0
1
;v0

4
;v0

3
;v0

6
;v2

v1;v1;v2;v02;v
0
5

þ J
v0
1
;v0

4
;v0

3
;v2;v2

v1;v1;v02;v
0
5
;v0

6

þ J
v0
1
;v0

4
;v2;v2;v06

v1;v1;v02;v
0
5
;v0

3
g

þ fJ v0
1
;v0

4
;v0

3
;v0

6

v1;v1;v2;v2;v02;v
0
5

þ 2J
v0
1
;v0

4
;v2;v03

v1;v1;v2;v02;v
0
5
;v0

6

þ 2J
v0
1
;v0

4
;v2;v06

v1;v1;v2;v02;v
0
5
;v0

3
þ J

v0
1
;v0

4
;v2;v2

v1;v1;v02;v
0
5
;v0

3
;v0

6

g

þ fJ v0
1
;v0

4
;v0

3

v1;v1;v2;v2;v02;v
0
5
;v0

6
þ J

v0
1
;v0

4
;v0

6

v1;v1;v2;v2;v02;v
0
5
;v0

3
þ 2J

v0
1
;v0

4
;v2

v1;v1;v2;v02;v
0
5
;v0

3
;v0

6
g þ J

v0
1
;v0

4

v1;v1;v2;v2;v02;v
0
5
;v0

3
;v0

6
Þ ð3:11Þ

where we have defined

J a1;a2;…;am
b1;b2;…;bn

≡ ðk · a1Þðk · a2Þ � � � ðk · amÞ
Z

ddl
ðl · b1Þðl · b2Þ � � � ðl · bnÞ

l2jkþ lj2ðl2 þ p2
1 − iϵÞ1−a1ðjkþ lj2 þ p2

2 − iϵÞ1−a2 ð3:12Þ

for convenience.
Evaluation of J a1;a2;…;am

b1;b2;…;bn
for generic a1;2 is somewhat complicated; however, we can simplify it by noting that only a1,

a2 ¼ 0, 1 are relevant which can be checked through (2.14), (2.12), and (A7). Therefore, we can make the replacement

J a1;a2;…;am
b1;b2;…;bn

→ ðk · a1Þðk · a2Þ � � � ðk · amÞ
�
δ0a1δ

0
a2

Z
ddl

ðl · b1Þðl · b2Þ � � � ðl · bnÞ
l2jkþ lj2ðl2 þ p2

1 − iϵÞðjkþ lj2 þ p2
2 − iϵÞ

þ δ0a1δ
1
a2

Z
ddl

ðl · b1Þðl · b2Þ � � � ðl · bnÞ
l2jkþ lj2ðl2 þ p2

1 − iϵÞ þ δ1a1δ
0
a2

Z
ddl

ðl · b1Þðl · b2Þ � � � ðl · bnÞ
l2jkþ lj2ðjkþ lj2 þ p2

2 − iϵÞ

þ δ1a1δ
1
a2

Z
ddl

ðl · b1Þðl · b2Þ � � � ðl · bnÞ
l2jkþ lj2

�
; ð3:13Þ

therefore, the scalar factor for the gluon bubble diagram becomes the sum of 48 terms, i.e.,

M gluon
bubble
diagram

¼ −δ1a1δ
1
a2ðk · v01Þðk · v2Þ2ðk · v03Þðk · v04Þðk · v06Þ

23d−8Γðd−1
2
Þ2

π2k2d

×
Z

∞

0

dp1dp2

ðp1p2Þ3−d
�
F4

�
d
2
; d − 1;

d
2
;
d
2
;−

p2
1

k2
;−

p2
2

k2

��
2
Z

ddl
ðl · v1Þ2ðl · v02Þðl · v05Þ

l2jkþ lj2 þ other terms: ð3:14Þ

In Appendix A 3 we go over how to calculate such volume integrals in great generality via standard quantum field theory
(QFT) tricks; the final result in (A29) reduces such involved integrals into various products, summations, 1d definite

11Please see Sec. A 2 for further details.
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integrals of rational functions, and set-partitioning, all of which can be efficiently implemented in an algorithmic way in any
computer computation software such as Mathematica. Indeed, we can rewrite (3.14) with (A33) as

M gluon
bubble
diagram

¼ −δ1a1δ
1
a2t

k
vi;v0i

idþ1ðdþ 4ÞΓð− d
2
ÞΓðdþ 3Þ

kd−628−dπ1−
d
2ðd2 − 1Þ2

Z
∞

0

dp1dp2

ðp1p2Þ3−d
�
F4

�
d
2
; d − 1;

d
2
;
d
2
;−

p2
1

k2
;−

p2
2

k2

��
2

þ other terms

ð3:15Þ

where tkvi;v0i
is the overall tensor structure.12

The other terms in the equation above are of similar form
as well; they will simply have different overall-tensor-
structure, and they may bring additional p dependent terms
inside the integration; however all of them can be computed
using the same equation, that is (A29).
The remaining computation in (3.15) is intricate which

involves integrating products of hypergeometric functions,
hence it is not sagacious to insist to work in nonspecific
dimensions. However, the expression is very simple for
specific d values; for example,

F4

�
d
2
; d − 1;

d
2
;
d
2
;−

p2
1

k2
;−

p2
2

k2

�����
d¼2nþ1
n∈N

¼
�

k4

k4 þ 2k2ðp2
1 þ p2

2Þ þ ðp2
1 − p2

2Þ2
�

n

ð3:17Þ

with which the integration becomes doable with an appro-
priate regularization at any given n.
In summary, we observe that the loop-level computations

become tractable in momentum space in AdSdþ1. Although
we only illustrated the case for the gluons, the situation is
similar for gravitons as well; what is common in both cases
though is the very technical nature of the formalism that we
unpacked above. However, the key point is that the
computations in each and every step is algorithmic and
can be efficiently implemented in a computer computation
software. In particular, momentum space formalism along
with the way we decompose the Witten diagrams into
differential operators and scalar factors effectively converts
a mathematically difficult problem into technical yet

computer-friendly computation as the final result is simply
derivatives and limits acting on a scalar factor which itself
is computed via products, sums, and list partitioning, and
all of these can be efficiently computed unlike a convoluted
volume integral. The main result of the paper is therefore
the following prescription:
(1) For any given Witten diagram, rewrite it as W ¼

D̃M where the differential operator D̃ is given in
(A7) and M in (3.1).

(2) UnpackM depending on the topology of the chosen
Witten diagram as is done in (3.5) for gluon triangle
and box diagrams.

(3) Rewrite the scalar factor such that it becomes of the
form

M ¼
Z

dp1dp2…dpm

�Z
dz1 � � �

�

� � �
�Z

dzn � � �
��Z

ddl1 � � �
�

� � �
�Z

ddlr � � �
�

which can always be done in the current formalism
[see (3.3) as an example of this in case of gluon
bubble diagram].

(4) Replace radial integrals of the AdS (z integrations)
in terms of Appell’s F4 functions, as is detailed in
Sec. A 2.

(5) Replace l integrations in M as given in (A29).13

(6) With the replacements in the steps above, M
becomes the summation of the bunch of terms which
involve products, summations, list partitioning, and
p integrations. In odd d (such as the case for AdS4),
the Appell’s F4 function becomes meromorphic in
p; hence the p integrations become straightforward
(up to possible regularization).14

12Its explicit form reads as

tkvi;v0i
¼ ðk · v01Þðk · v2Þ2ðk · v03Þðk · v04Þðk · v06Þ

k6

×

�
k−4ðk · v1Þ2ðk · v02Þðk · v05Þ −

dk−2

dþ 4
½ðk · v1Þ2ðv02 · v05Þ

þ 2ðk · v1Þðk · v02Þðv1 · v05Þ þ 2ðk · v1Þðk · v05Þðv1 · v02Þ
þ ðk · v02Þðk · v05Þðv1 · v1Þ�

þ d
dþ 4

½ðv1 · v1Þðv02 · v05Þ þ 2ðv1 · v02Þðv1 · v05Þ�
�
: ð3:16Þ

13The u integrations in (A29) can be immediately carried out
for numeric d values, but are not generically doable if we keep
dimension symbolic.

14It is an open question how one should proceed for even d. We
believe it may be more efficient to compute the Witten diagrams
case by case for even d, contrary to our generic approach in this
paper. Of course, our formalism is perfectly fine and would be
extremely generic if one could compute (or bypass) p integra-
tions of Appell’s F4 functions.
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(7) Apply the differential operator D̃ to the scalar factor
M to obtain the full Witten diagram. As this merely
amounts to taking derivatives and limits of a factor
composed of summations, products, and list parti-
tioning, all of these steps can be efficiently done
algorithmically.

IV. CONCLUSION

In this paper, we have studied a formalism to compute
loop amplitudes in anti–de Sitter space in Fourier space for
gauge theory and gravity loops in AdSdþ1. In particular, we
have constructed a differential operator which can act on a
scalar factor to yield both Yang-Mills and gravity loop
correlators. In addition, we have presented a prescription
which can be automated in order to perform tensorial loop
computations in anti–de Sitter space. There are a myriad of
interesting directions that one can pursue and we will list
a few.
One of the main motivations of our work is to take the

first step to connect AdS loops with a cascading number of
new ideas and techniques that are emerging in flat space.
For instance, in [84], it was shown that n-particle massive
Feynman integrals in arbitrary dimensions of spacetime
have nice geometric properties such as the connections with
hyperbolic simplicial geometry and the answer respects
dual conformal symmetry. This method can be directly
applied to the computation of the above-mentioned AdS
scale factor. Furthermore, we want to stress that we are
motivated to study gluons and gravitons in AdS as many of
the extremely powerful physical insights and mathematical
structures in the last decade have occurred in the study of
the flat space S-matrix of gauge theory and gravity [83]. It

is tempting to contemplate if there are analogous geometric
structures like the amplituhedron that exist for loop
amplitudes in anti–de Sitter space.
Similarly, as in the context of Minkowski space, AdS

loops can also be expressed in terms of the special classes
of multiple polylogarithms. In the context of flat space,
there has been progress in demonstrating that these com-
plicated polylogs can admit a much simpler analytic
expression. The technology used is called the symbol
map and this map can capture combinatorial and analytical
properties of the complicated Feynman integrals [85]. In a
related work [86], symbols were used to compute loop
amplitudes in de Sitter space. It would be natural to use
these methods in the context of AdS loops. Likewise, it
would be intriguing to incorporate cutting rules in momen-
tum space AdS in the study of gluons and gravitons, and we
are hoping to address it in a future work.
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APPENDIX: TECHNICAL DETAILS

1. Projectors and differential operators

In this Appendix, we collect some of the technical details
we skipped in the main body. We first note the definition of
the projectors Π used in (2.3):

Πð1Þk
μνρσ ¼ i

2

�
Πð1Þk

μρ Πð1Þk
νσ þ Πð1Þk

μσ Πð1Þk
νρ −

2

d − 1
Πð1Þk

μν Πð1Þk
ρσ

�
;

Πð2Þk
μνρσ ¼ i

2

�
Πð1Þk

μρ Πð2Þk
νσ þ Πð1Þk

μσ Πð2Þk
νρ −

2

d − 1
Πð1Þk

μν Πð2Þk
ρσ

�

þ i
2

�
Πð2Þk

μρ Πð1Þk
νσ þ Πð2Þk

μσ Πð1Þk
νρ −

2

d − 1
Πð2Þk

μν Πð1Þk
ρσ

�

þ i
2

�
Πð2Þk

μρ Πð2Þk
νσ þ Πð2Þk

μσ Πð2Þk
νρ −

2

d − 1
Πð2Þk

μν Πð2Þk
ρσ

�
;

Πð3Þk
μνρσ ¼ i

2

�
Πð2Þk

μρ Πð2Þk
νσ þ Πð2Þk

μσ Πð2Þk
νρ −

2

d − 1
Πð2Þk

μν Πð2Þk
ρσ

�
; ðA1Þ

and

Πð1Þk
μν ≡ ημνk2 − kμkν

ik2
; Πð2Þk

μν ≡ kμkν
ik2

: ðA2Þ

We likewise note the definition of the differential operators in (2.10):
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Dm;n;r
gluon ≡

� Y1þ3ðr−1Þ

c¼1;4;7;…

_Vρcρcþ1ρcþ2

q0c;q0cþ1
;q0cþ2

�� Ymþ2n−3r−3

e¼1;5;9;…

Vρeρeþ1ρeþ2ρeþ3

��Ym
a¼1

ϵaμa

��Yn
b¼1

Dqb
ν2b−1ν2b

�
;

Dm;n;r
graviton ≡

� Ymþ2n−2

c¼1;4;7;…

_Vρ2c−1ρ2cρ2cþ1ρ2cþ2ρ2cþ3ρ2cþ4

q0c;q0cþ1
;q0cþ2

��Ym
a¼1

ϵaμ2a−1μ2a

��Yn
b¼1

Dqb
ν4b−3ν4b−2ν4b−1ν4b

�
ðA3Þ

where three-point vertex factors _V are V with their z dependencies stripped off.
The modified projectors for gluons are given as follows:

Π̃ð1Þv
μν ≡ −i

�
ημν

∂
∂vρ

∂
∂vρ −

∂
∂vμ

∂
∂vν

�
; Π̃ð2Þv

μν ≡ −i
∂
∂vμ

∂
∂vν ðA4Þ

and the modified projectors for gravitons are defined in terms of them:

Π̃ð1Þk
μνρσ ¼ i

2

�
Π̃ð1Þk

μρ Π̃ð1Þk
νσ þ Π̃ð1Þk

μσ Π̃ð1Þk
νρ −

2

d − 1
Π̃ð1Þk

μν Π̃ð1Þk
ρσ

�
;

Π̃ð2Þk
μνρσ ¼ i

2

�
Π̃ð1Þk

μρ Π̃ð2Þk
νσ þ Π̃ð1Þk

μσ Π̃ð2Þk
νρ −

2

d − 1
Π̃ð1Þk

μν Π̃ð2Þk
ρσ

�
þ i
2

�
Π̃ð2Þk

μρ Π̃ð1Þk
νσ þ Π̃ð2Þk

μσ Π̃ð1Þk
νρ −

2

d − 1
Π̃ð2Þk

μν Π̃ð1Þk
ρσ

�
;

Π̃ð3Þk
μνρσ ¼ i

2

�
Π̃ð2Þk

μρ Π̃ð2Þk
νσ þ Π̃ð2Þk

μσ Π̃ð2Þk
νρ −

2

d − 1
Π̃ð2Þk

μν Π̃ð2Þk
ρσ

�
; ðA5Þ

where we use these modified projectors in (2.12).
We finally note the tensor structure of vertex factors given in (2.13):

Ṽμνρ
v1;v2;v3 ≡ ημν

� ∂
∂ðv1Þρ −

∂
∂ðv2Þρ

�
þ permutations;

Ṽμνρσλκ
v1;v2;v3 ≡

�
ηρλησκ

∂2

∂ðv2Þμ∂ðv3Þν − 2ηνλησκ
∂2

∂ðv2Þμ∂ðv3Þρ
�
þ permutations; ðA6Þ

with which one can define the full modified differential operator D̃:

D̃m;n;r;t
gluon ≡

� Y1þ3ðr−1Þ

c¼1;4;7;…

Ṽρcρcþ1ρcþ2

v0c;v0cþ1
;v0cþ2

�� Y1þ4ðt−1Þ

e¼1;5;9;…

Vρeρeþ1ρeþ2ρeþ3

��Ym
a¼1

ϵaμa

��Yn
b¼1

D̃ðabÞvb
ν2b−1ν2b

�
;

D̃m;n;r
graviton ≡

� Y1þ3ðr−1Þ

c¼1;4;7;…

Ṽρ2c−1ρ2cρ2cþ1ρ2cþ2ρ2cþ3ρ2cþ4

v0
1
;v0
2
;v0
3

��Ym
a¼1

ϵaμ2a−1μ2a

��Yn
b¼1

D̃ðabÞvb
ν4b−3ν4b−2ν4b−1ν4b

�
; ðA7Þ

with which we write down the Witten diagrams in terms of the scalar factors in (2.14).

2. On integration of products of Bessel-type functions

We know in momentum space formalism that the bulk point integrals we need to compute take the form

Z
∞

0

zλ−1EμðazÞEνðbzÞEρðczÞdz ðA8Þ

for three-point interactions, where EaðxÞ ∈ fJaðxÞ; KaðxÞg. In [87] Rice uses contour manipulations to compute such
integrals in terms of Appell’s hypergeometric function if E ¼ J, for which the result reads as
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Z
∞

0

zλ−1JμðazÞJνðbzÞJρðczÞdz ¼
2λ−1aμbνΓðλþμþνþρ

2
Þ

cλþμþνΓðμþ 1ÞΓðνþ 1ÞΓð1 − λþμþν−ρ
2

Þ

× F4

�
λþ μþ ν − ρ

2
;
λþ μþ νþ ρ

2
; μþ 1; νþ 1;

a2

c2
;
b2

c2

�

for Reðλþ μþ νþ ρÞ > 0; ReðλÞ < 5

2
; c > aþ b: ðA9Þ

The same result has been computed independently by Bailey in [88] who first uses hypergeometric identities to derive

Z
∞

0

zλ−1JμðazÞJνðbzÞKρðczÞdz ¼
2λ−2aμbνΓðλþμþνþρ

2
ÞΓðλþμþν−ρ

2
Þ

cλþμþνΓðμþ 1ÞΓðνþ 1Þ

× F4

�
λþ μþ ν − ρ

2
;
λþ μþ νþ ρ

2
; μþ 1; νþ 1;−

a2

c2
;−

b2

c2

�

for Reðλþ μþ νÞ > jReðρÞj; Reðc� ia� ibÞ > 0 ðA10Þ

and then uses analytic continuation from BesselJ to BesselK to get (A9). The identity he uses is

iπJμðzÞ ¼ e−iπμ=2Kμð−izÞ − eiπμ=2KμðizÞ ∀ z > 0 ðA11Þ

and he argues that the transition is valid as the integrand still converges. As zaKaðzÞ better converges for z → ∞ and is still
convergent for z → 0, we can replace zaJaðzÞ with zaKaðzÞ where we can use the identity

KμðzÞ ¼
1

2
π cscðπμÞðeiπμ=2J−μðizÞ − e−iπμ=2JμðizÞÞ ∀ z > 0 ðA12Þ

which means

Z
∞

0

zλ−1JμðazÞKνðbzÞKρðczÞdz ¼
�
ΓðνÞΓðλþμ−ν−ρ

2
ÞΓðλþμ−νþρ

2
Þ

23−λcλðcaÞμðbcÞνΓðμþ 1Þ

× F4

�
λþ μ − ν − ρ

2
;
λþ μ − νþ ρ

2
; 1þ μ; 1 − ν;−

a2

c2
;
b2

c2

��
þ ðν → −νÞ

for Reðλþ μ� νÞ > jReðρÞj; c > b > 0; a > 0: ðA13Þ

3. Computing loop integrals via standard QFT tricks

In this Appendix we will review the solution of loop integrals via Feynman parametrization, a standard trick known from
QFT. The general form of integrals of interest are

I ¼
Z
Rd−1;1

ddl
ðl · v1Þ � � � ðl · vmÞ

ða1 þ ðb1 þ lÞ2Þ…ðan þ ðbn þ lÞ2Þl
2j ðA14Þ

which can be parametrized with the Feynman trick as

I ¼ ðn − 1Þ!
Z

1

0

du1…dun−1

Z
Rd−1;1

ddl

Q
m
a¼1 ðl · vaÞl2j

½Pn
k¼1 ukðak þ ðbk þ lÞ2Þ�n ðA15Þ

for

un ≡ 1 −
Xn−1
i¼1

ui: ðA16Þ
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We can then use

Xn
k¼1

ukðak þ ðbk þ lÞ2Þ ¼
�Xn

i¼1

ui

���
lþ

P
uibiP
ui

�
2

þ
P

uiðai þ b2i Þ�P
uiÞ

−
ðP uibiÞ2
ðP uiÞ2

�
ðA17Þ

and shift the integration parameter to obtain

I ¼ ðn − 1Þ!
Z

1

0

du1…dun−1

Z
Rd−1;1

ddl

Q
m
a¼1 ðl · va −

P
n
i¼1 uibi · vaÞðl −

P
n
i¼1 uibiÞ2j

½l2 þ ðPn
i¼1 uiðai þ b2i ÞÞ − ðPn

i¼1 uibiÞ2�n
ðA18Þ

which we can rewrite as

I ¼
Xj

α¼0

Xj−α
β¼0

X
i1¼0;1
i2¼0;1
…

im¼0;1

ðn − 1Þ!
Z

1

0

du1…dun−1c
α;β
i1…im

Z
Rd−1;1

ddl

Q
m
a¼1 ðl · vaÞiaðl ·

P
n
i¼1 uibiÞαl2β

½l2 þ ðPn
i¼1 uiðai þ b2i ÞÞ − ðPn

i¼1 uibiÞ2�n
ðA19Þ

for

cα;βi1…im
≡ ð−2Þα

�
j

α

��
j − α

β

��Xn
i¼1

uibi

�
2j−2α−2β Ym

a¼1

�
−
Xn
i¼1

uibi · va

�
1−ia

: ðA20Þ

We note that the integrand is a function of l2 only except for ðl · vaÞiaðl ·
P

n
i¼1 uibiÞα where the exponents are integers;

hence the Lorentz symmetry allows us to make the replacements

lμ1lμ2…lμ2nþ1
→ 0; lμ1lμ2…lμ2n →

l2nQ
n
k¼1 ðd − 1þ ð2k − 1Þ!!Þ

X
p∈P2

2n

Y
fa;bg∈p

ηab ðA21Þ

where the sum is over all distinct ways of partitioning f1; 2;…; 2ng into pairs fa; bg, and the product is over the pairs
contained in p. For example,

lμlν →
l2

d
ημν; lμlνlρlλ →

l4

dðdþ 2Þ ðημνηρλ þ ημρηνλ þ ημληνρÞ: ðA22Þ

We can now reexpress (A19) as

I ¼
Xj

α¼0

Xj−α
β¼0

X
i1¼0;1
i2¼0;1
…

im¼0;1

ðn − 1Þ!
Z

1

0

du1…dun−1c
α;β
i1…im

P
p∈Pα

i1…im

Q
fx;yg∈pðx · yÞ

Qðαþ
P

a
iaÞ=2

k¼1 ðd − 1þ ð2k − 1Þ!!Þ

×
Z
Rd−1;1

ddl
lαþ2βþ

P
a
ia

½l2 þ ðPn
i¼1 uiðai þ b2i ÞÞ − ðPn

i¼1 uibiÞ2�n
ðA23Þ

where Pα
i1…im

is the list which has the element va ia times, and the element
P

n
i¼1 uibi α times; for example

P1
1;1 ¼

�
v1; v2;

Xn
i¼1

uibi

	
; P2

1;0;1 ¼
�
v1; v3;

Xn
i¼1

uibi;
Xn
i¼1

uibi

	
: ðA24Þ

Note that the partitioning of p ∈ Pα
i1…im

is only possible if P has even number of elements, hence

X
p∈P1

1;1

Y
fx;yg∈p

ðx · yÞ ¼ 0 ðA25Þ
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whereas

X
p∈P2

1;0;1

Y
fx;yg∈p

ðx · yÞ ¼ v1 · v3

�Xn
i¼1

uibi

�
·

�Xn
i¼1

uibi

�
þ 2v1 ·

�Xn
i¼1

uibi

�
v3 ·

�Xn
i¼1

uibi

�
: ðA26Þ

This is just the realization of the fact that the integration volume is invariant under l → −l, hence integrands with odd
number of l vanish.
We are now left with the l integration in (A23). To proceed, we first use the well-known identity

Z
Rd−1;1

ddl
ð2πÞd

1

½l2 − Δ�n ¼
ið−1Þn
ð4πÞd=2

Γðn − d=2Þ
ΓðnÞ Δd=2−n ðA27Þ

which can be generalized as

Z
Rd−1;1

ddl
ð2πÞd

l2m

½l2 − Δ�n ¼
Xm
k¼0

Δ−kþm

�
m

k

�Z
Rd−1;1

ddl
ð2πÞd

1

½l2 − Δ�n−k

¼ i2−dπ−d=2ð−1ÞnΓðn − d
2
Þ

ΓðnÞ 2F1

�−m; 1 − n
d−2nþ2

2

; 1

�
Δd

2
þm−n: ðA28Þ

We can now write down the final result:

Z
Rd−1;1

ddl
ðl · v1Þ � � � ðl · vmÞ

ða1 þ ðb1 þ lÞ2Þ…ðan þ ðbn þ lÞ2Þl
2j

¼ iπd=2ð−1ÞnΓ
�
n −

d
2

�Xj

α¼0

Xj−α
β¼0

X
i1¼0;1
i2¼0;1
…

im¼0;1

2F1

h−σ; 1 − n
d−2nþ2

2

; 1
i

Qσ−β
k¼1ðd − 1þ ð2k − 1Þ!!Þ

Z
1

0

du1…dun−1

� X
p∈Pα

i1…im

Y
fx;yg∈p

ðx · yÞ
�
cα;βi1…im

Δd
2
þσ−n

ðA29Þ

for

cα;βi1…im
≡ ð−2Þα

�
j

α

��
j − α

β

��Xn
i¼1

uibi

�
2j−2α−2β Ym

a¼1

�
−
Xn
i¼1

uibi · va

�
1−ia

;

σ ≡ 1

2

�
αþ

Xm
a¼1

ia

�
þ β;

Δ≡
�Xn

i¼1

uibi

�
2

−
�Xn

i¼1

uiðai þ b2i Þ
�
;

un ≡ 1 −
Xn−1
i¼1

ui; ðA30Þ

where the set Pα
i1…im

is defined and detailed around (A24).
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As an example, we see that

Z
Rd−1;1

ddl
ðl ·v2Þ2ðl ·v3Þðl ·v4Þ

jkþlj2l2
¼ iπd=2Γ

�
2−

d
2

� X
i1¼0;1
i2¼0;1
i3¼0;1

i4¼0 or1 such that
i1þi2þi3þi4∈2N

2F1

�−σ;−1
d−2
2

;1

�
Q

σ
k¼1 ðd−1þð2k−1Þ!!Þ

×ðk ·v2Þ1−i1
Y4
j¼2

ðk ·vjÞ1−ijðk ·kÞd2þσ−2
� X

p∈P0
i1i2i3i4

Y
fx;yg∈p

ðx ·yÞ
�Z

1

0

duu
d
2
þ2−σðu−1Þd2−2þσ

ðA31Þ

for

σ ¼ ði1 þ i2 þ i3 þ i4Þ=2 ðA32Þ

which then becomes

Z
Rd−1;1

ddl
ðl · v2Þ2ðl · v3Þðl · v4Þ

jkþ lj2l2
¼ id−1π

d
2
þ1 cscðπd

2
ÞΓðd

2
þ 3Þ

Γðdþ 2Þ
�
kd−4ðk · v2Þ2ðk · v3Þðk · v4Þ −

dkd−2

dþ 4
½ðk · v2Þ2ðv3 · v4Þ

þ 2ðk · v2Þðk · v3Þðv2 · v4Þ þ 2ðk · v2Þðk · v4Þðv2 · v3Þ þ ðk · v3Þðk · v4Þðv2 · v2Þ�

þ dkd

dþ 4
½ðv2 · v2Þðv3 · v4Þ þ 2ðv2 · v3Þðv2 · v4Þ�

�
: ðA33Þ
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